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A probabilistic approach to systems of parameters
and Noether normalization

Juliette Bruce and Daniel Erman

We study systems of parameters over finite fields from a probabilistic perspective and use this to give the
first effective Noether normalization result over a finite field. Our central technique is an adaptation of
Poonen’s closed point sieve, where we sieve over higher dimensional subvarieties, and we express the
desired probabilities via a zeta function-like power series that enumerates higher dimensional varieties
instead of closed points. This also yields a new proof of a recent result of Gabber, Liu and Lorenzini (2015)
and Chinburg, Moret-Bailly, Pappas and Taylor (2017) on Noether normalizations of projective families
over the integers.

Given an n-dimensional projective scheme X € PP” over a field, Noether normalization says that we can
find homogeneous polynomials that induce a finite morphism X — P”. Such a morphism is determined
by a system of parameters, namely by choosing homogeneous polynomials fy, f1, ..., f, of degree d
where XNV (fo, fi1, ..., fu) =<. Such a system of polynomials fy, f1, ..., fn is a system of parameters
on the homogeneous coordinate ring of X. More generally, for k < n we say that fy, f1,..., fx are
parameters on X if

dmV(fo, fi, ..., fONX =dim X — (k+ 1).

By convention, the empty set has dimension —1.
Over an infinite field any generic choice of <n -+ 1 linear polynomials will automatically be parameters
on X. Over a finite field we can ask:

Questions 1.1. Let [, be a finite field and X C PﬁFq be an n-dimensional closed subscheme:

(1) What is the probability that a random choice fy, f1, ..., fr of polynomials of degree d will be
parameters on X?

(2) Can one effectively bound the degrees d for which such a finite morphism exists?

We will provide new insight into these questions by studying the distribution of systems of parameters
from both a geometric and probabilistic viewpoint.
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For the geometric side, we fix a field k and let S = k[xg, x1, ..., x,] be the coordinate ring of P We
write Sy for the vector space of degree d polynomials in §. In Section 4, we define a scheme % 4(X)
parametrizing collections that do not form parameters. The k-points of Z 4(X) are

Dr.a(X)(k) ={(fo, f1, ..., fr) that are not parameters on X} C Sy x --- X S4.
—_——

k+1 copies
We prove an elementary bound on the codimension of these closed subschemes of the affine space Sf“l.
Theorem 1.2. Let X C P} be an n-dimensional closed subscheme. We have:

= n—k+d .
codim Z 4(X) = {:g i) Zijz

This generalizes several results from the literature: the case k = n is a classical result about Chow
forms [Gelfand et al. 1994, 3.2.B]. For d = 1 and k < n, the bound is sharp, by a classical result about
determinantal varieties.! The bound for the case k = 0 appears in [Benoist 2011, Lemme 3.3]. If k < n,
then the codimension grows as d — oo and this factors into our asymptotic analysis over finite fields. It
also leads to a uniform convergence result that allows us to go from a finite field to Z.

For the probabilistic side, we work over a finite field F, and compute the asymptotic probability that
random polynomials fy, fi, ..., fx of degree d are parameters on X. The following result, which follows
from known results in the literature, shows that there is a bifurcation between the k = n and k < n cases,

reflecting Theorem 1.2.

Theorem 1.3 [Bucur and Kedlaya 2012; Poonen 2013]. Let X C [P’ﬁFq be an n-dimensional closed

subscheme. The asymptotic probability that random polynomials fy, f1, ..., fir of degree d are parameters
on X is
1 ifk <n,
lim Prob(fy, fi,..., fi of degree d are parameters on X) =
Jim (fo, f1 Ji of deg p ) {{X(n+1)_l ifk=n.

where {x () is the arithmetic zeta function of X.

The maximal case k = n follows from the k = m + 1 case of Bucur and Kedlaya [2012, Theorem 1.2]
(though they assume that X is smooth, their proof does not need that assumption when k =m + 1) and
is proven using Poonen’s closed point sieve. Moreover, the result in both cases could be derived from
a slight modification of [Poonen 2013, Proof of Theorem 2.1]. See also [Charles and Poonen 2016,
Corollary 1.4] for a similar result.

The main results in our paper stem from a deeper investigation of the cases where k < n, as the limiting
value of 1 is only the beginning of the story. In the following theorem, we use | Z| to denote the number of
irreducible components of a scheme Z, and we write dim Z = k if Z is equidimensional of dimension k.

ISee [Bruns and Vetter 1988, Theorem 2.5] for a modern statement and proof. That result has a complicated history, discussed
in [Bruns and Vetter 1988, Section 2.E], with some cases dating as far back as [Macaulay 1916, Section 53].
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Theorem 1.4. Let X C PﬁFq be a projective scheme of dimension n. Fix e and let k < n. The probability
that random polynomials fo, f1, ..., fr of degree d are parameters on X is

Prob<f0’ Si, ..., fx of degree d> =1—= Z (_1)IZI—lq—(k+1)h0(z,oZ(d)) +0(q_e(k+l)(n;/i-,td))‘

are parameters on X e
CXreduce

dim Z=n—k
deg Z<e

Theorem 1.4 illustrates that the probability of finding a sequence fy, f1, ..., fi of parameters on X
is intimately tied to the codimension k£ geometry of X. Note that, by basic properties of the Hilbert
polynomial, as d — oo we have

deg(Z)
(n—k)!

n—k+d

h(Z, 0z(d)) =
n—k

d"* 4o = deg(Z)( >+0(d”_k).

It follows that the term q_(k+1)h0(z’02(d)) lies in o(q*e(kﬂ)(n;id)) if and only if deg(Z) > e.

For instance, setting e = 1, the sum simplifiesto 1 — N - q_(kH)(n;id) + o(q_(kH)(n;id)), where N is
the number of (n—k)-dimensional linear subspaces lying in X. It would thus be more difficult to find
parameters on a variety X containing lots of linear spaces, as illustrated in Example 8.1. More generally,
the probability of finding parameters for k < n depends on a power series that counts the number of
(n—k)-dimensional subvarieties of varying degrees, in analogue with the appearance of the zeta function
in the k = n case.

Our approach to Theorem 1.4 is motivated by a simple observation: fy, f1, ..., fx fail to be parameters
if and only if they all vanish along some (rn—k)-dimensional subvariety of X. We thus develop an analogue
of Poonen’s sieve where closed points are replaced by (n—k)-dimensional varieties. Sieving over higher
dimensional varieties presents new challenges, especially bounding the error. This error depends on the
Hilbert function of these varieties, and one key innovation is a uniform lower bound for Hilbert functions
given in Lemma 3.1.

This perspective also leads to our second main result: an answer to Questions 1.1.(2) where the
bound is in terms of the sum of the degrees of the irreducible components. If X € P” has minimal
irreducible components Vi, Vs, ..., V; (considered with the reduced scheme structure), then we define

deg(X) := Y_}_, deg(V;) (see Definition 2.2). We set log, 0 = —oo.

Theorem 1.5. Let X C Py where dim X = n. Ifmax{d, %} > deg(X) and

d > log, ECE(X) +log,n+nlog,d
then there exist fy, fi, ..., f. of degree d"*" inducing a finite morphism w : X — P?q.

The bound is asymptotically optimal in ¢g. Namely, if we fix @(X ), then as ¢ — oo, the bound
becomes d = 1. Thus, a linear Noether normalization exists if g > d’é\g(X ). For a fixed ¢, we expect the
bound could be significantly improved. (Even the case dim X = 0 would be interesting, as it is related to
Kakeya type problems over finite fields [Ellenberg and Erman 2016; Ellenberg et al. 2010].)
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Theorem 1.5 provides the first explicit bound for Noether normalization over a finite field. (One could
potentially derive an explicit bound from Nagata’s argument [1962, Chapter 1.14], though the inductive
nature of that construction would at best yield a bound that is multiply exponential in the largest degree
of a defining equation of X.)

After computing the probabilities over finite fields, we combine these analyses and characterize the
distribution of parameters on projective B-schemes where B = Z or [,[t]. We use standard notions of
density for a subset of a free B-module; see Definition 7.1.

Corollary 1.6. Let B = Z or F4[t]. If X € P is a closed subscheme whose general fiber over B has
dimension n, then

. d that 1 i
dlim Density{ fo, fi, ..., fx of degree d tha } B { ifk <n,
—00

restrict to parameters on X , for all p |0 ifk=nandalld.

The density over B thus equals the product over all the fibers of the asymptotic probabilities over [,.
In the case B = Z, our proof relies on Ekedahl’s infinite Chinese remainder theorem [Ekedahl 1991,
Theorem 1.2] combined with Proposition 5.1, which illustrates uniform convergence in p for the asymptotic
probabilities in Theorem 1.3. In the case B =[], we use Poonen’s analogue of Ekedahl’s result [Poonen
2003, Theorem 3.1].

