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A comparison between pro-p Ilwahori—Hecke modules
and mod p representations

Noriyuki Abe

We give an equivalence of categories between certain subcategories of modules of pro-p Iwahori—-Hecke
algebras and modulo p representations.

1. Introduction

Let G be a connected reductive p-adic group and K a compact open subgroup of G. Then one can attach
the Hecke algebra # to this pair (G, K) and we have a functor 7 — 7% = {v e 7 | 7 (k)v =v (k € K)}
from the category of smooth representations of G to the category of H-modules. These algebras and
functors are powerful tools to study the representation theory of G. In a classical case, namely for
smooth representations over the field of complex numbers, this functor gives a bijection between the
set of isomorphism classes of irreducible smooth representations of G such that 7% = 0 and the set of
isomorphism classes of simple 7{-modules. Moreover, the famous theorem of Borel [1976] says that the
functor gives an equivalence of categories between the category of smooth representations = of G which
is generated by X and the category of H-modules when K is an Iwahori subgroup.

In this paper, we study modulo p representation theory of G. In this case, it is natural to consider
a pro-p Iwahori subgroup /(1) which is the pro-p radical of an Iwahori subgroup since any nonzero
modulo p representation has a nonzero vector fixed by the pro-p Iwahori subgroup. The corresponding
Hecke algebra is called a pro-p Iwahori—-Hecke algebra. The aim of this paper is to give a relation between
‘H-modules and modulo p representations.

Such a relation was first discovered by Vignéras [2007] when G = GL,(Q,,). Based on a classification
result due to Barthel and Livné [1995; 1994] and Breuil [2003], she proved that the functor = — AR
gives a bijection between simple objects. This was enhanced to the level of categories by Ollivier
[2009]. Namely she proved that the category of 7-modules is equivalent to the category of modulo p
representations of G which are generated by /(). The quasiinverse of this equivalence is given by
Mi— M Qy c—Ind,G(l) 1 where c—Ind,G(l) 1 is the compact induction from the trivial representation of 7 (1).

However, Ollivier also showed that we cannot expect such correspondence in general. When G =
GL,(F) where F is a p-adic field such that the number of the residue field is greater than p, for a
supersingular simple module M (we do not recall the definition of supersingular modules since we do not
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use it in this paper), Ollivier showed that (M ®y c—Ind?(l) 1)/M is not finite-dimensional. Since simple
modules of #H are finite-dimensional, it says that we have no equivalence of categories in this case.

Still we can expect that there is such a correspondence if we avoid supersingular representations/modules.
It was proved by Ollivier and Schneider [2018, Theorem 3.33] that this expectation is true when G =
SL,(F) when p # 2 or F # (). The aim of this paper is to extend this for any G. We remark that our
result is not a generalization of their result since we assume that modules have finite-length which they
do not assume.

Let G be a (general) connected reductive p-adic group. In this case, as a consequence of classification
theorems [Abe et al. 2017; Abe 2019a] and the calculation of the invariant part of irreducible representations
[Abe et al. 2018a], the functor 7 — 7/ gives a bijection between irreducible modulo p representations
of G and simple H-modules which are far from supersingular representations/modules. The aim of
this paper is to generalize this correspondence to the level of categories. More precisely, we prove the
equivalence of the following two categories:

 The category of H-modules M such that dim(M) < oo and a certain element of the center of H is
invertible on M (see Definition 3.1).

« The category of modulo p representations 7w of G such that:

— 7 is generated by /(.

— 7 has a finite length.

— Any irreducible subquotient of 7 is isomorphic to a subquotient of Indg o where B is a minimal
parabolic subgroup and o is an irreducible representation of the Levi quotient of B.

Note that an H-module M is supersingular if and only if certain elements in the center of # act by
zero and a modulo p irreducible admissible representation 7 of G is supersingular if and only if it is
supercuspidal, namely it does not appear as a subquotient of a parabolically induced representation from
an irreducible admissible representation of a proper Levi subgroup. Therefore some conditions as above
says that M (resp. ) is far from supersingular modules (resp. representations).

We give an outline of the proof. Since the correspondence is true for irreducible representations, by
induction on the length, it is sufficient to prove the following (Theorem 3.5): Let M be an H-module
which we are considering. Then M — M ® Ind?(l) 1 is injective. This theorem is proved in Section 3.
In fact, we prove the injectivity for any M € C where the category C is introduced in Section 3. Here are
some reductions:

» Let A be the Bernstein subalgebra introduced in [Vignéras 2016]. Since we have an embedding
M — Hom(H, M), it is sufficient to prove the theorem for Hom 4(7{, M). Note that we have
Homy(H, M) e Cif M €C.

o We have a decomposition of M| 4 along the support (Definition 3.8). We may assume that the support
of M| 4 is contained in a Weyl chamber.
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» Using a result in [Abe 2019a], parabolic inductions and a result of Ollivier and Vignéras [2018], we
may assume that the support is the dominant Weyl chamber.

o We prove there exists an .A-module M’ such that Hom 4(H, M) ~ M’ ® 4 H. Hence it is sufficient
to prove that M' @ 4 H — M' ® 4 c-IndIG(l) 1 is injective.

By aresult in [Abe 2017], both M ® 4 H and M ® 4 c—Ind?(l) 1 relate to c—Indg V where K is a special
parahoric subgroup and V a certain representation of K. The structure of this representations is studied
in [Abe et al. 2017] and using such result we prove the injectivity.

It is almost immediate to prove our main theorem from the above injectivity. This is done in Section 4.

2. Notation and preliminaries

Let F be a nonarchimedean local field of residue characteristic p and G a connected reductive group
over F. Let C be an algebraically closed field of characteristic p. This is the coefficient field of
representations in this paper. All representations in this paper are smooth representations over C.

In general, for any algebraic group H over F, we denote the group of valued points H (F') by the
same letter H. Fix a maximal split torus S of G and minimal parabolic subgroup B containing S. The
centralizer Z of S in G is a Levi subgroup of B. We denote the unipotent radical of B by U and the
opposite of B containing Z by B. The unipotent radical of B is denoted by U.

Consider the reduced apartment corresponding to S and take an alcove A and a special point Xq
from the closure of Ag. Let K be the special parahoric subgroup corresponding to xg and / the Iwahori
subgroup determined by Ag. Let /(1) be the pro-p Iwahori subgroup attached to Ag, namely the pro-p
radical of /. The space of C-valued compactly supported I (1)-biinvariant functions # has a structure
of a C-algebra via the convolution product. The algebra H is called pro-p Iwahori-Hecke algebra. The
structure of this algebra is studied by Vignéras [2016].

Let Ng(S) be the normalizer of S in G and put Wy = Ng(S)/Z, W = Ng(S)/(ZNK) and W(1) =
NG (S)/(ZNI(1)). Let G’ be the subgroup of G generated by U and U. Note that this is not a group of
the valued points of an algebraic group in general. Let Wy be the image of G’ N N (S) in W. The action
of Wagr on the apartment is faithful and therefore it is a subgroup of the group of affine transformations
of the apartment. Let S, be the set of reflections along the walls of Ag. Then (Wag, Sasr) is a Coxeter
system. Denote its length function by €. Let Ny (Ap) be the stabilizer of Ay in W. Then the group W is
the semidirect product of Wy and Ny (Agp). The function £ is extended to W, trivially on Ny (Ag). We
also inflate £ to W (1) via W(1) — W. We have the Bruhat order on (W, Safr) and we extend it to W
by wiw; < wow; if and only if w; < wy and w; = wy where wy, wy € Wy and wy, wy € Ny (Ag). For
wi, wy € W(1), we say wy < wy if w| < wyp where w; is the image of w; in W (i =1, 2). As usual we
say wi < wy if and only if w; < wy or w; = wy.

