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Crystalline comparison isomorphisms
in p-adic Hodge theory:
the absolutely unramified case

Fucheng Tan and Jilong Tong

We construct the crystalline comparison isomorphisms for proper smooth formal schemes over an
absolutely unramified base. Such isomorphisms hold for étale cohomology with nontrivial coefficients, as
well as in the relative setting, i.e., for proper smooth morphisms of smooth formal schemes. The proof
is formulated in terms of the proétale topos introduced by Scholze, and uses his primitive comparison
theorem for the structure sheaf on the proétale site. Moreover, we need to prove the Poincaré lemma for
crystalline period sheaves, for which we adapt the idea of Andreatta and lovita. Another ingredient for the
proof is the geometric acyclicity of crystalline period sheaves, whose computation is due to Andreatta

and Brinon.
Notation 1509
1. Introduction 1510
2. Crystalline period sheaves 1512
3. Crystalline cohomology and proétale cohomology 1533
4. Primitive comparison on the proétale site 1551
5. Comparison isomorphism in the relative setting 1555
Appendix A. Geometric acyclicity of OB 1565
Appendix B. Base change for cohomology of formal schemes 1576
Acknowledgments 1580
References 1581

Notation

e Let p be a prime number.

o Let k be a p-adic field, i.e., a discretely valued complete nonarchimedean extension of @Q,, whose
residue field « is a perfect field of characteristic p. (We often assume k to be absolutely unramified
in this paper.)

o Let k be a fixed algebraic closure of k. Set C pi= k the p-adic completion of k. The p-adic valuation
v on C,, is normalized so that v(p) = 1. Write the absolute Galois group Gal(k/k) as Gy.

MSC2010: primary 14F30; secondary 11G25.
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» For a (commutative unitary) ring A, let A(Ty, ..., T;) be the PD-envelope of the polynomial ring
AlTy, ..., T;] with respect to the ideal (71, ..., Ty) C A[T1, ..., T,] (with the requirement that the
PD-structure be compatible with the one on the ideal (p)) and then let A{(T1, ..., T4)} be its p-adic
completion.

» We use the symbol =~ to denote canonical isomorphisms, and sometimes quasiisomorphisms. The
symbol =~ is frequently used for almost isomorphisms with respect to some almost-setting that will
be fixed later.

1. Introduction

Let k be a discretely valued complete nonarchimedean field over Q,, which is absolutely unramified.
Consider a rigid analytic variety over k, or more generally an adic space X over Spa(k, Ox) which
admits a proper smooth formal model X over Spf Oy, whose special fiber is denoted by Xy. Let L be
a lisse Z ,-sheaf on X¢. On the one hand, we have the p-adic étale cohomology H X %> L) which is a
finitely generated Z ,-module carrying a continuous Gy = Gal(k/ k)-action. On the other hand, one may
(Xo/Ok, £) with the coefficient £ being a filtered (convergent)
F-isocrystal on Xy/Oy. At least in the case that X comes from a scheme and the coefficients [L and £ are

consider the crystalline cohomology Hc"ris
trivial, it was Grothendieck’s problem of the mysterious functor to find a comparison between the two
cohomology theories. This problem was later formulated as the crystalline conjecture by Fontaine [1982].

In the past decades, the crystalline conjecture was proved in various generalities, by Fontaine and
Messing, Kato, Tsuji, Niziol, Faltings, Andreatta and Iovita, Beilinson and Bhatt. Among them, the
first proof for the whole conjecture was given by Faltings [1989]. Along this line, Andreatta and Iovita
introduced the Poincaré lemma for the crystalline period sheaf B.,is on the Faltings site, a sheaf-theoretic
generalization of Fontaine’s period ring Bcs. Both the approach of Fontaine and Messing and that of
Faltings, Andreatta and Iovita use an intermediate topology, namely the syntomic topology and the Faltings
topology, respectively. The approach of Faltings, Andreatta and Iovita, however, has the advantage that it
works for nontrivial coefficients L and £.

More recently, Scholze [2013] introduced the proétale site X0, Which allows him to construct the
de Rham comparison isomorphism for any proper smooth adic space over a discretely valued complete
nonarchimedean field over Q,, with coefficients being lisse Z ,-sheaves on X 0s. (The notion of lisse
Z p-sheaf on X¢ and that on X ,0¢ are equivalent.) Moreover, his approach is direct and flexible enough
to attack the relative version of the de Rham comparison isomorphism, i.e., the comparison for a proper
smooth morphism between two smooth adic spaces.

It seems that to deal with nontrivial coefficients in a comparison isomorphism, one is forced to work
over analytic bases. For the generality and some technical advantages provided by the proétale topology,
we adapt Scholze’s approach to give a proof of the crystalline conjecture for proper smooth formal
schemes over Spf Oy, with nontrivial coefficients, in both absolute and relative settings. Meanwhile, we
point out that the method adopted in our proof is rather different from that in [Bhatt et al. 2018], in which
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the authors develop a new cohomology that allows them to prove a strong integral comparison theorem
(for trivial coefficients).

Let us explain our construction of crystalline comparison isomorphism (in the absolutely unramified
case) in more details. First of all, Scholze is able to prove the finiteness of the étale cohomology of
a proper smooth adic space over C, = k with coefficient L being an [ p-local system. Consequently,
he shows the following “primitive comparison”, an almost (with respect to the maximal ideal of Oc,)
isomorphism

H'(Xc,& L) ®¢, Oc,/p = H'(Xc, & L ®¢, Ox/p).

With some more efforts, one can produce the primitive comparison isomorphism in the crystalline case:

Theorem 1.1 (see Theorem 4.3). For L a lisse Z,-sheaf on Xg, we have a functorial isomorphism of
B.is-modules
H' (X]}’éta L ®ZF Beris = H' (X/},proéta L ® Beris)- (IA.T)

compatible with G-action, filtration, and Frobenius.

It seems to us that such a result alone may have interesting arithmetic applications, since it works for
any lisse Z,-sheaves, without the crystalline condition needed for comparison theorems.

Following Faltings, we say a lisse Z,-sheaf L on the proétale site X ¢ is crystalline if there exists a
filtered F-isocrystal £ on Xy/Oy together with an isomorphism of OBs-modules

& ®O“X‘ OBcris >~ ®Zp OBcris, (IA-Z)

which is compatible with connection, filtration and Frobenius. Here, O%r is the pullback to Xp0¢ of Ox,
and OB, is the crystalline period sheaf of O¥-module with connection V such that OBchi:so = Beris.
When this holds, we say the lisse Z,-sheaf L and the filtered F'-isocrystal £ are associated.

We illustrate the construction of the crystalline comparison isomorphism briefly. Firstly, we prove
a Poincaré lemma for the crystalline period sheaf B on Xpros. It follows from the Poincaré lemma
(Corollary 2.17) that the natural morphism from B to the de Rham complex dR(OB.,5) of OB is a
quasiisomorphism, which is compatible with filtration and Frobenius. When L and £ are associated, the
natural morphism

L ®2, dR(OBeris) — dR(E) ® OBeis

is an isomorphism compatible with Frobenius and filtration. Therefore we find a quasiisomorphism
L ®z, Beris ~ dR(E) @ OBcyis.

From this we deduce

RF(X];,proép L ®Zp Bcris) = RF(X’ dR(E) ® OBcris)-

k,proét’

~ — X7, one has

Via the natural morphism of topoi w : X i proét <t

RT(X; dR(£) ® OBis) = RT (X, dR(E)® 0, Beris))

k,proét’
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for which we have used the fact that the natural morphism
OX@O;( Bcris - RE*OBcris

is an isomorphism (compatible with extra structures), which is a result of Andreatta and Brinon.
Combining the isomorphisms above, we obtain the desired crystalline comparison isomorphism.

Theorem 1.2 (see Theorem 4.5). Let L be a lisse Z,-sheaf on X and & be a filtered F-isocrystal on
Xo/ Oy which are associated as in (1A.2). Then there is a natural isomorphism of Beiis-modules

Hi(X]E,ét’ ﬂ—) ® Beris —> Héris(XO/Ok, 8) ®k Beris
which is compatible with G-action, filtration and Frobenius.

After obtaining a refined version of the acyclicity of crystalline period sheaf OB;s in Appendix A, we
achieve the crystalline comparison in the relative setting, which reduces to Theorem 1.2 when ) = Spf O.

Theorem 1.3 (see Theorem 5.5). Let f: X — Y be a proper smooth morphism of smooth formal schemes
over Spf Oy, with fi: X — Y the generic fiber and f.is the morphism between the crystalline topoi. Let
L and & be as in Theorem 1.2. Suppose that R fi, L is a lisse 7 p-Sheaf on Y. Then it is crystalline and is
associated to the filtered F-isocrystal R! Seris xE-

2. Crystalline period sheaves

Let k be a discretely valued nonarchimedean extension of Q,, with « its residue field. Let X be a locally
noetherian adic space over Spa(k, Oy). For the fundamentals on the pro€tale site Xpro¢, we refer to
[Scholze 2013].

The following terminology and notation will be used frequently throughout the paper. We shall fix
once for all an algebraic closure k of k, and consider X 7 =X XSpak,00) Spa(l%, Op) as an object of X prog
(see the paragraph after the proof of Proposition 3.13 in [loc. cit.]). As in [loc. cit., Definition 4.3], an
object U € Xproa lying above X is called an affinoid perfectoid (lying above Xp) if U has a proétale
presentation U = lim U; — X by affinoids U; = Spa(R;, Rl.Jr ) above X; such that, with R™ the p-adic
completion of lim R;r and R = R™[1/p], the pair (R, R™) is a perfectoid affinoid (k, Oli)—algebra. Write
U= Spa(R, R™). By [loc. cit., Proposition 4.8, Lemma 4.6], the set of affinoid perfectoids lying above
X} of Xpro¢ forms a basis for the topology.

2A. Period sheaves and their acyclicities. Following [loc. cit.], let

V. Xproét - Xét

be the morphism of topoi, which, on the underlying sites, sends an étale morphism U — X to the
proétale morphism from U (viewed as a constant projective system) to X. Consider O; = v*l(’)ZI
and Oy = v~! Ox,. the (uncompleted) structural sheaves on Xros. More concretely, for U = lim U; a
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qcgs (quasicompact and quasiseparated) object of Xproer, one has Ox (U) = lim Ox (U;) = lim O, (U;)
[Lemma 3.16]. Set
(AQ;Q :zl(iLnO}r/p”, Ox = @}'[l] and ng = lim O%/p.
n P Xt=>xP
For U € Xpo4 an affinoid perfectoid lying above X; with U= Spa(R, R™), by [loc. cit., Lemmas 4.10
and 5.10], we have
OL(W)=R*, Ox(U)=R, and O} (U)=R"*:= lim R*/p.

xX—>xP
Denote

RT — RT, x = (xg, X1, .. )+—>xji = lim xp,
n—>oo

for %, any lifting from R™/p to RT. We have the multiplicative bijection induced by projection
RT™ — R*/p:

hm RT = RbJr
x|—>xl’

whose inverse sends x € R"t to (x%, (x'/P)%, .. ). Put Ajyr:= W(Oi;r) and Binr = Aine[1/p]. As R°F isa
perfect ring, Ajs(U) = W (R"*) has no p-torsion. In particular, A;,r has no p-torsion and it is a subsheaf
of Binf.

Following Fontaine, define as in [loc. cit., Definition 6.1] a natural morphism

6: At — OF (2A.1)

which, on an affinoid perfectoid U with U= Spa(R, R™), is given by
oo oo
O(U): Aig(U) = W(R™Y) > OF(U) =R, D p'lxal> Y p'x} (2A2)
= n=0

with x, € R"*. As (R, R") is a perfectoid affinoid algebra, 6(U) is known to be surjective (see [Brinon
2008, 5.1.2]). Therefore, 0 is also surjective.

Definition 2.1. Let X be a locally noetherian adic space over Spa(k, Ox) as above.

(1) Define A to be the p-adic completion of the PD-envelope A
sheaf ker(0) C Ajn, and define [EB:rm = Agis[1/p].

(2) Forr eZ>, set Fll’ A2 :=ker(0)"T c AY. to be the r-th divided power ideal, and Fil™" A?. =A%,

CI'IS cris cris cris”’
The family {Fil” A’. :r € Z} gives a descending filtration of A?

of Aj,r with respect to the ideal

cris

CrlS cris”

(3) For r € 7, define Fil” A5 C Agis to be the image of the following morphism of sheaves (we shall
see below that this map is injective):

L&n(Fllr crls)/p - llm A(;1‘15/pn = ACI'iS’ (2A‘3)

n

and define Fil"’ BY.. = Fil” Ais[1/p].

Cris
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Let p° = (pi)i=0 be a fixed family of elements of k such that py = p and that pf+1 = p; for any i > 0.
Set & :=| pb] — p, which can be seen as a section of the restriction Ay X; of the proétale sheaf Aj,¢ to

Xproét/X]}-
Proposition 2.2. We have ker(6)| X, = (&) C Aintl x;- F urthermore, & € Ayl x; isnota zero-divisor.

Proof. As the set of affinoid perfectoids U lying above X} forms a basis for the topology of Xproet/ X,
we only need to check that, for any such U, & € Ajy¢(U) is not a zero-divisor and that the kernel of
O(U): Aing(U) — OF(U) is generated by £. Write U = Spa(R, RT). Then Ai(U) = W(R*) and
@+(U ) = R, hence we reduce our statement to (the proof of) [Scholze 2013, Lemma 6.3]. O

Corollary 2.3. (1) We have A?

CI’lS|X]} =

and A
have no p-torsion. Moreover, for every r > 0, Fil” Agm| = Ajns] X; [E"/n!:n>r]and g’ Agns| =
O% - ¢7/rh = O%lx,.

(2) The morphism (2A.3) is injective, hence hm Fil” A?. /p" => Fil" Acis. Moreover, for r > 0,

cris
gr crls|X,; - Ox|X,;-

Ainf|X];[$n/n' :neN]C Binflxlz. In particular, AL

cris

Proof. The first three statements in (1) are clear from Proposition 2.2. In particular, for » > 0 we have the
following exact sequence

0— FiI't A2 |y, — Fil' Al |x, — OFlx, — 0, (2A.4)

cris cris

where the second map sends a&”/r! to 6(a). This gives the last assertion of (1).

As OF has no p-torsion, an induction on r shows that the cokernel of the inclusion Fil" AL Al
has no p-torsion. As a result, the morphism (2A.3) is injective and Fil” A is the p-adic completion
of Fil" Agr .- Since @; is p-adically complete, we deduce from (2A.4) also the following short exact

sequence after passing to p-adic completions:
0 —— Fil"™! Al x, — Fil” Aciglx, —— OFlx, —— 0 (2A.5)

giving the last part of (2). (I

Lete = (e(i))izo be a sequence of elements of k such that @ =1, ¢ # 1 and ()P = €W for all
i > 0. Then 1 — [€] is a well-defined element of the restriction Ay x; t0 Xproet/ Xj of A;,r. Moreover
1 — [€] € ker(9)|x, = Fil' Aqig|x, . Let

o9}

1— n
=log(leh =~ % (2A.6)

n=1
which is well-defined in A| X; since Fil! Agsis 1S a PD-ideal.

Definition 2.4. Let X be a locally noetherian adic space over Spa(k, Ok). Define Bis =
reZ, setFil' Bois =Y, t *Fil'™ B C Beis.

seZ cris

[1/¢]. For

CrlS

so B, C Beis.

Remark 2.5. We shall see in Corollary 2.24 that ¢ is not a zero-divisor in A¢s and in Bt eris? eris
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_ Before investigating these period sheaves in details, we first study them over a perfectoid affinoid
(k, (’)I:c)—algebra (R, R™). Consider

Aine(R, RT) := W(R"),  Bint(R, RT) := Aipe(R, RM)[1/p],

and define the morphism
Or.R+): Nint(R, RT) > R

in the same way as in (2A.2). It is known to be surjective as (R, R™) is perfectoid. The element & generates
ker(6(g,r+)) and is not a zero-divisor in Aj,¢(R, R™). Let Ais(R, R™) be the p-adic completion of the
PD-envelope of A,¢(R, RT) with respect to ker(fg g+)). SO Agis(R, RT) is the p-adic completion of

%-n
A2 (R, RT) := Aing(R, R+)|:m :n €N| CBine(R, RT).

For r an integer, let Fil” A2. (R, R*) c AY. (R, R") be the r-th PD-ideal, i.e., the ideal generated

cris cris

by &"/n! for n > max{r,0}. Let Fil" A¢is(R, RT) C Auis(R, RT) be the closure (for the p-adic
topology) of Fil" A2, (R, R") inside Acsis(R, RT). Finally, put B! (R, R") := Auis(R, RT[1/p],

Beis(R, RT) ;=B . (R, R*)[1/t], and for r € Z, set

cris

Fil’ B

cris

(R, R") :=Fil' Acris(R,RJr)[%] and  Fil" Beis(R, RT) ;=Z S Rl B

cris

(R, R™).
seZ

In particular, taking Rt = Oc, with C, the p-adic completion of the fixed algebraic closure k of

Be:is as in [Fontaine 1994]. Write Ci, the tilt of C,, which is an

algebraically closed nonarchimedean field of characteristic p. The maximal ideal of its ring of integers

(’)Qb:p is generated by [pb]l/ P forall N e N. Let T C Ags be the ideal generated by

k, we get Fontaine’s rings A, B;is,

1P =1, 1p"17" : N € N} C Acris.

By [Brinon 2008, Lemme 6.3.1], we have Z C 7?2 + p"- Auis for any n € N . In particular, Z- (Ags/ p") =
- (Acis/ p"))z. In the following, when working with algebras (or modules) over As/p”, we consider
the almost-setting with respect to the ideal Z - (Acris/p") C Acris/p". Whenn =1, as /7" — 1 ¢ qu?,, is
contained in the maximal ideal, 7 - (Acis/ p) is the same as the ideal generated by {[p"]'/?" : N € N}. So
the almost-setting adopted here for A5/ p-modules is the same as the one used by Scholze [2013] (see
the paragraph before Theorem 6.5 for his convention).

Lemma 2.6. Let X be a locally noetherian adic space over (k, Oy). Let F be a p-adically complete sheaf
of Aciis-modules on Xprog, flat over Z,. Set F, = F/p", n € Z>\. Assume that, for any affinoid perfectoid
U above X,

(a) there exists a p-adically complete Ais-module F(U), flat over Z,,, equipped with a morphism of
Acris-modules oy - F(U) — F(U) such that the composed morphism

ap.1: F(U)/p 22425 F(U)/p — Fi(U)
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is an almost isomorphism; and

(b) the Ais/ p-module H (U, F) is almost zero for any i > 0.
Then, for an affinoid perfectoid U as above,n > 1 and i > 0,

(1) the composed morphism
ay,n: F(U)/p" 28 F(U)/p" — Fo(U)

is an almost isomorphism, and H U, Fp) is almost zero;

(2) we have T - R! lim 7, (U) = 0, and that ker(ay) and coker(ay) are killed by 7%, Furthermore,
I*-R'lim F, =0, and ' - H'(U, F) = 0.

Proof. Let U be a affinoid perfectoid lying above Xj. Forn € Z~1, let F(U), = F(U)/p". Since F and
F(U) are flat over Z,, we have exact sequences

0—F L Fp1 & F, -0, and 0— F(U) L F(U)up1 & F(U), — 0,
from which we deduce exact sequences
H'(U, F1) » H'(U, Fy) > H'(U, F), i 20,

and a commutative diagram with exact rows

n

0—— F(U) —25 F(U)ny) —— F(U)y —— 0

J{aU,l laU,nJrl laU.n
n

0 —— F1(U) —2 Fpy1(U) —— Fo(U).

So, by induction on n, (1) follows from conditions (a) and (b) above and the fact that Z - (A¢s/p") =
T2 - (Agis /p™) for any n € N [Brinon 2008, Lemme 6.3.1]. In particular, the collection (ay ,)nen gives a
morphism of projective systems

(F(U)n)neN = (Fa(U))neN

whose kernel and cokernel are killed by Z. Passing to limits relative to n, we find Z - R! lim 7, (U) =0,
and that ker(ayy) and coker(ay ) are killed by Z2, giving also the first part of (2).

To go further, let Sh (resp. PreSh) denote the category of sheaves (resp. of presheaves) on X o4, and
let ShY (resp. PreSh") denote the category of projective systems of sheaves (resp. projective systems of
presheaves) indexed by N on Xo¢t. The projective limit functor lim : Sh" — Sh factors as

ShY —Z PreSh™ 22 PreSh —%> Sh,

where the first functor o is induced from the natural inclusion Sh C PreSh, the second is the projective
limit functor of presheaves, and the third takes a presheaf to its associated sheaf. Let 7 :=lim’ oo Since
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the functor a is exact, R1im = a o Rz. In particular, for each i, R! lim 7, is the associated sheaf of the
presheaf Rt (F,), where we denote by F, the projective system (F;,),en. Let

0—->10),—->I11),—---

be an injective resolution of F, in ShV, with I1(j). = (I(j)n)nen. For each i, Rio (F,) is the i-th
cohomology of this complex in PreSh". On the other hand, for each n, this resolution gives an injective
resolution of ;, in the category of sheaves on Xo¢ [Jannsen 1988, (1.1) Proposition]

0—-10),—->I11),—- --.

So, for U an affinoid perfectoid lying above X;, H' (U, F,) is the i-th cohomology group of the induced
complex

0— 1(0),(U) > I(D)a(U) = -+ -,
which is annihilated by Z when i > 0 by (1). Varying n, we find
I-R'o(F)U)=I-H'U,F.)=0, fori>0. (2A.7)

On the other hand, as infinite products exist and are exact functors in PreSh, by [Jannsen 1988, (1.6) Propo-
sition], we have an exact sequence of presheaves for each i € Z:

0— R'im'R'"'o(F,) - R't(F,) — lim'R'o (F,) — 0.
The latter gives an exact sequence of abelian groups
0— (R'im'R'"'o(F)(U) > R't(F)(U) — (im'R'o (F,)(U) — 0.

We claim that Z? - Ri ¢ (F,)(U) = 0 for i > 1. Indeed, when i > 2, our claim follows from (2A.7). When
i = 1, by what we have shown in the first paragraph, Z - (R' lim’ o' (F,))(U) = Z - R' lim(F,(U)) = 0.
Combining (2A.7), we get 7% . R't(F.,)(U) =0, as claimed. Since R’ lim 7, is the associated sheaf of
Rit(F,), we deduce Z? - R lim F,, = 0 when i > 0. This proves the second part of (2).

Now, because 72 - R’ lim 7, = 0 for i > 0, for the spectral sequence below

Ey = H'(U, R/ lim F,) = H™/ (U, Rlim F,),

one checks that Z2 - E(’x{ =0 for j >0, Eég) = Effl, and the surjection Eé’o — E &? has kernel killed by

T% =2 It follows that the canonical map
H'(U,F)=H'(U,limF,) - H'(U, Rlim F;,)

has kernel annihilated by Z%~2 and cokernel annihilated by Z%. Using the short exact sequence (see
Lemma 4.1)

0— R'lim H'~'(U, F,) > H'(U, Rlim F,) — lim H'(U, ;) = 0,
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and that R! lim H i=1(U, F,) is annihilated by Z, one deduces that the morphism
H'(U,F)=H'(U,limF,) —» imH' (U, F,), i>0

is an isomorphism up to Z% -torsion, i.e., its kernel and cokernel are killed by Z%. In particular, H (U, F)
is killed by Z%*! when i > 0, as wanted. (I

Lemma 2.7. Let X be a locally noetherian adic space over (k, Oy). Let U € Xpos be an affinoid
perfectoid above X with U= Spa(R, R™Y). Then there is a natural filtered morphism Agis(R, RT) —
Acris(U) of Agis-algebras, inducing an almost isomorphism Fil” Agis(R, RT)/p™ — (Fil” Agis/ p™)(U)
forany r > 0 and n > 1. Moreover, H (U, Fil" A5/ p™)* = 0 for any i > 0.

