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Arithmetic of curves on moduli of local systems
Junho Peter Whang

We investigate the arithmetic of algebraic curves on coarse moduli spaces for special linear rank two local
systems on surfaces with fixed boundary traces. We prove a structure theorem for morphisms from the
affine line into the moduli space. We show that the set of integral points on any nondegenerate algebraic
curve on the moduli space can be effectively determined.

1. Introduction

1A. This is a continuation of our Diophantine study [Whang 2017] of moduli spaces for local systems on
surfaces and their mapping class group dynamics. Let 6 be a smooth compact oriented surface of genus g
with n boundary curves satisfying 3g+ n− 3> 0. Let Xk be the coarse moduli space of SL2(C)-local
systems on 6 with prescribed boundary traces k ∈ An(C). It is an irreducible complex affine algebraic
variety of dimension 6g+2n−6, and we showed in [Whang 2020] that it is log Calabi-Yau if the surface
has nonempty boundary. For k ∈ An(Z), the variety Xk admits a natural model over Z. The mapping
class group 0 of the surface acts on Xk via pullback of local systems, and an associated theory of descent
on the integral points Xk(Z) was developed in [Whang 2017]. In this paper, we investigate the interplay
between the dynamics of this action and the Diophantine geometry of algebraic curves on Xk .

1B. Main results. We describe the contents of this paper. Relevant background on surfaces and their
moduli of local systems is given in Section 2, where we repeat material from [Whang 2017, Section 2].
As in [Whang 2017], let us say that a simple closed curve on 6 is essential if it cannot be continuously
deformed into a point or a boundary curve on 6. This paper is devoted to developing consequences of the
following boundedness theorem [Whang 2017, Theorem 3] for nonarchimedean systoles of local systems.

Theorem [Whang 2017]. Let O be a discrete valuation ring with fraction field F. Given any representation
ρ : π16→ SL2(F) whose boundary traces all take values in O, there is an essential simple closed curve
a ⊂6 with tr ρ(a) ∈O.

In Section 3, we apply the above theorem to the field of rational functions and prove our first main
result, which is a structure theorem for morphisms from the affine line A1 into the moduli space Xk .
Following [Whang 2017], let us say that a possibly reducible algebraic variety Z is parabolic if it is
covered by nonconstant morphisms A1

→ Z . We also define a subvariety of Xk to be degenerate if it is
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contained in a parabolic subvariety of Xk , and nondegenerate otherwise. The following theorem gives a
modular characterization of the degenerate points of Xk .

Theorem 1.1. A point ρ ∈ Xk(C) is degenerate if and only if

(1) (parabolic curve) there is an essential simple closed curve a ⊂6 such that tr ρ(a)=±2, or

(2) (parabolic pants) (g, n, k) 6= (1, 1, 2) and there is a subsurface 6′ ⊂6 of genus 0 with 3 boundary
curves, each of which is an essential curve or a boundary curve of 6, such that the restriction ρ|6′

is reducible.

In particular, there is a parabolic proper closed subvariety Z of Xk such that every nonconstant morphism
A1
→ Xk over C is mapping class group equivalent to one with image in Z.

Theorem 1.1 is reminiscent of a result of Sterk [1985] that the automorphism group of a projective K3
surface acts on the set of its smooth rational curve classes with finitely many orbits. It also has an
interesting consequence (Corollary 3.6) that any polynomial deformation of a Fuchsian representation
of surface group preserving the boundary traces must be isotrivial. Finally, Theorem 1.1 is used in
formulating the main Diophantine result of [Whang 2017] for the integral points of Xk .

In Section 4, we study the behavior of integral points on algebraic curves in Xk . For each curve a ⊂6,
let tra be the regular function on Xk given by monodromy trace of local systems along a. We define an
algebraic curve C ⊂ Xk to be integrable if there is a pants decomposition P of 6 (i.e., a maximal union
of pairwise disjoint and nonisotopic essential simple closed curves) such that tra is constant on C for
every curve a ⊂ P. Otherwise, C is nonintegrable. Given an algebraic curve C ⊂ Xk and an arbitrary
subset A ⊆ C, let us denote

C(A)= {ρ ∈ V (C) : tra(ρ) ∈ A for every essential simple closed curve a ⊂6}.

We prove the following result, by applying the boundedness of nonarchimedean systoles on local systems
to function fields of algebraic curves.

Theorem 1.2. If C ⊂ Xk is a geometrically irreducible nonintegrable algebraic curve, then C(A) is finite
for any closed discrete set A ⊂ C.

Moreover, our method will show that, given an embedding of C into affine space, the sizes of the
coordinates of C(A) from the theorem can be effectively determined. One application is the following.
For each positive squarefree integer d , let Od ⊂ C denote the ring of integers of the imaginary quadratic
field Q(

√
−d). Applying Theorem 1.2 with A=

⋃
d>0 Od , we conclude that a nonintegrable curve in Xk

has at most finitely many imaginary quadratic integral points. As a special case, this recovers the finiteness
result of Long and Reid [2003] for imaginary quadratic integral points on character curves of one-cusped
hyperbolic three-manifolds; see Section 4 for details. Our approach to finiteness of integral points on
nonintegrable curves shares its basis with the so-called Runge’s method, described in [Zannier 2009].

By combining Theorem 1.2 with an analysis of integrable algebraic curves using Baker’s theory on
linear forms in logarithms, we also obtain the following result in Section 4. Let us define an element in
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the mapping class group of 6 to be a multitwist if it is given by a product of commuting Dehn twists
(and their powers) along essential curves in a pants decomposition of 6. By a 1-dimensional algebraic
torus we shall mean an irreducible algebraic curve of genus 0 with 2 punctures.

Theorem 1.3. Let C ⊂ Xk be a geometrically irreducible nondegenerate algebraic curve over Z.
Then C(Z) can be effectively determined, and

(1) C(Z) is finite, or

(2) C is the image of a 1-dimensional algebraic torus preserved by a nontrivial multitwist, under which
C(Z) consists of finitely many orbits.

If moreover C is not fixed pointwise by any nontrivial multitwist, the same result holds with C(Z) replaced
by the set of all imaginary quadratic integral points on C.

Theorem 1.3 gives a complete analysis of integral points on every nondegenerately embedded curve
C ⊂ Xk with no intrinsic restrictions, e.g., regarding the genus and number of punctures of the curve.
The structure of Theorem 1.3 is strongly reminiscent of, and motivated by, classical Diophantine results
on subvarieties of log Calabi-Yau varieties of linear type, such as algebraic tori and abelian varieties
(cf. Skolem’s approach to the Thue equations [Borevich and Shafarevich 1966], as well as [Vojta 1991;
1996; Faltings 1991]). Finally, for (g, n)= (1, 1) or (0, 4), the moduli space Xk has an explicit presentation
as an affine cubic algebraic surface with equation of the form

x2
+ y2
+ z2
+ xyz = ax + by+ cz+ d (∗)

for some constants a, b, c, d depending on k. Affine algebraic surfaces of this type were first studied
in [Markoff 1880], which introduced a form of nonlinear descent which essentially coincides the map-
ping class group action. Our work therefore specializes to the following result, which may be proved
elementarily (but still using the group action).

Corollary 1.4. On an affine algebraic surface with an equation of the form (∗), the integral solutions to
any Diophantine equation over Z can be effectively determined.

Ghosh and Sarnak [2017] showed that, in the sense of proportions, almost all “admissible” Markoff
type surfaces Xk for (g, n) = (1, 1) have a Zariski dense set of integral points. Thus, Corollary 1.4
provides an infinite family of nontrivial ambient varieties of dimension two where every Diophantine
equation over Z can be effectively solved.

2. Background

This section collects relevant background on surfaces and their moduli of local systems, repeating material
from [Whang 2017, Section 2]. We also recall a boundedness result [Whang 2017, Theorem 1.3]
for nonarchimedean systoles of local systems in Section 2D, which will prove instrumental in our
Diophantine analysis.
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2A. Surfaces. A surface is an oriented two-dimensional smooth manifold, which we assume to be
compact with at most finitely many boundary components unless otherwise indicated. A connected
surface is said to have type (g, n) if it has genus g and has n boundary components. A curve on a surface
is an embedded copy of an unoriented circle, which we shall tacitly assume to be smooth in appropriate
contexts. Given a surface 6, we shall say that a curve a ⊂6 is nondegenerate if it does not bound a disk,
and essential if it is nondegenerate and is disjoint from, and not isotopic to, a boundary curve of 6.

A multicurve on6 is a finite union of disjoint curves on6. It is said to be nondegenerate, resp. essential,
if each of its components is. Given a surface 6 and an essential multicurve Q ⊂ 6, we denote by
6|Q the surface obtained by cutting 6 along the curves in Q. A pants decomposition of 6 is an
essential multicurve P such that 6|P is a disjoint union of surfaces of type (0, 3). Equivalently, a pants
decomposition is a maximal (with respect to inclusion) essential multicurve whose components are
pairwise nonisotopic. If 6 is a surface of type (g, n) with 3g+ n− 3> 0, then any pants decomposition
of 6 consists of 3g+ n− 3 essential curves. An essential curve a ⊂6 is separating if the two boundary
curves of 6|a corresponding to a are on different connected components, and nonseparating otherwise.

2A1. Optimal generators. Let 6 be a surface of type (g, n), and choose a base point x ∈6. We have
the standard presentation of the fundamental group

π1(6, x)= 〈α1, β
′

1, . . . , αg, β
′

g, γ1, . . . , γn|[α1, β
′

1] · · · [αg, β
′

g]γ1 · · · γn〉, (1)

where in particular γ1, . . . , γn correspond to loops around the boundary curves of 6. For i = 1, . . . , g,
let βi be the based loop traversing β ′i in the opposite direction. We can choose the sequence of generating
loops (α1, β1, . . . , αg, βg, γ1, . . . , γn) so that it satisfies the following:

(1) Each loop in the sequence is simple.

(2) Any two distinct loops in the sequence intersect exactly once (at x).

(3) Every product of distinct elements in the sequence preserving the cyclic ordering can be represented
by a simple loop in 6.

Some examples of products alluded to in (3) are α1βg, α1α2β2βg, and βgγnα1. We refer to the sequence
(α1, β1, . . . , αg, βg, γ1, . . . , γn) as an optimal sequence of generators for π16. See Figure 1 for an
illustration of optimal generators for (g, n)= (2, 1).

α1

α2

β1

β2

γ1

Figure 1. Optimal generators for (g, n)= (2, 1).
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2A2. Mapping class group. Given a surface 6, let 0 = 0(6) = π0 Diff+(6, ∂6) denote its mapping
class group. By definition, it is the group of isotopy classes of orientation preserving diffeomorphisms
of 6 fixing the boundary of 6 pointwise. Given a (simple closed) curve a ⊂ 6 disjoint from ∂6, the
associated (left) Dehn twist τa ∈ 0 on 6 is defined as follows. Let S1

= {z ∈ C : |z| = 1} be the unit
circle. Let τ be the diffeomorphism from S1

× [0, 1] to itself given by (z, t) 7→ (ze2π iξ(t), t) where
ξ(t) is a smooth bump function of t ∈ [0, 1] that is 0 on a neighborhood of 0 and 1 on a neighborhood
of 1. Choose a closed tubular neighborhood N of a in 6, and an orientation preserving diffeomorphism
f : N → S1

×[0, 1]. The Dehn twist τa is given by

τa(x)=
{

f −1
◦ τ ◦ f (x) if x ∈ N ,

x otherwise.

The class of τa in 0 is independent of the choices involved above, and depends only on the isotopy class
of a. It is a standard fact that 0 = 0(6) is generated by Dehn twists along simple closed curves in 6
(see [Farb and Margalit 2012, Chapter 4]).

2B. Character varieties. Throughout this paper, an algebraic variety is a scheme of finite type over a
field. Given an affine variety V over a given field k, we denote by k[V ] its coordinate ring over k. If
moreover V is integral, then k(V ) denotes its function field over k. Given a commutative ring A with
unity, the elements of A will be referred to as regular functions on the affine scheme Spec A.

2B1. Character varieties of groups. Let π be a finitely generated group. Its (SL2) representation variety
Rep(π) is the affine scheme determined by the functor

A 7→ Hom(π,SL2(A))

for every commutative ring A. Given a sequence of generators of π with m elements, we have a
presentation of Rep(π) as a closed subscheme of SLm

2 defined by equations coming from relations among
the generators. For each a ∈ π , let tra be the regular function on Rep(π) given by ρ 7→ tr ρ(a).

The (SL2) character variety of π over C is the affine invariant theoretic quotient

X (π)= Rep(π) // SL2 = Spec C[Rep(π)]SL2(C)

under the simultaneous conjugation action of SL2. Note that the regular function tra for each a ∈ π
descends to a regular function on X (π). Moreover, X (π) has a natural model over Z, defined as the
spectrum of

R(π)= Z[tra : a ∈ π ]/(tr1−2, tra trb− trab− trab−1).

The relations in the above presentation arise from the fact that the trace of the 2× 2 identity matrix is 2,
and tr(A) tr(B)= tr(AB)+ tr(AB−1) for every A, B ∈ SL2(C).

Given an integral domain A with fraction field F of characteristic zero, the A-points of X (π) parame-
trize the Jordan equivalence classes of SL2(F)-representations of π having character valued in A (see
[Simpson 1994, Proposition 6.1]). Here, following [Simpson 1994], we say that two finite-dimensional



2580 Junho Peter Whang

linear representations of π are Jordan equivalent if they admit composition series with isomorphic
graded representations. Since a semisimple finite-dimensional representation of a group over a field of
characteristic zero is determined by its character [Lang 2002, Chapter XVII, Section 3, Corollary 3.8],
we see in particular two representations ρ : π→ SL2(C) are Jordan equivalent if and only if they have
the same character. (It is not true in general that, for a reductive algebraic group G ≤ GLr over C, the
points of Hom(π,G) //G are determined by their characters.) We refer to [Horowitz 1972; Przytycki and
Sikora 2000; Saito 1996] for further details on SL2-character varieties.

Example 2.1. We refer to [Goldman 2009] for details of examples below. Let Fm denote the free group
on m ≥ 1 generators a1, . . . , am .

(1) We have tra1 : X (F1)' A1.

(2) We have (tra1, tra2, tra1a2) : X (F2)' A3 by Fricke [Goldman 2009, Section 2.2].

(3) The coordinate ring Q[X (F3)] is the quotient of the polynomial ring

Q[tra1, tra2, tra3, tra1a2, tra2a3, tra1a3, tra1a2a3, tra1a3a2]

by the ideal generated by two elements

tra1a2a3 + tra1a3a2 −(tra1a2 tra3 + tra1a3 tra2 + tra2a3 tra1 − tra1 tra2 tra3)

and

tra1a2a3 tra1a3a2 −
{
(tr2

a1
+ tr2

a2
+ tr2

a3
)+ (tr2

a1a2
+ tr2

a2a3
+ tr2

a1a3
)

−(tra1 tra2 tra1a2 + tra2 tra3 tra2a3 + tra1 tra3 tra1a3)+ tra1a2 tra2a3 tra1a3 −4
}
.

We record the following, which is attributed by Goldman [2009] to Vogt [1889].

Lemma 2.2. Given a finitely generated group π and a1, a2, a3, a4 ∈ π , we have

2tra1a2a3a4 = tra1 tra2 tra3 tra4 + tra1 tra2a3a4 + tra2 tra3a4a1 + tra3 tra4a1a2

+ tra4 tra1a2a3 + tra1a2 tra3a4 + tra4a1 tra2a3 − tra1a3 tra2a4

− tra1 tra2 tra3a4 − tra3 tra4 tra1a2 − tra4 tra1 tra2a3 − tra2 tra3 tra4a1 .

The above computation implies the following fact, which forms a special case of Procesi’s theorem
[1976] that rings of invariants of tuples of N × N matrices under simultaneous conjugation are (finitely)
generated by the trace functions of products of matrices.

Fact 2.3. If π is a group generated by a1, . . . , am , then Q[X (π)] is generated as a Q-algebra by the
collection {trai1 ···aik

: 1≤ i1 < · · ·< ik ≤ m}1≤k≤3.
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2B2. Moduli of local systems on manifolds. Given a connected smooth (compact) manifold M, the coarse
moduli space of local systems on M that we shall study is the character variety X (M) = X (π1 M) of
its fundamental group. The complex points of X (M) parametrize the Jordan equivalence classes of
SL2(C)-local systems on M. More generally, given a smooth manifold M = M1 t · · · tMm with finitely
many connected components Mi , we define

X (M)= X (M1)× · · ·× X (Mm).

The construction of the moduli space X (M) is functorial in the manifold M. Any smooth map f :M→ N
of manifolds induces a morphism f ∗ : X (N )→ X (M), depending only on the homotopy class of f ,
given by pullback of local systems.

Let6 be a surface. For each curve a⊂6, there is a well-defined regular function tra :X (6)→X (a)'A1,
which agrees with trα for any α ∈ π16 represented by a path freely homotopic to a parametrization
of a. Implicit here is the observation that trα is independent of the choice of an orientation for a since
tr(A)= tr(A−1) for any matrix A in SL2. The boundary curves ∂6 of 6 induce a natural morphism

tr∂6 : X (6)→ X (∂6)' An,

where the latter isomorphism is given by a choice of ordering ∂6 = c1t· · ·tcn of the boundary curves ci .
The fibers of tr∂6 for k ∈ An will be denoted Xk = Xk(6). Each Xk is often referred to as a relative
character variety in the literature. If 6 is a surface of type (g, n) satisfying 3g+ n− 3> 0, the relative
character variety Xk(6) is an irreducible algebraic variety of dimension 6g+ 2n− 6.

We shall often simplify our notation by combining parentheses where applicable, e.g., Xk(6,Z)=

Xk(6)(Z). Given a fixed surface 6, a subset K ⊆ X (∂6,C), and a subset A ⊆ C, we shall denote by

X K (A)= X K (6, A)

the set of all ρ ∈ X (6,C) such that tr∂6(ρ) ∈ K and tra(ρ) ∈ A for every essential curve a ⊂ 6. The
following lemma shows that there is no risk of ambiguity with this notation.

Lemma 2.4. If A is a subring of C and k ∈ An, then Xk has a model over A and Xk(A) recovers the set
of A-valued points of Xk in the sense of algebraic geometry.

Proof. Let A and k∈ An be as above. We have a model of Xk over A with coordinate ring Spec R(π16)⊗Z A.
It is clear that an A-valued point in the sense of algebraic geometry corresponds to a point in Xk(A). The
converse follows from the observation, using the identity tra trb = trab+ trab−1 , that trb for every b ∈ π16

can be written as a Z-linear combination of products of traces tra for nondegenerate curves a ⊂6. �

Similarly, given k ∈ X (∂6,C), a subvariety V ⊆ Xk(6), and a subset A ⊆ C, we shall denote

V (A)= {ρ ∈ V (C) : tr ρ(a) ∈ A for every essential curve a ⊂6}.

Given an immersion 6′→6 of surfaces, we have the associated restriction

(−)|6′ : X (6)→ X (6′).
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The mapping class group 0(6) acts naturally on X (6) by pullback of local systems, preserving the
integral structure as well as each relative character variety Xk(6) and the sets X K (6, A) defined above.
The dynamical aspects of this action on the complex points of X (6) are not fully understood, but have
been studied on certain special subloci. These include the locus of SU(2)-local systems (see [Goldman
1997]) on X, and the Teichmüller locus parametrizing Fuchsian representations associated to marked
hyperbolic structures on 6 with geodesic boundary. This paper is largely concerned with the descent
properties of the dynamics on X (C) beyond the classical setting.

2B3. Reconstruction. Let 6 be a surface of type (g, n) with 3g+n−3> 0, and let a⊂6 be an essential
curve. Let x ∈ 6 be a base point lying on a, and let α be a simple based loop parametrizing a. We
shall summarize the reconstruction of a representation ρ : π1(6, x)→ SL2(C) from representations on
connected components of 6|a, as well as associated lifts of Dehn twists. Our main reference is [Goldman
and Xia 2011]. There are two cases to consider, according to whether a is separating or nonseparating.

Nonseparating curves. Suppose that a is nonseparating, so 6|a is connected. Let a1 and a2 be the
boundary curves of 6|a corresponding to a, and let (xi , αi ) be the lifts of (x, α) to each ai . We shall
assume that we have chosen the numberings so that the interior of 6|a lies to the left as one travels
along α1. Let β be a simple loop on 6 based at x , intersecting the curve a once transversely at the base
point, such that β lifts to a path β ′ in 6|a from x2 to x1. Let us denote by α′2 the loop based at x1 given
by the path α′2 = (β

′)−1α2β
′, where (β ′)−1 refers to the path β ′ traversed in the opposite direction. The

immersion 6|a→6 induces an embedding π1(6|a, x1)→ π1(6, x), giving us the isomorphism

π1(6, x)= (π1(6|a, x1)∨ 〈β〉)/(α
′

2 = β
−1α1β).

Thus, any representation ρ : π1(6, x) → SL2(C) is determined uniquely by a pair (ρ ′, B), where
ρ ′ : π1(6|a, x1) → SL2(C) is a representation and B ∈ SL2(C) is an element such that ρ ′(α′2) =
B−1ρ ′(α1)B, with the correspondence

ρ 7→ (ρ ′, B)= (ρ|π1(6|a,x1), ρ(β)).

We define an automorphism τα of Hom(π1(6, x),SL2) as follows. Given ρ= (ρa, B), we set τα(ρa, B)=
(ρa, B ′) where B ′ = ρ(α)B. This descends to the action τa of the left Dehn twist action along a on the
moduli space X (6).

Separating curves. Suppose that a is separating, so we have 6|a =61 t62 with each 6i of type (gi , ni )

satisfying 2gi + ni − 2 > 0. Let ai be the boundary curve of 6i corresponding to a. Let (xi , αi ) be
the lift of (x, α) to ai . We shall assume that we have chosen the numberings so that the interior of 61

lies to the left as one travels along α1. The immersions 6i ↪→ 6 of the surfaces induce embeddings
π1(6i , xi )→ π1(6, x) of fundamental groups, and we have an isomorphism

π1(6, x)' (π1(61, x1)∨π1(62, x2))/(α1 = α2).
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Thus, any representation ρ : π1(6, x)→ SL2(C) is determined uniquely by a pair (ρ1, ρ2) of representa-
tions ρi : π1(6i , xi )→ SL2(C) such that ρ1(α1)= ρ2(α2), with the correspondence

ρ 7→ (ρ1, ρ2)= (ρ|π1(61,x1), ρ|π1(62,x2)).

We define an automorphism τα of Hom(π1(6, x),SL2) as follows. For a representation ρ = (ρ1, ρ2), we
set τα(ρ1, ρ2)= (ρ1, ρ

′

2), where
ρ ′2(γ )= ρ(α)ρ2(γ )ρ(α)

−1

for every γ ∈ π1(62, x2). This descends to the action τa of the left Dehn twist along a on the moduli
space X (6).

2C. Markoff type cubic surfaces. Here, we give a description of the moduli spaces Xk(6) and their
mapping class group dynamics for (g, n)= (1, 1) and (0, 4). These cases are distinguished by the fact
that each Xk is an affine cubic algebraic surface with an explicit equation.

2C1. Case (g, n) = (1, 1). Let 6 be a surface of type (g, n) = (1, 1), i.e., a one holed torus. Let
(α, β, γ ) be an optimal sequence of generators for π16. By Example 2.1(2), we have an identification
(trα, trβ, trαβ) : X (6)' A3. From the trace relations in Section 2B, we obtain

trγ = trαβα−1β−1 = trαβα−1 trβ−1 − trαβα−1β

= tr2
β − trαβ trα−1β + trαα = tr2

β − trαβ(trα−1 trβ − trαβ)+ tr2
α − tr1

= tr2
α + tr2

β + tr2
αβ − trα trβ trαβ −2.

Writing (x, y, z) = (trα, trβ, trαβ) so that each of the variables x , y, and z corresponds to an essential
curve on 6 as depicted in Figure 2, the moduli space Xk ⊂ X has an explicit presentation as an affine
cubic algebraic surface in A3

x,y,z with equation

x2
+ y2
+ z2
− xyz− 2= k.

2C2. Case (g, n)= (0, 4). Let 6 be a surface of type (0, 4), i.e., a four holed sphere. Let (γ1, . . . , γ4)

be an optimal sequence of generators for π16. Let us set

(x, y, z)= (trγ1γ2, trγ2γ3, trγ1γ3),

so that each of the variables corresponds to an essential curve on 6 as depicted in Figure 3. By
Example 2.1(3), for k = (k1, k2, k3, k4) ∈ A4(C) the relative character variety Xk = Xk(6) is an affine
cubic algebraic surface in A3

x,y,z given by

x2
+ y2
+ z2
+ xyz = Ax + By+Cz+ D,

with 
A = k1k2+ k3k4

B = k1k4+ k2k3

C = k1k3+ k2k4

and D = 4−
4∑

i=1

k2
i −

4∏
i=1

ki .
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x

y

zk

Figure 2. Curves on a surface of type (1, 1) with corresponding functions.

2D. Nonarchimedean systoles. In [Whang 2017], we proved the following result.

Theorem 2.5. Let O be a discrete valuation ring with fraction field F. Given any representation
ρ : π16 → SL2(F) whose boundary traces all take values in O, there is an essential curve a ⊂ 6
with tr ρ(a) ∈O.

Corollary 2.6. Let O and F be as above. If F has characteristic zero, then for any ρ ∈ Xk(F) with
k ∈On there is an essential curve a ⊂6 such that tr ρ(a) ∈O.

Proof. Given ρ ∈ Xk(F), since F has characteristic zero there exists a finite field extension F ′/F such
that ρ is the class of a representation ρ ′ : π16→ SL2(F ′). Choosing an extension of the valuation on
F to F ′, let O′ ⊂ F ′ be the associated valuation ring. It follows from Theorem 1.1 and our hypothesis
k ∈ On

⊆ (O′)n that there is an essential curve a ⊂ 6 with tr ρ ′(a) ∈ O′. This then implies that
tr ρ(a)= tr ρ ′(a) ∈O′ ∩ F =O, which is the desired result. �

Below, we record a special case of Corollary 2.6, which plays a crucial role when we analyze the
structure of morphisms from the affine line to Xk in Section 3.

Lemma 2.7. Given any morphism f : A1
→ Xk over C, there is an essential curve a ⊂ 6 such that

tra ◦ f : A1
→ A1 is constant.

Proof. A morphism f : A1
→ Xk corresponds to a C[t]-valued point of Xk , giving rise to a C(t)-valued

point ρ f ∈ Xk(C(t)). Applying Corollary 2.6 with F =C(t), with discrete valuation given by the order of
vanishing at∞, we deduce that there is an essential curve a ⊂6 such that tr ρ f (a)= tra ◦ f : A1

→ A1

has no pole at∞, which implies that it must be constant, as desired. �

k1

k2k3

k4
x

y
z

Figure 3. Curves on surfaces of type (0, 4) with corresponding functions.



Arithmetic of curves on moduli of local systems 2585

3. Parabolic subvarieties

Let6 be a surface of type (g, n) satisfying 3g+n−3>0, and let Xk= Xk(6) for k∈ X (∂6,C) be a relative
character variety of 6. Given a pants decomposition P of 6, the immersion P→6 induces a morphism

trP : Xk→ X (P)' A3g+n−3

whose fibers for t ∈ X (P,C) will be denoted X P
k,t = tr−1

P (t). Let

(−)|6|P : Xk→ X (6|P)= X (61)× · · ·× X (62g+n−2)

be the morphism induced by the immersion 6|P → 6, where the product on the right-hand side is
taken over the connected components 6i of 6|P. Since π16 is a free group of rank 2 and a point of
X (6i ) ' A3 (see Example 2.1(2)) is determined by the value of its traces along the boundary curves
of 6i , it follows that (−)|6|P is constant along each fiber X P

k,t . We make the following definition.

Definition 3.1. Let (P, t) be as above. The fiber X P
k,t is perfect if

(1) tra(X P
k,t) 6= ±2 for every curve a ⊆ P, and

(2) each factor of (X P
k,t)|6|P is irreducible, or (g, n, k)= (1, 1, 2).

The first part of condition (2) in the definition above means that, for each connected component 6i

of 6|P, the point (X P
k,t)|6i is represented by an irreducible local system on 6i , or an irreducible repre-

sentation π16i → SL2(C).
The above definition is motivated by the following theorem, which is the main result of this section.

Recall from Section 1 that an algebraic variety Z over C is said to be parabolic if every closed point of Z
lies in the image of some nonconstant morphism A1

→ Z . In the following, a pair (P, t) will denote a
pants decomposition P of 6 and an element t ∈ X (P,C).

Theorem 3.2. (A) For each (P, t), the fiber X P
k,t is either perfect or parabolic.

(B) For any nonconstant morphism f :A1
→ Xk , there is a parabolic fiber X P

k,t for some (P, t) containing
the image of f .

The remainder of this section is organized as follows. In Section 3A, we give a proof of Theorem 3.2
in the cases (g, n) = (1, 1) and (0, 4). The moduli space Xk in these cases is an explicitly defined
algebraic surface, making the proof easier. We prove the general case of Theorem 3.2 in Section 3B. In
Section 3C, we describe the consequences of Theorem 3.2, including Theorem 1.1 as well as a rigidity
result (Corollary 3.6) for certain polynomial deformations of Fuchsian representations of surface groups.

3A. Base cases. In this subsection, we give a proof of Theorem 3.2 in the cases (g, n)= (1, 1) and (0, 4).
We shall refer the reader to Section 2C for explicit presentations of Xk in these cases. First, it is useful to
record an elementary lemma.

Lemma 3.3. If 6 is a surface of type (0, 3), then k = (k1, k2, k3) ∈ X (6)' A3 is reducible if and only if
k2

1 + k2
2 + k2

3 − k1k2k3− 2= 2.
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Proof. This follows by combining the observation that two matrices A, B ∈ SL2(C) share an eigenvector
if and only if tr(ABA−1 B−1)= 2 with the expression for this trace in terms of tr(A), tr(B), and tr(AB),
derived for instance in Section 2C1. �

3A1. Surfaces of type (1, 1). Suppose 6 is of type (1, 1), and let (α, β, γ ) be optimal generators of π16.
The moduli space Xk can be presented as an affine cubic algebraic surface, with equation

x2
+ y2
+ z2
− xyz− 2= k,

where the variables (x, y, z) correspond to the monodromy traces (trα, trβ, trαβ) and trγ ≡ k. Now, let
a ⊂ 6 be the essential curve underlying α. Since any essential curve of 6 is, up to isotopy, mapping
class group equivalent to a, it suffices to prove Theorem 3.2(A) for (g, n) = (1, 1) where P = a. Let
t ∈ X (a,C)' C. (We are following the notation of Section 2B2; in effect, this means we are fixing the
trace t of monodromy along a.) Since X P

k,t = Xa
k,t is a conic section

y2
− t yz+ z2

+ t2
− 2− k = 0

in the (y, z)-plane, elementary geometry shows that Xa
k,t is parabolic if and only if t =±2 or the conic

section is degenerate. Let us assume t 6= ±2; the latter condition states that the equation for Xa
k,t factors as

y2
− t yz+ z2

+ t2
− 2− k = (y− λz+m1)(y− λ−1z+m2)= 0

for some λ ∈ C∗ and mi ∈ C. Expanding and comparing coefficients, we must have

λ+ λ−1
= t.

We must also have [
1 1
−λ −λ−1

] [
m1

m2

]
=

[
0
0

]
,

and hence m1 = m2 = 0, and therefore

m1m2 = t2
− 2− k = 0,

and in particular k 6= 2.
Thus, we see that Xa

k,t is parabolic if and only if

(1) t =±2, or

(2) t 6= ±2, (g, n, k) 6= (1, 1, 2), and (Xa
k,t)|6|a = (t, t, t2

− 2).

Here, we made an identification X (6|a) ' A3. By Lemma 3.3, the last condition in (2) is equivalent
to saying that (Xa

k,t)|6|a is reducible. This concludes the proof of Theorem 3.2(A) for (g, n) = (1, 1).
Combining this with Lemma 2.7, we immediately obtain Theorem 3.2(B) in this case.
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3A2. Surfaces of type (0, 4). Suppose 6 is of type (0, 4), and let (γ1, γ2, γ3, γ4) be optimal generators
of π16. The moduli space Xk is an affine cubic algebraic surface with equation

x2
+ y2
+ z2
+ xyz− Ax − By−Cz− D = 0,

where the variables (x, y, z) correspond to the traces (trγ1γ2, trγ2γ3, trγ1γ3) and
A = k1k2+ k3k4

B = k2k3+ k1k4

C = k1k3+ k2k4

and D = 4− k2
1 − k2

2 − k2
3 − k2

4 − k1k2k3k4

with ki ≡ tr γi . Now, let a, b, c ⊂6 be essential curves lying in the free homotopy classes of γ1γ2, γ2γ3,
and γ1γ3, respectively. Since any essential curve of 6 is, up to isotopy, mapping class group equivalent to
one of the curves a, b, and c, it suffices to prove Theorem 3.2(A) for (g, n)= (0, 4) where P consists of
one of the curves a, b, and c. We treat the case P = a in what follows; the remaining cases will proceed
similarly. Let t ∈ X (a,C)'C. Again by elementary geometry, we see that Xa

k,t is parabolic if and only if
t =±2 or Xa

k,t is a degenerate conic in the (y, z)-plane. Let us assume t 6= ±2; the latter condition states
that the equation for Xa

k,t factors as

t2
+ y2
+ z2
+ t yz− At − By−Cz− D = (y+ λz+m1)(y+ λ−1z+m2)= 0

for some λ ∈ C∗ and mi ∈ C. Expanding and comparing coefficients, we see that

λ+ λ−1
= t,

[
1 1
λ λ−1

] [
m1

m2

]
=

[
−B
−C

]
and m1m2 =−At − D.

This is equivalent to

−
B2
− t BC +C2

t2− 4
=

1
(λ−1− λ)2

(λ−1 B−C)(−λB+C)=−At − D

or in other words (t2
− 4)(−Ax − D)+ (B2

− t BC + C2) = 0. Upon rearranging, this is seen to be
equivalent to

(k2
1 + k2

2 + x2
− tk1k2− 4)(k2

3 + k2
4 + x2

− tk3k4− 4)= 0,

which in turn is equivalent to saying that at least one factor of (Xa
k,t)|6|a is reducible, by Lemma 3.3.

This proves Theorem 3.2(A) for (g, n)= (0, 4), and Theorem 3.2(B) follows by Lemma 2.7.

3B. General case. Let 6 be a surface of type (g, n) with 3g + n − 3 > 0, and let Xk = Xk(6) be a
relative character variety of 6. We shall first prove the following claim, by induction on (g, n). Claim 3.4
proves Theorem 3.2(B), conditional on Theorem 3.2(A).
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Claim 3.4. For any nonconstant morphism f : A1
→ Xk , there exists an imperfect fiber X P

k,t for
some (P, t) containing the image of f .

Proof. We have already proved Theorem 3.2 for (g, n) = (1, 1) and (0, 4), and these will provide the
base cases for our induction. Let f : A1

→ Xk be a nonconstant morphism. By Lemma 2.7, there is an
essential curve a ⊂6 such that tra ◦ f ≡ t0 is constant. Suppose first that the restriction

f |6′ : A1
→ Xk(6)

(−)|6′
−−→ X (6′)

of f to some connected component 6′ of 6|a is nonconstant. We observe that the image of f |6′ lies
in Xk′(6

′) for some k ′ ∈ X (∂6′,C) determined by k and t0. Hence, by inductive hypothesis, there is
a pants decomposition P ′ of 6′ and an element t ′ ∈ X (P ′,C) such that X P ′

k′,t ′(6
′) is an imperfect fiber

containing the image of f |6′ . If a is nonseparating, then taking

(P, t)= (P ′ t a, (t ′, t0))

we see that X P
k,t is an imperfect fiber containing the image of f , as desired. If f is separating and

6|a =6′ t6′′, then again f |6′′ has image lying in some Xk′′(6
′′) for some k ′′ ∈ X (∂6′′,C) determined

by k and t0, and by a repeated application of Lemma 2.7 we see that there is a pants decomposition P ′′ of
6′′ and t ′′ ∈ X (P ′′,C) such that X P ′′

k′′,t ′′ contains the image of f |6′′ . Taking

(P, t)= (P ′ t a t P ′′, (t ′, t0, t ′′)),

we again see that X P
k,t is an imperfect fiber containing the image of f .

To complete our proof of the claim, it remains only to consider the case where f |6|a is constant.
We first consider the case where a is nonseparating. Let α1, . . . , α2g+n be a sequence of optimal

generators for π16. Up to mapping class group action, we may assume that a is the essential curve
underlying α1. By Fact 2.3, the coordinate ring of the fiber Xk→ X (6|a) above f |6|a is generated by
functions of the form

trα2, trα2αi , trα2αiα j , trα1α2, trα1α2αi

for 3 ≤ i < j ≤ 2g + n. Thus, since f is nonconstant, the composition of f with at least one of the
above coordinate functions must be nonconstant. Let us consider the case where trα2 ◦ f is nonconstant;
the other cases will follow similarly. There is a surface 6′ ⊂ 6 of type (1, 1) containing the loops α1

and α2 in its interior. By our hypothesis, we see that f |6′ is nonconstant, and the image of f |6′ lies
in Xk′(6) for some k ′ ∈ X (∂6′,C) determined by the (constant) value of f |6|a; indeed, the boundary
of 6′ lies in 6|a. Thus, by the case of Theorem 3.2 for (g, n)= (1, 1) proved above, there is an essential
curve a′ ⊂6′ and t ′ ∈ X (a′,C) such that Xa′

k′,t ′(6
′) is an imperfect fiber containing the image of f |6′ .

Completing a′ t ∂6′ ⊂6 to a pants decomposition P of 6, we see that there is some t ∈ X (P,C) such
that X P

k,t is an imperfect fiber containing the image of f , as desired.
The case where a is separating is very similar, by appropriately invoking the case of Theorem 3.2

for (g, n)= (0, 4). �
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Suppose that P = a1 t · · · t a3g+n−3 is a pants decomposition of 6, and suppose further that
t = (t1, . . . , t3g+n−3) ∈ X (P,C) ' C3g+n−3 is chosen so that X P

k,t is a perfect fiber. Let us consider
the morphism

X P
k,t(6)→

3g+n−3∏
i=1

Xai
ki ,ti (6i ),

where each 6i is the surface of type (0, 4) or (1, 1) obtained by gluing together the two boundary curves
on 6|P corresponding to ai , and the boundary traces ki are appropriately determined from k, P, t , and 6i .
As a consequence of Proposition 4.3 proved in Section 4C, the above morphism is finite at the level
of complex points (cf. proof of Corollary 4.4). Combining this with the results from Section 3A, we
deduce that there cannot be a nonconstant morphism from A1 to such a perfect fiber, proving one half of
Theorem 3.2(A).

We shall henceforth assume that (g, n) 6= (1, 1), (0, 4), to simplify our remaining argument. To
complete the proof of Theorem 3.2, it suffices to prove the following.

Claim 3.5. Assume that (g, n) 6= (1, 1), (0, 4). Given a semisimple representation ρ : π16→ SL2(C)

whose image in the character variety X (6) lies in an imperfect fiber X P
k,t , there is a one-parameter

polynomial family
ρT : π16→ SL2(C)

of representations with nonconstant images all lying in X P
k,t , so that we have ρ = ρT0 for some T0 ∈ C.

Proof. Let ρ and X P
k,t be as above. We shall argue by division into several cases. For the benefit of the

reader, we list the cases broadly considered and their hypotheses.

(1) Parabolic curve. There is a curve a ⊂ P with tra(X P
k,t)=±2.

Case 1: The curve a is separating.
Case 2: The curve a is nonseparating.

(2) Parabolic pants. There is no curve a ⊂ P with trace ±2, but there is a component 6′ of 6|P such
that X P

k,t |6
′ is reducible.

Case 1: The image of 6′ in 6 is a surface of type (1, 1).
Case 2: The image of 6′ in 6 is a surface of type (0, 3).

We now begin our proof.

Parabolic curve. Let us first consider the case where there is a curve a ⊆ P with tra(X P
k,t) = ±2. We

may assume to have fixed the base point of 6 to lie on a. Let α be a smooth simple loop parametrizing a.
Up to global conjugation, we may assume that

ρ(α)= s
[

1 u
0 1

]
(∗)

for s ∈ {±1} and u ∈ {0, 1}. There are several elementary cases to consider.
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Case 1: The curve a is separating. Let us write 6|a =61 t62. Up to conjugation, we may assume that
on top of (∗) the following conditions hold:

(1) ρ|61 is irreducible or upper triangular.

(2) ρ|62 is irreducible or lower triangular.

(3) If ρ|61 and ρ|62 are both reducible, then they are either both nondiagonal or both diagonal.

Indeed, if one of ρ|61 and ρ|62 is irreducible, then up to relabeling 61 and 62 we may assume ρ|62 is
irreducible, and ρ|61 must be irreducible or upper triangular up to conjugation. So suppose both ρ|61

and ρ|62 are reducible. This implies that u = 0 in (∗) above, since otherwise ρ must be upper triangular
and nondiagonal, contradicting the hypothesis that ρ is semisimple. Unless ρ is reducible (whence
diagonal), there is a basis v1, v2 of C2 such that each vi is a common eigenvector for ρ|6i . Up to
conjugation M−1ρM of ρ by the invertible matrix M = [v1, v2], we may thus assume ρ|61 is upper
triangular and ρ|62 is lower triangular. For convenience, we shall denote ρi = ρ|6i so that we may write
ρ = (ρ1, ρ2) using the notation of the second part of Section 2B3.

Subcase 1A: ρ2 is nondiagonal. Let us consider the family of representations ρT
= (ρ1, uTρ2u−1

T ) for
T ∈ C, where

uT =

[
1 T
0 1

]
.

Note that ρ1(α) = uTρ2(α)u−1
T so the representation ρT is well-defined. For any β ∈ π161 and

γ ∈ π162 with

ρ(β)=

[
b1 b2

b3 b4

]
and ρ(γ )=

[
c1 c2

c3 c4

]
,

we have

tr ρT (βγ )= tr
([

b1 b2

b3 b4

] [
1 T
0 1

] [
c1 c2

c3 c4

] [
1 −T
0 1

])
= b1c2+ b2c3+ b3c2+ b4c4+ (b1c3− b3c1− b4c3+ b3c4)T − b3c3T 2.

Since ρ2 is nondiagonal while irreducible or lower triangular, we may choose γ as above so that c3 6= 0.
We have the following possibilities.

(a) Suppose ρ1 is irreducible. We can choose β as above with b3 6= 0, so that trβγ (ρT ) is a nonconstant
function of T.

(b) Suppose ρ1 is upper triangular (so b3 = 0 for any choice of β), and there exists β ∈ π161 such
that tr ρ(β) 6= ±2. Choosing such β we find that trβγ (ρT ) is a nonconstant function of T since
(b1− b4)c3 6= 0.
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(c) Consider the case where ρ1 is upper triangular and tr ρ(β)=±2 for any β ∈ π161. This implies that
the image of ρ1 is abelian. Suppose61 is of type (h,m), and let S= (α1, β1, . . . , αh, βh, γ1, . . . , γm)

be an optimal sequence of generators for π161 such that γm = α (up to homotopy). Let us define
a one-parameter family ρT

1 of upper triangular deformations of ρ1 = ρ
0
1 given by setting{

ρT
1 (α1)= ρ1(α1)uT , and
ρT

1 (`)= ρ1(`) for any other ` ∈ S

if h ≥ 1, and setting 
ρT

1 (γ1)= ρ1(γ1)uT ,

ρT
1 (γ2)= u−1

T ρ1(γ2), and
ρT

1 (`)= ρ1(`) for any other ` ∈ S

if h = 0 so that m ≥ 3. Then choosing β = α1 (resp. β = γ1) if h ≥ 1 (resp. h = 0) we find that

trβγ (ρT )= tr ρ(βγ )± c3T

which is a nonconstant function of T.

Thus, in each of the cases the morphism A1
→ X P

k,t given by T 7→ ρT is nonconstant.

Subcase 1B: ρ1 is nondiagonal. This case is established by the same argument as in Subcase 1A. The only
difference is that, instead of the matrices uT , we consider in appropriate places of our argument the matrices

lT =

[
1 0
T 1

]
.

Subcase 1C: Both ρ1 and ρ2 are diagonal. We shall first construct a nontrivial family of upper triangular
representations ρT

1 of π161 with ρ0
1 = ρ1 and ρT

1 (α)= ρ1(α) for all T as follows.

• If there exists β ∈ π161 such that tr ρ(β) 6= ±2, then let ρT
1 = uTρ1u−1

T .

• If tr ρ1(β)=±2 for all β ∈ π16, then define ρT
1 as in the treatment of possibility (c) in Subcase 1A.

Note that, in both cases, there exists β ∈ π161 such that the upper right corner entry of ρT
1 (β) is a

nonconstant polynomial function of T. Similarly, let us construct a nontrivial family of lower triangular
representations ρT

2 of π162 with ρ0
2 = ρ2 and ρT

2 (α) = ρ2(α) for all T, in such a way that there exists
γ ∈ π162 such that the lower left corner entry of ρT

2 (γ ) is a nonconstant polynomial of T.
Finally, let us define the representation ρT

= (ρT
1 , ρ

T
2 ), which makes sense since we have ρT

1 (α) =

ρ(α)=ρT
2 (α) for all T by construction. For β and γ chosen as above, we see that trβγ (ρT ) is a nonconstant

polynomial in T. Thus the morphism A1
→ X P

k,t defined by T 7→ ρT is nonconstant, passes through ρ.

Case 2: the curve a is nonseparating. We shall write ρ = (ρ|(6|a), ρ(β))= (ρ ′, B) using the notation of
first part of Section 2B3, with a choice of simple loop β intersecting α exactly once. Up to conjugation,
we may assume that the representation ρ ′ is irreducible or upper triangular.
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Subcase 2A: ρ ′ is irreducible or B is not upper triangular. Let us consider the family of representations

ρT
= (ρ ′, BT ),

where

BT = uT B =
[

1 T
0 1

]
B.

Note that ρT is well-defined since B−1u−1
T ρ(α1)uT B= B−1ρ(α1)B=ρ(α2) in the notation of Section 2B3.

Now, consider the morphism f : A1
→ X P

k,t given by T 7→ ρT. Note that we have ρ0
= ρ. We claim that

this morphism is nonconstant. To see this, it suffices to show that there is some element γ ∈ π1(6) where
trγ ◦ f : A1

→ A1 is nonconstant. We have two possibilities.

• If B is not upper triangular, then γ = β suffices.

• If B is upper triangular but ρ ′ is irreducible, then there exists δ ∈ π1(6|a) which is not upper
triangular. It suffices to choose γ = βδ.

Subcase 2B: ρ ′ and B are both upper triangular, so that ρ is reducible. Since ρ is semisimple, ρ must be
diagonal and in particular ρ(α)=±1. Let 61 ⊂6 be the subsurface of type (1, 1) obtained by taking a
closed tubular neighborhood of a ∪ b, where b is the curve underlying β. Let c be the boundary curve of
61, and write 6|c = 61 t62, where 62 is a surface of type (g− 1, n+ 1). For convenience, we shall
denote ρi = ρ|6i .

Let us write ρ1 = (ρ
′

1, B) in the notation of Section 2B3 (with the same choice of α and β as before),
and consider the family of lower triangular representations ρT

1 = (ρ
′

1, BT ), where

BT = lT B =
[

1 0
T 1

]
B.

Note that the lower left entry of BT is a nonconstant function of T. Now, without loss of generality, we
may assume that our new basepoint lies on c. Let γ be a simple loop parametrizing c, so that ρ(γ )= 1
and ρT

1 (γ ) is constant for all T. Proceeding as in Case 1, we can construct a nonconstant upper triangular
deformation ρT

2 of ρ2 with ρ0
2 = ρ2 such that ρT

2 (γ )= 1 for all T :

• If there exists γ ∈ π162 such that tr ρ(γ ) 6= ±2, then ρT
2 = uTρu−1

T .

• If tr ρ2(β)=±2 for all β ∈ π16, then define ρT
2 as in the treatment of possibility (c) in Subcase 1A.

Then the representation ρT
= (ρT

1 , ρ
T
2 ) (in the notation of second part of Section 2B3) is well-defined

and has the property that ρ0
= ρ. Since there exists γ ∈ π162 such that the upper right entry of ρT (γ ) is

nonconstant, the nonconstancy of consideration of trβγ (ρT ) shows that the morphism f : A1
→ Xk given

by T 7→ ρT is nonconstant. Moreover, since ρT
|(6|a) remains upper triangular, we see that the image of

f lies in X P
k,t , as desired.
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Parabolic pants. We now consider the case where the following conditions hold:

(1) tra(X P
k,t) 6= ±2 for every curve a ⊆ P.

(2) (g, n, k) 6= (1, 1, 2).

(3) (X P
k,t)|6′ is reducible for some connected component 6′ of 6|P.

We may assume for convenience that the base point x ∈ 6 lies on 6′. Let γ1, γ2, γ3 be optimal
generators for π16

′ corresponding to the boundary curves c1, c2, c3 of 6′. We shall write ρ|6′ =
(t1, t2, t3) ∈ X (6′)' A3 (see Example 2.1(2)). By relabeling the boundary curves of 6′ if necessary, we
may assume that c1 corresponds to a curve of P. In particular, t1 6= ±2 by our hypothesis above. We
further assume that, if the image of 6′ in 6 is a surface of type (1, 1), then c1 and c2 map to the same
curve in P.

It will be convenient for us to introduce distinguished families of representations π16
′
→ SL2(C)

which are reducible. For each T ∈ C and s ∈ {±1}, let ρs
T : π16

′
→ SL2(C) be the representation

determined by

ρs
T (γ1)=

[
λ 0
0 λ−1

]
, ρs

T (γ2)=

[
µ T
0 µ−1

]
,

where λ ∈ C× \ {±1} and µ ∈ C× are such that

λs
∈ {z ∈ C× : =(z)≥ 0, z /∈ [−1, 1]}

and 
t1 = λ+ λ−1,

t2 = µ+µ−1,

t3 = λµ+ λ−1µ−1.

(The sign s is put there simply to remove ambiguities; they do not play a significant role in the proof.)
Note that the Jordan equivalence class of each ρs

T in X (6′) is equal to that of ρ|6′ since a point of
X (6′)' A3 is determined by its traces along the boundary curves of 6′. Up to global conjugation, we
may assume that ρ|6′ = ρs

T0
for some T0 ∈ C and s ∈ {±1}. Below, we proceed with a fixed choice of

s ∈ {±1}, as it will not make a difference to the argument. We shall write also ρs
T = ρ

′

T for easier notation.
We must consider different cases, according to the relative position of 6′ in 6.

Case 1: the image of 6′ in 6 is a surface of type (1, 1). By our hypothesis, the boundary curves c1 and c2

map to the same curve a ⊂ P, while c3 maps to a separating curve c ⊂6. Let us write 6|c =6′′ t6′′′

with 6′′ being the image of 6′. Without loss of generality, we may assume that the implicit base point
x ∈6 lies on c. Let (α, β, γ ) be a sequence of optimal generators for π16

′′, such that under the immersion
6′→6′′ we have

γ1 7→ α, γ2 7→ β−1α−1β, γ3 7→ γ.

Let us write

ρ(β)=

[
B1 B2

B3 B4

]
.
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The condition ρ(γ2)= ρ(β
−1α−1β) is then[

λ T0

0 λ−1

]
=

[
B4 −B2

−B3 B1

] [
λ−1 0

0 λ

] [
B1 B2

B3 B4

]

=

[
λ+ (λ−1

− λ)B1 B4 (λ−1
− λ)B2 B4

(λ− λ−1)B1 B3 λ−1
+ (λ− λ−1)B1 B4

]
,

where we have λ− λ−1
6= 0 by our hypothesis on ρ that tr ρ(α) 6= ±2. This shows that we must have

ρ(β)=

[
0 B2

−B−1
2 tr ρ(β)

]
,

where furthermore (λ−1
− λ)B2 tr ρ(β) = T0. Up to global conjugation of ρ by a diagonal matrix

(which also results in a suitable adjustment of T0), we may further assume that B2 = 1, and hence
tr ρ(β)= T0/(λ

−1
− λ). Let ρ ′′T : π16

′′
→ SL2(C) be the representation determined by

ρ ′′T (α)=

[
λ 0
0 λ−1

]
, ρ ′′T (β)=

[
0 1
−1 T

λ−1−λ

]
.

The preceding observations show that ρ ′′T0
= ρ|6′′ and ρ ′′T |6′ = ρ

′

T for every T ∈ C. Note that we have

ρ ′′T (γ )= ρ
′

T (γ3)=

[
λ−2
−λT

0 λ2

]
.

For T ∈ C, let ρT : π16→ SL2(C) be the representation such that ρT |6
′′′
= ρ and

ρT |6
′′
=

[
1 λ T−T0

λ2−λ−2

0 1

]
ρ ′′T

[
1 λ T−T0

λ2−λ−2

0 1

]−1

.

Here, λ2
− λ−2

6= 0 since otherwise tr ρ(γ )= λ−2
+ λ2
=±2, which was precluded. It can be directly

verified that

ρ(γ )=

[
1 λ T−T0

λ2−λ−2

0 1

]
ρ ′′T (γ )

[
1 λ T−T0

λ2−λ−2

0 1

]−1

so ρT is well-defined by our discussion in Section 2B3. We have ρ = ρT0 by construction, and we see
that the morphism A1

→ Xk given by T 7→ ρT lies in the fiber X P
k,t . The fact that this morphism is

nonconstant can be deduced from the observation that

tr ρT (β)=
T

λ−1− λ

is a nonconstant function of T. Therefore, this proves the claim when the image of 6′ in 6 is a surface of
type (1, 1).
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Case 2: the boundary curves of 6′ map to three distinct curves in 6 under the immersion 6′→6 (which
we shall also denote c1, c2, c3 for simplicity). Now, let us write

6|c3 =63 t6
◦

3
63|c2 =62 t6

◦

2
62|c1 =61 t6

◦

1

where 63 is the connected component of 6|c3 containing 6′ (here, 6◦3 is empty if c3 is nonseparating or
is a boundary curve in 6), 62 is the connected component of 63|c2 containing 6′, and finally 61 =6

′.
Let us extend the polynomial family of representations ρ ′T : π16

′
→ SL2(C) to the polynomial family

ρ ′′T : π162→ SL2(C) given by

ρ ′′T |6′ = ρ
′

T , ρ ′′T |6◦1 = ρ|6
◦

1
.

This is well-defined by our discussion in Section 2B3. Note that ρ ′′T0
= ρ|62 . Our next step is to extend ρ ′′T

to a family ρ ′′′T : π163→ SL2(C) such that ρ ′′′T0
= ρ|63. We need to consider three cases.

(1) Suppose c2 is a boundary curve on 63, so that 62 =63. Let ρ ′′′T = ρ
′′

T .

(2) Suppose c2 is a separating curve on 63. We define ρ ′′′T by requiring

ρ ′′′T |62 = ρ
′′

T , ρ ′′′T |6◦2 =

[
1 T−T0

µ−1−µ

0 1

]
ρ|6◦2

[
1 T−T0

µ−1−µ

0 1

]−1

.

Note that we must have µ−1
− µ 6= 0 since otherwise tr ρ(c2) = ±2, which was precluded. By

construction, we have

ρ ′′T (γ2)=

[
1 T−T0

µ−1−µ

0 1

]
ρ(γ2)

[
1 T−T0

µ−1−µ

0 1

]−1

=

[
µ T
0 µ−1

]
,

so that ρ ′′′T is well defined by our discussion in Section 2B3.

(3) Suppose c2 is a nonseparating curve on 63. Let δ be a simple based loop on 63 intersecting c2

exactly once transversally, oriented as in the first part of Section 2B3 (with the pair (γ2, δ) playing
the role of (α, β) there). Let γ ′2 be the based loop on 62 (like α′2 in Section 2B3) whose image
in 63 lies in the homotopy class of δ−1γ2δ. We define the representation ρ ′′′T by specifying the pair
(ρ ′′′T |62, ρ

′′′

T (δ)) as in the discussion of Section 2B3, where

ρ ′′′T |62 = ρ
′′

T , ρ ′′′T (δ)=

[
1 T−T0

µ−1−µ

0 1

]
ρ(δ).

We have ρ ′′′T (δ
−1)ρ ′′′T (γ2)ρ

′′′

T (δ)= ρ(δ
−1)ρ(γ2)ρ(δ)= ρ(γ

′

2)= ρ
′′′

T (γ
′

2) by our construction, so that
ρ ′′′T is well defined.
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Finally, by the same procedure, we define ρT : π16→ SL2(C) extending ρ ′′′T such that ρT0 = ρ. The
important point here is that, at each stage of the above “gluing” process, the monodromy matrices along
the two curves being glued are conjugate by a matrix of the form[

1 P(T )
0 1

]
,

where P(T ) ∈ C[T ] is a polynomial in T. By testing the trace of the representations ρT along loops we
see that the resulting morphism A1

→ X P
k,t given by T 7→ ρT must be nonconstant, unless ρ = ρT0 is

reducible.
It therefore remains to treat the case where ρ is reducible. Since ρ is semisimple by hypothesis, it

is diagonal. Given 6′ ⊂ 6|P as above, let us choose a different component 6′′ ⊂ 6|P whose image
in 6 has at least one boundary curve (say c ⊂ P) in common with the image of 6′ in 6. Let 61 be the
surface of type (0, 4) obtained by gluing together 6′ and 6′′ along the boundary curves corresponding
to c. Let us choose our base point of 6 to be on c, and lift it to 61. We have a one-parameter family of
representations ρ ′T : π161→ SL2(C) whose monodromy along c is constant and is such that ρ ′T |6

′
= ρ ′T

(with suitable labeling of loops) and ρ ′T |6
′′ is a similarly constructed polynomial family of lower triangular

representations. Note that the morphism A1
→ X (61) given by T 7→ ρ ′T is nonconstant since trβγ (ρT ) is

nonconstant for any choice of boundary loops β ∈π16
′ and γ ∈π16

′′ which remain boundary loops in61.
We then proceed as before with the “gluing” procedure to produce a family of representations

ρT : π16→ SL2(C) extending ρ ′T , the important point being that, at each stage, the monodromy matrices
along two curves being glued are conjugate by a matrix which is given by a product of matrices of the form[

1 P(T )
0 1

]
or

[
1 0

Q(T ) 1

]
with P, Q ∈ C[T ]. By construction, the morphism A1

→ X P
k,t given by T 7→ ρT will be nonconstant.

This concludes the proof of Claim 3.5 �

Claim 3.5 implies that, if X P
k,t is imperfect, then it is parabolic. This implies the remaining half of

Theorem 3.2(A), and concludes the proof of Theorem 3.2.

3C. Applications. We prove Theorem 1.1 as a corollary of Theorem 3.2.

Theorem 1.1. A point ρ ∈ Xk(C) is degenerate if and only if

(1) (parabolic curve) there is an essential simple closed curve a ⊂6 such that tr ρ(a)=±2, or

(2) (parabolic pants) (g, n, k) 6= (1, 1, 2) and there is a subsurface 6′ ⊂6 of genus 0 with 3 boundary
curves, each of which is an essential curve or a boundary curve of 6, such that the restriction ρ|6′

is reducible.

In particular, there is a parabolic proper closed subvariety Z of Xk such that every nonconstant morphism
A1
→ Xk over C is mapping class group equivalent to one with image in Z.
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Proof. The first sentence of the theorem follows directly from Theorem 3.2 and Definition 3.1. For each
pants decomposition P of 6, the condition that ρ ∈ Xk(C) lies in some parabolic fiber X P

k,t is evidently
nontrivial and algebraic by Theorem 3.2 and the definition of perfect fibers. In particular, the union of
all parabolic fibers of the form X P

k,t for fixed P is a proper closed parabolic algebraic subvariety of Xk .
Since there are at most finitely many isotopy classes of pants decompositions of 6 up to mapping class
group action, the last statement follows. �

We also record the following consequence of Theorem 3.2. By the uniformization theorem, given a
marked hyperbolic structure σ on 6 with geodesic boundary curves there is a Fuchsian representation
ρσ : π16→ SL2(R) such that the quotient H2/ρσ (π16) of the upper half plane contains (6, σ ) as a
Nielsen core.

Corollary 3.6. Every one-parameter polynomial deformation ρt : π16→ SL2(R) of a Fuchsian repre-
sentation ρ0 preserving the boundary traces is isotrivial.

Proof. This is immediate from Theorem 3.2 and the observation that a Fuchsian representation ρ0 does
not lie in an imperfect fiber X P

k,t for any (P, t). �

4. Integral points on curves

4A. Nonintegrable curves. Let 6 be a surface of type (g, n) with 3g+ n− 3> 0, and let Xk = Xk(6)

be a relative character variety of 6. We shall prove Theorem 1.2 using Corollary 2.6. We first repeat our
definition of integrable curves on Xk given in Section 1B.

Definition 4.1. An algebraic curve C ⊆ Xk is integrable if there is a pants decomposition P of 6 with trP

constant along C . Otherwise, C is nonintegrable.

As in Section 1B, given an algebraic curve C ⊂ Xk and an arbitrary subset A ⊆ C, let us denote

C(A)= {ρ ∈ V (C) : tra(ρ) ∈ A for every essential curve a ⊂6}.

Theorem 1.2. Let A ⊂ C be a closed discrete subset. If C ⊂ Xk is a nonintegrable geometrically
irreducible algebraic curve, then C(A) is finite, with effective bounds on sizes of the coordinates for any
given embedding of C into affine space.

Proof. Let F be the function field of C over C. Let π : C0→ C be the normalization of C , and let C0 be
a smooth compactification of C0. Let

{p1, . . . , pm} = C0(C) \C0(C)

be the points at infinity. For each pi , we have a discrete valuation vi on F given by order of vanishing
at pi . By Corollary 2.6 and our assumption on C , we deduce that there is an essential curve ai ⊂ 6

such that vi (π
∗(trai )) ≥ 0, meaning in particular that π∗(trai ) is bounded on C0 near the point pi . By
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our hypothesis that C is nonintegrable, we may further assume that each trai is nonconstant on C . In
particular, for each i = 1, . . . ,m, setting zi = trai π(pi ) ∈ C the set

C(A)∩ {ρ ∈ C(C) : tr ρ(ai )= zi }

is finite. It therefore remains to consider

C(A) \
m⋃

i=1

{ρ ∈ C(C) : tr ρ(ai )= zi }.

But by the boundedness of each π∗ trai near pi and the discreteness of A, the above set lies in a compact
subset of C(C) (under the analytic topology). Again by the discreteness of A, this shows that C(A) is
finite, as desired.

To prove the last assertion, note that the desired curves ai can in principle be found effectively by
simply enumerating and going through the list of all isotopy classes of essential curves on 6, with
Corollary 2.6 guaranteeing the termination of this procedure. Once these functions are found, the above
proof leads to the desired effective bounds on the sizes of points in C(A). �

Theorem 1.2 yields a broad generalization and strengthening of the following result of [Long and
Reid 2003]. Let M be a finite volume hyperbolic three-manifold with a single cusp. By the work of
Thurston, its character variety X (M) has an irreducible component C(M), containing the faithful discrete
representation of π1 M, which is an algebraic curve. As in Section 1B, let Od denote the ring of integers
of the imaginary quadratic field Q(

√
−d) for each squarefree integer d > 0.

Theorem [Long and Reid 2003]. For M as above, the set
⋃

d>0 C(M)(Od) is finite.

The inclusion of the cuspidal torus T → M induces a morphism from C(M) into the so-called Cayley
cubic algebraic surface X (T ), which is isomorphic to X2(6) where 6 is a surface of type (1, 1). The
crucial ingredient in the proof of the above [Long and Reid 2003, Lemma 3.4] is that the image of C(M)
in X2(6) is a nonintegrable curve. Given this, Theorem 1.2 readily recovers the above theorem on the
integral points of C(M), bypassing a somewhat involved arithmetical argument in [Long and Reid 2003].

4B. Application of Baker’s theory. In this interlude, we demonstrate a result on certain lattice points
lying on algebraic curves in algebraic tori. We shall obtain it as a straightforward consequence of Baker’s
theory on linear forms in logarithms. Let Gm denote the multiplicative group, and let d ≥ 1 be an integer.
Let Q⊂ C be the field of algebraic numbers. Fix a sequence of real algebraic numbers

(z1, . . . , zd) ∈ Gd
m(Q∩R)

with each zi 6=±1, and let 0≤Gd
m(Q∩R) be the subgroup consisting of elements of the form (zl1

1 , . . . , zld
d )

with li ∈ Z. Let C ⊂Gd
m be an irreducible algebraic curve defined over Q, and fix p ∈Gd

m(Q). Our goal
is to prove the following.
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Proposition 4.2. One of the following holds:

(1) C(Q)∩ (0 · p) is finite, or

(2) C is a translate of an algebraic subtorus T ≤Gd
m defined over Q and invariant under some nontrivial

z ∈ 0.

Moreover, C(Q)∩ (0 · p) can be effectively determined.

Proof. We may assume p = (1, . . . , 1) up to translation. We proceed by induction on d ≥ 1. The claim is
obvious if d = 1, so we may assume that d ≥ 2. Assuming the result in the case d = 2, we shall first
show below how the general case follows.

Suppose that C(Q)∩0 is infinite. Up to rearranging the factors of Gd
m , we may assume that the projection

morphism π : Gd
m→ Gd−1

m onto the first d − 1 factors is nonconstant along C , since otherwise our claim
is clear. Now, the Zariski closure C ′ of π(C) in Gd−1

m contains infinitely many points lying in the group

0′ = {(zl1
1 , . . . , zld−1

d−1) : li ∈ Z} ≤ Gd−1
m (Q∩R).

By inductive hypothesis, C ′ is a translate of an algebraic subtorus T ′≤Gd−1
m , and C ′ is preserved by some

nontrivial z′ ∈ 0′. Up to translation of C within Gd
m , we may assume that C ′ = T ′. Let us also denote by

z′ ∈Gm(Q∩R) the element corresponding to z′ under the identification T ′'Gm . Applying the case d = 2
of the proposition to the immersion C ↪→T ′×Gm⊂Gd

m , we see that C is a translate of an algebraic subtorus
in T ′×Gm which is invariant under some nontrivial element of 〈z′〉×〈zd〉≤0. This gives the desired result.

It remains to prove the proposition in the case d = 2. We begin by making a number of simplifying
remarks. First, it suffices to prove the proposition with 0 replaced by the monoid

{(zl1
1 , zl2

2 ) : li ∈ Z≥0},

since 0 is a union of finitely many monoids of the above type (obtained by replacing (z1, z2) with
(z±1

1 , z±1
2 )). Similarly, it suffices to treat the case where |z1|, |z2| > 1, since we reduce to this case by

applying inversions to factors of G2
m appropriately.

Let f ∈ Q[X, Y ] be an irreducible polynomial defining the Zariski closure of C in A2 under the
obvious embedding G2

m→ A2. In what follows, we shall write (x, y)= (z1, z2) for convenience, so that
in particular |x |, |y|> 1 by our assumption above. Assuming that the set

S = {(m, n) ∈ Z2
≥0 : f (xm, yn)= 0}

is infinite, we shall show that C is a translate of algebraic torus and is preserved by some nontrivial z ∈ 0.
Let us write

f (X, Y )=
r∑

i=1

ai Xdi Y ei

with nonzero ai ∈Q and di , ei ∈Z≥0, such that (di , ei ) 6= (d j , e j ) whenever i 6= j. Note that the number r
of terms in the above sum is at least 2 since x, y 6= 0. Upon relabeling the terms and passing to an infinite
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subset of S, we may assume that

(r − 1)|a2xd2m ye2n
| ≥ |a1xd1m ye1n

| ≥ · · · ≥ |ar xdr m yer n
|

for all (m, n) ∈ S. Let q = gcd(d1− d2, e1− e2) > 0, and define d, e ≥ 0 to be coprime integers such
that |d1− d2| = qd and |e1− e2| = qe. The above inequalities imply that there is a constant K ≥ 1 with

K−1
≤

∣∣∣∣(xm)d

(yn)e

∣∣∣∣≤ K (∗)

for all (m, n) ∈ S. Assigning weights e and d to the variables X and Y respectively, let us write

f (X, Y )= g(X, Y )+ h(X, Y ),

where g is the top degree weighted homogeneous part of f , and the remainder h is a polynomial of lower
degree. We remark that g must include the term a1 Xd1Y e1. Indeed, for any i = 1, . . . , r we must have

|ai |K−di/d |yn
|
(di e+dei )/d ≤ |ai (xm)di (yn)ei | ≤ |a1(xm)d1(yn)e1 | ≤ |a1|K d1/d |yn

|
(d1e+de1)/d .

Thus, if d1e + de1 < di e + dei , then |y|n must be bounded for every (m, n) ∈ S, and by a similar
argument |x |m must be bounded for every (m, n) ∈ S, which is a contradiction. We also have

deg(a2 Xd2Y e2)= d2e+ de2 = (d2− d1)e+ d1e+ d(e2− e1)+ de1

= (qde− qde)+ (d1e+ de1)= deg(a1 Xd1Y e1)

by definition, so g also includes the term a2 Xd2Y e2. In fact, we see that ai Xdi Y ei is a term in g if and
only if (di , ei )= (d1+ q ′d, e1− q ′e) for some q ′ ∈ Z. This shows that we can factorize g(X, Y ) as

g(X, Y )= cXλYµ
∏

j

(α j Xd
− Y e)ν j

for some nonzero c ∈Q and pairwise distinct nonzero α j ∈Q. Up to relabeling and passing to an infinite
subset of S, there exists some κ > 0 with∣∣∣∣α1

(xm)d

(yn)e
− 1

∣∣∣∣ν1

=
|g(xm, yn)|

|c(xm)λ(yn)µ
∏

j 6=1(α j xmd − yne)ν j |

1
|yne|ν1

=
1

|c(xm/yn)λ|
∏

j 6=1 |α j (xmd/yne)− 1|ν j

|h(xm, yn)|

|yne|(λ+µ)/e+
∑

j ν j

�
1
|yne|κ

�
1

max{|xd |m, |ye|n}κ

for every (m, n) ∈ S. Here, we have used the inequality (∗). We remark that we must have α1 ∈Q∩R.
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In particular, there exists M > 1 such that

|α1|
|xd
|
m

|ye|n
= 1+ O

(
1

Mmax{m,n}

)
for every (m, n) ∈ S. Taking logarithms and using the fact that | log(1+ ξ)| ≤ 2|ξ | for every |ξ | ≤ 1/2,
upon passing to a suitable infinite subset of S we have∣∣log |α1| +m log |xd

| − n log |ye
|
∣∣� 1

Mmax{m,n} .

By Baker’s theorem [1990, Theorem 3.1], if log |α1|, log |xd
|, and log |ye

| were Q-linearly independent,
then we would have ∣∣log |α1| +m log |xd

| − n log |ye
|
∣∣�max{m, n}−D

for some effective constant D > 0. Therefore, what we have obtained shows that x and y must be
multiplicatively dependent. Let v > 1 be the unique real algebraic number such that (|x |, |y|)= (va, vb)

for positive coprime integers a, b ∈ Z. We may rewrite (∗) as

K−1
≤ vadm−ben

≤ K .

This shows that adm−ben takes at most finitely many values, and so there is some t ∈ Z such that, up to
passing to an infinite subset of S, we have adm−ben= t for all (m, n)∈ S. Fix (m0, n0)∈ S. We then have

ad(m−m0)= be(n− n0)

for every (m, n) ∈ S. Since ad and be are coprime, for each (m, n) ∈ S we have N = Nm,n ∈ Z with
(m, n)= (m0, n0)+ N · (be, ad). Consider now the morphism

8 : A1
→ A2

given by 8(T )= (xm0 T e, yn0 T d). Note that 8 restricts to a morphism Gm→G2
m so that the image of 8

is a translation of an algebraic torus. Furthermore, given (m, n) ∈ S and N = Nm,n as above, we have

8(vNab)= (xm0vNabe, yn0vNabd)= (xm0(vabe)N , ym0(vabd)N )

= (xm0 xbeN , yn0 yad N )= (xm, yn).

This shows that the Zariski closure of C has infinitely many points in common with the image of 8. This
implies that 8(Gm)= C . This proves Proposition 4.2. �

4C. Integrable curves. Fix a pants decomposition P ⊂6. Let 0P be the free abelian subgroup of rank
3g+ n− 3 in the mapping class group 0(6) generated by Dehn twists along the curves in P. The action
of 0P on Xk preserves the fiber X P

k,t for each t ∈ X (P,C). For fixed t = (t1, . . . , t3g+n−3), let us fix a
sequence (z1, . . . , z3g+n−3) ∈ (C

×)3g+n−3 of complex numbers such that

zi + z−1
i = ti for all i = 1, . . . , 3g+ n− 3.
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Let 0z be the subgroup of G
3g+n−3
m (C) generated by translations by zi (in the multiplicative sense) in

the i-th coordinate. Our discussion in Section 2B3 leads us to the following result.

Proposition 4.3. If X P
k,t is perfect, then there is a morphism

F : G3g+n−3
m → X P

k,t

of schemes (defined over Q if k and t are algebraic) satisfying the following:

(1) At the level of complex points, F is surjective with finite fibers.

(2) The action of 0z on G
3g+n−3
m lifts the 0P -action on X P

k,t .

Proof. We shall describe the map induced by F on the complex points. It will be conceptually clear from
our construction, even if laborious to show, that the map is induced from a morphism of schemes, and is
moreover defined over Q provided that k and t are algebraic.

To construct F, we first fix an SL2(C)-local system ρ0 on 6 whose class lies in the fiber X P
k,t . Let us

write P = a1t· · ·ta3g+n−3 with each ai a curve, on which we fix a base point xi ∈ ai . Let αi be a choice
of a simple loop based at xi parametrizing ai . We fix a trivialization of the fiber of ρ above each xi so
that the monodromy along αi is given by a diagonal matrix of the form[

zi 0
0 z−1

i

]
∈ SL2(C). (∗)

This is possible since ti 6= ±2 by our hypothesis that X P
k,t is perfect. Setting aside the case (g, n, k)=

(1, 1, 2) which is elementary, this hypothesis also implies that the restriction of ρ0 to each connected
component of 6|P is irreducible, and in fact determines the isomorphism type of such restriction for
every local system ρ whose class lies in X P

k,t .
For each i=1, . . . , 3g+n−3, let us denote by a′i and a′′i the two boundary curves on6|P corresponding

to ai , and let (x ′i , α
′

i ) and (x ′′i , α
′′

i ) be the corresponding lifts of (xi , αi ), respectively. We shall assume
that we have chosen the labelings so that the interior of 6|a lies on the left as one travels along α′i . The
above observation shows that any local system with class in X P

k,t is determined by the isomorphisms of
local systems ρ0|a′i and ρ0|a′′i compatible with the gluing of a′i and a′′i in 6. For instance, ρ0 itself is the
local system determined by the identity isomorphisms

id : ρ0|a′i ' ρ0|ai ' ρ0|a′′i .

More generally, an isomorphism of local systems ρ0|a′i ' ρ0|a′′i is specified by an element in the centralizer
of the matrix (∗) above (namely, the group of diagonal matrices of determinant one). Thus, we have a map

F : G3g+n−3
m (C)→ X P

k,t(C)

sending (v1, . . . , v3g+n−3)∈G
3g+n−3
m (C) to the class of the local system determined by the isomorphisms[

vi 0
0 v−1

i

]
: ρ0|a′i ' ρ0|a′′i .
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The fact that this is surjective follows from the above discussion. To see that F has finite fibers, note that
if we glue the local systems ρ0|6′ on the components of 6′ of 6|P along the curves a1, . . . , a3g+n−3 in
a fixed order, at each stage the resulting local system is uniquely determined, except possibly when ai

is a separating curve in which case there is a double ambiguity.
Finally, the compatibility of the action of 0z with the action of 0P under F follows from the our

description of lifts of Dehn twists in Section 2B3. �

Corollary 4.4. Let X P
k,t be a perfect fiber. Then

(1) |0P\X P
k,t(A)|<∞ for any closed discrete A ⊂ R, and

(2) if no coordinate of t ∈ X (P,C)' A3g+n−3 lies in [−2, 2], then

|0P\X P
k,t(A)|<∞

for any closed discrete A ⊂ C.

Proof. Let us write t = (t1, . . . , t3g+n−3), and let us first suppose ti /∈ [−2, 2] for each i = 1, . . . , 3g+n−3.
This shows in particular that each zi (defined above so that zi + z−1

i = ti ) has absolute value different
from 1. In particular, every point in G

3g+n−3
m (C) is 0z-equivalent to a point in a region K ⊂ G

3g+n−3
m (C)

which is compact with respect to the Euclidean topology. Under the map

F : G3g+n−3
m (C)→ X P

k,t(C)

constructed in Proposition 4.3, the image of K in X P
k,t(C) is compact and hence has finite intersection

with any closed discrete A ⊂ C. The equivariance property of F proved in Proposition 4.3 then implies
our claim, when ti /∈ [−2, 2] for each i = 1, . . . , 3g+ n− 3.

Let us now assume that A is a closed discrete subset of R. Note in particular that the coordinates ti
may be assumed to lie in A and hence are real, since otherwise X P

k,t(A) is empty. Now, let us consider
the natural morphism

X P
k,t(6)→

3g+n−3∏
i=1

Xai
ki ,ti (6i ),

where each 6i is the surface of type (0, 4) or (1, 1) obtained by gluing together the two boundary curves
on 6|P corresponding to ai , and the boundary traces ki are appropriately determined from k, P, t , and 6i .
The fact that the map F constructed in Proposition 4.3 has finite fibers implies that the above morphism
also has finite fibers (at the level of complex points). The claim to be proved thus reduces to the case
where 6 is of type (0, 4) or (1, 1). But this is obvious by elementary geometric considerations (see also
the proof of Theorem 1.4 in [Whang 2017]). �

Proposition 4.5. Let C be a geometrically irreducible algebraic curve over Z lying in a perfect fiber X P
k,t .

Then C(Z) can be effectively determined, and

(1) C(Z) is finite, or

(2) C(Z) is finitely generated under some nontrivial γ ∈ 0P preserving C.
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If moreover C is not fixed pointwise by any nontrivial γ ∈ 0P , the same result holds with C(Z) replaced
by the set of all imaginary quadratic integral points on C.

Proof. Note that t ∈ X (P,Z)' Z3g+n−3. We shall first consider the case where no coordinate of t lies
in [−2, 2]. By Corollary 4.4, the set

⋃
d>0 X P

k,t(Od) consists of finitely many 0P -orbits. Thus, it suffices
to consider the intersection of C(C) with the orbit of a single point ρ ∈

⋃
d>0 X P

k,t(Od).

Let F : G3g+n−3
m → X P

k,t be a 0P -equivariant morphism as constructed in the proof of Proposition 4.3.

Let z = (z1, . . . , z3g+n−3) ∈ G
3g+n−3
m be as defined earlier in this subsection. By our hypothesis on t ,

each zi is a real quadratic integer. Let C ′ = F−1(C), and choose a point p ∈ F−1(ρ). Applying
Proposition 4.2 to the curve C ′ ⊂ G

3g+n−3
m and projecting the result down to X P

k,t , we obtain the result.
Let us write P = a1t· · ·ta3g+n−3, and let us denote by ti ∈ Z the component of t corresponding to ai .