We give some of structure theorems of H. For w € W (1), let T, be the characteristic function on
I(1)wlI (1) where w € Ng(S) is a lift of w. Then Ty, does not depend on the choice of a lift and, since
we have the bijection I ()\G/I(1) =~ W(1), {T, | w € W(1)} is a basis of H. This basis is called
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Iwahori—-Matsumoto basis. This basis satisfies the following braid relations:
Tu, T, = Twyw, 1f L(wiws) = €(wy) + £(w2)

where wy, wp € W(1). Let Z, =(ZNK)/(ZNI1(1)). Then this is a subgroup of W (1). Since any elements
in Z, has the length O (since it is in the kernel of W (1) — W), from the braid relations, we have T3, T;, = T},
for 11, t; € Z,. In other words, the embedding C[Z,] < H defined by ZZGZK cit ZZGZK c; T, is an
algebra homomorphism where C[Z,] is the group ring of Z,. Using this embedding, we regard C[Z,] as
a subalgebra of H.

Let Sar(1) be the inverse image of Sy in W(1). Then for s € Su(1), we have

T? = ¢, T,

N

for some ¢, € C[Z,]. An element ¢, is given in [Vignéras 2016, 4.2].

Define T, as in [loc. cit., 4.3] for w € W(1). This is also a basis of # and it satisfies the following:
TyeTy+Y ., CTyand Ty T =Ty, if £(wiwa) = £(wy) + £(w2).

Let o be a spherical orientation [loc. cit., 5.2]. Note that the set of spherical orientations are canonically
bijective with the set of Weyl chambers. For each o, we have another basis {E,(w) | w € W(1)} defined in
[loc. cit., 5.3]. The orientations correspond to the Weyl chambers. Let o_ be the orientation corresponding
to the antidominant Weyl chamber and set E(w) = E,_(w).

Set A(1) = Z/(Z N 1(1)). This is a subgroup of W(1). For A;, A, € A(1), the multiplication
E(\1)E(Ay) is simple. Before giving it, we introduce some notation. The pair (G, S) gives a root datum
(X*(S5), =, X.(S), V) and since we have fixed a Borel subgroup we also have a positive system X7 C X
and the set of simple roots A C £T. An element v € X,(S) ®7 R is called dominant if and only if
(v,a) > 0 for any @ € TF. A Wy-orbit of the set of dominant elements is called a closed Weyl chamber.
We also say that v € X.(S) ®z R is regular if (v, @) # 0 for any o« € £. We have a homomorphism
v: Z— X, (S)®zR=Homz(X*(S), R) characterized by v(z)(x) = — val(x (z)) where z € S, x € X*(S)
and val: F* — Z is the normalized valuation. This homomorphism factors through Z — A(1) and the
induced homomorphism A(1) — X,(S) ®z R is denoted by the same letter v. We let AT (1) the set
of A € A(1) such that v(X) is dominant. For w € Wy, let w(A™* (1)) be the set of A € A(1) such that
w~'(v())) is dominant.

The multiplication E(A1)E(A2) is E(A1X2) if v(X1) and v(A;) are in the same closed Weyl chamber
(in other words, A1, A2 € w(AT(1)) for some w € W) and otherwise it is zero. In particular, A =
@Dicaa) CE(A) is a subalgebra of H. If we fix a closed Weyl chamber C, then P, ;)cc CE(A) is a
subalgebra of 4 and the linear map

EB CE(\) — C[A(D)]

v(r)eC

defined by E (L) — 1, is an algebra embedding. Here C[A(1)] is the group ring of A(1) and we denote
the element in C[A(1)] corresponding to A € A(1) by t;, namely C[A(1)] = @MA(I) Cry.
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Remark 2.1. (1) If (v(A), @) =0 for any @ € X, then v(A) and p(A~1) are in the same closed Weyl
chamber. (In fact, v(1) and v(A~!) are in any closed Weyl chamber.) Hence E(A)E *H=1.1In
particular, E(A) is invertible.

(2) If L € A(1) is in the center of A(1), then E()) is also in the center of A. This follows from the
above description of the multiplication.

Let J be a subset of A and denote the corresponding standard parabolic subgroup by P;. Let L; be
the Levi part of P; containing Z. Then K N L is a special parahoric subgroup and I (1); =I1(1)NL,
a pro-p Iwahori subgroup. Attached to these, we have many objects. For such objects we add a suffix
J, for example, the pro-p Iwahori—-Hecke algebra attached to (L;, (1)) is denoted by H ;. There
are two exceptions: base T,, and E(w) for H, is denoted by 7] and E”(w), respectively. For each
J C A, we have two subalgebras H 7}, H; of H; and four algebra homomorphisms jf, jf*: 7—[7 —H
and j;, j]_*: H;, — H. See [Abe 2019b, 2.8] for the definitions. (Here H}r is denoted by ’H;j in [Abe
2019b].)

3. The category C and a proof of the injectivity

3A. The category C. The modules in this paper are right modules unless otherwise stated. In this paper,
we focus on the full subcategory C of the category of -modules defined using the center Z of H. The
center Z is described using the basis {E(w)}. Since A(1l) is normal in W (1), the group W (1) acts
on A(1) by the conjugate action. For A € A(1) denote the orbit through A by O;,. For A € A(1), put
o= Zweok E(/). Then {z; | z € A(1)/ W (1)} gives a basis of Z [Vignéras 2014, Theorem 1.2]. Fix a
uniformizer @ of F and let Ag(1) be the image of {§(w) | § € X (S5)}.

Definition 3.1. An #-module M is in C if and only if z, is invertible on M for any X € Ag(1).
Lemma 3.2. Let . € As(1). Then we have the following:

(1) For w € W(1), w stabilizes A if and only if the image of w in Wy stabilizes v().).

(2) Let {wy, ..., w,} C W(1) be a subset of W(1) such that the image in Wy gives a set of complete
representatives of Wy/ Stabw, (v(1)). Then we have z) = Z:=1 E(w,-)»wl._l). (Note that wikwi_l
depends only on the image of w; in Wy/ Staby, (1) by (1).)

Proof. Take & € X,.(S) such that A = £(w)~!. We have v(A) = &. Let w € W(1) and denote the image
of w in Wy by wo. Then we have wiw ™' = (wo&)(w)~!. Hence if wy stabilizes & = v(1), then w
stabilizes A. Obviously if w stabilizes A then wy stabilizes v(A).

By (1), Stabw1)(A) is the inverse image of Staby,(A). Therefore we have W(1)/ Staby )(X) =~
W/ Staby, (1). By the definition, we have zu =, (1), Stabw (1) () E(wiw~"'). Hence we get (2). O

Lemma 3.3. Let A, u € Ag(1) and assume that v()) and v(u) are in the same closed Weyl chamber. We
also assume that v(A) is regular. Then we have 7,2, = Zj .
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Proof. Take wy, ..., w, € W(1) such that the images of them in W gives a set of complete representatives
of Wy/ Staby, (v(1)). Then we have z,, = Zi E(wl-,uwi_l) by the above lemma. Let vy, ..., vs; be a set
of complete representatives of Wy = W(1)/A(1). Then we have z;, = Zj E(vikvfl). (Note that v(A) is
assumed to be regular.) Since v(}) is regular, for each i, there exists only one j; =1, ..., r such that
v; (v(A)) and wj, (v(w)) is in the same closed Weyl chamber. Hence we get

0 J # Jis

-1 -1
vt JEQojpan; ) = {E(vi)»vfleﬂwfl) J=1li
1 J :

Moreover, v(2) and v;” "w j;(v(p)) is in the same closed Weyl chamber. Since v(A) and v(u) are in
the same closed Weyl chamber by the assumption, we get v, "w ji(w(n)) = v(w). Therefore v;” Tw i

stabilizes v(u). As in the previous lemma, v;” Yw j: also stabilizes . Hence w j,-l/ij_il = Vi v; ' We get
) ) 0 P
E(v;Av, I)E(wj,uwj 1) = { 1 ] 7 J.l
EQ@iipv; ) J = ji.
Now we get
Gau= Y > E@ivy DEwipw;) =Y E@iiuv ).
i i

By the assumption, v(Auw) is regular and A € Ag(1). Hence the last term is z;,, by the above lemma. [J

Lemma 3.4. An H-module M is in C if and only if for some A € As(1) such that v(M) is regular, the
element z, is invertible on M.