Proof. As U is affinoid perfectoid, OF (U) = R*, O';L(U ) = R"" and 6(U) = 6g g+). In particular,
Aint(U) = Ajpe(R, R™), and the natural morphism

Ainf(R, R+) = Ainf(U) = Auis(U)

sends ker(6(g g+)) into Fil! Ayis(U). As Fil' Aqis(U) C Agis(U) has a PD-structure, the morphism

0
cris

above induces a map A, (R, R") — Ag;s(U), respecting the filtrations on both sides. Passing to p-adic

completions, we obtain the required filtered morphism Acs(R, RT) — Agis(U) of Agis-algebras.
In particular, for each r > 0, we have a natural morphism

Fil” Acis(R, RT) — Fil” Agis(U).
Composing its reduction modulo p" with Fil” A.i5(U)/p" — (Fil” Aqis/ p™)(U), we get a morphism
Fil" Acig(R, RT)/p" — (Fil” Acris/ p™")(U) (2A.8)

for all n > 1. We need to show that this is an almost isomorphism of Ajs/p”-modules, and that
H (U, Fil" Aeis/p™)* =0 for i > 0. Using Lemma 2.6(1), one reduces to the case where n = 1. Then,
we claim that it suffices to prove this when r = 0. Indeed, from the exact sequence (2A.4) and the fact
that (AQ; is p-torsion free, we deduce a short exact sequence for each r > 0:

0 — (Fil'"! Acislx,)/p — (Fil" Acrislx,)/p = (OF1x)/p — 0. (2A.9)
We have a short exact sequence for Fil” A.s(R, RT)/p obtained in a similar way:
0 — Fil' ™' Aig(R, RT)/p — Fil'(R, RY)/p — RT/p — 0.
As U is affinoid perfectoid, by [Scholze 2013, Lemma 4.10], the natural morphism
R*/p=0%W)/p— (O%/p)(U)

is an almost isomorphism: recall that the almost-setting adopted here for A5/ p-modules is the same as
the one used by Scholze [2013]. So we have a commutative diagram with exact rows, such that the right
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vertical map is an almost isomorphism:
0 —— (Bl Acrig/ p)(U)* —— (Fil” Acris/ p)(U)* —— (0% / p)(U)*
0 —— Fil'™ Agis(R, RY)*/p —— Fil'(R, RT)*/p ——— (R*/p)* ——— 0.

In particular, the upper row of the diagram above is right exact. On the other hand, combined with
[Scholze 2013, Lemma 4.10], the long exact sequence associated with (2A.9) gives an isomorphism

H (U, Fil' ™! Auis/ p)* = H'(U, Fil" Agis/p)*, Vi>1.

Therefore, our claim follows by induction on r > 0.
So, it remains to prove the second part of our lemma when » =0 and n = 1. Denote by «; the map (2A.8)
in this case. Recall the following identification of As(R, R™)/p (see [Brinon 2008, Proposition 6.1.2])

Acris(R, RT)/p => (R /(p")P)8; 1 e N1/ (8] i e N),
with §; being the image of & [P, Similarly, restricting to X o6/ Xz, we have
Aciis/ P <> (O /(P")P)18: 1 €NIJ©] i €N).

In particular, A5/ p is a direct sum of copies of (’)?;r /(p”)P on Xproét/ X Under these identifications,
the morphism «; is induced by

R /(p")P = O () /(p")P — (O /(P)P)(W).

Since U is qegs, to conclude the proof, it suffices to show H' (U, O§(+/(pb)”)“ =0 for i > 0, and that
the morphism above is an almost isomorphism. Both of these two assertions follow from [Scholze 2013,
Lemma 4.10]. O

Corollary 2.8. Keep the notation of Lemma 2.7. In particular, U is an affinoid perfectoid of Xproe: Lying
above Xj, with U= Spa(R, R™).

(1) For any r € N, there is a natural morphism Fil” Auis(R, RT) — Fil" Acis(U) of Acris-modules
whose kernel and cokernel are killed by I?. Moreover, T* - R lim, Fil" A5/ p" = 0 and THFL.
H (U, Fil" Awis) =0 fori > 0.

(2) The natural morphisms in (1) induce isomorphisms
Beris (R, R+) = Beis(U), and Fil" Beris (R, R+) - Fﬂchris(U)
forall r € Z. Moreover, H (U, Beyis) = H (U, Fil” Begis) =0 fori > 1.

Proof. (1) This follows directly from Lemma 2.6 and Lemma 2.7.
(2) As U is qcgs, inverting ¢, we deduce from (1) a morphism of Bs-modules Beis(R, RT) — Beris(U),
with kernel and cokernel killed by 72. Moreover, the Bes-module H (U, Beys) is annihilated by 7%+]
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for i > 0. Note that ¢ is divisible by [e¢] — 1 in A5 (see for example the proof of Theorem A.12), so the
assertions for B follow as Z - Beris = Beris.-

To prove our assertions for Fil" B, observe first that the following two properties hold. For s € N,
(a) the canonical map gr’ B (R, Rt) — gr’ BF. (U) is an isomorphism; and (b) H (U, gr’ B.)=0.

cris cris cris

Indeed, over Xproet/ X, we have gr' B . = Ox - €51 by (2A.5). Similarly, gr* B (R, R") = R &b
Therefore the two properties above follow from [Scholze 2013, Lemma 4.10].

Now, let us begin the proof for Fil” B.. Twisting by ™" if necessary, we shall assume r = 0.

+

ris-modules:

Inverting p, we get from (1) a morphism of B

o, Fil' Bl (R, RY) — Fil' B, (U)
whose kernel and cokernel are killed by Z2. Passing to direct limits (with respect to multiplication-by-z),
we deduce a natural map of B;is-modules, denoted by B:

Fil’ Besis (R, RY) = lim Fil' B}, (R, R") — Fil’ By (U) = lim Fil* B, (U),

s>0 s>0
whose kernel and cokernel are killed by Z2, hence by #2. One needs to show that this map is an
isomorphism. The injectivity of 8 is clear as ker(8) C Bes(R, RT) is z-torsion free. So it is enough to
check its surjectivity. Note that we have the following commutative diagram with exact rows

0 —— Fil't' B}, (U) ——— Fil' B}, (U) ———— gr' B}, (V)

0 — FiI'*' B (R, RY) —— Fil* BY. (R, Rt) —— gr* BT, (R, Rt) —— 0.

cris cris cris

Here the right vertical map is an isomorphism because of the property (a) above. Then, by the snake lemma,

the inclusion Fil*T! BT

s (U) C Fil® B (U) induces an isomorphism coker(a,, 1) <> coker(a,). So we

cris
(U) cFil’BY. (U) =

get identification coker(c;) => coker(ag) =: C induced by the inclusion Fil* B cris

cris
BF. (U) for all s > 0. With these identifications, we have

cris

coker(B) = lim coker(a;) = lim C
s>0 s>0
where, in the last direct limit, the transition maps are multiplication-by-¢. Since C = coker(c) is killed
by ¢2, necessarily coker(8) = 0. In other words, f is surjective, thus is an isomorphism.
Finally, it remains to show H' (U, Fil® Beyis) = 0 when i > 0. For s € N, from the commutative diagram

10 @+ - 18
FI"B ;, — Fil' B ,

Canonical;[ /
s

Fil* BT

cris
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we get a commutative diagram of cohomology groups

Hi(U,FI°BY ) —" HI(U,Fil' B, ) .

cris cris

T / (2A.10)
A

H!(U,Fil’ B?.)

cris

We claim that, for i > 0, the vertical map above is surjective. To see this, it suffices to check the surjectivity
of the map

H (U,FiI'*'Bt. ) > H (U, Fil' B, )

cris cris

induced by the inclusion Fil**!' B

s C Fil® B for any s > 0. So, one only needs to show that

cris
H (U, g’ B;S) =0 for i > 0, as claimed by the property (b) above. Thus the vertical map in (2A.10) is
surjective. On the other hand, the B, -module H (U, Fil* B ) is killed by Z%*! and ¢ is a multiple of

cris cris

[e] — 1 € Z, so the map

H'(U,FI'BL) — H' (U FI'BL), x> t'x
is zero whenever s > 2i + 1. Thus, the horizontal map in (2A.10) is trivial when s > 2i 4+ 1. We conclude
H (U, Fil° Bers) = lim, H (U, Fil* B),) =0 for i > 0. O
2B. Period sheaves with connections. In this section, assume that the p-adic field k is absolutely un-
ramified. Let X’ be a smooth formal scheme over Oy. Set X := X}, the generic fiber of X, viewed as an
adic space over Spa(k, Oy). For any étale morphism ) — X, by taking the generic fiber, we obtain an
€tale morphism )}, — X of adic spaces, hence an object of the proétale site X 0. In this way, we get a
morphism of sites Xg — Xprog, With the induced morphism of topoi

w: Xproét — Xy .

Let Oy, denote the structural sheaf of the étale site X for any étale morphism ) — X of formal schemes
over O, Ox, (¥) =T(Y, Oy). Define OF * := w™ 'Oy, and Of := w™'Ox,[1/p]. Thus O T is the
associated sheaf of the presheaf (9}”:

Xprost 2 U > h_n;l Ox, (V) =: O¥+(U)a
.a)

where the limit runs through all pairs (), a) with Y € X and a: U — Y a morphism making the
following diagram commutative:

U—)XZXk

\ T (2B.1)

N
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The morphism a: U — Y induces a map I'(Y, Oy) — Ox (U). There is then a morphism of presheaves
(’)‘;(“r — O;, whence a morphism of sheaves

oyt — oF. (2B.2)
Recall Ajyr := W(O5). Set Oy 1= O T @0, Ajpr and
Ox : O — OF (2B.3)
to be the map induced from 6 : A, — @}r of (2A.1) by extension of scalars.

Definition 2.9. Consider the following sheaves on X pros.

(1) Let OA;s be the p-adic completion of the PD-envelope (’)Agﬁs of OA,¢ with respect to the ideal

sheaf ker(6x) C OAjns, OB, := OAcis[1/p], and OByis := OB, [1/1] with 1 = log([€]) defined
in (2A.6).

(2) For r > 0 an integer, define Fil" OA

cris

C OAL. to be the r-th PD-ideal ker(8x)"!, and Fil” OAis

cris
the image of the canonical map

lim Fil” OAL;,/p" — 1im OAY; / p" = OAcis.

cris cris
AISO set Fﬂ_r OACI‘iS = OACI‘iS for r > 0.
= Hil’ OAgis[1/ p] and Fil" OByyis := Zsel t S Fil'ts OB}

cris®

(3) For any integer r, set Fil" OB

cris

Remark 2.10. As 1? = p!- 1Pl in Agis = Acris (k, O:), one can also define Fil” OBcris as

Z t 7S Fil't OA .
seN

A similar observation holds for Fil” Beys.

Remark 2.11. (1) We shall see later that OAs has neither p-torsion (Corollary 2.16) nor ¢-torsion
(Corollary 2.24). So OAyis C OB, C OBcys.

cris
(2) The morphism 6y of (2B.3) extends to a surjective morphism (’)Agﬂs — @; with kernel Fil' (’)Agﬁs,
hence a morphism OAs — (AQ; Let us denote them again by 0x. As (5; is p-adically complete
and has no p-torsion, using the snake lemma and passing to limits one can deduce the following

short exact sequence

00— l(iLn(Fﬂl OAO /pn) — OAcris ﬂ) @;(_ — 0.

cris

In particular, Fil' OAs = ker(0x).

Definition 2.12. Consider the following sheaves on X prog.

(1) Let Aqis{(u1, ...,uq)} bethe p-adic completion of the sheaf of PD polynomial rings Agﬁs (Ui, ...,uq)

C Binelur, .., ugl. Set BY, {1, ..., ua)}:= Acis{(ur, ..., ua)}1/p] and Beris{(ur, . .., ua)} ==
Acris{(ur, ..., uq)}[1/1].
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0 .
eris (U1, -+ -, Ug) be the ideal sheaf

(2) For r an integer, let Fil” A°

cris

Z Fil" —Git++ia) pO ‘u[lil] o ugd] cA° iy ... ug),

cris cris

(Ui, ..., ug) CA

i1,..,i¢>0

and Fil" (Acs{{u1, ..., uq)}) C Acris{{(u1, ..., ug)} the image of the morphism
Um(Fil" AL {(ur, ..o ua)}/ P™) = Acs{{ur, - . ., ua)}.
n

The family {Fil" (Acs{(u1, ..., uq)}) : r € Z} gives a descending filtration of Acns{(u1, ..., ugq)}.

Inverting p, we obtain Fil’([B:ris{(ul, ..., ug)}). Finally set
Fil" Beris{(u1, ... ua)}) := Y 1 Bl B {Gur, -, ua)).
seZ

To describe OAs more explicitly, assume that X' is small, i.e., there is an étale morphism X —
Spf((’)k{Tlil, e, Tdil}) =: T of formal schemes over Oy, where we have used {—, ..., —} to denote
convergent power series. Let T¢ denote the generic fiber of 7¢ and T¢ be obtained from T¢ by adding a
compatible system of p”-th roots of 7; for 1 <i <d andn > 1

~ +1/p® +1/p>® +1/p™ +1/p*
T = Spa(k{T;""7", ..., Ty, o P L TP,

Set X::XxWTTd. Let Tib e(’)?;rlf( be the element (7;, T.l/p, R T!

l 1

/P ). Then Ox (T;1—1Q[T]) =0,
giving an Ags-linear morphism

o Acris{{ttr, .. ua)lly = Olarisl g, i > T ®1—1Q[T)]. (2B.4)
Clearly, « respects the filtrations on both sides.

Proposition 2.13. The morphism o of (2B.4) is an isomorphism. Moreover, « is strictly compatible with
the filtrations on both sides, i.e., the inverse of the isomorphism o respects also the filtrations of both sides.

Lemma 2.14. Let k be an algebraic closure of k. Then Ais{(u1, . .., udmff; has an O;‘fﬂ)}]} -algebra
structure, sending T; to u; + [Tib], such that the composition

O% Flz, = Acisl(u, . ua)llg, — O¥ |5,
is the map (2B.2) composed with (9; — (AQ; Here 0': Acis{{uy, ..., ug)} — @; is induced from the map
Aris SN @; by sending u;’s to 0.

Proof. Let U be an affinoid perfectoid lying above X ©»and Y € Xy, equipped withamap a: U — ) as
in (2B.1). We shall first construct a morphism of O-algebras

Oy (V) = Acis{(ur, ..., ua)})(U) (2B.5)

sending 7; to u; + [Tl.b]. As our construction is functorial and as Acys{{#1, ..., u4)} is a sheaf, shrinking
U and ) if necessary, we may and we do assume ) = Spf(A) affine. Then, the map a : U — )
gives us a morphism of Oy-algebras a*: A —> Rt. Moreover, U being qcqgs, Acis{{u1, ..., uq)}(U) =
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LiLnn((Acris/pn)(Uxul, ..., ug)). Consequently, the morphisms Acris (R, RT)/p" = (Acis/p")(U) for
all n > 1 in Lemma 2.7 induce a natural filtered map

Acris(Rv R+){<M1, ceey ud>} - Acris{<uly cees ud>}(U) (2B6)
Therefore, to obtain (2B.5), it suffices to construct a natural map
A=0yQ) = Acis(R, RN {(ur, ..., uq)}. (2B.7)

of Oy-algebras mapping 7; to u; + [Tib]. To do so, composing the map Y — X with X — T¢, we obtain
an étale morphism b : ) — T4 of p-adic formal schemes, whence an étale morphism

b OTE T > A

of Oy-algebras. On the other hand, u; has divided powers in A5 (R, R™){{u1, ..., ug)}, so [Tib] +u; €
Acris(R, RN {(uy, ..., ug)} is invertible. This allows to define a map
[OdTE LT = Acis(R, RO {(uns . ug)}

of O-algebras, sending each 7; to u; + [Tib]. Let f, be its reduction modulo p” for n > 1. Then, we have
the following diagram, which is commutative without the dotted map:

# d p"
R*/p" == — A/p"
O, MO0 pﬂ e Tb# nod (2B.8)
S
Acris(R, RO {(ur, ... ua)}/p" +—— OT . TP

Here, the left vertical map is the reduction modulo p" of the ring homomorphism
(rok+) Acris(R RO (- ug)) = RT

which sends each u; to 0 and extends the usual map O(g g+ : Aciis (R, R™) — R™. Since ker(G(’ R. R+)) has
PD-structure, the left vertical map of (2B.8) has a nilpotent kernel. Then, by the étaleness of b*, we get a
unique dotted map g,, making the whole diagram (2B.8) commutative. These g,’s are compatible with
each other, and the limit lim g, gives the morphism (2B.7) and thus (2B.5). Since O;](H(U ) =1im Oy (),
where the direct limit runs through the diagrams (2B.1), we get from (2B.5) a morphism of O-algebras,
sending 7; to u; + [Tib]:

—~

Ol)l(r+(U) - A<:ris{<l'tla ey ud)}(U)’

whose construction is functorial with respect to affinoid perfectoid U € X o6 lying above X % As such
affinoid perfectoids form a basis of the topology on X o/ X 7> by passing to the associated sheaf, we
obtain the required morphism of sheaves of Oi-algebras OY| X Acsis | X;{Wl’ ..., ug)} sending T; to
u; + [Tib]. The last statement follows from the assignment 6’(U;) = 0 and the fact that 9([Tib]) =T;. U
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Proof of Proposition 2.13. As X P X is a covering in Xpog, it is enough to show that «| ;( is
an isomorphism. By Lemma 2.14, there exists a morphism of sheaves of Oi-algebras O% |5 %,

Ais{{uq, ... )}|X sending T; to u; + [7; ] By extension of scalars, we find the morphism
B Olintl . = (0% * o, Ain) | g, = Aerist (e, ... ua)}lg,
which maps 7; ® 1 to u; + [Tib]. Consider the composite (with 6" as in Lemma 2.14)
19/|;zZ oB: Ointlg = Acris{(ur, ..., ua)}lg — (9+|X ,

which is 9X|X by Lemma 2.14. Therefore, ,B(ker(@xlf(’;)) - ker(G/I;(;). Since ker(9/|}~(k) has a PD-
structure, B extends to the PD-envelope (’)Acml X of the source, and thus to OA | %, s Acris{{uy, ..., uq)}
is p-adically complete. Thus we obtain the morphism below, still denoted by 8, sending 7; ® 1 to u; + [Tib]:

B: OAcriSb}]} = Acris{(u1, - -, ud>}|)~(§-
The morphism A above preserves Fil', hence all the Fil”’s. One shows that 8 and « are inverse to each
other, giving our proposition. (I
Corollary 2.15. Keep the notations above. There are natural B:‘ris-linear and Bgis-linear isomorphisms

sendingu; toT;, @1 — 1 ® [Tib],

B {(ur, ... ug)}ly = OBL |5 and Bes{(ui, ..., ua)}ly => OBerisly

Cris cris

which is strictly compatible with filtrations on both sides.

Corollary 2.16. Let X be a smooth formal scheme over Oy. Then OAqis has no p-torsion. In particular,
OAis C OB,

cris’

Proof. This is a local question on X. Hence we may and do assume there is an étale morphism X —

Spf((’)k{Til , T dil}) So we reduces ourselves to the corresponding statement for Aqis{(u1, ..., ug)}.
As the latter is the p-adic completion of Acrls(ul, ..., ug), one reduces further to the fact that Acm has
no p-torsion, as shown in Corollary 2.3 (1). (Il

An important feature of QA is that it has an A.s-linear connection on it. To see this, set €2 ;7? =

w! Q}Yét Jo,» Which is locally free of finite rank over O§r+. Let

Qle;rkJr = /\’wa;’}’f and Q’X‘}rk = Q;‘/‘;{*‘[l/p] Vi > 0.

Then QA admits a unique Ajp-linear connection V: OAjyr — OAjye ®O\}J(r+ Q ;7? induced from the
usual one on Oy,. This connection extends uniquely to OAs

V: OAcris - OACI‘iS ®O;r+ Qi{‘/llr(—’_’
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+

which is Acs-linear. Inverting p (resp. 1), we get also a B_;

(’)B:ﬂs (resp. on OBs):

-linear (resp. Bgs-linear) connection on

V: 0B — oB*

cris cris

®ou Qy}; and Vi OBerig - OBeris ®ow ;.-
From Proposition 2.13, we obtain

Corollary 2.17 (crystalline Poincaré lemma). Let X be a smooth formal scheme of dimension d over O.

Then there is an exact sequence of proétale sheaves

v lur+ V v d,ur +
0 — Agris = OAis —> OAs ®O;r+ QX/k o OAs ®O}‘+ QX/k — 0,

which is strictly exact with respect to the filtration giving QIXT; degree i. In particular, the conngction Vis
integrable and satisfies Griffiths transversality with respect to the filtration on OA g, i.e., V (Fil' OA¢s) C
Fil' ! OAis ®O‘;{+ Q;}l;f Moreover, the similar results for OBT. and OB hold.

cris
Proof. 1t suffices to prove the assertion for OAs. The question is local on X, so we assume there is
an étale morphism X — Spf((’)k{Tlil, e Tdil}). Under the isomorphism (2B.4) of Proposition 2.13,
Fil’ OAqis| 3 18 the p-adic completion of

Z Fili—(i0+---+id) Acrislf(u[lil] . ugd]

i1,...ig>0

withT; ®1—-1® [Tib] sent to u;. Moreover V(ul["]) = ul[."_l] ®dT; for any i, n > 1, since the connection

V on OAs is Agris-linear. The strict exactness and Griffiths transversality then follow. O

Using Proposition 2.13, we can establish an acyclicity result for OAs as in Lemma 2.7. Let U/ = Spf(A)
be an affine open subset of X, admitting an étale morphism to T4 = Spf(O{T lil, e Tdil}). Let U be
the generic fiber, and set U:=U Xd T¢. Let V be an affinoid perfectoid of X0 lying above U z. Write
V = Spa(R, R™). Let OAg;is(R, RT) be the p-adic completion of the PD-envelope (’)Agris(R, R™) of
A ®p, W(R"") with respect to the kernel of the following morphism induced from 6z g+ by extending
scalars to A:

0a: AQo, W(R"") — R,

Set O[B%:rris(R, RT) := OAis(R, RT)[1/p] and OBs(R, RT) := OBjriS(R, R™)[1/t]. For r € Z, define
Fil” OAgis(R, RT) to be the closure inside OAis(R, R™) for the p-adic topology of the r-th PD-ideal of
OAY. (R, RY). Finally, set Fil" OB*. (R, Rt) := Fil" OAuis(R, RT)[1/p] and Fil” OBis(R, RY) 1=

cris cris
Y.zt Fil'™ OBL. (R, RT).

cris
Lemma 2.18. There is a natural filtered morphism OAcis(R, RT) — OAis(V) of R ®o, Acris-algebras,
inducing an almost isomorphism Fil” OA.is(R, RT)/p" = (Fil" OAgis/p") (V) for each r,n > 0. More-
over, H (V, Fil" OAyis/ p") is almost zero whenever i > 0.

Proof. Let « be the composition of the two natural ring homomorphisms below

A®o, WR™) = A®0, Acis(V) = OAgis(V).
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Then, Ox (V) ot = 64, with 6x (V) the map obtained by taking sections at V of 0x : OA¢is — (AQ;Q So
t(ker(64)) C ker(0x(V)). As ker(8x(V)) has PD-structure, ¢ extends to (’)Agris(R, R™) and the resulting

morphism OAgris(R, R™) — OA;s(V) respects the filtrations. Passing to p-adic completions, we obtain

a filtered morphism OA¢;is(R, RT) — OA5(V) of A ®0, Acris-algebras, still noted by ¢ in the following.

