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The distribution of p-torsion in degree p cyclic fields
Jack Klys

We compute all the moments of the p-torsion in the first step of a filtration of the class group defined by
Gerth (1987) for cyclic fields of degree p, unconditionally for p = 3 and under GRH in general. We show
that it satisfies a distribution which Gerth conjectured as an extension of the Cohen—Lenstra—Martinet
conjectures. In the p = 3 case this gives the distribution of the 3-torsion of the class group modulo the
Galois invariant part. We follow the strategy used by Fouvry and Kliiners (2007) in their proof of the
distribution of the 4-torsion in quadratic fields.

1. Introduction

Let K be a number field of degree n. Let Clkx denote the class group and Clg_ , denote the p-part. Let S
be the set of finite abelian p-groups. We are interested in the question: what is the probability of any
A € § occurring as Clg , for K of degree n? The Cohen—Lenstra heuristics [Cohen and Lenstra 1984]
propose an answer to this question for quadratic fields.

We make the question more precise as follows. Let Dk denote the discriminant of K. Let D; be the
set of real (resp. complex) quadratic fields with |Dg| < X. For any X define

{K € DY | Clg., = A}

+
SE(A) = o
X

The probability of A occurring as Clk , in the family of real (resp. complex) quadratic fields is
limy s o Sf(A). In general this is not known to exist. Cohen and Lenstra conjectured that it does
and proposed a distribution on S which should equal this quantity.

For s € Z>1 U {00} let

ns(p)zli[(l—i.)-

i
i=1 p

One can show [Cohen and Lenstra 1984; Hall 1938] that

1 1
D AuGl = <00
= |AUG|  1o(p)

MSC2010: primary 11R29; secondary 11R37, 11R45.
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Then for any A € S and u > 0 define

Noo(P)

Ay = 1P
wlA) = R AAT

This defines a probability measure on S, called the Cohen—Lenstra distribution. They originally considered
the case n =2, p # 2 and considered complex quadratic and real quadratic fields separately.

Conjecture 1.1 (Cohen—Lenstra). For A € §
pro(A) = lim Sy(A), wi(A)= lim S}(A).
X—00 X—00

These conjectures were extended to higher degree number fields by Cohen and Martinet [1987] again
for ptn.

No cases of these conjectures are known in full strength, though there has been much recent work on
the subject. In the setting of number fields there are results giving the average size of the class group or
subgroup thereof. There is the classical result of Davenport and Heilbronn [1971] and Datskovsky and
Wright [1988] for the average size of 3-torsion of quadratic fields. There are also partial results for 8 and
16 torsion of quadratic fields due to Milovic [2017; 2018].

Below we will discuss in more detail the work of Fouvry and Kliiners [2007] on 4 torsion of quadratic
fields. Recently Smith [2017] has proven the distribution of the whole 2°°-torsion of complex quadratic
fields, thus generalizing their work.

There are also nonabelian versions which have been studied by Alberts [2016] and Bhargava [2014].
The conjectures have also been studied in the setting of function fields which provides additional tools such
as moduli schemes. Some results here are the work of Ellenberg, Venkatesh and Westerland [Ellenberg
et al. 2016], Boston and Wood [2017] and Wood [2019].

The original conjectures ignored the case when p divides the degree of the number fields. Gerth
proposed a way of extending them to p-torsion in degree p cyclic fields by considering a certain subgroup
of Clg[p] (which he calls the narrow principal genus —see Section 4 of [Gerth 1987]). He proved
theorems providing compelling evidence for these conjectures (Theorems 4.3 and 5.11 in [Gerth 1984]
and Theorem 2 in [Gerth 1987]) For the case p =2 and n = 2 Gerth’s extension implies the conjectures
should hold in their original form, but with Cl%( instead of Clg. This was proved by Fouvry and Kliiners
[2007]. To state their result, let rky (Clg) = rko (Cl%() and for any k € Z> let

Z 2krk4(C1K)
K, 0<xDg<X

ME(2)= lim
k X—00 ZK,O<:tDK<X 1

Define NV (k, p) to be the number of subspaces of I]:’;.

Theorem 1.2 (Fouvry—Kliiners). For every k € 7>,

M, (2)=N(k,2), M 2)=Nk+1,2)—N(k,?2).
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By a separate result Fouvry and Kliiners [2006] deduce that these moments are enough to determine a
distribution.
Theorem 1.3 (Fouvry—Kliiners). The density of complex quadratic fields K with tkq(Clg) = s is

Moo (2)
N3 (2)2+

and the density of real quadratic fields with tkq(Clg) = s is

Noo(2)
N5 (2)N41(2)256+D”

Gerth conjectured a distribution for a certain subgroup of Clg[p] of cyclic p fields for all p. To state

it we first define some notation. Throughout the paper p will denote an odd prime. Let K be a cyclic
field of degree p with Galois group G = (o). Let opx = 1 — ok act on Clg[p]. It can be shown (see
Section 3) there is a filtration

Clg[p]® =kergx Ckergy C -+ Ckergl ' =Clg[pl. (1-1)

Then Gerth conjectured a distribution for the p-rank of gk (ker go%(). Notice that for p = 3 we have
ker w%{ = Clg[3] and so the above filtration implies ¢k (ker <p%() = Clg[3]/ Clg[3]°. We prove the
following theorem which verifies Gerth’s conjecture for p = 3:

Theorem 1.4. The density of cyclic cubic fields with tk3(Clg[3]/ Cl x[319) =5 is

N0 (3)
N5 (3)n541(3)35 6D

We can extend this to all odd p under the assumption of GRH for Artin L-functions (we remark the

L-functions we will consider are all known to be entire, and as such we do not need to assume Artin’s

holomorphy conjecture).

Theorem 1.5. Assume GRH for Artin L-functions. Let p be odd. The density of degree p cyclic fields
with 1k, (¢ (ker 7)) = s is
Moo (P)
s (P51 (p)pseth”

The above filtration (1-1) is analogous to the filtration

CI¢ , = Clx[2] S Clg[4] € --- € Clg

when p =2 and the object gk (ker (p%{) is hence analogous to Clg [4]2 = Clg[4] / Clg[2] from Theorem 1.2.
Since the completion of this paper Koymans and Pagano [2018] have extended the methods of Smith [2017]
to determine the distribution of Clg[p®]/ Clg[ p°°]G for odd p (conditional on the generalized Riemann
hypothesis). They in fact prove a refined result which implies the distribution of ¢ (ker gof(H )/ @k (ker gof()
for all j.
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Before continuing we make some remarks about Clg [ p]G. It is the part of Clg[p] corresponding by
class field theory to the genus field of K, that is the maximal unramified extension of K which is abelian

over Q. It can be shown [Clg[p]¢| = p"~!

where r is the number of primes ramified in K and that the
average of rkp(ClK[p]G) 1S 00.

In the case p = 2 this quantity is Clx[4]° = Clg[2] and hence
rko Cl%( =1k (Clg[4]/ Clg[2]),

that is removing this part corresponds to replacing the 2-rank of Clg by 4-rank as defined above.
We deduce Theorems 1.4 and 1.5 from the following theorem together with [Fouvry and Kliiners 2006].
Define

krk, (¢k (ker %))
ZK,DK<XP PRSPk

ZK,DK<X]

Theorem 1.6. Let k € Z>1. Then unconditionally for p =3 and under the assumption of GRH for Artin

M (p) = )}Lmoo

L-functions for p > 3 we have
Mi(p) =N(k+1, p) = N(k, p).

The proof of Theorem 1.6 follows the strategy of Fouvry and Kliiners. For any degree p cyclic field K
we express |Clg [p]| using a sum of idele class characters, and then sum over all degree p cyclic fields of
discriminant up to X. We then study the asymptotics of this expression using techniques from analytic
number theory.

In the p = 3 case we require several versions of a large sieve inequality for cubic characters to bound
the error term. We prove one such version as well as applying several others from the literature, due to
Heath-Brown [2000], Baier and Young [2010] and Iwaniec and Kowalski [2004]. The reason for assuming
the generalized Riemann hypothesis in the general case is that certain versions of the large sieve are not
yet available for order p characters. In particular we lack analogs of Propositions 6.3 and 6.4. This is the
only obstacle to an unconditional proof for all p.

Finally we remark briefly about an equivalent formulation of the Cohen—Lenstra conjectures which is
commonly used. The distribution p,, is characterized by the fact (see for instance [Ellenberg et al. 2016,
Lemma 8.2]) that for all A € S

EG~u, (ISur(G, A)|) = Z pu(G) - [Sur(G, A)| =
GeS

. 1-2
Al (1-2)
This is often called the A-moment of w, and computing it only for certain A can still provide information

about the distribution of elements in Clg.
It is clear that |Hom(G, (Z/pZ)*)| = p*™»(®), Furthermore

k

Hom(G, (Z/pZ))| = n(k. i, p)ISur(G. (Z/pZ)")|
i=0
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where n(k, i, p) is the number of i-dimensional subspaces of I]:’;. Hence Theorem 1.6 can be rephrased
as computing the A moments in the above sense for all the groups A = (Z/pZ)*.

2. Preliminaries

2A. Class field theory. For any number field K Galois over Q and rational prime / let K, be the
completion of K at the prime p |/. Let N, : K, — @ be the norm map. Denote K; = K ®q Q; and
N; = lel Ny. Note the isomorphism K; = Hnll K, which lets us view N; as a function on K;.

Let Ck denote the idele class group of K. Let N¢, : Cx — Cg denote the norm map defined by
(Nexa)r = Ni([Ty @) =TTy Npotp-

In several places we will use the following isomorphism of Cg with Ry x [, Z;*. For x € Cq there
exists a unique a, € @* such that a, -x € Ry x [], Z/. It is not hard to see that x — a, - x is well defined
and bijective.

Define the morphism (-), : K, — Ck by (b), = (..., 1,b,1,...) the class of the element with b in
the p-th coordinate and 1 elsewhere. We will need the following lemma in Section 4.

Lemma 2.1. Let b € Q* and (b); € Cq. Then b € N/ K, if and only if (b); € N¢,Ck.

Proof. If b = N;«a; for some «; € K| then clearly (b); = Nc (..., 1,0, 1,...).

For the converse note that, under the natural embedding of Q; into Cg, we have Nc, Cx N Q) = N, K
by Corollary 5.8 from [Neukirch 1999, Section VL5, page 394]. Hence if (b); € N¢, Ck then it follows
immediately from the definition of N¢, that b € N, K. O

2B. Cyclic degree p fields. Let K/Q be a degree p cyclic extension (p an odd prime). Then the
discriminant is of the form Dg = (p; - - - p,)?~! where each p; is either a prime congruent to 1 mod p
or equal to p? and they are distinct. Conversely every integer of this form is a discriminant of a degree p
cyclic field [Mayer 1992].

By class field theory each such extension corresponds to a character x of Cq with ker ¥ = N¢, (Ck)
an index p subgroup of Cg. Through the identification Cg = Ry x []; Z; x descends to a character

x:A+pZyx [[ F - mwmp (2-1)
11 Dk l#p

where the (1 + pZ,) factor appears if and only if p | Dx. The character x is nontrivial on each factor.

By an order p character we will mean a character x; : F,° — u, for any prime [ # p, or x :
(14 pZ,) — wp. For each prime [ (including | = p) there are p — 1 such distinct nontrivial characters.
Thus x factors into a product of order p characters x =[], | px Xi- Hence there are (p — @™ distinct
nontrivial characters defined on the domain in (2-1) where w(n) denotes the number of distinct prime
divisors of n. Furthermore two distinct characters x, ¥ have the same kernel if and only if x = v/ for
some 1l <i<p-—1.

It follows from these facts that for a fixed integer n which is a discriminant of a degree p cyclic
extensions of @, the number of such extensions K /Q with Dg =n is (p — )™,
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The following asymptotic formula for the number of degree p cyclic fields with discriminant up to
XP~1 is well-known [Wright 1989]
Z 1 ~cX.

K,Dg <XP-!

2C. The field Q)(¢3) and cubic reciprocity. Let ¢3 be a cube root of unity. The following facts about the
field Q(¢3) and the cubic residue symbol can be found for instance in [Baier and Young 2010, Section 2.1].

The extension (2(¢3)/Q is quadratic, and for x € (2(£3) we denote its Galois conjugate by x. The
ring of integers of ((¢3) is O = Z[¢3]. It is a principal ideal domain and every ideal (n) C O with
(n, 3) = 1 has a unique generator n which satisfies n = 1 mod 30. The only prime which ramifies is
(3) = ((1 — z3)?). The primes of Z which split in O are exactly the ones congruent to 1 mod 37Z.

The set {1, £3} is a basis for O, so that every element of O can be written as a 4 b{3. Letting
N : Q(¢3) — Q denote the norm map we have the formula N (a + b¢3) = a® + b* — ab. Using this it can
be shown that [{a +b&3 € O| N(a+ b¢3) < X}| = O(X) and for a fixed b € Z that

{a € Z| N(a+bg3) < X} = 0(X'/?).

For n, m € O coprime and (m, 3) = 1 denote by ( )3 the cubic residue symbol. It satisfies

r
m

6)-C) (-0

and, if additionally n, m = 1 mod 30 then there is the law of cubic reciprocity

)

3. Counting p-torsion in degree p cyclic fields

The first goal is to describe the subgroup of class group whose distribution we will be computing. See
[Stevenhagen 1995] for a slightly different treatment of some of the material found in this section.

We recall that p will always denote an odd prime.

Let K be a degree p cyclic extension of Q) with Galois group G = (ok). Let ox =1 —og. We view
ok as a morphism acting on Clg[p>]. Let NG = Zf;ol ok Then since NG : Clg — Clg and the latter
is trivial we have ker NG = Clg. Thus we can view Clg[p>] as a module over the ring Z,[ox /(N G).

It can be shown that in Z,[ok]/(N G) there is the relation (w,’éﬁl) = (p). Thus there is a filtration

Clg[p]l® =kergx Ckergy €+ Ckergf ' =Clk[pl.
From this we can write down the exact sequence
1 — Clg[p]© — kerpg — gk (kerpz) — 1

so that |ker 9% | = |Clg[p]|€lpx (ker g%)].
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Note that as a special case of the ambiguous class number formula (see [Lemmermeyer 2013, Theo-
rem 1]) we have |Clg| = p"~'. This implies Clg C Clg[p®°].

Denote by N the norm map Nk ,q (both on ideals and elements of K). Let J be the group
of fractional ideals of K. Furthermore let Py, ..., P, be the ramified primes of K, and let B =
{P*---P|ej=0,1,...,p—1}. Forany I € J let I denote the natural projection to Clg.

Lemma 3.1. Let B be the projection of B to Clg. Then |B| =

Proof. Clearly B C Clg[ p1°. We will show B generates CIG and the lemma will follow from |C1 |=p L.
Let I € J such that I € C1%, so that °% = («)I for some « € K. Applying N to both sides gives
N () = 1, hence multiplying by —1 if necessary, we have No =1 in K. By Hilbert’s Theorem 90 there
exists B € K such that @ = 179«
Thus 1°¢ = (B)'~°¥ I and rearranging ((8)1)°% = (B)1. So (B)1 is fixed by ok in J. This implies
gl is divisible only by ramified and rational primes in K. Thus gI € B. This completes the proof. [

Next we give another description of ¢ (ker (p%().

Lemma 3.2. Consider N acting on J the group of fractional ideals of K. Then

ker N = g (J).

Proof. 1t is clear that g (J) C ker N. Suppose NI = 1 for some ideal I € 7. Then I can only be
divisible by split primes. Let ¢ € Z be a prime above which [ is supported and let Oy, ..., Q) be all the
prime ideals in K lying above ¢ such that Q7% = Q;1. Then N(Q{' Q5> --- Q})) = qza' which implies
that Y a; = 0. Then Q' Q% --- Q) = (0" Q57 ... Q;ljlmﬂ"_l)l_”’f. Applying this to all primes g

below I shows I € px(J). O
Lemma 3.3. Forany I € J such that Ie CIK[p]G we have

Ie (pK(ker(p%() << NI =N(w)in J for some o € K
(note this condition is independent of the ideal representing I).

Proof. Suppose first that I € gy (ker (p%(). So for some J € Clg, we have I = J!=°%_ We have for some
o € K* that (¢)] = J'=9¢ in 7. Taking norm of this gives NI = N(a~!) which proves one direction.
Now suppose that NI = N(«) for some o € K. Hence I = («)J for some ideal J € ker N. By
Lemma 3.2 we have J = J(”K for some ideal Jy € J. So I = JW Then JWK =1%¢ =1in Clg since
1 € CI$. Thus J € ker 2. O

Let

~ {DK if ptDg, (3-1)

Dk = 1.
Dg/pP~" if p| Dk.
Proposition 3.4. With the above notation let Q(Dx) be the set of positive integers dividing Dy. Then

|<pK(ker(pi)| = %l{b € Q(Dk) | b= Na for some a € K*}|.
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Proof. Firstly it is clear that the map N : B — (D) is a bijection. Since |B| = p”~' by Lemma 3.1,
let {(1), (l2)...,(,)} C B be the principal ideals. To each J € Clg[p]® = B we associate the set
wy={NU;),N(;lp),...,N(U;I,)} CJ where I, is a choice of representative of J supported on the
ramified primes. For every element of w; we may choose the unique generator which is a positive integer.
With this identification we may assume w; C 2 (5 ).

We claim that if J; # J» in B then w 7, Nwy, = &. Suppose to the contrary that x € w;, Nwy, so
N(1j,l;) = N(I,1l;) for some i, j, and hence N(1;,) = N(1;1;) for some [, since the principal ideals of
B form a subgroup. Since N is injective on B we get I, = I,lx, a contradiction. Thus we can write as a
disjoint union

Q(Dg) =]

JeB

Then also

{beQ(ﬁK)lszaforsomeaeKX}=Ua)J
J

where the union is over all J such that some element of w; is of the form N« for some « € K. Note this
condition is equivalent to every element of w; is of the form N« for some « € K since if N(I;[;) = N ()
then N(I;1;) = N(al;I7").

By Lemma 3.3 |pg (ker g0%<)| is the number of classes J € Clg[p]¢ such that NI = N(«) for some
(any) representative / of J and some a € K. In the above notation this is the set of J € B such that
Na € wy for some @ € K. Thus

ek (ker )] =+ | Iy |
J

where the union is over all J such that every element of w; is of the form N« for some o € K. This
completes the proof. (|

4. The p-torsion as a character sum

The goal of this section will be to prove a formula for the size of ¢ (ker w%() defined in the previous
section.

Let K /Q be a cyclic degree p extension with discriminant Dk and Galois group Gal(K /Q) = (o).
Let x be a character of Ck corresponding to K and y its quotient (see Section 2B). Recall that x factors
into a product of order p characters x =[], | Dy XI-

For simplicity we will henceforth write im(¢x ) for ¢k (ker (p%().

Recall the definition of Dk in (3-1) and that a)(f) k) denotes the number of distinct prime divisors
of 51(. For any prime [ of @ we defined the morphism (-); : K; — Cg by (b); = (..., 1,b,1,...) the
element with b in the /-th coordinate.
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Proposition 4.1. For each degree p cyclic field K let og denote a generator of the Galois group and Dg

the discriminant and ¥ a corresponding character. Then

|im<¢K>|=m Z HH<1+x+ A RPTHUBY)

p D i=0 1]b;
[ prime

where the sum is over p-tuples of coprime positive integers (b;) satisfying

p—1 p—1 _
(]‘[b,) =Dx and B=bb} b7}
i=0

Proof. Since K /Q is cyclic by the Hasse norm theorem b € Q@ is a global norm if and only if b is a local
norm everywhere:

b = Na for some o € K <= b = N,«; for some o; € K;, for all [.

Recall K; = K ®¢g Q. Hence by Proposition 3.4 we want to detect when b | D k satisfies b € N;K; for
all [. If lfﬁ x this condition is trivial since b is then a local unit in @, and it is a standard fact from local
class field theory that if / is unramified in K /Q then N;: K; — Q) surjects onto the local units. Hence
we need to check the condition only for / | Dg.

By Lemma 2.1 b € N;K; if and only if the idele (b); € Cq satisfies (b); € N¢,Cx = ker x. Since X
has order p this implies

p if (b)) € ker %,

(I+x+--+27Hup)) = {0
else.

Hence we arrive at the following expression which detects when b is a norm at /:

I+54+---4ypP1 1 ifbe NK;,
<+X+ RS )((bm:{ Hoe Nk (4-1)

p else.

Note that DK isa p — 1 power. Write a divisor of ﬁK as b1b§ . -bi:} where the b; are square-free and
coprime. Let

1 if K*
Gb) = { ifbe NK*,
0 else.
Thus by Proposition 3.4 we have
plim(gi)l= > Gib3--- b))

bib---by” “1 1Dk
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where the sum is over positive integers dividing Dg. In the following we will let B = blb% .- -bz:}. By
(4-1) we get

14+94+...4 5P
plimeol= Y ]"[(*X+ X )((Bm

(bO ----- bp*l)”DK p

= e, Z [TITa+%+-+z27"Husw

p 1) i ”bl

where the sum is over p-tuples of positive integers satisfying (] bj)?~! = Dg. This completes the
proof. U

We define some notation to state the next proposition. Define the function @ : [ny — [, by
P (u, v) = P((u1, uz), (vi, v2)) = ui(v2 — u). (4-2)

Under the identification Cg =Ry x []; Z; (see Section 2A) for any integer b the class of (b); maps to

1 b 1
...,l—i,l—i,l—i,...

where i = ord; b. Hence if x decomposes as HlIDK xi acting on (1 + pZ,) x H1|DK,1;£p F/ (see

Section 2B) then
N b 1
X)) = x (l—) []x (l—) (4-3)
q#l

Theorem 4.2. For each degree p cyclic field K let ok denote a generator of the Galois group and Dk
the discriminant and x =[], | Dg X1 @ corresponding character. Then

im0l =5 —> 1 T1 Xl(l_[ Do v)) (4-4)

(D) veF? Dy uek?
lprlme

where the sum is over p*-tuples of coprime positive integers (D)) indexed by u € [F2 and satisfying

(]_[ue[F2 D )p 1 - D

Proof. For this proof we will denote Dg = DP—, By Proposition 4.1 we have
i 1
|lm(¢K)|=W Z 1_[1_[(1+X+ 4+ XPHUBY) (4-5)
..... bp—1) i=01]b;

where the sum is over p-tuples of positive integers satisfying [[; b; = D and B = blb% .- -bi:}. We fix i
and focus on the innermost product in (4-5). Expanding it we get

[Ja+z+-+27ha= > [[#'us (4-6)

1 bi JtseesJooby) L bi
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where the sum is over tuples of integers with each 0 < jiz < p — 1. For any such fixed tuple ji, ..., jou)
and for each 0 < j < p — 1 define D, ; to be the product of all primes / | b; such that j; = j. Then we
can instead write (4-6) as

D I L C:INE > ﬁ I1

JtseesJoy) U bi (Dip,Dipt1,-esDiptp—1) j=01| Dipy;

where the sum on the right is over all p-tuples of positive integers satisfying Hf;é D;pj=Db;. Thus we get

p—1
Iim(</>z<)l=ﬁ Z H( > [T 11 )2!'<<B>z>)

bp-1) i= 0 (DipsDip+1,--sDip+p—1) Jj=01] Dipyj

where the inner sum is over all p-tuples of positive integers satisfying ]_[f;é Dipyj=b;. If [ | b; then
ord; B =i hence by (4-3) we have

. . B/ 1
xf(<B>z>=x(<Bf>l)=x;(7j) I xq<17j>.
q1D.q#l

Plugging this in and rearranging summations we get

Iim(wK)lzﬁ Z H [1 [x;(w> [1 M(%)] 47

2_)i,j=01| Dipy; q|D,q#l

2
where the first sum is over all p>-tuples of positive integers satisfying ]_[f’zo_1 D; = D. Taking the last
two products from (4-7) and rearranging them gives

T1[(F) T ()]

| D,q#l
1\7. 1 B/
[ I (@) I el T )] TT (57)]
q|1D/Djpj I Dip+j q | Dip+j I Dip+j/q I Dipyj

and grouping products and renaming the variable / to g in the last term gives

LI G LI =G ()l e

q1D/Dipyj ip+J ip+j
Define A; ;, B; ], C; ] to be respectively the first, second, and third factors in (4-8).
Let D =[] oD D =TI 'D Dy, and D; = 172 Dip+;. Then the last two terms in (4-8)

can be combined:

i BJ BJ
Bij-Cij= l_[ Xq( q ) 1_[ Xq(_ij): 1_[ X4< ij ) 4-9)

L
gDy NPipti” gDy, N gDy “Dipsj

-1
Let Bj = Hip:() B,-,jC,-,j.
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Taking the product over i =0, ..., p — 1 of the first factor in (4-8) gives

EAi’j:[ [T (5, )][1_[ [1 (’pﬂ)] @-10)

q1D/D; i=0q|Diptj

Define E ;, E> ; to be respectively the first and second factor in (4-10).
So far we have shown

1
il = S 2 ]‘[<E1] Ez ;- B)). @11)

Now we can compute
p—1 p—1 13
[T =T]T1] Xq<3f) (4-12)

and

H(EZJB)_H I « ( ,,;ﬂ) I Xq(?%f):p_ Xq@_j), (4-13)

i,j= 0(1|D1p+1 J ‘I‘Dip+j ip+j .i:0q|5

Plugging (4-12) and (4-13) into (4-11) we get

..... D) j= Oq\D q|D;
1 BJ
= pw(D)—H 1_[ 1_[ X’( )
Dy, ..., 2_) J= OI\D
1 B/
~ T T (%)
..... ) 5,j=01]Dip;
From the definition of B we have
p—1
B=]](DipDip1-+ Dipsp-1)
i=0

hence for 0 < uy, us, v, v2 < p — 1 the exponent of Dy, 1y, in B”z/ﬁ 18
ujvy —uguy =ui(v2 — uy).
Letu = (uy,uy) € [F%7 and v = (v, vp) € [Ff,. Recall we defined @ : [F?, — [F, by

D(u,v) =ui(vy —uy).
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Thus relabelling D;,,; — D j) we conclude that

lim(gk)| = W > [T11 xl( I DS(“"“). (4-14)

(D0,0)5-+» D(p—1,p-1)) ve[Ff,lle uek?

as required. U

5. An expression for the k-th moment

Define
S =Y limex)l.

K,Dg<Xp-!
Computing Si(X) will allow us to determine the k-th moment

M) = Si(X)
—>°° ZK Dyg<Xpr—1 1

of the function |[im(¢x)|. We will then show that knowing M (k) for all k € Z>; will be enough to
determine the distribution of the values of [im(¢g)|. Our goal for the remainder of the paper will thus be
computing Sy (X).

We want to use Theorem 4.2 to obtain a formula for [im(¢k)|*.

Proposition 5.1. For each degree p cyclic field K let ox denote a generator of the Galois group and Dk
the discriminant and x =[], | Dg X1 a corresponding character. Then for any k € Z>1

lim(gx)| = kw(DK)Z IT TI xl( [T pr« v>)

(Dy )ve([FZ)klplrgne ue(F2)k

where the sum is over p*-tuples of coprime positive integers (D,) indexed by u ([Ff))k satisfying
Hue(ng)k D, = Dg.

Proof. From Theorem 4.2 we see |im(¢g)|* involves a k-fold product of summations over factorizations
of Dk, so we want to simultaneously consider k different factorizations of Dg. We follow the same
method as in [Fouvry and Kliiners 2007, pages 471-472], and denote any k factorizations of Dy as

bi= [T o5, == [ ol

MIE[F% ukE[FZ

where each index u; € I]:?, (note this differs from the notation in the previous section). Define D, . ., =
gcd(Dul, e, DL(ZZ) ). From this we obtain a further factorization of each Df,l[) by

DI(411) = 1_[ [ 1_[ Dul,...,uk-

1=j<k u; e[F2

J#
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Hence taking (4-4) in Theorem 4.2 to the k-th power we get

22 1_[ [T I1 x;( I1 (D<t>)<1><ui,v,-)>

(Dg (D(k))l 1y e[F2 [ prime ule[F
"11pY

p pkw(DK)

where the summations are over p’-tuples of positive integers (fo;.)) such that [, . Df,’;.) = Dy. By
i P
multiplicativity of the x; we can simplify this as

2 [1 [1 Xl( [ Dgf{%jgi)+~~+¢<uk,vk>>

Dyy.wy) (u1,..,0)€(F2)* L prime (u1,....u)€(F2)*

p pkw(DK)

u;) such that

.....

(1, up) €(FH)*

To simplify notation we let u = (uy, ..., ux), v = (vy, ..., vg), and g (u, v) = fozl ®(u;, v;). Then
the expression becomes

kw(DK)Z l_[ H Xl( l_[ D;Dk(u,v))

(D) ve(F2)k I prime ue(F2)k
1| D,

where the sum is over p**-tuples of coprime positive integers with [ L. @y Du = Dg. U
P

We now sum the expression from Proposition 5.1 over all degree p cyclic fields with discriminant up
to X. To this end we define the following notation:

Let P(X) denote the set of p**-tuples of coprime positive integers (D,,) indexed by u = (u1, ..., u) € [Ff,k
(with u; € [Fi) whose prime factors are congruent to 1 mod p or equal to p and p° 4P D < X where we
denote D = Hue([Ff,)k D,.

Let C(D) be the set of tuples of nontrivial order p characters (x;); | p (see Section 2B).

Theorem 5.2. For each degree p cyclic field K let og denote a generator of the Galois group and Dk
the discriminant. Then for any k € Z>

, 1 (D) o
> gt = X % A< T IT o 1 o)

K,Dg<Xp~! D)PX) (reco) P vebk L prime  “ue(F2)k
D

‘ v

where on the right hand side we denote D = Hue(p 3 Dy and Oy (u, v) = ZLI D (u;, v;) with ® defined
P
in (4-2).

Note that we are summing over cyclic degree p fields satisfying Dx < X?~! but on the right-hand
side the condition is p°»®P D < X.
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Proof. Fix a degree p cyclic field K. Summing ((4-4) over all tuples of order p characters (x;), | By
characters corresponds to summing over all degree p cyclic fields of discriminant Dg but overcounts by a
factor of p —1 since for a fixed discriminant D the characters [ [, | by X1 and [ | Bx le forl<j<p-—1
correspond to the same field (see Section 2B). Thus for any D € Z which is a discriminant of a degree p

cyclic field, by Proposition 5.1 we get

: 1 u,v
> fimtgot = p % T TT a( I o)

K,Dg=D (Du) () €C(D) veF% 11Dy uef2
[ prime

where the sum is over p*-tuples of coprime positive integers (D,) indexed by u € ([F%,)k satisfying

Hue([FZ e Dy = D (D defined as in (3-1)). Since we are interested in computing the average over all
P

degree p Galois fields we sum over these to get

_ 1 1
O D IECED DD N | B ) 10 ) L)
K. Di<xr-! pP=UP  peg p (Do) (x)C(D) vel2 1D, “ueP
0<podr@P pox "I prime r

and l_[ue([FZ)k D, = D. Then by definition of P(X) we obtain
P

1 1
. k_ 2 D (u,v)
> gt = ¥ w0« 2 T T I ).
K,Dg<Xr-! (DW)EP(X) (ur)eC(D) veF3k ll | Dy uek
prime

This proves the theorem. (]

The goal will now be an asymptotic analysis of this formula.

6. Analytic tools

We list the analytic results that will be needed in the sequel. The first two we take directly from [Fouvry
and Kliiners 2007].

Lemma 6.1. There exists an absolute constant By, such that for every X > 3 and every | > 0 we have

X (loglog X + By)'
log X ! ’

{n < X |w(n) =1, u*(n) =1}| < By

Lemma 6.2. Let y € Rwith y > 0. Then we have

Z y“’(") < Y (log x)r!
X—Y<n<X

for2 < Xexp(—y/logX) <Y <X.

Let O = Z[¢3], the ring of integers of the quadratic extension Q(¢3). Let (§)3 denote the cubic residue

symbol for x, y € O coprime. Let N(-) : @(¢3) — Q denote the norm function. In the following A, B, QO
will denote positive integers.
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We will need the following results for estimating bilinear sums. They are all versions of the large sieve
inequality. The first two containing the (A B)¢-type factor will be used when A and B are close together,
and the latter two which do not contain this factor will be used when A and B are far apart. The first is
Theorem 2 from [Heath-Brown 2000].

Proposition 6.3. Let ¢, be a sequence of complex numbers indexed by elements of O. Then for any € > 0

oy u%N(n)N(m))cn(%)
3

meQO, ne,
N(m)<A N(n)<B

2
Le (A+B+(AB)(AB) ) Jeal®
ne®

where each of the sums are over square-free elements m, n € O congruent to 1 mod 3.

Next we have a version for cubic Dirichlet characters and sums over integers, which is Theorem 1.4
from [Baier and Young 2010].

Proposition 6.4. Let c,, be any sequence of complex numbers indexed by N. Then for any € > 0

YYD cmPmxim)

geN  x mod meN
0<q<20 4 A<m<2A

2
L QP+ 0*PA) QA D pErm)lcnl®

meN

where the second sum is over x which are primitive Dirichlet characters satisfying x> = 1.

The next version is Theorem 7.13 from [Iwaniec and Kowalski 2004, Section 7.5, page 179] (due to
Bombieri and Davenport) and applies to all Dirichlet characters (not necessarily cubic).

Proposition 6.5. Let ¢, be a sequence of complex numbers indexed by N. Then

S DD i mxim)

eN x mod meN
g<QX K A<m<2A

2
L@+ A) D lewl

meN

where the second sum is over x which are primitive Dirichlet characters.

Finally we will need a generalized version of Siegel-Walfisz for character sums, stated as Main
Theorem in [Goldstein 1970]. We state a slightly weaker simplified version here.

Proposition 6.6. Let € > 0. Let K /Q be Galois of degree n and let x be a nontrivial finite Hecke character

of K with conductor f,. Then there exists a positive constant ¢ = c(€), not depending on K or x such that

Y x(p) = O(dxlog’ x exp(—cn(log x)'/?/d))

pC Ok prime
N(p)=x
(p, f)=1

where d = n3|DKN(fX)|€c_". The implied constant does not depend on K or x.
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We now prove another version of a large sieve bound for cubic characters.

We require a preliminary lemma. The next result is Exercise 2 from [Iwaniec and Kowalski 2004, Sec-
tion 7.4, page 178]. In their terminology aset of o, = (¢t 1, . .., € k) € RK is 8-spaced if max; o ; — o | >
8 for all r # r’. The definition extends to elements of R¥ /Z* by choosing representatives in R¥ for which
|oty.i — o ;| is minimal, for all i (that is, which make the spacing minimal).

Lemma 6.7. Letd > 1 and § > 0 and let o, = (0.1, . . ., Qrq) be 8-spaced points in [R{d/Zd and a, a
sequence in C indexed by n = (ny, ..., ng) € 79 with1 <n; < N. Then

2

r

2
Z an expri(n-o,))| <q 874+ N9 Zlanl2
n n

Proposition 6.8. For each n € O let v, be a primitive cubic Hecke character of modulus (n) C O.

For any d € O let z4 be the smallest positive integer such that d~' = z/z4 for some z € O (clearly
Zd < |N(d)|). Let P(B) C O be a set of elements d satisfying zq4 < B.

Foralld € O let a; € C such that |ag| < 1. Then

2| X v

neP(B)' meO
N(m)<A

2
< (B> + A)A.

Proof. For r, n € O define the generalized Gauss sum for the character v as

grom)y= Y Yu(d)é(rd/n)

de(O/n)*
where é(z) = exp(2mi(z + z)). It satisfies the property (see [Baier and Young 2010, Section 2.2])
g(rs,n) =y, (s)g(r, n)

for s € O coprime to n. We will write g(n) = g(1, n).
We can write the sum in the statement as

> Zamgw n)

n

> Yud) Zameum/n)

de(O/n)*

Zammoﬂ)‘ P )|2

m

Z g (n )I2

Since ¥, is a primitive character of (O/n)* we can sum over all such characters to get the bound

2 1 5 2
Xm:amwn =< Xn: |g(n)|2 Z Z X(d);ame(dm/n)

X 'de(O/n)*
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where the summation ) 4 is over primitive characters of (O/n)*. Then expanding the square and using
orthogonality of characters we obtain, with the notation b; = Zm amé(dm/n),

> am Z B <n)|2 Y Y x@x@)baba

X d,d'e(O/n)*

52|g<zla>|2 S baba Y x(dd ™

d,d'e(O/n)* X
[(O/n)*|

S P

; lg(n)|? de(OZ/n)X

=2 2

n de(©/n)*

2
Z ame(dm/n)

2
> " amé(dm/n) (6-1)

We now want to apply the multivariable large sieve inequality of Lemma 6.7 so we will rewrite the
summation accordingly.

Let R={(n,d) |n e P(B),d € (O/n)*}. For any (n,d) € R, using d € O to also denote any choice
of representative of d € (O/n)* (everything that follows will be independent of such a choice), write
d/n =d, + {3d, in the basis {1, ¢3} with d; € Q and similarly write m = s + {352 with s; € Z. Then a
computation shows dm/n = (dys; — dys2, d1sy + das1 — dps») in coordinates in {1, 3}, and

te(dm/n) =dm/n+dm/in = 512d) — do) + s2(—di — do) = (51, $2) - 2dy — o, dy — d»).
So given r = (n, d) € R define a, = (2d) — d», dy — d») € Q2. Then
é(dm/n) = exp(2ritr(dm/n)) = exp(2mi(sy, s2) - &)

Hence we can rewrite (6-1) as

Zamwnm)‘

where s1, 5o < A!/? since N(m) < A (see Section 2C).

We claim the sequence S = {«,},cg is 1/B-spaced (see definition before Lemma 6.7). For any

2
asl+{sz exp(zni(sl’ SZ) : ar) (6_2)

(Sl Sz)ézz

reR

(n,d) € R, d is coprime to n so the map R — Q(¢3) defined by (n, d) — d/n is injective. Furthermore
(dy,dr) - (2d) — d>, d| — d») is an invertible linear map, hence the elements of S are all distinct. Note
that for any distinct a/c, b/c € @ we have |a/c —b/c| > 1/c. Hence the spacing of a set in @ is bounded
below in terms of the denominators of the coordinates of its elements.

Since n € P(B) there exists z € O such that nz =z, € Z and z,, < B. We can write

d dz a b

n nzg Zn

for some a, b € Z. Since z, < B it follows that S is 1/B-spaced as required.
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Thus by Lemma 6.7 and (6—2) we get

Zamwn "« 3

reR

2
Z A, te5, XPRTi(s1, 52) - a,)| K (B> + A)A. O

51,82

7. Determining the main term

We start with the expression for ) 5 _yp-1 lim(gk)|* which we derived in Theorem 5.2,

1 v
SO=c—pF 2 2 mqw)rH1M(ﬂD““§ (7-1)

1
)P D)) ect100) P v 11D,

and recall the notation:

e P(X) denotes the set of p2k—tuples of coprime positive integers (D,) indexed by u = (uy, ..., ux) €

[Ff]k whose prime factors are congruent to 1 mod p or equal to p and p° %P D < X (with D =

Hue[Ff," D“>‘
e C(D) denotes the set of tuples of nontrivial order p characters (x;)r|p.

o Dp(u,v) =Y d(u;, v;) with @ defined in (4-2).

For the remainder of the paper we will use the convention that the implied constants in any big-O notation
which appears are allowed to depend on p and k, but not X.

FixkeZs ) andlet A =1+ logf(pfl)'pk X. Define A to be a p*-tuple of variables (Au)ue[%k with
each A, = A/ for some j > 0. We can partition Sy (X) according to the various A.

Let P(X, A) C P(X) be the subset of tuples (D,) satisfying A, < D, < AA, forall u € [Ff,". Let
Sk (X, A) be the above sum (7-1) but now restricted in the first summation to tuples (D,) € P(X, A).
Thus we have

Sk(X) =) Sk(X, A)
A

summing over all A with [], gz Ay < X.
p

Note that since A =1+ log_(”_l)'pk X there are O ((log X)sz“*(l’_l)'pk)) possible A with Si(X, A)
not empty. This is since there are O((log X)(1+(1’_1)'Pk)) choices foreach 1 < A, < X.

We now consider certain families of tuples A for which S; (X, A) makes a negligible contribution to
the sum. These will be the same as the four families from Section 5.4 in [Fouvry and Kliiners 2007]. In
the case of the first the argument is identical but for completeness we reproduce it here. The proofs in the
remaining three cases must be generalized.

First we reduce the sum S;(X) to terms where all of the D, satisfy w(D,) < 2, where we define
Q =e(p —1)p*(oglog X + By) with By the constant given by Lemma 6.1.

Let P(X, A, ) C P(X, A) be the subset of tuples (D,) additionally satisfying w(D,) < Q for all
u € [F‘%,k . Let Si(X, A, ) be the above sum (7-1) but now restricted in the first summation to tuples
(D) e P(X, A, Q).
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Lemma 7.1. With the above notation, for all tuples A

S: (X, A) = S (X, A, Q (0] X
XAjk<, >—§jk<, Q)+ (10gX).

Proof. Let Sy be the sum of the terms in (7-1) where not all of the D,, satisfy w(D,) < Q. We will bound
So. Letn = ]_[ue[%k D,. We can trivially bound (7-1) by setting all x; = 1. For any positive square-free
n € Z we have |{(D,) € P(X) | HMG[F%I( D, =n}| = p**® (this is just the number of ways of writing n
as a product of p* positive integers) and |C(n)| = (p — 1), Thus applying the trivial bound to Sy gives

So< Y, wWm@p—1)°".
n<X,wn)>Q

Then splitting the sum up by the number of prime factors and applying Lemma 6.1 we get the bound

X (loglog X + By)!

X
Yo M-« Z@w"(p— ) i

n<X,wn)>Q 1>Q

X Z(pkm—l)(loglogxwo))l
log X l/e

X 1)/
S logx Z(?)

>Q
X

log X

<
[>Q

<

where in the second-last inequality we are using [/e > (p — 1) p**(loglog X + By) by definition of Q. [J

Thus we can assume in the remainder that all variables D, satisfy w(D,) < €2 (we will only need this
fact to bound family 4 in Section 7D).

7A. The first family. Note that it is possible there exists an A for which S (X, A, Q) is not empty, but

AA, > X. (7-2)
I

Thus for any tuple (D,) € P(X, A, Q) the condition [ [, D, < X imposes dependencies between the D,,.
We wish to remove this dependency to allow application of subsequent analytic results in which we will
sum over each D, independently.

Let F; denote the set of A such that (7-2) is satisfied.

Lemma 7.2. With the above notation

> S(X, A, Q) < X/log X.
AeF;
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Proof. Applying the trivial bound as in Lemma 7.1 and applying Lemma 6.2 we have

YosxA< Y G- ? < 1-AT")X g X) 0L
AeF A‘I’ZszDfX

Using that (1 +x)% = 1 4+ax + O(x?) for x — 0, setting @ = —p?* and x = log_(P_l)'pk X we get
AP = (1 4+1og= PP x)=r" =1 — p1og= P~V X 4 0 (log 2P~ 11" x),
This gives the bound

3 SiX. A Q) < (pFlog™ PV X + 0(0g 207D X)) X (log X) PV « X/ log X. O
AeF

Thus if A ¢ F; then any (D,) € P(X, A, Q) automatically satisfies [ [,.yx Dy < X so this condition
P
can be dropped from the definition of P(X, A, Q2) for A ¢ Fi.

7B. The second family. We now bound the terms in which the range of summation is too short for too
many variables D,. Let X* = exp(log” X) for some small n > 0 which we will specify later.
Let F; be the set of A which satisfy

at most p¥~! variables satisfy A, > X*, (7-3)

Lemma 7.3. In the above notation

Z Sk(X, A, Q) <« X(log X)’](P*l)pkfl/p‘
AeF,

Proof. Let r be the number of variables greater than X*. We factor the sum Y Ac 7 Sy (X, A, Q) into two
parts corresponding to terms with all variables D, < X* and terms with all D, > X* and then apply the
trivial bound as in the proof of Lemma 7.1. This results in

P! 1 w(m) 1 (n)
Z S (X, A, Q) < Z Z MZ(m)(ka . r)w(m)<p_k> Z ,uz(n)<(p pk )r) .

AeF, r=0 m<(X1.)ka—r p n<X/m

Then applying Lemma 6.2 to the second term above we get

P! ko (m)
— 1 .
Z Si(X, A, Q) K Z Z ((p ) X(]ng)(,l’—l)r/pk—l

m

AeF r=0 m<(Xi)p2k,,

k—1

< X(pZ(log X)(pl)r/W) ( y (e=b 'pk)w(m)).

m

r=0 m<(X¥pH-r
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We trivially bound

pk_l

Y (log X)P D/« (log X) PP P T = (1og X) 717 (7-4)
r=0

We will apply Mertens’ formula ]_[q< x(l - 5)71 & log x (where the product is over g prime), to the

second term above. Recall X¥ = exp(log” X). We have

_ . pkyo(m) —_1). pk
)3 ((p 1)mp) < T <1+(p 1)p+__.)

m<(X)pH—r g<(xtypH-r q

LT

g<(xtyptr

< (log XHP'P=D — (10g X)W (P=1), (7-5)

Putting together (7-4) and (7-5) we get

Z Si(X, A, Q) <« X(log X)'?(P—l)'pk—l/p. -
AeF,

Clearly for any € > 0, for small enough n we get X (log X)”(f’_l)'pk_l/f’ < X/(log X)!/P—¢,

7C. The third family, the case p = 3. For the third and fourth families we will first let p = 3 and bound

the error term unconditionally. In Section 7E we will handle the case of general p under the assumption
of GRH.
We define some terminology which will be used in the remainder of the paper.

Definition 7.4. We say indices u, v € [Fff‘ are linked if & (u, v) # 0 or & (v, u) # 0. Otherwise we say
they are unlinked. We say a set U C [Ff,k is unlinked if # and v are unlinked for all u, v € U.

Let XT = 10g8(1+9"(1+2-3")) X.
Let 5 denote the set of A such that there are two linked indices u and v with

Ay Ay > X (7-6)

Fix such an A and two linked indices u, v. We split

4
Sk(X, A, Q):ZS;(,,-(X,A, Q) (7-7)
i=1
into four terms depending on whether 3 | D,, 3| D,, 3| D,, for some w # u, v, or 3t D,, for all w. For
simplicity we only present the proof of bounding Si 1 (X, A, 2), the arguments in the other cases being
almost identical.
We now consider two cases: case 1 occurs when both &y (u, v) and ®; (v, u) are nonzero in (7-1) and
case 2 occurs when only one of these is nonzero.



The distribution of p-torsion in degree p cyclic fields 837

Case 1: Both ®;(u, v) and @4 (v, u) are nonzero.

Define Q(X) C O to be the set of elements d € O congruent to 1 mod 30 which are products of split
primes, u?>(N(d)) =1 and N(d) < X.

Note Q(X) is closed under conjugation in Q(¢3).

Lemma 7.5. If ®;(u, v) and ®i (v, u) are both nonzero then

Sk1(X, A, Q) < > (7-8)

(Dw)w;’:u,v EP(X,A, Q)

2 dy
oo (Duv)a<du)a<dv)(d—

duGQ(AAu/:‘D v )3
dyeQ(AAy)

with |la(dy)|, |a(d,)| < 1, and we denote D, = N (d,)N (d,).

Proof. In the following equation to simplify notation we write D =[], P D, and D' = D, D,. Let A;
denote the (3% — 2)-tuple (Ay)wu,» and A, denote the pair (A,, A,).
Then from (7-1) we get by splitting up the summations and bounding

1 1*(D) iy
Skﬁl(X,A,Q)— 7.3k 3ka (D) X1 DZ
(Dy)€P(X,A,Q) (x)€C(D) yel¥ 1Dy zeF¥

u

1
s> > e

(Dw)€P(X,A1,9) (x;)€C(D/D")
2 Rt
y=u,v

(Dy, Dy)EP(X,A2,8) (x1)€C(D")
3| Dy L[| Dy

‘ B

=<

[\

X

l_[ Dz<l>k(z,y)> '

2%k
z€l3

Suppose z € Z is square free and a product of primes congruent to 1 mod 3Z. This implies z factors into
split primes in @(¢3), hence there are exactly 2@ ideals I C O such that N (1) = z. Furthermore for any
ideal I C O such that N (/) = z there exists a unique element with (d) = I such that d € Q(z).

Since p = 3 there are 2 nontrivial cubic characters x; corresponding to any prime /. They are (%)3 and
(%)3 where w, 7 =1 mod 30 and N () = N(it) = . Thus there is a bijection between C(z) and ideals
I C O such that N(I) = z, defined by

0 ( [1 n>. (7-9)

Iz
x=(%)
This map is injective by unique factorization of ideals and hence surjective since the size of both sets is

equal. In particular this implies

1 zw(D/D’)

Z < <
(X]’)EC(D/D )

1.
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So far we have shown

S, 4,9 < Y
(Dw)GP(XaAl vQ)

2(D
S % G (o)
=u,v

(Du,Dy)EP(X,A2,9) (x)€C(D’) yl|D zeF¥
Y

u

It also follows from the above bijection (7-9) that in the sum over D,, D, we can replace the x; with
cubic residue symbols

2
3 > Low I o(2T] o0e)
y=u,v

(Du,Du)GP(uX,Az,Q) (xp)eC(D’) 1D, zeF3*
D (z,y)
2 D
wn=(D) [Toer D: Oy (2.0)
< > > > 3k (D) 4. w| [T o (7-10)
(Dy.Dy)EP(X, A2,Q) d, €Q(AA, /3) dyeQAA,) y=u,v y 3 N e
3|Du N(du):Du/?’ N(dv)zDv
For any d,, in the above sum let
2 Dy (y,u)
K (H Dw) H , D,
bd) = —ivan— 11 [T x(@N@y)® @) =2
y#u,vl| Dy u 3

and similarly for b(d,) (which will additionally contain the factor of X3(Hze[F§k D (Z’”))). Note also that
p*(D) = (1, 2y Du) 1 (1T, +u Dw) w?(D, D,). Changing notation to D, = N(d,) and D, = N(d,)
and plugging in b(d,) and b(d,) we can rewrite (7-10) as

5 Du D (u,v) Dv Dy (v,u)
> > u(DuDv)bwu)b(dv)(d—v) <Z> :

d,€Q(AA,/3) dy€Q(AA,) 3 3
Au/3<N(d)<DAL/3 Ay=N(dy)<AA,

Note &y is either 1 or 2, and squaring a cubic character is the same as conjugating it. Since Q(X) is
closed under conjugation, removing ®; from the exponent permutes the coefficients. As a result of this
procedure rename b(d,) to a(d,) and b(d,) to a(d,) if necessary. Letting a(d,) =0 for N(d,) < A, /3
we can extend the range of summation to N(d,) < AA, /3, and similarly to N(d,) < AA,.

Forany D, = N(d,) = d,d, and D, = N(d,) = d,d, not divisible by 3 by the properties (2-2) and
the law of cubic reciprocity (2-3) we have

D,\ (D, dy\ (du\ (dy\ (dy A\ (d,\ (du\> (d.
SO ) = () (=) () () = () (=) () = (). (7-11)
dy )3\ du /3 dy J3\dy J3\du )3\ du /3 dy /3 \dv J3\dv /3 dy/3

This proves the lemma. 0

Proposition 7.6. For all A € F3

Se1(X, A, Q) KX/ 10g1+9k(1+2-3k) X
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Proof. We will apply the standard strategy of bounding bilinear sums using Cauchy—Schwarz followed
by a large sieve type bound. By Cauchy—Schwarz applied to the summand on the right-hand side in
Lemma 7.5 we have, for any fixed tuple (Dy,)w-uv € P(X, A, ),

2> 1/2

d, d,
> uz(Duv>a(du>a<dv><d—)3 <<A,1/2( > > MZ(DL,u)a(du)(al
(7-12)

d,€Q(AA,/3) v dyeQ(AA,) ' d,€Q(AA,/3)
d,€O(AA,)
where D,, = N(d,)N (d,).

Note that d,, +— MZ(DMU)(fl—‘Lf)3 is a primitive cubic Hecke character of modulus (d,). Note also
that Q(AA,) satisfies the conditions of the set P(AA,) in Proposition 6.8 since by definition for any
d e Q(AA,), N(d)=dd < AA,. Thus by Proposition 6.8

> > u2<Duv>a<du)(Z—”>3

dy€Q(AA,) dy€Q(AAL/3) v

2
K (AL + A A,

Plugging this into the bound (7-12) we get
2 dy
22 W (Dwadad)| =~
dv du v/3
Al.l

By symmetry (recall by cubic reciprocity (%)3 = (Z—”)3) we can also bound this by A, A, ((I + Al))
Now by symmetry we can assume without loss of generality that A, < A,,.
First suppose A2 < A,. Recall A € F3 implies A,, A, > X1 =1og8(+9 (1423 X Plugging the bound

(7-13) into Lemma 7.5 we get

A 1 1/2
KAV AL+ ANAD' P = A A, 2+ —) . (7-13)
A, a4,

1/2

A 1\1/2 1/2
Sk1(X, A, Q) K E A Al =+ — < X[ ——+— <X/ 10g1+9k(1+2-3k) X

’ Ay Ay A2 A,
(Dw)w#u,vep(x»A’Q) u

Now suppose A, < A%. Then by Proposition 6.3 we directly get the bound, for any € > 0,

Sy M(Dw)a(azl,)(%)
v/3

dyeQ(AAy) dy€Q(AA,/3)

2
L (A + Ay + (AL AP (ALA) A, (7-14)

Plugging (7-14) into Lemma 7.5 we get

Sei(X, A, Q) < > AP (Au+ Ay + (A A (AL A AN
(Dw)w#u.vep(XyAs Q)

1 1 1 172
X((—+—+—— )4,A,)"
< ((Av +Au +(AuAv)1/3>( uAy) )

1\ 12

< X/ 10g1+9k(1+2-3") X. 0
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This proves the desired bound in Case 1.
Case 2: Only one of ®;(u, v) and @ (v, u) is nonzero. Without loss of generality assume ®y(u, v) is
nonzero.

For any X > 0 define R(X) to be the set of positive d € Z which are a product of primes congruent to
1 mod3Z and d < X.

Lemma 7.7. For any linked indices u and v with ®;(u, v) # 0 and @ (v, u) =0

2 D,
> on (Dw)awu)a(du)(d—)
v/3

dy€Q(AAY)
D, eR(AA,/3)

Sk1(X, A, Q) K Z
(Dw)w#u,vep(X,A,Q)

; (7-15)

with |a(du)|a |a(du)| = 1’ Duv = DuN(dv)-

Proof. This is a simpler version of the proof of Lemma 7.5. Since & (v, u) =0 the symbol (%)3 does
not appear and hence we do not apply cubic reciprocity unlike in that proof. Hence we are left with (%)3
which is what appears in the statement above. U

Proposition 7.8. Forall A € F3
Se1(X, A, Q) < X/ log' o (1423 x|

Proof. The above expression is no longer symmetric in # and v hence we must consider several subcases.
By Cauchy-Schwarz applied to the summand on the right-hand side in Lemma 7.7 we have, for any
fixed tuple (Dy)wzu,v € P(X, A, ),

D,
> uz(Duv>a(Du)a(dv)<d—>
v /3

dy€Q(AAy)
D, eR(AA,/3)

2\ 1/2
) (7-16)

<<A:/2( > ‘ > M(Dw)auu)(g—:)

DyeR(AAL/3) dyeQ(AA,) 3

where D,, = D, N (dy).

For fixed D, € Z the map d, — ;,LZ(DMU)(Z—:)3 is a primitive cubic Hecke character on O with
modulus (9D,) (see [Baier and Young 2010, Section 2.1]). Note also that R(AA,/3) satisfies the
conditions of the set P(AA,/3) in Proposition 6.8, since by definition for any d € R(AA,/3),d € Z and
d < AA, /3. Thus by Proposition 6.8

> > M(Duv)a(dw(%)
v /3

D,eR(AA,/3) dyeQ(AA)

2
L (A2 + A)A,.

Plugging this into (7-16) we get

2 D,
dY.oon (Duv>a<Du>a<dv)<d—)

dy€Q(AA,) 3
D,eR(AA,/3)

A, 1\ /2
KAPA2 4 ANAY P = A A [+ —) . (717)
A, A,
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First suppose Aﬁ < A,. Plugging (7-17) into Lemma 7.7 we get

Au 1 1/2
SaX A< Y AuAv(_ N _)
(Dw)w#uv€P(X,A,Q)

1 1 1/2
< X(— - —)
A A

<X/ 10g1+9k(1+2-3k) X.

Next suppose A% < A,. We again apply Cauchy—Schwarz as in (7-16) with summations reversed. Note
x(Dy) = (%)3 is a primitive Dirichlet character of modulus N(d,) for all d, € Q(AA,). Then by
Proposition 6.5 we have

D 2

u

> ‘ > a(DumZ(Duv)(d—) < (A2 4 A A,

d,€Q(AA,)' D, eR(AA,/3) v/3

and hence
1 1/2

Se1(X, 4, Q) < Yoo AAL+ AAN'? < X(T+—) < X/ log!t90+23) x
Az A,

(Dw)w#u,v EP(X,A,Q)

In the case when the variables A, and A, are close together, specifically A, < A, < Ag orA, <A, < A%
we again apply Cauchy—Schwarz, followed by Proposition 6.4. We obtain

D a(Dumz(Dm(%)
v /3

2
L (AN 1 A2B AN (ALA)CA,.

dyeQ(AA)) ' Dy,eR(AA,/3)

Then

A2/9 1 1/2
v
X, 4, < Y. AANHAT AN (AA) AN <<X((A—+T/3)<AMAU>€) :
(Duw)wruv€P(X.A,Q) uo Ay
Then using that A, < A, < Aﬁ we get
1 1 172 1 \'? k1ot
SK(X, A, Q) < X((T/g + Tﬂ) (AL,AU)E) < X(W) < X/log!t? 123 .
A, Ay Ay
The case A, < A, < A% 1s similar. O

This proves the desired bound in Case 2.
Finally summing over all A € 73 and recalling that there are O((log X )9k(1+2'3k)) possible A with
Sk (X, A, 2) not empty, we have proven

> Si(X, A, Q) < X/log X.
AEF;
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7D. The fourth family, the case p = 3. Recall we previously definedX* = exp(log” X) and X' =
10g8(1+9"(1+2-3")) X.

Now consider the fourth family F4 which consists of those A such that A ¢ F3 and there are two
linked indices u, v and

Ay > X5, 2/JA<A, <X, (7-18)

Note that given A, > X* the condition A, < X" is forced by the assumption that A ¢ F3. For fixed u
we in fact consider the collection of all indices v € [F%k which satisfy the above condition. Of the set of
Ve [F%k linked with u satisfying (7-18), let S; be the subset of v such that @ (u, v) # 0 and let S, be the
subset of v such that ®; (v, u) # 0. We assume S; U S, is not empty.

As in Section 7C we split Si(X, A, Q) = Z?:] Sk.i (X, A, ) into four terms depending on whether
3| Dy, 3| D, for some v € S, 3| D,, for some w # u and w ¢ S, or 31D, for all w. In the following we
bound Si (X, A, 2), the arguments in the other cases being almost identical.

Lemma 7.9. For each prime | € Z congruent to 1 mod 3 fix a nontrivial order 3 character of modulus [,
denoted ;.
For A, u and S, S, as defined above we have

u*(D)
Z 3o(N(d, Jom@y V@)

dy€Q(AAL/3)

Sk1(X, A, Q) K Z
(Dw)w;ﬁuep(x»A,Q)

where we denote D = ]_[weu:%k D,, D = ]_[w#u Dy, and  is a cubic Hecke character defined by

x/x(du)=( L ) [T]11 x®w.

3ve8 1D,

Proof. The proof is similar to Lemma 7.5. U

We remark that the v € S by assumption satisfy A, < X'. The modulus of ¥ is f, =9[],. s,us, Do
and N(fy) < (XT)2‘3zk. Also note ¥ is a nontrivial character since D, > A, > 2/A > 1.

Proposition 7.10. With the above notation we have, for some t € R

Z w2(D) (log X)'

dy .
dedmngs ot V) < exp(c*(log X)n/4=29 /32+<)

Proof. Partitioning the sum according to the number of prime factors in O we get

ZM(D) N
30 V) = 231 Z ATIDNG ) ) -

4 =0 m,., L] vF#EU
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where (77;) are prime ideals in O with m; =1 mod 3 and N (- - - ;) < AA,. We can relabel the 7; so
that N(r1) < N(mp) <--- < N(m;) and split the sum on the right-hand side up to get

Q
Z% Z W(nl“'”l—l)ZM(H Dy N (7 "'M))W(ﬂz) (7-19)
=0 b4 1

Lseees ] vFEU

where N (71 ---m_1) < AA, and A < N(w) < AA /Ny -+ 1_1).

Note o ([T, 2u DuN @y - -1-1)) < 3%Q factoring in Z, hence the number of prime factors in O is at
most 2-3%Q. Hence removing w? from (7-19) adds at most an additional O (S2) terms of absolute value 1.
Furthermore notice the summations in (7-19) are only over primes split in O. The number of inert primes
(7) in O with 72 = N7 < A, is O(A,l/ 2). Then looking at the inner sum of (7-19) we obtain the bound

Z,ﬁ(]‘[ DyN (- -n,))w(m) < Y Y +Q+AS?

m vu 1, (7, fy)=1

where the summation on the right-hand side is now over all prime ideals in O with Abl/ ! <N@m) <
AA,/N(my - m-1).
Now we apply Proposition 6.6 with f, = fy and x = AA, /N (- - - ;1) to get, for some constant c,

N(fy)“x(logx)*

< .
771,(”;//):1 v < exp(c4(log x)1/2/32+eN(f1//)6)

Using that N (f,)¢ < (X")29¢ which implies exp(—1/N(fy)¢) < exp(—1/(X")29'€), we get

(XT)2%€x (log x)>

Z V(m) < exp(c4(10gx)1/2/32+€ (XT)2~9ke)'

71, (7w, fy)=1

(7-20)

Now x > N (m;) > A,i/l. We claim A,i/l > exp(log’? X). Note Q « loglog X by definition. Let § =log X.
Then

—logl+nlogh > —log 2+ nlogh > —loglogh +nlogh > gloge.
Taking exp of this inequality gives (1/1)log” X > log"”/? X. Thus
log A > log(X*)!/! = (1/1) 1og" X >> log"? X.

Combining these facts we have (log x)'/2 > log"”/* X so we can write co(log x)'/2 > log"* X for some
constant co. Noting that X' is some fixed power of log X we get the bound

Ay (log x)*

) < 29 )
Z v eu) Ny - - 7m-1) exp(ct (log X )n/4=29%€ /¢y 32+€)

71, (71, fy)=1

(7-21)
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We plug (7-21) back into (7-19) to get

12(D) 21
Z 3w(du) ‘ﬂ(du) << Z ?
1=0 T

du

3 129 A, (log x)?
“ N (7 -+ 1—1) exp(ct(log X )n/4=29%€ /¢(32+€)

Lseees

| X129 (log x)? XQ: 5 1
“ exp(ct(log X)1/4-29%¢ /¢y32+e) NGty m1)

=0 m1,...,7T11—1
Noting the bounds
1
Z — K log A,Q2 K loglog X log x < log X
Ty, 1 N(zy---m—1)
N(my--m-1)<AA,
we get, for some ¢t € R
1 (D) (log X)!

B2 0d,) <« A, :
Z3w(du) V(d) € “exp(c*(log X)n/4=29% /¢y32+€)

dll
Combining Lemma 7.9 and Proposition 7.10 we get

Z w?(D) (log X)'

—=v(d,)| <X : .
dcomany V| (@ log X125 37

Sk1(X, 4) K Z
(Dw)w#u EP(X,A, Q)

Then summing over all A and using that there are O((log X )9k(1+2'3k) ) possible A with S;(X, A, €2) not
empty
(log X)z+9"(1+2-3’<)

=o0(X).
eXp(c4(10g X)r;/4—2-9ke/C032+e) o(X)

D SiX, A) < X
AeFy
7TE. The third and fourth families for all p. Assume GRH for Artin L-functions. The missing ingredi-
ents required to extend our result to general p unconditionally are analogs of Proposition 6.3 and 6.4.
That is, we cannot deal with the case in family 3 when A, and A, are close together. We will instead
give a proof assuming GRH. The following argument replaces the sections containing families 3 and 4
for p = 3 above.

Suppose A ¢ F; U F,. In particular there are at least p*~! 4 1 indices w € [Fff‘ which satisfy A,, > X¥.
Let A, be the largest of these. Let S be the set of indices v linked with u such that @ (u, v) # 0 and let
S> be the set of v such that & (v, u) # 0 and suppose S| US> is not empty.

Let ¢ = ¢*/P and let © = Z[¢] the ring of integers of Q(¢) which is a degree p — 1 extension of Q.
For each prime / € Z congruent to 1 mod p fix a nontrivial order p character of modulus /, denoted ;.

For A, B € Z with (A, B) = 1 define

A ot x !
[E] :1—[()(1 X )(A)
P I|B p

which does not depend on the choice of x; above.
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Recall we defined R(X) to be the set of positive d € Z which are a product of primes congruent to
1 mod pZ and d < X. Then we have, by an argument similar to the proof of Lemma 7.5,

D C
o) Lo
Z fu) pLDul)

D,eR(AA,)

Se(X, A) K > (7-22)

(Dw)w#u E,P(X,A,Q)

where D =[], ezt D, Cu = [l es, Dw, and any choice of f,, € O with N(f,) =[],,cs, Dw- Divisibility
by p of the D,, is handled as in the p = 3 cases in the previous section. For simplicity we will assume
PIDLCuN(f).

Let K = Q(¢, ¥/C,) and let F, denote the Frobenius of ¢ in K. Let K; = Q(¢). Define a character
p : Gal(K/Ky) — pp by o(¥/Cy) = p(0)/C, (viewing Gal(K/K,) as a subgroup of Gal(K/Q)).

Denote by p' = Inng}Eg%) o the induction to Gal(K /Q).

Lemma 7.11. With the above notation, for any D, € R(AA,) and any prime g =1 mod p

C, _ nq\Du tr,o’(Fq)
D],  pe®@)

Proof. Note F, € Gal(K/K;). We claim that for any ¢ =1 mod p we have p(F,) is trivial if and only
Xq(Cy) is trivial. Indeed x, : F; — up has kernel equal to the p-th powers in Fj. For any prime g in
Q(¢, ¥ C,) lying above g we have, using g = 1 4+ pn for some n, that

Fq(\’/a) mod § = ({7C>u)q mod § = CZ{/FM mod g.

Let F; denote the residue field of the prime g. Note C,, € F C [F; and C;} mod ¢ is trivial exactly when
C, is a p-th power. Thus we have shown p(F;) is trivial if and only x,(C,) is trivial. In particular
YU P (F) = Y05 X (C).

By properties of induced representations and since F, € Gal(K /K1), we have

p—1
trp'(Fy) = Yoo g Fe) =) p(F)
geG(K/Q)/G(K /K1) i=1
where r(h) = p(h) if h € Gal(K/K) and O otherwise. The result follows. Il

Let M be the degree p cyclic field corresponding to the character xys,) and let L = K M. Define the
representation o = xn(s,) ® p’ of Gal(L/Q).

Lemma 7.12. The L-function

-1
Loy =[] det(l—Lqu))

9=1(p) £
qtD

1

is convergent for Re s > 5.
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Proof. Consider the regular representation x' = EBf:Oz x' where x : Gal(Q(¢)/Q) — p—1 1s a fixed
character. Let t be the representation of Gal(L/Q) givenby 1 =0 ® yx’.
Note the following facts. By standard properties of Artin L-functions we can factor L(s, 1) =
5’:‘01 L(s, xnf - X' ® p/(Fy)). If ¢ =1 mod p then x(F;) = 1 for all i. If ¢ # 1 mod p then
trlxn (s, - X' ® p'(Fy)1 = 0. Furthermore for any g we have

. / /F t . / / F 1
det(I_XN(ﬁ,) XS®,0( q)>=1_ XN s XS®;O( q)]+0<_).
q q

qZS

Putting these together we get

v "F -1

S
q1D 9
/ F —p 1 —1
= 1 det(l——XN(f”)@lp( ‘1)) I1 <1+0(7>> .
4=1(p) 4 4#1(p) 1
qtD qtD

The last product above is absolutely convergent for Re s > % and hence has no zeros. Note L(s, 7) is

entire since it can be factored as a product of 1-dimensional L-functions or ones which are induced from
1-dimensional L-functions, which are all known to be entire. By assumption of GRH L(s, ) has no
zeros to the right of s = % Thus there exists a branch of log(Lg(s, 0)”) (and hence of (Lg(s, o)P)1/p)
on Res > % and the result follows. U

Define the function

L= [] (1+tm(F‘1)).

S
g=1(p) pq
qtD

Lemma 7.13. There exists a function F(s) =[] q(l + O(I/qzs )) which is absolutely convergent for
Res > % and a branch of (Lo(s, o) F(s))'/P defined on Re s > % such that

Lo(s) = (Lo(s, ) F(s)"/7.

Proof. By definition we have

—1
Lots. )= [T der =75 = ] (l_tra;Fq)mu/qzﬂ) |

qS S
q=1(p) q=1(p)
q1D q{D

By a similar computation we have

Lo’ = [] <1+“";F Q0 +0<1/q2S>>.

S
q=1(p)
q1D
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Now we have

Lo(s,0)Lo(s) "= [] A+0@/g*)".
q=1(p)
qtD
By assumption of GRH L(s, o) (and hence L(s, o)) has no zeros to the right of s = % and neither
does F(s) since it is a convergent product. Thus there exists a branch of log L (s, o) F(s) (and hence of
(Lo(s, 0)F(s))"/?) on Re s > % and the result follows. O

1

In particular it follows from the above lemma that L (s, o)'/? has no poles for Re s > 5.