Proof. Assume that there exists Ag € Ag(1) such that v(Xp) is regular and z;,, is invertible on M. Let
A € Ag(1) and we prove that A is also invertible on M. Replacing A with an element in the orbit through A,
we may assume that v(X) and v(Xg) are in the same closed Weyl chamber. Take a sufficiently large
n € 7~ such that v(kgk_l) is also in the same closed Weyl chamber as v(Ag). Set u = Agk_l. Then by
the above lemma, we have z,z;, = L = ZKO. By the assumption, zﬁo is invertible on M. Hence z; is
invertible, namely we have M € C. U

3B. Theorem. In the rest of this section, we prove the following:

Theorem 3.5. If M € C, then M — M ®y c-Indf, 1 is injective.

3C. Reductions. Define a subalgebra A of H by A = P, ) CE(X). Let M € C and set M’ =
Hom 4 (H, M).

Remark 3.6. The element z; is in the center of H and z, € A. Therefore the action of z; on M’ =
Hom 4(#H, M) is induced by that on M. Since M € C, z,, is invertible on M for any A € Ag(1). Hence
the action of z, on M’ is also invertible. Namely M’ € C.

Defining the action of X € H on M’ by (¢ X)(¥Y) = ¢(XY) for ¢ € Hom4(H, M) and Y € H, M’ is a
right #-module. The map m +— (X +— mX) gives an H-module embedding M < M’ and we have the



A comparison between pro-p lwahori-Hecke modules and mod p representations 1965
following commutative diagram:

M —— M ®j c-Indf ) 1

[ |

M —— M' @ c-Indf 1

Therefore, to prove Theorem 3.5, it is sufficient to prove that the map M’ — M’ ®y c—Ind?(l) 1 is injective.

Lemma 3.7. Any module M € C has a functorial decomposition M = € M, as an A-module such

that E(w) acts on My, by:

weWy

o Zero ifwflv(u) is not dominant.
o Invertible if w'v(w) is dominant.

Proof. Fix Ag € As(1) such that v(Xp) is regular dominant. Put 1, = nw)\on;] and set M,, = ME(A,).
Since Ay, € Ag(1) is central, E(A,,) is also central in A. Hence M, is an A-submodule.

We prove that A, is invertible on M,,. Since v(Xg) is regular, v(1,) and v(X1,) are not in the same
closed Weyl chamber if v # w. Therefore E(1,) E(Ay) =0. Hence My, E(A,) =0 if v # w. Therefore for
vew, ME () =mE(Ay). Hence if mE(Ay,) =0 then mz;, =0, hence m =0
since z,, is invertible. Therefore E(A,,) is injective on M,,. We also have that mzi(J =mEAy)zy, =

m € M,,, we have mz;, = >

mzy,E(Ay) =mkE (Aw)? since 25, commutes with E(X,,). (Recall that z,, is in the center of #.) Hence
m = myE (A,) where my = mz;OZE(kw) € M,,. Therefore E(A,) is surjective on M.

For v € A(1) such that w—!'(v(n)) is not dominant, v(x) and v(X,) are not in the same closed
Weyl chamber. Hence E (i) E (L) = 0. Therefore E(u) = 0 on M,,. On the other hand, assume that
w~ ' (v(w)) is dominant. Then v(u) and v(X,) are in the same closed Weyl chamber. Take sufficiently
large n € Z>¢ such that V(A’;M‘l) is also in the same closed Weyl chamber as v(u). Then we have
EM,)"=EMQ)) = E(Aﬁ}u_l)E(u). Since E()y) is invertible on M,,, E(u) is also invertible on M,,.

We prove M = @w Wo M,,. Since z,,, is invertible, any element in M can be written mz,, for some
m € M. We have mz;, = Y, ey, ME(\w) € ZweWo M,,. Hence M = ZweWO M,,. Let my, € M,, and
assume that ZweWO my, = 0. Then for each v € W, we have ZweWO myE (L) =0. Since my E(Ly) =0
for v # w, we have m, E(1,) = 0. Since the action of E(A,) on M, is invertible, m, = 0. Il

Since Homy(H, M) = @wewo
sufficient to prove that the homomorphism Hom 4 (H, M,,) — Hom4(H, M) Q@ c—Ind?(l) 1 is injective.

Hom 4 (H, M), to prove M’ — M’ Q@ c—Indf(l) 1 is injective, it is

Definition 3.8. Let M be an A-module. We say that supp M = w(A™ (1)) if and only if E(}) is:
e Zero if w™!(v(w)) is not dominant.
« Invertible if w="(v(n)) is dominant.

for any A € A(1). (Note that we do not define supp M itself.)

From the above discussions, to prove Theorem 3.5, it is sufficient to prove the following lemma.
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Lemma 3.9. Let M be an A-module such that supp M = w(A™ (1)) where w € Wy. Then Hom 4(H, M) —
Hom 4 (H, M) ® c—IndIG(l) 1 is injective.

We take a lift n,, of each w € Wy in W (1) such that ny,y, = ny Ry, if L(wiws) = L(w;) + £(w)).
Let M be an A-module and w € Wy. We define a new .A-module n,, M as follows. As a vector space,
nyM = M and the action of E(A) € A on n,M is the action of E(n;lknw) on M. This defines an
auto-equivalence of the category of A-modules. If supp M = v(A™ (1)), then suppn, M = wv(AT(1)).
With this notation, Lemma 3.9 is equivalent to the following.

Lemma 3.10. Let M be an A-module such that supp M = A+ (1). Then the map Hom 4(H, n,M) —
Hom 4(H, nyM) ® C—IndIG(l) 1 is injective.

3D. Reduction to w = wj for some J C A. For a subset J C A, let w; be the longest element in Wy ;.
We prove that we may assume w = w, for some J in Lemma 3.10.
We relate our M with modules studied in [Abe 2019a]. Consider the homomorphism A — C[A(1)]

defined by

+
EG) s {rk AeAT(D), (3-1)

0  otherwise.

We regard C[A(1)] as a right .A-module via this homomorphism. For w € Wy, we also have the .A-module
nywC[A(1)]. Then we consider the module

ny CIA(D] @4 H.

This is a (C[A(1)], H)-bimodule.
Let M be an A-module such that supp M = A1 (1). Then we define a structure of a right C[A(1)]-
module on M by

mt, ;o =mEG)E(R) ™

where A1, A, € AT(1) and m € M. (Since supp M = AT (1), E();) is invertible on M.) It is easy to see
that this definition is well-defined and define a structure of C[A(1)]-module. Then we have

M Qciaay hwCIAMD)] = nyM.

The isomorphisms are given by m ® f + mf from the left-hand side to the right-hand side and m - m ® 1
in the opposite direction. Therefore we have

nyM A H =M Qciany nyCIAD)] Q4 H.

For each w € Wy, set A, = {o € A | w(a) > 0}. Then by [Abe 2019a, Theorem 3.13], if Ay, = Ay,
we have

1, CTA(D] ® 4 H = 1y, CTA (D] @ 4 K.

Therefore we get (1) of the next lemma.
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Lemma 3.11. Let M be as in Lemma 3.10. If w, wy € Wy satisfies Ay, = Ay,, then we have:

(1) ny M@AH =ny,M 4 H.
(2) Hom 4 (H, ny, M) >~ Hom4(H, ny, M).

Proof. We have proved (1). We prove (2).