Let a(g. g+) : Acris(R, RN {(u1, ..., ug)} = OAcis(R, RT) be the Agis(R, RT)-linear map, mapping
uitoTi®1-1Q® [Tib]. As in Proposition 2.13, it is an isomorphism, strictly compatible with the filtrations.
Here Fil" (Acris (R, RT){{uy, ..., ug)}) is defined to be the p-adic completion of

ris

> FITOHHOAG (R RO ug! C Aais(R, R (- )

ST 1}120

Therefore, we have the following commutative diagram

Acris(R, RO{{ur, ... ua)} o— OAuis(R, RY)
(R.RT)

(2B.6)l lt

Acrist {1, - ua) (V) —=—— Oeris(V)

whose horizontal arrows are filtered isomorphisms. To prove the first part of our lemma, it suffices to
show that (2B.6) induces an almost isomorphism
Fil" A(;ris(Ra R+){<M1, ceey ud>}/pn g (Fllr A(:ris{(l'tla SR Md)}/Pn)(V) (2B9)

for any r, n > 0. By definition, the left-hand side of the morphism above is

P E A (R, R/ pM -l gl

il,...,idZO
while the right-hand side is given by (recall V is qcqs)
@ (Fi]r_il_m_id Acris/pn)(v) : u[lil] e ”Ezid]-
i1,..., ig>0

Under these descriptions, the map (2B.9) is induced from the natural maps
Fil' ™17 74 Ao (R, RY)/p" — (Bl ™74 A/ p")(V), i1, .oy ia 2 0.

So, that (2B.9) is an almost isomorphism follows from Lemma 2.7.

It remains to prove H LV, Fil"” OAsis /p")*=0fori >0 andn,r > 0. Using the isomorphism « of
Proposition 2.13, we are reduced to the similar statement for Fil” A {(u1, ..., ug)}/p". As V is qcgs,
we have

H'(V, Bl Agic{(ur, ..., ua)}/py = @ H(V,Fil™""" 74 Ao/ ph),

i1,.0,ig>0

which vanishes by Lemma 2.7. U
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Corollary 2.19. Keep the notation of Lemma 2.18. Then the filtered morphism OAgis(R, RT) —
OAyis(V) of Lemma 2.18 induces an isomorphism of Rt ® o, Beris-modules OBcyis(R, RT) => OBis(V),
strictly compatible with filtrations. Moreover, H (V, Fil” OB;s) = H' (V, OBis) = 0 for any i > 0 and
relz.

Proof. The proof is the same as that of Corollary 2.8(2). Indeed, as OAs(R, R™) and OA; are p-adically
complete and flat over Z,, by Lemmas 2.6 and 2.18, the filtered morphism OAs(R, RY) — OAis(V)
induces a filtered morphism OBis(R, RT) — OBis(V) of A®q, Beris-modules, with kernel and cokernel
killed by 72. Therefore, the latter is an isomorphism since Z - (A ®o, Beris) = A ® 0, Beis. To prove the
statements for Fil” OB, as in the proof of Corollary 2.8, it suffices to establish the similar properties
(a) and (b) hold for OB:_ris‘ Let s > 0 be an integer. By Corollary 2.15, one checks that, over X o/ U o
gr’ OIB;S is a free module over Oy, with a basis given by the images of the elements

EMull---ud,  whereip,...,ige€Nandig+---+ig=s.

Similar observation holds for gr' OB'. (R, R"). Consequently, by [Scholze 2013, Lemma 4.10], the

cris

canonical map gr' OB'. (R, RT) — grf OB’ (V) is an isomorphism and H'(V, gr" OB}. ) = 0 for

cris cris cris

i > 0, as wanted. |

2C. Frobenius on crystalline period sheaves. We keep the notations in the previous subsection. So k
is absolutely unramified and X is a smooth formal scheme of dimension d over O;. We want to endow
Frobenius endomorphisms on the crystalline period sheaves.

On Ajpf = W((’)?;r), we have the Frobenius map

@ Ajnr — Ajpr, (ao,al,...,an,...)|—>(ag,af,...,a;‘l’,...).

Then for any a € Ay, we have p(a) = a? mod p. Thus, p(§) =&P 4+ p-b with b € Ainglx; - In particular

0

0 .. . .
@) € Al x; has all divided powers. As a consequence we obtain a Frobenius ¢ on A ;¢

+

cris®

extending that
on Ajpr. By continuity, ¢ extends to A and thus to B
¢ is extended to B by setting go(%) = #.

To endow a Frobenius on OA;s, we first assume that the Frobenius of Xy = X ®, « lifts to a morphism

Note that ¢(¢) =log([e”]) = pt. Consequently

o on X, which is compatible with the Frobenius on O. Then for ) € X, consider the following diagram:

Vi€ =V
doy
absolute Frobenius étale

VRS VSN GLANY

As the right vertical map is étale, there is a unique dotted morphism above making the diagram commute.
When Y varies in X, the 0y’s give rise to a o-semilinear endomorphism on Ox, whence a o-semilinear
endomorphism ¢ on O} *.
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Remark 2.20. In general X does not admit a lifting of Frobenius. But as X’ is smooth over Oy, for each
open subset ¢/ C X admitting an étale morphism U/ — Spf((’)k{Tlil, ey Tdil}), a similar argument as
above shows that there exists a unique lifting of Frobenius on ¢/ mapping 7; to Tl.p .

We deduce from above a Frobenius on QA = O%H ®o, Aint given by ¢ ® ¢. Abusing notation, we

0

will denote it again by ¢. An argument similar to the previous paragraphs shows that ¢ extends to OA .,

+
cris

the Frobenius on Acis{(u1, ..., ug)} => O~As sends u; to o(u;) = o (T;) — [Tib]P.

hence to OAjs by continuity, and finally to OB_. and OB.s. Moreover, under the isomorphism (2B.4),

Lemma 2.21. Assume as above that the Frobenius of Xo = X @0, k lifts to a morphism o on X compatible
with the Frobenius on Oy. The Frobenius ¢ on OAis is horizontal with respect to the connection
Vi OAgis = OAgis @ Q;(?Irf Similar assertions hold for O[BjriS and for OBs.

Proof. We need to check Vo g = (¢ ® do) o V on OA;s. It is enough to do this locally. Thus we
assume there exists an étale morphism X — Spf(Ok{Tlil, A Tdil}). Recall the isomorphism (2B.4).
By Ais-linearity, it suffices to check the equality on the ul[."]’s. We have

(Vo) ™) = V(e)™) = o))"V (pu;))
Meanwhile, ¢(u;) — o' (T;) = —[T;1” € Acris, hence V(@(u;)) = do (T;). Thus
(p®do) o V)(u!") = (¢ ®do)u!" " @dT}) = pu)" N @ do (T;) = (V o ) (ul™),
as desired. O

The Frobenius on OAs above depends on the initial lifting of Frobenius on X. For different choices
of liftings of Frobenius on X, it is possible to compare explicitly the resulting Frobenius endomorphisms
on OA;s with the help of the connection on it, at least when the formal scheme X admits an étale
morphism to Spf(O (T, ..., TF')).

Lemma 2.22. Assume there is an étale morphism X — Spf((’)k{Tlil, R Tdil}). Let 01 and o, be two
Frobenius liftings on X, and let ¢ and ¢, be the induced Frobenius maps on OAR\is, respectively. Then
we have the following relation on OAys:

d d
=y (]‘[(ozm-) —01(Ti))[""]> <¢1 o (1‘[ N)) (2C.1)
i=1

(n1,...,ng)eNd “i=1
where the N; are the endomorphisms of OAcis such that V = Z?:] N; ®dT,.

Proof. To simplify the notations, we will use the multiindex: for m = (m, ..., my) € N¢, set N :=
Hflzl N"" and |m|:= )", m;. Let us first observe that the series on the right-hand side of (2C.1) gives a
well-defined map on OA 5. As OAqs is p-adically complete, it suffices to show that this is the case for
OAvis/ p" for any n > 1. Identify OAs/ p" with (Auis/ p™){u1, . .., ug) using Proposition 2.13. Thus,
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a local section a of OAs/p" can locally be written as a finite sum

4= Z b -u™, by € Acris/ "

meNd
A calculation shows
Nl(él) — megt[m_l] — Z bm+[1;t[Ln]-
m>1 meNd

As there are only finitely many nonzero coefficients b,,, N'(a) =0 in OA;s/ p” when |I| 3> 0. Meanwhile,
note that 05 (T;) — o1(T;) € pO‘j(”, hence their divided powers lie in (’)‘)1(”. Therefore the series of the
right-hand side of (2C.1) applied to a does make sense and gives a well-defined additive map on OAs/ p”.
Consequently, the series on the right-hand side of (2C.1) gives a well-defined additive map on OAs,
which is also semilinear relative to the Frobenius on Agys.

It remains to verify the formula (2C.1). Since both sides of (2C.1) are semilinear relative to the
Frobenius of A, it suffices to check the equality for the u!”!’s. In fact, we have

d d
(02(T;) — o1 (Ti)™ || g1 0 N (u™")
[ni] nj [m]

i=1

(n1,..,ng)eNd ~i=1

= D (1) = o1 (XN (@1 (V" (™))
neNd

= > (@2() — @1 ()™ (@1 (N ™))
neNd

= Y. @@-@)" e
neNd|n<m

= (p2(1) — @1 () + 1 ()™

= @ (u™).

This finishes the proof. .

2D. Comparison with de Rham period sheaves. Let X be alocally noetherian adic space over Spa(k, Ox)
and recall the map 6 in (2A.1). Set [B:;R =lim W((’);Jr)[l/p]/(ker 0)", and Bgr = [B:{R[l/t]. ForreZ,
let Fil"’ Bgr = ¢" BgR. By its very definition, the filtration on Bgr is decreasing, separated and exhaustive.
On the other hand, we can define the de Rham period sheaves with connection O[BIR and OBgr (see
the erratum to [Scholze 2013, Definition 6.8(iii)]). The filtration on OB(J{R is decreasing, separated and
exhaustive. Moreover, as in [Brinon 2008, 5.2.8, 5.2.9], one shows that

OBJ; NFil" OB = Fil" OB,

implying that the filtration on OBgR is also decreasing, separated and exhaustive.
In the rest of this subsection, assume that k/Q),, is absolutely unramified.
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Proposition 2.23. Let X be a smooth formal scheme over O.

(1) There are injective filtered morphisms B <> B;{R and OBT. OB(J{R. In this way, we view B

cris cris cris
+ . . + +
and OB, respectively as a subsheaf of rings of B and OB .

(2) Foranyi €N, one has Fil’ B:rris

the filtrations on BT. and on OB,

cris cris

=Fil' B}, "B/, and Fil' OB!. =Fil' OB}, NOB. . In particular,

cris
are decreasing, separated and exhaustive. Furthermore, the
T = gr OB

cris

~

filtered morphisms in (1) induce isomorphisms gr' B;is = gr! BIR, and gr' OB

Proof. (1) Recall that B;{R is a sheaf of Q,-algebras, so the natural morphism Aj,¢ = W(O';;L) — B:ﬁz
0

cris

extends to the PD-envelope A

0
cris

of Ay with respect to the kernel of the map 6 in (2A.1). The resulting

map A . — BCTR respects the filtrations. On the other hand, for each n € N, the composite

0
Acris

— Bi, — Bi,/Fil" Bl = W(O;+ )1/ p1/ (ker(6))"

0
cris”®

is contained in #(W(O?:r) /(ker(6))") C [EB:{R / Fil" [B;LR and the latter is p-adically complete. On passing

to the projective limit relative to n, we obtain a filtered morphism A¢s — B:ﬁz’ whence the required

T [B:R by inverting p € Acris.

extends to the p-adic completion Ay of A Indeed, this is because the image of the composite above

filtered morphism B

To define a natural filtered morphism OB}.. — OB, observe that OB}, is an algebra over Oy ®0,
W(Ot?), so we have a natural morphism

OAint = 0%+ @0, W(O}) — OB,

which extends to the PD-envelope OAY. of OA, relative to the kernel of the map Oy in (2B.3). For

cris
n € N, consider the composed morphism
OAY. — OBY, — OB, /Fil" OB;. (2D.1)

As above, it extends to OAs, the p-adic completion of (’)A(C)ris. To check this assertion, assume that X is

affine and étale over Spf(Ok{Tlil, cee, Tdil}), and let X be the affinoid perfectoid obtained by joining
to X a compatible family of p"-th roots of 7; forn € N and 1 <i <d. It suffices to show that, for any
affinoid perfectoid V above X 7> the restriction to V of (2D.1) extends in a uniquely way to a morphism
OAgis|ly — (O[EB:R / Fil" (’)B:{R)lv, with image contained in a W(Og;r)lv—submodule of finite type. By
[Scholze 2013, Proposition 6.10], we have OBIRW = B:Rlv[[ul, cougll,withuy; =T, 1 —-1Q [Tl.b].
So

(OBR/Fil' OBR)lv = € WODI/pl/E" "™y - u.

meN?, |m|<n

Through this identification, the image of (2D.1) (restricted to V') is contained in

#( D <W(<9§?>/<s>"—'m'>|v-»_t"1)c(OBGTR/Fﬂ"OBIR)w

meN?, |m|<n
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for some a € N. Since the latter is p-adically complete the restriction to V of (2D.1) extends to OAs|v,
and the image of this extension is contained in the W((’) *)-submodule of finite type above. If we have two
such extensions, the images of both extensions are contained in some W(OX )-submodule of finite type
of the form above for some a (large enough). As the latter is p-adically complete, these two extensions
must coincide. This proves our assertion. So (2D.1) extends to a morphism OA;s — (’)B r/ Fil" (’)B(J{R
Passing to the projective limit relative to n, we obtain the required filtered morphism OAis — O[BIR.
The two morphisms constructed above are compatible with the isomorphisms in Corollary 2.15 and its
de Rham analogue [Scholze 2013, Proposition 6.10]. To finish the proof of (1), we only need to show the
morphism B BIR constructed above is injective. This can be done in the same way as [Brinon 2008,

CI'IS
Proposition 6.2.1], and we omit the detail here.

(2) By (1), the corresponding statement for B:m follows from the fact that the natural induced map

gr’ B;Jx Ox S(E"/r) > g B, rlx; = CA’)X,;-";”

is an isomorphism. To show the statements for O[EBCHS, assume that X admits an étale map to
Spf((’)k{Til Tdil}) Then we conclude by Corollary 2.15 and its de Rham analogue, and by

what we have just shown for ch O

Corollary 2.24. Let X be a smooth formal scheme over Oy. Then, over Xpwos/ Xy, the sheaves of

OAis and OBY. have no t-torsion.

Agis-modules Acrig, BY, eris

Proof. As Ais and OAs have no p-torsion, they are included respectively in Bjns and (’)Bjm Hence,
to prove our corollary, by Proposition 2.23, it is enough to show that, over X0t/ X}, BIR and OBdR

have no r-torsion. These two statements are contained in [Scholze 2013, Remarks 6.2 and 6.9]. O
Corollary 2.25. Let X be a smooth formal scheme over Ok.

(1) There are natural inclusions Bis — Bgr and OB — OBgr.

(2) Foranyi € Z, we have Fil' B = Beyis () Fil' Bgr and Fil' OB = OBy (Fil' OBgr. In partic-
ular, the filtrations on Beis and on OB.is are decreasing, separated and exhaustive. Furthermore,
the inclusions in (1) induce isomorphisms gri Bers = gri Bar and gri OBis = gri OBg4r.

Corollary 2.26. Let X be a smooth formal scheme over Oy, with X its generic fiber. Then w,OBs >~
OXét [1 /p]

Proof. Letv: X proét X andv': X7 — X the natural morphisms of topoi. Then w = v’ov. Therefore
Ox,[1/p] = v,Ox, = v,v,.Ox = w,.Ox. By [Scholze 2013, Corollary 6.19], the natural map Ox, —
VxOBgr is an isomorphism. Thus, w,OB4r = v, (v,OB4r) >~ v,Ox, =~ Ox,[1/p]. On the other hand,

we have the injection of Ox,[1/p]-algebras w.OBis — w.OBgr. Thereby Ox,[1/p] = wsOB¢s. U



Crystalline comparison isomorphisms in p-adic Hodge theory 1533

3. Crystalline cohomology and proétale cohomology

In this section, assume that & is absolutely unramified. Let o denote the Frobenius on O and on £, lifting
the Frobenius of the residue field . The ideal (p) C Ok is endowed with a PD-structure and Oy becomes
a PD-ring in this way.

3A. A reminder on convergent F-isocrystals. Let X be a x-scheme of finite type. Let us begin with
some general definitions about crystals on the small crystalline site (Xy/Ok)cris endowed with étale
topology. For basics of crystals, we refer to [Berthelot 1996; Berthelot and Ogus 1978]. Recall that a crystal
of Ox, 0,-modules is an O x,;0,-module [ on (Xy/Ox)eris such that (i) for any object (U, T') € (Xo/Ox)criss
the restriction Er of E to the étale site of T is a coherent Or-module; and (ii) for any morphism
u: (U, T — (U, T) in (Xy/Of)eris, the canonical morphism u*Er => Ep- is an isomorphism.

Remark 3.1. Let Aj be the closed fiber of a smooth formal scheme X over Oy. The category of
crystals on (Xy/Or)eris 1S equivalent to that of coherent O y-modules M equipped with an integrable and
quasinilpotent connection V: M — M Qp,, Q}Y /o, Here the connection V is said to be quasinilpotent
if its reduction modulo p is quasinilpotent in the sense of [Berthelot and Ogus 1978, Definition 4.10].

The absolute Frobenius F: Xy — Ap is a morphism over the Frobenius o on O = W (x), hence it
induces a morphism of topoi, still denoted by F:

F: (X0/Ok) eris = (X0/Ok)

cris:
An F-crystal on (Xy/Op)eris 18 a crystal E equipped with a morphism ¢: F*E — [ of Ox,,0,-modules,
which is nondegenerate, i.e., there exists amap V : E— F*[E of Ox,,0,-modules such that oV = V¢ = p”"
for some m € N. In the following, we will denote by F-Cris(Xy, O) the category of F-crystals on
Xo / Or.

Before discussing isocrystals, let us observe the following facts.

Remarks 3.2. (1) Let X be a quasicompact smooth formal scheme over 0. Let X"¢ be its rigid
generic fiber, which is a rigid analytic variety over k. Let Coh(Ox[1/p]) denote the category of coherent
Ox[1/p]-modules on X, or equivalently, the category of coherent sheaves on X up to isogeny. Denote
by Coh(X"2) the category of coherent sheaves on X", Then, we have the functor below, obtained by
taking the rigid generic fiber of a coherent Ox[1/p]-module

Coh(Ox[1/p]) — Coh(X").

This is an equivalence of categories. Indeed, it is a consequence of the fact that any coherent sheaf on
X" extends to a coherent sheaf on X' [Liitkebohmert 1990, Lemma 2.2].

(2) Let Y be arigid analytic variety. Huber [1994, Proposition 4.3] constructed from Y an adic space
Yy, together with a locally coherent morphism p : (|Y ad| Oyaw) — (Y|, Oy) of ringed sites, satisfying
some universal property. We call Y4 the associated adic space of Y. The morphism p gives rise to an
equivalence between the category of sheaves on the Grothendieck site associated to Y and that of sheaves
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on the sober topological space Y! [Huber 1996, 1.1.11]. Moreover, under this equivalence, the notion of
coherent sheaves on the ringed site Y = (|Y|, Oy) is the same as the one on Y2 = (|Y|, Oy.) since in
the case of Y = Sp A, with A a complete topologically finitely generated Tate algebra over k, both of
them are naturally equivalent to that of finite A-modules (see [Scholze 2013, Theorem 9.1]).

Let Xj be a k-scheme of finite type, embedded as a closed subscheme into a smooth formal scheme P
over O. Let P be the adic generic fiber of P and ]Xy[p C P the preimage of the closed subset Xy C P
under the specialization map. Following [Berthelot 1996, 2.3.2(i)] (with Remarks 3.2(2) in mind), the
realization on P of a convergent isocrystal on Xy/Oy is a coherent O} x,[,,-module £ equipped with an
integrable and convergent connection V: & — £ Qo Xolp Q]lxo[p Jk (we refer to [loc. cit., 2.2.5] for the
definition of convergent connections). Being a coherent Oy, [,-module with integrable connection, £ is
locally free of finite rank by [loc. cit., 2.2.3(ii)]. The category of realizations on P of convergent isocrystals
on Xp/O is denoted by Isoc(Xy/Ok, P), where the morphisms are morphisms of Oj,[,-modules which
commute with connections.

Let Xy < P’ be a second embedding of Xj into a smooth formal scheme P’ over Oy, and assume
there exists a morphism u: P’ — P of formal schemes inducing identity on Xj. The generic fiber of u
gives a morphism of adic spaces uy : |Xp[pr — 1X[p, hence a natural functor

ui: Isoc(Xo/Ok, P) — Isoc(Xo/ Ok, P'),  (E,V) > ;& u;V).

By [loc. cit., 2.3.2(i)], the functor u; is an equivalence of categories. Furthermore, for a second morphism
v: P’ — P of formal schemes inducing identity on X, the two equivalence u}, v; are canonically
isomorphic [loc. cit., 2.2.17(i)]. The category of convergent isocrystal on Xy/Oy, denoted by Isoc(Xy/Oy),
is defined as

Isoc(Xo/Ok) := 2 —lim Isoc(Xp/ Ok, P),
P

where the limit runs through all smooth formal embeddings Ay — P of Aj.

Remark 3.3. In general, X does not necessarily admit a global formal embedding. In this case, the
category of convergent isocrystals on Xy/Oy can still be defined by a gluing argument (see [loc. cit.,
2.3.2(iii)]). But the definition recalled above will be enough for our purpose.

As for the category of crystals on Ay/Oy, the Frobenius morphism F: Xy — Ap induces a natural
functor (see [loc. cit., 2.3.7] for the construction):

F*: Isoc(Xy/Or) — Isoc(Xy/Op).

A convergent F-isocrystal on Xy/Oy is a convergent isocrystal £ on X/ Oy equipped with an isomorphism
F*& => & in Isoc(Xy/Ok). The category of convergent F-isocrystals on Xy/Oy will be denoted in the
following by F'-Isoc(Xy/Ox).

Remark 3.4. The category F-Isoc(Xy/Oy) has the isogeny category F- Cris(Xy/Or) ® Q of F-crystals
E on (Xy/Or)eris as a full subcategory. To explain this, assume for simplicity that Xp is the closed fiber
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of a smooth formal scheme X over O;. So ]A[x = X, the generic fiber of X. Let (M, V) be the
Ox-module with integrable and quasinilpotent connection associated to the F-crystal E (Remark 3.1).
Let E*" denote the generic fiber of M, which is a coherent (hence locally free by [loc. cit., 2.3.2(ii)])
Oyx,,-module equipped with an integrable connection V#": E*" — [*" ® ka /x> Which is nothing but the
generic fiber of V. Because of the F-crystal structure on [, the connection V2" is convergent ([loc. cit.,
2.4.1]). In this way we obtain an F'-isocrystal E*" on Xj/Oy, whence a natural functor

(=) F-Cris(Xy/Or) @ Q — F-Isoc(Xy/Or), [Er E™.