Based on the above argument, it remains to consider the case where ti ∈ [−2, 2] for some i . Since we
must have ti ∈ {0,±1}, we see that the Dehn twist τai acts on the fiber X P

k,t with finite order (as seen from
the discussion in Section 2C), so we need only to consider C(Z). Let 6i be the surface of type (0, 4)
or (1, 1) obtained by gluing together the two boundary curves on 6|P corresponding to ai , and consider
the composition of morphisms

C→ X P
k,t(6)→ Xai

ki ,ti (6i ),

where ki ∈ X (∂6i ,C) is appropriately determined from k, t , and 6i . Note that the set of real points of
Xai

ki ,ti (6i ) defines a ellipse in an appropriate coordinate plane, as seen from our discussion in Section 2B3.
In particular, Xai

ki ,ti (6i ,Z) is finite, and if the above composition is nonconstant then we find that C(Z)
is finite, as desired. It thus remains to consider the case where the above composition is constant. This
implies that the morphism

C→ X P
k,t(6)→ X P ′

k′,t ′(6|ai )

(where k ′, P ′, and t ′ are appropriately determined from k, P, t , and ai ) must be nonconstant, as seen from the
consideration of the morphism F :G3g+n−3

m → X P
k,t as constructed in the proof of Proposition 4.3. Thus, we

may apply induction and a straightforward modification of the previous paragraph to conclude the result. �

4D. Proofs of Theorem 1.3 and Corollary 1.4. We obtain Theorem 1.3 by combining Theorem 1.2 for
nonintegrable curves with Proposition 4.5 for integrable curves in Xk . Finally, Corollary 1.4 follows
easily from Theorem 1.3 (and indeed from Theorem 1.2) and our understanding of the fibers X P

k,t from
Section 3A.
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Curtis homomorphisms and
the integral Bernstein center for GLn

David Helm

We describe two conjectures, one strictly stronger than the other, that give descriptions of the integral
Bernstein center for GLn(F) (that is, the center of the category of smooth W (k)[GLn(F)]-modules,
for F a p-adic field and k an algebraically closed field of characteristic ` different from p) in terms of
Galois theory. Moreover, we show that the weak version of the conjecture (for m ≤ n), together with
the strong version of the conjecture for m < n, implies the strong conjecture for GLn . In a companion
paper (Invent. Math. 214:2 (2018), 999–1022) we show that the strong conjecture for n− 1 implies the
weak conjecture for n; thus the two papers together give an inductive proof of both conjectures. The
upshot is a description of the Bernstein center in purely Galois theoretic terms; previous work of the
author shows that this description implies the conjectural “local Langlands correspondence in families”
of (Ann. Sci. Éc. Norm. Supér. (4) 47:4 (2014), 655–722).

1. Introduction

Emerton and the author [Emerton and Helm 2014] described a conjectural “local Langlands correspondence
in families” for the group GLn(F), where F is a p-adic field. More precisely, we showed that given a suit-
able coefficient ring A (in particular complete and local with residue characteristic ` different from p), and
a family of Galois representations ρ :G F→GLn(A), there is, up to isomorphism, at most one admissible
A[GLn(F)]-module π(ρ) that “interpolates the local Langlands correspondence across the family ρ” and
satisfies certain technical hypotheses. (We refer the reader to [Emerton and Helm 2014, Theorem 1.1.1]
for the precise result.) We further conjecture that such a representation π(ρ) exists for any ρ.

The paper [Helm 2016b] gives an approach to the question of actually constructing π(ρ) from ρ. The key
new idea is the introduction of the integral Bernstein center, which is by definition the center of the category
of smooth W (k)[GLn(F)]-modules. More prosaically, the integral Bernstein center is a ring Z that acts
on every smooth W (k)[GLn(F)]-module, compatibly with every morphism between such modules, and
is the universal such ring. The structure of Z encodes deep information about “congruences” between
W (k)[GLn(F)]-modules (for instance, if two irreducible representations of GLn(F) in characteristic zero
become isomorphic modulo `, the action of Z on these two representations will be via scalars that are
congruent modulo `.)

MSC2010: primary 11F33; secondary 11F70, 22E50.
Keywords: Langlands correspondence, modular representation theory, p-adic groups.
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Morally, the problem of showing that π(ρ) exists for all ρ amounts to showing — for a sufficiently
general notion of “congruence” — that whenever there is a congruence between two representations
of G F , there is a corresponding congruence on the other side of the local Langlands correspondence.
It is therefore not surprising that one can rephrase the problem of constructing π(ρ) in terms of the
structure of Z . Indeed, Theorem 7.4 of [Helm 2016b] reduces the question of the existence of π(ρ) to a
conjectured relationship between the ring Z and the deformation theory of mod ` representations of G F

(Conjecture 7.2 of [Helm 2016b]).
The primary goal of this paper, together with its companion paper [Helm and Moss 2018], is to prove

a version of this conjecture, and thus establish the local Langlands correspondence in families. More
precisely, we introduce a collection of finite type W (k)-algebras Rν that parametrize representations of
the Weil group WF of F with fixed restriction to prime-to-` inertia, and whose completion at a given
maximal ideal is a close variant of a universal framed deformation ring. We then conjecture that there is a
map Z→ Rν that is “compatible with local Langlands” in a certain technical sense (see Conjecture 9.2
below for a precise statement and discussion.) This conjecture, which we will henceforth call the “weak
conjecture”, becomes Conjecture 7.2 of [Helm 2016b] after one completes Rν at a maximal ideal, and
hence implies both that conjecture and the existence of π(ρ).

If a map Z → Rν of the conjectured sort exists it is natural to ask what the image is. The “strong
conjecture” (Conjecture 9.3 below) gives a description of this image (and in fact gives a description of
the direct factors of Z in purely Galois-theoretic terms.) As the names suggest, the “strong conjecture”
implies the “weak conjecture.”

The main result of this paper is that if the weak conjecture holds for all GLm(F), with m less than or
equal to a fixed n, and the strong conjecture holds for m < n, then the strong conjecture holds as well for
the group GLn(F). In the companion paper [Helm and Moss 2018], we show that the strong conjecture
for GLn−1(F) implies the weak conjecture for GLn(F). Since the case n = 1 is easy (it is a consequence
of local class field theory), the two papers together will establish both conjectures for all n, and hence the
local Langlands correspondence for GLn in families.

Our approach relies on three main ingredients. The first is an input from finite group theory, namely the
endomorphism ring of the Gelfand–Graev representation 0 of GLn(Fq). In Section 2 we introduce this
ring and describe some of its basic properties, following Bonnafé and Kessar [2008]. A crucial structure
on this endomorphism ring is its canonical symmetrizing form, which Bonnafé and Kessar describe in
terms of “Curtis homomorphisms” arising from Deligne–Lusztig restriction. In Section 3 we describe the
connection between this endomorphism ring and the ring Z .

The second key ingredient is the behavior of the integral Bernstein center Z with respect to parabolic
induction; for a Levi M of G there are natural maps Z → Z M compatible, in a certain sense, with
parabolic induction from M to G. In Section 3 we recall results of [Helm 2016a] (see Theorems 3.9
and 3.12, below) that say that in certain key cases the images of these maps are “large” in a certain
sense, and that the failure of these maps to have image that is “as large as possible” is controlled by the
endomorphism ring of a Gelfand–Graev representation.
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The third key ingredient is the construction of the rings Rν which occupies Sections 4, 7, and 8. These
moduli spaces admit maps between them coming from taking direct sums of representations; these maps
serve a purpose analogous to the “parabolic induction” maps from Z to Z M . The functions on such
spaces also admit subalgebras Bq,n that play a role analogous to the subalgebras of Z arising from the
endomorphism ring Eq,n of a Gelfand–Graev representation. The strong conjecture leads us to expect
that in fact Eq,n and Bq,n are isomorphic, but it seems difficult to show this directly (although it is easy
to show if one inverts `). Instead, we make use of the symmetrizing form on Eq,n to show that if there
exists a map from Eq,n to Bq,n then it must be an isomorphism (see Sections 5 and 6.)

Once we have established this, our argument goes as follows. First we show that the strong conjecture
holds after inverting `; this essentially follows easily from the classical Bernstein–Deligne theory of
the Bernstein center over algebraically closed fields. We then assume the strong conjecture for m < n,
and the weak conjecture for m ≤ n. This gives us in particular a map Eq,n → Bq,n that is necessarily
an isomorphism. Using this, and considering various parabolic restriction maps from Z to various Levi
subgroups, together with the corresponding maps on the rings Rν of representations of WF , we show,
using our “large image” results for Z , that Z must “fill out” the entire ring of invariant functions in Rν ,
thus proving the strong conjecture for GLn .

In the process of carrying out this inductive argument we prove that Eq,n is isomorphic to Bq,n for
all n. This is a statement purely in finite group theory that is of independent interest. We know of no
more direct proof of this isomorphism than the one described here.

Throughout this paper we adopt the following conventions: F is a p-adic field with residue field Fq , k
is an algebraically closed field of characteristic ` 6= p, K is the field of fractions of W (k), and K is an
algebraic closure of K. Algebraic groups over F with be denoted by uppercase calligraphic letters T , G,
etc.; for any such group the corresponding uppercase letters T, G, etc. will denote the groups of F-points
of T , G, and so forth. In particular there is an implicit dependence of T on T .

2. Finite groups

Before beginning our study of the Bernstein center we develop some finite group theory that will be
essential for our approach. Most of the ideas in this section originally appear in [Bonnafé and Kessar 2008].

Fix distinct primes p and `, and a power q of p. Let G be the group GLn over Fq , and let G = G(Fq).
We will consider the representation theory of G over the Witt ring W (k), where k is an algebraic closure
of F`. Let K be the field of fractions of W (k), and fix an algebraic closure K of K.

Our principal object of study in this section will be the Gelfand–Graev representation 0 of G, with
coefficients in W (k). Fix a Borel B in G, with unipotent radical U , and let B, U denote the Fq-points
of B and U respectively. Also fix a generic character 9 : U → W (k)×. Then, by definition, we have
0 = c-IndG

U
9, where 9 is considered as a W (k)[U ]-module that is free over W (k) of rank one, with the

appropriate action of U . The module 0 is then independent of the choice of 9, up to isomorphism.
The objective of this first section is to study the endomorphism ring EndW (k)[G](0), which we denote

by Eq,n . Our main tool for doing so will be the Deligne–Lusztig induction and restriction functors of
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[Bonnafé and Rouquier 2003]. Let L be the subgroup of G consisting of the Fq -points of a (not necessarily
split) Levi subgroup L of GLn , and choose a parabolic subgroup P of GLn whose Levi subgroup is L.
Let RepW (k)(G) and RepW (k)(L) denote the categories of W (k)[G]-modules and W (k)[L]-modules,
respectively. Then Deligne–Lusztig induction and restriction are functors:

i G
L⊆P : D

b(RepW (k)(L))→ Db(RepW (k)(G)),

rL⊆P
G
: Db(RepW (k)(G))→ Db(RepW (k)(L)).

We will be concerned exclusively with the case where L is a maximal torus in G. In this case the effect
of Deligne–Lusztig restriction on 0 has been described by Bonnafé and Rouquier when L is a Coxeter
torus and by Dudas [2009] in general.

Theorem 2.1 (Bonnafé–Rouquier, Dudas). When L is the standard maximal torus, there is a natural
isomorphism

rL⊆P
G

0 ∼=W (k)[L][−`(w)]

in Db(RepW (k)(L)), where w is the element of the Weyl group of G such that Pw is the standard Borel,
`(w) is its length, and [−`(w)] denotes a cohomological shift.

Proof. This is the main theorem of [Dudas 2009]. �

An immediate consequence of this result is that, when T is the Fq-points of a torus in GLn , then an
endomorphism of 0 gives rise, by functoriality of Deligne–Lusztig restriction, to an endomorphism of
W (k)[T ] (or, equivalently, an element of W (k)[T ]). We thus obtain homomorphisms

8T : Eq,n→W (k)[T ]

for each torus T in G. These are integral versions of the classical “Curtis homomorphisms”.
Over K, it is not difficult to describe the structure of 0⊗K, its endomorphism ring, and the associated

Curtis homomorphisms. Recall that an irreducible representation π of G is said to be generic if π contains
the character 9, or, equivalently, if there exists a nonzero map from 0 to π . The irreducible generic
representations of G over K are indexed by semisimple conjugacy classes s in G ′, where G ′ is the group
of Fq-points in the group G′ that is dual to G. More precisely, given such an s, there exists a unique
irreducible generic representation Sts in the rational series attached to s.

The association of rational series to semisimple conjugacy classes in G ′ depends on choices which we
now recall: let µ(p) denote the prime-to-p roots of unity in K, let (Q/Z)(p) denote the elements of order
prime to p in (Q/Z), and fix isomorphisms

µ(p) ∼= (Q/Z)
(p) ∼= F×q .
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Now let t be a semisimple element in G ′, let T ′ be a maximal torus containing s, and let T be the dual
torus in G. Let X and X ′ denote the character groups of T and T ′, respectively. We have isomorphisms

T (Fq)∼= Hom(X/(Frq −1)X,Gm),

T ′(Fq)∼= Hom(X ′/(Frq −1)X ′,Gm),

where Frq is the endomorphism induced by the q-power Frobenius. We also have a natural duality
X/(Frq −1)X ∼= Hom(X ′/(Frq −1)X ′, (Q/Z)(p)). The identifications we fixed above then give rise
to isomorphisms

T ′(Fq)∼= Hom(X ′/(Frq −1)X ′,Gm)∼= X/(Frq −1)X ∼= Hom(T (Fq), µ
(p)).

In this way we associate, to any semisimple element t of G′(Fq), and any T ′ containing t , a character
ϕT ′,t : T (Fq)→ K×.

It is immediate (by applying the idempotent of K[G] corresponding to the rational series attached to s
to Theorem 2.1) that we then have:

Proposition 2.2. Let T be a maximal torus of G, and let B be a Borel containing T . Then, up to a
cohomological shift depending only on B, we have

rT ⊆B
G

Sts ∼=
⊕

t∼s;t∈T ′

ϕT ′,t .

Returning to 0, we have a direct sum decomposition

0⊗K ∼=
⊕

s

Sts

It follows immediately that the endomorphism ring of 0⊗K is isomorphic to a product of copies of K,
indexed by the semisimple conjugacy classes s in G ′. As the endomorphism ring EndW (k)[G](0) of 0
embeds in this product, we see immediately that EndW (k)[G](0) is reduced and commutative.

Indeed, it is not difficult to describe the maps 8T ⊗K. The isomorphism

0⊗K ∼=
⊕

s

Sts,

where s runs over semisimple conjugacy classes in G ′, gives rise to an isomorphism

Eq,n ⊗K ∼=
∏

s

K.

On the other hand we have a direct sum decomposition

K[T ] ∼=
⊕

t

ϕT ,t

of K[T ]-modules, and hence an algebra isomorphism

K[T ] ∼=
∏

t

K.
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It follows immediately from the previous paragraph that8T maps the factor of K of Eq,n⊗K corresponding
to s identically to each factor of K[T ] that corresponds to a t in the G ′-conjugacy class s, and to zero in
the other factors.

Now let T range over all tori in G, and consider the product map

8 : Eq,n→
∏
T

W (k)[T ].

For each pair (T , ϕ), where ϕ is a character T → K×, we have a map

ξT ,ϕ :
∏

T

W (k)[T ] → K

given by composing the projection onto W (k)[T ] with the map ϕ :W (k)[T ] → K.
Define an equivalence relation on such pairs by setting (T 1, ϕ1)∼ (T 2, ϕ2) if t1 and t2 are conjugate

in G ′, where t1 and t2 are the elements of the dual tori T ′1 and T ′2 corresponding to ϕ1 and ϕ2. Then our
description of each 8T shows that, when (T 1, ϕ1)∼ (T 2, ϕ2), one has ξT 1,ϕ1

◦8= ξT 2,ϕ2
◦8. Thus 8

induces a bijection between the K-points of Spec Eq,n and the equivalence classes of pairs (T , ϕ).
In what follows, it will be necessary for us to consider certain direct factors of Eq,n arising from

idempotents of W (k)[G]. An `-regular semisimple conjugacy class s in G ′ gives rise, via the choices
we have made above, to an idempotent es in W (k)[G], that acts by the identity on the rational series
corresponding to those s ′ in G with `-regular part s, and zero elsewhere. We will denote by Eq,n,s the
direct factor es Eq,n of Eq,n . The K-points of Spec Eq,n,s are those corresponding to pairs (T , ϕ) such
that ϕ corresponds to an element t of T ′ whose `-regular part is s.

Now let s ∈ G ′ be `-regular semisimple and suppose that the characteristic polynomial of s is a power
of an irreducible polynomial of degree d . Then the centralizer L′ of s in G′ is a nonsplit Levi isomorphic
to ResFqd /Fq GLn/d . Let L be the Levi of G dual to L′. By [Bonnafé and Rouquier 2003, Théorème 11.8],
twisting by the character of L associated to s, followed by Deligne–Lusztig induction from L to G, is
an equivalence of categories from e1 RepW (k)(L) to es RepW (k)(G). Moreover, this equivalence carries
e10L to es0. (This follows from uniqueness of projective envelopes, since the former is the projective
envelope of the unique irreducible generic k-representation of L in the block corresponding to e1, and
the latter is the projective envelope of the unique irreducible generic k-representation of G in the block
corresponding to es .) We thus have:

Proposition 2.3. For s an `-regular semisimple element of G ′ whose characteristic polynomial is a power
of an irreducible polynomial of degree d over Fq . Then there is a natural isomorphism

Eq,n,s ∼= Eqd,n/d,1.

The induced map on K-points takes the K-point of Spec Eqd,n/d,1 corresponding to the `-primary conju-
gacy class t of L ′ to the K-point of Spec Eq,n,s corresponding to the conjugacy class of st in G ′.
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Proof. The first claim is immediate from the previous paragraph. The second follows from the description
of the equivalence of categories on irreducible generic K-representations. �

The final structure we will need to consider on Eq,n is a natural symmetrizing form considered by
Bonnafé and Kessar [2008, Section 3.B]. Define a W (k)-linear map θ : Eq,n→W (k) by the formula

θ(x)=
1
n!

∑
w∈Sn

θw(8T w
(x)),

where T w is the torus of G associated to the element w of the Weyl group, and θw :W (k)[Tw] →W (k)
is the canonical symmetrizing form on W (k)[Tw] given by “evaluation at the identity”. Note that we can
extend θ to a linear map Eq,n ⊗K→ K.

We then have:

Proposition 2.4. Let t be a semisimple conjugacy class in G ′, and let et be the corresponding idempotent
of Eq,n ⊗K. Then

θ(et)=
1
n!

∑
w∈Sn

1

#Tw

N (w, t),

where N (w, t) is the number of elements of T ′w in the conjugacy class of t .

Proof. It is easy to see that 8T w
(et) is equal to the sum, over those t ′ ∈ T ′w conjugate to t ′, of the

idempotents et ′ of K[Tw]. The claim is then immediate from the formula for θ . �

3. The integral Bernstein center

We now turn to the first main object of interest in this paper: the integral Bernstein center. Let
G = GLn(F), and denote by RepW (k)(G) and RepK(G) the categories of smooth W (k)[G]-modules
and smooth K[G]-modules, respectively.

By the phrase “integral Bernstein center” we mean the center of the category RepW (k)(G). We recall
what this means:

Definition 3.1. The center of an Abelian category A is the ring of natural transformations IdA→ IdA,
where IdA denotes the identity functor on A.

By definition, if Z is the center of A, then specifying an element of Z amounts to specifying an
endomorphism of every object of A, such that the resulting collection commutes with all arrows in A.
The center of A is thus a commutative ring that acts naturally on every object in A, and this action is
compatible with all morphisms in A.

Bernstein and Deligne [1984] gave a complete and explicit description of the center Z̃ of RepK(G).
We briefly summarize their results: first, define an equivalence relation on pairs (M, π̃), where M is a
Levi of G and π is an irreducible supercuspidal representation of M over K by declaring (M1, π̃1) to be
inertially equivalent to (M2, π̃2) if π̃1 is G-conjugate to an unramified twist of π̃2. One then has:
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Theorem 3.2 [Bernstein and Deligne 1984, Proposition 2.10]. There is a bijection (M, π̃) 7→ e(M,π̃)
between inertial equivalence classes of pairs (M, π̃) over K and primitive idempotents of Z̃ , such that
for any irreducible smooth representation 5 of G over K e(M,π̃) acts via the identity on 5 if 5 has
supercuspidal support in the inertial equivalence class of (M, π̃), and by zero otherwise.

The upshot is that Z̃ decomposes as an infinite product of the rings e(M,π̃) Z̃ as (M, π̃) runs over all
inertial equivalence classes of pairs. Denote e(M,π̃) Z̃ by Z̃(M,π̃). Then Bernstein and Deligne gave a
complete description of the ring structure of Z̃(M,π̃) that we now explain.

Let M0 be the smallest subgroup of M containing every compact open subgroup of M. Then M/M0

is a free abelian group of finite rank, and SpecK[M/M0] is a torus whose K-points are in bijection
with the characters M/M0 → K×. Let H be the subgroup of these characters consisting of those
characters χ such that π̃ ⊗χ is isomorphic to π̃ . Then H is a finite abelian group that acts on K[M/M0].
The torus SpecK[(M/M0)]

H is a quotient of SpecK[M/M0]; its K-points correspond to H -orbits of
characters of M/M0.

Now let WM be the subgroup of the Weyl group of G consisting of w such that wMw−1
= M. Let

WM(π̃) be the subgroup of WM consisting of w such that the representation π̃w of M is an unramified
twist of π̃ . Then we have a natural action of WM(π̃) on K[(M/M0)]

H, characterized by

π̃ ⊗χw ∼= (π̃ ⊗χ)
w

for characters χ of M/M0. We then have:

Theorem 3.3 [Bernstein and Deligne 1984, Théorème 2.13]. There is a unique natural isomorphism

Z̃(M,π̃) ∼=
(
K[(M/M0)]

H )WM (π̃)

such that, for any irreducible representation 5 over K whose supercuspidal support has the form π̃ ⊗χ ,
Z̃(M,π̃) acts on 5 via the map (

K[(M/M0)]
H )WM (π̃)

→ K[M/M0] → K

corresponding to the character χ : M/M0→ K×. In particular Z̃(M,π̃) is a reduced, finitely generated,
and normal K-algebra.

In particular, Z̃ acts on two irreducible representations 5, 5′ of G via the same map Z̃→ K if, and
only if, 5 and 5′ have the same supercuspidal support. This defines, for each (M, π̃), a bijection between
the K-points of Spec Z̃(M,π̃) and supercuspidal supports in the inertial equivalence class of (M, π̃); that
is, unramified twists of π̃ considered up to WM(π̃)-conjugacy.

Now let L be a Levi in GLn; then L factors as a product of L i isomorphic to GLni (F). For each i , let Mi

be a Levi in L i , and π̃i an irreducible supercuspidal K-representation of Mi . We then have isomorphisms

Z̃ Mi ,π̃i
∼=
(
K[(Mi/(Mi )0)]

Hi
)WMi (π̃i )

.
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Let M be the product of the Mi ; we may regard it as a Levi of L and hence as a Levi of GLn(F). Let π̃
be the tensor product of the π̃i . The quotient M/M0 factors naturally as a product of Mi/(Mi )0, and this
induces a map (

K[(M/M0)]
H )WM (π̃)

→

⊗
i

(
K[(Mi/(Mi )0)]

Hi
)WMi (π̃i )

and hence a map
Ind{(Mi ,π̃i )} : Z̃(M,π̃)→

⊗
i

Z̃(Mi ,π̃i ).

On K-points this takes the K-point of the tensor product that corresponds to the collection of supercus-
pidal supports {(Mi , π̃i ⊗ χi )} to the point of Spec Z̃(M,π̃) corresponding to the supercuspidal support
(M,⊗i (π̃i ⊗χi )).

We now turn to the study of RepW (k)(G); let Z denote the center of this category. In this setting there
is an analogue of the Bernstein–Deligne characterization of the primitive idempotents of Z . By [Helm
2016a, Theorem 11.8], such idempotents are parametrized by inertial equivalence classes of pairs (L , π),
where π is now an irreducible supercuspidal representation of L over k.

If we let e[L ,π ] denote the idempotent of Z corresponding to (L , π), RepW (k)(G)[L ,π ] the corresponding
block, and Z[L ,π ] the corresponding factor of the Bernstein center, then one has the following basic
structure results:

Theorem 3.4 [Helm 2016a, Theorem 12.8]. The ring Z[L ,π ] is a finitely generated, reduced, flat
W (k)-algebra.

It is important to note that, in contrast to the situation over K, the ring Z[L ,π ] is in general very far
from being normal.

We also have a description of Z[L ,π ] ⊗ K in terms of Z̃ . This can be made precise as follows: if
(M, π̃) is a pair over K, and 5 is an irreducible integral representation of G over K with supercuspidal
support in the inertial equivalence class of (M, π̃), then there exists a (possibly proper) Levi subgroup L
of M, and an irreducible supercuspidal representation π of L , such that every irreducible subquotient
of the mod ` reduction of 5 has supercuspidal support (L , π). Moreover, the inertial equivalence class
of (L , π) depends only on that of (M, π̃), and not on the particular choice of π . We say that (M, π̃)
reduces modulo ` to (L , π); this defines a finite-to-one map from inertial equivalence classes over K to
inertial equivalence classes over k. One then has:

Theorem 3.5 [Helm 2016a, Proposition 12.1]. The natural map Z ⊗K→ Z̃ induces an isomorphism

Z[L ,π ]⊗K ∼=
∏
(M,π̃)

Z̃(M,π̃),

where the product is over all pairs (M, π̃), up to inertial equivalence, that reduce modulo ` to the pair (L ,π).

From this and the description of the K-points of Spec Z̃(M,π̃) one immediately deduces:

Corollary 3.6. The K-points of Spec Z[L ,π ] are in bijection with the supercuspidal supports of irreducible
smooth K-representations in RepW (k)(G)[L ,π ].
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We now give a more precise description of Z[L ,π ]. We first reduce to a more easily studied special case:

Definition 3.7. A pair (L , π) is simple if there exist r,m such that n = rm, L is isomorphic to GLm(F)r ,
and π , up to unramified twist, is of the form (π ′)⊗r for an irreducible supercuspidal representation π ′

of GLm(F).

Note that any pair (L , π) factors uniquely as a product of simple pairs (L i , π i ), with π i ∼= (π ′i )
⊗ri ,

such that no π ′i is an unramified twist of any other. One then has:

Theorem 3.8 [Helm 2016a, Theorem 12.4]. Let {(L i , π i )} be the natural decomposition of (L , π) as a
product of simple pairs. Then there is a natural isomorphism

Z[L ,π ] ∼=
⊗

i

Z[L i ,π i ]

such that, for any sequence {(M i , π̃ i )} reducing modulo ` to {(L i , π̃ i )}, the diagram

Z[L ,π ]⊗K

��

//
[⊗

i Z[L i ,π i ]

]
⊗K

��

Z̃(M,π̃) //
⊗

i Z̃(M i ,π̃ i )

commutes, where (M, π̃) is the product of the (Mi , π̃i ), and the bottom horizontal map is the map
Ind{(M i ,π̃ i )} described above.

We thus focus our attention on the case where (L , π) is simple. Fix an integer n1 and an irreducible
supercuspidal representation π ′ of GLn1(F) over k. For each m > 0, let Lm be a Levi of GLn1m(F)
isomorphic to GLn1(F)

m , and let πm be the representation (π ′)⊗m of Lm . We can then consider the family
of rings Zm := Z[Lm ,πm ] as n varies.

Section 13 of [Helm 2016a] contains detailed information about the structure of the family Zm . In
particular this structure theory is closely related to the endomorphism rings of certain projective objects
PKm ,τm for particular m. More precisely, consider the group of unramified characters χ of GLn1(F)
such that π ′ ⊗ χ is isomorphic to π ′. This is a finite group; denote its order by f ′. Then attached to
the system of pairs (Lm, πm) we have a system of projective objects PKm ,τm , where m lies in the set
{1, eq f ′ , `eq f ′ , `2eq f ′ , . . . }. (We refer the reader to Sections 7 and 9 of [Helm 2016a] for a construction
and structure theory of these objects.) For brevity, denote the representation PKm ,τm by Pm .

For such m, let Em denote the endomorphism ring of Pm . Then, by Corollary 9.2 of [Helm 2016a],
Em is a reduced, finite type, `-torsion free W (k)-algebra. Moreover, we have a map Zm→ Em that gives
the action of Zm on the object Pm of RepW (k)(GLn1m(F))[Lm ,πm ].

If m is arbitrary, the relationship between the rings Zm and Em is more complicated. For a partition ν
of m, we will say that ν is q-relevant if each νi belongs to the set {1, eq , `eq , `

2eq , . . . }, where eq is the
multiplicative order of q modulo ` (relevant partitions were called admissible in [Helm 2016a]). Let ν
be the maximal q f ′-relevant partition of m. Let Mν and Pν be the standard Levi and (upper triangular)
parabolic subgroups of GLn1m attached to n1ν, so that Mν is a product of GLn1νi (F), and consider
the representation

⊗
i Pνi of Mν . Then Zm acts on the parabolic induction i

GLn1m(F)
Pν

⊗
i Pνi , and we have:
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Theorem 3.9 [Helm 2016a, Theorem 13.7]. The action of Zm on i
GLn1m(F)
Pν

⊗
i Pνi factors through the

action of
⊗

i Eνi on
⊗

i Pνi . Moreover, the resulting map

Zm→
⊗

i

Eνi

is injective with saturated image, and is an isomorphism if m lies in {1, eq f ′ , `eq f ′ , . . . }. (Note that in this
case ν is the one-element partition {m} of m.)

For m in {1, eq f ′ , `eq f ′ , . . . } we thus have a natural identification of Zm with Em . For arbitrary m, we
can regard the map Zm→

⊗
i Eνi as a map Zm→

⊗
i Zνi . Denote this map by Indν . It is injective with

saturated image.
For m in {1, eq f ′ , `eq f ′ , . . . }, the results of Sections 7 and 9 of [Helm 2016a] give very precise

information about Em , and hence Zm . In particular there is an integer f dividing f ′, and a cuspidal
k-representation σm of GLm f ′/ f (Fq f ) (attached to an `-regular conjugacy class (s ′1)

m with s ′1 irreducible of
degree f ′ over Fq f ), such that the projective Pm is a compact induction c-Ind

GLn1m(F)
Km

κ̃m⊗Pσm , where κ̃m

comes from type theory and Pσm is the projective envelope of σm , inflated to a representation of Km via a
natural map Km→ GLm f ′/ f (Fq f ).

Section 5 of [Helm 2016a] shows that Pσm is the projection of the Gelfand–Graev representation of
GLm f ′/ f (Fq f ) to the block containing σm . In particular, the results of Section 2 identify the endomorphisms
of Pσm with Eq f ,md,s , where we have written s = (s1)

m and d = f ′
f . By Proposition 2.3 we may identify

Eq f ,md,s with Eq f ′,m,1.
We thus obtain an embedding of Eq f ′,m,1 in Em for such m. Furthermore, Section 9 of [Helm 2016a]

constructs an invertible element 2m,m of Em . We thus obtain a map

Eq f ′,m,1[T, T−1
] → Em

taking T to 2m,m . It follows easily from the description of Em as a Hecke algebra in Section 9 of [Helm
2016a] that the image of this map consists of the elements of Em supported on double cosets of the form
Kmzr

m,m Km for various r . (In particular, this image is saturated in Em .)
The image of Eq f ′,m,1 in Zm is easy to describe. Indeed, we have:

Proposition 3.10. Let m lie in {1, eq f ′ , `eq f ′ , . . . }, and let x be an element of Eq f ′,m,1, where the latter
is considered as a subalgebra of Zm . Then for any irreducible K-representations 5,5′ of GLn1m(F) in
the same block of RepK(GLn1m(F)), the action of x on 5 and 5′ is via the same scalar. Conversely, any
element of Zm with this property lies in Eq f ′,m,1.

Proof. The ring Zm annihilates both 5 and 5′ unless 5 and 5′ belong to a block of the form
RepK(GLn1m(F))(Ms ,πs) for a suitable s, in the notation of [Helm 2016a, Section 9]. In this case the
action of Zm on 5 and 5′ factors through the action of Zm on the summand c-Ind

GLn1m(F)
Km

κ̃m ⊗ Sts of
c-Ind

GLn1m(F)
Km

κ̃m ⊗Pσm ⊗K. In particular the action of x on 5 and 5′ factors through the action of x
on Sts , which is by a scalar.
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Since Eq f ′,m,1 is saturated in Zm , it suffices to prove the converse over K. But it follows easily from
our factorization of Zm in characteristic zero that every idempotent of Zm ⊗K is contained in Eq f ′,m,1;
since these idempotents correspond to the blocks of RepK(GLn1m(F))M,π the claim follows. �

We also make the following observation about the action of 2m,m ∈ Zm :

Proposition 3.11. Let P be a parabolic subgroup of GLn1m(F), with Levi subgroup M, and let π be an
irreducible cuspidal K-representation of M such that i G

P π lies in the block corresponding to Lm, πm .
Suppose that M decomposes as a product of groups Mi =GLn1mi (F), and let χ be an unramified character
of M, of the form ⊗i (χi ◦ det), where we regard (χi ◦ det) as a character of Mi .

Let x ∈ K× be the scalar by which 2m,m acts on i G
P π . Then 2m,m acts on i G

P π ⊗χ via x
∏

i χ
f ′

i ($F ).

Proof. For some s, the pair (M, π) is conjugate to an unramified twist of one of the pairs (Ms, πs)

described in Section 9 of [Helm 2016a]. Thus, by Theorem 9.4 of [Helm 2016a], the action of 2m,m

on π is via the element θm,s of Z Ms ,πs defined in Section 9 of [Helm 2016a], and the claim is immediate
from the definition of θm,s in that section. �

Finally, let m′ and m be two consecutive elements of {1, eq f ′ , `eq f ′ , . . . }, and set j = m
m′ . Theorem 13.5

of [Helm 2016a] then provides a map

Indm′,m : Zm→ Z⊗ j
m′

that is compatible with parabolic induction, in the sense that the action of x in Zm on i
GLn1m(F)
P π (where

P = MU is a parabolic such that M is isomorphic to GLn1m′(F) j ) is induced by the action of Indm′,m(x)
on π . The image of this map is not saturated but we have:

Theorem 3.12 [Helm 2016a, Theorem 13.6]. Let y be an element of Z⊗ j
m′ such that, for some a,

`a y lies in the image of Indm′,m . Then there exists an element ỹ of Zm , an element x of Eq f ′,m,1[T
±1
],

and an integer b > 0 such that Indm′,m(x)= `b(y− Indm′,m(ỹ)).

The map Indm′,m is not injective, but its kernel has a rather simple structure:

Proposition 3.13. There exists an ideal Im′,m of Eq f ′,m,1 such that the kernel of Indm′,m is equal
to Im′,m[2

±1
m,m].

Proof. Since Eq f ′,m,1[2
±1
m,m] is saturated in Zm we can prove this after tensoring with K. We have a

decomposition

Zm ⊗K ∼=
∏

i

Z̃(Mi ,π̃i ),

where (Mi , π̃i ) run over the K-inertial equivalence classes in the block corresponding to [Lm, πm].
In particular the partitions corresponding to the Mi are all q f ′-relevant. Fix a factor in this product
corresponding to a pair (Mi , π̃i ). On this factor, we can describe the map Indm′,m in the following way: let
(Mi j , π̃i j ) run over the set of Mν-inertial equivalence classes of pairs that are GLn1m-inertially equivalent
to (Mi , π̃i ), where ν is the partition (m′, . . . ,m′) of m and Mν is the corresponding Levi of GLn1m . Since
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Mi j is a Levi contained in Mν the pair (Mi j , π̃i j ) breaks up as a product of m
m′ pairs (Mi jk, π̃i jk) in GLn1m′ .

On the factor Z̃(Mi ,π̃i ) of Zm ⊗K, Indm,n is the sum of the maps

Ind(Mi j ,π̃i j ) : Z̃(Mi ,π̃i )→

⊗
k

Z̃(Mi jk ,π̃i jk).

In particular Indm′,m is injective on the factor Z̃(Mi ,π̃i ) if Mi is a proper Levi subgroup and zero otherwise.
When Mi is not a proper Levi then the pair (Mi , π̃i ) gives a cuspidal inertial equivalence class, so Z̃(Mi ,π̃i )

is isomorphic to K[2±1
m,m]. Thus the kernel of Indm′,m ⊗K is equal to Ĩm′,m[2

±1
m,m], where Ĩm,m is the ideal

of Eq f ′,m,1⊗K generated by the idempotents of the latter that correspond to cuspidal inertial equivalence
classes (Mi , π̃i ). �

4. The ring Rq,n

We now turn to the second principal object of study of this paper, which is a moduli space of representations
of WF . We begin by studying spaces of tame representations. Let Xq,n be the affine W (k)-scheme
parametrizing pairs of invertible n by n matrices (Fr, σ ) such that Fr σ Fr−1

= σ q , and let X0
q,n be the

connected component of Xq,n containing the k-point Fr = σ = Idn . Let Sq,n and Rq,n be the rings of
functions on Xq,n and X0

q,n , respectively, so that Xq,n = Spec Sq,n and X0
q,n = Spec Rq,n .

Lemma 4.1. Let L be an algebraically closed field that is a W (k)-algebra and x be an L-point of Xq,n

corresponding to a pair (Frx , σx) of elements of GLn(L). Then x lies in X0
q,n if , and only if , the

eigenvalues of σx are `-power roots of unity.

Proof. Consider the map Xq,n → An
W (k) that takes a point x to the coefficients of the characteristic

polynomial of σx . Let Y be the image of this map. For all L and x , σx is an element of GLn(L) conjugate
to its q-th power, so its image in Y (L) is a polynomial of degree n whose roots, counted with multiplicities,
are stable under the q-th power map. That is, every point of Y (L) corresponds to the characteristic
polynomial of a diagonal matrix that is conjugate to its q-th power. Conversely, given such a matrix σ it
is easy to construct an L-point x of Xq,n with σx = σ .

Let Ỹ ⊂ An
W (k) be the space of diagonal matrices that are conjugate to their q-th powers; we then

have a map Ỹ → An
W (k) that sends such a matrix to the coefficients of its characteristic polynomial. The

argument of the previous paragraph shows that the (set-theoretic) image of Ỹ is equal to Y. On the other
hand, Ỹ (K) is a finite collection of points; indeed, the entries of any diagonal matrix that is conjugate to
its q-th power are roots of unity of order bounded in terms of q and n. Thus the “coordinates” of each
K-point of Ỹ are integral over W (k), and every point of Ỹ (k) is in the closure of some point of Ỹ (K).
It follows that the same is true for Y ; in particular Y is the closure of a finite set of K-points, and the
closure of any K-point of Y meets the special fiber of Y. Therefore, the connected component Y 0 of Y
containing the image of X0

q,n is the closure of the set of K-points of Y that “specialize” mod ` to the
characteristic polynomial (X − 1)n of the identity matrix. The only k-point of this component arises from
the characteristic polynomial of the identity matrix, and the K-points of this component correspond to



2620 David Helm

characteristic polynomials of elements of Ỹ (K) whose roots reduce to 1 modulo `. The roots of such
a polynomial are `-power roots of unity. Therefore, for x in X0

q,n(L) the roots of the characteristic
polynomial of σx are `-power roots of unity, as required.

Conversely, let x be an L-point of Xq,n , and suppose that the eigenvalues of σx are `-power roots of
unity. Note that GLn(L) acts on Xq,n(L), by conjugation on both F and σ , and this action preserves the
connected components. We may thus assume σx is in Jordan normal form; in particular its entries lie in k
or an integral extension O of W (k). Moreover, for a fixed σx , the set of Frx such that Frx σx = σ

q
x Frx is

a linear space; there is thus an invertible Fr′x whose entries lie in k or W (k), such that Fr′x σx = σ
q
x Fr′x

and (Fr′x , σx) lies on the same connected component as x .
If L has characteristic `, the above construction yields a k-point of Xq,n in the same connected

component as x . If L has characteristic zero, the closure of the point (Fr′, σ ) constructed above contains a
k-point (Fr′′, σ ′) of Xq,n in the same connected component as x . Moreover, σ ′ is unipotent and in Jordan
normal form. Thus in the closure of orbit of (Fr′′, σ ′) under conjugation by diagonal matrices there is a
point where σ is the identity. It is clear that such a point lies in the connected component of the k-point x
where Frx = σx = Idn . �

The ring Rq,n is rather well-behaved from an algebraic standpoint. In particular, one has:

Proposition 4.2. The ring Rq,n is reduced and locally a complete intersection. Moreover, Rq,n is flat as
a W (k)-algebra.

Proof. This argument is a slight elaboration of an argument due to Choi [2009]. We give a sketch here.
First note that Xq,n is given by n2 relations in a space of dimension 2n2

+ 1. Consider the map
Xq,n → An2

W (k) that sends a point x to the matrix σx . Let L be an algebraically closed field that is a
W (k)-algebra, and let x be an L-point of Xq,n .

The group GLn(L) acts on the set of L-points of Xq,n by conjugation. Consider the locally closed
subset Uσx of Spec An2

L consisting of those σ ′ conjugate to σx . For any L-point σ ′ of Uσx , the fiber
of Xq,n ×W (k) L over σ ′ consists of pairs (Fr′ h, σ ′), where Fr′ is a fixed element of GLn such that
Fr′ σ ′(Fr′)−1

= (σ ′)q and h commutes with σ ′

In particular, the dimension of the preimage of Uσ in Xq,n ×W (k) L is equal to the dimension of Uσ

plus the dimension of the stabilizer of σ under conjugation; this is clearly n2. As σ varies over a finite list
of conjugacy classes, the preimages of the Uσ cover Xq,n ×W (k) L; thus Xq,n ×W (k) L is equidimensional
of dimension n2. On the other hand the dimension of Xq,n is at least n2

+ 1. It follows that the Zariski
closures of the preimages of sets Uσ are irreducible components of Xq,n , and that no irreducible component
of Xq,n is contained in the special fiber (as it would then be a component of Xq,n×W (k) k of dimension at
most n2). It also follows that every irreducible component of Xq,n has dimension n2

+ 1, because if we
had a component of larger dimension then its base change to K would have dimension greater than n2. In
particular Xq,n is a complete intersection. It follows that Rq,n is a local complete intersection.

An argument of Choi [2009, Theorem 3.0.13] shows that (Spec Rq,n)m
[ 1
`

]
is generically smooth for

any maximal ideal m of Rq,n; in particular X0
q,n is generically reduced. By the unmixedness theorem the
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local complete intersection X0
q,n has no embedded points, so Rq,n is reduced. As the generic points of

Spec Rq,n all have characteristic zero, we may conclude that Rq,n is flat over W (k). �

We have a universal pair of matrices (Fr, σ ) in GLn(Rq,n). The above result immediately implies:

Corollary 4.3. There exists a power `a of ` such that σ `
a

is unipotent in GLn(Rq,n).

Proof. Since Rq,n is reduced and flat over W (k), it suffices to check that σ `
a

is unipotent for some a
at each of the generic points of Spec Rq,n , all of which lie in characteristic zero. This is an immediate
consequence of Lemma 4.1. �

Let L be a finite extension of K. We call an L-point of X0
q,n integral if the corresponding map Rq,n→ L

factors through the ring of integers OL .

Lemma 4.4. Let x be an L-point of X0
q,n , and suppose that the eigenvalues of Frx lie in O×L ′ for some

finite extension L ′ of L. Then there is an integral point of X0
q,n in the GLn-orbit of x.

Proof. Extending L if necessary, we may assume that the eigenvalues of σx are in L , and hence OL . Then
(for instance, by putting σx in Jordan normal form) we can find an OL -sublattice M of Ln preserved
by σx . Using Frx σx Fr−1

x = σ
q
x , we find that Frx M, Fr2

x M, etc. are also preserved by σx . Consider the
lattice M ′ given by M+Frx M+· · ·+Frn−1

x M ; it is clearly preserved by σx . On the other hand, since Frx

is annihilated by a polynomial with integral coefficients, Frn
x M is contained in M ′, and hence Frx M ′ is

contained in M ′. Since Frx has unit determinant we must have Frx M ′ = M ′. Thus M ′ is stable under both
Frx and σx . Choosing a basis for M ′, we find an integral point of X0

q,n in the same GLn-orbit as x . �

Lemma 4.5. For any positive integer m, and any element λ of O×L , there is an element gm,λ of GLm(L),
with unit eigenvalues, such that gm,λ Jm,λq g−1

m,λ = J q
m,λ, where Jm,λ is the unipotent Jordan block of size m.

Proof. The matrices Jm,λq and J q
m,λ are regular with the same eigenvalues, hence conjugate by some

g′ ∈GLm(L). Since Jm,λq is contained in a unique Borel subgroup of GLm (namely, the standard one), the
same is true of Jm,λq . Thus g′ normalizes the standard Borel, so g′ is upper triangular. The eigenvalues
of g′ are thus given by its diagonal entries g′1, . . . , g′m . Comparing the (i, i + 1) entries of J q

m,λ and Jm,λq

we find that g′i+1/g′i = λ
q−1q. In particular, multiplying g′ by a suitable scalar we may assume g′ has

integral eigenvalues, as desired. �

Proposition 4.6. The images of the integral points of X0
q,n are dense in X0

q,n .

Proof. Fix a point (Frx , σx) of X0
q,n . After conjugating σx appropriately we may assume that σx is in

Jordan normal form (and thus in particular has integral entries, since we have shown that the eigenvalues
of σx are roots of unity). Moreover, since σx is conjugate to its q-th power, for any eigenvalue λ of σ there
is a size-preserving bijection between the Jordan blocks of σx of eigenvalue λ and those of eigenvalue λq.
Let (mi , λi ) denote the size and eigenvalue of the i-th Jordan block of σx . Then we can find a permutation
matrix w such that wσxw

−1 is also in Jordan normal form, but where the i-th Jordan block is of size mi

with eigenvalue λq
i . Let g be the block diagonal matrix whose i-th block is the matrix gmi ,λi from the

above lemma. Then gwσx(gw)−1
= σ

q
x . Moreover gw has unit eigenvalues, as some power of gw is
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block diagonal with blocks given by powers of the matrices gmi ,λi . Thus by Lemma 4.4 we can find an
integral point (Fr′x , σ

′
x) of X0

q,n in the GLn-orbit of the point (gw, σx).
Now consider the condition g′σ ′x = σ

′
x g′, for arbitrary matrices g′. This is a linear condition on g′ with

coefficients in OL . The scheme parametrizing such g′ is not quite a vector space scheme over OL (it need
not be flat over OL ), but the closure of its general fiber is such a scheme. Let U be the open subscheme
of this closure consisting of invertible g′. Then U contains the identity in particular, so its special fiber is
nonempty. However, in an open subset of a vector space scheme over OL whose special fiber is nonempty,
the OL -points form a dense subset. Thus integral points are dense in U.

On the other hand, the points (Fr′x u, σ ′x), as u runs over the integral points of U, are all integral points
of X0

q,n , and (since integral points of U are dense in U ) their closure is the set of all points (Fr′y, σ
′
x)

in X0
q,n . Conjugating by integral points of GLn , which are clearly dense in GLn , we find that the closure

of the integral points contains the entire locus of points (Fr′′x , σ
′′
x ) with σ ′′x conjugate to σx . Since σx was

chosen arbitrarily the result follows. �

Corollary 4.7. The ring Rq,n is `-adically separated; that is, the intersection of the ideals `i Rq,n is zero.

Proof. Let f be an element of Rq,n that is divisible by `i for all i . Then, for any integral point x : Rq,n→OL ,
the image x( f ) is divisible by `i for all i and is therefore zero. In other words, f vanishes on a dense
subset of X0

q,n . Since X0
q,n is reduced, f is zero. �

Now fix a Frobenius element F̃r in WF , and a topological generator σ̃ of the quotient IF/I (`)F . Let t`
be the isomorphism of IF/I (`)F with the additive group of Z` that takes σ̃ to 1. By Corollary 4.3, for
some positive integer a the matrix σ `

a
in GLn(Rq,n) is unipotent; that is, its characteristic polynomial is

(X − 1)n . The following lemma allows us to make sense of (σ `
a
)b for any b ∈ Z`:

Lemma 4.8. Let R be a flat, `-adically separated Z`-algebra, and M ∈ GLn(R) such that (M − 1)n = 0.
Then there exists a unique `-adically continuous homomorphism φM : Z`→ GLn(R) such that for all
b ∈ Z, φM(b)= Mb.

Proof. Consider the power series exp t log(1+ X) in Q[t][[X ]], and let pi (t) be the coefficient of X i

in this power series. For any i , and any integer b, Let Ni be the (i + 1) by (i + 1) Jordan block with
eigenvalue zero; then pi (b) is the upper right entry of (1+ Ni )

b, and is thus an integer. In particular
each pi is a Z`-valued function on Z`. Given M as above, and t ∈ Z`, we may thus define φM by

φM(t)= 1+ p1(t)(M − 1)+ · · ·+ pn−1(t)(M − 1)n−1,

and it is clear that this has the claimed properties. �

(Recall that for an `-adically separated ring A, and a locally profinite group H, a representation
ρ : H → GLn(A) is `-adically continuous if, for all positive integers i , the preimage of the subgroup
Id+`i Mn(A) of GLn(A) is open in H.)

We will henceforth write (σ `
a
)b for φ(σ `a )(b), given b ∈ Z`.
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We thus have an `-adically continuous representation ρF,n :WF → GLn(Rq,n) defined by

ρF,n(F̃riw)= Fri σ j (σ `
a
)b

for any w ∈ IF and any j ∈ Z, b ∈ Z` such that j + `ab = t`(w). Note that, by the above lemma, this is
the unique `-adically continuous representation that takes F̃r to Fr and σ̃ to σ .

The pair (Rq,n, ρF,n) has the following universal property, which is easily seen to characterize the pair
up to isomorphism:

Proposition 4.9. For any finitely generated, `-adically separated W (k)-algebra A, and any framed,
`-adically continuous representation ρ : WF/I (`)F → GLn(A), there is a unique map: Rq,n → A such
that ρ is the base change of ρF,n .

Proof. Given ρ, we have a pair of matrices (ρ(F̃r), ρ(σ̃ )) in GLn(A), satisfying

ρ(F̃r)ρ(σ̃ )ρ(F̃r)−1
= ρ(σ̃ )q ,

and hence a map Sq,n → A. Moreover, since the restriction of ρ to IF factors through IF/I (`)F and is
`-adically continuous, the eigenvalues of ρ(σ̃ ) are `-power roots of unity. Thus the map Sq,n→ A factors
through Rq,n and the result follows. �

If we regard the K-points of X0
q,n as framed representations of WF/I (`)F , then one can show:

Proposition 4.10. Let x be a K-point of X0
q,n . Then there is a point y in the closure of the GLn-orbit of x

such that the representation ρy is semisimple.

Proof. Replacing x with a point in the same GLn-orbit, we may assume that the framing on ρx is such
that ρx is block upper triangular, with block sizes n1, . . . nr , and that for 1≤ i ≤ r , the restriction ρi of ρx

to the i-th diagonal block is irreducible. Let M be the block diagonal matrix whose i-th block is given
by t i times the ni by ni identity matrix, for some parameter t . Then the limit, as t approaches zero, of
Mρx M−1 exists and is semisimple. �

We will later need the following observation about the representation ρF,n .

Proposition 4.11. As x varies over the K-points of X0
q,n , the restriction of ρss

x to IF is constant on
connected components of X0

q,n ×W (k)K.

Proof. The restriction of ρss
x to IF is determined by the characteristic polyomial of σx ; since the eigenvalues

of σx have bounded `-power order there are only finitely possible characteristic polynomials of σx . �

5. The inertial subalgebra of Sq,n

Our next goal is to study the finite rank W (k)-subalgebra of Sq,n generated by the coefficients of the
characteristic polynomial of σ . Consider the map

W (k)[r1, . . . , rn, r−1
n ] → Sq,n

that takes ri to the coefficient of Xn−i in this characteristic polynomial.
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By the theory of symmetric functions, for 1≤ i ≤ n there are unique polynomials Pi,q in the variables
r1, . . . , rn with the following property: for all t1, . . . , tn ∈ K, define r1, . . . , rn ∈ K by the identity

(X − t1) · · · (X − tn)= Xn
+ r1 Xn−1

+ r2 Xn−2
+ · · ·+ rn.

Then the Pi,q are the unique polynomials satisfying

(X − tq
1 ) · · · (X − tq

n )= Xn
+ P1,q(r1, . . . , rn)Xn−1

+ · · ·+ Pn,q(r1, . . . , rn).

Since σ is conjugate to its q-th power, for 1≤ i ≤ n the element Pi,q(r1, . . . , rn)− ri lies in the kernel
of the map W (k)[r1, . . . , rn, r−1

n ] → Sq,n . Let Iq,n denote the ideal of W (k)[r1, . . . , rn, r−1
n ] generated

by the Pi,q(r1, . . . , rn)− ri , and let Bq,n denote the quotient W (k)[r1, . . . , rn, r−1
n ]/Iq,n . We will show

that in fact the map Bq,n→ Sq,n is injective, and that moreover its image in Sq,n is saturated.
We will now realize Bq,n as a quotient of Sq,n in a natural way. We are grateful to Jack Shotton for

making us aware of the following construction, which is adapted from Proposition 7.10 in [Shotton 2018].
(Shotton uses a slightly different form for the matrix σ , that is less convenient for our purposes, but the
arguments are otherwise exactly analogous.)

Let Y ⊆ Spec Sq,n denote the locus on which σ has the form
0 0 0 . . . 0 −rn

1 0 0 . . . 0 −rn−1

0 1 0 . . . 0 −rn−2
...

...
...

0 0 0 . . . 1 −r1

 .

(that is, on which σ is the “companion matrix” of the polynomial Xn
+ r1 Xn−1

+ · · · + rn .) We may
embed Y as an open subscheme of the scheme Y ′ parametrizing pairs of matrices (Fr, σ ) such that σ is
invertible of the above form, the characteristic polynomial of σ is equal to that of σ q, and Fr σ = σ q Fr.
Then Y is simply the open subscheme of Y ′ on which Fr is invertible. The scheme Y ′ then maps to
Spec Bq,n via the map that takes (Fr, σ ) to the tuple (r1, . . . , rn).

We have a map Y ′ → Spec Bq,n ×W (k) An
W (k) that takes (Fr, σ ) to the point (r1, . . . , rn,Fr(e1)),

where e1, . . . , en is the standard basis for W (k)n . In fact, one then has:

Proposition 5.1. The map Y ′→ Spec Bq,n ×W (k) An
W (k) is an isomorphism.

Proof. We describe an inverse map. Given (r1, . . . , rn, v) in Spec Bq,n ×W (k) An
W (k) we associate the

pair (Fr, σ ), where σ has the above form with −rn, . . . ,−r1 in the right column, and Fr is defined by
Fr ei = σ

(i−1)qv for 1≤ i ≤ n. One verifies easily that for 1≤ i ≤ n− 1, we have Fr σ(ei )= σ
q Fr(ei ).

On the other hand, we have

σ q Fr en −Fr σen = ((σ
q)n + r1(σ

q)n−1
+ · · ·+ rn)v = Pσ (σ q)v,

where Pσ is the characteristic polynomial of σ . The relations on B̃q,n guarantee that Pσ = Pσ q , so
Pσ (σ q)v = 0 by Cayley–Hamilton.
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We thus have a well-defined map that is clearly a right inverse to the map constructed above. To see
that it is also a left inverse, note that if Fr σ = σ q Fr, and Fr(e1)= v, then we must have

Fr ei = Fr σ(ei−1)= σ
q Fr ei−1

so by induction Fr is determined by Fr(e1). �

Lemma 5.2. Let B be a finite rank W (k)-algebra, and V an open subset of Spec B ×W (k) An
W (k) such

that the projection V → Spec B is surjective. Then the map from B to OV induced by the projection of V
onto Spec B is injective. If moreover, B is flat over W (k), then the image of B in OV is saturated.

Proof. For each closed point x of Spec B, there exists an element ax of kn such that (x, ax) lies in V.
Lift ax to a W (k)-point ax of An

W (k), and let Vx = V ∩ (Spec B ×W (k) ax). Then the projection of V to
Spec V identifies Vx with an open subset of Spec B, and as x varies, the Vx cover Spec B. If b is an
element of B that maps to zero in OV , then it vanishes in particular on each Vx and hence on Spec B, so
injectivity is clear.

Now consider an element b of B/`B, and suppose B maps to zero in OV /`OV . Then b maps to zero
in OVx/`OVx for all x , but since the Vx are an open cover of Spec B this means b is zero in B/`B. �

We can now show:

Proposition 5.3. The map Bq,n→ Sq,n is injective with saturated image.

Proof. We first show that the projection map from Y to Spec B is surjective. Indeed, for any algebraically
closed field L that is a W (k)-algebra, and any L-point (r1, . . . , rn) of Spec B, the corresponding σ is a
regular element of L whose characteristic polynomial is equal to that of σ q. In particular the eigenvalues
of σ are roots of unity of order prime to q . It is then clear, by considering the Jordan normal form of σ ,
that σ q is also regular. Over L any two regular matrices with the same characteristic polynomial are
conjugate, so there exists an element Fr of GLn(L) that conjugates σ to σ q. Then (Fr, σ ) is an L-point
of T mapping to (r1, . . . , rn).

The lemma now shows that the map from Bq,n to OY is injective; since this map factors through Sq,n

we see that Bq,n embeds in Sq,n . Thus Bq,n is flat over W (k), and the lemma then shows that its image
in OY is saturated. Once again using that the map from Bq,n to OY factors through Sq,n we see that Bq,n

is also saturated in Sq,n . �

The map Bq,n→ Sq,n induces a map Bq,n,1→ Rq,n , where Bq,n,1 is the direct factor of Bq,n whose
K-points correspond to conjugacy classes whose reduction modulo ` is the identity. Proposition 4.11,
together with Proposition 5.3, shows that Bq,n,1 is precisely the subalgebra of Rq,n consisting of elements
whose value at a K-point x of Spec Rq,n depends only on the semisimplification of the restriction
of ρx to IF .
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6. The symmetrizing form on Bq,n

We now relate Bq,n with the endomorphism ring Eq,n of the Gelfand–Graev representation. We first work
over K; since both Bq,n and Eq,n are reduced, constructing an isomorphism of Bq,n ⊗K with Eq,n ⊗K
amounts to constructing a bijection on their K-points.

Recall that the K-points of Spec Eq,n are in bijection with the isomorphism classes of irreducible
generic representations of G and therefore (via Deligne–Lusztig restriction) with the equivalence classes
of pairs (w, ϕ) where w is an element of the Weyl group of G and ϕ : Tw→ K× is a character. On the
other hand, a K-point of Spec Bq,n is represented by an invertible diagonal matrix, with entries in K,
that is conjugate to its q-th power; that is, it is an invertible diagonal matrix t such that there exists a
permutation matrix w with tw = tq.

In order to construct a natural bijection between these two sets we must fix some choices. First, we iden-
tify GLn(K)with the Langlands dual group Ĝ of G, with (diagonal) maximal torus T̂ . Second, we choose a
topological generator σ̃ of the tame inertia group IF/PF of F. Local class field theory gives an isomorphism

IF/PF ∼= lim
←−−

F×qn
∼= lim
←−−

Hom
(

1
qn − 1

Z/Z, F×q

)
,

where the first limit is over the norm maps, and the transition maps in the second limit, for m dividing n,
are given by “multiplication by (qn

− 1)/(qm
− 1)”.

On the other hand we have a chain of natural isomorphisms,

Hom((Q/Z)(p), F×q )= Hom
(

lim
−−→

(
1

qn − 1
Z/Z

)
, F×q

)
∼= IF/PF ,

so our choice of σ̃ gives us a natural map (Q/Z)(p)→ F×q that is easily seen to be an isomorphism.
Now fix a w in the Weyl group W (G); we identify W (G) with the group of permutation matrices in

GLn(K). Let X be the character group of the torus T w of G; then X is dual to the character group X ′ of
the group of diagonal matrices in GLn(K). We have an isomorphism T w(Fq)∼=Hom(X/(Frq −1)X, F×q ),
where Frq is the q-power Frobenius. If we denote by µ(p) the prime-to-p roots of unity in K×, then we
have an isomorphism

Hom(Tw, µ
(p))∼= X/(Frq −1)X ⊗Hom(F×q , µ

(p)).

Noting that Frq acts on X by qw, and applying the duality isomorphism

X/(qw− 1)X ∼= Hom(X ′/(qw− 1)X ′, (Q/Z)(p))

as well as our isomorphism of (Q/Z)(p) with F×q arising from our choice of s, we see that Hom(Tw, µ
(p))

is naturally isomorphic to Hom(X ′/(qw− 1)X ′, µ(p)). An element of the latter is precisely a diagonal
matrix t , with entries in K, such that (tw)q = t . We let Tw−1

q denote the set of such matrices.

This construction associates to every w, and every character ϕ : Tw→ K×, an element of Tw−1

q . One
easily verifies that it sends equivalent pairs (T w, ϕ) and (T w′, ϕ′) to conjugate diagonal matrices, and
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further induces a bijection between K-points of Spec Eq,n and those of Spec Bq,n . We thus obtain an
isomorphism of Eq,n ⊗K with Bq,n ⊗K. This isomorphism is Gal(K/K)-equivariant and thus descends
to an isomorphism of Eq,n

[1
`

]
with Bq,n

[ 1
`

]
.

Remark 6.1. The choices made in defining the bijection above means that this bijection is compatible
with local Langlands in the following sense: let π be an irreducible depth zero generic representation
of G over K, and let ρ be its Langlands parameter. If K1 denotes the kernel of the map G(OG)→ G(Fq),
then πK1 is an irreducible generic K-representation of G, and hence gives rise to a K-point of Spec Eq,n .
On the other hand, the conjugacy class of the semisimplification of ρ(σ) gives a K-point of Spec Bq,n .
The bijection constructed above identifies these two points for every choice of π and ρ.

Since Bq,n and Eq,n are `-torsion free, we may regard them as W (k)-lattices in Bq,n
[ 1
`

]
∼= Eq,n

[ 1
`

]
.

A priori it is not clear that either lattice is contained in the other. We will show later that in fact these
lattices coincide, but this is quite difficult — it will emerge from the same inductive argument that proves
both the weak and strong conjecture in Section 10. For the moment, it will suffice to prove something
much weaker.

Recall that one has a symmetrizing form θ : Eq,n→W (k); the inclusion Bq,n→ Eq,n
[ 1
`

]
allows us to

regard θ as a map from Bq,n to K. The goal of the remainder of this section is to prove:

Theorem 6.2. The map θ : Bq,n→ K takes values in W (k).

As a corollary, we immediately deduce

Corollary 6.3. Suppose that the isomorphism Bq,n
[ 1
`

]
∼= Eq,n

[ 1
`

]
identifies Eq,n with a subring of Bq,n .

Then this isomorphism identifies Eq,n with Bq,n .

Proof. (see Lemma 3.8 of [Bonnafé and Kessar 2008]) If Eq,n is contained in Bq,n , then θ(be) lies in
W (k) for all b ∈ Bq,n , e ∈ Eq,n; thus Bq,n is contained in the dual lattice to Eq,n with respect to θ . But
since θ is a symmetrizing form on Eq,n , this dual lattice is Eq,n . Thus Bq,n and Eq,n must coincide inside
Eq,n

[1
`

]
. �

In order to prove Theorem 6.2 we compute the values of θ on a W (k)-spanning set for Bq,n . By
definition we have a surjection

W (k)[X ′]Sn =W (k)[r1, . . . , rn, r−1
n ]

Sn → Bq,n

with kernel Iq,n . For each character λ ∈ X ′, let Nλ denote the subgroup of Sn normalizing λ. Then the
elements

rλ =
1

#Nλ

∑
w∈Sn

λw

form a W (k)-basis of W (k)[X ′]Sn , as λ runs over the elements of X ′, so their images in Bq,n (which we
also, slightly abusively, denote by rλ) span Bq,n over W (k).
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Lemma 6.4. For λ ∈ X ′, let Mλ denote the number of w ∈ Sn such that the restriction of λ to the
subgroup Tw

q of Hom(X ′,K×) is trivial. Then we have

θ(rλ)=
Mλ

#Nλ
.

Proof. Let x be a K-point of Spec Bq,n , and let ex denote the element of Bq,n ⊗K that takes the value 1
at x and zero at all other K-points of Spec Bq,n . Our construction of the isomorphism Eq,n⊗K∼= Bq,n⊗K,
together with Proposition 2.4, shows that

θ(ex)=
1
n!

∑
w∈Sn

N (w−1, x)

#Tw(Fq)
=

1
n!

∑
w∈Sn

N ′(w, x)
#Tw−1

q
,

where N ′(w, x) denotes the number of elements of Tw
q in the equivalence class corresponding to x . It

follows that we have

θ(rλ)=
1
n!

∑
x

rλ(x)
∑
w∈Sn

N ′(w, x)
#Tw−1

q
.

Since rλ(t) depends only on the equivalence class of t ∈ Tw
q , we can rewrite this as

θ(rλ)=
1
n!

∑
w∈Sn

1
#Tw−1

q

∑
t∈Tw−1

q

1
#Nλ

∑
v∈Sn

λv(t).

Changing the order of the summation, we obtain

θ(rλ)=
1

n!#Nλ

∑
v∈Sn

∑
w∈Sn

1
#Tw−1

q

∑
t∈Tw−1

q

λv(t),

and the innermost sum is equal to 0 if λv is nontrivial on Tw−1

q and equal to #Tw−1

q otherwise. Thus the
sum over w is equal to Mλv which is equal to Mλ. We thus have θ(rλ)= Mλ/#Nλ as claimed. �

In light of this result, the proof of Theorem 6.2 is reduced to the following result:

Lemma 6.5. For any λ ∈ X ′, the order of Nλ divides Mλ.

It is clear that the set of w such that λ is trivial on T q
w is stable under conjugation by elements of Nλ,

but of course this action is not faithful, so the divisibility is not immediate.
We begin by observing that Nλ is the Weyl group of the Levi subgroup of GLn centralizing λ. This

Levi corresponds to a partition of the {1, 2, . . . , n} into subsets, and Nλ is then the subgroup of Sn that
preserves this partition. In particular if w lies in Nλ, then any cycle occurring in the cycle decomposition
of w also lies in Nλ.

Now let Nλ,w denote the centralizer of w in Nλ. Let O(w) be the partition of the set {1, . . . , n}
into orbits under the action of w; then conjugation by Nλ,w permutes the orbits of w, yielding a map
Nλ,w→ Aut(O(w)), where Aut(O(w)) is the group of permutations of O(w).
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Definition 6.6. We will say that w is Nλ-minimal if the map Nλ,w→ Aut(O(w)) is injective.

Note that the property of being Nλ-minimal is stable under Nλ-conjugacy. Given an arbitrary Nλ-
conjugacy class in Sn , we will associate an Nλ-minimal conjugacy class in a natural way. On the level
of specific permutations w this construction will depend not just on w but on a particular choice of
cycle representation for w. Here by a “cycle representation” of w we mean an unordered collection of
expressions of the form (x1 . . . xr ), with x1, . . . , xr distinct elements of {1, . . . , n}, that correspond to a
disjoint set of cycles whose product is w. To give a cycle representation of w is equivalent to specifying,
for each orbit x of w on {1, . . . , n}, a distinguished element x1 of the orbit x .

Now fix w ∈ Sn , along with a cycle representation of w, and let K be the kernel of the map from Nλ,w
to Aut(O(w)). Then K acts on each orbit O(w); such an orbit x comes from a cycle (x1 . . . xr ) in our
chosen cycle representation of w. Since K centralizes w, it must “cyclically permute” the elements of
this orbit; that is, the action of K factors through a map K → Z/rZ, where s ∈ Z/rZ acts by sending
each xi to xi+s , and the indices are considered modulo r . Let m be the order of the image of the
map K → Z/rZ, and set s = r

m . Let xmin be the permutation given by the product of the m disjoint
cycles (x1 . . . xs)(xs+1 . . . x2s) . . . (xr−s+1 . . . xr ). We then define wmin to be the product, over all cycles
x ∈O(w), of the permutations xmin. It is clear from the construction that ifw is Nλ-minimal thenwmin

=w.
This construction depends on our choice of cycle representation of w; in particular if we represented

the cycle x = (x1 . . . xr ) as (xt+1 . . . xt+r ) instead then we would obtain the product of cycles

(xt+1 . . . xt+s)(xt+s+1 . . . xt+2s) . . . (xr+t−s+1 . . . xr+t)

instead of the product
(x1 . . . xs)(xs+1 . . . x2s) . . . (xr−s+1 . . . xr ).

Note that the former is Nλ-conjugate to the latter, via the permutation that, for each 0≤ a < r
s and each

1 ≤ b ≤ s, takes xas+b to xt+as+c, where c is the unique integer between 1 and s such that as + b is
congruent to as+ t+ c modulo s. However, the two permutations are of course not equal. Thus changing
the cycle representation of w conjugates wmin by an element of Nλ. In particular the Nλ-conjugacy class
[wmin

] depends only on w and not its cycle representation.
On the other hand, if we fix a v ∈ Nλ, and a cycle representation of w, then conjugating this cycle

representation by v gives a cycle representation of vwv−1. Then if we compute wmin and (vwv−1)min

using these cycle representations it is easy to see that (vwv−1)min
= vwminv−1. In particular [wmin

]

depends only on the Nλ-conjugacy class of w.

Lemma 6.7. For any w ∈ Sn , wmin is Nλ-minimal.

Proof. Suppose for a contradiction that wmin is not Nλ-minimal, and let K be the kernel of the map
Nλ,wmin→Aut(O(wmin)). Choose an element k of K other than the identity. By definition k preserves ev-
ery orbit in O(w) and acts nontrivially on at least one such orbit x=(x1 . . . xr ); we have an s such that kxi=

xi+s for all i . Let k ′ denote the permutation that sends xi to xi+s for all i and fixes all other elements. Then
k ′ lies in Nλ, since k does and k ′ is a product of cycles of k. Moreover it is clear that k ′ commutes withwmin.
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Our construction of wmin from w implies that the wmin-cycle x is contained in a w-cycle x ′ of the form
(x1 . . . xr ′) for some multiple r ′ of r , and that the cycles (xr+1 . . . x2r ), etc. are cycles of wmin. Let k ′′

be the permutation that takes xi to xi+s for all 1≤ i ≤ r ′; then it is clear that k ′′ centralizes w. We will
show that in fact k ′′ lies in Nλ; this gives a contradiction as then we have an element of Nλ,w that acts by
a shift of length s on the cycle x ′, meaning that in passing from w to wmin the cycle x ′ should decompose
into cycles of length dividing s, and not cycles of length r as we have supposed.

To show that k ′′ lies in Nλ it suffices to show that for all i , xi+s and xi lie in the same Nλ-orbit. For 1≤
i≤r−s this is clear since k ′ lies in Nλ. On the other hand, since x ′ decomposes into cycles of length r in the
cycle decomposition ofwmin, there is an element of Nλ that carries xi to xi+r for all i . The claim follows. �

The association w 7→ [wmin
] defines an equivalence relation ∼ on Sn , such that w ∼ v if, and only if,

[wmin
] = [vmin

]. It is clear that each equivalence class for ∼ is a union of Nλ-orbits. We will show that in
fact each equivalence class has cardinality equal to #Nλ. We begin by fixing an Nλ-minimal w. Then we
have an injection Nλ,w→ Aut(O(w)). We will say two orbits x, x ′ in O(w) are Nλ,w-equivalent if there
is an element of Nλ,w that takes x to x ′. We then have:

Lemma 6.8. Suppose w is Nλ-minimal, and let v be a permutation of O(w) such that for all x ∈ O(w),
vx is Nλ,w-equivalent to x. Then there is a unique element ṽ of Nλ,w whose image in Aut(O(w)) is v. In
particular, Nλ,w is a product of symmetric groups.

Proof. Uniqueness is clear from the definition of Nλ-minimality. For existence, fix an orbit x ∈ O(w).
Then there is an element v′x of Nλ,w that takes x to vx . We can then define ṽ to be the bijection on
{1, 2, . . . , n} that agrees with v′x on x for all orbits x . Note that for all 1≤ i ≤ n, we have ṽ(i)= v′x(i)
for x the w-orbit containing i ; since v′x is in Nλ we have λi = λv′x (i) = λṽ(i), so ṽ lies in Nλ. �

We now fix a particular Nλ-minimal w, and a particular cycle representation of w. Since w is
Nλ-minimal we may (and do) choose this cycle representation so that it is preserved by the action of Nλ,w.
Then given any v ∈ Nλ,w, define w̃(v) to be the permutation constructed as follows: for orbit of v on O(w),
choose an x representing that orbit. The orbit x then corresponds to a term (x1 . . . xr ) in our chosen cycle
representation of w. Let w̃(v)x be the permutation (x1 . . . xr vx1 . . . vxr . . . v

d−1x1 . . . v
d−1xr ), where d is

the order of the v-orbit of x . Let w̃(v) be the product, over a set of representatives x for the orbits of v on
O(w), of w̃(v)x . Note that as a permutation, w̃(v) is independent of our choices of representatives x but
does depend on our choice of cycle representation ofw. On the other hand, our initial choice of cycle repre-
sentation of w, together with the choices of representatives x , gives rise to a cycle representation of w̃(v).

Lemma 6.9. Let u be an element of Nλ. Then u conjugates w̃(v) to w̃(v′) if , and only if , u normalizes w
and conjugates v to v′. Moreover, we have w̃(v)min

= w.

Proof. First assume that u normalizes w. Then u actually fixes our chosen cycle representation of w,
since w is Nλ-minimal. It is then easy to see from the construction that w̃(uvu−1)= uw̃(v)u−1.

Conversely, assume u conjugates w̃(v) to w̃(v′). Let x = (x1 . . . xr ) be a cycle in our chosen represen-
tation of w, such that the induced cycle of w̃(v) is (x1 . . . xr vx1 . . . vxr . . . v

d−1x1 . . . v
d−1xr ). Since u
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conjugates w̃(v) to w̃(v′)the cycle (ux1 . . . uxr uvx1 . . . uvxr . . . uvd−1x1 . . . uvd−1xr ) is a cycle of w̃(v′).
This cycle contains a cycle (y1 . . . yr ′) of our chosen representation of w. Thus, by construction of w̃(v′),
there is an s ∈ Z/drZ such that the sequence

ux1, . . . uxr , uvx1, . . . uvxr , . . . uvd−1x1, . . . uvd−1xr

coincides with the cyclic shift by s of the sequence

y1, . . . yr ′, vy1, . . . vyr ′, . . . v
d ′−1 y1, . . . v

d ′−1 yr ′,

where dr = d ′r ′.
Since u and v both lie in Nλ, it follows that for all 1 ≤ i ≤ r , and all integers j, xi lies in the same

Nλ-orbit as yi+s+ jr ′ , where the indices are taken modulo r . Let a = (r, r ′). Then for all i , xi lies in the
same Nλ-orbit as xi+a . Thus the permutation that takes xi to xi+a for all i and fixes all other elements lies
in Nλ. This permutation clearly normalizes w and fixes all orbits of w, so must be the identity since w is
Nλ-minimal. Thus a = r , so r divides r ′. Similar reasoning shows that r ′ divides r , so in fact r equals r ′.

Now for all 1≤ i ≤ r , xi is in the same Nλ-orbit as yi+s ; there is thus an element of Nλ,w that carries
the cycle (x1 . . . xr ) of w to the cycle (y1 . . . yr ). Since we chose our cycle representation of w to be
Nλ,w-stable, there is also an element of Nλ,w that takes xi to yi for all i . There is thus an element of
Nλ,w that takes xi to xi+s for all i , and fixes all other elements of {1, . . . , n}. Since w is minimal, this is
impossible unless r divides s.

We have thus established that u takes the cycle x = (x1 . . . xr ) of w to the cycle (ve y1, . . . , v
e yr )

for some e, which is also a cycle of w. Since x was arbitrary, u preserves the cycles of w and thus
normalizes w. But now we have w̃(uvu−1)= uw̃(v)u−1

= w̃(v′), and it is easy to see that this implies
that uvu−1

= v′.
For the final claim, let x = (x1 . . . xr ) be a cycle in our chosen representation of w, contained in

the cycle (x1 . . . xrvx1 . . . vxr . . . v
d−1x1 . . . v

d−1xr ) of w̃(v). The subgroup of Nλ,w preserving the
latter cycle acts on it by cyclic shifts, and minimality of w implies that r divides the length of any
of these shifts. On the other hand it is clear that the permutation that agrees with v on the set
{x1, . . . , xr , vx1, . . . , vxr , . . . , v

d−1x1, . . . v
d−1xr } and is the identity elsewhere induces a shift of length r

on this cycle. Our construction of w̃(v)min thus demands that we break this cycle of w̃(v) into cycles of
length r . Doing this for all cycles of w̃(v) recovers w. �

We now show:

Lemma 6.10. Suppose w is Nλ-minimal and w′ ∼ w. Then there exists v ∈ Nλ(w) such that w′ is
Nλ-conjugate to w̃(v).

Proof. We first construct a cycle representation of w′ such that the induced cycle representation of (w′)min

is Nλ,(w′)min-invariant. To do this, first fix any orbit of w′ and choose a representation of the corresponding
cycle; we then obtain representations of one or more cycles in (w′)min, all of which are Nλ-conjugate. We
then proceed inductively: for each orbit x of w′, choose a cycle representation arbitrarily and consider
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the resulting cycles of (w′)min. If these cycles are not Nλ-conjugate to other cycles of (w′)min that have
already been constructed, there is nothing further to do and we may proceed to the next orbit of w′. If they
are conjugate to cycles we have already constructed, it need not be the case that the corresponding cycle
representations are Nλ-conjugate to those already extant (they may differ by a cyclic shift). However,
adjusting our choice of cycle representation of x by a suitable shift we may arrange that this holds.
Proceeding inductively we arrive at a (w′)min and an Nλ,(w′)min-invariant cycle representation of it.

Now for each cycle x of w′, our chosen decompositions give x = (x1 . . . xrs) in w′, for some integers r, s
such that the corresponding cycles of (w′)min are (x1 . . . xr ), (xr+1 . . . x2r ), etc. Let v′x be the permutation
that takes xi to xi+r for all i (indices modulo rs); then v′x lies in Nλ. Taking v′ to be the product over the
orbits x of the v′x we obtain an element of Nλ,(w′)min such that

w′ = (̃w′)min(v′).

Now if w′ ∼ w then there exists a u ∈ Nλ such that u(w′)minu−1
= w; taking v = uv′u−1 we find that

uw′u−1
= w̃(v). �

Corollary 6.11. Supposew is Nλ-minimal. The number ofw′ such thatw′∼w is equal to the order of Nλ.

Proof. The previous lemmas show that the set of such w′ is the union of the Nλ-conjugacy classes of w̃(v),
as v runs over a set of representatives for the conjugacy classes in Nλ,w. For each such v the size of its
Nλ-conjugacy class is equal to #Nλ/#Nλ,v. For each v, the index of Nλ,w in Nλ,v is equal to the size of
the Nλ,w-conjugacy class Cv of v. Thus the total number of such w′ is the sum

#Nλ
∑
v

#Cv
#Nλ,w

which is clearly equal to #Nλ. �

We now relate the equivalence ∼ to Mλ. Specifically, we observe:

Proposition 6.12. Suppose that w ∼ w′. Then λ is trivial on Tw
q if , and only if , λ is trivial on Tw′

q .

Proof. It suffices to show this in the case where w′ = wmin (for some chosen cycle representation of w),
as we can deduce any other case from this one and Nλ-conjugacy.

Let Sλ be the set of Nλ-orbits on {1, . . . , n}, and f : {1, . . . , n}→ Sλ the map that sends an element to
its Nλ-orbit. There exists a map g : Sλ→ Z such that on the diagonal matrix t with entries t1, . . . , tn , we
have λ(t)=

∏
i tg( f (i))

i .
An element of Tw

q is a diagonal matrix whose entries ti satisfy tw(i) = tq
i for all i . In particular, for

each i , ti is a (qdi−1)-st root of unity, where di is the size of the w-orbit of i . In particular, λ is trivial
on Tw

q if, and only if, for all i the sum

6i =

di−1∑
j=0

q j g( f (w j (i)))

is divisible by qdi − 1.
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In wmin the w-orbit of i breaks up as a union of Nλ-conjugate orbits, each of size r . In particular for
each j, the elements w j (i) and w j+r (i) lie in the same Nλ-orbit, so g(w j (i))= g(w j+r (i)). This means
that the sum 6i can be rewritten as

6i = (1+ qr
+ · · ·+ qdi−r )

r−1∑
j=0

q j g( f (w j (i))).

In particular 6i is divisible by qdi − 1 if, and only if, the sum

r−1∑
j=0

q j g( f (w j (i)))

is divisible by qr
− 1. But this is precisely the condition for λ to be trivial on wmin. �

From this it follows that the quotient Mλ/#Nλ counts the number of Nλ-minimal orbits of w in Sn such
that λ is trivial on Tw

q . In particular this quotient is an integer. This completes the proof of Lemma 6.5
and hence of Theorem 6.2.

7. Deformation theory

In this section we examine the local deformation theory of a representation ρ : G F → GLn(k). As in
previous sections, let I (`)F denote the prime to ` part of the inertia group of F, and fix a topological
generator σ̃ of IF/I (`)F and a Frobenius element F̃r in WF/I (`)F .

