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In this paper we prove that the p-adic L-function that interpolates the Rankin—Selberg product of a general
modular form and a CM form of higher weight divides the characteristic ideal of the corresponding Selmer
group. This is one divisibility of the Iwasawa main conjecture for this p-adic L-function. We prove this
conjecture using congruences between Klingen—Fisenstein series and cusp forms on the group GU(3, 1),
following the strategy of recent work by C. Skinner and E. Urban. The actual argument is, however,
more complicated due to the need to work with general Fourier—Jacobi expansions. This theorem is used
to deduce a converse of the Gross—Zagier—Kolyvagin theorem and the p-adic part of the precise BSD
formula in the rank one case.
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1. Introduction

Let p be an odd prime. An important problem in number theory is studying the relations between special
values of L-functions and arithmetic objects in p-adic families. The first case was studied by Iwasawa
in the 1950’s for class groups of number fields, resulting in the asymptotic formula for class numbers in
cyclotomic towers of field extensions. Later on, Mazur realized that the idea of Iwasawa’s theory can be
applied to elliptic curves which provides a powerful way to study their arithmetic (e.g., the BSD conjecture).
Such an idea was further generalized to many kinds of Galois representations. Kato [2004] formulated
the Iwasawa main conjecture for modular forms on GL; /Q and proved one divisibility by constructing
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an Euler system. Later on, Skinner and Urban [2014] proved the other side of divisibility in the case
when the modular form is ordinary at p, using Eisenstein congruences on the unitary group U(2, 2).

Our paper can be viewed as an extension of Skinner and Urban’s approach to the Rankin—Selberg
product of a modular form f and an ordinary CM form whose weight is higher than f, using another rank
4 unitary group U(3, 1). Surprisingly, such a result has lots of arithmetic applications which cannot be
seen by previous techniques, including the proof by Skinner [2014] of the converse of a theorem of Gross,
Zagier and Kolyvagin, and the p-part of the precise BSD formula in the analytic rank one case [Jetchev
etal. 2017]. Itis also the starting point and a key ingredient of the author’s work proving the Iwasawa main
conjecture for supersingular elliptic curves [Wan 2014b]. Now we describe the context of our main results.

Let K C C be an imaginary quadratic field such that p splits in IC as (p) = vovg. We fix an isomorphism
t: C, >~ C and suppose vy is determined by ¢. There is a unique Z%—extension Koo/K unramified outside p.
Let I'x := Gal(K/K). Suppose f is a Hida family of ordinary cuspidal eigenforms new outside p
with coefficient ring [, a normal finite extension of the power series ring Z,[W]| of one variable W.
Let L be a finite extension of Q,, with integer ring O, . Suppose & is an L-valued Hecke character of
Ag /K> whose infinity type is (% —%) for some even integer ¥ > 6 and such that ord,,(cond(§,,)) <1
and ordy, (cond(&;,)) < 1. Denote by & the Oy [I'x]l-adic family of Hecke characters containing & as
some specialization (we make this precise in Section 7B). We write @‘if for the completion of the maximal
unramified extension of O, and [ for the normalization of the ring corresponding to an irreducible
component of 1® o, @‘f

In Section 2B, we associate with f, K and & a dual Selmer group X r i ¢, which is a finite module over
the ring [[[I'xJ. On the analytic side, for a finite set of primes ¥ containing all bad primes, we construct
using a doubling method the *“X-primitive” p-adic L-functions E?& © € 1T, EJEC,E’ « € OV[Tk],
interpolating the algebraic parts of the special L-values L ;C( T %), where f, and &, are specializations
of the families f and & ( f has weight 2 and &4 has infinity type (k/2, —«/2)). The general case when X
does not necessarily contain all bad primes, is obtained by putting back the local Euler factors at primes
omitted. We let Ly, ¢ x be the specialization of L ¢ ¢ x to a single form fo of weight 2 and trivial character
in the family f, which we assume is defined over L. In Section 7E we also recall closely related p-adic
L-functions E;?}ga and E?igi‘,c constructed by Hida. We also associate with f = fy, K, £ a dual Selmer
group X 7 ¢ over O} [I"c]l. The Iwasawa—Greenberg main conjecture says that the characteristic ideal
of Xr ice (resp. Xy x.e)is generated by Ly ¢ c (resp. Ly i)

Let @ C C be the algebraic closure of @ and let Gg = Gal(Q/Q) be the Galois group. Let G » CGao
be the decomposition group determined by the inclusion @ C @ » coming from (. We write € for the
cyclotomic character and w for the Techimiiller character of Gg. Let g be a cuspidal eigenform on GL; /Q
with the associated p-adic Galois representation p, : Gg — GL2(Op). We say g satisfies (irred) if

the residual representation p, is absolutely irreducible.

If g is nearly ordinary at p, then p,|g, is equivalent to an upper triangular representation and we say it
satisfies (dist) if
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the characters of pg|g, on the diagonal are distinct modulo the maximal ideal of Op.

We will see later (in Section 7E) that if the CM form g¢ associated to & satisfies (irred) and (dist) then

Ef,g,;c e T k.
In this paper, under certain conditions on f, &, K, we prove one inclusion (or divisibility) of the
Iwasawa—Greenberg main conjecture for L7 ¢ x. Our first theorem is a three-variable result for Hida

families.

Theorem 1.1. Let f be a Hida family of ordinary eigenforms that are new outside p of square-free tame
level N, and suppose f has a weight two specialization f that has trivial nebentypus and is the ordinary
stabilization of a new form of level N. Let p be the mod p residual Gg-representation associated with
the Hida family f. Let & be a Hecke character of K*\Ag with infinity type (%, —%)for some k > 6. If:

(@ p=5.

(b) 5'“«3 =woNmandk =0 (mod2(p — 1)).

(©) prlGy is irreducible.

(d) There exists q | N that does not split in K and such that p y is ramified at q.

(e) The CM eigenform gg associated to the character & satisfies (dist) and (irred).

(f) For each nonsplit prime v of Q we have that
e(nf,v, &y, %) =1.
(As in [Hsieh 2014c] € (J'rf,,), &y, %) is the local root number for the base change of 7 s, to K, twisted
by &,. It differs from the local root number for the Rankin—Selberg product of 7y, and gz , by a
factor xic/0,0(—1).)
(g) Suppose the conductor of & is only divisible by primes split in IC/Q.

Then El;i’g"‘,c € ﬁur[[F;c]] and (ﬁ;{fg‘j‘,c) ) charﬁur[[rd(Xf’;C,g) as ideals ofﬁ‘"[[f‘;g]]. Here char means the

characteristic ideal.
We also have a two variable theorem for a single form.
Theorem 1.2. Let N, f = fo, k and & be as before. If
(@ p=5;
(b) the p-adic avatar of €|-|“/*(w™" o Nm) factors through T'x and k =0 (mod 2(p — 1));
(©) prlgy is irreducible;
(d) there exists q || N that does not split in K.
Then
(Lrex) 2 Char@;r[[r,c]@mL(Xf,zc,s)

is true as fractional ideals of (Aﬁzr [Tl ®o, L.
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Unlike the previous theorem, in this theorem we allow both global root numbers 41 and —1 cases. In
particular Theorem 1.2 is not deduced as a consequence of Theorem 1.1. Both theorems are deduced
in the proof at the end of this paper. Theorem 1.2 is proved as the specialization of a “weaker version”
(since the assumption is weaker than that of Theorem 1.1) of the 3-variable main conjecture, where we
inverted all nonzero elements of [. This is where the ® L comes in. See the end of the paper for details.

Hida’s p-adic L-functions EI}{‘;‘K are more canonical than the £y ¢ x in that there is a constant in @;
showing up in our interpolation formula (see Proposition 7.7) that depends on some choices. Under the
assumptions of Theorem 1.1 we show that Hida’s p-adic L-function is integral: it belongs to [T
Note that in the setting of Theorem 1.2 we do not know if L x ¢ is actually in @EIIIF;C]].

The assumptions on p ¢|g, and the local e-factors in Theorem 1.1 are needed to appeal to results of
M. Hsieh [2012; 2014c] in proving the nonvanishing modulo p of some special L-values or vanishing of
the anticyclotomic p-invariant. The square-freeness of N is put at the moment for simplicity (mainly to
avoid local triple product integrals for supercuspidal representations and we may come back to remove it
in the future).

The assumption (g) in Theorem 1.1 is due to lack of reference for [Hida and Tilouine 1993, Conjec-
ture in introduction]. Details are explained in Definition 7.8.

Hypothesis (b) of Theorem 1.2 means that £ ¢ x can be evaluated at the trivial character of I'x., though
it is not a point at which it interpolates classical L-values. As a result, Theorem 1.2 has interesting
applications for the usual Bloch—Kato Selmer group of f.

The result of this paper is the foundation for several important breakthroughs on arithmetic of elliptic
curves and modular forms. Skinner [2014] has recently been able to use Theorem 1.2 to prove a converse
of the Gross—Zagier—Kolyvagin theorem: if the Mordell-Weil rank of an elliptic curve over Q is exactly
one and the Shafarevich-Tate group is finite, then its L-function vanishes to exactly order one at the central
critical point. The author has been able to prove an anticyclotomic main conjecture of Perrin-Riou when
the root number is —1 [Wan 2014a] (by comparing the Selmer group in the theorem with the one studied
by Perrin-Riou, using the Poitou-Tate long exact sequence and applying F. Castella’s generalization
[2019] of a formula of Bertolini-Darmon—Prasanna relating the different p-adic L-functions).

There is also joint work of the author with Skinner and Jetchev that uses Theorem 1.2 to deduce the
p-adic part of the precise BSD formula in the rank one case [Jetchev et al. 2017]. We remark that in the
above mentioned applications one can not appeal to the main conjecture proved in [Skinner and Urban
2014] since the global sign of the L-functions has to be +1 in [loc. cit.].

The methods of this paper can be adapted (with some additional arguments) to the case when f
is nonordinary as well. This forms the foundation of the author’s recent proof of the Iwasawa main
conjecture for supersingular elliptic curves formulated by Kobayashi (see [Wan 2014b]).

Our proofs of Theorems 1.1 and 1.2 use Eisenstein congruences on the unitary group U(3, 1), which
first appeared in [Hsieh 2011]. Recent works with a similar flavor include Skinner and Urban [2014]
using the group U(2, 2), and the work of Hsieh [2014a] for CM characters using the group U(2, 1). The
difference between our results and Skinner and Urban’s is that they studied the p-adic L-function of
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Rankin-Selberg product of a general modular form and a CM form such that the weight of the CM form
is lower, while in our case the weight of the CM form is higher. This is the very reason we work with
unitary groups of different signature.

We also mention there are works establishing the other divisibility of the main conjecture using Euler
systems [Wan 2014a; Lei et al. 2014] under some more restrictions. Together with Theorems 1.1 and 1.2
these give the full equality of the main conjecture in the case when all hypotheses are satisfied.

For clarity, we briefly discuss our proof of the theorems. The proof follows the main outline of Skinner
and Urban’s proof in [2014] (which in turn followed the main outline of Wiles’ proof of the Iwasawa
main conjecture for totally real fields). However, carrying this out requires new arguments. The main
steps are: (1) Constructing a p-adic family of Eisenstein series whose constant terms are essentially the
p-adic Rankin—-Selberg L-function LZJEC’ g (2) Proving that the Eisenstein series is coprime to p-adic
L-function (that is, modulo any divisor of the p-adic L-function it is still nonzero), which shows that its
congruences with cusp forms is “measured” by the p-adic L-function. (3) the Galois argument.

The main differences between our proof and that of Skinner and Urban are in steps (1) and (2). First, we
need to work with the unitary group U(3, 1) instead of U(2, 2) which is used in [Skinner and Urban 2014].
The reason is that by our assumption that the CM form has higher weight than f, the L-values interpolated
by the p-adic L-function L ¢ ¢ x show up in the constant terms of holomorphic Eisenstein series on the
group U(3, 1) that are induced from the Klingen parabolic subgroup with Levi U(2) x K*. The cuspidal
representation on U(2) is determined by the automorphic representation 7y and a Hecke character of A
whose restriction to Ay is the central character of 7. As a result, the construction of the p-adic families
of the Eisenstein series via the pullback formula requires finding the right Siegel section at p (which turns
out to be different from the one used in [Skinner and Urban 2014]). To have the right pullback and to
make the Fourier—Jacobi coefficient computation not too hard, such choice of section is quite subtle. The
idea for our choice is similar to that in [Eischen et al. 2016] and is inspired by the formula for differential
operators on p-adic g-expansions on the group GU(3, 3). (The Siegel-Eisenstein series measure used
here to construct the p-adic L-function is the special case of [loc. cit.] (see Section 4.3, part II). We also
refer to [Eischen 2015, Sections 3 and 4] for a nice exposition and for details about those differential
operators. These differential operators are not logically needed for the construction in this paper though.)

Step (2) is the core of the whole argument. In [Skinner and Urban 2014], the Klingen—FEisenstein series
on U(2, 2) (which are also special cases of the series constructed in [Wan 2015a]) has a Fourier expansion
Exiing = dor arq’, with T running over 2 x 2 Hermitian matrices. By the pullback formula, we have

ar = (FI1 Esieg, ¢z )u, 1),

where Ege, is a Siegel-Eisenstein series on U(3, 3), FI7 Ej;eg is its T-Fourier—Jacobi coefficient (regarded
as a form on U(1, 1)), and ¢, is a form in the U(1, 1) automorphic representation 7t considered in [Skinner
and Urban 2014] (again determined by 7y and a Hecke character of Ag). The Siegel-Eisenstein measure
is constructed in Proposition 12.3. Computation tells us FI7 Eje, is essentially a product of an Eisenstein
series and a theta function, and thus this pairing, and hence a7 is essentially a Rankin—Selberg product.
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In our case, forms on U(3, 1) only have Fourier—Jacobi expansions (instead of Fourier expansions)

F > a,(F)g" :=FI(F)
ne@

with a,(F) e H O(Z[Og], L(n)), where Z["g] is a two-dimensional abelian variety which is the abelian part
of the universal semiabelian scheme over a point in the boundary of a toroidal compactification of the
Shimura variety for GU(3, 1). The sheaf £(n) is a line bundle on Z["g]. We can view each a,,(F) as an
automorphic form on the group U(2) - N, where U(2) is the definite unitary group appearing as a factor
of the Levi of the Klingen parabolic subgroup of U(3, 1), and N is the unipotent radical of the parabolic

subgroup, which is a Heisenberg group. It consists of matrices of the form
I x x
1

1

— X X X

[e]

[g]’
center) with an explicit theta function 6* on U(2) - N (defined in Lemma 6.46). In the following we do

To study a, (F) we use a functional /y» on H 0(ze ., L(n)). This is just the pairing over N (modulo its
the computation at an arithmetic point z.
We divide our argument into five steps:

(1) We first compute the n-th Fourier-Jacobi coefficient of a Siegel-Eisenstein series Ejeg . (in Section 6J),
considered as a form on the Jacobi group N’ - U(2, 2) C U(3, 3) with N’ a unipotent subgroup of U(3, 3).

It consists of matrices of the form
] x x x x X

1 X

X X = X
[

1

This turns out to be a finite sum of products of the form E, , - ®, (see Proposition 6.44, with E; , a
Siegel-Eisenstein series on U(2, 2)) and ©, a theta function on the Jacobi group (the Ejjeg 2 and ®g,, in
Proposition 6.44).

(2) Next we restrict this n-th Fourier—Jacobi coefficient to the group
(N-UQR)xUR)cUB,1)xUR)NN"-U2,2).

Another computation shows that ®, essentially restricts to a form 64 x 6, , on (N - U(2)) x U(2). (The
6, , is varying with the arithmetic point z while the 6, is fixed, which justifies dropping the subscript z.)
The actual situation is slightly more complicated: it is actually a finite sum of such products. Applying
a functional /g« (which is pairing with a fixed theta function 8* to the 64-component of each summand
above), we show that (64, 6*)y is a constant function on U(2) by Lemma 4.8 (which we manage to make
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nonzero), and then end up with a theta function 6, on (the lower) U(2) (a finite linear combination of
6, ;,’s of each summand). See Lemma 6.46 for a precise formula. So using the pullback formula, we get
for Exjing,, the Klingen—Eisenstein series defined in (6-13) (denoted Ekjing,p there),

lg+(an(Exiing,2)) = (E2zlu@xu@)s [z 02)1xU(2)

regarded as a form on the first U(2), which is the U(2) in the Levi of the Klingen parabolic subgroup.
Note that by Lemma 8.23 when z is varying in a p-adic family the /y~ takes values in the Iwasawa algebra
(the parameter space).

(3) To study its p-adic properties, we pair it with an auxiliary form /4, on U(2) (Section 8B1):

({E22lu@)xu@)s f2 - 02)1x02), h)ue) = (%) - (hs, f2-6,).

To obtain this formula, we use the doubling method formula for U(2) x U(2) — U(2, 2) applied to ,.
The (x) is some p-adic L-function factor for 4, coming from this (see Proposition 8.25 for details).

(4) We prove that such an expression is interpolated by an element B in the Iwasawa algebra (in (8-7)).
The pairing on the right-hand side is just a triple product integral ./[U(Z)] h,(2)0,(g) f»(g) dg. The fact that
the 6, can be taken to be an eigenform follows from considering the central character (see the proof of
Proposition 8.25).

(5) We use Ichino’s formula to evaluate

( f hz(ng(g)fzdg)( / fzz<g)ég,z<g>fz<g)dg)
[U2)] [U(2)]

= (hy, 1) {0, 030 oy o) LE(3. 75, X X1.2) L= (5. 7f, X x2.2)

L2, 7y, ad)LE (2, 7g,, ad) LT (2, 7y, ad)
Iy(h, ® 60, ® fs, hz®93,z®fz)

< T et ’ f)
ves (hz,va hz,v><92,v, 03,z,v><fz,v, fz,v)

Here h,, 6731 and f, mean some forms or vectors in the contragredient representation of the automorphic
representation for /., 8, and f,. The factor I, is a local integral defined by Ichino, and x; , and x» , are
two CM Hecke characters showing up in the computation. We interpolate everything in p-adic families
and compare it to the product of several p-adic L-functions of modular forms or Hecke characters (see
the proof of Proposition 8.29 for details). Furthermore:

e We can choose %,’s and 6,’s so that these p-adic L-functions are units in ﬁ“r[[F;g]]X times a fixed
number in Q P

o The ratio of the triple product and the product of these p-adic L-functions is a product of local
factors (we show that the triple product is a p-adic analytic function, so the product of these local
factors is a p-adic meromorphic function). We make the local choices such that for inert or ramified
primes these local factors involve only the Hida-family variable of f (which has nothing to do with
FE or I';-). For split primes, we compute these local factors explicitly.
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The constructions above finally provide a nonzero element of [, which is sufficient for our use. We are
thus able to prove in Proposition 8.29 that height one divisors of B; are those of [.

After this, we can use the same argument as in [Skinner and Urban 2014] to deduce our main theorem:
by a geometric argument we construct a cuspidal family on U(3, 1) congruent modulo the p-adic L-
function L ¢ x to the Eisenstein family constructed as above. Passing to the Galois side, we get a family
of Galois representations coming from cuspidal forms that is congruent to the family coming from our
Klingen—Eisenstein series, but which is “more irreducible” than the Eisenstein Galois representations.
Then an argument (the “lattice construction”) of E. Urban gives the required elements in the dual Selmer
group.

Remark 1.3. In fact at the point where L ¢ i takes its central critical value, the Klingen—Eisenstein
family does not interpolate a classical Eisenstein series (i.e., not an interpolation point). Therefore even
in the case when the global root number for L ¢ x is —1, so that the constant terms of the Eisenstein
family vanish identically along the central critical subfamily, the p-adic Eisenstein series itself can still

be nonzero in that subfamily.

Remark 1.4. We emphasize here that 6* is fixed throughout the whole p-adic family (instead of varying).
Note also that the space of theta functions with given Archimedean kernel function and level group at
finite places is finite-dimensional. The space H O(Z[Og], L(n)) ®Z£ Q, is generated by a finite number of
such theta functions. We will show in the text that by pairing the I"'[I"]]-adic Fourier—Jacobi coefficient
with one rational theta function (not necessarily p-integral!), we get an element in ﬁurl[l";g]] ®z, Qp. We
then show that by choosing the datum properly, this element is the product of a unit in [""[["x] and
a nonzero element in @ p» and proving it is prime to the p-adic L-function we study. Such strategy is
notably different from the one adopted in [Hsieh 2014c], where Hsieh argued p-integrally and proved
with a stronger result that the Fourier—Jacobi coefficient is already a unit. This is the very reason why we
do not need to study the theory of p-integral theta functions.

Remark 1.5. In [Zhang 2013] the special L-value showing up in the Fourier—Jacobi expansion is the
near central point of the Rankin—Selberg L-function, while in our case it is the central value of the triple
product L-function. Moreover, the Fourier—Jacobi coefficient considered in [loc. cit.] is nonzero only
when f is a CM form (see Theorem 4.12 in [loc. cit.]). This is due to the fact that we are pairing the
Fourier—Jacobi coefficient with the product of a theta function and an auxiliary form 4 on U(2), while
Zhang paired it with the theta function only (i.e., taking the % in our case to be the constant function). Our
strategy has the advantage that these central L-values are accessible to various results of nonvanishing

modulo p by Hsieh.

The rest of this paper is organized as follows. In Section 2, we recall some background information
and formulate the main conjecture. In Section 3, we discuss automorphic forms and p-adic automorphic
forms on various unitary groups. In Section 4 we recall the notion of theta function which plays an
important role in studying Fourier—Jacobi expansions as outlined above. In Sections 5 and 6, we make
the local and global calculations for Siegel and Klingen—Eisenstein series using the pullback formula of
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Shimura. In Section 7, we interpolate our previous calculations p-adically and construct the families. In
Section 8, we prove the coprimeness of (the Fourier—Jacobi coefficients of) the Klingen—Eisenstein series
and the p-adic L-function. Finally, we deduce the main theorem in Section 9.

2. Background

We first introduce our notation. We will usually take a finite extension L/Q),, and write Oy for its integer
ring and @ for a uniformizer. Let Gg and G be the absolute Galois groups of @ and . Let l",ﬂg be the
subgroups of I'xc such that the complex conjugation ¢ acts by 4-1. We take topological generators y* so
thatrec™ ' (y ") = ((1+p) /2, (14+p)'/?) and rec™ ' (y ) = (1 +p) /2, (1 + p)~1/?) where rec : AL — G?Cb
is the reciprocity map normalized by the geometric Frobenius. Let W be the composition

G}C —» F)C —> Zp[[F)C]]X.

Define Ak := O [[T'k]l. Recall we defined a branch character £ in the introduction. We will write o for the
Galois character corresponding to & via class field theory. We also let Q. be the cyclotomic Z, extension
of @ and let I'g = Gal(Qx, /Q). Define Wg to be the composition Gg — I'g < Z,[I'g]]*. We also define
ex and &g to be the compositions K*\AZ =5 G2 — Z,[Tc]* and @*\Aj => G2 — 7,[Tg]*
where the second arrows are the Wi and Wg defined above. Let w and € be the Techimiiller character
and the cyclotomic character. We also write xi/q to be the quadratic character associated to C/Q.

Write ¢ for complex conjugation. For a Hecke character y we write x“(x) := x (c(x)). For a Galois
character x we define x ¢ to be the composition of x with conjugation by c¢ (regarding ¢ as an element in
the Galois group).

2A. p-adic families for GL, /Q. Let M be a positive integer prime to p and x a character of (Z/pMZ)*.
Let Ag :=Z,[W]l (we call Spec A@(@ p») the weight space). Let | be a normal domain finite over Ag. A
point ¢ € Spec(l) is called arithmetic if the image of ¢ in Spec A(Q p) is the continuous Z ,-homomorphism
sending (1+ W) > ¢ (1 + p)*~2 for some k > 2 and ¢ a p-power root of unity. We usually write kg for
this k, called the weight of ¢. We also define x, to be the character of Z; >~ (Z/pZ)* x (1 + pZp) that
is trivial on the first factor and given by (1 + p) — ¢ on the second factor.

Definition 2.1. An [-adic family of modular forms of tame level M and character x is a formal g-
expansion f =" a,q", a, €, such that for a Zariski dense set of arithmetic points ¢ € Spec(l) the
specialization f =Y - ¢ (an)q" of f at ¢ is the g-expansion of a modular form of weight k,, character
X xp@* % (where w is the Techimiiller character), and level Mp* for some #5 > 0.

The U, operator is defined in both the spaces of modular forms and families. It is given by

o0 o0
Up(Zanq”> = Zapnq”.
n=0 n=0

Note that (U, - f)¢ = U, - fs. Hida’s ordinary idempotent e, is defined by e, :=lim,,_, o, U;“. A form
f or family f is called ordinary if e, f = f or e, f = f (see for instance [Hida 1986, page 550]). A
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well-known fact is that every ordinary eigenform fits into an ordinary family of eigenforms f ([Hida
1988, Theorem II] for example).

According to the results of Deligne, Langlands, Shimura et al., there is a Galois representation
pr:Gag— GL,(Q p) for f. If the residual representation p ;s is irreducible then one can construct a
Galois representation pr : Gg — GL,([) such that it specializes to the Galois representation py, of f at
each arithmetic specialization ¢ € Spec(l). We write Ty for the representation space of py.

2B. The main conjecture. Before formulating the main conjecture, we first define characteristic ideals
and Fitting ideals. We let A be a Noetherian ring. We write Fitt4 (X) for the Fitting ideal in A of a finitely
generated A-module X. This is the ideal generated by the determinant of the » x r minors of the matrix

giving the first arrow in a given presentation of X:
A —> A" —> X — 0.

If X is not a torsion A-module, then Fitt4 (X) = 0. This definition does not depend on the choice of the
presentation.
Fitting ideals behave well with respect to base change. For I C A an ideal

Fitts,; (X /1X) = Fitt, (X) mod /.

Now suppose A is a Krull domain (a domain which is Noetherian and normal). Then the characteristic
ideal is defined by

chars (X) := {x € A:ordg(x) > length, (X) for any height one prime Q of A}.

If X is not a torsion A-module, then we define chars (X) = 0.

We consider the Galois representation
Tf,IC,é = Tf®ZpAIC

with the G action given by p fO'g—cE(4_K)/ 2®AK;(\II,€C). (Here ¢ means composing with the complex
conjugation in the idele group, and — means taking inverse of the character.) We define the Selmer group

(recall « is assumed to be even)

Sely k& :=ker{H1</c, Tr e @urellTxl™) = H' Iy, Tr e QUITT) <[ [H' (1o, Tf,}C,g@”[[FIC]]*)}
vip

where * means the Pontryagin dual Homz,(—, Q,/Z ). We also define the X -primitive Selmer groups

Sel?,ic,g :=ker{H1(IC, Ty e QU = H (I, Tr xc.e @Mk T*) X l_[ H'(I,, Ty ke ®|][[F1c]]*)}-
D)

We let
Xgie = (Selfre)* and X}m = (Sel?,c,g)*.
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These are finitely generated [[[I"x]]-modules (see e.g., [Skinner and Urban 2014, Lemma 3.3]). We take
the extension of scalars of them to ﬁur[[F ic]] and still denote them by using the same notations. In Section 7
we construct p-adic L-functions E?“}Cﬁ £ and Li?:gi,ga which are elements in ﬁ“r[[F,c]] or its fraction field.
Their interpolation formulas are given in (7-5) (see also Definition 7.8). The three-variable Iwasawa main
conjecture is [Greenberg 1994]:

Conjecture 2.2. X ¢ x ¢ and X?,’C,E are torsion ﬁ“r[[l";g]]-modules and

Hid 5 ¥, Hida
Charﬁur[{r,c]] Xrxe= (L‘ffg,c), and charﬁur[[FK]] Xfe= (Ef,S,IC ).

We can also replace f with a single form fy and have the two-variable main conjectures.

Conjecture 2.3. X 7 x ¢ and X?'O,/c,g are torsion @fIIFK]]—modules and

__ (Hida R b __ (pX,Hida
Char@ir[[l—‘,c]] Xf()JC,éj - (Ef(),l(:,i:)’ and Charogrﬂ'l—‘,c]] XfOJCsS - (ﬁfo,lC,S )

2C. Control of Selmer groups. In this subsection we prove a control theorem of Selmer groups which
will be used to prove Theorem 1.2. Let ¢ € Spec [T (@ p») be the point mapping y* to 1 and such
that ¢g|; corresponds to the form fj. Let g = ker ¢g|; be the point of weight two and trivial character.
Then we prove the following proposition.

Proposition 2.4. Suppose p |G, is absolutely irreducible. There is an exact sequence of Op[[I'c]l-

modules

b b p)
M — X§ e /9XF e = X5 e ™ 0
where M @@, L has support of codimension at least 2 in Spec O [T'x] ® L.

Proof. We write [ for I[I"x] for simplicity. Write T = T x ¢ as a [x-module. Let T be the A-module
Ty,.x.e- Recall that p = vovg. We have an exact sequence

0— T Q®np Ax = T, Iy = T & (pl)* — 0.

Write G, for the Galois group over K of the maximal algebraic extension of I unramified outside X.
From this we deduce

H'(Gies. T @a ) = H' (G, T @i, [)Ig0)
as in [Skinner and Urban 2014, Proposition 3.7]. We also have an exact sequence

HO(Ii,, T ®upreg OITx ™) = HO (I, T ®upreq (0ITx D))
— H'(Iy), T ®0, 7 (OLITkI*)) — H' (I, T ®upreq QITD™)).

From these we deduce an exact sequence of Ax-modules

M := ((coker s1)%")* /g (coker s1) %% <> XJEc’K’s/pXJEc’,C’g — X]ECO’,C,s — 0.
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Let Koo,5, (resp. Ko,u,) be the Z,-extension of K unramified outside vg (resp. vp) and let I'y, =
Gal(Kxo,3,) (resp. I'y, = Gal(K,,,/K)). Let y3, € I'y, and y,, € I'y, be topological generators. It is
well-known (e.g., see [Skinner and Urban 2014, Section 3.3.5] that we have

0T >T—>T/TT =0

as Gg,-modules. By the description of the Galois action, there is a y € Iy, such that y — I acts invertibly
onT+ Ry I cD*)). We take a basis (vq, vp) such that vy generates T and the action of y on T is
diagonal under this basis. Then it is not hard to see (by looking at the ;,-action) that if

ve Hy,, Ty 15)

we have v € (I[[T"y,])*v2 and if v € HO(I;,O, T ®i, (pli)*) then v € (lx)*v2. From the above discussion,
we know that ((coker sl)Gﬁo)* / ker qﬁ(’) (coker sl)Gﬂo is supported in

Spec(OLTW1® L).

