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Multiplicity one for wildly ramified representations

Daniel Le

Let F be a totally real field in which p is unramified. Let7 : Gp — GLZ(F,?) be a modular Galois
representation which satisfies the Taylor—Wiles hypotheses and is generic at a place v above p. Let m
be the corresponding Hecke eigensystem. We show that the m-torsion in the mod p cohomology of
Shimura curves with full congruence level at v coincides with the GL, (k,)-representation Dy (7|g Fv)
constructed by Breuil and PaSkunas. In particular, it depends only on the local representation 7|, , and
its Jordan—Holder factors appear with multiplicity one. This builds on and extends work of the author with
Morra and Schraen and, independently, Hu—Wang, which proved these results when 7|, was additionally
assumed to be tamely ramified. The main new tool is a method for computing Taylor—Wiles patched
modules of integral projective envelopes using multitype tamely potentially Barsotti—Tate deformation
rings and their intersection theory.

1. Introduction

Let F//Q be a totally real field which is unramified at a rational prime p. Let [ be a finite extension of [ .
Suppose that 7 : Gp — GL;(F) is a Galois representation occurring in the F-cohomology of a Shimura
curve X, r with corresponding Hecke eigensystem m (see Section 5). Suppose that the corresponding
quaternion algebra splits at p. Let v be a place of F dividing p, let K" be a compact open subgroup of
(D ®FA%")* and K, (n) the n-th principal congruence subgroup at v. One expects that the analogues
of the mod p local Langlands correspondence for GL,(Q,) and mod p local-global compatibility for
GL,(Q) describe the GL,( F,)-representation

' =Homg, (7, lim H' (X (K"K, (n)), F)[my])

in the completed cohomology of X, at least up to multiplicities, in terms of p 4 |Gy, - In fact, we study
a related representation & = (M minyx (gee Section 5), which is minimal with respect to multiplicities.
Such analogues are unknown at present, although [Breuil 2014; Emerton et al. 2015] show that if 7
satisfies the usual Taylor—Wiles hypotheses and p is generic, then 7 contains one of infinitely many
GL,(F,)-representations constructed by [Breuil and Paskiinas 2012]. The idea, as explained in [Breuil
2014], behind the constructions of [Breuil and Paskiinas 2012] is that if one can show that the restriction

of 7 to the maximal compact subgroup GL,(OFp,) satisfies certain multiplicity one properties, then
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must contain a Diamond diagram of the form D(p, ¢). These multiplicity one properties, which one might
view as minimalist conjectures for multiplicities, were established in [Emerton et al. 2015].

That the family of representations containing a diagram D(p, ¢) is infinite is unfortunate and warrants
further investigation of 7. One part of a Diamond diagram D(p, ¢) is a GL, (k,)-representation denoted
Dy(p), which is a subrepresentation of 7|GL,(0p,) (see [Breuil 2014, Proposition 9.3]), and thus a
subrepresentation of the invariants of 7 under the first principal congruence subgroup K, (1) of GL,(OF,).
Our main result is the following:

Theorem 1.1 (Corollary 5.2). If7 satisfies the Taylor—Wiles hypotheses and p is generic, see Definition 4.1,

Ky (1)

then the GL, (ky)-representation is isomorphic to Dy(p). In particular, it only depends on p and is

multiplicity free.

One can view this result as showing that 77 satisfies a minimality property: %1 is as small as possible.
A similar result has been announced by Hu—Wang.

The main tool in the proof of Theorem 1.1 is the Taylor—Wiles patching method. Diamond [1997] and
Fujiwara [2006] discovered that the Cohen—Macaulay property of patched modules could be combined with
local algebra results of Auslander, Buchsbaum, and Serre to rederive and generalize mod p multiplicity
one results of Mazur for modular forms with level away from p. Emerton et al. [2015] proved similar results
for modular forms with level at p by introducing two gluing methods to calculate patched modules from
smaller ones to which the Diamond-Fujiwara trick applied. The first method is a version of Nakayama’s
lemma and uses the submodule structure of mod p reductions of Deligne—Lusztig representations. The
second method combines the submodule structure above with the intersection theory of special fibers of
tamely potentially Barsotti—Tate deformation rings.

When p is tamely ramified, [Hu and Wang 2018; Le et al. 2016b] show that the patched modules of
projective envelopes of irreducible F[GL,(k,)]-modules are cyclic modules by describing the submodule
structure of these projective envelopes and using the Nakayama method of [Emerton et al. 2015] (see
Proposition 4.6). However, the gluing methods of [loc. cit.] are insufficient when p is wildly ramified.
Indeed, these methods only glue together characteristic p patched modules, but when p is wildly ramified
there is more than one isomorphism class of F[GL; (k,)]-modules satisfying the multiplicity one properties
for wKv() established in [loc. cit.].

We introduce a variant of the intersection theory method of [loc. cit.], which uses the intersection
theory of integral tamely potentially Barsotti—Tate deformation rings. Let W ([F) denote the Witt vectors
of F. The first step (Proposition 4.6) is to show that the methods of [loc. cit.] still apply to certain quotients
of generic W (F)[GL;(k,)]-projective envelopes (which are projective envelopes in the abelian category
of W(F)[GL,(k,)]-modules generated by lattices in some fixed set of Deligne—Lusztig representations).
If such a quotient is reducible rationally, then it can be written as a submodule of the direct sum of two
smaller quotients with p-torsion cokernel (see Proposition 2.4). This reflects a kind of transversality:
while these subcategories do not give a direct product decomposition of the category of W (F)[GL;(k,)]-
modules, if two subquotients of lattices in two distinct Deligne—Lusztig representations are isomorphic,
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they must be p-torsion. By exactness of patching and this exact sequence, it turns out that the patched
modules of W (F)[GL,(k,)]-projective envelopes are then determined by the patched modules of these
quotients (this depends crucially on the fact that all such patched modules turn out to be cyclic).

It remains to actually compute these patched modules using intersection theory in a multitype Barsotti—
Tate framed deformation space, which we define to be the Zariski closure in the unrestricted framed
deformation space of p of potentially Barsotti—Tate Galois representations with tame inertial type in some
fixed set. That the resulting patched module is cyclic comes from the fact that the multitype Barsotti—Tate
deformation rings exhibit a similar kind of transversality: two lattices in potentially Barsotti—Tate Galois
representations of two distinct generic tame inertial types can be congruent modulo p, but never modulo p?.

We now give a brief overview of the following sections. In Section 2, we generalize some of the results
of [Le et al. 2016b] and prove the key result (Proposition 2.4) gluing integral projective envelopes from
their quotients. In Section 3, we define and calculate multitype Barsotti—Tate deformation rings — this
is the other key technical input. To compare Kisin modules for varying tame types, it is much more
convenient to choose eigenbases for Kisin modules which are not always gauge bases in the sense of
[Emerton et al. 2015, Section 7.3]. This requires generalizing [Le et al. 2018, Theorem 4.1]. The main
result, Theorem 3.6, of this section computes some multitype Barsotti—Tate framed deformation spaces.
In Section 4, we calculate the abstract patched modules of projective envelopes using the Nakayama
method and our integral intersection theory method. In Section 5, we apply the results of Section 4 to the
cohomology of Shimura curves using the Taylor—Wiles method.

1A. Notation. If F is any field, we write F for a separable closure of F and G := Gal(F /F) for the
absolute Galois group of F.