We first recall some results of Clozel, Harris and Taylor:

Proposition 7.1 [Clozel et al. 2008, Lemmas 2.4.11–2.4.13]. Let τ be an irreducible representation
of I (`)F over k, and let Gτ be the subgroup of G F that preserves τ under conjugation. Then

(1) τ lifts uniquely to a representation τ of I (`)F over W (k),

(2) τ extends uniquely to a representation of IF ∩Gτ of determinant prime to `,

(3) τ extends (nonuniquely) to a representation of Gτ .

If we fix a representation τ of Gτ as in part (3), we obtain an action of Gτ/I (`)F on HomI (`)F
(τ, ρ) for any

G F -module ρ. Moreover, we have a direct sum decomposition of G F -modules,

ρ ∼=
⊕
[τ ]

IndG F
Gτ
[HomI (`)F

(τ, ρ)⊗ τ ],

where τ runs over G F -conjugacy classes of irreducible representations of I (`)F over k.

Fix, for each G F -conjugacy class of τ , a τ as in the proposition. Suppose we are given a representation
ρA : G F → GLn(A). We then obtain a direct sum decomposition

ρA =
⊕
[τ ]

IndG F
Gτ
[HomI (`)F

(τ, ρA)⊗ τ ].
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It is clear that HomI (`)F
(τ, ρA) is a free A-module for all τ , and that the collection of Gτ -representations

HomI (`)F
(τ, ρ)A determines the representation ρA up to isomorphism.

Definition 7.2. A pseudoframing of a continuous representation ρA : G F → GLn(A) is a choice, for
each τ , of basis for each HomI (`)F

(τ, ρA). A pseudoframed deformation of a continuous representation
ρ : G F → GLn(k) (together with a chosen pseudoframing) is a lift ρA : G F → GLn(A) of ρ, together
with a pseudoframing of ρA that lifts the chosen pseudoframing of ρ.

Fix a ρ and a pseudoframing of ρ, and, for each τ , let ρτ be the Gτ -representation HomI (`)F
(τ, ρ).

Let R�ρ be the completed tensor product ⊗̂
[τ ]

R�
ρτ

of the universal framed deformation rings of the ρτ . Over each such ring we have the universal framed
deformation ρ�τ of ρτ .

Using these, we construct a representation

ρ� :=
⊕
[τ ]

IndG F
Gτ
[ρ�τ ⊗ τ ]

that has a natural pseudoframing induced by the universal framings of the representations ρ�τ . One easily
verifies that the pair R�ρ, ρ

� is a universal object for pseudoframed deformations of ρ.
For each τ , the formal group G�

ρτ
acts on Spf R�

ρτ
by “change of frame”. Let G�ρ be the product of

the G�
ρτ

. Then G�ρ acts on Spf R�ρ by “change of pseudoframing”.
For computational purposes it is often easier to work with R�ρ rather than R�

ρ , as R�ρ can be made
quite explicit. The two rings are related in a natural way: one has a ring R�,�

ρ that is universal for triples
consisting of a deformation ρ of ρ, a framing of ρ lifting that of ρ, and a pseudoframing of ρ lifting that
of ρ. Then Spf R�,�

ρ is a (split) G�ρ -torsor over Spf R�
ρ and a (split) G�

ρ -torsor over Spf R�ρ .
We immediately deduce:

Corollary 7.3. The ring R�
ρ is a reduced, `-torsion free local complete intersection.

Proof. The construction above shows that it suffices to prove the same claim with R�
ρ replaced by R�ρ .

But the latter is a completed tensor product of rings of the form R�
ρτ

, and each of these is isomorphic to
the completion of a ring of the form Rq,n (with q and n depending on τ ) at a maximal ideal. The result
thus follows from the results of Section 4. �

Moreover, we may canonically identify both the G�
ρ -invariant elements of R�

ρ and the G�ρ -invariant
elements of R�ρ with the G�

ρ ×G�ρ -invariant elements of R�,�
ρ . In particular these spaces of invariants are

naturally isomorphic.
Given a choice of framing of ρ�, we get a map R�

ρ → R�ρ . When restricted to G�
ρ -invariants this map

is the isomorphism of (R�
ρ )

G�
ρ with (R�ρ)

G�ρ constructed above. Summarizing, we have:
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Lemma 7.4. For any choice of framing of ρ�, the induced map: R�
ρ → R�ρ identifies the G�

ρ -invariant
elements of R�

ρ with the G�ρ -invariant elements of R�ρ . (In particular the image of this set of invariant
elements is saturated in R�ρ .)

8. The rings Rν

Let ρ :WF/I (`)F → GLn(k) be a representation. Then we have a corresponding map x : Rq,n→ k, with
kernel m. It follows easily from the universal property of the pair (Rq,n, ρF,n) that the completion (Rq,n)m

is isomorphic to R�ρ , and that this isomorphism is induced by the base change of ρF,n to (Rq,n)m. In other
words, Rq,n is a global object that interpolates the formal deformation rings R�ρ for ρ trivial on I (`)F .

We would like to construct similar objects for ρ whose restriction to I (`)F is nontrivial. Let us define:

Definition 8.1. An `-inertial type is a representation ν of I (`)F over k that extends to a representation of WF .

Note that (as I (`)F is a profinite group of pro-order prime to `), such a representation lifts uniquely to a
representation of I (`)F over W (k), and this lift also extends to a representation of WF . We will thus consider
an `-inertial type ν as a representation over W (k) rather than over k whenever it is convenient to do so.

Now fix an `-inertial type ν, and for each irreducible representation τ of I (`)F over k, let nτ be the
multiplicity of τ in ν (note that nτ depends only on the WF -conjugacy class of τ .) Let Wτ be the subgroup
of WF that fixes τ under conjugation, let Fτ be the fixed field of Wτ , and let qτ denote the cardinality of
the residue field of Fτ .

We define Rν to be the tensor product,

Rν :=
⊗
τ

Rqτ ,nτ ,

where τ runs over a set of representatives for the WF -conjugacy classes of irreducible representations
appearing in ν. For each τ we have a representation ρFτ ,nτ over Rqτ ,nτ , which we regard as a representation
over Rν in the obvious way.

Define the representation ρν :WF → GLn(Rν) as follows:

ρν :=
⊕
τ

IndWF
Wτ
ρFτ ,nτ ⊗ τ,

where τ runs over a set of representative for the WF -conjugacy classes of irreducible representations
appearing in ν, and for each such τ , we have chosen an extension τ of τ to a representation WF →

GLn(W (k)) as in Proposition 7.1. Note that ρν inherits a pseudoframing from the natural framings of the
ρFτ ,nτ , and that the restriction of ρν to I (`)F is given by ν.

For a map x : Rν → k, the specialization (ρν)x is a pseudoframed representation WF → GLn(k),
whose restriction to I (`)F is given by ν. This defines a bijection between k-points of Spec Rν and such
pseudoframed representations. Moreover, it follows directly from the constructions of Rν and R�(ρν)x
that the completion of Rν at the maximal ideal corresponding to x is naturally isomorphic to R�(ρν)x , in a
manner compatible with the universal family on the latter.
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Moreover, the universal property for each Rqτ ,nτ immediately yields:

Proposition 8.2. For any finitely generated, `-adically separated W (k)-algebra A, and any pseudoframed,
`-adically continuous representation ρ :WF→GLn(A) whose restriction to I (`)F is isomorphic to ν, there
is a unique map: Rν→ A such that ρ is the base change of ρν .

For each τ , the group GLnτ acts on Rqτ ,nτ . Let Gν be the product of the GLnτ ; then Gν acts on Spec Rν
by “changing the pseudoframe”.

9. Maps from Z[L,π] to Rν

Now fix a pair (L , π), where L is a Levi subgroup of GLn(F) and π is an irreducible supercuspidal
k-representation of L . The mod ` semisimple local Langlands correspondence of Vignéras [2001] attaches
to π a semisimple k-representation ρ of WF . Let ν be the restriction of ρ to I (`)F . Then ν lifts uniquely to
a W (k)-representation ν of I (`)F , and we have:

Proposition 9.1. The irreducible K-representations of GLn(F) that are objects of RepW (k)(GLn(F))[L ,π ]
correspond, via local Langlands, to the K-representations of WF whose restriction to I (`)F is isomor-
phic to ν.

Proof. This is an easy consequence of the compatibility of Vigneras’ mod ` correspondence with reduction
mod `. �

This proposition shows that for any K-point x of Spec Rν , the representation ρx corresponds, via
local Langlands (and Frobenius semisimplification if necessary) to an irreducible K-representation 5x in
RepW (k)(GLn(F))[L ,π ], and hence to a K-point of Spec Z[L ,π ]. It is a natural question to ask whether this
map is induced by a map Z[L ,π ]→ Rν . Indeed, we conjecture:

Conjecture 9.2 (weak local Langlands in families). There is a map Z[L ,π ]→ Rν such that the induced
map on K-points takes a point x of Spec Rν to the K-point of Z[L ,π ] that gives the action of Z[L ,π ] on the
representation 5x corresponding to ρx by local Langlands. (We will say such a map is compatible with
local Langlands.)

Since Rν is reduced and `-torsion free, such a map is unique if it exists. Note also that the image of
any element of Z[L ,π ] under such a map is invariant under the action of Gν , and so any such map must
factor through the subalgebra Rinv

ν of Gν-invariant elements of Rν . We further conjecture:

Conjecture 9.3 (strong local Langlands in families). There is an isomorphism Z[L ,π ] ∼= Rinv
ν such that

the composition
Z[L ,π ]→ Rinv

ν → Rν

is compatible with local Langlands.

If one completes at a maximal ideal of Rν , corresponding to a representation ρ of WF over k, and
uses Lemma 7.4 to relate the invariant elements of R�

ρ and R�ρ , one recovers Conjectures 7.5 and 7.6
of [Helm 2016b]. In particular (see Theorem 7.9 of [Helm 2016b]), Conjecture 9.2 above implies the
“local Langlands in families” conjecture [Emerton and Helm 2014, Conjecture 1.1.3].
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These conjectures should be viewed as relating “congruences” between admissible representations
(which are in some sense encoded in the structure of Z[L ,π ]) with “congruences” between representations
of WF (encoded in Rν). Since inverting ` destroys information about such congruences, one expects such
conjectures to be relatively straightforward with ` inverted. We will show that this is indeed the case.

First, note that any map
Z[L ,π ]⊗K→ Rν ⊗K

that is compatible with local Langlands is Galois equivariant, and hence descends to a map

Z[L ,π ]
[1
`

]
→ Rν

[1
`

]
compatible with local Langlands. It thus suffices to show:

Theorem 9.4. There is a map Z[L ,π ]⊗K→ Rν ⊗K compatible with local Langlands (and therefore a
corresponding map over K). Moreover, the image of this map is Rinv

ν ⊗K.

To prove this, we first work on the level of connected components. We have an isomorphism

Z[L ,π ]⊗K ∼=
∏
M,π̃

Z̃(M,π̃),

by Theorem 3.5, where (M, π̃) varies over the inertial equivalence classes of pairs that reduce modulo ` to
(L , π). Thus the connected components of Spec Z[L ,π ]⊗K are in bijection with the pairs (M, π̃). Via local
Langlands, these correspond to representations of IF . More precisely, let5 be an admissible representation
of G, let ρ : WF → GLn(K) correspond to 5 via local Langlands, and let ρ̃ : WF → GLn(K) be the
representation of WF corresponding to π̃ via local Langlands. Then 5 belongs to the block corresponding
to (M, π̃) if and only if the restriction of ρss to IF coincides with the restriction of ρ̃ to IF .

On the other hand, it is an easy consequence of Proposition 4.11 that as x varies over K-points of
Spec Rν , the restriction of ρss

ν,x to IF is constant on connected components of Spec Rν ⊗K. We can
thus let Rρ̃ν be the direct factor of Rν ⊗K corresponding to the union of the connected components of
Spec Rν⊗K on which the restriction of ρss

ν,x to IF is isomorphic to the restriction of ρ̃ to IF . We will see
later that Spec Rρ̃ν is in fact connected.

It then suffices to construct, for each (M, π̃), an isomorphism

Z̃(M,π̃)→ (Rρ̃ν )
inv

compatible with local Langlands. Since (M, π̃) is only well-defined up to inertial equivalence, we may
assume that π̃ has the form

π̃ ∼=
⊗

i

π̃
⊗ri
i ,

where the π̃i are pairwise inertially inequivalent representations of GLni (F). Unwinding the Bernstein–
Deligne description of Z̃(M,π̃), we obtain an isomorphism

Z̃(M,π̃) ∼=
⊗

i

K[X±1
i,1 , . . . , X±1

i,ri
]

Sri ,
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where the symmetric group Sri acts by permuting the elements X i,1, . . . , X i,ri .
For each i , and any α ∈ K, let χi,α denote the unramified character of GLni (F) that takes the value α

on any element of GLni (F) with determinant $F . An irreducible 5 in RepK(M, π̃) has supercuspidal
support (M, π̃ ′) for some π̃ ′ of the form

π̃ ′ ∼=
⊗

i

ri⊗
j=1

π̃i ⊗χi,αi, j

for suitable αi, j . Then the d-th elementary symmetric function in X i,1, . . . , X i,ri , considered as an element
of Z̃(M,π̃), acts on 5 via the d-th elementary symmetric function in the α

f ′i
i,1, . . . , α

f ′i
i,ri

, where f ′i is the
order of the group of unramified characters χ such that π̃i ⊗χ is isomorphic to π̃i .

For each i , the irreducible representation ρ̃i of WF corresponding to π̃i via local Langlands decomposes,
when restricted to IF , as a direct sum of distinct irreducible representations of IF , all of which are
WF -conjugate. Fix an irreducible representation τ̃i of IF contained in ρ̃i , and let Wi be the normalizer
of τ̃i in WF . Then there is a unique way of extending τ̃i to a representation of Wi such that the induction
of the resulting extension to WF is isomorphic to ρ̃i . (Note that this implies that Wi has index f ′i in WF .)

This choice of extension of τ̃i to Wi gives rise to an action of Wi on the space HomIF (τ̃i , ρν). The
quotient of this space that lives over Rρ̃ν is a free Rρ̃ν -module of rank ri , with an unramified action of Wi .

Let F̃ri be a Frobenius element of Wi , and let Pi (x)=
∑ri

j=0 ai, j X j be the characteristic polynomial
of F̃ri on HomIF (τ̃i , ρν) (over Rρ̃ν ). Consider the map Z̃(M,π̃) → Rρ̃ν that sends the d-th elementary
symmetric function in X i,1, . . . , X i,ri to the element (−1)dai,ri−d of Rρ̃ν . One verifies easily that this map
is compatible with local Langlands.

It remains to show that (Rρ̃ν )inv is generated by the images of these elements. Given a polynomial Pi

of degree ri , with coefficients in a ring R, we can associate to it the unramified R-representation Mi (Pi )

of Wi on which F̃ri acts via the companion matrix of Pi . The representation ρ({Pi }) given by

ρ({Pi })=
⊕

i

IndWF
Wi

Mi (Pi )⊗ τ̃i

is then an R-point of Spec Rρ̃ν . In this way we obtain a natural map

Rρ̃ν →
⊗

i

K[Yi,1, . . . , Yi,ri ]

that in particular takes the element (−1)dai,ri−d of Rρ̃ν to Yi,d . On the other hand, it is easy to see that
for every y in (Spec Rρ̃ν )(K), there is a point x in (Spec Rρ̃ν )(K) arising from a collection of polynomials
{Pi (x)} such that y is in the closure of the Gν-orbit of x . It follows that the map

Rρ̃ν →
⊗

i

K[Yi,1, . . . , Yi,ri ]

is injective on (Rρ̃ν )inv. Therefore ((Rν)ρ̃)inv is generated by the elements ai,ri−d , completing the proof.
It is not hard to go slightly further, and show:
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Theorem 9.5. The image of Z[L ,π ] in Rν
[ 1
`

]
under the map of Theorem 9.4 lies in the normalization of Rν .

Proof. Fix an element x of Z[L ,π ], and let y be its image in Rν
[ 1
`

]
. Let A be a discrete valuation ring

that is a W (k)-algebra, with field of fractions K of characteristic zero, and fix a map Rν → A. This
corresponds to a pseudoframed representation ρA of WF . Let 5K denote the admissible K -representation
corresponding to ρA ⊗A K via local Langlands. Since ρA ⊗A K admits an A-lattice, so does 5K . In
particular the action of x on 5K is via an element of A, so y maps to an element of A under the
map Rν

[ 1
`

]
→ K. Since this is true for every A and every map Rν → A, y lives in the normalization

of Rν as claimed. �

10. Main results

The main objective of this section (and, indeed, the paper) is to show the following:

Theorem 10.1. Suppose that Conjecture 9.2 holds for all GLm(F), m ≤ n, and Conjecture 9.3 holds for
m < n. Then

(1) the map Eq,n
[ 1
`

]
→ Bq,n

[ 1
`

]
of Section 6 induces an isomorphism of Eq,n with Bq,n , and

(2) Conjecture 9.3 holds for GLn(F).

We begin by proving the first claim, using the weak conjecture for GLn in depth zero. Let Z0
n be the

product of the depth zero blocks of RepW (K )(G). The weak conjecture then gives rise to a map Z0
n→ Sq,n

compatible with the local Langlands correspondence. The subalgebra of Z0
n consisting of elements that

are constant on inertial equivalence classes is isomorphic to Eq,n , by Proposition 3.10. By compatibility
with local Langlands together with Propositions 4.11 and 5.3 the image of Eq,n in Sq,n is contained in
Bq,n , and the induced map Eq,n

[ 1
`

]
→ Bq,n

[ 1
`

]
is the map considered in Section 6. It thus follows from

Corollary 6.3 that the map Eq,n→ Bq,n is an isomorphism.
We now turn to the second claim. Fix a mod ` supercuspidal inertial equivalence class [L , π],

corresponding to an `-inertial type ν, and note that we have tensor factorizations

Z[L ,π ] ∼=
⊗

i

Z[L i ,πi ], Rν ∼=
⊗
τ

Rqτ ,nτ ,

where the [L i , πi ] are simple blocks. The former factorization is compatible with parabolic induction and
the latter arises from the direct sum decomposition

ρν =
⊕
τ

IndWF
Wτ
ρFτ ,nτ ⊗ τ.

Since simple blocks correspond to types ν with only one nτ nonzero, these factorizations are compatible,
in the sense that if we have maps Z[L i ,πi ]→ Rνi for each i that are compatible with local Langlands, then
their tensor product gives a map Z[L ,π ]→ Rν compatible with local Langlands. Thus both Conjecture 9.2
and Conjecture 9.3 reduce to the corresponding conjectures on simple blocks. We thus henceforth assume
that [L , π] is of the form [Ln, πn] with πn ∼= π

⊗n
1 for a supercuspidal representation π1. Following

Section 3 we set Zn = Z[Ln,πn]. The corresponding Rνn is then isomorphic to Rqτ ,n for some fixed τ .
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We first consider the case in which n is not qτ -relevant. Let ν be the maximal qτ -relevant partition
of n. We have a commutative diagram

Zn //

��

Rinv
qτ ,n

��⊗
i Zνi

//
⊗

i Rinv
qτ ,νi

in which the horizontal maps are those arising from the weak conjecture, the left-hand vertical map is
Indν , and the right-hand vertical map is induced by the map Spec⊗i Rqτ ,νi → Rqτ ,n that takes a collection
(Fri , σi ) of matrices with Fri σi Fr−1

i = σ
qτ
i to the pair

(⊕
i Fri ,

⊕
i σi
)
.

The horizontal maps are isomorphisms after inverting `, and our hypotheses imply that the lower
horizontal map is an isomorphism integrally. Moreover the left-hand vertical map is injective with
saturated image by Theorem 3.9 and the discussion in the paragraph following it. It follows immediately
that the top horizontal map must also be an isomorphism.

We now assume that n is qτ -relevant (that is, it lies in {1, eqτ , `eqτ , . . . }). Let m be the largest element
of this set that is strictly less than n. Set j = n

m .
We have a subalgebra Eq f ′ ,n,1 of Zm and compatibility with local Langlands shows that q f ′

= qτ .
Thus the map Zn→ Rqτ ,n induces a map Eqτ ,n,1→ Rqτ ,n . Reasoning as in the depth zero setting we see
that the image of this map is contained in Bqτ ,n,1. It seems likely that the resulting map Eqτ ,n,1→ Bqτ ,n,1

is the one considered in Section 6, but we do not prove this here. Instead we use the fact that we have
shown these two rings to be abstractly isomorphic, together with the following lemma:

Lemma 10.2. Let E be a finite rank, reduced, `-torsion free W (k)-algebra, and let f : E → E be an
injection. Then f is an isomorphism.

Proof. Clearly f is an isomorphism after inverting `. On the other hand, the hypotheses guarantee that
E
[1
`

]
is a product of finite extensions of K, and f is a K-linear automorphism of this product. In particular

there is some power of f that is the identity. �

We thus conclude that the map Zn→ Rqτ ,n coming from the weak conjecture induces an isomorphism
of Eqτ ,n,1 with Bqτ ,n,1.

Now consider the commutative diagram

K //

��

K ′

��

Zn //

��

Rinv
qτ ,n

��

Z⊗ j
m // (Rinv

qτ ,m)
⊗ j

in which the horizontal maps are induced by the weak conjecture, the lower left vertical map is Indm,n ,
the lower right vertical map is the one taking a collection of pairs (Fri , σi ) to their direct sum, and K
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and K ′ are the kernels of the lower left and lower right vertical maps, respectively. As in the previous
case, all horizontal maps become isomorphisms after inverting ` and the bottom horizontal map is an
isomorphism integrally.

By Proposition 3.13 K is contained in the subalgebra Eqτ ,n,1[2
±1
n,n] of Zn , and the image of this

subalgebra in Rqτ ,n is saturated. It follows that the map from K to K ′ is an isomorphism: if x is an
element of K ′, then for some a, the product `ax is in the image of K. But then `ax is in the image of
Eqτ ,n,1[2

±1
n,n], so x is as well. On the other hand, the image of K in Eqτ ,n,1 is saturated (as K is the

kernel of a map of rings that have no `-torsion), so x must lie in the image of K.
Let r be an element of Rinv

qτ ,n , and let r ′ be its image in (Rinv
qτ ,m)

⊗ j . There is then an element y of Z⊗ j
m

whose image under the bottom horizontal map is r ′. Since the map Zn→ Rinv
qτ ,n is an isomorphism after

inverting `, there exists a such that `a y is in the image of Indm,n .
By Theorem 3.12, there exist ỹ in Zn and x in Eqτ ,n,1[2

±1
n,n] such that Indm,n(x)= `b(Indm,n(ỹ)− y).

Let s be the image of ỹ in Rinv
qτ ,n . The image of `b(s − r) in (Rinv

qτ ,m)
⊗ j coincides with the image of

Indm,n(x). Thus `b(s− r) lies in the image of Eqτ ,n,1[2
±1
n,n]. Since this image is saturated, the element

s− r also lives in this image. Thus the map Zn→ Rinv
qτ ,n is surjective, so it is an isomorphism.

We have thus completed the proof of Theorem 10.1. In [Helm and Moss 2018] we show that the
strong conjecture for GLn−1 implies the weak conjecture for GLn . Together with Theorem 10.1 and the
fact that the strong conjecture for GL1 is an easy consequence of local class field theory, we obtain an
unconditional proof both of the strong conjecture, and of the existence of an isomorphism Eq,n ∼= Bq,n .
We refer the reader to the final section of [Helm and Moss 2018] for the details.

Remark 10.3. The isomorphism of Eq,n with Bq,n is an interesting result in finite group theory in its
own right. We are aware of no proof other than the one presented here; it is an interesting question to find
a purely group-theoretic proof of this result.

11. Affine Curtis homomorphisms

Having established both Conjectures 9.2 and 9.3 we now turn to an interesting consequence of Conjecture
9.2. Fix a w in Sn (which we identify with the Weyl group of G). The conjugacy class of w gives rise to
a conjugacy class of nonsplit, unramified tori in G; we let Tw denote a representative of this conjugacy
class. In particular we have Tw ∼=

∏
wi

ResFi/F Gm , where the product is over the cycles wi of w and
Fi/F is unramified of degree equal to the length of wi . Let d be the order of w in Sn .

Let X be the character group of Tw, and let T L
w denote the algebraic group Hom(X ′,Gm)o Z/dZ

(regarded as an algebraic group over W (k)), where the action of 1 ∈ Z/dZ on X ′ is via w−1. Then T L
w

is the L-group of Tw. Moreover, if we identify GLn (over W (k)) with the L-group of G in such a way
that X ′ becomes identified with the character group of the diagonal torus in GLn , then we have a natural
L-homomorphism from T L

w to GLn that takes Hom(X ′,Gm) to the diagonal torus and takes 1 ∈ Z/nZ

to w−1. This allows us to transfer a Langlands parameter ρw : WF → T L
w (K) for Tw to a Langlands

parameter ρ :WF → GLn(K) for G.
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It will be useful to understand the interaction between this transfer and the block decompositions for
RepW (k)(Tw) and RepW (k)(G). Note that

Tw = Tw(F)= Hom(X, (Fur)×)F̃r,

where F̃r is a fixed Frobenius element of WF , and its action on X is via w. Let T (`)
w denote the subgroup

Hom(X, (O×Fur)
(`))F̃r of Tw, where (O×Fur)

(`) denotes the elements of pro-order prime to ` in O×Fur. Then
T (`)
w is profinite, of pro-order prime to `, and the quotient Tw/T (`)

w is a discrete group. Indeed, explicitly,
one has

Tw/T (`)
w
∼=

∏
wi

F×i /(O
×

Fi
)(`) ∼=

∏
wi

(Z ·$ × F×q i ),

where $ is a uniformizer of F (hence also of Fi .)
The blocks of RepW (k)(Tw) are thus given by characters χ (`) : T (`)

w →W (k)×. Choose an extension χ
of χ (`) to a character Tw→W (k)×. Then “twisting by χ” induces an equivalence of categories between
the block of RepW (k)(Tw) corresponding to the trivial character of T (`)

w and the block corresponding
to χ (`). Denote the centers of these blocks by Zw,1 and Zw,χ (`) , respectively; our choice of χ then gives
an isomorphism of Zw,1 with Zw,χ (`) .

On the other side of the Langlands correspondence, the local Langlands correspondence for tori
associates to χ a Langlands parameter ν̃w :WF → T L

w (K); the restriction νw of ν̃w to I (`)F depends only
on χ (`). Consider the functor that associates to a W (k)-algebra R the set of parameters WF → T L

w (R)
whose restriction to I (`)F is equal to νw. This functor is easily seen to be representable by a finite type
affine scheme Spec Rwν , and there is a universal Langlands parameter ρw,ν :WF → T L

w (R
w
ν ). Note that

the torus Hom(X ′,Gm)⊆ T L
w acts on Spec Rwν by conjugation; let (Rwν )

inv be the subring of Rwν invariant
under this action.

We then have the following proposition, which can be seen as an analogue of Conjecture 9.3 for the
nonsplit torus Tw:

Proposition 11.1. There is a unique isomorphism

Lw : Zw,χ (`)→ (Rwν )
inv

which is compatible with the local Langlands correspondence for tori, in the sense that for any Langlands
parameter ρ :WF → T L

w (K), corresponding to a character χρ of Tw, and any z ∈ Zw,χ (`) , the value of χρ
at z is equal to the value of Lw at the point of Spec(Rwν ) corresponding to ρ.

Proof. Any parameter WF → T L
w (R) of type νw differs from ν̃w by a parameter WF → T L

w (R) that
is trivial on I (`)F . Thus “twisting by νw” induces an isomorphism of Spec Rwν with Spec Rw1 , where 1
is the trivial character of I (`)F . On K-points, this isomorphism is compatible with the local Langlands
correspondence for tori and the “twisting by χ” isomorphism of Zw,1 with Zw,χ (`) . We can thus reduce
to the case where χ (`) and νw are the trivial character.
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In this case we can be very explicit: on the one hand, we have isomorphisms

Zw,1 =W (k)[Tw/T (`)
w ]
∼=W (k)[Hom(X, (Fur)×/(O×Fur)

(`))F̃r
],

where F̃r acts on X via w and on O×Fur in the usual way. Let $ be a uniformizer of F corresponding to
our Frobenius element F̃r. We then have a canonical isomorphism

(Fur)×/(O×Fur)
(`) ∼= Z ·$ × F×q ,

where F̃r acts trivially on the first factor and by q-th powers on the second. We thus obtain an isomorphism

Zw,1 ∼=W (k)[Hom(X,Z)w]⊗W (k)[Hom(X/(qw− 1)X, F×q )].

On the other side of the Langlands correspondence, fix a generator σ̃ of IF/PF . Then a Langlands
parameter WF→ T L

w trivial on I (`)F is determined by the images of F̃r and σ̃ ; these form a pair of diagonal
matrices F and σ such that Fw−1σ(Fw−1)−1

= σ q. Since F and σ commute, this condition is equivalent
to the condition σw

−1
= σ q. Thus Spec Rw1 decomposes as a product,

Spec Rw1 ∼= Spec W (k)[X ′]×Spec W (k)[X ′/(q −w)X ′],

where the first factor parametrizes F and the second parametrizes σ . The conjugation action of t ∈
Hom(X ′,Gm) on this product fixes the second factor and acts by multiplication by tw

−1
−1 on the first.

We thus obtain a product decomposition

Spec(Rw1 )
inv ∼= Spec W (k)[X ′/(1−w)X ′]×Spec W (k)[X ′/(q −w)X ′].

On the first factor, the isomorphism of Zw,1 with (Rw1 )
inv is induced by the isomorphism Hom(X,Z)w∼=

X ′/(w−1)X ′. On the second factor we have to work a bit harder. Note that qw−1 divides qr
−1, where r

is a multiple of the order of w. Thus Hom(X/(qw−1)X, F×q ) is isomorphic to Hom(X/(qw−1)X, F×qr ).
Our choice of s gives rise to a system of generators for F×qr for all r , compatible with respect to norm
maps; we can thus identify Hom(X/(qw− 1)X, F×qr ) with the kernel of qw−1

− 1 on X ′/(qr
− 1)X ′, via

the isomorphism

X ′/(qr
− 1)X ′ ∼= Hom(X/(qr

− 1)X,Z/(qr
− 1)Z).

Finally, multiplication by 1+ qw−1
+ · · ·+ qr−1w1−r identifies this kernel with X ′/(qw−1

− 1)X ′. The
resulting isomorphism of Hom(X/(qw− 1)X, F×q ) with X ′/(qw−1

− 1)X ′ is independent of r , and gives
the desired map from the second factor of Zw,1 to the second factor of (Rw1 )

inv. One checks easily that
the resulting isomorphism is compatible with local Langlands. �

The L-homomorphism of T L
w into GLn takes Langlands parameters for Tw to Langlands parame-

ters for G. If the former has type νw, then so does the latter (where we regard νw as an `-inertial
type by embedding it in GLn(W (k)) by identifying Hom(X ′,Gm) with the diagonal matrices.) Thus
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this L-homomorphism induces a map Rν → Rwν that takes Rinv
ν to (Rwν )

inv. Combining this with
Proposition 11.1 and Conjecture 9.2, we obtain a map

eZn→ Zw,χ (`),

where e is the idempotent of Zn corresponding to the `-inertial type ν. On K-points this map takes a point
of Spec Zw,χ (`) corresponding to a character with Langlands parameter ρ to the point of Spec eZn corre-
sponding to the Langlands parameter obtained by composing ρ with the L-homomorphism of T L

w into GLn .
On the other hand, if we fix a generic character 9 of the unipotent radical U of G, and let 0 be the

module c-IndG
U 9, then it follows from results in [Helm 2016b] that the natural map eZn→EndW (k)[G](0)

is an isomorphism. We can thus view the map eZn→ Zw,χ (`) as the affine group analogue of a Curtis
homomorphism. Since the Curtis homomorphisms have such a nice interpretation via Deligne–Lusztig
theory, it is natural to ask if a similar phenomenon is at play here:

Question 11.2. Does there exist an adjoint pair of functors

iw : Db(RepW (k)(Tw))→ Db(RepW (k)(G)),

rw : Db(RepW (k)(G))→ Db(RepW (k)(F))

such that rw(0) is a shift of the induction c-IndTw
e 1, and the induced homomorphism

Zn→ Zw

is the product over suitable idempotents of the “affine Curtis homomorphisms” constructed above?
Moreover, is there a natural geometric construction of such an adjoint pair?
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Moduli spaces of symmetric cubic fourfolds
and locally symmetric varieties

Chenglong Yu and Zhiwei Zheng

We realize the moduli spaces of cubic fourfolds with specified group actions as arithmetic quotients of
complex hyperbolic balls or type IV symmetric domains, and study their compactifications. We prove the
geometric (GIT) compactifications are naturally isomorphic to the Hodge theoretic (Looijenga, in many
cases Baily–Borel) compactifications. The key ingredients of the proof are the global Torelli theorem by
Voisin, the characterization of the image of the period map given by Looijenga and Laza independently,
and the functoriality of Looijenga compactifications proved in the Appendix.

A list of symbols can be found on page 2680.

1. Introduction

Cubic fourfolds are intensively studied objects in algebraic geometry. There are many interesting relations
and analogues between cubic fourfolds and K 3 surfaces. The Hodge structure on the primitive middle
cohomology H 4

0 (X) of a smooth cubic fourfold X is of K 3 type. On the other hand, the Fano scheme of
lines on a smooth cubic fourfold is a hyper-Kähler fourfold of K 3[2] type; see [Beauville and Donagi
1985]. Similar to K 3 surfaces, people have a good understanding of the period map for cubic fourfolds.
The period map P gives an algebraic map from the moduli of smooth cubic fourfolds to an arithmetic
quotient of a 20-dimensional type IV domain. This period map is an open embedding due to the global
Torelli theorem by Voisin [1986]. The image of the period map is the complement of certain hypersurface
arrangement. This was proved by Looijenga [2009] and Laza [2010] independently.

Zarhin [1983] classified the Mumford–Tate groups of K 3-type Hodge structures. The corresponding
Mumford–Tate domains are either complex hyperbolic balls or type IV domains. Examples of those
Mumford–Tate groups can arise when the Hodge structures admit extra symmetries. This leads us to study
moduli spaces of cubic fourfolds with specified group actions. For cubic fourfolds, any automorphisms are
induced from linear automorphisms of P5. This is a general fact for almost all hypersurfaces in projective
spaces with degree at least 3; see [Matsumura and Monsky 1963]. Moreover, in [Zheng 2019], the second
author checked that any automorphism of the polarized Hodge structure on the middle cohomology of
a smooth cubic fourfold is induced by a unique automorphism of the cubic fourfold. Therefore, the
symmetries of polarized Hodge structures for cubic fourfolds can be detected geometrically by linear

MSC2010: primary 14D23; secondary 14D07.
Keywords: cubic fourfold, locally symmetric space, Looijenga compactification.
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symmetries. These facts give rise to identifications between moduli spaces constructed by GIT and
arithmetic quotients of complex hyperbolic balls or type IV domains. We next review two such examples.

One example regarding the complex hyperbolic ball is given by Looijenga and Swierstra [2007] and
Allcock, Carlson and Toledo [2011] independently on the moduli space of cubic threefolds. They attach
to cubic threefolds the Hodge structures of cubic fourfolds with specified automorphism with order 3.
Explicitly, suppose the cubic threefold is given by a polynomial F(x1, . . . , x5), then the corresponding
symmetric cubic fourfold we looking at is x3

0+F(x1, . . . , x5)= 0. Via this construction, the moduli space
of cubic threefolds with at worst ADE singularities is identified with the complement of an irreducible
totally geodesic hypersurface in an arithmetic quotient of a complex hyperbolic ball of dimension 10. The
phenomena that the image of a period map is the complement of some totally geodesic hypersurfaces in a
locally symmetric variety appear in many examples besides cubic fourfolds and cubic threefolds. In fact,
type IV domains and complex hyperbolic balls are the only irreducible Hermitian symmetric domains
admitting totally geodesic hypersurfaces. Coming back to cubic threefolds, on the geometric side, we have
the natural GIT compactification of the moduli space of cubic threefolds. On the Hodge theoretic side,
there is a natural compactification of the complement of the hypersurface arrangements, building upon
Baily–Borel compactification. The construction of this Hodge-theoretic compactification was carried out
by Looijenga [2003a], inspired by work of Shah, consisting of two steps. The first step is a partial blowup
of the boundary components of Baily–Borel compactification, sitting between toroidal compactification
and Baily–Borel compactification. The second step is a successive blowup of the intersection strata of
hyperplane arrangements and blowdown in the opposite direction; see the Appendix for a discussion of
Looijenga compactification. The fascinating result proved in [Looijenga and Swierstra 2007; Allcock
et al. 2011] is the existence of a natural isomorphism between the GIT compactification and Looijenga
compactification, which are from totally different origins.

Another example regarding type IV domain was given by Laza, Pearlstein and Zhang [Laza et al. 2018]
recently. They considered the moduli space of pairs consisting of a cubic threefold F(x1, . . . , x5)= 0
and a hyperplane section H(x1, . . . , x5)= 0, or equivalently the moduli of cubic fourfolds

x2
0 H(x1, . . . , x5)+ F(x1, . . . , x5)= 0

which have natural involutions x0 7→ −x0. The period map gives rise to an identification between the
moduli space of the pairs and an arrangement complement in an arithmetic quotient of a type IV domain
of dimension 14. Moreover, Laza, Pearlstein and Zhang showed that with a careful choice of linearization
(which is indeed natural as we will discuss in Proposition 6.8) in the GIT construction, the pairs which
give rise to symmetric cubic fourfolds with at worst ADE singularities are stable, and their moduli can
be identified with the whole arithmetic quotient. Finally, they showed that the GIT compactification is
isomorphic to the Baily–Borel compactification of the arithmetic quotient.

The first key observation of this work is that the phenomena in the above two examples should also
appear in a much more general situation, namely, for cubic fourfolds with any given symmetry. Along
this direction, we are able to unify many examples studied before (including the two above), and produce
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many new identifications between GIT compactifications and Hodge-theoretic compactifications. Before
giving the main theorems, we introduce some notation.

For a smooth cubic fourfold X, we have the Hodge decomposition

H 4(X,C)= H 3,1(X)⊕ H 2,2(X)⊕ H 1,3(X),

where dim(H 3,1)= dim(H 1,3)= 1, and dim H 2,2
= 21. We denote by ϕX : H 4(X,C)× H 4(X,C)→ C

the topological intersection pairing, whose restriction to H 4(X,Z)× H 4(X,Z) is an integral unimodular
bilinear form of signature (21, 2).

Let X be a smooth cubic fourfold with an action of a finite group A. All deformations of the pair
(X, A) form a quasiprojective variety F, which is called the moduli space of smooth cubic fourfolds with
this given group action. See Section 2 for a GIT construction of F. There is a natural morphism (via
forgetting the action of A) from F to the moduli space M of smooth cubic fourfolds, which is a finite
morphism (see Proposition 2.8). Moreover, when the action of A realizes all the automorphisms of X, the
morphism j : F→M is a normalization of its image.

On the other hand, we look at the induced action of A on the Hodge structure of the cubic fourfold X.
This induces a character ζ : A→ GL(H 3,1(X))∼= C× of A. Denote by H 4(X)ζ the ζ -eigenspace of the
action of A. There is a Hermitian form h : H 4(X)ζ ×H 4(X)ζ→C defined by h(x, y)= ϕX (x, y) for any
x, y ∈ H 4(X)ζ . If ζ = ζ , then h has signature (n′, 2) and there is an type IV domain D associated with
(H 4(X)ζ , h). If ζ 6= ζ , the form h has signature (n′, 1) and there is an associated complex hyperbolic
ball, which we still denote by D for the moment, with (H 4(X)ζ , h); see Proposition 4.1. The discussion
above applies to any cubic fourfolds X ′ in F and the Hodge structures on H 4(X ′)ζ give rise to a period
map from F to an arithmetic quotient 0\D. Here 0 is an arithmetic group acting properly discontinuously
on D (see the beginning of Section 4C for the definition).

Notice that n′ is the dimension of the Hermitian symmetric domain D. We denote by n the dimension
of F. The first main theorem of the paper is the following:

Theorem 1.1 (Main Theorem 1). (i) We have the equality n′ = n.

(ii) The period map P : F ∼= 0\(D−Hs) is an algebraic isomorphism. Here Hs is a 0-invariant
hyperplane arrangement in D.

(iii) The period map P extends naturally to an algebraic isomorphism F1 ∼= 0\(D−H∗), where F1 is a
natural partial completion of F, adding cubic fourfolds with at worst ADE-singularities, and H∗ is a
0-invariant hyperplane arrangement contained in Hs .

Denote by F the GIT compactification of F ; see Section 2B. For a 0-invariant hyperplane arrange-
ment H in D, we denote by 0\D

H
the Looijenga compactification of 0\(D−H); see Section A5. We

characterize F via:

Theorem 1.2 (Main Theorem 2). (i) The period map P extends to an algebraic isomorphism F ∼=
0\D

H∗ between the two projective varieties.
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(ii) There are two pairs (G1, λ1) and (G2, λ2), each consists of a subgroup of SL(6,C) and a character
of the subgroup (see Definition 5.6), such that the hyperplane arrangement H∗ is empty if and only
if for i = 1 or 2, there exists h ∈ GL(6,C) with h−1 Ah ⊂ Gi and λ(a)= λi (h−1ah) for any a ∈ A.
In this case, the Looijenga compactification 0\D

H∗ is the Baily–Borel compactification 0\D
bb

. See
Theorem 5.7 for a complete statement.

In the previous works for cubic fourfolds [Looijenga 2009; Laza 2010], cubic threefolds [Allcock
et al. 2011; Looijenga and Swierstra 2007] and pairs consisting of a cubic threefold and a hyperplane
section [Laza et al. 2018], the extended isomorphisms between the GIT compactifications and Looijenga
compactifications rely on the machinery developed in [Looijenga 2003a; 2003b]. The key observation
is that the period map also identifies the GIT polarization and the automorphic bundle on the period
domain. If the period map can be extended to a Zariski-open subset U such that its complement in the
GIT compactification has codimension at least 2, then the coordinate ring of the GIT compactification
consists of sections (of the GIT polarization) over U. On the other hand, if each nonempty intersection of
members in H has dimension at least 2, then the 0-invariant automorphic sections with poles along H
form the coordinate ring of the Looijenga compactification. Therefore, the two compactifications are
identified if the two conditions hold.

For each case, the hard work on GIT side is to extend the defining domain of the period map to moduli
space of varieties with at worst simple singularities and obtain codimension estimate for the indeterminacy
locus. On the period domain side one need to obtain dimension estimate for all possible intersections
of members in H. Usually this is achieved by careful lattice analysis. In some cases people also need
the correct choice of polarization on the GIT side in order to have such an extension. In our setting for
Theorems 1.1 and 1.2, the dimension estimate fails in some cases, for example when A is a cyclic group
of order 7; see Remark 6.7. So the previous approach does not work for all symmetry types.

We developed a new approach by considering the functorial properties on both GIT and Hodge theory
side. We explain the proof of Theorems 1.1 and 1.2 with the following diagram:

F 0\(D−Hs)

F 0\D
H∗

M 0̂\D̂
H∞

∼=

j π

P

Here M is the GIT compactification of the moduli space of cubic fourfolds, 0̂\D̂ is the period domain
for cubic fourfolds and H∞ is a (0̂-invariant) hyperplane arrangement. These are explained in detail
in Section 3. The bottom isomorphism in the above diagram is the main result in [Looijenga 2009;
Laza 2010]. The top isomorphism is Proposition 4.10 proved in Section 4, which relies essentially on
the global Torelli for cubic fourfolds. The left vertical morphism j is finite due to a classical result
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by Luna [1975] (with a modified version for projective GIT quotients; see [Ressayre 2010]). This
is included in Proposition 2.7. The right vertical morphism π is also finite, which is proved in the
Appendix; see Theorem A.13. After establishing the two finiteness results (of j and π ) and the horizontal
bimeromorphism between F and 0\D

H∗ , we show that the period map P : F ∼= 0\(D−Hs) extends to
an isomorphism F ∼= 0\D

H∗ by Lemma 5.4.
Our formalism of the proof does not need the codimension and dimension estimates, and hence

avoids complicated GIT and lattice analysis. Finally, we reduce the complication to the proof of the
functorial property of Looijenga compactifications. This allows us to deal with the theory uniformly and
systematically for all symmetry types of cubic fourfolds. To the best of our knowledge, this formalism is
new and may have further applications.

In many cases, the hyperplane arrangement H∗ is empty; hence the Looijenga compactification is
simply Baily–Borel compactification (for example, [Laza et al. 2018]). We discuss in Section 5 a criterion
(Theorem 5.7) based on the symmetry type for the emptiness of H∗. In particular, we apply the criterion
to determine the emptiness of H∗ for all symmetry type with A a prime-order cyclic group.

We end the introduction with a discussion on future works. A closely related question is to classify
automorphism groups of cubic fourfolds. There are 13 conjugacy classes of prime-order automorphisms of
smooth cubic fourfolds (see [González-Aguilera and Liendo 2011]). For two of them, our main theorems
recover some of the main results in [Allcock et al. 2011; Looijenga and Swierstra 2007; Laza et al. 2018].
We will discuss these examples in more detail in Sections 6A and 6B.

Cubic fourfolds have very close relation with hyper-Kähler manifolds; see [Beauville and Donagi 1985;
Hassett 2000]. For a smooth cubic fourfold X, its Fano scheme of lines is a polarized hyper-Kähler fourfold
of K 3[2] type. The automorphism group of a smooth cubic fourfold X is naturally identified with the
automorphism group of the associated polarized hyper-Kähler manifold; see [Fu 2016]. The classification
of automorphism groups of hyper-Kähler manifolds has appealed to a lot of interests recently. There
is a systematic study by Mongardi in his thesis [2012; 2013; 2016]. Höhn and Mason [2019] classified
all maximal finite symplectic automorphism groups of hyper-Kähler fourfolds of K 3[2] type. Those
groups are all subgroups of the Conway group. Recently, Laza and the second author classified all finite
symplectic automorphism groups of smooth cubic fourfolds; see [Laza and Zheng 2019] . While related to
Höhn and Mason’s classification [2019], the main difference in [Laza and Zheng 2019] is that the authors
are dealing with “polarized” hyper-Kähler fourfolds. Moreover, in many cases the explicit normal forms
for the cubic fourfolds with a specified symplectic automorphism group are given. This classification offers
a bunch of examples for Theorems 1.1 and 1.2 with D being type IV domains. Another closely related
problem is to characterize the moduli spaces of symmetric or lattice-polarized hyper-Kähler manifolds.
There are works along this direction; see [Dolgachev and Kondō 2007, Section 11; Artebani et al. 2011,
Section 9; Joumaah 2016; Camere 2016, Section 3; Boissière et al. 2016, Section 5; Boissière et al. 2019]

The symmetries of the Hodge structures can also arise from degenerations of cubic fourfolds or K 3
surfaces. For example, we consider a one-parameter degeneration of smooth cubic fourfolds to a singular
cubic fourfold with only one node. The monodromy of the family gives a reflection on the primitive middle
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cohomology. The Hodge structures fixed by this reflection form a hyperplane in the period domain D̂,
which is a 19-dimensional type IV domain. On the geometric side, such singular cubic fourfolds naturally
give rise to K 3 surfaces of degree 6. So the proof above can also be applied to obtain comparison
between GIT compactification of K 3 surfaces of degree 6 and Baily–Borel compactification of period
domain. Following this perspective, we are able to realize moduli of singular sextic curves (regarding
as singular K 3 surfaces of degree 2) as arithmetic quotients of type IV domains and again identify GIT
compactification and Looijenga compactification; see [Yu and Zheng 2018].

Structure of the paper. Section 2 is devoted to the GIT construction of symmetric hypersurfaces in
general. In Section 3 we review concepts about cubic fourfolds, and introduce the global Torelli theorem.
Sections 4 and 5 are the main part of the paper, where we formulate and prove our main theorems.
As we have mentioned, one of the key ingredients in the proof is the functorial property of Looijenga
compactifications. This is treated in the Appendix. Moduli of cubic fourfolds with specified action by
cyclic group is discussed in Section 6.

2. General setup: symmetric hypersurfaces

2A. Space of symmetric polynomials. Let V be a complex vector space of dimension k+ 2. Denote by
Symd(V ∗) the space of degree d polynomials on V. We have the natural action of SL(V ) on Symd(V ∗),
namely, g(F) = F ◦ g−1 for g ∈ SL(V ) and F ∈ Symd(V ∗). The center of SL(V ) is the group µk+2

consisting of (k+2)-th roots of unity. Let A be a finite subgroup of SL(V ) containing µk+2 and denote
by A = A/µk+2 the image of A in PSL(V ). Then Symd(V ∗) is a representation of A.

For any ξ ∈ µk+2 and F ∈ Symd(V ∗), we have ξ(F) = ξ−d F. Let λ : A→ C× be a character of A
such that λ|µk+2 sends ξ ∈ µk+2 to ξ−d . Let Vλ be the λ-eigenspace of Symd(V ∗). We write V = Vλ for
short. Geometrically, an element in V determines a degree d hypersurface (not necessarily smooth) in PV,
whose automorphism group contains A.

Two pairs (A1, λ1) and (A2, λ2) are called equivalent if and only if there exists g ∈ SL(V ) such that
g A1g−1

= A2 and λ1(a1)= λ2(ga1g−1) for any a1 ∈ A1. We call an equivalence class a symmetry type,
denoted by T. There is a poset structure on the space of symmetry types, namely, T2 ≤ T1 if T1, T2 are
represented by (A1, λ1), (A2, λ2) respectively, such that A1 ⊂ A2 and λ1 = λ2|A1 . Notice that the space V
depends on the representative (A, λ) of T.

For F ∈ V, we denote by Z(F) the hypersurface defined by F in PV. For X = Z(F), we denote by
Aut(X) the group of elements in PSL(V ) preserving X, and by Aut(F) the preimage of Aut(X) in SL(V ).
From [Matsumura and Monsky 1963, Theorems 1 and 2] we have:

Theorem 2.1 (Matsumura–Monsky). When X is smooth, d ≥ 3, k ≥ 2,

(i) the group Aut(X) is finite,

(ii) if (d, k) 6= (4, 2), the group Aut(X) contains all biregular automorphisms of X.

For any X = Z(F), the group A is naturally a subgroup of Aut(X). We propose the following conditions
on the symmetry type T :
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Condition 2.2. The linear space V contains a point F defining a smooth hypersurface.

Condition 2.3. The linear space V contains a point F with the hypersurface X = Z(F) smooth and
A = Aut(X).

Remark 2.4. Condition 2.3 is indeed stronger than Condition 2.2. For example, a smooth cubic fourfold
with an automorphism of order 7 can be defined by a polynomial

F(x0, . . . , x6)= x2
0 x4+ x2

1 x2+ x0x2
2 + x2

3 x5+ x3x2
4 + x1x2

5 + ax0x1x3+ bx2x4x5

with a, b∈C (see Proposition 6.1). The order 7 automorphism ρ is given by xi 7→ωi+1xi for ω a primitive
7-root of unity. On the other hand, such a polynomial always admits an order 3 automorphism given by
(x0, x1, x2, x3, x4, x5) 7→ (x1, x3, x5, x0, x2, x4). If we take A = 〈ρ〉 and take λ trivial, then (A, λ) is a
symmetry type satisfying Condition 2.2. However, for a generic member F ∈ V, the automorphism group
Aut(Z(F)) is strictly larger than A. Thus the symmetry type does not satisfy Condition 2.3. See [Laza
and Zheng 2019, Theorem 1.2] for more such examples.

For T satisfying Condition 2.2, a generic point in V defines a smooth hypersurface. We have a similar
result about Condition 2.3.

Proposition 2.5. If T = [(A, λ)] satisfies Condition 2.3, then a generic element in V defines a smooth
hypersurface X with A = Aut(X).

Proof. Suppose F ∈ V with X = Z(F) smooth, and A = Aut(X). Then any small deformation F1 of F
in V defines a smooth hypersurface Z(F1). By Proposition 2.1 in [Zheng 2019], when F1 is sufficiently
close to F, there exists g ∈ PSL(V ) such that gAut(Z(F1))g−1

⊂ Aut(X) = A. Since F1 ∈ V, we have
A ⊂ Aut(Z(F1)); hence A = Aut(Z(F1)). �

2B. Geometric invariant theory for symmetric hypersurfaces. Now we assume that d ≥ 3, k ≥ 2. Given
a symmetry type T = [(A, λ)] satisfying Condition 2.2, let C = {g ∈ SL(V ) | gag−1

= a for all a ∈ A}
and N ={g ∈ SL(V ) | g Ag−1

= A, λ(gag−1)= λ(a) for all a ∈ A} be two reductive subgroups of SL(V ).
For reductivity, see [Luna and Richardson 1979, Lemma 1.1].

Lemma 2.6. There is a natural action of N on V, under which the points in V defining smooth hypersur-
faces are stable.

Proof. For any g ∈ N and F ∈ V, we need to show g(F) ∈ V. For any a ∈ A, we have

a(g(F))= g(g−1ag(F))= g(λ(g−1ag)F)= gλ(a)F = λ(a)g(F),

which implies g(F) ∈ V by definition of V. Therefore, there is a natural action of N on V.
Now take F ∈ V with X = Z(F) smooth. Then Aut(X) is finite by Theorem 2.1. Since the stabilizer

group of F under the action of N is a subgroup of Aut(F), it is also finite. Moreover, NF is closed in
SL(V )F, and the latter is closed in Symd(V ∗) since Z(F) is smooth. Thus NF is closed in Symd(V ∗);
hence also closed in V. We conclude that F is stable under the action of N. �
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Denote Vsm
= {F ∈ V | Z(F) smooth}, by Vss the set of semistable elements in V under the action of N,

and by PVsm , PVss their projectivizations. By Lemma 2.6, we can take F = N\\PVsm to be the GIT
quotient, with the GIT compactification F = N\\PVss . Different representatives of the symmetry type
induce canonically isomorphic GIT-quotients. Define M=SL(V )\\PSymd(V ∗)sm to be the moduli space
of smooth degree d hypersurfaces in P(V ), with the GIT compactification M= SL(V )\\PSymd(V ∗)ss .
We have the following proposition:

Proposition 2.7. There is a natural morphism j :F→M sending [F] ∈F to [F] ∈M for any F ∈ Vsm .
This morphism is finite. When T satisfies Condition 2.3, the morphism j is a normalization of its image.

Proof. Here we use a projective version of the main theorem in [Luna 1975]. See the argument of
Proposition 8 in [Ressayre 2010]. Since A is a finite group, there exists certain symmetric power Syml(V)
on which the A-action is trivial. Consider the SL(V )-action on the coordinate ring

⊕
m Symlm(Symd(V ∗)∗)

of (P(Symd(V ∗)),O(l)). Notice that N is of finite index in the normalizer of A in SL(V ). By the main
theorem in [Luna 1975], we have a finite morphism

j̃ : Spec
((⊕

m

Symlm(V∗)
)N)
→ Spec

((⊕
m

Symlm(Symd(V ∗)∗)
)SL(V ))

sending semistable points to semistable points, and preserving the cone structures. Thus j̃ does not
contract any line; hence descends to a finite morphism j : F→M. The morphism j sends [F] ∈ F to
[F] ∈M for any F ∈ Vsm .

We claim that when T satisfies Condition 2.3, the morphism j is generically injective. Take generically
F1, F2∈V and assume [F1]=[F2] in M. Then there exists g∈SL(V )with g(F1)= F2. By the calculation

g−1ag(F1)= g−1a(F2)= g−1λ(a)F2 = λ(a)F1, (1)

we have that g−1ag ∈SL(V ) is an automorphism of Z(F1). By the genericity of F1, we have A∼=Aut(F1),
which implies that g−1ag ∈ A. Then by equation (1) and F1 ∈ V, we have λ(g−1ag)= λ(a). This implies
that g ∈ N, hence [F1] = [F2] in F. Thus j is generically injective.

Moreover, since F is normal and projective, j is a normalization of its image. �

Let T = [(A, λ)] be a symmetry type satisfying Condition 2.2. Consider the automorphism groups
Aut(F) for all F ∈ Vsm. There exists F ′ ∈ Vsm such that #Aut(F ′) is minimal. Let A′ =Aut(F ′). For any
a ∈ A′, there exists λ′(a) ∈ C with a(F ′)= λ′(a)F ′. Then we have a symmetry type T ′ = [(A′, λ′)]. It is
straightforward that T ≥ T ′, and T ′ satisfies Condition 2.3. Similar as T, we have for T ′ correspondingly
N ′,V ′ and F ′. We have the following proposition:

Proposition 2.8. There exists a natural finite morphism F→ F ′.

Proof. By Proposition 2.7, we have two finite morphisms j : F→M and j ′ : F ′→M, and the latter
one is a normalization of its image. We show that j and j ′ have the same image. We have j ′(F ′)⊂ j (F)
since V ′ ⊂ V. By Proposition 2.1 in [Zheng 2019], when F ′′ ∈ V is sufficiently close to F ′, there exists
g ∈ SL(V ), such that gAut(F ′′)g−1

⊂ Aut(F ′)= A′. By minimality of #A′, we have gAut(F ′′)g−1
= A′.
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This implies that Aut(g(F ′′)) = A′; hence g(F ′′) ∈ V ′. We then have dim( j (F)) ≤ dim( j ′(F ′)). By
irreducibilities of the two images, they are the same.

By universal property of normalization, the morphism j factors through j ′. Therefore, we have naturally
a finite morphism F→ F ′. �

Remark 2.9. The fiber of the finite morphism F → F ′ over [F ′] is naturally bijective to the orbit of
(A, λ) in the set of subdata of (A′, λ′) under the action of N ′.

2C. Universal deformation. We fix a type T = [(A, λ)] satisfying Condition 2.2, and assume d ≥ 3 and
k ≥ 2. Next we use Luna’s étale slice theorem to describe the local structure of F, and construct the
universal family of smooth degree d k-folds of type T. We essentially follow the argument in [Zheng 2019,
Section 2]. For Luna’s étale slice theorem and its proof, see [Luna 1973] or [Vinberg and Popov 1994].

Denote by G the centralizer of A in PSL(V ). Recall that PVsm is the space of smooth degree d k-folds
of symmetry type (A, λ). As a closed subvariety of the affine variety PSymd(V ∗)sm , the variety PVsm

is also affine. There is a natural action of G on PVsm. For any x ∈ PVsm, we denote by Gx the orbit
of x and by Gx the stabilizer of x . By Lemma 2.6, Gx is closed in the affine variety PVsm and Gx is
finite. For a Gx -invariant subvariety S of X containing x , there is an action of Gx on G × S given by
g(h, y)= (hg−1, gy) for any g ∈ Gx , h ∈ G, y ∈ S. We denote by G×Gx S the quotient of G× S by this
action. By Luna’s étale slice theorem, there exists a smooth, locally closed, Gx -invariant subvariety S
containing x , such that

(i) the image of κ : G×Gx S→ PVsm, denoted by U, is Zariski-open and G-invariant,

(ii) the morphism κ : G×Gx S→U is étale,

(iii) the morphism G\\κ : Gx\\S→ G\\U is étale,

(iv) the above two morphisms induce an isomorphism

G×Gx S ∼=U ×
G\\U

Gx\\S. (2)

We can shrink S in the analytic category such that

(v) S is Gx -invariant, contractible and contains x , with U = κ(G×Gx S) a G-invariant open subset of
PVsm,

(vi) the morphism between analytic spaces: Gx\\S→ G\\U is an isomorphism.

From (2), we have an isomorphism between analytic spaces,

G×Gx S ∼=U,

by which we have a principal Gx -bundle G× S→U. In particular, G× S→U is a covering map.

Definition 2.10. For any symmetry type T, we define a category CT
d,k as follows. The objects are families

of degree d k-folds of type T with a specified central fiber. The morphisms are holomorphic maps between
families, sending central fiber to central fiber and compatible with the action of A.
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Proposition 2.11. The family XS of degree d k-folds of type T over S has the following universal property.
For any subfamily XS′ → S′ ⊂ U of degree d k-folds of type T containing a central fiber X ′ with an
isomorphism f : X ′∼= X compatible with the actions of A, we have a unique morphism in the category CT

d,k :

XS′
f̃

−−−→ XSy y
S′ −−−→ S

such that the restriction of f̃ to X ′ is f . Moreover, for any two fibers X1, X2 of XS with an isomorphism
g : X1→ X2 compatible with the actions of A, we can extend g uniquely to a morphism g̃ :XS→XS in CT

d,k .

Proof. The base S′ lies in U and is covered by G×S. Thus we have a unique lifting S′ ↪→G×S, sending x ′

to ( f −1, x). In other words, we have uniquely a morphism f̃ :XS′→XS , which restricts to f on X ′.
Now suppose X1, X2 are two fibers of XS with an isomorphism g : X1 ∼= X2. Denote by x1, x2

the corresponding base points in S. Then (g, x1), (id, x2) ∈ G × S have the same image in U. Since
G× S→U is a principal Gx -bundle, the two pairs (g, x1) and (id, x2) are Gx -equivalent; hence g ∈ Gx .
The proposition follows. �

We have the following lemma, which is used in the proof of Proposition 4.8. Since it holds for general
degree d k-folds, we state and prove it here.

Lemma 2.12. Let
X S×PV

S

be a family of smooth degree d k-folds, with the base S contractible. Suppose there is a group Ã, such that
for all s ∈ S, the fiber Xs admits a biregular action of Ã, with induced actions on H n(Xs,Z) compatible
with respect to the local trivialization. Then there exists an action of Ã on the whole family X → S
inducing on each fiber the existing action.

To prove this, we need another lemma from [Javanpeykar and Loughran 2017, Proposition 2.12;
Matsumura and Monsky 1963]:

Lemma 2.13. For d ≥ 3, k ≥ 2, and a smooth degree d k-fold X, the induced action of Aut(X) on
H k(X,Z) is faithful.

Proof of Lemma 2.12. Without loss of generality, we can assume the action of Ã on each H n(Xs,Z) is
faithful. Take any s ∈ S. By Proposition 2.1 in [Zheng 2019], there is a universal hypersurface family X ′ of
Xs , such that any isomorphism between two fibers (may coincide) of X ′ comes from an automorphism of
the central fiber Xs . There exists an open neighborhood U of s in S, with a unique morphism X |U→X ′.
Then for any s ′ ∈U, the action of Ã on Xs′ is induced by a subgroup Ã′ of Aut(Xs). By Lemma 2.13,
and the compatibility of induced actions of Ã on Xs and Xs′ , we have Ã = Ã′ as subgroups of Aut(Xs).
Therefore, the actions of Ã on fibers of X → S glue to an action of Ã on the whole family. �
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3. Period map for smooth cubic fourfolds

In this section we recall some fundamental facts on the period map for cubic fourfolds, the main references
are [Voisin 1986; Hassett 2000; Looijenga 2009; Laza 2009; 2010].

Take (d, k)= (3, 4). Then we have M the moduli of smooth cubic fourfolds, as a Zariski-open subset
of its GIT compactification M. Let X be a smooth cubic fourfold. We denote by ϕX the intersection
pairing on H 4(X,Z). Then (H 4(X,Z), ϕX ) is an odd unimodular lattice of signature (21, 2). Denote
by ηX the square of the hyperplane class of X. Then H 4

0 (X,Z) := η⊥X is an even lattice of discriminant 3.
Now we define (3,30, η) to be an abstract data isomorphic to (H 4(X,Z), H 4

0 (X,Z), ηX ). This does not
depend on the choice of the cubic fourfold X.

Definition 3.1. A marking of the cubic fourfold X is an isomorphism 8 : H 4(X,Z) ∼= 3 of lattices
sending ηX to η.

Two marked cubic fourfolds (X1,81) and (X2,82) are called equivalent if there exists a linear
isomorphism g : X1→ X2 such that 81 = g∗82. Let Mm be the set of equivalence classes of marked
cubic fourfolds. From [Zheng 2019, Section 3], we have:

Proposition 3.2. The set Mm is a complex manifold in a natural way.

Next we define the period domain and period map for cubic fourfolds. Let

D̃ := P{x ∈ (30)C | ϕ(x, x)= 0, ϕ(x, x) < 0}.

This is an analytically open subset of a quadric hypersurface in P(30)C, and has two connected components.
We have naturally a holomorphic map

P̃ :Mm
→ D̃

sending (X,8) ∈Mm to 8(H 3,1(X)). It is called the local period map for cubic fourfolds.
Let D̂ be one connected component of D̃ and 0̂ be the index 2 subgroup of Aut(3, ϕ, η) which leaves

the component D̂ stable. Then 0̂ is an arithmetic group acting on D̂, and P̃ descends to

P :M→ 0̂\D̂,

which is called the (global) period map for cubic fourfolds.

Remark 3.3. The subgroup 0̂ consists of elements in 0 with spinor norm 1. Since there exist vectors
in 30 with self intersection −2, the group 0̂ is of index 2 in Aut(3, ϕ, η).

The global Torelli theorem was originally proved by Voisin [1986], with an erratum based on some
work by Laza [2009]:

Theorem 3.4 (Voisin). The period map P is an open embedding.

Remark 3.5. In fact, the period map P is algebraic; see the discussion in [Hassett 2000, Proposi-
tion 2.2.3].
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We give a lemma which is constantly used; see [Zheng 2019, Proposition 1.3].

Lemma 3.6. Take X a smooth cubic fourfold. Then Aut(X)∼= Aut(H 4(X,Z), ϕX , ηX , H 3,1(X)).

We have a refined version of Theorem 3.4:

Proposition 3.7 (Voisin, Hassett, Looijenga, Laza). The local period map P̃ :Mm
→ D̃ is an open

embedding, with image being the complement of a hyperplane arrangement invariant under the action of
Aut(3, η) on D̃.

Proof. Combining Theorem 3.4 and Lemma 3.6 we have injectivity. The characterization of the image
of P̃ is due to Looijenga [2009] and Laza [2010, Theorem 1.1], a more precise version is discussed in
Proposition 4.7. �

4. Period maps for symmetric cubic fourfolds

4A. Local period map for symmetric cubic fourfolds. In this section we are going to discuss the local
and global period maps for symmetric cubic fourfolds. Let (d, k) = (3, 4), and fix a symmetry type
T = [(A, λ)] satisfying Condition 2.2. We first introduce the local period domains with actions of
arithmetic groups. Take X = Z(F) for a generic point F ∈ V. Recall that the action of A on X induces an
action of A on H 3,1(X). This action is a character ζ : A→C× with trivial restriction on µk+2. We denote

H 4(X)ζ = {x ∈ H 4(X) | ax = ζ(a)x for all a ∈ A}.

Define a Hermitian form h : H 4(X)ζ × H 4(X)ζ → C by h(x, y) = ϕ(x, y). Denote by σX the action
of A on H 4(X,Z). Let σ be an action of A on 3, making (3, η, σ ) isomorphic to (H 4(X,Z), ηX , σX ).
Denote by 3ζ ⊂30⊗C the ζ -eigenspace of the action of A on (30)C.

Proposition 4.1. The Hermitian form h has signature (n′, 2) if ζ = ζ (this is also equivalent to ζ(A)⊂µ2);
it has signature (n′, 1) otherwise. Here n′ is a nonnegative integer independent of the choice of X.

Proof. Notice that the lattice H 4(X,Z) has signature (21, 2), with negative part H 3,1(X)⊕ H 1,3(X). If
ζ(A) is not contained in µ2, we have ζ 6= ζ . Since H 1,3 lies in ζ -eigenspace, the signature of h is (n′, 1).

For the case ζ(A)⊂µ2, both H 3,1(X) and H 1,3(X) are contained in Hζ ; thus h has signature (n′, 2). �

An isomorphism 8 : (H 4(X,Z), ηX , σX )∼= (3, η, σ ) is called a T-marking of X. We consider pairs
consisting of a smooth cubic fourfold and its T-marking. Two such pairs (X1,81) and (X2,82) are
equivalent if there exists g ∈ G such that 81 = g∗82. Letting Fm be the set of equivalence classes of
such pairs, we have:

Proposition 4.2. The set Fm is naturally a complex manifold.

Proof. First we describe the local charts on Fm. Take a point (X,8)∈Fm, and take a universal deformation
XS→ S of X as in Proposition 2.11. Since S is contractible, the local system R4π∗(Z) is trivializable
over S and the T-marking 8 of X naturally extends to a T-marking for every fiber of XS→ S. Thus we
have a map

α : S→ Fm .
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We first show that α is injective. Suppose X1, X2 are two fibers of XS , with 81,82 the induced
T-markings by 8, such that (X1,81) and (X2,82) represent the same point in Fm. Then there exists
g : X1 ∼= X2 with 82 =81 ◦ g∗. By Proposition 2.11 we have g ∈ Gx and 8=8◦ g∗; hence g∗ = id. By
Lemma 3.6 we have g = id. Thus α is injective.

By definition, Fm is covered by countably many such α(S), and they form a basis of a topology. To
show Fm is a complex manifold, we need to prove that the topology is Hausdorff. Suppose not, then
we have two nonseparated points (X,8), (X ′,8′) ∈ Fm. Then X and X ′ are isomorphic (because F is
separated). Without loss of generality, we assume X ′ = X. Take XS → S the universal family as in
Proposition 2.11, and

α, α′ : S→ Fm

induced by 8 and 8′. Now since (X,8) and (X ′,8′) are nonseparated, we have α(S) ∩ α′(S) 6= ∅.
Thus there exists x1 ∈ S with corresponding cubic fourfold X1, such that the two pairs (X1,8) and
(X1,8

′) represent the same point in Fm. Then there is an automorphism g of X1, such that 8′ =8 ◦ g∗.
Proposition 2.11 implies that g is also an automorphism of X and satisfies the above relation. Thus
(X,8)= (X,8′) in Fm, a contradiction. We showed the Hausdorff property. We conclude that Fm is
naturally a complex manifold. �

Remark 4.3. Proposition 4.2 can be generalized to degree d k-folds (d ≥ 3, k ≥ 2) with specified
automorphism group. The argument is the same.

When h has signature (n′, 1), we define DT =P{x ∈3ζ | ϕ(x, x) < 0}, which is a hyperbolic complex
ball of dimension n′; when h has signature (n′, 2), define DT to be a component of

P{x ∈ (30)ζ | ϕ(x, x)= 0, ϕ(x, x) < 0},

which is a type IV symmetric domain of dimension n′.
We define the local period map for symmetric cubic fourfolds of type T as the map from Fm to

DT tDT , sending (X,8) to 8(H 3,1(X)), still denoted by P̃ . Suppose DT is a type IV domain and Fm

is connected, then we make the choice of DT such that P̃ has image in DT . Actually, the two situations,
Fm being connected or not, both happen. See Proposition 4.9 for a precise argument.

4B. Properties of local period maps for symmetric cubic fourfolds. We need to review basic works by
Laza [2009; 2010]. In [Laza 2009] stable and semistable cubic fourfolds are classified. One of the main
theorems is:

Theorem 4.4 [Laza 2009]. A cubic fourfold with at worst ADE-singularities is stable.

Independently, Looijenga [2009] and Laza [2010] proved that the period map P :M→ 0̂\D̂ extends
to the moduli space M1 of cubic fourfolds with at worst ADE singularities, and characterized its image.
The results are gathered in the following theorem:
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Theorem 4.5 [Laza 2010]. The period map P :M→ 0̂\D̂ has image 0̂\(D̂−H∞−H1), and extends
holomorphically to

P :M1→ 0̂\D̂

with image 0̂\(D̂−H∞). Here H∞,H1 are two 0̂-invariant hyperplane arrangements in D̂, with the
quotients 0̂\H∞ and 0̂\H1 irreducible.

Remark 4.6. This characterization of the image P(M) was conjectured by Hassett [2000]. Hassett
defined the special cubic fourfolds, some of which correspond to polarized K 3 surfaces. The hyperplane
arrangements H1 and H∞ are two particular ones, parametrizing nodal cubic fourfolds and secant lines
of the determinantal cubic fourfold, and corresponding to K 3 surfaces of degree 6 and 2 respectively; see
[Hassett 2000, Sections 4.2 and 4.4].

We have also the following marked version of Theorem 4.5:

Proposition 4.7. The local period map P̃ :Mm
→ D̃ has image D̃−H∞−H1−H∞−H1.

Proof. By Theorem 4.5, the image of P̃ lies in D̃ −H∞ −H1 −H∞ −H1. Take any point x in
D̃−H∞−H1−H∞−H1. By Theorem 4.5 the point [x] ∈ 0̂\(D̂−H∞−H1) lies in the image of
P :M→ 0̂\D̂. Thus the orbit Aut(3, η)x intersects with P̃(Mm). Notice that the set P̃(Mm) is
Aut(3, η)-invariant; hence contains the orbit Aut(3, η)x . We showed the surjectivity. �

For a specified type T, we write D=DT for short. We have a natural embedding DtD ↪→ D̃. Denote
Hs = D∩ (H1 ∪H∞ ∪H1 ∪H∞) and H∗ = D∩ (H∞ ∪H∞). The local period map P̃ : Fm

→ DtD

has image contained in DtD−Hs −Hs .

Proposition 4.8. The local period map P̃ :Fm
→DtD is an open embedding, with image either D−Hs

or DtD−Hs −Hs . In particular, n′ = n.

Proof. We have a closed embedding π : DtD ↪→ D̃. There is a natural map j : Fm
→Mm. Suppose

(X1,81), (X2,82) represent the same point in Mm, then there exists a linear isomorphism g : X1 ∼= X2

such that
g∗ =8−1

1 ◦82 : H 4(X2,Z)→ H 4(X1,Z)

Since 81,82 are compatible with the actions of A on H 4(X1,Z), H 4(X2,Z), so is g∗. Lemma 3.6
implies that g is compatible with the actions of A on X1, X2. Thus (X1,81), (X2,82) represent the
same point in Fm. We showed the injectivity of j.

Combining this with the commutative diagram

Fm DtD

Mm D̃

P̃

j π

P̃

we obtain the injectivity of P̃ : Fm
→ DtD. In particular, n ≤ n′.
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Since the differential of P̃ :Mm
→ D̃ is injective everywhere, so is the differential of P̃ :Fm

→DtD.
Take (X,8) ∈ Fm. Let x = 8(H 3,1(X)) ∈ D tD and y be any point in the component of D tD

containing x . Since both D−Hs and D−Hs are connected, there exists a path

γ : [0, 1] → DtD−Hs −Hs

with γ (0)= x and γ (1)= y. The path γ has a unique lifting in Mm. By Proposition 3.7, we can choose
a family X → [0, 1] of cubic fourfolds, with marking 8 of every fiber, such that (X0,8)= (X,8) and
8(H 3,1(Xs))= γ (s), for all s ∈ [0, 1]. Since γ (s) ∈ DtD, the Hodge structure on H 4(Xs,Z) has an
action of A induced by 8. By Lemma 3.6, there exist actions of A on Xs for any s ∈ [0, 1], inducing
compatible actions on H 4(Xs,Z). By Lemma 2.12, actions of A are of the same type T. Thus we obtain
a lifting of γ in Fm, hence y ∈ P̃(Fm).

If P̃(Fm)⊂D, then P̃(Fm)=D−Hs ; otherwise P̃(Fm) intersects with both D and D, which implies
that P̃(Fm)= DtD−Hs −Hs . �

We introduce an involution on Mm. Take any smooth cubic fourfold X = Z(F), and a marking
8 : H 4(X,Z)→ 3. Let X ′ = Z(F). There exists a homeomorphism τ from X to X ′ given by the
complex conjugation. Let ι be the involution on Mm sending (X,8) to (X ′,8 ◦ τ ∗). Consider a smooth
cubic fourfold X = Z(F) such that F has real coefficients. Then τ is a diffeomorphism of X, and τ ∗ sends
H 3,1(X) to H 1,3(X). Therefore, choosing any marking 8 of X, the points [(X,8)] and [(X,8 ◦ τ ∗)] lie
in different components of Mm. This implies that the involution ι exchanges the two components of Mm.

Next we give criteria on the number of connected components of Fm. For a symmetry type T =[(A, λ)],
we define the complex conjugate T of T to be [( Ã, λ̃)], where Ã is the complex conjugate of A, and
λ̃(a)= λ(a) for all a ∈ Ã. From the definition, the involution ι exchanges the two spaces Fm

T and Fm
T

.

Proposition 4.9. Given a symmetry type T = [(A, λ)]:

(i) If ζ is not real, then Fm is connected.

(ii) If T = T , then Fm has two components.

(iii) If T satisfies Condition 2.3, and T 6= T , then Fm is connected.

Proof. Suppose ζ is not real, then P̃(Fm) lies in the ball attached to (3ζ , h). Thus Fm is connected.
Suppose T = T , then Fm is preserved by ι. Thus Fm has two components.
Suppose Fm has two components, then P̃(Fm)=DtD−Hs −Hs . Thus Fm is preserved by ι. Thus

Fm
T
= Fm

T . This can not happen if T satisfies Condition 2.3 and T 6= T . The third part follows. �

4C. Global period map. In this section we are going to define the global period domain for symmetric
cubic fourfolds of type T as an arithmetic quotient of D, and study the global period map.

Let (d, k) = (3, 4) and fix a symmetry type T = [(A, λ)] satisfying Condition 2.2. Let 0 =
{ρ ∈ 0̂ | ρAρ−1

= A} be the normalizer of A in 0̂. Take ρ ∈ 0̂ and a point x ∈ 3ζ . We claim
that ρx ∈3ζ . In fact, taking any a ∈ A, we have

aρx = ρρ−1aρx = ρζ(ρ−1aρ)x = ζ(ρ−1aρ)ρx .
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Since ρ ∈ 0̂, we have ρ[x] ∈ D̂. The two characters ζ and ρ−1ζρ both give nondefinite eigensubspaces
of 3C. We conclude that ζ = ρ−1ζρ; hence ρx ∈3ζ . This gives a natural action of 0 on D.

Let NA be the normalizer of A in Aut((30)Q, ϕ), which is a reductive algebraic subgroup. The group 0
is an arithmetic subgroup of NA; see the Appendix. The arithmetic quotient 0\D is a quasiprojective
variety thanks to the Baily–Borel compactification (see Section A3 in the Appendix). From our assumption
that the local period map P̃ for Fm takes values in D, we can take (Fm)1 to be the connected component
of Fm such that P̃((Fm)1)= D−Hs . Notice that when Fm is connected, we have (Fm)1 = Fm .

Proposition 4.10. The local period map P̃ : (Fm)1→ D−Hs descends to an algebraic isomorphism
P : F ∼= 0\(D−Hs).

Proof. There are natural analytic morphisms from Fm to F, and D−Hs to 0\(D−Hs). We define
the global period map P : F→ 0\(D−Hs) as follows. Take F ∈ Vsm . We choose a T -marking 8 of
X = Z(F), such that 8(H 3,1(X)) ∈ D (this also means that (F,8) ∈ (Fm)1). We define

P([F])= [P̃(X,8)].

We show this map is well-defined. Take F1, F2 ∈ Vsm with T -markings 81,82 respectively. Suppose
there exists g ∈ N, such that g(F1)= F2. We have an induced map

g∗ : H 4(Z(F2),Z)→ H 4(Z(F1),Z).

Next we show ρ = 81g∗8−1
2 ∈ 0. Denote a′ = gag−1. Since g ∈ N, we have a′ ∈ A. We have the

following commutative diagram:

3 H 4(Z(F2),Z) H 4(Z(F1),Z) 3

3 H 4(Z(F2),Z) H 4(Z(F1),Z) 3

8−1
2

a′

g∗

a′∗

81

a∗ a

8−1
2 g∗ 81

This implies that, as automorphisms of 3, a′ = ρ−1aρ. Thus ρ ∈0. We then have a well-defined analytic
morphism P : F→ 0\(D−Hs).

By definition we have the following commutative diagram:

(Fm)1 D−Hs

F 0\(D−Hs)

P̃

j π

P

(3)

We next show that P : F→ 0\(D−Hs) is an isomorphism.
We first show the injectivity. Suppose that (F1,81), (F2,82) ∈ Fm , with 81(H 3,1(Z(F1))) and

82(H 3,1(Z(F2))) representing the same point in 0\(D − Hs). Then there exists ρ ∈ 0, such that
ρ81(H 3,1(Z(F1)))=82(H 3,1(Z(F2))). The map

8−1
2 ρ81 : H 4(Z(F1),Z)→ H 4(Z(F2),Z)
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preserves the polarized Hodge structures. By Lemma 3.6, we have g ∈ SL(V ), with gF2 equals to F1

after rescaling of F2, and g∗ =8−1
2 ρ81. For any a ∈ A, we have a∗ : H 4(Z(F1),Z)→ H 4(Z(F1),Z).

