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Supersingular Hecke modules as Galois representations

Elmar Grosse-Klonne

Let F be a local field of mixed characteristic (0, p), let k be a finite extension of its residue field, let
‘H be the pro-p-Iwahori Hecke k-algebra attached to GL, (F) for some d > 1. We construct an exact
and fully faithful functor from the category of supersingular #-modules to the category of Gal(F/F)-
representations over k. More generally, for a certain k-algebra H* surjecting onto H we define the
notion of -supersingular modules and construct an exact and fully faithful functor from the category of
g-supersingular #*-modules to the category of Gal(F / F)-representations over k.
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Introduction

Let F be a local field of mixed characteristic (0, p), let ¥ € O be a uniformizer, let k be a finite
extension of the residue field F, of F. Let d € N. An important line of current research in number
theory is concerned with relating smooth representations of G = GL ;11 (F) over k with finite dimensional
representations of Gal(F/F) over k.

At present, the smooth representation theory of G is understood only up to identifying, constructing
and describing the still elusive supercuspidal representations of G, or equivalently, the supersingular
representations of G. An important role in better understanding this theory is played by the module
theory of the pro-p-Iwahori Hecke k-algebra # attached to G and a pro-p-Iwahori subgroup Iy in G.
There is a notion of supersingularity for #-modules which, in contrast to that of supersingularity for
G-representations, is transparent and concrete. The notions are compatible in the following sense: at
least after replacing k by an algebraically closed extension field, a smooth admissible irreducible G-
representation V is supersingular if and only if its space of Iy-invariants V% (which carries a natural
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action by %) is supersingular if and only if V0 admits a supersingular subquotient; see [Ollivier and
Vignéras 2018]. It is true that the functor V > V% from G-representations to 7{-modules often looses
information. But the potential of taking into account also its higher derived functors, which again yield
(complexes of) H-modules, has been barely explored so far.

The purpose of the present paper is to explain a method for converting (supersingular) H-modules into
Gal(F/F )-representations over k.

For F = Q, we had constructed in [Grosse-Klonne 2016] an exact functor from finite dimensional
#H-modules to Gal(Q »/Qp)-representations over k. The construction was inspired by Colmez’s functor
from GL,(Q),,)-representations to Gal(Q »/Qp)-representations. It was geometric-combinatorial in that it
invoked coefficient systems on the Bruhat Tits building of GL,(Q,). Unfortunately, we see no way to
generalize this geometric-combinatorial method to arbitrary finite extensions of F of Q,. However, when
trying to extract its “algebraic essence”, we found that the functor indeed admits a generalization to any F,
albeit now taking on an entirely algebraic and concrete shape. But in fact, it is this concreteness which
allows us to not only investigate its behavior on irreducible objects, but also to prove that it accurately
preserves extension structures. In this way, even for F = Q, we significantly improve on our previous
work [Grosse-Klonne 2016].

Let Rep(Gal(F/F)) denote the category whose objects are projective limits of finite dimensional
Gal(F / F)-representations over k. Let Mod, () denote the category of supersingular #{-modules which
are inductive limits of their finite dimensional submodules.

Theorem A. There is an exact and fully faithful functor
Modg (H) — Rep(Gal(F/F)), M V(M).

We have dimy (M) = dimy (V (M)) for any M € Mod (H).

The radical elimination of the group G (and its building) from our approach allows us to improve
Theorem A further as follows. We construct k-algebras H** and H* by looking at a certain small set of
distinguished generators of # and by relaxing resp. omitting some of the usual (braid) relations between
them. In this way we get a chain of surjective k-algebra morphisms H** — H* — #{. There is a again a
notion of supersingularity for #**-modules and for #*-modules (which are inductive limits of their finite
dimensional submodules; we assume this for all -, resp. H*-, resp. H-modules appearing in this paper).
The simple supersingular modules are the same for 7**, for 7* and for #, but there are more extensions
between them in the category of #**-modules, resp. of H*-modules, than in the category of #-modules. A
particular useful category Mod,, (#*) is formed by what we call fi-supersingular #*-modules. It contains
the category of supersingular H-modules as a full subcategory (but is larger). Now it turns out that
the above functor is actually defined on the category of supersingular **-modules, and again with
dimy (M) = dimy (V (M)) for any M. When restricting to Mody, (#*) we furthermore get:

Theorem A*. There is an exact and fully faithful functor

Mody (H*) — Rep(Gal(F/F)), M +— V(M).
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We do not know if the k-algebra H* admits a group theoretic interpretation, as does the double coset
algebra H = k[1p\ G/ Ip]. However, already from the Galois representation theoretic point of view we
think that the additional effort taken in proving Theorem A* (rather than just Theorem A) is justified,
since in this way we identify an even larger abelian subcategory of Rep(Gal(F/F)) as a (supersingular)
module category of a very concretely given k-algebra. In fact, the additional effort is mostly notational.

We define a standard supersingular #-module to be an #-module induced from a supersingular
character of a certain subalgebra H,¢ of H with [#H : Hagr] = d + 1. Each simple supersingular -module
is a subquotient of a standard supersingular 7-module. We also define the notion of a (d + 1)-dimensional
standard cyclic Gal(F/F)-representation; in particular, each irreducible Gal(F /F)-representation of
dimension d + 1 is a (d + 1)-dimensional standard cyclic Gal(F / F)-representation.

Theorem B. The functor M — V (M) induces a bijection between standard supersingular H-modules
and (d + 1)-dimensional standard cyclic Gal(F | F)-representations. M is irreducible if and only if V (M)
is irreducible.!

However, we emphasize that it is rather the much deeper Theorem A (and A¥) which proves that
supersingular modules are of a strong inherent arithmetic nature.

In Section SE we gather some generic statements which come close to describing the image of the
functor M +— V(M).

Let us now indicate the main features of the construction of the functor. We fix once and for all a
Lubin-Tate group for F. More precisely, as this simplifies many formulae, we work with the Lubin—
Tate group associated with the Frobenius power series ®(¢) = t? 4+ wt. On the k-algebra k[[¢]][¢] with
commutation relation ¢ -t =17 - ¢ welet I' = Of actby y -9 = y'¢ and y -t = [y]o(r), where
[¥1a () € k[[#]] describes multiplication with y with respect to ® and where y’ € k* means the image of
y € I'in k*. We view a supersingular H**-module (or #*-module, or H-module) M as a k[[¢]-module
by means of #|y = 0. In k[[#]I[¢] ®«y; M we then use the H-action on M to define a certain submodule
V(M) by giving very explicitly a certain number of generators of it. This is done in such a way that
A(M) = klltll¢] @k M/V (M) naturally receives an action by I' and is a torsion k[[¢]]-module. A very
general construction then allows us to endow A(M)* ®xyq k(1)) with the structure of a (¢, I')-module
over k((¢)). The notion of a (¢, I')-module over k((¢)) with respect to the chosen Lubin—Tate group &
is explained in full detail in the book [Schneider 2017], where it is also explained that this category is
equivalent with the category of representations of Gal(F /F) over k.

It was pointed out by Cédric Pépin that the syntax of the functor M — V (M) bears strong resemblance
with that of Fontaine’s various functors (using “big rings”).

One may wonder which of our results remain valid if the coefficient field & is allowed to be a more
general field k containing [y, i.e., not necessarily finite. First, this finiteness is invoked for the equivalence
of categories between Galois representations and (¢, [')-modules. But it is also invoked in the proofs of

! A numerical version (i.e., comparing cardinalities) of Theorem B was known for quite some time, due to work of Ollivier
and Vignéras [2005].
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Proposition 3.3 (our main result in Section 3 on recovering a supersingular #*-module from subquotients)
and of Theorem 5.10 (on recovering M from A(M)).

In Section 2B we list some automorphisms of A (and of #* and #**). They induce autoequivalences
of the category of supersingular 7{-modules;> thus, precomposing them to M — V(M) we get more
functors satisfying Theorems A, A* and B.

We end this paper somewhat speculatively by discussing assignments of Gal(F / F)-representations to
supersingular G-representations. The functor M — V (M) invites us to search for meaningful assignments
of (complexes of) supersingular {-modules to supersingular G-representations Y. First we suggest
studying the left derived functor of the functor taking Y to the maximal supersingular #{-submodule of Y/,
This entails working in derived categories and appears to be the most natural approach. Nevertheless,
as a variation of this theme we then suggest an exact functor from (suitably filtered) G-representations
to supersingular -modules. It builds on a general procedure of turning complexes of H-modules into
new H-modules, applied here to complexes arising from E-spectral sequences attached to the said left
derived functor.

Apparently, the constructions and results of the present paper call for generalizations into various
directions. We mention here just the obvious question of what happens if the pro- p-Iwahori Hecke algebra
‘H attached to G = GL;4(F) is replaced by pro-p-Iwahori Hecke algebras # attached to other p-adic
reductive groups G. In extrapolation of what we did here, the general Langlands philosophy suggests
searching for a functor from #-modules to Galois representations such that in some way the algebraic
k-group with root datum dual to that of G shows up on the Galois side — just as it does here in Theorem B.
In a subsequent paper we will propose such a functor. However, in its formal shape it will not precisely
specialize to the functor discussed here if G = GL ;1 (F ),3 and Theorem A will not be a special case of
what we will then prove for general G.

Notations. Let F'/Q, be a finite field extension. Let [, be the residue field of F (with g elements). Let
7 be a uniformizer in OF. Let k be a finite field extension of [F,.

As explained in [Schneider 2017, Proposition 1.3.4], attached to the Frobenius (or Lubin—Tate) formal
power series @ (¢) = ¢t + ¢4 is associated a commutative formal group law (the associated Lubin—Tate
(formal) group law) Fg (X, Y) over Of such that ®(¢) € Endp, (Fe(X, Y)). There is a unique injective
homomorphism of rings

Or — Endp, (Fo(X,Y)), at>lale(?)

such that ® () = [ ] (¢), see [Schneider 2017, Proposition 1.3.6], where we recall that, by definition,
Endp, (Fo(X,Y)) ={h € Oflit]; h(0) =0 and h(Fo (X, Y)) = Fo(h(X), h(Y))}.

Lemma 0.1. Assume that F # Q,. Writing [ale(t) = at + Zizz ait’ (with a; € Of), we have a; = 0
wheneveri —1 ¢ (g — DN. Ifa?~! =1 we even have a; =0 for all i > 2.

2But this is not so evident, if true at all, for the category of fi-supersingular #H*-modules
3But of course, it will be closely related
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Proof. As ©(t) = mt 4 t4, the power series [a]e(f) = at + Zizz a;t" is characterized by the formula
nlale(t) + ([ale (1) = [ale (7t +19).

If a7~ = 1 we see that [a]e(¢) = at satisfies this formula. Given a general a, consider the equalities
[alo([Ple (1)) = [Plo([ale(?)) for all b € Of with b9~! = 1. Since we know [b]e(f) = bt, and since
F # Q, implies the existence of primitive such b’s different from 1, we indeed obtain a; = 0 whenever
i—1¢(g—1N. O

1. Lubin-Tate (¢, I')-modules

In the first two subsections we transpose some constructions and results from the theory of cyclotomic
(¢, I')-modules over k (i.e., where F = Q, and where the underlying Lubin-Tate group is G,,) to the
context of (¢, I')-modules over k with respect to the Lubin—Tate group attached to ®(¢) = 7t 4 t9 (with
arbitrary F'). Namely, we define an exact functor from admissible (torsion) k[[¢]-modules with commuting
semilinear actions by I' = O and ¢ to étale (¢, I')-modules over k. The former category is closely
related to that of r-stable lattices in étale (¢, I')-modules D, and we are lead to transpose some of
Colmez’s constructions [2010] involving the 1-stable lattices D" and D* to our context. One difference
is that in our context the ir-operator on k((t)) does not satisfy (1) = 1, but this necessitates only minor
modifications.

We then identify a category of admissible (torsion) k[[#]]-modules with actions by I" and ¢ on which
the above functor is fully faithful.

1A. (¢, I')-modules and torsion k([t]-modules. Put ®(t) =t +1?. Putl' = (9;. The formula y -t =
[y]le(t) with y € I" defines an action of I' by k-algebra automorphisms on k[[#]] and on k((¢)). Consider
the k-algebra

O =k[[]le, ']

with commutation rules given by

ye=9y, yvt=I[yloe(@®y, ot=1tl¢p

for y € T'. (Here we read [yle(1)y = (Iylo(1)y.)*
Definition. A i-operator on k[[]] is a k-linear map V : k[[¢]] = k[[¢]] such that ¢ (y -t) =y - (¥ (¢)) for
all y € T" and such that the following holds true:’ if we view ¢ as acting on k[[¢], then

V(p(@)x)=ay(x) fora,x €klr]. ey
Lemma 1.1. There is a surjective \r-operator on k|[t] which extends to a surjective k-linear operator
Y = Yy on k((2)) satisfying formula (1) analogously.

4As 19 = ®(t) = []e(¢) in k[¢] one may also think of O as O = k[+][OF — {0}] with commutation rules at = [a]¢ (t)a
foralla € O — {0}.
SWe do not require ¥ (1) = 1.
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We may choose Yy on k((t)) such that form € Z and 0 < i < q — 1 we have®

m i =0,
Vi (") =10 1<i<qg-2, 2
" i=q—1.
Proof. This is explained in [Grosse-Klonne 2019]; it relies on [Schneider and Venjakob 2016, Section 3].

O

In the following we fix the surjective ¥r-operator ¢ on k[[¢]] satisfying formula (2). We extend it to a
k-linear operator ¥ = () on k((¢)) as in Lemma 1.1.

Definition. An étale (¢, I')-module over k(7)) is an O ®y;3k((¢))-module D which is finite dimensional
over k((#)) such that the k((¢))-linearized structure map

id®g : k(1) ®pk@y D => D
is bijective. We define Mod® (k((¢))) to be the category of étale (¢, I')-module over k((¢)).

Theorem 1.2 (Fontaine, Kisin—-Ren, Schneider). There is an equivalence between Mod® (k((t))) and the
category of continuous representations of Gal(F / F) on finite dimensional k-vector spaces.

Proof. For F = Q, and the Frobenius power series (1 +¢)” — 1 (instead of ®(¢) = mt +17) thisis a
theorem of Fontaine, see paragraph 1.2 in [Fontaine 1990]. The analog of the theorem (for an arbitrary
Frobenius power series) for a coefficient field of characteristic 0 (hence not k) is due to Kisin and Ren
[2009]. A detailed proof of the theorem stated here can be found in Schneider’s book [2017]. O

Definition. A torsion k[[¢]]-module A is called admissible if
Alt]=1{x € A; tx =0}
is a finite dimensional k-vector space.

We remark that admissible k[[#]-modules on which ¢ acts surjectively are precisely the Pontrjagin duals
of finitely generated torsion free, and hence free k[[#]l-modules.

Definition. Mod!(9) is the category of O-modules which are finitely generated over k[[¢][¢] and
admissible (in particular: torsion) over k[[¢].

Lemma 1.3. The categories Mod® (k((1))) and Mod* (D) are abelian.

Proof. An O ®qk((t))-module subquotient of an étale (¢, I')-module is again an étale (¢, I')-module: to
see that the étaleness condition (the bijectivity of id ®¢) is preserved under passing to such subquotients,
just notice that it is equivalent with saying that the matrix of ¢ in an arbitrary k((¢))-basis is invertible.
Thus, Mod®' (k((¢))) is abelian. (Of course, one could also point to Theorem 1.2.)

An O-module subquotient of an object in Mod®!(9) is again an object in Mod*¥(9): this is shown in
[Emerton 2008, Proposition 3.3]. Thus, Mod® (9) is abelian. O

®Notice that £ =0 (in k) if F # Q.
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Definition. For a k-vector space A we write A* = Homg (A, k) (algebraic dual). For a k[[¢]]-module A
we endow A* with a k[[¢]]-action by putting

(S- )8 = f(Sd)

for S € k[[t], f € A*, § € A. If A even carries a k[[¢]][I"]-module structure then also A* receives one,
with y € I' acting as

- NG =fy's)
fory el’, f e A*, § € A.

Proposition 1.4. For A € Mod® (D) there is a natural structure of an étale (¢, T')-module on A* k1]
k((t)). The contravariant functor

Mod*(9) — Mod®(k((r))), A > A* Qxpep k(1)) 3)
is exact.
Proof. The map id ¢ : k[[]] @y ki A — A gives rise to the k[[#]|-linear map
A 2 KD @y kg A @)
On the other hand, we have the k[[#]-linear map

k[t @ kpey (A™) = (k[T Qg kg A)*

)
a®@l— [bRx— L(Y(ab)x)].

