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Generalized Schur algebras
Alexander Kleshchev and Robert Muth

We define and study a new class of bialgebras, which generalize certain Turner double algebras related to
generic blocks of symmetric groups. Bases and generators of these algebras are given. We investigate
when the algebras are symmetric which is relevant to block theory of finite groups. We then establish a
double centralizer property related to blocks of Schur algebras.

1. Introduction

Let k be a commutative domain of characteristic 0 and A be a unital K-superalgebra, which is free as
a K-supermodule. Let a be a unital subalgebra of the even part Ay, which is a direct summand of Ay as
a k-module. Some of the unitality conditions will be relaxed in the main body of the paper but in this
introduction we will consider a special case.

We define and study generalized Schur (super)algebras

TA(n,d) C S%(n, d).

The algebra S (n, d) is defined as the algebra of invariants (M, (A)®¢)%¢ and so in the case A = k
we get that Sk(n, d) is the classical Schur algebra. If a = Ag, then TaA (n,d) = S*(n, d), but in general
the subalgebra TaA (n,d) C S4(n,d) is proper, although it is always a full sublattice in S4(n, d). Thus
extending scalars to a field K of characteristic O produces the same algebras: TaA (n,d) = S*(n, d)k.
However, importantly, extending scalars to a field F of positive characteristic will in general yield
nonisomorphic algebras T, aA (n,d)f and S4(n, d)F of the same dimension. It turns out that in many
situations it is the more subtly defined algebra TaA (n, d)r that plays an important role.

As a special case of our construction, we recover the Turner double algebras D (n, d) studied in
[Turner 2008a; 2008b; 2009; Evseev and Kleshchev 2017]. In fact, we show in Section 5D2 that

DAn.d) =T, (n, d),
where E(A) is the trivial extension algebra of A. Turner double algebras are important because of their
connection to generic blocks of symmetric groups via Turner’s conjecture, recently proved in [Evseev
and Kleshchev 2018]. Importantly, even when one is interested in “purely even” objects such as blocks of
symmetric groups, the superstructure of A plays a crucial role in defining and studying Turner doubles

and the generalized Schur algebra TuA (n, d); see Remark 3.1.
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To be more precise, for an appropriate zigzag algebra Z and a subalgebra ; C Z, the generalized
Schur algebra T; (n, d) is Morita equivalent to weight d RoCK blocks of symmetric groups. In this way,
Tf (n, d) can be considered as a “local” object replacing wreath products of Brauer tree algebras in the
context of the Broué abelian defect group conjecture for blocks of symmetric groups with nonabelian
defect groups.

However, it is known that Turner doubles cannot provide a similar “local” description for blocks of
classical Schur algebras because the former are always symmetric algebras while the latter in general
are not. We believe that our more general construction of TaA (n, d) fixes the problem. In [Kleshchev and
Muth 2018], we formulate an explicit conjecture for RoCK blocks of classical Schur algebras in terms
of the generalized Schur algebras TZ’Z (n,d), where Z is an extended zigzag algebra.

Furthermore, we prove in [Kleshchev and Muth 2018] that, under reasonable additional assumptions
on a, the algebra TaA (n, d) is quasihereditary if A is quasihereditary. This provides us with a method to
produce new interesting quasihereditary algebras from old. In particular, the algebra Téz (n, d) from the
previous paragraph is quasihereditary, as should be expected if it is to be Morita equivalent to a block of
the Schur algebra.

We now describe the contents of the paper in more detail. Section 2 is preliminary. In Section 3, given
a basis B for A which extends a basis for a, we describe a natural basis for S4(n, d) in terms of certain
elements S,’”s, where b € B%, r,s € [1,n]?. This is an analogue of Schur’s basis of the classical Schur
algebra. By rescaling this natural basis using certain products of factorials defined in Section 2, we define
the full sublattice TA(n, d) € SA(n, d). Our first main result is:

Theorem 1. We have that TaA (n,d) € SA(n, d) is a unital subalgebra.

There is another description of TaA (n,d) as a subalgebra of S4(n, d), which shows in particular that
TaA (n, d) is independent of the choice of basis B above:

Theorem 2. We have that TaA (n, d) is the subalgebra of S*(n, d) generated by S®(n, d) and the elements
of the form

d—1

Z 1®d—1—e ®E ® 1®e

e=0

where & € M, (A) and 1 := 1p,(a).

A slightly stronger result appears as Theorem 4.13. In order to prove this result, we first investigate
some coproducts and *-products. Recall that P a0 Mn (A)®? has a natural coproduct V; see Section 3C.
We then prove:

Theorem 3. The coproduct V restricts to coproducts on

') =P S*n.d) and T (n):=ET 1. d).

d=0 d>0
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In Section 4, we show that the *-product (or shuffle product) on

P M.(4)*

d>0

restricts to a product on S (n) and TaA (n), which, together with V, gives these objects a superbialgebra
structure. We then prove that TaA (n) is generated under the *-product by S*(n) and M,,(A). This allows
us to prove Theorem 2.

In Section 5 we first discuss some properties of idempotents and idempotent truncations in TaA (n,d).
Given an idempotent e € a, we define an idempotent £¢ € T2 (n, d) and prove in Lemma 5.12 that

ETA(n, d)E = T (n, d).

eae

Section 5 is completed with some important examples of generalized Schur algebras. We discuss how
TaA (n, d) generalizes the Turner double construction and look at the case where A is the extended zigzag
algebra.

In Section 6 we study the symmetricity of T2 (n, d). This is important since blocks of finite groups
are symmetric algebras and, inspired by [Evseev and Kleshchev 2018], we hope that in some situations
TaA (n, d) could provide a local description of some interesting blocks. As the example A = K shows,
it is certainly not enough to assume that A is symmetric to guarantee that so is 7,2 (n, d). A natural
assumption we have to make is that the symmetrizing form t is (A, a)-symmetrizing, i.e., (a, a); = 0 and
the k-complement ¢ of a in Aj can be chosen so that the restriction of (-, -); to a x ¢ is a perfect pairing.
Then we construct an explicit symmetrizing form t” on TaA (n, d) and prove in Corollary 6.7:

Theorem 4. If t is an (A, a)-symmetrizing form on A, then the algebra TuA (n, d) is symmetric, with
symmetrizing form t'.

In Section 7 we investigate double centralizer properties. Let S be a k-algebra and ¢ € S be an
idempotent. We say that e is a double centralizer idempotent for S if the natural map S — End,s.(Se) is
an isomorphism. Given e € a, which is a double centralizer idempotent for A, it is not in general true
that £¢ is a double centralizer idempotent for 7,2 (n, d); see Remark 7.19. However, in Theorem 7.2, we
prove the following positive result:

Theorem 5. Let e € A be a double centralizer idempotent for A and d <n. Then &€ is a double centralizer
idempotent for SA(n, d). In particular, if K is the quotient field of K, then ¢ is a double centralizer
idempotent for SA(n, d)k = TuA (n, d)k.

Finally, in Theorem 7.17, we deal with the all-important zigzag case over the arbitrary k:

Theorem 6. Let Z be the extended zigzag algebra with the standard idempotents ey, e1, . . ., e;. We set
e:=ey+---+ev_1, sothat eZe is the zigzag algebra. Then e is a double centralizer idempotent for Z,
and &€ is a double centralizer idempotent for TZZ (n, d) provided d < n.
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2. Preliminaries
Throughout the paper K is always a commutative domain of characteristic 0.

2A. Superalgebras and supermodules. Let V be a K-supermodule, i.e., V is endowed with a k-module
decomposition V = V5 @ Vj (the superstructure could be trivial, i.e., we could have V = V). If ¢ € Z/2
and v € V,, we call v homogeneous and write v := ¢. For a set S of homogeneous elements of V and
e € Z/2 we denote

Se:=8SNV,. (2.1)

A map f:V — W of k-supermodules is called homogeneous if f(V,) C W, for all . A K-supermodule
V is free if so is each V,. Let V be a free k-supermodule. A homogeneous basis of V is a K-basis all of
whose elements are homogeneous. A (not necessarily unital) k-algebra A is called a K-superalgebra, if A
is a k-supermodule and A, A5 C A, s for all ¢, 8.

Throughout we work with a fixed superalgebra A which is free as a k-supermodule (not necessarily of
finite rank). Moreover, we fix a K-subalgebra a € Ag such that a and A/a are both free as K-modules. Such
a pair (A, a) will be called a good pair. 1t is called a unital good pair if both A and a are unital and 1, =14.

For our fixed good pair (A, a), we pick a k-module complement ¢ for a in Aj and K-bases Bq, B, Bj
for a, ¢, Aj, respectively, so that

B = B,U B L By (2.2)

is a homogeneous basis for A. We call such a basis an (A, a)-basis.

Remark 2.3. To make things somewhat more concrete throughout this section, one may keep in mind the
extended zigzag algebra, which is a motivating example for the construction in this paper. See Section SD3
for an explicit description of this algebra and its (A, a)-basis.

Define the structure constants Kf . of A from

ac=Y kbbb (a.ceA). (2.4)
beB

More generally, for
b=(by,....,bg)eB? and a=(ay,...,aq), c=(cy,...,cq) €AY,

we define

b ._ b by
Kge =Kg o -Kal s (2.5)

Finally, we denote by H the set of all nonzero homogeneous elements of A.
The matrix algebra M,,(A) is naturally a superalgebra. For 1 <r,s <n and a € A, we denote

g0 :=aE,, € M,(A). (2.6)

Then
(€’ |1<r,s<n, beB) (2.7)

r,s
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is a homogeneous basis of M, (A), and by (2.4) we have

r‘fsét‘;u :‘SSJZKz[;,csr[ju (a,ce A, 1<r,s,t,u<n). (2.8)
beB
2B. Combinatorics. Forr,s € Z we denote [r,s] :={teZ|r <t <s}. WefixneZ.pand d € Z>.
For a set X, the elements of X¢ are referred to as words (of length d) with letters in the alphabet X. The
words are usually written as xjx, - - - x4 € X4, For x € X? and x’ € X" we denote by xx’ € X4+’ the
concatenation of x and x’. For x € X, we denote x4 :=x ---x € X<.
The symmetric group &, acts on the right on X¢ by place permutations:

(X1 X2)0 =Xg1 "+ Xod-

For x, x' € X% we write x ~ x’ if xo = x’ for some o € & . If X{, ..., Xy are sets, then S, acts on
Xf X e X Xﬁ diagonally:

1

(x ,...,xN)o=(xlo,...,xN

o).

The set of the corresponding orbits is denoted (Xf X o0 X lev)/Gd, and the orbit of (x!, ..., xV) is
denoted [x', ..., xV]. We write

(xl,...,xN)~(y1,...,yN)

if (x!, .., xVM =0y, N
Let P be a set of homogeneous elements of A. Our main examples will be P = B and P = H (the set
of all nonzero homogeneous elements of A). We have P = Py P;. Define Tri” (n, d) to be the set of all
triples
(P.r.8)=(p1- - pa, 11+ Ta, s1-52) € P x [1,n]* x [1,n]"

such that for any 1 < k # [ < d we have (py, i, sc) = (pi, 1, 5;) only if p; € P;. Then Trif (n, d) €
P? x[1,n)¢ x [1,n]? is S -invariant and so we have the orbit set TriP(n, d)/S,.
For (p,r,s) € Tri” (n, d), we consider the stabilizer

6p,r,s = {0 €6d | (pﬂras)o—=(paras)}a

and denote by 7"*Z a set of the shortest coset representatives for S, , (\&y. Then {(p,r,s)o |0 €
P15 91 is the set of distinct elements in the orbit [p, r, s].

We fix a total order “<” on P x [1, n] x [1, n]. Then we also have a total order on TriP(n, d) defined
as follows: (p,r,s) < (p’,r’,s") if and only if there exists / € [1, d] such that (py, rx, s¢) = (py., 715 5;)
for all k <[ and (py, 11, 51) < (p;, 1/, s)). Denote

Tril (n.d) = {(p.r.s) e Ti¥ (n.d) | (p.r.s) < (p.r.s)o forall o € S ). (2.9)
We have a bijection

Trif (n, d) => Tri” (n,d)/&4, (p,r,s) [p,r,s].
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For (p,r,s) € Tri’ (n,d), p’ € P? and o € S, we define

(p.r.s)=8{(k, D) e[1,d1* |k <1, pe, pi € Py, (Prs 7, sk) > (i, 71, s},
(p, p):=8{(k, 1) e[1,d1* |k >1, px, p| € Pj}.
(o; p) =1k, 1) e[1,d? |k <l, o k>0, p, pre P}

Note that
(_1)(p,r,s)+(pa,ra,sa> — (_1)(0;17)' (2.10)

Let us now specialize to the case P = B.

Lemma 2.11. Let (a,r,t), (c, t,u) € Tri’ (n, d). Assume that, for some 1 <k < d, either ax = ¢y or
C_lk+1 = Ek+1. Then

(_ 1)(a,r,t)+(c,t,u)+(a,c) — (_ 1)(ask,rsk,tsk)+(csk,tsk,usk)+(ask,csk) .

