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On a conjecture of Yui and Zagier

Yingkun Li and Tonghai Yang

We prove the conjecture of Yui and Zagier concerning the factorization of the resultants of minimal
polynomials of Weber class invariants. The novelty of our approach is to systematically express differences
of certain Weber functions as products of Borcherds products.

1. Introduction

In his book, Weber [1908] proved the following well-known theorem in the theory of complex multiplica-
tion. For a fundamental discriminant d < 0, let O; = Z[6] be the ring of integers of an imaginary quadratic
field K; = @(\/g ). Then the CM value of the famous j-invariant j(t) at t = 0 is an algebraic integer
generating the Hilbert class field of K;. The number j (6) is called singular moduli and plays an important
role in the arithmetic of CM elliptic curves [Gross and Zagier 1985]. Weber also considered some special
modular functions £ of higher levels and observed that some of their CM values A () still generate the
Hilbert class field of K, (for some choices of 6), not the larger class fields as expected for general 4.

These amusing observations were later studied by various authors; see, for example, [Birch 1969; Yui
and Zagier 1997; Gee 1999]. In particular, Gee gave a systematic proof of these facts using Shimura’s
reciprocity law. One of them concerns with the CM values of the three classical Weber functions of
level 48, which are defined by the following quotients of n-functions:

ﬂw-=z—”“%#)=q—%fia+q”ﬁ)
R e ’
funnzzggzq‘&fla—q“4L (1-1)
n=1

2 g
mw:ﬁﬁg=fwfm+w.
n=1

Together, they form a 3-dimensional, vector-valued modular function for SL,(Z); see (2-4). In fact, the
same holds for integral powers of these modular functions; see [Milas 2007, p. 50]. Furthermore, f, is a
modular function for I'g(2) with character x of order 24:

f20t) = x(Wh(1), ¥y €To®). (1-2)

Li is supported by the LOEWE research unit USAG. Yang is partially supported by NSF grant DMS-1762289.
MSC2010: primary 11G18; secondary 11F03, 11F27.
Keywords: modular form, Borcherds product, Weber invariants.

2197


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2020.14-8
http://https://doi.org/10.2140/ant.2020.14.2197

2198 Yingkun Li and Tonghai Yang

The kernel of x, denoted by I', C I'9(2), is a congruence subgroup containing I"(48); see (2-8). Yui and
Zagier [1997] studied the CM values of these modular functions. The starting point of their work is the
following result.

Proposition 1.1 [Yui and Zagier 1997, Proposition]. Let d < 0 be a discriminant satisfying
d=1mod8 and 31d. (1-3)
Denote ¢4 := (—1)“4=D/8 For each proper ideal a = [a, %(—b + \/3)] of the order Oy = Z[%(l + \/3)]
witha > 0, let T, = ﬁ(—b + +/d) be the associated CM point and
—c—ac? .
Gy~ () if2(@. o),
F@ = Yeatid™ i (w0 if2la,24c, (1-4)

_ 2 .
SdCfg(a FCN(r) if2ta,2le.

Then f(a) is an algebraic integer depending only on the class of a in the class group CI(d) of Oy, i.e., it is
a class invariant. Moreover, Hy := K4(f(a)) = K;4(j (tq)) is the ring class field of K4 corresponding O,.

Remark 1.2. The class invariant in [Yui and Zagier 1997] was defined using binary quadratic forms. It
is a standard procedure to go between these and ideals in quadratic fields; see, e.g., [Cox 1989].

Remark 1.3. The sign ¢4 in the definition of f(a) ensures that the class invariants behave nicely under
the action of the Galois group. In particular when d < 0 is fundamental,

0w (f(an) = f(aray") (1-5)

for any proper Oy4-ideals a;, a,, where o, € Gal(H;/K ;) is associated to the ideal class [a] € Cl(d) by
Artin’s map. This was conjectured in [Yui and Zagier 1997] and proved in [Gee 1999, Proposition 22].

This class invariant is much better than the singular moduli in the sense that its minimal polynomial
(class polynomial) has much smaller coefficients. This gives a generator of the Hilbert class field with
small height, which is crucial in the speed of elliptic curve primality test [Atkin and Morain 1993]. For
example, according to [Yui and Zagier 1997], the minimal polynomial of j(5(1 ++/=55)) is

x* 4335329 134219x3 — 375323 . 101 - 32987x% + 325711283 - 101 - 110641x — 3125113293413,
while the minimal polynomial of f(O_ss) is simply
x4 + x> —2x—1.

Yui and Zagier [1997] made conjectures about the prime factorizations of the discriminants and resultants
of such polynomials. The goal of this paper is to prove the conjecture about the factorizations of the
resultants, which also clears the path to prove the conjecture about the discriminant; see Remark 1.13.
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For two co-prime, fundamental discriminants d; and d», Gross and Zagier [1985] proved a beautiful
factorization formula for the resultant of the class polynomials of j(%(dl +.J/d )) and j(% (dr + \/d_z)),

which is the norm of the difference j(3(di +v/d1)) — j(5(d2+ /d2)). When (4%2) 3£ —1, set

(%) if ptd,

(%) if ptdo.

Define in general €(n) =[] i €(p)°9r™  where ord p(n) is the power of p dividing n. For a positive

e(p)=

integer m, if e(m) = —1, define

Fmy= J] n“"eN, (1-6)

nn'=m
n,n'>0

which is always a prime power. If €e(m) = 1 or is not defined, define §(m) = 1. The result of Gross and

Zagier can be stated as follows.

Theorem 1.4 [Gross and Zagier 1985, Theorem 1.3]. Let dy, d» < 0 be co-prime, fundamental discrimi-
nants, and w; = |(’);;j |. In the notations above, we have

Jd,d) =[] i) —iG@)™ =] §om). (1-7)
[a;1€Cl(d}), j=1,2 meN,aeZ
a2+4m:d1d2

Inspired by this beautiful formula, Yui and Zagier [1997] gave a conjectural formula of the resultant of
the minimal polynomials of the Weber class invariants defined above and provided numerical evidence.
This conjecture was originally given using two tables with totally 48 entries (see [ Yui and Zagier 1997,
p- 1653]), but can be simplified and formulated in the following elegant way (see, e.g., (149) in [Yui and
Zagier 1997] for d| = d, = 1 mod 24).

Conjecture 1.5 [Yui and Zagier 1997, (149)]. Let dy, dy be co-prime, fundamental discriminants satisfy-
ing (1-3) and s | 24. Define the constant

1 .. (d _(@)_
- if|\=z)=(=)=—-1and3]|s,
K3 (s) 1= | 2 ( 3 ) 3 (1-8)
1 otherwise,
which only depends on dy, d» and s. Then
fidi,dy= []  1f@)™ = f@)™| = [1 S{CORN (1-9)
[a;1€Cld;)), j=1,2 m,aeN,r|s

a’+16mr2=d,d,
m=19(d1+d>—1) mod s/r

Remark 1.6. Because of the relation j(t) = (f5*(r) — 16)3/13*(t), we know that f,(dy, d2) | J (d\, d2)
for any co-prime, fundamental discriminants d;, dy satisfying (1-3). Since the invariants are algebraic
integers, it is also clear that fy/(dy, d») | fs(di, do) for any s | s | 24. The conjecture above also reflects
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such divisibilities since F(m/r?) | §(m) for all m, r € N; see, e.g., the explicit formula of §(m) on [Yui
and Zagier 1997, p. 1651].

When s = 1, it was suggested in [Yui and Zagier 1997] that one can try to prove this conjecture by
adapting the analytic approach in [Gross and Zagier 1985] with SL,(Z) replaced by I'g(2). This was later
carried out in [Roskam 2003]. Yang and Yin [2019] gave another analytic proof of the conjecture for
s = 1, where the new ingredients are Borcherds’ regularized theta lift [1998] and the big CM formula
in [Bruinier et al. 2012]. Although the spirits of the approaches are the same, the one in [Yang and Yin
2019] is conceptually easier to understand and opens the door to attack the conjecture for s > 1. In this
paper, we complete the proof of the conjecture for all s | 24.

Theorem 1.7. Conjecture 1.5 is true for every s | 24.
For s = 1, the proof of Theorem 1.7 in [Yang and Yin 2019] consists of three steps:

(1) Relate f2(z1)** — f2(z2))** to a Borcherds product on the Shimura variety associated to the rational
quadratic space (M>(Q), det).!

(2) View a pair of CM points (71, 72) as a big CM point on this Shimura variety in the sense of [Bruinier
et al. 2012]. Apply the big CM value formula [Bruinier et al. 2012, Theorem 5.2] and express the
CM value in terms of Fourier coefficients of incoherent Eisenstein series.

(3) Compute the Fourier coefficients in Step (2) and obtain the formula. This is a local calculation.

In the first step for s = 1, one can find a vector-valued modular function F 1 and identify f, (z1)*— f2 (z0)*
with the Borcherds product W (zy, z2, ﬁl) associated to fl. Note fz(z)z4 = 212(A(2z)/A(z)) is a Haupt-
modul of I'g(2), and the Borcherds product W (zy, z2, F 1) is well-known in the literature on VOA and
moonshine (see, e.g., [Borcherds 1992; Scheithauer 2008]). In the second step, one suitably identifies the
Galois orbit of CM points with the toric orbit of big CM points, and apply Theorem 5.2 in [Bruinier et al.
2012]. This reduces the proof to the third step, where the local calculations have been completed in many
special cases (see [ Yang 2005; Howard and Yang 2012, Section 4.6; Kudla and Yang 2010]) and the most
general result can be found in Appendix A of [Yang et al. 2019].

To execute this strategy for s > 1, we first need to relate f, (215 — f2 (22)**/5 to Borcherds product.

Since the function f,(z)%*/*

is invariant with respect to I,  :=(I",, T*) D I'(2s), one would hope to find
the analog of F | in M'(wy), with o, the Weil representation of SL,(Z) on the finite quadratic module
associated to the lattice L (see (3-1)), which is the same as the lattice used in [Yang and Yin 2019] to
produce W (z1, z2, F}), but with the quadratic form scaled by s. We have computationally decomposed
the representation w; and analyzed the space of vector-valued modular functions. To our surprise, there is
no modular function whose Borcherds product equals to (f2(z1)?** — f2(22)?*/*)*! Our new idea then is

to express (2 (z1)*/s — f2 (22)**/%)* as a product of Borcherds products, which works out beautifully.

I The Shimura variety is just the product of two modular curves in this case.
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Theorem 1.8 (Theorems 4.4 and 4.5). For every d | 24, there is a vector-valued modular function
Fd € M'(wq) with associated Borcherds product Vq(z1, 22) := V¥ (z1, 22, Fd) such that

(F22)*° = (ef2z2)**) = [ Wa(z1, 22" * (1-10)
d|s

for every s | 24 and any ¢ = %1.

Remark 1.9. The index r | s in the product on the right-hand side of (1-9) is not directly related to the
index d | s in the product above! Instead, it comes out of local calculation in Section 6.

Remark 1.10. Each Borcherds product W4(z1, z2) comes from a different quadratic space depending on d,
and is a meromorphic function on the Shimura variety X2, which admits a natural covering map from X2
when d | s (see Section 4). One can then pull back Wy to a function on X 3 Notice that this decomposes the
divisor of the left-hand side, which is a Heegner divisor on X 3’ into a sum of pullbacks of Heegner divisors
on X3 with d | s. When s > 1, the product [ 14 Wa(z1, 22) is itself not a single Borcherds product on X2,

Remark 1.11. Theorem 1.8 naturally leads one to speculate a generalization of the converse theorem in
[Bruinier 2014], namely every principal Heegner divisor on an orthogonal Shimura variety associated to
a lattice of signature (n, 2) with Witt rank greater than or equal to 2 should be the divisor of a product of
Borcherds products.

To arrive at this idea, we took s = 2 and started from the simple observation that

f2(z)'2 —f2(z22)1?
f2(z1) 12+ fa(22)1?

We already know that the first factor on the right-hand side is a Borcherds product. If we can realize the

(2" —$2(22)'%)? = (F2(21)** — F2(22)*") - (1-11)

second factor as a Borcherds product, then the left-hand side would be a product of Borcherds products
(with different quadratic forms). To do that, we can read off the divisor of the second factor, and deduce
the principal part of the input to Borcherds’ lift. In this case, it is of the form ¢~!/?u; for a suitable
vector 1, in a 64 dimensional vector space C[.4,], where SL,(Z) acts via the Weil representation w,
(see Section 3A for details). Then we find the irreducible representation in w, containing u,, which is
3-dimensional, and hope to find the suitable vector-valued modular function F, with this principal part.