Let feNandg = pf. Let Ok be the Witt vectors W ([F,) of [,. Let K = (/)K[p_l] be the unramified
extension of Q,, of degree f. Let E be an extension of K with ring of integers O, uniformizer @, and
residue field F. This induces embeddings Ox < O and p: F, < F. Fori € Z/f,let; =19 o' be the
i-th Frobenius twist of ¢y. We fix an embedding F — Fq. We will denote by (-)* the F-linear dual, and by
()" the contragredient of a representation.

Let G (resp. G %) be the algebraic group Resg, /¢, GL; (resp. Resg, /r, SL2), and let T C G (resp. Tder -
G be the diagonal torus. Let X*(T) (resp. X*(T%")) denote the group of characters of T (resp. T ).
Let X,.(T) and X.(T9%") similarly denote groups of cocharacters. By the embeddings ¢;, X*(T) is
identified with X*(T x¢, F) = X*([T;cz,y G2,), which is identified with (Z*)?// in the usual way. A
similar identification for X, (7") is made. For a character u € X*(T), we write p; as the i-th factor of u
sothat =23 ;7,5 Mi-

Let n) e X*(T) (resp. a® e X, (T)) be the dominant fundamental character (resp. the positive coroot)
represented by (1,0) (resp. (1, —1)) in the i-th factor and 0 elsewhere. Let n =), ;¢ n®. Let o be
the restriction of n® to 79,

Let W be the Weyl group of G and G, which is similarly identified with SzZ 28 Here, S, denotes the
permutation group on two elements. We denote the trivial element of S, by id. Then W acts naturally
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on X*(T) and X*(T9"). Let 7 be the automorphism of X*(T) and W which acts by a shift so that
7(x); = x;—1. Then the action on X*(7T') induced by the relative Frobenius morphism on 7 is given by
pm~!, while the action of the relative Frobenius on W is given by 7.

For a dominant character u € X*(T') we write V () for the Weyl module for G defined in [Jantzen 1987,
I1.2.13(1)]. It has a unique simple G-quotient L(p). If w =", w; is p-restricted (i.e., 0 < (u, V) < p
for all i), then L () = ®; L(u;) by the Steinberg tensor product theorem as in [Herzig 2009, Theorem 3.9].
Let F(u) be the restriction of L(u) to GLy(F,), which remains irreducible by [Herzig 2009, A.1.3].
Every irreducible GL, ([, )-representation is of this form, and we call such a representation a Serre weight.
Note that F(u) = F()) if and only if w = A mod (p — 7)X(T), where X°(T) is the kernel of the
restriction map X*(T) — X*(T9r).

Recall that to a pair (s, A) € W x X*(T), [Herzig 2009, Lemma 4.2] attaches a (virtual) representation
of GL,([F,), which we denote R;(1). In each use below, Ry(A) will in fact denote a true representation.

An inertial type for a local field L is a continuous E-representation t of the inertial subgroup I,
whose action factors through a finite quotient and can be extended to G . For our purposes, all inertial
types will be two-dimensional. In this case, Henniart [2002, Annexe A] attaches to T a smooth irreducible
finite-dimensional GL;(Op )-representation o (t) over E (see also [Emerton et al. 2015, Section 1.9]).
We call the association of T and o () the inertial local Langlands correspondence. An inertial type t is
called tame if T factors through the tame quotient of /;. The tame inertial types are exactly those T such
that o () factors through GL,(k;) where k. is the residue field of L.

For any characteristic 0 field F, let e : Gp — Z; C O denote the p-adic cyclotomic character and
£ denote its reduction modulo 7. We now let F be K. Let C, (i) denote &' ® g C,, where the tensor
product is over any embedding E < C,,. Let p : Gk — GL(V) be a continuous representation over E.
For each embedding « : E < C,, let HT, (V) be the multiset of integers such that —i appears with
multiplicity dimg . (VRC,a ))& Then in particular HT, (¢) = {1} for all embeddings «. We say that
a two-dimensional representation V is (potentially) Barsotti-Tate if V is (potentially) crystalline with
HT, (V) ={0, 1} for all embeddings «. If 7 is an inertial type, we say that V is potentially Barsotti—Tate
of type t if the action of /x on the potentially crystalline Dieudonné module of V' is isomorphic to t.

2. Quotients of generic GL,([F;)-projective envelopes

Suppose that 1« € X*(T) and that 1 < (u —n,a®) < p—2foralli € Z/f. Let o be F(u—1). Let R,
(resp. R;,) be the projective O [GL,(F,)]-envelope (resp. the projective F,[GL([F,)]-envelope) of o.
Let S be the set {£w®}; and let I be a subset of S. Recall from [Le et al. 2016b, Definition 3.5] that
(with respect to u) we attach to a subset J C S a Serre weight ;. Let R, ; be the universal object among
quotients of R, that do not contain oy} as a Jordan—Holder factor for all w in I. Recall from [Le et al.
2016b, Section 3] that there is a filtration Fil* on R,, which induces a filtration Fil* on R, 1. Similarly,
we can construct a filtration Fillfg, = Z|k|=k Fil* on R, and R, ;. Let Wi ; be ark Ru1.

Proposition 2.1. We have an isomorphism Wi 1 = ;s r(1)=k.1n1=2 OJ-
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Proof. This follows from [Le et al. 2016b, Proposition 3.6 and Theorem 3.14]. Il

If I is a subset of S such that 7 N {£w®} has size at most one for all i, let T5.1 be the set of Deligne—
Lusztig representations over K of the form R, (u — wn) where w; = id (resp. w; # id) if w® e
(resp. —w¥ € I). Fix an embedding Ru — @U(r)eTw
the set 7, ; (which does not depend on the above embedding). Note that R,, o is equal to R),.

o (7). Let RM’ 1 be the quotient of Ru isotypic for

Proposition 2.2. The reduction of R w1 modulo pis R, j.

Proof. For each w € I, oy, ¢ JH(6 (7)) for all o(7) € T,,;. Thus, there is a canonical quotient map
R,.; — R,.1, where R, ; is the reduction of R, ;. By Proposition 2.1, R,, ; has length 22/~ Since
R w1 18 the reduction of a lattice in the direct sum of 2/=#I types, each of whose reduction has length 2/
[Diamond 2007], it also has length 22/ ~#/ Since both objects have the same length, this surjection must
be an isomorphism. U

Again, let I C S. Let Wy 41,7 be Fil¥ R, ;/(Fils™ R, ;NFilk R, ;). Note that Wy 51 ; is multiplicity
free since Wi x+1.» (Which is Wi 1 in [Le et al. 2016b, Section 3]) is by [loc. cit, Proposition 3.6 and
Lemma 3.7].

Proposition 2.3. Suppose that J C J', #J'\J =1,and J' NI = @. Let k and k' be k(J) and k(J'),
respectively. Then there is a subquotient of Wy k41,1 which is the unique up to isomorphism nontrivial

extension of oy by 0.
Proof. This follows immediately from Proposition 2.1 and [Le et al. 2016b, Proposition 3.8]. U
Proposition 2.4. Suppose that the size of I N {w'"} is at most one for all i and that I N {0V} = @
for some j. Then there is an exact sequence

0— RM,I - RM,IU{Q)(-/)} & RM,IU{wa)} — Ru,lu{:lzw(f)} — 0, 2-1)

where the second (resp. third) map is the sum (resp. difference) of the natural projections.