It is shown in [Grosse-Klonne 2019] that the respective base extended maps (4) @y k(1)) and (5) Rk k(1))
are bijective. Composing (5)®y7k((z)) with the inverse of (4)Qxk((2)) thus yields a k((¢))-linear
isomorphism

k(1)) g k(1) (A" @iy k(1)) = k(1)) g k17 (A™) = A* gy k(1))

and hence the desired g-operator on A* Qg k((2)). The exactness of A = A* @y, k(1)) follows from
the exactness of taking duals and of applying (.) ®xpq k((2)). U

1B. y-stable lattices in (@, I')-modules.

Lemma 1.5. Let D € Mod® (k((t))). There is a natural additive operator yr : D — D satisfying
Viap(x)) =y (a)x and Y(p(a)x)=ay(x)

forall a € k((t)) and all x € D, and commuting with the action of T.

Proof. We define the composed map

Y i D — k(1) gy D — D
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where the first arrow is the inverse of the structure isomorphism id ®¢ and where the second arrow is
given by a ® x — 1 (a)x. By construction, it satisfies ¥ (a@(x)) = ¥ (a)x. To see ¥ (¢(a)x) = ar(x)
observe that by assumption we may write x = ) . a;¢(d;) with d; € D and a; € k((t)). We then compute

Yip@x) =Y Yp@apd)) =Y Yp@a)d =ay_ ylad=ay_ yapd))=ap(x).

Finally, let y € I'. As y and ¢ commute on k[[¢], and as I" acts semilinearly on D, the additive map
k(1) Qg D — k(1) ®p iy D, a®dr> y(a)®y(b)

is the map corresponding to y on D under the isomorphism id ®¢, and under a ® x — 1 (a)x it commutes
with y on D since y and ¥ commute on k((¢)). O

In the following, by a lattice in a k((¢))-vector space D we mean a free k[[z]]-submodule containing a
k((t))-basis of D.

Lemma 1.6. Let D € Mod® (k((t))) and let D be a lattice in (the k((t))-vector space underlying) D. Let
Y : D — D be the operator constructed in Lemma 1.5:

(a) ¥ (D) is a k[[t]l-module.
(b) If (D) C D then D C (D).
(©) If D Ckllt]- (D) then (D) C D.
(d) If (D) C D then (t~'D) C t7' D, and for each x € D there is some n(x) € N such that for all
n > n(x) we have Yy (x) € t—' D.
Proof. (a) Use Y (¢p(a)x) =ay(x) fora € k((¢)) and x € D.

(b) Choose a € k[[t] with Yr(a) = 1. For d € D we have d = ¥ (ap(d)) which belongs to ¥ (D) since
¢(D) C D.

(c) Let d € D. By assumption there are ¢; € D and g; € k[[t]] with d = ). a;¢(e;), hence ¥ (d) =
Zi Y(a;)e; € D.
(d) Fori > 1 we have

Y’ D)y co' T Ty (D) c' Tl aTHD (6)

where the second inclusion uses the assumption. From ¢(t~') =179 we get
Y (™ 'D) Cy(pt™HD) Ct7'D.

Moreover, if n(x) € N is such that x € ¢ (t~!)D for n > n(x), then iterated application of formula (6)
shows

Y () ey ("¢t HD) cy" "l eHD) - ctT'D

for n > n(x). U
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Lemma 1.7. (a) There are lattices Dy, D in D with
@(Dy) CtDy C Dy C Dy Ck[[t]-o(Dy).

(b) For Dgy, Dy as in (a) and for n > 0 we have " (Dy) C vt 1(Dy) C Dy.
Proof. (a) This is a (simplified) subclaim in the proof of Lemma 2.2.10 in [Schneider 2017] (which follows
[Colmez 2010, Lemme II 2.3]). One proceeds as follows. Let dy, ..., d, be a k((¢))-basis of D. Then also
o(dy), ..., p(d,) is k((t))-basis of D. We therefore find f,-j, gij € k((t)) with ¢(d;) = Zle f,-jdi and
dj= Z;Zl gije(d;), forany 1 < j <r. Choose some n > 0 with t"(q_l)f:-j € tk[[t] and z"@—l)g,-j € tk[[t]
forall i, j. Then Do =Y \_, t"k[[t]id; and Dy =Y _;_, t"k[¢]ld; work as desired.
(b) Choose a € k[[t] with ¥ (a) = 1. For x € Dy we have ¥"(x) = ¥"T!(ap(x)) € ¥"T1(Dy) since
@(Dg) C tDg implies ¢(x) € Do and hence ap(x) € Dgy. This shows " (Dg) C w”“ (Dg). As
Do C Dy C k[[t] - ¢(Dy), an induction using Lemma 1.6(c) shows "+ (Dgy) C D;. O
Proposition 1.8. There exists a unique lattice D* in D with v (D*) = D* and such that for each x € D
there is some n € N with ¥"(x) € D*.

For any lattice D in D we have " (D) C D* for all n > 0.

For any lattice D in D with (D) = D we have tD* C D C D*.

Proof. Using the previous lemmata, the proof is the same as the one given in [Colmez 2010, Proposi-
tion 11.4.2]. O

Proposition 1.9. (a) For any lattice D in D contained in D* and stable under v we have (D) = D.
(b) The intersection D* of all lattices in D contained in D* and stable under  is itself a lattice, and it
satisfies (D) = D",
Proof. (See [Colmez 2010, Proposition II.5.11 and Corollaire I1.5.12].)

(a) Since D? as well as D and Y (D) are lattices in D?, both D* /D and Dt /¥ (D) are finite dimensional
k-vector spaces. ¥ induces an isomorphism v (D%)/D = D*/vyr(D) (as ¥ (D) C D), hence ¥ (D) = D.
(b) For any D as in (a) we have tD* C D by what we saw in (a) together with Proposition 1.8. This
shows t D* C DF, hence D" is indeed a lattice, and v (D") = D" follows by applying (a) once more. [
Lemma 1.10. D° and D* are stable under the action of T.

Proof. If D is a lattice in D, then so is y - D for any y € I'. If in addition ¥ (D) C D, resp. ¥ (D) = D,
then also Y (y - D) C y - D, resp. ¥ (y - D) = y - D. From these observations we immediately get
y - D" = D%and y - D* = D*. O
Proposition 1.11. The functor Mod®(9) — Mod® (k((t))) in Proposition 1.4 sends simple objects to
simple objects.

Proof. Let A € Mod () be simple. By construction, ¥ on A* ®, k((¢)), when restricted to A*, is the
adjoint of ¢ on A. Therefore the simplicity of A as an $-module means that A* admits no nontrivial k[[#]]-
submodule stable under I" and . If D is a nonzero (¢, I')-submodule of A* @,y k((¢)) then also D' is
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nonzero and stable under I" and v/, see Proposition 1.9 and Lemma 1.10. As D* C (A* Qx[ k()" c A*
we get D = A* (since A* is stable under ), as desired. O

Lemma 1.12. Let f : Dy — D, be a morphism in Mod®(k((1))):

(a) f(DY) C D} and f(D}) C D..

(b) If f : Di — D is injective (resp. surjective), then so is f : Df — Dg.

(c) If f : D1 — D; is injective (resp. surjective), then so is f : DT — Dg.
Proof. (a) f (D%) is a free k[[t]]-submodule of D, on which v acts surjectively. Thus f (D?) + Dg is
a lattice satisfying the defining condition for Dg given in Proposition 1.8, hence f (Df) + D = Dg,
hence f(Djlj) - Dg. Next, let D = {x € D?; fx) e Dg}. It is a lattice in D; since Ds is a lattice,
f (DE) cf (Df) C Dg and Di / Dg is a finite dimensional k-vector space. It is also stable under ¥, hence
contains D?, hence f(D]) C D;.
(b) and (c) If f : D; — D, is injective then obviously so are f : Df — D; and f : D? — Dg. If
f : D1 — D, is surjective then f (DT) is a lattice in D, stable under v, hence contains Dg. To see
f (D?) = D; we proceed as in [Colmez 2010, Proposition I1.4.6(iii)] Namely, choose a lattice D’ in D,
with f(D') = D5. Put D =", ¥"(D"). By construction we have (D) C D as well as f(D) = D}
(since w(Dg) = Dg). Proposition 1.8 shows that D is again a lattice. Let x € Dg. By Proposition 1.8 we
find some n € N such that " (D) C Drlj. For such an n, choose x,, € Dg and x, € D with " (x,) = x

and f(X,) = x,. Putu, =¢y"(x,) € D?. By their construction in Lemma 1.5, the operators ¥ on D; and
D; commute with f, thus we may compute

Sfun) = f(‘/fn(in)) = I//n(f()zn)) =vY"(x,) = x. O

Lemma 1.13. Let 0 — D; — D, — D3 — 0 be an exact sequence in Mod® (k((¢))). For each i let
D; C D; be a lattice with W (D;) = D;, and suppose that the above sequence restricts to an exact sequence

0—>D1—>D2—>D3—>0. (7)

If we have Dy = DT and D3 = Dg, then we also have Dy = D;. If we have D| = DTIj and D3 = Dg then
we also have D, = Dg.

Proof. By Lemma 1.12 the sequence 0 — Di — Dg — Dg — 0 is exact on the left and on the right.
Comparing it with the sequence (7) via DT =Dy, Dg C D, and Dg = D3, we immediately get D; = D;.
Next, by Lemma 1.12 the sequence 0 — D? — D§ — Dg — 0 is exact on the left and on the right. We
compare it with the sequence (7) via D; = Df, D, C D; and D3 = Dg. We claim

¥ (D, N D) =D, N D

Of course, ¥ (D N Dg) c DN Dg is clear. To see D; N D§ cy(DN Dg) take x € D1 N Dg. Choose
y e D; with ¥ (y) = x. Choose y’ € D, mapping to the same element in Di= D3 as y. We then have
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¥(y')€ DN Dy = Dy and ¥ (y —y') — x € Dy, hence there is some z € Dy with ¥ (z) = ¥ (y — ') — x,
hence x =Y (y —y' —2) € ¥(D; ﬂDg) sincey—y € D; N Dg and z € Dy ﬂDg.

The claim is proven. By the definition of D? it implies D; N Di = D?, hence D N Dg = Dy since
D, = D}. Thus, D, = Dj. O

Remark. An étale p-module over k((?)) is a k[[t]I[¢] @« k((¢))-module D which is finite dimensional
over k((t)) such that the k(())-linearized structure map id ®g is bijective. The above theory of the operator
Y and the lattices D and D’ works analogously for étale p-modules D over k((t)), i.e., the I"-action is
not really needed.

1C. Partial full faithfulness of A — A* Qg k((2)).

Lemma 1.14. Let N be a k-vector space, and suppose that we are given a k-linear automorphism t of
N, a basis N of N, integers 0 <k, < g — 1 and units o, € k™ for v e N. View N as a k[t]]-module with
tN =0 and let A denote the quotient of kl[t1[¢] Qkpq N by the k([tll¢l-submodule V generated by the
elements

1®v+a,e®1()
with v € N. We then have:

(a) klitlll¢] ke N is a torsion k[[t]]-module.

(b) The map N — Al[t] sending n € N to the class of 1 ® n is an isomorphism. In particular, A is
admissible if N is a finite dimensional k-vector space.

(c) The action of ¢ on A is injective.

Proof. (a) As ¢t = t%¢ in k[[t]l[¢] we may write any element in k[[?][¢] @« N as a finite sum of
elements of the form a¢” @ x with a € k[[t]l, n > 0 and x € N. It is therefore enough to show

ap" @x =0 foreacha €t? k[t]] (8)
where n > 0 and x € N. We may write a = apt? " with ag € k[[t] and compute
ap" @x = apt? ¢" @ x = ape”t ® x = 0.

(b) and (c) We may write

kitdiel@ua N =P P P ko @)

veN =0 0<6<qi—1

Indeed, that k[[#]I[¢] ®x: N is a quotient of the right hand side follows from formula (8). It is in fact an
isomorphic quotient since all relations between ¢ and ¢ in k[[#]|[¢] can be generated from ¢t = t7¢.
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Consider the three k-subvector spaces

1®N:@k®r(v)
veN

= @k@v,
C= @@ @ ktPol @T(v), )

veN i>0 0§6<qi_lkv

V:@@@k.te(pi_l(l®v+avtk”(p®r(v)). (10)

VEN i>0 >0
Using the formula ¢t = t9¢ we see
t€<pi_1(1 Qv+ avtk”go RT)) € kX.téJrqu”(pi RT(v)+ k[[t]](,oi_1 Qv.

We also see that in the sum (10) all summands with € > (g — l)qi_lkv — 1 vanish. Equivalently, in the
sum (10) only those summands are nonzero for which 6 = € +¢'~ 'k, satisfies ¢’ 'k, <0 < ¢’ — 1. Thus
we find

kitllel®qa N =1 NPV EPC. (11)

Let C’, resp. C”, denote the k-subspace of C spanned by all t%¢’ ® t(v) with v € N, i > 1 and
0<6 <q' 'k, resp. by all t?¢ ® T(v) with v e N and 0 <6 < k,. Then ¢(C) C C" and ¢ : C — C' is
injective. On the other hand, p(1® N) C C" and ¢ : 1 @ N — C” is injective. Since C'NC" =0 we
conclude that ¢ acts injectively on A. Now consider the composed map

C — klrlle] ®cpy N~ k@) @ N — 1@ NP €

where the first arrow is the inclusion, the last arrow is the projection. This map is bijective, the critical
point being the computation

t(k.tqiflk”_lq)" Rt(v)) = k.tqiflk”wi Rt(v) = k.(pi_ltk"ga ®t(v)= k.(p’._1 Qv
modulo V (for i > 0). It follows that indeed the image of 1 ® N in A is the kernel of # acting on A. [J

Definition. An object A € Mod™ () is called standard cyclic if it is generated over k[[¢]][¢] by ker(¢|a) =
A[t] and if there is a basis of A[¢] consisting of I'-eigenvectors ey, . . ., ez such that

tki(pei_l =pje; forall0<i<d

(reading e_; = ¢;), for certain 0 < k; < ¢ — 1 and p; € k* such that k; > O for at least one 7, as well as
ki < q — 1 for at least one i.

In the following, we extend any indexing by O, ..., d to an indexing by Z in the obvious way (i.e.,
ki =kitd+1, € = €itd+1s Pi = Pitd+1, Ni = Ni+d+1 for all i € Z). Let V denote the k[[¢]][¢]-submodule
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of k[[]l[¢] ®«ry Alt] generated by the elements thip ® ej_1 — 1 ® pie;. The inclusion A[f] — A extends
to a natural k[[¢]][¢]-linear map

kit o] ey AlEl/V — A. (12)
Proposition 1.15. Ler A € Mod*(9) be standard cyclic, with e;, ki, pi, p; as above:

(a) t acts surjectively on A, and there is a distinguished isomorphism of free k[t ]|-modules of rank d + 1
=kl @k (Al£]"). (13)

The map (12) is a k[[t[¢]-linear isomorphism.
(b) Ifforany 1 < j <d thereis some 0 <i <d with k; # ki j, then A is irreducible as a k[[t]|[¢]-module.

(¢) ForO<i <dletn; :T — k> be the character with y - e; = n;(y)e; for all y € I'. Suppose that for
any 1 < j < d which satisfies ki = k;1; for all 0 <i < d there is some 0 <i < d with n; # n;4;.
Then A is irreducible as an O-module.

(d) At least after a finite extension of k we have: A admits a filtration such that each associated graded
piece is an irreducible standard cyclic object in Mod® (D). If p does not divide d + 1 then A is even
the direct sum of irreducible standard cyclic objects in Mod®(9).

Proof. (This is very similar to [Grosse-Klonne 2016, Proposition 6.2].)

(a) For 0 < j <d consider
wj =kj+qkj-1+--+q'ko+ g kg +- - +q%; 1.