Miraculously, this function exists and its three components are the (—24/2)-th power of the three Weber

; A I
functions NI
The observation (1-11) generalizes to any s | 24 by substituting X = (ef2(z2)/f2(z1))?¥* into the

following simple identity in Q(X)
(1—X)* = 1_[ ]_[(1 — X3/bybud/b) (1-12)
dls bld

where 1 is the Mobius function, and multiplying by §2(z1)%* on both sides. Note that the identity in (1-12)
holds for any s € N (see Lemma 4.3). Then the miracle continues to happen, and we find a family of
vectors {uq : d |24} (see (3-12)) and vector-valued modular functions ﬁd = q_l/ dug+0 (q 1/(2d)y producing
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the Borcherds lifts W4 (see (2-4) and Remark 3.7). For d > 1, the vector uy satisfies nice invariance
properties (see Proposition 3.5) and is of independent interest, whereas the components of Fy are simply

_ } ions = JL T2
the (—24/d)-th power of the three Weber functions N ﬁ ji!

Remark 1.12. The ¢ = =1 in Theorem 1.8 is there for a good reason. To prove the Yui—Zagier conjecture,

we need to choose & = g4,84, = (— 1)@ +T%=2/8

(see Proposition 5.5 and its proof). It is also amusing to
see that the same ¢ appears when we calculate the Fourier coefficients of derivatives of certain Eisenstein

series (see Theorem 6.2).

To complete the proof, we can now apply the second step to each Borcherds product, obtain a big CM
value formula, and add them together. Note that the identification of the Galois orbit of (7q,, 74,) used in
defining fi(d, d») with the big CM cycle in [Bruinier et al. 2012] depends on the input Fyin Step (1).
Therefore, it is not a priori clear that this will work out. We prove this in Proposition 5.5, which crucially
depends on Lemma 5.2. This unexpected result was first observed with some computer calculations, and
has been reduced to a computation with finite groups in GL,(Z/3Z) and GL,(Z/16Z). Finally, we apply
the local calculations in [Yang et al. 2019] to finish off Step (3).

Remark 1.13. With Theorem 1.8, one can now replace the big CM value formula in [Bruinier et al.
2012] with the small CM value formula in [Schofer 2009] to prove the conjectural factorization of the
discriminant of the minimal polynomials of the Weber invariants in [Yui and Zagier 1997]. We plan to
carry these out as a sequel to this work [Li and Yang > 2021].

This paper is organized as follows. After setting up notation and defining basic terms in Section 2,
we study in Section 3 the action of certain subgroup Hj C SO(Lg)/ 'z, on the finite quadratic module
Aq = L(Y /L4 and use it to decompose the Weil representation wq of SL;(Z) on C[.Ad]Hé. The goal
and main result is to construct certain element uy € C[Ad]HJ satisfying (3-13). This vector generates
a 3-dimensional, H}-invariant subrepresentation of wq, and will be crucial in finding the input Fy that
produces the Borcherds product Wy. In Section 4, we view product of two modular curves as a Shimura
variety of orthogonal type (2, 2) associated to Lg, construct the Borcherds product W4, and prove
Theorem 1.8. In Section 5, we view the pair (g, 74,) as a big CM point on the product of two modular
curves and study its Galois orbit. The upshot is Proposition 5.5, which relates the left-hand side of
Conjecture 1.5 to the big CM value of Borcherds products. By the second step of strategy, Conjecture 1.5
is reduced to local calculation of certain Eisenstein series and its derivative, which we carry out in
Section 6B using the results in the appendix of [Yang et al. 2019]. Finally in the Appendix, we explicitly
write down the cosets in the finite quadratic module used in constructing the Borcherds products, and

include a numerical example for d; = —31 and d, = —127.

2. Preliminaries

2A. Weil representation. Let (L, Q) be an even integral lattice of signature (2,2) and V := L ® Q the
rational quadratic space. Denote L’ the dual lattice and A, := L’/L the finite quadratic module. The
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group SL,(Z) acts on U := C[.AL] via the Weil representation w; given by

wr(T)ep =e(=Q(h)en, wr(S)ep = ﬁ MEZAL e((u, h))ey, (2-1)

where {e,, : u € A} is the standard basis of Uy and

(11 (0 -1
T._<0 1), s._(l 0). (2-2)

Note that this differs from the convention of Borcherds by complex conjugation.
Let S(L) =,/ $u C S(V @A) with L = L ® Z and

¢, = Char(u + L).

Under the isomorphism U; — S(L) that maps ¢, to ¢, the representation w; becomes the restriction of
the Weil representation w = wy y (with the usual idelic character ¥ of Q) from SL;(A) to (the diagonally
embedded) SL,(Z). We will sometimes switch the representation spaces between Uy, and S(L). Note
that S(L, @ L,) = S(L1) ® S(Ly) for any two sublattices L1, L, C L orthogonal to each other.

2B. Weber functions. For any finite-dimensional, C-representation p : ' — V of a finite index subgroup
I' € SL,(Z), denote M'(p, I') the space of weakly holomorphic, vector-valued modular function with
respect to p. We drop p (resp. I') from the notation if p is trivial (resp. I' = SL;(Z)). For example, the
three Weber functions defined by (1-1) form a vector-valued modular function

f2
| Qp—
fi | € M'(024).
f
Here, for a positive integer d and j € (Z/2dZ)*, the representation o4, ; : SLo2(Z) — GL3(C) is defined by
&Gl 00 010
04,;(T)y:=] 0 0 gzjd , 04,j8):=1100]. (2-3)
0 ngd 0 001

We simply write g4 for g4,1. Finally, po(g) := p(g). Later, the modular function
24/d 2_24/d 2
Fa(r) =2 244y | € M'(og), d |24 (2-4)

f24(r)

will play an important role for us as the representation o4 defined above is a subrepresentation of certain
Weil representation that we will consider.
Remark 2.1. For convenience later, we will denote

24/d
ﬁz“/df;z“/“(r):(n(f)) = > abd™eqzIql. 2-5)

77(2‘[) [>—1,I=—1 mod d
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Clearly cq(—1) =1 for every d | 24. We will also denote c_;(!) the /-th Fourier coefficient of

212ff24(2r) _ %4(” _ 212%'
Let x : ['g(2) — C* be the character defined in (1-2). On the generators 7', S 2 and TB of I'y(2), where
B:=ST?S"'= (_12 (1)) : (2-6)
the character x is explicitly given by
x(M)=¢a, x($H=1, and x(TB)=1. 2-7)
The kernel of x is a normal subgroup of I'g(2) defined by
T, = (To(2)%, T%*, §2, TB) C To(2), (2-8)

where I'o(2)%" is the derived subgroup of I'g(2). We remark that I', is the group CI>8(24) in [Yang and
Yin 2016]. Furthermore, it contains the congruence subgroup I'g(48) N T"(24) and I'y(2)/ ", = Z/24.
More generally, for any divisor d | 24, denote the kernel of x24/¢ by

Tya:=(Ty, TY CTo(2). (2-9)

It has index d in I'g(2) and contains I'y =1I', 24, as well as the congruence subgroup
Ig:=T1(2d)NT'(d). (2-10)
In particular, I'g(2) = T'y ;. More generally for d | d’ | 24, we have I'y D I'y. For future convenience, we

also write d,, for the p-primary part of d. Then clearly d = d»ds.

3. Decomposition of Weil representations

3A. Lattice. For a divisor d | 24, consider the quadratic lattice

), (Ao Ao ., . i
Lq= i)» = (2)»10 )\11) D Ajj EZ}, Q4(A) :=ddet(A). (3-1)

The dual lattice is given by

1 (oo ro1/2
/I __ — _ . .. _
L= {)» =3 ()»10 i tAjj € 7. (3-2)

The finite quadratic module L}/Lq is then isomorphic to
Ad = {h = [hO, hls hZa h3] : hOs h3 € Z/dzv hla h2 € Z/(de)}, (3_3)

where the isomorphism is fixed throughout and given by

~ 1 (Xoo ro1/2
Li/La = Ag, _( 00 Aot/
A0 Al

1 >+Ld*—> [X00, Ao1, A10, A11]. (3-4)
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Via this isomorphism, the quadratic form Q4 on .44 becomes

Oulh) 2hohs —hihy _ 1 22 as)
a= 2d 2d )

for h = [ho, h1, ha, h3] € Ag. We denote Uy := C[.Aq], which is acted on by SL,(Z) via the Weil
representation wq := .
Now, we can map L4 into Lfi/Ld = Ay via

ka:La— Ly/Lq, A+ éA+Ld, (3-6)
which is compatible with the left and right action of I'¢(2), i.e.,

g1-kd(A-g2) =ka(g1-A-g2) =ka(g1-1)- & (3-7)

for all g1, g2 € I'p(2) and A € Ly. By viewing I', | =I"g(2) as a subset of L4, we can send it to a subset
in Ay. If we denote

AS = {lho, h1, ha, h3] € Aq - ha =0 € Z/(2dZ)}, (3-8)

it will be helpful to know the parts of I'¢(2) that land in Ag under kg when we simplify the expression of
Borcherds products. For this we need the following lemma, whose proof will follow from combining the
corresponding local results in Lemmas 3.8 and 3.12.

Lemma 3.1. For any j € Z/dZ, we have (viewing I'g(2) C Lq)
ka(TITy ) VA = {d] " [r, r2j + (r* = 1)),0, 7] : 7 € (Z/dZ)*}.
Remark 3.2. Note that 7> — r mod 2d is well-defined for r € (Z/dZ)* when d | 24. Furthermore

r’—r=

3 dmod2d if8|dandr =23 mod8,
0 mod 2d otherwise.

Let GL,(Q) x GL,(Q) actson Vg = Lg ® Q = M, (Q) via
(g1.8) X =g1Xg .

This action gives an identification of GSpin(V') with H = {(g1, g2) : detg; = det g»}, and a commutative
diagram of exact sequences:

1 (£1} SL, x SLy — SO(V) —— 1
1 Gm H SO(V) —— 1.

For the particular lattice L4, we have

SO(La) =T0(2) x To(2) =T0(2) x To(2)/{£(l2, 1)}, (3-9)
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As {£(I, I,)} does not matter in this paper, we will simply identify SO(Lq4) with I'g(2) x ['g(2) and
drop the overline. Under this identification, we have I'y, = I'g x I'q, where I'q is defined in (2-10). In
particular, we are interested in the action of the subgroup of SO(Lg4) generated by the images of (7', T') and
I'y.a x 'y a. Welet H] be its image in Hq := Ny x Nq, where Nq:=T9(2)/q. Let Nj:=T, 4/ 4. Then

N} x N, C H; C Hy = Ng x Ny. (3-10)

Since I'9(2)/ T, .q = Z/dZ, the quotient group Hy/H} is isomorphic to Z/dZ. For prime p, let Ng,,
denote the quotient of the subgroups generated respectively by I'g(2) and I'q in SL>(Z,). Similarly, we
can also define K, for K € {Ng, N, c’l, Hy, Hé}. Since d is only divisible by 2 and 3 in our case, the Chinese
remainder theorem implies

Hy=Hap x Ha3, Hy=Hy,xHy; Ng,xNg,CHj,CHip=NapxNgp.
For the same reason, we have the decomposition
Ad = Az x Agz, Adp =Ad®z2Z,. (3-11)

Using this isomorphism, we can write wg = wq,2 ® wg3 and Ug = Uy 2 @ Ug 3, where wyq, ), is the Weil
representation of SL,(Z,,) acting on Uy, , associated to Aq, .
Now, we introduce the vector uy € Uy.

Ug = Ug2 @ U3 = Z ad(j)( Z eh),

jezjdz heka(TIiTy )
(3-12)
. - d @(d)
aa(j) :=< 4“”>=M< . > — €7,
Se%@x ‘ d. /) /) e/, j)
where ug , =ug,(1,...,1) € U(/l,p C Uy, is the vector defined in (3-23) and (3-33), i and ¢ are the

Mbobius and Euler ¢-function respectively. Note that a4(j) is defined for any d e N and j € Z/dZ.

Remark 3.3. A natural question is where the element ug4 , comes from and what it is good for? In the
next two subsections, we will give some ideas where they come from. For now, we are satisfied to give
its nice properties as below. See Proposition 3.6 below.

Lemma 3.4. For any d,r | 24, the vector uq € Z[Aq] is invariant with respect to 'y , x T, , if and
onlyifd|r.

Proof. If d | r,then I', , C ', 4 and we just need to prove the case when r =d. Let (g1, g2) € SO(Lq)
with g; € I'y 4. Then

(81,82) U= Y _ ad(j)( > €h>=ud,

jez)dz hEKd(ngjFx,dg;l)
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where we have used the fact that I', 4 is normal in I'g(2) with coset representatives (T/:jez/dZ)}. Simi-
larly, (T, T)-ug =uqg. Thus uqis I'y 4 x "y g-invariant. If d{r, then (7", 1) € (Ty , x 'y, )\(T'y,a X Ty ).