Let (d) = u*(D) 1,4 tro (Fy)/p®®. Then by Lemma 7.11 we have

Ly Y@ (P [Ee] s
e T 52 % (2] -

deR(00) D, €R(c0)

We now apply a standard argument for bounding sums of L-series coefficients (see for instance [Davenport
2000, pages 105-106]). We have

> va= [

deR(x) 2-iT

2+iT

;ds x?
Lo(s)x> —+ O . (7-23)
s T logx

Consider the integral of Lo(s)x* /s over the rectangle with vertices (%—i—e, +i T), (2,+£iT). ByLemma 7.13
we have |Lo(s)| < |Lo(s, o)'/P| on this rectangle. Furthermore by the Lindelof conjecture |Lq(s, o')| <
(T D)€ on this rectangle. In addition for s on the lines y +i7T with y € [% + e, 2] we have the bounds
|x%| « x% and 1/|s| < 1/T. Thus shifting the above integral to the % + € line we get the bound

2+iT ds 2+iT
/ Lo(s)x* —' < / |Lo(s, 0)"/?|
2—iT s 2—iT

1/24€+iT ds x2 T D)€
<</ Los, ) /7|15 22 4 0<(—))
1

xS
—\|ds
S

J24+e—iT |s ] T
1/24€e+iT 1 2 T D)€
<<x1/2+€(TD)€/ —ds + O(M)
1/24e—iT ISl T
2 €
TD
L xV (T D) + 0(%). (7-24)

Combining (7-23) and (7-24) and setting T = x> we get

Z '(//(d) < X1/2+€,D€.
deR(x)
Then we bound the inner sum in (7-22) as

> MZ(D)<&> [&] = Y Y@ < A/TDE
) D],

D,eR(AA,) deR(AA,)
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Note that D¢ < A” e since A, < A, for all w € I]:%k . Then summing over all the remaining D,, we get
Se(X, A) < X/AY* < X/ X = 0(X).

This argument shows that we can remove all A in which there is a variable larger than X¥ and linked
with any other A,, > 1. This is equivalent to removing the A which belong to families 3 or 4.
We summarize the results of this section in the following theorem:

Theorem 7.14. Let Z'A Sk (X, A) denote a summation over all tuples A which do not belong to any of
the 4 families, that is they do not satisfy any of (7-2), (7-3), (7-6), (7-18). Then

S X) =" $k(X, ) +0(X),

8. Computing the k-th moment

We now want to prove Theorem 1.6.

For this section we define the following notation. Let N/ (k) = N (k, p) which we recall is the number
of vector subspaces of [F’;. Let S(X) be the set of positive square-free integers of the formn = p;--- p,
and each p; is either a prime congruent to 1 mod p or equal to p?, and such that n < X.

We will do this by proving the following:

Theorem 8.1. Forany k € 7>,

Sk X)) =p *WKk+1D=NK) > (p— D" +o(X).

neS(X)

Note Sy (X) = ZK’DK<XP_| lim(¢g)|¥ is a sum over discriminants up to XP~!. Recall from Section 2
that the number of degree p cyclic fields with discriminant up to X?~! is

> (=D =X +o(X).
neS(X)
Thus it follows immediately from combining these facts with the above theorem that

Yk og<x M@ NE+1) =N (k)

lim T

X—00 ZK,DK<X 1 p

We start by proving some facts about maximal unlinked sets of indices. Recall that for u, v € [Ff] written
as u = (uy, ur) and v = (v, v2) we defined

D (u, v) = (u1)(v2 — uz).

If we represent each index u € [F?,k asu = (U, U2, U1, U2, . .., U1, Ug2) then

k k
Dp(u,v) = Z D ((ui1, ui2), (vi1, vi2)) = Z(uil)(viz —u;2).

i=1 i=1
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We defined u, v € [F%k to be unlinked if ®; (1, v) =0 and ®; (v, u) = 0. We say a set U C [F?,k is unlinked
if u and v are unlinked for all u, v € U.

We will show that for each A in the sum in Theorem 7.14 all the indices u € [Ff," with AA, > 2 form a
maximal unlinked set.

Let 7 : F3¥ — % be the projection onto the even coordinates, that is

(Urr, W12, U1, UDD, ooy UkL, Uk2) = (W12, U2, - .., UL2)

~

and let p be the projection onto the odd coordinates. Let V; =ker 7 and let V, =ker p. Then [Ff,k ZVipWs
given by & : v — (pv, V).

For any subset V C [Fik define 7(V)+ ={v e [F'I‘7 |v-u=0,Vueax(V)}

We will start by classifying the maximal unlinked subspaces of [Ff]k.

Lemma 8.2. Let V be a subspace of I]:f,k. Then V is an unlinked set if and only if E(V) C t(V)* @ (V)

(here T(V): @ (V) is viewed as a subspace of Vi & V»). Equality holds if and only if V is a maximal
unlinked subspace.

Proof. For any v, w € V

k
Dp(v, w) =Y vir(wi —vi2) = p(v) - (W — V).
i=1

Suppose V is unlinked. Fix any u € V. Let w = u + v € V in the above equation. Then we get
O (v, w)=p)-7(w)=0s0 p(v) e (V). Since v € V was arbitrary this implies £(V) S (V) @m (V).
The converse is clear from the above equation.

For the second part note that dim7(V)* @ 7 (V) =k for all subspaces V' of [F%,". Thus by the first part
any unlinked subspace is contained in one of dimension k. This completes the proof. O

Next we determine when translation preserves the property of being unlinked.

Lemma 8.3. Suppose V C [F%,k is an unlinked subspace. Let a € I]:ik. Then V + a is unlinked if and only if
pla) e T (V)*.

Proof. Let v, w € V. Then we compute
k k
Op(v+a, w+a) =Y (Vi +ai) (Wi —vi2) = Y (1) (Wi —vin) = p(a) - w(w) — p(a) - 7 (v).
i=1 i=1

If p(a) € 7 (V) we see V +a is unlinked. If V + a is unlinked then setting w =v+u forany u € V we
see p(a) e m(V)*. O

Next we show that every maximal unlinked set is a coset of some unlinked subspace.

Lemma 8.4. Let U C [Ff)k be a maximal unlinked set and leta € U. Let V =U —a. Then V C [F%)k is an
unlinked subspace.
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Proof. First we show V is a subspace. Let u, v eld. We need to show that (u—a)+(v—a)+a=u+v—acld.
Since U is maximal we show u 4+ v — a is unlinked with every element of ¢/. Let w € U{. We have
k

Qp(u+v—a, w) =Y (uin +vi1 — ) Wiz — iz — Viz +a2)
i=1

k
=Y (uir +vit — @) (i — ui2) + (wi2 — v;2))
i=1
k
= Z vi1(ai2 — ui2) +uir(wiz — vi2) — aj1 (wiz — v;2)
i=1
=0
where the last two equalities follow since u, v, w, a are all unlinked and for instance v;| (—u;2 + a;2) =
—v;1(ui2 — vj2) + vi1(—vi2 +a;2). Similarly

k
Op(w, u+v—a) =Y (wi)(uir + via — ain — wiz) =0.

i=1
Thus V is a subspace. Next we show V is unlinked.
Forany w e V we haveid =U+w. Letu’ € V and let u =u’+a, sou € U. Note a € U. Then we have

0=, (u+w,a+w)

k
= Z(“il +wir) (@2 + wiz — Uiz — wi2)

i=1

k
= ®p(u,a)+ Z wi1 (a2 — u;2)

i=1

k
== wiujy = pw) 7
i=1
Since w, u’ € V were arbitrary this shows p(V) € 7(V)* so £(V) C n(V)* @7 (V). By Lemma 8.2 V
is unlinked. U

With the above results we can classify all the maximal unlinked sets.

Proposition 8.5. The maximal unlinked sets U C [Ff,k are exactly the sets of the formU =V +a where V
is a subspace which is a maximal unlinked set and p(a) € w(V)* .

Proof. Suppose U is a maximal unlinked set. By Lemma 8.4 U/ —a = V for some subspace V which is
unlinked and some a € Y. Since Y = V +a by Lemma 8.3 we see p(a) € T(V)*t.

Let W =& (m(V)L @ m(V)) so that V C W. By Lemma 8.2 W is unlinked. Note p(a) € 7(V)*+ =
m(W)*. Thus W+ a is unlinked and &/ C W + a. By maximality we get U = W +a.
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The converse is clear from the above lemmas. O

As mentioned in the above proofs dimm (V) @ n (V) = k for all subspaces V and hence, by
Proposition 8.5, every maximal unlinked set has size p*.
With this we can rewrite S;(X) in a form closer to Theorem 8.1.

Proposition 8.6. Let k € Z>,. Let U be the number of maximal unlinked sets in I]:ik. Then

. U _
> Ilm(<p1<)|k=<—k) d (=DM +o(X)
K,Dg<Xp-! p neS(X)

where S(X) is the set of square-free positive integers of the formn = p; - - - p, where each p; is either a

prime congruent to 1 mod p or equal to p?, such that n < X.

Proof. Given two maximal unlinked sets Uf; for i =1, 2, if a € U; NU, then V; =U; — a is a vector space
which is also a maximal unlinked set. If the I/; are distinct then so are the V; and hence V| N V; is at most
k — 1 dimensional. Hence the largest possible intersection of two distinct maximal unlinked sets has size
p*~!. Thus a set of p¥~! 4 1 unlinked indices determines a unique maximal unlinked set.

Let A be a tuple as in the statement of Theorem 7.14, that is A ¢ F; fori =1, 2, 3, 4. Let U be the
set of indices u € [Fik such that A, > X*. Since A ¢ J> this implies there are at least pk_1 + 1 indices
ue [F%k with A, > X¥ so |Uy| > p"‘_1 + 1. Then since A ¢ F3 and X* > X7 the set Uy is unlinked, so by
the above remark determines a unique maximal unlinked set I/ D Up.

Hence any u € I]:f,k such that u ¢ U is linked with some v € Uy. Since A ¢ F3U F4 this implies A, <2/A
and hence D, = 1.

Let A; be the tuple consisting of the coordinates of A in ¢{. Thus in the expression Sx(X, A) all of the
characters y; evaluate to 1 so we can write

1 2(D) (U
SX A= 2 ) Mkw(D)l_[l_[ (l:[Df,“ ))+0<X)

(Du)EP(X,A) (X;/)GC(D) v 1D,

1 (D)
DY > B te

:—_1 -
P =1 P" P A ureco)

201y
= m Y (-1 o)
(Dwueu€P(X, A1)
where we denote D = ]_[ue[%k D, and D" =[], Du

Let A(U) be the set of tuples A which determine I/ by the above procedure, that is for which A, <2/A
forall u ¢ U and A, > X* forall u e .

We can partition Y 'y Sp(X, A) = > 1 Sk(X, U) where we define Si(X,U) = Z’AGA(M) > Sk(X, A).
Notice that for each u € U the range of summation of each D, in Si (X, U) is X < D, < X. It follows
from Section 7B that we can extend this to 1 < D, < X since it is proven there that the summation over
these terms is contained in the error term.
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Thus we have

1 s Pt p—1 w(l‘[_’,-’i. ”j)
Sk(X,Z/[):—pk(p_l) Z m (]_[nj>( P ) +o(X)
nfil n;eS(X) Jj=1

1 _
= > (=DM +o(X).
neS(X)

The last equality follows since there are p*“(™ ways of writing a positive integer n as a product of p*
positive integers. The proposition follows by summing Si (X, U/) over all maximal unlinked sets ¢/. [J

The final step of the proof will be the next proposition. Define n(k, r) to be the number of 7-dimensional
subspaces of [F’;. We will need two properties of this function which can be found in Lemmas 1 and 3
from [Fouvry and Kliiners 2007].

Lemma 8.7. The function n(k, r) satisfies

k
nk,r)y=ntk,k=r), Y p'nlk,r)=Nk+1)=N®.

r=0

Lemma 8.8. The number U of maximal unlinked sets U C [F?,k is
U=N(k+1)—-N(k).

Proof. By Lemma 8.3 if V is a maximal unlinked subspace then V + a is maximal unlinked if and only if
p(a) € m(V)1. Hence given any k-dimensional subspace V C [F%," which is a maximal unlinked set there
are p(pdim= (V)L) vectors which translate V to a maximal unlinked set. However since translating by a;
and a; gives the same set if and only if a; and a;, are in the same coset of V this implies that there are
pdimm ()" distinct maximal unlinked sets that can be obtained from V.

Now let S be the set of k-dimensional subspaces V C [Ff)k which satisfy Lemma 8.2. We compute the
size of this set. Fix some subspace Vy C [F’;7 with dim Vy = r and suppose V satisfies 7(V) = V. So
dimz(V)r=k—r. IfVeSthenV =ng(V)*®n (V)= VOL @ Vp and hence there is a unique V € S
with 7 (V) = V,. Hence the number of V € § with dimz (V) =r is n(k, r).

Thus we have

k
U=y pim W =3 putk,r) = Nk +1) = N (k)

VesS r=>0

by Lemma 8.7. U

Thus combining Lemma 8.8 with Proposition 8.6 we have shown

SKX) = pFN K+ 1D =NE)DY (p— D" +0(X)

n<X
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which proves Theorem 8.1. As remarked at the beginning of the section it follows that

. k
fim =KL MCOT 1y~ ). 1)

X—00 ZK,DK<X 1

Thus we have computed all the moments of the function |im(¢g )| over degree p cyclic fields. We now

refer to a result of Fouvry and Kliiners which shows that these moments determine a distribution.

The combination of Proposition 1 and Theorem 2 from [Fouvry and Kliiners 2006] can be summarized
in the following form. This form is slightly more general than the original but follows by the same exact
proof (see [Fouvry and Kliiners 2006, pages 7—15]) which only uses properties of the function N '(k, p)
and 7n;(p) (defined in the introduction).

Let F be a family of number fields. Let f be a function on F valued in {1, p, p?,...}. Let

k

P (K)

M) = lim Lkerpsl<x / .
X—o00 ZKG]-‘,\DK|<X1

Proposition 8.9. Let p be a prime. Suppose that for every k € 7>
M) = p* Nk +1) = N(K)).
Then for every s € Z> the density of the set {K € F | f(K) = p°}is

noo(p)
Ns(P)Ns+1(p) p*©+H

By letting F be the set of degree p cyclic fields and f = |im(pk)| = p™»™¥K) we see that
Proposition 8.9 combined with (8-1) immediately implies Theorems 1.4 and 1.5.
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On the motivic class of an algebraic group

Federico Scavia

Let F be a field of characteristic zero admitting a biquadratic field extension. We give an example of
a torus G over F whose classifying stack BG is stably rational and such that {BG} # {G}~! in the
Grothendieck ring of algebraic stacks over F. We also give an example of a finite étale group scheme A
over F such that BA is stably rational and {BA} # 1.

1. Introduction

Let F be a field. The Grothendieck ring of algebraic stacks K (Stacksg) was introduced by Ekedahl
[2009b], following up on earlier works [Behrend and Dhillon 2007; Joyce 2007; Toén 2005]. It is a
variant of the Grothendieck ring of varieties Ko(Varg). By definition, Kq(Stacksr) is generated as an
abelian group by the equivalence classes { X} of all algebraic stacks X of finite type over F' with affine
stabilizers. These classes are subject to the scissor relations {X} = {Y}+{X \ Y'} for every closed substack
Y C X, and the relations {E} = {A" x X} for every vector bundle E of rank n over X. The product is
defined by {X}-{Y}:={X x Y}, and extended by linearity.

Given a group scheme G over F', we may consider the class { BG} of its classifying stack in Ko(Stacksf).
The problem of computing { BG} appears to be related to the problem of the stable rationality of BG,
although no direct implications are known. Recall that BG is stably rational if for one (equivalently,
every) generically free representation V of G, the rational quotient V /G is stably rational. An equivalent
terminology is that the Noether problem for stable rationality has a positive solution for G; see [Florence
and Reichstein 2018, Section 3]. The case of a finite (constant) group G was considered in [Ekedahl 2009a]:
it frequently happens that {BG} = 1 (notably for the symmetric groups, see [loc. cit., Theorem 4.3]),
although there are examples of finite groups G for which { BG} # 1; see [loc. cit., Corollaries 5.2 and 5.8].
Further work on the triviality of { BG} for finite groups G has been done in [Martino 2016; 2017]. So far,
all the known examples of finite group schemes G for which {BG} # 1 are such that BG is not stably
rational. This suggests the following question.

Question 1.1 (see [Ekedahl 2009a, Section 6]). Is it true that, for a finite group scheme G, the following
two conditions are equivalent?

e BG is stably rational.
e {BG} =1 in K(Stacksp).

MSC2010: primary 14L.15; secondary 14D23.
Keywords: motivic class, Grothendieck ring of stacks, classifying stack, algebraic torus.
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We will answer Question 1.1 in the negative in Theorem 1.6.

Now let G be a connected linear algebraic group. Recall that G is special if every G-torsor is Zariski-
locally trivial. For example, GL,, SL, and Sp,, are special; see [Serre 1958]. It was shown by Ekedahl
that if P — S is a torsor under the special group G, then {P} = {G}{S}. This is immediate if S is a
scheme, but less obvious when S is a stack; see [Bergh 2016, Corollary 2.4]. Applying this to the universal
G-torsor Spec F — BG, one obtains {BG}{G} = 1.

The equality {BG} = {G}~! appears to be the analogue for connected groups of the relation { BG} =1
for finite group schemes. In [Bergh 2016], these equalities are referred to as expected class formulas, and
there is a sense in which they are “almost” true. Ekedahl [2009b, Section 2] defines a generalized Euler
characteristic

Xc : Ko(Stacksp) — Ko(Cohp)

taking values in a Grothendieck ring Ko(Cohy) of Galois representations over F. If G is a finite group
scheme, the equality x.({BG}) = 1 always holds [Ekedahl 2009a, Proposition 3.1]. On the other hand, if
G is connected, then x.({BG}{G}) = 1; see [Bergh 2016, Section 2.2]. Since {BG} # 1 for some finite
groups G, the following question naturally arises:

Question 1.2. Let F be a field. Is it true that
(BG}={G}™" (1.3)
in Ko(Stacksy) for every connected group G?

In Theorem 1.5, we show that the answer to Question 1.2 is also negative. Computations for nonspecial
G have been carried out for PGL, and PGL3 in [Bergh 2016], for SO,, and n odd in [Dhillon and Young
2016], for SO, and n even (and O, for any ») in [Talpo and Vistoli 2017], and for Spin;, Sping and G in
[Pirisi and Talpo 2019]. In each of these cases, (1.3) was found to be true. The expectation was that, for a
connected linear algebraic group G over a field F of characteristic 0, Question 1.4 below should have
an affirmative answer. If F is an algebraically closed field, then there are no examples of connected G
where BG is known not to be stably rational. If F is not assumed to be algebraically closed, then such

examples exist. The following variant of Question 1.1 seems natural in this context.

Question 1.4 (see [Talpo and Vistoli 2017, Section 1] and [Pirisi and Talpo 2019, Remark 4.1]). Is it true
that, for a connected linear algebraic group G, the following two conditions are equivalent?

e BG is stably rational.

e {BG} ={G}™!in Ko(Stacksp).

Our first result gives a negative answer to Questions 1.2 and 1.4.
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Theorem 1.5. Let F be a field of characteristic zero which admits a biquadratic field extension K, let E|

and E, be two distinct quadratic subextensions of K/ F, and set G := Rgl)x EZ/F(Gm). Then

(a) BG is stably rational, and
(b) {BG} # {G}~" in Ko(Stacksp).

The torus G is an example of a norm-one torus; see Section 2 for the definition. It follows from
Theorem 1.5 that counterexamples H to (1.3) exist in any dimension dim H > 3: consider for example
H :=G x G}, forr > 0.

The key ingredient in the proof of Theorem 1.5 is the refined Euler characteristic of Ekedahl, introduced
in [Ekedahl 2009b, Sections 6 and 3]; see Section 4.

Our second result gives a negative answer to Question 1.1.

Theorem 1.6. Let F be a field of characteristic zero which admits a biquadratic field extension K, and
let E| and E, be two distinct quadratic subextensions of K/F. Define G := Rg)

leZ/F(Gm), and let
A := G[2] be the 2-torsion subgroup of G. Then

(a) BA is stably rational, and
(b) {BA} # 1 in Ky(Stacksp).

Questions 1.1, 1.2 and 1.4 remain open in the case, where the base field F' is assumed to be algebraically
closed. Our arguments do not shed any new light in this setting.

The remainder of this paper is structured as follows. In Section 2 we review well known computations
of motivic classes for nonsplit tori. In Section 3 we obtain explicit formulas for the motivic classes of
G and BG, and in Section 4 we give the required background on the refined Euler characteristic. In
Section 5 we prove Theorem 1.5, and in Section 6 we prove Theorem 1.6.

2. Preliminaries

Let F be a field. We will write L for the class {A'} in Ko(Varg) or Ko(Stacksr). If E is an étale algebra
over F, we will denote by {E} the class {Spec E} in Ky(Varg) or Ko(Stacksg). If X is a quasiprojective
scheme over E, we will denote by Rg,r(X) the Weil restriction of X to F. By definition, for every
F-scheme § one has Rg/r(X)(S) = X(Sg). We refer the reader to [Voskresensky 1998, Section 3.12]
for an account of the main properties of the Weil restriction.

Let G be a linear algebraic group over F, and o € H'(F, G) be represented by a G-torsor P — Spec F.
For every quasiprojective F-scheme Z, we denote by “Z the twist of Z by P, that is,

“Z:=( x P)/G,

where G acts diagonally. We refer the reader to [Florence 2008, Section 2] for the definition and the basic
properties of the twisting operation.
We will write C, for the cyclic group of two elements and S, for the symmetric group on n symbols.
The following observations will be repeatedly used in the sequel.
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Lemma 2.1. Let X be a scheme over F, E an étale algebra of degree n over F, o € H'(F, S,,) the class
corresponding to E/ F.

(a) Let Sy, act on the disjoint union | [}_, X by permuting the n copies of X. Then

n
“(]_[ X) >~ Xg.
i=1
(b) Let S, act on X" by permuting the n factors. Then

“(X") = Rg/r(X).

Proof. (a) Let Y :=[[/_, X, and let S, act on Y by permuting the copies of X. By definition,
“Y = (Y xSpecE)/S, = (Y xx Xg)/Su,

where §,, acts diagonally. This shows that “Y is the twist of X g by the trivial S,-torsor ¥ — X in the
category of X-schemes, which implies *Y = Xg.
(b) See the bottom of page 5 in [Florence et al. 2017]. O

Lemma 2.2. Let
1> N—-G—->H-—>1

be an exact sequence of group schemes over F, and assume that G is special. Then
{BN}={H}/{G}.
Proof. See [Bergh 2016, Proposition 2.9]. O

Let F; be a separable closure of F. Recall that a group scheme 7 over F is called a forus if
Tr, = Gy, f, for some n > 0. The character lattice of T is the finitely generated Z-free Gal(F)-module
Homp, (TFS; Gm, F,)- The character lattice induces an antiequivalence between the category of F-tori and
the category of Gal(F)-lattices, i.e., finitely generated Z-free continuous Gal(F)-modules; see [Favi and
Florence 2008, Section 2]. Similarly, for every separable finite extension L/ F, we have an antiequivalence
between Gal(L/ F)-lattices and F-tori T split by L, i.e., such that T; = an’ ;, for some n > 0. The dual
torus of T is the torus 7’ whose character lattice is dual to that of 7.

Let E be an étale algebra over F. If G is a group scheme over E, then Rg,r(G) is a group scheme
over F. The group Rg/r(Gn) := Rg/r(Gm,g) is an F-torus. Tori of this kind are called quasisplit. They
are special groups, and they correspond to permutation Gal(F')-lattices, that is, lattices admitting a Z-basis
that is permuted by Gal(F'); see [Voskresensky 1998, Section 3.12, Example 19].

Lemma 2.3. Let T be an algebraic torus over F, and let T' be its dual. Assume that T is stably rational.
Then:

(a) BT’ is stably rational.
(b) {BT'Y{T} =1 in Ko(Stacksp).
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Proof. Since T is stably rational, by [Voskresensky 1998, Section 4.7, Theorem 2] there is a short exact
sequence
1-T1—-T,—->T—1 2.4)

where T7 and T, are quasisplit. Since quasisplit tori are isomorphic to their dual, the sequence dual
to (2.4),
1T -1 —>T —1, (2.5)

shows that 7" embeds in T,. We may view 7> as a maximal torus inside GL,, where n = rank 7. This
gives a faithful representation of 7’ with quotient birational to 7}. Since quasisplit tori are rational, it
follows that BT’ is stably rational.

Quasisplit tori are special, so we may apply Lemma 2.2 to (2.4) and (2.5). We obtain {T'} = {T>}/{T1}
and {BT'} ={T1}/{T»}, so {BT'}{T} = 1. O

Let E/F be an étale algebra, and let Rg,r(Gp) be the associated quasisplit torus. The kernel of the
norm homomorphism Rg,r(Gn) — Gy, is called a norm-one torus, and is denoted by Rg/) 7(Gm). Its
dual torus is isomorphic to Rg;r(Gm)/ Gn.

Lemma 2.6. Assume that char F # 2. Let E := F(/m) be a separable quadratic field extension, and let
o denote the class of E/F in H'(F, C»). Then:

@ RY)p(Gm) = Re/r(Gm)/ G,
(b) Let Gal(E/F) act on P! via z + z~='. Then “P' = P,
(©) Rg/r(Gy)/ Gy is rational and
{Re/F(Gm)/ Gm} = {B(Rg/F(Gm)/ Gm)} ' =L —{E}+1.
(d) {Re/F(Gm)} ={BRe/r(Gm)} ' =L — DL —{E}+ D).
@) {Re/r(PH} =12 +{E}L+1.
Proof. (a) Both tori correspond to the unique nontrivial Gal(E / F')-lattice of rank 1. Here Gal(E/F) = C,.

(b) The C,-action on P! has a fixed point z = 1, hence ®P! has an F-point. By Chételet’s theorem [Gille
and Szamuely 2006, Theorem 5.1.3], a form of P" which admits an F-point is trivial (the case n =1 is
particularly simple, see [loc. cit., Remark 1.3.5]). We conclude that “P! = P!,

(c) Let T := RS}F(Gm) = Rg/r(Gyn)/ Gn. The open embedding G, — P!, as the complement of
Z := {0, 0o}, is equivariant under the C-action on G, and P! given by z > z~!. Twisting by a, we
obtain by (b) an open embedding of T in P! as the complement of ®Z. In particular, 7T is rational. By
Lemma 2.1(a), “Z = Spec E, so

(TYy={P}—{*Z} =L+1—{E)}.

Now (c) follows from Lemma 2.3(b).
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(d) The first equality holds because Rg,r(Gy) is special. Consider the short exact sequence
1= Gm— Re/p(Gn) =T — 1.
Since Rg;r(Gm) is special, Lemma 2.2 yields
{Re/r(Gm)} = (L— D{BT}™",

thus (d) follows from (c).

(e) Write P! = A U {oo}, and consider the C»-equivariant decomposition
(P')? = (A1’ L (A! x {oo} U foo} x Al) LT {(00, 00)}.
By Hilbert’s Theorem 90 and Lemma 2.1(a), twisting by « gives
Re/r(PY)y=A?LIA}L L Spec F,

thus {Rg,r(PH} =12 +{E}L+1. O

3. The classes of G and BG

Let F be a field of characteristic not 2, and assume that there exists a biquadratic extension
K := F(Jmy, \/my)
of F. Let
E\:=F(Jm), Ey:=F(/my), Ep:=F(/mm), E:=ExE,
and let I" :=Gal(K/F) = C% be the Galois group of K/F. We define the torus
G = RY)p(Gm)
and let
G':=Rg/r(Gp)/Gm
be the dual torus of G. By definition, we have a short exact sequence

1= G — Re/r(Gr) 25 G — 1, (.1)

where N is the norm homomorphism.

The purpose of this section is the proof of Proposition 3.7, which expresses { BG} and {G} as rational
functions in L, with coefficients classes of étale algebras.

Let 01 and o, be generators for I" such that £; = K°' and E, = K°2. Consider the I"-action on an,
where o) (u, v) = (v, u™") and o (u, v) = (v, u), and set

T :=%G2), (3.2)

where « € H'(F, T) corresponds to the extension K/ F.
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Lemma 3.3. We have
(T} =1+ {Ep) — KDL+ {K} —{E1} — {E2} + 1.

Proof. The embedding of Gy, in P! as the complement of Z := {0, oo} gives an open embedding
Grzn < (P12 such that the I"-action on Glzn extends to (P1)2. By definition

“Ph? = ((P")* x Spec K)/ T,

where I' = (01, 03) acts diagonally. We first take the quotient by the subgroup (o10»). Since o107 (u, v) =
(u=', v and E1, = K°'°?, by Lemma 2.6(b)

“PH% = ((P")* x Spec E12)/ Ca,

where C, acts on (P!)? by switching the two factors. Here we are using the fact that every automor-
phism of (P1)? must respect the ruling (because it respects the intersection form), and so Aut((P')?) =
(Aut(P'))? x C,, where C, switches the two factors. By Lemma 2.1(b) we deduce that %(P!)? =
Rg,,/r(P), so by Lemma 2.6(e)

CPH) =L+ {En)L+ 1. (3.4)
We may partition (P!)?\ G2, into two strata
Z1:=ZxZ, Zp:=(ZxGy U(Gy,xZ).

The I'-action on Z; has two orbits, and I" acts on Z, by transitively permuting the components as the
Klein subgroup of S4. By Lemma 2.1(a), “Z; = Spec E| LI Spec E; and “Z; = G, x Spec K. By (3.4)
(T} =("®Y} = (“Z1} - "Z2)
=1+ {En)l+1—{E )} —{E2} —{K}L—-1)
=>4+ ({En} — {KDL+{K} —{Ei} — {E2} + 1. O

Proposition 3.5. There is a short exact sequence of tori
1-6,—>G—>T—1,

where T is the torus of (3.2).

Proof. Let P, M and Z be the character lattices of Rg/r(Gn), G and Gy, respectively. We may view
P as the I'-lattice with a basis ey, e», e3, e4, such that o} acts by switching e; with e, and fixing e3 and
e4, and o, switches e3 with e4 and fixes e; and e;. The sequence of I'-lattices dual to (3.1) identifies M
with the cokernel of the I'-homomorphism Z — P given by 1+ e| + e2 + e3 + e4; denote by X,eM
the projection of e;. Following Kunyavskii [1987, Section 3, Proposition 1(b)], we consider an exact
sequence of I'-lattices

0—>N—->MT57—0. (3.6)
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The map 7 is defined by JT(Z a,')?,') =aj;+apy—as—as, and N := Kerm. A basis for N is given by
vy = X + )?3 and v, := X| + X4. With respect to the basis (vy, v2), the I'-action on N is given by
oi(a, b) = (—b, —a) and o3 (a, b) = (b, a). It is now clear that N is the character lattice of the torus 7'
of (3.2), hence the proof is complete. U
Proposition 3.7. (a) BG is stably rational.

(b) {BG}HG'} =1 in Ko(Stacksp).
Proof. Consider the sequence

1= Gm— G — (Rg,/r(Gm)/ Gm) X (Rgy p(Gm)/ Gp) — 1, (3.8)

which exhibits G’ as a G,-torsor over a rational variety, by Lemma 2.6(c). We deduce that G’ is rational,
and now (a) and (b) follow from Lemma 2.3. Il

Proposition 3.9. We have

(G} =M — DL+ {En} —(KDL+{K}—{E1} — {E2} + 1) (3.10)
and
{BG}’I=(|]_—1)([L—{E1}+1)(|]_—{E2}—|—1) (3.11)

in Ky(Stacksp).

Proof. By Proposition 3.5, G is a Gp-torsor over 7. Since Gy, is special, {G} = (L — 1){T'}. The class of
T was determined in Lemma 3.3.
By Proposition 3.7(b), {BG}~! = {G'}. Since G, is special, by (3.8),

(G} = L= DIRE) r(Gm)HRE), s (Gm)).

Now (3.11) follows from Lemma 2.6(c). O

4. The refined Euler characteristic

Let F be a field of characteristic zero. Using the computations of the previous section, we will reduce
Theorem 1.5(b) to the assertion that a certain polynomial in L with coefficients motivic classes of étale
algebras is a nonzero element of Kq(Varg). To prove the assertion, we will use a simplified version of
the refined Euler characteristic, introduced by Ekedahl [2009b].

Fix a prime number p, and let G be a profinite group. The representation ring a,(G) of G is the
Grothendieck ring of continuous G-representations [M] of finite dimension over [, subject to the
relations [M & N] = [M]+ [N]. Note that no relations for nonsplit short exact sequences are imposed.
The product structure on a,(G) is given by tensor product of representations. The next observation is
well-known when G is assumed to be finite; see [Benson 1991, Section 5.1].

Lemma 4.1. As an abelian group, a,(G) is freely generated by the set of isomorphism classes of inde-

composable representations.
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Proof. 1t is clear that a,(G) is generated by isomorphism classes of indecomposable representations.
Assume that Y a;[M;] —>_ bi[Nj] =0in a,(G), for some positive integers a;, b; and some pairwise
nonisomorphic indecomposable G-representations M; and N.

As a group, a,(G) is the quotient group F/I, where F is the free abelian group with one generator
(P) for every isomorphism class of G-representations P, and [ is the subgroup generated by all elements
of the form (P & Q) — (P) — (Q). It follows that we may find a G-representation X such that

@M ® X = (@;N;") @ X.

Let Gy be a finite quotient of G such that G acts on M;, N; and X through Go. Then M @ X = N @ X as
Go-representations, where M := @iMfB‘” and N :=®; N;Bbj . By the Krull-Schmidt Theorem applied to
the group algebra [ ,[Go], this implies M = N as Gp-modules, hence as G-modules. This is impossible,
because the indecomposable representations M; and N; are pairwise nonisomorphic. O

Proposition 4.2. Let F be a field of characteristic zero, let Gal(F) be the absolute Galois group of F,
and let R, := a,(Gal(F)). There is a ring homomorphism

wu: Ko(Varp) — R[]
such that for every smooth complete variety X we have u(X) =), [H (X g, [Fp)]ti.

Proof. See the proof of [Ekedahl 2009b, Proposition 3.2(i)]. To show that u is well-defined, one needs

to assume that char F = 0 in order to invoke Bittner’s presentation of Kq(Varg); see [Bittner 2004,

Theorem 3.1]. Il
5. Proof of Theorem 1.5

Theorem 1.5(a) was proved in Proposition 3.7(a), so we will focus on Theorem 1.5(b). We maintain the
notation given at the beginning of Section 3.

Proof of Theorem 1.5(b). Assume by contradiction that G = Rg/) 7 (Gp) satisfies (1.3). Then by
Proposition 3.9 we have

L—=DOL—{E}+ DA —{E}+ 1) = (L — D@+ ({Ern} — {KDL+{K} —{E1} = {E2} + 1)

in Ko(Stacksr). Since L—1 is invertible in Ko (Stacksg), we may divide by L—1 on both sides. Subtracting
L2 on the left and on the right, we arrive at

C—{E} —{E2DL+ A —{E DA —{E2D) = ({En2} —{KDL+{K} —{E1} — {E2} + 1,

that is
({K}—{E1} —{E2} —{En}+2)L=0

in Ky(Stacksg).
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Recall that K¢(Stacksr) is the localization of Ky(Varg) at L and the cyclotomic polynomials in L; see
[Ekedahl 2009b, Theorem 1.2]. It follows that

(K} = {E1} —{E2} = {En}+2) f(D)=0 (.1

in Ko(Varg), where f(x) € Z[x] is a monic polynomial of some degree 7.

In order to obtain a contradiction, we now want to apply the homomorphism p of Proposition 4.2, with
respect to the prime p = 2. If L/F is an étale algebra of degree n, u({L}) consists of the permutation
representation of Gal(F’) associated to L, concentrated in degree 0. Since we have chosen p =2, w{PH
consists of one copy of the trivial representation in degree 0 and 2 (in the case p > 2 one would need a
Tate twist in degree 2). Since L = {P'} — 1, we deduce that u (L) = #2, and hence w(f (L)) = f(t?).

If X is a finite Gal(F')-set, we denote by [F,[ X] the permutation representation over [F, associated to X.
Recall from Section 3 that we denote Gal(K/F) by I = (01, 02). Applying u to (5.1) and looking at
degree 2n, we obtain

[F2[T"]] = [F2[T"/{o1)]] = [F2[T/(02)]] = [F2[T'/{o12)]] + 2[F2] = 0

in R,. This is a nontrivial relation of linear dependence in R, among classes of indecomposable
representations. This is in contradiction with Lemma 4.1, hence {BG} # {G}™!, as desired. O

Remark 5.2. By [Voskresensky 1998, Section 4.9, Example 7] every torus of rank 2 is rational, so by
Proposition 3.5 the torus G is rational. By Lemma 2.3, BG’ is stably rational and {BG'} = {GY~1. By
Proposition 3.7(b) we have {BG} = {G'}~!, so {BG'}{G'} = {BG}~'{G}~!. Since {BG}{G} # 1, the
conclusions of Theorem 1.5(a) and (b) hold for G’ as well.

6. Proof of Theorem 1.6
We maintain the notation of Section 3.

Proof of Theorem 1.6. Let ' := Gal(K/F), let M be the character lattice of G, so that M/2M is the
character module of A, and let P be the character lattice of Rg,r(Gy,). As in the proof of Proposition 3.5,
we view P as the lattice freely generated by ey, e, €3, es, such that o} acts by switching e; with e;, and
oy by switching e3 with e4. Using (3.1), we may construct a commutative diagram of I"'-modules

0 > Z P > M > 0

N

0 s N s P —2 5 M/2M —— 0.

with exact rows. Here Z denotes the trivial one-dimensional I'-lattice, ¢(1) :=e; +er +e3+ ¢4, and N is
the kernel of ¢, that is,

4
N = {Zaiei A= ay=a3=da4 (m0d2)}.
i=1
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Applying the snake lemma to (6.1), we obtain a short exact sequence
0—>Z—>N—>M-0.

Define 7 : N — Z by sending ) a;e; to (a; + a)/2. Then 7 is a '-homomorphism and ¢ is a section
of 7. Therefore, we have an isomorphism N =7 & M.

Let S be an F-torus with character lattice N. Since N =7 & M, we have S = G, x G. Thus, the
bottom row of (6.1) corresponds to the short exact sequence of group schemes

11— A— Rg/r(Gn) - GnxG— 1.

By Lemma 2.2, we have {BA} = {G}{G}/{RE/r(Gn)}. Applying Lemma 2.2 to (3.1), we see that
{BG} = {Gn}/{RE/r(Gn)}. Therefore, {BA} = {BG}{G}. By Theorem 1.6 we have {BG} # (G},
hence {BA} # 1, as desired. O
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A representation theory approach to integral moments
of L-functions over function fields

Will Sawin

We propose a new heuristic approach to integral moments of L-functions over function fields, which we
demonstrate in the case of Dirichlet characters ramified at one place (the function field analogue of the
moments of the Riemann zeta function, where we think of the character n'’ as ramified at the infinite
place). We represent the moment as a sum of traces of Frobenius on cohomology groups associated to
irreducible representations. Conditional on a hypothesis on the vanishing of some of these cohomology
groups, we calculate the moments of the L-function and they match the predictions of the Conry, Farmer,
Keating, Rubinstein, and Snaith recipe (Proc. Lond. Math. Soc. (3) 91 (2005), 33-104).

In this case, the decomposition into irreducible representations seems to separate the main term and
error term, which are mixed together in the long sums obtained from the approximate functional equation,
even when it is dyadically decomposed. This makes our heuristic statement relatively simple, once the
geometric background is set up. We hope that this will clarify the situation in more difficult cases like
the L-functions of quadratic Dirichlet characters to squarefree modulus. There is also some hope for a
geometric proof of this cohomological hypothesis, which would resolve the moment problem for these
L-functions in the large degree limit over function fields.

1. Introduction

The heuristics of Conrey, Farmer, Keating, Rubinstein and Snaith [Conrey et al. 2005] give precise
conjectures for the distribution of special values of L—functions in certain families. They were extended
to function fields in [Andrade and Keating 2014]. Certain constants appearing in these predictions can be
related to statistics of random matrices.

While these are conjectures in general, they are known for many families up to an error term of
O(1/,/q) in the function field setting (e.g., [Katz and Sarnak 1999; Katz 2013; 2015]). This error term
hides everything but the random matrix term. However, the random matrix term appears in a particularly
natural way. In the function field setting, the L-functions are equal to characteristic polynomials of the
matrices giving the action of Frobenius elements on a certain Galois representation, and these matrices
are random in a precise technical sense [Deligne 1980, Theorem 3.5.3].

We are not able today to prove the full conjecture of [Conrey et al. 2005] over function fields for any
family of L-functions using the geometric approach initiated by [Katz and Sarnak 1999]. However, we
propose a middle ground. Using the machinery of étale cohomology, and in particular the interpretation

MSC2010: primary 11M50; secondary 11M38, 11T55, 14F20, 20G05.
Keywords: L-functions, moments, function fields, polynomials, finite fields, integral moments.
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of L-functions via representations of monodromy groups, we will describe a new heuristic which matches
the predictions of [Conrey et al. 2005]. However, while the heuristics of [loc. cit.] require multiple
manipulations, that do not make sense on their own, we will make a single assumption on vanishing
of cohomology groups, which could well be true. This assumption also makes predictions for other
problems, such as the variance of the divisor function in short intervals.

In this paper, we describe this heuristic, and verify its relationship to [loc. cit.], only for the “short

interval” family of characters.

Definition 1.1. For n a natural number and [, a finite field, consider a primitive even Dirichlet character
Y (Fylx] /x" 1% — C*. Here “primitive” means that the character is nontrivial on elements congruent
to 1 mod x", and “even” means that it is trivial on F. Define a function x on monic polynomials in
F,[T] by, for f monic of degree d,

X)) = (f D).

It is easy to see that x depends only on the n+1 leading terms of f. Let S, , be the set of functions
x arising from primitive even Dirichlet characters i in this way. Because there are ¢" even Dirichlet

n—1 n—1

characters of which ¢"~" are imprimitive, this set has cardinality ¢" — ¢

For x € §, 4, form the associated L-functions

Ls, )= Y, x(OIfI™*

feRglT]
monic

where | f| = g%/, with functional equation
L(s, x) = exq" 2L =5, %)
for a unique €, € C.

Let Prim,, = A" — A", Katz [2013, Sections 2 and 3] defined an explicit bijection between Prim,, (F)
and S, ,. We will reproduce the precise formula in Definition 2.1 below, but as the details are not relevant
to the big picture, we will leave it as a black box here.

Definition 1.2. Let L,y be the unique lisse sheaf of rank n—1 on Prim,, such that for a point y € Prim,, (F,)
corresponding to a character y under the correspondence of Definition 2.1, we have the identity

det(1 — g~ Froby, Luniv,y) = L(s. x) (1-1)

between the characteristic polynomial of Frobenius acting on the stalk of Liy at y and the L-function
of x. Katz [2013, Lemma 4.1] proves the existence of this lisse sheaf by an explicit construction.

Hypothesis 1.3. Let n, r, 7, w be natural numbers with 0 < w < n.

Let F be an irreducible lisse Qg-sheaf on Prim, F, that appears as a summand of

r47
det(Luniv) ™ ® Q) A (Luniv)

i=1
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®a ® L\/®b

forsome 0 <d,,...,d. 7 <n—1, but which does not appear as a geometric summand of L, univ

forO<a,b<n-—1.
We say that Hypothesis H(n, r, ¥, w) is satisfied if , for all such F,

H’ (Prim,, 7 , F) =0
forall j >n+w.

Theorem 1.4. Let n,r, 7, w be natural numbers with 0 < w < n and F, a finite field. Assume that
Hypothesis H(n, r, 7, w) is satisfied. Assume also that n > 2max(r,7) + 1 and if n = 4 or 5 that the
characteristic of F is not 2. Let C, 7 = (24 max(r, F)maxr-NHL Foro, ... o, 47 be imaginary numbers.
Let €, be the e-factor of L(s, x). Then

r+7
—F
q" —q"~ on_ on—1 Z 1_[L —% X (1-2)
Xean
= 2 Hq‘“" R DR N (Ve B (P (1-3)
scl, r+r} Firofrer€FgIT] i€S i¢S
NE monic
[Ties fi/ Tligs fieT?
+0(C](w_n)/2CZ;nr+f). (1-4)

Remark 1.5. The parameters n, r, 7 of Hypothesis 1.3 and Theorem 1.4 bear a clear relationship to the
moment (1-2) —indeed, n determines the conductor of the characters while r and 7 determine the powers
we raise the L-function and its e-factor to. The meaning of the parameter w is less clear, and so we
explain it here.

In Hypothesis H(n, r, 7, w), w determines the width of the region where we do not assume that the
cohomology groups vanish. By Poincaré duality and Artin’s affine theorem, ch (Prim,,, ) =0 for j <n,
so under Hypothesis H(n, r, 7, w), the only possible nonvanishing cohomology groups occur when j
ranges from n to n 4+ w. In particular, the larger w is, the weaker an assumption Hypothesis 1.3 is.

In Theorem 1.4, w does not affect the moment (1-2) nor the main term (1-3), but only the bound for
the error term (1-4). In particular, the larger w is, the larger, and thus weaker, the bound (1-4).

Thus we can get by with a weaker geometric hypothesis, at the cost of a weaker analytic result.
Depending on our purposes we can use the parameter w in two ways — either proving a cohomology
vanishing statement, finding the least value of w for which it implies Hypothesis H(x, r, 7, w), and
deducing the corresponding bound, or determining a desired bound and finding the greatest value of w
for which Hypothesis H(n, r, 7, w) is sufficient to prove it.

Remark 1.6. It follows from Theorem 1.4 that the main term (1-3) is finite. In other words the sum
of meromorphic functions is in fact a holomorphic function on some neighborhood of the locus where
o1, ..., Q47 are imaginary. We can also show this more directly.
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The sum (1-3) is manifestly symmetric in the variables «y, ..., ,17, because each term is invariant
under permuting the variables in S and the variables outside S, and summing over the possibilities for
S makes it invariant under permuting all the variables. So if we multiply (1-3) by the Vandermonde

determinant [ [,; _; -, ,7(q
each individual term by the Vandermonde determinant, or even its factor [ [; .5 ;,45(¢*" — ¢*2), they

% — g%2), it becomes antisymmetric in the variables. When we multiply
become holomorphic (Lemma 3.4) —in fact we can express them by a convergent Euler product. So
the sum times the Vandermonde is holomorphic. But any antisymmetric holomorphic function of g%
vanishes whenever ¢%1 = g“2 for any iy, i and thus is divisible by the Vandermonde determinant, so
(1-3) itself is holomorphic.

Lemma 3.7, below, clarifies some of the properties of the main term (1-3). It shows that (1-3) is
a nonzero polynomial in n if @y = --- = o,47 = 0 and is a (nonzero) quasiperiodic function of n if
o1, ..., 45 are all distinct. In the polynomial case, the main term dominates the error term as long as
w < (1—log, C,z —e€)n for any € > 0, as then the error term decays exponentially with n. Similarly, in the
quasiperiodic case, the main term will dominate the error term for most  as long as w < (1-log, C,.;—€)n
for any € > 0. More information about the main term, including the calculation of the leading term of

this polynomial, is contained in Lemma 3.7.

Remark 1.7. (1) We explain why (1-3) is indeed the prediction of the CFKRS recipe [Conrey et al. 2005,

Section 4] (or [Andrade and Keating 2014, Section 4.2]) for this family. This is obtained by the 5-step

process (1) start with a product of shifted L-functions, (2) apply the “approximate” functional equation

to each term (in the function field case, an exact formula, following from polynomiality and the usual

functional equation), (3) average the sign of the functional equations, (4) replace each summand by its

expected value when averaged over the family, (5) extend the sums by removing limits of summation.
In step (1) we start with (1-2). In step (2) we apply the “approximate” functional equation

LG—ix)= D xOIFIT % fegq D Y ¥ ()| f] e
JER,IT] feRyIT]
monic monic
deg f<(n—1)/2 deg f<(n—1)/2

to obtain that (1-2) is

> o a0 X(l_[ﬁ>>‘<<1_[ﬁ>Hiﬁl‘lﬂ‘“f]_[|ﬁ|—1/2+“f.

SC{l,...,r+7} i¢s Five fra7€FglT] ieS igs ieS igs
monic
deg fi<3(n—1—1;gs)

S
51 cancels there.

In step (3) we remove the terms where r # | S|, as the average of the root number €
(We show it cancels as part of Lemma 2.10.)

In step (4) we observe that for n sufficiently large, the average over x € S, , of x (]_[l cs fi))_( (]_[I-¢ s f,-)
vanishes unless [ ;s fi/ [1igs fi € TZ.
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In step (5) we extend the sums by removing the degree condition, getting

Z l_[qfa,(n 1) Z l_llfi|fl/2*(¥il_[|fi|*l/2+ai‘

SC{L,....r+7) i €S Flrnfrer€FgT] €S igs
|S|=r monic

[lies fil/ Tligs fieT?”
(2) We can write the error term in Theorem 1.4 as

0 ((qn)— 1/24+w/n+((max(r,7)+1) log(max(r,7)+2))/ log g+€ ) .

The error term predicted by [Conrey et al. 2005] is always the size of the family raised to the power
—% + €. Our exponent approaches the predicted square-root cancellation as long as w/n — 0 and
(max(r, 7) + 1) log(max(r, 7) +2)/logg — 0.

In fact, we are able to verify some nontrivial cases of Hypothesis 1.3 using results from [Sawin
2018]. More precisely, we see in Lemma 5.3 that when [, is a field of characteristic p, then Hypothesis
H@n,r,1,n+1— (p —2r)/(pr) - n) is satisfied for any n, r. This gives the following unconditional
estimate:

Corollary 1.8 (Corollary 5.4). Let n, r be natural numbers and [, a finite field of characteristic p.
Assume also that n > 2r + 1 and if n = 4 or 5 that the characteristic of F, is not2. Let C,; = 2+ r)y .

Letay, ..., ary1 be imaginary numbers. Let €, be the e-factor of L(x). Then
1 r+1
-1
(qn_qnfl) Z l_[L Ui X
XESn,q

r+1 1) 1 1— q—1+a;—oc_,' (p—2r)/2pr) +1
— E —ajin— —(p—2r pr n,.r
=t <1 —q~ 12 1;[ (1 — g2+ (1 —q“f“f)) " 0(*@(‘] e )
J= 17]

As p goes to oo with fixed r, this bound converges to a power savings of %r.

The main term in the case r = 2,7 = 2 is also given by an explicit, though complicated, rational
function in g% and ¢, see Lemma 3.8.

We present a summary of some of the key ideas in the proof of Theorem 1.4.

First note that one subtlety in Theorem 1.4 is that (1-3) is a sum of terms that have poles at the points
we are most interested in studying, and that the poles only disappear when we sum all the terms. This
makes it tricky to try to prove the theorem by splitting up the terms, as this could introduce infinities. As
noted in Remark 1.6, we can remove the poles by multiplying by a suitable Vandermonde determinant,
and this helps to prove that the sum is holomorphic. The first step in our proof is a purely algebraic
description of what happens when we multiply (1-2) by the same Vandermonde determinant. We show
that the coefficients of monomials in g*!, ..., g%+ in this product will be averages over yx of Schur
functions in the zeroes of L(s, x) corresponding to irreducible representations of GL,_; (Lemma 2.7).
Before multiplying by the Vandermonde determinant, the coefficients were typically characters of highly
reducible representations, so the Vandermonde determinant significantly simplifies (1-2) as well.
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These coefficients will be crucial to proving Theorem 1.4. Both (1-2) and (1-3) can be expressed as
Laurent series in the variables ¢!, ..., g%+, and they remain Laurent series when each is multiplied
by the Vandermonde determinant. We will prove Theorem 1.4 by showing that the coefficient of each
individual monomial g~ 2 %4 in (1-2) times the Vandermonde is equal to the coefficient of the same
monomial in (1-3) times the Vandermonde, up to a controlled error. We think of this strategy as being
analogous to, in classical moment calculations, breaking a sum over integers into dyadic intervals and
handling them separately, or in function field moments calculation breaking a sum over polynomials into
many sums over polynomials of fixed degree.

Typically in moment estimates, we break up the sum into distinct ranges, and there will be some
ranges in which we can show that the off-diagonal terms cancel using only orthogonality of characters.
The tuples (dy, ..., d,+7) for which orthogonality of characters is enough are described by Lemma 3.6.
Using this fact, we match some of the terms from (1-2) with some of the terms to (1-3). We will then
individually bound all the unmatched terms.

The unmatched terms in (1-2) turn out to be averages over x of certain Schur functions in the zeroes

of L(s, x)— specifically, those corresponding to irreducible representations of GL,_; that do not appear

L\/®b

Qa
as a summand of L ® L

aniv forany 0 <a, b <n — 1. These are exactly the representations discussed

in our Hypothesis 1.3. Using this hypothesis, combined with the Grothendieck—Lefschetz fixed point
formula and some Betti number estimates (Lemma 2.13), we show these terms are small.

We bound the unmatched terms in (1-3) using estimates from Lemma 3.5. These estimates are proved
by expressing the diagonal term times the Vandermonde determinant as an Euler product, controlling
each term of the Euler product, deducing a region of holomorphicity for the Euler product and an upper
bound near the boundary of that region, then using a contour integral to show the coefficients decay as
we get further from the corner. This is in contrast to the situation before multiplying by the Vandermonde
determinant, where the coefficients of many different monomials in the diagonal term are large.

Remark 1.9. We present some remarks on the hypothesis, with the first two from an analytic perspective
and the remainder from a geometric perspective:

(1) To obtain predictions for moments, instead of Hypothesis H(n, r, 7, w), we could make a purely
analytic conjecture of square-root cancellation in the trace of the cohomology (equivalently, the sum of
the Schur polynomial associated to this representation, evaluated at the roots of the L-function, over all
primitive Dirichlet characters) for representations outside this special set.

Such a hypothesis is essentially equivalent to a uniform version of the conjecture of [Conrey et al. 2005]
for shifted moments, as we can extract these individual coefficients by a Fourier series after multiplying
by the Vandermonde determinant. However, Hypothesis H(n, r, 7, w) would not follow directly from this
unless the cohomology groups were proven to be pure.

If made uniform in r, 7, such a hypothesis would imply conjectures for ratios and tuple correlations —
presumably matching the predictions of [Conrey et al. 2008], and therefore [Conrey and Snaith 2007].
On the other hand, while Hypothesis H(n, r, 7, w) can be stated uniformly in r, 7, it would not imply a
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good estimate on the error term in the degree aspect unless stronger Betti number bounds than those in
Section 2C were proven.

Despite these difficulties, we have stated Hypothesis H(n, r, 7, w) in a geometric way to motivate it as
a natural statement (we would not have come up with it if it weren’t for geometry) and to suggest the
potential of a geometric proof.

(2) We can view the averages of Schur polynomials of the roots of the L-function that appear in the
analytic version of the hypothesis (equivalently, the functions F (V') discussed below in Section 2) as
being a distant analogue of the exponential sums considered in the circle method, as they are the averages
of characters of irreducible representations of GL,_; over an arithmetically natural finite set, while
the exponential sums in the circle method are the averages of characters of irreducible representations
of Z over an arithmetically natural finite set. In this case, the averages of characters of irreducible

representations appearing in std® @ std"®?

for 0 <a, b <n—1 are the analogue of the major arcs, which
we can calculate reasonably explicitly. The averages of characters of other irreducible representations are

the analogue of the minor arcs, which we hope to prove cancel.

(3) As part of our proof, we will implicitly calculate the trace of Frobenius on the cohomology of sheaves

Ka ® L\/®b

F which do appear as a summand of L ; & L

for 0 <a,b <n—1. So our hypothesis is a version of
the usual heuristic that what we cannot calculate should cancel. Of course, such a heuristic may be overly
optimistic. Instead, what is interesting here is that it is a very straightforward and geometrically natural

heuristic.

(4) The calculations of the traces for the sheaves which do appear as a summand of L?}l‘fv ® szfvb for
0 <a, b <n—1 are closely related to Katz’s calculations [2015, Section 5]. (In the case N =n < p, the
sheaf F defined in [loc. cit., Section 4] is the restriction of Ly to a hyperplane section, and essentially
the same calculations as in [loc. cit., Section 5] can be done in this setting.) So the failure of square-root
cancellation he demonstrates does not cause a problem for us, as it occurs exactly in the cases where we
do not assume square-root cancellation. In fact, we show that the non-square-root terms that he observes

correspond exactly to the secondary terms predicted by [Conrey et al. 2005].

(5) Hypothesis H(n, r, 7, n — 1) is known for every n, r, 7 by Poincaré duality in étale cohomology.
This gives a bound in the ¢ aspect whose error term is O(g~'/?). This implies that the main term of
Theorem 1.4 must match, to within O (g~'/?), the main term obtained by applying Katz’s equidistribution
result [2013, Theorem 1.2] and performing a matrix integral. Our method in this case is simply a (more
complicated) variant of the proof of Deligne’s equidistribution theorem [1980, Theorem 3.5.3], which
Katz uses in his proof, combined with the calculation of the matrix integral.

(6) It is possible that some very strong form of Hypothesis H(n, r, 7, w) could be true. For instance,
we could take the parameter w to be uniform in #n, r, 7. This would be equivalent to replacing the first
condition on F by the condition that it appears as a summand of the tensor product of some tensor power
of Lynivy with some tensor power of its dual. Conceivably the uniform constant could be as low as w = 2.
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However, it is likely to be easier to prove weaker special cases first, which is why we have stated it
flexibly using multiple parameters.

Remark 1.10. We present some remarks on possible generalizations. We first discuss families that are
harmonic in the sense of [Sarnak et al. 2016], and then geometric families:

(1) We expect that these results can be generalized to at least some families with orthogonal and symplectic
symmetry type. The simplest cases for our method are probably the families of Dirichlet characters
studied by Katz [2017], where both orthogonal and symplectic examples are given. One simply replaces
the Vandermonde determinant with, for the r-th moment in the orthogonal case,

[T @ -4 g% —1) (1-5)

1<iy<ir<r

or, for the r-th moment in the symplectic case,

[T@ -1 [] @"—q"q*q* 1. (1-6)
I<i<r 1<iy <ir<r
The hypothesis needed then has to do with the cohomology of sheaves generated from the universal
sheaves constructed by Katz in that paper.

These formulas arise from the algebra of the orthogonal and symplectic group respectively, and thus
which one to use should depend only on the symmetry type of the L-function. Specifically, they can be
calculated by attempting to repeat the proof of Lemma 2.5 in the orthogonal or symplectic case. One starts
with the orthogonal or symplectic Jacobi—Trudi identity, which relates the irreducible representations of
the group to the determinant of a matrix whose entries are wedge powers of the standard representation
[Fulton and Harris 1991, (24.25), Corollary 24.35, Corollary 24.45]. Using this, it is straightforward to
express a multivariable power series whose coefficients are irreducible representations of the group as the
determinant of a fixed Vandermonde-like matrix times a multivariable power series whose entries are
tensor products of wedge powers of the standard representation. This matrix determinant can be evaluated
by the product formula (1-5) or (1-6).

Alternately, one can use the identities [Bump and Gamburd 2006, Lemma 4 on page 249 and Lemma 5
on page 257] which express the product of L-functions as a sum of Schur functions of the zeroes associated
to irreducible representations of the appropriate symplectic or orthogonal group times Schur functions
of the variables g% associated to irreducible representations of the “Howe dual” group Sp,, or Oa,
respectively. The appropriate replacement for the Vandermonde determinant is then the Weyl denominator
for the characters of Sp,, or Oz, as appropriate.

(2) Similar results can be proven for moments of an L-function of a fixed Galois representation twisted by
a varying Dirichlet character, again conditional on a cohomological hypothesis. However, the dependency
on n in the error term may be worse or even ineffective, as Betti number bounds are more difficult in this
case. If the Galois representation is an Artin representation splitting over the function field of a curve of
bounded degree and genus, it should be possible to make the dependence on n an effective exponential.
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(3) For other harmonic families of Dirichlet characters, such as those of squarefree modulus, stating
properly an analogous hypothesis seems to require the use of higher-dimensional sheaf convolution
Tannakian categories, which have not yet been connected to equidistribution. If that geometric setup
is handled, there should not be any major new difficulties. The fourth absolute moment for Dirichlet
characters of prime modulus was studied in [Tamam 2014].

(4) For families of automorphic forms on higher-rank groups, the ¢ — oo equidistribution theory is not
yet available, which is a precondition for our method.

(5) New difficulties present themselves in the family of all quadratic Dirichlet characters with squarefree
moduli of a given degree. This family has attracted the most attention in the function field setting,
beginning with [Hoffstein and Rosen 1992] and [Andrade and Keating 2012] on the first moment.
Recently, improved estimates for the first four moments were obtained in [Florea 2017a; 2017b; 2017c¢].
Improved estimates on the third moment were obtained in [Diaconu 2019], demonstrating the existence
of a secondary term and thereby verifying a prediction from [Diaconu et al. 2003].

The difficulties in applying our method to this case start with the fact that there is no range of short
sums where the off-diagonal terms cancel completely. Thus, there is no set of irreducible representations
close to the trivial representation in highest weight space whose contributions can be exactly computed.
Furthermore, the existence of a secondary term in the cubic case suggests that even for representations very
far from the trivial representation in highest weight space, the contribution does not necessarily exhibit
square-root cancellation and the term does not vanish above the middle degree. However, neither of these
difficulties seems insurmountable, and it is possible that the representation-theoretical and cohomological
approach can separate the main term from the secondary terms and shed light, if only conjecturally, on
each.

(6) For general geometric families, the situation is likely similar to, but more complicated than, the
situation for quadratic Dirichlet characters.

2. Representation theory and algebraic geometry

For any d > 0, define
GO =977 " x(),

f monic
degree d

n—1

sothat L(s, x) =) . Ad(x)qd(l/z_“). Let €, =A,—1(x) be the e-factor of L(s, x), sothat A,_1_4(x) =
€,Aqa(x). By the Riemann hypothesis or more directly from the explicit formula for €, in terms of Gauss
sums, we have |e, | =1 for all .

Definition 2.1. We define a map from points of Prim, ([,) to primitive characters of ([, [x] /x"t1H* In
fact, recalling that Prim,, is A" — A"1 we will define a map from A" (F,) to characters of (I, [x] JxHyx
We defer to [Katz 2013, Sections 2 and 3] for the proof that this defines a bijection between even characters
and points of A" ([, ), and that the primitive ones correspond to exactly the points that do not lie Ar-1
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Recall that for a natural number /, the length / Witt vectors W;(F,) are a ring whose elements are
[-tuples of elements in [, with addition and multiplication defined by the Witt polynomials. For each
m < n prime to [ let [(m, n) be the least natural number such that p!™™m > n and fix an additive
character v, : Wign,n)(Fp) = 7/ plmm . Cx.

We have the Artin—Hasse exponential power series

AH(x)=e" o /ot

whose coefficients are p-adic integers. Given an element in (F,[x]/ x"T1)%, we can express it uniquely as

ao I1 AH (aypypex™ )™ 2-1)

1<mp®<n,m prime to p

forag € F)*, ay, ..., a, €F,. This is because AH (@ype X"P )™ =1 — @y pex™" /m +- - - and so we can
inductively choose each ae to fix the coefficient of the corresponding power of x.

For a tuple by, ..., b, in [, defining a point of A" ([F,), the associated character of (I, [x] /x" ) x s
the one that sends (2-1) to

Wian.ny (Fp)
Z Wm (trW,E::,:;([F,];) ((am» apma ey ap(l(fmn)—l)m) X (bma bpm, ey bp(/(m,n)—l)m)))

m<n,m prime to p,m<n
where the multiplication of tuples denoted by x is taken in the ring of Witt vectors.
We recall that Lyy,;y was defined, using Definition 2.1, in Definition 1.2.
Definition 2.2. Let m be the order of the geometric monodromy group of the determinant of Lpjy.

Definition 2.3. Let 1 be (—1)""~D times the (unique) eigenvalue of Frob, on the m-th power of the
determinant of Lp;y (%) The Tate twist, which has the effect of multiplying all eigenvalues of Frobenius

—1/2

on Ly by ¢ , normalizes these eigenvalues to have absolute value 1, so the eigenvalue on the m-th

power of the determinant will also have absolute value 1, and thus p will as well.

Let R(GL,—) be the representation ring of GL,,_; over Z.

We fix throughout an embedding ¢ : @, — C. Using it, we will abuse notation and identify elements of
Q; with their images in C under ¢.

Let F be the unique additive group homomorphism: R(GL,_;) — C whose value on a representation
Vis

F(V)=) (=1)/ tr(Froby, H/ (Prim, ;. . V (Luniv(3))))-
jez

2A. L-functions and irreducib]li’ representations. In this subsection, we relate the moments of L-
functions that will be our main object of the study to the functions F (V') for irreducible representations V.
It culminates in Lemma 2.7, which expresses the moment of L-functions, times a Vandermonde deter-
minant, as a sum of F (V). To do this, we must first in Lemma 2.4 relate the L-function coefficients to
F(V), then in Lemma 2.5 prove an identity in the representation ring that lets us reduce to irreducible
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representations. The calculation of multiplicities in Lemma 2.6 is proved by the same methods and will
be useful later in conjunction with our Betti number bounds.

Lemma 24. Foranyr,r,d =(dy, ..., dy7),
r47 ) r+F di
> & [Trato = D= dfF(detf 103 /\).
XESn.q i=1 i=1
Furthermore, €' = p for all primitive x.

Proof. First we observe that, by the Grothendieck—Lefschetz fixed point formula [SGA 41, 1977,
Sommes trig. (1.1.1), page 169]

F(Vy= Y tr(Froby . V(Lunv(})))-

x €Prim,, (F4)

By construction, Prim, (F,) is in bijection with S, ,. It is therefore sufficient to prove that

tr(Froby , A (Luniv(}))) = (=17 Aa(x).

Because the trace of any matrix on A? of the standard representation is (—1)¢ times the d-th coefficient
of the characteristic polynomial of that matrix, this follows from the fact (1-1) that the characteristic
polynomial of Frob, , acting on Lypy is L(s, x).

A special case is that €, = A,_1(x) = (=1 tr(Frobq,X, det(LuniV(%))). Thus

€y = (=D)"" "V tr(Froby, . det® (Luniv(3))) = 1

by the definition of . g
ForO<d; <---<d,17 <n—1,let Vy _q4.; be the irreducible representation of GL,,_ associated to

the conjugate partition of d, 7, ..., 1, in other words the representation whose highest weight character

c oy I A7 g FAF—1 r4i-1 1

is AL AT T Let

—F
Viy,...dydysrvedrrr = Vy,..d,; @det™,

so its highest weight character is A7 - - A}, )»2;31 . ')\212_1 e )\'d’)\‘d_rfrl‘l’l e k;fl.
Lemma 2.5. In the ring R(GL,_1)[q®%", ..., g%+ ] with formal variables q°', ..., g%+,
r+7 ) ) ] r+7
< Z sgn(o) 1—[ q<o<i>—1>a,-> Z gTitidier ()X di+ (L) get 7 @ ® A (2-2)
OES 47 i=1 0<di,....d, 7 <n—1 i=1
=3 Y sge)gE A e ()RS, . (293)

0€S,47 0=d1 < <d, 7 <n—1

Proof. To check this, observe that (2-2) qnd (2-3) are antisymmetric in &y, . . ., ®,47. Hence it is sufficient
to check that the coefficients of qzz‘g(d"“_l)“" in (2-2) and (2-3) agree ford; <dy <--- <d,45.
Only the trivial permutation contributes to the coefficient of quI{ (di+i—=Dei jn (2-3), since the tuple
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(di,...,dry7 +r+7 —1) is always in strictly increasing order, but applying any nontrivial permutation
to that tuple will produce a tuple not in strictly increasing order. Thus the coefficient of ng (di+i—Dei jp
In (2-2), every permutation o contributes the amount
. : r+7r
Sgn(o,)(_ I)er:f di+(r;r) det—; ® ® /\di"l‘i—l—(U(i)—l)
i=1
to this coefficient, so it suffices to check that
r+r
|Z 7 R R ( Z sgn(o) det™" ®®/\d,‘+t—a(l)).
UES,+; i=1

Here we interpret wedge powers as vanishing if the power does not lie between 0 and n — 1.

.....

r+r
le .... d4i = Z Sgn(o-) ® /\di+l —0'(1)' (2_4)
O'ESH_; i=1

Observe that the right side of (2-4) is the determinant of an (r 4+ 7) x (r 4+7) matrix whose i, j entry is
A%+i=j By the second Jacobi-Trudi identity for Schur functions [Fulton and Harris 1991, Formula A6],

this determinant is equal to Vy, in the representation ring of GL,,_;. g

----- dr+7‘

r+r

Lemma 2.6. The multiplicity that Vy, ... 4,\d,.,,....d,,, appears in @0581““@#5”71 det™ @ QT A is

1. Z()’GS,_H: Sgn(o—)q(dl'i’l*l)aa(l)
1m

ap,...,o—1 n1§i|<i2§r+f(qai2 —qail)

Proof. This is obtained from progressively simplifying the formula of Lemma 2.5. First we make the
substitution g% — —q%, which removes some powers of —1. Then we apply the linear map from
R(GL,,_1) to Z that sends Vg, ... 4,14,4,,....d,,; t0 1 and every other irreducible representation to 0. This

gives

r+r r+7
. . r+7F g _ .
( Z sgn(o) nq(o(l)—l)a,) Z qZ,-:l dia mult(le ..... Dldosrdrsr det™”" ® ® /\dl>
0<d,,..