Proof. The second map of (2-1) is clearly injective since it is after inverting p and Iéu, 1 is Ok-flat. We
claim that the cokernel of this map is p-torsion. Let oy, = F (' — 1) and consider a map Ié,,/ — Iéu, i
such that the composition with the projection

~ .
RM,I —» RM,I —» RM,]/Fﬂ@ R;,L,I

is nonzero. The composition of Ru’ — Ru, ; with the natural surjection Iéﬂ, ;] — Ru«, [Ufoti)) 18 Z€TOo since

o1y & TH(R,, 10U}

Lemma 2.5. The image of the composition Iéﬂz — Iéu,l with the natural surjection Ié,,”[ —» éM’IU{_w(j)}
contains pR, 1u(—wi)-

With Lemma 2.5 and its analogue for R u, 1U{wt))» We would see that the image of

Ry — Ru,ju{w(j)} @ R/,L,[U{—w(j)}

contains plz‘ﬂ, U} P pléu, 1U{—eU)}> €stablishing our claim.
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Proof of Lemma 2.5. Fix a map R — R » such that the composition with the projection to R’/ F11 Ry

is nonzero. It suffices to show that the image, denoted Q, of the composition of Ru — R with the
above R/M — R,“ —» RM,,U{_W)} is pRMJU{_w<,>}. On the one hand, we see that Q is in pRMJU{_wm} by
reducing modulo p and using Propositions 2.2 and 2.3. Let o (t) be a Jordan—Holder factor of Iéu, 1l p‘l]
and let 0°(t) C o (t) be the unique lattice up to homothety with cosocle isomorphic to o [Emerton et al.
2015, Lemma4.1.1]. Fix a surjection from R w1 100°(7). By reducing mod p, we see that the image of the
composition of Iéw — Iéu, 1 with this surjection is a saturated lattice 0°° () with cosocle o7,;. Similarly,
the image of Q under this surjection is a saturated lattice in 0 °°(t) with cosocle isomorphic to o. This
lattice is po°(t) by [Emerton et al. 2015, Theorem 5.1.1]. Thus, the composition Q C pléM,IU{_w(,-)} —»
po°(t) is an isomorphism upon taking cosocles. We see that Q must be equal to pﬁm 1U{—D}- O

Let R be the cokernel of the second map in (2-1), which is p-torsion by our first claim. Then the exact
sequence
0— Rui = Ry 1000 @ Ry ooty = R—0 (2-2)

induces an exact sequence
RM,I - RM,Iu{w(j)} ) R,u,IU{—wU)} —-R—>0 (2-3)
by Proposition 2.2. By taking cosocles, (2-3) induces an exact sequence
C0S0C Ry, | — €OSOC R, () @ €OSOC R, jy(—u(y —> €OSOC R — 0 (2-4)

Note that cosoc R, 1, c080C R, 1o}, and cosoc R, (—q»; are all isomorphic to o and that the com-
position of first map of (2-4) with either projection is nonzero. Thus cosoc R is isomorphic to o and the
restriction of the second map of (2-4) to either summand is nonzero. We conclude that the restriction of the
second map in (2-3) to either summand is surjective. By definition, the maximal representation which is a
quotient of both R, ;) and R, ju(—wiy 18 Ry, ju(re)- Thus, there is a surjection R, jyi+q0) — R.
On the other hand, it is easy to see that the composition R, 1 — R, juii) © Ry 1uj—00)) = Ry 1ui+eh)
is zero, where the second map is the difference of the natural projections. Thus, there is a surjection
R — R, jUj+e0}- Since R and R, 4,0 are finite length objects, they must be isomorphic. 0

3. Multitype Barsotti-Tate deformation rings

3A. Etale p-modules. Let K., be the infinite extension obtained by adjoining compatible p-power
roots of —p to K. Let O¢ g denote the p-adic completion of Ok ((v)), and let Ogm g denote the p-adic
completion of a maximal connected étale extension of O¢ k. For R a complete local Noetherian O-algebra,
let - Mod®'(R) be the category of étale p-modules over Og g ®z, R, and letRepg; xos B be the category of
(continuous) representations of Gg_ over R. Fontaine defined an exact antiequivalence of tensor categories

V* : ®&-Mod®(R) — Repg, (R)

by V¥(M) = (M ® Ogm )¥=")".
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For a natural number d, let w,; € E be a root of ur® -1 + p. Let K; be the degree d unramified
extension of K. We define the fundamental character

Wdf : G[(d — 0%

g(wy)
g ,
wq

which does not depend on the choice of w,. For @ € F*, denote by nr, the unramified character of G
taking a geometric Frobenius element to «.
Let p: Gx — GLy(F) be a continuous Galois representation. If p is reducible, then it is an extension of
- -1
nr,/ a)fz"zo Haip by nry a)?’zo Hip
for some dominant p-restricted character u; = (i1,;, 12,i)i € X*(T) and some o and o’ € F*. If p is
irreducible, then p is

Indgﬁ2 nr_, a)zzfifQOl pip'+p! S waip'
where 5 again is a dominant p-restricted element of X*(7) and o € F*. We note that the main result of
this paper in the case when p is irreducible already appears in [Le et al. 2016b; Hu and Wang 2018], and
so this case can be ignored if the reader desires. [Buzzard et al. 2010] attaches to p a set W(p) of Serre
weights (see also [Breuil 2014, Section 4, Proposition A.3] with the notation D(p)).

In both the reducible and irreducible cases, we now assume that u; € X*(T) with p; = (11, n2,i) =
(ci, ) with3 < ¢, < p—2foralli € Z/f. Fori € Z/f, let a; be an element of F. Let M =
[T, F((v))e' & F((v)f’ be the p-module defined by

e =ver-iel 4 a;_ i,
(1) =of,

(p(effl) = qve? —|—ocaf_1vC°f0,
o(F/ ) = a'vf’,

e/~ = avofo,

e/ = —ve’,

i #0:

i =0, p reducible :

i =0, p irreducible :

(here the i-th factor corresponds to the embedding ¢_;).

Proposition 3.1. There are unique values a; € F for i € Z/f such that V*(M) is isomorphic to the

restriction p|c. -

Proof. Note that p is Fontaine—Laffaille by the genericity condition. We use Fontaine—Laffaille theory as
in [Breuil 2014, Appendix A]. We address the case when p is reducible and leave the irreducible case to
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the reader. Let M = @, .5, M© with M = kge® @ kg £ be the Fontaine-Laffaille module with

Fil' MO =pmD, FPMD =Fil~ MD =kg fO, Fil- 1 py® =0,
(p(e(i)) = Uth, Qﬂcf»,,-(f(i)) — f(i+1) +ai—1€(i+l) fori #1,
ple)y=a'e®, g, (fV)=af? +a'ape?,

for a; € kg such that p = Homge o, (M, Acris ®z, ) (see e.g., [Breuil 2014, (16)]).

Let M be the F,[v]l ®z, F-submodule of M generated by (¢;)icz/r and (fi)icz/r. Note that ¢
maps I to itself. Then a calculation (see [Emerton et al. 2015, Section 7.4] with J = &) shows that
©,-1(OM) = F,_1(M), where the functors ®,_1 and F,_ are introduced in [loc. cit, Appendix A]. The
result now follows from [loc. cit, Propositions A.3.2 and A.3.3]. Il

For the rest of this section, we fix, for each i € Z/f, a; € [, the unique element as in Proposition 3.1.
In doing so, we thus fix M. If p is irreducible, let S5 be the set {—w @, @, ..., ©/~D}. Otherwise, let
S5 be the set {0 |ay_1_; = 0}.