By [loc. cit., 2.4.2], this analytification functor is fully faithful, and for £ a convergent F-isocrystal
on Xy/Ok, there exists an integer n > 0 and an F-crystal E such that &€ = [F*"(n), where for
F=(F,V,p: F*F = F) an F-isocrystal on Xy/Oy, F(n) denotes the Tate twist of F, given by
(F,V, & F*F = F) [loc. cit., 2.3.8(1)].

Our next goal is to give a more explicit description of the Frobenius morphisms on convergent F-
isocrystals on X/ Oy. From now on, assume for simplicity that Xy is the closed fiber of a smooth formal
scheme X and we identify convergent isocrystals on Xy/Oy with their realizations on X'. Let X be the
adic generic fiber of X. The proof of the following lemma is obvious.

Lemma 3.5. Assume that the Frobenius F : Xy — Xy can be lifted to a morphism o : X — X compatible
with the Frobenius on Oy. Still denote by o the endomorphism on X induced by o. Then there is an
equivalence of categories between

(1) the category F-Isoc(Xy/Ox) of convergent F-isocrystals on Xy/Oy; and

(2) the category Modgz of Ox, -vector bundles € equipped with an integrable and convergent connection

V and an Oy, -linear horizontal isomorphism ¢: 0*€ — &.

Consider two liftings of Frobenius o; (i =1, 2) on X. By the lemma above, for i =1, 2, both categories
Mod‘é";(v are naturally equivalent to the category of convergent F-isocrystals on Xy/Oy:

Modg:V <= F-Tsoc(Xo/Or) => ModZ:" .
Therefore we deduce an equivalence of categories
. 01,V 0,V
Fo 00 Modox — Modox . (BA.D)

When our formal scheme X is small, we can explicitly describe this equivalence. Assume there is an
étale morphism X — 79 = Spf(Ok{Tlil, cee Tdil}). So Qi(an/k is a free Oy, -module with a basis
given by d7; (i =1, ...,d). In the following, for V a connection on an Oy, -module &, let N; be the
endomorphism of £ (as an abelian sheaf) such that V = Zf-i: | Ni ®dT;.

Lemma 3.6 [Brinon 2008, Proposition 7.2.3]. Assume that X = Spf(A) is affine, admitting an étale
morphism X — T as above. Let (£,V, @) € Modg)’(v, with (£, V, @) the corresponding object of
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Mod(g;(V under the equivalence Fy, o,. Then on £(X) we have

d d
S
i=l i=1

(nl ..... nd)ENd

Furthermore, @1 and ¢, coincide on EXx)V=0.

More generally, i.e., without assuming the existence of Frobenius lifts to X, for (£, V) an Oy, -module
with integrable and convergent connection, a compatible system of Frobenii on £ consists of, for any open
subset U/ C X' equipped with a lifting of Frobenius oy, a horizontal isomorphism ¢4,q,,) : 0,;E I, — €l
satisfying the following condition: for V C & another open subset equipped with a lifting of Frobenius
oy, the functor

F, - Mod%Y - Mod%""

ou,oy - O Ny Oup Nvi

sends (Ely, N v Vs .ol Nvi) 10 Elue N vies Vs @v.0v) [ 1) We denote a compatible system of
Frobenii on £ by the symbol ¢, when no confusion arises. Let Modgj be the category of Oy, -vector
bundles equipped with an integrable and convergent connection, and with a compatible system of Frobenii.
The morphism in Mod‘é’xV are the morphisms of Oy, -modules which commute with the connections, and
with the Frobenius morphisms on any open subset &/ C X’ equipped with a lifting of Frobenius.

Remark 3.7. Let £ be a convergent isocrystal on Xp/Oy. To define a compatible system of Frobenii
on &, we only need to give, for a cover X = |J; U; of X by open subsets ¢/; equipped with a lifting of
Frobenius o;, a family of horizontal isomorphisms ¢; : 0;*€|y, = €|y, such that ¢; |y, Nv; corresponds
to ¢jlu, N U; under the functor Fo 0 Modgijivm , — Mod(gl’/ivﬁ u (Here U, :=U, ;). Indeed, for U any
open subset equipped with a lifting of Frobenius oy, one can first use the functor Fy, 5, of (3A.1) applied
to (Elu;» Vv, ¢i)lu; v to obtain a horizontal isomorphism ¢y ; : (ol nuv = €lu,nu- From
the compatibility of the ¢;’s, we deduce @u,ilu Nv, Nu; = ¢u,jluN v, Nu;- Consequently we can glue
the ¢y,; (i € I) to get a horizontal isomorphism ¢y : 075(£]y) — E|y. One checks that these ¢ give the
desired compatible system of Frobenii on £.

Let £ be a convergent F-isocrystal on Xy/O. For Y C X an open subset equipped with a lifting of
Frobenius oy, the restriction &£y, gives rise to a convergent F-isocrystal on Up/k. Thus there exists a
V-horizontal isomorphism ¢qy,6,,) : 0,;E |y, —> vy, - Varying (U, o4) we obtain a compatible system of
Frobenii ¢ on £. In this way, (£, V, ¢) becomes an object of Mod‘é’xv. Directly from the definition, we
have the following

Corollary 3.8. The natural functor F-Isoc(Xy/Oy) — Mod‘é’xV is an equivalence of categories.

In the following, denote by FMod‘(’Q’XV the category of quadruples (£, V, ¢, Fil*(£)) with (£, V, ) €
ModgxV and a decreasing, separated and exhaustive filtration Fil*(£) on £ by locally free direct summands,
such that V satisfies Griffiths transversality with respect to Fil*(£), i.e., V(Fil'(€)) c Fill~1(&) ®oy,,
Q}(an /K The morphisms are the morphisms in Mod‘g)’xV which respect the filtrations. We call the objects in
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FMod‘é’XV filtered (convergent) F-isocrystals on Xy/Oy. By analogy with the category F-Isoc(Xy/Oy) of
F-isocrystals, we also denote the category of filtered F-isocrystals on Xy/Oy by FF-Isoc(Xy/Oy).

3B. Lisse 7 p-sheaves and filtered F-isocrystals. Let X be a smooth formal scheme over Oy with X
its adic generic fiber. Define 7 p:=1limZ/p" and Q p = Vi p[1/p] as sheaves on X,0¢. Recall that a
lisse Z ,-sheaf on X is an inverse system of abelian sheaves [, = (I,),en 0n X¢ such that each I, is
locally a constant sheaf associated to a finitely generated Z/p"-modules, and such that L, is isomorphic
in the procategory to such an inverse system for which L,4/p" >~ L,. A lisse 7 p-Sheaf on Xproe
is a sheaf of Z p-modules on Xpo¢, which is locally isomorphic to Vi p ®z, M where M is a finitely
generated Z ,-module. By [Scholze 2013, Proposition 8.2] these two notions are equivalent via the functor

vl Xg—>X ;mét. In the following, we use frequently the natural morphism of topoi

. ~ v ~ ~
w. Xproét Xét - Xét :

Before defining crystalline sheaves, let us make the following observation.

Remarks 3.9. (1) Let M be a crystal on Xy/O, viewed as a coherent Oy-module admitting an inte-
grable connection. Then w~' M is a coherent O§r+—module with an integrable connection w™' M —
w~ M Bour+ Q;?ZJF If furthermore M is an F-crystal, then w~! M inherits a system of Frobenii: for
any open subset U/ C X equipped with a lifting of Frobenius oy, there is naturally an endomorphism of
w~ ! M|y which is semilinear with respect to the Frobenius w~ oy on O‘;(rJrlU (here U :=Uy). Indeed,
the Frobenius structure on M gives a horizontal Oy-linear morphism o;; M|y — M|y, or equivalently,
a oy-semilinear morphism ¢y, : M|y = M|y (as oy, is the identity map on the underlying topological

1

space). So we obtain a natural endomorphism w ™', of w=! M|y, which is w™!oy-semilinear.

(2) Let & be a convergent F-isocrystal on Xy/O;. By Remark 3.4, there exists an F-crystal M on
Xo/Oy and n € N such that £ ~ M*(n). By (1), w~' M is a coherent O‘;(H—module equipped with
an integrable connection and a compatible system of Frobenii ¢. Inverting p, we get an O%-module
w~ ' M[1/p] equipped with an integrable connection and a system of Frobenii ¢/p”", which does not
depend on the choice of the formal model M or the integer n. For this reason, abusing notation, let
us denote w~' M[1/p] by w~'&, which is equipped with an integrable connection and a system of
Frobenii inherited from &. If furthermore £ has a descending filtration {Fil' £} by locally direct summands,
by Remarks 3.2(1), each Fil' £ has a coherent formal model €i+ on X. Then {w_lé';r[l/ pl} gives a
descending filtration by locally direct summands on w™!€&.

Definition 3.10. We say a lisse VA p-sheaf L on Xyo¢ is crystalline if there exists a filtered F-isocrystal £
on Xp/Oy, together with an isomorphism of OBis-modules

w_lg ®O;’ OBcris ~[L ®2p OBcris (3B1)

which is compatible with connection, filtration and Frobenius. In this case, we say that the lisse Z p-sheaf
L and the filtered F-isocrystal £ are associated.
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Remark 3.11. The Frobenius compatibility of the isomorphism (3B.1) means the following. Take any
open subset &/ C X equipped with a lifting of Frobenius o : ¢/ — U. By the discussion in Section 2C,
we know that OBy, 1S naturally endowed with a Frobenius ¢. Meanwhile, as £ is an F-isocrystal,

by Remarks 3.9 w=!&|y, is endowed with a w™!

o-semilinear Frobenius, still denoted by ¢. Now the
required Frobenius compatibility means that when restricted to any such Uy, we have ¢ ® ¢ = id ®¢ via

the isomorphism (3B.1).
Definition 3.12. For L a lisse 7 p-sheaf and i € Z, set

Deris (L) := ws (L®; OBerig) and  Fil' Des(L) 1= wi(L ®3 Fil' OBais)-

All of them are Ox[1/p]-modules, and the Fil’ Deis(L) give a separated exhaustive decreasing filtration
on D5 (L) (as the same holds for the filtration on OB.s; see Corollary 2.25).

Next we shall compare the notion of crystalline sheaves with other related notions considered in
[Brinon 2008, Chapitre 8; Faltings 1989; Scholze 2013]. We begin with the following characterization of
crystalline sheaves, which is more closely related to the classical definition of crystalline representations
by Fontaine [1982] (see also [Brinon 2008, Chapitre 8]).

Proposition 3.13. Let L be a lisse Z p-Sheaf on Xpros. Then L is crystalline if and only if the following
two conditions are verified:

(1) The Ox[1/pl-modules Ds() and Fil’ Deis(L), i € Z, are all coherent.

(2) The adjunction morphism W Deris (L) Qour OB¢ris — L ®2,, OB¢yis is an isomorphism of OB -
modules.

Before proving this proposition, let us express locally the sheaf Dgis(L) = wy(L ® OB,s) as the
Galois invariants of some Galois module. Consider ¢/ = Spf(A) C X a connected affine open subset
admitting an étale map U — Spf(Ok{Tlil, ey Tdil}). Write U the generic fiber of U. As U is smooth
and connected, A is an integral domain. Fix an algebraic closure Q of Frac(A), and let A be the
union of finite and normal A-algebras B contained in 2 such that B[1/p] is étale over A[1/p]. Write
Gy = Gal(A[l/p]/A[l/p]), which is nothing but the fundamental group of U = U;. Let U"™" be the
profinite étale cover of U corresponding to (A[1/p], A). One checks that U"™" is affinoid perfectoid
(over the completion of k). As L is a lisse VA p-sheaf on X, its restriction to U corresponds to a continuous
Z ,-representation Vy (L) := L(U™Y) of G. Write lﬁ"‘\‘v = Spa(R, R™), where (R, R™") is the p-adic
completion of (A[1/p], A).

Lemma 3.14. Keep the notation above. Let | be a lisse zp-sheaf on X. Then there exist natural
isomorphisms of A[1/pl-modules

|D)cris([L)(u) - (VU(H—) ®Zp OBcris(Ra R+))GU = Dcris(VU (”—))
and, foranyr € Z,

(Fil" Ders (L) U) => (Vy(L) ®z, Fil” OBeris(R, RT)) V.
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Moreover, the A[1/p]-module D5 (L) (U) is projective of rank at most that of Vy (L) @ Q, over Q.

Proof. As L is a lisse Zp—sheaf, it becomes constant restricted to U"™Y. In other words, we have
Ll >~ Vy (L) ®z, 7 plywmiv. For i > 0 an integer, denote by U univi the (j+1)-fold product of U uniy
over U. Then U™/ > U™V x G, and it is again an affinoid perfectoid. We claim that there exists a
natural identification

HO(U"™ ' L®; OBeris) = Mapeon (Gy, Vu (L) ®z, OAcis(R, RH)[1/1],

where for T, T’ two topological spaces, Map,,,(T, T’) denotes the set of continuous maps from T
to T'. To see this, write UV = Spa(R;, Ri+). Then, by Corollary 2.19, HO(U"- | L ®2p OByis) =
Vu (L) ®z, OBeis(R;, R"), which is also

(ngl VU ([L) ®Z,, OAcris(Ri» Ri—i_)/pn)[l/t]-

Since Vy (L) is of finite type over Z,,, it suffices to show that, for all n € N, OA5(R;, R;r )/p" can be
identified with

Mapcont<Gli/7 OACI’iS(Rv R+)/pn) = h_n)lMapcont(Gli//Nv OACI‘iS(R’ R+)/pn)
N

where N runs through the set of open normal subgroups of Gé]. Since both OA.;s(R, RT) and
OAis (R;, R;r ) are flat over Z,, one reduces to the case where n = 1, and thus to showing R? + /(pP) =
Map,., (G, R"*/(pP)) by the explicit descriptions of OAgis(R, RY)/p and OAis(R;, R/ p. As R*
and R** are flat over OE?,,’ we finally reduces to showing Rl.Jr /p = Map,,,,(G,, R*/p). But this last
assertion is clear, giving our claim.

Consider the following spectral sequence associated to the cover U™ — U

Ey/ = HI(U™™ L®; OBai) = H™ (U, L®; OBeis).

As E}/ =0 for j > 1 (Corollary 2.19), we have Ef* = E%0 ~ H"(U, L ®; OBaris). Thus, by the
discussion in the paragraph above, we deduce a natural isomorphism

HI (U, L ®; OBai) <> Hio (Gu, Vu (L) @2, OAcis(R, RN)[1/1]

where the right-hand side is the continuous group cohomology. Taking j = 0, we obtain our first assertion.
The isomorphism concerning Fil” OB.s can be proved in the same way. The last assertion follows from
the first isomorphism and [Brinon 2008, Proposition 8.3.1], which gives the assertion for the right-hand
side. U

Corollary 3.15. Let L be a lisse VA p-Sheaf on X s which satisfies the condition (1) of Proposition 3.13.
Let U = Spf(A) be a small connected affine open subset of X. Write U = Uy. Then for any V € Xproer/ U,
we have

|Dcris(”—)(u) ®A[1/p] OBcris(V) = (w_lchris(”—) ®O;‘{ OBcris)(V)-
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Proof. By Lemma 3.14, the A[1/p]-module D;s(L) () is projective of finite type, hence it is a direct
summand of a finite free A[1/p]-module. As Dg;s(L) is coherent over Oy[1/p] and as U is affine,
Deris (L) |z4 is then a direct summand of a finite free O x[1/p]|,-module. The isomorphism in our corollary
then follows, since we have similar isomorphism when Dgs(L) |, is replaced by a free Ox[1/pllu-
module. ([l

Corollary 3.16. Let L be a lisse 7 p-Sheaf verifying the condition (1) of Proposition 3.13. Then the
condition (2) of Proposition 3.13 holds for L if and only if for any small affine connected open subset
U =Spf(A) C X (with U :=Uy), the Gy -representation Vy (L) ®z, Q, is crystalline in the sense that the
following natural morphism is an isomorphism [Brinon 2008, Chapitre 8]

Dcris(VU(ﬂ—)) ®A[l/p] OBCI‘iS(Rv R+) - VU(I]—) ®Z,, OBcris(R: R+)7

where Gy, U™, U = Spa(R, R) are as in the paragraph before Lemma 3.14.

Proof. If L satisfies in addition the condition (2) of Proposition 3.13, combining it with Corollary 3.15,

we find _ )
Dcris([L) (U) ®A[1/p] OBcris(Uumv) - (w_lﬂj)cris(l) ®O§{ OBcris)(Uumv)

> (L®; OBeris)(U'™)
= V(L) ®2, OBeris(U™™).

So, by Corollary 2.19 and Lemma 3.14, the Gy -representation Vi (L) ® @, is crystalline.
Conversely, assume that for any small connected affine open subset &/ = Spf(A) of &, the Gy-
representation Vy (L) ®z, Q) is crystalline. Together with Lemmas 2.18 and 3.14, we get

Deris (D @) @ aq1/p) OBeris (U™™) <> Vi (L) ®z, OBeris (U™)
and the similar isomorphism after replacing U™ by any V € Xorost/ U univ - Using Corollary 3.15, we
deduce (w_l Deris (L) oy OBcris) (V) = (L ®2p OBeris) (V) for any V € Xproet/ U ie.,
(w_lchris(l]—) ®O}r OBcris)lUuﬂiV = (L ®Zp OBcris)lUuﬂiV-
When the small opens U’s run through a cover of X, the U"™"’s form a cover of X in Xproe. Therefore,
W Dgyis (L) @ OBgris => L ® OByis, as desired. H

Lemma 3.17. Let L be a lisse 7 p-sheaf on X satisfying the two conditions of Proposition 3.13. Then (the
analytification of ) Dis (L) has a natural structure of filtered convergent F-isocrystal on Xy/Oy.

Proof. First of all, the Fil' Deris(L)’s (i € Z) endow a separated exhaustive decreasing filtration on Dys (L)
by Corollary 2.25, and the connection on Dis(L) = w, (L ® OBs) can be given by the composite of

W, (L ® OBerig) 20V, 1, (L ® OBeris ®0w Q7)< Wi (L ® OBeric) ®0(1/p1 Ly, [1/1]

where the last isomorphism is the projection formula. That the connection satisfies the Griffiths transversal-
ity with respect to the filtration Fil* D follows from the analogous assertion for OB, (Corollary 2.17).
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Now consider the special case where X = Spf(A) is affine connected admitting an étale map X —
Spf((’)k{Tlil, ey TdjEl D), such that X is equipped with a lifting of Frobenius o. As in the paragraph before
Lemma 3.14, let X"V be the universal profinite étale cover of X (which is an affinoid perfectoid). Write
)Fm\iv = Spa(R, R") and Gx the fundamental group of X. As X is affine, the category Coh(Ox[1/p]) is
equivalent to the category of finite type A[1/p]-modules. Under this equivalence, Ds(L) corresponds to
Dgis(Vx (L)) := (Vx (L) ® OBgis(R, RT))6x, denoted by D for simplicity. So D is a projective A[1/p]-
module of finite type (Lemma 3.14) equipped with a connection V: D - D ® Q}A[l Jp1yk- Under the
same equivalence, Fil’ Deris (L) corresponds to Fil' D := (Vx (L) QFil’ OBeis(R, R1))Cx, by Lemma 3.14
again. By the same proof as in [Brinon 2008, 8.3.2], the graded quotient gr' (D) is a projective module.
In particular, Fil' D C D is a direct summand. Therefore, each Fil’ Deris(L) is a direct summand of
Deris(L). Furthermore, since X admits a lifting of Frobenius o, we get from Section 2C a o -semilinear
endomorphism ¢ on OBs(X univy ~ OB (R, RT), whence a o-semilinear endomorphism on D, still
denoted by ¢. Via Lemma 2.21, one checks that the Frobenius ¢ on D is horizontal with respect to
its connection. Thus Dygs(L) is endowed with a horizontal o-semilinear morphism Deyis (L) — Deris (L),
always denoted by ¢ in the following.

To finish the proof in the special case, one needs to show that (Ds(L), V, @) gives an F-isocrystal
on Xy/Ok. As D is of finite type over A[1/p], there is some n € N such that D = D™[1/p] with
Dt := (Vx(L) ®z, t " OAcis(R, RT))%*. The connection on 1 "OAcris(R, R) induces a connection
Vt: Dt - DT ®,4 Q) /0, On D™, compatible with that of Dc;s(Vx(L)). Moreover, let N; be the
endomorphism of D% so that V1 = Zflzl N; ®dT;. Then for any a € D*, N™(a) € p- D" for all but
finitely many m € N (as this holds for the connection on " OAs, seen in the proof of Lemma 2.22).
Similarly, the Frobenius on OB;s(R, R™) induces a map (note that the Frobenius on OBs(R, R™)
sends f to p-t)

¢: Dt > (Vx(L) @ p~"t " OAuis(R, RT))°*.

Thus v := p"¢ gives a well-defined o -semilinear morphism on D*. One checks that v is horizontal with
respect to the connection V' on DT and it induces an R*-linear isomorphism o* Dt = DT, As aresult,
the triple (D, V, 1) will define an F-crystal on Uy/ Oy, once we know D is of finite type over A. The
required finiteness of D™ is explained in [Andreatta and Iovita 2013, Proposition 3.6], and for the sake of
completeness we recall briefly their proof here. As D is projective of finite type (Lemma 3.14), itis a
direct summand of a finite free A[1/p]-module T. Let T+ C T be a finite free A-submodule of T such
that 7[1/p] = T. Then we have the inclusion D ®a[1/p] OBcis(R, RT) = TT @4 OBgis(R, RT). As
Vx (L) is of finite type over Z,, and OB.yis(R, RT) = OAcis(R, R1)[1/1], there exists m € N such that the
OAis(R, RT)-submodule Vy (L) @1 " OAgis(R, RT) of Vx (L) @ OByis(R, RT) >~ DQOBis(R, R) is
contained in Tt ® 41" OA¢is (R, R1). By taking Gy -invariants and using the fact that A is noetherian, we
are reduced to showing that A" := (¢ 7" OAis(R, RT))%x is of finite type over A. From the construction,
A’ is p-adically separated and A C A" C A[1/p] = (OBis(R, RT)6x. As A is normal, we deduce
pN A’ C A for some N € N. Thus pV A" and hence A’ are of finite type over A. As a result, (DF, V, )
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defines an F-crystal Dt on Uy/Ok. As D = DT[1/p] and V = V*[1/p], the connection V on D5 (L)
is convergent; this is standard and we refer to [Berthelot 1996, 2.4.1] for detail. Consequently, the triple
(Deris (L), V, @) is an F-isocrystal on X/, which is isomorphic to D*#(n). This finishes the proof in
the special case.

In the general case, consider a covering X = |, i; of X by connected small affine open subsets
such that each I{; admits a lifting of Frobenius o; and an étale morphism to some torus over Oy. By the
special case, each Fil' Deris (L) C Deris (L) is locally a direct summand, and the connection on Ds(LL) is
convergent [Berthelot 1996, 2.2.8]. Furthermore, each D (L) [y, is equipped with a Frobenius ¢;, and
over U; NU;, the two Frobenii ¢;, ¢; on Deris (L) [z, Nu; are related by the formula in Lemma 3.6 as it is the
case for ¢;, ¢ on OBeris|y; N v; (Lemma 2.22). So these local Frobenii glue together to give a compatible
system of Frobenii ¢ on Ds(L) and the analytification of the quadruple (Dcis(L), Fil* Deyis (L), V, @) is
a filtered F-isocrystal on X/ Oy, as wanted. ([l

Proof of Proposition 3.13. 1If a lisse 7 p-sheaf L on X is associated to a filtered F-isocrystal £ on X, then
we just have to show & >~ Ds(L). By assumption, we have L ®2,, OBgis ~ w™ L€ Qo OB¢is. Then

(L ®; OBeris) = ws (W™ € ®oy OBeris) = € @0y, 11/p) WsOBeris = €

where the second isomorphism has used Remark 3.11, and the last isomorphism is by the isomorphism
W OBris > Ox, [1/ p] from Corollary 2.26.