It is easy to see that
T Dowg= Yy adu—r)( > eh);éud

jez/dz heka(TIN})
since
aa(=r) _ p@/d.r) ,  _ aa©®
@(d) @(d/(d,r)) @(d)
whend{r. O

Proposition 3.5. For any d | 24, we have

wa(§)ua = x(8) " ug (3-13)
forall g € Ty(2).
Proof. This follows directly from the local results 3.10 and 3.16 as

)—24(d2/d3+d3/d2)

wa(&)tg = (wg2(2)a2) ® (wa.3(g)ua3) = x (g ug2 ®uas = x(g) **uq.

for all g € I'p(2). Here we have used (1—1 — (g—i + g—z) € Z when d | 24. O

Now, define two further vectors
bd = wa(S)ug,  Wq = &y @a(T)vg. (3-14)

Note that ug, vg and toq are linearly independent for all d | 24. The key to the input of Borcherds lifting is
then constructed using these vectors in the following result.

Proposition 3.6. The representations o4 defined in (2-3) is a subrepresentation of the Weil representation

wq via the map

’ a
ld: C— Ude C Uy, (b) > aug + bvg + ctog. (3-15)
c

Let Fq be the modular function defined in (2-4). The function iq o Fy is then in M "(wq) and invariant with

respect to the orthogonal group Hj C SO(Lq)/'r,. Furthermore, it has the principal part

0(q'? ifd>1,
o ifd=1,

Remark 3.7. When d = 1, the function ¢4 o Fy differs from the input in [ Yang and Yin 2019] by a constant

tgo Fa(t) =q Vg + { (3-16)

vector. To simplify the notation, we will write

24(e0,0) +e1/2,0) ifd=1,

3-17
0 ifd>1, ( )

ﬁd:=tdoFd+{

which is an element in M'(wq) invariant with respect to Hj.
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Proof. 1t suffices to check on the generators 7', S of SL,(Z). From the definition and Proposition 3.5,
it is clear that

wa(T)ug = &5 'ug, wd(T)vg = {rgtog,
wd(T)0g = &3 (T2 g = &35 wa(SB)ug = Lawa(S)ud = {2a04,
wq(S)rg = vy, wd(S)vg = uq,

0a($)10g = §34' 0a(STS)ug = §35' 0a((ST)*BSHug = 455 @a(S(TS) g = &9 wa(S)ug = wg. O
In the following two subsections, we work at the 2-part and 3-part separately and construct ug , for

p =2, 3. This will shed some light on where ug comes from.

3B. The case p = 3. There are two possibilities for A4 3. If 31 d, then Aq 3 is trivial. If 3 | d, we can
identify the groups Aq 3 and A := M>(F3) via

ho —h
ka3t My(F3) = Ags, (h‘; h;) mod 3 +— h = [ho, hy, hy, h3) ® Z3, (3-18)

which is just the map k4 in (3-6) tensored with Z3. This is an isomorphism of finite quadratic modules
if we equip M, (F3) with the quadratic form Qq43 = (3dy)~! det, which has value in %Z/Z. Then
H3 = SLy(F3) x SLy(F3), H; = (Nyx Nj, (T, T)), where

Nos =100 G- (Cro)- G- G 5 G4 G- (204

(3-19)
={(Z10)- (i 1)) € SLa(F3) € Ma(Fs)
is isomorphic to the group of quaternions. Another way to characterize N 5’3 is
Nis={£(s 1)} U{g € SLa(F3) : Tr(g) = 0}. (3-20)

From this, it is easy to check the following local analog of Lemma 3.1 at 3.

Lemma 3.8. Forany j € Z/d3Z, we have
ka3 (TTNG3) NVAG 5 = {1, =, 0, 11},

Denote 03 € A the zero matrix. Then Hy 3 acts on the set A\03, and decomposes it into 3 orbits
according to the norm of the elements. The subgroup HC/LS C Hy 3 acts on A\03 similarly and decomposes
the three orbits into 5 orbits. We denote the sum of elements in each orbit by t; fori =0, 1, 2, 3, 4. They
are explicitly given as follows:

Zhexd_g(TiNéﬁ) ey ifi =0,1,2.

o (3-21)
ZheA\Og det(hy=—i mod3 ¢ i =34

0; =

This gives Uy ‘” = Ceo, + Z —oC; C C[A]. Moreover, U, ; contams an SL,(Z)-invariant vector

4deg, + tv3, Wthh is also in U ;3 Its orthogonal complement in U, g * is 5-dimensional and decomposes
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into x5 L X3 L 0%, where x3 and o are irreducible representations of SL,(Z) given by

1 -1 2 2

6T =5 x®=1, o= & ; Q(S)=% 2 -1 2, (3-22)
& 2 2 -1

with respect to the basis {rog — tvy, 10y — 2, 8eg, — 03, 10y + 10| + 102, 2104} For any m € Z, we use o™
and X3[m] to denote the representations of SL,(Z) defined by
o"(g) = 0", X" (9) = x3()™

Note that o[ and X3[m] are well-defined and only depend on m mod 3. We remark x3|r,2) = x5 In
summary, we have:

Lemma 3.9. (1) The subrepresentation a)g %’3 C wqa 3 fixed by Hq 3 decomposes as

Hys ~ _
o = 1. gl
with respect to the basis {4eo, + 103, 8tvg — 103, tog + 101 4 102, 2104}

Hys . ,.Hq .
(2) Denote Ué’3 the orthogonal complement of Ud,;S inU d’ém and a)(’L3 the restriction of wq 3 to Ué’S.
Then

2
Ué’3={2ajmj taj e C, Zaj =O}
Jj=0 J

and @) 3 = (X3[_d2])€92.
(3) Under this identification, M'(wq.3)743 = M' ® M'(o'=%1) and
M (043)45 = M (04.3) 2 @ M' (} )2
The analog of u4 satisfying Lemma 3.4 and Proposition 3.5 is in the subspace

Ul 5 ={ug3() : ¢ = (¢;) € C¥ D},

where

ug3(8) = Z( > cszgg')( > eh). (3-23)

JEZ/A3Z * se(Z/d3 7)™ heka3(TI Ny 3)
As a consequence of Lemma 3.4, we have the following local analog of Proposition 3.5 at p = 3.
Proposition 3.10. For any d | 24 and ¢ € C¥%), we have
©43(8)ua3 (@) = x () Pug3(0) (3-24)
forall g € Ty(2).

Proof. 1f d3 = 1, this is clear. Otherwise,

wa3(8)1a3 @) = x3(8) " Pua3(0) = x(8) ¥ 2ug3(©). O
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Ifé=(1,...,1) € C*Y), then we simply denote uq3(¢) by ug 3, which is explicitly given by
209 — o] —top  ifd3 =3,
g3 = { o (3-25)
€0, ifd; =1.
3C. The case p =2. In this case, the finite quadratic module
Ago=2/0Z x 7](2d2)Z x Z/(2d2)Z x Z]drZ
has the quadratic form
d;! 1
Qa2 ([ho, hy, ha, h3]) := 2= (2hohs — hihy) € —Z/Z. (3-26)
2d2 2d2

Even though the size of 44> can be large, the number of orbits under the suitable orthogonal group Hj ,
i1s much smaller. More precisely, we have Hq» = Ng2 X Ng2 and Hé,z D Né,z X Né,z’ where

Ny = {(2616 Z) € SLQ(Z/(deZ))}/<Td2’ Cdz/(Z,d2)>,

Ny, :=(A,C, D)= (Z/(da(2,d2)/ (4, d2))Z x Z/(d2/ (2, d2))Z) X Z] (4, d2)Z.

(3-27)

Here A := (i %), C:= (156 é), D := (:1 }) are elements in SL,(Z) projected into Nq 2. The commutation
relation is given by DAD~! = A3, In particular N(;,z has size d% and is abelian for d, =1, 2, 4.

The group Ny 2 acts on the left on A4 > via (simply coming from matrix multiplication)

b
(2ac d> [ho, b1, ha h3) = [aho + bha, ahy +2(bh3), 2(cho) + dha, chy +dhs] (3-28)

for (2“C Z) € Ny and [ho, hy, ha, h3] € Agq2. The same holds for the right action. We can embed Ny »

into Ay 2 using the map kg2 : Ng2 — Aqg2 defined by

Kd,2<<2"c fz)) = dj'[a mod dy, 2b, 2¢, d mod dy]. (3-29)

It is then easy to check that

ka,2(8182) = 81 -Kka,2(82) = kd,2(81) - &2,

—1 (3-30)
d; " det(g) mod d, . iZ/Z
d; 2d,

for all g, g1, g2 € Ng,2. From this, when 2 | d, it is easy to check that x4 is a two-to-one map since

d2+1)(",) e Ny, and
Kd,2<(d2+ 1) (1 1)) =Kd,2<(l 1))

To better describe «g42(Ng,2), it is useful to know the smallest additive subgroup of Aq4 2 containing it.

Qd2(k42(8)) =

We describe it in the following lemma.
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Lemma 3.11. Let -A:i,z C Ag,2 be the smallest (additive) subgroup containing xq2(N, 1/1,2)‘

(1) When 8| d, -’421,2 = (Z/27)* x (Z/87)* is the orthogonal complement of the subgroup generated by
[6,4,0,2],[0,8,0,01, [0, 2,2,0] € Ag,2, and

-1/ q/ / N
Ko (Agp) = NgaUT Ny .
Furthermore, we can distinguish the elements in N} , and T*N i, via

N}, =kis({lho. hi, ha, h3) € A}, hg— d3 = hy + hy mod 16}),
T*Nj, = kg, ({[ho. k. ha, h3] € Ay, hg —d3 = hy +hy +8 mod 16}).

(3-31)
(2) When81d, Ay, = (Z)dyZ)? is generated by Kd’z((l ) Kd,z((:é {)) and
ch,é(Afi,z) = Ng,-
Proof. This can be verified using the Appendix and some computer calculation. (|
In addition, we record the following local analog of Lemma 3.1 at the prime 2.
Lemma 3.12. Forany j € Z/dyZ, we have
ka2(TT Ny ) NAY, = {[r, r(2j + (d3r)> = 1),0, 7] : 7 € (Z/dr2) "},
Proof. For j = 0, this follows directly from Lemma 3.11. In general, it is easy to check that
T/ (ka2(N§ ) NAQ ) = ka2(T/ Ny NAQ,
for any j since the action of T preserves Ag. O

Since T2 =0 ¢ N(’i’2 and Hé,z is generated by Né,z X N(/L2 and (T, T), the index of Hé,z in Hyp is dp
H/

and the sizes of Hq» and Hé,z are dg /(2,dy) and dg /(2, dy) respectively. The dimension of Ud’g’z is the

number of orbits in 44 7 under the action of Hé’z. Since the finite group Hé,z is explicitly given in (3-27),

it is straightforward to calculate these orbits on a computer in practice. We did this in Sage [2019] and
received the following results:

4 ifdy =1,
’ 46 it d, =4,
118 ifdy, =8.

. . - . H; Hj
With these calculations, one can already explicitly decompose the representation w; %‘2 on U, 5'2. To find

. . . H}
the desired vectors, we need to consider the following subspace of U 5%
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For d, = l the vector e(1/2,0) — ¢(0,1/2) generates a 1-dimensional SL;(Z)-invariant subspace. Denote

Uj, C Uy ;2 its orthogonal complement For d, > 2, the subgroup Hi, has index 2 in Hj,, =

d/2 2

(T%/2, H} ,). Denote Uy, C U ? the orthogonal complement of U, y** C Uy ;2 Then it is clear that

dim U} , = 1 (numbers of Hj ,-orbits of Aqg» — numbers of Hy, ,-orbits of Aqg, 2).

The following result comes out of the computer calculations.

Lemma 3.13. For any d | 24, the dimension of U é,z is 3¢(dy). Furthermore, the support of any elements
in UC/L2 is contained in the union of {h € Aq2:2Q4(h) = —d;l/dz} and Ujel/dzz Kd,z(TjNé’z).

Now for d | 24, define the following vectors
wo= Y (¥ ) T )
JEZIdT N se(@)drT)* hekq 2 (TIN},) (3-33)
04,2(€) 1= w42(SHug2(6),  1042(C) = é‘d_zdSQ)d,Z(T)Ud,Z(E)
for all ¢ = (¢;) € C¥9), From Lemma 3.13, we can show that these vectors give a basis of U (’1,2.