Let ¢ be an automorphism of # defined in [Vignéras 2016, Proposition 4.23] and ¢: H — H an
antiautomorphism defined by ¢(7T,) = T,,-1. (The linear map ¢ is an antihomomorphism by [Abe 2019a,
4.1].) Set f =to¢. Since {(E(A)) = E,, (A~") [Abe 2019a, Lemma 4.3] and ((E,, (1)) = (-1)P E())
[Vignéras 2016, Lemma 5.31], we have f(E(1)) = (—1)*®E ). In particular, f preserves A. It is
easy to see f 2(T,) =T, for any w € W(1). Hence f Zis identity.

For a left H-module N, we define a right #-module N/ by N/ = N as a vector space and the
action of X € 7 on N/ is the action of f(X) on N. Then m ® X — f(X) ® m gives an isomorphism
(NF @4H) ~H®sN.

For a right H-module or A-module L, set L* = Hom¢ (L, C). Then this is a left #-module or
A-module, respectively. Let M be as in the lemma. Since f(E(X)) = (—D*PER), we have
supp(ny, M*) =wi (AT (1)™") = wiwa (AT (1)). Hence (11, M*)/ =ny,,,, M’ for some A-module M’
such that supp M’ = A™(1). Since Ayw, = A\ (—wa(Ay,)), we also have Ay, = Ay,uw,. Hence
by (1), we get 1y, wy M’ @4 H = Ny, M’ @4 H. Therefore we get (ny, M*) @4 H 2= (ny, M*)) @4 H.
Applying (-)/ to the both sides and using (N/ @ 4 H)/ ~H®4 N, we get H @ 41y, M* = H Q g1y, M*.
Hence we have (H @ 4 1y, M*)* = (H ® 4 1y, M*)*.

Now we have

(H ® 4 N, M*)* = Home (H ® 4 1y, M*, C) ~ Hom 4 (H, nyy, M*).

Hence we have Hom 4 (H, ny,, M**) >~ Hom 4(#, n,, M**). We have an embedding M — M**. Let L be
the cokernel. Then supp L = A* (1) and we have an embedding L < L**. Therefore we have an exact
sequence 0 - M — M*™* — L** and it gives 0 — ny,, M — n,,, M** — n,,, L™ for i =1, 2. Hence we
get the following commutative diagram with exact rows:

0 0
Hom(H, ny, M) Hom 4 (H, ny,, M)

~ ~

Hom 4 (H, ny, M**) —— Hom 4(H, ny, M**)

v ~

Hom 4 (H, ny, L*) Hom 4 (H, ny, L™).

~

We have Hom 4 (H, ny, M) >~ Hom A (H, ny, M). Il
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For given w € W, set J = A\ A,,. Then we have A,,, = A\ J = A,,. Therefore, to prove Lemma 3.10,
we may assume that w = wy for some J C A.

3E. Reduction to w = wy. Set

Av= @ CEMCA (3-2)

rew(AT(1))

Lemma 3.12. Let M be an A-module such that supp M = w(A ™ (1)). Then we have Hom 4(H, M) =>
Homyu, (H, M).
Proof. Let ¢: H — M be an A, -module homomorphism and we prove that ¢ is A-equivariant. Fix
X0 € A(1) such that w=!(v(Ag)) is dominant and regular. Since supp M = w(A (1)), E(X) is invertible
on M. For v € A(1) such that w™!'(v(w)) is not dominant, we have E (u)E (o) = 0. Hence for X € H,
we have o(XE () = E(ho) '@ (XE()E(Xg)) = 0. Since E(u) =0 on n,M, E(u)e(X) = 0. Hence
we get o(XE(un)) =0= E(un)e(X). Therefore ¢ is .A-equivariant. Il

For later use, we also prove the following.

Lemma 3.13. Let M be an A-module such that supp M = w(AT(1)). Then M @ 4, H => M @ 4 H.
Proof. Letm e M and X € H. We prove mE(M) @ X =m @ E(A)X in M ® 4, H for any A € A(1). This
is true if w—!(v(X)) is dominant.

Assume that w!'(v(1)) is not dominant and take Ay € A(1) such that w™!'(v(X¢)) is dominant and
v(A), v(Xg) are not in the same chamber. Then we have E (1g) E (L) = 0. Note that E()¢) is invertible on
M since supp M = w(A™(1)). Hence m @ E(A) X = mE ()~ ® E(Lo)E(A)X = 0. On the other hand,
E(A) =0 on M, again by supp M = w(A™(1)). Hence mE (1) ® X = 0. We get the lemma. Il

An element E(A) belongs to:

o Ay if (v(A), w(a)) >0forany o € =T,

o j7FH;NAY)If (v(A), @) >0 foranyx € T\ Z7.

(The second one follows from the following fact: a basis of #; N .A; is given by {E 7(1)} where A runs
through as above [Abe 2019a, Lemma 4.2] and j;*(E 7 (1)) = E(}) for such A [Abe 2019b, Lemma 2.6].)
Since wy(EF) =X, U(ET\ ) D ET\ 7, we have A, C j;*(H; NAY).

Let M be an .A-module. From the above argument, we have
HOmAwJ (Hv nw_/ M) :HOmAw] (H®J‘7*(’H;)J;*(H;)9 nw/ M) ~ Hom(’}[;’];*) (Hv HOmAwJ (H; ’ nwj M))
Since j]*(’H; NAy) contains A, we have Ay, — H; N A; < A;. More precisely, Ay, — Aju,
via E(\) = E’(A). (If E(A) € A,,, then w}l (v(A)) is dominant with respect to A, hence it is also
dominant with respect to J. Therefore EY (1) € Aj.4,.)

Lemma 3.14. We regard A,,, as a subalgebra of A; via the above embedding. Let M be an A-module

such that supp M = A1 (1). Then n,, M is uniquely extended to A, namely there exists a unique
Ay-module My such that supp M; = AT (1) and ny,, Myl a,, =nw,Mla,,.
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Proof. First we prove that n,,, M is uniquely extended to A; ,,,. Take Ag € Ag(1) such that:

e (V(h),a)=0foralla e =7.

e (V(Ao), &) >0foralla € T\ X7.

Note that w;(£7) = £ and w; (X7 \ £}) = £7\ =F. Hence we have A9 € w;(AT(1)), E’ (Ao) is
central in A; ,,, (since Ao € Ag(1) is central in A(1)) and E 7 (o) is invertible by the first condition
and Remark 2.1. The embedding A,,, < A, ,, induces A,,,[E (o) 11— A J.w,;- We prove that this
is surjective. Let E/(u) € Ajw,. Then we have (wy(v(u)), o) > 0 for any o € Z}“. Therefore, for
sufficiently large n € Z.¢, we have Aju € wy(AT(1)). The elements v(Ag) and v(u) are in the same
closed Weyl chamber w;v(A™ (1)) with respect to J. Hence EJ()»S)E]([L) = EJ(AS;L) which is in the
image of A,,, < A ,,. Therefore A, [E (h) 11— A J,w, 18 surjective. Now we get the lemma since
E()o) is invertible on n,,, M. (Recall that suppn,,, M = w,; (A1 (1)) and 1o € w; (AT (1)).)

So we have the extension Ny of ny, M to Aj;,,,. Define the action of E J(X) on Ny by zero for
A€ A1)\ wys(AT(1);). Then Ny is an A;-module such that supp N; = w; (AT (1)) which is desired.
From the definition of the support, this is the only way to extend the module N; to A;. We get the
lemma. (|

Take M as in the lemma. We have

Homy, (H,nw, M) :Hom(H;’j;*) (H,Homy,, (H;,nw,M))= Hom(H;,j;*) (H,Homy, (H;,nw,My)).

Lemma 3.15. The homomorphisms
Homy, (H;, nw,M;) — Homy, (H;, nw,M;) — Homy, (H;, ny,M;)

are both isomorphisms.

Proof. The first is an isomorphism by an argument similar to the proof of Lemma 3.12.
Take Ao € A(1) such that:

e o€ Z(W;(1)).
e (v(ho),a) >0forany @ € T\ Z7.

