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On the p-typical de Rham—-Witt complex over W/ (k)

Christopher Davis

Hesselholt and Madsen (2004) define and study the (absolute, p-typical) de Rham—Witt complex in mixed
characteristic, where p is an odd prime. They give as an example an elementary algebraic description
of the de Rham—Witt complex over Z,, W. Q%m. The main goal of this paper is to construct, for k
a perfect ring of characteristic p > 2, a Witt complex over A = W (k) with an algebraic description
which is completely analogous to Hesselholt and Madsen’s description for Z,). Our Witt complex is
not isomorphic to the de Rham—Witt complex; instead we prove that, in each level, the de Rham—Witt
complex over W (k) surjects onto our Witt complex, and that the kernel consists of all elements which are
divisible by arbitrarily high powers of p. We deduce an explicit description of W, for eachn > 1. We
also deduce results concerning the de Rham—Witt complex over certain p-torsion-free perfectoid rings.

Introduction

Fix an odd prime p and a Zp)-algebra R. Hesselholt and Madsen [2004] define the (absolute, p-typical)
de Rham—Witt complex over R to be the initial object in the category of Witt complexes over R. Their
definition generalizes the de Rham—Witt complex of Bloch, Deligne and Illusie, which was defined for
[ ,-algebras. The goal of this paper is to define a Witt complex E* over A = W (k), where k is a perfect
ring of characteristic p, and to use this Witt complex to describe the de Rham—Witt complex over W (k)
and also to study the de Rham—Witt complex over certain perfectoid rings B.

Among many other conditions, the de Rham-Witt complex W.Q2%, is a prosystem of differential graded
rings. There is an isomorphism W, (R) — W, QY%, so the degree zero piece of the de Rham—Witt complex
is well-understood. For each positive integer n and for every degree d, there is a surjective morphism of
differential graded rings

QY k) > Wa2%,

and so it is easy to write down elements of W, 9(11?- On the other hand, especially in the degree one case
d = 1, it is often difficult to determine which of these elements in Wanx are nonzero. The author is not
aware of a complete algebraic description of the (absolute, p-typical) de Rham—Witt complex in mixed
characteristic for any examples other than Z ;) and polynomial algebras over this ring. One of the goals of
the current paper is to give a complete algebraic description of the de Rham—Witt complex over A = W (k),
where k is a perfect ring of odd characteristic p. For example, we prove that in the de Rham—Witt complex
over W (k), the element dV" (1) is a nontrivial p"-torsion element for every integer n > 1. It is easy to
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see, using the relation pdV = Vd, that this element is indeed p”-torsion, but showing that this element is
nonzero takes much more work.

To better analyze relations within the de Rham—Witt complex, we first define in Section 3 a Witt
complex E* over A = W (k) which has a simple algebraic description as a W (k)-module. The proof that
E* is indeed a Witt complex over W (k) is one of the major parts of this paper. It is not isomorphic to
the de Rham—Witt complex over W (k); see Remark 3.11. Instead, in each level n and in each positive
degree d > 1, our Witt complex E? is the quotient of the de Rham—Witt complex by the W (k)-submodule
consisting of all elements which are divisible by arbitrarily large powers of p. In the language of
[Hesselholt 2015, Remark 4.8], our Witt complex E* is the p-typical de Rham—Witt complex over W (k)
relative to the p-typical A-ring (W (k), s,), where s, is the ring homomorphism W (k) — W(W(k))
recalled in Proposition 2.1 below.

Our description of E*, which we define for each W (k) with k a perfect ring of odd characteristic p, is
completely modeled after Hesselholt and Madsen’s description of W, SZIZW [2004, Example 1.2.4]. They
show that for all n > 1, there is an isomorphism of Z,)-modules

n—1

Wy =[[2/p'Z-avi(D). ©.1)
i=0
This shows that W, Q%m is nonzero if n > 2. The proof in [Hesselholt and Madsen 2004] involves the
topological Hochschild spectrum 7' (Z(,)). The results below provide an alternative (and elementary)
proof that W, QIZ(,,) is nonzero if n > 2.

Of course an elementary algebraic proof of the isomorphism in (0.1) could be given by directly verifying
that the stated groups satisfy all the necessary relations to form a Witt complex. It is this approach we
follow in the current paper for the case A = W (k), where k is a perfect ring of odd characteristic p.
Moreover, we prove that, for such A and for every n > 1, there is a surjective map

n—1
w.Qy —» [[A/p'A-dV(1) = E,, 0.2)
i=0
and we prove that the kernel of this map consists of all elements of W, Qi‘ which are divisible by arbitrarily
large powers of p.

The groups E; in a Witt complex over A are in particular W, (A)-modules, and the W, (A)-module
structure we define is also analogous to the description for Z ;). In the de Rham—Witt complex over Z ),
and in fact in any Witt complex, for integers i, j > 1, one has

Vi) dVi(l)=p/dVi(). (0.3)

This alone does not completely determine the W,, (A)-module structure, but for our specific case A = W (k),
there is a ring homomorphism s, : A — W(A), and we require that for alla € A and x € El, we have
sy(a)x = a - x. Here the product s, (a)x on the left side refers to the W, (A)-module structure we wish to
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define, and the product a - x on the right side refers to the A-module structure on E ,1 that is apparent from
the description in (0.2). This requirement completely determines our W, (A)-module structure.

With these prerequisites in mind, the verification that our complex is a Witt complex is largely
straightforward. The most difficult step is proving that our complex satisfies

Fdla] =[a]"""d[a] € E]

for every a € A and for every integer n > 1. The difficulty, which arises repeatedly in what follows, lies
in the fact that the multiplicative Teichmiiller lift [-] : A — W (A) is not related in a simple way to our
ring homomorphism lift s, : A — W(A).

Once we know that our complex E* is a Witt complex over A, we attain relatively easily a complete
algebraic description of the de Rham-Witt complex W.€2%. See Section 4 for the proofs of the following
results, as well as for a more complete (but longer) description of WnQi‘ (Corollary 4.10).

Theorem A. Let k denote a perfect ring of odd characteristic p and let A = W (k).

(1) Fix an integern > 1. Let S, C W, Qk denote ﬂ;’;l pj W, QL the W, (A)-submodule of all elements

which are infinitely p-divisible. Then we have an isomorphism of abelian groups

n—1

w,Ql/s, = ]_[ A/p'A.
i=0

(2) Fix integers n > 1 and d > 2. Then we have an isomorphism of abelian groups

In Section 5, we turn to describing the de Rham—Witt complex over the quotient ring A/x A, for an
element x € A; this is done with the purpose of applying it in the case that A/x A is a perfectoid ring B,
and A = W(B") is the ring of Witt vectors of the tilt of B. Our complete algebraic description of W, 114
makes extensive use of the ring homomorphisms s, : A — W, (A), and in general we have no such ring
homomorphisms B — W, (B), so our algebraic description of WHQ}B is less complete. However, for a
certain class of perfectoid rings, we are able to completely describe the kernel of the restriction map
Wht1 Q}g — WnQ}g. We phrase the following theorem in slightly more generality, to include also the case
W (k) which is proved earlier.

Theorem B. Let p denote an odd prime. Let S denote either W (k) for k a perfect ring of characteristic p,
or else let S denote a p-torsion-free perfectoid ring for which there exists some nonzero p-power torsion

element w € Qg In either of these cases, the following is a short exact sequence of W, 1(S)-modules:

0 — § _(=d:p"), QIS@S Vi+dv" Wn+191s_R’ anls - 0.
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See Propositions 4.7 and 6.12 for the proofs, and also for a description of the module structures. The
existence of an element w as described in the statement is guaranteed, for example, whenever ¢, € S and
de, #0.

One motivation for studying the de Rham—Witt complexes we consider in this paper is our hope to adapt
results from [Hesselholt 2006]. That paper concerns the de Rham—Witt complex over the ring of integers
in an algebraic closure of a mixed characteristic local field, and we hope to perform a similar analysis in
the context of perfectoid rings. Our proofs for perfectoid rings will be modeled after Hesselholt’s proof
for @@,,’ and our proofs will use an induction argument that requires a precise description of the kernel of
restriction Wn+1§2}9 — WnQ}g. We will pursue this direction in joint work with Irakli Patchkoria.

A second, but indirect, motivation for the current paper is the recent remarkable work of Bhatt, Morrow
and Scholze [2016], which makes use of the de Rham—Witt complex in mixed characteristic. Currently
this is only a philosophical motivation, however, because they study the relative de Rham—Witt complex
of Langer and Zink [2004], whereas we study the absolute de Rham—Witt complex of [Hesselholt and
Madsen 2003; 2004; Hesselholt 2005]. Our work is not directly relevant to the work of Bhatt, Morrow and
Scholze, but it could potentially be relevant to generalizations of their work which involved the absolute
de Rham—Witt complex.

0.1. Notation. Throughout this paper, p > 2 denotes an odd prime, k is a perfect ring of characteristic p,
W denotes p-typical Witt vectors, and A = W (k). To distinguish between the Witt vector Frobenius on
A =W (k) and on W (A), we write ¢ for the Witt vector Frobenius on A and we write F for the Witt vector
Frobenius on W(A) and on W.€2%. Rings in this paper are assumed to be commutative and to have unity,
and ring homomorphisms are assumed to map unity to unity. We write Q2 }e for the R-module of absolute
Kihler differentials, i.e., Q}e = Qpg/z in the notation of [Matsumura 1989, Section 25]. The de Rham-Witt
complex we consider is the absolute, p-typical de Rham—Witt complex defined in [Hesselholt and Madsen
2004, Introduction].