Lemma 3.14. For any d | 24 with 2| d and ¢ € C*9), the vectors vq 2(¢), w4 2(¢) have the same support,
which is disjoint from that of ug 2(c1) for any ¢ € C#@,

Proof. Since the action of wq2(T) does not change the support, we know that vg 2(¢) and wq 2 (¢) have
the same support. Now we have by definition

ba2@ =)™ D e D D ;ﬂ{j( > e((u,h))eu)-

SE(Z)drZ)*  peAd2 jeZ/drZ heka2(TING )

We want to show that the coefficient of ¢, is zero if u = ka2(T7 g") with j € Z/dyZ and g’ € Ny ,. Now
if h = ka2(g) with g € T/ N/, ,, then

dy ' Tr(g(T/'¢H™")

(e, h) = &

by (3-30). Since N, is normal in Ny, which contains T, we have TJ'NC/LZT*J'/ = Tf*f/Né’z. Therefore,

it suffices to show that the sum below vanishes

Y oY ewm=¢ Y Y

j€Z/dxZ hekg 2 (TINg,) J"eZ/drZ hexaa(T1" N} ,)

with j” := j — j". Also for h = [hg, hy, ha, h3] € Kd’z(Né’z), we have Tr(T/ - h) = Tr(h) + j - hy. Using
this, we can rewrite

PO AN 4“51; = > cf; T 3 gd”<s+d3 hi)

J'€ZIBT  herg (TN} ) heka2(Nj) J'ez)dz
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By Lemma 3.11 (or inspecting the Appendix), we know that | € 27/2d,Z for all h € Kd,z(Nél). So
s+ d;lhl € (Z/dyZ)* and the sum above vanishes. O

Lemma 3.15. For any d | 24 and any basis B of C¥%), the set
| {10.2(0). 04.2(0). w420} (3-34)
ceB

is a basis of Uy ,.

Proof. We know that dimension of U (/1’2 is 3p(dy) from Lemma 3.13, and need to check linear independence
of the vectors in the set above. Since the vectors ug »(¢), bg.2(C), tog2(¢) are defined linearly, it suffices
to prove the lemma for B = {€(s¢) : s¢ € (Z/d>Z)*} with €(sg) € C*(%) the standard basis vector with 0
everywhere except 1 at the so-th entry. It is easily checked from the definition that ug »(¢), v4.2(¢), q,2(¢)
are in Ué’z are eigenvectors of T with eigenvalue g“c; % when ¢ = €(sg). Therefore, it suffices to check
that the three vectors 1q2(C), v4.2(C), 1g.2(c) are linearly independent whenever ¢ = é(so).

When d, = 1, this is easily checked by hand. When d, > 2, it suffices to show that vq2(€(s0))
and gy (€(so)) are linearly independent by Lemma 3.14. Let us assume otherwise. Then the restric-
tion of wq o to Cug2(€(so)) + Coq2(€(sp)) is a 2-dimensional representation of SL,(Z). In the basis

{ug2(€(s0)), va2(€(50))}, it is given by the map

Lg,) 1
T|—>( i§2d2>7 S|—><1 )

However, (T - S)° is the identity, whereas

—1 6 -1 3
(% s 0D = )
+42q,) \1 oy
is not the identity since 2 | dy. This is a contradiction and finishes the proof. U
H) -

Proposition 3.16. Ford |24, let a)éh2 denote the restriction of wq 3 to U, é,z cU d’;‘z. Then uq>(c) satisfies
02(8)ua2(8) = x (&) Pug »(€) (3-35)

forall g € Ty(2) and ¢ € C*) | Fyrthermore with respect to the basis in (3-34), we have
©hr =gl (3-36)

Here 04, 4, is the 3-dimensional representation defined in (2-3).
Remark 3.17. If ¢ = (1, ..., 1) € C*%), we simply write 14 5 for ug (). They are explicitly given by
e0, ifd, =1,
ud,2 == d2/2 .

2 (ZKd,Z(NéLz) ey — ZKd,Z(sz/zNé,z) eh) if d2 = 2, 4, 8.

Proof. For the first claim, it suffices to prove the cases g = T, S%, T'B, which are generators of ['y(2).
If g = T, then a)éyz(T)eh = e(—Qq2(h))ey. For h € Kd,z(TjNéyz), we have Qg2(h) = d;l/dz =

(3-37)
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ds/d; € %Z/Z. Therefore (3-35) holds for g = T. When g = S2, since wq(S?)e, = ¢_p, for all h € Ay
and —(' ) € N} ,, we know that —kq(T7 N} ,) = ka(T’ N} ,) and (3-35) holds for g = S
For g = TB = TST?S™!, it suffices to show the middle equation below
_ - d;! - - -
0 2($) g 2 (T~ g 2(6) = £ 042(E) = 0a2(T?)042(0) = a2 (T*)w} 5 (S)ua2(0).
This is easily checked by hand when d, = 1. If 2 | dp, we know by Lemmas 3.13 and 3.14 that the
support of vg(¢) is contaigled in {h € Ag2:204(h) = —dy 1/ d}. It is therefore an eigenvector of
a)éyQ(Tz) with eigenvalue gfj . This proves the first claim. As in the proof of Proposition 3.6, the vectors
{ug.2(C), v4.2(C), 042(¢)} generate a 3-dimensional subrepresentation of wq 5 isomorphic to 0d,,d;- The
second claim then follows from Lemma 3.15. O

4. Borcherds liftings

4A. Brief review of Borcherds liftings. We first set up notation and briefly review the Borcherds lifting,
following [Yang and Yin 2019, Section 3]. Let V = V4 and H be as in Section 3.
Let
L={weVc:(w,w)=0, (w, w) <O0}. 4-1)

and let D be the Hermitian symmetric domain of oriented negative 2-planes in Vg = V ®g R. Then one
has an isomorphism
pr:L/C* =D, w=u+ivr> Ru+R(—v).

For the isotropic matrix £ = (8 _01 ) €eLand ¢ = ( 1% 8) € V with (¢, £) = 1. We also have the associated
tube domain

z1 0
Heo = :(01 ) Sy1y2 > 0}, yi =1Im(z;),
—22

. 2z 0\ _ [z —dziz
w:He oy — L, w((o —Zz>)_<1/d 2 )

This gives an isomorphism H, ¢ = £/C*. We also identity H? U (H™)? with H, ¢ by

Ya:z=1(21,22) (Zl({d —Z(Z/d)'

together with

Note that we use this identification in order to have the following compatibility property and it is also the
identification used in the computation of Borcherds products. The following is a special case of [Yang
and Yin 2019, Proposition 3.1].

Proposition 4.1. Define

d — d
wa:H UM = £, walzi, 22) =wo (a1, 22) = (Zl/ a2/ )

I/d  —zp/d
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Then the composition pr o wq gives an isomorphism between H*> U (H™)? and D). Moreover, wq is
H (R)-equivariant, where H(R) acts on H2 U (H™)? via the usual linear fraction:

(g1, 82)(z1, 22) = (g1(21), &2(22)),

and acts on L and D naturally via its action on V. Moreover, one has

(91, gwa(zy, 22) = L8 E22) o)), (4-2)
v(g1, &2)

where v(g1, g2) = det g| = det g, is the spin character of H = GSpin(V), and

. . _(a b
Jj(g,2):=cz+d, g—(c d)

is the automorphy factor of weight 1.

For a congruence subgroup I' of SL,(Z), let X1 be the associated open modular curve over Q such
that X (C) = '\H. Assume I" D I'(M) for some integer M > 1. Let

v:AX < GLy(A), v(d)=diag(l,d).

Let K (I') be the product of v(ix) and the preimage of I'/ I'(M) in GL, (Z) (under the map GL, (Z) —
GLy(Z/MZ)). Let K = (K(I') x K(I')) " H(A ). Then one has by the strong approximation theorem

Xx = Xr x Xr.

In this way, we have identified the product of two copies of a modular curve X with a Shimura variety Xg.
Suppose that T" acts on L’/L trivially, then for each u € L’/L and m € Q(u) + L, the associated
special divisor Zr(m, ) is given by

Zr(m, n) = (I' x )\{(z1, z2) : wqa(z1, z2) L x for some x € u+ L, Q(x) = m}.

More generally, assume I" D I'(M) preserves L, and u=)_a,e, € C[L'/L]is " x I'-invariant, the cycle

Zry(m,u) = Zauzr(m(m, )
descends to a cycle Zr(m, u) in Xt x Xr. For our purpose, we will take
d[24, TI'=T,4DI¢DI'(2d) D>TI'(48)
from now on and write X4 := Xr = Xr,,. Notice that X; = X((2) has two cusps, ico and 0. Since
{T/:1< j <d} are coset representatives of I’ x,d in I'y 1, the modular curve X4 has the same cusps as X.

Lemma 4.2 [Yang and Yin 2019, Corollary 3.3]. Ford | d’ | 24, let v : Xr@ay — Xqa be the natural

projection. Then

1 1
xm X =Y Zren(z 37 +L) (43)
yel'/Td)

and the group T"(2d') can be replaced by T'y.
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Since I is normal in I'g(2) =T, 1, the action of T = ((1) }) € I'0(2) on H factors through X4 and defines
an isomorphism X4 — X4, which we also denote by 7. Using this, we can define translates of the diagonal

X§ ()= (T7 x D*(X$) C Xg x Xq (4-4)
for j € Z/dZ. Equation (4-3) also generalizes to
. 1 1.
Ex XEGN = Y Zrewo (g gT7 L), (4-5)
yel/T(2d)

where one can replace I'(2d’) with I'y. From this, we see that the pull back of X dA (j) along natural
projection Xg x Xg — Xq x Xqis U,cqz 147 X (ﬁ( j +1). Before proceeding further to state and prove
the main result of this section, we record the following identity for convenience.

Lemma 4.3. For any d € N, we have the following identity in Q(X)
paX) = [ (1—¢f{x)yu@ =[] —x¥bybucd, (4-6)
jez/dz bld
where aq(j) is the constant defined in (3-12). Furthermore for any s € N, we have
[ [pax/% =1 —Xx)". 4-7)
djs

Proof. To prove (4-6), it suffices to check that both sides have the same roots counting multiplicity, since
they agree at X = 0. The multiplicity of X = 5({ on the left-hand side is aq(—j) = aq(j), whereas it is
> b|(d, j) b - 1(d/b) on the right-hand side. The equality is then a consequence of the identity

dy _ o(d)
%b-u(g) = uid/m) S nld,

which is a standard exercise that we leave, along with (4-7), to the curious readers. O

Now, we can specialize Borcherds’ far reaching lifting theorem [1998, Theorem 13.3] (see also [Yang
and Yin 2019, Theorems 2.1 and 2.2]) to the modular function Fd in (3-17) and the result below.

Theorem 4.4. For every d | 24, recall the modular function in M ’(wd)Hé

24(e0,00 te/2.0) fd=1,

~ d _ _
Fa) = V2 (5, ua + 1,2 (00 + 524 (0)wg) + { . a1

defined in (3-17) with uq, 04, 104 € Uq vectors defined in (3-12) and (3-14). Let W4(z) be the meromorphic
modular function on Xq x Xq (with some characters) associated to fd via Borcherds multiplicative lifting,
i.e., —log||Wq(z) ||%,et is the regularized theta lift of Fd with || - ||pet @ suitably normalized Petersson norm
(see, e.g., Theorem 2.1 in [Yang and Yin 2019]). Then Vy(z) has the following properties:
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(1) On Xd X Xd,
Div(Wa(2) = Y aa(HX5 ()

jez/daz

(2) When d =1, Wq4(z) has a product expansion of the form

i) =21 —q) [[ A—aig5) ™™ (1 —qi"g3m) ™
m,n>1
near the cusp Q€ of Xy, where q; = e?™% and cq(l) are the Fourier coefficients defined in
Remark 2.1.

(3) Whend > 1, Wq4(z) has a product expansion of the form

b 1/b 5 b ca(mn) (=) =D/d2
w=[Ta" ~a o T (TTa-a"a"on)

b|d m,neN b|d
mn=—1 mod d

near the cusp Q€ of X g, where u and ¢ are the Mobius and Euler o-function respectively.

Proof. This is a specialization of Borcherds’ result to the input Fyq € M'(wq). For this, we need to substitute
the suitable parameters into Borcherds’ result, which has been specialized to this case in Theorems 2.1
and 2.2 in [Yang and Yin 2019]. Using the specialization there, we see that the divisor of Wy is

ag(j z (—1, ): ag(j Z (—1,1Tf L),
jezz/dz a(j) ue{%ﬂ) ral g M jezz/dz a(j) yeF/ZI‘(Zd) reo\ =g gt
which gives us the first claim after applying Lemma 4.2.