When k = n, an analogue of Corollary 1.6 for smoothness is given by Poonen [2004, Theorem 5.13].
Moreover, while it is unknown if there are any smooth hypersurfaces of degree > 2 over Z (see for
example the discussion in [Poonen 2009]), the density zero subset from Corollary 1.6 turns out to be
nonempty for large d. This leads to a new proof of a recent result about uniform Noether normalizations.

Corollary 1.7. Let B = Z or F[t]. Let X € P’y be a closed subscheme. If each fiber of X over B has
dimension n, then for some d, there exist homogeneous polynomials fy, fi,..., fu € Blxo, X1, ..., xr] of
degree d inducing a finite morphism m : X — P,

Corollary 1.7 is a special case of a recent result of Chinburg, Moret-Bailly, Pappas and Taylor [2017,
Theorem 1.2] and of Gabber, Liu and Lorenzini [2015, Theorem 8.1]. This corollary can fail when B
is any of Q[z] or Z[t] or Fy[s, t], as in those cases, the Picard group of a finite cover of Spec B can fail
to be torsion. See Section 8 for explicit examples and counterexamples and see [Chinburg et al. 2017;
Gabber et al. 2015] for generalizations and applications.

There are a few earlier results related to Noether normalization over the integers. For instance [Moh
1979] shows that Noether normalizations of semigroup rings always exist over Z; and [Nagata 1962,
Theorem 14.4] implies that given a family over any base, one can find a Noether normalization over an
open subset of the base. Relative Noether normalizations play a key role in [Achinger 2015, Section 5].
There is also the incorrect claim in [Zariski and Samuel 1960, page 124] that Noether normalizations
exist over any infinite domain (see [Abhyankar and Kravitz 2007]). Brennan and Epstein [2011] analyze
the distribution of systems of parameters from a different perspective, introducing the notion of a generic
matroid to relate various different systems of parameters. In addition, after our paper was posted, work of
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Charles [2017] on arithmetic Bertini theorems appeared which, under the additional hypothesis that X is
integral and flat, implies a stronger version of Corollary 1.6 where one also obtains bounds on the norms
of the functions.

This paper is organized as follows. Section 2 gathers background results and Section 3 involves a key
lower bound on Hilbert functions. Section 4 contains our geometric analysis of parameters including a
proof of Theorem 1.2. Sections 5 and 6 contain the probabilistic analysis of parameters over finite fields:
Section 5 proves Theorem 1.3 and Theorem 1.5 while Section 6 gives the more detailed description via
an analogue of the zeta function enumerating (n—k)-dimensional subvarieties, including the proof of
Theorem 1.4. Section 7 contains our analysis over Z including proofs of Corollaries 1.6 and 1.7 and
related corollaries. Section 8 contains examples.

2. Background

In this section, we gather some algebraic and geometric facts that we will cite throughout.

Lemma 2.1. Let k be a field and let R be a (k + 1)-dimensional graded k-algebra where Ry = k. If

fo, f1, ..., fx are homogeneous elements of degree d and R/{ fo, f1, ..., fx) has finite length, then the

extension k(zg, 21, . . ., 2Zx] = R given by z; & f; is a finite extension.

Proof. See [Bruns and Herzog 1993, Theorem 1.5.17]. O
This lemma implies that if X C [P} has dimension n, and if foy, f1,..., f, are parameters on X, then

the map ¢: X — P} given by sending x — [ fo(x) : fi(x):---: fu(x)]is a finite morphism. In particular,

if R is the homogeneous coordinate of X, then the ideal ( fy, f1,..., fu) € R has finite colength, and

thus the base locus of ¢ is the empty set. In other words, ¢ defines a genuine morphism. Moreover, the
lemma shows that the corresponding map of coordinate rings ¢ : R — k[zo, z1, ..., 2, is finite, and
this implies that ¢ is finite.
Definition 2.2. Let X € " be a projective scheme with minimal irreducible components Vi, ..., V
(considered with the reduced scheme structure). We define @(X )= Zf:] deg(V;). For a subscheme
X' € A" with projective closure X' € P" we define deg(X’) := deg(X).

This provides a notion of degree which ignores nonreduced structure but takes into account components
of lower dimension. Similar definitions have appeared in the literature: for instance, in the language of
[Bayer and Mumford 1993, Section 3], we would have Ee\g(X )= Z?ﬁ)x geom-deg; (X).

Lemma 2.3. Let k be any field and let X C A}. Let fo, f1,..., fr be polynomials in k[xi, ..., x.]. If
X'=XN0OV(fo, fi, .., f), then deg(X") < deg(X) - [T;—o deg(fi)-
Proof. This follows from the refined version of Bezout’s theorem [Fulton 1984, Example 12.3.1]. O

3. A uniform lower bound on Hilbert functions

For a subscheme of P, the Hilbert function in degree d is controlled by the Hilbert polynomial, at least
if d is very large related to some invariants of the subscheme. We analyze the Hilbert function at the
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other extreme, where the degree of the subscheme may be much larger than d. The following lemma,
which applies to subschemes of arbitrarily high degree, provides uniform lower bounds that are crucial to
bounding the error in our sieves.

Lemma 3.1. Let k be an arbitrary field and fix some e > 0. Let V C P} be any closed, m-dimensional
subscheme of degree > e with homogeneous coordinate ring R:

(1) We have dim Ry > h°(P", Opn (d)) for all d.

(2) Forany 0 < € < 1, there exists a constant C depending only on m and € (but not on d or k or R)
such that

dim Ry > (e +¢€) - i°(P™, Opn (d))
foralld > Ce™ .

Proof. If k' is a field extension of k, then the Hilbert series of R is the same as the Hilbert series of R @y k'.
We can thus assume that k is an infinite field. For part (1), we simply take a linear Noether normalization
klto, t1, ..., tn] C R of the ring R [Eisenbud 1995, Theorem 13.3]. This yields k[#, t1, ..., twla Ry,
giving the statement about Hilbert functions.

We prove part (2) of the lemma by induction on m. Let S = k[xg, x1,...,x,] and let Iy C S be
the saturated, homogeneous ideal defining V. Thus R = S/Iy. If m = 0, then we have dim R; >
min{d + 1, deg V} > min{d + 1, e + 1} which is at least e 4 € for all d > e. This proves the case m =0,
where the constant C can be chosen to be 1.

Now assume the claim holds for all closed subschemes of dimension less than m. Let V C P} be
a closed subscheme with dimV =m > 1. Fix 0 < € < 1. Since we are working over an infinite field,
[Eisenbud 1995, Lemma 13.2(c)] allows us to choose a linear form £ that is a nonzero divisor in R. This
yields a short exact sequence 0 — R(—1) 4 R— R/¢ — 0. Since R/¢ = S/(Iy + (£)), this yields the
equality

dim R; =dim R;_; +dim(S/(Iy + (£)));. (1)

Letting W = V N V(£) we know that dimW =m — 1 and deg W = deg V. Moreover, if Iy is the
saturated ideal defining V and if Iy is the saturated ideal defining W, then since Iy contains Iy + (€),
we have dim(S/(Iy + (£))); > dim(S/Iy);. Combining with (1) yields

dim R; > dim R;_1 +dim(S/Iw);. 2)

Now, by induction, in the case m — 1 and € := 1% there exists C’ depending on ¢ and m — 1 (or
equivalently depending on € and m) where

dim(S/Iy); > (e +¢€) (’"m _Tl) 3)
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foralli > C’e™. Now let d > C’e™. Tteratively applying (2) fori =d,d —1,d —2,...,[C'e™], we

obtain:
d

dim Ry > dim Rjcom—1+ . dim(S/Iw);.
i=[C’em

By dropping the dim R[¢c.m1—1 term and applying (3), we conclude that

d
g
dmR;> Y (e—{—e’)(mm_—li_l).
l‘:rc/e”'l-l
The identity Y7_, (iJkrk) = (b;’ﬁl) - (Zf]‘) implies that Y% rcreny (€ +€') ('"’;_IT’) can be rewritten as
(e+€)( (mr'n'rd) — ("’_IJF”[C/e’”)). There exists a constant C depending on € and m so that (¢' — e)(m’:d) =
(3 - g)(m;:d) > (e +6,)(m—1+”[c’em1) for all d > [Ce™ 1. Thus, for all d > [Ce™ '] we have
. N (m~+d , m+d\ m—+d
dldez(e-l—e)( T )—(e —e)( ; )_(e+e)( m ) 0

Remark 3.2. Asymptotically in e, the bound of Ce? is the best possible for curves. For instance, let
C C P be a curve of degree (e + 1) lying inside some plane P> € P”. Let R be the homogeneous
coordinate ring of C. If d > e then the Hilbert function is given by

. 2_
dim Ry = (e + 1)d — =5=.

Thus, if we want dim Ry > (e + €)(d + 1), we will need to let d > (€? + e +2¢)/(2(1 —€)) ~ 22 It

m—+1

would be interesting to know if the bound Ce is the best possible for higher dimensional varieties.