0ES 47 i=1 wdrpi<n—1 i=1

= Z Sgn(g)quIf(di+i—1)aa(i>

OES 47

(where mult(V, W) is the multiplicity of the irreducible representation V in the representation W).
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. s . +7 D—Da: : .
We then divide both sides by 3, ¢ _sen(o) [T;1] gDV =TT, i 07 (g*2 — q®1) and take
the limit as oy, ..., &4, go to 1, obtaining

(di+i—Dog (i)

r+r Z S 1'1(0')
ogEeSs, g q
Z mult(le ,,,,, doldystsemsdyii > ® ® A ) = . lim S s

0<dy,....dr1;<n—1 i= 7 7 %=1 H1<ll<lz<r+r(q

and finally observe that the sum of the multiplicity of Vi, .. 4.14,.,.....4,,; IN @ sequence of representations
is equal to the multiplicity of Vy, . ..4,1d,,,.....d,,- 1D the direct sum of these representations. O
Lemma 2.7. We have the identity
r+r
[T @v-a™ 3 & H L(3 =i x
I<iy<ip<r+r XEan
T dii— Do g,
> Y sgn(o)gZi= GHTVeO (XS A F(Vy  didd,r)
0€S,47 0=d) <--=d, y7<n—1
Proof. We have
r47 5 B r+r
—F 1 e d;a; T d;i —F
Yo [[elan=Y ¥ =i [
XESnq i=1 XESn.q 0<dy,....dr 7 <n—1 i=1

Applying Lemma 2.4, this is

) } r+r
Z ngf dia (_1)253 di F(det_r Q ® /\di>.

Ofdl,...,err;fn—l i=1
Now multiply by the Vandermonde factor

r+r

[T @ —a"=DE S sano) [Jg @@
1<ii<ip<r+r 0ES, 47 i=1
to obtain
r+7 . . . r47
( 2 sgn@)l‘[q"‘"(“(i”)) S T e (D F (detf®®Adi)
i=1 0<dy,....d, ;s <n—1 i=1

which by Lemma 2.51s

> Y sen(@)gm A0 (CO)ZEEE(Vy ) O

0€S,4+7 0<d1<---<d,y;<n—1

2B. Auxiliary results. In this subsection, we prove two lemmas that will be needed to concretely

interpret the conditions on F in Hypothesis H(n, r, 7, w). We describe which dj, ..., d,;+; have

[47] ® L\/®b

1
les~~~ydr|dr+] ----- dryi (Lumv( )) appear as a summand of Lumv univ °

which turns out to depend on
the constant m, and then we prove a lemma that gives us some control on m.
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Lemma 2.8. For0<d| <---drys <n—1and0 <k <r+7, Vy, . ddu:....d.; appears as a summand
std®? @ stdV®? for some 0 < a, b < n — 1 (possibly depending on d,, . . ., d,47) if and only if ZLI d; <
n—landZ;;L,:H(n—l—di) <n-—1

Proof. For the only if direction, consider the element of GL,,_; depending on a real parameter A > 1 whose
eigenvalues are A with multiplicity d; and 1 with multiplicity n — 1 — dj. Its eigenvalue on the highest
weight vector of Vi, dildisy,....dy.s 1S AXi=14i On the other hand, its eigenvalues on std®¢ @ std"®? are at
most A% because its eigenvalues on std are at most A and its eigenvalues on std” are at most 1. Similarly,
the element whose eigenvalues are 1 with multiplicity n — 1 —dy,; and A~ with multiplicity d) acts on
the highest weight vector of Vi, . 4a, with eigenvalue Azglfﬂ("_l_d" ), but its eigenvalues on
std®? @ stdV®? are at most A.

For the if direction, we observe that the highest weight of

k r+r
(@ A% std) ® ( Q) A stdv> (2-5)
i=1

i=k+1

----- dr+i

equals the highest weight of Vi, . 44.,.....d,.;» and that (2-5) is a summand of

$td® Xia1 4 @ std VOIS (1= 1—dh) 0

Lemma 2.9. Assume n > 3, and, if n = 3, that the characteristic of 4 is not 2 or 5.

For0 <d| <---dryiy <n—1, the sheaf Vy,,.. a,dsi,...d.; (Luniv(%)) appears as a geometric sum-
mand of Lfr’fi‘v ® Lgfvb for 0 <a,b <n—1ifand only if there is some k such that Zf;l di<n-—1,
S (n—1—dj)<n—1,and k=r modm
Proof. By [Katz 2013, Theorem 7.1], under these assumptions on n, the monodromy group of Lypiy
contains SL,,_;. Thus two irreducible representations of GL,_; give isomorphic sheaves when composed
with Lyniy only if one is equal to the other twisted by an integer power of the determinant. Because m is
the order of the geometric monodromy group of the determinant, in fact they are isomorphic if and only

if the integer is a multiple of m. The claim then follows from Lemma 2.8. g

Lemma 2.10. The natural number m from Definition 2.2 is divisible by the largest power of p that is
greater than or equal to (n — 1) /2.

Proof. Because = €/ for all x and |e,| =1, we have |u| = 1.
Fix x € S, 4. There is a unique nontrivial character ¥, : F, — C* with x (1 4+ ax") = v, (—a) for all
a € F,. We have

(=g "I x(l +Zaixi) —getr Y X(l-i-zaixi)%(an)
i F, i

ul,...,an_|€[Fq
but for ¢ # ¥,

g~z 3 x(1+zaixi)¢(an)=0.
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Now fixing a nontrivial character 1, there are ¢"~! characters x € Sn,q With ¥, =¥, so

m
3> <q—<"+1>/2 > X<1+Za,-x’)w(an)> =Y &=> u=q¢""n (2-6)
XESn.q at,....an€ly i XE€Sn.q XESnq

Wx:w lﬂ)( :W

On the other hand, we have

Z (q—(n+1)/2 Z X(1+Zaixi)lﬂ(an)>m

XE€Sn.q ap,....an€ly

. m
S SN Callp DIRT(ED 2R T2T)
X:(Fg[T1/ T+ % JFf —C% el i

gy )3 (1—[(1 N Z“z x >) (ia])

aj j€ly,i=1,...n,j=1,..m X:([Fq[T]/T"“)X/[F;aCX j=1 j=1

m
= g~m(@+D/) 3 qnw(zanﬁj) (2-7)
j=1

a; jelyi=1,...n,j=1,..m

[T, (H‘Z?:l ai__,'x")zl mod x" !

where we extend the sum from primitive x to all x because Za"e[ﬁ, X(l + > a x! )W(an) = 0 for
imprimitive x and then expand the product and use orthogonality of characters.
Combining (2-6) with (2-7), we have

Z (Zan j) m(n+l)/2 llu (2-8)

a,;_,-e[Fq,izl,...,n,j:l,...m
[T= (H—Zl'-':l a,;_,-x")zO mod x"+1

where the power of g shows up as ¢ "+ D/2+(=D=n_If 1y is not divisible by a large power of p, we will
derive a contradiction from || = 1 and the upper bound we will prove for the left side of (2-8).

The left side of (2-8) is a Kloosterman-type sum. By standard stationary phase analysis, inductively
for i from 1 to | “5' |, the sum over a,_;, ; vanishes unless a; j, = a; j, for all ji, j».

If n is odd, after restricting to this subset the number of terms remaining in (2-8) is g~ D(+D/2)
times the number of ay, ..., ag—1),2 satisfying

(n—1)/2 A\
(1 + Z a,-x‘) =1 mod x® D2+
i=1

The only way the total size is g (**D/2=1 g if the number of such aj, ..., au—1)/2 is ¢ ~V/2, which
only happens if the largest power of p dividing m is at least (n — 1)/2.

For n even, we observe that when a; j,, ..., a,/2-1,j, foralli <n/2—1and all j;, j>, then the sum
OVEr dy /2.1, - - -, An/2,m 18 a quadratic Gauss sum in m — 1 variables, which is nondegenerate unless p | m,
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in which case it has one-dimensional degeneracy locus. This means (2-8) is at most g~ ¢+D/2+1/2

times the number of ay, ..., a,/>— satisfying

n/2—1 m
(1+ Z aixi> =1 mod x"/>.

i=1

m((n+1)/2)—1

The only way this can be at least g is if the number of such ay, ..., ap—1)/2 is at least q(”_l)/ 2

which only happens if the largest power of p dividing m is at least (n — 1) /2. 0

2C. Betti number bounds. In this subsection, we bound the dimension of the cohomology groups
ch (Primnﬁq, \% (Luniv(%))) that occur in the definition of F (V). Combined with Hypothesis H(n, r, 7, w),
this will lead to bounds on F (V). This will proceed by relating these cohomology groups to cohomology
groups of varieties with constant coefficients, and then estimating those using Betti number bounds
due to Katz. This relation is a geometric version of the standard arithmetic argument where, using the
approximate functional equation and orthogonality of characters, a moment of L-functions of Dirichlet
characters is reduced to the count (weighted by a smooth function) of tuples of natural numbers satisfying
a congruence condition.

We now give a more geometric interpretation of the construction in Definition 2.1. Let the scheme
Witt, be [ |
Witt vectors. This is a product of commutative unipotent group schemes and hence is a commutative

m>1 prime to p,m<n Wign.ny where Wiy ny = A1) is the scheme parametrizing length [ (m, n)
unipotent group scheme itself, isomorphic to A". Each [F,-point corresponds to an even Dirichlet
character [, [x] /x"*t! — C* by Definition 2.1, and the multiplication in the group structure corresponds
to multiplication of characters.

Katz constructs Ly as R' pryy Luniv for a certain lisse rank one sheaf Lypiy on Al x Prim,,, with pr,
the projection onto Prim,, [Katz 2013, Section 4]. However, Katz’s definition of L,y works equally
well to construct a lisse rank one sheaf on A! x Witt,. We will also refer to this sheaf as Lyn;y and the
projection map A! x Witt, — Witt,, as pr,.

For natural numbers mj, my, let Z, ,,, m, be the subspace of A™' x A™2 consisting of points
(@1, @my, b1, ..., by,) such that [T/, (1 —a;x) =[], (1 — b;x) mod x" .

Lemma 2.11. For every j € Z, there is an S,,, X Sy,,-equivariant isomorphism
ch (Wittnﬁq’ (R(prZ)!EuniV)®ml ® (R(prZ)!El\l/niv)(gmz) = ch_zn(zn,mhmzﬁq’ @g(—n))
Proof. By applying the Kiinneth formula [SGA 43 1973, Exposé XVII, Théorém 5.4.3],

H (Witt, 7, (R(Pry):Lunin)®™ @ (R(Pry): L) =™

mi na
= H) (Aml X A2 x Witt, 5, Q) Luniv (@i, @) @ Q) Liniy (b w))
i=1 i=1

where (ay, ..., am,, b1, ..., by,) are coordinates on A" x A™? and w is a coordinate on Witt,,.
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Let pr; be the projection A™! x A2 x Witt, — A" x A" and let i : Z, ;, m, = A™ x A™ be the
closed immersion. By applying the projection formula [SGA 43 1973, Exposé XVII, Proposition 5.2.9] to
pr, on the left side and i on the right, it suffices to find an isomorphism

R(pr)), (® Laniv(ai, @) @ ® £ (Br, w)) = i\@y[~2n](~n). (2-9)

i=1 i=1

To do this, we will first check that the stalk of R(pr)):(Q"!; Luniv(@i, ©) Q)12 Ly (bi, )) vanishes
outside the image of i. To do this, by proper base change [SGA 43 1973, Exposé XVII, Proposition 5.2.8],
it suffices to check that the compactly supported cohomology of the fiber vanishes. It even suffices to
check this for finite field-valued points, as the support is constructible. Let (ay, ..., am,, b1, ..., bm,) €
A™ x A™(F,) be a point over a possibly larger finite field extension [F,, and let £’ be the fiber of
QM Luniv(ai, ) @R, LY (bi, w) over (ai, ..., am,, b1, ..., bu,), asheaf lisse of rank one on Witt,.
Over any finite field extension of [, the trace function of Ly (a;, @) is a Frob,-invariant character
of Witt, (F,) evaluated at . Hence the trace function of £’ is also a Frob,-invariant character. Thus
the pullback of the trace function of £’ under the Lang isogeny Witt, — Witt,, g — Frob,(g) g lis
trivial, so by Chebotarev the pullback of £’ under the Lang isogeny is trivial. So £’ is a summand
of the pushforward of the constant sheaf by the Lang isogeny of Witt,, and thus its cohomology is a
summand of the cohomology of Witt,, which is Qy(—n) in degree 2n because Witt, = A". Thus if
H*(Witt,, £) is nontrivial, it is equal to Q;(—n), which implies that the sum of the trace function is ¢",
so the character of Witt, ([;) induced by (ay, ..., am,, b1, ..., by,) is trivial, which contradicts the claim
that (ay, ..., am,, b1, ..., bmy) € Zum,.m,-

So in fact R(pr)), (®l | Luniv (@i, ©) @ Q12 L. (b, a))) is supported on the image of i.

Next we check that, restricting to the inverse image under pr; of the image of i, the trace function of
®:" 1 Luniv(@i, @) ® ® E:mv (b;, w) is the constant function 1. We use the fact that the trace function
of Luniv(a;, w) is by construction the evaluation of the character corresponding to w at (1 —a;x). It follows
from this and multiplicativity of x that the trace function of Q)!; Luniv(ai, @) ® Q2 L., (bi, w) is
the value of this character at ]_[ (I —ajx)/ ]_[ (1 = b;x). By the definition on i, the image under pr;
of the image of i is exactly the locus where ]_[;.":‘1(1 aix)/ ]_[ (I —=bix)=1 mod x™*1. Hence the
value of the character on this element is 1, making the trace function 1.

Because its trace function is 1, ®l 1 Luniv(@i, ©) ® ® ﬁgmv (bi, w) = Qy, giving an isomorphism

*R(prl)v((g) Laniv (@7, ©) ®®cumv(bl-, w) = @z) = *R(pr Qe = i*Qu[~2n](n)

i=1 i=1

and thus by the support condition an isomorphism (2-9), as desired. O
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Lemma 2.12. For0 <d,...,d.4; <n—1, there is a long exact sequence of complexes of vector spaces
r+r
B (P, @ a1 @ 2 1)1-a1)
i=r+l

. r ) r+7 ) .
— H(Witt, 7, (R(Pry)1Lunin)® 2714 @ (R(pry)i Ly )® Zi=rn 4SS

. T d g
= H(Witt, 7. (R(Pr)1Luniv) ® =14 @ (R(pry)i L) ® i 307 s

where Sq, X -+ X Sq,; S Syr_ 4, ¥ Szr+r 4 i the obvious way.
1

=r+1

Proof. In view of the excision long exact sequence [SGA 43 1973, Exposé XVII, (5.1.16.2)], it suffices to

find an isomorphism (over Prim,,)

r+r

®A (Luni)[—di1® @) A% (L) [—di]

i=r+1
= ((R(pr)1Luniv)® T4 @ (R(pry)i L3 ) > Ticrr 4y S50
To do this, observe that by definition
Luniv = R' (pry)1 Luniy
and that
LY. =R (pry) LY

univ univ

because they are lisse, irreducible, and have the same trace functions up to scaling. Note too that Ly
and its dual have no higher and lower cohomology in the fibers of pr; over Prim,, so that

Luniv[— R(Pr1) Lunivs umv[ R(prZ)"Cumv
Because the tensor product of complexes is anticommutative in odd degrees, we have
(A Luniv)[d] = Sym? (Luniv[11) = (Luniv[1D®) > = ((R(pry): Luniv) )

and similarly for £ . .

Tensoring these equalities for d; from 1 to r, and the dual equalities for d; from r + 1 to r + 7, we

have the desired isomorphism. O
Lemma 2.13. For0<d,,...,d,+; <n—1, we have the Betti number bound
r+7r
> " dim H] (Pri ® ANLY® Q) AL )> < 42 + max(r, 7)) Xl di (2-10)

Jj i=r+1
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Proof. We apply the exact sequence of Lemma 2.12 and then evaluate each term using Lemma 2.11.
Because of this, it suffices to bound

. i Sgy XX Sq -
dim(H/(Z i o=, @Qp)) 4 dr i
Z ( ‘( "’ZF=1di’Zi;+ldf*[Fq 0)
J
and

1 ] - _ Sdl ><~~'><SL1 47
Zdlm(HC Zisr s af, Q) -~
J

separately. We have

j _ SayXX8d,_: _ p7j . _ .
(H, (Zn,Z,L. di. Y5 di g Q)™ v =H; (Zn,Z,lef,Z?” 10111[51/(5'&11 x X 84,47), Qo).

=r+

Because we can take the coordinates of (A%)% to be the coefficients of the polynomial ]_LT: (T —a;)

. d : .
for ay, ..., ay the coordinates of A%, we can view Z"’ZLI e di,Tq/(Sdl XX Sy s
space of tuples of monic polynomials fi, ..., f,4+7#, with f; of degree d;, such that the leading n+1
coefficients of [[/_, f; and []Z7_, fi agree. The equality of the leading coefficient is trivial, while the
equality of the remaining n coefficients is a system of n polynomial equations of degrees max(r, 7). So
this is the solution set of a system of n equations, of degree at most max(r, 7), in Z:;r d; variables. By

[Katz 2001, Theorem 12],

) as the moduli

Z dlml HCJ (Z"sZ‘rﬂ dnsz:rl d,‘,ﬁq/(Sd‘ XKoo X Sdr+i)’ @Z) = 3(2 + max(r, ’7))”+Z:i{ di-
J

For Z,,_, the same argument gives a Betti number bound of
32+ max(r, 7)) 4 < 2+ max(r, 7)) 4

as 2 +max(r, 7) > 3.

Summing the bounds for Z, and Z,_;, we get (2-10). O

3. Analysis of the main term

For S C{l1,...,r+r},let
Ms(ar, ..., 0ps7) = 1_[ (g% — g%) Z 1_[ q(—1/2+0!i)d€g fi 1_[ q(—l/Z—Oli)ng i

1<iy<ir<r+r o fra7€lbylT] €S i¢S
monic
[Tics fi/ Tligs fi€T*
Note that this is independent of n.

The main goal of this section is to estimate the coefficients of My, viewed as a Laurent series in the g*.
In the first two lemmas we will establish some basic properties that will be useful later, in particular
giving conditions for the coefficients of this series to be nonvanishing. In the next three lemmas, we will
prove a bound on the coefficients using a contour integral argument. In Lemma 3.6, we will relate the

coefficients of Mg to the coefficients of (1-3).
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Lemma 3.1. Let d, ..., d,1; be integers. The coefficient of ], q%% in

Z l_[ q(*1/2+ai)deg fi l_[ q(*l/Z*ai)deg fi

Jisoo [rar€FgIT] €S i¢S
monic
[Ties fi/ Tligs fieT?”

vanishes unless d; > 0 for i € S and d; <0 for i ¢ S. Furthermore, the coefficient of [ |, q“% in this

expression is symmetric in the variables d; fori € S and also in the d; fori ¢ S.

Proof. The vanishing is because, in each term of the sum, g% appears only in nonnegative powers if i € §
and in nonpositive powers in i € S. The symmetry is because the definition is symmetric in the «; for
i € § and symmetric in the ¢; for i ¢ S, by permuting the corresponding f;s. O

Lemma 3.2. My is antisymmetric in the a; variables for i € S, and also in the «; for i ¢ S. Expressed as
a power series, the coefficient of qzl‘ “di js nonzero only if there exists a permutation o € S, ; such that
o({l,...,IS81) =S,dsi)y =i —1forallifrom1to|S|, and dyiy <i —1 foralli from|S|+1tor+7.

Proof. These follow from Lemma 3.1 once we adjust for the Vandermonde factor. The first claim follows
because the Vandermonde is antisymmetric, and it is multiplied by a symmetric term, making the product
antisymmetric. The support conditions follow from the support statement in Lemma 3.1 combined with
the fact that the Vandermonde determinant is a sum of terms g2 %% where di, . . . , d,7, is a permutation
of O,...,r+7r—1. O

We next prove three lemmas that bound the coefficients of Ms. Lemma 3.3 will give a general means
for converting bounds for the values of a power series into bounds for that power series, based on a contour
integral. Lemma 3.4 will use this to bound the coefficients of a simplified version of Mg, where we
include only some of the coefficients in the Vandermonde factor. Lemma 3.5 will apply this to bound M.

Lemma 3.3. Let F(ay,...,a17) be a power series in g% (i € S) and g~ (i & S) with complex
coefficients which converges for any (ay, ..., a,47) such that Re «; is sufficiently small for i in S and
sufficiently large for i not in S.

Letcy, ..., cru7 be real numbers such that F (o, ..., a,17) extends to a holomorphic function on the
set of tuples (1, . .., opy7) such that Re(o;) < c; if i € S and Re(o;) > c; if i ¢ S. Suppose further that,
for any € > 0, whenever Re(o;) <c¢; —e€ ifi € S and Re(o;) > c; +€ ifi € S, this holomorphic function is
(1/(1 = g))°".

Then the coefficient oqui diei jn F(ay, ..., i) IS
oM r+7
o((1+Xd-a) o)
ieS i¢Ss

Proof. Let 8; = —1 if i € S and 1 if i ¢ S. By the Cauchy integral formula, the coefficient of g2 %% in

F(ag,...,a47) 1S

1 / F(ci+die+ity,...,crq7+8i€ +itiii)
(zn)r-i-r fyeosty 17 €00,277] q(C]+5,‘€+il1)dl+'"+(C,<+;+5i€+ilr+;)dr+;

dty - --dt 45 (3-1)
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where we have extended F as a holomorphic function from its region of absolute convergence. Then by
our assumed bound, (3-1) is

1 / O((1/(1—g)°M) dv dfe O((1/(1—g)°D)
Qm)r+r toeotry 7 €[0,277] quifCidi—ZigsGdi+2,'¢s€di b r+r_ngfCfdi—ZiesédiJrZigsedi.

.....

Now let |

€= .
(I+ ZieS di — ZigéS d;) logq
Then our bound for (3-1) specializes to

o)
O((1+ Liesdi = Yigs d)") _ 0((1 S Zdi)mnqzﬁfqdi)

r47
. idi—O(1
quzl Cid; (D ics igs

To simplify Mg, observe that

[T @ —q"= i(n [T —q“n))( [T @ —q“"z))( [T @ —q"”'z)) (3-2)

1<iy<ir<r+r i1€Sir¢S i1,i2§S i1,i2¢S
i1<ip i1<ip

and that we can further write
[T11w-q"= (l_[ 61”’") ( [T]]a—q" ‘“"2)>. (3-3)
iveSirgS igs i1eSirgS

We will only use the factor ]_[i1 es 11 ings(1— g“1~%2), which can be expressed nicely as an Euler product,
in Lemma 3.4, and will add the rest of the formula in Lemma 3.5.

Lemma 3.4. Letd,, ..., d, ; be integers with ) ;¢ d; — Zi¢S d; > 0. The coefficient of ], g% in

<1_[ 1_[(1 _qa;l—aIZ)) Z Hq(—l/2+ai)degﬁ Hq(—l/Z—ai)degﬁ (3-4)

. i1€S ¢S Fiyeeos fri7€Fg [T i€S i¢s
lS monic
o) [ics fi/ Tligs fieT”
¢ (( b+ Z di — Z di) min(q (" Miesditminigs d)/2 |0 (= Yiesdd/2 | igs d)/2 | = Dies ditigs & |/2)>'
ieS i¢S

Note that, by Lemma 3.1, this coefficient vanishes unless ) ;¢ d; — Zigé sdi = 0.

Proof. We view the upper bound as a conjunction of four upper bounds and prove each separately, by
applying Lemma 3.3.

In each case, by Lemma 3.3, it suffices to prove that, for all € > 0, the expression (3-4) is (1/(1—g€))°D
if a1, ..., a4 satisfy one of the following:

(1) For some i; € S, we have Req;, < % —¢€, and Rea; < —e for all other i € S. For some i ¢ S, we

have Re o, > —% + €, and Re o; > € for all other i ¢ S.
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2) Reaifé—eforieS,Reoz,-ZGforigéS.
(3) Rea; < —e fori € S,Req; > S +efori¢s.

(4) Rea; <5 —€eforalli € S, Req; 2%—{—6 fori ¢ S.

L
2

(5) Rea; < —j —eforalli € S,Rea; > —3 +e fori ¢S.

For all cases, we will use the Euler products

Z l_[ q(—1/2+06i)d3g fi l_[ q(—l/Z—a,-)deg fi (3-5)

froeo frar€Fg[T] i€S igs
monic

[Ties fi/ Higés fieT?

= (M- Tla=g 0 ) TT % i S n o

ieS i¢S mely[T] er,....e,17€N

monic e €= iuc €
irreducible Lies &i=Ligs €
n#T

where the first term is the Euler factor at 7', and

(1—g )= [ (-l (3-7)
mek,[T]

. monic
irreducible

Let us briefly discuss issues of convergence. The sum (3-5) is (absolutely) convergent whenever
Reo; < —% for i € S and Reo; > % for i ¢ S. (In fact, this holds even without the condition
[Lies fi/ Hi¢s fi € T%) Hence (3-6) converges to the value of the sum in the same region. The
Euler product (3-7) is valid when Re «;;, —Re «;, < 0. So the holomorphic function (3-4) is equal to

(l_[ﬂ —q ey Tla—g )~ T ]a —q“fl—“ffb) [T freriann 3-8
ieS i¢S i1€Sir¢S wely[T]
as long as Re(;) is sufficiently small for i € S and sufficiently large for#o#eS, where
w#T

Srlar, ... 047) = l_[ l_[(l —q“ﬁ*"‘iz*l) Z |7T|*ZieseiJFZigs“iei*Z@s“iei

i1es i2¢S 81,...,er+;-EN
Yies ei:Zi¢S ¢i
We will show that (3-8) in fact converges in a larger region, which will suffice to apply Lemma 3.3.
Let us fix € for the remainder of the proof.
In all five cases, the Euler factors at T is manifestly O ((1 — g~ ~2M) so we focus on the other Euler

factors, where it suffices to prove that for «y, ..., 17 in these ranges

| fr(@r, .. ari)| < (1= x| 7176 =0W), (3-9)
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This is sufficient because

1_[ (1— |7'[|_1_€)_0(1) < l_[ a- |7T|_1_€)_0(1) — (;[Fq[T](l +6))0(1) =(1— q—é)—O(l).

nef,[T] nek,[T]
monic monic
irreducible irreducible
n#T
We have
Fo(@ly .. pyi) = E (|n|2ies et icsdiei—) g5 i § (_1)|J|> (3-10)
61,...,€,+;€N JQSXSC
Yies €= igs €i 1INps " ())I<e;.jeS

lINpgd ()I<e).j¢S

where pg and pge are the projections onto S and S°.
Observe first that when ey, ..., e, are not all zero,

> (=DMl (3-11)

JCSx S
lTNps' (j)I<e;. jeS
ITNpsd ()I<ej.j¢S

vanishes unless max;cs e; < [{i ¢ S| e; > 0}| or max;¢se; < |[{i €S |e; > 0}|. Indeed, if neither of these
is satisfied, letting i1 € § and i ¢ S be such that e¢;, and ¢;, attain their maximal values, we see that adding
(i1, i2) to J or removing it from J preserves the conditions |J ﬂps_l(j)l <ej,jeS, |J ﬂps_cl DN =Zej,
j ¢ S, so defines a sign-reversing involution of J, and thus the sum vanishes.

In particular, (3-11) vanishes for all but finitely many ey, ..., e,+7. So in each of the five cases, to prove
(3-9) it suffices to show that each term in (3-10), except the one where ey, ..., e, =0, is O(|z|~'7¢).
Furthermore, if Zie g€ = Zi¢ g e =1, the sum over J has two terms which cancel each other, so we
may assume ), _¢e; > 2.

Case (1) is the most difficult. However, using the inequality we have verified, it is straightforward.

Suppose
maxe; < |{i ¢ S|e; >0},
ieS
SO
maxe;, < |{i ¢ S|e >0} —1.
ieS
But
i ¢ Sle>0)+maxei—1=) e
i¢S
SO

maxe; +maxe; < E e;
ieS i¢S .
i¢S
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thus
max;cs ¢; + max,¢s e;
_ Zei + ZRe(ai)e,- — ZRe(a,-)e,- < - Zei + ies ¢ ; igS i —2¢
ieS ieS igS ieS
, e;
=Y Ligs€i o,
1

< —

#—265—1—26

so all terms are O (||~ 17%¢).
For cases (2) and (3), we have

|7T|_ ZieS ei+ZieS Re(ai)e,-—zies Re(a;)e; < |JT |—(1/2+2€) ZieS e; ,

so the terms are O (|7 |~!17%).
For case (4) and (5), we have

||~ YieseitX iesRe(@i)ei—3 ;4sRe(ei)er E:s |—(1+2€) Yiesei ,

so all the terms are O (|| ~2%). O

Lemma 3.5. Letdy, ..., d,,; be integers satisfying the inequalities of Lemma 3.2. Then the coefficient of
[ q%“% in My is bounded by

0((0(1) +) di— Zd,-)om)

ies i¢S
x min(g " maies ditminigs di=1/2 o (= e dit(30)/2 o Cigsdit (=372 = Eies dit Ligs di=(3)1/2y,

Proof. By (3-2) and (3-3), My is equal to the expression (3-4) times

+  J] @ =g ]]ed"™.

I<ij<ia<r+r i¢S
i1,ipeSoriy,ingS
This additional factor has bounded coefficients and is supported on those terms g2~ %% where {d; | i € S} =
{0,...,|S|—1}and {d; | i ¢ S} ={|S|,...,r+7 —1}.
Hence we can obtain bounds for Mg by subtracting from the exponents in Lemma 3.4 the minimal
possible contribution of an element in the support of this additional factor to the exponent, which are as
stated. In fact, in all cases but the first, we are minimizing a constant function. O

Lemma 3.6. Assume |S| — r is a multiple of m. The coefficients of q Xicidi i the power series

r+r

[T @@= & T][LG— x) and (q"—¢" V" [Tg " "Ms(e, ..., eri7)

1<ij<ip<r+r XESn.q i=1 i¢S
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agree as long as

Zdi—(|§|>,2(n—1—di)+<r—|2_F>—(|§|> <n—1.

ies i¢S
Proof. We have
47
& TG x) =" [TL(G e x) [Ta" " L(3 + . X)-
i=1 ieS i¢S

Because r — || is divisible by m, e;_‘sl = p=18D/m Thys

r+r
-7 1
> & [1EG—eaix)
XESn.q i=1
SRS § P S (H fi)7<<1_[ ﬁ> [ V2 Hedee i [ g 12-wdee s
igs Flofrrr€Fg [T €S0y Ni€S igs 7/ ies igs
monic

Now

> «(TT4)2(11#)

XESngq ieS i¢S

is equal to the sum over all even characters of (I, [x] /x"“)X minus the sum over all even characters of
(F4[x]/x™)*. The characters modulo x" depend on the leading n coefficients of the polynomial. Hence
both sums vanish unless the leading n coefficients are equal. Thus if deg [ [;.¢ fi, deg[]; gs fisn—1,
there are only n coefficients, and so both sums cancel unless [ ;g fi/ [ 1,45 fi € TZ, in which case the
sum over characters is ¢" — ¢" .

This occurs precisely in the coefficients qu %idi where Zie sdi, Zi ¢ s(n—1—d;) <n—1. Hence for

d; satisfying those inequalities, the coefficients of g2 %% in Y XESna €1 "TI2] L(4 — i x) and
(q" — q" "y ISh/m Hq(n—l)ot[ Z nq(—1/2+a,-)degﬁ Hq(—lﬂ—a,-)degf,-
I¢S flw~~sfr+F€|]:z1[TJ ies I¢S

monic

[ics fi/ Tligs fieT*

are equal.
Multiplying the monomial g2 %% by the Vandermonde determinant produces a sum of monomials.
In each monomial, ) ;_¢d; is increased by at least (lgl) and ), ¢s(n — 1 —d;) is reduced by at most

(rf ) — (Igl). Hence the identity in the multiplied terms is satisfied as long as ) ;¢ d; — (Igl) <n—1and
Zigés(”_l_di)"‘(r;r)_('gl) =n—1 u

3A. Additional results. Here we prove some additional results that are not necessary to prove Theorem 1.4
but may be helpful to interpret it. We describe the general behavior of (1-3) and compute it in a special
case.
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Lemma 3.7. (1) The holomorphic function (1-3) evaluated at oy = - - - = a, 17 = 0 (Where it is defined

by analytic continuation, see Remark 1.6) is a polynomial in n of degree rv whose leading term is
arigrin” /(rF)! (3-12)

where g, ; is the random matrix factor

r—I1

gri =iV +)!
j=0
and a, ; is the Euler product
1T _ 7 Z1gF e+r—1\/e+r—1 _
=gy —g7 2+ ] ((1—|n| YT ) ) (3-13)
mely[T] eeN
monic

irreducible
n#T

(In this Euler product, (1 — q_l)’f(l — q_l/z)r# may be viewed as the Euler factor at T. )

(2) On the portion of the imaginary axis where oy, . . ., o, are distinct modulo 2mi/log q, the individ-
ual terms
Z H|ﬁ|71/2+0{i1_[|ﬁ|71/270[i
fiseor fra7€F [T] €S igs
monic
[Tics fi/ Tligs fieT?”

of (1-3) are holomorphic so the sum (1-3) is simply a linear combination of terms ]_[i¢s A

a quasiperiodic function of n.

Proof. It follows from Lemma 3.4 that

(l_[ l_[(l _ qail—ai2)> Z l_[q(—l/2+0li)degfi l_[q(_l/Q_ai)degfi’ (3-14)

ihesS i2¢S f] ..... f,+;€|]:q[T] ieS i¢S
when written as a power series in lq[*“" @aner%esl for ¢; in a neighborhood of the imaginary axis. Thus
ies il [Ligs fieT

—1/2+a;) deg f; —1/2—a;) deg f;

Z l_[q( /+a)egfl_[q( /2~a;) deg f;

Froens fryi€Fg[T] i€S i¢S
monic
[Ties fi/ Tligs fieT?”

is equal to the quotient of a holomorphic function in this neighborhood by

(H []a —q“ﬁ‘“fz)).

i1€S ir¢S
We will use that property to prove both parts of this lemma.
To prove part (2), if oy, . . ., o4 are distinct modulo 2777 / log g then the denominators Hil cs ]_[i2 ¢ g(1—
g®1~%2) are nonvanishing and so the terms in the sum over S in Theorem 1.4 are individually holomorphic
in a neighborhood of «y, . .., o, 17. This means summing them as meromorphic functions and analytically
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continuing is the same as summing them normally. Thus (1-3) is simply a linear combination of the
functions ]_[l-¢ sq% =D for distinct subsets S, i.e., it is a quasiperiodic function of n.

To prove part (1), it is simplest to view each «; as a linear function of a distinct variable ¢ and set t = 0.
Because each term (1 — ¢g“1~%2) vanishes to order 1 at t = 0, the product l_[ileS Hi2¢s(1 — g¥h %)
vanishes to order |S|(r +7 — |S|) =rr att = 0. Thus

Z l_[ q(—1/2+01i)degfi l_[ q(—1/2—ai)degfi

Stoes fryr€Fy[T]  i€S i¢S

monic
[Tics fi/ Tligs fieT”

is a holomorphic function of ¢ divided by #"”. On the other hand, the coefficient of 7/ in the Taylor
series for ]_[l-¢ sq% =1 s a polynomial in n of degree < j. Multiplying by a holomorphic function in
t preserves this property, as does summing, so all told the main term is a power series in ¢ whose j-th
coefficient is a polynomial in n of degree < j, all divided by #"". The value at r = 0 is the coefficient of
' in the numerator, which is a polynomial in n of degree < r7.

Furthermore, we can calculate the leading coefficient of this polynomial in n. From the proof of
polynomiality, we can see that the holomorphic function (3-14) enters into the calculation only by its

value when «y, ..., o,47 = 0. This value is independent of S, by permuting the variables. Call it a, ;.
Because only the value at oy, ..., o7 = 0 is significant, we can replace the term
—1/2+a;) deg f; —1/2—a;) deg f;
Z Hq( /+a)egfl_[q( /2—a;) deg f;
fioen frar€Fg[T] i€S i¢s
monic
[Ties fi/ Tligs fieT?”
with
ar

[Tiies [Tigs (1 —q%17%2)

without affecting the leading coefficient of the polynomial in n. After replacing these terms in (1-3), we

obtain
a;(n—1)

[Tigsa
i , — (3-15)
SQ{LZ,:H-F} HileS ngs(l - qcxll Olzz)
|S|=r

The sum in (3-15) is also the Weyl character formula for the representation of GL, 7 with highest
weights O repeated r times and n—1 repeated s times, evaluated at the diagonal element with eigenvalues g“.
So when «; = 0, the sum in (3-15) is simply the dimension of this representation, which by the Weyl
dimension formula is a polynomial in n with leading term n’” ]—[;;%) j!/(j +7)!. Multiplying by a, ;, the
leading term in (3-15) is exactly (3-12), except that we have to prove the Euler product formula (3-13)
fora, ;.

To do this, we follow the method of Lemma 3.4 and use the Euler products (3-6) and (3-7).
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When we combine these two Euler products, the factor for every m # T is

( [ <1—|n|“+°‘f1‘°‘f2>> Y Iml Dt ad L — 1 4 O(|x| )
d

iIES,izés ..... d,Jr;EN
ZieS di:zz'¢s d;
so this Euler product converges. When we specialize «y, ..., o,17 = 0, the Euler factor for w # T

becomes

(=77 30 jm| 2,

d| ..... d,+;€N
Dies di:ZigéS di
E et+r—1 . . . _ e+r—1
or each natural number e, there are ( . ) nonnegative integer solutions to ) ;¢ d; = e and ( i1 )
nonnegative integer solutions to ) _ ¢s di = e and so the coefficient of 7 in

Z 77|~ Lies di

dy,....dr 47N
Dies di:zz‘ezs di
i (eFr—1\ (e+7—1
is (7))
When we specialize oy, ..., «,47 = 0, the Euler factor for m = T becomes

(1 _q—l)rf(l _q—l/Z)r-i-F.
Combining these Euler factors, we get (3-13). U

Lemma 3.8. When r =7 =2, (1-3) specializes to

Z l_[ i (n— 1) q ' Zies it Ligs 1—[ 1 l—[ 1 1—[ 1 — g !monte
T PR SRS ey =y, T
4yigs Roes @it Roigs jes 174 igsl 4 i1€8,ir¢S T—g
|S\ ")
(3-16)
Proof. Let us consider first the term where S = {1, 2}.
We have
S AT AT T T =
f1:f2. f3: faely(T]
monic
f1h2/f3 fa€T?
1
1 1 N IAITE T T e
(I—¢g727*)(1—g 27")(1—¢q 2+a3)(1 —q —3te Y) £ f fa€FqIT]
momc
prime to T (3_17)

f12=131a
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Now

T I o I 2 I WY
f1. /2, f3, fa€lylT]

monic
prime to T’

=13 fa _ l—[ Z |j_[|—(el+62+63+e4)/2—a181—012€2+0l3€3+0!484 (3-18)
melFy[T] e1,e2,e3,e4€N
monic €11+ex=e3+es
irreducible
w#T
Given ey, ez, e3, ea € N with e + e» = e3 + e4, the number of ways of writing e; =a + b, e =c+d,
e3=a+c,eq=b+d witha, b, c,d e Nismin(ey, es, e3, e4) + 1 as we must have b=¢; —a, c = e3 —a,
d =e)—e3+a =e4—e; +a and the valid a are in the interval [max(ez — e», 0), min(eq, e3)] whose
length is min(eq, ez, €3, e4).
Hence the number of solutions for e;, e;, €3, e4 minus the number of solutions fore; — 1, e2 — 1, e3 —1,
es — 1 is exactly 1 if ey, e, e3, e4 are nonnegative with e; + e, = e3 + ¢4 and zero otherwise. This gives

E : B3 |—(e1+ez+ea+e4)/2—a1e1 —azertazeztagey

ey,ez,e3,e4€N
e|+ey=e3+ey 1_ In-| 2—ap—ar+a3tay

(= ) (1= e e (1= [Tt (1 - [ eates)”

Hence using the zeta function of F,[T], (3-18) is

1 _q717a17a2+a3+a4 1 _q_l_ai1+ai2
1 _ q—2—011—012+0£3+0!4 1_[ 1 _ q_ai| +Oli2
i1€{1,2},i26{3,4}
and thus (3-17) is
1 1 _q717a17a2+a3+a4

(1 _ q—l/Z—al)(l _q—1/2—a2)(1 _q—1/2+a3)(1 _q—1/2+a4) 1 _q—2—a1—az+a3+a4

<« I 11‘_‘1

i1€{1,2},i,€(3,4} q

—1 —oj; i,

—aj i,

Now if § # {1, 2}, we get the same formula, except with the variables permuted by some fixed
permutation o € S4 sending {1, 2} to S. Summing over the possible choices of S, we obtain (3-16). [

4. Conclusion
We prove here a slightly more general version of the main theorem.

Proposition 4.1. Assume n > 3, if n = 3 that the characteristic of [, is not 2 or 5, and if n =4 or 5 that
the characteristic of [, is not 2.
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Assume Hypothesis H(n, r, 7, w). Let «y, . . ., oy 47 be imaginary. Let C, 7 = (max(r, ) + Z)ma"(r’F)H.
Then
r+r
[T @9—q ) —rl'[m/z o, X) (4-1)
1§i1<i2§r+r XESn,q
= ) @ =g a1 Ms (e, e (4-2)
SC{l,...,r+7} i¢Ss
m|r—|S|

+0(< I1 |qan_qwz|>nr+fcf+—;q<"+w>/2>. 4-3)

I1<iyj<ir<r+r

Proof. For di,...,d..; € Z, let T(dy,...,d, ;) be the coefficient of ]_[,r+1r g%% in (4-1) and let
R(d,, ..., d, ;) be the coefficient of [/ q"" i in (4-2).
The two sides (4-1) and (4-2) are antisymmetric in the variables oy, ..., o, 47. For (4-1) this is clear

and for (4-2), this follows from Lemma 3.2. Thus we can write (4-1) as
SN ST @, dyy gD e
di <-~~<dr+;- OES 47
and (4-2) as
Y Y sen@)R@r, ... drap)g D

di<-<dy 17 OES, 47

so the difference of (4-1) and (4-2) is

Y (T dr) =R dpi)) Y sgn(o)gEisi oo,

dy<--<dp4 0ES, 47

By the Weyl character formula,

r+7
r d.
Z(TGSH_; Sgn(o—)qu:l Uiy (i)

o o

q" —q"

is the trace of a diagonal matrix with entries g®', ..., g%+ on the irreducible representation of GL, 7 with
highest weight vector (d,,+1—r—7F,...,dr—1, d;) [Fulton and Harris 1991, Theorem 24.2]. Because
this diagonal matrix has eigenvalues of norm 1, the absolute value of its trace is at most the dimension
of that highest weight representation, which is [, <iy<iy<riF (di, — d;,) [loc. cit., Corollary 24.6]. This
implies the estimate

Z sgn(o)q Y eids )

OES 47

. l_[ |dl _di|
S | B L R
1<iy <ig<r+7 [Ti2 (’ D!
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Using (4-4), it suffices to prove that

o ldy, —d;
> |T(d1,...,dr+;)—R(d1,...,dr+;)|nlf“<’zf’+" 0~ 4l

7 _ O(n’J“fo_:;]q("er)/z) (4-5)
i< dy s [T1G — D!

Let Rs(dy, ..., d,.7) be the coefficient of ]_[lrj g%% in

(q" — g™y ISh/m Hq“i(”_l)MS(al, ey OpyF)

i¢s
so that
R(dy.....drsi)= Y Rs(di.....dp7). (4-6)
SC{L, .o, +7)
m|r—|S|
By Lemma 3.6,
T(dy,...,dry7) =Rs(d,...,d7) 4-7)
as long as
S r+r S
0= a— (). So-1-ar+ (") - (1) <n-1. (48)
i€s i¢s
We can distinguish three types of tuples dy, ..., d, . The first is where (4-8) is not satisfied for any

S, the second where (4-8) is satisfied for a unique S, and the third where (4-8) is satisfied for more than
one S. In the first case, by (4-6), we have

\T(d,....dr+7) —R(dr, ..., dr i) = |T(ds, ... . dri7)| + Z |Rs(d1, ..., drs).

SC{l,....,r+7}
m|r—|S]|

In the second case, by (4-6) and (4-7), we have

IT(d,...,dr7) = R(dy, ..., dr47))] < Z |Rs(dy, ..., dr7)l.

SC{l,...,r+r}
m|r—|S|
(4-8) does not hold

In the third case, by (4-6) and (4-7), we have

IT(d,...,dr+7) —R(d1, ..., drs7))| < Z |Rs(dy, ..., dr47)l

SC{l,...,r+7}
m|r—|S|

where we have added the canceled Ry term on the right side back in to simplify the expression, without
affecting the validity of the inequality.
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Combining all these, we have

<i <r4r di, —d;

> |T<d1,...,dr+;>—R<d1,...,dr+;))|nlf”<’2 rrldi — d|
r+r 1 |
di<-<dri7 l_[ 1@ =1)!

n1§i1<i2<r+7| ih di2|

< > \T(dh, ..., d7)l b (4-9)
dy<--<dp4 1_[ ( _1)'
(4-8) does not hold for any S
_ [ici, vl — i
Y @D Y RS )[R (4-10)
SC1,.o.r+7} dy<-<dy; [[IG—1)!
m|r—|S| (4-8) does not hold
. d —d
+ > @ -q"H > |Rs(d1,...,dr+;)lnlf”<?f,”+’| DAl
SC{1,...,r+7} dy<-<dyy7 1_[ ( _1)'
m|r—|S| (4-8) holds for §

(4-8) holds for some §'#S

We next will prove in Lemmas 4.6, 4.5, and 4.4, bounds for (4-9), (4-10), and (4-11) respectively. This
gives

(4 9)+(4 10)+(4 11)< O(nO(l) n/2)+0(n0(l) n/2)+0(nr+rc:l+r1 (n+w)/2) O(I’lr—i_rC:l_i_rl (n+w)/2)

since n9M = O(CZ;I), which is the desired bound (4-5). Il

Lemma 4.2. Forevery S C{l,...,r+r}withm|r—|S|, for each tuple d| < - - - < d,,; € Z that satisfies
(4-8), if Rs(dy, ...,dry7) #0,then0<d) < - - <dys <n+r+7r—2

Proof. By (4-7), the assumptions imply that 7'(dy, ..., d,17) is not zero. By definition T (dy, ..., d;+7)
is the coefficient of ¢2-i %% in the product of H1§i1<i2§r +#(@* —q*2), which is a polynomial in the
q® of degree at most r + 7 — 1 in each variable, with }° .5 €° = L(5 — a;, x), which is a
polynomial in the g% of degree at most n — 1 in each variable. Hence this product is a polynomial of
degree < n +r +r — 2 in each variable, and thus the coefficient 7' (dj, ..., d,47) can only be nonzero if
0<dy,...,dys <n+r+r—-2. O

Lemma 4.3. Forevery pair S, S C{l,...,r+r}withm|r—|S|,m|r—|S'|,and S # S, for each tuple
di < --- <d,y; € Z that satisfies (4-8), we have Rs(dy, ..., d,47) = O(n°Wg"/?)

Proof. We may assume without loss of generality that Rs(dy, ..., d,+7) # 0. We will apply Lemma 3.5
to bound this term, noting by Lemma 4.2 that the factor (O (1) + ) ; ¢ di — Zi¢s d;)°M appearing in
Lemma 3.5 is n9W),

We can freely use the consequence of (4-7) that

Rs(dy, ....dr7) =T(d1, ..., dry7) = Ry (dy, ..., dri)

to pass between S and S’.
We will split into two cases depending on if | S| = |S| or not.
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If |S’| = |S|, we choose i; in S but not S" and i, in S’ but not S. We have
diy+(m—1—-dy,)+((n—1—d;)+di,) =2(n—1),

so one is at least n — 1. Applying the first part of Lemma 3.5 for § if the first one is smaller and S’ if the
second one is smaller, we see that

Rs(dy, ..., dy ;) = O(mPWg" /%),

If |S’| # | S|, assume without loss of generality that |S| < |S’|. Then by Lemma 2.10, |S'| —|S| > m > 3.
Hence

Zdi_(r+r>_(r+F—|S|)(n—1) . Zdi—(r+r>—(l’+f—|s/|)(n—1) > 31— 1) > 2n—2
2 2

ieS ieS'
so one of these two terms must have absolute value at least n. Without loss of generality, it is the term
associated to S. Then by the fourth part of Lemma 3.5, Rs(dy, ..., d,+7) = O(nO(l)qn—n/Z). 0
Lemma 4.4. The sum (4-11) is O (n°Mg"/?).

Proof. By Lemma 4.2, the number of nonzero terms in (4-11) is n9W) and the factor ]_[151-1 <iy<rt7 |d;, —di, |
appearing in each term is 9. By Lemma 4.3, the factor R(d\, ..., d,,;) appearing in each term is
O(no(l)q”/z). So the sum over all terms is O(no(l)q”/z). O

Next we handle (4-10).
Lemma 4.5. The sum (4-10) is O (n®Mg"/?).

Proof. Fix d| < - - - <d,; that contribute nontrivially to (4-10), i.e., (4-8) is violated and Rs(dy, . .., d;y+7)
is nonzero. By Lemma 3.2, the nonvanishing implies that

|S| r+r [S|
OSZd,—( o) ),OSZ(H—I_CZZ)‘F( 2 >_( 2 )’
ies i¢Ss
so because (4-8) is violated, we must have either

Sa=(5)zn

ieS
r+r |S]
S -a(3) - (3) 20
i¢s
Let k =max(} ;g di — ('g'), Zi¢s(” —1—-d)+ (r;“;) — ('g')). Then there are k91 tuples di, . .., dr47
leading to a given k, each of which has coefficients O (k°(Vg"~*/?) by the second and third parts of

Lemma 3.5, and [T, _;, ;, <, 5ldi; — din] =k, so in total (4-10) is Y, kO Vg */2 = 0 (n%Dg"/?).
O

or

Lemma 4.6. The sum (4-9) is O (n"*" C::;lq(”w)/ 2.
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Proof. By Lemma 2.7,
T(di,dy+1,....dr;+r+7—=1D)=2FVy  dlds,..d:)

With this renormalized set of coefficients, (4-9) is a sum over tuples 0 <d; <--- <d,;7 <n —1 such that
for no § of cardinality congruent to » mod m do we have 0 < ZieS d;, ZigZS(n —1—d;) <n—1. Hence

b
(Luniv) does not appear as a summand of Lﬁfw ® L:rff’v

by Lemma 2.9, for these tuples Vy, . 4.1d,..,
forO<a,b<n-1.

By definition, we have

r+r

jez

Because V; (Luniv) 1s irreducible and because it appears as a summand of det™ (L ypiv) ®
| PP

..... dpldriseendy s
®r+r A% (Lyniv) and does not appear as a summand of Lfﬁﬁv ® L:fvb for 0 <a,b <n—1, we may apply
Hypothesis H(n, r, 7, w) to get H/ (Prlmn’[Fq, | Z 7 AV A (Lumv( ))) =0for j >n+w.

Because the L-functions L(s, x) satisfy the Riemann hypothesis, the eigenvalues of Frobenius on Ly
have size ,/q (see Definition 1.2), and so Lyyy is pure of weight 1. This implies that Lumv( ) is pure of
weight 0 and thus Vg, a.1d,1.....r, (Lumv(%)) is also pure of weight 0. By Deligne’s Riemann hypothesis
[Deligne 1980, Theorem 1], all eigenvalues of Frob, on ch (Primnﬁq, | Z RV A (Lumv( ))) are
<q!/? < q*+"/2_ Thus because the trace of an endomorphism of a vector space is at most the dimension

times the size of the greatest eigenvalue,

jez

Hence (4-9) is at most

[Ti<ii< 2|d;, +ir —d;, — 1]
1511<12<r+r| 2 2 3 (n+w)/2 J

E - q / E dim H/ (Prim, ¢ , Va, ..., \dps1....rr 7 (Luniv)).-
0<d<--<dy ;<n—1 [Z1G—D! jez

By the Weyl character formula and Weyl dimension formula,

Hl§i1<i2<r+;7|di2 +ix— dil - i1| _ lim ZJESH, Sgn(a)q(di+i_l)aa(i)

Hr+r(l —1)! ap ey lp—>1 n1<11<12<r+r(qa12 _ ml)

which, by Lemma 2.6, is the multiplicity that Vg, . 4,14,,,,....d,,; appears in

r+r

@ det”’ ® ® N
i=1

0<ey,..., eryi<n—1
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Hence
Z Hl§z1<12§r—0;:|_iilz +1p— 11 — i) Zdlm H] (Prlmn F,’ Va,....d, i 1sesdy s (Luniv))
0<d|<dr<-=<d,4;<n—1 1_[ 1@ —Dn! F
r+7r
< Y dimH/(Prim, g, det(uni) 7 ® Q) A% (Luni))-
0<ey,...,e,47<n—1 i=1

The total number of terms here is n’*". For each term, we apply Lemma 2.13 and use the fact that

r+r r+r
det(Luniv) " ® Q) A“ (Lumv>—®A (Lunin) ® Q) A" (L)
i=1 i=1 i=r+1

We can assume in each term that e} < ey <--- <e, 47, so that

r+r
Ze,- + Z m—1—e¢)<re,+r(n—1—ey1) <re,+r(n—1—e;) < (n—1)max(r, r).
j i=r+1

This gives exactly the bound O(Cf;;lq(”“’)/ ?) for each term and thus O (" C'1 ¢ +*)/2) in total. O

Remark 4.7. It is unsurprising that, in this proof, dimensions of irreducible representations of GL,
appear as multiplicities of irreducible representations of GL,_ in

r47r

2 deTen

0<ey,....e,y7<n—1

because ® ®lr:f A° admits a natural action of GL,_; x GL,; as it is the exterior algebra of the tensor
product of the standard representations of GL,_; and GL, ., and this action is preserved after tensoring
with the —7 power of the determinant of GL,_;. This is part of the approach of Bump and Gamburd
[2006] to moments of the characteristic polynomial of random matrices.

Corollary 4.8. Assume n > 3, if n = 3 that the characteristic of F, is not2 or 5, and if n =4 or 5 that
the characteristic of [, is not 2.

Assume Hypothesis H(n, r, 7, w). Let ay, . .., oy be imaginary. Let C,; = (max(r, 7) + 2)max(rF)+1
r4r
-7
q" —q"~ o on—1 Z HL — %, X
XESnq
— Z 18D /m nqax(n iy Z l_[|fl.|*1/2+0ti 1_[|f’i|71/2*ai + O(Q(w*n)/ZCzF)_
SCL,....r+7) i¢s Fio frar€F [T] i€S i¢s
m|r—|S| monic
[Ties fi/ Tligs fieT?

If n > 2max(r, 7) + 1 then we need only the terms where r = |S|.
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Proof. The first claim follows from Proposition 4.1 after dividing both sides by

@ —q" [ @ —q*).

1<ii<ip<r+r
The second claim follows from Lemma 2.10, because then m > max(r, 7). O
In particular, the second claim is Theorem 1.4.

Remark 4.9. The terms (4-10) and (4-11) arise from the main term of Proposition 4.1, are totally explicit,
and are of the same size as the square-root error term. Thus, they could be subtracted off, producing an
equivalent statement. Should they be?

Sometimes, when there are two equivalent formulations of the main term, one is better because it
conveys more information. For instance, when «, .. ., a1 = 0, our CFKRS-like main term agrees with
its simpler leading term (3-12), up to an error with logarithmic savings. If we could prove an estimate
with logarithmic savings, the full main term and its leading term would be equivalent. But the full main
term would carry more information, because we expect it to remain true with a much smaller error term.

Because (4-10) and (4-11) have square root size, they are dominated by even the most optimistic error
terms (except maybe when r, 7 are very small). Thus, subtracting them off and leaving them in really do
convey the same information, and so we have chosen to leave them in as that gives a simpler, and more
familiar, formula.

5. Verification of the hypothesis in special cases

Lemma 5.1. Let F be an irreducible lisse Qg-sheaf on Primnﬁq that appears as a summand of

®a V&b
L univ ® univ

for some a >n > b. Then
H/ (Prim,, F) =0
for j>n+b+ I_%J - I_%J + 1.
Proof. To do this, we will first examine the cohomology of the space Z, , ; defined in Section 2C. We

relate them to the spaces X, (c,,....c,) Of [Sawin 2018], defined as the subspace of A“ with variables

X1, . . ., X4 satisfying the system of n equations [["_;(1 — Ta;) =1 +¢ T +---+¢,T" mod T"*!.

The key fact that we will derive from [Sawin 2018] is that the S, action on the cohomology of
cohomology in degree > 2(a — n) vanishes for dimension reasons. Second, the cohomology in degree
< 2(a — n) is handled by the first part of [loc. cit., Proposition 2.5]. Finally the cohomology in degree is
exactly 2(a —n) is handled by the second part of [loc. cit., Proposition 2.5], because our condition that the
degree is greater than a —n + L%J — L%J + 1 is then equivalent to the condition a —n > L%J — L%J +1
of [loc. cit., Proposition 2.5].
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The space Z, .., admits a map to A” by projection onto the last b coordinates, and the fibers of this
map are the spaces X4 5 (c.....c,)» Where ¢, ..., ¢, are the coefficients to the product of the last b linear
factors. So by the proper base change theorem, the fact that the cohomological dimension of A? is
2b, and our key fact, the action of S, on the cohomology of Z, , 5 is trivial in degrees greater than
a+2b—nL%J - L%J +1.

Hence by Lemma 2.11, the S, action on

HJ (Wlttn [F , (R(prz)'ﬁumv)@a ® (R (Prz) Eumv)®b)

is trivial whenever j > a+2b—n L%J - L%J + 1. Applying this to n — 1, we can see that the S, action on
HI™H(Witt, _y 7, (R(Pr):Luni) * @ (R(Pry)iLyyi)®”)

is trivial whenever

1
j—1>a+2b+n—1+FJ—V J—I—lz(a+2b+n+L£J—L£J+1>—1.
P p rl Lp

By the long exact sequence of Lemma 2.12, the action of S, on

HJ (ann » ®Lumv[ 1]®®Lumv[ 1])

is trivial for j > a+2b+n+ L%J — L%J + 1. Hence by shifting, the action of S, on

(Prl ® uniy ® ® Lumv>

factors through the sign character if j > n+b+ L%J - L%J + 1. But the sign-equivariant part of Q);_; Luniv
is A% Lyniv, which vanishes, so the sign-equivariant part of the cohomology vanishes as well. Thus in fact

B (prlmn - @ L ® @ L)

if j>n+b+ |_ J |_ J + 1. Hence the same is true for any summand of ®l 1 Luniv ® ®, 1 umv,
such as F. O

Lemma 5.2. Hypothesis H(n, r, 0, L@J — L%J + 1) is satisfied for any n, r.

Proof. Any sheaf F that is a summand of (X)?:1 A% (Lyniv) for some 0 <dj, ...,d, <n—1is asummand
rd,

of Li(ivz = ) If >"I_, di <n then the condition of Hypothesis 1.3 is not satisfied, so it is vacuously true.

Otherwise, we apply Lemma 5.1 witha =) ";_,d; <r(n—1) and b =0. g

However, combining this with Proposition 4.1 would simply recover [Sawin 2018, Theorems 1.2
and 1.3].

Lemma 5.3. Hypothesis H(n,r, 1, w =n+1—n(p —2r)/(pr)) is satisfied for any n, r.
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Proof. We may assume p > 2r as if p < 2r then the claim follows immediately from the fact that
HI (Primnﬁq, F) =0 for j > 2n because dim Prim,, = n.
Let F be a summand of det™! (Luniv)®®7;’11 A% (Lyniv) forsome 0<d, ..., dy+1 <n—1. Without loss

1
of generality, 0 <d; <---<d, <d,+1 <n—1. Then because det™ (L univ) @ A1 (Lyniv) = A"17 (LY,

"
F is a summand of L®(Z"1 )

univ

@ LYSn=l=d)) g > i_,di < n then Hypothesis H(n,r, 1,n + 1 —

univ
n(p —2r)/(pr)) is vacuously true. Otherwise, d, | > d, > n/r and we apply Lemma 5.1 to see that the
cohomology groups vanish for

rd
j>n+(n—1—d,+1)+{21;1J—VJ+l,
p p

and we have

T T
(n—l—dr+1)+\\2;lJ—tﬁJ+lSn—l—dr+1+21;l—£+2
p P p

p

<n—1-2"C4 -2 42
<n—l—p rn—£+2

pr p

-2
:n—i—l—p rn

pr

as desired. O

We could apply the same technique with r, 7 > 2 but we would not obtain a nontrivial bound this way.

Corollary 5.4. Let n, r be natural numbers and [, a finite field of characteristic p. Assume also that
n>2r+ 1 andif n =4 or 5 that the characteristic of T, is not 2. Let C, | = Q+r)*t Letay, ..., 41
be imaginary numbers. Let €, be the e-factor of L(x). Then

1 . r+1 )
(qn_qn—l) Z €x l_[L(E_ai’X)
XESn,q i=1
r+1 | 1 | — g Heiaj o '
=>_a""” )(1 —mw | gy _qa,._a,-))+0<ﬁ<q“’ DRTC, . (5
Jj=1 i#]

Proof. By plugging Lemma 5.3 into Theorem 1.4, we obtain an identical formula to (5-1), except that the
main term is
r+l

anj(nfl) Z <l_[|fi|l/2+ai>|fj|l/2aj-
j=1

Sises fre1€Rg[T] Vi)

monic

(l_[,«# fi)/fiETZ
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But by factoring out powers of T, and then noting that f; is uniquely determined by the other variables,
we obtain

Z (1_[|fl_|1/2+a,‘)|fjll/2aj

Sroes fra1€Fg[T] Nidj
monic

(Miss 1) 1€ | | . i
= = +a; o -
_(1_[ l_q—1/2+a,->] 1, Z <1_[|fz| )Ifjl j
i#] 4 froefrar€FIT) Vi
monic
(Iiss £1)=1;
Sisees fr+1 prime to T
! ! —l+a;—a;
- (1_[ l_q—l/2+o{,-)1_ql/2aj Z (1_[|fi| /
i#] froeofimt fistie frar€Fg[T] Vi)
monic
Stses fi=1, fj+1,-- fr41 prime to T
(M i
- _ g 1/2+a _ 12—« _ _ai—a;
i#] I—q “/J1-q gy I =g
Plugging this in, we get (5-1). U
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Deformations of smooth complete toric varieties:
obstructions and the cup product

Nathan llten and Charles Turo

Let X be a complete Q-factorial toric variety. We explicitly describe the space H>(X, Tx) and the cup
product map H'(X, Tx) x H'(X, Tx) — H?%(X, Tx) in combinatorial terms. Using this, we give an
example of a smooth projective toric threefold for which the cup product map does not vanish, showing
that in general, smooth complete toric varieties may have obstructed deformations.

1. Introduction

Background and motivation. Let X be any variety over an algebraically closed field I of characteristic
not equal to two or three. The deformation theory of X provides useful information on how X might
fit into a moduli space. The abstract theory guarantees that in good situations (e.g., X complete or X
an isolated singularity) X will possess a versal deformation, from which all deformations of X can be
induced. However in practice, the versal deformation of a given variety may be very difficult to describe in
its entirety. It is thus interesting to study classes of varieties for which one may more explicitly understand
the deformation theory.

One special class of varieties whose deformation theory has been studied are toric varieties. Defor-
mations of such varieties have applications ranging from mirror symmetry [Mavlyutov 2004; Coates
et al. 2013] to Kéhler-Einstein and extremal metrics [Rollin and Tipler 2014; Ilten and Siiss 2017]. The
deformation theory of affine toric varieties has been described extensively by Altmann. Combinatorial
formulas exist for the tangent and obstruction spaces T§ and T}% as well as a combinatorial description
of the cup product map [Altmann 1994; 1997a]; see also [Filip 2018]. A combinatorial recipe may be
used to construct deformations of X over affine space [Altmann 1995], and in some cases (e.g., isolated
Gorenstein singularities) there is an explicit combinatorial description of the entire versal deformation
[Altmann 1997Db].

In this paper, we will instead continue the program initiated by the first author in [Ilten 2011] of
describing the deformation theory of smooth, complete toric varieties. Let X be a smooth complete
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toric variety corresponding to a fan X. Ilten [2011] gave a combinatorial description of the space
T)% = H'(X, Tx) of first order deformations:

HX. = @ HT,.K), (1)

where p ranges over all rays of the fan 3, M is the character lattice of the torus of X, p(u) € Z denotes
the pairing between the primitive generator of p and u, and I", , is a certain graph; see Section 3. Here, H
denotes reduced cohomology.

Generalizing Altmann’s construction in the affine case, Ilten and Vollmert [2012] gave a recipe for
producing deformations of any toric variety X over affine spaces from combinatorial data; see also
[Mavlyutov 2009; Petracci 2018]. In particular, when X is smooth and complete, each connected
component of a graph I', , appearing in (1) gives rise to a one-parameter deformation (over Al) lifting
the corresponding first order deformation in T} [Iliten and Vollmert 2012, Theorem 6.5]. In fact, for any
character u € M, one may use this construction to produce a deformation over A" whose image in T;
spans the entire degree u piece. This is evidence that, despite in general having nonvanishing obstruction
spaces, smooth complete toric varieties might have unobstructed deformations, similar to the situation of,
e.g., Calabi—Yau varieties [Tian 1987; Todorov 1989]. However, we will see below that this is not the case.

Results. Throughout, X will be a complete Q-factorial toric variety corresponding to a fan ¥ with
character lattice M. The description (1) of H 1(X, Tx) in the case X smooth also holds when X is only
(Q-factorial; see Section 3. There is also a straightforward generalization of (1) for H 2(X, Tx):

Proposition 1.1 (Proposition 3.1). The cohomology group H?>(X, Tx) may be decomposed as

H'X.To)= P P H'(K,u K. )
pex®  ueM
p(u)=—1

where each K, , is a simplicial complex determined from X; see Section 3.

Our main result is then to give a combinatorial description of the cup product map
H'(X, Tx) x H' (X, Tx) - H*(X, Tx)

using (1) and (2). When X is smooth, H 2(X, Tx) is the obstruction space T)%, and the cup product may
be used to obtain the quadratic terms in the obstruction equations for the versal deformation of X. To
describe the cup product, we will use Cech cohomology (with respect to a closed covering) to describe
elements of the cohomology groups H O(Fp,u, ) and H'(K p.u> IK). The closed covering we consider
will be indexed by maximal cones o € X; the corresponding closed sets will be the intersections of o
with either 'y, , or K, ,,.



Deformations of smooth complete toric varieties: obstructions and the cup product 909

Theorem 1.2 (Theorem 4.3). Fix p, p' € TV and u, u’ € M with p(u) = p'(u') = —1.
(1) The image of
HO(Tp i, ) x HO(T 1, 1)
in H*(X, Tx) under the cup product via (1) is 0 unless p(u') =0 or p'(u) = 0.

(2) Assume that p(u') =0, and let f = (fo) and f' = (f]) be Cech zero-cycles of [y pand Ty . Then
the cup product of (f, f) is contained in H' (K o.u+uw) via (2) and may be represented by the Cech

one-cocycle g = (g41), where

p’éu)(fﬂft/_fff(;) ipr,quu’ﬂUﬂt;ég,

0 otherwise.

8ot =

A similar formula holds when p'(u) = 0.

While this theorem gives an explicit description of the cup product on the combinatorial level, it is
perhaps not always immediately obvious when the one-cocycle (g,;) is nontrivial. To remedy this, we
proceed as follows. Assume as in the second part of the theorem that p (1") =0. Consider any simple cycle «
in K, 4+, and connected components Z and Z’' of ', , and ' ;. Then H (@, K) = K with canonical
generator gy, and Z and Z’ induce elements of H or p.u»> I€) and H or o'.u’» I€). The pullback of the cup
product of these elements to H' («, K) is (Z % Z') - ctun, Where Z x, Z' is determined from the intersection
behavior of Z and Z’ along «; see Theorem 5.3 and the subsection before it for a precise statement.

This leads to a straightforward method to determine when the cup product vanishes. In particular, we
may easily use this to construct examples of smooth toric threefolds where the cup product does not vanish:

Corollary 1.3 (Corollary 6.1). There exists a smooth complete toric threefold with obstructed deformations.

Murphy’s law and future directions. Is this obstructedness result (Corollary 1.3) surprising? We would
argue that although perhaps not surprising, it is far from obvious. On the one hand, Vakil [2006] has
shown Murphy’s Law for several classes of deformation problems, that is, that arbitrarily bad singularities
of finite type over Z can occur in the versal deformations. For example, this is true for smooth projective
n-folds (n > 2) with ample canonical class. Vakil writes that his results suggest that “unless there is some
natural reason for the [deformation] space to be well-behaved, it will be arbitrarily badly behaved.”

On the other hand, toric varieties are so special that there may well be a natural reason for the
deformation space to be well-behaved. In fact, Murphy’s Law is false for smooth toric varieties! This
follows, e.g., from [Ilten and Vollmert 2012, Theorem 6.5], which implies in particular that the versal
deformation space of a smooth complete toric variety cannot be a fat point.

This means that the deformation theory of smooth complete toric varieties may belong to the small
class of deformation problems which are obstructed, yet one can still hope to completely describe in
some explicit manner. The next natural question to address is:

Question 1.4. Is the versal deformation of a smooth complete toric variety cut out by quadrics?
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In fact, if we knew that the versal deformation was cut out by quadrics, then our results here would
completely determine those equations. At the moment, we have far too little evidence to posit an answer
one way or the other.

The remainder of this paper is organized as follows. In Section 2, we recall basic facts of Cech
cohomology and toric geometry. In Section 3, we prove Proposition 1.1, describing T)% combinatorially.
The main work of this paper is contained in Section 4, where we prove our combinatorial description of
the cup product (Theorem 1.2). In Section 5 we show how the cup product pulls back to simple cycles «.
Finally, in Section 6, we present an example of an obstructed smooth toric threefold, proving Corollary 1.3.