The g−1ag acts on Z(F2), and this induces

(g−1ag)∗ = g∗a∗g∗−1
= (8−1

2 ρ81)(8
−1
1 a81)(8

−1
1 ρ−182)=8

−1
2 ρaρ−182.

Since ρ ∈ 0, we have ρaρ−1
∈ A. Again by Lemma 3.6, we have g−1ag ∈ A. Since

g−1agF2 = g−1aF1 = λ(a)g−1 F1 = λ(a)F2,

we have λ(g−1ag)= λ(a). We conclude g ∈ N. Thus P is injective.
By Proposition 4.8, the composition of

(Fm)1→ D−Hs→ 0\(D−Hs)

is surjective. By commutativity of diagram (3), the composition of

(Fm)1→ F→ 0\(D−Hs)

is also surjective; hence P : F→ 0\(D−Hs) is surjective.
The algebraicity of P can be deduced from its extension to certain compactifications on both sides;

see Theorem 5.3. An alternative argument follows the proof of Proposition 2.2.3 in [Hassett 2000] using
Baily–Borel compactification and the Borel extension theorem. �

5. Compactifications

In this section we are going to study the compactifications of both two sides of P : F→ 0\(D−Hs).
The essential ingredient is the identification between the GIT compactification of the moduli space of
cubic fourfolds and the Looijenga compactification of the global period domain, proved by Looijenga
[2009] and Laza [2010] independently. Depending on this, we will prove Theorem 1.2(i), and then
deduce Theorem 1.1(iii). In Theorem 5.7 (=Theorem 1.2(ii)), we give a criterion when the Looijenga
compactification is actually Baily–Borel compactification.

Let (d, k)= (3, 4). Recall that from Theorem 4.5 we have the isomorphism P :M1 ∼= 0̂\(D̂−H∞).
From [Looijenga 2009; Laza 2010] we have:

Theorem 5.1 (Looijenga, Laza). The period map P extends to an isomorphism P :M→ 0̂\D̂
H∞

.

Recall that H∗ = D∩ (H∞ ∪H∞), which is a 0-invariant hyperplane arrangement in D. We have a
morphism between locally symmetric varieties

0\D→ Aut(3, η)\D̃∼= 0̂\D̂.

We can construct the Looijenga compactification 0\D
H∗ of 0\(D−H∗) (see the Appendix). From

Theorem A.13, we have:
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Proposition 5.2. There exists a finite morphism π : 0\D
H∗
→ 0̂\D̂

H∞
. If T satisfies Condition 2.3, then

this morphism is a normalization of its image.

We now state our main theorem:

Theorem 5.3. The global period map P : F ∼= 0\(D − Hs) extends to an algebraic isomorphism
P : F ∼= 0\D

H∗ .

We need the following fact in algebraic geometry. We give the proof for the reader’s convenience.

Lemma 5.4. Let f1 : Z1 → Y and f2 : Z2 → Y be finite morphisms between irreducible algebraic
varieties. Suppose Z1, Z2 are normal. Moreover, suppose that there exists Zariski-open subset Ui of Zi ,
i = 1 or 2, with a biholomorphic map g :U1→U2, such that f1 = f2 ◦ g. Then g extends to an algebraic
isomorphism Z1→ Z2.

Proof. Without loss of generality, we assume that Y is affine. Let C(Z) be the field of rational functions on
an irreducible algebraic variety Z , and M(Z) the field of meromorphic functions. We claim g∗C(Z2)=

C(Z1). Let x ∈ C(U2)= C(Z2). Since C(U2) is a finite extension of C(Y ), g∗x is finite over C(U1). We
can find a Zariski-open subset U ◦1 of U1, with a Galois covering Ũ →U ◦1 , such that g∗x ∈ C(Ũ ). Since
g∗x ∈ M(U ◦1 ), it is invariant under the action of Deck transformations. Thus g∗x ∈ C(U ◦1 )= C(Z1). The
claim follows.

The coordinate ring C[Zi ] is the integral closure of C[Y ] in C(Zi ). So g∗C[Z2] = C[Z1]. Thus g
extends to an algebraic isomorphism Z1 ∼= Z2. �

Proof of Theorem 5.3. We have the commutative diagram

F 0\(D−Hs)

F 0\D
H∗

M 0̂\D̂
H∞

∼=

j π

P

(4)

with both j, π finite morphisms. The commutativity is straightforward from the definitions of the maps.
Since F is Zariski-open in F , the image j (F) contains a Zariski-open subset of j (F). Thus j (F) is
the closure of j (F) in M. The same argument shows that π(0\D

H∗
) is the closure of π(0\(D−Hs))

in 0̂\D̂
H∞

. By commutativity of diagram (4), the two images j (F) and π(0\(D−Hs)) are identified
via P, so are j (F) and π(0\D

H∗
). By Propositions 2.7, 5.2 and Lemma 5.4, we have an identification

between F and 0\D
H∗ which extends P : F ∼= 0\(D−Hs). This identification is the extended global

period map P : F ∼= 0\D
H∗ . �
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The proof of the above theorem does not use algebraicity of P. Actually, we can deduce algebraicity
of P from Theorem 5.3. At this point, we have already finished the proof of Theorem 1.1(i), (ii) and
Theorem 1.2(i). In the rest of this section, we prove Theorem 1.1(iii) and Theorem 1.2(ii).

Let V1 be the subset of V consisting of cubic forms of type T defining cubic fourfolds with at worst
ADE-singularities. The points in V1 are stable with respect to the action of SL(V ) on Sym3(V ∗); hence
also stable with respect to the action of N on V. Define F1 = N\\PV1 to be the moduli space of cubic
fourfolds of type T with at worst ADE-singularities. We have:

Proposition 5.5. The period map P : F → 0\(D − Hs) extends to an algebraic isomorphism P :

F1 ∼= 0\(D−H∗).

Proof. From the definition we have j (F1) = j (F)∩M1 and j−1( j (F1)) = F1. From Proposition 2.7,
the morphism j : F1→M1 is finite. On the other hand, we have

π(0\(D−H∗))= π(0\D
H∗
)∩ 0̂\(D̂−H∞)

and
π−1(π(0\(D−H∗)))= 0\(D−H∗).

From Proposition 5.2, the morphism π : 0\(D−H∗)→ 0̂\(D̂−H∞) is finite. By Theorems 4.5 and 5.3,
the two images j (F1) and π(0\(D−H∗)) are identified via P. By Lemma 5.4, we have the algebraic
isomorphism P : F1 ∼= 0\(D−H∗). �

If the hyperplane arrangement H∗ is empty, then the Looijenga compactification of 0\D is actually
the Baily–Borel compactification. Next we give a criterion of emptiness of H∗ from the perspective of
GIT. Following Section 6 of [Laza 2009], there is a rational curve χ parametrizing certain semistable
cubic fourfolds, given by

Fa,b(x0, . . . , x5)=

∣∣∣∣∣∣
x0 x1 x2+ 2ax5

x1 x2− ax5 x3

x2+ 2ax5 x3 x4

∣∣∣∣∣∣+ bx3
5

where (a : b) ∈WP(1 : 3) with WP(1 : 3) the weighted projective space of weight (1 : 3). We denote by
X(a:b) the cubic fourfold defined by Fa,b. Denote

F0(x0, . . . , x4)=

∣∣∣∣∣∣
x0 x1 x2

x1 x2 x3

x2 x3 x4

∣∣∣∣∣∣ ,
then Fa,b(x0, . . . , x5)= F0(x0, . . . , x4)+ ax5(4x1x3− 3x2

2 − x0x4)+ (b− 4a3)x3
5 .

We next define two pairs (G1, λ1) and (G2, λ2) which will be used in Theorem 5.7. Here for i = 1 or 2,
Gi is a subgroup of SL(V ) and λi : Gi → C× is a character of Gi . As we will discuss below, the pairs
(G1, λ1) and (G2, λ2) are essentially symmetries for F1,0 and F0,1 respectively.

The cubic fourfold X(1:0) is called the determinantal cubic fourfold. The singular locus of X(1:0)
is a rational surface. Explicitly, take V3 to be a complex vector space of dimension 3 and denote by
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[y0 : y1 : y2] a homogeneous coordinate for PV3. Consider an embedding PV3 ↪→ PV defined by
[y0 : y1 : y2] 7→ [x0 : · · · : x5] with x0= y2

0 , x1= y0 y1, x2−x5= y2
1 , x0+2x5= y0 y2, x3= y1 y2, x4= y2

2 .
This induces a natural morphism from GL(V3) to GL(V ). The image of PV3 in PV is called the Veronese
surface, and it is the singular locus of X(1:0). Actually the singular cubic fourfold X(1:0) is the secant
variety of the Veronese surface in P5, and the linear automorphism group of X(1:0) can be identified with
PSL(V3). For each g ∈ GL(V3) there is a complex number λ1(g) such that gF1,0 = λ1(g)F1,0. We hence
obtain a character λ1 of GL(V3). By standard theory on general linear group, there exists an integer k
such that λ1(g)= det(g)k for any g ∈GL(V3). To know k, we only need to compute λ1(g) for a special g.
Take g : (y0, y1, y2) 7→ (t y0, y1, y2). Then

g : (x0, x1, x2+ 2x5, x2− x5, x3, x4) 7→ (t2x0, t x1, t (x2+ 2x5), x2− x5, x3, x4).

Thus gF1,0 = t2 F1,0. This implies that λ1(g)= t2
= det(g)2 and we have k = 2. In conclusion, for any

g ∈ GL(V3) we have λ1(g)= det(g)2.
For b 6= 0, the singular locus of the cubic fourfold X(a:b) is a rational curve. Explicitly, take V2

to be a complex vector space of dimension 2 and denote by [y0 : y1] a homogeneous coordinate for
PV2. Let V5 be the subspace of V defined by x5 = 0. Consider an embedding PV2 ↪→ PV5 defined by
[y0 : y1] 7→ [x0 : · · · : x4] with xi = y4−i

0 yi for i = 0, 1, 2, 3, 4. This also induces a natural morphism
from GL(V2) to GL(V ). Then the singular locus of X(a:b) is the image of PV2 ↪→ PV5 ↪→ PV. By
[Laza 2009, Proposition 6.6 and its proof] the linear automorphism group of X(a:b) for a generic choice
(a : b) ∈WP(1 : 3) is PSL(V2). For any g ∈ GL(V2), there exists a complex number λ2(g) such that
gF0 = λ0(g)F0. A similar calculation as before gives λ0(g)= det(g)6.

When (a, b)= (0, 1), we have extra automorphisms of X(a:b) given by taking scalars on x5. Suppose
(g, u)∈GL(V5)×C× is an automorphism of F0,1= F0+x3

5 . Since gF0=det(g)6 F0 and u(x3
0)=u3x3

0 , we
must have det(g)6 = u3. Thus det(g)2/u is a third root of unity. The following definition is then natural:

Definition 5.6. (i) Let G1 be the intersection of SL(V ) with the image of GL(V3)→ GL(V ).

(ii) Let G̃2 be the subgroup of GL(V2)×C∗ consisting of elements (g, u) such that (det g)2/u is a third
root of unity. Let G2 be the intersection of SL(V ) with the image of the natural map G̃2→ GL(V ).

Both G1 and G2 contain the center of SL(V ). The restriction of λ1 to G1 is still denoted by λ1. For G2,
we have a character λ2 : (g, u) 7→ λ0(g)= det(g)6 = u3. The next theorem gives a criterion on emptiness
of H∗. We will apply this criterion to prime-order groups (Proposition 6.5).

Theorem 5.7. For a symmetry type (A, λ) satisfying Condition 2.2, the following three statements are
equivalent:

(i) The hyperplane arrangement H∗ is nonempty.

(ii) The space PVλ intersects with the orbit PSL(V )χ of the rational curve χ in PSym3(V ∗).

(iii) For i = 1 or 2, there exists h ∈ SL(V ) such that h−1 Ah ⊂ Gi and for any a ∈ A we have λ(a) =
λi (h−1ah). If this is satisfied, we say that (A, λ) factors through (Gi , λi ).



Moduli spaces of symmetric cubic fourfolds and locally symmetric varieties 2667

Proof. We first show the equivalence of (i) and (ii). If (ii) holds, the intersection points survive after taking
GIT quotients since the PSL(V ) orbits of points in χ are closed. Conversely, suppose j (F) intersects
with the image of χ at [F] in M. We can always take the representative F in Vλ has closed N -orbit.
According to the main theorem in [Luna 1975], the PSL(V )-orbit of [F] ∈ PSym3(V ∗) is also closed.
So F represents an element in PSL(V )χ .

Secondly we recall that the blow-up and blow-down construction in Looijenga compactification 0̂\D̂
H∞

gives a stratum corresponding to χ . We claim that H∗ is nonempty if and only if the image of 0\D
H∗

in 0̂\D̂
H∞

intersects with the stratum. From the proof of functoriality of semitoric compactification in
Section A4, we know that D6 intersects with H∞ if and only if D intersects with H∞. So the image of
0\D

H∗ intersects with the stratum if and only if D intersects with H∞. By diagram (4), the intersection
of j (F) with the image of χ in M is equivalent to the intersection of the image of π(0\D

H∗
) with the

stratum corresponding to χ . The equivalence of (i) and (ii) follows.
Next we show the equivalence of (ii) and (iii). Suppose (iii) is satisfied, then for i = 1 or 2, there exists

h ∈ GL(V ) such that h−1 Ah ⊂ Gi and λ(a)= λi (h−1ah) for any a ∈ A. Then hF1,0 or hF0,1 lies in Vλ.
This implies (ii).

Suppose (ii) holds. Then there is a member Fa,b in χ , and an element h ∈GL(V ), such that hFa,b ∈ Vλ.
If b = 0 or a = 0, then (A, λ) factors through (G1, λ1) or (G2, λ2). Otherwise, we claim that the
linear automorphism group of X(a:b) is indeed PSL(V2); hence (A, λ) factors through both (G1, λ1) and
(G2, λ2). Let g ∈ GL(V ) be an automorphism of Fa,b. Since the singular locus of Fa,b is the image
PV2 ↪→ PV, the automorphism g fixes PV2 which is the smallest subspace of PV containing the singular
locus. Moreover, g is induced by an element of GL(V2). Since Fa,b(x0, . . . , x5) contains no monomial
with the degree of x5 equal to 2, the action of g on the coordinate x5 is by a scalar. By a 6= 0 we conclude
that g fixes x5. Therefore, the linear automorphism group of X(a:b) is PSL(V2). The discussion above
shows that (ii) and (iii) are equivalent. �

6. Examples and related constructions

In this section we apply our theorems to specific examples. We will first review the classification of prime-
order automorphisms of smooth cubic fourfolds [González-Aguilera and Liendo 2011, Theorem 3.8] in
Section 6A, then in Section 6B we will show how our results recover a main theorem in [Laza et al. 2018].

6A. Prime-order automorphisms of smooth cubic fourfolds. The classification of prime-order automor-
phisms of smooth cubic fourfolds was given in [González-Aguilera and Liendo 2011, Theorem 3.8]. For
the reader’s convenience we present the result in this section. (There was a small mistake in [González-
Aguilera and Liendo 2011, Theorem 3.8]. The second example with p = 5 contains only singular cubic
fourfolds. This is pointed out in [Boissière et al. 2016, Remark 6.3]).

Proposition 6.1 [González-Aguilera and Liendo 2011]. Let ω be a prime p-th root of unity and ρ =
(m0, . . . ,m5) be the automorphism of V ∼= C6 given by (x0, . . . , x5) 7→ (ωm0 x0, . . . , ω

m5 x5). The list of
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smooth cubic polynomials F preserved by the action under ρ is as follows:

T 1
2 : ρ = (0, 0, 0, 0, 0, 1), n = 14, F = L3(x0, . . . , x4)+ x2

5 L1(x0, . . . , x4).

T 2
2 : ρ = (0, 0, 0, 0, 1, 1), n = 12,

F = L3(x0, . . . , x3)+ x2
4 L1(x0, . . . , x3)+ x4x5 M1(x0, . . . , x3)+ x2

5 N1(x0, . . . , x3).

T 3
2 : ρ = (0, 0, 0, 1, 1, 1), n = 10,

F = L3(x0, x1, x2)+ x0L2(x3, x4, x5)+ x1 M2(x3, x4, x5)+ x2 N2(x3, x4, x5).

T 1
3 : ρ = (0, 0, 0, 0, 0, 1), n = 10, F = L3(x0, . . . , x4)+ x3

5 .

T 2
3 : ρ = (0, 0, 0, 0, 1, 1), n = 4, F = L3(x0, . . . , x3)+M3(x4, x5).

T 3
3 : ρ = (0, 0, 0, 0, 1, 2), n = 8, F = L3(x0, . . . , x3)+ x3

4 + x3
5 + x4x5 M1(x0, . . . , x3).

T 4
3 : ρ = (0, 0, 0, 1, 1, 1), n = 2, F = L3(x0, x1, x2)+M3(x3, x4, x5).

T 5
3 : ρ = (0, 0, 0, 1, 1, 2), n = 7,

F = L3(x0, x1, x2)+M3(x3, x4)+ x3
5 + x3x5L1(x0, x1, x2)+ x4x5 M1(x0, x1, x2).

T 6
3 : ρ = (0, 0, 1, 1, 2, 2), n = 8,

F = L3(x0, x1)+M3(x2, x3)+ N3(x4, x5)+
∑

i=1,2; j=3,4;k=5,6

ai jk xi x j xk .

T 7
3 : ρ = (0, 0, 1, 1, 2, 2), n = 6,

F = x2L2(x0, x1)+ x3 M2(x0, x1)+ x2
4 L1(x0, x1)

+x4x5 M1(x0, x1)+ x2
5 N1(x0, x1)+ x4 N2(x2, x3)+ x5O2(x2, x3).

T 1
5 : ρ = (0, 0, 1, 2, 3, 4), n = 4,

F = L3(x0, x1)+ x2x5L1(x0, x1)+ x3x4 M1(x0, x1)+ x2
2 x4+ x2x2

3 + x3x2
5 + x2

4 x5.

T 1
7 : ρ= (1, 2, 3, 4, 5, 6), n= 2, F = x2

0 x4+x2
1 x2+x0x2

2+x2
3 x5+x3x2

4+x1x2
5+ax0x1x3+bx2x4x5

T 1
11 : ρ = (0, 1, 3, 4, 5, 9), n = 0, F = x3

0 + x2
1 x5+ x2

2 x4+ x2x2
3 + x1x2

4 + x3x2
5 .

Here the lower index is the prime p, the polynomials L i ,Mi , Ni are of degree i , and n is the dimension of
the corresponding GIT-quotient.

Remark 6.2. This classification offers 13 symmetry types with #A a prime number 2, 3, 5, 7 or 11. Those
symmetry types may not satisfy Condition 2.3. See previous discussion in Remark 2.4.

By Griffiths residue calculus [1969a; 1969b], for a smooth cubic fourfold X = Z(F), the complex
line H 3,1(X) is generated by ResX (�/F2). Here �=65

i=0(−1)i xi dx1∧· · ·∧ d̂xi ∧· · ·∧dx5. By direct
calculation, we have:

Proposition 6.3. (i) For type T = T 2
2 , T 3

3 , T 4
3 , T 6

3 , T 1
5 , T 1

7 , T 1
11, we have ζ = 1.

(ii) For type T = T 1
2 , T 3

2 , we have ζ =−1

(iii) For type T = T 1
3 , T 2

3 , T 5
3 , T 7

3 , we have that ζ(ρ) is equal to ω or ω.

We already proved that P(Fm) is either D−Hs or DtD−Hs −Hs . From Proposition 4.9, we have:
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Proposition 6.4. (i) If T = T 1
3 , T 2

3 , T 5
3 , T 7

3 , then D is a complex hyperbolic ball and P̃(Fm)=D−Hs .

(ii) If T = T 1
2 , T 2

2 , T 3
2 , T 3

3 , T 4
3 , T 6

3 or T 1
7 , then D is a type IV domain and P̃(Fm)= DtD−Hs −Hs .

Now we apply Theorem 5.7 for prime-order cases.

Proposition 6.5. For T = T 1
2 , T 3

2 , T 2
3 , T 3

3 , T 4
3 , T 7

3 , T 1
11, we obtain isomorphisms between GIT compactifi-

cations F with Baily–Borel compactifications 0\D
bb

. For T = T 2
2 , T 1

3 , T 5
3 , T 6

3 , T 1
5 , T 1

7 , the corresponding
Looijenga compactifications are not Baily–Borel compactifications.

Proof. We do the calculation for p= 2 and 3; the other cases are similar. Suppose p= 2. If (A, λ) factors
through (G1, λ1), a generator of A corresponds (up to conjugate) to g = diag(1, 1,−1) ∈ GL(V3) with
order 2. The image of g in GL(V ) is diag(1, 1, 1, 1,−1,−1). If (A, λ) factors through (G2, λ2), then we
take (g, u) ∈GL(V2)×C∗ such that g= diag(1,−1) and u is a third root of unity. The image of (g, u) in
GL(V ) is diag(1, 1, 1, 1,−1,−1). In both two cases, we obtain diag(1, 1, 1, 1,−1,−1)∈ SL(V ) and the
values of both λ1 and λ2 are equal to 1. By Theorem 5.7, the symmetry type T 2

2 does not give Baily–Borel
compactification and T 1

2 , T 3
2 give Baily–Borel compactifications.

Suppose p = 3. If (A, λ) factors through (G1, λ1), then a generator of A corresponds to g =
diag(1, 1, ω) ∈ GL(V3) with order 3. The image of g in GL(V ) is diag(1, 1, 1, ω, ω, ω2), with value
of λ1 equal to det(g)2 = ω2. If (A, λ) factors through (G2, λ2), then we take (g, u) ∈ GL(V2)× C×

with g = diag(1, ω) or diag(1, 1), and u a third root of unity. The image of (g, u) in GL(V ) is
diag(1, 1, ω, ω, ω2, u) or diag(1, 1, 1, 1, 1, u). For these elements, the values of λ2 equal to u3

= 1. We
conclude that for T 1

3 , T 5
3 , T 6

3 we do not obtain Baily–Borel compactification, and for other T i
3 we do. �

Remark 6.6. Notice that Proposition 6.5 is compatible with results in previous literature. For T = T 1
2 , we

have H∗ is empty and we obtain Baily–Borel compactification. This is proved in [Laza et al. 2018] via a
lattice-theoretic argument. For T = T 1

3 , the arrangement H∗ is not empty and we do not obtain Baily–Borel
compactification. This coincides with the work in [Looijenga and Swierstra 2007; Allcock et al. 2011].

Remark 6.7. Notice that for the symmetry type T 1
7 , the hyperplane arrangement H∗ is nonempty and the

dimension of each member is 1. This is one of the examples in which the approach adopted in previous
works does not apply; see the discussion right after Theorem 1.2.

6B. Examples revisit. Take T = T 1
3 . Then T = [(A = µ3, λ= 1)] satisfies Condition 2.3. The space F

can be identified with the moduli space of smooth cubic threefolds. The local period domain D is a
complex hyperbolic ball of dimension 10 with an action of an arithmetic group 0. Then Theorems 1.1
and 1.2 recover the main results in [Looijenga and Swierstra 2007; Allcock et al. 2011]. By Proposition 6.5,
the hyperplane arrangement H∗ is nonempty. Actually, from [Looijenga and Swierstra 2007; Allcock
et al. 2011], the quotients 0\Hs has two irreducible components, and 0\H∗ is irreducible.

Take T = T 1
2 . Then T = [(A = µ2, λ= 1)] satisfies Condition 2.3. In this case, the moduli space F

turns out to be the moduli space of pairs consisting of a cubic threefold and a hyperplane section.
This was recently studied in [Laza et al. 2018]. Denote by W1 = H 0(P4,O(3)) the space of cubic
forms in x0, . . . , x4 and by W2 = H 0(P4,O(1)) the space of linear forms in x0, . . . , x4. We have
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an identification W1 ⊕W2 ∼= V sending (L3, L1) to L3 + x2
5 L1. In [Laza et al. 2018], the authors

defined F to be a GIT-quotient of (PW1×PW2,O(3)�O(1)) by SL(5,C). Direct calculation shows
that N = C = SL(5,C)× Z ⊂ SL(V ), where Z = {diag(u, u, u, u, u, u−5) | u ∈ C×} is the center. The
following proposition gives the relation of our constructions with that in [Laza et al. 2018]:

Proposition 6.8. We have identification between polarized projective varieties:

Z\\(PV,O(1))∼= (PW1×PW2,O(3)�O(1)).

Proof. It is equivalent to show⊕
k

(H 0(PV,O(k)))Z ∼=
⊕

k

H 0(PW1×PW2,O(3k)�O(k))

as graded algebras. The action of Z on W1 has weight 3, and on W2 weight −9.
We have the direct sum decomposition

Symm(V∗)=
⊕

k+l=m

SymkW∗1 ⊗SymlW∗2

with Z -action of weight−3k+9l. The weight zero part has k= 3l and m= 4l. So we obtain identification
between the two polarized varieties. �

Moreover, by Proposition 6.5, the hyperplane arrangement H∗ is empty in this case, and we obtain
identification between F and Baily–Borel compactification 0\D

bb
. It is straightforward to see that the

arithmetic group 0 is exactly the one used in [Laza et al. 2018]. Therefore, we recover the main result in
[Laza et al. 2018].

Appendix: Locally symmetric varieties and Looijenga compactifications

It is well-known that the normalization of each stratum in the orbifold loci of a locally Hermitian symmetric
variety is still a locally Hermitian symmetric variety. For the reader’s convenience, we include a discussion
of this fact in Section A1. In the rest of the appendix, we prove that a similar result (Theorem A.13)
holds for Looijenga compactifications. This is first observed by Looijenga [2016, p. 72]. We provide the
complete formalism and the details of the proof.

We will recall the construction of Looijenga compactifications [2003a; 2003b] of arithmetic quotients X

of complex hyperbolic balls or type IV domains. There are two steps. The first is constructing the
semitoric blowup X

6
, which is an intermediate compactification of arithmetic quotient X sitting between

Baily–Borel and toroidal compactifications. We will recall the geometric construction of Baily–Borel
compactifications of complex hyperbolic balls and type IV domains in Section A3, and recall the semitoric
blow-up construction in Section A4. The second step is taking successive blow-up constructions along
the hyperplane arrangement in X

6
and blow-down constructions of certain induced strata (we will sketch

this in Section A5).
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The idea of the proof of Theorem A.13 is that natural morphisms between arithmetic quotients (of balls
or type IV domains) can be extended to morphisms between Baily–Borel compactifications, semitoric
compactifications and Looijenga compactifications. Moreover, the extensions are finite morphisms. We
call this the functorial property. We will prove the functorial property for Baily–Borel compactification
in Section A3, for semitoric compactifications in Section A4, and for Looijenga compactification in
Section A5. The existence of the extension in the Baily–Borel case is done in [Kiernan and Kobayashi
1972]. Harris [1989] proved the functorial properties for toroidal compactifications of locally symmetric
varieties. The other part of our results in Sections A3, A4, A5, up to our knowledge, are new. Our proof
follows the same idea in [Harris 1989]. We need to verify that the combinatorial data associated with the
ambient hyperplane arrangements induces the same type of combinatorial data for subspaces, and match
each stratum accordingly.

A1. Orbifold loci of locally symmetric varieties. In this section we show the normalization of an orbifold
stratum of a locally Hermitian symmetric variety is again a locally Hermitian symmetric variety.

Let G be a real reductive algebraic group with compact center. Let K be a maximal compact subgroup
of G. Let D= G/K be the corresponding symmetric space. Assume D is Hermitian symmetric and G
has a Q-structure. Let 0 ⊂ G(Q) be an arithmetic subgroup. For simplicity, we assume the action of 0
on D is faithful. Denote by X = 0\D the arithmetic quotient. This is naturally a quasiprojective variety
due to Baily–Borel compactification [1966]. There is a natural orbifold structure on X. We consider the
orbifold locus indexed by certain finite subgroup A ⊂ 0. More precisely, we take A ⊂ 0 fixing some
point x ∈ D. Without loss of generality, we assume K to be the stabilizer of x ∈D under the action of G.
Then A⊂ K. Denote by G A, K A and 0A the corresponding normalizers of A in G, K and 0, respectively.
Then G A is again a real reductive algebraic group with compact center and K A is a maximal compact
subgroup (see [Looijenga 2016, pp. 37–38]). There is a natural holomorphic embedding

G A/K A ↪→ D= G/K .

Define DA := G A/K A. This is a Hermitian symmetric subspace of D. We have the following proposition:

Proposition A.1. The group 0A is an arithmetic subgroup in G A(Q) and the map π : 0A\DA→ 0\D is
finite. Furthermore, if A is the stabilizer of x under the action of 0, then this map gives a normalization
of its image.

Proof. Due to the extension theorem of Baily–Borel compactifications (see Theorem 2 in [Kiernan and
Kobayashi 1972]), the map π is algebraic and proper. We show π is finite. It suffices to show π is
quasifinite, namely, having finite fibers. Take any y ∈ DA. Suppose we have a point y′ = ρy for ρ ∈ 0.
Then ρ−1 Aρ is contained in the stabilizer group of y. Actually, the 0A-orbits of such points y′ are
one-to-one corresponding to subgroups with form ρ−1 Aρ in the stabilizer group of y, hence finitely many.

If A is the stabilizer group of x , a generic point in XA := 0A\DA also has A as stabilizer group. We
first show that π is generically injective in this case. Take generically x1, x2 ∈ DA, and assume they
[x1] = [x2] in 0\D. Then there exists ρ ∈0 such that ρx1= x2. Since both x1, x2 have stabilizer group A,
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we have ρAρ−1
= A; hence ρ ∈ 0A. This implies that [x1] = [x2] in 0A\DA. We have π a finite and

birational morphism from a normal variety to its image, hence a normalization of its image. �

Remark A.2. The same construction also works for any finite volume locally Hermitian symmetric
varieties. The difference from the arithmetic case is that 0A is not automatically a lattice. We need to
use the compactification in finite volume case (see Theorem 1 in [Mok and Zhong 1989]) to show that
the orbifold locus also admits a compactification, which implies the finiteness of the volume by Yau’s
Schwarz lemma [1978].

A2. Orbifold loci of ball and type IV quotients. We now focus on arithmetic quotients of balls and
type IV domains.

We fix some notation that will be used in the rest of the appendix. Let (VQ, ϕ) be a vector space over Q

with nondegenerate rational bilinear form ϕ of signature (2, N ). Let V = VQ⊗C. Notice that here VQ is
not necessarily the middle cohomology of cubic fourfold. Similar to Section 3, the type IV domain D̂

attached to (VQ, ϕ) is a component of

D̂t D̂= P{x ∈ V | ϕ(x, x)= 0, ϕ(x, x) > 0}.

Denote by Ĝ the subgroup of Aut(ϕ)(R) (of index 2) respecting the component D̂. Let 0̂ ⊂ Ĝ be an
arithmetic subgroup. The corresponding locally Hermitian symmetric variety is X̂ = 0̂\D̂. Let A be
a finite subgroup of 0̂. Let ζ be a character of A, such that there exists x ∈ V with ϕ(x, x) = 0 and
ϕ(x, x) > 0, and a(x)= ζ(a)x for all a ∈ A. Denote by Vζ the ζ -subspace of V. Then there is a natural
Hermitian form h on Vζ defined by h(x, y)= ϕ(x, y). If ζ = ζ , this Hermitian form has signature (2, n)
and we obtain a type IV subdomain D of D̂. Otherwise the signature is (1, n) and we obtain a complex
hyperbolic ball B inside D̂. Indeed, let

G := {g ∈ Ĝ | g Ag−1
= A}

be an algebraic subgroup over Q. The fixed locus of A in D is G(R)/K, where K is maximal compact
subgroup of G(R). Denote 0= {ρ ∈ 0̂ | ρ−1 Aρ = A}. As in Section 4, we have 0 an arithmetic subgroup
of G(Q) acting on B or D. Then we have a natural map 0\D→ 0̂\D̂ or 0\B→ 0̂\D̂. We consider the
following condition:

Condition A.3. The group A is the stabilizer of a generic point of D or B.

If A satisfies this condition, Proposition A.1 implies that the morphism π : 0\B → 0̂\D̂ or π :
0\D→ 0̂\D̂ is the normalization of its image.

We will consider a larger set of type IV subdomains. Taking WQ to be a Q-subspace of VQ with
signature (2, n), we have the associated type IV subdomain D inside D̂ with the action of an arithmetic
group 0W = {ρ ∈ 0̂ | ρ(W )=W }. Take VZ to be an integral structure on VQ such that 0 ⊂ Aut(VZ) has
finite index. Denote WZ :=WQ ∩ VZ. For x ∈ D, define Pic(x) := V 1,1

x ∩ VZ to be the Picard lattice of x
where x is viewed as a weight two Hodge structure on VZ. Then for generic x ∈D, we have Pic(x)=W⊥Z .

We have the following lemma:
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Lemma A.4. For A satisfying Condition A.3 and W = Vζ , we have 0A = 0W .

Proof. It is straightforward that 0A ⊂ 0W , and they both act on D. Take any ρ ∈ 0W and a generic point x
in D. Then A is contained in the stabilizer group of ρx . Thus both A and ρ−1 Aρ are contained in the
stabilizer group of x . Since x is generic, we have ρ−1 Aρ = A by Condition A.3. So ρ ∈ 0A. We showed
that 0W ⊂ 0A. �

With this lemma, we will simply denote by 0 the arithmetic group acting on D. We have:

Proposition A.5. For any Q-subspace WQ (of VQ) with signature (2, n), we have a morphism π :

0\D→ 0̂\D̂, which is the normalization of its image.

Proof. Properness is by [Kiernan and Kobayashi 1972]. Take a generic point x in D. Suppose ρ ∈ 0̂
sends x to ρx ∈ D. The Picard lattice Pic(ρx) of ρx contains W⊥Z ; hence ρ−1(W⊥Z )⊂ Pic(x). Since x is
generic, we have Pic(x)=W⊥Z . This implies that ρ(W⊥Z )=W⊥Z ; hence ρ(W )=W. Thus ρ ∈ 0W .

Finally, we show finiteness. Take a point x ∈ D. For any ρ ∈ 0̂, we have ρ−1(W⊥Z ) contained in the
Picard lattice Pic(x). The set 0̂x is a disjoint union of some 0-orbits, each of which corresponds to the
image of certain primitive embedding of W⊥Z into Pic(x). The orthogonal complement of W⊥Z in Pic(x)
is positive definite with discriminant at most det(W⊥Z )det(Pic(x)). By reduction theory of lattice, there
are finitely many such primitive embeddings. �

A3. Functoriality of Baily–Borel compactification. In this section we recall Baily–Borel compactifica-
tions of arithmetic quotients of complex hyperbolic balls or type IV domains; see [Baily and Borel 1966;
Looijenga 2003a; 2003b].

We deal with type IV domain D̂ first. The boundary components of Baily–Borel compactifications
corresponds to Q-isotropic planes J or Q-isotropic lines I. Let

πJ⊥ : P(V )−P(J⊥)→ P(V/J⊥) and πI⊥ : P(V )−P(I⊥)→ P(V/I⊥)

be the natural projections. The image πJ⊥D̂ is isomorphic to upper half plane. The image πI⊥D̂ is a point.
Adding rational boundary components, we have

D̂bb
:= D̂t

∐
J

πJ⊥D̂t
∐

I

πI⊥D̂

with suitable topology and ringed space structure. The Baily–Borel compactification is the quotient
0\D̂bb as a projective variety.

Given WQ ⊂ VQ with signature (2, n). Let D be the corresponding type IV domain. We have a natural
map from D to D̂, inducing 0\D→ 0̂\D̂. According to Theorem 2 in [Kiernan and Kobayashi 1972],
this holomorphic map can be extended to Baily–Borel compactifications, sending boundary components
into boundary components.

Proposition A.6 (type IV to type IV). There is a natural finite extension of π :0\D→ 0̂\D̂ to Baily–Borel
compactifications

π : 0\D
bb
→ 0̂\D̂

bb
.

If A satisfies Condition A.3, the map is a normalization of its image.
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Proof. Let W := Vζ in this proof. The boundary components of Dbb correspond to rational isotropic
planes J and rational isotropic lines I in W. From the natural embedding W ↪→ V, they also have
associated boundary components in D̂bb. Under the natural commutative diagram

P(W )−P(J⊥) P(W/J⊥)

P(V )−P(J⊥) P(V/J⊥)

πJ⊥

πJ⊥

we have isomorphisms πJ⊥D→ πJ⊥D̂, and similar maps πI⊥D→ πI⊥D̂, which induce an extension
Dbb
→ D̂bb equivariant under the action of 0→ 0̂. After taking quotients, we have an extension map

Xbb
→ X̂bb. By Proposition A.1, this map is generically injective and it is finite over 0̂\D̂. Let 0J be

the stabilizer of J under the action of 0. The projection of 0 in GL(J ) (or equivalently GL(V/J⊥))
is arithmetic. The boundary component corresponding to J is the quotient of πJ⊥D̂ by 0J , hence a
modular curve. The restriction to the boundary component corresponding to each J is a nonconstant map
between modular curves, hence finite. The restriction to boundary components corresponding to each I
is automatically finite. So we have an algebraic finite morphism between normal varieties Xbb

→ X̂bb.
If A satisfies Condition A.3, then this morphism is generically injective by Proposition A.1, hence a
normalization of its image. �

We recall the Baily–Borel compactification of Ball quotient. Let K be a CM field and WK a finite-
dimensional vector space over K with

hK :WK ×WK → K

a K -valued Hermitian form. For each embedding ι : K ↪→ C, we define Wι :=WK ⊗ι C, then we have a
Hermitian form hι :Wι×Wι→ C. Assume the form hι has signature (1, n) under embedding ι= ι1 or ι1,
and is definite otherwise. The complex ball B is defined to be the set of positive lines in Wι1 . The
boundary components of Baily–Borel compactification correspond to K -isotropic lines I in WK and we
denote Bbb

:= Bt
∐

I πI⊥B. When the totally real part of K is not Q, there exists complex embedding ι
such that (Wι, hι) is definite, which implies that any isotropic vector in WK must be zero. Thus in this
case the boundary set is empty.

Now consider the action of A on V with ζ 6= ζ . Let K be the cyclotomic field generated by ζ(A).
Take WK to be the ζ -eigenspace of VK := VQ⊗ K under the action of A.

Lemma A.7. The K -vector space WK is isotropic under ϕ.

Proof. Taking any x, y ∈WK , we need to show ϕ(x, y)= 0. Take a ∈ A such that ζ(a) is not real. Then
ζ(a)2 6= 1. By

ϕ(x, y)= ϕ(ax, ay)= ϕ(ζ(a)x, ζ(a)y)= ζ(a)2ϕ(x, y),

we have ϕ(x, y)= 0. �
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There is a natural Hermitian form h of signature (1, n) on WK , given by h(x, y) = ϕ(x, y) for all
x, y ∈WK . The Galois conjugates of K define eigenspaces of V under the action of A. The sum of all
those eigenspaces is a subspace of V defined over Q. Then we have the ball B consisting of positive lines
in W and we denote (0\B)

bb
:= 0\Bbb the Baily–Borel compactification of X = 0\B.

Proposition A.8 (ball to type IV). There is a natural finite extension of π : 0\B→ 0̂\D̂ to Baily–Borel
compactifications

π : 0\B
bb
→ 0̂\D̂

bb
.

If A satisfies Condition A.3, the map is a normalization of its image.

Proof. Similar as the proof for type IV case, we need to identify the boundary components on both sides.
The ball and its boundaries are defined as above by WK . If K is not a quadratic extension of Q, then
the boundary set is empty; hence 0\B is already compact. If K is, then each K -isotropic line I together
with its complex conjugate I defines a rational isotropic plane in VQ. So there is a natural extension map
Bbb
→ D̂bb which is equivariant under the action of 0→ 0̂. After taking quotient on both sides, we have

a finite algebraic map π : Xbb
→ X̂bb. If A satisfies Condition A.3, then this morphism is generically

injective by Proposition A.1, hence a normalization of its image. �

Remark A.9. Similar constructions of ball quotients appears in the arithmetic examples of Deligne–
Mostow theory; see [Deligne and Mostow 1986; Looijenga 2007]. In both constructions, if the cyclotomic
field generated by the corresponding characters is not Q(

√
−1) or Q(

√
−3), then the Baily–Borel

compactification is compact.

A4. Functoriality of semitoric compactifications. We first briefly sketch the semitoric blow-up construc-
tions of complex hyperbolic balls and type IV domains with respect to certain hyperplane arrangements;
see [Looijenga 2003a; 2003b]. Semitoric compactification with respect to a hyperplane arrangement
is the minimal blowup of certain boundary components in Baily–Borel compactification, such that the
closure of every hypersurface is Cartier at the boundary.

Let Ĥ be a hyperplane arrangement on D̂ defined by a set of negative vectors v ∈ VQ, which form
finitely many orbits under the action of 0̂. We recall some definitions and notation in [Looijenga 2003b].
Each rational isotropic line I in VQ realizes D̂ as a tube domain, with real cone denoted by

C I ⊂ (I⊥/I ⊗ I )(R).

Each rational isotropic plane J determines a half line on the boundaries of the C I for any I ⊂ J. The
union of these cones is called the conical locus of D̂. Let C I,+ be the convex hull of C I ∩ (I⊥/I ⊗ I )(Q),
which is the union of C I with rational isotropic half lines corresponding to J containing I. The hyperplane
arrangement Ĥ determines an admissible decomposition 6(Ĥ) of the conical locus. More precisely, it is
a 0-invariant choice of locally rational cone decomposition of C I,+ such that the support for isotropic
half line corresponding to J is independent of those I ⊂ J ; see Section 6 of [Looijenga 2003b] for details.
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For each member σ of 6(Ĥ) contained in C I,+, we define a corresponding vector subspace Vσ of V as
follows. When σ is the half line corresponding to an isotropic plane J, then

Vσ :=
(⋂

J⊂H

H
)
∩ J⊥.

Otherwise Vσ is the span of σ in I⊥, which is also the intersection among I⊥ and those H ∈ Ĥ
containing I. Here we identify H ⊂ V with H ∈ Ĥ. We have a projection πσ : D→ P(V/Vσ ). The
semitoric compactification is denoted by X

6
= 0\D6. Here D6

:=
∐
σ∈6 πσ D̂. The space X

6
has a

natural map to X̂bb respecting the stratifications. We have two different types of boundary components.
One is finite quotient of an abelian torsor over the modular curve 0̂J\πJ⊥ D̂. The abelian torsor is
modeled over vector group J⊥/Vσ quotient by a lattice. The other is an algebraic torus torsor over a
point πI⊥ D̂, which is the boundary stratum in the quotient of an infinite-type toric variety induced by the
cone decomposition of C I,+. In particular, each cone of codimension k corresponds to algebraic torus
torsor of dimension k.

Given WQ ⊂ VQ a sublattice of signature (2, n), with D the associated type IV domain, we have the
intersection H := D∩ Ĥ a 0-invariant hyperplane arrangement in D. We also have the semitoric blowup
of D with respect to H.

Theorem A.10 (type IV to type IV). There is a natural finite extension of π : 0\D→ 0̂\D̂ to semitoric
compactifications

π : 0\D
6(H)
→ 0̂\D̂

6(Ĥ)
.

If A satisfies Condition A.3, the map is a normalization of its image.

Proof. We first show the existence of π : 0\D
6(H)
→ 0̂\D̂

6(Ĥ)
as a morphism between two projective

varieties, then prove finiteness.
The subdomain is induced by (W, ϕ). The isotropic lines and planes in W are naturally viewed as

boundary data of both D and D̂. The conical locus of D is naturally embedded into that of D̂.
Suppose σ ∈6(H) does not correspond to a rational isotropic plane of W. Then we have a rational

isotropic line I, such that σ is contained in C I,W,+ and intersects with C I,W . For each H containing I, the
intersection H∩C I,W being not empty is equivalent to H∩D being not empty. Then there exists τ ∈6(Ĥ)
such that σ = τ ∩W . We denote by σ̂ the minimal element among all such τ . Thus σ = C I,W ∩ σ̂ , which
implies Wσ = Vσ̂ ∩W.

Let σ ∈6(H) correspond to an isotropic plane J contained in both W and a hyperplane H. Suppose
v is a normal vector of H and v = w+w⊥ the decomposition in V = W ⊕W⊥. We have ϕ(v, v) < 0.
The hyperplane H intersects with D if and only if ϕ(w,w) < 0. Since the orthogonal complement of w
in WQ contains the isotropic plane J, we have either ϕ(w,w)< 0 or ϕ(w,w)= 0. Suppose the latter case
happens, then w ∈ J since otherwise 〈J, w〉 is an isotropic subspace of rank 3 contained in WQ, which
is impossible. Thus in this case H ⊃ J⊥ ∩W. The above argument holds for any H ∈H containing σ ;
hence Wσ = Vσ ∩W . In this case we also denote σ̂ = σ .
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For σ = {0} ∈ 6(H), just take σ̂ = {0} ∈ 6(Ĥ). Then for every σ ∈ 6(H), we have a natural
holomorphic map πσD→ πσ̂ D̂ which is apparently injective. Taking union among σ , we have∐

σ∈6(H)

πσD→
∐

σ∈6(H)

πσ̂ D̂ ↪→
∐

τ∈6(Ĥ)

πτ D̂

with the composition continuous. After taking quotients by the equivariant actions on both sides, we
obtain a finite map between the boundary components. Actually, for those rational isotropic planes J,
we obtain finite morphisms between Abelian torsors; for those rational isotropic lines I, we obtain finite
morphisms between algebraic torus torsors. If A satisfies Condition A.3, then π is generically injective
by Proposition A.1, hence a normalization of its image. �

Remark A.11. The injectivity of
∐
σ∈6(H) πσD→

∐
τ∈6(Ĥ) πτ D̂ is already known by [Looijenga 2003b,

paragraph after Lemma 7.1].

For ζ 6= ζ , we have ball B attached to W = Vζ . We next describe the semitoric compactification of B

with respect to H. Here we identify elements in H with hypersurfaces in W. The cusp points correspond
to isotropic lines I in WK . Let

j (I )=
( ⋂

H∈H,H⊃I

H
)
∩ I⊥W

and πI : P(W )−P( j (I ))→ P(W/j (I )). Define

X
j
= 0\

(
Bt

∐
I

π j (I )B
)
.

It naturally maps to the Baily–Borel compactification. The boundary component over each cusp point is
an abelian torsor modeled over the vector space I⊥W/j (I ) quotient by a lattice.

Theorem A.12 (ball to type IV). There is a natural finite extension of π : 0\B→ 0̂\D̂ to semitoric
compactifications

π : 0\B
j
→ 0̂\D̂

6(Ĥ)
.

If A satisfies Condition A.3, the map is a normalization of its image.

Proof. If K is not a quadratic extension of Q, then X is compact and the theorem holds. Now assume
that K is a quadratic extension of Q. Namely, K = Q(

√
−D) for certain positive integer D. Take

any isotropic line I in WK . Suppose a nonzero generator of I is e+
√
−D f , where e, f ∈ VQ. Then

ϕ(e+
√
−D f, e−

√
−D f )= 0. From Lemma A.7 we have ϕ(e+

√
−D f, e+

√
−D f )= 0. This implies

that J = 〈e, f 〉 is an isotropic plane in VQ.
We claim that j (I ) = W ∩ VJ . Take H ∈ Ĥ with orthogonal vector v ∈ VQ. Under the orthogonal

decomposition VK =WK ⊕WK ⊕V ′, we can decompose v as v= vW +vW +v
′. Then ϕ(Re(vW ), J )= 0.

From Lemma A.7 we have ϕ(vW , I )= 0. Therefore, ϕ(Im(vW ), I )= 0 and hence ϕ(Im(vW ), J )= 0.
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Since (VQ, ϕ) has signature (2, N ), the orthogonal complement of J in VQ is negative semidefinite.
Thus ϕ(Re(vW ),Re(vW ))≤ 0 and ϕ(Im(vW ), Im(vW ))≤ 0. We then have

ϕ(vW , vW )= ϕ(Re(vW ),Re(vW ))+ϕ(Im(vW ), Im(vW ))≤ 0.

Suppose ϕ(vW , vW ) < 0, then H ∩B 6=∅. Suppose ϕ(vW , vW )= 0, then vW is an isotropic line in WK .
The vectors Re(vW ) and Im(vW ) in VQ are then isotropic. These two vectors are orthogonal to J ; hence
they belong to J. We deduce that H ⊃ I⊥W . By the definition of j (I ) and VJ , we conclude the claim.

We now have naturally an injective map π j (I )B→ πJ D̂. Taking the union among those isotropic
lines I, we have an injective map

Bt
∐

I

π j (I )B ↪→
∐

σ∈6(Ĥ)

πσ D̂.

After taking quotients by the equivariant actions on both sides, we obtain a morphism π :0\B
j
→0\D̂

6(Ĥ)
.

Actually, the restriction of this π to the boundary component corresponding to I is a finite morphism
between Abelian torsors. We conclude that there is natural extension

π : (0\B)
j
→ (0̂\D̂)

6(Ĥ)

which is a finite morphism between projective varieties. If A satisfies Condition A.3, this π is generically
injective, hence a normalization of its image. �

A5. Main theorem. In this section, we first describe the construction of Looijenga compactification X
H

of X◦ :=X−0\H. We need to successively blow up nonempty intersections of components of 0\H, and
then contract the strict transformations of 0\H via a natural associated semiample line bundle on the
blowup. We then prove existence and finiteness of morphism between Looijenga compactifications on
both sides of X→ X̂.

The blow-up and blow-down constructions with respect to hyperplane arrangement in any normal
analytic variety with a properly given line bundle are discussed in the first three sections in [Looijenga
2003a]. Looijenga applied this general theory to (X

6(H)
, 0\H,L), where X is either arithmetic quotient

of type IV domain D or ball B, and L is the natural automorphic line bundle; see [Looijenga 2003a,
Theorem 5.7; 2003b, Theorem 7.4].

We now describe the blow-up and blow-down constructions before quotient by the arithmetic groups.
The Looijenga compactifications are obtained by the modified spaces quotient by the arithmetic groups.
Denote by PO(H) the set of nonempty intersections of elements in H as hyperplanes in D (or B). Let
L ∈ PO(H) also denote its closure in D6 (or B j ). Denote c(L) := codim(L)− 1.

We first look at the semitoric compactification D6 of D. Denote by (D6)◦ the arrangement complement
of H in D6. Choose L ∈PO(H) a minimal member. Blowing up along L replaces L by the projectivization
of its normal bundle, which is isomorphic to L ×Pc(L). The modified space, denoted by BlL(D

6), has
natural topology, arrangement (the strict transform of the previous one) and automorphic line bundle.
The strict transforms of those hypersurfaces passing through L form a hyperplane arrangement in Pc(L),
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and we denote the complement by (Pc(L))◦. The complement of the new arrangement in BlL(D
6) is the

disjoint union (D6)◦t L× (Pc(L))◦. After blowing up successively until hypersurfaces disjoint, we obtain
the final blowup D̃. This is a disjoint union of (D6)◦ with L× (Pc(L))◦ for all such minimal L appearing
in each step.

Now we can contract L × (Pc(L))◦ along the direction of L for all such L , and obtain D∗ with natural
quotient topology. Set-theoretically, L × (Pc(L))◦ is contracted to (Pc(L))◦. We have the following
description (see [Looijenga 2003b]):

D∗ =
∐

L∈PO(H)

πLD◦ t
∐

σ∈6(H)

πσD◦.

Notice that for σ being the vertex, πσ is identity and πσD◦ = D◦.
The spaces D6, D̃,D∗ constructed above all have natural ringed space structure. Namely, we have

the structure sheaves consisting of continuous functions with analytic restriction to each stratum. The
group 0 naturally acts on those ringed spaces respecting the stratification. The topological quotient
space X

H
:= 0\D∗ has normal analytic structure respecting the stratification; see [Looijenga 2003b,

Theorem 7.4]. According to the Riemann extension theorem, the quotient ringed space structure and the
analytic structure on X

H
coincide.

For the case of ball, parallel argument gives B̃ and B∗. We have

B∗ = B◦ t
∐

L∈PO(H)

πLB◦ t
∐

I

π j (I )B
◦.

This also has natural ringed structure, and X
H ∼= 0\B∗ as analytic spaces.

Theorem A.13 (Main Theorem). There is a natural extension of π : 0\(D − H) → 0̂\(D̂ − Ĥ) to
Looijenga compactifications

π : 0\D
H
→ 0̂\D̂

Ĥ

which is a finite morphism. If A satisfies Condition A.3, the map is a normalization of its image. The same
result holds for ball quotients.

Proof. From Theorem A.10, we have natural morphisms from D6 to D̂6. Near each boundary component,
there is a contraction map from a neighborhood to the boundary itself. The arrangement in total space is
the pullback of smooth arrangement on the boundary. According to the map defined near the boundary
components, we know that any H ∈ Ĥ not intersecting with D is still away from D6 after taking its
closure. From Corollary 7.15 in Chapter II in [Hartshorne 1977], we have injective map D̃→ ˜̂D respecting
the ringed space structures. Notice that the automorphic line bundle on D6 is the pull back of that on D̂6;
hence we have an injective map on the stratum L× (Pc(L))◦ to L̂× (Pc(L̂))◦ which is linear on the second
component. Here L̂ is a minimal member used in certain step of the successive blow-up construction
of D̂, and L is the induced member on the smaller subspace by intersecting with L̂ . After blowing down,
we have a natural injective map D∗→ D̂∗ respecting the ringed space structures.
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This morphism descends to a morphism π : 0\D∗→ 0̂\D̂∗, still in the category of ringed spaces. We
then have an analytic morphism

π : X
H
→ X̂

Ĥ
.

This analytic morphism extends π :X◦→ X̂◦, and sends boundary strata into boundary strata. Combining
with Theorem A.10, the extended morphism π here is finite. If A satisfies Condition A.3, it is generically
injective and hence a normalization of its image.

The same argument also holds for ball quotients. �

List of symbols

(d, k) dimension and degree of a hypersurface
V complex vector space of dimension k+ 2
F degree d polynomial in k+ 2 variables
X degree d k-fold; cubic fourfold when (d, k)= (3, 4)
A a finite subgroup of SL(V ), containing the center µk+2 of SL(V )
A image of A in PSL(V )
λ character of A with specified restriction to µk+2

T equivalence class of (A, λ), called symmetry type of degree d k-fold
V eigenspace of Symd(V ∗) corresponding to (A, λ)
C centralizer of A in SL(V )
N a reductive group acting on V
Vsm/Vss space of smooth/semistable points in V
F GIT quotient of Vsm by N
Fm moduli space of cubic fourfolds with T -markings
F1 moduli space of cubic fourfolds of type T, which admits at worst ADE singularities
F GIT quotient of Vss by N, which is a compactification of F
M moduli space of smooth cubic fourfolds
M GIT compactification of M
(30)3 (primitive) middle cohomology lattice of a smooth cubic fourfold
ϕ topological intersection pairing on 3
η square of the hyperplane class
D̂ local period domain for cubic fourfolds
0̂ monodromy group of the universal family of smooth cubic fourfolds
H1/H∞ 0̂-invariant hyperplane arrangement in D̂

ζ character of A, induced by the action of A on H 3,1(X)
3ζ eigenspace of (30)C corresponding to the character ζ
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σX/σ representation of A on H 4(X,Z)/3
h X/h Hermitian form on H 4(X)ζ/3ζ
D local period domain for cubic fourfolds of symmetry type T
0 normalizer of A in 0̂
Hs/H∗ 0-invariant hyperplane arrangements in D

0\D
H∗ Looijenga compactification of 0\(D−H∗)

P̃ local period map
P global period map
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Motivic multiple zeta values relative to µ2

Zhongyu Jin and Jiangtao Li

We establish a short exact sequence about depth-graded motivic double zeta values of even weight relative
to µ2. We find a basis for the depth-graded motivic double zeta values relative to µ2 of even weight and a
basis for the depth-graded motivic triple zeta values relative to µ2 of odd weight. As an application of our
main results, we prove Kaneko and Tasaka’s conjectures about the sum odd double zeta values and the
classical double zeta values. We also prove an analogue of Kaneko and Tasaka’s conjecture in depth three.
Finally, we formulate a conjecture which is related to sum odd multiple zeta values in higher depth.

1. Introduction

Multiple zeta values are defined by the convergent series

ζ(n1, . . . , nr )=
∑

0<k1<···<kr

1
kn1

1 · · · k
nr
r
, n1, . . . , nr−1 > 0, nr > 1.

In particular, when r = 1 they are the classical Riemann zeta values. We call r the depth, and N =
n1+ · · ·+ nr the weight of the above multiple zeta value.

Denote by ZN the Q-vector space generated by all the weight N multiple zeta values for N > 0, and
Z0 =Q. Then ZN1 ·ZN2 ⊆ ZN1+N2 , and

Z = Z0+Z1+ · · ·+ZN + · · ·

is an algebra with the shuffle product. The weight structure is conjectured to be a grading. There is a
depth filtration D on ZN ,

DrZN = 〈ζ(n1, . . . , nk) ∈ ZN , k ≤ r〉Q,

where for xi ∈ R, i ∈ A, 〈xi , i ∈ A〉Q mean the Q-linear subspace generated by xi , i ∈ A in R.
The double zeta values generate the subspace D2Z of Z. Gangl, Kaneko, Zagier [Gangl et al. 2006]

found an interesting connection between period polynomials of SL2(Z) and the double shuffle relations
among D2Z .

Brown [2012] defined the motivic multiple zeta values algebra H. Its elements can be written as
Q-linear combinations of motivic multiple zeta values ζm(n1, . . . , nr ). There is a surjective algebra
homomorphism:

η :H→ Z, ζm(n1, . . . , nr ) 7→ ζ(n1, . . . , nr ).

MSC2010: primary 11F32; secondary 11F67.
Keywords: multiple zeta values, period polynomial, mixed Tate motives.
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Brown proved that the set {ζm(n1, . . . , nr ), ni ∈ 2, 3} is a basis for nonzero weight subspace of H, thus
proving that every multiple zeta value is a Q-linear combination of ζ(n1, . . . , nr ), ni ∈ 2, 3 (Conjecture C
in [Hoffman 1997]). Because of the period homomorphism, we can study the multiple zeta values by
studying these motivic multiple zeta values.

Motivic multiple zeta values also satisfy the double shuffle relations by [Soudères 2010]. By Gangl,
Kaneko, Zagier’s results, there are also period polynomial relations among motivic double zeta values of
even weight. This fact was reinterpreted as a short exact sequence which involves motivic double zeta val-
ues of even weight with a slight modification and period polynomials in the second author’s paper [Li 2019].

Furthermore, Li [2019] proposed two exact sequence conjectures which relate the depth-graded version
of motivic multiple zeta values and period polynomials of SL2(Z). Li verified the two conjectures in low
depth. Besides, Li and Liu [2020] established a short exact sequence about motivic double zeta values of
odd weight.

After Brown, Glanois [2016] considered the motivic multiple zeta values relative to µN , which is a
generalization of H for the cyclotomic field , where µN is the set of all N -th roots of unity. She gave a
basis of motivic multiple zeta values relative to µN for N = 2, 3, 4, 6, 8. We will give a brief introduction
to Glanois’ work in the next section in the case of N = 2.

Ma [2015] studied motivic double zeta values relative to µN for N = 2, 3. He found various connections
between some special matrices which come from motivic Galois action on motivic double zeta values
relative to µN , Hecke operators and newforms of 00(N ) for N = 2, 3.

In the rest of this paper, we only consider the motivic multiple zeta values relative to µ2, and denote
by H the Q-algebra generated by them rather than the motivic multiple zeta algebra of Brown for
convenience.

For positive integers n1 ≥ 1, n2 ≥ 2, define

ζ o(n1, n2)=
∑

0<k1<k2,odd

1
kn1

1 kn2
2
.

It is obvious to see

ζ o(n1, n2)=
1
4
(
ζ(n1, n2)− ζ(n1, n2)− ζ(n1, n2)+ ζ(n1, n2)

)
,

where

ζ(n1, n2)=
∑

0<k1<k2

(−1)k1

kn1
1 kn2

2
, ζ(n1, n2)=

∑
0<k1<k2

(−1)k2

kn1
1 kn2

2
, ζ(n1, n2)=

∑
0<k1<k2

(−1)k1+k2

kn1
1 kn2

2
.

Denote by Z2 the Q-vector space generated by

ζ

(
n1, . . . , nr

ε1, . . . , εr

)
=

∑
0<k1<···<kr

ε
k1
1 · · · ε

kr
r

kn1
1 · · · k

nr
r
, εi ∈ {1,−1}, (nr , εr ) 6= (1, 1),

and we call N = n1+ · · ·+ nr and r its weight and depth respectively. Denote by DrZ2 the subspace of
Z2 spanned by elements of depth ≤ r . According to the previous equality, we have ζ o(n1, n2) ∈ D2Z2.
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Similarly we have

ζ o(n1, n2, . . . , nr )=
∑

0<k1<k2<···<kr , odd

1
kn1

1 kn2
2 · · · k

nr
r
=

1
2r

∑
εi∈{±1},1≤i≤r

ε1ε2 · · · εrζ

(
n1, . . . , nr

ε1, . . . , εr

)
.

We call ζ o(n1, n2, . . . , nr ) a sum odd multiple zeta value.
In the case of even weight, Kaneko and Tasaka [2013] found the following result:

Theorem 1.1 (Kaneko–Tasaka). For any even integer N ≥ 4, denote by SN (2) the space of cusp forms
for 00(2)=

{
γ ∈ SL2(Z); γ =

(a
c

b
d

)
, c ≡ 0 mod 2

}
of weight N, then we have

dimQ〈ζ
o(2r, N − 2r); 1≤ r ≤ N/2− 1〉Q ≤ N/2− 1− dimC SN (2).

Besides, for N even, they also conjectured that elements

ζ o(2r − 1, N − 2r + 1), 1≤ r ≤ N/2− 1

are Q-linear independent, and each element ζ o(r, N − r), 1 ≤ r ≤ N − 2 can be written as a Q-linear
combination of

ζ o(2r − 1, N − 2r + 1), 1≤ r ≤ N/2− 1, ζ(N ).

In this paper we will reinterpret Kaneko and Tasaka results on the motivic level.
There are weight grading and depth filtration structures on H which are compatible with the usual

weight and depth structures on classical multiple zeta values relative to µ2. Denote by grDr HN the
weight N depth r part of the depth-graded motivic multiple zeta values, and

gr•H=Q⊕
⊕
r≥1

DrH/Dr−1H.

Denote by ζ o,m(n1, n2) the motivic sum odd double zeta value, which we will introduce later. Let Po,m
ev

be the space generated by the images of

{ζ o,m(n1, n2), n1, n2 ≥ 2, even}

in the quotient grD2 H.
Our first main result (in a rough version) is the following:

Theorem 1.2. There is an exact sequence with respect to sum odd motivic double zeta values

0→ Po,m
ev → (grD1 Hodd

⊗ grD1 Hodd)b→ P(00(2))∨→ 0,

where H is the algebra of motivic multiple zeta values relative to µ2.

Details of the above notations will be introduced in Sections 3 and 4. Theorem 1.2 gives a description
of the space of motivic sum odd multiple zeta values of the form

ζm,o(n1, n2), n1, n2 ≥ 2, even,

and from it we recover Theorem 1.1 immediately.
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We can also discuss the case of odd n1, n2, and obtain the following theorem:

Theorem 1.3. (i) For an even integer N ≥ 4, the set of the images of

{ζ o,m(n1, n2), n1+ n2 = N , 1≤ ni ≤ N − 1, odd}

in grD2 H is a basis for grD2 HN .

(ii) For an odd integer N ≥ 5, the set of the images of

{ζ o,m(n1, n2, n3), n1+ n2+ n3 = N , 1≤ ni ≤ N − 2, odd}

in grD3 H is a basis for grD3 HN .

In the above theorem, ζ o,m(n1, n2, n3) means the motivic version of the sum odd multiple zeta value
ζ o(n1, n2, n3). Its definition will be given in Section 2.

From the explicit calculations in the proof of Theorems 1.2 and 1.3, we also obtain the following
theorem, which was conjectured in [Kaneko and Tasaka 2013, Section 3.2, Remark 2].

Theorem 1.4. (i) For an even integer N ≥ 4, the space

〈ζ o(r, N − r); 1≤ r ≤ N − 2〉Q

is spanned by
{ζ(N ), ζ o(r, N − r); 1≤ r ≤ N − 3, odd}.

(ii) For an even integer N ≥ 6, we have〈
ζ(n1, n2); n1+ n2 = N , n2 ≥ 2〉Q ⊆ 〈ζ o(n1, n2); n1+ n2 = N , n2 ≥ 2〉Q,

〈ζ o(n1, n2); n1+ n2 = N , ni even〉Q ⊆ 〈ζ(n1, n2); n1+ n2 = N , n2 ≥ 2〉Q.

We can also give some information in higher depth cases, as in the case of depth 3:

Theorem 1.5. For a given odd integer N ≥ 5, and n1+ n2+ n3 = N , n1, n2 ≥ 1, n3 ≥ 2, the element

ζ o(n1, n2, n3)

can be written as a Q-linear combination of

ζ o(m1,m2,m3), m1+m2+m3 = N , m1,m2 ≥ 1,m3 ≥ 3,mi odd

and lower depth multiple zeta values relative to µ2.

It seems that Theorem 1.3 should also be true for higher depth. We calculate the depth-graded
motivic Galois action for sum odd motivic multiple zeta values explicitly in higher depth. Assuming the
invertibility of a specific matrix, we can prove the higher depth analogue of Theorem 1.3.

Our paper is divided as follows. In Section 2A, we introduce mixed Tate motives over Z
[ 1

2

]
. In

Section 2B, we introduce motivic multiple zeta values relative to µ2, which was considered by Glanois
[2016], following Deligne and Goncharov’s work [2005]. We consider the motivic Galois action and
show the way to do the calculation in Section 2C. Then we give a brief introduction to period polynomials
in Section 3. The proofs of our main results will be given in Sections 4 and 5.
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2. Motivic multiple zeta values relative to µ2

As said in the introduction, the motivic multiple zeta values relative to µN are the generalization of
Brown’s motivic multiple zeta values. In this section, we only define them in the case of N = 2. The
main references for this section are [Deligne 2010; Glanois 2016; Gil and Fresán 2018].

2A. Mixed Tate motives over Z
[1

2
]
. Consider the category of mixed Tate motives over Z

[ 1
2

]
; denote it

by MT 2. It is a Tannakian category with the natural fiber functor

ω :MT 2→ VecQ;M 7→ ⊕ωr (M),

where
ωr (M)= HomMT 2(Q(r), grω

−2r (M)).

Let GMT 2 be the Tannakian fundamental group (the motivic Galois group) of MT 2 with respect to
this fiber functor ω, and UMT 2 be the pro-unipotent radical of GMT 2 . We have

GMT 2 ∼= Gm nUMT 2 .

By Proposition 1.9 in [Deligne and Goncharov 2005], the extension group Ext1MT 2
(Q(0),Q(n)) is

nontrivial only when n ≥ 1, odd and

Ext1MT 2
(Q(0),Q(n))∼=Q, n ≥ 1, odd,

Ext2MT 2
(Q(0),Q(n))= 0, for all n.

By Appendix A in [Deligne and Goncharov 2005], there is a set of symbols { f2n+1; n ≥ 0} such that
(noncanonical isomorphism)

O(UMT 2)∼=Q〈 f1, f3, . . . , f2n+1, . . .〉,

where Q〈 f1, f3, . . . , f2n+1, . . .〉 denotes the noncommutative polynomial ring with variables f1, f3, . . . ,
f2n+1, . . . under the shuffle product.

Let g be the Lie algebra of UMT 2 , then g= (m/m2)∨, where m ⊆O(UMT 2) is the maximal ideal. It
is a free Lie algebra with a set of generators {σ2n+1; n ≥ 0}.

Denote by 051 = π
d R
1 (P1

− {0, 1,−1,∞},
−→

10,
−−−−→

− 11) the motivic torsor of paths from 0 to 1 on
P1
−{0,±1,∞}, with tangential base point given by the tangent vectors 1 at 0 and −1 at 1. It is a functor.

For any Q-algebra R, denote by R〈〈e0, e−1, e1〉〉 the noncommutative formal power series in e0, e−1, e1

with coefficients in R and

4 : R〈〈e0, e−1, e1〉〉 → R〈〈e0, e−1, e1〉〉⊗R R〈〈e0, e−1, e1〉〉

the co-product on R〈〈e0, e−1, e1〉〉 satisfying4ei = ei⊗1+1⊗ei for i ∈{0,±1}. Letting R〈〈e0, e−1, e1〉〉
×

be the set of nonzero elements of R〈〈e0, e−1, e1〉〉, we have

051(R)= {S ∈ R〈〈e0, e−1, e1〉〉
×
; 4S = S⊗ S},

i.e., 051(R) is the set of group-like elements in R〈〈e0, e−1, e1〉〉
×.
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Denote by ei the canonical dual of ei for i ∈ {0, 1,−1}. The affine ring of regular functions of 051 is
the graded algebra with the shuffle product

O(051)∼=Q〈e0, e1, e−1
〉.

The symbol 011 is the point 011 : Spec Q → 051 whose function ring homomorphism maps every
nonempty word in e0, e1, e−1 to 0.

More generally, for x, y ∈{0,±1}, denote by x5y the motivic fundamental groupoid from the tangential
point

−→

1 at x to the tangential point
−→

1 at y.
Let V be the automorphism subgroup of the motivic fundamental groupoid (all basepoints are tangential

points at {0,±1}) of P1
−{0,±1,∞} satisfying the following properties:

(i) Elements of V are compatible with the composition law on the motivic groupoid of P1
−{0,±1,∞}.

(ii) Elements of V fix exp(ei ) ∈ i5i for i ∈ {0,±1}.

(iii) Elements of V are equivariant with the {±1}-action on the motivic groupoid.

By Proposition 5.11 in [Deligne 2010], the map

ξ : V → 051, a 7→ a(011)

is an isomorphism of schemes and

Lie V = (L(e0, e1, e−1), { , }),

where L(e0, e1, e−1) is the free Lie algebra generated by the three symbols e0, e1, e−1, and { , } denotes
the Ihara Lie bracket on L(e0, e1, e−1).

The action of UMT 2 on x5y, x, y ∈ {0,±1} factors through V. So there is a natural Lie algebra
homomorphism

i : g→ Lie V = (L(e0, e1, e−1), { , }).

By the main results of [Deligne 2010], the map i is injective.
For any element w in L(e0, e1, e−1), let depth(w) be the smallest number of total occurrences of e1

and e−1 in w. It induces a depth filtration D on L(e0, e1, e−1) as follows:

Dr L(e0, e1, e−1)= {w ∈ L(e0, e1, e−1); depth(w)≥ r}.

According to [Deligne 2010], the map i satisfies

i(σ1)= e−1, i(σ2n+1)= (1− 22n)ad(e0)
2ne−1+ 22nad(e0)

2ne1+HDT,

where HDT means the higher depth term.
The motivic Lie algebra g has an induced depth filtration Drg from the injective map i . Since the Ihara

bracket is compatible with the depth filtration, we know that the depth-graded space

dg=
⊕
r≥1

Drg/Dr+1g



Motivic multiple zeta values relative to µ2 2691

is a Lie algebra with the induced Ihara bracket. Furthermore, from the main results of [Deligne 2010], dg is
a free Lie algebra with generators

i(σ1)= e−1, i(σ2n+1)= (1− 22n)ad(e0)
2ne−1+ 22nad(e0)

2ne1

in the depth one part.
We will use them in the style of Lie polynomial in Q〈e0, e1, e−1〉 rather than Lie words in the rest of

this paper for convenience:

i(σ2n+1)= (1− 22n)

2n∑
r=0

(−1)r
(2n

r

)
e2n−r

0 e−1er
0+ 22n

2n∑
r=0

(−1)r
(2n

r

)
e2n−r

0 e1er
0+HDT. (1)

2B. Motivic multiple zeta values. Similar to Brown’s work, Glanois [2016] considered motivic iterated
integral Im and motivic multiple zeta values ζm

(x1,x2,...,x p
ε1,ε2,...,εp

)
, εi ∈ µN relative to the set of N -th roots of

unity µN from [Deligne and Goncharov 2005]. We denote by H = H2 the Q-vector space of motivic
multiple zeta values relative to µ2 = {1,−1}. Here we only give the definition in the case of N = 2.

Let us consider the map
dch :Q〈e0, e1, e−1

〉 → R.

For words ui ∈ {e0, e1, e−1
}, i = 1, . . . , k satisfying u1 6= e0, uk 6= e1, define

dch(u1 · · · uk)=

∫
0<t1<···<tk<1

ωu1(t1) · · ·ωuk (tk),

where ωe0(t)= dt/t, ωei (t)= dt/(i − t), i ∈ {1,−1}. By Appendix A in [Le and Murakami 1996], we
know that∫

ε<t1<···<tk<1−η
ωu1(t1) · · ·ωuk (tk)= P(log(ε), log(η))+ O(sup(ε |log(ε)|A+ η |log(η)|B)),

where P is a polynomial. For a general word sequence u1 · · · uk , define

dch(u1, . . . , uk)= P(0, 0).

By the shuffle product of iterated integral, dch is a Q-algebra homomorphism. Since O(051) is an
inductive object in the category of mixed Tate motives MT 2, there is a natural action of GMT 2 on
Q〈e0, e1, e−1

〉. Denote by I the largest graded subideal of Ker dch which is stable under the action
of GMT 2 . The motivic multiple zeta algebra H is O(051)/I.

Denote by Im the natural quotient map

Im
:O(051)=Q〈e0, e1, e−1

〉 →H

and by per the map per :H→ R satisfying per ◦ Im
= dch.

The motivic multiple zeta value ζm
(x1,x2,...,x p
ε1,ε2,...,εp

)
is

Im
(
e(ε1···εp)

−1
(e0)x1−1e(ε2···εp)

−1
(e0)x2−1

· · · e(εp)
−1
(e0)x p−1).
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It’s obvious to check that

per
(
ζm
( x1, . . . , x p

ε1, . . . , εp

))
= ζ

( x1, . . . , x p

ε1, . . . , εp

)
.

Define ζ o,m(n1, . . . , nr ) as

ζ o,m(n1, . . . , nr )=
1
2r

∑
εi∈{±1},1≤i≤r

ε1 · · · εrζ
m
(n1, . . . , nr
ε1, . . . , εr

)
.

It’s clear that the image of ζ o,m(n1, . . . , nr ) under the period map per is the sum odd multiple zeta values
ζ o(n1, . . . , nr ).

In O(051)=Q〈e0, e1, e−1
〉, for any word u1 · · · uk, ui ∈ {e0, e1, e−1

}, k is called its weight and the
total number of occurrences of e1 and e−1 is called its depth. Denote by Dr Q〈e0, e1, e−1

〉 the subspace
spanned by elements of depth ≤ r .

Since the depth filtration on O(051) is motivic [Deligne and Goncharov 2005], it induces a natural depth
filtration on H. The depth filtration on H is compatible with the depth filtration on Z2 through the map per .

Denote by grDr H=DrH/Dr−1H. The following formula in the case of depth 1 follows from the main
results in [Deligne and Goncharov 2005]. From this formula we can deduce a basis for grD1 H:

Lemma 2.1. (Deligne–Goncharov) We have the distribution formula

ζm
( n
−1

)
= (2−n+1

− 1)ζm
(n

1

)
, for all n ≥ 2.

Lemma 2.2. (Deligne–Goncharov) There is a basis of grD1 H:
{
ζm
( r
−1

)
, r ≥ 1 odd

}
.

Remark 2.3. We will always write ζm
(n1,n2
−1,1

)
as ζm(n1, n2), similarly ζm(n1, n2), ζm(n1, n2), ζm(k) for

convenience.

2C. Motivic Galois action. In this subsection we explain how to calculate the depth-graded motivic
Galois action of the motivic Lie algebra of MT

(
Z
[1

2

])
on the motivic multiple zeta values relative to µ2.

Then we give the definition of the map ∂ and deduce its injectivity from the results of [Brown 2012;
Deligne 2010; Glanois 2016].

Since the expression of i(σ2n+1) in (L(e0, e1, e−1), { , }) has canonical depth one part, σ2n+1 in
g= Lie UMT 2 induces a well-defined derivation

∂2n+1 : grDr H→ grDr−1H.

Denote by grD1 Hodd the subspace of grD1 H generated by the images of

ζm(1), ζm(3), . . . , ζm(2n+ 1), . . .

in the quotient space grD1 H. In this section we will show how to calculate the map ∂2n+1 explicitly.
Since O(051) is an ind-object in the category MT 2, there is an action of the motivic Lie algebra

g×O(051)→O(051).
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Denote by h= Lie V = (L(e0, e1, e−1), { , }). The action of g on O(051) factors through the action
of h on O(051).

Denote by Uh the universal enveloping algebra of h. Then

Uh= (Q〈e0, e1, e−1〉, ◦),

where ◦ denotes the new product on Q〈e0, e1, e−1〉 transformed from the natural concatenation product
on Uh.

The product ◦ is difficult to calculate in general, but by the same reasoning as Proposition 2.2 in
[Brown 2013], for any a ∈ h, any words w in e0, e1, e−1, and any n ≥ 0, we have

a ◦ (en
0eiw)= en

0
(
([i]a)ei + ei ([i]a)∗

)
w+ en

0ei (a ◦w), i ∈ {1,−1}, (2)

where

a ◦ en
0 = en

0a, [i](ea
0eb

i ec
−i · · · )= ea

0eb
−1ec

1 · · · , (a1 · · · an)
∗
= (−1)n(an · · · a1), ai ∈ {e0, e1, e−1}.

From the correspondence between unipotent algebraic group and nilpotent Lie algebra, we know that
for any a ∈ h, the natural action of a on O(051),

O(051)=Q〈e0, e1, e−1
〉

a
→O(051)=Q〈e0, e1, e−1

〉, x 7→ a(x),

is dual to the following action of a on Uh:

Uh=Q〈e0, e1, e−1〉
a
→ Uh=Q〈e0, e1, e−1〉, y 7→ a ◦ y.

By the definition of H and ∂2n+1, we have the commutative diagram

grDr Q〈e0, e1, e−1
〉

����

∂2n+1
// grDr−1Q〈e0, e1, e−1

〉

����

grDr H
∂2n+1

// grDr−1H

where ∂2n+1 is the depth-graded version of the action of i(σ2n+1) on Q〈e0, e1, e−1
〉. Thus in order to

write out the maps ∂2n+1 and ∂2n+1 clearly, we need to compute the action ◦ : h×Uh→ Uh first.
There is a well-defined map

∂ : grDr H→ grD1 Hodd
⊗ grDr−1H; ∂ =

∑
n≥0

ζm(2n+ 1)⊗ ∂2n+1.

The following proposition is crucial to our analysis.

Proposition 2.4. For r ≥ 2, the map ∂ is injective.

Proof. By exactly the same method as that in [Brown 2012, Section 2.3], it follows that H∼=O(UMT 2)[t]
(t is a weight 2, depth 1 element with trivial action of g) as a g-module. Moreover tn, n ≥ 1 are all
depth 1 elements.
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So we have

grrH∼= grrO(UMT 2)⊕
⊕
n≥1

grr−1O(UMT 2)tn.

It suffices to prove that ∂|grrO(UMT 2 ) is injective. By the main results of [Deligne 2010], the depth-graded
motivic Lie algebra dg is a free Lie algebra with generators in the depth one part. By the correspondence
between nilpotent Lie algebra and unipotent algebraic group, ∂|grrO(UMT 2 ) is injective. �

Remark 2.5. Proposition 2.4 is not true for Brown’s original motivic multiple zeta values, since, in that
case, the depth-graded motivic Lie algebra of MT (Z) is not a free Lie algebra and it has generators
in higher depth part. See [Brown 2013; Enriquez and Lochak 2016; Li 2020] for some conjectural
descriptions of the depth-graded motivic Lie algebra of MT (Z).

3. Period polynomials

In this section, we review the theory of period polynomials, and define P(00(2))∨ in Theorem 1.2. The
main reference is [Kaneko and Tasaka 2013].