Moreover by looking at the action of Frobg, we see it is killed by the function a;l R — 1 where a,,
is the invertible function in [ which gives the U ,-eigenvalue of f and R is the image in I", of Froby,
under class field theory. But a,(¢o) # 1 and R(¢p) =1 so a;l R — 1 is nonzero at ¢9. So the support of
M ®0, L has support of dimension at most zero and this proves the proposition. (I

3. Unitary groups

In this section, we introduce our notation for unitary groups and develop the Hida theory on them. We
mainly follow [Hsieh 2014a, Sections 2—4] in our presentation, which in turn, summarizes portions of
Shimura’s books [1997; 2000]. We define S, (R) to be the set of n x n Hermitian matrices with entries
in Ox ®z R. We define a map ep = ]_[v ey : Ag — C* where for each place v of Q, e, is the standard
additive character as in [Skinner and Urban 2014, 8.1.2] (which again follows Shimura’s convention). We
refer to [Hsieh 2014a, Section 2.8] for the discussion of the CM period Q2+, € C* and the p-adic period
Q, e 2

3A. Groups. Let§ € K be a totally imaginary element such that —i§’ is positive. Let d = Nm(8’) which
we assume to be a p-adic unit. Let U(2) = U(2, 0) and GU(2) = GU(2, 0) be the unitary group and
the unitary similitude group, respectively, associated to the skew-Hermitian matrix ¢ = (55/ 5,) for some
s € Z4 prime to p. More precisely GU(2) is the group scheme over Z defined by, for any Z algebra A,

GU2)(A) = {g € GL2(A®7 Ox) | '8¢ = A(8)¢, M(g) € A™}.

The map A : GU(2) — G,,, g — A(g) is called the similitude character and U(2) € GU(2) is the kernel
of A. Let G =GU(3, 1) and U(3, 1) be the similarly defined unitary similitude group and unitary group,
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respectively, over Z associated to the skew-Hermitian matrix

1
¢
—1
We denote this Hermitian space as V. Let P C G be the parabolic subgroup of GU(3, 1) consisting of

those matrices in G of the form
X X X X

X X X
X X X
X

Let Np be the unipotent radical of P. Then if X is the 1-dimensional space over K,
Mp :=GL(Xk) x GU(2) = GU(V),  (a, g1) > diag(a, g1. u(gn)a"")

is the Levi subgroup of P. Let Gp := GU(2) € Mp be the set of elements diag(1, g1, 1(g1)) as above.
Let 8p be the modulus character for P. We usually use a more convenient character 8 such that 83 = §p.
Since p splits as vovg in K, GL4(Ox ® Z,,)) — GL4(OICUO) X GL4(O/Ca0)- Here

UG, D(Zp) — GL4(Ok,)) = GL4(Z))

is the projection onto the first factor. Let B and N be the upper triangular Borel subgroup of G(Q,,) and
its unipotent radical, respectively. Let

K, =GU(3, 1)(Z,) = GL4(Z,),

and for any n > 1 let Ky be the subgroup of K consisting of matrices upper-triangular modulo p". Let
K| C Kj be the subgroup of matrices whose diagonal elements are 1 modulo p".
The group GU(2) is closely related to a division algebra. Put

D ={g e Mx(K) | g¢'g = det(g)¢}.

Then D is a definite quaternion algebra over Q with local invariant inv, (D) = (—$, —Dx/q), (the Hilbert
symbol). The relation between GU(2) and D is explained by

GU(2) = D* xg, Resic/q G-

For each finite place v we write D] for the set of elements g, € D such that [Nm(g,)|, = 1, where Nm
is the reduced norm. In application we will choose the D to be the quaternion algebra ramified exactly at
oo and the ¢ in the main theorems.

Let X be a finite set of primes containing all the primes at which IC/Q or £ is ramified, the primes
dividing the level of fj (as in the introduction), the primes dividing s, the primes such that U(2)(Q,)
is compact and the prime 2. Let ©! and %2, respectively, be the set of nonsplit primes in X such
that U(2)(Q,) is noncompact, and compact. We will sometimes write [D*] for D*(Q)\D*(Ag).
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We similarly write [U(2)], [GU(2, 0)], etcetera. For two automorphic forms f;, f, on U(2) we write
(f1, fr) = f[U(z)] f1(g) f2(g) dg. Here the Haar measure is normalized so that at finite places U(2)(Z,)
has measure 1, and at oo the compact set U(1)(R)\U(2)(R) has measure 1.

We define G, = GU(n, n) for the unitary similitude group for the skew-Hermitian matrix (71}1 1”) and
U(n, n) for the corresponding unitary group.

3B. Hermitian spaces and automorphic forms. Let (r,s) = (3,3) or (2,2) or (3, 1) or (2, 0). Then the
unbounded Hermitian symmetric domain for GU(r, s) is

X=X ={r=(]) 15 € Ms(©).y € Mpopps(©1.ix" =) > iy*c 'y},

We use xg to denote the Hermitian symmetric domain for GU(2), which is just a point. We have the

following embedding of Hermitian symmetric domains:
[ X3’1 X XQ’() — X3,3

(T5 X()) — ZTs

where Z, = (’y‘ C(/)Z) for T = (;‘)

Let G, = GU(r, s) and H, ; = GL, x GL;. Let G,(R)" be the subgroup of elements of G, ;(R)
whose similitude factors are positive. If s # 0 we define a cocycle

J:G (R x XT — H, (C)

by J(a, ) = (k (e, T), u(a, 7)), where for

. ab c
T= ( ) and a=|ge f
Y hild
(where « is a block matrix with respect to the partition (s + (r —s) +5)),

(o T)_( Chx4+d  Ry+1L
T\ @+ ) gy + et

in the GU(3, 1) case and

), ule, 7)y=hx+ly+d

k(e,7)=h'x +d, w(e,7)=hx+d

in the GU(3, 3) case. Leti € X be the point (i(l)s). Let K;g be the compact subgroup of U(r, s)(R)
stabilizing i and let K, be the group generated by Kt and diag(1, s, —15). Then

KL — H(C), koot> J(koo,i)

defines an algebraic representation of K. Later on in Section 6E we will also consider a different
choice i on the Symmetric domain for (7, s) = (3, 3) or (2, 2).
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Definition 3.1. A weight k is defined to be an (r+s)-tuple
k= (Crigs...’Cs1,Cly...,C5) €L T

withcy > -+ > ¢pp, 65 Z G541 +7 + 5.

Our convention for identifying a weight with a tuple of integers is different from others in the literature.
For example, our ¢;1; (1 <i <r)andc; (1 < j <s) corresponds to —a,1—; and by ; in [Hsieh 2014a,
Section 3.1].

We refer to [Hsieh 2014a] for the definition of the algebraic representation L (C) of H with the action
denoted by p (note the different index for weight) and define a model L¥(C) of the representation H (C)
with the highest weight k as follows. The underlying space of L¥(C) is L (C) and the group action is
defined by

P ) = pe (W), h € H(O).

We also note that if each k = (0, ...,0; «, ..., k) then Lk (C) is one-dimensional.
For a weight k, define | k|| by

k|| ;= —Csq1—+++ —Csr +C1+ -+ s

and |k| by
|]_<| = (Cl + e +CS)'U - (CS+1 + tee +Cs+r)-oc S ZI

Here [ is the set of embeddings X < C and o is the Archimedean place of K determined by our fixed
embedding K < C. Let x be a Hecke character of K with infinity type |k|, i.e., the Archimedean part of
X is given by

Xoo(2) = (ZCI"_’”"'QY . Z—(Cx+1+~-+cx+,)).

Definition 3.2. Let U be an open compact subgroup of G(A ). We denote by My (U, C) the space of
holomorphic L*(C)-valued functions f on X+ x G(A) such that for t € X*, 0 € G(@)" and u € U we
have

flat, agu) = w@) ok (@ ) f(z, 9).

Now we consider automorphic forms on unitary groups in the adelic language. The space of automorphic
forms of weight k and level U with central character x consists of smooth and slowly increasing functions
F : G(A) — L(C) such that for every (o, koo, u, 2) € G(Q) x KI xU x Z(A),

F(zagkoou) = p* (J (koo, )" F(2)x ™' (2).
We can associate a L;(C)-valued function on X T x G(A )/ U given by
(. 8) = xr(u(@)p*(J (8o ) F((foor £)) (3-D

where g, € G(R) such that g (i) = t. If this function is holomorphic, then we say that the automorphic
form F is holomorphic.
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3C. Galois representations associated to cuspidal representations. In this section, we follow [Skinner
and Urban 2014, Theorem 7.1, Lemma 7.2] to discuss the Galois representations associated to cuspidal
automorphic representations on GU(r, 5)(Ag). Let w be an irreducible automorphic representation of
GU(r, s)(Ag) generated by a holomorphic cuspidal eigenform with weight k = (¢c;45, . . ., Cs11; C1, - - -5 C5)
and central character x,. Let X (s;r) be a finite set of primes of (2 containing all the primes at which r is
unramified and all the primes dividing p. Then for some L finite over Q, there is a Galois representation
(see [Morel 2010; Shin 2011; Skinner 2012])

Ry(m) : G — GL,(L)

(n =r +s) such that:

(@) Ry(m) =~ R,(7)" ® Py, X#cel*" where Py yhte denotes the p-adic Galois character associated to
X;Jrc by class field theory and € is the cyclotomic character.

(b) R, () is unramified at all finite places not above primes in X (r), and for such a place w{p

. X 1—n\"!
det(1 — R, () (Froby)q,,*) = L(BC(n)w &® x,‘nw, s+ 7 )

Here, the Frob,, is the geometric Frobenius and BC means the base change from U(r, s) to GL, ;.
Suppose 7, is nearly ordinary with respect to k (see Section 3H) and unramified at all primes v dividing p.
Recall vy | p corresponds to ¢ : C >~ C,,. If we write k; =s —i+c; for 1 <i <sand ks1; =cpi+s5+r—i
fors+1<i <r+sy, then

Er s p€ T * * *
Er-i—s—l,vekrﬂfl *
Rp(”)|GIC,v02 . )
: %
‘SGHI,UG_Kl

an upper-triangular matrix, where §; ,, are unramified characters. Using fact (a) above, we also know that
R, ()3, 1s equivalent to an upper triangular representation as well (with the Hodge—Tate weight being
(—(k1+1=r—s—1k|), ..., —(kr45+1—r —s—|k|)), in our geometric convention ¢ ~! has Hodge—Tate
weight one).

3D. Shimura varieties. Now we consider the group GU(3, 1). For any open compact subgroup K =
K,K? of GU(3,1)(Ar) whose p-component is K, = GU(3, 1)(Z,), we refer to [Hsich 2014a, Sec-
tion 2.1] for the definition and arithmetic model of the associated Shimura variety, which we denote
as Sg(K) /0K )" The scheme Sg(K) represents the following functor: for any Ox, (y,)-algebra R,
A(R) ={(A, A, ¢, 7”)} where A is an abelian scheme over R of relative dimension four with CM by Ok
given by ¢, A is an orbit of prime to p polarizations and 7” is an orbit of prime to p level structures. There
is also a theory of compactifications of Si (K ) developed by Lan [2013]. We denote by S¢(K) a toroidal
compactification and S (K) the minimal compactification. We refer to [Hsieh 2014a, Section 2.7] for
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details. The boundary components of S, (K) are in one-to-one correspondence with the set of cusp labels
defined below. For K = K ,K? as above we define the set of cusp labels to be

C(K) = (GL(Xx) x Gp(Ap))Np(A)\GAf)/K.

This is a finite set. We denote by [g] the class represented by g € G(Ar). For each such g whose
p-component is 1 we define KIgJ =GpAp)N gKg_1 and denote Sj,) := Sg, (Klg)) the corresponding
Shimura variety for the group G p with level group K f;. By strong approximation we can choose a set
C(K) of representatives of C(K) consisting of elements g = pk® for p € P(A}E)) and k° € K° for K°
the maximal compact subgroup of G (A r) defined in [Hsieh 2014a, Section 1.10].

3E. Igusa varieties and p-adic automorphic forms. Now we recall briefly the notion of Igusa varieties
in [Hsieh 2014a, Section 2.3]. We remark that these materials are special cases in Hida’s book [2004,
Chapter 8]. Let V be the Hermitian space for the unitary group GU(3, 1) and let M be the standard lattice
of V as in [Hsieh 2014a, Section 1.8]. Let M, = M ®7 Z,,. Let Pol, = {N~!,N% be a polarization
of M. Recall that this means that N~! and N° are maximal isotropic Ox. ® Z ,-submodules in M, such
that they are dual to each other with respect to the Hermitian metric on V, and

-1 _ 0 _ -1 _ 0 _
rankzp N,, = rankzp N3, = 3, rankzp Nﬁo = rankzp Ny, = 1.

The Igusa variety Ig(K") of level p" is the scheme over O ., representing the quintuple A(R) =
{(A, A, 1, 7P, j)} where the A, A, t, 7j” are as in the definition for Shimura varieties of GU(3, 1) above,
and an injection of group schemes

Jj i @z NO < A[p"]

over R which is compatible with the Ox-action on both sides. Note that the existence of j implies that
A must be ordinary along the special fiber. There is also a theory of Igusa varieties over Sg(K). Let
w be the automorphic vector bundle on S¢(K) as defined in [Hsieh 2014a, Subsection 2.7.3]. As in
[loc. cit.] let H p—1€H 0(SG(K) /B> det(w)”~!) be the Hasse invariant. Over the minimal compactification,
some power (say the ¢-th) of the Hasse invariant can be lifted to O,,, by the ampleness of detw. We
denote such a lift by E. By the Koecher principle we can regard E as in H 0(§6(K), det(w' P~ D)). Let
Om =010,/ P" Oxc vy Set To 1= Sq (K)[1/E],0,,. For any positive integer n define 7T, ,,, := I (K") 0,
and Teo sn =1im, T, ;. Then T 1 is a Galois cover over Ty ,, with Galois group H >~ GL3(Z ) x GL1(Z)).
Let N C H be the upper triangular unipotent radical. Define

Vn,m = HO(Tn,ma OT )

n,m

Let Voo.m =1lim, Vy,  and Vi oo = lim, Vi, be the space of p-adic automorphic forms on GU(3, 1)
with tame level K. We also define W, ,, = V,me, Woom = Volg’m and W = lim, lim W, ,,. We define
an - etcetera, to be the cuspidal part of the corresponding spaces.

We can make similar definitions for the definite unitary similitude groups G p as well and define V,, ,,, p,
Voo.m. Py Voo,00. P, V,me,P, Wp, and so forth.
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Let Kjj and K| be the subgroup of H consisting of matrices which are in B3 x GL; or N3 x GL;
modulo p”, for Bz and N3 being the upper triangular Borel subgroup of GL3 and its unipotent radical,
respectively. (These notations are already used for level groups of automorphic forms. The reason for
using the same notation here is that automorphic forms with level group K!' are p-adic automorphic
forms of level group K'.) We sometimes denote /G (K{) = Ig(K")/K{ and I(Ky) = Ig(K")/Kj.

We can define the Igusa varieties for G p as well. For e =0, 1 we let Kf,’f =gK"g7'n Gp(Ay) and
let I (K!") := I, (K§") be the corresponding Igusa variety over Si;). We denote A7, the coordinate
ring of Ij)(KY{). Let AE;’] = lim, A’fg] and let AE;’] be the p-adic completion of Afgo]. This is the space of
p-adic automorphic forms for the group GU(2, 0) of level group gKg~' NG p(A 1)

For unitary groups. Assume the tame level group K is neat. Let ¢ be an element in Q@ \Ag 7 /(K). We

refer to [Hsieh 2014a, Section 2.5] for the notion of c-Igusa schemes 18(2)(1{ , ¢) for the unitary groups
U(2, 0) (not the similitude group). It parametrizes quintuples (A, A, ¢, 77, j) /s similar to the Igusa
schemes for unitary similitude groups but requires A to be a prime to p c-polarization of A such that
(A, A, 0, 7P, j)isa quintuple as in the definition of Shimura varieties for GU(2). For g. with u(g) € Aa
in the class of c. Let ‘K = g.K gc_1 NU(2)(Aq, r). Then the space 18(2)(1( , ¢) is isomorphic to the space
of forms on 18(2) (°K, 1) (see [loc. cit.]).

Embedding of Igusa schemes. In order to use the pullback formula geometrically we need a map from
the Igusa scheme of U(3, 1) x U(0, 2) to that of U(3, 3) (or from the Igusa scheme of U(2, 0) x U(0, 2)
to that of U(2, 2)) given by

i([(A1, A, o, 0y Ky, jD], (A2, Ay 1, 15 Ko, j2)]) = [(A1 X A, Ay X Ao, 1 X 12, (0] X n5) K3, ji X j2)].
(3-2)

3F. Fourier-Jacobi expansions.
Analytic Fourier—Jacobi coefficients. Let § € Q4. Over C we have the f-analytic Fourier—Jacobi

coefficient for a holomorphic automorphic form f on G = GU(3, 1) given by

1 n

Elp(f. g) = / Al n e eacpmdn
O\A 1

The Haar measure is normalized so that the set ((Q\A) has measure 1.

p-adic cusps. As in [Hsieh 2014a] each pair (g, j) € C(K) x H can be regarded as a p-adic cusp, i.e.,
cusps of the Igusa tower. In the following we give the algebraic Fourier—Jacobi expansion at p-adic cusps.

Algebraic theory for Fourier—Jacobi expansions. We follow [Hsieh 2014a, pages 16—17] to give some

background about the algebraic theory for Fourier—Jacobi expansion on the group G = GU(r, 1). These
are special cases developed by Lan [2012; 2013]. Recall [g] is a cusp label corresponding to class
g € G(Ay). One defines Z;) a group scheme over Sj,) using the universal abelian variety as in [loc. cit.]
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and denote Z,, the connected component over Si,). There is a line bundle £(B) on Zj) determined by B
[Hsieh 2014a, Subsection 2.7.4].

Now let f € HO(I(;(K]")/R, wy ) be a scalar weight « > 6 (i.e., of weight (0, 0, 0; «)) modular form
over an O algebra R, then by [Hsieh 2014a, Subsection 3.6.2] there is a Fourier—Jacobi expansion of f at
the p-adic cusp (g, h) for h € H

Flly(H) =Y aly(B. g’
BET g
where

ay(B. f) € (A3 ®0 R) @4, HO (20, L(B))

and ¥, is a sublattice of () determined by the level subgroup. This is given by evaluating f at the Mumford
family (O, h~! jon, wen) where joy is a fixed level structure (see [Hsieh 2014a, Subsection 2.7.4]). (Note
that we do not have the subscript N }{ there since it is a scalar weight «.)

Siegel operators. We have a Siegel operator @ at the p-adic cusp (g, ) defined by

D, : HOUG(K) k. ) — Al ®0 R

[ () =afy 0, f).

The Siegel operator at [g] can be defined analytically as follows: for any g € G(Ay) we define

Bpo(f) = / f(ng)dn. (3-3)
Np(@\Np(Ag)

We fix the Haar measure on Np(Q)\Np(Ag) as in [Skinner and Urban 2014, Section 8.2]. The relation
between the algebraic and analytic Siegel operator is given in [Hsieh 2014a, (3.12)].

3G. Weight space for GU(3,1). Let H = GL3 x GL; and T € H be the diagonal torus. Then H =~
H(Z,). We let A, = A be the completed group algebra Z,[[T (1 + pZ,)]l. This is (noncanonically)
isomorphic to a formal power series ring with four variables. There is an action of 7'(Z,) on the Igusa
scheme given by its action on the embedding j : p,» ®7z N O Al p"1. (See [Hsieh 2014a, Definition 3.4],
which in turn, follows Hida’s convention [2004, Section 8.2].) This gives the spaces of p-adic modular
forms for GU(3, 1) a structure of A-algebra. A Q p-point ¢ of Spec A is call arithmetic if it is determined
by a character [k]-[¢]of T (1+pZ,) >~ (1 -|—pr)4 where k is a weight and ¢ = (1, &2, ¢33 $4) for §; € jupeo.
Here [k] is the character by regarding k as a character of T(1+Z,) by [k](t1, 12, 3, t4) = (t; “t, “t; 1, ")
and [¢] is the finite order character given by mapping (1 + p) to ¢; at the corresponding entry of 7'(Z),).
We often write this point k. We also define o*1 as a character of the torsion part of 7'(Z,) (canonically
;%1 ).
We can define the weight ring A p for the definite unitary group G p as well.

isomorphic to (F;)4) given by ol¥(t1, 12, 13, t4) = w (t; 1, °

3H. Nearly ordinary forms. Here for convenience we again follow Hsieh’s treatment of Hida theory, but
point out that the results are actually due to Hida [2002]. We refer to [Hsieh 2014a, 3.8.3 and 4.3] for the
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definition of the U, operator and Hida’s idempotent e acting on the space VOIZ’ o Of p-adic automorphic
forms on GU(3, 1) and the nearly ordinary subspace of the space of p-adic modular forms. The space of

nearly ordinary automorphic forms (cusp forms) is denoted as Wyq (W rd) For g =0 or & we let Voqrd

be the Pontryagin dual of Wgrd. Then we have the following theorem [Hsieh 2014a, Theorem 4.21]:
Theorem 3.3. Let g =0 or &. Then:
(1) v4 ord IS a free A module of finite rank.

(2) For any k very regular we have natural isomorphisms

(K. A)® A/ Py = eM{ (K, O))

MG
where /\/lgrd(K, A) is defined in Definition 3.5. Here we identify eMZ (K, Oy,) with its image in the
space of p-adic automorphic forms of weight k under By for the map Py defined in [Hsieh 2014a,
(3.3)].

Remark 3.4. If K is a general CM field, then the statement of the corresponding result is more complicated;
see [Hsieh 2014a, Section 4.5].
31. A-adic forms.

Definition 3.5. For any finite A algebra R, and ¢ =0 or @ we define the space of R-adic ordinary forms
to be
rd(K R) :=Homjy (V Ord, R).

Similarly, if R is a A p-algebra, then we define

Mord,[g1,P (Kp,[g], R) := Homp , (Vord, p[g]> R)-
Here the subscript [g] means that the prime to p level group is K f, as defined previously.

For any f € Moq(K, R) we have an R-adic Fourier—Jacobi expansion

Fllg ()= Y aly(B. g (3-4)

BeS g
obtained from the Fourier—Jacobi expansion on Word, where a[ ¢ J(ﬂ f)eR ®A[ 2l a4, H O(Z[ 2] L(B))
(see [Hsieh 2014a, Subsection 4.6.1]). We also have an R-adic Siegel operator which we denote as <I>[ L

Let
1

wh = € GL4(Z,) ~UQ@3, 1)(Z)).
1

(Notice that we used the place vy to identify GL4(Z ) with U(3, 1)(Z,,) here. We use wg instead of wj
as in [Hsieh 2014a, page 35] to distinguish it from w3 € U(3, 3).) Now we have the following important
theorem:
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Theorem 3.6 [Hsich 2014a, Theorem 4.26]. Let R be as before. We have the following short exact
sequence

0 &)M% ZGB&)?;] g

0—> Moy(K, R) > Moa(K, R) ——— @gecx)Mord(K5, R) — 0.

We need one more theorem which gives another definition of nearly ordinary p-adic modular forms
using Fourier—Jacobi expansions.

Definition 3.7. Let R be a finite torsion free A-algebra. Let X (K) be the set {(g, h)} where g runs over
a set of representatives of cusp labels C(K) and 4 runs over T which is the diagonal torus of H. Let
Nord (K, R) be the set of formal Fourier—Jacobi expansions

F= { > aB. F)g’.a(B. F) e (RRAT)D" ® HO(Z7,), E(ﬂ))}
BeS g geX(K)

(here ® means completed tensor product, and the superscript A in (R®A<[’§])A means that the A-action
as a nebentypus character is compatible with the A-algebra structure of R), such that for a Zariski dense
set X'r of points ¢ € Spec(R) such that the induced point in Spec(A) is some arithmetic weight k., the
specialization Fy of F is the Fourier—Jacobi expansion of a nearly ordinary modular form with prime
to p level group K, weight k and nebentype at p given by [k][{ ]~ 1.

Then we have the following theorem [Hsieh 2014a, Theorem 4.25]:
Theorem 3.8. Mord(K, R) = Nowa (K, R).

Remark 3.9. The proof uses the p-adic g-expansion principle for GU(r, 1), which is proved by Hida
[2009, Theorem 0.1] (also recalled in [Hsieh 2014a, Subsection 3.6.4]). The g-expansion principle follows
from the irreducibility of the Igusa scheme. As mentioned by Hida [2014a] the Igusa scheme is not
quite irreducible; in fact the component group is isomorphic to the quotient of GL3(Z,) x GL(Z,) over
his My, which is the subgroup consisting of matrices (g;, g») with det g; = det g,. (Hida proved the
monodromy group, i.e., the image of 771(51( (G)/[Fp, s)in GL3(Z,) x GL{(Z)) is exactly this M;.) By
our definition of X (K) above, it clearly contains a representative of this quotient. So we still have the
g-expansion principle.

4. Background for theta functions

Now we recall briefly the basic notions of theta functions and theta liftings, following closely to [Zhang
2013] with some modifications.

4A. Heisenberg group. Let W be a finite-dimensional vector space over Q, with a nondegenerate
alternating form (-, - ). We define

HW):={(w,t) |weW,teQ,}

with multiplication law: (wy, t1)(w2, ) = (wl +wy, 1+ + %(wl, wz)).
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4B. Schrodinger representation. Fix an additive character ¢ of @, and a complete polarization as
W =X&Y of W where X and Y are maximal totally isotropic subspaces of W. Let S(X) be a space of
Bruhat—Schwartz functions on X, and define a representation py of H(W) on S(X) by

Py f(2)=f(x+z),xeX
Py f@D=v{z,y)f(2),yeY
Py () f(2) =Y () f(z), 1 €y

This is called the Schrodinger representation. By the theorem of Stone and von Neumann, py, is the
unique irreducible smooth representation on which Q, = {(0, ) | t € O, } acts via the character .

4C. Metaplectic groups and Weil representations. Let Sp(W) be the symplectic group preserving the
alternating form (-, -) on W. Then Sp(W) acts on H(W) by (w, t)g = (gw, t) (we use column vectors
for w € W and the left action of Sp(W) as [Zhang 2013]). By the uniqueness of py, there is an operator
wy (g) on S(X), determined up to scalar, such that

Py (W, Dy (g) = wy (8) py (W, 1)

for any (w, t) € H(W). Define the metaplectic group Sva,(W) = {(g, wy (g)) as above } which we often
abbreviate as Sp for short. Thus Sp(W) has an action wy, on S(X) called the Weil representation.

Now suppose ¥ =[], ¥, is a global additive character of @\Ag and W is a finite-dimensional vector
space over Q) equipped with an alternating pairing ( -, - ). We can put the above construction together for
all v’s to get a representation of SNp(W)(A) on S(X (A)). This can be viewed as a projective representation
of Sp(W) (a representation with image in the infinite dimensional projective linear group). We now
give formulas for this representation. Let {ey, ..., e,; f1,..., fu} be a basis of W = X & Y such that
(ei, fj) = dij. With respect to this basis, we write elements in X in row vectors, and the projective
representation of S~p(W) (Ag) on Proj S(X (A)) is given by the formulas

e wy((*401))p(x) = |det A|'2p (x A);
e 0y (("))p(x) = Y (xB'x/2)p (x);

* wy ((_1 1))(;5(x) = yqs(x) where <13 means the Fourier transform of ¢ with respect to the additive
character . The y is an 8-th root of unity which is called the Weil constant.

4D. Dual reductive pairs. A dual reductive pair is a pair of subgroups (G, G’) in the symplectic group
Sp(W) satisfying:

(1) G is the centralizer of G’ in Sp(W) and vice versa.

(2) The action of G and G’ are completely reducible on W.

We are mainly interested in the following dual reductive pairs of unitary groups. Let IC be a quadratic
imaginary extension of @, (Vi, (-, -);) be a skew Hermitian space over XC and (V», (-, -)2) a Hermitian
space over K. Then the unitary groups U(V;) and U(V;) form a dual reductive pair in Sp(W), where
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W = V| ® V, is given the alternating form %tr;c /a((-,-)1®(-,-)2) over Q. The embedding of the dual
reductive pair (U(V;), U(V3)) into Sp(W) is

e: U(V) x U(Va) = Sp(W), e(g1,82)- (11 ®@v2) = v1g1 ® g5 'va.

4E. Splittings. Suppose dimy V| = n and dimg Vo = m. If x; and x, are Hecke characters of X* such
that x; |A<S = X,’é/@ and Xz'% = X;'g/@, then there is a splitting (see [Harris et al. 1996, Section 1])

s :UV}) x U(Va) — Sp(W)

determined by x> and x;. This enables us to define the Weil representations of U(V}) x U(V;) on S(X (A))
which we denote as @y, ,, = ®y, ® wy,.

4F. Theta functions. Now let us define theta functions.

Definition 4.1. Let ¢ € S(X(Ag)). Define the theta kernel function

o)=Y ¢.

leX(Q)
Let J = H(W) x Sp(W) (f = H(W) x S})(W)) be the Jacobi group with Sp(W) acting on H (W) by

(w, 1) -g =(wg, 1) (SNp(W) acts on H(W) by (w, t) - g = (wg, t), where g is the image of g in Sp(W)).
We define a theta kernel on J (Ag) as below.

Definition 4.2. Let g € Sp(W) and (w, t) € H(W), define

Op((w, D) = Y pyw,nZ.$).
leX(Q)
Using the Weil representation of the dual reductive pair above (with the choices of the splitting
characters) we define the theta kernel for the theta correspondence as follows:

Definition 4.3. 0y (81, 82) = 0(w(g1, 82)9).

4G. Intertwining maps. Here, we study the intertwining maps between theta series corresponding to
different polarizations (X, Y) of W. Suppose r € Sp(W), then (r X, rY) gives another polarization of W,
and all polarizations are obtained this way. If ¢ € S(X) then we define an intertwining map (local or
global) 8y : S(X) — S(rX) by

Syp(xr) = wy (r He(x) -1

for x € X. We can see that §y, is an isometry intertwining the actions of J.

Let W~ be the skew Hermitian space which is isomorphic to W as Q,-vector spaces but equipped
with the alternating pairing —( -, - ). For a polarization (X, Y) of W we present the intertwining formula
for the two polarizations ( XX )Y @Y )and {wbw,w e W}B{wd —-—w,we W)of W W™.
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We write the formula for the map &y, : S(X(Q,) ® X (Q,)) — S(W(Q,)) and its inverse
Sy (@) (x1,y) = / VY (2(x2, y)) P (x1 +x2, x2 — x1) dx2

55 @) = [ =2 )0~ 2. 1) . (4-2)

Another easy property is that if the two polarizations (X, Y) and (r X, rY') are globally defined, then the
theta kernels ®, and Oj, (4) are defined and

Op(u, ng) = Oy, (p)(u, (rn)g).

4H. Special cases. Here we give two special cases which are used later. Case One is used in Section 8C
to construct families of theta functions on U(2). Case Two is used in the computation of Fourier—Jacobi
coefficients for the Siegel-Fisenstein series on U(3, 3) as a finite sum of products of Siegel-Eisenstein
series and theta functions.

4H1. Case one. We write V for the two-dimensional Hermitian space over K for ¢ /§ with respect to the
basis (vy, v2), V'~ for the Hermitian space for —¢ /8 with respect to the basis (v, , v, ), and V; for the
one-dimensional skew Hermitian space with the metric § with respect to the basis v. Let W =V ® V; and
W~ =V~ ® V). We define several polarizations for the Hermitian space W := W @ W~ (the alternating
pairing being the direct sum of those for W and W™).

