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On the definition of quantum Heisenberg category

Jonathan Brundan, Alistair Savage and Ben Webster

We introduce a diagrammatic monoidal category Heisi(z, t) which we call the quantum Heisenberg

category; here, k € Z is “central charge” and z and ¢ are invertible parameters. Special cases were known

before: for central charge k = —1 and parameters z = ¢ — ¢~ and t = —z~' our quantum Heisenberg

category may be obtained from the deformed version of Khovanov’s Heisenberg category introduced
by Licata and Savage by inverting its polynomial generator, while Heisy(z, ) is the affinization of the
HOMFLY-PT skein category. We also prove a basis theorem for the morphism spaces in Hei sy (z, t).

1. Introduction

Fix a commutative ground ring k and parameters z, ¢t € k*. This paper introduces a family of pivotal
monoidal categories Heisx (z, t), one for each central charge k € Z. We refer to these categories as quantum
Heisenberg categories. The terminology is due to a connection to Khovanov’s Heisenberg category [2014]:
our category for central charge k = —1 is a two parameter deformation of the category from [loc. cit.],
and is closely related to the one parameter deformation introduced already by Licata and Savage [2013].
The category Heiso(z, t) has also already appeared in the literature: it is the affine HOMFLY-PT skein
category from [Brundan 2017, Section 4]. For more general central charges, our categories are new. They
were discovered by mimicking the approach of Brundan [2018], where the definition of the degenerate
Heisenberg categories introduced in [Mackaay and Savage 2018] was reformulated.

In fact, we will give three different monoidal presentations of Heisg(z, t). They all start from the affine
Hecke algebra A H, associated to the symmetric group S,,. It is convenient to assemble these algebras
for all » > 0 into a single monoidal category A#(z). By definition, this is the strict k-linear monoidal
category generated by one object 1 and two morphisms x :1—1 and 7 :? ® 1 —1 ® 1, subject to the
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relations
To(14 ®x)oT=xR® 14, (1.1
ToT =27+ l1g1, (1.2)
(T®1pDo(14®T)o(t®11) =11 ®1)o(T®14) 0 (14 ®1). (1.3)

The second relation here implies that 7 is invertible. We also require that x is invertible, i.e., there is

another generator x ! such that

xox '=x"lox=1;. (1.4)

Adopting the usual string calculus for strict monoidal categories, we represent 7, 7!, x, and more
generally x°? for any a € Z, by the diagrams

_’\ -1 _ / _ oa __ a
T = o T _X, x_%, X _%. (1.5)

Then the relations (1.1)—(1.3) are equivalent to the following diagrammatic relations:

X=% X =)
/

N 1.7

\ / — Z 7

B

The affine Hecke algebra A H,, itself may be identified with End a3;(;)(1®"), with its standard generators

x; and t; coming from a dot on the i-th string and the positive crossing of the j-th and (j+1)-th strings,
respectively; our convention for this numbers strings 1, ..., n from right to left. It is often convenient
to assume (passing to a quadratic extension if necessary) that k contains a root ¢ of the quadratic

2 _zx—1=0, so that z =g — g~'. The quadratic relation in A H, may then be written as

equation x
(tj—q)(rj+ q_l) = 0. Such a choice of parameter ¢ is not needed in sections 2—4, but is essential for
the applications in sections 5—-10.

To obtain the quantum Heisenberg category Heisy (z, t) from A (z), we adjoin a right dual | to the

object 1, i.e., we add an additional generating object | and additional generating morphisms

c=\_J:11-|®1 and d=/\1®|—>1

U U

Then we add several more generating morphisms subject to relations which ensure that the resulting

subject to the relations

monoidal category is strictly pivotal, and moreover that there is a distinguished isomorphism

1@l 101% ifk>0
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or
+1@ | ®1® P~ | @1ifk <0.

There are various equivalent ways to accomplish this in practice; see Sections 2—4. In these sections, we
establish the equivalence of the three approaches and record many other useful relations which follow
from the defining ones, including the property already mentioned that Heis(z, t) admits a strictly pivotal
structure.

In this paragraph, we explain the approach from Section 4 in the special case k = —1. According to
Definition 4.1 and (4.14), Heis_1(z, t) is the strict k-linear monoidal category generated by objects 1, |
and morphisms

X M U and

subject to (1.7)—(1.9), the relations

X

J 11
H | o #IR O 0=

and one more relation, which is equivalent to (1.4). We have not included the generating morphism x

since, due to a special feature of the k = —1 case, it can be recovered from the other generators via the
formula

x= % :=tTp—t2]
The relations in Definition 4.1 which involve x such as (1.6) are consequences of the other relations with
one exception: we must still impose that x is invertible, that is, relation (1.4).

The deformed Heisenberg category H(g?) introduced in [Licata and Savage 2013] is (the additive
envelope of) the strict k-linear monoidal category defined by the same presentation as in the previous
paragraph, with the parameters satisfying tz = —1, but without the relation (1.4). This follows easily
on comparing our presentation with the one in [loc. cit.], using also the fact that our category is strictly
pivotal. The generator x denoted by a dot here is not the same as the morphism denoted by a dot in
[loc. cit.] (that is simply equal to the right curl); instead, our dot is the “star dot” of [Cautis et al. 2018] (up
to renormalization). The Hecke algebra generator T = >< from [Licata and Savage 2013, Definition 2.1]
is related to our T by T = gt (so that the quadratic relation becomes (7; — qz)(Tj + 1) = 0). Also the
generator X appearing just before [loc. cit., Lemma 3.8] is our —x. In fact, the category #(g?) may be
identified with the monoidal subcategory of our category Heis_1(z, —z~') consisting of all objects and
all morphisms which do not involve negative powers of x.

For any k-linear category C, there is an associated strict k-linear monoidal category Endy (C) consisting of
k-linear endofunctors and natural transformations. Then one can consider “representations” of Heisx(z, t)
by considering k-linear monoidal functors into Endy(C) for different choices of C. The motivation for
the definition of Heis(z, t) comes from the fact that it acts in this way on other well-known categories
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appearing in representation theory. If k =0 and r = g" then Heis (z, 1) acts on representations of U, (gl,),
with the generating objects 1 and | acting by tensoring with the natural U, (gl,)-module and its dual,
respectively; see Section 5. This action is an extension of the monoidal functor from the HOMFLY-PT
skein category to the category of finite-dimensional U, (gl,,)-modules constructed originally by Turaev
[1989]. If k # O then Heisg(z, t) acts on representations of the cyclotomic Hecke algebras of level |k|
from [Ariki and Koike 1994], with 1 and | acting by induction and restriction functors if k < 0, or vice
versa if k > 0; see Section 6. When k = —1, this specializes to the action of the deformed Heisenberg
category on modules over the usual (finite) Hecke algebras associated to the symmetric groups constructed
already in [Licata and Savage 2013]. The action of Heis_;(z, t) on representations of cyclotomic Hecke
algebras extends to an action on category O over the rational Cherednik algebras of type S, 1Z/! for all
n >0, with 1 and | acting by certain Bezrukavnikov—Etingof induction and restriction functors from;
[Bezrukavnikov and Etingof 2009]; see Section 7.

We also prove a basis theorem for the morphism spaces in Heisy (z, t); see Section 10 for the precise
statement. In particular, our basis theorem implies that the center Endyy.;s, (;,1)(1) of the quantum Heisen-
berg category is the tensor product Sym ® Sym of two copies of the algebra of symmetric functions.
In the degenerate case studied in [Brundan 2018], the basis theorem was proved by treating the cases
k =0 and k # 0 separately, appealing to results from [Brundan et al. 2017] and [Mackaay and Savage
2018]; the proofs in [loc. cit.] ultimately exploited analogs of the categorical actions mentioned above, on
representations of degenerate cyclotomic Hecke algebras and representations of gl,,(C), respectively. In
the quantum case, it is still possible to prove the basis theorem when £ = 0 by such an argument, but for
nonzero k the approach from [loc. cit.] seems to be unmanageable due to the larger center. Instead, we
prove the basis theorem here by following the technique developed in the degenerate case in [Brundan et al.
2018, Theorem 6.4] (and earlier, in the context of Kac—Moody 2-categories, in [Webster 2018]). It depends
crucially on the existence of an action of Heis(z, ) on a “sufficiently large” module category, which is
obtained by choosing / > 0 then taking the tensor product of actions of Heis_;(z, t) and Heisg4;(z, 1) on
representations of suitably generic cyclotomic Hecke algebras of levels [ and k + I, respectively.

The construction of this categorical tensor product involves a remarkable monoidal functor from
Heisk(z, t) to a certain localization of the symmetric product

Heisi(z, u) © Heispy(z, v)

for k =1+m and t = uv. This functor is defined in Section 8 and is the quantum analog of the categorical
comultiplication from [Brundan et al. 2018, Theorem 5.4]. The particular tensor products exploited to
prove the basis theorem are generic examples of generalized cyclotomic quotients of Heisy(z,t); see
Section 9 for the general definition. In fact, these k-linear categories first appeared in [Webster 2015,
Proposition 5.6], but in a rather different form; the precise relationship between the categories of [loc. cit.]
and the ones here will be explained in [Brundan et al. 2019].

We have stopped short of proving any results about the decategorification of Heisy(z, t) here, but let
us make some remarks about this. There are two complementary points of view:
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e One can consider the Grothendieck ring Ko(Kar(Heisi(z, t))) of the additive Karoubi envelope of
Heisg(z, t). For generic z (i.e., when g is not a root of unity), we expect that this is isomorphic
to a Z-form for a central reduction of the universal enveloping algebra of the infinite-dimensional
Heisenberg Lie algebra, just as was established in the degenerate case in [Brundan et al. 2018,
Theorem 1.1]. However, there is a significant obstruction to proving this result in the quantum case:
we do not know how to show that the split Grothendieck group Ko(A H,) of the affine Hecke algebra
is isomorphic to that of the finite Hecke algebra.

 Alternatively, one can pass to the trace (or zeroth Hochschild homology). In [Cautis et al. 2018], this
was computed already for the category #(g?) of [Licata and Savage 2013], revealing an interesting
connection to the elliptic Hall algebra. Using the basis theorem proved here, we expect it should be
possible to extend the calculations made in [loc. cit.] to give a description of the trace of the full
category Heisx(z,t) forall k € Z.

In the main body of the article, proofs of all lemmas involving purely diagrammatic manipulations have
been omitted. However, we have attempted to give enough details for the reader familiar with the analogous
calculations in the degenerate case from [Brundan 2018, Section 2] and [Brundan et al. 2018, Section 5] to
be able to reconstruct the proofs. Brundan, Savage and Webster [> 2020] are currently preparing a sequel
in which we incorporate a (symmetric) Frobenius algebra into the definition of Heisk(z, t), in a similar
way to the Frobenius Heisenberg categories defined in the degenerate case in [Savage 2019]. We will
include full proofs of all of the diagrammatic lemmas in the more general Frobenius setting in this sequel.

2. First approach

Before formulating our first definition of Heisg(z, t), let us make some general remarks. We refer to the
relation (1.7) as the upward skein relation. Rotating it through £90° or 180°, one obtains three more
skein relations; for example, here is the leftward skein relation

N
X_X:Z(\' 2.1)

At present, this has no meaning since we have not defined the leftward cups, caps or crossings which it
involves! However, already in the monoidal category obtained from A7 (z) by adjoining a right dual | to
1 as explained in the introduction, we can introduce the rightward crossings

U XU e

and then we see that the rightward skein relation holds from (1.7). Rotating the two rightward crossings
once more by a similar procedure, we obtain positive and negative downward crossings satisfying the
downward skein relation. We also define the downward dot

y= f :=m. 2.3)
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It is immediate from these definitions and (1.9) that dots and crossings slide past rightward cups and caps
=&, =% (2.4)

7=\ N =\ VA N\
X=X =N =Y Y=Y e

X=Xy (X=X (X=X X=Xy e

Also, the following relations are easily deduced by attaching rightward cups and caps to the relations in
(1.8), then rotating the pictures using the definitions of the rightward/downward crossings:

The following lemma will be used repeatedly (often without reference). There are analogous dot slide

relations for the rightward and downward crossings (obtained by rotation).

Lemma 2.1. The following relations hold for a € Z:

;;\/—zh;a b% %c ifa>0 ;QK—Z});_H b% %c ifa>0,
N . () /o ) b,c>0
| X db ez T T 4 o
b+c=a b+c=a
b,c<0 b,c<0
\/i“ +Zb+c2;a b% %c ifa >0, X”“ +Zb+c2;a b% %c ifa=0,
/_ b,c>0 N _ b,c>0
“\_ F\/T\Fa_zz h% Ifc ifa <0; u;/\_ sza_zz h% {:c ifa <O. @2
b+c=a b+c=a
b,c<0 b,c<0

Now we can explain the first way to complete the definition of the quantum Heisenberg category
following the scheme outlined in the introduction. The idea is to invert the morphism

X
-

1 l—>| ®1 @1 if k>0,
3 9/\ (2.10)

| 157
X NUANG- I \}—k—l]:¢®¢@1@<—k>—>¢®¢ ifk <0,

in Add(Heisk(z, t)) (where Add denotes the additive envelope).
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Definition 2.2. The quantum Heisenberg category Heisy(z, t) is the strict k-linear monoidal category
obtained from A#(z) by adjoining a right dual | to 1 as explained in the introduction, together with the
matrix entries of the following morphism which we declare to be a two-sided inverse to the morphism (2.10):

\/\\8/ \kg{]wmeal@kwm if k>0,
S
X

0 2.11)
AN 11—t R | @19k if k <0.

|

We impose one more essential relation:

Or=tz"1ifk>0, O=@z"'—1'zH11ifk=0, >k =1z "141ifk <0, (2.12)

where the leftward cups and caps are defined by the formulas

—t71z7 ) ifk >0,
. "*1 t k@ if k >0,
U= zé ifk=0, (= A (2.13)
tlbi —t7'27 N ifk <o,
—k

if k <O0;

To complete the definition, we introduce a few more shorthands for morphisms. We have already
introduced one of the two leftward crossings; define the other one so that the leftward skein relation (2.1)
holds. Also set

N
W:W“é ifk>0, )=\  if0<a<k, (2.14)
0 0 a a
0 0 a a
f\::[@\ﬂQ ifk<0, /N=/7\ ifo<a<-—k. (2.15)
v

Next, introduce the following (+)-bubbles assuming a < 0:

—tz7! k@ if a > —k, 17! éﬁyk ifa >k,
e =171 ifa=—k D=1, et (2.16)
0 ifa < —k; 0 ifa <k.

Finally, define the (4)-bubbles with label a > 0 to be the usual bubbles with a dots:

Da =a «@ = aq). (2.17)
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Then define (—)-bubbles for all a € Z by setting

Oa :=pa — P , a® = ad)— @ . (2.18)

In the case kK = 0, the assertion that (2.10) and (2.11) are two-sided inverses means that

é:H if k=0, A:Q:]h if k=0. (2.19)

In fact, the defining relations for Heisg(z, t) from Definition 2.2 are exactly the same as the ones for the
affine HOMFLY-PT skein category AOS(z, t) from [Brundan 2017, Theorem 1.1 and Section 4]. Thus,

Heiso(z, 1) = AOS(z, ).

In this case, most of the other relations that we need have already been proved in [loc. cit.]. However, the
arguments there exploit a theorem of Turaev [1989, Lemma 1.3.3] to establish all of the relations that do
not involve dots; the approach described below reproves all of these relations in a way that is independent
of Turaev’s work.

When k > 0, the assertion that the morphisms (2.10) and (2.11) are two-sided inverses implies the

ézh] if k>0, A:Q:] h—gc}(y\v if k>0, (2.20)

N
6 =0if k >0, 9 =0if0<a <k, o @)=—deut 'z ' 1if0O<a<k. (2.21)
N

following relations:

To derive these relations, we multiplied the matrices (2.10) and (2.11) in both orders, then equated the
result with the appropriate identity matrix. The following useful relation is an easy exercise at this point;
one needs to use (2.8), (2.12), (2.13) and (2.21):

%
@ =840\ J for0<a<k. (2.22)

Finally, when k < 0, we will need the following relations which are deduced from (2.10) and (2.11) by
the same argument as explained in the previous paragraph

\Q}: 1_2% if k <0, é:” if k <0, 2.23)

e -

/
Q:Oifk<0, C\/@azoif0§a<—k, (pa ==Sa0t 'z I1if0<a<—k  (224)
7
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Now we are going to consider the counterpart of the morphism (2.10) defined using the negative instead

of positive rightward crossing:

\
X
N\
2 MR- @1 ®1%

RN

if k >0,

T e e rerc sye ko

Lemma 2.3. The morphism (2.25) is invertible with two-sided inverse

X
0

A U S @1@(—10

—k—1

Moreover, we have that

XW }%]:im@l@k—wm ifk >0,

ifk <0.

(2.25)

(2.26)

W y=—1""z"M1ifk >0, O=@z"'=1"z Yl ifk=0, O=—-r""z"1ifk <0, 227

tz\o/)  ifk>0,
0
R\“//:: y f/“\::
zlb_k ifk <0,

3. Second approach

t k@ ifk >0,
A
=1 Q ifk=0,
v

—k—1
127 g™ ifk <.

(2.28)

Our second presentation for Heisy (z, ¢) is very similar to the first presentation, but we invert the morphism

(2.25) instead of (2.10).

Definition 3.1. The quantum Heisenberg category Heis;(z, t) is the strict k-linear monoidal category

obtained from A#(z) by adjoining a right dual | to 1 as explained in the introduction, together with the

matrix entries of the morphism (2.26), which we declare to be a two-sided inverse to (2.25). In addition,

we impose the relation (2.27) for the leftward cups and caps which are defined in this approach from
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(2.28). Define the other leftward crossing, i.e., the one which does not appear in (2.26), so the leftward
skein relation (2.1) holds. Also set

N
A\Q/:A\O/—zé if k>0, v::w if0<a <k, (3.1)
0 0 a a
0 0 a a
= -z if k <0, = if0<a< —k. (3.2)
A=rA=:Q) A=
s

Finally define the (4)- and (—)-bubbles from (2.16)—(2.18) as before.

Theorem 3.2. Definitions 2.2 and 3.1 give two different presentations for the same monoidal category,
with all of the named morphisms introduced in the two definitions being the same. Moreover, there is a

unique isomorphism of k-linear monoidal categories
Q1 Heisy (z, 1) — Heis_y(z,17H)P (3.3)

sending
%n—)%, \/\H—X, (UL U

The effect of S on the other morphisms is as follows:
¥ X=X X=X X=X
Xe=00 K= X X=X Xe=X
(WEYE Aty WEYe Aty
M Ue =\ @@, @@

Proof. To avoid confusion, denote the category Heisg(z, t) from Definition 2.2 by ’Heisgld(z, t) and the
one from Definition 3.1 by Heis;" (z, t). The relations and other definitions for the category Heis;" (z, )
in Definition 3.1 and the ones for Heis‘llg (z, t~1) from Definition 2.2 are related by reflecting all diagrams
in a horizontal plane and multiplying by (—1)**Y, where x is the number of crossings and y is the number
of leftward cups and caps (including leftward cups and caps in (+)- and (—)-bubbles but not ones labeled

by < or ©). It follows that there are mutually inverse isomorphisms

Q-
Heis®(z, 1) (Q:> Heis](z, 1)°P
+
both defined in the same way as the functor €2 in the statement of the theorem. Now we apply Lemma 2.3
and Definition 3.1 to construct a strict k-linear monoidal functor

O : Heisi™ (z, 1) — Heisd(z, 1)
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which is the identity on diagrams. This functor is an isomorphism because it has a two-sided inverse,
namely, Q4 o ©_; o Q_. Thus, using O, we may identify Heis;"™"(z, ) and Heisz]d(z, t). Finally,
Q1= Q4 gives the required symmetry. O

In the remainder of the section, we record some further consequences of the defining relations, thereby
showing that Heisy (z, t) is strictly pivotal. The first lemma explains how dots slide past leftward cups,
caps and crossings. Its generalization to dots with arbitrary multiplicities n € Z may also be deduced
using induction and the leftward skein relation like in Lemma 2.1.

Lemma 3.3. The following relations hold:
U=t M=y (34)
N/ _ o/ g _ N
X=X X=X

Let Sym be the algebra of symmetric functions over k. This is an infinite rank polynomial algebra with
two sets of algebraically independent generators, namely, the elementary symmetric functions ey, ey, . ..
and the complete symmetric functions hy, hy, . ... Adopting the convention that e, = h, := 6, for
n <0, the elementary and complete symmetric functions are related by the following well-known identity
[Macdonald 1995, (1.2.6)]:

D D'ehy =80, (3.6)
r+s=n
The following lemma, which we may refer to as the infinite Grassmannian relation (following Lauda),
shows that there is a well-defined homomorphism

B : Sym ® Sym — Endyeig (z.r) (1) (3.7)

such that
By @1 (=1)" 1z 0k, 1@hy = (=D)"t7'z 0D, (3.8)
en® 1>tz Pnk 1Qe, > —172O)-n . (3.9)

We will prove in Corollary 10.2 that 8 is actually an isomorphism.

Lemma 3.4. For any a € Z, we have that

Y B e@= )Y Op =80z 11 (3.10)

b,ceZ b,ceZ
b+c=a b+c=a
Moreover
Da=8, 7 'la ifa<—k, @ =—8u" 'z 1 ifac<k, 3.11)

oy =8,0tz 11 ifa>0, Da =80t 'z 1 ifa>0. 3.12)
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Corollary 3.5. For an indeterminate w, we have that

D W) B w) =0 W) O w) =1, (3.13)
where

@AW =17"2) @®n w € w s+ w " Endpey .y (DIw ', (3.14)
neZ

B w)=—1z)  s@w ™" €w Iy +w " Endpgiy .y (DIw '], (3.15)
nez

O W) =—tz)_ On w" € 11+ wEndyig . (DIw], (3.16)
nez

Ow)=1"2) 2@ w™" € l1+wEndpey . (DIw]. (3.17)
nez

Using the next relations plus (2.14) and (3.2), the leftward cups and caps decorated by < or © can be
eliminated from any diagram.

Lemma 3.6. The following relations hold.:

\O/:_ZZZ b JP-a—b  if0<a <k, (3.18)

a b>1
AN==2Y% @ if0<a<-—k (3.19)
b>1

The next lemma shows that | is left dual to 1 (as well as being right dual by the original construction).
Thus, the monoidal category Heisy(z, t) is rigid.

Lemma 3.7. The following relations hold:

m :} m ZJ' (3.20)

The final lemma together with (3.4) implies that Heisx(z, t) is strictly pivotal, with duality functor
% 1 Heisg(z, 1) => (Heisg(z, t)°P) 3.21)
defined on morphisms by rotating diagrams through 180°.

Lemma 3.8. The following relations hold:
/ /=N VAN N/ =\
oo \X=0 X=X (=0 e

&\/\=
X=Xy =Xy Xk Rl 6
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4. Third approach
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Now we have enough relations in hand to formulate our third presentation for Heis (z, t). This presentation

does not involve any leftward cups or caps decorated by < or ©; Lemma 3.6 showed already that these are

redundant as generators.

Definition 4.1. The quantum Heisenberg category Heisy(z, t) is the strict k-linear monoidal category

obtained from .47 (z) by adjoining a right dual | to 1 as explained in the introduction, plus two more

generating morphisms /~ "\ and\__/ subject to the following additional relations:

AU A
SRR L AP

tzU zz —a—b U
AR A,

4Qéﬁ6ﬁX\”/gXX

= Skﬂ if k <0, (}m—k = (Sa,otz_l — (Sa,kt‘lz_l)ll ifk<a<0O.

Here, we have used the leftward crossings which are defined in this approach by

X=X XX

and the (4)-bubbles which are defined for a < k or a < —k, respectively, by

Bw_l} if k > 0, atkd )= Ba itz = 8a0t 'z N1 if —k<a<0,

4.1

4.2)

4.3)

(4.4)

4.5)

(4.6)
“.7

interpreting the determinants as §, ¢ in case a < 0. Finally, define the (4-)-bubbles with label a > 0 to be
the usual bubbles with a dots as in (2.17), then define the (—)-bubbles for all a € Z so that (2.18) holds.

Before proving the equivalence of this definition with the earlier ones, we make some remarks about

the relations (4.1)-(4.7). If k < 1, the relation (4.1) is equivalent to

(4.8)
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This follows immediately from the definition of the (+)-bubbles from (4.6). Similarly, when k > —1, the

relation (4.2) is equivalent to
J
\Q =| |+ tz><. 4.9)

e

Here are some other useful consequences of these relations:

AN %
6 = 8ot \_J ifk>0, b =A_J ifk=0, (4.10)
Q =80t/  ifk<0, 9 =17/ ifk <0, (4.11)
Ve N

Qzak,ot*(\ if k > 0, Q:t(\ if k>0, (4.12)
s

N

/ N
b =8&o\_J) ifk<0, 6 =) ifk<0. (4.13)

These follow from (4.3)—(4.4) on expanding the definitions of the sideways crossings. Then, using (4.13)
and the leftward skein relation to convert the negative crossings in (4.8) to positive ones, relation (4.8)
can be further simplified in case that k < 0O: it is equivalent to

)

Similarly, (4.9) is equivalent to the following when k > 0:

4]

Finally, when k£ = 0, the relations (4.8)—(4.9) together are equivalent to the single assertion

X=<X>_, (4.16)

i.e., both of the relations from (2.19).

Theorem 4.2. The category Heisy (z, t) defined by Definition 4.1 is the same as the one from Definitions 2.2

and 3.1, with all morphisms introduced in the third definition being the same as the ones from before.

Proof. To avoid confusion in the proof, we denote the category from the equivalent Definitions 2.2 and 3.1
by Heiszld(z, t), and the one from Definition 4.1 by Heis;®¥ (z, t). From the evident symmetry in the
relations (4.1)—(4.7), it follows that there is an isomorphism

Qe : Heiszew(z, t) —> Heislle,:’(z, l‘_l)op
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which reflects diagrams in a horizontal plane and multiplies by (—1)**> where x is the number of
crossings and y is the number of leftward cups and caps. Combining this with (3.3), we are reduced to
proving the theorem under the assumption that £k < 0.

We first check that all of the defining relations (4.1)—(4.7) of Heis;*" (z, t) are satisfied in ’Heisgld (z, 1),
so that there is a strict k-linear monoidal functor

O : Heisp ™ (z,1) — ’Heisild(z, 1)

which is the identity on diagrams. For this, note to start with that (4.5) holds in Heisild (z, t) as we have
shown that the latter category is strictly pivotal. The relation (4.6) is almost trivial when £ < 0 and holds
thanks to (3.11). For (4.7), the identity holds if a — k < 0 due again to (3.11), so assume that a — k > 0.
Then the desired identity is the image under the homomorphism S from (3.7) of the identity

.....

in Sym ® Sym. This follows from the well-known identity 4, = det(e;—j11);, j=1,...n; see [Macdonald
1995, Exercise 1.2.8]. It remains to check the relations (4.1)—(4.4). For (4.1)—(4.2) when k = 0, we just
need to check the equivalent form (4.16), which follows by (2.19). For (4.1) when k < 0, we check the
equivalent form (4.14), which holds due to the second relation from (2.23). For (4.2) when k < 0, we
use the first relation from (2.23), expanding the leftward caps decorated by © using (2.13) when a = 0 or
(2.15) and (3.19) when a > 0. Finally, the relations (4.3)—(4.4) follow easily from (2.24), (2.12)—(2.13)
and (2.27)—(2.28).

Now we want to show that ® is an isomorphism. We do this by using the presentation from Definition 2.2
to construct a two-sided inverse

(O ’Heisgld(z, 1) — Heisp™" (z, 1),

still assuming that k < 0. We define ® on morphisms by declaring that it takes the rightward cup, the
rightward cap, and all dots and crossings (with any orientation) to the corresponding morphisms in
Heisy™ (z, 1), and also

0

CD([%) =—tz/ "\ ifk <0, CD([(%\> 1= —z? Zmb —a-b@y if0<a < —k.

b>1

To see that @ is well defined, we must verify the relations from Definition 2.2. For (2.12), we must check
the following in Heis;™ (z, 1):

t8 =@z "= 'z Y1, ifk=0, {d-k =z, ifk<O.

These follow from (4.4) and (4.12). Then the main work is to show that the images under @ of the
morphisms (2.10) and (2.11) are two-sided inverses in Heis;®" (z, t). When k = 0, this is immediate from
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(4.16), so suppose that k < 0. The images under & of the two equations in (2.23) are precisely the known
relations (4.2) and (4.14). We are left with checking that the images under & of the relations

/ ¢ b
ba =0, on, e =8apls
/7

hold in Heis;"" (z, 1) for 0 < a, b < —k. The first of these when a = 0 follows by (4.13). To see it for
0 < a < —k, we first apply the leftward skein relation, then slide the dots past the crossing using the
leftward analog of (2.9) which may be deduced from the definition (4.5), and finally appeal to (4.4).
The second and third relations follow from (4.11) and (4.4) in the case that b = 0. To prove them when
0 < b < —k, we must show that

S
Ve

c>1 c>1

in Heis;"™ (z, t). For the first identity, it is zero if b > —k as the (4)-bubble vanishes by (1.3). To
see it for 0 < b < —k, use the skein relation, commute the dots past the crossing, then appeal to
(4.4) and (4.11). For the second identity, define a homomorphism y : Sym — Endy;sev ;1) (1) by
hy = (=) ez n+k@ for n < —k. Then the identity we are trying to prove follows by applying y to
the identity Y., (=1)*"~et s ytch—k—b—c = 8a.p, Which is (3.6).

To completeithe proof, we must show that ® and ® are indeed two-sided inverses. To check that
® o ® =1d, the only difficulty is to see that

a a
o(e(/M)) ="
When a = 0, this is immediate from (2.13), while if 0 < a < —k it follows from (2.15) and (3.19). To
check that ® o ® = Id, the only difficulty is to see that

o( )= o)) =\
These follow from (2.13) and (4.12)—(4.13). O

Lemma 4.3. Suppose that C is a strict k-linear monoidal category containing objects 1+ and | and
morphisms & , 3, W ,\_Jand [\ satisfying (1.6)—(1.9). Then C contains at most one pair of morphisms
\_J and /" which satisfy (4.1)—(4.4) (for the sideways crossings and the (+)-bubbles defined via (2.2)
and (4.5)—(4.7)).

Proof. If k <0, Theorem 4.2 implies that the morphism (2.10) is invertible in C, and X is the (1, 1)-
entry of the inverse matrix. This property characterizes " uniquely as a morphism in C when k <0,
independent of the choices of /™ or \_/. Similarly, when k£ > 0, the morphism (2.25) is invertible in
C, and { is the (1, 1)-entry of the inverse matrix. Thus }{ is characterized uniquely when k < 0. To
complete the proof when k = 0, it remains to use (4.12)—(4.13), since these show how to express / \ and



On the definition of quantum Heisenberg category 291

\_/ in terms of /7 and \_/ and the two leftward crossings. To complete the proof when k < 0, we note
instead that the (2, 1)-entry of the inverse of (2.10) is —tz/ ), so /) is uniquely determined in C. Then
1_/ may be recovered uniquely using the relation (2.13) and our knowledge of X . Finally when k > 0,
the (1, 2)-entry of the inverse of (2.25) gives t~1zA_J and then /1 may be recovered using (2.28) and
our knowledge of (. m

To conclude the section, we formulate three more important sets of relations. The first of these explains
how to expand curls. It is quite surprising that we have never needed to simplify left curls when k& > 0 (or
right curls when k < 0) before this point.

Lemma 4.4. The following relations hold for any a € Z:

d_zZ@)ab%b—zZ@ab% 4.17)

q =z§ Da-b %b _z; Oa-b %b : (4.18)
ba zzg b%a,b@ _Zg b% ab (D). (4.19)
rba -:% o} o-b 5 1 0o, (420)

The following lemma gives a braid relation for alternating crossings. All other variations on the braid
relation can be deduced from this plus the original braid relation from (1.8), by arguments similar to the
proof of the braid relations in (2.7).

Lemma 4.5. The following relation holds:

!/ % as_/ .
AN { :3Z®—abc%c ifk=0, (4.21)
KR 5o
/ \/ S Q% S k=0 “22)
ab>0 | [ up

Finally we have the bubble slides.

Lemma 4.6. The following relations hold for any a € Z:

a@Ha@ -2y b+cjf ab—e(D). (4.23)

b>0
c>0

‘@a _ @a‘_ 23 @D a-bc %b+c, (4.24)

b>0
c>0
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a@wzwa@ -2y b+c{> ab—c(D), (4.25)

b<0
c<0

‘@a _ @a‘_ 23 Oabee %bﬂ . (4.26)

b<0
c<0

5. Action on representations of quantum GL,

In this section, we construct an action of Heiso(z, t) on the category of modules over U, (gl,,) and use this
action to produce a family of generators for the center of U, (gl,,). These central elements were introduced
originally by Bracken, Gould and Zhang [Gould et al. 1991]. We also determine their images under the
Harish-Chandra homomorphism, giving a new approach to some results of Li [2010]. Throughout the
section, we work in the generic case, setting

k:=Q(g), z:=q—q ', t:=q"

for an indeterminate ¢. In fact, the formulae which we derive are defined over Z[q, ¢ —'], hence, they
make sense over any ground ring for any invertible ¢ (including roots of unity).

For the precise definition of U, (gl,), we follow the conventions of [Brundan 2017, Section 3], denoting
its standard generators by {e;, f;, d;“ li=1,...,n—1, j=1,...,n}. The usual diagonal generator k; of
the subalgebra U, (sl,,) is d,-d;rll. The subalgebras of U, (gl,) generated by the ¢;, f; and dj.t are U, (gl ™,
U, (al,)™ and Uq(gln)o, respectively. We also have the Borel subalgebras U, (al,)% := Uq(gl,,)OUq(gI,,)Jr
and U, (al,)’ = U, (gI,,)OUq(gIn)_. We will often cite Lusztig’s book [1993], noting that our ¢ and k; are
Lusztig’s v~! and Kl._l.

The natural module V™ and dual natural module V ~ are the left U, (al,,)-modules with bases

(v |1 <i<n} and {v; |1<i<n},

respectively, on which the generators act by

+ _ + + s+ NS
fivj =3ij Vs €iv; =08i41,jv; , d,vj =gy, 5.1

fivy =81 v, ev; =8 vy, div; =q vy, (5.2)

We denote the weight of v;r by &;; then v; is of weight —g;. Let A := @;_, Ze; be the weight
lattice with inner product (-, -) defined so that ¢y, ..., &, are orthonormal. The positive roots are
{ei —¢€j |1 <i < j <n}. By a weight module we mean a U, (gl,)-module V' that is the sum of its weight
spaces Vy :={v e V | djv = ¢»#)v} for all > € A. The Weyl group is the symmetric group S,,. It acts in
obvious ways on A and on U, (al,)°? = k[dlil, ey d,;—”], permuting the generators. Denote the longest
element of S, by wy.

We work with the Hopf algebra structure on U, (gl,) whose comultiplication A satisfies

Ale))=d 'diy1®ei+e®1, A(f,)=1®fi+ fi®did;}|, A(d)=d;®4d,. (5.3)
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We also need various (anti)automorphisms. First, we have the bar involution, which is the antilinear
automorphism — : U, — U, defined from ¢; := ¢;, fi == fi and d; = di_l. Then there are linear
antiautomorphisms 7 and G defined from

T'(ei):=fi. T(f):=e, T(d):=d, (5.4)
Ge) :=eni, G(fi) = fui, G(d;):=dnyi-i. (5.5

The maps —, T and G commute with each other. Finally, we have Lusztig’s braid group action, under
which the i-th generator of the braid group acts by the automorphism T; : U, (gl,,) — U, (gl,,) (which is
T from [Lusztig 1993, Section 37.1.3]) defined for | j —i| > 1 and k #i,i + 1 by

Ti(e;) = —fidid;rl], Ti(eis1) =eieix1 —q 'eimer, Tie)) =e;j,
Ti(f) =—d 'disier, Ti(fix) = fisifi —afifixr,  Ti(f) = fj,
Ti(d;) =d;41, T:(di+1) =d;, T; (dy) = dy.

A key role is played by the R-matrix. We recall its definition following the approach from [Lusztig
1993, Section 32.1]. Let ® be the quasi- R-matrix from [loc. cit., Section 4.1]. This is an infinite sum of
components O, € U, (al,)—, ® Uq(gl,,)j as o runs over the positive root lattice @;’:—11 N(e; —ei4+1). Let
P: VW — W®YV be the tensor flip. Assuming in addition that V and W are weight modules, let
I[M: VW — VW be the diagonal map defined from

Nvew) :=¢*vew

for v of weight A and w of weight p. Then, for finite-dimensional weight modules V and W, the R-matrix

Ryw: VAW > WaRV (5.6)

is the U (gl,)-module isomorphism defined by the composition ® o P o I'l, which makes sense since all
but finitely many of the components ®, act as zero. The inverse R;’lw WV —> VW is the map
IM~!'o P~ ®, where © is obtained from ® by applying the bar involution to each tensor factor. For
finite-dimensional weight modules U, V and W, we have the hexagon property

Ry,w ®idy oidy ® Ry,w = Rygv,w, 1dy @ Rywo Ry v ®idw = Ry vew. (5.7

This is proved in [Lusztig 1993, Proposition 32.2.2] (our Ry w is Lusztig’s Rw,y taking the function f
from [loc. cit., Section 31.1.3] to be f(A, ) ;== —(\, w)).

In fact, to define the isomorphism Ry w, one only needs one of the modules V or W to be a finite-
dimensional weight module; the other can be an arbitrary U, (gl,)-module. To see this, one just needs to
observe that IT extends to a linear map V ® W — V ® W when just one of V or W is a weight module

on setting

Nwew) (d, @) (v®w) if wis a weight vector of weight A,
VW) =
(1®d)(v®w) if vis a weight vector of weight A,
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where d, = dl(k’g') . -d,gk’g"). Then the same formula Ry w := ® o P o Il makes sense when only one
of V or W is a finite-dimensional weight module, and it still gives an isomorphism of U, (gl,,)-modules.
Moreover, the hexagon property (5.7) remains true if only two of U, V and W are finite-dimensional
weight modules. These assertions follow from the known results in the previous paragraph. For example,
to prove that Ry  is an isomorphism assuming that W is a finite-dimensional weight module, let
pw : U, (gl,) — Endg (W) be the corresponding representation. Then

(ow ®1)(©) € Ende(W) ® Uy (al,) and  (pw ® 1)(O) € Endie(W) ® U (41,).

It suffices to show that these are inverse to each other, since then Ry w = (ow ® 1)(®) o P o I1 has inverse
Mo P o (pw ® 1)(O) for any module V. We have that

(pw ® 1)(©) o (pw ® 1)(O) € Endy (W) ® Uy (gly)
and, for any finite-dimensional weight module V with corresponding representation py, we have

(1@ pv)((pw ® 1)(®) 0 (pw @ 1)(O)) =1

by the known result. Since the intersection of the annihilators of all finite-dimensional weight modules is
zero, this implies that (o ® 1)(®) o (pw ® 1)(®) = 1. The proof that (o ® 1)(©) o (ow @ 1)(®) = 1
is analogous, as is the proof of the hexagon property when just two of the modules are finite-dimensional
weight modules.

The goal now is to derive explicit formulae for Ry+ jy and Ry y+ for any module M. Similar formulae
were established already in [Gould et al. 1991, Section III] following the older conventions of Drinfeld
and Jimbo. They involve the higher root elements defined as follows. Let

. -1 . .
eii=fii=2 ", eiy1:=¢€, [fiit1:=fi. (5.8)
Then when j —i > 1 we recursively define
: -1 . 1
eiji=eirerj—q erjeir, [iji=Trnjfir—aq" firfrjs (5.9

where r is any index chosen so that i < r < j. It is an induction exercise to see that these elements are
well defined independent of the choice of r; see the proof of the following lemma for a more conceptual
explanation of this. Alternatively, e; ; and f; ; can be defined using the braid group action: we have that

eij=Tji—1 - Tixier), fij=Tj—1-Tiz1(fD).
Note that

T(eij) = fij, T(fi,j)=ei;j, (5.10)
G(eij) =enri—jn+1-i» G(fij) = fati—jnti—i- (5.1D)

However, the bar involution does not fix ¢; ; or f; ; (except when j =i +1).
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Lemma 5.1. Foranyi < j, the (¢; — €;)-component ©; ; of the quasi-R-matrix © satisfies

— rf PR P . C e P2 — r“... . . L el P .
®l7] - : : < -]Clr—lalr ‘fl()vll ®elr—lslr el()all - z : < -fl()sll .]Clr—lalr ®el()vll elr—lslr'
r>1 r>1
i=ig<i|<--<i,=j i=ig<i|<--<i,=j

Proof. It suffices to derive the first expression. Then the second follows using (5.10) and the identity
(T ® T)(®y) = P(O4), which may easily be deduced from the characterization in [Lusztig 1993,
Theorem 4.1.2(a)]. To prove the first expression, we appeal to further results of Lusztig from [loc. cit.].
Let f be Lusztig’s “half” quantum group with its standard generators 0, ..., 6,_1; see also [Brundan
et al. 2014, Section 2.1] which follows the same conventions as here. There are two isomorphisms

O f = UGt 6 =, )" f =Gl 0 =i

1

Consider the convex ordering on the positive roots defined so that ¢; —¢; < &, — g, if either i < p or
(i = pand j < q); this is the “standard order” as in [loc. cit., Example A.1]. Let 6; ; be Lusztig’s higher
root element associated to this ordering, which was denoted Tei—e; in [loc. cit., Section 2.4]. Noting that
(ém — €, & — &n) 1s a minimal pair for &; — ¢, [loc. cit., Theorem 4.2] implies that these satisfy the
following recursion: 6; ;1 = 0; and 0; ; = 6; ,0, ; — q0, ;0; , for any i <r < j. Comparing with (5.9), it
follows that Q;’rj =¢;jand 6, ; =( —q)/ 7 ;5 in particular, these equalities justify the independence of
r in (5.9). Then we appeal to [loc. cit., Theorem 2.7] (which was extracted from [Lusztig 1993]) to see that
{6;

br—1sp © 77

Qio,il|rZ1’i=i0<"'<iV=j}and{(l_ 2))‘ ip— 1lr"'0i0,i1|r21,i=i0<“'<il’=j}

are a pair of dual bases for fe, ., with respect to Lusztig’s form. Finally the formula from [Lusztig 1993,
Theorem 4.1.2(b)] gives that

R E : i—j .. ot ...t
®l,1 - (=) (I— ) ir—1,ir l(Jl] ®90 Ir—1,ir eio,il‘
r>1
i=ip<---<ip=j

This simplifies to the desired formula. O

Forl <i,j<nlet e j € Endy (V1) (resp. e; j € Endk(V )) be the i j-matrix unit with respect to the

basis vf“, R v;[ (resp. v1 ,..., v, ). Then forl < j and v* e V* we have that
+ + - i—j+1 —  — - i—j+1 — . —
ei,jv“L—e ]v+ f,J =e; v+ e, jv = (—q) It e; v, fi,jvT =(=¢q) It € v, (5.12)
—— + + — j—i—1 —  — 7. - j—i—1 —  —
e[,jv+=ei’jv+, f,-,jv =ej’l.v+, e v =(—q) ™" €; v, fijv=(=gq)™" € v . (5.13)

These follow easily by induction on j — i using (5.1)—(5.2) and (5.9). Also let

min(i, j) n
Xiji=2" Y enidyfrjdj. yiji=2" Y difi,deej, (5.14)
r=l1 r=max(i, j)

for any 1 <i, j <n. Then for m > 0 we set

Xl-(,";) = Z Kig,iy *** Xipy1,im> yl(";) = Z YViosit *** Vim—1sim- (5.15)

l‘=i0,l‘1,...,l‘,,1,1,l'm=j i:iO,ilst‘mflsim:j
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In particular, xl((}) = yl(ol) = §;,j. From (5.11), we get that

(m)y __  (m) (m) (m)
G(xi,j )_yn-i-l—j,n—i-l—i’ Gy )= Xptl—jn+l—it (5.16)

Lemma 5.2. For any U, (gl,)-module M, the endomorphisms Ry+ y and Ry v+ and their inverses are
given explicitly by the following operators:

RV‘*‘,M:ZPOZe:_j@fi,jdja R\7+M ZP®Zdifi,j®ei—t_ja
i<j i<j
RM,V+=zPoZei,jdi®e;r’i, Ry V+=—ZPOZe;:i®djei,j,
i<j i<j
Ry-y=-2Po) (—q)e;, ®difij. Ry, =2Po) (—q) 7/ fijd;®¢c;,,
i<j i<j
Ryy- =—zP OZ(—q)"—fdje,,j ®e ;. Ry =zP OZ(—q)"—fe;j Qe jd;.
i<j i<j

Proof. These are all proved by similar calculations, so we just go through the argument for Ry y-.
Take v ® vj_ € M ® V™. By definition, Ry yv-(v ® vj_) = ®(vj_ &® afj_1 v). To compute the action of ®,
we observe by weight considerations that only its weight components ©,, ., for i < j are nonzero on
vj_ ® dj_1 v. Moreover, in the first expression for ®; ; from Lemma 5.1, all of the monomials with r > 1
acton v; as zero. We deduce that

— — -1 — —
RM,Vf(v®vj):vj ®dj v—i—sz,;jvj ®e; jdjv.
i<j
Then we use (5.12) to replace f; ; with (— q)’ itle
ejj=-z ~1 to get

e; /, the relation ¢; jd; = qd,e; j, and the definition

Ryv-v® UJ_) = —ze;jvj_ ®djej’jv —Z Z(—q)’_fe;jv; ® e,-,jdjv.
i<j
Now observe that the expression on the right-hand side of the formula we are trying to prove acts on
v®v; in the same way. O

Corollary 5.3. For any U, (gl,)-module M and m € Z, we have that
n
e:“j ®xi("?) ifm>0,
(Ry,v+ o0 Ry+ p)" = i’jnZI
ey " ifm=<o.
i,j=1
Proof. This follows from Lemma 5.2 and Definitions (5.14)—(5.15). O

Now we return to the Heisenberg category Heiso(z, t) taking ¢ :=q". Let OS(z, t) be the HOMFLY-PT
skein category as defined in the introduction of [Brundan 2017], which is Turaev’s Hecke category [1989].
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By [Brundan 2017, Theorem 1.1], OS(z, t) has a presentation by generators and relations which is very
similar to the presentation of Heiso(z, t) from Definition 2.2 but without the morphism x. Consequently,
there is a strict k-linear monoidal functor OS(z, t) — Heiso(z, t). By [loc. cit., Lemma 4.2], this functor
is faithful, so we may use it to identify OS(z, t) with a subcategory of Heisg(z, t). Thus, OS(z, 1) is the
monoidal subcategory of Heisg(z, t) consisting of all objects and all morphisms which do not involve
dots (i.e., x or y). In fact, as noted already after Definition 2.2, Heiso(z, t) is the affine HOMFLY-PT
skein category from [loc. cit., Section 4].

Let U, (gl,,)-mod be the category of all left U, (gl,)-modules. By [loc. cit., Lemma 3.1] (although the
result is much older, e.g., it was exploited already in [Turaev 1989]), there is a monoidal functor

v :0S8(z, t) — U, (gl,)-mod 5.17)

to the category of left U, (g1, )-modules. The functor ¥ sends the generating objects 1 and | to V* and V~,
respectively. It maps the various generating morphisms to the following U (gl,,)-module homomorphisms:

v ®u ifi < j,
Kovtevl = 1qvi ovf ifi=j, (5.18)
vf@v;r—kzv;r@vf ifi > j;
- + . . .
N o v; QU ifi #j,
VU, _ . _ er. (5.19)
K ! J {q‘lvj ®v;r—zzlr:11(—q)_’vj_r®v;r_r ifi = j;
vj_®vi_ ifi > j,
Ao @v; = {qu; ®v; ifi=j, (5.20)
v, ®u; +2v; ®v; ifi < j;
+ — . . .
N/ 4 v ®v; ifi # j,
U QU > _ i _ e 5.21)
\/\ l ’ {q_lv;_®vi _ZZr:ll(_q)_rv;_-i-r@vi-i-r if i =7
v;r®vl-+ ifi > j,
Xovtevl e g v @) ifi = j, (5.22)
vf@vf—zvf@v;“ ifi < j;
- + . . .
VAN v; QU ifi #j,
QUi > _ _i _ o (5.23)
x ! J {qvj ®v;r+z2f:ll(—q)’vj+r®v;§rr ifi = j;
vj_®vi_ ifi <j,
Xoivev; = {g7v; @) ifi = j, (5.24)
vj_®vl_—zvi_®vj_ ifi > j;
+ — . . .
, n v ®; ifi#j,
v, QU7 _ . _ e . (5.25)
k ' J {qvj_®vi +ZZ;=11(_q)rv;_—r®vi—r if i =7
n n
Ui le Y (=gl 9o, Uil Y (=D g v ey, (5.26)
j=1 j=1

N vf ®u; = (=D'g 778, N7 v = (=1)'g "5 (5.27)
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These formulae are recorded in many places in the literature going back to the original work [Turaev
1989], but one finds many different choices of normalization. For our choices, (5.18)—(5.21) and (5.22)-
(5.25) follow from the formulae for the R-matrix and its inverse from Lemma 5.2, while the formulae
(5.26)—(5.27) are derived in [Brundan 2017, Section 3].

Theorem 5.4. Assuming t = q" and z = q — q~", there is a strict k-linear monoidal functor
U : Heiso(z, t) — Endy(Uy(gl,)-mod)

such that ¥ = By o¥ | 081y’ where E\L denotes evaluation o’r\z the trivial module. On objects, A@ takes
X to the endofunctor ¥(X) @ —, e.g, V() =VT® —and V(|) =V~ ® —. On morphisms, ¥ sends
f € Homps (X, Y) to the natural transformation ¥ (f)®1: ¥ (X) @ — — V(YY) ® —. Finally, on the
additional generating morphism x, it is defined by

n

@(x)M =Ry vy+oRy+ y:VIQM— VoM, v;“ QRm— X:vl+ ® x;, jm.
i=1
Proof. We just need to verify that the relations from Definition 2.2 are satisfied. All of the ones that do
not involve x follow immediately since they are already satisfied by the morphisms in the image of the
monoidal functor W. Also Ry+ j o Ry v+ is invertible since each of these R-matrices is invertible. It just
remains to check the relation (1.6). In fact, this is a formal consequence of the hexagon property; see e.g.,
[Virk 2011, Proposition 3.1.1]. The argument goes as follows. By (5.7), we have for any U, (gl,,)-module
M that

RV+®M,V+ (@] RV*,V*@M = Rv+’\/+ ®1dM Oidv+ ® RM,V* Oidv+ ® RV*,M O Rv+‘v+ ®1dM
This establishes that the image under U of the relation

Iz

\

is satisfied, from which (1.6) easily follows. O

Let Z,(gl,) be the center of U, (gl,). It is identified with the endomorphism algebra of the identity
functor Iqu (gl,)-mod; indeed, evaluation on the identity element of the regular representation defines a
canonical algebra isomorphism End(Iqu(gIn)_mod) —> Z4(gl,). Dotted bubbles are endomorphisms of
the unit object of Heiso(z, t). Applying the monoidal functor ¥ from Theorem 5.4, we obtain natural
transformations

‘3( m) < 1dy, (q1,)-mod —> 1dgj (g1,)-mod: (5.28)

hence, central elements z,, € Z(U,(gl,)) for each m € Z. A calculation using (5.26)—(5.27) and

Corollary 5.3 shows that .
Z:‘lzl q21—n—1x(m) if m >0,

ii
m = no 2ien—1,(-m) . (529)
2iz14 Yiii if m <0.
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We have trivially that zo = [n],. The goal in the remainder of the section is to compute explicit formulae
for the images of all the others under the Harish-Chandra homomorphism.
Our argument uses the Harish-Chandra homomorphism in two different forms adapted to the positive and

negative Borel subalgebras, respectively. To review the definitions, let p; := —gy —2e3—--- — (n — )¢,
and p_ := —(n—1)e; —--- —2¢,0 — &,—1, 1.6., p— = wo(py). For any A € A, we have the shift
automorphism

S Uy’ = Up(al,)°,  di > ™. (5.30)

For example, S_,, (d;) = g'~'d; and S_p_(di) = q""d;. Let U, (al,)0 be the zero weight space of U, (gl,,),
which is a subalgebra containing U, (a1,)°. Let I (resp. I_) be the intersection of U, (gl,)o with the
left ideal of U, (gl,) generated by ey, ..., e,y (resp. f1,..., fu—1). Equivalently, I (resp. I_) is the
intersection of U, (gl,)o with the right ideal generated by f1, ..., f,—1 (resp. ey, ..., e,—1). It follows
that /. is a two-sided ideal of U, (gl,)o. Let pry : U, (gl,)o — U, (al,,)? be the algebra homomorphism
defined by projection along the direct sum decomposition U, (gl,,)o = U, (a1,)° @ L. The two versions of
the Harish-Chandra homomorphism are

HCy:=S_,, opry : Uy(al,)o — Uy (gl,)’. (5.31)
The following is an extension of the well-known description of Z, (sl,) from e.g., [Jantzen 1996, 6.25].

Lemma 5.5 [Li 2010, Lemma 2.1]. The restriction HC := H C+| Z. () defines an algebra isomorphism
- q(8'n
between Z,(al,) and the algebra k[(d; - --dy)~', d3, ..., d>]°".

The following facts are also well known, but we could not find a suitable reference.
Lemma 5.6. Each braid group generator T; : U, (gl,) — U, (al,,) fixes Z,(gl,) pointwise.

Proof. Take ¢ € Z,(gl,). Let V be an integrable highest weight module. Since V is irreducible, both ¢
and T;(c) act on V as scalars. These scalars are equal because there is an automorphism 7; : V — V
such that T;(cv) = T; (c)T; (v); see [Lusztig 1993, Section 37.1.1]. This shows that ¢ — T;(c) acts as zero
on every integrable highest weight module. The intersection of the annihilators of all integrable highest
weight modules is zero, so this proves that ¢ = T;(c). O

Lemma 5.7. The restriction HC = H C+| Z.(al) is equal also to the restriction HC_ | Zo (L)
q\o>'n q\S'n

Proof. Let T,,, be the product of simple braid group generators 7; taken in some order corresponding to
a reduced expression of wg. This is an automorphism of U, (gl,) which switches Uq(gln)ti and U, (gIn)b,
and it sends d; — d,,1—;. It follows that

HC: 0Ty, =Ty, 0 HCx. (5.32)

Clearly, T, fixes k[(d; - - dy) N d? L d,%]g" pointwise. It also fixes Z,(gl,) pointwise by Lemma 5.6.

Hence, HC - |Zq(g1n> =HC_ 0Ty, |Zq<grn) =Tw o HCy |Zq<gln> = HC*‘Zq(gIn)' =

Lemma 5.8. The antiautomorphism G fixes Z,(gl,) pointwise.
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Proof. We have that
HC+oG=GoHC.. (5.33)

Combined with Lemma 5.7, it follows that HC o G| Zo@l) = GoH C+| 2.l )" Also G clearly fixes
~ q n q n
kl[(d, -- -dn)_l, daz, ..., d,%]on pointwise. Hence, HC+0G‘Z ) = HC+’Z ()’ which implies the result
q\9'n q\S'n
since HC is injective on Z,(gl,). O

In particular, this shows that G (z,,) = z, hence, on applying G to the right-hand side of (5.29) using
(5.16), we obtain another formula for z,,:

Z?:l qn+1—2iyi(”l"1) if m > 0’

p (5.34)
Z?:] qn+1721xi(lfm) ifm <0.

im =

Comparing with (5.29), it follows that
Zem = Zm (5.35)

for every m € Z. From now on, we only consider z,, for m > 1.

Finally, consider the modified complete symmetric polynomials

};m(XI, e xn) = Z (q—lz)#{il ..... [m}_l-xil e 'xi/n‘ (536)

I<i|<--<im<n
We will use these for all values of n > 0 (not just the n fixed above for gl,,). We have that
fz,n()cl,...,)c,q):qz_1 ifm=0 and fzm(xl,...,xn)=0ifm >0butn=0.
These elements obviously satisfy the recurrence relation

m
et ) = ) T 2 Y e (e (5.37)

r=1

forn > 0.
Lemma 5.9. ﬁm(x1, e Xp) = fzm(xl, e Xn—1) +i~1m_1(x1, ey X)) Xp —q_zﬁm_l(xl, ey Xn—1)Xp.

Proof. By (5.37) with m replaced by m — 1, we have that

m—1
7 7 —1 7 1
o1 (X1, X)X = R (X1 X)X+ g 2 Y B G X)X
r=1
m
s . .
:hm—l(xla---axn—l)xn+q Zzhm—r(xl»---axn—])x;
r=2
m
27 -1 7
=q “hu_1(X1, ..., Xp—1)Xn +¢q thm_r(xl,...,xn_l)xZ.
r=1

Given this, it is easy to see that the right-hand side of the identity we are trying to prove is equal to the
right-hand side of (5.37). O
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Theorem 5.10. For any m > 1 we have that HC (z,) = ¢" ' hy (d?, . . ., d?).

Proof. Noting that ¢'~"z,, = Y7, ¢%~2x") according to (5.29), this follows from the following claim:

i,i
foranym >1andi =1, ...,n, we have that

HC (") =hw(d},....dD) —q 2hw(d}, ... d% ). (5.38)

To prove (5.38), we proceed by induction on m + n. The result is easy to check when n = 1. Now assume
that n > 1. The Harish-Chandra homomorphism HC_ is compatible with the usual “top left corner”

embedding of U, (gl,_) into U, (gl,). This follows because the restriction of p for gl, is the weight p

L x™, of U, (gl,_) are the same as these elements in U, (gl,).

Thus we get (5.38) for each i < n from the induction hypothesis. It remains to prove (5.38) when i = n.
We have that

for gl,,_;. Also the elements x

n
g "THC_(zn) =) """ Y HC_("¢jiid) fi oy € inidh).
i=1 Jlseees Jm

By the definition of HC_, the terms in this expansion are zero if either j; <i or j, < i. Thus, the sum
simplifies to give

n n
¢ THC_(zm) =) ¢*TMHC_(v V) =) HC_(y] ") d}.
i=1

i=1

Now we apply G, using Lemma 5.8, (5.33) and (5.11), to see that

¢'"HCy(m) = ) HC4(x7 ) d}.

i=1

Remembering (5.29), we have now proved that

n n
Z q2i_2nHC+ (xi(,’?)) = Z HC, (xlfj?*I)) d12 (5.39)
i=1

i=1
The same identity with n replaced by (n — 1) gives

n—1

n—1
Do VHC () = 3 HOL () a7 (5.40)
i=1 i=1

By the induction hypothesis, the left-hand side of (5.40) is equal to Tim @z, ..., dg_l). Hence, (5.39) can
be rewritten to obtain

HC (x\"))+q hn(di, ... .ds )
= HC (x\"" W2 + hy(d}, ..., d}_)

n,n

=hp(d}, ..., d> )t hy1(d}, ..., d")d> —q P hp_1(d}, ..., d>_))d?,
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where we have used the induction hypothesis again to establish the second equality. This is equal to
ﬁm d?, ..., d,%) thanks to Lemma 5.9. The conclusion follows. O

Corollary 5.11 [Li 2010, Theorem 4.1]. Z,(gal,) is generated by z1, . .., z, and (d; - - -dy)~ L

Proof. This follows from Lemma 5.5 and Theorem 5.10 since k[x1, . . ., x,]%n is generated by the modified
complete symmetric functions le(xl, e X)), e, ﬁn(xl, e, Xp). O

6. Action on modules over cyclotomic Hecke algebras

Throughout the section, we assume that we are given a polynomial
f)= fow' + fiw™" 4+ fi e Kw] ©.1)

of degree [ > 0 such that fo = 1 and f; = ¢. Recall from the introduction that the affine Hecke algebra
A H,, with its standard generators xi, ..., X,, 71, ..., Ty—1 iS identified with the endomorphism algebra
End 47(;)(1®") so that and x; is the dot on the i-th string and 7; is the positive crossing of the j-th and
(j+1)-th strings (numbering strings 1, ..., n from right to left). The cyclotomic Hecke algebra an
of level / associated to the polynomial f(w) is the quotient of A H, by the two-sided ideal generated
by f(x1). We also include the possibility n = 0 with the convention that Hof =k

The basis theorem proved in [Ariki and Koike 1994, Theorem 3.10] shows that the following gives a
basis for H,f as a free k-module:

X' xr e |0<ry,...,ra <1, g €6}, 6.2)

where 7, denotes the element of the finite Hecke algebra defined from a reduced expression for the
permutation g. By the basis theorem, the obvious homomorphism H,,f — HﬁfH sending the generators
x; and 7; to the elements of H,{;rl with the same names is injective. So we may identify H,,f with a
subalgebra of an +1- We denote the induction and restriction functors by

ind"*! = H'

ol ®pr — an—mod — an+1—mod, (6.3)

res/*!: H/, -mod — H/-mod. (6.4)
We are going to make the Abelian category @nzo an _mod into a left Heis_1(z, fo_l)—module category,

with 1 and | acting as induction and restriction, respectively. In order to do this, we need the Mackey
theorem for H,f : there is an isomorphism of functors

ind”_, ores” | ®Id¥ = res’™ oind" . (6.5)

The standard proof shows that the map

-1 -1
an®Hnj;l HJGB@H,{—)H,{H, (u(X)v,u)o,...,wl_l)r—>ut,,v—i—X:wrx;Jrl (6.6)
r=0 r=0
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is an isomorphism of (H,'f , H,f )-bimodules. This implies that there is a unique (H,'lf , H,‘,f )-bimodule
homomorphism

trf Hr{+1

—~ H)/ 6.7)
such that tr,{(rn) =0 and trf,'(x;H) =&ofor0<r<lI.
Lemma 6.1. For any n > 0, we have that tr;zf(f(xn+1)) =0

Proof. Foru,ve H I write u =, v as shorthand foru =vincasen =0,oru —v € an Ty H,‘,f in case

n+1-°
n > 0. We first show by induction onn =0, 1, ... that

2 b [ c :
Zb+61+ +Cn—a(l_[i with c;:ﬁO(_Z Ci))xn+1x"n o 'xll ifa >0,

a _ b>0,cq,..., c, >0
Ty TIX[ T Ty =g 5 b e c ) (6.8)
Yoptertte=a ([T wim e 20@2e0)) 00 " - xf'ifa <0.
b=<0,c1,....cn <

We explain this in detail in the case a > 0, since the case a < 0 is similar. The base case is trivial. For the
induction step, using the relations depicted in (2.8)—(2.9), we have that

Tp Xy Ty = Ty T, 1—2 E Ty X n+1x
b+c=a
b,c>0
_ 2 b c
= X412 2 T n+1x —< 2 Xnt1%n
b+c=a b+c=a
b,c>0 b,c>0
— a 2 b c+d 2 b c__ .a 2 b c
=n Xy —< z : Xne1Xn -z § : Xnp1Xn =X — 2 z : CXp1Xn-
b+c+d=a b+c=a b+c=a
b,c,d>0 b,c>0 b,c>0

Now take the expression for 7,1 - -- T1x{ 11 - - - 7,1 given by the induction hypothesis, multiply on left
and right by 7,,, and use the above identity plus the observation

tn(an Ty— 1H 1)Tn—Hn]:17nTn—lann 1_H 1 Ta—1TnTn— 1H CanrnH,f.

Finally, to deduce the lemma, we multiply (6.8) by f;—, and sum overa =0, 1, ..., to show
l
fEOT = fit Y fia Y ( 1 (—zzcl~)>xﬁ+1x,§” -l
a=1 b+ci++cp=a i with ¢;#0
b>0,cq,...,c,>0

The left-hand side is zero by the cyclotomic relation in H . The right-hand side is equal to f(x,+1)
plus terms in the kernel of trn . O

Theorem 6.2. There is a unique strict k-linear monoidal functor

W Heis_i(z,1) = Endk(@an—mod>

n>0
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sending the generating object 1 (resp. |) to the additive endofunctor that takes an H,‘,f -module M to
indz+1 M (resp. res, _, M), and the generating morphisms x, t, ¢ and d to the natural transformations
defined on the an -module M as follows:

o Ur(x)m: n+1®HfM—> n+1 ®pyr M. u®v > uxyy ®v.

e W (T)y:H +2®HfM — n+2®Hf M, u®v > ut,11 Qv (where we have identified indflﬁ o indﬁ+l
with 1nd”Jr2 in the obvious way)

e Uiy : M — res”“( H .,

making (md"+1 res’ 1) into an adjoint pair of functors.

Hf M), v~ 1 ®u, ie., it is the unit of the canonical adjunction

e Ve(d)y: H ®y S (res, | M) — M,u®v > uv, i.e., it is the counit of the canonical adjunction

making (ind” res _y) into an adjoint pair of functors.

n—1
Proof. We use the presentation for Heis_;(z, t) from Definition 2.2. Let us first treat the case / = 0. In this
case, the polynomial f(w) from (6.1)is 1 and t> = 1. The category D,-o an -mod is simply the category
of left k-modules, and all of the induction and restriction functors are zero. Consequently, almost of the
relations are trivially true. The only one that requires any thought is the relation (Y= (tz=! —¢~1z71)1;
from (2.12). This holds because the scalar on the right-hand side is zero as ?2=1.

Henceforth, we assume that/ > 0. Then Heis_;(z, t) is generated by the objects 1 and | and morphisms
x, 7, ¢ and d subject to the relations (1.6)—(1.9), plus two more relations:

() [X NANE- BN ] is invertible where o := X is defined by (2.2).

(2) € P =tz7"11 where y :=/" "\ is defined by (2.13), i.e., it is —~'z~! times the (2, 1)-entry of the
inverse of the matrix in (1).

The relations (1.6)—(1.9) are straightforward to check. On an '—modules, W ¢ (o) comes from the (an ', an ')-

bimodule homomorphism H, ® 1Y H > an Iy
is invertible by the proof of the Mackey theorem. Moreover, we see from (6.6) and the definition that

W ¢(y) comes from the (an , H / )- blmodule homomorphisms —¢~'z ltr,{ e 1 — Ha / for all n > 0.

u®v+— ut,v. So we get the relation (1) since (6.6)

So for (2) we must show that —¢ !z~ trn (xn )= tz~!. This follows from Lemma 6.1 and the definition
of tr,, , remembering that t> = f;. O

If we switch the roles of induction and restriction, we can reformulate Theorem 6.2 in terms of
Heisenberg categories of positive central charge. We prefer for this to replace the induction functor indﬁ+1

from before (which is the canonical left adjoint to restriction) with the coinduction functor

comd”Jr1 = Hom ) r(H -): an—mod — H,‘Lr]—mod (6.9)

n+1 ’
which is its canonical right adjoint.
Theorem 6.3. There is a unique strict k-linear monoidal functor

\I!JY : Heisi (z, > Endk(@an—mod)

n>0
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sending the generating object 1 (resp. |) to the additive endofunctor that takes an H,‘,f -module M to
res, | M (resp. Coind’flJrl M), and the generating morphisms x, T, ¢ and d to the natural transformations

defined on the an -module M as follows:

. \I/]Y(x)M cres;, M —res) | M,vi—> x,v.

\% . n n —1
. \I!f(r)M res; s M —res) s M,vi> —1,_ .

. \IJ}/(C)M : M — Hom,,s (an,reszil M), v — (u — uv), ie., it is the unit of the canonical
n—1

n

adjunction making (res, _,,

coind)_,) into an adjoint pair of functors.

. \IJ}/. (d)m :resZJrl (Hom,, s (Hrf:rl, M))— M, 0+ 0(1), ie., it is the counit of the canonical adjunction

n+1

e CoindZH) into an adjoint pair of functors.

making (res

Proof. This may be proved directly in a similar way to the proof of Theorem 6.2. One uses the presentation
for Heis; (z, t~') from Definition 3.1 instead of the one from Definition 2.2, plus the Mackey isomorphism
(6.6) and Lemma 6.1 as before. We leave the details to the reader. O

In fact, we have that indﬁJrl = coindZH. This follows by the uniqueness of adjoints, since Lemma 3.7
and Theorem 6.2 (resp. Theorem 6.3) implies that indﬁ+1 is right adjoint to restriction as well as being left
adjoint (resp. coind;”rl is left adjoint to restriction as well as being right adjoint). It follows that all three
functors (induction, coinduction and restriction) send finitely generated projective modules to finitely
generated projective modules. Hence:

Lemma 6.4. The restrictions of the functors Vs and \IJ]Y constructed in Theorems 6.2—6.3 give strict

k-linear monoidal functors

W Heis_(z,1) — 8ndk(@ H,f—pmod), \Iljvc : Heisy(z, t_l) — Snd(@ an-pmod),

n>0 n>0

where an >-pmod denotes the category of finitely generated projective left H,{c -modules.

7. Action on category O for rational Cherednik algebras

The Heisenberg action on €9 H,f -mod from Theorem 6.2 can also be extended to an action on the

n>0
category O for rational Cherednik algebras, following an argument of Shan. To explain this in more detail,
assume that k = C, and consider the complex reflection group G(I, 1,n) = S,:Z/1Z for [ > 1, with
reflection representation k” defined as in [Shan 2011, Section 3.1]. Defining a rational Cherednik algebra
requires a choice of parameters, for which there are a bewildering number of different parametrizations.

We have:

A single parameter « € k, which is the parameter kx| in [Ginzburg et al. 2003, Remark 3.2] for a
reflecting hyperplane H on which the difference of two coordinates vanish.

e Anl-tuple (x1,...,k1) € k! of parameters, which corresponds to the family {kx ;}o<i<; of parameters
in [loc. cit., Remark 3.2] associated to a reflecting hyperplane H on which a single coordinate
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vanishes so that k; = kg ;. In [loc. cit.], it is assumed that ky o = ky; = 0, but adding a constant
to all kg ; leaves the algebra unchanged. It is useful for us to incorporate an additional degree of
freedom, so we drop the vanishing condition here: our parameter x; may be nonzero.

Let H,, be the rational Cherednik algebra attached to these parameters as in [loc. cit., Section 3].

Let g := exp( V/—1mk) and ¢; = exp( V—1m(k; —i/L)) fori =1,...,1. One can relate these to
the parameters in [Shan 2011] by choosing integers e > 2 and (s, ..., s;) then letting x := 1/e and
Ki = ks; +i/l, s0 q; = q*, fori = 1,...,1; note that the parameter ¢ in [loc. cit.] is our ¢%. Let
O =0, = @nzo O, where O, is the category of H,-modules introduced in [Ginzburg et al. 2003,
Section 3]. Also define

l
f)=Jw+¢). t=aq - a.

i=1

By [Ginzburg et al. 2003, Theorem 5.16], there is an exact functor

KZ:0— @ H,f -mod. (7.1)

n>0

Note that this functor depends on a choice for each n of a basepoint in the subset of C" where all entries
are distinct and nonzero. Different basepoints give isomorphic functors, but the isomorphism depends on
the homotopy class of a path between the basepoints. For simplicity, we assume these basepoints are
chosen to lie in the set {(by,...,b,) e R" |0 < by < --- < b,}. Since this is a contractible space, the
resulting KZ functors are all canonically isomorphic, and there is no need for us to be more specific.

Matching with the formulae in [Ginzburg et al. 2003; Shan 2011] requires using the isomorphism from
the cyclotomic Hecke algebra in [Shan 2011, Section 3.1] to ours that sends the generators Ty, 11, ..., 1,1
to —x1,q7t1, ..., q7,—1. The Hecke algebra generators 7; (i =1, ..., n—1) in [Shan 2011] are of the form
—T for Hecke algebra generators T from [Ginzburg et al. 2003, Section 5.2.5] associated to reflections in
the first type of hyperplane above. Also, Ty is a scalar multiple (depending on the choice of «;) of the
Hecke algebra generator T in [loc. cit., Section 5.2.5] associated to a reflection of the second type. The
key point in all of this is that the minimal polynomials for x; and t; =1, ..., n — 1) arising from the
key formula in [loc. cit., Section 5.2.5] are f(w) and (w —¢)(w +¢~"!) (up to scalars), i.e., we do indeed
get defining relations of H,{ .

The functor KZ is fully faithful on projectives [loc. cit., Theorem 5.16]. Moreover, it intertwines the
in [Shan 2011,
Section 3.2] with the functors indZ+1 and resﬁ+1 thanks to [loc. cit., Theorem 2.1]. These induction and

Bezrukavnikov—Etingof induction and restriction functors denoted ind; ., and res,

n+1 n+1

restriction functors also depend on a choice of basepoint with a particular stabilizer, which following Shan
we fix to be (0,0, ..., 0, 1). (It would be more philosophically consistent with our previous conventions
to say that whenever we choose a basepoint for restriction, we choose one of the form (by, ..., b,) € R"
such that 0 < b; < by <--- < b,; whether we have equality or strict inequality depends on which stabilizer
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we wish to have under the action of G(/, 1, n). As before, all such choices give canonically isomorphic
functors.)

Theorem 7.1. There is a strict k-linear monoidal functor
W Heis_i(z, 1) — Endi(O). (7.2)

that makes O into a module category over Heis_;(z, t), with 1 and |, acting as Bezrukavnikov—Etingof
induction and restriction functors, respectively. This can be done in such a way that KZ is a morphism of
Heis_;(z, t)-module categories, viewing @nzo an _mod as a module category via the functor V¢ from
Theorem 6.2.

Proof. Our argument is exactly as in the proof of [Shan 2011, Theorem 5.1] using [loc. cit., Lemma 2.4].
We need to show that there are certain natural transformations of functors satisfying specific relations.
Theorem 6.2 allows us to define these on the image of the functor KZ via the action of Heis_;(z, t). The
full-faithfulness of KZ allows us to transfer this to an action on the full subcategory of projectives in O.
Since O has enough projectives by [Ginzburg et al. 2003, Corollary 2.8], this action can be extended to
an arbitrary object X by presenting X as the cokernel of a map between projectives. The resulting action
is well-defined due to the fact that endomorphisms of an object lift to any projective resolution uniquely
up to homotopy. O

Remark 7.2. This quantum Heisenberg action is in many ways more convenient for working with category
O over Cherednik algebras than a Kac—-Moody 2-category action, since the Heisenberg action requires no
special assumptions on parameters. In fact, this action is still well defined if k is replaced by a complete
local ring, so one can extend the Heisenberg action to deformed category O.

8. Categorical comultiplication

In this section, we construct the quantum analog of the categorical comultiplication from [Brundan et al.
2018, Theorem 5.4]. As discussed in [loc. cit., Theorem 1.3], the name “‘categorical comultiplication”
derives from the relationship of this map to the usual comultiplication on the universal enveloping algebra
of the Heisenberg Lie algebra. Since in the quantum case an explicit description of Ko(Kar(Heis,(z, t)))
analogous to that of [loc. cit., Theorem 1.1] is not available, we will not make a precise statement along
these lines here, but we fully expect an analog of [loc. cit., Theorem 1.3] to hold in all situations where
the Grothendieck ring has the expected form. As well as the quantum Heisenberg category Heis(z, t),
we will work with Heis;(z, u) and Heis,, (z, v) for [, m € Z and u, v € k* chosen so that

k=Il+m, t=uv. 8.1

To avoid confusion between these different categories, the reader will want to view the material in this
section in color.

Let Heis;(z, u) O Heisy (z, v) be the symmetric product of Heis;(z, u) and Heis,,(z, v) as defined
[Brundan et al. 2018, Section 3]. This is the strict k-linear monoidal category defined by first taking
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the free product of Heis;(z, u) and Heis,, (z, v), i.€., the strict k-linear monoidal category defined by the
disjoint union of the given generators and relations of Heis;(z, u) and of Heis,, (z, v), then adjoining
isomorphisms oxy : X ® Y — Y ® X for each pair of objects X € Heis;(z,u) and Y € Heis,, (z, v)
subject to the relations

ox,9X,,y = (0x,,y ®1x,)o(lx, ®0ox,v), ox,vo(f®1ly) =0y ® f)oox, v,
ox,vev, = (ly, ®ox y,)o(ox,y, ®ly,), oxrno(lx®g =(g®lx)ooxy,

for all X, Xy, Xo € Heisj(z,u), Y, Y, Y> € Heis,,(z,v) and f : X; — Xo, g : Y1 — Y>. Morphisms
in Heis;(z, u) © Heis,;y (z, v) are linear combinations of diagrams colored both blue and red. In these
diagrams, as well as the generating morphisms of Heis;(z, u) and Heis,, (z, v), we have the additional

X XXX

which represent the isomorphisms oy y for X € {f, |} and Y € {1, |}, and their inverses

XXX X

Definition 8.1. Given a diagram D representing a morphism in Heis;(z, u) © Heis,, (z, v) and two generic

two-color crossings

points in this diagram, one on a red string and the other on a blue string, we will denote the morphism
represented by

(D with an extra dot at the red point) — (D with an extra dot at the blue point)

by labeling the points with dots joined by a dotted line. For example

SEERE

Let Heis;(z, u)OHeis,, (z, v) be the strict k-linear monoidal category obtained by localizing at ?3 $ .
This means that we adjoin a two-sided inverse to this morphism, which we denote as a dumbbell

b= (b 1) 3

Just as explained in the degenerate case in [Brundan et al. 2018, Sections 4-5], all morphisms whose
string diagram is that of an identity morphism with a horizontal dotted line joining two points of different
colors are also automatically invertible in the localized category. We also denote the inverses of such
morphisms by using a solid dumbbell in place of the dotted one. For instance

0= (5 00) (1119
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We also need the following morphisms, which we refer to as internal bubbles:

QP:ZC; B % +Z@%, é;zzga% @ +Zlf@, (8.4)
begoforot dogionte w

The category Heis;(z, u) OHeis,, (z, v) possesses various symmetries which are often useful. Derived
from (3.3), we have the strict k-linear monoidal isomorphism

Qllm . Hel.Sl (Z7 M)CT)HEism (Zv U) L) (HEI.S,I (Z7 M_l)éHel.S,m (Zv U_l))op’ (8‘6)

which takes a diagram to its mirror image in a horizontal plane multiplied by (—1)**> where x is the
number of one-colored crossings and y is the number of leftward cups and caps (including ones in (+)-,
(—)- and internal bubbles). Also, we have

flip : Heis; (z, u)OHeis,, (2, v) = Heisy (z, v)OHeis; (z, u) (8.7)

defined on diagrams by switching the colors blue and red then multiplying by (—1)* where z is the total
number of dumbbells (both solid and dotted) in the picture. Finally, the category Heis;(z, u)OHeis,, (2, v)
is strictly pivotal, with duality functor

* 1 Heis)(z, u)OHeisy (2, v) = ((Heisi (z, u)OHeisy (z, v)) ) (8.8)

defined by rotating diagrams through 180° just like in (3.21).
We denote the duals of the internal bubbles (8.4)—(8.5) by

09

This definition ensures that internal bubbles commute past cups and caps in all possible configurations.

o 9=

Again as in [Brundan et al. 2018, Sections 4-5], there are many other obvious commuting relations, such
) /

For example

as
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5= S = b, b= fo.

as well as the mirror images of these under the symmetries €2, flip and *. We will appeal to all such
relations below without further mention.