Conversely, let L be a lisse VA p-sheaf verifying the two conditions of our proposition. By Lemma 3.17,
Deris(L) is naturally a filtered F-isocrystal. To finish the proof, we need to show that the isomorphism
in (2) is compatible with the extra structures. Only the compatibility with filtrations needs verification.
This is a local question, hence we shall assume X = Spf(A) is a small connected affine formal scheme.
As Fil! Deris (L) is coherent over Ox[1/p] and is a direct summand of Deis(LL), the same proof as that of

Corollary 3.15 gives a natural isomorphism
Fil’ Deris (L) (X) ® a1 p) FilV OBeris (V) <> (w ™" Fil' Deris (L) @ Fil! OBeris) (V)

for any V € Xjo6. Consequently, the isomorphism in Corollary 3.15 is strictly compatible with filtra-
tions. Thus, we reduce to showing that, for an affinoid perfectoid V € X6/ X univ * the isomorphism
Deiis(Vx (L) ®aq1/p) OBeris(V) = Vx (L) ® OB.is(V) is strictly compatible with the filtrations in the
sense that its inverse respects also the filtrations on both sides, or equivalently, the induced morphisms

between the gradeds quotients are isomorphisms:

P (g Deris(Vx (1) @ a1/ py g/ OBeris(V)) — Vi (1) ® gt OBerig (V). (3B.2)
i+j=n

When V = X"V this follows from [Brinon 2008, 8.4.3]. For the general case, write )?m\w =Spa(R, R")
and V = Spa(R;, R;r). By [Scholze 2013, Corollary 6.15] and Corollary 2.25,

gt/ OBeis =~ & Ox[U /&, ..., Ug/E] C gr* OBess =~ Ox [, Uy, ..., Ugl,
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where £ and all U; have degree 1. So gr/ OBeris (XYY ~ &/ R[U, JE, ..., Uyg/€] and gr/ OBeis (V) =~
EIR\[U, /&, ..., Uy/E]. As a result, the natural morphism gr/ OBeyis(X™Y) Qg R => gr/ OBeis (V) is
an isomorphism. The required isomorphism (3B.2) for general V then follows from the special case for
Xuniv. O

Let Llscm (X) denote the category of lisse crystalline Z -sheaves on X, and Llscm(X ) the corresponding
isogeny category The functor

Deris : LlsCA“S(X ) = FF-Iso(Xp/Or), L Deis(l)

allows us to relate Lisgg;s (X) to the category FF-Iso(Xy/Oy) of filtered convergent F-isocrystals on
Xo/ O, thanks to Proposition 3.13. A filtered F-isocrystal £ on Xy/Oy is called admissible if it lies in
the essential image of the functor above. The full subcategory of admissible filtered F-isocrystals on
Xy /Oy will be denoted by FF-Iso(Xy/Oy)2™.

Theorem 3.18. The functor D5 above induces an equivalence of categories
Deris : Lisgi:(X) = FF-Iso(Xy/Op)™.
A quasiinverse of Deyis is given by
Veris : € > Fil’(w ™' € ®@ow OBerig) V=04~
where ¢ denotes the compatible system of Frobenii on £ as before.

Proof. Observe first that, for £ a filtered convergent F-isocrystal, the local Frobenii on £V=" glue to give
a unique o-semilinear morphism on £ V=0 (Lemma 3.6). In particular, the abelian sheaf V(€) is well
defined. Assume moreover & is admissible, and let L be a lisse 7 p-sheaf such that & >~ D5(L). So L and
& are associated by Proposition 3.13. Hence L ®2p OBgis ~w™ L€ ®our OB..is, and we find

A

L®; Q= L, Fil’ (OB,) Y =0¢=!
= Fil’(L ®; OByis) ¥ =0¢=!
= Fil’(w™'€ @ow OBeris) ¥ ="¢=!
= \/cris (8),

where the first isomorphism following from the fundamental exact sequence (by Lemma 2.7 and [Brinon

2008, Corollary 6.2.19])

0— @p - Filo Beris i) Beris — 0.

In particular, V5 (€) is the associated Q p-sheaf of a lisse Z -sheaf. Thus V;s(€) € LlScm(X ) and the

functor Vs is well defined. Furthermore, as we can recover the lisse Z -sheaf up to 1sogeny, it follows
that D, is fully faithful, and a quasiinverse on its essential image is given by V. |
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Remark 3.19. Using [Brinon 2008, Theorem 8.5.2], one can show that the equivalence above is an
equivalence of tannakian category.

Next we compare Definition 3.10 with the “associatedness” defined in [Faltings 1989]. Let £ be a
filtered convergent F-isocrystal £ on Xy/Oy, and M an F-crystal on Xy/Oy such that M*" = £(—n) for
some n € N (see Remark 3.4 for the notations). Let &/ = Spf(A) be a small connected affine open subset of
X, equipped with a lifting of Frobenius o. Write U = Spa(A[1/p], A) the generic fiber of /. As before,
let A be the union of all finite normal A-algebras (contained in some fixed algebraic closure of Frac(A))
which are étale over A[1/p]. Let Gy := Gal(A[l/p]/A[l/p]) and (R: R™) the p-adic completion of
(A[1/p], A). Then (R, R™) is an perfectoid affinoid algebra over C p= k. So we can consider the period
ring Ais (R, RT). Moreover the composite of the following two natural morphisms

Auis(R, RY) 45 RT <0 RY/pRT, (3B.3)

defines a p-adic PD-thickening of Spec(R*/pR™). Evaluate our F-crystal M at it and write the resulting
Acris (R, RT)-module as M (Agis(R, R1)). As an element of Gy defines a morphism of the PD-thickening
(3B.3) in the big crystalline site of Xy/Of and M is a crystal, M(A(R, R™")) is endowed naturally with
an action of Gy . Similarly, the Frobenius on the crystal M gives a Frobenius ¥ on M(A¢;s(R, RT)).
Set £(Beiis(R, RT)) := M(Agis(R, R1))[1/¢], which is a Beis(R, R*)-module of finite type endowed
with a Frobenius ¢ = v/ p" and an action of Gy.

On the other hand, as I/ is small, there exists a morphism o : A — Agis(R, RT) of Oy-algebras, whose
composite with 6 : Ais(R, RT) — R is the inclusion A C R*. For example, consider an étale morphism
U — Spf((’)k{Tlil, R Tdil}). Let (Tl.l/pn) be a compatible system of p”-th roots of 7; inside A CRT,
and Tib the corresponding element of R"* := lim ., RT/pR™. Then one can take o as the unique
morphism of O-algebras A — Agis(R, R") sending T; to [Tib], such that its composite with the projection
Acris(R, RT) — RT/pR™ is just the natural map A — R*/pR™ (such a morphism exists as A is étale
over Ok{Tlil, el Tdﬂ} and because of (3B.3); see the proof of Lemma 2.14 for a similar situation). Now
we fix such a morphism «. So we obtain a morphism of PD-thickenings from 4y < U to the one defined
by (3B.3). Consequently we get a natural isomorphism M (A¢is(R, RT)) > MWU) @ 4.0 Acris(R, RT),
whence

EBeis(R, RT)) = EU) ®ap1/pl.e Beris(R, RT),

here £U) := M@U)[1/p]. Using this isomorphism, we define the filtration on £(Bes(R, RT)) as the
tensor product of the filtration on £ (1) and that on Beis(R, R™).

Remark 3.20. It is well-known that the filtration on &£(B;s(R, R)) does not depend on the choice
of . More precisely, let o’ be a second morphism A — Agis(R, RT) of Oy-algebras whose composite
with Agis(R, RT) — R* is the inclusion A C R*. Fix an étale morphism & — Spf(O (T, ..., TF')).
Denote 8= (o, @) : AQp, A — Acis(R, RT) and by the same notation the corresponding map on schemes,
and write p1, p> : Spec A x Spec A — Spec A the two projections. We have a canonical isomorphism
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(p2oB)* €= (p1opP)*E, as £ is a crystal. In terms of the connection V on &, this gives (see [Berthelot
1996, 2.2.4]) the following Bes(R, R™)-linear isomorphism

n: E(Z/{) ®A[l/p],oz I]EBcris(Rv R+) - 5(2/[) ®A[1/p],a’ BCI‘iS(Rv R+)

sendinge®1to ), e N*(e)® (a(T) —a/(T))1, with N the endomorphism of € such that V=N ®dT.
Here we use the multiindex to simplify the notations, and note that «(7;) — &/'(T;) € Fil! Agis(R, RT)
hence the divided power («(7T;) — «/(T;))"! is well defined. Moreover, the series converge since the
connection on M is quasinilpotent. Now as the filtration on £ satisfies Griffiths transversality, the
isomorphism 7 is compatible with the tensor product filtrations on both sides. Since the inverse !
can be described by a similar formula (one just switches « and «), it is also compatible with filtrations
on both sides. Hence the isomorphism 7 is strictly compatible with the filtrations, and the filtration on

E(Beis(R, RT)) does not depend on the choice of .

Let L be a lisse 7 p-sheaf on X, and write as before Vi (L) the Z,-representation of Gy corresponding
to the lisse sheaf [|y. Following [Faltings 1989], we say a filtered convergent F-isocrystal £ on Xy/Oy is
associated to L in the sense of Faltings if, for all small open subset i/ C X, there is a functorial filtered
isomorphism

E(Beris(R, RT)) = Vy (1) ®q, Beris(R, RT), (3B.4)

which is compatible with Gy-action and Frobenius.

Proposition 3.21. If £ is associated to L in the sense of Faltings then L is crystalline (not necessarily
associated to £) and there is an isomorphism D.is(L) >~ £ compatible with filtration and Frobenius.
Conversely, if | is crystalline and if there is an isomorphism Ds(L) =~ & of Oxa-modules compatible
with filtration and Frobenius, then L and £ are associated in the sense of Faltings.

Before giving the proof of Proposition 3.21, we observe first the following commutative diagram in
which the left vertical morphisms are all PD-morphisms:

A——— S A/pA

.| |

0
OAgis(R, RT) —— R*/pR*

CHHT H

Acris(R, RY) —— R*/pR*.
Therefore, we have isomorphisms
M(Z/{) X4 OAcris(R» R+) - M(OAcris(R’ R+)) <= M(ACFiS(Ra R+)) ®Acm(R,R+) OAcris(R» R+)’

where the second term in the first row denotes the evaluation of the crystal M at the PD-thickening
defined by the PD-morphism 64 in the commutative diagram above. Inverting ¢, we obtain a natural
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isomorphism
E(L{) ®A[1/p] O[EBcris(R7 R+) = E(Bcris(Ra R+)) ® OBcris(R, R+), (3B-5)

where the last tensor product is taken over Bes(R, R™). This isomorphism is clearly compatible with
Galois action and Frobenius. By a similar argument as in Remark 3.20 one checks that (3B.5) is also
strictly compatible with the filtrations. Furthermore, using the identification

Acris (R, R+){<”1» oo ug)t > OAgis(R, R+)» ui—>Thiel-1Q [le]
we obtain a section s of the canonical map Ags(R, RT) — OAgis(R, RT):
5 OAgis(R, R+) — Agis(R, R+)a u; — 0,

which is again a PD-morphism. Composing it with the inclusion A C OAs(R, R™), we get a morphism
ao: Rt — Agis(R, RT) whose composite with the projection A (R, RT) — R is the inclusion A C R™.

Proof of Proposition 3.21. Now assume that £ is associated with L in the sense of Faltings. Extending
scalars to OBcis(R, RT) of the isomorphism (3B.4) and using the identification (3B.5), we obtain a
functorial isomorphism, compatible with filtration, G -action, and Frobenius:

Vu (L) ®z, OBeris(R, RT) = EU) ®af1/p) OBeris(R, RY).

Therefore, Vy (L) ®z, Q) is a crystalline Gy -representation (Corollary 3.16), and we get by Lemma 3.14
an isomorphism &) = Deis(L) (/) compatible with filtrations and Frobenius. As such small open
subsets U form a basis for the Zariski topology of X', we find an isomorphism & <> Dgs(L) compatible
with filtrations and Frobenius, and that L is crystalline in the sense of Definition 3.10 (Corollary 3.16).

Conversely, assume L is crystalline with D5(L) >~ £ compatible with filtrations and Frobenius. As in
the proof of Corollary 3.16, we have a functorial isomorphism

E(Z/[) ®A[l/p] OBcris(Rv R+) - VU(H—) ®Zp OBcris(Ry R+)

which is compatible with filtration, Galois action and Frobenius. Pulling it back via the section
OB.is(R, RT) — Beis(R, RT) obtained from s by inverting p, we obtain a functorial isomorphism

S(Bcris(R» R+)) = S(U) ®A[l/p],a0 Bcris(R» R+) - VU([I—) ®Z,, Bcris(R» R+)’

which is again compatible with Galois action, Frobenius and filtrations. Therefore L and £ are associated
in the sense of Faltings. U

Finally we compare Definition 3.10 with its de Rham analogue considered in [Scholze 2013].

Proposition 3.22. Let L be a lisse 7 p-sheaf on X and & a filtered convergent F-isocrystal on Xy/Ok.
Assume that L and & are associated as defined in Definition 3.10, then L is de Rham in the sense of Scholze
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[2013, Definition 8.3]. More precisely, if we view £ as a filtered module with integrable connection on X
(namely we forget the Frobenius), there exists a natural filtered isomorphism compatible with connections

L ®2p OBdR — & ®OX OBdR.

Proof. LetU = Spf(R*) C X be a connected affine open subset, and denote by U (resp. U"™") the generic
fiber of U (resp. the universal étale cover of U). Let V be a affinoid perfectoid lying above U™, As L
and £ are associated, there exits a filtered isomorphism compatible with connections and Frobenius

L®; OBeis = w™'€ @0y OBeris.

Evaluate this map at V € X,;0¢ and use the fact that the A[1/p]-module £ (If) is projective, we deduce a
filtered isomorphism compatible with all extra structures:

VU(I]—) ®Zp OBcris(V) - 5(2/1) ®A[l/p] OBcris(V)-

Taking tensor product — ®op,,;,(v)OB4r (V) on both sides, we get a filtered isomorphism compatible

cris

with connection
Vu (L) ®z, OBar(V) => EU) @af1/p) OBar (V).

Again, as £(U) is a projective A[1/p]-module and as £ is coherent, the isomorphism above can be
rewritten as

L®; OBR)(V) = (£ @0y OBawr)(V),

which is clearly functorial in &/ and in V. Varying U and V, we deduce that L is de Rham, giving our
proposition. (Il

3C. From proétale site to étale site. Let X be a smooth formal scheme over Oy. For O = Oy, Ox[1/p],
O% *, O and a sheaf of O-modules F with connection, we denote the de Rham complex of F as

RF) =0 F-LFRoe ...

Let w be the composite of natural morphisms of topoi (here we use the same notation to denote the object
in X

proét

represented by X; € Xproet)

~ ~ w ~
Xproét/Xl} - Xproét > Xy -

The following lemma is a global reformulation of the main results of [Andreatta and Brinon 2013]. As
we shall prove a more general result later (Lemma 5.3), let us omit the proof here.

Lemma 3.23. Let X be smooth formal scheme over Oy. Then the natural morphism below is an isomor-
phism in the filtered derived category:

OX®Ok Beris = Rwy (OBcris).
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Here OX@Ok Beris := (OX®OkAcris)[1/t] with

OX@Ok Acris := Lln Ox Qoy Acris/Pn,

neN
and OX@Ok Biis is filtered by the subsheaves
O®o, Fil" Beis = lim t " (Ox®0, Fil't" Acris), 1 €Z,
neN
with Ox®o, Fil' " Agis :=lim Oy ®o, Fil't" Acris/ p".
Corollary 3.24. Let X be a smooth formal scheme over Oy. Let L be a crystalline lisse 7 p-Sheaf

associated with a filtered convergent F-isocrystal £. Then there exists a natural quasiisomorphism in the
filtered derived category

Rw,(L®; Beris) => dR(E ®0, Ox®0, Beris).

If moreover X is endowed with a lifting of Frobenius o, then the isomorphism above is also compatible
with the Frobenii deduced from o on both sides.

Proof. Using the Poincaré lemma (Corollary 2.17), we get first a quasiisomorphism which is strictly
compatible with filtrations

L® Bcris =1® dR(OBcris) = dR(l]- ® OBcris)-

As L and £ are associated, there is a filtered isomorphism L @ OB.js = wlE Qour OB.is compatible
with connection and Frobenius, from which we get the quasiisomorphisms in the filtered derived category

L ® Beris = dR(L ® OBeris) => dR(w '€ @ OBcris). (3C.1)

On the other hand, as R/w,OB. = 0 for j > 0 (Lemma 3.23), we obtain using projection formula
that R0, (w™ '€ @ OByis) = £ ® R/ w, OB = 0 (note that & is locally a direct factor of a finite
free Ox[1/p]-module, hence one can apply projection formula here). In particular, each component of
dR(w™'E ® OBs) is wy-acyclic. Therefore,

dR(£ ® W4OBis) => Wy (dAR(w '€ ® OBcris)) => Ry (dR(w ™ 'E @ OBcyis)).

Combining this with Lemma 3.23, we deduce the following quasiisomorphisms in the filtered derived
category

dR(E @ Ox®Beris) = dR(E @ WxOBis) => R (dR(w™'E @ OBcyis)). (3C.2)

The desired quasiisomorphism follows from (3C.1) and (3C.2). When moreover X admits a lifting of
Frobenius o, one checks that both quasiisomorphisms are compatible with Frobenius, hence the last part
of our corollary. U
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Remark 3.25. Recall that G denotes the absolute Galois group of k. Each element of G4 defines
a morphism of Uy in the pro€tale site Xprog for any U € Xproge With U := Uy. Therefore, the object
Rw, (L ® B.s) comes with a natural Galois action of G;. With this Galois action, one checks that the
quasiisomorphism in Corollary 3.24 is also Galois equivariant.

Assume moreover that X" is proper over Ok. Let £ be a filtered convergent F-isocrystal on Xp/Oy, and
M an F-crystal on Xy/Oy (viewed as a coherent O -module equipped with an integrable connection)
(Xo/ Ok, M)
is an Og-module of finite type endowed with a Frobenius . In the following, the crystalline cohomology

such that £ >~ M*"(n) for some n € N (Remark 3.4). The crystalline cohomology group Hci

ris
(or more appropriately, the rigid cohomology) of the convergent F-isocrystal £ is defined as
Hyis(Xo/ Ok, €) 1= Heio(Xo/Or, M)[1/p).

It is a finite dimensional k-vector space equipped with the Frobenius v//p". Moreover, let u = u x,/0, be
the morphism of topoi

(Xo0/ Ok gis = X

such that u.(F)U) = HCOris (Uo/ Ok, F) for U € Xg. With the étale topology replaced by the Zariski
topology, this is precisely the morphism u ,, /3 (with § = Spf(Ok)) considered in [Berthelot and Ogus
1978, Theorem 7.23]. By [loc. cit.], there exists a natural quasiisomorphism in the derived category

Ru, M = dR(M), (3C.3)
which induces an isomorphism Hciris(XO /Or, M) = H'(X, dR(M)). Thereby
H! (X0/O, &) => H' (X, dR(E)). (3C.4)
On the other hand, the de Rham complex dR(E) of £ is filtered by its subcomplexes
Fil' dR(£) := (Fil' € 5 Fil' ' €@ Qf ) —> -+ +).
So the hypercohomology H' (X, dR(E)) has a descending filtration given by
Fil' H' (X, dR(E)) := Im(H' (X, Fil" dR(E)) — H' (X, dR(E))).

Consequently, through the isomorphism (3C.4), the k-space Hciris(/'\,’o / Ok, £) is endowed naturally with a
decreasing filtration.

Theorem 3.26. Assume that the smooth formal scheme X is proper over Ok. Let & be a filtered convergent
F-isocrystal on Xy/ O and L a lisse 7 p-sheaf on Xyrot. Assume that £ and | are associated. Then there
is a natural filtered isomorphism

H' (Xt proge: L®7, Baris) <> Hyig (Xo/ O, €) @t Beris (3C.5)

k,proét> C

of Beris-modules, which is compatible with Frobenius and Galois action.
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Proof. By Corollary 3.24, we have the natural Galois equivariant quasiisomorphism in the filtered derived
category:

RF(X/},proép L® Bcris) = RF(X’ Rw*(“— ® Bcris)) e RF(X, dR(S ® OX®Bcris))-
We claim that the natural morphism in the filtered derived category
RT(X, dR(E)) ®0, Aciis =~ RT (Xst, AR(E ®0, Ox®0, Acris)) (3C.0)

is an isomorphism. Let M be an F-crystal on Xy/O; with £ = M?*(n). Then, the similar natural
morphism below is an isomorphism:

RT (X, dR(M)) ®0, Acris = RT (Xat, dR(M @0, Ox®0, Acris))- (C.7

Indeed, as A is flat over Oy, M ®o,, O;(@OkAcris o~ M@okAcris. So dRWM ®o, OX®OkAcris) =
dR(M @okAcris), and (3C.7) is an isomorphism by Lemma B.2. Thus, to prove our claim, it suffices to
check that (3C.6) induces quasiisomorphisms on gradeds. Further filtering the de Rham complex by its
naive filtration, we are reduced to checking the following isomorphism for .4 a coherent O y-module:

RT(X, A) ®0, Oc, => RT(X, Ao, ®0,0c,) = RT (X, A®0,Oc,),

which holds because again Oc,, is flat over O (Lemma B.2). Consequently, inverting 7 we obtain an
isomorphism in the filtered derived category

RT (X, dR(E)) ® Beris = RT (Xet, dR(E ®0, Ox®0 Beris))-
Thus we get a Galois equivariant quasiisomorphism in the filtered derived category

RF(Xf L® Bcris) - RF(-X’ dR(E)) Rk Bcris-

k,proét’

Combining it with (3C.4), we obtain the isomorphism (3C.5) verifying the required properties except for
the Frobenius compatibility.

To check the Frobenius compatibility, it suffices to check that the restriction to Hciris(/’\fo /O, E) —
Hciris(Xo / Ok, £) ®k Beis of the inverse of (3C.5) is Frobenius-compatible. Let M be an F-crystal on
Xo/ Oy with € = M™(n). Via the identification H' . (Xo/Ox, ) = H' . (Xo/Ok, M)[1/p], the restriction

cris
map in question is induced from the following composed morphism at the level of derived category:
Ru, M([1/p] => dR(M)[1/p] => dR(E) = dR(E @ Ox®% Beris) > R (L @ Beris),

where the first morphism is (3C.3), and the last one is the inverse in the derived category of the quasiiso-
morphism in Corollary 3.24. Let us denote by 6 the composite of these morphisms. Let ¥ and ¢ be the
induced Frobenius on Ru, M and Rw, (L ® Bes), respectively. One needs to check that p 00 = #9 o .
This can be done locally on X'. So let i/ C X be a small open subset equipped with a lifting of Frobenius o.
Thus M|y, and &, admit naturally a Frobenius, which we denote by v, and ¢, respectively. Then all
the morphisms above except the second one are Frobenius-compatible (see Corollary 3.24 for the last
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quasiisomorphism). But by definition, under the identification M[1/p]|s =~ €|y, the Frobenius ¢, on £
corresponds exactly to ¥,/ p" on M[1/p]. This gives the desired equality ¢ 0 6 = pl—nG oy on U, from
which the Frobenius compatibility in (3C.5) follows. U

4. Primitive comparison on the proétale site

Let X be a proper smooth formal scheme over Oy, with X (resp. Xp) its generic (resp. closed) fiber. Let
L be a lisse Z p-sheaf on X,o6. In this section, we will construct a primitive comparison isomorphism for
any lisse VA p-sheaf L on the proétale site X0t (Theorem 4.3). In particular, this primitive comparison
isomorphism also holds for noncrystalline lisse 7 p-sheaves, which may lead to interesting arithmetic
applications. On the other hand, in the case that L is crystalline, such a result and Theorem 3.26 together
give rise to the crystalline comparison isomorphism between étale cohomology and crystalline cohomology
(Theorem 4.5).
We shall begin with some preparations.