Definition 4.4. X =QuuRuvdQuu®v
X =0v;, Qv Qu, v
Y =Qvi Qv Qsv, ®v
Y™ :=0Qv; @ vdQsv, Q.

Fix the additive character ¢ =[] ¢,,. Thus W =X @Y and W~ = X~ @ Y~ are globally defined
polarizations. For a split prime v we write v = ww for its decomposition in K. We will often use
an auxiliary polarization W, = X @ Y, of W, = W ®x K, with respect to K, >~ K, x Ky = @% and
W, = X;_ ® Yl/,_ that is defined by X = K,,v1 @ v B K12 Q@ v, Y, = Kyv; ® v @ Kpvz ® v and similar
for X ;_, Y;_. This polarization is better suited for computing the Weil representation. For split primes v
let 8:2 :S(X,) — S(X,) and 81;’” (S(X, ’/) — S(X, ) be the intertwining operators between the Schwartz
functions defined above.

Let WY = {w @ w, w € W} (d stands for diagonal). We denote the intertwining maps

8y 1 S(X, ® X)) — S(W9)

and if v splits,
8, S(X, @ X,) — S(W).

Recall the formulas given in (4-2).
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Remark 4.5. In application in Section 6 we compute the intertwining operator
8y S(X, X)) — S(WY)

(for W = (V @ V™) ® V}) in this special case and the Weil representations restricting to semidirect
products H(W) x (U(V @& V™) xU(V})) (recall U(V @ V™) x U(V}) < Sp(W)). We provide the matrix
forms of these semidirect products that will be used in Section 6. Let U; and U, be unitary groups

associated to the matrices
1

¢ 13
1 and (_13 )

—¢

respectively, and let U} and U}, be the unitary groups associated to

(=) e (7))

considered as subgroups of U; and U, respectively in the obvious way. Let N be the subgroup of U
consisting of matrices of the form
1 x 1 * X2
12 {xik
1 )
—¢x5 1p
and N, C U, the subgroup consisting of matrices of the form

1 x t—i—%(xy*—yx*) y

1, y* 0
1
—x* I

The corresponding semidirect products mentioned above are J; = N 1U/1 and J, = N2U/2. These are used
later in computing Fourier—Jacobi coefficients (see Definition 6.5 for J,).

4H2. Case two. Now we discuss another special situation which will be used in the Fourier—Jacobi
coefficient computations for the Siegel-Eisenstein series on GU(3, 3).
The local set-up. Let v be a place of Q. Let h € S1(Q,), h # 0. Let Uy, be the unitary group of this
matrix and let V), be the corresponding one-dimensional Hermitian space. Let
Vo, =K2®K:=X,8Y,

be the Hermitian space associated to U, = U(2, 2) with the alternating pairing denoted as (-, - ),. Let
W =V, ®x, V2,,. Then

(_’ _) = TrK:U/@U((_7 _>h ®]Cv <_s _>2)
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is a Q, linear pairing on W that makes W into an eight-dimensional symplectic space over Q,. The
canonical embedding of U, x U, into Sp(W) realizes the pair (U, U;) as a dual pair in Sp(W). Let A,
be a character of /C such that A, lgx = XK/Q0- As noted earlier, there is a splitting Uy, (Q,) x U»(Q,) —
Sp(W (@,) of the metaplectic cover Sp(W Q) — Sp(W, Q,) determined by the character A,. This
gives the Weil representation w,, 1, which we denote here as wy, 3, (4, g) of Up(Q,) x Up(Q,) where
u €U, (Q,) and g € U(Q,), via the Weil representation of S~p(W, Q,) on the space of Schwartz functions
S(Vy, ®xk, Xy) (we use the polarization W =V, @k, X, @V, ®k, Y,). Moreover, we write wy, 5, (g) to
mean wy, ), (1, g). For X € M142(K,), we define (X, X), ='XhX (note that this is a 2 x 2 matrix). We
record here some useful formulas for wy, 3, which are generahzatlons of the formulas in [Skinner and
Urban 2014, Section 10.1].

@3, (1, )P (X) = wp v, (1, P X),
o, (diag(A, "A~1))®(X) = A(det A)|det A/ > D (X A),
@2, (r(8§)P(X) = ®(X)e, (tr(X, X)),

O, (MD(X) = |det A, / B(Y)ew (Tre, (tr(Y, X)) dY.

The global set-up. Let & € S1(Q), h > 0. We can define global versions of U, GU;,, W, and (—, —),
similar as the local case above. Fixing an idele class character » = ®2, of A¢ /K> such that A|gx = Xllc /Q

the associated local splitting described above then determines a global splitting U, (Ag) x U;(Ag) —
%(W, Ag) and hence an action wy, := Qwp 5, of Uy (Ag) x U1(Ag) on the Schwartz space S(Va, ® X).
In application, we require the infinity type of A to be (—%, %)

For any Schwartz function ® € S(Va, ® X) we define the theta function

Onp(d, —): J(A) > C.

associated to it by
On(@.u,8)= Y wni(@)@x). g€ JA).
xeVeX

41. Theta functions with complex multiplication. We consider the situation of theta correspondences
for U(¢) =U(V) and U(V}). Let V be a two-dimensional Hermitian vector space over K. Let L be an
Oy lattice such that it gives an abelian variety .A; = C?/L.

Let H be a Riemann form on V and € : L — U be a map where U is the unit circle of C (in application
the € is given by the formula after [Zhang 2013, (38)], there is a line bundle £  on A, associated to H
and € as follows: define an analytic line bundle £z . ~ C x C?/L with the action of L given by

l-(w,x)=(w+LeDe(xH{l,w+1))x), leL, (w,x)eC*xC

where e(x) = ¢*™*. The space of global sections of this line bundle is canonically identified with the
space T (H, €, L) of theta functions consisting of holomorphic functions f on V such that

fw+D=fweDe(xH(I+w+1%)), weV,ieL.
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There are arithmetic models for the above abelian variety and line bundle. Shimura defined subspaces
T*(H,e, L) C T(H, €, L) of arithmetic theta functions by requiring that the values at all CM points are
in Q which under the canonical identification, are identified with rational sections of the line bundle (see
[Lan 2012, Section 2.6], and also [Zhang 2013, Appendix B] for a discussion in terms of theta kernel
functions. Note that we only need to consider arithmetic sections, but not integral sections.)

Adelic theta functions. Now we consider theta functions for U(3, 1). Let the Hermitian form on V be
defined by

(vi, v2) = V1gVs —VagVy.
Let Uy be some compact open subgroup of U ({)(Ay).
Definition 4.6. We define the space Ta(m, L, Uy) of adelic theta functions as the space of functions
O : N@QUEO@A\NAUE)A)/U(C)UsN(L) f — C,
where N=Np CU@3, 1) and U(¢) — U (3, 1) as before;
N(@L)y={w,0lxel,t+iwiw* e n(@)Ok},
where (L) is the ideal generated by w¢w™* for w € L and © satisfies
OO0, 0)r)=emt)O(r),r e NAAYU(Z)(A).

Since U(¢) is anisotropic, the set U($)\U(¢)(A)/U({)oUy consists of finitely many points
{x1,...,x} C U@)Ay). We assume that for each x; the p-component is within GL,(Z,) under
the first projection U(Q,) >~ GL,(Q),). In this paper, we consider the case satisfying the following:

Assumpution. The lattice L is such that m(SIE/l@)l ¢'l is always integral for any i and [ € x; L.
Then for any

O e€Ta(m,L,Uy),
write ®;(n) = ©(nx;) for n € N(A) as functions on N (A). Then for each i we define the function
b (Weo) = e(—m 3wl w*)O; (Weo, 0)).

If this function is holomorphic then it is a classical theta function in 7 (H, €, x; L) where H and € are
defined as follows. The

H©,v):=—2miv¢'.

As in [Hsieh 2014a, Subsection 7.2.3], we choose a finite idele u = (u,) € A ) such that Ox, =Z,®Zyu,
for each finite place v. For each [ € x; L let x; and y; be the unique elements in Ag, ; such that

JE' T =x; 4 yu.
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Let ¥ be the standard additive character Q\Ag such that at the Archimedean place it is given by
YV (Xoo) = 2™ Let ¥, (x) = ¥ (m tric/o(x) for x € Ax. Define €(/) = ¥,,(—x;). Then under our
assumptions the € is well defined and takes a value of £1.

If it is the case that for all i the 6; is holomorphic, then we say it is a holomorphic adelic theta function
and write the corresponding space as TA{{Ol(m, L,Uy).

We make the following identification (recall we defined Z["g] in Section 3F)
H(Z5,, L(B) ®C~ T (B, L, Uy)

for certain level group Uy = Up, x [ ], Ub.

A functional. Recall that we constructed a theta function 6, on the Jacobi group J (V') from the Schwartz
function ¢. As mentioned in the introduction, we only need to develop a rational theory on theta functions
instead of p-integral theory. Upon choosing v € Vj such that (v, v;) = 1 we have an isomorphism
V>~W=V®YV. Wealso consider W~ =V~ ® Vj. It is the space W but with the metric being the
negative of W. Let H~ = H(W™) be the corresponding Heisenberg group. We have an isomorphism of
H and H~ (as Heisenberg groups) given by

(w, t) = (w, —1).

We construct a theta function 6* = 64, on H~ x U(V ™) for the Schwartz function ¢;. We have chosen a
set {xg, ..., xy} above. We write

(0,5 0p) (xi) ;:/

0p, (nx;)0p(nx;) dn.
[N]

and

(@1, )y, = / @;-1(x;) (P1) () wx (x;) (@) (x) dx.
X(Ag)
Then it is easy to check for each x;,

(0, 0p) (xi) = (D1, P)x; - (4-3)

We first construct a functional /. on the space H O(Z[Og], L(B)), which we identify with some 7' (8, €, L)

for appropriate € and L as before (we save the notation /o~ for later use) with values in Afg).

Lemma 4.7. The general elements in H O(ng], L(B)) is a linear combination of s% ’s with coefficients in
Apgl, where ¢ =[], ¢y are kernel functions such that ¢ is defined as in Definition 6.12, and ¢, takes
Q-values for v < .

Proof. This can be seen by interpreting the theta functions defined before [Zhang 2013, Theorem B.2]
in terms of Weil representations presented here. Note that the CM period Q2 is missing in [loc. cit.,
Theorem B.2]. The algebraicity follows from [Shimura 1976, Theorem 2.5]. In fact in [loc. cit.] the
period is i (zg) for some weight % form 4 on Sp,, as our Hermitian space is two-dimensional, and zg is a
CM point with h(zg) # 0. This A(zp) is just Q4 up to multiplying by a nonzero algebraic number. [
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We define
0
lé*(—(p)(xi) 32/ O, _1 ) (1) ()00, (x) () () d
$200 N@)\N(Ag)

= / w; -1 (x;) (1) ()@ (x;) (@) (x) dx. (4-4)
X(Ag)

The last equality is easily seen, and we denote the last term as (a);1 (x;)(¢1), wx(x;)(¢)). Note that in
N(@Q)\N (Ag) we identified H with H~ using the above isomorphism. (In the literature, people usually
consider |, N(@)\N(Aag) 08 (n)04,(n) dn for 65 and ,, on the same space of theta functions. We use a
different convention for the sake of simplicity.) So by taking appropriate ¢; the /. is a rational functional.
We extend the definition of /), to whole H 0z [g]°, £(B)) linearly. Thus, it is well defined.

Lemma 4.8. The l). takes values in the space of constant functions on any theta function 04 as above.

Proof. We note that for any ¢,

(-1 (X)) (P1), W.(xi) (@) = (91, @). (4-5)

This is a standard fact and can be seen by simply unfolding the definition and integration. The lemma
follows from the above equation. (I

Remark 4.9. Later we will use this functional on Fourier—Jacobi coefficients for U(3, 1). We can view
it as a function on GpNp(A) by Fli¢1(p, f) =Flp(pg, f) for p € GpNp(A) and thus an adelic theta
function. Lan [2012] has proved the following compatibility of the analytically and algebraically defined
Fourier—Jacobi expansions using the usual identification of the global sections of £(8) with (classical or
adelic) theta functions, keeping the rational structures

Fling (=, ) =FI,())(=).

Note that the period factor appearing in [Hsieh 2014a, Section 3.6.5] is 1 since we are in the scalar
weight «.

5. Klingen-Eisenstein series
From now on throughout this paper we define z, = (k —3)/2 and z. = (k —2)/2.

SA. Archimedean picture. Let (1, V) be a finite-dimensional representation of DX . Let /o and 7o
be characters of C* such that ¥, |~ is the central character of 77+,. We assume here that 7, (z) =z %/2z%/?
and v is trivial. Then there is a unique representation 7y, of GU(2)(R) determined by 7 and ¥, such
that the central character is Y. These determine a representation 7y, x T of Mp(R) >~ GU(2)(R) x C*.

Here for g € GU(2)(R) and x € C*, we identify with it an element

n(g)x!
m(g, x) = ¢ | eMpm.
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We extend this to a representation p, of P(R) by requiring that Np(R) acts trivially. Let I (V) =
Indggg; Poo (smooth induction) and 7 (po0) C I (Vo) be the subspace of K, -finite vectors. (Elements of
I (Vo) can be realized as functions on K..) For any F' € I(V) and z € C* we define a function F, on
G(R) by

F.(g) :=8(m)****p(m) f (k), g = mnk € P(R)Koo.

There is an action o (p, z) on I (V) by

(0(p,2)(8)) (k) = F.(kg).

We let p and I(py,) be the corresponding objects by replacing oo, Yoo, Too With 7Toe ® (oo 0 Nm),

YooTooTags T Let

Then there is an intertwining operator A(poo, z, —) : I (psc) = 1(pY%) by

A(Pso, 2, F) (k) ::/ F.(wnk) dn.
Np(R)

In this paper, we use the case when 7, is the trivial representation. By the Frobenius reciprocity law
there is a unique (up to scalar) vector ¥ € I (p) such that k.0 = det wu(k, i) for any k € K. We fix
v and scale ¥ such that (1) = v. In " it has the action of K}, given by multiplying by det u(k, i)7*.
There is a unique vector 3% € I (p") such that the action of KT, is given by det u(k, i)™ and 0" (w) = v.
Then by uniqueness there is a constant ¢(p, z) such that A(p, z, 0) = c(p, 2)0".

Definition 5.1. We define F,, € I (p) to be the v as above.
We record the following lemma proved in [Wan 2015a, Section 5.4.2]:
Lemma 5.2. Let k > 6 and z,, = (k — 3)/2. Then c(p, z,) = 0.

5B. {-adic picture. Let (7ry, V) be an irreducible admissible representation of D> (Q;) and 7y is unitary
and tempered if D is split at £. Let ¢ and t be characters of K, such that w@ex is the central character
of ry. Then similar to the Archimedean case, there is a unique irreducible admissible representation 7y,
of GU(2)(Qy) determined by 7, and ;. As before we have a representation 7y, x t of Mp(Q;) and
extend it to a representation py of P(Q,) by requiring that Np(Qy) acts trivially. Let I (p;) = Indgggg 0¢
be the admissible induction.

Define F; for F € I (p;) and pL,V, I(pgv), A(py, z, F) etcetera as before. For v ¢ ¥ we have D*(Qy) =~
GL,(Qy¢). Moreover, we can choose isomorphism as a conjugation by elements in GL,(Ok ) (note that

both groups are subgroups of GL(Cp)).

Definition 5.3. When 7y, ¥y, t¢ are unramified and ¢, € V; are spherical vectors, then there is a unique
vector F(,?@ € I (p¢) which is invariant under G(Z;) and F(gz(l) = @y.
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5C. Global picture.
Definition 5.4. We define an Eisenstein data D = (X, m, ¥, T, ¢) to consist of the following:
« A finite set of primes X containing all bad primes.
e An irreducible unitary cuspidal automorphic representation (7 = ®,7,, V) of D*(Ag) and a vector
¢ =11, ¢v € m, which is ordinary at p.
« The ¥ =[], and T = []7,, CM characters of K*\AZ of infinite types (0,0) and (—%, %),
respectively, such that 1| A% is the central character of . We define & := /.

Remark 5.5. In application the ¢ we use later on is not of the form [, ¢,, but is a finite sum of such
functions. However all theory extends to this situation easily by linear combination.

We define (o) to be the restricted tensor product of ®, 1 (p,) with respect to the unramified vectors
Fg{ for some ¢ = ®,¢, € m. We can define F,, I(p") and A(p, z, F) similar to the local case. The F,
takes values in V which can be realized as automorphic forms on D*(Ag). We also write F;, for the
scalar-valued functions F,(g) := F,(g)(1) and define the Klingen—Eisenstein series

E(F,z,9):= Yy,  Fyg.

yEP(Q\G(Q)

This is absolutely convergent if Re z > 0 and has meromorphic continuation to all z € C.

5D. Good Klingen—Eisenstein sections. We specify good choices for Klingen—Eisenstein sections at
local places. We write

« For the Archimedean place we define Fp o := Fj.
« For finite places v outside X, we define Fp , := ng.

« For finite places v inside X, let y be an element in O, divisible by some high power of the uniformizer
w, at v (to be made precise in the next chapter). Let ) be the set of matrices A € U(2)(Q,) such that
M = A — 1 satisfies

M@ +yyN) =ZCyy

for some N € M>(O,). Let ¢ be some vector invariant under the action of ). Let K 52) be the subgroup
of G(Q,) of the form
1 f c
1, g
1

where
g=—C0'f, c—1f'feZ, fe(y)., ge€@yy)., ceO,.
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We define F) , to be supported in PwK (2 and is invariant under the right action of K @ and such that

Fyy(w) =t(yNI3)°1,7 7 Vol (D) - .
This F) , is the Klingen—Eisenstein section Fp , that we choose.

« For the p-adic places we use the following:

Definition 5.6. Define Fg’;p € I,(p) to be the Klingen section described as follows It is supported in
P@Q p)wgB, (Z,) where B;(Z,) consists of matrices in GL4(Z,) which are upper triangular modulo p,

1
W = € GLy(Z,),
1

and is right invariant under N,(Z,) for N;(Z,) € B;(Z,) consisting of matrices which are 1 along the
diagonal modulo p’; see [Wan 2015a, Section 4], note the differences in the indices discussed there
(Subsections 4.D.2 and 4.D.4 in [loc. cit.]). The w’3 here is the wpere there.). Moreover we require that
the value of Fg’,'p on wj is given by ¢. We define the p-part level group K; C GL4(Z),) to consist of
matrices congruent to some elements in B(Z,) modulo p'.

Now we briefly recall Hida’s U, operator for U(3, 1). We refer to [Hsieh 2014a, Section 3.8] for
geometric backgrounds for U, operators, and that it is compatible with our representation theoretic
description below. Let A1, ..., A4 be 4 characters of Q, m = IndgL” Ay .vvy Ag).

Definition 5.7. Let k = (c4; c1, ..., c3) be a weight. We say (Ay, ..., A,) is nearly ordinary with respect
to k if the set

{val, A (p), ..., val, (Pt ={c1 =3, o+ 3. c3+ 5. ca— 3}

We denote the set as {ky, ..., K45} SO that k1 > - -+ > k4.
We define the p-component of the Eisenstein data is generic if it satisfies Definition 6.30. Let
Ap=2Zylt1, 12, ..., 1y, tn_l] be the Atkin-Lehner ring of G(Q),), where #; is defined by

1, _:
= N(ZP)OI,'N(ZP), o = < n 1 > .
pli

Then ¢; acts on 7V (Z») by

vt = E x,-ai_lv.

xeNla;lNa,-

We also define a normalized action with respect to the weight k following [Hida 2004]
vlit=8) ™ Pp T,

(The § is the modulus character).
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Definition 5.8. A vector v € 7 is called nearly ordinary if it is an eigenvector for all ||#;’s with eigenvalues
that are p-adic units.

Now we define

Exiing p(g) = E<H Fpy x F)',. 2. g). (5-1)
vip

The following proposition is easily proved as in [Skinner and Urban 2014, Proposition 9.8].

Proposition 5.9. The classical automorphic form corresponding to Exiing p defined by (3-1) is a holo-
morphic automorphic form on U(3, 1) with weight k = («; 0, 0, 0).

Suppose 7, is nearly ordinary, in the sense that it is of the form 7 (x1,,, x2,) with val,(x1,,(p)) = — %,
val,(x2,,(0) = % Then it is easy to check that the representation /(o)) is nearly ordinary with respect to
the weight k. Suppose moreover that the p-component of the Eisenstein datum is generic. Then we have

Proposition 5.10. The F 19" is an eigenvector for all the actions ||t; with eigenvalues
hehi(phprt,
which are clearly p-adic units.

Proof. The proof is a little convoluted and given in [Wan 2015a, Subsection 4.4.1]. It uses the intertwining
operator which maps F g" to the section supported on the big cell (denoted f* there; see Lemma 4.16
of [loc. cit.]), whose eigenvalues are easy to compute. It is proved in [loc. cit., Lemma 4.17] that the
f*¢is indeed an ordinary operator. In the generic case, the intertwining operator gives an isomorphism
between the corresponding principal series representations of GL4(Q),). Although our definition of being
“generic” is different from [loc. cit.], however the argument of [loc. cit., Lemma 4.17] still works. Then as
in the proof of [loc. cit., Lemma 4.19], one checks the F l?" and the f* have the same action by the level
group K’, and that such vector is unique up to scalar in the corresponding principal series representation,
identifying the F 2" and the f¢ under the intertwining operator. These altogether implies that F 2" is
indeed a nearly ordinary vector.

In our U(3, 1) situation the argument is also given by Hsieh [2011, Section 6.2]. O

Remark 5.11. It is worth pointing out that the definition is quite different from the U(2, 2) case in
[Skinner and Urban 2014]. The nearly ordinary section is supported on the set containing the Weyl
element w/ instead of the identity. This description also coincides with property that in [Hsieh 2011,
Lemma 6.6] that the only Weyl element in which the ordinary section is nonzero is wj.

Definition 5.12. Throughout this paper, we fix the tame level subgroup Kg D of U(3, 1)(AP°°), under
which our Ekjing p 18 invariant. We can do so by simply taking it to be the set of matrices congruent to 1
modulo the (y¥)? at each finite place not dividing p for the y above. We also define the p-component of
the level group as the N;(Z,) above, where 1 is the one in the definition for “generic”.
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SE. Constant terms.

Definition 5.13. For any parabolic subgroup R of GU(3, 1) and an automorphic form ¢ we define ¢y to
be the constant term of ¢ along R given by the following

or(g) = / o(ng) dn
Nr(@Q)\Ng(Aq)

where Ny is the unipotent radical of R.
The following lemma is well-known (see [Mceglin and Waldspurger 1995, Section I1.1.7]).

Lemma 5.14. Let R be a standard Q-parabolic subgroup of GU(3, 1). Suppose Re(z) > %

() If R # P then E(f, z, 8)r =0.

() E(f.z,-)p=fz+Ap, [,z
5F. Hecke operators. Let K' = Ky, ,,K* C G(A%) be an open compact subgroup with K> = G(Z%)
and such that K := K/Kg is neat. For each v outside ¥ we have GU(3, 1)(Q,) >~ GU(2, 2)(Q,) with
the isomorphism given by conjugation by some elements in GL4(Ok,). So we only need to study the

unramified Hecke operators for GU(2, 2) with respect to GU(2, 2)(Z,). We follow closely to [Skinner
and Urban 2014, Sections 9.5 and 9.6].

Unramified inert case. Let v be a prime of Q inert in K. Recall that as in [Skinner and Urban 2014,

Section 9.5.2] that Z, ¢ is the Hecke operator associated to the matrix zo := diag(w,, @y, @,, @,) by the
double coset Kz9K where K is the maximal compact subgroup of G(Z,). Let ty := diag(w,, @y, 1, 1),
t) :=diag(1, wy, 1, @, ') and 1 := diag(w,, 1, @, !, 1). As in [loc. cit., 9.5.2] we define

Ry :=2[X,,q"?, ¢ ]

where X, is T(Q,)/T (Z,) and write [¢] for the image of ¢ in X,. Let Hg be the abstract Hecke ring
with respect to the level group K. There is a Satake map: Sk : Hx — R, given by

Sk(KgK) =y 8, tlt;]

if KgK =ut;n; K fort; € T(Qy), n; € Np(Q,) and extend linearly. We define the Hecke operators T;
for i =1, 2, 3, 4 by requiring that

4 2
14+) SI)X =[]0 —¢ 11X 0 — ¢} 1617 %)
i=1

i=1

be an equality of polynomials of the variable X. We also define

4
Qu(X) =1+ T{(ZoX)"
i=l

Unramified split case. Suppose v is a prime of @Q split in K. In this case we define zél) and z(()z)

to be (diag(w,, @, @y, @y), 1) and (1, diag(w,, @w,, @y, @,)) and define the Hecke operators Z(()l)
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and Z(()Z) as above but replacing zg by z(()]) and z(()z). Let tl(l) := diag(1, (wy, 1), 1, (1, wv_l)) and
tz(l) = diag((wy, 1), 1, (1, zzf,jl), 1). Define ti(z) = f;l) and 1; = ti(l)tl.(z) for i = 1,2. We define R,
and Sk in the same way as the inert case. Then we define Hecke operators Tl.(j ) fori = 1,2,3,4 and
Jj =1, 2 by requiring that the following

4 2
14+ ZSK(TZ(J))XI — 1_[(1 _QS/Z[II(J)]X)(l _qS/Z[Zi(J )]—IX)
i=1 i=1

be equalities of polynomials of the variable X. Here j' =3 — j and [ti(j )]’s are defined similarly to the
inert case. Now suppose v = ww for a place w of K and a place v of Q. Define i, = 1 and iy = 2. Then
we define

4 4
0, (X) =1 +ZTi(iw)(Z(<)3—iw)X)i and  Qp(X) =1 _{_ZTi(iw)(Z((f—iQ)X)i.
i=1 i=1
5G. Galois representations. For the holomorphic Klingen—FEisenstein series, we can also associate a
reducible Galois representation with the same recipe as in Section 3C. Write t’ for the restriction of t to
Ag and let o,/ be the corresponding Galois character of Gg via class field theory. The resulting Galois
representation associated to the Klingen—Eisenstein series we defined above can be seen as follows:

OpOyce © @ O¢c6_3 @® pnf.drce_(KH)/z.

Note that « + 3 is an odd number; however, 7 ; is a unitary representation whose L-function is the usual
L-function for f shifted by % So it makes sense to write in the above way. This can be obtained in
the same manner as [Skinner and Urban 2014, Sections 9.5 and 9.6], by studying the Hecke operators
defined above. Indeed the Galois representation is determined by its local Euler factors at unramified
places, which has been worked out in [loc. cit., in particular Proposition 9.14].

6. Siegel-Eisenstein series and pullback

6A. Generalities.

Local picture. Our discussion in this section follows [Skinner and Urban 2014, Sections 11.1-11.3]
Aq B
0 D,
of matrices whose lower-left n x n block is zero. For a place v of Q and a character x of I we let

closely. Let Q = Q, be the Siegel parabolic subgroup of G, consisting of matrices ( ) It consists

I,,(xv) be the space of smooth K, ,-finite functions (here K, , means the maximal compact subgroup

Gn(Zy)) f : Knp — C such that f(gk) = x,(det D) f'(k) for all ¢ € Q,(Q,) N K, , (we write g as

block matrix (/?)‘1 g‘? ). For z € C and f € I(x) we also define a function f(z, —) : G,(Q,) — C by
q

f(z. qk) == x(det Dy))|det A, D, 772 £ (k). g € Qn(@,) and k € K,y .

For f € I,(xv), z € C, and k € K, ,, the intertwining integral is defined by

Mz, f)(k) := Xy (mn (k) [z, wyrk)dr
No, (Fy)
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where N, is the unipotent radical of Q,, and w, := ( 1, L ) For z in compact subsets of {Re(z) > n/2}
this integral converges absolutely and uniformly, with the convergence being uniform in k. In this case it
is easy to see that M (z, f) € 1,(x¢). Let i/ € C be an open set. By a meromorphic section of 1,(x,) on
U we mean a function ¢ : U — I,(x,) taking values in a finite-dimensional subspace V C I,(x,) and
such that ¢ : i/ — V is meromorphic. A standard fact from the theory of Eisenstein series says that this
has a continuation to a meromorphic section on all of C.

Global picture. For a Hecke character x = ® x, of A we define a space I,(x) to be the restricted tensor
product defined using the spherical vectors fUSph € I,(xy) (invariant under K,, ,) such that fUSph(K nw) =1,
at the finite places v where y, is unramified.

For f € I,(x) we consider the Eisenstein series

E(fiz.9):= Y.  fzve:

Y €Qu(@\GL(Q)

This series converges absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > 5} x G (Ag).

The defined automorphic form is called Siegel-Eisenstein series.

The Eisenstein series E(f; z, g) has a meromorphic continuation in z to all of C in the following sense.
If ¢ : U — I,(x) is a meromorphic section, then we put E(¢; z, g) = E(¢(2); z, g). This is defined at
least on the region of absolute convergence and it is well-known that it can be meromorphically continued
toallz e C.

Now for f € I,(x),z € C, and k € ]_[vj(oo K ]—[vlOO K, there is a similar intertwining integral
M(z, f)(k) as above but with the integral being over Ng, (Ag). This again converges absolutely and
uniformly for z in compact subsets of {Re(z) > n/2} x K,,. Thus z +— M (z, f) defines a holomorphic
section {Re(z) > n/2} — I,,(x¢). This intertwining operator has a continuation to a meromorphic section
on C. For Re(z) > n/2, we have

M(Z’ f) = ®UM(Z9 fl))v f = ®fl)
The functional equation for Siegel-Eisenstein series is
E(f.z.8) =X"(WE@NEM(z, [); =2, 8)

in the sense that both sides can be meromorphically continued to all z € C and the equality is understood
as an equality of meromorphic functions of z € C.

6B. Embeddings. We define some embeddings of a subgroup of GU(3, 1) x GU(0, 2) into some larger
groups. This is used in the doubling method. First we define GU(3, 3)’ to be the unitary similitude group



Iwasawa main conjecture for Rankin—Selberg p-adic L-functions 419

associated to

< )
_é‘

a:{g1 x g€ GU@B, 1) x GU(0, 2), 1u(g1) = (g2)} = GU(3, 3)’

We define embeddings

and
o' {g1 x g2 € GU(2,0) x GU(0, 2), iu(g1) = u(g2)} > GU(2,2)

by a(g1, g2) = (¥ ) and &’ (g1, 82) = (*' ). We also define isomorphisms
B:GU@3,3) = GU@3,3) and B :GU(2,2) = GU(2,2)
by
g S7lgS or g 57 lgs
where

_ 1 —¢/2 (1 =¢/2
S= 1 and S_(—l _{/2)

—1 /2
We write y and y’ for the embeddings B o« and B’ o o, respectively.
We define an element Y € U(3, 3)(Q,) such that 1, = S,;)l and T{)O = Sv_olv/, where S is defined

as above. We know that under the complex uniformization, taking the change of polarization into
consideration the map (3-2) is given by

i([z, g1, [x0, h]) = [Z¢, (g, M) Y] (6-1)
(see [Hsieh 2014a, Section 2.6].)