Proof. We consider three cases:

Case 1: At least two of a, ¢k, ax+1, Cr+1 are even. In this case s; does not exchange the positions of two
odd elements in @ or ¢, so {(a, r, t) = {(ask, rsg, tsx) and {(c, t, u) = (csg, ts, usy). We also note that a4
and ¢ cannot both be odd, and a; and ¢4 cannot both be odd, so (a, ¢) = (ask, csi).

Case 2: Exactly one of ay, ¢k, ak+1, Ck+1 IS even. By symmetry we may assume that ay, ax4 are odd and
one of ¢, cr+1 is even. Then we have
(_1)((1,1‘,[) — _(_1)(ask,rsk,tsk),
(_1)(c,t,u> — (_1)<csk,tsk,usk)’
(_1)((1,0) — _(_1)<ask,csk)‘
Case 3: All of ay, ck, ag+1, ck+1 are odd. Then we have
(_1)(a,r,t) — _(_1)(ask,rsk,tsk)’

(_1)(c,t,u) — _(_1)(csk,tsk,usk)’
(_1)((1,6) — (_1)(ask,csk)' |:|

Let (b, r,s) € TriB(n, d). Forbe B and r, s € [1, n], we denote

[b.r,s12, :=t{k € [1,d]| (bx. 1, s6) = (b, 7, 9)}, (2.12)
and define
b.r.sl:= [] (b.rsilt= [ [br.s (2.13)
beB,r.se[l,n] beByg, r,s€[1,n]

(if B is infinite, these are infinite products and all but finitely many factors are 1). Note that

|Gp.rs|=1b,r,s]" (2.14)
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Moreover, we define

b.r.sly= [] [b.r.s,, (2.15)
beB,, r,sell,n]
b.r.sl.:i= [[ [b.r.si, (2.16)

beB., r,se[l,n]
3. Generalized Schur algebras

Throughout the section, (A, a) is a fixed good pair with an (A, a)-basis B = B, U B. LI Bj as in (2.2).
Recall that H denotes the set of all nonzero homogeneous elements of A. We also fix n € Z.¢ and
de Zzo.

In this section, we construct generalized Schur algebras TaA (n,d) € S4(n, d). The definition of the
algebra S4(n, d) is straightforward, while TaA (n, d) is obtained by making a subtle choice of a full-rank
sublattice in S#(n, d) which depends on a. If a = Ag, then T2 (n,d) = S*(n, d), but in general the
algebras are different. In Section 3C, we investigate a natural coproduct on S An) = b deZ-o S An,d)
and show that

T )= @ T ;. d) € ')
dEZzO

is a subcoalgebra.

3A. The algebra SA(n,d). Let M,(A) be the k-(super)algebra of n x n matrices with entries in A and
recall the notation (2.6). There is a right action of G, on M, (A)®¢ with (super)algebra automorphisms,
such that forallay, ...,a; € H, r1,51,...,74,54 €[1,n] and o € &4, we have

(g:ﬁlm R - QEM ) = (_1)(U;a)§_~aal Q- ®E%wd

rd,Sd Tol,501 Tod»Sod*

The algebra S4(n, d) is defined as the corresponding algebra of invariants
$4(n, d) == (M, (4%,
Note that S4(n, d) is unital if and only if so is A.

Remark 3.1. It is important to note that the superstructure plays a crucial role here, even if one chooses
to ultimately ignore the superstructure on S4 (n, d). Namely, choosing a different superstructure on the
same algebra A will lead to different (even different dimensional) algebras of invariants S4(n, d); see for
instance Example 5.28.

For (a,r,s) € Tri? (n, d), we define elements

Elo= Y (E,® @ )

cearsg

- Z (—1)larsiHa.r.s) Sra;',s; Q- ® gféffs;{. (3.2)

(a',r',s")~(a,r,s)
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in $4(n, d), where we have used (2.10) to obtain the last equality. The following is clear (as noted in
[Evseev and Kleshchev 2017, Lemma 6.10]):

Lemma 3.3. We have that {érb’s | [b, r,s] € Tri® (n, d)/Bg} is a basis of SA(n, d).
Lemma 34. If (a',r',s') ~ (a,r,s) are elements of Tri" (n, d), then
Sa/’ = (_1)(a,r,s)+(a’,r’,s’)€a
r'.s r,s:
Proof. This follows from (3.2). O

For (a, p, q), (¢, u, v) €Tri (n, d) and (b, r, s) € Tri® (n, d), define the structure constants ff’;’;.c w

from

a c b,r,s b
En g bnn= Y Javgeusbis (3.5)

[b,r,s1€Tii? (n,d) /&4
Note by Lemma 3.4 that if (o', r’, s’) ~ (b, r, s) then

fb,r,s _ (_1)<b,r,s>+<b’,r’,s/> b.r'.s
a,p.q;c,u,v a,p.q;c,u,v’

Recalling the notation (2.5), the following generalization of Green’s product rule [Green 2007, (2.3b)]
follows from [Evseev and Kleshchev 2017, (6.14)].
Proposition 3.6. Let (a, p, q), (c,u,v) € Tri (n, d) and (b, r, s) € Tri® (n, d). Then
fab,’;:(sl;c,u,v — Z (_1)(a,p,q)-i—(c,u,v)+(a’,r,t)+(c’,t,s)+<a’,c’) KZ’,C”
a',ct
where the sum is overalla’, ¢’ € H® and t € [1, n] such that (a’,r,t) ~ (a, p, q) and (c', t, s) ~ (¢, u, v).

We can collect some of the equal terms in the formula above to rewrite it in the following form:

Corollary 3.7. Let (a, p, q), (c,u,v) € Trif (n, d), (b, r,s) € Tri®(n, d), and let X be the set of all
(@,c,t)e H! x H? x [1, n] such that (a’,r,t) ~ (a, p,q), (c/, t,s) ~ (c,u, v), and a, + ¢ = by for
allk e [1,d].

() If(@,c t)ye X then (a', ¢, t)o € X foranyo € Sp , 5. Let [a’, ¢, t]:={(a’, ¢/, t)o |0 € Spr 5} C
X denote the corresponding Gy, s-orbit.
(ii) Kf,’c, and the parity of (@', r,t) +{c’, t,s)+ (a’, ¢') depend only on the orbit [[a’, ¢/, t].

(iii) The structure constant f: ’;’;_ cu.v €quals

/e

Z (_1)(a,p,q)+(c,u,v)+(a rAFE L) Ha ) [6b,r,s . G’b,r,sﬁGa’,c’,t]K
[a’,c . t1eX/Cprs

a,c

Proof. Leto € Gp , s and (a’, ¢/, t) € X.
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(1) To show that (a’o, ¢'o, to) € X, note that
(a'o,r,to)=(a'o,ro, to) ~ (a, p,q)

and similarly (¢'o, to, s) ~ (¢, u, v). Finally, we have a,, +c_, = box = by, for all k.

(i) We have Kg, RS Kff; o = Ké’/’ > giving the first statement of (ii). To complete the proof of (ii), we
now show that
(_1)(a’,r,t)+(c’,t,s)+(a’,c’) _ (_1)(a’(r,r,ta)—i-(c’a,t(r,s)-i-(a’a,c/o)'

Write o as a reduced product of simple transpositions o = s;, - - - 57, (it is not in general true that
Sty .81, € Gprg). Since (b, r,s) € Tri(n, d), we have ok = k for all k such that by is odd. Therefore
forall 1 < j <m, at least one of (bs;, - 'Slj,l)l,-, (bsy, - - S5 )1+ is even —i.e., no two odd elements
are ever exchanged by the simple transpositions that comprise o.

For 1 < j <m, either (a’s;, ---s;,_,);; and (¢'sy, - - - s1,_, )i, are of the same parity, or (@'s;, - - 5;,_, )i, +1
and (¢'s, - - - s1;_)1,+1 are of the same parity, by the above paragraph and the fact that a; +¢; = by for
all k. Therefore we may repeatedly apply Lemma 2.11 to get

(_1)(a’,r,t)+(c’,t,s)+(a’,c’) — (_1)(a’s11 TSy ,tS]l )+(C,S11 ,tsll ,SS[I )+(a’sll ’C,S[l)
= (—1)<a/511S’z’”ll512’”’1Sle(c/S’l512’”115’2’”11S’z>+<alsllslz*clsllslz>

. (_ 1 ) (a'o,ro,to)+{c'o,to,so)+(d'o,c'a)

= (- 1)(a’o,r,ta)-i—(c/a,to,s)—t-(a/(r,c’a)

completing the proof of (ii).
(iii) As /c:f  €quals O unless a; + ¢ = by, we may assume that the summation in Proposition 3.6 is over
k> k

all (@', ¢/, t) € X. By (i), (ii) and Proposition 3.6, we have

fb,r,s _ Z #[[a/, C,, t]] (_1)(a,p,q)+(c,u,v)+(a’,r,t)+(c’,t,s)+(a’,c’) Kf/,c/-

a,p.q;c.uv
[a’,c' . t1eX/Gprs

It remains to note that #[[a’, ¢/, t] = |Gp r s/ Cp.r.s N Cu et ]- O
Let 7 be a homogeneous anti-involution on A. Then t induces a homogeneous anti-involution

Tt My(A) — My(A), &> &7@

s,r

which in turn induces an anti-involution

T

Toa: S84, d) — S%(n,d), &° > E°

r,s s,r

(3.8)

where fora = a; - - -az € H% we have denoted a” :=t(a}) - - - t(aq) € H?.
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3B. The algebra ch‘ (n, d). Recalling the notation (2.16), for (b, r, s) € Tri8 (n, d), we set

b i=1[b,r slLEL,. (3.9)
Define the k-submodule 72 (n, d) € S*(n, d) to be

TA(n,d) = span(nf’s | (b, r,s) € Tri® (n, d)).

It will turn out that TaA (n, d) depends only on a, not on ¢ or B; see Proposition 4.11.
Lemma 3.10. We have that {Uf,s | (b, r,s) e Tri?n, d)/6d} is a basis of TaA(n, d).
Proof. Follows from the definition and Lemma 3.3. O
Lemma 3.11. Letay,...,ag €aUAjandr,s €1, n)% Then &5 € TaA(n, d).

Proof. By assumption, for 1 <1 <d, either a; =), _,c1.»b or aj = ZbeBi c1.pb, with ¢, € K. Tt follows
that &  is a linear combination of the elements érby s such that b is of the form by - - - by with b; € B, U B;

foralll =1, ...,d. But for such b, we have Sb = nf’s € TaA(n, d). O

r,s —

Proposition 3.12. We have that TaA (n,d) € S4(n, d) is a K-subalgebra. It is a unital subalgebra if (A, a)
is a unital good pair.

Proof. By Lemma 3.11, if 1,4 € a, then the identity 14 ® - - - ® 14 € S*(n, d) belongs to TA(n, d), so we
only have to prove the first statement of the lemma.

We now fix (a, p, q), (c,u,v), (b, r,s) € Tri® (n, d) and apply Corollary 3.7. Using the notation as
in the corollary, assume that (a’, ¢, t) € X is such that K‘l:,’ o # 0. In view of Corollary 3.7(iii), it suffices
to prove that the integer

M :=]|a, p, q]'c [e, u, v]:; : |6b,r,s/6b,r,s N 6a’,c’,tl
is divisible by [b, r, s]’c. For b,a’,c’ € Bandr,s,t €[1, n], define

a'\b,c

my i=#kell,dl|ay=d, by=0b, c,=c, ri=r, sk =s, r=t}.

Then, using that (a’, r,t) ~ (a, p, q), (¢, t,s) ~ (c, u, v), we obtain

|Gprs NGt = I1 my ;5! (3.13)
a',b,c’eB, r,s,te[l,n]
brsl,= > mih (beB rsellnl, (3.14)
a’,c’eB, te[l,n]
la.p.ql%,= > my7s  (aeB. p.gelln), (3.15)

b,c’eB, te[l,n]

leou vy, = Y mil (ceB. uvelln). (3.16)
a',beB, te[l,n]
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By (3.14), for every b € B and r, s € [1, n], we have that
[b,r,s]2,!
y'l’),s = = a’,b,c’y €z
l_[a’,c’eB, tell,n] myse -

So

C:= l_[ Y, €Z,

beB.UBY, r,s€[l,n]

and by (3.13), we have

|6b,r,s/6b,r,s N 6a’,c/,t| = l_[ yﬁs =C- 1_[ yﬁS.

beB, r,s€(l,n] beB., r,s€(l,n]
Now we claim that b € B, and mfft’c > 1 imply a’ € B; or ¢’ € B. Indeed, if a’ € Bj, then using

c

/7b’
(3.15), we get m;;; <

, <la, p, q]ﬁ’, <las(a,p,q)c Tri® (n, d), which is a contradiction. Thus a’ € B;.
Similarly, ¢’ € B. If a’, ¢’ € Bg, then Kg,’ . = 0 since a is closed under multiplication. Since m’r’:;f’,’c/ > 0,
this implies IC!Z,’ « = 0, which contradicts our choice of (a’, ¢, t), proving the claim.