1. Background on Witt complexes and the de Rham-Witt complex

Fix k, a perfect ring of odd characteristic p and let A = W (k). The main goal of this paper is to construct
a certain Witt complex over A, and to use this Witt complex to deduce properties of the de Rham—Witt
complex over A. Similar properties are proven in the work of Hesselholt [2005; 2006] and Hesselholt and
Madsen [2003; 2004]; the main difference between our results and these earlier results is that our proofs
use only algebra. The only aspect of the current paper which is not elementary is our proof that Q%/V(k)
has no nontrivial p-torsion (Proposition 2.7), which uses the cotangent complex. The current paper does
not use any notions from algebraic topology, such as the spectrum T R;.

The current paper does, however, use many standard facts about ( p-typical) Witt vectors W (R) and
the (p-typical, absolute) de Rham—Witt complex W.Q2%,, and it is written with the assumption that the
reader is familiar with their basic properties, including the case R is not characteristic p. For background
on Witt vectors, we refer to [Illusie 1979] or to the brief introduction given in Section 1 of [Hesselholt
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and Madsen 2004]. A thorough treatment of Witt vectors is given in Section 1 of [Hesselholt 2015], but
those results are framed in the context of big Witt vectors instead of p-typical Witt vectors.

We work in this section over an arbitrary Z,)-algebra R, where p is an odd prime. We now recall the
basic properties of Witt complexes and the de Rham—Witt complex which we will use. Our reference is
[Hesselholt and Madsen 2004].

The de Rham—Witt complex over R (or, more generally, any Witt complex over R) is a prosystem
of differential graded rings. The index indicating the position in the prosystem is a positive integer
n=1,2,... which we refer to as the level. The index indicating the degree in the differential graded
ring is a nonnegative integer d = 0, 1, ... which we refer to as the degree. We write E¢ for the level n,
degree d component of a Witt complex E°.

Definition 1.1 [Hesselholt and Madsen 2004, Introduction]. Fix an odd prime p and a Z,)-algebra R. A
Witt complex over R is the following:

(1) A prodifferential graded ring E* and a strict map of prorings

A:W(R)— E°.
(2) A strict map of prograded rings

F:E — E’,
such that FA = AF and for all » € R, we have
Fa([r]) = a(r]P~Hda((r).

(3) A strict map of graded E*-modules

ViF.E | — E.

(In other words,

V(F(w)n) =wV(n) forallwe E*,ne E°_,,
and similarly for multiplication on the right.) The map V must further satisfy VA = AV and
FdV =d, FV =p.

Remark 1.2. In this paper we never consider the prime p = 2. See [Hesselholt 2015, Definition 4.1] for a
definition of Witt complex which can be used for all primes, or [Costeanu 2008] for a careful treatment of
the 2-typical de Rham—Witt complex. One subtlety is that for p = 2, the differential does not necessarily
satisfy d od = 0.

The following theorem defines the de Rham—Witt complex over R as the initial object in the category
of Witt complexes over R. Its existence is proved in [Hesselholt and Madsen 2004].
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Theorem 1.3 [Hesselholt and Madsen 2004, Theorem A]. Let R denote a Z p)-algebra, where p is an
odd prime. There is an initial object W.Q% in the category of Witt complexes over R. We call this complex
the de Rham—Witt complex over R. Moreover, for every d > 0 and n > 1, the canonical map

d d
QW,,(R) — W,Q%

is surjective.

The following result, like our last result, is proved in [Hesselholt and Madsen 2004]. It describes the
degree O piece and the level 1 piece of the de Rham—Witt complex, respectively.

Theorem 1.4. Let R denote a Z,-algebra, where p is an odd prime.
(1) [loc. cit., Remark 1.2.2] The canonical map X : W,(R) — WnQ(I)e is an isomorphism for all n > 1.

(2) [oc. cit., Theorem D and the first sentence of the proof of Proposition 5.1.1] The canonical map

Q% — W1Q% is an isomorphism.

Two of the main results of this paper are Propositions 4.7 and 6.12. The main content of these
propositions describes, for suitable rings R, the intersection

VHQR) NdV"(R) C Wy 1Qp.
Our next proposition, which is true for every Z,)-algebra R, identifies
VH(Qp) +d V" (R) € Wyr1Qp
as the kernel of restriction.

Proposition 1.5. Let R denote a Z,)-algebra, where p is an odd prime. Fix integers d > 1 andn > 1.
Then w is in the kernel of restriction
W, 1194 — W, Q4%

if and only if there exist o € Q% and B € Q‘;{l such that
w=V"(ax)+dV"(B).

The difficult part is the only if direction. See [Hesselholt and Madsen 2003, Lemma 3.2.4] for a proof
in terms of the log de Rham—Witt complex. We recall the idea of that proof. (See also the proof of
Proposition 5.7 below for similar arguments.) For every n, d, define

"W, Q% = W1 Q%/(VI(QE) +dVH(QE)).

One then shows that 'W.Qs, is an initial object in the category of Witt complexes over R, and hence in
particular that the natural map
'W,Q% — W,Q4% (1.6)

is an isomorphism. That natural map is induced by restriction W, 1 Q‘;e - W, Q‘fe, SO our proposition
follows from the injectivity of the map in (1.6).
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The following results we recall from [Hesselholt and Madsen 2004] have significantly easier proofs
than the previous results we have cited; the proofs of the relations in Proposition 1.7 below are just a few
lines of computation.

Proposition 1.7 [Hesselholt and Madsen 2004, Lemma 1.2.1]. Again let R denote a Z,)-algebra, where
p is an odd prime. The following equalities hold in every Witt complex over R:

dF =pFd, Vd=pdV, V(xpdxi---dxy,)=V&x)dV(xy) --dV(xy).

2. Results on W(A) and 2 when A = W (k)

Let k denote a perfect ring of odd characteristic p and let A = W (k). In this paper, we study the
de Rham-Witt complex over A. In this section, we prove several preliminary results about the degree zero
case, W(A), and the level one case, le. Special thanks are due to Bhargav Bhatt and Lars Hesselholt for
their assistance with the 2 114 proofs.

The following result allows us to view the ring W(A) as an A-algebra. This is a key fact. This is
also a similarity between the case A = W (k) and the case A = Z;, after which our results are modeled:
the ring W(A) is an A-algebra and the ring W(Z ) is a Zp)-algebra. This is also the main reason our
methods don’t easily translate to more general rings such as ramified extensions of Z,.

Recall that, to avoid confusion, we write the Witt vector Frobenius differently on A = W (k) from how
we write it on W(A) = W(W (k)): we write ¢ : A — A and F : W(A) - W(A) for these Witt vector
Frobenius maps. The map ¢ is a ring isomorphism, but the map F is not an isomorphism.

Proposition 2.1 [Illusie 1979, (0.1.3.16)]. Let k denote a perfect ring of characteristic p, let A = W (k),

and let ¢ : A — A denote the Witt vector Frobenius. Then there is a unique ring homomorphism
5o A— W(A)
satisfying F os, = s, 0@ and such that for all a € A, the ghost components of s, (a) are (a, ¢(a), ©*(a),...).

Proof. The ring A is p-torsion free, so this result follows from [Illusie 1979, (0.1.3.16)], provided we
know that the ring homomorphism ¢ : A — A satisfies ¢(a) = a” mod pA for all a € A. This last
congruence is in fact true more generally for any ring W (R) of p-typical Witt vectors. We recall the short
proof from [Illusie 1979, Section 0.1.4]. For arbitrary a € W (R), write a = [ro] + V (a1), where ro € R
and a; € W(R). We then have

@(a) = [ro]” + pay =1[ro]” mod pW(R) = ([ro] + V(a4))” mod pW(R),
where the last congruence uses that V(x)V (y) = pV(xy) € pW(R) for Witt vectors x, y € W(R). U

Lemma 2.2. For every x € W (A), there exist unique elements ag, ay, . .. € A for which

x= s,(a)Vi(1) e W(A). (2.3)

i=0
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Proof. We have

D sp@)Vi)y =Y VIF (sp@) =Y Visy(@' @))),
i=0 i=0 i=0

so the result now follows from the fact that ¢ : A — A is an isomorphism and that the first component of
sp(a) e W(A)is a. O

Lemma 2.4. If x € W(A) is given as in (2.3), then
m .
V) =Y sp@ @) Vi) e W(A).
i=1

Proof. This follows from the formula V (F(x)y) = xV (y), for x, y € W(A) and from the fact that
F(Sw(ai)) = S(p(@(ai))- O

The following result gives explicit formulas for the elements a; € A appearing in (2.3) in the specific
case that x is a Teichmiiller lift of some element a € A. The main technical difficulty of this paper involves
studying congruences involving these coefficients.

Lemma 2.5. In the specific case x = [a] € W(A) is the Teichmiiller lift of an element a € A, then the
terms a; from (2.3) are given by the formulas ag = a and a; = ¢~ ((a?" — (go(a))”lil)/p")fori > 1.

Proof. This follows using induction on i, by comparing the ghost components of the two sides of (2.3).
(Notice that the ghost map is injective because A is p-torsion free.) To simplify the proof, notice that a
finite sum

Sp(a0) + 5o @)V (1) + - +54(an) V"' (1),
has ghost components which stabilize in the following pattern
(W0, - -+ W1, Wy @(Wn), @* (W), ....). O

When we define our Witt complex E* in Section 3, we will express E, in terms of quotients A/p’A.
The groups E; in a Witt complex over A always possess a W, (A)-module structure, and the following
lemma describes the W, (A)-module structure we put on A/p' A; notice that this module structure is not

the one induced by the obvious projection map W, (A) — A.