6C. Pullback formula. We recall the pullback formula of Shimura. Let x be a unitary idele class

character of A¢. Given a cusp form ¢ on GU(2) we consider

Fo(fizg) = / £z, S ag, e S)F(det g19)p(g1h) g1,
U(2)(Ag)

fel(x), geGUG, D(Ag), heGUR)(Aa), n(g)=nh)
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or

Rz = [ e e ahs) el de,
U©2)(Ag)

f'eb(x)., geGU2)(Ag), heGUR)(Ag), u(g)=n(h)

This is independent of /. We see that the above integrals can be factorized as local integrals, which we
denote as Fy, (fy; 2, &) and F(;U (f,); z, 8v), respectively. The pullback formulas are the identities in the
following proposition.

Proposition 6.1. Let x be a unitary idele class character of Ag.

W) If f' € Iy(x), then F(;,( f'; z, ) converges absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > 1} x GU(2, 0)(Aq), and for any h € GU(2)(Ag) such that u(h) = nu(g)

/ E(f'; 2,8 \a(g, gih)S) x (et gihe(gih) dgi = Fy(f'; 2, 8.

U2)@\U2)(Ag)

(1) If f € I3(x), then Fy(f; z, g) converges absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > 3} x GUG3, 1)(Aq) such that ju(h) = j1(g)

E(f;z, 5 a(g, g1h)S)X (det gihe(gih) dg) = > Fyo(fi2.78).

A(Z)(@)\U(z)(A@) }/GP(@)\GUG, DH(Q)

with the series converging absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > 2} x GU(3, D(Aq).
This is a special case of [Wan 2015a, Proposition 3.5], which summarizes results proved in [Shimura

1997].

6D. Fourier-Jacobi expansion. From now on we fix a splitting character A of *\Ag of infinity type
(—%, %) which is unramified at p and unramified outside ¥ and such that A| Ax = XK/Q- Let t be a Hecke
character of K£*\A; of infinity type (—%, %)

Definition 6.2. For 8 € §,,(Q) and ¢ a holomorphic automorphic form on GU(n, n) we define the 8-th

1, S
vp(8) :f (p(( ! )g)eA(—Tr,BS)dS.
Sy (@)\S, (A) n

For a prime v and f, € I,(7) we also define the local Fourier coefficient at g, € GU(n, n)(Q,) as

1, S,
fvﬁﬂ(z’ gv):f fU(Z’wn(( 1 )gv)>ev(_Tr,BSv)dSv-
Sn(Qy) n

For ¢ a holomorphic automorphic form on GU(3, 3) and 8 € Q" we define

S0

A= [ o[ 00]¢|eu-Tepsas
Q\A 13

Fourier coefficient
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For E(f; z, g) with f € I3(t) we define

Flg(f:2,8) =FIg(E(f:z, =))(8)-
The following formula is proved in [Wan 2015a, Subsection 3.3.1].

Proposition 6.3. Suppose f € I3(t) and B € Q4. If E(f; z, g) is the Siegel-Eisenstein series on GU(3, 3)
defined by f for some Re(z) sufficiently large, then the B-th Fourier-Jacobi coefficient Eg(f; z, g) satisfies

S x
13 - :
Eg(fiz= >, Y, fas| 2% 0] y)gea(=pS)dS  (62)
y€02(@)\ GU(@) xek2 ¥ 1A 13
where
7 U, 1) xUQ2,2) < U3, 3)
is given by
A B
. D
J (g1, 8) = c D
B A

fe1=(cp) eV 1. g2= (g ) €UQ.2).
Definition 6.4. If g, € U(2,2)(Q,), x € IC% and a € K, we define
| S x
FJ,s(fv;z,x,gv,a)zf forws | 7 % 0] j(diag(a, @), gu))eq, (— Tr BS) dS.
S1(Qy) 15

We have
. _ 1= (2+1/2) gy _ . -1
Flg(fvi z, x, g, a) = ty(deta)|detaal, Flagx(fv;z,a” x, 8, 1).

Definition 6.5. For x, y € IC% and t € Q,, we write n(x, y, t) for

1y t—i—%(yx*—xy*) X

12 x* 02
1

So that it becomes a Heisenberg group if we give the pairing ((x1, y1), (x2, y2)) = y1X3 +x2y] —y2x] —x15.
(see [Zhang 2013, Section 4]).

Lemma 6.6. We write

S0

FJﬁ(fu;z,n(x,y,t)a(l,u))=/ flws B oo (. y, 0 j(u) | ea(=TrpS)ds
S1(@y) 15
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foru e U(2,2)(Qy) and n(x, y, t) as above. Suppose for some place v we have

Flg(foiz,n(x,0,0)a(l, u)) = f(u, 2)wp () (x)

for any u, n(x, 0, 0) as above, and some Schwartz function ¢ € S(W?) and some fell(t/A)y, z). Then
we have

Flg(fv; z, (x, y, Ha(l, u)) = f(u, 2)wp;.(n(x, y, ) -u)$(0)
foranyn(x,y,t).
Note that comparing with [Ikeda 1994] we have switched the roles played by x and y.

Proof. Since

S 1 1 xBA™! . S—xB% xA
o i | A S AR
1 - 1 ’
I3 BA-l A BA~! _Bx A I3

it follows that

A BA™! . -
Flg (fv; 7, X, < = ) g, a> = r;(detA)—l|detAA|i+3/Zev(— Tr('aBaB)) Flg(f;z,xA, g, a).

Now the lemma is a consequence of

1 —y 1y t+%(yx*—xy*) X 1 t— %(yx*-i—xy*) X
1; _ 1, x* 02 1, x* 02
1 h 1 1
'l -y 1 1
where we write y* for y. O

6E. Archimedean cases. We leti := (i ¢ /2) or % depending on the size (3x3) or (2x2). Let J, (g, Z) :=

det(Cg4i + D,) for g = (éj gi ) be the automorphic factor for U(n, n). The Siegel section we choose

is fsieg,D,oo = fsieg,oo = fi(g,2) = J3(g, i) "|Ja(g, i)lK_22_3 and s/ieg,D,oo = s/ieg,oo = f;é(ga 7) =
Jo(g, 1) |Ja(g, 0)|" —22=2 Recall for @ € s We define the pullback sections

Fi(z,8) = / fie(z, S (g, g1)S)T(det g1)m(g1)p dg
Uu@2) (R
and
Fl(z,8) = / flz, 8 (g, g1)S) T (det g1 (g1)¢ dgi
U@2)(R)

If we define an auxiliary f, (z, 8) = Ju(g,i1,) 7 |Ju(g, i1,)[*=%" for n = 2, 3, then fi(g,2) =
123(880) and (g, 2) = f,(8go) for

§l1/2q1/4 gl/4 s12g1/4N\ 1 /7 q1/4\ !
go :diag<1’ , ' 1’ ( > ' <_) )
V22 V2 V2
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§12g1/4 glA 1214\ 1/ g1/4N !
e ) ()
V2o V2 V2 V2

depending on the sizes.

or

Lemma 6.7. The integrals are absolutely convergent for Re(z) sufficiently large and for such z, we have:
6)) FD,Kling,oo(Za g8)=F(z,8)= FK,z(g)-
(i1) Fl/)’Oo := F/(z, g) = (g)p, where F , is defined in Definition 5.1 using ¢ as the v there.

Fourier coefficients. The following lemma is [Skinner and Urban 2014, Lemma 11.4].

Lemma 6.8. Suppose B € S, (R). Then the function z — fi g(z, &) has a meromorphic continuation

to all of C. Furthermore, if k > n then fi , g(z, g) is holomorphic at z, = (k —n)/2. Fory €

GL,(©), [, p (2, diag(y, 51 =0 ifdet B <0 and if det B > O then

(=2)~" Qi)™ 2/m)" =
[T)Zg(k —j — D!

The local Fourier coefficient for f, can be easily deduced from that for f.

[on p (s diag(y, 571) = e(i Tr(By'y)) det(B)* " det y*.

Fourier—Jacobi coefficients. The following lemma can be found in [Wan 2015a, Lemma 4.4].

Lemma 6.9. Let z, = (k —3)/2, B € Ry. Then:
() Flg(aa £230 0.0, 1) = £2) 5(ze + 1, Deli Tr(5px). Recall that n = (_, ).
Gi) If g € U2, 2)(R), then
Flg (e, fiz %, 8 D) = e Tr B)er (B, k) [y 2(2ier 8)@p i (8) Ppoo ().

where g'=("2_, )g("*_ ), c1(B, ) =((=2) 7' 2mi)* /(k—1)!) det B*~" and P oo =2 Tr(x¥)0)
Recall that the (x, x)g is a 2 by 2 matrix.

Lemma 6.10. We have

Flg(fi,x, 8. 1) =e(i TrB)ci1(B, k) J (g, 1) “wp 1. (8'80) Pp.00(X)
forall g € U2,2)(R), x € C2.
Proof. Note that

o o . NZAN .
fie(g. 2) =J(g, 1) =J(ggo. i) “J(go, )" = (T) J (880, 1)~ " . O
Lemma 6.11. Let x| = (x11, X12), X2 = (X21, X22) where the x;; € R. Then

55 (@11 (180) P1.00) (X1, X2) = L (51/2d1 /)= 2T/ dloxi +47) o ~2m Vw53 )

Proof. Straightforward from the expression for ®; o, and dy. U
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We summarize the key definitions associated to the Archimedean datum below.

Definition 6.12. Recall we defined fieg p.co = friegoo = fc(8,2) i= J3(g, i) “|J3(g,i)[* %3 and
e pioo = Fiegoo = f1(8:2) = Ja(g. 1) | a(g. )72 Now set

Dpoo =w1(80)P1.00s  S2.D.00(8) = fr_1(880):

DY oo = 01(M80)PDcor  f2D.00(8) = fr_1(gn80).

_ 2,2
P00 (X1, X2) = .00 (x1, X2) = 2(5'/*d' e VAETHD) -y xR,

Finally we record a lemma.

Lemma 6.13. Let Z € X5 5 and ®g 7 (x) = e(tr({x, x)gZ)). For any g € U(2, 2)(R),

Wp 1 (8)Pp 7z =det J (g, Z) ' @p o(2)-
Proof. Similar to [Skinner and Urban 2014, Lemma 10.1]. U

Example 6.14. We work out an example for the theta function constructed via the Weil representation
whose Archimedean Schwartz function is given by Definition 6.12. We check that it is nothing but the
adelic theta function defined before. We take the w, in [Zhang 2013, Appendix B] to be the identity. The
z there is thus equal to the w; there. We first note that

1 z t4202%/2
N> 1, cz*
1
i+t+z7%/2

[
conjugation of z. (Note that the z is not the z in [loc. cit.] —instead it plays the role of i there.)

acting on i gives ( ) Thus the complex structure on N/Z(N) is given by the complex
Now write z = (z1, z2), and write x = (x1, x2) € Q2. A straightforward computation using the formulas
for Weil representation of H (W) implies that the classical theta function is a sum

Z l—[ ¢v(x)e—(x$+2xlzl+z%/2)2nﬁ_e—(x2+2xzzz+z§/2)2nsﬁ

X <0

for x running over some lattice of @2. This is clearly holomorphic with respect to the complex structure.
In fact comparing with the notations in [loc. cit.], taking the u there to be 2(z, Z2)¢ and z there to be 2¢,
this theta function is nothing but the one considered in [loc. cit.].

In applications later on, we also take Schwartz functions in ¢ € S(Ar) and consider the associated
theta function ©y for ¢ = ¢ o X ¢ 7. Suppose the O is right invariant under the open compact level
group K € NU(¢)(Ay). Then we define L to be a certain lattice contained in

(N@NK)/(Z(N)( Q) NK)

satisfying the assumption after Definition 4.6, and Uy = K NU(¢)(A*). The associated classical theta
functions 6 is indeed in TAEIOI(I, L,Uy).
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6F. Unramified cases. Let v be a prime outside X (in particular v{ p). Then the Siegel sections fico, p,v =
Jo,sieg = oP" and Jéeapw = Jo.sies = P s defined to be the unique section that is invariant under
GU(n,n)(Zy) (n =3,2) and is 1 at identity.

Lemma 6.15. Suppose w,  and t are unramified and ¢ € 1 is a new vector. If Re(z) > % then the
pullback integral converges and

: L(m,§,z+1)
Fxiing.p.v = Fo(fi?12,8) = — Z—F,.(g)
[Tio LQz 43 —1i, T xx)
where F, is the spherical section defined using ¢ € . Also
, L(7,&z+1
Fp, = F,(f™, 2,8 = ( 2) 7(g)e.

[T LQz+2—i,7x})
This is a special case of [Lapid and Rallis 2005, Proposition 3.3].

Fourier coefficients.

Definition 6.16. Let @ be the characteristic function of O%.
Lemma 6.17. Let B € S,(Q,) and let r :=rank(B). Then for y € GL,(K,),
£ (2. diag(y. 571)

n—1 R _
j— L 2Z 1 —n 1’ T 1
= 7(dety)|detyy| =/ 2D =D/ M= Lez4i—n+1,7'x))

M= LRz +n—i, T'xk)

where hy gy € Z[X] is a monic polynomial depending on v and 'y By but not on t. If B € S,(Z,) and

By 58y (T (q)qy =),

det B € Z, then we say that B is v-primitive and in this case h, g = 1.

Proof. This is a computation of Shimura [1997, Propositions 18.14 and 19.2]. See also [Skinner and
Urban 2014, Lemma 11.7]. |

Fourier—Jacobi coefficients.

Lemma 6.18. Suppose v ¢ ¥ and not dividing p. Let B € S1(Q,) such that 8 # 0. Let y € GL,(K,) be
such that 'y By € S1(Zy), let A be an unramified character of K such that Moy = 1. If B € GL1(Ok.v),
then for u € Ug(Q,), we have

1 o @ 8) (@ s, (1, 8)P0) (x)

Q h Pe—
FJﬂ(f;P 2, X, 8, u) =t(detu)|detuul, L2z +3.7)

Here g' = (12 _12)g(12 _12), and the f;ph on the right is in 1(t/)).
This is a formal generalization of [Skinner and Urban 2014, Lemma 11.8].

i sph sph,’
Definition 6.19. Recall we have defined fiico, 0,0 = fo,sice = P1and fs/ieg Py = fs’ieg Y, = P We also

define ¢, , and ¢, , to be the Schwartz function on X, which is the characteristic function of Z%. We
sph,’
define fop, = fo' , ®p,p = Pg and 7, , = Po.
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6G. Ramified cases. Let f' e I,(t) (n =2 or 3) be the Siegel section supported on Q(Q,)w, Q(Z,),
which takes value 1 on w, No(Z,). The Siegel section we choose is I3(7) 3 fsieg,v = fsieg, D0 = (g
where y, is

L, 12/(yy)
1
P

where y € O, is some fixed element such that the valuation is sufficiently large (can be made precise in
the text). We also define
12(‘[) > fsieg,D,v = fs/ieg,v = fT(g)%)

12 12/)’?)'

where 7, = (7 7

Pullback formulas. Recall the notations in Section 5D.

Lemma 6.20. Let ¢ be some vector invariant under the action of ) defined before, then

Filing D.v := Fy(z, w) = T(y M| (35)°, 57> Vol(Y) - .
Also
Fp = Fy(f) siegi 22 8) = TONIGI)?7! Vol() - 7 (9)e.
The proof is a special case of [Wan 2015a, Lemma 4.9 and 4.10].

Fourier coefficients.

Lemma 6.21. (i) Let B € S3(Qy). Then f, (z. 1) =0if B & S3(Ze)*. If B € S3(Zy)* then

fop(z, diag(A,' A1) = D,z (det A)|detAA|ZZ+3/2eg( _
yy

where Dy is the discriminant of ICy.
(i) If B € $2(Qy), then fy p(z, 1) =0if B € Sa(Ze)*. If B € S2(Z¢)* then

£l 4z, diag(A,'A7") = D, 7 (det A)|detAA|;Z+r/zeg(M>.

yy
The proof is a special case of [Wan 2015a, Lemma 4.12].

Fourier—Jacobi coefficients.

Lemma 6.22. If B ¢ Si(Z,)* then Flg(f': z. x, g, 1) = 0. If B € S1(Z,)* then
Flg(ff2,x, 8, 1) = fT(z, gmwp, (h, gn~H®o(x). VoI(S1(Z,)),

where g’ = (12 _lz)g(]2 _12).

The proof is a special case of [Wan 2015a, Lemma 4.13].
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Definition 6.23. Let A = 1,/(yy). Thus

1 1
FJﬂ(fsieg,v§Z,x’ 8, h):fT(Z»g (—A 1) U)(wﬁ,xv(h,g (—A 1) n))'iI)o(x)

for h € Ug(Q,). We define <D/1§7U = a)ﬂ((l ’;‘))@0 and &p , = a)lg’,\v((_lA 1)’7)q>0- We also define
fow=p((_4)n) /"€ b@/n).

Split case. Suppose v = ww is a split prime. Recall we have the local polarization X @ Y,. Now we
write x| = (x{,, x{,) and x} = (x},, x},) with respect to K, >~ K, x K. The following lemma follows
from a straightforward computation and will be used later.

Lemma 6.24. Let g, be a character of 7} such that
cond(X,) < cond(xg,,) < ord,(yy).

Then it is possible to choose a Schwartz function ¢| such that the function
$1(xp) = /X 8 (@D (] 1)) (x]) dlx]
1

is given by
XvXB,v(xéz) xél € 2y, xéz € Z;(’
0 otherwise.

Ph(xy) = {

Moreover we can ensure that when we are moving our datum in p-adic families, this ¢| is not going to
change.

Remark 6.25. Note here we have flexibility on choosing the 4 , for split v. It is an analogue of the
fact that in the doubling method, if we choose the Siegel section as in the beginning of this subsection,
then the local pullback integral is nonzero if the test vector has appropriate conductor. This flexibility is
important for our argument in Section 8C.

We define
B1o =8 ($)), b2 =5, (). (6-3)
Nonsplit case.

Lemma 6.26. We consider the action of the compact abelian group U(1)(Q,) on 8;1 (@) by the Weil

representation (using the splitting character Ay) of
I xUM(@Qy) = 1 xU2)(Qy) — U@R)(Qy) x U2)(Qy) — U2, 2)(Qy).

We can write 8;1 (@) as a sum of eigenfunctions of this action. Let m = max{ord,(cond 1,), 3) + 1. If

ordy, (yy) > m, then there is such a nonzero eigenfunction ¢, , whose eigenvalue is a character )L% X0.v
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for xe.» of conductor at least w)", such that there is a Q p-valued Schwartz function ¢y, and a set of
constants Cy; € Q, and u, ; € U(1)(Q,)’s such that the function

$2,0(x2) =/ > 8,1 (Coiwp s, (i, DO (x1, X2)1 0 (x1) dixy
Xl(@v) i

(here 1 e U(2,2)(Qy)).
Proof. Consider the embedding U(1, 1) — U(2, 2) by

jigr 1

1 Cg dg 1

for g = (ﬁj ’;:'). Define for(g, ) = (g1, ( () P))(0) € Ir(t/Ay). We define i : U(1) x U(1) — U(1, 1)
by

. (172 =172\ (1 1 —8/2

i(81,82)= (—5_1 —5_1> ( g1> (_1 —8/2) . (6-4)

Joy(i(1,81), 5) = (@p.0, (j oi (1, gN)PNO) = By, (1, g1)8,, ©))(0).

For g € U(1)(Qy),

Here in the first and last expression 1 € U(2)(Q,) and g; is viewed as the element in the center of
U(Q2)(Q,). Thus we are reduced to proving the following lemma. O

Lemma 6.27. Let g1 = 1+ w".a € U(1)(Q,) for m as in the above lemma and a € Oy, if n = yy is
such that ordy n > m then for(i(1, g1); %) # for(1; %)

Proof. We have the following:

12 —1/2\ (1 1 =82\ (12 —g/2 1 —58/2
-5~ —57! gi)\—=1 =8/2)  \ =671 —571g )\ -1 =6/2
_( 1/2+g1/2 —8/4+6g1/4)
T\ - sTlgr 1244172

a b\ (1 1/n\ _(a a/n+b\ _(n(ad—bc)/(c+nd) a/n+b 1
cd 1) \cec/n+d) 0 c/n+d) \n/(1+ndjc) 1)

Now the lemma follows readily. (Il

and

Definition 6.28. From now on we fix the choices and define the local characters xg , as in Lemma 6.24
and Lemma 6.26.

As before we summarize the definitions associated to our Eisenstein datum at v.
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Definition 6.29. Recall we defined fiieo, p,v = fsieg.v = f T(g7) where
1

and defined
fswg Doy — fs1eg v fT(ng

1 + T
fpy= P((_A 1) n)f € Iz(i)'

We define ®p , = wpg, Av(( ) )<I>o We also define the ¢ , and ¢, , as in (6-3) or as in Lemma 6.26,
depending on whether v is split or not.

where 7, = (" 12/1(2)@). Let

6H. p-adic cases. We recall some results in [Wan 2015a, Section 4.D] with some modifications. Recall
that we have the triple (7, ¥, 7,) and &, := ¥, /1), in the p-component of the Klingen—Eisenstein datum
D, where x, is the central character of 7, and Wpl@x = Xp. Suppose 7, is nearly ordinary in the sense
that 7, = 7w (x1,p, x2,p) such that ord, (x1,,(p)) = —3 L and ord »(X2,p(P)) = 5. We write 7, = (11, 72)
and &, = (&1, &2).

Definition 6.30. The triple (7, ¥, T,,) is generic if there is a > 2 such that &, &, x,, Xp_lél, Xp_léz
all have conductor p’.

Although the definition for generic points is different from [Wan 2015a, Definition 4.21], the argument
there goes through since the only place using this definition is Lemma 4.19 there, which can be proved
completely in the same way under our definition for generic. We define: Sﬂ' = X1, p§ 2, SJ = X2, pé 2. Let
K33 C GLg(Z p) be the subgroup consisting of matrices congruent to upper triangular matrices modulo
p'. We define f; to be the Siegel section supported in Q(@Q,)K,, invariant under K 1(3’3) and takes value 1
on the identity. We define

foica.D.p = Ficg.p(8) = 0(x)) 3 (T, —2)p g EDE (~DaE)E (—1)

1 a—{—bbmn bzn
_ _ 1 n
x Y EQoE bS8 . . (6-5)
a,bep"Z;/Zl, ! 1
m,nel,/p'Z,

and

fRepp = Fig @ =0 e @, —p~aE)E] (—Dg@EDE (- 1)

1 a bm
. _ 1 b

x Y E@oE@bf[sr| 1 . (66)
abep™'Z%/2,, by

meZ,/p'Z,
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We also define
Fheap.p = Fheg.p(®) = 8(r) e (7, =) p Y gEDE (—DgEDE] (1)

_ _ 1 a+bmn bm
x > Elp'El(p'D) fi (gT( Lobn b)) (6-7)

abep=Z5 /Ly mnel,/p'Z, !

Here T € U(3, 3)(Q)) is such that

_é-—l _é-—l

via the first projection U(3, 3)(Q,,) >~ GL¢(Q),) and ¢, (', z) = T/ (p™) p2riz—innt /2

Among these sections the feo p,p and fs/ieg D.p

late. The relations between these sections are

1
fSng,D,p(g) = Z fs‘ijeg,’D,p (g)/ (1’ (n 1) )) . (6_8)
neZ,/p'Z, p

The reason for introducing the [ sections is to help computing the Fourier—Jacobi expansion.

correspond to Siegel-Eisenstein series that we interpo-

Pullback formulas. We refer to [Wan 2015a, Subsection 4.D.1] for the discussion of nearly ordinary

vectors, which means the vector whose U ,-eigenvalues are p-adic units. Let ¢ = A= 7, be a nearly
ordinary vector.

Definition 6.31. We define the p-adic Klingen section F(g) to be the Fg" defined in Definition 5.6,
multiplied by

K—ZP(K—S)I

g(z) "', (pp EL X1 pXa (P TBEL X1 )0 EL x5 -

Then by the computations in [Wan 2015a] we have the following (see the end of [loc. cit., Section 4]):

Lemma 6.32. (1) Fy,(fsieg,p» x> &) = Fo(g) := FKiing,p(8)-
2) F)(flog.pr 20 ) =P VE X1 x5 (P8E px1 )G p X5 )T ().

Proof. For reader’s convenience we briefly recall the proof of [Wan 2015a] in case (1) of this lemma.
In our U(3, 1) case the proof is actually much simpler than the general case considered in [loc. cit.].
The proof uses the trick of [Skinner and Urban 2014, Proposition 11.13] of using the local and global
functional equations to reduce the local pullback integral for feg , to that of another Siegel section fszeg’ »
defined below. The computation of the pullback section of f.|

~ sieg, p
an auxiliary Siegel section f;geg’ pto be supported in Q3(Q,)wQ3(Z,), and such that it takes value 1 on

is easier than that of f;e, ,. We define
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wNg,(Z,). We define

Faeep(& D) i=0(t)) e (@), —2)pV (E)E (—DaE)E (= 1)

1 a+bmn bm
Sh =t - 1 | bn b
abep™'73/Z,, by

m,nel,/p'Z,

We can show by direct checking that the Fy,( fSJireg’ % g) is invariant under N;(Z,) defined above (as a
function of g). This can be seen by checking that the pullback of the Siegel section f;{eg’ »
invariant under N;(Z,). Moreover the value of Fy( f:ieg, 0% 8) at ww} can also be computed directly

[Wan 2015a, Lemma 4.38]. Returning to the pullback section of fge », We note that it is the image of

is already

f;i'eg’ » under the intertwining operator M (z, —). We apply [Wan 2015a, Proposition 4.40] (which is just a
variant of [Skinner and Urban 2014, Proposition 11.13]). By the uniqueness up to scalar of the vector
with the same action of the level group B;(Z,) (see [Wan 2015a, Lemma 4.19], which is just a variant of
[Skinner and Urban 2014, Proposition 9.5]. Note that the result in [Wan 2015a] also works under our
assumption of genericity), we know that Fy( fsieg, p» 2> &) = F 0 (g) up to scalar. Then applying [loc. cit.,
Proposition 4.40] again we can evaluate the F,( fsicg, p» 2, &) at wj and get the lemma. Note that this
simplified proof does not apply to the general case of [loc. cit.] including the U(2, 2) case of [Skinner and
Urban 2014], since there by looking at the Siegel-Eisenstein section we can only determine the action of

a level group which is smaller than the level group corresponding to the ordinary vector. (I

Fourier coefficients.

Definition 6.33. We define the function ®¢; as the function on the set of (2 x 2) @ ,-matrices as follows.
If x = (¢ Z) is such that both its determinant and a are in Z % then @+ (x) = Sf (a)ézT (detx /a). Otherwise

@+ (x) = 0. The following lemma is proved in [Wan 2015a, Lemma 4.46].

Lemma 6.34. We have
Fue.pp(1) = T, (det B)|det B <<§§i ﬁii))
for
B Bz Bi3
B= |82 Bn Bz
B31 B3 B33

with Bi1, Bi2, B3, B23, B33 € £, and is O otherwise.
Proof. This follows from straightforward computation using:
» The Fourier coefficients of the section f; as computed in [Skinner and Urban 2014, Lemma 11.12].

* The computation of the Fourier transform of the function ®;+ defined above as detailed in [Wan
2015a, Lemma 4.28] (note that the proof also works under our assumption of genericity). We
compare it with the definition of fe , using f;. |
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Fourier—Jacobi coefficients. For 8 € $1(Q,) NGL;(Z,) we compute the Fourier—Jacobi coefficient for
f; at B. We have the following [Wan 2015a, Lemma 4.54]

Lemma 6.35. Let x := ( 11) 1) (this is a block matrix with respect to (2+ 2)).

(@) Flg(fi: —z,v,xn7 1, 1) =0if D & p'My(Z)).
(b) If D € p'My(Z) then Flg(fy; —z, v, xn~ 1, 1) = c(B, T, 2) Do (v), where

c(B, 1,z) := T(—det B)|det IB|3Z+zg(f/)g(f;))l—;(pl)p—2fz—3t‘

Note the formula

—6t7—6t —2tz—-3t —4tz-3t

9(z,)’ 7, (p*)p =g(z,)7,(p")p 9(z,)’T,(p*)p

Definition 6.36. Let K; € GL4(Z,,) be the subgroup consisting of elements congruent to upper triangular

matrices modulo p’. We define the Siegel section f; on Ix( %) to be the section supported on 0>(Q,) K],

invariant under the right action of Ng(Z,) and takes value 1 on the identity element. Let A, be the
matrix (8“8). We define f> ,=>", g(ég)p"é;(—p’b)g(r[/,)_zcz_l(f;, —z)p((Al_b ) f]. Let ¢%‘f(x) =

& f (x_l)lz; (x) where 1 denotes the characteristic function. Define
@, (v1, v2, v3, v4) = 17,07, (v1, vz)qg%.lf 3)1pz, (va)

where the ¢ means taking Fourier transform of ¢. The precise formula is given by

9(511)1?72’5;(01), v, €7y, v4 € p 17, v3€ % +7, forsomea € 7,

I
&p (v, v2, V3, 04) = . P
0, otherwise.

(6-9)
These are defined just for computing Fourier—Jacobi coefficients and not used for the pullback formula.

We prove the following lemma:

Lemma 6.37. We have

8(r)) " e3(®,, —zdp ™ Y Fy <p< b

a,b,m

= <g(r,’,)‘zcz_‘(f},, —)p g Y El(p'D)f] (g (Al_h 1) n))(wﬁ,xp (8)®p,p(v1, v2, V3, V4)).
b

a bm . _
b )f,,p; Zes U, g)sx—p’a)s;(—pfb)g(gf )

3

Recall A, = (8 g) Also under the projection U(3, 3)(Q)) >~ GL6(Q)), the vy, v, v3, v4 appear as

1 V3 V4
1 V1
1 v
1
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The Weil representation is the one in Section 4H case two. We use p to denote the right action of

GU(3, 3)(Q,) on the Siegel sections. Note that for the Schwartz function ®p_,, we used the identification
’Ci ~ @‘I‘) given by (x1, x2) = ((v3, v1), (v4, V2)).

Proof. First we fix b and consider the Fourier—Jacobi coefficient of

1 a bm
1
1
2.0 . fi (6-10)
a,m
1
1
note that
1 a bm
r vy 1y 1
I3 vi Dy Dy —1
w3 v Ds Dy a(l,n™) |
15 1
1
1 —a —bm
1 t' vg v
_ 1 13 V1 Dl D2 -1
=ws 1 v Dy Dy | 25T
1 15
1

where v} =v3+Dj.a+D3.bm, vy =v4+D;y.a+Dy.bm and t' =t +vy.a+v.bm. From this, a calculation

using the above lemma (similar to [Skinner and Urban 2014, page 203]) shows that the Fourier—Jacobi
expansion of (6-10) at g is

@) 2y (@ —2)p ' 9ED P £ (&) (@p.1, (8 P, p) (V1. 12, V3, Va).