Proposition 3.2. The set W(p) equals {o; | J C S5} where o is defined with respect to (1.

Proof. This follows from a direct calculation using [Breuil 2014, Section 4]. Il

3B. Kisin modules and deformation rings. To describe tamely potentially Barsotti—Tate deformation
rings, we will use the theory of Kisin module(so )With descent datum. Let t be the tame principal series

type n1 @ 2 : Ix — GL,(F,) where n; = a);ak for k =1 and 2 and

-1
a = a_jup',
i=0
where a; ; € Z. We will suppose throughout that 2 <|a;; —az ;| < p—3foralli € Z/f and call such a
tame principal series type generic. We will say a tame inertial type 7’ is generic if its restriction to the
quadratic unramified extension of K is a generic principal series type.

The orientation of (a;, ay) is the element s € W such that as(j ()1) > as(j ()2). By an abuse of notation, we
say that the orientation of (ai, @;) is an orientation for 7 if T can be expressed in terms of (a;, ay) as
above.

Let R be an O-algebra. For a principal series type T, we will consider Kisin modules over R with
descent datum of type 7 (see [Le et al. 2018, Definition 2.4]). We will say that such a Kisin module
Mg is in Y ODT(R) if the cokernels of gon, : *(Mg) — Mg and Ggeram, : ¢* (det M) — det Mg are
annihilated by E(u) = w4 p. Let v be ud=1.

Let s be an orientation for a generic tame principal series type 7 and 91 be an element of ¥ @ D-7(R).
Then 91 can be described by the matrices Matg (¢$R ®xF. s,-+1(2)) after choosing an eigenbasis 8 (see
[loc. cit., Definition 2.11]). The following is a generalization of [loc. cit., Theorem 4.1] in the case of
GL;,, where g is allowed to have a slightly more general form than a gauge basis.
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Theorem 3.3. Let T be a tame generic principal series type and let s = (s;); € W be an orientation
for t. Let R be a complete local Noetherian O-algebra with residue field F. Let Mg € Y QDT (R) with

@) .
Matlg (¢WIR®R[F,si+1 (2)) given by

Al=<v > 522( 1>, A3=< 1), or E4=(1 )
a;v 1 v v a; v

fori #0and Aj (O‘ a,)fori = q, where B is an eigeﬂbasisfor Mr Qr F. Then there is a unique eigenbasis
B of Mg up to scaling lifting B such that Matg (d)é;t)]q s;+1(2)) is given by

_( vtr (%1 _(—rXi+laD™" 1 (1 —Y,
Al_(<xi+[ai])v 1)’A2_( v Xi>’A3_( v Xi+[ai])’0rA“_< v+p)’

respectively, fori # 0 and A;D(a, o') with Aj as above for i = 0. Here [-] denotes the Teichmiiller lift,
XY, = p for Ay, and
[a] + X,
D "= .
(o ( [+ Xa/)

Proof. The proof is similar to the proofs of [loc. cit., Theorems 4.1 and 4.16] which prove existence and
uniqueness of 3, respectively. We describe some of the key points. We modify [loc. cit., Definition 4.2],
defining dg (P) =ming 2vg(ri)+kif P=)_, i v¥ € R[[v]l. Then the analogue of [loc. cit., Proposition 4.3]
holds (see [loc. cit., Remark 4.4]). The entry in the middle column of [loc. cit., Table 5] becomes

1* <0 0* <0 O* or 0* <0
v(<0) 0%)° 1* <0/’ 1* <0/’ 1* )

respectively, and we modify [loc. cit., Definition 4.5] for E¥) appropriately. For 1 < m, k <2, we define
5(AD) to be dr(ED)) if AD £ A3, If AD = A3, we define §(A)) to be dr(E\)) (resp. dr(E\)) + 1)
if k =1 (resp. if k = 2). Finally, we let

S(AD) = min_ {5(A(’3<)}

The analogue of [loc. cit., Proposition 4.6] holds, replacing 3 + dg(x)) with 2 4+ dg (x)). We define
the notion of pivots for A® £ Aj as in the [loc. cit., Definition 4.8], and define the pivots in the case of
A% = Aj to be the same as the pivots in the case of A,. The analogue of [loc. cit., Lemma 4.10] holds
except that the second equation of [loc. cit.] is changed to A(Zlg =vPy+[a;j]+ Q2 when AD = Az. Then
the analogues of [loc. cit., Proposition 4.11, Proposition 4.13, and Lemma 4.14] give the eigenbasis 5.

We give more details for the algorithm in the case A®) = A3. We let § > 1 be an integer. Suppose
that (A®), which is necessarily greater than one, is §. Then there is an x € R[[v]] with dg(x) > —1
such that A% £ Dy (x)A® satisfies §(A"@) > § and S(AS (l)) > §. Note the crucial role played by
the definition of S(A/ (l)) as dr(E, ; (l)) + 1 in this case. Moreover, these inequalities still hold after right
multiplication by a conjugate of Dy, (x)? by a permutation matrix. This is the analogue of [loc. cit.,
Proposition 4.6], where the notation /¢ is defined.
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Suppose next that S§(AD) is § and that 8(A(i)) > §. Then there exists an x € R[[v]] with dr(x) =6 —1
such that A® & 1/, (x) AD satisfies (A" @) > § and §(A5 "), 5(A5") > § (note that §(A5") =5(A%))).
Again, we use that § (A/ (l)) dr(E} . m)—i— 1. Moreover, these inequalities still hold after right multiplication
by a conjugate of Ui, (x)¥ by a permutation matrix by the genericity assumption.

Suppose next that §(A?) is § and that 8(A(’)) B(A(l)) > §. Then there is an x € R[[v]] with dg(x) >
5 — 1 such that A" £ Dy, (x)AD satisfies §(A"@) > § and §(A}\"), 8(A5"), 8(A}") > & using that
Agll € mp - R[[v]l. Moreover, these inequalities still hold after right multiplication by a conjugate of
D11(x)? by a permutation matrix.

Suppose finally that §(A®) is § and that §(A")), §(AY)), §(AY)) > 8. Then there is an x € R[v] with
dr(x) > 8 — 1 such that A*@ & 15, (x)AD satisfies §(A"@) > § + 1 using again that An empg - R[v].
Moreover, these inequalities still hold after right multiplication by a conjugate of L,;(x)¥ by a permutation
matrix by the genericity assumption. Repeating these four steps repeatedly gives the analogue of [loc. cit.,
Proposition 4.13] in this case.

We deduce the forms of A; from the condition that v + p must divide the determinant. Finally, the
analogue of [loc. cit., Theorem 4.16] proves the uniqueness of 8 up to scaling. In the notation of [loc. cit.],
we obtain the equation

A‘g) + UZA;i)M(i) — A«f) + I(i+1)A~Y) (3_1)
(see [loc. cit., (4.2)]). Suppose that dg (I14¥)) > 8 > 1 for all j. Then one can show that dg(I)) > § + 1
for all j. This implies that /&) = 0 for all j. We again give more details in the case A®) = A, or Aj.

The other cases are treated similarly. Let k be 1 or 2. We first compare the (k, 1)-entries of (3-1) to see
that dg (I%") > § + 1. Using this and the (k, 2)-entries of (3-1), we see that dg(1\;)) > §+1. O

For the rest of the section, let p be as in Section 3A and let M be as in Proposition 3.1 so that p|g,__
is isomorphic to V*(M). Moreover, for simplicity, assume that p is reducible. Recall the definition of S5
from Section 3A.