As we know, 00(2)= {γ ∈ SL2(Z); γ ≡ 0 mod 2} is generated by two elements

T =
(

1 1
0 1

)
, M =

(
−1 −1
2 1

)
For a positive even integer N, denote by VN the space of homogeneous polynomials with two variables

X, Y of degree N − 2:

VN =

{
P(X, Y ) ∈Q[X, Y ]; P(X, Y )=

N−2∑
i=0

ai X i Y N−2−i
}
.

The group 0 = 00(2) acts on VN naturally: for any polynomial P(X, Y ) ∈ VN and γ =
(a

c
b
d

)
∈ 00(2),

γ ◦ P(X, Y )= P(aX + bY, cX + dY ).

We write this action as P(X, Y )|γ for convenience. Consider the subspace WN of VN as follows:

WN = {P(X, Y ) ∈ VN [X, Y ]; P|(1− T )(1+M)= 0}.

Denote by SN (2) the space of cusp forms of weight N for 00(2). For f ∈SN (2), the period polynomial
r f (X, Y ) of f is given by

r f (X, Y )=
∫
∞

0
f (z)(X − zY )N−2 dz.

It can be shown that

r f (X, Y ) ∈WN ⊗C.
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Now we decompose WN into two parts. Let ε =
(
−1
0

0
1

)
. It is obvious to see that P|(1± ε) ∈W±N for

any P ∈WN , thus we have the direct sum decomposition

WN =W+N ⊕W−N ,

where W+N (resp. W−N ) is the even (resp. odd) part of WN ,

W±N = {P ∈ VN ; P|ε =±P, P|(1− T )(1+M)= 0}.

For f ∈ SN (2), denote by r±f the even and odd parts of the map r f ,

r± : SN (2)→W±N ⊗C; f 7→ r±f (X, Y ).

We can decompose W+N further as

W+N =Q · X N−2
⊕W+,0N ⊕Q · Y N−2,

where

W+,0N =

{
P(X, Y )=

N−4∑
i=2 even

ai X i Y N−2−i
∈ VN ; P|(1− T )(1+M)= 0

}
.

Kaneko and Tasaka [2013] proved the following two propositions which describe the structure of W+,0N :

Proposition 3.1. For any even integer N, there are two isomorphisms of vector spaces

r+ : SN (2)→W+,0N ⊗C and r− : SN (2)→W−N ⊗C.

Proposition 3.2. For any even integer n, k, denote by
(n

k

)
the binomial coefficient. The space W+,0N is of

the form{ N−4∑
i=2 even

ai X i Y N−2−i
;

N−4∑
i=2 even

(( i
j

)
−

( i
N−2− j

))
aN−2− j = 0, 1≤ j ≤ N − 3, odd

}
.

Remark 3.3. We let
(n

k

)
= 0 when k > n or k < 0.

Denote by P(00(2))=
⊕

N even W+,0N . Then P(00(2))∨ in Theorem 1.2 is the compact dual of P(00(2)).

4. The depth two case

In this section we calculate the map

∂ : grDr H→ grD1 Hodd
⊗ grDr−1H

in the case of r = 2 explicitly. Then we establish a short exact sequence about sum odd motivic double
zeta values and we find a basis for the depth-graded motivic double zeta values relative to µ2 by the
explicit expression of the map ∂ in the case of r = 2. As an application of our results, we prove Kaneko
and Tasaka’s conjectures [2013, Remark 2].
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4A. The calculation in depth two. The following formulas come from direct calculation. We write
i(σ2n+1) as σ2n+1 for short. When n = 0, σ2n+1 = σ1, a1 ≥ 0, we have

σ1 ◦ (e
a0
0 e1ea1

0 )= ea0
0 e−1e1ea1

0 − ea0
0 e1e−1ea1

0 + ea0
0 e1ea1

0 e−1, (3)

σ1 ◦ (e
a0
0 e−1ea1

0 )= ea0
0 e1e−1ea1

0 − ea0
0 e−1e1ea1

0 + ea0
0 e−1ea1

0 e−1. (4)

When n > 0, a1 ≥ 0, we have

σ2n+1 ◦ (e
a0
0 e1ea1

0 )

= ea0
0 (σ2n+1e1− e1σ2n+1)e

a1
0 + ea0

0 e1ea1
0 σ2n+1

= (1− 22n)

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e2n−r
0 e−1er

0e1ea1
0 + 22n

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e2n−r
0 e1er

0e1ea1
0

−(1− 22n)

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e1er
0e−1e2n−r

0 ea1
0 − 22n

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e1er
0e1e2n−r

0 ea1
0

+(1− 22n)

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e1ea1
0 e2n−r

0 e−1er
0+ 22n

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e1ea1
0 e2n−r

0 e1er
0, (5)

and

σ2n+1 ◦ (e
a0
0 e−1ea1

0 )

= ea0
0

(
[−1](σ2n+1)e−1− e−1[−1](σ2n+1)

)
ea1

0 + ea0
0 e−1ea1

0 σ2n+1

= (1− 22n)

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e2n−r
0 e1er

0e−1ea1
0 + 22n

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e2n−r
0 e−1er

0e−1ea1
0

−(1− 22n)

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e−1er
0e1e2n−r

0 ea1
0 − 22n

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e−1er
0e−1e2n−r

0 ea1
0

+(1−22n)

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e−1ea1
0 e2n−r

0 e−1er
0+22n

2n∑
r=0

(−1)r
(2n

r

)
ea0

0 e−1ea1
0 e2n−r

0 e1er
0. (6)

By taking dual of formula (1) and (2) we have the following result:

Lemma 4.1. For positive even integers n1, n2 and ε1, ε2 ∈ {1,−1},

∂1(eε1(e0)n1−1eε2(e0)n2−1)= 0.

Proof. We calculate the map by taking dual of the action σ2n+1, thus we only need to find the terms
eε1(e0)

n1−1eε2(e0)
n2−1 on the right-hand sides of equations (3) and (4). However, there are no such terms

because n1, n2 are both even and thus n1−1, n2−1 are odd, it means that there is at least one e0 between
eε1 and eε2 , and one e0 after eε2 . It follows that ∂1(eε1(e0)n1−1eε2(e0)n2−1)= 0 for all n1, n2 even. �
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Lemma 4.2. For positive even integers n1, n2 and n > 0, writing the words( 2n
n1−1

)
e1(e0)n1+n2−2n−2,

( 2n
n1−1

)
e−1(e0)n1+n2−2n−2,

( 2n
n2−1

)
e1(e0)n1+n2−2n−2,

( 2n
n2−1

)
e−1(e0)n1+n2−2n−2,

as 2n1
1 , 2n1

−1, 2n2
1 , 2n2

−1 respectively for convenience, we have

∂2n+1(e1(e0)n1−1e1(e0)n2−1)= 22n(2
n1
1 −2

n2
1 ), (7)

∂2n+1(e1(e0)n1−1e−1(e0)n2−1)= (1− 22n)(2
n1
1 −2

n2
1 ), (8)

∂2n+1(e−1(e0)n1−1e1(e0)n2−1)= (1− 22n)2
n1
−1− 22n2

n2
−1, (9)

∂2n+1(e−1(e0)n1−1e−1(e0)n2−1)= 22n2
n1
−1− (1− 22n)2

n2
−1. (10)

Proof. To calculate the term

∂2n+1(e1(e0)n1−1e1(e0)n2−1),

we only need to find the term
e1(e0)

n1−1e1(e0)
n2−1

on the right-hand sides of equations (3) and (4). The only two possibilities are a0 = 0, r = n1 − 1 or
a0 = 0, r = n2− 1. Thus we have

∂2n+1(e1(e0)n1−1e1(e0)n2−1)= 22n
[( 2n

n1−1

)
−

( 2n
n2−1

)]
e1(e0)n1+n2−2n−2.

Formula (5) is proved. By the same method we have (6)–(8). �

It is also useful for us to determine the case that n1, n2 are both odd. We use the same argument here
and the result is a little different.

Lemma 4.3. For positive odd integers n1 ≥ 1, n2 ≥ 1, we have

∂1(ei1(e0)n1−1ei2(e0)n2−1)=



e−1, if (i1, i2)= (1,−1), n1 = 1, n2 = 1,

−e1(e0)n2−1
+ e−1(e0)n2−1, if (i1, i2)= (1,−1), n1 = 1, n2 ≥ 3,

e1(e0)n2−1
− e−1(e0)n2−1, if (i1, i2)= (−1, 1), n1 = 1, n2 ≥ 1,

e1(e0)n1−1, if (i1, i2)= (1,−1), n1 ≥ 3, n2 = 1,

e−1(e0)n1−1, if (i1, i2)= (−1,−1), n1 ≥ 1, n2 = 1,

0, otherwise.

Define δ
(m

n

)
= 1 if m = n, δ

(m
n

)
= 0 if m 6= n.



2698 Zhongyu Jin and Jiangtao Li

Lemma 4.4. For positive odd integers n1, n2, let 2n1
1 , 2n1

−1, 2n2
1 , 2n2

−1 be as above and n ≥ 1, we have

∂2n+1(e1(e0)n1−1e1(e0)n2−1)=−22n
(
(2

n1
1 −2

n2
1 )− δ

( 2n
n1−1

)
2

n1
1

)
,

∂2n+1(e1(e0)n1−1e−1(e0)n2−1)=−(1− 22n)
(
(2

n1
1 −2

n2
1 )− δ

( 2n
n1−1

)
2

n1
−1

)
,

∂2n+1(e−1(e0)n1−1e1(e0)n2−1)=−(1− 22n)
(
2

n1
−1− δ

( 2n
n1−1

)
2

n1
1

)
+ 22n2

n2
−1,

∂2n+1(e−1(e0)n1−1e−1(e0)n2−1)=−22n
(
2

n1
−1− δ

( 2n
n1−1

)
2

n1
−1

)
+ (1− 22n)2

n2
−1.

With the above lemmas, we can calculate the maps ∂ and ∂ in the case of r = 2.

4B. Proofs of the main results. Now we are ready to state our main results. We have already defined
the map ∂2n+1 for n ≥ 0 in Section 2C and the space Po,m

ev in Section 1, which is the subspace of grD2 H
generated by the set of images of {ζ o,m(n1, n2), n1, n2 ≥ 2, even}. Define

D : grD1 Hodd
⊗ grD1 Hodd

→ (P(00(2)))
∨

,

ζm(2n1+ 1)⊗ ζm(2n2+ 1) 7→
22n2 − 1

22n2+1− 1
· v(2n1+ 1, 2n2+ 1), n1, n2 ≥ 0,

where v(2n1+ 1, 2n2+ 1) is a linear functional on P(00(2)) satisfying

v(2n1+ 1, 2n2+ 1)(p)= p2n1,2n2

for

p =
∑

p2m1,2m2 X2m1Y 2m2 ∈ P(00(2)).

Theorem 4.5. Denote by (grD1 Hodd
⊗grD1 Hodd)b the subspace of grD1 Hodd

⊗grD1 Hodd which is generated
by ζm(n1)⊗ ζ

m(n2), n1, n2 ≥ 3, odd. Then

∂(Po,m
ev )⊆ (grD1 Hodd

⊗ grD1 Hodd)b

and there is an exact sequence

0→ Po,m
ev

∂̃
→ (grD1 Hodd

⊗ grD1 Hodd)b
D̃
→ P(00(2))

∨

→ 0,

where the second map ∂̃ is induced from ∂|Po,m
ev

and the third map D̃ is induced from D defined as above.

Proof. By Lemmas 4.1 and 4.2 it’s obvious to check that

∂(Po,m
ev )⊆ (grD1 Hodd

⊗ grD1 Hodd)b.

The map ∂̃ is injective by Proposition 2.4. The surjectivity of D̃ is trivial. We only need to show that
Im ∂̃ = Ker D̃.
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The following diagram is commutative:

grD2 Q〈e0, e1, e−1
〉

��

∂
// (dg1)

∨

⊗ grD1 Q〈e0, e1, e−1
〉

��

grD2 H ∂
// grD1 H⊗ grD1 H

where

∂ =
∑
n≥0

(σ2n+1)
∨

⊗ ∂2n+1,

and (σ2n+1)
∨

, n ≥ 0, is the dual basis of σ2n+1, n ≥ 0, in (dg1)
∨

. The second column map transforms
(σ2n+1)

∨

⊗ ∂2n+1(x) to ζm(2n+ 1)⊗ ∂2n+1(Im(x)).
Thus we can calculate the image of Po,m

ev under ∂ by calculating its lift on

gr2Q〈e0, e1, e−1
〉.

For even integers n1, n2, the motivic double zeta value ζ o,m(n1, n2) regarded as an element of gr2H is
equal to

1
4
Im
(
e1(e0)n1−1e1(e0)n2−1

−e−1(e0)n1−1e1(e0)n2−1
−e−1(e0)n1−1e−1(e0)n2−1

+e1(e0)n1−1e−1(e0)n2−1).
Define 3(n1, n2) to be

1
4
[
e1(e0)n1−1e1(e0)n2−1

− e−1(e0)n1−1e1(e0)n2−1
− e−1(e0)n1−1e−1(e0)n2−1

+ e1(e0)n1−1e−1(e0)n2−1].
Let 2nk

i be as above, n > 0 and s = n1+ n2− 2n− 2. According to Lemmas 4.1 and 4.2 we have

∂2n+1(3(n1, n2))=
1
4
(
2

n1
1 −2

n2
1 −2

n1
−1+2

n2
−1

)
=

1
4

(( 2n
n1−1

)
−

( 2n
n2−1

))
(e1(e0)s − e−1(e0)s).

By Lemmas 2.1 and 2.2, if s > 0, we have

∂2n+1(ζ
o,m(n1, n2))=

1− 2s+1

4(2s − 1)

(( 2n
n1−1

)
−

( 2n
n2−1

))
ζm(s+ 1).

Combining with the definition of D̃ and Proposition 3.2 , it is obvious that Im (∂̃)= Ker (D̃). �

Kaneko and Tasaka [2013] proved that there are at least dimSN (00(2))-linear independent relations
among the numbers {ζ o(n1, n2), n1+ n2 = N , n1, n2 ≥ 2, even}. From Theorem 4.5 we obtain

dimQ〈ζ
o(n1, n2); n1+ n2 = N , n1, n2 ≥ 2, even〉Q ≤

N
2
− 1− dimSN (00(2))

immediately. The above inequality is compatible with Kaneko and Tasaka’s result.
The next theorem gives an affirmative answer for part of Kaneko and Tasaka’s conjectures in the

motivic setting.
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Theorem 4.6. For an even integer N ≥ 4. The elements

{ζ o,m(k, N − k), 1≤ k ≤ N − 1 odd}

are Q-linear independent. Moreover, the set of their images in grD2 H is a basis of grD2 HN .

Proof. We will make use of the above calculations again. The case N = 4 is easy to check. Given an even
integer N ≥ 6, according to Lemmas 4.3 and 4.4, for any odd n1, n2 such that n1+ n2 = N, we have for
all n1, n2 > 1, ∂1

(
ζm
(n1,n2
ε1,ε2

))
= 0 and

∂1(ζ
o,m(1,n2))=

1
2
Im
[
−e1(e0)n2−1

+e−1(e0)n2−1], ∂1(ζ
o,m(n1,1))=

1
4
Im
[
e1(e0)n1−1

−e−1(e0)n1−1].
Thus by the distribution formula, we have

∂1(ζ
o,m(1, n2))=

1− 2n2

2− 2n2
ζm(n2), ∂1(ζ

o,m(n1, 1))=−
1− 2n1

4(1− 2n1−1)
ζm(n1).

For the same reason, if n ≥ 1 and s = n1+ n2− 2n− 2> 0, the following formula holds:

∂2n+1(ζ
o,m(n1, n2))=

2s+1
−1

4(2s−1)

[( 2n
n1−1

)
−

( 2n
n2−1

)
+ δ

( 2n
n1−1

)
(1− 22n+1)

]
ζm(s+ 1).

If n ≥ 1 and s = n1+ n2− 2n− 2= 0, we have

∂2n+1(ζ
o,m(n1, n2))=−

1
4
δ
( 2n

n1−1

)
(22n+1

− 1)ζm(1).

In conclusion, we can write the map ∂ in the following form in the case of n1+ n2 = N :

∂


ζ o,m(1, N − 1)
ζ o,m(3, N − 3)

...

ζ o,m(N − 1, 1)

= M̃ B


ζm(1)⊗ ζm(N − 1)
ζm(3)⊗ ζm(N − 3)

...

ζm(N − 1)⊗ ζm(1)

 .
In the above formula,

B = diag
(

1− 2N−1

2− 2N−1 ,
2N−3

− 1
4(2N−4− 1)

, . . . ,
23
− 1

4(22− 1)
,−
(2N−1

− 1)
4

)
is a

( N
2

)
-th invertible diagonal matrix, M̃ is a square matrix of order N

2 in the form

M̃ =


1 · · · 0
0 0
... M

...

0 0
c · · · 1

 ,

where M is an
( N

2 −2
)
-th square matrix in the middle of M̃ . The matrix M equals (ai, j )1≤i, j≤ N

2 −2, where

ai, j =

(
2 j
2i

)
−

(
2 j

N − 2− 2i

)
+ δ

(
2i
2 j

)
(1− 22 j+1).
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The theorem holds if M is invertible by the fact that ∂ is injective. M can be written as the form D+ A,
where t = N

2 − 1,

D = diag(d1, . . . , dt−1), A = (bi, j )1≤i, j≤t−1, and di = 1− 22i+1, bi, j =

(2 j
2i

)
−

( 2 j
2t−2i

)
.

Given j, notice that bi, j + bt+1−i, j = 0 and bi, j = 0 for j < i < t − j, it’s obvious to check that

t−1∑
i=1

|bi, j | = 2
min{ t−1

2 , j−1}∑
i=1

|bi, j | ≤ 2
min{ t−1

2 , j−1}∑
i=1

(2 j
2i

)
≤ 2

j−1∑
i=1

(2 j
2i

)
< 22 j+1

− 1.

So clearly for j = 1, . . . , t − 1, we have

t−1∑
i=1,i 6= j

|bi, j | =

t−1∑
i=1

|bi, j | − |b j, j |< |d j + b j, j |.

By the following lemma, the matrix M, and furthermore M̃ are invertible. �

Lemma 4.7. For a real matrix A = (ai, j )1≤i, j≤n , if |ai,i |>
∑

i 6= j |ai, j | for i = 1, 2, . . . , n, then |A| 6= 0.

Proof. Denote by αi the i-th column vector of A, if |A| = 0, there exist {k1, . . . , kn} 6= {0} such that
k1α1+ · · ·+ knαn = 0 is the zero column vector.

Let

|kl | =max{|k1|, . . . , |kn|}.

Now consider the l-th variable in the above zero column vector. Because we have that |al,l |>
∑

l 6= j |al, j |,
k1al,1+ · · ·+ knal,n 6= 0, we get a contradiction. �

Remark 4.8. Kaneko and Tasaka [2013] conjectured that for given N ≥ 4, elements

{ζ o(n1, n2); n1 ≥ 1, n2 > 1, odd, n1+ n2 = N }

are Q-linear independent. Theorem 4.6 gives a proof of the motivic version of Kaneko and Tasaka’s
conjecture.

As we know, for odd n>1, the double zeta value ζ o(n, 1) is not well-defined. However, the motivic sum
odd double zeta value ζ o,m(n, 1) is well-defined. We will calculate the period of ζ o,m(n, 1). Recall that

ζ o,m(n, 1)= 1
4
[
ζm(n, 1)− ζm(n, 1)− ζm(n, 1)+ ζm(n, 1)

]
. (11)

Lemma 4.9. For n > 1, odd, the period of ζ o,m(n, 1) is

per(ζ o,m(n, 1))= 1
4
[
−ζ(1, n)− ζ(n+ 1)− ζ(1, n)+ ζ(n+ 1)− ζ(n, 1)+ ζ(n, 1)

]
=

1
4
[
−ζ(1, n)+ ζ(1, n)− ζ(n, 1)+ ζ(n, 1)+ (2−n

− 2)ζ(n+ 1)
]
.
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Proof. It is direct to get the periods of ζm(n, 1) and ζm(n, 1), we only need to determine the other two
terms in (11). Consider the following regularized integral:∫

0<t1<···<tn+1<1−η

dt1
1− t1

dt2
t2
· · ·

dtn
tn

dtn+1

1− tn+1
=

∑
0<s<r

(1− η)r

snr
=

∞∑
s=1

1
sn

(
− log(η)−

s∑
r=1

(1− η)r

r

)
.

Let log(η)= 0. The above integral is equal to −
∑
∞

s=1
∑s

r=1(1− η)
r/(rsn). Letting η→ 0, we have

−

∞∑
s=1

s∑
r=1

1
rsn =−

∑
0<r<s

1
rsn −

∞∑
s=1

1
sn+1 =−ζ(1, n)− ζ(n+ 1).

By the definition of per , we have

per(ζm(n, 1))=−ζ(1, n)− ζ(n+ 1).

Similarly, we have
per(ζm(n, 1))=−ζ(1, n)− ζ(n+ 1).

Combined with (11), this proves the lemma. �

The following remark follows from Theorem 4.6 and Lemma 4.9 immediately.

Remark 4.10. Every element ζ
(n1,n2
ε1,ε2

)
, n1+n2= N , N even, (n2, ε2) 6= (1, 1) can be written as a Q-linear

combination of ζ o(odd, odd), ζ(N ) and per(ζ o,m(N − 1, 1)) as above.

4C. Kaneko and Tasaka’s three conjectures. Kaneko and Tasaka [2013] additionally conjectured that
〈ζ o(r, N − r); 1≤ r ≤ N − 2〉Q is spanned by ζ o(odd, odd) and ζ(N ). We will prove this statement as
an application of the motivic method.

Theorem 4.11. For a given even integer N ≥ 4, the space 〈ζ o(r, N − r); 1≤ r ≤ N − 2〉Q is spanned by

{ζ(N ), ζ o(r, N − r); 1≤ r ≤ N − 3, odd}.

Proof. Denote by grD2 HN the weight N part of grD2 H. According to the property of the period map per ,
we only need to prove that

〈ζ o,m(r, N − r); 1≤ r ≤ N − 2〉Q = span{ζ o,m(r, N − r); 1≤ r ≤ N − 3, odd}

in grD2 HN . (Be aware that ζ o,m(r, N − r); 1≤ r ≤ N − 3, odd, are elements of H, in the above formula
we mean their natural images in grD2 HN .)

We use the same notation as in the proof of Theorem 4.6, there is a matrix E such that

∂


ζ o,m(1, N − 1)
ζ o,m(3, N − 3)

...

ζ o,m(N − 1, 1)

= E


ζm(1)⊗ ζm(N − 1)
ζm(3)⊗ ζm(N − 3)

...

ζm(N − 1)⊗ ζm(1)

 ,
where E = M̃ B is invertible.
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Thus we have

∂E−1


ζ o,m(1, N − 1)
ζ o,m(3, N − 3)

...

ζ o,m(N − 1, 1)

=

ζm(1)⊗ ζm(N − 1)
ζm(3)⊗ ζm(N − 3)

...

ζm(N − 1)⊗ ζm(1)

 .
On the other hand, according to Lemmas 4.1 and 4.2, we have

∂


ζ o,m(2, N − 2)
ζ o,m(4, N − 4)

...

ζ o,m(N − 2, 2)

= F


ζm(1)⊗ ζm(N − 1)
ζm(3)⊗ ζm(N − 3)

...

ζm(N − 1)⊗ ζm(1)

 ,
where F is a matrix of order

( N
2 − 1, N

2

)
, thus

∂


ζ o,m(2, N − 2)
ζ o,m(4, N − 4)

...

ζ o,m(N − 2, 2)

= ∂F E−1


ζ o,m(1, N − 1)
ζ o,m(3, N − 3)

...

ζ o,m(N − 1, 1)

 .
By the injectivity of ∂ , we have

ζ o,m(2, N − 2)
ζ o,m(4, N − 4)

...

ζ o,m(N − 2, 2)

= F E−1


ζ o,m(1, N − 1)
ζ o,m(3, N − 3)

...

ζ o,m(N − 1, 1)


in grD2 HN . From the explicit calculation in Theorems 4.5 and 4.6, it’s obvious to check that the last
column of the matrix F E−1 is 0. By using the period map, the theorem is proved. �

Kaneko and Tasaka [2013] gave some other conjectures and we can prove them by the same motivic
method as above.

Proposition 4.12. For even integer N ≥ 6, we have

〈ζ(n1, n2); n1+ n2 = N , n2 ≥ 2〉Q ⊆ 〈ζ o(n1, n2); n1+ n2 = N , ni ≥ 2〉Q,

〈ζ o(n1, n2); n1+ n2 = N , ni even〉Q ⊆ 〈ζ(n1, n2); n1+ n2 = N , n2 ≥ 2〉Q.

Proof. We only need to prove this proposition in the motivic version. According to our calculations above,
for n ≥ 0, letting s = N − 2n− 2, we have

∂1(ζ
m(n1,n2))=0, ∂2n+1(ζ

m(n1,n2))=22n
(
(−1)n1

( 2n
n1−1

)
−(−1)n2

( 2n
n2−1

)
+δ
( 2n

n1−1

))
ζm(s+1).
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By the distribution formula, when s 6= 0 we have

∂2n+1(ζ
m(n1, n2))=

2N−2

1−2s

(
(−1)n1

( 2n
n1−1

)
− (−1)n2

( 2n
n2−1

)
+ δ

( 2n
n1−1

))
ζm(s+ 1)

and when s = 0 we have
∂2n+1(ζ

m(n1, n2))= 0.

We have shown there is an invertible matrix S such that

∂S−1

ζ
o,m(3, N − 3)

...

ζ o,m(N − 3, 3)

=
ζ

m(3)⊗ ζm(N − 3)
...

ζm(N − 3)⊗ ζm(3)

 .
By the injectivity of ∂ , we have

〈ζm(n1, n2); n1+ n2 = N , n2 ≥ 2〉Q ⊆ 〈ζ o,m(n1, n2); n1+ n2 = N , 2≤ ni ≤ k− 2〉Q.

For n1, n2 ≥ 2, even, if s = 0 or n = 0,

∂2n+1(ζ
o,m(n1, n2))= 0,

and if s, n > 0,

∂2n+1(ζ
o,m(n1, n2))=

1
4

1−2s+1

2s−1

[( 2n
n1−1

)
−

( 2n
n2−1

)]
ζm(s+ 1).

Since the map ∂ is injective, to prove

〈ζ o(n1, n2); n1+ n2 = N , ni even〉Q ⊆ 〈ζ(n1, n2); n1+ n2 = N , n2 ≥ 2〉Q,

it suffices to prove that there are numbers d
(m1,m2

n1,n2

)
which satisfy

1
22n

[( 2n
n1−1

)
−

( 2n
n2−1

)]
=

∑
m1+m2=N

mi≥1

d
(m1,m2

n1, n2

)[
(−1)m1

( 2n
m1−1

)
− (−1)m2

( 2n
m2−1

)
+ δ

( 2n
m1−1

)]

for all n1+n2= N, n1, n2 ≥ 2, even, 3≤ 2n+1≤ N−3. The above statement follows from Lemma 4.13
and Remark 4.14 below. �

Denote by
VN ,2 = 〈x

n1−1
1 xn2−1

2 ; n1+ n2 = N , n1, n2 ≥ 3, odd〉Q,

PN ,2 = 〈x
n1−1
1 xn2−1

2 ; n1+ n2 = N , n1, n2 ≥ 1〉Q,

Pod
N ,2 = 〈x

n1−1
1 xn2−1

2 ; n1+ n2 = N , n1, n2 ≥ 2, even〉Q.

For p(x1, x2) ∈ VN ,2, define

L1,1(p)(x1, x2)= p(x1, x2)+ p(x1− x2, x1)− p(x1− x2, x2),

L 1
2 ,1
(p)(x1, x2)= p

( x1
2
, x2

)
+ p

( x1−x2
2

, x1

)
− p

( x1−x2
2

, x2

)
.



Motivic multiple zeta values relative to µ2 2705

Lemma 4.13. Denote by iod
: PN ,2→ Pod

N ,2 the natural map which satisfies for p(x1, x2) ∈ PN ,2,

iod(p)(x1, x2)= p(x1, x2)− p(−x1, x2).

There is a linear map j : PN ,2→ Pod
N ,2 such that the following diagram is commutative:

VN ,2

L 1
2 ,1

��

L1,1
// PN ,2

j
��

PN ,2
iod
// Pod

N ,2

Proof. Define j1 : PN ,2→ PN ,2 as the Q-linear map which is induced by

x1 7→
x1+x2

2
, x2 7→ x2.

Define j2 : PN ,2→ PN ,2 as the Q-linear map which is induced by

x1 7→
x1+x2

2
, x2 7→ x1.

Define j = 1
2 iod
◦ ( j1− j2).

For p ∈ VN ,2,

iod
◦L 1

2 ,1
(p)(x1, x2)= L 1

2 ,1
(p)(x1, x2)−L 1

2 ,1
(p)(−x1, x2)

= p
( x1−x2

2
, x1

)
−p

( x1−x2
2

, x2

)
−p

( x1+x2
2

, x1

)
+p

( x1+x2
2

, x2

)
,

j◦L1,1(p)(x1, x2)

=
1
2
[
( j1− j2)◦L1,1(p)(x1, x2)−( j1− j2)◦L1,1(p)(−x1, x2)

]
=

1
2
(

j1◦L1,1(p)(x1, x2)− j2◦L1,1(p)(x1, x2)− j1◦L1,1(p)(−x1, x2)+ j2◦L1,1(p)(−x1, x2)
)

=
1
2

(
L1,1(p)

( x1+x2
2

, x2

)
−L1,1(p)

( x1+x2
2

, x1

)
−L1,1(p)

(
−x1+x2

2
, x2

)
+L1,1(p)

(
−x1+x2

2
,−x1

))
=

1
2

[
p
( x1+x2

2
, x2

)
+p

( x1−x2
2

,
x1+x2

2

)
−p

( x1−x2
2

, x2

)]
−

1
2

[
p
( x1+x2

2
, x1

)
+p

( x1−x2
2

,
x1+x2

2

)
−p

( x1−x2
2

, x1

)]
−

1
2

[
p
(
−x1+x2

2
, x2

)
+p

( x1+x2
2

,
x1−x2

2

)
−p

( x1+x2
2

, x2

)]
+

1
2

[
p
(
−x1+x2

2
, x1

)
+p

( x1+x2
2

,
x1−x2

2

)
−p

( x1+x2
2

, x1

)]
= p

( x1−x2
2

, x1

)
−p

( x1−x2
2

, x2

)
−p

( x1+x2
2

, x1

)
+p

( x1+x2
2

, x2

)
.

As a result of the above calculations, the lemma is proved. �
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Remark 4.14. Define d
(m1,m2

n1,n2

)
to be the coefficient of xn1−1

1 xn2−1
2 in 1

2 j (xm1−1
1 xm2−1

2 ), i.e.,

1
2

j (xm1−1
1 xm2−1

2 )=
∑

n1+n2=N
ni≥2,even

d
(m1,m2

n1, n2

)
xn1−1

1 xn2−1
2 .

For 3≤ 2n+ 1≤ N − 3, by running the commutative diagram in Lemma 4.13 on

p = x2n
1 x N−2−2n

2 ∈ VN ,2,

we have

1
22n

[( 2n
n1−1

)
−

( 2n
n2−1

)]
=

∑
m1+m2=N

mi≥1

d
(m1,m2

n1, n2

)[
(−1)m1

( 2n
m1−1

)
−(−1)m2

( 2n
m2−1

)
+δ
( 2n

m1−1

)]
.

Remark 4.15. Assuming Grothendieck period conjecture, neither of the two inclusions in Theorem 1.4(ii)
is an equality. To see this, we can count the dimensions of two sides on motivic level by the injective map ∂ .

By the motivic method we can prove the following, which was proved by Kaneko and Tasaka [2013]:

Proposition 4.16. For odd integer N > 6, we have

〈ζ o(n1, n2); n1+ n2 = N , ni ≥ 2〉Q ⊆ 〈ζ(n1, n2); n1+ n2 = N , n2 ≥ 2〉Q.

5. The higher depth case

In this section we calculate the map

∂ : grDr H→ grD1 Hodd
⊗ grDr−1H

in the case of r ≥ 3 for sum odd motivic multiple zeta values explicitly. As a corollary we obtain a basis
for the depth-graded motivic triple zeta values of odd weight. What’s more, all elements of this basis are
the natural images of sum odd motivic multiple zeta values in the depth-graded motivic triple zeta values
of odd weight. At last we conjecture that a matrix appearing in the explicit calculation of ∂ on the sum
odd motivic multiple zeta values is invertible.

Denote by

TN ,r = {(n1, . . . , nr ) ∈ Zr
; n1+ · · ·+ nr = N , ni ≥ 1, odd, 1≤ i ≤ r}.

Define δ
(m1,...,mr

n1,...,nr

)
= 1 if (m1, . . . ,mr )= (n1, . . . , nr ), δ

(m1,...,mr
n1,...,nr

)
= 0 if (m1, . . . ,mr ) 6= (n1, . . . , nr ).

Proposition 5.1. Let N ≡ r mod 2 and N ≥ r + 2. For (k1, . . . , kr ) ∈ TN ,r we have

∂(ζ o,m(k1, . . . , kr ))=
∑

(n1,...,nr )∈TN ,r

e
( k1, k2, . . . , kr

n1, n2, . . . , nr

)
ζm(n1)⊗ ζ

o,m(n2, . . . , nr ),

where for n1 ≥ 3, odd,

e
( k1,k2,...,kr

n1,n2,...,nr

)
=

(
2n1−1

−
1
2

)
δ
(k1,k2,...,kr

n1,n2,...,nr

)
+

1
2

r−1∑
i=1

(( n1−1
ki+1−1

)
−

(n1−1
ki−1

))
δ
(k1,...,ki−1,ki+2,...,kr

n2,...,ni ,ni+2,...,nr

)
,

e
(k1,k2,...,kr

1,n2,...,nr

)
=−δ

(k1,k2,...,kr
1,n2,...,nr

)
+

1
2
δ
(k1,...,kr−1,kr

n2,...,nr ,1

)
.
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Proof. Notice the following calculation:

ζ o,m(n1, . . . ,nr )

=
1
2r

∑
εi∈{±1},1≤i≤r

ε1 · · ·εrζ
m
(n1, . . . ,nr
ε1, . . . , εr

)
=

1
2r

∑
εi∈{±1},1≤i≤r

ε1 · · ·εrIm(eε1···εr (e0)n1−1eε2···εr (e0)n2−1
· · ·eεr (e0)nr−1)

=
1
2r

∑
εi∈{±1},2≤i≤r

Im
[
(e1(e0)n1−1eε2···εr (e0)n2−1

· · ·eεr (e0)nr−1)

− e−1(e0)n1−1eε2···εr (e0)n2−1
· · ·eεr (e0)nr−1)

]
=

1
2r

∑
εi∈{±1},2≤i≤r

Im
[(e1(e0)n1−1eε2(e0)n2−1

· · ·eεr (e0)nr−1)− e−1(e0)n1−1eε2(e0)n2−1
· · ·eεr (e0)nr−1)].

We have

σ2n+1 ◦ (e
a0
0 ei1ea1

0 · · · eir ear
0 )=

r∑
j=1

ea0
0 · · · (σ2n+1 ◦ ei j )e

a j
0 · · · eir ear

0 + ea0
0 · · · eir ear

0 σ2n+1.

Since, when n = 0, we have

σ 1 = e−1, e−1 ◦ e1 = e−1e1− e1e−1, e−1 ◦ e−1 = e1e−1− e−1e1,

it follows that

∂1
(
ei1(e0)a1 · · · eis (e0)as

)
= δ

(a1
0

)
δ
( i1i2
−1

)
i1(e−1

− e1)(e0)a2 · · · eis (e0)as + · · ·

+ δ
(as−1

0

)
δ
( is−1is
−1

)
is−1ei1(e0)a1 · · · eis−2(e0)as−2(e−1

− e1)(e0)as

+ δ
(as

0

)
δ
( is
−1

)
ei1(e0)a1 · · · eis−1(e0)as−1 .

As a result, we have

∂1
(
ζ o,m(n1, n2, . . . , nr )

)
=

1
2r

∑
εi∈{±1},1≤i≤r

Im
[
∂1
(
ε1eε1(e0)n1−1eε2(e0)n2−1

· · · eεr (e0)nr−1)]
=

1
2r δ

(n1
1

) ∑
εi∈{±1},1≤i≤r

Im
(
δ
(
ε1ε2
−1

)
ε2

1(e
−1
− e1)(e0)n2−1

· · · eεr (e0)nr−1
)
+ · · ·

+
1
2r δ

(nr−1
1

) ∑
εi∈{±1},1≤i≤r

Im
[
δ
(
εr−1εr
−1

)
ε1εr−1eε1(e0)n1−1

· · · eεr−2(e0)nr−2−1(e−1
− e1)(e0)nr−1

]
+

1
2r δ

(nr
1

) ∑
εi∈{±1},1≤i≤r

Im
(
δ
(
εr
−1

)
ε1eε1(e0)n1−1

· · · eεr−1(e0)nr−1−1
)

=−δ
(n1

1

)
ζ o,m(n2, . . . , nr )+

1
2
δ
(nr

1

)
ζ o,m(n1, . . . , nr−1).
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In the above calculation, the last equality is due to the fact that∑
ε1,ε2∈{±1}

δ
(
ε1ε2
−1

)
ε1 = 0.

Similarly for n ≥ 1, from

σ2n+1 = (1− 22n)

2n∑
r=0

(−1)r
(2n

r

)
e2n−r

0 e−1er
0+ 22n

2n∑
r=0

(−1)r
(2n

r

)
e2n−r

0 e1er
0,

σ2n+1 ◦ e1 = (1− 22n)

2n∑
r=0

(−1)r
(2n

r

)(
e2n−r

0 e−1er
0e1− e1e2n−r

0 e−1er
0
)

+ 22n
2n∑

r=0

(−1)r
(2n

r

)(
e2n−r

0 e1er
0e1− e1e2n−r

0 e1er
0
)
,

σ2n+1 ◦ e−1 = (1− 22n)

2n∑
r=0

(−1)r
(2n

r

)(
e2n−r

0 e1er
0e−1− e−1e2n−r

0 e1er
0
)

+ 22n
2n∑

r=0

(−1)r
(2n

r

)(
e2n−r

0 e−1er
0e−1− e−1e2n−r

0 e−1er
0
)
,

we have

∂2n+1
(
ei1(e0)a1 · · · eis (e0)as

)
= (1− 22n)δ

( a1
2n

)
δ
( i1i2
−1

)
e−i1(e0)a2ei3(e0)a3 · · · eis (e0)as

− (1− 22n)(−1)a1
(2n

a1

)
δ
( i1i2
−1

)
ei1(e0)a1+a2−2nei3(e0)a3 · · · eis (e0)as

+ 22nδ
( a1

2n

)
δ
( i1i2

1

)
ei1(e0)a2ei3(e0)a3 · · · eis (e0)as

− 22n(−1)a1
(2n

a1

)
δ
( i1i2

1

)
ei1(e0)a1+a2−2nei3(e0)a3 · · · eis (e0)as

+ · · ·+ (1− 22n)(−1)as−1
( 2n

as−1

)
δ
( is−1is
−1

)
ei1(e0)a1 · · · eis−2(e0)as−2+as−1−2ne−is−1(e0)as

− (1− 22n)(−1)as−1
( 2n

as−1

)
δ
( is−1is
−1

)
ei1(e0)a1 · · · eis−2(e0)as−2eis−1(e0)as−1+as−2n

+ 22n(−1)as−1
( 2n

as−1

)
δ
( is−1is

1

)
ei1(e0)a1 · · · eis−2(e0)as−2+as−1−2neis−1(e0)as

+ 22n(−1)as−1
( 2n

as−1

)
δ
( is−1is

1

)
ei1(e0)a1 · · · eis−2(e0)as−2eis−1(e0)as−1+as−2n

+ (1− 22n)(−1)as
(2n

as

)
δ
( is
−1

)
ei1(e0)a1 · · · (e0)as−2eis−1(e0)as−1+as−2n

+ 22n(−1)as
(2n

as

)
δ
( is

1

)
ei1(e0)a1 · · · (e0)as−2eis−1(e0)as−1+as−2n.



Motivic multiple zeta values relative to µ2 2709

Thus for (n1, n2, . . . , nr ) ∈ TN ,r , we have

∂2n+1
(
ζ o,m(n1, . . . , nr )

)
=

1
2r

∑
εi∈{±1},1≤i≤r

ε1Im
[
∂2n+1

(
eε1(e0)n1−1

· · · eεr (e0)nr−1)]
=

1
2
(22n
− 1)δ

( n1
2n+1

)
ζ o,m(n2, . . . , nr )

+
(−1)n1−1

2
(22n
− 1)

( 2n
n1−1

)
ζ o,m(n1+ n2− 2n− 1, n3, . . . , nr )

+
22n

2
δ
( n1

2n+1

)
ζ o,m(n2, . . . , nr )−

22n

2
(−1)n1−1

( 2n
n1−1

)
ζ o,m(n1+ n2− 2n− 1, n3, . . . , nr )

+ · · ·+
1−22n

2
(−1)nr−1−1

( 2n
nr−1−1

)
ζ o,m(n1, . . . , nr−3, nr−2+ nr−1− 2n− 1, nr )

−
1−22n

2
(−1)nr−1−1

( 2n
nr−1−1

)
ζ o,m(n1, . . . , nr−2, nr−1+ nr − 2n− 1)

+
22n

2
(−1)nr−1−1

( 2n
nr−1−1

)
ζ o,m(n1, . . . , nr−3, nr−2+ nr−1− 2n− 1, nr )

−
22n

2
(−1)nr−1−1

( 2n
nr−1−1

)
ζ o,m(n1, . . . , nr−2, nr−1+ nr − 2n− 1)

+
1−22n

2
(−1)nr−1

( 2n
nr−1

)
ζ o,m(n1, . . . , nr−2, nr−1+ nr − 2n− 1)

+
22n

2
(−1)nr−1

( 2n
nr−1

)
ζ o,m(n1, . . . , nr−2, nr−1+ nr − 2n− 1)

=

(
1− 1

2

)
δ
( n1

2n+1

)
ζ o,m(n2, . . . , nr )−

1
2

( 2n
n1−1

)
ζ o,m(n1+ n2− 2n− 1, n3, . . . , nr )

+ · · ·+
1
2

( 2n
nr−1−1

)
ζ o,m(n1, . . . , nr−3, nr−2+ nr−1− 2n− 1, nr )

−
1
2

( 2n
nr−1−1

)
ζ o,m(n1, . . . , nr−2, nr−1+ nr − 2n− 1)

+
1
2

( 2n
nr−1

)
ζ o,m(n1, . . . , nr−2, nr−1+ nr − 2n− 1)

= (2n1−1
−

1
2
)δ
( n1

2n+1

)
ζ o,m(n2, . . . , nr )

+
1
2

r−1∑
i=1

(( 2n
ni+1−1

)
−

( 2n
ni−1

))
· ζ o,m(n1, . . . , ni−1, ni + ni+1− 2n− 1, ni+2, . . . , nr ).

Thus the proposition holds. �

With the help of the above proposition, we can generalize Theorem 4.6 to the case of depth 3.
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Theorem 5.2. For r = 3, N ≥ 5 odd.

(i) The set of the images of elements

{ζ o,m(n1, n2, n3); n1+ n2+ n3 = N , ni odd}

in grD3 HN is a basis of the total space grD3 HN .

(ii) Every element in

Po
N ,3 = 〈ζ

o(n1, n2, n3); n1+ n2+ n3 = N , n3 > 1〉Q

can be written as a Q-linear combination of some sum odd multiple zeta values of weight N, depth 3
and multiple zeta values relative to µ2 of weight N, depth less than 3.

Proof. We have known that the set of elements

{ζ o,m(n1, n2); n1+ n2 = k, ni ≥ 1, odd}

is a basis of the space grD2 HN . Similar to the proofs of Theorems 4.6 and 4.11 we will use the above propo-
sition to prove the first part. Using Lemma 4.7, we only need to prove that for any given (n1, n2, n3)∈ TN ,3,∑

(k1,k2,...,kr ) 6=(n1,n2,...,nr )

∣∣∣e( k1, k2, . . . , kr
n1, n2, . . . , nr

)∣∣∣< ∣∣∣e(n1, n2, . . . , nr
n1, n2, . . . , nr

)∣∣∣.
When n1 = 1, the above inequality is trivial.

When n1 ≥ 3, we have∑
(k1,k2,k3)∈SN ,3

∣∣∣δ( k3
n3

)((n1−1
k1−1

)
−

(n1−1
k2−1

))
+ δ

( k1
n2

)((n1−1
k2−1

)
−

(n1−1
k3−1

))∣∣∣
≤

∑
(k1,k2,k3)∈SN ,3

∣∣∣δ( k3
n3

)((n1−1
k1−1

)
−

(n1−1
k2−1

))∣∣∣+ ∣∣∣δ( k1
n2

)((n1−1
k2−1

)
−

(n1−1
k3−1

))∣∣∣
≤

∑
(k1,k2,k3)∈SN ,3

δ
( k3

n3

)(∣∣∣(n1−1
k1−1

)∣∣∣+ ∣∣∣(n1−1
k2−1

)∣∣∣)+ δ( k1
n2

)(∣∣∣(n1−1
k2−1

)∣∣∣+ ∣∣∣(n1−1
k3−1

)∣∣∣)− 2

≤ 4
∑
i≥0

(n1−1
2i

)
− 2< 2n1 − 1.

Thus the first statement holds.
As for the second part of this theorem, denote by

C = {ζ o,m(n1, n2, n3); n1+ n2+ n3 = N } \ {ζ o,m(n1, n2, n3); n1+ n2+ n3 = N , ni odd}.

Assume that there is a lexicographical order on TN ,r , it induces an order on C and {ζ o,m(n1, n2, n3);

n1 + n2 + n3 = N }. Let α (resp. β) be the column vector whose i-th element is the i-th element in C
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(resp. {ζ o,m(n1, n2, n3); n1+ n2+ n3 = N }). The argument above and Proposition 5.1 show that there
is a matrix P and an invertible matrix Q such that

∂(α)= Pγ, ∂(β)= Qγ,

where γ = (ζm(1)⊗ ζ o,m(1, N − 2), . . . , ζm(N − 2)⊗ ζ o,m(1, 1))T .
The last column of Q is

(
0, . . . , 0, 2N−3

−
1
2

)T obviously, and the last column of P is 0 because of
the following equation:

∂N−2(ζ
o,m(n1, n2, n3))= 0, for all ζ o,m(n1, n2, n3) ∈ C.

By the injectivity of ∂ we have
α = P Q−1β,

and that the last row of P Q−1 is 0. Thus the theorem holds. �

Furthermore we can put forward the following conjecture:

Conjecture 5.3. For any r ≥ 4, N ≥ r + 2, N − r ≡ 0 mod 2, the order |TN ,r | matrix

E =
(

e
( k1, k2, . . . , kr

n1, n2, . . . , nr

))
as in Proposition 5.1 is invertible.

Remark 5.4. If this conjecture is true we can directly generalize Theorem 5.2 to cases of higher depth by
induction. Unfortunately in depth ≥ 4, the matrix E is usually not a strictly diagonal dominant matrix any
more. Thus Lemma 4.7 is not helpful in cases of higher depth. By explicit calculation we have checked
that Conjecture 5.3 is true for r = 4, N = 6, 8, 10.

Remark 5.5. The motivic approach in this paper can also be used to study cyclotomic multiple zeta
values for other roots of unity. By explicit calculation, the analogue of Theorem 1.3 in other roots of
unity (at least for µ3, µ4, µ6 and µ8) is true. Unfortunately we can’t find any short exact sequence either
for other roots of unity or for µ2 in higher depth.
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An intriguing hyperelliptic
Shimura curve quotient of genus 16

Lassina Dembélé

Let F be the maximal totally real subfield of Q(ζ32), the cyclotomic field of 32-nd roots of unity. Let D
be the quaternion algebra over F ramified exactly at the unique prime above 2 and 7 of the real places
of F . Let O be a maximal order in D, and X D

0 (1) the Shimura curve attached to O. Let C = X D
0 (1)/〈wD〉,

where wD is the unique Atkin–Lehner involution on X D
0 (1). We show that the curve C has several striking

features. First, it is a hyperelliptic curve of genus 16, whose hyperelliptic involution is exceptional.
Second, there are 34 Weierstrass points on C , and exactly half of these points are CM points; they are
defined over the Hilbert class field of the unique CM extension E/F of class number 17 contained in
Q(ζ64), the cyclotomic field of 64-th roots of unity. Third, the normal closure of the field of 2-torsion
of the Jacobian of C is the Harbater field N , the unique Galois number field N/Q unramified outside 2
and∞, with Galois group Gal(N/Q)' F17 = Z/17Zo (Z/17Z)×. In fact, the Jacobian Jac(X D

0 (1)) has
the remarkable property that each of its simple factors has a 2-torsion field whose normal closure is the
field N . Finally, and perhaps the most striking fact about C , is that it is also hyperelliptic over Q.

1. Introduction

Let F be the maximal totally real subfield of Q(ζ32), the cyclotomic field of 32-nd roots of unity.
Recall that 2 is totally ramified in F, and let p be the unique prime above it. Let D be the quaternion
algebra defined over F ramified exactly at p and 7 of the real places of F. Let O be a maximal order
in D, and X D

0 (1) the Shimura curve attached to O. Let C = X D
0 (1)/〈wD〉, where wD is the unique

Atkin–Lehner involution on X D
0 (1). Let Jac(X D

0 (1)) and Jac(C) be the Jacobians of X D
0 (1) and Jac(C),

respectively. In this note, we show that C has several striking properties. First, we prove the following
theorem (Theorem 5.13).

Theorem A. The curve C is a hyperelliptic curve of genus 16 defined over Q.

We first show that C is hyperelliptic over F (Theorem 5.9), then we apply a descent argument from
[Sijsling and Voight 2016] to show that both the curve and the hyperelliptic involution are defined over Q.
For the first part, we simply count the number of Weierstrass points on C . This count yields that C has 34
Weierstrass points, the maximum number for a hyperelliptic curve of genus 16 by the Weierstrass gap

The author was supported by EPSRC Grants EP/J002658/1 and EP/L025302/1, a Visiting grant from the Max-Planck Institute
for Mathematics, and a Simons Collaboration Grant (550029).
MSC2010: primary 11F41; secondary 11F80.
Keywords: abelian varieties, Hilbert modular forms, Shimura curves.
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theorem. Half of those Weierstrass points are CM points defined over the Hilbert class field of the unique
CM extension E/F of class number 17 contained in Q(ζ64), the cyclotomic field of 64-th roots of unity.

To show that C is in fact defined over Q, we determine the automorphism group Aut(C) of C as a curve
over F. We do this by exploiting the Čerednik–Drinfel’d 2-adic uniformisation of X D

0 (1) and the fact that
the automorphism group of a stable curve injects into an admissible subgroup of the automorphism group
of its dual graph (see [Deligne and Mumford 1969] and Section 4F for the definition of admissibility).
A careful study of the dual graph of the stable model of C over the completion of F at p then yields
that Aut(C)= Z/2Z. As a result, we get that the only nontrivial automorphism of C is the hyperelliptic
involution, which in this case must be exceptional since the curve C is obtained as the quotient of X D

0 (1)
by the unique Atkin–Lehner involution wD .

Our second result concerns the field of 2-torsion of Jac(C). It is known that 17 is the smallest odd
integer which can occur as the degree of a number field K/Q for which 2 is the only finite prime which
ramifies. That there is no such integer less than 17 follows from [Jones 2010]. On the other hand,
Harbater [1994] proved that there is a unique Galois number field N/Q unramified outside 2 and∞, with
Galois group Gal(N/Q)' F17=Z/17Zo(Z/17Z)×. So, the fixed field of the Sylow 2-subgroup of F17 is
a number field of degree 17 in which 2 is the only ramified finite prime. Noam Elkies provided a degree 17
polynomial whose splitting field is N. The computation which led to that polynomial stemmed from a
discussion on mathoverflow.net [Rouse and Elkies 2014] initiated by Jeremy Rouse. In the context
of that discussion, it is natural to ask whether there is a curve defined over Q, with good reduction away
from 2, whose field of 2-torsion is the Harbater field N. The following theorem provides an affirmative
answer to that question (Theorem 6.1).

Theorem B. The field of 2-torsion of Jac(C) is the Harbater field N.

The fact that the Harbater field can be realised as the field of 2-torsion of a hyperelliptic curve of rather
large genus, with good reduction outside 2, seems rather remarkable to us. For that reason, we think that
it would be very interesting to find a defining equation for C over Q. This is a question of independent
interest that we hope to consider in the future.

In fact, we prove a slightly stronger result than Theorem B. Namely, up to isogeny, the Jacobian
Jac(X D

0 (1)) decomposes as the product of four abelian varieties of dimension 4 and one of dimension 24.
We give two different proofs of the following (Theorem 6.4).

Theorem C. Let A be a simple factor of Jac(X D
0 (1)). Then the normal closure of the field of 2-torsion

of A is the Harbater field N.

The second proof of Theorem C uses congruences. Namely, let SD
2 (1) be the space of automorphic

forms of level (1) and weight 2 over the quaternion algebra D, and T be the Hecke algebra acting
on SD

2 (1). We show that there are two congruence classes modulo 2 among the newforms in SD
2 (1),

whose associated mod 2 residual Galois representations have the same image D17. These two congruence
classes are permuted by Gal(F/Q). As a result, we get that the normal closure of the field of 2-torsion of
every simple factor of Jac(X D

0 (1)) is the Harbater field N. Interestingly, the existence of these two distinct
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congruence classes modulo 2 turns out to have the following amusing consequence: the connectedness
of Spec(T), which is obtained by an argument à la Mazur [1977, Proposition 10.6], cannot arise from a
single congruence modulo 2. In other words, the existence of the Harbater field as the normal closure of
the field of 2-torsion of Jac(X D

0 (1)) is an obstruction to the connectedness of Spec(T) being achieved
via a unique congruence modulo 2. This is due to the tautological reason that the semidirect product
F17 = D17 o Z/8Z is nonsplit. In fact, we show that the connectedness of Spec(T) is given by two
different congruences modulo 3 and 5.

Our initial interest in the curve X D
0 (1) stems from a conjecture of Benedict H. Gross which states

that, for any prime p, there is a nonsolvable number field K/Q ramified at p (and possibly at∞) only.
In [Dembélé 2009], we proved that conjecture for p = 2 by using Hilbert modular forms of level (1)
and weight 2 over F. Theorem C implies that none of the simple factors of Jac(X D

0 (1)) has a 2-torsion
field that can be used to provide an affirmative answer to the Gross conjecture for number fields given
that N is solvable. Amusingly, it turns out that the simple factors of Jac(X D

0 (1)) are more interesting
in relation to other conjectures of Gross [2016] which concern modularity of abelian varieties not of
GL2-type. Indeed, functorially, these simple factors are related to abelian varieties defined over Q with
small or even trivial endomorphism rings, but which acquire extra endomorphisms over F, as we explain
later (see also [Cunningham and Dembélé 2017]).

The outline of the paper is as follows. In Section 2, we recall the necessary background on Weierstrass
points and hyperellipticity. In Section 3, we recall the necessary background on arithmetic groups in
quaternion algebras, and compliment this by discussing optimal embeddings into maximal arithmetic
Fuchsian groups. In Section 4, we review the theory of Shimura curves, especially their p-adic uniformi-
sation. Finally, in Sections 5 and 6, we discuss our example, its Jacobian and the connection of their
2-torsion fields with the Harbater field.

2. Background on Weierstrass points

Throughout this section, X is a smooth projective curve of genus g ≥ 2 defined over a field k of
characteristic 0, with algebraic closure k.

2A. Definition and properties. Let P be a point on X. We say that P is a Weierstrass point if there
exists a differential form ω ∈ H 0(X, �1

X ) such that ordP(ω)≥ g. We let W be the set of all Weierstrass
points on X (k). Alternatively, one can describe W as follows. Let D be a divisor on X, and L (D) the
Riemann–Roch space associated to D, i.e.,

L (D) := { f ∈ k(X)× : div( f )+ D ≥ 0} ∪ {0}.

By the Riemann–Roch theorem, L (D) is finite dimensional, and we let `(D) be its dimension.

Proposition 2.1. Let P be a point on X. Then, P ∈W if and only if `(g P)≥ 2.

Proof. This is a consequence of the Riemann–Roch theorem [Hindry and Silverman 2000, §A.4]. �
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The gap sequence associated to a Weierstrass point P is the set

G(P) := {n ∈ Z≥0 : `(n P)= `((n− 1)P)}.

The weight of the Weierstrass point P is defined by

w(P) :=
( ∑

n∈G(P)

n
)
−

g(g+ 1)
2

.

Theorem 2.2. Let P be a point on X. Then P is a Weierstrass point if and only if w(P) ≥ 1, and∑
w(P)P belongs to the complete linear system∣∣∣∣g(g+ 1)

2
K X

∣∣∣∣,
where K X is a canonical divisor on X. In particular, we have that∑

P∈W

w(P)= g(g2
− 1).

Proof. See [Farkas and Kra 1980, §III.5] or [Hindry and Silverman 2000, Exercise A.4.14]. �

2B. Hyperellipticity. We recall that X is a hyperelliptic curve if there is a degree 2 map φ : X → P1

defined over k. In that case, φ is unique (up to automorphisms of P1). The map φ induces a degree 2
extension k(X)/k(P1), which is Galois since char(k)= 0. So, this gives rise to a map ι : X→ X called
the hyperelliptic involution. We say X is hyperelliptic over k if φ is defined over k. The following is a
well-known classical result.

Proposition 2.3. Let X be a curve of genus g ≥ 2 defined over a field k of characteristic 0, and W the set
of Weierstrass points of X (k). Then, we have

2g+ 2≤ #W ≤ g3
− g.

Furthermore, X is hyperelliptic if and only if #W = 2g + 2. In that case, the branch points are the
Weierstrass points.

Proof. See [Farkas and Kra 1980, §III.5] or [Hindry and Silverman 2000, Exercise A.4.14]. �

2C. Galois action. Let W be the set of all Weierstrass points over X (k), then W is preserved by the
action of Gal(k/k). In particular, when X is a hyperelliptic curve, this action factors through the symmetric
group S2g+2.

3. Arithmetic Fuchsian groups

From now on, F is a totally real number field of degree g. We denote the real embeddings of F by
v1, . . . , vg. We let OF be the ring of integers of F, and O×+F the group of totally positive units in OF .
We let D be a quaternion algebra defined over F, and fix a maximal order O in D. Let v be a place of F,
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and Fv the completion of F at v. We recall that D is said to be ramified at v if Dv = D⊗ Fv is a division
quaternion algebra. We let S∞ (resp. S f ) be the set of archimedean places (resp. finite places) where D is
ramified; and set S = S∞ ∪ S f . We let r = #S f .

3A. Fuchsian groups. From now on, we assume that D is ramified at all but one archimedean places;
namely, that S∞ = {v2, . . . , vg}. This means that, we have D ⊗ R ' M2(R)×Hg−1, where H is the
Hamilton quaternion algebra over R. We let j1 : D⊗v1 R→M2(R) be the projection onto the factor
corresponding to v1. We will also denote the map induced on the unit groups by j1 : (D⊗v1 R)×→GL2(R).
For the definition of the reduced norm Nrd : D→ F below, we refer to [Vignéras 1980, Chapitre I, §1] or
[Voight 2018, §3.3]. We let

O1
:= {x ∈O : Nrd(x)= 1}; O× := {x ∈O : Nrd(x) ∈O×F }; O×

+
:= {x ∈O : Nrd(x) ∈O×+F }.

We recall that the normaliser of O inside D is defined by

ND(O) := {x ∈ D× : xO =Ox}.

We set
ND(O)+ := {x ∈ ND(O) : Nrd(x) ∈ F×

+
}.

We let 01 (resp. 0, 0O) be the image of O1 (resp. O×+ , ND(O)+) in PGL+2 (R) :=GL+2 (R)/R
× via j1, where

GL+2 (R) := {γ ∈ GL2(R) : det(γ ) > 0}.

We will also use the same notation to identify these groups with their respective images in D×/F×. We
recall that 01 is an arithmetic Fuchsian group, i.e., a discrete subgroup of PSL2(R). The commensurability
class of 01, consists of all the subgroups 0′ ⊂ PGL+2 (R) that are commensurable with 01, i.e., such
that 0′ ∩ 01 has finite index in both 0′ and 01. Any Fuchsian group that is commensurable to an
arithmetic Fuchsian group is itself arithmetic. So, the commensurability class of 01 is independent of
the embedding j1. We define it simply as the commensurability class of O1 in D×/F×, and denote it
by C (D). In C (D), one is particularly interested in those groups 0′ with minimal covolume. Borel [1981]
showed that, up to conjugacy, there are finite many such groups, and gave their covolume purely in terms
of the number theoretic data used in defining them. These groups are called maximal arithmetic Fuchsian
groups, and are the main objects of interest to us in this section.

Theorem 3.1 [Borel 1981]. Every maximal arithmetic Fuchsian group in C (D) is of the form 0O,
where O is a maximal order in D. In that case, the covolume of 0O is given by

Vol(0O\H)=
8πD3/2

F ζF (2)

(4π2)g[H : F×2
]

∏
q∈S f

(N q− 1),

where H = {Nrd(x) : x ∈ ND(O)+}. In particular, it depends only on F and S f .

Proof. See [Borel 1981, §8.4]. �
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3B. The Atkin–Lehner group. We define the Atkin–Lehner group

W := ND(O)/F×O×.

By the Skolem–Noether theorem [Vignéras 1980, Chapitre II, Théorème 2.1], W can be identified with
the group of automorphisms of O. It is generated by the classes [u] ∈ W such that (u) is a principal
two-sided ideal whose norm is supported at the prime ideals in S f . By the Hasse–Schilling–Maass
theorem [Vignéras 1980, Chapitre III, Théorème 5.7], W is a finite elementary abelian 2-group. So, there
is a positive integer r such that

W ' (Z/2Z)r .

We define the positive Atkin–Lehner groups

W+ := ND(O)+/F×O×
+
, W 1

:= ND(O)/F×O1.

There is a split exact sequence

1→O×+F /(O×F )
2
→W 1

→W+→ 1,

which gives an isomorphism

W 1
'O×+F /(O×F )

2
×W+ ' (Z/2Z)s,

where s ≤ (n− 1)+ r . The rank s of W 1 can be determined from the Dirichlet unit theorem and the fact
that the image of W+ inside W is generated by those principal two-sided ideals whose norms are totally
positive and supported at S f .

3C. Optimal embeddings. Let E/F be a CM extension, i.e., a totally imaginary quadratic extension. By
[Vignéras 1980, Chapitre III, Théorème 3.8], E embeds into D if and only if, every finite place v ∈ S f is
ramified or inert in E . The following theorem will be very useful for us.

Theorem 3.2. Let E/F be a CM extension, and σ : E ↪→ D an embedding. Let α ∈ E \ F , and disc(α)=
TrE/F (α)

2
−4 NE/F (α). Then, up to conjugation, σ(α) ∈ ND(O)+ if and only if disc(α)/NE/F (α) ∈OF ,

and NE/F (α) ∈ F×+ is supported at S f modulo squares.

Proof. This follows from [Chinburg and Friedman 1999, Lemma 4.3] (see also [Maclachlan 2006,
Theorem 3.1]). �

Let E/F be a CM extension, and O an OF -order in E . An optimal embedding of O in O is a
homomorphism ι : E ↪→ D such that ι(O)= ι(E)∩O. We denote the set of optimal embeddings of O
into O by Emb(O,O). We fix an embedding E ↪→ D. Then, by the Skolem–Noether theorem, every
embedding of E into D is of the form (x 7→ αxα−1) for some α ∈ D×. So, we can identify Emb(O,O)
with the coset space E×\E (O,O) where

E (O,O) :=
{
α ∈ D× : αEα−1

∩O =O
}
=
{
α ∈ D× : E ∩α−1Oα = α−1Oα

}
.
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Conjugation induces a right action of ND(O)/F× on Emb(O,O). For any subgroup 01
⊂0⊂ND(O)/F×,

we let Emb(O,O;0) be the set of 0-conjugacy classes of optimal embeddings. Similarly, if O1
⊂ G ⊂

ND(O), we let Emb(O,O;G) := Emb(O,O;G), where G is the image of G in ND(O)/F×. The set
Emb(O,O;0) is finite since 0 has finite index in ND(O)/F×. The cardinality m(O,O;0) of this set is
called the embedding number of O into O, with respect to 0; or simply the embedding number of O
into O when 0 =O×. There are formulae for m(O,O;O×), see for example [Vignéras 1980, Chapitre II,
§3 and Chapitre III, §5; Voight 2018, §30]. The following lemma can be used to get m(O,O;G) for any
subgroup O1

⊂ G ⊂O×.

Lemma 3.3. Let O1
⊂ G ⊂O× be a subgroup. Then we have

m(O,O;G)= m(O,O;O×)[Nrd(O×) : Nrd(G)NE/F (O
×)].

Proof. See [Voight 2018, Lemma 30.3.14]. (We note that the statement in [Vignéras 1980, Chapitre III,
Corollaire 5.13] is only correct with the inclusion G ⊂ ND(O) replaced by G ⊂O×.) �

Here we are interested in the case when O×+⊂G⊂ND(O)+. In particular, we want Emb(O,O;ND(O)+)
when O is a maximal order in D.

Lemma 3.4. Let O×+ ⊂ G ⊂ ND(O)+ be a subgroup. Then we have

m(O,O;O×
+
)= m(O,O;G)

[
Nrd(G) : Nrd(G)∩NE/F (E×)O×+F

]
.

Proof. There is a natural surjection

E×\E (O,O)/O×
+
→ E×\E (O,O)/G.

To prove the lemma, we need to understand the fibres of this map. For α ∈ E (O,O), the fibre of E×αG is

T := E×\E×αG/O×
+
' (αE×α−1

∩G)\G/O×
+
.

It is enough to show that the cardinality of T is independent of α. To see this, we recall that the reduced
norm Nrd : D×+→ F×+ induces a map

φ : (αE×α−1
∩G)\G/O×

+
→ Nrd(G)/Nrd(G)∩NE/F (E×)O×+F ,

which is a bijection since ker(φ)=O1
⊂O×+ ⊂ G ⊂ ND(O)+.

Alternatively, we can see that O×+ is a normal subgroup of G. So, we can identify (αE×α−1
∩G)\G/O×+

with a subgroup of W+. This means that #T divides #W+, and is always a power of 2. �

Let Ô := O ⊗ Ẑ =
∏
v<∞Ov and D̂ := D ⊗ Q̂, where Ẑ and Q̂ are the finite adèles of Z and Q,

respectively. For every finite place v, let O×v ⊂ Gv ⊂ NDv
(Ov) be a subgroup, and Ĝ :=

∏
v<∞ Gv. We

would like to understand the global embedding numbers of the group Ĝ, or G := Ĝ ∩ D×+. Since D
satisfies the Eichler condition, we have D×+\D̂

×/Ô× ' Cl+F , where Cl+F is the narrow class group of F.
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Let h = # Cl+F be the narrow class number of F, and

D̂× =
h∐

i=1

D×
+

gi Ô×,

where gi ∈ D̂×, i = 1, . . . , h, and g1 = 1. Then, for each i , Oi := gi Ôg−1
i ∩ D is a maximal order, and

ND(Oi )= gi ND̂(Ô)g
−1
i ∩ D. Letting Gi := gi Ĝg−1

i ∩ D×+ , we have (Oi )
×

+ ⊂ Gi ⊂ ND(Oi )+.
For Ĝ = Ô×, there are formulae for global optimal embeddings numbers (see [Vignéras 1980,

Chapitre III, §5; Voight 2018, §30]). For Ô× ⊂ Ĝ ⊂ ND̂(Ô), we have the following theorem.

Theorem 3.5. Keeping the above notations, let G :=G1 and hO be the class number of O. Then we have

h∑
i=1

m(O,Oi ;Gi )=
2hO

[H : H ∩NE/F (E×)O×+F ]

∏
v<∞

m(Ov,Ov;O×v ),

where H := Nrd(G), and m(Ov,Ov;O×v ) is the local embedding number at the place v. (Here v runs
over all finite places.)

Proof. By applying Lemma 3.3 with G =O×+, we have

m(O,O;O×
+
)= m(O,O;O×)[Nrd(O×) : Nrd(O×

+
)NE/F (O

×)]

= m(O,O;O×)[Nrd(O×) :O×+F ] = 2m(O,O,O×).

The latter equality follows from the fact that D is ramified at all but one archimedean place, the norm
theorem [Vignéras 1980, Chapitre III, Théorème 4.1] and the Dirichlet unit theorem.

Now we return to the situation O×+ ⊂ G ⊂ ND(O)+. Combining the above identity with Lemma 3.4,
we have

2m(O,O;O×)= m(O,O;G)[Nrd(G) : Nrd(G)∩NE/F (E×)O×+F ].

A similar identity holds for the other maximal orders. In other words, for each maximal order Oi , we have

2m(O,Oi ;O×i )= m(O,O;Gi )[Nrd(Gi ) : Nrd(Gi )∩NE/F (E×)O×+F ].

However, the group Nrd(Gi ) is independent of i again by the norm theorem. Hence setting H :=Nrd(G),
we get

2m(O,Oi ;O×i )= m(O,Oi ;Gi )[H : H ∩NE/F (E×)O×+F ].

So, we have
h∑

i=1

m(O,Oi ;Gi )=
2

[H : H ∩NE/F (E×)O×+F ]

h∑
i=1

m(O,Oi ;O×i ).

We then apply [Vignéras 1980, Chapitre III, Théorème 5.11] or [Voight 2018, Theorem 30.7.3] to conclude
the proof. �
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3D. Torsion in maximal arithmetic groups. From now on, we will assume that the field F has narrow
class number one. However, the results discussed here can be easily adapted to any field by following
[Voight 2018, §31 and §39] given that our maximal orders do not satisfy the selectivity condition in
[Chinburg and Friedman 1999].

Since F has narrow class number one, under the assumptions of Theorem 3.5, we have

m(O,O;G)=
2hO

[H : H ∩NE/F (E×)O×+F ]

∏
v<∞

m(Ov,Ov;O×v ).

Theorem 3.6. Let q ≥ 2 be an integer, and eq the number of elliptic points of order q in G. Suppose
that eq > 0. For q ≥ 3, let E = F(ζq), where ζq is a primitive q-th root of unity, and let Sq be the set of
OF -orders defined by

Sq :=
{
OF [ζq ] ⊂O⊂OE : #O×tors = q

}
.

For q = 2, let Nq be a set of representatives for the norms of elements in G in Nrd(W+), and let Sq be
the set of OF -orders defined by

Sq :=
⋃

n∈Nq
E=F(

√
−n)

{
OF [
√
−n] ⊂O⊂OE

}
.

Then the number of elliptic points of order q in G is given by

eq :=
1
2

∑
O∈Sq

m(O,O;G).

Proof. The proof is essentially an adaptation of the discussion of [Voight 2018, §39.4] (see also [Vignéras
1980, Chapitre IV, Section 2]); the only difference arises from the elliptic points that are fixed by the
Atkin–Lehner group W+. However, the number of 2-torsion elliptic elements can be computed by
combining Theorem 3.2 and Section 3B. �

Remark 3.7. There seems to be very little discussion on the number of elliptic elements (or optimal
embeddings) in maximal arithmetic Fuchsian groups. The only literature we could find on this topic is
from Michon [1981] and Vignéras [1980, Chapitre IV, §3] for F =Q, and Maclachlan [2006; 2009] for
[F :Q]>1. In the latter case, however, the presentation is very different than ours. Our results are stated in a
way as to draw the most parallel with optimal embeddings in Fuchsian groups, which correspond to Shimura
curves, given that there is an abundance of literature in this case; see, for example, [Voight 2018, §30].

3E. Genus formula. Let 0 be a Fuchsian group of signature (g; e1, . . . , er ), then the quotient 0\H is a
compact Riemann surface, whose volume is given by

Vol(0\H)= 2π
(

2g− 2+
r∑

i=1

(
1−

1
ei

))
.

When 0 = 0O is maximal in some commensurability class C (D), the volume depends only on F and S f

according to Theorem 3.1. In fact, it follows from [Maclachlan 2009, Corollary 5.7] that all maximal
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arithmetic Fuchsian groups in the commensurability class C (D) have the same signature, and we can
compute their genus by combining the volume formula in Theorem 3.1 with the results of Section 3D (at
least when F has narrow class number one).

4. Shimura curves

We keep the notations of Section 3. Here, we summarise the necessary backgrounds on canonical models
and p-adic uniformisation of Shimura curves. Our main references are [Boutot and Carayol 1991; Boutot
and Zink 1995; Carayol 1986; Nekovář 2012; Sijsling 2013]. We view F as a subfield of C via the
embedding v1 : F ↪→ C.

4A. Complex uniformisation. Let U =
∏

q Uq ⊂ Ô× be a compact open subgroup, such that Up is
maximal. We consider the quotient

XU (C) := D×\X × D̂×/U,

where X := P1(C)−P1(R)= H+ tH−, and H− and H+ are the lower and upper Poincaré half-planes.
Since D is a division algebra, XU (C) is a Riemann surface.

There is a right action of D̂× on X× D̂× by conjugation. For each g ∈ D̂×, this induces an isomorphism
of complex curves

XU (C)−→
∼ Xg−1Ug(C).

By the strong approximation theorem, we have the following bijections

D×
+
\D̂×/U ' D×\{±1}× D̂×/U ' F×

+
\F̂×/Nrd(U ).

By class field theory, there is a unique abelian extension FU of F such that the Artin map induces
an isomorphism

ArtF : Gal(FU/F)' F×
+
\F̂×/Nrd(U ).

So the set F×+ \F̂
×/Nrd(U ) is a Galois set. Thus there is a finite étale scheme TU defined over F such that

TU (FU )= TU (F)= TU (C)= F×
+
\F̂×/Nrd(U ).

Shimura [1970] showed that XU (C) admits a canonical model defined over F (see also [Deligne 1971]).
Namely, we have the following result.

Theorem 4.1. There is a curve XU defined over F, called a canonical model, which satisfies the following
properties:

(i) The set of complex points of XU is XU (C), i.e.,

(XU ⊗F,v1 C)(C)= XU (C).

(ii) For a compact open U ′ ⊂ U, the morphism XU ′(C) → XU (C) is induced by an F-morphism
XU ′→ XU .
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(iii) For each g ∈ D̂×, the morphism XU (C)→ Xg−1Ug(C) is induced from a F-morphism XU→ Xg−1Ug.

(iv) The morphism XU (C)→ TU (C), has connected fibres, and is induced by a morphism of F-schemes
XU → TU . In particular, the group of connected component π0(XU ) is a finite étale group scheme
over F such that π0(XU )(C)= π0(XU (C))= TU (C), where π0(XU (C)) is the group of connected
components of XU (C).

Proof. This is essentially a summary of the properties of canonical models of Shimura curves listed in
[Carayol 1986, §1.1 and §1.2]. �

Theorem 4.1(iv) is known as the Shimura reciprocity law. It implies that XU is an irreducible scheme,
which is not geometrically irreducible in general. However, when Nrd(U )= Ô×F , then XU is geometrically
irreducible since we assume that F has narrow class number one.

We define the adelic Atkin–Lehner group by Ŵ := ND̂(U )/F̂×U. By making use of the weak
approximation theorem, one can show that

Ŵ '
∏

q∈S f ∪S0

Z/2Z,

where S0 is the set of primes where Uq is nonmaximal.

Corollary 4.2. The group Ŵ acts on XU (C). This action is induced from an action of Ŵ on XU defined
over F. In particular, if W ′ ⊆ Ŵ is a subgroup, then the quotient XU/W ′ is defined over F.

Proof. Every element g ∈ Ŵ defines an automorphism of XU (C). By Theorem 4.1 (iii), this automorphism
descends to F. �

When there is an integral ideal N coprime with the discriminant disc(D) of O, and an Eichler order
O0(N) ⊂ O of level N such that U = Ô0(N)

×

, we will denote the Shimura curve XU by X D
0 (N), or

simply write X D
0 (1) when N= (1).

4B. Bruhat-Tits tree. Let Tp be the Bruhat-Tits tree attached to GL2(Fp). Its set of vertices V(Tp)
consists of maximal OFp-orders in M2(Fp), two vertices being adjacent if their intersection is an Eichler
order of level p. Let EE(Tp) denote the set of ordered edges of Tp, i.e., the set of ordered pairs (s, t) of
adjacent vertices of Tp. If e = (s, t), the vertex s is called the source of e and the vertex t is called its
target; they are denoted by s(e) and t (e) respectively.

The Atkin–Lehner involution ι : EE(Tp)→ EE(Tp) sends the edge e = (s, t) to the opposite edge ē. We
let E(Tp)= EE(Tp)/〈ι〉 be the set of nonoriented edges.

The tree Tp is endowed with a natural left action of PGL2(Fp) by isometries corresponding to conjugation
of maximal orders by elements of GL2(Fp). This action is transitive on both V(Tp) and EE(Tp).

4C. p-adic uniformisation. Let Fp be an algebraic closure of Fp, and Cp := F̂p be a fixed completion
of Fp. Let Ĥ p be p-adic upper half plane. This is the formal scheme over Spf(OFp) defined in [Boutot
and Carayol 1991, §1.3] by

Ĥ p := P1(Cp)−P1(Fp).
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The scheme Ĥ p admits a natural action by the group GL2(Fp), which factors through the adjoint group
PGL2(Fp). We let

Ĥ ur
p = Ĥ p×Spf(OFp )

Spf(Our
Fp
).

Let B be the totally definite quaternion algebra defined over F whose set of ramified finite places is
S f \ {p} so that Bp 'M2(Fp). (Note that this means that the set of ramified archimedean places of B is
S∞ ∪ {v1}.) We write B̂ = Bp× Bp and D̂ = Dp× Dp, and we fix an isomorphism ϕ : Dp

−→∼ Bp. We let
K = Kp×K p be a compact open subgroup of B̂× such that Kp'GL2(OFp) and ϕ(U p)= K p. We also let

K 0
p :=

{(
a b
c d

)
∈ Kp : c ≡ 0 mod p

}
,

and K0(p)= K 0
p × K p.

Since Up is the maximal compact open subgroup of D×p , the norm map induces an isomorphism
D×p /Up −→

∼ F×p /O
×

Fp
(see [Vignéras 1980, Chapitre II, Lemme 1.5]). The group B×p acts on F×p /O

×

Fp

through its reduced norm map Nrd : B×p → F×p . We obtain a corresponding action of B×p on D×p /Up.
This, together with the isomorphism ϕ, gives an action of B̂× on D̂×/U.

Theorem 4.3 (Čerednik–Drinfel’d). There exist a model M of XU over OFp , and an isomorphism of
formal schemes

M̂ ur
= M̂ ×Spf(OFp )

Spf(Our
Fp
)' B×\Ĥ ur

p × D̂×/U,

where M̂ is the completion of M along its special fibre.

Proof. See [Boutot and Zink 1995, Theorem 3.1]. �

4D. The dual graph. The dual graph associated to B×\Ĥ ur
p × D̂×/U is the weighted graph

G := B×\Tp× D̂×/U.

The vertices of V(G) and oriented edges EE(G) of G are given respectively by

V(G) := B×\V(Tp)× D̂×/U and EE(G) := B×\ EE(Tp)× D̂×/U.

We define the weight of a vertex v ∈ V(G) to be # StabB×/F×(v), and the weight of an edge e ∈ EE(G) to
be # StabB×/F×(e). For a vertex v, we let Star(v) denote the set of all edges containing v.

Proposition 4.4. The maps

ϑ1 : (B×p /F×p Kp)× (D×p /Up)× (Dp×/U p)→ (B×p /Kp)×Z× (Bp×/K p)

(xp, yp, yp) 7→ (xp, ordp(Nrd(yp)), ϕ(yp)),

ϑ2 : (B×p /F×p K 0
p )× (D

×

p /Up)× (Dp×/U p)→ (B×p /K 0
p )×Z× (Bp×/K p)

(xp, yp, yp) 7→ (xp, ordp(Nrd(yp)), ϕ(yp))
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induce an isomorphism of bipartite graphs

V(G)= B×\V(Tp)× D̂×/U −→∼ (B×\B̂×/K )×Z/2Z,

EE(G)= B×\ EE(Tp)× D̂×/U −→∼ (B×\B̂×/K0(p))×Z/2Z

as follows: we write V(G) = V t V ′ ' B×\B̂×/K t B×\B̂×/K, and we let the adjacency matrix in the
basis V ∪V ′ be given by the matrix [

0 Tp
Tp 0

]
,

where Tp is the Hecke operator at p acting on the Brandt module M :=Z[B×\B̂×/K ]. In that identification,
the action of the Atkin–Lehner involution wp on V(G) is given by the matrix[

0 1M

1M 0

]
.