So the Fourier—Jacobi expansion of

) : f

1
a,b,m
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is
AN . 1
> @) (@, —2)p g@z)p(( A, 1))
- _
1
x p() f{ ()N w(g)wps, (g' (Ab 1)>¢D,p)(vlv U2, U3, V4).

Note that wg ;,, (( !

Ay 1))CI>D, » = ®p, ,. We get the required Fourier-Jacobi coefficient. |

We record some formulas
" =T IN=2 —1 /= 1 A /
P frup = 11, = (= DaE) Y Erbra()) 2c21(rp,—z)p(( f’))f,,
p b

5;((—1)1) V3,04 €2y, v1 €25, 02 € p'Zp,

} (6-11)
0 otherwise.

%, = (g 1, (M Pp p)(v1, V2, V3, V1) = {

We define two Schwartz functions on X ;". Let ¢>i’ » be the characteristic function of ij - @i. Let
¢>§,p(x) = p‘ztg(sr)éf(—p’xl) if x = (x1, x2) forxy € p~'Z}, x2 € p~'Z,, and is zero otherwise. xmesn
Definition 6.38. We summarize our definitions at the p-adic place. Recall we defined fsieo p,p and
S/ieg’D’ pas in (6-5) and (6-7). The definition for f p , is given in (6-12) below.
We deﬁ,{led ®p,, as in (6-9) and defined CD%’p as in (6-11). We also define ¢ , = 8:/’/ (¢i,p) and
$2,p =38, (95, ,)- Itis easily checked that

84 (@1, (V) (@p 2, P, p)) =] , K¢, .
(One compares these with later computations after Definition 8.4.)

For convenience of the reader we explain how this computation is done. We first take standard complex
basis (e, e3; e, , e, ) for the Hermitian space corresponding to U(¢) x U(—¢). To save space we write e
for ‘(eq, e2) and similarly for e~. Then the embedding

U(¢) xU(=¢) = U2, 2)

is reflected by the change of basis

()= ()= (o ZR) ()

We further take symplectic basis according to the polarization via O, >~ Z, x Z,. Then under this basis
the T (as homomorphism of 8-dimensional symplectic spaces) is given by the matrix

1,/2 —12/2
-1, 1,
1, 1,

12/2 12/2
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Using (4-1), the matrix for the intertwining operator 8:/’;[)1 is

1> 1, I 1> 1>
~1 | 1y —12 1)2

1,2 1,2 = 1 1/2 1/2
1,/2 —1,/2 —1> —1> 1,

We get the composed map is given by the matrix

I,

I,

and thus the formula.

61. Pullback formulas again. In this section, we prove the local pullback formulas for U(2) x U(2) <
U(2, 2) which will be used to decompose the restriction to U(2) x U(2) of the Siegel-Eisenstein series

associated to the character /A on U(2, 2) showing up in the Fourier-Jacobi expansion of Egee on U(3, 3).

/

Fortunately, the local calculations are the same as in the previous sections for sieg and Fq’,’s except for

the case v = p.

p-adic case. We temporarily denote the p-component of an automorphic representation 7, of some weight
two cuspidal ordinary eigenform 2 on U(2)(Q)) as (X1, x2) with v,(x1(p)) = —% and v, (x2(p)) = %
We also temporarily write T for /A in this subsection. We let 7, = (71, 72) and require x|7, Uand
X2, ‘&) are unramified. We let 9 = ¢** € 7, ), for ¢** =7 p((p, 1))<p°rd for some nearly ordinary vector
¢°. Define

Frpp(®) == 8 Per(@y —2e /D paED Y §§<bpf>p<(1 Alb)>f,/(gT/). (6-12)

bep~'75)Z,

It is hard to evaluate the integral directly. So we use the trick of using the functional equation as in
[Skinner and Urban 2014, Proposition 11.13] (which is also used in [Wan 2015a]). We first evaluate the
integral for the auxiliary f; »

Fo(fy 2, 8) 1= / o £,z S (g1, @)S)T (det @)ma(g1)g dg:
Uu2)(@p)

at
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where ¢ € ; , and
_ 1 A ~ )
f1,(8)=p"9&) Zéz(bp’)p« 1b)>ff(8T)» fiesp € DE).
b

The f> , and f; p are related by the intertwining operator, as used in the proof of Lemma 6.32. For
A eU2)(Q,) ~ GL2(Q,) note that

1 1 Ay (-1 —-A 1
S d1ag(A,1)< 1)_< —A)(—Ab—A_l 1)w.

So in order for this to be in supp f% we must have A~ + A, € M>(Zp). So A~! can be written as
(1 )(, “)(;l ) forveZ,\{0},u € —b+7, and m,n € p'Z,. Thus

"] )

A direct computation gives the integral equals

X2 (=D xa(PHp EVE=p', = 1) Y Ga(pHT((p~ ! ) p ) e
i=1

= p' I (=p", —))Ly(7. 1. 2+ D) 12 (P x2 (= D).

The 7 in the L-factor means the base change of & from U(2) to GL,. Note that it is not convergent at
7 = —z, and is defined by analytic continuation at that point.

Now we apply the functional equation trick to evaluate the pullback integral for f> p ,, similar to the
proof of Lemma 6.32. As in [Skinner and Urban 2014, Proposition 11.28] the local constant showing up
when applying the intertwining operator at z = —z, is

e(m, 7. —zc+3) = 9@ x0T (PHIE XD T (PHe(F2x2) 2, (P P20

To sum up our original local integral for f , equals

2k —5)t t/2(p0rd‘

Ly(mn, 7% ze + 3)a@ X DT x1(PHIE 1 X2)T1 x2(p) P x1(p"Hp

Note that (¢, ¢*%) = (¢°9, @iow) - x1(p") p'/? where we define oy = 7 ((, 1))(p°rd. Thus if we replace
©** by @iow in the definition for pullback integral then it equals

(2k—5)t ord

Ly(mn, 76z + 3) 0T X DTx1 (PHIE 1 X2)T1 X2 (P P @

Noting again that later when we are defining Ej;eg > the T here should be 7/A.
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6J. Global Computations.
6J1. Good Siegel-FEisenstein series.

Definition 6.39. As for Klingen—Eisenstein series case, throughout this paper, we fix the tame level
subgroup K ¥ of U(3, 3)(A”>), under which our Eieg p 1s invariant. We can do so by simply taking
it to be the set of matrices congruent to 1 modulo the (y¥)? at each finite place not dividing p for the
y defined above. We define the p-component of the level group for Eeo p at p to consist of elements
congruent to 1 modulo p%.

We also fix a tame level subgroup K 2.0 6f U2, 0)(AP™®) consisting of matrices congruent to 1 modulo
the (y¥)? above at each finite place away from p.

We first define two normalization factors as in [Wan 2015a, Subsection 5.3.1]

<—2>—3<2m)3k<2/n>3>“ SR —y
Bp:= L*Q2zc+3—1i, T x¢),
P ( [Tt — j — D! ll N
, ((—2)_2(27”')2'((2/77)
By = I :
HJ-ZO(K —j—1
Here recall z, = (k —3)/2 and z,, = (k —2)/2.

-1 1
) []L%Ca+2—i.T'x0).
i=0

Definition 6.40. We define
Esieg,D(Z, g) = Esieg(Z, fsiega g)

on GU(39 3) for fsieg,p - fsieg,’D - BD 1_[1) fsieg,D,v and
E;ieg,D(Z’ g) = E;ieg(z’ fs/ieg,D’ g)

on GU(2,2) for f...=Bp[], fs’ieg’v. (Note that compared to [Wan 2015a], the normalization factors at

sieg
p here are already included in our definitions of p-adic Siegel sections.) We also define

EEeg,D(g) = E(z, fs‘i,eg,l)’ g)
]

D . . . e qe .
where Sieg, D 18 the same as fsiee p at all primes not dividing p and is sieg, D, p AL D-

6J2. Pullbacks. For some g; € U(2)(Ag) (which we specify in Definition 8.20) we define Exjing,p by

EXiing p(2, 8) = f Esieo p(z, y(g, hg)Y)T(det g (g1)¢p(g) dg'. (6-13)
Ul

2K
Qc>o

Define

op(z. 8) = / Ejeg p(z, v (g, hg") YT (det g (g1)en(g)) dg’. (6-14)
U@

o
Here we use the local components of a Klingen—FEisenstein data D in the construction. The period factor
showing up comes from the geometric pullback map (see [Hsieh 2014a, Section 2.8, Subsection 5.6.5]).

In fact comparing the definition for the geometric pullback map and the pullback formula for automorphic
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forms, in order to get rational automorphic forms on U(2) x U(2) or U(3, 1) x U(2) via pullbacks, such
CM periods have to be divided out. The ¢p is defined as follows. First, recall that given a CM character
¥ and a form on D* whose central character is /| ax We can produce a form on U(2) whose central
character is the restriction of 1. So we often construct forms on D> and get forms on U(2) this way. In
Section 8C we construct a Dirichlet character 9.

Definition 6.41. We define fy as in the end of Section 8D, and an element g; in Definition 8.20. Our ¢
is defined as 7 (g1) f».

Proposition 6.42. The Exjing,p (2, —) defined above is the Klingen—Eisenstein series constructed using
the Klingen section Fxjingp = ]_[U FXiing,D,v for Fxiing,p,v the Klingen—Eisenstein sections defined in
previous subsections. We also have that

(0%)(2/,(, -)= 1_[ F/U(fs/ieg,v’ ZI/C’ D).
v
Note that we have used w(g1)@p in the place of ¢p in (5-1), and there is a normalization factor appearing

in the p-adic Klingen section here.

Proof. 1t is a straightforward consequence of Shimura’s pullback formula, and our local pullback
computations in previous sections. U

We record the following easy lemma, which explains the motivation for the definition of f5: to pick
up a certain Iwahori-invariant vector from the unramified representation i, for v € X\{v, v| N}.

Lemma 6.43. Consider the model for the unramified principal series representation

70,0 X20) = {f Ky = C (@) = 01.0@x2.(d)3a(@) £ (0), g = (“ Z) e B(L)}.

Let fyu be the constant function 1 on K, fy be the function supported and takes value 1 on K, for

K= {(ZZ) wy | c}. Then

1
(X2 (@), * = 1 (@0a, ) fo=m ((w )) for = X1.0(@0)4, fur.

Fourier—Jacobi coefficients.

Proposition 6.44. The Fourier—Jacobi coefficient for B = 1 is given by

FJ| (Egicg, D) (2k, diag(u, 12, u, 12)n’ j (1, g))

= Z Esieg,2(ZK’ f2,Dv g/)/ <1’ (:l 1)p>)x®(pD (u’ n/g/y(l, (:l l)p))

nely/p'Z,

for n' € Ny (N, defined in Section 4G), g € U(2,2)(Aq), g' = (" 712)g(12 _,)»and u € U(1)(Ag). Here
fop =11, fop,v and ®p =[], ®p, are given in Definitions 6.12, 6.19, 6.23 and 6.36. The Ejic, > is
considered as a function on U(2, 2)(Aq).
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Proof. This follows from our computations for local Fourier—Jacobi coefficients and Lemma 6.6. ]

So far we have used the embedding
J(, g =

for g = (é g), to keep accordance with the convention of [Skinner and Urban 2014] and [Wan 2015a]. In
our actual applications later on we will use another embedding «” as below. Now that we have

FJ1(EGeg s % 82 %2 ) = Esieg 2z, 2.0, 8O0 (14, &),

we consider another embedding

, A, B
J'(, ) = § |

C; Dy

8

(The g’ is as defined in Proposition 6.44). Let ®7, = wg(n)Pp and z/fD = p(n) f2.p and we let FJ}; be

defined as FJg but replacing j by j”. By observing that Egee p,2 and ® are automorphic forms and thus

1

invariant under left multiplication by =", we get

FJ} (EgGeg - Zic- diag(u, 12, u, 1) j" (1, 8)) = Esieg 02 f3p- 8) Oy (4, 1'g). (6-15)

Definition 6.45. Let [, , U, be the intersection of g KB Vg (the K@V is defined in Definition 6.39)
with U(2, 0)(AP°°), and U, consists of matrices in U(2, 0)(Z,) which are upper triangular modulo the
p' in Section 6H. The L is defined to be the intersection of K2 (the quotient of Np(Q) over the center of
it) with the image of (K@D x U@, D(Z,)) N Np(Ay). Define ¢ =[], ¢1,, and 6}, = 6, as an element
in the C-dual space of

HO(Z5, L(B) ®C = T8, L, Uy)

as in the end of Section 4I form =1, Uy € U(2)(Af) an open compact subgroup defined as K 2.0 %
GLy(Zp). The L C K®? being the ideal generated by (y¥)2. (These level groups are fixed throughout the
family).

We will usually write Egieo p2 for Egieo p.2(2c, f5 p, &) for short.

Lemma 6.46. Suppose 51;1 (®2) = ¢1.00 X .00, and for each v < 00

bra0) = [ 87 @D D) d (6-16)
Xy
Then
Uy, (v (@ ) () = 4, (h). 6-17)
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Here we consider y~! (Ogy) as a function on (NU(2)) x U(2) = U(3, 1) x U(2) and apply lé;) to it on
the NU(2) part.

Proof. We write 81;1 ®” for each finite place v as a finite sum of expressions of the form ¢| . X ¢y ; ,
and let q}ii = vaoo ¢1,U X P1.00 and ¢ ; = ]_[MOO ®2.i.0 X $2.00- We have a finite sum

Ogyy (Whi, h2) =) Oy (Wh1)6y,, (h2)
i=1

and that the function
T;(h) := f 9¢i (vh)65(vh) dv
vp

is a constant function by Lemma 4.8. Then the expression > ;_, T; - 0y, is clearly equal to 6,, by (4-3)
and (4-5). O

Corollary 6.47. We have

los. <FJ1 (]_[ Z p(diag(uy,;, 12, uv,i))) EKling,D) (g)

i
1 1 1 1
o, oo () (£ ) o
$25 neZ,/p'Z, P o0 P

where 07, and 6> p are the theta functions on U(—{)(Aq) defined using the Schwartz functions ¢, =
[1, 1.0 and ¢ =[], 2.0 for ¢1,v and ¢».,’s defined as before (Definitions 6.12, 6.38, 4.1 and the
corresponding definition for ramified places). Note that the ¢, is defined using ¢, which explains the
dependence of the right hand side on ¢,. The inner product is over the group 1 x U(2) — U(3, 3).

Moreover, suppose ¢, € 1, is chosen such that ¢, is the ordinary vector, then the above expression is

1
F(&ieg,p,z(a(é’» —)) - 02,p(=), ¢p(-)).

oo
Proof. 1t follows from the Proposition 6.44, Lemma 6.46, noting that the pairing / é% is essentially applied
to the ®¢ factor on the right hand side of Proposition 6.44 (recall also the meaning for intertwining maps

defined in Section 4G). The last sentence follows from describing the pairing between 7, and 7 IZ .U

7. p-adic interpolation

7A. Congruence module and the canonical period. We now discuss the theory of congruences of
modular forms on GL, /Q, following [Skinner and Urban 2014, Section 12.2]. Let R be a finite
discrete valuation ring extension of Z, and ¢ a finite order character of 7* whose p-component has
conductor dividing p. Let M>4(Mp’, &; R) be the space of ordinary modular forms on GL; /@ with
level N = Mp", character ¢ and coefficient R. Let S,?rd(M p", e; R) be the subspace of cusp forms.
Let T,‘(’rd(N, & R) (Tgrd’o(Mp’, €; R)) be the R-subalgebra of Endg (M,‘(’rd(Mp’, €; R)) (respectively,
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Endp (S,?rd(M p", €; R))) generated by the Hecke operators 7, (these are Hecke operators defined using
the double cosets I' (N)U(w” 1)Fl (N), for the v’s) for all v. Let any f € S,?rd(N, &; R) be an ordinary
eigenform. Then we have an 1 € Tgrd*O(N ,&; R)®g Fr =T x Fg the projection onto the second factor.

Let m ¢ be the maximal ideal of the Hecke algebra corresponding to f. The TodO(M, e; R)N(O® Fp)
is free of rank one over R. We let £  be a generator and so £y =n 1y for some ny € R. This ny is called
the congruence number of f.

Now let [ be as in the introduction. Suppose f € M°4(M, ¢; 1) is an ordinary [-adic cuspidal eigenform.
Then as above TO(M, ;1) ® Fy ~ T’ x Fj, F} being the fraction field of | where projection onto the
second factor gives the eigenvalues for the actions on f. Again let 15 be the idempotent corresponding to
projection onto the second factor. Then for a g € S"4(M, ¢; 1) @ F, lyg = c f for some ¢ € Fj. In the
case when the localized Hecke algebra To40(M, &; R)m ; 1s a Gorenstein [-algebra (which is indeed the
case under assumptions (dist) and (irred)), Tod0M e 1) N (0® F)) is a rank one I-module. Under the
Gorenstein property for T ¢, we can define £y and 7.

Definition 7.1. From now on, we will define D to be the unique quaternion algebra ramified exactly at
oo and the ¢ in our main theorems in the introduction. We choose the group U(2) with D> being its
associated quaternion algebra. It is clear that this is possible.

We also make the following definition for p-adic families of forms on D*.

Definition 7.2. For any complete local Oy [[W]-algebra R (need not be finite over O [[W]) we define
the space of R-adic families on G = D> with level group Kp C D*(Ay) which is GL>(Z,) at p to be
the space of continuous functions

f:DX(@\Dj (A)/KP — R

1 (5 7)) = rawe@

fora,d e Z;, b e Z,, where x is a fixed character of Z; trivial on 1+ pZ,, {(d)w € OL[W] = Or[T'all
is the image of d under the local reciprocity law. Here we make an identification of W with rec, (1 + p)

such that

which is a topological generator of I'g. We also equip GL»(Z,) C D* (A ) with the topology as a p-adic
Lie group. We write
M(SG(Kp"), R)

for the space of all such forms.
One can define Hecke operators 7, at primes £ where K is GL,(Z;), and the U, operator defined by

o= £ ()
nely/pZ, p p

We make similar definitions for R-adic families on the definite unitary group G = U(2) of some prime
to p level group K (), which we denote as M (Sg (K P), R). It is also possible to add one more variable
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allowing twisting by characters (so that the nebentypus will be a character of diag(a, d) instead of just d)
as follows. Let Aywp) = Az0=2Z,[T1, T>]l. Let Mra(K @0, A2 o) be the space of Aj g-adic ordinary
modular forms on U(2, 0), consisting of functions

£ :UQ,0\UQ2,0)(Ag)/K*PU(2,0)0 — A2
such that

f(g (“ d)) = f(®) (@) (d)r,.a.d € Z}.

For later use in Section 7D, we will also define a space Mord(K 20, A2 o) be the space of A-adic ordinary
modular forms consisting of functions f : U(2, 0)\U(2, 0)(Ag)/K ®PU(2, 0)s — Az, such that

f(g (“ d)) = @ d)g (@),

The ordinary family f on D*. Let f be a Hida family of ordinary cuspidal eigenforms new outside p as

in Theorem 1.1. Suppose Ty, is Gorenstein. Thus we have the integral projector £ . We construct from
it a Hida family of ordinary forms on D*(Agq), also denoted as f. We refer to [Hida 1988, Sections 2
and 3] for the definition and theory of ordinary forms on quaternion algebras. By our assumption in
Theorem 1.1 and our choice for D, we may choose fy a form on D*(Ag) which is in the Jacquet—
Langlands correspondence of f in GL,(Ag) with values in Oy and fy is not divisible by 7 (the
uniformizer of the maximal ideal of O,). Under the assumption of Theorem 1.1, we do the following we
first take an ordinary Hida family g such that £ y g is nonzero. Note that [ is a Dedekind domain. So we
can divide £y g by an element in [ such that the quotient (which we still denote as f to save notations) is
integral (i.e., [-valued) and there is no nontrivial common divisor for the values of f.

7B. Eisenstein datum.

Definition 7.3. An Eisenstein datum D = (X, L, [, f, ¥, T) consists of:
« A finite set of primes X containing all bad primes.
« A finite extension L/Q,.
* A finite normal O [[W ]-algebra .

e An [-adic Hida family f of cuspidal ordinary eigenforms on D> new outside p, of square-free tame
conductor N such that some weight 2 specialization fj has trivial character.

« Two L-valued Hecke characters ¢ and 7 of £*\Ag whose p-part conductors divide p, and whose
infinity types are (0, 0) and (—%, %), respectively, such that | A% is equal to the central character
of . Let § = /1. We define p-adic deformations ¥, T of them in (7-1).

Note that for any arithmetic point, the specialization Dy of D gives an Eisenstein datum in the sense of
Definition 5.4. Now we need to modify our [. By taking an irreducible component of the normalization of
a series of quadratic extensions of | we may assume that for each v € ¥ not dividing N, we can find two
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functions a,, B, € [ interpolating the Satake parameters of ,. This enables us to do the constructions in
the global computations in Lemma 6.43 in families. We still denote [ for the new ring for simplicity. At
the end of this paper, we will see how to deduce the main conjecture for the original | from that for the
new [.

Let ﬁ}’é = ﬁ“rlll";c]] (see Introduction for the notion of ﬁ‘"). We define o : Op [Tkl — ﬁ“rIH‘,g]] and
B: O[Tkl — [Tk by

alyp)=A+W a() =y, B =yy, Bo)=y-.

We let
'/’=W'050‘IJIC» EZ(IBO"DIC)Sa T=¢/§ (7'1)

Define ¢y :=¢oy¥ and &y =poé. Let Ap = ﬁ”r[[F,g]][[F,E]]. We give Ap a Aj-algebra structure by
first defining a homomorphism I', = (1 + pr)4 — 'k x 'k given by

(a,b,c,d) — reci(db, a_lc_l) X rec;c(d_l, c)

and then compose with o ® S.

We remark here that only the subring ﬁ“rl[l";c]] of A p really matters; the I"- variable corresponds to
twisting everything by the same character and does not affect the p-adic L-functions and the Selmer
groups.

Definition 7.4. A point ¢ € Spec Ap is called arithmetic if ¢(1 + W), ¢(y), ¢p(y~) for y € I'r and
vy~ €' are all p-power roots of unity. We call it generic if the p-part of (fy, ¥4, 74) is generic in the
sense defined in Definition 6.30. Note that whether ¢ is generic only depends on its image in Spec A. It
also only depends on the subring [Tk 1. So it makes sense to talk about generic points on these weight
spaces as well. We let Xp be the set of arithmetic points and X f)en be the set of generic arithmetic points.
Later when we are working with families, it is easily seen that these points are Zariski dense due to the
fact that p > 5 (in fact this is the only place where we used the fact p > 5).

Let us write down the weight map jo : A2, 0 — Ap for the family (which we still denote as f €
Mra(K @0, A20) ®j, Ap) on U(2, 0) constructed from the Hida family f and the character ¥. In fact

JoA+T)=¥5"A+p),  jo+T) =X ¥alz: (14 p).
Here x ; is the central character of f, and we write ¥, for the restriction of ¥ to ICDXO o~ @;.
7C. Siegel-Eisenstein measure.

/
D sieg

. | | ) _ / _ o/ | | / r
ED,sieg,¢ = Es1eg,’D¢( fsleg,v, Zics ), ED,sieg,d) - Esieg,D¢ ( fsieg,vv Ly )
v v

in terms of formal Fourier expansions. Here the datum Dy = (fy, &y, ¥y) is the specialization of D at ¢.

Proposition 7.5. There are A>-adic formal Fourier expansions Ep e, and E such that
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Proof. It is a special case of [Wan 2015a, Lemma 5.7] and follows from our computations of the local
Fourier coefficients for the Siegel-Eisenstein series. Recall 7 = v /§ and write 7,4 for the localization of =
at an arithmetic point ¢. On the other hand, we have families of characters ST and & ; of Z}; interpolating
the restriction of characters & ; , and § ;’2 to Z;. It follows from our computations in Section 6 for local
Fourier coefficients and [Skinner and Urban 2014, Lemma 11.2], that we can form the S-th Fourier
coefficient of

ED,sieg(fsieg; s &)
at diag(y, 'y) for y € GL3(Ax ¢) is given by

—-3/2 ——Y)
[1 D r(detypidet ye3ol,* eg< _
YeYe

Lex tip
x [ [ri(det B) x [ | hessopy (F(0€7) x (det Bldet 1) x &} (Ban)E]
2p 175>
y (,321,332 — B2B31
B21

if det 8 > 0 and B and det(gii gﬁ) are both in Z;, and is equal to O otherwise. Here, char(Z,,, x) is the

characteristic function for Z,, for the variable x. That the Fourier coefficient is zero if det 8 < 0 follows

) -char(Z,, B11) char(Z,, B12) char(Z,, B13) char(Z, Br3) char(Z, B33)

from our computations in Lemma 6.8. Note the definition of ® £ in Definition 6.33 for the part in the
¢

third row involving the p-adic place. This whole expression is clearly interpolated by an element in the

Iwasawa algebra. The case for

’ ro.
ED,sieg(fsieg’ z,8)

is similar.
Now we can obtain the Siegel-Eisenstein measure from the abstract Kummer congruence as detailed
in [Hsieh 2011, Lemma 3.15]. From the mod p g-expansion principle and that all Fourier coefficients

above are interpolated by elements in the Iwasawa algebra, we see that Ep e, and E }) indeed give

,sieg
a measure with values in the space of p-adic automorphic forms on GU(3, 3) (see also [Hsieh 2011,

Theorem 3.16]). O

This formal Fourier expansion gives a measure on I'x x Z, with values in the space of p-adic

automorphic forms on GU(3, 3), which we denote as Ep sieg and 5,;3 respectively.

,sieg’

7D. Interpolating Petersson inner products. In this subsection we make an additional construction of
pairing Hida families on definite unitary groups following [Hsieh 2017], which is crucial for our later
construction.

Definition 7.6. For a neat tame level group K C U(2)(AP*°) we use the notation Bk (—, —) to denote
the Ay(o)-pairing
Bx : Mo(K, Aue) X Moa(K, Aue) = Aup)
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such that for any f € Muq(K, Ayw)). g € Mord(K, Ay(2) and ¢ € Spec Ay (Cp) a weight two point,
for any n we define

Bk (g, f):= > U;"f(x»g(x,- (pn 1)) (mod (1+T)”" =1, (14+T)”" —1).

[x1€UQR)(@\UQ)/K Up(p™)
Then one checks
Bi ni1 = Bk, (mod (14+T)?" —1,(1+T)"" —1).
We define
Bi(g. f)=lim Bi..(g. f).

By definition we have
- 1
¢(Bx (g, f) = > U," fo(xi) gy (xi (pn ))
[x]1eUR)@\UQ2)/K Uo(p")

and hence

¢(Bz<<g,f>)=vol(KUo(p”))1/ Up"f¢(h)g¢(h< n 1))‘”1
U@ p

=V01(KU0(p”))1/ f¢(h (1 1) )g¢(h)dh
[U@)] P

if ¢ corresponds to an ordinary form whose p-part conductor is p”. In the following we will fix the tame
level group K % as defined before, and will sometimes suppress the subscript K in By.

7E. p-adic L-functions. We have the following proposition for p-adic L-functions. Recall X is a finite
set of primes containing all bad primes.

Proposition 7.7. Notations are as before. There is an element E? £ in I""[Txc1, and a p-integral element
C J§ £x € @; such that for any generic arithmetic point ¢ of conductor p', we have

=
()
2
QPK
s 2mp®TVEL X o (P8 GEw X1 )8 E g xa YLE (K, sy, Kb 5—3) (=D (c=2)!
.6, QZK
0
Here x1,p, x2,p is such that the unitary representation T, T (X1,p> X2,p) With val,(x1,,(p)) = —%,

val(x2,,(p)) = % We remark that the fraction on the right hand side is an algebraic number, by the
definition of the periods. Moreover, by making different choices for the Néron differential of the CM
elliptic curve, the Qo and 2, are changed by multiplying by the same nonzero algebraic number. Let the
local e-factor at p for a ramified character A of @; with conductor c be defined by

ep(x,s)=/l Xrl(a)|a|;sep(Tra)da. (7-3)

p
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Note 1 — (k —1)/2 = (3—«)/2. The above interpolation formula can be written in terms of local e-factors
by

z
2
Qp"
L 2mie (=560 ) (3~ 5 60 1) LK 7y Ry, § = ) = Dl — )
- Cf,E,IC QZK . (7'4)
o

Proof. Suppose we are under the assumption of Theorem 1.1. Take g to be a point on the Igusa scheme
for GU(2) defined over @Er such that f(gg) is nonzero in [ and take a hg € GU(Q2)(Ag) such that
w(go) = (hg). It is noted in [Hsieh 2014a, Section 2.8] that

Isue) (K)(OF) = GUQ)@ ™\ GUR)(A )/ KT

In the following we write F for the p-adic modular form associated to a form F. We define LI?’ £.C such
that

L3 o = Blegd Ep geg(Agy. —)T odet(=), 7 (ho) £)/ f (80)

where A is the quintuple associated to gg, and we regard E —) as a measure of forms on

sleg(
Iu2.0) (K %) x Iy (K ??) under the embedding i as in (3-2). The eU(Z) means applying the ordinary

projector to the U(2)-factor. Therefore for any generic arithmetic point ¢ of conductor p’,

Vol(K*) ™! fy(g0)~" > ED, sieg(Ago» B)Tg 0 det(B) x 7 (ho) f(B).
Belyp) (K20 Ky(p'))

The B(-, -) is in terms of Definition 7.6. Let the character T = ¥ /&. The function 7 (det g) means the
function taking value 7 (det g5) at the point (g1, g2) in the above set. The integration is in the sense of
Section 7C with respect to the level group A, 1(KD N (1 x GU(2)(Af))hg (in fact by pullback we get
a measure of forms on the hp-Igusa schemes, see the last part of Section 3E). This £§’ £ satisfies the
proposition (by Lemmas 6.7, 6.15, 6.20, 6.32).

This construction only implies the p-adic L-function is in " [Tk T ® Frac(l). To see the integrality,
we take different choices for go and note that by our choices for f, its values have no nontrivial common
divisors in [.

If we are under assumption of Theorem 1.2 then we just pick up a gg such that f has nonzero
specialization at gg. Note that the period factors Qg.’j and Qf;‘ come from the pullback as discussed in
[Hsieh 2014a, Section 2.8, Subsection 5.6.5]. U

Definition 7.8. Now we define Hida’s p-adic L-function CH‘daK € Ap. As in the main theorems we
assume the & has split conductor.

We consider the Hida family of ordinary C M eigenforms g¢ associated to & (for simplicity we consider
here ordinary forms by twisting the adelic nearly ordinary form corresponding to &4’s by the unique
Dirichlet character of p-power conductor, which makes it an ordinary form, i.e., being invariant under
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the right action of (Z; l)) For our purpose we further twist the automorphic representation of gg by a
choice of a fixed finite order Dirichlet character X;,;V, unramified outside the prime to p places where £ is
ramified, such that at each bad prime £ # p, the resulting automorphic representation at £ is minimal in
the sense of [Hida and Tilouine 1993, Section 7] (namely it is principal series induced from two characters
in which at least one is unramified). The reason is to ensure that we can compare the Petersson inner
product of g4’s with certain Katz p-adic L-functions without different Euler factors. (Alternatively we
can also multiply the & by x ;,;V o Nm and construct the primitive ordinary Hida family associated to this
product character &' =& - ng o Nm.) We denote the resulting primitive Hida family as g,/. Note that

g6 =g,

We consider the p-adic L-function @ constructed in [Hida 1991, Theorem I] choosing f there to be
the g¢ and g” there to be the ordinary eigenforms of our f, twisted by the Dirichlet character X;VEV above.