Let s and s” be in W such that one of the following holds for each i € Z/f:

(1) s; and s; are both id.

(2) s; and s; are both not id.
(3) s; is id, but s is not, and i € Sj.
We say thati € Z/f is case (1), (2), or (3) if the above relevant condition holds.
Proposition 3.4. Let s and s’ be in W as above. Let T be the tame generic inertial type with o (t) =

R(iu5—s'n). Let R be the ring O (X;, E){;_()l, X, Xo'll/(h;) where foreachi € Z/f, h; is Y;, X;Y; — p,
Yi —p,or X; if f —1—iis case (1), (2) with o/~ € Sz, (2) with w0 ¢ S5, or (3), respectively.
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Let Mg =]]; R((v)) ) R((v))fi be the p-module defined by

f —iiscase(1): g™ = v W+ p)e + (Xig + [ D,

p(F~h =vf,
£ —iiscase (2) oD ey (/)(Rf—l) — yCr-igl _|_ Xi—.lvcffifi,
’ "o = =Y o,

e =ver-tel + (Xio + [aim Dvr
o) = —p(Ximi + a1 D~ + o,
o~ = v,

e(F Y =—Yi_1e' + v+ p)f,

f—iiscase (2), o7 ¢ S5

f—iiscase (3):

with the usual modification for i = 0. Then VV*(Mp) is the restriction to Gg_, of a versal potentially
Barsotti—Tate deformation of p of type t.

Proof. Define w* € W and s; € S, to be the unique elements such that
w?fl =id and (W) 'sw(w*) = (s,,1id, ..., id).

Then the Deligne—Lusztig representations Ry (s —s'n) and R, id,....id) ((w*)~! (np—s'n)) are isomorphic
by [Herzig 2009, Lemma 4.2]. Moreover, (the quadratic base change of) R(sﬁid,_",id)((w*)_l (g —s'n))
is a generic principal series. Define w = (w;); by w; = (wzﬁ-_l_i)_1 fori € Z/f. Then one easily checks
that w is an orientation for (w*)~!(u 5 —s'n). Let Mg be the Kisin module (with quadratic unramified
descent) of tame inertial type (the quadratic unramified base change of) t (s, —(w") (u 5 —s'n)) with
AU=D =Maty (g, ) o) givenby Ay, A, Az, or Ay if f—iis case (1), f —iis case (2) and f —i € S,
f—iiscase (2)and f —i ¢ S5, or f —i is case (3), respectively. We claim that T}, (Mg Qo F) is
isomorphic to the restriction to Gk of p. Assuming this, by Theorem 3.3 and the analogue of [Le
et al. 2018, Sections 5.2 and 6], T7,(9Mg) is the restriction to G, of a versal potentially Barsotti—Tate
deformation of p of type 7.

Let L be K ((—p)'/¢) with e = ¢ — 1 if s; = id and K»>((—p)'/¢) with e = g?> — 1 otherwise. Let A be
the Galois group Gal(L/K). We claim that

(Mg @0, 4 Oc,1)™ = Mp.

This would finish the proof including the claim in the previous paragraph since the restriction to Gg_, of
p is isomorphic to M by Proposition 3.1, and clearly M ®¢ [ is isomorphic to M.

Let uj be (i;);. Let v* denote the torus element obtained by applying the coweight A to v e, By
[Le et al. 2016a, Proposition 3.1.2], we see that a Kisin module (with quadratic unramified descent) of
tame inertial type (the quadratic unramified base change of) T with Matg (¢é§g’ w,-+1(2)) given by A® (resp.
ADs D(a, o)so) for i < f — 1 (resp. fori = f — 1) gives a p-module M = []; F(v))¢" & F((v))f"
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with p(¢" ', 77" = M/_ (¢, §") where

. —1 * -1 . o ) _
Mi/=wi+1A(1)vw,’+|(wf_]_[) (,Uv_/—l—z Sf_l_,n)(wl__‘r]) 1

—1 . * . * -1 i / )
— (w?—Z—i) A(l)vwffzﬂ(wfflﬂ) (Hr-1 Sfflf,n)w}_z_i

. -1 R
— (w?—z—i)_lA(l)vsfflf"(“f’lf’ Sf’lf"n)w;i—Z—i

fori < f—1and M, | = AV Vs D (e, a’)sosglv(wg)fl(“(’*m”). Changing to the bases (¢, f') =
(¢, f”)(wj‘c_z_i)_l, we see that M is given by (M;); where

. -1 R
M; = ADy -1t S’"""n)w?—z—i W )

. -1 [ _
:A(l)vsfflf,'(ﬂfflﬂ Sfiliin)sfl]_l’

= A(’-)s;il_iv“f‘l—"_s./f—l—i”
fori < f—1 and
M}»_l = A(f_l)so_lD(a, o/)sosr_lv(wg)_l("O_S{)”)(u}é‘)_1
— A(f_l)s(;lD(a, a/)sost_l(w(’;)_lv“()_sé’?

= A(f_l)so_1 VMOS0 D, o).
The proposition is now deduced by substituting for A, s, and . O

If 7 is an inertial type, let R® parametrize potentially Barsotti—Tate (framed) liftings of p of type t. If
T is a set of inertial types for K, then we let Spec R be the Zariski closure of U;er Spec R7[ p~'1in
the universal (framed) lifting space Spec RE of p.

For applications to Shimura curves and algebraic modular forms on definite quaternion algebras, it is
convenient to consider fixed determinant deformation rings. If ¢ : Gx — O is a continuous character,
let R%//’D be the quotient of R%' parametrizing (framed) liftings of 5 with determinant ye. Let R¥'" be
the simultaneous quotient of R‘ﬁp’D and R' parametrizing potentially Barsotti—Tate (framed) liftings of p
of type T and determinant yr¢. We can similarly define the quotient R¥-” of R”. If R¥'" is nonzero, then
R™ must be nonzero, ¥ must lift £~! det 5, and ¥|;, must be det 7. For all sets of types T considered
below, the determinants of all elements of T coincide.

Now fix a Serre weight o in W(p). Suppose that o = o; for J C S; where o7 is defined with respect
to 5. Let I be a subset of S such that I N {£w®} has size at most one for all i € Z/f. Let Ty, 1 be the
set of inertial types t such that o (7) is of the form R,(i; —s'n) where s and s” have the restrictions
given by the following table:

Sis 5 i¢J iel

{iw<i>}01=@ si =] s’ #id
w® el si=s/=id 5 =s/#id
—oW el si=sl#id s =id, s/ #id
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Lemma 3.5. Definew; e W bywy ;1 =idifand only ifi ¢ J foralli € Z/f. Then the set of tame inertial
types Ty 1 corresponds by inertial local Langlands to the set Ty v, (1) of Deligne—Lusztig representations
defined in Section 2.

Proof. This is a computation using the definitions and [Herzig 2009, Theorem 5.2]. Note that in
the notation of [loc. cit.], y(;,, in this case is equal to the Kronecker symbol for o and t. Another
method of proof is to use [Le et al. 2016b, Proposition 2.10] and verify that if V4(t) = R,(u), then
W (1) = JH(Ryu, (1 — swon)). O

Theorem 3.6. There is an isomorphism to a formal power series ring over O[(X;, Y,-)l.f:_o1 1/(gi(J, I));
from RT1 where g;(J, I) is given by the following table:

§itJ, ) WU g 55 U e s\ T 0D e g
FoVI"NNI=2| Yi(Yi-p) Yi(X;Yi—p)  X:i(X:Yi—p)
1D e 1 Y; Y XY — p
—o1 el Yi—p XYi—p X;

If1CI' thengi(J,1I')|gi(J,I) foralli € Z/f and R.." is the quotient of R™"! by the ideal (g; (J, I'));.
Analogous results hold for RV>T71 provided that v is chosen so that RY''! is nonzero for any, or

equivalently all, choices of I as above.