Then H; = H;[EJ(AO)_I] [Abe 2019b, Proposition 2.5]. Since E’(A) is invertible in Ay, it is also
invertible on n,,, M;. (Note that n,,,M; is an A;-module.) Hence the second homomorphism is an
isomorphism. U

Therefore we get
Hom(H, ny, M) =~ Hom(H;’jJ—*)(H, Homyu, (Hj, ny, My)).

Lemma 3.16. Let X be an Hj-module and assume that X — X Q3 c—Indf(Jl)j 1 is injective. Then
Y —>YQ®y C—Ind?(l) 1 is also injective for Y = Hom(H;’j;*)(’H, X).
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Therefore for the proof of Lemma 3.10, it is sufficient to prove that
Homy, (", ny,My) — Homyu,(Hy, ny, M) @, C-Indlf(Jl)J 1

is injective, namely we may assume that w = wx.

Proof. Set J' = —wa(J) and put n = ny,, ny,. Then I — nin~! gives an isomorphism L; — L and
sends I(1); to I(1)y. Therefore it induces an isomorphism H; — H ;. Define an Hj-module X’
as the pull-back of X by this isomorphism (see [Abe 2019a]). Then X — X ®, c—Indf(’l)J 1 induces
X' — X'®y, C—Indf(’{)]/ 1 and the latter map is also injective. By [Abe 2019a, Proposition 4.15], we have
Y~ X ®(’H,/,j;’,) ‘H. By [Vignéras 2015, Proposition 4.1], the functor (-) ®(Hj,,jj,) H is exact. Hence,

using the assumption in the lemma, the map
Y= X' ®uy 10 H— (X' ®y,c-Ind”, DIVre. . o H
- My Hyr OV Hyiy)

is injective. By [Ollivier and Vignéras 2018, Proposition 4.4]

Ly , Ly
(X' @y, c-Ind; ) DI ®qez,. 5 M = (Indp, (X' @y, c-Indj, 1)'®,
In particular,
L , L,
(X' @, c-Ind, ) 1D ®t, o) H = Indp, (X' ®,, c-Ind /) 1)

is injective. Finally, by [Ollivier and Vignéras 2018, Corollary 4.7],
Indp, (X' ®4, c-Indf(fl’)J, 1)~ Y ® c-Indf, 1.
Combining all of these, we conclude the lemma. g
3F. Some more reductions. By the definition of HE, ‘H, and [Abe 2019b, Lemma 2.6], we have:
JEHME = Au, and  j5T(Hg) = A

See the argument in Section 3E. By these identities, we regard A; and A,,, as a subalgebra of Hgy = Ag.

Let M be an A-module such that supp M = A" (1). By Lemma 3.12, we have Hom 4 (H, ny,, M) ~
Homy,, (H,ny,M). By Lemma 3.14, there exists an Ag-module Mg such that M|4, =~ Mg|4,. Itis
easy to see that nwAMlAwA ~ ”wAM@|AwA- We have

HomA(H7 nwA M) x Hom(Hg,Jg)(H, l’lwAM@)

o~ Hom(H%JE)(H, M) [Abe 2019b, Proposition 4.13]
~ My ®(H5,J-§*) H [Abe 2019b, Corollary 4.19]
— M® H. (o " (Mz) = A))

By Lemma 3.13, we have M ® 4, H > M ® 4 H. Hence we get the following lemma:
Lemma 3.17. We have Hom 4 (H, ny,, M) >~ M ® o H for any A-module M such that supp M = AT (1)
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Therefore, to prove Lemma 3.10, hence Theorem 3.5, it is sufficient to prove the following.

Lemma 3.18. Let M be an A-module such that supp M = A*(1). Then M @ 4 H — M @ 4 C—Indf(l) 1is
injective.

The group algebra C[Z,] is a subalgebra of A via the map ¢t +— T, = E(¢) fort € Z,.. Let 2K denote
the set of characters of Z,. Since the order of Z, is prime to p, M is semisimple as a C[Z, ]-module. Let
VveZcandset My ={meM |mT; =y (t)m (t € Z,)}. Since Z, is normal in A (1), the conjugate action of
A (1) on Z, induces the action on ZK. The formula E(A)T; = T;,,-1 E(A) implies that My E(A) C M, -1y,).
For an orbit w of this action in ZK, we put M, = @w co My . Then M, is stable under the A-action and
we have M = @ M,,. Therefore we may assume that M = M,, for some w to prove Lemma 3.18.

Let o € A and consider the image of Z ﬂLia} in A(1). We denote this subgroup by A/, (1). Consider the
following condition: v is trivial on Z, N A[,(1). Since Z, N A, (1) is normal in A(1), fort € Z, N A, (1)
and A € A(1), we have (Ay)(¢) = ¥ (A~'tA) = 1 if ¥ satisfies this condition. Hence this condition only
depends on A (1)-orbit.

We start to prove Lemma 3.19 by induction on dim(G). Assume that w is a A(1)-orbit in ZK. First
we assume that there exists « € A such that ¢ is not trivial on Z, N A[,(1) for some (equivalently any)
Y € w. Then by [Abe 2019a, Theorem 3.13], we have M @ 4 H >~ ns, M @ 4 H.

We prove that in this case the lemma follows from that for a Levi subgroup. The argument is similar to
that in Section 3E. Set J = A\ {«}. Then we have ng, M @ A H >~ ny,uw, M ® 4 H by Lemma 3.11. By
Lemma 3.13, we have ny,uw, M @4 H =~ ny,w,M Qa4,,,, H. As in the argument in Section 3E using
[Abe 2019b, Lemma 2.6], we have j;r (H}r) D Ay, w, - Therefore we have

nwijM R H >~ (nwijM XA ’H‘—}_) ®(Hy,j;) H.

WAW g WAW g

By the same argument of the proof of Lemma 3.14, there exists an .A;-module M such that
Nuwsw; Myl 4y, =Nwsw, Mla,,,, and  supp My =A"(1);.
By a similar argument of the proof of Lemma 3.15, the homomorphisms
Mwaw; M1 @y, T = Mg, My @A, 0, Hi = Nuwgw, My @4, My
are isomorphisms. Now by inductive hypothesis, the homomorphism
M, My @4, Hy = (Mugw, My ® 4, Hp) @3y, c-Indpf) 1

is injective. By the argument in the proof of Lemma 3.16, this implies that for ¥ = (ny,,u, M; ® 4,

H) et jr) M= 1wsw, M @4 ‘H, the homomorphism

quUJJ
Y > Y Q®y c-IndIG(l) 1
is injective. Hence we get the lemma for M.

Therefore we may assume that there is no such «. Hence it is sufficient to prove the following to prove
Lemma 3.18.
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Lemma 3.19. Let M be an A-module such that supp(M) = A+ (1) and Z, N A, (1) acts trivially on M
forallo e A. Then M @ 4 H — M Q4 c—Ind?(l) 1 is injective.

We prove this lemma in Section 3J.

3G. Hecke modules. As discussed in 3D, we have the following
M QaH =M Qciay (CIAMD]I®AH),

We decompose this module along the action of Z,.

Set CIA(D) ]y ={f e CIAM] | f =y (@) f (t € Z,)} and for a A(1)-stable subset w C ZK we put
C[A(D], = @wew C[A(1)]y. From the definition, it is obvious that C[A(1)],, is invariant under the
right action of C[A(1)].

Lemma 3.20. We have C[A(1)], = @wew{f eCIAM]| fu=yv@)f (t e Z)}.