Proof. See [Sijsling 2013, Propositions 3.1.8 and 3.1.9], [Nekovář 2012, §1.5] or [Kurihara 1979, §4]. �

Remark 4.5. In the isomorphism of Proposition 4.4, the set of nonoriented edges is given by

E(G)= B×\E(Tp)× D̂×/U ' B×\B̂×/K0(p).

The following result is an essential ingredient in the description of the special fibre of the Čerednik–
Drinfel’d model described in Theorem 4.3. As we will see later, it is also useful in understanding the
automorphism group of the curve XU .

Theorem 4.6. Let M be the scheme in Theorem 4.3. Then, we have the following:

(i) M ⊗OFp
OFp2 is a normal, proper, flat and semistable scheme over OFp2 .

(ii) The special fibre of M ⊗OFp
OFp2 is reduced. Its components are rational curves, and all its singular

points are ordinary double points.

(iii) The weighted dual graph associated to M ⊗OFp
OFp2 is the graph G described in Proposition 4.4.

(iv) Let H be a connected component of G, and MH the corresponding irreducible component of M .
Then the arithmetic genus of MH is given by the Betti number 1+ #E(H)− #V(H).

Proof. See [Nekovář 2012, Proposition 1.5.5] or [Kurihara 1979, Proposition 3.2]. �

4E. Special fibre of M ⊗OFpOFp2 . The curve M is an admissible curve over OFp in the following sense:

(i) M ⊗OFp
OFp2 is a normal, proper, flat and semistable scheme over OFp2 . Each irreducible component

has a smooth generic fibre.

(ii) The completion of the local ring of M ⊗OFp
OFp2 at each of its singular points x is isomorphic,

as an OFp-algebra, to OFp[[X, Y ]]/(XY −$w
p ), where $p is a uniformising element at p, and

w = w(x) ∈ {1, 2, 3, . . .}.
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(iii) The special fibre M ⊗OFp
k(p) is reduced; the normalisation of each of its irreducible components is

isomorphic to P1(k(p)); its only singular points are ordinary double points, where k(p) is the residue
field of OFp2 .

The dual graph encodes the following combinatoric data of the special fibre.

(iv) Each vertex v ∈ V(G) corresponds to an irreducible component Cv of the special fibre M ⊗OFp
k(p).

(v) Each edge e = {v, v′} ∈ E(G) corresponds to a singular point in xe ∈ Cv ∩Cv′ . The completion of
local ring at xe is of the form OFp[[X, Y ]]/(XY −$w

p ), where w=w(e) is the weight of the edge e.

The above description can be found in [Nekovář 2012; Kurihara 1979].

4F. Automorphism groups. An automorphism of weighted graph G is an automorphism of graphs which
preserves the weights of the edges. We will denote the group of such automorphisms by Aut(G). We
note that there is a natural inclusion Aut(G)⊂ Auts(G), where Auts(G) is the automorphism group of the
underlying simple graph to G.

For the next statement, we recall the notion of admissibility from [Kontogeorgis and Rotger 2008]. We
say that an element ω ∈ Aut(G) is admissible if there is no vertex v ∈ V(G) fixed by ω such that Star(v)
has at least 3 edges also fixed by ω. We say that a subgroup H ⊂ Aut(G) is admissible if every nontrivial
element ω ∈ H is admissible.

Proposition 4.7. Let W ′ ⊂ Ŵ be a subgroup. Then, we have the following:

(1) The dual graph of (M /W ′)⊗OFp
OFp2 is the graph G′ = (G/W ′)∗, where ∗ means we remove all

loops from the quotient graph G/W ′.

(2) Assume that the genus of XU/W ′ is at least 2, and let Gst be the dual graph of the stable model
(M /W ′)st of M /W ′. Then there is a natural injection % : Aut(XU/W ′) ↪→ Aut(Gst) whose image
im(%) lies in an admissible subgroup.

Proof. Part (1) follows from general properties of Mumford curves. From [Deligne and Mumford
1969, Lemmas 1.12 and 1.16], and universal properties of stable models, there is an injection % :
Aut(XU/W ′) ↪→ Aut(Gst). To prove Part (2), we only need to show that every nontrivial element in the
image of % is admissible. To this end, let ω ∈ Aut(XU/W ′) be such that %(ω) fixes a vertex v, and at
least 3 edges in Star(v). Then, since every automorphism of the projective line, which fixes at least 3
points is the identity, the restriction ω|Cv is the identity, where Cv is the irreducible component associated
to v. This would imply that, as an automorphism of the Riemann surface (XU/W ′)(C), ω fixes more
than 2g(XU/W ′)+ 2 points, where g(XU/W ′) is the genus of XU/W ′. Hence ω must be the identity.
Therefore, if ω is nontrivial, then %(ω) must be admissible. �

5. The hyperelliptic Shimura quotient curve

5A. The quaternion algebra. Let F=Q(α)=Q(ζ32+ζ
−1
32 ) be the maximal totally real subfield of the cy-

clotomic field of the 32-nd roots of unity. This field is defined by the polynomial x8
−8x6

+20x4
−16x2

+2.
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Let σ be a generator of Gal(F/Q). Let OF be the ring of integers of F. Let v1, . . . , v8 be the real places
of F. We consider the quaternion algebra D/F ramified at v2, . . . , v8 and the unique prime p above 2.
More concretely, we have D =

( u,−1
F

)
, where u =−α2

+α has signature (+,−, . . . ,−). Let O be the
maximal order in D given by

O :=OF

[
1, i,

(α7
+α6
+α4
+ 1)+α7i + j
2

,
(α7
+α6
+α4
+ 1)i + k

2

]
.

We also let B/F be the totally definite quaternion algebra ramified exactly at all the real places
v1, . . . , v8, and fix a maximal order OB in B. Both these orders were computed using the quaternion
algebras package in Magma [1997] implemented by Voight [2005].

5B. The CM field and its embedding. We recall the following diagram:

Q(ζ64)

Q(ζ64)
+ Q(i(ζ64+ ζ

−1
64 )) Q(ζ32)

F

2 2 2

2 2 2

The subfield K :=Q(β)=Q(i(ζ64+ ζ
−1
64 )) is the unique CM extension of F with class number 17. For

later, we observe that β2
=−2−α, where p= (2+α). Since p is the unique prime of F that ramifies in

both K and D, we see that K is a splitting field of D by [Vignéras 1980, Chapitre III, Théorème 3.8]. It
is possible to compute an explicit embedding K ↪→ D using the quaternion algebras package in Magma
(see [Voight 2005]), but we will not need such a map here.

5C. The spaces of forms. Let S2(p)
new be the new subspace of Hilbert cusp forms of level p and weight 2.

This is a 40-dimensional space. Let SD
2 (1) be the space of automorphic forms of level (1) and weight 2

on D, and let SB
2 (p)

new be the new subspace of automorphic forms of level p and weight 2 on B. By the
Jacquet–Langlands correspondence, we have isomorphisms of Hecke modules

S2(p)
new
' SD

2 (1)' SB
2 (p)

new.

The space S2(p)
new decomposes into 5 Hecke constituents of dimensions 4, 4, 4, 4 and 24 respectively.

(We note that all the computations have been performed using the Hilbert modular forms package in Magma,
the algorithms are described in [Dembélé and Donnelly 2008; Dembélé and Voight 2013; Greenberg and
Voight 2011].) There are choices of newforms f, f ′, g, g′ and h in those constituents such that we have:

(i) The forms f and f ′ have the same coefficient field L f = L f ′ , which is the real quartic field Q(ζ15)
+

given by x4
+ x3
− 4x2

− 4x + 1. They satisfy the relations σ f = f ′ and σ 2
f = f τ , where τ is a

generator of Gal(L f /Q).
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(ii) The forms g and g′ have the same coefficient field Lg = Lg′ , which is the real quartic subfield of
Q(ζ95)

+ given by x4
+ 19x3

− 59x2
+ 19x + 1. They satisfy the relations σg = g′ and σ 2

g = gτ ,
where τ is a generator of Gal(Lg/Q).

(iii) The coefficient field of the form h is a field Lh of degree 24, which is cyclic over the field Kh =Q(c)
defined by c3

+ c2
− 229c + 167 = 0. More precisely, it is the ray class field of conductor c =( 1

2(c
2
−16c+25)

)
. The form h satisfies the relation σh = hτ , where τ is a generator of Gal(Lh/Kh).

(We summarise that data in Table 1, and the relations among the forms.) Letw andwD be the Atkin–Lehner
involutions acting on S2(p)

new and SD
2 (1), respectively. The Atkin–Lehner involution w acts as follows:

w f =− f, w f ′ =− f ′, wg =−g, wg′ =−g′, wh = h.

We recall that wD =−w.

5D. The Shimura curve and its quotient. Let X D
0 (1) be the Shimura curve attached to O. Let wD be

the Atkin–Lehner involution at p, and C := X D
0 (1)/〈wD〉. We can canonically identify SD

2 (1) with the
space of 1-differential forms on X D

0 (1). From the discussion in Section 5C, it follows that X D
0 (1) is a

curve of genus 40; and that C is a curve of genus 16.

Theorem 5.1. The curves X D
0 (1) and C have the respective signatures (40; 318, 161) and (16; 217, 39, 321).

Proof. The complex points of the curve X D
0 (1) are determined by the quotient 01

\H, where 01 is the
image of O1 inside PSL2(R). So it is a Shimura curve. So, we can compute the signature of X D

0 (1) using
the Shimura curves package in Magma, which was implemented by Voight [2009]. This gives that X D

0 (1)
has signature (40; 318, 161).

The curve C = X D
0 (1)/〈wD〉 is given by the maximal arithmetic Fuchsian group 0O. It is not a

Shimura curve. Although Voight has implemented algorithms for computing with maximal arithmetic
Fuchsian groups, they are not publicly available yet. So, we compute the signature of C by using the
results of Section 3.

Let q > 2 be an integer. Then, by Theorem 3.2, 0O contains an elliptic element of order q if and only
if the following three conditions are satisfied:

(i) 2 cos(2π/q) ∈ F ;

(ii) No prime q ∈ S f splits in E = F(ζq);

(iii) The ideal generated by 2+ 2 cos(2π/q) is supported at S f modulo squares.

It is enough to test all integers q between 3 and 64. The only q ≥ 3 which satisfy these three conditions
are 3, 4, 6, 8, 16 and 32.

For q = 4, 8, 16 or 32, we have E = F(ζq)=Q(ζ32). In that case, the only OF -order which contains
OF [ζ32] and optimally embeds into D is the maximal order OE . By Theorem 3.6, we get that e32 = 1.
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Newform Coefficient field L f Fixed field K f = L1f Gal(L f /K f )

f , f ′ Q(ζ15)
+ Q Z/4Z

g, g′ Quartic subfield of Q(ζ95)
+ Q Z/4Z

h Ray class field of modulus Q(c) :=Q[x]/(r(x)),
Z/8Z

c=
( 1

2(c
2
− 16c+ 25)

)
r = x3

+ x2
− 229x + 167

Relations σ f = f ′ and σ
2
f = f τ σg = g′ and σ

2
g = gτ σh = hτ

Table 1. Newforms of level p and weight 2 on F =Q(ζ32)
+

For q=3, we have E=F
(1

2(1+
√
−3)

)
. In that case, the only OF -order which contains OF

[1
2(1+
√
−3)

]
and optimally embeds into D is also the maximal order O :=OE . We have hO= 9. Now since the prime p
is inert in the relative extension E/F, we have [H : H ∩NE/F (E×)O×+F ] = 2. So, by Theorem 3.6, we
get that e3 = 9.

Finally, for q=2, we have W 1
=W+=Z/2Z since F has narrow class number one and there is a unique

prime in S f ; namely, the prime p above 2. So the unique CM extension E/F which satisfies the condition
of Theorem 3.2 is the extension K discussed in Section 5B. Recall that the ideal p is generated by the
totally positive element n = 2+α. The only OF -order which contains OF [

√
−n] and optimally embeds

into D is also the maximal order O :=OK . We have hO = 17. Now since the prime p is ramified in the
relative extension K/F, we have [H : H ∩NE/F (E×)O×+F ] = 1. So, by Theorem 3.6, we get that e2 = 17.

So we conclude that there are 3 classes of elliptic elements in 0O of orders 2, 3 and 32, with respective
multiplicities 17, 9 and 1.

By the volume formula in Theorem 3.1 and the genus formula in Section 3E, the genus g of the curve C
must satisfy the equality

Vol(0O\H)
2π

=
1455
32
= 2(g− 1)+ 17

(
1− 1

2

)
+ 9

(
1− 1

3

)
+

(
1− 1

32

)
.

Solving this, we get that g = 16. Hence the curve C has signature (16; 217, 39, 321). �

Lemma 5.2. The curve X D
0 (1) and the Atkin–Lehner involutionwD are both defined over Q. In particular,

the curve C descends to Q.

Proof. Since σ(p)= p and the ray class group of modulus pv2 · · · v8 is trivial, the curve X D
0 (1) is defined

over F by [Doi and Naganuma 1967, Corollary], and the field of moduli is Q. The field Q(ζ32) is a
splitting field for D whose class number is one. So, there is a unique CM point attached to the extension
Q(ζ32)/F, and it is defined over F. Therefore, by [Sijsling and Voight 2016, Corollary 1.9], the curve
X D

0 (1) descends to Q.
Alternatively, by using the moduli interpretation in [Carayol 1986], or the more recent work [Tian and

Xiao 2016], one can show that both X D
0 (1) and wD are defined over Q. �



2730 Lassina Dembélé

5E. The dual graph of the quotient curve. The dual graph G′ of the curve M /〈wp〉 is displayed
in Figure 1. It was computed by using Propositions 4.4 and 4.7. The computations combine both
Magma [1997] and Sage [2019].

Lemma 5.3. The automorphism group of G′ is Aut(G′)' Z/4Zn (Z/2Z)4.

Proof. We compute the dual graph G′ of the quotient M /〈wp〉 using Propositions 4.4 and 4.7. Let B be
the definite quaternion algebra defined in Section 5A. Then, by Propositions 4.4 and 4.7, the dual graphs G
and G′ are determined by the Brandt module MB := Z[B×\B̂×/Ô×B ]. In this case, the class number of the
maximal order OB is 58, and a basis of this module is given by equivalence classes of OB-right ideals. We
let v1, v2, . . . , v58 be such a basis, which we order so that the weights of the elements are in decreasing
order. We get the following sequence of weights: 32, 24, 16, 82, 43, 34, 26 and 140, where the exponent
indicates the number of times each weight is repeated. Similarly, we compute the set of edges, and we
obtain the following sequence for their weights: 32, 162, 86, 46, 212 and 1128. By combining this with the
Hecke operator Tp, we obtain the graph G′ in Figure 1.

We compute the automorphism group Auts(G′) of the underlying simple graph using Magma, and check
that every element in Auts(G′) preserves the weights of the edges, i.e., that Aut(G′)= Auts(G′).

To determine the group structure of Aut(G′), we first check that there is a unique normal subgroup
of Aut(G′) which is isomorphic to (Z/2Z)4. Finally, we show that there is a unique cyclic subgroup of
order 4 whose intersection with (Z/2Z)4 is the neutral element. �

Remark 5.4. As a byproduct of the computation of G′, we check that

1+ #E(G′)− #V(G′)= 1+ 73− 58= 16,

which is the genus of M /〈wp〉, or equivalently C .

Let (M /〈wp〉)st be the stable model of M /〈wp〉, and Gst its dual graph. By definition, (M /〈wp〉)st

is stable if for all v ∈ V(Gst), we have # Star(v) ≥ 3. So, we obtain (M /〈wp〉)st by blowing down all
components Cv associated to a vertex v such that # Star(v) < 3. On graphs, this corresponds to doing the
following:

(a) For all v ∈ V(G′), with # Star(v)= 1, remove v and all edges in Star(v).

(b) For each v ∈ V(G′), with # Star(v) = 2, contract the chain v′
e′
− v

e′′
− v′′ to v′

e
− v′′ with w(e) =

w(e′)+w(e′′).

By applying this process to the curve M /〈wp〉, and then relabelling the resulting graph, we obtain the
stable model whose dual graph Gst is given by Figure 2. The graph Gst has 30 vertices and 45 edges so that

1+ #E(Gst)− #V(Gst)= 1+ 45− 30= 16.

Lemma 5.5. Let (M /〈wp〉)st be the stable model of M /〈wp〉, and Gst its dual graph. Then, Gst is a
connected graph such that Aut(Gst)= Aut(G′).
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Proof. This follows from a direct calculation. �

Lemma 5.6. Every admissible subgroup of Aut(Gst) of exponent 2 has order 2.

Proof. First, we note that, since the degree of the Hecke operator Tp is 3, and (M /〈wp〉)st is stable,
# Star(v)= 3 for each v ∈ V(Gst).

In the notations of Figure 2, we label the vertices 1, 2, . . . , 30. There are 19 permutations of order 2 in
Aut(Gst)⊂ S30. Of those 19 permutations, there are exactly 4 with the same support of length 28. Each
of the remaining 17 has a support whose length belongs to {2, 4, 6, 8}. The permutations of length 28 fix
the vertices v = 1 and v′ = 2. So, they must be admissible since a nonadmissible element must fix at
least 4 different vertices. For each of remaining 17 permutations, one easily sees that the complement of
its support contains a vertex v and its Star(v), meaning that it cannot be admissible.

To conclude the proof of the lemma, we let σi , i = 1, 2, 3, 4 be the 4 admissible permutations obtained
above, and we check that σiσ j is not admissible for i 6= j. �

Lemma 5.7. There is an injection Aut(C) ↪→ H into an admissible subgroup of Aut(Gst) of exponent 2.
In particular Aut(C) has order at most 2.

Proof. In Section 5G, we will show that the endomorphism ring of each of the simple factor of Jac(C) is
a totally real field. (This follows from the decomposition (2).) Using this, we see that Aut(C)⊂ (Z/2Z)4.
So, by Proposition 4.7, Aut(C) injects into an admissible subgroup H of Aut(Gst) of exponent 2. By
Lemma 5.6, H has order at most 2. �

Remark 5.8. The graph G′ of the integral model M /〈wp〉 (see Figure 1) is an example of a graph whose
automorphism group does not have an element that is admissible. Indeed, it is easy to see that every
element of Aut(G′) must fix the vertex v4 and the 3 edges of weight 8 contained in Star(v4). However, the
vertex v4 and Star(v4) are removed when we blow down M /〈wp〉 to obtain the stable model (M /〈wp〉)st

(see Figure 2). This example shows that [Kontogeorgis and Rotger 2008, Proposition 3.4] is incorrect as
stated and needs to be modified slightly.

5F. Hyperellipticity of the curve C. We are now ready to prove one of our main results.

Theorem 5.9. The curve C is hyperelliptic over F.

Proof. Let γ ∈ 0O be an elliptic element of order 2, and P a fixed point by γ . Then P is a CM point
by construction, and γ acts on the local ring OC,P as an involution. More specifically, letting t be a
uniformiser at P, we see that γ acts on t as

t (mod t2) 7→ −t (mod t2).

This forces any global differential form in H 0(C, �1
C), which vanishes at P, to vanish to even order. We

claim that this implies that P is a Weierstrass point. To prove this, we use Riemann–Roch.
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Figure 1. The dual graph G′ of the quotient curve M /〈wp〉.

Let KC the canonical divisor. Then, we have `(KC − 2P)= `(KC − P), i.e., every differential that
vanishes at P vanishes to order 2. By Riemann–Roch, we have

`(KC − 2P)− `(2P)= deg(KC − 2P)− g+ 1= (2g− 4)− g+ 1= g− 3;

and

`(KC − P)− `(P)= deg(KC − P)− g+ 1= (2g− 3)− g+ 1= g− 2.

So, if `(KC − 2P) = `(KC − P), then `(2P)− `(P) = 1. Now, since L (P) is the space of constant
functions, we see that L (2P) must be nontrivial, and thus P is a (hyperelliptic) Weierstrass point.

From the above argument, it follows that C has 17 hyperelliptic Weierstrass points that are all CM. By
Shimura reciprocity law, these CM points are all defined over the Hilbert class field HK of K, where K is
the CM-field defined in Section 5B. Let M be the normal closure of HK over F. Then [M : F] = 34 and
Gal(M/F)' D17; and the action of Gal(F/F) on the set of Weierstrass points W must factor through it
(see Section 2C). Therefore, we must have #W = 34. In other words, C has 34 hyperelliptic Weierstrass
points. Since C has genus 16, it must therefore be hyperelliptic by Proposition 2.3. �
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Remark 5.10. It follows from the proof of Theorem 5.9 that half of the Weierstrass points on C are
CM, while the remaining half are non CM. This means that the hyperelliptic involution must necessarily
be exceptional. However, this should be expected since C = X D

0 (1)/〈wD〉, where wD is the unique
Atkin–Lehner involution acting on X D

0 (1).

Theorem 5.11. The automorphism group of the curve C is Aut(C)= Z/2Z.

Proof. By Theorem 5.9, the group Aut(C) is nontrivial since it contains the hyperelliptic involution. By
Lemma 5.7, it injects into an admissible subgroup H of Aut(Gst) of order 2. �

Remark 5.12. By Theorem 5.11, Aut(C)= Z/2Z, so that Aut(X D
0 (1))= (Z/2Z)s, with 1≤ s ≤ 2. We

note that s = 2 if and only if the hyperelliptic involution on C comes from an exceptional automorphism
on X D

0 (1). We also note that it is conjectured that there are only finitely many Shimura curves X defined
over Q such that Aut(X) contains an exceptional automorphism (see [Kontogeorgis and Rotger 2008]).
This conjecture would imply that there are very few Shimura curve quotients defined over Q which have
automorphisms arising from exceptional automorphisms. However, analogues of this conjecture have
barely been explored over totally real fields.

Theorem 5.13. The curve C is hyperelliptic over Q.

Proof. Since C descends to Q, it is enough to show that the hyperelliptic involution ι : C → C also
descends to Q. By Theorem 5.11, Aut(C)/〈ι〉 is trivial. Furthermore, the field Q(ζ32) is a splitting field
for D whose class number is one. So the CM point attached to the extension Q(ζ32)/F is defined over F.
So C descends to Q as a hyperelliptic curve by [Sijsling and Voight 2016, Proposition 4.8]. �

Remark 5.14. One should be able to compute an equation for C by using [Voight and Willis 2014].
However, currently, the strategy for doing so is not fully implemented. It should also be possible to use a
generalisation of the p-adic approach discussed in [Franc and Masdeu 2014], which was inspired by [Kuri-
hara 1979; 1994]. Given that the determination of equations for Shimura curves defined over totally real
fields is one question that is of independent interest in its own right, we hope to return to this in the future.

Remark 5.15. We note that Michon [1981] (and also unpublished work of Ogg) provided a complete list
of all hyperelliptic Shimura curves with square-free level defined over Q. Shimura curves defined over Q

which admit hyperelliptic quotients have also been investigated quite a bit; see, for example, [Molina
2012; González and Molina 2016; Guo and Yang 2017]. In contrast, there has been very little work on
these types of questions for Shimura curves defined over totally real fields F larger than Q. This makes
Theorem 5.9 of the more striking. Indeed, not only does it give one of the few examples of Shimura
curves with a hyperelliptic quotient over a totally real field, but also one whose genus is larger than most
known examples over Q.

5G. The Jacobian varieties Jac(X D
0 (1)) and Jac(C). In this section, we explain the connection between

the simple factors of Jac(X D
0 (1)) and the conjectures in [Gross 2016]. There is more in [Cunningham

and Dembélé 2017], where this connection is established via lifts of Hilbert modular forms.
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Figure 2. The dual graph Gst of the stable model for the quotient M /〈wp〉.

From the discussion in Sections 5C and 5D, we have the decomposition for Jac(X D
0 (1)) over F

(up to isogeny):

Jac(X D
0 (1))∼ A f × A f ′ × Ag × Ag′ × Ah . (1)

From (1), and the fact that wD =−w, we see that

Jac(C)∼ A f × A f ′ × Ag × Ag′ . (2)

The fourfolds A f and A f ′ (resp. Ag and Ag′) are Galois conjugate. We will see later that one of conse-
quences of the compatibility between the base change action and Hecke orbits is that the decompositions (1)
and (2) descend to subfields of F.
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Theorem 5.16. The abelian variety Ah descends to a 24-dimensional variety Bh defined over Q, with
good reduction outside 2, such that EndQ(Bh)⊗Q= Kh and

L(Bh, s)=
∏

5′∈[5h ]

L(5′, s),

where πh is the automorphic representation of GL2(AF ) attached to h, 5h it lifts to GSpin17(AQ),
and [5h] the Hecke orbit of 5h .

Proof. By Table 1, there exists a generator τ ∈ Gal(Lh/Kh) such that σh = hτ. So, by [Cunningham
and Dembélé 2017, Theorem 5.4], πh lifts to an automorphic representation 5h on a split form of
GSpin17(AQ), with field of rationality the cubic field Kh . The Hecke orbit [5h] of 5h has 3 elements,
and by functoriality

L(Bh, s)=
∏

5′∈[5h ]

L(5′, s).

It follows that EndQ(Bh)⊗Q= Kh . Since the level of the form h is the unique prime p above 2, Bh has
good reduction outside 2. �

Now, we turn to the quotient C := X D
0 (1)/〈wD〉.

Theorem 5.17. The abelian varieties A f and A f ′ (resp. Ag and Ag′) descend to pairwise conjugate
fourfolds B f and B f ′ (resp. Bg and Bg′) over Q(

√
2), with trivial endomorphism rings, such that

L(B f , s)= L(5 f , s) and L(B f ′, s)= L(5 f ′, s),

L(Bg, s) = L(5g, s) and L(Bg′, s) = L(5g′, s),

where π f , π f ′, πg and πg′ are the automorphic representations of GL2(AF ) attached to f , f ′, g and g′,
respectively; and5 f ,5 f ′,5g and5g′ their respective lifts to GSpin9 /Q(

√
2). They have good reduction

outside (
√

2).

Proof. The identities in Table 1, combined with [Cunningham and Dembélé 2017, Theorem 5.4],
implies that π f , π f ′, πg and πg′ indeed lift to automorphic representations 5 f ,5 f ′,5g and 5g′ on
GSpin9 /Q(

√
2) with field of rationality Q. Consequently, the fourfolds A f , A f ′ , Ag and Ag′ descend to

pairwise conjugate fourfolds B f and B f ′ (resp. Bg and Bg′) such that

EndQ(
√

2)(B f )= EndQ(
√

2)(B f ′)= EndQ(
√

2)(Bg)= EndQ(
√

2)(Bg′)= Z.

The equalities of L-series follow by functoriality. For the same reason as above, the fourfolds have good
reduction outside (

√
2). �

Remark 5.18. The decomposition (1) is only true a priori over F. However, Theorem 5.16 and
Theorem 5.17 imply that it descends to Q(

√
2). In fact, the products A f × A f ′ (resp. Ag × Ag′) further

descend to Q. And so, the decomposition (1) will descend to Q if we group them accordingly.
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5H. The connectedness of Spec(T). Let T be the Z-subalgebra of EndC(SD
2 (1)) acting on SD

2 (1). We
recall that SD

2 (1) is isomorphic to S2(p)
new as a Hecke module.

Proposition 5.19. Spec(T) is connected.

Proof. The curve X D
0 (1) is a Shimura curve of prime level, and each Hecke constituent appears with

multiplicity one. So, the proof in [Mazur 1977, Proposition 10.6] applies readily. �

The following two propositions determine the congruences which realise the connectedness of Spec(T).

Proposition 5.20. The forms f , f ′, g and g′ are congruent modulo 5.

Proof. The prime 5 is totally ramified in L f = L f ′ . Let P5 be the unique prime above it, and
ρ f,5, ρ f ′,5 : Gal(Q/F)→ GL2(OL f ,P5) the P5-adic representations attached to f and f ′, respectively.
By reduction modulo P5, we get two representations ρ̄ f,5, ρ̄ f ′,5 : Gal(Q/F)→ GL2(F5). From Table 1,
we have and σ f = f ′, σ

2
f = f τ. Also, since P5 is totally ramified in L f , we have τ(P5)=P5. It follows

that ρ̄ f,5 = ρ̄ f ′,5 is a base change from Q(
√

2). The prime 5 is also totally ramified in Lg = Lg′ . With
obvious notations, the same argument as above shows that ρ̄g,5 = ρ̄g′,5 is also a base change from Q(

√
2).

By using the multiplicity one argument in [Billerey et al. 2018, §6], we show that ρ̄ f,5 ' ρ̄g,5. This
implies that f , f ′, g and g′ are congruent modulo 5. �

Proposition 5.21. The forms f , f ′ and h are congruent modulo 3.

Proof. There is a unique prime P3 above 3 in L f = L f ′ ; it has inertia degree 2 and ramification degree 2.
Let ρ f,3, ρ f ′,3 :Gal(Q/F)→GL2(OL f ,P3) the P3-adic representations attached to f and f ′, respectively.
By reduction modulo P3, we get two representations ρ̄ f,3, ρ̄ f ′,3 : Gal(Q/F)→ GL2(F9). From Table 1,
we have and σ f = f ′, σ

2
f = f τ. Also, since P3 is the unique prime above 3 in L f , we have τ(P3)=P3.

It follows that ρ̄ f,3 = ρ̄ f ′,3 is a base change from Q(ζ16)
+.

In the cubic subfield Kh of Lh , the prime 3 factors as (3)= p3p
′

3, where p3 has inertia degree 1, and p′3
inertia degree 2. The prime p′3 is totally ramified in Lh . We let P′3 be the unique prime above it, and
ρh,3 :Gal(Q/F)→GL2(OLh ,P

′

3
) the P′3-adic representation attached to h. By reduction modulo P′3, we

get a representation ρ̄h,3 :Gal(Q/F)→GL2(F9). From Table 1, we have and σh=hτ. Also, since P′3 is the
unique prime above p′3 in Lh , we have τ(P′3)=P′3. It follows that ρ̄h,3 is also a base change from Q(ζ16)

+.
By using the multiplicity one argument in [Billerey et al. 2018, §6], we show that ρ̄ f,3 ' ρ̄h,3. This

implies that f , f ′ and h are congruent modulo 3. �

6. The 2-torsion field of Jac(X D
0 (1)) and the Harbater field

The main result of this section establishes that every simple factor of Jac(X D
0 (1)) has a 2-torsion field

whose normal closure is the Harbater field. We start with the following theorem.

Theorem 6.1. Let N the field of 2-torsion of Jac(C) over Q. Then N is the Harbater field.

Proof. Keeping the notation in the proof of Theorem 5.9, N is the normal closure of M. It follows from
this, and direct calculations, that Gal(N/Q)' F17. By construction, N is unramified outside 2 and∞.
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However, by [Harbater 1994, Theorem 2.25], there is a unique Galois number field unramified outside 2
and∞, with Galois group F17. So N must be the Harbater field. �

Remark 6.2. The field N is the splitting field of the polynomial

H := x17
−2x16

+8x13
+16x12

−16x11
+64x9

−32x8
−80x7

+32x6
+40x5

+80x4
+16x3

−128x2
−2x+68.

This polynomial was computed by Noam Elkies following a mathoverflow.net discussion [Rouse
and Elkies 2014] initiated by Jeremy Rouse. We thank David P. Roberts for bringing this discussion
to our attention.

6A. The mod 2 Hecke eigensystems. Let T f , T f ′ Tg, Tg′ and Th be the Z-subalgebras acting on the
Hecke constituents of f , f ′, g, g′ and h respectively. From the discussion in Section 5C, we have

T⊗Q= (T f ⊗Q)× (T f ′ ⊗Q)× (Tg ⊗Q)× (Tg′ ⊗Q)× (Th ⊗Q)

= L f × L f ′ × Lg × Lg′ × Lh .

By direct calculations, we get the following:

• [OL f : T f ] = [OL f ′
: T f ′] divides 3,

• [OLg : Tg] = [OLg′
: Tg′] = 1,

• [OLh : Th] divides 3 · 56.

Therefore T⊗Z2 decomposes into Z2-algebras as

T⊗Z2 = (T f ⊗Z2)× (T f ′ ⊗Z2)× (Tg ⊗Z2)× (Tg′ ⊗Z2)× (Th ⊗Z2).

The prime 2 is inert in L f = L f ′ , and Lg = Lg′ , so the first four factors are local Z2-algebras. Let m f , m f ′ ,
mg and mg′ be the corresponding maximal ideals. Then, by the identities in Table 1, we have σ(m f )=m f ′

and σ 2(m f ) = τ f (m f ) for some τ f ∈ Gal(F16/F2); and σ(mg) = mg′ and σ 2(mg) = τg(mg) for some
τg ∈Gal(F16/F2). We let θ f , θ f ′, θg, θg′ : T⊗Z2→ F16 be the corresponding mod 2 Hecke eigensystems.

Next, we recall that Lh is the ray class field of conductor c =
( 1

2(c
2
− 16c + 25)

)
over the field

Kh = Q(c), with c3
+ c2
− 229c+ 167 = 0. The prime 2 is totally ramified in Kh . Letting p2 be the

unique prime above it, we get that p2=PP′, where P and P′ are inert primes, and τ(P)=P′. Therefore,
there are two maximal ideals mh and m′h in Th ⊗Z2 such that σ(mh)=m′h and σ 2(mh)= τh(mh). We
let θh, θ

′

h : T⊗Z2→ F16 be the resulting two mod 2 Hecke eigensystems.

Proposition 6.3. The forms f , f ′, g, g′ and h give rise to two mod 2 Hecke eigensystems θ and θ ′ that
θ ′ = θ ◦ σ and θ ◦ σ 2

= τ̄ ◦ θ , where Gal(F16/F2) = 〈τ̄ 〉. Up to relabelling, we have θ = θ f = θg = θh ,
and θ ′ = θ f ′ = θg′ = θ

′

h .

Proof. We will apply the multiplicity one argument in [Billerey et al. 2018, §6] to deduce that, up to
relabelling, θ f = θg = θh , and θ f ′ = θg′ = θ

′

h . Let M be the underlying F2-module to T⊗ F2. Then, the
pair (θ f , θ f ′) comes from two simple Hecke constituents of dimension 4 over F2 that are conjugate by the
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action of Gal(F/Q). These Hecke constituents belong to the socle S of M, i.e., the largest semisimple
T⊗ F2-submodule of M. Likewise for the pairs (θg, θg′) and (θh, θ

′

h). Let T′ be the Z-subalgebra of T

generated by the Hecke operators Tp, with N p≤ 1000. We view M as a T′⊗ F2-module, and let S′ be
its socle. By direct calculations in Magma, we show that S′ has two irreducible constituents, and each
constituent has dimension 4 and multiplicity one. Furthermore, each of those constituents decomposes
into 4 one-dimensional Hecke constituents over T′⊗F16. This means that S′ must necessarily be the socle
of M viewed as a T⊗ F2-module, and that its T′⊗ F16-decomposition is also the T⊗ F16-decomposition
of S. By comparing these one-dimensional F16-valued Hecke eigensystems with the reduction modulo 2
of the Hecke eigenvalues of the newforms in SD

2 (1), we see that θ f = θg = θh , and θ f ′ = θg′ = θ
′

h , up to
relabelling. The identities θ ′ = θ ◦ σ and θ ◦ σ 2

= τ̄ ◦ θ follow from the relations between the forms. �

6B. The fields of 2-torsion of the simple factors of Jac(X D
0 (1)).

Theorem 6.4. Let A be a simple factor of Jac(X D
0 (1)), and M = F(A[2]) the field of 2-torsion of A.

Then, the normal closure of M is the Harbater field N.

We will give two proofs of this result, starting with the simplest one.

First proof of Theorem 6.4. In light of Proposition 6.3, it is enough to prove this for the simple factors of
Jac(C). To this end, recall that

Jac(C)∼ A f × A f ′ × Ag × Ag′ .

By Theorem 6.1, we know that the field of 2-torsion of Jac(C) is the Harbater field. So it is enough to
show that the compositum of the fields of 2-torsion of its simple factors is also the Harbater field. But,
again by Proposition 6.3, A f and Ag have the same field of 2-torsion. It is the field Mθ cut out by the
Galois representation attached to the Hecke eigensystem θ . Similarly, A f ′ and Ag′ have the same field of
2-torsion, the field Mθ ′ cut out by the Galois representation attached to θ ′. Since θ and θ ′ are interchanged
by Gal(F/Q), we must have Mθ ′ = Mσ

θ . Therefore Mθ and Mθ ′ have the same normal closure Nθ = Nθ ′ .
By replacing the isogeny φ f : Jac(C)→ A f if necessary, we can assume that Mθ , and hence Nθ , is a
subfield of N. From the Frobenius data attached to θ , we see that the order of Gal(Nθ/Q) is divisible
by 17, hence [N : Nθ ] | 16. Since Gal(N/Q) ' F17 has no nontrivial normal subgroup whose order
divides 16, we conclude that Nθ = N. �

For the second proof, we need the following result.

Proposition 6.5. Let θ and θ ′ be the Hecke eigensystems in Proposition 6.3, and let ρ̄, ρ̄ ′ : Gal(Q/F)→
GL2(F16) the mod 2 Galois representations attached to them. Then, there are characters χ, χ ′ :
Gal(Q/K )→ F×28 , with trivial conductor such that ρ̄ = IndF

K χ , and ρ̄ ′ = IndF
K χ
′.

Proof. We already computed the Hecke constituents of the space S2(1) in [Dembélé 2009]. The mod 2
Hecke eigensystems in that case have coefficient fields F2s where s = 1, 2, 8. Therefore, since θ has
coefficient field F16, it cannot arise from an eigenform of level 1. By the Serre conjecture for totally real
fields (the totally ramified case) [Gee and Savitt 2011], it must appear on the quaternion algebra D′ with
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level (1) and nontrivial weight. The same is true for θ ′. In fact, the analysis conducted in the proof of
Proposition 6.3 also shows that they are the only eigensystems that can appear at that weight. (We note
that there are only two Serre weights in this case.)

Let χ :Gal(Q/K )→ F
×

2 be a character with trivial conductor such that χ s
6=χ , where Gal(K/F)=〈s〉.

By class field theory, we can identity χ with its image under the Artin map. Since χ is unramified, it must
factor as χ : K×\A×K � ClK → F

×

2 . Furthermore, since ClK ' Z/17Z, we must have χ : K×\A×K → F×28 ,
and the representation ρ̄χ := IndF

K χ :Gal(Q/F)→GL2(F16) has coefficients in F16. So, ρ̄χ has level (1)
and nontrivial weight by the argument above. Therefore, it must be isomorphic to a Galois conjugate
of ρ̄. Up to relabelling, we can assume that ρ̄ ' ρ̄χ . Since θ and θ ′ are Gal(F/Q)-conjugate, there is
also a character χ ′ : K×\A×K → F×28 such that ρ̄ ′ ' ρ̄χ ′ .

Alternatively, we can show that θ appears on D′ with the nontrivial weight without using the fact that
it has coefficients in F16. Indeed, we have

ρ̄χ |Ip '

(
1 ∗
0 1

)
.

Let KP be the completion of K at P, the unique prime above p. Since K = F[β], and β2
=−2−α is a

generator of p, then we have Kp = Fp[
√
$ ], where $ is a uniformiser of Fp. Therefore, ρ̄χ |Dp doesn’t

arise from a finite flat group scheme. Hence, ρ̄χ must have nontrivial weight. �

We are now ready for the second proof of Theorem 6.4.

Second proof of Theorem 6.4. Let ρ̄θ , ρ̄θ ′ : Gal(Q/F)→ GL2(F16) be the mod 2 Galois representations
attached to the eigensystems θ and θ ′. By Proposition 6.5, ρ̄θ and ρ̄θ ′ are dihedral and we have that
im(ρ̄θ ) = im(ρ̄θ ′) = D17. Let Mθ ,Mθ ′ be the fields cut out by ρ̄θ and ρ̄θ ′ ; and Nθ and Nθ ′ the normal
closure of Mθ and Mθ ′ , respectively. By Proposition 6.3, we have Mθ ′ = Mσ

θ , hence Nθ = Nθ ′ . Also, by
construction Mθ and Mσ

θ are unramified extension of K. So, by uniqueness of the Hilbert class field, we
must have Mθ = Mσ

θ = MθMσ
θ = HK , where MθMσ

θ is the compositum of Mθ and Mσ
θ ; and HK is the

Hilbert class field of K. Since θ ◦ σ 2
= τ̄ ◦ θ , we have

Gal(Nθ/Q)= D17 oZ/8Z= F17.

Again by [Harbater 1994, Theorem 2.25], we must have N = Nθ = Nθ ′ . �

Remark 6.6. From Theorem 6.4, we see that none of the fourfolds A f , A f ′ , Ag or Ag′ can be the
Jacobian of a hyperelliptic curve since the action of Gal(Q/F) on the points of 2-torsion cannot factor
through S10 (see Section 2C). However, as we explained earlier, A f , A f ′ , Ag and Ag′ descend, separately,
into pairwise conjugate abelian varieties over Q(

√
2). And the products A f × A f ′ and Ag × Ag′ are

8-dimensional abelian varieties which further descend to Q. So, we conclude with the following questions.
Do there exist hyperelliptic curves C f and Cg defined over F such that

Jac(C f )∼ A f × A f ′ and Jac(Cg)∼ Ag × Ag′?
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If so, do these two curves descend to Q as well? We were asked these two questions by Noam Elkies in an
email. An affirmative answer to them would mean that the Harbater field is given by hyperelliptic curves
of genus 8, which is much smaller. A priori, the hyperelliptic polynomials of these curves should have
degree 18. However, the structure of the Galois group Gal(N/Q)= F17 indicates that one of their roots
would be rational and could be moved to∞. This means that the hyperelliptic polynomials of the curves
C f and Cg would in fact have degree 17, the same as that of the Elkies polynomial displayed earlier.
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Generating series of a new class of
orthogonal Shimura varieties

Eugenia Rosu and Dylan Yott

For a new class of Shimura varieties of orthogonal type over a totally real number field, we construct
special cycles and show the modularity of Kudla’s generating series in the cohomology group.

1. Introduction

For Hilbert modular surfaces, Hirzebruch and Zagier [1976] showed that certain generating series that
have as coefficients the Hirzebruch–Zagier divisors are modular forms of weight 1. Further inspired by
this work, Gross, Kohnen and Zagier [Gross et al. 1987] showed that a generating series that has Heegner
divisors as coefficients is modular of weight 3

2 . This approach is unified by Borcherds [1999], who showed
more generally the modularity of generating series with Heegner divisor classes as coefficients in the
Picard group over Q.

Kudla and Millson extended the results to Shimura varieties of orthogonal type over a totally real
number field and showed the modularity in the cohomology group in [Kudla 1997a], based on work from
[Kudla and Millson 1986; 1987; 1990]. This is further extended by Yuan, Zhang and Zhang [Yuan et al.
2009], who showed the modularity of the generating series in the Chow group.

In the current paper, inspired by the above work of Kudla and Millson, we construct special cycles on
a different Shimura variety of orthogonal type over a totally real number field F and show the modularity
of Kudla’s generating series in the cohomology group.

We consider the Shimura variety corresponding to the reductive group ResF/Q G, where G=GSpin(V )
is the GSpin group for V a quadratic space over a totally real number field F, [F :Q] = d . We choose V
of signature (n, 2) at e real places and signature (n+ 2, 0) at the remaining d − e places. Kudla, Millson
and Yuan, Zhang, Zhang have treated the case of e = 1, while we allow e ∈ {1, . . . , d}.

If e > 1, there is no simpler divisor case, which makes the analysis much harder. In particular, there is
a very technical convergence issue that does not appear in the work of Kudla and Millson.

We present now the setting of the paper. For F be a totally real field with real embeddings σ1, . . . σd , let
A=AF be the ring of adeles of F and let V be a quadratic space over F of signature (n, 2) at the infinite
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Keywords: Shimura varieties, special cycles, modular, generating series, automorphic in cohomology group, Green functions,
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places σ1, . . . , σe and of signature (n + 2, 0) elsewhere. Let G denote the reductive group GSpin(V )
over F. We define the hermitian symmetric domain D corresponding to G to be

D = D1× D2× . . .× De,

where Di is the Hermitian symmetric domain of oriented negative definite 2-planes in Vσi = V ⊗σi R.
Then (ResF/Q G, D) is a Shimura datum and for any open compact subgroup K of G(A f ), this gives

us the complex Shimura variety

MK (C)' G(F)\D×G(A f )/K .

For i = 1, . . . , e we let L Di be the complex line bundle corresponding to the points of Di . We also
define the projections maps pi : D → Di and then the line bundles p∗i L Di ∈ Pic(D) descend to line
bundles L K ,i ∈ Pic(MK )⊗Q.

Let W be a totally positive subspace of V, meaning that Wσi = W ⊗σi R is a positive subspace of
Vσi = V ⊗σi R for all places 1 ≤ i ≤ d. We define VW = W⊥ to be the space of vectors in V that are
orthogonal to W, GW = GSpin(VW ) and DW = DW,1 × · · · × DW,e the Hermitian symmetric domain
associated to GW , where DW,i consists of the lines in Di perpendicular to W. We actually have the natural
identifications

GW = {g ∈ G : gw = w,∀w ∈ VW }, DW = {(τ1, . . . , τe) ∈ D : 〈w, τi 〉 = 0, ∀w ∈W,∀1≤ i ≤ e},

where 〈 · , · 〉 is the inner product corresponding to qi , the quadratic form on Vσi , that extends to Vσi (C)

by C-linearity.
Then (ResF/Q GW , DW ) is a Shimura datum and we have a morphism

(ResF/Q GW , DW )→ (ResF/Q G, D)

of Shimura data. For K ⊂ G(A f ) an open compact subgroup and g ∈ G(A f ), we can define the complex
Shimura variety,

MgK g−1,W = GW (F)\DW ×GW (A f )/(gK g−1
∩GW (A f )).

Moreover, we have an injection of MgK g−1,W into MK given by

MgK g−1,W → MK , [τ, h] → [τ, hg].

We define the cycle Z(W, g)K to be the image of the morphism above. Note that Z(W, g)K is
represented by the subset DW ×GW (A f )gK of D×G(A f ).

Now let x = (x1, . . . , xr ) ∈ V (F)r and let U (x) := SpanF {x1, . . . , xr } be a subspace of V. Then we
define Kudla’s special cycles:

Z(x, g)K =

{
Z(U (x), g)K ((−1)ec1(L∨K ,1) · · · c1(L∨K ,e))

r−dim U if U (x) is totally positive,
0 otherwise.
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Here c1 denotes the Chern class of a line bundle. We will also use the notation Gx := GU (x),
Dx := DU (x), Vx := VU (x). Note that if x = (x1, . . . , xr ) ∈ V (F)r, we have Gx = Gx1 ∩· · ·∩Gxr , as well
as Dx = Dx1 ∩ · · · ∩ Dxr .

Now we will define Kudla’s generating function. For any Schwartz–Bruhat functions φ f ∈ S(V r (A f ))
K

and g′ in S̃p2r (A), where S̃p2r (A) is the metaplectic cover of the symplectic group Sp2r (A), we define
the generating series

Z(g′, φ f )=
∑

x∈G(F)\V r

∑
g∈Gx (A f )\G(A f )/K

r(g′f )φ f (g−1x)WT (x)(g′∞)Z(x, g)K .

Here r is the Weil representation of S̃p2r (A)× O(V r
A), where T (x)= 1

2(〈xi , x j 〉)1≤i, j≤r ∈ Mr (F) is the
intersection matrix of x , and WT (x) is the standard Whittaker function for T (x). Note that when e = 1,
for g f = Id and a careful choice of g′

∞
we recover the generating series presented in [Yuan et al. 2009].

The following is the main theorem of the paper:

Theorem 1.1. Let φ f ∈ S(V r (A f ))
K be any Schwartz–Bruhat function invariant under K. Then the

series [Z(g′, φ f )] is an automorphic form, discrete of parallel weight 1+ n
2 for g′ ∈ S̃p2r (A) and valued

in H 2er (MK ,C).

By modularity here we mean that, for any linear function l : H 2er (MK ,C)→ C, the generating series
obtained by acting via l on the cohomology classes of the special cycles

l(Z(g′, φ f ))=
∑

x∈G(F)\V r

∑
g∈Gx (A f )\G(A f )/K

r(g′f )φ f (g−1x)WT (x)(g′∞)l(Z(x, g)K ).

is absolutely convergent and an automorphic form with coefficients in C in the usual sense.
The case e= 1 was proved by Kudla and Millson in [Kudla 1997a], based on [Kudla and Millson 1986;

1987; 1990]. Yuan, Zhang and Zhang [Yuan et al. 2009] proved further the modularity of Z(g′, φ f ) in
the Chow group. One can further conjecture that for e > 1 the series Z(g′, φ f ) is an automorphic form,
discrete of weight 1+ n

2 for g′ ∈ S̃p2r (A) valued in CHer (MK )C. This is out of reach at the moment, but
one can expect to extend the methods of Borcherds [1999] to show the modularity in the Chow group.

We will present now the ideas of the proof. We prove the cases e > 1 by extending the ideas of Kudla
and Millson. For each cycle Z(x, g) we want to construct a Green current η(x, g) of Z(x, g) in MK (C).
Via the isomorphism H 2er

dR (X K ,C)' H BM
2er(n−1)(X K ,C), where the former is de Rham cohomology while

the latter is Borel–Moore cohomology, we have the identification of cohomology classes

[Z(x, g)] = [ω(η(x, g))],

where ω(η(x, g)) is the Chern form corresponding to the Green current η(x, g).
Let x ∈V (F)r such that U (x) :=SpanF {x1, . . . , xr } is a totally positive definite k-subspace of V. Define

x ′ := (x ′1, . . . , x ′k)

such that x ′1 = xi1, . . . , x ′k = xik with 1≤ i1 < · · ·< ik ≤ r the smallest indices for which U (x ′)=U (x).
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We take the currents defined by Kudla and Millson η0(x ′j , τi ) of Dx j ,i in Di , where 1≤ j ≤ k, 1≤ i ≤ e.
Taking further the ∗-product of the currents η0(x ′j , τi ) for 1≤ i ≤ e, we get a Green current of Dx,i in Di :

η1(x ′, τi )= η0(x ′1, τi ) ∗ η0(x ′2, τi ) ∗ · · · ∗ η0(x ′k, τi ).

Taking the pullbacks via the projections pi : D→ Di and taking the ∗-product, we obtain a Green current
of Dx in D:

η2(x ′, g)= p∗1η1(x ′, τ1) ∗ p∗2η1(x ′, τ2) ∗ · · · ∗ p∗eη1(x ′, τe).

Furthermore, we average the current η2(x ′, g) on a lattice to get

η3(x ′, τ ; g, h)=
∑

γ∈Gx (F)\G(F)

η2(x ′, γ τ )1Gx (A f )gK (γ h),

which is a Green current for G(F)(Dx ×Gx(A f )gK/K ) in D×G(A f )/K. Showing the convergence of
the sum in the definition η3(x ′, τ ; g, h) represents the most technical part of the proof and it is treated in
Section 3G.

As η3(x ′, τ ; g, h) is invariant under the left action of G(F), η3(x ′, τ ; g, h) descends to a Green current
η4(x ′, τ ; g, h) of Z(U (x), g)K in MK . Here G(F)(τ, h)K ∈ MK .

Taking the Chern forms, the ∗-product turns into wedge product and the averages, as well as the
pullbacks, are preserved. ω0(x ′j , τi ) is the Chern form of η0(x ′j , τi ) that is defined by Kudla and Millson
in [Kudla 1997a], based on work from [Kudla and Millson 1986; 1987; 1990]. Furthermore, we have that

ω1(x ′, τi )= ω0(x1, τi )∧ · · · ∧ω0(x ′k, τi ),

ω2(x ′, τ )= p∗1ω1(x ′, τ1))∧ p∗2ω1(x ′, τ2)∧ · · · ∧ p∗eω1(x ′, τe))

are the Chern forms of η1(x ′, τi ) and η2(x ′, τ ) respectively, and that

ω3(x ′, τ ; g, h)=
∑

γ∈Gx (F)\G(F)

ω2(x ′, γ τ )1Gx (A f )gK (γ h)

is the Chern form of the Green current η3(x ′, τ ; g, h). Finally, ω3(x ′, τ ; g, h) descends to ω4(x ′, τ ; g, h)
corresponding to the divisor Z(U (x), g)K in MK and is the Chern form of η4(x ′, τ ; g, h).

We defined above ω2, ω3 and ω4 for x ′ ∈ V (F)k with dim U (x ′) = k. We actually can extend the
definitions of ω2, ω3 and ω4 for x ∈ V (F)r when dim U (x) < r as well. For x ∈ V (F)r, if dim U (x)= k,
we have the equality of cohomology classes [Z(U (x), g)] = [ω4(x ′, τ ; g, h)] in H 2ek(MK ,C) and we
can actually show further that we also have

[Z(x, g)] = [ω4(x, τ ; g, h)]

in H 2er (MK ,C). Plugging in [ω4(x, τ ; g, h)] for the cohomology class of [Z(x, g)], we take the pull-
back p∗ of the natural projection map p : D×G(A f )/K → MK and unwind the sums. Then we get

p∗[Z(g′, φ)] =
∑

x∈V (F)r
r(g′f )φ f (x)WT (x)(g′∞)ω1(x, τ ). (1)
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It is enough to show that (1) is an automorphic form with values in H 2er (D×G(A f )/K ,C). We show
this using the properties of the Kudla–Millson form on the weight of each individual ω0(x, τi ), as we can
rewrite (1) as

p∗[Z(g′, φ)] =
∑

x∈V (F)r
r(g′f )φ f (x)r(g′∞)(e

−2π tr T (x)ω1(x, τ )),

and the right-hand side is a theta function of weight (n+ 2)/2 with values in H 2er (D×G(A f )/K ,C);
thus it is automorphic.

2. Background

2A. Complex geometry. We will recall now some background from complex geometry (see for example
[Chriss and Ginzburg 1997; Griffiths and Harris 1978]).

Let X be a connected compact complex manifold of dimension m. Suppose Y is a closed compact
complex submanifold of codimension d . Then Y has no boundary and is thus a 2(m− d) chain in X. We
can take the class of Y to be [Y ] ∈ H2(m−d)(X,C). Note that we have the perfect pairing

H2(m−d)(X,C)× H 2(m−d)
dR (X,C)→ C,

given by (Y, η)→
∫

Y η. Thus H2(m−d)(X,C)' H 2(m−d)
dR (X,C)∨. We also have the perfect pairing

H 2(m−d)
dR (X,C)× H 2d

dR (X,C)→ C,

given by (η, ω)→
∫

X η∧ω. Thus H 2(m−d)
dR (X,C)∨ ' H 2d

dR (X,C). We can compose these isomorphisms
to get

H2(m−d)(X,C)' H 2d
dR (X,C). (2)

For X noncompact, we similarly can take the isomorphism

H BM
2(m−d)(X,C)' H 2(m−d)

dR,c (X,C)∨ ' H 2d
dR (X,C), (3)

where the first group is the Borel–Moore homology, which allows infinite linear combinations of simplexes,
while the second group is the de Rham cohomology with compact support, which uses closed differential
forms with compact support.

Now for Y a closed submanifold of X, in light of the above isomorphisms, a closed 2d-form ω on X in
H 2d

dR (X,C) represents the class [Y ] in H2(m−d)(X,C) (respectively H BM
2(m−d)(X,C) when X noncompact),

if and only if ∫
Y
η =

∫
X
ω∧ η

for any closed 2(m− d) form η on X.
If X is not connected, we restrict the above to each of the connected components.
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2B. Green currents and Chern forms. We recall some background on Green currents, following mainly
[Gillet and Soulé 1990].

Let X be a quasiprojective complex manifold of dimension m. We define Ap,q(X) and Ap,q
c (X) to be the

spaces of (p, q)-differential forms and (p, q)-differential forms with compact support, respectively. Let
Dp,q(X)= Ap,q

c (X)∗ be the space of functionals that are continuous in the sense of de Rham [1955]. That
is, for a sequence {ωr } ∈ Ap,q(X) with support contained in a compact set K ⊂ X and for T ∈ Dp,q(X),
we must have T (ωr )→ 0 if ωr → 0, meaning that the coefficients of ωr and finitely many of their
derivatives tend uniformly to 0.

We also recall the differential operators

d = ∂ + ∂, dc
=

1
4π i

(∂ − ∂), ddc
=

i
2π
∂∂.

2B1. Currents. We define D p,q
:= Dm−p,m−q the space of (p, q)-currents. Then we have an inclusion

Ap,q(X)→ D p,q(X) given by ω→ [ω], where we define the current

[ω](α)=

∫
X
ω∧α, (4)

for any α ∈ Am−p,m−q
c (X).

For Y ⊂ X a closed complex submanifold of dimension p, let ι : Y ↪→ X be the natural inclusion and
we also define a current δY ∈ D p,p(X) by

δY (α)=

∫
Y
ι∗α,

for any α ∈ Am−p,m−p
c .

Definition 2.1. A Green current for a codimension p analytic subvariety Y ⊂ X is a current g ∈
D p−1,p−1(X) such that

ddcg+ δY = [ωY ] (5)

for some smooth form ωY ∈ Ap,p(X).

This means for η ∈ Am−p,m−p
c , we have∫

X
gddcη =

∫
X
ωY ∧ η−

∫
Y
η.

It implies that for a closed form with compact support η the left-hand side equals 0, and thus∫
X ωY ∧ η =

∫
Y η. Thus for g a Green current of Y in X, we have as cohomology classes in the

isomorphism (3):

[Y ] = [ωY ].
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2B2. Green functions and Green forms. One natural way to obtain Green currents is from Green functions.
For Y ⊂ X a closed compact submanifold of codimension 1, a Green function of Y is a smooth function

g : X\Y → R

which has a logarithmic singularity along Y. This means that, for any pair (U, fU ) with U ⊂ X open and
fU :U → C a holomorphic function such that Y ∩U is defined by fU = 0, the function

g+ log | fU |
2
:U\(Y ∩U )→ R

extends uniquely to a smooth function on U.
This definition can be extended for Y ⊂ X a closed complex submanifold of codimension p of X.

We can define smooth forms gY ∈ Ap−1,p−1(X) of logarithmic type along Y such that the current
[gY ] ∈ D p−1,p−1 given as in (4) by

[gY ](η)=

∫
X
η∧ gY ,

is a Green current. We call such smooth forms Green forms of Y in X . We will occasionally abuse
notation and use gY for both the Green form and the Green current corresponding to gY .

2B3. Chern forms. Now let g be a Green function of Y ⊂ X, for Y a divisor on X. For U ⊂ X let fU = 0
be the local defining equation of U ∩ Y. We define locally

ωU = ddc(g+ log | fU |
2).

By gluing together all ωU we get a differentiable form ωY over X. We call this the Chern form associated
to the Green function g. In general for Y of codimension p in X, for a Green form gY of Y in X we
call ωY the Chern form corresponding to gY .

2B4. Star product. Another natural way to get Green currents is by taking their ∗-product. For Y, Z
closed irreducible subvarieties of a smooth variety X such that Y and Z intersect properly, let gY , gZ

Green forms of Y and Z , respectively. Then the ∗-product [gY ] ∗ [gZ ] is defined by Gillet and Soulé
[1990] to be

[gY ] ∗ [gZ ] = [gY ] ∧ δZ + [ωY ] ∧ gZ , (6)

where [ωY ] ∧ gZ (η) =
∫

X η∧ωY ∧ gZ and [gY ] ∧ δZ = π∗[π
∗gY ], where π : Z → X is the embedding

map. For the definition of pushforwards of currents see [Gillet and Soulé 1990]. We can also define
similarly the ∗-product [gY ] ∗G Z for gY a Green form of Y and G Z a Green current for Z (see [Gillet
and Soulé 1990]).

Moreover, from [Soulé 1992, Theorem 4, p. 50], when Y and Z have the Serre intersection multiplicity 1,
we have that [gY ] ∗ [gZ ] is a Green current for Y ∩ Z and

ddc([gY ] ∗ [gZ ])= [ωY ∧ωZ ] − δY∩Z . (7)
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2B5. Pullback. Also from [Soulé 1992, (3.2, p. 50)] for Z an irreducible smooth projective complex vari-
ety such that f : Z→ X is a map with f −1(Y ) 6= Z , if gY is a Green form of logarithmic type along Y, f ∗gY

is a Green form of logarithmic type along f −1(Y ). We define the pullback of currents f ∗[gY ] := [ f ∗gY ]

and, when the components of f −1(Y ) have Serre intersection multiplicity 1, the current f ∗[gY ] satisfies

ddc f ∗[gY ] + δ f −1(Y ) = [ f
∗ωY ]. (8)

3. Construction of Green currents and Chern forms

In this section we construct a Green current of Z(U, g)K in MK for U a totally positive subspace of V (F).

3A. The Shimura variety. Recall σ1, . . . , σd are the embeddings of F into R and let (V, q) be a quadratic
space such that Vσi = V ⊗σi R, has signature (n, 2) for 1≤ i ≤ e and signature (n+ 2, 0) otherwise. V
has the inner product given by 〈x, y〉 = q(x + y)− q(x)− q(y). This can be naturally extended to Vσi at
each place σi for 1≤ i ≤ d , and we denote by qi the quadratic form corresponding to this inner product.

We defined in the introduction the Hermitian symmetric domain

D = D1× · · ·× De,

where Di consists of all the oriented negative definite planes in Vσi . We can actually write explicitly the
definition of Di as

Di =
{
v ∈ Vσi (C) : 〈v, v〉 = 0, 〈v, v〉< 0

}
/C× ⊂ P(Vσi (C)),

where 〈 · , · 〉 is the inner product corresponding to qi that extends to Vσi (C) by C-linearity, and v 7→ v is
the involution on Vσi (C)= Vσi ⊗R C induced by complex conjugation on C.

We now recall the definition of GSpin(V ). Let (V, q) be a quadratic space over F and C(V, q) =(⊕
k V⊗k

)
/I be the Clifford algebra of (V, q), where we are taking the quotient by the ideal I =

{q(v)− v⊗ v | v ∈ V }.
Then C(V, q) has dimension 2dim(V ) and we have a Z-grading on T (V )=

⊕
k V⊗k . The map V → V,

v→−v naturally extends to an algebra automorphism α : C(V, q)→ C(V, q). Then there is a natural
Z/2Z-grading on C(V, q) given by C(V, q)= C0(V, q)⊕C1(V, q), where

Ci (V, q)= {x ∈ C(V, q) : α(x)= (−1)i x}, i = 0, 1.

We naturally have V ⊂ C1(V, q). Then we can define the GSpin group of V :

GSpin(V )= {g ∈ C0(V, q)× | gV g−1
= V }.

We denote G =GSpin(V ) and note that G acts on V by conjugation. The group ResF/Q G is reductive
over Q and the pair (ResF/Q G, D) is a Shimura datum. For K ⊂ G(AF ) an open compact subgroup, this
gives us the complex Shimura variety

MK (C)' G(F)\D×G(A f )/K .

For more details on the Shimura variety MK see [Shih 1978].
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We also define the complex line bundle L Di to be the restriction to Di of the tautological complex line
bundle on P(Vσi (C)). Then for the projection maps pi : D→ Di , we get the line bundles p∗i L Di ∈ Pic(D),
which further descend to the line bundles L K ,i ∈ Pic(MK )⊗Q over MK , defined to be

L K ,i = G(F) \ (p∗i L Di ×G(A f )/K ).

3B. Green functions of Dx,i in Di . We first recall how to construct a Green function of Dx,i in Di , where

Dx,i = {τi ∈ D, 〈τ, x〉 = 0}.

Let τ ∈ Di . It corresponds to a negative definite 2-plane W in Vσi and we can write any x ∈ Vσi as
x = xτ + xτ⊥ , where xτ ∈W and xτ⊥ ∈W⊥. We define

R(x, τ )=−qi (xτ ), qτ (x)= qi (x)+ 2R(x, τ ).

Note that this implies R(x, τ )= 0 if and only if τ ∈ Dx,i . For x 6= 0 and qi (x) < 0, then Dx,i is empty,
and the statement that R(x, τ )= 0 if and only if τ ∈ Dx,i is void, thus still true.

In terms of an orthogonal basis we can write τ = α+β
√
−1 with α, β ∈ Vσi such that 〈α, β〉 = 0 and

〈α, α〉=〈β, β〉<0. Then τ corresponds to the negative oriented plane Wτ =Rα+Rβ⊂V (R), and we have

R(x, τ )=−
〈x, α〉2

〈α, α〉
−
〈x, β〉2

〈β, β〉
.

Another important property that we use is R(gx, gτ)= R(x, τ ). This is easily seen in the definition
above as the inner product is invariant under the action of g.

Moreover, we show below that − log(R(x, τ )) is a Green function for Dx,i in Di :

Lemma 3.1. For fixed x ∈ V, x 6= 0, and τ ∈ Di\Dx,i , the function − log(R(x, τ )) is a Green function
for Dx,i in Di .

Proof. Recall the line bundle L Di is the restriction to Di of the tautological complex line bundle on
P(Vσi (C)). It has the fiber Lτ = τC⊂ Vσi (C) and we have a map

sx(τ ) : Lτ → C, v 7→ 〈x, v〉.

This defines an element sx(τ ) ∈ L∨τ . As τ varies, we get a map

sx : Di → L∨Di
, τ 7→ sx(τ ).

Then sx is a holomorphic section of the line bundle L∨Di
. This section has a hermitian metric

‖sx(τ )‖
2
=
|〈x, v〉|2

|〈v, v〉|
,

where v ∈ Lτ is any nonzero vector. In terms of an orthogonal basis we can write v = α+β
√
−1 such

that 〈α, β〉 = 0 and 〈α, α〉 = 〈β, β〉< 0. Then

‖sx(τ )‖
2
=
〈x, α〉2+〈x, β〉2

|〈α, α〉+ 〈β, β〉|
= −
〈x, α〉2

2〈α, α〉
−
〈x, β〉2

2〈β, β〉
and xτ =

〈x, α〉
〈α, α〉

α+
〈x, β〉
〈β, β〉

β.
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Computing directly gives us R(x, τ )= 2‖sx(τ )‖
2. It follows by a theorem of Poincaré–Lelong (see

[Soulé 1992, Theorem 2, p. 41]) that − log(R(x, τ )) is a Green function for Dx,i in Di . �

For x ∈ V (F), τ ∈ Di , we have the Green function defined by Kudla and Millson (see [Kudla 1997a]),

η(x, τ )= f (2πR(x, τ )), (9)

where f (t)=−Ei(−t)=
∫
∞

t (e−x/x) dx is the exponential integral. Note that

f (t)=− log(t)− γ −
∫ t

0

e−x
− 1

x
dx,

where γ is the Euler–Mascheroni constant. The function f (t) is smooth on (0,∞), f (t)+ log(t) is
infinitely differentiable on [0,∞), and f (t) decays rapidly as t→∞. Thus using Lemma 3.1 we easily
see that η(x, τ ) is a Green function of Dx,i in Di .

Furthermore, Kudla and Millson have constructed explicitly the Chern form ϕ
(1)
KM(x, τ ) of η(x, τ ). We

recall its definition and properties in the following section.
Note that we can consider η(x, τ ) as a restriction to Di of the Green function f (2π‖sx(v)‖

2) =

f (2π |〈x, v〉|2/|〈v, v〉|) of Px(Vσi (C)) := {v ∈ Px(Vσi (C)) : 〈v, x〉 = 0} inside P(Vσi (C)). Then the theory
of Section 2B, in particular the definition of the ∗-product, hold by restricting to Di .

3C. The Kudla–Millson form ϕKM . We will now recall some results from [Kudla 1997a], based on
previous work of Kudla and Millson [1986; 1987; 1990]. Our goal is to present explicitly the construction
of the form ϕ(1)

KM
.

For this section we will use the notation VR for a quadratic space over R with signature (n, 2),
G = GSpin(VR) and D the space of oriented negative 2-planes in VR. We fix a point z0 ∈ D and let
K = Stab(z0) be its stabilizer in GSpin(VR). Then

D ' G/K ' SO(n, 2)/(SO(n)×SO(2)).

Let g0 = Lie(G) be the Lie algebra of G and k0 = Lie(K ) be the Lie algebra of K. We denote the
complexifications of these lie algebras by g and k, respectively. We also can identify the Lie subalgebra
p0 ⊂ g0 given by

p0 =
{( 0

BT
B
0

)
: B ∈ Mn×2(R)

}
' Mn×2(R).

Moreover, we can give p0 a complex structure using J =
( 0
−1

1
0

)
∈GL2(R) acting as multiplication on the

right. We denote by p+ and p− the ±i eigenspaces of p. Then we have a Harish-Chandra decomposition

g= k+ p++ p−.

Moreover for the space of differential forms of type (a, b) on D we have an isomorphism

�a,b(D)'
[
C∞(G)⊗

∧a,b
(p∗)

]K
,

where on the right-hand side we have the wedge product
∧a,b

(p∗) =
∧ap∗

+
∧
∧bp∗

−
for p∗

+
, p∗
−

the
dual spaces of p+ and p−, respectively.
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Recall that S̃p2m(R) is the metaplectic cover of Sp2m(R), and let K ′ be the preimage under the projection
map S̃p2m(R)→ Sp2m(R) of the compact subgroup{( A

−B
B
A

)
, A+ i B ∈U (m)

}
,

where U (m) is the unitary group. The group K ′ has a character det1/2 whose square descends to the
determinant character of U (m).

Then Kudla and Millson constructed a Schwartz form

ϕ◦,(m)
KM

(x, τ ) ∈ (S(V m
R )⊗�

m,m(D))G,

where S(V m
R ) is the Schwartz space over V m

R , and by invariance under G we mean

ϕ◦,(m)
KM

(gx, gτ)= ϕ◦,(m)
KM

(x, τ ).

We present their result below:

Theorem. There exists an element ϕ◦,(m)
KM

(x, τ ) ∈ (S(V m
R )⊗�

m,m(D))G with the following properties:

(1) For k ′ ∈ K ′ such that ι(k ′)=
( A
−B

B
A

)
under the natural map ι : S̃p2m(R)→ Sp2m(R), we have

r(k ′)ϕ◦,(m)
KM
= (det(k ′))(n+2)/2ϕ◦,(m)

KM
.

(2) dϕ◦,(m)
KM
= 0, i.e., for any x ∈ V m

R , the form ϕ◦,(m)
KM

(x, · ) is a closed (m,m)-form on D which is
Gx -invariant.

We define below ϕ◦,(m)
KM

explicitly following [Kudla 1997a]. The form ϕ(m),◦
KM

is denoted by ϕ(m) in
[Kudla 1997a]. First we will construct ϕ◦,(1)

KM
.

Note that we have an isomorphism

[S(VR)⊗�
1,1(D)]G '

[
S(VR)⊗

∧1,1p∗
]K

given by evaluating at z0. Recall that we identified the Lie algebra p0 =
{( 0

BT
B
0

)
: B ∈ Mn×2(R)

}
'

Mn×2(R). Then we have the differential forms ωi, j ∈�
1(D)=�1,0(D)⊕�0,1(D), 1≤ i ≤ n, 1≤ j ≤ 2,

defined by the function ωi, j ∈ p
∗

0, ωi, j : p0' Mn×2(R)→R given by the map u = (ust)1≤s≤n,1≤t≤2→ ui j .
We first define for x = (x (1), . . . , x (n+2)) ∈ VR the form ϕ(1)

KM
(x) that is also G-invariant:

ϕ(1)
KM
(x)= e−2πR(x,z0)

( n∑
i, j=1

2x (i)x ( j)ωi,1 ∧ω j,2−
1

2π

n∑
i=1

ωi,1 ∧ωi,2

)
. (10)

We further define ϕ◦,(1)
KM

(x) to be ϕ◦,(1)KM (x)= e−2πqz0 (x)ϕ(1)
KM
(x), and finally, for x = (x1, . . . , xm) ∈ V m

we define
ϕ(m)

KM
(x)= ϕ(1)

KM
(x1)∧ · · · ∧ϕ

(1)
KM
(xm), (11)

as well as

ϕ◦,(m)
KM

(x)= e
−2π

m∑
i=1

qz0 (xi )

ϕ(m)
KM
(x).
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Recall the Green function η(x, τ )= f (2πR(x, τ )), where x ∈ V (F) and τ ∈ Di . It has the important
property [Kudla 1997b, Proposition 4.10]

ddc
[η(x, · )] + δDx,i = [ϕ

(1)
KM
(x, · )], (12)

where ϕ(1)
KM
∈ (S(V )⊗�1,1(Di ))

K is the Schwartz form defined above. This implies that ϕ(1)
KM
(x, τ ) is the

Chern form corresponding to the Green function η(x, τ ). Note that (12) is mentioned in [Kudla 2003, Theo-
rem 4.10] for F =Q, but holds in general for F with a fixed real place σi for which Vσi has signature (n, 2).

3D. Averaging of Green currents and their Chern forms. Now let x = (x1, . . . , xr ) ∈ V (F)r such that
U (x) = SpanF {x1, . . . , xr } is a totally positive k-subspace of V (F), k ≤ r . Our goal is to construct a
Green current of Z(U (x), g) in MK and its corresponding Chern form.

We define x ′ = (x ′1, . . . , x ′k) such that x ′1 = xi1, . . . , x ′k = xik and U (x ′)=U (x). To make this uniquely
defined, we pick the smallest indices (i1, . . . , ik) for which this happens. Note further that as U (x)=U (x ′),
we also have Dx = Dx ′ , Vx = Vx ′ and Gx = Gx ′ .

For τi ∈ Di and x ′j ∈ V (F) for 1≤ j ≤ r , 1≤ i ≤ e, we define as in (9):

fi (x ′j , τi ) := f (2πR(x ′j , τi ))

that is a Green function of Dx ′j ,i in Di .
We can further fix z0,i ∈ Di for 1 ≤ i ≤ e and we define the Kudla–Millson forms ϕ(1)

KM
(x ′j , τi ) ∈

(S(V )⊗�(Di )
(1,1))G for τi ∈ Di , x ′j ∈ S(V ), as in Section 3C, that satisfy the equation

ddc
[ fi (x ′j , · )] + δDx ′j ,i

= [ϕ(1)
KM
(x ′j , · )]. (13)

As x ′1, . . . , x ′k are linearly independent, the submanifolds Dx ′j ,i intersect properly inside Di and thus
we can take the ∗-product of the Green functions fi (x ′j , τi ) for 1≤ j ≤ k. Denote

η1(x ′, τi )= fi (x ′1, τi ) ∗ · · · ∗ fi (x ′k, τi ).

Then, from (7), this is a Green current for Dx,i = Dx ′,i = DU (x ′),i =
⋂k

j=1 Dx ′j ,i in Di for 1≤ i ≤ e.
As the star product turns into wedge product when we take the Chern forms (see (7)), the Chern form

associated to η1(x j , τ ) is going to be

ω1(x ′, τi )= ϕ
(1)
KM
(x ′1, τi )∧ · · · ∧ϕ

(1)
KM
(x ′k, τi ).

Note that ω1(x ′, τi )= ϕ
(k)
KM
(x ′, τi ) and thus from the definition (6) of the star product, η1 satisfies

ddc
[η1(x ′, · )] + δDx,i = [ϕ

(k)
KM
(x ′, · )]. (14)

Let pi : D→ Di be the natural projections as before. Then, from (8), p∗i η1(x, τi ) is a Green function
of p∗i Dx,i in D and the form p∗i ϕ

(k)
KM,i
(x ′, τi ) satisfies

ddc
[p∗i η1(x ′, · )] + δDx,i = [p

∗

i ϕ
(k)
KM
(x ′, · )]. (15)
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By taking the ∗-product, for τ = (τ1, . . . , τe) ∈ D \ Dx we define

η2(x ′, τ )= p∗1η1(x ′, τ1) ∗ · · · ∗ p∗eη1(x ′, τe).

This is a Green current of Dx in D. This follows from (8), as the divisors p∗i Dx,i have Serre’s
intersection multiplicity 1 in D. The Chern form of η2(x ′, τ ) is going to be

ω2(x ′, τ )= p∗1ω1(x ′, τ1)∧ · · · ∧ p∗eω1(x ′, τe),

satisfying

ddc
[η2(x ′, · )] + δDx = [ω2(x ′, · )]. (16)

We further take for (τ, h) ∈ D×G(A f ) the average of Green currents:

η3(x ′, τ ; g, h)=
∑

γ∈Gx (F)\G(F)

η2(x ′, γ τ )1Gx (A f )gK (γ h).

Note that this can be rewritten as

η3(x ′, τ ; g, h)=
∑
γ∈0h

η2(γ
−1x ′, τ ),

where 0h = Gx(F) \G(F)∩Gx(A f )gK h−1 is a lattice in G(F). It is clear from the average that η3 has
a singularity along G(F)(Dx ×Gx(A f )gK/K ) in D×G(A f )/K. However, note that it is not obvious
that this function converges. We are actually going to prove in Section 3G the following proposition:

Proposition 3.2. Let x ∈ V (F)k such that U (x) is a totally positive k-subspace of V (F). Then we have
that the defining sum of η3(x, τ ; g, h) is absolutely convergent and η3(x, τ ; g, h) is a Green current of
G(F)(Dx ×Gx(A f )gK/K ) in D×G(A f )/K.

This implies that η3(x ′, τ ; g, h) is a Green current of G(F)(Dx×Gx(A f )gK/K ) in D×G(A f )/K. To
get the Chern form we apply ddc locally and glue all the local forms using again [Soulé 1992, Theorem 4,
p. 50]. This is possible due to the discussion at the end of the proof of Proposition 3.2 in Section 3G.

Then η3 has the Chern form

ω3(x ′, g; τ, h)=
∑
γ∈0h

ω2(γ
−1x ′, τ ),

where 0h = Gx ′(F) \G(F)∩Gx ′(A f )gK h−1 as before.
As η3 is invariant under the action of G(F), it descends to a Green current via the projection map

p : D×G(A f )/K → MK to

η4(x ′, τ ; g, h),

where (τ, h) represent the class G(F)(τ, h)K in MK . The Green current condition (5) is also preserved
under the projection map, and the singularity is given by exactly the cycle Z(U (x), g)K inside the Shimura
variety MK . Thus we get:
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Proposition 3.3. For x ′ defined as above, η4(x ′, τ ; g, h) is a Green current of Z(U (x), g)K in MK .

Note thatω3(x ′, τ ; g, h) descends as well to the Chern formω4(x ′, τ ; g, h) of η4(x ′, τ ; g, h). Moreover,
the Chern form ω3(x ′, τ ; g, h) is the pullback under the projection map p : D × G(A f )/K → MK

of ω4(x ′, τ ):

ω3(x ′, τ ; g, h)= p∗ω4(x ′, τ ; g, h).

3E. Extending notation. In the previous section we have defined the Chern forms ω2, ω3, ω4 for x ′ =
(x ′1, . . . , x ′k) with the coordinates x ′1, . . . , x ′k linearly independent. We want to extend the definition to
x = (x1, . . . , xk) in V (F)k when the coordinates x1, . . . , xk are linearly dependent over F. In order to do
that, we take ω1(x, τi )= ϕ

(k)
KM
(x, τi ), ω2(x, τ )= p∗1ω1(x, τ1)∧ · · · ∧ p∗eω1(x, τe), and

ω3(x, τ ; g, h)=
∑

γ∈Gx (F)\G(F)

ω2(x, γ τ )1Gx (A f )gK (γ h).

We will show in Section 3G in Proposition 3.9 that ω3 is well-defined.
Also note that for U a totally positive k-dimensional subspace of V (F)we can pick any y= (y1, . . . , yk)

such that U (y) = U and η4(y, τ ; g, h) is going to be a Green current of Z(U, g) in MK with its
corresponding Chern form ω4(y, τ ; g, h).

We can actually extend the definition of η2, η3, ω2, ω3 for v∈GLk(F∞)when x= (x1, . . . , xk)∈V (F)k

such that U (x) is a totally positive k-plane inside of V. We define

η2(vx, τ )= p∗1η1(v1x, τ1) ∗ · · · ∗ p∗eη1(vex, τe),

where vi = σi (v) ∈ GLk(R) for 1 ≤ i ≤ e. Note that Gvi x = Gx and Dvi x,i = Dx,i for all 1 ≤ i ≤ e and
η2(vx, τ ) is a Green form of Dx in D.