Instead of the CM period €2+, the period factor in Hida’s construction is the Petersson period (see
[loc. cit., Theorem I, Lemma 5.3(vi)])

/ - -1 _
Wi(gy) 1<g¢,g¢IK+1 <N >>ng¢(p ),
8¢

where gy is a specialization of g¢ of weight k + 1, Ny, is the conductor of g4, the p' is the p-part of
its conductor, the p-component of the automorphic representation associated to the unitarization of g4
(in the sense of [loc. cit., Introduction]) is 7 (g, , ’7</g¢) with ord, ng, (p) < ord, 77;7¢ (p). Note that the
S(P)~! and the Gauss sum in the denominator of the second row of the definition of W (P, Q) in [loc. cit.,
Theorem I] are included as part of the period (see Lemma 5.3(vi) of [loc. cit.]). The above expression
equals (by [Hida and Tilouine 1993, Theorem 7.1, (8.8b)] and [Hida 1991, Lemma 5.3(vi)])

(89+ 86) * My, Mgy (P80, Mg,) - P = L(ad, g, Dy g (p*) gy, ' ng, Jic127 2 I =72

where the £(ad, —) is in the sense of [Hida and Tilouine 1993, Section 7]. By our assumption on that &
has split conductor, we see that the A(1) in [loc. cit., (0.7a)] equals 1. So

L(ad, gy, 1) = L(1, xxx)L(Ep€,“, D).

On the other hand, there is a Katz p-adic L-function (see [loc. cit., (8.2)] for this Katz measure, we remove
the factor Im(8)*~! there since it is a unit Iwasawa element and has no effect to us.) E,Igf‘gz € @f[[f‘;g]]
interpolating the values

AL (EgES < 1) - 00y, ' g,) o
(i) Q% P

My, ey (P
Let Clk be the class number of /. By class number formula

L, x0) _

—1/2
Clg-D .
T kP
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We multiply Hida’s p-adic L-function % by 2i% Cly D,gl/ z. EE?;Z, and further divide it by the first row in
the definition of W (P, Q) of [Hida 1991, Theorem I]. Note that this last factor is a unit Iwasawa element.

We denote this result as £I}i‘ga,c. One checks readily the interpolation formula for it is

Lren) _ 2miep(3 =5 60 x0)en (G = 5. 60 a2 p) L (K, 7y b 5 = 3) (6 = DY —2)!
¢ Q2K - 02« :
p [e9)

(7-5)
(Recall we have divided out the product of prime to p root numbers in loc.cit. which are p-units and
moves p-adic analytically.) If & is such that g satisfies the (dist) and (irred) in the introduction, then the
local Hecke algebra for g¢ is Gorenstein. By the main conjecture proved in [Hida and Tilouine 1993;
1994; Hida 2006] (see [Hida 2006, Theorem and page 468, (F)], the Clx -L%f‘? generates the congruence
module for g and our Ll;f‘éf‘,c is integral (i.e., in A p)). We explain here the weight map parametrizing the
Hida family g with coefficient ring O [I";- I|. Let £~ be the anticyclotomic Z,, extension of K and X"
be the maximal subextension of X~ /K unramified everywhere. Let p“ be the index of X" /K and F,E'/

be the corresponding subgroup of I'-. Then local class field theory gives an isomorphism

/

ow:(1+pZy)* =T,
Write O [W] for the weight algebra of the Hida family g, then the weight map is
OLIWI = OLIT I = OLIT,],
where the first map is determined by
L+ W) = (1+p) "oy (1+ p),

and the last term is a finite free module over the second term.

Given a finite set of primes ¥ we can define the X-primitive Hida p-adic L-function E?Eiga b
removing local Euler factors at . Obviously, it is just multiplying E?‘%‘ £ by a finite number of nonzero
elements in [k ]l. Note that Hida proved the interpolation formula for general arithmetic points. We
may compare (7-2) and (7-5). If we write EJZCO’ £ for the specialization of E? £x tO @Er[[F;c]] at fo, then

we get the interpolation formula

)
¢<£m@m)
2
Q2
s 2miey(3 =55 x0)en(3 =50 5 X2 p) LT (K, gy, §p0 5 — 5) (k — D = 2)!
= Cf,s,lc QZK . (7'6)
o0

for &,’s of conductor (p’, p') at p.

Anticyclotomic p-invariants. Now assume we are under assumption of Theorem 1.1 in the introduction.

We define ¢y to be the Q@ p-point in Spec I[ "« ]| sending y¥ to 1 and such that ®oljur correspond to fo.
Our assumptions on & and « ensure that our p-adic families pass through this point. (This is not an
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arithmetic point in Definition 7.3, however it still interpolates the algebraic part of the special L-value
by [Hida 1991].) Consider the one-dimensional subspace of Spec ﬁ“r[[I‘;g]] of anticyclotomic twists by
characters of order and conductor powers of p that passes through ¢9. We look at the ratio between
the specialization of Hida’s p-adic L-function El}i,g?ic to this subspace and the anticyclotomic p-adic
L-function considered by [Hsieh 2014c¢] (note that the local sign assumptions there are satisfied). We
explain the fudge factors: recall the S(P)~! and the Gauss sum in the denominator of the definition of
W (P, Q) of [Hida 1991, Theorem I] are already included in the period studied above. Also the first row
of the definition of W (P, Q) are also divided out in our definition for E?ifgf‘,c. The remaining factors are:
the C (7w, 1) and § in [Hsieh 2014c] which is a fixed p-adic unit, and the powers of Im(§) and 2 which
are unit Iwasawa elements. So by result proved in [loc. cit.] the anticyclotomic p-adic L-function has

pu-invariant 0. Thus it is easy to see that any height one prime P of ] containing Cl;i‘,ic“ ¢ can not be

the pullback of a height 1 prime of ﬁ“r[[F,Jg]]. Therefore for any height 1 prime containing El;i%, £

ordp (LY ) = ordp(Ly £ k)

and ordp(Lyz,¢) = 0. The L ¢ «c is obtained by putting back the Euler factors at primes in ¥ on L? £
(There might be factors coming from Euler factors at nonsplit primes contributing to the anticyclotomic
pu-invariant of the ¥-primitive p-adic L-functions, however. We will explain how to treat those factors

when proving our main theorem.)

7F. p-adic Eisenstein series.

Proposition 7.9. There is a [T 1-adic formal Fourier—Jacobi expansion
Ep xiing € Mora(K, Ap)

such that for each generic arithmetic point ¢ € Spec ﬁ”rl[F;g]], the specialization Ep xiing,¢ is the Fourier—

Jacobi expansion of the nearly ordinary Klingen—Eisenstein series Exiing p, we constructed in (6-13)
using the Eisenstein datum at ¢. Moreover, recall the fundamental exact sequence in Theorem 3.6 and the
Siegel operator &)?gl there, then the constant term ds;?] (Exiing,p)’s are divisible by E?;E’K:.E%/, where
E%, is the element in I][[F,JE]] which is the Dirichlet p-adic L-function interpolating the algebraic part of
the special values L™ ()_(¢,§<;, Ky —2).

Proof. Our construction is more similar to [Hsieh 2011, Theorem 4.4] than to [Skinner and Urban 2014,
Theorem 12.11]. Recall Definition 3.7 the notion of ﬁur[[F;C]]—adic Fourier-Jacobi expansion. It is a
special case of [Wan 2015a, Theorem 1.1(3)]. In our cases, the local choices are slightly different but
the arguments are the same, which we give below. For a [g] we take a basis (6] 4. ..., 9,/"‘3’ p) of the
O -dual space of H O(Z[Og], L(B)) consisting of theta functions. Write (6} FIRERE 9,’,’% g) for the dual basis.
Suppose 0 is one of the Ql./ s. For any g € GU(2)(Ag) C GU(3, 1)(Ag) we take 1 € GU(2)(Ag) such that

u(g) = n(h). Recall we have denoted the B-Fourier—Jacobi coefficient a{‘g](,B , F) for forms on GU(3, 1).
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We write a”

[g]’e(ﬂ, F) for the pairing of it with 6. We define

aly 0B Ep King) = Bxeo (egs alg1 o (B Ep sicg(—, —)T odet(—), w(h) f) (7-7)

As before the egrsz) means applying the ordinary projector for the U(2) factor. We regard E D.sieg(—, —) as
evaluated on (A, B) € IU(3’1)(K(3’1)) X IU(z)(K(Z’O)) under the embedding (3-2). The T(det —) is regarded
as a function for the U(2) factor. In view of the algebraic embedding of Igusa schemes, the pullback of the
Siegel-Eisenstein measure gives a measure with values in the space of p-adic automorphic forms on the
group {g, h € GU(3, 1) ® GU(2), det g = det h}. Fix the g, applying the S-th Fourier—Jacobi coefficient
operator to the GU(3, 1)-factor and take the §-component we get a [ [Tk J-valued family of forms on
(the lower) GU(2) in the sense of Definition 7.2, which is the integrand of (7-7). Then we form the pairing
(-,-) of (7-7) in the sense of Section 7D with respect to the level group A~ (Kp N (1 x GU(2) (Ap)h
(In fact, by pullback, we get a measure of forms on the A-Igusa schemes.) We obtain the family of
Fourier—Jacobi expansions. It is clear from the construction that this interpolates the Fourier—Jacobi
expansions of the ordinary Klingen—Eisenstein series we constructed at arithmetic points (see (6-13)). We
get the Fourier—Jacobi expansion at g as in Definition 3.7

Epking(8) = ) _ ajy(B, Ep king)q”
B
where

| I
ape (B, Ep Kiing) = Za[g]’gl{yﬁ (B, Ep kiing) ® 6] 4
i

with 6’ s€H O(Z["g], L(B)). At a generic arithmetic point ¢ of conductor p’ we have

aly1.0(B. Ep, King) = > a{g1.9(B. Ep, sieg(— B)) - Ty 0 det(B) x 7(h) gy (B)).
Belyo) (K@0 Ko (ph))

Next we explain the assertion on constant terms. The constant terms is simply interpolating the S-th
Fourier-Jacobi coefficient for g = 0 (i.e., the Siegel operator ® p ¢ (Ekiing, D,¢)). Let’s consider the case
when g,’s are in the support of Fjing,, for v{p, and g, = w}. We claim that

w3 b b
® ) (Exiing.p) = Cp Ly ¢ o - L5 f

for Cp being the product of the constants in the local pullback sections at primes outside p. It is a fixed
nonzero number throughout the family.

To see the claim, specializing to an arithmetic point ¢, this is simply the constant term computation in
Section 5E for R being the Klingen parabolic subgroup P. This constant term is given by Lemma 5.14. On
the other hand, from the Archimedean computation in [Wan 2015a, Corollary 5.11] we see the contribution
A(p, f,z)—; is actually O in our case. So we only need to work out the pullback Klingen—Eisenstein
section. Now it is an easy consequence of our computations in Section 6 of local pullback integrals
(Lemmas 6.7, 6.15, 6.20, 6.32), together with the normalization factors in Section 6J. |
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It follows that the formal Fourier-Jacobi expansion Ep kjing comes from a family in MOYKP, Ap),
which we still denote as Ep iing. (In fact, Theorem 3.8 is still true after replacing A =I[[[T'x ]| by ﬁ“r[[I‘;g]].)

8. p-adic properties of Fourier—Jacobi coefficients

Notation. To avoid confusion in this section, we use z € Spec ITcI(Q p) instead of ¢ to denote arithmetic
points on the weight space. The ¢ will usually denote Schwartz functions in theta correspondences. Such
convention is only valid in this section.

The purpose of this section is to prove Proposition 8.29.

8A. Preliminaries.

Some local representation theories. (Noncompact case) Let v be a nonsplit prime where U(2)(Q,) =~
U(l, 1)(Q,). Then D ~ GL,(Q,). For some irreducible admissible representation 9@ of UQ2),
we can find an irreducible representation 7V®> of GU(2), such that 79" is a summand of 7SV

restricting to U(2), (note here the superscripts do not mean invariant subspaces). Thus we have

2Oy, = 7Y@ @ U0 op U

for irreducible representations V@@ of U2)(Q,). Here « is some element such that Nm(«) ¢
Nm(K,/Q,). The * means the representation composed with the automorphism given by conjugation
by a. Also the restriction of 7Y@ to DX is clearly irreducible.

(Compact Case) If D modulo center is compact, then we let o be some element such that Nm(«) ¢

Nm(K,/Q,). For tV®» we similarly have 7OY®@v 7 PJ These can all be considered as finite-dimensional

Dy GUQ), U o

representations of finite groups. The 7SV®» = 70 as vector spaces and 7

72Uy g U,

lue), =7

U2, U2y

In both cases, we write ¢, for the isomorphism between 7 and “w given by right action by «

(as vector spaces, the group actions may differ by a conjugation however.)

Forms on D> and U(2). We first define D* c D* (Ag) as the index 2 subgroup consisting of elements

whose reduced norms are in @* Nm(Ay) and let D*(Q,) be the set of elements whose determinants are
in Nm(K). Suppose ¢ is a form on U(2)(Q)\U(2)(Aq), x is a Hecke character of £* \A,é. Suppose
the central action of U(1)(Z,) on ¢ is given by x|u()z,), we can define a form 9P X x on D*(Ag) as

follows. We first define (p;( on U(2)(Ag) as

p)>

¥y (8) :=/ o(g)x () dr.
[

We now define a form on D* (Ag). Recall that the image of reduced norm map from D> (Q) consists of
all positive elements Q@™ in Q* [Weil 1974, page 206]. Note that

ALT/QT Nm(A) — Aj/Q* Nm(AY)
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is an isomorphism, where Aa is the set of ideles with positive Archimedean component, which is also
the image of the reduced norm map from D*(Ag). Thus for g € D>, write g = bag', b € D*(Q),
a e Ag, g € UQ2)(Ag), define

0P M x(8) =9y () ().

Note that this is well defined since @ N"Nm(Ag /A7) = Nm(K*/Q*). For g outside D* we define
¢P X x(g) =0. When  is clear from the context we simply drop the subscript x.

Lemma 8.1. Let 7 be the irreducible automorphic representation of GL, /Q associated to a CM
character & of K*\Ag. If ¢ is in an irreducible automorphic representation of U(2) whose restriction to
SU(2) is in the restriction of the automorphic representation of D* (Aq) corresponding to e under the
Jacquet—Langlands correspondence, then (pSD X & itself is in 7.

Proof. Clearly the (p£ and ¢ have the same Hecke eigenvalues at split v’s. Note that the set of primes of
K sitting over split primes of /C/Q has Dirichlet density one. Write gogD as a sum of forms in irreducible
automorphic representations. Then for any such automorphic representation 7;, the corresponding Galois
representation p, satisfies

Priloe = §DE”.
This implies each 7; is isomorphic to 7g. O

We relate the integrals over [U(2)] to that over a subset of [Q*\ D*](Ag). It is elementary to check
that there is a constant C{j)(z) depending only on the groups D> and U(2) such that if y = 1 then

/ oo (9)dg = CPy) f WP Ry(e)ds. (8-1)
[UQ2)] DX(@)Aa\DX(A@)

Here, we normalize the Haar measure so that the measure U(1)\[U(2)] = 1 and the measure of [D*]
modulo center is also 1.

8B. Constructing auxiliary families of theta functions.

Convention. From now on, we usually do the computations at a generic arithmetic point z € Spec A p (@ »)-
We usually write bold symbols for p-adic families constructed (e.g., k), and write their specializations
using nonbold symbols (e.g., i, for specializations of k).

In this section we fix finite order CM characters n and 1’ of K*\Ag. This notation is only used in this
subsection so as not to confuse with our use of 1 in previous sections.

Before continuing, we need to introduce some more families of characters. Let I'y) >~ Z, be the
quotient of I'x corresponding to the maximal subextension of K, unramified outside vy. Define I';,
similarly. We need to further enlarge our parameter space. We write u,,, and uy, for topological generators
of Gal(Kw/Ky,) and Gal(K«/Ky,) respectively. Let K be the maximal (finite) everywhere unramified
subextension of K« /K. Then u,, and u;, generates F,’C = Gal(Ks/K"). We define an abstract group
L= (Zy/puy, ® (2] p*)uz, with p* = £ Gal(K*/K). Then we have

I €Tk ST}
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with each containment of index p“. We consider the natural projection I'\- — Z ,u,,, which extends
canonically to a surjection I'x — (Z,/p®)uy, € I'i-. Recall we have defined a A p-adic character &. Let
A = Ap ®7,rx1 Zp [Tl This is an enlarged parameter space. Then we can define a A’,-valued
character &, as the composition of & with the surjection I'x — (Z,/p“)u,, € I'}- above. It is easy to see
that at any arithmetic point z the specialization of &, is unramified at vy, and its restriction at (’);0 is the
same as that for §,. Using the same construction, we can define a A’)-valued character 5 be such that
the specialization to ¢g (¢ is defined in Section 7E) is n defined before and the specialization to each
arithmetic point z satisfies (1), p|(Z§,Z,X,) =(1,¢ I,v0| Z;) (recall the definition for SIT in Section 6H, the
triple there is the p-component of the specialization ( f;, ¥,, t,) here).

Similarly starting with the character 5 before we can define another family of characters of L*\Ag with
values in the enlarged [ (taking tensor product of the original [ with some degree p“ extension of Op[[W]
and take a reduced irreducible component and normalization) upon appropriate choice of identification

of Z,[W] with Z,[[u,,]l, such that at any arithmetic point z the specialization is unramified at vy and

X
Vo

such that its specialization to ¢y is 7', and that ("), | 73 = XfzTzio v, ﬁlol 5 M”20, 7y = 1. Moreover

is equal t0 X 7,277 5, 50 when restricting to Oy >~ Z;. Then we can define a A'j-adic character 5"
there is a character x of K*\Ag which factors through I'x. (again we use class field theory), such that
—1 ~1
Xz,DO|Z; = Xf,zl//z,f10|zf, and Xz,vo|z; = Xf,zllfz,ﬁo|zl§- Define " := 9" - x.
Note that we have enlarged our parameter space. At the end of Section 9 we will first prove the main
theorems for this enlarged Iwasawa algebra and then go back to prove it for the original one.

Rallis inner product formula.

Ud, D(@;2) U@) (@) x U2)(wz)
UD)(@;2) x U(D)(w;2) U2)(w;2)

Recall we fixed a splitting character A of K£*\A; of infinity type (—%, %) such that its restriction to A
is xx/a- We use the background for dual reductive pair, splitting characters and theta correspondences in
[Harris et al. 1996, Sections 1-3] freely. We consider the seesaw pair above. The U(2) above is for the
Hermitian matrix (* ) and the U(1)’s are for the skew-Hermitian matrices § and —3. The embedding
U() x U(1) — U(1, 1) is given by the i defined in the proof of Lemma 6.26. The splitting characters
used are indicated in the brackets beside the groups. We want to consider the component of theta
correspondence such that the first U(1) on the lower left corner acts by 121, and the second U(1) acts by
n, . We consider a theta function on U(2, 2) by some Schwartz function ¢ such that ¢ = &y, (¢3 X ¢y)
for some ¢3 and ¢, (recall the notion of intertwining operators in Section 4G. We consider

/ / 01, 112, A1 (s ()i (det @) duy duadg. (8-2)
[U@)] JIUM)]Ix[UD)]

The splitting characters are consequences of [Harris et al. 1996, Lemma A.7] and the discussion on
“reflection principle” right after it. Here the A(det g) shows up due to the splitting w;> on U(2) since in
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the Siegel-Weil formula [Ichino 2007], the splitting character on U(2) is the trivial character. Thus the
restriction of the theta kernel to U(1, 1) x U(2) is A(det g) times the restriction to it of the theta kernel
appearing in the Siegel-Weil formula of [Ichino 2007]. So this is exactly the same formula considered in
[Harris et al. 2005, Section 6].

On one hand, one can check that this is nothing but the inner product of the theta liftings 64, 1 (A1)
and 6y, N n, 1. (A o det) (by writing 0 , we take the splitting character for U(1) to be trivial and for
U(2) to be A. We need to notice the different choices of splitting characters). On the other hand, if we
change the order of integration using the Siegel-Weil formula for U(1, 1) x U(2) as proved by Ichino
[2007], this equals

/ E(fs, @ 3+ i G, u2)) 27205 (i) n,(ua) duydus (3-3)
[UMIx[UM)]

Here i is defined right before Lemma 6.27 and f5,, () is the Siegel section defined by

Js,@)(8) == 0,2(j(8)8y (¢)(0), geUd, 1)

where j is defined in the proof of Lemma 6.26. Thus we reduced the Petersson inner product of theta
liftings to the pullback formula of the Siegel-Eisenstein series on U(1, 1).

Functorial properties of theta liftings. For any Hecke character x of U(1) (in application x (zx0) =z}

for zoo € U(R)), we describe the L-packet of theta correspondence 6, () (possibly zero) of x to U(2)
where A is a Hecke character of A;é such that A| ax = @K/Q- We pick a Hecke character x such that
Xluyag) = x~!. In our application the automorphic representation of 0 is supercuspidal at all primes
where D is compact modulo center. So we have the Jacquet-Langlands correspondence 7 on D> of
the automorphic representation of GL, /Q generated by the CM form 6 corresponding to x. We form
an automorphic representation in the way we introduced before: wy X x A of GU(2). Then by looking
at the local L-packets (see [Harris et al. 1996, Section 7]) 8, (x) is a subspace of the restriction of this
representation to U(2). (This restriction is not necessarily irreducible.) The representations at split primes
are irreducible. Therefore, we still have not specified the automorphic representation on U(2).)

Constructing families of theta liftings. Let v be a prime inert or ramified in K. Thanks to the recent

work [Gan and Takeda 2016], we know that the Howe duality conjecture is true for any characteristic.
Recall as in Definition 4.4, consider the theta lifting from U(1) to U(2) at v (the U(2)(Q,) might be
u(l, 1)(@Q,) or compact). Write S(X,, ;7;11)) for the summand of S(X,) such that U(1) acts by 771_1])
Given a Schwartz function ¢" on ®y,,S(X,,) we consider the map S(X,, n,, i) — 1y, (the g, is the
automorphic representation of U(2) by Howe duality corresponding to ;') by ¢, : ¢p, — Opresp, (1, 1. By
the Howe duality conjecture, we know that there is a maximal proper subrepresentation V,, of S(X,, n, ,ﬂ)
such that S(X,, n,. 11}) / Vy is irreducible and isomorphic to the local theta correspondence 7y , , of n,. 11) by
the local and global compatibility of theta lifting (see [Prasad 1993, Theorem 8.5]). Suppose there is some
¢y so that ¢, (¢y) # 0 (a finite sum of pure tensors in 7y, ). We consider the representation of U(2)(Q,)
on 1y, (U(2)(Qy))(ty(¢py)). This is a subrepresentation of a direct sum of finite number of 7y, ,’s. The ¢,
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gives a homomorphism of representations of U(2)(Q,) from S(X,) to 7 (U(2)(Qy))(t(¢y)) < D7y, o-
Note that the automorphism group of the representation g, , consists of scalar multiplications. Thus it
is easy to see that the kernel of the above embedding is exactly V, and we have the following lemma:

Lemma 8.2. Fixthe ¢* as above. Let vy, be the image of ¢, in 7y, under the Howe duality isomorphism

to S(Xy, n;llj)/ Vy. Then 1,(¢y) € 7o, can be written as a finite sum of pure tensors of the form
0.0 ([T o)
i w#Fv
Jor ¢u.i € 9, w-
We define the weight map j; : Ay g — A is given by
A+T) 1, (14T~ 13 ¥yl (14 p)
where we write 7, for the restriction of T to Ilefo >~ Q, and similarly to ¥,.

Proposition 8.3. Suppose n is such that for each nonsplit prime v € X, nluy@,) equals the xg ., defined
in Section 6G; for each split prime v{p in X with v = ww, we have n,, is unramified and ng is the
Xo.v defined in Section 6G. We can construct a family 6 = 0;¢2 € Mo (K@, A2 ) ®j, A/l’) whose

1 0\ .
hi Qpbh,, (8 (n 1) “i)
0.(9):=_ Y. i) o
o

i=l nez,/p'Z,

specialization to z € Spec A}, of conductor p' equals

where the subscript ¢, stands for the Schwartz functions ¢, , we define in the proof below, the 0, p, is
the one appearing in Corollary 6.47 with the D being the specialization D, of D. The superscript — is
to indicate that the theta function is constructed through pullback under the map 1 x U(2) — U(2, 2).
(Later on we will constructed theta functions via pullback under the map U(2) x 1 — U(2, 2), which we

use a superscript + to indicate).

Proof. For an eigenform 6 such constructed we sometimes write g for the automorphic representation of
U(2) of 6. First, we give the choices for the Schwartz function ¢ for the construction using the embedding
1 xUR2) — U_2,2).

Local computations. In the following we define some Schwartz function. The ¢, ,’s depend on the

arithmetic point z (in fact only varying at the p-adic place), while the ¢3 , are fixed throughout the family
and we thus suppress the subscript z.

Case 0. At finite places outside X we choose the obvious spherical kernel functions.

1 12)gg)<I>oo. Recall that &y, = e 27 Tr((x:¥)) gpd g =
diag(s'2d'*//2,d"* /2, (s"/2dV* )N2) 71, (@4 )N2) 7). Let ¢, = L(sd) !/ Ae 2 VAE ) and
P20z = %(551)‘/46—2”*/3(5*%1 +33,) By our computation in Section 6.5 we have 8§y (¢3,, X2, ;) = ¢y 5.

Case 1. If v = oo, we let ¢, = wx((
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Case 2. If v € S is split and v{ p we recall that we have two different polarizations W = X, @Y, =X, @Y,
where the first one is globally defined which we use to define theta function and the second is defined
using I, = Q, x @, which is more convenient for computing the actions of level groups. We have defined
intertwining operators 3:/’, between S(X,) and S(X)) intertwining the corresponding Weil representations.
Consider the theta correspondence of U(1) to U(2) on S(X,) and S(X ). We write X, > xg’v = (xg/’v, xé/’/v)
and X’v* > xé’v = (xé/’v, ngv). We define

—1
d)/ (x// x/// ) = ()‘nZ)u (xé/,v) xgﬂ) € Z;(’ xé/’/v < ZU’
303,00 A3y 0 otherwise.

where @ is the conductor of 7, , and

/ ” mo- _ ()‘nz)v(xé/’v) 'xé/,v € Z:, Xg’/v e Z,,
¢2,z,v(x2,v’ x2,v) - .
0 otherwise.

We define ¢, , € S(W) by .. = 8, (¢}, , K¢}, ) and define doz0 = 5, (5, ), $3.0 = 81 (¢} ).
Then if f, € I,(1?) is the Siegel section corresponding to ¢, , in the Rallis inner product formula, we
have

FG(l u2)) = (@30, @ (U2, Dep2z,0)

by the formula for the intertwining operator. This is zero unless u, € Z (U(1)(Q,) ~ Q') and equals
Aznz (up) for those u;’s. To sum up, for such v the local integral in the Rallis inner product formula is a
nonzero constant (g, — 1/¢,)%. We modify the definitions for ¢ , , and ¢, by multiplying them by an
element ¢/, in Z} to make the resulting ¢, , integral. Note that our definition for the Schwartz functions
®2.2.0, ¢3,, and thus ¢, , are independent of the choice of z. Let ¢, = (c;)z(qv —1 /qv)z. Later when we
are moving things p-adically, this constant is not going to change.

Case 3. For v € S ramified or inert such that U(2)(Q,) is not compact. In this case U(1)(Q,) is a compact
abelian group. We let ¢, , , be the Schwartz function ¢, , on S(X;") constructed in Section 6G, with
the Eisenstein datum D = D,. Let ¢3,, be a p-integral valued Schwartz function on S(X,) such that
(D30, D2,20) = va:X; @3.0(X)P2.2.»(x) dx #0 and that the action of U(1)(Q,) via the Weil representation
is given by a certain character. (It is easy to see that this character is )»% Nz.v, thus the action of the center
of UR2)(Q,) via U(2) x 1 is given by n;i.) We define ¢y, = 6y (¢h3,0 K2 ;) € S(Wﬁ). We note that at
all arithmetic points z, the character 1, , as a representation of U(1)(Q,) since the character is changed
by an unramified character and the group U(1)(Q,) is compact. We further multiply the ¢3 , and ¢, , ,
by an element ¢, of Z; to make them and the resulting ¢, ,, integral. Let

¢y = (c}))* Vol (U(1)(@,)) ($3,0, $2.2,0) 2/ #3.0(X)P2,2,v(x) dx
X=Xy
The ¢3,, and ¢» , ,, and therefore the ¢, and ¢, , are fixed throughout the family.

Case 4. For v such that U(2)(Q,) is compact. Note that the local representation 7y, , is finite-dimensional
with some level group K,. Again let ¢,, , , be the Schwartz function ¢, ,, defined in Section 6G with the
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Eisenstein datum being D = D,. We write v; for the image of ¢, , in g, , under the Howe duality. We
fix an U(2)(Q,)/K,-invariant measure of g, , and extend v; to {vy, ..., vy } an orthonormal basis of
g, ». Let (Vg, .. .) be the dual basis. Let ¢3 ,, be a p-integral valued Schwartz function on S(X,) pairing
nontrivially with ¢, , ,, such that the action of U(1)(Q,) via the Weil representation is given by a certain
character. (As before this character is A% n2.v, thus the action of the center of U(2)(Q,) via U(2) x 1 is
given by 7, ll).) We require also that the image of ¢3 in the representation of U(2)(Q,) (which is the dual
of 7g, ) is V1. We define ¢, , = 8y (3, X ;) € S(Wf). We further multiply the ¢3 ,, and ¢, ,,, by an
element c; of Z; to make them and the resulting ¢, , integral. Define ¢, = (c;)z.

Case 5. We write 1, , for T]Z|@l>§. Forv=p, W, = X, @Y, we write elements

(xp]7 pZ)Evayp (y;;’lvy;’Z)EY;)

We define ¢p,z(x;,, y;,) = le,p(y;,,l) if yl’D’1 € Z; and x;’l, x;ﬂ, )’;;,2 € Zp, and ¢p,z(x;,, y;,) = 0 otherwise.
Definition 8.4. For later interpolation we define a A’j, valued function ¢ , (x; Y p) n p(y;,’l) if y;’l €z,
and x, |, X}, 5, ¥, 5 €Zp and @ ,(x},, y,) = 0 otherwise.