Proof. Let ¥ € w, f € C[A(1)]y and we write f = ZAeA(l) ¢, Ty where ¢, € C. Set

e=#Z;'Y Y1) 't € ClZ].

teZ,

Then ef = f and et, = Y (t)e for each t € Z,. We have et) 1, = et ;-1 T) = (A‘lxﬁ)(t)er,\. Since
L~ € w, we get the lemma. 0

Therefore C[A(1)],, is a two-sided ideal of C[A(1)]. Using Z,-action, some objects appearing here
are decomposed. Here is a list:

e CIA(D)]=C[A(]D)]y x C[A(l)]ZK\a) as C-algebras.
e A=A, x AZK\ , as C-algebras with the obvious notation.
e The homomorphism (3-1) induces A, — C[A(1)], and AZK\w — C[A(l)]ik\w-

Let M be an A-module such that supp M = A™ (1) and M = M,, (see Section 3F). Then as in Section 3D,
M is a C[A(1)]-module and this action factors through C[A(1)] — C[A(1)],. Hence we have

MAH=MQciam), (CIAD)]y @4 H) (3-3)

n

In [Abe 2019a, Section 3], it is proved that, for any w € Wp, I® 1+ 1®7T,"  givesa (C[A(D], H)-
bimodule homomorphism :

nyCIAM]®4H — 1y, CIAMD] @4 H

which is injective [loc. cit., Proposition 3.12]. The homomorphism is compatible with the decomposition
nyCIA()]Q4H 2an[A(l)]w(X)A”H@nwC[A(l)]zk\w@)A’H. Hence we get the (C[A(1)], H)-bimodule
homomorphism

nywClIA(D)]w ®4H — 1y, CIA(D], ®aH (3-4)
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which is again injective. By [loc. cit., Theorem 3.13], the image of this homomorphism only depends
on A,. Let X; be the image of this homomorphism where J = A,,. This is a (C[A(1)],, .A)-module.
We have M @ q H >~ M QRc[a(D], X by (3-3).

Lemma 3.21. IfJ' D J, then X; C X}.

Proof. Note that A, ,,, = J. Hence, by definition, X ; isa (C[A(1)], H)-submodule in n,,, C[A(1)|Q@ 4 H
generated by 1 ® T K If J' > J, then

Nwawjyw

Lwawgwywa) =L(wywy) =L(wy) —L(wy) = L(wawywa) —L(waw wa).

Hence T =T T; . Therefore 1 ® T, € X;. Since X is generated by
lUAH}J/lUA lL’AM)JH}A M)AlUJwJ/IUA lL’AwJ/lL’A
1® Tn*wwj/m, we have X, C X . O

Lemma 3.22. X; €(C.

Proof. Take A € Ag(1) such that v()) is regular dominant. Then we have z;, = ZveWO E(nv)\ngl)
by Lemma 3.2. Let f ® X € X ;. Then, since z, is in the center, we have (f ® X)z; = f Q23X =
f®ZveW0 E(nvknljl)X =fru®Xinn,,C[A()],®4H. Since f — f, is invertible, z, is invertible
on X,. O

Note that n,,, C[A(1)]p, ® 4 H = 1y, C[AD)]n @A, ‘H [Abe 2019a, Proposition 3.12]. Hence
Xog=ny,,C[AD)], ®(Hg’jg) ‘H. This is a parabolically induced module [Vignéras 2015]. By [loc. cit.,
Example 3.2, Lemma 3.6], we have n,,, C[A(1)], 4 H = @wewo ny,CIA(D]y ® Ty, Since T, €
To, + > y-w ClZ1T,,, we have n,,, C[A(1)], ® 4 H = @wewo ny, C[A(D)], ® T,;'j“.

Set Yy, =ny,C[A(D)], ® T, C Xz. Then the subspace Y, is the image of n,,C[A(1)], ® 1 by the
injective homomorphism (3-4). In particular, Y,, is A-stable and isomorphic to n, C[A(1)],. We have
Xe=6, ew, Yw- This is the decomposition in Lemma 3.7. By the functoriality of the decomposition,
we have X; = @wEWO(XJ NYy).

3H. Representations of G. Let w be a A(1)-orbit in Z, such that for any o € A,  is trivial on Z, NA/, (1)
for some (equivalently any) i € w. Recall that we have fixed a special parahoric subgroup K. Irreducible
representations V of K are parametrized by a pair (¢, J) where v is a character of Z, and J a certain
subset of A. Here for V, i and J are given by the following: v ~ VI and Wo.s = StabWO(VI(l)). Note
that by the assumption on w, (v, J) gives a parameter for any ¥ € w and J C A [Abe et al. 2017, I11.8].
Let Vi, ; be the irreducible representation of K which corresponds to (¢, J) and put V; =, ¢, Vy-1.s-
In the rest of this paper, we fix a basis of VI;(_I.)’ ; foreach ¢ and J.

Lemma 3.23. (1) The Hecke algebra Endy (C—Ind%m K VJI(I)) is isomorphic to C[A(1)],.

(2) We have the Satake homomorphism

I

Endg (c-Ind$ V) <> Endz(c-Ind% ., V") ~ C[A ()],

and its image is C[AT(1)],.
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Proof. Let H(Yr” L 23 1 is the space of functions ¢ : Z — C such that supp ¢ is compact and @ (#1z2f;) =
wfl(tl)go(z)l//{l(tz) forany z € Z and 11,1, € ZN K. Since VJI(I) i~ @wew v~ !, a standard argument
for Hecke algebras implies

Endz(Ind%. V;") >~ @ Homz(c-ndZ g v ' c-Indsng vy > @ HEu ' vy h.
Vi,¥2€0 Y1,¥2€0
This space is a subalgebra of 7z where 7 is the functions ¢ on Z which is invariant under the left
(and equivalently right) multiplication by Z N I (1) and whose support is compact. The homomorphism
@ ZzeZ/(ZﬂK) ¢(2)1, gives an isomorphism Hz >~ C[A(1)]. As a subspace of both sides, it is easy to
see that we get the desired isomorphism.
The Satake transform

Homg(c—Indg Vyia c-Indg Vy,.7) — Homz(c-IndZ% 4 1//1_1, c-Ind% l//z_l)

is defined in [Henniart and Vignéras 2012, 2] and the image is described in [Abe et al. 2018b, Theorem 1.1].
O

Remark 3.24. In the identification (1) in the lemma, we need to fix an isomorphism VJI(]) ~ @w co vl
We use our fixed basis of V#ll) ; for this isomorphism.

By the lemma, C [AT(1)], acts on C—Indg V;. Define a representation ir; of G by
Ty = C[A(])]w ®C[A+(l)]w c-Indg Vj.

We prove 715(1) ~ Xj.

Recall that the H-module (c—Indg V' is described as follows. Let 7 be the Hecke algebra attached
to the pair (K, I1(1)). Then V JI T naturally a right Hs-module and the algebra Hs is a subalgebra of
‘H with a basis {Ty, | w € Wp(1)} where Wy (1) is the inverse image of Wy C W in W(1). Then we have
(c-Ind§ v,)!D ~ vV @, H [Vignéras 2017, Proposition 7.2].

Remark 3.25. In the argument below, we will use results in [Abe 2017]. In [loc. cit.], we study an
H¢-module denoted by n’ = EBw s Vé’(}). Using a similar argument in [loc. cit.] (or taking a direct

summand of results), results are also true for an H¢g-module V JI o8

We have an action of C[AT(1)],, on le(l) ®; H [loc. cit., Proposition 3.4] and the above isomorphism
(c-nd§ v)!® ~ vV @, H is C[AT(1)],-equivariant. (This can be proved by the same argument in
the proof of [loc. cit., Proposition 5.1].)

Lemma 3.26. Let A be a ring and S C A be a multiplicative subset of the center of A. Then for a smooth
A[G-module v, we have (S~ 'm)! () ~ §=17 1),

Proof. Both sides can be regarded as a subspace of S~!7. Any elementin S~'7z/( is I (1)-invariant, hence
STl c (S71a)! D Letv/s € (S~'7)!) wherevew ands € S. Let g1, ..., g, be a representatives
of I1(1)/Stab;1y(v). Since v/s is g;-invariant, there exists s; € S such that s;(g;v — v) = 0. Therefore
s1-+-sp(giv —v) = 0. Set v' = s1---s,v. Then for any g € I(1) there exists i and g’ € Stab;(1)(v)
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such that g = g;g’. Hence gv' = s1---5,(gig'v) = s1---s,v = v'. Therefore v/ € 7'M Hence
v/s =v'/(ss1---8,) € ST, O

Therefore we have
71 ~ CIA(M)y @cia+ay, V)" @, H.