Repeated substitution of ¢t = t7¢ (recall ®(¢) = t9 modulo ) shows that tWigdtle j€kXej. Ask; >0
for at least one i we have w; > 0, and hence ¢; € tA. As A[r] is generated over k by all ¢; it follows
that A[f] C tA. As A is generated over k[[¢]][¢] by A[z], the equation ¢t = t?¢ therefore shows A C tA,
i.e., t acts surjectively on A. We deduce that A* is a torsion free, and hence free k[[¢]]-module of rank
d+1. As A is generated over k[[¢]l[¢] by A[r] the map (12) is surjective. But it is also injective, because
Lemma 1.14 tells us that it induces an isomorphisms between the respective kernels of 1. We view the
bijective map (12) as an identification. The proof of Lemma 1.14 yielded a canonical k-vector space
decomposition A = C @ Alr] where the k-subvector space C of A is generated by the image elements of
the elements t9g0’ ®e € kl[t1[¢] @k Alz] which do not belong to 1 ® A[#] (for some e € A[f], and some
0, r > 0). We may thus identify A[#]* =Homy (A[¢], k) with the subspace of A* =Homy (A, k) consisting
of all f € A* with f|c = 0. The composition of this k-linear embedding A[¢]* — A* with the projection
A* — (A*)/t(A¥) is a k-linear isomorphism. Therefore, and as A* is free and finitely generated over
k[[¢], the k[[¢]-linear map k[[¢] @ (A[t]*) — A* extending the k-linear embedding A[f]* — A* is an
isomorphism as stated in formula (13).
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(b) Let Z be a nonzero k[[t]][¢]-submodule of A. With A also Z is a torsion k[z]]-module, hence

ker(t|z) = Z[t] is nonzero. For nonzero elements 7 = Zogid x;e; of Z[t] (with x; € k) put

D) ={0<i<d|x #0}, v()=|D),
n(z) =max{k; |i € D)}, Az)=1"Dpz.

Then A(z) is again a nonzero element of Z[t]. We have
DA@)={i+1]|n(z)=k andi € D(2)}

(we read elements in {0 < i < d} modulo (d + 1)), in particular v(A(z)) < v(z). If v(A(2)) = v(2)
then D(A(z)) ={i +1|i € D(z)} and k; = k; 1 ; whenever i, i + j € D(z). This implies that if we had
V(A" (z)) = v(z) > 1 for all n > O then there was some 1 < j < d with k; =k;j forall 0 <i <d.
But this would contradict our hypothesis. Thus, for sufficiently large n > 0 we have v(A"(2)) =1, i.e.,
A"(z) € k*e; for some 0 < i < d. For such n we then even have A"/ (z) € k*e;y; forall j > 0. It

follows that Z contains all e;, hence Z = A.

(c) We use the functions v, A already employed in the proof of (b). Let 0 2 Z C A be a nonzero
$-submodule. Choose a nonzero z € Z[¢t] for which v(z) is minimal (for all nonzero z € Z[¢]). If v(z) =1
then we obtain Z = A as in the proof of (b). Now assume v(z) > 1. For all n > 0 we have v(A"(z)) <v(2),
hence V(A" (z)) = v(z) by the choice of z. Thus, writing z =) ,_; ., xie; wWith x; € k, we have x; # 0
and x; 1 ; # 0 for some i, j, with j violating the hypothesis in (b). B_y_the hypothesis in (c), replacing i by
i +n and z by A"(z) we may assume that n; # n;4 ;. Pick y € I" with n; (y) # n;4+;(y), and pick a € k*
with ae; = y - ¢;. Then az — y - z is a nonzero element in Z[¢] with v(az — y - z) < v(z): a contradiction.

(d) Passing to a finite extension of k if necessary we may assume that there is a (d + 1)-st root of ]_[?:0 Oi
in k. Thus, rescaling the e; if necessary we may assume p; = p; for all 7, j. We argue by induction on d.
If A itself is not irreducible then there is, by (c), some 1 < j < d which satisfies k; = k;; and n; = ;4
for all 0 <i < d. The minimal such j is a divisor of d 4+ 1. Consider the k-subvector space V of A[¢]
spanned by the vectors €; = ¢;; for 0 <i < (d+1)/j. Then

J
(Hp,-l)t""w-tklw
i=1

induces the automorphism f of V with f(e;) = €; 11 (where we understand €44 1),; = €p). Choose (after
passing to a finite extension of k if necessary) an f-stable filtration 0=Vo C Vi C--- C Vigy1y,; =V
such that each V;/V;_; is one dimensional. Then define for 0 < s < (d + 1)/j the O-submodule
Ay =9OVy+---+9OV; of A. It induces on A[¢] the filtration

Al = Ag ]+ Vs + M9V + -+ 15571 MgV

By construction, each A;4;/A; is standard cyclic, and the induction hypothesis applies. If p does
not divide (d 4+ 1)/j then there is even an f-stable direct sum decomposition V = @&; V] with one
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dimensional V{s). Then A = @;A[5) with Afy) = OV is a direct sum decomposition of A, and each Ay
is standard cyclic, and the induction hypothesis applies. (Il

Lemma 1.16. Let A € Mod*(9) be standard cyclic and put D = A* Qkprp k(1)) € Mod™ (k((2))), see
Proposition 1.4. We have D' = A* = D"

Proof. In Proposition 1.15 we saw that A* is a free k[[¢]-module, hence the natural map A* — D =
A* ®ppep k((2)) is injective; we view it as an inclusion.

The gp-operator on A is the adjoint of the -operator on D, in such a way that ¢ (A*) = A* since ¢
acts injectively on A. Therefore the definitions of D% and D* yield D* C A* C D*. Since D" is a lattice
with ¥ (D?) = D" we get t A* C D", together

D' c A*c D*¥ and tD*cC D" (14)

Let ¢; and k; be as in the definition of A being standard cyclic.

Formula (14) implies t A* C D*, hence t(A*/D") = 0, hence A*/D" is dual to a subspace W of A[¢]
stable under ¢. To prove D" = A* it is therefore enough to prove that A[¢] does not contain a nonzero
subspace W stable under ¢. Assume that such a W does exist. A nonzero element 8 € W may be written
as ff = Zflzo aje; with o; € k. Let k = max{k; 1 | o; # 0}. Since by assumption k; > O for at least one i,
replacing B by ¢ B for some r € N if necessary, we may assume k > 0. But then r*¢8 is a nonzero linear
combination of the e;, whereas we also have r¢f = 0 since ¢ € W C A[t]: a contradiction.

Formula (14) implies tD* C A*, ie., t(D*/A*) = 0. We endow D? and all its submodules with
the 7-adic topology. By Pontrjagin duality (as recalled e.g., in [Schneider and Venjakob 2016]) we in
particular have Hom{*™ (A*, k) = A. Now t(D*/ A*) =0 means that the kernel W of the natural projection
Homiom(Dﬁ, k) — Hom,i"m(A*, k) = A is contained in Homiom(Dn, k)[t]. As t acts injectively on D¥, it
acts surjectively on Hom§°™(D?, k). Hence, if A* # D then W # 0 and there is some 8 € Hom{*"'(D¥, k)
with 0 £t € W. Now 8 € W means that 8 maps to an element in A[#]. Since on the other hand tW =0
(as W C Hom{°"'(D*, k)[t]) we may write 8 = Zf’lzo a;é; with a; € k, where &; € Hom{®"(D?, k) lifts e;.
We then also have 0 # te;, € W for some ij. As ¢ is injective on W (which follows from the surjectivity
of ¥ on D* and hence on W* = D?/A*) this gives t9¢é;, = ¢té;, # 0 in Hom{*™(D?, k). Together with
W C Hom{*™(D*, k)[t] we get 17~ 'pe;, # 0 in A. Applying the same argument with 19~ !¢¢;, instead
of ¢; (again using that t9¢e;, # 0) we see tq_lgotq_ltpeio # 0. Next we get tq_l(ptq_l<ptq_lcpe,-0 # 0 etc..
But this means ¢ — 1 = k; for each i, contradicting the hypothesis. We obtain A* = D*. (Il

Definition. Let Mod*(9) denote the subcategory of Mod®!(©) whose objects admit a filtration such
that each associated graded piece becomes a standard cyclic object in Mod*!(9) after a suitable field
extension of k.

Remark. Proposition 1.15(d) implies that each subquotient in Mod®?(9) of an object in Mod*® () again
is an object in Mod* ().

Proposition 1.17. The restriction of the functor (3) to the category Mod*®(0) is exact and fully faithful.
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Proof. We already know that the functor is exact. Next, we claim
D' =A*=D" with D= A*Qk((2) (15)

for A € Mod*(9). Indeed, for standard cyclic A this is shown in Lemma 1.16. For A which become
standard cyclic after a field extension k’/ k it then follows since the definitions of (.)? and (.)* in terms of
the k-linear operator ¥ imply D ®; k' = (D ®; k')? and D* @k’ = (D ®;k')". For general A € Mod*(O)
it then follows from Lemma 1.13. We now claim that the reverse functor (on the essential image of the
functor under discussion) is given by sending D to the topological dual (D)’ of D* (where we endow D°
with its 7-adic topology). Indeed, for D in this essential image and for A € Mod®(9) we have natural
isomorphisms
O] (i) (iii)
(D))" @iy k(1)) = D* @y k(D) =D, (A* @y k(1))7) = (A" = A,

where (i) and (iii) follow from Pontrjagin duality, see e.g., Proposition 5.4 in [Schneider and Venjakob
2016], and where (ii) follows from formula (15). O

1D. Standard cyclic étale (¢, I')-modules.

Proposition 1.18. Let A € Modad(D) be a standard cyclic object, with d, e;, k;, p;, n; as in the definition
resp. as in Proposition 1.15. The étale (¢, I')-module A* @y k(1)) over k((t)) admits a k((t))-basis
fo, - -, fa such that for all 0 < j < d we have

o(fi1)=pj T g (16)
(reading f_1 = f4), and moreover

V'fj"?}l()/)fj etklltlf; forally eT. (17)

Proof. We use formula (2).

First we assume F # Q,,. Put N = EB,‘-l:Ok.ei. As explained in the proof of Proposition 1.15, we have a
bijective map (12) which we view as an identification. In particular, Lemma 1.14 and its proof apply. In
the context of that proof we identify e; with the class of 1 ® ¢; in A. By formula (11) we have a k-linear
isomorphism (1® N)® C = A with C as in formula (9). For 0 < j <d we may therefore define f; € A* by
asking f;(C)=0and f;(e;) =;; for 0 <i < d. Proposition 1.15 tells us that fo, ..., fy is a k[[¢]-basis
of A*. For 6, r > 0 and any i, j we have fj(tgtpr ®e;) # 0 if and only if r = j —i modulo (d 4+ 1)Z and
0=kj+qkj_1+---+ q’_lkj_r+1. As before, Y € Endi(A*) is defined by (¢ (f))(x) = f(p(x)) for
x €A, f e A*. We claim

YA = pi 1 Wiy (™t f i1 (18)

for all j, all m > —k; — 1. Indeed, for 0 <i <d and 6, r > 0 we have

W™ N ®@e) = £ ot @ e)).
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If m + 1 ¢ Zq then this shows (¥ ("™ *! £,))(t%¢" ® e;) = 0 by what we pointed out above. But
m +1 ¢ Zq also implies Yy ;) (t™) = 0. In the case m + 1 = gn (some n € Z) we compute

W @) = £ oo @ er)
= f;(tMpt" 9" ®e;)
=pj_1fj—1(t" 9" ®e;)
= (0j-1¥ran "fi-D (9" @ €)

where we used V() (t") = "1, We have proven formula (18).
On the other hand, by tracing the construction in Proposition 1.4 we see that ¢(zf;_1) is characterized
by satisfying

V(" o(tfi—1) = i@y t™)tfj-1 (19)

for all m. Comparing formulae (18) and (19) we find ¢(zf;_1) = pj__lltk-/“ fj which is equivalent with
formula (16). Next, for y € I' we compute

(v-fie)=fity ey =fimi(y He) = ity e = iy~ fi) (e

Here the last equation is trivial if i = j, whereas if i # j then both sides vanish. This shows
v - £i = n;(y")f)ly = 0. and hence y - f; — n;(y ") f; € tA* = tkl[tW{fo..... fa}. On the
other hand, by what we pointed out above, (y - fj)(t9<p’ Re) = fj([y]q>(t)9g0’ ® e;) vanishes if
r+i—j ¢ (d+1)Z, and this shows y - f; € k[[z] f;. We trivially have nj(y_l)fj € k[[z] f;, and
hence altogether y - f; — nj(yfl)fj € tk(lt{ fo, ..., fay Nkl f; = tkl[z] f;, formula (17).

Now we assume F = Q,. Let us suppose for simplicity that 7 = ¢g. For 0 < j < d we may define
fj € A* as follows. For 6, > 0 (and any i, j) we require fj(t%’ Qe;) #Oifandonly if r = j —i
modulo (d 4+ 1)Z and there are ay, ..., a,—; € {0, 1} such that

r—1

0=kj+gkj 1+ +q ki + Y ag (1—-gq);
i=1

if this is the case we put

[0 ®@e)=pj_1pj-2- pjr.
(As usual, the subindices of the p; are read modulo (d 4 1)Z.) Again fy, ..., f; is a k[[¢]]-basis of A*.
Again we claim formula (18). As before we see that both sides vanish if m ¢ Zg — 1 U Zq, and coincide

if m € Zg — 1. But the same computation also shows their coincidence if m = gn for some n € N, as
follows:

(w(tm+kj+lfj))(t9(,0r Re;) = fj(tkj+1§0tn+0¢r ®ei)
=pj—1fi1 (" " ®ep)
= (0j—1 Vi@ ™t fi—D (" @ e;)
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where we used Y () (1) = t". With formula (18) being established, the remaining arguments are exactly
as before. O

Definition. We say that an object D € Mod®' (k((¢))) of dimension d + 1 is standard cyclic if it admits a
k((t))-basis fo, ..., fq such that there are o; € k™, characters a; : I' = k* and m; € {1 —¢q, ..., —1,0}
for 0 < j < d satisfying the following conditions:

e (mo,...,myg)¢{0,...,0),(1—gq,...,1—¢q)}.
e ¢(fj—1) =0;t" f; forall j (reading f_| = fg).
oy - fi—aj(y)fjetkltl{fo,..., fa} forall y €.

Lemma 1.19. (a) The constant ]_[‘;:0 oj € k™ as well as, up to cyclic permutation, the ordered tuple
(g, mo), . . ., (g, my)), are uniquely determined by the isomorphism class of the (¢, I')-module D.

(b) ay, ..., o are uniquely determined by oy and my, . .., my.

Proof. (a) In the following, for elements of GL ;1 (k((¢))) we read the (two) respective indices of their
entries always modulo (d + 1)Z.

The effect of ¢ on the basis fy, ..., fq is described by T = (T;j)o<i, j<a € GLg+1(k(())) with T} ;1 =
oit" for0<i <d,butT; ; =0for j #i +1.

Let o]’. € k* and ((et, myy), . .., (er);, m)))) be another da}tum as above, let D’ be an étale (¢, I')-module
admitting a k((¢))-basis f;, ..., f; with (P(f},l) = aj/.tm-f fjf and y - f,’ — oz;. (y)fjf ekt fy, - -5 £}
for y € I'. Define T' = (Ti/j)OSL j<d € GLg41(k((1))) similarly as above.

Suppose that there is an isomorphism of (¢, I')-modules D’ = D. With respect to the bases f, and f/
it is described by some A(t) = (a; ;(t))o<i, j<a € GLa+1(k((?))). In view of ¢t = ®(t)¢, the compatibility
of the isomorphism with the respective g-actions comes down to the matrix equation

T-A(t)=A(®(1)-T'.

For the individual entries this is equivalent with

ai j(t) = oo "M a; g j_1(Q(1))

for all 7, j. Iteration of this equation yields

d
a;,j (t) = (1_[ Uj/'—ﬁai:lz(q)z (t))mj'z—mi—z)aiﬁj (cpd—i—l (t))
£=0
for all i, j. (Here ®¢(¢) resp. &4t () means O (D(--- D(¢) - --)).) From this we deduce that for fixed
i, j either g; ; is a nonzero constant and ]_[2120 U}—@"i_—lz =1and m’,._g =m;_g forall £, or a; ; = 0. But
since A(r) is invertible we do find i, j with a; ; # 0. It already follows that ]_[‘;:0 oj = ]_[?:0 o and
that (my, ..., m)) coincides with (my, ..., mg) up to cyclic permutation. But since in addition we just
saw that A is a constant matrix, with g; ; = 0 if and only if @;_; j_; = 0, we see that the same index

permutation takes o’; to ;.
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(b) This follows from the fact that, in view of the defining formulae, D is generated by fy as a ¢-module
over k((2)). O

Proposition 1.20. The functor A — A* Qg k(1)) induces a bijection between the set of standard cyclic
objects in Mod* (D) and the set of standard cyclic objects in Mod® (k((1))).