Remark 3.7. Since twisting by the universal unramified deformation of the trivial character gives an
isomorphism RT = RVT[X] (assuming RYT is nonzero), the fixed determinant case follows from the
first part of Theorem 3.6, and we ignore it below (see [Emerton et al. 2015, Remark 7.2.2]).

Proof. Since R/ is naturally a quotient of REIG by [Emerton et al. 2015, Lemma 7.4.3], it suffices to

compute the Zariski closure of | J Spec RT[ [;c_]] in Spec R%:G . Let R be the ring
Koo

'[ET]J
O(Xi, Y2y, Xa» Xa1/(8i(J, D))

and consider the deformation Mg = []; R((v))¢’ ® R((v))f* of M defined by

FoidS,: <P(2f:11) =v/= v+ p— Yi—l)iil‘i‘. Ucf’"_(Xi—l + [ai-1DF,
() ==Y (Xi—1 + a1 D)7 e +of,
feieS\J: w(e:l) = v/ 4 p = X Vi) + X
(™) ==Y +of,
e(FH=—=Y_1¢'+(+p— XiYi_DF,

with the usual modification at i = 0. Define the deformation functor D” by DY(A) = {(W:R—> A, by)}/=
for A a complete local Noetherian (O-algebra, where b4 is a basis for the free rank two A-module
V*(¢¥*(Mp)) whose reduction modulo my4 gives p. Then the natural map DY — SpfRis a @2—torsor
and is thus formally smooth of dimension 4. Let D" be Spf R". One can rescale ¢” and f° by units, and
rescale the other basis vectors appropriately so that the coefficients in the definition of ¢ which are 1
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remain 1. This gives a é,%l—action on R, and orbits give isomorphic ¢-modules. We claim that the natural
map Spf RY/ G2, — Spf RElGKm is a closed embedding. It suffices to show injectivity on reduced tangent
spaces.

Suppose that ¢ is a reduced tangent vector of Spf R"/ G,zn which maps to zero in Spf REIGK . By
formal smoothness, we can extend this to a map ¢ : RY — [F[s]/(ez). Let M, be Mr®rg [F[s]/(sz) 5o that
M, and M®¢F[e]/(&?) are isomorphic. Let M; (resp. M; ;) be the matrices such that ¢ (¢! @gF, f Qg F) =
M; (e @ F, ! @r F) (resp. ¢(¢! @ Flel/ (), f @r Flel/ (%) = Myi(¢'t @r Flel/(e7), ' @k
Flel/ (€2))). Then there are matrices D; € GL,(F((v))) such that

(id3 +eDi))M;p(id3 —eD;_1) = M; ;

for all i € Z/f, where id3 is the 3 x 3 identity matrix (we can assume without loss of generality that
the terms without ¢ are id; by multiplying by their inverses). We first claim that D; € GL,(F[v])
for all i € Z/f. For each i, let k; € Z be the minimal integer such that vk D; € Mat3(F[v]). Then
ve--ithip(idy —eDi_y) = ver-1-ithi Ml-_l(idg —eD;)M, ; € Mat3(F[[v]), and thus c¢s_—; +k; > pki_;.
Sincecr_1—j <p—1,ki =2+ plki—1 —1). It k;_y > n > 1, then k; > n + 1, from which we derive the
contradiction that k; > n for every n € N. Hence k; <0 for all i.

We next claim that if f — 1 —i ¢ S; for some i € Z/f, then t(Y;) = 0. Suppose for the sake of
contradiction that f —1—i ¢ S; and 7(Y;) # 0. Let N; € Matz(F[[v]) be such that eN; = M; ; — M;. Then
by the formulas for M; and M; ;, the first (resp. second) entry in the top row of N; is exactly divisible by
per-1-i—l (resp. v%). On the other hand, since D; M; — M;p(D;_1) = N;, the first (resp. second) entry in
the top row of N; is divisible by v°/~'- (resp. v), which is a contradiction. Thus ¢ is a reduced tangent
vector of

(SPER°/(Y;: f—1—i ¢ S5))/G>.

Let 7 be the tame inertial type such that o (t) = Ry, (i — won). Then the natural map from the quotient
of
SprD/(w, (Yi: f=1—-igSH{XiYi: f—1—ieS;}) (3-2)

by 651 to Spf R* /oo is formally smooth by Proposition 3.4. In fact, it is an isomorphism since the domain
and codomain are both of dimension f + 4 over F. Indeed, for the codomain this follows from [Kisin
2008, Theorem 3.3.4] and p-flatness, while for the domain we see directly that (3-2) has dimension f + 6.
Since the map

Spf R/ (@, {Y; 1 f —1—i ¢ S5}, (X;Yi: f—1—i€S;))— Spf R /(w, (Vi : f —1—i ¢ S5))

is an isomorphism on reduced tangent spaces, ¢ is a reduced tangent vector of Spf R*. Since Spf R* —
Spf RElGKm is injective on reduced tangent spaces again by [Emerton et al. 2015, Lemma 7.4.3], t is zero.

Finally, since R is p-flat, it suffices to show that if #({*w;} N I) = 1 for all i € Z/f, then
V*(M/(gi(J, I));) is the restriction to Gk of a versal potentially Barsotti-Tate deformation of p
of the unique type t in 7 ;. This follows from Proposition 3.4. O
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4. Patching functors and multiplicity one

Let p: Gk — GLy(F) be a continuous Galois representation. Again, p is either an extension of

f-1 i f-1 i
APTEY T ML
nr, wa,,o P by nr, a)?’*o P

or is

f-1 i o f i
Gk Zi=0 n1,ip'+p Z,':o M2,i p
nry IndGK2 w55

for some dominant p-restricted character up = (i1,i, p2,;)i € X*(T) and some « and o’ € F*.

Definition 4.1. We say that a dominant p-restricted u € X*(T') is generic if 2 < (u, B) < p — 3. We say
that p is generic if uj is generic or if p is semisimple and 1-generic in the sense of [Le et al. 2016b,
Definition 4.1].

Note that if p is generic, then p is generic in the sense of [Breuil and Paskiinas 2012, Definition 11.7;
Emerton et al. 2015, Definition 2.1.1]. We now assume that p is not semisimple and is generic. Then a
twist of p is of the form in Section 3A.

We now fix a Serre weight o € W(p) (W (p) is recalled in Section 3A). Let u € X*(T') be such that
o =F(u—n). If o is o) with respect to 5, define w; (o) € W by wy(s),i—1 =id if and only if i ¢ J (o)
foralli € Z/f as in Lemma 3.5. Then we set Sg to be w(S;) with w = w;(la)n(wj(g)).