Here are some more interesting relations. The first shows how to “teleport” dots across dumbbells
(plus a correction term):

Hedde T A bE 4

b+c=a—1 b+c=a—1
b,c>0 b,c<0

for any a € Z. We also have the following relations to commute dumbbells past one-color crossings:

QR RE = N L o 8 S L
WL =20 4eg s = L +eg o=, (8.11)
R = e Nl =Xt s, e
mzx’ﬁﬂm, Xﬂ:}@lﬂm. (8.13)

These are all straightforward to prove: one first cancels the solid dumbbells by composing on the top and
bottom with their inverses then uses the affine Hecke algebra relations (1.6)—(1.7) to commute dots past
crossings in the result. For example, to prove the first relation in (8.10), we have

Hd =X AR TG - K e =X+t 1]

We then compose on the top with a solid dumbbell connecting the red strand and the leftmost blue strand,
and compose on the bottom with a solid dumbbell connecting the red strand and the rightmost blue strand.

The following seven lemmas are the quantum analogs of [Brundan et al. 2018, Lemmas 5.6-5.12].
Their proofs are quite similar to the degenerate case.

o)
Lemma 8.3. For any a € Z, we have that

Eo+ & )= > JL% —zgfa uf;g

b<a or b>0

Lemma 8.2. We have that
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Lemma 8.4. The following relations hold:

- oobof e et
- oofotrg et

b>0

e

beZ

Lemma 8.5. We have that

Lemma 8.6. We have that

-4 g 2

Lemma 8.7. We have that

s g v
=2y . bt
l “27 2
Lemma 8.8. We have that

KoY,

Using these, we can prove the main theorem of the section:

Theorem 8.9. For k =1+ m and t = uv, there is a unique strict k-linear monoidal functor
Aqpn = Heisg(z, 1) — Add(Heis; (z, u) OHeisy (2, v))
such that t+— 1+ @ 1, I+ | @ |, and on morphisms
% > {L + % : (8.14)

Ko X b wedh
PSP ST AT SeN S E RS

(A= U= U+ U (8.17)
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Moreover, we have that

Ay () =® +®, A\ ) =— @— @ (8.18)

Also, the following hold for all a € Z:

Allm( @a):Z @b s Al\m(“@ ):_Z b® s (819)
é @a—h é a—b@
A ( Oa)=—2Y. O | A=) O, (8.20)
beXZ: @afb ZZ: afb@

Equivalently, in terms of the generating functions (3.14)—(3.17) and their analogs in Heis;(z, u) and
Heispm (z, v)

Ay (D (W) =D (w) D (W), Ayu(D W) = G W) D (w), (8.21)
A (O (W) =0 (w) O W), A(Ow)) = W) & (w). (8.22)

Remark 8.10. For the proof, it is helpful to notice that flip oA}, = A,,; (on extending flip to the additive
envelopes in the obvious way). However, A}, does not commute with either of the other symmetries
Q or *. In fact, the map 2_;_,, o A_j_,, o would be an equally good alternative choice for the
categorical comultiplication map. The only change to the above formulae if one uses this alternative is
that one needs to replace ¢ with —g~! in (8.15)—(8.16); this is the “Galois symmetry” in the choice of

2

the root ¢ of the equation x~ —zx — 1 =0.

Proof. In view of the uniqueness from Lemma 4.3, we may take (8.14)—(8.18) as the definition of A;},, on
generating morphisms, and must check that the images of the relations (1.6)—(1.9) and (4.1)—(4.4) from
Definition 4.1 are all satisfied in Add(Heis;(z, u)OHeis,, (z, v)); we must also check (8.19)—(8.20). The
details are sufficiently similar to the degenerate case from the proof of [Brundan et al. 2018, Theorem 5.4]
that we only sketch the steps needed below.

First one checks (1.6)—(1.8). For example, to check the skein relation, the image under A, of x — r/\/
is A+ flip(A) where

ai= (=5 (1 - 84) +<(0+ % - %)

Using the skein relation in Heis;(z, u) plus (8.9), A simplifies to B := zT T—i— zT T This is what is required
since the image under A}, of ZT Tis B + flip(B). The other relations here are checked by similarly
explicit calculations. The one for the braid relation is rather long.

The relation (1.9) is easy.

To check (8.19)—(8.20), we assume to start with that k > 0. Consider the clockwise (+)-bubble «F.
When a <0, this is just a scalar (usually zero) due to (3.11) and the assumption k£ > 0, and the relation
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to be checked is trivial. So assume that @ > 0. Then o« = ), hence, its image under A, is
— ‘8 y— “8 ), which is indeed equal to —z} ,.; »P a—bF by Lemma 8.3. This establishes the
left-hand identity in (8.19), hence, the left-hand identity in (8.21). The right-hand identity in (8.21) then
follows using (3.13), thereby establishing the right-hand identity in (8.19) as well. Next, consider the
clockwise (—)-bubble «(=y. This time the relation to be checked is trivial when a > 0, so assume that
a < 0. Then, using the assumption k > 0 again, we have that «(— = «{ "y, hence, its image under Ay,
is =2 y—“8 », which is equal to 2 ), ., (& a5y by Lemma 8.3 (noting when a < 0 < k that the
term involving (+)-bubbles is zero). Then we complete the proof of (8.20) using the equivalent form
(8.22) and (3.13) once again. It remains to treat k < 0. This follows by similar arguments; one starts by
considering the counterclockwise (4-)- and (—)-bubbles using the identities obtained by applying €2, to
Lemma 8.3, then gets the clockwise ones using (3.13).

Consider (4.3)—(4.4). The relations involving bubbles follow easily from (8.19)—(8.20). Next consider
the right curl relation in (4.3), so k > 0. Applying A;,, to the relation reveals that we must show that
A +1flip(A) = B +flip(B) where

A=z m —b, B:= 5k,ofﬁ.

This follows from Lemma 8.5, noting that the only nonzero term in the summation on the right-hand side
of that identity is the one with @ = b = 0 due to the assumption that k > 0. The argument for the left curl
in (4.4) is entirely similar; it uses the identity obtained by applying * o £2;},, to Lemma 8.5.

Finally, one must check (4.1)—(4.2). This is a calculation just like in the final paragraph of the proof of
[Brundan et al. 2018, Theorem 5.4]; ultimately one uses Lemmas 8.6-8.8. O

9. Generalized cyclotomic quotients

In this section, we define some k-linear categories, namely, the generalized cyclotomic quotients of
Heisy(z, t). Recall that x = $ and y = ?

Definition 9.1. Suppose we are given monic polynomials

fw) = fow' + frw' "+ + fi e Kw], 9.1
g(w) = gow™ + grw™ '+ + gy €k[w] 9.2)

— 2 _
= = m-
such that k =m — [ and 1~ = f;/g,. Define

O (w)=t""2) Ofw™:=gw)/f(w) € w* +w* k[w], 9.3)
nez

Ot(w)=—1z) Ofw™ = f(w)/gw) € w™ +w™*"k[w"], (9.4)
neZ

O~ (w)=—tz) Oyw " :=r*g(w)/f(w) € | + wkw], 9.5)

neZ
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O (w)=r""2) O w™" =172 f(w)/gw) € | + wk[w]; (9.6)

nez

cf. (3.14)—(3.17). Let Z( f|g) be the left tensor ideal generated by the morphisms
{(f(x), ®n—01| -k <n<I}. 9.7)

The generalized cyclotomic quotient associated to the polynomials f(w) and g(w) is the quotient category

H(fIg) :=Heisk(z, 1) /Z(f18). 9.8)
It is a module category over Heis(z, t).

The following is the quantum analog of [Brundan 2018, Lemma 1.8]; see also [Brundan and Davidson
2017, Lemma 4.14] for the analog in the setting of Kac—Moody 2-categories.

Lemma 9.2. In the setup of Definition 9.1, Z( f|g) may be defined equivalently as the left tensor ideal
generated by

(80).n@® -0k <n<m). (9.9)
Moreover, it contains @n— 071, Qn—0;1,n@ — O Landn & — O, 1 foralln € Z.

Proof. For morphisms 6, ¢ : X — Y, we will write 6 = ¢ as shorthand for 6 —¢ € Z(f|g). By (3.11)-(3.12),
we have automatically that (P = OF1 whenn < —k, n(P = <[~]),Tl when n <k, ©n =0, 1 when
n>0,and n & E@lehennzo.

In this paragraph, we use ascending induction on 7 to show that (P » = O;'1 for all n € Z. This is
immediate from (9.7) if n < [, so assume that n > [. The fact that f(x) = 0 implies that

/

[ 1
ng@ n—a+2fa@n—a = ZfHO"_a =0.
a=0 a=0

a=0
On the left-hand side of this, the only nonzero (—)-bubble arises when n = a = [, so it shows that
Zfz:() fa@®n—a = 8., it 'z7'1. Using the induction hypothesis and f; = g, we deduce that
@n+ Y fu0, 1 =68 ,8mtz 1. Equating w'~"-coefficients in f ()0 (w) = g(w), we get that
S faOF = 8108mtz”". Hence, ) n = 071 as claimed.
Next, we show by descending induction on n that ) » = O, 1 for all n € Z. We may assume that
n < 0. Equating w"-coefficients in f(w)O1(w) = fzf(w)@)*(w) gives that

l l
Z fl—d@;—‘,-n =- Z fl—a®;+n‘
a=0 a=0

Using the induction hypothesis plus the previous paragraph, we deduce that

1 [
Zﬁ_a@a-i-n—f—f[@; +Z fl—a@ a+n=0.
a=0 a=1
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But also from f(x) =0 we get that

1 1 l
Z ﬁ—a@“+” + Z fl—a@aJrn = Z fz_a@ atn = 0.
a=0 a=0 a=0

Taking the difference of these two identities establishes the induction step.

Using the notation of (3.14)—~(3.17), we have now shown that & (w) = OF (w)1. Taking inverses using
(3.13), we deduce that @& (w) = O*(w)1. Hence, n & = @;—Ll for all n € Z. So we have established the
last assertion from the lemma.

Equating w?-coefficients in g(w) = f(w)OF (w) shows that g,_, =171z fo:o ﬁ_a@j_b. Hence

i I
gy) = Zt_lfl_a (z Z b% @u—b) 17 Zt_lﬁ_”lf)“ 0.
a=0 a=0

b>0

We have now shown that Z( f|g), the left tensor ideal generated by (9.7), contains (9.9). Similarly, the
left tensor ideal generated by (9.9) contains (9.7). This completes the proof. O

We assume for the rest of the section that k is a field, and that we are given a factorization t = uv~! for
u, vek* suchthatu’= f; and v>=g,,. Let V(f) and V(g)" denote D=0 H,',f—prnod and P,~¢ Hj-pmod
viewed as a module categories over Heis_;(z, u) and Heis;, (z, v~!) via the monoidal functors ¥ r and
\IJ; from Lemma 6.4. Let

V(flg) =V(f)mVvig)” (9.10)

be their linearized Cartesian product, i.e., the k-linear category with objects that are pairs (X, Y) for
X eV(f),Y €V(g)Y, and morphisms

Homy ) ((X, Y), (U, V)) := Homys) (X, U) ® Homyg)v (Y, V)
with the obvious composition law. There is an equivalence of categories

V(£18) ~ D (H ® Hf)-pmod.
r,s>0
hence, V( f|g) is additive Karoubian. Moreover, V(f|g) is a module category over the symmetric product
Heis_;(z, u) © Heisy(z, v1).

Lemma 9.3. Let V be a finite-dimensional AHy-module. All eigenvalues of x, on V are of the form
X, q* or g2 for eigenvalues A of x; on V.

Proof. We may assume for the proof that k is algebraically closed. Suppose that v € V is a simultaneous
eigenvector for the commuting operators x; and x, of eigenvalues A; and A,, respectively. If ;v =quv (resp.
TV = —q‘1 v) then Ay = qzkl (resp. Ay = q_zkl), as follows easily from the relation x; (71 — z2)v = X 0.

Otherwise, v and 7y v are linearly independent, in which case the matrix describing the action of x; on
Al —zh2

the subspace with basis {v, Tjv} is ( 0

). So A, is another eigenvalue of x; on V. O
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Lemma 9.4. Assume that f(w) and g(w) split as products of linear factors in k[w], and moreover
assume that Au~' ¢ {¢* | i € Z} for all roots A of f(w) and pu of g(w). Then the categorical ac-
tion of Heis_;(z, u) ® Heis,,(z, v~ ") on V(f|g) defined above extends to an action of the localization
Heis_i(z, u)OHeisy (z, v™") from Definition 8.1.

Proof. Lemma 9.3 implies that the eigenvalues of x, ..., x, on any finite-dimensional H,{ _module are
of the form g2 A for i € Z and a root A of f(w). Consequently, the commuting endomorphisms defined
by evaluating | ¢ and & |on an object of V(f|g) have eigenvalues contained in the sets {g%A | i €
Z,xarootof f(w)}and {¢> 1| j € Z, uaroot of g(w)}, respectively. By the genericity assumption,
these sets are disjoint, hence, all eigenvalues of the endomorphism defined by & ¢ =] & — & [lie
in k™. Consequently, this endomorphism is invertible. O

Lemma 9.4 shows for suitably generic f(w), g(w) that there is a strict k-linear monoidal functor
\Ilf(T)\IJgV : Heis_i(z, u)OHeisy (z, v — Endy(V(f|g). Composing this functor with the functor A_;,,
from Theorem 8.9, we obtain a strict k-linear monoidal functor

lIff|g = \.ijé\lj;‘/ o] A,1|m . Heisk(z, t) —> Sndk(V(f|g)). (9.11)
Thus, we have made V(f|g) into a module category over Heisy(z, t).

Theorem 9.5. Assume that f(w), g(w) satisfy the genericity assumption from Lemma 9.4 so that (9.11)
is defined. Let Ev : Endi(V(f|g)) — V(f|g) be the k-linear functor defined by evaluation on S :=
(H f , Hé” ) € V(f1g). The composition Ev oW |, factors through the generalized cyclotomic quotient
H(f|g) to induce an equivalence of Heisy(z, t)-module categories

Vrlg - Kar(H(flg) — V(flg).

Proof. We first show that W 7, (P (w))s € w* End(S)[w '] equals O (w)15. Recalling that 0T (w) is
the expansion at w = oo of the rational function g(w)/f (w), this follows because

Wi (D (w)s = Vs (D (w))H(( ® W, (D (W) g

thanks to (8.21), and also W ({H (w))H({ =1/f(w) and \Ifgv(@ (w))Hg = g(w). To see the last two
assertions, we first apply Lemma 9.2 to see that Z( f|1), the left tensor ideal of Heis_;(z, u) generated
by f(x), contains all coefficients of the series ‘P (w) — 1/f(w)1; all elements of this ideal act as zero
on Hof since its generator f(x) acts as zero. Then we apply Lemma 9.2 again to see that Z(1|g), the
left tensor ideal of Heis,,(z, v~') generated by g(y), contains all coefficients of P (w) — g(w)1; all
elements of this act as zero on H(‘)g .

The previous paragraph shows that (P » — O;F 1 acts as zero on S for all n € Z. Also it is obvious that
f(x) acts as zero on §. So the left tensor ideal Z( f'|g) acts as zero on S, which proves that Ev oW 7|, factors
through the quotient H( f|g) = Heisk(z, t)/Z(f|g) to induce a k-linear functor H(f|g) — V(f)RV(g)".
Since V(f|g) is additive Karoubian, this extends to the Karoubi envelope to induce the functor ¥ |,
from the statement of the theorem. Moreover, it is automatic from the definition that v 7|, is a morphism
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of Heisi(z, t)-module categories. It just remains to show that ¥, is an equivalence, which we do by
showing that it is full, faithful and dense.

First we show that 7|, is full and faithful. It suffices to check this on objects X = X, ® --- ® X and
Y=Y;®---®Y that are words in 1 and |. We assume moreover that k > 0; a similar argument with the
roles of 1 and | interchanged does the job when k <0 too. Let X* = X{®- - -® X} be the dual object (here,
1*=], | *=1). By rigidity, we have a canonical isomorphism Homy;(r|¢)(X, Y) = Homy(r|g)(1, X*®Y),
from which we get a commuting diagram

HomH(f\g)(X’ Y) ;> HomH(ﬂg)(l, X*® Y)

‘/’flgl l‘/ff\g

Homy(/1(X ® S, Y ®S) —— Homy(5)(S, X*®@Y ® S).

The left-hand vertical map in this diagram is an isomorphism if and only if the right-hand vertical map
is one. We claim that the left-hand vertical map is an isomorphism when X = Y =1%". To prove this,
the usual straightening algorithm (see the beginning of the proof of Theorem 10.1 for details) shows
that Endyis ;. (1®") is spanned by diagrams in the image of the canonical homomorphism AH, —
Endyei, ,)(T®”), with some number of bubbles added to the right-hand edge. Thus we have an induced
homomorphism an — Endy(r1q)(1®") which is surjective since bubbles on the right-hand edge are scalars
in the generalized cyclotomic quotient. On the other hand, Endy )¢y (1®" ®S) = End ul (H,f )= H,f . The
claim follows. Hence, the right-hand vertical map is an isomorphism when X* ® ¥ =] ®" ® 1®", Using
this, we can show that the right hand vertical map is an isomorphism in general. All of the morphism
spaces are zero unless X* ® Y has the same number of 1’s as |’s. If all |’s are to the left of all 1’s, we
are done already, so we may assume that X* ® Y involves 1 ® | as a subword. Let U be X* ® Y with
the two letters in this subword interchanged and V be X* ® Y with these two letters deleted. Using the
isomorphism 1 ® | = | ® 1 ®1%* from (2.10), we get a commuting diagram:

HomH(flg)(lv X*®Y) — HomH(f‘g)(l, U V@k)

W‘\gl l‘ﬁf’lg
Homy(4)(S, X*®Y ® S) —— Homy115)(S, U R S® V ® SB)

By induction, the right-hand vertical map is an isomorphism, hence, so too is the left-hand one.
Finally, we explain why v 7|, is dense. Let Q be an indecomposable object in V(f|g). We have
that |®" @ 18" ®S =|®" Q(H,/ HY) = (H/, H) ® M where M is a direct sum of summands of
(H r{ ,H ,fl ;) with n’ < n and m" < m. It follows that Q is isomorphic to the image of some idempotent in
Endy (15 (1®" @ 1¥" ®S) for some m, n > 0. Since we have shown already that ¥ ¢, is full and faithful,
there is a corresponding idempotent in Endy;(rjo)({®" ® 1®"). The latter idempotent defines an object
P of Kar(H(f|g)) such that ¥y, (P) = Q. O

Remark 9.6. If g(w) =1 the genericity assumption is vacuous, so Theorem 9.5 gives us an equivalence
of categories ¥ 7|y : Kar(H(f|1)) — V(f). In other words, the generalized cyclotomic quotient H( f[1)
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is Morita equivalent to the “usual” cyclotomic quotient defined by the cyclotomic Hecke algebras H,‘,f for
all n > 0. This statement is the quantum analog of [Brundan 2018, Theorem 1.7]; see also [Rouquier
2012, Theorem 4.25] for the analogous result in the setting of Kac—-Moody 2-categories.

Remark 9.7. More generally, suppose that there are factorizations f(w) = fi(w) fo(w) and g(w) =
g1(w)g>(w) such that the genericity assumption A ! ¢ {g? | i € Z} holds for A a root of f;(w) or g1(w),
and p aroot of f>(w) or g»(w). Then a similar argument to the proof of Theorem 9.5 can be used to show
that the categories Kar(#(f|g)) and Kar(H(f11g1) R H(f>|g2)) are equivalent. In particular, applying
this to Kar(H(f|1)) and using the previous remark, it follows that the cyclotomic Hecke algebra an is

Morita equivalent to €5 H,fl' ® H,f;z, thereby recovering a result of Dipper and Mathas [2002].

ni+ny=n
10. Basis theorem

Finally, we prove a basis theorem for the morphism spaces in Heisi (z, t). Our proof of this is very similar
to the argument in the degenerate case from [Brundan et al. 2018, Theorem 6.4]. Let X = X, ® - - - ® X
and Y =Y, ®---®Y) be objects of Heisy(z, 1) for X;,Y; € {1, |}. An (X, Y)-matching is a bijection
between {i | X; =t}u{j|Y;=]}and {i | X; =} U{j | Y; =1}. A reduced lift of an (X, Y)-matching
means a diagram representing a morphism X — Y such that

« the endpoints of each string are points which correspond under the given matching;
« there are no floating bubbles and no dots on any string;

« there are no self-intersections of strings and no two strings cross each other more than once.

Fix a set B(X, Y) consisting of a choice of reduced lift for each of the (X, Y)-matchings. Let B,(X, Y)
be the set of all morphisms that can be obtained from the elements of B(X, Y) by adding dots labeled with
integer multiplicities near to the terminus of each string. Also recall the homomorphism 8:Sym ® Sym —
Endyyeis, 2.1 (1) from (3.7). Using it, we can make the morphism space Homy,;, ;.1 (X, Y) into a right
Sym ® Sym-module: ¢6 := ¢ ® ().

Theorem 10.1. For any ground ring k, parameters z, t ek, and objects X, Y € Heisy(z, t), the morphism
space Homyyis, 2.1y (X, Y) is a free right Sym @ Sym-module with basis B,(X,Y).

Proof. We just prove this when k <0; the result for k > 0 then follows by applying Q. Let X =X, ®- - -® X
and Y =Y, ®---® Y| be two objects.

We first observe that B, (X, Y) spans Homy,;5, .1 (X, Y) as a right Sym ® Sym-module. The defining
relations and the additional relations derived in Sections 2, 3 and 4 give Reidemeister-type relations
modulo terms with fewer crossings, plus a skein relation and bubble and dot sliding relations. These
relations allow diagrams for morphisms in Heisi(z, ¢) to be transformed in a similar way to the way
oriented tangles are simplified in skein categories, modulo diagrams with fewer crossings. Hence, there a
straightening algorithm to rewrite any diagram representing a morphism X — Y as a linear combination
of the ones in B,(X, Y).
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It remains to prove the linear independence. We say ¢ € B,(X,Y) is positive if it only involves
nonnegative powers of dots. It suffices to show just that the positive morphisms in B,(X, Y) are linearly
independent. Indeed, given any linear relation of the form Z,N: 1 ¢ @ B(6;) = 0 for morphisms ¢; €
B, (X, Y) and coefficients 8; € Sym ® Sym, we can “clear denominators” by multiplying the termini of
the strings by sufficiently large positive powers of dots to reduce to the positive case.

The main step now is to prove the linear independence in the special case that X = Y =1%®", To
do this, we need to allow the ground ring k to change, so we will add a subscript to our notation,
denoting Heisk(z,1), V(f1g), Sym ® Sym, ... by yHeisg(z, 1), 1V (f1g), xSym Qi Sym, . .. to avoid any
confusion. It suffices to prove the linear independence of positive elements of B,(X, Y) in the special
case that k = Z[z*!, t*!]; one can then use the canonical k-linear monoidal functor yHeisi(z, 1) —
k @7y +1 441 71,41 =11 Heis(z, t) to deduce the linear independence over an arbitrary ground ring k and
for arbitrary parameters.

So assume now that k = Z[z*!, r*!] and take a linear relation ZIN: 1 ¢ ® B(6;) = 0 for positive
¢i € Bo(X, Y). Choose a so that the multiplicities of dots in all ¢; arising in this linear relation are < a.
Also choose b, ¢ > 0 so that all of the symmetric functions 6; € ;Sym ®Sym are polynomials in the

elementary symmetric functions e; ® 1, ...,ep,® 1 and 1 ®Q ey, ..., 1 ®e.. Then choose [, m so that a <,
b+ c <m and k =m —[. Note that / > m due to our standing assumption that k < 0. Let uy, ..., up and
v1, ..., U, be indeterminates and K be the algebraic closure of the field Q(z, ¢, uy, ..., up, v1, ..., V).

1

Pick ¢ € K* so that z =g — ¢~ and consider the cyclotomic Hecke algebras KH,{ “and kHS over K

associated to the polynomials
fw) =w+1%  gw)=w"+uw" "+ Fupw” " v+ ow L

Note the formula for g(w) makes sense because b + ¢ < m. Consider the Heisg (z, t)-module category
kV(f|g) from (9.11) (taking # :=¢ and v :=1). Since k< K, there is a canonical k-linear monoidal functor
kHeisx(z, 1) — wHeisg(z, t), allowing us to view kV(f|g) also as a module category over Heisx(z, t).
Then we evaluate the relation > ¢; ® 8(6;) =0 on k.S := (k Hof , KH(f ) to obtain a relation in KH,‘[ . By
the basis theorem for Kan from (6.2) and the assumption that a < [, the images of ¢, ..., ¢y in Kan are
linearly independent over K, so we deduce that the image of §(6;) in K is zero for each i. To deduce from
this that 6; = 0, recall that 6; is a polynomialine; ®1,...,e,®1, 1Qeyq, ..., 1®e.. So we need to show
that the images of B(e; ® 1), ..., B ®1), B(1Q®er), ..., B(1®e.) in K are algebraically independent.
In fact, we claim that these images are the indeterminates uy, ..., up, vy, ..., U, respectively. To prove
this, note that the low degree terms of O (w) are

0T (w) = g(w)/f (w) = w* +urw - Fupw* b 4. e wK[w ™',
O~ (w) =r*gw)/f(w) =1+vjw+--+vw +- - € K[w].

By (3.9), (9.3)-(9.5) and Lemma 9.2, the images of B(e, ® 1) and (1 ® e,) are the wk="- and w"-
coefficients of O («) and O~ (u), respectively, and the claim follows.
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We have now proved the linear independence when X = Y =1®", Returning to the general case, we can
use the canonical isomorphism Homy i, 2,1 (X, Y) = Homyyig, 2.1 (1, X* ® Y) arising from the rigidity
to see that the Sym ® Sym-linear independence of the positive morphisms in B, (X, Y) is equivalent
to the Sym ® Sym-linear independence of the positive morphisms in B,(1, X* ® Y). Thus, we are
reduced to the case that X = 1. Assume this from now on. The set B,(1, Y) is empty unless Y has
the same number n of 1’s as |’s. Also we have already proved the linear independence in the case
Y =l®" ® 1®". So we may assume that ¥ has a subword 1 ® |. Let Z be Y with the two letters in
the subword interchanged. By induction, we may assume the linear independence has already been
established for B, (1, Z). Consider a linear relation Z,N= 1 @i ® B(6;) for positive ¢; € B,(1, Y). Recalling
the isomorphism 1 ® | @ 190 = | ® 4 from (2.25), multiplying the subword 1 ® | on top by the
sideways crossing X defines a Sym ® Sym-linear map s : Homyyy, (-1 (1, Y) < Homyis, 2.0) (1, Z).
Unfortunately, s does not send B,(1, Y) into B,(1, Z). However, the image of B,(1, Y) is related to
B,(1, Z) in a triangular way, which is good enough to complete the argument. The full explanation of
this is almost exactly the same as in the degenerate case, so we refer the reader to the last paragraph of

the proof of [Brundan et al. 2018, Theorem 6.4] for the details. O
Corollary 10.2. Endseis; (2,1 (1) = Sym ® Sym.
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Characteristic cycles and Gevrey series solutions
of A-hypergeometric systems

Christine Berkesch and Maria-Cruz Fernandez-Fernandez

We compute the L-characteristic cycle of an A-hypergeometric system and higher Euler—Koszul homology
modules of the toric ring. We also prove upper semicontinuity results about the multiplicities in these
cycles and apply our results to analyze the behavior of Gevrey solution spaces of the system.

Introduction
Let D denote the Weyl algebra on X = C" with coordinates x = x1, ..., x,. Let 9; denote the variable
that acts on C[x] as 9/dx; and write d = 91, ..., 0,. A weight vector on D is L = (L, Ly) € Q" x Q"

such that L, + Ly > 0. Such a vector induces an exhaustive increasing filtration L on D by, for k € Q,
LD :=C-{x"“9" | L-(u,v) <k}.
Write L<¥D :=J,_, L*D. For any P in L*D \ L<*D, set
ing(P):=P+L*Deg"*D:=L*D/L*DC g’ D and degl(P):=k.
For a left D-ideal I and the D-module M = D/1, set
g (1) == (in(P) | P e I) Sgr"(D) and gr"(M):=gr"(D)/ gr™(]).

If L, + Ly = 0, the associated graded ring gr’ D is isomorphic to D and gr’ (1) can be identified with a
left D-ideal, which is also called a Grobner deformation of I in [Saito et al. 2000]. It is suggestive to
call grk (M) the Grobner deformation of M with respect to L. On the other hand, if L, + Ly > 0, the
associated graded ring gr’ D is isomorphic to the coordinate ring of 7*X = C?", which is a polynomial
ring in 2n variables. In this latter case, the L-characteristic variety of M is

Charl (M) := Var(grt (I)) € T*X = C*". (0-1)
The L-characteristic cycle of M is the finite formal sum

CcCt(My =) M) -,
C
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where C runs over the irreducible components of Char (M), and

(M) = 0((gr™ (M) p,)

is the multiplicity of gr’ (M) along C, where Pc is the defining ideal of C in gr’ (D) and £ denotes the
length of a grf (D) p.-module.

The weight vector F = (0,,1,) :=(0,...,0,1,...,1) € Q" x Q" induces the order filtration on D.
We notice that Char’ (M) and CCF (M) are called, respectively, the characteristic variety and the char-
acteristic cycle of M. If M is holonomic, that is, the dimension of its characteristic variety is n, then
the rank of M, defined rank(M) := dimg(x) C(x) ®c[x] M, coincides with the dimension of the space of
germs of its holomorphic solutions at any nonsingular point by a result of Kashiwara (see e.g., [Saito
et al. 2000, Theorem 1.4.19]). Notice that rank(M) = u* € (M) for C = T X.

One motivation for the study of L-characteristic cycles comes from the theory of irregularity of
holonomic D-modules. For a flavor of this deep and involved theory that fits the goals of this paper, a
projective weight vector of the form

L=F+(s—-1V

where s € Q@ and V = (—w, w), with w = (0, ..., 0, 1), induces the Kashiwara—Malgrange filtration
along the coordinate hyperplane ¥ = {x, = 0} € X = C". In this case, the L-characteristic variety
Charf *¢=DV (M) is locally constant with respect to s € @, except for at a finite set of values called
algebraic slopes of M along Y. This is a global version of the algebraic slopes defined and studied by
Laurent [1987]. On the other hand, the analytic slopes of M along Y were defined as jumps in the Gevrey
filtration of the irregularity sheaf of M along Y by Mebkhout [1990]. The comparison theorem for slopes
states that the algebraic and analytic slopes for M along Y coincide, and, even more, the Euler—Poincaré
characteristic of the irregularity sheaf can be computed in terms of the L-characteristic cycles of M
[Laurent and Mebkhout 1999]. In particular, certain multiplicities in the L-characteristic cycles are closely
related to the dimension of the space of Gevrey solutions of M along Y.

Another motivating idea of this article is that the F-characteristic cycle of a Grobner deformation
of a holonomic D-module M is equal to the L-characteristic cycle of M for an appropriate L (see
Lemma 3.1 for the precise statement). In particular, the holonomic rank of such a Grébner deformation is
the multiplicity of the component 7 X in cct(m).

Our main interest is A-hypergeometric D-modules, also known as GKZ-systems after their introduction

and study by Gelfand, Graev, Kapranov, and Zelevinsky [Gelfand et al. 1987; 1989; 1990]. Let
A=laij]=1a - a,] € 27"

be an integral matrix such that the group generated by the columns of A, ZA, is equal to Z¢, and the
positive real cone R>A over the columns is pointed. Let

Iy := (0" —09"| Au= Av) C C[3]
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denote the toric ideal of A. For B € C?, write E — B for the sequence of Euler operators given by
n
E;—Bi = Zaijxjaj —Bi
j=1

fori =1,...,d. The A-hypergeometric system of A at B € C? is
His(B):=D-(Is+ (E—B)) with associated module M4 (B) := D/H4(B).

A weight vector L = (L, L3) € @" x Q" as above is called projective it L,+Ly=c-1,:=c-(1,...,1)
for some constant ¢ > 0. Notice that any Euler operator E; is homogeneous with respect to such a filtration.
In [Schulze and Walther 2008], the irreducible components of CCE(M4 (B)) were enumerated, and when
B is generic (or not rank-jumping), CCE(M 4 (B)) was computed. In this article, we compute CCl(M 4 (B))
for any B, along with the characteristic cycles of higher Euler—Koszul homology modules (see Section 1)
of the toric ring C[d]/14. We also provide upper semicontinuity results for some of these multiplicities
and apply our results to the Gevrey solution spaces of M4(f).

Outline. In Sections 1-2, we provide background and preliminary results on Euler—Koszul homology and
L-characteristic cycles of A-hypergeometric systems. We compute the multiplicities in the characteristic
cycles of the Euler—Koszul homology of the toric ring in Section 4, with consequences in Section 5. We
provide upper semicontinuity results in Section 6 and study Gevrey solutions of H4(8) in Section 7.

1. Euler—Koszul homology

In this section, we present background related to Euler—Koszul homology, as found in [Matusevich et al.
2005; Schulze and Walther 2009], with some additions needed in the sequel. We use the convention that
0 € N. Recall that a; denotes the i-th column of the matrix A. Given a subset 7 C A of the column set
of A, the semigroup generated by 7,

Nt = {Zj,-a,- |ji e N forall g; € r},
a;€T
generates the semigroup ring S; := C[Nz]. With 7, : C[d;] :=C[9; | a; € ] — S; denoting the map
induced by 7, we have the isomorphism of rings S; = C[d;]/ ker ;. When convenient, we will abuse
notation and also view 7 as a matrix.

A subset G of the columns of the matrix A is a face of A, denoted G < A, if R>oG is a face of the
cone R>pA and G = ANRG. The codimension of a nonempty face G is codim(G) := d — dim(RG),
with codim(&) = d by convention. Let G¢ denote the complement of G in A.

Define a Zd-grading on D viadeg(x;) := —a; and deg(dy,) :=a;. A Zd—graded C[0]-module N is foric
if it has a filtration

0=NOcNDc...c NEDcNO =N
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such that N@ /N (=D for each i, is a 74 -graded translate of Sg, for some face G; < A. The degree set of
a finitely generated Z¢-graded C[d]-module N is deg(N) := {« € Z¢ | N, # 0}. The quasidegree set of N,
denoted qdeg(N), is the Zariski closure of deg(N) under the natural embedding Z¢ < C¢. A Z?-graded
C[0]-module N is weakly toric if there is a filtered partially ordered set (&, <) and a z¢ -graded direct
limit

¢s: N® > 1lim N® =N,
7 s5e6

where N is a toric C[d]-module for each s € &. The quasidegrees of N are

qdeg(N) := |_J qdeg(s (N®)),
se6
where each qdeg(¢;(N®)) is already defined since ¢, (N ) is toric for each s.
Let N be a weakly toric module. Given a homogeneous y € D ®cs) N, define an action of the Euler
operators for 1 <i <d by

(Ei —Bi)oy = (E; — B +deg;(y))y,

and extend this action C-linearly to D ® N. With this sequence of commuting endomorphisms on D Q N,
let IC.A (N, B) denote the Koszul complex on the left D-module D ®cja1 N, which we call the Euler—Koszul
complex of N at . Its homology is denoted H:} (N, B) := H; (KA (N, B)) or simply H; (N, B) when A is
clear from the context. Euler—Koszul homology was first introduced in [Matusevich et al. 2005] for toric
modules and extended to weakly toric modules in [Schulze and Walther 2009].

If b € 7%, we denote by N(b) a Zd—graded translated copy of N such that N (b), = N,_p, forall v € 74
Thus, deg(N (b)) = b+ deg(N). For example, if N = S4 = C[NA] then N(b) = CI[NA]z%. Euler—Koszul
homology is compatible with these graded shifts. Namely, we have

Hq(N(b), B) =Hg(N, p —b)(D). (1-1)

Theorem 1.1 [Schulze and Walther 2009, Theorem 5.4]. For a weakly toric module N, the following are

equivalent:

(1) Hi(N,B)=0foralli > 0.

(2) Ho(N, ) =0.

(3) B ¢ qdeg(N). O

Theorem 1.2 [Matusevich et al. 2005, Theorem 6.6; Schulze and Walther 2009]. Let N be a weakly toric
module. Then H;(N, B) =0 for all i > 0 and for all B € C? ifand only if N is a maximal Cohen—Macaulay
Sa-module. O

For a subset © C A, given an Nt-module S, define the S;-module C{S} := @seg C-¢t* as a C-vector
space with S;-action given by 9; -#* =514 _ Then C{S} has a multiplicative structure given by ¢*-#5' =%
and S; = C{Nrt} as rings. The saturation of t in Zt is the semigroup Nt = Rsot NZz. The saturation
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of S; is the semigroup ring of the saturation of = in Zt, which is given by S, = C{T\TT} as a 7%-graded
S;-module. By [Hochster 1972], 5‘, is a Cohen—Macaulay S;-module.

2. Characteristic cycles of A-hypergeometric systems

Let L =(L,,Ly) € @* be a projective weight vector on D. In this section, we recall from [Schulze
and Walther 2008] the description of the L-characteristic variety of an A-hypergeometric system, which
includes the computation of the L-characteristic cycle of H4(f) when B is not rank-jumping for A.

Leth=(hy,...,hy)€Q?besuchthath-a; >0fori=1,...,n. Choose ¢ >0 such that h-a;+¢eLy, >0
fori =1,...,n, and denote by H, the hyperplane in [P’f’CD given by

{yo:yr: - yal € PGl eyo+hiyi+- - +hays =0}

The L-polyhedron of A is the convex hull of {[1:04], [Lj, :a1], ..., [Lj, : a,]} in the affine space [P’fé \ He.
The (A, L)-umbrella, denoted ®% . is the set of faces of the L-polyhedron of A that do not contain [1 : 04].
We denote by d>ﬁ’k C de‘ the subset of faces 7 of dimension k (equivalently, dim(Cz) =k + 1). A
face 7 of CDﬁ will be identified with {j € {1, ..., n} | [Ly, : a;] € T} or with the submatrix of A indexed
by this set, when necessary. With this identification, CID[L1 is an abstract polyhedral complex. For any face
G < A, set L :={r € L |t C G}.
Let (x, &) denote the coordinates on T7*X = T*C". Forany 7 C {1, ..., n}, let

CY = {(x, §)eT*X|&=0fori¢r, Y ax&=0and3r e (CH & =1Y,Vj e z},
iet
and let CTE denote the Zariski closure of C} in T*X, with defining ideal P, C C[x, &]. In particular,
D {J}
CL=TiXand Cj' =T; _,X. B
If Nisa Zd—graded C[d]-module and C = C} for some 7 € CDf‘, we write

HETN, B) = S (Hi (N, ) = £((gr™ (Hi(N, B))p,). (2-1)

We will also denote /Lf"j(ﬁ) = Mf{,f(SA, B). By [Schulze and Walther 2008, Corollary 4.13],

d
T = (=D i tB) = i §(Sa. B) = w5 (Saldy '] B) (2-2)
j=0

is independent of 8 € C4.

Note that rank(M 4(8)) is equal to ;/,510@ (B). Since M 4(p) is always holonomic [Gelfand et al. 1987;
Adolphson 1994], its rank is always finite. Further, the rank of M4 () is upper semicontinuous as a
function of the parameter 8, with a generic value equal to volz(A), the normalized volume in ZA = Z¢
of the convex hull of the columns of A and the origin [Matusevich et al. 2005; Adolphson 1994; Gelfand
et al. 1990]. We recall that the normalized volume function in a lattice €2, denoted by volg, is defined so
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that the volume of the unit simplex in €2 (that is, the convex hull of the origin and a lattice basis of €2) is
one.
A parameter B is said to be rank-jumping when rank(M4(B8)) > volz(A). The set of rank-jumping
parameters is described in [Matusevich et al. 2005]; namely, with 4 := 27: 1 Gis
d—1
Ex={B € c? rank(M(B)) > volza(A)} = — qdeg(@ Exta)i (S4, (E[a])(—gA)>.
i=0
Schulze and Walther provided a description of CCL(H4(8)) when g is not rank-jumping, as summarized
through the following two results.

Theorem 2.1 [Schulze and Walther 2008, Theorem 4.21]. Forall G < A, ift € &L then

pe" = Z [ZG : Z7']- [(Z7' N Q1) : Z7] - VOl zey(Prv \ Qr.or),

o L.d/—1
tgre®G

where d' = dim(CG), w: Zt" — Z7'/(Zt' N Q) is the natural projection and Py and Q- denote the
convex hull of w(t' U {0}) and 7 (t' \ T) respectively.

In [Schulze and Walther 2008], Theorem 4.21 is only stated for G = A. Theorem 2.1 is a straightforward
adaptation that will be useful in the sequel. Note that here we are using (2-1) and (2-2) with A replaced

by G, but we still write L for the filtration induced on the Weyl Algebra Dg in the variables {x; | j € G}
by the projective weight vector given by the G-coordinates of L, and Lj.

Theorem 2.2 [Schulze and Walther 2008, Corollary 4.12]. The L-characteristic variety of Ma(B) is
independent of B € C¢ and given by

Char" (Ma(8) = | J C3,

L
Tedy

where each component CT’;; is irreducible. Moreover, ,bLIX’B(,B) > /Lf"r, and equality holds if B is not

rank-jumping.
Theorem 2.2 implies that when $ is not rank-jumping,

CClMaB)) = ul™-CE,

L
Tedy

and for each 7 € ¢IA, the multiplicity ,uf"r is computed in Theorem 2.1.

A subset T C A is called F-homogeneous if the set of columns of A indexed by t lie in a common
affine hyperplane off the origin. For a subset 7 C A, let A, = conv(t U{0}) € R? denote the convex hull
of the origin and all the columns of 7.

By [Schulze and Walther 2008, Corollary 4.22 and Remark 4.23],

Mgzzvolzd( U A,/\conv(r/)). (2-3)

;o aL.d—1
T'ed,
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Hence if all the facets of the (A, L)-umbrella are F-homogeneous, then

Mgﬂ:volzd( U A> (2-4)

,_aL.d—1
T'ed,

3. F-characteristic cycles of initial ideals are L-characteristic cycles

Given any real vector w € R" and any left ideal J C D, we can consider the initial ideal in(_, ,)(J) as
defined in [Saito et al. 2000]. We recall that by [loc. cit., Theorem 2.2.1], if M = D/J is a holonomic
D-module, then so is gr(_w’w)(M) := D/in_y ) (J) and, moreover,

rank(gr'™%"*) M) < rank(M). (3-1)

On the other hand, by [loc. cit., Lemma 2.1.6], for any weight vector (u, v) € R and L = (—w, w) +
€(u, v) with € > 0 small enough,

gtV (g (M) = gt (M) (3-2)
Lemma 3.1. If M = D/J is a holonomic D-module, then for L chosen as in (3-2) with (u, v) = F,
ccf (gr=»w (M) = cct(m).

The holonomic rank of in(_,, )(M4(B)), a central object of study in [loc. cit.], equals the multiplicity
,uﬁ”og (B) for L = (—w, w) + € F and € > 0 small enough. Notice that, by the form of L, all the facets of
QDIA are F-homogeneous. We will see in Section 4 that for any projective weight vector L, the multiplicity
,uﬁ”? (B) equals the rank of a Grobner deformation of M4 (8) (see Corollaries 4.3 and 4.5).

4. Computing multiplicities in L-characteristic cycles

In this section, we use the approach of [Berkesch 2011] to compute the multiplicities in the L-characteristic
cycles of Euler—Koszul homology modules of the toric ring S4. We first recall some definitions from
[Berkesch 2011; Berkesch et al. 2018].

For a face G < A, consider the union of the lattice translates

Ep ==[2"N(B+COI\NNA+ZG) = | | b+76), (4-1)

beBg

where Bg is a set of lattice translate representatives. As such, |Bg| is the number of translates of ZG
appearing in E?, which is by definition equal to the difference between [Z¢ N QG : ZG] and the number
of translates of ZG along 8 + CG that are contained in NA 4+ ZG.

For a face T € @ﬁ of the (A, L)-umbrella, let [E’f denote the union of the ranking lattices 4 , where
G < A contains t.

Theorem 4.1. Let L be a projective weight vector and t € GD/L,‘ be a face of the (A, L)-umbrella. For each i
and B, the multiplicity ,uf“t (B), which is the coefficient of C ', in the characteristic cycle CCL(Hi(Sa, B))
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(see (2-1)), can be computed from the combinatorics of the ranking lattices at 8 and the (A, L)-umbrella
CIDQ. More precisely, there is a spectral sequence involving the faces of CDf\ that contain t and the ranking
lattices in [Ef , from which ,uﬁ:f(,@) can be computed.

Before proving Theorem 4.1, we state some consequences.

Corollary 4.2. For all B € C? and all projective weight vectors L, L',
CCL(MA(B) = CCE (Ma(B)) ifand only if @4 = @F.

Proof. While the only if direction follows from Theorem 2.2, the if direction uses Theorems 2.1, 2.2,
and 4.1. ([l

Corollary 4.3. For any projective weight vector L = (u, v) on D such that all the facets of CDf‘ are
F-homogeneous,

CCF(gr ™" (MA(B))) = CCE(MA(B)).
In particular, rank (g™ (M4 (8))) = ;' (B).

Proof. Let € > 0 be as small as necessary in the sequel. Notice first that ccr (gr(_”’“)(M 4(B))) =
CCLe(M4 (B)) for L, := (—v,v) + € F by Lemma 3.1. Moreover, by the assumption on the (A, L)-
umbrella, we have CI>§ = ®i+€F . On the other hand, the last n coordinates of L + ¢ F and L. are equal
to v+e€-1,, and hence <I>f1 = CDﬁE. Thus, the result follows from Corollary 4.2. O

As a particular case of Corollary 4.3, the characteristic cycles, and hence the ranks, of the modules
gr(_lﬂ’ln)(M 4(B)) and M 4(B) are equal. We next show that [Saito et al. 2000, Corollary 3.2.14] holds
with weakened hypotheses.

Corollary 4.4. For any B € C¢ and any (not necessarily homogeneous) A, the small Grobner fan of the
hypergeometric ideal Ha(B) refines the secondary fan of A.

Proof. 1t suffices to see that each open cone of the small Grobner fan of H4 () is contained in an open
cone of the secondary fan of A. Since such an open cone corresponds to a Grobner deformation with
respect to a generic weight vector w € R", it follows that L = (—w + ¢ - 1,,, w) is a projective weight
vector for any ¢ > 0 and ®%, which only depends on w, has only F-homogeneous facets. Thus, beginning
with generic vectors w, w’ with

g (MA(B)) = g (M4 (),

Corollaries 4.2 and 4.3 imply that &% = CI>X where the last coordinates of L and L’ are w and w’,
respectively. This means that w and w’ belong to the same cone of the secondary fan of A. ([l

Corollary 4.5. Any projective weight vector L = (u, v) on D has a perturbation L’ such that all the
facets of the (A, L")-umbrella CDX are F-homogeneous and ,uﬁ:og(ﬂ) = Mi/,’og (B).
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Proof. If L' (¢) := L+€¢(1,, —1,,) for € > 0, then there is an €y > 0 such that the L’ (¢)-umbrella is constant
for € € (0, €]. Thus, if we fix L’ = L'(¢p), then all the facets of CI>£ are F'-homogeneous. Moreover, by
the choice of L', any F-homogeneous facet of ®% is a facet of CDf‘/, while each non- F-homogeneous
facet t of CIJIA is replaced in CDﬁ/ by the set of facets of QDf”, where L” := (c1,, —1,) is a projective
weight vector for any ¢ > 1. This latter set is the set of facets of conv(t) that are not facets of A;. This
proves that Mf{@ = ,ug’@ by using (2-3) to compute ,uﬁ’@ and (2-4) to compute Mﬁ/’g . Analogously,
,ulé’@ = ,ué/’@ for any face G < A. Finally, the result follows from previous equality and Theorem 4.1. [J

Corollary 4.6. Given any projective weight vector L and B € ce,
w8 (B) < rank(Ma(B)) < 4“4+ vol(A).

Proof. The first inequality is a consequence of (3-1) and Corollaries 4.5 and 4.3. The second is [Berkesch
et al. 2018, Corollary 6.2]. O

To prove Theorem 4.1, we will follow the approach used to compute the rank of an A-hypergeometric
system from [Berkesch 2011] (see also [Berkesch et al. 2018]). We will use the set

Ca(B) :=7%N(Re B +R=0A).

Note that C4(B) here is defined differently than in [Berkesch 2011]. However, the quotient between
the subsequent modules with the same names, defined using C4(8) here or as in [loc. cit.], all have
quasidegree sets that do not contain 8. Hence, by Theorem 1.1, the Euler—Koszul homology modules for
modules with the same names here and in [loc. cit.] are isomorphic.
Given a subset

JSJIPB)={(G,b)|G <A, be B} #2), (4-2)
define

)= |J 0+26) and P):=ca(p)nE.

(G,b)elJ

Now define the respective sets and S4-modules

—~ T8
LK :=NAU[ U (b+NA)], T8 :=C(T?), Sh:=T\P), sh:=C{sf}, and PJ:=—.
B SJ

beP7 )

The degree set of Pf is deg(P}3 ) = [P’g. If a toric module N is isomorphic to P}B for some J C J(B)
and B, then we say that N is a ranking toric module determined by J. A simple ranking toric module is a
module isomorphic to Pg’ J = Pf(c)’ where G < A is a fixed face of A such that [Eg # & and

J(G):={(G,b)e J | be BLY.

When J = J(B), we suppress it from the notation and write P? and Pg in place of Pf and Pg’ 7>
respectively. If (G, b) € J and there is not any other pair (G', b’) € J such that b+ 7ZG C b’ +7ZG’ we

say that (G, b) is a maximal pair in J. We denote by max(J) the set of all maximal pairs in J.
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Lemma 4.7. If G < A and T € ®%, then the multiplicity uﬁ:Z(Pg, B) of the simple ranking toric module
P is _
codim(G)

. ‘= |BL)- ukT oifrca,
u’;’,q(Pﬂ,m:|B(”}|~uﬁ:q<sc<b>,ﬁ>={OG (5 G

otherwise.
for any b € Bﬁ
Y G

Proof. For all j ¢ G we have that 3; - Sg = 0, hence that £; - gr’ (Ho(Sg (b), B)) =0 where &; =in;,(3;) €
Clx, £] = grl (D). On the other hand, by the definition of P;, it is clear that & ;€ Py ifand only if j ¢ 7.
Thus, we have that (grL (Ho(§G b)), B)p, =0if ;(_ G. Now, with u- :C} in place of rank, the arguments
in the proof of [Berkesch 2011, Theorem 6.1] yield this result. O

Proof of Theorem 4.1. The argument proving [Berkesch 2011, Theorem 6.6] can be used to obtain this
result, when J is chosen to be the right hand side of (4-2) and /LL’C7 in place of rank. We make note of
the necessary modifications below.

To begin, it follows from Theorem 1.2 and (2-2) that

WRT T (Qa. B) — 1y 6(Qa. ) ifi =0,

e 4-3)
“i:erl(QA’ B) ifi >0,

G {

where Q4 sits in the short exact sequence 0 — S4 — S A[07'1 = Q4 — 0. Then [Berkesch 2011,
Proposition 5.10] implies that

15T (Qa, B) = 15T (PY B, (4-4)

where J is equal to the right hand side of (4-2). Now [loc. cit., Lemmas 6.9, 6.10, 6.11, and 6.14] can be

applied verbatim, while Lemma 4.7 replaces the need for [loc. cit., Lemma 6.13]. Finally, as [loc. cit.,

Lemmas 6.12 and 6.15] hold when rank is replaced with ,ui’CA, which is possible since localization at P;

and gr’ (—) are exact functors and length is additive, the arguments of the proof of [loc. cit., Theorem 6.6]

yield the desired result. In particular, the spectral sequence involved begins with the cellular resolution of
Pf as constructed in [loc. cit., (6.3)]:

(R N N e /= ) (4-5)
where I3 is constructed as follows. Set
AY ={F < A|3(F, b) e max(J)},

Al ={s S AJ|ls|=p+1), and

Fy={)G forse Al
Ges

Withr 4+ 1= |A(} [, let A = Ag be the standard r-simplex with vertices corresponding to the elements
of A(}. To the p-face of A spanned by the vertices corresponding to the elements in s € A, assign
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the ranking toric module Pﬁs _s- Choosing the natural maps Pﬁs’ ;> Plé, .y for s © ¢ induces a cellular
complex supported on A,

I 10— 1) —--—1;—0 withI] =D P} ,. (4-6)

seA"

Applying Euler—Koszul homology to (4-6) yields a double complex. The desired spectral sequence arises
from this double complex after localizing at P; and applying gr’(—). (I

Remark 4.8. If § € C4 is such that max(J (B)) involves two faces, F, F», then the proof of Theorem 4.1
shows that

1o (B) — Z(|B [codim(F;) — 11 ") + B - CF - g™, (4-7)

where G = F| N F, and the constant C? is given by

cF — (codim(G)

, codim(F1)> _ (codim(F2)> n (codim(CFl —|—CF2))‘

)—codim(G)+1—( ) ) )

Example 4.9. The values of the uf\:(f)(ﬁ) for a fixed B are dependent upon the choice of face 7 € <I>IL4.
For example, consider the matrix
2310001
A=10002311]{,
0010010

and the parameter 8 = (0, 0, —1), which lies outside the cone R>(A. It turns out that
NA\NA = (8 +NG1) NR=0A = (B+NG1) \ (B},

where G| = {as, ag} and G, = {ay, ay, a4, as, a7} are facets of A. In particular, £4 = {8} and the ranking
lattices at B are

Ef = (B+ZG)U(B+ZG»).

By Remark 4.8, ,uﬁ:?(ﬁ)—,uﬁ’g =1 for any projective weight vector L. On the other hand, Mf"’é(ﬂ) =ulT
if T #@.

Example 4.10. The choice of projective weight vector impacts the resulting stratification via multiplicities
of £4. For example, consider the matrix

2300001
A=(0013001},
0000121
which has
NA\NA = (B+NG)U(B+NG2),
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where G| = {a3, as}, G, = {as, ag} < A and B = (1, 0, 0)’. Moreover, we also have
Ef =(B+ZG)U(B+2ZGy) and Ex=(B+CG)U(B+CGy).

If Ly=(1,4,1,4,1,3, 1) and Ly =517 — Ly, then p;’¢ () — u'y’® = 1 for any B’ € £4. On the other
hand, the stratification of £4 by the rank jump is different:

2 if B € (B+CGy) \ {B),
Whe B~k =13 if B e (B+CG)\1{B),
4 if B =8.

5. More consequences of the multiplicity computation
For T € @ﬁ, let
Ja T B) = 1B = uy T
be the (L, t)-multiplicity jump at 8, and let
ExT={BeC! | T (B) > 0)

be the (L, t)-exceptional set of A. In this section, we record consequences of Theorem 4.1 and its
implications for £ ﬁ '". We also propose a description of £ j '" and prove it holds in a special case.

Corollary 5.1. If 7 € CDIA is a face of the (A, L)-umbrella such that T is not contained in any face of A of
codimension 2, then Sg’f =0.

Proof. Fix B € C?. By hypothesis, 7 is contained in at most one facet of A. Recall that the cellular
resolution of P}S is made of ranking toric modules Pg for faces G < A such that [E’é # J.

If = is not contained in any proper face of A or it is contained in a unique facet F < A with [E‘Ig; =g,
then Lemma 4.7 guarantees that M/ﬁ”;(Pﬂ, B) = 0 for all g > 0 for any proper face G < A with [E’g # .
Thus, the formula from Theorem 4.1 computes that uf",f(Pﬂ ,B)=0foralli >0.

For the remaining case when t is contained in a unique facet F < A and [E’; # O,

~ 1
T PP B) = ni T (P B = BRI 1T Sr. By = 1BRI- () b
for all i > 0. Therefore, as in the proof of Theorem 4.1,
JiTB) =y (PP — i (PP gy =0, O

Remark 5.2. As an immediate consequence of Corollary 5.1, if dim(Ct) > d — 1, then /Lﬁf)(ﬁ) is
independent of 5. Notice that this fact was known when dim(Ct) = d (see [Schulze and Walther 2008,
Theorem 3.10]). [l
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Corollary 5.3. Ift € <I>ﬁ is a face of the (A, L)-umbrella such that T is contained in a unique face G < A
of codimension 2, then

L |BE - uE™  if (G, b) e max(J(B)) for b € B, see (4-2),
Ja (B)= 0 .
otherwise.

Proof. By the proof of Theorem 4.1 and Lemma 4.7,
JTB = uk (PP — uh (PP By = u (P B — 1k S (P B).

where J' = {(F,b) e J |t C F} for J = J(B). If (G,b) € max(J) and b € B? then J/ = J(G) and
Pﬁ = Pg. Thus, it is enough to consider the case when (G, b) ¢ max(J) for any b but there exists
at least one facet F such that 1 C G < F and (F, b) € max(J). In this case, either max(J') = J(F)
or J/ = J(F) U J(F') for some other facet F’ such that F N F’ = G. Either way, it follows that
WAL, B = 1y G (P, B) =0, 0

By Corollaries 5.1 and 5.3, if dim(Ct) = d — 2, then jAL’T(,B) > 0 only when there is a (unique)
codimension 2 face G of A containing t and (G, b) € max(J(8)) for some b € Bg.

Notation 5.4. For any 7 € <I>fv let us denote S5 := C[(NA 4+ Z1) NR>pA].

Conjecture 5.5. There is an equality
d—1
=~ qdeg(@ Exty](Si. @[an(—sA)),
q=0

where g4 == ;_, a;. In particular, Ei"r = @ if and only if S is Cohen—Macaulay.

As evidence of the truth of Conjecture 5.5, we exhibit a containment between the two sets involved.
We then prove the second part of conjecture in the case that R>A is a simplicial cone.

Proposition 5.6. There is a containment

d-1
gt — qdeg<@ Exte ) (Sh, C[a])(—SA)>-
q=0

Proof. By the definition of S, it is clear that S7[d, = Salo; 11 and thus,
1y o(Sa. B) = uly5(Salo; 11 B) = ki §(Shl0; "1, B) = 1§ (SE. B).

where the first and third equalities follows from the definition of uif) (see (2-1)) and the fact that
& =in;(9;) ¢ P, if and only if j € 7.

If B ¢ — qdeg(Extgy|(Sh, C8])(—¢a)) forany ¢ =0, ...,d — 1, then #;(S;, ) =0 for all i >0
by [Matusevich et al. 2005, Theorem 6.6]. Thus, MQZS(SE, B) = Z?ZO(—I)J'MX;(S’, B), which is
independent of 8 by [Schulze and Walther 2008, Theorem 4.11] and hence equal to the generic value ,ulg’f.

In particular, 8 ¢ £5°°. O
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Proposition 5.7. Fix 8 € C? and let J be as in (4-2). If J involves only facets of A satisfying that the
intersection of r of them is a face of codimension at most r, then Hq(Pﬂ ,B)=0forall g > 2.

Proof. Consider the cellular resolution of P}S as constructed in [Berkesch 2011, (6.3)]:
0— PJ-)I‘(])—)I}—)"'—)I;_)O,

where r + 1 is the cardinality of J. On the other hand, if K, :=ker(I} — If“) for0<p<r—1and
K, = I, then there are short exact sequences

O—>PJ—>19—>K1—>0 and O—>Kp—>lf—>Kp+1—>O forl<p<r-—1.

By the assumption on J, [ f is a direct sum of simple ranking toric modules P for faces G of codimension
at most p + 1, so by [Berkesch 2011, Proposition 3.2], H, (17, B)=0forallg > p+2and p=0,...,r.
Therefore

Hq(PJs B) = Hqul(Kl’ == /Hqurfl(Krfl, B)= Hqur(I;, B)=0
for all g > 2, as desired. O

Note that if R>0A is simplicial then any set of facets of A satisfies the property required in Proposition 5.7.
To the contrary, Example 4.9 does not satisfy this property.

Theorem 5.8. Let 7 € CI)IA and assume that R>oA is a simplicial cone. Then Eﬁ’r = @ ifand only if S} is
Cohen—Macaulay.

Proof. The if direction is proven in Proposition 5.6. By the definition of S} we have that
rank(Ho (S, B)) = Vol(A) + uly T (Py) — wh'§ (Pyr),

where J':={(G, b) € J(B) | T € G}. If S} is not Cohen—Macaulay, then by Theorem 1.2, there exists
B € C? such that rank(Ho(S%, B)) > vol(A). Since Rx>oA is simplicial, by Proposition 5.7 there must be
a face G of codimension at least 2 such that (G, b) € max(J'). Thus, for generic 8’ € b + CG, we have
that max(J(8")) = {(G, b1), ..., (G, b,)} with r = |Bg|. Now, using Lemma 4.7, we have that

i Sas B = g (S5 B = pg T+ r(codim(G) = 1) g " > T

and thus B’ € £57 £ 2. O

6. Upper-semicontinuity and convex filtrations

It was conjectured in [Schulze and Walther 2008] that the multiplicities uif)(ﬁ ) are upper semicontinuous
in B € C“ for any projective L and 7 € d>ﬁ. We prove this conjecture when L and 7 satisfy certain
conditions with respect to A (see Theorem 6.1 and Corollary 6.6). We also prove Conjecture 5.5 in this
setting when T = & (see Corollary 6.5).
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Given a submatrix o € A with rank d, denote by E? the Euler operator associated with the i-th row of
the matrix o. Let D, denote the Weyl algebra associated to the variables x, = {x; | a; € o}. We have that
ZA=7'=@_, Aj, where r =[2?:Zo] and A; = b; + Zo for some b € Z¢ with j =1,...,r.

If Nis a Zd—graded Sa-module, then N; := @%Aj Ny is an Sy-module. Let 7 (N, ) denote
the direct sum over j of the Euler—-Koszul complexes on D, ®cpy,] Nj(—b;) given by the operators
{Ef —Bi+ (b j)i}fl:p where each such Euler-Koszul complex is placed in degree b;. That is,

K°(N, B) := @D K7 (Nj(=b)), B—b) (b)),

j=1

where the right-hand side Euler—Koszul complexes where defined before since Nj(—b;) is a Zo-graded
Sy-module. This definition is independent of the chosen elements by, ..., b, € z¢ by (1-1). With this
setup, D, @ N = EB;.:I(DU ® N;j), and K2 (N, B)is a Zd—graded complex of left D,-modules. Set

H{ (N, B) :== H;(K] (N, B)),

and note that these definitions make (1-1) and Theorem 1.1 also valid for the homology modules H7 (N, B).

Let L be a projective weight vector, which induces a filtration on D as considered in the introduction.
We denote by A’ the submatrix of A whose columns belong to facets of @f\. We say that L is a convex
filtration with respect to A if all facets of CIDIA are F-homogeneous and

U Ay (6-1)

regl-d—1
T'ed,

is a convex polytope, and thus equal to A 4-. Notice that, by the inclusion S, C Sy, the ring S4 is an
S 4-module.

Theorem 6.1. If L is a convex filtration with respect to A, then ,uﬁ”og(ﬂ) = rank(’H(’)‘\L (S4, B)). In

particular, ,ui’og(ﬁ) is upper-semicontinuous in f3.
Before proving Theorem 6.1, we first consider the simple case.

Proposition 6.2. Let L be a convex filtration of D with respect to A and G < A. Then for all (G, b) € T (B),
L
ng” =volzg(Gh) = rank(H§ (Plg; ;). B)).
where Gt denotes the submatrix of A whose columns belong to facets of d>é.

Proof. The first equality follows from Theorem 2.1 and (2-4) since L is convex. For the second equality,
by definition of the (G, L)-umbrella @é, the submatrix GX of G is such that R-¢G = R>oG’ and
rank(G) = rank(G*). This implies that Sg is a toric Sgr-module. Further,

Pl ) € Sclig'1(b) = €D Se1 1051 1),

aeA
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where A is a finite subset of b + ZG of cardinality [ZG : ZG"]. Since
deg(SGloG 1(b)/ P ) = (b+ZG)\ Pl ),

it follows from the definition of C4(B) that the parameter 8 does not belong to the quasidegrees set of
the weakly toric module Sg[d; 1](b) / P(%’ by- Thus, since SGL[E)(_;L]] is a Cohen—Macaulay Sgr-module,

by Theorem 1.1 and Theorem 1.2, HiGL (P(’SG’b), B)=0foralli >1 and
rank(’HgL(P(%’b), B) =[2G : ZG*]-volyL (GL) = volz (GF). a

Remark 6.3. Notice that any weakly toric S4-module M C Sy [8;1] can be viewed as a weakly toric S4z-
module. Indeed, since A~ and A have the same rank, then ZA = EB;.:] (bj +7ZA") for some b j € ZA with
j=1,....r. Thus SA[9;'1=@@)_, Sac[0,.1(b)) as Sy.-modules. Setting M; := M N S4.[3,,1(b)),
then M is the direct sum of the weakly toric S.-modules M ;. Moreover, for any face G < A,

Bp=||®+26)= | | (c+2zGh). (6-2)
beBg ceBgL

where Bg and B’é . 1s a set of lattice representatives (see (4-1)).

Lemma 6.4. The module PP is a direct sum of toric S ,.-modules, and for any face G < A and q > 0,
Wi 2 (P B =1l (PG, ).

Proof. The decomposition of M = S, as a direct sum of weakly toric Sﬁ-modules M given in Remark 6.3
induces a decomposition of S A[ag‘ 1/M as a direct sum of the weakly toric S 1’5 -modules S, [BXLI](Z) i)/ M;.
Then, by the two short exact sequences in the proof of [Berkesch 2011, Proposition 5.10], P# is a direct
sum of weakly toric S 4.-modules. Moreover, since P? = Ff NC4(B) and C4(B) = C4.(B), it follows that
P# is a direct sum of toric S ﬁ -modules.

On the other hand, if G is a face of A, then by (6-2), |Bg [ZG:ZG* ] = |BgL |. Thus, using Lemma 4.7
and Proposition 6.2,

‘ (codi;n(G))

' Ly_ pf | codim(G)
volza(G") =Bl |- (€7 )

wig (PG, B)=1Bg| Volzge(GH) =uhi? (PL. ). O

The proof of Theorem 6.1 makes use of the notion of a holonomic family from [Matusevich et al. 2005,
Definition 2.1], which we now recall. While defined over any algebraic variety B with structure sheaf Op,
we will need only the case when B = A%, affine d-space over C.

If B € B, denote by pg the prime ideal (sheaf) of B and set kg = Op g/ ppOp g, the residue field of
the stalk Op g. A coherent sheaf of (D ®c Op)-modules is a quasicoherent sheaf of Op-modules on B
whose sections over each open affine subset U C B are finitely generated over the ring of global sections
HY%(B, D ®c Op). Let Op(x) denote the localization at (0) € Spec(Clx]) of Op[x] :=Clx] ®c Op C
D ®c Op. The sheaf-spectrum of Op(x) is the base-extended scheme B(x) := Spec C(x) Xgspecc B.

A holonomic family over B is a coherent sheaf M of left (D ®c Op)-modules such that
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(1) the fibers Mg = M ®o; kp are holonomic D-modules for all 8 € B, and
(2) Op(x) ®o, M is coherent on B(x).

Proof of Theorem 6.1. Since S 4[071] is a maximal Cohen—Macaulay weakly toric S ,r-module,
HA (Sal7"1, B) =

for all i > 0 by Theorem 1.2. Thus, applying Euler—Koszul homology with respect to A% to the short
exact sequence
0— Sy — SA[a_l]—> 0—0

and using that H2" (PP, B) = HA" (0, B) (see the proof of [Berkesch 2011, Proposition 5.10], which can
be adapted to this case), it follows that

rank(H{ (Sa. ) = rank(H{ (Sald ™", B) + 5,7 (PP, B) — 5,7 (PP ).

The proofs of [loc. cit., Theorem 6.6] and Theorem 4.1 and the induction argument in the proof of [loc. cit.,
Proposition 6.18] reduces the computation of

iy (PP B — 2 (PP, B)  (and respectively py 7 (PP, B) — g (PP, B))

to that of ,u AL (N B) (and respectively pL Aq (N B)) for g = 0 and simple toric modules N = P’B with
D # 2. Thus, by Lemma 6.4,

il (PP B — w5 (PP By = s T (PP, B) — iy 6 (PP, B) = s 6 (B) — i ®

which yields the desired equality.
Finally, since Sy is a toric S4.-module, H{?L (S4, b) is a holonomic family by [Matusevich et al. 2005,
Theorem 7.5]. Hence [loc. cit., Theorem 2.6] guarantees that

B > rank(H{" (Sa, B))

is an upper semicontinuous function. U

Theorem 6.1 provides a way to prove Conjecture 5.5 when L is a convex filtration of D with respect
toAand Tt =9
Corollary 6.5. If L is a convex filtration of D with respect to A, then

d—1

£8P = _ qdeg(@ExtC[a](SA, @[a])(—eA)).

q=0

Proof. By the proof of Theorem 6.1, H (S 4, D) is a holonomic family and 5 =¢h;
[Matusevich et al. 2005, Theorem 9.1],

d—1
Ey° = deg(Z@H\%L(SA)>ZaIiSki,
i=0

AL , and thus by
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where m;, denotes the maximal homogeneous ideal in S4.. However, since R>0A = IR%EOAL, the radical
of the extended ideal m; S4 in S4 equals m. Therefore, by applying graded Matlis duality, we obtain the
desired result. [l

Let L be a filtration on D induced by a projective weight vector. For T € ®4, we denote by ALT the
submatrix of A whose columns belong to facets t’ € CIDi’d_1 such that t € /. We say that L is t-convex

if all facets of CD% containing t are F-homogeneous and the polytope

U Ay (6-3)

rgt’edﬁ‘d"

is convex, and thus equal to A 4r.-.
We recall that a subset " C A is said to be a pyramid over n C n’ if

rankz(Zn) + |n' \ nl =d,

where we denote by || the cardinality of a set A.

Theorem 6.1 can now be generalized as follows.
Corollary 6.6. If L induces a t-convex filtration for some T € CIDIA and any t’ € CDf\’d_l such that Tt C t’
is a pyramid over T’ \ T, then

L.t
Wi 6(B) =rank(Hy " (Sa. B).
In particular, Mi:é(ﬂ) is upper-semicontinuous in f3.

Proof. Recall the formula in Theorem 2.1. For any 7" € QDI;‘ containing t, since 7’ is a pyramid over t’\ 7,
it follows that

Z7'NQt =Zr, 7w (Zt)=Z(t'\1), Prv= Ay,

Q.1 is the convex hull of 7"\ 7 (whose volume is zero because t’ is F-homogeneous), and volz, (t') =
Volz(,/\,)(r/ \ 7). Thus, for any face G < A that contains t,

uet= Y [ZG:Zt')-volz(Ar) = volzg U A,/) =volzG(AgLr).

rgr’e@é’dfl th’é@é‘dﬁl
When (G, b) € J(B), to obtain the equality
L.t
rank(?—[g (P(ﬂG’b), B)) = volzg(AgL.x) (6-4)

we can proceed as in the proof of Proposition 6.2, but now RxoG is not equal to R=oG%7, so Sy is only
a direct sum of weakly toric S4z.--modules (by Remark 6.3) instead of a toric S,z.--module. On the other
hand, in the proof of Theorem 6.1 we can use P}g with J = {(G, b) € 7(B) | T € G} instead of P? and
consider each Pg as a direct sum of weakly toric Cohen—Macaulay Ss:.--modules.
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Finally, by [Schulze and Walther 2009, Remark 5.5.(5)], in the analytic topology, ’H{)‘L’T(S 4, B) 1S
locally a holonomic family on A?. This fact along with [Matusevich et al. 2005, Theorem 2.6] and
Theorem 4.1 imply that the function § rank(’H()‘L'r (S4, B)) is upper-semicontinuous. ]

7. Gevrey series solutions associated to slopes

Let D be the sheaf of linear partial differential operators with coefficients in the sheaf OF' of holomorphic
functions on X = C". The irregularity sheaf of order s > 1 of a holonomic D-module M along a
hypersurface ¥ was introduced and proved to be a perverse sheaf on Y by Mebkhout [1990]. In particular,
higher cohomology of the irregularity sheaf vanishes at generic points of Y.

In this section, for a coordinate hyperplane ¥ C X, we compute the dimension of the stalk at a generic
point p € Y of the irregularity sheaf of order s of M4 (8) :=D ®p M4 (B) along Y for any parameter
B e ce, generalizing results from [Fernandez-Ferndandez 2010]. As a consequence, we provide some
formulas for the dimension of the Gevrey solution spaces of M 4(B) in particular cases, and we show that
the dimension of the generic stalk of the irregularity sheaf of M4 (8) along Y is upper-semicontinuous
in B.

We assume for simplicity that ¥ = Var(x,) and write s instead of L(s) for the filtration given by
L(s):=F+ (s —1)V, with s > 1, where F = (0,, 1,) is the filtration by the order of the differential
operators and V), is the Kashiwara—Malgrange filtration along Y. Recall that this filtration is induced by
the weight vector V,, :=(0,...,0,—1,0,...,0, 1), where —1 is the weight for the variable x,. More
precisely, the filtration L(s) is determined by

1 ifl<i<n-—1,

deg, 9; = { and deg,(x;) =1 —deg,(9;).

s ifi=n,
In this section, we call the (A, L(s))-umbrella the (A, s)-umbrella, and we denote @ := @f\(‘y) for
s> 1.
A global version of Laurent’s slope theory [1987] proceeds as follows. Let M be a holonomic D-
module. A number s > 1 is said to be a slope of M along Y = Var(x,,) if and only if the s-characteristic
variety Char’ (M) of M along Y is not homogeneous with respect to the weight vector F = (0, 1,,).

Remark 7.1. Denote by A’ the submatrix of A defined by the first n — 1 columns and by A’ the convex
hull of the columns of A" and the origin. Note that a, /s belongs to a hyperplane off the origin that
contains a facet of A4 if and only if there exists a facet of the (A, s)-umbrella, in other words an element
of <Df4’d_1, that is not F-homogeneous. Moreover, by [Schulze and Walther 2008, Corollary 4.18], this
condition holds if and only if s > 1 is a slope of M4(8) along Var(x,).

Let Oxjy denote the formal completion of Oy along Y. A germ f € Oxjy , with p € Y is a formal

series

f= Z S (X1, ooy Xm1)x))
m=0
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such that there exists some open subset U € C"~! so that f,, is a holomorphic function in U for all m > 0.
The formal series f € Oy , is said to be a Gevrey series of order s € R along Y at p € Y if the series

ps(f): —Zf’"(x“” nt) g

!)s 1

is convergent at p. Moreover, if oy (f) is not convergent at p for any s’ < s, then s is said to be the
Gevrey index of f along Y at p. Denote by Ox|y (s) the subsheaf of Ox7y whose germs are Gevrey series
of order s along Y.

The irregularity sheaf of a D-module M along Y of order s > 1 is

(Y)(M) := RHomp (M, Ox|y(s)/OX|Y)

For s = oo, the sheaf Irr}° (M) is simply called the irregularity sheaf of M along Y. If M is a D-module,
we define Irrg/s)(M) = Irrg/s)(/\/l), where M :=D®p M.

Setds(A, B) :=dim HO(Irrgf) (M 4(B))p) for a generic point p € Y = Var(x,). Applying Théoreme 2.3.1
and (2.3.1) in [Laurent and Mebkhout 1999] to this setting yields the equality

(A, B) = 1S e 7 (B) — e 7B + iy s B — 1t M (B (7-1)

for € > 0 small enough. In particular, if 8 is not rank-jumping for A, then by Theorem 2.1 and [Fernandez-
Fernandez 2010, Theorem 7.5], d;(A, B) is equal to

A (A) i= 7 = gt e et = > volw(Ad.  (72)

n¢r€®;+e.d71 \(Drre,dfl

Remark 7.2. Notice that (7-2) also holds for any face G < A in place of A when a, € G. Moreover,
d,(G) = dim HO(Irrgf)(MG(ﬂ/))p for a generic point p € Y’ = Var(x,) € C% and g’ € CG that is not
rank-jumping for G. The genericity condition on p requires that it avoids any other irreducible component
of the singular locus of Mg (B’) (which is independent of 8" as a consequence of Theorem 2.2). On the
other hand, if a,, ¢ G, then the coordinates indexed by G of the projective weight vectors L(s) and F
are the same. Hence the two induced filtrations over (any cyclic module over) the Weyl algebra in the
variables indexed by G are also the same. Thus, ,ul+€ ’

d;(G) =
Proposition 7.3. Forany B € C4, there is a lower bound dg (A, B) = d;(A).

= puy " for T = {n} and T = @ in this case, so

Proof. For a Z%-graded C[d]-module N, define dgj)(N, B) ;= dim HO(Irr;Y)(Hj (N, B))p) for a generic
point p € Y = Var(x,). Then by the same argument as in (7-1),
dD(N, B) = w2 (N B — iy o7 (NL B+ (N, B) — i (v, B) (7-3)

for € > 0 small enough. Notice that ds(A, 8) =d”(S4, B). By [Schulze and Walther 2008, Corollary 4.13]
and (7-3), d¥(S4, B) = ds(A). Moreover, if j > 1, then d)(S4, B) = 0 because H;(S4, f) = O by
Theorem 1.2.
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On the other hand, if N is a toric module with dimension lower than d, it follows that
d (N, ) <d"(N, B)

by the same argument as in the proof of [Schulze and Walther 2008, Lemma 4.29], with the replacement,
for each D-module M that appears in that proof, of the role of CCH(M) by dim H O(Irrgf) (M) ) for a
generic point p € ¥ = Var(x,). This is allowable because H 1(Irrgf)(M )p) = 0 for generic points p € Y
when M is holonomic (see [Mebkhout 1990]). Thus, with the previous ingredients, the proof of [Schulze
and Walther 2008, Theorem 4.28] gives the result with d§0> in place of fo:(r)- (I

Corollary 7.4. For s > 1, the dimension d;(A, B) of the stalk of Irrgf)(MA (B)) at a generic point p of Y
can be computed from the combinatorics of d>i‘+€ \ ® i‘“ for € > 0 small enough and the ranking lattices
[E’(g; at B such that a,, € G < A.