By the claim, for b € B. and r, s € [1, n], we may write

b
b [b,r,s].!
yr,s_ (1_[ a/’b’c,')(n a’,b,c")'
a'€Be, c'eB, te[l,n) Mrst * a'€BqUB;, c'€Be, te[l,n] Mrst
So M equals
a ! c | C b
la, p.ql:,!)- [c,u,v], ! |- C- Vr.s
a'eB, c’'eB, beB., r,s€[l,n]
r,tell,n] t,s€ll,n]
’ N
( l—[ [as p’ q]:’l,t' ) ( [C, u, v];s! )
N a,b,c l_[ a’,b,c’
»0,¢7) 0,67
a'eB; Hc’eB, beB,, se[l,n] mr,s,t . ¢'eB, l_[a/eBaUBI,beBc, rell,n] mr,s,t :
r,te[l,n] t,s€[l,n]

xC- [] b.r.si2y.

beB.,r,s€(l,n]

Note that the first factor is an integer by (3.15), and the second factor is an integer by (3.16). We have
thus proved that M is divisible by

[[ B.r.slt=1brsl],
beB¢, r,s€[1,n]
completing the proof. U
Remark 3.17. When a = Aj, we have TuA (n,d) = S*(n, d). In the general situation however, when

a C Aj and d > 2, the subalgebra TaA (n,d) € S4(n, d) is a proper sublattice in S4(n, d). An explicit
example of this distinction, when A is the extended zigzag algebra, is provided in Example 5.28.
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Remark 3.18. We sometimes refer to the algebras S A(n,d) and TaA (n, d) as generalized Schur algebras
since for the case A = k they both return the classical Schur algebra § k(n, d). In [Kleshchev and Muth
2018], we sometimes also refer to TaA (n, d) informally as the “schurification” of the pair (A, a). We
point out that various other generalizations of the classical Schur algebras were studied in the literature;
see especially [Donkin 1986; 1987; 1998; Doty 1998].

Remark 3.19. Let us remark on our reasoning for studying the more subtly defined construction 7,2 (n, d),
as opposed to just the invariant algebra S4 (n, d).

First, the elements (3.9) arising in the definition of TaA (n, d) are motivated in part by analogous
elements in natural examples, such as Turner’s double algebra. Indeed, a specific choice of good pair
(A, a) allows TaA (n, d) to recover Turner’s double D, whereas S (n, d) instead recovers Turner’s divided
power algebra 'D, as defined in [Evseev and Kleshchev 2017]. Moreover, it is certain TaA (n,d)’s—
and not S4(n, d)’s — that appear as “local descriptions” of blocks of symmetric groups (see [Evseev
and Kleshchev 2018]), classical Schur algebras (conjecturally; see [Kleshchev and Muth 2018]), and
(potentially) other interesting classical objects. We refer the reader to Section 5D2 for more details on the
relationship between generalized Schur algebras and Turner’s double algebras.

Additionally, the algebra TaA (n, d) tends to have more natural properties than S*(n, d). For example,
the following properties hold for TaA (n, d), but do not generally hold for S4(n, d):

(1) If A is symmetric (and (A, a) satisfies certain conditions), then TaA (n, d) is symmetric as well; see
Corollary 6.7.

(i) If A is cellular/quasihereditary (and (A, a) satisfies certain conditions), then TaA (n,d) is cellu-
lar/quasihereditary when n > d; see [Kleshchev and Muth 2018].

(iii) The algebra TuA (n, d) is generated by very special elements (see Theorem 4.13), which is crucial in
many situations; see, e.g., the proof of Corollary 8.24 in [Evseev and Kleshchev 2018].

3C. Coproduct on generalized Schur algebras. In this subsection, it will be convenient to use the
following notation. Let 7 = (b, r, s) € Tri? (n, d). We write

er=8 nr=nl,, T2:="""9, [T).:=[b,r.sl., To:=b,r. s)o, et
Ifd=d +d, T' = ', r',s") e Trif(n, dy) and T2 = (b2, r2, s?) € Tri? (n, d), we denote
T2 = 0'8%, r'r?, s's?) € B¢ x [1,n]¢ x [1, n].

In general 772 does not need to be an element of Tri® (n, d).
Recall the notation (2.9). For T € Trig (n,d) and 0 <1 < d, define the sets of [-splits of T and splits of

T as
Spl(T) == {(T", T € Tti§ (n, ) x Trif (0, d — 1) | T'T> ~ T},

SpI(T) := | | Spl(T.

0<l<d
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For (T, T?%) € Spl,(7), let 07T1 > be the unique element of T 9 such that
Tol p=T'T".

Lety : 6 x G,;_; — &, be the standard inclusion. Let 7 € Trig (n, d). Note that for every o € Tg
there exist unique (7!, 72) € SpL,(T), 01 € 7' 9 and o) € 7> 9 such that o = o7, t;(o1, 02). In other

T T2
words, the map
|| 79x792-79 (3.20)
(T, 72)eSpl,(T)
sending (o1, 07) € T'9xT g to 072 thl(al, 03), 1s a bijection.
Note that for (o1, 07) € 7' 9 x T° 9 we have
(0] ati(o1,02); by = (0. 123 b) + (013 b') + (02: b7). (3.21)

Recall from [Evseev and Kleshchev 2017, §3.3] that
P m.(a)*

d>0
is a supercoalgebra with the coproduct V defined by

d
VM, (A% — P M (A @M, (4)%"
=0

d
£ ®& > Y 180 Q&) EN R ®&).
=0

Let
St =P S*(n.d) and Tr(n) =P T, d). (3.22)

d>0 d=0

We next prove that these are subsupercoalgebras of ) d>0 M, (A)®?. The following result is actually
contained in [Evseev and Kleshchev 2017], but we give a proof using our current notation for reader’s

convenience.

Lemma 3.23 [Evseev and Kleshchev 2017, (6.12)]. If T = (b, r,s) € Trig (n,d), then

(0T, _,:b)
VEn= Y DTV,
(71, 7%)eSpl(T)

In particular, SAn) is a subsupercoalgebra of @dzo M, (A%,

Proof. Writing Zspl,(ﬂ for the sum over all (7', 72) € Spl,(T) with

T' =o' r',s") and T2= % r? s,
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we have that V(S,b, ) equals

Z ( 1) o:) V(éﬁ,o]ls“ ’ ®S£7{Z{,S(rd)

0Ty

b by by bo(+1) by
= (=D >Z<s,(,ssm @& ) ® E sy ® @& )

o€’y

d
_ (UTl »3b) b} bl1 o1 b% bd 1 [op)
_Z Z Z (_1) T (SFI],S11®...®£7'[1,S;) ®(§VIZ,S|2® ®SV [S2 l)
1=0 SpL(T) o 7'

[op) ETZ 9
d
-3 ¥ e,
=0 Spl;(b,r,s)
where we have used the bijection (3.20) and the sign identity (3.21) for the second equality above. [J
Corollary 3.24. If T = (b, r, s) € Tri5 (n, d), then

;b) [T]

Vo= Y (=)imne A @

(TH, T»eSpUT)
with [T1L/(IT LT € Z. In particular, T2 (n) is a subsupercoalgebra of a=0 Mn (A)®4,

Proof. By Lemma 3.23, we just have to check that [7’1]!c[7’2]!c divides [7']!c whenever (T, T2) € Spl, (7).
But in this situation we have that [ﬂf,s =[7" ]f,s + [Tz]f,s forall b€ B and 1 <r, s <n, which implies
the required divisibility. O

4. Superbialgebra structure

Recall the definition of $4(n) and TaA (n) from (3.22). In this section we study the star-product on SA(n)
and TaA (n) which together with the coproduct V from Section 3C makes them into superbialgebras. For
S4(n) this is well-known; see, for example, [Evseev and Kleshchev 2017, Lemma 3.12].

4A. Star-product. Ford, e € Z>, let @.¢) 9 be the set of the shortest coset representatives for (&, x
S )\Syte. Given £ € M, (A)®¢ and & € M, (A)®¢, we define

Eixbi= ) (E®&). 4.1)

celd9y

It is well-known that this *-product makes €9 d>0 M, (A)®? into an associative supercommutative super-
algebra.

Lemma 4.2. For (b,r,s) € Tri’(n, d) and (c, t, u) € Tri® (n, €), we have

() &by wooxkrly, =[b.r s'El,
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[be, rt, sul’ E
(b, r,s]'[c, t,ul """

(i) &, «&f, =
[bc, rt, su]'Cl be
[b,r,s]le, ¢, u]’an”’””

where [bc, rt, su]!/([b, r,sl'le, t, u]!) and [be, rt, su]fl/([b, r, s]zl[c, t, u]!a) are integers, and the right-
hand sides of (ii) and (iii) are taken to be zero when (bc, rt, su) ¢ Tril (n, d + e).

b
(iii) n, s *nf, =

Proof. We have that £/ -+ - gl is equal to

Z(Srl S1®”'®’§rli;15d)a_ Z Z (érl Sl®"'®§rljzds<1)ag

0eGy oebrsg o'eBp s

[b r, S] Z ($r1 51 - ®$rd Vd)

ebrs_j
=[b,r,s1&L,,
proving (i). Thus
[b.r sTle.t,ul & w &5, = (&) s wED Yo (€L %o %EE,)

Srl Sl *Srd S‘d*gtl u1 *sl‘e Ue
= [be, rt, sul' £5° sus
where the last line is interpreted as O if (bc, rt, su) ¢ Tri? (n, d + e). Therefore
(b, r,sl]\[c, t, ul, n,s xng, =b,r, sl'e, t, u]!érl”s *Ef

= [bc, rt, sul 5

rt,su

= [be, rt, sul, 77” su-
Now (ii) and (iii) follow by noting that
[be, rt, su]ﬁ’,s =[b,r, s]f’x +[c, ¢, u]ﬁ”s
forall b, r, s. O
Corollary 4.3. S (n) and TaA (n) are subsuperalgebras of -0 M (A)®? with respect to the %-product.
Corollary 4.3 and [Evseev and Kleshchev 2017, Lemma 3.12] now imply:
Corollary 4.4. With respect to the coproduct V and the product x, S*(n) and T (n) are superbialgebras.
We will also need the following result, where the Sweedler notation V(x) = ) x(1) ® x(2) is used:
Lemma 4.5 [Evseev and Kleshchev 2017, Lemma 4.2]. Let x, y,z,u € s4 (n,d). Then
(x*y)(z*u) = Z(_I)S(X(I)Z(l)) * (Y)z@) * (xum) * (YU @),

where s = (X2) + Y2))Z + Y1) (X2) + Z(1)) + Y2yl 1)
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4B. Separation. Let g € Z.¢ and § = (dy,...,d,) € Zgo with dy + --- +d, = d. Then &;s :=
Gy XX qu < &,4. Suppose that foreachm =1, ..., g, we are given

(@™, rm sy (™ ¢ g™y e Tt (n, d,,).

We write

a'™ — aim) L af;,:)’ pm — r{m) o r(/(i:j)’ etc.

Let
a=a.. . a? r=rV  FO e,

We also write
a=ay---aqg, r=ry---rq, €tc.

The triple (a, r, s) is called §-separated if 1 <m # [ < g implies
(a(m) t(m)’ (m)) £ (a(l) 0] (1))

L{ 4
forall 1 <t <d, and 1 <u < d;. We then automatically have (a, r, s) € Tri’ (n, d).

Lemma 4.6. If (a, r, s) is 6-separated, then

) @ ) @
a a a _ _a a
5ru> PO Srw),s(q) and Nrs = M0 g0 % *T ) @+

Proof. Recalling the notation (2.9), for each 1 <t < ¢, there exists (@, 7", §®) e Tri{){ (n, d;) such
that (;,(t)’ ,c(t)’ g(t)) ~ (a(t)’ r(t)’ s(t))_ Write @ :=a® .. .&(q)’ Fo=rD... ,ﬁ(q), §:=5§1...§@ Then
(a,7,8)~ (a,r,s), and (a, 7, §) is §-separated. Moreover we have that G; ; ; < &5, and both groups
are standard parabolic subgroups of &4. Using (3.2), we get

Z(E”l 5@ ®Sad )0 - Z (srl 6 ®- ®§rd scz)g -

am

a a9 a9
= Z(S;(l)j(l) ®- ®§ @ s(q)) 5 F g ¥ *5 F@) §@>

where o runs over 7, ¢’ runs over all shortest coset representatives for S; ; ;\S; and o” runs over
all shortest coset representatives for G5\ S,.
Since (@, 7V, §O) ~ (a®, r® s®) forall 1 <t < g, we have

(_1)(a,r,s)+<&,f,§) _ (_1)<a(1)’r(1)’s(1)>+...+<a(q),,.(q)’s(q)H_(&(l)’;(1)’g(l))+...+<&(f1>’,ﬁ<q)’§(q)>

Then, using Lemma 3.4, we have

a __ a,r,s)+{a,r.8)sa __ a,r.s)+{a,r,§)a® a@
g = (D)@ IHaRS el = (—)@rsH@EN R ke kR 0

. (_1)<a(l)’r(l)’s(l))_;,_(&(l),;(l),g(l)) &
= ORI

*---x(=1)

<a(q)’r(q),s(q))_;,_(d(q)’;.(q) A(q)>s ((q)) o
ria) s4
@ (@)
a a
=& s X FEL Q) (@)
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as desired. The result for n’s follows from the result on &’s. U

Lemma 4.7. Let (a,r,s) and (c, t, u) be §-separated and suppose that

c® @

1 @ /
(Sfm,s(l) - ®5ra(q),s<q>)a(5t<l>,u<l> ®--- ®§t<q),u(q>)a =0

whenever o and o’ are distinct elements of * 9. Then

) 5 @ @
Era,sstc,u = i(ff(l),s(l)gtcm),u(l)) ook (5f(q>,s<q>5tc<q>,u<q>)-

Moreover, ifay, ...,aq orcy, ..., cq are all even, then the sign of the right-hand side is +.
Proof. By Lemma 4.6, § (&7, equals
a® a@ o) @ /
< Z (Sr(l),s“) Q- ®€r(q),s(q))o-)( Z (5,‘(1)’”(0 Q- ®St(7),u(‘”)0 >,
oely o'edp

and the result follows. |

The following result allows one to reduce the study of S4(n, d) to the blocks of A, and similarly for
TA(n, d).