Lemma 4.2. The set W(p) is{o;|J C Sg} where o is defined in terms of .
Proof. This follows from Proposition 3.2 and [Le et al. 2016b, Proposition 2.4]. O

1 : s it —
Let ¢ : Gx — O be an unramified twist of a)fz 2/ (H1.iHi

Y lifting £ det 5. Suppose that Mo, (-)
is a minimal fixed determinant patching functor over O for p" with fixed determinant ¥/ (see [Emerton
et al. 2015, Definition 6.1.3]). (Note that D(p") in the conventions of [loc. cit., Section 2] is W(p) in
ours.) Using contragredients, we identify Rgv with RE. This identifies R with the (framed) lifting ring
of p" parametrizing lifts p" of type ¥ with HT, (p") = {—1, 0} for all x : E < C,. Note that such lifts
of p" are called potentially Barsotti—Tate in [loc. cit., Section 7]. Similar identifications are made for
multitype (fixed determinant) potentially Barsotti—Tate deformation rings. For an Ok [GL,(Og)]-module
N, we will denote My (N ®p, O) by M. (N), where tensor product is over the map Og — O in

Section 1A.
Lemma 4.3. The Roo-module M., (R,,/ Fil3 R,,) is cyclic.

Proof. Let T be the tame type such that o (7) = Ry, (u—wn). Then W (p) is exactly JH(c' (1)). Let 0°(7) C
o (7) be the unique lattice up to homothety with cosocle isomorphic to o (see [loc. cit., Lemma 4.1.1]).
Let 6°(7) be the reduction of o°(t). Then the natural map R,, — ¢ °(r) induces a map

R, /Fil} R, — 5°(v)/rad> 5°(7). (4-1)

By [Le et al. 2016b, Proposition 3.2], the Jordan—H®élder factors of R,/ Filé R,, appear without multiplicity.
Moreover, those Jordan—Holder factors which are also in W (p) are in JH(c°(t)/ rad’ 5° (7)) by [Emerton
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et al. 2015, Theorem 5.1.1] (these are exactly the Serre weights o with respect to u with J C §7 and
#J = 1.). Thus the kernel of the map (4-1) contains no Jordan—-Holder factors in W(p). We then see that
the induced map

M. (R,/Fil} R,) — M. (5°(7)/ rad® 5°(7))

is an isomorphism. As M/ (5°(7)) is a cyclic Ro-module by [Emerton et al. 2015, Theorem 10.1.1], so
is M!_(5°(t)/rad>5°(1)). O

Lemma 4.4. Suppose that I C S such that
#(1 N {x0")) +#(S7 N {20} =1

or all i. Let e a submodule of Fi 1/ Fi 7, and let V be its image in gr I
for all i. Let N b bmodule of Filk, R, 1/ Fils™> R, 1, and let V b K Rug. If
gr’é RM,I/\_/ contains no Serre weights in W(p), then

(Fil& R, 1/ Fils™ R, 1)/ N
contains no Jordan—Holder factors in W (p).

Proof. Tt suffices to show that gr'gl R 1/ gr{grl N contains no Jordan—Hoélder factors in W(p), since
by assumption gr’é R,.1/ gr’é> N contains no Jordan—-Holder factors in W(p). In fact, it suffices to
show that gI“gH Wi k+1.1/(N N grgrl Wk k+1.1) contains no Jordan—Holder factors in W(p) since
Z|k|=k gr’é“ Wik+1.1 = gr'f@“ Ryu.1

By Proposition 2.1, a Jordan—Hélder factor of grgrl Wk k+1.1 has the form o with respect to u where
J'NI = and thereisa j € Z/f such that if k(J') =k’ then k; = k; for all i # j and k; =k;+1. Suppose
that o € W(p). If k} =2,thenlet J = J'\ {—ij(j)} (with w defined in the beginning of the section).
Otherwise, J'N{£o"} = {w;w)} since we assumed that oy, € W(p). In this case, let J = J'\ {w;0)}.
Then o; € W(p) and is thus a Jordan—Holder factor of N N Wy x41,;. By Proposition 2.3, o, is a
Jordan—Holder factor of N. O

The following lemma generalizes [Emerton et al. 2015, Lemma 10.1.13], one of the methods used to
compute patched modules.

Lemma 4.5. Let R be a local ring, and M" C M" C M be R-modules such that M'/M" and M’ are
minimally generated by the same finite number of elements. Then M C mM. If, moreover, M is finitely

generated over R, then M/M" and M are minimally generated by the same number of elements.

Proof. By Nakayama’s lemma, that M'/M” and M’ are minimally generated by the same finite number of
elements implies that M” C mM’ and thus M"” C mM. If M is finitely generated, then another application
of Nakayama’s lemma implies that M/M"” and M are minimally generated by the same number of
elements. O

The following proposition generalizes the results and methods of [Hu and Wang 2018; Le et al. 2016b]
by combining Lemmas 4.3, 4.4, and 4.5.
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Proposition 4.6. Suppose that I C S such that #(I N {£wV}) + #(S7 N {H0D)) = 1. Then M. (R, r) is
a cyclic Rx-module.

Proof. By Nakayama’s lemma, it suffices to show that M/ (R, ;) is a cyclic Ro-module. We will show
that M. (R, 1/ Filgrl R, 1) is a cyclic Ry-module by induction on k. If k = 1, then the result follows

from Lemma 4.3.
Now suppose that M (R, 1/ Filgrl R, 1) 18 a cyclic Ryo-module. Let J be

(JCS:k(J)=k,INI=2,0; € W(p)}.
Recall that for each J € J,
V, CFilg R, /Fil™ R,

is defined before [Le et al. 2016b, Proposition 3.9] to be the minimal submodule whose image in gr’é R,
contains o;. Then we let \_/J ; be the image of V, in Ry, I/FilkJr2 R, ;. Note that M/ (\7] ;) is a
cyclic Ro-module by Lemma 4.3. Let V be ZJE V] 1 C Filk o Ru, I/FllkJr R, ;. By Lemma 4.4, the
quotient (Fll]fg> Ryu.1/ FllkJr2 R,/ V does not contain any Jordan—Hélder factors in W (p). Thus the
natural inclusion Mgo(‘_/) C ML (Fil, R, 1/ Fils™ R, 1) is an equality. In particular,

ML (Fil, R, 1/ Fils™ R, 1)
is generated by no more than #J elements. On the other hand, Méo(gr’fg) Ru1) = @y Mi(o))
is generated by (at least) #J elements. By Lemma 4.5 with M = M. (R, 1/ Filgr2 Ry, M =

ML (Fils Ry, 1/ Filg™ Ry 1), and M = M (gt Ry, 1), ML (R, 1/ Fils™ Ry, 1) is acyclic Reo-module.
O

Proposition 4.7. The scheme-theoretic support of M(’)O(Iég’l) is Spec(Roo®R1/,ﬂ RW’T”J).

Proof. Since M (ﬁg 1)[p_1] is isornorphic to @U(T)GT , M/ (o (7)), the scheme-theoretic support of
Mgo(léa Dip~is Ua(r)eTUI Spec( °°®R*” oRY t)[p_l] by the proof of [Emerton et al. 2015, Theo-
rem 9.1.1]. Since M/ (RJ 1) is O-flat by deﬁmtlon of a patching functor, the scheme-theoretic support of
M (;O(I?U, 1) 1is the Zariski closure of that of M(;O(Rg’ DI _1]. The result now follows from the definition
of Spec RV To1 O

In order to weaken the hypotheses on I in Proposition 4.6, we compute an integral scheme intersection,
of which the following lemma is the key example.

Lemma 4.8. There is an exact sequence
0= OIYl/(Y(Y —p)) = OIY1/(Y)® OlY1/(Y — p) > OLY1/(Y, p) = O,
where the second and third maps are the sum and difference, respectively, of the natural projections.