Proof. 1t follows from (7-1) and Theorem 4.1 that d;(A, 8) can be computed from the combinatorics of
the (A, s")-umbrellas for s’ € {1 + ¢, s + €} and the ranking lattices EA. Thus, by Remark 7.2, it is enough
to consider the ranking lattices [Eg at B corresponding to the faces G < A containing a,,. (Il

We now state further consequences for d; (A, B).
Corollary 7.5. If P? = Pf for some G < A, then
ds(A, B) =ds(A) + IBCﬁ;I - (codim(G) — 1) - ds(G).
In particular, if a,, ¢ G or codim(G) = 1, then d;(A, B) = d;(A).
Proof. 1t is a direct consequence of (4-3), (4-4), Lemma 4.7, (7-1), (7-2), and Remark 7.2. U
Corollary 7.6. Ifd =2, then dy(A, B) = d,;(A) for any B € C%.

Proof. Since d = 2, the matrix A has only two proper faces G|, G, < A, which both have codimension 1.
Moreover, a, belongs to at most one of these two facets. Thus, by Corollaries 7.4 and 7.5, it is enough to
consider the case when a, € G| and max(7(8)) involves G. In this case, d;(A, 8) can be computed
as in the simple case, so the formula in Corollary 7.5 can be applied, giving d;(A, 8) = d;(A) since
codim(Gi) = 1. O

Notice that Corollary 7.6 also follows from [Schulze and Walther 2008, Proposition 4.25] and (7-1).

Corollary 7.7. Ifd =3, then d,(A, B) > d;(A) if and only if max (7 (B)) involves a face G with a, € G
and dim G = 1. If this is the case, d;(A, B) = d;(A) + IBgl -d; (G).

Proof. Again by Corollary 7.4, we only need to consider the ranking lattices [Eg such that a,, € G. Thus,
by the reduction given in [Berkesch 2011, Section 5.3], it is enough to prove the result in the following
two cases.

The first case is that a, belongs to a unique face G among those involved in max(7(8)). In this case,
the computation follows as in the simple case, and we obtain the same formula as in Corollary 7.5.
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In the second case, we may assume that there are exactly two faces G| and G, involved in max (.7 (8))
that contain a,. Since the face G| N G, contains a,, and d = 3, it follows that G; and G, are two facets
intersecting in a face of codimension 2. In this case, Remark 4.8 shows that uf\’,(r)(ﬁ) = uf"r for any
filtration L and any 7 € dL s0 d(A, B) =ds(A). O

Lemma 7.8. Let s > 1 be such that the (A, s)-umbrella ®°, has a unique facet t that is not F-
homogeneous, p is a generic point of Y = Var(x,), and € > 0 small enough. Then the function

B d(A, B,s):=dimHomp(Ma(B), Ogjy (s +€)/Ogy (s —€))p

1S upper-semicontinuous.

Proof. Notice first that by the assumption and Remark 7.1, s is a slope of M4(8) along Y and a, € t.
Indeed, the assumption implies that " := t \ {n} is the unique facet of <I>f4+6 that does not contain a, and
is also not a facet of @’ . On the other hand,

d(A, B.s) =dyre(A, B) —ds—c(A, B) = 157 (B) — 1ty g7 (B) + s o " (B) — 5 M (B).

Thus, setting d(A, s) := M’Zg’g — MZTS’Q + Mi;g’{n} - /xifg’{"} yields

d(A, 5) = volza(Ay) = rank(HE (Sa, B)),

where the first equality follows by the assumption, (2-4), and [Ferndndez-Ferndndez 2010, Lemma 7.4].
The second equality follows as in the proof of (6-4), since A, is a rank d submatrix of A. Simi-
larly, for faces G of A such that @, € G and t” := ' N G is a facet of CDi;re, we also have that
d(G,s) = rank(?—[{)//(gc, B)). Thus, arguments similar to those in Corollary 6.6 show that d(A, B, s) =
rank(’Hé/(S 4, B)) and that the function 8 — d(A, B,s) = rank(”H,(T,/(S 4, B)) is upper-semicontinuous
in 8. (Il
Theorem 7.9. Assume that for all s > 1, a,/s is in at most one of the hyperplanes off the origin supported

in a facet of A’ (see Remark 7.1). Then the function 8 — dg(A, B) is upper-semicontinuous for all s > 1.

Proof. Let 1 <51 < --- < s, be the set of slopes of M4(f8) along Y that are lower or equal to s. Then
ds(A, B) = Z;:l d(A, B,s;), and the result follows by Lemma 7.8. O

In view of the preceding results we state the following conjecture.

Conjecture 7.10. The map  +— ds(A, B) is upper-semicontinuous. Moreover, there is an equality
d-1
Ex(s) = {B € C?|dy(A, B) > dy(A)} = — qdeg(z P Extg sy C[aD(—sA)),
q=0
where €5 1= i_, a;. In particular, £} (s) = @ if and only ifSi‘n} is Cohen—Macaulay.
The values d; (A, B) and d;(A) defined in this section depend on the variety Y along which we are
considering the irregularity sheaf of M 4(8). Although we assumed Y = Var(x,) for simplicity, we can
consider any Y; := Var(x;) C C" since reordering the variables is equivalent to reordering the columns



Characteristic cycles and Gevrey series solutions of A-hypergeometric systems 345

of A. Let ds(A, B, j) and dy(A, j) denote the values of dy(A, B) and d,(A) respectively for ¥; in place
of Y. In the following example, we compute the difference d;(A, 8, j) —ds(A, j) for different j by using
Corollary 7.7.

Example 7.11. Let us consider the matrix A in Example 4.10. The hyperplanes contained in the singular
locus of M 4(B) are exactly Y; for j € {2,4, 6,7} and there is exactly one slope s; > 1 of M4 (B) along
each Y;. More precisely, by Remark 7.1, 5o = % s4=23,5¢=2,and s7 = %. It is clear that d, (A, B/, j) =0
if 1 <s <s;forany g’ € C4, so let us assume that s > s; in each case. We have that d;(A, ', j) =d,(A, j)
for all 8’ and j € {2, 7}. On the other hand, d,(A, 8’,4) —ds(A,4) is 1 if B’ € B+ CG, and 0 otherwise.
Finally, d;(A, B’, 6) —ds(A, 6) is 1 if 8’ € 8+ CG, and zero otherwise.

One natural problem after the computation of d;(A, 8) = m is to construct an explicit set of Gevrey
series ¢y, . .., ¢ along Y at a nonsingular point p € ¥ so that their classes in the space (Ogpy (s)/Oxy)p
form a basis of H O(Irrgf)(M A(B))p). This was done in [Ferndndez-Fernandez 2010] when S is generic
enough. At any parameter §, this problem is much more involved in general. However, it is easy to
compute some examples by using a slightly modified version of a method used in [Ferndndez-Ferndndez
2013]. In order to do so, recall that the direct sum of two matrices A; € Z4*" | Ay € 7%*"2 i the
following (d| + d») x (n| + ny) matrix:

Al Od Xn
Al® Ay = 2
1D A2 <0d2><n1 A )

~

where 0,4, denotes the d x n zero matrix. Let 8 = (,3(1), ,3(2)) denote a complex vector in Chtdr ~
C% x C®. 1t is easy to show using [Fernandez-Fernandez 2013, Lemma 2.2] that

ds(A, B, ny) =dg(Ay, BV, ny) - rank(My, (B?)).

Now, let us take (Ag, B1) such that M4, (B") has slopes along {x,, = 0}, and let consider the subset of
Gevery series {g1, ..., &1} € Oxy (s) whose classes form a basis of

HOMy,) oy (Ma, (B),).

Let us take also a pair (A, B@) for which a basis {fi, ..., fr@} of convergent series solutions of
My, (B?%) at a nonsingular point p’ is known for a rank-jumping parameter 8* € C%. Then {g, f il
1<i<r(l),1<j<r(2)}isabasis of

HOWey) oy (May@a,(B) )
where g = (B1V, ). Note that
dim HO(Irr) o) (Ma,@4, () (p.p) = (1) -7(2) > ds (A, m) = ds (A1, m1) - -

In particular, the smallest example of this family is the one obtained by taking A =A; @ A, for A; = (12)
and A, = (0, 1,3, 4), where @ = (1, a)" and B = (b, 1, 2)" for any b € C\ Z. We notice that M, ((1, 2)")
was the first example known of an A-hypergeometric system for which the rank is greater than the
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normalized volume [Sturmfels and Takayama 1998]. Indeed, a basis of H O(Irrgiizzo}(M A, (D))p) 1s
{dv} C Ox7 () /Ox1v) ps where ¢, is the I'-series associated to v = (b, 0) (see [Fernandez-Fernandez
2010]) and rank(M 4, (B®)) = volz2(Az) + 1 =5 (see [Sturmfels and Takayama 1998], where a basis of
solutions is also described). Thus, in this case, M4 () has the slope s = 2 along x, = 0 and for s > 2,
ds(A, B,2) =d;(A,2)+1=5.
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Singularity categories of deformations
of Kleinian singularities

Simon Crawford

Let G be a finite subgroup of SL(2, k) and let R = K[x, y]¢ be the coordinate ring of the corresponding
Kleinian singularity. In 1998, Crawley-Boevey and Holland defined deformations O* of R parametrised
by weights 1. In this paper, we determine the singularity categories Dy, (O*) of these deformations, and
show that they correspond to subgraphs of the Dynkin graph associated to R. This generalises known
results on the structure of Dy (R). We also provide a generalisation of the intersection theory appearing in
the geometric McKay correspondence to a noncommutative setting.

1. Introduction

1A. Background. Throughout let k be an algebraically closed field of characteristic 0. The Kleinian
singularities k?/G, where G is a finite subgroup of SL(2, k), are ubiquitous in algebraic geometry,
representation theory, and singularity theory. In this paper, we shall study the latter of these for a family
of (generically noncommutative) algebras.

The notion of the singularity category of a ring R was introduced by Buchweitz [1986] as a particular
Verdier quotient of D°(mod-R). More specifically, writing Perf(R) for the full subcategory of perfect
complexes in PP (mod-R), Buchweitz defined the singularity category as the Verdier quotient category

DP(mod-R)
Perf(R)

By construction, this category possesses the structure of a triangulated category. Buchweitz also showed

Do (R) :=

that, when R is Gorenstein, the singularity category is triangle equivalent to MCM-R, the stable category
of maximal Cohen—Macaulay R-modules (that this latter category is triangulated also follows from a
general result of Happel [1988]). The singularity category of a commutative ring R is also closely related
to the category of reduced matrix factorisations of R by [Eisenbud 1980, Corollary 6.3], and under mild
hypotheses these categories are in fact equivalent.

From the above definition, it is not difficult to see that Dz (R) is trivial precisely when R has finite
global dimension. However, in general it is difficult to give an adequate description of the singularity
category of an arbitrary Gorenstein ring of infinite global dimension. Recent work includes [Chen 2011;
2018] which describes the singularity category when R has radical square zero or when it is a quadratic
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monomial algebra, and [Kalck 2015] which provides a description when R is a so-called gentle algebra.
Moreover, in [Amiot et al. 2015] the authors determine the singularity categories of some commutative
Gorenstein isolated singularities.

The standard examples of commutative surface singularities are the Kleinian singularities, which are
very well understood. The main aim of this paper is to provide a concrete description of the singularity
category of certain noncommutative deformations of the coordinate ring of a Kleinian singularity.

Very little is known about the singularities of noncommutative rings, particularly those which are not
finite over their centre. For example, given a singular noncommutative ring S, it is not known whether and
under what circumstances one can find commutative rings Ry, ..., R such that we have an equivalence
of triangulated categories Dy (S) =~ EB;‘:l Dgg(R;). If this is the case, one can think of S as having the
same singularities as those of the varieties Spec R;. Our main result, Theorem 1.1, shows that we have
such a decomposition of singularity categories for the algebras of interest in this paper, and can be seen
as a first step towards better understanding singularities of noncommutative surfaces.

Crawley-Boevey and Holland [1998] defined a family of algebras 0*(Q) depending on the data of
an extended Dynkin quiver Q and a so-called weight for Q. Write Q for the Dynkin quiver obtained
from Q by removing an extending vertex, and write Rg for the coordinate ring of the corresponding
Kleinian singularity. Then the algebras O*(Q) may be thought of as deformations of R in the sense
that there exists a filtration F of O)‘(Q) satisfying gr - O)‘(Q) > Rg. These deformations are generically
noncommutative, a property which depends on the weight A, and it is easy to determine when this is the
case. When Q = A,,, if ©*(Q) is noncommutative then it is an example of a generalised Weyl algebra, as
studied in [Bavula 1992; Hodges 1993]. If O*(Q) is commutative, a description of its singularity category
follows from [Iyama and Wemyss 2014, Theorem 3.2], where quite geometric techniques are employed.
Through a completely ring-theoretic approach, we determine Dsg((DA(Q)) irrespective of whether the
deformation is commutative or noncommutative.

Our main result can be stated as follows, where undefined terms will be defined in Section 2.

Theorem 1.1 (Theorem 3.6, Theorem 4.13). Let Q be an extended Dynkin quiver with vertex set
{0, 1, ..., n}, where O is an extending vertex, and write Q for the full subquiver obtained by deleting
vertex 0. Let A be a weight for Q Then there exists a subset J = J(A) of {1,...,n} such that, if
QW -1 QW is the full subquiver of Q obtained by deleting the vertices in J, so that the Q¥ are
connected and therefore necessarily Dynkin, there is a triangle equivalence

Dee(0(0)) =~ P Dig(Rp).

i=1
One can show that we may restrict our attention to the case where the weight X is quasidominant (see
Definition 2.16). For example, when k = C, a weight is quasidominant if, for 1 <i <n,

Ai€f{zeC|Rez>0, or Rez=0and Imz > 0},

and where Ag can be arbitrary. In this case, the subset J in the above theoremis J ={i € {1, ..., n}|A; =0}.
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The result in Theorem 1.1 coincides with the intuition coming from commutative singularity theory
which says that deforming a singularity should make it no worse; in our context, deforming a singularity
corresponds to making weights at certain vertices of Q nonzero, and the above theorem says that this
makes the singularity category simpler, in a precise sense. In the Appendix, we also provide a simple
proof which illustrates how the translation functor acts on the triangulated category Dsg((’)’\(Q)).

Since the first version of this paper appeared online, an alternative proof of Theorem 1.1 has been
given in [Kalck and Yang 2018, Theorem 9.4] using relative singularity categories.

Now suppose that the weight A € k" *! is given by Ao =1 and A; =0 for 1 <i <, and in this case write
A = g9. We then consider O*(Q) to be a noncommutative analogue of Rg. This viewpoint is partially
justified by the following immediate corollary:

Corollary 1.2. Retain the notation of Theorem 1.1, and suppose that » = &gy, as above. Then there is a
triangle equivalence

Dse(0(Q)) = Dy (Rp)-

Another family of results concerning Kleinian singularities is what is often called the geometric McKay
correspondence, which concerns the intersection theory of the minimal resolution of Spec Rg. In the last
section, we prove a result which may be seen as a generalisation of this to a noncommutative setting. We
give an imprecise statement of this result below, and a more precise statement in Section 5.

Theorem 1.3 (Theorem 5.8). Ler Q be an extended Dynkin quiver with corresponding Dynkin quiver Q
and let A = gy. Then (’)A(Q) has a noncommutative resolution, and the intersection theory of the
exceptional objects in this resolution is the same as that of the exceptional curves in the minimal resolution

of a Kleinian singularity of type corresponding to Q.

In particular, this result further supports the viewpoint that O*(Q) can be viewed as a noncommutative
analogue of Ry when A = go.

We now take a moment to provide an overview of the proof of Theorem 1.1. For all of our calculations,
we work in MCM-O*(Q) rather than Dy, (O*(Q)); as mentioned previously, these two categories are
triangle equivalent, see Theorem 2.7. The first important observation to make is that we can restrict our
attention to weights A which are quasidominant. In Section 3, this restriction allows us to give a concrete
description of Dsg(OA(Q)) as a k-linear category in terms of an auxiliary Krull-Schmidt category. We
also find that the isoclasses V; of indecomposable objects in Dsg(Ok(Q)) are indexed by those vertices
i > 1 with A; = 0. This auxiliary category allows us to establish the equivalence of Theorem 1.1, but only
as a k-linear equivalence.

In a previous version of this paper, a lengthy case-by-case analysis was then used to show that we had
the desired triangle equivalence. A result of Keller which subsequently appeared significantly reduces the
amount of work that needs to be done. In fact, it now suffices to show that the direct sum appearing on
the right-hand side of the (a priori k-linear) equivalence of Theorem 1.1 is a decomposition into algebraic
triangulated subcategories. This is shown in Section 4.
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1B. Organisation of the paper. This paper is organised as follows. In Section 2, we recall some basic
definitions and facts, and introduce the notation used throughout the paper. In Section 3, the singularity
categories of OA(Q) are determined as K-linear categories. We then complete the proof of Theorem 1.1 in
Section 4. In Section 5, we provide a noncommutative version of the geometric McKay correspondence,
and in the Appendix we detail how the translation functor behaves on objects of D (Rp).

2. Preliminaries

We now recall some of the definitions and results that we will make use of throughout this paper. In this
section, R will denote an arbitrary ring.

2A. Conventions. As stated in the introduction, throughout k will denote an algebraically closed field
of characteristic 0. We write mod-R (respectively, R-mod) for the category of finitely generated right
(respectively, left) R-modules; in this paper, we shall use right modules unless otherwise stated. We also
write proj-R for the full subcategory of mod-R consisting of finitely generated projective modules. We
write M* := Hompg (M, R) for the dual of an R-module M, which is an (R, Endg (M))-bimodule. We
write p.dim M and i.dim M for the projective and injective dimensions of M € mod-R, respectively, and
gl.dim R for the global dimension of R.

2B. Definitions and basic results.

Definition 2.1. A quiver Q is a directed multigraph, and we write Qq for the set of vertices and Q;
for the set of arrows. We equip Q with head and tail maps %, t : Q1 — Qo which take an arrow to the
vertices that are its head and tail respectively. A nontrivial path in the quiver is a sequence of arrows
p =10 ... With h(e;) = t(a;41) for 1 <i < £ —1 (that is, we compose arrows from left to right),
and such a path is said to have length £. Moreover, for each vertex i € Qg there is a trivial path e; of
length 0, with head and tail vertex both equal to i.

Definition 2.2. Given a field k and a quiver Q, we define the path algebra kQ of Q as follows: as a
k-vector space, KQ has a basis given by paths in the quiver, and we define multiplication by concatenation
of paths:
g = {pq if h(p) =1(q).
0  otherwise.

If R is a commutative ring, then Spec R is nonsingular if and only if R has finite global dimension. It
is therefore sensible to say that a (possibly noncommutative) ring is nonsingular if it has finite global
dimension, and singular otherwise. Before we are able to define the singularity category of a ring, we
must make a few more definitions.

Definition 2.3. Given R-modules M and N, write Hom (M, N) = Homg(M, N)/ ~, where f ~ f’if
and only if f — f’ factors through a finitely generated projective module. The stable module category of
R, denoted mod- R, is then the category whose objects are the same as those of mod-R, and for modules
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M, N, has morphisms Hom (M, N). Given a full subcategory abc-R of mod-R, we write abc-R for the
full subcategory of mod-R whose objects are the same as those of abc-R.

Noting that an element of Zf: 1 ni ® f; of N @r M* gives rise to a homomorphism M — N via
m Zle n; fi(m), it is not hard to show that a module homomorphism f : M — N factors through
a projective module if and only if f is the image of some element of N ® g M*. Abusing notation,
this allows us to identify Hom (M, N) with Homg(M, N)/(N ®g M*), which will be useful in later
calculations. In this paper, we are often in the situation where R = eAe, M = e; Ae, and N = e; Ae,
where A is some ring and e, e, and e, are pairwise orthogonal idempotents, and we are able to make
identifications

exAeg
exAeley

In the stable module category, we have a weaker notion of an isomorphism than in the usual module

M*=eAe;, Homg(M,N)=ey;Ae;, Homg(M,N)=

category. Indeed, [Auslander and Bridger 1969, Proposition 1.44] shows that two R-modules M, N are
isomorphic in mod-R if and only if there exist projective modules P and Q suchthat M @ P =N & Q
in mod-R.

The first syzygy QM of M € mod-R is defined to be the kernel of any surjection R" — M. The
observation in the previous paragraph combined with [Rotman 1979, Proposition 8.5] implies that QM is
uniquely determined in mod-R.

Definition 2.4. A ring R is said to be Gorenstein if it is noetherian (i.e., left and right noetherian) and
both i.dim Ry and i.dim g R are finite. By [Zaks 1969, Lemma A], under these hypotheses the values
i.dim Rg and i.dim g R coincide, and we call this common value the (injective) dimension of R.

Definition 2.5. Suppose that R is Gorenstein. A finitely generated R-module M is said to be maximal
Cohen—Macaulay (MCM) if it satisfies Ext’k(M ,R)=0foralli > 1. We write MCM-R for the full
subcategory of mod-R consisting of maximal Cohen—Macaulay R-modules.

For commutative local rings, the above definition coincides with the usual (commutative) definition
of maximal Cohen—Macaulay modules in terms of depth [Buchweitz 1986, Section 4.2]. Maximal Cohen—
Macaulay modules have the following elementary properties, proofs of which can be found in [loc. cit.]:

Lemma 2.6. (1) Any finitely generated projective module is MCM.
(2) MCM modules are reflexive.
(3) Finite direct sums and direct summands of MCM modules are MCM.
(4) An MCM module is either projective or has infinite projective dimension.

With these definitions in hand, we now recall a theorem which identifies a category that is triangle
equivalent to the singularity category in the case of a Gorenstein ring R:

Theorem 2.7 [Buchweitz 1986, Theorem 4.4.1]. Suppose that R is Gorenstein. Then the full subcategory
MCM-R of mod-R whose objects are MCM R-modules is a triangulated category, with translation
functor ¥ given by Y M = Q™' M. Moreover, there is a triangle equivalence Dge(R) ~ MCM-R.
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While the term “singularity category” is more suggestive (which was our main reason for using this
terminology in the introduction), since every example that we consider in this paper satisfies the hypotheses
of this theorem, we instead focus our attention on determining MCM-R.

Theorem 2.7 is a specific example of a more general result due to Happel, which we now briefly recall.
An exact category C is an additive category possessing a class of conflations (sometimes called exact
sequences) which are triples of objects connected by arrows X — Y — Z, and which satisfy a number
of axioms; see [Chen 2012, Section 2] for more details. An object P € C is projective if the functor
Hom¢ (P, —) sends conflations to exact sequences, and we say that C has enough projectives if every
object Z e C fits into a conflation X — P — Z with P projective. Dually, one has a notion of an injective
object and of having enough injectives. An exact category C is said to be Frobenius provided that it has
enough projectives and enough injectives, and the class of projective objects coincides with the class of
injective objects. Given a Frobenius category C, we may form its stable category C in the same way we
formed the stable category MCM-R. Then [Happel 1988] shows that this category is triangulated, and if
X — Y — Z is a conflation in C then there exists a triangle of the form X - Y - Z — XX inC. If T
is a triangulated category which is triangle equivalent to the stable category of a Frobenius category, then
we say that 7 is algebraic.

If R is a Gorenstein ring, then MCM-R is Frobenius and so Happel’s result implies that MCM-R is
triangulated; this triangulated structure is precisely the one given in Theorem 2.7. In MCM-R, every
conflation X — Y — Z arises from a short exact sequence 0 - X — Y — Z — 0 of MCM R-modules.

Finally, we recall two useful results that will be helpful when identifying the maximal Cohen—Macaulay
modules of a ring. Given an additive category C and an object C € C, we write add(C) for the full
subcategory of C consisting of direct summands of finite direct sums of C. This is the smallest additive
subcategory of C which contains C and is closed under taking direct summands. The following result is
due to Auslander, but we provide a proof.

Proposition 2.8 (Auslander). Suppose that R is Gorenstein and that M € MCM-R is a generator (for
example, this occurs if M has R as a direct summand or if R is simple). If gl.dimEndg (M) < 2, then
add M = MCM-R.

Proof. Write A = Endg(M). Since mod-R has split idempotents (a fact which holds for any ring R),
[Krause 2015, Proposition 2.3] implies that the functor Homg (M, —) : mod-R — mod-A restricts to an
equivalence

add M = proj-A. (2.9)

We also note that since M is a generator, R" € add M for any n > 1.
That add M € MCM-R is clear, so suppose that N € MCM-R. Since R is noetherian, N* is finitely
presented, so we have an exact sequence of left R-modules of the form

R™ - R" - N* = 0.
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Applying Homg (—, R) and noting that N is MCM and therefore reflexive, we obtain an exact sequence
0—>N— R"— R".
Applying Hompg (M, —) then gives an exact sequence
0 — Homgr(M, N) — Homp (M, R™) o, Homp (M, R™) — cokerd — 0,

where, since M is a generator, Homg (M, R") and Homg (M, R™) are both projective A-modules by
(2.9). Since gl.dim A < 2 we have p.dim cokerd < 2, and therefore Homr (M, N) is also a projective
A-module. By (2.9), it follows that N € add M. O

Remark 2.10. If R has injective dimension at most 2 then the converse of Proposition 2.8 also holds;
see [Simon 2018, Proposition 2.2.11].

When R has injective dimension at most 2, we also have the following:

Lemma 2.11. Let R be a Gorenstein ring of injective dimension at most 2. Then M € mod-R is reflexive

if and only if it is maximal Cohen—Macaulay.

Proof. (<) This is Lemma 2.6 (2), and doesn’t require the hypothesis on injective dimension.

(=) Suppose now that M is reflexive. Since R is noetherian, M* is finitely presented, so we have an
exact sequence of the form

R" - R" — M* — 0.
Applying Hompg (—, R) and noting that M is reflexive yields an exact sequence
0— M— R" %5 R™ — cokerf — 0.

But then, by [Rotman 1979, Corollary 6.55], Exti, (M, R) = Ext'?(coker 6, R) = 0 for all i > 1, where
the last equality follows since i.dim R < 2. That is, M is maximal Cohen—Macaulay. ]

2C. The deformations of Crawley-Boevey and Holland. In Crawley-Boevey and Holland [1998] intro-
duced the notion of the deformed preprojective algebra of a quiver Q, and, if 0 is extended Dynkin, a
family of k-algebras ©O*(Q) which may be thought of as deformations of the coordinate ring of a Kleinian
singularity. We now recall these definitions, noting that our definition of O*(Q) differs slightly from that
of Crawley-Boevey and Holland, but is consistent with their definition by [loc. cit., Theorem 0.1].

Definition 2.12. Let Q be a quiver without loops. The double of Q is the quiver Q obtained from Q by
adding a reverse arrow @ : j — i for each arrow « : i — j in Q. We call the arrows in Q which are not
reverse arrows ordinary arrows. Given a weight A € K20 for Q, the corresponding deformed preprojective
algebra is the K-algebra

n*(Q) :=kQ/I



356 Simon Crawford

where 1 is the two-sided ideal of kKQ with generators

Z oo — Z ao — Aje;
aeQ acQ
t(a)=i h(a)=i

for each vertex i € Q. It is easy to see that we can equivalently define / as being the two-sided ideal

Z (xa —aa) — Z rie;.

a€Q) i€Qo

with the single generator

It is helpful to think of a weight as a label from K at each vertex of Q, and we will often refer to A; as
the weight at vertex i.

Now suppose that Q is extended Dynkin, with vertices and arrows (of its double) labelled as in Figure 1.
Throughout this paper, it will be our convention that Q denotes an extended Dynkin quiver, while Q
will denote the corresponding Dynkin quiver obtained by removing the extending vertex 0, where the
orientation of the arrows comes from Figure 1.

We are now able to define the algebras of interest to us. We write OA(Q) for the algebra

O*(Q) := epIT*(Q)ey.

The elements of ©O*(Q) may be thought of as linear combinations of (equivalence classes of) paths in the
double of Q which start and end at the extending vertex 0.

If . = 0, then T1(Q) := I1*(Q) is the (undeformed) preprojective algebra of Gelfand and Ponomarev
[1979], and in this case we also write O(Q) := O*(Q). We will often write [T* and O* (or IT and O if
A = 0) when the corresponding quiver is either unimportant or understood.

For our purposes, it is important to know precisely when the rings O* are noncommutative. This
depends on the weight A and also on a vector § € NQO, which we now define. Let G be the finite subgroup
of SL(2, K) corresponding to 0 by the McKay correspondence. Then each vertex of 0 corresponds to
an irreducible representation W; of G, and we set §; := dimyx W;. If we number the vertices of Q as in
Figure 1, then

Ay: s=(1,1,...,1,1)
o D
n-+1 times

D,: §=(,1,2,2...,2,2,1,1)

o=

n—3 times

Eg: 6=1(1,2,1,2,3,2,1)
E;: 6=0(1,2,3,4,3,2,1,2)
Es: 6§=10(1,2,3,4,5,6,4,2,3).

Theorem 2.13 [Crawley-Boevey and Holland 1998, Theorem 0.1, Theorem 0.4(1)]. O* is commutative
ifand only if -8 =), cp, Midi = 0. In the case when . =0, O is isomorphic to the coordinate ring of

the Kleinian singularity corresponding to Q.
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Figure 1. Doubles of extended Dynkin graphs with the labelling of vertices and arrows
that will be used throughout this paper. We have labelled the arrows only for those

quivers in which we will need to refer to specific paths.
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In fact, by [Crawley-Boevey and Holland 1998, Lemma 2.2], one may always assume that A - § is either

0 or 1. When A is a weight with A -8 =0 (so that ©” is commutative), if we define A’ = (Ag+1, Ap, ..

-3 An)

then we consider ©*' to be a noncommutative analogue of O*. It is natural to ask if there is any relationship
between the singularity categories of ©O* and ©*. In fact, it follows from Theorem 1.1 that the singularity

categories of these k-algebras are triangle equivalent.
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When Q = A,,, it can be checked that O* has a presentation of the form
Kx, y, 2)

xz=(z+A-0)x, xy=1_[?:o(Z+Z§~:1 Aj) ,
yi=@—x-8)y, yx=[[_oz=2-8+ X 1))

When ©* is noncommutative, since there is no loss in generality in assuming A - § = 1, these are precisely

(2.14)

the algebras considered by Hodges [1993] and Bavula [1992], where in the latter they were called
generalised Weyl algebras.

In [Crawley-Boevey and Holland 1998, Section 7], the authors prove a number of results in the case
where the weight A is dominant, a term which we now define. Fix a total ordering < on K which also
satisfies the following:

(1) Ifa < b, thena+c <b+cforall c e k.
(2) On the integers, < coincides with the usual order.
(3) For any a € K, there exists m € Z with a < m.
For example, when k = C we may define < by z < 7’ if and only if Rez < Re 7/, or Rez = Re 7z’ and
Imz < Imz’. We then say that a weight A € K20 is dominant if A; > 0 for all i € Q.
When A is dominant and Q is (extended) Dynkin, and Crawley-Boevey and Holland showed that it
is easy to determine certain representation-theoretic properties of I1*(Q). For example, we have the

following useful result which we will use frequently in later sections:

Lemma 2.15 [Crawley-Boevey and Holland 1998, Lemma 7.1(1)]. Suppose that Q is Dynkin, and let A
be a dominant weight for Q. Write Q). for the full subquiver supported on those vertices i with A; = 0.
Then TT*(Q) = T1(Q,). In particular, the projective TT*(Q)-modules are the modules ¢;T1*(Q), where i
is a vertex with A; = 0.

2D. Restriction to quasidominant weights. A weaker version of dominance will play an important role
in this paper, which we now define.

Definition 2.16. If O is extended Dynkin, we say that a weight A is quasidominant if A; >= 0 for all i # 0,
where < is a total ordering on K as above.

It turns out that we are able to restrict attention to quasidominant weights for the remainder of this
paper. We now state this as an assumption, before explaining why this is the case.

Assumption 2.17. If A is a weight for an extended Dynkin quiver (, then we always assume that the
weight A is quasidominant unless explicitly stated otherwise.

To explain why this restriction is possible, we first recall a definition. Let Q be a quiver, and let
C =21 — A be the generalised Cartan matrix of O, where A is the adjacency matrix of the underlying
graph of Q. For each loop-free vertex i € Q, define the dual reflection r; : K2° — k20 by

(r,')»)j Z)\j _Cij)ti-
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It is easy to see that if Q is extended Dynkin then A - § = (r;A) - §. We then have the following result,
which appears in unpublished work of Boddington and Levy [2007].

Lemma 2.18. Suppose that ) is a weight for an extended Dynkin quiver Q, and let p be a sequence of

dual reflections at vertices other than the extending vertex 0. Then O* = OP®),

This is a strengthening of [Crawley-Boevey and Holland 1998, Lemma 7.9], in which the authors
established only a Morita equivalence between these two rings, rather than an isomorphism. Combining
Lemma 2.18 with [loc. cit, Lemma 7.8], we have the following result, which justifies the restriction given
in Assumption 2.17.

Lemma 2.19. Suppose that } is a weight for an extended Dynkin quiver Q. Then there exists a quasidom-
inant weight 1 with O* = O

We will see later that this assumption allows one to easily read off a number of useful facts about the
module category of ©*, and ultimately its singularity category as well. As a first example, if we restrict
our attention to quasidominant weights then it is easy to detect whether O* is singular.

Lemma 2.20. If A is a quasidominant weight for an extended Dynkin quiver 0, then O is singular if
and only if A; =0 for some i # 0.

Proof. By [Crawley-Boevey and Holland 1998, Theorem 0.4(4)], O* is singular if and only if A - o = 0 for
some Dynkin root o. The possible values of these Dynkin roots are not important to us; it suffices to know
that they have the form (0, @) € Z"*! where, in particular, &’ has entirely nonnegative or nonpositive
entries, and has at least one nonzero entry. In addition, &; € Z"*! for 1 <i < n is always a Dynkin root,
where ¢; is the i-th coordinate vector (here the entries are indexed from O to n). Therefore, if A; =0
for some i # 0 then A - « = 0 for the Dynkin root « = ¢;, while if A; # O for all i # 0, then necessarily
A -a # 0 for all Dynkin roots «. The result then follows. ]

3. The singularity category of O*( Q) as a k-linear category

Our first step in determining MCM-O* is to determine its structure as an additive category, or indeed as a
k-linear category. We first identify an important module.

Lemma 3.1. T1*¢ is a finitely generated O*-module, and it satisfies End . (IT*ey) = IT*. Moreover,
" ey is maximal Cohen—Macaulay.

Proof. The first part of the statement follows from [Montgomery and Small 1981, Lemma 1]. To determine
the endomorphism ring, first note that, by [Crawley-Boevey and Holland 1998, Lemma 1.4, Corollary 3.5],
IT* is Morita equivalent to a ring which is a maximal order and hence is itself a maximal order. The claim
then follows from the results in [Crawley-Boevey 1999, Section 5.4].

For the final claim, note that [T*ey is a reflexive O*-module by [Crawley-Boevey 1999, Section 5.4].
Therefore, since [The is finitely generated, and since i.dim O* <2 by [Crawley-Boevey and Holland
1998, Theorem 1.6], Lemma 2.11 implies that I1*eq is maximal Cohen—Macaulay. U
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Write V; = e;1*e; we shall refer to these O*-modules as vertex modules, and they will play an
important role in determining MCM-O”*. Using Lemma 3.1, we are able to calculate the Hom spaces
between the vertex modules.

Corollary 3.2. We have Homp (V;, V;) = ¢;IT%e;.
Proof. By Lemma 3.1, M = Endp» (ITep) = @k,e Homp:. (ex [T*eq, e, IT"ep). Multiplying on the left by

e; kills each Hom space with £ # j, while multiplying on the right by e; kills each Hom space with k #i.
It follows that

ejl'l’\e,- = q(@ Hompx (V, Vg)>el~ =e¢; Hompy: (V;, Vj)e; = Hompi (V;, V;),
k.t

as claimed. O

This allows us to determine the stable endomorphism ring of I1*¢y. We fix some notation which
will be used throughout the rest of this paper: write Q) for the full subquiver of O with vertex set
Lo:={ie{l,...,n}| A =0}

Lemma 3.3. We have End . (IT*ep) = I1(Q;).
Proof. Write u = (Aq, ..., An). By Corollary 3.2, we have that

(I ep)* = @ Homps (¢; T eq, egIT*ep) = @ eoe; = g,
i i
Then, noting that TT*eo(IT*eg)* = IM*epI1*, we have End,. (TT*eg) = I1*/(IT*¢o1*) = [1#(Q). Since the
entries of u are all > 0 by Assumption 2.17 and Q is Dynkin, Lemma 2.15 tells us that IT* (Q) is isomorphic
to the preprojective algebra supported on the vertices i of Q with u; = 0; that is, [T*(Q) = T1(Q,).
Therefore Eﬂi@(nxeo) =T1(0;). [l

We are also able to determine when a vertex module is projective. It turns out that this is the case
precisely when the corresponding vertex is deleted when passing from Q to Q;.

Lemma 3.4. Ifi =0 or A; # 0, then V; is a projective O*-module.

Proof. When i = 0 this is clear. So suppose that i # 0 and X; % 0. Then, as in the proof of Lemma 3.3,
e; =0in IT*/TT*¢oI1* and so ¢; € [T*¢oIT*. But then, using Corollary 3.2, V; V;* = ¢;[T*¢oIT*e; 3 €} = e,
where ¢; is the identity element of End. (V;) = e;1"e;, and so V; is projective by the dual basis lemma
(see [Lam 1999, (2.9))). O

It follows that the vertex modules V; satisfying A; # 0 are equal to the zero object in the singularity

category, so that [T*eq and @,., V; are isomorphic in MCM-0O*. When working in the stable module

i€l
category, we will sometimes refer to those vertex modules whose corresponding weight is zero as

nonprojective vertex modules.
Proposition 3.5. (1) MCM-0O* = add IT*e,,
(2) MCM-O* = add IT* ¢y = add(P; ., Vi).

i€l
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Proof. (1) First note that O* is Gorenstein and that, using [Crawley-Boevey and Holland 1998, Theo-
rem 1.5],
gl.dim Endps (IT"eg) = gl.dim IT* < 2.

Since IM*eg has O* as a direct summand, the first claim then follows from Proposition 2.8.
(2) Part (1) immediately implies that MCM-O* = add [T*e( = add(@i V,-). But projective modules

become the zero object when passing to the stable module category, so the result follows by Lemma 3.4. [J

We recall that an additive category is said to be Krull-Schmidt if every object decomposes into a finite
direct sum of objects, each of which has a local endomorphism ring. By [Krause 2015, Theorem 4.2],
this decomposition is unique up to reordering.

Theorem 3.6. The functor Hom,,; (TT*eq, —) induces a K-linear equivalence
MCM-O" > proj-I1(Q;).
Proof. By [Krause 2015, Proposition 2.3], the functor
Hom,, (IT*eo, —) : mod-O* — mod- End,; (IT"¢g) = mod-T1(Q;)

induces a fully faithful k-linear functor add IT*ey — proj-I1(Q;), where add IT*ey = MCM-0O* by
Proposition 3.5. Since I1(Q); ) is finite-dimensional [Biatkowski et al. 2007, Proposition 2.1], mod-I1(Q;)
is Krull-Schmidt and hence so too is proj-IT1(Q;). Therefore, to establish essential surjectivity of the
functor Hom,, (IT*ep, —), it suffices to show that we can hit each indecomposable projective ¢; I1(Q;),
where i € I;. Indeed, we have

H (Teo. V1) e; T e; T n* 1o,
om eo, Vi) = = =¢; =¢; )
O T T eIl eI NIThells ' Mheoll <
and so the functor is also essentially surjective. We therefore have the claimed equivalence. U

It follows that MCM-(” is nontrivial if and only if A; = O for some i # 0 which, by Lemma 2.20,
happens precisely when O* is singular; this is consistent with the more general fact that Dy (R) is
nontrivial if and only if R is singular. Moreover, the vertex modules V; with i = 0, or with i # 0 and
Ai # 0, are those which are projective and hence vanish in MCM-O*. This is reflected by the fact that
these are the vertices which are deleted to obtain Q).

As an immediate consequence of (the proof of) Theorem 3.6, we have the following result:

Corollary 3.7. MCM-O* is a Krull-Schmidt category.

Remark 3.8. By Proposition 3.5, the objects of MCM-0O* are direct summands of finite direct sums
of the nonprojective vertex modules. Since these vertex modules are indecomposable and MCM-O* is
Krull-Schmidt, in fact every object of MCM-O" is isomorphic to a finite direct sum of vertex modules.

The following two corollaries are then immediate from Theorem 3.6:
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Corollary 3.9. Suppose that Q is an extended Dynkin quiver and Q; = QM U---L QY is a disjoint union
of connected quivers QW , which are therefore necessarily Dynkin. Then there is a K-linear equivalence

,
MCM-0O* ~ @proj-n(Q@).
i=1
Corollary 3.10. Ler Q and Q' be extended Dynkin quivers (not necessarily of the same type) and let
A and )\ be quasidominant weights for 0 and @', respectively. If Q; = Q), then there is a K-linear
equivalence

MCM-0*(0) ~ MCM-O* (Q").

It is illustrative to apply Theorem 3.6 (and its corollaries) to an example.

Example 3.11. Suppose that QO = As, and consider the deformation O* where the weight A is indicated
in red on the left-hand quiver in Figure 2.

By Corollary 3.9, there is a K-linear equivalence MCM-0O* =~ proj-T1(A3) @ proj-IT(A;). In more
suggestive notation, we can write this equivalence as

Dye(0") = Dyg(Ra,) ® Dsg(Ra,),

and so it is sensible to consider O* as having an A3 singularity and an A singularity.

If we more concretely set A = (—1, 0,0, 0, 1, 0) (respectively, A = (0, 0, 0, 0, 1, 0)) then O* is com-
mutative (respectively, noncommutative). In this case we can use (2.14) to write down a presentation
for O*. In particular, we have a K-linear equivalence

Klx.y.2l Kix,y,z)
(xy —z4(z+1)2) ~ <xz= (z+Dx, xy=z*@+1)? >

Dso

yz=(z— Dy, yx=(z—1*z?

7N L 7
Qo«—s/j S

Figure 2. A weight A for an As quiver, and the corresponding category MCM-O*.
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4. The singularity category of O ( Q) as a triangulated category

We are now able to complete the proof of Theorem 1.1 which gives a complete description of the singularity
category of O*(Q). To do this, we need to show that the induced triangulated structures on the right-hand
sides of the k-linear equivalences

r

Dy (0*(Q)) ~ MCM-0"(Q)) ~ @B proj-11(Q"), (4.1)

i=1

r r
D Dse(Roi) = (P proj-1(Q") 4.2)
i=1 i=1
are the same. We achieve this in by showing that the summands proj-IT(Q") in (4.1) are in fact
triangulated subcategories of @’_, proj-IT1(Q"), and that the triangulated structure on each proj-IT(Q")
is essentially unique. To establish the latter of these, we use the following result:

Theorem 4.3 [Keller 2018, Corollary 2]. Let T and T’ be Krull-Schmidt K-linear triangulated categories
which are finite, connected, algebraic and standard. If T and T' are equivalent as K-linear categories,

then they are in fact equivalent as triangulated categories.

We note that, if Q is Dynkin, proj-IT1(Q) (and the K-linearly equivalent category Dse(R)) are finite,
connected, and standard since they are K-linearly equivalent to certain orbit categories which are known
to have these properties (see [Amiot et al. 2015, Remark 5.9]). Therefore, if we can show that each
proj-IT(Q®) is an algebraic triangulated subcategory under the K-linear equivalence (4.1), then each
k-linear equivalence proj-IT(Q®) ~ Dsg(Rpo) 1s in fact a triangle equivalence, which will prove
Theorem 1.1 from the introduction.

We must first show that the translation functor ¥ induced on the right-hand side of (4.1) preserves
connected components, in the sense that it restricts to an autoequivalence of each of the subcategories
proj-IT(Q ). Writing P; for the indecomposable projective IT(Q;)-module corresponding to vertex i in
0, it follows from the Krull-Schmidt property of proj-I1(Q,) that ¥ permutes the P;. We write o for
the induced permutation of the vertices. This allows us to make the following observation:

Lemma 4.4. With the above setup, o is a graph automorphism of Q.

Proof. First note that the spaces Homp (g, )(P;, P;) = ¢;I1(Q;)e; can be graded by path length, and that
vertex i and vertex j are adjacent in Q;, if and only if there is a degree 1 morphism in Homp (g, )(P;, P;).
Applying X, this is equivalent to Homp (g, ) (P (i), Po(j)) containing a degree 1 morphism, which happens
if and only if o (i) and o (i) are adjacent in Q,. That is, o is a graph automorphism of Q;. U

If the Q) are pairwise nonisomorphic, then the fact that the induced translation functor has to be a
graph automorphism forces it to preserve connected components, as required. This leaves only the cases
where some of the Q") are isomorphic, and one might hope to abstractly prove that the translation functor
preserves connected components. Unfortunately, the following example shows that one should not expect
this to be the case.



364 Simon Crawford

Example 4.5. Let 7 be a Krull-Schmidt k-linear category with only two indecomposable objects U
and V, and suppose these objects satisfy Homy (U, V) =0=Homz(V, U) and Endy (U) =Kk =Endr (V).
For example, this is the case for MCM-0O* (&3) when (Ag, A1, A2, A3) = (0, 0, 1, 0), since in this case it is
k-linearly equivalent to proj-IT(A) @ proj-TT(A;). This category has two possible triangulated structures:
the first has ¥ = id, and the distinguished triangles are isomorphic to direct sums and rotations of

U U500 and VS VoS0V,

and the second option has YU =V and £V = U, and the distinguished triangles are isomorphic to direct
sums and rotations of

UL U—s0-v.

The first example decomposes into a direct sum of two triangulated subcategories, while the second
example does not.

While the above example shows that one should not expect to be able to abstractly prove that the
translation functor preserves connected components, this is essentially the only counterexample. The
following proof is due to Jeremy Rickard, and we thank him for allowing us to reproduce it:

Lemma 4.6. Suppose that T is a Krull-Schmidt K-linear triangulated category with finitely many inde-
composables which decomposes as a K-linear category as

T=T.
i=l1

Suppose that the translation functor ¥ satisfies ¥T; = T; for some i # j. Then T; and T; each have only
one isoclass of indecomposable objects.

Proof. Let a : X — Y be a nonzero morphism between two indecomposable objects of 7;, and complete
to a triangle
xSy Lz vy,

where X X € 7, by assumption. We claim that every indecomposable summand of Z lies in 7;. To this
end, suppose that Z = Z'@ Z" where Z' € T and Z" € @, 4 ; Tk, and write y = (¢, 0). The map ' gives
rise to a triangle Z’ Yo sX Y - 27 and rotating yields the triangle X — X ~'Y" — Z’ 7, wx.
The direct sum of this triangle with the triangle 0 — Z” — Z” — 0 is a triangle isomorphic to the triangle
X—>Y—>Z-—>XX,andsoY = X~!'Y'@Z". By indecomposability of ¥, we therefore have Z~'Y’' =0
or Z'=0.If 7Y =0then Y = Z” and XX = Z'. Our original triangle becomes

X572 532Xz - X

which is isomorphic to the direct sum of the triangles X - 0 — XX - XX and0 > Z" — Z" — 0.
This means that « is the zero map, contrary to our assumption, and so we must have Z” = 0, establishing
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the claim. Now, since every indecomposable summand of Z lies in 7;, B is the zero map. Applying

Hom(Y, —), we get an exact sequence
Hom(Y, X) —— Hom(Y, Y) — Hom(Y, Z)

where the last term is 0. By exactness, there exists «’ : ¥ — X with aa’ = idy. Since T is Krull-
Schmidt the endomorphism ring of X is local, which implies that the idempotent map o'« is a unit and
therefore equal to idy. Therefore a : X — Y is an isomorphism, and so 7; (and hence 7;) has only one

indecomposable object, up to isomorphism. ([

Therefore, to show that the induced translation functor on @;_; proj-IT(Q") from the second K-linear
equivalence in (4.1) preserves connected components, we only need to consider the case when there
exist 0 and QW) i # j, with Q) = A; = Q). It suffices to show that, for the corresponding objects
Vi,V € I\Q/I—Ok(@), we have £V; =V; and £V; = V;. To this end, we first have the following result:

Proposition 4.7. Let Q be a non-Dynkin quiver with no oriented cycles, and with vertices labelled
{0, 1, ...n}. Write T1(Q) for the preprojective algebra of Q, and write V; = e¢;T1(Q)eqo, which is a right
eol1(Q)eo-module. Then, for any i # 0, there exists a short exact sequence of egI1(Q)eg-modules
O—>V,-—>@Vj—>vi—>0,
jeoi
where 0i is the set of vertices adjacent to i in Q.

Proof. By [Brenner et al. 2002, Proposition 4.2], there is an exact sequence of I1(Q)-modules

0— T1(Q) > P e;T(Q) — e:T1(Q) — Si — 0, (4.8)
jeai
where §; is the simple module at vertex i. Noting that egIT1(Q) is a direct summand of I1(Q) and hence

projective, applying Homp o) (eoI1(Q), —) yields an exact sequence

0 — Hompy(g)(eoT1(Q), i T1(Q)) — EP Homng) (eoT1(Q), ¢;T1(Q))
jeoi

— Hompy(g) (eoI1(Q), ¢; T1(Q)) — Homp(g)(eoI1(Q), S;) — 0.
We also have Homp(g)(eoI1(Q), e, I1(Q)) = Vi and, since i # 0, Hompg)(eoI1(Q), S;) = 0. We
therefore have exactness of

O—>V,~—>@Vj—>V,-—>O,
jeoi

as claimed. O

In particular this result holds for extended Dynkin quivers, where we remark that if we wish to apply it
to an A, quiver then we must orient the arrows so that there are no oriented cycles; this does not change
the isomorphism class of nA,) [Crawley-Boevey and Holland 1998, Lemma 2.2].
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Remark 4.9. The above result may or may not fail for Dynkin quivers, depending on how the vertices
are labelled. For example, when Q = Az where the vertices are labelled as follows,

O0—1———2
then the complexes of interest to us are
O—-Vi>-Vyo®dV,—->Vi—>0, and 00— Vo, —> V| —> V, —> 0.

Since dimk V) = 1, dimgk V| = 1, and dimg V, = 1, the first of these is exact while the second is not. If
instead we label the vertices of Q as follows,

]l —0——2
then the complexes of interest to us are
0O->Vi->Vy—>Vi—>0, and 00—V, > Vy—> Vo, —> 0,

and both of these are exact since dimk Vo =2, dimk Vi = 1, and dimg V, = 1.

We now use Proposition 4.7 to show that the induced translation functor on €p;_, proj-I1(Q®)
preserves connected components.

Proposition 4.10. Let Q be an extended Dynkin quiver and A be a quasidominant weight for Q. Write
Q5 =0V u--.u QY as a disjoint union of connected quivers Q) , which are therefore necessarily

Dynkin. Consider the triangulated structure on @;_, proj-IT(QY) induced by the K-linear equivalence

MCM-0* ~ @B proj-11(Q")
i=1

of Corollary 3.9, and let X be the translation functor. Then each proj-T1(QY) is invariant under %.

Proof. By Lemma 4.6 and the discussion following it, the only situation in which there exist proj-IT1(Q ")
which are not necessarily invariant under ¥ is when we have multiple Q) equal to A;. Working in
MCM-0*(Q), this happens if and only if there is some vertex i with A; =0, and if j is adjacent to i then
either j =0 or A; # 0; in particular, the modules V; corresponding to these vertices are projective as
(’)A(Q)—rnodules by Lemma 3.4. By Proposition 4.7, we have an exact sequence of eoH(Q)eo—modules

0>V Pv, L vi—o. @.11)

jeai
Now consider (4.11) as a sequence of modules over O*(Q). It is a complex since the composition ¢ is
equal to the (undeformed) preprojective relation at vertex i, which is equal to A;e; = 0. Filtering 1(Q)

and O*(Q) by path length we obtain a sequence of associated graded modules, which is in fact the exact
sequence (4.11). It is standard (see [McConnell and Robson 2001, Proposition 7.6.14]) that this implies



Singularity categories of deformations of Kleinian singularities 367

that (4.11) is exact as a sequence of modules over OA(Q). To summarise, we have an exact sequence of
O*(Q)-modules

0=V, —> @ Vi—=>Vi—0
jeai
whose middle term is projective. It follows from the definition of the translation functor that X V; = V;
in MCM-0*(Q). Thus each proj-I1(Q?) is invariant under the induced translation functor on
@i proj-TI(QY). 0

We now seek to prove Theorem 1.1. Retaining all of the above notation, for each 1 <i < r, define
W= (Vi lje ). € =add (Vo e P V.,-) and 7; := add ( %) V./>,
jegy jeQy’
where the latter two are viewed as subcategories of MCM-O* and MCM-0*, respectively. It will also be

M= B v

je(@0\0y

convenient to write

and to set
WE:={V;|je(@o\ 0y}, C:=add(Vo®M;) and TF:=addM,;.

Observe that we can decompose MCM-O* as

,
MCM-O" = (D Ti
i=1

as K-linear categories. We wish to show that this is also a decomposition into triangulated subcategories.
To do this, we first prove a result which shows that the C; are Frobenius subcategories of the Frobenius
category MCM-O”. We call a subcategory B of an exact category A extension-closed if whenever we
have a conflation X — Y — Z with X, Z € B then necessarily ¥ € 5. Furthermore, an extension-closed
subcategory B is called admissible provided that every B € B fits into conflations B — P — B’ and
B” — Q — B with B’, B” € B and where P, Q are projective in .A. We remark that an admissible
subcategory of a Frobenius category is itself Frobenius; see [Chen 2012, Section 2].

Lemma 4.12. For each i, the subcategory C; satisfies the following property: if X — Y — Z is a
conflation in MCM-O" such that two of the three objects are in C;, then the third object is also in C;.
Consequently, C; is a Frobenius subcategory of MCM-O”.

Proof. We only show that if X — Y — Z is a conflation with X, Y € C; then Z € C;, with the other
cases being similar. So suppose that we have such a conflation. Since MCM-O* ~ proj-T1(Q;) and
this category is Krull-Schmidt, we have Z® P = U @ U’ ® Q in MCM-0O*, where U e W;, U’ € We,
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and P, Q are projective. This conflation gives rise to a triangle X — ¥ — Z — £ X in MCM-O*, and
applying the functor Hom,; (M;, —) yields an exact sequence

Hom,, (M;, Y) — Hom,, (M;, Z) — Hom,, (M;, £X).

Now XX € C; by Proposition 4.10 and Y € C; by definition, while M; € C;, so both of the flanking terms
are 0. This implies that the middle term, which is equal to Hom,,, (M;, U "), is also 0. But this means that
U’ =0, and hence Z ® P € C;. Since, by definition, C; is closed under direct summands, it follows that
Z € C; as required.

For the final claim, first notice that the above paragraph tells us that C; is extension-closed. Moreover,
given an object C € C;, since MCM-(O* is Frobenius we can always find conflations C — P — Z
and X — Q — C with X, Z € MCM-O" and P, Q projective. Since projective O*-modules are direct
summands of sums of copies of O*, we have P, Q € C; by definition, and then the previous paragraph
tells us that X, Z € C;. Therefore C; is admissible and hence Frobenius. O

This allows us to prove our main theorem.

Theorem 4.13. Let Q and Q; be as in Corollary 3.9. Then the K-linear equivalence

p
MCM-O* ~ @proj-n(QU)),
i=1
of Corollary 3.9 is a triangle equivalence, where the right-hand side is a decomposition into triangulated
subcategories satisfying proj-T1(Q") ~ Dsg(Rg).

Proof. By Lemma 4.12, we know that C; is a Frobenius subcategory of MCM-(*. Using [Arentz-Hansen
2019, Theorem 3.15(2)], it follows that 7; is equal to the stable category of the Frobenius category C; for
1 <i < r, and so the decomposition

Mc_M-0*=@T,-

i=1

is in fact a decomposition into triangulated subcategories. If we set e) = Y [Krause 2015,

jeQ® €j
Proposition 2.3] implies that the functor

Hom,,; (e(i)H’\eo, —): n&l—@k — mod- End (e(i)l'lkeo)

restricts to a k-linear equivalence 7; ~ proj-IT1(Q ). This equivalence also induces an algebraic triangu-
lated structure on proj-IT(Q"). Since this category is k-linearly equivalent to Dys(R pi), Theorem 4.3
implies that they are triangle equivalent, completing the proof. U

Remark 4.14. In the first version of this paper, [Crawford 2016], a much longer argument was used to
establish Theorem 4.13. The original proof made use of the so-called knitting algorithm from [Iyama
and Wemyss 2010] to construct short exact sequences of O*-modules, and explicitly listed many such
sequences. The techniques used and the exact sequences given may be of independent interest.
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5. A noncommutative geometric McKay correspondence

We now look at a generalisation of the intersection theory of the minimal resolution of a Kleinian
singularity Spec R to a noncommutative setting. We begin by recalling the result in the commutative
setting, whereby it is often referred to as the geometric McKay correspondence.

Let Ry be a Kleinian singularity with corresponding extended Dynkin quiver Q. Then the affine
variety Spec R is an isolated surface singularity which has a unique minimal resolution. It is well-known
(see, for example, [Leuschke and Wiegand 2012, Section 6.4]) that the exceptional fibre of this minimal
resolution is a union of n irreducible curves y;, where n is the number of vertices of Q. Moreover, each
¥ is isomorphic to P! and has self-intersection —2, and y; N y; 18 either empty or a point. In fact, the
dual graph of the exceptional fibre is given by the underlying graph of Q. Let I" be the n x n matrix with
entries

=2 ifi=j,
I'ij=11 if y; and y; intersect,
0 otherwise,

so that I';; is equal to the intersection multiplicity y; ey;. With an appropriate labelling of the curves y;, we
have I' = —C where C is the Cartan matrix corresponding to the Dynkin type of Q; explicitly, C =21 — A,
where A is the adjacency matrix of the underlying graph of Q.

Now let O be an extended Dynkin quiver with n+ 1 vertices, let Q be the quiver obtained by removing
the extending vertex, and let A = ¢9 = (1, 0, ..., 0); that is, the weight at the extending vertex is 1, and 0
for all of the other vertices. We may then consider O*(Q) to be a noncommutative analogue of Ry, the
coordinate ring of the corresponding Kleinian singularity; indeed, these rings have equivalent singularity
categories by Theorem 1.1. We now seek to generalise the geometric McKay correspondence to 0*(Q)
for this particular choice of A. To do so, we need an appropriate analogue of a resolution of the singular
ring OA(Q); we use the definition given in [Qin et al. 2019], where such a resolution is a noncommutative
ring satisfying certain properties which we will recall below. The role of the exceptional curves in the
resolution will be played by finite-dimensional simple modules, of which our resolution of ©*(Q) has
finitely many, and the intersection multiplicity of any two such modules is provided by [Mori and Smith
2001]. In this section, we will prove the following:

Theorem 5.1 (Theorem 5.14). Let Q be an extended Dynkin quiver with corresponding Dynkin quiver Q
and let A = go. Then OA(Q) has a noncommutative resolution (which in fact can take the form (’)“(Q)
for some weight  and so is a deformation), and the exceptional objects (the finite-dimensional simple
modules) in this resolution may be indexed so that the corresponding intersection matrix is —C, where C

is the Cartan matrix corresponding to Q.

5A. Noncommutative quasicrepant resolutions. We now give a precise definition of the noncommuta-
tive resolutions which appear in the above theorem, which is taken from [Qin et al. 2019], and we prove a
useful general result. We first recall a definition:
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Definition 5.2. Let A be a k-algebra and X, Y € Mod-A. We say that X and Y are n-isomorphic, written
X =, Y, if there exists a third module Z and homomorphisms

¢:Z—X and Yv:Z—->Y
such that the kernels and cokernels of ¢ and ¢ each have GK dimension at most 7.

We can now give the precise definition of a noncommutative quasicrepant resolution from [Qin et al.
2019, Definition 3.15].

Definition 5.3. Let A be a noetherian Auslander—Gorenstein K-algebra with GKdim(A) = d. Then a
noncommutative quasicrepant resolution (NQCR) of A is a triple (B, M, N) where B is a noetherian
Auslander regular, Cohen—Macaulay k-algebra with GKdim(B) = d and where g M 4 and 4 Np are finitely
generated bimodules which are reflexive on both sides and which satisfy

MI/NN=;oB and NRgM=,;, A.

NQCRs have the following useful property, which is not proven in [Qin et al. 2019] but provides a
useful complement to [loc. cit., Theorem 0.6]. We remark that the following statement remains true if one
replaces “noncommutative quasicrepant resolution” by “noncommutative quasiresolution” (see [loc. cit.,
Definition 3.2]), the latter notion being slightly weaker.

Lemma 5.4. If B is a noncommutative quasicrepant resolution of A and C is Morita equivalent to B,

then C is also a noncommutative quasicrepant resolution of A.

Proof. Let d = GKdim A. Since B is a NQCR of A, it is Auslander regular and Cohen—Macaulay, has
GK dimension d, and there exist bimodules g M4 and 4 Np which are finitely generated and reflexive on
both sides and which satisfy

MR ;N=Z;»B and NRgM=,; 5 A.

Moreover, since C is Morita equivalent to B, there exists a progenerator P € mod-B with C = End(Pp),
and we may view P as a (C, B)-bimodule.

First note that C has GK dimension d by standard Morita theory, and by applying [Yekutieli and
Zhang 2002, Propositon 4.3], we deduce that C is also Auslander regular and Cohen—-Macaulay. Writing
8 Q¢ = Hom(¢ P, C) = Hom(Pg, B), define two bimodules CMA and ANC as follows:

M=P®sM and N=NQ;zO.
Since we have pairs of mutually inverse equivalences

—®c Q :mod-B — mod-C, —®p P :mod-C — mod-B,
P®p—:B-mod — C-mod Q ®c —:C-mod— B-mod

and since M and N are reflexive on both sides, it follows that M and N are reflexive on both sides.
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It remains to show that M ® A N =,4_»C and N Rc M =,4_» A. The latter of these is immediate, since
NOcM=NQpOQcPRpxrMZENQzM=Z4_ A,

where the first isomorphism follows from [Lam 1999, 18.17 Proposition] and the (d —2)-isomorphism fol-
lows since (B, M, N) is aNQCR of A. We now wish to show that 1171®A1\~/ =4_2C.Since MR sN=,4_0 B,
there exists a bimodule g Zp and morphisms

¢:Z—-> MR yN and Vv :Z—> B

such that the kernels and cokernels of ¢ and 1y have GK dimension at most d —2. Define Z=P®pZQ50
and morphisms

p:Z—> M@y N, ¢ =idp P ®idg,

V:Z—C, V(p®x®q)=q(py ).

We claim that the kernels and cokernels of these maps have GK dimension at most d — 2, which will
complete the proof.

We first consider the kernel and cokernel of ¢. Since P and Q are projective (hence flat) on the right
and left respectively, we can make an identification ker ¢ = P @ gker ¢ ® Q. Since P and Q are finitely
generated modules, [McConnell and Robson 2001, Proposition 8.3.14] implies that GKdim ker ¢ <
GKdimker ¢ < d — 2, as required. Flatness of P and Q also allows us to make identifications

imq~5 =PRpim¢p@p QO and cokertf) = P ®pcoker¢ ®p Q,

and so GKdim coker ¢ < GKdim coker ¢ < d — 2.
We now turn our attention to . Observe that we can view ¥ as the composition

J:P@sZ®p 0 L, peyBey0 " pryo L C
where m : P ® p B — P is the multiplication map and © : P ® p Q — C is the evaluation map. Flatness
of Q implies that m ® idg is an isomorphism, while x4 is an isomorphism because P is a progenerator.
Thus ker ¢ = ker(idp QY ® idp), and again we can identify this with P ® 3 ker  ® p Q, which has GK
dimension at most d — 2 using the same argument as in the previous paragraph. Similarly, we have an
identification im ¥ = P ® 3im ¥ ®p Q, and arguing again as above, we find that im v/ has GK dimension
at most d — 2, completing the proof. (I

5B. Intersection theory for a family of noncommutative resolutions. We return now to the K-algebra
of interest, namely O where A = gg. Our first aim is to identify an appropriate NQCR, which we have in
fact already done.

Lemma 5.5. T1* is a NQCR of O*.

Proof. Since O* is Auslander—-Gorenstein, IT* is Auslander regular and Cohen-Macaulay, and they both
have GK dimension 2 [Crawley-Boevey and Holland 1998, Theorem 1.5, Theorem 1.6], it suffices to
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show that IT*e € bimod-(IT*, ©*) and egIT* € bimod-(O*, IT*) are reflexive on both sides, and that
H)‘e() Ror eol_[)L = M and e‘()l_[)L QR H)Le() =0 o*.

By Lemma 3.1, IT"¢ is reflexive as a right O*-module, and since it is a generator for mod-O*, [Lam
1999, Proposition 18.17] implies it is also reflexive as left [1*-module. Similarly, eoIT* is a reflexive
module on both sides.

The O-isomorphism eoIT* @ ey = O* follows from the fact that these two modules are actually
isomorphic. To see that [T*eq ® o eoI1* = 1%, it suffices to show that the multiplication map

m: ero Ror eol'[A — I1*

has finite-dimensional kernel and cokernel. The cokernel of m is IT*/IT*eoIT* = T1(Q;) = I1(Q), which
is finite-dimensional. To see that K = kerm is finite-dimensional, factor m as

m: H)Le() Qo 6()1_[)L LN HAEOHA —
where 7 is surjective and hence ker m = K. We then have a short exact sequence
0— K — IMey @ egIT* =5 M eoI1* — 0.

Since IT*ey is a finitely generated O*-module, IT*e( ®~+ eoI1* is a finitely generated IT*-module, and
so K is also a finitely generated IT1*-module. Applying — ®p. IT*e to the above sequence, which is an
exact functor since IT*e is a projective left I1*-module, we obtain the short exact sequence

0— KQm ero — ero Ror eol"[A R I"[Aeo — H’\eol"[A R H)‘eo — 0.
It is easy to see that the above sequence is in fact
0— Keg— [Mrey => ey — 0,

and so Key = 0. It follows that K has the structure of a finitely generated right I1*/I1*eoI1*-module,
and is therefore finite-dimensional. By definition, we find that IT* is a NQCR of O*. ]

We can actually obtain infinitely many noncommutative resolutions of O* using the dual reflections
r; of [Crawley-Boevey and Holland 1998], the definition of which was given prior to Lemma 2.18. It
is clear that the r; preserve the 7"+ lattice inside k!, It was also noted earlier that A -8 = r; A - § for
all A e k% and i € Q0. so that the r; preserve the affine hyperplanes {1 € K"*! | 1 . § = ¢} for each
¢ € k; since g - § = 1, we are primarily interested in the case ¢ = 1. Crawley-Boevey and Holland [1998,
Corollary 5.2] proved the following useful result:

Lemma 5.6. Let p be a composition of dual reflections. Then T1* is Morita equivalent to TIP™).
By combining Lemmas 5.4, 5.5 and 5.6, we obtain the following:

Corollary 5.7. TI?™ is a NQCR of O* for any composition of dual reflections p.
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As stated previously, we need to identify an analogue of the exceptional curves appearing in the minimal
resolution of a Kleinian singularity. When A = g, by Lemma 2.15, IT* has precisely n isoclasses of
finite-dimensional simple modules, and hence by Morita equivalence so does I1°*) for any composition
of dual reflections p. These will play the role of the exceptional objects in our noncommutative resolution.

We also require a notion of intersection multiplicity for the exceptional objects, which is provided
by [Mori and Smith 2001]. Given a nonsingular noetherian ring S and M, N € mod-S which satisfy
dimg Extg(M , N) < oo for all £ > 0, we define the intersection multiplicity of M and N to be

MeN = Z(—l)”l dimy Ext§(M, N)
€0
(note that this sum has finitely many terms since S is nonsingular).
We are now in a position to prove a preliminary version of Theorem 5.1:

Theorem 5.8. Ler Q be an extended Dynkin quiver with n + 1 vertices, and let A = gy. Let u = p(}),
where p is any composition of dual reflections, so that TT* is a NQCR of O*. Then TI* has precisely
n finite-dimensional simple modules S; up to isomorphism, and with a suitable indexing of them, the

intersection matrix I' with entries I';; = S; » S is —C, where C is the Cartan matrix corresponding to Q.

Proof. The discussion after Corollary 5.7 shows that IT* has n finite-dimensional simple modules S; up
to isomorphism, so it remains to prove the result on the intersection multiplicities.

Since Morita equivalence preserves dimensions of Hom and Ext groups, we are able to calculate
the intersection numbers of the finite-dimensional T1#-modules by performing the calculations over n
instead. Identifying IT*-modules with representations of Q which satisfy the relations coming from IT*,
[Crawley-Boevey and Holland 1998, Lemma 7.2(6), Theorem 7.4] tells us that the dimension vector of S;
is &; € N**1_ 1t follows that

L (5.9)
i = @aeél (Xn)‘. .
t(a)=i
Also observe that
k . -f . — -’
Homp (e, 1, Sy = "=/ (5.10)
0 ifi #j.

The proof of [Crawley-Boevey and Holland 1998, Lemma 10.1] shows that, for each i # O, there is an
exact sequence of IT*-modules
0— ¢I1" N Gaekl'[A AN e;IT* — §; — 0.
kedi
Since the modules e, IT* are direct summands of IT* and hence projective, this is in fact a projective

resolution of S;. Now let 1 < j < n. Seeking to calculate the extension groups between §; and S;, we
apply Homp (—, §;) to the corresponding deleted resolution to obtain the complex

0 — Hompy (¢; 11, S;) — @) Hompy (e, I1*, S;) — Hompys (¢; T1*, S;) — 0. (5.11)
keadi
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We now consider three distinct cases when computing the homology of this complex. If j =i then, using
(5.10), as a complex of vector spaces (5.11) becomes

0>k—->0—->k—>0
and so we can immediately read off that
dimg Hompps (S;, S;) = 1 = dimy Ext7, (S;, S),  dimy Bxtf, (S;, S;)) =0 for¢=1or ¢ >3,
andso S;eS; =—1+0—1=-2.If j € 9i, then (5.11) becomes

0-0—-k—=-0—-0

and so
dimy Extf}, (S, $) =1,  dimg Ext}, (S;, S;) =0 for £ =0 or £ > 2.

That is, if i and j are adjacent in Q, then
S,"Sj =04+14+0=1.
Finally, if j #i and j ¢ di then (5.11) becomes

0—-0—-0—-0—0

and clearly
dimy Extt, (S;, S;)) =0 for € >0,

and so §; « §; = 0 in this case. It follows that the intersection matrix I" satisfies I' = —C. O

The above result should be seen as a noncommutative analogue of the geometric McKay correspondence.
However, we can strengthen this result by showing that ©O* possesses a NQCR which is actually a
“deformation”: that is, a NQCR of the form O* for some weight w. Since we are restricting our attention
to quasidominant weights, the fact that O* is nonsingular forces p; > 0 for all i > 1 (see Lemma 2.20).
It is not immediately clear that such a deformation exists; we prove its existence in the next subsection.

5C. O has a NQCR which is a deformation. The dual reflections defined earlier also appear in the
so-called numbers game of [Mozes 1990]. The relationship between this game and our setting is that
the moves considered by Mozes can equivalently be described as an application of a dual reflection to a
weight A. This allows us to make use of some of the results from this paper; in particular we are able to
prove that, for A = &9, NQCRs of ©* which are also deformations exist.

Lemma 5.12. Let Q be an extended Dynkin quiver with n + 1 vertices. Then there exists a sequence of
dual reflections p such that p(g9); > 0 for all i # 0; in particular, p(&gy) is quasidominant.

Proof. 1t suffices to show that we can find such a sequence of dual reflections when we work over the field R,
since any such sequence will also have the desired effect on &g when we work over our algebraically closed
field Kk of characteristic 0. Accordingly, we write < instead of < for the total order. Write G for the group
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generated by the dual reflections, which is simply the Weyl group of type corresponding to Q. Lemma 5.5
of [Mozes 1990], when translated into our notation, says that {\ € R | A; >0forall 0 <i <n}is
a fundamental domain for the action of G on {» € R"*! | 1»-§ > 0}. Recalling that G preserves the
affine hyperplane V := {» ¢ R"*! | A .8 = 1}, it follows that V = UpeG oU, where U is the n-simplex
{(LeR"™ A, >0forall0<i<nand A-§=1}. Let H={\ € V | A; >0 for all i #0}, which is a convex
subset of V' containing open balls of arbitrarily large diameter. Since each pU has the same finite diameter,
there exists some p € G with pU C H. In particular, p(g9) € H; that is, p(g9); > 0 for all i # 0. (Il

Remark 5.13. By playing Mozes’ numbers game, one can often determine an explicit sequence of dual
reflections p satisfying the hypotheses of Lemma 5.12. For example, if Q = Ay, then the numbers
game starting with the initial configuration (-3, 1, 1, 1, 1) terminates at g9, and so by applying the
corresponding dual reflections in reverse we obtain the desired p. More generally, [Gashi et al. 2012,
Proposition 5.1] tells us that when Q is of type '&st [Ij)4m, I]j>4m+1, [~E6 or [Eg, where m is a positive integer,
then the numbers game starting with the initial configuration (1 — Z?:l 6, 1,1,..., 1) terminates at &g,
and so this determines a sequence of dual reflections p such that p(A); > 0 for all i # 0.

We are now in a position to prove Theorem 5.1.

Theorem 5.14. Let Q be an extended Dynkin quiver with n + 1 vertices, and let > = &y. Then O* has a
NQCR of the form O*, where O has precisely n finite-dimensional simple modules S; up to isomorphism.
With a suitable indexing of the S;, the intersection matrix I with entries I';j = S; ¢ §; is —C, where C is

the Cartan matrix corresponding to Q.

Proof. Lemma 5.12 tells us that there exists a sequence of dual reflections p such that O* is nonsingular,
where i = p(). Since IT" is a resolution of O* and there are Morita equivalences between IT*, IT#, and
O" (by [Crawley-Boevey and Holland 1998, Corollary 5.2, Corollary 9.6]), it follows that O* is a NQCR
of O*. Finally, these Morita equivalences combined with Theorem 5.8 tells us that O* has precisely 7 finite-
dimensional simple modules S; up to isomorphism, and since Morita equivalences preserve dimensions
of Hom and Ext groups, the claimed intersection multiplicities follow from Theorem 5.8 as well. ]

Appendix: Uniqueness of the translation functor on objects of proj-I1 ( Q) when @ is Dynkin

In this appendix, we show that if Q is Dynkin and proj-IT1(Q) has the structure of a (not necessarily
algebraic) triangulated category, then the translation functor ¥ is uniquely determined on objects of
proj-I1(Q). In particular, this tells us how the translation functor acts on objects in Theorem 4.13.
Although this is known from that result, we believe that an elementary and relatively short proof of this
fact may be of independent interest.

For the remainder of this section, write Py, ..., P, for the n indecomposable projective right I1(Q)-
modules corresponding to the vertices of Q. Write Wy, ..., W, for the n 41 irreducible representations of
the finite group G corresponding to Q. Since proj-IT(Q) is Krull-Schmidet, it is easy to see that £ P; = P;
for some j, so write o for the permutation of the vertices of Q satisfying X P; = Py(;). The map W; — W}
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sending a representation to its dual is an involution of {W1, ..., W,} (where we intentionally omit W),
and we can view this map as an automorphism v of Q. Throughout this section, all Hom spaces are over
[1(Q), and we omit this subscript. The aim of this section is to prove the following result, which we
achieve by analysing cases.

Theorem A.l. Consider the category proj-I1(Q) with some triangulated structure with translation
functor X. Then o = v as automorphisms of Q.

Remark A.2. Explicitly, v is the identity automorphism of Q when Q is A, D, (n even), k7, or Eg, and
it is the unique graph automorphism of order 2 when Q is A, (n > 2), D, (n odd), or Eg.

Adapting the proof of Lemma 4.4, o is necessarily a graph automorphism of Q. Therefore, since the
automorphism group of an A, E7, or Eg graph is trivial, it immediately follows that o is the identity in
these cases. For the remaining cases, we argue that X is uniquely determined using Lemma 4.4 and by
considering the dimensions of the Hom spaces between the P;. We record the dimensions of these Hom
spaces in the following lemma; the E7 and Eg cases are unnecessary and hence omitted, but they can be
established in the same way.

Lemma A.3. Let Q be a Dynkin quiver with n vertices and let Py, ..., P, be the n indecomposable
projective right T1(Q)-modules corresponding to the vertices of Q. Let H(Q) be the matrix with

H(Q)ij = dll’nk Hom(Pj, Pl') = dlmk eiH(Q)ej.

() If Q =A,, then

111---11
122
123...32

HA =111 01
123...321
122 ...221
\111---111

2) If Q =D, then
222 ... 2 1 1
244 ... 4 2 2

246 --- 6 3 3
HD)=|::: " : : :
246 --- 2(n—2) n—2 n-—2
123 n=2 5] %7

] 7]

123... n-2 |*
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(3) If Q = [¢ then

4246 42
223 432
436 8 63
6481284
436 8 63
223 432

H(Ee) =

Proof. These can be calculated using [Erdmann and Snashall 1998a, Section 4; 1998b, 3.4; Malkin et al.
2006, Theorem 2.3.b]. O

We now begin our case-by-case argument. In each case, the technique is the same: seeking a contradic-
tion, we show that if o is a graph automorphism of Q different from the one given in Theorem A.1 then
we arrive at a contradiction. We begin with the type A case.

Proposition A.4. Let o be the graph automorphism of A, induced by the translation functor ¥ on
proj-I1(A,). Then o is the identity when n = 1, and it is the unique order 2 graph automorphism
whenn > 2.

Proof. We have already established the n = 1 case, so suppose n > 2. By Lemma 4.4, o is either the
identity or has order 2 so, seeking a contradiction, suppose that o is the identity; that is ¥ P; = P; for
all i. Consider the nonzero morphism P; — P, given by left multiplication by &, _1&,_> - - - &, which
gives rise to a distinguished triangle

Pr— P,— M — P

for some M € proj-I1(A,). Applying Hom(—, P,), this gives rise to an exact sequence

Op—10p—2 0] ,6 Wp—10p—2 0]

Hom(P,, P,) — Hom(P;, P,) — Hom(M, P,) —) Hom(#P,, P,) —— Hom(P, P,)

H H H H
ke,

koty—10,—2 -+ - 0y ke, Koty 100,—2 -+ -0y

where we use Lemma A.3 to write down bases for each of the Hom spaces. Now the left-hand map is
surjective, so exactness implies that 8 is the zero map, which forces y to be injective. Moreover, the
right-hand map is injective, so that y is the zero map. In particular, Lemma A.3 implies that we have
Hom(M, P,) =0 and so M = 0, but this tells us that P; = P, which is absurd. Therefore o must be the
unique order 2 graph automorphism of A,,. (I

We now turn our attention to the type [E cases.