4. Geometric analysis

In this section we analyze the geometric picture for the distribution of parameters on X. The basic idea
behind the proof of Theorem 1.2 is that fy, f1, ..., fi fail to be parameters on X if and only if they
all vanish along some (n—k)-dimensional subvariety of X. Since the Hilbert polynomial of a (n—k)-
dimensional variety grows like 4", when we restrict a degree d polynomial f ; to such a subvariety,
it can be written in terms of A~ d"~* distinct monomials. The polynomial f ; will all vanish along the
subvariety if and only if all of the &~ d" ¥ coefficients vanish. This rough estimate explains the growth of
the codimension of % 4(X) as d — ooc.

We begin by constructing the schemes 7 4(X). Fix X C P} a closed subscheme of dimension n over a
field k. Given k <n andd > 0, let @4 be the affine space HO(P", Opr (d))®**! and k[co 1, . . ., Ck’(r-:j—d)] be
the corresponding polynomial ring. We enumerate the monomials in H OPr, Opr(d)) asmy, ..., m sy,
and then define the universal polynomial

oD
F; = Z ci,jmj €klco, ..., Ck’(r-;d)] Rk k[xg, x1, ..., xr].
j=1
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Given a closed point ¢ € @ 4 we can specialize Fy, F1, ..., F; and obtain polynomials fy, fi,..., fkx €
k(c)[xo, X1, ..., x;], where k (¢) is the residue field of ¢. We will thus identify each element of <% 4(k)
with a collection of polynomials f = (fo, f1, ..., ft) € k[xo0, x1, ..., x:].

Now define ¥y 4(X) € X X % 4 via the equations Fy, Fi, ..., Fy. Consider the second projection
P2t Zra(X) = 4. Given a point f = (fo, fi1, ..., fr) € % a4, the fiber pgl(f) C X can be identified
with the points lying in X "V ( fy, f1, ..., fr). For generic choices of f (after passing to an infinite field
if necessary) the polynomials fy, fi, ..., fi will define an ideal of codimension k + 1, and thus the fiber
123 I f) will have dimension n — k — 1.

There is a closed sublocus % 4(X) C %% 4 where the dimension of the fiber is at least n — k, and
we give Pk 4(X) the reduced scheme structure. It follows that 7 4(X) parametrizes collections f =
(fo, f1, ..., fr) of degree d polynomials which fail to be parameters on X.

Remark 4.1. If we fix X7 € P?,, then we can follow the same construction to obtain a scheme % 4(X7z) €
@ q. Writing X as the pullback X Xspec 7 Spec k, we observe that the equations defining Xy 4(Xy) are
obtained by pulling back the equations defining X 4(X7). It follows that 7 4(X7) Xspec z Spec(k) has
the same set-theoretic support as Zk 4(Xx).

Definition 4.2. We let @,Ef‘j(X ) be the locus of points in % 4(X) where fo, fi, ..., fk—1 already fail to

ood

be parameters on X and let @f’d (X) :=Dr,a(X)\ foj(X). We set .@g’iﬁi(X) =g.

Remark 4.3. We have a factorization:

G d —> Gh—1,d X D4
(fos f1s s Ji) = ((fo, f1o - os Jem1)s o)

We let w: Zk q4(X) — %—_1.4 be the induced projection, which will we use to work inductively.

Proof of Theorem 1.2. First consider the case k = n. There is a natural rational map from .«7, 4 to the
Grassmanian Gr(n + 1, S4) given by sending the point ( fo, fi, ..., fu) € 9, 4 to the linear space that
those polynomials span. Inside of the Grassmanian, the locus of choices of ( fy, fi1, ..., f) that all vanish
on a point of X is a divisor in the Grassmanian defined by the Chow form; see [Gelfand et al. 1994, 3.2.B].
The preimage of this hypersurface in <, 4 is a hypersurface contained in %, 4(X), and thus 2, 4(X) has
codimension 1.

For k < n, we will induct on k. Let k = 0. A polynomial fy will fail to be a parameter on X if and
only if dim X = dim(X NV( fy)). This happens if and only if fj is a zero divisor on a top-dimensional
component of X. Let V be the reduced subscheme of some top-dimensional irreducible component
of X and let Zy be the defining ideal sheaf of V. Then the set of zero divisors of degree d on V will
form a linear subspace in .« 4 corresponding to the elements of the vector subspace H’(Zy (d)). The
codimension of H%(Zy (d)) C Sy is precisely given by the Hilbert function of the homogeneous coordinate
ring of V in degree d. By applying Lemma 3.1(1), we conclude that for all d this linear space has

codimension at least ("jd). Since % 4(X) is the union of these linear spaces over all top-dimensional

n+d).

components of X, this proves that codim % 4(X) > ( 4
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Take the induction hypothesis that we have proven the statement for 2; 4(X") for all X’ € P" and all
Jj <k —1. We separate Z 4(X) = %Ef‘j (X)u @fﬁ?d(X ) and will show that each locus has sufficiently
large codimension. We begin with 9,5?;()( ). By using the factorization from Remark 4.3, we can realize
@,E"f(X) C Hhd = r—1.4 X H 4. By definition of QE’?(X), the image of @,E”"‘C?(X) N 1,4 X .4 1S
Dr—1.4(X) X 2y 4. It follows that

codim(@{4(X). o4 0) = codim(@i1.4(X). s = (") = (D),
where the middle inequality follows by induction.

Now consider an arbitrary point f = (fo, f1, ..., fi) in fo)fd(X). By definition, foy, f1,..., fi—1
are parameters on X, and thus 7w (f) € 1.4 \ Zk—1.4(X). Using the splitting of Remark 4.3, the
fiber of @fifd(X) over f can be identified with % 4(X’) where X' := X NV (fo, f1, ..., fk—1). Since
(fos f1s--+s fi—1) &€ Zk—1.4(X), we have that dim X" = n — k. The inductive hypothesis thus guarantees

that codim % 4(X') > (dim §/+d) = (n_];+d)' -

5. Probabilistic analysis, I: Proof of Theorem 1.3

The main result of this section is Proposition 5.1 which provides an effective bound for finding parameters,
and which we will use to prove Theorem 1.5. We also use this to give a new proof of Theorem 1.3 for
k < n. Throughout this section, we let X C PﬁFq be a projective scheme of dimension n over a finite
field . Recall that Sy = H 0P, Opr(d)). We define

Parg . = { fo, f1, ..., fi that are parameters on X} C SSH.

In Theorem 1.3, we compute the following limit (which a priori might not exist):

#P
lim Prob(fy, fi, ..., fr of degree d are parameters on X) := lim —akrd’lk,
d—00 d—o0 #Sd+
Proposition 5.1. Ifk < n then
Prob(fo, f1,..., fx of degree d are parameters on X) > 1 — @(X)(] +d+d*+. .+ dk)q—(";f?'

Proof. We induct on k and largely follow the structure of the proof of Theorem 1.2. First, let k =0. A
polynomial fp will fail to be a parameter on X if and only if it is a zero divisor on a top-dimensional
component V of X. There are at most Ec?g(X ) many such components. As argued in the proof of
Theorem 1.2, the set of zero divisors on V corresponds to the elements of H O(Pr, Zy (d)) which has

codimension at least (”;d) in S;. It follows that

Prob( fy of degree d is not a parameter on X) < d’é\g(X)q_(ngd).

Now consider the induction step. We will separately compute the probability that f = (fy, f1, ..., fr)

lies in foj(X ) and the probability that f lies in @kgf);d(X ). By definition, the projection 7 maps @,E’fc}i(X )



2090 Juliette Bruce and Daniel Erman

onto Z_1.4(X), and by induction

—k+1+d

Prob(z(f) € Zs_1.4(X)(F,)) < deg(X)(1+d +d>+---+d" g~ O

—k+d

<deg(X)(1+d+d*+---+d* g (W5

We now assume f ¢ .@,‘(’:‘Z?(X ). We thus have that fy, f1, ..., fr—1 are parameters on X. As in the proof
of Theorem 1.2, the fiber 7 ~!(f) can be identified with Z 4(X’) where X" := X N\V(fo, fi, ..., fi1).
By construction dim X’ = n — k and by Lemma 2.3, deg(X’) < deg(X) - d*. Our inductive hypothesis
thus implies that

Prob( (fo, f1,---5 fr) € .@k,d(X)([Fq) given that
(fo, f1s-vs Jom1) & Di—1,a(X)(Fy)

Combining the estimates for Q,E’i?(X ) and @ff);d(X ) yields the proposition. g

—k+d

) < deg(X)g~ (5D < deg(x) - akq~ (5

Proof of Theorem 1.3. If k < n, then we apply Proposition 5.1 to obtain

(fo, fi, ..., fr of degree d

are parameters on X

n—k+d

lim Prob ) > dlim l—cTéTg(X)(dO—i-dl +--~—|—dk)q_( i) = 1.
—00

d—00
Now let k = n. For completeness, we summarize the proof of [Bucur and Kedlaya 2012, Theorem 1.2].
We fix e, which will go to 0o, and separate the argument into low, medium, and high degree cases.