2. Preliminaries

Cech cohomology. We begin by recalling basics of Cech cohomology and fixing notation; see, e.g., [Bosch

2013, §7.6] for more details. Let X be a topological space and U/ = {U;};<; either an open or closed cover

of X. For any sheaf F of abelian groups on X, the group C gng U, F) of singular p-th Cech cochains is
ép

sing

u.rn= J] FwW,n--nU,).

WU, F)— CP (U, F) is defined by d”(f) = g, where

sing

The differential d? : C?

sing
p+1

8igeipr1 = Z(—l)k(fio,ﬁ,,,iw)|U,-0m...mU,»pH.
k=0

The p-th singular Cech cohomology group of F with respect to the cover U is the p-th cohomology
I-?fi'ng (U, F) of the complex ((:’ sing? d*). Elements of the kernel of d? are called singular Cech cocycles.

It is more common to work with either alternating or ordered Cech cohomology, since these have
bounded length and involve fewer terms. We will opt to consistently work with alternating Cech
cohomology: if we do not explicitly specify that we are talking about singular Cech cohomology, then
we are referring to alternating Cech cohomology. This is defined as follows.

The group of (alternating) p-th Cech cochains CP(U, F) is the subgroup of C gng (U, F) consisting of
elements f satisfying

Jin iy = S1800T) fig i),
for any permutation 7 € S,y of O, ..., p, and
Jig.i, =0

if any index i; is repeated. After eliminating terms with doubled indices, the differential d” on the
singular Cech complex also gives a differential on the subcomplex C*(U, F). The p-th (alternating)
Cech cohomology group of F with respect to ¢ is the p-th cohomology HP? U, F) of this subcomplex.
Elements of C? (U, F) in the kernel of d? are called (alternating) Cech cocycles.

The inclusion of complexes C*U, F) — C:._ (U, F) induces homomorphisms of cohomology groups

. . sing
HPU, F)— HS’fng (U, F). In fact, on the level of cohomology, these maps are isomorphisms; see [Bosch
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2013, §7.6, Lemma 1]. For our purposes, we need a map Ce. u, F)— é'(u, F) which on cohomology

sing
induces the inverse of this isomorphism:

Lemma 2.1. Assume that F is a sheaf of Q-modules. The maps

dP:Cl U, F)— CPU, F)

sing
defined by

O" (fig..i, = > Sign() firgyingy

T[GSP+1

(p+1)!

give a homomorphism of complexes. The induced map on cohomology is an isomorphism inverse to the

map induced by the inclusion of C'inC sing-
Proof. To show that ¢* is a homomorphism of complexes, by linearity it suffices to consider images
of elements f € ﬁlsfng(u, F) which are contained in a single summand. The equality d” (¢ (f)) =
$PH1(dP(f)) then follows from a direct computation.

It is straightforward to check that ¢? is a section to the inclusion of HP U, F)in I-VIS[;Ilg MU, F). Since

this inclusion induces an isomorphism on cohomology, it follows that ¢* does as well. g
Remark 2.2. If F is a sheaf of modules over a field K of characteristic ¢ # 0, one may still define the
map ¢ as in Lemma 2.1 for those p such that p < g — 1. It follows that it will still induce an isomorphism
of cohomology for p < g — 2. In particular, since we are always assuming that our base field I doesn’t
have characteristic two or three, we will always obtain isomorphisms in cohomology for p =0, 1, 2.

In the following, we will be using Cech cohomology in two situations. The first is when X is an algebraic
variety, F is a coherent sheaf, and ¢/ is a particular open affine cover. In this case HP U, F)is canonically
isomorphic to the sheaf cohomology H” (X, F) [Hartshorne 1977, Theorem 4.5], so we will usually
just write H?(X, F). The second situation is when X is a finite simplicial complex, F is the constant
sheaf with coefficients in K, and ¥/ is a particular cover by closed simplices, all of whose intersections
are contractible. In this case, H? (U, F) is canonically isomorphic to the simplicial cohomology groups
H? (X, K) [Godement 1958, §I1.5.2], and we will again usually just write H?” (X, [K).

Cup products. Assume now that F is a sheaf of algebras on a topological space X with covering /. The
multiplication in F induces a cup product in cohomology

HPU, F) x HIU, F) — HPY U, F).

This is described for the singular Cech cohomology groups as follows; see, e.g., [Bosch 2013, §7.6
Exercise 6]. Given singular p- and g-cocycles f = (f;,..;,) and f' = ( fl; ...i,,)’ the cup product of the
cohomology classes represented by f and f’ is represented by the p +¢ cocycle g = (gi,...i,,,) With

Sig..iprg = Jioip * [ (3)

pelptq’

where * denotes the product on F. This product gives § » I-VISIZng (U, F) the structure of a graded associative
algebra.
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For our purposes, we desire a description similar to (3) for the cup product between alternating Cech
cohomology groups. This may be obtained by appropriately composing the maps between C*(U, F) and
C sing U, F) with the cup product on singular Cech cohomology.

We will do this explicitly for the case of interest to us, namely, when F = T is the tangent sheaf on
an algebraic variety X with product induced by the Lie bracket [, ], and p =g = 1:

Lemma 2.3. Let f = (f;;) and f = (fl./j) be Cech one-cycles in él(u, Tx). Then the image of their
cohomology classes under the cup product map

H'U, Tx) x H' U, Tx) > H* U, Tx)
is represented by the two-cycle g = (g;ji) with
gijk = ¢(Ufij» [1d+ Ufijo [id+ Ui £iid = Ufites 1= Ufies i) = Ui £771)-

Proof. To compute the cup product, we first include f and f” in the group of singular Cech cochains
C Sling (U, Tx), and then apply (3) to find a representative g of the cup product as a singular two-cycle. We get

&ijk = fij fix)-
The claim now follows from Lemma 2.1 and a straightforward computation by setting g = ¢>(g). [

Remark 2.4. Choosing a section to the inclusion of C ‘U, Tx) — C sing (U, Tx) that is different from our
preferred section ¢ would lead to a representation of the cup product on the cocycle level that is different
from that of Lemma 2.3. Our choice of section ¢ was motivated by the symmetry of the expression

for g;ji in this lemma.

Toric varieties. We now fix notation and review some basic facts from toric geometry. See [Fulton 1993]
or [Cox et al. 2011] for a more thorough introduction. Throughout the paper we will fix a lattice M which
is the character lattice of the algebraic torus 7' = Spec IK[M]. The lattice N = Hom(M, Z) is the lattice
of one-parameter subgroups of 7. We denote the Q-vector spaces associated to M, N by Mg and Ng.

Given a fan ¥ in Ng, we associate a toric variety Xy; see [Cox et al. 2011, §3.1]. The variety Xy is
covered by open affine varieties U, as o ranges over maximal cones in the fan X, where

U, =SpecK[M NoV]; oV ={ueMg|vu)>0 forallveo}.

We denote the regular function on U, associated tou € M Nao ¥ by x“

Important geometric properties of Xy can be translated into properties on X. For example, the
variety Xy is complete if and only if the fan ¥ is complete, that is, the union of all cones in X is all
of Ng [loc. cit., Theorem 3.4.6]. Likewise, the variety Xy is smooth if and only if ¥ is smooth, that is,
each maximal o € X has rays whose primitive generators are a subset of a lattice basis of N [loc. cit.,
Theorem 3.1.19]. Slightly more generally, the variety X is Q-factorial if and only if X is a simplicial
fan, that is, each maximal o € X has rays whose primitive generators are linearly independent [loc. cit.,
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Proposition 4.2.7]. We will henceforth always assume that X is complete and simplicial. In other words,
we will assume that X is Q-factorial and complete.

We denote the rays of = by X(; to any ray p € V) and u € M we denote by p(u) the evaluation of
the primitive lattice generator of p at u. Prime torus invariant divisors of Xy are in bijection with rays
in =M [loc. cit., §4.1]. We denote the divisor corresponding to p by D,. Any torus invariant divisor D

D = Z a,D,.

,062(1)

may be written uniquely as a sum

The sheaf O(D) has the following local description: the function x* is in H*(U,, O(D)) if and only if
p(u) + ap = 0

for all p € 0 N XU, In particular, fixing a ray p, x“ € HO(U,, O(D,)) if and only if for all e e 0 N =,

e(u)z{o ife# 0. @)
—1 ife=p.

The Euler sequence. The fundamental tool for understanding the tangent bundle on a smooth toric variety
is the Euler sequence. For X = Xy complete and Q-factorial, there is an exact sequence of sheaves

0—>N'®0x— P Ox(Dy) > Tx =0,
pex®

where N' is a finite-dimensional vector space; see [Cox et al. 2011, Theorem 8.1.6] (and dualize). This
generalizes the standard Euler sequence on projective space. We will need an explicit description of the
map 1. Following through the construction in [loc. cit.] and dualizing, one obtains that

n(x") =0(p,u) (5)
for x" alocal section of O(D,), where the derivation d(p, u) is defined via

Ao, w)(x") = p)x"“*

for any v € M.
We will be interested in the cohomology groups of Tx. The following was first observed by Jaczewski
in the smooth case:

Lemma 2.5 [Jaczewski 1994]. For p > 1, the map n induces isomorphisms
P H"(X.0x(D,) > HP (X, Tx).
pez(l)

Proof. This follows directly from the Euler sequence, the long exact sequence of cohomology, and the
vanishing of H? (X, Ox) for p > 1; see [Cox et al. 2011, Theorem 9.2.3]. Il
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Cohomology of divisorial sheaves on toric varieties. In order to understand the cohomology of Ty,
Lemma 2.5 implies that it will be useful to have a combinatorial description of the cohomology groups of
the sheaves O(D,). Since T acts on X = X, it will also act on the spaces of sections of Tx and O(D)
for any torus invariant divisor D. This induces an M-grading on the respective cohomology groups. We
will follow [Cox et al. 2011, §9.1] to describe the graded pieces of these cohomology groups. We go into
what might seem more detail than necessary since we will later need explicit descriptions of the maps
between various isomorphic cohomology groups.

Let D =) a,D, be any torus invariant divisor. Fixing some u € M, we define the simplicial complex

Vou= U convin, | peo N > and pu)+a, <0} C Ng,
oeX

where n,, is the primitive generator of any ray p. For each o € X, there is a natural exact sequence
0— H(Uy, Ox(D)), — K— H(Vp,No, ) — 0;

see [Cox et al. 2011, equation 9.1.10]. Here, the degree u piece of H %(U,, Ox(D)) is denoted by
HO(U,, Ox(D)),. Let I be the set of maximal cones in X; we consider the open cover U = {Uy }5er
of X5. Likewise, we have a closed cover V = {V;},¢r of Vp ,,, where V, = Vp , No. The above exact
sequence thus leads to an exact sequence

0— CPU, O(D))y, — CPW, K) - CP(V, K) — 0, (6)

where W = {W, },¢<s is the trivial closed cover of a single point x with each W, = x. This sequence
is compatible with the Cech differentials, so we obtain an exact sequence of Cech complexes. Since
HOx, K) = K and H?(x, ) = 0 for p > 0, the long exact sequence of cohomology implies that the
connecting homomorphisms

H™ (0, 1) — HP U, O(D)), )

are isomorphisms if p > 2, and for p = 1 we have the exact sequence
0— H°(X,0(D)), —» K— H(Vp ., ) = H'(X, O(D)), — 0.
This final exact sequence induces an isomorphism between the reduced cohomology HO( Vbp.u, K) and

H'(X, O(D)),; see [Cox et al. 2011, Theorem 9.1.3].

3. Tangent and obstruction spaces

As before, we consider a complete Q-factorial toric variety X = Xx. For p € >M and u € M, we define
Vou:=Vp,u
and note that the vertices of V, , have a concrete description: for € € >D n e V,.u if and only if
(1) e=pande(u) < —1; or
(2) e £pand e(u) <O0.
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We define I, , and K, ,, to be the one- and two-skeleta of V, ,, respectively. More generally, let V/sz)
denote the p-skeleton of V, ,. Below we will come to see that we only need to consider the special case
when p(u) = —1, in which case the description of the vertices of V,, , simplifies and n,, itself is never
a vertex of V,, ,.

We briefly comment on the decomposition

HX.To=0 P H'T,.K.

pex® ueM
pu)=-1

This was shown in [Ilten 2011] in the smooth case; it was noted in [Mavlyutov 2009] that this also
holds in the (-factorial case. The decomposition arises by combining Lemma 2.5 with the isomorphism
between H O(VDM, <) and H!(X, O(D,)) described afterwards. One then notes that H 0(VD/,,M, K) =
ﬁO(Fp,u, ), and this is nonzero only if p(u) = —1.

A similar argument to the one above yields a description of H” (X, Tx) for all p > 1:

Proposition 3.1. For p > 1, the space H? (X, Tx) may be decomposed as

H' (X, T= @ H'Vuwl= @ H (VI K.

p.u>
(pu)exMxm (pu)esDxM
pu)=-1 pw)y=-1

In particular, the space H*(X, Tx) may be decomposed as

HX.T=@ @ H'EK,u.K).

pex® ueM
pu)=-1

Proof. By Lemma 2.5, we have an M-graded isomorphism

P H'(X.0x(Dy) - HP (X, Tx).
pex®
Coupled with (7), we obtain
HP X, T0)u = @@ H ™' (Vo K.
pex®
We now show that H7~! (Vy,u» K) =0 unless p(u) = —1. From the explicit description of V, , above,
we observe that if p(u) # —1, then V,, ;. is the same for any A € Z.¢. In particular, if Hr! (Vp.u, K) #0,
H? (X, O(D,)) would be an infinite-dimensional [-vector space, which is impossible since X is complete.
We conclude that we must only consider those pairs (o, u) such that p(u) = —1.
Finally, the (p—1)-st reduced cohomology of V,, , is the same as that of its p-skeleton Vp(f’ u) . O

We will be interested in special zero-cocycles f = (f,) representing elements of H O(Fp,u, ) coming
from a connected component Z of I, ,. For such a connected component Z, we define f(Z) =(f(Z),) by

1 ifonZ+#a,

f(Z)":{o ifonz=o. ®
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These will be useful cocycles for us, since the classes of { f(Z)} form a basis for H or p.u»> IK) as Z ranges
over all connected components of I', ,. In particular, they provide a spanning set for H O(Fp, us K. If
we are instead considering a connected component Z’ of I,y ,», we will use the notation f'(Z’).

4. Combinatorial description of cup product

Mapping to H*(X, Tx). Fix p, p’ € = and u, u’ € M satisfying p(u) = p’(u’) = —1. We now describe
the map
HO(T )0 ) x H(T i, ) > H*(X, Tx)uur

induced by the cup product in terms of Cech cocycles:

Lemma 4.1. Let f = (f,), f' = (f.) be Cech zero-cocycles of T, ,, and Ty . The image in H*>(X, Tx)
of the corresponding reduced cohomology classes under the cup product is represented by the Cech

two-cycle 0 = (05, ), where

Ooey = S(fo £l = Fefo b fy fo = fo kbt fofh— fr £1) - (0B u+ 1) — p )3 (o, u +u)).

Proof. We just need to trace through the inclusions of HO(T', ., i) and H(I', -, K) in H'(X, Tx) and
compose with the description of the cup product found in Lemma 2.3. First, mapping f to a cohomology
class in H!(X, O(D,))u, we must use the first connecting homomorphism of (6). We do this by sending f
toa=(a,) € COOW, K) with a, = f,, and applying the differential d° to obtain b=d°(a) € C' (W, K) with

bor =ar —ag = fr — fo.
By construction, this is the image of the element ¢ € C Y, O(D,)). where
cor = (fe — fo) - x".
Mapping further to H YX, T using Lemma 2.5, we obtain the cocycle g = (g,:), where
8ot = (fr — fo)3(p, u).

A similar computation holds for f’; we denote the corresponding one-cocycle in C'U, Tx)w by g
Before applying Lemma 2.3, we note the straightforward calculation

[3(p,u), (0", u)]=3(p,u)0d(p’,u") —3(p’,u')od(p,u)
=p)3(p", u+u")—p' (W)d(p, u+u").

Taking this into account while applying the lemma to g and g’, we obtain the two-cocycle 6 with
Ooey = 4 (e = F) Sy = 1D+ e = S = 1D+ Sy = [y = £ = Uy = S L= £
— Uy = U = ) = Uy = FOUL = 1)) - (p @) ) = 0/ @3, u+)).

This simplifies to the expression in the claim. U



Deformations of smooth complete toric varieties: obstructions and the cup product 917

Lifting to H*(X, O(Dy)). We now show how to lift the cocycle 6 of Lemma 4.1 to a cocycle representing
an element of
H*(X, O(Dp)usw ® H* (X, O(Dp))usu-

Lemma 4.2. Assume that p # p. With f, f’, 6 as in Lemma 4.1, define

K = (K(rry)' k' = (Ko“[y)
ory = 8 (fo fl = Fefy e By £ = Fo By Fefy = Fy F) - X"
ey =L (fo fl = fe i+ Fy By = Fo iy Fefy = By £1) X

Then « and k' are two-cocyles in CZ(Z/{, O(D,) and CZ(Z/{, O(D,), and the image of k" — k under the
map to C2(U, Tx) induced by n is exactly 6.

Proof. Tt follows from the explicit description of 1 in (5) that the image of ¥’ — « is indeed 6. So we just
need to show that « and «’ are two-cocycles. We will show below that for all 7y, ks is an element
of H O(Ummy, O(D,)). A similar statement will also hold for «". It then remains to show that « and «’
are in the kernel of the differential 4. But since for p # p’, 3(p, u +u’) and d(p’, u + u’) are linearly
independent over [, the images of « and " under the map induced by n must lie in the kernel of the
differential. It follows that « and " must as well.

So we are left to show the claim that k4, is an element of H O(Uammy, O(D,)) for arbitrary choice
of o, 7, y. By bilinearity of the cup product, it suffices to do this for the special cases when f = f(Z)
and f' = f'(Z’) as in (8) for connected components Z, Z" of ', , and " ,». In the following, we shall
fix such components Z, Z'.

In order to show that k.., is a regular section as desired, we need to show that either o) =0,
X" € H'Usnery, O(Dp)), or

fofi=felo+ B lo—foly +fofy =i =fo(fe = )+ fo(fy = f) + f, (fo = D =0. (9

Let us thus assume that neither p’(«) nor the expression in (9) is zero. Thus, all of f., f/, f)ﬁ can not be
equal, and by symmetry the same is true for f;, fr, f,. Using that f = f(Z) and f' = f'(Z’) and the
symmetry of the expression, we may assume without loss of generality that we are in one of two cases:

D) fo=1fr=f,=0;0r
(2) fcr :fr:L fy:()
In the first case, we must thus have f; # f; without loss of generality f; =1 and f), = 0. In other
words, our connected component Z intersects o but not t and y, whereas Z’ intersects t but not y .
Consider any ray € of 0 N7 Ny. By (4) we must show that €(u +u’) >0if € # p, and e(u +u') > —1
if € = p. Suppose € = p; then €(u +u') =€(u’) — 1. If e(u’) <0, then € is a vertex of 'y ,» (note we
are assuming p # p’). Now, € is in 7, and Z’ intersects 7, so by convexity, € € Z'. But € is also in y,
contradicting Z' Ny = &. Hence, €(u") > 0, implying € (u + u’) > —1 as required.
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Suppose instead that € = p’; then e(u +u’) = p'(u +u’) = €(u) — 1. If €(u) < 0, then € is a vertex
of I'y 4. Since 0 N Z # &, convexity again implies that € € Z, but this contradicts Z Nt = &. We have
also assumed that o’ (1) # 0, so we conclude that € (1) > 1, and €(u +u’) > 0.

Finally, supposed that € # p, p". Arguing similarly to above, we cannot have €(u) < 0, since then we
would obtain € € Z, contradicting Z N1t = &. Likewise, we cannot have €(u") < 0. We thus conclude
€(u+u") > 0. This concludes the argument for the first case.

In the second case, we notice that we cannot have f; = f., and may argue as in the first case after
appropriately permuting the roles of o, 7, and y. O

Lifting to simplicial cohomology. We are now able to come to our main result:
Theorem 4.3. Fix p, p' € TV and u, u’ € M with p(u) = p'(u') = —1.
(1) The image of
H(T . 1) x HO(T 4, )

in H*(X, Tx) under the cup product via (1) is 0 unless p(u') =0 or p'(u) = 0.

(2) Assume that p(u') =0, and let f = (fy) and f' = (f,) be Cech zero-cycles of [puand Ty . Then
the cup product of (f, f') is contained in H' (Kp,utu) via (2) and may be represented by the Cech
one-cocycle g = (gy1), where

_ p,(u)(faf-;_fff(;) ijp’,H_u/ﬂaﬂr;ﬁ@,
8ot = 2

0 otherwise.
A similar formula holds when p' (1) = 0.

Proof. Let f, ' be Cech zero-cocyles of ', , and " v . We first show item (1). If p = p/, then Lemma 4.1
implies that the image of the cup product of the classes of f and f’in H>(X, Tx) is zero. So we may
henceforth assume that p # p’. By Lemma 4.2, the cup product of the classes of f and f’ may be
represented by a cocyle in
P H*X. OD)utu
pex®

living entirely in the p and p” summands. But it follows from Proposition 3.1 that these vanish respectively
unless p(u +u’) = —1or p'(u+u') = —1. Given p(u) = p'(u’) = —1, this is equivalent to p(u") =0 or
o' (u) = 0. This completes the proof of the first item.

For item (2), assume now that p(u’) = 0. By Lemma 4.2, it follows that the cup product of the classes
of f and f’ may be thought of as a class in H>(X, O(Dp))u+uw» represented by the cocycle —« with

oy = TN fo Sl =SB4 By o= So By Fefy = Sy F) - X,

We consider the element g € C'(W, K) defined by

gm=5¥%ﬁﬂ—ﬂﬁy
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On the one hand, the image of g in C'V, K) is exactly the one-cochain g from the statement of the
theorem. On the other hand, we may compute that

P (u)

d'@ory = fefg = fo i+ Lo fy = o Sy + Sy fL = Fe 1))

in C2(W, K). This is exactly the image of —« under the inclusion
C2U. ODp)usu > C* OV, ).

The exact sequence (6) and its compatibility with the Cech differentials implies that g is a cocycle in
C'(V, K), and that the image of its cohomology class under the connecting homomorphism is represented
by —k. This completes the proof of the second claim. (|

Remark 4.4. With notation as in Theorem 4.3, one might wonder what happens to the cup product when
both p(u') =0 and p’(u) = 0. It follows directly from the second part of the theorem that the image of
this part of the cup product vanishes.

5. Pulling back to cycles

Setup. Let a be a simple cycle in K, ,4,, that is, an oriented connected subgraph of the edges of K, ;4.
in which no edges are repeated and every vertex has degree 2. Such a cycle « gives rise to a one-cycle [«]
in the simplicial homology H; (K, 4., ) by considering the sum

[a]:Z:I:E

Eca

with signs depending on the orientation of « and the chosen orientation of K, ,,/. This similarly
determines a distinguished generator of H|(«, IK) which we will also denote by [«]. We denote the
element in H' (o, K) dual to the class in H; («, K) of [«] by otun.

Definition 5.1. A X-reduced cycle is a simple cycle « in K, ,,,/, with [a] not homologous to zero, such
that no edges of « are contained in a common cone of X.

By the following lemma, it will suffice to consider only X-reduced cycles:
Lemma 5.2. Any class in Hi (K, 4., K) may be written as a sum of classes of X-reduced cycles.

Proof. 1t suffices to show the lemma for classes represented by [8], for some simple cycle 8. Suppose
that 8 is not X-reduced, with edges £ and E, contained in a cone o. If E| = [vy, v2] and E, = [v7, v3],
then we may replace these edges in B by E = [vy, v3] and obtain an equivalent homology class. The
resulting simple cycle 8’ has one fewer edge.

Similarly, if E; N E; = @, we may split 8 into simple cycles B’, 8” such that [B] is homologous to
[8’]+ [B”] and both these cycles have fewer edges.

The claim now follows by infinite descent. O
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Given a X-reduced cycle «, the closed cover V of K, , 1, induces a closed cover V¥ = {VZ} of a:
VY=aNo.

This closed cover is contractible, so H? (V¥, K) = H? (a, K).
There is a natural map of complexes

C*(V, ) — C*(V*, )
induced by restriction. The corresponding map of cohomology
u HP (K ygw s ) — HP (a, )

is the pullback morphism corresponding to the inclusion ¢y : @ < K, ,4,. In particular, for any
(ORS Hl(K,o,LH-u’a <),

Lz(a)) = (0{, w) * Ofun
where ( , ) denotes the pairing between H; and H L

Computing the cup product. Fix a ¥-reduced cycle «, and let Z and Z’ be connected components of

Iy and Ty . As in Theorem 4.3, assume that p(u") = 0. We now show how to compute ¢ (w) directly,

where w is the class of H' (K p.utu'» I€) corresponding to the cup product of the classes of f(Z) and f'(Z’).
Let E (o) denote the set of edges «. We will write

E(a)={E1,..., Ex}

with the edges ordered cyclically modulo k& (E; is the edge following E;). For each edge E; of o we
fix a maximal cone o; with o; Na = E;. These cones exist since « is X-reduced.
To Z we associate a subset «(Z) of E(a):

a(Z)={E; € E(a)| ZNo; # T}.
The set «(Z’) is defined analogously. An index 1 <i <k is relevant if
a(Z)N{E;, Eit1},  «(Z)N{E;, Eit1)

are not equal but both nonempty, and their union contains both E; and E;;. Here, indices are taken
modulo k.
We set

’ 1 ifE ea(2), E; 7/
Ze 2 =" S b,-:{ if Er € a(2), Eip €a(Z),

2 —1 if E; EO[(Z/), EH—I GO[(Z).

i relevant

See Figure 1 for an illustration of various values of b;: for each relevant index i, the value of b; is recorded
in parenthesis next to the edge E;. For example in the leftmost case, there are two relevant indices, each
with b; = 1.
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Figure 1. Values of b;.

Theorem 5.3. With the above notation,
La(a))* = (Z ¢ Z/) * Ofun .-

In particular, the image of ﬁo(f‘p,u, K) x ﬁO(Fpr,u/, K) under the cup product is zero if and only if for
all X-reduced cycles o and all connected components Z, Z' of T, and Ty v, Z %o Z' = 0.

Proof. We know by Theorem 4.3 that w is represented in H' (K, 1./, i) by the cocyle g = (go-), where

a. | B R = 1S i Ky o Nt £,
oT —
0 otherwise.

The image of this cocyle under the map
C'w, K) = C'v*, K)

is thus (h,;), where

. {‘“;“)(faf; —fefp) ifanonT£o,

0 otherwise.

There is an easier closed cover W* = (E;) of « that we would like to use; it is indexed by 1 <i <k. This
is again a closed cover with all intersections contractible, so it also computes H ! (e, [€). The assignment
i — o; lets us view V¥ as a refinement of WW¥, and induces a map of Cech complexes

CPOWVY, K) — CP (VY K);

see, e.g., [Hartshorne 1977, Exercise I11.4.4]. This map has a natural section given by forgetting entries
with indices not among the o;; both maps induce isomorphisms on cohomology.
Hence, we may represent ¢, () as a Cech one-cocycle with respect to W* by (g ) with

@(fm L~ fofl) ifi—j=£1 modk,

ajj = )
0 otherwise.
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P3

Ps L4

P2

Figure 2. ¥ N[u=—1]foru=(-1,0,0) and 'y, ,.

On the other hand, a straightforward computation shows that for any Cech one-cocycle ¢ = (c; ;) with
respect to WY, the class represented by c in H'(a, K) is

k
(zcw)
i=l1

where indices are taken modulo k.
We thus compute

¢ AW ,
Zai(H—l) - Z T(f”if(fiﬂ _fU[+1fa,~)
i=1

i=1

_ o' () ;o I p'(u) o /
-y 5 o Sos = Fori f) = > s hi=ZxZ 0

i relevant i relevant
6. An obstructed example

We now consider the following concrete example. Let N = Z3, and define rays

101:@20'(1’0’0)’ pZZQZO‘(l’O’_l)’ p3:®20‘(1’0’ 1)»
1042@20‘(27_170)7 105:@20‘(19_1’0)9 IOGZQZO'(17170)7
1072@20'(091’_1)9 ,08:®20‘(0,1,1), p9:®20'(_13070)'

These p; form the rays of a smooth complete fan ¥ whose maximal cones are spanned by

P15 P2, P4, P1, P2, P7, P15 P35 P4,
P1, P3, P8 P1, P6s P71, P15 P65 P8,
P2, P4, Ps, P2, P5, P9, P2, P75 L9,
03, P4, P53, 03, P5, P9, 03, P8, P9,

P65 P75 09, P65 P8, 9.
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P8

Po6

[%i

Figure 3. X N[u' = —1]foru’ = (0, —1,0) and I'p ..

We will see using Theorem 5.3 that X5, has nonvanishing cup-product, and hence obstructed deformations.
This will show:

Corollary 6.1. There exists a smooth complete toric threefold with obstructed deformations.

The degrees where we will look for first-order deformations are u = (—1, 0, 0) and u’ = (0, —1, 0).
We picture the intersection of X with the hyperplane

{veNog |v(u) =—1}

in Figure 2. The graph I",, , is also pictured in the figure in blue bold lines. It has two connected
components: one component contains the generators of the rays p;, 03, p4, ps, and the other contains the
generator of pg. We will denote the first component by Z. Note that for any other choice of ray p, Iy,
is connected. Hence, H'(X, Tx), is one-dimensional.

In Figure 3 we picture the intersection of X with the hyperplane

{ve Ng [v@)=-1}

along with the graph I'j ,». This graph has two connected components, consisting of the primitive
generators of p7 and pg. We denote the first of these components by Z’. Again for any other choice of
ray p, I'y . is connected, so H L(X, Tx), is also one-dimensional.

We will now compute the cup product w of the first-order deformations corresponding to Z and Z'. By
Theorem 4.3, it is possible that this is nonzero, since p; (1) = 0. This class will live in degree u + u/, so
we picture the intersection of X with the hyperplane

{veNg | viu+u)=-1}

in Figure 4.
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P3 L8
L4 P1 P6
——————4
(D
P2 (1) P7

Figured. SN[u+u' = —1], a, and a(Z), a(Z').

Let « be the ¥-reduced cycle pictured in gray oriented in counter-clockwise direction. That is, o has
vertices (in order) at the primitive generators of

P8, P35 P4, P2, P75 P6, P8-

This is indeed X-reduced. To apply Theorem 5.3, we must choose a maximal cone o; € ¥ for each edge
of a. In this instance there is a canonical choice: for the edge corresponding to rays p; and p;, we take
the cone generated by p;, p;, p1.

This gives rise to the sets «(Z) and «(Z’), pictured in the figure in blue and red, respectively. The set
a(Z) is a subgraph with vertices equal to the primitive generators of pg, p3, o4, 02, 07, and the set «(Z’)
is a subgraph with vertices equal to the primitive generators of p2, p7, 06.

The only relevant indices are for the edges corresponding to p4, 0y and p;, p7; each contributes a value
of b; =1, so we obtain by Theorem 5.3 that

LZ (@) =1 afun.

In particular, the cup product w of the first-order deformations corresponding to Z and Z’ is nonzero.
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Mass equidistribution on the torus in the depth aspect
Yueke Hu

In this paper we prove the equidistribution of the restriction of the mass of automorphic newforms to
a nonsplit torus in the depth aspect. This result is better than the current known results on the similar
problem in the eigenvalue aspect. The method is relatively elementary and makes use of the known
effective QUE result in the depth aspect.

1. introduction

1A. Arithmetic QUE and QUER problems. The QUE (quantum unique ergodicity) property in the
arithmetic setting is a special case of the conjecture by Rudnick and Sarnak [1994] concerning the
asymptotic behavior of the mass measure associated to a normalized holomorphic modular form or Maass
form.

More specifically let f be a cuspidal Hecke eigenform with Laplace eigenvalue A. For any fixed test
function ¢ on the modular curve I"'\H, define the associated mass measure u ¢ and the standard hyperbolic
measure u as follows:

uf<¢>=/ O dz, u(¢)=/ 6(2)dz.
T\H T\H

Then the arithmetic QUE property states that

ORICN

1-1
pp(D)  p(l) (b

as A — o0.

This result is now known by the work of Lindenstrauss [2006] and Soundararajan [2010]. Later on
similar QUE results in the weight and level aspect were proven in a series of papers by different authors
[Holowinsky and Soundararajan 2010; Marshall 2011; Nelson 2011; Nelson et al. 2014; Hu 2018].

It is natural to ask about the asymptotic behavior of the restriction of the mass measures to certain
submanifolds C (especially geodesics). More specifically, for a test function ¢ on C, a fixed Haar measure
dt on C, define the restricted measures as follows:

Mc,f(d)):/clf(l)lzd)(t)dl, Mc((ﬁ):fcd)(t)dt-

MSC2010: primary 58J51; secondary 11F67, 22E50, 37A45.
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As A — oo, the property

pes (@)  pe(d) =0

1-2
pp() () (-2

is referred to as QUER in [Christianson et al. 2013] (here R stands for restriction). If only a density 1
subsequence of eigenfunctions satisfy (1-1) or (1-2), we shall refer to the corresponding property as QE
or QER.

An obvious counterexample to QUER is the geodesic yp = {iy}, as the restriction of odd Maass forms
to it are always zero. The failure comes from the additional symmetry of the odd Maass forms with
respect to this particular geodesic. The work in [Dyatlov and Zworski 2013; Toth and Zelditch 2013]
implies that a generic asymmetric geodesic on the modular curve should satisfy the QER property. The
work by Christianson, Toth and Zelditch [Christianson et al. 2013] reveals an intricate relation between
QUE and QUER. It is however not clear how to directly apply these works to answer (1-2) for any given C.

Ghosh, Reznikov and Sarnak [2013] showed that for long enough but fixed subsegments S of certain
special geodesics and horocycles

1<</|f(t)|2dt K AS. (1-3)
S

When f is an Eisenstein series, Young [2018] proved QUER in the z-aspect when restricted to vertical
geodesic segments.
For general geodesic segments of unit length, Marshall [2016] showed that

f |f(0)* dt < 2314, (1-4)
S

It improves the exponent }L in the work of Burq, Gérard, and Tzvetkov [Burq et al. 2007], which holds
for eigenfunctions on general compact Riemann surfaces.

The main purpose of this paper is to prove an analogue of QUER in the depth aspect when restricted to
closed geodesics or CM points, together with an effective control over the rate of convergence. We shall
directly formulate our result in the adelic language of automorphic forms and automorphic representations.
See, for example, [Michel and Venkatesh 2006] on the relation between the classical language and adelic
language for the torus.

Let F be a number field and E be a quadratic field extension over [, with any fixed embedding into
GL,(F). Let vg be a fixed nonarchimedean place of the base field F and g be the cardinality of the
residue field of F,,. We assume throughout the paper that 21g. Let f be an automorphic cuspidal
newform on GL, over [, which is ramified at vy, of finite conductor N = g€, with trivial central character
and bounded archimedean components (i.e., the associated local representations 7w, at Archimedean
places have bounded weight or eigenvalues, and the associated local components f, come from K -types
of bounded weight). From now on, we replace the domain of the integral for wr(¢) and u(¢) by
[GL,] := Af GLy(F)\ GL2(Af), and take C = [EX] := AFE*\Ay.
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Theorem 1.1. For notations as above, the restricted mass measure |ugxy, ¢ is weakly equidistributed as

¢ — 00, in the sense that
HE s (@) e (@)
wr(1) wu(l)

for any test function ¢ € C°(C). Furthermore if Q is a fixed Hecke character on [E*], we have the

following estimate for the rate of convergence:

mie<) (8 pE< ()
py(1) p(1)

Here 0 is a bound towards the Ramanujan conjecture, and 6 < 67—4 by [Blomer and Brumley 2011].

(9—1/4-‘1—6)6‘ (1_5)

<LEC(Q),q.¢ 4

Note that as C is compact, any test function ¢ € C2°(C) can be written as a linear combination of
Hecke characters. Thus to prove the theorem it suffice to check (1-5). The approach we shall take
is relatively simple. We shall do a spectral decomposition essentially for | f|>. But instead of a long
spectral sum, the additional invariance of €2 allows us to do a short sum. The integral against €2 for the
residual spectrum gives the main term. The contribution from the cuspidal and continuous spectra can
be controlled following the strategy in [Nelson et al. 2014; Hu 2017], by using the convexity bound of
the triple product/Rankin—Selberg L-function, together with a power saving upper bound for the local
integrals (which we shall slightly generalize in Section 3).

Remark 1.2. (1) When E is a real quadratic extension over @, our main result corresponds to QUER
property for closed geodesics in the depth aspect. When E is imaginary, it corresponds to QUER for CM
points.

(2) We do not specify the embedding of E in the theorem as long as it is fixed. Our main result has
additional flexibility in the sense that for any fixed g € GL;(F), the theorem still hold when we take
C’ =[E*]g. This is because | f|>(tg) = | f|*(¢~'tg), so the QUER problem for C’ is effectively equivalent
to the QUER problem for C” = g~![E¥]g, which is already solved by the theorem for the conjugated
embedding.

(3) The dependence of the implied constant on g can be worked out explicitly. It comes from the bound of
the local period integrals in Section 3. Actually from the proof, one can see that the implied constant can
be easily controlled by ¢g. Thus the same strategy can be applied to show QUER on [E*] when ¢ — oo
and c is large enough.

(4) Furthermore, we expect similar strategy to work for C being a split torus or a unipotent subgroup, as
long as its embedding into GL; is not upper triangular. The reason for this expectation is that Lemma 4.2,
the main ingredient to shorten the spectral sum, only requires an element whose lower left entry is
nontrivial.

There will be however an additional issue. In these cases, we need to take the test function to be a
compactly supported smooth function on C, which can be represented as an integral over continuous
spectra. Applying the same strategy as for the nonsplit torus case, one will run into integrals of the
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continuous spectrum on GL, against the continuous spectrum on C, which is not absolutely convergent. So
one need proper regularization (I believe the regularization in [Michel and Venkatesh 2010, Section 4.3]
should suffice) for this strategy to work. We shall leave the details to interested readers.

Remark 1.3. The idea of the current approach comes from helpful discussions with Paul Nelson. The
author originally used the spectral decomposition for | f|* directly, and made use of the vanishing result
for Waldspurger’s period integral to get a short sum. The current approach is simpler and allows for
slightly more general situations.

2. Notations

Let [ be a number field and [F, be the corresponding local field of F at a place v. Let O, be the ring of
integers of [, and @, be a local uniformizer. Let ¢ = |w |, L

For an additive character i over a local field [F,, its level c(y) is the least integer such that v is trivial
on wﬁ'w/) O,. Without loss of generality we shall fix ¥ to be unramified (or level 0). For a multiplicative
character x over O, its level c(x) is the least integer such that x is trivial on 1+ wy ) 0,. When y is
trivial on O, we say that it is unramified or c(x) = 0.

Let E be a quadratic field extension over [. Let E, be the completion of E with respect to v. When
E, is a field extension over [, let Of, be its ring of integers, and @, be a local uniformizer of [,.
Define Ug, (j) =1+ w[gv Ok,, and Ug, (0) = O[Ez by convention. If E, is split over [F,, fix an isomorphism
ty : By = Fy x Fy. For , = (21, ® Q2,,)ot, a character of £, let ¢(2,) = max{c(£2;,)}. Define
U, (j) = t; " ((Ur, /) x Ur, (j)).

For the group GL,, let Z be its center, B be its standard upper triangular Borel subgroup and N be
the associated unipotent subgroup. Over a nonarchimedean place v, let K, = GL2(0O,) be the maximal
compact open subgroup of GL;([F,). For n > 1, define the following compact open subgroup of K,:

* %
Ko(wlf‘)zigeKv|gE<O *) modwlf’}.

Globally for a fixed finite place vg and N =g as in the introduction, denote Ko(N) =[], Fuo00 K, xK o(wﬁ;))-
For a representation i, of GL;([F,) with trivial central character, define ¢(ir,) to be the smallest integer
such that the subspace of 7, invariant by Ko (@, (””)) is nontrivial. A nontrivial element invariant by
Ko(w, (”“)) is called a newform. It is unique up to a scalar according to [Casselman 1973].
For 141,y, 2,0 two characters of F,’, let w (1,4, (2,0, 5) denote the parabolically induced representation

which contains smooth functions ¢ on GL,([F,) satisfying
a

w((‘g ;’Z) g) = (@)

When s = %, we simply write 7w (@1 .y, 12,4) = JT(,LLLU, K20, %)

When 7, is unitary, let ( -, -) be the unitary pairing. For any ¢ € 7, let W,, be the associated Whittaker

@(g). (2-1)
|]:1)

function and ®,(g) = (,(g)¢, @) be the associated matrix coefficient.



Mass equidistribution on the torus in the depth aspect 931

A unitary irreducible representation m, satisfies the bound 6 towards the Ramanujan conjecture, if
either m, is tempered, or m, >~ w(iLy, Ly, §) 1S a complementary series representation with (., unitary and

|s—%|<9.

3. Upper bounds for the local Rankin—Selberg integral and the triple product integral

Everything in this section is local and we shall omit the subscript v. Let 7r; be representations of GL, with
trivial central characters, with c(72) = c(73) =c¢, c(m1) =c;. Let <p? e fori =1,2,3be L?-normalized
newforms.

Consider first the case where y is a character of F*, and ¢ = ¢ s € 11 =7 (), x ', 5) satisfies (2-1).
In this case denote by

v = Wi ()W ()01 (2) dg G3-1)
Z(F)N\ GL, (F)

the local integral for the Rankin—Selberg integral. Here W,, is the Whittaker function associated to ¢ with
respect to the fixed additive character ¥, while W(; is for Yy~ (x) = ¥ (—x).
For general ¢; € w1, denote by

3
Moo= [ []oa@ds (3-2)
F\GLz (F) ;_,

the local integral for the triple product formula.
1% when g1 =71 (7" 1))

0 = (p? for i =2, 3. They will be used later on to control the contributions from the cuspidal spectra and

In this section we shall prove the following upper bounds for IT and

the continuous spectra.

Proposition 3.1. Suppose that 7; satisfies the bound 6 towards the Ramanujan conjecture, fori = 1,2, 3.

Suppose that ¢; = c(my) is fixed and ¢ > c¢|. When 11 is a principal series representation or a special

w—c+n+cl O
(a7 ot

1

representation, we have

w0
(o5 Yt ot

<<c1»‘]»5 q(l/z—e—e)max{n,cfclfn}' (3_3)
For general w1, we have
o0 wctrta
IT(m(( 0 1>)¢?,¢g,¢g) B IT(m(( 0 1))¢?,¢g,(pg)
1
<<c1,q,e (3'4)

q(1—20—e) max{n,c—ci—n} "

The rest of this section is dedicated to the proof of this result.
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Remark 3.2. This result generalizes the similar upper bounds used in [Hu 2018]. The computations there
cover the range ¢ + 2n < ¢, are based on case-by-case check, and can be vague in some situations. Here
we employ similar ideas, but cover the whole range for n while giving slightly more uniform and explicit
treatments.

Remark 3.3. This result is of independent interest and may potentially be useful for proving the subcon-
vexity bounds for L-functions in the hybrid range.

3A. Preparations.

3A1. Double coset decomposition. From [Hu 2017; 2018] we have the following variant of the Iwasawa
decomposition:

Lemma 3.4. For every positive integer c,

GLy(F =[] B (z; ?) Ko(w©).

O<i<c
Here B is the Borel subgroup of GL,. Furthermore if f is a ZKy(w ©)-invariant function, then

1 0
dg = E A; b . db. 3-5
/[FX\GLZ([F)f(g) 8 /X\B([F)f( (wl 1)) G-2)

0<i<c
Here we normalize the Haar measure on GLy (F) such that K = GL,(O) has volume 1, db is the left Haar
measure on F*\ B(F) such that Z(0)\B(O) has volume 1, and A; < q~' are fixed constants.

3A2. Decay of matrix coefficients. We first recall the following result on the decay of matrix coefficients
from [Venkatesh 2010, Lemma 9.1]. Let 7 be a representation of GL, satisfying the bound 6 towards the

" 0
o, = ( 0 1) . (3-6)

Lemma 3.5. For w;, wa any two K -finite L*-normalized elements of 7, and any integer n > 0,

Ramanujan conjecture. Define

(7 (@n)wr, wa) Keq dim(Kwi)'/? dim(Kwy)'/2q 012+, (3-7)
In this paper we shall need the following (weaker) variant of the above result.

Corollary 3.6. Let ¢ be the newform of w and @, be the associated matrix coefficient. Then

sup @y (8) Kergueem ¢ (3-8)
geZKo, K

For notational simplicity, from now on we will just write

sup Dy, (8) Legry g0 1HOM, (3-9)
geKo, K

For applications, we need the following lemma:
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Lemma 3.7. For g € GLy([F), g = (gij), define vmin(g) = min{v(g;;)}. Then

8 € ZKoy(det(g)—2vmn(e) K - (3-10)

01
—-10

generality that v(g22) = vmin(g). Then we have

(1 —82_21812> (811 812> ( 1 0) _ (gil 0 ) (3-11)
—1 —_ ) -
0 1 821 82) \—&» & 1 0 g»

Proof. By applying w = ( ) on the left and/or right if necessary, we can assume without loss of

—1

where ((1) _gZ% g'z), (_g—llgzl (1)) € K. By considering the determinant on both sides, we get that v(g},) =
22

v(det(g)) — v(g22) > v(g2). The claim then follows easily. Il

3A3. The Whittaker function and matrix coefficients.

Lemma 3.8. Let m € F with v(im) = —j <0, and u be a character of O with c(u) =k > 0. Then

— 1)2gk—1 i — k,
v(x)=0 0, otherwise.
This follows directly from, for example, [Corbett and Saha 2018, Lemma 2.3].
Definition 3.9. Define
x(w) ifx=uw"forue0*,
1 = 3-13
xn (%) {0 otherwise. ( )
We will say that a function f(x) consists of level i components (with coefficients) of LZ-norm h, if we
can write
FO =" agalyeal), (3-14)
c(x)=i neZ

where each x is a character of 0%, and h = ()", —; Y laya?) .

The following result is from [Hu 2018, Proposition 2.12].

Proposition 3.10. Let w be a supercuspidal representation with c(w) = c, or a parabolically induced
representation w (1, ma) where c(1) =c(u2) =k =c/2. Let W be the L?-normalized Whittaker function

W (a) = W((g (1)) (wl (1)»

for a newform of 7, and define

Then:
(1) W) =1(a).

(2) Fori =c—1> 1, WD (a) is supported only on O*, where it consists of level 1 components with

L?-norm \/q (g —2)/(qg — 1)2, and also a level O component with coefficient —1/(q — 1).

(3) In general for0 <i <c—1,i #c/2, W (a) is supported only on {a € F : v(a) = min{0, 2i — c}},
where it consists of level ¢ — i components with L>-norm 1.
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(4) Wheni =k > 1, W2 is supported on O, where it consists of level ¢ /2 components with L*>-norm 1.
Wheni =k =1, W (a) consists of a level 0 component on O* with coefficient —1/(q — 1), and
level 1 components on O with L*>-norm \/q (g—2)/(qg — 12

We need however to know more about W (/2 (q).

Lemma 3.11. When 7 is a (twist-)minimal supercuspidal representation with c¢(v) = 2k, then W® (a) is
supported on O*. When w = (1, i) with c(uy) = c(ua) = c(uz /1) =k, we have

1
sup [WH ()| <, —. (3-15)
v(@)=j>0 1 qi
Proof. For the minimal supercuspidal representation case, the proof is essentially the same as for [Hu
2017, Corollary 2.18], where unramified central character is assumed.
Now suppose that w7 = 7 (@1, (o) with c(u;) = k. By [Hu 2017, Lemma 2.12], we can write

1/2
g "D du, (3-16)

k

W(k)(a) = CO_1 / o)<k, ,ul_l(l + uwk),uz(—au)W(—au)

au(1 4+ uwk)
ud¢w *(—14+w Of)

where Cy = fueog wo (@ )y (o ~*u) du.
By Lemma 3.8, |Cy| =< #' We claim that

k 1/2
-1 k — _ —v(a) )
‘ v=— uy (I tuw®)pa(—au)y (—au) a1 o) q du| <, @I (3-17)
u¢w " (—1+w@ Of)
Then
*) 1
W (a)|<<qW. (3-18)

To prove the claim, we shall use the p-adic stationary phase analysis.
Note that when v(x) > k/2, u;(1 + x) becomes an additive character in x. Thus there exists «; € F
such that v(;) = —k and

wi(1+x) =¥ (aix) (3-19)

when v(x) > k/2. The condition ¢(u2//1) = k implies that @ # oy mod @ ¥+ OF.

Recall that v(a) = j > 0. Now we write u = uy(1 + Au) for ug modulo Ug([k/2]) = 1+ @ */210f
multiplicatively, v(ug) < —k, ug ¢ @ K(—14+w@ OF), Au € w21 Of. Then by (3-19) and the observation
above on the nonzero contribution, the integral on the left-hand side of (3-17) can be rewritten as
upAuw*

1 —————F+ o Au—augAu | d(Au). (3-20)
1+ uowk

qj/22/ Ml—l(1+u0wk)u2(—auo)1ﬂ(—auo)lﬂ(—0‘
o Au
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For the integral in Au to be nonvanishing, we need that

upw*

o ———
1 +uowk

+ay —aug =0 mod & /21, (3-21)

Since o) # oy and v(a) > 0, the above equation has solutions only when v(ug) = —k or —k — j, and
in each of these cases one can solve a unique solution of ug modulo Ur(1k/2]) (or at most g solutions
modulo Ug([k/27)). When nonvanishing, the integral in Au gives an additional factor of absolute value
q~T%/21, concluding the proof of (3-17). U

Remark 3.12. From the proof, the implied constant in Lemma 3.11 can be controlled by ,/g, though
one can expect further square-root cancellation from the g solutions of ug when [k/27] > |k/2].

From now on let 7w be unitary, and ®(g) be the matrix coefficient associated to a newform ¢, normalized
so that ® (1) =1. Itis right Ko(zo ©)-invariant. By Lemma 3.4, to understand ®(g), it suffices to understand
((47) (L 9)) for 0 < i < c. So we define

wi 1
0 _ am 1 0

Remark 3.13. Note that when v(a) and v(m) are fixed, ®) (a, m) only depends on m/a, as ® is actually
bi- Ko (zo ©)-invariant. So we can think of it as a one-parameter function and talk about its level.

By [Hu 2018, Proposition 3.1], we have the following result on the matrix coefficient of the newform.

Proposition 3.14. Let m be as in Proposition 3.10 and ® be the normalized matrix coefficient of the

newform in m:

() Forc—1<i<c, ®D(a, m) is supported on {(a,m) :a € O, v(m) > —1}. On the support, we

have
1 ifvim)>0andi =c,
®Da,my=1{-1/(g—1) ifvim)=—1landi=c, (3-22)
—1/(g—1) ifvim)>0andi=c—1.
When v(a) =0, vim) = =l and i =c —1 > 1, ®D(a, m) consists of level 1 components with

L%-norm q~/q — 2/(q — 1)?, and also a level O component with coefficient 1/(q — 1)°.

(i) For0<i<c—1,i #c/2, ®D(a, m) is supported on {(a, m) : v(a) = min{0, 2i —c}, v(m) =i —c},
where it consists of level ¢ — i components with L*>-norm \/q/((q — 1)2ge—i-1),

(iii) Whenc =2k isevenandi =c/2=k > 1, ®D(a, m) is supported on {(a, m) : v(a) >0, v(m) = —k},

where it consists of level k components with L*-norm \/q /((q — 1)2q¢/2~1).

Wheni =k =1, ®9(a, m) is supported on {(a, m) : v(a) > 0, v(m) > —1}. When v(m) > 0, its
value is as in (i). When v(m) = —1, it consists of a level O component at v(a) = 0 with coefficient
1/(q — 1)?, and level 1 components at v(a) > 0 with L*>-norm q/q —2/(q — 1),

Again we need more knowledge about /D (a, m).
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Lemma 3.15. When 7 is a minimal supercuspidal representation with c¢(r) = 2k, then ®® (a, m) is
vanishing when v(a) > 0. When m = w(uy, w2) with c(uy) = c(up) = c(ua/m1) = k, we have for
j>0,vim)=—k

|®® (@, m)|> d*a < L (3-23)
v(a)=j “ ¢ < qk+j'

Proof. In general the unitary pairing in 7z can be computed from the Whittaker functions as follows:

(o1, 2) = /F ] W%(((g ?))W@«g ?))a’*a. (3-24)

Here ¢; € m, W, are associated Whittaker functions. First of all by Proposition 3.10 (1) and the fact that

1 x
(5 2)) = sewes

for any Whittaker function, we have
D (a, m) = / ¥ (ma)WD (ae) d*a. (3-25)
v(a)=0

The claim for the supercuspidal representation case follows directly from this and Lemma 3.11. Suppose
from now on that ¥ = 7w (1, u2). For any character y on O*, we extend it to be a character of [* by
requiring x () = 1. By Proposition 3.14(iii) and the Parseval-Plancherel identity,

2
/ 0® @, mPda= Y / ®D(a, m)x(a)d*a| . (3-26)
v(a)=j cOn=k v @=j
Note that
[ evamp@ad=|[ pmax@de [ wO@x@dal. G20
v(a)=j v(a)=0 v(a)=j

By Lemma 3.8, fv(a):O v (ma)x () d*a| = l/q"/2 is independent of x as long as c(x) = k, and
W® (a) also consists only of level k components. So we have
1 .
f 12® (@, m)* d*a < — WO (@) d*a < ——- (3-28)
v(@)=j 1" Jva)=j q=!
Here the last inequality follows from Lemma 3.11. O

3A4. The relation between the local Rankin—Selberg integral and the local triple product integral. By
[Hsieh 2017, Proposition 5.1] we have the following:

Lemma 3.16. Suppose that w1 is a parabolically induced representation, and 7; satisfies the bound 6 < %
towards the Ramanujan conjecture. Let 7; be the contragredient representation of 7;, ¢; € 7; and ¢; € 7.
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Let (-, ) be the natural GL,-invariant pairing between w; and 7;. Then

/ [ [0 i) dg
VA

\GLy(F)

= ¢r(D) W, () Wy, (Jg)@1(8) dg/ Ws,(Jg) Wy (9)@1(g)dg.  (3-29)
Z(F)N\ GL; (F) Z(F)N\ GL; (F)

Here J = (_01 (1)) and W, (J g) is the Whittaker function associated to ¢ with respect to .
In our setting, this lemma implies the following:

Corollary 3.17. Fori =1, 2, 3, suppose that the central character of 7; is trivial, and @; is a newform or
a single translate of a newform, L*-normalized. Suppose that 7 is a parabolically induced representation.
Then

T (01, 02, 93)| = e (DITRS (01, 02, 03) . (3-30)

Proof. When m; has the trivial central character, we have 7; >~ 7;. We choose ¢; € 7; by requiring
the same invariance for ¢; as for ¢;. (Note that a newform goo can be identified as being Ko(@)-
invariant, and m(g)gy can be identified as being gKo(w)g ™!

absolute value 1, the left-hand side of (3-29) can be identified with 17 (¢, @2, ¢3). On the other hand, we
have [, e 3 61, Wer (8 Wes (J)91(8) dg = 1% (g1, 92, ¢3), and

-invariant.) Then up to a constant of

/ W (1) Wi ()61 (2) dg‘ -/ W (@)W (T )61 (V) dg‘
Z(F)N\GL (F) Z(F)N\ GL; (F)
= / Wi, (8) W, (J8)91(8) dg‘
Z(PHN\GL> (F)
=171, 92, 93)1. (3-31)
This completes the proof. U

Remark 3.18. Lemma 3.16 was originally found in [Michel and Venkatesh 2010, Lemma 3.4.2], which
additionally requires 7, or 73 to be tempered. It was subsequently extended in [Nelson 2019; Nelson
et al. 2014; Hsieh 2017] for various settings to nontempered cases. It was mainly used to reduce the
computation of the local triple product integral to that of the local Rankin—Selberg integral. In this paper,
we will use the same approach when 7 is a complementary series representation. On the other hand when
7y is tempered, we will instead use the lemma to reduce the computation of the local Rankin—Selberg
integral to that of the local triple product integral.

3B. Proof of Proposition 3.1. We first show the symmetry between n and ¢ — ¢; — n by using the
Atkin-Lehner operator. Let a; € C* be the Atkin—Lehner eigenvalues of gol.o for i =1, 2, 3, satisfying

|a;| = 1. More specifically for o, = ( 01

e 0) which stabilizes the congruence subgroup Ko(w ), we have

by the uniqueness of the newform,
i ()¢ = aig) (3-32)
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for i =2, 3. On the other hand for ¢; = ¢(r1) and w,, = (_zgq (1)), we also have
0__ 0
i (we)) 9] = aigpy. (3-33)

Thus

w "0
(o((oy D))

o0
= IRS(m(wc( 0 1>>¢?,nz(wc)<p3ﬂ3(wc)‘/’g>
—c+n+cy
_ IRS(7T1<wcncl (w 0 ?) wcl)w?,q)g,(ﬁg)
w ettt
(T ) e

The same equality is true for the absolute value of the triple product integral.

3B1. Bounding the Rankin—Selberg integral. We first consider the case when 7| is a principal series
representation satisfying the bound 6 towards the Ramanujan conjecture. By the discussion above we
shall assume from now on that

n>c—cy—n. (3-35)

Note that 7, ((w(;n ?))(p? is an old form of level ¢; +n. Let ¢/ = max{c, n + c;}. By the definition of the
Rankin—Selberg integral and Lemma 3.4,

-
IRS(m<(wO 1>)¢?,¢3,<p§)
— (@ O\ (1 O\ offaw™ O 1 0 1

S (3 (2 D D e o

According to Proposition 3.10, [W o W | ((49)(,% 7)) is in general supported on {a : v(a) = min{0, 2i —c}}.
3

@l 1
Then by the Cauchy—Schwarz inequality and the bounds for the L?-norms for the individual Whittaker
functions in Proposition 3.10, we have

_ a O 1 0 _ in{0,2i —c}
W oW |<< )( : ))|a| Vd*a <, g™in02i—c}, (3-37)
/v(a):min{O,Zi—c} 97 01)\o' 1 7

This is still true when 7, 3 are principal series representations, i = ¢/2, and v(a) = j > 0, as the
decrease in W(p?((g (1)) (uly, (1))) by Lemma 3.11 cancels the increase of |a|~! in the integral.

To bound the contribution from go?, we first assume that ¢; = 0, <p(1) is spherical and go?(l) = 1.
By our assumption on n, we get that n > ¢/2. We perform the standard Iwasawa decomposition for

( M(’)_" 0)( ! O) as follows: When i > n, it is already in the standard form. When i < n, we have

1/ \wi-n 1
aw " 0 1 0 aw™ aw™\ (0 —1
< 0 1) (wi—" 1)‘( 0 w"—”)(l w"—l‘)‘ (3-38)
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We first treat the cases i # ¢/2 or v(a) < 0. Then by the definition of go? and that v(a) = min{0, 2i — ¢},

g /7+0n wheni >n>c/2,

0 1 0 ‘
|¢?|((aw ) ( )) & { g2 maxQ2i—nc=n}  when | < n, max{2i—n, c—n} >0, (3-39)

0 1)\&i "1 .
q(l/z_e)ma"&’_""'_”} when i < n, max{2i —n,c—n} <0.

Then we have

w0
(e )tk

¢ aw 0N/ 1 0
A min{0,2i —c} 0 :
<A P00 1) i

i—0 v(a)=min{0,2i —c

Lg.e m (3-40)

The last inequality follows from the fact that the main contribution comes from i =n if 6 > 0, and
c¢/2 <i <n when 6 =0. Now we consider the possible contribution from the pieces where i = ¢/2 and
v(a) = j > 0. In these cases (3-37) and (3-38) are still true and

aw" 0 1 0 A/240)(c=n=]) ifp+4 j <c,
ol B I I (3-41)
0 1) \z¢ 1 q/2=0=n=0 ifp4 j>c.
Thus the contribution from these pieces are controlled by the piece j = 0.

Now suppose that 7 is a principal series representation induced from two unitary ramified char-
acters of equal levels, and in particular ¢; > 0 is even. The newform (p? in this case is supported on
B (wfll 2 ?)Ko(w"‘ ). For simplicity we normalize it such that <p?( (wcll 2 (1))) = 1. To L2-normalize it there
will be an additional factor involving c.

Then only the term i —n = ¢ /2 remains in the sum in (3-36). Note that i =n +¢;/2 > ¢/2 for this

term so v(a) = 0. Note that (“a(’)f” ?)(w,-l,n (1)) is already written in the shape of B(w}l/z ?)Ko(wcl) SO

aw™ " 0 1 0
(5 (LY <o

R o "0 0 .0 0 <<i (1/240)n ! (3-42)
1 0o 1))f1 %% qiq @ g(/z=6=en”

When i = ¢/2 and m,, 73 are principal series representation, the previous argument on the contribution

Thus

from v(a) = j > O still applies here.

Now if | is a special representation, then in particular it is tempered. Instead of bounding the Rankin—
Selberg integral directly in this case, we use Corollary 3.17 to reduce the problem to bounding the triple
product integral, which is to be done immediately below.
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3B2. Bounding the triple product integral. We first consider the case when m; is tempered. Then its
matrix coefficient satisfies (3-8) with 6 = 0.
Again by symmetry we can assume that n > (¢ — ¢1)/2. Then for ¢/ = max{c, n + c1},

o "0

IT(m(( 0 1))<p?,<p§,<p§))
_ < am 1 0 a mo" 1 0 1 e
R (G () B (O T ERE

Like before, we shall use the individual sup norm bound for ® g0 on each piece, and use the Cauchy—
Schwarz inequality and the bounds for the LZ-norms of & o0 P g0 1o bound the integrals. For simplicity,

let
am 1 0 1
J(S):/ / 1D o 0|(< )( , >)|a| o dm. ()
l meS Jv(a)=min{0,2i —c} IEIRE 01 w' 1

According to Proposition 3.14 and the Cauchy—Schwarz inequality, we have

min{0.2i—c} if0<i<c—1,8={v(m)=i—c),
ifi=c—1,8={v(m)=—-1},
-2 ifi=c—1,8={v(m) >0}, (3-45)
-1 ifi>c, S={vim)=-1},
ifi >c,S={v(m)>0}.

Ji(8) «

—_ R Q=

To control |® |, consider the case n > ¢/2 first. Let g = (5 ""l‘_’n )(w},,, ?) We shall use Lemma 3.7

to identify the double-K -coset for g. Consider the cases i # ¢/2 or v(a) <0 first:
(1) Wheni > n > c/2, it is clear that g € K.

(2) Whenc/2<i<n,v(a)=0andv(mw")>0. SO vmin(g) =i —n, v(det(g))=0and g€ ZKor,—) K,
where vpin(g) is as in Lemma 3.7 and o, is as in (3-6).

(3) Wheni <c¢/2, v(a) =2i —c. SO vin(g) <i —n, v(det(g)) =2i —c and g € ZKo;K for some
j=2n—c.
Then by Corollary 3.6 we have the bound

1 ifi >n,

a mo" 1 0 —280(n—i) . .
‘CID(p?((O 1 )(wi_" 1))‘<<cl q =" ifc/2 <i<n, (3-46)

q 200 =c/2) if i < /2.
Here §p = % — € as my is tempered.

By applying (3-45) and (3-46) to (3-43), one can see that the main contribution comes from ¢/2 <i <n,

o0 1
IT(”](( 0 ]))(P?, (03, (02)‘ <L q(lT)n (3-47)

and
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Note that when i = c¢/2 and my, 73 are principal series representations, their matrix coefficients can be
nonvanishing when v(a) > 0. For fixed v(a) = j > 0, Lemma 3.15 implies that

10
/( ) / 0|q)<p§q)<p§’|(<g I’f) (wi 1>)|a|_1d*adm <4 1, (3-48)
v(m)=i—c Jv(a)=j>

similar to (3-45). On the other hand, v,z (g) =i —n, v(det(g)) = j,soby Lemma 3.7 g € ZKoy, 21 ;K.
Then by Corollary 3.6, we have

a mow" 1 0 1
Q¢?(<O 1 )(wi_" 1))' e g(/2=e(+2n=20)" (3-49)

So the main contribution is still from j = 0.

Consider the case (¢ — c¢1)/2 < n < c¢/2 now. The arguments are similar so we shall skip some details
here. By the Cartan decomposition and Corollary 3.6,
i 1 0 1 ifi >c—n,
o (¢ ™7 o ey Vg~ 20D ifc/2 < <c—n, (3-50)
ZI\\0 1 [ 1 28 (c/2 ]
g 200/2=mif i < ¢/2.

The main contribution comes from ¢/2 <i < ¢ —n and

w0
(ol )

The last inequality follows from the condition (¢ —c1)/2 <n < ¢/2. One can similarly argue as above

(3-51)

K¢ L

q(l—e)(c—n) q(l—e)n :

for the case where i = ¢/2 and 7y, 73 are principal series representations. We shall skip it here.

Now if m; is not tempered, it is automatically a principal series representation. In this case we use
Corollary 3.17, and apply the upper bound for the Rankin—Selberg integral discussed in Section 3B1.

4. Proof of the main result

From now on we work in the global setting. We first need some more preparations.

4A. The global period integrals. Let x = ®yx, be a Hecke character of A;". Let ¢ ; € w(x, x~ L, s),
@15 = @1 4 s such that each local component @1, s € 7 ()X, X,jl, s) satisfies (2-1). Denote by
Epo= > 0 4-1)
y€B(H)\ GL2(P)
According to, for example, [Bump 1997, Proposition 3.8.2],
L(my X3 X ., 5)
02(8)93(8)Ey, 5(8) dg =
/[GLZJ o L(2s, x?)

[ 12550 @15.0- 020, 93.0) (4-2)

ves

Here S contains Archimedean places as well as finite places where any of the local test vectors is not
spherical. Ifs(gol,s,v, @24, P3,) 1s as in (3-1),

L,(2s, XZ) RS

I:as’o((pl,s,v’ D20, (p3,v) = I v ((pl,s,m @25 (p3,v) (4'3)
(T2 X 73 X X, 5)

at finite places, and IURS’O(tpLs,U, 02,0, P3,0) = Ifs(tpl,S,v, ©2.v, ¥3.) at archimedean places.
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For general 1, by Ichino’s work [2008], we have
2 B ;'[%(2)L(m X Ty X 73, %)
"~ 8L(my x my x m3, Ad, 1)

/ P1(8)p2(8)e3(g) dg [T @10 020 930).  (4-4)
[GL,] ves

Here I (¢1,v, 92,0, ¢3,0) is as in (3-2),

L,(I1,, Ad, 1)
¢2(2Q)Ly(ITy, 1/2)
at finite places and I7-%(¢1 4, 2.0, 93.0) = IT (@10, 92,0, ¥3.,) at archimedean places.

17%01 0, 02,0, 93.0) = 1T (@10, 9205 P3.0) (4-5)

4B. The spectral decomposition. Let F be a rapidly decreasing automorphic form on GL,(Ay) that is
invariant by Ko(/NV). For a unitary cuspidal automorphic representation 7, let B(;r, N) be an orthonormal

I s) where y is unitary

basis for its subspace of Ko(N)-invariant elements. Similarly for 7,  =m(x, x~
and s = % +it, let B(w, s, N) be an orthonormal basis for the subspace of Ko(N)-invariant elements

under the unitary pairing

(%Mm=n/¢mﬂmmwﬁ- (4-6)
v YKu

Note that all local components of this pairing are GL; ([, )-invariant according to [Bump 1997, Section 2.6].
Let E, | be the Eisenstein series associated to ¢, ¢ € B(7w, s, N) as in (4-1)

Then we have the following variant of spectral decomposition for F (see, for example, [Michel and
Venkatesh 2010, Section 2.2] for a more general version).

Lemma 4.1.

(F, 1)
F:—<1’1>1+ Z Z (F,p)p+ Z Z /(F,EWXYI/H”)EWXYI/H”dt (4-7)

7,C() | N peB(m,N) X:COO2 I N x5 €B(my1/21ieN) !

4C. The proof. Let Q = ®Q, be a Hecke character of Ag. Recall that if E, is split over F, with
isomorphism ¢, : E, = F, x[F,, we can identify 2, with (21 ,®$22 ;) ot,, and define ¢(2,) =max{c(£2; ,)},
Ug,(j) = Lljl (Ur,(j) x Ur,(j)). In a slightly more general setting we first show that the embedding of
E, does not affect the result as long as it is fixed.

Lemma 4.2. Suppose that c(2,) = j. If k, embedded in M,(F,) is not upper triangular, then there exists
i> 0 dependent only on j and the embedding of E, such that Ko(wé) C Ur(j)B(Oy) CUg,»(j)Ko(m)))
foranyn > 0.

Proof. By assumption there exists ¢ = (f :’;) € [, for ¢ #0. Let [ be large enough such that for any a € O;°
and b € O, the followings are satisfied:

* *

Ly _
a+bw,t = <bwéc a+bwld

) € 0 Ug,(j) N Ky, v(wlc), v(@!d) > 0.
The integer / depends only on j and the embedding of E,. Then fori = v(w,ﬁc) and any (2 Z) € Ko(w)),
the equation

bw!cki + (a+bwld)ks =0 (4-8)
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has a unique solution b € O, for any fixed a € 0. This implies that (a +bw t)(k‘ kz) € BNK, = B(0,),
and thus Ko(wv) C Ugv(j)B(0O,). Note that O C B(O,). O

Corollary 4.3. For f and t as in Theorem 1.1, there exists i dependent only on Q2 and the embedding of
E such that

1
2(e)Q d=/ (— K| fI? dk)Q de. 4-9
/[[EX]IfI (e)Q(e)de e \Vol(Ko(@h) keK()(w;;)p( AN G) (e)de (4-9)

Here k € Ko(zzré') is considered as an element in GL, (Af) with all the other local components being 1,
and p (k) is the right regular representation of GLy(Ar) on the space of automorphic forms.