Proof. A*® 7k (1)) for a standard cyclic object A € Mod® (D) is a standard cyclic object in Mod® (k (()))
by Proposition 1.18. With Lemma 1.19(a) we see that the assignment A — A* ;7 k((¢)) is injective on
standard cyclic objects in Mod®(9). It is also surjective: Proposition 1.18 (together with Lemma 1.19(b))
explicitly says how to convert the parameter data describing a standard cyclic object in Mod®'(k((¢))) into
the parameter data describing a standard cyclic object in Mod®(©). ]

Definition. A (d+1)-dimensional standard cyclic Gal(F / F)-representation is a Gal(F / F)-representation
over k which corresponds, under the equivalence of categories in Theorem 1.2, to an object in Mod® (k((¢)))
of dimension d 4+ 1 which is standard cyclic.

2. Hecke algebras and supersingular modules

2A. The pro-p-Iwahori Hecke algebra #. We introduce the pro-p-Iwahori Hecke algebra H of
GL,+1 (F) with coefficients in k in a slightly unorthodox way, which however is well suited for our later
constructions.

Let T be a free Z/(q — 1)-module of rank d + 1. Then Hom(T', T) (with I = Op) is also free of rank
d + 1 over Z/(q — 1). We write the group law of T multiplicatively, but that of Hom(T", T') we write
additively. Let e*, ', ..., &) be a Z/(q — 1)-basis of Hom(T", T). Put oy =— Z?:l ;. We let the
symmetric group G441 act on Hom(I", T) as follows. We think of G, as the permutation group of
{0, 1, ..., d}, generated by the transposition s = (01) € S, and the cycle w € G441 with w(i) =i + 1
for all 0 <i <d — 1. We then put

w-ef=e"+taj, wof=a] and oo =¢’, forl<i<d.

Ifd =1 we put
s-ef=e¢"—a), s-of=—a’ fori=0,1,
but if d > 2 we put
scef=e"—a), s-af=af+ta), s-af=—0), s-afy=a)4a), s-o=a’ for3<i<d.

One easily checks that there is a unique action of G4, on T such that for y € I' and f € Hom(I', T) we
have

w-(f(¥)=(w-f)y) and s-(f(y))=(s-f)¥).

Define o) (F qx) to be the image of the composition F; T %L T where the first map is the Teichmiiller
homomorphism.
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Definition. (a) The k-algebra # is generated by elements 75!, T, and T; for t € T, subject to the
following relations (with 7, ' € T):

T,T,T,T, '\ TI,T, =T,T,T, ' T,T,T, ifd > 1, (20)
I, T,"T,T) =T, "T,T) T, foralll <m <d, 2n

T2 =Tyt = 1,7, witht,= > T, (22)

7,7, ' =1=1,'T,,, reay () (23)

T4, = T,74%, (24)

T,Ty =Ty, Ti, =1, (25)
T,T,=T,Ty: (26)

LT =TT (27)

Notice that T4*! is central in .

(b) Hasr is the k-subalgebra of H generated by all 7; for ¢ € T, by Tg“, T, d=1 and by all T)'T,T,™ for
melz.

(c) H" is the quotient of 7 by the two sided ideal spanned by all elements 7, — 1 with t € T.

Caution. H,¢ differs from the similarly denoted algebra in [Vignéras 2005]. (The difference is that here
we include (T4+1)7.)

Remark. Let T denote the subgroup of G = GLy4(F) consisting of diagonal matrices with entries
in the image of the Teichmiiller homomorphism F;* — Op. For y €T let y be its image in F;. In T
define the elements ¢*(y) = diag(y, 14) and aiv(y) =diag(1;_1, ¥, )7_1, 14-;) for 1 <i <d. Define the
elements w = (w;;)o<i, j<a and s = (s;j)o<i, j<a 0f G by wgo =7 and w; ;11 =1 (for0 <i <d —1) and
w;j = 0 for all other pairs (i, j), resp. by s10 = s91 =s;; = 1 fori > 2, and s;; = 0 for all other pairs (i, j).

Let Iy denote the pro-p-Iwahori subgroup of G for which g = (g;;)o<i, j<a € G belongs to Iy if and
only if all the following conditions are satisfied: g;; € 7Op fori > j, and g;; € O fori < j, and
gi€l+mOpF.

Claim. The corresponding pro-p-Iwahori Hecke algebra k[ 1o\ G /1]°P =Endy(c) (indg k)P is isomorphic
with H, in such a way that the double coset Iogly for g € T U {s, w} corresponds to the element T, € H.

To prove this claim we use the description of k[Ip\ G/ Iy]°° worked out by Vignéras [2005] (or rather we
use the description of k[Iy\G/I]°P which results from the description of k[Io\G/Iy] given in [loc. cit.]).

Let T denote the maximal torus of diagonal matrices in G, let N(T') be its normalizer in G. Let T
(resp. Tp) denote the subgroup of T consisting of diagonal matrices with entries in the kernel of O — F;
(resp. in O;); thus Tp/ T1 = T.For0<i<ddefines; =w' 'sw'~!. The (classes of) s, 51, ..., sq are the
Coxeter generators of a Coxeter subgroup Wye of N(T)/ Ty, and N(T)/ Ty is generated by W, together
with the element w. The length function £ : Wy — 7 can be extended to a function £ : N(T) /Ty — Z>9
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in such a way that £(w) = 0. We again denote by £ the induced function w =NT)/T) — Z>q. For
w e WU and w’ e N(T) lifting w, the double coset Iow'Iy only depends on w; we denote it by Ty,.
For 0 <i <d let T; be the image of one of the two cocharacters [F; — T associated with s;. (Here we
identify 7" with the maximal torus of diagonal matrices in GLy41([F,). If 1 <i <d then s; is the simple
reflection associated with the coroot «;”, and aiv ([FqX )=T,.) Now, according to [Vignéras 2005], a k-basis
of k[Io\G /1] is given by the set of all T,, for w € WV, and the multiplication is uniquely determined
by the relations

TwTw = Turw for w, w’ € W with £(w) + £(w') = L(ww), (28)
T; =T where t; = Z T; for0 <i <d. (29)
tGT,'

In the following we repeatedly use that conjugating these relations by powers of T, leads to similar
relations (since £(w) = 0). From formula (28) we first deduce T, = T/~ 'T,T!~" and then that T.*!
and T; = T, together with the elements 7; for ¢ € T generate k[Ip\G/Iy]°P as a k-algebra. Next, from
§iSi—18i = Si—18;8i—1 in Wy (for 0 <i <d;ifi =0readi — 1 =d) we get Ty, T, | T,, =T, T, Ty, , by
applying formula (28) twice, but this comes down to formula (20) (up to conjugation by a power of 7).
Similarly from s;s; = sjs; in Waggfor0 <i < j—1=<d—1 withi+d > j we get T, I, =15, T by
applying formula (28) twice, but this comes down to formula (21) (up to conjugation by a power of T,,).
Formula (29) for any i is a T,,-power conjugate of formula (22). Finally, formulae (23), (24), (25), (26)
and (27) are special instances of formula (28). Conversely, it is not hard to see that these, together with
formulae (20), (21) and (22) suffice to generate all relations in k[/p\G/Iy]°P. The claim is proven.

We add if I denotes the Iwahori subgroup of G containing Iy, then " becomes isomorphic with the
Iwahori Hecke algebra k[1\G/I]°P.

Definition. A character x : Ha — k is called supersingular if the following two conditions are both
satisfied:

(a) There is anm € Z with x(T'T,T™) = 0.

(b) There is an m € Z with either x(T)'T,T™) = —1 or x(T)'t, T, ™) = 0.7
Definition. (a) An H-module M is called standard supersingular if it is isomorphic with H ®4,,; , k.e,
where H,¢ acts on the one dimensional k-vector space k.e through a supersingular character .

Equivalently, M is standard supersingular if and only if M = P, <, T.;' (M) with an H,g-module
M, of k-dimension 1 on which H,¢ acts through a supersingular character.3

(b) An irreducible H-module is called supersingular if it is a subquotient of a standard supersingular
‘H-module.

"We have x (T/"t,T,;™) = 0 if and only if x (/" T, T,;™) # 1 for some € ay (Fg), if and only if X(O‘;;-H (y)) # 1 for
some y €I'.
8Then Hafr acts on each T (M) through a supersingular character.
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A finite dimensional #-module is called supersingular if each of its irreducible subquotients is
supersingular.

More generally, an H-module is called supersingular if it is the inductive limit of its finite dimensional
H-submodules and if each finite dimensional #-submodule is supersingular.’

Remark. For nonzero finite dimensional 7-modules, the above definition of supersingularity is equivalent
with the one given by Vignéras. This follows from the discussion in Section 6 of [Vignéras 2017]. There
is also a notion of supersingularity for #-modules which are not necessarily inductive limits of their finite
dimensional submodules. In the present paper however, without further mentioning all H-modules will be

assumed to be inductive limits of their finite dimensional submodules.

Remark. In the literature on modules over Hecke algebras, the term standard module is occasionally
used, but this usage is unrelated to our terminology.

2B. The coverings H* and H* of H.
Definition. (a) Let #* denote the k-algebra generated by elements T(;—Ll, T, and T, for ¢ € T, subject to

« the relations (22), (23), (25), (26),

the relations (27) for t = o’(y) (all0 <i <d, y € ),

the relation

T4 T2 = 721+, (30)
o the relations
T,T> =T*T, forallteT, (31)
o the relations
2 2—12 2r—12 2 .
T>T,T*T, ' T*T, = T,T*T, ' T*T,T; ifd>1, (32)
TXT,"T*T" =T, " T>T"T? forall 1 <m <d. (33)

(b) Let H* denote the k-algebra generated by the elements 72!, T, and T; for ¢ € T, subject to

o the relations (22), (23), (25), (26),
o the relations (27) for t = al.v(y) (all0<i<d,yel),

e the relations (31).

Lemma 2.1. In ‘H we have the relations (30), (31), (32) and (33).

tis easy to see that the irreducible subquotients of a supersingular H-module are the irreducible subquotients of its finite
dimensional #-submodules.
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Proof. It is immediate that the relations (27) and (24) imply the relations (31) and (30), respectively. For
Il <m <dandtea)(F,;) we have so™ -t = ™ - t, hence T Ztea]v([Fq) Ty = Ztea]v([Fq) T T,. The
same applies with —m instead of m, hence

I.7,"T) =T, "tT,)T, and T,T,)'tT, " =T)tT, "T;.
This, together with TS2 = 1,1y = T;7; (formula (22)), justifies (i) and (iii) in
2712 L o (o, T T T T T Y 1 (T T T T, T T, Y T AT T,
whereas (ii) is justified by (21). We have shown (33). Finally, to see (32) comes down, using (22), (26)
and (27), to comparing

T, T52 Ta)_] Ts2 T, Ts2 = Z Tw_l -1 Tw_lsa)-tz Ta)—'swsw—l ~t3> T,T; Tw_] I, T,T;,

1n.1,1€ay (Fy)

2T, T T, T T, = > Emwmnwmgnunqﬁmw

1.0,.13€0) (Fy)

That these are equal follows from (20) and equality of the bracketed terms; for the latter observe

1

wsw ‘sw-t =t for anytealv([FqX). O

In view of Lemma 2.1 we have natural surjections of k-algebras
HP > H - H— H.

Remark. H" (and in particular H* and #) is generated as a k-algebra by T=!, T, and the Ty (y) for
y el.

Lemma 2.2. There are unique k-algebra involutions « of H, H* and H"* with
(Ty) =Ty, T)=1-T;,, (T})=T; fOFtE T

Proof. This is a slightly tedious but straightforward computation. (For H see [Vignéras 2005, Corollary 2].)
O

Remark. Besides ¢ consider the k-algebra involution 8 of #, H* and H* given on generators by
BT =T, BT)=T, PT)=T. forteT.

Moreover, for any automorphism o of T there is an associated automorphism «, of H, #* and H* given
on generators by

ao(Ty) =Ty, oao(Ty) =Ts, ao(TB(y)) = TB(O(V)) fory eTI’, 0 € Hom(T, T)

Do ¢, B and the «, generate the automorphism group of # (resp. of H, resp. of #**) modulo inner
automorphisms?
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Lemma 2.3. Let M be an H**-module. We have a direct sum decomposition

M=M= Py

Proof. One computes r = (¢ — 1)t;, = —1, and this shows 7y = —id on 1m(T2) as well as T2 0 on
1m(Ts2 —1id). O

Let [0, g — 2]1% be the set of tuples € = (¢;)o<i<q Withe; € {0, ..., g —2} and ZOgigd €; = 0 modulo
(g — 1). We often read the indices as elements of Z/(d + 1), thus €; = ¢; for i, j € Z whenever
i —j € (d+1)Z. We let the symmetric group G, (generated by s, w as before) act on [0, g — 21%
follows:

(w-€)o=€; and (w-€);j=¢_1 forl<i<d.

Ifd =1 we put
(s-€)j=—¢ fori=0,1,

but if d > 2 we put
(s-€)1=—€1, (s-€o=er+e1, (s-€r=€+e, (s-€;=¢ for3<i=<dl!®

Throughout we assume that all eigenvalues of the 7; for ¢ € T acting on an #**-module belong to k.
Let M be an H**-module. For a € [0, ¢ — 2] and € = (€;)o<i<a € [0, ¢ —2]® and j € {0, 1} put
{xeMlTV( )(x)zye"xforallyef‘, all 0 <i <dj},
o =X €M | Tor(y)(x) = y“x forall y e T},
MLl = {x € Mg | TP (x) = jx).
The T; for ¢ € T are of order divisible by g — 1, hence are diagonalizable on the k-vector space M. Since

they commute among each other and with Tsz, we may simultaneously diagonalize all these operators

(see Lemma 2.3 for TSZ), hence

M =P ML (34)

€.a,j
Lemma 2.4. Foranye €[0,q — 21® and a € [0, q — 2] we have

T,(M$) =M and T,(M°)C M**.

a—eg

If M is even an H-module then

Ty(Mg) C M35, (35)

10Here and below we understand —e¢; to mean the representative in [0, ¢ — 2] of the class of —¢; in Z/(g — 1), and similarly
for g + €1 and €] + €5.
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Proof. T,(M¢) = M®€ and T;(M€) C M**< follow from formulas (26) and (27), respectively, for the
t = o’ (y). For the following computation recall that w - e* = e¢* +a: For y e T and x € M, . We have

Ter() T (%) = T Twer) () (%) = T Ter () Toy () (X) = ¥~ T (x).

This shows T,,(My) = My, . For formula (35) recall that s - e* = e* — o) and employ formula (27). O

Any x € M can be uniquely written as
X = Z xq Wwithx, € Z M.
acl0,q—2] €€[0,q—2]®
Given a € Z and x € M, we write x, = x; where a € [0, ¢ — 2] is determined by a —a € (g — 1)Z.
Definition. (a) An H*-module M is called standard supersingular if the H*-action factors through #,
making it a standard supersingular 7-module.

(b) An irreducible 7*-module is called supersingular if it is a subquotient of a standard supersingular
H*-module. An H*-module M is called supersingular if it is the inductive limit of finite dimensional
#H*-modules and if each of its irreducible subquotients is supersingular.

(c) An H*-module M is called supersingular if it satisfies the condition analogous to (b).

(d) A supersingular H*-module is called g-supersingular if for all e e M ge [0] with €; > 0 we have
(Ts€)ete;4a =0 forallg—1—€ <c<g-—-2.
Lemma 2.5. (a) An H-module is supersingular if and only if it is supersingular when viewed as an
HE-module. A supersingular H-module is t-supersingular when viewed as an H*-module.

(b) The category of supersingular H-modules, the category of supersingular H*-modules, the category

of supersingular H*-modules and the category of f-supersingular H*-modules are abelian.

Proof. Statement (a) follows from formula (35). Statement (b) is clear from the definitions. U

3. Reconstruction of supersingular #{*-modules

Given an H*-module M together with a submodule M such that M /M is supersingular, we address
the problem of reconstructing the H*-module M from the #*-modules M, and M /M, together with an
additional set of data (intended to be sparse). Our proposed solution (Proposition 3.3) critically relies on
the braid relations (32) and (33).