Low degree argument. For a zero dimensional subscheme Y, we have that S; surjects on H 0y, Oy (d))
when d > deg ¥ — 1 [Poonen 2004, Lemma 2.1]. So if d > deg P — 1, the probability that fy, f1,..., fu
all vanish at a closed point P € X is 1 —g~®*tDdeP? If y C X is the union of all points of degree < e,
and if d > deg Y — 1, then the surjection onto H°(Y, Oy (d)) implies that the probabilities at the points
P €Y behave independently. This yields:

fos f1, ..., fu of degree d are parameters on X —(n+1) deg P
Prob = 1— er,
ro (at all points P € X where deg(P) <e 1_[ 9

PeX
deg(P)=<e

Medium degree argument. Our argument is nearly identical to [Poonen 2004, Lemma 2.4], and covers
all points whose degree lies in the range [e +1, nLH] For any such point P € X, S, surjects onto
H°(P, Op(d)) and thus the probability that fo, fi,..., f, all vanish at P is ¢~*®*+D. By [Lang and

Weil 1954], #X (F,¢) < K g for some constant K independent of £. We have

757
< Y #X([Fp)g D
l=e+1

0
< Z Kqﬁnq*(nJrl)Z
l=e+1

K q —e—1
=T
This tends to 0 as e — oo, and therefore does not contribute to the asymptotic limit.

at some P € X where e < deg(P) < | -4

fos fis ..., fu of degree d all vanish
Prob
n+1 J
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High degree argument. By the case when k = n — 1, we may assume that fy, fi,..., f,—1 form a
system of parameters with probability 1 —o(1). So we let V be one of the irreducible components of
d

this intersection (over F,) and we let R be its homogeneous coordinate ring. If deg V' < -2+, then it can

be ignored as we considered such points in the low and medium degree cases. Hence, we can assume
degV > niﬂ. Since dim R, > min{¢ + 1, deg R} for all ¢, the probability that f,, vanishes along V is
at most ¢ ~l4/(+DI=1 Hence the probability of vanishing on some high degree point is bounded by
O(d"q~4/+DI=1y which is o(1) as d — 00.

Combining the various parts as e — 0o, we see that the low degree argument converges to {y (n+ 1)~

and the contributions from the medium and high degree points go to 0. 0

Remark 5.2. It might be interesting to consider variants of Theorem 1.3 that allow imposing conditions
along closed subschemes, similar to Poonen’s Bertini with Taylor coefficients [Poonen 2004, Theorem 1.2].
For instance, [Kedlaya 2005, Theorem 1] might be provable by such an approach, though this would be
more complicated than the original proof.

Proposition 5.1 yields an effective bound on the degree of a full system of parameters over a finite
field. Sharper bounds can be obtained if one allows the f; to have different degrees.

Corollary 5.3. (1) If d, satisfies d{’_lq_dl_1 < (n- cTe\g(X))_l, then there exist gy, &1, ..., &u—1 Of

degree dj that are parameters on X.
(2) Let X' be O-dimensional. If max{d, + 1, q} > d’éE(X ") then there exists a degree d, parameter on X'.

Proof. Applying Proposition 5.1 in the case k = n — 1 yields (1). For (2), let f be a random degree d
polynomial and let P € X’ be a closed point. Since the dimension of the image of S; in H*(P, Op(d))
is at least min{d + 1, deg P}, the probability that f vanishes at P is at worst g~ ™nd+1.dee P} \which is at
least ¢ —!. Tt follows that the probability that a degree d function vanishes on some point of X’ is at worst
Y pex g ' < @(X’)q_l. Thus if g > d/eTg(X’), this happens with probability strictly less than 1. On
the other hand, if d + 1 > cTe\g(X ") then polynomials of degree d surject onto H 09(X’, Ox/(d)) and hence
we can find a parameter on X’ by choosing a polynomial that restricts to a unit on X’. 0

Proof of Theorem 1.5. If dim X = 0, then we can directly apply Corollary 5.3(2) to find a parameter
of degree d. So we assume n :=dim X > 0. Since d > log, @(X) + log, n +nlog, d it follows that
(n-deg(X))~! > ¢g~9d" > g=4=1d"~'. Applying Corollary 5.3(1), we find go, g1, . .., gn_1 in degree d

that are parameters on X. Let X' = XNV (go, g1, ..., gn—1). Since max{d, dq—n} > d/e\g(X) it follows that

max{d"t!, q} > d”d/eTg(X) > d/e%(X’), and Corollary 5.3(2) yields a parameter g,, of degree d"*! on X'.
Thus gg", gf”, ce gffn_l, gn are parameters of degree d"*! on X. U

6. Probabilistic analysis, II: The error term and proof of Theorem 1.4

In this section, we let kK < n and we analyze the error terms in Theorem 1.3 more precisely. In particular,
we prove Theorem 1.4, which shows that the probabilities are controlled by the probability of vanishing
along an (n—k)-dimensional subvariety, with varieties of lowest degree contributing the most.
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Our proof of Theorem 1.4 adapts Poonen’s sieve in a couple of key ways. The first big difference is
that instead of sieving over closed points, we will sieve over (n—k)-dimensional subvarieties of X; this is
because polynomials fy, fi, ..., fi will fail to be parameters on X only if they all vanish along some
(n—k)-dimensional subvariety.

The second difference is that the resulting probability formula will not be a product of local factors.
This is because the values of a function can never be totally independent along two higher dimensional
varieties with a nontrivial intersection. For instance, Lemma 6.1 shows that the probability that a degree d
polynomial vanishes along a line is ¢ ~“*1), but the probability of vanishing along two lines that intersect
in a point is g ~@4*tD > (g=@+D)2Z,

The following result characterizes the individual probabilities arising in our sieve.

Lemma 6.1. If Z C Py is a reduced, projective scheme over a finite field I, with homogeneous coordinate
q
ring R then

k+1
Prob( fo, f1, .., fr of degree d all vanish along Z) = (ﬁ) .
d

If d is at least the Castelnuovo—Mumford regularity of the ideal sheaf of Z, then
Prob( fy, f1, ..., fr of degree d all vanish along Z) = q_(kH)hO(z’OZ(d)).

Proof. Let I C S be the homogeneous ideal defining Z, so that R = S/I. An element & € S; vanishes
along Z if and only if it restricts to O in Ry i.e., if and only if it lies in /;. Since we have an exact sequence
of [F,-vector spaces:

0—>Id—>Sd—>Rd—>0

we obtain

#1 1
Prob(/ vanishes on Z) = T
#S;  #Ry

For k + 1 elements of S, the probabilities of vanishing along Z are independent and this yields the first
statement of the lemma.

We write 7 for the ideal sheaf of Z. If d is at least the regularity of I, then H l(ﬂj”q, I (d)) = 0. Hence
there is a natural isomorphism between R; and H 9(Z, ©z(d)). Thus, we have

1 g~ 12.02@)
¥R,

’

yielding the second statement. O
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Proof of Theorem 1.4. Throughout the proof, we set €, ; to be the error term for a given e and k, namely
n—k+d
€ok = q_e(kH)( ). We also set:

n

Pary i, :={ fo, f1, ..., fr are parameters on X}

fo, f1, ..., fr all vanish along a variety Z

L =
OWd.k.e where dim Z = (n — k) and deg(Z) <e }

(fo, f1, .- fr) ¢ Lowg r . which all vanish along a variety Z

Med, ko := )
Cdk, where dimZ = (n — k) and e < deg(Z) <e(k+1) }

Hioh (fo, f1,---5 fr) ¢ Lowg . UMed, i . which all vanish along

i =

Blld ke a variety Z where dimZ = (n — k) and e(k + 1) < deg(Z)

Note thatif fy, f1, ..., fi all vanish along a variety of dimension > n—k then they will also all vanish along
ahigh degree variety, and hence we do not need to count this case separately. For f = fy, fi,..., fr € S§+1 ,

we thus have

Prob(f € Pary ;) = 1 —Prob(f € Lowy x . UMedgy « . UHigh, ; )
= 1—Prob(f € Lowg k) —Prob(f € Medg «,.) — Prob(f € High, ; .).

It thus suffices to show that

_ _ 0
Prob(f € Loware)= D (=D/FTg D02 4o, 1)

Z CXreduced
dim Z=n—k
deg Z<e

and that Prob(f € Medy x .) and Prob(f € High, ; ,) are each in o(€. ).
We proceed by induction on k. When k = 0 the condition that fj is a parameter on X is equivalent
to fp not vanishing along a top-dimensional component of X. Thus, combining Lemma 6.1 with an

inclusion/exclusion argument implies the exact result:

Prob( fo € Parg9) =1 — Z (_1)|Z|—1q—h°(Z,Oz(d))‘

Z CXreduced
dim Z=n—k

By basic properties of the Hilbert polynomial, as d — oo we have

Wz, 07(d)) = L) o 4 oamy = deg(Z)(”jl'd) +o(d").

n!
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Hence for the fixed degree bound e, we obtain

Prob(f € Parg o) = 1 — Z (_1)|Z|—1q—h°(Z,Oz(d)) _ Z (_1)|Z|—1q—h°(2,02(d))

Z CXreduced Z CXreduced
dim Z=n—k dim Z=n—k
deg Z<e deg Z>e
Z)1-1,—h%Z,07(d
=1 E (_1)| | q (Z,07( ))+0(€e,0).
Z CXreduced
dim Z=n—k
deg Z<e
We now consider the induction step. Let f = (fo, fi, ..., fr) drawn randomly from S§+1. Here we

separate into low, medium, and high degree cases.