Lemma 2.6. Let n,i > 1 be integers and consider the map W, (A) — A/p' A given by

n—1 n—1
D splap Vi) - > ajp.
Jj=0 Jj=0
This is a surjective ring homomorphism with kernel the ideal in W, (A) generated by

P, Vvi)y—p/10<j<n—1}
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Proof. If we view W, (A) as an A-module via s, then it’s clear that the map is a surjective A-module
homomorphism. To prove it’s a ring homomorphism, we use the formula Vi(HVi(l) = pj Vi(1) for
j=<i.

We now prove the statement about the kernel. Clearly the proposed elements are in the kernel; we now
show an arbitrary element in the kernel is generated by the proposed elements. Assume Z'}-;(l) sp(aj) ViQ)
is in the kernel. This means that there exists a € A such that

n—1
pia = Zajpj eA.
j=0
Applying s, to both sides, we find
n—1
Plspla) =" syaj)p’ € Wy(A),
j=0
and thus
n—1 n—1
Plsp@)+ Y syap(VI() = pl)y =Y syla)Vi(D),
j=0 j=0
which completes the proof. (|

This concludes our collection of preliminary results on Witt vectors over A = W (k). We now turn our
attention to Qlw(k). We thank Bhargav Bhatt and Lars Hesselholt for their help with the remainder of this
section. Our first result, Proposition 2.7, is the most important. It says that multiplication by p is bijective
on Q{V(k); we will use this result repeatedly. By contrast, the results from Proposition 2.9 to the end of
this section are closer to “reality-checks”. For example, Corollary 2.10 below shows that Q%)V(k) is not the
zero-module.

Proposition 2.7. Let k denote a perfect ring of characteristic p. Then multiplication by p: Q%,V e Q%V ®

is a bijection.

Remark 2.8. The proof below is due to Bhargav Bhatt. The tools used in the proof (the cotangent
complex and, more generally, the language of derived categories) do not appear elsewhere in this paper,
so the reader (or author) who is not comfortable with them is advised to treat the proof of Proposition 2.7
as a black box. See also the proof of [Hesselholt and Madsen 2003, Lemma 2.2.4] for a proof of a related
result.

Before giving Bhatt’s proof, we point out an elementary argument for surjectivity. The Witt vector
Frobenius ¢ : W (k) — W (k) is surjective on one hand, and on the other hand, ¢(a) = a” mod pW (k)
for every a € W (k). So for every a € W(k), we can find ag, a; € W (k) such that a = ag + pa;. Thus
every da € Q%,V(k) is divisible by p, and hence multiplication by p on Q%V(k) is surjective. We are not
aware of a similarly elementary proof of injectivity.
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Proof. Let Ly )z denote the cotangent complex. Because Z — W (k) is flat, we have
Lwyz ®5F, = Ly,

by [Stacks 2005—, Tag 08QQ)]. The right-hand side is zero, because the Frobenius automorphism on k
induces a map on Ly r, which is simultaneously zero and an isomorphism. Thus the left-hand side is also 0.
This implies that multiplication by p on Ly ),z is a quasiisomorphism. In particular, multiplication by
p is an isomorphism on H oL Wk)/z) = Q%V(k), which completes the proof. O

Throughout this paper, k denotes a perfect ring of characteristic p. We prove Corollary 2.10 below for
W (k) by deducing it from Proposition 2.9, which concerns the case of W (k’), where k’ is a perfect field
of characteristic p.

Proposition 2.9. Let k' denote a perfect field of characteristic p. Let {xq}qea € W (k') denote elements
such that {xy}qea is a transcendence basis for W (k')[1/p] over Q. Then {dxy}qea is a basis for Q%wk’)
as a W(k")[1/p]-vector space.

Proof. By Proposition 2.7, we have
Q) = Qv @way WED/ P1= Qi1 = Qv pyja-

Thus it suffices to prove that if {x,}sc4 is a transcendence basis for a field K /Q, then {dxy}yeca is a
K -basis for Q}( Q- The result now follows by [Matsumura 1989, Theorem 26.5]. O

Corollary 2.10. Let k denote a perfect ring of characteristic p. Then the W (k)-module Q{,V(k) is nonzero.

Proof. Let m C k denote a maximal ideal. Then k — k/m is a surjection from k onto a perfect field of
characteristic p; write k' = k/m. The induced map W (k) — W (k') is a surjective ring homomorphism, so
SZ%W{) — Q{,V(k,) is a surjective W (k)-module homomorphism. Because W (k') is uncountable, the field
W (k")[1/p] is transcendental over @, so our result follows from Proposition 2.9. U

Corollary 2.11. For every integer n > 1, the W,,(W (k))-module WnQ%V(k) is nonzero.

Proof. Begin with any nonzero element « € Q%V(k). We then have p"~'a # 0 by Proposition 2.7, but on
the other hand, p"'a = F"'V"~!(«), and so V" !(«) € WnQ%,V(k) is nonzero. O

3. A p-adically separated Witt complex over W (k)

Let k£ denote a perfect ring of odd characteristic p and let A = W (k). We are going to define a Witt
complex over A. Our definition is modeled after [Hesselholt and Madsen 2004, Example 1.2.4], which
gives a completely analogous description of the de Rham—Witt complex over Z ).
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As an abelian group, we define

E?:=W,(A) foralln > 1,

n
n—1
Ey:=]]A/p'A-dViQ)foralln>1,
i=0
E¢:=0foralln>1,d>2;

n

here d V(1) should be viewed as a formal basis symbol. The ring structure on E? is obvious with the
exception of the multiplication ES X E,% — E,%, and for this we use the ring homomorphisms from
Lemma 2.6 to give A/ piA the structure of a W, (A)-module. (We note again that the module structure
does not arise from the restriction map W,,(A) — W;(A) = A.) Define A : W,,(A) — ES to be the identity
map and equip EV with the usual ring structure and with the usual maps R, F, V.
Recalling Lemma 2.2, which guarantees that each element in W, (A) corresponds to a unique expression
?;01 sp(a;) - Vi(1), we define d : ES — E; by the formula

n—1 n—1
d(st(ai)Vi(1)> =Y ai-dVi(l).
i=0 i=1
Define R : E) s E] by the formula
n n—1
R(Za,- -dV’(l)) =Y a;-dVi(1).
i=0 i=0
Define F : E] s E! by the formula

n n—1
F(Zai -dvfu)) =) ¢(aip)-dV'(D).
i=1 i=0

Define V : E} — E! 41 by the formula
n—1 n—1
V(Zai -dV’(l)) =Y pe~ (@) -dVit(1).
i=1 i=1

We emphasize that this last definition means in particular that V(dVi(1)) = p -dV'*!(1).

Remark 3.1. We use the dot - in the notation A/p' A -d V(1) to help distinguish between this A/p’ A-
module structure and the W, (A)-module structure, which we write without the dot. For example, if
we let m, ; : W, (A) = A/ p' A denote the ring homomorphism from Lemma 2.6, then we would write
xdVi(l) = i (X) -dV'(1). This distinction isn’t mathematically important, but we find it helps to
reinforce whether we are multiplying by elements in A/p’A or by elements in W,,(A) or W (A).
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Before proving that E* is a Witt complex, we make a preliminary calculation that does not involve
Witt vectors. This calculation will be used to verify that

Fd([a]) = [a]""'d(la]) € E, (3:2)
holds for all n > 1, which is the most difficult step in our verification that E* is a Witt complex.

Remark 3.3. In (3.2), we are being less careful with notation than Hesselholt and Madsen [2004]. In
their notation, this equation would be written

Fd(lal,y1) = (lal,)?~'d(lal,) € E,,
where the subscripts are indicating [a], € W,(A) and [a],+1 € W,+1(A).

Lemma 3.4. Continue to let A=W (k), where k is a perfect ring of odd characteristic p,andletp: A — A
denote the Witt vector Frobenius. Fix a € A. Then for every i > 1, we have

@ —p@") = L@ —p@" )a” "™V mod p'A. (3.3)

Proof. The only fact we will use about ¢ : A — A is that for every a € A, there exists x € A such that
@(a) = a” + px. Multiplying both sides of (3.5) by p'*! and applying the binomial theorem to the powers
of p(a) = a? + px, we reduce immediately to proving that

Z(Ij'i)(apy”'—f (px)/ = pa” =V pz(pj_

j=1 j=1

1 ) . . .
)(ap)l’”l—-/ (px)’ mod p¥+1A.

By distributing the a” =1 term on the right side, this simplifies to proving that

i . i—1 ,

(PN ot epi i (P e 2i+1
Z(J.)a (px) EPZ( i )a (px)’ mod p“T A.
j=1 j=1

By comparing the coefficients of the a™x" monomials, it suffices then to prove the following two claims:

« For every j in the range 1 < j < p'~!, we have
. pi . pi_l .
p]<j>zp]+l( j )modple.

« For every j in the range p'~' +1 < j < p’, we have
p]<‘l;. ) =0 mod p**+!.
To prove the first claim, we rewrite it as

P((5)-r("

i1 .
i )) =0 mod p**!.
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The left side equals 0 if j = 1, so we may assume j > 2 and simplify the expression as

PR =1 (p =+ D= (T =1 (p T = 4 1) =0 mod pF.
The term inside the parentheses is the difference of two terms which are congruent modulo p’~!, hence
the term inside the parentheses is divisible by p'~!. Thus it suffices to show that for every j > 2 we have

pjpz;!_l =0 mod p

2i+1

Thus it suffices to show that for every j > 2, we have j —v,(j!) > 2, where v, denotes the p-adic
valuation. Because p > 3, the inequality is true if j = 2. For the case j > 3, again using p > 3, we
compute

J=vpUhzi=(Gtht ) =i—iomzi-s=¢2¢22
which completes the proof of the first claim.