We also write xéﬁp ()c3 o X x5’ ) eX ,x2 » (x2 o X xy)’ ) € X ~ (note that we use x2 to distinguish
from x; , above). A stralghtforward computation gives

g(’?z p) _1

85 @ (1) (p2)) (X}, X5 ,) = (=25 ,p")

if x2 » € p"ZX and xé’ p, xé’ ! iy xé’ ! » € Z,, and equals 0 otherwise. We write ¢§’ 0 be the characteristic
( z, 7)
.
. . . —1 ’
is 0 otherwise. We define ¢3 , and ¢, , , as the images of ¢3y » and ¢2,z, » under (Sw, »© Sw’ P We note that

function of Zf, on X, and define ¢2’Z’p(xé,p) = P h if xJ » € p~'Z, and xé”’p €Zp, and

the ¢, , , here is not the ¢, , constructed in Section 6. In fact

10
¢2,z,p = Z wk((l’l 1) )¢2,p-
nely/p'Z, p

This can be seen by comparing the CID/F/, in Section 6 with the ¢, , here. This is exactly where the
Znez,, Pz, wk(( ,i (1))17) appears in the statement of the proposition.

Global case.

Definition 8.5. Let ¢, = [ [, ¢v,, With ¢, defined in Case 0 through Case 5 before. We define a A’j,-adic
formal g-expansion @ on U(2, 2) interpolating our theta kernel functions on U(2, 2)

Z 1_[ $y(x) ><¢p(x)32mtr( 7).
xek? vtpoo

(The ¢, is defined in Definition 8.4 and note the ¢,’s are the ¢, ,’s, which are fixed throughout the family
for v poo, justifying suppressing the subscript z.)
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This is easily seen using Lemma 6.13 and the computations in [Skinner and Urban 2014, Section 10.3].
(We note that the ¢« , here is @ o right translated by go. On the other hand, our distinguished point i is
chosen as ¢ € X, . Note also that the ¢, , and ¢3 , are independent of z for v{p.) As in the pullback
formula for Siegel-Eisenstein family under U(2) x U(2) < U(2, 2), the @(—T) also pulls back to p-adic
analytic family of forms on U(2) x U(2). The following lemma is immediate from our computations
from Case 0 to Case 5.

Lemma 8.6. The pullback of the specialization ®, to U(2) x U(2) is in fact 63,0y, , for ¢p2, =[], ¢2.2,v
and ¢3 =[], ¢3,o. (We omit the subscript z for ¢3 since it is fixed along the family by definition.)

It follows easily using the Rallis inner product formula (see Proposition 8.9 and its proof, note the
arithmetic specialization of the Katz p-adic L-function there is nonzero) and our choices for the Schwartz
functions that for some u,ux € U(2)(Aq), 0p; (aux) # 0. Thus (Op, (Uaux)2p/ Reo) - (0p,,2p/ R00) 18
a A'j-adic family of forms on 1 x U(2) — U(2,2). Now we take a representative (i1, ...i,) of
UM @U(R)\U)(Ag)/U(1)(Z) considered as elements of the center of U(2).

Definition 8.7. Write ¢y := (0, (aux)2p/ Qo). We denote § =0, € Moa(K>?, As ) ®;, A for
the A’,-adic family constructed by

e Q20O (itaux, &) -
0(g)=)Y_ ﬂ(ﬁj)_lwkfl(ﬁj)%k(detg).
i=1 00
Its specialization to z is
Q, oK
0:(8) 1= o+ 7 D alll)) ™ @1 i) Oy, 1)(9)- (8-4)
X =1

The property required by the proposition follows from comparing our choices of theta kernel function
with the (local and global) computations for 6, in Section 6. ]

We can do the same thing to construct a A’j,-adic family of forms on U(2) x 1 < U(2, 2). This time
we define ¢ such that for v # p the local components are as before. If v = p recall that W, = X }, ® Y[’,.
If x), = (x;,l,x;)’z) and y), = (y;’l, y;’z) we define ¢, ,(x,, y,) = ngzyp(xi’p) for xi’p € Z, and
X3 oo V1. ps Ya.p € Lp and @, (x),, y;,) = 0 otherwise. Direct computation by plugging in the intertwining

’
,—1
Lo Xl pandxy =) . xy"), thend, (0 (V)s,p)(x] ,, x5 ) =

é”’p € Z,, and equals 0 otherwise. We also get new ¢, and ¢3 ,

. . o
operator gives, if we write X = (x
1

1,p’
in this case from the ¢,’s defined here.

1 . i V
Xg,z,p(xl’p) 1fxl’p € Z; and x Xy pr X

As before we move g , p-adically. This time our 6y, is fixed and nonzero at some point u,, € U(2)(Aq)

)2, /Q0c. Thus (O, (1, )szf,/szgo)e¢3_z

and 6y, , is moving p-adic analytically. We write c;, = 6, (u aux

is a Ap-adic form on U(2) x 1 C U(2, 2).

/
aux
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As before we define © as in Definition 8.5, and write

e 8) 2

P
A(det ).
Q%O

hx
- Q
03(2) =07, (==L ﬂe(ﬁj)wrl(ﬁj)
°°i=1

The superscript 4 stands for the fact that the theta function is constructed via the pullback U(2) x 1 —
U(2, 2). Its specialization 9~3,Z to z satisfies

03.2(g) = Ze¢3z<gu )2 ii7).

c93 ol
Definition 8.8. We define forms 6 and éfz on D*(Ag) as 0P K7, and 531?2 X 773 respectively and
characters 7, and 7,, as at the beginning of Section 8A. Sometimes we drop the superscript D when it is

clear from the context. The key functorial property of it (and some other automorphic forms constructed)
is summarized in Section 8B1.

As before we let EE‘;‘” be the Katz p-adic L-function interpolating the values

2 L()"z 92)(9271)
P (W2n; 2, p G (Wnan; QS

We now compute the Petersson inner product of 6, and 53,2 at a generic arithmetic point z.

Proposition 8.9. We have

- K
Bgo2) (0ﬂ,¢2’ 0;¢3) =€ Cpy 1_[ Cv- ﬁ)d?tz
v
for the ¢, in Case 2, Case 3 and Case 4 as before. Note that these are constants fixed throughout the
Sfamily.

Proof. We do the computation at a generic arithmetic point z, and apply (8-2) and ((8-2)2). By the
doubling method for U(1) x U(1) < U(1, 1) we are reduced to local pullback formulas.

We first construct the local theta kernels ¢, ,’s. At places outside p, the choices are the same as Case 0
through Case 4 above. At the p-adic place, we construct the Schwartz function in S(W,) = S(X ;, eY 1/7)
first and apply the intertwining operators 8‘;1. We write

x,=(x,,x,,)€X), and y,=(,,¥,2) €Y,

We define ¢, ,(xp, yp) = 0z,p(x), 1, ¥, D if X, 1, ¥, €Z; and x), ,, ¥}, , € Z), and equals O otherwise.
Now we compute the local pullback integrals.

« For the Archimedean place, this pullback integral is 1 as in [Wan 2015a, Section 4.1] (n = 1, and k =2
there).
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« For v{p, by our choices the corresponding local integrals are nonzero constants which are fixed along
the p-adic families (see the computations in Case 0 through Case 4 above). The product of such local
integrals is [ [, cy.

» For v = p, as before we have ¢3,, and ¢, ,,’s (this time both Schwartz functions depend on the
arithmetic point z!), and can compute that 8;/’/_1(¢Z,p) =¢32p X P2zp € S(X/l,p) x S(Xo, ) where

1 " . 14 : Vi " :
G3,2,p (X7 X)) =10 p(x] ) if X7, € Z), x| € Z,, and equals 0 otherwise,

/" " g(nz,l?) —1 /"
¢2,Z,p('x2’p’ xz,p) = pt nz’p('xz’p)

if x5 » € p! Z, and x5’ » € Zp, and equals 0 otherwise. So these are exactly the theta functions whose
inner product we want to compute. Now we compute the Siegel section f € I} (A3) on U(1, H(Q p)-
From the form of the Schwartz functions, it is easy to see that the Siegel-Weil section fy, , = f1.pf2.p
for f> , € I1() to be the spherical function which takes value 1 on the identity and fi , € I;1(2) is the
Siegel-Weil section on U(1, 1) of U(1, 1) x U(1) for the Schwartz function ¢, € S(K,) which, with
respect to K, = Q, x Q,, is ¢, (x1, x2) = 1, ,(x1 - x2) for x1, x2 € Z;, and ¢, (x1, x2) = 0 otherwise.
However, this section is nothing but the Siegel section 7 we constructed in [Wan 2015a, Section 4] for
the one-dimensional unitary group case. Thus, the local integral is easily computed to be

g(lzf") 2,5 PP A (P D) = A (L P (e ).

Recall the ¢y and ¢, we used in the construction of  and 63. To sum up, we obtain the proposition
from above computations. U

8B1. Constructing h. We repeat the above process to construct another family A from the family %/,
which will be used in computing the Fourier—Jacobi expansion as well. We put an assumption:

suppose for each nonsplit bad prime v such that U(2)(Q,) is compact, nluay@,) = 7’'lua)@,)-

Again we compute at a generic arithmetic point z € Spec A/l/)(@ ). First we construct forms 4., and 13’3’2
using theta lifting in the same way as we constructed 6, and §2,3, except with 1/ in place of 1, and slightly
different theta kernels described as follows. (Therefore, in our application, the forms /4, ’s are still CM
forms.) More precisely, we make the Schwartz functions as follows:

« In case 0 and case 1 (unramified and Archimedean cases) our Schwartz functions ¢, , $2.2.v, ®3 .4

are chosen by the same formula.

« Incase 2 (split bad primes) the Schwartz functions d)é’” and d)é,v are chosen as before except replacing
Nz.v by ). We define ¢y, =8/, (¢}, K¢ , ) and define ¢oz.0 =8, (@, ). $3.0 =8, (¢} ,). We
further multiply the Schwartz functions by a (fixed) nonzero element in Z,, to make the ¢3 ,, ¢2 ; v,
and ¢, , are integral.

e In case 3 (nonsplit bad primes with U(2)(Q,) not compact). In this case we recall the local theta
correspondence from U(1) to U(1, 1) is always nonvanishing from any character of U(1)(Q,) since it
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is in the “stable range” (see [Kudla 1996, Propositions 4.3 and 4.5]). We take some Schwartz function
¢2.2.» and ¢3,, with nonzero pairing so that they are eigenvectors under the action of U(1)(Q,), and
the eigenvalue for ¢3 , is )»%77;,1,- (The existence is guaranteed by the previous “stable range” result.)
These Schwartz functions are fixed throughout the family. Define ¢, , = 8y (¢p3,, Xy ,,) €S (Wff )
as before. We further multiply the Schwartz functions by a (fixed) nonzero element in Z, to make

the ¢3 ., 2,24, and ¢, , are integral.

o In case 4 (nonsplit bad primes with U(2)(Q,) being compact) Recall we assumed 7|y @,) =
n'luay@,)- As discussed at the beginning of Section 8A, it is easy to see that the 7, , is either
y'réx7 L ®n; or "‘ngvn » ®nz. Under this identification we choose the local Schwartz function ¢ ; ,
at v so that the image in 7, , is U1 or ,(v1) depending on whether JTG\;Z’U ® n, or aﬂev,,z,v ® n,
(notations as in Section 8A), and the Schwartz function ¢3 , whose image is v; or (4 (v1). Define
Gvz =08y (P3N ,) €S (W‘j ) as before. We further multiply the Schwartz functions by a (fixed)
nonzero element in Z,, to make the ¢3 ,, ¢2 ; ,, and ¢, , are integral.

e In case 5 (p-adic places) we choose ¢, ,, ¢> , , and ¢3 , as in case 5 before Definition 8.4 except
replacing 7,,, by n; .

Let H' be the family of theta functions on U(2, 2) defined as the © in Definition 8.5 as
Z l_[ ¢yp(x) X ¢p(x)e2ﬂitr(’i2x)

xeK? vtpoo

but replacing the local Schwartz functions there by the ones defined here. As in Definition 8.7, we denote
h' for the A’,-adic family constructed by

hi H/(Lt )QZ
_ o —1 o aux» g pP3
h/(g) — 0"”’¢2 — E 1 n”(uj) W, —1 (MJ)T)\.(detg)
1=

Note that its central character is #”. Write cjy = 04, (u},,) - Q,/Q00. Clearly it is interpolating theta

/
aux

functions
hx

Ry = cw Y0y ) " @3- () O], g, ). (8-5)
i=1

Again we define A2 on D*(Ag) as h'? K 1, (note the character is not 1) using the procedure at
the beginning of Section 8A. Clearly we can also form the corresponding family which we denote as
WP =hr'PRy.

The automorphic representation for 12 (62) is the Jacquet-Langlands correspondence of the CM
form associated to An, (An, respectively). We define A, (or ) on GU(2)(Ag) using hf (or hP) and the
character n, Y4, (not n,! This is crucial for our p-adic analysis of Fourier—Jacobi coefficients) (or ')
as

ho(ag) =n; "W (@hP(g), h(ag)=n""Y@h"(g)
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fora e A,é and g € D*(Aq). The h,’s are certainly interpolated by the family k. We write ), , for the
corresponding automorphic representation. Similarly let fl?z be the form E;DZ X ,;12, and let I~z3,z be the
form on GU(2) constructed from fzgz using the character n,y, L. Let I be the corresponding family.

Now we give the map of the weight spaces for & and the Fourier—Jacobi coefficients of the Ep kjing. In
fact the nebentypus of the Ep kiing,- is given by diag(wi Zl, Xf WZ_, Zl, ‘L’i Zl, 71,z). Therefore the nebentypus
of elg» FIg(Ep kiing,z) as a form on U(2) is given by x, W£ Z], ‘172_’ Zl So it is interpolated by a family in
Mord(K29 A5 0) ®;, A, with the weight map jo : Az g — A’} given by

A+T) = xpp¥5 121+ p), 1+ T) = 75 (L4 p). (8-6)

Here x ¢ , is the p-part of the central character of f, and we write ¥, for the restriction of ¢ to ICDXO ~ @;,
and similarly for 7. It s also straightforward to check that k € Mord(K 2.0), A20)®j, A, for the same jo.

Convention. Oftentimes, when we constructed 6, € 7y, with central character xp , then by éz € m; we
mean 6, - ( Xo. 21 o det). If we have constructed 53,2 with central character Xo. Zl, then by 65 , we mean
53’2 - (xp.z o det). We use the same conventions for /,’s as well.

We have the following immediate corollary:

Corollary 8.10. The 6,, 65, 6P, 0P h,, hs,, hP

3,z z°

corresponding automorphic representations.

h?z constructed before are pure tensors in the

Proof. This follows immediately from Lemma 8.2 and the constructions above. ]

8C. Choosing some characters. In this section we make choices for some Hecke characters for the
n and 1’ in the previous section. These are important in our study for Fourier—Jacobi coefficients for
Klingen—Eisenstein series later on.

We first give a result of Pin-Chi Hung [2017, Theorem C]. Let x be a finite order Hecke character of
Kx \A,é of conductor M Oy for some M > 0. Let f € S (I'o(V)) be an elliptic cusp form of even weight
k, level I'o(N) with g-expansion

F@ =Y an(f)g"
n=0
We decompose N = NTN~, where N is a product of primes split in & and N~ is a product of primes
ramified or inert in K. Suppose N~ is square-free and N~ = N N~ where N is a product of an odd
number of primes coprime to M and N, is a divisor of M. Let £ be a rational prime split in . Let K,/
be the unique abelian anticyclotomic Z-extension of K and I'™ be the Galois group Gal(KC, /K).

Theorem 8.11. Suppose (24 N. Let p be a rational prime such that
e pt{NDy and p > k —2,
e for every nonsplit q | M, q + 1 is not divisible by p,
e forevery q | NJ: ramified in IC, az(f) = x(q)(= 1), where g = 9%,

o the residual Galois representation p g, ?»|Ga1(@ /0) is absolutely irreducible.
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Then there is a finite extension L /Q), with integer ring O and uniformizer . We have for all but finitely
many characters v : '™ — [y, we have

L(f/K, xv, k/2)
QyN-

%0 (mod 1).

Here the Q2 v~ is a period factor defined in [loc. cit.].

Now we choose the characters needed. From now on we fix once for all a split prime £ outside ¥ and
write a new “X” for X U {¢}. We choose xy a Hecke character of KL*\Ag as follows: xp o is trivial. At
p we require that x be unramified. For v € X nonsplit in /Q, then we let xg ,|u() to be the character
chosen in Section 6. For split v € ¥, v{p, £, v = ww, suppose cond(r,) = (w,i"”), we require that xg .,
be unramified and cond(xp ) = (zzrvtz'”) for t , > 2t1, + 2. We choose a character yaux of ICX\AE as

follows: xaux| Ax = 1, it is trivial at oo, and is only ramified at primes in X not dividing p such that
U(2)(@Q,) is not compact. For split such v we require that

(@, ") if 1, #0,

cond = -
(Xaux) {(ZD',?’U 1) if 11, = 0.

At nonsplit such primes we require that
Cond(Xaux,v) > cond(m,), cond, ()\-ZXQ_CX@Xaux) > cond ()

and Xaux,» |gx has a smaller conductor than y,ux ., (here > means the conductor of the former is of higher

power of the uniformizer than the latter). Also for each prime ¢ such that U(2)(Q,) is compact and

g is ramified as w? in K, suppose 7, = Steinberg ® x,,1 for some unramified quadratic character y,

we require that x, 1(¢) = Xaux () (these are used in the next paragraph to make sure that the special

L-values are of the correct local signs when applying Theorem 8.11). To ensure the existence, we may

need to enlarge the ¥ by including one prime £’ which is prime to N and inert in K. Let x = x,  Xaux -
We further require that

L(ms, X Xoxn 3) ) o T = DL(xamt ™ 52) k=2
o Eulp(nf,k )(9)(;2,5), T Elﬂp(XauxT ‘ ) )

and
Tk —2)L(A*xg “XoXauxT ', 52)

—20k—2
K 2900

Eul, (3257¢ -1 k=2
P Xo X6 XauxT >

are p-adic units where the Eul, are the local Euler factors for the corresponding p-adic L-functions at
p when everything is unramified at p (we refer to [Hsieh 2014c, (0.2); 2014b, (4.16)] for their precise
definitions). The first uses [Hsieh 2014c]. Our assumptions above on conductors imply that at all
nonsplit primes the local root numbers in Theorem A of [Hsieh 2014c] are all 41 (this uses [Jacquet
and Langlands 1970, Proposition 3.8], as also mentioned in [Brakocevi¢ 2010, Introduction]). Then
we take a split prime £ Np and apply that theorem to see that there exists a twist by anticyclotomic
character of ¢-power conductor which satisfies the requirements. The second and third uses [Hsiech
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2012] (we are in the residually non-self-dual case there) and again we can achieve the requirements
by twisting by an appropriate anticyclotomic character of conductor powers of £. Further, we assume
that 1 —a, ()™ xo.p2xn.p.1(P)s 1 = ap(f)xX0.p.1 X0 p2(P) ™" and 1 =22 530 p.2X6.p.2T, 5 (p) p~* =1
are p-adic units. At each prime v of K above a prime where U(2)(Q,) is compact, we require that
1 — xaux? < (@0)gs “ /% be a p-adic unit. We also require that L(ms, x§xn, %)/(nZQ;Q;) is nonzero
(do not need to be nonzero modulo p!) using the Theorem 8.11 recalled above (by choosing a different
s

p"” and prove nonvanishing the new p’. Note that the mod p’ residual representation p 7|, is absolutely
irreducible for all but finitely many primes p’).

Definition 8.12. Now we take the n and 7’ in the previous section to be the xy and xj; above (indicating
they are used for forms 6, and &,’s. Clearly they satisfy all the requirements there.).

Now we define a character ¢ of @* \Aa (the reason for doing so is just a cheap way to use the new form
theory at split primes to pick different vectors inside an automorphic representation of U(2)). We require
that these be ramified only at split primes in X\{p}. At such v =ww and require that ¢|,x = xx |lec‘w.
These uniquely determine the character .

8D. Triple product formula.
Background for Ichino’s formula. Let 1, 5, 3 be three irreducible cuspidal automorphic representa-

tions for GL, /(D such that the product of their central characters is trivial and the archimedean components
are holomorphic discrete series of weight two. Let niD be the Jacquet-Langlands correspondence of
them to D* (assume they do exist). Let ¢; € niD and ¢ € 7~Tl~D. Write IT = ]_[?:1 mi, ¢ =[], ¢ €11,
¢~> =11 qg,- € I1, and r the natural eight-dimensional representation of GL, x GL, x GL,. We write
1¢®¢) = (

o $1(2)2(8)p3(8) dg) ( o $1(8)$2(9)p3(8) dg>.

[ [

Now look at the local picture. Suppose ¢; = ®,¢; , and d;,' = ®v¢~),’,v. We fix (-, -) a D) invariant pairing
between niD and ﬁiD . Let ¢ be the Riemann zeta-function. Define

L,,I1,, Ad ~
( ) [Tn 200, @) d7x,.

Ly(y ® bo) = 5y(2) .
(@0 ® dv) = £u(2) Ly(1/2, Ty, 1) Jox\p@,) 7,

Note that this depends on the choice of the pairing.
Let X be a finite set of primes including all bad primes, then we have the following formula of Ichino
[2008]:
1¢p®$) C
[T@.¢) 38

where C is the Tamagawa number for D*. This does not depend on the choice of the pairing.

()

L*(3,10,7) l—llv(%@év)
LE(1, T, Ad) L1 (4, )

In application, our (¢, ¢) is usually 0, thus we need a slight variant of the above formula. Suppose
we have elements g; =[], g; , such that (¢, Jr(glf)q;i) #0fori=1,2,3, where g; , are elements in the
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group algebra <IZDP[DX (@,)]. Then

~ T/1 ~
I(¢®¢) 2952(2) L (2,1_[,7') IU(¢U®¢U)

(¢, n(g)di) 8 L¥(1,T1, Ad) - & (¢, (g}) o)

with g, =T, .-

Local triple product computations. We remark that in [Hsieh 2017, Sections 5 and 6] the local test vectors

and triple product integrals are worked out in full generality. However here for the special cases needed
in this paper we include the computations for convenience of the reader.

Split case principal series. Suppose v is a split prime of K/Q with g, being the cardinality of its residue

field. We assume 7, and my, are principal series representation and 73, is either principal series
representation or special representation with square-free conductor. For K = GL,(Z,) the maximal
compact subgroup of GL,(Q,), we use the realizations of induced representations as functions on K:

Ind 23S (x1.0. x2.0) = {01 K — €, v(gk) = x(9)v(K). q € B@Q,) N K}

where x (q) = x1,0(a) x2,0(d)3p(q) for g = (“ 3). We realize the inner products as
(o1, 02) = [ wiath) dk
K

for v; € Indng(Xl,,,, X2.0)s V2 € Indng(Xf’i, Xzfi). For a positive integer ¢, let K; C K consist of
matrices in B(Z,) modulo @w!. For f € w(x1, x2), f € n(xl_l, Xz_l), we define the matrix coefficient
@, 7(g) = (w(Q)f, f). Leton = (" ).

Lemma 8.13. Supposet > 1, cond(xlxz_l) = (w]). Let w = (1 1) in this lemma. If

x1(@)x2(d)  ky € Ky,
0, otherwise,

fx (kv) = {
and fx*I is defined similar to f, but with x replaced by x L. Then chx 7 (&) =00n
S
U, Kiwo, K1 U, Kio,wK].

On\U,K0,K1 U, Kiywo,wK1, it is supported in

1 1 o) 1 w,"Z,
() (g, o o () () e

The corresponding values at (1 w”) and (w”n 1) are Vol(K,)oz’Z“qv_n/2 and Vol(K,)ozq‘qv_"/2 respectively,

where o; = x; (wy) fori =1, 2.

Proof. 1t is easy to check by considering the supports of f, and fx that ® fods (g)=0on ]_[n20 KionwKj.
(K10,wK/ does not intersect supp f.)
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Now suppose g € Kjwo, K| for n > 1, without loss of generality we assume

(o) e (L) ()

for @, | b, @, |c. Plugging in the formula for matrix coefficients, write K; > g’ = (”/ Z;)( Cl 1) for
a,d' ezy,b e, d ecwlZ,.

I R 1 1
= (") (Lo ) )
_(a 1 1 1 b
‘( )( wﬁ) ((c’+c)/W3 1)( 1)'”
_(a 1 1 1/¢"\ (—1/c" 1
(") (o) () O ) (et e

Here we write ¢’ = (¢’ +¢)/@)'. We need to fix g and do the integration for g’. The first observation is

/ b/
d/
/ b/
d/
/ b/

that we only need to consider integration with respect to ¢’. Next we can integrate for those ¢’ such that
pllb+ ci, We divide the problem into four cases according to whether @/ | ¢ and whether @/ | b. In
any case, it is not difficult to check that the integration is 0 since cond(x1 x, 1) = (). We leave the
verification for g € Kj0,K; and KywowK to the reader. O

Lemma 8.14. Suppose cond(XlX;I) = (w]), t > 0 and ¥ is a character with conductor (w}), s > t.
Define
d)y ! ,delX,bel,, 7%,
F=froke) = xi(a)x2(d)o(c/wy) a,de 2y €y, cew,l;
0 otherwise,
for ky = (* Z) (i \)- We similarly define
f == fx—l’ﬁ—l .
Then on U, K 0,K; U, Kjwo,wKj, <I>f’f(g) is supported in K|. Moreover if g € K, with CDf’f-(g) #£0,
then its upper right entry is divisible by w, ™", and ® ; 7(g) = (qv — 1)g, ' Vol(K).

Proof. Suppose @ FoooFom (&) # 0. In the following proof we write ¢ for ¢ FonFot yot for short.
DSy =1 - DSy =1 9
Ifge Kl(wvn 1)Kl for some n > 0, then as before we have g € (w:’, 1)(1 wﬂlz”)K,. For g’ € K;, write

g = (“/ Z;)(Cl, 1). Without loss of generality assume

(D) E)
) [ [ [ [

forb e Z,, w! | c. Then
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Plugging in the formula for matrix coefficients we need to integrate for a’, b’, ¢/, d’. Again we only need
to consider integral with respect to ¢’ € w)Z,. Thus,

1 1 b\ (@ (1
c 1 1 1/\c 1
(1 b/(b+ 1) (1/(bc + 1) @ 1 |
o 1 b’ +1 1) \do!/(c'b+1) 1) \c 1)~

If n > 1, then the integral is 0. If n = 0 and ®(g) # O, then g € K,. Suppose g = (1 }1’)(; 1) with ¢

divisible by @31 then we easily see that b is divisible by @~ and ®(g) is given as in the lemma. For

g€ Klw(wg JwK| again if ®(g) # 0 then g € (' w'})(wnlzv . )K:. Without loss of generality write
8 € (1 wtf‘)(i’ 1) forc e wy ™2y, K15 8" = (a/ cbi/’)(cl’ 1)’ g'g= (a/ Z;)(1 wg)(c//(wl;f)Jrc 1)' If n > 1, then
one can check that the integration is again 0. ]

Suppose x, !> is unramified and ¥ has conductor (w}), s > 0, then we define f, y € 7 by

x@x@vc/m) g=(“2)(")). (“1) e B@), c e w,Z,
0 otherwise.

fx,ﬁ(kv) - {

We define similarly f)?,ﬁ € 7 by replacing x, 9 by x 1, 9L

Lemma 8.15. Write f = f, », f = ];5 € 7 then on U, Kyo, KoL, Kowo,wKy it is supported in K.

Moreover if g € K541 and <I>f’f(g) # 0, then the upper right entry of it is divisible by wj*l, and
gy — 1
@, #(g) = ——— Vol(K1)
o qv
Proof. Similar to the above lemma. [l

Lemma 8.16. Suppose x| and x, are both unramified. Let f*® be the spherical vector which takes value
1 at identity in the model above. Then

a 1 o’
) )
acw,Z, /(@) Z,)
X (1= qux1/x2(@)) ™' (1 = q;”zx;l(wv)nv((w“ 1))1‘“’*‘

sy —8/2
equals x1(@,*)qy s/ fx.-
Proof. Straightforward computations. U

Next we evaluate the local triple product integral for certain sections. The following lemma follows
from the lemmas above.

Lemma 8.17. Let x 11, X 12, X6.1> X0,2> Xh,1» X6,2, U be characters of Q and t; < s < t; be nonnegative
integers such that if t| # 0 then t; +s =tp, and if t{ = 0 then s + 1 = t,. Suppose cond()(f,l)(;;) = (o))
and cond(¥) = (w,)® and cond(xg’lxe_é) = cond(Xh,IX]:é) = (w)?). Assume: xs1.%0,1-Xn,1.0 = 1 and
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Xf2-X0.2-Xn2-9 "1 = 1. We also define fy, 9 € m(xf1. X52)s fro €T (X012 X0.2)s [y € T(Xn1s Xn.2) as
above. Similarly for f)~(f,1§’ S50+ fn- Then Ichino’s local triple product is

N . . (gv — 1)?
IU(fo,l? ® fXg ® thv fif,f} ® f)?ﬂ ® f)?h) = quzTVOI(K])Z Vol(Ktz)Z'

(In this lemma, the xp, xo are defined using xn.1, Xn.2, Xo.1, Xo.2 similarly as in Lemma 8.13.)

Special representations. We consider the induced representation (x1, x2) = { f:K,— K, f(gk) =

x1(@x2(d)85(q), g =(*4) € B(Z,)} where x1 = x2|-|. The special representation o (x1, x2) C 7 (X1, X2)

consists of functions f such that f x J (k) dk = 0. We consider the case when 73 is the special represen-

tation o (Xy,1, Xv,2) C Indgl(“é(f”)( Xv.1, Xv.2) at v with a square-free conductor. Here y, ; are unramified

characters. Similar to the unramified principal series case, we use the model of induced representations. It
is easy to see that the f, » defined above is inside o (1., x2,). Note that in the model for n(Xl_l, X2_1),
there is a one-dimensional subrepresentation and the quotient is o ( X1, j), Xa. 5). The inner product of
o (X1,v> X2,v) and G(Xf,,f’ Xii) is still given by (vy, v2) = fK vy (k)vy (k) dk. The formula for the triple
product integral is the same as the one in the case of principal series representations. Let fuew.» €0 (X1, X2)
be the f such that f(k) = q, for k € K| and f (k) = —1 otherwise. Clearly it is the new vector in the
special representation. Then we have the following lemma:

R A (DI

GGWI;ZU/(W,} +SZU)

Lemma 8.18. We have

is )(1(131)_5)615_5/2 - fx,0 where f » is defined above.

Proof. Let fy and fi be the characteristic functions on K| and KywK;. Then foewv = gv fo— fi- A
computation shows that

R ¥ (O | Gy (s

acw,Zy/ (@ 1)
a 1 =S
Wy, a l 1
aewvzv/(varszv)
The lemma follows. O
Remark 8.19. The reason why the local integrals at split primes showing up in the triple product formula
later on are the ones considered in this subsection is a consequence of the computations in Section 6G.
Now we consider nonsplit primes.