Low degree argument. Let V. denote the set of integral projective varieties V € X of dimension n — k
and degree < e. We have f € Lowy x . if and only if f vanishes on some V € Vj .. Since Vi, is a finite
set, we may use an inclusion-exclusion argument to get

Prob(f € Lowg x..) = Z (—1)'2‘_1 Prob( fo, f1, ..., fr of degree d all vanish along Z).

ZCX aunion of
VEVk_g

If deg Z > e then Lemma 6.1 implies that those terms can be absorbed into the error term o(e, ).
Moreover, assuming that Z is a union of V € V; , satisfying deg(Z) < e is equivalent to assuming Z is
reduced and equidimensional of dimensional n — k. We thus have

= Z (—Di#I-t Prob( fo, f1, ..., fi of degree d all vanish along Z)+o(é. x).

Z CX reduced
dim Z=n—k
deg Z<e

Medium degree argument. We know that Prob(f € Med, x .) is bounded by the sum of the probabilities
that f vanishes along some irreducible variety V in Vi cgt1) \ Ve

Prob(f e Med; x ) < Z Prob( fo, f1, ..., fr of degree d all vanish along Z).
ZeViet+n\Vee
Lemma 6.1 implies that each summand on the right-hand side lies in o(€, ;). This sum is finite and thus
Prob(f € Med, k) is in o(€, k).

High degree argument. Proposition 5.1 implies that fy, fi, ..., fr—1 are parameters on X with proba-
bility 1 — o(q_(n_k;l”)) > 1 —o(e. k) for any e. Hence we may restrict our attention to the case where
fo, f1, ..., fr—1 are parameters on X.

Let Vi, Va, ..., V; be the irreducible components of X" := XNV(fo, fi, ..., fr—1) that have dimension
n — k. We have that fy, f1..., f fail to be parameters on X if and only if f; vanishes on some V;. We
can assume that f; does not vanish on any V; where deg V; < e(k + 1) as we have already accounted for
this possibility in the low and medium degree cases. After possibly relabeling the components, we let
Vi, Va, ..., V, be the components of degree > e(k+ 1) and X" =V, UV, U---UV;. Using Lemma 2.3,
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we compute deg(X”) < deg(X’) = deg(X) - d*. It follows that X” has at most deg(X)d*/(e(k + 1))
irreducible components.

Now for the key point: since the value of d is not necessarily larger than the Castelnuovo—Mumford
regularity of V;, we cannot use a Hilbert polynomial computation to bound the probability that f; vanishes
along V;. Instead, we use the lower bound for Hilbert functions obtained in Lemma 3.1. Let € = %,
though any choice of € would work. We write R(V;) for the homogeneous coordinate ring of V;. For any
1 <i <t,Lemmas 3.1 and 6.1 yield

Prob( f; of degree d vanishes along V;) = g~ mRVa < 4 —(etktD+e ("5

whenever d > CeFt!

gives Prob(f € High, ; ,

. Combining this with our bound on the number of irreducible components of X”

) < e(kH)dengk —ek+D+ (") which is in 0(€ek)- O

Corollary 6.2. Let X C |]3>qu be an n-dimensional closed subscheme and let k < n. Then

lim
d—>ooq

(k+l)(n7k+d) Prob( f07 fl; ceey fk Ofdegree d

n—k =#{(n—k)-pl L C P b that L © X1,
are not parameters on X ) {(n—k)-planes L C Pg _such that L < X}

Proof. Let N denote the number of (n—k)-planes L C [P’ﬁFq such that L € X. Choosing e =1 in Theorem 1.4,
we compute that
n—k+d

Prob(fo, fi, ..., fx of degree d are parameters on X) = 1 — Ng~* D55 4 (g~ *+D (", .

It follows that

Prob(fo, fi, ..., fi of degree d are not parameters on X) = Ng~*+D (% 59 +o(q~ k+D ("5,

—(k+1)(

Dividing both sides by ¢ "0 and taking the limit as d — oo yields the corollary. O

7. Passing to Z and [, [¢]
In this section we prove Corollaries 1.6 and 1.7.

Definition 7.1. Let B = Z or [, [¢] and fix a finitely generated, free B-module B* and a subset S C B°.

Given a € B® we write a = (a;, az, ..., ag). The density of S C B’ is
#aeSImax{|a;[}<N} : _
Densitv(S) :— MMy oo 107 Imax(iar ] <N] if B=2,
Cl’lSlty( ) T li #{aeS|max{dega;} <N} ifB=F [t]
IMN—00 FlaeF, 1T max{degai}<n] 1P = ‘

Proof of Corollary 1.6. For clarity, we will prove the result over Z in detail and at the end, mention the
necessary adaptations for [, [7].

We first let k£ < n. Given degree d polynomials fy, f1, ..., fi with integer coefficients and a prime p,
let fo, f1,..., fx be the reduction of these polynomials mod p. Then fy, f1, ..., fx will be parameters
on X, if and only if the point f = (fo, fl, e fk) lies Dak(Xr,). As noted in Remark 4.1, this is
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equivalent to asking that f is an F p-point of 7 4(X7). Thus, we may apply [Ekedahl 1991, Theorem 1.2]
to P4 1(Xz) € e 4 (using M = 1) to conclude that

Density{ fo, f1, ..., fi of degree d } _ HProb(fO’ fi, ..., fx of degree d )

that restrict to parameters on X, for all p restrict to parameters on X,

Applying Proposition 5.1 to estimate the individual factors; we have:

fo, f1, - -, fr of degree d that } (fo, fi, ..., fr of degree d )

restrict to parameters on X, for all p restrict to parameters on X,

= lim Prob
d—00

Density {

n—k+d

> lim [ —deg(X,)(1 +d +---+a*p~Cami)).
p

Lemma 7.2 shows that there is an integer D where D > d’e\g(Xp) for all p. Moreover, 1 +d+- - +dF <kdF
for all d, and hence:

—k+d

li 1 — Dkd* p~ (5=,
zd‘f;ol;[( kd* p=Cami))

For d >> 0 we can make Dkd* p_(njjd) < p~4/2 for all p simultaneously. Using ¢ (n) for the Riemann
zeta function, we get:

> i 1—p~ 4%y > i d/2)~' =1.
—dL“;oEI( P~ = lim £(d/2)

We now consider the case k = n. This follows by a “low degree argument” exactly analogous to
[Poonen 2004, Theorem 5.13]. Fix a large integer N and let Y be the union of all closed points P € X
whose residue field « (P) has cardinality at most N. Since Y is a finite union of closed points, we see that
for d > 0, there is a surjection

HYP", Opr(d)) - HO(Y,Oy(@) = @ H(P,Op(d)) — 0.

PeX
#x(P)<N

It follows that we have a product formula

. 1
Density fo, f1, ..., fn of degree d do not all _ l_[ |
#K(P)"+1

vanish on a point P with #«(P) < N
PeX #c(P)<N

This is certainly an upper bound on the density of fy, fi, ..., f, that are parameters on X, for all p. As
N — oo the right-hand side approaches ¢x(n + 1)~!'. However, since the dimension of X is n + 1, this
zeta function has a pole at s =n + 1 [Serre 1965, Theorems 1 and 3(a)]. Hence this asymptotic density
equals 0. This completes the proof over Z.

Over [, (7], the key adaptation is to use [Poonen 2003, Theorem 3.1] in place of Ekedahl’s result.
Poonen’s result is stated for a pair of polynomials, but it applies equally well to n-tuples of polynomials
such as the n-tuples defining Z 4(X). In particular, one immediately reduces to proving an analogue of
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[Poonen 2003, Lemma 5.1], for n-tuples of polynomials which are irreducible over [, (¢) and which have
ged equal to 1; but the n = 2 version of the lemma then implies the n > 2 versions of the lemma.? The
rest of our argument over Z works over [,[7]. O

Lemma 7.2. Let X C P, be any closed subscheme. There is an integer D where D > @(X s) for all
s € Spec B.