To prove the second claim, we first treat the case j = p'. Then we need to show that p’ > 2i + 1,
which is true because p >3 and i > 1. For the case p'~! +1 < j < p’, we know the binomial coefficient
in the expression has p-adic valuation at least one, so it suffices to prove that j + 1 > 2i 4+ 1. Thus it
suffices to prove that p"_1 42 > 2i 4 1. Again this holds because p >3 and i > 1. O

Remark 3.6. Lemma 3.4 is false in general if p = 2. For example, it is already false in the case A = Z,,
p=id,a=2,andi = 1.

We can now state our main theorem of this section; all the main results of this paper are dependent on
the following result.

Theorem 3.7. Let k be a perfect ring of characteristic p > 2, and let A = W (k). The complex E® defined
above is a Witt complex over A.

Proof. Many of the required properties are obvious; the main difficulty is proving that for all @ € A and
all n > 2, we have
Fd(la]) = [a]""'d(la)) € E, (3.8)

n—1-

We postpone this verification to the end of the proof.
The following properties are clear:

e For each n, E;, is a ring.

o The maps R are ring homomorphisms.

e The map A is a ring homomorphism that commutes with R.
e The maps F, V commute with A.

e The maps d, F, V are additive.

e The maps d, F, V commute with R.

The composition F'V is equal to multiplication by p.
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Next we check that d verifies the Leibniz rule. Because d is additive and because ds,(a) = 0 for all a,
it suffices to prove that for all 1 < j <i, we have

d(Vi Vi) =VidvIia)+ ViDdVi().

Using the definition of our multiplication ES X E,l — E,l and using V(x)V (y) = pV(xy), we see that
both sides are equal to (p/ + p'A) -dVi(1).

Next we check that F is multiplicative. The only part which isn’t obvious is to show that if x € E 2
and y € E}, then we have

F(xy)=Fx)F(y).

Because we already know F' is additive, it suffices to check this in the special cases x = x1 := sy(a),
x =xp:= V(1) withi > 1,and y = (b+ p/A) - dV/ (1), where j > 1. We have F(x1) = s,(¢(a)),
F(x2)=pVi~I(1),and F(y) = (¢(b)+p’~1A)-dV/=1(1). On the other hand, xy = (ab+p/ A)-dVi(1)
and F(x1y) = (¢(ab) + p/~'A) - dV/='(1) = F(x;)F(y). We also have xoy = (p'b+ p/A) -dV /(1)
and F(x2y) = (p'p(b) + p/ ' A) -d VI~ (1) = F(x2) F(y).

We next check that for all x € E;, | and y € E;, we have

V(F(x)y) =xV(y). (3.9

This is obvious if x, y are both in degree zero or both in degree one, thus we only need to consider the
case that one of them is degree zero and the other is degree one. It suffices to consider the case that the
degree one term has the form dV/ (1) and the degree zero term has the form Se (@Vi). Ifx=dV(1)
and y = sw(a)V"(l), then both sides of (3.9) are zero. If x =dV/(1) with j >2 and y = sw(a)Vi(l), we
compute

V(F@)y)=V(p'a-av/= (1) = p ™o~ @) - dV/(1) = (s, (@) VT (1)d VI (1) = xV (y),
If x = sy(a) and y = d V7 (1), then we compute
V(F(x)y) = V(p(a)-dV/ (1)) = ps,(@dV’/*' (1) = xV (y).
If x =s,(a)Vi(1) withi > 1 and y = dV/(1), then we compute

V(F(x)y) =V (sp(@@)pV' = (DdV/ (1))
=V(p@p'-dV/(1))
:api-i-l 'dvj+1(1)
= pxdV/T1(1)
=xV(y).
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To prove FdV =d, we begin with a term x = s(p(a)V"(l) € E,? and compute
FdV (x) = Fd(s,(¢~ " @)V (1))
=F(p~ ' (a)-dV'*' (1))
=a-dVi(l)
=dx,

as required.
To complete the proof, it remains to prove (3.8). For fixed n > 2, we compute

n—1
Fdla] = Fd(z sw(ai)Vi(l)),

i=0

where the a; are given by the formulas in Lemma 2.5. We then compute further

n—l n—1 n—2
=Y Flai-dvia) =) ¢)-dV' (1) =) elan)-dvi().

i=1 i=2 i=1
For the other side of (3.8), we have
n—2 . p—1 n—2 . n—2 n—2 ‘ p—1 .
[a]?~'d[a] = (st(aj)w(l)> d(st(a,-)V'(l)> = Z("i <Zajp]> ) dVi(D).
Jj=0 i=0 i=1 j=0
We are finished if we can prove that, for every i in the range 1 <i <n — 2, we have
¢(ai+l)zai<zajp]> mod p'A,
j=0
which is clearly equivalent to proving
go(ai+1)za,-(2ajpj> mod p'A.
j=0
Because ¢ is an isomorphism, it suffices to prove
. . l. . . p71 .
¢ aip) = ¢’ <a,~)(Z ¢ (a»pf) mod p'A.
j=0
Recall our definition of the a; terms:

[al =) sy(aj)VI(1) € W(A).

Jj=0
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Comparing the ghost components of the two sides, we have a? = Z;:o ¢'(a;)p’ for every i > 0. Thus
we are finished if we can prove

0 (air1) = ¢ (@)a” P~ mod p'A.
By Lemma 2.5, we have reduced to showing

a’" = (p@)? _a —(pa)?”

. = a? P=h mod p'A,
pl+l pz

which was proved in Lemma 3.4. This completes the proof of (3.8), and this also completes the proof
that E* is a Witt complex over A. U

Corollary 3.10. For every integer n, the ring E, is p-adically separated.

Proof. This follows immediately from our definition of E}: in degree zero, E2 = W,(A), which is
p-adically separated because A is p-adically separated. In degree one, we have p”_lE,{ =0, and hence
E! is also p-adically separated. O

Remark 3.11. Our Witt complex E? is not isomorphic to the de Rham—-Witt complex W.2% . For example,
E 11 =0, while on the other hand it was shown in Corollary 2.10 that W, Q! = Qi‘ = 0. Nor is our Witt
complex isomorphic to the relative de Rham—Witt complex of Langer and Zink [2004]: in their Witt
complex, one always has dV (1) = 0. Following the language of [Hesselholt 2015, Remark 4.8], our Witt
complex E? is the p-typical de Rham—Witt complex over A relative to the p-typical A-ring (A, s,): this
follows from the fact that the elements s, (o) for o € Q},‘ are all zero in E,‘f, and that the differential map
E* — E*tlis A-linear.

4. Applications to the de Rham-Witt complex over A = W (k)

Continue to assume A = W (k) where k is a perfect ring of odd characteristic p. In this section, we use
our p-adically separated Witt complex E* from Section 3 to give an explicit description (as an A-module)
of the de Rham—Witt complex over A.

Remark 4.1. In this section we describe the de Rham—Witt complex over A = W (k) as an A-module.
The level n piece of the de Rham—Witt complex over A is always a W,(A)-module. We warn that
the W, (A)-module structure does not factor through restriction W,,(A) — W (A) = A. For example,
multiplication by V(1) is nonzero.

As W.Q2% is by definition the initial object in the category of Witt complexes over A, we get a natural
map W.Q% — E*. The following key result identifies the kernel of this map in degree one.

Proposition 4.2. Fix any integer n > 1, and let S,, C WnQ}4 be the W, (A)-submodule ﬂ?ozl p/ WnQi‘.
The natural map n : W, le — E,% induces an isomorphism W,,Q}4 /Sn = Ei



On the p-typical de Rham-Witt complex over W(k) 1613

Proof. Because E ,1 is p-adically separated, we see that S, is contained in the kernel of the map W, Q}a —E ,ll
Consider the composition

Q. 4y~ Wal2y > E,.

From our explicit description of E!, we see that this composition is surjective. We will now show that
the kernel of this composition is generated as a W, (A)-module by elements of the form

® ds(p (a)’

o (Vi(1)=p/)dVi(1), and

o pldVi(l).
It is clear that these groups of elements are all in the kernel.

Consider now an arbitrary element w € Q%,Vn( 4y Which is in the kernel; we must show that @ can be
expressed as a W, (A)-linear combination of the above elements. Viewing Q%V,, (a) a8 an A-module via sy,

we have that an arbitrary element in Q%,Vn( ) can be expressed as an A-linear combination of the elements
Vi(l)dsy(a) and V/(1)dV'(1) with 0 < j <i <n — 1. Thus we may write

n—1
0= soG)V (Ddspla)+ Y spla; )V (DHAVI(D),

i=0 0<j<i<n-—1
for some elements b;, a;,a;; € A. Because the above itemized elements are all also in the kernel, we
deduce that the element

o = Z plsy(a;Navi(l)
0<j<i<n—1
must also be in the kernel. From the explicit description of E,%, because @’ is in the kernel of the
composition, we have that for each fixed i, we have ) j pj aji € pi A. Thus, for each fixed i, we have
that )" ; p’sy(a;)dVi(l) is a W,(A)-multiple of p'dV(1). This proves that ', and hence also , is in
the W, (A)-submodule generated by the above elements.
We are finished, because Q%,Vn( A = Wa },‘ is surjective, and because the images of the above elements

in W,,le are all in the submodule S,. In fact, the images of the second and third groups of elements are
equal to 0 in W,,Qi‘: this follows from the identities p'd V' = V'd and

V(DHdVi()=V(FdVi()=V@vi-'(1) = pdViQ),
which hold in every Witt complex. O
The following is modeled after [Hesselholt and Madsen 2003, Section 3.2].