Lemma 4.1. Let (F,)nen be a projective system of abelian sheaves on a site T. Then for any object

Y €T and any i € Z, there exists a natural exact sequence
0— R'limH'~'(Y, F,) > H' (Y, Rlim F,) > lim H' (Y, F,,) — 0.

Proof. This is essentially [Jannsen 1988, (1.6) Proposition]. Let Sh denote the category of abelian sheaves
on T and Sh" the category of projective systems of abelian sheaves indexed by N. Let Ab denote the
category of abelian groups. Consider the functor

t: ShY — Ab, (G,) > imI'(Y, G,).

Then 7 is left-exact, and we can consider its right derived functor Rt (F,,). By [Jannsen 1988, (1.6) Propo-
sition], we have a short exact sequence for each i € Z

0— R'limH'~'(Y, F,)) > R't(F,) > lim H' (Y, F,,) — 0.
One the other hand, write 7 as the composite of the following two functors

noHm T(Y,-)
Sh™ —— Sh—— Ab .
The functor lim: ShY — Sh admits an exact left-adjoint given by sending a sheaf to its associated
constant projective system, so it sends injectives to injectives. Thus RT'(Y, Rlim F,) >~ Rt (F;,), and
H(Y,R lim 7)) >~ Rt (F,) for each i. Together with the short exact sequence above, we obtain our
lemma. (Il

Lemma 4.2. Let L be a lisse Zp-sheaf on X oroee and Ly := L/p" for n € N. Then, for i € Z,
H"(X,;,pmét, L) = lim, H"(X,;'pmét, L,). Moreover, H"(X,;,pmét, L) is a Z,-module of finite type, and
H"(X,;’pmét, L) =0 wheneveri ¢ [0, 2dim(X)].
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Proof. All the cohomology groups below are computed in the proétale site, so we shall omit the subscript
“proét” from the notations.

Thanks to [Scholze 2013, Proposition 8.2], RJ lim, I, =0 for j > 0. So L = Rlim, L,. Furthermore,
by [loc. cit., Theorem 5.1], Hi~! (X%, L) is finite for all n e N. So R! lim Hi~! (X%, L,) =0. Consequently,
by Lemma 4.1, the morphism

H'(Xg, L) — lim H (Xg, L)

is an isomorphism, giving the first part of our lemma. In particular, H'(X;, L) = O whenever i ¢
[0, 2dim(X)] according to [loc. cit., Theorem 5.1].

Let Lo, be the torsion subsheaf of L. The remaining part of our lemma follows from the corresponding
statements for [, and for [/IL,. Therefore, we assume that L is either of torsion or locally free of finite
rank. In the first case, we reduce to the finiteness statement of Scholze [2013, Theorem 5.1]. So it suffices
to consider the case where L is locally free. Then, we have the exact sequence

01251 —>1,—0,
inducing the following short exact sequence
0— H (X;,L)/p" — H (X;,L,) - H (X, D[p"] — 0. (4A.1)

By the first part of our lemma, H'*!(X D)= lim H +l(x 7> Lx) 18 a pro-p abelian group, hence it does
not contain any element infinitely divisible by p. Thus, lim(H i+l(x % DI[p"]) =0 (the transition map is
multiplication by p). From the exactness of (4A.1), we deduce a canonical isomorphism

Lim(H' (X, L)/p") => lim H' (Xz, Ly).

So H' (X, L) = lim, Hi(X,;, L)/p", and H' (X%, L) is p-adically complete. Thus it can be generated
as a Z ,-module by a family of elements whose images in H (X #» L)/ p generate it as an [ ,-vector space.
The latter is finite dimensional over [ ,: recall the inclusion H (X wbD/p—H X 7 L1) by (4A.1). So
the Z ,-module H (X > L) is of finite type, as desired. O

The primitive form of the crystalline comparison isomorphism on the proétale site is as follows.

Theorem 4.3. Let | be a lisse 7 p-sheaf on X prosr. Then the natural morphism of Begis-modules below is a

filtered isomorphism
H' (Xf proce> ) ©2,, Beris <> H' (X proge L ®7 Beris) (4A.2)
compatible with Galois action and Frobenius.

Proof. In the following, all the cohomologies are computed on the proétale site, so we omit the subscript
“proét” from the notations.

If L is of torsion, our theorem is obvious since both sides of (4A.2) are trivial. Therefore, it suffices to
consider the case where L is locally a free lisse 7 p-module. Let L, =L/p", n € N. So, we have the short
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exact sequence (4A.1), from which we deduce a short exact sequence of projective systems since Ay 1S
flat over Z,

0— (H' (X3, 1) ® Acris/ P — (H (X7, L) ® Acris)n — (H T (X7, Ip"]) ® Acris)n — 0.

Because H'!(Xg, L) is a finite Z,,-modules, lim, (H*' (X}, D)[p"] ® Acis) = 0 (the transition map is
multiplication by p). Thus, we get

H (X, L) ® Aeris > lim H' (X, L) ® Acris/p" <> im(H' (X3, Ly) ® Acis)- (4A.3)
n

n

Here we have the first identification since H' (X i L) ® Agris is p-adically complete thanks to the fact that
H'(Xj, L) is a finite Z,,-module.
Next, we claim that, for all i > 0, the canonical map of As/p”-modules

H'(Xp. L) ®2, Acis = H'(Xp Ly ®5 Acris) (4A.4)

is an almost isomorphism. Since A and Ay are flat respectively over Z,, and Vi p» by induction on n, it
suffices to show that the natural map of As/p-modules

H' (X3, K) ®2z, Acis > H'(Xp. K®j Actis)

is an almost isomorphism, where KK is an [ ,-local system on Xp¢. In this case, one can rewrite the
morphism above as

H' (X, K) @k, Acris/p = H' (X, K®¢, Acris/ p). (4A.5)
Recall the following identification of As/p (see [Brinon 2008, Proposition 6.1.2])
Acris/p = (O, /(p D)8 i eNI/(8] i €N),
with §; the image of & Vans Similarly, on X s/ Xz, we have
Acris/p <> (O /(P8 i € NI/(8F i € N).

As X; is qcgs, to show that (4A.5) is an almost isomorphism, it suffices to check that it is the case for the
map
H' (X, K0 ®, O /()" — H' (X, K®F, O /(p")7).

Using the p’-adic filtration on (’)EP /(p")? and on (’)g;r /(p")?, one reduces further to showing that the
natural map

H' (X, 1) @, Of [/ (p") = H' (Xg, K&r, 0% /(p)),

is an almost isomorphism. But this is proved in [Scholze 2013, Theorem 5.1] since OC /p° =~ Oc,/p
and Ob+ /P’ =~ O;(“ / p: recall that the almost-setting adopted here for A5/ p-modules is the same as the
one used by Scholze. Consequently, the map (4A.4) is an almost isomorphism. Varying n in (4A.4), we
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obtain a morphism of projective systems of A.s-modules, with kernel and cokernel killed by Z. Passing
to limits relative to n and using (4A.3), one deduces a natural morphism of A.s-modules

H'(Xp. L) ®z, Acris 2 lim H' (Xp, L) ®2,, Acris = lim H' (Xp, Ly ® Aeris).
n n

with kernel and cokernel killed by 72. Moreover, we have Z - R! lim H (X i Ln @ Agris) = 0 since
Rl LiLn(Hi(X]}’ ”—n) ® Acris) = 0.

Then, we claim that the As-module R/ lim(L, ®Z,, Ais) 18 killed by 72 for j > 0. The question being
local on X ¢, we may and do assume L = M ®z, Vi p with M a finitely generated free Z ,-module (recall
that we have assumed that L is locally free over VA »)- So our claim in this case follows from Lemma 2.6.
As a result, in the spectral sequence below

Ey’ = H' (X, RV lim(L, ® Aci)) = H'™ (X, RUm(L, ® Acio)),
we have 72 E’ZJ =0 for j > 0 and EY = E}"’|. Moreover, the natural surjection E5° — EZ0 has kernel
killed by Z%~2. It follows that the canonical map
H'(Xp L®3 Acic) = H' (Xg, RIM(Ly ®7 Acis)

has kernel killed by 7% ~2 and cokernel killed by Z%. On the other hand, by Lemma 4.1, the kernel of the
canonical surjective morphism

H'(Xp, RIm(Ly ®5 Acris)) = lim H' (Xz, Ly ®5 Acris)
n n
is R! lim, H i=l(x o Ly ®2,, Ais), thus is killed by Z by what we have shown above. Therefore, the
kernel and cokernel of the composed map

Hi(X]}v H—®Acris) g Hi(X]}a Rl}ﬂl(ﬂ—n ®Acris)) g l(iﬂlHi(X]}v I]—n ®Acris)
n n

are killed by Z?. Finally, from the commutative square

Hi(X/;, L) ® Acris (4—/:3)> l(iLn(Hi(X]}, Ly) ® Acis)

lim (4A-4)liso. up to 72
Hi(X/;, L ®Acris)

iso. up to Z%

l(iﬂl Hi(X/}, Ly @ Acris)
we deduce that the natural map below has kernel and cokernel killed by Z%*2, hence by %12
H' (Xt 1) ®2, Acis = H' (X3, L®; Aais).

Inverting ¢, we get the required isomorphism (4A.2).
We still need to check that (4A.2) is compatible with the extra structures. Clearly only the strict
compatibility with filtrations needs verification, and it suffices to check this on gradeds. So we reduce to
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showing that the natural morphism is an isomorphism:
H'(X;, 1) ®z, C,(j) = H (X3, L® Ox ().
Twisting, one reduces to j = 0, which is given by the following lemma. (I

Lemma4.4. Let L be a lisse 7 p-Sheafon X %, proét: Then the following natural morphism is an isomorphism:

H' (X}, proge: L) ®2, Cp > H' (X proes L®; Ox),
where Ox is the completed structural sheaf of X k. progt and Cp = k.

Proof. 1t suffices to show that the natural morphism of O¢,-modules
Hi (Xl},proét’ L) ®Zp OCp - Hi (Xl},proét’ L ®Z,, (b;(_)

has kernel and cokernel annihilated by some power of ZOg,. The proof is similar to that of the first part
of Theorem 4.3, so we omit the details here. |

Recall that the notion of lisse Z,-sheaf on X and lisse 7 p-sheaf on X 04 are equivalent. Combining
Theorem 3.26 and Theorem 4.3, we finally deduce the following crystalline comparison theorem:

Theorem 4.5. Let X be a proper smooth formal scheme over Oy, with X (resp. Xy) its generic (resp.
closed) fiber. Let I be a lisse 7 p-sheaf on X o, associated to a filtered F-isocrystal £ on Xy/Oy. Then
there exists a functorial filtered isomorphism

H'(Xj 4 L) ®2, Beris => Hlio(Xo/ Ok, £) ®0, Beris

cris

of Beris-modules, compatible with Galois action and Frobenius.

5. Comparison isomorphism in the relative setting

Let f: X — Y be a smooth morphism between two smooth formal schemes over Spf(Oy) of relative
dimension d > 0. The induced morphism between the generic fibers will be denoted by f;: X — Y. We
shall denote by wx and wy the natural morphism of topoi X ;mét — X and Y;;oét
notation, the morphism of topoi X ;roét — Yp”mét will be still denoted by fx.

lLur+

Let Vxy : OAcris,x — OAcris x ®pur+ Q;(;’;Jr be the natural relative derivation, where Qy )" :=

1
w}QX/y.

— Y, - By abuse of

Proposition 5.1. (1) (relative Poincaré lemma) The following sequence of proétale sheaves is exact and

strict with respect to the filtration giving Qg’(l}r;r degree i:

P~ —1 v l,ur+ V
00— AcriS,X®fk—lA fk OAcris,Y — OACris,X _YX/Y OAcris,X ®O¥+ QX/Y D, ¢ SN

cris, Y

L = OAT ¢ @eu Q%Y — 0,

cris, X

In particular, the connection V y is integrable and satisfies Griffiths transversality with respect to
the filtration, i.e., Vxy (Fil' O x) C Fil' ™! OAcris x ® Q3"
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(2) Suppose the Frobenius on Xy (resp. ) lifts to a Frobenius ox (resp. oy) on the formal scheme X
(resp. ) and they commute with f. Then the induced Frobenius ¢x on OA\s x is horizontal with
respectto Vyy.

Proof. The proof is routine (see Proposition 2.13), so we omit the detail here. ]

For the relative version of the crystalline comparison, we shall need the following primitive comparison
in the relative setting.

Proposition 5.2. Let f: X — Y be a proper smooth morphism between two smooth formal schemes over
Ok. Let L be a lisse 7 p-Sheaf on Xyros. Suppose that R fiiLis a lisse 7 p-Sheaf for all i > 0. Then, the

canonical morphism

(R firll) ® Beris.y = R' fir (L ®7 Beris,x) (5A.1)

is a filtered isomorphism, compatible with Frobenius. Similarly, the natural morphism

(Rifk*[l—) ®Zp OBcris,Y - Ri fk*(l]- ®2p Acris,X®fk*1A fk_IOAcris,Y[l/t]) (SA-Z)

cris, Y

is a filtered isomorphism, compatible with Frobenius and connections.

Proof. The proof is similar to that of Theorem 4.3, so we shall only give a sketch here. As in the proof of
Theorem 4.3, to show our proposition, it suffices to consider the case where L is locally free over 7 p- Let
L, =L/p" n eN. Since L has no p-torsion, we have short exact sequences of lisse VA p-sheaves on Y

0= R fix(D/P" = R’ fruLn) = R fr[p"1 > 0, neN,
inducing an exact sequence of projective systems as Ay y is flat over Z p
0= (R fis (L) @ Acris, v/ p")n = (R fis (L) ® Acris y)n = (R fiae D[P"1® Acris, v)n — 0.

Because R'*! fi,.(L) is a lisse Zp—module, there exists N € N such that p" kills R**! fi..(L)[ p"] for all n.
Thus, the composed transition map in the last projective system of the sequence above is zero:

R fis OIP" ™M @ Aciis,y = R fie OIP"1® Aciis,y, x> pMx.
Therefore, R’ LiLnn(RiJr]fk*(I]_)[p”] ® Agris,y) = 0 for every j € Z, and thus
RIMm(R' fie () @ Acrisy/p") > R MR fien (L) ® Acis.v)
for all j € Z. In particular,

R fir (D) ® Acris,y = Im(R’ fis (L) ® Acris,y /p") => Im(R’ fis(Ly) ® Acris v), (5A.3)
n n

and R/ 1im, (R’ fie (L) ® Acris,y) =~ R/ lim (R’ fis (L) ® Acris,y /p") is killed by Z* whenever j > 0 as
this is the case for R/ lim, (Acris,y /p") by Corollary 2.8 and as R’ fi (L) is a lisse 2p—sheaf.
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Next, with the help of [Scholze 2013, Corollary 5.11], the same argument as in the proof of Theorem 4.3

yields almost isomorphisms
R’ fix(La) ® Aciis,y => R’ fis(Ly ® Acris x),  n € N. (5A4)
So, the kernel and the cokernel of the natural map below are killed by Z°:

HM(R' fes(Ln) ® Acis,y) = im R’ fiie (Ly ® Acris x)- (5A.5)
n n

Moreover, for j > 0, from (5A.4), we find
I4 : Rj L&n Rifk*(l]—n ®Acris,X) =0
n
since Z2 - R/ l(iLnn(Ri S (L) ® Agris,y) = 0 as observed at the end of the last paragraph. Therefore, by a

standard argument using the spectral sequence

E;’b =R LLI] Rbfk*(l]—n ® Acris,X) = Ha+b(R l(ﬂl Rfk*(l]—n ® Acris,X))a
n n

one checks that the kernel and the cokernel of the map
H (R 1im R fin(Ly ® Acris x)) = R fie(R MLy @ Acris x)) = Ey" =lim R’ ey (Ly ® Acis x)
n n n

are killed by some power of Z. On the other hand, as shown in the proof of Theorem 4.3, if j > 0 then
7% R} lim, (I, ® Acris, x) = 0. So the kernel and the cokernel of

R fier (L ® Acris,x) = R fioe(RIUM(Ly ® Acris x))
n
are killed by some power of Z. Consequently, the kernel and cokernel of the map
Rifk*(l]—®Acris,X) - l(iﬂlRifk*(l]—n ®Acris,X) (SA-6)
n

are killed by some power of Z. Combining the morphisms (5A.3), (5A.5) and (5A.6), we deduce that the

kernel and the cokernel of the map
R’ fir@) ® Acris,y = R’ fin (L ® Acis, x)

are killed by some power of Z, thus also killed by some power of ¢. Inverting ¢, we obtain the desired
isomorphism (5A.1).

We need to verify the compatibility of the isomorphism (5A.1) with the extra structures. It clearly
respects Frobenius structures. To check the strict compatibility with respect to filtrations, by taking
grading quotients, we just need to show that for each r € N, the natural morphism

R il @ Oy (r) > R fis L@ Ox(r))
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is an isomorphism: it is a local question, hence it suffices to show this after restricting the latter morphism
to Y. As @x (r)|X,; o~ (AQX|X; and @y(r”y; ~ @yly,;, we then reduce to the case where » = 0. The proof
of the latter statement is similar as above, so we omit the details here.

Finally, using Proposition 2.13, a similar proof as above shows that the map (5A.2) is a filtered
isomorphism compatible with Frobenius and connections. (Il

For a sheaf of Oy-modules F with an Oy-linear connection V: F — F ® ng Jys We denote the

de Rham complex of F as

dRx/y(F) ==+ —>0—> F L F®o, Qy/p —> ).

The same rule applies if we consider an O}'-module endowed with an O}"-linear connection, etc.

In the lemma below, assume ) = Spf(A) is affine and is étale over a torus S = Spf(Ok{Sftl, ey Sgtl b.
Foreach 1 < j <34, let (S}/ b n),,eN be a compatible family of p-power roots of S;. As in Proposition 2.13,
set

Y= (¥ xs Spatk{S7 "S5 O ST D)) nen € Yoroar.

Lemma 5.3. Let V € Yo be an affinoid perfectoid which is proétale over I?,;, with V = Spa(R, R™).

Let wy be the composite of natural morphisms of topoi
wy: X e/ Xv = Xoroa — X -

proét proét

(1) Forany j > 0, we have RIwy  OByis = 0, and the natural morphism
Ox®4OBeris,y (V) = wy(OBeris x)
is an isomorphism.
(2) Foranyr € Z and any j > 0, we have R/ wy(Fil” OBs) = 0. Moreover, the natural morphism
Ox®4 Fil” OBeris,y (V) = wys (Fil” OBerig x)
is an isomorphism.
Here Ox®AOBeris,y (V) := (Ox®4OAcis vy (V))[1/1] with

OX®AOAcris,Y(V) = l(ln(OX XA OAcris,Y(V)/pn)a
and
Ox®4 Fil” OBeris,y (V) := lim t " (Ox® 4 Fil'™ OAcyis,y (V).

neN

In particular, if we filter OX®A(9Bcris,y(V) using {Ogg@A Fil" OBcyis.y (V)}, ez, the natural morphism
OX®AO[EBcris,Y(V) - RwV*(OBcris,X)

is an isomorphism in the filtered derived category.
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Proof. Recall first that, for F a proétale sheaf on X and for j > 0, RJwy . F is the associated sheaf on
Xy of the presheaf sending U € X to H! (Uy, F), where Uy :=Uy x x Xy. Take U = Spf(B) € Xy to be
affine such that the composition &/ — X — ) can be factored as

U-—->T-—->),

where the first morphism is étale and 7 := Spf(A{Tlil, e, Tdil}). Write Ty = Tx xy V. Then Ty =
Spa(S, S*) with S* = R{T{F', ..., T;*'} and S = S*[1/p]. Write Uy = Spa(S, ST). Foreach 1 <i <d,
let (Tl.l/ P )nen be a compatible family of p-power roots of 7;. Set

SLi=RHTTP LTy, SLi=B® e Sk, Sei=SLI1/p] and  Se:=S5L11/pl.

Then (S0, S;ro) and (S‘oo, 5‘;) are affinoid perfectoid algebras over (IE, O/?)' Let Z;{v € Xprogt (resp.
Ty € Tk proét) be the affinoid perfectoid corresponding to (Soo, Sjo) (resp. to (Soo, S;g)). We have the
following commutative diagram of ringed spaces

A

~ r . .~
Uy = Spa(Se, ST) —— Uy = Spa(S, ST) —— U = Spf(B)

l

Tv = Spa(Seo, L) —— Tv =Spa(S, §t) —— T

V =Spa(R, Rt) —— Y = Spf(A).

The morphism Uy — Uy is a profinite Galois cover, with Galois group I ~ Z,(1)¢. For g € N, let I{{, be
the (g + 1)-fold fiber product of Uy over Uy. So Z:{‘q, ~ Uy x I'? is an affinoid perfectoid.

(1) As in the proof of Lemma 3.14, there is a natural isomorphism of Bs-modules
HY(T, OAcris(Soo, SE)I1/1] => H Uy, OBeis x),

where the first group is the continuous group cohomology and OAris (Soos S‘;ro) is endowed with the
p-adic topology. So, by Theorem A.12, H? Uy, OBcis, x) = 0 whenever g > 0, and there is a natural
isomorphism

B®4OBeis(R, RY) => H Uy, OBuis x). (5A.7)

On the other hand, V being affinoid perfectoid with V= Spa(R, R™), the maps
OAcris(R7 R+)/pn - OAcris,Y(V)/pn7 ne N’
and thus the maps

B ®4 OAis(R, R+)/pn — B®a OAcris,Y(V)/pn’ neN,
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are almost isomorphisms (Lemma 2.18). Passing to projective limits, it follows that the kernel and the

cokernel of the induced map
B@A OAcris(R, R+) - B@A OAcris, Y (V)

are killed by 72, hence also by 2. Inverting ¢, we deduce B@AOBcris(R, RT) = B@A(’)Bcris,y(V), and
an isomorphism from (5A.7)

OxUB4OBeis,y (V) = B&AOBuis v (V) <> H' Uy, OBris x).-
To conclude the proof of (1), it remains to check that the canonical morphism
OxU)®4OBeris,y (V) = (Ox@4OBasis,y (V) U)

is an isomorphism. In fact, we have

OX(U)®AOAcris,Y(V) = l(in Ox(U)®4 OAcris,Y(V)/pn
= 1im((Ox ®4 OAgis,y (V)/ p™")U))

> (Ox®AO0Ais y (V) U).
Therefore, as U is quasicompact and quasiseparated, we find
Ox U®4OBeris,y (V) = (Ox U@ 4 OAcris,y (VI)[1/1]
=5 (Ox®a0Ais,y (V) @H)[1/1]
> (Ox®4OAis,y (V)[1/1])U)
= (Ox®4O0Beris,y (V) U),
as required.
(2) We shall only prove (2) when r = 0; the general case can be deduced by twisting. As in (1), there

exists a natural isomorphism

lim HY (T, Fil* OAcis (S0, $%)) = HY Uy, Fil°® OBuis x).-

>0
By definition, the first group is H4 (T, Fil° (’)Bcris(S‘oo, S‘;g)) computed in Appendix A. So, according to
Proposition A.14 and Corollary A.16, H? Uy, Fil° OByis.x) = 0 if g > 0, and we have an isomorphism

B®Fil’ OBeris(R, RY) :=lim BR Fil' OAig(R, RT) => H Uy, Fil® OBris x).
>0
To go further, one has to identify BRFil’OBcris (R, RT) with BRFil’ OB.ris(V):=lim, _ o BOFil' OAis (V).
As V is an affinoid perfectoid proétale over 17,;, by Lemmas 2.6 and 2.18, the kernels and cokernels of the
natural maps
Fil’ OAis(R, R+) — Fil’ OAgis,y (V), seN,
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are killed by 72, and Z° - H'(V, Fil* OAqris,y) = 0. In particular, the kernels and cokernels of
grs OAqris(R, R+) - gl“g OAcris,Y(V), seN,

are killed by some power of Z(A.ss/ ker(6)) = IOCP, thus by pl/ P" for every N € N. Moreover, we
have the following commutative diagram with exact rows:

0— B@A Fil* ! OAcis(R, R+) — B@A Fil’ OAgis (R, R+) — B@A grs OAcris (R, R+) —0

l l liso. up to p-torsion

0 —— B®a Fil'™ QA5 y (V) ——— B®4 Fil' OAgis y (V) ——— B®4 gr* OAcris y (V)

By the observations above, the kernels and cokernels of the first two vertical maps are killed by some
power of Z, thus by some power of ¢, and the last vertical map becomes an isomorphism after inverting p.
So, by a similar argument as in the proof of Corollary 2.8 (2), we find B®y Fil° OBgis(R, RT) =
B® 4 Fil° OBis.y (V). We get finally a natural isomorphism

B®4 Fil® OBis v (V) = H°(Uy, Fil® OBis x).