We define further

η3(vx, τ ; g, h)=
∑

γ∈Gx (F)\G(F)

η2(vx, γ τ )1Gx (A f )gK (γ h),

where η3(vx, τ ; g, h) is a Green form of G(F)(Dx ×Gx(A f )gK/K ) in D×G(A f )/K. The proof of
convergence is similar to the one for η3(x, τ ; g, h).

The Chern forms of η2(vx, τ ) and η3(vx, τ ) are going to be, respectively,

ω2(vx, τ )= p∗1ω1(v1x, τ1)∧ · · · ∧ p∗eω1(vex, τe),

ω3(vx, τ ; g, h)=
∑

γ∈Gx (F)\G(F)

ω2(vx, γ τ )1Gx (A f )gK (γ h).

Propositions 3.2 and 3.9 extend as well for η3(vx, τ ; g, h) and ω3(vx, τ ; g, h), thus they are well
defined. As they are invariant under the action of G(F), η3 and ω3 further descend to the Green current
η4(vx, τ ; g, h) of Z(U (x), g) in MK that has the corresponding Chern form ω4(vx, τ ; g, h).
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Moreover, we extend the notation of ω2, ω3 for x = (x1, . . . , xk) with dim U (x)≤ k by taking

ω2(vx, τ )= p∗1ω1(v1x, τ1)∧ · · · ∧ p∗eω1(vex, τe),

ω3(vx, τ ; g, h)=
∑

γ∈Gx (F)\G(F)

ω2(vx, γ τ )1Gx (A f )gK (γ h).

Proposition 3.9 extends as well, making ω3 well-defined in general.

3F. Chern forms for x = 0. Recall that we defined in Section 3A the line bundles L K ,i ∈ Pic(MK ,i )⊗Q.
For x = 0, we claim that we can still define ωi for 1 ≤ i ≤ 4 and the same relationships hold as in
Section 3D. Moreover, we are going to have

Z(0, g)= ω4(0, τ ).

We define the Chern form ω1(0, τi )= (−1)rϕ(r)
KM
(0, τi ). Here recall

ϕ(1)
KM
(0, τi )=−

1
2π

n∑
j=1

ω j,1 ∧ω j,2(τi )

and ϕ(r)
KM
(0, τi )=

∧r
ϕ(1)

KM
(0, τi ) as defined in Section 3C.

Lemma 3.4. ϕ(1)
KM
(0, τi )=−c1(L∨Di

), for 1≤ i ≤ e.

This is Corollary 4.12 in [Kudla 2003]. Kudla considers F = Q, but the result is unchanged for a
totally real number field F with a fixed embedding σi into R such that Vσi has signature (n, 2).

Thus from Lemma 3.4 we have ω1(0, τi ) = (−1)r c1(L∨Di
)r . Then as before we define ω2(0, τ ) =

p∗1ω1(0, τ1)∧· · ·∧ p∗eω1(0, τe). Note that ω2(0, τ )= (−1)re p∗1c1(L∨D1
)r∧· · ·∧ p∗e c1(L∨De

)r . Furthermore,
as G0 = G, when we average over 0h = G0(F) \ (G(F)∩G0(A f )gK h−1) we get

ω3(0, τ ; g, h)= ω2(0, τ ).

Moreover, we have as before ω3(0, τ )= p∗ω4(0, τ ), and thus

ω4(0, τ )= (−1)re p∗ p∗1c1(L∨D1
)r · · · p∗ p∗e c1(L∨De

)r = (−1)rec1(L∨K )
r ,

where c1(L∨K ) := c1(L∨K ,1) · · · c1(L∨K ,e). Finally, note that ω4(0, τ ) is exactly the cycle Z(0, g)K in MK .

3G. Convergence of η3(x, τ; g, h) and ω3(x, τ; g, h). Now we are ready to show the convergence of
η3(x, τ ; g, h). More precisely, we are going to prove Proposition 3.2.

Before we continue, we mention two short lemmas that tell us about the behavior of R(x, τ ) when τ
varies in a compact set in Di and x varies in a lattice. The first lemma tells us that the quadratic forms qτ
bound each other:

Lemma 3.5. Let Ki ⊂ Di be a compact set. Fix τ0 ∈ Ki . Then there exist c, d > 0 such that

cqτ0(x)≤ qτ (x)≤ dqτ0(x)

for all τ ∈ Ki .
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Proof. Let τ ∈ Ki and x ∈ V, x 6= 0. Consider the function ψ : Ki × {x ∈ V | qτ0(x) = 1} → R,
ψ(τ, x)= qτ (x). Since qτ0 is positive definite, the set of vectors of norm 1 is a sphere and thus compact.
Hence the domain is compact and thus the image is compact, and thus bounded. Since x 6= 0, it must also
be bounded away from 0. Thus we can find constants c, d such that

c ≤ qτ

(
x√

qτ0(x)

)
≤ d

and cqτ0(x)≤ qτ (x)≤ dqτ0(x) as desired. �

The second lemma tells us how R(x, τ ) increases when x varies in a lattice:

Lemma 3.6. For a compact set K0 ⊂ D and a lattice 0 ⊂ G(F), there are only finitely many γ ∈ 0 such
that R(γ−1x, τi )≤ N for any τ = (τ1, . . . , τe) ∈ K0. More precisely, if dim V = n+ 2, we have at most
O(N n/2+1) such γ ∈ 0.

Proof. Fix some τ0 ∈ K0 ∩ Di . If for y ∈ 0x we have R(y, τi ) = (qτi (y)− a)/2 < N, then from the
previous lemma this implies that there exists c > 0 such that qτ0(y) < (a + 2N )/c. Thus y lies in a
(n+2)-dimensional sphere in V of radius

√
(a+ 2N )/c. The result follows. �

Now we want to compute the summands of

η3(x, g; τ, h)=
∑
γ∈0h

p∗1η1(γ
−1x, τ1) ∗ p∗2η1(γ

−1x, τ2) ∗ · · · ∗ p∗eηe(γ
−1x, τe), (17)

where 0h = Gx(F) \ G(F) ∩ Gx(A f )gK h−1. Recall η1(x, τi ) = η0(x1, τi ) ∗ · · · ∗ η0(xk, τi ), where
η0(x, τi )= f (2πR(x, τi )).

We compute first the general formula for the ∗-product of N Green currents:

Lemma 3.7. Let f1, . . . , fN Green forms for the cycles Y1, . . . , YN inside X, chosen such that the star
product [ f1] ∗ · · · ∗ [ fN ] is well-defined. Let ϕ1, . . . , ϕN be their corresponding Chern forms. Then we
have the ∗-product of N-terms:

[ f1] ∗ [ f2] ∗ · · · ∗ [ fN ] =

N∑
j=1

ϕ1 ∧ · · ·ϕ j−1 ∧ [ f j ] ∧ δY j+1 ∧ · · · ∧ δYN .

Proof. We denote δi, j = δi ∧ δi+1 · · · ∧ δ j , ϕi, j = ϕi ∧ · · · ∧ ϕ j for i ≤ j and we take δi, j = ϕi, j = 1 for
i > j. We show the result by induction. For n = 2, we have [ f1] ∗ [ f2] = f1 ∧ δ2+ϕ1 ∧ f2. Assume the
result is true for n. Then we have

[ f2] ∗ [ f3] ∗ · · · ∗ fn+1 =

n+1∑
k=2

ϕ2,k−1 ∧ [ fk] ∧ δk+1,n+1.
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By definition, we have

[ f1] ∗ ([ f2] ∗ [ f3] ∗ · · · ∗ [ fn+1])= [ f1] ∧ δ2,n+1+ϕ1 ∧ ([ f2] ∗ [ f3] ∗ · · · ∗ [ fn+1])

= [ f1] ∧ (δ2,n+1)+

n+1∑
k=2

ϕ1 ∧ϕ2,k−1 ∧ [ fk] ∧ δk+1,n+1.

This is exactly
∑n+1

k=1 ϕ1,k−1 ∧ [ fk] ∧ δk+1,n+1 which finishes the proof.
We want to apply the above lemma to each of the ∗-products summands in (17) that define η3:

p∗1η0(γ
−1x1, τ1) ∗ · · · p∗1η0(γ

−1xk, τ1) ∗ · · · ∗ p∗eηe(γ
−1x1, τe) ∗ · · · ∗ p∗eηe(γ

−1xk, τe).

Denote fi = p∗i η0 and ϕi = p∗i ω0. Then we get the terms

e∑
i=1

k∑
j=1

ϕ1(γ
−1x1, τ1)∧ · · · ∧ fi (γ

−1x j , τ1)∧ · · · ∧ δp∗e Dxk
, (18)

where all the terms before fi are the smooth forms ϕ and all the terms following fi are the operators δ. �

Proof of Proposition 3.2. To show the convergence of η3, we need to show that for µ a smooth form with
compact support, the integral

∫
X η3 ∧µ converges, where X = D×G(A f )/K. Note that we can cover

the compact support supp(µ) of µ by finitely many open sets and in each of them we can write µ in
local coordinates as a linear combination of smooth functions that are bounded inside supp(µ). Thus it is
enough to show that the form η3 converges to a smooth form on compacts.

We are interested in averaging the terms (18):
e∑

i=1

k∑
j=1

ϕ1(y1, τ1)∧ · · · ∧ fi (y j , τ1)∧ · · · ∧ δp∗e Dxk
,

for τ inside a compact set K0 ⊂ D, where the average is taken over y = (y1, . . . , yk) ∈ 0h x . For the
terms containing at least one δ, the terms

ϕ1(γ
−1x1, τ1)∧ · · · ∧ fi (γ

−1x j , τ1)∧ · · · ∧ δp∗e Dxk

are nonzero only for τe ∈ Dγ−1xk ,e. However, this implies R(γ−1xk, τe) = 0 and this only happens for
finitely many γ ∈ 0 when τe ∈ K0 inside a compact from Lemma 3.6. Thus the sum

F1(x, τ )=
k∑

j=1

e∑
i=1

(i, j 6=(e,k))

∑
γ∈0h

ϕ1(γ
−1x1, τ1)∧ · · · ∧ fi (γ

−1x j , τ1)∧ · · · ∧ δp∗e Dxk

is finite. This leaves the last term,

F2(x, τ )=
∑
γ∈0h

ϕ1(γ
−1x1, τ1)∧ · · · ∧ϕe(γ

−1xk−1, τe)∧ fe(γ
−1xk, τe),

which we treat below in Lemma 3.8. We show that the sum F2(x, τ ) converges uniformly on compacts to
a smooth form. This finishes the proof of the convergence in Proposition 3.2.
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Note that F1(x, τ ) is a finite sum of forms, while F2(x, τ ) is the average of wedge products of smooth
forms which converges to a smooth form.

To check the Green current condition (5) is met by η3(x, τ ; g, h), again it is enough to check the
condition on compact sets. Note first that τi ∈ Dyi only for finitely many y ∈ 0h x when τ is inside
a compact set K0. For τi ∈ Dyi then we have a finite sum of terms η2 that satisfy the Green current
condition (5): ddcη2(y, τ )+ δDy,τ = [ω2(y, τ )]. For all the other terms, we do not have singularities, and
as
∑

γ∈0h
η2(γ

−1x, τ ) and all its derivatives converge to a smooth form, we can just take ddc to get

ddc
∑
γ∈0h

η2(γ
−1x, τ )=

∑
γ∈0h

ddcη2(γ
−1x, τ )=

∑
γ∈0h

ω2(γ
−1x, τ ),

giving us the condition (5) for η3. Moreover, note that its Chern form is

ω3(x, τ ; g, h)=
∑
γ∈0h

ω2(γ
−1x, τ ).

This finishes the proof of Proposition 3.2. �

As promised, we show the convergence of F2(x, τ ) below:

Lemma 3.8. The average

F2(x, τ ; g, h)=
∑

y∈0h x

ϕ1(y1, τ1)∧ · · · ∧ϕ1(yk, τ1)∧ · · · ∧ϕe(y1, τe)∧ · · · ∧ϕe(yk−1, τe)∧ fe(yk, τe)

converges uniformly on compacts to a smooth form.

Proof. Let K0 be a compact. We are free to discard finitely many terms from our average of the star
product without affecting the convergence, so we discard the terms for which fe(yk, τe)= 0 on K0. For
y = (y(1),i , . . . , y(n+2),i ) coordinates determined by the point z0,i in Dy,i , we recall the explicit definition
of ϕi (y, τi )= p∗i ϕKM (y, τi ) that we presented in Section 3C:

ϕi (y, τi )= e−2πR(y,z0,i )

( ∑
1≤s,t≤n

y(s),i y(t),i p∗i (ωs,1i ∧ωt,2i )−
1
π

∑
1≤s≤n

p∗i (ωs,1i ∧ωs,2i )

)
.

Thus, in the average, all the terms are of the form

e
−2π

k∑
j=1

e∑
i=1

R(y j ,z0,i )

e2πR(yk ,z0,e) fe(yk, τe)
e∧

i=1

k∧
j=1

(i, j)6=(e,k)

(y(s),ij y(t),ij ) f p∗i ωs,1i ∧ p∗i ωt,2i (τi ).

The forms p∗i ωs,1i , p∗i ωs,2i are smooth on K0 and the values of the smooth functions representing them
in local coordinates are bounded inside a compact. As they are independent of y, the convergence of
F2(x, τ ) reduces to the convergence of

∑
y∈0h x

e
−2π

e−1∑
i=1

k∑
j=1

R(y j ,z0,i )

e
−2π

k−1∑
j=1

R(y j ,z0,e)

fe(yk, τe)P(y).
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Here

P(y)=
e∏

i=1

k∏
j=1

(i, j) 6=(e,k)

∑
1,≤s,t≤n

1∑
f=0

(y(s),ij y(t),ij ) f

is a polynomial of degree 2k(e− 1).
Similarly, for computing the derivatives of F2(x, z) we are reduced to computing averages of the wedge

products

∂

∂ R1,1τ1∂
S1,1τ1

ϕ1(y1, τ1)∧ · · · ∧
∂

∂ R1,kτ1∂
S1,kτ1

ϕ1(yk, τ1)∧ · · · ∧
∂

∂ Re,1τe∂
Se,1τi

ϕe(y1, τe)∧ · · ·

∧
∂

∂ Re,k−1τe∂
Se,k−1τe

ϕe(yk−1, τe)∧
∂

∂ Re,kτe∂
Se,kτe

fe(yk, τe).

We will break the proof in two main steps below:

Step 1: We claim that it is enough to show that the sums∑
y∈0h x

∂

∂ Re,kτe∂
Se,kτe

fe(yk, τe) (19)

converge for any integers Re,k, Se,k ≥ 0.
In order to show this, let us compute first the partial derivatives in τi of the terms ϕ(y j , τi ) with

( j, i) 6= (k, e). We get

∂

∂ Rτi∂ Sτi
ϕ(y j , τi )= e−2πR(y j ,z0,i )

∑
(y(s),i y(t),i ) f ∂

∂ Rτi∂ Sτi
p∗i ωs,1i ∧ p∗i ωt,2i (τi ),

where f ∈ {0, 1} and 1 ≤ s, t ≤ n. Since p∗i ωs,2i ∧ p∗i ωt,2i are smooth forms on compacts, the terms
∂/(∂ Rτi∂

Sτi )p∗i ωs,1i ∧ p∗i ωt,2i (τi ) are smooth as well. Then the problem reduces to showing that the
coefficients

∑
y∈0h x

e
−2π

e−1∑
i=1

k∑
j=1

R(y j ,z0,i )

e
−2π

k−1∑
j=1

R(y j ,z0,e)

fe(yk, τe)P(y)
∂

∂ Re,kτe∂
Se,kτe

fe(yk, τe)

converge on compacts.
We can discard finitely many terms for which we have R(y j , τi )≤ 1 for any pair (i, j) with 1≤ i ≤ e

and 1≤ j ≤ k. Then we can bound

n∑
s,t=1

1∑
f=0

(y(s),ij y(t),ij ) f
≤ (qi (x j )+ R(y j , τ ))

n2
.

Thus we can further bound

|P(y)| ≤ C
e∏

i=1

k∏
j=1

(i, j) 6=(e,k)

(qi (x j )+ R(y j , z0,i ))
n2
.
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By discarding finitely many terms from the lattice, we can bound e−2πR(y j ,τi )R(y j , z0,i )
m
≤ 1, for any

1≤ m ≤ n2 and then

e−R(y j ,z0,i )(qi (x j )+ R(y j , z0,i ))
n2
≤ (qi (x j )+ 1)n

2
,

which is a constant. Thus we need to show that the sums

C ′
∑

y∈0h x

∂

∂ Re,kτe∂
Se,kτe

fe(yk, τe)

converge for any integers Re,k, Se,k ≥ 0, as claimed in (19).

Step 2: Now we show the convergence of (19), in two parts.

(1) First we show the case of
∑

y∈0h x fe(yk, τe). We have

fe(yk, τe)≤
e−2πR(yk ,τ )

R(yk, τe)
≤ e−2πR(yk ,τe)

for R(yk, τe)≥ 1, which happens for all except finitely many yk’s from Lemma 3.6. Furthermore, also
from Lemma 3.6, since there are at most O(z(n+2)/2) vectors yk in our sum with z ≤ R(yk, τe)≤ z+ 1,
we are reduced to the convergence of

∞∑
z=1

e−2π zz((n+2)/2),

which converges using the integral test.

(2) Now we show the convergence of (19) for the partial derivatives in τe for the term fe(yk, τe). Note
first that we can compute the derivatives:

∂

∂τe
fe(yk, τe)=

e−2πR(yk ,τe)

2πR(yk, τe)

∂

∂τe
R(yk, τe),

∂

∂τe
fe(yk, τe)=

e−2πR(yk ,τe)

2πR(yk, τe)

∂

∂τe
R(yk, τe).

In general terms we get

∂

∂ Rτe∂ Sτe
fe(yk, τe)= e−2πR(yk ,τe)

∑
i

e−ci R(yk ,τe)

R(yk, τe)di
Pi (∂ai ,bi R),

where the above is a finite sum, Pi (∂R, yk) are polynomials in

∂

∂ai τe∂bi τe
R(yk, τe),

and the constants ci , di are integers that satisfy di ≥ 1, and di > ci ≥ 0. This can be easily shown by
induction.
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Excluding the terms for which R(yk, τe)≤ 1, note that if we fix a basis (e1, . . . , en+2) for Vσe , we have

∂

∂ Rτe∂ Sτe
R(yk, τe)=−

n+2∑
j=1

(y( j),e
k )2

∂

∂ Rτe∂ Sτe
R(e j , τe),

thus we can further bound∣∣∣∣ ∂

∂aτe∂bτe
R(yk, τe)

∣∣∣∣≤ Ma,b(qe(xk)+ R(yk, z0,e)),

where Ma,b is the upper bound of the values

∂

∂aτe∂bτe
R(e j , τe)

for 1≤ j ≤ n+ 2 and τe in our compact.
As di > ci , for R(yk, τe)≥ 1, we have

e−2πci R(yk ,τe)

(2πR(yk, τe))di
< 1

and using the above bound we have more generally∣∣∣∣ ∂

∂ Rτe∂ Sτe
fe(yk, τe)

∣∣∣∣≤ Me−2πR(yk ,τe) Q̃(R(yk, τe)),

where Q̃ is a polynomial in R(yk, z0,e). Let D be the degree of Q̃ and let Q̃0(x) :=
∑
|an|xn if

Q :=
∑

anxn.
Similarly as before, we have at most O(z(n+2)/2) values yk such that z ≤ R(yk, τe)≤ z+1 for τe inside

a compact, and the above convergence is equivalent to the convergence of

∞∑
z=1

e−2π zz(n+2)/2 Q̃0(z+ 1),

which converges by the integral test. �

Now we are also going to show:

Proposition 3.9. For x = (x1, . . . , xk) ∈ V (F)k, the form

ω3(x, τ ; g, h)=
∑

γ∈Gx (F)\G(F)

ω2(x, γ τ )1Gx (A f )gK (γ h)

converges.

Proof. Note that the above statement follows for dim U (x)= k from the proof of Proposition 3.2. For the
general case the proof is similar to that of Lemma 3.8. Using the notation from Lemma 3.8, we can write

ω3(x, τ ; g, h)=
∑

y∈0h x

ϕ1(y1, τ1)∧ · · · ∧ϕ1(yk, τ1)∧ · · · ∧ϕ1(y1, τe)∧ · · · ∧ϕe(yk, τe).
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Using the definition of ϕi (y j , τi ),

ϕi (y j , τi )= e−2πR(y j ,z0,i )

( ∑
1≤s,t≤n

y(s),ij y(t),ij p∗i (ωs,1i ∧ωt,2i )−
1
π

∑
1≤s≤n

p∗i (ωs,1i ∧ωs,2i )

)
,

the terms p∗i ωs,1i∧ p∗i ωt,1i are independent of y, and we are reduced to the convergence of the coefficients:

∑
y∈0h x

e
−2π

e∑
i=1

k∑
j=1

R(y j ,z0,i )

P(y),

where

P(y)=
e∏

i=1

k∏
j=1

∑
1≤s,t≤n

1∑
f=0

(y(s),ij y(t),ij ) f .

As in Lemma 3.8, we can bound

∑
1≤s,t≤n

1∑
f=0

(y(s),ij y(t),ij ) f
≤ (R(y j , z0,i )+ qi (x j ))

n2
.

Moreover, for (i, j) 6= (e, k), by discarding finitely many terms from the lattice we have R(yk, τe)

large enough and we can bound e−2πR(y j ,τi )R(y j , z0,i )
m
≤ 1, for any 1≤ m ≤ n2. Thus the convergence

reduces to showing that ∑
y∈0h x

e−2πR(yk ,z0,e)(R(yk, z0,e)+ qe(xk))
n2

converges, or equivalently that any of the terms∑
y∈0h x

e−2πR(yk ,z0,e)R(yk, z0,e)
m,

converge for 1≤ m ≤ n2. Again we have at most O(z(n+2)/2) values yk such that z ≤ R(yk, τe)≤ z+ 1
for τe inside a compact, thus the above reduces to the convergence of∑

y∈0h x

e−2π z(z+ 1)mz(n+2)/2,

which converges by the integral test. This finishes our proof. �

4. Modularity of Z(g′, φ)

We recall now the definition of the standard Whittaker function. Recall from Section 3C that we
defined S̃p2r (R) to be the metaplectic cover of Sp2r (R), and K ′ the preimage under the projection map
S̃p2r (R)→ Sp2r (R) of the compact subgroup

{( A
−B

B
A

)
, A+ i B ∈U (r)

}
, where U (r) is the unitary group.

We also defined the character det1/2 on K ′ whose square descends to the determinant character of U (r).
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For (V+, q+) a quadratic space over R of signature (n + 2, 0), let ϕ◦
+
(x+) ∈ S(V r

+
) be the standard

Gaussian,

ϕ◦
+
(x+)= e−π tr(x,x)+,

where 1
2(x, x)+ = 1

2((xi , x j ))1≤i, j≤r is the intersection matrix of x = (x1, . . . , xr ) ∈ V r
+

for the inner
product (·, ·) given by q+ on V+.

Then for x ∈ V r
+

and β = 1
2(x, x)+ with β in Symr (R), the group of symmetric r × r matrices, we

define the β-th “holomorphic” Whittaker function

Wβ(g)= r(g)ϕ◦
+
(x),

where g ∈ S̃p2r (R) and r is the Weil representation of S̃p2r (R)× O(V r ).
Using the Iwasawa decomposition of S̃p2r (R), we can write each g in the form

g =
(1

0
u
1

)(
v
0

0
(vT )−1

)
k ′, v ∈ GLr (R)

+, k ′ ∈ K ′,

and we have

Wβ(g)= det(v)(n+2)/4e2π i trβτ det(k ′)(n+2)/2,

where τ = u+ (v · vT )
√
−1 is an element of Hr , the Siegel upper half-space of genus r (see [Yuan et al.

2009] for a reference).
We can extend this definition for F∞. For g′ = (g′j )1≤ j≤d ∈ S̃p2r (F∞)=

∏
σ j :F↪→R S̃p2r (Rσ j ), we take

Wβ(g′∞)=
∏

σ j :F↪→R

Wσ j (β)(g
′

j ).

Moreover, by writing each g′j =
( 1

0
u j
1

)(
v j
0

0
(vT

j )
−1

)
k ′j using the Iwasawa decomposition and taking

τ j = u j + i(v j · v
T
j ) as above, we get

Wβ(g′∞)=
∏

σ j :F↪→R

det(v j )
(n+2)/2e2π i tr σ j (β)τ j det(k ′j )

(n+2)/2.

Recall from the Introduction that we defined T (x)= 1
2(〈xi , x j 〉)1≤i, j≤r to be the intersection matrix

in Mr (F). Note that for 1≤ i ≤ e the intersection matrix T (x) is different from the intersection matrix
1
2(x, x)+ above, for which the inner product ( · , · ) is positive-definite.

We extend the definition of Wβ to σ j (β) /∈ Symr (R) for some σ j , 1≤ j ≤ e, by taking Wβ(g′∞)= 0.
For g′ ∈ S̃p2r (A), φ ∈ (S(V r

A))
K, we defined in the introduction Kudla’s generating series

Z(g′, φ)=
∑

x∈G(F)\V (F)r

∑
g∈Gx (A f )\G(A f )/K

r(g′f )φ f (g−1x)WT (x)(g′∞)Z(x, g)K . (20)

We will show:

Theorem 4.1. The function Z(g′, φ) is an automorphic form parallel of weight 1+ n/2 for g′ ∈ S̃p2r (A),
φ ∈ S(V r

A) with values in H 2er (MK ,C).



2766 Eugenia Rosu and Dylan Yott

Recall that in H 2er (MK ,C) we have [Z(x, g)] = [ω4(x ′, τ ; g, h)∧((−1)ec1(L∨K ))
r−k
] as cohomology

classes, where c1(L∨K ) = c1(L∨K ,1) · · · c1(L∨K ,e). We are actually going to show in Section 4A that
[Z(x, g)] = [ω4(x, τ ; g, h)] and we will replace in the sum (20) the cohomology class of the special cycle
Z(x, g) with the cohomology class of ω4(x, τ ; g, h). We are going to show first the following expansion
of the pullback of [Z(g′, φ)] to D×G(A f )/K :

Lemma 4.2. The pullback of the cohomology class [Z(g′, φ)] to D×G(A f )/K is the cohomology class

p∗[Z(g′, φ)] =
∑

x∈V (F)r
r(g′)φ f (h−1x)WT (x)(g′∞)ω2(vx, τ ),

where p : D×G(A f )/K → MK is the natural projection map and g′i =
( 1

0
ui
1

)(
vi
0

0
(vT

i )
−1

)
k ′i is the Iwasawa

decomposition of g′i = σi (g′) for 1≤ i ≤ d.

We claim that this will imply Theorem 4.1. We will first discuss the pullback of cohomology classes
in Section 4A and we will show Lemma 4.2 and Theorem 4.1 at the end of the section.

4A. Cohomology classes. First we would like to understand better how we take the pullback of the
cohomology classes [ω3(x, τ ; g, h)] to H 2er (D×G(A f )/K ,C).

Note that for x ∈ V (F)r with U (x) a totally positive k-subspace of V, and g ∈ G(A f ), we have
the equality of cohomology classes [Z(U (x), g)] = [ω4(x ′, g)] in H 2ek(MK ,C) and we can take the
pullback [ω3(x ′, g)] to H 2ek(D×G(A f )/K ,C). The pullback of (−1)ec1(L∨K ) to H 2(D×G(A f )/K ,C)

is ω3(0, τ ).
We are actually going to show that the pullbacks of the Kudla cycles Z(U (x), g)c1(L∨K )

r−k can be
represented by the cohomology class of [ω3(x, g)] in H 2er (D×G(A f )/K ,C) in the lemma below:

Lemma 4.3. In H 2er (D×G(A f )/K ,C) we have the equality of cohomology classes:

[ω3(x ′)∧ω3(0)(r−k)
] = [ω3(x)].

To show this, we first recall from [Kudla 1997a, Lemma 7.3] how the pullback acts on the Kudla–Millson
form ϕ(k)

KM
. For 1≤ i ≤ e, recall that (Vσi , qi ) is a quadratic space of signature (n, 2).

Lemma 4.4. Let U ⊂ Vσi be a positive k-plane. For y ∈ U, let ϕ◦
+
∈ S(U k) be the standard Gaussian

ϕ◦
+
(y)=e−πqi (y). Let ιU :DU,i→Di be the natural injection. Under the pullback ι∗U :�

k(Di )→�k(DU,i )

of differential forms, we then have
ι∗Uϕ

(k),◦
KM
= ϕ◦
+
⊗ϕ(k),◦

KM,VU
,

where ϕKM,VU
(k),◦
∈ (S(U k)⊗�k,k(DU,i ))

K is the Kudla–Millson form for the vector space Vi,U = 〈U 〉⊥

and Hermitian symmetric domain DU,i .

For x ∈ V (F)r such that U (x) is a totally positive k-subspace of V we defined x ′ = (xi1, . . . , xik ). Let
x ′′ = (x j1, . . . , x jr−k ) consist of the remaining components of x .

Just for this section, we will use the notation ω(m)i (x, τ ) for i = 2, 3 when x = (x1, . . . , xm) ∈ V m.
Using the above lemma, we are going to show:
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Lemma 4.5. With the above notation, the pullback of ω(r−k)
3 (x ′′, τ ; g, h) to DU ×GU (A f )gK/K via the

inclusion map ι : DU ×GU (A f )gK/K → D×G(A f )/K equals

ι∗ω
(r−k)
3 (x ′′, τ ; g, h)= ι∗ω(r−k)

3 (0, τ ; g, h). (21)

Proof. From the definition of ϕ(r),◦
KM

we can write

ϕ(r),◦
KM

(x)= ϕ(k),◦
KM

(x ′)∧ϕ(r−k),◦
KM

(x ′′). (22)

Then from Lemma 4.4, for ιU : DU,i → Di the natural embedding, we have

i∗Uϕ
(r−k),◦
KM

(x ′′)= (ϕ◦
+
⊗ϕ(r−k),◦

KM,VU,i
)(x ′′)= ϕ◦

+
(x ′′)ϕ(r−k)

KM,VU,i
(0),

as x ′′ ∈U r−k . Note that this implies

i∗Uϕ
(r−k)
KM

(x ′′)= ϕ(r−k)
KM,VU,i

(0). (23)

We first want to pullback everything to D, via the projection maps pi : D→ Di . We have the maps
ιU : DU ↪→ D, pi : D→ Di . Recall that

DU = DU,1× · · ·× DU,e,

and we can further define the embedding ιU,i : DU,i ↪→ Di and the projection map pU,i : DU → DU,i . It
is easy to see that ιU,i ◦ pU,i = pi ◦ ιU as maps from DU to Di , thus we also have the equality of pullbacks
of differentials �r−k(Di )→�r−k(DU ):

p∗U,i ◦ ι
∗

U,i = ι
∗

U ◦ p∗i .

Then we get the equality

ι∗U p∗i ϕ
(r−k)
KM

(x ′′, τi )= p∗U,i ◦ ι
∗

U,iϕ
(r−k)
KM

(x ′′, τi ).

From (23), the right-hand side equals p∗U,iϕ
(r−k)
KM,VU,i

(0, τi ). Applying the same steps also for ϕ(r−k)
KM

(0),
we get

ι∗U p∗i (ϕ
(r−k)
KM

(0, τi ))= p∗U,i ◦ ι
∗

U,i (ϕ
(r−k)
KM

(0, τi ))= p∗U,i (ϕ
(r−k)
KM,VU,i

(0, τi )).

Thus we have

ι∗U p∗i ϕ
(r−k)
KM

(x, τi )= ι
∗

U p∗i (ϕ
(r−k)
KM

(0, τi )). (24)

Note that we can further take the wedge product of ι∗U p∗i ϕ
(r−k)
KM

(x, τi ) for 1≤ i ≤ e to get

ι∗Uω
(r−k)
2 (x ′′)= ι∗U

∧e
i=1 p∗i ϕ

(r−k)(x, τi )=
∧e

i=1ι
∗

U p∗i ϕ
(r−k)(x, τi ),

and using (24) this gives us ι∗U (ω
(r−k)
2 (0, τ )). Note that this implies

ι∗Uω
(r−k)
2 (x ′′)= ι∗U (ω

(r−k)
2 (0, τ )) (25)
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Finally, we are interested in the pullback of ω(r−k)
3 (x ′′, τ ; g, h) to DU×GU (A f )gK/K via the inclusion

map ι : DU ×GU (A f )gK/K → D×G(A f )/K. We have

ι∗ω
(r−k)
3 (x ′′, τ ; g, h)=

∑
γ∈GU (F)\G(F)

ι∗Uω
(r−k)
2 (x ′′, γ τ )1GU (A f )gK (γ h),

and using the pullback above for the right-hand side we get∑
γ∈GU (F)\G(F)

ι∗Uω
(r−k)
2 (0, γ τ )1GU (A f )gK (γ h),

which equals ι∗ω(r−k)
3 (0, τ ; g, h). Thus we have ι∗ω(r−k)

3 (x ′′, τ ; g, h)= ι∗ω(r−k)
3 (0, τ ; g, h), which is the

result of the lemma. �

Note that using (23) and (14) one can actually show that

[ϕ(r)
KM
(x)] = [ϕ(k)

KM
(x ′)∧ϕ(r−k)

KM
(0)]

as cohomology classes in H 2r (Di ,C).
Moreover, using (25) and (16), one can further show that

[ω
(r)
2 (x)] = [ω(k)2 (x ′)∧ω(r−k)

2 (0)]

as cohomology classes in H 2r (D,C).
The proof of Lemma 4.3 below is based on the same principle.

Proof of Lemma 4.3. To show the equality of cohomology classes, we need to show that for a closed
(l−r, l−r)-form µ with compact support, where l is the complex dimension of D×G(A f )/K, we have∫

D×G(A f )/K

µ∧ω
(r)
3 (x)=

∫
D×G(A f )/K

µ∧ω
(k)
3 (x ′′)∧ω(r−k)

3 (0). (26)

From (5), for a closed form µ, as µ∧ω(r−k)
3 is a closed (l − k, l − k)-form we have∫

D×G(A f )/K

µ∧ω
(r)
3 (x)=

∫
DU×GU (A f )gK/K

ι∗(µ∧ω
(r−k)
3 (x ′′)).

From (21), we have ι∗(µ∧ω(r−k)
3 (x ′′))= ι∗(µ∧ω(r−k)

3 (0)), thus we get∫
D×G(A f )/K

µ∧ω
(r)
3 (x)=

∫
DU×GU (A f )gK/K

ι∗(µ∧ω
(r−k)
3 (0)). (27)

Using (5) for µ∧ω(r−k)
3 (0) we also get∫

D×G(A f )/K

µ∧ω
(k)
3 (x ′)∧ω(r−k)

3 (0)=
∫

DU×GU (A f )gK/K

ι∗(µ∧ω
(r−k)
3 (0)). (28)

Combining the two equations (27) and (28) we get (26). �
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Remarks on ω3(vx) and ω4(vx). We follow up with some remarks regarding ω3(vx, τ ; g, h) and
ω4(vx, τ ; g, h) when v∈GLr (F∞) and x ∈V (F)r with U (x) totally positive definite k-subspace of V (F).
We have defined them in Section 3E. Lemma 4.3 extends easily for ω3(vx, τ ; g, h) and ω4(vx, τ ; g, h)
and we have, as cohomology classes in H 2er (D×G(A f )/K ,C),

[ω3(vx, τ ; g, h)] = [ω3((vx)′, τ ; g, h)∧ω(r−k)
3 (0, τ )].

As actually ω3((vx)′) represents the same cohomology class as the preimages of Z(U (vx), g) in
D×G(A f )/K, and as Z(U (x), g)= Z(U (vx), g), we have:

Lemma 4.6. (i) As cohomology classes in H 2er (D×G(A f )/K ,C), we have

[ω3(vx, τ ; g, h)] = [ω3(x, τ ; g, h)]. (29)

(ii) Noting that (29) descends to MK , we also have, as cohomology classes in H 2er (MK ,C),

[ω4(vx, τ ; g, h)] = [ω4(x, τ ; g, h)]. (30)

Proof of modularity: We will finish below the proofs of Lemma 4.2 and Theorem 4.1.

Proof of Lemma 4.2. The pullback to D×G(A f )/K of ω4(x ′, τ ) is ω3(x ′, τ ) and ω3(0, τ ) is the pullback
of (−1)er cr

1(L
∨

K )= Z(0, g). Then in (20) we can write

p∗[Z(g′, φ)] =
∑

x∈G(F)\V (F)r

∑
g∈Gx (A f )\G(A f )/K

r(g′, g)φ f (x)WT (x)(g′∞)[ω3(x ′, τ ; g, h)∧ω(r−k)
3 (0)].

Furthermore, from Lemma 4.3 we have [ω3(x ′, g; τ, h)∧ω(r−k)
3 (0, τ )] = [ω3(x, τ ; g, h)] as classes in

H 2er (D×G(A f )/K ,C). From (29) we also have the equality of cohomology classes [ω3(x, τ ; g, h)] =
[ω3(vx, τ ; g, h)]. Thus we get

p∗[Z(g′, φ)] =
∑

x∈G(F)\V (F)r

∑
g∈Gx (A f )\G(A f )/K

r(g′, g)φ f (x)WT (x)(g′∞)[ω3(vx, g; τ, h)].

By plugging in the definition

ω3(vx, τ ; g, h)=
∑

γ∈Gx (F)\G(F)

ω2(vx, γ τ )1Gx (A f )gK (γ h),

we get the cohomology class p∗[Z(g′, φ)] equal to the cohomology class of∑
x∈G(F)\V (F)r

∑
g∈Gx (A f )\G(A f )/K

r(g′f , g)φ f (x)WT (x)(g′∞)
∑

γ∈Gx (F)\G(F)

ω2(vx, γ τ )1Gx (A f )gK h−1(γ ).

We will unwind the sum below to get the result of the lemma. We interchange the summations to get∑
x∈G(F)\V (F)r

∑
γ∈Gx (F)\G(F)

∑
g∈Gx (A f )\G(A f )/K

r(g′f , g)φ f (x)WT (x)(g′∞)ω2(vx, γ τ )1Gx (A f )gK (γ h).
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Note that 1Gx (A f )gK (γ h) 6= 0 if and only if γ h ∈ Gx(A f )gK, or equivalently if g ∈ Gx(A f )γ hK, and
since we are summing for g ∈ Gx(A f ) \G(A f )/K, we can replace g by γ h everywhere and get

p∗[Z(g′, φ)] =
∑

x∈G(F)\V (F)r

∑
γ∈Gx (F)\G(F)

r(g′f , γ h)φ f (x)WT (x)(g′∞)ω2(vx, γ τ ).

Since the action of G(A f ) on φ is given by r(g′f , γ h)φ f (x) = r(g′f )φ f (h−1γ−1x) and ω2(vx, γ τ ) =
ω2(γ

−1vx, τ )= ω2(v(γ
−1x), τ ), then we have

p∗[Z(g′, φ)] =
∑

x∈V (F)r
r(g′f )φ f (h−1x)WT (x)(g′∞)ω2(vx, τ ),

which gives us the result of the lemma. �

Proof of Theorem 4.1. We would like to rewrite the sum of Lemma 4.2,

p∗[Z(g′, φ)] =
∑

x∈V (F)r
r(g′)φ f (h−1x)WT (x)(g′∞)ω2(vx, τ ),

and show that this sum is automorphic with values in H 2er (D×G(A f )/K ,C).
We recall the Iwasawa decomposition of g′ = (g′i )1≤i≤d ∈ S̃p2r (F∞) to be g′i =

( 1
0

ui
1

)(
vi
0

0
(vT

i )
−1

)
k ′i ,

where vi ∈ GLr (Rσi )
+, k ′i ∈ K ′i .

Recall that, for 1≤ i ≤e, we have ω1(x, τi )=ϕ
(r)
KM
(x, τi ) and ω2(x, τ )= p∗1ω1(x, τ1)∧· · ·∧p∗eω1(x, τe).

From property (1) of the theorem of Kudla and Millson we presented in Section 3C, we have

r(k ′i )ϕ
(r),◦
KM
= det(k ′i )

(n+2)/2ϕ(r),◦
KM

,

where ϕ(r),◦
KM

(x, τi )= e−2π tr σi (T (x))ϕKM (x, τi ). Using the Weil representation this easily extends to

r(g′i )ϕ
(r),◦
KM

(x, τi )= det(vi )
(n+2)/2 det(k ′i )

(n+2)/2e−2π tr T (σi (x))(ui+ivi ·v
T
i )ϕ(r)

KM
(vi x, τi ).

We take the pullback to D via the projection maps pi : D→ Di . We denote ϕi (x, τi )= p∗i ϕ
(r)
KM
(x, τi )

and ϕ◦i (x, τi )= e−2π tr σi (T (x))ϕi (x, τi ) and thus we also have

r(g′i )(ϕ
◦

i (x, τi ))= det(vi )
(n+2)/2 det(k ′i )

(n+2)/2e−2π tr T (σi (x))(ui+ivi ·v
T
i )ϕi (vi x, τi ).

Note that on the right-hand side we got Wσi (T (x))(g
′

i )ϕi (vi x, τi ), thus

r(g′i )(ϕ
◦

i (x, τi ))=Wσi (T (x))(g
′

i )ϕi (vi x, τi ).

Furthermore, as we can rewrite

WT (x)(g′∞)ϕ1(v1x, τ1)∧ · · · ∧ϕe(vex, τe)

= (Wσ1(T (x))(g
′

1)ϕ1(v1x, τ1)∧ · · · ∧Wσe(T (x))(g
′

e)ϕe(vex, τe))

d∏
i=e+1

Wσi (T (x))(g
′

i ),

we get
WT (x)(g′∞)ϕ1(v1x, τ1)∧ · · · ∧ϕe(vex, τe)= r(g′

∞
)φ◦(x, τ ),
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where

φ◦(x, τ )= ϕ◦1(x, τ1)∧ · · · ∧ϕ
◦

e (x, τe)

d∏
i=e+1

ϕ0,i (x).

Recall that for i ≥ e+1, we have WT (σi (x))(gi )= r(gi )ϕ0,i (x). Here ϕ0,i (x)= e−π tr T (σi (x)) is the standard
Gaussian, as (Vσi , qi ) is positive definite for i ≥ e+ 1.

Going back to the sum of Lemma 4.2, we thus get

p∗[Z(g′, φ)] =
∑

x∈V (F)r
r(g′f )φ f (h−1x)r(g′

∞
)φ◦(x, τ ),

and this is a theta function of weight (n+2)/2 with values in the cohomology group H 2er(D×G(A f )/K,C).
This means that for any linear functional l : H 2er (D×G(A f )/K ,C)→C acting on the cohomology part
of φ◦(x, τ ), the generating series

l(p∗[Z(g′, φ)])=
∑

x∈V (F)r
r(g′f )φ f (h−1x)r(g′

∞
)l(φ◦(x, τ ))

is a theta function of weight (n+ 2)/2. Note that this series is obtained by unwinding

p∗[Z(g′, φ)] =
∑

x∈G(F)\V (F)r

∑
g∈Gx (A f )\G(A f )/K

r(g′, g)φ f (x)WT (x)(g′∞)l(ω3(x, g)).

Denote

Z0(g′, φ)=
∑

x∈G(F)\V (F)r

∑
g∈Gx (A f )\G(A f )/K

r(g′, g)φ f (x)WT (x)(g′∞)ω3(x, g).

For the natural projection p : D×G(A f )/K → MK , recall the pullback

p∗ :�2er (MK )→�2er (D×G(A f )/K ),

which further descends to the cohomology groups p∗ : H 2er
dR (MK )→ H 2er

dR (D×G(A f )/K ) and the map
is an injection.

We denote by SC2er (MK ) the subspace of H 2er
dR (MK ) generated by the classes [ω4(x, g)] and by

SC2er (D×G(A f )/K ) the subspace of H 2er
dR (MK ) generated by the classes [ω3(x, g)]. Then the above

pullback map restricts to p∗ : SC2er (MK )→ SC2er (D×G(A f )/K ) and it is an injection.
Then for any linear functional l of SC2er (MK ), we are able to just define the linear functional l̃ on

SC2er (D×G(A f )/K ) given by l̃(p∗[ω])= l̃([ω]), and thus l̃(Z0(g′, φ))= l([Z(g′, φ)]) is automorphic.
Thus [Z(g′, φ)] is a theta function valued in H 2er (MK ).

We can also easily check the weight of the theta function by computing

r(k ′)φ◦(x, τ )= r(k ′1)ϕ
◦

1(x, τ1)∧ · · · ∧ r(k ′e)ϕ
◦

e (x, τe)

d∏
i=e+1

r(k ′i )φ0,i (x),

which gives us the factor det(k ′i )
(n+2)/2 at each place i . �
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Relative crystalline representations and
p-divisible groups in the small ramification case

Tong Liu and Yong Suk Moon

Let k be a perfect field of characteristic p > 2, and let K be a finite totally ramified extension over
W (k)

[ 1
p

]
of ramification degree e. Let R0 be a relative base ring over W (k)〈t±1

1 , . . . , t±1
m 〉 satisfying some

mild conditions, and let R= R0⊗W (k)OK . We show that if e< p−1, then every crystalline representation
of π ét

1

(
Spec R

[ 1
p

])
with Hodge–Tate weights in [0, 1] arises from a p-divisible group over R.

1. Introduction

Let k be a perfect field of characteristic p > 2, and let W (k) be its ring of Witt vectors. Let K be a
finite totally ramified extension over W (k)

[ 1
p

]
with ramification degree e, and denote by OK its ring

of integers. If G is a p-divisible group over OK , then it is well-known that its Tate module Tp(G) is
a crystalline Gal(K/K )-representation with Hodge–Tate weights in [0, 1]. Conversely, Kisin [2006]
showed the following result.

Theorem 1.1 [Kisin 2006, Corollary 2.2.6]. Let T be a crystalline Gal(K/K )-representation finite free
over Zp whose Hodge–Tate weights lie in [0, 1]. Then there exists a p-divisible group G over OK such
that Tp(G)∼= T as Gal(K/K )-representations.

The result in Theorem 1.1 for the case e ≤ p− 1 was first proved in [Laffaille 1980], in which the
low ramification assumption is used to directly associate certain modules equipped with filtration and
Frobenius endomorphism to p-divisible groups. This was one of the starting points of p-adic Hodge
theory, to classify crystalline representations by weakly admissible filtered ϕ-modules and establish their
connections to algebraic geometric objects.

The goal of this paper is to study the statement analogous to Theorem 1.1 in the relative case. When
we work over a relative base ring, the situation becomes much more complicated, and it is unknown how
to characterize crystalline representations by linear algebraic data. For example, [Hartl 2013] shows that
a naive generalization of weakly admissible modules is not sufficient. In this paper, we obtain a partial
result towards this direction for crystalline representations of Hodge–Tate weights in [0, 1].

Let R0 be a base ring over W (k)〈t±1
1 , . . . , t±1

m 〉 given as in Section 2A, and let R = R0 ⊗W (k) OK .
Let GR be the étale fundamental group of Spec

(
R
[ 1

p

])
. For representations of GR , the condition of

being crystalline is well-defined by [Brinon 2008; Kim 2015]. If G R is a p-divisible group over R, its
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Keywords: crystalline representation, p-divisible group, relative p-adic Hodge theory.
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Tate module Tp(G R) is a crystalline GR-representation with Hodge–Tate weights in [0, 1] (see [Kim
2015]). Conversely, when the ramification index e is small, we prove that crystalline representations of
Hodge–Tate weights in [0, 1] can be associated with the linear algebraic data called Kisin modules of
height 1, and show the following:

Theorem 1.2. Suppose e < p− 1. Let T be a crystalline GR-representation finite free over Zp whose
Hodge–Tate weights lie in [0, 1]. Then there exists a p-divisible group G R over R such that Tp(G R)∼= T
as GR-representations.

As an immediate corollary using the results in [Moon 2020], we obtain the following result on the geom-
etry of the locus of crystalline GR-representations with Hodge–Tate weights in [0, 1]. For a fixed absolutely
irreducible Fp-representation V0 of GR , there exists a universal deformation ring which parametrizes the
deformations of V0 [de Smit and Lenstra 1997]. By [Moon 2020, Theorem 5.7], we deduce:

Corollary 1.3. Suppose R has Krull dimension 2 and e < p − 1. Then the locus of crystalline rep-
resentations of GR with Hodge–Tate weights in [0, 1] cuts out a closed subscheme of the universal
deformation space.

We give a more precise statement of Corollary 1.3 in Section 6. The assumption that R has Krull
dimension 2 appears in [Moon 2020, Theorem 5.7], since the construction of Barsotti–Tate deformation
ring in [Moon 2020, Section 5] uses the result in [de Smit and Lenstra 1997] and relies on the assumption.

We now explain the major ingredients for the proof of Theorem 1.2. Firstly, Kim [2015] generalized
the Breuil–Kisin classification in the relative setting, and showed that the category of p-divisible groups
over R is anti-equivalent to the category of Kisin modules of height 1 over R0[[u]]. Using the classification,
we reduce our problem to constructing desired Kisin modules. Secondly, Brinon and Trihan [2008]
proved the generalization of Theorem 1.1 for the case when the base is a complete discrete valuation
ring whose residue field has a finite p-basis. To construct appropriate Kisin modules, we use their result
together with the fact that the p-adic completion of R0,(p) is an example of such a ring. We remark that
our construction of Kisin modules relies on the assumption that the ramification index is small.

1A. Notations. We will reserve ϕ for various Frobenius. To be more precise, let A be an W (k)-algebra
on which the arithmetic Frobenius ϕ on W (k) extends, and M an A-module. We denote ϕA : A→ A
for such an extension. Let ϕM : M → M be a ϕA-semilinear map. This is equivalent to having an
A-linear map 1⊗ ϕM : ϕ

∗

A M→ M, where ϕ∗A M denotes A⊗ϕA,A M. We always drop the subscripts A
and M from ϕ if no confusion arises. Let f : A→ B be a ring map compatible with Frobenius, that is,
f ◦ϕA = ϕB ◦ f . Then ϕM naturally extends to ϕMB : MB→ MB for MB := B⊗A M. It is easy to check
that ϕ∗B MB = B⊗A ϕ

∗

A M and 1⊗ϕMB : ϕ
∗

B MB→ MB is equal to B⊗A (1⊗ϕM).

2. Relative p-adic Hodge theory and étale ϕ-modules

2A. Base ring and crystalline period ring in the relative case. We follow the same notations as in the
Introduction. We recall the assumptions on the base rings and the construction of crystalline period ring
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in relative p-adic Hodge theory in [Kim 2015] (see also [Brinon 2008]), together with an additional
assumption which will be needed later. Let R0 be a ring obtained from W (k)〈t±1

1 , . . . , t±1
m 〉 by a finite

number of iterations of the following operations:

• p-adic completion of an étale extension;
• p-adic completion of a localization;
• completion with respect to an ideal containing p.

We suppose that R0 is an integral domain separated and complete with respect to some ideal J ⊂ R0

containing p, such that R0/J is finitely generated over some field k ′ (see [Kim 2015, Section 2.2.2]). We
further assume that R0/pR0 is a unique factorization domain.

R0/pR0 has a finite p-basis given by {t1, . . . , tm} in the sense of [de Jong 1995, Definition 1.1.1]. The
Witt vector Frobenius on W (k) extends (not necessarily uniquely) to R0, and we fix such a Frobenius
endomorphism ϕ : R0 → R0. Let �̂R0 := lim

←−−n �(R0/pn)/W (k) be the module of p-adically continuous
Kähler differentials. By [Brinon 2008, Proposition 2.0.2], �̂R0

∼=
⊕m

i=1 R0 · dti . We work over the base
ring R given by R := R0⊗W (k)OK .

Let R denote the union of finite R-subalgebras R′ of a fixed separable closure of Frac(R) such that
R′
[ 1

p

]
is étale over R

[ 1
p

]
. Then Spec R

[ 1
p

]
is a pro-universal covering of Spec R

[ 1
p

]
, and R is the

integral closure of R in R
[ 1

p

]
. Let GR := Gal

(
R
[ 1

p

]
/R
[ 1

p

])
= π ét

1

(
Spec R

[ 1
p

])
. By a representation of

GR , we always mean a finite continuous representation.
The crystalline period ring Bcris(R) is constructed as follows. Let R[ = lim

←−−ϕ
R/pR. There exists a

natural W (k)-linear surjective map θ :W (R[)→ R̂ which lifts the projection onto the first factor. Here, R̂
denotes the p-adic completion of R. Let θR0 : R0⊗W (k)W (R[)→ R̂ be the R0-linear extension of θ . Define
the integral crystalline period ring Acris(R) to be the p-adic completion of the divided power envelope of
R0⊗W (k) W (R[) with respect to ker(θR0). Choose compatibly εn ∈ R such that ε0 = 1, εn = ε

p
n+1 with

ε1 6= 1, and let ε̃ = (εn)n≥0 ∈ R[. Then τ := log [ε̃] ∈ Acris(R). Define Bcris(R)= Acris(R)
[ 1
τ

]
. Bcris(R) is

equipped naturally with GR-action and Frobenius endomorphism, and Bcris(R)⊗R0[
1
p ]

R
[ 1

p

]
is equipped

with a natural filtration by R
[ 1

p

]
-submodules. Furthermore, we have a natural integrable connection

∇ : Bcris(R)→ Bcris(R)⊗R0 �̂R0 such that Frobenius is horizontal and Griffiths transversality is satisfied.
For a GR-representation V over Qp, let Dcris(V ) := HomGR (V, Bcris(R)). The natural morphism

αcris : Dcris(V )⊗R0[
1
p ]

Bcris(R)→ V∨⊗Qp Bcris(R)

is injective. We say V is crystalline if αcris is an isomorphism. When V is crystalline, then Dcris(V )
is a finite projective R0

[ 1
p

]
-module, and Dcris(V )⊗R0[

1
p ]

R
[ 1

p

]
has the filtration induced by that on

Bcris(R)⊗R0[
1
p ]

R
[ 1

p

]
. We define the Hodge–Tate weights similarly as in the classical p-adic Hodge

theory. Frobenius and connection on Bcris(R) induce those structures on Dcris(V ); for the Frobenius
endomorphism on Dcris(V ), 1 ⊗ ϕ : ϕ∗Dcris(V ) → Dcris(V ) is an isomorphism, and the connection
∇ : Dcris(V )→ Dcris(V )⊗R0 �̂R0 is integrable and topologically quasinilpotent. Furthermore, Griffiths
transversality is satisfied and ϕ is horizontal. For a GR-representation T which is free over Zp, we say it
is crystalline if T

[ 1
p

]
is crystalline.
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Suppose S0 is another relative base ring over W (k)〈t±1
1 , . . . , t±1

m 〉 satisfying the above conditions and
equipped with a choice of Frobenius, and let b : R0→ S0 be a ϕ-equivariant W (k)〈t±1

1 , . . . , t±1
m 〉-algebra

map. We also denote b : R= R0⊗W (k)OK→ S := S0⊗W (k)OK the map induced OK -linearly. By choosing
a common geometric point, this induces a map of Galois groups GS→ GR , and also a map of crystalline
period rings Bcris(R)→ Bcris(S) compatible with all structures. If V is a crystalline representation of GR

with certain Hodge–Tate weights, then via these maps V is also a crystalline representation of GS with
the same Hodge–Tate weights, and the construction of Dcris(V ) is compatible with the base change.

We will consider the following base change maps in later sections. Let OL0 be the p-adic completion of
R0,(p), and let bL : R0→OL0 be the natural ϕ-equivariant map. This induces bL : R→OL :=OL0⊗W (k)OK .
Note that L=OL

[ 1
p

]
is an example of a complete discrete valuation field with a residue field having a finite

p-basis, studied in [Brinon and Trihan 2008]. On the other hand, for each maximal ideal q ∈mSpecR0,
let R̂0,q be the q-adic completion of R0,q. By the structure theorem of complete regular local rings, we
have R̂0,q ∼=Oq[[s1, . . . , sl]] where Oq is a Cohen ring with the maximal ideal (p) and l ≥ 0 is an integer
(R̂0,q is understood to be Oq when l = 0). We consider the natural ϕ-equivariant morphism bq : R0→ R̂0,q,
which induces bq : R→ Rq := R̂0,q⊗W (k)OK .

2B. Étale ϕ-modules. We study étale ϕ-modules and associated Galois representations. Most of the
material in this section is a review of [Kim 2015, Section 7], and the underlying geometry is based on
perfectoid spaces as in [Scholze 2012].

Let R0 be a relative base ring over W (k)〈t±1
1 , . . . , t±1

m 〉 and let R = R0⊗W (k)OK as above. Choose
a uniformizer $ ∈ OK . For integers n ≥ 0, we choose compatibly $n ∈ K such that $0 = $ and
$

p
n+1 = $n , and let K∞ be the p-adic completion of

⋃
n≥0 K ($n). Then K∞ is a perfectoid field

and
(
R̂
[ 1

p

]
, R̂

)
is a perfectoid affinoid K∞-algebra. Let K [

∞ denote the tilt of K∞ as defined in [Scholze
2012], and let $ := ($n) ∈ K [

∞.
Let S := R0[[u]] equipped with the Frobenius extending that on R0 by ϕ(u)= u p. Let E+R∞ =S/pS,

and let Ẽ+R∞ be the u-adic completion of lim
−−→ϕ

E+R∞ . Let ER∞ = E+R∞
[ 1

u

]
and ẼR∞ = Ẽ+R∞

[ 1
u

]
. By [Scholze

2012, Proposition 5.9], (ẼR∞, Ẽ+R∞) is a perfectoid affinoid K [
∞-algebra, and we have the natural injective

map (ẼR∞, Ẽ+R∞) ↪→
(
R[
[ 1
$

]
, R[

)
given by u 7→$ .

Let

R̃∞ :=W (Ẽ+R∞)⊗W (K [◦
∞),θ

OK∞ . (2-1)

By [Scholze 2012, Remark 5.19],
(
R̃∞

[ 1
p

]
, R̃∞

)
is a perfectoid affinoid K∞-algebra whose tilt is

(ẼR∞, Ẽ+R∞). Furthermore, it is shown in [Kim 2015] that we have a natural injective map(
R̃∞

[ 1
p

]
, R̃∞

)
↪→

(
R̂
[ 1

p

]
, R̂

)
whose tilt is (ẼR∞, Ẽ+R∞) ↪→

(
R[
[ 1
$

]
, R[

)
. For GR̃∞ := π

ét
1

(
Spec R̃∞

[ 1
p

])
, we then have a continuous

map of Galois groups GR̃∞→ GR , which is a closed embedding by [Gabber and Ramero 2003, Proposi-
tion 5.4.54]. By the almost purity theorem in [Scholze 2012], R[

[ 1
$

]
can be canonically identified with the
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$ -adic completion of the affine ring of a pro-universal covering of Spec ẼR∞ , and letting GẼR∞
be the Ga-

lois group corresponding to the pro-universal covering, there exists a canonical isomorphism GẼR∞
∼= GR̃∞ .

Lemma 2.1. Consider the map of Galois groups GOL → GR induced by choosing a common geometric
point for the base change map bL : R→ OL in Section 2A. Then the images of GOL and GR̃∞ inside GR

generate the group GR .

Proof. E+R∞ has a finite p-basis given by {t1, . . . , tm, u}. Note that for any element of g ∈ GR , there exists
an element h ∈ GOL whose image in GR induces the same actions on t1/p∞

1 , . . . , t1/p∞
m ,$ 1/p∞ . Since

R̃∞ =W (Ẽ+R∞)⊗W (K [◦
∞),θ

OK∞ , the actions of g and h are the same on the elements of R̃∞. Hence, the
assertion follows. �

Now, let OE be the p-adic completion of S
[ 1

u

]
. Note that ϕ on S extends naturally to OE .

Definition 2.2. An étale (ϕ,OE)-module is a pair (M, ϕM) where M is a finitely generated OE -module
and ϕM :M→M is a ϕ-semilinear endomorphism such that 1⊗ϕM : ϕ∗M→M is an isomorphism.
We say that an étale (ϕ,OE)-module is projective (resp. torsion) if the underlying OE -module M is
projective (resp. p-power torsion).

Let ModOE denote the category of étale (ϕ,OE)-modules whose morphisms are OE -module maps
compatible with Frobenius. Let Modpr

OE
and Modtor

OE
respectively denote the full subcategories of projective

and torsion objects. Note that we have a natural notion of a subquotient, direct sum, and tensor product
for étale (ϕ,OE)-modules, and duality is defined for projective and torsion objects.

Lemma 2.3. Let M ∈ Modtor
OE

be a torsion étale ϕ-module annihilated by p. Then M is a projective
OE/pOE -module.

Proof. This follows from essentially the same proof as in [Andreatta 2006, Lemma 7.10]. �

We consider W
(
R[
[ 1
$

])
as an OE -algebra via mapping u to the Teichmüller lift [$ ] of $ , and let Our

E
be the integral closure of OE in W

(
R[
[ 1
$

])
. Let Ôur

E be its p-adic completion. Since OE is normal, we
have AutOE (Our

E )
∼= GER∞

:= π ét
1 (Spec ER∞), and by [Gabber and Ramero 2003, Proposition 5.4.54] and

the almost purity theorem, we have GER∞
∼= GẼR∞

∼= GR̃∞ . This induces GR̃∞-action on Ôur
E . The following

is proved in [Kim 2015].

Lemma 2.4 [Kim 2015, Lemmas 7.5 and 7.6]. We have (Ôur
E )

GR̃∞ =OE and the same holds modulo pn .
Furthermore, there exists a unique GR̃∞-equivariant ring endomorphism ϕ on Ôur

E lifting the p-th power
map on Ôur

E /(p) and extending ϕ on OE . The inclusion Ôur
E ↪→ W

(
R[
[ 1
$

])
is ϕ-equivariant where the

latter ring is given the Witt vector Frobenius.

Let RepZp
(GR̃∞) be the category of Zp-representations of GR̃∞ , and let Reppr

Zp
(GR̃∞) and Reptor

Zp
(GR̃∞)

respectively denote the full subcategories of free and torsion objects. For M∈ModOE and T ∈RepZp
(GR̃∞),

we define T (M) := (M⊗OE Ôur
E )

ϕ=1 and M(T ) := (T ⊗Zp Ôur
E )

GR̃∞ . For a torsion étale ϕ-module
M ∈Modtor

OE
, we define its length to be the length of M⊗OE (OE)(p) as an (OE)(p)-module.
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Proposition 2.5 [Kim 2015, Proposition 7.7]. The assignments T (·) and M(·) are exact equivalences
(inverse of each other) of ⊗-categories between ModOE and RepZp

(GR̃∞). Moreover, T ( ·) and M(·)

restrict to rank-preserving equivalence of categories between Modpr
OE

and Reppr
Zp
(GR̃∞) and length-

preserving equivalence of categories between Modtor
OE

and Reptor
Zp
(GR̃∞). In both cases, T (·) and M(·)

commute with taking duals.

Proof. This is [Kim 2015, Proposition 7.7]. We remark here for some additional details. Note that ER∞

is a normal domain and π ét
1 (Spec ER∞)

∼= GR̃∞ . Given Lemma 2.3, the assertion therefore follows from
the usual dévissage and [Katz 1973, Lemma 4.1.1]. Note that both functors T (·) and M(·) are a priori
left exact by definition, and exactness can be proved by the same argument as in the proof of [Andreatta
2006, Theorem 7.11]. �

Suppose S0 is another relative base ring over W (k)〈t±1
1 , . . . , t±1

m 〉 as in Section 2A equipped with
a choice of Frobenius, and suppose b : R0 ↪→ S0 be a ϕ-equivariant W (k)〈t±1

1 , . . . , t±1
m 〉-algebra map

which is injective. Let b : R = R0 ⊗W (k) OK ↪→ S := S0 ⊗W (k) OK be the induced injective map. By
choosing a common geometric point we have an injective map R ↪→ S, and this induces an embedding
R̃∞ ↪→ S̃∞ by the constructions given in (2-1). Hence, the corresponding map of Galois groups GS→ GR

restricts to GS̃∞→ GR̃∞ . Let SS = S0[[u]] and let OE,S be the p-adic completion of SS
[ 1

u

]
. Let MS(·)

be the functor for the base ring S constructed similarly as above. Let T ∈ Reppr
Zp
(GR̃∞). Then T is also a

GS̃∞-representation via the map GS̃∞→ GR̃∞ , and we have the natural isomorphism M(T )⊗OE OE,S ∼=

MS(T ) as étale (ϕ,OE,S)-modules by the definition of the functors M(·) and T (·) and by Proposition 2.5.

3. Relative Breuil–Kisin classification

We now explain the classification of p-divisible groups over Spec R via Kisin modules, which is proved
in [Kisin 2006] when R =OK and generalized in [Kim 2015] for the relative case. Denote by E(u) the
Eisenstein polynomial for the extension K over W (k)

[ 1
p

]
, and let S= R0[[u]] as above.

Definition 3.1. Denote by Kis1(S) the category of pairs (M, ϕM) where

• M is a finitely generated projective S-module;

• ϕM :M→M is a ϕ-semilinear map such that coker(1⊗ϕM) is annihilated by E(u).

The morphisms are S-module maps compatible with Frobenius.

Note that for (M, ϕM) ∈Kis1(S), 1⊗ϕM : ϕ∗M→M is injective since M is finite projective over S
and coker(1⊗ϕM) is killed by E(u). Consider the composite S�S/uS= R0

ϕ
→ R0.

Definition 3.2. A Kisin module of height 1 is a tuple (M, ϕM,∇M) such that:

• (M, ϕM) ∈ Kis1(S).

• Let N :=M⊗S,ϕ R0 equipped with the Frobenius ϕM ⊗ ϕR0 . Then ∇M : N → N ⊗R0 �̂R0 is a
topologically quasinilpotent integrable connection commuting with Frobenius.
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Here, ∇M being topologically quasinilpotent means that the induced connection on N/pN is nilpotent.
Denote by Kis1(S,∇) the category of Kisin modules of height 1 whose morphisms are S-module maps
compatible with Frobenius and connection.

The following theorem classifying the p-divisible groups is proved in [Kim 2015].

Theorem 3.3 [Kim 2015, Corollary 6.7 and Remark 6.9]. There exists an exact anti-equivalence of
categories

M∗ : {p-divisible groups over Spec R} → Kis1(S,∇).

Let S0 be another base ring satisfying the condition as in Section 2A and equipped with a Frobenius,
and let b : R0→ S0 be a ϕ-equivariant map. Then the formation of M∗ commutes with the base change
R→ S := S0⊗W (k)OK induced OK -linearly from b.

Note that if (M, ϕM) ∈ Kis1(S), then (M⊗S OE , ϕM⊗ ϕOE ) is a projective étale (ϕ,OE)-module
since 1⊗ϕM is injective and its cokernel is killed by E(u) which is a unit in OE . If G R is a p-divisible
group over R, its Tate module is given by Tp(G R) := HomR(Qp/Zp,G R ×R R), which is a finite free
Zp-representation of GR . By [Kim 2015, Corollary 8.2], we have a natural GR̃∞-equivariant isomorphism
T∨(M∗(G R)⊗S OE)∼= Tp(G R), where T∨(M∗(G R)⊗S OE) denotes the dual of T (M∗(G R)⊗S OE).

4. Construction of Kisin modules

In this section, we will assume e < p− 1 from Proposition 4.3. We denote Sn :=S/pnS for positive
integers n ≥ 1. Let T be a crystalline GR-representation which is free over Zp of rank d with Hodge–Tate
weights in [0, 1]. Let M :=M∨(T ) be the associated étale (ϕ,OE)-module, where M∨(T ) denotes the
dual of M(T ). For each integer n ≥ 1, denote Mn =M/pnM. Note that Mn ∼=M∨(T/pnT ). On the
other hand, consider the map bL : R→OL as in Section 2A. T is also a crystalline GOL -representation
with Hodge–Tate weights in [0, 1], so by [Brinon and Trihan 2008, Theorem 6.10], there exists a p-
divisible group GOL over OL such that Tp(GOL )

∼= T as GOL -representations. Let (MOL ,∇MOL
) :=

M∗(GOL ) ∈ Kis1(SOL ,∇) be the associated Kisin module over SOL . Denote MOL ,n =MOL/pnMOL .
The map between the Galois groups GOL → GR restricts to GÕL ,∞

→ GR̃∞ . Hence, we have the natural
isomorphism M⊗OEOE,OL

∼=MOL⊗SOL
OE,OL of étale (ϕ,OE,OL )-modules. Let MOL :=M⊗OEOE,OL

and MOL ,n :=MOL/pnMOL .
For each n ≥ 1, we define

Mn :=Mn ∩MOL ,n,

where the intersection is taken as S-submodules of MOL ,n . The Frobenius endomorphisms on Mn and
MOL ,n induce a Frobenius endomorphism on Mn . Since the Frobenius on MOL ,n is injective, we have
the injective S-module morphism

1⊗ϕ :S⊗ϕ,SMn→Mn

for each n.
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Lemma 4.1. Mn is a finitely generated Sn-module. Furthermore, we have ϕ-equivariant isomorphisms

Mn ⊗S OE ∼=Mn and Mn ⊗SSOL
∼=MOL ,n.

Proof. We first prove that Mn is finite over Sn . Note that MOL ,n is free over SOL ,n of rank d , and choose
a basis {e1, . . . , ed} of MOL ,n . On the other hand, since Mn is projective over Sn

[ 1
u

]
of rank d, there

exists a nonzero divisor g ∈Sn such that Mn
[ 1

g

]
is free of rank d over Sn

[ 1
u

][ 1
g

]
. Since Mn is finite

over Sn
[ 1

u

]
, we can choose a basis { f1, . . . , fd} of Mn

[ 1
g

]
over Sn

[ 1
u

][ 1
g

]
such that letting N to be the

Sn-submodule of Mn
[ 1

g

]
generated by f1, . . . , fd , we have Mn ⊂N

[ 1
u

]
as Sn

[ 1
u

]
-modules. It suffices

to show that Mn ⊂
1

uh ·N as Sn-modules for some integer h ≥ 1. We have

( f1, . . . , fd)
t
= A · (e1, . . . , ed)

t ,

where A is an invertible d×d matrix with entries in SOL ,n
[ 1

u

][ 1
g

]
. Consider the intersection N

[ 1
u

]
∩MOL ,n

as submodules of MOL ,n
[ 1

u

][ 1
g

]
. For an element x = b1 f1+· · ·+bd fd ∈N

[ 1
u

]
with b1, . . . , bd ∈Sn

[ 1
u

]
,

we have x ∈MOL ,n if and only if

(b1, . . . , bd) · A = (c1, . . . , cd)

for some c1, . . . , cd ∈SOL ,n . Then (b1, . . . , bd)= (c1, . . . , cd)A−1, which implies that N
[ 1

u

]
∩MOL ,n ⊂

1
uh ·N as Sn-modules for some integer h ≥ 1. Since Mn ⊂N

[ 1
u

]
∩MOL ,n , this shows the first statement.

We have

Mn ⊗S OE ∼=Mn

[1
u

]
∼=Mn ∩MOL ,n =Mn

and hence the first isomorphism. On the other hand, since S→SOL is flat and MOL ,n is finite free over
SOL ,n , we have

Mn ⊗SSOL
∼= (Mn ⊗SSOL )∩ (MOL ,n ⊗SSOL )=MOL ,n ∩ (MOL ,n ⊗SSOL )

∼=

(
MOL ,n ⊗Sn Sn

[1
u

])
∩ (MOL ,n ⊗Sn SOL ,n)

∼=MOL ,n

by Sn
[ 1

u

]
∩SOL ,n =Sn . �

Lemma 4.2. The cokernel of the S-module map 1⊗ϕ :S⊗ϕ,SMn→Mn is killed by E(u).

Proof. Let x ∈Mn . There exists a unique y1 ∈OE⊗ϕ,OE Mn ∼=S⊗ϕ,SMn such that (1⊗ϕ)(y1)= E(u)x .
On the other hand, there exists a unique y2 ∈SOL ⊗ϕ,SOL

MOL ,n such that (1⊗ϕ)(y2)= E(u)x . Then
we have y1 = y2 ∈ (S⊗ϕ,S Mn)∩ (SOL ⊗ϕ,SOL

MOL ,n).
Since OL0/pOL0 has a finite p-basis given by t1, . . . , tm ∈ R0/pR0 which also gives a p-basis of

R0/pR0, the natural map S⊗ϕ,SMOL ,n→SOL ⊗ϕ,SOL
MOL ,n is an isomorphism. Hence

y1 ∈ (S⊗ϕ,S Mn)∩ (S⊗ϕ,SMOL ,n)
∼=S⊗ϕ,S (Mn ∩MOL ,n)=S⊗ϕ,SMn

since ϕ :S→S is flat by [Brinon 2008, Lemma 7.1.8]. This proves the assertion. �
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For any finite S-module N equipped with a ϕ-semilinear endomorphism ϕ : N→ N, say N has
E(u)-height ≤ 1 if there exists an S-module map ψ :N→ ϕ∗N=S⊗ϕ,SN such that the composite

ϕ∗N
1⊗ϕ
−→N

ψ
→ ϕ∗N

is E(u) · Idϕ∗N. By Lemma 4.2, Mn has E(u)-height ≤ 1.
For each maximal ideal q ∈ mSpecR0, consider bq : R → Rq as in Section 2A. By choosing a

common geometric point, we have the induced map of Galois groups GRq → GR which restricts to
GR̃q,∞

→ GR̃,∞, and T is a crystalline GRq-representation with Hodge–Tate weights in [0, 1]. Denote
Sq := R̂0,q[[u]].

Proposition 4.3. Assume e < p− 1. For each integer n ≥ 1, Mn is projective over Sn of rank d.

Proof. Let q be a maximal ideal of R0, and let Nn :=Mn ⊗SSq equipped with the induced Frobenius
endomorphism. Then we have the induced Sq-linear map ψ :Nn→Sq⊗ϕ,SqNn such that the composite

Sq⊗ϕ,Sq Nn
1⊗ϕ
−→Nn

ψ
→Sq⊗ϕ,Sq Nn

is E(u) · Id. For the isomorphism R̂0,q ∼= Oq[[s1, . . . , sl]] as above, let us consider the projection
Sq→Sq/(p, s1, . . . , sl)∼= kq[[u]], where kq :=Oq/(p). Denote Nn =Nn⊗Sq kq[[u]] equipped with the
induced Frobenius. Then we have the induced kq[[u]]-linear map ψ :Nn→ kq[[u]]⊗ϕ,kq[[u]]Nn such that
the composite

kq[[u]]⊗ϕ,kq[[u]]Nn
1⊗ϕ
−→Nn

ψ
→ kq[[u]]⊗ϕ,kq[[u]]Nn

is ue
· Id. Since kq[[u]] is a principal ideal domain, Nn is a direct sum of its free part and u-torsion part

Nn ∼=Nn,free⊕Nn,tor as kq[[u]]-modules. Furthermore, ϕ maps Nn,tor into Nn,tor, and hence the above
maps induce

kq[[u]]⊗ϕ,kq[[u]]Nn,tor
1⊗ϕ
−→Nn,tor

ψ
→ kq[[u]]⊗ϕ,kq[[u]]Nn,tor

whose composite is ue
· Id.

We claim that Nn,tor = 0. Suppose otherwise. Then Nn,tor ∼=
⊕b

i=1 kq[[u]]/(uai ) for some integers
ai ≥ 1, and kq[[u]] ⊗ϕ,kq[[u]]Nn,tor ∼=

⊕b
i=1 kq[[u]]/(u pai ). By taking the appropriate wedge product and

letting a = a1+ · · ·+ ab, the above maps induce the map of kq[[u]]-modules

kq[[u]]/(u pa)
1⊗ϕ
−→ kq[[u]]/(ua)

ψ
→ kq[[u]]/(u pa)

whose composite is equal to ueb
·Id. Let (1⊗ϕ)(1)= f (u)∈ kq[[u]]/(ua), and ψ(1)= h(u)∈ kq[[u]]/(u pa).

Then u pa
| uah(u), so u(p−1)a

| h(u). On the other hand, f (u)h(u)= ueb in kq[[u]]/(u pa). This implies
u(p−1)a

| ueb. But e < p− 1 and a ≥ b, so we get a contradiction. Hence, Nn,tor = 0 and Nn is free over
kq[[u]] of rank d , since by Lemma 4.1 Nn

[ 1
u

]
∼= (Mn ⊗SSq)⊗Sq kq[[u]] which is projective over kq((u))
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of rank d. Let b1, . . . , bd ∈Nn be a lift of a basis elements of Nn . By Nakayama’s lemma, we have a
surjection of Sq,n-modules

f :
d⊕

i=1

Sq,n · ei �Nn

given by ei 7→ bi . Since Nn
[ 1

u

]
∼=Mn ⊗SSq is projective over Sq,n

[ 1
u

]
of rank d, f is also injective.

Thus, Nn =Mn ⊗S Sq is projective over Sq,n of rank d. Since this holds for every q ∈ mSpec R0, it
proves the assertion. �

Lemma 4.4. Assume e< p−1. Let N and N′ be finite u-torsion free S-modules equipped with Frobenius
endomorphisms such that N

[ 1
u

]
and N′

[ 1
u

]
are torsion étale ϕ-modules. Suppose that N and N′ have

E(u)-height ≤ 1 and N
[ 1

u

]
=N′

[ 1
u

]
as étale ϕ-modules. Then N=N′.

Proof. Consider N and N′ as S-submodules of N
[ 1

u

]
. Let L be the cokernel of the embedding N ↪→N+N′

of S-modules. Note that S⊗ϕ,S (N+N′) ∼= S⊗ϕ,S N+S⊗ϕ,S N′ since ϕ : S→ S is flat. Thus,
N+N′ has E(u)-height ≤ 1, and L has E(u)-height ≤ 1. Since L

[ 1
u

]
= 0, we deduce similarly as in the

proof of Proposition 4.3 that L= 0. So N=N+N′. Similarly, N′ =N+N′. �

It is clear that both pMn+1 and Mn are u-torsion free, have E(u)-height ≤ 1 and

pMn+1

[1
u

]
= pMn+1 ∼=Mn =Mn

[1
u

]
.

We conclude the following:

Proposition 4.5. Assume e < p− 1. For each n ≥ 1, we have a ϕ-equivariant isomorphism

pMn+1 ∼=Mn.

By Lemma 4.2, Proposition 4.3 and 4.5, if we suppose e < p− 1 and define the S-module

M := lim
←−−

n
Mn,

then M ∈ Kis1(S). Note that we have a ϕ-equivariant isomorphism M⊗SSOL
∼=MOL by Lemma 4.1.

Remark 4.6. Analogous statements hold when T is a crystalline GR-representation with Hodge–Tate
weights in [0, r ] for the case er < p− 1, since [Brinon and Trihan 2008] constructs more generally a
functor from crystalline representations with Hodge–Tate weights in [0, r ] to Kisin modules of height r
when the base is a complete discrete valuation field whose residue field has a finite p-basis.

To study connections for M, we first consider the following general situation. Let A0 be a k-algebra
which is an integral domain. Consider n-variables x1, . . . , xn , and denote x = (x1, . . . , xn)

t and x [p] :=
(x p

1 , . . . , x p
n )

t. An Artin–Schreier system of equations in n variables over A0 is given by

x = Bx [p]+C, (4-1)

where B = (bi j )1≤i, j≤n ∈ Mn×n(A0) is an n×n matrix with entries in A0 and C = (ci )1≤i≤n ∈ Mn×1(A0).
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Let

A1 := A0[x1, . . . , xn]/
(

x1− c1−

n∑
i=1

b1i x
p
i , . . . , xn − cn −

n∑
i=1

bni x
p
i

)
,

which is the A0-algebra parametrizing the solutions of (4-1). A0 → A1 is étale by [Vasiu 2013,
Theorem 2.4.1(a)].

Lemma 4.7. There exists a nonzero element f ∈ A0 which depends only on B (and not on C) such that
A1
[ 1

f

]
is finite étale over A0

[ 1
f

]
.

Proof. We induct on n. Suppose n = 1. If det B 6= 0, then (4-1) is equivalent to

x p
1 = B−1x1− B−1C,

so the assertion holds with f = det B. If det B = 0, then B = 0 and A1 ∼= A0, so the assertion holds
trivially.

For n ≥ 2, if det B 6= 0, then (4-1) is equivalent to

x [p] = B−1x − B−1C.