Proof. First of all, the right-hand side of (4-9) is equal to

Vol(Ko(z)) /kem(w.g)/m'f s de (4-10)

Recall that [E is a quadratic field extension, so [, embedded in GL;([F,) is indeed not upper triangular.
For any k € Ko(w,j'), write k = tko for kg € Ko(z) and t € Ug (j) by Lemma 4.2. Then

/ | P(ek)2(e) de = / |/ Petho)2(e) de = f
[EX] [EX]

|f|2(e)sz<ef1)de=f |fI*(e)2(e) de. (4-11)
[EX]

[EX]

Here we have used the Ko(w)-invariance for f and Ug ,(j)-invariance for £2. [

Now let F(g) = 1/V01(K0(w5)) fkeKO(w5)|f|2(gk) dk. By construction F is Ko(wlf)-invariant. Thus
when spectrally decomposing F, the length of the spectral sum is fixed for fixed €2 and E.

We can now prove Theorem 1.1. Let 2 be a fixed Hecke character of Ag that is invariant by U, (j).
We assume without loss of generality that i s (1) = (| £|?, 1) = 1. Let N = ¢’ be fixed as ¢ — oco. Applying
the spectral decomposition, we get that

/[Xj|f|2(e>sz<e>de
=/ F(e)Q(e)de
[EX]

F,1
:<<1 1>>/[[EX]Q(€)C"’+ 2. 2 <F,<p>/ PR (e) de

0,C(0) | N peB(o,N) [E]

+ Z Z /F E(px 1/2+it /X] 5. |/2+,,(€)Q(€)dedt

K. COO? I N @y s€BGTy 1/24i0.N)

_ R Q) d o1
ST e O > 2 W P de

0,C(o) | N ¢eB(o,N)

+ Z Z f(|f| s Egy1pomic) /[[EX] op1y2en(€)S2(e) dedt. (4-12)

X.COO? | N @5 €8ty 10410 N) 7!
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In the last equality, we have used the fact that for ¢’ = ¢, 1, 0r E,,_ ..,

1
(F,¢)) = o (U117, ¢') dk
Vol(K(w))) keKo(w})
S (1f P, pk™e') dk
VOl(Ko(ZU:,)) keKo(w})
— 1SR . (4-13)
Note that ¢ and E, | ,,,, must have trivial central characters. The main term is the constant term

<|f|2,1>/ I
_ Q de = —— Q d
1) S 2O = 00 f, O

by normalization, which is exactly what we want. So we need to prove a power saving in the depth aspect
for both the cuspidal spectrum and the continuous spectrum.

We control (| f|%, ¢) and (| |2, Ey, 1/p.i) by following the strategy in [Nelson et al. 2014] and [Hu
2018]. In particular suppose that f € ¥ and ¢ € o. By the convexity bound,

L(U X T X T, %) <L (o) 6](1/2+€)C(n). (4-14)

The other L-functions in (4-4) can be bounded by g™,

Then we use Proposition 3.1 to control the local triple product integrals. Note that in general the
diagonal translates of newforms do not provide an orthonormal basis. But since N is fixed, one can
write an orthonormal basis in terms of linear combinations of diagonal translates of newforms, with all
coefficients fixed. (Interested readers can see [Blomer and Milicevi¢ 2015, Lemma 9] for the explicit
coefficients, which is not necessary for us. Note that their paper works with Q, but that particular lemma
is purely local and can be easily extended to general situations.) Thus by applying Proposition 3.1 for
each individual term, we get that for ¢ € B(o, N),

1
IUT(%, Sfos o) Lc©),q.¢ m- (4-15)

Thus by the triple product formula (4-4), and the fact that C (o) | N depends only on C(€2) and the
embedding of E, we have

1 .
{12 @) Ka.Eq.e q“/”e)“”)—q(l_zg_e)c(,,) = g lEro),

1%, @) La.qg.e g4, (4-16)

One can obtain a similar upper bound for (| f|?, E, ) using the Rankin—Selberg integral formula

31/ 2+it
(4-2), the convexity bound for the L-function and the bound for its local integral in Proposition 3.1.
Note here that as the Archimedean parameters of ¢ or ¢ in E

period integral (| f|?, o) or (| f|?, E

0y.1241 €O to infinity, the corresponding

0y.1,2+:) Decomes rapidly decreasing. This is because the local integrals
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in (4-2) and (4-4) at archimedean places give additional Gamma factors that are rapidly decreasing.
Effectively we can consider the Archimedean parameters of ¢ and ¢ to be bounded.

Since E, 2 are fixed and ¢, E have bounded levels and archimedean components, we claim that

Py 1/2+it
f ‘P(e)Q(e)dev/ Ey i pi(@)Q(e)de Lo 1. (4-17)
[E*] [EX]

One can use the period integral formula in [Waldspurger 1985] to see this if necessary, but basically
everything in the integral is either fixed or bounded.

Now combining (4-16), (4-17) with (4-12), we get the control over the error terms as claimed in
Theorem 1.1.
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ALGEBRA AND NUMBER THEORY 14:4 (2020)
dx.doi.org/10.2140/ant.2020.14.947

The basepoint-freeness threshold and syzygies of
abelian varieties

Federico Caucci

We show how a natural constant introduced by Jiang and Pareschi for a polarized abelian variety encodes
information about the syzygies of the section ring of the polarization. As a particular case this gives a
quick and characteristic-free proof of Lazarsfeld’s conjecture on syzygies of abelian varieties, originally
proved by Pareschi in characteristic zero.

1. Introduction

Throughout this paper we will work with abelian varieties over an algebraically closed field K. Jiang and
Pareschi [2017] introduced and studied the (generic) cohomological ranks A’ (A, F(x[)) of a (bounded
complex of) Q-twisted coherent sheaf on a polarized abelian variety (A, [). This defines cohomological
rank functions of F with respect to the polarization /

‘i]-"l : @ — QEO’ !
as follows
iz () = (A, F(xD)).

In [loc. cit.] it is observed that these functions are already very interesting in the case ¥ =T,, where 7,
is the ideal sheaf of a closed point p € A. Indeed the basepoint-freeness threshold

er():=Inf{x € Q| hlzp’!(x) =0},2
has the following properties:

(@) e1(!) <1ande(l) <1 ifand only if the polarization | is basepoint-free, i.e., any line bundle L
representing / has no base points.

b)) e() < % if and only if | is projectively normal, meaning that L is projectively normal for all line
bundles L representing the class [ [Jiang and Pareschi 2017, Corollary E].

In this paper we go further on item (b), proving that € (/) indeed encodes information about the syzygies of
the section algebra of L. In recent years syzygies of abelian varieties has received considerable attention.
On the one hand Pareschi [2000] (see also [Pareschi and Popa 2004]), building partially on previous
works of Kempf [1989; 1991], proved, in characteristic zero, Lazarsfeld’s conjecture on syzygies of

MSC2010: primary 14KO05; secondary 14C20, 14F17, 14Q20.
Keywords: syzygies, abelian varieties, Fourier—Mukai transform.

In [loc. cit.] such functions are extended to (continuous) real functions, but in this paper we don’t need this.
2In [loc. cit.] this is denoted by B(I).
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abelian varieties endowed with a polarization which is a multiple of a given one. This was is in turn a
generalization of classical results of Koizumi and Mumford. On the other hand, more recently Kiironya
and Lozovanu [2019], Ito [2018] and Lozovanu [2018], building on previous work of Hwang and To
[2011] and Lazarsfeld, Pareschi and Popa [Lazarsfeld et al. 2011], used completely different methods —
involving local positivity and Nadel vanishing theorem —to prove (over C) effective statements for the
syzygies of abelian varieties of dimension 2 and 3 endowed with any polarization, in particular with a
primitive polarization.

In this paper we show a general result, Theorem 1.1 below, partially generalizing (b) to higher syzygies.
This provides at the same time a surprisingly quick proof of Lazarsfeld’s conjecture, extending it to
abelian varieties defined over a ground field of arbitrary characteristic, and a proof of the criterion of
[Lazarsfeld et al. 2011] relating local positivity and syzygies.

Turning to details, we first recall some terminology about syzygies of projective varieties. Let X be a
projective variety and let L be an ample line bundle on X. For an integer p > 0, the line bundle L is said
to satisfy the property (N ) if the first p steps of the minimal graded free resolution of the section algebra
R,=@, H 0(X, L™) over the polynomial ring S; = SymH O(X, L) are linear (we refer to Section 4 for
the precise definition). Thus (Np) means that R is generated in degree 0 as an Sz -module, i.e., that L is
projectively normal (normally generated in Mumford’s terminology [1970]); (N1) means that in addition
the homogeneous ideal Iy,p of X in P =P(H OX, L)) is generated by quadrics (normally presented in
[Mumford 1970]); (N2) means that the relations among these quadrics are generated by linear ones (this
is the first nonclassical condition) and so on. These notions were introduced by Green [1984] and the
present terminology was introduced in [Green and Lazarsfeld 1986]. Our main result is the following:

Theorem 1.1. Let (A, ) be a polarized abelian variety defined over an algebraically closed field K and
let p be a nonnegative integer. If

l A
e(D) < PR

then the property (N,) holds for L, i.e., it holds for any line bundle L representing .
Corollary 1.2. Letm € N. If

6 < ,
1 p 2

then the polarization ml satisfies the property (N ).

Proof. By definition (see Section 2) we have h%p’ml (x)= h%p’l(mx), therefore €| (ml) = €;(l)/m. Now
Theorem 1.1 applies to ml, because € (ml) < 1/(p +2). 7 O

A classical result of Koizumi [1976] states that if L is an ample line bundle on a complex abelian
variety and m > 3, then L™ is projectively normal (see [Sekiguchi 1976; 1977; Sasaki 1977] for a proof
of the analog result in positive characteristic, based on Mumford’s ideas). Moreover, a well-known
theorem of Mumford and Kempf says that, when m > 4, the homogeneous ideal of A in the embedding
given by L™ is generated by quadrics [Mumford 1970; Kempf 1991, Theorem 6.13], i.e., L™ is normally
presented. Based on these classical facts and motivated by a result of Green [1984] on higher syzygies
for curves, Lazarsfeld conjectured that, for an ample line bundle L on an abelian variety, L™ satisfies the
property (Np) if m > p + 3 [Lazarsfeld 1989, Conjecture 1.5.1]. This was proved by Pareschi [2000] in
characteristic zero. Pareschi and Popa [2004] also proved a stronger version of it.
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We have that Corollary 1.2 gives a very quick— and characteristic-free — proof of Lazarsfeld’s

conjecture. Indeed, by (a) above,

3
alB<1<P2
p+2

Moreover it also implies that the polarization m/ satisfies the property (N,), as soon as m > p +2 and [
is basepoint-free (see [Pareschi and Popa 2004] for a more precise result). Indeed, if / is basepoint-free,

then
pt2

l 1= ,
e() < P

thanks again to (a) above.
More in general, defining
() = max{t eN e () <1},

we have

Theorem 1.3. Let p and t be nonnegative integers with p +1 > t. Let | be a basepoint-free polarization
on A such that t(l) > t. Then the property (N,) holds for ml, as soonasm > p+3 —t.

However, one of the main feature of Theorem 1.1 is the chance to be applied to primitive polarizations,
i.e., those that cannot be written as a multiple of another one. This is one of the reasons why it would
be quite interesting the compute, or at least bound from above, the invariant € (/) of polarized abelian
varieties (A, /). In this perspective, as already mentioned, an interesting issue arises in connection with a
criterion of Lazarsfeld, Pareschi and Popa [2011], where they prove

if there exists an effective Q-divisor F such that its multiplier ideal J (A, F) is the ideal sheaf
of the identity point of the abelian variety A and ﬁl — F is ample, then [ satisfies the property
N, (see [Kiironya and Lozovanu 2019; Ito 2018; Lozovanu 2018]).

Therefore one is lead to consider the threshold
r(l) ;= Inf{r € Q | 3 an effective QD-divisor F on A such that r/ — F' is ample and J (A, F) = Ty}

The relation with the basepoint-freeness threshold is in the following proposition, based on Nadel’s
vanishing.

Proposition 1.4. Assume K =C. Then €,(l) < r(l).

This, combined with Theorem 1.1, provides a different and simpler proof of the criterion of [Lazarsfeld
et al. 2011].

Finally, we note that in the papers [Kiironya and Lozovanu 2019; Ito 2018] for dimension 2 and
[Lozovanu 2018] for dimension 3, the authors, in the spirit of Green’s and Green and Lazarsfeld’s
conjectures on curves, show explicit geometric conditions ensuring the property (N,) by means of upper
bounds on the threshold r(l) (or related invariants) and applying the criterion of [Lazarsfeld et al. 2011].

3Note that this set is nonempty, i.e., r(I) < +00. Proof: Let k be a sufficiently large positive integer such that the Seshadri
constant of M = L¥ is strictly bigger than 2 dim A. Such a k exists because of the homogeneity of the Seshadri constant. Then, by
Lemma 1.2 of [Lazarsfeld et al. 2011], there exists an effective Q-divisor ' on A such that 7 (A, F) =Zy and F =num %(1 —c)M,

for some 0 < ¢ <« 1. If we now take r > %(l — ¢)k, we have that r/ — F is ample.
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This suggests to look for similar estimates directly for the basepoint-freeness threshold €; (/). Namely
one could ask if € (/) is less or equal to

Inf{r € Q% | (DY™Z . Z) > (dim Z)*™Z for any abelian subvariety {0} # Z C A},

where D, :=rL (see in particular [Ito 2018, Question 4.2]). This is true for complex abelian surfaces,
thanks to the Proposition 1.4 and [Ito 2018].

The paper is organized as follows: In Section 2 we recall the definition and some basic properties
of cohomological rank functions, and show that, despite the fact that in [Jiang and Pareschi 2017] the
authors assume that the characteristic of the ground field is zero, the basic theory of cohomological rank
functions works over an algebraically closed ground field of arbitrary characteristic as well. Finally, in
this section we prove Proposition 1.4.

In Section 3 we prove the basic properties of the threshold €; (/) needed in the proof of the main results.

In Section 4 we show a criterion, due to Kempf [1989], reducing the property (N ) of syzygies to
the surjectivity of certain multiplication maps of global sections, inductively defined. This is easily
proved and well-known in characteristic zero (see e.g., [Ein and Lazarsfeld 1993, proof of Corollary 2.2]
or [Pareschi 2000, Lemma 4.1(a)]). Kempf’s approach is more complicated, but has the advantage of
working in arbitrary characteristic. Since Kempf’s argument is somewhat obscure, we provide full details.
We hope that this will be useful for extending to arbitrary characteristic some of known results concerning
syzygies of projective varieties in characteristic zero.

In Section 5 we prove the Theorems 1.1 and 1.3.

Notation. Let A be an abelian variety over an algebraically closed field, and let dim A = g. For b € Z,
up:A— A, x+— bx

denotes the multiplication-by-b isogeny of degree h?¢. A polarization [ on A is the class of an ample line
bundle L in NS(A) = PicA/Pic’A. For a polarization [ on A, the corresponding isogeny is denoted

(pl:A—n@,

where A = Pic A is the dual abelian variety. Recall that deg(¢;) = x (/ )2 = (ho(l))z. We denote by P the
normalized Poincaré line bundle on A x A and by R®p : Db(A) — D (A) the Fourier—-Mukai—Poincaré
equivalence [Mukai 1981]. Here D”(A) denotes the bounded derived category of coherent sheaves
on A. For a € A, the corresponding line bundle on A is denoted by P, = P|ax{«}. Given a complex
F e DP(A), we denote by F¥ = RHom(F, Op) its derived dual, and by héen(A, JF) the dimension of the
hypercohomology H' (A, F®P,), for a general in A.

2. Cohomological rank functions on abelian varieties

Given F € D’(A), i € Z and a polarization [ on A, Jiang and Pareschi [2017] considered cohomological
rank functions
F1 Q= Q=0

defined as follows:

. . 1 .
hiy  (x) = hip(x]) = ngh’gen(A, WE(F)RLY™),
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where x =a/b € Q and b > 0. Since uj(l) = b1, the pullback via 1), of the rational class (a/b)! is abl.
Moreover deg(u,) = b8, therefore, as explained in Remark 2.2 of [loc. cit.], one may think of h"f, ()
as the (generic) cohomological rank A (A, F(xl)) of the Q-twisted complex F(xl), which is defined
similarly to [Lazarsfeld 2004, Section 6.2A]. Namely, F(x!) is the equivalence class of the pair (F, x[),
where the equivalence is by definition

(FQL™, xI) ~ (F, (m+x)I),

for any line bundle L representing [ and m € Z. Note that an “untwisted” object 7 may be naturally seen
as the Q-twisted object F(0l). Moreover we have that FQ P, (x[) = F(xl), for any € Pic’(A).

In [Jiang and Pareschi 2017] the authors introduced such notion assuming that the characteristic of the
ground field [K is zero. However the above definition makes sense in any characteristic. The main point
consists in showing that it does not depend on the representation x = a/b. To this purpose we need to
verify that the quantity A’_ (A, F) is multiplicative with respect to any isogeny ji,:

gen
Igen(A, 113, F) = m*$ higg, (A, F). (2-1)

This is checked in [loc. cit.] under the assumption that char(l€) = 0. However the same thing can be checked
removing such assumption as follows. By cohomology and base change, hgen(A, w, F) is the generic
rank of the Fourier—Mukai—Poincaré transform R’ &p(uyF). Moreover R! Op (s F) = flmx R' ©p(F)
[Mukai 1981, (3.4)], where (i, : A — A is the dual isogeny of w,,, i.e., it is the multiplication-by-m
isogeny of A. Since the morphism fi,, is in any case flat, the generic rank of fi,,,R' ®p(F) is that of
R ®p(F) multiplied by the degree of fi,,. Therefore we get (2-1). Granting this, hif(x[ ) is well-defined:
if we take another representation of x, say x = (am)/(bm), then

R (xl) = (A, wk, (F)SLY™)

1
(b )Zg gen

1
= omyE e (A, e (U (FYSL))

1 ab
= g hien(A. 1 (HISL™).
Remark 2.1. Although we won’t need this in this paper, we remark that from the above discussion it
follows that the basic properties satisfied by the cohomological rank functions described in Section 2
of [Jiang and Pareschi 2017] —especially the fundamental transformation formula with respect to the
Fourier—-Mukai—Poincaré transform Proposition 2.3 of [loc. cit.] and its consequences — work in any
characteristic.

Using the cohomological rank functions it is possible to introduce several invariants attached to a
polarized abelian variety (A, [). Let us recall that, given a line bundle L that represents the class /, the
kernel bundle M associated to L is by definition the kernel of the evaluation map H°(A, L)®©4 — L.
If L is basepoint-free, then M sits in the exact sequence

0—> M; - H%A, L)Q04 - L — 0.
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Definition 2.2. Let (A, /) be a polarized abelian variety. Then we consider
€1(1) == Inf{x € Q| hy, (x]) = O},

where Z), is the ideal sheaf of a closed point p € A and, if [ is basepoint-free
k1(D) :=1Inf(x € Q| hyy, (x1) = 0},

where M is the kernel bundle associated to a line bundle L representing /.

Remark 2.3. The above invariants are well-defined, i.e., € (/) does not depend on the point p, and «1 (/)
is independent from the representing line bundle L. We point out that— although there no examples
so far— € (/) and « (/) could be irrational. However, as will be clear later on, this does not create any
trouble.

The relation between the above two constants was established by Jiang and Pareschi.
Theorem 2.4 [Jiang and Pareschi 2017, Theorem D]. Let [ be a basepoint-free polarization. Then

er()

Kl@zl——el(l)'

Remark 2.5. From this result, in [loc. cit.] it is derived that «1 (/) < 1, i.e., [ is projectively normal, if
and only if €/ (/) < % (see in particular [loc. cit., Corollary 8.2(b)]). Our Theorem 1.1 is an extension of
the “if”” implication to higher syzygies.

Proof of Proposition 1.4. Only in this subsection we make the assumption that the ground field K is C.
Let r € Q such that there exists an effective Q-divisor F on A with

rL — F ample, (2-2)
To=J(A, F). (2-3)

To prove the proposition we need to prove that
hy,(rl) =0. (2-4)
Writing r = a/b with b > 0, this means that
hyen (LY ® 113 T0) = 0.

But, by (2-3), the left-hand side is héen(L“b QuJ(A, F)) = h;en(L"b ® J(A, u,F)), where we used
that forming multiplier ideals commutes with pulling back under étale morphism (see [Lazarsfeld 2004,
Example 9.5.44]). Since uj;F =pum b2 F, it follows from (2-2) that L% — uy, F is ample. Therefore (2-4)

follows from Nadel’s vanishing.

3. Generic vanishing of ()-twisted sheaves on abelian varieties

Following Section 5 of [Jiang and Pareschi 2017], one can extend the usual notions of generic vanishing
to the Q-twisted setting.
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Definition/Theorem 3.1 [Jiang and Pareschi 2017, Theorem 5.1]. (1) A Q-twisted sheaf F(xl), with
x =a/b, is said to be GV if

codimASupp(Ri <I>7p((,qu)®L“b)) >i, foralli>D0.

Equivalently the transform®* ROpv ((upF VYL ™) is a sheaf concentrated in cohomological degree g,
ie.,
ROp ((up FYRL™™) = R Dpv (uj F)QL™")[—gl.

(2) It is said to be IT (0) if the transform
ROp(upF)QLY) = RO®p (1) F)RL™)
is concentrated in cohomological degree 0.

Remark 3.2. (a) The above definitions do not depend on the representation x = a/b. For example
for any i, R'®p(ukF) = fim«R ®p(F) [Mukai 1981, (3.4)] where fi,, is the dual isogeny of i,
therefore by cohomology and base change we see that Supp(R' ®p(u F)) corresponds to the image of
Supp(R! ®p(F)) via the isogeny fi,.

(b) They neither depend on the line bundle L representing the class /. Indeed, thanks to the exchange of
translations and tensor product by elements of Pic’A [Mukai 1981, (3.1)], if L¢ is another line bundle
algebraically equivalent to L, then R’ ®p((u}F)®LE’) is a translate of R' ®p((ujF)QLY).

By cohomology and base change one has that
Supp(R' @p((uj FYOL™)) € fa € A | HI(A, Wy HIBLP®P) # 0} =: V! (4 HOL®)  (3-1)

and, if Vit! ((upF Y®L4) = @, then equality holds. Moreover we have that the Q-twisted sheaf F(x1) is
GV if and only if
codim ; vi ((uZ]—")@Lab) >,

for all i > 0 and for any representation x = a/b [Pareschi and Popa 2011a, Lemma 3.6]. By cohomology
and base change again, F(x/) is IT (0) if and only if

V(Wi F)®LY) = &

for all i > 0 and for any representation x = a/b. In particular we see that an /7 (0) Q-twisted sheaf is GV'.
These generic vanishing concepts are strongly related to the invariants introduced in Definition 2.2, as
explained in Section 8 of [Jiang and Pareschi 2017]. Namely, we have:

Lemma 3.3 [Jiang and Pareschi 2017, page 25]. Given two polarizations | and n — with n basepoint-
free—and a rational number x, the fact that €(l) < x (resp. k1(n) < x) is equivalent to the fact that the
Q-twisted sheaf T, (xl) (resp. My({xn)) is IT (0).

For the reader’s convenience we explicitly write down the case of € (/): assume that €; (/) < x € @ and
fix a sufficiently small > 0 such that xo := € (/) +7 € Q and xo < x. By (3-1), Z,{x¢l) is GV, therefore
Hacon’s criterion (see [Jiang and Pareschi 2017, Theorem 5.2(a)]) implies that Z, ((xo+(x —x0))l) =Z,(x!)
is IT (0). Conversely suppose that Z,, (x/) is IT (0), then Z,((x — y)I) is still IT (0), for a sufficiently small

4Recall that ROpv = (—1)*R®p.
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y € Q" [Jiang and Pareschi 2017, Theorem 5.2(c)]. Then €((/) < x — y < x. For «(n), the argument is
similar.

The following is a Q-twisted analog of a well-known property of “preservation of vanishing”[Pareschi
and Popa 2011b, Proposition 3.1].

Proposition 3.4. Assume that F and G are coherent sheaves, and that one of them is locally free. If F{xI)
is IT (0) and G(yl) is GV, then F(x1)®G(yl) := (F®G)((x + y)I) is IT (0).

Proof. Letx =a/b and y = c/d, with b,d > 0. So x + y = (ad + bc)/(bd). We want to prove that
Mzd(}'®g)®L(“d+b“)bd is an /T (0) sheaf. By hypothesis F(x!I) is IT (0), hence
2
1 (W F)QLY) = (uj, YL

is an IT (0) sheaf, because R p (1 (1L F)QL)) = fLasx RO (U} F)RLWY) = 14 ROPp (nj F)RLY)
[Mukai 1981, (3.4)] is concentrated in degree 0, where j1;: A — A is the dual isogeny of uy. Likewise,
if G(yl) is GV, by using the equivalence in Definition/Theorem 3.1(1), we have that

2.,
(i RLY) = (1), H) QL
is a GV sheaf. Since
105 (FRG@L@ M — (1, F)QLY )@ (1, G) QLY ),

we conclude by applying the “preservation of vanishing” for (untwisted) coherent sheaves [Pareschi and
Popa 2011b, Proposition 3.1]. (|

For our purposes, the central result of this section is the following:

Proposition 3.5. Let p be a nonnegative integer. If

H<——
el(D) < )

then MEPYV QLY is IT (0) for all h > 1.

Proof. Let L be a line bundle representing [/, and let M; be the kernel of the evaluation morphism
HY(A, L)®O4 — L. The assumption on ¢; (/) implies, in particular, that [ is basepoint-free and, using
Theorem 2.4, we get

ald 1 p+2 1

-+ < fre_ :
I—ei(D) I—e(D) p+1 p+1

By Lemma 3.3, this is equivalent to say that My (1/(p + 1)I) is an IT (0) Q-twisted sheaf. Fix now an
integer & > 1 and write M?(pﬂ)@Lh = M?(”H)@L@Lh_l as the Q-twisted sheaf

+1 1 ®(p+1D)
M2y V= (M I O ((h = D).
L p+1+ L L p+1_ ® A(( )_)

Since L' ! is ample —hence IT (0) —if & > 1, oritis trivial if h =1, and My (1/(p + 1)) is IT (0), we
have that Mf’(p +1)®Lh is IT (0) thanks to the “preservation of vanishing” (Proposition 3.4). O

k1(l) =
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4. Syzygies and the property (N,)

We recall the definition and geometric meaning of the property (N,,) in more detail. Let X be a projective
variety, defined over an algebraically closed field K. If L gives an embedding

o : X —P=PH"X, L)),

then L is said to satisfy the property (N)) if the first p steps of the minimal graded free resolution E,(L)
of the algebra R} := @m HO(X, L™) over the polynomial ring Sy := SymHO(X, L) are linear, i.e., of
the form

SL(=p = )& —— SL(=p)®irt —— o —— §;(~2)® St R, ——0

E,(L) Ep,_1(L) E(L) Eo(L)

Thus (Ny) means that L is projectively normal (and in this case a resolution of the homogeneous ideal
Ix,p of X in P is given by --- — E{(L) — Ix/p — 0); (V1) means that Ix/p is generated by quadrics;
(N,) means that the relations among these quadrics are generated by linear ones and so on.

Writing K = S;./Sp+ as the quotient of the polynomial ring S; by the irrelevant maximal ideal
S+ :=,,~; Sym"H 0(X, L), it is well-known that dimy (ToriSL (R1, K);) computes the cardinality of
any minimal set of homogeneous generators of E;(L) of degree j, therefore

Ei(L) = @ Tor}* (R., K) ;@ SL(—j)
J

and L satisfies the property (N,) if and only if
Tord: (R, K); =0 forall j > p+2.3 (4-1)
A well established condition ensuring the property (N,) for L in characteristic zero is the vanishing
H' (X, MZP*TVQLN =0 forallh > 1. (4-2)

Indeed, tensoring the Koszul resolution of K by R; and taking graded pieces, we see that the property
(Np) for L is equivalent to the exactness in the middle of the Koszul complex

AP HY X, YHY(X, L") - APHY(X, LYQH (X, L") - AP7'HO(X, LY H' (X, L"?)

for all 4 > 1 (see [Lazarsfeld 1989, pages 510-511] for details). This can be expressed in terms of the
kernel bundle of L. Namely, taking wedge products of the exact sequence

0—> M; - H' X, L)Y0x — L — 0,

we get
0— AP M, > APTTHO (X, L)®@Oxy — APM; QL — 0.

5T0rgL (Ry,, K)1 is always trivial, because we are dealing with the complete linear series |L| and the corresponding embedding
is linearly normal. Moreover, the vanishing Torf,l‘ (Rp,K); =0forall j > p+2, forces ToriSL (R, K);=0forall0O<i<p
and j > i + 2 (see the proof of Proposition 1.3.3 in [Lazarsfeld 1989] for details).
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Tensoring it by L" and taking global section, we see that the exactness of the Koszul complex above is
equivalent to the surjectivity of the map

APHTHOX, DB (X, LM - HO(X, APM, L"),
that in turn follows from the vanishing
HY X, A"P'"M;,®@L") =0 forallh>1. (4-3)

Now, if char(IK) = 0, APT' M, is a direct summand of Mf(p D and in particular (4-2) implies (4-3);
otherwise said L satisfies the property (N ). If char(I<) > 0, the exterior power APHIM, may no longer be
a direct summand of the tensor power M?(p +1), hence the above discussion does not apply. Nevertheless
in this section, following an approach essentially due to G. Kempf, we prove that (4-2) implies the
property (N,) for L, even in positive characteristic.

Proposition 4.1. Let X be a projective variety defined over an algebraically closed field IK. Let L be an
ample and globally generated line bundle on X, and let p be a nonnegative integer. If

H' (X, M2P" D@Ly =0 forallh>1,

then the property (N ) holds for L.

Let us start by recalling two definitions and an algebraic lemma of Kempf [1989] (see also [Rubei
2000, Section 2]).

Definition 4.2. For any L; (not necessarily ample) line bundles on X, let K (L) = H°(X, L) and, for
n > 1, define K(Ly, ..., L,) inductively by the exact sequence:

0—K(Ly,...,L,)— K(Ly,L3,...,L,)®K(L2) —> K(L1®L>, L3, ..., Ly,).
In particular, K (L1, L;) is the kernel of the multiplication map of global sections
H(X, L)®H (X, Ly) — H(X, Li®L,).
Definition 4.3. Let S be a polynomial ring over K and let R be a finitely generated graded S-module:
(1) Define T°(R) := R, T'(R) := Ker[R(—1)®xS; — R] and inductively
T'(R) =T 1 (T'(R)).
(2) Define
d'(R) := min{d € 7 | T'(R) is generated over S by elements of degree < d}.

Lemma 4.4 [Kempf 1989, Lemma 16]. Let S = K[xo, ..., x,] be a polynomial ring, graded in the
standard way, over K=S/(xo, ..., x,). Let R be a finitely generated graded S-module. If j > p—i+d'(R)
forall0 <i < p, then

Tor (R, I); = 0.

Due to some obscurities in Kempf’s argument and for the sake of self-containedness, we prefer to give
a proof of the above lemma, which closely follows that of Kempf.
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Proof of Lemma 4.4. Consider the exact sequence
0— TY(R) > R(—D)®KS| = R.

The image R’ of « is a graded submodule of R. The quotient module Q = R/R’ is of finite length, hence
its Castelnuovo—-Mumford regularity reg(Q) = max{d | Q4 # 0} (see [Eisenbud 2005, Corollary 4.4]).
Moreover Q is zero in degrees > d°(R), therefore

TorS(Q, K) is zero in degrees > p + dO(R). (4-4)

Indeed, if Tor3 (Q KK); #0fora j > p + d°(R), then reg(Q) < d°(R) < j — p. But, by definition,
reg(Q) = Sup{k —1 | dimg (TorS(Q K)x) # 0} and so we get a contradiction. Now (4-4) implies that the
map

Tor (R, IK) — Tor (R, K)

is surjective in degrees > p 4+ d°(R). Therefore, in order to prove the statement, it is enough to prove
that Torf,(R/ K);j=0,if j > p+ d°(R). From the long exact sequence associated to

0—>TYR) > R(-1D®KS > R — 0,

we get
Tor (R(—1)®S1, ) <> Tor) (R, K) LN Tor)_(T'(R), K).

Note that o, is the multiplication by S; in the first variable. Since « is also the multiplication by S} in
the second variable, it is the zero map. Therefore § gives an inclusion

Tor) (R, K) € TorS_ (T'(R), )
and we may repeat this procedure p times, obtaining
Tor® (TPT(R), K) =0. O

If now L is an ample line bundle on X, S = Sy and R = R, the link between the previous definitions
is given by
Ti(RL)=@K(Lm_i,L,...,L). (4-5)
m>i .
- l

Proof. If i =0, then T°(R;) = R; and K(L™) = H°(X, L™). So (4-5) is true. By definition
T'(Ry) =T"""(T"(Rp) = T""' (Ker[RL(-1)®u H*(X, L) = RL),

and
0—>€BK(L’" ‘L, L)—>€DK(L'" ‘'L,...,L)Y@H°(X, L)—>€BK(L’"‘i+1,L,...,L).
m>i ) m>i i—1 m>i i—1
Therefore (4-5) holds, by induction on i. U

The next lemma allows to reduce the property (V) for L to the vanishing (4-2), in a way that avoids
the exterior power of M.
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Lemma 4.5. (1) For all n > 0 and h > 1, one has H*(X, M?"QL") = K(L", L, ..., L), if L is
———

basepoint-free. n
(2) Leti > 0and h > 1. If L is basepoint-free and H' (X, M?(Hl)@Lh) = 0, then the multiplication
map

KWL" L,...,L)y@H(X,L) > K(L""",L,...,L)
1 1
is surjective.
(3) [Rubei 2000, page 2578] If the multiplication maps
KW' L,...,L)@H(X, L) > K(L"",L,..., L)
l 1
are surjective for all h > 1, then d'(Ry) =i + 1.

Proof. (1) If n = 0, then by definition H°(X, L") = K(L") for all h > 1. Suppose n > 1. The kernel
bundle M sits in the short exact sequence

0—-> M; - H*(X, L)@0x — L — 0. (4-6)
Tensoring it by Mi@(”_])@)Lh, one obtains
0— M&QL! - HO X, LYeMP" VoL - MP" VoL - 0. (4-7)
Taking global sections of (4-7) and using the inductive hypothesis, we obtain
0— H'(X, MP"®L") - H'(X, )QK(L",L,..., L) - K(L""",L,...,L).
a a

Therefore, by definition, H(X, M?"@Lh) =K(L",L,...,L).
—_———
n

(2) Tensoring (4-6) by Mi@i(X)Lh, we have
0— ML - HOX, L@ME QL - MP QLM — 0. (4-8)
From the long exact sequence in cohomology associated to (4-8), and thanks to the point (1), one has
H'X, QK" L,...,L) % K" L,...,L) > H'(X, M®"PeL" = 0.
Therefore the multiplication map « is surjective.

(3) By (4-5) and the hypothesis we have that 7/ (R}) is generated over S; by

K(L,...,L).
——
i+1
This means that it is generated by the piece of degree m with m —i =1, i.e., m = i + 1. Therefore
d'(Rp)=i+1. O
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5. Proof of the Theorems 1.1 and 1.3

Proof of Theorem 1.1. Let L be a representative of the class /. For all 0 <i < p, we have
1 1
e1() < P < T2
Therefore L is basepoint-free and, thanks to the Proposition 3.5, we know that M?(’.H)@Lh is IT (0), for

all & > 1. This implies, in particular, that H! (A, M?(Hl)@Lh) =0 for all 4 > 1. Hence, by Lemma 4.5(2)
and (3), we obtain

d'(Ry)=i+1.
Now, if j > p—i+d'(R;) = p+ 1, Kempf’s Lemma 4.4 implies that
ToriL (R1, K); =0.
As explained in (4-1), this is equivalent to the property (N,) for L. O

Proof of Theorem 1.3. Note that we have already proved the t = 0 case —even without the basepoint-
freeness assumption — and the r = 1 case (Corollary 1.2). Hence we may assume ¢ > 1. By Theorem 1.1,
it suffices to show that €;(ml) < 1/(p +2). We have
€1l . ) < 1 ,
p+3—t  t(p+3—-1)
where the last inequality follows by definition. Let us impose now the inequality
1 1
< b
t(p+3—1t) p+2

€1(ml) =

or equivalently
2 —(p+3)t+p+2<0.

This is satisfied if and only if 1 < ¢ < p 4 2 and, by hypothesis, we have 1 <t < p+ 1. (|
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On the Ekedahl—Qort stratification of Shimura curves
Benjamin Howard

We study the Hodge-Tate period domain associated to a quaternionic Shimura curve at a prime of bad
reduction, and give an explicit description of its Ekedahl-Oort stratification.

1. Introduction

Fix a prime p, and let C be the completion of an algebraic closure of Q. Denote by O C C its ring of
integers, and by k = O/m its residue field.

1.1. Stratifications of p-adic periods domains. Let G be a p-divisible group over O. It has a p-adic
Tate module
T,(G) =Hom(Q,/Z,, G)

and a module of invariant differential forms €2(G). These are free of finite rank over Z,, and O, respectively.
Using the canonical trivialization Q (p~) = O, we define the Hodge—Tate morphism

T,(G) Z Hom(G", jtp) 25> Hom(Q (), R(GY)) Z Q(GY), (1.1.1)
where GV is the p-divisible group dual to G.

Theorem A [Scholze and Weinstein 2013]. There is an equivalence between the category of p-divisible
groups over O and the category of pairs (T, W) in which

o T is afree Z,-module of finite rank,
* WCT®z,C isaC-subspace.
The equivalence sends G to its p-adic Tate module T = T,(G), endowed with its Hodge—Tate filtration
W =ker(7,(G) ®z, C T5 Q(GY) ®0 C).
Fix a free Z,-module T of finite rank, and consider the Q,-scheme
X = Gry(T ®2, )

parametrizing subspaces of 7 ®z, Q,, of some fixed dimension d < rank(T). By the theorem of Scholze—
Weinstein, every point W € X (C) determines a p-divisible group G over O, whose reduction to the
residue field we denote by G;. Let G¢[p] be the group scheme of p-torsion points in Gy.
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If we declare two points W, W' € X(C) to be equivalent when the corresponding reductions Gy
and G} are isogenous, the resulting partition is the Newton stratification of X(C). Alternatively, if
we declare W, W' € X (C) to be equivalent when the p-torsion group schemes G¢[p] and G,[p] are
isomorphic, the resulting partition is the Ekedahl-Oort stratification of X (C).

There are similar partitions when X is replaced by a more sophisticated flag variety, called the
Hodge-Tate period domain, associated to a Shimura datum of Hodge type and a prime p. This period
domain and its Newton stratification were studied by Caraiani and Scholze [2017], who proved that each
Newton stratum in X (C) can be realized as the C-points of a locally closed subset of the associated adic
space. For the Ekedahl-Oort stratification of X (C) there is nothing in the existing literature, and it is not
known if it has any structure other than set-theoretic partition.

In the case of modular curves, the Hodge—Tate period domain is the projective line P! over Q p- In
this case the Newton stratification and the Ekedahl-Oort stratification agree, and there are two strata: the
ordinary locus P'(Q »)» and the supersingular locus Pl(C) < PH(Q p)-

For the compact Shimura curve determined by an indefinite quaternion algebra over (2, and a prime p
at which the quaternion algebra is ramified, the Hodge—Tate period domain X is a twisted form of P!,
All points of X (C) give rise to supersingular p-divisible groups over &, and the Newton stratification
consists of a single stratum, X (C) itself. In contrast, the Ekedahl-Oort stratification is nontrivial, and the
goal of this paper is to make it explicit.

Although the methods used here are fairly direct, it is not clear how far they can be extended. The case
of Hilbert modular surfaces may already require new ideas.

For background on the classical Ekedahl-Oort stratification of reductions of Shimura varieties (as
opposed to their Hodge—Tate period domains), we refer the reader to [Oort 2001; Moonen 2004; Viehmann
and Wedhorn 2013; Zhang 2018].

1.2. The Shimura curve period domain. Let Q> C C be the unique unramified quadratic extension
of @, and let Z,» C O be its ring of integers. Denote by x +> X the nontrivial automorphism of Q..
Define a noncommutative Z,-algebra of rank 4 by

A =Z,[1],

where IT is subject to the relations I1> = p and IT-x = x - IT for all x € Z 2. In other words, A is the
unique maximal order in the unique quaternion division algebra over Q,,.

Let T be a free A-module of rank one, and let X be the smooth projective variety over Q, with functor
of points

XS = {(’)S-module local direct summands W C T ®z, Os of rank 2 that are stable under A} (1.2.1)

for any Q,-scheme S. This is the Hodge—Tate period domain associated to a quaternionic Shimura curve.
As we explain in Section 4.1, our period domain becomes isomorphic to the projective line after base
change to Q,2, and any choice of A-module generator A € T determines a bijection

X(C)=CU{oo}. (1.2.2)
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After fixing such a choice, we normalize the valuation ord : C — R U {oo} by ord(p) = 1, extend it to
C U {oo} by ord(co) = —oo, and use (1.2.2) to view ord as a function

ord: X(C) —» RU {—o0, 00}.

The theorem of Scholze—Weinstein provides a canonical bijection

X(C)é{

isomorphism classes of p-divisible groups G over O of height 4 and dimension 2,
endowed with an action of A and a A-linear isomorphism 7,(G) =T

By forgetting the level structure 7,(G) = T, reducing to the residue field, and then taking p-torsion
subgroups, we obtain a function

X(C)— {isomorphism classes of finite group schemes over k, endowed with an action of A/ pA}

sending G — Gy[p], whose fibers are the Ekedahl-Oort strata of X (C).

Hypothesis. For the rest of this introduction, we assume p > 2. Theorems B and C below are presumably
true without this hypothesis, but we are unable to provide a proof. See the remarks following Theorem 2.2.2.

It is convenient to organize the strata into two types: those on which the p-torsion group scheme G[ p]
is superspecial (in the sense of Section 3.2), and those on which it is not. The two theorems that follow
show that there are three superspecial strata, and two infinite families of nonsuperspecial strata. These
results are proved in Section 4.2, where the reader will also find an explicit recipe for computing the
Dieudonné module of the p-torsion group scheme Gy[p] attached to a point of X (C).

Theorem B. The conditions
1 P
P <ord(r) < P

on t € X(C) define an Ekedahl-Oort stratum, as do each one of

1 p
p+1’ p+1

ord(t) < < ord(7).

The union of these three strata is the locus of points with superspecial reduction. In particular, the
isomorphism class of the finite group scheme G| p] is the same all on three strata, but the isomorphism

class of G| p] with its A-action is not.

Now consider the locus of points

. __ : __P
{r e C:ord(t) = p—H}U{t e C:ord(t) = PEN } C X(O) (1.2.3)

at which the corresponding p-divisible group does not have superspecial reduction. The isomorphism
class of the p-torsion group scheme G[ p] is constant on (1.2.3), but the isomorphism class of G¢[ p] with
its A-action varies. In fact, the A-action varies so much that (1.2.3) decomposes as an infinite disjoint
union of Ekedahl-Oort strata.
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Theorem C. The fibers of the composition

1
{reC:mdu)z ! }’H””+ 0% — kX
p+1

are Ekedahl-Oort strata, as are the fibers of the composition

YMMWCVem

e C:ord(r) = L
{r ord(7) P

Both unlabeled arrows are reduction to the residue field.

Remark 1.2.1. The infinitude of Ekedahl-Oort strata is a pathology arising from the nonsmooth reduction
of compact Shimura curves. Similar pathologies for the reductions of Hilbert modular varieties at ramified
primes are described in the appendix to [Andreatta and Goren 2003].

1.3. Notation and conventions. Throughout the paper p is a fixed prime. We allow p = 2 unless
otherwise stated. Let k = O/m as above, and denote by o : k — k the absolute Frobenius o (x) = x?.
The rings Z,» C O and A = Z »[I1] have the same meaning as above. We label the embeddings

Joo1:Zyp = O (1.3.1)

in such a way that jj is the inclusion and j; (x) = jo(X) is its conjugate.

2. Integral p-adic Hodge theory

In this section we recall the integral p-adic Hodge theory of an arbitrary p-divisible group G over O.
The quaternion order A plays no role whatsoever.

Following [Fargues 2015; Lau 2018; Scholze and Weinstein 2020], we will attach to G a Breuil-Kisin—
Fargues module, and explain how to extract from it invariants of G such as its Hodge—Tate morphism
T,(G) — 2(G"), and the Dieudonné module of its reduction to k.

2.1. A ring of periods. Let C’ be the tilt of C, with ring of integers ©°. Thus
O’ = lim O/(p)

xXH>xP
is a local domain of characteristic p, fraction field C’, and residue field k = ©”/m". An element x € O°
is given by a sequence (xp, X1, X2, ...) of elements x, € O/(p) satisfying xé’H = xy. After choosing

arbitrary lifts x, € O, set

4
x* = lim x}.
{— 00

The construction x — x* defines a multiplicative function ©O” — O, and we define ord : ©” — RU {00}
by ord(x) = ord(x?).
Denote by o : ©” — O the absolute Frobenius x — x?, and in the same way the induced automorphism
of the local domain
Aint = W(O").
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There is a canonical homomorphism of Z ,-algebras
O: Ay — O
satisfying @ ([x]) = x¥ where [-]: O” — Ajys is the Teichmiiller lift.
The kernel of © is a principal ideal. To construct a generator, first fix a Z,-module generator
§=(8p, Ep2: Ep3y o) € Tp(pp)
and define € = (1, ¢,, $p2see .) € O". The element
E=[1]+[e/P1+[e¥P1+- - +[ePV/P] € Aint
generates ker(®). If we denote by
w=14e/P 2P ... D/p b
its image under the reduction map Aipr — Ains/(p) = ", then ord(z) = 1, and there are canonical
isomorphisms
0/(p) = At/ (. p) 2O/ (@).
The following lemma will be needed in the proof of Proposition 3.4.4.
Lemma 2.1.1. The reduction map O* — k* sends w®/p > —1.
Proof. By definition, o =1limy_ oo xé’ Z, where
g =1

$pert — 1

Xe:1+§pk+l+§;z+1+"’+§5z:11: €0.

The binomial theorem implies that
$pe = (pen — 1+ P = (& per1 — P +spCpen — D +1
for some s € O. From this we deduce first that

x¢ = Ly — P! (mod pO),
and then that

= (e — DI (mod ptl0), @.1.1)
Forl1 <i<p—1set
1-¢! .
_ p __ -1
up = —¢, =14+ +¢, €07,
and note that Wilson’s theorem implies u; - - - u,_1 = —1 (mod m). Taking X =1 in the factorization

Xp—l ++X+1:(X_é‘p)(x_§-£—l)
shows that p = (1 —g,,)l’—lul ---up_1, and hence

(1=¢,)"!
p

= —1 (mod m).
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Combining this with (2.1.1) shows that

2 (@ — DY ((gpm — '
p p 1=¢,
As Q) (¢pen1) is totally ramified over @, the reduction of

p—1
) (mod m).

lies in the subgroup F C k*. It follows that xfl/p = —1 (mod m), and hence w*/p = —1 (mod m). [J

2.2. Breuil-Kisin—Fargues modules. There is an equivalence of categories between p-divisible groups
over O and Breuil-Kisin—Fargues modules, whose definition we now recall.

Definition 2.2.1. A Breuil-Kisin—Fargues module is a triple (M, ¢, 1), in which M is a free module of
finite rank over Aj,f, and

o, M—>M
are homomorphisms of additive groups satisfying
¢(am) =o(a)p(m), Y(o(a)ym)=ay(m),
for all a € Ajpr and m € M, as well as p oy =§.
Suppose (M, ¢, ) is a Breuil-Kisin—Fargues module. Denote by
0*M = Aint @, A M
the Frobenius twist of M, and by N the image of the Ajn¢-linear map

M ISV ey

It is easy to see that £6*M C N C o* M. We construct various realizations of M as follows:

e The de Rham realization
MdR = O'*M/SO'*M,

sits in the short exact sequence
0—> N/éo™M — Mgr — 6c*M/N — 0.

of free O-modules. Indeed, the freeness of Mgg is clear, the freeness of c*M /N follows from the
proof of [Lau 2018, Lemma 9.5], and the freeness of N/£0*M is a consequence of this.

o The étale realization is the torsion-free Z,-module

My =MV=",
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Its Hodge—Tate filtration
Fur(M) C M ®z, C

is the kernel of the C-linear extension of

My SV, N je6* M.

o The crystalline realization

Merys = W(k) ®q, Ae M

is a free W (k)-module, endowed with operators
Fa@my=o@®¢m), V@eom)=o"'@eym).

These give My the structure of a Dieudonné module.

The following theorem is no doubt known to the experts, but for lack of a reference we will explain in
the next subsection how to deduce it from the results of [Lau 2018].

Theorem 2.2.2 (Fargues, Scholze and Weinstein, Lau). Assume that p > 2. The category of p-divisible
groups over O is equivalent to the category of Breuil-Kisin—Fargues modules. Moreover, the Breuil—

Kisin—Fargues module (M, ¢, ) associated to a p-divisible group G enjoys the following properties:
(1) There are isomorphisms of O-modules
QG)EN/Ec*M, Lie(G)=o0*M/N. 2.2.1)
(2) If Gy denotes the reduction of G to the residue field k = O /m, the covariant Dieudonné module of
Gy is isomorphic to Mys.

(3) There is an isomorphism T,(G) = Me making the diagram

T)(G) =————— Mgy
HTl l 2.2.2)
Q(GY) ———=N/tc*M

commute, where the vertical arrow on the right is the restriction to Me C M of the O-linear map
Y Rindl-l iGN JEGM.
All of these isomorphisms are functorial.

Some comments on this theorem are warranted, particularly regarding the restriction to p > 2. A
functor!' from Breuil-Kisin—Fargues modules to p-divisible groups over O, but not a proof that it is an
equivalence of categories, first appeared in the work Fargues [2015, §4.8.1]. His construction of the

1Fargues only considers formal p-divisible groups, and imposes a corresponding restriction on Breuil-Kisin—Fargues modules.
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functor makes essential use of the theory of windows introduced by Zink [2001] and extended by Lau
[2010; 2018], and assumes that p > 2.

A proof of the equivalence of categories is found in [Scholze and Weinstein 2020, Theorem 14.1.1],2
where the result is attributed to Fargues. The construction of the functor in [Scholze and Weinstein 2020]
is very different from the construction of [Fargues 2015], and does not use of the theory of windows.
Instead, what is proved in [Scholze and Weinstein 2020] is that the category of Breuil-Kisin—Fargues
modules is equivalent to the category of pairs (7', W) appearing in Theorem A, and hence is equivalent to
the category of p-divisible groups. This proof comes with no restriction on p.

The identification of M with the Dieudonné module of Gy is [Scholze and Weinstein 2020,
Corollary 14.4.4], and the isomorphism 7,(G) = M, can be deduced by carefully tracing through
the construction of the equivalence. Unfortunately, the isomorphisms of O-modules (2.2.1) seem difficult
to deduce from the description of the equivalence found in [Scholze and Weinstein 2020].

Because of this, our equivalence of categories will be the one appearing in [Lau 2018], which follows
Fargues. What Lau proves is that, when p > 2, the categories of Breuil-Kisin—Fargues modules and
p-divisible groups over O are both equivalent to the category of windows. The various properties of the
equivalence listed in Theorem 2.2.2 can be read off from the constructions of the two functors into the cate-
gory of windows, which are quite simple and direct (of course, the proof that they are equivalences is not).

The invocation of Theorem 2.2.2 in the calculations of Section 3 is the only reason why the assumption
p > 2 is imposed in the introduction. Our approach in the sequel will be to allow arbitrary p, but to take
the conclusions of Theorem 2.2.2 as hypotheses.

2.3. Proof of Theorem 2.2.2. As we have already indicated, Theorem 2.2.2 is proved by relating the
categories of Breuil-Kisin—Fargues modules and p-divisible groups to the category of windows introduced
by Zink [2001] and extended by Lau [2010; 2018].
Our windows will be modules over the ring Acys, which is defined as the p-adic completion of the
subring
AQys = Aintl€"/n!:n=1,2,3,...1 C Aintl1/p].
It is an integral domain endowed with a ring homomorphism

®crys : Acrys -0 (2.3.1)

extending © : Ajy;r — O, and divided powers on the kernel I = ker(Oys).

The subring Agrys C Ajye[1/p] is stable under o, and there is a unique continuous extension to an

injective ring homomorphism o : A¢rys — Acrys reducing to the usual p-power Frobenius on Acrys/ pAcrys.
Moreover, [Scholze and Weinstein 2013, Lemma 4.1.8] and the comments following [Lau 2018, (9.1)]

show that

o(§)
o(I) C pAcrys and 7 IS Aéys.

2Qur conventions for Breuil-Kisin—Fargues modules and the equivalence of categories differ from those of [Scholze and
Weinstein 2020]. The discrepancy amounts to a Tate twist.
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The following definition of a window is taken from [Lau 2018, §2], where it would be called a window
over the frame
écrys = (Acrys, 1,0= Acrys/ly 0,01),
with 07 : I — Acys defined by o1(x) =0 (x)/p.

Definition 2.3.1. A window is a quadruple (P, Q, ®, ®;) consisting of a projective Acrys-module P of
finite rank, a submodule Q C P, and o -semilinear maps

®:P— P, P :Q0— P
satisfying the following properties:
o there exist A¢ys-submodules L, T C P such that
O=LIT, P=L&T,
e a®@x > ad(x) defines a surjection 0*Q — P of A.ys-modules,
e ®(ax) =pPi(ax) forallael and x € P.

Remark 2.3.2. Taking a = £ in the final condition yields

O(x) = L @ (£x)

o (§)

for all x € P. This implies ®(x) = p®P;(x) for all x € Q, and shows that each one of ® and ®; determines
the other.

Remark 2.3.3. Note that /P C Q, and that Q/IP and P/Q are projective (hence free) over A¢ys/1 = O.

Suppose G is a p-divisible group over O. Let P be its crystalline Dieudonné module, evaluated at
the divided power thickening (2.3.1). This is a projective Acrys-module of rank equal to the height of G,
equipped with a o-semilinear operator @ : P — P and a short exact sequence

0— Q(GY)— P/IP — Lie(G) = 0

of free O-modules. Define Q C P as the kernel of P — Lie(G). One can show that ®(Q) C p P, allowing
us to define @, : Q — P by

1
Di(x)=—-D(x).
p
The following is a special case of [Lau 2018, Proposition 9.7].

Theorem 2.3.4 (Lau). The construction G+ (P, Q, ®, ®|) just given defines a functor from the category

of p-divisible groups over O to the category of windows. It is an equivalence of categories if p > 2.

Now suppose we start with a Breuil-Kisin—Fargues module (M, ¢, ¥). Set

P = Acrys ®J,Ainf M, (232)
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and define ® : P — P by ®(a®m) =0 (a) ® ¢(m) for all a € Arys and m € M. The submodule Q C P,
defined as the kernel of the composition

Acrys ®O’,Aim‘ M — Acrys/IAcrys ®U,Amf M

F

Ainf/s Ainf ®G,Ainf M
oc*M/6c*M ——  o*M /N

is alternately characterized the Ays-submodule generated by all elements of the form 1 ®1/(m) and a @ m
with m € M and a € I. There is a unique o -semilinear map @ : Q — P whose effect on these generators is

¢1(1®1//(m))=?®m, cI>1(a®m)=¥®¢(M)-

The following is a special case of [Lau 2018, Theorem 1.5].
Theorem 2.3.5 (Lau). The construction (M, ¢, ) — (P, Q, ®, @) just given defines a functor from the

category of Breuil-Kisin—Fargues modules to the category of windows. It is an equivalence of categories
if p>2.
Given a window (P, Q, @, &), define its étale realization
Po={xeQ:Pi1(x)=x}
as in [Lau 2019, §3]. This is a torsion-free Z,-module equipped with a Hodge—Tate filtration
Fur(Pe) C Pa®z, C,

defined as the kernel of the C-linear extension of Pt — Q/IP.

Denote by HTpair the category of pairs (7', W) in which 7 is a torsion-free Z ,-module, and W C T®z,C
is a subspace. Using the obvious notation for the categories of Breuil-Kisin—Fargues modules, p-divisible
groups over O, and windows, we now have functors

BKF-Mod —~— Win +—"— p-DivGrp (2.3.3)
S
HTpair

Here a is given by Theorem 2.3.5, b is given by Theorem 2.3.4, ¢ sends a window to its étale realization, d
does the same for Breuil-Kisin—Fargues modules, and e sends a p-divisible group over O to its p-adic
Tate module endowed with its Hodge filtration.

Remark 2.3.6. It is not obvious from the definitions that (2.3.3) commutes. When p > 2 the commutativity
is a byproduct of the following proof.
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Proof of Theorem 2.2.2. Assume that p > 2. In particular the functors of Theorems 2.3.4 and 2.3.5 are
equivalences of categories, and their composition gives the desired equivalence of categories between
p-divisible groups over O and Breuil-Kisin—Fargues modules.

Suppose G is a p-divisible group over O, and let (P, Q, ®, ®1) and (M, ¢, ) be its corresponding
window and Breuil-Kisin—Fargues module. The isomorphisms

Q(GY)= Q/IP=N/té0c*M and Lie(G)=P/Q=0*M/N

are clear from the constructions of the functors of Theorems 2.3.4 and 2.3.5.
The quotient map O — k induces a ring homomorphism A,y — W (k) sending & +— p. It follows that
there is a unique continuous extension to Acys — W (k) and, by (2.3.2), canonical isomorphisms

W(k) ®ayy P=W(k) Qo A M = Meyys. (2.3.4)

crys

The functor of Theorem 2.3.4 is constructed in such a way that the leftmost W (k)-module in (2.3.4) is
identified with the value of the Dieudonné crystal of Gy at the divided power thickening W (k) — &,
which is just the usual covariant Dieudonné module of Gy.

The window of the constant p-divisible group @Q,/Z, over O consists of

P'= Ay and Q= Agys
endowed with the operators ® : P — P9 and ®; : Q° — P° defined by
d(x)=po(x) and D(x)=0(x).
In particular there is a canonical isomorphism Q°/IP° = ©.
The Breuil-Kisin—Fargues module of Q,/Z, consists of

M° = Ajs
endowed with the operators

p(x)=¢&c(x) and Y(x)=0"'(x).

The distinguished submodule N 0 c 6*M" defined in Section 2.2 is all of 6*M" = 6* Ajyy, so is free of
rank one generated by 1 ® 1. Hence there is a canonical isomorphism N°/&o*M% = O.
From the equivalence of categories of Theorem 2.3.4 we obtain the commutative diagram

T,(G) al Q(GY)

Homy_pivGrp (Qp/Zp, G) —— Homo (R (i px), Q(GY))
(2.3.5)

Homwin(P?, P) ———— Homo(Q°/IP°, Q/IP)

P Q/IP
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Similarly, from the equivalence of categories of Theorem 2.3.5 we obtain the commutative diagram

Met N/SO’*M

Hompgp(M°, M) —— Homp(N°/Ec*M°, N/Ec* M)
(2.3.6)
Homwin(P?, P) —— Homo(Q°/IP°, Q/IP)

Pet Q/1pP

Combining these gives (2.2.2), completing the proof of Theorem 2.2.2.

As a final comment, we note that the diagrams (2.3.5) and (2.3.6) show that P, and M, are finitely gen-
erated Z ,-modules, and that (2.3.3) commutes. If we denote by FinHTpair C HTpair the full subcategory
of pairs (7', W) with T of finite rank over Z,, we obtain a commutative diagram

BKF-Mod —* Win «+—2— p-DivGrp
\ Cl /
d e
FinHTpair
in which the arrows a, b, and e are equivalences of categories (the last one by Theorem A). Hence all
arrows are equivalences of categories. U
3. Bounding the Hodge-Tate periods

Let G be a p-divisible group of height four and dimension two over O, endowed with an action
A — End(G).

Throughout Section 3 we do not require p > 2. Instead we allow p to be arbitrary, but assume the
conclusion of Theorem 2.2.2.

3.1. Hodge-Tate periods. The embeddings (1.3.1) determine a decomposition
Q(GY) =Q(G") ®Q(GY), (3.1.1)

in which each summand is free of rank one over O, and Z,» C A acts on them through jo and ji,
respectively. The operator IT maps each summand injectively into the other. Applying ®k to (3.1.1)
yields a decomposition

Q(GY) = Qo(G) & 21(GY)

into one-dimensional k-vector spaces.
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Composing the Hodge—Tate morphism (1.1.1) with the two projections yields two partial Hodge—Tate

morphisms
T)(G) > (GY),  Tp(G) 75> 21(GY).
By fixing isomorphisms
Qo(G") =0, Q(GY) =0, (3.1.2)

we view these as O-valued Z ,-linear functionals on T),(G).
Lemma 3.1.1. The A-module T),(G) is free of rank 1.

Proof. As A ® Q, is a division ring, its module 7,(G) ® Q,, is necessarily free. Comparing Q-
dimensions shows that it is free of rank one, and hence 7, (G) is isomorphic to some (left) A-submodule
of A® Q,. As A admits a discrete valuation [Vignéras 1980, Lemme II.1.4] with uniformizer IT, every
such submodule is principal and generated by a power of II. g

Fix a A-module generator A € T,(G), and define

HTo(ITA) _ HT(ITh)

T0 = y T = .
HTo(2) HT; (%)

These are the Hodge—Tate periods of G. In each fraction the numerator or denominator may vanish, but
not simultaneously. Thus the Hodge—Tate periods lie in P1(C) = C U{oo}. They do not depend on the
choice of (3.1.2), but do depend on the choice of generator A.

Proposition 3.1.2. The Hodge—Tate periods satisfy 7y - T) = p.
Proof. The action of IT on Qy(G") @ 21(G") is given by
(wo, ®1) = (sow1, s1wo)
for some s, 51 € O satisfying sos1 = p. From the A-linearity of the Hodge—Tate morphism we deduce first
HTo(ITA) = s - HT1 (M), HT;(ITh) =51 - HTo (M),
and then

HTo(ITA) HT; (1))
Tp-T1 = .
HTo(A)  HTi(A)

=50-5] = p. O
3.2. Reduction to the residue field. Let G be the reduction of G to the residue field k = O/m, and
let (D, F, V) be its covariant Dieudonné module.

Definition 3.2.1. Let H be the p-divisible group of a supersingular elliptic curve over k. In other words, H
is the unique connected p-divisible group of height two and dimension one. The reduction Gy is said to be

(1) supersingular if it is isogenous to H x H,

(2) superspecial if it is isomorphic to H x H.
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Remark 3.2.2. Our notions of supersingular and superspecial depend only on the p-divisible group Gy,
and not on its A-action. This differs from the meaning of superspecial in some literature on Shimura
curves, e.g., [Kudla and Rapoport 2000].

The following proposition, which implies that the notion of superspecial depends only on the p-torsion
subgroup scheme G[p] C Gy, is well-known. For lack of a reference we provide the proof.

Proposition 3.2.3. The reduction Gy, is supersingular, and the following are equivalent:
(1) Gy, is superspecial.
(2) There is an isomorphism of group schemes Gi[p]l = H|[p] x H[p].
(3) V2D c pD.
(4) FD = VD.
Proof. The supersingularity of Gy follows from the Dieudonné—Manin classification of isocrystals: one can
list all isogeny classes of p-divisible groups over k of height four and dimension two, and the supersingular
isogeny class is the only one whose endomorphism algebra contains a quaternion division algebra.
The implication (1) => (2) is trivial. For the implication (2) = (3) it suffices to check that V2 kills
the Dieudonné module of H[p], which we leave to the reader.
Next we prove (3) = (4). If D’ C D is any W (k)-lattice stable under both F and V, then its
corresponding p-divisible group G, is isogenous to Gy. In particular it has dimension 2, and hence
D'/VD' = Lie(G})
is a 2-dimensional k vector space. Applying this with D’ = D and D’ = VD shows that D/V?D has
length 4 as a W (k)-module. On the other hand, D/p D also has length 4, proving the first implication in
VD c pD = V?’D=pD=VD=FD.

Finally, we prove (4) = (1). Let «, be the finite flat group scheme whose Dieudonné module is the
W (k)-module k, endowed with the operators F'=0and V = 0. If FD = VD then, using the self-duality
of a), we see that

Hom(c ), G,\!) = Hom(G[pl, ap) = Homy(D/(FD + VD), k)
= Homy(D/VD, k) = Homy (Lie(G), k)

is a 2-dimensional k-vector space. It follows from [Oort 1975, Theorem 2] that G|/ is superspecial, and
hence so is Gy. U

Let (M, ¢, ) be the Breuil-Kisin—Fargues module of G. The quotient
M =M/pM

is a free module over O° = A;¢/(p), endowed with operators ¢, ¥ : M” — M satisfying ¢ oy = w..
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Denote by N” = N/pN the image of
M 18y im) o* M.

Each of our embeddings jo, ji : Z,> — O determines a map
Z,— O0/pO=0"[w O,

and these two maps lift uniquely to jo, ji : Z,2 — ©". The action of A on G determines an action on M,
which induces a decomposition
M =M &M,
analogous to (3.1.1). It follows from the next proposition that each factor is free of rank two over O”.
Proposition 3.2.4.
(1) D is free of rank one over A ®z, W (k).
(2) M is free of rank one over A ®z, Aint.

Proof. Reduce (1.3.1) to ring homomorphisms jo, ji1 : Z,2> — k, and denote again by jo, ji : Z,2 — W (k)
the unique lifts. There is a decomposition of W (k)-modules

D =Dy® D,

in such a way that Z,» C A acts on the two summands via jo and jj, respectively. As in [Kudla and
Rapoport 2000, §1], these summands are free of rank 2 over W (k), and satisfy

pD() g VD] g D(), pD1 g_ VD() g Dl.

Moreover, either ITDg = VD or I1D; = VD, (or both).
Without loss of generality, we may assume that [1Dy = V Dy, and hence

pDy C 1Dy & D;.
Applying IT to these inclusions shows that
pDO g HD] g_ D().

If we choose any fy € Dg and f; € D with nonzero images in Do/I1D; and D /I1Dy, respectively, then
fo, f1, ILfo, [1f1 € D reduce to a k-basis of D/pD. Using Nakayama’s lemma it is easy to see that D is
generated by fo+ fi as a A ® W (k)-module, and the first claim of the proposition follows.

Theorem 2.2.2 gives us an isomorphism

D/pD = o*(M/mM)

of AQy ) k-modules, and from what was said above we deduce that M /mM is free of rank one over A ®z k.
The second claim of the proposition follows easily from this and Nakayama’s lemma. O
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3.3. The case IR (G)) = 0. We assume throughout Section 3.3 that
QG =0.

We will analyze the structure of M”, with its operators ¢ and v, and use this to bound the Hodge—Tate
periods of G. The first step is to choose a convenient basis.

Lemma 3.3.1. There are O"-bases e, fo € Mg andey, fi € M;) such that the operator I1 € A satisfies
[Teg =0, [le; =0, TIlfy=e;, IIfi =ey, (3.3.1)
and such that \ satisfies
V(eo) =toer, Yle) =tieo, Y (fo)=ei+tifi, Y (f1)=eo+1fo
for scalars ty, t; € O satisfying ord(ty) > 0, ord(t;) > 0, and
ord(#p) +ord(t;) = 1/p.

Proof. As M" is free of rank one over A ®z, O, we may choose a basis such that (3.3.1) holds, and the
relation ¢ o [T = IT o ¢ then implies

V(eo) =toer, Yler) =tieo, Y(fo) =urer+tf1, ¥(f1)=uoeo+1fo
for some ug, uy, ty, t; € O". The submodule N* C o*M” is generated by
1@ Y(eo) =1 Qen, 1@y (e1) =1 ®eo,
1Qy(fo)=u] Qe +1{ ® fi, 1@V (f) =uy Qeg+1j ® fo.

Recall that m” C ©” is the maximal ideal. The first isomorphism in (2.2.1) identifies (G,f) with the
image of N in (6*M")/m"(c*M"), and by hypothesis this k-vector space is annihilated by I1. It is easy
to see from this that ord(fg) and ord(#)) are positive.

Using Theorem 2.2.2, we see that

o*M"/N° = (*M/N) ®0 O/ (p) = Lie(G) ®0 O/ (p)
is free of rank two over O/(p) = O /(). On the other hand, o* M /N’ is isomorphic to the cokernel of

the matrix

p
» € My(O"),

whose reduction to M4(k) must therefore have rank 2. This implies that ug and u; are units, and using
elementary row and column operations one sees that

o*M’/N° = O° [ (to11)P ® O/ (to11)" .
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Hence (#t;)? = (=). Finally, having already seen that ¢ and u; are units, an easy calculation shows
that our basis elements may be rescaled in order to make ug =1 and u; = 1. g
Fix a basis as in Lemma 3.3.1. Theorem 2.2.2 identifies
T,(G)/pT(G) = MY~ /pM"=" ¢ (M")"=,
and the image of our fixed generator A € T),(G) has the form
apeo +aier +byfo+ b1 f1 € M’
for some coefficients ag, ay, by, by € O° satisfying
al =ait] +b1, af =aotf +bo, by =bity, b} =bot]. (3.3.2)
The first isomorphism of (2.2.1) identifies
Q(G")/pRUGY) =N/(pN +§0*M) = N"/wo*M’
with the direct summand of o*M" /o * M" generated by the reductions of
19V (fo)=1®e+1!/® fica™M’, 1y (fi)=1®e+1J® foco*M".
If we use this basis to identify
Q(G")/pQUGY) =N [we™M = O /(@) & O /()
then, again using Theorem 2.2.2, the partial Hodge—Tate morphisms
Tp(G)/pTH(G) = Q0(G)/pQ0(GY) = O/ (@)
Tp(G)/pTp(G) > Q1(GY)/pQ(G*) = O’ /(@)
are given by
HTy(%) =al, HTo(ITA) = bf, (3.3.3)
HTi(A) =dal,  HT{(TIA) =Y.