Proposition A.5. Let o be the graph automorphism of k, induced by the translation functor ¥ on
proj-I1(E,), where n € {6,7, 8}. Then o is the identity when n # 6, and it is the unique order 2 graph

automorphism when n = 6.
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Proof. Again, the E; and Eg cases are immediate from Lemma 4.4, so consider Eg. By Lemma 4.4, o is
either the identity or has order 2 so, seeking a contradiction, suppose that o is the identity. Consider the
nonzero morphism P, — Pg given by left multiplication by as@403¢2, which gives rise to a distinguished
triangle

P,— Ps—> M— P,

for some M € proj-IT1(Es). Applying Hom(—, Ps), this gives rise to an exact sequence

Q540302 B A5X 4302

Hom(Pg, Ps) —— Hom(P,, Ps) —— Hom(M, Pg) —) Hom(Ps, Ps) —— Hom(P;, Ps)

keg Kasaqo300 keg Kasaiq0i300
e - - e
Kas@qo @ ogds Kasqor @ aqdsasqa3dn Kasaqo @ a4dis Kas@qo 0 aqis050 40307

where again we use Lemma A.3 to write down bases for each of the Hom spaces. We see that the left-hand
map is surjective and so B is the zero map, and exactness implies that y is injective. Since the right-hand
map is injective it follows that y is the zero map. Therefore by Lemma A.3 Hom(M, Ps) = 0 and so
M = 0, but this tells us that P, = P which is absurd. Therefore o must be the unique order 2 graph
automorphism of Eg. O

Finally we consider the type D cases. Since we claim that ¥ behaves differently depending on whether
n is odd or even, we have to consider these two cases separately; additionally, we consider the n = 4 case
separately since Aut(D4) = S3 instead of it having order 2.
Proposition A.6. Let o be the graph automorphism of Dy induced by the translation functor ¥ on
proj-I1(Dy4). Then o is the identity.
Proof. By Lemma 4.4, o is either the identity, a two-cycle which swaps a pair of vertices i # 2 # j, or it
cycles the vertices 1, 3, 4. We rule out the latter two possibilities.

First suppose that o is a two-cycle: without loss of generality, o = (34). Consider the nonzero
morphism P; — P, given by left multiplication by &4c3, which gives rise to a distinguished triangle

Py— Py—> M — Py

for some M € proj-I1(D4). Applying Hom(—, Ps), this gives rise to an exact sequence

30 B o403

Hom(P3, P3) —— Hom(Py, P3) — Hom(M, P3) —> Hom(P4, P3) —— Hom(P;3, P3)

kes @ kazagtigoz kazo kazos kes @ kazoatigonz

Clearly the left-hand map surjects, so exactness forces 8 to be the zero map, which in turn implies that y
is injective. The right-hand map is injective, and exactness forces y to be the zero map. In particular we
have Hom(M, P3) = 0 and so M = 0, but this tells us that P; = P, which is absurd. Therefore o is not a

two-cycle.
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Now suppose that o is a three-cycle: without loss of generality, c = (1 34). We now consider the
triangle obtained from the morphism «a3-: P3 — Py,

Ps— PL—>M— Py

and seek to obtain contradiction. Applying the functor Hom(—, P3), we get exactness of the following
sequence:

‘03004 B o3

Hom(P3, P3) —— Hom(Py, P3) — Hom(M, P3) —> Hom(P;, P3) —— Hom(P;3, P3)

kes @ kasajajas kaizory karzorg kes @ Kazaapas

Again the left-hand map is surjective, forcing g to be the zero map and hence y to be injective. Moreover,
the right-hand map is injective, and so y must be the zero map. In particular we have Hom(M, Pz) =0
and so M = 0, but this tells us that P; = P3 which is absurd. Therefore o is not a three-cycle, and hence
must be the identity. O

Proposition A.7. Let n > 5 be odd and let o be the graph automorphism of D, induced by the translation
functor X on proj-TI1(D,,). Then o is the unique graph automorphism of order 2.

Proof. By Lemma 4.4, ¢ is either the identity or (n—1 n) so, seeking a contradiction, assume it is the
former; that is, £ P; = P; for all i. Consider the morphism P, — P; given by left multiplication by
a1 - - - oy —30,. This gives rise to a distinguished triangle

P,— P —>M— P,

for some M € proj-I1(D,). Applying Hom(—, P;) gives rise to the following exact sequence,

A0 0y 30y B Q0 0y 30y

Hom(P;, P) — Hom(P,, P) —— Hom(M, P)) —> Hom(P;, P) — Hom(P,, P;)

ke; ®kp Kooy - - - ay—_3a, ke ®kp Koo - - - 3y

where here p is some path. The left-hand map is surjective, so § is the zero map and therefore y is
injective. The kernel of the right-hand map is one-dimensional, and exactness tells us that y has rank 1.
In particular we have dim Hom(M, P;) =1 and so M is either P,_; or P, by Lemma A.3. If we instead
apply Hom(—, P,), the resulting exact sequence is

Q10O 30y B OOy 30y

Hom(P,, P,) — Hom(P,, P,) — Hom(M, P,) —) Hom(P,, P,) — Hom(P,, P,)

K&, 03 - &2l K(n—1/2 Ky - - - Gy K= /2
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Since 7 is odd, the shortest path from vertex n to vertex 1 and back to vertex 7 is zero in I1(D,,), so the first
and the last maps both have rank zero. Therefore 8 has full rank, forcing the kernel of y to have dimension
(n—1)/2. Exactness also forces y to have rank 1, and therefore dim Hom(M, P,) = (n—1)/2+1. Now we
have already seen that M is either P,_; or P,, but dim Hom(P,_{, P,) = (n —1)/2 = dim Hom(P,, P,),
so we have a contradiction. Therefore o is the unique graph automorphism of order 2. (Il

Proposition A.8. Let n > 6 be even and let o be the graph automorphism of D,, induced by the translation
functor ¥ on proj-I1(D,). Then o is the identity.

Proof. By Lemma 4.4, ¢ is either the identity or (r—1 n) so, seeking a contradiction, assume it is the
latter. Consider the morphism P, — P; given by left multiplication by o« - - - o, 3, and extend this
to a distinguished triangle

P,— P —>M— P,

for some M € proj-I1(D),). If we apply Hom(—, P;) we get the following exact sequence

Q030 — | B QO 0y 30y

Hom(P;, P) — Hom(P,_;, P) — Hom(M, P)) —> Hom(P;, P) — Hom(P,, P;)

ke @ kp Kotjory - - ot 30001 ke @ kp Koo - - - a3ty

where p is some path. The left-hand map surjects, so § = 0 and therefore y injects. The right-hand map
has a one-dimensional kernel, so y has rank 1. It follows that dim Hom(M, P;) = 1, which implies that
M is either P,_; or P,. If we instead apply Hom(—, P,) we get

00y 30— a0y 30,

Hom(P,, P,) — Hom(P,_1, P,) —) Hom(M, P,) —) Hom(P,, P,) — Hom(P,, P,)

K, @3 - - G2l kn/2-1 K, @p_s -+ - ol Kkn/2

Since n is even, the shortest path from vertex n to vertex 1 and then to vertex n—1 is zero in IT1(D,),
while the shortest path from vertex n to vertex 1 and back to vertex n is nonzero. It follows that the
left-hand map is the zero map, while the right-hand map has rank 1. Therefore 6 has full rank which
implies that the kernel of n has dimension n/2 — 1. Moreover, the right-hand map is injective, so that n
has rank 0 and so dim Hom(M, P,) = n/2 — 1. Combining this with our earlier restriction on M, this

forces M = P,_1, and our distinguished triangle is therefore
Pn — Pl — Pnfl —> Pnfl.

Since Hom( Py, P,—1) is spanned by &,,—1&,—3 - - - @201 and y is not the zero map, we can assume that the
map P; — P,_ in this triangle is given by left multiplication by (a scalar multiple of) &, —10¢,,—3 - - - &2
Moreover, Hom(P,_1, P,_1) =span{e,_1, p2, ..., pns2} Where the p; are paths of length > 4. Since 0
is not the zero map and the composition P, — P,_; — P,_; must be zero, the map P,_; — P,_; in
this triangle lies in span{p,, ..., p,2}. But then 6 : Hom(P,_, P,) — Hom(P,_;, P,) maps the longest
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path in Hom(P,_1, P,) to zero, contradicting the fact that 6 has trivial kernel. It follows that o is not a
two-cycle. (Il
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Iwasawa main conjecture for
Rankin—Selberg p-adic L-functions

Xin Wan

In this paper we prove that the p-adic L-function that interpolates the Rankin—Selberg product of a general
modular form and a CM form of higher weight divides the characteristic ideal of the corresponding Selmer
group. This is one divisibility of the Iwasawa main conjecture for this p-adic L-function. We prove this
conjecture using congruences between Klingen—Fisenstein series and cusp forms on the group GU(3, 1),
following the strategy of recent work by C. Skinner and E. Urban. The actual argument is, however,
more complicated due to the need to work with general Fourier—Jacobi expansions. This theorem is used
to deduce a converse of the Gross—Zagier—Kolyvagin theorem and the p-adic part of the precise BSD
formula in the rank one case.
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1. Introduction

Let p be an odd prime. An important problem in number theory is studying the relations between special
values of L-functions and arithmetic objects in p-adic families. The first case was studied by Iwasawa
in the 1950’s for class groups of number fields, resulting in the asymptotic formula for class numbers in
cyclotomic towers of field extensions. Later on, Mazur realized that the idea of Iwasawa’s theory can be
applied to elliptic curves which provides a powerful way to study their arithmetic (e.g., the BSD conjecture).
Such an idea was further generalized to many kinds of Galois representations. Kato [2004] formulated
the Iwasawa main conjecture for modular forms on GL; /Q and proved one divisibility by constructing
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an Euler system. Later on, Skinner and Urban [2014] proved the other side of divisibility in the case
when the modular form is ordinary at p, using Eisenstein congruences on the unitary group U(2, 2).

Our paper can be viewed as an extension of Skinner and Urban’s approach to the Rankin—Selberg
product of a modular form f and an ordinary CM form whose weight is higher than f, using another rank
4 unitary group U(3, 1). Surprisingly, such a result has lots of arithmetic applications which cannot be
seen by previous techniques, including the proof by Skinner [2014] of the converse of a theorem of Gross,
Zagier and Kolyvagin, and the p-part of the precise BSD formula in the analytic rank one case [Jetchev
etal. 2017]. Itis also the starting point and a key ingredient of the author’s work proving the Iwasawa main
conjecture for supersingular elliptic curves [Wan 2014b]. Now we describe the context of our main results.

Let K C C be an imaginary quadratic field such that p splits in IC as (p) = vovg. We fix an isomorphism
t: C, >~ C and suppose vy is determined by ¢. There is a unique Z%—extension Koo/K unramified outside p.
Let I'x := Gal(K/K). Suppose f is a Hida family of ordinary cuspidal eigenforms new outside p
with coefficient ring [, a normal finite extension of the power series ring Z,[W]| of one variable W.
Let L be a finite extension of Q,, with integer ring O, . Suppose & is an L-valued Hecke character of
Ag /K> whose infinity type is (% —%) for some even integer ¥ > 6 and such that ord,,(cond(§,,)) <1
and ordy, (cond(&;,)) < 1. Denote by & the Oy [I'x]l-adic family of Hecke characters containing & as
some specialization (we make this precise in Section 7B). We write @‘if for the completion of the maximal
unramified extension of O, and [ for the normalization of the ring corresponding to an irreducible
component of 1® o, @‘f

In Section 2B, we associate with f, K and & a dual Selmer group X r i ¢, which is a finite module over
the ring [[[I'xJ. On the analytic side, for a finite set of primes ¥ containing all bad primes, we construct
using a doubling method the *“X-primitive” p-adic L-functions E?& © € 1T, EJEC,E’ « € OV[Tk],
interpolating the algebraic parts of the special L-values L ;C( T %), where f, and &, are specializations
of the families f and & ( f has weight 2 and &4 has infinity type (k/2, —«/2)). The general case when X
does not necessarily contain all bad primes, is obtained by putting back the local Euler factors at primes
omitted. We let Ly, ¢ x be the specialization of L ¢ ¢ x to a single form fo of weight 2 and trivial character
in the family f, which we assume is defined over L. In Section 7E we also recall closely related p-adic
L-functions E;?}ga and E?igi‘,c constructed by Hida. We also associate with f = fy, K, £ a dual Selmer
group X 7 ¢ over O} [I"c]l. The Iwasawa—Greenberg main conjecture says that the characteristic ideal
of Xr ice (resp. Xy x.e)is generated by Ly ¢ c (resp. Ly i)

Let @ C C be the algebraic closure of @ and let Gg = Gal(Q/Q) be the Galois group. Let G » CGao
be the decomposition group determined by the inclusion @ C @ » coming from (. We write € for the
cyclotomic character and w for the Techimiiller character of Gg. Let g be a cuspidal eigenform on GL; /Q
with the associated p-adic Galois representation p, : Gg — GL2(Op). We say g satisfies (irred) if

the residual representation p, is absolutely irreducible.

If g is nearly ordinary at p, then p,|g, is equivalent to an upper triangular representation and we say it
satisfies (dist) if
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the characters of pg|g, on the diagonal are distinct modulo the maximal ideal of Op.

We will see later (in Section 7E) that if the CM form g¢ associated to & satisfies (irred) and (dist) then

Ef,g,;c e T k.
In this paper, under certain conditions on f, &, K, we prove one inclusion (or divisibility) of the
Iwasawa—Greenberg main conjecture for L7 ¢ x. Our first theorem is a three-variable result for Hida

families.

Theorem 1.1. Let f be a Hida family of ordinary eigenforms that are new outside p of square-free tame
level N, and suppose f has a weight two specialization f that has trivial nebentypus and is the ordinary
stabilization of a new form of level N. Let p be the mod p residual Gg-representation associated with
the Hida family f. Let & be a Hecke character of K*\Ag with infinity type (%, —%)for some k > 6. If:

(@ p=5.

(b) 5'“«3 =woNmandk =0 (mod2(p — 1)).

(©) prlGy is irreducible.

(d) There exists q | N that does not split in K and such that p y is ramified at q.

(e) The CM eigenform gg associated to the character & satisfies (dist) and (irred).

(f) For each nonsplit prime v of Q we have that
e(nf,v, &y, %) =1.
(As in [Hsieh 2014c] € (J'rf,,), &y, %) is the local root number for the base change of 7 s, to K, twisted
by &,. It differs from the local root number for the Rankin—Selberg product of 7y, and gz , by a
factor xic/0,0(—1).)
(g) Suppose the conductor of & is only divisible by primes split in IC/Q.

Then El;i’g"‘,c € ﬁur[[F;c]] and (ﬁ;{fg‘j‘,c) ) charﬁur[[rd(Xf’;C,g) as ideals ofﬁ‘"[[f‘;g]]. Here char means the

characteristic ideal.
We also have a two variable theorem for a single form.
Theorem 1.2. Let N, f = fo, k and & be as before. If
(@ p=5;
(b) the p-adic avatar of €|-|“/*(w™" o Nm) factors through T'x and k =0 (mod 2(p — 1));
(©) prlgy is irreducible;
(d) there exists q || N that does not split in K.
Then
(Lrex) 2 Char@;r[[r,c]@mL(Xf,zc,s)

is true as fractional ideals of (Aﬁzr [Tl ®o, L.
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Unlike the previous theorem, in this theorem we allow both global root numbers 41 and —1 cases. In
particular Theorem 1.2 is not deduced as a consequence of Theorem 1.1. Both theorems are deduced
in the proof at the end of this paper. Theorem 1.2 is proved as the specialization of a “weaker version”
(since the assumption is weaker than that of Theorem 1.1) of the 3-variable main conjecture, where we
inverted all nonzero elements of [. This is where the ® L comes in. See the end of the paper for details.

Hida’s p-adic L-functions EI}{‘;‘K are more canonical than the £y ¢ x in that there is a constant in @;
showing up in our interpolation formula (see Proposition 7.7) that depends on some choices. Under the
assumptions of Theorem 1.1 we show that Hida’s p-adic L-function is integral: it belongs to [T
Note that in the setting of Theorem 1.2 we do not know if L x ¢ is actually in @EIIIF;C]].

The assumptions on p ¢|g, and the local e-factors in Theorem 1.1 are needed to appeal to results of
M. Hsieh [2012; 2014c] in proving the nonvanishing modulo p of some special L-values or vanishing of
the anticyclotomic p-invariant. The square-freeness of N is put at the moment for simplicity (mainly to
avoid local triple product integrals for supercuspidal representations and we may come back to remove it
in the future).

The assumption (g) in Theorem 1.1 is due to lack of reference for [Hida and Tilouine 1993, Conjec-
ture in introduction]. Details are explained in Definition 7.8.

Hypothesis (b) of Theorem 1.2 means that £ ¢ x can be evaluated at the trivial character of I'x., though
it is not a point at which it interpolates classical L-values. As a result, Theorem 1.2 has interesting
applications for the usual Bloch—Kato Selmer group of f.

The result of this paper is the foundation for several important breakthroughs on arithmetic of elliptic
curves and modular forms. Skinner [2014] has recently been able to use Theorem 1.2 to prove a converse
of the Gross—Zagier—Kolyvagin theorem: if the Mordell-Weil rank of an elliptic curve over Q is exactly
one and the Shafarevich-Tate group is finite, then its L-function vanishes to exactly order one at the central
critical point. The author has been able to prove an anticyclotomic main conjecture of Perrin-Riou when
the root number is —1 [Wan 2014a] (by comparing the Selmer group in the theorem with the one studied
by Perrin-Riou, using the Poitou-Tate long exact sequence and applying F. Castella’s generalization
[2019] of a formula of Bertolini-Darmon—Prasanna relating the different p-adic L-functions).

There is also joint work of the author with Skinner and Jetchev that uses Theorem 1.2 to deduce the
p-adic part of the precise BSD formula in the rank one case [Jetchev et al. 2017]. We remark that in the
above mentioned applications one can not appeal to the main conjecture proved in [Skinner and Urban
2014] since the global sign of the L-functions has to be +1 in [loc. cit.].

The methods of this paper can be adapted (with some additional arguments) to the case when f
is nonordinary as well. This forms the foundation of the author’s recent proof of the Iwasawa main
conjecture for supersingular elliptic curves formulated by Kobayashi (see [Wan 2014b]).

Our proofs of Theorems 1.1 and 1.2 use Eisenstein congruences on the unitary group U(3, 1), which
first appeared in [Hsieh 2011]. Recent works with a similar flavor include Skinner and Urban [2014]
using the group U(2, 2), and the work of Hsieh [2014a] for CM characters using the group U(2, 1). The
difference between our results and Skinner and Urban’s is that they studied the p-adic L-function of
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Rankin-Selberg product of a general modular form and a CM form such that the weight of the CM form
is lower, while in our case the weight of the CM form is higher. This is the very reason we work with
unitary groups of different signature.

We also mention there are works establishing the other divisibility of the main conjecture using Euler
systems [Wan 2014a; Lei et al. 2014] under some more restrictions. Together with Theorems 1.1 and 1.2
these give the full equality of the main conjecture in the case when all hypotheses are satisfied.

For clarity, we briefly discuss our proof of the theorems. The proof follows the main outline of Skinner
and Urban’s proof in [2014] (which in turn followed the main outline of Wiles’ proof of the Iwasawa
main conjecture for totally real fields). However, carrying this out requires new arguments. The main
steps are: (1) Constructing a p-adic family of Eisenstein series whose constant terms are essentially the
p-adic Rankin—-Selberg L-function LZJEC’ g (2) Proving that the Eisenstein series is coprime to p-adic
L-function (that is, modulo any divisor of the p-adic L-function it is still nonzero), which shows that its
congruences with cusp forms is “measured” by the p-adic L-function. (3) the Galois argument.

The main differences between our proof and that of Skinner and Urban are in steps (1) and (2). First, we
need to work with the unitary group U(3, 1) instead of U(2, 2) which is used in [Skinner and Urban 2014].
The reason is that by our assumption that the CM form has higher weight than f, the L-values interpolated
by the p-adic L-function L ¢ ¢ x show up in the constant terms of holomorphic Eisenstein series on the
group U(3, 1) that are induced from the Klingen parabolic subgroup with Levi U(2) x K*. The cuspidal
representation on U(2) is determined by the automorphic representation 7y and a Hecke character of A
whose restriction to Ay is the central character of 7. As a result, the construction of the p-adic families
of the Eisenstein series via the pullback formula requires finding the right Siegel section at p (which turns
out to be different from the one used in [Skinner and Urban 2014]). To have the right pullback and to
make the Fourier—Jacobi coefficient computation not too hard, such choice of section is quite subtle. The
idea for our choice is similar to that in [Eischen et al. 2016] and is inspired by the formula for differential
operators on p-adic g-expansions on the group GU(3, 3). (The Siegel-Eisenstein series measure used
here to construct the p-adic L-function is the special case of [loc. cit.] (see Section 4.3, part II). We also
refer to [Eischen 2015, Sections 3 and 4] for a nice exposition and for details about those differential
operators. These differential operators are not logically needed for the construction in this paper though.)

Step (2) is the core of the whole argument. In [Skinner and Urban 2014], the Klingen—FEisenstein series
on U(2, 2) (which are also special cases of the series constructed in [Wan 2015a]) has a Fourier expansion
Exiing = dor arq’, with T running over 2 x 2 Hermitian matrices. By the pullback formula, we have

ar = (FI1 Esieg, ¢z )u, 1),

where Ege, is a Siegel-Eisenstein series on U(3, 3), FI7 Ej;eg is its T-Fourier—Jacobi coefficient (regarded
as a form on U(1, 1)), and ¢, is a form in the U(1, 1) automorphic representation 7t considered in [Skinner
and Urban 2014] (again determined by 7y and a Hecke character of Ag). The Siegel-Eisenstein measure
is constructed in Proposition 12.3. Computation tells us FI7 Eje, is essentially a product of an Eisenstein
series and a theta function, and thus this pairing, and hence a7 is essentially a Rankin—Selberg product.
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In our case, forms on U(3, 1) only have Fourier—Jacobi expansions (instead of Fourier expansions)

F > a,(F)g" :=FI(F)
ne@

with a,(F) e H O(Z[Og], L(n)), where Z["g] is a two-dimensional abelian variety which is the abelian part
of the universal semiabelian scheme over a point in the boundary of a toroidal compactification of the
Shimura variety for GU(3, 1). The sheaf £(n) is a line bundle on Z["g]. We can view each a,,(F) as an
automorphic form on the group U(2) - N, where U(2) is the definite unitary group appearing as a factor
of the Levi of the Klingen parabolic subgroup of U(3, 1), and N is the unipotent radical of the parabolic

subgroup, which is a Heisenberg group. It consists of matrices of the form
I x x
1

1

— X X X

[e]

[g]’
center) with an explicit theta function 6* on U(2) - N (defined in Lemma 6.46). In the following we do

To study a, (F) we use a functional /y» on H 0(ze ., L(n)). This is just the pairing over N (modulo its
the computation at an arithmetic point z.
We divide our argument into five steps:

(1) We first compute the n-th Fourier-Jacobi coefficient of a Siegel-Eisenstein series Ejeg . (in Section 6J),
considered as a form on the Jacobi group N’ - U(2, 2) C U(3, 3) with N’ a unipotent subgroup of U(3, 3).

It consists of matrices of the form
] x x x x X

1 X

X X = X
[

1

This turns out to be a finite sum of products of the form E, , - ®, (see Proposition 6.44, with E; , a
Siegel-Eisenstein series on U(2, 2)) and ©, a theta function on the Jacobi group (the Ejjeg 2 and ®g,, in
Proposition 6.44).

(2) Next we restrict this n-th Fourier—Jacobi coefficient to the group
(N-UQR)xUR)cUB,1)xUR)NN"-U2,2).

Another computation shows that ®, essentially restricts to a form 64 x 6, , on (N - U(2)) x U(2). (The
6, , is varying with the arithmetic point z while the 6, is fixed, which justifies dropping the subscript z.)
The actual situation is slightly more complicated: it is actually a finite sum of such products. Applying
a functional /g« (which is pairing with a fixed theta function 8* to the 64-component of each summand
above), we show that (64, 6*)y is a constant function on U(2) by Lemma 4.8 (which we manage to make
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nonzero), and then end up with a theta function 6, on (the lower) U(2) (a finite linear combination of
6, ;,’s of each summand). See Lemma 6.46 for a precise formula. So using the pullback formula, we get
for Exjing,, the Klingen—Eisenstein series defined in (6-13) (denoted Ekjing,p there),

lg+(an(Exiing,2)) = (E2zlu@xu@)s [z 02)1xU(2)

regarded as a form on the first U(2), which is the U(2) in the Levi of the Klingen parabolic subgroup.
Note that by Lemma 8.23 when z is varying in a p-adic family the /y~ takes values in the Iwasawa algebra
(the parameter space).

(3) To study its p-adic properties, we pair it with an auxiliary form /4, on U(2) (Section 8B1):

({E22lu@)xu@)s f2 - 02)1x02), h)ue) = (%) - (hs, f2-6,).

To obtain this formula, we use the doubling method formula for U(2) x U(2) — U(2, 2) applied to ,.
The (x) is some p-adic L-function factor for 4, coming from this (see Proposition 8.25 for details).

(4) We prove that such an expression is interpolated by an element B in the Iwasawa algebra (in (8-7)).
The pairing on the right-hand side is just a triple product integral ./[U(Z)] h,(2)0,(g) f»(g) dg. The fact that
the 6, can be taken to be an eigenform follows from considering the central character (see the proof of
Proposition 8.25).

(5) We use Ichino’s formula to evaluate

( f hz(ng(g)fzdg)( / fzz<g)ég,z<g>fz<g)dg)
[U2)] [U(2)]

= (hy, 1) {0, 030 oy o) LE(3. 75, X X1.2) L= (5. 7f, X x2.2)

L2, 7y, ad)LE (2, 7g,, ad) LT (2, 7y, ad)
Iy(h, ® 60, ® fs, hz®93,z®fz)

< T et ’ f)
ves (hz,va hz,v><92,v, 03,z,v><fz,v, fz,v)

Here h,, 6731 and f, mean some forms or vectors in the contragredient representation of the automorphic
representation for /., 8, and f,. The factor I, is a local integral defined by Ichino, and x; , and x» , are
two CM Hecke characters showing up in the computation. We interpolate everything in p-adic families
and compare it to the product of several p-adic L-functions of modular forms or Hecke characters (see
the proof of Proposition 8.29 for details). Furthermore:

e We can choose %,’s and 6,’s so that these p-adic L-functions are units in ﬁ“r[[F;g]]X times a fixed
number in Q P

o The ratio of the triple product and the product of these p-adic L-functions is a product of local
factors (we show that the triple product is a p-adic analytic function, so the product of these local
factors is a p-adic meromorphic function). We make the local choices such that for inert or ramified
primes these local factors involve only the Hida-family variable of f (which has nothing to do with
FE or I';-). For split primes, we compute these local factors explicitly.
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The constructions above finally provide a nonzero element of [, which is sufficient for our use. We are
thus able to prove in Proposition 8.29 that height one divisors of B; are those of [.

After this, we can use the same argument as in [Skinner and Urban 2014] to deduce our main theorem:
by a geometric argument we construct a cuspidal family on U(3, 1) congruent modulo the p-adic L-
function L ¢ x to the Eisenstein family constructed as above. Passing to the Galois side, we get a family
of Galois representations coming from cuspidal forms that is congruent to the family coming from our
Klingen—Eisenstein series, but which is “more irreducible” than the Eisenstein Galois representations.
Then an argument (the “lattice construction”) of E. Urban gives the required elements in the dual Selmer
group.

Remark 1.3. In fact at the point where L ¢ i takes its central critical value, the Klingen—Eisenstein
family does not interpolate a classical Eisenstein series (i.e., not an interpolation point). Therefore even
in the case when the global root number for L ¢ x is —1, so that the constant terms of the Eisenstein
family vanish identically along the central critical subfamily, the p-adic Eisenstein series itself can still

be nonzero in that subfamily.

Remark 1.4. We emphasize here that 6* is fixed throughout the whole p-adic family (instead of varying).
Note also that the space of theta functions with given Archimedean kernel function and level group at
finite places is finite-dimensional. The space H O(Z[Og], L(n)) ®Z£ Q, is generated by a finite number of
such theta functions. We will show in the text that by pairing the I"'[I"]]-adic Fourier—Jacobi coefficient
with one rational theta function (not necessarily p-integral!), we get an element in ﬁurl[l";g]] ®z, Qp. We
then show that by choosing the datum properly, this element is the product of a unit in [""[["x] and
a nonzero element in @ p» and proving it is prime to the p-adic L-function we study. Such strategy is
notably different from the one adopted in [Hsieh 2014c], where Hsieh argued p-integrally and proved
with a stronger result that the Fourier—Jacobi coefficient is already a unit. This is the very reason why we
do not need to study the theory of p-integral theta functions.

Remark 1.5. In [Zhang 2013] the special L-value showing up in the Fourier—Jacobi expansion is the
near central point of the Rankin—Selberg L-function, while in our case it is the central value of the triple
product L-function. Moreover, the Fourier—Jacobi coefficient considered in [loc. cit.] is nonzero only
when f is a CM form (see Theorem 4.12 in [loc. cit.]). This is due to the fact that we are pairing the
Fourier—Jacobi coefficient with the product of a theta function and an auxiliary form 4 on U(2), while
Zhang paired it with the theta function only (i.e., taking the % in our case to be the constant function). Our
strategy has the advantage that these central L-values are accessible to various results of nonvanishing

modulo p by Hsieh.

The rest of this paper is organized as follows. In Section 2, we recall some background information
and formulate the main conjecture. In Section 3, we discuss automorphic forms and p-adic automorphic
forms on various unitary groups. In Section 4 we recall the notion of theta function which plays an
important role in studying Fourier—Jacobi expansions as outlined above. In Sections 5 and 6, we make
the local and global calculations for Siegel and Klingen—Eisenstein series using the pullback formula of
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Shimura. In Section 7, we interpolate our previous calculations p-adically and construct the families. In
Section 8, we prove the coprimeness of (the Fourier—Jacobi coefficients of) the Klingen—Eisenstein series
and the p-adic L-function. Finally, we deduce the main theorem in Section 9.

2. Background

We first introduce our notation. We will usually take a finite extension L/Q),, and write Oy for its integer
ring and @ for a uniformizer. Let Gg and G be the absolute Galois groups of @ and . Let l",ﬂg be the
subgroups of I'xc such that the complex conjugation ¢ acts by 4-1. We take topological generators y* so
thatrec™ ' (y ") = ((1+p) /2, (14+p)'/?) and rec™ ' (y ) = (1 +p) /2, (1 + p)~1/?) where rec : AL — G?Cb
is the reciprocity map normalized by the geometric Frobenius. Let W be the composition

G}C —» F)C —> Zp[[F)C]]X.

Define Ak := O [[T'k]l. Recall we defined a branch character £ in the introduction. We will write o for the
Galois character corresponding to & via class field theory. We also let Q. be the cyclotomic Z, extension
of @ and let I'g = Gal(Qx, /Q). Define Wg to be the composition Gg — I'g < Z,[I'g]]*. We also define
ex and &g to be the compositions K*\AZ =5 G2 — Z,[Tc]* and @*\Aj => G2 — 7,[Tg]*
where the second arrows are the Wi and Wg defined above. Let w and € be the Techimiiller character
and the cyclotomic character. We also write xi/q to be the quadratic character associated to C/Q.

Write ¢ for complex conjugation. For a Hecke character y we write x“(x) := x (c(x)). For a Galois
character x we define x ¢ to be the composition of x with conjugation by c¢ (regarding ¢ as an element in
the Galois group).

2A. p-adic families for GL, /Q. Let M be a positive integer prime to p and x a character of (Z/pMZ)*.
Let Ag :=Z,[W]l (we call Spec A@(@ p») the weight space). Let | be a normal domain finite over Ag. A
point ¢ € Spec(l) is called arithmetic if the image of ¢ in Spec A(Q p) is the continuous Z ,-homomorphism
sending (1+ W) > ¢ (1 + p)*~2 for some k > 2 and ¢ a p-power root of unity. We usually write kg for
this k, called the weight of ¢. We also define x, to be the character of Z; >~ (Z/pZ)* x (1 + pZp) that
is trivial on the first factor and given by (1 + p) — ¢ on the second factor.

Definition 2.1. An [-adic family of modular forms of tame level M and character x is a formal g-
expansion f =" a,q", a, €, such that for a Zariski dense set of arithmetic points ¢ € Spec(l) the
specialization f =Y - ¢ (an)q" of f at ¢ is the g-expansion of a modular form of weight k,, character
X xp@* % (where w is the Techimiiller character), and level Mp* for some #5 > 0.

The U, operator is defined in both the spaces of modular forms and families. It is given by

o0 o0
Up(Zanq”> = Zapnq”.
n=0 n=0

Note that (U, - f)¢ = U, - fs. Hida’s ordinary idempotent e, is defined by e, :=lim,,_, o, U;“. A form
f or family f is called ordinary if e, f = f or e, f = f (see for instance [Hida 1986, page 550]). A
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well-known fact is that every ordinary eigenform fits into an ordinary family of eigenforms f ([Hida
1988, Theorem II] for example).

According to the results of Deligne, Langlands, Shimura et al., there is a Galois representation
pr:Gag— GL,(Q p) for f. If the residual representation p ;s is irreducible then one can construct a
Galois representation pr : Gg — GL,([) such that it specializes to the Galois representation py, of f at
each arithmetic specialization ¢ € Spec(l). We write Ty for the representation space of py.

2B. The main conjecture. Before formulating the main conjecture, we first define characteristic ideals
and Fitting ideals. We let A be a Noetherian ring. We write Fitt4 (X) for the Fitting ideal in A of a finitely
generated A-module X. This is the ideal generated by the determinant of the » x r minors of the matrix

giving the first arrow in a given presentation of X:
A —> A" —> X — 0.

If X is not a torsion A-module, then Fitt4 (X) = 0. This definition does not depend on the choice of the
presentation.
Fitting ideals behave well with respect to base change. For I C A an ideal

Fitts,; (X /1X) = Fitt, (X) mod /.

Now suppose A is a Krull domain (a domain which is Noetherian and normal). Then the characteristic
ideal is defined by

chars (X) := {x € A:ordg(x) > length, (X) for any height one prime Q of A}.

If X is not a torsion A-module, then we define chars (X) = 0.

We consider the Galois representation
Tf,IC,é = Tf®ZpAIC

with the G action given by p fO'g—cE(4_K)/ 2®AK;(\II,€C). (Here ¢ means composing with the complex
conjugation in the idele group, and — means taking inverse of the character.) We define the Selmer group

(recall « is assumed to be even)

Sely k& :=ker{H1</c, Tr e @urellTxl™) = H' Iy, Tr e QUITT) <[ [H' (1o, Tf,}C,g@”[[FIC]]*)}
vip

where * means the Pontryagin dual Homz,(—, Q,/Z ). We also define the X -primitive Selmer groups

Sel?,ic,g :=ker{H1(IC, Ty e QU = H (I, Tr xc.e @Mk T*) X l_[ H'(I,, Ty ke ®|][[F1c]]*)}-
D)

We let
Xgie = (Selfre)* and X}m = (Sel?,c,g)*.
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These are finitely generated [[[I"x]]-modules (see e.g., [Skinner and Urban 2014, Lemma 3.3]). We take
the extension of scalars of them to ﬁur[[F ic]] and still denote them by using the same notations. In Section 7
we construct p-adic L-functions E?“}Cﬁ £ and Li?:gi,ga which are elements in ﬁ“r[[F,c]] or its fraction field.
Their interpolation formulas are given in (7-5) (see also Definition 7.8). The three-variable Iwasawa main
conjecture is [Greenberg 1994]:

Conjecture 2.2. X ¢ x ¢ and X?,’C,E are torsion ﬁ“r[[l";g]]-modules and

Hid 5 ¥, Hida
Charﬁur[{r,c]] Xrxe= (L‘ffg,c), and charﬁur[[FK]] Xfe= (Ef,S,IC ).

We can also replace f with a single form fy and have the two-variable main conjectures.

Conjecture 2.3. X 7 x ¢ and X?'O,/c,g are torsion @fIIFK]]—modules and

__ (Hida R b __ (pX,Hida
Char@ir[[l—‘,c]] Xf()JC,éj - (Ef(),l(:,i:)’ and Charogrﬂ'l—‘,c]] XfOJCsS - (ﬁfo,lC,S )

2C. Control of Selmer groups. In this subsection we prove a control theorem of Selmer groups which
will be used to prove Theorem 1.2. Let ¢ € Spec [T (@ p») be the point mapping y* to 1 and such
that ¢g|; corresponds to the form fj. Let g = ker ¢g|; be the point of weight two and trivial character.
Then we prove the following proposition.

Proposition 2.4. Suppose p |G, is absolutely irreducible. There is an exact sequence of Op[[I'c]l-

modules

b b p)
M — X§ e /9XF e = X5 e ™ 0
where M @@, L has support of codimension at least 2 in Spec O [T'x] ® L.

Proof. We write [ for I[I"x] for simplicity. Write T = T x ¢ as a [x-module. Let T be the A-module
Ty,.x.e- Recall that p = vovg. We have an exact sequence

0— T Q®np Ax = T, Iy = T & (pl)* — 0.

Write G, for the Galois group over K of the maximal algebraic extension of I unramified outside X.
From this we deduce

H'(Gies. T @a ) = H' (G, T @i, [)Ig0)
as in [Skinner and Urban 2014, Proposition 3.7]. We also have an exact sequence

HO(Ii,, T ®upreg OITx ™) = HO (I, T ®upreq (0ITx D))
— H'(Iy), T ®0, 7 (OLITkI*)) — H' (I, T ®upreq QITD™)).

From these we deduce an exact sequence of Ax-modules

M := ((coker s1)%")* /g (coker s1) %% <> XJEc’K’s/pXJEc’,C’g — X]ECO’,C,s — 0.
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Let Koo,5, (resp. Ko,u,) be the Z,-extension of K unramified outside vg (resp. vp) and let I'y, =
Gal(Kxo,3,) (resp. I'y, = Gal(K,,,/K)). Let y3, € I'y, and y,, € I'y, be topological generators. It is
well-known (e.g., see [Skinner and Urban 2014, Section 3.3.5] that we have

0T >T—>T/TT =0

as Gg,-modules. By the description of the Galois action, there is a y € Iy, such that y — I acts invertibly
onT+ Ry I cD*)). We take a basis (vq, vp) such that vy generates T and the action of y on T is
diagonal under this basis. Then it is not hard to see (by looking at the ;,-action) that if

ve Hy,, Ty 15)

we have v € (I[[T"y,])*v2 and if v € HO(I;,O, T ®i, (pli)*) then v € (lx)*v2. From the above discussion,
we know that ((coker sl)Gﬁo)* / ker qﬁ(’) (coker sl)Gﬂo is supported in

Spec(OLTW1® L).

Moreover by looking at the action of Frobg, we see it is killed by the function a;l R — 1 where a,,
is the invertible function in [ which gives the U ,-eigenvalue of f and R is the image in I", of Froby,
under class field theory. But a,(¢o) # 1 and R(¢p) =1 so a;l R — 1 is nonzero at ¢9. So the support of
M ®0, L has support of dimension at most zero and this proves the proposition. (I

3. Unitary groups

In this section, we introduce our notation for unitary groups and develop the Hida theory on them. We
mainly follow [Hsieh 2014a, Sections 2—4] in our presentation, which in turn, summarizes portions of
Shimura’s books [1997; 2000]. We define S, (R) to be the set of n x n Hermitian matrices with entries
in Ox ®z R. We define a map ep = ]_[v ey : Ag — C* where for each place v of Q, e, is the standard
additive character as in [Skinner and Urban 2014, 8.1.2] (which again follows Shimura’s convention). We
refer to [Hsieh 2014a, Section 2.8] for the discussion of the CM period Q2+, € C* and the p-adic period
Q, e 2

3A. Groups. Let§ € K be a totally imaginary element such that —i§’ is positive. Let d = Nm(8’) which
we assume to be a p-adic unit. Let U(2) = U(2, 0) and GU(2) = GU(2, 0) be the unitary group and
the unitary similitude group, respectively, associated to the skew-Hermitian matrix ¢ = (55/ 5,) for some
s € Z4 prime to p. More precisely GU(2) is the group scheme over Z defined by, for any Z algebra A,

GU2)(A) = {g € GL2(A®7 Ox) | '8¢ = A(8)¢, M(g) € A™}.

The map A : GU(2) — G,,, g — A(g) is called the similitude character and U(2) € GU(2) is the kernel
of A. Let G =GU(3, 1) and U(3, 1) be the similarly defined unitary similitude group and unitary group,
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respectively, over Z associated to the skew-Hermitian matrix

1
¢
—1
We denote this Hermitian space as V. Let P C G be the parabolic subgroup of GU(3, 1) consisting of

those matrices in G of the form
X X X X

X X X
X X X
X

Let Np be the unipotent radical of P. Then if X is the 1-dimensional space over K,
Mp :=GL(Xk) x GU(2) = GU(V),  (a, g1) > diag(a, g1. u(gn)a"")

is the Levi subgroup of P. Let Gp := GU(2) € Mp be the set of elements diag(1, g1, 1(g1)) as above.
Let 8p be the modulus character for P. We usually use a more convenient character 8 such that 83 = §p.
Since p splits as vovg in K, GL4(Ox ® Z,,)) — GL4(OICUO) X GL4(O/Ca0)- Here

UG, D(Zp) — GL4(Ok,)) = GL4(Z))

is the projection onto the first factor. Let B and N be the upper triangular Borel subgroup of G(Q,,) and
its unipotent radical, respectively. Let

K, =GU(3, 1)(Z,) = GL4(Z,),

and for any n > 1 let Ky be the subgroup of K consisting of matrices upper-triangular modulo p". Let
K| C Kj be the subgroup of matrices whose diagonal elements are 1 modulo p".
The group GU(2) is closely related to a division algebra. Put

D ={g e Mx(K) | g¢'g = det(g)¢}.

Then D is a definite quaternion algebra over Q with local invariant inv, (D) = (—$, —Dx/q), (the Hilbert
symbol). The relation between GU(2) and D is explained by

GU(2) = D* xg, Resic/q G-

For each finite place v we write D] for the set of elements g, € D such that [Nm(g,)|, = 1, where Nm
is the reduced norm. In application we will choose the D to be the quaternion algebra ramified exactly at
oo and the ¢ in the main theorems.

Let X be a finite set of primes containing all the primes at which IC/Q or £ is ramified, the primes
dividing the level of fj (as in the introduction), the primes dividing s, the primes such that U(2)(Q,)
is compact and the prime 2. Let ©! and %2, respectively, be the set of nonsplit primes in X such
that U(2)(Q,) is noncompact, and compact. We will sometimes write [D*] for D*(Q)\D*(Ag).
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We similarly write [U(2)], [GU(2, 0)], etcetera. For two automorphic forms f;, f, on U(2) we write
(f1, fr) = f[U(z)] f1(g) f2(g) dg. Here the Haar measure is normalized so that at finite places U(2)(Z,)
has measure 1, and at oo the compact set U(1)(R)\U(2)(R) has measure 1.

We define G, = GU(n, n) for the unitary similitude group for the skew-Hermitian matrix (71}1 1”) and
U(n, n) for the corresponding unitary group.

3B. Hermitian spaces and automorphic forms. Let (r,s) = (3,3) or (2,2) or (3, 1) or (2, 0). Then the
unbounded Hermitian symmetric domain for GU(r, s) is

X=X ={r=(]) 15 € Ms(©).y € Mpopps(©1.ix" =) > iy*c 'y},

We use xg to denote the Hermitian symmetric domain for GU(2), which is just a point. We have the

following embedding of Hermitian symmetric domains:
[ X3’1 X XQ’() — X3,3

(T5 X()) — ZTs

where Z, = (’y‘ C(/)Z) for T = (;‘)

Let G, = GU(r, s) and H, ; = GL, x GL;. Let G,(R)" be the subgroup of elements of G, ;(R)
whose similitude factors are positive. If s # 0 we define a cocycle

J:G (R x XT — H, (C)

by J(a, ) = (k (e, T), u(a, 7)), where for

. ab c
T= ( ) and a=|ge f
Y hild
(where « is a block matrix with respect to the partition (s + (r —s) +5)),

(o T)_( Chx4+d  Ry+1L
T\ @+ ) gy + et

in the GU(3, 1) case and

), ule, 7)y=hx+ly+d

k(e,7)=h'x +d, w(e,7)=hx+d

in the GU(3, 3) case. Leti € X be the point (i(l)s). Let K;g be the compact subgroup of U(r, s)(R)
stabilizing i and let K, be the group generated by Kt and diag(1, s, —15). Then

KL — H(C), koot> J(koo,i)

defines an algebraic representation of K. Later on in Section 6E we will also consider a different
choice i on the Symmetric domain for (7, s) = (3, 3) or (2, 2).
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Definition 3.1. A weight k is defined to be an (r+s)-tuple
k= (Crigs...’Cs1,Cly...,C5) €L T

withcy > -+ > ¢pp, 65 Z G541 +7 + 5.

Our convention for identifying a weight with a tuple of integers is different from others in the literature.
For example, our ¢;1; (1 <i <r)andc; (1 < j <s) corresponds to —a,1—; and by ; in [Hsieh 2014a,
Section 3.1].

We refer to [Hsieh 2014a] for the definition of the algebraic representation L (C) of H with the action
denoted by p (note the different index for weight) and define a model L¥(C) of the representation H (C)
with the highest weight k as follows. The underlying space of L¥(C) is L (C) and the group action is
defined by

P ) = pe (W), h € H(O).

We also note that if each k = (0, ...,0; «, ..., k) then Lk (C) is one-dimensional.
For a weight k, define | k|| by

k|| ;= —Csq1—+++ —Csr +C1+ -+ s

and |k| by
|]_<| = (Cl + e +CS)'U - (CS+1 + tee +Cs+r)-oc S ZI

Here [ is the set of embeddings X < C and o is the Archimedean place of K determined by our fixed
embedding K < C. Let x be a Hecke character of K with infinity type |k|, i.e., the Archimedean part of
X is given by

Xoo(2) = (ZCI"_’”"'QY . Z—(Cx+1+~-+cx+,)).

Definition 3.2. Let U be an open compact subgroup of G(A ). We denote by My (U, C) the space of
holomorphic L*(C)-valued functions f on X+ x G(A) such that for t € X*, 0 € G(@)" and u € U we
have

flat, agu) = w@) ok (@ ) f(z, 9).

Now we consider automorphic forms on unitary groups in the adelic language. The space of automorphic
forms of weight k and level U with central character x consists of smooth and slowly increasing functions
F : G(A) — L(C) such that for every (o, koo, u, 2) € G(Q) x KI xU x Z(A),

F(zagkoou) = p* (J (koo, )" F(2)x ™' (2).
We can associate a L;(C)-valued function on X T x G(A )/ U given by
(. 8) = xr(u(@)p*(J (8o ) F((foor £)) (3-D

where g, € G(R) such that g (i) = t. If this function is holomorphic, then we say that the automorphic
form F is holomorphic.
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3C. Galois representations associated to cuspidal representations. In this section, we follow [Skinner
and Urban 2014, Theorem 7.1, Lemma 7.2] to discuss the Galois representations associated to cuspidal
automorphic representations on GU(r, 5)(Ag). Let w be an irreducible automorphic representation of
GU(r, s)(Ag) generated by a holomorphic cuspidal eigenform with weight k = (¢c;45, . . ., Cs11; C1, - - -5 C5)
and central character x,. Let X (s;r) be a finite set of primes of (2 containing all the primes at which r is
unramified and all the primes dividing p. Then for some L finite over Q, there is a Galois representation
(see [Morel 2010; Shin 2011; Skinner 2012])

Ry(m) : G — GL,(L)

(n =r +s) such that:

(@) Ry(m) =~ R,(7)" ® Py, X#cel*" where Py yhte denotes the p-adic Galois character associated to
X;Jrc by class field theory and € is the cyclotomic character.

(b) R, () is unramified at all finite places not above primes in X (r), and for such a place w{p

. X 1—n\"!
det(1 — R, () (Froby)q,,*) = L(BC(n)w &® x,‘nw, s+ 7 )

Here, the Frob,, is the geometric Frobenius and BC means the base change from U(r, s) to GL, ;.
Suppose 7, is nearly ordinary with respect to k (see Section 3H) and unramified at all primes v dividing p.
Recall vy | p corresponds to ¢ : C >~ C,,. If we write k; =s —i+c; for 1 <i <sand ks1; =cpi+s5+r—i
fors+1<i <r+sy, then

Er s p€ T * * *
Er-i—s—l,vekrﬂfl *
Rp(”)|GIC,v02 . )
: %
‘SGHI,UG_Kl

an upper-triangular matrix, where §; ,, are unramified characters. Using fact (a) above, we also know that
R, ()3, 1s equivalent to an upper triangular representation as well (with the Hodge—Tate weight being
(—(k1+1=r—s—1k|), ..., —(kr45+1—r —s—|k|)), in our geometric convention ¢ ~! has Hodge—Tate
weight one).

3D. Shimura varieties. Now we consider the group GU(3, 1). For any open compact subgroup K =
K,K? of GU(3,1)(Ar) whose p-component is K, = GU(3, 1)(Z,), we refer to [Hsich 2014a, Sec-
tion 2.1] for the definition and arithmetic model of the associated Shimura variety, which we denote
as Sg(K) /0K )" The scheme Sg(K) represents the following functor: for any Ox, (y,)-algebra R,
A(R) ={(A, A, ¢, 7”)} where A is an abelian scheme over R of relative dimension four with CM by Ok
given by ¢, A is an orbit of prime to p polarizations and 7” is an orbit of prime to p level structures. There
is also a theory of compactifications of Si (K ) developed by Lan [2013]. We denote by S¢(K) a toroidal
compactification and S (K) the minimal compactification. We refer to [Hsieh 2014a, Section 2.7] for
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details. The boundary components of S, (K) are in one-to-one correspondence with the set of cusp labels
defined below. For K = K ,K? as above we define the set of cusp labels to be

C(K) = (GL(Xx) x Gp(Ap))Np(A)\GAf)/K.

This is a finite set. We denote by [g] the class represented by g € G(Ar). For each such g whose
p-component is 1 we define KIgJ =GpAp)N gKg_1 and denote Sj,) := Sg, (Klg)) the corresponding
Shimura variety for the group G p with level group K f;. By strong approximation we can choose a set
C(K) of representatives of C(K) consisting of elements g = pk® for p € P(A}E)) and k° € K° for K°
the maximal compact subgroup of G (A r) defined in [Hsieh 2014a, Section 1.10].

3E. Igusa varieties and p-adic automorphic forms. Now we recall briefly the notion of Igusa varieties
in [Hsieh 2014a, Section 2.3]. We remark that these materials are special cases in Hida’s book [2004,
Chapter 8]. Let V be the Hermitian space for the unitary group GU(3, 1) and let M be the standard lattice
of V as in [Hsieh 2014a, Section 1.8]. Let M, = M ®7 Z,,. Let Pol, = {N~!,N% be a polarization
of M. Recall that this means that N~! and N° are maximal isotropic Ox. ® Z ,-submodules in M, such
that they are dual to each other with respect to the Hermitian metric on V, and

-1 _ 0 _ -1 _ 0 _
rankzp N,, = rankzp N3, = 3, rankzp Nﬁo = rankzp Ny, = 1.

The Igusa variety Ig(K") of level p" is the scheme over O ., representing the quintuple A(R) =
{(A, A, 1, 7P, j)} where the A, A, t, 7j” are as in the definition for Shimura varieties of GU(3, 1) above,
and an injection of group schemes

Jj i @z NO < A[p"]

over R which is compatible with the Ox-action on both sides. Note that the existence of j implies that
A must be ordinary along the special fiber. There is also a theory of Igusa varieties over Sg(K). Let
w be the automorphic vector bundle on S¢(K) as defined in [Hsieh 2014a, Subsection 2.7.3]. As in
[loc. cit.] let H p—1€H 0(SG(K) /B> det(w)”~!) be the Hasse invariant. Over the minimal compactification,
some power (say the ¢-th) of the Hasse invariant can be lifted to O,,, by the ampleness of detw. We
denote such a lift by E. By the Koecher principle we can regard E as in H 0(§6(K), det(w' P~ D)). Let
Om =010,/ P" Oxc vy Set To 1= Sq (K)[1/E],0,,. For any positive integer n define 7T, ,,, := I (K") 0,
and Teo sn =1im, T, ;. Then T 1 is a Galois cover over Ty ,, with Galois group H >~ GL3(Z ) x GL1(Z)).
Let N C H be the upper triangular unipotent radical. Define

Vn,m = HO(Tn,ma OT )

n,m

Let Voo.m =1lim, Vy,  and Vi oo = lim, Vi, be the space of p-adic automorphic forms on GU(3, 1)
with tame level K. We also define W, ,, = V,me, Woom = Volg’m and W = lim, lim W, ,,. We define
an - etcetera, to be the cuspidal part of the corresponding spaces.

We can make similar definitions for the definite unitary similitude groups G p as well and define V,, ,,, p,
Voo.m. Py Voo,00. P, V,me,P, Wp, and so forth.
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Let Kjj and K| be the subgroup of H consisting of matrices which are in B3 x GL; or N3 x GL;
modulo p”, for Bz and N3 being the upper triangular Borel subgroup of GL3 and its unipotent radical,
respectively. (These notations are already used for level groups of automorphic forms. The reason for
using the same notation here is that automorphic forms with level group K!' are p-adic automorphic
forms of level group K'.) We sometimes denote /G (K{) = Ig(K")/K{ and I(Ky) = Ig(K")/Kj.

We can define the Igusa varieties for G p as well. For e =0, 1 we let Kf,’f =gK"g7'n Gp(Ay) and
let I (K!") := I, (K§") be the corresponding Igusa variety over Si;). We denote A7, the coordinate
ring of Ij)(KY{). Let AE;’] = lim, A’fg] and let AE;’] be the p-adic completion of Afgo]. This is the space of
p-adic automorphic forms for the group GU(2, 0) of level group gKg~' NG p(A 1)

For unitary groups. Assume the tame level group K is neat. Let ¢ be an element in Q@ \Ag 7 /(K). We

refer to [Hsieh 2014a, Section 2.5] for the notion of c-Igusa schemes 18(2)(1{ , ¢) for the unitary groups
U(2, 0) (not the similitude group). It parametrizes quintuples (A, A, ¢, 77, j) /s similar to the Igusa
schemes for unitary similitude groups but requires A to be a prime to p c-polarization of A such that
(A, A, 0, 7P, j)isa quintuple as in the definition of Shimura varieties for GU(2). For g. with u(g) € Aa
in the class of c. Let ‘K = g.K gc_1 NU(2)(Aq, r). Then the space 18(2)(1( , ¢) is isomorphic to the space
of forms on 18(2) (°K, 1) (see [loc. cit.]).

Embedding of Igusa schemes. In order to use the pullback formula geometrically we need a map from
the Igusa scheme of U(3, 1) x U(0, 2) to that of U(3, 3) (or from the Igusa scheme of U(2, 0) x U(0, 2)
to that of U(2, 2)) given by

i([(A1, A, o, 0y Ky, jD], (A2, Ay 1, 15 Ko, j2)]) = [(A1 X A, Ay X Ao, 1 X 12, (0] X n5) K3, ji X j2)].
(3-2)

3F. Fourier-Jacobi expansions.
Analytic Fourier—Jacobi coefficients. Let § € Q4. Over C we have the f-analytic Fourier—Jacobi

coefficient for a holomorphic automorphic form f on G = GU(3, 1) given by

1 n

Elp(f. g) = / Al n e eacpmdn
O\A 1

The Haar measure is normalized so that the set ((Q\A) has measure 1.

p-adic cusps. As in [Hsieh 2014a] each pair (g, j) € C(K) x H can be regarded as a p-adic cusp, i.e.,
cusps of the Igusa tower. In the following we give the algebraic Fourier—Jacobi expansion at p-adic cusps.

Algebraic theory for Fourier—Jacobi expansions. We follow [Hsieh 2014a, pages 16—17] to give some

background about the algebraic theory for Fourier—Jacobi expansion on the group G = GU(r, 1). These
are special cases developed by Lan [2012; 2013]. Recall [g] is a cusp label corresponding to class
g € G(Ay). One defines Z;) a group scheme over Sj,) using the universal abelian variety as in [loc. cit.]
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and denote Z,, the connected component over Si,). There is a line bundle £(B) on Zj) determined by B
[Hsieh 2014a, Subsection 2.7.4].

Now let f € HO(I(;(K]")/R, wy ) be a scalar weight « > 6 (i.e., of weight (0, 0, 0; «)) modular form
over an O algebra R, then by [Hsieh 2014a, Subsection 3.6.2] there is a Fourier—Jacobi expansion of f at
the p-adic cusp (g, h) for h € H

Flly(H) =Y aly(B. g’
BET g
where

ay(B. f) € (A3 ®0 R) @4, HO (20, L(B))

and ¥, is a sublattice of () determined by the level subgroup. This is given by evaluating f at the Mumford
family (O, h~! jon, wen) where joy is a fixed level structure (see [Hsieh 2014a, Subsection 2.7.4]). (Note
that we do not have the subscript N }{ there since it is a scalar weight «.)

Siegel operators. We have a Siegel operator @ at the p-adic cusp (g, ) defined by

D, : HOUG(K) k. ) — Al ®0 R

[ () =afy 0, f).

The Siegel operator at [g] can be defined analytically as follows: for any g € G(Ay) we define

Bpo(f) = / f(ng)dn. (3-3)
Np(@\Np(Ag)

We fix the Haar measure on Np(Q)\Np(Ag) as in [Skinner and Urban 2014, Section 8.2]. The relation
between the algebraic and analytic Siegel operator is given in [Hsieh 2014a, (3.12)].

3G. Weight space for GU(3,1). Let H = GL3 x GL; and T € H be the diagonal torus. Then H =~
H(Z,). We let A, = A be the completed group algebra Z,[[T (1 + pZ,)]l. This is (noncanonically)
isomorphic to a formal power series ring with four variables. There is an action of 7'(Z,) on the Igusa
scheme given by its action on the embedding j : p,» ®7z N O Al p"1. (See [Hsieh 2014a, Definition 3.4],
which in turn, follows Hida’s convention [2004, Section 8.2].) This gives the spaces of p-adic modular
forms for GU(3, 1) a structure of A-algebra. A Q p-point ¢ of Spec A is call arithmetic if it is determined
by a character [k]-[¢]of T (1+pZ,) >~ (1 -|—pr)4 where k is a weight and ¢ = (1, &2, ¢33 $4) for §; € jupeo.
Here [k] is the character by regarding k as a character of T(1+Z,) by [k](t1, 12, 3, t4) = (t; “t, “t; 1, ")
and [¢] is the finite order character given by mapping (1 + p) to ¢; at the corresponding entry of 7'(Z),).
We often write this point k. We also define o*1 as a character of the torsion part of 7'(Z,) (canonically
;%1 ).
We can define the weight ring A p for the definite unitary group G p as well.

isomorphic to (F;)4) given by ol¥(t1, 12, 13, t4) = w (t; 1, °

3H. Nearly ordinary forms. Here for convenience we again follow Hsieh’s treatment of Hida theory, but
point out that the results are actually due to Hida [2002]. We refer to [Hsieh 2014a, 3.8.3 and 4.3] for the
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definition of the U, operator and Hida’s idempotent e acting on the space VOIZ’ o Of p-adic automorphic
forms on GU(3, 1) and the nearly ordinary subspace of the space of p-adic modular forms. The space of

nearly ordinary automorphic forms (cusp forms) is denoted as Wyq (W rd) For g =0 or & we let Voqrd

be the Pontryagin dual of Wgrd. Then we have the following theorem [Hsieh 2014a, Theorem 4.21]:
Theorem 3.3. Let g =0 or &. Then:
(1) v4 ord IS a free A module of finite rank.

(2) For any k very regular we have natural isomorphisms

(K. A)® A/ Py = eM{ (K, O))

MG
where /\/lgrd(K, A) is defined in Definition 3.5. Here we identify eMZ (K, Oy,) with its image in the
space of p-adic automorphic forms of weight k under By for the map Py defined in [Hsieh 2014a,
(3.3)].

Remark 3.4. If K is a general CM field, then the statement of the corresponding result is more complicated;
see [Hsieh 2014a, Section 4.5].
31. A-adic forms.

Definition 3.5. For any finite A algebra R, and ¢ =0 or @ we define the space of R-adic ordinary forms
to be
rd(K R) :=Homjy (V Ord, R).

Similarly, if R is a A p-algebra, then we define

Mord,[g1,P (Kp,[g], R) := Homp , (Vord, p[g]> R)-
Here the subscript [g] means that the prime to p level group is K f, as defined previously.

For any f € Moq(K, R) we have an R-adic Fourier—Jacobi expansion

Fllg ()= Y aly(B. g (3-4)

BeS g
obtained from the Fourier—Jacobi expansion on Word, where a[ ¢ J(ﬂ f)eR ®A[ 2l a4, H O(Z[ 2] L(B))
(see [Hsieh 2014a, Subsection 4.6.1]). We also have an R-adic Siegel operator which we denote as <I>[ L

Let
1

wh = € GL4(Z,) ~UQ@3, 1)(Z)).
1

(Notice that we used the place vy to identify GL4(Z ) with U(3, 1)(Z,,) here. We use wg instead of wj
as in [Hsieh 2014a, page 35] to distinguish it from w3 € U(3, 3).) Now we have the following important
theorem:
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Theorem 3.6 [Hsich 2014a, Theorem 4.26]. Let R be as before. We have the following short exact
sequence

0 &)M% ZGB&)?;] g

0—> Moy(K, R) > Moa(K, R) ——— @gecx)Mord(K5, R) — 0.

We need one more theorem which gives another definition of nearly ordinary p-adic modular forms
using Fourier—Jacobi expansions.

Definition 3.7. Let R be a finite torsion free A-algebra. Let X (K) be the set {(g, h)} where g runs over
a set of representatives of cusp labels C(K) and 4 runs over T which is the diagonal torus of H. Let
Nord (K, R) be the set of formal Fourier—Jacobi expansions

F= { > aB. F)g’.a(B. F) e (RRAT)D" ® HO(Z7,), E(ﬂ))}
BeS g geX(K)

(here ® means completed tensor product, and the superscript A in (R®A<[’§])A means that the A-action
as a nebentypus character is compatible with the A-algebra structure of R), such that for a Zariski dense
set X'r of points ¢ € Spec(R) such that the induced point in Spec(A) is some arithmetic weight k., the
specialization Fy of F is the Fourier—Jacobi expansion of a nearly ordinary modular form with prime
to p level group K, weight k and nebentype at p given by [k][{ ]~ 1.

Then we have the following theorem [Hsieh 2014a, Theorem 4.25]:
Theorem 3.8. Mord(K, R) = Nowa (K, R).

Remark 3.9. The proof uses the p-adic g-expansion principle for GU(r, 1), which is proved by Hida
[2009, Theorem 0.1] (also recalled in [Hsieh 2014a, Subsection 3.6.4]). The g-expansion principle follows
from the irreducibility of the Igusa scheme. As mentioned by Hida [2014a] the Igusa scheme is not
quite irreducible; in fact the component group is isomorphic to the quotient of GL3(Z,) x GL(Z,) over
his My, which is the subgroup consisting of matrices (g;, g») with det g; = det g,. (Hida proved the
monodromy group, i.e., the image of 771(51( (G)/[Fp, s)in GL3(Z,) x GL{(Z)) is exactly this M;.) By
our definition of X (K) above, it clearly contains a representative of this quotient. So we still have the
g-expansion principle.

4. Background for theta functions

Now we recall briefly the basic notions of theta functions and theta liftings, following closely to [Zhang
2013] with some modifications.

4A. Heisenberg group. Let W be a finite-dimensional vector space over Q, with a nondegenerate
alternating form (-, - ). We define

HW):={(w,t) |weW,teQ,}

with multiplication law: (wy, t1)(w2, ) = (wl +wy, 1+ + %(wl, wz)).
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4B. Schrodinger representation. Fix an additive character ¢ of @, and a complete polarization as
W =X&Y of W where X and Y are maximal totally isotropic subspaces of W. Let S(X) be a space of
Bruhat—Schwartz functions on X, and define a representation py of H(W) on S(X) by

Py f(2)=f(x+z),xeX
Py f@D=v{z,y)f(2),yeY
Py () f(2) =Y () f(z), 1 €y

This is called the Schrodinger representation. By the theorem of Stone and von Neumann, py, is the
unique irreducible smooth representation on which Q, = {(0, ) | t € O, } acts via the character .

4C. Metaplectic groups and Weil representations. Let Sp(W) be the symplectic group preserving the
alternating form (-, -) on W. Then Sp(W) acts on H(W) by (w, t)g = (gw, t) (we use column vectors
for w € W and the left action of Sp(W) as [Zhang 2013]). By the uniqueness of py, there is an operator
wy (g) on S(X), determined up to scalar, such that

Py (W, Dy (g) = wy (8) py (W, 1)

for any (w, t) € H(W). Define the metaplectic group Sva,(W) = {(g, wy (g)) as above } which we often
abbreviate as Sp for short. Thus Sp(W) has an action wy, on S(X) called the Weil representation.

Now suppose ¥ =[], ¥, is a global additive character of @\Ag and W is a finite-dimensional vector
space over Q) equipped with an alternating pairing ( -, - ). We can put the above construction together for
all v’s to get a representation of SNp(W)(A) on S(X (A)). This can be viewed as a projective representation
of Sp(W) (a representation with image in the infinite dimensional projective linear group). We now
give formulas for this representation. Let {ey, ..., e,; f1,..., fu} be a basis of W = X & Y such that
(ei, fj) = dij. With respect to this basis, we write elements in X in row vectors, and the projective
representation of S~p(W) (Ag) on Proj S(X (A)) is given by the formulas

e wy((*401))p(x) = |det A|'2p (x A);
e 0y (("))p(x) = Y (xB'x/2)p (x);

* wy ((_1 1))(;5(x) = yqs(x) where <13 means the Fourier transform of ¢ with respect to the additive
character . The y is an 8-th root of unity which is called the Weil constant.

4D. Dual reductive pairs. A dual reductive pair is a pair of subgroups (G, G’) in the symplectic group
Sp(W) satisfying:

(1) G is the centralizer of G’ in Sp(W) and vice versa.

(2) The action of G and G’ are completely reducible on W.

We are mainly interested in the following dual reductive pairs of unitary groups. Let IC be a quadratic
imaginary extension of @, (Vi, (-, -);) be a skew Hermitian space over XC and (V», (-, -)2) a Hermitian
space over K. Then the unitary groups U(V;) and U(V;) form a dual reductive pair in Sp(W), where
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W = V| ® V, is given the alternating form %tr;c /a((-,-)1®(-,-)2) over Q. The embedding of the dual
reductive pair (U(V;), U(V3)) into Sp(W) is

e: U(V) x U(Va) = Sp(W), e(g1,82)- (11 ®@v2) = v1g1 ® g5 'va.

4E. Splittings. Suppose dimy V| = n and dimg Vo = m. If x; and x, are Hecke characters of X* such
that x; |A<S = X,’é/@ and Xz'% = X;'g/@, then there is a splitting (see [Harris et al. 1996, Section 1])

s :UV}) x U(Va) — Sp(W)

determined by x> and x;. This enables us to define the Weil representations of U(V}) x U(V;) on S(X (A))
which we denote as @y, ,, = ®y, ® wy,.

4F. Theta functions. Now let us define theta functions.

Definition 4.1. Let ¢ € S(X(Ag)). Define the theta kernel function

o)=Y ¢.

leX(Q)
Let J = H(W) x Sp(W) (f = H(W) x S})(W)) be the Jacobi group with Sp(W) acting on H (W) by

(w, 1) -g =(wg, 1) (SNp(W) acts on H(W) by (w, t) - g = (wg, t), where g is the image of g in Sp(W)).
We define a theta kernel on J (Ag) as below.

Definition 4.2. Let g € Sp(W) and (w, t) € H(W), define

Op((w, D) = Y pyw,nZ.$).
leX(Q)
Using the Weil representation of the dual reductive pair above (with the choices of the splitting
characters) we define the theta kernel for the theta correspondence as follows:

Definition 4.3. 0y (81, 82) = 0(w(g1, 82)9).

4G. Intertwining maps. Here, we study the intertwining maps between theta series corresponding to
different polarizations (X, Y) of W. Suppose r € Sp(W), then (r X, rY) gives another polarization of W,
and all polarizations are obtained this way. If ¢ € S(X) then we define an intertwining map (local or
global) 8y : S(X) — S(rX) by

Syp(xr) = wy (r He(x) -1

for x € X. We can see that §y, is an isometry intertwining the actions of J.

Let W~ be the skew Hermitian space which is isomorphic to W as Q,-vector spaces but equipped
with the alternating pairing —( -, - ). For a polarization (X, Y) of W we present the intertwining formula
for the two polarizations ( XX )Y @Y )and {wbw,w e W}B{wd —-—w,we W)of W W™.
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We write the formula for the map &y, : S(X(Q,) ® X (Q,)) — S(W(Q,)) and its inverse
Sy (@) (x1,y) = / VY (2(x2, y)) P (x1 +x2, x2 — x1) dx2

55 @) = [ =2 )0~ 2. 1) . (4-2)

Another easy property is that if the two polarizations (X, Y) and (r X, rY') are globally defined, then the
theta kernels ®, and Oj, (4) are defined and

Op(u, ng) = Oy, (p)(u, (rn)g).

4H. Special cases. Here we give two special cases which are used later. Case One is used in Section 8C
to construct families of theta functions on U(2). Case Two is used in the computation of Fourier—Jacobi
coefficients for the Siegel-Fisenstein series on U(3, 3) as a finite sum of products of Siegel-Eisenstein
series and theta functions.

4H1. Case one. We write V for the two-dimensional Hermitian space over K for ¢ /§ with respect to the
basis (vy, v2), V'~ for the Hermitian space for —¢ /8 with respect to the basis (v, , v, ), and V; for the
one-dimensional skew Hermitian space with the metric § with respect to the basis v. Let W =V ® V; and
W~ =V~ ® V). We define several polarizations for the Hermitian space W := W @ W~ (the alternating
pairing being the direct sum of those for W and W™).

Definition 4.4. X =QuuRuvdQuu®v
X =0v;, Qv Qu, v
Y =Qvi Qv Qsv, ®v
Y™ :=0Qv; @ vdQsv, Q.

Fix the additive character ¢ =[] ¢,,. Thus W =X @Y and W~ = X~ @ Y~ are globally defined
polarizations. For a split prime v we write v = ww for its decomposition in K. We will often use
an auxiliary polarization W, = X @ Y, of W, = W ®x K, with respect to K, >~ K, x Ky = @% and
W, = X;_ ® Yl/,_ that is defined by X = K,,v1 @ v B K12 Q@ v, Y, = Kyv; ® v @ Kpvz ® v and similar
for X ;_, Y;_. This polarization is better suited for computing the Weil representation. For split primes v
let 8:2 :S(X,) — S(X,) and 81;’” (S(X, ’/) — S(X, ) be the intertwining operators between the Schwartz
functions defined above.

Let WY = {w @ w, w € W} (d stands for diagonal). We denote the intertwining maps

8y 1 S(X, ® X)) — S(W9)

and if v splits,
8, S(X, @ X,) — S(W).

Recall the formulas given in (4-2).



Iwasawa main conjecture for Rankin—Selberg p-adic L-functions 407

Remark 4.5. In application in Section 6 we compute the intertwining operator
8y S(X, X)) — S(WY)

(for W = (V @ V™) ® V}) in this special case and the Weil representations restricting to semidirect
products H(W) x (U(V @& V™) xU(V})) (recall U(V @ V™) x U(V}) < Sp(W)). We provide the matrix
forms of these semidirect products that will be used in Section 6. Let U; and U, be unitary groups

associated to the matrices
1

¢ 13
1 and (_13 )

—¢

respectively, and let U} and U}, be the unitary groups associated to

(=) e (7))

considered as subgroups of U; and U, respectively in the obvious way. Let N be the subgroup of U
consisting of matrices of the form
1 x 1 * X2
12 {xik
1 )
—¢x5 1p
and N, C U, the subgroup consisting of matrices of the form

1 x t—i—%(xy*—yx*) y

1, y* 0
1
—x* I

The corresponding semidirect products mentioned above are J; = N 1U/1 and J, = N2U/2. These are used
later in computing Fourier—Jacobi coefficients (see Definition 6.5 for J,).

4H2. Case two. Now we discuss another special situation which will be used in the Fourier—Jacobi
coefficient computations for the Siegel-Eisenstein series on GU(3, 3).
The local set-up. Let v be a place of Q. Let h € S1(Q,), h # 0. Let Uy, be the unitary group of this
matrix and let V), be the corresponding one-dimensional Hermitian space. Let
Vo, =K2®K:=X,8Y,

be the Hermitian space associated to U, = U(2, 2) with the alternating pairing denoted as (-, - ),. Let
W =V, ®x, V2,,. Then

(_’ _) = TrK:U/@U((_7 _>h ®]Cv <_s _>2)
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is a Q, linear pairing on W that makes W into an eight-dimensional symplectic space over Q,. The
canonical embedding of U, x U, into Sp(W) realizes the pair (U, U;) as a dual pair in Sp(W). Let A,
be a character of /C such that A, lgx = XK/Q0- As noted earlier, there is a splitting Uy, (Q,) x U»(Q,) —
Sp(W (@,) of the metaplectic cover Sp(W Q) — Sp(W, Q,) determined by the character A,. This
gives the Weil representation w,, 1, which we denote here as wy, 3, (4, g) of Up(Q,) x Up(Q,) where
u €U, (Q,) and g € U(Q,), via the Weil representation of S~p(W, Q,) on the space of Schwartz functions
S(Vy, ®xk, Xy) (we use the polarization W =V, @k, X, @V, ®k, Y,). Moreover, we write wy, 5, (g) to
mean wy, ), (1, g). For X € M142(K,), we define (X, X), ='XhX (note that this is a 2 x 2 matrix). We
record here some useful formulas for wy, 3, which are generahzatlons of the formulas in [Skinner and
Urban 2014, Section 10.1].

@3, (1, )P (X) = wp v, (1, P X),
o, (diag(A, "A~1))®(X) = A(det A)|det A/ > D (X A),
@2, (r(8§)P(X) = ®(X)e, (tr(X, X)),

O, (MD(X) = |det A, / B(Y)ew (Tre, (tr(Y, X)) dY.

The global set-up. Let & € S1(Q), h > 0. We can define global versions of U, GU;,, W, and (—, —),
similar as the local case above. Fixing an idele class character » = ®2, of A¢ /K> such that A|gx = Xllc /Q

the associated local splitting described above then determines a global splitting U, (Ag) x U;(Ag) —
%(W, Ag) and hence an action wy, := Qwp 5, of Uy (Ag) x U1(Ag) on the Schwartz space S(Va, ® X).
In application, we require the infinity type of A to be (—%, %)

For any Schwartz function ® € S(Va, ® X) we define the theta function

Onp(d, —): J(A) > C.

associated to it by
On(@.u,8)= Y wni(@)@x). g€ JA).
xeVeX

41. Theta functions with complex multiplication. We consider the situation of theta correspondences
for U(¢) =U(V) and U(V}). Let V be a two-dimensional Hermitian vector space over K. Let L be an
Oy lattice such that it gives an abelian variety .A; = C?/L.

Let H be a Riemann form on V and € : L — U be a map where U is the unit circle of C (in application
the € is given by the formula after [Zhang 2013, (38)], there is a line bundle £  on A, associated to H
and € as follows: define an analytic line bundle £z . ~ C x C?/L with the action of L given by

l-(w,x)=(w+LeDe(xH{l,w+1))x), leL, (w,x)eC*xC

where e(x) = ¢*™*. The space of global sections of this line bundle is canonically identified with the
space T (H, €, L) of theta functions consisting of holomorphic functions f on V such that

fw+D=fweDe(xH(I+w+1%)), weV,ieL.
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There are arithmetic models for the above abelian variety and line bundle. Shimura defined subspaces
T*(H,e, L) C T(H, €, L) of arithmetic theta functions by requiring that the values at all CM points are
in Q which under the canonical identification, are identified with rational sections of the line bundle (see
[Lan 2012, Section 2.6], and also [Zhang 2013, Appendix B] for a discussion in terms of theta kernel
functions. Note that we only need to consider arithmetic sections, but not integral sections.)

Adelic theta functions. Now we consider theta functions for U(3, 1). Let the Hermitian form on V be
defined by

(vi, v2) = V1gVs —VagVy.
Let Uy be some compact open subgroup of U ({)(Ay).
Definition 4.6. We define the space Ta(m, L, Uy) of adelic theta functions as the space of functions
O : N@QUEO@A\NAUE)A)/U(C)UsN(L) f — C,
where N=Np CU@3, 1) and U(¢) — U (3, 1) as before;
N(@L)y={w,0lxel,t+iwiw* e n(@)Ok},
where (L) is the ideal generated by w¢w™* for w € L and © satisfies
OO0, 0)r)=emt)O(r),r e NAAYU(Z)(A).

Since U(¢) is anisotropic, the set U($)\U(¢)(A)/U({)oUy consists of finitely many points
{x1,...,x} C U@)Ay). We assume that for each x; the p-component is within GL,(Z,) under
the first projection U(Q,) >~ GL,(Q),). In this paper, we consider the case satisfying the following:

Assumpution. The lattice L is such that m(SIE/l@)l ¢'l is always integral for any i and [ € x; L.
Then for any

O e€Ta(m,L,Uy),
write ®;(n) = ©(nx;) for n € N(A) as functions on N (A). Then for each i we define the function
b (Weo) = e(—m 3wl w*)O; (Weo, 0)).

If this function is holomorphic then it is a classical theta function in 7 (H, €, x; L) where H and € are
defined as follows. The

H©,v):=—2miv¢'.

As in [Hsieh 2014a, Subsection 7.2.3], we choose a finite idele u = (u,) € A ) such that Ox, =Z,®Zyu,
for each finite place v. For each [ € x; L let x; and y; be the unique elements in Ag, ; such that

JE' T =x; 4 yu.
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Let ¥ be the standard additive character Q\Ag such that at the Archimedean place it is given by
YV (Xoo) = 2™ Let ¥, (x) = ¥ (m tric/o(x) for x € Ax. Define €(/) = ¥,,(—x;). Then under our
assumptions the € is well defined and takes a value of £1.

If it is the case that for all i the 6; is holomorphic, then we say it is a holomorphic adelic theta function
and write the corresponding space as TA{{Ol(m, L,Uy).

We make the following identification (recall we defined Z["g] in Section 3F)
H(Z5,, L(B) ®C~ T (B, L, Uy)

for certain level group Uy = Up, x [ ], Ub.