Lemma 3.1. Let By, ..., By, be linear operators on a k-vector space M such that
B;:Bj forall0 < j <n,
Bij/Bj:Bj/Bij/ forallij/,jfn,
B;Bj = B B; forall0 < j' < j <nwith j—j >2.
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Put B = B, --- BBy and let x € M with B"'x = x for some m > 1. Then we have Bjx = x for each
0<j=n
Proof. We first claim

BBjy1=B;B forall0<j<n. (36)
Indeed,

BBjt1=B,---Bj12Bj11BjBj_1---B1BoBj|

=B, ---Bj2Bj1BjBj1Bj_1---B1By

=B, - Bj+szBj+1Bij_1 ---B1By

= B;p.
Choose v > 1 with mv > n. For 0 < j <n we then compute

(i)

@ —j —n+j . ) Hp—j —n+j . @iD) —j —n+j
x:ﬁmvlegn Jﬂmv n+]x =,8n ]BnIBmv n+]x — Bjﬂn ]IBmu n+]x:Bjﬂinvx o B.,-x,

where (i) and (iv) follow from the hypothesis 8" x = x, where (ii) follows from B, = 8 and where (iii)
follows from repeated application of formula (36). U

Proposition 3.2. Let M be an H¥-module, let My C M be an H*-submodule such that M /My is supersin-
gular. Let X € (M/Mo)* (some € € [0, g —2]®) be such that X{i} = T)*'% is an eigenvector under Ty, for
eachi € Z. For liftings x € M of X put x{i} = T Tx:

(a) If the HF-action on M factors through H then we may choose x € M€ such that for each i with
T,(x{i}) =0 and (&'t - €); = 0 we have T;(x{i}) = 0.

(b) If the H*-action on M factors through H then we may choose x € M€ such that for each i with
T,(x{i}) = —x{i} we have T;(x{i}) = —x{i}.

(¢) We may choose x € M€ such that for each i with Ts,z()_c{i}) = 0 we have Tsz(x{i}) =0.

(d) We may choose x € M€ such that for each i with T_S,Z()_c{i}) = x{i} we have Tsz(x{i}) = x{i}.

Proof. (a) Letij < --- < i, be the increasing enumeration of the set of all 0 <i < d with T,T "1(x) =0
and (w'T!-€); =0. Replacing M by its H"-submodule generated by x and M, we may assume that M /M
is a subquotient of a standard supersingular #-module, attached to a supersingular character y : Haip — k.
If we had T, 7! (¥) =0 and (»'*' -€); =0 for all 0 < i < d then this would mean x (7" T,T,,™) =0
and x (T)'t;T;™) # 0 for all m € Z, in contradiction with the supersingularity of x. Hence there is some
0 <i <d not occurring among {i1, ..., i,}. Thus, after a cyclic index shift, we may assume i, < d.

Start with an arbitrary lift x € M€ of x.

We claim that for any j with 0 < j < r, after modifying x if necessary, we can achieve T, (x{i;}) =0
for all s with 1 <s < j. For j = r this is the desired statement.

Let us illustrate the argument in the case d = 1 first. (This will logically not be needed for the general
case. Notice e.g., that the subarguments (2) and (3) below are required only if d > 1.) Then we have
r=1and i; =0, and the claim for j = 1 states that there is some X € M€ lifting x with T;T,(x) = 0.
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But indeed, X =x + T, T, T,,x works: First, ¥ lifts ¥ because of 7,T,,x = 0. Next, ¥ belongs to M€
because of T, YT, T,,x € M€ (which follows from x € M€ and the assumption (w'*! - €); = 0). Finally,
T,T,(%) =0, because T,,% € M®< = M®"""€ and (01! - €); = 0 imply (T} + THT,% =0.

Now let us consider the case of a general d. Induction on j. For j = 0 there is nothing to do. Now fix
1 < j <r and assume that x satisfies the condition for j — 1, i.e., assume T(x{is}) = O for all s with
1<s<j—1. For—1<i<dandO0<m < jdefine inductively

x{ijo=x{i}=T"x,
i1 = T;)_ljﬂn T (x{ij—m}m)-

We establish several subclaims.
(1) x{i}m € M

For m = 0 there is nothing to do. Next, if the claim is true for an arbitrary m, then we have in particular
x{ij—mlm € me i e By assumption we know (w71 . €); = 0, which implies TS(M“’U*'"H'G) C
me e Thus, we get x{ij_m}mt1 = Ts(x{ij—m}m) € M@ From this we get x{i}my1 =
Ts(x{i}m) € M@ for general i by applying powers of T, t0 x{i;_p}m+1.
(2) Ts(x{is}m)=0foralll <s<jandall0<m < j—s.

We induct on m. For m = 0 this is true by induction hypothesis (on j). Now let 0 < m < j —s and
assume that we know the claim for m — 1 instead of m. In particular we then know T (x{is},,—1) = 0. We

deduce o ‘ o
. is—ii_m il —ls ris =l i—m .
Ts(xlistm) =TT, +lTsij ! T, "’ +1(X{lj—m—H}m—l)

=TT T T (i)

=T, T T T (i)

=0
where we use the braid relation (21) (which applies since |is —i;_,1| > 1 and i, < d). The induction on
m is complete.

3) Ty(x{is}m)=0foralll <s<jandall j—s+1<m<]j.

We induct on m+s— j. The induction begins with m+s— j =2. By (2) we know T (x{i; —u+1}m—2) =0.
Thus, if ij_,,41 + 1 < ij_u42, the same argument as in (2) shows Ts(x{ij_u+1}m—1) = 0 and hence
x{i},» = 0 for all i, and there is nothing more to do. If however i;_,, 11 +1=i;_,,42 we compute

Ty (xelijmm2dm) = T T T, Ty To (i jot 1 hn—2)
= T, I, Ty T Ty (x i jom 1 m—2)
=0
where we use the braid relation (20). This settles the case m +s — j =2. Form +s — j > 2 we now
argue exactly as in (2) again: T (x{is},,) = 0 implies Ts(x{is}n+1) = 0. The induction is complete.

@) To(xlijombm +x{ijom}mi1) =0 forall 0 <m < j.
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Indeed, by (1) and our assumption ('i-"*1.€); = 0 we know that x{i j—m}m 18 fixed under Ty ) and
hence is killed by Ts2 + Ty, as follows from the quadratic relation (22). As x{i;_n}m+1 = Ts(x{ij—m}m)
this gives the claim.

B)x= ZOgmgj x{—1},, lifts x.
Indeed, we have T (x{i;}) € My by our defining assumption on i;. It follows that x{—1},, € M for all
m > 1, hence x — x € M.

(6) From (1) we deduce %{i} € M€ Writing

xfis} = ( Z x{is}m)+(x{is}js +x{is}js+l)+( Z x{is}m)

0<m<j—s J—st+l<m<j

we see that (2), (3) and (4) imply T (x{is}) =0 for all s with 1 <5 < j.
The induction on j is complete; we may substitute X for the old x.

(b) Composing the given H-module structure on M with the involution ¢ of Lemma 2.2 we get a new
‘H-module structure on M. Applying statement (a) to this new #H-module and then translating back
via ¢, we get statement (b). Notice that here, in contrast to the setting in (a), we automatically have
(@'t1-€); =0 for each i with Ty (x{i}) = —x{i}.

(c) Statement (c) is proved in the same way as statement (a), with the following minor modifications: each
occurrence of Ty must be replaced by TSZ, and in the definition of x{i},, the alternating sign (—1)"*!
must be included, i.e.,

Kitmsr = (D" T T2 (i d) 37)

In particular, we then have x{i;_,,},u+1 = —TS2 (x{ij—m}m). In (2) and (3), the appeal to the braid relations
(20), (21) must be replaced by an appeal to the braid relations (32), (33). In (4), the appeal to TS2 +T7T,=0
on vectors fixed under Tyy(ry must be replaced by an appeal to Ts4 - TS2 = 0 (it is here where the
alternating sign in the defining formula (37) is needed). Notice that here, in contrast to the setting in
(a), we do not need to impose (w't!.€); =0 for each i with Tf (x{i}) = 0. (On the one hand, because
of TSZ(M €) C M¢€ for any € the argument analogous to the one in (a)(1) carries over; on the other hand,
because of TS4 — TS2 =0 on all of M the argument analogous to the one in (a)(4) carries over.)

(d) Composing the given H*-module structure on M with the involution ¢ of Lemma 2.2 we get a new
#*-module structure on M. Applying statement (c) to this new #*-module and then translating back
via ¢, we get statement (d). O

Proposition 3.3. Let M be an H*-module, let Mo C M be an H*-submodule such that M | M is supersin-
gular. The action of H* on M is uniquely determined by the following combined data:

(a) The action of H* on My and on M /M.
(b) The action of T+ and of T;T,, on M.
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(c) The restriction of T,, to (T;T,) ™' (My), i.e., the map
{x € M| T,T,(x) € Mo} = M.

(d) The subspace 266[04_02]@ M€ of M.

o=
Proof. The k-algebra #* is generated by T+, by Ty and by TX!. Therefore we only need to see that the
action of Ty and T, on M can be reconstructed from the given data (a), (b), (c), (d). Exhausting M /M,
step by step we may assume that M /M, is an irreducible supersingular *-module.

We first show that 7 is uniquely determined. For this we make constant use of Lemma 2.3 (and the
decomposition (34)). As Ti|u, is given to us, it is enough to show that for any nonzero x in M /M,
with either T (x) = —x or T, (x) = 0 we find some lifting x € M such that T;(x) can be reconstructed.
Consider first the case 75(x) = —x. By the quadratic relation (22) (see Lemma 2.3) we then have
X €Y ccogme (M/Mp)€, and using the datum (d) as well as our knowledge of the subspace Ts M (since
.M = fﬁgwM this is given to us in view of datum (b)), we lift x to some x € TM N ) o, 20 M€
(use the decomposition (34)). For such x we have T;(x) = —x. Now consider the case T ()'c)q;o 0. An
arbitrary lifting x € M of X then satisfies T;(x) € My, and T(x) is determined by the given data as
Ty (x) = (I, T,)T, (x) (notice that the datum (c) is equivalent with the datum TS_1 (M) TLl) M).

To show that T, is uniquely determined, suppose that besides T, € Aut; (M) there is another candidate
T, € Aut; (M) extending the data (a), (b), (c), (d) to another #{*-action on M.

We find and choose some nonzero x € M /My such that Ta{ (x) is an eigenvector under 7T, for each
j € Z. For any x € M lifting X we have

T,=T, onMy+kT ) '(x)if T,T(x)=0 (38)

as both f’w and T, respect the datum (c).
Let iy < --- < i, be the increasing enumeration of the set

(0<i<d|T*T)x =T'x}.

As M /M)y is a subquotient of a standard supersingular #-module, this set is not the full set {0 <i <d}.
Applying a suitable power of T, and reindexing we may assume that O does not belong to this set, i.e.,
that ig > 0.

Choose a lifting x € M of x such that for each i € {ig, ..., i,} +Z(d + 1) we have TSZTCf)x = ch)x. This
is possible by Proposition 3.2. Put zo = x. For i > 1 put

= TwzZi—1 i ¢ {io,....in} +2(d+1),
Y\ TPT,zi i€ lio, ...y in) FZWA A+ ).

We claim

zi=Tix (39)
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for each i > 0. Induction on i. The case i = 0 is trivial. For i > 1 with i ¢ {ip, ..., i,} +Z(d+ 1) we

compute

® (i)

i = wZL 1=Twzi- I—Tl

where in (i) we use statement (38) and in (ii) we use the induction hypothesis. For i > 1 with i €
{io, ...,in} +2Z(d 4+ 1) we compute

(i)

Zl_T Ta)Zz l—T Tyzi- l—Tl

where in (i) we use the assumption T, T, = T Tw, and in (ii) we use the induction hypothesis 7,,z;_; :Téf)x
and the assumption on x. The induction is complete. Put

B, =T, "TT.).

—ij+(d+1)v

The relation (30) implies B;;, = T Tzfai;’ by for each v € Z. Thus

@) 5— (1) 5
BilBio)m W wm(d 1) m(d+1)T£l(d+l)x

(Bi, -+ Zm@+n = T,y

In

for m > 0, where (i) follows from the definition of z,,(4+1y, whereas (ii) follows from formula (39). Choos-

md+D) . — x and f”a')" @by — (as T, and Tw are automorphisms

ing m large enough we may assume 7,
of a finite vector space); then

(B; -

In

. Bil B,-O)mxzx.

The braid relations (32), (33) show that the B;; satisfy the hypotheses of Lemma 3.1 (in particular, the
commutation B;,B;, = B;, Bj, if n > 1 follows from iy > 0). This Lemma now tells us Bi, -+ BiBj,x =x
for each 0 < j < n. But by the definition of the z; this means

zi=Thx (40)

for each 0 <i < d 4 1. When compared with formula (39) this yields 7, = T, since M is generated as a
k-vector space by M, together with the T}/ x (or: the T x) for 0 <i <d. O
Remarks. The above proof of Proposition 3.3 shows the following:

(i) The subspace in (d) could be replaced by the subspace {x € M | TS2 (x) =x}.

(i) If the H{*-action factors through an 7{-action, then the datum (d) can be entirely left out (7}, can then
be reconstructed without a priori knowledge of T5).

4. The functor

Here we define a functor M — A(M) from supersingular H*-modules to torsion k[[¢]]-modules with [0
and I" actions, as outlined in the introduction. Its entire content is encapsulated in the explicit formula for
the elements /(e) introduced below.
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Let M be an H*-module. View M as a k[[t]]-module with f =0 on M. Let " act on M by
y-x =T, (x)
for y € I', making M a k[[¢]|[T"]-module. We have an isomorphism of k[[#]][¢]-modules
O ey M = klit 1@l Qkpeg M

and hence an action of O on k[[#]l[¢] @y M.
For e € Mgé[j] (any € € [0, g — 21, any a € [0, g — 2], any j € {0, 1}) define the element

he — {rf'go OT, @+ 18e+ X110 @ T, (1)) =0,
17T, () +1®e j=1
of k[[][¢] kg M. Define V(M) to be the k[[t]I[¢]-submodule of k[[t]l[¢] Qi M generated by the
elements 4 (e) for all e € M; [j] (all €, a, j). Define

kllitTle] kg M
V(M) ’

AM) =

Remark. If M is even an ‘H-module, then in view of formula (35) the definition of /(e) simplifies to

become
he) {t€1g0® T ')+ 1®e+9o®T, (Tre) j=0,

1T () +1®e j=1
In this case it is not necessary to split up M into eigenspaces under the action of T.+r), and the notation
of many of the subsequent computations simplifies (no underlined subscripts are needed). However, they
hardly simplify in mathematical complexity, not even if we restrict to ’-modules only (in which case
always €; =0 and Tp+(,) = 1).

Lemma 4.1. Let e € M [j]. The integer
=0,
ke = “ J
-1 j=1,
satisfies k, = € modulo (¢ — 1).
Proof. j =1 means Ts2 (e) = e, hence the claim follows from the relation (22). ([l

Lemma 4.2. For e € M[j] we have y - h(e) = h(T, *(y)(e))for all y € . In particular, V(M) is stable
under the action of ', hence is an O-submodule of k[[t[¢] Qg M. Hence A(M) is even an O-module.

Proof. First notice that T (e) € M; [/]. In particular, h(TeZ(1 )(e)) is well defined. For y € I" we find

e*(y)

Y- (1Qe)=1Qy- e_1®T*(y)(e). 41)

Next, we compute

(i)

- @ -
y (o T @) Zyripey T () S e @ T T (o). (42)
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In (i) we used yt = [y]o(t)y and [y]e () = yt modulo t9k[[t]] (Lemma 0.1) and the fact that, since
7=0ink, we have t9"9 @ M = ®(t)p @ M = ot ® M = 0. To see (ii) observe

T, @ =T:,T,"

_ p—lp-1
= Lo Tren)©
=1-'1’} (e)

o T(e*—a))(¥)
=T, Tuv o) Tl (0)
=y T TR, @
where in the last step we use Lemma 4.1. Combining formulae (41) and (42) we are done in the case
j = 1. In the case j = 0 we in addition need the formula

q—2 q=2
y ) 10T, (T erer+a) = Y19 ® T, (1T ()0 e +a)- (43)
c=0 c=0

Let us prove this (for e € Mge [0]). For f € Z and y € I" we compute

Ti o) (T30 1) 2 T Ty (Ty€) )
Qi (Te),
= yffe‘*”(Ts(Vae))f
=yl Toye) s

(44)

In (i) recall that o~ ! - e* = ¢* —alv, in (i1) notice that (Tse)f e M*€and (s-€); = —¢;. Forc € [0, g — 2]

we deduce
y - (9@ T, (Tye)erera) = V150 @y - (T, (Ts€) e 1a))
=y e ® Tl T, (Ts€)cte va)
=y T, T ) (Ts€)cte +a)
=19 @ T, (T, Ter(y)€)c+e1+a)

where in the last equality we inserted formula (44). ]

Proposition 4.3. (a) If M is supersingular and finite dimensional, then we have: A(M) is a torsion
k([t]-module, generated by M as a k|[t]|[¢]-module, and ¢ acts injectively on it. The dual A(M)* =
Homy (A(M), k) is a free k[[t]l-module of rank dimy(M). The map M — A(M) which sends m € M
to the class of 1 @ m induces a bijection

M = AM)[1]. (45)
(b) A(M) belongs to Mod*(0).