Lemma 4.8. Letm € Z~q. Fort € [1, m] assume that (A;, a;) is a good pair. Write A := @:’;1 A; and
a:= ., a;. Then we have

stn.d)= P éSA’(n,v,) and Tr.d)= P éT;}f(n,u,)

veA(m,d) t=1 veA(m,d) t=1

as K-superalgebras.

Proof. For t € [1, m], let B; be the designated (A;, a,)-basis, and set B = |_|:":1 B; as the designated
(A, a)-basis. It follows from Lemma 4.6 that, for any (b, r, s) € Tri® (n, d), we have

b p pim
Ery = ig,(l),sm Aok gr(m),s(m)

for some v € A(m, d) and (b®, r®, s®) e Tri% (n, v,) for t € [1, m]. So we may write

Stndy= @ S vy xS (v
veA(m,d)

Inductive application of Lemma 4.5 shows that this is a decomposition of S4(n, d) into subalgebras.
Moreover, it follows as well from Lemma 4.5 that for all v € A(m, d) we have

SA (v k- S, 0) =S (0, 01) ® - @ S (n, )

as k-superalgebras, proving the claim for S4(n, d). The proof of the claim for TaA (n, d) proceeds exactly
as above, since Lemma 4.6 provides an analogous result for ,’s. O
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4C. Generation. We define

Y :=span(&?, |r,s € [1,n], b€ B.UB;) € M, (A),
Star’Y:=Yx---xY CTA(n, d),
—_—

d times

where the second inclusion comes from Corollary 4.3. Note also that S%(n, d) C TaA (n, d) since by
definition, for b € Bg’ , we have S,I” § = nf, - The following is a generalization of [Evseev and Kleshchev
2017, Lemma 4.30].

Lemma 4.9. We have
d
T (n,d) =D $*(n.d — e) xStar’ Y.
e=0

Proof. As S*(n,d —e) C TA(n,d —e) and Y C T2 (n, 1), the right-hand side is contained in the left-
hand side thanks to Corollary 4.3. For the converse containment, we only need to prove that every nf’ s
with (b, r, s) € Tri®(n, d) is contained in the right-hand side. For any b € B and r, s € [1, n], denote

— b
e:= E mp.

beBUBj, r,s€[l,n]

bo._ b
m; =[b,r,s] and set

Using the fact that mﬁs € {0, 1} for all b € Bj, Lemma 4.6 and the definition of nf’s, we see that

b n b
"f,s = j:( sk (@:S)@m,_s)) * ( (@:S)* h,s)), (4.10)
beBg, r,s€[l,n] beBUBj, r,s€[1,n]
with the first term in $%(n, d — ) and the second term in Star® Y. O

Proposition 4.11. The algebra TuA (n, d) depends only on the subalgebra a, and not on the choice of the
(A, a)-basis B.

Proof. Let B = B, 1B, Bj and B’ = B, LI B/ LI B% be distinct choices of (A, a)-bases, ¥ = span(é,’fs |
r,s €[l,n], be B.UB;j),and Y' = span(sr}fs |r,s €[l,n], be B/U B%). As B! C span(B. Ll By), we
deduce that .
Star‘Y’ C @ Star®”/ Y xStar/ a.
=0
Therefore by Lemma 4.9, the algebra ‘T2 (n, d) defined using the basis B’ is contained in the algebra
TA(n, d) defined using the basis B. Similarly, T2 (n, d) € 'TA(n, d). O

Let t be an anti-involution on A, such that 7 (a) = a. Then it is easy to see, using Proposition 4.11,
that the involution t, 4 on S4(n, d) defined in (3.8) restricts to the involution of TaA (n, d). Moreover, if
T(Bq) = Bq, T(B:) = B, and ©(Bj) = By, then we have

Toa: T, d) = T, d), b >0l (4.12)
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The following theorem generalizes [Evseev and Kleshchev 2017, Theorem 4.31].

Theorem 4.13. Suppose that (A, a) is a unital good pair and let 1 := 1p1,(4). Then TaA (n,d) is the
subalgebra of S*(n, d) generated by S*(n, d) and 1?1 Y :={1®¥ 1%y |y e Y).

Proof. Let U be the subalgebra of TaA (n, d) generated by S%(n, d) and 1%9~! « Y. We show by induction
one=0,...,d that U contains every element of the form nf’s x 19d=9) where (b,r,s) e Tri® (n,e).
This proves the theorem in the case d = e.

The base case e =0 is clear. Let0 <e <d. Let (', r', s") € Tri® (n, €). We will show, using the inductive
assumption, that nf,,ys,* 1®€d-9)c . Ifb e B, then nf,,’s,*l@’(d_e) € S8%n,d) CU, and we are done. So we
may assume that (b, ', s') = (bb, rr, ss), for some (b, r,s) € Tri¥(n,e—1),b e B.UBjandr, s ell,n].

By the induction assumption, n?  * 18@=¢TD € U. We also have 19U~V xgb e 19€@-D yy Cc U.

Thus the following product is contained in U':

(nf’s % 1®(d—e+1))(1®(d—1) " Srlfs) . (nf,s)(l) % 1®@—etD) o (nf,s)(2)§£s 4 nf’s % 1®d—e) o Erljs

=2 D) *x 2 )& x 1207t £l yegl 519

where the equalities come from Lemma 4.5 and the supercommutativity of *. Note that by Corollary 4.4,
we have that (nf’s)(l) * (nf’s)(z)é‘,’fs belongs to T, (n, e — 1), and thus may be written as a linear com-
bination of elements of the form nf,/,/’ - Where (b, r",5") € Tri® (n, e — 1). Therefore the induction
assumption implies that the term (nf’s)(l) * (nf’s)(z)“;‘,’fs * 19@=e+D belongs to U, which in turn implies
that n’,’ys * fr’fs % 12@=¢) ¢ U, But since b € B, U Bj, we have as in (4.10) that nf,/,s, = j:nf’s * éfjs, SO

o #1897 = £pb wgh 519070 e U,

completing the induction step, and the proof. U

5. Miscellaneous properties and examples

Throughout the section, (A, a) is a fixed good pair with an (A, a)-basis B = B, U B, LI Bj as in (2.2).
Much of this section deals with various idempotent truncations. If e € A is an idempotent, we say that B
is e-admissible if ebe = b or ebe = 0 for all b € B. We say that we say that B is right e-admissible if
be=>borbe=0forall beB.

S5A. Idempotents and characters. Throughout the section, let ¢y, ..., e; € a be a set of orthogonal
idempotents. We do not assume that Zf:o e¢; = 1, and usually we do not make any admissibility
assumptions on B. Set I = [0, £].

Let A(n) := 7", and A’(n) := A(n)!. We think of the elements of A(n) as compositions A =
(A, ...y Ay) and th_e elements of A’ (n) as tuples A = (O AO) of compositions. For such A € A (n)
and A € Al(n), we set L] :=Y"_; A, A := Y., [AD)], and, for any d € Z-(, we define

An,d):={reA@)||A|=d}, A'(n,d):={reA)|r|=d}.
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The group &,, acts on A(n) via
Ori=Ag-11,.vvsAg-1p)-
The group G,Il :=[1;c; Gn acts on Al(n) via
ok:=(0P20 . 5©LO),

foro=0,...,09) & andr = 1O, ..., 20) e Al(n).
To A € A(n, d) we associate the word I* = 1% ... n? €1, n]d. For any idempotent f € A we have an
idempotent
- od
g =&, € $M(n.d).

Note using Lemma 3.11 that 5{ € TaA (n,d) if f € a. Define

gl = Z 5{. (5.1
reA(n,d)
If, for any a € A we define
n
E“:=) & € My(A), (5.2)
r=1
then
e/ =E'®...QE/. (5.3)
If A is unital, we denote
£ =£" (54)

Then 1gag 0= ;¢ An.d) & 18 an orthogonal idempotent decomposition. If the pair (A, a) is unital, then
£, € TA(n,d) forall A € A(n,d). For p € Al(n, d), define

en =&y k£l €T (n, d). (5.5)
Forac Aando € G,, let & := Zle S{f(r)’r € M, (A) be the permutation matrix corresponding to o
multiplied by a. Foro = (6@, ...,0®) € &, we set
Eoi= Y (ER)T k()P € T, d).

(805--,80) €A (d)
Lemma 5.6. Forallo, T € 65, we have &7 = Eg+.
Proof. This follows easily from Lemma 4.7. 0
Lemma 5.7. IfA € Al (n,d) and o € &!

s then we have £;e36,-1 = eg).

Proof. Let d; = |A!)| for all i € I. Using Lemma 4.7, we get

d d d, d,
Saexsa—' = ((SE?O))(@ 0 ;?0) (5(6(2(0))—1)(8 0) Koee ek (( ;lia)® ZSE&) (‘i:(e(f(é))fl)® l)-
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For all i € I, we have
() 2UE L (60 ) ) = ) PH (D 5w 65,5 ) (6 ) 1)
= BT £ o) D ek BB ED ) )
(50@1(,(,)1) R L

S GiON QUSTI N Mooty

oWn, g(l)n

— &€
=800

where we have used the commutativity of x-product on even elements for the penultimate equality. So

the result follows. O
We consider A (n) as an abelian monoid, where A = g + v when A = 1@ +v% for all i € I and
e[1,n].

Lemma 5.8. For A € Al (n,d), we have

Vier) = Z ey ®ey.

m,veAl (n)
pAv=>A

Proof. The result follows by Corollary 3.24. Indeed, recalling the notation of Section 3C, note that

ex = Er, where T = (b, r.s), with b = "1 ™| p =g =" ... Then (7!, 72) € Spl(T)
0 4
if and only if 7! = (', r!, s') with b' = 0”( )‘ . -.e‘e“()l, rl=s! =10 .11 and T2 = (B2, r2, 52),
0 ®
with b2 = e(l)”( | ---e‘; L2 =s2=1""...1"" such that p +v = A. O
Define

R:=2Z[t]/(t* = 1),

and denote the image of ¢ in the quotient ring by 7, so that 7¢ makes sense for ¢ € Z/2. Writing the
operation in the monoid A (n, d) multiplicatively, denote by RA(n, d) the corresponding R-monoid
algebra. This algebra inherits the G!-action from that on A’(n, d). Since this action is by algebra
automorphisms, we have the invariant algebra (RA' (n, d))Gi.

If V is a free k-module of finite rank, we denote its rank by dim V. If V be a free k-supermodule of
finite rank, its super-rank is defined to be dim; V := dim V; + (dim Vj)7 € R. Let W be a TaA (n,d)-
supermodule. If e, W is free of finite rank as a K-supermodule for all > € A!(n, d), we say that W is a
supermodule with free weight spaces. In this case, the (formal) character of W is defined to be

chy W := Z (dimy; exW) A € RA (n, d).
reAl(n,d)

Lemma5.9. If Wisa TaA (n, d)-supermodule with free weight spaces then ch; W € (RA(n, d ))6'11.

Proof. By Lemma 5.7, we have that e, W = ¢, W as K-supermodules whenever p and A are in the same
S!-orbit. O
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Finally, Lemma 5.8 gives us:

Lemma 5.10. Let W| be a TaA (n, dy)-supermodule with free weight spaces and Wy be a TaA (n, dy)-
supermodule with free weight spaces. We consider W1 ® W as a TaA (n, di + dp)-supermodule via the
coproduct V. Then W1 ® W, is a supermodule with free weight spaces, and

chy, (W; ® W2) = ch; (W}) chy (W3).

Let A, w € A’(n). We call A, u nonoverlapping if for every i € I and r € [1, n] we have that )»Ei) #0
implies Mi’) =0.

Proposition 5.11. Suppose that B is right e;-admissible for alli € I. Let . € A'(n, c), p € A (n, d) and
suppose that A and o L are nonoverlapping for some o € G,Il. Then we have isomorphisms

S4(n, c)ex ® S (n, dyey = S4(n, c +d)exrop,
TA(n, e @ T, dyey =T (n, c+d)eriop,
of S4(n, c+d)- and TaA (n, ¢ + d)-modules, respectively.