Lemma 4.3. Continue to assume A = W (k) where k is a perfect ring of odd characteristic p. For every
j =1, the map
hj:A—>Qu@®A, ar> (—=da,pla),



1614 Christopher Davis

is an A-module homomorphism, where the left-hand side has its A-module structure induced by ¢! and

where the right-hand side has component-wise addition and A-module multiplication defined by
x- (@ a) = (¢! e — J;ade! (1), ¢’ (V).

Remark 4.4. For any element z € Q. the term %z makes sense in 2!, because multiplication by p is a
bijection on Q.

Proof. We first check that the right-hand side is actually an A-module with respect to the structure we
described. It’s clear that (x| 4+ x2) - (@, a) = x1 - (&, a) + x3 - (@, a) and that x - ((«1, a;) + (a2, a2)) =
x - (g, a1) +x - (a2, ap). Next we compute

xi - (- (@, @) = x1- (¢ (e = J;ady! (x2), ¢ (x2)a)
= (¢’ @) (¢’ (o = Srady’ (x2)) = ;¢ (x)ady’ (x1). ¢ ()¢’ (x2)a)
= (¢’ (1xp)a — Jrag! (x)dg’ (x2) — Jrag? (x2)dg’ (x1), ¢’ (x1x2)a)

= (x1x2) - (o, a).

Notice that so far the 1/p/ factor has played no role.
Next we check that the proposed map is an A-module homomorphism; this is where the 1/ p/ factor
becomes important. The map is clearly additive. We then check that, on one hand,

¢! (X)a > (—d(g! (x)a), pPe’ (x)a) = (—¢’ (x)d(a) — ad (¢’ (x)), p/ ¢’ (x)a),
and on the other hand,
x-(=da, p'a) = (—¢’ ()da — 5 p’ad (¢’ (x)), ¢’ (x) p’a). O

Let M denote the cokernel of the A-module homomorphism /4 ; from Lemma 4.3. (This module is the
analogue of what is denoted , W, a)’( R.M) in [Hesselholt and Madsen 2003, Section 3.2].) We are going to
describe the de Rham—Witt complex over A in terms of these modules M ;. First we describe an A-module
homomorphism Qi‘ — W,,Qk.

Given any ring homomorphism R — §, there is an induced R-module homomorphism Q}e — Qg In
what follows, we will often use the following special case. Let s, : A — W (A) be the ring homomorphism
described in Proposition 2.1. For every n > 1, composing s, with the restriction map induces a ring
homomorphism s, : A — W, (A) and hence an A-module homomorphism s, : Qk — Q%)V,, 7 WnQi&-
If we want to be explicit about the codomain, we write s, ,, instead of s,,.

Lemma 4.5. For every integer n > 2, the two A-module homomorphisms sy ,—1 0 ¢ o % and F o sy
mapping Qi‘ — Wn_lSZ}4 are equal.

Proof. 1t suffices to prove the images of a term agda; are equal, and this follows from the relationships
dF = pFdand syop = F os,. O
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Lemma 4.6. Fix integers n > j > 1 and let M be the cokernel of the A-module homomorphism h; from
Lemma 4.3. Consider W41 9}4 as an A-module using the map s, : A — W(A). The map

Mj— W, 19},
(o, a) = V' (sy(@)) +dV/(sy(a))
is an A-module homomorphism.
Proof. The map is clearly well-defined, because of the relation pldVIi =Vid. We have
x- (o, @) = (¢! (o = S;ade! (x), ¢! (x)a)
=V osy(¢) (e = Sradp’ (1) +d V7 os,(¢’ (x)a)

= VI(F (54 (0))54 (@) = VI (J555(@d F (5, (x))) +d VI (F (5, (x))sy (@)

= VI (F/ (5(x))s (@) = V/ (s, (@) F/ ds,(x)) + d(5,(x) V7 (5, (a)))

=5,(X)V/ (5,(@)) = V7 (55(@))dsy (x) 4+ V7 (5,(@)d 5, (x) + 5, (x)d V7 (5, (a))

=5,(X)(V/ (s, (@) +dV (s,(a))). O

Proposition 4.7. Continue to assume A = W (k) where k is a perfect ring of odd characteristic p. Fix
any integer n > 1, and let M,, be the cokernel of the A-module homomorphism from Lemma 4.3. Consider
W, Qg and W4 IQL as A-modules via the ring homomorphism s, : A — W(A). We have a short exact

sequence of A-modules

0— M, - W, QL L& w,Ql — o0, (4.8)
where the first map is given by
(o, a) > V' (sp (@) +d V" (s0(a)).

Proof. Using Lemma 4.6, we see that these are maps of A-modules. Then using Proposition 1.5,
we reduce to proving that the map M, — Wn+1§2,14 is injective. Assume o € 9}4 and a € A satisty
Vi(sp(a)) +dV"(sy(a)) =0€ W, 1Q2 2. Then, because « is divisible by arbitrarily large powers of p,
we have that dV" (s, (a)) is divisible by arbitrarily large powers of p. Write a’ = ¢ ™" (a). We have

dV" (s,(@)) = d(s,(@)V" (1)) = 5,@)dV" (1) + V" (1)ds,(a’).

The term ds,(a’) is divisible by arbitrarily large powers of p, so this implies s, (a’)d V" (1) is divisible by

arbitrarily large powers of p. Thus by Corollary 3.10, the image of s,(a’)dV"(1) is equal to 0 in E ,ll e

but then by our definition of E’i 1> We have that @’ is divisible by p", and hence so is a = ¢" (a').
Write a = p"ag. We then have

0="V"(sp()) +dV"(so(p"an)) = V" (sy(cx +day)).
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By Proposition 2.7, the map p" : Q! — Q! is injective. Because p" = F"V", we have that V" is also
injective. This shows that « = —day, as claimed. g

Remark 4.9. Proposition 4.7 is the main result of this section. The exactness claimed is mostly analogous
to [Hesselholt and Madsen 2003, Proposition 3.2.6]; the most interesting part of our result is the fact that
the map A — Q i‘ @ A surjects onto the kernel of the map 2 114 BPA— W, 12 i‘. This result is difficult to
prove because in general it is difficult to prove that elements in the de Rham—Witt complex are nonzero.
See [Hesselholt 2005, Proposition 2.2.1] for a result proving this same exactness in the context of the log
de Rham—Witt complex over the ring of integers in an algebraic closure of a local field. See also [Illusie
1979, Théoreme 1.3.8] for a version of this result which is valid in characteristic p.

Using induction, we are able to give the following explicit description of W, Q}a- The key fact used
by the construction is that the maps Q1 ® A — W;Q, given by (o, a) = V/~1(a) +dV/~(a) can be
extended to maps into W, 9}4 using s, : A — W(A).

Corollary 4.10. Continue to assume A = W (k) where k is a perfect ring of odd characteristic p. View
Wn+1§2i\ as an A-module using the ring homomorphism s, : A — W (A). Let My = Qi‘, and for every
j=1Llet M; = (9}4 ® A)/h;j(A) be the cokernel of the A-module homomorphism h; : a — (—da, pla)
from Lemma 4.3. For every integer n > 2, the map

[[M;— Wi}

j=0
induced by
My — W,y Q2,
ap > sy (o)
and

Mj— Wy QY forj>1,
(aj,a;) > VI(sy(e;) +dV7(sy(a;))
is an isomorphism of A-modules.
Proof. We know that the map is a homomorphism of A-modules by Lemma 4.6. For every integer n > 1,

consider the complex

O—>Mn—>]_[’j’.:0Mj—>]_[’};(l)Mj—>O

|

0—— My, —— W, 11 Q) —— W, Q, ——0.
The top row is clearly exact. The bottom row is exact by (4.8). The right-hand vertical map is an
isomorphism by induction. Thus we are finished by the five lemma. 0

Similar, but easier, arguments work also for degrees d > 2. Our applications involve degree d = 1, so
we indicate the results more briefly.
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Proposition 4.11. For everyd > 2, n > 1, we have an exact sequence of A-modules
0— Q4 15 W11 Q4 - W, Q4 — 0,

where the A-module structure on Qﬁ is given by a - o := F"(a)a, and where the A-module structure on
the other two pieces is induced by sy, : A — W (A).

Proof. The map V" : Q‘f\ — Wn+1Q‘f\ is injective because F" o V" = p" is injective on Qf\. We must
also show that if w € Wn+1S2f14 is in the kernel of R, then we can find o € Qﬂ such that w = V" (x). We
know that there exist @ € Qf‘ and 8 € Q‘f;l such that

Vi) +dV"'(B) = w.

But now we are finished, because we can write 8 = p” fy for some By € Q‘j‘_l. (This is where we use
that d > 2.) O

We can deduce the following corollary in the same way as we deduced Corollary 4.10.

Corollary 4.12. For every d > 2 and every n > 1, we have an isomorphism of A-modules
n—1
[]od=w.ad.
i=0

where the A-module structure on the i-th piece is given by a - a; := ¢' (a)a;.

Remark 4.13. Much of the author’s intuition for the de Rham—Witt complex comes from the cases
treated in [Illusie 1979], such as the description of the de Rham-Witt complex over [, [, ..., #.] given
in [loc. cit., Section 1.2]. In this case, the de Rham—Witt complex is O in degrees d > r. We remark that
the absolute, mixed characteristic de Rham—Witt complex we are studying is very different. Consider the
easiest case of our setup, A =27, = W([F,). Then Qi‘ is infinite-dimensional as a () ,-vector space by
Proposition 2.9. Thus Q¢ := /\d Q% is nonzero for all degrees d. Thus in particular W, Q‘f\ is nonzero
for all integers d > 0 and n > 1.