(c) The assignment M — A(M) is an exact functor from the category of supersingular H*-modules to
Mod* (D).
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Proof. (a) Notice first that it is enough to prove these claims after a finite base extensions of k.

Assume first that M is irreducible. It can then be realized as a subquotient of a standard supersingular
‘H-module N —in fact, it can even be realized as a submodule or as a quotient of such an N. Observing
the decomposition (34) for N, we see that there are a k-basis eg, ..., eg of N as well as 0 < kej <g-—1
for 0 < j < d, not all of them = 0 and not all of them = ¢ — 1, such that V(N) is generated by the
elements h(e;) = £k & Tw_] (ej) +1®e;. It follows that A(N) is standard cyclic. Now it is easy to see
that A(M) is a subquotient of A(N). Thus, by Proposition 1.15(d), it is standard cyclic as well, at least
after a finite extension of k. Therefore all our claims follow from Lemma 1.14 and Proposition 1.15(a).

Now let M be arbitrary (supersingular, finite dimensional). Choose a separated and exhausting
descending filtration of M by #"*-submodules F*M with irreducible subquotients F*~'M/F*M. Since
on any standard supersingular #-module (and hence on any of its subquotients, and hence on any
irreducible H**-module) we have T; = —T? and hence ker(7?) = ker(7y), the filtration satisfies

T,(F* "M Nker(T?) Cc F*M (46)

for each u € Z. Putting
F¥* = kl[tlle] @y F*M

we claim
V(FEMY=V(M)N F*, 47)

Arguing by induction, we may assume that this is known with i — 1 instead of . Let £ be a family of
elements ¢ € (F“*IM)Zj [j.] (for suitable €, € [0, g —2]® and a, € [0, g — 2] and j, € {0, 1} depending

on e) which induces a k-basis of F*~!M/F"*M. We consider an expression

> Ciinet”@"h(e) (48)

J1,2€Z50,e€E

with ¢}, j, . € k. Assuming that the expression (48) belongs to F* we need to see that it even belongs to
V(F*M).
Suppose that this is false. We may then define

ji=min{j > 0| cj,jz,etjzgojh(e) ¢ V(F"M) for some j, >0, some e € &}.
Claim. We find some j, and some e with c;, j, .t”¢/'h(e) € FI* — V(FFM).

For e € £ the expression
1Qe+thp@T " (e) (49)

is congruent to s (e) modulo F*, in view of ¢ € F*~! M and formula (46). Therefore, modulo F* the
expression (48) reads

o bt ke -1
Z le’jz’eljz(ph®8+Cj1’j2’el‘n(pjlt T,  (e).

JisJ2se
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Notice that ¢/t ¢ € k[[t]@/1+!. The claim now follows in view of

Fe=1pm
FrM -

F“l

= Dk’ ®urny (50

j=0

The claim proven, we may argue by induction on the number of summands in the expression (48)
which do not belong to V(F*M). We may thus assume from the start that the expression (48) consists
of a single summand 7/2¢/! h(e), and that moreover e ¢ F*M for this e. The aim is then to deduce
t2@pth(e) € V(F*M), which contradicts our above assumption.

Let us write € = €, and a = a,. The vanishing of #/2¢/! h(e) modulo F* means, by the decomposition
(50) again, that

th(pjl ®e V) 0 (i) tjz(pjl tke(p ® Tw_l(e)

(i.e., absolute vanishing, not just modulo F#). If TS2 (e) = e then this shows /27! h(e) = 0. Now suppose
Tsz(e) =0 (and hence k., < g — 1). The definition of /(e) together with the vanishings (i) and (ii) shows

q—2
2l h(e) = 129" Y " 19 @ T, (Te)everta).
c=0

Since the vanishing (ii) also forces t2¢/1t" @ € k[[t]jp/1*'t, there is some i and some J = 0 with
2ol =1l and i >q —ke.
If k, = 0 (and hence i > ¢) then again the conclusion is #/2¢/! h(e) = 0. It remains to discuss the case
where 0 < k, < g — 1. In this case, (Ty€)c+e,+a € M*€ and (s-€); = —€; impliesg — 1 —k, = k(Tse)('Jrq+0
for each c. We thus see
— > — .k s€)ct+e|+a —
1R Y @ T, (Th@) ererta) = 117 P 9 @ T, (Ts) ey ra) + 1@ (Tt )
q—2

=" DT everra) = D1 T 0 @ T, (T (Ty€)eterta) e teta)
=0

by the definition of 4 ((Tse)c4¢,+a), again since (Tse)cte,+a € M*€ and (s-€); = —€1. For0 < f <g -2
we have

Y (T erara) jra= Y, (T((Ts€)etrerta) fra =0

0<c,c’<q-2 0<c<q-—2
ctd=f

as follows from TS2 (e) = 0. This shows

g—2
Z pltete 0 Tw_] (Ts((Ts)ctey+a))c'+cta) =0

c,c’=0

Since e belongs to F*~'M, formula (46) shows h((Tse)cte,+a) € V(FFM). Together we obtain
115 @ T, (Tse)ere+a) € V(F'M), hence @@ T, (Ty€)erey+a) € V(FHM) for0<c <q 2.
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This gives
q—2
thoith(e) = " the Q@ T, (Tye)creira) € V(FHM),
c=0
as desired.

Formula (47) is proven. It allows us to deduce all our claims for M from the corresponding claims for
the F*~'M/F"M; but for them they have already been established above.

(b) For each irreducible supersingular 7{-module M, extending k if necessary, A(M) admits a filtration
such that each associated graded piece is a standard cyclic object in Mod*!(£), as pointed out above. Since
the functor A is exact (see statement (c)) it therefore takes finite dimensional supersingular 7{**-modules
to objects in Mod*(O).

(c) Itis clear that M — A(M) is a (covariant) right exact functor. To see left exactness, let M; — M, be
injective. Since the kernel of A(M;) — A(M3) is a torsion k[[¢]-module it has, if nonzero, a nonzero
vector killed by 7. By formula (45) it must belong to (the image of) M, contradicting the injectivity of
M, — M,. O

5. Standard objects and full faithfulness

5A. The bijection between standard supersingular Hecke modules and standard cyclic Galois rep-
resentations. Let M be a standard supersingular 7{-module, arising from the supersingular character
X : Har — k. There is some ep € M such that, putting e; = Tafjeo, we have M = @?:Ok.ej and
Hatr acts on k.eg by x. Denote by n; : I' — k* the character through which Tej(l.) acts on k.¢j, i.e.,
Te:(ly)(ej) =nj(y)e; fory el

Lemma5.1. (a) Thereare 0 <k,; <q—1for0< j <d, notall of them = 0 and not all of them = q — 1,

such that

ipR@T (e) =—1®e, (51)

in A(M) forall0 < j <d.

(b) If for any 1 < j < d there is some 0 < i < d with k., # k
kl[t1[e]-module.

then A(M) is irreducible as a

€itjo

(¢) Suppose that for any 1 < j < d which satisfies k., = ke, ; for all 0 < i < m there is some 0 <i <d
with n; # ni4;. Then A(M) is irreducible as an O-module.

Proof. For M as above, V(M) is generated by elements of the form Ah(e) = thep ® T, le)+1®e. They
give rise to formula (51), hence statement (a). For statements (b) and (c) apply Proposition 1.15; in (c)
notice that y - (1 ®e;) =n;(y) ®e; fory €T. U
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Lemma 5.2. (a) Conjugating x by powers of T, means cyclically permuting the ordered tuple
(Mo, key)s - - - (Ma, ke,)) associated with x as above. Knowing the conjugacy class of x (under
powers of T,,) is equivalent with knowing the tuple ((no, ke, ), - - ., (Na, ke,)) up to cyclic permutations,
together with x (T4*1).

(b) (Vignéras) Two standard supersingular H-modules are isomorphic if and only if the element Ta‘f“ eH
acts on them by the same constant in k> and if they arise from two supersingular characters Hqg — k

which are conjugate under some power of T,.
(c) (Vignéras) A standard supersingular H-module M arising from x is simple if and only if the orbit of
X under conjugation by powers of T,, has cardinality d + 1.
Proof. Statement (a) is clear. For (b) and (c) see [Vignéras 2005, Proposition 3 and Theorem 5]. O

Proposition 5.3. The functor M — A(M) induces a bijection between the set of isomorphism classes of
standard supersingular H-modules and the set of standard cyclic objects in Mod® (D) of k-dimension
d + 1. If the standard supersingular H-module M is simple, then A(M) € Mod™ (D) is simple.

Proof. This follows from Lemmas 5.1 and 5.2. (Il

Theorem 5.4. (1) The functor M +— A(M)* Qe k() induces a bijection between the set of isomor-
phism classes of standard supersingular H-modules and the set of isomorphism classes of standard

cyclic étale (¢, I')-modules of dimension d + 1.

(2) The functor M +— A(M)* Qi k((¢)) induces a bijection between the set of isomorphism classes of
simple supersingular H-modules of k-dimension d + 1 and the set of isomorphism classes of simple
étale (¢, I')-modules of dimension d + 1.

Proof. Statement (a) follows from Propositions 1.20 and 5.3. Statement (b) follows from statement
(a) and the full faithfulness of the functor M +— A(M)* ®pq k((¢)) on supersingular 7{-modules, see
Theorem 5.11 below. (To see that if M is simple then so is A(M)* Q. k((t)) one may alternatively use
Proposition 5.3 together with Proposition 1.11.) (Il

Remark. We may rewrite (51) as
l‘kef(p®€j+1 =—1Qe; for0<j=<d-1
tkfdgo ® X(Tw_d_l)eo =—1Qey

where we used Tw_l(ed) = Tw_d_l(eo) = X(Tw_d_l)eo. Thus (—1)d+1)((Tw_d_1) € k> is the constant

referred to in Lemma 1.19.

Corollary 5.5. The functor M +— A(M)* Qi k(t)), composed with the functor of Theorem 1.2, induces
a bijection between the set of isomorphism classes of standard supersingular H-modules of k-dimension

d+1 and the set of isomorphism classes of (d+ 1)-dimensional standard cyclic Gal(F / F)-representations.

Proof. Theorem 5.4. U
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Remark. (a) Combining Corollary 5.5 and Theorem 5.4 one can derive the following “numerical
Langlands correspondence”: the set of (absolutely) simple (d + 1)-dimensional #-modules with fixed
scalar action by Taﬁ’“ has the same cardinality as the set of (absolutely) irreducible (d + 1)-dimensional
Gal(F / F)-representations with fixed determinant of Frobenius. This numerical Langlands correspondence
was proven already in [Vignéras 2005, Theorem 5].

(b) There is an alternative and arguably more natural definition of supersingularity for 7{-modules. Its
agreement with the one given in Section 2A, and hence the “numerical Langlands correspondence” with
respect to this alternative definition of supersingularity, was proven in [Ollivier 2010].

5B. Reconstruction of an initial segment of M from A(M). Let [0, g — 1]® be the set of tuples u =
(1i)o<i<a With p; €{0,...,q — 1} and ) ,_;_, i = 0 modulo (¢ — 1). We often read the indices as
elements of Z/(d + 1), thus u; = u; for i, j_e_Z wheneveri — j € (d + 1)Z.

Let A be an -module. For u € [0, g — 11® let FA[t]* be the k-subvector space of Aft] = {x €
A | tx = 0} generated by all x € A[¢] satisfying t"i¢p - - - t*1pt"px € Alt] for all 0 <i <d, as well as
thdg ... tMpthogx € k*x.

Put FA[1 =Y cio.g—1e FALI® (sum in A[r]).

Lemma 5.6. FA[r] =P 1o FA[t]", ie., the sum is direct.

uel0,g—1

Proof. Consider the lexicographic enumeration (1), (2), 1(3), ... of [0,qg — 11% such that for each pair
r’ > r there is some 0 < iy <d with p;(r) > u; (r") for all i <ip, and p;,(r) > wi,(r'). Let Y, x, =0
with x, € FA[]*T). We prove x, = 0 for all r by induction on r. So, fix r and assume xr/_z 0 for
all ' < r, hence Zr’zr Xp = Zrzl xr— .. X =0. For r’ > r we have tha g oM (x,0) = 0.

Therefore

0= tﬂd(’)(p . tuo(F)(p(Zxr,)

r'>r
— Z t'ud(r)gﬂ . tMO(r)(pxr’
r'>r

— tud(r)(p . l"uO(r)(/)xr e k*x,
and hence x, = 0. O

We define k-linear endomorphisms T, Ty and T,«(,, (for y € T") of FA[¢] as follows. In view of
Lemma 5.6 it is enough to define their values on x € FA[¢]*; we put

—x pa=q-—11

T,(x) = —t"px, Toox)=y '-x, T,(x)=
w( ) @ e(y)( ) Y s( ) {0 Md<q—1-

1

Here y~' - x is understood with respect to the I'-action induced by the -module structure on A(M).
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Definition. For an #**-module M and u € [0, g — 11% let FM* denote the k-subvector space of M
consisting of x € M satisfying the following conditions for all 0 <i < d:

—1 i — M,’_ i

Talv(y)(Tw(x)) = 'T, (x) forall y eTl, (52)

T! i—1=q—1
T(T())_{ @) pici=q—1, 53)

Mi-1 <q—1.

Let FM denote the subspace of M generated by the FM* for all u € [0, g — 1]®.
For u €[0,q — 1% let €.€1[0,qg— 2]1% be the unique element with

(€)—i = p; mod (g —1). (54)

for all i.

Lemma 5.7. (a) We have FM"* C M*».
(b) FM is an H**-submodule of M.

(c) FM contains each H*-submodule of M which is a subquotient of a standard supersingular H*-
module.

(d) Suppose that M is supersingular. Viewing the isomorphism A(M)[t] = M (Proposition 4.3) as an
identity, we have FM" C FA(M)[t]* for each u € [0, g — 11®, and in particular

FM C FAM)[t]. (55)

The operators T, T; and T+, acting on FA(M)[t] as defined above restrict to the operators
Ty, Ts, Texy) € H* acting on FM.

Proof. (a) Let u € [0,q —1]®. For x € FM*, any y € I and any i we compute
- - i — o Himl e — (€)1
Tt 0 = Tigtapyon @) =T Ty Ty @) =yt =y 0z,

ie., x € M.

(b) Let u € [0, g — 1]® and define ' € [0, g — 1]® by w; = piy1 forall i. For x e FM*, any y € I' and
any { we compute

Tty To(To)) = T (T () = y M T, 0) = y M T ().

We also find Ty (T (T, (x)) = Ty (TA T (0) = =T (x) = =T (T, (x)) if i =g — 1, but Ty (T (T, (x))) =
Ty (T (x)) =0if u; < g—1. Together this shows T,,(x) € FM* , i.e., T,(FM"*) C FM*" . Itis immediate
from the definitions that Tg(FM*) C FM*. For x € FM", any vy, y' € I and any i we compute

T V‘(y) T (T (%)) = v(V)T(w e TE ) = Tt ooy V™ T () = P T (T (1),
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If wj—1 =q — 1 we also compute

T, T, (Tor () (X)) = Ts iy oy Ts Ty (%)

= _T(S-w*i-e*)(y’) TJ)(X)

= _TQI)(T(a)’Vs'w"'-e*)(y’) (x))

= =T (Ter () (X))
Here, in the last equation we use @' -s- @~ -e* =e* for2 <i <d;fori =1 weuse w-s- o ' -e* —e* =a
and Ty n (x) = TJlTalv(y,)Tw(x) =y Mx=x(@spg=qg—1);fori =0weuses-e*—e*=—a
and T_gv(n(x) = y*-'x = x (as p—y = g — 1). If however yt;_ < g — 1 then T,T (Tor(yy (%)) =
T(s_w—i,e*)(y/)TsTci(X) = 0. Together this shows T« (x) € FM¥, i.e., Torn(FMH*) C FMH*.