For the second and third claim, we specialize Theorem 2.2 in [Yang and Yin 2019] and use the notations
there. When d = 1, this is rather classical and can be found in [Scheithauer 2008] (see also Proposition 5.3
in [Yang and Yin 2019]).2 Ford > 1, the Weyl chambers for fd are the same as in the case d = 1, and
we choose the one W = R{(“ _,

vector, the associated form fd, p is identically zero, and the Weyl vector p (W, fd) is 0. Since fd does not

) ra > 1}. Since uq, b4 and w4 do not have support on any isotropic

have any constant term, the constant C in the product expansion is 1, For the infinite product, suppose
A= é(_m ,) withm, n € Z. Then (, W) > 0 if and only if m > —n,n > 0 and (m, n) # (0, 0).
The set of € L6/L with p(®) = A consists then of }1(_6" _n’) with j € %Z/dl. For such XA, u, we have

i n/d_mj/d
L= () + (u, €)= 1= ] g} g3,
By inspecting the g-expansion of Fy, we notice that

Fy(r) = (q_”d + > Cd(l)ql/d)ud + > Fau(t)e,.

leN,/=—1 mod d 1 1 1
me el /L, Qu(ef 27.55+5 |

ZNote that the Fourier expansion of f in [loc. cit.] is incorrect.
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Therefore, the only pairs of (m,n) withm < 0is m = —n = —1, and the only u € L,/L where Fg,
could be nonzero are contained in the support of ug, hence

1 (—m |

== Le-T'T L

12 d < 0 I’l> +L e d X,d+

withmn=—1 mod d and j’ ::nj—%(n2 —1)eZ/dZ by Lemma 3.1. The Fourier coefficient c(— Q (), i)
of the input is then cq(mn)aq(j’). It is easy to check that aq(j") = ad(j)(—l)(”z_l)/dz. By Theorem 2.2

in [Yang and Yin 2019], W4(z) has the product expansion

i n/d_m/dye ) (—1)@>-Ds8
Wy(z) = 1_[ 1‘[ (1 — gl gl g/ dycatmmaa(i=h

meZ-_1,neN jez/dZ
mn=—1 mod d

Finally, applying Lemma 4.3 finishes the proof. U

4B. The Weber function differences as Borcherds liftings. Now, we are ready to state and prove the
following main result of this section.
Theorem 4.5. For d |24, let V4(z1, 22) be the Borcherds product of Fd € M'(wy) as in Theorem 4.4. Then
forany s | 24 and € € {1}, we have

(F2@D** = (eha(22))**) =[] Waz1. 20" (4-8)

d|s

Proof. We first look at their divisors in the open Shimura varieties X x X;. Suppose € = 1. The left-hand
side clearly has s - [X SA] as its divisor, whereas the right-hand side has the divisor

YD ) Y IXFGADI= Y (Zw(k))[X?(k)hs-[X?L

dls jez/az ledZ/sZ kez/sz ™ d|s
as
s ifk=0,
Y aatk) =" pu(d/d, k)p(d)/ed/d k) = .
0 otherwise.
d|s d|s
When ¢ = —1, the argument is the same unless 8 | s. In that case, the divisor of the left-hand side is

s -[X2(s/2)], whereas the divisor of the right-hand side is

Div [ | Waz1,22)> =Div ][ [ Waler, z2) = - XS+ (X2 (/DD — 5 - [XM =5 - [X(s/2)].
d|s/2 d|s

Now let
nd\s 824/(d’s)\11d(Z1 > Z2)2
(F2(21)%4/5 — (ef2(22))24/5)s

g(z1,22) =
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Then it is holomorphic and has no zeros on X x X;. So
Div(g(z1, 22)) = @oo,1({00} X X;) + oo 2(Xs X {00}) + ap,1 ({0} x Xs) +ap2(Xs x {0})

is supported on the boundary with a; ; € Z. The product expansion of W; and the definition of f, imply
that deo,1 = doo2 =0.

Next, fix zo € X the above argument shows that g(z;, z2), as a function of z; on X U {0, oo} has
only zeros or poles at the cusp {0}, which is impossible. So g(z1, z2) has no zeros or poles in z;, and
is therefore independent of z1, i.e, g(z1, z2) = g(z2) is purely a function of z, with no zeros or poles in
X U {oco}. This implies that g(z1, z2) = g(z2) = C is a constant.

Finally, looking at the ¢;-leading term of the Fourier expansion, we see C = 1 and this proves the
theorem. The last part of the proof follows from the argument in the proof of [Yang and Yin 2019,
Theorem 3.4]. O

5. Big CM values

5A. Products of CM cycles as big CM cycles. Yang and Yin [2019, Section 3.2] have described how to
view a pair of CM points as a big CM point, which we now briefly review for convenience and set up
necessary notation. We modify a little for use in this paper. For j =1, 2, letd; <0 be co-prime, fundamental
discriminants satisfying (1-3). Denote E; = Q(d ;) with ring of integers O; = Z[%(l + \/dT)] and
class group Cl(d;). Let E = E| ®q E> = Q(y/d}, v/d,) with ring of integers O = O; ®7 O,. Then E
is a biquadratic CM number field with real quadratic subfield F = Q(+/D) and D = d,d>.

For a positive integer d, we define W = Wy = E with the F-quadratic form Qr(x) =dxx/ VD. Let
Wg = W with the Q-quadratic form Qg(x) =Trr/g Qr(x). Let o1 and o2 be two real embeddings of F
with o (v/D) = (—1)/~'/D. Then W has signature (0, 2) at o» and (2, 0) at o respectively, and so Wg
has signature (2, 2). Choose a Z-basis of Og as follows

—1 d —1 d
=11, e = +ﬁ: +\/_1®1

4+ 14+dy

1 ., e4=eres.
® > 4 2€3

2 2 r 2

We will drop ® when there is no confusion. Then it is easy to check that

(Wa. Qo) = (V. Q) = (My(Q). ddet), Y xie; > (’“ ’”). (5-1)

X4 X2

We will identify (Wg, Qg) with the quadratic space (V, Q) = (M,(Q), ddet). Under this identification,
the lattice M»(Z) becomes O, and the lattice Lq becomes Ze| + Zey + Zey + Z2e4 C O, which we still
denote by L = Lg4. Define T to be the maximal torus in H given by the following diagram:

1 G T Resr;0 SO(W) —— 1 (5-2)

R

1 G H SO(V) ———1
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Then T can be identified with ([Howard and Yang 2012; Bruinier et al. 2012, Section 6])
T(R)={(t1,n) € (E1 ®a R)* x (E2®q R)” : 11t} = 1},

for any Q-algebra R, and the map from T to SO(W) is given by (t1, 1) > 11 /f>. The map from T to H
is explicitly given as follows. Define the embeddings ¢; : E; — M>(Q) by

(e1, e)1(r) = (rej, rex), w(r)(es, e1)' = (Fes, re)'. (5-3)

Then ¢ = (11, 1) gives the embedding from 7 to H. If r; = oje; + (—l)j“ﬁjejH € E;, then

Ld; —
Lj(rj) =« ((1) (1))+ﬂj ((1) 4(dil D). (5-4)

Extend the two real embeddings of F into a CM type X = {01, 02} of E via

o1(Jd) =vdi €H, or(d)=vdi, o1(\Jdr) =—/d.

Since Wy, = W ®F,, R C VR has signature (0, 2), it gives two points szz in D. In this case, the big CM
cycles associated to 7 as defined in [Bruinier et al. 2012; Yang and Yin 2019] are given by

Z(W.z,,) = {23} x T@\T(Ap) /K1 € Z*(X). (5-5)
and
Z(W)=Z(W,z;)+02(Z(W,z;)). (5-6)

For simplicity, we will denote z,, for zjz. The same calculation as in the proof of [ Yang and Yin 2019,
Lemma 3.4] gives the following result.

Lemma 5.1. On H? U (H™)2 one has 2o, = (11, T2) € H? and 7, =(T1, ) € (H)2 where

_1+/4
=Y

Tj
For d | 24, let Kq C H(A) be the compact open subgroup generated by (7', T'), (I'yy ¢ x 'y 4) ® ZcC
H(Ay) and (v(zx) X U(ZX)) N H(Ay). By the choice of Iy 4, we actually have the following result.

Lemma 5.2. Suppose d; < 0 are discriminants satisfying (1-3) for j = 1,2. Then for any d | 24, the
preimage 1~ (Ky) is independent of d | 24.

Remark 5.3. We will simply denote (~'(K4) by K.
Remark 5.4. The lemma does not require d; to be fundamental or co-prime.

Proof. Since K»4 C Kg C K for any d | 24, it suffices to check that " 1(K1) = "' (K24). Furthermore,
we know that I'(48) C I, 24 C ', 1 = I'9(2), so we only need to check the equality when tensoring with
Z/37 and with Z/16Z. This then boils down to a short calculation with finite groups.
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To check the case modulo 3, it suffices to show that ¢ (1 (K1) ®7Z /37) C K24 CGLo(Z/3Z) xGLy(Z /37).
Since I'y 1®7/3=T0(2)®2Z/3 =SL,(Z3), we have N (K1)®Z/3=1""(H(Z/3Z)). Thus (5-4) implies

K )®Z/3) = {((“f Bild; = 1)/4>) € HZ/37):a;, Bj € /37, }
Bj aj—B;j j=12

and we need to show that this is contained in

Kpy ®Z/37 = (T 24 X Tyoar (T, T), v(Z*) x v(2*)) @ Z/3Z
= (Ty3 X Ty 3, (T, T), v(Z*) x v(Z*)) ®Z/3Z
=Nz x Ns (0. D). (("2,). (P L)) c H@/32).

Now given r = (r1, r) € . (K{) ® Z/3Z with Lj(rj) = (‘;f ﬁfé‘l_f:ﬂ_)/“), we know that
J J J

8 :=det(t; (r))) = Tr(1;(r))* — Bid; € (Z/32)* (5-7)
is independent of j. If B; =0, then ¢;(r;) = :I:(1 1) € Njjand (r) € K4 ®Z/3Z. 1f py =0 and B # 0,
then ¢ (ry) € Né’3 and 6 = 1, which implies Tr(t2(r2)) = 0 by (5-7). That means t(r2) € Né’3 by (3-20).
Finally suppose ; # 0, then we can use 3 {d; to show that € := «;;(8 + 1) is independent of j. It is

then straightforward to check that Tl_e(1 5)L‘,~ (rj) Né,3' Therefore ((r) € Koa®Z/37.
To check the case modulo 16, suppose

r=(r,mn) el (K)®Z/16Z

withr; =otjel—|—(—1)j+1ﬁjej+1,ozj, Bj € Z/16Z. Then simple calculation shows thata ; —1, 8; €2Z7/164Z.
Furthermore, det(¢;(r;)) =«; (aj—ﬂj)—ﬁjz.(dj—l)/4e (Z/16Z)* is independent of j since t(r) € H(Ay),
and ,3J2.(dj —1)/4=0 mod 8 since d; =1 mod 8 and B; € 27/16Z. Therefore,

det(e;(r)) " =i (aj — B + B7(d; — 1)/4.

Now r € 17! (K»4) if and only if ¢ (r) € K4 ® Z/16Z, which is generated by v((Z/162)*) x v((Z/16Z)*),
(T, T)®Z/16Z and (I' 24 x 'y 24)®2/16Z = (', 3/ I'(16) x I"y, g/ I"(16)). From the natural surjection
I'yg/T'(16) > Ty g/T'g=Ng = Né’z, we see that the following claim will finish the proof: the element

gj = v(det(t; (rj)))_l Tdet(‘f(rf)_l)/ztj (r;)

isin Ng = Ny , for all r; =aje;j+(—1)/ T Bje;r1 witha; — 1, B; €2Z/16Z. By dropping the subscript j
ind;, g;,a; and B;, we can write

1 a(a—ﬁ)—lgﬂz(d—l)/4 al@=—p)—1-p2d-1)/4 d—1 _ a@—p)—1-p*d-1)/4
2 B 2 B 4 B 2 ,
0 o l(@—p)~+E2 o la—p! —a @ —p)"

§=a
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which is an element in Ng = N3 5. Denote h =[hg, h1, hy, h3]:=kg.2(g) € As . To show that g € N; = Né’z,
it suffices check that & € Agﬁz, ie.,

h116,4,0,2], h1]0,2,2,0]

and h% —1=h;+hy mod 16 by Lemma 3.11. All of these can be checked by hand (assuming d =1 mod 8
and @ — 1 = 8 =0 mod 2), and we leave the details to the reader. U

By [Yang and Yin 2019, Lemma 3.5], the map

p:T@\TAy)/Kr — Cl(d)) x Cl(d2), [t1, 2]+ ([11], [2]) = ([a1], [a2]) (5-8)

is injective. Here a; is the ideal of E; associated to t;. If d, d> are co-prime, then [Yang and Yin
2019, Lemma 3.8] tells us that it is an isomorphism. If d;d> is not a perfect square, this subgroup can
be identified with Gal(H/E) with H the composite of the ring class fields Hy, associated to the order
of discriminant d; (see Proposition 3.2 in [Li 2018]). This observation and the above lemma give the
following corollary.

Proposition 5.5. Let d; < 0 be co-prime, fundamental discriminants satisfying (1-3). For [a;] € Cl(d;),
recall the class invariant f(a;) defined in (1-4). Then for any s | 24

4s Y loglf @) = fa)* =) ¥ log [Wa(Z(W))], (5-9)

[a;1€Cl(d)), j=1,2 dls
where € := gq4,84, = (=) +L=2/8 4nd 7 (W) is the big CM cycle defined in (5-6).