Proof. We prove the result for TaA; the proof for S4 is similar. Since TuA (n,d)ey, = TaA (n,d)eq, by
Lemma 5.7, we may assume that A and g are nonoverlapping and prove that

TA(n, c)er @ TA(n, d)e,, = T (n, c+d)eryp.

Set B(i) ;= {b € B | be; = b} foralli € I. Forv € Al(n, f), let Trif(n, f) be the set of all
(b, r,s) € Tri® (n, f) such that

#{k | bx € B(i), sy =1t} =v"  foralliel,te[l,n].
Then for all (b, r, s) € Tri® (n, f) we have
nf’sev #0<= nf,se., = nf,s < (b,r,s) e Trif(n, ),

SO
2, 1b.r,s1eTribn, £)/6y)

is a basis for TaA (n, f)ey. By the nonoverlapping condition, we may choose a total order on B x [1, n] x
[1, n] such that (b, r,s) > (b',r’,s") whenever b € B(i) and b’ € B(j) for some i, j € I with A0
and MAE,] ) > 0. Let Trif (n, flo S Trif (n, f) be the subset of triples which are lexicographically maximal
under this total order. The set Trif,9 (n, f)/S is in bijection with Trif (n, f)o, so

{7, | (b, r,s) € Trij (n, fo)
is a basis for TaA (n, fey.

We have a one-to-one correspondence

Triy (n, ¢)o x Triy, (n, d)o <> Triy, , (n, c +d)o,
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given by
((b,r,s), (', r',s))— (b, rr',ss’).

Thus we have a K-linear isomorphism
.TA A ~ A
p: Ty (n,0)ex@T, (n,d)ey = T"(n,c+d)exiy

defined via
b b bb’'
Nr.s ® Ny st = Mrr ss'

for all (b, r,s) € Trif (n,c)oand (b',r,s') € Triﬁ (n, d)o. Moreover, in this situation (bb’, rr’, ss’) is
(c, d)-separated by the nonoverlapping condition, so nfi’: 55! = nf’ ¢ ¥ nf,’ ¢ by Lemma 4.6. Thus we may
describe the isomorphism more generally via the star map:

Q: TaA(n, cer® TaA(n, d)ey —> TaA(n, ct+d)eyiy, XQYH> X %Y.
Finally, ¢ is an isomorphism of T;(n, ¢ + d)-modules thanks to Lemma 4.5. U

5B. Idempotent truncation. Let e € a be an idempotent and £°¢ € TaA (n, d) be the idempotent of (5.1).

Set
A:=eAe and a:=ceae.

By definition, A is a subalgebra of A and @ is a subalgebra of a. So we can consider Sg(n, d) and hence
TaA (n, d) as subalgebras of S4(n, d).

Lemma 5.12. Let e € a be an idempotent. Suppose that B is e-admissible. Then:
(i) SA(n,d) =£°SA(n, d)&°.
(i) TA(n, d) = T (n, d)E°.
Proof. By assumption, we have an (A, a)-basis B = B, U B LI By such that ebe = b or ebe = 0 for all
b € B. Defining

=1

a:=1{b € By | ebe = b},
c:={b € B. | ebe =b},
i :=1{b € Bj | ebe = b},

SoTR e

we have that B := B, U B U Bj is an (A, a)-basis for A. Then, for all (b, r, s) € Tri® (n, d), we have
sesb Se — ri_.eble ..... ebge — g:rb,s ifbe Ed’
i s 0 otherwise,

which implies the result. U

For r € [1, n]? we define
o =(wi,...,w,) € An,d)

via w, :={k € [1,d] | rp =r} for all r € [1, n]. Recall the idempotent &, from (5.4).
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Lemma 5.13. Let A be unital. If . € A(n, d) and (a, r, s) € Tri (n, d) then
'é):)usr"l’s = Sk,w’s;l,s and f;l,s%'}\ = 5A,w‘§zs-
Proof. Immediate from Proposition 3.6. (|

Let N > n. Set

AY(d):={r e AN, d) | Anp1 =---=Ay =0} S AN, d),
and define the idempotent
V)= Y  &eS'N.d). (5.14)
reAN (d)

If (A, a) is unital, then & (d) € TA(N, d).
Lemma 5.15. Let A be unital, N > n and (b, r, s) € Tri® (N, d).

(1) We have
EVEL  =8rervEls and &} EN(d) =SscavEl -

In particular, the map
Sh(n,d) — S*(N,d), & & ((b.r.s)eTi®n d))
is a (unital) algebra isomorphism
S4(n, d) = &N (d)S*(N, d)EN (d).
(i) If (A, a) is a unital good pair then Slﬁv d) e TaA (N,d),
SN =8uenyairs and 17 N (d) = Susenya it
In particular, the map
TAn,d)— TAN,d), nt,—>nly  (b,r.s)eTrif(n, d))
is a (unital) algebra isomorphism
T (n.d) = &Y ()T (N, D)5, (d).
Proof. Follows from Lemma 5.13. O
Corollary 5.16. [fd <n < N, then V > £N(d)V defines equivalences of categories
SA(N,d)-mod = S*(n,d)-mod and T}(N,d)-mod => T(n,d)-mod.
Proof. To prove the result for S4, in view of Lemma 5.15, we just have to prove that

SAN, d)EN (d)SH(N, d) = SA(N, d).
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The last equality will follow if we can show that each &, with A € A(N, d) is in the left-hand side. By the
assumption that d < n, there is o € &, such that all nonzero parts of oA are among its first n parts, and so

§or. = oy (d) € SAN, )&, () S (N, d).
By Lemma 5.7, we have that EUSASG_I =&, o0r
& =& 60k € YN, DE) (@)SH (N, d),
and we are done. The proof for TaA is the same, using the fact that &, € TaA (n,d). O

Remark 5.17. Letd <nandw:=(1,...,1,0,...,0) € A(n,d). Then we have

E, =& % xE) € 5%n, d).

It is proved in [Evseev and Kleshchev 2017, Lemma 5.15] that the idempotent truncation &,54 (n, d)&, is
naturally isomorphic to the wreath product superalgebra A:&,. This is the analogue of the classical result
on Green idempotent truncation [Green 2007, (6.1d)]. If the pair (A, a) is unital, we have &, € TaA (n,d)
and it is easy to see that £, T2 (n, d)&, = £,5%(n, d)&,.

5C. Tensor product, truncation and induction. In this subsection, we drop indices and write T (n, d)
for TuA (n,d) and S(n, d) for S4(n, d). Throughout the subsection, we fix a € Z>1, a composition
§=(d,...,d;) € Ala,d), and a composition v = (ny,...,n,) € A(a,n) with ny,...,n, > 0. We
denote
T(n,8):=Tn,d)® --®T(n,d,) and T(,8):=Thn1,d)® - QT (ng,dq).
Let
V@ = (id®*2®V)o---0(id®@V)oV : T(n,d) — @ T(n,y)
yeA(a.d)
be the iterated coproduct. Projecting onto the summand 7 (n, §) yields the algebra homomorphism
Vs: T — T(n,?).

Using Vs, we can consider T'(n, 8) as a (T'(n, d), T (n, §))-bimodule, so that

Ui1® - QUs =T (n,8) @r(us) (U1 K---KU,) (5.18)
for Uy € T(n,dy)-mod, ..., U, € T(n,d,)-mod.

Recall the idempotent S,f’ (d) € T(N,d) from (5.14). The first result relates tensor product and
truncation.

Proposition 5.19. Let n < N and V;, € T(N,dy)-mod for k = 1,...,a. Then there is a functorial

isomorphism of T (n, d)-modules
ENDV1®---@V)=EN ANV ®---® (ENd)V,).

A similar statement holds for S in place of T.
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Proof. Note using Lemma 5.8 that

VsEN @)=Y V&)= > En® @&,

reAl () AN (@), o €AY (da)

=eNd)®-- - QEN(d,).

Therefore
END(V1I®---®V)=ENANV)®---® (EN )V,

and the result follows.

0

In the rest of this subsection, we concentrate on 7T (n, d), although similar results hold for S(n, d). We

now define certain induction operation and relate it to tensor product. Set

k=1
mk:=an k=1,...,a+1).
r=1

Denote Myl
A(v;S):{AeA(n,d)‘ 3 A,:dkforallkzl,...,a},

r=mi+1
and define the idempotent

Ewid) = Y £ eTm.d).

reA(v;d)

Forr=ry;---r, € Z" and m € Z~, we define
r(+m):= @ +m)---(r,+m)e?'.
Now let 7k € [1, ng]% fork=1,...,a,and r :=r'---r% € [1, n]%. We define

r(4v) = rlm)r2(+ms) - - ré(+my) € [1, n]°.

If (b%, rk, s € TriB (g, dy) fork =1,...,a, and b :=b'---b% r :=r'-..r% s :=5s'..

(b, r(+v), s(+v)) € Tri’(n, d) is 8-separated. So by Lemma 4.6,
b _ b b? b
Mrv),s(+v) = Trm),s(+m) * Trma),s(+ma) ¥ F M (dma) s (+ma) -
Similarly, (b, r, s(+v)) € Tri® (n, d) is §-separated, and
b b' b? b
Mr.s(+v) = Mrosemp) * Mrs(ma) % M s (4mg)-
Lemma 5.22. The map
Tw,8) > Tn.d), n’ @ @nl . n
) n,a), T Nya ga Nr(+v),s(+v)
is an algebra homomorphism, mapping the identity element of T (v, §) onto £(v; §).

Proof. This follows easily from (5.20) and Lemma 4.5.

-84, then

(5.20)

(5.21)
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In view of the lemma, we consider
T (n,d)s(v,d)

asa (T (n,d), T (v, 8))-bimodule. Given a T (v, §)-module V, we now define
IV =T, ;) @1 V.-

This yields the functor
Ifsd : T (v,8)-mod — T (n,d)-mod.

The following proposition generalizes [Brundan and Kleshchev 1999, 2.7].

Proposition 5.23. Suppose that for allk =1, ..., a we have dy < ny and let V;, € T (n, dy)-mod. Then
we have a functorial isomorphism

Vi@V, = I:;((f:l Vl)g"'®(szav“))‘

Proof. In this proof k always runs through {1, ...,a}. Denote T := T (n,d), Ty := T (n,dy), T :=
T(ng,dy),sothat T(n,8) =T ® - @T,and T(v,8) =T ®---®T,.

Since Vi — f;‘,’fk Vi is an equivalence by Corollary 5.16, denoting Wy, := S:k Vi, we have V; = Tké},fz 1
Wy, and it suffices to prove

(Ti&), @ W) ® -+ @ (T, @71, Wo) = I (Wi R+ - B W,,). (5.24)

We now apply (5.18) with Uy := Ty ,’fk Q1 Wi to see that the left-hand side of (5.24) is obtained from
WX - .. X W, by tensoring with the (7', T (v, §))-bimodule

M':=M @15 (1§, ®- - O TE,) =g, @ O Tk,

On the other hand, the right-hand side of (5.24) is obtained from W; X --- X W, by tensoring with
the (T, T (v, §))-bimodule T&(v; §). So we just need to prove that the (T, T (v, §))-bimodules M’ and
T&(v; &) are isomorphic.
Define
Tri® ((n, my), dy) == (B, r,5) € TriP (n, dp) | s € [1, 1%},

Then, for all (b, r,s) € Tri® (n, dy), we have that

nty if (b, r,s) € Tri® ((n, ni), dp),

b n __
nr,sg:l’lk {0 otherwise.

Therefore {nf’s |[b,r,s]e Tri? ((n, ny), di)/ 64, } is a basis for Tkég’k, and we may define a K-linear map
’ b! b b b
(2 M — Tg(vv 8)’ nrl’sl ® te ® nr“,sa = nr’s(-}-u)g(l); 6) = nr’s(_l,_p)a

where [bF, r¥, sF] e TriB((n, ni), dx)/Sy, for all k, b = ' b, r=r'.r% ands =s'---s% It
follows from (5.21) and Lemmas 4.5 and 5.22 that ¢ is a map of (7, T (v, §))-bimodules, and it remains
to prove that ¢ is an isomorphism.
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For s € [1, n]¢, we define B(s) € A(n,d) via B(s); :=#{u € [1,d] | s, =1}, forall t € [1, n]. Then
for (b, r, s) € Tri® (n, d) we have
b .
b My.s lf,B(S)EA(U;(S),
;0 =1."
r.s& (V39) {0 otherwise.
Thus, setting
Trif (v; 8) :={(b, r,s) € Tri®(n, d) | B(s) e A(v; §)},

we have that {nf’s | b, r,s] e Tri?(v; 8)/64} is a basis for T&(v; §). It is straightforward to check that
the map

[ [T, ne), di) /Sa) — Tri® (v; 8) /64,
k=1
(', r' s, . [ r 5D > (b 1, s(H0)],

1

where b=>b'---b%, r=r'-..r* s=s'...5% is a well-defined bijection. Hence ¢ restricts to a bijection

(up to signs) of bases, and so ¢ is an isomorphism. U

SD. Examples. We finish this section with some examples.