(c) On a standard supersingular H**-module, and hence on its subquotients, the actions of T,,, T; and
Talv(y) satisfy formulae (52) and (53), for suitable u’s.

(d) Let € [0, g — 1]® and define i’ € [0, g — 1]® by w; = pit1 for all i. Let x € FM*. The proof
of (b) shows T, (x) € Y, Mg"' [01if yu, = juo < g — 1, tesp. T,(x) € ¥, Mg" [11if ;= o =g — 1. In
either case, the definition of A(M) then says T, (x) = —t*°¢x. This shows FM* C FA(M)[¢]* and that
the action of T,, on FM is indeed as stated. For the actions of Ty and T,+(,) this is clear anyway. 0

Remark. The inclusion (55) is in fact an equality.

5C. Reconstruction of 4-supersingular H*-modules M from A(M).

Lemma 5.8. Let M be an irreducible supersingular H-module. Let 1 € [0,q — 11®, x € M and
Uic € Mo s ey fori>0and 0 <c < g —2 (with €, given by formula (54)). Assume u; . = 0 if
(i) ni=0,o0r
(i) wj=qg—1andc > 0,or
(i) uj<g—1landc>qg—1—pu;.
Assume that, if we put x{—1} = x, then

q—2

iy =t"pe(i — 1) = Y t“pu;.

c=0

belongs to M = A(M)[t] for each i > 0. Finally, assume that x{D} = x for some D > Qwith D+ 1 €
Z(d + 1). Then there is some x' € M with x — x’ € M and such that

iy =t (" p("0px")) - )

belongs to M for each i, and x'{ D} = x'. Moreover, if x is an eigenvector for Ty, then x" can be chosen

to be an eigenvector for Ty, with the same eigenvalues.
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Proof. 1t is easy to see that all the irreducible subquotients of a standard supersingular H-module
are isomorphic. In particular, an irreducible supersingular 7{-module is isomorphic with a submodule
of a standard supersingular 7{-module. Therefore we may assume that M itself is a (not necessarily
irreducible) standard supersingular #-module. We then have a direct sum decomposition M = EB‘;:OM Lj]
with dimg (M) = 1 and integers 0 < k; < g — 1 such that

T, (MU+1 = tkj(p(MU'H]) — pmll (56)

(always reading j modulo (d + 1)). More precisely, we have M/l ¢ M€ for certain € i €10,q— 212,
and choosing the above k; minimally, we have k; = (w - €;41)1 modulo (¢ — 1). It follows that

d d kj
kitloM = P kitlpM ' = P P oMU+, (57)

j=0 Jj=0 ¢=0

For m € M write m = Zj mb! with mbi! e pMUI. By formulae (56), (57), the defining formula for x{i}
splits up into the formulae

iU =1t (fi — V) — er(u“*”) (58)
c=0

for all j. We use them to show
Col =0 ifc—pi¢(q—DZ (59)

If u; € {0, g — 1} then formula (59) follows from our assumptions on the u; .. Now assume u, ¢{0,q—1}
and u[]+ ] # 0 for some c¢. The assumption u; . € Mo s e implies T, (u[]Jr ]) e M Eﬂ, and since

g—1—pi=q—1—e ;=@ e) if i ¢{0,q—1)

we get T, (u[’H]) —r471- “l(p(u[’H]) ie,kj=qg—1—p;. Now Zf‘fzotcgoM[jJrlJ is a direct sum
of one dimensional k-vector spaces, with x{i}l/l € tXipMU+1 trip(x{i — 1}y e tHipMU+1 and
tcgo(u[J+l]) € t°pMU*! for all ¢. Since by assumption u; . = 0 for ¢ > g — 1 — u; = k;, formula (58)

i+l

shows t“¢(u 0 whenever ¢ # u;.

Formula (59) is proven. Arguing once more with formulae (56), (57) and (58) shows
[t o(xli = W) =0 or oG =01 if =g — 1. (60)
In the following, by u; ,_1 we mean u; . If t“'ga(u[”l]) # (0 we may write
He(eti = U — ttip@l T = p el

for some p; ; € k, since t#ig(x{i — 1}/ 1) and ¢4 go(ul[fl: 1) belong to the same one-dimensional k-vector
space. The upshot of formulae (59) and (60) is then that formula (58) simplifies to become either

x{i}[j] — tﬂiw(x{i _ 1}[j+1]) (61)



Supersingular Hecke modules as Galois representations 107

or
Al ; j+1
(i = py e gl (62)

for some p; ; € k. Departing from xU1 = x{D}U1 we repeatedly substitute formula (61); if this is possible
D + 1 many times we end up with

xUT = x{(DYW = tho (. (1M o op(xl1))) - ),

and in this case we put n(j) = 0. Otherwise, after D + 1 — n(j) many substitutions of formula (61), for
some 1 <n(j) < D+ 1, we end the procedure by substituting formula (62) (once) and obtain
, ; . . i+1—n(j
xlil = x{D}[]] = pjt“Dgo(- .. (tun(/)(p(tltn(_n—l(p(uif(;;_]”’gn)g“_l))) cn)

ylit=n()]
n(j)—1,tncjH—1
We study this second case n(j) > 0 further. By construction,

with t#nh-1gp # 0, for some p; € k.

Lj+1-n())] )

g — +Mn(H)—1
wil=1y =" 0y Gy o e

Lj+1-n()] )

. ) w_lsw”(/)-s . .
is nonzero and belongs to M. On the other hand, u,(j)—1.1,;, , € M « implies T, (un(j)—l,un<_;)_1

n(j).
MS®€r and hence

(s"D-€,) [j+1=n(j)] _ [j+1=n()] s .e

t OG-,y = T Tyt iy ) €M
Together this means p,j)—1 = (s -€,)1 modulo (g — 1) and w;{—1} € Ms@" "< But we also have
Mn(j)—1 = (") -€,)1. Combining we see fi,(j)—1 = —Mn(j)—1 modulo (¢ — 1). Hence, we either have

Mn(j)—1 =0 o0r wyy—1 = (g —1)/2 or ptyjy—1 = q — 1. In view of the assumed vanishings of the u; .
[j+1=n(j)]

(and of un(j)—l,unu)fl

# 0) this leaves 11, (jy—1 = g — 1 as the only possibility. It follows that
50" e, = "D g,
and hence w;{—1} e M "€ Next, again by construction we know that

wj{s} =1 w;fs —1})

belongs to M, for 0 < s < D — n(j). By what we learned about w;{—1} this implies w;{s} =

(=TSt {1} € M""""" ¢ by an induction on s (and we also see Un(j)+s € tkos - . ., kq} with
the k, from formula (56)). For s = D — n(j) we obtain xUU1 = x{ D}l € M€,
We now putx' =3, xl1, O

Lemma 5.9. Let M be an irreducible supersingular H-module. Let i € [0, ¢ — 1]1% and x € M such that

x{i}=tlg(-- (" p"px)) )

belongs to M = A(M)[t] for each i > 0, and such that x{D} = x for some D >0 with D+ 1€ Z(d+1).
Then x € M and x{i} = (=T,)'x for each i.
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Proof. This follows from the formulae (56) and (57) in the proof of Lemma 5.8. The argument is very
similar to the one given in the proof of Lemma 5.6. (Il

Theorem 5.10. Let M be a f-supersingular H*-module. Via the isomorphism M = A(M)[t], the action
of H* on M can be recovered from the action of O on A(M).

Proof. We may assume dimy (M) < co. Define inductively the filtration (F M) i>0 of M by H*-submodules
as follows: FOM =0, and F'T!'M is the preimage of F(M/F!M) under the projection M — M/F'M.
The #*-action on the graded pieces can be recovered in view of Lemma 5.7. Exhausting M step by step
it is therefore enough to consider the following setting: The action of H* has already been recovered on
an H*-submodule My of M and on the quotient M /My, and the latter is irreducible.

We reconstruct the action of 7.« on M by means of

Tor)(x) = y_l -x foryel

as is tautological from our definitions. Next we are going to reconstruct the decomposition
M= P M. (63)
eel0.g-21%,

ael0,q—-2]

Let D > 0 be such that D + 1 € Z(d + 1) and fP*! = id for each k-vector space automorphism f of M.
(Such a D does exist. Indeed, M is finite, hence Auty (M) is finite, hence there is some n € N with f" =id
for each f € Auty(M). Now take D = (d + 1)n—1.) For € € [0, g —2]® and a € [0, g — 2] define M} to
be the k-subspace of M generated by all x € M with y -x = y“x (all y € I') and satisfying the following
condition: there is some u € [0, g — 1]® (depending on x) with €, = €, and there are u; . € M(‘)“_ls“’l+l'5
for i > 0 and 0 < ¢ < g — 2 with the following properties: Firstly, u; . = 0 if
(i) u; =0, or

(i) ui=qg—1landc >0, or
(i) uj<g—landc>qg—1—pu;.

Secondly, putting x{—1} = x and

iy =t"pOeli — 1) = Y t“pui, (64)

we have x{i} € M = A(M)[t] for any i, as well as x{D} = x.
It will be enough to prove M; = M g]. We first show
Mg C Mé[f]. (65)

We start with x € F(M/My)"* N (M/Mo)z for some p with €, = €. By Proposition 3.2 we may lift it
to some x € M€ such that for each i with T Tci“)'c = 0 we have TS2 Ta’;“x =0. As T, maps simultaneous
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eigenspaces for the 7, (with # € T) again to such simultaneous eigenspaces, and as TS2 commutes with

the 7;, we may assume x € M. Putting
x{i} = (=T,) " 'x
for —1 <i < D, repeated application of Lemma 2.4 shows x{i} € Mg’:l‘6 with
de—1=a, aco=a—¢€ and de;j=a—€ —€—it1— " —€g

fori <d, and then a.; = a.; fori —i' € Z(d +1).
fO<pui<qg—1put
i =Ty (Tsli)))etpitar,)-

As X € F(M/Mo)* and 11; < g — 1 we have u; . € Mo, and as x{i} € M we have u; . € M@ 5",
together u; . € M(‘)"fls‘”m'g. From ; < g — 1 we furthermore deduce k,(;y = (@' ! - €); = ;, and since
Tszx{i } =0 we then see
[l/-i(p(x{l'—1})—x{i}—2[0¢ui’6:h(—x{i}):()' (66)
c

Since furthermore (7 (x{i}))c4u;+a., =0 and hence u; . =0 for g —1—p; < ¢ < q—2 by f-supersingularity

(if 0 < u; < g — 1 then u; = €_;), all the conditions on the u; . in the definition of x € M g] are satisfied.
If u; =g — 1 we have TS2(TS2x{i}) = TSZx{i} and hence k72,(;y = ¢ — 1 (independently of the value of
i+1

wi we have (o' - €); = u; modulo (¢ — 1)), hence

t17 T N (T2 (i) + T2x (i} = h(T?x{i}) = 0. (67)
Similarly we see k(y(;_r2.(;) = 0 and hence
oT,  (x{i} — T2x{i}) +x (i} — T x{i} = h(x{i} — T x{i}) = 0. (68)
We compute
1 peli = 1) = =177 T, (x (i)
=177 oT, ' T2 (x(i})
=T} (x{i})
=T, (x{i} — T?x{i}) + x{i})
where the second equality is the result of applying 9~! to formula (68), where the third equality is
formula (67) and where the fourth equality is formula (68). Thus, putting u; o =T, Y(x{i} — Tszx{i})
and u; . = 0 for ¢ > 0, we again get formula (66). Moreover, u; o belongs to My as X € F(M/Mo)*
and w; = g — 1; but it also belongs to M® 5@ € since w; = g — 1 implies w 'sw'*! - € = o - €. By
construction, x{d} = (—T,)*T!(x), hence x{D} = (—T,)P*'x = x.

It follows that x € ML¢!. We have shown that any element in F(M /Mo)" N(M / Mo), for ju with €, =,
lifts to an element in M N Mé[f]. Since we have (M /M) = 0410 F(M/Mp)* (see Lemma 5.7) and

€p==€
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since this is respected by the action of To+(r), we thus have reduced our problem to showing (Mo); C M, g[f].
But for this we may appeal to an induction on dimy (M) (which we may assume to be finite).
‘We have shown formula (65). Now we show

Mg[f] C Mge. (69)

Let x € M€, € [0,q — 1]® (with €, = €) and u; . be as in the definition of M!€l. Define x{i} for
—-1<i< D as in that definition. By Lemma 5.9 and the proof of the inclusion (65) we find x € M}
and i; . € M(‘)"_]S“)M'e for 0 <i < D such that, after replacing x by x — x and u; . by u; . — it; ., we magf
assume x € M.

Claim. If x € My and if My is irreducible, then there is some x" € (My), with x —x'" € (MO)Z and such
that

iy =t (" p"0px)) - )
belongs to My for all i, and x'{D} = x'.

This follows from Lemma 5.8.

If My is not irreducible, choose an H-submodule My in My such that My/ My is irreducible. By the
above claim and again invoking the proof of the inclusion (65), after modifying x by another element of
M}, (now even of (My)¢,) and suitably modifying the u; ., we may assume u; . € Moo. Thus, it is now
en;)ugh to solve the proiblem for the new x € (My), (and the new u; . € Moo). We continue in this way.
Since we may assume that dimy (M) is finite, an induction on the dimension of M allows us to conclude.

We have reconstructed the decomposition (63) of M.

Now we reconstruct 757, acting on M. As we already know the decomposition (63), it is enough to
reconstruct T T,,(e) for e € M;,/ all €/, a’. Given such e, let é be its class in M /My. By Lemma 2.4 there
are then €, a such that Te € EM/MO)Z.

First assume €; = 0. We then reconstruct T, T,(e) as Ty T, (e) = t‘I—l(p(e). Indeed, to see this we
may assume (by Lemma 2.3) that 7,(e) is an eigenvector for TSZ. If Ts2Tw(e) = T,(e) and hence
T,T,(e) = —T,(e), the claim follows from the definition of h(T,(e)). If TXZTw(e) = 0 then in fact
T, T, (e) = 0 (since also €| = 0), and the definition of 4(T,,(e)) shows 19~ 'p(e) = 0.

Now assume €1 > 0. This implies TS2 T,(e) =0 and k7, () = €1, and by f-supersingularity we get

trootlge=— 3" 1 HOT (T Toe)ererta)-
OSC‘<(]—1—kTw(@)
Here (TsT,€)c1e,+a € M€ and g — 1 — k7, () = (s - €)1. The map
B M oM. e Y T (e

0§C<q_1_kTw(e) 0§C<q_1_kTm(e)

is injective. This is first seen in the case where My is irreducible; it then follows by an obvious devissage
argument. We therefore see that the (75T,€)c4¢,+q for 0 < ¢ < g — 1 — kg, () can be read off from

tk10©+1pe, hence also T, T,e can be read off from t*7@+!pe (by #-supersingularity).
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The restriction of T, to {x € M | T, T, (x) € My} is reconstructed as follows. Given x € (M / MO)"’_I‘E

a—e

(for some €, some a) with T, T,,x = 0, we use the decomposition (34) to lift X to some x € Mg’:éf. Since

(0! €)g=¢€;, Lemma 2.4 says Tpx e M gé . It then follows from the definitions that

Ta)x = —fﬂwx - Z tchw_l ((TSwa)c+el+a)-

c>0

We have now collected all the data required in Proposition 3.3 for reconstructing M as an *-module. [J

5D. Full faithfulness on §-supersingular H*-modules. Let Rep(Gal(F/F)) denote the category of rep-
resentations of Gal(F/F) on k-vector spaces which are projective limits of finite dimensional continuous
Gal(F / F)-representations.

Let Mod,, (#*) denote the category of fi-supersingular #*-modules. Let Mod (#) and Mod,, (H*)
denote the categories of supersingular 7{-modules and supersingular #**-modules, respectively.

Let M € Modg (H%) with dimg(M) < oo. By Proposition 4.3 we have A(M) € Mod“d(D), thus
AM)* Qe k(1)) € Mod®' (k((1))) (see Proposition 1.4). Let V(M) be the object in Rep(Gal(F/F))
assigned to A(M)* Qe k((t)) by Theorem 1.2. Exhausting an object in Mod, (H**) by its finite
dimensional subobjects we see that this construction extends to all of Mod (H™).

Theorem 5.11. The assignment
Modg, (#¥) — Rep(Gal(F/F)), M+ V(M) (70)
is an exact contravariant functor, with dimg (M) = dimg (V (M)) for any M. Also,
Mod, (#*) — Rep(Gal(F/F)), M V(M), an
Modg (H) — Rep(Gal(F/F)), M~ V(M)

are exact and fully faithful contravariant functors.