Remark 4.14. Corollaries 4.10 and 4.12 give an explicit description of the A-module structure of the
Witt complex W.Q2%. (Notice that for a general ring B # W (k), we cannot expect a B-algebra structure
on W.Q%.) It seems worthwhile to describe the entire Witt complex structure, at least for degrees d =0, 1,
in terms of the description from Corollary 4.10. Similar descriptions could be given for higher degrees.

» We already know the A-module structure, so to describe the W, (A)-algebra structure on W, 2 i\, it
suffices by Lemma 2.2 to describe the effect of multiplication by V/(1) on [] M;. It sends all M;
with i < j into the M; component, via the formulas

VIi(1)-a=(¢/(@),0) € M, fora € My =}, and
VI - (a,ai) = (p'o! (o) + ¢’ ' (day), 0) € M;, for (e, a;) € M;, where i < j.

When i > j, multiplication by V/(1) acts on the M; component as multiplication by p/.
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« To describe the differential d : W, (A) — [[ M;, it suffices by Lemma 2.2 to note that d : s, (a) —
da € My =, and that d : s,(a;)V/ (1) = (0, ¢/ (a;)) € M for j > 1.
o The restriction map R : [[/_, M; — ]_[:.:()1 M; is the obvious projection map.
« To describe the map V : []'_y M; — []/24 M;, we note that
Viar (x,0) € My, WhereaeM():Q};, and
Vilai, a) — (a;, pa;) € Miy1, where (o;, a;) € M;.

« To describe the map F : []/%y M; — []/—, M;, we note that

F:oa— ¢(a) e My, forOteMO=§2}4
F:(xy,a))— pay+da € My, for (a1, a1) € My, and
F:(a;i,a)) = (pa;,a;) € My, for (a;, a;) € M;.

Corollary 4.15. For every n > 1, the p-torsion submodule of WnQ}L‘ is isomorphic to the free A/ p-module
of rank n — 1 generated by p’~'dVIi(1),for j=1,...,n—1.

Proof. Using the fact that multiplication by p is a bijection on Q,, we see that the p-torsion module in
M;=(QL®DA)/h;(A)isafree A/pA-module of rank 1 generated by (0, p/~1). Then from Corollary 4.10,
we see that these elements together generate the p-torsion submodule of WnQL. In the factor M; =
(22 /14 @ A)/h;(A), arepresentative (o, a) has element a uniquely determined modulo pl A. This shows
that we have a relation

D dvi(p' e @) =0

only if each a € pA. This shows that the proposed elements are free generators, which completes the
proof. U

5. The de Rham—Witt complex over A/x A

As usual, let p denote an odd prime, let & denote a perfect ring of characteristic p, and let A = W (k).
There are two natural ways to lift elements from A to W(A): the first is our ring homomorphism s, and
the second is the multiplicative Teichmiiller map. So far in this paper, we have made extensive use of the
ring homomorphism s,,. In this section and the next, we make more frequent use of the Teichmiiller map.
The reason is that we will be studying the kernel of the natural ring homomorphism W(A) — W(A/xA)
for x € A, and [x] is in this kernel whereas s, (x) in general is not. For example, [p] is in the kernel of
W, — W(Z,/pZ,), whereas s,(p) = p is not.

The exactness in (4.8) above is very useful for making induction arguments involving the de Rham—Witt
complex. For example, our proof of Corollary 4.10 was dependent on our Witt complex E* only because
E® was used to prove exactness in (4.8). The goal of the remainder of the paper is to prove exactness of
the corresponding sequence for the de Rham—Witt complex over a certain class of perfectoid rings. See
[Hesselholt 2006, Proposition 2.2.1; Hesselholt and Madsen 2003, Theorem 3.3.8] for related results. In
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future joint work with Irakli Patchkoria, we hope to use this exact sequence to provide algebraic proofs
of results similar to Hesselholt’s p-adic Tate module computation [2006, Proposition 2.3.2]. In this
section we prove general results concerning W, Q2 % A/xA) that are valid for arbitrary x € A. In Section 6,
we specialize to a certain class of perfectoid rings, in which case we can prove stronger results, including
the analogue of the exact sequence in (4.8).

Fix an element x € A. For every integer n > 1, we have a surjective A-module homomorphism
W, Qg — WnQ% AJxA)> and Corollary 4.10 gives an explicit description of the domain. We will give
explicit A-module generators for the kernel. Unfortunately, this kernel is not generated as an A-module
by elements which are homogeneous with respect to the direct sum decomposition from Corollary 4.10.

First we consider the case of level n = 1, which will be used repeatedly.

Lemma 5.1. The kernel of the A-module homomorphism Qi‘ — Q%A/XA) is generated by xo for a € Qk
together with the element dx.

Proof. This follows immediately from the usual right exact sequence of (A/x A)-modules
XA/XPA— QY @ (A/xA) = Qs p) = 0 (5.2)

[Matsumura 1989, Theorem 25.2], where the left-most map is given by xa — d(xa) ® 1. U
Next we identify the kernel in the degree zero case, W. Q% — W.SZ(() A/xA)"

Lemma 5.3. Let K° denote the kernel of the ring homomorphism W(A) — W(A/xA) induced by the
projection A — A/xA. Then K° consists precisely of elements of the form

o0

> sp(a) VE(IxD),

k=0
where a;, € A.

Proof. It’s clear that these elements are in the kernel. We now prove that an arbitrary element in the kernel
can be written in this way. Working one level at a time, it suffices to show that if vk (yx) is in the kernel,
then we can find a; € A and y;+; € W(A) such that

VEr) = sp(a) VEAXD + VT ().
(Note that this also implies that yktl (yk+1) is in the kernel.) Because
sp(an) VE([x]) = VE(FF (s (@) [x]) = VF (s, (0" (@) [x])

and ¢ : A — A is surjective, we can find such elements a; and ygy. U

We now do the same thing for the degree one case. In this case, the ring W(A) = lim W, (A) from
Lemma 5.3 gets replaced by the W (A)-module, lim W,,Qk. Corollary 4.10 leads to an explicit description
of this inverse limit as an A-module.

More concretely, we give generators for the kernels of the A-module homomorphisms WnQi\ —
WnQé 4/x4)> and we choose these generators so they are compatible under restriction maps for varying
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n > 1. We view these generators as elements in lim Wan. The main work involves studying, for
particular choices of A and x, the A-submodule of lim W,,Qk generated by these elements in the kernel.
Because these elements involve the Teichmiiller lift [x], they do not have a simple description in terms of
our decomposition of W, 2 2 given in Corollary 4.10.

Definition 5.4. Let My = Ql‘ and for each integer j > 1, let M; be the cokernel of the A-module
homomorphism in Lemma 4.3. Let M denote the A-module

Let K! € M denote the A-submodule consisting of all elements of the form

> (VE(IxIsy (o) + s, (a)d VE([x])),

k=0

where oy € QL and where a; € A; here, to make sense of such an expression as an element in M, we use
the structures described in Remark 4.14.

Remark 5.5. (1) By Corollary 4.10, M is isomorphic as an A-module to lim W,,Ql‘.

(2) The A-module K! depends on our choice of element x, but that element is fixed throughout this
section, so we write simply K! and not more suggestive notation such as K!.

We will use K! from Definition 5.4 to describe the kernel of W, Q}, — W, Q E A/x4)> Namely, we will
show that this kernel is the image of K' under the restriction map R, : M — W, Q 114.

Lemma 5.6. For n > 1, write R, for the restriction map W (A) — W, (A) and also for the restriction
map M — WHQ}L\. The A-submodule of W, 2 generated by R,(K®) and R,(K") and all higher degree
terms (W, Q?; ford > 2)is an ideal in the ring W, $2%,.

Proof. We have to show that the A-module generated by these elements is closed under multiplication
by elements in W, 2. Consider an element Vk([x])m, where m € W, Qk. This can be rewritten as
Vk([x]myg), where mo = F¥(m). The element m( can be written (not uniquely) as

n—k—1
mo=sp(@)+ Y (Vi(sy(c)) +dV'(sy(@))),
i=1
and so
n—k—1 . .
[xImo = [xIsy(@0) + D X1V (s, (c)) + [x]d V' (s (a:)))
i=1
= [xlspl@0) + D (Vi1 sp(e) +d V(17 sp(a) — Vi (sp(a)[x]” ~d[x])).

i=1
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(Here we used the formula Fd[x] = [x]?~'d[x].) And so
VE([xImo) € Ry(K1).

Now we consider degree 1 terms in our A-module. We first consider a term Vk([x]s(p (o)) and then
below we consider d V¥ ([x]). We can write an arbitrary element y € W, (A) as Z?;ol sw(yi)Vi (1), thus it
suffices to show that

VE(Ix]s, (@) V' (1) € Ry (K1),
If i <k, we have
VEIxIsp (@) V(1) = VE([xlsy (p'a)) € Ry (K D).
If i > k, we have
VE(IxIsy @) V(1) = VIF (s @) = VI sy (' @) € Ru(K D).
Similarly, we find
dVE(IxDVI() = Vi@V (x]) = p'dV*([x]) fori <k
and
dvE(x)VviQ) = VI(F*d[x]) = VI([xIm) fori >k and m € W, 2},.
It was shown in the degree zero portion of our proof that this latter element is in R, (K'). O

Proposition 5.7. Define G* by
GY:=W,(A)/R,(K?), Gl:=w,QL/R, (K", G¥:=0ford=>2.
Equipped with the structure maps inherited from W.Q°,, this is a Witt complex over A/x A.

Proof. The main thing to verify is that all of the necessary maps are well-defined. All the various relations
required of a Witt complex will then hold automatically since they hold in W,,€25,.