5D1. Schur superalgebras. Let A= M,,(K). Forr,s € [1, p+q], let E, ; be the matrix with 1 in the
(r, s)-th component, and zeros elsewhere. We have

rs «—

i {(_) ifr,s <porr,s> p,
1 otherwise.

It follows from [Marko and Zubkov 2006, Theorem 2] that the Schur superalgebra S(plq, d) is not
quasihereditary (over K) unless ¢ =0 or p = ¢ =d = 1. Choosing a := span(E,; | r, s < p) we get a
nonunital good pair (A, a) and the corresponding nonunital generalized Schur superalgebra T2 (n, d).

We prove in [Kleshchev and Muth 2018] that TaA (n, d) is quasihereditary if d < n.

5D2. Trivial extension algebras. Let C be a unital superalgebra which is free of finite rank as a k-
supermodule. The dual C* := Homg(V, K) is a K-supermodule in a natural way. We have the pairing
(-, ) between C and C* with (a, «) = (@, a) := a(a) fora € C and ¢ € C*. We consider C* as a

C-bimodule with respect to the dual regular actions given by
(a-a,b)=(a,ab), (b,a-a)=(ba,a) (a,beC, acCH.
The trivial extension superalgebra E(C) of C is E(C) = C & C* as a k-supermodule, with multiplication
(a,a)(b, B) =(ab,a-B+o-b) (a,beC, a,BeC.

Note that Cj is a unital subalgebra of E(C)g. The pair (E(C), Cp) is an example of a unital good pair
(A, a). In this case it is natural to take ¢ = C;j. The basis By is a basis of Cj, the basis Bj is a basis of
E(C)i=C; ® C;‘, and the basis B, is a basis of CS‘.
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Letn € Z-¢. Fora € C* and 1 <r, s < n, we have the element x;*; € M,(C)* defined from
(xgs’gﬁu> =6r,18s,u<av a) (1<t,u<n, aeC).

Itis pointed out in [Evseev and Kleshchev 2017, Lemma 3.21] that there is an isomorphism of superalgebras

M,(E(C)) => E(M,(C)), &% > (%, x2,). (5.25)

r,s r,s?

By [loc. cit., Theorem 4.27], we have an explicit isomorphism
SEO(n, d)y='DC (n, d), (5.26)

where ' D€ (n, d) is the divided power Turner’s double algebra defined in [loc. cit., §4.6]. It now follows
from Theorem 4.13 and [loc. cit., Theorem 4.31] that under the isomorphism (5.26) the subalgebra
Tg@ © (n,d) € S¥ O (n, d) gets identified with the Turner double subalgebra D¢ (n, d) C'DC (n, d) of
[loc. cit., §4.6]:

769 (n,d) = D (n, d). (5.27)
5D3. Zigzag algebras. Fix £ > 1 and let I' be the quiver with vertex set I :={0, 1, ..., £} and arrows
{ajj—1,aj—1,j|j=1,..., £} as in the picture:

a1,0 a1 a32 ag—2,0-1 ag,e—1
e
ao, 1 a1,2 2.3 ag—2,0—1 ag—1,¢

The extended zigzag algebra Z is the path algebra KI" modulo the following relations:
(i) All paths of length three or greater are zero.

(i) All paths of length two that are not cycles are zero.

(iii) All length-two cycles based at the same vertex are equivalent.

(iv) age—1a¢-1,0=0.

Length zero paths yield the idempotents {eo, ..., e/} with ¢;a; je; = a; ; for all admissible i, j. The
algebra Z is graded by the path length: Z = Z° @ Z! @ Z?. We consider Z as a superalgebra with
5= 7Z%@ 72 and Z; = Z'. Let 3 := span(eg, ..., e;). Define also J :={0,1,...,£ — 1} and for all
Jj€J,setcj:=aj jy1a;11, ;. We have a basis B = B; U B LI Bj of Z as in (2.2), with

By =laj jy1,aj11,1j€J}, By={eiliel}, Bo={c;ljeJ}

Let e :=ey+---+er_y € Z. The zigzag algebra is Z = eZe C Z. We also have } := eje =

span(eg, ..., e;—1). For n > d, the generalized Schur algebra ng (n, d) in this case is Morita equivalent

to weight d RoCK blocks of symmetric groups (and the corresponding Hecke algebras), as conjectured
by Turner [2009] and proved in [Evseev and Kleshchev 2018]. This was our motivating example.
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In [Kleshchev and Muth 2018] we construct an explicit cellular basis of T; (n, d), while no such
basis is known for S%(n, d) (and it probably does not exist in general). We also prove that T5Z (n,d) is
quasihereditary, while S%(n, d) in general is not.

Example 5.28. To make things a bit more concrete and clarify the distinction between TZ’Z (n,d) and
S%(n, d), let us describe the bases for each in the case d = 2. By Lemma 3.3, 7 (n, 2) has basis

(&2, 1 (b, r,s) € Tri® (n,2)/&,}.

Note that the superstructure of Z plays a crucial role in defining S (n, d) here; for instance, if we took
Z to be purely even, we would have (ag1ap;, 11, 11) € Tri? (n, 2), whereas (agao;, 11, 11) ¢ Tri? (n, 2)
with the given superstructure. Thus, the differing superstructure on the same underlying algebra would
yield distinct associated generalized Schur algebras.
Let M C Tri®(n, 2) be the set of triples of the form (cjc;, rr, ss), where j € J, r, s € [1, n]. Then for
(b, r,s) € Tri® (n, 2), we have
2 if (b M
[b,r,SJi={ N
1 otherwise.
Therefore, by Lemma 3.10, 7,7 (n, 2) has basis
{28l 1 (b.r,s) e MUl 1 (B.r.5) e TriP(n,2)/6,, (b,1,5) ¢ M},

SO Taz (n,2) is a proper sublattice in S%(n, 2).

6. Symmetricity

6A. Central and symmetrizing forms. Assume in this section that A has finite rank as a K-supermodule.
We say an even K-linear map t : A — K is a central form for A provided t(ab) =t(ba) foralla,b € A. In
this case we have an associative symmetric bilinear form (-, - ), with (a, b). =t(ab) and a homomorphism

A — A*:=Homy(A,k), ar>(a, )
of (A, A)-superbimodules. We say that the central form t is a symmetrizing form if this homomorphism
is an isomorphism, i.e., if (-, )¢ is a perfect pairing.
If A is equipped with a symmetrizing form, we say A is symmetric. We want to show that if A is
symmetric then so is TaA (n, d). We will do this under some natural assumptions. The following lemma is
easily checked.

Lemma 6.1. Assume that t is a central form on A. Then the algebra M,(A)®¢ has a central form
tM™: M, (A)®? — Kk given by

tYEN @ @M ) =8, 5t(x1) - - t(aq),

forall (a,r,s) e A x [1,n]¢ x [1,n]".
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Lemma 6.2. Assume that t is a central form on A. Then the algebra S*(n,d) has a central form
t5: S4(n, d) — k given by

d!

t(Ef,) = S8rst(ar) -+ - t(aa).

la,r,s]

forall (a,r,s) € Tri! (n,d). Moreover, tMlsA(n’d) =15

Proof. Let (a, r,s) € Trif (n, d). Since t(x) = 0 whenever x € A7, we have
tM(( ;‘11& Q- ®Sad )O‘) — ,CM(%-rall’s1 R--® aq )’

rd,Sd rd,Sd

forall o € & .
Then for all (a, r,s) € Tri (n,d), we have

t(Ef ) = tM( Y Er,®® éff:isﬂ”)

oevrsg

— Z tM((S}flll,Sl ®...®§'f;({Sd)J)

oerrsg
M
= Y MEv e o8
oerrsg
,r, M
=|""NEN ® - ® )

|

d!
= er,st(xl) s t(xg),

giving the result. U

If K is a field of characteristic O or greater than d, one can check that the form t% is symmetrizing. But
this is certainly false over fields of positive characteristics less than d. In fact, for such fields even the
classical Schur algebra S(n, d) is not symmetric.

6B. Symmetricity of T, cf‘ (n, d). Throughout the subsection we assume that (A, a) is a unital good pair,
and that A is symmetric, with symmetrizing form t. We say that t is (A, a)-symmetrizing if (a, a); =0
and the k-complement ¢ of a in Aj can be chosen so that the restriction of (-, - ). to a x ¢ is a perfect
pairing. If t is an (A, a)-symmetrizing form, we always assume that the complement ¢ has this property.

Let t be an (A, a)-symmetrizing form. For a € a, we have t(a) = (a, 1) = 0 so t(a) = 0. There exists
an (A, a)-basis B = B, U B, U Bj of A such that the dual basis B* = {b* | b € B} of A with respect to
(-, -) satisfies the following property: setting

Bi:={b*|be B, B :={b"|beB}, B :={b"|beBj).

we have that B} = B, B} = B, and B%k is a basis for A;. Then B* := B;*UB:;UB%k is an (A, a)-basis as well.
If tis an (A, a)-symmetrizing form, we always assume that B has been chosen to satisfy these properties.
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Lemma 6.3. Let t be an (A, a)-symmetrizing form. Then the algebra TaA (n,d) has a central form
t! : TA(n, d) — K given by
" (f ) =8 5t(b1) - t(ba).
forall (b, r,s) € Tri® (n, d). Moreover, tS|TE§(n,d) =d!t’.
Proof. Recall t5 from Lemma 6.2. For (b, r, s) € Tri? (n, d) we have

d!
[b.r.sT'

But, since t(b) = 0 whenever b € B, U Bj, we have [b, r, s]'c = [b, r, s]' whenever tS(nf’s) £ 0. So for
all (b, r,s) € Tri® (n, d) we have

5l ) = d1 8 st(br) - t(bg) = d!t" (2 ).

5 ) =t5(1b. r,s1.EL,) = [b. r,s].- 8r.5t(b1) - - - t(ba).

As K is a characteristic zero domain and t° is central by Lemma 6.2, t” is also central. (]
Lemma 6.4. Forall x € TaA (n,dy),ye€ TaA (n, da), we have tT (x * y) = t7 ot »).
Proof. Take (b, r,s) € Tri® (n, d;) and (¢, t, u) € Tri® (n, d»). We have

t (f Ot (0 ) = 8580t (1) - - tba)t(er) - - tcay)-
On the other hand, by Lemma 4.2(iii), we have
[bc, rt, su]!u
(b, r,slilc, t,ul}
_ [be,rt, sul;
(b, r,slilc, t,ul}
Since t(b) = 0 whenever b € a, we have the result. Il
Lemma 6.5. Ler (b?, r9, s9) € Tri® (n, d). Let (¢, t, u) € Tri® (n, d). Then
+1 ife= 0" t =5 u=r?,
0 otherwise.

T
(nrt su)

th (g xnf,) =

St sut(br) - - - t(bg)t(cy) - - - tlcy,).

d
tT(nfd’sd n:"u) = {
Proof. Recall the central forms t” and t5 from Lemmas 6.1 and 6.2. We have

d ' 1 d
A"l amf ) = (% ! s Ve, 1 ul & JE,)

=%, r?, s le. t,ul (s” st Y (E ® @) )

UG‘tu9
d d _dq! ' M begy beg
= [, r%, 5T le, t,ul t ( > i5sd,m($r,f,a‘l®-~-®§ri‘2))
oesthty

=%, ! sNe tuly Y E8 48,0 ugt(be,) - tbCoa).

sectug
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Since t(bc) = 0 for all ¢ € B*\{b*}, we have that tT(an aMt.y) =0 unless ¢ = b4, t =5, and u = r?.
Assume now that ¢ = (b*)¢, t = s¢, and u = r?. Then ©** 2 = {1}, so the above simplifies to

d
d't" (% amf ) = £, r LGN, 57

If b € a, then b* € ¢, so we have

[bd7rd’sd]c=09 [(b*)d’sdard](ﬁ:d-
Conversely, if b € ¢, then b* € a, so we have

bt sfe=d, (B, s rllc=0.
If b € Aj, then b* e Aj, and (bd, rd, sd) S TriB(n, d) implies d = 1, so we have

(b9, r?, s = 10", 57, r)c = 0.
Thus, in any case, we have d! tT(nfj o nf.,) = £d!, so the result follows since k is a characteristic zero
domain. O
Now we upgrade this lemma. For b € B¢, write b* := (b, ..., b)) e (B*)4.

Lemma 6.6. Let (b, r,s) € Tri® (n, d) and (c, t, u) € Tri® (n, d). Then

+1 if (¢, t,u) ~ (b*,s,r),

T, b _c
t =
(M sMt0) {0 otherwise.