By [Abe 2017, Proposition 3.9], we have
Vi @ H 2 Iy g, CIAY ()] @ 4 H = Mg, CLA(D) ] @ 4 H).

Hence we have an isomorphism C[A(1)], ®cia+), VJI(]) ®u; H > X ;. Therefore n;(l) ~Xj.

I(1)
J

We get an embedding X ; >~ ;" ' < m;. Hence there exists a homomorphism X ; ® c-IndIG(l) 1—m7y.

Let J = A and applying M ®c(a (1)) to
Xa— XaA®y c—Indf(l) 1— 7a
and using M ®cia)y Xa =M Q@4 H (3-3), we get
MQcian Xa=2MQuH—> M4 c—Ind?(l) 1— M Qciam)a.

Hence for Lemma 3.19, it is sufficient to prove that M Qcia1)) Xa — M Qciaq)) Ta 1s injective.

We have an isomorphism g =~ Indg (c-Ind%m I'e VJI(I) ) [Henniart and Vignéras 2012, Theorem 1.2].
(To be precisely, the direct sum of a result in [loc. cit., Theorem 1.2].) An injective embedding
Ty —> Indg (C—Ind%m K le(l)) ™~ 75 was given in [loc. cit., Definition 2.1]. Hence we have a diagram of
(C[A(1)], H)-bimodules

X; — Xz

|

Ty — Ty.
When J =&, X; — X4 and m; — 7y are both identities. Hence this diagram is commutative.
Lemma 3.27. This diagram is commutative for any J.

Proof. Fix ¥ ~! € w. It is sufficient to prove that the following diagram is commutative:

V,) @ H ———— nu, CIA(D]y ®4H

| l (3-5)

(C—Indg waj)l(l) SN Indg(C—Indng V‘;%))I(l).

i

Note that this diagram is commutative when J = &.

Let vy € Vl;f}) be our fixed basis. Define ¢; € (c—Indg Vw,])’(l) by suppe; = K and ¢, (1) = vy.
Then the #H-module map Vl/if}) Qu, H — c—Indg(Vw, J) is given by vo ® 1 — ¢;. Define fy €
IndS (c-IndZ V;'S) D by supp fo = Bny, (1), supp fo(ny!) = ZNK and fo(ny;!)(1) = vo. Then
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the function corresponding to ¢y under c-Ind$ Vy — Indg (c-Ind%x Vé(l)) is foTy,, [Abeetal. 2017,
IV.9 Proposition].

Setw=wpawy. Then X;=n,C[A(1)],R4H. The homomorphism V I )®MH —ny C[A(D) ]y ®aH
isgivenby vy ® 1 — 1®1T,, [Abe 2017, Lemmas 3.8 and 3.10].

I(l)

Consider the case of J = &. Then the image of vo® 1 € V,, 7 @y, H under

V) @ H— (c-Ind§ Vi)' D — IndS (c-IndZ v, ) D
is

v ® 1= ¢z foly

wA "

On the other hand, the image of vy ® 1 € Vl(l) ® Hinny,,C[AD]y QuHis1® T,,- As remarked
before the lemma, (3-5) is commutative when J = @. Hence the homomorphism n,,, C[A(1)]y @ 4 H —
Indg (c—Ind%m K VI/{,%))I M sends 1®anA to fo anA. Take A from the center of A (1) such that (o, v(1)) <0
for any « € 1. Then by [Abe 2019b, Lemma 2.17], £(ny,, 1) = £(1) — £(n,,,). Hence by [Vignéras
2016, Theorem 5.25, Example 5.32], T,,,, E(n,. ) = E(3). Therefore 1® T, E(n,i2) =10 E(A) =
Tl A, ®1. On the other hand, fyT, g E(n;i)») = foE(\) =Tyl foby[ Abe etal. 2017, IV.10 Propo-
sition]. Hence the homomorphism 7,,, C[A(1)]y ® 4 H — Indg(c Ind%m 1(1))1(1) sends 7,1 1 At ®1

fo Therefore 1 ® 1 sends to fj.
1 (1)

to TnEIA Ay,

Leta = vo ®1 eV, ; ®u H and we consider the image of a in IndG (c-Ind%x VI;%))I 1 in the two
ways. The image of a in n,,,C[A(D)]y Q4 His 1T T, by [Abe 2017, Proposition 3.11] and

WA W

the definition of X; — Xg. Therefore the image of a under V,, ( ) 7 ®u H —> ny,C[A(D]y Q4 H —
IndG(c Ind% VI(I)) is foT* T,

By [Abe et al. 2017, IV.9 Proposmon] (for J = A), we have foT* ol = > v<wyw-1 JoTn,. Since

waw ' = wawgwa, {ve Wy |v<waw !} = wa Wy, jwa. Hence
fO nw_ z : fO Nwavwa nwAw,
UEW/()
We have

Lwavwa -wawy) =L(wavwy) =L(wa) —L(vwy) =L(wa) —L(wy) +L€(V) =L(wawy) +L(wavwa).

Hence 7,

Ny AVWA

T,

nwAlUJ

=T,

nwAUw

Therefore, replacing v with vwy, we get foT," L TL,= ZveW, o fo anAv'
'IIJAU)

This is the image of ¢; in IndG (c- IndZm K 1(1)) by [Abe et al. 2017, IV.7 Corollary]. Hence the diagram
(3-5) is commutative if we start with a. Since the element a generates V ( ) 7 ®#; H as an H-module, the

diagram (3-5) is commutative. 0

Therefore we may regard r; and X ; as a subspace of my. We have mgy =~ IndG (c- Ind 70K Vm)) By
the same argument in the proof of Lemma 3.23, we have c- IndZm K Vl(l) ~C [A(l)]w Here again we use
our fixed basis. Hence we have gy >~ Indg [A(1)],. We identify 7; with the image in Indg CI[A(D)],.
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Remark 3.28. By [Abe et al. 2017, IV.7 Proposition] and the decomposition G = Uwewo Bn,I(1)
implies that (Ind% C[A(1)],)' " = @,,cw, CIAMD]w foTn,- Since X = B,ep, CIAMD]L ® T, (see
after the proof of Lemma 3.22) and X5 — 7 sends 1 ® 1 to fy (see the proof of the previous lemma),
we have Xy >~ né(l). Note that supp fo7,, = EnwAwI(l) [Abe et al. 2017, IV.7 Proposition].

31. Filtrations. As in the previous subsection, let w be a A (1)-orbit in 2K such that, for some (equivalently
any) ¥ € , ¥ is trivial on Z, N A, (1) for any o € A. In this subsection, we use the following notation:
for A C Wo, BAB =4 BnyB.

For a subset A C Wy which is open (namely, if v; € Wy, v € A and v; > v, then v; € A), we put

o4 =1{f € Ind? C[A(1)]y | supp f C BAB}.

We also put
Xo4 =P nu,CIADIRT,, .

vEA

Lemma 3.29. Let h € Xg. Then h € Xg 4 if and only if its image in nwy is in w1z 4. Namely we have
ngA = X@ mﬂ@yA.