The fact that G;, is a ring follows from Lemma 5.6. Define A : W,(A/xA) — Gg to be the unique
map such that the composition W,,(A) — W, (A/xA) — G2 is the projection map; this is possible by
Lemma 5.3. To define the differential d : G — G, we check that d(s,(a) V¥([x])) € R,(K"), which
follows because

d(sp (@ V*([xD) = sp@d VE([x]) + VE([x] F¥dsy (@) = sp(@d VE([x]) + V(s (Srde" (@),

where the last equality holds by Lemma 4.5. Because R o R,, = R, _1, it is clear that the restriction map
R is well-defined. The fact that V is well-defined follows from Vd V¥ = pd V¥*! and the fact that K! is
closed under multiplication by arbitrary elements in W (A).



1622 Christopher Davis

To check that F' is well-defined on G,11, we need to show that F(R,(K")) € R,_;(K"), which means

that we need to evaluate F' on elements

D (VEIxDsy () + 54 (a)d VE ([x1)).

k=0
The result is immediate from the de Rham—Witt relations, but we need to be careful to treat the k =0

case separately from the k > 0 case. We have
F([x]sg(c0)) = [x1754 (50 (c0))  and  F(sy(ao)d[x]) = s, (¢(ao))[x17~ " d[x],
and these elements are in R, (K') by Lemma 5.6. For k > 1, we have
F(V ([xlsp(@))) and  F(sp(a)dVE([x]) € Ry—1 (K1),
because FV = p and FdV =d. (|

Proposition 5.8. We have an isomorphism of A-modules
W/ Ra(K") = Wy )

Proof. Viewing W,,Q(1 Ajxa) 3 @ Witt complex over A, we have a map of W,(A)-modules WnQi1 —
W”Q%A/XA) which induces amap f: (W, Qi‘)/Rn (K — W,,Q%A/XA). Similarly, G* is a Witt complex over
A/x A by Proposition 5.7, so we have a map of W, (A/x A)-modules g : W”Q%A/XA) — (Wan)/Rn(Kl).
We claim that the compositions gf and fg are both the identity map.

Because the maps f and g arise from maps of Witt complexes, the two triangles in the following

diagram commute.

/—\
W, Q4 /R, (K" WaS2(a /2.,

N

2,4 /xa)

Then, because the diagonal maps are both surjective, a diagram chase shows that fg and gf are both the
identity map. U

We conclude this section with a technical result about K ! that will be used in the following section. We
include it in this section because it is valid in a more general context than what we consider in Section 6.

Notation 5.9. For every integer n > 1, let P, denote the property
e P,:If 7€ K! and R,(z) =0, then we can write

2= (VE(x]sp (@) + sy a)d VE(IxD)).

k=n
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Proposition 5.10. Assume that x & pA. If property Py holds, then for every integer n > 1, the property
P, also holds.

Proof. We prove this using induction on n. Thus assume we know that property P,_; holds for some
n > 2, and assume we have z € K! such that R, (z) = 0. By our induction hypothesis, we can assume

2= Y (VE(IxIsp(@)) + sp(a)d VE([x])).

k=n—1

The terms for k > n do not affect the conclusion, so we can in fact assume

2= V" ([x]sp (@) + 5o (@)d V" ([x])
= V" ([x1sp (@) +d V" (X1 F" (s (@))) — V' (X 1F"~ (dsy (@)

= V" ([xlsp (@ = 5i=rd (9" 1 (@)))) +d V"~ (x]s, (9"~ (@))).

Using Proposition 4.7, because we are assuming R, (z) = 0 and that x is not divisible by p, we have that

n—1

a must be divisible by p"~", and we find

2= V" Y [xlsy (e — —d (9" (@) +d([x]s,(¢" ' (a/p"~1)))).

pn

The fact that R, (z) = 0 implies that

[x1sg (0 — —d ("' (@) + d([x1s, (9" ' (a/p" ™))

pn

satisfies the assumption in property P;. Hence we have

=V (Z(V"([x]sm)) + s¢<ak>dvk([x])>>

k=1

(V" ([x sy () + 5 (0 " (@) VI (@ VE([x1)))

M

,v
Il
-

(VL (I8 (o)) + 5, (0" (p" a))d VI (Lx]).

M

,v
I

1

This completes the proof of property P,. 0
Lemma 5.11. An element z € M can be written in the form

2= (VE(Ix]sy (o) + 5 (a)d V¥ ([x])

k=n
if and only if
z€ V(K +dV™(Ky).

In particular, property P, is equivalent to the following:
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e Ifz€ K" and R,(z) = 0, then we have
7€ V(K +dV"(Ko).

Proof. This follows from the same sorts of manipulations as in the above proofs. The most difficult of
these manipulations is showing that

sp(a)dV"([x]) € V(K +dV"(Ky).
Using Lemma 4.5 and the Leibniz rule, one checks that
sp(an)d V" ([x]) = V" ([x1s, (¢" (Frd @n)))) +d V" (s, (¢" (@))x]) € V' (K') +dV"(Kp). O
Similar manipulations show the following.
Lemma 5.12. For every integer n > 1, we have that V' (K" +dV"(Ko) € M is a W (A)-submodule.
Proof. It’s clear that the collection of elements of the form
o
2= Y (VE(Ixlsy (@) + sp(a)d V¥ ([x])
k=n—1

forms an A-module, so we reduce to proving that V*(K') +dV"(K) is closed under multiplication by
Vi(1), for i > 1. Consider first the case i > n. We have

VIVHEKY = ViIp"FY(KY) < vikY, Viavi(K®) = VI(F'"d(K%) S V(K.
Next we consider the case i < n. We have
ViVIKY =vi(p'Kh) c vk,
VidVvH (K" =d(Vi()V(K®) — V' (KY)dVi(1) CdV'(KP). O

We cannot expect property P; to hold in general, as the following example shows. In the next section
we will prove that property P; (and hence property P, for every n) holds when A/x A is a perfectoid ring
satisfying Assumption 6.2 below.

Example 5.13. Consider the ring A = 7, and the element x = p € Z,,. Clearly
1
d[ple W2y,
restricts to dp = 0 in lep. On the other hand, because
[Pl=p+V(pP~' —1) mod VZ(W(Z,)),

we have
dlpl=—dV(1) € W29 .

The exactness of sequence (4.8) shows this element cannot be written as a Z ,-linear combination of terms
in V(pS ) = V(@) and dV(p) = Vdl =0.
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6. Applications to the de Rham-Witt complex over perfectoid rings

As usual, p in this section denotes an odd prime. The term perfectoid was originally used in the context
of algebras over a field, but we work with the more general notion of perfectoid ring which has since
been defined; see Definition 6.1 below. Examples of rings satisfying our definition of perfectoid include
the p-adic completion of Z,[{ ], the p-adic completion of Z ,[ pl/ ”OO], and O¢ Y-

Throughout this section, we let B denote a perfectoid ring satisfying Assumption 6.2 below, and we let
A = W(B"), where

B’:= lim (B/pB)
xXH>xP

is the tilt of B. The ring B’ is a perfect ring of characteristic p. Let # : A = W(B”) — B denote the map
0; from [Bhatt et al. 2016, Section 3]. This is the “usual” 6§ map from p-adic Hodge theory. We will
not need the definition of 8; we will only need that it is surjective and its kernel is a principal ideal (by
our definition of perfectoid). Throughout this section, x € A denotes a fixed choice of generator for this
principal ideal.

We now explicitly state our definition of perfectoid.

Definition 6.1 [Bhatt et al. 2016, Definition 3.5]. A commutative ring B is called perfectoid if it is
m-adically complete and separated for some element 7w € B such that = ” divides p, the Frobenius map
B/pB — B/pB is surjective, and the kernel of # : W(B") — B is principal.

Assumption 6.2. We further assume that our perfectoid ring B is p-torsion free and that there exists a
p-power torsion element w € Q}g such that the annihilator of w is contained in p" B for some integer

n>1.

Remark 6.3. (1) Assumption 6.2 is satisfied, for example, if the perfectoid ring B is contained in Oc,
and contains ¢,. We do not know an elementary argument for this. Fontaine [1981/82, Théoreme 1']
gives an elementary argument to show that d¢, is nonzero in €2 }e» where R = (@@1). Bhargav Bhatt
has shown us an argument involving the cotangent complex (which was used above in the proof of
Proposition 2.7) to deduce that d¢, € Q(l%p is nonzero. Once one knows that d¢, # 0, an elementary
argument shows that Assumption 6.2 is satisfied. We hope to consider the question, “How restrictive
is Assumption 6.2?”, in later applications.

(2) Our proofs in this section work for any quotient A/x A satisfying Assumption 6.2, but we do not

know any interesting examples where A/x A is not perfectoid. In particular, see the next point.

(3) We have been careful throughout this paper to work with W (k) where k is a perfect ring, instead
of restricting our attention to the case where k is a perfect field. That generality is essential for
Assumption 6.2 to be reasonable, because when k is a perfect field, the only p-torsion free quotient
of W (k) is the zero ring.

The entire goal of this section is to prove Proposition 6.12 below, which identifies the kernel of
restriction W,,HQ}B — WnQ}g in terms of B and Q}g. Using a spectral sequence argument, our result
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will follow easily from property P, described in Notation 5.9. By Proposition 5.10, it will suffice to
prove property Py, which loosely says that if an element in W,,Qi\ is in both ker 6 and in the kernel of
restriction R; to 21, then the element can be written as V («) 4+ dV (a), where both « and a are in ker 6.
We now begin the proof that property P; holds.

We will apply the following lemma to our fixed x € A which generates ker 8, but it also holds for
arbitrary x € A.