A functional. Recall that we constructed a theta function 6, on the Jacobi group J (V') from the Schwartz
function ¢. As mentioned in the introduction, we only need to develop a rational theory on theta functions
instead of p-integral theory. Upon choosing v € Vj such that (v, v;) = 1 we have an isomorphism
V>~W=V®YV. Wealso consider W~ =V~ ® Vj. It is the space W but with the metric being the
negative of W. Let H~ = H(W™) be the corresponding Heisenberg group. We have an isomorphism of
H and H~ (as Heisenberg groups) given by

(w, t) = (w, —1).

We construct a theta function 6* = 64, on H~ x U(V ™) for the Schwartz function ¢;. We have chosen a
set {xg, ..., xy} above. We write

(0,5 0p) (xi) ;:/

0p, (nx;)0p(nx;) dn.
[N]

and

(@1, )y, = / @;-1(x;) (P1) () wx (x;) (@) (x) dx.
X(Ag)
Then it is easy to check for each x;,

(0, 0p) (xi) = (D1, P)x; - (4-3)

We first construct a functional /. on the space H O(Z[Og], L(B)), which we identify with some 7' (8, €, L)

for appropriate € and L as before (we save the notation /o~ for later use) with values in Afg).

Lemma 4.7. The general elements in H O(ng], L(B)) is a linear combination of s% ’s with coefficients in
Apgl, where ¢ =[], ¢y are kernel functions such that ¢ is defined as in Definition 6.12, and ¢, takes
Q-values for v < .

Proof. This can be seen by interpreting the theta functions defined before [Zhang 2013, Theorem B.2]
in terms of Weil representations presented here. Note that the CM period Q2 is missing in [loc. cit.,
Theorem B.2]. The algebraicity follows from [Shimura 1976, Theorem 2.5]. In fact in [loc. cit.] the
period is i (zg) for some weight % form 4 on Sp,, as our Hermitian space is two-dimensional, and zg is a
CM point with h(zg) # 0. This A(zp) is just Q4 up to multiplying by a nonzero algebraic number. [
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We define
0
lé*(—(p)(xi) 32/ O, _1 ) (1) ()00, (x) () () d
$200 N@)\N(Ag)

= / w; -1 (x;) (1) ()@ (x;) (@) (x) dx. (4-4)
X(Ag)

The last equality is easily seen, and we denote the last term as (a);1 (x;)(¢1), wx(x;)(¢)). Note that in
N(@Q)\N (Ag) we identified H with H~ using the above isomorphism. (In the literature, people usually
consider |, N(@)\N(Aag) 08 (n)04,(n) dn for 65 and ,, on the same space of theta functions. We use a
different convention for the sake of simplicity.) So by taking appropriate ¢; the /. is a rational functional.
We extend the definition of /), to whole H 0z [g]°, £(B)) linearly. Thus, it is well defined.

Lemma 4.8. The l). takes values in the space of constant functions on any theta function 04 as above.

Proof. We note that for any ¢,

(-1 (X)) (P1), W.(xi) (@) = (91, @). (4-5)

This is a standard fact and can be seen by simply unfolding the definition and integration. The lemma
follows from the above equation. (I

Remark 4.9. Later we will use this functional on Fourier—Jacobi coefficients for U(3, 1). We can view
it as a function on GpNp(A) by Fli¢1(p, f) =Flp(pg, f) for p € GpNp(A) and thus an adelic theta
function. Lan [2012] has proved the following compatibility of the analytically and algebraically defined
Fourier—Jacobi expansions using the usual identification of the global sections of £(8) with (classical or
adelic) theta functions, keeping the rational structures

Fling (=, ) =FI,())(=).

Note that the period factor appearing in [Hsieh 2014a, Section 3.6.5] is 1 since we are in the scalar
weight «.

5. Klingen-Eisenstein series
From now on throughout this paper we define z, = (k —3)/2 and z. = (k —2)/2.

SA. Archimedean picture. Let (1, V) be a finite-dimensional representation of DX . Let /o and 7o
be characters of C* such that ¥, |~ is the central character of 77+,. We assume here that 7, (z) =z %/2z%/?
and v is trivial. Then there is a unique representation 7y, of GU(2)(R) determined by 7 and ¥, such
that the central character is Y. These determine a representation 7y, x T of Mp(R) >~ GU(2)(R) x C*.

Here for g € GU(2)(R) and x € C*, we identify with it an element

n(g)x!
m(g, x) = ¢ | eMpm.
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We extend this to a representation p, of P(R) by requiring that Np(R) acts trivially. Let I (V) =
Indggg; Poo (smooth induction) and 7 (po0) C I (Vo) be the subspace of K, -finite vectors. (Elements of
I (Vo) can be realized as functions on K..) For any F' € I(V) and z € C* we define a function F, on
G(R) by

F.(g) :=8(m)****p(m) f (k), g = mnk € P(R)Koo.

There is an action o (p, z) on I (V) by

(0(p,2)(8)) (k) = F.(kg).

We let p and I(py,) be the corresponding objects by replacing oo, Yoo, Too With 7Toe ® (oo 0 Nm),

YooTooTags T Let

Then there is an intertwining operator A(poo, z, —) : I (psc) = 1(pY%) by

A(Pso, 2, F) (k) ::/ F.(wnk) dn.
Np(R)

In this paper, we use the case when 7, is the trivial representation. By the Frobenius reciprocity law
there is a unique (up to scalar) vector ¥ € I (p) such that k.0 = det wu(k, i) for any k € K. We fix
v and scale ¥ such that (1) = v. In " it has the action of K}, given by multiplying by det u(k, i)7*.
There is a unique vector 3% € I (p") such that the action of KT, is given by det u(k, i)™ and 0" (w) = v.
Then by uniqueness there is a constant ¢(p, z) such that A(p, z, 0) = c(p, 2)0".

Definition 5.1. We define F,, € I (p) to be the v as above.
We record the following lemma proved in [Wan 2015a, Section 5.4.2]:
Lemma 5.2. Let k > 6 and z,, = (k — 3)/2. Then c(p, z,) = 0.

5B. {-adic picture. Let (7ry, V) be an irreducible admissible representation of D> (Q;) and 7y is unitary
and tempered if D is split at £. Let ¢ and t be characters of K, such that w@ex is the central character
of ry. Then similar to the Archimedean case, there is a unique irreducible admissible representation 7y,
of GU(2)(Qy) determined by 7, and ;. As before we have a representation 7y, x t of Mp(Q;) and
extend it to a representation py of P(Q,) by requiring that Np(Qy) acts trivially. Let I (p;) = Indgggg 0¢
be the admissible induction.

Define F; for F € I (p;) and pL,V, I(pgv), A(py, z, F) etcetera as before. For v ¢ ¥ we have D*(Qy) =~
GL,(Qy¢). Moreover, we can choose isomorphism as a conjugation by elements in GL,(Ok ) (note that

both groups are subgroups of GL(Cp)).

Definition 5.3. When 7y, ¥y, t¢ are unramified and ¢, € V; are spherical vectors, then there is a unique
vector F(,?@ € I (p¢) which is invariant under G(Z;) and F(gz(l) = @y.
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5C. Global picture.
Definition 5.4. We define an Eisenstein data D = (X, m, ¥, T, ¢) to consist of the following:
« A finite set of primes X containing all bad primes.
e An irreducible unitary cuspidal automorphic representation (7 = ®,7,, V) of D*(Ag) and a vector
¢ =11, ¢v € m, which is ordinary at p.
« The ¥ =[], and T = []7,, CM characters of K*\AZ of infinite types (0,0) and (—%, %),
respectively, such that 1| A% is the central character of . We define & := /.

Remark 5.5. In application the ¢ we use later on is not of the form [, ¢,, but is a finite sum of such
functions. However all theory extends to this situation easily by linear combination.

We define (o) to be the restricted tensor product of ®, 1 (p,) with respect to the unramified vectors
Fg{ for some ¢ = ®,¢, € m. We can define F,, I(p") and A(p, z, F) similar to the local case. The F,
takes values in V which can be realized as automorphic forms on D*(Ag). We also write F;, for the
scalar-valued functions F,(g) := F,(g)(1) and define the Klingen—Eisenstein series

E(F,z,9):= Yy,  Fyg.

yEP(Q\G(Q)

This is absolutely convergent if Re z > 0 and has meromorphic continuation to all z € C.

5D. Good Klingen—Eisenstein sections. We specify good choices for Klingen—Eisenstein sections at
local places. We write

« For the Archimedean place we define Fp o := Fj.
« For finite places v outside X, we define Fp , := ng.

« For finite places v inside X, let y be an element in O, divisible by some high power of the uniformizer
w, at v (to be made precise in the next chapter). Let ) be the set of matrices A € U(2)(Q,) such that
M = A — 1 satisfies

M@ +yyN) =ZCyy

for some N € M>(O,). Let ¢ be some vector invariant under the action of ). Let K 52) be the subgroup
of G(Q,) of the form
1 f c
1, g
1

where
g=—C0'f, c—1f'feZ, fe(y)., ge€@yy)., ceO,.
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We define F) , to be supported in PwK (2 and is invariant under the right action of K @ and such that

Fyy(w) =t(yNI3)°1,7 7 Vol (D) - .
This F) , is the Klingen—Eisenstein section Fp , that we choose.

« For the p-adic places we use the following:

Definition 5.6. Define Fg’;p € I,(p) to be the Klingen section described as follows It is supported in
P@Q p)wgB, (Z,) where B;(Z,) consists of matrices in GL4(Z,) which are upper triangular modulo p,

1
W = € GLy(Z,),
1

and is right invariant under N,(Z,) for N;(Z,) € B;(Z,) consisting of matrices which are 1 along the
diagonal modulo p’; see [Wan 2015a, Section 4], note the differences in the indices discussed there
(Subsections 4.D.2 and 4.D.4 in [loc. cit.]). The w’3 here is the wpere there.). Moreover we require that
the value of Fg’,'p on wj is given by ¢. We define the p-part level group K; C GL4(Z),) to consist of
matrices congruent to some elements in B(Z,) modulo p'.

Now we briefly recall Hida’s U, operator for U(3, 1). We refer to [Hsieh 2014a, Section 3.8] for
geometric backgrounds for U, operators, and that it is compatible with our representation theoretic
description below. Let A1, ..., A4 be 4 characters of Q, m = IndgL” Ay .vvy Ag).

Definition 5.7. Let k = (c4; c1, ..., c3) be a weight. We say (Ay, ..., A,) is nearly ordinary with respect
to k if the set

{val, A (p), ..., val, (Pt ={c1 =3, o+ 3. c3+ 5. ca— 3}

We denote the set as {ky, ..., K45} SO that k1 > - -+ > k4.
We define the p-component of the Eisenstein data is generic if it satisfies Definition 6.30. Let
Ap=2Zylt1, 12, ..., 1y, tn_l] be the Atkin-Lehner ring of G(Q),), where #; is defined by

1, _:
= N(ZP)OI,'N(ZP), o = < n 1 > .
pli

Then ¢; acts on 7V (Z») by

vt = E x,-ai_lv.

xeNla;lNa,-

We also define a normalized action with respect to the weight k following [Hida 2004]
vlit=8) ™ Pp T,

(The § is the modulus character).
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Definition 5.8. A vector v € 7 is called nearly ordinary if it is an eigenvector for all ||#;’s with eigenvalues
that are p-adic units.

Now we define

Exiing p(g) = E<H Fpy x F)',. 2. g). (5-1)
vip

The following proposition is easily proved as in [Skinner and Urban 2014, Proposition 9.8].

Proposition 5.9. The classical automorphic form corresponding to Exiing p defined by (3-1) is a holo-
morphic automorphic form on U(3, 1) with weight k = («; 0, 0, 0).

Suppose 7, is nearly ordinary, in the sense that it is of the form 7 (x1,,, x2,) with val,(x1,,(p)) = — %,
val,(x2,,(0) = % Then it is easy to check that the representation /(o)) is nearly ordinary with respect to
the weight k. Suppose moreover that the p-component of the Eisenstein datum is generic. Then we have

Proposition 5.10. The F 19" is an eigenvector for all the actions ||t; with eigenvalues
hehi(phprt,
which are clearly p-adic units.

Proof. The proof is a little convoluted and given in [Wan 2015a, Subsection 4.4.1]. It uses the intertwining
operator which maps F g" to the section supported on the big cell (denoted f* there; see Lemma 4.16
of [loc. cit.]), whose eigenvalues are easy to compute. It is proved in [loc. cit., Lemma 4.17] that the
f*¢is indeed an ordinary operator. In the generic case, the intertwining operator gives an isomorphism
between the corresponding principal series representations of GL4(Q),). Although our definition of being
“generic” is different from [loc. cit.], however the argument of [loc. cit., Lemma 4.17] still works. Then as
in the proof of [loc. cit., Lemma 4.19], one checks the F l?" and the f* have the same action by the level
group K’, and that such vector is unique up to scalar in the corresponding principal series representation,
identifying the F 2" and the f¢ under the intertwining operator. These altogether implies that F 2" is
indeed a nearly ordinary vector.

In our U(3, 1) situation the argument is also given by Hsieh [2011, Section 6.2]. O

Remark 5.11. It is worth pointing out that the definition is quite different from the U(2, 2) case in
[Skinner and Urban 2014]. The nearly ordinary section is supported on the set containing the Weyl
element w/ instead of the identity. This description also coincides with property that in [Hsieh 2011,
Lemma 6.6] that the only Weyl element in which the ordinary section is nonzero is wj.

Definition 5.12. Throughout this paper, we fix the tame level subgroup Kg D of U(3, 1)(AP°°), under
which our Ekjing p 18 invariant. We can do so by simply taking it to be the set of matrices congruent to 1
modulo the (y¥)? at each finite place not dividing p for the y above. We also define the p-component of
the level group as the N;(Z,) above, where 1 is the one in the definition for “generic”.
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SE. Constant terms.

Definition 5.13. For any parabolic subgroup R of GU(3, 1) and an automorphic form ¢ we define ¢y to
be the constant term of ¢ along R given by the following

or(g) = / o(ng) dn
Nr(@Q)\Ng(Aq)

where Ny is the unipotent radical of R.
The following lemma is well-known (see [Mceglin and Waldspurger 1995, Section I1.1.7]).

Lemma 5.14. Let R be a standard Q-parabolic subgroup of GU(3, 1). Suppose Re(z) > %

() If R # P then E(f, z, 8)r =0.

() E(f.z,-)p=fz+Ap, [,z
5F. Hecke operators. Let K' = Ky, ,,K* C G(A%) be an open compact subgroup with K> = G(Z%)
and such that K := K/Kg is neat. For each v outside ¥ we have GU(3, 1)(Q,) >~ GU(2, 2)(Q,) with
the isomorphism given by conjugation by some elements in GL4(Ok,). So we only need to study the

unramified Hecke operators for GU(2, 2) with respect to GU(2, 2)(Z,). We follow closely to [Skinner
and Urban 2014, Sections 9.5 and 9.6].

Unramified inert case. Let v be a prime of Q inert in K. Recall that as in [Skinner and Urban 2014,

Section 9.5.2] that Z, ¢ is the Hecke operator associated to the matrix zo := diag(w,, @y, @,, @,) by the
double coset Kz9K where K is the maximal compact subgroup of G(Z,). Let ty := diag(w,, @y, 1, 1),
t) :=diag(1, wy, 1, @, ') and 1 := diag(w,, 1, @, !, 1). As in [loc. cit., 9.5.2] we define

Ry :=2[X,,q"?, ¢ ]

where X, is T(Q,)/T (Z,) and write [¢] for the image of ¢ in X,. Let Hg be the abstract Hecke ring
with respect to the level group K. There is a Satake map: Sk : Hx — R, given by

Sk(KgK) =y 8, tlt;]

if KgK =ut;n; K fort; € T(Qy), n; € Np(Q,) and extend linearly. We define the Hecke operators T;
for i =1, 2, 3, 4 by requiring that

4 2
14+) SI)X =[]0 —¢ 11X 0 — ¢} 1617 %)
i=1

i=1

be an equality of polynomials of the variable X. We also define

4
Qu(X) =1+ T{(ZoX)"
i=l

Unramified split case. Suppose v is a prime of @Q split in K. In this case we define zél) and z(()z)

to be (diag(w,, @, @y, @y), 1) and (1, diag(w,, @w,, @y, @,)) and define the Hecke operators Z(()l)
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and Z(()Z) as above but replacing zg by z(()]) and z(()z). Let tl(l) := diag(1, (wy, 1), 1, (1, wv_l)) and
tz(l) = diag((wy, 1), 1, (1, zzf,jl), 1). Define ti(z) = f;l) and 1; = ti(l)tl.(z) for i = 1,2. We define R,
and Sk in the same way as the inert case. Then we define Hecke operators Tl.(j ) fori = 1,2,3,4 and
Jj =1, 2 by requiring that the following

4 2
14+ ZSK(TZ(J))XI — 1_[(1 _QS/Z[II(J)]X)(l _qS/Z[Zi(J )]—IX)
i=1 i=1

be equalities of polynomials of the variable X. Here j' =3 — j and [ti(j )]’s are defined similarly to the
inert case. Now suppose v = ww for a place w of K and a place v of Q. Define i, = 1 and iy = 2. Then
we define

4 4
0, (X) =1 +ZTi(iw)(Z(<)3—iw)X)i and  Qp(X) =1 _{_ZTi(iw)(Z((f—iQ)X)i.
i=1 i=1
5G. Galois representations. For the holomorphic Klingen—FEisenstein series, we can also associate a
reducible Galois representation with the same recipe as in Section 3C. Write t’ for the restriction of t to
Ag and let o,/ be the corresponding Galois character of Gg via class field theory. The resulting Galois
representation associated to the Klingen—Eisenstein series we defined above can be seen as follows:

OpOyce © @ O¢c6_3 @® pnf.drce_(KH)/z.

Note that « + 3 is an odd number; however, 7 ; is a unitary representation whose L-function is the usual
L-function for f shifted by % So it makes sense to write in the above way. This can be obtained in
the same manner as [Skinner and Urban 2014, Sections 9.5 and 9.6], by studying the Hecke operators
defined above. Indeed the Galois representation is determined by its local Euler factors at unramified
places, which has been worked out in [loc. cit., in particular Proposition 9.14].

6. Siegel-Eisenstein series and pullback

6A. Generalities.

Local picture. Our discussion in this section follows [Skinner and Urban 2014, Sections 11.1-11.3]
Aq B
0 D,
of matrices whose lower-left n x n block is zero. For a place v of Q and a character x of I we let

closely. Let Q = Q, be the Siegel parabolic subgroup of G, consisting of matrices ( ) It consists

I,,(xv) be the space of smooth K, ,-finite functions (here K, , means the maximal compact subgroup

Gn(Zy)) f : Knp — C such that f(gk) = x,(det D) f'(k) for all ¢ € Q,(Q,) N K, , (we write g as

block matrix (/?)‘1 g‘? ). For z € C and f € I(x) we also define a function f(z, —) : G,(Q,) — C by
q

f(z. qk) == x(det Dy))|det A, D, 772 £ (k). g € Qn(@,) and k € K,y .

For f € I,(xv), z € C, and k € K, ,, the intertwining integral is defined by

Mz, f)(k) := Xy (mn (k) [z, wyrk)dr
No, (Fy)



418 Xin Wan

where N, is the unipotent radical of Q,, and w, := ( 1, L ) For z in compact subsets of {Re(z) > n/2}
this integral converges absolutely and uniformly, with the convergence being uniform in k. In this case it
is easy to see that M (z, f) € 1,(x¢). Let i/ € C be an open set. By a meromorphic section of 1,(x,) on
U we mean a function ¢ : U — I,(x,) taking values in a finite-dimensional subspace V C I,(x,) and
such that ¢ : i/ — V is meromorphic. A standard fact from the theory of Eisenstein series says that this
has a continuation to a meromorphic section on all of C.

Global picture. For a Hecke character x = ® x, of A we define a space I,(x) to be the restricted tensor
product defined using the spherical vectors fUSph € I,(xy) (invariant under K,, ,) such that fUSph(K nw) =1,
at the finite places v where y, is unramified.

For f € I,(x) we consider the Eisenstein series

E(fiz.9):= Y.  fzve:

Y €Qu(@\GL(Q)

This series converges absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > 5} x G (Ag).

The defined automorphic form is called Siegel-Eisenstein series.

The Eisenstein series E(f; z, g) has a meromorphic continuation in z to all of C in the following sense.
If ¢ : U — I,(x) is a meromorphic section, then we put E(¢; z, g) = E(¢(2); z, g). This is defined at
least on the region of absolute convergence and it is well-known that it can be meromorphically continued
toallz e C.

Now for f € I,(x),z € C, and k € ]_[vj(oo K ]—[vlOO K, there is a similar intertwining integral
M(z, f)(k) as above but with the integral being over Ng, (Ag). This again converges absolutely and
uniformly for z in compact subsets of {Re(z) > n/2} x K,,. Thus z +— M (z, f) defines a holomorphic
section {Re(z) > n/2} — I,,(x¢). This intertwining operator has a continuation to a meromorphic section
on C. For Re(z) > n/2, we have

M(Z’ f) = ®UM(Z9 fl))v f = ®fl)
The functional equation for Siegel-Eisenstein series is
E(f.z.8) =X"(WE@NEM(z, [); =2, 8)

in the sense that both sides can be meromorphically continued to all z € C and the equality is understood
as an equality of meromorphic functions of z € C.

6B. Embeddings. We define some embeddings of a subgroup of GU(3, 1) x GU(0, 2) into some larger
groups. This is used in the doubling method. First we define GU(3, 3)’ to be the unitary similitude group
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associated to

< )
_é‘

a:{g1 x g€ GU@B, 1) x GU(0, 2), 1u(g1) = (g2)} = GU(3, 3)’

We define embeddings

and
o' {g1 x g2 € GU(2,0) x GU(0, 2), iu(g1) = u(g2)} > GU(2,2)

by a(g1, g2) = (¥ ) and &’ (g1, 82) = (*' ). We also define isomorphisms
B:GU@3,3) = GU@3,3) and B :GU(2,2) = GU(2,2)
by
g S7lgS or g 57 lgs
where

_ 1 —¢/2 (1 =¢/2
S= 1 and S_(—l _{/2)

—1 /2
We write y and y’ for the embeddings B o« and B’ o o, respectively.
We define an element Y € U(3, 3)(Q,) such that 1, = S,;)l and T{)O = Sv_olv/, where S is defined

as above. We know that under the complex uniformization, taking the change of polarization into
consideration the map (3-2) is given by

i([z, g1, [x0, h]) = [Z¢, (g, M) Y] (6-1)
(see [Hsieh 2014a, Section 2.6].)

6C. Pullback formula. We recall the pullback formula of Shimura. Let x be a unitary idele class

character of A¢. Given a cusp form ¢ on GU(2) we consider

Fo(fizg) = / £z, S ag, e S)F(det g19)p(g1h) g1,
U(2)(Ag)

fel(x), geGUG, D(Ag), heGUR)(Aa), n(g)=nh)
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or

Rz = [ e e ahs) el de,
U©2)(Ag)

f'eb(x)., geGU2)(Ag), heGUR)(Ag), u(g)=n(h)

This is independent of /. We see that the above integrals can be factorized as local integrals, which we
denote as Fy, (fy; 2, &) and F(;U (f,); z, 8v), respectively. The pullback formulas are the identities in the
following proposition.

Proposition 6.1. Let x be a unitary idele class character of Ag.

W) If f' € Iy(x), then F(;,( f'; z, ) converges absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > 1} x GU(2, 0)(Aq), and for any h € GU(2)(Ag) such that u(h) = nu(g)

/ E(f'; 2,8 \a(g, gih)S) x (et gihe(gih) dgi = Fy(f'; 2, 8.

U2)@\U2)(Ag)

(1) If f € I3(x), then Fy(f; z, g) converges absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > 3} x GUG3, 1)(Aq) such that ju(h) = j1(g)

E(f;z, 5 a(g, g1h)S)X (det gihe(gih) dg) = > Fyo(fi2.78).

A(Z)(@)\U(z)(A@) }/GP(@)\GUG, DH(Q)

with the series converging absolutely and uniformly for (z, g) in compact subsets of
{Re(z) > 2} x GU(3, D(Aq).
This is a special case of [Wan 2015a, Proposition 3.5], which summarizes results proved in [Shimura

1997].

6D. Fourier-Jacobi expansion. From now on we fix a splitting character A of *\Ag of infinity type
(—%, %) which is unramified at p and unramified outside ¥ and such that A| Ax = XK/Q- Let t be a Hecke
character of K£*\A; of infinity type (—%, %)

Definition 6.2. For 8 € §,,(Q) and ¢ a holomorphic automorphic form on GU(n, n) we define the 8-th

1, S
vp(8) :f (p(( ! )g)eA(—Tr,BS)dS.
Sy (@)\S, (A) n

For a prime v and f, € I,(7) we also define the local Fourier coefficient at g, € GU(n, n)(Q,) as

1, S,
fvﬁﬂ(z’ gv):f fU(Z’wn(( 1 )gv)>ev(_Tr,BSv)dSv-
Sn(Qy) n

For ¢ a holomorphic automorphic form on GU(3, 3) and 8 € Q" we define

S0

A= [ o[ 00]¢|eu-Tepsas
Q\A 13

Fourier coefficient
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For E(f; z, g) with f € I3(t) we define

Flg(f:2,8) =FIg(E(f:z, =))(8)-
The following formula is proved in [Wan 2015a, Subsection 3.3.1].

Proposition 6.3. Suppose f € I3(t) and B € Q4. If E(f; z, g) is the Siegel-Eisenstein series on GU(3, 3)
defined by f for some Re(z) sufficiently large, then the B-th Fourier-Jacobi coefficient Eg(f; z, g) satisfies

S x
13 - :
Eg(fiz= >, Y, fas| 2% 0] y)gea(=pS)dS  (62)
y€02(@)\ GU(@) xek2 ¥ 1A 13
where
7 U, 1) xUQ2,2) < U3, 3)
is given by
A B
. D
J (g1, 8) = c D
B A

fe1=(cp) eV 1. g2= (g ) €UQ.2).
Definition 6.4. If g, € U(2,2)(Q,), x € IC% and a € K, we define
| S x
FJ,s(fv;z,x,gv,a)zf forws | 7 % 0] j(diag(a, @), gu))eq, (— Tr BS) dS.
S1(Qy) 15

We have
. _ 1= (2+1/2) gy _ . -1
Flg(fvi z, x, g, a) = ty(deta)|detaal, Flagx(fv;z,a” x, 8, 1).

Definition 6.5. For x, y € IC% and t € Q,, we write n(x, y, t) for

1y t—i—%(yx*—xy*) X

12 x* 02
1

So that it becomes a Heisenberg group if we give the pairing ((x1, y1), (x2, y2)) = y1X3 +x2y] —y2x] —x15.
(see [Zhang 2013, Section 4]).

Lemma 6.6. We write

S0

FJﬁ(fu;z,n(x,y,t)a(l,u))=/ flws B oo (. y, 0 j(u) | ea(=TrpS)ds
S1(@y) 15
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foru e U(2,2)(Qy) and n(x, y, t) as above. Suppose for some place v we have

Flg(foiz,n(x,0,0)a(l, u)) = f(u, 2)wp () (x)

for any u, n(x, 0, 0) as above, and some Schwartz function ¢ € S(W?) and some fell(t/A)y, z). Then
we have

Flg(fv; z, (x, y, Ha(l, u)) = f(u, 2)wp;.(n(x, y, ) -u)$(0)
foranyn(x,y,t).
Note that comparing with [Ikeda 1994] we have switched the roles played by x and y.

Proof. Since

S 1 1 xBA™! . S—xB% xA
o i | A S AR
1 - 1 ’
I3 BA-l A BA~! _Bx A I3

it follows that

A BA™! . -
Flg (fv; 7, X, < = ) g, a> = r;(detA)—l|detAA|i+3/Zev(— Tr('aBaB)) Flg(f;z,xA, g, a).

Now the lemma is a consequence of

1 —y 1y t+%(yx*—xy*) X 1 t— %(yx*-i—xy*) X
1; _ 1, x* 02 1, x* 02
1 h 1 1
'l -y 1 1
where we write y* for y. O

6E. Archimedean cases. We leti := (i ¢ /2) or % depending on the size (3x3) or (2x2). Let J, (g, Z) :=

det(Cg4i + D,) for g = (éj gi ) be the automorphic factor for U(n, n). The Siegel section we choose

is fsieg,D,oo = fsieg,oo = fi(g,2) = J3(g, i) "|Ja(g, i)lK_22_3 and s/ieg,D,oo = s/ieg,oo = f;é(ga 7) =
Jo(g, 1) |Ja(g, 0)|" —22=2 Recall for @ € s We define the pullback sections

Fi(z,8) = / fie(z, S (g, g1)S)T(det g1)m(g1)p dg
Uu@2) (R
and
Fl(z,8) = / flz, 8 (g, g1)S) T (det g1 (g1)¢ dgi
U@2)(R)

If we define an auxiliary f, (z, 8) = Ju(g,i1,) 7 |Ju(g, i1,)[*=%" for n = 2, 3, then fi(g,2) =
123(880) and (g, 2) = f,(8go) for

§l1/2q1/4 gl/4 s12g1/4N\ 1 /7 q1/4\ !
go :diag<1’ , ' 1’ ( > ' <_) )
V22 V2 V2
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§12g1/4 glA 1214\ 1/ g1/4N !
e ) ()
V2o V2 V2 V2

depending on the sizes.

or

Lemma 6.7. The integrals are absolutely convergent for Re(z) sufficiently large and for such z, we have:
6)) FD,Kling,oo(Za g8)=F(z,8)= FK,z(g)-
(i1) Fl/)’Oo := F/(z, g) = (g)p, where F , is defined in Definition 5.1 using ¢ as the v there.

Fourier coefficients. The following lemma is [Skinner and Urban 2014, Lemma 11.4].

Lemma 6.8. Suppose B € S, (R). Then the function z — fi g(z, &) has a meromorphic continuation

to all of C. Furthermore, if k > n then fi , g(z, g) is holomorphic at z, = (k —n)/2. Fory €

GL,(©), [, p (2, diag(y, 51 =0 ifdet B <0 and if det B > O then

(=2)~" Qi)™ 2/m)" =
[T)Zg(k —j — D!

The local Fourier coefficient for f, can be easily deduced from that for f.

[on p (s diag(y, 571) = e(i Tr(By'y)) det(B)* " det y*.

Fourier—Jacobi coefficients. The following lemma can be found in [Wan 2015a, Lemma 4.4].

Lemma 6.9. Let z, = (k —3)/2, B € Ry. Then:
() Flg(aa £230 0.0, 1) = £2) 5(ze + 1, Deli Tr(5px). Recall that n = (_, ).
Gi) If g € U2, 2)(R), then
Flg (e, fiz %, 8 D) = e Tr B)er (B, k) [y 2(2ier 8)@p i (8) Ppoo ().

where g'=("2_, )g("*_ ), c1(B, ) =((=2) 7' 2mi)* /(k—1)!) det B*~" and P oo =2 Tr(x¥)0)
Recall that the (x, x)g is a 2 by 2 matrix.

Lemma 6.10. We have

Flg(fi,x, 8. 1) =e(i TrB)ci1(B, k) J (g, 1) “wp 1. (8'80) Pp.00(X)
forall g € U2,2)(R), x € C2.
Proof. Note that

o o . NZAN .
fie(g. 2) =J(g, 1) =J(ggo. i) “J(go, )" = (T) J (880, 1)~ " . O
Lemma 6.11. Let x| = (x11, X12), X2 = (X21, X22) where the x;; € R. Then

55 (@11 (180) P1.00) (X1, X2) = L (51/2d1 /)= 2T/ dloxi +47) o ~2m Vw53 )

Proof. Straightforward from the expression for ®; o, and dy. U
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We summarize the key definitions associated to the Archimedean datum below.

Definition 6.12. Recall we defined fieg p.co = friegoo = fc(8,2) i= J3(g, i) “|J3(g,i)[* %3 and
e pioo = Fiegoo = f1(8:2) = Ja(g. 1) | a(g. )72 Now set

Dpoo =w1(80)P1.00s  S2.D.00(8) = fr_1(880):

DY oo = 01(M80)PDcor  f2D.00(8) = fr_1(gn80).

_ 2,2
P00 (X1, X2) = .00 (x1, X2) = 2(5'/*d' e VAETHD) -y xR,

Finally we record a lemma.

Lemma 6.13. Let Z € X5 5 and ®g 7 (x) = e(tr({x, x)gZ)). For any g € U(2, 2)(R),

Wp 1 (8)Pp 7z =det J (g, Z) ' @p o(2)-
Proof. Similar to [Skinner and Urban 2014, Lemma 10.1]. U

Example 6.14. We work out an example for the theta function constructed via the Weil representation
whose Archimedean Schwartz function is given by Definition 6.12. We check that it is nothing but the
adelic theta function defined before. We take the w, in [Zhang 2013, Appendix B] to be the identity. The
z there is thus equal to the w; there. We first note that

1 z t4202%/2
N> 1, cz*
1
i+t+z7%/2

[
conjugation of z. (Note that the z is not the z in [loc. cit.] —instead it plays the role of i there.)

acting on i gives ( ) Thus the complex structure on N/Z(N) is given by the complex
Now write z = (z1, z2), and write x = (x1, x2) € Q2. A straightforward computation using the formulas
for Weil representation of H (W) implies that the classical theta function is a sum

Z l—[ ¢v(x)e—(x$+2xlzl+z%/2)2nﬁ_e—(x2+2xzzz+z§/2)2nsﬁ

X <0

for x running over some lattice of @2. This is clearly holomorphic with respect to the complex structure.
In fact comparing with the notations in [loc. cit.], taking the u there to be 2(z, Z2)¢ and z there to be 2¢,
this theta function is nothing but the one considered in [loc. cit.].

In applications later on, we also take Schwartz functions in ¢ € S(Ar) and consider the associated
theta function ©y for ¢ = ¢ o X ¢ 7. Suppose the O is right invariant under the open compact level
group K € NU(¢)(Ay). Then we define L to be a certain lattice contained in

(N@NK)/(Z(N)( Q) NK)

satisfying the assumption after Definition 4.6, and Uy = K NU(¢)(A*). The associated classical theta
functions 6 is indeed in TAEIOI(I, L,Uy).
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6F. Unramified cases. Let v be a prime outside X (in particular v{ p). Then the Siegel sections fico, p,v =
Jo,sieg = oP" and Jéeapw = Jo.sies = P s defined to be the unique section that is invariant under
GU(n,n)(Zy) (n =3,2) and is 1 at identity.

Lemma 6.15. Suppose w,  and t are unramified and ¢ € 1 is a new vector. If Re(z) > % then the
pullback integral converges and

: L(m,§,z+1)
Fxiing.p.v = Fo(fi?12,8) = — Z—F,.(g)
[Tio LQz 43 —1i, T xx)
where F, is the spherical section defined using ¢ € . Also
, L(7,&z+1
Fp, = F,(f™, 2,8 = ( 2) 7(g)e.

[T LQz+2—i,7x})
This is a special case of [Lapid and Rallis 2005, Proposition 3.3].

Fourier coefficients.

Definition 6.16. Let @ be the characteristic function of O%.
Lemma 6.17. Let B € S,(Q,) and let r :=rank(B). Then for y € GL,(K,),
£ (2. diag(y. 571)

n—1 R _
j— L 2Z 1 —n 1’ T 1
= 7(dety)|detyy| =/ 2D =D/ M= Lez4i—n+1,7'x))

M= LRz +n—i, T'xk)

where hy gy € Z[X] is a monic polynomial depending on v and 'y By but not on t. If B € S,(Z,) and

By 58y (T (q)qy =),

det B € Z, then we say that B is v-primitive and in this case h, g = 1.

Proof. This is a computation of Shimura [1997, Propositions 18.14 and 19.2]. See also [Skinner and
Urban 2014, Lemma 11.7]. |

Fourier—Jacobi coefficients.

Lemma 6.18. Suppose v ¢ ¥ and not dividing p. Let B € S1(Q,) such that 8 # 0. Let y € GL,(K,) be
such that 'y By € S1(Zy), let A be an unramified character of K such that Moy = 1. If B € GL1(Ok.v),
then for u € Ug(Q,), we have

1 o @ 8) (@ s, (1, 8)P0) (x)

Q h Pe—
FJﬂ(f;P 2, X, 8, u) =t(detu)|detuul, L2z +3.7)

Here g' = (12 _12)g(12 _12), and the f;ph on the right is in 1(t/)).
This is a formal generalization of [Skinner and Urban 2014, Lemma 11.8].

i sph sph,’
Definition 6.19. Recall we have defined fiico, 0,0 = fo,sice = P1and fs/ieg Py = fs’ieg Y, = P We also

define ¢, , and ¢, , to be the Schwartz function on X, which is the characteristic function of Z%. We
sph,’
define fop, = fo' , ®p,p = Pg and 7, , = Po.
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6G. Ramified cases. Let f' e I,(t) (n =2 or 3) be the Siegel section supported on Q(Q,)w, Q(Z,),
which takes value 1 on w, No(Z,). The Siegel section we choose is I3(7) 3 fsieg,v = fsieg, D0 = (g
where y, is

L, 12/(yy)
1
P

where y € O, is some fixed element such that the valuation is sufficiently large (can be made precise in
the text). We also define
12(‘[) > fsieg,D,v = fs/ieg,v = fT(g)%)

12 12/)’?)'

where 7, = (7 7

Pullback formulas. Recall the notations in Section 5D.

Lemma 6.20. Let ¢ be some vector invariant under the action of ) defined before, then

Filing D.v := Fy(z, w) = T(y M| (35)°, 57> Vol(Y) - .
Also
Fp = Fy(f) siegi 22 8) = TONIGI)?7! Vol() - 7 (9)e.
The proof is a special case of [Wan 2015a, Lemma 4.9 and 4.10].

Fourier coefficients.

Lemma 6.21. (i) Let B € S3(Qy). Then f, (z. 1) =0if B & S3(Ze)*. If B € S3(Zy)* then

fop(z, diag(A,' A1) = D,z (det A)|detAA|ZZ+3/2eg( _
yy

where Dy is the discriminant of ICy.
(i) If B € $2(Qy), then fy p(z, 1) =0if B € Sa(Ze)*. If B € S2(Z¢)* then

£l 4z, diag(A,'A7") = D, 7 (det A)|detAA|;Z+r/zeg(M>.

yy
The proof is a special case of [Wan 2015a, Lemma 4.12].

Fourier—Jacobi coefficients.

Lemma 6.22. If B ¢ Si(Z,)* then Flg(f': z. x, g, 1) = 0. If B € S1(Z,)* then
Flg(ff2,x, 8, 1) = fT(z, gmwp, (h, gn~H®o(x). VoI(S1(Z,)),

where g’ = (12 _lz)g(]2 _12).

The proof is a special case of [Wan 2015a, Lemma 4.13].
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Definition 6.23. Let A = 1,/(yy). Thus

1 1
FJﬂ(fsieg,v§Z,x’ 8, h):fT(Z»g (—A 1) U)(wﬁ,xv(h,g (—A 1) n))'iI)o(x)

for h € Ug(Q,). We define <D/1§7U = a)ﬂ((l ’;‘))@0 and &p , = a)lg’,\v((_lA 1)’7)q>0- We also define
fow=p((_4)n) /"€ b@/n).

Split case. Suppose v = ww is a split prime. Recall we have the local polarization X @ Y,. Now we
write x| = (x{,, x{,) and x} = (x},, x},) with respect to K, >~ K, x K. The following lemma follows
from a straightforward computation and will be used later.

Lemma 6.24. Let g, be a character of 7} such that
cond(X,) < cond(xg,,) < ord,(yy).

Then it is possible to choose a Schwartz function ¢| such that the function
$1(xp) = /X 8 (@D (] 1)) (x]) dlx]
1

is given by
XvXB,v(xéz) xél € 2y, xéz € Z;(’
0 otherwise.

Ph(xy) = {

Moreover we can ensure that when we are moving our datum in p-adic families, this ¢| is not going to
change.

Remark 6.25. Note here we have flexibility on choosing the 4 , for split v. It is an analogue of the
fact that in the doubling method, if we choose the Siegel section as in the beginning of this subsection,
then the local pullback integral is nonzero if the test vector has appropriate conductor. This flexibility is
important for our argument in Section 8C.

We define
B1o =8 ($)), b2 =5, (). (6-3)
Nonsplit case.

Lemma 6.26. We consider the action of the compact abelian group U(1)(Q,) on 8;1 (@) by the Weil

representation (using the splitting character Ay) of
I xUM(@Qy) = 1 xU2)(Qy) — U@R)(Qy) x U2)(Qy) — U2, 2)(Qy).

We can write 8;1 (@) as a sum of eigenfunctions of this action. Let m = max{ord,(cond 1,), 3) + 1. If

ordy, (yy) > m, then there is such a nonzero eigenfunction ¢, , whose eigenvalue is a character )L% X0.v
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for xe.» of conductor at least w)", such that there is a Q p-valued Schwartz function ¢y, and a set of
constants Cy; € Q, and u, ; € U(1)(Q,)’s such that the function

$2,0(x2) =/ > 8,1 (Coiwp s, (i, DO (x1, X2)1 0 (x1) dixy
Xl(@v) i

(here 1 e U(2,2)(Qy)).
Proof. Consider the embedding U(1, 1) — U(2, 2) by

jigr 1

1 Cg dg 1

for g = (ﬁj ’;:'). Define for(g, ) = (g1, ( () P))(0) € Ir(t/Ay). We define i : U(1) x U(1) — U(1, 1)
by

. (172 =172\ (1 1 —8/2

i(81,82)= (—5_1 —5_1> ( g1> (_1 —8/2) . (6-4)

Joy(i(1,81), 5) = (@p.0, (j oi (1, gN)PNO) = By, (1, g1)8,, ©))(0).

For g € U(1)(Qy),

Here in the first and last expression 1 € U(2)(Q,) and g; is viewed as the element in the center of
U(Q2)(Q,). Thus we are reduced to proving the following lemma. O

Lemma 6.27. Let g1 = 1+ w".a € U(1)(Q,) for m as in the above lemma and a € Oy, if n = yy is
such that ordy n > m then for(i(1, g1); %) # for(1; %)

Proof. We have the following:

12 —1/2\ (1 1 =82\ (12 —g/2 1 —58/2
-5~ —57! gi)\—=1 =8/2)  \ =671 —571g )\ -1 =6/2
_( 1/2+g1/2 —8/4+6g1/4)
T\ - sTlgr 1244172

a b\ (1 1/n\ _(a a/n+b\ _(n(ad—bc)/(c+nd) a/n+b 1
cd 1) \cec/n+d) 0 c/n+d) \n/(1+ndjc) 1)

Now the lemma follows readily. (Il

and

Definition 6.28. From now on we fix the choices and define the local characters xg , as in Lemma 6.24
and Lemma 6.26.

As before we summarize the definitions associated to our Eisenstein datum at v.
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Definition 6.29. Recall we defined fiieo, p,v = fsieg.v = f T(g7) where
1

and defined
fswg Doy — fs1eg v fT(ng

1 + T
fpy= P((_A 1) n)f € Iz(i)'

We define ®p , = wpg, Av(( ) )<I>o We also define the ¢ , and ¢, , as in (6-3) or as in Lemma 6.26,
depending on whether v is split or not.

where 7, = (" 12/1(2)@). Let

6H. p-adic cases. We recall some results in [Wan 2015a, Section 4.D] with some modifications. Recall
that we have the triple (7, ¥, 7,) and &, := ¥, /1), in the p-component of the Klingen—Eisenstein datum
D, where x, is the central character of 7, and Wpl@x = Xp. Suppose 7, is nearly ordinary in the sense
that 7, = 7w (x1,p, x2,p) such that ord, (x1,,(p)) = —3 L and ord »(X2,p(P)) = 5. We write 7, = (11, 72)
and &, = (&1, &2).

Definition 6.30. The triple (7, ¥, T,,) is generic if there is a > 2 such that &, &, x,, Xp_lél, Xp_léz
all have conductor p’.

Although the definition for generic points is different from [Wan 2015a, Definition 4.21], the argument
there goes through since the only place using this definition is Lemma 4.19 there, which can be proved
completely in the same way under our definition for generic. We define: Sﬂ' = X1, p§ 2, SJ = X2, pé 2. Let
K33 C GLg(Z p) be the subgroup consisting of matrices congruent to upper triangular matrices modulo
p'. We define f; to be the Siegel section supported in Q(@Q,)K,, invariant under K 1(3’3) and takes value 1
on the identity. We define

foica.D.p = Ficg.p(8) = 0(x)) 3 (T, —2)p g EDE (~DaE)E (—1)

1 a—{—bbmn bzn
_ _ 1 n
x Y EQoE bS8 . . (6-5)
a,bep"Z;/Zl, ! 1
m,nel,/p'Z,

and

fRepp = Fig @ =0 e @, —p~aE)E] (—Dg@EDE (- 1)

1 a bm
. _ 1 b

x Y E@oE@bf[sr| 1 . (66)
abep™'Z%/2,, by

meZ,/p'Z,
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We also define
Fheap.p = Fheg.p(®) = 8(r) e (7, =) p Y gEDE (—DgEDE] (1)

_ _ 1 a+bmn bm
x > Elp'El(p'D) fi (gT( Lobn b)) (6-7)

abep=Z5 /Ly mnel,/p'Z, !

Here T € U(3, 3)(Q)) is such that

_é-—l _é-—l

via the first projection U(3, 3)(Q,,) >~ GL¢(Q),) and ¢, (', z) = T/ (p™) p2riz—innt /2

Among these sections the feo p,p and fs/ieg D.p

late. The relations between these sections are

1
fSng,D,p(g) = Z fs‘ijeg,’D,p (g)/ (1’ (n 1) )) . (6_8)
neZ,/p'Z, p

The reason for introducing the [ sections is to help computing the Fourier—Jacobi expansion.

correspond to Siegel-Eisenstein series that we interpo-

Pullback formulas. We refer to [Wan 2015a, Subsection 4.D.1] for the discussion of nearly ordinary

vectors, which means the vector whose U ,-eigenvalues are p-adic units. Let ¢ = A= 7, be a nearly
ordinary vector.

Definition 6.31. We define the p-adic Klingen section F(g) to be the Fg" defined in Definition 5.6,
multiplied by

K—ZP(K—S)I

g(z) "', (pp EL X1 pXa (P TBEL X1 )0 EL x5 -

Then by the computations in [Wan 2015a] we have the following (see the end of [loc. cit., Section 4]):

Lemma 6.32. (1) Fy,(fsieg,p» x> &) = Fo(g) := FKiing,p(8)-
2) F)(flog.pr 20 ) =P VE X1 x5 (P8E px1 )G p X5 )T ().

Proof. For reader’s convenience we briefly recall the proof of [Wan 2015a] in case (1) of this lemma.
In our U(3, 1) case the proof is actually much simpler than the general case considered in [loc. cit.].
The proof uses the trick of [Skinner and Urban 2014, Proposition 11.13] of using the local and global
functional equations to reduce the local pullback integral for feg , to that of another Siegel section fszeg’ »
defined below. The computation of the pullback section of f.|

~ sieg, p
an auxiliary Siegel section f;geg’ pto be supported in Q3(Q,)wQ3(Z,), and such that it takes value 1 on

is easier than that of f;e, ,. We define
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wNg,(Z,). We define

Faeep(& D) i=0(t)) e (@), —2)pV (E)E (—DaE)E (= 1)

1 a+bmn bm
Sh =t - 1 | bn b
abep™'73/Z,, by

m,nel,/p'Z,

We can show by direct checking that the Fy,( fSJireg’ % g) is invariant under N;(Z,) defined above (as a
function of g). This can be seen by checking that the pullback of the Siegel section f;{eg’ »
invariant under N;(Z,). Moreover the value of Fy( f:ieg, 0% 8) at ww} can also be computed directly

[Wan 2015a, Lemma 4.38]. Returning to the pullback section of fge », We note that it is the image of

is already

f;i'eg’ » under the intertwining operator M (z, —). We apply [Wan 2015a, Proposition 4.40] (which is just a
variant of [Skinner and Urban 2014, Proposition 11.13]). By the uniqueness up to scalar of the vector
with the same action of the level group B;(Z,) (see [Wan 2015a, Lemma 4.19], which is just a variant of
[Skinner and Urban 2014, Proposition 9.5]. Note that the result in [Wan 2015a] also works under our
assumption of genericity), we know that Fy( fsieg, p» 2> &) = F 0 (g) up to scalar. Then applying [loc. cit.,
Proposition 4.40] again we can evaluate the F,( fsicg, p» 2, &) at wj and get the lemma. Note that this
simplified proof does not apply to the general case of [loc. cit.] including the U(2, 2) case of [Skinner and
Urban 2014], since there by looking at the Siegel-Eisenstein section we can only determine the action of

a level group which is smaller than the level group corresponding to the ordinary vector. (I

Fourier coefficients.

Definition 6.33. We define the function ®¢; as the function on the set of (2 x 2) @ ,-matrices as follows.
If x = (¢ Z) is such that both its determinant and a are in Z % then @+ (x) = Sf (a)ézT (detx /a). Otherwise

@+ (x) = 0. The following lemma is proved in [Wan 2015a, Lemma 4.46].

Lemma 6.34. We have
Fue.pp(1) = T, (det B)|det B <<§§i ﬁii))
for
B Bz Bi3
B= |82 Bn Bz
B31 B3 B33

with Bi1, Bi2, B3, B23, B33 € £, and is O otherwise.
Proof. This follows from straightforward computation using:
» The Fourier coefficients of the section f; as computed in [Skinner and Urban 2014, Lemma 11.12].

* The computation of the Fourier transform of the function ®;+ defined above as detailed in [Wan
2015a, Lemma 4.28] (note that the proof also works under our assumption of genericity). We
compare it with the definition of fe , using f;. |
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Fourier—Jacobi coefficients. For 8 € $1(Q,) NGL;(Z,) we compute the Fourier—Jacobi coefficient for
f; at B. We have the following [Wan 2015a, Lemma 4.54]

Lemma 6.35. Let x := ( 11) 1) (this is a block matrix with respect to (2+ 2)).

(@) Flg(fi: —z,v,xn7 1, 1) =0if D & p'My(Z)).
(b) If D € p'My(Z) then Flg(fy; —z, v, xn~ 1, 1) = c(B, T, 2) Do (v), where

c(B, 1,z) := T(—det B)|det IB|3Z+zg(f/)g(f;))l—;(pl)p—2fz—3t‘

Note the formula

—6t7—6t —2tz—-3t —4tz-3t

9(z,)’ 7, (p*)p =g(z,)7,(p")p 9(z,)’T,(p*)p

Definition 6.36. Let K; € GL4(Z,,) be the subgroup consisting of elements congruent to upper triangular

matrices modulo p’. We define the Siegel section f; on Ix( %) to be the section supported on 0>(Q,) K],

invariant under the right action of Ng(Z,) and takes value 1 on the identity element. Let A, be the
matrix (8“8). We define f> ,=>", g(ég)p"é;(—p’b)g(r[/,)_zcz_l(f;, —z)p((Al_b ) f]. Let ¢%‘f(x) =

& f (x_l)lz; (x) where 1 denotes the characteristic function. Define
@, (v1, v2, v3, v4) = 17,07, (v1, vz)qg%.lf 3)1pz, (va)

where the ¢ means taking Fourier transform of ¢. The precise formula is given by

9(511)1?72’5;(01), v, €7y, v4 € p 17, v3€ % +7, forsomea € 7,

I
&p (v, v2, V3, 04) = . P
0, otherwise.

(6-9)
These are defined just for computing Fourier—Jacobi coefficients and not used for the pullback formula.

We prove the following lemma:

Lemma 6.37. We have

8(r)) " e3(®,, —zdp ™ Y Fy <p< b

a,b,m

= <g(r,’,)‘zcz_‘(f},, —)p g Y El(p'D)f] (g (Al_h 1) n))(wﬁ,xp (8)®p,p(v1, v2, V3, V4)).
b

a bm . _
b )f,,p; Zes U, g)sx—p’a)s;(—pfb)g(gf )

3

Recall A, = (8 g) Also under the projection U(3, 3)(Q)) >~ GL6(Q)), the vy, v, v3, v4 appear as

1 V3 V4
1 V1
1 v
1
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The Weil representation is the one in Section 4H case two. We use p to denote the right action of

GU(3, 3)(Q,) on the Siegel sections. Note that for the Schwartz function ®p_,, we used the identification
’Ci ~ @‘I‘) given by (x1, x2) = ((v3, v1), (v4, V2)).

Proof. First we fix b and consider the Fourier—Jacobi coefficient of

1 a bm
1
1
2.0 . fi (6-10)
a,m
1
1
note that
1 a bm
r vy 1y 1
I3 vi Dy Dy —1
w3 v Ds Dy a(l,n™) |
15 1
1
1 —a —bm
1 t' vg v
_ 1 13 V1 Dl D2 -1
=ws 1 v Dy Dy | 25T
1 15
1

where v} =v3+Dj.a+D3.bm, vy =v4+D;y.a+Dy.bm and t' =t +vy.a+v.bm. From this, a calculation

using the above lemma (similar to [Skinner and Urban 2014, page 203]) shows that the Fourier—Jacobi
expansion of (6-10) at g is

@) 2y (@ —2)p ' 9ED P £ (&) (@p.1, (8 P, p) (V1. 12, V3, Va).

So the Fourier—Jacobi expansion of

) : f

1
a,b,m
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is
AN . 1
> @) (@, —2)p g@z)p(( A, 1))
- _
1
x p() f{ ()N w(g)wps, (g' (Ab 1)>¢D,p)(vlv U2, U3, V4).

Note that wg ;,, (( !

Ay 1))CI>D, » = ®p, ,. We get the required Fourier-Jacobi coefficient. |

We record some formulas
" =T IN=2 —1 /= 1 A /
P frup = 11, = (= DaE) Y Erbra()) 2c21(rp,—z)p(( f’))f,,
p b

5;((—1)1) V3,04 €2y, v1 €25, 02 € p'Zp,

} (6-11)
0 otherwise.

%, = (g 1, (M Pp p)(v1, V2, V3, V1) = {

We define two Schwartz functions on X ;". Let ¢>i’ » be the characteristic function of ij - @i. Let
¢>§,p(x) = p‘ztg(sr)éf(—p’xl) if x = (x1, x2) forxy € p~'Z}, x2 € p~'Z,, and is zero otherwise. xmesn
Definition 6.38. We summarize our definitions at the p-adic place. Recall we defined fsieo p,p and
S/ieg’D’ pas in (6-5) and (6-7). The definition for f p , is given in (6-12) below.
We deﬁ,{led ®p,, as in (6-9) and defined CD%’p as in (6-11). We also define ¢ , = 8:/’/ (¢i,p) and
$2,p =38, (95, ,)- Itis easily checked that

84 (@1, (V) (@p 2, P, p)) =] , K¢, .
(One compares these with later computations after Definition 8.4.)

For convenience of the reader we explain how this computation is done. We first take standard complex
basis (e, e3; e, , e, ) for the Hermitian space corresponding to U(¢) x U(—¢). To save space we write e
for ‘(eq, e2) and similarly for e~. Then the embedding

U(¢) xU(=¢) = U2, 2)

is reflected by the change of basis

()= ()= (o ZR) ()

We further take symplectic basis according to the polarization via O, >~ Z, x Z,. Then under this basis
the T (as homomorphism of 8-dimensional symplectic spaces) is given by the matrix

1,/2 —12/2
-1, 1,
1, 1,

12/2 12/2
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Using (4-1), the matrix for the intertwining operator 8:/’;[)1 is

1> 1, I 1> 1>
~1 | 1y —12 1)2

1,2 1,2 = 1 1/2 1/2
1,/2 —1,/2 —1> —1> 1,

We get the composed map is given by the matrix

I,

I,

and thus the formula.

61. Pullback formulas again. In this section, we prove the local pullback formulas for U(2) x U(2) <
U(2, 2) which will be used to decompose the restriction to U(2) x U(2) of the Siegel-Eisenstein series

associated to the character /A on U(2, 2) showing up in the Fourier-Jacobi expansion of Egee on U(3, 3).

/

Fortunately, the local calculations are the same as in the previous sections for sieg and Fq’,’s except for

the case v = p.

p-adic case. We temporarily denote the p-component of an automorphic representation 7, of some weight
two cuspidal ordinary eigenform 2 on U(2)(Q)) as (X1, x2) with v,(x1(p)) = —% and v, (x2(p)) = %
We also temporarily write T for /A in this subsection. We let 7, = (71, 72) and require x|7, Uand
X2, ‘&) are unramified. We let 9 = ¢** € 7, ), for ¢** =7 p((p, 1))<p°rd for some nearly ordinary vector
¢°. Define

Frpp(®) == 8 Per(@y —2e /D paED Y §§<bpf>p<(1 Alb)>f,/(gT/). (6-12)

bep~'75)Z,

It is hard to evaluate the integral directly. So we use the trick of using the functional equation as in
[Skinner and Urban 2014, Proposition 11.13] (which is also used in [Wan 2015a]). We first evaluate the
integral for the auxiliary f; »

Fo(fy 2, 8) 1= / o £,z S (g1, @)S)T (det @)ma(g1)g dg:
Uu2)(@p)

at
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where ¢ € ; , and
_ 1 A ~ )
f1,(8)=p"9&) Zéz(bp’)p« 1b)>ff(8T)» fiesp € DE).
b

The f> , and f; p are related by the intertwining operator, as used in the proof of Lemma 6.32. For
A eU2)(Q,) ~ GL2(Q,) note that

1 1 Ay (-1 —-A 1
S d1ag(A,1)< 1)_< —A)(—Ab—A_l 1)w.

So in order for this to be in supp f% we must have A~ + A, € M>(Zp). So A~! can be written as
(1 )(, “)(;l ) forveZ,\{0},u € —b+7, and m,n € p'Z,. Thus

"] )

A direct computation gives the integral equals

X2 (=D xa(PHp EVE=p', = 1) Y Ga(pHT((p~ ! ) p ) e
i=1

= p' I (=p", —))Ly(7. 1. 2+ D) 12 (P x2 (= D).

The 7 in the L-factor means the base change of & from U(2) to GL,. Note that it is not convergent at
7 = —z, and is defined by analytic continuation at that point.

Now we apply the functional equation trick to evaluate the pullback integral for f> p ,, similar to the
proof of Lemma 6.32. As in [Skinner and Urban 2014, Proposition 11.28] the local constant showing up
when applying the intertwining operator at z = —z, is

e(m, 7. —zc+3) = 9@ x0T (PHIE XD T (PHe(F2x2) 2, (P P20

To sum up our original local integral for f , equals

2k —5)t t/2(p0rd‘

Ly(mn, 7% ze + 3)a@ X DT x1(PHIE 1 X2)T1 x2(p) P x1(p"Hp

Note that (¢, ¢*%) = (¢°9, @iow) - x1(p") p'/? where we define oy = 7 ((, 1))(p°rd. Thus if we replace
©** by @iow in the definition for pullback integral then it equals

(2k—5)t ord

Ly(mn, 76z + 3) 0T X DTx1 (PHIE 1 X2)T1 X2 (P P @

Noting again that later when we are defining Ej;eg > the T here should be 7/A.
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6J. Global Computations.
6J1. Good Siegel-FEisenstein series.

Definition 6.39. As for Klingen—Eisenstein series case, throughout this paper, we fix the tame level
subgroup K ¥ of U(3, 3)(A”>), under which our Eieg p 1s invariant. We can do so by simply taking
it to be the set of matrices congruent to 1 modulo the (y¥)? at each finite place not dividing p for the
y defined above. We define the p-component of the level group for Eeo p at p to consist of elements
congruent to 1 modulo p%.

We also fix a tame level subgroup K 2.0 6f U2, 0)(AP™®) consisting of matrices congruent to 1 modulo
the (y¥)? above at each finite place away from p.

We first define two normalization factors as in [Wan 2015a, Subsection 5.3.1]

<—2>—3<2m)3k<2/n>3>“ SR —y
Bp:= L*Q2zc+3—1i, T x¢),
P ( [Tt — j — D! ll N
, ((—2)_2(27”')2'((2/77)
By = I :
HJ-ZO(K —j—1
Here recall z, = (k —3)/2 and z,, = (k —2)/2.

-1 1
) []L%Ca+2—i.T'x0).
i=0

Definition 6.40. We define
Esieg,D(Z, g) = Esieg(Z, fsiega g)

on GU(39 3) for fsieg,p - fsieg,’D - BD 1_[1) fsieg,D,v and
E;ieg,D(Z’ g) = E;ieg(z’ fs/ieg,D’ g)

on GU(2,2) for f...=Bp[], fs’ieg’v. (Note that compared to [Wan 2015a], the normalization factors at

sieg
p here are already included in our definitions of p-adic Siegel sections.) We also define

EEeg,D(g) = E(z, fs‘i,eg,l)’ g)
]

D . . . e qe .
where Sieg, D 18 the same as fsiee p at all primes not dividing p and is sieg, D, p AL D-

6J2. Pullbacks. For some g; € U(2)(Ag) (which we specify in Definition 8.20) we define Exjing,p by

EXiing p(2, 8) = f Esieo p(z, y(g, hg)Y)T(det g (g1)¢p(g) dg'. (6-13)
Ul

2K
Qc>o

Define

op(z. 8) = / Ejeg p(z, v (g, hg") YT (det g (g1)en(g)) dg’. (6-14)
U@

o
Here we use the local components of a Klingen—FEisenstein data D in the construction. The period factor
showing up comes from the geometric pullback map (see [Hsieh 2014a, Section 2.8, Subsection 5.6.5]).

In fact comparing the definition for the geometric pullback map and the pullback formula for automorphic
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forms, in order to get rational automorphic forms on U(2) x U(2) or U(3, 1) x U(2) via pullbacks, such
CM periods have to be divided out. The ¢p is defined as follows. First, recall that given a CM character
¥ and a form on D* whose central character is /| ax We can produce a form on U(2) whose central
character is the restriction of 1. So we often construct forms on D> and get forms on U(2) this way. In
Section 8C we construct a Dirichlet character 9.

Definition 6.41. We define fy as in the end of Section 8D, and an element g; in Definition 8.20. Our ¢
is defined as 7 (g1) f».

Proposition 6.42. The Exjing,p (2, —) defined above is the Klingen—Eisenstein series constructed using
the Klingen section Fxjingp = ]_[U FXiing,D,v for Fxiing,p,v the Klingen—Eisenstein sections defined in
previous subsections. We also have that

(0%)(2/,(, -)= 1_[ F/U(fs/ieg,v’ ZI/C’ D).
v
Note that we have used w(g1)@p in the place of ¢p in (5-1), and there is a normalization factor appearing

in the p-adic Klingen section here.

Proof. 1t is a straightforward consequence of Shimura’s pullback formula, and our local pullback
computations in previous sections. U

We record the following easy lemma, which explains the motivation for the definition of f5: to pick
up a certain Iwahori-invariant vector from the unramified representation i, for v € X\{v, v| N}.

Lemma 6.43. Consider the model for the unramified principal series representation

70,0 X20) = {f Ky = C (@) = 01.0@x2.(d)3a(@) £ (0), g = (“ Z) e B(L)}.

Let fyu be the constant function 1 on K, fy be the function supported and takes value 1 on K, for

K= {(ZZ) wy | c}. Then

1
(X2 (@), * = 1 (@0a, ) fo=m ((w )) for = X1.0(@0)4, fur.

Fourier—Jacobi coefficients.

Proposition 6.44. The Fourier—Jacobi coefficient for B = 1 is given by

FJ| (Egicg, D) (2k, diag(u, 12, u, 12)n’ j (1, g))

= Z Esieg,2(ZK’ f2,Dv g/)/ <1’ (:l 1)p>)x®(pD (u’ n/g/y(l, (:l l)p))

nely/p'Z,

for n' € Ny (N, defined in Section 4G), g € U(2,2)(Aq), g' = (" 712)g(12 _,)»and u € U(1)(Ag). Here
fop =11, fop,v and ®p =[], ®p, are given in Definitions 6.12, 6.19, 6.23 and 6.36. The Ejic, > is
considered as a function on U(2, 2)(Aq).
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Proof. This follows from our computations for local Fourier—Jacobi coefficients and Lemma 6.6. ]

So far we have used the embedding
J(, g =

for g = (é g), to keep accordance with the convention of [Skinner and Urban 2014] and [Wan 2015a]. In
our actual applications later on we will use another embedding «” as below. Now that we have

FJ1(EGeg s % 82 %2 ) = Esieg 2z, 2.0, 8O0 (14, &),

we consider another embedding

, A, B
J'(, ) = § |

C; Dy

8

(The g’ is as defined in Proposition 6.44). Let ®7, = wg(n)Pp and z/fD = p(n) f2.p and we let FJ}; be

defined as FJg but replacing j by j”. By observing that Egee p,2 and ® are automorphic forms and thus

1

invariant under left multiplication by =", we get

FJ} (EgGeg - Zic- diag(u, 12, u, 1) j" (1, 8)) = Esieg 02 f3p- 8) Oy (4, 1'g). (6-15)

Definition 6.45. Let [, , U, be the intersection of g KB Vg (the K@V is defined in Definition 6.39)
with U(2, 0)(AP°°), and U, consists of matrices in U(2, 0)(Z,) which are upper triangular modulo the
p' in Section 6H. The L is defined to be the intersection of K2 (the quotient of Np(Q) over the center of
it) with the image of (K@D x U@, D(Z,)) N Np(Ay). Define ¢ =[], ¢1,, and 6}, = 6, as an element
in the C-dual space of

HO(Z5, L(B) ®C = T8, L, Uy)

as in the end of Section 4I form =1, Uy € U(2)(Af) an open compact subgroup defined as K 2.0 %
GLy(Zp). The L C K®? being the ideal generated by (y¥)2. (These level groups are fixed throughout the
family).

We will usually write Egieo p2 for Egieo p.2(2c, f5 p, &) for short.

Lemma 6.46. Suppose 51;1 (®2) = ¢1.00 X .00, and for each v < 00

bra0) = [ 87 @D D) d (6-16)
Xy
Then
Uy, (v (@ ) () = 4, (h). 6-17)
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Here we consider y~! (Ogy) as a function on (NU(2)) x U(2) = U(3, 1) x U(2) and apply lé;) to it on
the NU(2) part.

Proof. We write 81;1 ®” for each finite place v as a finite sum of expressions of the form ¢| . X ¢y ; ,
and let q}ii = vaoo ¢1,U X P1.00 and ¢ ; = ]_[MOO ®2.i.0 X $2.00- We have a finite sum

Ogyy (Whi, h2) =) Oy (Wh1)6y,, (h2)
i=1

and that the function
T;(h) := f 9¢i (vh)65(vh) dv
vp

is a constant function by Lemma 4.8. Then the expression > ;_, T; - 0y, is clearly equal to 6,, by (4-3)
and (4-5). O

Corollary 6.47. We have

los. <FJ1 (]_[ Z p(diag(uy,;, 12, uv,i))) EKling,D) (g)

i
1 1 1 1
o, oo () (£ ) o
$25 neZ,/p'Z, P o0 P

where 07, and 6> p are the theta functions on U(—{)(Aq) defined using the Schwartz functions ¢, =
[1, 1.0 and ¢ =[], 2.0 for ¢1,v and ¢».,’s defined as before (Definitions 6.12, 6.38, 4.1 and the
corresponding definition for ramified places). Note that the ¢, is defined using ¢, which explains the
dependence of the right hand side on ¢,. The inner product is over the group 1 x U(2) — U(3, 3).

Moreover, suppose ¢, € 1, is chosen such that ¢, is the ordinary vector, then the above expression is

1
F(&ieg,p,z(a(é’» —)) - 02,p(=), ¢p(-)).

oo
Proof. 1t follows from the Proposition 6.44, Lemma 6.46, noting that the pairing / é% is essentially applied
to the ®¢ factor on the right hand side of Proposition 6.44 (recall also the meaning for intertwining maps

defined in Section 4G). The last sentence follows from describing the pairing between 7, and 7 IZ .U

7. p-adic interpolation

7A. Congruence module and the canonical period. We now discuss the theory of congruences of
modular forms on GL, /Q, following [Skinner and Urban 2014, Section 12.2]. Let R be a finite
discrete valuation ring extension of Z, and ¢ a finite order character of 7* whose p-component has
conductor dividing p. Let M>4(Mp’, &; R) be the space of ordinary modular forms on GL; /@ with
level N = Mp", character ¢ and coefficient R. Let S,?rd(M p", e; R) be the subspace of cusp forms.
Let T,‘(’rd(N, & R) (Tgrd’o(Mp’, €; R)) be the R-subalgebra of Endg (M,‘(’rd(Mp’, €; R)) (respectively,
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Endp (S,?rd(M p", €; R))) generated by the Hecke operators 7, (these are Hecke operators defined using
the double cosets I' (N)U(w” 1)Fl (N), for the v’s) for all v. Let any f € S,?rd(N, &; R) be an ordinary
eigenform. Then we have an 1 € Tgrd*O(N ,&; R)®g Fr =T x Fg the projection onto the second factor.

Let m ¢ be the maximal ideal of the Hecke algebra corresponding to f. The TodO(M, e; R)N(O® Fp)
is free of rank one over R. We let £  be a generator and so £y =n 1y for some ny € R. This ny is called
the congruence number of f.

Now let [ be as in the introduction. Suppose f € M°4(M, ¢; 1) is an ordinary [-adic cuspidal eigenform.
Then as above TO(M, ;1) ® Fy ~ T’ x Fj, F} being the fraction field of | where projection onto the
second factor gives the eigenvalues for the actions on f. Again let 15 be the idempotent corresponding to
projection onto the second factor. Then for a g € S"4(M, ¢; 1) @ F, lyg = c f for some ¢ € Fj. In the
case when the localized Hecke algebra To40(M, &; R)m ; 1s a Gorenstein [-algebra (which is indeed the
case under assumptions (dist) and (irred)), Tod0M e 1) N (0® F)) is a rank one I-module. Under the
Gorenstein property for T ¢, we can define £y and 7.

Definition 7.1. From now on, we will define D to be the unique quaternion algebra ramified exactly at
oo and the ¢ in our main theorems in the introduction. We choose the group U(2) with D> being its
associated quaternion algebra. It is clear that this is possible.

We also make the following definition for p-adic families of forms on D*.

Definition 7.2. For any complete local Oy [[W]-algebra R (need not be finite over O [[W]) we define
the space of R-adic families on G = D> with level group Kp C D*(Ay) which is GL>(Z,) at p to be
the space of continuous functions

f:DX(@\Dj (A)/KP — R

1 (5 7)) = rawe@

fora,d e Z;, b e Z,, where x is a fixed character of Z; trivial on 1+ pZ,, {(d)w € OL[W] = Or[T'all
is the image of d under the local reciprocity law. Here we make an identification of W with rec, (1 + p)

such that

which is a topological generator of I'g. We also equip GL»(Z,) C D* (A ) with the topology as a p-adic
Lie group. We write
M(SG(Kp"), R)

for the space of all such forms.
One can define Hecke operators 7, at primes £ where K is GL,(Z;), and the U, operator defined by

o= £ ()
nely/pZ, p p

We make similar definitions for R-adic families on the definite unitary group G = U(2) of some prime
to p level group K (), which we denote as M (Sg (K P), R). It is also possible to add one more variable
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allowing twisting by characters (so that the nebentypus will be a character of diag(a, d) instead of just d)
as follows. Let Aywp) = Az0=2Z,[T1, T>]l. Let Mra(K @0, A2 o) be the space of Aj g-adic ordinary
modular forms on U(2, 0), consisting of functions

£ :UQ,0\UQ2,0)(Ag)/K*PU(2,0)0 — A2
such that

f(g (“ d)) = f(®) (@) (d)r,.a.d € Z}.

For later use in Section 7D, we will also define a space Mord(K 20, A2 o) be the space of A-adic ordinary
modular forms consisting of functions f : U(2, 0)\U(2, 0)(Ag)/K ®PU(2, 0)s — Az, such that

f(g (“ d)) = @ d)g (@),

The ordinary family f on D*. Let f be a Hida family of ordinary cuspidal eigenforms new outside p as

in Theorem 1.1. Suppose Ty, is Gorenstein. Thus we have the integral projector £ . We construct from
it a Hida family of ordinary forms on D*(Agq), also denoted as f. We refer to [Hida 1988, Sections 2
and 3] for the definition and theory of ordinary forms on quaternion algebras. By our assumption in
Theorem 1.1 and our choice for D, we may choose fy a form on D*(Ag) which is in the Jacquet—
Langlands correspondence of f in GL,(Ag) with values in Oy and fy is not divisible by 7 (the
uniformizer of the maximal ideal of O,). Under the assumption of Theorem 1.1, we do the following we
first take an ordinary Hida family g such that £ y g is nonzero. Note that [ is a Dedekind domain. So we
can divide £y g by an element in [ such that the quotient (which we still denote as f to save notations) is
integral (i.e., [-valued) and there is no nontrivial common divisor for the values of f.

7B. Eisenstein datum.

Definition 7.3. An Eisenstein datum D = (X, L, [, f, ¥, T) consists of:
« A finite set of primes X containing all bad primes.
« A finite extension L/Q,.
* A finite normal O [[W ]-algebra .

e An [-adic Hida family f of cuspidal ordinary eigenforms on D> new outside p, of square-free tame
conductor N such that some weight 2 specialization fj has trivial character.

« Two L-valued Hecke characters ¢ and 7 of £*\Ag whose p-part conductors divide p, and whose
infinity types are (0, 0) and (—%, %), respectively, such that | A% is equal to the central character
of . Let § = /1. We define p-adic deformations ¥, T of them in (7-1).

Note that for any arithmetic point, the specialization Dy of D gives an Eisenstein datum in the sense of
Definition 5.4. Now we need to modify our [. By taking an irreducible component of the normalization of
a series of quadratic extensions of | we may assume that for each v € ¥ not dividing N, we can find two
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functions a,, B, € [ interpolating the Satake parameters of ,. This enables us to do the constructions in
the global computations in Lemma 6.43 in families. We still denote [ for the new ring for simplicity. At
the end of this paper, we will see how to deduce the main conjecture for the original | from that for the
new [.

Let ﬁ}’é = ﬁ“rlll";c]] (see Introduction for the notion of ﬁ‘"). We define o : Op [Tkl — ﬁ“rIH‘,g]] and
B: O[Tkl — [Tk by

alyp)=A+W a() =y, B =yy, Bo)=y-.

We let
'/’=W'050‘IJIC» EZ(IBO"DIC)Sa T=¢/§ (7'1)

Define ¢y :=¢oy¥ and &y =poé. Let Ap = ﬁ”r[[F,g]][[F,E]]. We give Ap a Aj-algebra structure by
first defining a homomorphism I', = (1 + pr)4 — 'k x 'k given by

(a,b,c,d) — reci(db, a_lc_l) X rec;c(d_l, c)

and then compose with o ® S.

We remark here that only the subring ﬁ“rl[l";c]] of A p really matters; the I"- variable corresponds to
twisting everything by the same character and does not affect the p-adic L-functions and the Selmer
groups.

Definition 7.4. A point ¢ € Spec Ap is called arithmetic if ¢(1 + W), ¢(y), ¢p(y~) for y € I'r and
vy~ €' are all p-power roots of unity. We call it generic if the p-part of (fy, ¥4, 74) is generic in the
sense defined in Definition 6.30. Note that whether ¢ is generic only depends on its image in Spec A. It
also only depends on the subring [Tk 1. So it makes sense to talk about generic points on these weight
spaces as well. We let Xp be the set of arithmetic points and X f)en be the set of generic arithmetic points.
Later when we are working with families, it is easily seen that these points are Zariski dense due to the
fact that p > 5 (in fact this is the only place where we used the fact p > 5).

Let us write down the weight map jo : A2, 0 — Ap for the family (which we still denote as f €
Mra(K @0, A20) ®j, Ap) on U(2, 0) constructed from the Hida family f and the character ¥. In fact

JoA+T)=¥5"A+p),  jo+T) =X ¥alz: (14 p).
Here x ; is the central character of f, and we write ¥, for the restriction of ¥ to ICDXO o~ @;.
7C. Siegel-Eisenstein measure.

/
D sieg

. | | ) _ / _ o/ | | / r
ED,sieg,¢ = Es1eg,’D¢( fsleg,v, Zics ), ED,sieg,d) - Esieg,D¢ ( fsieg,vv Ly )
v v

in terms of formal Fourier expansions. Here the datum Dy = (fy, &y, ¥y) is the specialization of D at ¢.

Proposition 7.5. There are A>-adic formal Fourier expansions Ep e, and E such that
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Proof. It is a special case of [Wan 2015a, Lemma 5.7] and follows from our computations of the local
Fourier coefficients for the Siegel-Eisenstein series. Recall 7 = v /§ and write 7,4 for the localization of =
at an arithmetic point ¢. On the other hand, we have families of characters ST and & ; of Z}; interpolating
the restriction of characters & ; , and § ;’2 to Z;. It follows from our computations in Section 6 for local
Fourier coefficients and [Skinner and Urban 2014, Lemma 11.2], that we can form the S-th Fourier
coefficient of

ED,sieg(fsieg; s &)
at diag(y, 'y) for y € GL3(Ax ¢) is given by

—-3/2 ——Y)
[1 D r(detypidet ye3ol,* eg< _
YeYe

Lex tip
x [ [ri(det B) x [ | hessopy (F(0€7) x (det Bldet 1) x &} (Ban)E]
2p 175>
y (,321,332 — B2B31
B21

if det 8 > 0 and B and det(gii gﬁ) are both in Z;, and is equal to O otherwise. Here, char(Z,,, x) is the

characteristic function for Z,, for the variable x. That the Fourier coefficient is zero if det 8 < 0 follows

) -char(Z,, B11) char(Z,, B12) char(Z,, B13) char(Z, Br3) char(Z, B33)

from our computations in Lemma 6.8. Note the definition of ® £ in Definition 6.33 for the part in the
¢

third row involving the p-adic place. This whole expression is clearly interpolated by an element in the

Iwasawa algebra. The case for

’ ro.
ED,sieg(fsieg’ z,8)

is similar.
Now we can obtain the Siegel-Eisenstein measure from the abstract Kummer congruence as detailed
in [Hsieh 2011, Lemma 3.15]. From the mod p g-expansion principle and that all Fourier coefficients

above are interpolated by elements in the Iwasawa algebra, we see that Ep e, and E }) indeed give

,sieg
a measure with values in the space of p-adic automorphic forms on GU(3, 3) (see also [Hsieh 2011,

Theorem 3.16]). O

This formal Fourier expansion gives a measure on I'x x Z, with values in the space of p-adic

automorphic forms on GU(3, 3), which we denote as Ep sieg and 5,;3 respectively.

,sieg’

7D. Interpolating Petersson inner products. In this subsection we make an additional construction of
pairing Hida families on definite unitary groups following [Hsieh 2017], which is crucial for our later
construction.