Proof. Exactness follows from exactness of M +— A (M) (Proposition 4.3), exactness of A = A* Q]
k((t)) (Proposition 1.4) and exactness of the equivalence functor in Theorem 1.2. From Proposition 4.3 we
get dimy (M) = dimy ), (A(M)* Qe k(2))), from Theorem 1.2 we get dimy ) (A(M)* Qi k(1)) =
dimg (V (M)).

To prove faithfulness on Mod, (H*), suppose that we are given finite dimensional objects M, M’
in Modg (H") and a morphism p : V(M’) — V(M) in Rep(Gal(F/F)). By Theorem 1.2, the latter
corresponds to a unique morphism of étale (¢, I')-modules

w: AMM)* Qi k(1) = AM)* Qppey k(2)).

By Proposition 1.17 (which applies since Proposition 4.3 tells us A(M), A(M’) € Mod®(9)) it is induced
by a unique morphism of -modules u : A(M) — A(M’). Clearly u takes A(M)[t] to A(M')[t], i.e., it
takes M to M’. Applying Theorem 5.10 to both M and M’ we see that u : M — M’ is H*-equivariant. If
M, M' € Modg, (HF) are not necessarily finite dimensional, the same conclusion is obtained by exhausting
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M, M’ by its finite dimensional submodules. We deduce the stated full faithfulness on Modg, (#*). It
implies full faithfulness on Mod () (see Lemma 2.5). O

Example. The analogs of Proposition 3.3 and Theorem 5.11 (on the functor in formula (71)) fail for
supersingular #**-modules. To see this, take d = 2, and endow the 6-dimensional k-vector space M
with basis ey, e1, e2, fo, f1, f2 with the structure of an H*_-module as follows. 7, for each € T acts
trivially. Put Ty(fo) = Ty(e1) = Ts(e2) = 0 and Ts(eo) = —eo, Ts(f1) = — f1, Ts(f2) = — f2. Fixa €k
and put 7;,(eo) = e1, Tw(e1) = ez, To(e2) = eo, T(fo) = fi +aer, To(f1) = fo —ae, T (f2) = fo.
This is even an 7{*-module if and only if & = 0, if and only if it is decomposable (as an #**-module).
The corresponding D-module A(M) is defined by the relations pey = —eyq, pe; = —ey, t"_lgoeg = —ep,
of> = —fo. 197 o (fo — aep) — f1, 197 o(f1 +aer) — f>. But this O-module is in fact independent of «,
since 197 pe; = 19" 'pey = 0. Thus, an H**-analog of Theorem 5.11 fails. To see that an #**-analog of
Proposition 3.3 fails take My to be the k-subvector space of M spanned by e, €1, e3; it is stable under
H?*. The action of H* on M and on M /M, does not depend on «. The actions of 79! = T3, of T
and of 7T, do not depend on «. We have (7 T,) (M) = Mo+ k f» and hence the restriction of T, to
(T, T,,)~'(My) does not depend on or. We have M = > M< with M€ =0 whenever €; # 0. Thus, an
H*-analog of Proposition 3.3 would predict that also the action of 7,, (even of H") is independent of «,
which however is apparently not the case.

5E. The essential image.

Definition. Let Hom(T", k*)® denote the group of (d + 1)-tuples o = («p, ..., aq) of characters «; :
I' - k*. Let G441 act on Hom(T", k*)® by the formulae

(w-a)y=ay and (w-a);=a;_1 forl<i<d,

(s-a)g=0a1, ((-a)j=ap and (s-a);,=«a; for2<i<d.

Recall the action of G441 on [0, ¢ —2]®. Combining both (diagonally), we obtain an action of G4 on
Hom(T", £)® x [0, q-— 21%.

In Lemma 1.19 we attached to each standard cyclic étale (¢, I')-module D of dimension d 4+ 1 an
ordered tuple ((«o, mo), ..., (a4, mq)) (with integers m; € [1 — g, 0] and characters o : ' — k),
unique up to a cyclic permutation. Sending each m; to the representative in [0, g — 2] of its class in
Z/(q — 1), the tuple (my, ..., mg) gives rise to an element in [0, g — 2]®. On the other hand, the tuple
(g, . . . , &tg) constitutes an element in Hom(T", k*)®. Taken together we thus attach to D an element in
Hom(I", £*)® x [0, ¢ — 2]®, unique up to cyclic permutation. Equivalently, we attach to D an orbit in
Hom(T", k)® x [0, q-— 2]® under the action of the subgroup of &, generated by w.

Now let D}, D} be irreducible étale (¢, I')-modules over k((¢)). We say that D, D) are strongly
G4+1-linked if they are subquotients of (d + 1)-dimensional standard cyclic étale (¢, I')-modules D,
D, respectively, and if D;, D, give rise to the same &, -orbit in Hom(I", k)% x [0, ¢ — 2]®. We

say that D|, D} are &, -linked if they are subquotients of (d 4 1)-dimensional standard cyclic étale
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(¢, I')-modules D, D, respectively, and if D, D, give rise to the same S, 1-orbit in [0, g — 2]1® (or
equivalently, if the assigned tuples (up to cyclic permutation) in [0, ¢ — 2]® coincide as unordered tuples
(with multiplicities)).

Remark. (a) Let D denote the étale (¢, I')-module over k((¢)) corresponding to V (M), for a finite

dimensional supersingular *-module M. Our constructions show M = Hom{*"(D*, k)[t] (where D* is

given the ¢-adic topology). Moreover:
(i) Consider the natural map of k[[¢]][¢]-modules
kp : k[t1[¢] ®kgey M — Hom" (D", k).

As a k[[t]][¢]-module, ker(xp) is generated by ker(kp) N (k@ M + k[[tllo @ M).
(i) Each irreducible subquotient of D is a subquotient of a (d + 1)-dimensional standard cyclic étale
(¢, I')-module; more precisely:

(ii)(1) If D (or equivalently, M) is indecomposable, then any two irreducible subquotients of D are
G441-linked.

(i1)(2) If M is even a supersingular 7{-module, and if D (or equivalently, M) is indecomposable, then
any two irreducible subquotients of D are strongly S, ;-linked.

(ii)(3) If M is even a supersingular #°-module, then each irreducible subquotient of D is a subquotient
of a (d + 1)-dimensional standard cyclic étale (¢, I')-module with parameters m; € {1 — ¢, 0}
and oj =1 for all j.

(iii) For any (¢, I')-submodule Dg of D the ir-operator on Dy N D' is surjective.

(b) Does property (i) mean (at least if property (iii) is assumed) that D is the reduction of a crystalline
p-adic Gal(F/ F)-representation with Hodge—Tate weights in [—1, 0]?

(c) Property (iii) means that the functor Dy — Dg is exact on the category of subquotients Dy of D.

(d) It should not be too hard to show that properties (i), (ii)(1) and (iii) together in fact characterize the
essential image of the functor (70).

(e) On the other hand, properties (i), (i1)(2) and (iii) together do not characterize the essential image of
the functor (71). To see this for d = 1 consider the following étale (¢, I')-module D (which satisfies (i),
(i)(2), (iii)). It is given by a k-basis e, e1, fo, f1, g0, g1 of (D)*[¢] and the following relations:

per=co. ¢fi=fo. egai=g. 1" 'geo=er. 1"'ofo=fi+en 17 0g0=2g1+ fo.
Another object not in the essential image is defined by the set of relations

per=eo, @fi=fo, wg1=g0, 17 'geo=er, 17 'ofo=fi+e, 19 '0g0=2g1+ fi.
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6. From G-representations to -modules

6A. Supersingular cohomology. Put G = GL;1(F), let Iy be a pro-p-Iwahori subgroup in G, and fix
an isomorphism between # and the pro-p-Iwahori Hecke algebra k[Iy\ G/ Iy] corresponding to Iy C G.
For a smooth G-representation Y (over k) the subspace Y of Ip-invariants then receives a natural action
by H. Let us denote by HO(Iy, Y) the maximal supersingular H-submodule of Y. It is clear that this
defines a left exact functor

Mod(G) — Mody(H), Y+ H2(Ip,Y)

where Mod(G) denotes the category of smooth G-representations. The category Mod(G) is a Grothendieck
category [Schneider 2015, Lemma 1] and has enough injective objects [Vignéras 1996, 1.5.9]. Let DT (G)
denote the derived category of complexes of smooth G-representations vanishing in negative degrees,
let D} (#) denote the derived category of complexes of supersingular #-modules vanishing in negative
degrees. The above functor gives rise to a right derived functor

Ry Iy, .) : DY (G) — DE(#H). (72)

Let D1 (Gal(F/F))) denote the derived category of complexes in Rep(Gal(F /F)) vanishing in negative
degrees. Since the functor V is exact, it induces a functor

V: D (H) — Dt (Gal(F/F))).
We may compose them with R ([, .) to obtain a functor
Vo R (ly,.): DY(G) — DT (Gal(F/F))).

Remark. The functor Hg(lo, .) is the composite of the left exact functor Mod(G) — Mod(H), Y > Y
(taking Ip-invariants) and the left exact functor Mod(#) — Modg (H), M — Mg which takes an H-
module to its maximal supersingular H-submodule. Also Mod(#) is a Grothendieck category with
enough injective objects. Writing R(lp, .) and R (.) for the respective right derived functors, we have a
morphism Ry (ly,.) = Ry () o R(Iy, .).

Remark. Of course, we expect the functor V o Ry (ly,.) to be meaningful only when restricted to
(complexes of) supersingular G-representations. The reason is the following theorem of Ollivier and
Vignéras [2018]: A smooth admissible irreducible G-representation ¥ over an algebraic closure k of k is
supersingular if and only if Y/ is a supersingular H ®; k-module, if and only if Y% admits a supersingular
subquotient.

It is known that, beyond the case where G = GL2(Q),), a smooth admissible irreducible supersingular
G-representation Y over k is not uniquely determined by the #-module Y%. Is it perhaps uniquely
determined by the derived object Ry (lp, Y) € Dg (H)? It would then also be uniquely determined by the
derived object V(R (lp, Y)) € D1 (Gal(F/F))).
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Remark. For the universal module Y = indg k we have Hg(lo, Y) =0 since H = (ind% k)’ does not
contain nonzero finite dimensional H-submodules (let alone supersingular ones).

6B. An exact functor from G-representations to H-modules. We fix a (d + 1)-st root of unity & € k*
. d ;
with }5_&/ =0. |
For an #-module M and j € Z let M¢’ be the #-module which coincides with M as a module over
the k-subalgebra k[T, T;],c7. but with T, |, .; = &/ T, |-
Let 6 : My — M, be a morphism of H-modules. For (xg, x1) € My @ M; put

To((x0, x1)) = (To,(x0), T (8(x0)) + £ T (x1)),
Ty ((x0, x1)) = (T (x0), Ts(x1)),
T, ((x0, 1)) = (T (x0), Ti(x1)) forz eT.

Lemma 6.1. These formulae define an H-module structure on My ® M1; we denote this new H-module
by Mo &° M. We have an exact sequence of H-modules

0—>M§—>M0@8M1—>M0—>0. (73)

The morphism § : My — M| can be recovered from the exact sequence (73).
If there is some A € k™ with T¢T! = A on Mo and on My, then also T+ = % on My &° M,

Proof. By induction on i one shows
i—1
TE((x0, x1)) = (TL(x0), E' TH(x1) + Y _ €7 T} (8(x0)))
j=0
for i > 0, and hence T4 ((xo, x1)) = (T4 (x0), T4 (x1)). From here, all the required relations are
straightforwardly verified, showing that indeed we have defined an #-module.

Obviously, from the exact sequence (73) both My and M| can be recovered. That also § can be
recovered follows from the following more general consideration. Suppose that we are given § : Mg — M,
and € : Np — N; and a morphism of %-modules f : My @ M; — Ny & N, with f(Mf) C Nf.
Then there are ‘H-module homomorphisms fo : Mg — N, f1: Mls — Nf and f My — ng with
£ (o, x1)) = (foxo), fi(x1) + f(x0)). For xo € Mo we compute

f (T (x0,0) = [ (T (x0), T (8 (x0))) = (T (fo(x0)), T (f1(8(x0))) 4+ T (f (x0))),
T.,(f (x0, 0)) = T (fo(x0), f(x0)) = (T (fo(x0)), Tuw(€ (fo(x0))) +& T (f (x0))).

As f(T,(x9,0)) = T,(f (x0, 0)) we deduce T, (e(fo(x0))) = T, (f1(6(x0))), and since T, is an isomor-
phism even €(fo(x0)) = f1(8(x0)). O

Let
(Mo’aa):["'ngl3;1>M08$M18—1)M28_2)...]

be a complex of #-modules.
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Lemma 6.2. (a) There is a unique H-module @i.eZM j with the following properties:
e As a k-vector space, EB?‘GZM]' =®jezM;.

e For any j we have T(M;) C M; + M, for each T € H; in particular, the subspace M ; =
®j>jMj is an H-submodule.
o The H-module M~ ;/M> > is isomorphic with ij @di ijrl as defined in Lemma 6.1.
(b) If there is some A € k> with TST! = ) on each M, then T4+ = A on @i.'ezMj.
(c) The assignment (M,, 8,) — (EBi.'eZM j» (M) jez) is an exact and faithful functor from the category of
complexes of H-modules to the category of filtered H-modules. The isomorphism class of the complex
(M., $.,) can be recovered from the isomorphism class of the filtered H-module (GB';’GZM j» (M=) jen).

Proof. This is clear from Lemma 6.1. (Il

Definition. (a) For a smooth G-representation Y over k and i > O let us denote by H;;(IO, Y) the i-th
cohomology group of Ry (ly, Y), see formula (72).

(b) We say that a smooth G-representation Y over k is exact if for each i > 0 the functor Y+ HL (Ip, Y')

is exact on the category of G-subquotients Y’ of Y.

(c) An exhaustive and separated decreasing filtration (Y/) jez of a smooth G-representation Y over k is

exact if Y7 /Y71 is exact for each j.
Example. A semisimple smooth G-representation is exact.

Let PR denote the following category: objects are smooth G-representations with an exact filtration,
morphisms are G-equivariant maps respecting the filtrations (i.e., f : ¥ — W with f(Y?) Cc W' for all i).
We denote objects (Y, (Y');cz) in R simply by Y*.

Let E(H) denote the category of E;-spectral sequences in the category of H-modules.

For Y* € !R we have the spectral sequence

E(Y*) = [E""(Y*") = H'™" (1o, Y™/ Y™ = H' (I, Y)).

A morphism f :Y* — W* in R induces morphisms H (1o, Yi/yitlhy —» H (1o, Wi/ With for any m
and i, and these induce a morphism of spectral sequences E(Y*) — E(W*). We thus obtain a functor

Re — E(H), Y '— EX").

For r > 1 let ), be the set of equivalence classes of pairs of integers (m, n), where (m, n) is declared
to be equivalent with (m’, n’) if and only if there is some j € Z with (m,n) = (m' + jr,n’ — j(r — 1)).
For y € ), let E; (Y*) be the complex of H-modules whose terms are the E™"™(Y*) with (m,n) € y, and
whose differentials d, : E™"(Y*) — E™*""="+1(Y*) are given by the spectral sequence. We apply the
functor of Lemma 6.2 to E; (Y*) to obtain a (filtered) supersingular 7{-module E; (Y*).

For amorphism f:Y*— W*in R we have induced H-linear maps f, : ®yey, E)(Y")— Dyey, E)(W).
Notice however that, in general, for a given y € ), there is no y’ € ), such that f,.(E; (Y*)) C E; W,

evenifr =1.
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Lemma 6.3. Let Y* — W* — X* be a complex in Rg such that for each i the induced sequence
0— Yyt - wi/witl X1/ X+ 5 0 is exact. We then have an exact sequence of supersingular
‘H-modules
0— @ E{(Y*) - @ E](W*) — @ E{(X") — 0.
YEVI YEV YEV

Proof. This follow from the constructions. U
Remark. The analog of Lemma 6.3 is false for the maps f, for r > 1.

Remark. For a smooth G-representation Y endowed with an exact filtration, we may apply the functor
V of Section 5D to the supersingular #-module E; (Y*) (any r). In this way, we assign a Gal(F /F)-
representation to Y. We propose this construction as a nonderived alternative to that of Section 6A. Of
course, again it will be meaningful only on supersingular G-representations.

We expect that for G = GL»(Q),), this construction, with r = 1, essentially recovers the restriction of

Colmez’s functor to all supersingular G-representations.!!
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