The remaining part of (2) can be done similarly as in the last part of the proof of (1), so we omit the
details here. [l

From now on, assume f: X — ) is a proper smooth morphism (between smooth formal schemes)
over O. Its closed fiber gives rise to a morphism between the crystalline topoi,

Jeris: (X0/Ok) cris = (Vo/ Ok i -

Let £ be a filtered convergent F-isocrystal on Xy/Oy, and M an F-crystal on Xy/Oy such that £ >~ M?*"(n)
for some n € N (see Remark 3.4). Then M can be viewed naturally as a coherent O y-module endowed
with an integrable and quasinilpotent O-linear connection M — M ® Q. X

In the following we consider the higher direct image R’ fcis«/M of the crystal M. One can determine
the value of this abelian sheaf on )j/Oy at the p-adic PD-thickening )y < ) in terms of the relative
de Rham complex dRx,y (M) of M. To state this, take V = Spf(A) an affine open subset of ), and put
X4 := f~1(V). We consider A as a PD-ring with the canonical divided power structure on (p) C A.
In particular, we can consider the crystalline site (X4,0/A)cris Of X490 := & X3V relative to A. By
[Berthelot 1996, Lemme 3.2.2], the latter can be identified naturally to the open subset of (Xy/Ok)cris
whose objects are objects (U, T') of (Xy/Or)eris such that f(U) C Vyp and such that there exists a morphism
oa: T —V,:=V®sA/p"! for some n € N, making the square below commute

U———T

Voe——V,.
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Using [Berthelot 1996, Corollaire 3.2.3] and a limit argument, one finds

R’ furis s (M)(Vo, V) = H!. (Xa0/A, M)

C

where we denote again by M the restriction of M to (X4,0/A)cris- Let
u=uxyo/a: (Xa,0/Agis > Xna

be the morphism of topoi such that u. (F)(U) = H, 0

cris

(Uo/A, F) for U € X4 . By [Berthelot and Ogus
1978, Theorem 7.23], there is a natural quasiisomorphism Ru, M = dRy,y (M) in the derived category,
inducing an isomorphism

HE(Xa0/A, M) => H (X4, dRy)y (M)).

Passing to associated sheaves, we deduce R’ fyis(M)y <> R’ f.(dRx,y(M)). On the other hand, as
f: X — Yis proper and smooth, R’ f,(dRy /v (£)), viewed as a coherent sheaf on the adic space Y, is the
i-th relative convergent cohomology of £ with respect to the morphism f: Xy — V. Thus, by [Berthelot
1986, Théoreme 5] (see also [Tsuzuki 2003, Theorem 4.1.4]), if we invert p, the Oy[1/p]-module
R’ f.(dRy 1Y (E)) = R' f.(dRy 1y (M))[1/p], together with the Gauss—Manin connection and the natural
Frobenius structure inherited from R’ Serisx(M)y = R f.(dRy /v (M), is a convergent F-isocrystal on
Yo/ Ok, denoted by R fusis () in the following (this is an abuse of notation, a more appropriate notation
should be R’ Jfoconv«(€)). Using the filtration on &£, one sees that R! Jeris#(€) has naturally a filtration,
and it is well-known that this filtration satisfies Griffiths transversality with respect to the Gauss—Manin
connection.

Proposition 5.4. Let X — Y be a proper smooth morphism of smooth p-adic formal schemes over Oy.
Let £ be a filtered convergent F-isocrystal on Xy/Oy and L a lisse 7 p-sheaf on X0t Assume that € and

L are associated.

(1) Foreveryi € Z, R' fus+£ is a filtered convergent F-isocrystal on Yy /Oy, with, for r € Z, gradeds
R’ fo(gr" dRx,y ().
(2) There is a natural filtered isomorphism of OB¢is y-modules
Ri Jies (L ®Z,, Acris,X®fk*1,%i” fk_l OAcris,Y [1/tD) = w§l (Ri Jerisx(E)) ® OBcris,Y (5A.8)
which is compatible with Frobenius and connection.

Proof. (1) We have observed above that R’ f..;s . is naturally a convergent F-isocrystal. To complete
the proof of (1), it suffices to check that the filtration on R’ furis € is given by locally direct summands.
By Proposition 3.22, the lisse VA p-sheaf [ is de Rham with associated filtered O x-module with integrable
connection £. Therefore the Hodge-to-de Rham spectral sequence

E\) = R f,(gr' (dRx/v (£))) = R f,(dRxy (&)
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degenerates at E;. Moreover, E ;j , the relative Hodge cohomology of £ in [Scholze 2013, Theorem 8.8], is
alocally free Oy-module of finite rank for all i, j by [loc. cit.]. Thereby the filtration on R ! f.(dRy (€)=
R fuis+(E), which is the same as the one induced by the spectral sequence above, is given by locally
direct summands, with gradeds R’ f, (gr” (dRx,y (&), r e Z.

(2) Using Proposition 5.1(1) and the fact that [ and £ are associated, we have the following filtered
isomorphisms compatible with connection:

R fiee(L ® Acris x® fi”' OAcris y[1/1]) => R’ fiu(L ® ARy (OBris x))
= R’ fe(dRx/y (L ® OBeris x))
> R frs(dRyyy (W' € ® OBeris x))- (5A.9)
On the other hand, the morphism below given by adjunction respects the connections on both sides:

wy' R fi(dRx/y (£)) ® OBeris.y = R’ fes(dRx )y ('€ ® OBeris x)). (5A.10)

We claim that (5A.10) is a filtered isomorphism. This is a local question, we may and do assume that
Y = Spf(A) is affine and is €tale over some torus over Ok. Let V € Y04 be an affinoid perfectoid proétale
over 17,;. As Rif*(dRX/y(é‘)) = R fuis+(E) is a locally free Oyl1/pl-module on ), we have

(w3 R’ fi(dRy/y (£)) ® OBeris y) (V) ~ H (X, dRx,y (€)) ® 4 OBeris,y (V).
So we only need to check that the natural morphism below is a filtered isomorphism
H' (X, dRyxy (€)) ®4 OBuis.y (V) = H'(Xv, dRyy (wy'€ ® OBais,x)).
By Lemma 5.3, one has further identifications strictly compatible with filtrations:
H'(Xy, dRy;y (wy'€ ® OBuis.x)) = H'(X, Rwy+(dRx/y (wy'E ® OBris x))
~ H' (X, dRy,y (€ ® Ox®4OBesis,y (V).

Write V = Spa(R, R1). So OBgis(R, Rt) => OBcyis.y (V) by Corollary 2.19. Thus, to prove our claim,
it suffices to show that the canonical morphism

H'(X,dRx/y(£)) ®4 OB (R, RT) — H' (X, dRy/y (£ ® Ox®40BL. (R, R1)))

cris cris

is a filtered isomorphism. One only needs to check this on the gradeds. Since the gradeds of OB, (R, R")

cris
are finite free R-modules, we are reduced to showing that for every r € Z, the natural map

H' (X, 2" dRx,y(£)) ®4 R — H'(X, g’ (dRx;y(£)) ® Ox®4R) (5A.11)

is an isomorphism. This follows from Proposition B.3 by taking B = R*. More precisely, let F be a
bounded complex of coherent sheaves on X, such that F[1/p] = gr" dRx,y(€). So, for each term F
of F, Fi[1/p]is locally a direct factor of a finite free Ox[1/p]-module. In particular, the kernel and
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cokernel of the natural map F ® Ox®4RT — F®4R™ is killed by some bounded power of p. So
H'(X, F ® Ox®1RD[1/p] = H'(X, F&ARM)I[1/p]. (5A.12)
Moreover, by (1), R’ f, gr” dRy /v (€) is a graded piece of the filtered isocrystal

R fuis«(E) = R’ fi(dRx,y (£)).

As Y = Spf(A) is affine, taking global sections, we see that H' (X, dRx/y(€)) is projective over A[1/p],
and H' (X, gr” dRx,y(€)) is locally a direct factor of H i(x,dRy /v (£)). Therefore,

H' (X, g’ (dRy;y (€)= H' (X, F)[1/p]
is flat over A[1/p]. By Proposition B.3, the kernel and the cokernel of the map
H (X, F)®a R" — H' (X, F®4R")

are killed by some power of p. Inverting p and combining (5A.12), we obtain that (5A.11) is an
isomorphism, completing the proof of our claim.

Composing the isomorphisms in (5A.9) with the inverse of (5A.10), we get the desired filtered
isomorphism (5A.8) that is compatible with connections on both sides. It remains to check the Frobenius
compatibility of (5A.8). For this, we may and do assume again that ) = Spf(A) is affine and is étale over
some torus over Oy, and let V' € Y0 some affinoid perfectoid proétale over Y. In particular, A admits a
lifting of the Frobenius on )}, denoted by o. Let M be an F-crystal on Xy/Oy such that £ = M?*"(n)
(Xp/A, M) is endowed with a
Frobenius which is o-semilinear. We just need to check the Frobenius compatibility of composition of

for some n € N (Remark 3.4). Then the crystalline cohomology Hci

Tis
the maps below (here the last one is induced by the inverse of (5A.8)):
Hii (Xo/ A, M) — Hig (Xo/A, M)[1/p] => H'(X, dRx/y (£))

— (W} (R feris () ® OBeris ) (V) = H' (Xv, L ® Acris x® fi ' OAeris y[1/11),
which can be done in the same way as in the proof of Theorem 3.26. U

The relative crystalline comparison theorem then can be stated as follows:

Theorem 5.5. Let L be a crystalline lisse 7 p-sheaf on X associated to a filtered F-isocrystal £ on Xy/Ok.
Assume that, for any i € Z, R’ fi,L is a lisse 7 p-sheaf on'Y. Then R' fi.L is crystalline and is associated
to the filtered convergent F-isocrystal R! Jeris#E.-

Proof. We have seen in Proposition 5.4(1) that R f.;s+€ is a filtered convergent F-isocrystal on Yo/Oy.
To complete the proof, we need to find filtered isomorphisms that are compatible with Frobenius and
connections

Rifk*(n—) ® OBcris,Y - w;;lRifcris*(g) ® OBcris,Y’ iel.

For this, it suffices to combine Proposition 5.2 and Proposition 5.4(2). ]
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Appendix A: Geometric acyclicity of OB s

In this section, we extend the main results of [Andreatta and Brinon 2013] to the setting of perfectoids.
The generalization is rather straightforward. Although one may see here certain difference from the
arguments in [loc. cit.], the strategy and technique are entirely theirs.

Let f: X = Spf(B) — ) = Spf(A) be a smooth morphism of smooth affine formal schemes over O.
Write X and Y for the generic fiber of X and ). By abuse of notation the morphism X — Y induced
from f is still denoted by f.

Assume that ) is étale over the torus S := Spf((’)k{Slﬂ, el Sgtl}) defined over O, and that the
morphism f: X — ) can factor as

X étale T—>y,

where T = Spf(C) is a torus over ) and the first morphism X — 7T is étale.

Write C = A{Tlil, e Tdil}. Foreach 1 <i <d (resp. each 1 < j <), let {Til/pn}neN (resp.
{Sjl./ P }nen) be a compatible family of p-power roots of T; (resp. of S;). As in Proposition 2.13, we
denote by Y the following fiber product over the generic fiber S; of S:

Y =Y xs, Spatk(S; 7, LSy Ty oSy L sy Y.

Let V € Ypro be an affinoid perfectoid over 17,; with V = Spa(R, RT). Let Ty = Spa(S, ST) be the base
change T; xy V and Xy = Spa(S, §T) the base change X xy V. Thus ST = R+{T1il, e Tdil} and
S =8*[1/p]. Set

SE=RHTTVT, TPy, 8E = B®e ST,

Seo := St [1/p] and S := SE[1/p]. Then (Sao, SE) and (Sx, ST,) are affinoid perfectoids and
S = RE@)*P @y,

2 ~ ~
where Tl.b = (T}, Tl.l/”, Til/p ,...) € ST, The inclusions S* C ST and ST C ST define two profinite
Galois covers. Their Galois groups are the same, denoted by I', which is a profinite group isomorphic to

Z, (1)?. One can summarize these notations in the following commutative diagram

S r

St S+ B

)‘\ T Tétale

st L S+ C
RHTEVPT L TE Py T, T — AT T

A

R+
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The group I' acts naturally on the period ring OBcris(Soo, S‘;g) and on its filtration Fil” OBcris(S'oo, S';ro)
The aim of this appendix is to compute the group cohomology

HY(T, OBerig(Soor S3)) 1= Hep (T, OAris (S, STNI1/1]
and
HY(T, Fil” OBeris(Soc. $1)) := lim H& (T, & Fil'™™ OAis(Sso. S1))

n>|r|
forg,r e Z.
In the following, we will omit systematically the subscript “cont” whenever there is no confusion arising.
Moreover, we shall use multiindices to simplify the notation: for example, for a = (ay, . . ., ag) € Z[1/p]?,
T¢:=T" -T,”--- T}

Al. Cohomology of OByis. We will first compute H9(I", OAis(Sxo, SE)/p™) up to (1 —[€])*°-torsion
for all g, n € N (Corollary A.9). From these computations, we deduce from the results about the
cohomology groups H? (T, OBeris (Soo, S;Z,)), q € Z (Theorem A.12).

Lemma A.1. Forn € Z~, there are natural isomorphisms
Acris (R, R+)/Pn ®W(R’+)/p” W(Scb,:;)/l?n > Acris (Soo, S;)/Pn

and
(Acris (S0, S;_o)/]’n ® OAcris(R, R+)/pn)<”1, v ug) 7> OAcis(Soos S;_o)/pn’

sending u; to T; — [Tib]. Here the tensor product in the second isomorphism above is taken over
Acis(R, RT)/p". Moreover, the natural morphisms

Acris (R, R+)/pn — Acris (Soo, S;ro)/l?n, OAgis(R, R+)/pn — OAcris (Soos S;ro)/pn

are both injective.

Proof Recall £ =[p°] — p. We know that Agis(Sso, S;ro) is the p-adic completion of

m b+
[s 01 }_ W(SiD)[Xo, X1, .. ]

AL (Soo, ST) 1= W (S = )
m!'X,, —&M:m € Z>p)

cris

Note that we have the same expression with R in place of So,. We then have

W(R" Y[ Xo, X1, ...]
—&M|me Zzo)

= W(S2D) ®wrrr) Adis (R, RT).

cris

AL (Soo, ST) <= W(S2TF >®W<Rb+>(

The first isomorphism follows.
Secondly, as V lies above 17,;, by Proposition 2.13 we have

Acris(R, RO (w1, ..., ws)} => OAcis(R, RT),  w; > S; —[S]]

where S; = (5], Sjl./p, S}/pz, ...) € R"*. Similarly, we have

Acris (Soor ST (11, st Wi ws)) <> OAcris(Soor ST), wi > Ti —[T}1, wj > S; — [S]].
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Thus (the isomorphisms below are all the natural ones)

OACIiS(SOCh S;_o) < <Acris(soo’ S;_o)

<u17"'$ud5w1"“’w6>
p" p" )

~ Aciis(Soc. ST) Acris (R, RT)
%%@Amsmﬁﬂ/!’" MTWl"”’ud’wl"”’w‘S)
- Ai(Sac ) OAdis(R, R)

Crlsp—ojoo ®Aeris (R, R/ p" CHST(’“’ SRL

 (Peris(Sco. 5) OAeris(R, RY)
=~ (% ®Aris(R.RH)/ p CHST (e, ua).

So our second isomorphism is obtained.
Next we prove that the natural morphism Agis(R, RT)/p" — Acris(So, SE)/p" is injective. When
n =1, we are reduced to showing the injectivity of

(R"T/(PHP)X1, Xou .. .1 ST/ (PHPIX1, Xa, -]
—
(X7, x5, .00 (X7, x5, .00

’

or equivalently the injectivity of
R/ — $™F /(PP = (R /(p")P )Ly EP™, ()7,

which is clear. The general case follows easily since Agis(Soo, S1) is p-torsion free. One deduces also
the injectivity of OAgis(R, ")/ p" — OAuis(Sso, S;“o) /p" by using the natural isomorphisms

OAcis(R, R+)/pn >~ (Agis(R, R+)/pn)<w1’ co, W),

and

OAcris (S, S;’_Q)/pn 2 (Acris (Soos S;Z)/P")(Ml, co U, W, .., W),
This concludes the proof of our lemma. O

Proposition A.2. A.is(Seo, S;ro)/p” is free over A.is(R, RT)/p" with a basis given by {[T"1¢ | ae
Z11/p]*}.

Proof. By Lemma A.1, Ais(Soo, ST)/p" is generated over Agis(R, RT)/p" by elements of the form [x]
with x € S35 = ROH{(T)EVP™ .. (T))/P™}. Write B, C Acis(Soo» ST)/p" for the Acis (R, RT)/p"-
submodule generated by elements of the form [x] with x € S := R”[(le)il/Poo, e (Tdb)il/poo] c SoF
We claim that B, = A¢is(Sxc, SE)/p".

Since Sﬁ;T is the p’-adic completion of S, for each x € S** we can write x = yo + p"x’ with x’ € S.
Iteration yields

x=yo+p’ v+ + Py + (PP
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with y; € S and x” € Sot”. Then in W (S%)

[x]=[yol + [P"11 ]+ -+ (PP 11+ [(P7)P1x"] mod pW (SF)
= [yol + &[]+ -+ &P [y,—1]+EP[x"] mod pW (S2H).

As s € Acris(Soo, S;—o) has divided power, 5” = P! . S[p] € pAcris(Soo’ S;_o) So we obtain in AcriS(Soo’ S;_O)
[x] = [yol +&yil+ -+ &7 [yp-1] mod pAcric(Sec, S3,)-

For any o € Acris(Soc, SE)/P" = Acris(R, R/ p" @w gy pr W(Scb,f{)/p", we may write

m
o= Milxil+pe, xi €3 i €Auis(R, RY)/p", o € Acris(Soor ST/ 1"
i=0

The observation above tells us that one can write
o= ,30 + Pa”, ,30 € B, a’ e Acris(Soo, S;_o)/pn

By iteration again, we find

o = ﬁO +pﬁ] + M +pn_1ﬂn—1 + pn&’ ﬁOa ] ,Bn—l S Bl’lv & S ACFiS(SOO’ S;_o)/pn

Thus
a=PBo+pp+---+ Pn_llgn—l € B, C Acris(Soos S;_o)/pn-

This shows the claim, i.e., Aqis(Soo, S;g) /p" is generated over A.is(R, RT)/p" by the elements of the
form [x] with x € S = Rb+[(le)i1/p°°, e (T;)il/l’m] C ng. Furthermore, as for any x, y € Sﬁj

[x +y] = [x]+ [y] mod pW (S°D),

a similar argument shows that A¢is(Seo, S;g) /p" is generated over Ais(R, R1)/p™ by the family of
elements {[T"]¢ | a € Z[1/ p]¢}.

It remains to show the freeness of the family {[T°]¢ | a € Z[1/p]?} over Ais(R, R1)/p™. For this,
suppose there exist A1, ..., Ay € Acis(R, RT) and distinct elements ay, ..., d, € Z[l/p]d such that

m
D MIT 14 € p"Acris(Soos S5).-

i=1
One needs to prove A; € p"Acis(R, RT) for each i. Modulo p we find

m

D ki (T4 =0 in Acris(Soor SL)/ P

i=1
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with A; € Agis(R, RY) /p the reduction modulo p of A;. On the other hand, the family of elements
{(T")4:a eZ[1/p]?} in

S/ (P82, 83, .1 _ R/ ((p")P)(T)EVP™ L (T)FP™ 8,85, ]
67, 80,..) - 67,80,..)

Acris(SOOv S;_o)/p =

is free over Acis(R, RT)/p =~ (R"T/((p")P)[82, 83, .. .1)/ (85, 8%, ...). Therefore, A; = 0, or equivalently,
Xi = pA} for some A, € Agis(R, RT). In particular,

m m
Y LI =p- (Z A;[Tb]“f> € P"Acris(Soo» ST).-
i=1 i=1
But Agis (S, S1) is p-torsion free, which implies that

m

D OMIT"1 € " Acis(Soo, ST
i=1

This way, we may find A; = p”):,- for some 5\1» € Aciis (R, R™), which concludes the proof of the freeness. [J

Recall that T is the Galois group of the profinite cover (Sxo, SE) of (S, S7). Lete =(e©@,eM, .. ) e OZ
be a compatible system of p-power roots of unity such that €@ =1 and that e # 1. Let {y1, ..., y4}
be a family of generators such that for each 1 <i <d, y; acts trivially on the variables 7 for any index j
different from i and that y; (T,)) = €T} .

Lemma A.3. Let 1 <i <d be an integer. Then one has y,-([Tib]pn) = [Tib]pn in OAis(Seos SL)/P".

Proof. By definition, yi([Z"ib]P") = [e]P”[Tib]Pn in OA¢is(Seo, ST). So our lemma follows from the fact
that [€]”" — 1 =exp(p"t) — 1=, p" 1" € p" Acsis. O

Let A, be the OAgis(R, RT)-subalgebra of OAis(Sxc, S4)/p" generated by [Tib]ipn forl1 <i<d.
The previous lemma shows that I" acts trivially on A,. Furthermore, by the second isomorphism of
Lemma A.1 and by Proposition A.2, we have

OAcris(Soo, S;_o) o~ < @

pn An[Tb]“)wl,...,ud), T, 1)1+ u;.

aeZ[1/p}*N[o0, p")¢

Transport the Galois action of I on OAis (S, S;ro) /p" to the right-hand side of this isomorphism. It
follows that

yi(ui) = ui + (1= [eD[T].
Therefore,

n
iy = w4 Y 1TV (1~ [e)Vu" .
j=1
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For other index j # i, y;(u;) = u; and hence y; (ug.”]) = ug."] for any n. Set
X, = D AT, and A= P AT

ae(Z[1/plNIo, p")\7¢ aez4n(o,pmy?
Then we have the following decomposition, which respects the I"-actions:
OAcris (Soc, S5)/P" =X (ur, ..., ua) ® Aplur, ... ug).
The following result can be proven similarly as [Andreatta and Brinon 2013, Proposition 16].
Proposition A.4. Forany g € N, H1(T, X, (u1, ..., uq)) is killed by (1 — [€]'/7)2.
The computation of HY(I", A, {(u1, ..., ug)) is more subtle. Note that we have the following decompo-
sition

Anur, ..., ug ®(0ACM<R RY)/pIT T 1),

i=1

where the tensor products above are taken over OAs(R, R1)/p".