Nonsplit case 1. The U(2)(Q,) is compact. This case is easier since we are in the representation theory

for finite groups. By construction the representation 7 })U is one dimensional. Recall our construction for &

in Section 8B. For such v, we let g2, and g4, be either the identity or « there depending on whether n;lz ’
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is ”BV;,Z,U ®n, or a]‘l’e\;pv ®n,. Let g1,, and g3, are the identify elements. By our assumptions on xg.,, Xn.v
and 7 7, and our chosen vectors h, 6, 63, h3 and that ch)v is one-dimensional, it is easily checked from
the construction (note that by the choices in Section 8C, the local triple product root number at v is —1)

V] D,v
ThD p = Ty, ®71f,v .

We conclude that by the inner product formula of matrix coefficients of representations of finite groups

Iv(nh,v(gZ,v)th &® Ué)v ® ﬂf,v(gl,v)fﬁ?v’ ﬁh,v(g4,v)}~lvD Y 54?1} &® ﬁf,v(g&v)fﬁD’v) 1
(Th,0 (820008 n 0 (84 ADY VG TP ) (T (81.0) s Fopw(83.0) 1) dz,,,

where dy, , is the dimension of the representation 7, ,. When we are moving our datum p-adic analytically,
this integral is not going to change.

Nonsplit case 2. The U(2)(Q,) is not compact. Recall that we fix a generic arithmetic point. By [Prasad
1990, Theorem 1.4] we know that there are

81,05 82,05 83,05 84,0 € D™ (Qy) C GU2)(Qy)

such that

L (0 (g2.00hy, @ v, ® T 1,0(81,0) fs Tnv (84,00, ® Ty ® T £0(83.0) f7) # 0.

(We write vﬁ for the image of vy, in the corresponding D> (Q,) representation and similarly for ﬁgv
(notations as in Lemma 8.2. To apply Prasad’s result, note that the local sign for this triple product is +1
by our choices of high conductors.)

Definition 8.20. We define
8i = 1_[ 8iv
v

fori =1,2,3,4. (Wetake g; , = 1 if v is split in £/Q.)

The local triple product integrals are nonzero by our computations. By Ichino’s formula and our
requirement on special L-values (note that the product of the central characters for f;, 6,, h, is trivial
D 9D

by construction) the global trilinear form is also nonzero. So by our definitions for A7, 6,°, etcetera in
Section 8A, we know that [ [, g2, has to be in D*. Thus up to a nonzero constant fixed throughout the

family, we have

f[ DR (50 o) ) 5 = f[ (2(82)h2)()6:(8) (T (g1) fo0)(9) dig.

U@2)]

We have similarly [ [, g4, € D* and up to a nonzero constant fixed throughout the family,

[m(” (8)h% ) (@) (11, (83) £, 5)(8)0%, 10 (8) dg = /[ Um}(n(gnﬁs,z)(g)(nfz (83),.5)(©)3.210w(8) dg.
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These g; ,, are chosen only at the arithmetic point z. We fix them when moving the Eisenstein datum in

p-adic families.

Lemma 8.21. Let v be a nonsplit prime. Then for different arithmetic points z with fixed z|;, the T[th v
and JTQDZ , only differ by twisting by unramified characters which are inverse to each other.

Proof. In fact, at nonsplit primes, the local Weil representations on unitary groups are unchanged

throughout the family since the characters xg . ,|u@) are unchanged. (They differ by multiplying by

D

unramified characters and U(1)(Q,) is compact.) So for different z and Z, the difference between T g

and JthDZ, , only comes from the characters extending the form on U(2) to GU(2), and similarly for 77(9Dz v
Note moreover that from construction the product of the central characters of n}f)z‘ - JTGD’Z’U and 7y, is
trivial. The lemma thus follows. ]

Thus if the theta kernel we used to define i, and 6, are fixed, then the local triple product integrals
I, (T[h,z,v(gZ,v)th,v () vf Ry, v(gl U)fZ’Dﬁ v T z,v(g4,v)fzfv (29 ﬁfl (9 ﬁ'fz,v(glv)fz%’v)

<thv’ h3Dz v><v1D’ v1D><stD79,U’ szﬁ v>

does not change (note that the ( £ 0.0 f FD 5. U ) has a nonzero inner product). This observation is crucial in
proving Proposition 8.29 later on.

We now define [-adic families from the family f defined in Section 7A using Lemma 8.16 and 8.18.
However, in order to do so we may have to replace [ by a larger normal domain finite over [, so that the
X1,0(wy) and o ,(y)’s at primes in ¥ where 7 ¢ is unramified will be elements of this newly defined [.

Definition 8.22. We define fy as

e e ()
I 2 () () ()

Az
wyZy

s
wv Zy

We define f = f ® x}l and similarly define fﬁ-
We also denote its specialization at an arithmetic point z € Spec A/l/)(@ p) by fr

8E. Evaluating the integral. Recall that we have defined a theta function 6* in Corollary 6.47 (we sup-
press the subscript D as it is fixed throughout the family). Now we construct: for any F € Mq(K @D, AD)
(weight map as in Section 7B),

19,(F) = lé*a[ll]<1, 1_[ (Z Cv’ip((”“‘[ I " >)(F))>
veslux? i "

whose value is in M(K%9, A, ) ®, A’},. Here C,; are defined in Lemma 6.26. The a[ll] is the family
version of the Fourier—Jacobi expansion in the sense of Definition 3.7, and [, is applied to the theta
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function part of the Fourier—Jacobi expansion as in (4-4). See the proof of Proposition 7.9. Note that we
can easily make sure that 6* is a member in the basis 0;’s there. Recall that for the specialization F, of F,

lpealy (1, Fp)(h)) := /[W] aly (1, Fy(wh))0* (wh) dw

with the Heisenberg group W — U(3, 1)

1w %(w, w)
1 cw*

1

w =

It is clear that I;, FJg(F)(h) is an automorphic form on U(2). We can also define /g- on a single form on
U(3, 1) instead of on families, using the same formula. It is clear that

z(lg+(F)) = Lo~ (F).
Lemma 8.23. The lp-(F) € M(K®9, Ay 0) ®;, (A} @z, Q).

Proof. Recall that in Definition 3.7 there is a Ap-adic Fourier—Jacobi expansion for families on U(3, 1).
As before we just take a basis of O -dual space (6], ..., 6,,) of the finite-dimensional space H OB, L(B)).
Pairing the A’,-adic Fourier—Jacobi coefficient of F' with these 6 we get a A’j,-adic family. But our /), is
in the L-linear combination of the 6;’s. Thus we get a A, ®7, Q,-adic family on U(2). ]

We also define
By := Bgoo (eordlo- (Ep Kiing)» T(g2)h). (8-7)

Definition 8.24. For any nearly ordinary form f or family f (we use the same notations for k, @, etcetera)
we define fiow(g) == f(g(, 1)p)(under the identification D ~ GL,(Q)) given by the vy projection).
Also, if x is the (family of) central characters of f we define f = f.(x "' o Nm). We also define
o@=re(,"))

We will compute the specializations

p

2(B1) = (lo-(E D Kiing.2)> 7 (82)hz.10w) VOI(K,) ™"

(The K, is the level group at the arithmetic point z. Note that the tame level group is fixed at the end of
Section 6 throughout).

We can evaluate this expression by Ichino’s formula for triple products.

We have the following

Proposition 8.25. We use the notations of Section 8B and Definition 8.22. Then there is a C, the product
of a constant in @; which is fixed along the family and a unit in ﬁur[[F,/é]] (precise definition is given in the
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following proof), such that for any generic arithmetic point z of conductor p',

2(B1) = C.p' Cpy2(L5)2(Le) X ( A (g2 (D7 (81) fr.5 ()0 0 (2) dg)

% D*(@)\D* (Ag)

where Ls and Lg are Katz p-adic L-functions in ﬁ“rl[l"‘;é]] interpolating the L-values

2nil'(k — 1) K—2

K ‘L'_C, L tk=1) T —K /2Nt

p Q’éog(fz,l,p) (Xaux 2 ) ) p (Xaux,l,p z,l,p(P)p )
and
Q2 'k—2)

P ngg(fz,l,pXQ,Z,ZXQ_yzl,])
_ -1 k=12 _ _ v
XL()‘ZXQ,;XG,ZXauxTZ 1, ) )PI(K 2)(Tz,l,ng,zl,1,pX0,z,2,p)\%,p(p)p i 2/2)t

respectively.

Remark 8.26. Although our coefficient ring is A’j,, however in fact the functional does take values in the
subring I[T"}-]l. Indeed the additional variable I';,- of A}, corresponds to twisting the Klingen—Eisenstein
family by p-adic anticyclotomic characters.

Proof. We first remark that it indeed makes sense to talk about the Katz p-adic L-functions £s and Lg
interpolating those values, since the characters t, and xy , are indeed interpolated as characters with
values in I[T]).

By Corollary 6.47, we have z(B;) equals

2t

p 1 1
T X/ Z Esieg,DZ,2<”17u2( 1) )(ﬂ(gz)hz,low)(ul)Qz,Dz <u2< 1) )
Q% U@IXUOI ez 7z, nt, nlj,

X (7 (g1) fz,0)(u2) duidus.

We integrate over u first and factorize the Egeg p,2 via the embedding U(2) x U(2) — U(2, 2) of
Egieg D, 2- By the local pullback formulas we computed in Section 61, we get

C2p' Cl)2(L5)2(L6) X ( fA m(g2)h2 (9)m(81) fr.0(8)04 () (det g) dg)

o DX (@\D*(Aq)

where C, is the product of the local pullback integrals in Section 61 (and also the local pullback computations
in Sections 6E through 6G) at primes outside p, local Euler factors at p for Ls, L¢ (see [Hsieh 2014b,
(4.16)] for the Euler factor at p), Euler factor for £s at primes in »2 and Euler factors for L at p. The
first is a fixed constant which does not move with z, the rest are interpolated by units in the Iwasawa
algebra by our choice of characters in Section 8C. Thus the C, are clearly interpolated by an element C
mentioned in the proposition. Note also that the Euler factors at other places are trivial.

We are now ready to deduce the expression in the proposition. Although the 8, part appearing above
8 0, , ® A constructed in Section 6 (not an eigenform), however, in view of the central character of &,



Iwasawa main conjecture for Rankin-Selberg p-adic L-functions 473

and f,, only the eigencomponent 6, of 6, , ® A with the correct central character matters. Also by the
construction this 6, part is a multiple of 8;° which, after applying the operator Znezp /p'Z, ng,z(( rll 1)p) is
6,.1ow by construction (see Proposition 8.3). So by considering the local pairing between 7, , and JTGVZ .’
it is easy to see that if we replace this multiple of 6;* (see Definition 8.24) by 6, j,w we do not change the
whole integral. Thus we finally arrived at

C.p' Clpy2(Ls)2(Le) % ( fA m(g2)hy (g)ﬂ(gl)fz,za(g)eﬁow(g)dg)- O

% D (@)\D* (Aq)

By our choices for characters, the corresponding non-X-primitive p-adic L-functions £s and Lg are
units in A%.

In the following, we often omit the superscript D for simplicity. Up to a constant in @; (which does
not change along the family) we have

2(By) - pf( f (7 (84)h3.2)(8) (7 1,(83) £, 5)(8)63 210w () dg)
=(Ap,zm,z,»—f(p)<xe,zlxp,1>f<p)p3’( f (n(gz)hzxg)(nfz<g1)fz,ﬁ><g>0;“(g>dg)
x ( f (m;, (g0)h3 ) () (7 ; (g@ﬁ,g)(g)é;;(g)dg) x 2(L5 LE)
=13 (P xgan (PP ( f (T (82)h2) (&) (T 1,(81) f2.0)(£)65° (2) dg)
x ( f (T (g)h3.)" () (. (83) £, 5)"° (€)63 2(8) dg) X 2(L5Lg).  (8-8)

(Note that by our discussion in Section 7D, we know up to multiplying by an element in @;, the

(p’ / (0 (84)13.2)(8) (7 1,(83) [,5)(8)3 210w (8) dg) (8-9)

is interpolated by an element
Byeo (m(ga)hs -7y, (g3) fy. 03)
in 1[Iy ].)
Definition 8.27. We define yx , ¢ and x, , so that ¢, , (the p-component of the automorphic representa-

tion 77y associated to f') is the principal series representation (X, s, X f,,0) Where val,(x, ) = % and
val, (xf,.0) = —%, respectively.

We write the p-component of )»2)(9,2)(;,,2 as ((Azxg,zx;l,z)l, ()\.ZXQ’ZXh’Z)Z) and f, the normalized GL,
ordinary form new outside p. We also define the following: the p-adic L-function £ such that for any
generic z

271 9(X0.22)8 s DL (for M X0.2 X020 5) X fois (P) X £ 0 (D)) (O X0.2X0.2)2(P)-P) '

Li(z2) = o4
0,0]

4.
Q)
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the p-adic L-function £; such that for any generic z

 (=ap(f) " Xo2p i Xz 2 (P D) y OEDL D (fos X§ 2 3) Koo (PI P2 Ot X5 1 (PY ™
(=ap(f) Xo.2.p.1 Xz p2(P) P~ Qri(for £ (v ™ gy ’

the p-adic L-function £3 such that for any generic z,

L>(2)

L3(z) =

Lo (1) 800D LA x6.2X0 o0 V(P X0.2%5.2)2(P)p) " P’
T

Q2 ;
Q2 P

the p-adic L-function £4 such that for any generic z,

o (1) 8062 DL K2 e DIt 25, 02(p).p) 0",
L4(z) = . 5 Qp.
b4 Q.

We refer to [Hsieh 2014b; 2014c] for the justification of their interpolation formulas. These values are

A

interpolated by some p-adic L-functions in [i*. Note that by [Hida 1991, Lemma 5.3(vi)] and [Hida and
Tilouine 1993, Theorem 7.1],

9(x;HL(@d, fo, DMe(M)(p — 1) (xs,.(P))' _
B03W () Mo ol (7! ))FO(N)

where W'(f,) is the prime to p part of the root number of f,, which is an element in [* (i.e., a unit).

Note also that £, is in fact a nonzero element in Frac(l) (i.e., does not depend on the variable I'x) by
checking the p-components of x4 ,xs,, and nonzero by our choice of characters in Section 8C. It can
actually be written as the ratio of two elements whose specializations to all but finitely many generic
arithmetic points are nonzero. By our choices for yy and x;, we know that £ is in ﬁ“r[[F;é]] *. We consider
the expression

b o FEV g, BE) O, 055 ) xg 2 1 (P))Z(L1 L2L5Lo)

2 3/2\t 3t
Cuo JLaLo) (X f,25 ()25 1 (P) X0.21(P) Xn.21(P) P 7) P
o (fos Fetow) Uiz hoow) (62, O tow)2(L1£2L5L6) 5,
= Cyo D
z(L3L4)
The above element is clearly interpolated by an element
G e A (8-10)

We first give the following lemma for the local triple product integral at p.

Lemma 8.28. At a generic point z, the local triple product integral for the expression in (8-8) at p is

given by
Ip(¢p®$p) _ p~'(1-p) 1 _ 1
(Dp Dp) I+p  1=ap(f)xo.zpiXnzp2(P)p™ 1 =ap(f) X0.2.p.2X0.2.p.1(P)

Proof. This follows from Lemma 8.13. U
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We observe that by definition this expression is a nonzero element in Frac(l).
Thus we have the following proposition:

Proposition 8.29. Any height 1 prime of ﬁ“r[[l“,g]] containing By .0 (lo»(Exiing, ), (g5)h) must be the
pullback of a height 1 prime of for,

Proof. Let us recall what we have achieved so far. We have computed the Fourier—Jacobi coefficients
of the Siegel-Eisenstein series in Proposition 6.44. Using pullback formulas and computations on theta
functions, we further computed the 8*-part of the 8-th Fourier—Jacobi coefficient of our ordinary Klingen—
Eisenstein series in Corollary 6.47. This is a function on the definite unitary group U(2). Moreover, we
constructed an ordinary family 2 of CM forms on U(2) in Section 8B1. Then we form the pairing of this
0* Fourier—Jacobi coefficient with k (see the beginning of this subsection), and resulted an element B
which is an element in A} ®z, @, by its construction and Lemma 8.23. In Proposition 8.25 we used
the doubling method for U(2) x U(2) < U(2, 2) to obtain an expression for the specializations of B, at
arithmetic points z.

To prove the proposition, it is enough to show that the product of B; and the element (8-9) in ﬁ“r[[l‘;é]]
satisfies the property stated in the proposition. We examine the ratio between (8-10) and the expression
for the element interpolating

1 ~ ~ ~
EP’Z(Bl)</(7T(g4)h3,z)(g)(ﬂfz(gs)fz)(g)es,z,low(g)dg) (8-11)

using Ichino’s formula. (Recall C here is the Tamagawa number for D> appearing in Ichino’s formula.)
By our calculations for the local triple product integrals, and the Petersson inner product of (6, 63) and
(h, ﬁg,), the ratio is a product of

o Euler factors for ¢, (1) at X;
the local Euler factors for L(ad, f,, 1) at ©\{p};

p' times the local triple product integral for v = p, which are nonzero elements in Frac([);

o (fP. I P, o) /(L. FB.) which is interpolated by a nonzero element in I;

the local Euler factors of z(Ls) and z(L¢) at 2 and p which are units by our choices;

the local Euler factors at £2 of L( Jzs Xg 2 Xh 25 %) which are nonzero elements in [;

the local triple product integrals for v{ p.

The first two items are clearly interpolated by nonzero elements in Frac(l). The last item we listed above
has two parts: at split primes and nonsplit primes. The integrals at split primes are nonzero numbers in @If
which are fixed throughout the family. At nonsplit primes, we do not know much about it. We only know
that at a generic arithmetic point z, this integral is not zero, and it only depends on z|; at generic points,
as observed in Lemma 8.21. We may assume that at this z the expression (8-10) is nonzero and not a pole
(in fact just need £, to be a nonzero finite number here). Thus the expression (8-11) is not identically
zero. So the ratio of (8-11) over (8-10) is a nonzero element of Frac(ﬁ“r[[F;é]]). If we evaluate this ratio at
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the generic arithmetic points, it depends only on z|;. And also it is nonzero somewhere. From this, it is
not difficult to prove that (say using the following lemma) the ratio is a nonzero element of Frac (ﬁ“r). (In
fact we apply the following lemma to (8-11)/(8-10). Recall that by our choices for characters, the £, Ls,
L¢ are units in Ap, and £, is a nonzero element in Frac(ﬁ“r). Moreover, the local integrals showing up in
the Rallis inner product formula for 6, and %, at X, which are nonzero and fixed along the family. This
gives the ratio between (6,, éz’low) - (hy, EZJOW) and z(L3 - L4). So the proposition follows clearly. U

Lemma 8.30. Suppose A is an element in ﬁ“rlﬂ’jé]] ®z, Q. If for any generic arithmetic points z,7' €
U [Tk 1 such that 2l = 2/, we have z(A) =2/ (A). Then A € 1.

Proof. This lemma is easily proved by observing that if ¢;, ¢, are p’-roots of unity and ¢ is a generic
arithmetic point with conductors being p” such that ¢’ > ¢, then the composition ¢’ of ¢ with the ring
automorphism t, ¢, : ﬁ‘"[[F;é]] — ﬁ“r[[F;é]] given by identity on [ and vyt yTo, Yy = vy o s still
a generic arithmetic point. Let A be the element considered in the lemma. Then A — Ao , isOata
Zariski dense set of points, and is thus identically zero. The arbitrariness of {1, {; implies the lemma. [

9. Proof of the theorems

9A. Eisenstein ideals. Let Kp be an open compact subgroup of GU(3, 1)(Ag) maximal at p and all
primes outside X such that the Klingen—Eisenstein series we construct is invariant under K;)p). We
consider the ring Tp of reduced Hecke algebras acting on the space of A’,-adic nearly ordinary cuspidal
forms with level group Kp. It is generated by the Hecke operators Z, o, Z%, T; v, Tl({)) defined before,
together with the U ,-operator and then taking the maximal reduced quotient. It is well-known that one can
interpolate the pseudo Galois characters attached to nearly ordinary cusp forms to get a pseudocharacter
Rp of G with values in Tp (see [Skinner and Urban 2014, Section 7.2] for details). We define the
ideal Ip of Tp to be generated by {r — A(¢)}, for #’s in the abstract Hecke algebra and A(#) is the Hecke
eigenvalue of t on Ep kiing. Then it is easy to see that the structure map A/l/) — Tp/Ip is surjective.
Suppose the inverse image of Ip in A, is Ep. We call it the Eisenstein ideal. It measures the congruences

between the Hecke eigenvalues of cusp forms and Klingen—FEisenstein series. We have
Rp (mod Ip) =tr pg,, ,, (ModEp).
Now we prove the following lemma:
Lemma 9.1. Let P be a height 1 prime of ﬁ”rl[l";é]] which is not the pullback of a height 1 prime of for,

Then
ordp(L5 ¢ x) < ordp(Ep).

Proof. Suppose t := ordp (E? kg > 0. By the fundamental exact sequence Theorem 3.6 there is an
H = Ep Kiing — E? . | for some A’l’)—adic form F such that H is a cuspidal family. We write € for the
A'p-adic functional £(G) = (ls~(G), m(g5)h) constructed in Section 8E on the space of A’j,-adic forms.
By our assumption on P we have proved that £(H) # 0 (mod P). Consider the A’,-linear map

w:Tp— Ap p/P'Ap p



Iwasawa main conjecture for Rankin—Selberg p-adic L-functions 477

given by: u(t) =£€(t.H)/¢(H) for ¢ in the Hecke algebra. Then
L(t.H)y=((tEp)=A(t)¢(Ep)=A(t)¢(H) (mod P")

so Ip is contained in the kernel of w. Thus it induces: A, p/Ep A p — A p/P' Al p which proves
the lemma. O

9B. Galois theoretic argument. In this section, for ease of reference, we repeat the set-up and certain
results from [Skinner and Urban 2014, Chapter 4] with some modifications, which are used to construct
elements in the Selmer group.

Let G be a group and C aring. Let r : G — Autc (V) be a representation of G with V ~ C”. This can
be extended to r : C[G] — End¢ (V). For any x € C[G], define: Ch(r, x, T) :=det(id —r(x)T) € C[T].

Let (Vi, 01) and (V2, 02) be two C representations of G. Assume both are defined over a local henselian
subring B C C, we say o] and o, are residually disjoint modulo the maximal ideal mp if there exists
x € B[G] such that Ch(o, x, T) mod mp and Ch(os, x,,T) mod mp are relatively prime in kp[T],
where kp := B/mp.

Let H be a group with a decomposition H = G x {1, c} with ¢ € H an element of order two
normalizing G. For any C representations (V, r) of G we write r¢ for the representation defined by
r‘(g) =r(cgc) forall g € G.

Polarizations. Let 6 : G — GL (V) be a representation of G on a vector space V over field L and let
Y : H— L* be a character. We assume that 0 satisfies the yr-polarization condition

0~y 6.
By a y-polarization of # we mean an L-bilinear pairing &y : V x V — L such that
D4(0(8)v, V') = Y (8) Do (v, 6°(8) ™).

Let d>f9(v, V') := ®y(v', v), which is another ¥ -polarization. We say that v is compatible with the
polarization @y if

O = —Y(c)Dy.
Suppose that:

(1) Ag is a profinite Z, algebra and a Krull domain.

(2) P C Agis a height one prime and A = AO, p is the completion of the localization of Ay at P. This is
a discrete valuation ring.

(3) Ry is local reduced finite Ag-algebra.
(4) Q C Ry is prime such that QN Ag= P and R = Iéo,Q.

(5) There exist ideals Jo C Ag and Iy C R such that Iy N Ag = Jo, Ag/Jo = Ro/ Iy, J = JoA, I = [HR,
Jo=JNApand Iy =1 NRy.

(6) G and H are profinite groups; we have a subgroup G;, C G.
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Set up. Suppose we have the following data:
(1) A continuous character v : H — Ag.
(2) A continuous character £ : G — A such that ¥ # vy~ Let x' :=vx .
(3) A representation p : G — Auty(V), V >~ A", which is a base change from a representation over Ag,
such that:
(@) p°=p" ®v.
(b) p is absolutely irreducible.
(c) p is residually disjoint from x and y’'.
(4) A representation 0 : G — Autgg,r(M), M =~ (R®@4 F)" with m = n + 2, which is defined over
the image of Rp in R, such that:
(a) o ~oV®v.
(b) tro(g) e Rforall g € G.
(c) Forany v € M, o (R[G])v is a finitely generated R-module.
(5) A properideal I C R such that J := AN # 0, the natural map A/J — R/I is an isomorphism, and

tro(g) = x'(g)+trp(g)+ x(g) mod/
forall g € G.

(6) p is irreducible and v is compatible with p.

(7) (local conditions for o) There is a Gy,-stable sub-R ® 4 F-module M;; C M such that M;; and
M; =M/ M;g are free R ® 4 F modules. We also require that M;g and Mj;  are disjoint modulo /.
(In our applications this is always satisfied although the Fl,—representations of pr, X', X are not
necessarily mutually disjoint when restricting to Gy,.)

(8) (compatibility with the congruence condition) Assume that for all x € R[G ], we have the congruence
relation

Ch(M; . x,T)=(1—Tx(x)) mod I,
then we automatically have
Ch(M;, . x, T) = Ch(Vy, x, T)(1 — Tx'(x)) mod I.
(9) Foreach F-algebra homomorphism A: RQ 4 F — K, K afinite field extension of F', the representation

0, :G — GL,,,(M ®pggr K) obtained from o via A is either absolutely irreducible or contains an abso-
lutely irreducible two-dimensional sub- K -representation o such that tro; (g) = x(g)+ x'(g) mod 1.

One defines the Selmer groups Xy (x'/x) := ker{H'(H, A5/ x) — HI(G;,O,Ag(X/X))}* and
Xc(po ® x7) = ker{H'(G, Vo ®a4, A§(x ") — H' Gy, Vy ®a, AG(x " NY*. Let Chy(x'/x)
and Chg (oo ® x ') be their characteristic ideals as Ag-modules.

Proposition 9.2. Under the above assumptions, if ordp(Chy (x'/x)) = 0 then
ordp (Chg (oo ® x 1) = ordp (J).
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Proof. This can be proved in the same way as [Skinner and Urban 2014, Corollary 4.16]. The only
difference is the Selmer condition at p, which we use the description of Section 3C to guarantee. Note
that the part corresponding to pg corresponds to the upper-left two by two block here while in [loc. cit.]
the p; contains the highest and the lowest Hodge—Tate weights. ]

Before proving the main theorem we first prove a useful lemma, which appears in an earlier version of
[loc. cit.].

Lemma 9.3. Let Q C [T\ be a height one prime such that ordQ(Li?,C,g) > 1 and ordQ(ﬁxfg/) =0,
>N

then ordQ(EXf é/) =0.

Proof. Let 6 = x &' If OrdQ(Effg,) > 1, then for some £ € Z\{p},

[] a-o"'ai'a+w)e ™ e,

Lex\{p}
where e € Z, be such that £ = o~ ') (1 + p)¢. Thus

0(0) =y @@ (1 + p)@™ (mod Q).
Thus there is some integer f such that

1= (1 +W)~ 1+ p)7*)7/¢ (mod Q)
which implies that for some p-power root of unity ¢, Q is contained in the kernel of any ¢’ such that
¢ (v (1+ W)y = (14 p)z_K . This implies, by [Hida 1991, Theorem I] for the interpolation formula,
that at the central critical point Lx(fs, 01, 1) = 0 where 0; is some fixed CM character of infinity type
(%, —%) and ¢ any arithmetic point. But then we can specialize f to some point ¢” of weight 4 (this is
not an arithmetic point in our definition, but is an interpolation point, by [loc. cit.]). By temperedness for
fe, the specialization is not 0. This is a contradiction. ]

Now we apply the above result to prove the theorem.

e H:=Gq3x, G=Gg.x, cis the complex conjugation.
¢ Ag=Ap, A=A} p.

Jo:=&p,J :=EpA.

e Ry:=Tp, Iy:=1Ip.

QO C Ry is the inverse image of P modulo £p under Tp — Tp/Ip = Ap/Ep.

R:= Tf i AZ)’ Lo = pnfU(qp/g)CE_(K+3)/2.
V=W®R®a A, p=p®a, A.

° X =0y, x' = O_WCO-('/’/E)/E_K‘ v=x%y%".
M :=(R®u Fx)*, Fy is the fraction field of A.

o is the representation on M obtained as the pseudorepresentation associated to T p, as in [Skinner
and Urban 2014, Proposition 7.2.1].
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Proof of Theorem 1.2. We first note that we need only to prove the corresponding inclusion for the
Y -primitive Selmer groups and L-functions since locally the sizes of the unramified extensions at primes
outside p are controlled by the local Euler factors of the p-adic L-functions since Qo € Koo. (See
[Greenberg and Vatsal 2000, Proposition 2.4].)

Recall that we have enlarged our [ at the beginning of Section 8B and the end of Section 8D which we
denote as J in this proof. We first prove the main theorem with fur replaced by Jur. Under the assumption
of Theorem 1.1, as in [Skinner and Urban 2014, Proposition 12.9] we know that by the discussion for
the anticyclotomic p-invariant at the end of Section 7E, L ¢ x is not contained in any height one prime
which is the pullback of a prime in ﬁ“r[[F,"g]]. Note that there might be height one primes dividing the
Euler factors at nonsplit primes which are pullbacks of height one primes of ﬁur[[F,é]]. Such issue has
been overlooked in [Skinner and Urban 2014]. These primes are treated in [Wan 2015b, Lemma 87 and
Theorem 101] and can be treated in the same way here. In the following, we treat the height one primes
which are not such pullbacks. By Lemma 9.1 for any such height one prime P of ﬁur[[F;é]],

ordp (L5 o) =ordp (L} k) < ordp(Ep).

Applying Proposition 9.2, we prove the first part of the theorem for Jur in place of [.

We replace :I]“r[[F;é]] by U] We write £ for E? ¢.xc- Recall Fitting ideal respects base change. We
claim that for any x € Fitt(X), x£ ™' € ﬁ“rﬂF;g]]. In fact, from what we proved for Fitt(V Rfurre] j]“r[[F;é]])
as ideals of J]“r[[F;é]], we have x£~! e J]“r[[F,/é]] N FA‘“‘IIFYC]] where Fiupr, g is the fraction field of ["[T'x].
Since I“[ " ]| is normal and J*[T'/-] is finite over [*"[Tx ]I, we have x £~ € [ ]| Thus Fitt(X) C (£),
which in turn implies that char(X) € (£). This proves Theorem 1.1.

Now assume we are under the assumptions of Theorem 1.2. Note that in this case £,z = 1. Thus
by the Lemma 9.3 K?S’K is coprime to £§§,. Suppose Py, ..., P, are the height one primes of K?K’E
that are pullbacks of height one primes in ['. Note that none of the primes passes through ¢ since the
P [T il where the
subscripts denote localizations. Then the argument as in the proof of Theorem 1.1 proves that there is a
number a such that (E? x.e) 2 (Pr-- P) Fitty (X Z) as ideals of [" [T ]. Specialize to Pp, using
Proposition 2.4, we find

two-variable p-adic L-function for fj is not identically 0. We consider the ring ﬁ‘;f P,

.....

s .
(L% k&) 2 Fittour, e (X 50)- O
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