Proof. Let H € m4 be the image of 4. By the description of X5 — my (see Remark 3.28), h € X 4 if
and only if supp H C BAI(1). For each v € A, we have

BvI(1)=Bv(I(H)Nv 'Bu)I(1)Nv~'Bv) = BvI(1)Nv 'Bv) Cc BBv C U Bv'B C BAB.
v'>v
Here we use [Abe 2012, Lemma 2.4]. Hence if h € Xz 4 then H € 1z 4.
Assume that H € 4 and supp(H) N BvI(1) # @& for v € Wy. Since H is I (1)-invariant, we have
H (v) # 0. Therefore v € A. Hence supp(H) C |J BvI(1). We gethe Xga. Il

veEA
Set Xja=X;NXgaandwy 4 =7y N7y 4. Let w € A be a minimal element and put A’ = A\ {w}.
Then we have an embedding

Xa A/ XA A > A A/TA A -

For each o € A, take a lift a, € A, (1) of a generator of A/, (1)/(Z,NA/,(1)) such that (v(ay), o) >0 [Abe
et al. 2017, 111.4].

The element #ZK_1 Zwew ZteZK w(t)_lraat is in C[A(1)], and does not depend on a choice of a lift
(recall that v is trivial on Z, N A[,(1)). We denote it by 7. Set ¢,y = nurl(a)>0(1 —Ty). Then as in [Abe
et al. 2017, V.8 Proposition], we have

TAA/TA A =Cop(Tz A/TTz 7). (3-6)

The space 7y 4 /7w, 4 can be identified with the space of compactly supported functions on B\ Bw B
with values in C[A(1)],, which is isomorphic to C2°(B\BwB) ®c C[A(1)],, where C2°(B\BwB) is
the space of locally constant compact support functions on B\ Bw B with values in C. Hence it is free as
C[A(1)],-module. By the following lemma and (3-6), wa_a/7a 4 is also free.
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Lemma 3.30. The element ¢, € C[A(1)],, is not a zero divisor.
Proof. The same proof in [Abe 2019a, Lemma 3.10] can apply. (|
Lemma 3.31. We have XA,A/XA,A/ = Cy (X@,A/X@,A/).

Proof. Since Xp 4 =7a 4N Xz 4, We have

Xaa/Xan=maa/manNXga/Xon

and the right-hand side is

Cw(JT@,A/T[@,A’) N X@,A/X@,A’-

Let H be in this set. Since wgy 4/7mz 4 is a free C[A(1)],-module, the exact sequence 0 — g 4» —
Mg A — Ty A/Tz o — 0 splits. Hence mg >~ g 4 @ (Wz, a/7z 4’). Therefore ¢z 4 >~ cytz ar @
cw(Tz a/7z a). Hence ¢y (g a /T a) = (cwTe. 4)/(cwTz ar). Hence there exists H' € g 4 such that
H is the image of ¢, H'. Since H € XA 4/ Xa a', there exists h € X 4 such that ¢,, H — h is zero in
XA, 4/ XA 4. In particular it is zero in ¢ (g 4 /T a’) = (Cy Tz 4)/(CwTz, a’). Therefore there exists
H" €y a suchthat e, H' —h=c,, H". Replacing H' with H'— H”, we may assume c¢,, H' € X 4. Recall
that H' is a function with values in C[A(1)],. Since the element c,, is not a zero divisor in C[A(1)],,
cwH' € my 4 implies H' € 7y 4. Since ¢, H' € Xy, ¢y H' is I(1)-invariant. Hence H' is also I(1)-
invariant, again since ¢, is not a zero divisor. Therefore H' € né(l) =Xg. Hence H' € XgNmig a4 = X 4.
Therefore H € ¢,,(Xz 4/ X, 4). The reverse inclusion ¢, (g 4 /7Tz 4) Xz a/ Xz 4 Dew(Xo.a/ Xz 47)
is obvious. We get the lemma. U

3J. Proof of Lemma 3.19. Let A, A’, w be as in the previous subsection.
Lemma 3.32. The exact sequences of C[A(1)],-modules

O—=>maa—=>maa—>maa/man—>0 and 0— XaA a4 — Xaa—> Xaa/Xaa—0
split.
Proof. By (3-6) and from the fact that g 4 /7 4 is free, ma _a/ma 4 1s also free. Hence the first exact
sequence splits. Using Lemma 3.31, the same argument can apply for the second sequence. O
Lemma 3.33. The inclusion Xa a/ XA a7 — 7T a/TA A has a section as C[A(1)],-modules.

Proof. First we construct a section of Xg 4/ Xz o’ = g, a/7z 4. Recall that X4 4 = néfz). Note that
Xz.a/ Xz a4 >~ C[A(1)], and the section is given by f + f(w). For H € 4 4, consider H' € 7 4
which is I(1)-invariant, supp(H') = BvI(1) and H'(v) = H(v). Then H — H’ gives a section of
Xz A/ Xz 40 = Tp.A/Te, 4. Multiplying ¢, and using (3-6), Lemma 3.31, we get a section of the
C[A(1)],-module homomorphism XA 4/ XA a7 = Ta A/TTA A O

Proof of Lemma 3.19. Set ﬂﬁ/[ =M Qciam), Ta,A and XIIXI =M ®ciam), Xa.A- Then by Lemma 3.32,
n% and Xi‘{, are a subspaces of nﬁ/[ and XY respectively. By Lemma 3.33, Xf([/XfXI, — 712’1/71% is
injective.
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We prove that X f{’ -7 A” is injective by induction on #A. We have the following diagram

0 > XM y XM —— XM/ x¥% —— 0

0 > y ot —— gllmll —— 0.
The homomorphism X% — 74 is injective by inductive hypothesis and X%/ X% — 7 /=i is injective
as we have seen. Hence X % — nﬁ” is injective. Setting A = Wy, we get the lemma. |

4. Theorem
Let Cr be the full subcategory of C consisting of finite-dimensional modules. Note that this category is
closed under submodules, quotients and extensions.
Theorem 4.1. Let M € Cy. Then (M ®, ¢-Indf;) '™V ~ M.

Proof. The theorem is true for simple M by [Abe 2019a, main theorem; Abe et al. 2018a, Theorem 4.17
and Theorem 5.11]. We prove the theorem by induction on dim(M).
Assume that M is not simple and let M’ be a proper nonzero submodule of M. Let

7 =Ker(M' @y C—Ind?(l) 1> MQ®y C—Ind?(l) 1).
By Theorem 3.5, M — (M ®3 c-Ind;, 1)’V is injective. Then we have

0 s gl > (M' @3y c-Indf ), DD —— (M @, c-Indf;) 1D
M’ < s M.

Hence /() = 0. Since 1(1) is a pro-p group, m = 0. Hence M’ ® C—Indf(l) 1> M@y c—IndIG(l) 1is
injective. Set M” = M /M’. Then we have a commutative diagram

0 0

v ~

(M’ @3 c-Ind§ ), DD «—— M’

v ~N

(M @3 c-Indf ) DD «—— M

v ~

(M" @3 c-Indf;, D!V «—— M”

~N

0

with exact columns. Therefore M — (M ®y c—Ind?(l) 1)’D is isomorphic. O
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Corollary 4.2. Let Cg 1 be the category of representations of G consisting of the following objects:
e Has a finite length.
o Any irreducible subquotient is a subquotient of Indg o for a irreducible representation o of Z.

o Is generated by I (1)-invariants.
Then C; ~ Cg 1. The equivalence is given by m — ' and M +— M @y c—Ind?(l) M.

Proof. By the classification theorem in [Abe et al. 2017] and [Abe et al. 2018a, Theorem 5.11], if w € Cg ¢
is irreducible, then /(M € C;. Hence, by induction on the length, if = € Cg ¢ then 7lM e ;.

Let 7 € C.r and we prove that /(") @, ¢-Indf;) 1 — 7 is an isomorphism. The homomorphism is
surjective since 7 is generated by 77/, Let 7’ be the kernel. Then we have an exact sequence

0— (7)'V 5 (7D gy c—Indf(l) HIW 5 7D

and the last map is isomorphism by the theorem. Hence (')’ = 0 and it implies 7' = 0. Therefore
the homomorphism is also injective. Combining with the previous theorem, we have proved the desired
equivalence of categories. U
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