Definition 7.6. For a neat tame level group K C U(2)(AP*°) we use the notation Bk (—, —) to denote
the Ay(o)-pairing
Bx : Mo(K, Aue) X Moa(K, Aue) = Aup)
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such that for any f € Muq(K, Ayw)). g € Mord(K, Ay(2) and ¢ € Spec Ay (Cp) a weight two point,
for any n we define

Bk (g, f):= > U;"f(x»g(x,- (pn 1)) (mod (1+T)”" =1, (14+T)”" —1).

[x1€UQR)(@\UQ)/K Up(p™)
Then one checks
Bi ni1 = Bk, (mod (14+T)?" —1,(1+T)"" —1).
We define
Bi(g. f)=lim Bi..(g. f).

By definition we have
- 1
¢(Bx (g, f) = > U," fo(xi) gy (xi (pn ))
[x]1eUR)@\UQ2)/K Uo(p")

and hence

¢(Bz<<g,f>)=vol(KUo(p”))1/ Up"f¢(h)g¢(h< n 1))‘”1
U@ p

=V01(KU0(p”))1/ f¢(h (1 1) )g¢(h)dh
[U@)] P

if ¢ corresponds to an ordinary form whose p-part conductor is p”. In the following we will fix the tame
level group K % as defined before, and will sometimes suppress the subscript K in By.

7E. p-adic L-functions. We have the following proposition for p-adic L-functions. Recall X is a finite
set of primes containing all bad primes.

Proposition 7.7. Notations are as before. There is an element E? £ in I""[Txc1, and a p-integral element
C J§ £x € @; such that for any generic arithmetic point ¢ of conductor p', we have

=
()
2
QPK
s 2mp®TVEL X o (P8 GEw X1 )8 E g xa YLE (K, sy, Kb 5—3) (=D (c=2)!
.6, QZK
0
Here x1,p, x2,p is such that the unitary representation T, T (X1,p> X2,p) With val,(x1,,(p)) = —%,

val(x2,,(p)) = % We remark that the fraction on the right hand side is an algebraic number, by the
definition of the periods. Moreover, by making different choices for the Néron differential of the CM
elliptic curve, the Qo and 2, are changed by multiplying by the same nonzero algebraic number. Let the
local e-factor at p for a ramified character A of @; with conductor c be defined by

ep(x,s)=/l Xrl(a)|a|;sep(Tra)da. (7-3)

p
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Note 1 — (k —1)/2 = (3—«)/2. The above interpolation formula can be written in terms of local e-factors
by

z
2
Qp"
L 2mie (=560 ) (3~ 5 60 1) LK 7y Ry, § = ) = Dl — )
- Cf,E,IC QZK . (7'4)
o

Proof. Suppose we are under the assumption of Theorem 1.1. Take g to be a point on the Igusa scheme
for GU(2) defined over @Er such that f(gg) is nonzero in [ and take a hg € GU(Q2)(Ag) such that
w(go) = (hg). It is noted in [Hsieh 2014a, Section 2.8] that

Isue) (K)(OF) = GUQ)@ ™\ GUR)(A )/ KT

In the following we write F for the p-adic modular form associated to a form F. We define LI?’ £.C such
that

L3 o = Blegd Ep geg(Agy. —)T odet(=), 7 (ho) £)/ f (80)

where A is the quintuple associated to gg, and we regard E —) as a measure of forms on

sleg(
Iu2.0) (K %) x Iy (K ??) under the embedding i as in (3-2). The eU(Z) means applying the ordinary

projector to the U(2)-factor. Therefore for any generic arithmetic point ¢ of conductor p’,

Vol(K*) ™! fy(g0)~" > ED, sieg(Ago» B)Tg 0 det(B) x 7 (ho) f(B).
Belyp) (K20 Ky(p'))

The B(-, -) is in terms of Definition 7.6. Let the character T = ¥ /&. The function 7 (det g) means the
function taking value 7 (det g5) at the point (g1, g2) in the above set. The integration is in the sense of
Section 7C with respect to the level group A, 1(KD N (1 x GU(2)(Af))hg (in fact by pullback we get
a measure of forms on the hp-Igusa schemes, see the last part of Section 3E). This £§’ £ satisfies the
proposition (by Lemmas 6.7, 6.15, 6.20, 6.32).

This construction only implies the p-adic L-function is in " [Tk T ® Frac(l). To see the integrality,
we take different choices for go and note that by our choices for f, its values have no nontrivial common
divisors in [.

If we are under assumption of Theorem 1.2 then we just pick up a gg such that f has nonzero
specialization at gg. Note that the period factors Qg.’j and Qf;‘ come from the pullback as discussed in
[Hsieh 2014a, Section 2.8, Subsection 5.6.5]. U

Definition 7.8. Now we define Hida’s p-adic L-function CH‘daK € Ap. As in the main theorems we
assume the & has split conductor.

We consider the Hida family of ordinary C M eigenforms g¢ associated to & (for simplicity we consider
here ordinary forms by twisting the adelic nearly ordinary form corresponding to &4’s by the unique
Dirichlet character of p-power conductor, which makes it an ordinary form, i.e., being invariant under
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the right action of (Z; l)) For our purpose we further twist the automorphic representation of gg by a
choice of a fixed finite order Dirichlet character X;,;V, unramified outside the prime to p places where £ is
ramified, such that at each bad prime £ # p, the resulting automorphic representation at £ is minimal in
the sense of [Hida and Tilouine 1993, Section 7] (namely it is principal series induced from two characters
in which at least one is unramified). The reason is to ensure that we can compare the Petersson inner
product of g4’s with certain Katz p-adic L-functions without different Euler factors. (Alternatively we
can also multiply the & by x ;,;V o Nm and construct the primitive ordinary Hida family associated to this
product character &' =& - ng o Nm.) We denote the resulting primitive Hida family as g,/. Note that

g6 =g,

We consider the p-adic L-function @ constructed in [Hida 1991, Theorem I] choosing f there to be
the g¢ and g” there to be the ordinary eigenforms of our f, twisted by the Dirichlet character X;VEV above.

Instead of the CM period €2+, the period factor in Hida’s construction is the Petersson period (see
[loc. cit., Theorem I, Lemma 5.3(vi)])

/ - -1 _
Wi(gy) 1<g¢,g¢IK+1 <N >>ng¢(p ),
8¢

where gy is a specialization of g¢ of weight k + 1, Ny, is the conductor of g4, the p' is the p-part of
its conductor, the p-component of the automorphic representation associated to the unitarization of g4
(in the sense of [loc. cit., Introduction]) is 7 (g, , ’7</g¢) with ord, ng, (p) < ord, 77;7¢ (p). Note that the
S(P)~! and the Gauss sum in the denominator of the second row of the definition of W (P, Q) in [loc. cit.,
Theorem I] are included as part of the period (see Lemma 5.3(vi) of [loc. cit.]). The above expression
equals (by [Hida and Tilouine 1993, Theorem 7.1, (8.8b)] and [Hida 1991, Lemma 5.3(vi)])

(89+ 86) * My, Mgy (P80, Mg,) - P = L(ad, g, Dy g (p*) gy, ' ng, Jic127 2 I =72

where the £(ad, —) is in the sense of [Hida and Tilouine 1993, Section 7]. By our assumption on that &
has split conductor, we see that the A(1) in [loc. cit., (0.7a)] equals 1. So

L(ad, gy, 1) = L(1, xxx)L(Ep€,“, D).

On the other hand, there is a Katz p-adic L-function (see [loc. cit., (8.2)] for this Katz measure, we remove
the factor Im(8)*~! there since it is a unit Iwasawa element and has no effect to us.) E,Igf‘gz € @f[[f‘;g]]
interpolating the values

AL (EgES < 1) - 00y, ' g,) o
(i) Q% P

My, ey (P
Let Clk be the class number of /. By class number formula

L, x0) _

—1/2
Clg-D .
T kP
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We multiply Hida’s p-adic L-function % by 2i% Cly D,gl/ z. EE?;Z, and further divide it by the first row in
the definition of W (P, Q) of [Hida 1991, Theorem I]. Note that this last factor is a unit Iwasawa element.

We denote this result as £I}i‘ga,c. One checks readily the interpolation formula for it is

Lren) _ 2miep(3 =5 60 x0)en (G = 5. 60 a2 p) L (K, 7y b 5 = 3) (6 = DY —2)!
¢ Q2K - 02« :
p [e9)

(7-5)
(Recall we have divided out the product of prime to p root numbers in loc.cit. which are p-units and
moves p-adic analytically.) If & is such that g satisfies the (dist) and (irred) in the introduction, then the
local Hecke algebra for g¢ is Gorenstein. By the main conjecture proved in [Hida and Tilouine 1993;
1994; Hida 2006] (see [Hida 2006, Theorem and page 468, (F)], the Clx -L%f‘? generates the congruence
module for g and our Ll;f‘éf‘,c is integral (i.e., in A p)). We explain here the weight map parametrizing the
Hida family g with coefficient ring O [I";- I|. Let £~ be the anticyclotomic Z,, extension of K and X"
be the maximal subextension of X~ /K unramified everywhere. Let p“ be the index of X" /K and F,E'/

be the corresponding subgroup of I'-. Then local class field theory gives an isomorphism

/

ow:(1+pZy)* =T,
Write O [W] for the weight algebra of the Hida family g, then the weight map is
OLIWI = OLIT I = OLIT,],
where the first map is determined by
L+ W) = (1+p) "oy (1+ p),

and the last term is a finite free module over the second term.

Given a finite set of primes ¥ we can define the X-primitive Hida p-adic L-function E?Eiga b
removing local Euler factors at . Obviously, it is just multiplying E?‘%‘ £ by a finite number of nonzero
elements in [k ]l. Note that Hida proved the interpolation formula for general arithmetic points. We
may compare (7-2) and (7-5). If we write EJZCO’ £ for the specialization of E? £x tO @Er[[F;c]] at fo, then

we get the interpolation formula

)
¢<£m@m)
2
Q2
s 2miey(3 =55 x0)en(3 =50 5 X2 p) LT (K, gy, §p0 5 — 5) (k — D = 2)!
= Cf,s,lc QZK . (7'6)
o0

for &,’s of conductor (p’, p') at p.

Anticyclotomic p-invariants. Now assume we are under assumption of Theorem 1.1 in the introduction.

We define ¢y to be the Q@ p-point in Spec I[ "« ]| sending y¥ to 1 and such that ®oljur correspond to fo.
Our assumptions on & and « ensure that our p-adic families pass through this point. (This is not an
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arithmetic point in Definition 7.3, however it still interpolates the algebraic part of the special L-value
by [Hida 1991].) Consider the one-dimensional subspace of Spec ﬁ“r[[I‘;g]] of anticyclotomic twists by
characters of order and conductor powers of p that passes through ¢9. We look at the ratio between
the specialization of Hida’s p-adic L-function El}i,g?ic to this subspace and the anticyclotomic p-adic
L-function considered by [Hsieh 2014c¢] (note that the local sign assumptions there are satisfied). We
explain the fudge factors: recall the S(P)~! and the Gauss sum in the denominator of the definition of
W (P, Q) of [Hida 1991, Theorem I] are already included in the period studied above. Also the first row
of the definition of W (P, Q) are also divided out in our definition for E?ifgf‘,c. The remaining factors are:
the C (7w, 1) and § in [Hsieh 2014c] which is a fixed p-adic unit, and the powers of Im(§) and 2 which
are unit Iwasawa elements. So by result proved in [loc. cit.] the anticyclotomic p-adic L-function has

pu-invariant 0. Thus it is easy to see that any height one prime P of ] containing Cl;i‘,ic“ ¢ can not be

the pullback of a height 1 prime of ﬁ“r[[F,Jg]]. Therefore for any height 1 prime containing El;i%, £

ordp (LY ) = ordp(Ly £ k)

and ordp(Lyz,¢) = 0. The L ¢ «c is obtained by putting back the Euler factors at primes in ¥ on L? £
(There might be factors coming from Euler factors at nonsplit primes contributing to the anticyclotomic
pu-invariant of the ¥-primitive p-adic L-functions, however. We will explain how to treat those factors

when proving our main theorem.)

7F. p-adic Eisenstein series.

Proposition 7.9. There is a [T 1-adic formal Fourier—Jacobi expansion
Ep xiing € Mora(K, Ap)

such that for each generic arithmetic point ¢ € Spec ﬁ”rl[F;g]], the specialization Ep xiing,¢ is the Fourier—

Jacobi expansion of the nearly ordinary Klingen—Eisenstein series Exiing p, we constructed in (6-13)
using the Eisenstein datum at ¢. Moreover, recall the fundamental exact sequence in Theorem 3.6 and the
Siegel operator &)?gl there, then the constant term ds;?] (Exiing,p)’s are divisible by E?;E’K:.E%/, where
E%, is the element in I][[F,JE]] which is the Dirichlet p-adic L-function interpolating the algebraic part of
the special values L™ ()_(¢,§<;, Ky —2).

Proof. Our construction is more similar to [Hsieh 2011, Theorem 4.4] than to [Skinner and Urban 2014,
Theorem 12.11]. Recall Definition 3.7 the notion of ﬁur[[F;C]]—adic Fourier-Jacobi expansion. It is a
special case of [Wan 2015a, Theorem 1.1(3)]. In our cases, the local choices are slightly different but
the arguments are the same, which we give below. For a [g] we take a basis (6] 4. ..., 9,/"‘3’ p) of the
O -dual space of H O(Z[Og], L(B)) consisting of theta functions. Write (6} FIRERE 9,’,’% g) for the dual basis.
Suppose 0 is one of the Ql./ s. For any g € GU(2)(Ag) C GU(3, 1)(Ag) we take 1 € GU(2)(Ag) such that

u(g) = n(h). Recall we have denoted the B-Fourier—Jacobi coefficient a{‘g](,B , F) for forms on GU(3, 1).
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We write a”

[g]’e(ﬂ, F) for the pairing of it with 6. We define

aly 0B Ep King) = Bxeo (egs alg1 o (B Ep sicg(—, —)T odet(—), w(h) f) (7-7)

As before the egrsz) means applying the ordinary projector for the U(2) factor. We regard E D.sieg(—, —) as
evaluated on (A, B) € IU(3’1)(K(3’1)) X IU(z)(K(Z’O)) under the embedding (3-2). The T(det —) is regarded
as a function for the U(2) factor. In view of the algebraic embedding of Igusa schemes, the pullback of the
Siegel-Eisenstein measure gives a measure with values in the space of p-adic automorphic forms on the
group {g, h € GU(3, 1) ® GU(2), det g = det h}. Fix the g, applying the S-th Fourier—Jacobi coefficient
operator to the GU(3, 1)-factor and take the §-component we get a [ [Tk J-valued family of forms on
(the lower) GU(2) in the sense of Definition 7.2, which is the integrand of (7-7). Then we form the pairing
(-,-) of (7-7) in the sense of Section 7D with respect to the level group A~ (Kp N (1 x GU(2) (Ap)h
(In fact, by pullback, we get a measure of forms on the A-Igusa schemes.) We obtain the family of
Fourier—Jacobi expansions. It is clear from the construction that this interpolates the Fourier—Jacobi
expansions of the ordinary Klingen—Eisenstein series we constructed at arithmetic points (see (6-13)). We
get the Fourier—Jacobi expansion at g as in Definition 3.7

Epking(8) = ) _ ajy(B, Ep king)q”
B
where

| I
ape (B, Ep Kiing) = Za[g]’gl{yﬁ (B, Ep kiing) ® 6] 4
i

with 6’ s€H O(Z["g], L(B)). At a generic arithmetic point ¢ of conductor p’ we have

aly1.0(B. Ep, King) = > a{g1.9(B. Ep, sieg(— B)) - Ty 0 det(B) x 7(h) gy (B)).
Belyo) (K@0 Ko (ph))

Next we explain the assertion on constant terms. The constant terms is simply interpolating the S-th
Fourier-Jacobi coefficient for g = 0 (i.e., the Siegel operator ® p ¢ (Ekiing, D,¢)). Let’s consider the case
when g,’s are in the support of Fjing,, for v{p, and g, = w}. We claim that

w3 b b
® ) (Exiing.p) = Cp Ly ¢ o - L5 f

for Cp being the product of the constants in the local pullback sections at primes outside p. It is a fixed
nonzero number throughout the family.

To see the claim, specializing to an arithmetic point ¢, this is simply the constant term computation in
Section 5E for R being the Klingen parabolic subgroup P. This constant term is given by Lemma 5.14. On
the other hand, from the Archimedean computation in [Wan 2015a, Corollary 5.11] we see the contribution
A(p, f,z)—; is actually O in our case. So we only need to work out the pullback Klingen—Eisenstein
section. Now it is an easy consequence of our computations in Section 6 of local pullback integrals
(Lemmas 6.7, 6.15, 6.20, 6.32), together with the normalization factors in Section 6J. |
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It follows that the formal Fourier-Jacobi expansion Ep kjing comes from a family in MOYKP, Ap),
which we still denote as Ep iing. (In fact, Theorem 3.8 is still true after replacing A =I[[[T'x ]| by ﬁ“r[[I‘;g]].)

8. p-adic properties of Fourier—Jacobi coefficients

Notation. To avoid confusion in this section, we use z € Spec ITcI(Q p) instead of ¢ to denote arithmetic
points on the weight space. The ¢ will usually denote Schwartz functions in theta correspondences. Such
convention is only valid in this section.

The purpose of this section is to prove Proposition 8.29.

8A. Preliminaries.

Some local representation theories. (Noncompact case) Let v be a nonsplit prime where U(2)(Q,) =~
U(l, 1)(Q,). Then D ~ GL,(Q,). For some irreducible admissible representation 9@ of UQ2),
we can find an irreducible representation 7V®> of GU(2), such that 79" is a summand of 7SV

restricting to U(2), (note here the superscripts do not mean invariant subspaces). Thus we have

2Oy, = 7Y@ @ U0 op U

for irreducible representations V@@ of U2)(Q,). Here « is some element such that Nm(«) ¢
Nm(K,/Q,). The * means the representation composed with the automorphism given by conjugation
by a. Also the restriction of 7Y@ to DX is clearly irreducible.

(Compact Case) If D modulo center is compact, then we let o be some element such that Nm(«) ¢

Nm(K,/Q,). For tV®» we similarly have 7OY®@v 7 PJ These can all be considered as finite-dimensional

Dy GUQ), U o

representations of finite groups. The 7SV®» = 70 as vector spaces and 7

72Uy g U,

lue), =7

U2, U2y

In both cases, we write ¢, for the isomorphism between 7 and “w given by right action by «

(as vector spaces, the group actions may differ by a conjugation however.)

Forms on D> and U(2). We first define D* c D* (Ag) as the index 2 subgroup consisting of elements

whose reduced norms are in @* Nm(Ay) and let D*(Q,) be the set of elements whose determinants are
in Nm(K). Suppose ¢ is a form on U(2)(Q)\U(2)(Aq), x is a Hecke character of £* \A,é. Suppose
the central action of U(1)(Z,) on ¢ is given by x|u()z,), we can define a form 9P X x on D*(Ag) as

follows. We first define (p;( on U(2)(Ag) as

p)>

¥y (8) :=/ o(g)x () dr.
[

We now define a form on D* (Ag). Recall that the image of reduced norm map from D> (Q) consists of
all positive elements Q@™ in Q* [Weil 1974, page 206]. Note that

ALT/QT Nm(A) — Aj/Q* Nm(AY)
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is an isomorphism, where Aa is the set of ideles with positive Archimedean component, which is also
the image of the reduced norm map from D*(Ag). Thus for g € D>, write g = bag', b € D*(Q),
a e Ag, g € UQ2)(Ag), define

0P M x(8) =9y () ().

Note that this is well defined since @ N"Nm(Ag /A7) = Nm(K*/Q*). For g outside D* we define
¢P X x(g) =0. When  is clear from the context we simply drop the subscript x.

Lemma 8.1. Let 7 be the irreducible automorphic representation of GL, /Q associated to a CM
character & of K*\Ag. If ¢ is in an irreducible automorphic representation of U(2) whose restriction to
SU(2) is in the restriction of the automorphic representation of D* (Aq) corresponding to e under the
Jacquet—Langlands correspondence, then (pSD X & itself is in 7.

Proof. Clearly the (p£ and ¢ have the same Hecke eigenvalues at split v’s. Note that the set of primes of
K sitting over split primes of /C/Q has Dirichlet density one. Write gogD as a sum of forms in irreducible
automorphic representations. Then for any such automorphic representation 7;, the corresponding Galois
representation p, satisfies

Priloe = §DE”.
This implies each 7; is isomorphic to 7g. O

We relate the integrals over [U(2)] to that over a subset of [Q*\ D*](Ag). It is elementary to check
that there is a constant C{j)(z) depending only on the groups D> and U(2) such that if y = 1 then

/ oo (9)dg = CPy) f WP Ry(e)ds. (8-1)
[UQ2)] DX(@)Aa\DX(A@)

Here, we normalize the Haar measure so that the measure U(1)\[U(2)] = 1 and the measure of [D*]
modulo center is also 1.

8B. Constructing auxiliary families of theta functions.

Convention. From now on, we usually do the computations at a generic arithmetic point z € Spec A p (@ »)-
We usually write bold symbols for p-adic families constructed (e.g., k), and write their specializations
using nonbold symbols (e.g., i, for specializations of k).

In this section we fix finite order CM characters n and 1’ of K*\Ag. This notation is only used in this
subsection so as not to confuse with our use of 1 in previous sections.

Before continuing, we need to introduce some more families of characters. Let I'y) >~ Z, be the
quotient of I'x corresponding to the maximal subextension of K, unramified outside vy. Define I';,
similarly. We need to further enlarge our parameter space. We write u,,, and uy, for topological generators
of Gal(Kw/Ky,) and Gal(K«/Ky,) respectively. Let K be the maximal (finite) everywhere unramified
subextension of K« /K. Then u,, and u;, generates F,’C = Gal(Ks/K"). We define an abstract group
L= (Zy/puy, ® (2] p*)uz, with p* = £ Gal(K*/K). Then we have

I €Tk ST}
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with each containment of index p“. We consider the natural projection I'\- — Z ,u,,, which extends
canonically to a surjection I'x — (Z,/p®)uy, € I'i-. Recall we have defined a A p-adic character &. Let
A = Ap ®7,rx1 Zp [Tl This is an enlarged parameter space. Then we can define a A’,-valued
character &, as the composition of & with the surjection I'x — (Z,/p“)u,, € I'}- above. It is easy to see
that at any arithmetic point z the specialization of &, is unramified at vy, and its restriction at (’);0 is the
same as that for §,. Using the same construction, we can define a A’)-valued character 5 be such that
the specialization to ¢g (¢ is defined in Section 7E) is n defined before and the specialization to each
arithmetic point z satisfies (1), p|(Z§,Z,X,) =(1,¢ I,v0| Z;) (recall the definition for SIT in Section 6H, the
triple there is the p-component of the specialization ( f;, ¥,, t,) here).

Similarly starting with the character 5 before we can define another family of characters of L*\Ag with
values in the enlarged [ (taking tensor product of the original [ with some degree p“ extension of Op[[W]
and take a reduced irreducible component and normalization) upon appropriate choice of identification

of Z,[W] with Z,[[u,,]l, such that at any arithmetic point z the specialization is unramified at vy and

X
Vo

such that its specialization to ¢y is 7', and that ("), | 73 = XfzTzio v, ﬁlol 5 M”20, 7y = 1. Moreover

is equal t0 X 7,277 5, 50 when restricting to Oy >~ Z;. Then we can define a A'j-adic character 5"
there is a character x of K*\Ag which factors through I'x. (again we use class field theory), such that
—1 ~1
Xz,DO|Z; = Xf,zl//z,f10|zf, and Xz,vo|z; = Xf,zllfz,ﬁo|zl§- Define " := 9" - x.
Note that we have enlarged our parameter space. At the end of Section 9 we will first prove the main
theorems for this enlarged Iwasawa algebra and then go back to prove it for the original one.

Rallis inner product formula.

Ud, D(@;2) U@) (@) x U2)(wz)
UD)(@;2) x U(D)(w;2) U2)(w;2)

Recall we fixed a splitting character A of K£*\A; of infinity type (—%, %) such that its restriction to A
is xx/a- We use the background for dual reductive pair, splitting characters and theta correspondences in
[Harris et al. 1996, Sections 1-3] freely. We consider the seesaw pair above. The U(2) above is for the
Hermitian matrix (* ) and the U(1)’s are for the skew-Hermitian matrices § and —3. The embedding
U() x U(1) — U(1, 1) is given by the i defined in the proof of Lemma 6.26. The splitting characters
used are indicated in the brackets beside the groups. We want to consider the component of theta
correspondence such that the first U(1) on the lower left corner acts by 121, and the second U(1) acts by
n, . We consider a theta function on U(2, 2) by some Schwartz function ¢ such that ¢ = &y, (¢3 X ¢y)
for some ¢3 and ¢, (recall the notion of intertwining operators in Section 4G. We consider

/ / 01, 112, A1 (s ()i (det @) duy duadg. (8-2)
[U@)] JIUM)]Ix[UD)]

The splitting characters are consequences of [Harris et al. 1996, Lemma A.7] and the discussion on
“reflection principle” right after it. Here the A(det g) shows up due to the splitting w;> on U(2) since in
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the Siegel-Weil formula [Ichino 2007], the splitting character on U(2) is the trivial character. Thus the
restriction of the theta kernel to U(1, 1) x U(2) is A(det g) times the restriction to it of the theta kernel
appearing in the Siegel-Weil formula of [Ichino 2007]. So this is exactly the same formula considered in
[Harris et al. 2005, Section 6].

On one hand, one can check that this is nothing but the inner product of the theta liftings 64, 1 (A1)
and 6y, N n, 1. (A o det) (by writing 0 , we take the splitting character for U(1) to be trivial and for
U(2) to be A. We need to notice the different choices of splitting characters). On the other hand, if we
change the order of integration using the Siegel-Weil formula for U(1, 1) x U(2) as proved by Ichino
[2007], this equals

/ E(fs, @ 3+ i G, u2)) 27205 (i) n,(ua) duydus (3-3)
[UMIx[UM)]

Here i is defined right before Lemma 6.27 and f5,, () is the Siegel section defined by

Js,@)(8) == 0,2(j(8)8y (¢)(0), geUd, 1)

where j is defined in the proof of Lemma 6.26. Thus we reduced the Petersson inner product of theta
liftings to the pullback formula of the Siegel-Eisenstein series on U(1, 1).

Functorial properties of theta liftings. For any Hecke character x of U(1) (in application x (zx0) =z}

for zoo € U(R)), we describe the L-packet of theta correspondence 6, () (possibly zero) of x to U(2)
where A is a Hecke character of A;é such that A| ax = @K/Q- We pick a Hecke character x such that
Xluyag) = x~!. In our application the automorphic representation of 0 is supercuspidal at all primes
where D is compact modulo center. So we have the Jacquet-Langlands correspondence 7 on D> of
the automorphic representation of GL, /Q generated by the CM form 6 corresponding to x. We form
an automorphic representation in the way we introduced before: wy X x A of GU(2). Then by looking
at the local L-packets (see [Harris et al. 1996, Section 7]) 8, (x) is a subspace of the restriction of this
representation to U(2). (This restriction is not necessarily irreducible.) The representations at split primes
are irreducible. Therefore, we still have not specified the automorphic representation on U(2).)

Constructing families of theta liftings. Let v be a prime inert or ramified in K. Thanks to the recent

work [Gan and Takeda 2016], we know that the Howe duality conjecture is true for any characteristic.
Recall as in Definition 4.4, consider the theta lifting from U(1) to U(2) at v (the U(2)(Q,) might be
u(l, 1)(@Q,) or compact). Write S(X,, ;7;11)) for the summand of S(X,) such that U(1) acts by 771_1])
Given a Schwartz function ¢" on ®y,,S(X,,) we consider the map S(X,, n,, i) — 1y, (the g, is the
automorphic representation of U(2) by Howe duality corresponding to ;') by ¢, : ¢p, — Opresp, (1, 1. By
the Howe duality conjecture, we know that there is a maximal proper subrepresentation V,, of S(X,, n, ,ﬂ)
such that S(X,, n,. 11}) / Vy is irreducible and isomorphic to the local theta correspondence 7y , , of n,. 11) by
the local and global compatibility of theta lifting (see [Prasad 1993, Theorem 8.5]). Suppose there is some
¢y so that ¢, (¢y) # 0 (a finite sum of pure tensors in 7y, ). We consider the representation of U(2)(Q,)
on 1y, (U(2)(Qy))(ty(¢py)). This is a subrepresentation of a direct sum of finite number of 7y, ,’s. The ¢,
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gives a homomorphism of representations of U(2)(Q,) from S(X,) to 7 (U(2)(Qy))(t(¢y)) < D7y, o-
Note that the automorphism group of the representation g, , consists of scalar multiplications. Thus it
is easy to see that the kernel of the above embedding is exactly V, and we have the following lemma:

Lemma 8.2. Fixthe ¢* as above. Let vy, be the image of ¢, in 7y, under the Howe duality isomorphism

to S(Xy, n;llj)/ Vy. Then 1,(¢y) € 7o, can be written as a finite sum of pure tensors of the form
0.0 ([T o)
i w#Fv
Jor ¢u.i € 9, w-
We define the weight map j; : Ay g — A is given by
A+T) 1, (14T~ 13 ¥yl (14 p)
where we write 7, for the restriction of T to Ilefo >~ Q, and similarly to ¥,.

Proposition 8.3. Suppose n is such that for each nonsplit prime v € X, nluy@,) equals the xg ., defined
in Section 6G; for each split prime v{p in X with v = ww, we have n,, is unramified and ng is the
Xo.v defined in Section 6G. We can construct a family 6 = 0;¢2 € Mo (K@, A2 ) ®j, A/l’) whose

1 0\ .
hi Qpbh,, (8 (n 1) “i)
0.(9):=_ Y. i) o
o

i=l nez,/p'Z,

specialization to z € Spec A}, of conductor p' equals

where the subscript ¢, stands for the Schwartz functions ¢, , we define in the proof below, the 0, p, is
the one appearing in Corollary 6.47 with the D being the specialization D, of D. The superscript — is
to indicate that the theta function is constructed through pullback under the map 1 x U(2) — U(2, 2).
(Later on we will constructed theta functions via pullback under the map U(2) x 1 — U(2, 2), which we

use a superscript + to indicate).

Proof. For an eigenform 6 such constructed we sometimes write g for the automorphic representation of
U(2) of 6. First, we give the choices for the Schwartz function ¢ for the construction using the embedding
1 xUR2) — U_2,2).

Local computations. In the following we define some Schwartz function. The ¢, ,’s depend on the

arithmetic point z (in fact only varying at the p-adic place), while the ¢3 , are fixed throughout the family
and we thus suppress the subscript z.

Case 0. At finite places outside X we choose the obvious spherical kernel functions.

1 12)gg)<I>oo. Recall that &y, = e 27 Tr((x:¥)) gpd g =
diag(s'2d'*//2,d"* /2, (s"/2dV* )N2) 71, (@4 )N2) 7). Let ¢, = L(sd) !/ Ae 2 VAE ) and
P20z = %(551)‘/46—2”*/3(5*%1 +33,) By our computation in Section 6.5 we have 8§y (¢3,, X2, ;) = ¢y 5.

Case 1. If v = oo, we let ¢, = wx((
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Case 2. If v € S is split and v{ p we recall that we have two different polarizations W = X, @Y, =X, @Y,
where the first one is globally defined which we use to define theta function and the second is defined
using I, = Q, x @, which is more convenient for computing the actions of level groups. We have defined
intertwining operators 3:/’, between S(X,) and S(X)) intertwining the corresponding Weil representations.
Consider the theta correspondence of U(1) to U(2) on S(X,) and S(X ). We write X, > xg’v = (xg/’v, xé/’/v)
and X’v* > xé’v = (xé/’v, ngv). We define

—1
d)/ (x// x/// ) = ()‘nZ)u (xé/,v) xgﬂ) € Z;(’ xé/’/v < ZU’
303,00 A3y 0 otherwise.

where @ is the conductor of 7, , and

/ ” mo- _ ()‘nz)v(xé/’v) 'xé/,v € Z:, Xg’/v e Z,,
¢2,z,v(x2,v’ x2,v) - .
0 otherwise.

We define ¢, , € S(W) by .. = 8, (¢}, , K¢}, ) and define doz0 = 5, (5, ), $3.0 = 81 (¢} ).
Then if f, € I,(1?) is the Siegel section corresponding to ¢, , in the Rallis inner product formula, we
have

FG(l u2)) = (@30, @ (U2, Dep2z,0)

by the formula for the intertwining operator. This is zero unless u, € Z (U(1)(Q,) ~ Q') and equals
Aznz (up) for those u;’s. To sum up, for such v the local integral in the Rallis inner product formula is a
nonzero constant (g, — 1/¢,)%. We modify the definitions for ¢ , , and ¢, by multiplying them by an
element ¢/, in Z} to make the resulting ¢, , integral. Note that our definition for the Schwartz functions
®2.2.0, ¢3,, and thus ¢, , are independent of the choice of z. Let ¢, = (c;)z(qv —1 /qv)z. Later when we
are moving things p-adically, this constant is not going to change.

Case 3. For v € S ramified or inert such that U(2)(Q,) is not compact. In this case U(1)(Q,) is a compact
abelian group. We let ¢, , , be the Schwartz function ¢, , on S(X;") constructed in Section 6G, with
the Eisenstein datum D = D,. Let ¢3,, be a p-integral valued Schwartz function on S(X,) such that
(D30, D2,20) = va:X; @3.0(X)P2.2.»(x) dx #0 and that the action of U(1)(Q,) via the Weil representation
is given by a certain character. (It is easy to see that this character is )»% Nz.v, thus the action of the center
of UR2)(Q,) via U(2) x 1 is given by n;i.) We define ¢y, = 6y (¢h3,0 K2 ;) € S(Wﬁ). We note that at
all arithmetic points z, the character 1, , as a representation of U(1)(Q,) since the character is changed
by an unramified character and the group U(1)(Q,) is compact. We further multiply the ¢3 , and ¢, , ,
by an element ¢, of Z; to make them and the resulting ¢, ,, integral. Let

¢y = (c}))* Vol (U(1)(@,)) ($3,0, $2.2,0) 2/ #3.0(X)P2,2,v(x) dx
X=Xy
The ¢3,, and ¢» , ,, and therefore the ¢, and ¢, , are fixed throughout the family.

Case 4. For v such that U(2)(Q,) is compact. Note that the local representation 7y, , is finite-dimensional
with some level group K,. Again let ¢,, , , be the Schwartz function ¢, ,, defined in Section 6G with the



Iwasawa main conjecture for Rankin—Selberg p-adic L-functions 457

Eisenstein datum being D = D,. We write v; for the image of ¢, , in g, , under the Howe duality. We
fix an U(2)(Q,)/K,-invariant measure of g, , and extend v; to {vy, ..., vy } an orthonormal basis of
g, ». Let (Vg, .. .) be the dual basis. Let ¢3 ,, be a p-integral valued Schwartz function on S(X,) pairing
nontrivially with ¢, , ,, such that the action of U(1)(Q,) via the Weil representation is given by a certain
character. (As before this character is A% n2.v, thus the action of the center of U(2)(Q,) via U(2) x 1 is
given by 7, ll).) We require also that the image of ¢3 in the representation of U(2)(Q,) (which is the dual
of 7g, ) is V1. We define ¢, , = 8y (3, X ;) € S(Wf). We further multiply the ¢3 ,, and ¢, ,,, by an
element c; of Z; to make them and the resulting ¢, , integral. Define ¢, = (c;)z.

Case 5. We write 1, , for T]Z|@l>§. Forv=p, W, = X, @Y, we write elements

(xp]7 pZ)Evayp (y;;’lvy;’Z)EY;)

We define ¢p,z(x;,, y;,) = le,p(y;,,l) if yl’D’1 € Z; and x;’l, x;ﬂ, )’;;,2 € Zp, and ¢p,z(x;,, y;,) = 0 otherwise.
Definition 8.4. For later interpolation we define a A’j, valued function ¢ , (x; Y p) n p(y;,’l) if y;’l €z,
and x, |, X}, 5, ¥, 5 €Zp and @ ,(x},, y,) = 0 otherwise.

We also write xéﬁp ()c3 o X x5’ ) eX ,x2 » (x2 o X xy)’ ) € X ~ (note that we use x2 to distinguish
from x; , above). A stralghtforward computation gives

g(’?z p) _1

85 @ (1) (p2)) (X}, X5 ,) = (=25 ,p")

if x2 » € p"ZX and xé’ p, xé’ ! iy xé’ ! » € Z,, and equals 0 otherwise. We write ¢§’ 0 be the characteristic
( z, 7)
.
. . . —1 ’
is 0 otherwise. We define ¢3 , and ¢, , , as the images of ¢3y » and ¢2,z, » under (Sw, »© Sw’ P We note that

function of Zf, on X, and define ¢2’Z’p(xé,p) = P h if xJ » € p~'Z, and xé”’p €Zp, and

the ¢, , , here is not the ¢, , constructed in Section 6. In fact

10
¢2,z,p = Z wk((l’l 1) )¢2,p-
nely/p'Z, p

This can be seen by comparing the CID/F/, in Section 6 with the ¢, , here. This is exactly where the
Znez,, Pz, wk(( ,i (1))17) appears in the statement of the proposition.

Global case.

Definition 8.5. Let ¢, = [ [, ¢v,, With ¢, defined in Case 0 through Case 5 before. We define a A’j,-adic
formal g-expansion @ on U(2, 2) interpolating our theta kernel functions on U(2, 2)

Z 1_[ $y(x) ><¢p(x)32mtr( 7).
xek? vtpoo

(The ¢, is defined in Definition 8.4 and note the ¢,’s are the ¢, ,’s, which are fixed throughout the family
for v poo, justifying suppressing the subscript z.)
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This is easily seen using Lemma 6.13 and the computations in [Skinner and Urban 2014, Section 10.3].
(We note that the ¢« , here is @ o right translated by go. On the other hand, our distinguished point i is
chosen as ¢ € X, . Note also that the ¢, , and ¢3 , are independent of z for v{p.) As in the pullback
formula for Siegel-Eisenstein family under U(2) x U(2) < U(2, 2), the @(—T) also pulls back to p-adic
analytic family of forms on U(2) x U(2). The following lemma is immediate from our computations
from Case 0 to Case 5.

Lemma 8.6. The pullback of the specialization ®, to U(2) x U(2) is in fact 63,0y, , for ¢p2, =[], ¢2.2,v
and ¢3 =[], ¢3,o. (We omit the subscript z for ¢3 since it is fixed along the family by definition.)

It follows easily using the Rallis inner product formula (see Proposition 8.9 and its proof, note the
arithmetic specialization of the Katz p-adic L-function there is nonzero) and our choices for the Schwartz
functions that for some u,ux € U(2)(Aq), 0p; (aux) # 0. Thus (Op, (Uaux)2p/ Reo) - (0p,,2p/ R00) 18
a A'j-adic family of forms on 1 x U(2) — U(2,2). Now we take a representative (i1, ...i,) of
UM @U(R)\U)(Ag)/U(1)(Z) considered as elements of the center of U(2).

Definition 8.7. Write ¢y := (0, (aux)2p/ Qo). We denote § =0, € Moa(K>?, As ) ®;, A for
the A’,-adic family constructed by

e Q20O (itaux, &) -
0(g)=)Y_ ﬂ(ﬁj)_lwkfl(ﬁj)%k(detg).
i=1 00
Its specialization to z is
Q, oK
0:(8) 1= o+ 7 D alll)) ™ @1 i) Oy, 1)(9)- (8-4)
X =1

The property required by the proposition follows from comparing our choices of theta kernel function
with the (local and global) computations for 6, in Section 6. ]

We can do the same thing to construct a A’j,-adic family of forms on U(2) x 1 < U(2, 2). This time
we define ¢ such that for v # p the local components are as before. If v = p recall that W, = X }, ® Y[’,.
If x), = (x;,l,x;)’z) and y), = (y;’l, y;’z) we define ¢, ,(x,, y,) = ngzyp(xi’p) for xi’p € Z, and
X3 oo V1. ps Ya.p € Lp and @, (x),, y;,) = 0 otherwise. Direct computation by plugging in the intertwining

’
,—1
Lo Xl pandxy =) . xy"), thend, (0 (V)s,p)(x] ,, x5 ) =

é”’p € Z,, and equals 0 otherwise. We also get new ¢, and ¢3 ,

. . o
operator gives, if we write X = (x
1

1,p’
in this case from the ¢,’s defined here.

1 . i V
Xg,z,p(xl’p) 1fxl’p € Z; and x Xy pr X

As before we move g , p-adically. This time our 6y, is fixed and nonzero at some point u,, € U(2)(Aq)

)2, /Q0c. Thus (O, (1, )szf,/szgo)e¢3_z

and 6y, , is moving p-adic analytically. We write c;, = 6, (u aux

is a Ap-adic form on U(2) x 1 C U(2, 2).

/
aux
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As before we define © as in Definition 8.5, and write

e 8) 2

P
A(det ).
Q%O

hx
- Q
03(2) =07, (==L ﬂe(ﬁj)wrl(ﬁj)
°°i=1

The superscript 4 stands for the fact that the theta function is constructed via the pullback U(2) x 1 —
U(2, 2). Its specialization 9~3,Z to z satisfies

03.2(g) = Ze¢3z<gu )2 ii7).

c93 ol
Definition 8.8. We define forms 6 and éfz on D*(Ag) as 0P K7, and 531?2 X 773 respectively and
characters 7, and 7,, as at the beginning of Section 8A. Sometimes we drop the superscript D when it is

clear from the context. The key functorial property of it (and some other automorphic forms constructed)
is summarized in Section 8B1.

As before we let EE‘;‘” be the Katz p-adic L-function interpolating the values

2 L()"z 92)(9271)
P (W2n; 2, p G (Wnan; QS

We now compute the Petersson inner product of 6, and 53,2 at a generic arithmetic point z.

Proposition 8.9. We have

- K
Bgo2) (0ﬂ,¢2’ 0;¢3) =€ Cpy 1_[ Cv- ﬁ)d?tz
v
for the ¢, in Case 2, Case 3 and Case 4 as before. Note that these are constants fixed throughout the
Sfamily.

Proof. We do the computation at a generic arithmetic point z, and apply (8-2) and ((8-2)2). By the
doubling method for U(1) x U(1) < U(1, 1) we are reduced to local pullback formulas.

We first construct the local theta kernels ¢, ,’s. At places outside p, the choices are the same as Case 0
through Case 4 above. At the p-adic place, we construct the Schwartz function in S(W,) = S(X ;, eY 1/7)
first and apply the intertwining operators 8‘;1. We write

x,=(x,,x,,)€X), and y,=(,,¥,2) €Y,

We define ¢, ,(xp, yp) = 0z,p(x), 1, ¥, D if X, 1, ¥, €Z; and x), ,, ¥}, , € Z), and equals O otherwise.
Now we compute the local pullback integrals.

« For the Archimedean place, this pullback integral is 1 as in [Wan 2015a, Section 4.1] (n = 1, and k =2
there).



460 Xin Wan

« For v{p, by our choices the corresponding local integrals are nonzero constants which are fixed along
the p-adic families (see the computations in Case 0 through Case 4 above). The product of such local
integrals is [ [, cy.

» For v = p, as before we have ¢3,, and ¢, ,,’s (this time both Schwartz functions depend on the
arithmetic point z!), and can compute that 8;/’/_1(¢Z,p) =¢32p X P2zp € S(X/l,p) x S(Xo, ) where

1 " . 14 : Vi " :
G3,2,p (X7 X)) =10 p(x] ) if X7, € Z), x| € Z,, and equals 0 otherwise,

/" " g(nz,l?) —1 /"
¢2,Z,p('x2’p’ xz,p) = pt nz’p('xz’p)

if x5 » € p! Z, and x5’ » € Zp, and equals 0 otherwise. So these are exactly the theta functions whose
inner product we want to compute. Now we compute the Siegel section f € I} (A3) on U(1, H(Q p)-
From the form of the Schwartz functions, it is easy to see that the Siegel-Weil section fy, , = f1.pf2.p
for f> , € I1() to be the spherical function which takes value 1 on the identity and fi , € I;1(2) is the
Siegel-Weil section on U(1, 1) of U(1, 1) x U(1) for the Schwartz function ¢, € S(K,) which, with
respect to K, = Q, x Q,, is ¢, (x1, x2) = 1, ,(x1 - x2) for x1, x2 € Z;, and ¢, (x1, x2) = 0 otherwise.
However, this section is nothing but the Siegel section 7 we constructed in [Wan 2015a, Section 4] for
the one-dimensional unitary group case. Thus, the local integral is easily computed to be

g(lzf") 2,5 PP A (P D) = A (L P (e ).

Recall the ¢y and ¢, we used in the construction of  and 63. To sum up, we obtain the proposition
from above computations. U

8B1. Constructing h. We repeat the above process to construct another family A from the family %/,
which will be used in computing the Fourier—Jacobi expansion as well. We put an assumption:

suppose for each nonsplit bad prime v such that U(2)(Q,) is compact, nluay@,) = 7’'lua)@,)-

Again we compute at a generic arithmetic point z € Spec A/l/)(@ ). First we construct forms 4., and 13’3’2
using theta lifting in the same way as we constructed 6, and §2,3, except with 1/ in place of 1, and slightly
different theta kernels described as follows. (Therefore, in our application, the forms /4, ’s are still CM
forms.) More precisely, we make the Schwartz functions as follows:

« In case 0 and case 1 (unramified and Archimedean cases) our Schwartz functions ¢, , $2.2.v, ®3 .4

are chosen by the same formula.

« Incase 2 (split bad primes) the Schwartz functions d)é’” and d)é,v are chosen as before except replacing
Nz.v by ). We define ¢y, =8/, (¢}, K¢ , ) and define ¢oz.0 =8, (@, ). $3.0 =8, (¢} ,). We
further multiply the Schwartz functions by a (fixed) nonzero element in Z,, to make the ¢3 ,, ¢2 ; v,
and ¢, , are integral.

e In case 3 (nonsplit bad primes with U(2)(Q,) not compact). In this case we recall the local theta
correspondence from U(1) to U(1, 1) is always nonvanishing from any character of U(1)(Q,) since it
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is in the “stable range” (see [Kudla 1996, Propositions 4.3 and 4.5]). We take some Schwartz function
¢2.2.» and ¢3,, with nonzero pairing so that they are eigenvectors under the action of U(1)(Q,), and
the eigenvalue for ¢3 , is )»%77;,1,- (The existence is guaranteed by the previous “stable range” result.)
These Schwartz functions are fixed throughout the family. Define ¢, , = 8y (¢p3,, Xy ,,) €S (Wff )
as before. We further multiply the Schwartz functions by a (fixed) nonzero element in Z, to make

the ¢3 ., 2,24, and ¢, , are integral.

o In case 4 (nonsplit bad primes with U(2)(Q,) being compact) Recall we assumed 7|y @,) =
n'luay@,)- As discussed at the beginning of Section 8A, it is easy to see that the 7, , is either
y'réx7 L ®n; or "‘ngvn » ®nz. Under this identification we choose the local Schwartz function ¢ ; ,
at v so that the image in 7, , is U1 or ,(v1) depending on whether JTG\;Z’U ® n, or aﬂev,,z,v ® n,
(notations as in Section 8A), and the Schwartz function ¢3 , whose image is v; or (4 (v1). Define
Gvz =08y (P3N ,) €S (W‘j ) as before. We further multiply the Schwartz functions by a (fixed)
nonzero element in Z,, to make the ¢3 ,, ¢2 ; ,, and ¢, , are integral.

e In case 5 (p-adic places) we choose ¢, ,, ¢> , , and ¢3 , as in case 5 before Definition 8.4 except
replacing 7,,, by n; .

Let H' be the family of theta functions on U(2, 2) defined as the © in Definition 8.5 as
Z l_[ ¢yp(x) X ¢p(x)e2ﬂitr(’i2x)

xeK? vtpoo

but replacing the local Schwartz functions there by the ones defined here. As in Definition 8.7, we denote
h' for the A’,-adic family constructed by

hi H/(Lt )QZ
_ o —1 o aux» g pP3
h/(g) — 0"”’¢2 — E 1 n”(uj) W, —1 (MJ)T)\.(detg)
1=

Note that its central character is #”. Write cjy = 04, (u},,) - Q,/Q00. Clearly it is interpolating theta

/
aux

functions
hx

Ry = cw Y0y ) " @3- () O], g, ). (8-5)
i=1

Again we define A2 on D*(Ag) as h'? K 1, (note the character is not 1) using the procedure at
the beginning of Section 8A. Clearly we can also form the corresponding family which we denote as
WP =hr'PRy.

The automorphic representation for 12 (62) is the Jacquet-Langlands correspondence of the CM
form associated to An, (An, respectively). We define A, (or ) on GU(2)(Ag) using hf (or hP) and the
character n, Y4, (not n,! This is crucial for our p-adic analysis of Fourier—Jacobi coefficients) (or ')
as

ho(ag) =n; "W (@hP(g), h(ag)=n""Y@h"(g)
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fora e A,é and g € D*(Aq). The h,’s are certainly interpolated by the family k. We write ), , for the
corresponding automorphic representation. Similarly let fl?z be the form E;DZ X ,;12, and let I~z3,z be the
form on GU(2) constructed from fzgz using the character n,y, L. Let I be the corresponding family.

Now we give the map of the weight spaces for & and the Fourier—Jacobi coefficients of the Ep kjing. In
fact the nebentypus of the Ep kiing,- is given by diag(wi Zl, Xf WZ_, Zl, ‘L’i Zl, 71,z). Therefore the nebentypus
of elg» FIg(Ep kiing,z) as a form on U(2) is given by x, W£ Z], ‘172_’ Zl So it is interpolated by a family in
Mord(K29 A5 0) ®;, A, with the weight map jo : Az g — A’} given by

A+T) = xpp¥5 121+ p), 1+ T) = 75 (L4 p). (8-6)

Here x ¢ , is the p-part of the central character of f, and we write ¥, for the restriction of ¢ to ICDXO ~ @;,
and similarly for 7. It s also straightforward to check that k € Mord(K 2.0), A20)®j, A, for the same jo.

Convention. Oftentimes, when we constructed 6, € 7y, with central character xp , then by éz € m; we
mean 6, - ( Xo. 21 o det). If we have constructed 53,2 with central character Xo. Zl, then by 65 , we mean
53’2 - (xp.z o det). We use the same conventions for /,’s as well.

We have the following immediate corollary:

Corollary 8.10. The 6,, 65, 6P, 0P h,, hs,, hP

3,z z°

corresponding automorphic representations.

h?z constructed before are pure tensors in the

Proof. This follows immediately from Lemma 8.2 and the constructions above. ]

8C. Choosing some characters. In this section we make choices for some Hecke characters for the
n and 1’ in the previous section. These are important in our study for Fourier—Jacobi coefficients for
Klingen—Eisenstein series later on.

We first give a result of Pin-Chi Hung [2017, Theorem C]. Let x be a finite order Hecke character of
Kx \A,é of conductor M Oy for some M > 0. Let f € S (I'o(V)) be an elliptic cusp form of even weight
k, level I'o(N) with g-expansion

F@ =Y an(f)g"
n=0
We decompose N = NTN~, where N is a product of primes split in & and N~ is a product of primes
ramified or inert in K. Suppose N~ is square-free and N~ = N N~ where N is a product of an odd
number of primes coprime to M and N, is a divisor of M. Let £ be a rational prime split in . Let K,/
be the unique abelian anticyclotomic Z-extension of K and I'™ be the Galois group Gal(KC, /K).

Theorem 8.11. Suppose (24 N. Let p be a rational prime such that
e pt{NDy and p > k —2,
e for every nonsplit q | M, q + 1 is not divisible by p,
e forevery q | NJ: ramified in IC, az(f) = x(q)(= 1), where g = 9%,

o the residual Galois representation p g, ?»|Ga1(@ /0) is absolutely irreducible.
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Then there is a finite extension L /Q), with integer ring O and uniformizer . We have for all but finitely
many characters v : '™ — [y, we have

L(f/K, xv, k/2)
QyN-

%0 (mod 1).

Here the Q2 v~ is a period factor defined in [loc. cit.].

Now we choose the characters needed. From now on we fix once for all a split prime £ outside ¥ and
write a new “X” for X U {¢}. We choose xy a Hecke character of KL*\Ag as follows: xp o is trivial. At
p we require that x be unramified. For v € X nonsplit in /Q, then we let xg ,|u() to be the character
chosen in Section 6. For split v € ¥, v{p, £, v = ww, suppose cond(r,) = (w,i"”), we require that xg .,
be unramified and cond(xp ) = (zzrvtz'”) for t , > 2t1, + 2. We choose a character yaux of ICX\AE as

follows: xaux| Ax = 1, it is trivial at oo, and is only ramified at primes in X not dividing p such that
U(2)(@Q,) is not compact. For split such v we require that

(@, ") if 1, #0,

cond = -
(Xaux) {(ZD',?’U 1) if 11, = 0.

At nonsplit such primes we require that
Cond(Xaux,v) > cond(m,), cond, ()\-ZXQ_CX@Xaux) > cond ()

and Xaux,» |gx has a smaller conductor than y,ux ., (here > means the conductor of the former is of higher

power of the uniformizer than the latter). Also for each prime ¢ such that U(2)(Q,) is compact and

g is ramified as w? in K, suppose 7, = Steinberg ® x,,1 for some unramified quadratic character y,

we require that x, 1(¢) = Xaux () (these are used in the next paragraph to make sure that the special

L-values are of the correct local signs when applying Theorem 8.11). To ensure the existence, we may

need to enlarge the ¥ by including one prime £’ which is prime to N and inert in K. Let x = x,  Xaux -
We further require that

L(ms, X Xoxn 3) ) o T = DL(xamt ™ 52) k=2
o Eulp(nf,k )(9)(;2,5), T Elﬂp(XauxT ‘ ) )

and
Tk —2)L(A*xg “XoXauxT ', 52)

—20k—2
K 2900

Eul, (3257¢ -1 k=2
P Xo X6 XauxT >

are p-adic units where the Eul, are the local Euler factors for the corresponding p-adic L-functions at
p when everything is unramified at p (we refer to [Hsieh 2014c, (0.2); 2014b, (4.16)] for their precise
definitions). The first uses [Hsieh 2014c]. Our assumptions above on conductors imply that at all
nonsplit primes the local root numbers in Theorem A of [Hsieh 2014c] are all 41 (this uses [Jacquet
and Langlands 1970, Proposition 3.8], as also mentioned in [Brakocevi¢ 2010, Introduction]). Then
we take a split prime £ Np and apply that theorem to see that there exists a twist by anticyclotomic
character of ¢-power conductor which satisfies the requirements. The second and third uses [Hsiech
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2012] (we are in the residually non-self-dual case there) and again we can achieve the requirements
by twisting by an appropriate anticyclotomic character of conductor powers of £. Further, we assume
that 1 —a, ()™ xo.p2xn.p.1(P)s 1 = ap(f)xX0.p.1 X0 p2(P) ™" and 1 =22 530 p.2X6.p.2T, 5 (p) p~* =1
are p-adic units. At each prime v of K above a prime where U(2)(Q,) is compact, we require that
1 — xaux? < (@0)gs “ /% be a p-adic unit. We also require that L(ms, x§xn, %)/(nZQ;Q;) is nonzero
(do not need to be nonzero modulo p!) using the Theorem 8.11 recalled above (by choosing a different
s

p"” and prove nonvanishing the new p’. Note that the mod p’ residual representation p 7|, is absolutely
irreducible for all but finitely many primes p’).

Definition 8.12. Now we take the n and 7’ in the previous section to be the xy and xj; above (indicating
they are used for forms 6, and &,’s. Clearly they satisfy all the requirements there.).

Now we define a character ¢ of @* \Aa (the reason for doing so is just a cheap way to use the new form
theory at split primes to pick different vectors inside an automorphic representation of U(2)). We require
that these be ramified only at split primes in X\{p}. At such v =ww and require that ¢|,x = xx |lec‘w.
These uniquely determine the character .

8D. Triple product formula.
Background for Ichino’s formula. Let 1, 5, 3 be three irreducible cuspidal automorphic representa-

tions for GL, /(D such that the product of their central characters is trivial and the archimedean components
are holomorphic discrete series of weight two. Let niD be the Jacquet-Langlands correspondence of
them to D* (assume they do exist). Let ¢; € niD and ¢ € 7~Tl~D. Write IT = ]_[?:1 mi, ¢ =[], ¢ €11,
¢~> =11 qg,- € I1, and r the natural eight-dimensional representation of GL, x GL, x GL,. We write
1¢®¢) = (

o $1(2)2(8)p3(8) dg) ( o $1(8)$2(9)p3(8) dg>.

[ [

Now look at the local picture. Suppose ¢; = ®,¢; , and d;,' = ®v¢~),’,v. We fix (-, -) a D) invariant pairing
between niD and ﬁiD . Let ¢ be the Riemann zeta-function. Define

L,,I1,, Ad ~
( ) [Tn 200, @) d7x,.

Ly(y ® bo) = 5y(2) .
(@0 ® dv) = £u(2) Ly(1/2, Ty, 1) Jox\p@,) 7,

Note that this depends on the choice of the pairing.
Let X be a finite set of primes including all bad primes, then we have the following formula of Ichino
[2008]:
1¢p®$) C
[T@.¢) 38

where C is the Tamagawa number for D*. This does not depend on the choice of the pairing.

()

L*(3,10,7) l—llv(%@év)
LE(1, T, Ad) L1 (4, )

In application, our (¢, ¢) is usually 0, thus we need a slight variant of the above formula. Suppose
we have elements g; =[], g; , such that (¢, Jr(glf)q;i) #0fori=1,2,3, where g; , are elements in the
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group algebra <IZDP[DX (@,)]. Then

~ T/1 ~
I(¢®¢) 2952(2) L (2,1_[,7') IU(¢U®¢U)

(¢, n(g)di) 8 L¥(1,T1, Ad) - & (¢, (g}) o)

with g, =T, .-

Local triple product computations. We remark that in [Hsieh 2017, Sections 5 and 6] the local test vectors

and triple product integrals are worked out in full generality. However here for the special cases needed
in this paper we include the computations for convenience of the reader.

Split case principal series. Suppose v is a split prime of K/Q with g, being the cardinality of its residue

field. We assume 7, and my, are principal series representation and 73, is either principal series
representation or special representation with square-free conductor. For K = GL,(Z,) the maximal
compact subgroup of GL,(Q,), we use the realizations of induced representations as functions on K:

Ind 23S (x1.0. x2.0) = {01 K — €, v(gk) = x(9)v(K). q € B@Q,) N K}

where x (q) = x1,0(a) x2,0(d)3p(q) for g = (“ 3). We realize the inner products as
(o1, 02) = [ wiath) dk
K

for v; € Indng(Xl,,,, X2.0)s V2 € Indng(Xf’i, Xzfi). For a positive integer ¢, let K; C K consist of
matrices in B(Z,) modulo @w!. For f € w(x1, x2), f € n(xl_l, Xz_l), we define the matrix coefficient
@, 7(g) = (w(Q)f, f). Leton = (" ).

Lemma 8.13. Supposet > 1, cond(xlxz_l) = (w]). Let w = (1 1) in this lemma. If

x1(@)x2(d)  ky € Ky,
0, otherwise,

fx (kv) = {
and fx*I is defined similar to f, but with x replaced by x L. Then chx 7 (&) =00n
S
U, Kiwo, K1 U, Kio,wK].

On\U,K0,K1 U, Kiywo,wK1, it is supported in

1 1 o) 1 w,"Z,
() (g, o o () () e

The corresponding values at (1 w”) and (w”n 1) are Vol(K,)oz’Z“qv_n/2 and Vol(K,)ozq‘qv_"/2 respectively,

where o; = x; (wy) fori =1, 2.

Proof. 1t is easy to check by considering the supports of f, and fx that ® fods (g)=0on ]_[n20 KionwKj.
(K10,wK/ does not intersect supp f.)
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Now suppose g € Kjwo, K| for n > 1, without loss of generality we assume

(o) e (L) ()

for @, | b, @, |c. Plugging in the formula for matrix coefficients, write K; > g’ = (”/ Z;)( Cl 1) for
a,d' ezy,b e, d ecwlZ,.

I R 1 1
= (") (Lo ) )
_(a 1 1 1 b
‘( )( wﬁ) ((c’+c)/W3 1)( 1)'”
_(a 1 1 1/¢"\ (—1/c" 1
(") (o) () O ) (et e

Here we write ¢’ = (¢’ +¢)/@)'. We need to fix g and do the integration for g’. The first observation is

/ b/
d/
/ b/
d/
/ b/

that we only need to consider integration with respect to ¢’. Next we can integrate for those ¢’ such that
pllb+ ci, We divide the problem into four cases according to whether @/ | ¢ and whether @/ | b. In
any case, it is not difficult to check that the integration is 0 since cond(x1 x, 1) = (). We leave the
verification for g € Kj0,K; and KywowK to the reader. O

Lemma 8.14. Suppose cond(XlX;I) = (w]), t > 0 and ¥ is a character with conductor (w}), s > t.
Define
d)y ! ,delX,bel,, 7%,
F=froke) = xi(a)x2(d)o(c/wy) a,de 2y €y, cew,l;
0 otherwise,
for ky = (* Z) (i \)- We similarly define
f == fx—l’ﬁ—l .
Then on U, K 0,K; U, Kjwo,wKj, <I>f’f(g) is supported in K|. Moreover if g € K, with CDf’f-(g) #£0,
then its upper right entry is divisible by w, ™", and ® ; 7(g) = (qv — 1)g, ' Vol(K).

Proof. Suppose @ FoooFom (&) # 0. In the following proof we write ¢ for ¢ FonFot yot for short.
DSy =1 - DSy =1 9
Ifge Kl(wvn 1)Kl for some n > 0, then as before we have g € (w:’, 1)(1 wﬂlz”)K,. For g’ € K;, write

g = (“/ Z;)(Cl, 1). Without loss of generality assume

(D) E)
) [ [ [ [

forb e Z,, w! | c. Then
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Plugging in the formula for matrix coefficients we need to integrate for a’, b’, ¢/, d’. Again we only need
to consider integral with respect to ¢’ € w)Z,. Thus,

1 1 b\ (@ (1
c 1 1 1/\c 1
(1 b/(b+ 1) (1/(bc + 1) @ 1 |
o 1 b’ +1 1) \do!/(c'b+1) 1) \c 1)~

If n > 1, then the integral is 0. If n = 0 and ®(g) # O, then g € K,. Suppose g = (1 }1’)(; 1) with ¢

divisible by @31 then we easily see that b is divisible by @~ and ®(g) is given as in the lemma. For

g€ Klw(wg JwK| again if ®(g) # 0 then g € (' w'})(wnlzv . )K:. Without loss of generality write
8 € (1 wtf‘)(i’ 1) forc e wy ™2y, K15 8" = (a/ cbi/’)(cl’ 1)’ g'g= (a/ Z;)(1 wg)(c//(wl;f)Jrc 1)' If n > 1, then
one can check that the integration is again 0. ]

Suppose x, !> is unramified and ¥ has conductor (w}), s > 0, then we define f, y € 7 by

x@x@vc/m) g=(“2)(")). (“1) e B@), c e w,Z,
0 otherwise.

fx,ﬁ(kv) - {

We define similarly f)?,ﬁ € 7 by replacing x, 9 by x 1, 9L

Lemma 8.15. Write f = f, », f = ];5 € 7 then on U, Kyo, KoL, Kowo,wKy it is supported in K.

Moreover if g € K541 and <I>f’f(g) # 0, then the upper right entry of it is divisible by wj*l, and
gy — 1
@, #(g) = ——— Vol(K1)
o qv
Proof. Similar to the above lemma. [l

Lemma 8.16. Suppose x| and x, are both unramified. Let f*® be the spherical vector which takes value
1 at identity in the model above. Then

a 1 o’
) )
acw,Z, /(@) Z,)
X (1= qux1/x2(@)) ™' (1 = q;”zx;l(wv)nv((w“ 1))1‘“’*‘

sy —8/2
equals x1(@,*)qy s/ fx.-
Proof. Straightforward computations. U

Next we evaluate the local triple product integral for certain sections. The following lemma follows
from the lemmas above.

Lemma 8.17. Let x 11, X 12, X6.1> X0,2> Xh,1» X6,2, U be characters of Q and t; < s < t; be nonnegative
integers such that if t| # 0 then t; +s =tp, and if t{ = 0 then s + 1 = t,. Suppose cond()(f,l)(;;) = (o))
and cond(¥) = (w,)® and cond(xg’lxe_é) = cond(Xh,IX]:é) = (w)?). Assume: xs1.%0,1-Xn,1.0 = 1 and
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Xf2-X0.2-Xn2-9 "1 = 1. We also define fy, 9 € m(xf1. X52)s fro €T (X012 X0.2)s [y € T(Xn1s Xn.2) as
above. Similarly for f)~(f,1§’ S50+ fn- Then Ichino’s local triple product is

N . . (gv — 1)?
IU(fo,l? ® fXg ® thv fif,f} ® f)?ﬂ ® f)?h) = quzTVOI(K])Z Vol(Ktz)Z'

(In this lemma, the xp, xo are defined using xn.1, Xn.2, Xo.1, Xo.2 similarly as in Lemma 8.13.)

Special representations. We consider the induced representation (x1, x2) = { f:K,— K, f(gk) =

x1(@x2(d)85(q), g =(*4) € B(Z,)} where x1 = x2|-|. The special representation o (x1, x2) C 7 (X1, X2)

consists of functions f such that f x J (k) dk = 0. We consider the case when 73 is the special represen-

tation o (Xy,1, Xv,2) C Indgl(“é(f”)( Xv.1, Xv.2) at v with a square-free conductor. Here y, ; are unramified

characters. Similar to the unramified principal series case, we use the model of induced representations. It
is easy to see that the f, » defined above is inside o (1., x2,). Note that in the model for n(Xl_l, X2_1),
there is a one-dimensional subrepresentation and the quotient is o ( X1, j), Xa. 5). The inner product of
o (X1,v> X2,v) and G(Xf,,f’ Xii) is still given by (vy, v2) = fK vy (k)vy (k) dk. The formula for the triple
product integral is the same as the one in the case of principal series representations. Let fuew.» €0 (X1, X2)
be the f such that f(k) = q, for k € K| and f (k) = —1 otherwise. Clearly it is the new vector in the
special representation. Then we have the following lemma:

R A (DI

GGWI;ZU/(W,} +SZU)

Lemma 8.18. We have

is )(1(131)_5)615_5/2 - fx,0 where f » is defined above.

Proof. Let fy and fi be the characteristic functions on K| and KywK;. Then foewv = gv fo— fi- A
computation shows that

R ¥ (O | Gy (s

acw,Zy/ (@ 1)
a 1 =S
Wy, a l 1
aewvzv/(varszv)
The lemma follows. O
Remark 8.19. The reason why the local integrals at split primes showing up in the triple product formula
later on are the ones considered in this subsection is a consequence of the computations in Section 6G.
Now we consider nonsplit primes.

Nonsplit case 1. The U(2)(Q,) is compact. This case is easier since we are in the representation theory

for finite groups. By construction the representation 7 })U is one dimensional. Recall our construction for &

in Section 8B. For such v, we let g2, and g4, be either the identity or « there depending on whether n;lz ’
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is ”BV;,Z,U ®n, or a]‘l’e\;pv ®n,. Let g1,, and g3, are the identify elements. By our assumptions on xg.,, Xn.v
and 7 7, and our chosen vectors h, 6, 63, h3 and that ch)v is one-dimensional, it is easily checked from
the construction (note that by the choices in Section 8C, the local triple product root number at v is —1)

V] D,v
ThD p = Ty, ®71f,v .

We conclude that by the inner product formula of matrix coefficients of representations of finite groups

Iv(nh,v(gZ,v)th &® Ué)v ® ﬂf,v(gl,v)fﬁ?v’ ﬁh,v(g4,v)}~lvD Y 54?1} &® ﬁf,v(g&v)fﬁD’v) 1
(Th,0 (820008 n 0 (84 ADY VG TP ) (T (81.0) s Fopw(83.0) 1) dz,,,

where dy, , is the dimension of the representation 7, ,. When we are moving our datum p-adic analytically,
this integral is not going to change.

Nonsplit case 2. The U(2)(Q,) is not compact. Recall that we fix a generic arithmetic point. By [Prasad
1990, Theorem 1.4] we know that there are

81,05 82,05 83,05 84,0 € D™ (Qy) C GU2)(Qy)

such that

L (0 (g2.00hy, @ v, ® T 1,0(81,0) fs Tnv (84,00, ® Ty ® T £0(83.0) f7) # 0.

(We write vﬁ for the image of vy, in the corresponding D> (Q,) representation and similarly for ﬁgv
(notations as in Lemma 8.2. To apply Prasad’s result, note that the local sign for this triple product is +1
by our choices of high conductors.)

Definition 8.20. We define
8i = 1_[ 8iv
v

fori =1,2,3,4. (Wetake g; , = 1 if v is split in £/Q.)

The local triple product integrals are nonzero by our computations. By Ichino’s formula and our
requirement on special L-values (note that the product of the central characters for f;, 6,, h, is trivial
D 9D

by construction) the global trilinear form is also nonzero. So by our definitions for A7, 6,°, etcetera in
Section 8A, we know that [ [, g2, has to be in D*. Thus up to a nonzero constant fixed throughout the

family, we have

f[ DR (50 o) ) 5 = f[ (2(82)h2)()6:(8) (T (g1) fo0)(9) dig.

U@2)]

We have similarly [ [, g4, € D* and up to a nonzero constant fixed throughout the family,

[m(” (8)h% ) (@) (11, (83) £, 5)(8)0%, 10 (8) dg = /[ Um}(n(gnﬁs,z)(g)(nfz (83),.5)(©)3.210w(8) dg.
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These g; ,, are chosen only at the arithmetic point z. We fix them when moving the Eisenstein datum in

p-adic families.

Lemma 8.21. Let v be a nonsplit prime. Then for different arithmetic points z with fixed z|;, the T[th v
and JTQDZ , only differ by twisting by unramified characters which are inverse to each other.

Proof. In fact, at nonsplit primes, the local Weil representations on unitary groups are unchanged

throughout the family since the characters xg . ,|u@) are unchanged. (They differ by multiplying by

D

unramified characters and U(1)(Q,) is compact.) So for different z and Z, the difference between T g

and JthDZ, , only comes from the characters extending the form on U(2) to GU(2), and similarly for 77(9Dz v
Note moreover that from construction the product of the central characters of n}f)z‘ - JTGD’Z’U and 7y, is
trivial. The lemma thus follows. ]

Thus if the theta kernel we used to define i, and 6, are fixed, then the local triple product integrals
I, (T[h,z,v(gZ,v)th,v () vf Ry, v(gl U)fZ’Dﬁ v T z,v(g4,v)fzfv (29 ﬁfl (9 ﬁ'fz,v(glv)fz%’v)

<thv’ h3Dz v><v1D’ v1D><stD79,U’ szﬁ v>

does not change (note that the ( £ 0.0 f FD 5. U ) has a nonzero inner product). This observation is crucial in
proving Proposition 8.29 later on.

We now define [-adic families from the family f defined in Section 7A using Lemma 8.16 and 8.18.
However, in order to do so we may have to replace [ by a larger normal domain finite over [, so that the
X1,0(wy) and o ,(y)’s at primes in ¥ where 7 ¢ is unramified will be elements of this newly defined [.

Definition 8.22. We define fy as

e e ()
I 2 () () ()

Az
wyZy

s
wv Zy

We define f = f ® x}l and similarly define fﬁ-
We also denote its specialization at an arithmetic point z € Spec A/l/)(@ p) by fr

8E. Evaluating the integral. Recall that we have defined a theta function 6* in Corollary 6.47 (we sup-
press the subscript D as it is fixed throughout the family). Now we construct: for any F € Mq(K @D, AD)
(weight map as in Section 7B),

19,(F) = lé*a[ll]<1, 1_[ (Z Cv’ip((”“‘[ I " >)(F))>
veslux? i "

whose value is in M(K%9, A, ) ®, A’},. Here C,; are defined in Lemma 6.26. The a[ll] is the family
version of the Fourier—Jacobi expansion in the sense of Definition 3.7, and [, is applied to the theta
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function part of the Fourier—Jacobi expansion as in (4-4). See the proof of Proposition 7.9. Note that we
can easily make sure that 6* is a member in the basis 0;’s there. Recall that for the specialization F, of F,

lpealy (1, Fp)(h)) := /[W] aly (1, Fy(wh))0* (wh) dw

with the Heisenberg group W — U(3, 1)

1w %(w, w)
1 cw*

1

w =

It is clear that I;, FJg(F)(h) is an automorphic form on U(2). We can also define /g- on a single form on
U(3, 1) instead of on families, using the same formula. It is clear that

z(lg+(F)) = Lo~ (F).
Lemma 8.23. The lp-(F) € M(K®9, Ay 0) ®;, (A} @z, Q).

Proof. Recall that in Definition 3.7 there is a Ap-adic Fourier—Jacobi expansion for families on U(3, 1).
As before we just take a basis of O -dual space (6], ..., 6,,) of the finite-dimensional space H OB, L(B)).
Pairing the A’,-adic Fourier—Jacobi coefficient of F' with these 6 we get a A’j,-adic family. But our /), is
in the L-linear combination of the 6;’s. Thus we get a A, ®7, Q,-adic family on U(2). ]

We also define
By := Bgoo (eordlo- (Ep Kiing)» T(g2)h). (8-7)

Definition 8.24. For any nearly ordinary form f or family f (we use the same notations for k, @, etcetera)
we define fiow(g) == f(g(, 1)p)(under the identification D ~ GL,(Q)) given by the vy projection).
Also, if x is the (family of) central characters of f we define f = f.(x "' o Nm). We also define
o@=re(,"))

We will compute the specializations

p

2(B1) = (lo-(E D Kiing.2)> 7 (82)hz.10w) VOI(K,) ™"

(The K, is the level group at the arithmetic point z. Note that the tame level group is fixed at the end of
Section 6 throughout).

We can evaluate this expression by Ichino’s formula for triple products.

We have the following

Proposition 8.25. We use the notations of Section 8B and Definition 8.22. Then there is a C, the product
of a constant in @; which is fixed along the family and a unit in ﬁur[[F,/é]] (precise definition is given in the
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following proof), such that for any generic arithmetic point z of conductor p',

2(B1) = C.p' Cpy2(L5)2(Le) X ( A (g2 (D7 (81) fr.5 ()0 0 (2) dg)

% D*(@)\D* (Ag)

where Ls and Lg are Katz p-adic L-functions in ﬁ“rl[l"‘;é]] interpolating the L-values

2nil'(k — 1) K—2

K ‘L'_C, L tk=1) T —K /2Nt

p Q’éog(fz,l,p) (Xaux 2 ) ) p (Xaux,l,p z,l,p(P)p )
and
Q2 'k—2)

P ngg(fz,l,pXQ,Z,ZXQ_yzl,])
_ -1 k=12 _ _ v
XL()‘ZXQ,;XG,ZXauxTZ 1, ) )PI(K 2)(Tz,l,ng,zl,1,pX0,z,2,p)\%,p(p)p i 2/2)t

respectively.

Remark 8.26. Although our coefficient ring is A’j,, however in fact the functional does take values in the
subring I[T"}-]l. Indeed the additional variable I';,- of A}, corresponds to twisting the Klingen—Eisenstein
family by p-adic anticyclotomic characters.

Proof. We first remark that it indeed makes sense to talk about the Katz p-adic L-functions £s and Lg
interpolating those values, since the characters t, and xy , are indeed interpolated as characters with
values in I[T]).

By Corollary 6.47, we have z(B;) equals

2t

p 1 1
T X/ Z Esieg,DZ,2<”17u2( 1) )(ﬂ(gz)hz,low)(ul)Qz,Dz <u2< 1) )
Q% U@IXUOI ez 7z, nt, nlj,

X (7 (g1) fz,0)(u2) duidus.

We integrate over u first and factorize the Egeg p,2 via the embedding U(2) x U(2) — U(2, 2) of
Egieg D, 2- By the local pullback formulas we computed in Section 61, we get

C2p' Cl)2(L5)2(L6) X ( fA m(g2)h2 (9)m(81) fr.0(8)04 () (det g) dg)

o DX (@\D*(Aq)

where C, is the product of the local pullback integrals in Section 61 (and also the local pullback computations
in Sections 6E through 6G) at primes outside p, local Euler factors at p for Ls, L¢ (see [Hsieh 2014b,
(4.16)] for the Euler factor at p), Euler factor for £s at primes in »2 and Euler factors for L at p. The
first is a fixed constant which does not move with z, the rest are interpolated by units in the Iwasawa
algebra by our choice of characters in Section 8C. Thus the C, are clearly interpolated by an element C
mentioned in the proposition. Note also that the Euler factors at other places are trivial.

We are now ready to deduce the expression in the proposition. Although the 8, part appearing above
8 0, , ® A constructed in Section 6 (not an eigenform), however, in view of the central character of &,
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and f,, only the eigencomponent 6, of 6, , ® A with the correct central character matters. Also by the
construction this 6, part is a multiple of 8;° which, after applying the operator Znezp /p'Z, ng,z(( rll 1)p) is
6,.1ow by construction (see Proposition 8.3). So by considering the local pairing between 7, , and JTGVZ .’
it is easy to see that if we replace this multiple of 6;* (see Definition 8.24) by 6, j,w we do not change the
whole integral. Thus we finally arrived at

C.p' Clpy2(Ls)2(Le) % ( fA m(g2)hy (g)ﬂ(gl)fz,za(g)eﬁow(g)dg)- O

% D (@)\D* (Aq)

By our choices for characters, the corresponding non-X-primitive p-adic L-functions £s and Lg are
units in A%.

In the following, we often omit the superscript D for simplicity. Up to a constant in @; (which does
not change along the family) we have

2(By) - pf( f (7 (84)h3.2)(8) (7 1,(83) £, 5)(8)63 210w () dg)
=(Ap,zm,z,»—f(p)<xe,zlxp,1>f<p)p3’( f (n(gz)hzxg)(nfz<g1)fz,ﬁ><g>0;“(g>dg)
x ( f (m;, (g0)h3 ) () (7 ; (g@ﬁ,g)(g)é;;(g)dg) x 2(L5 LE)
=13 (P xgan (PP ( f (T (82)h2) (&) (T 1,(81) f2.0)(£)65° (2) dg)
x ( f (T (g)h3.)" () (. (83) £, 5)"° (€)63 2(8) dg) X 2(L5Lg).  (8-8)

(Note that by our discussion in Section 7D, we know up to multiplying by an element in @;, the

(p’ / (0 (84)13.2)(8) (7 1,(83) [,5)(8)3 210w (8) dg) (8-9)

is interpolated by an element
Byeo (m(ga)hs -7y, (g3) fy. 03)
in 1[Iy ].)
Definition 8.27. We define yx , ¢ and x, , so that ¢, , (the p-component of the automorphic representa-

tion 77y associated to f') is the principal series representation (X, s, X f,,0) Where val,(x, ) = % and
val, (xf,.0) = —%, respectively.