Lemma 3.3.2. Fori € {0, 1}, we have

1 -ord(¢;
i ( ).

ord(b;) =

Proof. As TIA € T, (G) has nonzero image in
T,(G)/pTy(G) C M",

we must have bpe| + b1eg # 0. Therefore one of by and b; is nonzero. The relations (3.3.2) then imply
first that both by and b are nonzero, and then that

2
p—=1_ p p(p—1)
b: = (tot)? - 1, .

1

The claim follows by applying ord to both sides of this equality. O
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Lemma 3.3.3. If we assume that

—— <ord(ty),
p*(p—1
then
1 ord(t;) 1 ord(#;)
, ord(a;) = — .
p(p?—-1  p+1 pP—1 p+l1

Of course there is a similar result if t1 is replaced by ty.

ord(ag) =

Proof. Recall the equality aé’ = altlp + by from (3.3.2). The only way this can hold is if (at least) one of
the three relations

e p-ord(ag) = ord(by) < ord(1{'a)
e p-ord(ap) = ord(t{ ay) < ord(by)
e ord(by) = ord(tfal) < p-ord(agp)

is satisfied. The second and third relations cannot be satisfied, as each implies

p*-ord(1)
— <

5 0.
pr—1 p+1

0 <ord(a;) <ord(by) — p-ord(t;) =

Hence the first relation holds, and Lemma 3.3.2 shows that

1 n p-ord(t))

-ord(ap) = ord(by) =
p -ord(ag) = ord(b1) o1 P

This proves the first equality.
For the second equality, the relations (3.3.2) imply

2

al” =al - @] +11)? — (to11)"ao,
2

al’” =af - () +10)? — (to11)"ay.

Using the second of these, along with

2 2
p p~-ord(t;)
d(al - (tF +19)?) = ord(b -ord(f) = — 1 <ord((tot1)"ay),
ord(ag - (1§ +10)?) = ord(by) + p - ord(1o) 21 P <1 < ord((tot1)"ay)
we find that
ord(al - (t! +19)? 1 d(t
ord(a;) = (0 (g 0)): 5 —Or(l). O
p pr—1 p+1

Now we can prove the main result of this subsection.
Proposition 3.3.4. If we assume, as above, that TI2(G)') = 0 then

1 < ord(ty) < L ana b < ord(t)) < P

p+1 p+1 p+1 p+1
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Proof. First assume that

m < Ord(t]). (334)

The discussion leading to (3.3.3) provides us with an O-module isomorphism
Q0(G")/p(G") Z O/ (@) Z O/(p),

and we fix any lift to an isomorphism Qy(G") = O.

It is easy to see from Lemmas 3.3.2 and 3.3.3 that ord(a;) and ord(b) lie in the open interval (0, 1/p),
and so af and b(’)’ have nonzero images in ©” /(). By (3.3.3) these images agree with the images of
HTy(A) and HT((ITA) under

O — 0/(p) =0 /().

Thus
p_ p-ord)
pr—1 p+1

ord(HTo(1)) = ord(a]) =

and

p +p2-0rd(to)
p?—1 p+1

ord(HTo(ITA)) = ord(b)) =

It follows that

p (=D
p+1 p+1

ord(tg) = ord(HTo(TTA)) — ord(HTy (X)) = -ord(tlp),

and so

1 p
— <ord(g) < ——.
p+1 p+1

The analogous inequalities for ord(z;) follow from the relation tgt; = p of Proposition 3.1.2.
This proves Proposition 3.3.4 under the assumption (3.3.4). The proof when

2o=D < ord(1p) (3.3.5)

is entirely similar.
Thus we are left to prove the claim under the assumption that both (3.3.4) and (3.3.5) fail. This
assumption implies that

1 2
— =ord(ty) +ord(t;) < ————,
p 0 ) pr(p—1)

which implies that p =2 and
ord(ty) = 41'1 = ord(zy).

In particular, Lemma 3.3.2 simplifies to

ord(bg) = % = ord(by).
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Consider the equality a(% =a 1t]2 + b1 of (3.3.2). As in the proof of Lemma 3.3.3, the only way this can
hold is if (at least) one of the relations

e ord(ag) = zlt
e ord(a;) =0 and ord(ag) > le
holds. Similarly, the equality a% = aotg + bg implies that (at least) one of the relations
e ord(ay) = zlt
e ord(ap) = 0 and ord(a;) > le

holds. Combining these shows that ord(ag) = le and ord(a;) = }‘.
In particular, af has nonzero image in ©°/(z), and

ord(HTo (1)) = ord(al) = 1.

On the other hand, b} has trivial image in O°/(w), and so

ord(HTy(ITA)) > 1.

Therefore
ord(tg) = ord(HTy(ITA)) — ord(HTy(1)) > %

The same reasoning shows that ord(t;) > % As 19t] = p by Proposition 3.1.2, we must therefore have
ord(ty) = % = ord(1}),
completing the proof of Proposition 3.3.4. U
3.4. The case IR (G)) # 0. We assume throughout Section 3.4 that
M (GY) #0.

Once again, we will analyze the structure of M” = M/pM, and use this to bound the Hodge—Tate periods
of G. As in Section 3.3, the first step is to choose a convenient basis for M".

Lemma 3.4.1. There are O"-bases e, fo € Mg andey, freM lb such that the operator I1 € A satisfies
ITeg =0, I[le; =0, Tlfy=e;, TIIf] =ep, (3.4.1)
and such that  satisfies
V(o) =e1, VYle)=teo, Y(fo)=tfi, V(fi)=se+ fo (34.2)
for some scalars s, t € O° with ord(t) = 1/p. Moreover:
(1) For any such basis, Gy, is superspecial if and only if ord(s) > 0.

(2) If Gy is not superspecial such a basis can be found with s = 1.
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Proof. Exactly as in the proof of Lemma 3.3.1, we may choose a basis such that (3.4.1) holds, and such that

VY(eo) =toer, V(e =tieo, Y(fo) =uier+1t1f1, ¥(f1)=uoeo+1fo

for some ug, u1, to, t; € O° with ord(zy) +ord(t;) = 1/ p.
The A-module Q(GY) is identified with the image of

N’ — (c*M")/m’(c*M"),
and this identifies ©(G)’) with the (one-dimensional) k-span of the vectors
1QY(e) =t ®eo, 1QY(f1) =uf Qeo+1) Q fo

in (U*Mg) /m°(c*M"). The assumption that IT does not annihilate €2 1(GZ) implies that ord(#p) = O,
which allows us to rescale our basis vectors to make #y = 1, and then add a multiple of ¢ to fy to make
u; = 0. Setting t = t; and s = uy, the relations (3.4.2) now hold.

It follows from Proposition 3.2.3 and Theorem 2.2.2 that

G is superspecial <= V3(D/pD) =0 <= y*(M"/m°M") = 0 < ord(s) > 0.

Finally, if ord(s) = 0 it is an easy exercise in linear algebra to see that the given basis elements can be
rescaled to make s = 1. U

As in Section 3.3, our fixed generator A € T),(G) determines an element
ageo +aier +bo fo+ b1 fi € M,
where the coefficients ag, a;, by, b; € O° satisfy
a{; =at?’ +bys?, af =ay, bg = b, bf = byt?. (3.4.3)
As in Section 3.3, we may identify
Q(G")/pQUGY)=N/(pN +&0*M) = N Jjwo*M"
with the direct summand of o*M" /@ o* M generated by the reductions of
1@Y(e)=1Qe;€c*M’, 10V (fi)=s"Qey+1® foco*M".
If we use this basis to identify
QG /pRGY)=N"Joo* M’ = O /(w) ® O /()
then, using Theorem 2.2.2, the partial Hodge—Tate morphisms
Tp(G)/pTH(G) = Q0(GY)/ pQ0(GY) = O’/ (@),

T,(G)/pTp(G) =1 Q1(GY)/pu(GY) = O/ (w)
satisfy
HTy(X) = ap, HTo(I1X) = by, (3.4.4)

HT;(}) = by, HT; (ITh) =0.
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Lemma 3.4.2. We have

ord(b) = —~

d(bo) = , .
ord(bo) P P

Moreover,

ord(ap) > ord(ar) >

pr-1 p(p*—1)°

and Gy, is superspecial if and only if one (equivalently, both) of these inequalities is strict.

Proof. Exactly as in the proof of Lemma 3.3.2, both by and b, are nonzero. The relations (3.4.3) therefore
imply that
b} g
from which the stated formulas for ord(by) and ord(b;) = ord(bg ) are clear.
The relations (3.4.3) imply that ag is a root of xP = xtP’ — bf sP’, and by examination of the Newton
polygon we see that

d >
ord(ag) = 21

with strict inequality if and only if ord(s) > 0. Combining this with a! = ag completes the proof. [
Lemma 3.4.3. If Gy is not superspecial then

@ (ag/b)PT € (O and wsPt /1P e (O”)%,
and these units have the same reduction to k™.

Proof. We have already noted that (3.4.3) implies ¥ = bg 2_1, from which one easily deduces the equality

»?
(ﬂ) _a 8"
b) by pp@D
in the fraction field of ©. It follows from this and Lemma 3.4.2 that
2

p 1/(p+1) o\ P
wp/(p“)(ﬂ) and (_w ’ s)
p—1
bo b

are units in O” with the same reduction to k*, hence the same is true after raising both to the power

(p+1)/p. The lemma follows easily from this and the relations (3.4.3). (|
Proposition 3.4.4. If we assume, as above, that T1Q(G)/) # 0 then
p

——— <ord(t 3.4.5

PR (T1) (3.4.5)
with strict inequality if and only if Gy, is superspecial. Moreover, if equality holds then

p+l
—Lcor ama T )
174 * P

have the same reduction to k*.
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Proof. Using (3.4.4) and Lemma 3.4.2, we find that

p
p*—1

ord(HTy(TTA)) =

and that
ord(HTp (1)) >

p*—1

with strict inequality if and only if G is superspecial. This implies that

ord(zp) = ord(HT((ITA)) — ord(HTy(A)) < ﬁ
with strict inequality if and only if Gy is superspecial. The inequality (3.4.5) follows from this and the
relation 7gt; = p of Proposition 3.1.2, with strict inequality if and only if Gy is superspecial.

Suppose that equality holds in (3.4.5), so that Gy is not superspecial. Choose an a € O satisfying
a”’~! = & The construction of Section 2.1 determines an element o € O whose image in O/(p) =
O /(w) agrees with «.

Combining the relations (3.4.4) with Lemma 3.4.2 shows that

HT,(TIA b
HToIY) _ ox and L e~

(ah)p aP
have the same reduction to k*, as do

HTo(2)

ol

X ao by x
eO and — e (O0")".
o

It follows that

T b
Y% <co* and !
(aﬁ)ﬂ—l aoaP—l

c (Ob)x

have the same reduction to k£ *. Raising both to the power p + 1 and applying Lemma 3.4.3 proves that

it p+1
P _c0* and € (0~
p+1
To
have the same reduction to k*. Now apply Lemma 2.1.1. O

4. The main results

We now formulate and prove our main results on the Ekedahl-Oort stratification of the Hodge—Tate period
domain X defined by (1.2.1). Throughout Section 4 we assume that the conclusions of Theorem 2.2.2
hold. For example, it is enough to assume that p > 2.
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4.1. The setup. Let T be a free A-module of rank one, and fix a generator A € 7. Use the embeddings
(1.3.1) to decompose

T®z,C=Tco®Tc,
as a direct sum of 2-dimensional C-subspaces, in such a way that the action of Z,,> C A on the summands
is through jp and jj, respectively. Using the projection maps to the two factors, we obtain injective
Z p-linear maps

QO3T_>TC,O, qliT—>TC,1.
To each T € C U {oo} we associate the A-stable plane

Wr C T®Z,, C

spanned by the two vectors
Tq0(A) — qo(IT2) € Tc o, pq1(A) —tqi(ITA) € Tc,1.
The construction v — W, establishes a bijection
CU{0} =EX(C).

Remark 4.1.1. It is not hard to see that the above bijection P!(C) = X (C) arises from an isomorphism
of schemes over Q2. The isomorphism cannot descend to Q,, for the simple reason that X (Q,) = &.

For the rest of Section 4.1 and Section 4.2 we hold t € C U {oo} fixed, and let G be the p-divisible
group over O determined by the pair (T, W;). Thus G comes equipped with an action of A, and A-linear

identifications

T,(G) — 5 Q(GY)®0 C

T —— (T ®;, C)/ W,
In the notation of Section 3.1, the Hodge—Tate periods of G are
=t and 7t =p/t. “4.1.1)

4.2. Computing the reduction. Let G; be the reduction of G to the residue field k = O/m, and
let (D, F, V) be its covariant Dieudonné module. We will show how to compute the isomorphism
class of G[p] from the Hodge—Tate periods (4.1.1).

Let D = A ®z, k with its natural action of A by left multiplication. The embeddings (1.3.1) induce
a decomposition

D=0Do® D

in which Z > C A acts on D; through the composition of j; : Z,» — O with the reduction map O — k.
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Choose k-bases
eo, fo € Do, er, f1 €Dy

in such a way that I1 € A acts as

Heo = 0, I"Iel = 0, Hfo =eq, Hf] = €. (4.2.1)
Theorem 4.2.1. The inequalities
# < ord(t) < % (422)

hold if and only if TIQ(G|/) =0. When these conditions hold, there is a A-linear isomorphism D /pD =D

under which

Feyg=0, Ff0=€1, Fei =0, Ff1=€0,

VE():O, Vf()=el, VEIZO, Vflzeo
Proof. If TIQ(G)/) # 0 then either I1Q(G}/) # 0 or [1Q0(G}) # 0. In the first case Proposition 3.4.4
implies

P _
PR ord(ty).

In the second case the same proof, with indices 0 and 1 interchanged throughout, shows that

+1 < ord(7o).

In either case, these bounds imply that (4.2.2) fails.

Now assume that I12(G}") = 0. We have already proved in Proposition 3.3.4 that (4.2.2) holds, and so
it only remains to prove that D/p D admits an isomorphism to [D with the prescribed properties.

Let eq, fo € M(b) and ey, f] € Mlb be the bases of Lemma 3.3.1. Using the formula for  : M> — MP
prescribed in that lemma, and the relation ¢ o ¥ = @, one can write down an explicit formula for ¢, and
then see that the induced operators on the reduction M”/m’M" are given by

¢(e0) =0, ¢(fo) =uer, ¢e1)=0, @(f1)=uep,
V(eo) =0, v(fo)=e1, Yle)=0, ¥(f1)=eo,

where u~! € k* is the reduction of —tO tl Jw € (O
The images of eg, fo, €1, f1 under the bijection

1 ~ ~
M jo® M° 22185 6% (MP /" M) = Merys/ pMerys = D/ p D

provided by Theorem 2.2.2 form a k-basis of D/pD, denoted the same way, satisfying the relations
(4.2.1) and

Fey=0, Ffy=u’e;, Fe1=0, Ffi=u"ey,

Vep=0, Vfy=e, Vei =0, Vfi=eop.
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It remains to prove that u = 1. The two embeddings (1.3.1) reduce to morphisms jo, ji : Z,2 — k,
which then admit unique lifts to
jo, j1 Zsz —> W(k)

This allows us to decompose D = Dy @ D; as W-modules, where Z p2 C A acts on the two summands
via jo and ji, respectively. Choose arbitrary lifts

fo € Dy, freD
of fy and f1, and then define
éo=T1f1 € Dy, é1=TlfyeD,.
Using the fact that IT and V commute, we see that
Véo=pbier+ parfi. Vfo=aé + pbifi,
Vé, = pboéo+ paofo, Vi = aoéo + pbo fo,

for scalars
ap, a1 € 1+ pW(k), bg, by € W(k).

Denote again by o : W(k) — W (k) the lift of the Frobenius on k. Applying F to the expressions for
Ve, and V f results in

pé1 = a (pbo) Féy + o (pao) F fo, pfi =0 (ap)Féy+ o (pbo)F fo,

from which one deduces

(0(ap)* — po(bo)?) - F fo = o (ap)é) — po (by) fi.

Reducing this modulo p proves that F fy = e;, and hence u = 1. (|
Theorem 4.2.2. The inequality
1
ord(t) < —— 4.2.3
Ot (42.3)

holds if and only if TIQ1(G)) # 0. Moreover:
(1) If strict inequality holds in (4.2.3), there is a A-linear isomorphism D/pD = D under which
Fey=e, Ffy=0, Fe =0, Ffi=fo,
Veop=e1, Vfo=0, Ve =0, Vfi=jo.
(2) If equality holds in (4.2.3), there is a A-linear isomorphism D/pD = D under which
Feg=u’ey, Ffo=—uPe;, Fe =0, Ffi=u’jfy, 42.4)
Veg=ei, Vfo=0, Ver =0, Vfi=eo+ fo.

where u is the image of—p/réwrl = —p /TP under O — k*.
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Proof. If (4.2.3) holds then Theorem 4.2.1 implies that [T2(G}) # 0, and so either
Q(GY) #0 or TQ(GY) #0.

The first possibility cannot occur, as then the proof of Proposition 3.4.4, with the indices 0 and 1 reversed
everywhere, would give the bound

L < ord(x

1S (70),
contradicting (4.2.3). Conversely, if T1€2; (G,g) # 0 then (4.2.3) holds by Proposition 3.4.4.

Assume now that (4.2.3) holds, and that HSZl(G,f) #0. Let eg, fo € Mg and ey, f1 € M]b be the bases

of Lemma 3.4.1. As in the proof of Theorem 4.2.1, the operator ¢ on M” can be computed from the
formula for v given in the lemma. The induced operators on the reduction M”/m’M" are found to be

P(eo) =uer, ¢(fo)= —uvPe;, @) =0, ¢(f1)=ufo,
V(eo) =er,  ¥(fo) =0, Y(e) =0, ¥(f1)=rvey+ fo,

where u € k* is the reduction of @ /t? € (0")*, and v € k is the reduction of s € ©". By the final claim
of Lemma 3.4.1, we may further assume that

__J0 if Gy is superspecial,
|1 otherwise.

Suppose that strict inequality holds in (4.2.3). Proposition 3.4.4 tells us that Gy is superspecial, and
so v = 0. The images of eg, fo, e1, f1 under the bijection

M jw® M 2285 5 (M Jm® M) = Mirys/ pMerys = D/ pD

provided by Theorem 2.2.2 form a k-basis of D/pD, denoted the same way, satisfying the relations
(4.2.1) and

Feoy=u"e;, Ffy=0, Fe =0, Ffi=u’fo,
Veo=e, V=0, Vei=0, Vfi=fo

One can prove that u = 1 by lifting the basis elements to D and arguing exactly as in Theorem 4.2.1.
Suppose now that equality holds in (4.2.3). Proposition 3.4.4 implies that G is not superspecial, so

v =1, and that the reduction map O™ — k> sends —p/ r(f' s Arguing as in the previous paragraph,

we obtain a k-basis eg, fo, €1, f1 of D/pD satistying (4.2.1) and (4.2.4), completing the proof. O

Theorem 4.2.3. The inequality

_pil < ord(7) (4.2.5)

holds if and only if TIQo(G)) # 0. Moreover:
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(1) If strict inequality holds in (4.2.5), there is a A-linear isomorphism D/pD = D under which

Feo=0, Ffo=/fi, Fei=ey, Ffi=0,
Veo=0, Vfo=/fi, Veir=ey, Vfi=
(2) If equality holds in (4.2.5), there is a A-linear isomorphism D/pD = D under which
Fey=0, Ffyo=u?fi, Fei=uey, Ffi=—uley,
Veo=0, Vfo=ei+ f1, Ve =ep, Vfi=

(4.2.6)

where u is the image of—p/tlpJrl = —tP* pP under O* — k*.

Proof. Recalling (4.1.1), the inequality (4.2.5) is equivalent to

1
ord(t)) < ?

Using this observation, the proof is identical to that of Theorem 4.2.2, but with the indices 0 and 1

reversed everywhere. U

Corollary 4.2.4. The p-divisible group Gy is superspecial if and only if

ord(t) ¢ {p—i—l pil}

Moreover, the superspecial locus of X(C) is a union of three Ekedahl-Oort strata, characterized as

follows:

(1) The subset of X (C) defined by

L <ord(7) < P
p

+1 p+1
is an Ekedahl-Oort stratum. On this stratum T1$2 (G,Z) =0.

(2) The subset of X (C) defined by
1

ord(t) < ——,
®) p+1
is an Ekedahl-Oort stratum. On this stratum T12; (GZ) #£0.

(3) The subset of X (C) defined by

ord(t) > ?

is an Ekedahl-Oort stratum. On this stratum T1Qo(G}) # 0.

Proof. Recall from Proposition 3.2.3 that Gy is superspecial if and only if V? annihilates D/pD. Given
this, all parts of the claim are clear from Theorems 4.2.1, 4.2.2, and 4.2.3. O
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Now consider the locus of points

. __ : __P
{reC.ord(r)_p_H}U{teC.ord(r)_p_H}CX(C)

at which the corresponding p-divisible group does not have superspecial reduction. This set is a union of
infinitely many Ekedahl-Oort strata.

Corollary 4.2.5. The fibers of the composition

{reC:ord(r): I },,_)p/,,m O* = k*
p+1

are Ekedahl-Oort strata, as are the fibers of the composition

{reC:ord(r): p }r'_"pﬂ/pp O0* > kX,
p+1

Proof. For each u € k> let F,, and V, be the operators on D defined by (4.2.4). Note that V, is actually
independent of u. We claim that the existence of a A-linear isomorphism

(D, Fu, Vi) & @, Fu, Vo)
implies u = u’. To see this one checks that the first relation in
poV,=Vyop, ¢oF,=F, 00 4.2.7)
implies that ¢ has the form

¢(e0) =aey, ¢P(e)) =aer, ¢(fo)=afo, ¢(f1)=af1+be

for some a € [, and b € k. Using this, one checks that ¢ commutes with both F,, and F, . The second
relation in (4.2.7) then implies that F, = F,/, and hence u = .

The same is true if we replace the operators of (4.2.4) with those of (4.2.6), and so the corollary follows
from Theorems 4.2.2 and 4.2.3. O
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A moving lemma for relative 0-cycles

Amalendu Krishna and Jinhyun Park

We prove a moving lemma for the additive and ordinary higher Chow groups of relative O-cycles of regular
semilocal k-schemes essentially of finite type over an infinite perfect field. From this, we show that the
cycle classes can be represented by cycles that possess certain finiteness, surjectivity, and smoothness
properties. It plays a key role in showing that the crystalline cohomology of smooth varieties can be
expressed in terms of algebraic cycles.
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1. Introduction

Just as the classical Chow moving lemma played a fundamental role in studies of Chow groups of smooth
algebraic varieties over a field, the moving lemma of Bloch [1986; 1994] played a significant role in
studies of higher Chow groups of smooth algebraic varieties, i.e., the motivic cohomology. One limitation
of those moving lemmas however is that they focus only on the proper intersection properties of the given
cycles. Occasionally, the given circumstances require us to know more about the cycles beyond such
proper intersection properties. For instance, we often need to know whether the given cycles are finite
over the base scheme, and smooth, or, if not, whether they can be moved to such cycles. Such questions
require more subtle treatments and may hold under special circumstances only.

The goal of this article is to prove a moving lemma of this sort for higher relative 0-cycles of a regular
semilocal scheme essentially of finite type over an infinite perfect field k. Here, “essentially of finite
type” means it is obtained by localizing a quasiprojective k-scheme at a finite set X of points. Achieving
suitable finiteness and regularity of the cycles is the main characteristic of the moving lemma we seek.

MSC2010: primary 14C25; secondary 14F42, 19E15.
Keywords: algebraic cycles, moving lemma, higher Chow group, additive higher Chow group, linear projection, Grassmannian.

991


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2020.14-4
http://https://doi.org/10.2140/ant.2020.14.991

992 Amalendu Krishna and Jinhyun Park

In the introduction, we state the main results, explain the motivation, and give an outline of the article.

1A. The sfs-moving lemma. Let k be an infinite perfect field. Let R be a regular semilocal k-algebra
essentially of finite type. Let V = Spec(R) and let X denote the set of closed points of V. Let Tz4(V, o; m)
be the nondegenerate additive cycle complex of V in codimension ¢ > 1 and with modulus m > 1. Let
TCHY(V, n; m) denote the associated homology groups, called the additive higher Chow groups of V
(see Section 2A).

For n > 1, let Tz (V, n; m) denote the subgroup of sfs-cycles in Tz"(V, n; m) (see Section 2E).
Roughly speaking, an sfs-cycle is an element o € Tz"(V, n; m) such that every irreducible component
of « intersects ¥ x F properly for every face F C DZ‘I, is finite and surjective over an irreducible
component of V, and the image under every projection V x DZ‘I -V x D,{ (0<j<n-—1)isaregular
scheme. Those cycles have the trivial boundaries (see Lemma 2.21). Let TCHg (V, n; m) denote the
image of the canonical map Tz (V, n; m) — TCH"(V, n; m) (see Section 2F). The goal of this article
is to prove the following result.

Theorem 1.1 (the sfs-moving lemma). Let k be an infinite perfect field. Let m,n > 1 be integers. Let V

n

be a smooth semilocal k-scheme essentially of finite type. Then the canonical map TCH

(V,n;m) —
TCH"(V, n; m) is an isomorphism.

For the same V as above, let z7(V, o) denote the cubical version of Bloch’s cycle complex (see [Krishna
and Levine 2008, Section 1]) and let CH? (V, n) denote the associated higher Chow groups. We can define

n
sfs

the subgroup zg (V, n) of sfs-cycles and the higher Chow group CH;(V, n) of sfs-cycles analogous to

the additive higher Chow group of sfs-cycles. There is a canonical map CHg (V, n) — CH"(V,n). As a
byproduct of the discussions toward the proof of Theorem 1.1, we can recover the following result, stated

in [Elbaz-Vincent and Miiller-Stach 2002].!

Theorem 1.2. Let k be an infinite perfect field. Let V = Spec(R) be a smooth semilocal k-scheme
essentially of finite type. Let n > 1 be an integer. Then the canonical map CH (V,n) — CH"(V, n) is
an isomorphism.

Theorem 1.1 provides the main geometric ground for the proof of the following result and a few of
its consequences in the paper [Krishna and Park 2015a], discussed separately due to the huge size and
complexities of the proofs of the current article. In particular, it allows one to describe the crystalline

cohomology of a smooth scheme in positive characteristic in terms of algebraic cycles.

Theorem 1.3 [Krishna and Park 2015a]. Let k be any field and let R be a smooth semilocal k-algebra
essentially of finite type. Let m,n > 1 be integers. Then there is a natural isomorphism

g 1 W, Q% =5 TCH"(R, n; m),
where W, Q2% is the big de Rham—Witt complex of Hesselholt and Madsen.

n [Elbaz-Vincent and Miiller-Stach 2002, Lemma 3.11], Theorem 1.2 is claimed for arbitrary fields, but we do not know if
this can be achieved using the techniques of linear projections.
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When R is a field, this was first proven by Riilling [2007]; the above is a higher dimensional general-
ization, but it also relies on the theorem of Riilling.

1B. The presentation lemma. We deduce Theorem 1.1 from the following general presentation lemma
for residual cycles of linear projections. This has the flavor (hence the name) of Gabber’s geometric
presentation lemma (see [Colliot-Théléne et al. 1997]). Of course, our assertions are different and intricate.

Let k be an infinite perfect field. Given a finite map & : Y’ — Y of k-schemes and a reduced closed
subscheme Z C Y/, let h*(Z) be the closure of A~ (h(Z)) \ Z in Y’ with the reduced induced closed
subscheme structure. We call this the “residual scheme of Z” with respect to 4.

Letn > 1 and let Ag, ..., A,_; be smooth projective and geometrically integral k-schemes of positive
dimensions. For0 < j <n—1,let A; C A ; be a nonempty affine open subset. Set Cy := Spec(k) and
Cj:= ]_LJ:_O] A; for j > 1. Let r; : C, — C; be the obvious projection. For any map f : Y’ — Y, let
fi:Y'xCj—Y xC; be the map f xidc,.

Let X C P} be a reduced closed subscheme of pure dimension > 1 and let X C X be the complement
of a hyperplane in [}’ such that X is regular and integral. Let ¥ C X be a finite set of closed points. Let
Z C X x C, be an integral closed subscheme of dimension r such that the projection Z — C,, is not
constant, and the projection Z — X is finite and surjective.

The presentation lemma for the residual schemes that we prove is the following.

Theorem 1.4. Let k be an infinite perfect field. There exist a closed embedding X — PV, a hyperplane
HC [P’,]CV with X = X \ H, and a dense open subsetU C Gr(N —r — 1, H) of the Grassmannian variety
such that for each L € U(k), the linear projection ¢, : IPIICV \ L — P} away from L defines a finite surjective
morphism ¢ : X — P, such that the following hold:

(1) There exists a Cartesian square:

XC——X

o e

A} —— Py
(2) ¢ is étale over an affine open neighborhood of ¢ (X).
(3) ¢(x) # ¢ (X)) for each pair x # x’ of points in X.
(4) The map k(¢ (x)) — k(x) is an isomorphism for each x € X.
(5) The induced map Z — ¢,(Z) is birational.
(6) The map ¢,J{ (Z) — X is finite and surjective.
(7) 7j(¢,(Z)) is regular at all points lying over  for each 0 < j < n.

1C. Outline of proofs and remarks. We first remark that although V may be in general obtained by
localizing a quasiprojective k-scheme at a finite set ¥ of not necessarily closed points, for the proof of
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the sfs-moving lemma, we can easily reduce to the case of closed points. See Proposition 2.19. Then the
proof the sfs-moving lemma can be broadly divided into two parts.

In the first part, we prove it when the underlying semilocal ring is the localization of an affine space
A} at a finite set of closed points. To solve this case, we rely on two key ingredients: the lemma of
Bloch [1986, Lemma 1.2] and the moving lemma for cycles with modulus on affine spaces by Kai [2019].
(N.B., Part of what we need in this article from [loc. cit.] is also available in [Krishna and Park 2016].)
The moving lemma of Kai allows us to ensure that our cycles can be made to intersect the closed points
of the semilocal scheme V properly. After this, we apply an “spread out and specialize” type of argument
using [Bloch 1986, Lemma 1.2] to achieve our goal.

Roughly speaking, we argue that we can equip the sfs-property to cycles after moving them via a
certain kind of twisted translations by a general set of k-rational points of A;. This requires us to use that
the ground field & is infinite. The rest of the argument is to construct a homotopy between the new and
the original cycle. The plain translations by the rational points do not work and the twisted translations
make the argument more involved than the classical case. This is done in Section 3.

In the second part, we prove the general case of the sfs-moving lemma by combining the affine space
case and the presentation lemma (Theorem 1.4). The proof of the presentation lemma is an intricate
application of the method of linear projections and moduli in algebraic geometry.

The reason for this intricacy lies in the fact that it is not sufficient for us to find enough linear projections
which give finite and flat morphisms from a projective variety X to projective spaces. We need to invoke
a more delicate linear projection in such a way that if we project a subvariety in some smooth family
over X to a similar family over the projective space, the resulting residual scheme has certain desired
geometric properties, e.g., regularity along a given set of fibers in the family. Even more, we need to
ensure that if we project this smooth family over X to a smaller dimensional family via proper maps,
then the images of the residual scheme continue to enjoy the good properties.

Showing that one can find enough such linear projections that do the above jobs lies at the heart of
the argument. We see that the moduli spaces of linear subspaces that we encounter in the process are all
rational, and we find enough rational lines in them. We then reduce the argument to studies of a family of
linear subspaces parametrized by a rational line (pencil of linear subspaces). This simplifies the problem.

Along the proofs, we need to separate the cases of algebraically closed and general infinite perfect
fields. We first prove the results over algebraically closed fields. Over a general infinite perfect field &,
we argue that we can find enough linear subspaces after going to an algebraic closure k so that all desired
properties are achieved (over k) in such a generality that they remain to be satisfied for the original cycle
over k after descent. One of these generalities we ensure over k is that the whole residual scheme is
regular, and not just its irreducible components (even if the latter case suffices for the sfs-moving lemma).
We then show that there are enough such linear subspaces defined over k. This is achieved using a Galois
descent.

Carrying out this program rigorously takes up from Section 4 to Section 7. We combine them to prove
the main results in Section 8.
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We now make some remarks on our assumption on the ground field. We need k to be infinite to ensure
that our moduli spaces have enough k-rational points. We need it to be perfect to achieve the regularity of
various residual subvarieties. Although we only need the regularity of cycles, our argument at some stage
uses the condition that some regular schemes that we encounter in the middle are actually smooth over k
(e.g., see the last part of the proof of Proposition 7.8). The perfectness requirement is evident even in the
proof of the sfs-moving lemma in affine space, where we need to use a specialization argument. To make
sure that we do not destroy the regularity during the specialization, we need our over-field to be separably
generated over k (e.g., see the proof of Lemma 3.11). This requires k to be perfect.

Recall that the moving lemma of Bloch and Chow hold over all fields. One proves this for infinite
perfect fields first. The case of finite field reduces to the case of infinite perfect fields using the techniques
of pro-¢-extensions and the push-pull operators on the Chow groups. However, we cannot use this
technique in our case because the smoothness property of the sfs-cycles are not well-behaved under the
push-forward operators. However, based on Theorem 1.1, we prove Theorem 1.3 in [Krishna and Park
2015a] over all base fields with different methods.

Finally, the reader may notice that our sfs-moving lemma is stated and proven in this paper for

TCH"(V,n; m) form>1.

However, we remark that one does not miss out on anything by this assumption because it is shown in
[Krishna and Park 2017, Theorem 1.5] that

TCH"(V,n;0)=0.

In particular, TCH (V, n; 0) = 0.

The main result of this article plays essential roles in [Gupta and Krishna 2019b; 2019a; Krishna
and Park 2015a]. Apart from these applications, we hope that our presentation lemma through linear
projection techniques as well as various results and ideas of manipulating locally closed subsets of the
Grassmannian will be useful in the future to anyone in the mathematics community (in particular, those
working with algebraic cycles) who uses the linear projection machines in the tool box.

1D. Conventions. Unless we specify otherwise, k is a fixed field. We shall assume later that k is infinite
and perfect for our main results. A k-scheme is a separated scheme of finite type over k. An affine
k-scheme is a k-scheme which is affine. A k-variety is an equidimensional reduced k-scheme. The product
X x Y means X Xy Y, unless we specify otherwise. We let Schy be the category of k-schemes and Smy
of smooth k-schemes. A scheme essentially of finite type is a scheme obtained by localizing at a finite
subset of (not necessarily closed) points of a quasiprojective subscheme of a finite type k-scheme. We
include the case of not localizing at all. For C = Schy, Smy, we let C**® be the extension of the category C,
whose objects are either those in C or those obtained by localizing an object of C at a finite subset.
Given X € C**® and a finite set of points ¥ C X, we write Xy, for the localization of X along X. If
Y C X is an inclusion of a reduced locally closed subscheme, then the closure of Y is considered a closed
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subscheme of X with the reduced induced structure. The image of a reduced closed subset under a proper
map is considered a closed subscheme of the target scheme with the reduced induced structure.

2. The fs and sfs-cycles

After recalling the definition of higher Chow groups and additive higher Chow groups, we define our
main objects of study: the fs and sfs-cycles. We prove some preliminary results about these cycles.

2A. Higher Chow groups and additive higher Chow groups. Let k be a field. First recall (see [Bloch
1986]) the definition of higher Chow groups. Let X € Sch{™ be equidimensional. Let P} = Proj k[Yo, Y11,

and [1" = (I]j’}c \ {1DH". Let (y1, ..., y») € 00" be the coordinates. A face of [1" is a closed subscheme
defined by a set of equations {y;, =€y, ..., y;, = &}, where €; € {0, 00}. For 1 <i <n and € =0, 00, let
6 [0"—! — [O" be the inclusion given by (yi, ..., V1) = V1 -+, Vi1, €, Viy - .-, Yu—1). Its image

gives a codimension 1 face.

Let g,n > 0. When X is obtained by localizing at a nonclosed point, for closed subschemes in
X x 0", the notion of dimensions could be ambiguous but the codimensions are well-defined. So, we use
dimensions only when there is no ambiguity.

Let z9(X, n) be the free abelian group on the set of integral closed subschemes of X x[" of codimension
g, that intersect properly with X x F for each face F of [1". We define the boundary map 97 (Z) :=
[(Idx x¢§)*(Z)]. This collection of data gives a cubical abelian group (n — z9(X, n)) in the sense
of [Krishna and Levine 2008, Section 1.1], and the groups z7(X, n) := z9(X, n)/z9(X, n)degn (in the
notations of [loc. cit.]) give a complex of abelian groups, whose boundary map at level n is given by
0= Zf;l(—l)i(aioo — 8?). The homology CHY (X, n) := H,(z9(X, »), 9) is called the higher Chow
group of X.

We recall the definition of additive higher Chow groups from [Krishna and Park 2015b, Section 2]
(see also [Park 2009]). Let X € Sch;* be equidimensional. Let A,i = Speck[t], G,, = Speck[t,t7'],
and 0 = [P’}(. For n > 1, let B, = All x O B, = A,l x 0" ! and én = [F",]( x 0! 5 B,. Let
(t, Y1, .-+ Yn—1) € l_f,, be the coordinates.

On B, define the Cartier divisors FnlJ. ={yi=1}forl <i <n-—1, F,0:= {t =0}, and let
F! = Z;:ll Fnl’l.. A face of B, is a closed subscheme defined by a set of equations of the form
Yiy = €1, ..., i, =€, where €; € {0, 00}. For  <i <n—1ande=0,00,lety,;: B,—1 — By be the
inclusion (¢, yi, ..., Yn—2) —> (¢, Y1, ..., Yi—1, €, Vi, - - . » Yn—2). Its image is a codimension 1 face.

The additive higher Chow complex is defined similarly using the spaces B, instead of [1”, but together
with proper intersections with all faces, we impose additional conditions called the modulus conditions,
that control how the cycles should behave at “infinity”: (see [Krishna and Park 2015b, Definition 2.1])
let X be a k-scheme, and let V be an integral closed subscheme of X x B,. Let V denote the Zariski
closure of V in X x B, and let v: VN — V C X x B, be the normalization of V. Let m,n > 1 be
integers. We say that V satisfies the modulus m condition on X x B,, if as Weil divisors on V" we have
(m+1)[V*(Fu0)] < [v*(ED]. Whenn =1, we have F|| = @, so it means v*(F 9) =0, or {t =0}NV = 2.
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If V is a cycle on X x B,, we say that V satisfies the modulus m condition if each of its irreducible
components satisfies the modulus m condition. When m is understood, often we just say that V satisfies
the modulus condition. Note that since F, o = {t =0} C B, replacing B, by én in the definition does
not change the nature of the modulus condition on V.

For an equidimensional X € Schi®, and integers m, n, g > 1, we first define Tz?(X, 1; m) to be the
free abelian group on integral closed subschemes Z of X x A! of codimension ¢, satisfying the modulus
condition (see [Krishna and Park 2015b, Definition 2.5]). For n > 1, Tz%(X, n; m) is the free abelian
group on integral closed subschemes Z of X x B, of codimension ¢ such that for each face F of B,,
Z intersects X x F properly on X x B,,, and Z satisfies the modulus m condition on X x B,,. For each
l<i<n-1lande=0,o00,letdf(Z) :=[(dy XL;’I-)*(Z)]. The proper intersection with faces ensures
that 07 (Z) are well-defined. The cycles in Tz7(X, n; m) are called the admissible cycles (or, often as
additive higher Chow cycles, or additive cycles).

This gives the cubical abelian group (n — Tz?(X, n + 1; m)) in the sense of [Krishna and Levine
2008, Section 1.1]. Using the containment lemma [Krishna and Park 2012, Proposition 2.4], that each
face 97 (Z) lies in Tz (X, n — 1; m) is implied from the defining conditions.

For a cycle Zf: | niZi,we let || be the closed subscheme Ule Z; with its reduced structure. This is
called the support of . If f: Y — X is flat and o € Tz?(X, n; m), we write f*(«) often as ay. This
shorthand is more evident when f is a localization morphism.

Definition 2.1 [Krishna and Park 2015b, Definition 2.6]. Let X € Sch}*® be equidimensional. The additive
higher Chow complex, or just the additive cycle complex, Tz (X, »; m) of X in codimension g with
modulus m is the nondegenerate complex associated to the cubical abelian group (n +— Tz (X, n+1; m)),
i.e., Tz?(X, n; m) is the quotient Tz? (X, n; m)/Tz9 (X, n; m)gegn.

The boundary map of this complex at level n is given by 9 := Z;’:—ll (=1) (97° — 81.0), and it satisfies
92 =0. The homology TCH?(X, n; m) :=H,,(Tz4 (X, »; m)) for n > 1 is the additive higher Chow group
of X with modulus m.

2B. Subcomplexes associated to some algebraic subsets. Let X € Sch;™ be a variety. Here are some
subgroups of Tz? (X, n; m) with a finer intersection property with a given finite set W of locally closed
algebraic subsets of X:

Definition 2.2 [Krishna and Park 2012, Definition 4.2]. Define T_zf/v(X ,n; m) to be the subgroup of
Tz7(X, n; m) generated by integral closed subschemes Z C X x B, that additionally satisfy

codimyxp(ZN(W x F)) > g for all W € W and all faces F C B,,. (2-1)

The groups "l;zf’,V(X, n+1; m) for n > 0 form a cubical subgroup of (n+— Tz? (X, n+1; m)) and they give
the subcomplex TZ?/V (X, »; m) C Tz4(X, »; m) by modding out by the degenerate cycles. The homology
groups are denoted by TCHY, (X, n; m).
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2C. Schemes with finite closed points. Recall that (see [Gabber et al. 2013, Section 2.2]) we say a
scheme X is an FA-scheme if for any finite subset ¥ C X, there exists an affine open neighborhood
U C X of X. We have the following [loc. cit.]:

Lemma 2.3. Any quasiprojective k-scheme is FA. Any open subset of an FA-scheme is FA. Given any
finite subset ¥ of a quasiprojective k-scheme, and an open subset U C X containing X, there exists an
affine open neighborhood W C U of X.

Recall (Section 1D) that a semilocal k-scheme V is essentially of finite type if there is a quasiprojective
k-scheme whose localization at a finite subset X of points gives V. By Lemma 2.3, we may obtain it by
localizing an affine k-scheme of finite type.

Definition 2.4. For any semilocal k-scheme V essentially of finite type, a pair (X, X) consisting of an
affine k-scheme X of finite type and a finite set X of points such that V = Spec(Ox x), is called an atlas
for V. A smooth (resp. regular) atlas (X, X) is an atlas such that X is smooth over k (resp. regular).

Lemma 2.5. Let V = Spec(R) be a semilocal k-scheme obtained by localizing at a finite set ¥ of points
of a quasiprojective k-variety X. For a cycle « on V x By, let @ be its Zariski closure in X x B,,.

Then a € TZ% (V, n; m) if and only if there exists an affine open neighborhood U C X of ¥ such that
oy € Tqu (U, n; m).

Here, if 0(a) = 0, then we can assume that d(ay) = 0. If o is a boundary, then we can assume dy is

also a boundary. If V is smooth over k, then we may take (U, ) to be a smooth atlas.

Proof. The first three assertions were proven in [Krishna and Park 2016, Lemmas 4.13 and 4.14]. For the
last one, choose any X of finite type using the first assertion. Since V' is smooth, we have X, NV = @
and Xy, = X \ Xging D X. By Lemma 2.3, we can choose an affine open U C X, containing X. O

2D. The fs-cycles. Recall that for higher Chow groups of a semilocal k-scheme V in the Milnor range,
[Elbaz-Vincent and Miiller-Stach 2002, Lemma 3.11] used the notions called fs-cycles and sfs-cycles. An
fs-cycle in [loc. cit.] is a cycle @ on V x L1} such that for each irreducible component Z, the morphism
Z — V is finite and surjective. However, a moment’s thought gives that it is not a good notion. For
instance, if V is reducible, then one can almost never achieve the surjection part.

Even if we modify the definition a bit by requiring instead that the support |¢| — V is finite and
surjective, still there is a problem when V is not irreducible: suppose V = V; U V; is a disjoint union of
irreducible components. Suppose for i = 1, 2, we have an irreducible closed subscheme Z; on V x L1}
such that Z; — V; is finite surjective. Then W := Z| + Z, and W’ := Z| + 2Z, are both fs-cycles in this
updated sense. But, then W' — W = Z; is still finite over V, while it is no longer surjective over V. As a
result the set of fs-cycles in the above sense is not even closed under basic summation of cycles, thus
they do not form a group.

The natural notion to work with is the following:
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Definition 2.6. Let X, Y € Sch;*. First suppose that Y is irreducible. In this case, we say that a morphism
Y — X of k-schemes is fs over X (or an fs-morphism, or simply fs when X is understood) if it is finite
and it is surjective to an irreducible component of X.
In case Y is not necessarily irreducible, we say ¥ — X is fs over X if for each irreducible component
Y; C Y, the induced map ¥; — X is fs over X.
€ss

We generalize it further: let f : ¥ — X be a morphism in Sch;™” and let U — X be a flat morphism.
We say that Y — X is fs over U, if the fiber product f':Y xx U — U is fs.

This notion coincides with the naive notion mentioned above when X is irreducible. Unlike the naive
notion, this notion of fs-morphisms behaves well under base changes.

Lemma 2.7. Let f : Y — X be an fs morphism in Schi**. Let U — X be a flat morphism in Sch}**. Then
the fiber product f':Y xx U — U is fs.

Proof. That the base change of a finite morphism is again finite is apparent. The remaining part on
surjectivity over an irreducible component follows by [EGA IV, 1965, Proposition (2.3.7)(ii), page 16],
where the dominance there is equivalent to surjectivity under finiteness. U

Lemma 2.8. Let Z be a cycle on Y x B such that Z is fs over Y in the sense that each irreducible
component of Z is fs over Y.

Let f : Y — X be a finite surjective morphism in Schi®® of irreducible schemes. Then the finite
push-forward f,(Z) on X x B is fs over X.

Proof. We may assume Z is irreducible. Since Z — Y is finite surjective and ¥ — X is finite surjective,
the composite Z — Y — X is finite surjective. g

Here is one simple criterion on finiteness

Lemma 2.9 (finiteness criterion). Let X be an equidimensional affine k-scheme essentially of finite type.
Let B be a smooth projective geometrically integral k-scheme of finite type of dimension n > 0 and let
BC Bbea nonempty affine open subset.

Let Z € 7'(X x B) be an irreducible cycle. Then Z — X is fs over X if and only if Z is closed in
X x B.

Proof. Let f: Z — X x B — X be the composite map. Suppose f is fs over X. Since the second map is
projective, by [Hartshorne 1977, Corollary 11-4.8(e), Theorem II-4.9, pages 102—-103], the first map is a
closed immersion. This proves (=).

Conversely, suppose that Z is closed in X x B, i.e., the first map is a closed immersion (thus projective).
Since the second map is projective, the composite f is projective. Hence, f is a projective morphism
of affine schemes, so that it must be finite by [Hartshorne 1977, Exercise II-4.6, page 106]. Moreover,
Z — X; being a finite map of irreducible affine schemes of the same dimension, where X; is the irreducible
component that receives Z, this morphism must also be surjective. This proves (<). O
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Lemma 2.10. Let V = Spec(R) be a semilocal k-scheme essentially of finite type with the set of closed
points X.. Let B C B be as in Lemma 2.9. Let F := B \ B. Let Z € 7"(V x B) be an irreducible cycle and
let Z be the Zariski closure of ZinV x B.

Suppose that ZnN (X x F) = . Then given any affine atlas (X, X) for V, there exists an affine open
subatlas (U, X) for V such that for the Zariski closure Z of Z in X x B, the projection map Zy — U is
fs over U.

If 'V is smooth over k from the first place, then we can choose (U, X) such that U is smooth over k as

well.

Proof. Let (X, X) be a given atlas. Let % be the Zariski closure of Zin X x B and let f : % <> XxB—>X
be the composition with the projection. Let ¥ := f (ZN (X x F)). Since f is projective and since
ZN(Z x F)= Zn (X x F) =, we see that Y C X is a closed subset disjoint from X. Hence, X \ Y is
an open neighborhood of ¥ such that Z N ((X\Y) x F)=2. By Lemma 2.3, we can find an affine open
neighborhood U of ¥ in X \ Y, so we have ZN (U x F) = @. In particular, Z N (U x B) = ZN (U x B).
This means Zy is closed in U x B. Hence, by Lemma 2.9, the map Zy — U is fs over U.

In case V is smooth, then by excising the singular locus of X, which is disjoint from X, we may
assume that X is smooth. Then the open subset U C X is also smooth. O

Let X be an equidimensional quasiprojective k-scheme and let ¥ C X be a finite set of points. By
Lemma 2.3, we may replace X be an affine k-scheme. We have the following two notions of fs-cycles:

Definition 2.11. Let V = Xy. Let m, n > 1 be integers:

(1) A cycle a € TZ5. (X, n; m) is said to be an fs-cycle along ¥ if there is an affine open neighborhood
U C X of ¥ such that each irreducible component of oy is fs over U. The group of fs-cycles along
¥ is denoted by TzY, ( (X, n; m).

(2) A cycle a € Tz (V, n; m) is said to be an fs-cycle if each irreducible component of « is fs over V.
The group of fs-cycles is denoted by Tzg (V, n; m).

These two notions are related as follows:

Corollary 2.12. Let X be an equidimensional affine k-scheme and let ¥ C X be a finite set of points. Let
V =Xx. Let m,n > 1 be integers. Then a cycle o € Tzy.(X, n; m) is an fs-cycle along X if and only if

ay € Tzg,(V, n; m) is an fs-cycle.

Proof. (=) Since the localization map V — X is flat and it factors through any open neighborhood
U C X of Z, one can pull-back by Lemma 2.7 to prove this direction.

(<) By Lemma 2.5, there exists an affine open subatlas (U, ¥) of (X, ) for V such that the closure &
of Z in Uy x B, is in Tz, (U1, n; m).

For each irreducible component Z of «, let 7 be its Zariski closure in V x B. Since Z is fs over V,
by Lemma 2.9 Z is already closed in V x B, thus Z=Z.In particular, ZN (T x F,) = @. Hence by
Lemma 2.10 there exists an affine open subatlas (Uz, X) for V of (U;, X) such that for the Zariski closure
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Z of Z in U; x By, the base change Z;, — Uy is fs. By taking U := (), Uz where the intersection is
taken over all (finitely many) irreducible components of «, we deduce that Z; — U is fs. This proves
the corollary. U

We have the following a bit different characterization of the cycles centered around Tzg (V, n; m):

Proposition 2.13. Let V = Spec(R) be a semilocal k-scheme of geometric type with the set ¥ of closed
points. Letm,n > 1. Let Z € Tz¢(V, n; m) be an irreducible cycle. Then Z is an fs-cycle if and only
if there is an atlas (X, X) for V such that for the closures Z in X x B, and ZinV x én, we have
Z € T2 (X, n;m) and ZN (T x F,) = @.

Here, V is smooth over k if and only if we can choose (X, X) in the above such that X is smooth over

k as well.

Proof. For the first assertion, suppose that Z is an fs-cycle. By Lemma 2.5, there is a affine atlas (X, X)
for V such that Z Tz5. (X, n; m). Since Z — V is fs over V, by Lemma 2.9, ZnN (X x F,) =0.
Conversely, suppose that for an atlas (X, ¥) and the closure Z in X x B,, we have Z € Tz, (X, n; m)
and ZN (X x F,) = @. Then, by Lemma 2.10, we may shrink (X, X¥) to an affine open atlas (U, X) such
that Zy — U fs over U. Hence Zy € TZ”Z’fS(U, n; m). Now by Corollary 2.12, we have Z € Tz (V, n; m).
For the second assertion, in case V was smooth, then we could have take X to be smooth here by the
last assertion of Lemma 2.5. Conversely, a localization of a smooth scheme is smooth again, so that V is
smooth over k. (|

2E. The sfs-cycles. For 1 < j <n, let r; : B, — Bj and 7; : B, — I§’J~ be the projection maps.
Let X € Sch;™ equidimensional. We shall often denote the maps idxy x 7; : X x B, — X x B; and
idy x77j : X x B, > X x B ; simply by 7; and 7;, respectively, if the scheme X is fixed in a given
context.

For any reduced closed subscheme Z C X x B, and 1 < j < n, let ZU) = (idy x 7;)(Z) be the
scheme-theoretic image of Z. Let Z© be the scheme-theoretic image of Z in X. Note that if the
projection Z — X is proper, then (idx x 7;)(Z) is closed in X x B; and, with its reduced induced closed
subscheme structure, coincides with Z(?. The same holds for Z(*). We shall use Z) when Z — X is in
fact finite.

Definition 2.14. Let X € Sch;* be smooth over k and let ¥ C X be a finite set of points. Let m,n > 1
be integers. An integral cycle [Z] € Tz" (X, n; m) is called an sfs-cycle along %, if [Z] € Tz5. (X, n; m),
and there exists an affine neighborhood U C X of ¥ such that the following hold:

(1) Zy is finite and surjective over an irreducible component of U, i.e., Zy — U is an fs-morphism.

(2) The scheme (Z))y is smooth over k for every 0 < j < n.

A cycle @ € Tz" (X, n; m) is called an sfs-cycle along ¥ if every irreducible component of « is an sfs-cycle
along X.
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Lemma 2.15. Let X be an equidimensional smooth affine k-scheme and let ¥ C X be a finite set of
points. Let V = Xx. Let m,n > 1 be integers. Then a € Tz'y (X, n; m) is an sfs-cycle along X if and
only if ay € Tz (V, n; m) is an fs-cycle such that Z () is smooth over k for each 0 < j < n and for each

irreducible component Z of ay.

Proof. Under Corollary 2.12, the (=) direction is obvious. We prove (<). By Corollary 2.12, together
with Lemma 2.3, we can find an affine open neighborhood U’ C X of ¥ such that the closure oy €
Tz% (U’, n; m) is an fs-cycle along X. Now let Y C U’ be the union of the images of the finite maps
(Zg,))smg — U’, where Z runs over all irreducible components of « and 0 < j < n. Since Zy — U’ is
finite for each Z, this Y C U’ is a closed subset that does not meet ¥. By Lemma 2.3, we can choose
an affine open neighborhood U C U’ \ Y of X. Then for each component Z of @ and each 0 < j < n,
the scheme Zg ) is smooth over k. Note (Zy)Y) = 2Dy naturally. This shows that «y; is an sfs-cycle
along X. g

Another property that sfs-cycles enjoy is the following:

Lemma 2.16. Let ¢ : X — Y be an étale morphism of smooth affine k-schemes. Let ¥ C Y be a finite
set of points and let ¥’ = ¢~ (). Let Z € TZ"(Y, n; m) be an integral sfs-cycle along X. Then the flat
pull-back ¢*(Z) € Tz" (X, n; m) is an sfs-cycle along ¥'.

Proof. It is easy to see that ¢*(Z) € Tzy, (X, n; m). We now prove the other properties. We can shrink Y
and assume that Z — Y is finite and surjective, and Z/) is smooth over k for 0 < j <n. Let W := ¢*(Z).
It follows from Lemma 2.7 that W is an fs-cycle along X’. To prove that each W/ is smooth over &, let
W; := ¢*(Z")) and consider the commutative diagram

W w) W; b.¢
l l P 2-2)
Z A Y.

Here, the map W) — W; exists uniquely since the right square is Cartesian. The outer big square is
also Cartesian, and this implies that so is the left square. In particular, the vertical arrows are all étale,
the horizontal arrows are all finite and surjective and all schemes in (2-2) are reduced. In particular,
W) — W;. On the other hand, as W — X is finite, W) = 7;(W) is a reduced closed subscheme of W;.
Thus W) = W;. Since Z and Z () are smooth over k and ¢ is étale, it follows that W and W, are smooth
over k. In particular, W) = W; is smooth over k. This finishes the proof. 0

2F. Additive higher Chow groups of fs and sfs-cycles. The goal of this paper is to prove the “sfs-moving
lemma” which will show that the cycle class groups of sfs-cycles coincide with the additive higher Chow
groups in the Milnor range for a smooth semilocal k-scheme essentially of finite type when k is an infinite
perfect field.

Let m,n > 1. Let X be a smooth affine k-scheme and let ¥ C X be a finite set of points. It follows
from Definition 2.14 that Tz%’SfS(X, n; m) is a subgroup of Tz, ¢ (X, n; m).
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Definition 2.17. We let
ker(d : Tz (X, n; m) — Tz" (X, n — 1; m))

im(d : TZ"(X,n+ 1; m) - TZ"(X, n; m)) N TZ% (X, n; m)’
ker(d : Tz, (X, n; m) — Tz"(X, n — 1; m))

im(d : T2" (X, n+ 1; m) — Tz"(X, n; m)) N Tz, ¢ (X, n; m)’
ker(0 : ngsfs(X, n;m)— TZ"(X,n—1; m))

im(d : Tz" (X, n+ 1; m) — Tz" (X, n; m)) N Tz, 4 (X, n;m)’

TCHY (X, n; m) =

TCHng(X, n;m) =

TCHY, (X, n; m) =

We similarly define TEJH’;(V, n; m), TCHE(V, n; m), and TCH (V, n; m).

sfs

If X is not necessarily connected, note that the groups for X are obtained simply by taking the direct
sums of the corresponding groups over all connected components of X.

In the above, the definition of the group TEJH';: (X, n; m) is slightly different from that of TCHY, (X, n; m)
in Definition 2.2. However, we have:

Lemma 2.18. The natural surjection TCHY. (X, n; m) — T’(\I/an (X, n; m) is an isomorphism. Similarly,
TCH%(V, n; m) — TEH;(V, n; m) is an isomorphism.

Proof. By the moving lemma for additive higher Chow groups of smooth affine schemes of W. Kai [2019]
(see [Krishna and Park 2016, Theorem 4.1] for a sketch of its proof), the composition TCHY. (X, n; m) —
T’(TH; (X, n; m) - TCH" (X, n; m) is an isomorphism. Hence, the first arrow is injective. The proof for
the second one is similar, except that we use [Krishna and Park 2016, Theorem 4.10]. O

We thus have canonical maps

TCH(V, n; m) — TCHE(V, n; m) — TCHy,(V, n; m) — TCH"(V, n; m), (2-3)

sfs

where the last map is an isomorphism by Lemma 2.18 and [Kai 2019]. Our goal is to show that all other
maps are also isomorphisms.

2G. Reduction to localization at closed points. The semilocal k-schemes essentially of finite type we
consider are obtained by localizing an affine k-scheme (see Lemma 2.3) at a finite set X of points which
may not necessarily be closed. In Section 2G, we show that for the sfs-moving lemma, it is possible to
reduce to the case when all points of ¥ are actually closed. The following is the goal:

n

Proposition 2.19. Suppose the natural map TCH (V, n; m) — TCH"(V, n; m) is an isomorphism for

every smooth semilocal k-scheme V essentially of finite type, obtained by localizing at a finite set of closed

n
sfs

semilocal k-scheme V essentially of finite type.

points. Then the natural map TCH”, (V, n; m) — TCH"(V, n; m) is an isomorphism for every smooth

We prove the following first:

Lemma 2.20. Let V be a smooth semilocal k-scheme essentially of finite type, obtained by localizing an
affine k-scheme X at a finite set X of , not necessarily closed, points. Let a € TZ"(V, n; m).
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Then there exist (1) a smooth semilocal k-scheme V' essentially of finite type, obtained by localizing
an affine k-scheme at a finite set X' of closed points with a flat localization map V. — V' and (2) a
cycle o' € TZ"(V', n; m) such that the flat pull-back map (;5“;, :TZ"(V', n; m) — TZ"(V, n; m) satisfies
¢“,/,(a’) =a. If da = 0, we can ensure do’ = 0.

Proof. By Lemma 2.3, we may assume that V = Xy, where X is a smooth affine k-scheme of finite
type. For the cycle o € Tz"(V, n; m), by Lemma 2.5, there exists a smooth affine open neighborhood
U C X containing ¥ such that the Zariski closure oy of @ in U x By, is in Tz" (U, n; m). If daa =0, we
can shrink U further (if necessary) so that day = 0.

For each p € X, there exists a closed point m, € U that is a specialization of p. (It exists by the
basic fact in commutative algebra that any proper ideal of a commutative ring with unit is contained in
a maximal ideal.) We choose it so that a distinct pair of points of X gives a distinct pair of points. Let
¥ :={m, | p € ¥}, and take V' := Us,. Here, ay € Tz"(U, n; m), and let &’ € Tz"(V’, n; m) be its flat
pull-back via the localization map V' — U. This satisfies da’ = 0 if da = 0. By the construction of V', we
also have the localization map V — V’ and the flat pull-back map ¢“f/ TZY(V/, n;m) — T2"(V, n, m).
By the construction of o/, we have qﬁ},ﬂ(a’) = «. This proves the lemma. O

We remark however that Lemma 2.20 does not say that the map qﬁ“f "is surjective. It simply says that

for each element «, there is some V' such that « can be an image of a cycle over V',
Proof of Proposition 2.19. Since the map TCH;(V, n; m) — TCH"(V, n; m) is automatically injective,
it is enough to prove that this is surjective. Let « € TCH"(V, n; m) be an arbitrary cycle class, and
choose its cycle representative in Tz"(V, n; m), also denoted by «. Being a cycle representing a class in
TCH"(V, n; m), we have 0o = 0.

By Lemma 2.20, there exists now a smooth semilocal k-scheme (V’, ') essentially of finite type,
obtained by localizing at a finite set of closed points, a cycle class «’ € TCH" (V’, n; m) and the localization
map ¢“,// : TCH"(V’, n; m) — TCH"(V, n; m) sends o’ to o.

On the other hand, the localization map (l)“,ﬂ sends the sfs-cycles over V' to the sfs-cycles over V.
To see this, we first note that this map sends "[;z’é,(V’ ,n;m) to Tz (V, n; m) because the localization
does not increase the dimensions of schemes, thus the proper intersection condition with X" implies
the proper intersection condition with ¥. Now, the sfs-cycles are preserved under ¢“,// because the
localization (flat pull-back) of fs-morphisms are fs-morphisms by Lemma 2.7, while it is a basic fact in
commutative algebra that a localization of a regular local ring is again a regular local ring. Hence, we
have a commutative diagram:

TCH', (V' n; m) = TCH™ (V. n: m)
fl Jf (2-4)

TCH"(V', n: m) —>— TCH" (V. n: m),
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where ¢ = d)“f "and ¢t is the restriction of ¢. By construction, we have ¢ («’) =«. By the given assumption,
we have that sfsy is surjective, so that there exists «” € TCH;(V’, n; m) such that sfsy' (") = . Hence
a=a¢@)=¢osfsy (o) =" sfsy oggss(a”), where 1 holds by the commutativity of the diagram (2-4).
In particular, o € im(sfsy). Since o was arbitrary in TCH" (V, n; m), this shows that sfsy is surjective,

hence an isomorphism. O
We have one further result.

Lemma 2.21. Let (V, X) be a smooth semilocal k-scheme essentially of finite type. Let m,n > 1 be
integers. Let a € Tz (V, n; m) be such that |«| is finite over V. Then o does not intersect V x F for any
proper face F C By, at all. In particular, 9(a) = 0.

Proof. We may assume that « = [Z] is an irreducible cycle and V is integral. We prove that ZN (V x F)
is empty.

The composite ZN(V x F) — Z — V is finite by the given assumption. Hence, its image in V is
closed and therefore must intersect X nontrivially if nonempty. It suffices therefore to show that the fiber
product ¥ xy Z xp, F = ZN (X x F) is empty.

However, by the given assumption that Z € Tzy.(V, n; m), the proper intersection condition with X
reads codimyx g Z N (X x F)) > n. Equivalently,

dmZNE X F)<dim(X x F)—n=dimF —n < 0.
But this means Z N (X x F) = &. This proves the lemma. O

Convention. Using Proposition 2.19, from now on, when we say a semilocal k-scheme essentially of
finite type, it will mean that it is obtained by localizing at a finite set of closed points, unless we say
otherwise.

3. The sfs-moving lemma in affine spaces

In this section, we prove a special case of Theorem 1.1 when the underlying semilocal scheme is a
localization an affine space over k. This will be a ground for the general case of the theorem.

3A. The Set-up for affine spaces. We fix some notations that we shall use throughout this section.

Let k be an infinite perfect field. Let m, n, r > 1 be integers. We let ¥ C A} = Spec(k[xy, ..., x,]) be
a finite set of closed points. Let V' be the localization of A at X. Let j : V — A} be the inclusion map.
Let p, : A} x A,i x01 — A} x A,l and g : A x Ali — Ay denote the projection maps and let g, =g o pj.
Using the automorphism y — 1/(1 — y) of P}, we replace ((J, 0o, 0) by (Al, 0, 1), and write (] = A,i.

For any closed subset ¥ C A; x A,l x "1, let Y be its closure in A X A,l x 01 Welet Z €
Tz, (A}, n; m) be an irreducible cycle. For an integer s > 0 and a point g € A, we consider the map (see
[Kai 2019])

bos AL XA xOx T = AL x Al x O

s(m+1) (3_1)

(-E?tay9y]9"'ayn—])'_>(-E—i_yt g,t,)’l’---»yn—l)-
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Note that ¢, ; is strictly speaking defined over the residue field of g, but to simplify notation we often
won’t make it explicit. If needed, one can take the scalar extension to the residue field of g to turn g into
a rational point. For a € [1(k), we let ¢,  , be the composite map

A,ﬁx&,&xi"*%&;x&éxDxin_lMAZXAéXE”_I,

where the first arrow takes (x, f, 2}) to (x,1,a, 27).

The evaluation of ¢, ; at y = 1 defines an isomorphism A}, x Ag ., = Af X Ap . given by
Gos1(x, 1) = (x+ t5m+tDo 1) Let ¢§,s,1 1 k(g)lx, t] - k(g)[x, t] be the corresponding k(g)-algebra
isomorphism.

3B. Some properties of the twisted translations. Note that ¢,  is a flat morphism. In particular, ¢; (Z)
is an algebraic cycle on A} x A,l x [1". In the next few lemmas, we verify some algebraic and geometric
properties of ¢, (Z).

Lemma 3.1. Let f(x,t) € k[x, t] be a nonzero polynomial. Then there is a nonempty open subset U C Ay
such that for each g € U and sufficiently large s >> 0 (not depending on g), the polynomial ¢§’ s.1(f) is

monic in t over k(g)[x], i.e., integral over k(g)[x].

Proof. Let M :=deg, f and write f(x,t) = Ziﬂio fi(x)tM~ for some f; € k[x] and M > 0. Since f #0,
we have fo(x) # 0. Let d; = deg, (fi), which is the total degree in x. We first consider the case r = 1
and take U = A,l \{0}. Letc; €k be the coefficient of the highest degree term of f;(x). Since fy(x) # O,
we have cg € k*. Then,

M M

fx+15mtg 1) = Z fi(x 45D gy M=t — Z ci (g ¢smIDIM=i | (Jower degree terms in 1)).
i=0 i=0

Let ip be the smallest integer such that d;, = max{dp, di, . .., du}. Here, c;, € k* by definition.

If d;, = 0, then each f;(x) is a constant, so f(x + s+ g, t) gives an integral dependence in ¢ as
desired. Suppose d;, > 0. If ip = 0, then for each i > 0 and each s > 0, we have

dosm+1)4+M>dis(m+1)+M>dis(m+1)+M —1i.

Hence, the leading coefficient of the highest degree term in ¢ is cog® € k(g)*, so, after dividing by this
unit cog®, we get a monic polynomial in ¢. Hence it is integral.
If ip > 0, then for each i > iy and each s > 0, we have

digsm+1)+M—ig>dism+1)+M—iy>dis(m+1)+ M —1,
while for 0 <i < iy, we have d; < d;, so that for every sufficiently large s > 0, we have

disim+1)+M—i <dj,s(m+1)+ M —i.
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Note that this choice of s depends only on f and not on g. Hence, for every sufficiently large s > 0
(not depending on g), again the leading coefficient of highest degree in ¢ is ¢;, g% € k(g)*. Hence after
dividing by this unit, it gives the desired integral dependence relation.

In case r > 2, the backbone of the proof is the same, but one problem is a possible cancellation of
the highest degree terms in ¢, namely, if d; is the total degree of f;(x, ..., x,), then possibly a multiple
number of monomials in ¢§’ 5.1(f) could have the same total degree d;. However, such g’s form a closed
subscheme of A; (depends on f(x, 1)), so for a general g € U for some nonempty open subset U C Ay,
we can avoid it. g

W. Kai [2019, Proposition 2.3] (or see [Krishna and Park 2016, Claim of proof of Theorem 4.1]) defines
a positive integer s(Z) associated to Z, which plays a crucial role in proving the modulus condition for
*
(Z).
8,8

Lemma 3.2. Let s > s(Z) be any integer. Then (,b;S(Z) e Tz"(A;, n+1; m) for any g € A}.