We shall first treat the case where d = 1. We set T := Ty, u := u; and y := y;. Let A,(,m) be the
A, -submodule of OAis(Seo, S;ro)/p” generated by the u[m+"]/[Tb]“’s withm +a >0and 0 <a < p".
Then

An(u) = AT Ny = Y A,

m>—p"

Consider the following complex:
AT u) —X=2 AT 1) (u), (A1.1)

which computes HY(I", A, (u)) = H(T, Anl[T 1 u)).
Again, the following lemma can be proven in a completely analogous way as is done in the proof of
[Andreatta and Brinon 2013, Proposition 20].

Lemma A.S5. The cokernel of (Al.1), and hence H1(I", A, (u)) for any q > 0, are killed by 1 — [€].

One still needs to compute H(T", A, (u)). Note first that we have the following isomorphism
(OAcris (R, R)/p"IT* u) => Auu) = (OAcris (R, RY)/p"IIT 1u)

sending T to u + [T°]. Endow an action of I" on (OAgis(R, R+)/p”)[Ti1](u) via the isomorphism
above. So H(T", A, (u)) is naturally isomorphic to the kernel of the morphism

y —1: (OAcis(R, RT)/p"ITE ) — (OAis(R, RT)/p"IT (u),
and there is a natural injection
C @4 OAis(R, RT)/p" = (OAuis(R, RT)/p")[T*'] — HO(T, A, (u)).

The proof of [Andreatta and Brinon 2013, Lemme 29] applies to this case. We have
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Lemma A.6. The cokernel of the last map is killed by 1 — [€].
Now we are ready to prove

Proposition A.7. Foranyd > 0,n > 0and g > 0, HI(I', A, (uy1, ..., uq)) is killed by (1 — [e]2d-1.
Moreover, the natural morphism

C ®4 OAaiig(R, RT)/p" — HO(T, A1, ... ua)), T > u; +[T}] (A1.2)

L
is injective with cokernel killed by (1 — [€])??~!,

Proof. Recall that we have the decomposition

d
Anfur, . ) = Q)(OAis (R, RTY/ p") T T ).

i=1
We shall proceed by induction on d. The case d = 1 comes from the previous two lemmas. For integer
d > 1, one uses the Hochschild—Serre spectral sequence

EY = HI(T/ Ty, B (D A, ua)) = O (C Ay ().
Using the decomposition above, the group H/(I'y, A, (u1, . .., ug)) is isomorphic to
H (T, OAcis(R, RM)/p"[IT) T 1(u1)) © (@5 (OAaris(R, R)/ p)UT, T 1wy,

So by the calculation done for the case d = 1, we find that, up to (1—[e])-torsion, H/ (I, A, (u1, ..., ug))
is zero when j > 0, and is equal to

(OAeis(R, R+)/ pIT 1@ (R (OAis(R, RY)/p")IIT; T (ui)
when j = 0. Thus, up to (1 — [¢])-torsion, E;J =0 when j > 0 and E;’O is equal to
(OAcis(R, R+)/p)IT 1@ HI (D) T, (R (OAcis (R, R/ pMIT T 1ui))).
Using the induction hypothesis, we get that, up to (1 — [¢])>?~D~!*+!_torsion, Eé’o =0 when i > 0 and
EX" = (OAuis(R, RY)/pHITE, ..., T = C ®4 OAuis(R, RY)/p'.
As E;] =0 for j > 1, we have short exact sequence
0— ELY — HI(T, Ay (uy, ..., ug)) — ELM 0.

By what we have shown above, EZO_I’I is killed by (1 — [¢]) (as this is already the case for Eg _1’1), and
EZLY is killed by (1 — [€])%~2 for ¢ > O (as this is the case for EZ'°), thus H9 (T, A, (u1, ..., ug)) is
killed by (1 —[e])?~". For g = 0, HO(T, A, (uy, . .., ug)) =~ E%0 = ES°. So the cokernel of the natural
injection

C®a OAcis(R, RY)/p" — HO(T, Ay (ui, ..., ug))

is killed by (1 — [€])*?~2, hence by (1 —[e])>~!. 0
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Remark A.8. With more efforts, one may prove that H4(T", A, (11, ..., ug)) is killed by (1 — [eD? for
g > 0 [Andreatta and Brinon 2013, Proposition 21], and that the cokernel of the morphism (A1.2) is
killed by (1 — [€])? [Andreatta and Brinon 2013, Proposition 30].

Corollary A.9. For any n > 0 and any q > 0, H1(I', OAgis(Seo, SE)/p™) is killed by (1 — [e])%.

Moreover, the natural morphism

C®AO0Ais(R, RT)/p" — H(T, OAcis (S0, S5)/P")
is injective, with cokernel killed by (1 — [e])*.
Recall that we want to compute H? (T, O[EBcris(S‘oo, S‘;ro)). For this, one needs

Lemma A.10. Keep the notations above and assume that the morphism f: X — Y is étale; thus
V =Spa(R, R") and X xy V = Spa(S, §1) = Spa(Seo, SL). The natural morphism

B®4OAis(R, RT) = OAcris(Seo, SL)
is an isomorphism.
Proof. By Lemma 2.18 we are reduced to showing that the natural map (here w; = §; — [S;])
B®aAcis(R, RO {{wr, ..., )} = Aeris (5, S {(wr, ..., ws))

is an isomorphism. Since both sides of the previous maps are p-adically complete and without p-torsion,
we just need to check that its reduction modulo p

B/p ®a/p Aciis(R, R)/p)(wi, .., ws) = (Acris(S, §)/p)wi, ..., wp)
is an isomorphism. Note that we have the following expression

RbH DYPYY[§ S wi, Zi i <Sm
(Aers(R, RVY/p) . . .. wy) =~ F LIy i, Zimzizhmen
(Om> w;, Zim)lfigé,meN

’

and the similar expression for (Acris(S‘, S‘*) /p){wi, ..., ws), where §,, is the image of ym“(é) with
¥ 1 x = x”/p. One sees that both sides of the morphism above are p’-adically complete (in fact p” is
nilpotent). Moreover R"* has no p"-torsion. So we are reduced to showing that the morphism

(R / ") 8, Wiy Zim]li<i<s.meN N (8" ) ") [8s iy Zim 11 <i<s.meN

p p p p p p
(Sim> w;, Z,'m)lfifé,meN (Sm> w; , Z,'m)lfifé,mel\l

B/p®ayp

is an isomorphism. But R”*/p® ~ R*/p and §°*/p” ~ §*/p, so we just need to show that the following
morphism is an isomorphism:

(RT/P) 8, iy Zimli<i<s.meN N (St D) s Wir Ziml1<i<s.men

14 p p 14 P P
((Sm’ wi s Z,'m)lfifé,meN (8ma wl' s Z,'m)lfifﬁ,meN

a:B/p®A/p
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To see this, we consider the following diagram

St/ pl8m.wis Zimli<i<s.meN
7
Ghw! ZE ) 1<i<s.men

R-*—/P[‘S Wi, Ziml1<i<s N
B B ® msWi,Limll1<i<§,me
[P BIp®asp = r 7 e

étale)[ étaleT

A/p R+g[;[6mp’l‘;;Zi”i]_liiSS'MEN
( m>W; im)lglgé,meN

étale

It follows that « is étale. To see that « is an isomorphism, we just need to show that this is the case
after modulo some nilpotent ideals of both sides of «. Hence we are reduced to showing that the natural
morphism

B/p®ajp R /p— 5%/p
is an isomorphism, which is clear from the definition. O

Apply the previous lemma to the étale morphism f: X — 7T, we find a canonical I'-equivariant
isomorphism

B®cOAis (S0, L) = OAdis (S0, ST).
In particular, we find
HY(T, B&cOAdis(Soos SL)) => HI(T', OAris(Soo, ST))-
Now consider the following spectral sequence
Ey) = R'lim HY (T, B ®c OAcis(So, %)/ p") => H'™ (I, B& OAiis(Soo, SL))
n
which induces a short exact sequence for each i:
0— R'lim H (", B ®¢ OAcris(Soc, Ss0)/P") = H' (T, BRCOAsis(Soc, S5))
n

— lim H'(I", B ®¢ OAcris(Sxc: Soc) /") = 0. (A1.3)
n

As B is flat over C, it can be written as a filtered limit of finite free C-modules by Lazard’s theorem
[1969, Théoréme 1.2] and, as I acts trivially on B, the following natural morphism is an isomorphism
for each i:

B®c H' (T, OA¢sis(So0s So0)/P™) => H' (T, B ®c OAgtis(Soo, Se0)/P")-
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Therefore, fori > 1, H (I, B&¢c OAsis(Soos S;’O)/p”) is killed by (1— [e])?? by Corollary A.9. Moreover,

by the same corollary, we know that the following morphism is injective with cokernel killed by (1 —[€])?:

C ®a OAcis(R, RT)/p" — H'(T, OAeris (Soc. 52)/P")-
Thus the same holds if we apply the functor B ® ¢ — to the morphism above
B ®4 OAcis(R, RY)/p" — B®c H(I', OAcis(Sso, S%)/P").-
Passing to limits we obtain an injective morphism

B®AOAis(R, RT) — lim(B ®c H(T', OAis(Soo, S5)/P™),
n

whose cokernel is killed by (1 — [e]D?4, and that

R'im(B ®@c H(T, OAcis (Sso, S5)/P™)
n

is killed by (1 — [eD??. As a result, using the short exact sequence (A1.3), we deduce that for i > 1,
HY (T, B®cOAuis(Sor SE)) =~ HI (T, OAuis (S0, S1)) is killed by (1 — [€])*, and that the canonical
morphism

B®4OAis(R, RY) — H(T', BOCOAGis(Soc, 53)) = HO(T', OAuis (Soc, S%))
is injective with cokernel killed by (1 — [€])??. One can summarize the calculations above as follows:

Proposition A.11. (i) For anyn > 0 and g > 0, HY(T', OA¢is(Sec, SE)/p") is killed by (1 — [€])%,

and the natural morphism

B®a OAuis(R, RT)/p" — HO(T, OAgis(Soo, ST))/ p"

is injective with cokernel killed by (1 — [€])%.

1) roranyq >0, s cris (D00 s 1S killed by (1 — [€ and tne natural morphism
(i) F 0, H4(T, OAcsis(Seo, SL)) is killed by (1 — [€])* and th l hi

B®AOAis(R, RT) — HO(T, OAyis(Swo, L))

is injective, with cokernel killed by (1 — [€])%?.

Theorem A.12. Keep the notations above. Then H4 (T, O[Bcris(S’oo, S’;“O)) =0for g > 1, and the natural
morphism
B®4OBeis(R, RT) — H'(T', OBeris(Soor S3))

is an isomorphism.

Proof. By the previous proposition, we just need to remark that to invert 1 — [€] one just needs to invert ¢,
as
(1—[en™

t=log(leh) =—Y (n—Dl-(I—[eD" =1~ [eD) D (n— D! —=

n>1 n>1
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Here, by [Andreatta and Brinon 2013, Lemme 18], (1 — [e])!/(1 — [€]) € ker(Acris > O;), hence the
last summation above converges in Acyis. O

A2. Cohomology of Fil” OB,s. With Proposition A.11 in hand, the following results on the cohomology
of Fil” OBs can be shown in exactly the same way as is done in [Andreatta and Brinon 2013, Section 5].
We thus only state these results, and refer to [loc. cit.] for the detailed proofs.

Lemma A.13 [Andreatta and Brinon 2013, Proposition 32]. Let g € N>, and n € Z>4q4+,. The Acis-
module H (T, Fil" OAis(Soo, SL)) is killed by 1"

Proof. Let gr" OAis := Fil” OAis/ Fil' ! OAcrs. As 0(1 —[€]) =0, gr’ OAs is killed by 1 —[€]. So
using the tautological short exact sequence below

0 — Fil' ! OA s — Fil" OAgis — g OAgis — 0

and by induction on the integer » > 0, one shows that H9(T", Fil” OA.) is killed by (1 — [e])**;
the r = 0 case being Proposition A.11(ii). So the multiplication-by-t"* with n > 4d + r is zero for
HY(T, OAcsis)- 0

Then, as in [Andreatta and Brinon 2013, Proposition 34], we have
Proposition A.14. H4(T", Fil" (/)Bcris(goo, S‘;ro)) =0 forany q > 0.
It remains to compute the I'-invariants of Fil” OB¢is(Seo, Soo). We shall first show
HO(T, Fil” OAcsis(Soc, SE)) = BR4 Fil” OAcis(R, RT)
in the way of the proof of [Andreatta and Brinon 2013, Proposition 41].
Proposition A.15. For each r € N, the natural injective map
t: B®4Fil" OAgis(R, RT) — H(T, Fil” OAis(Soos ST))
is an isomorphism.
Corollary A.16. The natural morphism
B®4 Fil” OBis(R, RT) — H(T, Fil” OBcris(Sso, SE)
is an isomorphism, where

B®, Fil" OBeris(R, RY) :=lim BR 4 Fil'*" OAig(R, RT)

n>0

with transition maps given by multiplication by t.
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Appendix B: Base change for cohomology of formal schemes

The aim of this appendix is to establish a base change result for cohomology of formal schemes
(Proposition B.3) that is used in the proof of relative comparison theorem.

Lemma B.1. Let A be a noetherian ring that is p-adically complete, i.e., the natural morphism A —
lim A/p" is an isomorphism. Let B be a flat A-module, and F a finite A-module. Then, if B is p-adically
complete, sois F @4 B.

Proof. Let B, := B/p". So B = lim, B,. Since B is A-flat, B, is flat over A/p". Moreover, the
canonical map B, — B, is clearly surjective. Therefore, by [Stacks 2005—, Lemma 0912], for F a
finite A-module, we have F ® B ~lim, (F ® B,) ~lim, (F ® B)/p". In other words, F ® B is p-adically
complete. O

Lemma B.2. Let A be a p-adically complete noetherian ring, and B a flat A-module that is p-adically
complete. Let X — Spf(A) be a proper morphism of p-adic formal schemes. Let F be a coherent sheaf
on X. Then, for every i € Z, the natural morphism

H (X,F)®4 B — H' (X, F&4B)
is an isomorphism.

Proof. If F is a coherent sheaf annihilated by some power of p, F®&4B = F ® B. Then, our proposition
follows from the standard flat base change result. Indeed, by a theorem of Lazard [1969, Théoréme 1.2],
B can be written as a filtered inductive limit of finite free A-modules. As X is quasicompact and
quasiseparated, one only needs to prove our assertion when B is finite and free over A. But in this case
our assertion is obvious. In general, let G C F be the subsheaf formed by elements killed by some power
of p. As F is coherent and as X" is quasicompact, G is killed by a large power of p. Therefore G and the
quotient F/G are coherent sheaves on X'. Since F/G is p-torsion free, the same holds for (F/G) ® 4 B
as B is flat over A. Using the tautological exact sequence

0>GG®4+B—>FR®4B— (F/G)®4B—0, (BO.1)
we get a short exact sequence of projective systems
0= (G®4 B/p")nz0 = (F ®a B/p")n=0 = (F/G) ®a B/p")n=0 — 0.
Because p"G = 0 and thus p"(G ®4 B) = 0 for large n, we find
G®4B/p"T' = G®4B/p", forn>0.
So R! lim, ((G ®4 B)/p") = 0. Passing to projective limits in (B0.1), we obtain a short exact sequence

0—> G®4B — FRsB — (F/G)®4B — 0,
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from which we get a commutative diagram with exact rows

i — > H(X,)®B —— H(X, F)QB —— H (X, F/G)® B — - - -
o —— HI(X,G®B) — H' (X, F&B) —— H' (X, (F/G)®B) — - - .

Consequently, to prove our proposition for F, it suffices to show it for F/G. Therefore, replacing F by
F/G if needed, we assume that F is p-torsion free.
Let F, = F/p". By flat base change, for all n > 0, the natural morphisms

H' (X, F)®sB— H (X, F,®4B), icZ,
are isomorphisms. Passing to projective limits, we obtain isomorphisms

a: im(H' (X, F,) ®4 B) > im H'(X, 7, ®4 B), i€L

n n

As A is noetherian, the projective system (H'~!(X, Fu))n>o satisfies the (ML)-condition [EGA III; 1961,
Corollaire 3.4.4], hence so does (H'~'(X, F,) ®a4 B)p>0. Thus

R'lim(H'~"(X, F,) ®4 B) = R'lim H'~' (X, F,, ®4 B) = 0.
n n

Using the set of affine open formal subschemes of X and [Scholze 2013, Lemma 3.18], one checks that
R/1lim, (F, ®4 B) =0 whenever j > 0. So H' (X, F®B) ~ H' (X, Rlim(F, ®4 B)), and the natural
morphism

B: H'(X, F®4B) — lim H'(X, F, ®4 B).

is surjective with kernel isomorphic to R! lim H i=1(X, F, ®4 B) =0 (Lemma 4.1). In other words, 8
is an isomorphism.
Next, consider the tautological exact sequence (recall that F has no p-torsion)

0—> FL F— F,— 0.
We obtain a short exact sequence
0— H'(X,F)/p" — H (X, F,) — HT'(x, F)[p"] - 0,
and thus the one below as B is flat over A:
0— H' (X, F)® B/p" 12> H(X, F) ®4 B — H'TH (X, F)[p"1®4 B — 0.

Because H'T!(X,F) is an A-module of finite type and A is noetherian, the A-submodule H'*!(X, F) p-torC
H*'(x,F) of elements killed by some power of p is finitely generated over A. In particular, there exists
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a € N such that p? kills H*1(X, F) .1 and thus H' ™! (X, F)[p"] for all n € N. It follows that the

transition map below is trivial for every n:
H™M (X, P)p"™ - H (X, PP, x> pla.

Thus the projective systems (H' (X, F)[p"]), and (H T (X, F)[p"1®4 B), satisfy the (ML)-condition.
So one deduces an isomorphism y := lim y,

y: H'(X, F)®s B=1lim(H (X, F) ®4 B/p") = lim(H' (X, F,) ®4 B).

Here we have the first equality because H'*! (X, F) is of finite type over A, and B is flat and p-adically
complete (Lemma B.1).
Finally from the commutative diagram

can

H (X,F)® B H! (X, F®4B)

- il

lim(H' (X, F,) ®4 B) ———— lim H (X, F,, ®4 B),

we obtain that the upper horizontal morphism is an isomorphism, as required. (I

Proposition B.3. Let A be a p-adically complete noetherian ring. Let B be an A-module that is p-
adically complete. Assume that A and B are flat over Z,. Let X — Spf(A) be a proper flat morphism
between p-adic formal schemes. Let F be a bounded complex of coherent sheaves on X, such that for
every term F' of F, F[1/p] is locally a direct factor of a finite free Ox[1/ pl-module.

(1) Foreveryi € Z, there is a natural map
H'(RT(X, F)®% B) - H' (X, FR4B)

whose kernel and cokernel are killed by some power of p.

(2) If moreover the finite A[1/pl-modules H' (X, F)[1/p), j € Z, are flat over A[1/p), the kernel and
the cokernel of the natural map

H(X,F)®B— H' (X, F®B)
are annihilated by some power of p. In particular, we have isomorphisms
H (X, F)® B[1/p] = H'(X, FRB[l/p]), Viel.

Proof. (1) We claim first that B has a resolution B* — B by p-adically complete and flat A-modules.
Indeed, let F* — B be a resolution of B by free A-modules. As A is flat over Z,, each F s p-torsion
free. Since B is flat over Z,,, it is also p-torsion free. Therefore, the induced complex
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and thus the complex

i F 'S PO S B0

are exact. Therefore, we get a resolution B*® := F* of B by flat A-modules [Stacks 2005—, Lemma O6LE]
that are p-adically complete [Stacks 2005—, Lemma 05GG]. In particular, by Lemma B.2, we obtain an
isomorphism in the derived category

RT(X, F)®4 B* => RT'(X, FRB*). (B0.3)

Consider the morphism RI'(X, X) ®~ B — RIT'(X, FRB) in the derived category of abelian sheaves
on X defined by the commutative diagram below

RT(X, F)®“ B —— RI'(X, F®B) (B0.4)

| T

RT(X, F)® B* ——— RT (X, F®B").
Here the left vertical map is an isomorphism as B* — B is a flat resolution of B. To complete the proof
of (1), it remains to show that the upper horizontal map of (B0.4) induces a morphism

H'(RT'(X, F)®%5 B) > H' (X, F®4B) (B0.5)

whose kernel and cokernel are annihilated by some power of p. Using the naive truncations of F and
by induction on the length of the bounded complex F, we reduce to the case where F is a complex
concentrated in degree 0, i.e., a coherent sheaf on &, such that F[1/p] is locally a direct factor of a finite
free Ox[1/p]-module.

Consider the complex

oo > FRAB ' > FRABY > FRsB—>0— - -- . (B0.6)

We claim that there exists N € N such that p" kills all its cohomologies. This is a local question on X, so
assume that F[1/p] is a direct factor of the finite free O [1/p]-module (’)dX[l /pl. Because F is coherent,
there exist morphisms f : F — (’)‘j( and g : (’)‘j( — F with go f = p" -idz for some N € N. By the
functoriality of the complex (B0.6) relative to F, we have the following commutative diagram

o FRAB ' —— 3 FRAB —— 5 F@4B ——— 00— - -

lf@idlgl lf@idlgo lf@ idp lo

o OL®AB —— OLRAB) —— OL@AB —— 0 — - -

lg@idgl lg@idgo lg@idlg lo

o FRAB ' — FRAB —— 5 F®4uB ——— 00— - -
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Because (g@ idg) o (f@ idg) = p" and (g@ idpi) o (f@ idgi) = p" for every i, to prove our claim, it
suffices to show that the complex in the second row

o> OL®ABT - 04®4B° - OL®4B — 0 — - - (B0O.7)
is exact. Since X is flat over A, we obtain from (B0.2) a similar exact sequence
o 04 B p > 0L ®4 B p > OL®4B/p—>0— - .

Because the sheaves Of’Y ®4 B'’s and OdX ®4 B are p-torsion free, we deduce as above the exactness of
(B0.7), completing the proof of our claim.
Let C be the complex of abelian sheaves concentrated in degrees < 0 given by the following distin-
guished triangle
F®B*' — FQB — C +L .

By what we have shown above, there exists some N e N such that pV - #/(C) =0 for every i € Z. In
particular, the cohomology groups of RI'(X, C), which is also the mapping cone of the right vertical
map of (B0.4), are annihilated by some power of p. Consequently, the kernel and the cokernel of the map
(B0.5) are killed by some power of p, as required by (1).

(2) Consider the spectral sequence
ES" =Tor,"(Hb (X, F), B) = H**(RT (X, F) ®% B).

Observe that, for M a finite A-module such that M[1/p] is flat, thus locally free, over A[1/p], and
Tor,“(M, B) is killed by some power of p whenever a < 0. In particular, EJ i killed by some power
of p for a < 0. Thus, the kernel and the cokernel of

EY' = H'(X,F)® B — H'(RT (X, F) ®" B)

are annihilated by some power of p. Combining the first statement of our proposition, we obtain that the
natural map
H' (X, F)® B— H'(X, F®B)

has its kernel and cokernel killed by some power of p. Inverting p. we deduce
H'(X, F)® B[1/pl => H'(X, FB)[1/pl = H'(X, F&B[1/p),

as desired in (2). O
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