We write the p-component of )»2)(9,2)(;,,2 as ((Azxg,zx;l,z)l, ()\.ZXQ’ZXh’Z)Z) and f, the normalized GL,
ordinary form new outside p. We also define the following: the p-adic L-function £ such that for any
generic z

271 9(X0.22)8 s DL (for M X0.2 X020 5) X fois (P) X £ 0 (D)) (O X0.2X0.2)2(P)-P) '

Li(z2) = o4
0,0]

4.
Q)
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the p-adic L-function £; such that for any generic z

 (=ap(f) " Xo2p i Xz 2 (P D) y OEDL D (fos X§ 2 3) Koo (PI P2 Ot X5 1 (PY ™
(=ap(f) Xo.2.p.1 Xz p2(P) P~ Qri(for £ (v ™ gy ’

the p-adic L-function £3 such that for any generic z,

L>(2)

L3(z) =

Lo (1) 800D LA x6.2X0 o0 V(P X0.2%5.2)2(P)p) " P’
T

Q2 ;
Q2 P

the p-adic L-function £4 such that for any generic z,

o (1) 8062 DL K2 e DIt 25, 02(p).p) 0",
L4(z) = . 5 Qp.
b4 Q.

We refer to [Hsieh 2014b; 2014c] for the justification of their interpolation formulas. These values are

A

interpolated by some p-adic L-functions in [i*. Note that by [Hida 1991, Lemma 5.3(vi)] and [Hida and
Tilouine 1993, Theorem 7.1],

9(x;HL(@d, fo, DMe(M)(p — 1) (xs,.(P))' _
B03W () Mo ol (7! ))FO(N)

where W'(f,) is the prime to p part of the root number of f,, which is an element in [* (i.e., a unit).

Note also that £, is in fact a nonzero element in Frac(l) (i.e., does not depend on the variable I'x) by
checking the p-components of x4 ,xs,, and nonzero by our choice of characters in Section 8C. It can
actually be written as the ratio of two elements whose specializations to all but finitely many generic
arithmetic points are nonzero. By our choices for yy and x;, we know that £ is in ﬁ“r[[F;é]] *. We consider
the expression

b o FEV g, BE) O, 055 ) xg 2 1 (P))Z(L1 L2L5Lo)

2 3/2\t 3t
Cuo JLaLo) (X f,25 ()25 1 (P) X0.21(P) Xn.21(P) P 7) P
o (fos Fetow) Uiz hoow) (62, O tow)2(L1£2L5L6) 5,
= Cyo D
z(L3L4)
The above element is clearly interpolated by an element
G e A (8-10)

We first give the following lemma for the local triple product integral at p.

Lemma 8.28. At a generic point z, the local triple product integral for the expression in (8-8) at p is

given by
Ip(¢p®$p) _ p~'(1-p) 1 _ 1
(Dp Dp) I+p  1=ap(f)xo.zpiXnzp2(P)p™ 1 =ap(f) X0.2.p.2X0.2.p.1(P)

Proof. This follows from Lemma 8.13. U
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We observe that by definition this expression is a nonzero element in Frac(l).
Thus we have the following proposition:

Proposition 8.29. Any height 1 prime of ﬁ“r[[l“,g]] containing By .0 (lo»(Exiing, ), (g5)h) must be the
pullback of a height 1 prime of for,

Proof. Let us recall what we have achieved so far. We have computed the Fourier—Jacobi coefficients
of the Siegel-Eisenstein series in Proposition 6.44. Using pullback formulas and computations on theta
functions, we further computed the 8*-part of the 8-th Fourier—Jacobi coefficient of our ordinary Klingen—
Eisenstein series in Corollary 6.47. This is a function on the definite unitary group U(2). Moreover, we
constructed an ordinary family 2 of CM forms on U(2) in Section 8B1. Then we form the pairing of this
0* Fourier—Jacobi coefficient with k (see the beginning of this subsection), and resulted an element B
which is an element in A} ®z, @, by its construction and Lemma 8.23. In Proposition 8.25 we used
the doubling method for U(2) x U(2) < U(2, 2) to obtain an expression for the specializations of B, at
arithmetic points z.

To prove the proposition, it is enough to show that the product of B; and the element (8-9) in ﬁ“r[[l‘;é]]
satisfies the property stated in the proposition. We examine the ratio between (8-10) and the expression
for the element interpolating

1 ~ ~ ~
EP’Z(Bl)</(7T(g4)h3,z)(g)(ﬂfz(gs)fz)(g)es,z,low(g)dg) (8-11)

using Ichino’s formula. (Recall C here is the Tamagawa number for D> appearing in Ichino’s formula.)
By our calculations for the local triple product integrals, and the Petersson inner product of (6, 63) and
(h, ﬁg,), the ratio is a product of

o Euler factors for ¢, (1) at X;
the local Euler factors for L(ad, f,, 1) at ©\{p};

p' times the local triple product integral for v = p, which are nonzero elements in Frac([);

o (fP. I P, o) /(L. FB.) which is interpolated by a nonzero element in I;

the local Euler factors of z(Ls) and z(L¢) at 2 and p which are units by our choices;

the local Euler factors at £2 of L( Jzs Xg 2 Xh 25 %) which are nonzero elements in [;

the local triple product integrals for v{ p.

The first two items are clearly interpolated by nonzero elements in Frac(l). The last item we listed above
has two parts: at split primes and nonsplit primes. The integrals at split primes are nonzero numbers in @If
which are fixed throughout the family. At nonsplit primes, we do not know much about it. We only know
that at a generic arithmetic point z, this integral is not zero, and it only depends on z|; at generic points,
as observed in Lemma 8.21. We may assume that at this z the expression (8-10) is nonzero and not a pole
(in fact just need £, to be a nonzero finite number here). Thus the expression (8-11) is not identically
zero. So the ratio of (8-11) over (8-10) is a nonzero element of Frac(ﬁ“r[[F;é]]). If we evaluate this ratio at
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the generic arithmetic points, it depends only on z|;. And also it is nonzero somewhere. From this, it is
not difficult to prove that (say using the following lemma) the ratio is a nonzero element of Frac (ﬁ“r). (In
fact we apply the following lemma to (8-11)/(8-10). Recall that by our choices for characters, the £, Ls,
L¢ are units in Ap, and £, is a nonzero element in Frac(ﬁ“r). Moreover, the local integrals showing up in
the Rallis inner product formula for 6, and %, at X, which are nonzero and fixed along the family. This
gives the ratio between (6,, éz’low) - (hy, EZJOW) and z(L3 - L4). So the proposition follows clearly. U

Lemma 8.30. Suppose A is an element in ﬁ“rlﬂ’jé]] ®z, Q. If for any generic arithmetic points z,7' €
U [Tk 1 such that 2l = 2/, we have z(A) =2/ (A). Then A € 1.

Proof. This lemma is easily proved by observing that if ¢;, ¢, are p’-roots of unity and ¢ is a generic
arithmetic point with conductors being p” such that ¢’ > ¢, then the composition ¢’ of ¢ with the ring
automorphism t, ¢, : ﬁ‘"[[F;é]] — ﬁ“r[[F;é]] given by identity on [ and vyt yTo, Yy = vy o s still
a generic arithmetic point. Let A be the element considered in the lemma. Then A — Ao , isOata
Zariski dense set of points, and is thus identically zero. The arbitrariness of {1, {; implies the lemma. [

9. Proof of the theorems

9A. Eisenstein ideals. Let Kp be an open compact subgroup of GU(3, 1)(Ag) maximal at p and all
primes outside X such that the Klingen—Eisenstein series we construct is invariant under K;)p). We
consider the ring Tp of reduced Hecke algebras acting on the space of A’,-adic nearly ordinary cuspidal
forms with level group Kp. It is generated by the Hecke operators Z, o, Z%, T; v, Tl({)) defined before,
together with the U ,-operator and then taking the maximal reduced quotient. It is well-known that one can
interpolate the pseudo Galois characters attached to nearly ordinary cusp forms to get a pseudocharacter
Rp of G with values in Tp (see [Skinner and Urban 2014, Section 7.2] for details). We define the
ideal Ip of Tp to be generated by {r — A(¢)}, for #’s in the abstract Hecke algebra and A(#) is the Hecke
eigenvalue of t on Ep kiing. Then it is easy to see that the structure map A/l/) — Tp/Ip is surjective.
Suppose the inverse image of Ip in A, is Ep. We call it the Eisenstein ideal. It measures the congruences

between the Hecke eigenvalues of cusp forms and Klingen—FEisenstein series. We have
Rp (mod Ip) =tr pg,, ,, (ModEp).
Now we prove the following lemma:
Lemma 9.1. Let P be a height 1 prime of ﬁ”rl[l";é]] which is not the pullback of a height 1 prime of for,

Then
ordp(L5 ¢ x) < ordp(Ep).

Proof. Suppose t := ordp (E? kg > 0. By the fundamental exact sequence Theorem 3.6 there is an
H = Ep Kiing — E? . | for some A’l’)—adic form F such that H is a cuspidal family. We write € for the
A'p-adic functional £(G) = (ls~(G), m(g5)h) constructed in Section 8E on the space of A’j,-adic forms.
By our assumption on P we have proved that £(H) # 0 (mod P). Consider the A’,-linear map

w:Tp— Ap p/P'Ap p
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given by: u(t) =£€(t.H)/¢(H) for ¢ in the Hecke algebra. Then
L(t.H)y=((tEp)=A(t)¢(Ep)=A(t)¢(H) (mod P")

so Ip is contained in the kernel of w. Thus it induces: A, p/Ep A p — A p/P' Al p which proves
the lemma. O

9B. Galois theoretic argument. In this section, for ease of reference, we repeat the set-up and certain
results from [Skinner and Urban 2014, Chapter 4] with some modifications, which are used to construct
elements in the Selmer group.

Let G be a group and C aring. Let r : G — Autc (V) be a representation of G with V ~ C”. This can
be extended to r : C[G] — End¢ (V). For any x € C[G], define: Ch(r, x, T) :=det(id —r(x)T) € C[T].

Let (Vi, 01) and (V2, 02) be two C representations of G. Assume both are defined over a local henselian
subring B C C, we say o] and o, are residually disjoint modulo the maximal ideal mp if there exists
x € B[G] such that Ch(o, x, T) mod mp and Ch(os, x,,T) mod mp are relatively prime in kp[T],
where kp := B/mp.

Let H be a group with a decomposition H = G x {1, c} with ¢ € H an element of order two
normalizing G. For any C representations (V, r) of G we write r¢ for the representation defined by
r‘(g) =r(cgc) forall g € G.

Polarizations. Let 6 : G — GL (V) be a representation of G on a vector space V over field L and let
Y : H— L* be a character. We assume that 0 satisfies the yr-polarization condition

0~y 6.
By a y-polarization of # we mean an L-bilinear pairing &y : V x V — L such that
D4(0(8)v, V') = Y (8) Do (v, 6°(8) ™).

Let d>f9(v, V') := ®y(v', v), which is another ¥ -polarization. We say that v is compatible with the
polarization @y if

O = —Y(c)Dy.
Suppose that:

(1) Ag is a profinite Z, algebra and a Krull domain.

(2) P C Agis a height one prime and A = AO, p is the completion of the localization of Ay at P. This is
a discrete valuation ring.

(3) Ry is local reduced finite Ag-algebra.
(4) Q C Ry is prime such that QN Ag= P and R = Iéo,Q.

(5) There exist ideals Jo C Ag and Iy C R such that Iy N Ag = Jo, Ag/Jo = Ro/ Iy, J = JoA, I = [HR,
Jo=JNApand Iy =1 NRy.

(6) G and H are profinite groups; we have a subgroup G;, C G.
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Set up. Suppose we have the following data:
(1) A continuous character v : H — Ag.
(2) A continuous character £ : G — A such that ¥ # vy~ Let x' :=vx .
(3) A representation p : G — Auty(V), V >~ A", which is a base change from a representation over Ag,
such that:
(@) p°=p" ®v.
(b) p is absolutely irreducible.
(c) p is residually disjoint from x and y’'.
(4) A representation 0 : G — Autgg,r(M), M =~ (R®@4 F)" with m = n + 2, which is defined over
the image of Rp in R, such that:
(a) o ~oV®v.
(b) tro(g) e Rforall g € G.
(c) Forany v € M, o (R[G])v is a finitely generated R-module.
(5) A properideal I C R such that J := AN # 0, the natural map A/J — R/I is an isomorphism, and

tro(g) = x'(g)+trp(g)+ x(g) mod/
forall g € G.

(6) p is irreducible and v is compatible with p.

(7) (local conditions for o) There is a Gy,-stable sub-R ® 4 F-module M;; C M such that M;; and
M; =M/ M;g are free R ® 4 F modules. We also require that M;g and Mj;  are disjoint modulo /.
(In our applications this is always satisfied although the Fl,—representations of pr, X', X are not
necessarily mutually disjoint when restricting to Gy,.)

(8) (compatibility with the congruence condition) Assume that for all x € R[G ], we have the congruence
relation

Ch(M; . x,T)=(1—Tx(x)) mod I,
then we automatically have
Ch(M;, . x, T) = Ch(Vy, x, T)(1 — Tx'(x)) mod I.
(9) Foreach F-algebra homomorphism A: RQ 4 F — K, K afinite field extension of F', the representation

0, :G — GL,,,(M ®pggr K) obtained from o via A is either absolutely irreducible or contains an abso-
lutely irreducible two-dimensional sub- K -representation o such that tro; (g) = x(g)+ x'(g) mod 1.

One defines the Selmer groups Xy (x'/x) := ker{H'(H, A5/ x) — HI(G;,O,Ag(X/X))}* and
Xc(po ® x7) = ker{H'(G, Vo ®a4, A§(x ") — H' Gy, Vy ®a, AG(x " NY*. Let Chy(x'/x)
and Chg (oo ® x ') be their characteristic ideals as Ag-modules.

Proposition 9.2. Under the above assumptions, if ordp(Chy (x'/x)) = 0 then
ordp (Chg (oo ® x 1) = ordp (J).
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Proof. This can be proved in the same way as [Skinner and Urban 2014, Corollary 4.16]. The only
difference is the Selmer condition at p, which we use the description of Section 3C to guarantee. Note
that the part corresponding to pg corresponds to the upper-left two by two block here while in [loc. cit.]
the p; contains the highest and the lowest Hodge—Tate weights. ]

Before proving the main theorem we first prove a useful lemma, which appears in an earlier version of
[loc. cit.].

Lemma 9.3. Let Q C [T\ be a height one prime such that ordQ(Li?,C,g) > 1 and ordQ(ﬁxfg/) =0,
>N

then ordQ(EXf é/) =0.

Proof. Let 6 = x &' If OrdQ(Effg,) > 1, then for some £ € Z\{p},

[] a-o"'ai'a+w)e ™ e,

Lex\{p}
where e € Z, be such that £ = o~ ') (1 + p)¢. Thus

0(0) =y @@ (1 + p)@™ (mod Q).
Thus there is some integer f such that

1= (1 +W)~ 1+ p)7*)7/¢ (mod Q)
which implies that for some p-power root of unity ¢, Q is contained in the kernel of any ¢’ such that
¢ (v (1+ W)y = (14 p)z_K . This implies, by [Hida 1991, Theorem I] for the interpolation formula,
that at the central critical point Lx(fs, 01, 1) = 0 where 0; is some fixed CM character of infinity type
(%, —%) and ¢ any arithmetic point. But then we can specialize f to some point ¢” of weight 4 (this is
not an arithmetic point in our definition, but is an interpolation point, by [loc. cit.]). By temperedness for
fe, the specialization is not 0. This is a contradiction. ]

Now we apply the above result to prove the theorem.

e H:=Gq3x, G=Gg.x, cis the complex conjugation.
¢ Ag=Ap, A=A} p.

Jo:=&p,J :=EpA.

e Ry:=Tp, Iy:=1Ip.

QO C Ry is the inverse image of P modulo £p under Tp — Tp/Ip = Ap/Ep.

R:= Tf i AZ)’ Lo = pnfU(qp/g)CE_(K+3)/2.
V=W®R®a A, p=p®a, A.

° X =0y, x' = O_WCO-('/’/E)/E_K‘ v=x%y%".
M :=(R®u Fx)*, Fy is the fraction field of A.

o is the representation on M obtained as the pseudorepresentation associated to T p, as in [Skinner
and Urban 2014, Proposition 7.2.1].
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Proof of Theorem 1.2. We first note that we need only to prove the corresponding inclusion for the
Y -primitive Selmer groups and L-functions since locally the sizes of the unramified extensions at primes
outside p are controlled by the local Euler factors of the p-adic L-functions since Qo € Koo. (See
[Greenberg and Vatsal 2000, Proposition 2.4].)

Recall that we have enlarged our [ at the beginning of Section 8B and the end of Section 8D which we
denote as J in this proof. We first prove the main theorem with fur replaced by Jur. Under the assumption
of Theorem 1.1, as in [Skinner and Urban 2014, Proposition 12.9] we know that by the discussion for
the anticyclotomic p-invariant at the end of Section 7E, L ¢ x is not contained in any height one prime
which is the pullback of a prime in ﬁ“r[[F,"g]]. Note that there might be height one primes dividing the
Euler factors at nonsplit primes which are pullbacks of height one primes of ﬁur[[F,é]]. Such issue has
been overlooked in [Skinner and Urban 2014]. These primes are treated in [Wan 2015b, Lemma 87 and
Theorem 101] and can be treated in the same way here. In the following, we treat the height one primes
which are not such pullbacks. By Lemma 9.1 for any such height one prime P of ﬁur[[F;é]],

ordp (L5 o) =ordp (L} k) < ordp(Ep).

Applying Proposition 9.2, we prove the first part of the theorem for Jur in place of [.

We replace :I]“r[[F;é]] by U] We write £ for E? ¢.xc- Recall Fitting ideal respects base change. We
claim that for any x € Fitt(X), x£ ™' € ﬁ“rﬂF;g]]. In fact, from what we proved for Fitt(V Rfurre] j]“r[[F;é]])
as ideals of J]“r[[F;é]], we have x£~! e J]“r[[F,/é]] N FA‘“‘IIFYC]] where Fiupr, g is the fraction field of ["[T'x].
Since I“[ " ]| is normal and J*[T'/-] is finite over [*"[Tx ]I, we have x £~ € [ ]| Thus Fitt(X) C (£),
which in turn implies that char(X) € (£). This proves Theorem 1.1.

Now assume we are under the assumptions of Theorem 1.2. Note that in this case £,z = 1. Thus
by the Lemma 9.3 K?S’K is coprime to £§§,. Suppose Py, ..., P, are the height one primes of K?K’E
that are pullbacks of height one primes in ['. Note that none of the primes passes through ¢ since the
P [T il where the
subscripts denote localizations. Then the argument as in the proof of Theorem 1.1 proves that there is a
number a such that (E? x.e) 2 (Pr-- P) Fitty (X Z) as ideals of [" [T ]. Specialize to Pp, using
Proposition 2.4, we find

two-variable p-adic L-function for fj is not identically 0. We consider the ring ﬁ‘;f P,

.....

s .
(L% k&) 2 Fittour, e (X 50)- O
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Positivity results for
spaces of rational curves

Roya Beheshti and Eric Ried|

Let X be a very general hypersurface of degree d in P". We investigate positivity properties of the spaces
R.(X) of degree e rational curves in X. We show that for small e, R.(X) has no rational curves meeting
the locus of smooth embedded curves. We show that for n < d, there are no rational curves other than
lines in the locus Y C X swept out by lines. We exhibit differential forms on a smooth compactification
of R.(X) foreveryeandn —2>d > %(n +1).

1. Introduction

We work over C, the field of complex numbers. Let X be a smooth hypersurface of degree d in P", and
for e > 1, denote by R.(X) the space of smooth rational curves of degree e on X. In this paper, we study
some geometric properties of R,(X).

Question 1.1. For which d, n and e with n > d does the very general hypersurface X C P" of degree d

have a rational curve in R,(X)?

One major motivation for considering Question 1.1 is to study rational surfaces in Fano hypersurfaces.
A rational curve in R,(X) gives a rational surface in X, and conversely a rational surface in X gives a
nonconstant map from P! to a compactification of R.(X) for some e > 1. It is known that if d < \/n
every smooth hypersurface of degree d contains rational surfaces, but it is not known if the same holds
for higher degree Fano hypersurfaces. It is conjectured that when d =n > 5, X is not covered by rational
surfaces:

Conjecture 1.2. A very general hypersurface of degree n in P" is not covered by rational surfaces if
n>>5.

Conjecture 1.2 has important implications in understanding birational properties of varieties. Recall
that a variety is unirational if it is rationally dominated by projective space, and it is rationally connected
if there is a rational curve through two general points. It is uniruled if there is a rational curve through
a general point. Every unirational variety is rationally connected, and indeed, is swept out by rational
surfaces. It is expected that there exist rationally connected varieties which are not unirational, but to
date, no examples of this have been proven. Proving Conjecture 1.2 would prove that a very general

MSC2010: 14EO08.
Keywords: hypersurface, rational curve, rational surface, birational geometry.

485


http://msp.org
http://msp.org/ant/
http://dx.doi.org/10.2140/ant.2020.14-2
http://dx.doi.org/10.2140/ant.2020.14.485

486 Roya Beheshti and Eric Ried|

hypersurface of degree n in P" is not unirational. Since every hypersurface of degree d < n is rationally
connected, this would give an example of a variety which is rationally connected but not unirational.

Riedl and Yang [2016] answered Question 1.1 for e = 1 by showing that if n < %(d2 + 3d + 6) there
is no rational curve in R;(X), the space of lines on X. Beheshti [2012] proved that R.(X) is not uniruled
for %(n 4+ 1) <d < n — 3. Beheshti and Starr [2008] considered the special case d = n and proved that X
is not swept out by del Pezzo surfaces or rational surfaces ruled by curves of degree up to n. However,
Question 1.1 remains open and is presumably quite difficult in general.

In this paper, we prove a few results about the positivity of R.(X). In Section 2, we consider the
Kontsevich moduli space of stable maps M. (X), a compactification of R.(X), and show the following:

Theorem 1.3. Fix an integer n > 20 and e, and suppose d < n satisfies
d2+(26—1)dze(e+l)n—3e(e—1)+2 ife >3,
d*+Qe+1d>(e+1D(e+2n—3e(e+1)+2 ife=1,2.

Then for a very general hypersurface X of degree d in P", there is no nonconstant morphism P' — M,(X)

whose image intersects the locus of embedded rational curves in X.

This is a substantial generalization of results in [Riedl and Yang 2016] since it applies to curves with
e > 1. Unlike results in [Beheshti and Starr 2008], it applies to hypersurfaces with n > d, and proves
that there are no rational curves meeting the locus of smooth curves in R,(X), instead of merely proving
that the locus of R.(X) covered by rational curves does not sweep out X. It also generalizes results of
[Beheshti 2012].

Starr [2003, Corollary 10.10] computed the Q-divisor class of the first chern class of the dualizing
sheaf of M, (X) for a general hypersurface X, and showed that the canonical divisor of M, (X) is big
for n less than about d2 If M,(X) were irreducible, of the expected dimension, and had canonical
singularities, then M, (X) would be of general type for d large, n > d +6, and 2n+2 < d?+d. Results of
Harris, Roth, and Starr [Harris et al. 2004], Beheshti and Kumar [2013], and Riedl and Yang [2019] prove
that M, (X) is irreducible and of the expected dimension for d < n — 2. However, M, (X) is not always
known to have canonical singularities. The best current results are for e + d < n, due to [Starr 2003].

Theorem 1.3, along with results of [Starr 2003; Beheshti 2012], suggests that there should be nonzero
pluri-canonical forms on M, (X) if d > %(n +1orifd < %(n + 1) and the inequality of Theorem 1.3 is
satisfied. De Jong and Starr [2004] gave a general construction of differential forms on any desingulariza-
tion of M,(X), the coarse moduli scheme of M, (X), and used this to construct nonzero pluri-canonical
forms on these schemes when X is a general cubic fourfold and e > 5 is an odd number. In Section 3, we
use their construction and show:

Proposition 1.4. If %(n +1) <d <n—2and X is any smooth hypersurface of degree d in P", then there

are nonzero differential forms on any desingularization of M .(X) for every e > 1.

It is interesting to investigate whether these forms can be used to construct nonzero pluri-canonical
forms when d > %(n +1).
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Finally, in Section 4 we generalize results of [Riedl and Yang 2016] in a different direction, and show:

Theorem 1.5. Ifn < %(d d+3)+1- %k, then a very general degree d hypersurface X in P" contains
no k-gonal curves in Fi(X).

If n < d, the lines on X sweep out a proper subvariety ¥ C X. Results of Clemens and Ran [2004]
seem to suggest that Y is the “most negative” subvariety of X. They prove that for d > %(311 + 1), any
subvarieties of X without effective canonical bundle (such as rational curves) must lie in Y. The following
corollary of Theorem 1.5 proves that in contrast to this, ¥ never contains rational curves for n <d.

Corollary 1.6. Let X C P" be a very general degree d hypersurface withd > n. Let Y C X be the locus
swept out by lines. Then Y contains no k-gonal curves other than lines if k < (d*>+3d+6—6n)/(2(n—1)).
In particular, Y contains no rational curves other than lines.

2. Rational curves in R, (X)

For a hypersurface X C P", we denote by M, (X) the Kontsevich moduli space of stable maps of degree
e from curves of genus 0 to X. The goal of this section is to prove the following.

Theorem 2.1. Fix an integer e and n (n > 20), and suppose d < n satisfies
d*>+Q2e—1)d >e(e+1)n—3e(e—1)+2 ife>3,
d*>+ Q2e+1)d > (e+ 1)(e+2)n—3e(e+1)+2 ife=1,2.

Then for a very general hypersurface X of degree d in P", there is no nonconstant morphism P' — M,(X)
whose image intersects the locus of embedded smooth rational curves in X.

Before proving Theorem 2.1, we set some notation. Let § be a smooth rational surface admitting a
map to P! with general fiber C isomorphic to P'. Let f : § — P" be a generically finite morphism
whose image is contained in a smooth hypersurface X of degree d in P". We denote by N, p» the normal
sheaf of f, i.e., the cokernel of the map Ts — f*Tp». Similarly, we denote by Ny x the normal sheaf of
f considered as a morphism from S to X. There is a short exact sequence

The strategy of the proof will be to compute, for various values of ¢, the Euler characteristic of
Ny x(t) ® Ic/s. The main technique will be to argue that for X a general hypersurface of the appropriate
degree and for ¢ carefully chosen, the Euler characteristic is positive. We contrast this with the following
direct computation of the Euler characteristic.

Proposition 2.2. Assume B is a smooth projective curve and S a smooth surface admitting a fibration
7w : S — B with rational fibers. Let f : S — X be a map from S to a smooth degree d hypersurface
X C P" and let C be a general fiber of w. Suppose f|c is an embedding. Let H = f*O(1) and K be the
canonical class of S. Then we have

X(Npx () ® Iejs) = yb H? + 3¢, H - K —2K* +dy,
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where
bi=mn-3)*+2(n+1—d)yt+n+1-d,
c=—m—-5t+d—n—1,
d=(-m-3)t—-—n—-14+d)H-C+n+9) x(Os) —n+5.

Proof. This is a calculation involving additivity of the Euler characteristic. Using the exact sequence (1),
we see

X(Ngx ®Ic/s()) = x(Ngpr @ Ic/s(t)) — x (f*Opi(d+1)® Icys).

Using the sequence defining Ny p» and the Euler sequence for P", we see that

X(Npx®Ic/s(t))
=x(Tp®Ic/s()—x(Ts®Ic;s(t)—x(f*Opn(d+1)®Ic)s)
=m+Dx(fFle/st+1)—xUc s())—=x(f*Opn(d4+)®1c;s)—x (Ts®Ic;s(1)).
Using Hirzebruch—Riemann—Roch, this becomes

(t(+DH=C)-(t+1)H-C=K) (tH=C)-tH—C—K)
2 2

d)H—C)-((t+d)H—C—K
_((t+d) )((2f+ ) )+(n—1)x(Os)—x(Ts®IC/S(f)>- 2)

(n+1)

We have
ci(Ts®Icys(t)) =c1(Ts) +2(—=C+tH) = —K +2(-C+1tH),

e2(Ts ® Icys(t)) = ca(Ts) — K - (—C +tH) + (—C +tH)>.

Via the splitting principle, we can introduce variables o and B with o + 8 = ¢1(Ts ® I¢/s(¢)) and
aff =c2(Ts ® Ics(t)). By Hirzebruch-Riemann—Roch, we get

X (Ts ® Ic/s(1) = 2x(Os) + sa(c — K) + 1 B(B — K)
=2x(0s) —ap+ (@ +B)* = (@+p)-K).
Plugging in the chern classes of Ts ® Ic/s(t) for « + B and a8, we obtain

X(Ts ® Ic;s(t)) = K* —ca(Ts) —2tH - K +2K - C +1t*H* — 2t H - C +2x(Oy).

We have K - C = —2. So putting the above equation in (2), collecting like terms, and using Noether’s
formula ¢»(Ts) = 12x(Os) — K2, we obtain the result. U

Corollary 2.3. Assume t > 1,n > 20 and d <n. If S contains no (—1)-curves contracted by both [ and

7, and

A +dQi+1D)>n(t+2)t+1) =32 =3t +2,

then X(Nf,X ® IC/S(Z‘)) < 0.
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Proof. This is an intersection theory calculation on S. First observe that 2H +2C 4+ K is basepoint free,
and hence, nef. If it were not, then by Reider’s theorem [1988], there would be an effective divisor E
on S with either E- (2H +2C)=1and E>=0or E - (2H +2C) =0 and E? = —1. The first case is
impossible since E - (2H 4 2C) must be even. In the second case, we would have H - E=0=C-E,
which implies that E is a (—1)-curve contracted by both 7 and f, and contradicts our assumption. It
follows that 2H + 2C + K is nef. So

0<QH+2C+K)>=4H*>+K>+4H -K+8H-C —38 (3)

since K - C = —2 and C? = 0. Note that H'(f*O(—1)) = 0 by Kodaira vanishing, so by Hirzebruch—
Riemann—Roch and the fact that x (Og) < 1 we see that

H-(H+K)=2x(f"Ox(=1)) =2x(0s) = =2x(Os) > 2. 4)
By Proposition 2.2 and the relation (3) we see that
X(Npx () ®Icys) = b H* + Se,H - K —2K* +d,
<ibH*+%c,H K +8H-(H+K)+16H-C —16+d,
=1 —c)H* +3(c, +16)(H - (H+K)+2)+d; — ¢, + 16H - C —32.

Note that since by our assumption d < n and n > 20, we have ¢, + 16 < 0, so the above inequality and (4)
give
X(Npx(®) ®Icss) < 3(by —c)H* +d; — ¢, + 16H - C — 32.

We see that b, — ¢; < 0 precisely when (n —3)t? + (3n —3 —2d)t +2n+2—d*—d <0, or

d*+dQt+1)>nt+2)(t+1) =3t =3t +2.
It remains to show that d;, — ¢, + 16 H - C — 32 < 0. By Proposition 2.2 we have

di—c+16H -C —32
=—m—-d+tn-3)—15H-C-1)-2t+n+9x(Os)—(n—5)—16
<—-(m—d+t(n—-3)—15(H -C—1)—2t-2.

We see that this is negative if n —d 4+t (n —3) — 15 > 0, which happens for n > 20 since t > 1 and d <n. U

Proposition 2.4. Fixe > 1. Letm =e—1ife >3 andm = e if e = 1,2. Assume that for a very
general hypersurface X of degree d, there is a map ¢ : P' — M (X) whose image intersects the locus of
embedded smooth rational curves. Then there is a smooth surface S with two morphisms f : S — X and
7 : S — P! suchthat f maps a general fiber C of  isomorphically to a smooth rational curve of degree
e in X and

(a) the image of the pull-back map H(X, Ox(d)) — H(S, f*Opn(d)) is contained in the image of the
map
HO(S, Ny.p) = HO(S, f*Ops(d)),
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(b) the restriction map H°(S, Ny x(m)) — HO(C, Ny x(m)|c) is surjective, and

(¢) the Euler characteristic X (Ny,x(m) ® Ic;s) = 0.

Proof. Our assumptions imply that there is an irreducible quasiprojective variety Z and a morphism
¢:Zx P'— M,(P") such that the following hold:

« For each zp € Z, the morphism
¢z 1= ¢ (20.0) : P! — M(P")

is a nonconstant morphism whose image intersects the locus of embedded smooth rational curves.

o For a very general X, there is z € Z such that the image of ¢, is contained in M, (X).

Replacing Z with an open subset we may assume Z is nonsingular.

Let PV be the projective space parametrizing hypersurfaces of degree d in P" and U C PV the
open subset parametrizing smooth hypersurfaces. Denote by I C Z x U the incidence correspondence
parametrizing pairs (z, [X]) such that the image of ¢. : P! — M, (P") is contained in M, (X). Denote
by 71 and m, the projection maps from [ to Z and U respectively. By our assumption 7, is dominant.
Replacing I with an irreducible component which maps dominantly to U under 72, we may assume / is
irreducible. Let V be the pullback of the universal curve C — M, (P") to Z x P!. Denote by ¢ : V — P"
the pullback of the universal map C — P”" to V and by p : V — Z the projection to the first factor. Let
d:V—>Vbea desingularization, and set p = pod and g = ¢ od.

q

Let (z, [X]) € I be a general point. Denote the fiber of p over z by S. Since z is general in Z, by
generic smoothness, S is a smooth surface and if f is the restriction of ¢ to S, then f : § — X maps a
general fiber of § — P! isomorphically onto a curve in X.

Denote by Nj ) the normal sheaf of the map (p, g) : V — Zx P" We get a sequence of maps

p: Tz, — H(S, p*Tzls) — H(S, (B, @) Tzxprls) — H(S, Nij.als)-
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Note (p, §) is generically finite and z is general, therefore T |s — (P, §)*Tzxpr|s is injective. So
N(3,)|s is isomorphic to N, p»:

0 0
0 Ts f*TPn—)NﬂPn—)O
0 Ty s (D, Q)*Tzxprls — Npgyls —— 0

Ns/\7 — p*Tzls

0 0

There is a commutative diagram

Ty, z.1x)
/ x
Tz, Tpr (x) = H'(X, Ox(d))
P
HO(S, Ny pn) HO(S, f*Ox(d))

Since m, is dominant, d, is surjective, and part (a) follows.

To prove part (b), we tensor sequence (1) with Ox (m) to get the short exact sequence
0— Ngx(m) — Ngpr(m) — f*Ox(d +m) — 0.

Let C be a general fiber of the map 7 : S — P!. Restricting the above short exact sequence to C, we
get a short exact sequence of O¢-modules

0— Nyx(m)lc = Nypr(m)|lc = f*Ox(d +m)|c — 0.
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We have the following commutative diagram:

HO(P", Opn(m + 1)"T1) ——— HO(P", Tpn(m)) ——— HO(S, Ny pn(m))

HO(C, Opi(m +1)"*'|¢) —— H(C, Tps(m)|c) —— H°(C, Ny pr(m)|c)

Since f(C) is (m+1)-normal, the left vertical map is surjective. Using the Euler sequence and the fact
that H'(C, Oc(m)) =0 and H'(C, Ts(m)|c) = 0, we see that the two lower horizontal maps are also
surjective. So we have a surjective map

HO(P", Opi(m+1)") — HO(C, N pn(m)|c).

Pick o € HY(C, Ny x(m)|c), and denote the image of « in HO(C, Ny pn(m)|c) by B. Let B be a lift
of B to HO(P", Opn(m + 1)"*!) under the above map and 8 the image of 8 in H(S, N ps(m)). Let
y € H'(X, Ox(m +d)) be the image of ,8~ under the composition

HO(P", Ops(m+1)""") — HO(P", Tps(m))
— HO(X, Tpr(m)|x) — H(X, Ox(m +d)),
where the last map is induced by the sequence

0— Tx — Tpn|lx — Ox(d) — 0.

Let 7 be a preimage of y in H(P", Opn(d +m)). Then B|¢c = B and f*7|c = 0. Since Ylrc) =0,
we can view 7 as an element of HO(P", I7(c),pr(d +m)). Since I ) p» is an m-regular sheaf, the
multiplication map

HO(P", Opr(d)) ® H(P", 17(c)/pr(m)) — HO(P", Ipc) pn(d +m))
is surjective, so y can be written as
Y =Y+ Vil

where 7; € H(P", Op:(d)) and 7j; € H(P", I¢c)/pr(m)) for each i. So if we view 7; as an element
of HY(P", Opn(m)) we see that f*7;|c = O for each i. By part (a) the image of the map

f*HY(P", Opo(d)) — HO(S, f*Opn(d))
is contained in the image of the map
h:HO(S, Ny pi)— H(S, f*Opn(d)).
So f*y; = h(j;) for some j1; € HO(S, Ny pn). Let

= f 44 iS5 HO(S, Ny pa(m)).
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Then ji|c = 0 and since i (i1 — B) = 0, we have that i — B is the image of a section of N x(m) whose
restriction to C is «.

To prove (c), note that by the Leray spectral sequence, to show the Euler characteristic is nonnegative,
it is enough to show that for a general fiber C of m, (1) HY(P', m«(Nyfx(m) ® Ic/s)) = 0 and (2)
R'7.(Nfx(m)® Ic/s) = 0.

By part (b), the map H(S, Ny.x(m)) — H°(C, Ny, x(m)|c) is surjective, and H'(C, Ny, x(m)|c) =0,
SO

H'(S, Nyx(m)® Ic/s) = H' (S, Nyx(m)).

Thus
H'(P', m,Nsx(m) ® Opi(—1)) = H' (P, 7. N x(m)),

so HY(P', w.Ns.x(m) ® Opi(—1)) = 0. This shows (1).

To show (2), we note that since X is very general, for any morphism g : P! — X, g*Tx (1) is globally
generated by the main result of [Clemens 1986]; see also [Ein 1988; Voisin 1996]. So the restriction of
f*Tx (m) to every irreducible component of every fiber of 7 is globally generated. So R'm, Ty (m) =0
and R'7, Ny x(m) = 0. O

Proof of Theorem 2.1. Assume to the contrary that for a very general X, there is a nonconstant map
P' — M,(X) whose image intersects the locus of embedded smooth rational curves in X. Let m =e — 1
ife>3andm =eif e =1 or e =2. By Proposition 2.4, there is a surface S and map f : S — X and
7 :S— P! suchthat x (Nfx(m)®Ic/s) > 0. Blowing down, we may assume that there is no (—1)-curve
in any fiber of 7 which is contracted by f. This contradicts Corollary 2.3. ]

A modification of the proof of Proposition 2.4 shows that the statement of Theorem 2.1 remains true
for morphisms P! — M,(X) whose image intersects the locus of embedded reducible nodal rational
curves in X. We sketch the proof here. Fixe > 1,letm =e—1ife>3 andm =eife=1 or 2, and
assume that for a very general hypersurface X of degree d, there is a nonconstant map ¢ : P! — M, (X)
whose image intersects the locus of embedded nodal rational curves in X. Then there are positive integers
r and s such that rs < e and for a very general hypersurface X of degree d, there is a smooth curve B, a
degree r morphism B — P!, and a morphism B — M, (X) such that the image intersects the locus of
embedded smooth rational curves of degree s in X.

This implies that there are smooth, irreducible, and quasiprojective varieties P and Z (P is just a point
in the case of Proposition 2.4), a proper morphism p; : W — P whose fibers are smooth projective curves
which are degree r covers of P! (r =1 and W is the projective line in the case of Proposition 2.4), and
morphisms py: Z — P and ¢ : Z x p W — M (P") with the following property: for every z € Z,

¢, py (p2(2)) — M(P™)

is a morphism which intersects the locus of embedded smooth rational curves, and for a very general X,
there is z such that ¢, parametrizes stable maps which are mapped to X. We proceed now as in the proof of
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Proposition 2.4 and let I C Z x U be a dominating irreducible component of the incidence correspondence
where U is the locus of smooth hypersurfaces of degree d in P". We also let V, S, and z be as before.

We conclude that if B = pl_l (p2(2)), then there is a morphism of degree r g : B — P!, and there are
morphisms f : S — X and w : § — B such that f maps a general fiber C of 7 isomorphically onto a
smooth rational curve of degree s on X, rs < e, and

(a) the image of the map H(X, Op:(d)) — H(S, f*Opn(d)) is contained in the image of the map
HO(S, Ny po(d)) — HO(S, f*Opn(d)),

(b) the map HO(S, Ny x(m)) — HO(D, Ny x(m)|p) is surjective where D is a general fiber of g o :
S — P! and

(c) the Euler characteristic x (Nf,x(m) ® Ip;s) > 0.

Part (b) follows from the proof of Proposition 2.4 since the image of D is e-regular in X. Part (c)
follows from a similar argument as in Proposition 2.4 and the fact that if F is a sheaf on B with
H'(B, F®I,-1,) = H'(B, F) for a general p € P!, then H'(B, F) = 0. Applying Corollary 2.3 to S
gives the desired result.

3. Differential forms on Kontsevich moduli space

Let X be a smooth hypersurface of degree d in Pg. Let M, (X) be the Kontsevich moduli space of stable
maps of degree e from curves of genus zero to X, and let M,(X) be the corresponding coarse moduli
scheme. There is a universal curve 7 : C — M, (X) and an evaluation map ev : C — X.

In this section, we use the construction of de Jong and Starr [2004] to show that there are nonzero
differential forms on any desingularization of M,(X) when %(n + 1) <d <n —3. By [de Jong and Starr
2004, Corollary 4.3], for every i, j > 1, there is a C-linear map

s H (X, Q) — H ™ (M(X), szj\;j(x)).

We consider the map o ,—2, so the above map gives (n—3)-forms on the Kontsevich moduli stack. Let
N «(X) be a desingularization of M, (X). By [de Jong and Starr 2004, Proposition 3.6], for every j > 0,
there is a linear map

) = HO(N,(X), QL

v J
H (M (X), Q- N0

M (X) )-
Composing this with o1 ,_7, we get a map from H I(x, Q’;z) to the space of (n—3)-forms on N.(X).
Proposition 3.1. Assume %(n +1) <d <n—3 and X is a smooth hypersurface of degree d in P". If
N.(X) is a desingularization of M .(X), then the map H"'(X, /\"_ZSZX) — HO(N.(X), /\"_3S2N€(X)) is

nonzero for every e.

Proof. Fix e and X, and set M = M,(X) and N = N.(X) for simplicity. By [de Jong and Starr 2004,
Corollaries 4.2 and 4.3] the map o ,—» factors through the maps

HY(X, Q¥ — HY(C, Q) — H'(C, n* QP @ wy) — HOM, Q1%), (5)
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where
o the first map comes from the map ev*Qy — Q¢,
« the second map comes from a map of O¢-modules
SZZ*Z — n*Q’}\f ® Wy
which fits into the following short exact sequence over the locus U of embedded smooth curves
Ty = QT — U @ x|y — 0,
« and the last map comes from the Leray spectral sequence and the fact that R, = O .

Since d < n, there is an irreducible component of M whose general point parametrizes an embedded
smooth free rational curve of degree e on X. Let C be a such a curve. We denote the stable map
corresponding to the isomorphism from P! onto C by [C] € M, and identify the fiber of 7 : C — M
over [C] with C. Since C is free, M is smooth at [C] and T|[c] = HO(C, Nc/x). Restricting sequence
(5) to C, we get the diagram

o1 n-2

HI(X, Qr;(_z) HO(M, Qr/l\:l})

HY(C, Q% 2|c) — HY(C, Q57%c) — H\(C, m* Q7 @ wrlc) —— Q0 lic)

and we have n*QH *® wrlc = /\”_31(; /c ® Qc. In order to show the statement, it suffices to prove that
in the above diagram the composition of the maps

H'(X, Q% — H'(C, Q% |c) — H'(C, Q272|c)
— H'(C, m* Q> @wrlc) = H(C, N Ic)e ® Q)

is nonzero. Since Q' iy = SZ'}V_3|[C], this would show the assertion of the theorem. From the short

exact sequence

0—Ic/x ®Oc — Qx|c — Qc — 0,
we get the short exact sequence
0— /\n_ZIC/X ® Oc — Q5 *|c — /\n_3IC/X ®Qc — 0.
Similarly, there is an exact sequence

0= NI ®0c — Q72 = N le)e ® Qe — 0,
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and a commutative diagram

H'(C, Q%) —— HY(C, N Ie)x ® Q)

H'(C, 2 e) —— H'(C, N leie ® Q)
So to show the assertion, we show that the composition of the maps
HY(X, Q%) — HY(C, Q%7%|¢)

— H'(C, N Ieyx ® Q) = H'(C, N Ieje ® Qc) (©6)

is nonzero. Note that
/\n_31(:/c ®Oc = i1 ® Oc = /\n_3T/\v4|[C] ®0c =N"TH(C, Neyx)' ® Oc.

So by Serre duality, the last map in sequence (6) is the dual of the map

N HO(C, Neyx) — HO(C, /\n73NC/X)-

Since C is free, the above map is surjective, so the last map in sequence (6) is injective. Hence it is
enough to show that under our assumptions, the composition of the maps

H'(X, Q) — H'(C, 25 le) — H'(C, N leyx ® Q)
is nonzero.
To prove this we consider the short exact sequence

0— Ox(=d) - Qpr[x > Qx >0
which gives the following short exact sequence
0— Q’;_2—>Q’},jl|x®(’)x(d)—>(’)x(2d—n—1)—>0. @)
There is also a short exact sequence on C,
0— N Ie/x ® Qe — N 2eypr @ Qe @ Oc(d) — Oc(2d —n —1) — 0, (8)

and sequence (7) maps to sequence (8). Taking the long exact sequence of cohomology we get a
commutative diagram

HY(X, Ox(2d —n — 1)) —— H'(X, Q%)

HO(C, 0c(2d —n — 1)) — HY(C, N Ic/x ® Q)
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and since 2d —n — 1 > 0, the left vertical map is nonzero. To show the desired result, we show that the
bottom map is injective. This follows if we show H?(C, /\n_ZIC/Pn R Qe ®Oc(d)) =0. Let

Ncy/pr =0pi(a1) ®-- - ® Opi(a,—1).

We have /\n_ZIC/Pn ®Qc®Oc(d) = Nc/pr @ Opi(e(d —n— 1)), so we need to show a; < e(n+1—d)
for each i. Since Zi a; =e(n+1) — 2 and each g; is at least ¢, we see that a; < 3e — 2 for all i. Thus,
ai <e(n+1—d) provided d <n — 2. This proves the result. ]

4. Gonality and the space swept out by lines

Our goal is to prove the following:

Theorem 4.1. Let X C P" be a very general degree d > n hypersurface. Let Y C X be the locus swept
out by lines. Then Y contains no k-gonal curves other than lines if k < (d*> +3d +6 —6n)/2(n — 1)). In

particular, Y contains no rational curves other than lines.
We begin with a description of the Fano scheme Fj(X).

Proposition 4.2. Let X C P" be a general hypersurface. If 2n —d — 3 > 0, then the Fano scheme F(X)
of lines on X is smooth of dimension 2n —d — 3. If 2n —d — 3 > 0, then the canonical bundle of F(X)
is (%d(d +1)—n— 1)01, where o1 is the restriction of the divisor on G(1, n) of lines meeting a fixed
codimension 2 space.

Now we recall the following definitions and results of Bastianelli, De Poi, Ein, Lazarsfeld and Ullery
[Bastianelli et al. 2017]. A divisor D is birationally very ample to order k (BVAy) if D = E + kA, where
E is effective and A is very ample.

Theorem 4.3 [Bastianelli et al. 2017, Theorem 1.10]. If a smooth variety Z which satisfies K 7 is BV A,
then Z is not swept out by (k+1)-gonal curves.

Corollary 4.4. If X in P" is a general degree d hypersurface with n < %d(d + 1) —k, then F(X) is not
swept out by k-gonal curves.

We need a few basic results about the space of degree d hypersurfaces containing a fixed variety.

Lemma 4.5. Any set of k distinct points in P" with k < d + 1 imposes k conditions on the space of
hypersurfaces of degree d.

Proof. By a degeneration argument, it suffices to prove the result for k points that lie along a line £.
Then, we can consider the map « : HO(P", Opn(d)) — HO(OPI (d)). Since ¢ is normal, we see that «
is a surjective linear map. Hence, if we fix k points on ¢ with k < d + 1, then the space of degree d
hypersurfaces in P" containing those k points is the preimage under « of all sections of O, (d) that vanish
on those k points. The result follows. ]

We also need the following standard lemma, described in [Riedl and Yang 2019].
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Lemma 4.6. Let Z be a variety of dimension k. The space of hypersurfaces containing Z is codimension

at least ("Zd) in the space of all hypersurfaces.

We need the following proposition from [Riedl and Yang 2016].

Proposition 4.7. Let C C G(k — 1, n) be a nonempty variety of (k—1)-planes and let B C G(k, n) be
the set of k-planes containing the planes in C. Then if the codimension of C in G(k — 1, n) is €, the
codimension of B in G(k, n) is at most € — 1.

We use the following corollary which follows immediately from Proposition 4.7.

Corollary 4.8. Let £ C P" be a line and let Sy, be the variety of k-planes containing €. If C C S;_1 is a
nonempty variety of (k—1)-planes of codimension € > 0, and B C Sk is the set of k-planes that contain a

plane of C, then the codimension of B in Sy is at most € — 1.

We also discuss the notion of a parametrized k-plane. A parametrized k-plane is a map A : P*¥ —
P defined by linear equations. The set of all parametrized k-planes is naturally a PGLj bundle
over the Grassmannian of k-planes in P”. Given a parametrized k-plane A, we have a natural map
HO(P", Opn(d)) — H°(P*, Opi(d)) given by pulling polynomials back to P* along A. We say that
X' C P* is a parametrized k-plane section of X C P” if X’ is cut out by the restriction of f to P*, where
X=V(.

We now show that F;(X) contains no k-gonal curves for certain ranges of n, d and k.

Theorem 4.9. Ifn < %d d+3)+1-— %k, then a very general degree d hypersurface X in P" contains

no k-gonal curves in F1(X).

Proof. Let UL, 4 be the set of pairs (£, X) of lines £ lying in a hypersurface X of degree d in P". Let
Ry.4.x be the space of (£, X) such that F7(X) has a k-gonal curve passing through [£]. We see that R, 4«
will be a countable union of varieties. If for some tuple (n, d, k), the codimension of (each component
of) Ry.qax in UL, 4 is at least 2n — d — 3, then a general hypersurface X of degree d in P" contains
no k-gonal curves in F;(X).

Let d > 3 be an integer, let m = %d (d+1) —k, and let X C P™ be a general hypersurface of degree d
in P™. By Corollary 4.4, we see that R, 4 x C UL, 4 has codimension at least 1, so we can find some
pair (£g9, Xo) where F(Xg) has no k-gonal curves through [£g].

Let (¢1, X1) be a general point of a component of R, 4. We find a subvariety S C U/L, 4 containing
(€1, X1) such that SN R, 4« is of codimension at least 2n —d —3 in S. Since ({1, X) could have been on
any component, it follows that R, 4 x has codimension at least 2n —d — 3 in UL, 4. We now construct S.

We claim that we can find a hypersurface Y C pM containing a line £, such that (¢, Xo) and (€1, X1)
are both parametrized linear sections of (Y, £;). To see this, choose coordinates xg, X1, ..., x, on P"
so that £ is given by the vanishing of x», ..., x,, and choose coordinates xg, x1, y2, ..., ¥y on P so
that £ is given by the vanishing of y,, ..., y,,. Write Xg = V(fy) and X; = V(f1). Then we may take
Y =V (fo+ f1) in P™*"~1 which has the desired properties.
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Let S, be the closure of the set of parametrized n-plane sections of (Y, £7). We see by the fact that
(€9, Xo) has no k-gonal curves in F(Xp) passing through [£o] that S,, N Ry, 4k is codimension at least
one in S,,. By Corollary 4.8, we see that S,,_1 N R;,—1 4.« has codimension at least 2 in S;,—;. Thus,
Sy N Ry, 4% has codimension at least m —n 41 in S,,. Therefore, if m —n 41> 2n —d — 3, we see that
there is no k-gonal curves in F;(X) for X a general hypersurface of degree d in P". This holds if

n<lm+d+4)=1Ldd+3)+4%- Ltk O

Proposition 4.10. If X C P" is a general degree d > n hypersurface, then any p € X has at most n — 1
lines in X passing through p.

Proof. It suffices to prove the result for d =n. Let U be the incidence correspondence of pairs (p, X)
where X C P" is a degree n hypersurface and p € X is a point. Let £,, C U be the set of pairs (p, X)
such that X contains m lines passing through p. We wish to show that £,, has codimension at least 7 in
U for m > n, from which the result will follow. Consider a point p € P”". Choose coordinates on P" so
that p is the point [1, 0, ..., 0]. Then given an X = V(f) containing p, we can expand the equation of
f around p, writing f = flxg_l + fgxg 244 fa- Then the space of lines in X passing through p is
,=V(f1,.... fa) C P"~!, where X, is naturally contained in the P"~! of lines in P" passing through
p. We consider the codimension of the locus of f for which V(fi, ..., f;) has larger than expected
dimension. Many of the ideas here are adapted from [Harris et al. 2004; Riedl and Yang 2019].

If i <n—1, the locus of f where V (f;) contains a component of V(f1, ..., fi—1) has codimension

()= =

so the locus S C U of the set of pairs (p, X) where there is a positive dimensional family of lines through

at least

p in X has codimension at least n. Thus, we may assume V (f1, ..., f,—1) is a finite set of points. For
fn to contain k of those points is k conditions by Lemma 4.5, so the locus £,, C U is codimension at
least m. Thus, a general hypersurface X of degree d in P" cannot have n lines passing through a single
point of X. The result follows. ]

Proof of Corollary 1.6. We simply put together the pieces. Let &/ — F;(X) be the universal line on
X, mapping to F;(X) via a map m;. Then &/ maps surjectively to ¥ via a map m,. Note that 7, is
finite by Proposition 4.10. Suppose C C Y is a k-gonal curve, and let D be an irreducible component
of m, 1(C). Then by Proposition 4.10, the degree of m;|p is at most n — 1, and so D has gonality at
most k(n — 1). If D is contracted by 1, then C must have been a line in X. If D is not contracted
by m, then its image is a curve in F(X) of gonality at most k(n — 1). By Theorem 4.9, this means
k(n—1) > $(d*+3d +6) —3n = $(d* + 3d + 6 — 6n). Thus, k > (d> +3d + 6 — 6n)/(2(n — 1)), so
Y contains no k-gonal curves other than lines for k < (d*+3d + 6 — 6n) /(2(n —1)). In particular, this
bound for k is at least one for every d > n > 3. |
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Generalized Schur algebras
Alexander Kleshchev and Robert Muth

We define and study a new class of bialgebras, which generalize certain Turner double algebras related to
generic blocks of symmetric groups. Bases and generators of these algebras are given. We investigate
when the algebras are symmetric which is relevant to block theory of finite groups. We then establish a
double centralizer property related to blocks of Schur algebras.

1. Introduction

Let k be a commutative domain of characteristic 0 and A be a unital K-superalgebra, which is free as
a k-supermodule. Let a be a unital subalgebra of the even part Ay, which is a direct summand of Aj as
a k-module. Some of the unitality conditions will be relaxed in the main body of the paper but in this
introduction we will consider a special case.

We define and study generalized Schur (super)algebras

T2 (n,d) C S%(n, d).

The algebra S4(n, d) is defined as the algebra of invariants (M, (A)®4)S¢ and so in the case A = K
we get that § k(n, d) is the classical Schur algebra. If a = A, then TuA (n,d) = S4(n, d), but in general
the subalgebra TaA (n,d) € §4(n, d) is proper, although it is always a full sublattice in S (n, d). Thus
extending scalars to a field K of characteristic O produces the same algebras: TaA (n, )k = S4(n, d)i.
However, importantly, extending scalars to a field F of positive characteristic will in general yield
nonisomorphic algebras TaA (n,d)r and S4(n, d)f of the same dimension. It turns out that in many
situations it is the more subtly defined algebra TuA (n, d)r that plays an important role.

As a special case of our construction, we recover the Turner double algebras D*(n, d) studied in
[Turner 2008a; 2008b; 2009; Evseev and Kleshchev 2017]. In fact, we show in Section 5D2 that

DA, d) =T, (n, d),
where E(A) is the trivial extension algebra of A. Turner double algebras are important because of their
connection to generic blocks of symmetric groups via Turner’s conjecture, recently proved in [Evseev
and Kleshchev 2018]. Importantly, even when one is interested in “purely even” objects such as blocks of
symmetric groups, the superstructure of A plays a crucial role in defining and studying Turner doubles

and the generalized Schur algebra TaA (n, d); see Remark 3.1.

MSC2010: primary 16G30; secondary 20C20.
Keywords: Schur algebras, symmetric groups.
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To be more precise, for an appropriate zigzag algebra Z and a subalgebra ; C Z, the generalized
Schur algebra T; (n, d) is Morita equivalent to weight d RoCK blocks of symmetric groups. In this way,
TzZ (n, d) can be considered as a “local” object replacing wreath products of Brauer tree algebras in the
context of the Broué abelian defect group conjecture for blocks of symmetric groups with nonabelian
defect groups.

However, it is known that Turner doubles cannot provide a similar “local” description for blocks of
classical Schur algebras because the former are always symmetric algebras while the latter in general
are not. We believe that our more general construction of TaA (n, d) fixes the problem. In [Kleshchev and
Muth 2018], we formulate an explicit conjecture for RoCK blocks of classical Schur algebras in terms
of the generalized Schur algebras Taz (n,d), where Z is an extended zigzag algebra.

Furthermore, we prove in [Kleshchev and Muth 2018] that, under reasonable additional assumptions
on a, the algebra T*(n, d) is quasihereditary if A is quasihereditary. This provides us with a method to
produce new interesting quasihereditary algebras from old. In particular, the algebra T(,)Z (n, d) from the
previous paragraph is quasihereditary, as should be expected if it is to be Morita equivalent to a block of
the Schur algebra.

We now describe the contents of the paper in more detail. Section 2 is preliminary. In Section 3, given

a basis B for A which extends a basis for a, we describe a natural basis for S4(n, d) in terms of certain
b

r,s’
algebra. By rescaling this natural basis using certain products of factorials defined in Section 2, we define

the full sublattice TaA (n,d) € S4(n, d). Our first main result is:

elements &7, where b € B, r,s €[1,n]¢. This is an analogue of Schur’s basis of the classical Schur

Theorem 1. We have that TaA (n,d) € S4(n, d) is a unital subalgebra.

There is another description of TaA (n,d) as a subalgebra of S4(n, d), which shows in particular that
TuA (n, d) is independent of the choice of basis B above:

Theorem 2. We have that TaA (n, d) is the subalgebra of SA(n, d) generated by S*(n, d) and the elements
of the form

d—1

Z 1®d—l—e RER 1®e

e=0

where & € M,,(A) and 1 := 1y, (a).

A slightly stronger result appears as Theorem 4.13. In order to prove this result, we first investigate
some coproducts and *-products. Recall that ..o My, (A)®? has a natural coproduct V; see Section 3C.
We then prove:

Theorem 3. The coproduct V restricts to coproducts on

stn) =@ A n.d) and Trmn) =T . d).

d>0 d>0
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In Section 4, we show that the x-product (or shuffle product) on

P m.a)*

d>0

restricts to a product on S4(n) and TaA (n), which, together with V, gives these objects a superbialgebra
structure. We then prove that TaA (n) is generated under the *-product by S*(n) and M, (A). This allows
us to prove Theorem 2.

In Section 5 we first discuss some properties of idempotents and idempotent truncations in TaA (n,d).
Given an idempotent e € a, we define an idempotent £¢ € TaA (n, d) and prove in Lemma 5.12 that

ET A (n, d)E° = T2 (n, d).

eae

Section 5 is completed with some important examples of generalized Schur algebras. We discuss how
TuA (n, d) generalizes the Turner double construction and look at the case where A is the extended zigzag
algebra.

In Section 6 we study the symmetricity of T,*(n, d). This is important since blocks of finite groups
are symmetric algebras and, inspired by [Evseev and Kleshchev 2018], we hope that in some situations
TA(n, d) could provide a local description of some interesting blocks. As the example A = Kk shows,
it is certainly not enough to assume that A is symmetric to guarantee that so is TaA (n,d). A natural
assumption we have to make is that the symmetrizing form t is (A, a)-symmetrizing, i.e., (a, a); = 0 and
the k-complement ¢ of a in Aj can be chosen so that the restriction of (-, - ). to a x ¢ is a perfect pairing.
Then we construct an explicit symmetrizing form t” on TaA (n, d) and prove in Corollary 6.7:

Theorem 4. If t is an (A, a)-symmetrizing form on A, then the algebra TaA (n,d) is symmetric, with
symmetrizing form tI.

In Section 7 we investigate double centralizer properties. Let S be a k-algebra and e € S be an
idempotent. We say that e is a double centralizer idempotent for S if the natural map S — End,s.(Se) is
an isomorphism. Given e € a, which is a double centralizer idempotent for A, it is not in general true
that £¢ is a double centralizer idempotent for TaA (n,d); see Remark 7.19. However, in Theorem 7.2, we
prove the following positive result:

Theorem 5. Let e € A be a double centralizer idempotent for A and d <n. Then £° is a double centralizer
idempotent for S4(n, d). In particular, if K is the quotient field of K, then ¢ is a double centralizer
idempotent for S*(n, d) = TaA (n, d)k.

Finally, in Theorem 7.17, we deal with the all-important zigzag case over the arbitrary k:

Theorem 6. Let Z be the extended zigzag algebra with the standard idempotents ey, ey, . . ., e;. We set
e:=ey+---+er—1, sothat eZe is the zigzag algebra. Then e is a double centralizer idempotent for Z,
and &° is a double centralizer idempotent for Tf (n, d) provided d < n.



504 Alexander Kleshchev and Robert Muth

2. Preliminaries
Throughout the paper K is always a commutative domain of characteristic 0.

2A. Superalgebras and supermodules. Let V be a K-supermodule, i.e., V is endowed with a k-module
decomposition V = V5 @ Vj (the superstructure could be trivial, i.e., we could have V = Vp). If e € Z/2
and v € V,, we call v homogeneous and write v := ¢. For a set § of homogeneous elements of V and
¢ € Z/2 we denote

Se: =8NV, (2.1)

A map f:V — W of k-supermodules is called homogeneous if f(V,) C W, for all &. A k-supermodule
V is free if so is each V,. Let V be a free K-supermodule. A homogeneous basis of V is a K-basis all of
whose elements are homogeneous. A (not necessarily unital) k-algebra A is called a K-superalgebra, if A
is a K-supermodule and A, A5 C A, s for all ¢, 8.

Throughout we work with a fixed superalgebra A which is free as a k-supermodule (not necessarily of
finite rank). Moreover, we fix a K-subalgebra a C Aj such that a and A /a are both free as k-modules. Such
a pair (A, a) will be called a good pair. 1t is called a unital good pair if both A and a are unital and 1, =14.

For our fixed good pair (A, a), we pick a k-module complement ¢ for a in Ay and K-bases B, B, Bj
for a, ¢, Aj, respectively, so that

B = B, U B. L Bj 2.2)

is a homogeneous basis for A. We call such a basis an (A, a)-basis.

Remark 2.3. To make things somewhat more concrete throughout this section, one may keep in mind the
extended zigzag algebra, which is a motivating example for the construction in this paper. See Section SD3
for an explicit description of this algebra and its (A, a)-basis.

Define the structure constants K(l;’c of A from

ac=Y kbbb (a.ceA). (2.4)
beB
More generally, for
b=(,....,bg) e B¢ and a=(a\,...,aq), c=(ci,...,cq) €AY,
we define
KD =KD kb (2.5)

Finally, we denote by H the set of all nonzero homogeneous elements of A.
The matrix algebra M,,(A) is naturally a superalgebra. For 1 <r,s <n and a € A, we denote

&l i=aE, s € My(A). (2.6)

Then
(g 11<rs<n, beB) 2.7
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is a homogeneous basis of M, (A), and by (2.4) we have

CE =080 kD&, (a.ceA 1<rs.tu<n). (2.8)
beB
2B. Combinatorics. Forr,s € Z we denote [r,s] :=={teZ|r <t <s}. Wefixn eZ.gand d € Z>.
For a set X, the elements of X are referred to as words (of length d) with letters in the alphabet X. The
words are usually written as xjx - -- x4 € X4, For x € X? and x’ € X we denote by xx' € X4+ the
concatenation of x and x’. For x € X, we denote x4 :=x ---x € X<
The symmetric group &, acts on the right on X¢ by place permutations:

(X1 X4)0 =Xg1 " Xod-

For x, x’ € X9, we write x ~ x’ if xo = x’ for some o € & . If X;, ..., Xy are sets, then S, acts on
Xf X - X X;iv diagonally:

(xl,...,xN)o = (xla,...,xNa).
The set of the corresponding orbits is denoted (Xf X oo X Xj’\,)/Gd, and the orbit of (x', ..., xN)is

denoted [x!, ..., xV]. We write

1

(x ,...,xN)N(yl,...,yN)

if[x!, ..., xVN =" ..., V]

Let P be a set of homogeneous elements of A. Our main examples will be P = B and P = H (the set
of all nonzero homogeneous elements of A). We have P = P; L P;. Define Tri” (n, d) to be the set of all
triples

(P.r.8)=(p1---pa» 11 Ta, 51---54) € P x [1,n]? x 1, n]?

such that for any 1 < k #1 < d we have (px, i, sx) = (pi, 1, 51) only if p; € P;. Then Tri¥ (n, d)
P9 x [1,n]? x [1,n]¢ is & -invariant and so we have the orbit set Tri (n, d)/6,.
For (p,r,s) € Tri” (n, d), we consider the stabilizer

Sprsi={0€Sy|(p,r,s)o=(p,r,s)},

and denote by P"*Z a set of the shortest coset representatives for &, , {\&y. Then {(p,r,s)o |0 €
p.r-5 g1 is the set of distinct elements in the orbit [p, r, s].

We fix a total order “<” on P x [1,n] x [1, n]. Then we also have a total order on Tri* (n, d) defined
as follows: (p,r,s) < (p’,r’,s’) if and only if there exists / € [1, d] such that (py, r¢, sx) = (P, 11, 5;.)
forall k <[ and (p;, 11, 81) < (p;, 1/, s)). Denote

Triy (n,d) = {(p,r,s) € Tri’ (n,d) | (p,r,s) < (p, r,s)o forall o € G }. (2.9)
We have a bijection

Tri§ (n, d) = Tri” (n,d)/&a, (p,r,s) > [p,r,s].
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For (p,r,s) € Trif (n, d), p € PYand o € S,, we define

(p.r.s):=8{(k, D e[1,dP |k <l, pi, pi€ P, (Prs ks 51) > (pr 11, 5D},
(p,p):=8{k, 1) e[1,d* | k> 1, px, pj € Pj).
(o; p) =t{tk, ) e[1,d* |k <l, o'k >0, py, p € P;}.

Note that
(_1)<p,r,s)+(pa,ra,sa) — (_1)(0;11). (2.10)

Let us now specialize to the case P = B.

Lemma 2.11. Let (a,r, ), (c, t,u) € Tri®(n, d). Assume that, for some 1 <k < d, either ay = ¢y or
C_lk_|_1 = Ek+1. Then

_1\la.rt)y+c.tu)y+(a,c) _ o q1\(ask,rsg,tsg)F(Csk.tsg, usg)+{asg,csi)
(=1 =(=D .

Proof. We consider three cases:

Case 1: At least two of ak, ck, ar+1, Cr+1 are even. In this case s; does not exchange the positions of two
odd elements in a or ¢, so (a, r, t) = {asy, rsy, ts;) and (c, t, u) = (csy, tsy, usy). We also note that a; |
and ¢ cannot both be odd, and a; and ¢4 cannot both be odd, so (a, ¢) = (asi, ¢si).

Case 2: Exactly one of ax, ck, Gx+1, Ck+1 IS even. By symmetry we may assume that ay, ar4 are odd and
one of ¢, cx+1 is even. Then we have

__1\{a,r) — _(_ (asg,rsi,tsy)
(=D (=D ;
_1h/(etu) — (— (s, tsi,usy)
(=D (=D ,
(_1)<a,c> — _(_1)<ask,csk>‘

Case 3: All of ay, c, ag+1, ck+1 are odd. Then we have
(_1)(a,r,t) — _(_1)(axk,rsk,tsk)’
(_1)(c,t,u) — _(_1)(c‘¥k,tsk,usk),
(_1)(a,c) — (_1)(ask,csk). 0

Let (b,r,s) € TriB(n, d). Forbe B andr, s € [1, n], we denote

[b,r,s1°, :=t{k € [1,d]| (bg, 1, s6) = (b, 1, 9)}, 2.12)
and define
b.r.s:= ] (.rsllt= [ [br.s (2.13)
beB, r,s€[l,n] beBg, r,s€(l,n]

(if B is infinite, these are infinite products and all but finitely many factors are 1). Note that

1Gprsl =[b,r,s]. (2.14)
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Moreover, we define

b.r.sly:= [[ [b.r.sl2,, (2.15)
beB,, r,sell,n]
b.r.sl.:= [[ [b.r.s) (2.16)

beB., r,s€[l,n]
3. Generalized Schur algebras

Throughout the section, (A, a) is a fixed good pair with an (A, a)-basis B = B, U B LI Bj as in (2.2).
Recall that H denotes the set of all nonzero homogeneous elements of A. We also fix n € Z.¢ and
de ZZO'

In this section, we construct generalized Schur algebras TaA (n,d) € SA(n, d). The definition of the
algebra S4(n, d) is straightforward, while TaA (n, d) is obtained by making a subtle choice of a full-rank
sublattice in S”(n, d) which depends on a. If a = Ay, then T (n, d) = S*(n, d), but in general the
algebras are different. In Section 3C, we investigate a natural coproduct on §4(n) := @ deZ-y S An,d)
and show that

T )= @ 1. d) < 5" ()
deZZo

is a subcoalgebra.

3A. The algebra SA(n,d). Let M,(A) be the k-(super)algebra of n x n matrices with entries in A and
recall the notation (2.6). There is a right action of &; on M, (A)®? with (super)algebra automorphisms,
such that forall ay, ...,a; € H, r1,51,...,rq, 54 €[1,n] and o0 € G4, we have

(Srall,sl Q- -- ®§Z(1’Sd)o = (—1)(U;a>€aal ® - @ Ed0d

Io1:501 T'odsSad”

The algebra S4(n, d) is defined as the corresponding algebra of invariants
S4(n, d) 1= (M (AP,
Note that S4(n, d) is unital if and only if so is A.

Remark 3.1. It is important to note that the superstructure plays a crucial role here, even if one chooses
to ultimately ignore the superstructure on S4(n, d). Namely, choosing a different superstructure on the
same algebra A will lead to different (even different dimensional) algebras of invariants S4 (n, d); see for
instance Example 5.28.

For (a, r, s) € Tri” (n, d), we define elements

Elo= ) EN @ @Y )
oeTTS Y

= Z (_1)(a,r,s)+(a/’r/’s/) 5“/1 R -® gfjé(} 3.2)

.8
(a',r',s")~(a,r,s)
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in $4(n, d), where we have used (2.10) to obtain the last equality. The following is clear (as noted in
[Evseev and Kleshchev 2017, Lemma 6.10]):

Lemma 3.3. We have that {S,b’s | [b, r, s] € Tri?(n, d)/ 64} is a basis of SA(n, d).
Lemma 34. If (@', r',s') ~ (a,r,s) are elements of Tri" (n, d), then

;g_a/’ = (_1)(a,r,s)+(a’,r’,s’)€_.a
r',s

r,s:
Proof. This follows from (3.2). O
For (a, p, q), (¢, u, v) €Tri” (n,d) and (b, r, s) € Tri® (n, d), define the structure constants f‘f”’;”;;c’u’v
from
b,r, b
Spabin= Do Jupmcantre (35)

[b,r,s1€Tri® (n,d) /G,
Note by Lemma 3.4 that if (o', r’, s") ~ (b, r, s) then

_ (_ 1)(b,r,s)+(b’,r/,s/) fb’,r’,s’

fb,r,s
a,p.q.cu,v a,p.q;c,u,v’

Recalling the notation (2.5), the following generalization of Green’s product rule [Green 2007, (2.3b)]
follows from [Evseev and Kleshchev 2017, (6.14)].

Proposition 3.6. Let (a, p, q), (c,u,v) € Trif (n, d) and (b, r, s) € Tri? (n, d). Then

fb,r,s _ Z (_1)(a,p,q)+(c,u,v)+(a/,r,t)+(c/,t,s)+(a/,c/) Kb

a,p,q;cu,v a,c
a',c',t

where the sum is over alla’, ¢’ € H? and t € [1, n] such that (a’, r,t) ~ (a, p, q) and (¢, t, s) ~ (c, u, v).
We can collect some of the equal terms in the formula above to rewrite it in the following form:

Corollary 3.7. Let (a, p, q), (c,u,v) € Tri’ (n, d), (b, r,s) € Tri®(n, d), and let X be the set of all
(@,c,t)e H' x H x [1,n] such that (@', r,t) ~ (a, p,q), (', t,s) ~ (¢, u, v), and a; + ¢, = by for
allk € [1,d).

() If (@', c',t) e X then (@', ¢, t)o € X foranyo € Gy, 5. Let[[a’, ¢, t]:={(a’, ¢, t)o |0 € Sp 5} C
X denote the corresponding Sy , s-orbit.
(i1) Kg, o and the parity of (@', r, t) 4 (c', t,s) + (@', ¢') depend only on the orbit [[a’, ¢, t].

(ii1) The structure constant f b,r.s

apgicu equals

Z (_ 1)<a,p,q)+(c,u,v)+(a e LS Ha e [6b,r,s : Gb,r,smga’,c’,t] Kzlz,’,c"
[a',c .tleX/Cprs

Proof. Let o € Gp s and (a, ¢/, t) € X.
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(1) To show that (a'c, ¢'o, to) € X, note that
(@'o,r,to)=(a'o,ro, to) ~(a,p,q)

and similarly (c'o, to, s) ~ (c, u, v). Finally, we have a, , +¢/, = bk = by for all k.

(i1) We have Kf/o’ o = K"l’f:,’ o = K;’,y » giving the first statement of (ii). To complete the proof of (ii), we
now show that

(_ 1)(a/,r,t)+(c’,t,s>+(a’,c/> — (_ 1)(a/a,r,trr)+(c/rr,ta,s>+(a/a,c/a) )

Write o as a reduced product of simple transpositions o = s, - - - 5, (it is not in general true that
Sty .- 81, € Gpyrs). Since (b, r,s) € Tri(n, d), we have ok = k for all k such that by is odd. Therefore
for all 1 < j <m, at least one of (bs;, - - - Sl,»,l)l,-, (bsy, - - -s1j71)1j+1 is even—i.e., no two odd elements
are ever exchanged by the simple transpositions that comprise o.

For 1 < j <m, either (a’s;, - - -5;,_,)1; and (¢'sy, - - - 51,_,)1; are of the same parity, or (a'sy, - - - 51,_)1;+1
and (¢'sy, - - - s1;,_,)1,+1 are of the same parity, by the above paragraph and the fact that a; +¢; = by for
all k. Therefore we may repeatedly apply Lemma 2.11 to get

(— 1)<a’,r,t>+<0’,t.S>+<a’,0’> = (- 1)<a’s,1 JTS1y s tS1 ) sy Sty 88 )@ sy ¢ sy

— (_ 1 ) (a/S[] Siy TSIy Sl S ES1 S12>+<C,S1| Sy ES1 81,851, S12>+<a/511 512,0,511 Sty )

_ (_ 1)(a’a,ra,ta)+(c/(r,ta,so>+(a/a,c/a)

= (- 1)(a’(r,r,to)+(c/a,t(r,s)-i-(a’rr,c/rr)

completing the proof of (ii).

(iii) As Kf," ~ €quals O unless @, + ¢, = bk, we may assume that the summation in Proposition 3.6 is over
k>~ k
all (@', ¢, t) € X. By (i), (ii) and Proposition 3.6, we have

b,r,S = ! / <a,P»q>+<C»”»v)+(a’,r,t>+(0',t,s>+<a’,c’>
fopgean= D #la el (=D o
[a’,c' . tleX/Cprs
It remains to note that #[[a’, ¢’, t1 = |Gp.r.s/Gpr.s N Gar.c ¢ 0

Let t be a homogeneous anti-involution on A. Then t induces a homogeneous anti-involution

Tyt My(A) = My(A), &> &1

s,y

which in turn induces an anti-involution

T

Toa: S, d) — $*(n,d), &% r>E°

r.,s s,r’

(3.8)

where fora =a; - - -ag € H% we have denoted a” := t(a;) - - - t(ag) € H?.
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3B. The algebra TuA (n, d). Recalling the notation (2.16), for (b, r, s) € Tri® (n, d), we set

nf’s =1b,r, s]!cérbys. (3.9)
Define the k-submodule T2 (n, d) € S4(n, d) to be

T (n,d) :=span(nl | (b,r,s) € Tri®(n, ).

It will turn out that TaA (n, d) depends only on a, not on ¢ or B; see Proposition 4.11.
Lemma 3.10. We have that {n? (| (b, r,s) € Tri®(n, d)/S4} is a basis of T (n, d).
Proof. Follows from the definition and Lemma 3.3. ([l
Lemma 3.11. Letay,...,as € aUAjandr,s €1, n1% Then S,“Ys € TaA(n, d).

Proof. By assumption, for 1 <[ <d, either a; =) _,_,c1.»b or a; = ZbGBI c1.pb, with ¢, € K. Tt follows
that & ¢ is a linear combination of the elements érl” s such that b is of the form by - - - by with b; € B, U B;
foralll =1, ...,d. But for such b, we have Sb = nf’s € TaA(n, d). O

r.s —
Proposition 3.12. We have that TaA (n,d) € S4(n, d) is a K-subalgebra. It is a unital subalgebra if (A, a)

is a unital good pair.

Proof. By Lemma 3.11, if 14 € a, then the identity 14 ® - - - ® 14 € SA(n, d) belongs to T, (n, d), so we
only have to prove the first statement of the lemma.