Proof. The modulus condition for ¢;s (Z) follows from [Kai 2019, Proposition 2.3] (see also [Krishna and
Park 2016, Proof of Theorem 4.1]). We show that ¢, ((Z) intersects all faces of 1" properly. Let F be a
face of (0", If F = {0} x F’ for some face F’ of [(J"~!, then the proper intersection follows directly from
that of Z with F’ since the map ¢y ¢ is identity. If F = {1} x F’ for some face F’ of [0"~!, then the proper
intersection also follows from that of Z with F’ since the map ¢, 5,1 : A x Al x F' — A7 x Al x F’ is an
isomorphism. If F = x F’ for some face F’ of (3", then the map A} x A,l xOx F'— AL x Al x F’
is flat of relative dimension one and hence we get

dim(¢>;s(Z) NA; x Al xOx F')) = dim(¢; ((ZN F'))
=dim(ZNF)+1 <dim(Z) + 1 — codimp—1 (F)
= dim(gb;’s(Z)) — codimp (O x F')
= dim(¢, ;(Z)) — codimey (F).
This proves the desired proper intersection of ¢; ((Z). (|

Lemma 3.3. Assume that n = 1. For g € A} \ {0} and s > 0 as in Lemma 3.1, ¢;S’1(Z) is finite and
surjective over Ay s

Proof. Since A x A,l is factorial, there exists an irreducible polynomial f(x, ) € k[x, ¢] such that
Z = Spec(k[x, t]/(f(x,t))). The modulus condition mandates that this cycle does not intersect the
divisor {t =0} in A} x A,l, so that after scaling f by a constant in k™, we must have f =th — 1 for some
h(x,t) € k[x, t]. By Lemma 3.1, qbg,s(th — 1) is monic in ¢ for g € Aj \ {0} and s > 0 up to scaling by
a unit in k(g)*. This is equivalent to saying that ¢;,5,1(Zk(g)) — A,ﬁ(g) is finite. As both have the same
dimension and A} 2 is integral, this morphism is automatically surjective. U

3C. The three types of cycles. In order to generalize Lemma 3.3 to n > 2 case, we need to consider
three types of cycles.
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Lemma 3.4. Suppose that the projection to the first factor Z — A is dominant. Then there is a dense open
subset U C Ay such that each g € U and integer s > 0, the projection to the first factor ¢;M (Zkg) — Az(g)
is still dominant.

Proof. This is immediate from the definition of ¢y ;. O

Lemma 3.5. Assume that (a) the projection q, : Z — Ay is not dominant while (b) the projection
pry,: Z — All is dominant. Then there is a dense open subset U C A such that for each g € U and s > 0,
we have

(1) dim(gn(¢; ; 1 (Zk(g)))) = dim(gn(Zk(g))) + 1 and

v 1 Zk) = Ai(g) is dominant.

(2) the projection pr, : ¢ 25,1
Proof. By (b), the map pr, is a dominant morphism to a regular curve, thus it is flat by [Hartshorne 1977,
Proposition I1I-9.7, page 256]. In particular, pr,(Z) C A,i is a dense open subset. For each g € A; and
s > 0, we have a surjection ® : g,(Zi(g)) X pry(Zi(g) — qn(qﬁ;“(zk(g))), given by sending (x, t) to
x 41" D g Thus, dim g, (¢} | | (Zi(g)) < dim gu(Zi(g) + 1.

On the other hand, for each fixed closed point 7y € pr,(Z), the set ®(g,(Zi()), to) has the same
dimension as that of g, (Z(,)), while it is an equidimensional proper closed subset of g, (qb;x’ 1Zk)))
when g is a general member, i.e., in an open subset of A;. Since pr,(Z) is dense open in A,l and hence of
positive dimension, we must have dim(g, (q&; 5.1 (Zk(g))) > dim(g,(Zk(g)))- This proves (1). Property (2)

is obvious because ¢, ; does not modify the A,i-coordinate. O

Lemma 3.6. Assume that neither of the projections q, : Z — A} norpr, : Z — A,i is dominant. Let s > 1
be any integer. Then there is a dense open subset U C A such that for each g € U, there is an open

neighborhood W, C AI’C( 2) of X such that qﬁ;M (Zk(g)) restricted over W is empty.

Proof. Since pr, : Z — A,l is not dominant and Z is irreducible, pr,(Z) must be a singleton closed
subset {fp}. By the modulus condition that Z satisfies, we must have 7) # 0 and Z C A} x {fp} x Dz_l.
It is therefore sufficient to prove the lemma by replacing k by k(#p) and X by ntgl(Z), where 7, :
Spec(k(ty)) — Spec(k) is the base change. We can thus assume that 7y € k™. Consider the proper closed
subset ¢,(Z) C A of dimension < r and the dense open complement Uy = A}, \ g (2).

Because Z restricted over Uy is empty, we see that the translation ¢;s,1(zk(g)) restricted to the
translation ¢;S’1(Z/{0) is empty for every g € A;. Hence, it is enough to show that for an open subset
U C A, the set W, := qb; 5.1(Uo) contains ¥ for each ¢ € U. However, this is evident because X is a
finite set of closed point of A; while U is a dense open subset of A;, and ¢>; 5.1 1s translation by a nonzero
constant factor (tg(m+1)) of g. This proves the lemma. O

3D. Key lemmas. The key to our sfs-moving lemma for the localizations of A; are the following two
lemmas.

Let W C A} x B, be a reduced closed subscheme and let W be its closure in A x B, with reduced
closed subscheme structure. We let W2 = W N (A X Gk X 071y, We fix a closed point x € ¥ and
integers m, s > 1.
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Define
P :AZXAZXA% x ! — Ay,
Py AL x AL x Al x 0" A7 x Al x O
to be the projection to the first factor, and the projection to the remaining factors. For a fixed x € A},
define ¢, : A} x A,i x 01— A x A x A,i x 0" to be the map (g, ¢, 27) — (g, x +15mtDg ¢ 2)). Let

Oy := Pyou, and oy := (P oty)] 61 (W)> where 6 L(W) is given its reduced induced closed subscheme
structure. We then have the commutative diagram

— lx Py —
071 (Wo) S AL X Gy x "1 e AL X AL X G x 01— AL X G x O «— WO

e l [

— — tx — Py — —
071 (W) — 071 (W) —— AL x Al x O 1 — A x AL x Al x T —— A7 x Al x O +—— W

Py

A,

(3-2)
where the top row’s ¢, P, are the restrictions of the second row, and wyw  is the natural composition.
The vertical arrows are canonical open immersions. It is easy to check that ¢, is a closed immersion
and 6, is an isomorphism on the top row. Using (3-1) and (3-2), one immediately verifies the following
observation which we shall use often.

Lemma 3.7. Let x € Al be fixed. Then for each g € A}, the map
—1 —
05! (@) = @1 (W),
(g, 1, y) > (x,1,y),isan isomorphism. The same holds for W and W as well.
Another lemma we shall use is the following.

Lemma 3.8 [Bloch 1986, Lemma 1.2]. Let X be an algebraic k-scheme and G a connected algebraic
k-group acting on X. Let A, B C X be closed subsets, and assume the fibers of the map G x A — X,
(g,a) — g-a all have the same dimension, and that this map is dominant.

Moreover, suppose that for an over-field K D k and a K-morphism  : X — G, there is a nonempty
open subset U C X such that for every x € Uk, a scheme point, we have

tr. degy k(¢ o ¥ (x), 7 (x)) = dim(G),

where w : Xg — Xy and ¢ : Gg — Gy, are the projection maps. Define ¢ : Xg — Xg by p(x) = (x)-x
and suppose ¢ is an isomorphism. Then the intersection ¢ (Ax N Ug) N Bk is proper.
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3E. Applications of the key lemmas. We apply the above two lemmas to our cycle Z and various other
closed subsets associated to it. Let n € A} denote the generic point and let K := k(n). We can regard
n € A (K). Apply Lemma 3.8 with

X=ApxA <O G=AL, vty =mr™h, A= xA x0"", and B=Z,

where G acts on A7 x Al x 0" ! by g (x,t,y) = (g +x,t,¥). Welet ¢ : Xx — Xk be given by
d(x,t,y)=(()t* "D 4x, ¢, y). One checks irr_lmediately that the conditions of Lemma 3.8 are satisfied
and we_conclude that ¢ (Ag) ﬁ Z x has dimension at most zero. Comparing this with (3-2) and using
Lemma 3.7, this is equivalent to saying that the generic fiber of w7 , is finite for every x € X.

It follows that if Z’ is an irreducible component of 6! (Z), then either the map w7, Z — Al is
not dominant or it is dominant and generically quasifinite. In the dominant case, Chevalley’s theorem
on fiber dimensions (e.g., see [Hartshorne 1977, Exercise II-3.22, page 95]) tells us that we must have
dim(Z’) =r and Z' — A is generically finite. In any case, it follows that there is a dense open subset of
A} over which Z' — A; is quasifinite (with possibly empty fibers).

By taking the finite intersection of such dense open subsets, running over all irreducible components
of 0;1(Z) and all x € X, we conclude that there is a dense open subset U C A} such that for each x € X,
the map a)%’lx(U ) — U is quasifinite. Using Lemma 3.7, equivalently we get:

Lemma 3.9. For any integer s > 1, there is a dense open subset U C A such that for every g € U, the
set (X X Bn)k(g) ﬂ(ﬁ;’&l(Z)k(g) = (X x Bn)k(g) ﬂqﬁ;,&l(zk(g)) is finite.

We can now show the following:

Lemma 3.10. Let s > 0 be as in Lemma 3.1. Assume that Z is either dominant over A or restricts to
zero on V. Then we can find a dense open U C A such that for g € U, the scheme ¢;"S’1 (Z)|v is either
empty or finite and surjective over V.

Proof. We can assume n > 2 by Lemma 3.3. We let U; C A; be the intersection of open subsets obtained
in Lemmas 3.6 and 3.9. We can therefore assume that ¢; | (Zk()) — A}, is dominant for all g € U;.
For g € Uy, there is a commutative diagram

r 1 =n—1 Pn r 1
Akie) X Prie) X Biigy = Ay X A

¢l P (3-3)

1 =1 _Pr A 1
x A x [ — A xAk(g),

A k(g) k(g) k(g)

,
k(g)
where the horizontal arrows are the projections.
If we let W = pn(zk(g)), it follows from Lemma 3.9 that the composite map ¢;,s,1(zk(g)) —
5.1 (W) = Ay ) is quasifinite over (). Since ¢y (| (Zi(g)) — Ay, is dominant by Lemma 3.4, it
follows from Chevalley’s theorem on fiber dimensions (see [Hartshorne 1977, Exercise 11-3.22, page 95])
that there is an open neighborhood U, C A}, of X () over which the map ¢, | (Zk(g) — Ay, is
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quasifinite with nonempty fibers. We then get maps
0% o1 Zr) Ny ' (Ug) L5 ¢ (W) Ng ™' (Up) = U,

where the first map is projective and the composite map is quasifinite with nonempty fibers. This implies
that the first map is also quasifinite, and hence, it is finite. Since Z — W is dominant, so is the map
m — ¢;"S’1(W) by (3-3). It follows that m — ¢;’S’I(W) is finite and surjective
over Uy.

On the other hand, we have shown in Lemma 3.3 that ¢;" 5.1 (W) — AL @ is finite and surjective over
A, for our choice of s 3> 0 and g € A} \ {0}. We conclude that there is an open neighborhood Uy, C Ay
of Xy, over which ¢;,S71(Zk(g)) — Ay, Is finite and surjective.

To show this property for ¢;’S’1(Zk(g)), we fix x € ¥ and use the diagram (3-2) where we take

W =Y :=Z\ Z. To understand the generic fiber of wy,,, we apply Lemma 3.8 with
X=AxA xT7L G=AL v, t, ) =" A= x Ay x T, B=Y, (3-4)

where G acts on A; x A,i X EZ*I by g-(x,t,y) = (g +x,t,y) as before. One checks immediately
that the conditions of Lemma 3.8 are satisfied. It follows that the intersection Oy.5,1(Akap) N By 1s
proper. By a dimension counting, this means that ¢, 1(Axu)) N By = <. Equivalently, we have
Ak Ny 51 (Ykap) = &. We conclude by Lemma 3.7 that for every x € X, the map wy, : 0-1(Y) > A
is not dominant. We can therefore find a dense open subset U C U; C Ay such that the fiber of
wyx:071(Y) — Ay is empty over U for every x € X. In other words, for every g € U, the intersection
by 5.1 Yk(e) N Akge) = (m \ @ 5.1(Zk(g))) N Ak(g) is empty. But this means that the map

¢; 5.1 (Zig)) — A,r(( 0 is finite and surjective over an affine neighborhood of ¥ (¢) (see Lemma 2.10). [J

Lemma 3.11. Assume that Z € Tz5,(A}, n; m) is an irreducible cycle such that Z — A} is finite and
surjective over an affine neighborhood of X. We can then find s > 0 and a dense open subset U C A
such that for each 1 < j < n and for each g € U, the scheme (¢; 5.1 (Zk(g)))(j ) is regular over an affine
neighborhood of Xy ).

Proof. We take W = Z;,, the singular locus of Z, in (3-2) and consider the map DZpeox 0. 1 (Zsing) — A
for x € X¥. We had seen previously that the map 6, on the top row of (3-2) is an isomorphism. In particular,
the map 6, : 6 1 (Zsing) —> Zsing 1s an isomorphism. But this implies that dim(6 1 (Zsing)) = dim(Zgjng) <

r — 1. It follows that the map wz, 10 1 (Zsing) — A is not dominant. We can therefore find a dense

sing»X
open subset U C A} such that the fibers of w, over U are empty. By shrinking U further, we can assume
that this holds for all x € 2.

It follows from Lemma 3.7 that for every g € U, the closed subscheme (d’;,m(zk(g)))sing =
qﬁ;s’]((Zk(g))sing) = ¢Z,S’1((Zsing)k(g)) does not meet (X x B,)i). Here, the last equality uses the
perfectness of k. But this means that ¢; s.1(Zk(g)) 1s regular at all points lying over Zy(g). By choosing

s > 0 as in Lemma 3.1, shrinking U further, and using Lemma 3.10, we can assume that ¢} | (Zk(g)) is
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*

finite and surjective over an affine neighborhood of % ,). But then ¢ .51

(Zk(g)) must be regular over an
affine neighborhood of X ).

Let Z/) C Al x B; be the projection of Z to B; as in Section 2E for 1 < j <n. Since Z — A is finite
and surjective over an affine neighborhood of X, each Z/) is also finite and surjective over an affine
neighborhood of X. We can therefore repeat the above process successively for each Z) by shrinking
U further each time. In the end, we get a dense open subset U C A} such that each 1 < j <7 and for
each g € U, the scheme qb; 5.1 Zz ,(({;)) is regular over a common affine neighborhood of i (e). Since the
diagram

.
1 -1 J 1 j—1
X Ay X D) » Ake) X Akigy X Higg)

¢g,5,l l l ¢g,5,l (3_5)

.
1 =n—1 / r 1 j—1
XAy X By = Akie) X Akie) X o)

,
A (€9

A/r<(g>
commutes and the vertical maps are isomorphisms, it follows that ¢;S’1 Z ,E{;,)) = (qbz,"s,,l (Zk(g)))(j ). We
have therefore shown that there is a dense open subset U C A} such that for every g € U and 1 < j <n,
the scheme (¢} | (Zk(g)))"Y is regular over a common affine neighborhood of (). This finishes the
proof. g

Lemma 3.12. For every integer s > 1, there is a dense open subset U C A} such that for every g € U,
one has d)ijys’l (Zig) N (X x A}C x F)ig) = @ for every proper face F of 0" 1,

Proof. We let F be a proper face of ("' and let W = Z N (A x A}( x F). We fix a point x € ¥ and
consider the diagram (see (3-2)):
O (W) AL X Gy X Fy AT 5 AL X G X F —23 AT X G g X F —— W
JPI (3-6)
Ay.

WW,x

As in (3-2), the map 0, = P, o, is an isomorphism. Note also that (see Lemma 3.7) for any g € A},
the map wﬁ,{x(g) — ¢;S’1(Z) N ({x} x A,l x F), which sends (g, t, 2}) to (x,1t, _y), is an isomorphism. It
follows therefore that the map wy , is not dominant. Equivalently, there exists a dense open U C A;
such that the fibers of ww , over U are empty. Shrinking U further if necessary, we can assume that this
happens for all x € X. It is clear that for every g € U, the set ¢;S,1(Zk(g)) N x A,i X F)p(g) 18 empty.
This proves the lemma. O

3F. The proof of the moving lemma for affine spaces. We can now prove the main result of this section,
the sfs-moving lemma for the localizations of A;. We begin with the following intermediate modification

step.
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Lemma 3.13. Let k be an infinite field and let o € Tz" (A, n; m). Let V = Spec(On; ) for a finite subset
X C Ay of closed points, with the localization map j : V — Aj. Assume that 3(j*(a)) = 0. Then there
are cycles B € TZ" (A, n; m) and y € TZ" (A, n+ 1; m) with 0(j*(y)) = j*(a) — j*(B) such that each

component of B is either dominant over A or restricts to zero on V.

Proof. We choose an integer s > 0 which is at least as large as the integer s(Z) and the one chosen in
Lemmas 3.5 and 3.6 for every irreducible component Z of «. It follows from Lemma 3.2 that ¢;,"’ s(a)
intersects all faces of (1" properly. Taking the face F = {1} x [J"~! (and using the containment lemma
[Krishna and Park 2016, Proposition 2.2]), we see that ¢;S’1 (x) € TZ" (Az(g), n;m) for all g € Aj. We
can also assume that s > 0 is large enough so that Lemma 3.2 holds also for each boundary of each
component of «.

We let U C A}, be any dense open which is contained in the intersection of the ones given by Lemmas 3.5
and 3.6 for all irreducible components of |«x|. We let g € U (k) be any element. It follows by our choice
of g that if Z is a component of «, then qb;“ (Z) is either dominant over A7, or it restricts to zero on V,
or satisfies conditions (1) and (2) of Lemma 3.5.

We now compute

n—1
¢h0d(a) =), (Z(—l)"(a} — a?)(a))

i=1

n—1
=T (=D'@ =00 )@ (@)
i=1

== (=1'@ =)@} (@),

i=2
where =" follows from (3-1). On the other hand, we have

n

dogl (@)= (=D —))(¢] (@)

i=1

= (=@} = N (¢) (@) + D (=13 =) (@] ,(@)).

i=2

It follows that 8(¢;’S(ot)) + ¢;S(8(oe)) = (8? — 811)(¢;s(a)) =a— ¢;s’l(a). Lemma 3.2 says that
;s(a) eTZ"(A7, n+1; m). If welet y :¢Z,"S(a) and 8 :¢>§ys’1 (o), wesee that d(j*(y)) =j*(@)—j*(B).
It also follows that d(j*(8)) = 0.

We now replace @ by § in TZz" (A}, n; m) and repeat the above process. It follows from Lemmas 3.4,
3.5 and 3.6 that after finite steps, we arrive at new cycles 8 € TZ"(A}, n; m) and y € TZ"(A,,n+ 1; m)
such that 9(j*(y)) = j*(a) — j*(B). Moreover, each component of § is either dominant over A; or
restricts to zero on V. O
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Theorem 3.14. Let k be an infinite perfect field and let o € Tz" (A, n; m). Let V = Spec(Oa; ) for a
finite subset ¥ C A} of closed points, with the localization map j : V — Aj. Assume that 0(j*(a)) = 0.
Then there are cycles B € Tz, (V,n; m) and y € Tz*(V,n+ 1; m) such that d(y) = j*(a) — B.

sfs

Proof. By applying Lemma 3.13 and removing those components of the resulting new cycle o which
restrict to zero on V, we can assume that every component of « is dominant over A;. Note that this does
not change 9(j*(a)).

We now choose an integer s > 0 which is at least as large as the integer s(Z) and the one chosen
in Lemmas 3.10 and 3.11 for every irreducible component Z of «. It follows from Lemma 3.2 that

2.5 (@) intersects all faces of [J" properly and ¢Zj’s’1(a) e Tz" (A o 13 m) for all g € A} (see the proof
of Lemma 3.13). We can also assume that s > 0 is large enough so that Lemma 3.2 holds also for each
boundary of each component of «.

We let U C A} be any dense open which is contained in the intersection of the ones given by
Lemmas 3.10, 3.11 and 3.12 for all irreducible components of «. Since U is rational and k is infinite,
U (k) is a dense subset of U. We let g € U (k) be any element. We claim that j*(¢;s’ () €Tz (V, n;m),
where qﬁz,‘,s(—) is defined on TZ" (A}, n; m) by the usual linear extension. By Lemmas 3.10 and 3.11, we
only need to show that ¢;,s,1 (o) € Tz (A7, n; m). But this is equivalent to showing that (X x A,l x F)N
|</>;S’1 ()| = & for every proper face F of [0"—!, which in turn follows from Lemma 3.12. The claim is
thus proven.

A computation identical to the one in the proof of Lemma 3.13 shows that

B(g: (@) + ¢, (@) = (30— ) (¢, (@) =a — ¢ | ().

Lemma 3.2 says that ¢;S(a) eTZ"(AL,n+1;m). If 0(j*(x)) =0, wecansety = j*o ¢;S(a) and
B = j*(¢;‘,s’1(a)). We get d(y) = j*(a) — B and we have shown above that 8 € Tz (V, n; m). The
theorem is now proven. U

Remark 3.15. The proof of Theorem 3.14 (where we take n > 2, replace B, by [I"~! and take s = 0
everywhere in the proof) also shows that if » > 1 and o € z*(A, n) is a higher Chow cycle with
d(j*(a)) =0, then we can find y € Z"(V,n+1) and B € z{; (V, n) such that d(y) = j* (@) — B. Note
that n = 0 case of this result is trivial.

4. The fs-property of residual cycles

Let & be an infinite perfect field. In this section, we discuss some results on linear projections in projective
spaces, and show how these projections can be used to equip the residual cycle of a given cycle with
certain finiteness properties over the base scheme. The main result of Section 4 is Theorem 4.15. It will be
used later in proving the fs-moving lemma (see Lemma 8.7), a precursor to the final sfs-moving lemma.

For 0 <n < N and a linear subspace H C IP’,}(V defined over k, let Gr(n, H) be the Grassmannian scheme
of n-dimensional linear subspaces of [P’,’cv contained in H. This is a homogeneous space of dimension
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(dim(H) —n)(n + 1). Unless we specify the field of definition, a linear subspace of [P’,](V will mean a
k-linear subspace.

Given two closed subschemes Y, Y’ C PY, let Sec(Y, Y’) C PY be the union of all lines £, joining
distinct points y € ¥, y’ € Y’. In general, we have dim(Sec(Y, Y')) <dim(Y)+dim(Y")+1. If Y =Y/, the
scheme Sec(Y, Y') = Sec(Y) is the secant variety of Y. If Y’ = L is a linear subspace, then Sec(Y, L) =
C1(Y) is the cone over Y with vertices in L.

4A. Containment and avoidance. Let 0 <m <n < N be integers and let S, T C [P’,ICV be two disjoint
subsets.

Definition 4.1. We denote the set of n-dimensional linear subspaces of IP,]CV containing S by Grg(n, IP’,I(V ).
We write Grg(n, I]:"II(V ) as Gry (n, I]:Dliv ) if § = {x} is a closed point. We denote the set of n-dimensional
linear subspaces of [P’,iv which do not intersect S by Gr(S, n, [P’,iv). If § = {x}, we write Gr(S, n, IPIICV) as
Gr(x,n, PY). We let Grg(T, n, PY) := Grs(n, P)) NGr(T, n, PY). For any linear subspace L C P,
we define Grg(n, L) and Gr(7, n, L) similarly.

One checks that, when M C IP,]{V is a linear subspace of dimension m, then Gry, (n, P,/(V ) is a homogeneous
space which is an irreducible closed subscheme of Gr(n, [P’,’(V ) of dimension (N —n)(n—m). The following
result is elementary. We leave the proof as an exercise.

Lemma4.2. Let N > n. (1) If S’ C S, then Gr(S, n, IP’,’(V) c Gr(S', n, P,?’). (2) For any finite closed set
Sc PV, Gr(S, n, [P’,I(V) C Gr(n, IP’,I(V) is a dense open subset.

Lemma 4.3. Let X C IP’,I{V be a closed subscheme of dimensionr > 1 with N > r and let H C [P’,lcv be a
hyperplane, not containing any irreducible component of X. Then Gr(X, N —r — 1, H) is a dense open
subset of Gr(N —r — 1, H).

Proof. Consider the incidence scheme S ={(x, L) € X xGr(N —r —1, H) | x € L}. We have the obvious
projection maps X <= § =2 Gr(N —r — 1, H).

Each fiber of 7 over X \ (X N H) is empty. It is a smooth morphism over X N H with its fiber over
x € XNH tobe Gr, (N —r—1, H), whose dimensionis (N—1)—(N—r—1))(N—r—1-0)=r(N—r—1).
It follows that dim(S) <dim(X N H) +dimGr,(N —r—1,H)=r—14+r(N—r—1)=r(N —r)— 1.
Thus, m,(S) is a closed subscheme of Gr(N —r — 1, H) of dimension < r(N —r) — 1 which is less than
dimGr(N —r —1, H)=r(N —r). Hence, Gr(X, N —r — 1, H) =Gr(N —r — 1, H) \ m»(S) is a dense
open subset. U

4B. Transverse intersection. For a reduced scheme X, let X, C X be the singular locus of X and
let X be its complement. For a closed subscheme X C P,’(V , let Gr'" (X, n, IP’,’CV ) denote the set of n-
dimensional linear subspaces which do not intersect Xgne, and whose intersection with Xy, is transverse
(if not empty). We let

Gr'(X,8,n,PY) = Gr(S,n,PY)NGr"(X,n,PY) and Gri(X,n,PY) = Grs(n,PY) NG (X,n,PY).

For a linear subspace H C PN, we define Gr"(X, S, n; H) and Grtsr(X ,n; H) similarly.
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Lemma 4.4. Let r > 2 be an integer and suppose N > r. Let H C [P’,iv be a hyperplane. Let L C [P’,iv
be a linear subspace of dimension N —r + 1 intersecting H transversely and let X C L be a curve (not
necessarily connected) none of whose components is contained in H. Then the set of linear subspaces in
Gr'"(L, X, N —2, H) is a dense open subset of Gr(N — 2, H).

Proof. Observe that Gr'"(L, N — 2, H) is a dense open subset of Gr(N — 2, H). Consider the map
vy :Gr'"(L, N -2, H) — Gr(N —r — 1, LN H) given by v; (M) = LN M. This v; is a smooth surjective
morphism of relative dimension 2(r — 1). It follows from Lemma 4.3 that Gr(X, N —r —1, LN H) is a
dense open subset of Gr(N —r — 1, LN H), so vL_l(Gr(X, N —r—1, LN H)) is a dense open subset of
Gr'"(L, N —2, H), and hence a dense open subset of Gr(N —2, H). Il

4C. Affine Veronese embedding and linear projection. Recall that for positive integers m, d > 1, the
Veronese embedding v;, 4 : P}’ — IPII{V is a closed embedding given by v, 4([x]) =[Mo(x), ..., My(x)]=
[M(x)], where N = (m;d) —1and {My, ..., My} are all monomials in {xo, ..., x,} of degree d, arranged
in the lexicographic order.

If [yo, ..., yn] € IP,]CV denotes the projective coordinates, it is clear that v,;yld({yo =0} = {xg =0}. In

particular, the Veronese embedding yields Cartesian squares

A" —— PP ——dHy

umvdl J/Umd lvm'd (4-1)

AN —— PY «—— Hyp,

where H,, o C P}" is the hyperplane {xo = 0} and the vertical arrows are all closed embeddings. The closed
embedding v, 4 : Al' — A,iv is given by vy, s (1, ..., ym) = (M7, ..., My), where {M{, ..., M)} is the
induced ordered set of all monomials in {yy, ..., y,} of degree bounded by d.

Let 1 <r < N be two integers. Recall (e.g., see [Krishna and Park 2012, Lemma 6.1]) that when L C [P’,iv
is a linear subspace of dimension N —r — 1, there is an associated projection map ¢y, : P,’(V \L— P,
where [, is a linear subspace of IP,ICV such that L NP} = &. This map ¢, defines a vector bundle over P},
of rank N —r, whose fiber over a point x € [P, is the affine space C, (L) \ L, where Cy(L) = Sec({x}, L).

Remark 4.5. The referee asked whether the above vector bundle ¢, : [P’,ICV \ L — [P} is isomorphic
to Opr (1)®WV=")_ Indeed, ¢, is (up to an isomorphism) the projection map of quotient stacks ¢y, :
[(A™HN\{0}) x4 V) /G, ] = [(A"1\ {0})/G,, ], where V = kN~ and the G,,-action everywhere is by
scalar multiplication. Since [((A" 1\ {0}) x; V) /G, ] = [(A™1\ {0}) /G, ] X BG,, [V /Gy ], one identifies
¢, with the map P} x gg,, 7*(V (1)®N =) — P where V(1) is the line bundle on BG,, :=[Spec(k)/G]
associated to the 1-dimensional G,,-representation given by the scalar multiplication on k, and 7 :
[(Ar+! \ {0})/G,,] — BG,, is the canonical projection.

Note that in general, if we let G, act on k by weight n € Z (i.e., A - x = A"x) and let V (n) denote
the corresponding line bundle on BG,,, then 7*(V (n)) is isomorphic to Opy;(n). Hence the above
m*(V (1)®N =) is isomorphic to Opr (1)®™ "), as wished.
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Definition 4.6. Recall that if X C [P’,](V is a closed subscheme with X N L = &, then ¢, restricted to X
defines a projection ¢y, : ¢r|x : X — P}. We call it the linear projection of X away from L. Since
this is a morphism of projective schemes with affine fibers, it must be a finite morphism. In particular,
dim(X) <r.

We shall use the following situation often: let H C IP’,]CV be a hyperplane containing L and X C [P’,](V a
closed subscheme with X N L = & and X ¢ H. Then ¢, defines the Cartesian squares of morphisms

X\ H X XNH

N

PI\H — P, «—— P, NH,

Together with (4-1), we deduce the following fact, which we use often:

Lemma 4.7. Let X — A}’ be an affine scheme of dimension r > 1 and let X — P} be its projective
closure. Then, for d > 1, the Veronese embedding vy, g4 : P} — IPIICV and the linear projection away from
LeGr(N—-r—1, P,](V)(k) vield a Cartesian diagram with finite vertical maps

X——X
¢LJ/ lm (4-3)
A — Py

if L e Gr(X, N —r — 1, Hy 0)(k), where Hy o = {yo =0} C PY as in (4-1).

4D. The Set-up. Let k be an infinite perfect field. Here, we introduce the basic Set-up that will be used
for most of the paper. This set of assumptions will be referred to as the Set-up of Section 4D.

(1) The spaces: Let X be an equidimensional reduced projective k-scheme of dimension » > 1 with
a given closed embedding  : X — [P’,iv with N > r and of degree d + 1 > 0. We let B be a smooth
projective geometrically integral k-scheme of positive dimension and let B C Bbea nonempty affine
open subset with F := B \ B. Let ¥ C X, be a finite set of closed points.

(2) The linear projections: Suppose that H C [P’,’CV is a hyperplane not meeting 3, and that X\ (XNH) C X¢n.
For L € Gr(X, N —r — 1, H)(k), let ¢;, : X — [P, be the linear projection away from L. If L is fixed
in a given context, we often drop it from the notation of ¢; and write as ¢ : X — P;. We write
qAﬁzquzqﬁindé:Xxl%—)IP,’(xl}.

(3) The cycles: Let Z C X x B be a reduced closed subscheme with irreducible components {Zy, ..., Zs},
each of dimension r. We suppose that both X x F and H x B intersect properly with each irreducible
component of Z. We let f Z—>Xand g:Z — B denote the restrictions of the projection maps. Let
E C B be a closed subset containing F such that no component of Z is contained in ¢ ~' (E). We suppose
that each projection Z; — B is nonconstant.
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(4) The residual schemes and residual sets: Let L™ (Z) be the closure of d3_1 (&(Z N\Zin X x B with
the reduced closed subscheme structure. For any closed point x € X, we write LT ({x}) as L (x). We let

LT(Z) = ex LT ).
4E. A Nisnevich property of linear projections. The first result on “moving” our cycle Z is the following:

Lemma 4.8. We are under the Set-up of Section 4D. After replacing the embedding n : X — [P’,ICV by a
bigger one via a Veronese embedding if necessary, there exists a dense open subsetUd C Gr(X, N—r—1, H)
such that each L € U(k) satisfies the following:

(1) ¢ is étale at X.

(2) ¢ (x) # ¢ (x") for each pair of distinct points x # x' € Z.
(3) k(pr(x)) = k(x) forall x € %.

4) LT (x) # D forall x € .

(5) LTx)N f("N(E)) =@ forall x € .

6) LT(x)N f (Z)=D forallx € X if f : Z; — X is not dominant over any irreducible component
of X.

Proof. Replacing the given embedding X < [P’,I(V by its composition with a Veronese embedding, we may
begin with a closed embedding X — [P’,ICV such that N > r and the degree of X in IP,ICV is bigger than one.

Step 1. First suppose that k is algebraically closed. Tt follows from our assumption that dim(g~!(E)) <
j Since f is projective, it follows that f (§_1(E)) is a closed subset of X of dimension at most
r—1. We let W C X be the union of Xy, f (¢~ '(E)) and the images of all components of Z which
are not dominant over X. This is a closed subset of X such that dim(W) < r — 1. In particular,
dim(Sec(D, W U D)) < r for any finite closed subsets Dy, D, C X. It follows from Lemma 4.3
that Uy == (g Gr(X U Sec({x}, WU (2 \ {x})), N —r — 1, H) is dense open in Gr(N —r — 1, H).
Furthermore, any L € U (k) satisfies (5) and (6) by construction.

We continue the proof of the rest of the properties. Let s x C IP’,](V be the union of the tangent spaces to
X at all points of 3. Since ¥ C Xy, we have Tx x = T x,,, which is a finite union of linear subspaces
of dimension r. For each x € X, the set Z, = X U Ty x USec({x}, Xsing U (X \ {x})) is closed in IPIICV of
dimension r. Therefore, the set U = ﬂxez Gr(Z,, N —r—1, H)NU, is dense open in Gr(N —r — 1, H)
by Lemma 4.3. By construction, each L € U/ (k) defines the finite surjective map ¢, : X — [P}, which is
unramified at ¥ and separates the points of X. In particular, (2) holds.

Since X, is regular and dense in X, it follows that ¢; |x,, : Xsm — P} is a dominant and quasifinite
morphism between regular k-schemes. In particular, the map Op; ¢, (x) = Ox x is a local homomorphism
of regular local rings with the finite closed fiber for each x € ¥. It follows from [EGAIV; 1965,
Proposition (6.1.5), page 136] (or [Matsumura 1986, Theorem 23.1, page 179]) that ¢, is flat at each
point of X. Hence ¢ is étale at X, being flat and unramified, proving (1).



A moving lemma for relative 0-cycles 1019

Since k = k, the isomorphisms of the residue fields, (3) is evident. Property (4) follows because
deg(¢r) > 1 by the assumptions on the chosen Veronese embedding of X. This proves the lemma in
Step 1 when £ is algebraically closed.

Step 2. Now suppose that k is any infinite perfect field. Let k be an algebraic closure. For any k-scheme A,
M: A — A be the base change to k. We have that Yp=my ! (X) is still a finite closed set of the regular
scheme X ;. By Step 1 applied to Xz, Hj and X, there exists a dense open U’ C Gr(N —r — 1, Hy)
where the mentioned properties (1)—(6) hold.

Since k is perfect, there exists a finite Galois extension k C &’ in k such that /' is defined over k’. Let
U:=N seGal(k'/k) O -U'. This is a nonempty open subset defined over the radical closure of k in k', but
since k is perfect, this radical closure is equal to k. Hence &/ C Gr(N —r — 1, H) and it is defined over k
(see [Colliot-Thélene et al. 1997, Lemma 3.4.3]). Here we have U;; C U’. Now, for each L € U(k), we
have X N L = & by our choice of the open set. So, we get a finite surjective map ¢ : X — P} over k.

We prove that ¢ is étale at each point x € X. Let y := ¢ (x). By the faithfully flat descent
[EGAIV4 1967, Corollaire (17.7.3)(ii), page 72], the map ¢, : Spec(Ox x) — Spec((’)pr y) 1s étale if and
only if its faithfully flat base change ¢, i Spec(OXk ) — Spec((’)pr ) of the semilocal schemes via
Spec(k) — Spec(k) is étale. Here, x; :=my (x) and yk = JTP, (y) But Step 1 shows that the latter map
¢, j is €tale at each point of the set x; C X, thus so is the former ¢ at x. This proves (1).

Since ¢,  separates the points of X; by construction, (2) is obvious. Furthermore, this shows that for
each x € ¥, the map ¢, ; : n;l (x) —> nﬂ;,zl (y) is injective, where y = ¢; (x). Hence by Lemma 4.9 below,
we have k(x) = k(y), which proves (3). Property (4) is evident because deg(¢;) > 1 and k(¢ (x)) =~ k(x)
for each x € X by (3).

Conditions (5) and (6) are apparent for any L € U (k) because for every x € X, we have that (L ,;)*(x/ )n
fé(glgl(E,;)) =@ = (Lp*(x) N fi(Z;) for all x' lying in the finite set 7y ' (x) C ;. Note here that
if Z; is not dominant over a component of X, then no component of Z; ; can be dominant over any
component of X;. This finishes the proof of the lemma. O

We used the following in the middle of the proof of the above Lemma 4.8.

Lemma 4.9. Let k be an infinite perfect field and let ¢ : X — Y be a finite morphism of k-schemes.
Consider the base change Cartesian square:

P
Xp— X

ﬂxl lny (4-4)
]

X ——Y

Let x € X be a closed point and let y := ¢ (x). Then one has |7TY W =<l|my (x)| The equality holds if
and only if [k(x) : k(y)] = 1. Furthermore, this equality holds when the map ¢y : 7wy (x) — Ty (y) is
injective.



1020 Amalendu Krishna and Jinhyun Park

Proof. Since k is perfect, we have |n;1 (x)| =[k(x) : k] and |JT;1 (y)| =[k(y) : k]. So, the field extensions
k < k(y) = k(x) imply the first and the second assertions. If the map ¢, : rr;l(x) — rr;l(y) is
injective, then |7, ! W= |my ! (x)|. The last part of the lemma thus follows. Il

4F. Some algebraic results. We discuss some algebraic results that will be needed.

Lemma 4.10. Let f : A — B be an injective finite unramified local homomorphism of noetherian local

rings that induces an isomorphism of the residue fields. Then f is an isomorphism.

Proof. Let m4 and mp be the maximal ideals of A and B, respectively. Since f is finite, to show that f
is surjective it suffices to show that A/m4 — B/(my4B) is surjective by Nakayama’s lemma. But this
follows because the map A/m4 — B/mp is an isomorphism and so is the map B/(ms4B) — B/mp as f
is unramified. U

Lemma 4.11. Let f : Y' — Y be a finite surjective morphism of regular k-schemes. Let W C Y be an
irreducible closed subset and let y € W be a closed point. Let S = f~'(y) and W' = f~'(W). Let
x € Sandlet Z C W' be an irreducible component passing through x. Suppose that f is étale at x and
k(y) => k(x). Then ZN S = {x} if and only if Z is the only component of W’ passing through x.

Proof. We first observe that f must be a flat morphism (see [Hartshorne 1977, Exercise 111-10.9,
page 276]). We next note that any irreducible component of W’ that passes through x will be in the
connected component of Y’ containing x. So, we may assume Y’ is connected. On the other hand, W C Y
being irreducible, it must belong to a unique connected component of Y. Hence, we may also assume that
Y is connected.

Now, first suppose S = {x}. We claim that f is an isomorphism locally around y, so that the lemma
holds trivially. Indeed, it follows from Lemma 4.10 that the map Oy,, — Oy , is an isomorphism. This
implies that f is a finite and flat map with [k(Y”) : k(Y)] = 1 (see [Liu 2002, Exercise 5.1.25, page 176])
and hence must be an isomorphism.

We now suppose |S| > 1. Consider the commutative diagram of semilocal rings

o] o2

Oy,y Oy’ s Oy’ x
lﬂl lﬁz l/-%
o3 o
OW,y E— OW/,S —_— OW’,x (4_5)

as
Ozs —— Oz,
!

where y := B4o0a3 and y’' := a5 0 y. Here, o1 and «j3 are finite and flat, and «; o &y is étale. The lemma
is equivalent to that a5 is an isomorphism if and only if Bs is.

Suppose a5 is an isomorphism. Since B4 is surjective and o3 is finite, the map y is finite. Thus, ¢’ is a
finite map of local rings. Since a o ¢ is étale, the map a4 o a3 is also étale. Since Bs is surjective, we see
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that ' is unramified. Thus, y’ is a finite and unramified map of local rings. Since Z — W is surjective
and k(y) >~ k(x), the map y’ is an isomorphism by Lemma 4.10. In particular, o4 o o3 is an étale map
of local rings such that 8s o a4 o 3 is an isomorphism, in particular, étale. It follows that S5 is étale, by
[EGA TV, 1967, Proposition (17.3.4), page 62]. Thus, Bs is a surjective étale map of local rings. But it
can happen only if S5 is an isomorphism.

Conversely, suppose that Bs5 is an isomorphism. Let p be the minimal prime of Oy g such that
Ow .s/p =0z and let {py, ..., p,,} denote the set of distinct minimal primes of Oy s different from p.
To show that a5 is an isomorphism, we need to show that p +p; = Oy s forall 1 <i <m.

Claim 1. PiOw x =Ow foralll <i <m.

Proof. Note that Oy , is an integral domain because Oz  is an integral domain and S5 is an isomorphism.
Thus, we must have either p;Ow , =0 or p; Oy x = Oy . In the first case, we have p;Oz , =0 as Bs
is an isomorphism. Equivalently, os o B4(p;) = 0. Since p; # p, and p;, p are minimal, there is @; € p; \ p
such that B4(a;) # 0. Hence, s o B4(a;) # 0, because o5 is injective being a localization of an integral
domain. This is a contradiction. Thus, we must have p; Oy , = Oy, for each i, proving Claim 1. [

Let m be the maximal ideal of Oy g defining the closed point x. By Claim 1, for any 1 <i < m there
exists a; € p; \ min Oy s such that o4(a;) is invertible. Let a = ]_[;":1 a;. We see that there are nonzero
elements b, c € Oz g with ¢ ¢ m such that c(1 —ab) =0.

Claim 2. 1—abep.

Proof. Let v=1—ab. Then, we have cv =0 € m with ¢ ¢ m, so that v € m and a4(v) = 0. Toward
contradiction, suppose v ¢ p. Then v € m\ p, so that B4(v) #0. Thus B5o0a4(v) = a5 0 B4(v) # 0 because
o5 is injective. But this contradicts that a4 (v) = 0. Hence, we have v € p, proving Claim 2. 4

By Claim 2, we have v € p, ab € p; for all i, while v —ab = 1. This shows that p +p; = Oy s for all
1 <i <m. Thus, as is an isomorphism. O

4G. Birationality under linear projections. Using Lemma 4.8, we shall show that the linear projections
often give birational morphisms when restricted to a given integral closed subscheme. But first, we derive
the following consequence of the results we proved in Section 4E and Section 4F. We continue to work
with the Set-up of Section 4D.

We use a trick of “marking” irreducible components: for each 1 <i <, we fix a closed point o; € (Z;)sm
such that (1) o; € Z; for j #1i, (2) x; = f(oz,-) € Xgm but not in X, and (3) b; = g(«;) € B. Note here that
o; € (Zi)sm and x; € X¢y can be achieved as follows: by the assumptions of the Set-up of Section 4D,
each Z; intersects H x B properly and X \ (X N H) C X Then any choice of a point in Z;|(x\(xn#))x B
maps to a point of X,. Moreover, perfectness of k implies that (Z;)sm N Z;|(x\(xnH)=xB # D. Let
E={x1,...,x}UX and E ={by,...,bs}UF.Since Z; ¢ X x F and Z; — B is nonconstant by the
Set-up of Section 4D, no component of Z lies in g~ (E).
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Lemma 4.12. After replacing the embedding X — [P’,iv by a bigger one via a Veronese embedding if
necessary, there is a dense open subset U C Gr(X, N —r — 1, H) such that each L € U(k) has the property
that Z; ﬂézl(éL(ai)) ={a;} foralll <i <s.

Proof. We let 7 : Spec(k) — Spec(k) denote the base change map. For any A € Schy, we shall write
w4 Ap — A simply as 7 using a shorthand.

We fix i. Let §; := dA)L(ai). Let 7~ o) = {@;;j};, which is a finite set of points, and let x;; := f,;(aij),
bij = JACT 7). Note that all of ;; and x;; lie in the smooth loci of (Z;); and X, respectively.

We let E; :={x;;}; UX; and E; := {b;;}; U F}.

Applying Lemma 4.8 over k for the above E; (for X there) and E; (for E there), we obtain a dense
open subset Z/Il.’ C Gr(X, N —r — 1, Hy) such that every L € U'(k) satisfies the properties (1)—(6) there.
Repeating the argument of Lemma 4.8 in Step 2, we obtain a dense open subset ; C Gr(X, N —r—1, H)
such that for every L € U; (k), we have L; € U! (k).

We show that the following map is bijective:

b p:im ) = 77 (B). (4-6)

Suppose this is not i_njective, i.e., for some j < j’, we have dA)L,,;(a,‘j) = qASL’,;(aij/). Then b;; = gz (i) =
8; (a;j’) = b;j. Since k is algebraically closed, we can write o;; = (x;;, b;;) and «;j» = (x;j, b;j). Since
b;j = b;j and «;; # o/, we must have x;; # x;;r.

But at the same time, we have

¢A5L,;;(xij) = ﬁ;(QEL,/;(Olij)) = ﬁ;(dA)L,;;(Olij')) = $L,1}(xij’)-
I{l particular, Xij € L;(x,‘j). Since gr,;(aijr) = b,‘j/ € E;, we thus have f];((){ijf) = Xjj € (L,;)*(xij) N
i (§k_ (E;)). But this contradicts property (5) of Lemma 4.8 satisfied by L. Hence the map (4-6) is
injective.
On the other hand, we have

7 (Bi) X specti(py) Spec(k(a;)) = Spec((k @ k(B:1)) ®kpy) k(i) = Spec(k @ k(a;)) = 7~ (o)

so that it follows that the map (4-6) is surjective, as well, thus bijective.

Going back to the proof of the lemma, first note that we clearly have Z; N ¢3L_1 (Bi) D {«;}. For the
inclusion in the other direction, toward contradiction suppose there is &’ € (;ASL_l (B)\{a;} such that &’ € Z;.
Clearly we have 7~ !(a’) N 7~ a;) = @. On the other hand, we have dva,;(n_l(o/)) cx (B =
) L. ,;(71_1 (ct;)), where the second equality holds by the bijectivity of (4-6).

Hence there is some oz; e 7 (') and a;jr € 7~ ;) such that

(@) o) #aipr,  while (b) ¢, p(o)) =, rleij).
Property (b) implies that g; (oz;.) = g (a;j) = bijr. Since k is algebraically closed, for x’ := f,;(oz;), we
can express oc;. = (x, b;jj) and o;j» = (x;jr, b;j’). Because a} #;j by (a), we must have x" # x;;» = fA,; (otijr).

In particular, x' € LY (x;j). But & = b;j € E; so that we obtain x" € L (x;j) N f; (27" (E))). But, this
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contradicts property (5) of Lemma 4.8 satisfied by L;. Hence no such o exists. Our proof then is over by
taking U := (;_, Us. O

Combined with Lemma 4.11, we immediately have:

Corollary 4.13. For each linear projection L as in Lemma 4.12 and each 1 <i <'s, one has that Z; is
the only irreducible component ofézl (qASL(Z,-)) passing through a given marked point a; € Z; \ Uj#i Z;.

We can now prove the birationality of a given finite set of integral closed subschemes of X x B, under
suitable linear projections.

Lemma 4.14. For a suitable choice of the set E in the Set-up of Section 4D, after replacing the embedding
X — IP’,](V by a bigger one via a Veronese embedding if necessary, there is a dense open subset U C
Gr(X, N —r —1, H) such that for each L € U(k), the induced map (]AbL 1z —> dA)L(Z,-) is birational for all
1<i<s.

Proof. We follow the choices of o; € Z;, & and E that we made just before Lemma 4.12. We shall prove the
lemma for this E. We letid C Gr(X, N—r—1, H) be as given by Lemma4.12 and fix L el (k). Welet T; :=
qAﬁ 1(Z;) and B; := ¢3 . (a;). To show that q§ 1 : Z; — T; is birational, we prove a stronger assertion that the map
Or,.5; = Oz, p of semilocal rings is an isomorphism, where Oz, g := 0, , 6B Consider the maps

OTivﬂi - Ozi»}gi - OZi,ai' 4-7)

It follows from Lemma 4.12 that Z; N <]3L_1 (Bi) = {a;}. In particular, the second map of (4-7) is an
isomorphism, actually the identity map. By condition (1) of Lemma 4.8, the map ¢, is étale in an affine
open neighborhood U’ of E, and thus ¢, is étale at ;. In particular, the composite map in (4-7) is
unramified. By condition (3) of Lemma 4.8, we have k(8;) — k(«;). Hence, the first map of (4-7) is
an injective finite unramified map of local rings, that induces an isomorphism of the residue fields. It
is therefore an isomorphism by Lemma 4.10. This completes the proof. 0

4H. A presentation lemma for moving to fs-cycles. The final result of Section 4 is the following
Theorem 4.15, that will be used in the proof of the fs-moving lemma, specifically, in the proof of
Lemma 8.7.

Theorem 4.15. Under the Set-up of Section 4D, let ZZQ = Zilxxp and Z° := Z|x« .

Then for a suitable choice of the set E in the Set-up, after replacing the embedding X — [FDIICV by its
composition with a suitable Veronese embedding, there is a dense open subsetUtd C Gr(X, N —r — 1, H)
such that each L € U(k) satisfies the following:

(1) ¢y is étale at X.

(2) ¢1 separates the points of X.

3) k(pr(x)) = k(x) forall x € X.

(4) There exists an affine open neighborhood U C X of X such that:
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(4a) If Z? is an irreducible component of Z° that is dominant over an irreducible component of X,
then for each component Z' 0fL+(Z?), the map Z;; — U is fs over U.

(4b) If Z? is an irreducible component of Z° that is not dominant over any irreducible component of
X, then LT(Z?)y = 0.

Proof. For 1 <i <, choose closed points ¢; € Z? \ (Uj#i Z?) such that
xi = f(a;) € Xsm and b; = §(;) € B,

as we did in Lemma 4.12. Let E :={x1, ..., x,}UX C Xgpand E :={by,...,b,}UF C B. Since
Z; ¢ XxFand Z; — Bis nonconstant, it is not contained in g~ (E). We choose I C Gr(X, N—r—1, H)
as given by Lemma 4.12 and fix L € U (k). In particular, all the properties of Lemma 4.8 holds, so that
we have conditions (1)—(3) of the theorem.

To prove (4), first note that the irreducible components of L+(ZIQ) are exactly the restrictions to
X x B of the irreducible components of L*(Z;). Let Z; be an irreducible component of Z dominant
over an irreducible component of X. Let Z’ be an irreducible component of L*(Z;). We prove that
ZNExF)=02.

Suppose, on the contrary, that there is a closed point A € Z' N (X x F). This means that there is a
closed point A’ € Z; such that ¢ (1) = ¢ (/). We claim in this case that

Y =9 @) N Zi = (1) (4-8)

Suppose we have shown that A’ = A. Then we get A € Z; and (4-8) becomes equivalent to showing
that <]3L_1 (<]3L (V) N Z; = {A}. But the proof of this equality is simply a repetition of the argument of
Lemma 4.12. Hence, the claim is reduced to showing that A" = A.

Let’s do it. First consider the case when k is algebraically closed. We can then uniquely write
A = (x, b) for some closed points x € X and b € F, and ' = (x/, b), where x’ € gi;Zl(dA)L(x)). If x' # x,
then x’ € LT (x) and x’ € f (¢~ '(E)), which contradicts condition (5) of Lemma 4.8. Hence, we must
have x’ = x so that A" = A.

If k is not algebraically closed, we argue as in the proof of Lemma 4.12. Suppose again that A" = A. Then
for the base change map 7 : Spec(k) — Spec(k), we have 7 ~! (A )Nz~ (1) = 2. Let #’ =L (V) =dr ().
We show as in the argument of Lemma 4.12 that the map q@L,,; (W) — 7w~ 1(B) is bijective. Using
this, we continue following the proof of Lemma 4.12, to get closed points rerx ') and M e r (V)
such that fA,;(X) € (L,;)Jr(f,;():/)) N f,;(gr; (E;)). But this contradicts property (5) of Lemma 4.8 for Ly,
which violates our choice of L. This proves (4-8).

Coming back to the proof of Z'N (X x F) = &, we now note using Corollary 4.13 that Z" # Z;. So,
the two deductions A € Z' N Z; and qASL_l (qASL M) N Z; = {)\} from (4-8) together contradict Lemma 4.11.
Hence, we must have Z' N (X x F) = &, as desired.



A moving lemma for relative 0-cycles 1025

Now, by Lemma 2.10, there is an affine open neighborhood U; 77 C Xy, of X such that Z;Ji.Z’ — Uz
is fs. We take U; := (| U;.zz where the intersection is taken over all i such that Z; dominant over a
component of X and the irreducible components Z’. This open set U; works for (4a).

About property (4b), let Z; be an irreducible component of Z which is not dominant over X. Let
Z' be a component of LT (Z;). In this case, we repeat the proof of (4a) above, where we now apply
condition (6) of Lemma 4.8, to conclude that Z’' N (X x é) =d.

It follows that f (LT(Z;)) is a closed subset of X disjoint from X. Hence, we can apply Lemma 2.3 to
obtain an affine open neighborhood U of X in X such that L+(Z,~)Ui/ = @. We take U, := (| U/, where
the intersection is taken over all i such that Z; is not dominant over any component of X. This open set
U, works for (4b). Taking U := U; N U,, we have (4), and this concludes the proof of the theorem. [J

5. Regularity of the original cycle over residual points

The focus of the remaining sections is to achieve the sfs-property of the residual cycle of Z along X
via more refined linear projections. In order to achieve this, we first ensure that our original cycle Z is
regular at all points lying over the residual set L*(X) of ¥ C X. We later show that this regularity of Z
at all points lying over L™ (X) implies the regularity of the residual cycle of Z along X. The goal of this
section is to achieve the first one when k is algebraically closed. The general case will be considered later.

5A. A basic algebraic result. We first discuss the following:

Lemma 5.1. Let k be an algebraically closed field. Let X C [P’,ICV be a reduced closed subscheme of
dimension 1. Suppose N > 1 and let x # y be two closed points on Xsy. Let Gryyoy(N — 1, IP’,]CV) C
Gr(N —1, [P’,I(V ) be the set of hyperplanes containing {x, y} that do not intersect X transversely at y. Then
Grixy) (N — 1, PN) = PY ™2 and Gryq2y(N — 1, PY) =~ P .

Proof. Recall that Gry, (N —1, IP’,/(V) C Gr(N —1, IPIICV) is the set of hyperplanes containing {x, y}. Since
x #y, by elementary linear algebra on ranks of linear systems, we immediately have Gry, (N —1, [P’,I(V )~
[P’,]cv_z. We prove the second assertion. Since N >> 1, we can find a linear form s; € W = HO(PYN, O(1))
which does not vanish anywhere in {x, y}. This yields a k-linear map o : W — Ox (x y) /mxmi =: Ox42y)
given by a(s) = s/s;. Since k is algebraically closed, the ideal m, is generated by linear forms vanishing
at y. Hence, the composite map W — OX,{x,y}/mxmi —» Ox,y/mi =: Oppy, 1s surjective and a‘l(mi) is
precisely the set of linear forms in W not transverse to X at y.

We first claim that « is surjective. Since x, y are two distinct regular closed points of X, the set
Gry(x, N —1, IP’,](V ) is nonempty and hence, m,/m,m, — O\, and there is a commutative diagram of
short exact sequences:

0 —— o '(mymy) —— o~ '(m,) O 0

L

0 —— memy/m,m? —— my,/m] O 0
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In particular, the first vertical map is surjective. Since Gr,(y, N — 1, [P’,I{V ) # &, we conclude that « is
surjective.
To finish the proof, we look at the commutative diagram with exact rows:

0 —— ker(a) —— W —*—= Op12y) —— 0

l l (5-2)

0— o '(m}) w Opy) 0

Since the last vertical arrow is surjective with one-dimensional kernel, by the snake lemma, the first
vertical arrow is injective with one-dimensional cokernel. Since P(a~! (mi)) ~ [P’,’{V ~2, we conclude that
Gryay(N — 1, PY) =~ P(ker(a)) ~ PY 2. O

S5B. The Set-up+(fs). We suppose k is an infinite perfect field. The Set-up we now use repeatedly is the
following situation, that we call the Set-up+(fs):
(1) The Set-up: We still suppose the Set-up of Section 4D, not necessarily specifying some closed subset
E CB.
(2) The fs-property: There exists an affine open neighborhood Xg; C X¢p of X, that is dense open in X,
such that the projection Z — X is fs over Xg.

5C. Regularity of the original cycle over residual points. We now discuss two central results: Lem-
mas 5.2 and 5.10. Recall that X is equidimensional under the above assumptions.

Lemma 5.2. Let k be an algebraically closed field. Suppose r = 1. We are under the Set-up+(fs) of
Section 5B. Let x € Xy be a closed point and let S C X \ {x} be another finite set of closed points.
After replacing [P’,]CV by a bigger projective space via a Veronese embedding if necessary, there exists a
dense open subset Us C Gry (N — 1, IP’,]CV ) such that each L € Us(k) satisfies the following:
1) LN((X\Xg)US) =@.

(2) L intersects X transversely.

(3) LN X consists of (d + 1)-distinct closed points co = x, ¢y, . . ., C4-
(4) Z is regular at all points lying over {cy, ..., cq}. In particular, each component Z; does not meet
other irreducible components at points lying over {cy, ..., cq}.

Proof. Since dim(Zsiyg) = 0, we see that f(Zsing) is a finite closed subset of X. Since Xj, is dense in X,
we have | X \ X¢s| < o0o. Hence, T := (f(ZSmg) U(X\ X)US)\ {x} is a finite closed subset of X. Thus the
hyperplanes disjoint from 7 form a dense open subset Gr(7, N —1, [P’,ICV ) of Gr(N —1, I]j’,iv ) by Lemma 4.2.
The set Uy :=Gr"(X, N — 1, PY)NGr(T, N — 1, PY) is dense open in Gr(N — 1, PY). If we show that
Us :=U NGry (N —1, [P’,ICV) # &, then this set will be dense open in Gr, (N — 1, IP’,I{V). It is moreover clear
that any L € Us(k) satisfies (1)—(4). It remains to show that Gr" (X, N — 1, IP’,](V) NGry(N —1, P,ﬁv) and
Gr(T, N — 1, PY)NGr (N — 1, PY) are both nonempty.
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Let V be the set of linear forms in H%(PY, ©(1)) that vanish at x. Note that dim|V| = N — 1 and
that the maximal ideal m, C Oy, is generated by the members of V. Let B C X x | V| be the incidence
scheme consisting of pairs (y, L) such that L passes through y, but not transverse to X at y. We study
the fiber of 7 : B — X over each y € X4y \ {x}.

Choose s; € V such that s;(x) = 0 but s;(y) # 0. Consider the map 8 : V — (’)X’y/mf, given by
B(s)=s/s1. Since dim|V| = N — 1, while Gryy 1 (N — 1, PV) ~ PV¥=2 and Gr{y42,1(N — 1, P¥) ~ PN =3
by at most N —3, because dimk((’)x,y/mi) =2. Thus, dim(B) <dim X—I—dim(nl_l M) <1+N-3=N-2.
Hence its image in |V | under the projection p : X x |V| — |V is a proper closed subset (note that X
is projective). Since N > 0, its complement Gr'f (X, N — 1, I]j’,i\’) in Gry(N — 1, [P’,ICV) is a dense open
subset. Since dim(Gr, (N — 1, IP’,I(V ))=N —1and T C X is a finite set of closed points different from x,
the assertion that Gr(7T, N — 1, [P’,iv) NGry(N —1, [P’,ICV) is nonempty follows from Lemma 5.1. We have
therefore finished the proof. O

In Section 6A, we will obtain a slightly stronger version of Lemma 5.2. This is done in Lemma 5.9.
The difference in the latter lemma from the former is that (following the notations of Lemma 5.2), after a
possible reembedding, we may impose an additional property that for LN X = {¢cp = x, ¢y, ..., ¢4}, NO
three points of them are collinear.

At one bad extreme case, suppose X is contained in a 2-dimensional projective space. Then for any
hyperplane L, which is a line, the hyperplane section L N X is entirely collinear. This is an important
obstacle to avoid. We will show in Lemma 5.7 that, after taking a Veronese reembedding for a high
enough degree d > 3, we can always avoid it. It will be improved for the higher dimensional case in
Lemma 5.8. These two are some technical grounds needed in Section 6A.

Once we can avoid the above extreme case using a Veronese reembedding, then one can employ the
following well-known general result (see [Arbarello et al. 1985, Chapter III, page 109]):

Theorem 5.3 (general position theorem). Let N > 2. Let C C PV be an irreducible nondegenerate,
possibly singular, curve of degree d. Then a general hyperplane meets C in d points, any N of which are
linearly independent.

Recall that a closed embedding X C [P} of an integral projective scheme X is said to be nondegenerate
if no hyperplane of P} contains X. We won’t give the proof of Theorem 5.3 here. We mention that
Theorem 5.3 for N =2 is immediate, while, for N > 3 reduces to the following special case (see [loc. cit.]),
that is more relevant to the paper:

Lemma 5.4. Let C C PN with N > 3 be an irreducible nondegenerate, possibly singular, curve of

degree d. Then a general hyperplane meets C in d points, no three of which are collinear.

Remark 5.5. To give a bit of the flavor of the proof of Lemma 5.4, we remark that with some efforts
(see [Arbarello et al. 1985, pages 110-111] or imitate [Hartshorne 1977, Proposition IV-3.8, page 311]),
one can argue that if Lemma 5.4 fails, then all tangent lines to C passes through a single fixed point
p € C. Then a linear projection from p would shrink the entire curve C to a point in PV ~!. Since C is
nondegenerate, we can argue this cannot happen.
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Such a curve in PV all of whose tangent lines pass through a fixed point is called strange (see
[Hartshorne 1977, page 311]). We remark that in case C is nonsingular, it is known that the only
nonsingular strange curves in any PV are either a line or a conic in P? in characteristic 2 (see [Samuel
1966, Theorem, Appendix to Chapter II, page 76] or [Hartshorne 1977, Theorem IV-3.9, page 312]).

We thank the referee for pointing to us that some technical part of our construction of the paper is
relevant to noncollinearity of configurations of points and strange curves. U

Combined with the Bertini theorem ([Kleiman and Altman 1979, Theorem 1] or [Jouanolou 1983]),
we immediately extend Lemma 5.4 to the following higher dimensional version, which we use:

Proposition 5.6 (linear general position theorem). Let X C PN with N > 3 be a nondegenerate, possibly
singular, variety of degree d. Let r = dim X > 1. Then for a general sequence of hyperplanes Hy, ..., H,
in PN the intersection X N\ Hy N - --N H, has d points, no three of which are collinear:

Note that the above Proposition 5.6 holds for schemes that are nondegenerate in the projective spaces
of dimension at least 3. This is another view of why we had a pathology about noncollinearity when X
was contained in a 2-dimensional projective space in the paragraph before Theorem 5.3.

As said before, to avoid this problem, we need to replace the embedding by a bigger Veronese
embedding. This is discussed now in the following:

Lemma 5.7. Let C C P} be a reduced projective curve. Suppose that there exists a 2-dimensional linear
subspace L C P} such that C C L. Let ¥ : P} — I]j’,iv be the d-uple Veronese embedding with d > 3. Then
the image of each irreducible component of C via ¥ does not lie inside a 2-dimensional linear subspace
of PY.
Proof. We can assume C is an irreducible curve in order to prove the lemma. After a linear change of
coordinates in P}, we may assume that P} = P(V) and L = P(W), where V is an (n+1)-dimensional
k-vector space with a basis {xo, ..., x,} and W = Span, {x¢, x1, x2} is a subspace of V. For any closed
embedding f : C — P}, we let dy(C) denote the degree of C under f.

Let ¢ : C — L be the closed embedding as given in the assumption of the lemma. Let dy := d,(C) > 1.
Since L is linear in P}, the degree of C under the composite of the embeddings C < L < [P} is also dy.

Toward contradiction, suppose that there is a 2-dimensional linear subspace L' C IP’,](V such that
¥(C) C L', where ¢ : P} — [P’,ICV is the d-uple Veronese embedding with d > 3. We denote the resulting
embedding C < L' by ¢¥|c.

By our choice of the embedding L — P, we have a commutative diagram

C&—— L—— P!

NN

M—— PV

where M = P} (with r = (d + 1)(d +2)/2 — 1). The horizontal arrows in the right square are linear
embeddings and the vertical arrows are the d-uple Veronese embeddings.
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The linearity of the inclusion L' — [P’,I{V implies that dy|.(C) coincides with the degree of C under the
composite closed embedding C < L' — [P’,’CV . By the same argument, the degree of C for this composite
embedding coincides with the degree of C for the composite embedding C <> L <> M. Since ©’ is the
d-uple Veronese embedding, it follows that the degree of C for the latter composite embedding is dod.
We conclude that dy.(C) = dod.

If we now apply the degree-genus adjunction formula for plane curves to the embedding ¢, we get
g4(C)= %(do —1)(do—2), where g,(C) is the arithmetic genus of C. The same formula for the embedding
?|c yields g,(C) = 3(dod — 1)(dod — 2).

Hence (do — 1)(do — 2) = (dod — 1)(dod — 2), i.e., dg(al2 — 1) —3dy(d — 1) = 0. This factors into

do(d —1)(do(d +1) —3) =0. (5-4)

Since dp > 1 and d > 3, the left hand side of (5-4) is > 1-2-(1-4 —3) > 0, so that the equality of (5-4)
cannot hold, thus a contradiction. This proves the lemma. O

An analogue of Lemma 5.7 in higher dimensions is the following.

Lemma 5.8. Let 1 : X < P} be a reduced projective scheme of pure dimension r > 2. Assume that the
degree of each irreducible component of X in P} is at least two. Let X2 C X be a finite set of closed points.
For an integer d > 1, let ¥ : P}, — IP’,}(V be the d-uple Veronese embedding.

Then for all sufficiently large d > 3, (depending on X, X, n and the degrees of the irreducible
components of X in P}), a general intersection Hy N --- N H,_1 N ¥ (X) of X with hyperplanes H;
in Grg(N — 1, IPIICV )(k) is a reduced curve, none of whose irreducible component is contained in a

2-dimensional linear subspace of [F",ICV .

Proof. By the Bertini theorems of Kleiman and Altman [1979, Theorem 1], an intersection of ¢ (X) with
(r—1) general hyperplanes containing ¥ in a large enough d-uple Veronese embedding ¢ is a curve C,
whose intersection with every irreducible component of ¥ (X) is again irreducible. Since k is perfect
and X is reduced, it is actually geometrically reduced. It follows therefore from the Bertini theorem of
Jouanolou [1983, Théoreme 6.3] that C can be chosen to be reduced.

Let X1, ..., X; be the irreducible components of X and let Cy, ..., C; denote the irreducible compo-
nents of C.

Let s; be the degree of X; in P} so that the degree of X in P} is s = Z;Zl s; (see [Hartshorne
1977, Proposition 1-7.6, page 52]). Let C = HyN---N H,_; N9 (X) be as above. Let d,(C;) denote
the degree of C; in P} via the inclusion ¢ : C < X < P} and let dy(C;) denote the degree of C;
in I]j’,iv . Each of the hyperplanes Hi, ..., H,—1 C P,’CV restricts to a unique hypersurface of degree d
in P}. Since these hyperplanes are sufficiently general, an elementary degree computation shows that
d(C;)=d""'s; and dy(C;) =d"s; for each 1 <i <t. We need to show that if d is sufficiently large, then
each C; = HyN---N H,_1 N¥(X;) is not contained in a 2-dimensional linear subspace of P,ICV . To show
this, we can assume that X and C are irreducible. In particular, d,(C) = sd™Vand dy (C) = sd".
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We shall prove our assertion as an application of Castelnuovo’s bound for the genus of curves. Let
3 <n’ < n be the smallest integer such that X C IP’Z/ C P?, where the first embedding is nondegenerate
and the second embedding is linear. Note that the lower bound on n’ is forced by our assumption on the
lower bounds of the dimension of X and its degree in [P}.

Since Hy, ..., H,_ restrict to general hypersurfaces of degree d in P}, we see that they restrict to
hypersurfaces of the same degree in [P’Z/. Since a hypersurface (of degree at least two) section of a nonde-
generate closed subvariety of a projective space is necessarily nondegenerate (looking at the homogeneous
coordinate rings), we conclude that the composite embedding C «— X — IPZ/ is also nondegenerate.
Furthermore, the degrees of X and C inside [P’Z/ are the same as their respective degrees inside [}.

Letm > 1and 0 < e < n’ — 1 be two integers such that sd"~! — 1 = m(n’ — 1) + €. It follows
from Castelnuovo’s bound on the arithmetic genus (see [Harris 1982, Chapter 3; Arbarello et al. 1985,
Chapter III, page 116] and see [Ballico 1989, Remark following Lemma 2.1] for singular curves) of C that

n —Dm@m —1)
3 +

Since n' — 1 > 2 and d is sufficiently large, we can assume m < sd"~! — 1. We thus get
224(C) < (' — D)m(m — 1) +2me
< —Dm@m—1)+2m@®H —1)
=@ —Dm@m+1)
<(sd"'=1)(sd = 1)
= (sd" ' = 1)~ (5-6)

84(C) = me. (5-5)

Now toward contradiction, suppose that inside P, the curve C is contained in a 2-dimensional linear
subspace L C [P’,ICV . Since dy (C) is equal to the degree of C inside L, the degree-genus adjunction formula
for the embedding C — L= P2, yields 2g,(C)=(sd"—1)(sd"—2). Note that if we let ¢’ := sd"~1—1, then

284(C) = (sd" — 1)(sd" —2)
=(dsd ' =D +d-1)dsd - 1) +d-2)
=d*(€)*+ (2d —=3)d(e') + (d — 1)(d - 2), (5-7)
and because d > 3 and s > 0, we have 2g,(C) > (¢/)*> +¢ +0 > (¢/)>.
On the other hand, from (5-6) we had 2g,(C) < (¢/)?. This is a contradiction. O
We now present the aforementioned improvement of Lemma 5.2.