Proof. We go by induction on d. The base case follows from Lemma 6.5. Let d > 1. We have by
Lemma 4.6 that either nf’s = nfj . forsome b € B, r,s €[1,n], orelse nf’s may be written as

nf,s = i”fz:;,yn * nf(f:,s(zw
for some §-separated BN, r® My ¢ Tri8 (n, dp), (?,r?®, s@) ¢ TriB(n, d>), with di, d>» > 0 and
di +d> = d. In the former situation, the claim follows from Lemma 6.5, so assume we are in the latter
situation.
Recalling the notation of Section 3C, we assume without loss of generality that (c, ¢, u) € Trig " (n,d).
We have that

T, b T »® »®
t (Tlr,srl;u) =t ((:l:ﬂ,.(l)’s(l) * U,(z)’s(z))rlf,u)

+lec, t, ul' M @

T » % b b

=t ( E T2 j (U,.(l)’sa)nTl) * (nr(z)’s(zmﬂ)
(T", T?)eSpl(e,t,u) 7T

+[c, t, ul. »D e
- Z mg(nrm,smUT‘)tT(n,axs(z)’?ﬂ)v
(T, T2)eSpl(c,t,u) ¢ ¢
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applying Corollary 3.24 and Lemma 4.5 for the second equality and Lemma 6.4 for the third equality.
If this is nonzero, then by the induction assumption we must have TV~ (BD)*, s, rMy and 72 ~
(B?)*, 5P, r@) for some (T, T%) € Spl(c, t, u), which implies (b*, s, r) ~ (¢, t, u).

On the other hand, assume (b*, s, r) ~ (c, t, u). Then there is exactly one (T 7> e Spl(e, t,u) such
that 71~ ((B)y*, sV rMD) and 72 ~ (6P)*, s, r@). Then by the above we have

! !
T b c [C, ta u]C T b(1> T b(z) [c7 t’ u]c
t'(n st )=t ———=t" (M0 It o qon72) =t —————»
naTh [T'72], s res [TLT21:
using the induction assumption. But note, since (b'V, (U, sy and (6@, r@, s@) are §-separated, we
have [c, t, u]!c = [Tl]!c[Tz]!c, which completes the proof. O

Corollary 6.7. If t is an (A, a)-symmetrizing form on A, then the algebra T (n, d) is symmetric, with

symmetrizing form t'.

Proof. The form t” is central by Lemma 6.3. Moreover, by Lemma 6.6, we have that (-, -),r is a perfect
pairing. U

Remark 6.8. Given a superalgebra C, this result recovers the symmetricity property of the Turner double
algebra D€ (n, d) described in Section 5D2. In particular, E(C) = C @ C* has a symmetrizing form

given by t(a, @) = a(a), so the symmetricity of D¢ (n, d) = Tf (C)(n, d) follows from Corollary 6.7.

9
7. Double centralizer property

Throughout the section we assume that K is a principal ideal domain (as usual of characteristic 0). All
modules and algebras are assumed to be free of finite rank as k-modules. An element v of a kK-module V
is called divisible if there is w € V and a nonunit m € K with v = mw. Otherwise v is called indivisible.
We let K to be the field of fractions of k.

7A. Double centralizer idempotents. Let S be a k-algebra and e € S be an idempotent. Considering Se
as a right eSe-module, we have an algebra homomorphism

A:S — End.s.(Se), s> A

where Ag(s'e) = ss’e for all s, s’ € S. We say that e is a double centralizer idempotent for S if A is an
isomorphism. We say that e is a sound idempotent for S if A sends indivisible elements of S to indivisible
elements of End,s.(Se). Clearly, a double centralizer idempotent is sound.

Set Sy := S ® K and use the map s — s ® 1 to identify S as a subset of Sk. Then Se ®k K = Sie.
Using the universal coefficient theorem, we identify End.s.(Se) ®k K = End,s,.(Sie), so that the
Ak = A ®id is the map

XK . SK — Endegw(SKe), S = ks

where X; is the left multiplication by s. Clearly, if e is a double centralizer idempotent for S then e is a
double centralizer idempotent for Sy, but not vice versa in general.
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Lemma 7.1. Let e € S be an idempotent. Then e is a double centralizer idempotent for S if and only if e

is a double centralizer idempotent for Sy and e is sound for S.

Proof. The “only if” part is immediate. For the “if” part, the assumption that e is a double centralizer
idempotent for Sy implies that A : S — End,s.(Se) is injective. Moreover,

ranky S = dimy Sk = dim End,, . (Ske) = rankx End,s.(Se).
So A is a full rank embedding. As e is sound, it now follows that A is surjective. O

7B. Double centralizer property for S4(n, d). Let (A, a) be a unital good pair, e € a be an idempotent,
and £°¢ € TaA (n, d) be the idempotent of (5.1). Suppose that e is a double centralizer idempotent for A.
Although it is not true in general that £¢ is then a double centralizer for T (n, d), this is true in some
interesting situations.

In view of Lemma 7.1, to verify that £¢ is a double centralizer for TaA (n, d), it suffices to check that &€
is a double centralizer idempotent for S A(n,d) and that £° is sound for TaA (n,d)i = SA(n, d)i. It turns
out that the first condition is always true provided d < n. This will follow from the following stronger
theorem:

Theorem 7.2. If e € A is a double centralizer idempotent for A and d < n, then &€ is a double centralizer
idempotent for S4(n, d).

Proof. As usual, we write A := eAe. First we show

M,(A) =End), z,(M,(Ae)). (7.3)
We have an algebra homomorphism A : M, (A) — End,, z,(M,(Ae)) given by left multiplication. On
the other hand, let ¢ € End,, 7)(M,(Ae)). Since <p(Elf‘j.) = go(E.”eEf’j) = go(El.”j)Efvj for any a € A and

1,1
i,t, j €[1,n], it follows that there exist functions ¢y ; : Ae — Ae such that

i(ae)
w(E) =) (.
k

Moreover, each ¢, ; € Endz(Ae), since foralla € A, b € A, we have

i b
S ELCD = (B = p(ESSEY ) = p(Ef)E?

k
_ vki(ae) mbp @i (ae)b
= EOEL =) BN
k k

which implies that ¢y ; (aeb) = ¢ ;(ae)b. Thus, since A = Endz(Ae), we have that ¢y ; is given by left
multiplication by a unique x; ; € A. Then, since

Xk.i Xi,rae ori(ae)
(XZa )ers= B = X Bt = ez
k,i k

k
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we have a well-defined map p : End,, (z,(M,(Ae)) — M, (A) given by ¢ > 3, ; E,fkl’ It is clear that A
and p are mutual inverses, proving (7.3).
Let us now write

S4 =84, d), S = (M,(Ae)®)®, S =54, d),
MA = M, (A%, M= M,(Ae)®, M = M, (A)®.
Fora=(a;,...,ay) € A r, s e[l,n]?, we will write
Ef =& ® - @& .
Our next task is to show
End ;i (S*¢) = End,, s (M**)®, (7.4)
The & -action on End,, 1 (MA4¢)Sd s given by f%(x) := f(x"_l)”. Let
f €End, :(MA%)®,
Consider the restriction fies of f to the K-submodule S4¢. For any o € S4¢. we have
fres(@)7 = f(@)7 = f(@ ) = (@) = f(@) = fres(0),

SO fres € Endsg(SAe) and res : End gz (S4¢) — End, x (M4¢)Sd is an algebra homomorphism.
Now, let g € End s (S4¢). Write e := (e, ...,e) € A, and w = (1, ...,d) € [1,n]?. We inflate g to
a linear map ginp : M Ae 5 MA€ via

ginﬂ(Ef’s) = g(éfx’a))E(i’s
Note that for any o € G, we also have

ginfl(Ey o) =8 D E; s =8 yobar ) Eg s
= g(ér.'x’a)“)gz”,Q)EZ)’s = g(‘g)::iw”)Ez)”,s'

We will show that ging € End, 2 (M AeySGa | First we check symmetry:

-1

—1 —1 o
g (Eg) = gn(EF)7 )7 = (=D Dginn(EX, . )°

_ o 1\x0Th x! e o

=(=1) [g(gr"*l,w)Ew,s“’l]

_(_1)x0™h ' o e o

= (D™ VgL )TES )

-1 o1
= (D™ @ HE

-1 o1
— (—)Fo T ,o)g(grx’wa)E;a’s = ginﬂ(E;‘,s)_
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Now we check that gj,q is an Mg—homomorphism. Letx € (Ae)d, be A andr,s, t,uc|l,nl?.

ginf(Ef EY ) = 8518 (EX2) = 6, tg@“’ VEL, , =85, tg(s, WD DES
=8.18(EF DEL JEC , =8548 )ED JES = 8.18(EF DED
=g(€ )E tu_glnﬂ(Er s)E

Therefore ging € End,,x(M AeyGa  Now we show that res and infl are mutual inverses. Let x € (Ae)?,
and r, s € [1,n]?. For fe EndMg(MA")Gd we have

(fres)inﬂ(Ef,s) = fres(g‘_rx,a))Ez),s = f(gfw f(gr sz) s) = f(E;Cs)

SO (fres)inﬂ = f
Now, let g € Endsg(SAe), and write g’ := (ginfi)res. We have

g/(ff,a)) = ginﬂ(g}‘iw) = ginﬂ( Z (E;‘:a))g) gmﬂ< Z (— 1) *.0) rrr wrr)

oeSy 06y

=Y DB )= D> (=D&l ) ES 4

0eBy 0e6y
=Y (D)EN ) EF VE o= Y gEEEL
ceBy 0eBy
=8 ,) Y Ebe o =8 ES = 8(EF £ ) = 8(E,),
UEGd

so g'(&§7 ) = g(&7 ). We also have

X ed_ X1

wSw,s — r1,s1 -k érd sd x,r,sl : gi)‘c,s
Thus, writing m := |Sy , 5| € K, we have
d d
mg (&) =g'(m&F ) =g (&7 60 s) = &' (57 )
d d
=g s s =87 L&, o) = gmé&) ) =mg(& ).

As m # 0 and S4¢ is free over K, this implies that g’ (&7 5) = g(&; ). Thus res and infl are mutual inverses,
proving (7.4).
Now, note that the action of &, intertwines the isomorphisms

M, (A)® ZEnd), 7,(M,(Ae))® =End,z(M"°),
so we have
End;egage (S*£¢) = End o5 (S4) = End, s (M) = (M,,(A)®%)® = 54,

as desired. O
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Corollary 7.5. Ife € A is a double centralizer idempotent for A and d < n, then &€ is a double centralizer

idempotent for
$4(n, dy = T (n, d)xc.

7C. Computations in extended zigzag Schur algebras. Recall the notation of Section 5D3. In particular,
we have the extended zigzag algebra Z for a fixed £ and the idempotent e ;= ey +---+e,—1 € Z. We
will use the standard basis B = B; LI B U Bj of Z.

Forre[l,n]% setS, :={o € &, |ro =r}, and denote by " 2 the set of the shortest coset representatives
for G, \G,.
Lemma 7.6. Lett € [1,n] and r,s, u € [1,n]% Suppose that r, # rp and s, # sp forall 1 <a #b <d.
Then

oaly, al ol
() nr/ztd1 lnt‘fl ‘== ZO’EG (Sgna)nrff,;»
u
(11) 77u ,d’l kl = Z ctgy nuglsl.
Proof. (1) We have

ad a ag ¢— —
nrztdlz tl;zf 1 _( Z(Sraftwég”'@grcytw )( Z(glg 1®®§ta§j I)r)

oeBy €6y

=+ ) (sgno)(sgn0El, ® &L,

0,71€6y

==+ Z (sgno)(sgnt) rifr_—]lﬂ,sﬂ@”‘@ ce1

ot~ l7g257d
0,1€6y

-1 0 o—
== Z (sgnot )(S;:rflll’sl®'”®$rirflld,sd)gv
0,71€6y

which equals the right-hand side of the equation in (i).
(i1) We have

d a? B B
nfftdn,;“=(2<sm® @& ) )(Z(sfifl RN ‘)f)

ogety €6y

= Y (D& ® R,

oerY, €6y

age—1 age—1
= Z (Sgnt) éu(n’*lrl Szl ® e ® guar*lrd’sm

oerP, 1e6y
_ z : ag.e—1 age—1 T
- (guar,ll,sl ® e ® guarfld’sd) )
oer P, 1e6y

which equals the right-hand side of the equation in (ii). U

We set
=[1,n]* x [1,n)%,



Generalized Schur algebras 539

i.e., elements of P, are pairs (r,s) of words r =ry---rq, s =51---54in[1, n]?. We also define
Py:={(r,s) € Py| (ra,sa) # (rp, sp) forall 1 <a #b <c}.

For b € B, the triple @4, r,s) belongs to Tri? (n, d) for all (r,s) € Py, while for b € Bj, we have
e, r,s) e Tri® (n, d) if and only if (r,s) € Pé.
Given A € A(n, d), we define
rhi=1M. 0 e [1, n]d.

We refer to such tuples as leading tuples. Then
6)\ IIGrAIG)” X'--XGAn.