Proof. Given a ring R and ideals I and J C R, the sequence

0—>R/(INJ)—> R/I®R/J - R/I+J)— 0,
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where the second and third maps are the sum and difference, respectively, of the natural projections, is
exact. The lemma follows from this exact sequence and the relations (Y) N (Y — p) = (Y (Y — p)) and
M)+ —p)=F, p)inO[Y]. O

The following is our main result in the setting of patching functors. Recall that p is generic, but not

semisimple.

Theorem 4.9. Suppose that I C S such that #(I N {+w®}) + #(S2N {#0®}) < 1. Then M. (R,.1) is a

cyclic Rso-module.

Proof. We proceed by induction on k := f —#S7 —#1I. The case k = 0 follows from Proposition 4.6.
Suppose that k£ > 0 and that (/ U Sg) N{£w"} = @. Then there is an exact sequence

0— RMJ — RMJU{wm} & RM,IU{,wm} = R, 1U{+oy = 0,
which induces an exact sequence
0— ML (R, — Méo(kﬂ,lu{w<.f>}) @ Méo(RM,IU{fw(/)}) = Mg (R, 10g£0i) = 0,

where the third map is the sum of two surjections by exactness of M/_(-). By the inductive hypothesis and
Proposition 4.7, M (Ru ,U{w<,>}) and M/ (RM 1U{= _wy) are cyclic Roo-modules with scheme-theoretic
support Spec Roo® RYD RV o101 and Spec ROO® RYD RV o100 respectively. The scheme-theoretic

support of M (R, ju(+ey) is thus a closed subscheme of the intersections of Spec Roo® kYD RV To100)
and Spec ROO®R¢ o RV 1009 which is Spec ROO®R¢ o RV To.10w) 1/ p by Theorem 3.6 and Lemma 3.5

(we can assume "without loss of generality that u has the form in Section 3 by twisting). Since
M (R, U(x00hy) 18 a cyclic Re-module, there is a surjection

Roo®le Rw,Ta,Ium(j);/p —» MéO(RM’IU{iw(j)})‘

Since {+w} N §3 = @, from Proposition 2.1 we see that M (R, 1U(wi) ) and M/ (Ru [U{£0})
have the same Hllbert—Samuel multiplicity. Thus, both sides of the map ROO® RY o RY o) 1/ p —»

M (R, jU{+ey) have the same Hilbert-Samuel multiplicity. Since RV Torvwt) I/ p contains no embedded
primes, this map is an isomorphism (see the argument of [Le 2018, Lemma 6.1.1]).
In summary, there is an exact sequence

0— Méo(ku,l)_) Roo®R§,DRW’T""U{"’U)’@Roo®Rg,,u RV T -0ty R°°®R‘ﬁm Rw,Tm,Um./))/p_)O’
where the third map is the sum of two surjections. Any lift of a generator under a surjection between
two cyclic modules over a local ring is again a generator by Nakayama’s lemma. Hence, we can assume
that the third map is the difference of the natural projections. Then by Theorem 3.6 and Lemma 3.5,
this exact sequence is obtained from taking a completed tensor product with the exact sequence in
Lemma 4.8. Hence, we see that M/ (R,L = OO®R1//E|R¢ To and in particular that M (Ru ;)isa
cyclic Ry-module. O
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5. Global results

Let F' be a totally real field in which p is unramified. Let D,r be a quaternion algebra which is unramified
at all places dividing p and at most one infinite place, and let 7 : G p — GL;([F) be a Galois representation.
If D,F is indefinite and K =[], K,y C (D®FA%)* is an open compact subgroup, then there is a smooth
projective curve X g defined over F and we define S(K, [) to be H "(Xk) /P> F). If D, F is definite, then
we let S(K, F) be the space of K -invariant continuous functions

f:D\(D®FAP)* - F.

Let S be the union of the set of places in F where 7 is ramified, the set of places in F' where D is ramified,
and the set of places in F dividing p. Let TS""" be the commutative polynomial algebra over © generated
by the formal variables Ty, and S, for each w ¢ S U {w;} where w; is chosen as in [Emerton et al. 2015,
Section 6.2]. Then TSV acts on S(K, F) with T}, and S,, acting by the usual double coset action of

[GLz(oFuJ(m’ 1) GLz(OFw)] and [GLz(OFw) (w“’ )GLz(on>],

w

respectively. Let TS""Y — [ be the map such that the image of X — T, X + (Nw)S,, in F[X] is the
characteristic polynomial of 5" (Frob,,), where Frob,, is a geometric Frobenius element at w, and let the
kernel be my.

For the rest of the section, suppose that

(1) 7 is modular, i.e., that there exists K such that S(K, F)n, is nonzero;
2) 7lg Fep) is absolutely irreducible;
(3) if p =5 then the image of r(GF(,)) in PGL,(F) is not isomorphic to As;
4) rlcy, 1s generic (Definition 4.1) for all places w | p; and
(5) rlGp, 1s nonscalar at all finite places where D ramifies.
Let v | p be a place of F, and let p be r|g,, . Let k, be the residue field of F,.
We define S™" to be S(K?, ®wes,w¢va)m; as in [Emerton et al. 2015, Section 6.5]. We define M™"

to be the F-linear dual of (S™" ® F) [m;], factoring out the Galois action in the indefinite case (see
[Emerton et al. 2015, Section 6.2]).

Theorem 5.1. Suppose that v : G — GL;(F) is a Galois representation satisfying (1)-(5). If o € W(p)
and Ry is the F[GL, (k,)]-projective envelope of o, then Homg(gr, ) (Rs, (M minyx) s one-dimensional.

Proof. The case where p is semisimple follows from [Le et al. 2016b, Corollary 5.4]. We now assume
that p is not semisimple. Let o = F(u —n) € W(p). Identify k, with a finite field F,. Then R, is
R, ®r, F. Let M be the minimal fixed determinant patching functor defined in [Emerton et al. 2015,
Section 6.5]. By construction, if mg_, is the maximal ideal of Roo, then Homgy, ) (Rs, (M miny) s the
dual of Moo (Rs)/mg, =M/ (R,)/mg,, which is one dimensional since M/ (R,,) is a cyclic Ro-module
by Theorem 4.9. O
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Let M™"(K,(1)) denote the space of coinvariants (M min k,(1)- Note that M min(g (1)) is isomorphic
to the dual of (S(K"K,(1), ®ues,wtvLw) ®o F)[m?], factoring out the Galois action in the indefinite
case, by a standard spectral sequence argument using that m’; is non-Eisenstein.

Corollary 5.2. Suppose that ¥ : G — GLy(F) is a Galois representation satisfying (1)-(5). Then the
GL;(Fy)-representation (M™" (K, (1)))* is isomorphic to Do(p). In particular, (M™™(K,(1)))* depends
only on p and is multiplicity free.

Proof. There is an injection Do(p) — (M™"(K,(1)))* by [Breuil 2014, Proposition 9.3]. Fix an
F[GL;([Fy)]-injective hull (M™n(K,(1)))* < I. Since

Homar,,) (Ry, (M™" (K, (1)))*)

is one-dimensional for all o € W(p) by Theorem 5.1, this injective hull factors through Dy(p) by [Breuil
and Pagkiinas 2012, Theorem 1.1(i)]. Since Do(p) and (M™"(K,(1)))* are finite length F[GL,(F,)]-
modules, they must be isomorphic. Finally, note that Do (p) is multiplicity free by [Breuil and PaSkiinas
2012, Theorem 1.1(ii)]. O
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