Lemma 6.4. Choose y € W(A) such that [x] = s,(x) + V(y). Then we have

[x]7 = 5o (@(x)) + py
Proof. Apply F to both sides of [x] = s,(x) + V(). U

Property P; concerns elements which are both in the kernel of W,,(6) : W, Q2 i‘ — WnQ(1 A/xA) and also
in the kernel of restriction R; : W, Qi‘ — Qk. The following lemma considers the case of a particular

element which is obviously in this intersection.
Lemma 6.5. We have [x]ds,(x) — s, (x)d[x] € V(K') +dV (KY).

Proof. We use the notation from Lemma 6.4. We compute

[x]dsy (x) = 5, () d[x] = (5, (x) + V (1))dsg (x) — 5, (X)d (50 (x) + V (7))
= V(y)dsy(x) — s,(x)dV ()
= V(yFdsy(x)) —d(s(x)V(y) + V (y)ds,(x)
= V(2yFds,(x)) —dV (yF (s,(x)))
= VQyFds,(x)) —dV (y[x]” — py?).

Because the term dV (y[x]?) € dV (K"), we reduce to showing the following element is in V (K .
V(2yFdsy(x)) +dV(py?) = V(2yFds,(x) +2ydy)
=V (Q2y(Fdsy(x) +dy))
=VQyFd(x] =V (y) +dy))
= VQy(x1""dlx] = dy +dy)) € V(K.
This completes the proof. O
Lemma 6.6. If xa; =0 € Q, then [x]sy(a1) € V(K.

Proof. The key idea is that, because multiplication by p is a bijection on €2, we also have that xa /p" =
0e i‘ for every integer N > 1. Applying Frobenius to both sides, we have ¢(x)p(a1)/pY =0e€ Q i‘.
We will apply this observation in the case N = 2.
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Use the same notation as in Lemma 6.4. We have
[x]sg (1) = 56 (X)sp (1) + V (¥)sg (1)
=V (y)se(ar)
=V F(se(a1)))

()
enE)

4 <([X]” — 84 (9(x)))sy (%?))

- V([x]ﬂsw<‘p;ogl))) e V(KY. 0

Using Assumption 6.2, we have a p-power torsion element w € €2 119 with annihilator contained in p" B

for some integer n > 1. For every integer r > 1, the following lemma enables us to produce a p-power
torsion element 1 € Q}s with annihilator contained in p"*" B.

Lemma 6.7. Assume w € Q}g is such that Annw C p" B, where n > 1 is an integer. If n € Q}l_,3 is an
element such that p"n = w for some integer r > 1, then Annn C p"*"B.

Proof. 1t suffices to prove this in the case r = 1, so let 5 € Q}g be such that pn = w. Let b € Annn. Then
in particular b € Ann w, so we can write b = p"bg for some by € B. Then we know

0=bn=p"bon = p" 'byw,

and hence p"~'by € p" B. Assumption 6.2 requires that B is p-torsion free, so we deduce that by € pB,
and hence b € p"*! B, as required. U

The following is the most important of the preliminary results in this section. If we could prove
Proposition 6.8 without using the element «w from Assumption 6.2, then the results of this section would
hold for all p-torsion free perfectoid rings.

Proposition 6.8. If adx € xQ., then a € x A.

Proof. Our hypothesis implies aZ—ﬁ € ker6 for every integer N > 0, and we will show this implies
0@ e( ) p'B=0.

Fix an integer N > 1. Because 6 : A — B is surjective, we know the induced map Q! — QL is
surjective. Let wy € Q2 114 map to the element w € 9113 described in Assumption 6.2. Because w is p-power
torsion, we know that p"w4 € ka + Adx for some integer m > 1. Thus, for every integer N > 1, we
can write (1/pYN "™ w4 = xay +aN1‘f—ff, for some ay € QL and ay € A.

Consider now the element adx € ka from the statement of this proposition. We deduce that

dx

a,v € xQL for every integer N > 1, so al‘f—,’f, € ker 6 for every integer N > 1. If we multiply by the
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element ay from the previous paragraph, we know that aaNl‘f—ﬁ is in ker 6 for every integer N > 1. If we

apply 0 to aaN;l—),f,, we see that 6(a) € B is in the annihilator of some element 7 satisfying p¥ "y = w.

Thus, by Lemma 6.7, we have that 8(a) € B is divisible by arbitrarily large powers of p. Thus a € x A, as
required. U

Remark 6.9. Proposition 6.8 implies that for our particular rings A and A/x A, the left-most map in the
exact sequence (5.2) is injective.

Proposition 6.10. [f xa +adx =0 € Y, then [x]sy(a) + sy(a)d[x] € V(K +dV (K?).

Proof. We have adx = —xa, so by Proposition 6.8, we know that a = xa; for some a; € A, and thus our
assumption means x(« +ajdx) =0 € QL. By Lemma 6.6, we know that [x](s, () + 54 (a1)d(s,(x))) €
V(K"). Thus it suffices to show that

[x1sg(@1)ds, (x) — s, (x)sp(andx] € V(K" +dV (K?).
Thus, by Lemma 5.12, it suffices to show that
[x]dsy(x) — sp(x)d[x] € V(K") +dV (K°).
So we are done by Lemma 6.5. O
Consider now an arbitrary element y € K,
oo
y =Y (VE(Ixlsy (o)) + sp(@)d V ([x])),
k=0
and assume it restricts to 0 in level one, i.e., assume R;(y) =0 € Q i‘. This means that
xap+apdx =0 € 9}4.
Then Proposition 6.10 shows that property P; from Notation 5.9 holds. We immediately deduce the
following from Proposition 5.10.
Corollary 6.11. For every n > 1, property P, from Notation 5.9 holds.

The following result is the main result of this section. It is modeled after [Hesselholt and Madsen
2003, Proposition 3.2.6]. Compare also Proposition 4.7.

Proposition 6.12. Let B be a perfectoid ring satisfying Assumption 6.2. For every integer n > 1, we have

a short exact sequence of W,_1(B)-modules
0> B— QL@ B — W, 2, 5 W,QL — 0, (6.13)

where the maps and W, 1(B)-module structure are defined as follows. The map B — Q}; @ B is
given by b +— (—db, p"b). The map Q}g é B — Wn+19}9 is given by (B, b) — V''(B) +dV"(b). The
W, 1(B)-module structure on B is given by F". The W,_1(B)-module structure on Q2 }3 @ B is given by

y-(@,b) = (F"(y)o —bF"(dy), F"(y)b), where y € Wy11(B).
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The W,41(B)-module structure on WnQ}g is induced by restriction.

Proof. Consider the following short exact sequence of chain complexes (the chain complexes are written
horizontally, and the short exact sequences are written vertically):

0 0 0 0 0 0

0 B Qy®B ——— W, Qp —— W,Qp —— 0
0 0 Wi1(6) W, (0)

0 A QLeA — o W@, —— W, QL —— 0

0——xA—— RI(KH® R (K" —— R, 1 (K') —— R, (K') —— 0

0 0 0 0 0 0

For convenience, write these chain complexes as 0 — K, — A, — B, — 0, where we consider the
complexes concentrated in degrees O to 3. We must show that H,(B,) = 0 for all n. It’s trivial that
Hy(B,) =0 and H;(B,) = 0. Using Proposition 1.5, we have also that H,(B,) = 0. This leaves H>(B,).

Consider now the long exact sequence in homology [Weibel 1994, Theorem 1.3.1] associated to the
above short exact sequence of chain complexes. By Proposition 4.7, we have that H,(A,) =0 for all n. It
follows that H>(B,) = H{(K,). We will finish the proof by showing that H;(K,) = 0.

Consider an element in R+ (K 1) which restricts to 0 in W,,Qk. By Corollary 6.11, we know that
this element can be written as V" ([x]sy(a,)) + 54 (a,)d V" ([x]), for some a, € QL and some a, € A. By
Lemma 5.11, such an element lies in V*(K') +dV"(K"), and hence is in the image of the map

Ri(K" @ Ri(K%) LY R (K.
This shows that H;(K,) = 0, and hence that H>(B,) = 0, as required. O

Example 6.14. As in Example 5.13, the analogue of exactness in (6.13) does not hold for arbitrary
quotients of a ring A = W (k). For example, exactness does not hold for B=72,/pZ, = Z/pZ. In this
case, not even the left-most map B — 2 }3 @ B is injective. More significantly, we know W, Qéz 1p7)
is zero for all n, so dV"(1) =0 € W”'HQ%Z/[JZ) for all n > 1. By contrast, Proposition 6.12 shows that
dV"(1) # 0 for all perfectoid rings B satisfying Assumption 6.2.

Remark 6.15. Assume B is a ring for which the sequence in Equation (6.13) is exact. Assume By C B
is a subring satisfying the following two properties:

(1) We have p"B N By = p"By.

(2) The By-module homomorphism SZ}?O — Q}; is injective.
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It then follows that the analogue of (6.13) for By is also exact. In foreseeable applications, verifying the
first condition will be trivial, but in general it may be difficult to verify the second condition. For example,
if B is Oc, and By is the valuation ring in an algebraic extension of Q, it is not clear whether we should
expect the second condition to hold. For this reason, this remark might be more useful in the context of
[Hesselholt 2006, Proposition 2.2.1], which shows exactness of a log analogue of (6.13) when B = @@p.

Remark 6.16. In this section and the previous section, we have been working with an explicit quotient
of the de Rham—Witt complex over A = W (k). Perhaps similar results could be attained by working
with an explicit quotient of the de Rham—Witt complex over the polynomial algebra A[7]. An explicit
description of the de Rham—Witt complex over A[t] is given, in terms of the de Rham—Witt complex over
A, in [Hesselholt and Madsen 2004, Theorem B].
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