Lemma 5.9. Let X — IP’,[(V and x € Xg be as in Lemma 5.2. After replacing I]j’,iv by a bigger projective
space via a Veronese embedding, there exists a dense open Us C Gry (N —1, IPIICV ) such that every L € Us (k)
satisfies the following:

(1) Conditions (1)-(4) of Lemma 5.2.

(2) No three points of LN X = {x = ¢y, c1, ..., cq} are collinear.
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Proof. Suppose first that X does not lie inside any 2-dimensional linear subspace of [P’,ICV . In this case, we
choose Uy just as in Lemma 5.2 so that (1) holds. Condition (2) holds by Proposition 5.6. Hence the
lemma is proven in this case.

Suppose now that X lies inside a 2-dimensional linear space of [P’,I{V . In this case, we choose a suitable
Veronese embedding [P’,](V — []3’,1(\’ " such that the image of each irreducible component of X does not lie in
any 2-dimensional linear subspace of [P’,iv / applying Lemma 5.7. Then after reembedding if necessary, we
have a nonempty open subset Us C Gry (N’ — 1, IP,]{V /) such that conditions (1)—(4) of Lemma 5.2 hold.

In doing so, we can make sure that X is nondegenerate in a projective space of dimension at least 3.
Then condition (1) holds by the choice of s, while condition (2) holds by Proposition 5.6. This proves
the lemma. O

The following result generalizes Lemma 5.9 to higher dimensional » > 1.

Lemma 5.10. Let k be an algebraically closed field. Suppose r > 1. We are under the Set-up+(fs) of
Section 5B. Let x € Xy be a closed point and let S C X \ {x} be another finite set of closed points.

After replacing [P’,]{V by a bigger projective space via a Veronese embedding if necessary, we have
the following property: given any hyperplane Hy C IP’,](V disjoint from S U {x} and a general L¢ €
GrtSrU{x}(Ho, N—r—+1, P,](V)(k), there exists a dense open subset Us C Gr;r(Lo, N-—1, [P’,I(V) such that each
L € Us(k) satisfies the following:

(1) LNLoN((X\ X)) US) =2
(2) LN Ly intersects Xys transversely.
(3) LN LyN X has (d+1)-distinct closed points co = x, cy, ..., Ccq4.

(4) Z is regular at all points lying over {cy, ..., cq}. In particular, each component Z; does not meet

other irreducible components at points lying over {c1, ..., c4}.

(5) LoN X is an equidimensional reduced curve none of whose irreducible component lies inside a

2-dimensional linear subspace of I]j’,iv .

(6) No three points of LN LoN X = {x =cp, c1, ..., cq} are collinear.

Proof. In case r =1, we have Gr(N —r +1, I]J’,iv) =Gr(N, IP’,]CV) = {I]j’,jcv} so that Ly = [P’,jcv and Lemma 5.10
follows from Lemmas 5.7 and 5.9. Hence we may assume r > 2. Let X1, ..., X; be the irreducible
components of X.

We saw in the proof of Lemma 5.8 that the Bertini theorems of Kleiman and Altman [1979, Theorem 1]
and Jouanolou [1983] imply that an intersection of X with (r—1) general hyperplanes containing SU{x} in
a large enough Veronese embedding of I]J’,iV is a reduced curve C whose intersection with every irreducible
component of X is irreducible. This curve C contains S U {x}. We can also ensure that no component of
C is contained in f (Zsing) U (X \ X¥s), it is regular at points away from Xi,g, and for each component of
Z| o - 1ts projection to B is nonconstant.
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Hence, after replacing the embedding n : X — [P’,iv by its composition with a Veronese embedding
of [P’,’CV, we can find an (r—1)-tuple of general hyperplanes (Hj, ..., H,_1), each in Grgyg (N — 1, [P’,’cv),
such that the linear subspace Lo = H; N ---N H,_; has the following properties:

(a) L is transverse to H.

(b) C = LyN X is areduced curve none of whose components lies in f (Zsing) U (X '\ Xfs).
(¢) CNX; isirreducible for each 1 <i <t.

(d) C is regular at points away from Xgjg.

(e) For each component of Z| .z, the projection to B is nonconstant.

Let ' :=(C\{xhnN (f(ZSing) U (X \ Xg) U S), which is a finite closed subset of C.

Note from the definition of the degree of the embedding 1 : X — [P’,ICV that a general hyperplane inside
Lo will intersect C at (d+1) distinct closed points. Applying Lemma 5.9 to the curve C, the finite set S’,
and Lo >~ [P’,I(V ~+1 (which is regarded as the ambient projective space for C), there exists a dense open
subset Uc s C Gry (N —r, Lo) that satisfies the assertions (1)—(2) of Lemma 5.9. Note that as N > r, the
subset Gr'"(Lg, N — 1, IP’,](V) is dense open in Gr(N — 1, IP’,](V).

Consider the regular map

6L, :Gr'" (Lo, N —1,PY) — Gr(N —r, Lo), (5-8)

given by 07,(L) = LN L.

One checks that 6z, is a surjective smooth morphism of relative dimension r — 1. Since 0, is a
smooth and surjective morphism such that OL_OI (Gry(N —r, Lg)) = Gr;r(Lo, N —1, [P’,’CV ), we see that
Us = 9[01 (Uc,s') 1s a dense open subset of Gr;r(Lo, N —1, IP’,](V).

We want to show that each L € Ug(k) satisfies the desired conditions (1)—(4). This is a tautology,
but let us write it in detail: suppose L € Us(k), i.e., O1,(L) NS = @ and 6;,(L) = L N Ly satisfies
()—(4) with Z replaced by Z| ., 3. Since 0,(L) N (X \ X)) US) = LN (LoNX)N((X\ X)) US) =
OL,(LYNCN((X\ X5s)US) COr,(L)NS', and since x € Xg, we see that 7, (L) N (X \ X)) US) =@,
proving (1).

Since L intersects Lg transversely, which in turn intersects X transversely along Xy, by (b) and
(d) above, we see that 67,(L) intersects X transversely along X, proving (2). Also, 07,(L) N X =
0L, (L)YNC ={x=cp, c1, ..., cq} With¢; #c; fori # j, proving (3). Finally, since (Cﬂf(Zsing))\{x} cs
and since 6,(L) NS’ = @, we see that Z is regular at all points lying over ¢; for 1 <i <d, proving (4).

We now prove (5). First of all, if the degree of any irreducible component of X inside [P’,I(V was less
than or equal to two, before we do anything else, we first could have replaced [P’,ICV by its suitable Veronese
embedding so as to ensure that the degree of any irreducible component of X is bigger than 2. In doing
so, we see using Lemma 5.8 that the intersection Lg of general (r—1) hyperplanes Hj, ..., H,_ lying
in Grgyg (N — 1, IP,]CV ) will have the property that Ly will satisfy the above (a)—(e), and Ly N X will be
a reduced curve none of whose irreducible component is contained in a 2-dimensional linear subspace
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of [P’,’cv . Note that since X is equidimensional and L is general, the curve Ly N X will have this property
too. This proves (5). The last property (6) is a direct consequence of (5), condition (2) of Lemma 5.9,
which we already achieved from the beginning, and Proposition 5.6. U

Later, the set {cy, ..., cq} that we obtained in Lemma 5.10 will be taken to be L™ (x) for x € X, where
Y is the given set of finitely many closed regular points of X. This means the regularity of Z at points
lying over the residual points L™ (X). We will come back to this discussion, and it will be finished in
Proposition 7.2.

6. Vertical separation of residual fibers

In this section, we prove some results which we shall need in order to prove the regularity of the residual
cycle of Z along ¥. The main goal is to show that the distinct fibers, of the projection Z — X to the
“horizontal axis” over the residual points of X (for a suitable linear projection) are mapped to disjoint
sets under the projection g : Z — B to the “vertical axis”. We call this property of linear projections, the
vertical separation of residual fibers. We continue to use the Set-up+(fs) of Section 5B.

6A. Separating residual fibers of Z along B: the local case. Let k be an algebraically closed field.
In Lemma 5.2, under certain assumptions, we found a nonempty open subset of a Grassmannian such
that each member L satisfies the properties (1)—(4) there. In Lemma 5.9, after choosing a Veronese
reembedding into a bigger projective space, we achieved an additional noncollinearity of any three points
of the hyperplane sections. It was generalized to Lemma 5.10 for » > 1.

In Section 6A, we want to further strengthen them, by constructing a nonempty open subset for which
we have an additional separation property, which will be called property (/). This is eventually done in
Proposition 6.5.

Up to Lemma 6.4, we assume the following. We suppose r = 1. We let x € Xy be a closed point and let
$ C X\ {x} be another finite set of closed points. For any map W — X and a closed point y € X, let W,
be the reduced fiber of W over y. We work under the Set-up of Lemma 5.9, which includes Lemma 5.2.

Since we want to prove a property called (/) by a kind of double induction argument on the pairs of
numbers (m, n) with 0 <m <n <d —1, we find it convenient to temporarily introduce some intermediate

notations.

Definition 6.1. For 1 <n <d —1 and 0 < m < n, we say that a member H = (H,cy,...,¢cq) €
Gry (N —1,PN)(k) x X% is (Z, x, m, n)-admissible, if H satisfies the properties (1) and (2) of Lemma 5.9
with HN X = {x =cyp, c1, ..., cq}, together with the additional property

§(Zc,~)ﬂ§(zc_,)=® forO<i#j<n,

6-1
8Z.)NgZ.,, )= for0<i=<m. (-1

We remark that for n = 0 (thus we have just (1)¢,0), the first condition of (6-1) is empty.

Before anything else, we note the following elementary fact:
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Lemma 6.2. The projections f : Z — X and § : Z — B are finite and the sets 3(Zy) C B and
27 1&(Z,)) C Z are finite subsets of closed points.

Proof. Note that f : Z — X is a projective morphism of reduced curves such that its restriction over the
dense open subset X¢; of X is fs. Hence f is a projective quasifinite morphism, hence a finite morphism.
Since g is a projective morphism from a curve which is nonconstant on each component of the source, it
must also be finite. Since Z, is a finite set, as Z is fs over X¢ and x € X, the lemma now follows. [

Let V; C X be the nonempty open subset whose coordinates are all distinct from each other and
distinct from x as well. More precisely, this is the complement of the union of all the small diagonals
A CX 4 defined by the equation y; = yj for 1 <i < j <d as well as the subschemes given by y; = x for
l1<i<d. Letw:X?— Sym?(X) = X?/&, be the quotient map for the action by the symmetric group
G4 which permutes the coordinates. Since G, acts freely on V; C X 4 the restriction 7 : Vy; — m(Vy) is
finite étale of degree d!.

Inside V;, we consider the following subsets of “bad points” that do not satisfy the analogue of
condition (1), , for (y1, ..., yq) € V4. That is, for yo := x, let Dy := &, while forn > 1, let D, C V; be
the subset of points (y1, ..., ya) such that g(Zy,) N g(Zy,;) # @ for some 0 <i # j <n and G;, C V4 be
the subset of points such that g(Z,,) N g(Z,,,,) # @ for some 0 <i <m.

Express D, = D, 1 U D, >, where D, | consists of the points (yi, ..., ys) € V4 such that g(Z,,) N
8(Zy,) # @ for some 1 <i # j < n, while D, consists of the points (yi,...,ys) € V4 such that
§(Zy,) N§(Zy,) # & for some 1 <i <n. We also write G, = /L, G}, ;, where G, ; consists of the
points (yi, ..., ya) € Vg such that g(Z,,) N g(Zy,,,) # @ for 0 <i < m. We check these “bad sets” are
closed.

Lemma 6.3. The subsets D, ; fori = 1,2 and G, ; for 0 <i < m are closed subsets of Vy. In particular,
D, and G, are closed subsets of V.

Proof. Let E,, 1 C B9 be the subset of points (by, ..., by) such that b; = b; for some 1 <i # j <n. Let
E,,C B9 be the subset of points (b1, ..., bg) such that b; € g(Z,) for some 1 <i <n. The set E, | is
certainly closed in éd, while E,, » is closed in B because 8(Z,) is finite by Lemma 6.2. One checks that
Dyi= (g% W(E,) NV fori=1,2, where f*4: 74 — X% and %9 : ¢ — B are the direct
products of f and g. Since f *d is finite by Lemma 6.2, this shows that D,, ; is closed in V.

Similarly, let J;Z,o C B9 be the subset of points (b, ..., by) such that b, € g(Z,). This is closed
since g(Z,) is finite by Lemma 6.2. For 1 <i < m, let J,’Zvi C B9 be the subset of points (b1, ..., by)
such that b; = b,41. This is also closed. One checks that G” . = f*d((g*4)~! (Jn ) N Vg, and this

m,i

shows that G”m’i is closed in V; for 0 <i <m. O

Coming back to the story, we let Us C Gr, (N — 1, P,]g] ) be the nonempty open set of Lemma 5.9. Let
Us — Symd(X) be the map given by L +— Zflzl[ci], where LNX ={x =cy, c1, ..., cq}. By condition (3)
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of Lemma 5.2, its image is in 7w (V). Define Vg by the Cartesian diagram

VS%V[,

¢l lrr (6-2)

Us —— t(Va),

so that v is a finite surjective étale map. The set Vs \ e~!(D, U G") is open in Vs by Lemma 6.3.
Via the open map ¥, we define the open subset Ll,iyn =¥ (Vs \ e (D, UG")) C Us. This is open in
Gry (N — 1, PY).

Lemma 64. For 0 <n <d —1and 0 < m < n, the subset L{,fw C Gry(N — 1, I]:DIICV) is nonempty. In
particular, it is a dense open subset of Gr, (N — 1, P}).

Proof. Step 1. Z/Ig’ o 7 9. Note that condition (/)o,o is independent of the choice of an x-fixing order on
LNX. LetT =SU (f(g—l(g(zx))) \ {x}). This is a finite closed subset of X by Lemma 6.2. Applying
Lemma 5.2 to T (in the place of S there), we obtain a dense open subset Uy of Us C Gry (N — 1, |]:|>11€V ).
On the other hand, condition (1) (in Lemma 5.2) for T implies that for each L € Uy (k), we have
LN(f (37 1(8(Z)))\{x}) = @, which shows that 8(Ze)NE(Z.,) =@ foreach j #0when LNX = {x =
o, C1, - - -, €4}, for every x-fixing order on LN X. Thus (1)¢,0 holds, and U7y C Ugo, in particular U(io # .

M. ForO<n<d-2, ile,in %+ O, then M&Hl #* . IfL{;Zn # &, then it is a dense open subset of
Gr, (N —1, IP’,’(V ). In particular, for the dense open subset Uy C Gr, (N —1, IP,]{V ) of Step 1, the intersection
Us , NUr is dense open in Gr (N — 1, PY). But, by definition, one notes that 24, , N\Ur C L{(i o1 SO that
U i1 # 2.

Step 3. ForO<n<d—1land0<m <n—1,ifUy , # @, thenld ., , #@. If U} , # @, then it is dense
open in Gry(N — 1, [P’,ICV ). For the dense open subset Uy C Gry(N — 1, [P’,’cv ) of Step 1, the intersection
Us , NUr is therefore nonempty dense open in Gr, (N — 1, PY).

Fix an element L € (Z/lnﬁ’n NUr)(k) and let LEN X = {x = co, c1, ..., cq}. Since every k-point of
Z/lnsl’n satisfies condition (2) of Lemma 5.9, we know that no three points of LN X are collinear. Thus
{co, cm+1, cnt1} are not collinear so that when £ = Sec({co}, {c;n+1}) is the line joining ¢y and ¢y, 41, it
does not pass through ¢, 4.

We let P =Sec({cy+1}, £). The subspace Gry(N —1, I]J’IICV) is of dimension N —2 and Grp (N —1, [P’,]CV) is
a closed subspace of Gry (N —1, I]:'>,1(v ) of dimension N —3 (see Lemma 5.1). Because we may assume N > 3,
there is a one-parameter family (actually isomorphic to IP,IC) Bin Gry(N — 1, P,’CV ) such that (i) {L;} € B,
(i1) every member of the family BB passes through both of {cg, ¢;,+1} and (iii) a general member does not
pass through ¢, 4. Since L{nsm NU7 is dense open in Gry (N —1, [P’,I(V) and L6 € Z/IHSM NUrNGry (N —1, [P’,’CV),
the latter is dense open in Gry(N — 1, IP,]CV ). Hence, a general member of B is contained in Z/I”S“1 NUr.

Let WCB mu,ﬁ,n N U7 be a smooth affine irreducible (rational) curve passing through {LE)}. Consider
again the quotient map 7 : X d_ Symd (X)=x4 /G4, and the finite étale map 7 : V; — (V) for the
open set V; defined previously in (6-2). Consider the map W — (V) given by L Zl‘.lzl[yi], where
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LNX={x=yp,¥y1,...,yq}. This yields the Cartesian product

e

. T~

W< w Vy

NIt

W — 7 (Vy)

so that v is finite and étale. Note also that the members of W can be represented by L = (L, y1, ..., yq) €
W x Vg such that LN X = {x = yo, y1, ..., ya}. We let W C W be the component containing the point
(L), c1,...,cq). For the “bad” closed subsets D,,, G;;H C V; of Lemma 6.3, we have:

Claim. Y :=e¢"(D,U G,,.1) is a proper closed subset of W'.

Proof. That this is a closed subset of W’ follows by Lemma 6.3. We need to show that this is a proper subset.

Note that D, = D, 1 U D, > and G}, = U?:[,l G, ISNE We analyze each piece of them in what follows.

Case 1: We first show that e~ (D, 2) = @ and e~ (G), | () = @.

Note that we had W C B ﬂZ/{nSm NUr, where Uy is as in Lemma 5.2. Here, condition (1) of Lemma 5.2
(and S replaced by T') reads as ‘L N ((X \ X¢) U T) = @’ for each L € Uy (k). So, for every L € W (k),
this is disjoint from 7 = S U (F(@ 1@ (Z)) \ {x}). Hence, if e (D, ») # @, then it gives an element
L € W(k) such that LN X = {x = yo, y1, ..., yq} satisfies g(Z,,) N g(Z,,) # @ for some 1 <i <n, so
that L intersects with a point of 7', contradicting the above choice of W. Hence e~'(D, ;) = @. An
identical argument shows that e~! (Gri1.0) =9

Case 2: We now show that e~! (Dy,1) and e (G ) for 1 <i < m are finite.

m—+1,i
To do so, it is enough to show that these closed subsets are proper in W', as W’ is an irreducible curve.
Suppose e~ (D,.1) = W'. In particular Ly:=(Ly.cr,...,cq) € e 1(D,.1), so that (cy, ..., cq) € D1,

0 8(Z:)Ng(Z.;) # @ for some 1 <i # j <n. But, this contradicts that L, Z/I,;Z’n(k). Hence, e~ 1(D,.1)

n

is proper closed in W’. By the same argument, we have |e~! (C/ap

)| < o0.

Case 3: It remains to show that |e‘1(GﬁlJrl ma1)] < 00.

To do so, we will make use of our choice of W that W C B. Recall that B C Gr, (N — 1, [P’,Icv )is a
one-parameter family containing {L{} such that every member of B passes through {co, ¢;u+1}, while a
general member does not pass through ¢, 1.

Consider the composite ¢ : W' — V,; — X2, where the last arrow takes (1, ..., Ya) t0 (Vms1, Ynt1) €
X2. Since every L € W (k) C B(k) contains ¢, by construction, the composition of ¢ with the first
projection X 25 X, taking (Y1, Yn+1) tO Ym+1, is the constant map that takes all of W’ to ¢;,+1 € X.
On the other hand, the general member L € W (k) does not contain c,11. This implies that the composite
of ¢ with the second projection X? — X, taking (Y41, Yu+1) tO Yut1, is nonconstant. Hence, the map
g is nonconstant and the image ¢(W’) in X? is an irreducible curve contained in {c, 41} x X = X (recall
that k is assumed to be algebraically closed).
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Write it as W' — g(W’) = X, where u is induced by ¢ and v is the projection to the coordinate y, .
Since both u and v are nonconstant morphisms of irreducible curves, they are dominant and quasifinite. In
particular, the composite vou is quasifinite. Note that by definition, e*I(G:’n stme) CUL Y1, - ya) €
W | yus1 € S1} = (wou) ' (Sy), where S := f(§(§(Z.,,,)))- Since f and § are finite by Lemma 6.2,

m+1,m+1)| < 00, being a
subset of a finite set. This finishes the proof of the Claim. 0

the set S, is finite, thus (v o u)~'(S)) is a finite set. Hence, we have |e~!(G

Back to the proof of Step 3, since the set ) of the Claim is finite, the subset W'\ ) C W' is nonempty
open. Since v is an open map and W' C W is open subset such that W' — W is surjective, it follows
that ¥ (W’'\ ) C W is a nonempty (thus dense) open subset. By construction, ¥ (W'\ )) C Z/l,i e In
particular, we get Z/{,;z +1., 7 . This proves Step 3.

Back to the proof of the lemma, by inductively applying the above three steps, we deduce that each
Z/{,;Z’n is a dense open subset of Gr, (N — 1, []3’,1("). O

Now we allow r > 1. We can strengthen Lemma 5.10 as follows:

Proposition 6.5. We follow the notations and the assumptions of Lemma 5.10. Let r > 1. After replacing
IPIICV by a bigger projective space via Veronese if necessary, we have the following property: given any
hyperplane Hy C IPIICV disjoint from SU{x} and a general L € GrtSrU{x}(Ho, N—r+1, [P’,[(V)(k), there exists
a dense open subset Ll;f C Gr;r(Lo, N -1, [P’,jcv ) such that each L € Z/l;f (k) satisfies the properties (1)—(6)
of Lemma 5.10 as well as the additional property (I) : §(Z.,) N g(zcj) = O for each pair 0 <i # j <d.

Proof. The r =1 case of the proposition follows from Lemma 6.4 with (m,n) =(d —1,d —1). So we
assume r > 2.

We use an argument of reduction to the r = 1 case as we did in Lemma 5.10. Using the notations
there, choose a reembedding 7 : X — PV a general Lo € Gr(N —r +1, [P’,ICV)(k) and C =LoN X asin
Lemma 5.10. Let §" := (C\ {x})N (f(Zsing) UX\ Xg)US) and W = Z| . 5. Applying the “r =17 case

PY~"F!, there is a

of the proposition (proven in Lemma 6.4) to C, S’ and W, with the identification Ly ~
dense open subset U’ C Gr (N —r, L) that satisfies the properties of Proposition 6.5 for r = 1 case. (In
terms of the notations of Lemma 6.4, we have U’ = Z/lj/_l’ 4—1-) Note that Lemma 6.4 is applicable to C
by property (6) of Lemma 5.10.

Recall now that we had a smooth surjective morphism of varieties
6L, :Gr'" (Lo, N —1,PY) — Gr (N —r, Lo)

from (5-8). So, the inverse image Z/{f = 9[01 (U) is a dense open subset of Gr;r(Lo, N —1, IP,ICV). We
claim that this ¢/ fulfills the requirements of the proposition for r > 2 case.

Indeed, since W = Z| ., 3, we see that Z, = W, and hence g(Z,) = g(W,) for any closed point
y € C. Hence, for L € Gr;r(LO, N -1, P,iv)(k) with 0, (L)NX =L NLy)NC ={x=co,c1,...,¢cq},
condition ([) is satisfied if and only if condition (/) is satisfied for 67,(L) with X replaced by the curve C.
This means L € Z/l)f (k) satisfies the proposition, as desired. O
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6B. Separating residual fibers of Z along B: the semilocal case. Note that in the statement of
Proposition 6.5, the dense open subset that we found depends on the choice of a single regular closed
point x € X. We want to extend it to a finite subset ¥ of regular points. This issue will be completely
resolved in Proposition 7.2 by using the “cone admissibility”” condition, which we develop as property (3)
of the following Proposition 6.6. One further aspect on étaleness is studied in Section 6C.

Recall that when M C IP,I(V is a linear subspace and x € IP’,JCV is a closed point, after the base change
Spec(k(x)) — Spec(k), the cone C (M) = Sec({x}, M) is the smallest linear subspace containing both
x and M. When x ¢ M, we have dim(Cy(M)) = dim(M) + 1. In this article, we need to use the cones
only when k is algebraically closed, so that no confusion will arise.

Proposition 6.6. Let k be an algebraically closed field. We are under the Set-up+(fs) of Section 5B. After
replacing the embedding X — [P’,ICV by a bigger one via a Veronese embedding if necessary, we have the
following: for the given hyperplane H C IP,](V disjoint from ¥ and a general Lo € Gr"(H, N —r+1, IP,](V ) (k),
there exists a dense open subset VW C Gr(N — 2, H) such that each M € W(k) satisfies the following

properties:

(1) M intersects L transversely.
Q) MNLyNX =@.

(3) Foreach x € X, the cone C,(M) lies in Z/[XE\{X}(k) for the open subset L{XE\{X} C Grir(Lo, N—1, P,’CV)
of Proposition 6.5.

Proof. Note that if ¥ = {x1, ..., x,}, then condition (3) consists of conditions (3); : Cy,(M) € L{E\{x"}(k)
for 1 <i <n. Suppose we proved the existence of a dense open subset W; C Gr(N — 2, H) for which
each member M € W, (k) satisfies conditions (1), (2), and (3); for each 1 <i <n. Then we can take WV :=
(_; Wi, which is again a dense open subset of Gr(N — 2, H). Hence, it is enough to prove the existence
of those W;. Without loss of generality, we may assume i = 1. For notational simplicity, we let x := x
and T := X\ {x1}. We note also that when r = 1, we have Gr"(H, N —r + 1, PY) = Gr(N, PY) = {PV}
so that the choice of Lg plays no role. We prove the proposition for the cases of r =1 and r > 2 separately.

Step 1. Suppose r = 1. Consider the affine morphism of schemes
9 : Gr(x, N —2,PY) — Gr (N — 1, PY), L — C(L). (6-4)

This is a smooth surjective morphism, and defines a vector bundle of rank N — 1. For the closed
irreducible subscheme Gr(N — 2, H) < Gr(x, N — 2, I]J’Iiv ), the restriction ¥ g : Gr(N — 2, H) —
Gr, (N — 1, IPIICV) of ¥, is an isomorphism.

LetU! ¢ Gr,(N —1, I]I’,iV ) be the dense open subset of Proposition 6.5, applied to x, T and Hy = H
for r = 1. Then ﬁx_}q L{XT) is a dense open subset of Gr(N — 2, H). Since Gr(X, N — 2, H) is its dense
open subset by Lemma 4.3, so is the intersection W) := 19;}1(2/{;) NGr(X,N—-2,H)in Gr(N —2, H).
One checks that this satisfies the required conditions (1), (2), and (3);, proving the proposition for r = 1.
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Step 2. Suppose now that r > 2. As we did previously in Lemma 5.10 with Hy = H via a Bertini
arngent of [Kleiman and Altman 1979], we choose a reembedding n : X < P, a general Lg
G'"(H,N —r+1, IPIICV)(k), acurve C =LoN X, and Z|, 3. Consider again the map in (6-4). When L
contains x, this ¥, induces a smooth surjective map ﬁxLO :Gr'"(Lg, x, N =2, [P’,I{V) — Gr;r(Lo, N—1, [P’,I{V),
where we recall that Gr'" (Lo, x, n, [P’,iv) :=Gr" (Lo, n, IPIICV) NGr(x, n, []3’,1("). This restricts to give ¥y g :
Gr"(Ly, N -2, H) — Gr;r(Lo, N-—1, [FD,](V). One checks that this map is an inclusion whose image is
the dense open subset Gril (Lo N H, N — 1, PY). As H N{x} = @, we see that Grf (LoN H, N — 1, PY)
coincides with Gr;r(Lo, N —1, [II’IICV ). This implies that ¥, g is an isomorphism.

Let! c Gr¥ (Lo, N —1, I]j’,iv ) be the dense open subset of Proposition 6.5 applied to x, T, and Hy=H
for r > 2. Since ¥, g is an isomorphism, 1‘};}1(1/{;) is dense open in Gr' (Lo, N —2, H), thus dense open
in Gr(N —2, H). Combining this with Lemma 4.3, we conclude that W, := 19;11,{(2/{)?) NGr(C, N -2, H)
is dense open in Gr(N — 2, H). One checks that each M € W(k) satisfies the required conditions (1), (2),
and (3);. This finishes the proof. Il

6C. Etaleness of linear projections at L* (X). Recall that we had obtained a linear projection ¢ : X —
[P, that is €tale at each point of ¥ in condition (1) of Lemma 4.8. Unfortunately, this is not quite enough
for us. We need to have L such that ¢; is étale at each point of L*(X) as well. We show that we can
achieve this as a geometric consequence of condition (3) of Proposition 6.6.

Part of the requirement of Proposition 6.6 that Cy (M) lies in Z/{xE \ix) (k) for the open set Z/{xE s that
C, (M) intersects X C Xgp transversely. This comes from condition (2) of Lemma 5.10. Here is its
geometric meaning.

Lemma 6.7. Let k be an algebraically closed field and let L € Gr(X, N —r — 1, [P’,I(V)(k). Let P} be a
linear subspace of [P’Ilcv such that LNP, = &. Let y € P} be a closed point such that Cy(L) N Xsjpg = 2.
Then Cy(L) intersects X transversely if and only if the linear projection ¢, : X — P} away from L is
finite and étale over an affine neighborhood of y in P

Proof. (=) Suppose that C, (L) intersects X transversely and let £ := C,(L)NX be this scheme-theoretic
intersection. Since k is perfect while Cy (L) and Xy, have the complementary dimensions N —r and r in
[P’,J(V , respectively, the transverse intersection is equivalent to saying that E is smooth, |E| < oo, and each
point of E is a simple regular point of Xy,. Because we are given that XN L =@ and L C C, (L), we
see that Cy,(L) N X = (Cy(L)\ L) N X, which is precisely the scheme-theoretic fiber d)L_l (y) over y € P}..

Since Cy (L) N Xsing = I, we see that qb;l (») N Xsing = <. Since ¢, is finite, ¢ (Xging) 1s a closed
subscheme of P} not meeting y. Hence, there is an affine open U C P} containing y such that qﬁZl(U ) is
regular. We therefore get a Cartesian square

E—¢;'(U)

@l lm (6-5)

Spec(k(y)) — U
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such that ¢ is smooth. Since ¢, is a finite map of regular affine schemes over «, it is flat by [Hartshorne
1977, Exercise I11-10.9, page 276] (or [EGA IV, 1965, Proposition (6.1.5), page 136]). It follows therefore
by [Hartshorne 1977, Exercise II1-10.2, page 275] (or [EGA IV3 1966, Théoreme (12.2.4)(iii), page 183])
that there is an affine neighborhood of y in U over which the restriction of the map ¢;, is smooth, thus
finite and étale.

(«) If ¢ is étale over a neighborhood of y, then its base change to Spec(k(y)), i.e., the map d){ (E =
Cy(L)NX — Spec(k(y)) from the scheme-theoretic intersection is étale. Since k = k(y), this means E
is smooth over k so that the intersection is transverse. O

Corollary 6.8. Let k be an algebraically closed field. Let L € Gr(X, N —r — 1, [P’,ICV )(k) and realize the
linear projection ¢, : X — P}_for a linear subspace P, C IP’,](V such that L NP}, = @. Suppose that for
each x € X, we have Cy(L) N Xgng = & and Cy (L) intersects Xqy, transversely. Then there is an affine
open neighborhood U C A of ¢ (%) such that ¢, : qﬁZl(U) — U is finite and étale. In particular,
¢ : X — Py, is étale at every point 0f¢>£1(d)L(E)).

Proof. Note that for each x € X, we have C, (L) = Cy, ()(L) since ¢, is given with a chosen internal linear
subspace P} C IP,QV . Since Cy, (x)(L) N Xing = & and Cy, () (L) intersects X transversely, Lemma 6.7
says that there is an affine open neighborhood U, C P} of ¢ (x) such that ¢, : ¢Zl (Uy) — Uy, is finite
and étale. Hence, for U :=J, 5, Uy, the restriction ¢, : ¢L_l (U) — U is finite and étale. By Lemma 2.3,
we may shrink this U into an affine open neighborhood of ¢ (X). This implies the corollary. U

7. Regularity of residual cycles over finite closed points

Our goal in Section 7 is to study the regularity of the residual cycles using the technique of vertical
separation of residual fibers studied in Section 6. We continue to work with the Set-up+(fs) of Section 5B.
In particular, for each irreducible component Z; of Z, the projection Z; — B is nonconstant and the
projection Z; — X is fs over Xg.

7A. Admissible sets. Property () in Proposition 6.5 encourages the following definition, that encodes a
set of data needed to achieve the remaining properties of residual cycles.

Definition 7.1. Let k be an infinite perfect field. Let x € X¢ be a closed point. A finite subset D C X
of distinct closed points is called (Z, x)-admissible if (1) x € D, (2) Z is regular at all points lying over
D\ {x}, and (3) §(Z,,) N g(Z,) = @ for each distinct pair x| # x, in D.

The following application of Proposition 6.6 will be a basis for our proof of the regularity of the
residual cycles along . We study it for k = k case, but it will soon be generalized gradually.

Proposition 7.2. Let k be an algebraically closed field. We are under the Set-up+(fs) of Section 5B. Let
Y C X be a closed subset of dimension at most r—1. After replacing the embedding n : X — [P’,I{V by
a bigger one via a Veronese embedding if necessary, we have the following: for the given hyperplane
HC |]3’,1(V disjoint from X, there is a dense open subset Y C Gr(N —r — 1, H) such that for each L € U (k),
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we have L N X = & so that there is a finite and surjective linear projection ¢ : X — P). Furthermore, it

satisfies the following properties:

(1) The map ¢y, - ¢)L_1(U) — U is étale for some affine open U C P containing ¢ ().
(2) ¢r(x) # ¢r(x') for each pair x # x' € 2.

3) k(¢pr(x)) = k(x) for each x € X.

4) LT(x)NY =& for each x € X.

®)) ¢L_1(¢L (x)) is (Z, x)-admissible for each x € X.

Proof. As in the proof of Proposition 6.5, we can choose a reembedding 1 : X — IP’,](V and a dense
open subset U; C Grs(N —r + 1, [P’,I(V ) such that each L’ € U/, (k) satisfies the condition that L' N X
is a reduced curve none of whose components is contained in Y, is regular away from Xi,g, and
for each component of Z|, z, the projection to B is nonconstant. Since H N Y = &, we see that
Uy :=Grg(N —r+1, I]j’,?’) NGr"(H, N —r+1, IPII{V) # . It follows that this intersection is dense open in
Grs (N —r+1, PY). Letting U := Uy N, we see that U], is a dense open subset of Grs (N —r +1, PY)
such that each L’ € U (k) intersects H transversely and L’ N X is a curve of the above type.

Choose Lg € U (k). (N.B., When r = 1, there is a unique choice Lo = IP’,[CV automatically, and we have
C = X.) We now apply Proposition 6.6. It follows that there exists a dense open subset W C Gr(N —2, H)
such that each M € W(k) satisfies conditions (1)—(3) of Proposition 6.6.

On the other hand, the subset Gr'" (L, Sec(X, Y NC), N —2, H) C Gr(N — 2, H) is a dense open
subset by Lemmas 4.3 and 4.4. Hence V' := WNGr"(Lg, Sec(Z,YNC), N—-2, H)CGr(N—2,H) isa
dense open subset. Since L intersects H transversely, the map Gr(N —2, H) — Gr(N —r —1, H), given
by M — LyN M, is smooth and surjective (note that N > r). In particular, the image Uy :={LoNM €
Gr(N—r—1, H)| M €V} of Vis a dense open subset of Gr(N —r —1, H). LetZ/Ié cGr(X,N—r—1,H)
be the dense open set of Lemma 4.8 so that U/ := U, NU, C Gr(X, N —r — 1, H) is a dense open subset.

Claim. Each L € U(k) satisfies the properties (1)—(5) of the proposition.

We ignore L from the notation of ¢; for simplicity. Before we prove the claim, we note that
¢~ 1(@(2)) C Xy, as follows from condition (3) of Proposition 6.6 which includes condition (1) of
Lemma 5.10.

Now, condition (3) of Proposition 6.6 also implies that, by Corollary 6.8, there is an affine neighborhood
U of ¢(X) such that ¢~ (U) — U is finite étale. This proves (1).

Since our open set U/ is contained in the open set of Lemma 4.8, we can use the properties there, too.
Condition (2) of Lemma 4.8 is that the map ¢ is injective on X, proving (2). Condition (3) is obvious
because k is assumed to be algebraically closed. Condition (4) follows from our choice of M (thus of L)
that it avoids the cone involving Y.

We now prove (5). We need to verify the three conditions of the (Z, x)-admissibility of Definition 7.1
for each x € ¥. Condition (1) of Definition 7.1 that x € ¢~ (¢(x)) is obvious.



1042 Amalendu Krishna and Jinhyun Park

We prove condition (2) of Definition 7.1. Condition (3) of Proposition 6.6 says that condition (4) of
Lemma 5.10 applied to C,(L) N X holds. Note that the cone C, (L) plays the role of the linear space
in the statement of Lemma 5.10. That is, each point of Z lying over a point of (C,(L) N X)\ {x}is a
regular point of Z. This means that each point of Z lying over a point of ¢~!(¢(x)) \ {x} is regular. This
proves condition (2) of Definition 7.1 for ¢~ (¢ (x)).

Condition (3) of Definition 7.1 for the (Z, x)-admissibility of ¢~ (¢ (x)) for x € T follows from
condition (1) of Proposition 6.5, which is part of condition (3) of Proposition 6.6. This proves (5). We
have thus proven the claim, and hence, the proposition. O

7B. Regularity of residual cycles: k = k case. We now prove regularity of residual cycles at points
lying over X using Proposition 7.2 when k is algebraically closed. Recall (Section 4D) that for a linear
projection ¢y, : X — [Py, the residual scheme L*(Z) is the closure of ¢A>Zl(¢3L(Z)) \Zin X X B with the
reduced induced closed subscheme structure.

We let T := qASL(Z) = $L(L+(Z)) C P, x B with the reduced subscheme structure and let Z :=
T X (@ x B) (X x I§) = &ZI(T) = dA)L_l(éL (Z)) as a scheme. We first have:

Lemma 7.3. We are under the Set-up+(fs) of Section 5B. Let x € X¢s be a closed point. Suppose in
addition that Z is irreducible.

Let ¢1 : X — A} be a finite surjective morphism obtained by a linear projection as before such that
¢L_l(¢L (x)) satisfies condition (3) of Definition 7.1 of (Z, x)-admissibility. Let o € Z be a point lying
over a point ofqu_1 (L (x)). Let S = @ZlqﬁL ().

Then Z N S = {a} and the natural map Oz zns — Oz 4 is an isomorphism of local rings.

Proof. Suppose « € Z lies over x| € qbzl(d)L (x)). Toward contradiction, suppose there is a point o’ € Z
lying over some x; € ¢L_1(¢L(x)) \ {x1}. Since b1 (a) = ¢1. (), we have g(a) = g(a’) in B, where
g:Xx B — B is the projection. Let by be this common closed point. This Z — B is nonconstant and
we have @ € Z,, and o’ € Z,, so that §(Z,,) N g(Zy,) 2 by, contradicting condition (3) of Definition 7.1
for the set ¢; ' (¢ (x)). O

Lemma 7.4. Let k be algebraically closed. Let L € U(k) C Gr(N —r — 1, H)(k) be as in Proposition 7.2.
Suppose Z is irreducible and let « = (a, b) € Z be a closed point such that a € ¢L_1 (P (X)). Assume that
Z is irreducible and o € Z. Then O3 , — Oz o is an isomorphism. In particular, Z is the only irreducible
component on which passes through o, with multiplicity 1, and the cycle [Z]—[Z] has no component
equal to Z.

Proof. We shall write ¢, simply as ¢. Let y=¢(a) and 8 = qAS(oz) =(¢(a),b)=(y,b). Weletx € X be
such that y = ¢(x) and let S = ¢~ (y) x {b} =" (B) C X x B.

Let U C P, be as in condition (1) of Proposition 7.2. Since qAS is finite and étale over U x B , it follows
that the map Z — T is finite and étale over T N (U x B). In particular, the map of rings Or g — Oy ¢ is
finite and étale. This in turn implies that the map Or g — Oz zns is finite and unramified.
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On the other hand, by condition (5) of Proposition 7.2 that ¢L_1 (¢ (x)) is (Z, x)-admissible, we
deduce that for each x € X, the map Oz zns — Oz is an isomorphism by Lemma 7.3. Hence, the
map Or g — Oz is an injective (since Z — T), finite and unramified map of local rings which induces
isomorphism between the residue fields (as k is algebraically closed). Lemma 4.10 therefore says that the
map Or g — Oz o must be an isomorphism.

We next observe that as Or g — OZ, ¢ 1s finite and étale, the map Or g — OZ, o 18 €tale. In particular,
the map (AQT, B —> @Z,a of completions is finite and étale. Since it induces an isomorphism between the
residue fields, it follows again from Lemma 4.10 that (AQT’ = é)Z, o 18 an isomorphism. Hence, there are
local homomorphisms of complete local rings

©T,ﬂ — éz,a - @Z,Olv (7-1)

where both the first map and the composite map are isomorphisms. Thus, the second map is an isomorphism
too. The second map in (7-1) being a priori a surjection, the Krull intersection theorem [Matsumura
1986, Theorem 8.10, page 60] says that this map is an isomorphism if and only if O; ,— Oz 4 (Without
completion) is an isomorphism. This in turn is equivalent to that Z is the only irreducible component of
Z passing through o, and Z has multiplicity 1 in Z. We have thus proven the lemma. U

Lemma 7.5. Let k be algebraically closed and L € U(k) C Gr(N —r — 1, H)(k) as in Proposition 7.2.
Suppose that Z is irreducible. Then L (Z) is regular at all points lying over X.

Proof. We continue with the notations of the proof of Lemma 7.4. Let @ = (x, b) € X x B with x € = be
such that @ € LT(Z). Let B = @((x) = (¢(x), b) := (v, b). It follows from Lemma 7.4 that Z does not
pass through «. This implies that the canonical map O , — OL+(z),¢ 1s an isomorphism. Therefore, it
suffices therefore to show that O , is regular.

Since o € L*(Z), there must exist a closed point o’ = (x’, b) € Z with x’ € ¢~ (y). As a ¢ Z, we must
have x’ # x. It follows again from Lemma 7.4 that O; =5 Ogz.. We have also shown in the middle
of the proof of Lemma 7.4 that the map (AQT, g — (AOZ( a.by Of completions in (7-1) is an isomorphism for

every a € ¢ ' (y). We thus get the commutative diagram of local rings

~

+—— Orp O; Oz

T

where the vertical arrows are completion maps.

Since x’ # x, it follows from condition (2) in Definition 7.1 and condition (5) in Proposition 7.2 that
Oz o is regular. It follows from (7-2) that all rings of the bottom of the diagram are regular, using a basic
fact in commutative algebra that (x) a noetherian local ring is regular if and only if its completion is a
regular local ring [Matsumura 1986, proof of Theorem 19.5, page 157]. Equivalently, all rings of the top
of the diagram are regular by (x) again. In particular, O , is regular. This finishes the proof. O
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To extend Lemma 7.5 to reducible subschemes Z in Lemma 7.7, we first consider the following:

Lemma 7.6. Let k be algebraically closed. We are under the Set-up+(fs) of Section 5B. Here, Z is not
necessarily irreducible. Then after replacing the embedding X — [P’,I(V into a bigger space via a Veronese
embedding if necessary, there is a dense open subset Y C Gr(X, N —r —1, H) such that for each L € U (k),
the induced map b1 takes distinct components of Z to distinct components of b1(2).

Proof. As we did previously in Lemma 4.12, for each 1 <i < s, choose a closed point «; = (x;, b;) €
Zi\(Ujx Z}), so that x; := f(ai) € X¢m and b; :=g(a;) € B. We observe thatif j #i, then Z; ¢ X x {b;},
because Z; — B is nonconstant.

Let A; = Uj#l- f(Zj N (X x {b;})). This is a closed subset of dimension < r — 1. In particular,

dim(Sec(A;, {x;})) <r. Note that x; ¢ A;. Let

N
U:=Gr(X,N—r—1,H)N[|Gr(Sec(A;, {xi}), N —=r — 1, H).
i=1
This is dense open in Gr(N —r — 1, H) by Lemma 4.3.

Suppose now that ¢, : X — [Py is the projection obtained by any L € U/ (k). We fix an integer 1 <i <
and let B; := qSL (a;). It is clear that §; € ¢3L(Zi). We claim that §; ¢ qASL(ZJ-) for j #i. To see this, note
that 8; € <;3L(Zj) if and only if Z; N (L™ (x;) x {b;}) # @. Equivalently, there exists a closed point x;. £ X;
such that ¢y, (x}) = ¢ (x;) and x} € A;. But this implies that L N Sec(A;, {x;}) # &, which contradicts
the choice of L. This proves the claim and hence the lemma. (|

Lemma 7.7. Let k be algebraically closed. We are under the Set-up+(fs) of Section 5B. Here, Z is
not necessarily irreducible. LetUd C Gr(N —r — 1, H) be the intersection of the dense open subsets of
Proposition 7.2 and Lemma 7.6. Then for each L € U(k), the residual scheme LY (Z) is regular at all
points lying over X.

Proof. For a choice of L, for simplicity write ¢ := ¢;. For 1 <i <s,letT; = #(Z;) with the reduced
closed subscheme structure and let Zi =T X ;% B) (X x é) = q13_] ((,E(z,-)) as a scheme.

The first claim is that Z; and Z; share no common component if i # j. Indeed, if they do share a
common component, this would imply that 7; = T, which contradicts the choice of L as in Lemma 7.6.

Our second claim is that L (Z;) and L™ (Z;) do not meet at points lying over X if i # j. Suppose on
the contrary that there is a closed point & = (x, b) € L*(Z;) N L*(Z;) with x € . This implies that there
are closed points o; = (x;,b) € Z; and @; = (x, b) € Z; such that x;, x; € ¢~ 1(y), where y = ¢ (x). Tt
follows from Lemma 7.4 that x;, x; € 1)\ {x).

If x; = x;, then two components Z; and Z; of Z meet at o; = «; that lies over x; = x; in d)‘l(y) \ {x}.
In particular, Z is singular at a point lying over x; = x; in #~'(y)\ {x}, which contradicts condition (2) of
Definition 7.1, which is part of condition (5) of Proposition 7.2. Hence we must have x; # x;. In this case,
we get b € g(Z,,) Ng(Z,,) # @ for two distinct points x;, x; € ¢~ '(y)\ {x}. This time, it contradicts
condition (3) of Definition 7.1, which is part of condition (5) of Proposition 7.2. Hence, we proved the
second claim.
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It follows from the two claims that L+ (Z) is regular at all points lying over ¥ if and only if L™ (Z;) is so
for every 1 <i <s. Since we proved the latter holds in Lemma 7.5, we finished the proof of the lemma. [J

7C. Regularity of residual cycles: general case. We can now generalize Proposition 7.2 to all infinite
perfect field as follows. This includes the regularity of the residual cycle along X.

Proposition 7.8. Let k be any infinite perfect field. We are under the Set-up—+(fs) of Section 5B. Let
Y C X be a closed subset of dimension at most r — 1. Then after replacing the embedding n : X — P/iv
by a bigger one via a Veronese embedding if necessary, we have the following: for the given hyperplane
HC I]j’,iv disjoint from X, there is a dense open subset Y C Gr(N —r — 1, H) such that for each L € U(k),
we have L N X = & so that there is a finite and surjective linear projection ¢ : X — P. Moreover, it
satisfies the following properties:

(1) $L(Zi) #¢L(Z)) ifi # j.

(2) The map ¢y : ¢L_1 (U) — U is étale for some affine open U C P}, containing ¢1,(Z).

(3) ¢r(x) # ¢ (x") for each pair of distinct points x # x’ € .

4) k(¢r(x)) = k(x) for each x € X.

(5) LT(x)NY =& for each x € X.

(6) L*(Z) is regular at all points lying over X.

(7) The map (jA)L 1 Z — @L (Z) is birational.
Proof. If k is algebraically closed, the proposition follows from Proposition 7.2 and Lemmas 7.6 and 7.7.
In general, let k be an algebraic closure of k and let wx : X; — X be the projection map from the base

change to k. We have &; =, .x
so that for the induced embedding X; — IPI{{V , there exists a dense open subset i/ C Gr(N —r — 1, Hp)

Ty I(x). Choose a sufficiently large closed embedding 1 : X — P,iv

for which all assertions of Proposition 7.2 as well as Lemmas 7.6 and 7.7 applied to X, Z; and the set
X; C X hold. (N.B., Under the base change to k, the irreducible components Z; of Z may decompose
further into irreducible components Z;; of Z; ;. Atleast Z; and Z, ; for all i stay reduced because the
extension k over k is separable.)

Then we can argue via a Galois descent as in the Step 2 of the proof of Lemma 4.8 to find a dense
open U; C Gr(N —r — 1, H) defined over k such that (¢/;); C U. We take U := Uy NU,, where U, is the
open set in Lemma 4.8 so that we can also use the assertions of Lemma 4.8 as well.

Now, for each L € U/(k), we have X N L = & by our choice of the open set. So, we get a finite
linear projection map ¢, : X — P} over k. We write this map as ¢. Condition (1) is clear now by
construction together with Lemma 7.6. Conditions (2), (3), (4) hold by conditions (2), (1), (3) of
Lemma 4.8, respectively. Condition (5) follows immediately from condition (4) of Proposition 7.2.

To prove (6), as we did at the beginning of Section 7B, let T := ¢A>(Z) = &(L*(Z)) C P x B with the
reduced subscheme structure, and let Z := T x P xB) (X x E) = $_1$(Z) as a scheme. Then we have
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the commutative diagram

l f ¢; f (7-3)

where the vertical arrows are the base changes to k. Note that the map $:Z—>Tis surjective by definition.
As both squares are Cartesian and the vertical maps are smooth, it follows that L*(Z;) = LT (2) @ By
the choice of our open set ¢/, Lemma 7.5 shows that L™ (Z;) is regular at all points lying over Zj, i.e.,
LT (Z); is regular at all points lying over ;.

We replace Z by Z|y and consider the induced Cartesian squares

L*(Z); — Vi — Spec(k)

N

LY (Z) —— V —— Spec(k),

where the vertical arrows are the base changes to k. Since L*(Z); is regular and k is perfect, the
top horizontal composite map is smooth. Hence, by the faithfully flat descent [EGA IV, 1965, Corol-
laire (17.7.3)(ii), page 72], the bottom horizontal composite map is smooth. In particular, L™ (Z) is
regular. This proves (6). Property (7) is a direct consequence of Lemma 4.14. O

Remark 7.9. Condition (4) of Proposition 7.2 or condition (5) of Proposition 7.8 that LT (x) Y = &
for each x € ¥ is no longer needed in this version of the article toward the proof of the main theorems.
However, we decided to keep them in this article because the property that the residual points of a
projection can be made to avoid the given proper closed subscheme Y is nontrivial, and may be useful in
an analysis of algebraic cycles in the future.

8. The main results

In this final section, we use various results of the previous sections to prove our main theorems: the
presentation lemma and the sfs-moving lemma. The Set-up for the main results is as in Section 8A. This
differs a bit from the Set-up of Section 4D and the Set-up+(fs) of Section 5B.

8A. The Set-up(x). Let k be an infinite perfect field and » > 1 an integer. We work under the following
setting:

(1) The box coordinates: For 0 <i <n—1, let A; be a smooth projective geometrically integral k-scheme
of positive dimension and let A CA;bea nonempty affine open subset. Let Cy = Spec(k) = Co. For
1 <j<n,wewrite C; = ]_[ A and C = ]_[] 1A Letm; : C — C be the projection map. We
write B = C, and B = C,,. Let F := B\ B.
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(2) The base scheme and the cycles: Let X C A" be an integral smooth affine closed subscheme of
dimension r > 1 and let X <> P}’ be its closure with the reduced subscheme structure. Let ¥ C X be a
finite set of closed points.

Let Z C X x B be a reduced closed subscheme of pure dimension r, and let {Z1, ..., Z;} be all of
its irreducible components. Suppose Z — X is an fs-morphism, i.e., finite and surjective because X is
integral. Let E C B be a closed subset containing F such that no irreducible component of Z is contained
X x E.

Let Z C X x B denote the closure of Z in X x B with the reduced structure. Similarly, 2,- denotes the
closure of Z; in X x B. We let f :Z — X and §:7Z— B denote the projection maps.

For each 0 < j <n, we define Z") = 7;(Z) := (idy x 7;)(Z). Because Z — X is fs, this definition
makes sense. Similarly we define 7D for 0 <j<n.

(3) The linear projections: Suppose we are given a Veronese embedding P}' — [P’,’(V with N > m. For
L eGr(X,N—r—1, H)k), where H = [P’,I{V \A}{V as in Lemma 4.7, let ¢ : X — [P, be the linear
projection away from L which restricts to a finite map ¢z : X — Ay. If L is fixed in a given context, we
often drop it from ¢; and write ¢.

A Forijfn,}etqu:qSAxidcj:Xij—>A,r<ij,q§j =¢xidéj:XxCA'j—>A,’€xCA'j and
¢j =@ xid¢ : X xC;— P xC; be the induced maps.AWe let LT (Z) denote the closure of ¢, (¢, (Z))\ Z
in X x B with the reduced structure. We define L™ (Z) similarly.

8B. The residual cycle. For L € Gr(X, N —r—1, H)(k) as in the Set-up () of Section 8A, the morphism
¢ = ¢ : X — Ay is a finite surjective morphism of affine k-schemes so that it is automatically flat
by [Hartshorne 1977, Exercise 11I-10.9, page 276] (or [EGA IV, 1965, Proposition (6.1.5), page 136]).
Hence, for algebraic cycles on X x C;, we have the proper push-forward ¢ ;. and the flat pull-back ¢j
operations. (See [Fulton 1984, Sections 1.4 and 1.7].) For X x C;, we have similar operations ¢, and ¢;‘.

Definition 8.1. If Z C X x C; is an integral closed subscheme, the residual cycle by ¢ = ¢ is defined
to be

L*([Z]) := ¢} ((Z]) — [Z].

We extend it Z-linearly to all cycles on X x C;. Similarly, for cycles on X x C ;» we define the residual
cycle by

L*(12]) := ¢3¢ (1Z]) — [ Z].
Note that by definition, LT ([Z]) = |L*([Z])].

Lemma 8.2. We are under the Set-up(x) of Section 8A. In particular, Z — X is an fs-morphism. Suppose
that Z is integral. Then for each L in the Set-up(x), the morphism L™ (Z) — X is also fs.
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Proof. Let T = ¢,(Z) C A} x C,,. Let Z:=T X (A7 xC,) (X xCy) = ¢n_l (T) as a scheme. It suffices to
show that the map Z — X is fs. Consider the commutative diagram

N

where the vertical arrows are the projection maps and the right square is Cartesian, and ¢ is the closed

Z n

T
J{f/ (8-1)
¢

— Ay,

N(—Nz

immersion.

Since Z — X is an fs-morphism and ¢ is an fs-morphism, the composite (¢ o f)|z =¢o f ot is
an fs-morphism. By the commutativity, this means f "o ¢y ot is an fs-morphism. But since Z — T is
surjective (as T being the image of Z under ¢, by definition), it follows that f " is finite (e.g., see [Liu
2002, Proposition 3.16(f), page 104]). Hence f " is an fs-morphism. Now, ¢ is flat, so by Lemma 2.7, the
morphism f is an fs-morphism. |

Lemma 8.3. We are under the Set-up(x) of Section 8A. In particular, Z — X is an fs-morphism. Suppose
that Z is integral. Suppose that there is an integer 1 < j <n such that the projection map ZV) — C ;1S
nonconstant.

Then for each L € Gr(N —r — 1, H)(k) satisfying Lemma 4.14 and Proposition 7.8 for all Z") over
Jj <i <n, we have the equalities

[L¥ @] =L"12D) and 7 (L*(1Z]) = m; L*(1Z]),
where mj = [k(Z) : k(ZD)].

Proof. First of all, note that by Lemma 8.2, every component of L*(Z) is fs over X. In particular, by
the finiteness criterion Lemma 2.9, each irreducible component of L™ (Z) is closed in X x C The
push-forward 7, ([L*(Z)]) is given by the projective map 7; : X x Cp— X x C is projective.

To prove the first equality, replacing Z by Z/), we may assume n = j and ZU) = Z. Let T = ¢, (Z) C
Ay x én.

Note that the map Z — T is birational by Lemma 4.14. Hence, by the definition of the proper
push-forward and flat pull-back of cycles, the first equality is equivalent to showing that 7Z:=T x @
(X x C, )= ¢ I(T) is a reduced scheme.

To show that Z is reduced, let U C A, be an affine open neighborhood of X as in condition (3) of

xCy)

Proposition 7.8. Since Z — X is finite and surjective, the open subset 7 N (U X C,) is dense in T. The
map ¢, is étale over this dense open subset of 7. Hence, 7= ‘5;1_ 1(T) is reduced over this dense open
subset of T. However, an_ Y(T) — T is finite and flat everywhere, it means 7= qNSn_ 1(T) is reduced. This
proves the first equality.
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For the second equality, consider the commutative diagram

XxCA’nLA,’(xCA‘,,

l l (8-2)

A b o
XxCj—— AL xC;.

This is a Cartesian square in which the vertical arrows are projective and the horizontal arrows are
finite and flat. Hence, by [Fulton 1984, Proposition 1.7], we have

7 (L*([Z]) = 70ju (@5 0 s ([ Z]) = [Z])

=7jx0 ¢y 0 Puu([Z]) — 7 (I Z])
= ¢ 07w 0 b ([Z]) — 7 ([ Z])
= ¢ 0Pjuomn((Z]) — 7 ((Z])
=} 0 ¢jum;[Z0]) —m;[ 2]
=mj (@} 0 ¢ ((ZV]) —[Z])

=m;L*((Z7)),

which proves the second equality. 0

The following complements Lemma 8.3:

Lemma 8.4. We are under the Set-up(x) of Section 8A. In particular, Z — X is an fs-morphism. Suppose
that Z is integral such that Z — C,, is nonconstant. Suppose that for an integer 0 < j <n — 1, the
projection ZY) — C j is constant. Then for each L € Gr(N —r — 1, H)(k) satisfying the conditions of
Proposition 7.8 for Z, we have the equality 7w;(Z') = 7 ;(Z) for each irreducible component Z' of L™ (Z).

Proof. Toward contradiction, suppose that there is an irreducible component Z’ of L*(Z) such that
7j(Z') # wj(Z). In particular, this implies that LH(ZW) # . On the other hand, we are given that
%(J')~: rrj.(Z) = X x {c;} for.some closed poipt c; € C;. In this case, ¢;(Z)) = Al x {c;} so that
(/5]7](/51- (ZWy =X x {cj}= ZU) . Hence, L*t(ZY)) = @. This is a contradiction. U

8C. The presentation lemma. We now prove the presentation lemma for residual cycles under linear
projections. We are under the Set-up(x) in Section 8A.

Theorem 8.5. Let k be an infinite perfect field. Let Z C X x C,, be an integral closed subscheme such
that Z — X is finite surjective, and the projection Z — C, is nonconstant.

Then there exist an embedding n: X — [P’,ICV and a dense open subsetUd C Gr(N —r — 1, H), where
H = P,ICV \ AN such that for each L € U(k), the linear projection ¢y : IP’IICV \ L — P} away from L defines
a finite surjective morphism ¢ : X — P, satisfying the following properties:
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(1) There exists a Cartesian square

AT P

(2) ¢ is étale over an affine open neighborhood of ¢ (X).

(3) ¢ (x) #£ d(x') for every pair x # x' in X.

(4) The map k(¢ (x)) = k(x) is an isomorphism for each x € X.
(5) The induced map Z — ¢,(Z) is birational.

(6) The map L*(Z) — X is finite surjective.

(7) Foreach 0 < j < n, the scheme 7w;(L*(Z)) is regular at all points lying over X.

Proof. Since Z — X is finite surjective, for each 0 < j <n the morphism Z) — X is also finite surjective.
Letig € {0, ..., n} be the largest integer i such that Z @) X x {b} for some closed point b € C;. Note
that Z@ = X = X x; C, so such iy exists. Note also that iy < n — 1 by our assumption.

Choose a large enough Veronese embedding P}’ — I]:DIICV such that for the composite embedding
n: X < PY, and the hyperplane H = Hy o as in Lemma 4.7, there are open dense subsets U; C
Gr(N —r —1, H) such that each L € U; (k) satisfies Lemma 4.14 and conditions (1)—(6) of Proposition 7.8
for ZU) overall ig+ 1< j <n. Weletd = m?:ioﬂ U.

Condition (1) of the theorem automatically follows from our choice of H and Lemma 4.7. Condi-
tions (2)—(4) follow directly from conditions (2)—(4) of Proposition 7.8. Condition (5) follows from
Lemma 4.14. Condition (6) follows from Lemma 8.2.

We prove (7). We have to show that every irreducible component of 7 (L™ (Z)) is regular at all points
lying over X and no two components of 77; (L™ (Z)) meet at points lying over . We first assume that
iot+1=<j=n

Let Z’ be an irreducible component of L+ (Z). Since j > ip, Lemma 8.3 says that 7;(Z") is a component
of the effective cycle 7, (L*([Z])) =m;L*([Z]) =m;[LT(Z))] with m; > 1. Since Z' was arbitrary,
it follows that the irreducible components of 7 ; (L*(Z)) are the same as those of L1(Z)). On the other
hand, condition (6) of Proposition 7.8 (with our choice of L) says that LT (Z)) is regular at all points
lying over X. It follows that each irreducible component of 7 ;(L " (Z)) is regular at all points lying over
%, and in particular no two components meet at points lying over X.

If 0 < j <ip, then Lemma 8.4 says that nj(L+(Z)) coincides with ;(Z), which in turn is of the
form X x {b} for some closed point b € C;. In particular, 7; (L*(Z)) is irreducible. As X is regular
everywhere, in particular at all points lying over X, it follows that 77 ; (L™ (Z)) is regular at all points lying
over X. This completes the proof of the theorem. O
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8D. The sfs-moving lemma. We now prove the sfs-moving lemma for additive higher Chow groups of
relative O-cycles over semilocal k-schemes. A similar argument also proves the sfs-moving lemma for
Bloch’s higher Chow groups of relative O-cycles over semilocal k-schemes.

Let k£ be an infinite perfect field. We apply Theorem 8.5 with A; = [P’,lc for 0 <i <n—1, while
Apg = A,ﬁ and Aj=---=A,_1 = D}( sothat C; = B; = A,i X Di_l for j > 1. The sfs-moving lemma
for additive higher Chow groups of relative O-cycles is the following:

Theorem 8.6. Let R be a regular semilocal k-scheme essentially of finite type of dimension r > 0 over
an infinite perfect field k. Let V = Spec(R) and let m,n > 1 be integers. Then the canonical map
TCH”

s (V,n;m) — TCH"(V, n; m) is an isomorphism.

This theorem is proven in steps. Since R is regular, it is a product of regular semilocal k-domains, and
each k-domain corresponds to a connected component of Spec(R). Thus we may reduce to the case when
R is integral. We also remark that by Proposition 2.19, we may assume that R is obtained by localizing
an integral smooth affine k-scheme at a finite set of closed points. Note that Theorem 8.6 is obvious for
r =0, so we may assume r > 1. We have injective maps (using Lemma 2.18),

TCH(V, n; m) — TCHE(V, n; m) — TCHY,(V, n; m) — TCH"(V, n; m).

sfs

The last arrow is an isomorphism by [Krishna and Park 2016, Theorem 4.10]. We show that the middle
arrow is an isomorphism, which we call the fs-moving lemma:

Lemma 8.7. The map TCH?S(V, n; m) — TCHY, (V, n; m) is an isomorphism.

Proof. By the above discussion, we assume V is integral. Since this map is injective, we only have to
show that it is surjective. Let y € Tz (V, n; m) be a cycle with 9(y) = 0.

First suppose that there is an atlas (A}, X) so that y lifts to a cycle y € Tzy, (A}, n; m). In this case,
we can apply Theorem 3.14 and write y = y; + d(y2), where y; € Tz (V, n; m) C Tzg (V, n; m) and
y2 € TZ"(V, n+ 1; m). One immediately has d(y;) = 0, proving the desired surjectivity in this case.

In general, we write Yy = o+ 8, where no component of « is an fs-cycle and g is an fs-cycle. Lemma 2.5
says that there is a connected smooth affine atlas (X, X) for V, and cycles &, E , ¥ € TZ5. (X, n; m) such
thatay =a, By =B, Vv =y, ¥y =a+p and 3(¥) =0.

Since no component of « is fs over V, it follows that the projection of every component of & to B,
must be nonconstant. We can therefore apply Theorem 4.15 to obtain a finite flat map ¢ : X — A such
that « satisfies all the properties there. Let ¥’ = ¢(X), which consists of finitely many closed points of
Ay Let V' = Spec(Oay,5) and W := X xar V'. We have inclusions £ C V. C W C X, and a finite flat
morphism ¢ : W — V',

Write @ = @ + &2, where each component of &; is dominant over X and no component of &> is
dominant over X. As S is an fs-cycle over V, after shrinking X if needed, 8 is an fs-cycle over X along
% by Corollary 2.12.
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We now have

y=a1+ar+B = (@1 — ¢ bns(@1)) + (@2 — $ns(@2) + (B — i pns(B)) + @i bus(¥).

Let @) :=a&; — ¢ pns(@;) fori =1, 2, and B’ := B — ¢} $ns(B). Since B is an fs-cycle on X along = and
¢ is finite, ¢, (B) is an fs-cycle over A} by Lemma 2.8. Since X — Ay is flat, by Lemma 2.7 ¢; ¢, (B)
is an fs-cycle over X along X. In particular, 8’ € TZ%’fS(X , n; m). On the other hand, by Theorem 4.15,
we have (@3)v =0 and (@))y € Tz, ( (V, n; m).

Since y € Tz (X, n; m) with d(y) =0, it follows that ¢, (¥) € Tz, (A}, n; m) with 9(¢,+(¥)) =0. By
the previous case, there are cycles 7y € Tz{(V’, n; m), and 1y € Tz"(V', n41; m) such that j*(¢,«(¥)) =

n1+03n2. Equivalently, ¢, (¥ w) =n1+09n2. Hence, ¢, ¢n. (¥ w) =™ (n1)+¢,(3n2) = ¢, (n1)+0(¢;,(m2)).
Moreover, ¢ (1) is an fs-cycle by Lemma 2.7. Combining these, we have

y =@ =@)v+ By +(@rm))v + (g m))v) =1 + 3D, (12)v),

where y; 1= (@))v +B’V + (¢, (m))v € TzE(V, n; m). Since dy = 0, we also deduce that dy; = 0. This
completes the proof of the lemma. (|

Proof of Theorem 8.6. We may assume that V is integral. Using Lemma 8.7, it suffices to show that the
map TCHg, (V, n; m) — TCHg (V, n; m) is surjective. Let o € Tz (V, n; m) be an fs-cycle, which always

s (Vo nym), while oy € Tz (V, n; m)
but no component of o lies in Tz (V, n; m). Note that d(;) =0 for i =1, 2 by Lemma 2.21 again. It

has d(«) = 0 by Lemma 2.21. Write « = o + ap, where ap € Tz

n

is enough to prove that «y is equivalent to a cycle in Tzg

(V, n; m). Replacing o by o1, we may therefore
assume that no component of « lies in Tz (V, n; m).

Apply Lemma 2.5 to choose a connected smooth affine atlas (X, X) for V and a cycle @ € Tz (X, n; m)
such that d(@) = 0. If X ~ A}, we can apply Theorem 3.14 to write « = 8 + d(y), where 8 €
Tzl (V,n;m) C Tzg(V,n;m) and y € Tz"(V, n+ 1; m). This solves the problem in this case.

Suppose that X is not an affine space. If Z is a component of @ whose projection to B, is constant,
then Z is already an sfs-cycle. But, we supposed no component of « is an sfs-cycle. Hence, Z — B,
is nonconstant for each irreducible component Z. It follows that Lemma 8.3 and Theorem 8.5 apply to
every component of . Let ¢ : X — A/ be the finite and flat map as in Theorem 8.5 and let " = ¢ (%).
By shrinking &/ C Gr(N —r — 1, H) if necessary, we can assume that conditions (1)—(7) of Theorem 8.5
hold for each L € U(k) and for each component of «.

Let V' = Spec(Oay 5) and let W = X xar V’. We have inclusions ¥ C V C W C X and a finite and
flat morphism ¢y : W — V' of smooth semilocal k-schemes. Let j : V — W be the localization map.

We can write aw = (&w — ¢, ns(@w)) + ¢ ni(@w). We have d(dns(aw)) = ¢ni(d(@w)) = 0. By
the previous case of affine space atlas, we can write ¢,.(&w) = 11 + 9(n2), where 1| € Tz;’fs(V’ , ;)
and 1, € Tz"(V', n + 1; m). This yields ¢ ¢n.(w) = @5 (n1) + 3(¢;i (12)). Since ¢ : W — V' is finite
and étale, it follows by Lemmas 2.7 and 2.16 that ¢; (1) € Tz}, (W, n; m).

It follows from Lemma 8.3 and Theorem 8.5 that j*(@w — ¢, ¢n«(aw)) € Tzl (V, n;m). Let B =
JH@w — @ppns(@w)) + j* (@, (1)) € Tz (V, n;m) and y = j*(¢,(12)) € Tz"(V,n+1; m). Then, we
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et
: a=j @w) = j @w — Gpbns@w)) + j ¢, (1) + j* (3 (¢, (12)))
= jH@w — Qpdux(@w)) + j ¢, () +3(j "¢, (1n2))
=p+9(y).
Since d(«) = 0, we must have d(8) = 0 as well. This proves the theorem. U
Proof of Theorem 1.2. We take n > 2, Ag = Ag = Spec(k), A; =y and A; :=P} for | <i <n—1in
Theorem 8.5. We now repeat the proof of Theorem 8.6 verbatim using Remark 3.15. (|
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