Proof. First we take a flattening stratification for X over B [EGA IV4 1967, Corollaire 6.9.3]. Within each
stratum, the maximal degree of a minimal generator is semicontinuous, and we can thus find a degree e
where X is generated in degree e for all s € Spec B. By [Bayer and Mumford 1993, Proposition 3.5], we

then obtain that cTeTg(X ) < Z’}ZO ¢’/ . In particular defining D := re” will suffice. O
To prove Corollary 1.7, we use Corollary 1.6 to find a submaximal collection fy, fi, ..., fu—1 which
restrict to parameters on X for all s € Spec B. This cuts X down to a scheme X' = XNV (fo, fi, ..., fu—1)

with O-dimensional fibers over each point s. When B = Z, such a scheme is essentially a union of orders
in number fields, and we find the last element f,, by applying classical arithmetic results about the Picard
groups of rings of integers of number fields. When B = [, [], we use similar facts about Picard groups
of affine curves over [F,.

An example illustrates this approach. Let X = P% = Proj(Z[x, y]). A polynomial of degree d will be
a parameter on X as long as the d + 1 coefficients are relatively prime. Thus as d — oo, the density of
these choices will go to 1. However, once we have fixed one such parameter, say 5x — 3y, it is much
harder to find an element that will restrict to a parameter on Z[x, y]/(5x —3y) modulo p for all p. In fact,
the only possible choices are the elements which restrict to units on Proj(Z[x, y]/(5x —3y)). Among the
linear forms, these are

+(7x —4y) +c(5x —3y) for any c € Z.

Hence, these elements arise with density zero, and yet they form a nonempty subset.
Lemmas 7.3 and 7.4 below are well-known to experts, but we sketch the proofs for clarity.

Lemma 7.3. If X' C P, is closed and finite over Spec(Z), then Pic(X') is finite.

Proof. We first reduce to the case where X’ is reduced. Let N/ C Oy be the nilradical ideal. If X’
is nonreduced then there is some integer m > 1 for which A" = 0. Let X” be the closed subscheme
defined by N”"~!. We have a short exact sequence 0 — N~ — 0%, — O%, — 1 where the first map
sends f — 1+ f. Since X' is affine and noetherian and A" ~! is a coherent ideal sheaf, we have that
H' (X', N" 1 = H>(X', N"*~1) = 0 [Hartshorne 1977, Theorem III.3.7]. Taking cohomology of the
above sequence thus yields an isomorphism Pic(X’) = Pic(X"). Iterating this argument, we may assume
X' is reduced.

We now have X’ = Spec(B) where B is a finite, reduced Z-algebra. If Q is a minimal prime of
B, then B/Q is either zero dimensional or an order in a number field, and hence has a finite Picard
group [Neukirch 1999, Theorem 1.12.12]. If B has more than one minimal prime, then we let Q' be the

ZWe thank Bjorn Poonen for pointing out this reduction.
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intersection of all of the minimal primes of B except for O, and we again have an exact sequence in
cohomology
-+ = (B/(Q+ Q")) — Pic(X') — Pic(B/Q) ®Pic(B/Q') — - --

Since (B/(Q + Q’))* is a finite set, and since B/Q and B/Q’ have fewer minimal primes than B, we
may use induction to conclude that Pic(X’) is finite. O

Lemma 7.4. If C is an affine curve over [y, then Pic(C) is finite.

Proof. If C fails to be integral, then an argument entirely analogous to the proof of Lemma 7.3 reduces us
to the case C is integral. We next assume that C is nonsingular and integral, and that C is the corresponding
nonsingular projective curve. Since C is affine we have Pic(C) = Pic’(C) € Pic’(C) = Jac(C)(F,), the
last of which is a finite group. If C is singular, then the finiteness of Pic(C) follows from the nonsingular
case by a minor adaptation of the proof of [Neukirch 1999, Proposition 1.12.9]. O

Proof of Corollary 1.7. By Corollary 1.6, for d > 0 we can find polynomials fy, fi, ..., fn—1 of degree
d that restrict to parameters on X for all s € Spec B. Let X' :=V(fo, fi,..., fu—1) N X, which is finite
over B by construction. Let A be the finite B-algebra where Spec A = X’. Lemma 7.3 or 7.4 implies
that H%(X’, Oy (e)) = A for some e. We can thus find a polynomial f, of degree e mapping onto a unit
in the B-algebra A. It follows that V(f,,) N X’ = &. Replace f; by f¢ fori =0,...,n— 1 and replace
fa by fnd . Then we have fy, fi,..., f, of degree d' := de and restricting to parameters on X, for all
s € Spec(B) simultaneously.

We thus obtain a proper morphism 7 : X — P where X, — P, is finite for all 5. Since 7 is
quasifinite and proper, it is finite by [EGA IV3 1966, Théoréme 8.11.1]. O

The following generalizes Corollary 1.7 to other graded rings.

Corollary 7.5. Let B=17 or [,[t] and let R be a graded, finite type B-algebra where dim R®zF, =n+1
for all p. Then there exist fy, fi,..., fn of degree d for some d such that Bl fy, fi1,..., ful SR isa

finite extension.

Proof. After replacing R by a high degree Veronese subring R’, we may assume that R’ is generated
in degree one and contains no Rﬁr—torsion submodule, where RQr C R’ is the homogeneous ideal of
strictly positive degree elements. Let 7 4+ 1 be the number of generators of R/|. Then there is a surjection
¢: Blxo, x1,...,x,] — R’ inducing an embedding of X := Proj(R") € P’;. Since R’ contains no R/ -
torsion submodule, the kernel of ¢ will be saturated with respect to (xg, x1, ..., x,) and hence R’ will
equal the homogeneous coordinate ring of X. Choosing fy, f1, ..., fu as in Corollary 1.7, it follows that
Bl fo, f1, ..., fu] € R’ is a finite extension, and thus so is B[ fy, fi1,..., fu] € R. O

8. Examples

Example 8.1. By Corollary 6.2, it is more difficult to randomly find parameters on surfaces that contain
lots of lines. Consider V(xyz) C [P? which contains substantially more lines than V(x? + y2 4+ z%) C P3.
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Using [Macaulay2] to select 1,000,000 random pairs ( fo, f1) of polynomials of degree two, the proportion
that failed to be systems of parameters were

| Vxyz) V2 +y* +27)

Fo | .2638 1179
F3 | .0552 .0059
Fs | .0063 .0004

Example 8.2. Let X C IPEq be a smooth cubic surface. Over the algebraic closure X has 27 lines, but
it has between 0 and 27 lines defined over [,. For example, working over F4, the Fermat cubic surface
X’ defined by x3 + y3 +z3 + w? has 27 lines, while the cubic surface X defined by x> + y3 + 23 + aw?
where a € F4 \ F, has no lines defined over F4 [Debarre et al. 2017, Section 3]. It will thus be more
difficult to find parameters on X than on X’. Using [Macaulay?2] to select 100,000 random pairs ( fy, f1)
of polynomials of degree two, 0.62% failed to be parameters on X whereas no choices whatsoever failed
to be parameters on X'. This is in line with the predictions from Corollary 6.2; for instance, in the case of
X, we have 27 -47%3 x 0.66%.

Example 8.3. Let X =[1:4]U[3:5]U[4:5]=V((4x — y)(5x —3y)(5x —4y)) C Uj’% and let R be the
homogeneous coordinate ring of X. The fibers are 0-dimensional so finding a Noether normalization
X — [P’% is equivalent to finding a single polynomial f; that restricts to a unit on each of the points
simultaneously. We can find such an fj of degree d if and only if the induced map of free Z-modules

Zlx, yla = Ry is surjective. A computation in [Macaulay2] shows that this happens if and only if d is
divisible by 60.

Example 8.4. Let R = Z[x]/(3x> —5x) = Z @ Z[%] This is a flat, finite type Z-algebra where every
fiber has dimension 0, yet it is not a finite extension of Z. However, if we take the projective closure of
Spec(R) in P}, then we get Proj(R) where R = Z[x, y]/(3x> — 5xy). If we then choose fj :=4x — 7y,
we see that Z[ fy] C R is a finite extension of graded rings.

Example 8.5. Letkbeafieldandlet X =[1:14+¢]U[1—¢:1]=V((y—(1+)x)(x—(1—1)y)) C [P’,l‘m.
Let R be the homogeneous coordinate ring of X. In degree d, we have the map ¢, : k[t][x, y]s =
k[1]%! — Ry = k[1]%. Choosing the standard basis x4, x4y, ..., y¢ for the source of ¢4, and the two
points of X for the target, we can represent ¢; by the matrix

1 1+t (A+0% - 1+
(1= Q1=041 1=r92 ... 1 :

It follows that im ¢y = im(t; (lﬁt )d) = im(’é Hldt). The image of ¢, thus contains a unit if and only if the
characteristic of k is p and p | d. In particular, if k = Q, then we cannot find a polynomial fj inducing a

: 0
finite map X — Py,

Example 8.6. Let k be any field, let B =k[s, t],and let X =[s: 1]JU[1: 1] =V((x —sy)(y —tx)) C IP’};.
We claim that for any d > 0, there does not exist a polynomial that restricts to a parameter on X, for each
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point b € B. Assume for contradiction that we had such an f = Zflzo cis't971 with ¢; € B. After scaling,
we obtain

fAs:1) =cos®+c1s¥ '+ +cg=1 and fF((l:t)=co+cit+ - +cat?=n
where A € B* = k*. Substituting for ¢; we obtain
FAl:t) =codcit+-4ca1t9 "+ (1= (cos? +er1s9 + -+ eqgis)t? =2,

which implies that

1

r—tl=cotcrit+-+ea1t = (cos? o5t g )t?