For (b, r,s) e Tri® (n, d), the corresponding & ;-orbit [, r, s]hasa representative of the form (b7, ¢, r*
for some A € A(n, d) and a representative of the form [b4, r*, u] for some u € A(n, d). So while working
with elements of the form nf:is € TZ’Z (n,d) we will often assume that s or r is a leading tuple when

convenient.
Lemma 7.7. Let A € A(n,d), and s, t,u € [1,n]¢ be such that (s, r*), (r*, t) € P,. Then

(1) “f 1,0 a?’/ 1

77s o My = =+ ZO‘EGA(Sgno—)nSU t>

d
(i1) nu Tl @l _ Zoeug nsf;‘} ', where "G, is the set of the shortest coset representatives for (S, N
GA)\GA
Proof Foru =1, ..., n, there exist words s, t* € [1, n]* such that s =s'---s" t =¢'-..". We have

d d A pe n

a a a
1,0 Qo1 aly, agh Gp_1e Qe
Nerr ey i(?? U My tl) *ooo Xk (Usn win Mpin | )

1
::t( Z (Sgndl)ﬂ:f(_yll,ﬂ)*”'*< Z (Sgnan)ns"a” t”)

O'IEGM O’"E@)Ln

=+ ) (sgnomih.

('J'EG)L

where we have used Lemma 4.7 for the first equality, Lemma 7.6(i) for the second equality and
Lemma 4.2(iii) for the last equality. This proves (i). The proof of (ii) is similar but uses Lemma 7.6(ii)
instead of Lemma 7.6(i). U

Let A € A(n,d). Forr €[1,n], letx, :=1+ Zg;% As and y, :=> 1 _, A, so that
[ls d] = [xls )’1] .- [xns yn]

andifr*=r;---ry then ry =r if and only if s € [x,, y,]. Let0<c <dand p € A(n,c),ve A(n,d —c)
satisfy  + v = A. We denote

QY= {U C[1,d]|lUN[x, y ]l =, forallr =1, ..., n}
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Lett=t;---t;€[l,n]% ForU={u; <---<u.} € Q" we set
U={vy < <vge}:=[1L,dI\U, tY:=t, - t,, tV:=t,--1, ..
With this notation, Corollary 3.24 yields:
Lemma 7.8. Let A € A(n,d) and t € [1,n]%. If (r*, t) € P} then
d
GRS SR DI DR L)
c=0 u

eA(n,c),veA(n,d—c) UeQHV
n4+v=A

Lemma 7.9. Let 0 <c <d, ue€ An,c),ve Aln,d—c), re[l,nl, s e[l,n]*andt c[1,n]"
Suppose that (r,r*) € P/, and ", ) e P/ Then

€ ad—c
(’ 1,¢ [[ 1 £—17¢,0—1
My ™ * ns P Mo = Z Z in(m)(sr),t’/t’f"
UeQtV 0eG,,1e%6,

Proof. Using Lemmas 4.5, 7.7 and 7.8, we have

ac_ d—c d—i
(nrlrlli ‘ * ns rv )nrftiv]t Z :l:(nrfrllll rf‘ltl}) * (ﬂs rv Urfftyl/)
UeQhy
SO O IE I () S
nra tv nsr,tU/ ’
UeQtY ~oeG, 156,
which equals the right-hand side of the equality in the claim by Lemma 4.6. U

Remark 7.10. Let (b, r, s), (', r',s') € Tri®(n, d). By (3.9) and Lemmas 3.3, 3.4, we have that nf,s and
nf:, ¢ are proportional if and only if (b, r, s) ~ (b', r’,s"). It will be important later on that all the basis
elements appearing in the right-hand side of Lemma 7.9 are linearly independent.

Let
d

Ky := |_| A4, ¢) ={k = (k1, k2, k3, ka) € A(4) | || < d}.
c=0

For k € K;, we set
P =P X P, X P/, X Py,.
Let ((rl, s, (r2, 5%, (r3, %), (r*, s4)) € P.. We often denote
ro=r'r’rirt, s :=s's’s3s* e [1, n]",
and, abusing notation, write (r, s) € P.. Given (r, s) € P, we define the following element of TzZ (n, |k]):

Kl 2 K3 Ky “1 &2 3 i
a e,~a c
e=1,6¢ 41601 -1 e 1
Ny i =1Nrs —nrlsl*nrzsz*nzz*nr4s4
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We have the equivalence relation ~ on P, given by
(r,s) ~ (t,u) if and only if ', s"y ~ @", u") forh=1,2,3, 4.

Let B':= B\ {a¢—1.¢, €r, ag.¢—1, ce—1}. Recall the equivalence relation ~ on TriB/(n, d — |k|) from
Section 2B. By Lemmas 3.10 and 4.6, we have that

(g xnb, L €Ky, (r,8) € PX/~, (b, p,q) €T (n,d — |/ ~) (7.11)
is a basis of T;’Z(n, d).

Lemma 7.12. Let k € Ky, (r,s) € P* with s' = rt, s = r", and (b, P, q) € TriB/(n, d — |k]|). Let
k =K1+ Ky and (r**', t) € P|. Then we have

K|t+kq4 Kp+K3

K b u 1 Co—1 G- b
Clr s % 1Tp,q) Ol * Z Z j:’7(r Loy r2oyr Uset'ss * o
Ve geq,, rer s,

Proof. By Lemmas 4.7 and 7.9, the left-hand side equals

K1

d—k
((n,f L )n,iiv',) * (0, ﬁ“s;’ * n,4 Lnh DECT)
K7 4
= ( Z Z inrla w nrg,tlu/) * (nr;Z Zs31 * 77,.4 s4 *Mp, ‘I)
UeQny 0eB,, rer’s,
which equals the right-hand side of the equality in the claim by Lemma 4.2(iii) and Lemma 4.6. U

Remark 7.13. Suppose that in the assumption of Lemma 7.12, we have additionally that t =1, ...,
satisfies 7, # 1, for all 1 <a # b < k and ¢ shares no letters in common with the words s* and s* Taking
into account Remark 7.10, one can see that all the basis elements appearing in the right-hand side of
Lemma 7.12 are linearly independent.

Recall the idempotent £¢ € 7;2 (n, d). In this subsection we sometimes write Sed := &€, so that we also
have idempotents £ € Tf (n, ¢) for all ¢ € Z>¢. Recalling (5.2), we also introduce idempotents

gled=o) . ((Ee[)®c) « ((Ee)®d—c) c Tz’z(n,d) O<c<d).
Note that £ ©9 = g¢ and £@0 = g¢_ Moreover,
gled=0gbd=b) _ g glcd—c) (7.14)
The following is easily checked using Lemma 4.5:

Lemma 7.15. Letk € Ky, (r,s) € P, (b, p,q) € TriB/(n, d—1k|),0<k<d, ) e An,k), and suppose
that (r*, t) € P|. Then

f(K2+K3’d_K2_K3)(nf . )S(K1+Kz,d—xl—f<z) =,

b b
*Np.q s *¥Npg

d—k

d—k ak,
%.(kd k)( M 1 Se )ge:nri,’ztl*%_e
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In particular, (n; ¢ * nbp’q)(n . X sed_k) =0, unless k1 + k» = k and s's* ~ r.

r*,

7D. Double centralizer property for zigzag Schur algebras. Recall that Z := eZe is the zigzag algebra
for a fixed £ > 1.

Lemma 7.16. We have that e is a double centralizer idempotent for Z.

Proof. As a right Z-module, Ze decomposes as
Ze=¢eZe®ey_1Ze®---Peog’le,

so it is enough to check that the algebra map A : Z — End;(Ze) restricts to an isomorphism e; Ze; —
Homjz(e;Ze,ejZe), foralli, j € I.

Leti, j € I with i # €. The map A|,;z, : ejZe; — Homz(e; Ze, e; Ze) is injective, since Ay (e;) = x
for all x € ejZe;. Now let f € Homj(e;Ze,e;Ze). As f is a right Z-module homomorphism, f is
determined by the image of ¢;. Moreover, since f(e;) = f(e;)e;, we have f(e;) € e;Ze;, and thus
J = Af(en» SO Ale; ze; 18 surjective, and thus an isomorphism.

Now let j € I, and consider the map Me;ze,  €jZe¢ — Homyz(e,Ze, ejZe). Note that e;Ze =
span(ag,¢—1). First we show A|,;z, is injective. If j # £, £ — 1 then e; Ze, = 0, and this is trivially true.
If j=¢—1thene;Ze; =span(as—1.¢), and Ay, (age—1) =ce—1 #0. If j = ¢, then e; Zey, = span(ey),
and A, (ag¢—1) = aee—1 7 0. Thus, in any case AlejZe[ is injective.

Now we show that 4|, z,, is surjective. Let f € Hom (e, Ze, e;Ze). Since f(ag 1) = f(are—1)ee—1,
we have that f(ap¢—1) € ejZeo—1. Since ejZey | =0 for j # £,€ —1,¢ —2 we may assume j €
{€,—1,£-=2}. If j=£—2,then f(as¢—1) =aas—¢— forsome o ek. Butthen 0= f(ap ¢—1a¢-1.¢-2) =
flage—1)ag—10—2 = acp—n,s0 f =0=»~rp. If j =€ —1, then f(as¢—1) = xeg—1 + Bce—1 for some
o, p e k. But then 0 = f(ag,g_lcg_l) = f(ag,g_l)Cg_l = acy—1 implies that « = 0. Thus f(a(,g_l) =
Bce—1=PBag_1¢a¢e—1 and f =2Argg,_,,. Finally, assume j =£. Then f(ag¢—1) =aae -1 =aepagp 1 for
some o € K, 0 f = Age,. Thus in any case Al, ze, is surjective, and thereby an isomorphism, completing
the proof. O

In view of Lemma 5.12, we have & eTaz (n,d)&° = T; (n, d). The main result of this subsection is:

Theorem 7.17. Let d < n. Then &°¢ is a double centralizer idempotent for TZ’Z (n,d). In particular,
T7(n.d) ZEnd,z,, , (T (n. d)E).

Theorem 7.17 follows immediately from Lemma 7.1, Corollary 7.5, and the following proposition:
Proposition 7.18. Let d < n. Then &° is a sound idempotent for Taz (n,d).

Proof. Set T := Tf (n, d). We will use the basis (7.11) of T.
Suppose for a contradiction that there exists an indivisible element

— k,b K b kb
X-= Z qr,s;p,q (nrss * ”P,q) eT (qr,s;p,q €k
k€Ky, (r,s)eP./~,
(b, p.g)eTi? (n,d—Ik|)/~
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such that A, : T&¢ — TE¢ is divisible, i.e., there exists a nonzero nonunit m € K such that xn&¢ € mT for
all n € T. By the remarks preceding Lemma 7.7, we may assume that all s' and s? are leading tuples. If
s! = r# and s? = r", we write (r, s) € P*".

We may also assume that among all indivisible elements x as above our x has the smallest possible
number of nonzero coefficients qr pg Then m does not divide qr 5 p.g whenever qf Sb pa #0.

Let k € Z>¢ be such that some coefficient qr s pg with k1 + kp = k is nonzero. We assume that

(r,s) € P!"Y for some such nonzero coefficient. We now pick ¢ = (1, ..., t) € [I, n]¢ such that:
(1) t, £ty foralll <r #s <k.
(2) The words s* and s> have no letters of the form 7, for 1 <r <k.

Such ¢ exists by the assumption that d < n.
We have (r**V,t) € P’ By Lemma 7.15, we have that nriivlt * S"’d_k € T&°¢, so by the assumptions
made we must have x(nr,ﬁvl  *E ™) € mT. On the other hand, by Lemmas 7.12 and 7.15, we have that

e -1 d—k
x (i x£47) equals

i,b K b af ey ed=k
Z qr’s;p’q(nr,s * r]p q)(nrquu E )
xkeKy, (r, s)ePK V)~
(b, p,q)€Tri® (n,d—|«|)/~ Kk +ky Kyt
_ Z Z Co—1 Q-1 % b
- q" ,8:P.9 (r Loyr4(r2t)r3, tUs4tV' s3 Mp.q°

keKq, (r.$)ePl” /~,
(b, p.@)ETi? (n,d—|k])/~

where the second sumis overall U € Q*", 0 € S, and T €” ZGV. By Remark 7.13, all the basis elements
appearing in the whole sum above are linearly independent. By our assumptions this implies that all of
the nonzero coefficients ¢, ’sb, P appearing there are divisible by m, which is a contradiction. 0

Remark 7.19. For an arbitrary algebra A with double centralizer idempotent e, it is not the case that
£¢ is in general a double centralizer idempotent for TaA (n, d). For example, take arbitrary n € Z- ¢, and
consider the case A = Ag = M>(K), a = span(E1, E2), ¢ = span(Ey2, E»1), and e = Eyy. Then e is
clearly a double centralizer idempotent for A.

The element ny}% > = 2&;% /" is indivisible in 7,A(n,2), and {E11, Ey1} is a basis for Ae. For
be{E, Ex}* and r, s € [1, n]?, we have that nEllzlf'z nf,s =0 unless b= (E,, Ex)) and r = (1, 1).

Then, if s; = s, we have

En,Epn Ez,En E,Epn Ej1, En Ey1,Eq Ey,Ey
Miar M (251111 ) (2‘511 )= Slls =4n Mis -

If 51 # s, we have

Epn,Eyn Ez,Ez Epn,Ep Er,Exiy _ AsE11LEN Ei,Ep
Miar Mirs = @&y )Gy ) =287 =20

This implies that A yEiz e is divisible in End (TaA (n,2)&°), so £¢ is not sound, and hence not a

T2 (n,2)
double centralizer 1dempotent by Lemma 7.1.
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