Proof. We may assume s = 24 for simplicity, as the other cases are the same. By applying Shimura’s
reciprocity law, Proposition 22 in [Gee 1999] showed that class invariants f(a;) for [a;] € Cl(d;) are
conjugates of each other under the Galois group. In particular, [loc. cit., (18)] implies

@) = 4, 2T = 0,5 Ta (1,7) = €4, 45" ST, )

where the class ¢t; € (E; ® Ay)* in ClI(d;) is [a;]. Here tjt_j can be understood to be an integer
modulo 48, and
(vV2)"ih

V2

is an 8-th root of unit depending only on #;; mod 8, coming from the Fourier coefficients of f,. Note
that v/2 = g + {8_1. Thus for t = (t1, ) € T (Ay), we have 1,1; = 1, and

8(1‘]’) =

log | f(a1) = f (a2)] = log (¢4 f2(m) ™ — (L5 12(12))72 | = log fa(e)") — eFa(; )],
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which depends only on the image p(¢) = ([a;1], [a2]) € Cl(d;) x Cl(d>). So by the isomorphism (5-8),
Yoo loglfa) = fl= Y. loglh(r)") —eh(ty?)]

[Clj]ECl(dj),jZl,Z tET(@)\T(Af)/KT

= Y loglf) — h(@)lem=icor-

(z.)eZ(W,05)

As the other three orbits are Galois conjugates of Z(W, 0; ), the sums over the other orbits are the same
as this one. Now the desired identity follows from Theorem 4.5. (|

6. Incoherent Eisenstein Series and the proof of the Yui—Zagier conjecture

In this section, we will use the big CM value formula of Bruinier, Kudla and Yang [Bruinier et al. 2012]
(see also [Yang and Yin 2019, Theorem 2.6]) to prove the factorization formula for W4(Z(W)) and the
Yui—Zagier conjecture. To do so, we need to review the associated incoherent Eisenstein series and
compute their Fourier coefficients.

6A. Incoherent Eisenstein series. Let F = Q(v/D), E = Q(+/dy, \/d>), and W = E with F-quadratic
form Qp(x) = dxx/ /D as in Section 5. Here D = didy. Let xg,r be the quadratic Hecke character
of F associated to E/F. Then there is a SL,(Af)-equivariant map

=[] SWAR) = 1O, xe/r),  M$)(©) =@ (8)(0). (6-1)

Here I(s, xg/F) = Ind%IK(AF ) xe/r| - |° is the principal series, whose sections (elements) are smooth
F

functions ® on SL,(AF) satisfying the condition
(n(b)ym(a)g,s) = x(@lal’' ®(g,5), beAr, acAy.

Here B = NM is the standard Borel subgroup of SL,. Such a section is called factorizable if & = Q) &,
with @, € I (s, xy). It is called standard if ®[g; 5,)s0,®)? 1S independent of s. For a standard section
® e I(s, ), its associated Eisenstein series is defined as

E@g s ®= Y  ®ygs)

y€BF\ SLy(F)
for R(s) > 0.

For ¢ € S§(Vy) = S(Wy), let O be the standard section associated to A ¢ (¢p) € 1(0, x 7). For each real
embedding 0; : F — R, let ®,, € I (s, xc/r) =1 (s, XE,,/ pni) be the unique “weight one” eigenvector of
SL,(R) given by

D, (n(b)ym(a)ks) = xc/m(@lal™*'e’,

for b e R, a € R*, and kg = (%%, S"%) € SO (R). We define for 7 = (11, 12) € H?

—sinf cos@

EG.s,8) =N@®2E(gr.5. 0,8 ( Q) @),

1<i<2
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where v =Im(7), N(v) = [1; vi, and gz = (n(u;)m(\/v;))1<i<2. It is a (nonholomorphic) Hilbert modular
form of parallel weight 1 for some congruence subgroup of SL,(OF). Following [Bruinier et al. 2012],

we further normalize
E*(?s S, ¢) = A(S +1, XE/F)E(?s S, ¢)?

where
AGs, x) = D (=20 (L(s + 1)) Lis, xg/p)- (6-2)

According to [Yang and Yin 2019], this Eisenstein series is incoherent in the sense of Kudla, and

E*(7,0, ¢) = 0 automatically. Write its central derivative via Fourier expansion

E¥'(Z,0,¢) =) a(@,1,¢)q', ¢'=e(Tr(17)), (6-3)

teF

with v the imaginary part of T € H2 Then it is known that a(¢, ¢) = a(v, t, ¢) is independent of ¥ when ¢
is totally positive. Finally, when ¢ = ®p ¢p € S(Vy) is factorizable, one has for > 0 (the factor —4
comes from [Yang and Yin 2019, Proposition 2.7(1)(2)])

d
a(t, ¢) = —4—- ( U W,y (s, ¢)) » (6-4)
where
Wip(s, §) = /F o (wn (b)) (¢p)(0)|a(wn (b)) |3 (—tb) db (6-5)

are the local Whittaker functions. Specializing Theorem 5.2 in [Bruinier et al. 2012] gives us the
following result.

Theorem 6.1 (Bruinier—Kudla-Yang). Let d; < 0 be fundamental discriminants satisfying d; = 1 mod 8
and31d;. Forany 1 #d |24, let ¢q € S(Va(Ay) be associated to ug. Then we have
—log [Wa(Z(W)[* = C(W, K) > a(t, ¢a). (6-6)
teF*, 10, Tr(t)=1/d
where Z(W) is the big CM 0-cycle associated to dy, d, defined in (5-6), and
deg(Z(W, 2
C(W,K)= M =2.
A0, x)

The rest of this section is to compute a(¢, ¢4q) and prove the Yui—Zagier conjecture. Unfortunately, ¢q
is not factorizable over F at the places dividing (d, 6). Instead, we have

$d = Pd.20d.3 Qpi6 Pd.p-

Then for p 1 6, the contribution of W; (s, ¢4) is the same as in the case of Gross-Zagier (see [Yang and
Yin 2019]). Therefore, we are left with the local calculations at 2 and 3. Since 2 splits completely in
E/Q, we denote py, ps the two primes in F above 2. Also denote p3, p5 the primes in F above 3. They
are the same if and only if (%) = —1. The local calculations in Section 6B lead to the following result.
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Theorem 6.2. Let d; < 0 and d be the same as in Theorem 6.1, and let ¢ = €16 = (—1)d+d2=2)/8
Suppose t = (a +/D)/(2d~/D) € F* is totally positive with a € Q. Then

a(t, ga) = —dre”85(da, ) x § Y (1+0rdy(tv/'D))p @ (1+/Dp~")83(d3, 1) log(Nm(p))

pinertin E/F
pt3
+log3 Y pPeVDp s (67)
pinertin E/F
pl3

if a € Z and zero otherwise. The functions 8,(d,, t) and 8(ds, t) are defined by

82(1, 1) :=2(v2(Nm(r)) — 1),  v2(Nm(2)) > 2,

520 1) { ! if v2(Nm(1)) =0,
"7 lva(Nm() =3 if vu(Nm() > 1,
Fl1 if Nm(2¢) = +1 mod 4,
8y(4,1):= 1 if vu(Nm(z)) =0,
1vz(Nm(t)) =3 ifvu(Nm(@)) = 1,
1 if Nm(4t) = 3 mod 8,
—1 if Nm(4t) =7 mod 8,
52(8,1) = F1 if Nm(2t) = +1 mod 4,
1 if vu(Nm(7)) =0,
v(Nm(7)) =3 if v2(Nm(7)) > 1,

83(1, 1) == p3(t), v3(Nm(r)) =0,

2-3(1-(2))(1- (%)) if Nm(31) = 1 mod 3,
833,1) 1= ~1 if Nm(3t) =2 mod 3,
(14 (4))vsNm(@) +1 = (4)* "7 if vs(Nm30) = 1.

v(Nm()+1  ifdz=1,

83(ds, 1) 1= {2v3(Nm(t)) +3  ifd3=3,

and zero otherwise. Here p™)(a) := p(a'™)) is the number of integral ideals of E with relative
norm (to F) a™ | py(a) := p(a/a(M)), and a™ s the prime to M part of an ideal a.
Proof. To evaluate a(t, ¢), it is convenient to introduce the “Diff” set of Kudla. For a totally positive
t € F*, define

Diff(W, 1) := {p : W, does not represent ¢}.

Then |Diff(W, t)| is finite and odd. Furthermore if #Diff(W, t) > 1, then a(¢, ¢) vanishes. This is also
the case with the expression on the right-hand side of (6-7), since 83(ds, 1) = 0 if p3, p; € Diff(W, ¢)
and p© (t+/Dp) = 0 for every inert p if Diff(W, ) contains two primes coprime to 6. Therefore, we
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can suppose that Diff(W, t) = {po} for a single prime po of F. In that case, every term with p # py on
the right-hand side of (6-7) vanishes. Given ¢t = (a + «/5) / (Zd«/ﬁ) € F totally positive, the Fourier
coefficient a(t, ¢) is given by

k]

s=0

d (Wiy(s, ¢a2) Wis(s, ¢a3) Wi (s, ¢p)>
g = a2 * ,
alt: 90 ( AR TUNE | ST

ds oo

where y (W,) is the Weil index of W, (see, e.g., Proposition 2.7 in [Yang and Yin 2019]).

Recall that py, p, and p3, p’ are primes in F above 2 and 3 respectively. Since py, p splits in E, they
are not in Diff(W, ¢) for any ¢. However, p3 and p} could appear in some Diff set if they are inert in E/F.
Now, if po 1 3, then we can proceed as in the proof of Theorem 1.1 in [Yang and Yin 2019] to obtain

W75 (0, ¢a2) W;5(0, ¢a.3)
y(Wa) y(W3)

a(t, pa) = —2 p©®(dvDrpg ") (1 + ordy, (1+/D)) log Nm(po).
By Lemma 6.5 and (6-13), we can replace 2W2‘2(0, @a.2)/y (W2) with £24/4d,8,(da, 1). By Lemmas 6.7,
6.10 and 6.12, we can replace WZ‘3 (0, ¢a.3)/y (W3) with §3(ds, t) and arrive at the right-hand side.

If Diff(W, t) = {po} with pg | 3, then (d?’) = —1 and we can write

* *,/
W5(0, da2) W 5(0, ¢dy3)p(6>(d\/5t),

L pa) = —4
alt: 90 Y (W) Y (Ws)

We can again replace 2W/,(0, ¢4,2) /¥ (W2) with £24/4d,8,(dy, 1) and apply Lemma 6.12 to replace
2W*’;’3(0, ¢4,3)/v (W3) with 85(3, t) log 3. This finishes the proof. O

Yui and Zagier [1997] derived the conjectural factorization of Nmy o (f (1)) — f (12)%*/%) from
the conjectural factorization of Nmy /g (®24/5(f (1), f(12))), where ®, the r-th cyclotomic polynomial.
Since §(m) is the power of a rational prime ¢, we can define

F(m) =™, (6-8)
where y (m) = ]_[p‘m ¥p(m) with

ord,(m) + 1 ife(p)=1,
Yp(m) := 1 if e(p)=—1and 2 |ord,(m), (6-9)
L(ord,(m)+1) if e(p)=—1and 2{ord,(m) (ie., p=20).

The conjecture is then expressed in terms of how y,(m) and y3(m) decomposes, which are summarized
in two tables (see [Yui and Zagier 1997, p. 1653]). The theorem above is equivalent to this formulation of
the conjecture. As in [Yui and Zagier 1997], one can give a conjecture with an equivalent, but simplified,
expression. This is the content of Conjecture 1.5, which we prove now.
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Proof of Theorem 1.7. By Proposition 5.5 and Theorems 6.1, 6.2, we can write

4s log | £ (a)*** — f(ax)*/")|*

2

teF*, 0, Tr(t)=1/d

2y ¥

dls reF*,0,Tr(t)=1/d

x [10g3 >

pinertin E/F
pI3

>

pinertin E/F
pt3

Y Yan@d)

4/ DieOF,i>0,Tr(H)=1/2 dls

x [10g3 >

pinertin E/F
pI3

Ly

pinertin E/F
pt3

2

[a;1€Cl(d)), j=1,2

— 2824/d

d|s

a(t, ¢a)

da2d2(d2, 1)

=2

By Theorem 6.2, we have

Z d282(dy, %) = Z dy82(dy, (21—;)

p @ (tv/Dp~1)85(ds, 1)

PP (v Dy)33(ds, §)

(1+ ordy (7+/ D)) p® 7/ Dp~1)85(ds,

dalsy das2
> da8a(da, §) =22 (Nm(@®) + 1) = 22 (Nm(@),
ds|1

2% _ 1 if v,(Nm(7)) =0,
%; 202002 1) =4 |y Nm@) ~ 1 i N = 1

) 1 if v2(Nm(7)) = —1 mod 4

> dydy(dp, F) =8 ] or v(Nm(7)) =2,
a4 v (Nm(@®) =3 if v(Nm(@) = 3,

1

Y " daby(da. E) =16
d>[8

vy(Nm(7)) — 5

if vy (Nm(f)) = 4

or v2(Nm(7)) = 12 mod 16
or v2(Nm(7)) = 3 mod 8,
if vu(Nm(7)) > 5.