We now fix (a, p, q), (c,u,v), (b, r,s) € Tri® (n, d) and apply Corollary 3.7. Using the notation as
in the corollary, assume that (a’, ¢/, t) € X is such that K‘I:/’c, # 0. In view of Corollary 3.7(iii), it suffices
to prove that the integer

M:=la,p,ql. [c,u, ] |Sprs/CprsNGa ol
is divisible by [b, r, s]!c. Forb,a’,c’ € Bandr,s,t €1, n], define
a',b,c’

my¢ =#kell,dl|ay=d, by=b,c,=c, re=r, sk =s, i =t}.

Then, using that (a’, r,t) ~ (a, p, q), (¢, t,s) ~ (c, u, v), we obtain

1Gprs NG t| = I my ! (3.13)
a',b,c'eB, r,s,te[l,n]
borsl,= > mih (eB. rselln, (3.14)
a',c'eB, te[l,n]
la.p.qls,= Y. myls (a€B, p,gell,n), (3.15)

b,c’eB, te[l,n]

le.uvls, = > mil  (ceB, uvelln). (3.16)
a',beB, te[l,n]
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By (3.14), for every b € B and r, s € [1, n], we have that

b
b [b, r, s]y !
yr,s = a’,b,c/' € Z
Ha’,c’eB, te[1,n] Mrs,t

So

C:= 1_[ v, €z,

beB.UBjy, r,s€[l,n]

and by (3.13), we have

|6b,r,s/6b,r,s m6a’,c’,t| = l_[ yf,s =C- l_[ yf,s-

beB, r,s€(l,n] beB,, r,s€(l,n]

Now we claim that b € B, and mfsb,‘ > 1 imply a’ € B. or ¢’ € B.. Indeed, if a’ € Bj, then using

(3.15), we get mf:s’f’,’c/ <la, p, q]‘,{’t <1as (a, p,q) € Tri® (n, d), which is a contradiction. Thus a’ € Bj.

- / /
Similarly, ¢’ € By. If @', ¢’ € B, then 7, , = 0 since a is closed under multiplication. Since mf“;f’,’c > 0,
this implies Kf, » = 0, which contradicts our choice of (a’, ¢, t), proving the claim.

By the claim, for b € B. and r, s € [1, n], we may write

b
b (b, r,s]; !
yr,s - (l_[ a’,b,c’ )(1_[ a’,b,c")'
a’'eB¢, c’eB, te[l,n] ml’,S,t : a’'€BqUBy, ¢'€B, te[l,n] ml’,S,t :
So M equals
a ! ¢ | b
1_[ [a’ D, q]r’[' . l_[ [c7u’ v]l,S' C 1_[ yrys
a’eB. c’'eB, beB¢, r,s€[l,n]
r,te[l,n] t,se[l,n]
/ N
( [1 . ) ( e )
- a',b,c’ 1_[ a',b,c/
0,7 [
a'eB. Hc’eB, beBe, se[l,n] Mrse - c'eB. Ha’eBuUBj, beBe,re[l,n] Mrs.t *
r,te[l,n] t,sell,n]

xC- [] [(b.rosi2.

beB., r,s€[l,n]

Note that the first factor is an integer by (3.15), and the second factor is an integer by (3.16). We have
thus proved that M is divisible by

b !
]_[ [b,r,s]) ! =1b,r,s],
beB., r,se[l,n]

completing the proof. U

Remark 3.17. When a = Ag, we have TaA (n,d)y==S A (n,d). In the general situation however, when
a C Ag and d > 2, the subalgebra T2 (n, d) € S*(n, d) is a proper sublattice in S*(n, d). An explicit
example of this distinction, when A is the extended zigzag algebra, is provided in Example 5.28.
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Remark 3.18. We sometimes refer to the algebras § A(n,d) and TaA (n, d) as generalized Schur algebras
since for the case A = K they both return the classical Schur algebra S k(n, d). In [Kleshchev and Muth
2018], we sometimes also refer to TaA (n, d) informally as the “schurification” of the pair (A, a). We
point out that various other generalizations of the classical Schur algebras were studied in the literature;
see especially [Donkin 1986; 1987; 1998; Doty 1998].

Remark 3.19. Let us remark on our reasoning for studying the more subtly defined construction TaA (n,d),
as opposed to just the invariant algebra S4 (n, d).

First, the elements (3.9) arising in the definition of TaA (n, d) are motivated in part by analogous
elements in natural examples, such as Turner’s double algebra. Indeed, a specific choice of good pair
(A, a) allows TaA (n, d) to recover Turner’s double D, whereas S4(n, d) instead recovers Turner’s divided
power algebra ‘D, as defined in [Evseev and Kleshchev 2017]. Moreover, it is certain TaA (n,d)’s—
and not S*(n, d)’s — that appear as “local descriptions” of blocks of symmetric groups (see [Evseev
and Kleshchev 2018]), classical Schur algebras (conjecturally; see [Kleshchev and Muth 2018]), and
(potentially) other interesting classical objects. We refer the reader to Section 5D2 for more details on the
relationship between generalized Schur algebras and Turner’s double algebras.

Additionally, the algebra TaA (n, d) tends to have more natural properties than S4(n, d). For example,
the following properties hold for TaA (n, d), but do not generally hold for S4(n, d):

(1) If A is symmetric (and (A, a) satisfies certain conditions), then TaA (n, d) is symmetric as well; see
Corollary 6.7.

(i1) If A is cellular/quasihereditary (and (A, a) satisfies certain conditions), then TaA (n,d) is cellu-
lar/quasihereditary when n > d; see [Kleshchev and Muth 2018].

(iii) The algebra TaA (n, d) is generated by very special elements (see Theorem 4.13), which is crucial in
many situations; see, e.g., the proof of Corollary 8.24 in [Evseev and Kleshchev 2018].

3C. Coproduct on generalized Schur algebras. In this subsection, it will be convenient to use the
following notation. Let 7 = (b, r, s) € Tri? (n, d). We write

Er = Sr’”s, Ny = nf,s, Tg.=brsg [7']!c =1[b,r, s]!c, To :=(b,r,s)o, etc.
Ifd=d +dy, T' = ', r',s") e Trif (n, d)) and T2 = (b2, r2, s2) € Tri® (n, d»), we denote
T2 .= 'b%, r'r?, s's?) € B¢ x [1,n]? x [1, n]%.

In general 7'7T° 2 does not need to be an element of Tri® (n, d).
Recall the notation (2.9). For T € Trig (n,d) and 0 <[ < d, define the sets of [-splits of T and splits of

T as
Spl(T) == {(T", T € Tril (n, ) x i (0, d — 1) | T'T* ~ T},

SpI(T) == || Spli (D).

0<l<d
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For (T',7?) e Spl,(T), let 077:1’7,2 be the unique element of 7 2 such that
Tof n=T'T".
Lety : 6 x S,;_; — &, be the standard inclusion. Let T € Trig (n, d). Note that for every o € Tg

there exist unique (T, 75 e SpL(T), 01 € 7' 9 and o) € 7* 9 such that o = 077_—,’741 (01, 02). In other

words, the map
|| 79xT2-79 (3.20)
(T, T2)eSpl,(T)
sending (01, 0) €7 2xT° 2 to 072 124(01, 02), is a bijection.

Note that for (o1, 02) € T' 9 x T2 we have
(0] pati(o1,02); b) = (0], 123 b) + (013 b') + (02: b7). (3.21)
Recall from [Evseev and Kleshchev 2017, §3.3] that
P m,.a)*

d>0
is a supercoalgebra with the coproduct V defined by

d
VM, (A% — P M, (A & M, (42D
=0

d
£Q R > Y 10 Q8)®EN® - ®E).
=0

Let
') =P S*n.d) and Tr(n):=EPT/(n.d). (3.22)

d=0 d>0

We next prove that these are subsupercoalgebras of € a=0 M (A)®?. The following result is actually
contained in [Evseev and Kleshchev 2017], but we give a proof using our current notation for reader’s
convenience.

Lemma 3.23 [Evseev and Kleshchev 2017, (6.12)]. If T = (b, r,s) € Trig (n,d), then

CAN )
V(%'T) = Z (_1) UTl,Tz STI ® S’TQ
(T, THeSpI(T)
In particular, S*(n) is a subsupercoalgebra of @ a>0 Mn (A%,

Proof. Writing ZSpl, (7 for the sum over all (7', T%) € Spl,(T) with

T =" r', s and T2= % r? s?),
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we have that V(ér’” ) equals

(o2 b b()' b(r
Z ( 1) V(Srall 5(71 Srrrddsrrd

oeT P
_ (o;b) b, b, (+1) b,
Z (=D Z(Er:ll s &0 ® fr;?’,so,) ® (Sr:aw soirny @ 10 @ é”:dl[ssad)
oeTy

d
— E § § _ (@], 2:b) o b b ol bt by 02
- ( 1) 7T (Er]l’sll®”'®gr]l‘sll) ®(§r12,s12®“'®$r§ 15,1 ])
1=0 Sp(T) 4, 7'

(TzGTz_OJ
d
(‘TTl 2§b)
=) ) U,
[=0 Spl;(b,r,s)
where we have used the bijection (3.20) and the sign identity (3.21) for the second equality above. [
Corollary 3.24. If T = (b, r, s) € Tri5 (n, d), then

a
\Y4 = 1 Tl EAR L L - 1® )
(7]7') (Tl’ﬂgpl(ﬂ( ) [Tl]L[TQ]L nr U

with [T1L/(IT " LIT?1Y) € Z. In particular, TA(n) is a subsupercoalgebra of D=0 M (A)®4,

Proof. By Lemma 3.23, we just have to check that [7'1[72]} divides [T]. whenever (7, 72) € Spl,(7).
But in this situation we have that [T12, = [T']2, 4+ [T?]2, forall b € B and 1 <r, s < n, which implies
the required divisibility. 0

4. Superbialgebra structure

Recall the definition of S*(n) and TaA (n) from (3.22). In this section we study the star-product on S (n)
and TaA (n) which together with the coproduct V from Section 3C makes them into superbialgebras. For
S4(n) this is well-known; see, for example, [Evseev and Kleshchev 2017, Lemma 3.12].

4A. Star-product. Ford, e € Z>, let @.¢) 7 be the set of the shortest coset representatives for (G, x
S )\Syte. Given & € M, (A)®¢ and & € M,(A)®*, we define

Eixbi= ) (E1®&)°. (4.1)
cedag

It is well-known that this s-product makes P 450 M, (A)®4 into an associative supercommutative super-
algebra.

Lemma 4.2. For (b,r,s) € Tri® (n, d) and (c, t, u) € Tri® (n, €), we have

b,
(1) Srl 51 '*Srdd,sd— b r s Sr s
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o b c [be, rt, sul' .
(11) Sr,s *St,u - [b r, S] [C, t, u] Srt su>

[bc, rt, su]' be
! nrt su’
(b, r,slylc. t,ul,
where [bc, rt, su]!/([b, r,sl'le, t, ul") and [be, rt, su]fl/([b, r, s]il[c, t, u];) are integers, and the right-
hand sides of (ii) and (iii) are taken to be zero when (bc, rt, su) ¢ Tri8 (n, d + e).

b
(i) ny ¢ *nf, =

Proof. We have that £/ xEPL s equal to

r S]
DEN @@ )T = Y Y (E @ ®E )7
ey oebrsg o'eBGp s
=lb.r.sl Y G, @ - ®&1,)°
Ebrs_/
=[b,r,s1'&L,,

proving (i). Thus
b1 sV e, toul §) k& = (5] % &2 ) % (61l - £,

b
= rllxl éjrd Sd stl Lt] g:te Ue

= [be, rt, sul' 5

rt,su’

where the last line is interpreted as O if (bc, rt, su) ¢ Tri? (n, d + ¢). Therefore

[b.r.slyle. t,ulynl oxnf, =[br.sllc. t.ul & =&,
= [bc, rt, sul' 5

rt,su

= [bc, rt, sul, nrt su-
Now (ii) and (iii) follow by noting that
[be, rt, su]f’s =1b,r, s]f’s + e, ¢, u]f’s

forall b, r,s. |
Corollary 4.3. S4(n) and TaA (n) are subsuperalgebras of € a>0 Mn (A)®4 with respect to the x-product.

Corollary 4.3 and [Evseev and Kleshchev 2017, Lemma 3.12] now imply:
Corollary 4.4. With respect to the coproduct V and the product %, S*(n) and TaA (n) are superbialgebras.

We will also need the following result, where the Sweedler notation V(x) = ) x(1) ® x(2) is used:
Lemma 4.5 [Evseev and Kleshchev 2017, Lemma 4.2]. Let x, y,z,u € S4(n, d). Then

@) @xu) =Y (=D (xayza) * Gmze) * Gaum) * Goue),

where s = (X) + Y2))Z + Y1) (X2) + Z1)) + Yoyl (1)
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4B. Separation. Let g € Z.¢ and § = (dy,...,d,) € Zqzo with dy + --- +d; = d. Then G; :=
Sy x - x Gy, < &y. Suppose that for eachm =1, ..., g, we are given

@™, r™ sy ("™, t™ u™) e Tri (n, dy).

We write

a™ = afm) . -aa(,m), rm —=pm .. -rg(l;"), etc.

Let

We also write

The triple (a, r, s) is called §-separated if 1 <m #1[ < g implies
(a(m) (m) m)) + (a(l) (l) (l))
u

’ t
forall 1 <t <d, and 1 <u < d;. We then automatically have (a, r, s) € Tri (n,d).

Lemma 4.6. If (a, r,s) is 6-separated, then

o @ o @
a a a _ .a a
5,(1) s ¥ *Srw),s(q) and 1, ;= N g ¥ Mg @+

Proof. Recalling the notation (2.9), for each 1 <t < g, there exists (a®, 7® §?) e Trigl (n, d;) such
that (@(t), FO §(t)) ~ (a(t), r®, s(’)). Write @ :=a®V .- .a@D, ¢ =D ... ;@ §.— ... 5@ Then
(@,7,5)~ (a,r,s), and (a, F, ) is 8-separated. Moreover we have that &; ; ; < &5, and both groups
are standard parabolic subgroups of &,. Using (3.2), we get
& ag o ag \o'o”
f‘f Z(srl S1®‘.'®§rda§d) Z(Srl Sl® ®§rd5d)
o., O.//

a0

4D o) 4@
_ a a a
= E (5;(1)3(1) - ®5 o) s(q)) f,(l) s ¥ kS s

where o runs over “"*Z, ¢’ runs over all shortest coset representatives for S; ; ;\Ss and ¢” runs over

all shortest coset representatives for G5\ S,.
Since (@®, 7V, §O) ~ (@®,r® s®) forall 1 <t < g, we have

(_1)<ay,.ys>+<ﬁ,;.,§> . (_1)(a(l)’,.(I>,s(1)>+,_.+<a(q)’r(q)’s(q)H_(&(l)’;.(1)’§(1)>+4..+<ﬁ<q>’;(q)’g(q)>

Then, using Lemma 3.4, we have

= (=1)@rs)+@rs) a *%,;,(q)

a __ (a,r,s)+{a,r,§)s-a
rs = (1 &; PO g ¥ ) 5@

8
_ (_1)(a“),r“),s(“)+<&“),i“),§(”)5:2(”

= F0) 5
B . (@@ r@ s Dy (ag D 7@ §@) gD
%% (—1) 5;(q>,§(q>

m @
a a
=& 0% x>
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as desired. The result for ’s follows from the result on &’s. [l

Lemma 4.7. Let (a, r, s) and (c, t, u) be §-separated and suppose that

a® a@ o) @

I
(5,(1),s(1) ®--&® frw),s(q))a (5,(1),,,(1) Q- &® gt(rn,u(q))g =0

whenever o and o’ are distinct elements of * 9. Then

a e o o) @ @
& sStu= i(gr(l)’s(l)gt(l)’u(l)) Foeeook (gr(q>,s<q>5t<q>,u(q>)-

Moreover, ifay, ...,aq orcy, ..., cq are all even, then the sign of the right-hand side is +.
Proof. By Lemma 4.6, §7 (&, equals
a® a@ . 0 @ o
( Z (é/‘:r“),s(l) K- ®$r(q)’s(q)) > ( Z (St(l)’u(l) - ®‘§t(q),u(q)) )’
0e%y '€’

and the result follows. ]

The following result allows one to reduce the study of S (n, d) to the blocks of A, and similarly for
TA(n, d).

Lemma 4.8. Letm € Z-q. Fort € [1, m] assume that (A,, a;) is a good pair. Write A := @;":1 A; and
a:= @/, a;. Then we have

stm.dy= P éSA’(n,v,) and Tl d)= P éTa’?’(n,vt)

veA(m,d) t=1 veA(m,d) t=1

as K-superalgebras.

Proof. Fort € [1, m], let B; be the designated (A,, a,)-basis, and set B = |_|;":1 B; as the designated
(A, a)-basis. It follows from Lemma 4.6 that, for any (b, r, s) € Tri8 (n,d), we have

b __ p(D pim
“Er,s = ig,m,s(l) ook 'fr(:n),s(m)

for some v € A(m, d) and (b®, r®, s®) e Tri% (n, v,) for t € [1, m]. So we may write

St.dy= @ SN v) x-S, o)
veA(m,d)

Inductive application of Lemma 4.5 shows that this is a decomposition of S4(n, d) into subalgebras.
Moreover, it follows as well from Lemma 4.5 that for all v € A(m, d) we have

SAT(m, vp) %k S (1, vy) =S (0, 0) @ - @ S (1, V)

as k-superalgebras, proving the claim for S (n, d). The proof of the claim for 7.2 (n, d) proceeds exactly
as above, since Lemma 4.6 provides an analogous result for n’s. U
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4C. Generation. We define

Y :=span(&?, |r,s €[1,n], b€ B.UB;) € M,(A),
Star? Y :=Yx---xY C T(n, d),
—_—
d times
where the second inclusion comes from Corollary 4.3. Note also that S*(n, d) C TaA (n, d) since by

definition, for b € BY, we have g,’{ § = nﬁ - The following is a generalization of [Evseev and Kleshchev
2017, Lemma 4.30].

Lemma 4.9. We have
d

TaA(n, d)= @ S%(n,d —e) xStar‘Y.
e=0
Proof. As S%(n,d —e) C TA(n,d —e) and Y C T/ (n, 1), the right-hand side is contained in the left-
hand side thanks to Corollary 4.3. For the converse containment, we only need to prove that every r]f’ s
with (b, r, s) € Tri®(n, d) is contained in the right-hand side. For any b € B and r, s € [1, n], denote

b
— b
e:= E m .

— b
m; =[b,r,s] and set
beBLUB7, r,s€[l,n]

Using the fact that mf’ s €10, 1} for all b € By, Lemma 4.6 and the definition of nf’ s> We see that
b b
nf’s = :i:( k ((srl?s)(@mr,s)) * ( % ((s:?s)*mr.f))’ (4.10)
beB,, r,s€[l,n] beBUBj, r,s€[l,n]
with the first term in S*(n, d — ¢) and the second term in Star® Y. O

Proposition 4.11. The algebra TaA (n, d) depends only on the subalgebra a, and not on the choice of the
(A, a)-basis B.

Proof. Let B = B, B.UBj and B’ = B, LI B_ LI B% be distinct choices of (A, a)-bases, ¥ = span(frlfs |
r,s €[l,n], be B.UB;),and Y' = span(éfs |r,s e[l,n], be Blu B%). As B; C span(B. Ll By), we
deduce that .

Star‘Y’ C @ Star® /Y xStar/ a.
£=0

Therefore by Lemma 4.9, the algebra ‘T (n, d) defined using the basis B’ is contained in the algebra
TA(n, d) defined using the basis B. Similarly, TA(n, d) C'TA(n, d). O

Let 7 be an anti-involution on A, such that t(a) = a. Then it is easy to see, using Proposition 4.11,
that the involution t, 4 on S4(n, d) defined in (3.8) restricts to the involution of TaA (n, d). Moreover, if
7(Bgy) = Bg, T(B.) = B and t(Bj) = By, then we have

Ta: T2, d) = T, d), nb g1l (4.12)
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The following theorem generalizes [Evseev and Kleshchev 2017, Theorem 4.31].

Theorem 4.13. Suppose that (A, a) is a unital good pair and let 1 := 1y, (4). Then TaA (n,d) is the
subalgebra of S*(n, d) generated by S®(n, d) and 12?1 x Y :={1®4"1xy |y e Y}.

Proof. Let U be the subalgebra of T (n, d) generated by S®(n, d) and 1941 4 Y. We show by induction
one=0,...,d that U contains every element of the form n,”vs x 19— where (b,r,s) e Tri® (n,e).
This proves the theorem in the case d = e.

The base case e =01is clear. Let0 <e <d. Let (b', r', s') € Tri® (n, ). We will show, using the inductive
assumption, that nf,,’s,* 19@=9 e U If b’ € B¢, then nf,/’s,*1®(d_e) € S%n, d) C U, and we are done. So we
may assume that (&', r', s') = (bb, rr, ss), for some (b, r,s) e Tri’(n,e—1), b e B.UBjandr,s€[l,n].

By the induction assumption, n? (  1®@=¢tD € U. We also have 19~V x gl e 19¢-D yy Cc U.
Thus the following product is contained in U':

— 1 —1 —e+1 _
(n? 18D QO by = (i )y # 189D sl ) )]l % 191079 )

=4 (nf,s)(l) * (nf’s)(z)é:rlfs * 1®(d—e+1) + nf’s * g_—fs ” 1®(d—e)’

where the equalities come from Lemma 4.5 and the supercommutativity of . Note that by Corollary 4.4,
we have that (nf’ (1) * (nf’s)(z)érb’s belongs to T (n, e — 1), and thus may be written as a linear com-

bination of elements of the form nf,/,, where (0”7, r",s") € Tri®(n, e — 1). Therefore the induction

"
,8

assumption implies that the term (n2 )1y * (12 () 2)&7 * 19€@=¢1 belongs to U, which in turn implies
that nf’s *Srlfs % 12@=¢) ¢ U But since b € B, U Bj, we have as in (4.10) that nf,/ ¢ = :i:r]f,s *Srlfs, SO

nb g % 186€70 = £pb xgb 419979 e U,

completing the induction step, and the proof. U

5. Miscellaneous properties and examples

Throughout the section, (A, a) is a fixed good pair with an (A, a)-basis B = B, U B, LI Bj as in (2.2).
Much of this section deals with various idempotent truncations. If e € A is an idempotent, we say that B
is e-admissible if ebe = b or ebe = 0 for all b € B. We say that we say that B is right e-admissible if
be =b or be =0 for all b € B.

5A. Idempotents and characters. Throughout the section, let ey, ..., e; € a be a set of orthogonal
idempotents. We do not assume that Zfzo e; = 1, and usually we do not make any admissibility
assumptions on B. Set I = [0, £].

Let A(n) := 7%, and Al(n) := A(n)". We think of the elements of A(n) as compositions A =
(A, ..., A,) and the elements of A/ (n) as tuples A = A0 A0y of compositions. For such A € A(n)
and A € Al(n), we set L] :=Y"_; A, A := Y., [AD)], and, for any d € Z~(, we define

An,d):={reAm) | |x|=d}, Al@m,d):={reA®)|A|=d).
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The group &,, acts on A(n) via
ori=Ag-11, ey Ag-1,).

The group &! :=T1,.; &, acts on Al (n) via
oh = (0000, . o©30),

foro =(0,...,09) & andr = ©, ..., 20) e Al (n).
To A € A(n, d) we associate the word I* = 1% ... p*» € [1, n]%. For any idempotent f € A we have an
idempotent
g =gl e s a).

Note using Lemma 3.11 that 5{ € TaA (n,d) if f € a. Define

gl = Z 5{. (5.1)
reA(n,d)
If, for any a € A we define
n
E*:=) £ € My(A), (5.2)
r=1
then
e/ =FE'®...@E. (5.3)
If A is unital, we denote
£ =& (5.4)

Then lgag g =) ¢ An.a) §» 18 an orthogonal idempotent decomposition. If the pair (A, a) is unital, then
& € TA(n,d) forall A € A(n,d). For p € Al(n, d), define

er = £y ko xEly € T, d). (5.5)
Forac Aando € S, let&4 =) | _, €5).r € Mn(A) be the permutation matrix corresponding to o
multiplied by a. Foro = (0@, ...,0®) € &!, we set
Eoi= Y (EST s x (5P € T, d).

(80,----80)€A! (d)
Lemma 5.6. Forall 0,1 € G, we have £,&; = &5+.
Proof. This follows easily from Lemma 4.7. ([l
Lemma 5.7. If L € A'(n,d) and o € 6,2, then we have £ze)6,-1 = eg).

Proof. Let d; = |A| for all i € I. Using Lemma 4.7, we get

d| d d, d,
Saelga—l = ((55?0))(8 ogf?o) (S:UO(O))A)(@ 0) Kook ((gﬁe))® Ké;fm (S(‘iﬁ(o)q)@ Z)-
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For all i € I, we have
) ; @) ) (i) ]
Era) UL G0 ® = Gl U (G DN - (6 )M ) (€ 0,

NG : NG
(gamgl 1 (0-(1))—1)® ! *"'*(55(;‘)5 E o)~ 1)®

o)
(50(»1 0-(1)1 -k (Sa-(z)n a—(z)n)
. . YA
= )™ e ) P
Som PIGE
where we have used the commutativity of x-product on even elements for the penultimate equality. So
the result follows. (]

We consider A’(n) as an abelian monoid, where A = g + v when A% = 1) + v for all i € I and
rell,n].

Lemma 5.8. For A € Al (n,d), we have

V= ) eu®e.

w,veA!(n)
p+v=>A
Proof. The result follows by Corollary 3.24. Indeed, recalling the notation of Section 3C, note that
ex = &r, where T = (b, r, s) with b = e(l)k( L. LN)L r=s=01"...1"" Then (T', T?) ¢ Spl(T)
if and only if 7! = (o', r!, s ) w1th b' = O““' . eL“(Z)l, rl=s! =10 .11 and T2 = (B2, r2, 52),
0 (4
with % = elov( . eLU( )|, r2 =s2=1"""... 1" such that m+v=A O
Define

R:=2Z[t]/(t* - 1),

and denote the image of ¢ in the quotient ring by 7, so that 7¢ makes sense for ¢ € Z/2. Writing the
operation in the monoid A (n, d) multiplicatively, denote by RA’(n, d) the corresponding R-monoid
algebra. This algebra inherits the G!-action from that on A’(n, d). Since this action is by algebra
automorphisms, we have the invariant algebra (RA!(n, d ))6»11.

If V is a free k-module of finite rank, we denote its rank by dim V. If V be a free k-supermodule of
finite rank, its super-rank is defined to be dim; V :=dim V5 + (dim Vj)7 € R. Let W be a TaA (n,d)-
supermodule. If e, W is free of finite rank as a k-supermodule for all > € A’ (n, d), we say that W is a
supermodule with free weight spaces. In this case, the (formal) character of W is defined to be

chy W:= > (dimsex W)X e RA (n.d).
reAl(n,d)

Lemma 5.9. If W isa TuA (n, d)-supermodule with free weight spaces then chy W € (RA! (n, d))GrII.

Proof. By Lemma 5.7, we have that e, W = ¢y W as K-supermodules whenever u and A are in the same
& orbit. U
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Finally, Lemma 5.8 gives us:

Lemma 5.10. Let Wy be a TaA (n, dy)-supermodule with free weight spaces and W, be a TaA (n,d>)-
supermodule with free weight spaces. We consider Wi @ W, as a TaA (n, di + d»)-supermodule via the
coproduct V. Then W1 @ W, is a supermodule with free weight spaces, and

chy, (W1 @ W3) = ch, (Wy) chy (W3).

Let A, o € Al (n). We call A, pu nonoverlapping if for every i € I and r € [1, n] we have that )\ﬁi) #0
implies uﬁl) =0.

Proposition 5.11. Suppose that B is right e;-admissible for all i € I. Let . € Al (n, c), u € A (n, d) and

suppose that A and o p are nonoverlapping for some & € &1, Then we have isomorphisms
S4(n, c)ex ® S4(n, d)ey, = S*(n, c +d)ertop,
TaA(n, o)ey ® TuA (n,d)ey, = TaA(n, c+d)ertopn,

of S4(n, c+d)- and TaA (n, c + d)-modules, respectively.

Proof. We prove the result for TaA; the proof for S4 is similar. Since TaA (n,d)ey = TaA (n,d)eg, by
Lemma 5.7, we may assume that A and g are nonoverlapping and prove that

TA(n, c)er @ TA(n, dyey, =T A(n, c +d)ersp.

Set B(i) ;= {b € B | be; = b} foralli € I. Forv € Al(n, f), let Trif(n, f) be the set of all
(b, r,s) € Tri® (n, f) such that

#lk | by € BG), sg =1} =v" foralliel,te[l,n]
Then for all (b, r, s) € Tri® (n, f) we have
b ey 0=l e, =0l & (b,r,s) e Tril (n, f),

SO
| b.r,s1eTril(n, £)/6y)

is a basis for TaA (n, f)e,. By the nonoverlapping condition, we may choose a total order on B x [1, n] x
[1, n] such that (b, r,s) > (b',r’, s") whenever b € B(i) and b’ € B(j) for some i, j € I with x§i> >0
and ,uﬁj )
under this total order. The set Trif (n, f)/S is in bijection with Trif (n, f)o, so

> 0. Let Trif (n, fo C Trif (n, f) be the subset of triples which are lexicographically maximal

k1 b, r,s) €Tl (n, f)o)

is a basis for TaA (n, ey.

We have a one-to-one correspondence

Triy (n, ¢)o x Triy, (n, d)o <> Trig,, (n, c +d)o,
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given by
((b,r,s), (', r' s"))— b, rr' ss’).

Thus we have a K-linear isomorphism
Q: TaA (n,c)e) ® TaA (n,d)e, = TA(n, c+d)eyiy
defined via
Uf,s (Y ﬂfﬁ,s/ = nff:,ss,
for all (b, r,s) € Trif(n, ¢)oand (b, r',s') € Triﬁ(n, d)o. Moreover, in this situation (bb’, rr’, ss’) is

bb'

rr’,ss’

(c, d)-separated by the nonoverlapping condition, so 7, = nf’ ¢ ¥ nf//’ ¢ by Lemma 4.6. Thus we may

describe the isomorphism more generally via the star map:
Q- TaA(n, cen® TaA(n, d)ey, — TuA(n, ct+d)eyip, XQYyH> X %Y.
Finally, ¢ is an isomorphism of TaA (n, ¢ +d)-modules thanks to Lemma 4.5. ]

5B. Idempotent truncation. Let e € a be an idempotent and &€ € TaA (n, d) be the idempotent of (5.1).

Set
A:=eAe and a:=eae.

By definition, A is a subalgebra of A and @ is a subalgebra of a. So we can consider 54 (n, d) and hence
TaA (n, d) as subalgebras of S4(n, d).

Lemma 5.12. Let e € a be an idempotent. Suppose that B is e-admissible. Then:
(i) S%(n, d) =54 (n, dD)5".
(i) TA(n, d) = &TH(n, d)&°.
Proof. By assumption, we have an (A, a)-basis B = B, U B Ll By such that ebe = b or ebe = 0 for all
b € B. Defining

5|

a:=1{b € By | ebe =b},
c:=1{b € B | ebe = b},
i :=1{b € By | ebe = b},

ST

we have that B := B, U B, L By is an (A, @)-basis for A. Then, for all (b, r,s) € Tri? (n, d), we have
gegb %.e — Seble ..... ebge _ SI{J,S ifbe Ed,
" n 0 otherwise,

which implies the result. U

For r € [1, n]? we define
o =(w1,...,w,) € A(n,d)

viaw, :={k € [1,d] | rp =r} for all r € [1, n]. Recall the idempotent &, from (5.4).
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Lemma 5.13. Let A be unital. If A € A(n,d) and (a, r,s) € Tri (n, d) then

&8l =8kl and & & =08 »& .

Proof. Immediate from Proposition 3.6. (I
Let N > n. Set
AY(@):={Le AN, d) | dpy1=-=ky=0} S AN, d),
and define the idempotent
V)= ) &eS'N.d). (5.14)
AeAN (d)

If (A, a) is unital, then £ (d) € TA(N, d).
Lemma 5.15. Let A be unital, N > n and (b, r, s) € Tri® (N, d).

(1) We have
EVEL =8reavaEly and &) EN(d) =8 can )bl s-

In particular, the map
SA(n,d) —> SAN,d), &, & (b.r.s) eTi’ (. d))
is a (unital) algebra isomorphism
S, d) = &' ()S' (N, ), ().
(i1) If (A, a) is a unital good pair then S,{V d) e TuA (N,d),
EN? s =bureayaynts and b EN () =Suseny )il
In particular, the map
TAn,d)— TAN,d), nt,—>nt,  (b,r.s) eTrif(n, d))
is a (unital) algebra isomorphism
Tl (n, d) = & ()T (N, D), ().
Proof. Follows from Lemma 5.13. U
Corollary 5.16. Ifd <n < N, then V > EN(d)V defines equivalences of categories
SA(N,d)-mod => S*(n,d)-mod and T(N,d)-mod => T(n,d)-mod.
Proof. To prove the result for S4, in view of Lemma 5.15, we just have to prove that

SAN, )N (d)SA(N, d) = SA(N, d).
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The last equality will follow if we can show that each &, with A € A(N, d) is in the left-hand side. By the
assumption that d < n, there is 0 € &,, such that all nonzero parts of o A are among its first n parts, and so

§0r. = Eaiy (d) € YN, d)E, (d)SHN, d).
By Lemma 5.7, we have that 50&50_1 =&,,,0r
&1 =&, 80185 € SUN. )5 (d)S* (N, d),
and we are done. The proof for TaA is the same, using the fact that &, € TaA (n,d). O

Remark 5.17. Letd <nandw:=(,...,1,0,...,0) € A(n,d). Then we have
£, =&l % %8 €80, d).

It is proved in [Evseev and Kleshchev 2017, Lemma 5.15] that the idempotent truncation &,S4 (n, d)&,, is
naturally isomorphic to the wreath product superalgebra A:S,. This is the analogue of the classical result
on Green idempotent truncation [Green 2007, (6.1d)]. If the pair (A, a) is unital, we have &, € TaA (n,d)
and it is easy to see that &, T (n, d)&, = £, (n, d)&,.

5C. Tensor product, truncation and induction. In this subsection, we drop indices and write T (n, d)
for TaA (n,d) and S(n,d) for s4 (n,d). Throughout the subsection, we fix a € Z>1, a composition
§=(d,...,d;) € A(a,d), and a composition v = (ny,...,n,) € A(a,n) with ny,...,n, > 0. We
denote
Tn,8) =Tn,d))®---QT(n,d;) and TW,8):=Tn,d) R - QT (ng,d,).
Let
V@ .= (id®2®V)o---0(id®V)oV : T(n,d) — @ T(n,y)
yeA(a,d)
be the iterated coproduct. Projecting onto the summand 7 (n, §) yields the algebra homomorphism
Vs: T — T(n,?$).

Using Vs, we can consider T (n, §) as a (T'(n, d), T (n, §))-bimodule, so that

U1®®Ua;T(n78)®T(”,5) (UIIX&U‘I) (518)

for Uy € T(n,dy)-mod, ..., U, € T(n,d,;)-mod.
Recall the idempotent S,iv (d) € T(N,d) from (5.14). The first result relates tensor product and
truncation.

Proposition 5.19. Let n < N and Vi, € T(N, dy)-mod for k = 1,...,a. Then there is a functorial

isomorphism of T (n, d)-modules
ENDVI®--® V) Z(E dDV)® - ® () [da) V).

A similar statement holds for S in place of T.
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Proof. Note using Lemma 5.8 that

VsEN ()= Y Vi) = > £,0 - ®F,

reAN (@) P EAN (A1) pta €AY (dy)

=&V d)® - ®EN(d,).

Therefore
END(Vi®---® V) =EN ANV ®---® (EN(d))Va),

and the result follows.

O

In the rest of this subsection, we concentrate on T (n, d), although similar results hold for S(n, d). We

now define certain induction operation and relate it to tensor product. Set

k—1
mk::an k=1,...,a+1).
r=1

Denote My
A(v;8)={AeA(n,d)‘ 3 A,:dkforallkzl,...,a},

r=my+1
and define the idempotent

EW:d) = Y & eTmn.d).

reA(V;0)

Forr =ry---r, € Z" and m € Z~, we define
r(+m):=@r1+m)---(r,+m) e .
Now let r¥ e [1, ni]% fork=1,...,a,and r:=r'---r? € [1, n]%. We define

r(+v) = r1(+m1)r2(+m2) o (+my) €11, n]d.

If (b%, r¥, s%) ETriB(nk,dk) fork=1,...,a,and b:=b"---b% r:=r!...r¢ s :=sl..

(b, r(+v), s(+v)) € Tri8(n, d) is 8-separated. So by Lemma 4.6,

b _ b w U
Mr(v),s(+v) = Trm),s(+m) * e (4ma),s(+m2) Mr(4ma),s(+mg)"

Similarly, (b, r, s(+v)) € Tri® (n, d) is §-separated, and

b b! »? b
Ny s(+v) = Mr s(+m1) * My s(+m2) Fooeok Ny s(+my)
Lemma 5.22. The map
T(v,8) > T(n,d), 1, ® ®nbsgr>n
v, n,a), nrl,sl Npa g Ny (+v),s(+v)
is an algebra homomorphism, mapping the identity element of T (v, §) onto & (v; §).

Proof. This follows easily from (5.20) and Lemma 4.5.

-84 then

(5.20)

(5.21)
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In view of the lemma, we consider
T (n,d)§(v,d)

asa (T (n,d), T(v,8))-bimodule. Given a T (v, §)-module V, we now define
ISV =T, d)EW: 8) @1 V.

This yields the functor
1M T (v, 8)-mod — T (n, d)-mod .

The following proposition generalizes [Brundan and Kleshchev 1999, 2.7].

Proposition 5.23. Suppose that for allk =1, ..., a we have dy < ny and let V;, € T (n, dy)-mod. Then

we have a functorial isomorphism
~ ynd( en n
Vi@ @V, Z 15 (& VDR - K(E) Va)).

Proof. In this proof k always runs through {1, ...,a}. Denote T := T (n,d), Ty := T (n,dy), T} :=
T(ng,di),sothat T(n,8) =T1 Q- @T,and T(v,8) =T ®---QT,.

Since Vi — S,’jk Vi is an equivalence by Corollary 5.16, denoting Wy := S,’fk Vi, we have V, = Tkélﬁi Q1
Wy, and it suffices to prove

(T & W) ® - @ (Tu£]. 7, W) = [ (W, R .- B W,). (5.24)
We now apply (5.18) with Uy := Tkég’k Q1 Wi to see that the left-hand side of (5.24) is obtained from
Wi X - .- X W, by tensoring with the (7', T (v, §))-bimodule

M’ =M ®T(n,8) (Tlé::, ® --® Taéyrlla) = Tléyrll] QK --® Taéy’lla-

On the other hand, the right-hand side of (5.24) is obtained from W; X --- X W, by tensoring with
the (T, T (v, §))-bimodule T&(v; §). So we just need to prove that the (7, T (v, §))-bimodules M’ and
T&(v; §) are isomorphic.
Define
Tri® ((n, my), dy) == (b, r,5) € Trib (n, dp) | s € [1, ni 1%},
Then, for all (b, r,s) € Tri? (n, di), we have that

g g _ [T A Bores) €T (G mo). do),
8k 0 otherwise.

Therefore {nf’s |[b,r,s] e TriB((n, ng), dr) /G4, } is a basis for Tké,’fk, and we may define a K-linear map
1 a
¢:M > TEW:8),  nh @ @0k WO =0l )

where [b¥, r¥, sk1 € Tri® ((n, ny), di)/ Sy, for all k, b = b b r=r"r% ands =s'- .57 It
follows from (5.21) and Lemmas 4.5 and 5.22 that ¢ is a map of (T, T (v, §))-bimodules, and it remains
to prove that ¢ is an isomorphism.



528 Alexander Kleshchev and Robert Muth

For s € [1,n]?, we define B(s) € A(n, d) via B(s); :=#{u € [1,d] | s, =1}, for all t € [1, n]. Then
for (b, r,s) € Tri® (n, d) we have
b ; .
b nrs lf,B(S)EA(U,S),
;0 =1
r.s5(V59) {0 otherwise.
Thus, setting
Tri8 (v; 8) := {(b, r, s) € Tri® (n, d) | B(s) € A(v; §)},

we have that {nf’s | (b, r,s] e Tri?(v; 8)/GS,} is a basis for T&(v; §). It is straightforward to check that
the map

a

[ [(Tri® (o, n0), di) /S a) — Tri® (v; 8) /&4,
k=1
(b',r' s, ... 69, 7%, s > [b, 1, s(+0)],

1

where b=b'---b%, r=r'-..r* s=s'-..5% is a well-defined bijection. Hence ¢ restricts to a bijection

(up to signs) of bases, and so ¢ is an isomorphism. O

5D. Examples. We finish this section with some examples.

SD1. Schur superalgebras. Let A = M,,(K). Forr,s € [1, p+q], let E, ; be the matrix with 1 in the
(r, s)-th component, and zeros elsewhere. We have

B, = {(j) ifr,s<porr,s > p,
1 otherwise.

It follows from [Marko and Zubkov 2006, Theorem 2] that the Schur superalgebra S(plq, d) is not

quasihereditary (over K) unless ¢ =0 or p =g =d = 1. Choosing a := span(E, | r, s < p) we get a

nonunital good pair (A, a) and the corresponding nonunital generalized Schur superalgebra TaA (n,d).

We prove in [Kleshchev and Muth 2018] that TaA (n, d) is quasihereditary if d < n.

5D2. Trivial extension algebras. Let C be a unital superalgebra which is free of finite rank as a k-
supermodule. The dual C* := Homg(V, K) is a k-supermodule in a natural way. We have the pairing
(-, ) between C and C* with {(a, @) = (@, a) := a(a) for a € C and @ € C*. We consider C* as a
C-bimodule with respect to the dual regular actions given by

(¢-a,b)y={a,ab), (b,a-a)=(ba,x) (a,beC, aeCh.
The trivial extension superalgebra E(C) of C is E(C) = C @ C* as a K-supermodule, with multiplication
(a,a)(b,B) = (ab,a-B+a-b) (a,beC, a,peC).

Note that Cj is a unital subalgebra of E(C)g. The pair (E(C), Cj) is an example of a unital good pair
(A, a). In this case it is natural to take ¢ = C;j. The basis By is a basis of Cj, the basis Bj is a basis of
E(C);=C; & C’I“, and the basis B, is a basis of Cg.
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Letn e Z.y. Fora € C* and 1 <r, s <n, we have the element xffs € M, (C)* defined from
(xpss &14) = 8r1bs.ule, a) (1<t,u<n, aeC).

It is pointed out in [Evseev and Kleshchev 2017, Lemma 3.21] that there is an isomorphism of superalgebras

M,(E(C)) => E(M,(C)), &% > (£2,,x%,). (5.25)

r,s

By [loc. cit., Theorem 4.27], we have an explicit isomorphism
SEO (n, d)='DC(n, d), (5.26)

where ‘D€ (n, d) is the divided power Turner’s double algebra defined in [loc. cit., §4.6]. It now follows
from Theorem 4.13 and [loc. cit., Theorem 4.31] that under the isomorphism (5.26) the subalgebra
Tgﬁ(c)(n, d) € SE©) (n, d) gets identified with the Turner double subalgebra D€ (n,d) 'DC (n, d) of
[loc. cit., §4.6]:

T (n,d) = D (n, d). (5.27)
5D3. Zigzag algebras. Fix £ > 1 and let I" be the quiver with vertex set / := {0, 1, ..., £} and arrows
{ajj—1,a;-1,;|j=1,..., £} as in the picture:

a1,0 a2.1 asz 2 ag—2.0—1 ag.e—1
S
a0,1 a1,2 a.3 ag—2,0-1 ag—1,0

The extended zigzag algebra Z is the path algebra KI" modulo the following relations:
(i) All paths of length three or greater are zero.

(i) All paths of length two that are not cycles are zero.

(>iii) All length-two cycles based at the same vertex are equivalent.

(iv) age—1a¢-1,0=0.

Length zero paths yield the idempotents {eo, ..., e/} with e;a; je; = a; ; for all admissible i, j. The
algebra Z is graded by the path length: Z = Z° @ Z! @ Z?. We consider Z as a superalgebra with
Z5 = ZY® 7% and Z; = Z'. Let 3 := span(ey, ..., es). Define also J :={0, 1, ..., £ — 1} and for all
Jj€J,setcj:=ajjy1a;11,;. We have a basis B = B; U B LI Bj of Z as in (2.2), with

Bi={ajjy1.ajq1,j1jel}, By={eliel}, B.:={c;|jel}.

Let e :=ey+---+er_y € Z. The zigzag algebra is Z := eZe C Z. We also have } := eje =
span(eg, ..., es—1). For n > d, the generalized Schur algebra Téz (n, d) in this case is Morita equivalent
to weight d RoCK blocks of symmetric groups (and the corresponding Hecke algebras), as conjectured
by Turner [2009] and proved in [Evseev and Kleshchev 2018]. This was our motivating example.
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In [Kleshchev and Muth 2018] we construct an explicit cellular basis of Tzz (n, d), while no such
basis is known for S%(n, d) (and it probably does not exist in general). We also prove that TZZ (n,d) is
quasihereditary, while SZ(n, d) in general is not.

Example 5.28. To make things a bit more concrete and clarify the distinction between Tf (n,d) and
S%(n, d), let us describe the bases for each in the case d = 2. By Lemma 3.3, % (n, 2) has basis

(gL 1B 1 s) e THi®(n,2)/6,).

Note that the superstructure of Z plays a crucial role in defining S (n, d) here; for instance, if we took
Z to be purely even, we would have (agiao1, 11, 11) € Tri? (n, 2), whereas (agjao;, 11, 11) ¢ Trif (n, 2)
with the given superstructure. Thus, the differing superstructure on the same underlying algebra would
yield distinct associated generalized Schur algebras.

Let M C Tri®(n, 2) be the set of triples of the form (cjcj,rr,ss), where j € J, r,s €[1, n]. Then for
(b, r,s) € Tri®(n, 2), we have
2 if(b,r,s)eM,
1 otherwise.

(b, r,s].= {
Therefore, by Lemma 3.10, Taz (n, 2) has basis
{280 1B, r.s) e MUl 1 (B.r.s) eTrif(n,2)/&,, (b,r,5) ¢ M},

o) T5Z (n,2) is a proper sublattice in S%(n, 2).

6. Symmetricity

6A. Central and symmetrizing forms. Assume in this section that A has finite rank as a k-supermodule.
We say an even K-linear map t : A — K is a central form for A provided t(ab) = t(ba) foralla,b € A. In
this case we have an associative symmetric bilinear form (-, -); with (a, b); =t(ab) and a homomorphism

A — A" :=Homg(A,K), ar> (a, -):

of (A, A)-superbimodules. We say that the central form t is a symmetrizing form if this homomorphism
is an isomorphism, i.e., if (-, -); is a perfect pairing.

If A is equipped with a symmetrizing form, we say A is symmetric. We want to show that if A is
symmetric then so is TuA (n, d). We will do this under some natural assumptions. The following lemma is

easily checked.
Lemma 6.1. Assume that t is a central form on A. Then the algebra M,(A)®¢ has a central form

tM: M, (A)®? — K given by

tED @ ®EM ) =8 5t(x) - taa),

rd,Sd

forall (a,r,s) € A x [1,n]? x[1,n]%
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Lemma 6.2. Assume that t is a central form on A. Then the algebra S*(n,d) has a central form
t5: S4(n, d) — k given by

(&0, = Srst(a) -+ - taq).

la,r,s]

forall (a,r,s) € Tri (n, d). Moreover, tM|sa, 4 = t5.

Proof. Let (a, r, s) € Tri! (n, d). Since t(x) = 0 whenever x € Aj, we have
tM((gi‘allysl ® T ® gradd,sd)a) = tM(S;l]I,Sl ® tt ® gradd,sd)’

forall o € &y.
Then for all (a, r, s) € Tri” (n, d), we have

ey = X @, oem,)

oENTS g

= Y tE, ® @8 )7)

oEXTSY
M

= 2 EL, @)

oexrSg
__|a.r,s g +M
=[S ED @ @M )

d!

= ———8rst(x1) - - - t(xa),

la,r,s]

giving the result. ]

If K is a field of characteristic O or greater than d, one can check that the form t° is symmetrizing. But
this is certainly false over fields of positive characteristics less than d. In fact, for such fields even the

classical Schur algebra SK(n, d) is not symmetric.

6B. Symmetricity of ch‘ (n, d). Throughout the subsection we assume that (A, a) is a unital good pair,
and that A is symmetric, with symmetrizing form t. We say that t is (A, a)-symmetrizing if (a, a); =0
and the k-complement ¢ of a in Ay can be chosen so that the restriction of (-, -); to a x ¢ is a perfect
pairing. If t is an (A, a)-symmetrizing form, we always assume that the complement ¢ has this property.

Let t be an (A, a)-symmetrizing form. For a € a, we have t(a) = (a, 1); = 0 so t(a) = 0. There exists
an (A, a)-basis B = B, U B, U B of A such that the dual basis B* = {b* | b € B} of A with respect to
(-, )¢ satisfies the following property: setting

Bi:={b"|beBi), B} :={b*|beBJ), BI:={b"|beBj).

we have that B = B, B} = B, and B;‘ is a basis for Aj. Then B* := B;“UB;‘UB;‘ isan (A, a)-basis as well.
If tis an (A, a)-symmetrizing form, we always assume that B has been chosen to satisfy these properties.
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Lemma 6.3. Let t be an (A, a)-symmetrizing form. Then the algebra TaA (n,d) has a central form
t! : TA(n, d) — K given by

t' 2 ) i= 8r 5t (b)) - - t(ba).
forall (b, r,s) € Tri® (n, d). Moreover, t5|7a, 4 = d!t.

Proof. Recall t5 from Lemma 6.2. For (b, r, s) € Tri? (n, d) we have

d!
5l ) =t5([b, r, 512 ,) = [b, 1, s].- Ty sy oty -t ba).

But, since t(b) = 0 whenever b € B, U Bj, we have [b, r, s]!C = [b, r, s]' whenever ts(nf’s) # 0. So for
all (b, r, s) € Tri® (n, d) we have

5012 ) = d 8,5t (b1) - tbg) = dItT ().
As K is a characteristic zero domain and t° is central by Lemma 6.2, t” is also central. O
Lemma 6.4. Forall x € TaA(n, dy),ye€ TaA (n, d»), we have tT (x x y) = tT (x)tT ().
Proof. Take (b, r,s) € Tri®(n, d)) and (¢, t, u) € Tri® (n, d»). We have

" ) I (0f ) = 8r.580,ut(b1) - - tlbat(er) - - tcay).

On the other hand, by Lemma 4.2(iii), we have

[be, rt, sul,
(b, r,slilc, t,ul,

[be, rt, su]
[b r, s] [c, ¢, ]'
Since t(b) = 0 whenever b € a, we have the result. O
Lemma 6.5. Ler (b%, r?, s7) € Tri® (n, d). Let (c, t, u) € Tri® (n, d). Then
ife=0"%,t =5 u=r,

otherwise.

t" l xnf,) = t" (%% )

rt sut(bl) t(bdl)t(cl) Tt t(cdz)-

+1
7 (il i gt u) = {
Proof. Recall the central forms t¥ and t5 from Lemmas 6.1 and 6.2. We have

d
Al g ) =S (167 1) s Lt ul g8 gl )

=7, r, s e, t, ul tM <sb L Y E,® ®é,du,,))

O-ectu_@

=4, r, d] [c, ¢, u ( Z +8.a tg(grbir;ll ®...®%"{72<7{L11)>

gettugy

=[b".r? s Vle toul, Y 8o 1580 uot(be,) - t(beoq).

O—ettuj
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Since t(bc) = 0 for all ¢ € B*\{b*}, we have that tT(nf;’ M) =0unless ¢ = (b4, t =5, andu =r.
Assume now that ¢ = (b*), t = 5%, and u = r¢. Then ©** % = {1}, so the above simplifies to
d
A" (s amf ) = £, r, sTLBH, 57 T

If b € a, then b* € ¢, so we have

(b4, rd, s =0, 10", 5%, rYlc=d.
Conversely, if b € ¢, then b* € a, so we have

b4, rd, s%e=d, 1", 5%, r=0.
If b € Aj, then b* € Aj, and (b, r?, s¢) € Tri® (n, d) implies d = 1, so we have

(b9, r?, s = 10H)?, 57, r1c = 0.

. d . . . L.
Thus, in any case, we have d! tT(nf,, o ns ) = £d!, so the result follows since K is a characteristic zero
domain. O

Now we upgrade this lemma. For b € B¢, write b* := (b7, ..., b} e (B*)“.
Lemma 6.6. Let (b, r, s) € Tri®(n, d) and (c, t, u) € Tti® (n, d). Then

+1 if (¢, t,u) ~ (b*,s,r),

T, b _c
t =
(1 sMt.0) {() otherwise.

Proof. We go by induction on d. The base case follows from Lemma 6.5. Let d > 1. We have by
Lemma 4.6 that either Uf,s = nf:,l . forsome b € B, r,s €[1,n], orelse nf’s may be written as

Uf,s = infif)),sm * nfg;,sa)v
for some §-separated @D, rM, sWy e Tril (n, dy), @@, r?®, s@) e Trif (n, d»), with d;, d» > 0 and
d; + dy = d. In the former situation, the claim follows from Lemma 6.5, so assume we are in the latter
situation.
Recalling the notation of Section 3C, we assume without loss of generality that (c, ¢, u) € Trig *(n, d).
We have that

T, b T AL b?
t (nr,snf,u) =t ((iﬂrm,s(l) * 77r<2>7s<2>)7710,u)

+le, t,ull o @

T > "o b b

=t ( § T2 f (n,m,suﬂ?ﬂ) * (n,@),s(z) n72)
(T1, T?eSpl(c.t,u) 71Tk

e t,ull 7 L0 T, b
= Z —[Tl]![ﬂ]it (77,(|>,s<1)777’1)t (Ur(z)’s(zﬂh’l),
(T, T2)eSpl(c.t,u) ¢ ¢
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applying Corollary 3.24 and Lemma 4.5 for the second equality and Lemma 6.4 for the third equality.
If this is nonzero, then by the induction assumption we must have 7' ~ ((6'V)*, sV, r(D) and 72 ~
((B?)*, P, r@) for some (T, T?) € Spl(c, t, u), which implies (b*, s, r) ~ (¢, t, u).

On the other hand, assume (b*, s, r) ~ (c, t, u). Then there is exactly one (TH, 7% € Spl(e, t,u) such
that 7' ~ (BD)*, s, rMy and 72 ~ (b®)*,s@, r@). Then by the above we have

| !
T, b e [e.t,ul. 7. 4o T [, t, u].
v e siw) = T at o o)t Mo o) =t —————>
SN T TR TR s (TITI;
using the induction assumption. But note, since B, r® sMyand @, r@, s@) are 5-separated, we
have [c, ¢, u]!c = [Tl]!c[Tz]!c, which completes the proof. O

Corollary 6.7. If t is an (A, a)-symmetrizing form on A, then the algebra T*(n, d) is symmetric, with

symmetrizing form t'.

Proof. The form t is central by Lemma 6.3. Moreover, by Lemma 6.6, we have that (-, -),r is a perfect
pairing. O

Remark 6.8. Given a superalgebra C, this result recovers the symmetricity property of the Turner double
algebra D€ (n, d) described in Section 5D2. In particular, E(C) = C @ C* has a symmetrizing form

given by t(a, @) = a(a), so the symmetricity of D€ (n, d) = TCE(C)(n, d) follows from Corollary 6.7.

0
7. Double centralizer property

Throughout the section we assume that K is a principal ideal domain (as usual of characteristic 0). All
modules and algebras are assumed to be free of finite rank as K-modules. An element v of a K-module V
is called divisible if there is w € V and a nonunit m € K with v = mw. Otherwise v is called indivisible.
We let K to be the field of fractions of K.

7A. Double centralizer idempotents. Let S be a k-algebra and e € S be an idempotent. Considering Se
as a right eSe-module, we have an algebra homomorphism

A:S — End,s.(Se), s> A

where A;(s’e) = ss’e for all s, s" € S. We say that e is a double centralizer idempotent for S if A is an
isomorphism. We say that e is a sound idempotent for S if A sends indivisible elements of S to indivisible
elements of End,s.(Se). Clearly, a double centralizer idempotent is sound.

Set Sk := S ®k K and use the map s — s ® 1 to identify S as a subset of Sik. Then Se @k K = Sie.
Using the universal coefficient theorem, we identify End,s.(Se) ®k K = End,s,.(Sie), so that the
A = A ®id is the map

Ak Sk — Endeg, o (Ske), s Ag

where A; is the left multiplication by s. Clearly, if e is a double centralizer idempotent for S then e is a
double centralizer idempotent for Sy, but not vice versa in general.
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Lemma 7.1. Let e € S be an idempotent. Then e is a double centralizer idempotent for S if and only if e
is a double centralizer idempotent for Sk and e is sound for S.

Proof. The “only if” part is immediate. For the “if” part, the assumption that e is a double centralizer
idempotent for Sy implies that A : § — End,s.(Se) is injective. Moreover,

ranky S = dimy S = dim End,s, . (Sie) = rankx End,s.(Se).
So X is a full rank embedding. As e is sound, it now follows that X is surjective. (]

7B. Double centralizer property for S4(n, d). Let (A, a) be a unital good pair, e € a be an idempotent,
and £° € TA(n, d) be the idempotent of (5.1). Suppose that e is a double centralizer idempotent for A.
Although it is not true in general that £¢ is then a double centralizer for TuA (n, d), this is true in some
interesting situations.

In view of Lemma 7.1, to verify that £¢ is a double centralizer for TaA (n, d), it suffices to check that £¢
is a double centralizer idempotent for S A(n, d) and that £¢ is sound for TaA (n, d)x = S(n, d)k. It turns
out that the first condition is always true provided d < n. This will follow from the following stronger
theorem:

Theorem 7.2. Ife € A is a double centralizer idempotent for A and d < n, then £ is a double centralizer
idempotent for S (n, d).

Proof. As usual, we write A := eAe. First we show
M,(A) =Endy, z,(M,(Ae)). (7.3)

We have an algebra homomorphism A : M, (A) — End,, (M, (Ae)) given by left multiplication. On
the other hand, let ¢ € End, 7)(M,(Ae)). Since go(Effi.) = (p(EfffEf,j) = (p(Ef‘j)Ef,j for any a € A and
i,t, j €[1,n], it follows that there exist functions g ; : Ae — Ae such that

@k,i(ae)
p(E[') = Z Ek,kj :
k

Moreover, each ¢y ; € End;(Ae), since foralla € A, b € A, we have

i (aeb) a
Y OENT = 0B = o(E{SES ) = p(E{)E?

X
_ vi(ae) mb @k.i(ae)b
=D E(E] =) B

X !

which implies that ¢y ; (aeb) = @i ;(ae)b. Thus, since A = End;(Ae), we have that ¢y ; is given by left
multiplication by a unique x; ; € A. Then, since

J N r.( )
(ZE )= B = Y B = oiet
k,i k k
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we have a well-defined map p : EndMn(A)(Mn (Ae)) - M, (A) given by ¢ — Zk’i E,fkl’ It is clear that A
and p are mutual inverses, proving (7.3).
Let us now write

S4 =84, d), S = (M,(Ae)®HS,  $A .= 5A(n, d),
MA =M, (A, M :=M,(Ae)¥, M = M, (A)®.
Fora=(ai,...,ay) € Al r,s e[l,n]?, we will write
Ef =& ® @& .
Our next task is to show
End g (S*“) = End, s (M*¢)®". (7.4)
The G4-action on End (MA4¢)Sd s given by f(x) := f(x"fl)". Let
f €End, z(MA)%.
Consider the restriction fies of f to the k-submodule S4¢. For any o € S4¢, we have
fres(@) = (@) = f@” )7 = f7(@) = f(@) = fres(@),

SO fres € End gz (S4¢) and res : EndS;(SAe) — Endx (MA€)%4 is an algebra homomorphism.
Now, let g € End g1 (S4¢). Write e := (e, ...,e) € AY, and w = (1, ...,d) € [1,n]?. We inflate g to
a linear map gipg : MA¢ — MA¢ via

glnﬂ(E;x‘:’s) = g(s;.‘x’a))EZ)’s
Note that for any o € &4, we also have

ginfi(Ey ) = 8(&F DE; c = 8(&F yoboo ) EG ¢
= g(gf,a)”)ggi“’g)EZ),s = g(giwﬂ)E;“’s'

We will show that ginn € End,z (M AeySGa  First we check symmetry:
-1 -1 o1
gnn(Er ) = ginn((Ef)7 )7 = (=D™7 Dgina(EX ", )7
-1 071
= (D" Vg,

__1yxoh 7 o, e o
= (R e YES )

VES 1

2]

-1 671
=(=D"7 Vg€ VEq

-1 ol
— (_1)<x,a )(_1)<x ,0>g(;§;\f’wJ)E;G’S = ginﬂ(Ef’s)-
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Now we check that gj,g is an M’K—homomorphism. Letx € (Ae)?, b e A andr, s, t,uc[l,n]?.

gint (EF JEL ) = 8 1ginn (EXS) = 8508672V EL , = 85,48 () 82 VEE
=85.18(EF DEL JEC , =8548 )ED JES = 8s.18(EF DED
= g(g:ia))EZ),sEtb,u = glnﬂ(E]{s)Etb’u

Therefore ging € End,,x (M AeyGa Now we show that res and infl are mutual inverses. Let x € (Ae)?,
and r,s € [1,n]¢. For f € EndMg(MAe)Gd we have

(fres)inﬂ(Ef,s) = fres(éf,w)Ez),s = f(é;{w)EZ),s = f(sf,wEZ),s = f(Ef,s)’

SO (fres)inﬂ = f
Now, let g € EndS;(SAe), and write g’ := (ginfi)res. We have

&) =g ,) = gmﬂ( > O (EF, ) = gmﬂ( > <—1><x’“>E:Z,wn)

O’GG,] G€6d

=Y EDFgn(EY )= ) (DTN ) Eds o

ceBy 0eBy
o -1
— Z (_1)(x,(7)(_1)(x .0 >g(§f,w)Ef)v,w" = Z g(&rx’w)Ef)a’wa
oeBy oe6y
=8 ) Y Ebe o = 8EF )5S, = 8(EN £ ) = 8(EF ).
O'EGd

so g'(&F ) = g(&F ). We also have

X ed_ X1

FEC ZEN kg = |Gyl £
Thus, writing m := |Sy , 5| € K, we have
mg'(€5,) = g/ (mEL ) = ¢ (61 65 = ¢/ (&F E
— (67 ES, = 867 L5 = g(mES ) = mg(EF).

As m # 0 and §4¢ is free over K, this implies that g'(&F ) = g(&" ). Thus res and infl are mutual inverses,
proving (7.4).
Now, note that the action of &, intertwines the isomorphisms

M, (A)® ZEnd), 7 (M,(Ae)® =End,:(M"),
so we have
End;.gage (S*£¢) = End 3 (S4¢) = End, s (M**) S = (M, (4)®)% = 54,

as desired. |
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Corollary 7.5. Ife € A is a double centralizer idempotent for A and d <n, then &€ is a double centralizer

idempotent for
$4(n, dyc =T, (n, d)xc.

7C. Computations in extended zigzag Schur algebras. Recall the notation of Section 5D3. In particular,
we have the extended zigzag algebra Z for a fixed £ and the idempotent e :=ep+---+e,—1 € Z. We
will use the standard basis B = B; LI B L Bj of Z.

Forre[l,nl% setS, = {o €6, |ro =r}, and denote by " Z the set of the shortest coset representatives
for G,\G,.
Lemma 7.6. Lett € [1,n] andr,s,u €[1,n]% Suppose that r, #rp and s, # sp forall 1 <a #b <d.
Then

d
a/ 1.0, %01

@) n, td Na g = == Zae@d (Sgncf)nm §
ge 1 “ZI@ 1
(i1) nu @y = > oy Nucs -
Proof. (1) We have

ad a a a a a
n,an ”‘—(Z(&.ﬁ“’@ @& )(Z@tﬁ]“@ Q& )

oeGy €6y

=+ ) (sgno)(sgnm)E L @ - ®EL

0,71€6y

=+ Z (sgno)(sgnr)é§ ! (@@
0,71€6y

=4 Z (sgnot™ )(SCz 111 5 @ ®§Le ,lld m) )
0,71€6y

which equals the right-hand side of the equation in (i).

(i) We have
d ad N _ —
s = (D e eea ) Dek o e
oe"y 16y
= Y Genn&l @ @6,
oe*9,1e6y
= Z (Sgnf) gu:j’llrl Stl ® T ® égjfl*llrd’sfd
oe*9,1e6y
= Y G L@ @& DT
o€e"P, 1e6y
which equals the right-hand side of the equation in (ii). O
We set

=[1,n]? x [1,n]%,
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i.e., elements of P, are pairs (r,s) of words r =ry---rq, s =51---54 in [1, n]?. We also define
Py:={(r,s) € Py | (ra;sa) # (rp, sp) forall 1 <a #b < c}.

For b € Bj, the triple e, r,s) belongs to Tri® (n, d) for all (r, s) € P;, while for b € Bj, we have
(%, r,s) € Tri®(n, d) if and only if (r, s) € P).
Given A € A(n, d), we define
r=1M. o0 e, n]d.

We refer to such tuples as leading tuples. Then
G)L ZZG,LZGM X-HXG}W.

For (b?, r,s) e Tri? (n, d), the corresponding & ;-orbit [b%, r, s]hasa representative of the form (be,¢t, r*]
for some A € A(n, d) and a representative of the form [b4, r*, u] for some € A(n, d). So while working
with elements of the form nﬁ’fls € TZ,Z (n,d) we will often assume that s or r is a leading tuple when
convenient.

Lemma 7.7. Let A € A(n,d), and s, t,u € [1, nl¢ be such that (s, r*), (r*, t) € P). Then

d
zw g o1

(i) ns sy =EY e, (Sgna)nsot’

d d
(ii) nu Tl et Zaeugk r]sf,zt ', where "G, is the set of the shortest coset representatives for (S, N
GA)\GA
Proof. Foru =1, ..., n, there exist words s*, t € [1,n]* such that s =s'---§", t =t'-.-¢". We have
lle a(fill (lf [(1 [l[ 471[—1
77s rr nrA = i(’? 1 1)»1771)»1 tl) Koeeok (nsn nin n"" t”)
( > (sgno! )n o t1> ( > (sgno” ncem, ,,,>
o eG o"eB,,
==+ Z (sgno’)nsat,
066)L

where we have used Lemma 4.7 for the first equality, Lemma 7.6(i) for the second equality and
Lemma 4.2(iii) for the last equality. This proves (i). The proof of (ii) is similar but uses Lemma 7.6(ii)
instead of Lemma 7.6(i). [l

Let A € A(n,d). Forr €[1,n], let x, :=1+ Zg;i As and y, := > i _, A, so that
[l’ d] = [XI, yl] ue--u [-xn’ }’n]

andif r* =r; - - - rg then ry = r if and only if s € [x,, y,]. Let0<c<dand p € A(n,c),ve A(n,d—c)
satisfy u + v = A. We denote

QMY ={U C[1,d]1|lUN[xy, y ]| =p, forallr =1,...,n}
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Lett=t;---t;€[l,n]% ForU={u; <---<u.} €Q*’, we set

U=y <--<vge)i=[1,d\U, V=1, 1., tV =1, -1, .
With this notation, Corollary 3.24 yields:

Lemma 7.8. Let A € A(n,d) and t € [1,n]% If (r*, t) € P} then

d d
Ay o—1 ag e M 1
V=Y > > Emn.
c=0 pelA(n,c),veA(n,d—c) UeQtV
n+v=>r

Lemma 7.9. Let 0 < c <d, p € A(n,c),ve An,d—c), r e[l,nl5, s €[1,n]? andt € [1,n]%
Suppose that (r,r*) € P/, and (r**", t) € P). Then

.c d—c
ag_1 M 1 _ Co—1%,0-1
(nr ru ¥ ns "” Mpwte ¢ Z Z :I:n(ra)(sr),tutu"
UeQtV 0e6,,1e’6,

Proof. Using Lemmas 4.5, 7.7 and 7.8, we have

/I( 1’1’1 /1’1

(T)r rH * ns rv )U,;wv = Z :I:( rkrllienri/tlll) * (ns rv T) tU/)
UeQ/L.U

d—c
= > (Z i)« ( X k),
UeQtr ~oeq, Te56,

which equals the right-hand side of the equality in the claim by Lemma 4.6. ]

Remark 7.10. Let (b, r,s), (W', r',s") € Tri’ (n, d). By (3.9) and Lemmas 3.3,3.4, we have that 1 ; and
nff’s, are proportional if and only if (b, r, s) ~ (b, r’, s"). It will be important later on that all the basis
elements appearing in the right-hand side of Lemma 7.9 are linearly independent.

Let

d
Ky=[_]A@, 0) =1l = (1, k2,103, 14) € A@) | || <}
c=0

For k € K4, we set
R / /
Pe =P X P, X P, X Py,.

Let ((rl, sh), (r2, 5%, (r3, %), (r*, s4)) € P.. We often denote
ro=r'r’r’rt, s:=s's’s3s* € [1, n]",
and, abusing notation, write (r, s) € P,. Given (r, s) € P, we define the following element of T;jZ (n, |k|):

€l Ky K3 Ky «q &2 13 K4
% %1% D10 Ae—1 Co1
Mrs = Nr.s =N 51 nzsz*n3 EROR/ Ve
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We have the equivalence relation ~ on P, given by
(r,s)~ (t,u) ifandonlyif " s") ~@", u")forh=1,2,3,4.

Let B’ := B\ {a¢—1.¢, €¢, ag.e—1, ce—1}- Recall the equivalence relation ~ on TriB/(n, d — |k|) from
Section 2B. By Lemmas 3.10 and 4.6, we have that

{nfoxnb 1k €Ky (r.5) € P/~ (b.p.q)eTi® (n.d— ||/ ~} (7.11)
is a basis of Taz(n, d).

Lemma 7.12. Let k € Ky, (r,s) € P* with s' = rt, s> = r”, and (b, p.q) € TriB/(n,d — |k]). Let
k =K1+ Ky and (r**, t) € P,. Then we have

K1tK4 KptK3

K b af ey ed=ky Z Z Com1 gl b
(n’ss * nP q)(nr#” t ) - in(r Loy r4(r2o)r,tU g4V’ 3 * nl’v‘l'
Ve 5e@,, rer @,

Proof. By Lemmas 4.7 and 7.9, the left-hand side equals

4
((n,f rl;f 7) 2 ,v)n,ﬁiult) ((77 ges31 * 77,.4 s4 * 711, q)é‘- )
— Zt ‘122471 ﬁz 1 4
= Z Z 77,.1‘7 ¥ N2y v (’7 360 ¥ 77,.4 s4 *MNp, q)
Ve 5e@,, rer’ e,
which equals the right-hand side of the equality in the claim by Lemma 4.2(iii) and Lemma 4.6. ]

Remark 7.13. Suppose that in the assumption of Lemma 7.12, we have additionally that t = ¢, ..., #
satisfies 7, # 1, for all 1 < a # b < k and ¢ shares no letters in common with the words s> and s* Taking
into account Remark 7.10, one can see that all the basis elements appearing in the right-hand side of
Lemma 7.12 are linearly independent.

Recall the idempotent £¢ € TZ,Z (n, d). In this subsection we sometimes write & - &€, so that we also
have idempotents £ € T(.jZ (n, c¢) for all ¢ € Z>. Recalling (5.2), we also introduce idempotents

G470 = (E)®) % (E)® ) e T/ (n.d)  (0<c<d).
Note that £ = g¢ and £@0 = g¢_ Moreover,
gled=0gbd=b) _ g, elcd=o) (7.14)
The following is easily checked using Lemma 4.5:

Lemma 7.15. Letk € K4, (r,s) € P, (b, p,q) € TriB/(n, d—|k|),0<k<d, ) e An, k), and suppose
that (r*, t) € P|. Then

Ky+k3,d—Ky—K K b K1+ky,d—K1—K2) __ K b
5(2 } ? 3)(nrs*npq)é( : ’ I 2)_nr,s*np,q’

%.(kd k)( u 1 Ee"*k)se :nfﬁ,ft—l *é;'e
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k
Ay e—1

In particular, (n; ¢ * 771?,’11)(7”A P $ed_k) =0, unless k| + k> = k and s's> ~ r*.

7D. Double centralizer property for zigzag Schur algebras. Recall that Z := eZe is the zigzag algebra
for a fixed £ > 1.

Lemma 7.16. We have that e is a double centralizer idempotent for Z.

Proof. As aright Z-module, Ze decomposes as
Ze=eyZe®ey_1Ze®---Peygle,

so it is enough to check that the algebra map A : Z — End;(Ze) restricts to an isomorphism e; Ze; —
Homjz(e;Ze,ejZe), forall i, j € 1.

Leti, j € I withi # €. The map Ale, 7., : ejZe; — Homy(e; Ze, ejZe) is injective, since Ay (e;) = x
for all x € ejZe;. Now let f € Homj(e;Ze,e;Ze). As f is a right Z-module homomorphism, f is
determined by the image of ¢;. Moreover, since f(e;) = f(e;)e;, we have f(e;) € e;Ze;, and thus
f=Afe)s0 Mle; ze; is surjective, and thus an isomorphism.

Now let j € I, and consider the map )\'|6jzeg :ejZey — Homz(eqZe,ejZe). Note that e;Ze =
span(ag,¢—1). First we show A|,;z,, is injective. If j # ¢, ¢ — 1 then e; Ze, = 0, and this is trivially true.
If j =¢—1thene;Ze; =span(as—1.¢), and Ay, (aee—1) =ce—1 #0. If j = ¢, then e; Zey = span(ey),
and A, (age—1) = ag¢—1 7 0. Thus, in any case )»Iejzw is injective.

Now we show that Me; ze, is surjective. Let f € Homz(e;Ze, ejZe). Since f(ap—1) = f(a¢e—1)ee—1,
we have that f(a¢¢—1) € ejZey_1. Since ejZey_1 =0 for j #£,£ —1,¢ —2 we may assume j €
{€,€—1,£-2}. If j=£—2,then f(as—1) =aas—2¢—1 for some o ek. Butthen 0= f(as r—1a¢—1.¢-2) =
fage—1)ae—140-2 = ace—2, 80 f =0=~2rg. If j =€ —1, then f(ay¢—1) = xer—1 + Bcy—1 for some
o, B € K. Butthen O = f(as¢—1ce—1) = f(age—1)ce—1 = ace—; implies that « = 0. Thus f(a;¢—1) =
Bce—1=PBag—1¢ae¢—1 and f =Ag,, ,,. Finally, assume j =¢. Then f(as¢—1) =aag 1 =aegap ¢ for
some o € K, s0 f = Aqe,. Thus in any case A, z, is surjective, and thereby an isomorphism, completing
the proof. (I

In view of Lemma 5.12, we have & eTf (n,d)é = TZZ (n, d). The main result of this subsection is:

Theorem 7.17. Let d < n. Then £° is a double centralizer idempotent for TZ)Z (n,d). In particular,
z ~ _ z
’I}, (n7 d) = EndeZ(n’d)(Tﬁ (l’l, d)%-(,’)

Theorem 7.17 follows immediately from Lemma 7.1, Corollary 7.5, and the following proposition:
Proposition 7.18. Let d < n. Then £° is a sound idempotent for TZZ (n, d).
Proof. Set T := TZ’Z (n, d). We will use the basis (7.11) of T.

Suppose for a contradiction that there exists an indivisible element

i k,b K b K,b
Xe= Z qr,s;p,q(nhs * np,q) eT (qr,s;p,q €k
keKy, (r,s)eP./~,
(b.p.g)eTi? (n.d—Ik])/~
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such that A, : T€¢ — T&°€ is divisible, i.e., there exists a nonzero nonunit m € K such that xn&¢ e mT for
all n e T. By the remarks preceding Lemma 7.7, we may assume that all s' and s are leading tuples. If
s! =r* and s? = r”, we write (r, s) € P/*".

We may also assume that among all indivisible elements x as above, our x has the smallest possible
number of nonzero coefficients qr Spg Then m does not divide qr 5pg whenever qf:sb; ra #0.

Let k € Z>¢ be such that some coefficient qr’sb; p.q with k1 + k2 = k is nonzero. We assume that

(r,s) € P“" for some such nonzero coefficient. We now pick ¢ = (¢, ..., ) €1, n]? such that:
(1) t, Aty forall 1l <r #s <k.
(2) The words s* and s> have no letters of the form ¢, for 1 <r <k.

Such ¢ exists by the assumption that d < n.
We have (r**V t) e P/ By Lemma 7.15, we have that n,ﬁvlt * Se = T&¢, so by the assumptions
made we must have x (1, i %&°™") € mT. On the other hand, by Lemmas 7.12 and 7.15, we have that

ntv 't
u 1 ed 1
X(Nppivo ;%€ ™) equals
Kb K b u 1 ed—k
Z qr,s;p,q(nr,s * np q)(nru+v t S )
keKy, (r, s,)eP“ /~,
(b,p,q)€Tri® (n,d—|x|)/~ o
= E § : Co1 g wnb
o qr s;P.q (r U)r4(r T)r3,tUS4tU/S3 np,qv

k€Ky, (r,s)ePi /~,
(b, p.q)ETri8 (n,d—|i|)/~

where the second sumis overall U e Q*", 0 € §, and T € ’26,,. By Remark 7.13, all the basis elements
appearing in the whole sum above are linearly independent. By our assumptions this implies that all of
the nonzero coefficients qf ’sb, P appearing there are divisible by m, which is a contradiction. (Il

Remark 7.19. For an arbitrary algebra A with double centralizer idempotent e, it is not the case that
£¢ is in general a double centralizer idempotent for T2 (n, d). For example, take arbitrary n € Z-, and
consider the case A = Ag = M>(K), a = span(E11, Ey), ¢ = span(E12, E31), and e = Eyy. Then e is
clearly a double centralizer idempotent for A.

The element yy% "2 = 2&/;3 " is indivisible in 7A(n,2), and {E11, Ey} is a basis for Ae. For
be{E, Ex}* and r,s € [1, n]?, we have that n llzlflz . nf’s =0 unless b = (Ey, E21) and r = (1, 1).
Then, if s; = s, we have

En,Enn  En,En En,Epn E,Enn EnLEn EnLEn
M s =@ ) Q8T =48 =405

If 51 # s, we have

Ep,E1n Ejn,En En,En E2,En En,En EnLEn
M s =@ ) -Gy ) =287 =2

This implies that A yEizEr is divisible in End TaA (n,2)&°), so £°¢ is not sound, and hence not a

TA(n,Z)(
double centralizer 1dempotent by Lemma 7.1.
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