= (co—cos“t?) + (et — 18N 4 A (cg1t?T — cqrst?)

=({1—st)h(s,1)

where h(s, t) € k[s, t]. This implies that A — 14 is divisible by (1 — st), which is a contradiction.

Acknowledgements

We thank Joe Buhler, Nathan Clement, David Eisenbud, Jordan S. Ellenberg, Benedict Gross, Moisés
Herradén Cueto, Craig Huneke, Kiran Kedlaya, Brian Lehmann, Dino Lorenzini, Bjorn Poonen, Anurag
Singh, Melanie Matchett Wood, and the anonymous referees for their helpful conversations and comments.
The computer algebra system [Macaulay2] provided valuable assistance throughout our work.

References
[Abhyankar and Kravitz 2007] S. S. Abhyankar and B. Kravitz, “Two counterexamples in normalization”, Proc. Amer. Math.
Soc. 135:11 (2007), 3521-3523. MR Zbl

[Achinger 2015] P. Achinger, “K (77, 1)-neighborhoods and comparison theorems”, Compos. Math. 151:10 (2015), 1945-1964.
MR Zbl

[Bayer and Mumford 1993] D. Bayer and D. Mumford, “What can be computed in algebraic geometry?”, pp. 1-48 in
Computational algebraic geometry and commutative algebra (Cortona, Italy, 1991), edited by D. Eisenbud and L. Robbiano,
Sympos. Math. 34, Cambridge Univ. Press, 1993. MR Zbl

[Benoist 2011] O. Benoist, “Le théoreme de Bertini en famille”, Bull. Soc. Math. France 139:4 (2011), 555-569. MR Zbl

[Brennan and Epstein 2011] J. P. Brennan and N. Epstein, “Noether normalizations, reductions of ideals, and matroids”, Proc.
Amer. Math. Soc. 139:8 (2011), 2671-2680. MR Zbl

[Bruns and Herzog 1993] W. Bruns and J. Herzog, Cohen—Macaulay rings, Cambridge Stud. Adv. Math. 39, Cambridge Univ.
Press, 1993. MR Zbl

[Bruns and Vetter 1988] W. Bruns and U. Vetter, Determinantal rings, Monograf. de Mat. 45, Inst. Matematica Pura e Aplicada,
Rio de Janeiro, 1988. MR Zbl

[Bucur and Kedlaya 2012] A. Bucur and K. S. Kedlaya, “The probability that a complete intersection is smooth”, J. Théor.
Nombres Bordeaux 24:3 (2012), 541-556. MR Zbl

[Charles 2017] F. Charles, “Arithmetic ampleness and an arithmetic Bertini theorem”, preprint, 2017. arXiv

[Charles and Poonen 2016] F. Charles and B. Poonen, “Bertini irreducibility theorems over finite fields”, J. Amer. Math. Soc.
29:1 (2016), 81-94. MR Zbl


http://dx.doi.org/10.1090/S0002-9939-07-09010-7
http://msp.org/idx/mr/2336566
http://msp.org/idx/zbl/1128.13003
http://dx.doi.org/10.1112/S0010437X15007319
http://msp.org/idx/mr/3414390
http://msp.org/idx/zbl/1348.14055
http://msp.org/idx/mr/1253986
http://msp.org/idx/zbl/0846.13017
http://dx.doi.org/10.24033/bsmf.2619
http://msp.org/idx/mr/2869305
http://msp.org/idx/zbl/1244.14045
http://dx.doi.org/10.1090/S0002-9939-2011-10719-6
http://msp.org/idx/mr/2801606
http://msp.org/idx/zbl/1250.13002
http://msp.org/idx/mr/1251956
http://msp.org/idx/zbl/0788.13005
http://dx.doi.org/10.1007/BFb0080378
http://msp.org/idx/mr/986492
http://msp.org/idx/zbl/1079.14533
http://dx.doi.org/10.5802/jtnb.810
http://msp.org/idx/mr/3010628
http://msp.org/idx/zbl/1268.14021
http://msp.org/idx/arx/1703.02481
http://dx.doi.org/10.1090/S0894-0347-2014-00820-1
http://msp.org/idx/mr/3402695
http://msp.org/idx/zbl/1327.14233

A probabilistic approach to systems of parameters and Noether normalization 2101

[Chinburg et al. 2017] T. Chinburg, L. Moret-Bailly, G. Pappas, and M. J. Taylor, “Finite morphisms to projective space and
capacity theory”, J. Reine Angew. Math. 727 (2017), 69-84. MR Zbl

[Debarre et al. 2017] O. Debarre, A. Laface, and X. Roulleau, “Lines on cubic hypersurfaces over finite fields”, pp. 19-51 in
Geometry over nonclosed fields, edited by F. Bogomolov et al., Springer, 2017. MR Zbl

[EGAIV3 1966] A. Grothendieck, “Eléments de géométrie algébrique, IV: Etude locale des schémas et des morphismes de
schémas, 11", Inst. Hautes Etudes Sci. Publ. Math. 28 (1966), 5-255. MR Zbl

[EGAIV, 1967] A. Grothendieck, “Eléments de géométrie algébrique, IV: Etude locale des schémas et des morphismes de
schémas, IV”, Inst. Hautes Etudes Sci. Publ. Math. 32 (1967), 5-361. MR Zbl

[Eisenbud 1995] D. Eisenbud, Commutative algebra: with a view toward algebraic geometry, Grad. Texts in Math. 150, Springer,
1995. MR Zbl

[Ekedahl 1991] T. Ekedahl, “An infinite version of the Chinese remainder theorem”, Comment. Math. Univ. St. Paul. 40:1 (1991),
53-59. MR Zbl

[Ellenberg and Erman 2016] J. S. Ellenberg and D. Erman, “Furstenberg sets and Furstenberg schemes over finite fields”,
Algebra Number Theory 10:7 (2016), 1415-1436. MR Zbl

[Ellenberg et al. 2010] J. S. Ellenberg, R. Oberlin, and T. Tao, “The Kakeya set and maximal conjectures for algebraic varieties
over finite fields”, Mathematika 56:1 (2010), 1-25. MR Zbl

[Fulton 1984] W. Fulton, Intersection theory, Ergebnisse der Mathematik (3) 2, Springer, 1984. MR Zbl

[Gabber et al. 2015] O. Gabber, Q. Liu, and D. Lorenzini, “Hypersurfaces in projective schemes and a moving lemma”, Duke
Math. J. 164:7 (2015), 1187-1270. MR Zbl

[Gelfand et al. 1994] 1. M. Gelfand, M. M. Kapranov, and A. V. Zelevinsky, Discriminants, resultants, and multidimensional
determinants, Birkhduser, Boston, 1994. MR Zbl

[Hartshorne 1977] R. Hartshorne, Algebraic geometry, Grad. Texts in Math. 52, Springer, 1977. MR Zbl

[Kedlaya 2005] K. S. Kedlaya, “More étale covers of affine spaces in positive characteristic”, J. Algebraic Geom. 14:1 (2005),
187-192. MR Zbl

[Lang and Weil 1954] S. Lang and A. Weil, “Number of points of varieties in finite fields”, Amer. J. Math. 76 (1954), 819-827.
MR Zbl

[Macaulay 1916] F. S. Macaulay, The algebraic theory of modular systems, Cambridge Tracts Math. and Math. Phys. 19,
Cambridge Univ. Press, 1916. Zbl

[Macaulay2] D. R. Grayson and M. E. Stillman, “Macaulay?2, a software system for research in algebraic geometry”, Available
at http://www.math.uiuc.edu/Macaulay2.

[Moh 1979] T. T. Moh, “On a normalization lemma for integers and an application of four colors theorem”, Houston J. Math.
5:1(1979), 119-123. MR Zbl

[Nagata 1962] M. Nagata, Local rings, Intersci. Tracts Pure Appl. Math. 13, Intersci., New York, 1962. MR Zbl

[Neukirch 1999] J. Neukirch, Algebraic number theory, Grundlehren der Math. Wissenschaften 322, Springer, 1999. MR Zbl
[Poonen 2003] B. Poonen, “Squarefree values of multivariable polynomials”, Duke Math. J. 118:2 (2003), 353-373. MR Zbl
[Poonen 2004] B. Poonen, “Bertini theorems over finite fields”, Ann. of Math. (2) 160:3 (2004), 1099-1127. MR Zbl

[Poonen 2009] B. Poonen et al., “Smooth proper scheme over Z”, 2009, Available at https://mathoverflow.net/questions/9576/
smooth-proper-scheme-over-z/9605. Discussion on MathOverflow website.