(14 ordy (tv/D)) p @ (tv/Dp~")85(ds3, 1) log(Nm(p))}

) log(Nm(p)) }
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From this, it is easy to check that

Y dody(da. ) =25, > ya(m), (6-10)

da|s2 2|52, m:=DNm(t/r;)€Z,
m=3 mod s/

where we write s = 5553 with s, the p-part of 5. Similarly, we also have

Kk3(s)s3 Z y3(m)

r3|s3,m:=DNm(f/r3)€Z,
m=d;+d>—1 mod s3/r3
1o B 9500,3) 1(4)=() =

3 (6-11)
Zdalsa 83 (d3’ %) otherwise,

where «3(s) € {1, %} is the constant defined in (1-8). So suppose Diff(W, f) = {po} with £ = Nm(po).
Then substituting in these gives us

2 daba(a %f>[10g3 > o VD )sias. D)

d|s pinertin E/F
pI3

+ Y (1+ordy(iVD))p® iV Dp")83(ds, Z) log(Nm(p))

pinertin E/F

pf3
=45 > log(0) [ [ vp(m) = 4s > log §(m).
rls, m:=DNm(f/r)eZ plm rls, m:=DNm(f/r)eZ
m=19D mod s/r m=19D mod s/r
After writing 7 = (v/D + a)/(4+/D) with a € Z in the summation, we obtain (1-9). O

6B. Local Calculations. We first need to write ¢4 , as a linear combination of ®p| » ®p for some
¢p € S(Ep) = S(Wp).

6B1. p =2. In this subsection, we deal with the case p = 2. Since d; = 1 mod 8, the prime 2 splits
completely. We fix 8, §; € Z; such that

=D, & =d;, 88=34. (6-12)

We also denote

Note that
£a6d, = <—) (6-13)
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For i = 1,2, let p; be the two primes in F above 2, and 33;, B; the two primes in E above p;. Then the
local fields Ey; and Eg; are isomorphic to Q; via the map

0 By £Q, VD> (1)1,

0 Ep, =Qy, VD (=18, Jd; > (=1)ITDUDs,

0i:Eg Q. VD (=18, Jd;—> (-0,
Under these identifications, W) = W ®q Q> = Wy, x W, with

~ id
Wy, = Ep, = Ey, x E; = Q3. 0p,(y1.32) = (=1)'Syiy.
Now we identify the (;-quadratic space

X3 X1

o (V X @27 Q) = (Epp Qpl) X (Epza sz)’ (X4 x2>|_) (O'I(X), O‘l()z)’ GZ(X)’ 02()2))7 (6_14)

with

x=x1+x2‘1z~/d_1+X31+5/d_2+x4‘12‘/‘711+£/d_2eWz.

Under this isomorphism, we can identify S(V ® Q) with S(Ey, x Ep,) = S(Ey,) ® S(E},), and map the
lattice Lq := Lq ® Z; onto

~

L:= {y = (V1. Y2, y3. ) €731 ) _yi € 222},
The @;-quadratic form éd on L is given by

04(y) = _g(yl)’Z —y3y4) = Qp, (1, y2) + Op, (33, ¥3).

Let
Lo= (2Z)" =20g, x20g, =M x M,

with AZ being the Oppl_ -lattice ZOEW- Then

- o~ 1 ~ 1 1
LoCLCL CLy=—Ly and L' ={y=—(y1, V2, V3, 1) € —7Z%:yi+y; =0mod 2 }.
0 0= gq, 0 y 2d2(y1 Y2, Y3, Y4) 2502 Yi+y; mo

Notice that

- -1 _ ~ ~
ppoo = Z ¢(y1,y2)+M1®¢(y3,y4)+M2’
Vi€Z/2Z
> yi=0

where ¢4 = Char(A) for A C W,. To apply the general formula in [Yang et al. 2019], we define M; = Z%
with quadratic form Q;(y1y2) = (—l)i‘ts—dylyz. Then (M;, Q;) = (1\7,-, Qp,) via scaling by 2. For any
n e (@2/22)2, we denote

¢, = char(u + Z%)

and view it as an element in S(M;) forbothi =1,2if u € (@22/22)2.
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Now, we can apply this scaling map to ¢q2 00!, where ¢q2 € S(Lg>) is the Schwartz function
associated to ug 2. We denote the result by ad,z € S(My x M) = S(M1) ® S(M»), which will depend on
the choice of § mod d;. We have listed them as follows.

Lemma 6.3. For§; € Z5 and § = 8,8, € Z5, we have

ot d=1,

~ Ho®P1,5+¢1,—s R0, dr=2,
#a2= 2(Go+61,-)B2.5+b2 5@ (Do+1.5)), d, =4, &1

(£>4((¢0+¢1,5)®¢3,5 +¢3,_sQ(Po+d1,—5)+02.50¢3 55 +$3 552, —5), =8,

where for j =1,2,3, r e (Z/2/1'7)*

b0 1= Z ¢%(k,k)_¢%(k,k+l)’ Gjri= Z Pua:r.j) = Putair+27:j)»

kez/27 ac(Z)2i+1yx

are elements in S(M;) with

. I .
war, j) = sy (a,ra”h) € @/ 2%,

Remark 6.4. Note that the support of uy4 > is the support of ug» after scaling by d3. This does not
affect ¢; , for j = 1,2 but introduces the factor (%) when j = 3, since 3,2 = (2)¢3,, for any odd
integer c. Therefore this factor appears above when d; = 8.

Proof. One can use Lemma 3.11 to check that the cosets on the right indeed appear. Then we have all of
them by counting. O

Now, we can apply the general Whittaker function formulas in [Yang et al. 2019] to obtain:

Lemma 6.5. Let §,(dy, t) be defined as in Theorem 6.2. Then we have

W0, da2) <2>24/dd2
\s

—62(d, 1)

y (W2) 2
for all totally positive t € F>* with Tr(t) = é.
Proof. This can be checked case by case. For d, = 1, this was already done in [Yang and Yin 2019].
Otherwise, we can apply Propositions 5.3 and 5.7 in [Yang et al. 2019] after scaling the lattice by 2 and
the quadratic form by 4 (i.e., variant 2 in [Yang et al. 2019]). We write #; = 0;(¢) € 2, and suppose

o(t1) > o(tp) with o(t;) the 2-adic valuation of #; € Q@;. The case o(f;) < o(t;) will be exactly the same.
Tables 1-6 contain the nonzero values of W;‘ 0, pu) /vy (Wy,) fori =1.
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o) = (0.0 (33 (5.0
1 0 1 0
>2 o(t)—2 0 1
Table 1. d, =2, 8 = —8d35~\.
_ a a~! a u’l(—é 2)
o(t1) m=00 (33 0 (-5 =)
ned;+42, 0 0 0 3 0
€ —d3 +42, 0 0 0 0 3
2 0 1 0 0 0
>3 o(t)—=3 0 1 0 0
Table 2. d, =4, 8 = —16d367".
a a! a a71(6 2) a als! a u’1(671 4)
o(t1) m=0.0 (33 (.0 () G2 G5 6 =)
f € 2(—d3 +82y) 0 0 0 0 0 ! 0
t € $(3d3 +825) 0 0 0 0 0 0 i
t1 € 2(—d3 +47,) 0 0 0 i 0 0 0
1 € 2(d3 +47Z,) 0 0 0 0 : 0 0
3 0 1 0 0 0 0 0
>4 o(t)—4 0 1 0 0 0 0
Table 3. d, =8, 8 = —32d36".
— —1
o) wa= (5.5) (55
> 1 3 0
Table 4. d, =2, f =8d386~ L.
-1 o=l
o) w= (g5 (=)
0 0 i
> 1 : 0
Table 5. d, =4, 8 = 16d35~ .
o a 'sd? o« a"1(3d3+8) o Sa"lsd? o a 1(38d%+8)
o) = (55 —) (&%) (G—w) (&—w% )
~1 0 0 : 0
> 1 i 0 0 0

Table 6. d, =8, B =32d386 L.
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For i = 2, we write a(us, t2) := Buaiz — tr in the notation of [Yang et al. 2019]. When d, = 2,
we have 1, € %(d;l +47,) if o(t;) > 1, since t; + t» = 1/(2d3). Then with g = 8d36~!, we have
a(u(a; 8,1), 1) = BL97° — 1) € 27,. When d; = 4, we have

1+ 1422, ifo(r) =0,

Hh e 1
145" +22, if o(t) > 1,

since t;+1t; = 1/(4d3). Then with g = 16d38~1, we have a(u(a; 8,2), ) eZy, a(ula; §+4,2), 1) €27,
if o(t}) =0, and a(u(a; 8, 2), ) € 275, a(u(a; §+4,2), ) € ZZX if o(t;) > 1. When d, = 8, we have

1Ay +1ds 427, ifo(t) =—1,

h € 1
545" +22, if o(ty) > 1,

since t; + 1, = 1/(8d3). Then with 8 = 32d38~!, we have

1 7% .

YA ifo(t;)) =—1,
a(u(a; 8d3,3), 1) € | "

27,  ifo(ty) > 1,

27 if o(t;) = —1,
@(ula: S5 3.y e {2 O
17y ifo() =1,

and a(u(a; 8d3 +8,3), 1), a(iu(a; 58d3 + 8, 3), 12) & 275.
Putting these together, we see that when d, = 2, we have
W (0. ¢a2) [ 1 if o(t) = 1,
y(Wa) o) —4 ifo(n) =2
Notice that v,(Nm(¢)) = o(t1t2) = o(t;) — 1. This proves the lemma for dp = 2. When d; = 4, we have
:Fl if 1 € +dy + 475,
1 if o(t;) =2,
o(t)) —5 ifo(yy) = 3.

W7 (0. da2) _
y (W)

Notice that vo(Nm(z)) = o(t1tr) = o(t;) — 2. If t; € +£d3 + 475, then 4t, € d3_l + 47, and Nm(2t) =
4t1tp = =1 mod 4. This proves the lemma for dy = 4. Finally when d, = 8, we have
1 if 11 € 5(—d3 +82),
-1 if 1) € 3(3d3 + 8Zy),
F1 if ty € 2(£ds +47,),
1 if o(t;) =3,
o(t))—6 ifo(t)) > 4.

(2) il

Notice that v (Nm(?)) = o(t1t2) =o0(t;) —3. If t; € %(—d3 +47,), then 8t; € d3_1 +4+87, and Nm(4t) =
16t =3 mod 8. Similarly, if | € %(3d3 +475,), then 8t, € d3_l +4+87, and Nm(4t) = 16¢t, =7 mod 8.
If 1 € 2(£d3+475), then 8¢, € d;l + 87, and Nm(2t) = 4t,t, = 1 mod 4. This completes the proof. [J
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6B2. p =3. If d3 = 1, then ¢4 3 = Char(Ofg ® Z3) and the calculations have been done before. So
suppose d3 = 3. There are 3 cases to consider.
(4=
3

(@ (@)

The first case is similar to the case p = 2 considered above. We again fix §; € Z3 square roots of d;
and denote § := §,8,. Then the analog of the map in (6-14) for p= 3, which we also call o, identifies
Lq3z = Mx(Z3) W1th L3 = 7%, which has the quadratic form Qd(y) ) (y1y2 — y3y4). Denote
¢d,3 =¢g300~ les (L3) where ¢4 3 is the Schwartz function associated to ug,3 € C[Aqg3]. Then the
analog of Lemma 6.3 is as follows.

Lemma 6.6. For §; € Z5 and § = 515, = £1 mod 3, we have

ba3 = o @ s+ P_s @ o+ 25 @ P_s,

where
$0:=2¢0,0 = @101y T P00 T P02 TPL02)s  PEI=PLa sy TPl 1)
are in S(Z ).
Proof. This follows from a straightforward calculations as in the case p = 2. (|
Lemma 6.7. Suppose (%) = 1. Then we have
Wr0.¢03) _ |2 if vs(Nm(1) = —
v (W3) 2u3(Nm(2)) ifvs(Nm(t)) > —1,
for all totally positive t € F* with Tr(t) = é.
Proof. Apply Lemma 6.6 and Propositions 5.3, 5.7 in [ Yang et al. 2019]. U

In the second case, the prime 3 is inert in F and splits into two primes B, 3 in E. We therefore fix
8 € Q3 such that 82 = D, and denote Fj := Q3(8) the quadratic extension of (3 with Os C Fj its ring
of integers, where 3 is inert. For any choice of §; € Fj such that 8? =d; and 6,5, = §, we can identify
W ® Q3 with Fs x Fs via

(a1 + biv/d1) ® (a2 + bav/dy) > (a1 +b181) (a2 + b282), (a1 — b181) (a2 — b282)).

