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Special cycles on the basic locus of unitary Shimura
varieties at ramified primes
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We study special cycles on the basic locus of certain unitary Shimura varieties over the ramified primes
and their local analogs on the corresponding Rapoport—Zink spaces. We study the support and compute
the dimension of these cycles.
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1. Introduction

We study the basic locus of certain unitary Shimura varieties over ramified primes and special cycles on it.
To approach this global problem we first study local special cycles on the corresponding Rapoport—Zink
spaces and then apply a uniformization theorem to convert our local results on the Rapoport—Zink spaces
to global ones. Our results will have applications to Kudla’s program, in particular Kudla—Rapoport type
of conjectures over these ramified primes; see [Kudla and Rapoport 2011; 2014; Li and Zhang 2022; Li
and Liu 2022; He et al. 2023; Shi 2023].

We specialize to an integral model of Shimura varieties associated to U(1, n — 1) which parametrize
abelian schemes with certain CM action and a compatible principal polarization. This integral model and
the corresponding model of Rapoport—Zink space is first proposed by Pappas [2000]; see also [Rapoport
et al. 2021]. It is flat over the base, normal and Cohen—Macaulay and has isolated singularities. One
can blow up these singularities to get a model which has semistable reduction and has a simple moduli
interpretation; see [Krimer 2003]. We focus on the Pappas model in this paper but all results can be
easily adjusted to the Kridmer model case as these models are the same outside the singularities.

In the Rapoport-Zink spaces setting, we study the reduced locus of special cycles and compute their
dimensions. As an intermediate step, we prove an isomorphism between two Rapoport—Zink spaces of
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different nature. In the Shimura variety setting, we write down the uniformization theorem of the basic
locus over the ramified primes and then translate our local results to global ones. We now explain our
results in more detail.

1A. Local results. Let p > 2 be a prime and fix a tower of finite extensions Q, € H C Fy C F where
F/ Fy is quadratic and ramified. For any p-adic field R, we denote by Ok its ring of integers. Let F be
the completion of the maximal unramified extension of F. Let Nilp O be the categories of O z-schemes
S on which p is locally nilpotent. For § € Nilp O, let S=§ X Spec 0 Spec F p»- The Rapoport—Zink space
N, (I:/f is the moduli space over Spf O whose § points are objects (X, ¢, A, p) where X is a supersingular
formal p-divisible group over S, ¢ : O — End(X) is an Op-action on X whose restriction to Oy is
strict, A : X — XV is a principal polarization, and p : X xg 8§ — X X Spec, S is a map to a framing object
(X, 1x, Ax) over Spec [F,,. We require that the Rosati involution of A induces on OF the Galois conjugation
over OF, and the action ¢ satisfies the (r, s) signature condition (Definition 2.3). See Definitions 2.5

and 2.8 for the detailed definition of j\/’(f/YfI We first show the following theorem (Theorem 2.10).

Theorem 1.1. Suppose that Fy/H is unramified. Then there is an isomorphism

¢ NI = \EI R,

(rs) —7V(rs)

The significance of the above theorem is that /\/'(r i?" can be related to unitary Shimura varieties by the
uniformization theorem while N(fgo is easier to study. From now on we mainly focus on the signature
(1,n —1). By [Rapoport et al. 2014] we know that Mf/anl) is representable by a formal scheme over

Spf O . Moreover there is a stratification of its reduced locus given by
F/F,
(-N‘(l,/nfl))red = L‘UNX
A

where A runs over the so-called vertex lattices, see Theorem 2.17.

We can define special cycles on both ./\/'g/ nli ;) and /\/(i/anl). The isomorphism in Theorem 1.1 maps
special cycles in the first space to special cycles in the second. Without loss of generality we focus on
./\/g’/anl). Let (Y, ty, Ay) (resp. (X, tx, Ax)) be the framing object of Ngg" (resp. /\/'([i/anl)). Define an
F vector space

V := Homp, (Y, X) ®7 Q
of rank n with the Hermitian form %( -, - ) such that for any x, y € V we have
h(x,y) =1y' oy oAxox € Endo, (V) ®Q -=> F,

where y" is the dual of y. For an Op-lattice L C V, the associated special cycle Z(L) is the subfunctor
of A/(gflfo XSpfo; A/’(f{anl) such that & = (Y, (, Ay, oy, X, t, Ax, 0x) € Z(L)(S) if for any x € L the
quasihomomorphism

1

Oy oxogy:YxS§—>XxS§

lifts to a homomorphism from Y to X.
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Any Op-lattice L with a Hermitian form (-, -) has a Jordan splitting
L=08czL; (1-1)

where @ stands for orthogonal direct sum and L; is w*-modular (see Section 3A). We say L is integral if
(x,y) € O for any x, y € L. For an integer ¢ and a fixed Jordan decomposition as above we define

Ls;=8>L, CL.
The following summarizes Theorems 3.9 and 3.10 and their corollaries.
Theorem 1.2. Let L C V be an Op-lattice of rank n:
(1) Z(L) is nonempty if and only if L is integral.
(i) Z(L)req (the reduced scheme of Z(L)) is a union of strata N'{ where A ranges over a set of vertices
which can be described in terms of L.
(iii) Fix a Jordan decomposition of L as in (1-1). Define
rankp,.(L=1) —1 if rankp,(L>1) is odd,
0(L) := {rankp, (L>1) if rankop, (L>1) is even and L= ®z Q is split,
rankp, (L>1) —2 if rankp, (L>1) is even and L= @z Q is nonsplit.