Hence, with f = det B, A1
[ 1

f

]
is finite étale over A0

[ 1
f

]
. Suppose det B = 0. Denote by B(i) the i-th

row of B. Then up to renumbering the index for xi ’s, we have
n∑

i=1

ei B(i) = 0

for some nonzero f1 ∈ A0 depending only on B and some ei ∈ A0
[ 1

f1

]
with en = 1. From (4-1), we get

xn =−

n−1∑
i=1

ei xi + cn +

n−1∑
i=1

ci ei .

Hence, denoting x ′ = (x1, . . . , xn−1)
t, (4-1) is equivalent to an Artin–Schreier system of equations in

n− 1 variables over A0
[ 1

f1

]
x ′ = B ′x ′[p]+C ′

where B ′ ∈ M(n−1)×(n−1)
(

A0
[ 1

f1

])
and C ′ ∈ M(n−1)×1

(
A0
[ 1

f1

])
. Note that B ′ depends only on B and not

on C . Hence, the assertion follows by induction. �

Let N :=M⊗S,ϕ R0 equipped with the Frobenius ϕM⊗ϕR0 . From [Kim 2015, Equations (6.1), (6.2)
and Remark 3.13], we have the R0-submodule Fil1N ⊂ N associated with M ∈ Kis1(S) such that
pN ⊂ Fil1N , N/Fil1N is projective over R0/(p), and (1⊗ϕ)(ϕ∗Fil1N )= pN as R0-modules (see [Kim
2015, Definitions 3.4 and 3.6] for the frame (R0, pR0, R0/(p), ϕR0, ϕR0/p)). Fix an R0-direct factor
N 1
⊂N which lifts Fil1N/pN ⊂N/pN , and let

Ñ := R0⊗ϕ,R0

(
N + 1

p
N 1
)
⊂ R0

[ 1
p

]
⊗ϕ,R0 N .
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Let Spf(A, p)→ Spf(R0, p) be an étale morphism. Note that A is equipped with a unique Frobenius
lifting that on R0, and �̂A ∼= A⊗̂R0�̂R0

∼=
⊕m

i=1 A · dti . For a connection

∇A,n : A/(pn)⊗R0 N → (A/(pn)⊗R0 N )⊗A �̂A

on A/(pn)⊗R0 N , we say that the Frobenius is horizontal if the following diagram commutes:

A/(pn)⊗A Ñ

1⊗ϕ

��

ϕ∗(∇A,n)
// A/(pn)⊗A Ñ ⊗A �̂A

(1⊗ϕ)⊗id�̂A

��

A/(pn)⊗A N
∇A,n

// A/(pn)⊗A N ⊗A �̂A

Here, ϕ∗(∇A,n) is given by choosing an arbitrary lift of ∇A,n on A/(pn+1)⊗A N , and ϕ∗(∇A,n) does not
depend on the choice of such a lift (see [Vasiu 2013, Section 3.1.1, Equation (9)]).

Proposition 4.8. There exists f̃ ∈ R0 with f̃ /∈ pR0 such that the following holds:
Let S0 be the p-adic completion of R0

[ 1
f̃

]
equipped with the induced Frobenius, and let SS = S0[[u]].

Let MS = M⊗S SS equipped with the induced Frobenius, so MS ∈ Kis1(SS). Then there exists a
topologically quasinilpotent integrable connection

∇MS : (S0⊗ϕ,SS MS)→ (S0⊗ϕ,SS MS)⊗S0 �̂S0

such that ϕ is horizontal, and thus (MS,∇MS ) ∈ Kis1(SS,∇). Furthermore, we can choose ∇MS so that
MS ⊗SS SOL equipped with the induced Frobenius and connection is isomorphic to (MOL ,∇MOL

) as
Kisin modules over SOL .

Proof. Without loss of generality, we may pass to a Zariski open set of Spf(R0, p) if necessary so
that N 1 and N/N 1 are free over R0. Fix an R0-basis of N adapted to the direct factor N 1. Let
Spf(A, p)→ Spf(R0, p) be an étale morphism. Consider a connection

∇A,1 : A/(p)⊗R0 N → (A/(p)⊗R0 N )⊗A �̂A

such that the Frobenius is horizontal. By [Vasiu 2013, Section 3.2, Basic Theorem] and its proof, the
set of such connections ∇A,1 corresponds to the set of solutions over A/(p) of an Artin–Schreier system
of equations

x = Bx [p]+C1

for x = (x1, . . . , xdm)
t , where B ∈ Mdm×dm(R0/(p)) and C1 ∈ Mdm×1(R0/(p)). When A =OL0 , it has

a solution given by ∇ML0
. Since OL0/(p)∼= Frac(R0/(p)) and R0/(p) is a unique factorization domain,

the solution lies in (R0/(p))
[ 1

f

]
for some nonzero f ∈ R0/(p) depending only on B by Lemma 4.7 and

its proof. Let f̃ ∈ R0 be a lift of f , and let S0 be the p-adic completion of R0
[ 1

f̃

]
.
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For n ≥ 1, suppose we are given a connection

∇S0,n : S0/(pn)⊗R0 N → (S0/(pn)⊗R0 N )⊗S0 �̂S0

such that the Frobenius is horizontal and inducing ∇ML0
(mod pn) via the natural map S0→ OL0 . By

[Vasiu 2013, Section 3.2, Basic Theorem] and its proof, for the choice of a basis of N as above, the set
of connections

∇S0,n+1 : S0/(pn+1)⊗R0 N → (S0/(pn+1)⊗R0 N )⊗S0 �̂S0

such that the Frobenius is horizontal and lifting ∇S0,n corresponds to the set of solutions over S0/(p) of
an Artin–Schreier system of equations

x = Bx [p]+Cn+1,

where B is the same matrix as above and Cn+1 ∈ Mdm×1(S0/(p)). The solution over OL0/(p) given by
∇ML0

lies in S0/(p) by Lemma 4.7 and its proof. This proves the assertion. �

Proposition 4.9. Let S0 be a ring as given in Proposition 4.8, and let S = S0⊗W (k)OK . Then there exists
a p-divisible group GS over S such that Tp(GS)∼= T as GS-representations.

Proof. Let GS be the p-divisible group over S given by (MS,∇MS) in Proposition 4.8. SinceMS⊗SSSOL
∼=

MOL as Kisin modules, we have Tp(GS)∼= T as GOL -representations. On the other hand, MS⊗SS OE,S ∼=

M⊗OE OE,S as étale ϕ-modules. Hence, Tp(GS) ∼= T as GS̃,∞-representations. Since GS̃,∞ and GOL

generate the Galois group GS by Lemma 2.1, we have Tp(GS)∼= T as GS-representations. �

5. Proof of the main theorem

In this section, we finish the proof of Theorem 1.2. We begin by recalling the following well-known
lemma about p-divisible groups.

Lemma 5.1. Let R1 be an integral domain over W (k) such that Frac(R1) has characteristic 0. Then
via the Tate module functor Tp(·), the category of p-divisible groups over R1

[ 1
p

]
is equivalent to the

category of finite free Zp-representations of GR1 = π
ét
1

(
Spec R1

[ 1
p

])
. Furthermore, such an equivalence is

functorial in the following sense:
Let R1→ R2 be a map of integral domains over W (k) such that Frac(R1) and Frac(R2) have character-

istic 0. Let G R1 be a p-divisible group over R1. Then Tp(G R1)
∼= Tp(G R1 ×R1 R2) as GR2-representations.

We first consider the case when R is a formal power series ring of dimension 2.

Proposition 5.2. Suppose R0 = O[[s]] for a Cohen ring O, and e ≤ p − 1. Let T be a crystalline
GR-representation which is finite free over Zp and has Hodge–Tate weights in [0, 1]. Then there exists a
p-divisible group G R over R such that Tp(G R)∼= T as GR-representations.

Proof. Let G be a p-divisible group over R
[ 1

p

]
given by Lemma 5.1 such that Tp(G) ∼= T as GR-

representations. It suffices to show that G extends to a p-divisible group G R over R.
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By [Brinon and Trihan 2008, Theorem 6.10], there exists a p-divisible group GOL over OL extending
G ×R[ 1

p ]
L . For each integer n ≥ 1, let An be the Hopf algebra over R

[ 1
s

][ 1
p

]
for the finite flat group

scheme
(
G×R[ 1

p ]
R
[ 1

s

][ 1
p

])
[pn
], and let Bn be the Hopf algebra over OL for the finite flat group scheme

GOL [p
n
]. Identify An⊗R[ 1s ][ 1

p ]
L = Bn⊗OL L as Hopf algebras over L . Note that the p-adic completion

of R
[ 1

s

]
is isomorphic to OL . By [Beauville and Laszlo 1995, Main Theorem] and its proof, the R

[ 1
s

]
-

subalgebra Cn := An ∩ Bn ⊂ Bn ⊗OL L is finite flat over R
[ 1

s

]
. Moreover, Cn is equipped with the Hopf

algebra structure induced from (An, Bn) such that Cn ⊗R[ 1s ] R
[ 1

s

][ 1
p

]
∼= An and Cn ⊗R[ 1s ] OL ∼= Bn .

Hence, the datum of finite flat group schemes((
G×R[ 1

p ]
R
[1

s

][ 1
p

])
[pn
],GOL [p

n
]

)
descends to a finite flat group scheme over R

[1
s

]
(up to a unique isomorphism by [Beauville and Laszlo

1995, Main Theorem]).
Thus, we obtain a system of finite flat group schemes (GU,n)n≥1 over U := Spec R \ pt extending

(G[pn
])n≥1. Here, pt denotes the closed point given by the maximal ideal of R. The natural induced

sequence of finite flat group schemes

0→ GU,1→ GU,n+1
×p
−→ GU,n→ 0

is exact by fpqc descent. So (GU,n)n≥1 is a p-divisible group over U extending G. Since e ≤ p− 1,
GU extends to a p-divisible group G R over R by [Vasiu and Zink 2010, Theorem 3]. �

Remark 5.3. As illustrated in the above proof, this special case can be shown without using Kisin
modules. However, the purity result for p-divisible groups [Vasiu and Zink 2010, Theorem 3] is proved
only when R is regular local of Krull dimension 2 with low ramification (see [Vasiu and Zink 2010,
Section 5.1]). So we use the construction of Kisin modules to show Theorem 1.2 for more general R
with arbitrary dimensions.

Now, let R0 be a general ring satisfying the assumptions in Section 2A, and let R = R0 ⊗W (k) OK

with e < p− 1. Let T be a crystalline GR-representation free over Zp with Hodge–Tate weights in [0, 1].
Denote by MS(T ) the S-module in Kis1(S) constructed from T as in Section 4. Let f̃ ∈ R0 be an
element as in Proposition 4.8, and let S0 be the p-adic completion of R0

[ 1
f̃

]
as in Proposition 4.9. Let

f ∈ R0/pR0 be the image of f̃ in the projection R0→ R0/(p). Note that if f is a unit in R0/pR0, then
f̃ is a unit in R0 since R0 is p-adically complete. So for such a case, S0 = R0 and Theorem 1.2 follows
from Proposition 4.9. Now consider the case when f is not a unit in R0/(p). Since R0/(p) is a UFD,
there exist prime elements s1, . . . , sl of R0/(p) dividing f . Let s1, . . . , sl ∈ R0 be any preimages of
s1, . . . , sl respectively.

For each i = 1, . . . , l, consider the prime ideal pi = (p, si )⊂ R0 and let R(i)0 := R̂0,pi be the pi -adic
completion of R0,pi . Note that R(i)0 is a formal power series ring over a Cohen ring with Krull dimension 2.
We consider the natural ϕ-equivariant map bi : R0→ R(i)0 , which induces bi : R→ R(i) := R(i)0 ⊗W (k)OK .
On the other hand, let kc be a field extension of Frac(R0/pR0) which is a composite of the fields
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Frac(R(i)0 /(p)) for i = 1, . . . , l, and let kperf
c = lim

−−→ϕ
kc be its direct perfection. By the universal property

of p-adic Witt vectors, there exists a unique ϕ-equivariant map bc : R0→W (kperf
c ). Moreover, for each

i = 1, . . . , l, we have a unique ϕ-equivariant embedding R(i)0 →W (kperf
c ) whose composite with bi is equal

to bc. We claim that S0/(p)∩
⋂l

i=1(R
(i)
0 /(p))= R0/(p) inside kperf

c . To see the claim, let x be a nonzero
element of S0/(p)= (R0/(p))

[ 1
f

]
such that it also lies in

⋂l
i=1(R

(i)
0 /(p)). We can write x=

(∏l
i=1 s ni

i

)
·a

for some integers ni and some a ∈ R0/(p) which is not in the ideal (s1, . . . , sl) of R0/(p). Suppose
n1 < 0. Then (1/s n1

1 )x lies in the maximal ideal of R(1)0 /(p). But (1/s n1
1 )x =

(∏l
i=2 s ni

i

)
· a is a unit in

R(1)0 /(p), which is a contradiction. So n1 ≥ 0, and similarly ni ≥ 0 for each i = 1, . . . , l. So x ∈ R0/(p),
which proves the claim. This implies that the natural embedding R0→ S0 ∩

⋂l
i=1 R(i)0 as subrings of

W (kperf
c ) is bijective.

By Proposition 5.2, there exists a p-divisible group Gi over R(i) such that Tp(Gi ) ∼= T as GR(i)-
representations. We have

(MS(T )⊗S OE)⊗OE OE,R(i)
∼=M∗(Gi )⊗SR(i)

OE,R(i)

as étale (ϕ,OE,R(i))-modules. Applying Lemma 4.4, we can deduce that MS(T )⊗S SR(i)
∼=M∗(Gi )

compatibly with Frobenius.
Let D = Dcris

(
T
[ 1

p

])
, and denote M =MS(T ) and N =M⊗S,ϕ R0. Let ∇ : D→ D⊗R0 �̂R0 be

the connection given by the functor Dcris(·).

Proposition 5.4. There exists a natural ϕ-equivariant embedding

h :N ↪→ D

of R0-modules. Furthermore, if we consider N as an R0-submodule of D via h, then ∇ maps N into
N ⊗R0 �̂R0 . Hence, M is a Kisin module of height 1.

Proof. By [Kim 2015, Corollaries 5.3 and 6.7], there exists a natural ϕ-equivariant embedding

hi :N → D⊗R0,bi R(i)0

for each i = 1, . . . , l such that the connections given by M∗(Gi ) and D are compatible, and there exists
a natural ϕ-equivariant embedding hc : N → D ⊗R0,bc W (kperf

c ). Moreover, by Proposition 4.9, there
exists a natural ϕ-equivariant embedding hS :N → D⊗R0 S0 such that the connections given by M∗(GS)

and D are compatible. Since the construction of those natural maps is compatible with ϕ-equivariant
base changes (see [Kim 2015, Section 5.5]), we deduce that the maps h1, . . . , hl and hS are compatible
with one another, in the sense that their composites with the embedding into D⊗R0,bc W (kperf

c ) are all
equal to hc. Hence, we obtain a ϕ-equivariant embedding

h :N ↪→
(

D⊗R0[
1
p ]

S0

[ 1
p

])
∩

( l⋂
i=1

D⊗R0[
1
p ],bi

R(i)0

[ 1
p

])
∼= D⊗R0[

1
p ]

(
S0

[ 1
p

]
∩

l⋂
i=1

R(i)0

[ 1
p

])
= D,

since D is flat over R0
[ 1

p

]
and S0

[ 1
p

]
∩
⋂l

i=1 R(i)0

[ 1
p

]
= R0

[ 1
p

]
.



2788 Tong Liu and Yong Suk Moon

Now, identify �̂R0 =
⊕m

j=1 R0 ·dt j . Then ∇ maps N to N ⊗R0

(⊕m
j=1 R0

[ 1
p

]
·dt j

)
. On the other hand,

by Propositions 4.8, 5.2, and the compatibility of Dcris( ·) with respect to ϕ-compatible base changes, we
have that ∇ maps N into N⊗R0

(⊕m
j=1 S0 ·dt j

)
and also into N⊗R0

(⊕m
j=1 R(i)0 ·dt j

)
for each i =1, . . . , l.

Since N is flat over R0 and S0 ∩
⋂l

i=1 R(i)0 = R0, ∇ maps N into N ⊗R0

(⊕m
j=1 R0 · dt j

)
. �

Theorem 5.5. There exists a p-divisible group G R over R such that Tp(G R)∼= T as GR-representations.

Proof. By Proposition 5.4, we have M ∈ Kis1(ϕ,∇). Furthermore, M ⊗S SOL
∼= MOL as Kisin

modules over SOL , since the Frobenius and connection structure on M agree with those on D. Thus, if
G R is the p-divisible group corresponding to M, then Tp(G R) ∼= T as GOL -representations as well as
GR̃∞-representations. The assertion follows from Lemma 2.1. �

6. Barsotti–Tate deformation ring

As an application of Theorem 5.5, we study the geometry of the locus of crystalline representations with
Hodge–Tate weights in [0, 1] by using the results in [Moon 2020]. Note that in [Moon 2020, Section 2], R0

is assumed to satisfy the additional conditions that W (k)〈t±1
1 , . . . , t±1

d 〉 → R0 has geometrically regular
fibers or R0 has Krull dimension less than 2, and that k → R0/pR0 is geometrically integral. These
assumptions are only used to have the crystalline period ring as in [Brinon 2008]. However, the additional
conditions are not necessary by [Kim 2015, Section 4], and the results in [Moon 2020] hold in our setting.

Denote by C the category of topological local Zp-algebras A satisfying the following conditions:
• The natural map Zp→ A/mA is surjective, where mA denotes the maximal ideal of A.
• The map from A to the projective limit of its discrete artinian quotients is a topological isomorphism.

By the first condition, the residue field of A is Fp. The second condition is equivalent to that A is complete
and its topology is given by a collection of open ideals a⊂ A for which A/a is artinian. Morphisms in C
are continuous Zp-algebra morphisms.

For A ∈ C, we mean by an A-representation of GR a finite free A-module equipped with a continuous
A-linear GR-action. Fix an Fp-representation V0 of GR which is absolutely irreducible. For A ∈ C, a
deformation of V0 in A is defined to be an isomorphism class of A-representations of V of GR satisfying
V ⊗A Fp ∼= V0 as Fp[GR]-modules. Denote by Def(V0, A) the set of such deformations. A morphism
f : A→ A′ in C induces a map f∗ :Def(V0, A)→Def(V0, A′) sending the class of an A-representation V
to the class of V ⊗A, f A′. The following theorem on universal deformation ring is proved in [de Smit and
Lenstra 1997].

Theorem 6.1 [de Smit and Lenstra 1997, Theorem 2.3]. There exists a universal deformation ring
Auniv ∈ C and a deformation Vuniv ∈ Def(V0, Auniv) such that for all A ∈ C, we have a bijection

HomC(Auniv, A) ∼=−→ Def(V0, A) (6-1)

given by f 7→ f∗(Vuniv).

We deduce that when R has dimension 2 and e is small, the locus of crystalline representations with
Hodge–Tate weights in [0, 1] cuts out a closed subscheme of Spec Auniv in the following sense.
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Theorem 6.2. Suppose that e < p− 1 and that the Krull dimension of R is 2. Then there exists a closed
ideal aBT ⊂ Auniv such that the following holds:

For any finite flat Zp-algebra A equipped with the p-adic topology and any continuous Zp-algebra
map f : Auniv→ A, the induced representation Vuniv⊗Auniv, f A

[ 1
p

]
of GR is crystalline with Hodge–Tate

weights in [0, 1] if and only if f factors through the quotient Auniv/aBT.

Proof. This follows directly from Theorem 5.5 and [Moon 2020, Theorem 5.7]. Note that [Moon 2020,
Theorem 5.7] assumes the Krull dimension of R is 2. The assumption was necessary in the argument
of [Moon 2020, Section 5] to construct Barsotti–Tate deformation ring using the result in [de Smit and
Lenstra 1997]. �
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Algorithms for orbit closure separation for
invariants and semi-invariants of matrices

Harm Derksen and Visu Makam

We consider two group actions on m-tuples of n×n matrices with entries in the field K . The first is simul-
taneous conjugation by GLn and the second is the left-right action of SLn × SLn . Let K be the algebraic
closure of the field K . Recently, a polynomial time algorithm was found to decide whether 0 lies in the
Zariski closure of the SLn(K )×SLn(K )-orbit of a given m-tuple by Garg, Gurvits, Oliveira and Wigderson
for the base field K =Q. An algorithm that also works for finite fields of large enough cardinality was
given by Ivanyos, Qiao and Subrahmanyam. A more general problem is the orbit closure separation
problem that asks whether the orbit closures of two given m-tuples intersect. For the conjugation action
of GLn(K ) a polynomial time algorithm for orbit closure separation was given by Forbes and Shpilka
in characteristic 0. Here, we give a polynomial time algorithm for the orbit closure separation problem
for both the conjugation action of GLn(K ) and the left-right action of SLn(K )× SLn(K ) in arbitrary
characteristic. We also improve the known bounds for the degree of separating invariants in these cases.

1. Introduction

The algorithms we present will only use numbers from the field of definition, as opposed to its algebraic
closure (see Section 5A). However, it will be convenient to assume that the field of definition is algebraically
closed for stating and proving results.

In this paper, let K denote an algebraically closed field. For a vector space V over the field K, let K [V ]
denote the ring of polynomial functions on V. Suppose that a group G acts on V by linear transformations.
A polynomial f ∈ K [V ] is called an invariant polynomial if it is constant along orbits, i.e., f (g ·v)= f (v)
for all g ∈ G and v ∈ V. The invariant polynomials form a graded subalgebra K [V ]G =

⊕
∞

d=0 K [V ]Gd ,
where K [V ]Gd denotes the degree d homogeneous invariants. We will call K [V ]G the invariant ring or
the ring of invariants.

For a point v ∈ V, its orbit G · v = {g · v | g ∈ G} is not necessarily closed with respect to the Zariski
topology. We say that an invariant f separates two points v,w ∈ V if f (v) 6= f (w). It follows from
continuity that any invariant polynomial must take the same value on all points of the closure of an orbit.
Hence invariant polynomials cannot separate two points whose orbit closures intersect.

Derksen was supported by NSF grant DMS-1601229, DMS-2001460 and IIS-1837985. Makam was supported by the University
of Melbourne and the NSF grants DMS-1601229, DMS-1638352, CCF-1412958 and CCF-1900460.
MSC2010: primary 13A50; secondary 14L24, 68W30.
Keywords: orbit closure intersection, null cone, matrix semi-invariants, matrix invariants, separating invariants.
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We can ask the converse question: if v,w ∈ V such that G · v ∩G ·w =∅, then is there an invariant
polynomial f ∈ K [V ]G such that f (v) 6= f (w)? The answer to this question is in general negative; see
[Derksen and Kemper 2002, Example 2.2.8]. However, if we enforce additional hypothesis, we get a
positive answer as the theorem below shows; see [Mumford et al. 1994].

Theorem 1.1. Let V be a rational representation of a reductive group G. Then for v,w ∈ V, there exists
f ∈ K [V ]G such that f (v) 6= f (w) if and only if G · v ∩G ·w =∅.

Henceforth, we shall assume that V is a rational representation of a reductive group G.

Problem 1.2 (orbit closure problem). Decide whether the orbit closures of two given points v,w ∈ V
intersect.

Definition 1.3. Two points v,w ∈ V are said to be closure equivalent if G · v ∩G ·w 6= ∅. We write
v ∼ w if v and w are closure equivalent, and we write v 6∼ w if they are not closure equivalent.

By Theorem 1.1, we have v ∼ w if and only if f (v)= f (w) for all f ∈ K [V ]G. So ∼ is clearly an
equivalence relation. Since closure equivalence can be detected by invariant polynomials, the existence of
a small generating set of invariants, each of which can be computed efficiently would give an algorithm
for the orbit closure problem. Fortunately, the invariant ring K [V ]G is finitely generated; see [Haboush
1975; Hilbert 1890; 1893; Nagata 1963/64].

Definition 1.4. We define β(K [V ]G) to be the smallest integer D such that invariants of degree ≤ D
generate K [V ]G, i.e.,

β(K [V ]G)=min
{
D ∈ N |

⋃D
d=1 K [V ]Gd generates K [V ]G

}
,

where N= {1, 2, . . . }.

We are not just interested in deciding whether orbit closures intersect — when they do not, we want
to provide an explicit invariant that separates them. To be able to do this efficiently, there must exist
an invariant of small enough degree that separates the two given points. A strong upper bound on
β(K [V ]G) would provide evidence that such invariants exist. Such a bound can be obtained for any
rational representation V of a linearly reductive group G (see [Derksen 2001]), but this is often too large.
For the cases of interest to us, stronger bounds exist, and we recall them in Section 2. Despite having
strong degree bounds, it is a difficult problem to extract a small set of generators. On the other hand,
we may only need a subset of the invariants to detect closure equivalence, prompting the definition of a
separating set of invariants.

Definition 1.5. A subset of invariants S ⊂ K [V ]G is called a separating set of invariants if for every pair
v,w ∈ V such that v 6∼ w, there exists f ∈ S such that f (v) 6= f (w).

We make another definition.
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Definition 1.6. We define βsep(K [V ]G) to be the smallest integer D such that the invariants of degree≤ D
form a separating set of invariants, i.e.,

βsep(K [V ]G)=min
{
D ∈ N |

⋃D
d=1 K [V ]Gd is a separating set of invariants

}
.

Extracting a small set of separating invariants is also difficult; see [Kemper 2003] for a general
algorithm. We now turn to a closely related problem, and to describe this we need to recall the null cone.

Definition 1.7. The null cone N (G, V )= {v ∈ V | 0 ∈ G · v}.

For a set of polynomials I ⊂ K [V ] we define its vanishing set

V(I )= {v ∈ V | f (v)= 0 for all f ∈ I }.

The null cone can also be defined by N (G, V )=V(K [V ]G
+
), where K [V ]G

+
=
⊕
∞

d=1 K [V ]Gd ; see [Derksen
and Kemper 2002, Definition 2.4.1, Lemma 2.4.2].

Problem 1.8 (null cone membership problem). Decide whether a given point v ∈ V lies in the null cone
N (G, V ).

Since 0 is a closed orbit, a point v ∈ V is in the null cone if and only if 0 ∼ v, and hence the null
cone membership problem can be seen as a subproblem of the orbit closure problem. So, the null cone
membership problem could potentially be easier than the orbit closure problem. On the other hand, an
algorithm for the null cone membership problem may provide a stepping stone for the orbit closure problem.

In this paper, we are interested in giving efficient algorithms for the orbit closure problem in two specific
cases — matrix invariants and matrix semi-invariants. These two cases have generated considerable interest
over the past few years due to their connections to computational complexity; see [Derksen and Makam
2017b; Forbes and Shpilka 2013; Garg et al. 2016; Hrubeš and Wigderson 2014; Ivanyos et al. 2017;
2018; Mulmuley 2017].

Remark 1.9. For analyzing the run time of our algorithms, we will use the unit cost arithmetic model.
This is also often referred to as algebraic complexity.

1A. Matrix invariants. Let Matp,q be the set of p× q matrices. The group GLn acts by simultaneous
conjugation on the space V =Matmn,n of m-tuples of n× n matrices. This action is given by

g · (X1, X2, . . . , Xm)= (gX1g−1, gX2g−1, . . . , gXm g−1).

We set S(n,m)= K [V ]G. The ring S(n,m) is often referred to as the ring of matrix invariants. We will
write ∼C for the orbit closure equivalence relation ∼ with respect to this simultaneous conjugation action.

1A1. Representation theoretic view point. Orbit closure intersection for matrix invariants has an in-
terpretation in terms of finite-dimensional representations of the free algebra. Consider the free al-
gebra Fm = K 〈t1, . . . , tm〉 on m indeterminates. An m-tuple of matrices X = (X1, . . . , Xm) gives an
n-dimensional representation, i.e., an action of Fm on K n where ti acts via X i . We will denote this
representation by VX . Two m-tuples X and Y are in the same GLn orbit if and only if VX and VY
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are isomorphic representations of Fm . In other words, we have a correspondence between orbits and
isomorphism classes of n-dimensional representations of Fm .

Finite-dimensional representations of Fm form an abelian category. A representation is called semisim-
ple if it is a direct sum of simple representations. A composition series of a representation V is a
filtration 0 = V0 ⊆ V1 ⊆ · · · ⊆ Vl = V whose successive quotients Vi/Vi−1 are simple. These simple
subquotients are called composition factors and are independent of the choice of composition series. For
the representation V, the direct sum

⊕l
i=1(Vi/Vi−1) is called the associated semisimple representation

of V. The following statements follow from [Artin 1969]:

Proposition 1.10 [Artin 1969]. Consider the simultaneous conjugation action of G = GLn on Matmn,n ,
and let X, Y ∈Matn,n .

(1) The orbit of X is closed if and only if the representation VX is semisimple. In other words, we have a
correspondence between closed orbits and semisimple representations of dimension n.

(2) There is a unique closed orbit in the orbit closure of X, and the representation corresponding to this
unique closed orbit is the associated semisimple representation of VX .

(3) The orbit closures of X and Y intersect if and only if the associated semisimple representations of
VX and VY are isomorphic.

For the representation VX , let a composition series be 0 = V0 ⊆ V1 ⊆ · · · ⊆ Vl = VX . Suppose that
dim Vi/Vi−1 = ni for all i . Then for an appropriate choice of basis of K n, all the X i ’s are in a block upper
triangular form, with the sizes of the diagonal blocks being n1, . . . , nl . Call (n1, . . . , nl) the type of the
block upper triangularization. The diagonal blocks correspond to the composition factors Vi/Vi−1 and the
upper triangular blocks capture the information of the nontrivial extensions between these composition
factors that make up the module VX . In particular, the associated semisimple representation is then
obtained by setting the strictly upper triangular blocks to 0. Hence, we may also rephrase the orbit closure
problem for matrix invariants as follows:

Problem 1.11 (orbit closure for matrix invariants rephrased). Given X, Y ∈Matmn,n , decide if there exist
g, h ∈ GLn such that the m-tuples g · X and h · Y are in block upper triangular form of the same type,
such that for all 1≤ i ≤m, the diagonal blocks of (g · X)i = gX i g−1 and (h ·Y )i = hYi h−1 are the same?

Remark 1.12. The more general question of when two representations V and W of a finitely generated
algebra F have isomorphic associated semisimple representations can be reduced to the above problem.
Indeed, we have a surjection Fm � F for some m, and hence V and W can be viewed as representations
of Fm . V and W have isomorphic associated semisimple representations as Fm representations if and
only if they have isomorphic associated semisimple representations as F representations.

1A2. Forbes–Shpilka algorithm. Given any separating set S, an obvious algorithm for the orbit closure
problem would be to evaluate the two given points at every invariant function in the set S. In characteristic 0,
Forbes and Shpilka [2013] constructed a quasipolynomial sized set of explicit separating invariants in this
case, but this is not sufficient to get a polynomial time algorithm.
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Nevertheless, Forbes and Shpilka gave a deterministic parallel polynomial time algorithm for the orbit
closure problem in characteristic 0. Given an input X ∈Matmn,n , one can construct in polynomial time a
noncommutative polynomial PX with the feature that the coefficients of the monomials in PX are the
evaluations of a generating set of invariants on X. Hence, to check if the orbit closures of two points
X, Y ∈Matmn,n intersect, one needs to determine whether the noncommutative polynomial PX − PY is the
zero polynomial. There is an efficient algorithm to test whether PX − PY is the zero polynomial; see [Raz
and Shpilka 2005].

1A3. Our results. Forbes and Shpilka’s algorithm does not work in positive characteristic. In this paper,
we provide an algorithm that works in all characteristics.

Theorem 1.13. The orbit closure problem for the simultaneous conjugation action of GLn on Matmn,n
can be decided in polynomial time. Further, if A, B ∈Matmn,n and A 6∼C B, then an explicit invariant
f ∈ S(n,m) that separates A and B can be found in polynomial time.

Our algorithm has a remarkable and exciting feature — analyzing it allows us to prove a bound
on the degree of separating invariants! The bounds we obtain beat the existing ones in literature;
see [Mulmuley 2017].

Theorem 1.14. We have βsep(S(n,m)) ≤ 4n2 log2(n)+ 12n2
− 4n. If we assume char(K )= 0, then we

have βsep(S(n,m))≤ 4n log2(n)+ 12n− 4.

The bound in characteristic 0 is especially interesting because there are quadratic lower bounds for the
degree of generating invariants in this case; see [Domokos 2018; Kuzmin 1975; Formanek 1986]. This
also improves the bound in [Derksen and Makam 2017a] for the degree of invariants defining the null cone.

1B. Matrix semi-invariants. We consider the left-right action of G=SLn ×SLn on the space V =Matmn,n
of m-tuples of n× n matrices. This action is given by

(P, Q) · (X1, X2, . . . , Xm)= (P X1 Q−1, P X2 Q−1, . . . , P Xm Q−1).

We set R(n,m)= K [V ]G. The ring R(n,m) is often referred to as the ring of matrix semi-invariants.
We will write ∼L R for the equivalence relation ∼ with respect to this left-right action.

Remark 1.15. Two m-tuples of n× n matrices A = (Id, A2, . . . , Am) and B = (Id, B2, . . . , Bm) are in
the same SLn ×SLn orbit for the left-right action if and only if Ã= (A2, . . . , Am) and B̃ = (B2, . . . , Bm)

are in the same GLn orbit for the simultaneous conjugation action. This is compatible with orbit closure
in the sense that the orbit closures of A and B intersect for the left-right action if and only if the orbit
closures for Ã and B̃ intersect for the simultaneous conjugation action; see Corollary 3.3 for the precise
statement.

For A, B ∈ Matmn,n with A1 = Id it is easy to detect if A ∼L R B. If det(B1) 6= 1, then A 6∼L R B.
Otherwise, we have det(B1) = 1, i.e., B1 ∈ SLn and hence B̃ = (B−1

1 , Id) · B is in the same orbit as B.
Thus, it suffices to detect whether the orbit closures of A and B̃ intersect. By design, we have B̃1 = Id.
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By the above remark, it suffices to detect whether the orbit closures for (A2, . . . , Am) and (B̃2, . . . , B̃m)

intersect for the conjugation action.
In fact, if we can find a nonsingular matrix in the span of (A1, . . . , Am), then a similar strategy can be

used to detect orbit closure intersection; see Proposition 3.5. We can now highlight two important issues
that need to be addressed.

(1) It is not known how to decide if the span of A1, . . . , Am contains a nonsingular matrix in polynomial
time. In [Valiant 1979], it was shown that this problem captures the problem of polynomial identity
testing (PIT) (see also [Garg et al. 2016]). A polynomial time algorithm for PIT is a major open
problem in computational complexity.

(2) There may not be a nonsingular matrix in the span of the matrices A1, . . . , Am . One might be
tempted to hope that this condition would be equivalent to membership in the null cone, but this
turns out to be erroneous. The simplest example is the 3-tuple of 3× 3 matrices

S =

 0 1 0
−1 0 0
0 0 0

,
 0 0 1

0 0 0
−1 0 0

,
0 0 0

0 0 1
0 −1 0

 ∈Mat33,3 .

It is well known that S is not in the null cone (see [Domokos 2000]), but every matrix in the span of
S1, S2, S3 is singular. Similar examples can be found in [Derksen and Makam 2017b; 2018; Draisma
2006; Eisenbud and Harris 1988]. There are several equivalent characterizations of the null cone,
and we refer to [Garg et al. 2016; Ivanyos et al. 2017] for details.

1B1. Null cone membership problem. The null cone membership problem for matrix semi-invariants
has attracted a lot of attention due to its connections to noncommutative circuits and identity testing; see
[Derksen and Makam 2017b; Garg et al. 2016; Hrubeš and Wigderson 2014; Ivanyos et al. 2017; 2018].
In characteristic 0, Gurvits’ algorithm gives a deterministic polynomial time algorithm; see [Derksen and
Makam 2017b; Garg et al. 2016]. There is a different algorithm which works for any sufficiently large
field in [Ivanyos et al. 2018].

Theorem 1.16 [Derksen and Makam 2017b; Garg et al. 2016; Ivanyos et al. 2018]. The null cone
membership problem for the left-right action of SLn ×SLn on Matmn,n can be decided in polynomial time.

1B2. Our results. The above theorem allows us to bypass the two issues mentioned above, and we are
able to show a polynomial time reduction from the orbit closure problem for matrix semi-invariants to the
orbit closure problem for matrix invariants. In fact, the converse also holds, i.e., there is a polynomial
time reduction from the orbit closure problem for matrix invariants to the orbit closure problem for matrix
semi-invariants. As a consequence, we have a polynomial time algorithm for the orbit closure problem
for matrix semi-invariants as well. Moreover, due to the nature of the reduction, we will be able to find a
separating invariant when the orbit closures of two points do not intersect.
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Theorem 1.17. The orbit closure problem for the left-right action of SLn ×SLn on Matmn,n can be decided
in polynomial time. Further for A, B ∈ Matmn,n , if A 6∼L R B, an explicit invariant f ∈ R(n,m) that
separates A and B can be found in polynomial time.

In characteristic 0, an analytic algorithm for the orbit closure problem for matrix semi-invariants
has also been obtained by Allen-Zhu, Garg, Li, Oliveira and Wigderson [Allen-Zhu et al. 2018]. Our
algorithm is algebraic, independent of characteristic, and provides a separating invariant when the orbit
closures do not intersect.

In [Derksen and Makam 2017a], bounds on βsep(R(n,m)) were given. In this paper, we give better
bounds using a reduction to matrix invariants.

Theorem 1.18. We have βsep(R(n,m))≤ n2βsep(S(n,mn2)).

Using the bounds on matrix invariants in Theorem 1.14, we get bounds for matrix semi-invariants.

Corollary 1.19. We have βsep(R(n,m))≤ 4n4 log2(n)+ 12n4
− 4n3. If we assume char(K )= 0, then we

have βsep(R(n,m))≤ 4n3 log2(n)+ 12n3
− 4n2.

Remark 1.20. There is a representation theoretic viewpoint for orbit closure intersection for matrix
semi-invariants in terms of semistable representations of the m-Kronecker quiver. We will not recall it as
it is not useful for our purposes and refer the interested reader to [King 1994].

Remark 1.21. We will say the null cone membership problem and orbit closure problem for matrix
invariants (resp. matrix semi-invariants) to refer to the corresponding problem for the simultaneous
conjugation action of GLn (resp. left-right action of SLn ×SLn) on Matmn,n .

Remark 1.22. Another interesting problem is to determine if two tuples (X1, . . . , Xm) and (Y1, . . . , Ym)

are in the same orbit for the simultaneous conjugation action of GLn (also for left-right action). An
obvious algorithm to do this would be to solve the equations X i Z = ZYi for all i . This is a linear system
of equations that can be solved efficiently. However, we need such a Z to be invertible, so we would need
to be able to verify whether the space of solutions to the equations X i Z = ZYi has an invertible matrix in
it. As pointed out in the discussion after Remark 1.15, it is not known how to do this in polynomial time.
Nevertheless, there is a polynomial time algorithm to test if the two tuples X and Y are in the same orbit!
We refer the interested reader to [Brooksbank and Luks 2008; Chistov et al. 1997].

1C. Organization. In Section 2, we collect a number of preliminary results on matrix invariants and
matrix semi-invariants. In Section 3, we show polynomial time reductions in both directions between
the orbit closure problems for matrix invariants and matrix semi-invariants. We give a polynomial time
algorithm for finding a basis of a subalgebra of matrices in Section 4. In Section 5, we give the algorithm
for the orbit closure problem for matrix invariants, and prove bounds on separating invariants. Finally in
Section 6, we prove Theorem 1.18.
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2. Preliminaries on matrix invariants and matrix semi-invariants

2A. Matrix invariants. Let us recall that the ring of matrix invariants S(n,m) is the invariant ring for
the simultaneous conjugation action of GLn on Matmn,n , the space of m-tuples of n× n matrices. Sibirskiı̆
[1968] showed that in characteristic 0, the ring S(n,m) is generated by traces of words in the matrices;
see also [Procesi 1976].

A word in an alphabet set 6 is an expression of the form i1i2 . . . ik with i j ∈ 6. We denote the
set of all words in an alphabet 6 by 6? (the Kleene closure of 6). The set 6? includes the empty
word ε. For a word w = i1i2 . . . ik , we define its length l(w) = k. For a positive integer m, we write
[m] := {1, 2, . . . ,m}, the set of all positive integers less equal m. For a word w = i1i2 . . . ik ∈ [m]?, and
for X = (X1, . . . , Xm) ∈Matmn,n , we define Xw = X i1 X i2 . . . X ik . The function Tw :Matmn,n→ K given
by Tw(X) := Tr(Xw) is an invariant polynomial.

Theorem 2.1 [Sibirskiı̆ 1968; Procesi 1976]. Assume char(K )= 0. The invariant functions of the form
Tw, w ∈ [m]? generate S(n,m).

Razmyslov studied trace identities, and as a consequence of his work, we have:

Theorem 2.2 [Razmyslov 1974]. Assume char(K )= 0. Then β(S(n,m))≤ n2.

In positive characteristic, generators of the invariant ring were given by Donkin [1992; 1993]. In simple
terms, we have to replace traces with coefficients of characteristic polynomial. For an n× n matrix X, let
c(X)= det(Id+ t X)=

∑n
i=0 σ j (X)t j denote its characteristic polynomial. The function X 7→ σ j (X) is

a polynomial in the entries of X, and is called the j-th characteristic coefficient of X. Note that σ0 = 1,
σ1(X)= Tr(X) and σn(X)= det(X). For any word w, we define the invariant polynomial σ j,w ∈ S(n,m)
by σ j,w(X) := σ j (Xw) for X = (X1, X2, . . . , Xm) ∈Matmn,n .

Theorem 2.3 [Donkin 1992; 1993]. The set of invariant functions {σ j,w | w ∈ [m]?, 1 ≤ j ≤ n} is a
generating set for the invariant ring S(n,m).

In a radically different approach from the case of characteristic 0, we recently proved a polynomial
bound on the degree of generators.

Theorem 2.4 [Derksen and Makam 2017a]. We have β(S(n,m))≤ (m+ 1)n4.

2B. Matrix semi-invariants. The ring of matrix semi-invariants R(n,m) is the ring of invariants for the
left-right action of SLn ×SLn on Matmn,n . There is a determinantal description for semi-invariants of
quivers; see [Derksen and Weyman 2000; Domokos and Zubkov 2001; Schofield and van den Bergh 2001].
Matrix semi-invariants is a special case — it is the ring of semi-invariants for the generalized Kronecker
quiver, for a particular choice of a dimension vector; see for example [Derksen and Makam 2017b].
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Given two matrices A = (ai j ) of size p× q, and B = (bi j ) of size r × s, we define their tensor (or
Kronecker) product to be

A⊗ B =


a11 B a12 B · · · a1n B

a21 B
. . .

...
...

. . .
...

am1 B · · · · · · amn B

 ∈Matpr,qs .

Associated to each T = (T1, T2, . . . , Tm) ∈Matmd,d , we define a homogeneous invariant fT ∈ R(n,m) of
degree dn by

fT (X1, X2, . . . , Xm)= det(T1⊗ X1+ T2⊗ X2+ · · ·+ Tm ⊗ Xm).

Theorem 2.5 [Derksen and Weyman 2000; Domokos and Zubkov 2001; Schofield and van den Bergh
2001]. The invariant ring R(n,m) is spanned by all fT with T ∈Matmd,d and d ≥ 1.

In particular, notice that if d is not a multiple of n, then there are no degree d invariants. In other words,
we have R(n,m)=

⊕
∞

d=0 R(n,m)dn . A polynomial bound on the degree of generators in characteristic 0
was shown in [Derksen and Makam 2017b], and the restriction on characteristic was removed in [Derksen
and Makam 2017a].

Theorem 2.6 [Derksen and Makam 2017a; 2017b]. We have β(R(n,m)) ≤ mn4. If char(K ) = 0, then
β(R(n,m))≤ n6.

Let N (n,m) denote the null cone for the left-right action of SLn ×SLn on Matmn,n . The following is
proved in [Derksen and Makam 2017b].

Theorem 2.7 [Derksen and Makam 2017b]. For X ∈Matmn,n , the following are equivalent:

(1) X /∈N (n,m).

(2) For some d ∈ N, there exists T ∈Matmd,d such that fT (X) 6= 0.

(3) For any d ≥ n− 1, there exists T ∈Matmd,d such that fT (X) 6= 0.

The above theorem relies crucially on the regularity lemma proved in [Ivanyos et al. 2017]. A more
conceptual proof of the regularity lemma is given in [Derksen and Makam 2018] using universal division
algebras, although it lacks the constructiveness of the original proof.

An algorithmic version of the above theorem appears in [Ivanyos et al. 2018].

Theorem 2.8 [Ivanyos et al. 2018]. For X ∈Matmn,n , there is a deterministic polynomial time (in n and m)
algorithm which determines if X /∈N (n,m). Further, for X /∈N (n,m) and any n−1≤ d ≤ poly(n), the
algorithm provides in polynomial time, an explicit T ∈Matmd,d such that fT (X) 6= 0.

Remark 2.9. We will henceforth refer to the algorithm in Theorem 2.8 above as the IQS algorithm.

For 1≤ j, k ≤ d, we define E j,k ∈Matd,d to be the d × d matrix which has a 1 in the ( j, k)-th entry,
and 0 everywhere else.
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Definition 2.10. If X = (X1, . . . , Xm) ∈Matmn,n , we define X [d] = (X i ⊗ E j,k)i, j,k ∈Matmd2

nd,nd , where the
tuples (i, j, k) ∈ [m]× [d]× [d] are ordered lexicographically.

Proposition 2.11. The following are equivalent:

(1) There exists f ∈ R(n,m) such that f (A) 6= f (B).

(2) There exists g ∈ R(nd,md2) such that g(A[d]) 6= g(B[d]) for either d = n− 1 or d = n.

Proof. We first show (1)=⇒ (2). We can assume f = fT for some T ∈Matme,e for some e ≥ 1. Without
loss of generality, assume f (A) 6= 0. Then we have µ = f (B)/ f (A) 6= 1. For any µ 6= 1, both µn−1

and µn cannot be 1. Hence for at least one of d ∈ {n−1, n}, we have µd
= f (B)d/ f (A)d 6= 1, and hence

f (A)d 6= f (B)d . Now, it suffices to show the existence of g ∈ R(nd,md2) such that g(A[d])= f (A)d

for all A ∈Matmn,n .
But now, consider

fT (A)d = det
(∑m

i=1 Ti ⊗ Ai
)d

= det
(∑m

i=1 T⊕d
i ⊗ Ai

)
= det

(∑m
i=1
(∑d

k=1 Ti ⊗ Ek,k ⊗ Ai
))

= det
(∑

i,k Ti ⊗ (Ai ⊗ Ek,k)
)
.

Let S ∈Matmd2

e,e given by Si, j,k = δ j,k Ti . We can take g = fS .
We now show (2)=⇒ (1). Indeed, we can choose g = fS for some S ∈Matmd2

e,e , e ≥ 1. We have

fS(A[d])= det
(∑

i, j,k Si, j,k ⊗ (A[d])i, j,k
)

= det
(∑

i, j,k Si, j,k ⊗ Ai ⊗ E j,k
)

= det
(∑

i

(∑
j,k Si, j,k ⊗ E j,k

)
⊗ Ai

)
= det

(∑
i S̃i ⊗ Ai

)
,

where S̃i =
∑

j,k Si, j,k ⊗ E j,k . Let S̃ = (S̃1, . . . , S̃m) ∈Matmde,de. Then the above calculation tells us that
f S̃(A)= fS(A[d])= g(A[d]). Hence we have

f S̃(A)= g(A[d]) 6= g(B[d])= f S̃(B).

We can take f = f S̃ . �

Corollary 2.12. The orbit closures of A and B do not intersect if and only if the orbit closures of A[d]

and B[d] do not intersect for at least one choice of d ∈ {n− 1, n}.

2C. Commuting action of another group. Let G be a group acting on V. Suppose we have another
group H acting on V, and the actions of G and H commute. To distinguish the actions, we will denote
the action of H by ?. The orbit closure problem for the action of G on V also commutes with the action
of H. More precisely, we have the following:
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Lemma 2.13. Let v,w ∈ V and h ∈ H. Then v ∼ w if and only if h ? v ∼ h ?w.

We have a natural identification of V =Matmn,n with Matn,n ⊗K m. The latter viewpoint illuminates an
action of GLm on V that commutes with the left-right action of SLn ×SLn , as well as the simultaneous con-
jugation action of GLn . In explicit terms, for P = (pi, j )∈GLm and X = (X1, . . . , Xm)∈Matmn,n , we have

P ? (X1, . . . , Xm)=
(∑

j p1, j X j ,
∑

j p2, j X j , . . . ,
∑

j pm, j X j
)
.

Corollary 2.14. The orbit closure problem for both the left-right action of SLn ×SLn and the simultane-
ous conjugation action of GLn on Matmn,n commutes with the action of GLm .

2D. A useful surjection. We consider the map

φ :Matmn,n→Matm+1
n,n , (X1, . . . , Xm) 7→ (Id, X1, . . . , Xm).

This gives a surjection on the coordinate rings φ∗ : K [Matm+1
n,n ] → K [Matmn,n], which descends to a

surjective map on invariant rings as below; see [Domokos 2000; Derksen and Makam 2017a].

Proposition 2.15 [Domokos 2000]. The map φ∗ : R(n,m+ 1)� S(n,m) is surjective.

We recall the proof of this proposition because the construction in the proof plays a significant role in
some of the algorithms below. Before proving the proposition, let us recall some basic linear algebra. For
a matrix X ∈Matn,n , let us denote the adjoint (or adjugate) matrix by Adj(X).

Lemma 2.16. Let X, Y ∈Matn,n . Then we have:

(1) Adj(XY )= Adj(Y )Adj(X).

(2) X Adj(X)= det(X) Id. In particular, if det(X)= 1, then Adj(X)= X−1.

(3) For (P, Q) ∈ SLn ×SLn , we have Adj(P X Q−1)(PY Q−1)= Q(Adj(X)Y )Q−1.

Proof. The first two are well known. The last one follows from the first two. �

Proof of Proposition 2.15. We want to first show that we have an inclusion φ∗(R(n,m+ 1))⊆ S(n,m).
Indeed for f ∈ R(n,m+ 1) and g ∈ GLn , we have

φ∗( f )(gX1g−1, . . . , gXm g−1)= f (Id, gX1g−1, . . . , gXm g−1)

= f (gIdg−1, gX1g−1, . . . , gXm g−1)

= f (Id, X1, . . . , Xm)

= φ∗( f )(X1, . . . , Xm).

The third equality is the only nontrivial one. Even though g may not be in SLn , we can replace g by
g′ = λg ∈ SLn for a suitable λ ∈ K ∗. Then, one has to observe that conjugation by g and conjugation
by g′ are the same.

Now, we show that the image of φ∗ surjects onto S(n,m). For f ∈ S(n,m), define f̃ by

f̃ (X1, . . . , Xm+1)= f (Adj(X1)X2,Adj(X1)X3, . . . ,Adj(X1)Xm+1).
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We claim that f̃ is invariant with respect to the left-right action of SLn ×SLn . Indeed for (P, Q) ∈
SLn ×SLn , we have

f̃ (P X1 Q−1, . . . , P Xm+1 Q−1)= f (Adj(P X1 Q−1)P X2 Q−1, . . . ,Adj(P X1 Q−1)P Xm+1 Q−1)

= f (Q(Adj(X1)X2)Q−1, . . . , Q(Adj(X1)Xm+1)Q−1)

= f (Adj(X1)X2, . . . ,Adj(X1)Xm+1)

= f̃ (X1, . . . , Xm+1).

The second equality follows from the above lemma, and the third follows because f is invariant under
simultaneous conjugation.

Further, we have

(φ∗( f̃ ))(X1, . . . , Xm)= f̃ (Id, X1, . . . , Xm)

= f (Adj(Id)X1, . . . ,Adj(Id)Xm)

= f (X1, . . . , Xm)

Hence for each f ∈ S(n,m), we have constructed a preimage f̃ ∈ R(n,m+1). Thus φ∗ is a surjection
from R(n,m+ 1) onto S(n,m). �

In fact, from the above proof, we can see that for f ∈ S(n,m), we can construct a preimage easily. We
record this as a corollary.

Corollary 2.17 [Domokos 2000]. For f ∈ S(n,m), the invariant polynomial f̃ ∈ R(n,m+ 1) defined by

f̃ (X1, . . . , Xm+1)= f (Adj(X1)X2,Adj(X1)X3, . . . ,Adj(X1)Xm+1)

is a preimage of f under φ∗, i.e., φ∗( f̃ )= f .

3. Time complexity equivalence of orbit closure problems

In this section, we will show polynomial reductions between the orbit closure problem for matrix invariants
and the orbit closure problem for matrix semi-invariants. We will in fact show a more robust reduction.

Let G be a group acting on V.

Definition 3.1. An algorithm for the orbit closure problem with witness is an algorithm that decides if
v ∼w for any two points v,w ∈ V, and if v 6∼w, provides a witness f ∈ K [V ]G such that f (v) 6= f (w).

3A. Reduction from matrix invariants to matrix semi-invariants. Let A, B ∈Matmn,n . We can consider
φ(A), φ(B) ∈Matm+1

n,n , where φ :Matmn,n→Matm+1
n,n is the map described in Section 2D.

Proposition 3.2. The following are equivalent:

(1) There exists f ∈ S(n,m) such that f (A) 6= f (B).

(2) There exists g ∈ R(n,m+ 1) such that g(φ(A)) 6= g(φ(B)).
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Proof. Recall the surjection φ∗ : R(n,m+1)� S(n,m) from Proposition 2.15. Let’s first prove (1)=⇒ (2).
Given f ∈ S(n,m) such that f (A) 6= f (B), take g to be a preimage of f , i.e., φ∗(g)= f . Now,

g(φ(A))= φ∗(g)(A)= f (A) 6= f (B)= φ∗(g)(B)= g(φ(B)).

To prove (2)=⇒ (1), simply take f = φ∗(g). �

Corollary 3.3. Let A, B ∈Matmn,n . Then we have

A ∼C B if and only if φ(A)∼L R φ(B).

Corollary 3.4. There is a polynomial reduction that reduces the orbit closure problem with witness for
matrix invariants to the orbit closure problem with witness for matrix semi-invariants.

Proof. Given A, B ∈Matmn,n , we construct φ(A) and φ(B). Appeal to the orbit closure problem with
witness for matrix semi-invariants with input φ(A) and φ(B). There are two possible outcomes. If
φ(A)∼L R φ(B), then we conclude that A∼C B. If φ(A) 6∼L R φ(B) and f ∈ R(n,m+1) separates φ(A)
and φ(B), then φ∗( f ) is an invariant that separates A and B. The reduction is clearly polynomial time. �

3B. Reduction from matrix semi-invariants to matrix invariants. We will show that the orbit closure
problem for matrix semi-invariants can be reduced to the orbit closure problem for matrix invariants.
Let A, B ∈ Matmn,n . Recall the discussion in Section 1B, in particular, that if we can find efficiently
a nonsingular matrix in the span of A1, . . . , Am , we would be done. We must address the two issues
indicated in Section 1B. The IQS algorithm (Theorem 2.8) can determine whether A is in the null cone
for the left-right action. Further, when A is not in the null cone, it constructs efficiently a nonsingular
matrix of the form

∑m
i=1 Ti ⊗ Ai , with Ti ∈Matd,d for any n−1≤ d < poly(n). Roughly speaking, these

nonsingular matrices will address both issues. We will now make precise statements.

Proposition 3.5. Assume A, B ∈Matmn,n such that det(A1)= det(B1) 6= 0. If we denote

Ã = (A−1
1 A2, . . . , A−1

1 Am) and B̃ = (B−1
1 B2, . . . , B−1

1 Bm),

then we have

A ∼L R B⇐⇒ Ã ∼C B̃.

Proof. Let us first suppose that det(A1) = det(B1) = 1. Then for g = (A−1
1 , Id) ∈ SLn ×SLn , we have

g ·A= (Id, A−1
1 A2, . . . , A−1

1 Am)=φ( Ã). Similarly for h= (B−1
1 , Id)∈SLn ×SLn , we have h ·B=φ(B̃).

Now, we have

A ∼L R B⇐⇒ g · A ∼L R h · B⇐⇒ φ( Ã)∼L R φ(B̃)⇐⇒ Ã ∼C B̃.

The last statement follows from Corollary 3.3. The general case for det(A1) 6= 0 follows because
the orbit closures of A and B intersect if and only if the orbit closures of λ · A = (λA1, . . . , λAm) and
λ · B = (λB1, . . . , λBm) intersect for any λ ∈ K ∗; see Lemma 2.13. �
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Lemma 3.6. For any nonzero row vector v= (v1, . . . , vm), we can construct efficiently a matrix P ∈GLm

such that the top row of the matrix P is v.

Proof. This is straightforward and left to the reader. �

Algorithm 3.7. Now we give an algorithm to reduce the orbit closure problem with witness for matrix
semi-invariants to the orbit closure problem with witness for matrix invariants.

Input: A, B ∈Matmn,n .

Step 1: Check if A or B are in the null cone by the IQS algorithm. If both of them are in the null cone,
then A ∼L R B. If precisely one of them is in the null cone, then A 6∼L R B and the IQS algorithm gives
an invariant that separates A and B. If neither are in the null cone, then we proceed to Step 2.

Step 2: Neither A nor B in the null cone. Now, for d ∈ {n − 1, n}, the IQS algorithm constructs
T (d) ∈Matmd,d such that fT (d)(A) 6= 0 in polynomial time. We denote fd := fT (d). If fd(A) 6= fd(B),
then A 6∼L R B and fd is the separating invariant. Else fd(A)= fd(B) for both choices of d ∈ {n− 1, n},
and we proceed to Step 3.

Step 3: For d ∈ {n− 1, n}, we have

fd(A)= det
(∑

i T (d)i ⊗ Ai
)

= det
(∑

i

(∑
j,k(T (d)i ) j,k E j,k

)
⊗ Ai

)
= det

(∑
i, j,k(T (d)i ) j,k(E j,k ⊗ Ai )

)
= det

(∑
i, j,k(T (d)i ) j,k(Ai ⊗ E j,k)

)
.

We can construct efficiently a matrix P ∈ Matmd2,md2 such that the first row is (T (d)i ) j,k)i, j,k by
Lemma 3.6. Consider U = P ? A[d], V = P ? B[d] ∈Matmd2

nd,nd . By construction, this has the property
that det(U1) = fd(A) 6= 0, and det(V1) = fd(B). Since we did not terminate in Step 2, we know that
det(U1) = det(V1). Let us recall that by Corollary 2.12, A ∼L R B if and only A[d] ∼L R B[d] for both
d = n− 1 and d = n. By Lemma 2.13, A[d] ∼L R B[d] if and only if U ∼L R V.

To decide whether U ∼L R V, we do the following. Let Ũ = (U−1
1 U2, . . . ,U−1

1 Umd2) and Ṽ =
(V−1

1 V2, . . . , V−1
1 Vmd2). By Proposition 3.5, we have U ∼L R V if and only if Ũ ∼C Ṽ . But this can be

seen as an instance of an orbit closure problem with witness for matrix invariants. Also note the fact if we
get an invariant separating Ũ and Ṽ , the steps can be traced back to get an invariant separating A and B.

Corollary 3.8. There is a polynomial time reduction from the orbit closure problem with witness for
matrix semi-invariants to the orbit closure problem with witness for matrix invariants.

4. A polynomial time algorithm for finding a subalgebra basis

Let {C1, . . . ,Cm} ⊆ Matn,n be a finite subset of Matn,n . Consider the (unital) subalgebra C ⊆ Matn,n
generated by C1, . . . ,Cm . In other words, C is the smallest subspace of Matn,n containing the identity
matrix Id and the matrices C1, . . . ,Cm that is closed under multiplication. For a word i1i2 . . . ib we define
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Cw = Ci1Ci2 ·Cib . We also define Cε = Id for the empty word ε. We will describe a polynomial time
algorithm for finding a basis for C. First observe that C is spanned by {Cw | w ∈ [m]?}. While this is an
infinite spanning set, we will extract a basis from this, in polynomial time. We define a total order on [m]?.

Definition 4.1. For words w1 = i1i2 . . . ib and w2 = j1 j2 . . . jc, we write w1 ≺ w2 if either

(1) l(w1) < l(w2) or

(2) l(w1)= l(w2) and for the smallest integer m for which im 6= jm , we have im < jm .

Remark 4.2. If w ≺ w′, we will say w is smaller than w′.

We call a wordw a pivot if Cw does not lie in the span of all Cu , u≺w. Otherwise, we callw a nonpivot.

Lemma 4.3. Let P = {w | w is pivot}. Then {Cw | w ∈ P} is a basis for C. We call this the pivot basis.

Definition 4.4. For words w = i1i2 . . . ib and w′ = j1 j2 . . . jc, we define the concatenation

ww′ = i1i2 . . . ib j1 j2 . . . jc.

Lemma 4.5. If w is a nonpivot, then xwy is a nonpivot for all words x, y ∈ [m]?.

Proof. If w is nonpivot, then Cw =
∑

k akCwk for wk ≺w and ak ∈ K. Then we have Cxwy =
∑

k akCxwk y .
Hence, xwy is nonpivot as well. �

Corollary 4.6. Every subword of a pivot word is a pivot.

Lemma 4.7. The length of the longest pivot is at most 2n log2(n)+ 4n− 4.

Proof. This follows from the main result of [Shitov 2019]. For a collection S ⊆Matn,n , we define l(S) as
the smallest integer k such that all the words of length ≤ k in S span the subalgebra of Matn,n generated
by S. In particular, if we take S = {C1, . . . ,Cm}, this means that any pivot word has length at most l(S).
Moreover, l(S)≤ 2n log2(n)+4n−4 is the statement of [Shitov 2019, Theorem 3] (a strong improvement
over the previous known bound from [Pappacena 1997]). Thus every pivot word has length at most
2n log2(n)+ 4n− 4 as required. �

Now, we describe an efficient algorithm to construct the set of pivots.

Algorithm 4.8 (finding a basis for a subalgebra of Matn,n).

Input: n× n matrices C1,C2, . . . ,Cm .

Step 1: Set t = 1 and P = P0 = [(ε, Id)].

Step 2: If Pt−1 = [w1, w2, . . . , ws], define

Pt = [w11, . . . , w1m, w21, . . . , w2m, . . . , ws1, . . . , wsm].

Step 3: Proceeding through the list Pt , check if an entry (w,Cw) is a pivot. This can be done in
polynomial time, as we have to simply check if Cw is a linear combination of smaller pivots. If it is
a pivot, add it to P. If it is not a pivot, then remove it from Pt . Upon completing this step, the list Pt

contains all the pivots of length t , and the list P contains all pivots of length ≤ t .

Step 4: If Pt 6= [], set t = t + 1 and go back to Step 2. Else, return P and terminate.



2806 Harm Derksen and Visu Makam

Corollary 4.9. There is a polynomial time algorithm to construct the set of pivots. Further, this algorithm
also records the word associated to each pivot.

Proof. To show that the above algorithm runs in polynomial time, it suffices to show that the number of
words we consider is at most polynomial. Indeed, if there are k pivots of length d , then we only consider
km words of length d + 1. Since k ≤ n2, the number of words we consider in each degree is at most n2m.
We only consider words of length up to 2n log2(n)+ 4n− 4. Hence, the number of words considered is
polynomial (in n and m). �

5. Orbit closure problem for matrix invariants

Let A, B ∈Matmn,n with A = (A1, . . . , Am) and B = (B1, . . . , Bm). Define

Ci =

(
Ai 0
0 Bi

)
for all i . Let C be the algebra generated by C1,C2, . . . ,Cm . Let Z1, Z2, . . . , Zs be the pivot basis of C
and write

Z j =

(
X j 0
0 Y j

)
for all j.

Proposition 5.1. Suppose char(K )= 0. Then we have A ∼C B if and only if Tr(X j )= Tr(Y j ) for all j.

Proof. Two orbit closures do not intersect if and only if there is an invariant that separates them. By
Theorem 2.1, the invariant ring is generated by invariants of the form X 7→ Tr Xw for some word w in
the alphabet {1, 2, . . . ,m}. Note that C is the span of all

Cw =
(

Aw 0
0 Bw

)
,

where w is a word. Now the proposition follows by linearity of trace. �

We will appeal to a result from [Cohen et al. 1997] in order to get a version of the above proposition in
arbitrary characteristic; see also [Procesi 1974].

Theorem 5.2. We have A∼C B if and only if det(Id+ t X j )= det(Id+ tY j ) as a polynomial in t for all j.

Proof. Let Fm denote free algebra generated by m elements f1, . . . , fm . From Section 1A1, recall that
A (resp. B) gives rise to a representation VA (resp. VB) of Fm . Recall from Proposition 1.10 that the orbit
closures of A and B intersect if and only if VA and VB have the same associated semisimple representation.
It is clear that for both VA and VB , the action of Fm factors through the surjection Fm→C given by fi 7→Ci .

Thus it suffices to check whether VA and VB have the same associated semisimple representation as
C-modules; see Remark 1.12. The theorem now is just the statement of [Cohen et al. 1997, Corollary 12]
for the finite-dimensional algebra C. �
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Proof of Theorem 1.13. Given A, B ∈ Matmn,n , let Ci =
( Ai

0
0
Bi

)
. Let C be the subalgebra generated by

C1, . . . ,Cm . Construct the pivot basis Z1, . . . , Zs of C. For all j, let Z j =
( X j

0
0

Y j

)
. Further for each j,

we have Z j = Cw j for some word w j ∈ [m]?, and consequently X j = Aw j and Y j = Bw j .
If char(K )= 0, we only need to check if Tr(X j )= Tr(Y j ). If they are equal for all j, then we have

A ∼C B. Else, we have Tr(X j ) 6= Tr(Y j ) for some j, i.e., Tw j (A) 6= Tw j (B) and A 6∼C B.
For arbitrary characteristic, we need to check instead if det(Id+t X j )=det(Id+tY j ) as a polynomial in t

for each j. But this can be done efficiently. When A 6∼C B, the algorithm finds j with 1≤ j≤n andw∈[m]?

such that σ j,w(A) 6= σ j,w(B). This means that σ j,w ∈ S(n,m) is an invariant that separates A and B. �

We will now prove the bounds for separating invariants. For A, B ∈Matmn,n with A 6∼C B, we will
write Ci =

( Ai
0

0
Bi

)
and define C ⊆Mat2n,2n to be the subalgebra generated by C1, . . . ,Cm .

Proof of Theorem 1.14. Given A, B ∈Matn,n with A 6∼C B, let {C1, . . . ,Cm} ⊆Mat2n,2n be as above,
and construct the pivot basis for C. We know, by Lemma 4.7, that the length of every pivot is at most
2(2n) log2(2n)+ 4(2n)− 4= 4n log2(n)+ 12n− 4.

If char(K ) = 0, then an invariant Tw separates A and B for some pivot w. This means there is an
invariant of degree deg(Tw)= l(w)≤ 4n log2(n)+ 12n− 4 that separates them.

If char(K )>0, we must have det(Id+t Aw) 6=det(Id+t Bw) for some pivotw. Hence for some 1≤ j≤n,
σ j,w(A) 6= σ j,w(B). This gives an invariant of degree ≤ 4n2 log2(n)+ 12n2

− 4n that separates them. �

Remark 5.3. The null cone for the simultaneous conjugation action of GLn on Matmn,n is in fact defined
by invariants of degree ≤ 2n log2(n)+ 4n − 4 in characteristic 0. To see this, we will use a similar
argument as in the proof of Theorem 1.14 above. For A that is not in the null cone, simply consider the
subalgebra A ⊆Matn,n generated by A1, . . . , Am . For some pivot w, the invariant Tw does not vanish
on A. Every pivot has length at most 2n log2(n)+ 4n − 4, so this gives the bound on the null cone.
Similarly, in positive characteristic, we can get a bound of 2n2 log2(n)+ 4n2

− 4n, but better bounds are
already known; see [Derksen and Makam 2017a].

5A. Nonalgebraically closed fields. Suppose L is a subfield of (an algebraically closed field) K, and
suppose A, B ∈Matmn,n(L). Let us assume L is infinite and that we use the unit cost arithmetic model
for operations in L .

First, we observe that the entire algorithm for both matrix invariants and matrix semi-invariants
can be run using only operations in L , and is polynomial time in this unit cost arithmetic model.
However, we should point out that the algorithm does not check whether the orbit closures of A and B
for the action of GLn(L) intersect. Instead, it checks whether the orbit closures of A and B for the
action of GLn(K ) intersect.

Finally, if we take L = Q, the run times of our algorithms for matrix invariants as well as matrix
semi-invariants will be polynomial in the bit length of the inputs.

Remark 5.4. We can relax the hypothesis on L by asking for L to be sufficiently large. For fields that are
too small, the algorithms will run into issues — for example, the IQS algorithm (Theorem 2.8) requires a
sufficiently large field.
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6. Bounds for separating matrix semi-invariants

The reduction given in Section 3B is good enough for showing that the orbit closure problems for
matrix invariants and matrix semi-invariants are in the same complexity class. In this section we give a
stronger reduction with the aim of finding better bounds for the degree of separating invariants for matrix
semi-invariants. This reduction can also be made algorithmic, and can replace the reduction in Section 3B.
However, we will only focus on obtaining bounds for separating invariants.

Let T ∈Matmd,d . For X ∈Matmn,n , consider

LT (X)=
m∑

k=1

Tk ⊗ Xk =

L1,1(X) . . . L1,d(X)
...

. . .
...

Ld,1(X) . . . Ld,d(X)

,
where L i, j (X) represents an n × n block. From the definition of Kronecker product of matrices, one
can check that L i, j (X) =

∑m
k=1(Tk)i, j Xk , i.e., a linear combination of the X i . By definition fT (X) =

det
(∑m

k=1 Tk ⊗ Xk
)
= det(LT (X)). Let

MT (X)= Adj(LT (X))=

M1,1(X) . . . M1,d(X)
...

. . .
...

Md,1(X) . . . Md,d(X)

,
where Mi, j (X) represents an n × n block. The entries of MT (X) are not linear in the entries of the
matrices Xk . Instead the entries are polynomials of degree dn− 1 in the (Xk)i, j ’s. We first compute how
Mi, j change under the action of SLn ×SLn .

Lemma 6.1. Let σ = (P, Q−1) ∈ SLn ×SLn . Then we have Mi. j (σ · X)= Q−1 Mi, j (X)P−1.

Proof. First, observe that LT (σ · X)= (P⊗ Id)LT (X)(Q⊗ Id) follows because LT (X) is a block matrix
where each block is a linear combination of the X i ’s. Thus we have

MT (σ · X)= Adj(LT (σ · X))

= Adj((P ⊗ Id)LT (X)(Q⊗ Id))

= Adj(Q⊗ Id)MT (X)Adj(P ⊗ Id)

= (Q−1
⊗ Id)MT (X)(P−1

⊗ Id)

The last equality follows from Lemma 2.16 because det(P ⊗ Id) = det(Q ⊗ Id) = 1. We deduce that
Mi. j (σ · X)= Q−1 Mi, j (X)P−1. �

For X ∈Matmn,n , let us define
X i, j,k = Xk Mi, j (X),

for 1≤ k ≤ m and 1≤ i, j ≤ d.
The X i, j,k’s have been designed in such a way that the left-right action on X i ’s turns into a conjugation

action on the X i, j,k’s. Further, the entries of X i, j,k are degree dn polynomials in the entries of the Xl’s.
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Corollary 6.2. (σ · X)i, j,k = P X i, j,k P−1.

Proof. It follows from the above lemma that

(σ · X)i, j,k = (σ · X)k Mi, j (σ · X)= (P Xk Q)(Q−1 Mi, j (X)P−1)= P X i, j,k P−1. �

Consider the map ζ :Matmn,n→Matmd2

n,n given by X 7→ (X i, j,k)i, j,k . This gives a map on the coordinate
rings ζ ∗ : K [Matmd2

n,n ] → K [Matmn,n]. We note that ζ is a map of degree dn because the entries of X i, j,k

are degree dn polynomials in the entries of the Xl’s.
The above corollary can be now reformulated as:

Corollary 6.3. Let σ = (P, Q−1) ∈ SLn ×SLn . Then we have ζ(σ · X)= Pζ(X)P−1.

Proposition 6.4. The map ζ ∗ descends to a map on invariant rings ζ ∗ : S(n,md2)→ R(n,m).

Proof. Let σ = (P, Q−1)∈ SLn ×SLn . For g ∈ S(n,md2), by the above corollary, we have g(ζ(σ ·X))=
g(Pζ(X)P−1) = g(ζ(X)). Now observe that ζ ∗(g) ∈ R(n,m) since ζ ∗(g)(σ · X) = g(ζ(σ · X)) =
g(ζ(X))= ζ ∗(g)(X). �

Observe that this is a very different map from the one in Proposition 2.15. We will still be able to use
it to get separating invariants for left-right action from separating invariants for the conjugation action.
We make an obvious observation.

Corollary 6.5. Suppose we have g ∈ S(n,md2) such that ζ ∗(g)(A) 6= ζ ∗(g)(B), then A 6∼L R B.

Remark 6.6. In order for the above corollary to be useful to get separating invariants, we need to be
able to guarantee that separating invariants will arise this way. In other words, for A 6∼L R B, we want
g ∈ S(n,md2) such that ζ ∗(g) separates A and B. We will only be able to do it under certain conditions,
but that will be sufficient.

The first issue to notice is that since ζ ∗ is a map of degree dn, any homogeneous invariant of the form
ζ ∗(g) must have degree dkn for some k ∈ Z≥0. For a graded ring R = ⊕t∈Z Rt , let us define its k-th
Veronese subring νk(R) :=

⊕
t∈Z Rtk .

Lemma 6.7. We have ζ ∗ : S(n,md2)→ νdn(R(n,m)) ↪→ R(n,m).

It is certainly possible that for some d , no invariant of degree dkn separates A and B. A simple example
is given by taking any A not in the null cone, and taking B such that Bi = µd Ai , where µd is a d-th root
of unity for some d coprime to n. Hence, we may have to consider more than one choice of d .

For the following lemma, any two coprime numbers can be used in place of n− 1 and n, but this is the
smallest pair of coprime numbers larger than n− 1. The significance of n− 1 is that as long as d ≥ n− 1,
for any A not in the null cone, we can guarantee the existence of an invariant fT , with T ∈Matmd,d such
that fT (A) 6= 0; see Theorem 2.7.

Lemma 6.8. Assume A, B ∈ Matmn,n and assume A 6∼L R B. Then
⋃

d∈{n−1,n}
νdn(R(n,m)) form a set of

separating invariants.
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Proof. Since A 6∼L R B, there is a choice of S ∈ Matmk,k , for some k ≥ 1, such that fS(A) 6= fS(B).
Without loss of generality, assume fS(B) 6= 0. Hence fS(A)/ fS(B) 6= 1. Once again we must have
fS(A)d/ fS(B)d 6=1 for at least one choice of d∈{n−1, n}. In particular, for such a d , ( fS)

d
∈νdn(R(n,m))

separates A and B. �

Once we have d such νdn(R(n,m)) separates A and B, we still need to produce such an invariant that
separates A and B. Once, we restrict our attention to invariants whose degree is a multiple of dn, the
best case scenario is that there is a degree dn invariant that separates A and B. We will construct an
invariant of the form ζ ∗(g) that separates A and B when degree dn invariants fail to separate A and B.
The following lemma completes the strategy outlined in Remark 6.6.

Lemma 6.9. Let A, B ∈Matmn,n such that A 6∼L R B. Suppose we have d ≥ n− 1 such that νdn(R(n,m))
separates A and B. Then R(n,m)dn ∪ ζ

∗(S(n,md2)) will separate A and B.

Proof. Assume that R(n,m)dn fails to separate A and B. We will find g ∈ S(n,md2) such that ζ ∗(g)
separates A and B.

Since both A and B cannot be in the null cone, we can assume without loss of generality that A is
not in the null cone. By Theorem 2.7, we have T ∈Matmd,d , such that fT (A) 6= 0. Now, since degree dn
invariants fail to separate A and B, we must have fT (A)= fT (B) 6= 0.

There exists U ∈Matmdk,dk such that fU (A) 6= fU (B) since such invariants span νdn(R(n,m)), which
by assumption separates A and B. Now for X ∈Matmn,n , define L(X) :=

∑m
k=1 Uk ⊗ Xk and R(X) :=

Idk⊗MT (X). Let
N (X) := L(X)R(X)=

(∑m
k=1 Uk ⊗ Xk

)
(Idk⊗MT (X))

Let us make some observations to help understand N (X).

• The matrix L(X) =
∑m

k=1 Uk ⊗ Xk can be seen as a dk × dk block matrix, where each block has
size n× n. Further, each block is a linear combination of the Xk’s.

• The matrix R(X)= Idk⊗MT (X) can be seen as a k×k block matrix, where the off diagonal blocks
are 0, and the diagonal blocks are a copy of MT (X). Observe further that MT (X) is a d × d block
matrix, where each block Mi, j is of size n×n as shown above. Hence, we can see R(X) as a dk×dk
block matrix, where each block is of size n× n and is either Mi, j or 0.

• A product of a block from L(X) and a block from R(X) yields a linear combination of terms of the
form Xk Mi, j ’s, i.e., a linear combination of the X i, j,k’s.

• We can obtain N (X) as a dk× dk block matrix by block multiplying L(X) and R(X). Hence, we
see that each block of N (X) is a linear combination of the X i, j,k’s.

To summarize, N (X) is a dk × dk block matrix and the size of each block is n × n. Further, the
(p, q)-th block N (X)p,q is a linear combination

∑
i, j,k λ

i, j,k
p,q X i, j,k for some λi, j,k

p,q ∈ K. Now we can define
an invariant g ∈ S(n,md2). For Z = (Zi, j,k)i, j,k ∈Matmd2

n,n , we define NZ to be the dk×dk block matrix,
where the (p, q)-th block is given by

∑
i, j,k λ

i, j,k
p,q Zi, j,k . Let g(Z) = det(NZ ). This is the required g.
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The point to note here is that by construction, we have Nζ(X) = N (X). Thus ζ ∗(g)(X) = g(ζ(X)) =
det(Nζ(X))= det(N (X)).

There are two things we need to check. First that g as defined is indeed invariant under simultaneous
conjugation, and then that ζ ∗(g)(X)= det(N (X)) does separate A and B.

The function g is invariant under the simultaneous conjugation action of GLn on Matmd2

n,n because it is
given by the determinant of a block matrix whose blocks are linear combinations of matrices from the
input md2-tuple.

Observe that det(L(X))= fU (X) and det(R(X))=det(MT (X))k . Therefore we have that det(N (X))=
fU (X) det(MT (X))k . Recall that fT (X) = det(LT (X)), and that MT (X) = Adj(LT (X)). Now, since
fT (A)= fT (B) 6= 0, we have that det(MT (A))= det(MT (B)) 6= 0. In particular, since fU (A) 6= fU (B),

we have det(N (A)) 6= det(N (B)) as required.
Thus ζ ∗(g)(A)= det(N (A)) 6= det(N (B))= ζ ∗(g) showing that ζ ∗(g) indeed separates A and B. �

Now, we can finally prove Theorem 1.18.

Proof of Theorem 1.18. Suppose A, B ∈Matmn,n with A 6∼L R B. By Lemma 6.8, for at least one choice of
d ∈ {n−1, n}, we have that νdn(R(n,m)) separates A and B. Fix this d . By Lemma 6.9, either R(n,m)dn

or ζ ∗(S(n,md2)) separates A and B. In the former case, we have an invariant of degree dn ≤ n2 that
separates A and B. In the latter case, ζ ∗(S(n,md2)) separates A and B which implies that S(n,md2)

separates ζ(A) and ζ(B). Hence, we have an invariant g ∈ S(n,md2) of degree ≤ βsep(S(n,md2)) such
that g(ζ(A)) 6= g(ζ(B)).

Now, since ζ is a map of degree dn, we have ζ ∗(g) ∈ R(n,m) is a polynomial of degree deg(g)dn ≤
n2βsep(S(n,md2))≤ n2βsep(S(n,mn2)) that separates A and B. �

Remark 6.10. It is easy to see from Theorem 2.3 that the statement of Theorem 2.1 holds if we assume
char(K ) > n; see also [Zubkov 1993]. Hence, the statements in Theorem 1.14 and Corollary 1.19 that
assumed char(K )= 0 also hold under the assumption that char(K ) > n.
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