This identifies the Q3-vector spaces V ® Q3 and Fs x Fs. The Z3-lattice L3gq, ® Z3 and its dual lattice
L3y, ®Z3 in V ® Q3 are then mapped to

L3:=05x0s and L}:=3"'0;5x3710;,

respectively. The finite Z3-modules (L’3(12 /L34,) ® Z3 and Os /305 x Os /305 are explicitly identified via

L <x3 xl) Q231> (dz_l(xl +x2 — x3 — x4 + (x4 — x2)81 — (X3 + x4)82 + x46),
3d, \x4 x

&' a0 = = x = (= )8+ (xR +0). (616)
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The latter can be viewed as the finite quadratic module of the Os-lattice O ® Z3 = Os x Os with the
Fs-quadratic form Qq5(y) := —%ﬂylyz for y = (y1, y2) € Fs x Fs. Note that Os /305 = (Z/37)[5] is a
finite field of size 9.

Now let 5d,3 € S(Ofg ® Z3) be the Schwartz function associated to ¢q 3 € S(Lg,3) under the map in
(6-16). It is easy to check by hand the following lemma.

Lemma 6.8. Let 5, 8, 6> € @3 be as above. Then

$a3=2) bu— Y bu— Y $u (6-17)

€S HeS) HeS_i
where S; :={w € (32/Z)[81 x (3Z/Z)[8] : Qu,s(1) = 3(—da + j&) € (32/2)[81} for j =0, £L.
Remark 6.9. The size of S; is 8 for every j.
We can now apply Proposition 5.3 in [Yang et al. 2019] to find the value of the Whittaker function.
Lemma 6.10. Suppose (%1) * (%) Then we have

W:0.¢a3) | 2 ifNm(3t)=1 mod3,
y(W3) =1 ifNm(3t) =2 mod3,

or all totally positive t € F* with Tr(t) = 1.
d

Proof. First, § = —3d,/§, the normalizing L-factor is L(1, x) = % and the volume vol(Opg, dgx) = é.
Suppose 1 = (§ +a)/(6d28) € Fs. For u € §;, the quantity 3o (u, ) is
Ba(u, 1) :=3(Qas (1) — 1) = (—da + j8) — 2(d28) " (8 +a) = (j — dra)8 mod 3

since 82 = D = 2 mod 3. Now 3a (i, 1) = 0 mod 3 if and only if 3 | (j — dza). This happens when
3| (j,a), in which case u € Sy and Nm(3¢) = 1 +a? =1 mod 3. The value of W (0, adg)/y(Wg) is 2.
Otherwise if 31a and 3 | (j —dza), then i € S4,, and Nm(3¢) =2 mod 3. The value of W;*(0, $d,3)/y(W3)
is then —1. This finishes the proof. (|

In the last case, we need to calculate both the value and derivative of the Whittaker function at s =0
since 3 splits into the product of two inert primes p1, po in F. As in the setup of the previous two cases, we
fix 8, §; € Qs such that 8? =d; and § = 615, € Z3. Denote E:= Q3(81) = Q3(8,) the quadratic extension
of Q3 with ring of integers O. This gives an identification

0 FRQy=Q3: VD> (=1)'8, o0;:Ep ZE:Jdj— (=1)"D0=Dg,,
Then the isomorphism in (5-1) induces V@ W3 =W Q3 = Ep, X Ep, = ExE , with the quadratic form
ony € Ey, given by Q;(y) := (—1)i—! (3d2)/(\/5)Nm(y). The lattice Lg 3 is then isometric to
Tas=OxOcExE,
whose dual lattice is ZZL3 = %5 X %(5 CExE , with respect to the quadratic form éd,g(y) =

—(3dy/8)(Nm(y;) — Nm(y;)) for y = (y1, y2) € E x E. Under this identification, the Schwartz function
$d3 €S (Zd,g) associated to ¢g 3 € S(Lg,3) has the following decomposition.
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Lemma 6.11. Let §, 81, 5> € @3 be as above. Then

Pa3=2) u®p+2 D G®b— D b Dy (6-18)

MES) MES_1 MI1ES_1,U2ES)
where S = {M € %5/(5 : —%Nm(u) = £ mod Zg} for j ==+£1.
Now, we can again apply Proposition 5.3 in [Yang et al. 2019] to calculate the values and derivatives
of the Whittaker function.

Lemma 6.12. Suppose (%1) = (d—l) = —1. Then we have

=1 ifv3(Nm(7)) = -2,
2 ifv3(Nm(t)) > 0 is even,

0 otherwise,

W (O, ¢4,3) _
v (W3)

W™,0. da3) - (v3(Nm(t)) + %) log3 ifvs(Nm(z)) > —1 is odd,

Y (W3)
for all totally positive t € F>* with Tr(t) = é.
Proof. Denote t; := o;(t) € Q3 and o(f;) its valuation. Since Tr(¢) = 1/(3dy), either o(f;) = —1

for both i = 1,2, or o(#;) > 0 for exactly one of i = 1, 2. In the first case, it is easy to check that
Wi, (s, o ® ¢o) and W, (s, po @ ¢,,) are identically zero by Proposition 5.7 in [Yang et al. 2019]. If

we write t; = (§ —a)/(2d36),t = (8§ + a)/(2d236) with a € Z3, then we must have a € 373 since
82=D e 1+373 and

—2=o0(f) +o(h) =ot1tr) = -2+ 08> —a®) = =2+ o(1 — d?).

That means for «; € S_; and u, € S, we have

3d2 dz §—a
,11) =——N —tH=———-———=0 d 75,
a(pr, ty) 5 m(u) —h 3 7 24,36 mod Z3
3d, d; Sd+a
,th) = —N —h=——F—-———=0 dZs.
a(uz, ) 5 m(u2) — 1 3 24,3 mod Z3

By Proposition 5.3 in [Yang et al. 2019], y(W3)_1Wti 0, by, ¢y, = % for any (w1, o) € S—1 x S1.
Since §; has size 4 for j = +£1, we obtain

Wi (0, ¢a3) _ 1
y (W3)
when v3(Nm(?)) = o(t]) + o(tp) = —2.
In the second case, suppose o(t;) > 0. Then Propositions 5.3 and 5.7 in [Yang et al. 2019] imply that
Wi (s, ¢u, ® ¢,,) vanishes identically for (w1, u2) € S—1 x S; and

Wi, 90) 14 (== WO, §)
Y (W) 2 oy (W)

B 1
=L(1, xp,)37 ' = T
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W (0,40)  20(t1) +1

log(3) when 2| o(t)

Y (WPI) 2
when p € S1asa(u, to) =—(d2Nm(w))/(38)—1 € d3—2 —th+73=173. Since v3(Nm(z)) =o(t11p) =o(t;)—1,
we obtain the lemma when o(#;) > 0. The case o(f;) > 0 holds similarly. O

Appendix

We record here the set Kd’Q(N(/Lz) CAg2=72/drZ xZ)2drZ x Z/2drZ x 7 /d,Z. Note that the group NC/L2
and the map ds - k42 only depend on dy. This helps with checking Lemma 3.11.

K‘I,Q(N{’z) = K3,2(Né,2) = {[Oa 0]}’ K2,2(N£’2) = K‘6,2(Né’2) = {[15 07 Oa 1]9 [15 25 27 1]}5

K42(Ny o) = K12.2(Njs 5) =
{11,2,6,3],[1,6,2,3],[1,0,0,1],[1,4,4,1],[3.6,2, 1], [3,2,6,1],[3,0,0, 3], [3, 4, 4, 3]}.

K3,2(Ng 5) =
{[1, 2,14,7],[1,6,10,7],[1, 10,6,7],[1, 14,2,7],[1,0,0, 11,1, 4, 12, 1], [1, 8,8, 1], [1, 12,4, 1],
[3, 14,10, 5], [3, 2, 6, 5], [3, 6, 2, 5], [3, 10, 14, 5], [3, 8, 0, 31, [3, 12, 12, 3], [3, 0, 8, 3], [3, 4, 4, 3],
[5,2,6,3],[5,6, 2, 3], [5, 10, 14, 3], [5, 14, 10, 3], [5, 8, 0, 51, [5, 12, 12, 5], [5, O, 8, 5], [5, 4, 4, 5],
[7,14,2,11,17, 2, 14,11, [7, 6, 10, 11, [7, 10,6, 11, [7,0,0, 71, [7, 4, 12,71, (7, 8, 8,71, [7, 12, 4, 7]}

k24,2(N}y 5) = k242 (N§ ) = 37" - kg 2(Ng ,) =
{[3, 6,10, 5], (3,2, 14, 5], [3, 14, 2, 5], [3, 10, 6, 5], [3, 0, 0, 3], [3, 12, 4, 3], 3, 8, 8, 3], [3, 4, 12, 3],
[1,10,14,7],[1,6,2,71,[1, 2,6,71,[1, 14,10,7],[1, 8,0, 1], [1, 4,4, 1],[1,0, 8, 1], [1, 12, 12, 1],
[7,6,2,11,17,2,6,1]1,[7, 14, 10, 11, [7, 10, 14, 11,17, 8,0, 71, (7,4, 4,71, 17,0, 8, 71, [7, 12, 12, 7],
[5, 10,6, 3], [5, 6, 10, 3], [5, 2, 14, 3], [5, 14,2, 3], [5,0, 0, 51, [5, 12,4, 5], [5, 8, 8, 5], [5, 4, 12, 5]}.

Here we also include an explicit example for Theorem 1.7. Let di = —31, d» = —127, which have
class numbers 3 and 5 respectively and satisfy d; = 17 mod 24. Then the minimal polynomials of the

invariants f([l, %(1 + ,/dj)]) are

g =x+x—-1, o) =x—x*-23+x2+3x—1. (6-19)
Table 7 lists the values of §(m) for various m. By the Gross—Zagier theorem, one obtains J(d;, d») by
simply takes the product of all the numbers in the fourth column. For f(d;, d>), one takes product of

the entries &(ﬁ) over all the m’s in the table and r | s satisfying m =4 - 19(d; +d, — 1) mod 4sr. This
congruence condition eliminates many entries, especially if s is large. For example, we have

o= G CERCR(E)

by Theorem 1.7. One can then immediately check that this is the absolute value of the resultant of the

minimal polynomials g1, g2 in (6-19).
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m m m m m m m m
a omoommede 50 (%) 8(3) 3(5) 5(G) 5(%) 8(i%) S() S(i)
1 23.3.41 24 38 34 1 1 1 1 1 1 1
3 2-491 22 4912 1 1 1 1 1 1 1 1
5 2.3.163 18 34 1 1 1 1 1 1 1 1
7 22.3° 12 3? 33 1 1 1 32 1 1 1
9 22.241 4 2413 241 1 1 1 1 1 1 1
1 2-32.53 90 532 1 1 1 1 1 1 1 1
13 2.3.157 78 34 1 1 1 1 1 1 1 1
15 25.29 64 206 204 292 1 1 1 1 1 1
17 2*.3.19 48 310 36 32 1 1 1 1 1 1
19 2-3-149 30 34 1 1 1 1 1 1 1 1
21 2-19.23 10 234 1 1 1 1 1 1 1 1
23 22.3.71 84 30 32 1 1 1 1 1 1 1
25 2%2.32.23 60 233 23 1 1 1 23 1 1 1
27 2401 34 4012 1 1 1 1 1 1 1 1
20 2.32.43 6 432 1 1 1 1 1 1 1 1
31 23.3.31 72 38 34 1 1 1 1 1 1 1
33 23.89 40 89+ 892 1 1 1 1 1 1 1
35 2-3-113 6 34 1 1 1 1 1 1 1 1
37 2-3.107 66 34 1 1 1 1 1 1 1 1
39 2%2.151 28 1513 151 1 1 1 1 1 1 1
41 22.3.47 84 30 32 1 1 1 1 1 1 1
43 2.32.29 42 292 1 1 1 1 1 1 1 1
45 2.239 94 2392 1 1 1 1 1 1 1 1
47 2+.33 48 310 36 32 1 1 33 3 1 1
49 27.3 0 38 36 34 32 1 1 1 1 1
51 2167 46 167> 1 1 1 1 1 1 1 1
53 2.3.47 90 34 1 1 1 1 1 1 1 1
55  2%2.3.19 36 36 32 1 1 1 1 1 1 1
57 22.43 76 433 43 1 1 1 1 1 1 1
50 2.3-19 18 34 1 1 1 1 1 1 1 1
61 2.33 54 34 1 1 1 1 1 1 1 1

Table 7. Values of § for (dy, d») = (—31, —127).
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