[Poonen 2013] B. Poonen, “Extending self-maps to projective space over finite fields”, Doc. Math. 18 (2013), 1039-1044. MR
Zbl

[Serre 1965] J.-P. Serre, “Zeta and L functions”, pp. 82-92 in Arithmetical algebraic geometry (West Lafayette, IN, 1963),
edited by O. F. G. Schilling, Harper & Row, New York, 1965. MR Zbl

[Zariski and Samuel 1960] O. Zariski and P. Samuel, Commutative algebra, I, Van Nostrand, Princeton, 1960. MR Zbl

Communicated by Kiran S. Kedlaya
Received 2018-05-23 Revised 2018-12-18 Accepted 2019-06-27


http://dx.doi.org/10.1515/crelle-2014-0089
http://dx.doi.org/10.1515/crelle-2014-0089
http://msp.org/idx/mr/3652247
http://msp.org/idx/zbl/06722645
http://dx.doi.org/10.1007/978-3-319-49763-1_2
http://msp.org/idx/mr/3644249
http://msp.org/idx/zbl/06999622
http://www.numdam.org/numdam-bin/item?id=PMIHES_1966__28__5_0
http://www.numdam.org/numdam-bin/item?id=PMIHES_1966__28__5_0
http://msp.org/idx/mr/0217086
http://msp.org/idx/zbl/0144.19904
http://www.numdam.org/numdam-bin/item?id=PMIHES_1967__32__5_0
http://www.numdam.org/numdam-bin/item?id=PMIHES_1967__32__5_0
http://msp.org/idx/mr/0238860
http://msp.org/idx/zbl/153.22301
http://dx.doi.org/10.1007/978-1-4612-5350-1
http://msp.org/idx/mr/1322960
http://msp.org/idx/zbl/0819.13001
http://msp.org/idx/mr/1104780
http://msp.org/idx/zbl/0749.11004
http://dx.doi.org/10.2140/ant.2016.10.1415
http://msp.org/idx/mr/3554237
http://msp.org/idx/zbl/1354.13033
http://dx.doi.org/10.1112/S0025579309000400
http://dx.doi.org/10.1112/S0025579309000400
http://msp.org/idx/mr/2604979
http://msp.org/idx/zbl/1189.42010
http://dx.doi.org/10.1007/978-3-662-02421-8
http://msp.org/idx/mr/732620
http://msp.org/idx/zbl/0541.14005
http://dx.doi.org/10.1215/00127094-2877293
http://msp.org/idx/mr/3347315
http://msp.org/idx/zbl/06455741
http://dx.doi.org/10.1007/978-0-8176-4771-1
http://dx.doi.org/10.1007/978-0-8176-4771-1
http://msp.org/idx/mr/1264417
http://msp.org/idx/zbl/0827.14036
http://dx.doi.org/10.1007/978-1-4757-3849-0
http://msp.org/idx/mr/0463157
http://msp.org/idx/zbl/0367.14001
http://dx.doi.org/10.1090/S1056-3911-04-00381-9
http://msp.org/idx/mr/2092132
http://msp.org/idx/zbl/1065.14020
http://dx.doi.org/10.2307/2372655
http://msp.org/idx/mr/65218
http://msp.org/idx/zbl/0058.27202
https://archive.org/details/algebraictheoryo00macauoft/page/n8
http://msp.org/idx/zbl/46.0167.01
http://www.math.uiuc.edu/Macaulay2
https://www.math.uh.edu/~hjm/restricted/archive/v005n1/0119MOH.pdf
http://msp.org/idx/mr/533645
http://msp.org/idx/zbl/0434.13003
http://msp.org/idx/mr/0155856
http://msp.org/idx/zbl/0123.03402
http://dx.doi.org/10.1007/978-3-662-03983-0
http://msp.org/idx/mr/1697859
http://msp.org/idx/zbl/0956.11021
http://dx.doi.org/10.1215/S0012-7094-03-11826-8
http://msp.org/idx/mr/1980998
http://msp.org/idx/zbl/1047.11021
http://dx.doi.org/10.4007/annals.2004.160.1099
http://msp.org/idx/mr/2144974
http://msp.org/idx/zbl/1084.14026
https://mathoverflow.net/questions/9576/smooth-proper-scheme-over-z/9605
https://www.math.uni-bielefeld.de/documenta/vol-18/32.pdf
http://msp.org/idx/mr/3104552
http://msp.org/idx/zbl/1303.14014
http://msp.org/idx/mr/0194396
http://msp.org/idx/zbl/0171.19602
http://msp.org/idx/mr/0120249
http://msp.org/idx/zbl/0121.27801

2102 Juliette Bruce and Daniel Erman

juliette.bruce@math.wisc.edu Department of Mathematics, University of Wisconsin, Madison, WI,
United States

derman@math.wisc.edu Department of Mathematics, University of Wisconsin, Madison, WI,
United States

mathematical sciences publishers :'msp


mailto:juliette.bruce@math.wisc.edu
mailto:derman@math.wisc.edu
http://msp.org

Richard E. Borcherds
Antoine Chambert-Loir
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas

Hubert Flenner
Sergey Fomin
Edward Frenkel

Wee Teck Gan
Andrew Granville
Ben J. Green

Joseph Gubeladze
Roger Heath-Brown
Craig Huneke

Kiran S. Kedlaya
Janos Kollar
Philippe Michel
Susan Montgomery

Shigefumi Mori

Algebra & Number Theory

msp.org/ant

EDITORS

MANAGING EDITOR

Bjorn Poonen

Massachusetts Institute of Technology

Cambridge, USA

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of California, Berkeley, USA
Université Paris-Diderot, France

CNRS, Université Paris-Sud, France
Stanford University, USA

University of California, Santa Cruz, USA
Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
Ruhr-Universitit, Germany

University of Michigan, USA

University of California, Berkeley, USA
National University of Singapore
Université de Montréal, Canada
University of Oxford, UK

San Francisco State University, USA
Oxford University, UK

University of Virginia, USA

Univ. of California, San Diego, USA

Princeton University, USA

Ecole Polytechnique Fédérale de Lausanne

University of Southern California, USA
RIMS, Kyoto University, Japan

Martin Olsson

Raman Parimala
Jonathan Pila

Anand Pillay

Michael Rapoport
Victor Reiner

Peter Sarnak

Joseph H. Silverman
Michael Singer
Christopher Skinner
Vasudevan Srinivas

J. Toby Stafford
Pham Huu Tiep

Ravi Vakil

Michel van den Bergh
Akshay Venkatesh
Marie-France Vignéras

Kei-Ichi Watanabe

Melanie Matchett Wood

Shou-Wu Zhang

University of California, Berkeley, USA
Emory University, USA

University of Oxford, UK

University of Notre Dame, USA
Universitdt Bonn, Germany

University of Minnesota, USA
Princeton University, USA

Brown University, USA

North Carolina State University, USA
Princeton University, USA

Tata Inst. of Fund. Research, India
University of Michigan, USA
University of Arizona, USA

Stanford University, USA

Hasselt University, Belgium

Institute for Advanced Study, USA
Université Paris VII, France

Nihon University, Japan

University of Wisconsin, Madison, USA
Princeton University, USA

PRODUCTION
production@msp.org
Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2019 is US $385/year for the electronic version, and $590/year (4-$60, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices.

ANT peer review and production are managed by EditFLoW® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2019 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 13 No. 9 2019

Proof of a conjecture of Colliot-Thélene and a diophantine excision theorem 1983
JAN DENEF

Irreducible characters with bounded root Artin conductor 1997
AMALIA PIZARRO-MADARIAGA

Frobenius—Perron theory of endofunctors 2005
JIANMIN CHEN, ZHIBIN GAO, ELIZABETH WICKS, JAMES J. ZHANG, XIAOHONG ZHANG and HONG
ZHU

Positivity of anticanonical divisors and F-purity of fibers 2057
SHO EJIRI

A probabilistic approach to systems of parameters and Noether normalization 2081

JULIETTE BRUCE and DANIEL ERMAN

The structure of correlations of multiplicative functions at almost all scales, with applications to the Chowla 2103

and Elliott conjectures
TERENCE TAO and JONI TERAVAINEN

VI-modules in nondescribing characteristic, part I 2151
ROHIT NAGPAL

Degree of irrationality of very general abelian surfaces 2191
NATHAN CHEN

Lower bounds for the least prime in Chebotarev 2199
ANDREW FIORI

Brody hyperbolicity of base spaces of certain families of varieties 2205
MIHNEA POPA, BEHROUZ TAIJI and LET WU

0652(2019



	2. Background
	3. A uniform lower bound on Hilbert functions
	4. Geometric analysis
	5. Probabilistic analysis, I: Proof of 0=lemma.61=Theorem 1.3
	6. Probabilistic analysis, II: The error term and proof of 0=lemma.71=Theorem 1.4
	7. Passing to Z and Fq[t]
	8. Examples
	Acknowledgements
	References
	
	