Then Z(L)ieq is purely of dimension %D(L), i.e., every irreducible component of Z(L)q is of
dimension %D(L). Here we say a Hermitian space V of dimension n is split if

(=)= D/2 det(V) € Nmp, g, (F*).

Otherwise we say it is nonsplit.
(iv) Define

neaa= »_ ranko, (L),
A>3, A is odd
and

Neven = Z rankoF (L,).

A>2, A is even
Then Z(L)eq is irreducible if and only if the following two conditions hold simultaneously:

(@) noga =0.
(b) neven <1 0rneyen =2 and L ®z Q is nonsplit.

1B. Global results. In the global setting, let F' be a CM field with totally real subfield Fy and & C
Homg/(F, C) be a CM type of F. Denote by x +— x the Galois conjugation of F/Fj and fix a ¢y € .
Define

Yam = {finite places v of Fy | v ramifies in F}. (1-2)

We assume that Y1, is nonempty and every v € Y1 is unramified over Q and does not divide 2.
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Let V be a n dimensional F-vector space with a Hermitian form (-, - ) which has signature (n — 1, 1)
with respect to ¢y and (n, 0) with respect to any other ¢ € ®\{¢p}. The CM type ® together with the
signature of V determines a reflex field E and F embeds into E via ¢g. Define groups

Z%:={z e Resr/q Gy | Nmp/£,(2) € Gy}, G =Resp, o U(V).

Also define
G:=27%xaG.

We can define a corresponding Hodge map hg : C* — G(R). By choosing a compact subgroup
K=KzoxKgC G(A r) where Ko is the maximal compact subgroup of Z2A r) (see (4-8)) and K¢
is a compact subgroup of G(A ), we get a Shimura variety S (G, h &)k which has a canonical model over
Spec E. Further more if we assume K is the stabilizer of a self-dual lattice (see (4-7)), then [Rapoport
et al. 2021] defined a moduli functor M of abelian varieties with Op-action and a compatible principal
polarization over Spec O whose complex fiber is § (G, hé) k. We review the definition in Section 4. By
our assumption K is of the form K =[], K, where we take the restricted product over all finite places
of Fy. Throughout the paper, we use the notations

KP:HKU’ szl_[Kv»

vlp vip

and similar notations with K replaced by K¢ or K ya.

Now assume vy € ¥fam and let wg be the place of F above it. Let p be the characteristic of the residue
field of Fy ,,. Fix a finite place v of E above vy with residue field k,. Let E » be the completion of the
maximal unramified extension of E,. We denote by M* the basic locus of M at v and denote by M?* the
completion of M X spec 0, Spec O £ along M}* X spec k, Spec k,. Then we have the following uniformization
theorem which is a consequence of [Rapoport and Zink 1996, Theorem 6.30] and Theorem 1.1.

Theorem 1.3. Assume vy € Yiam and Yiam satisfies the condition stated after (1-2). There is an isomorphism
©:G'(@\N' x GAD)/KP = M}’

where G’ is an inner form of G and

Fuo/Fovy ~
N'=Z9@p) /K0, x Wil Ksproy, SPEOg) x [T UV)(Fo)/Ka.

v#V
where the product in the last factor is over all places of Fy over p not equal to vy.
For a nondegenerate totally positive definite F'/Fy-Hermitian matrix 7', we define the special cycle

Z(T) following the definition of [Kudla and Rapoport 2014] in Definition 5.2. Now assume 7 has rank n.
Let Vr be the Hermitian F-space with Gram matrix 7" and define

Diff(T, V) := {v is a finite place of Fy | V, is not isomorphic to (Vr),}. (1-3)
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It is well-known to experts that Z(7') is empty when Diff(7, V') contains more than one element and
Z(T) is supported on M3’ over finite primes v of E above v if Diff(T', V') = {v}. We briefly review the
proof of these results (see Proposition 5.4). Then the following theorem is a consequence of Theorems 1.2
and 1.3.

Theorem 1.4. Assume that T is a totally positive definite F | Fo-Hermitian matrix with values in Of such
that Diff(T, V) = {vo} where vy € Yfam and Yiam satisfies the condition stated after (1-2). Then Z(T) is
supported on M’ and Z(T )req is equidimensional of dimension %D(LUO) where L., is any Hermitian

lattice over OF ,,, whose gram matrix is T and (L) is defined as in Theorem 1.2.

The paper is organized as follows. In Section 2, we prove Theorem 1.1 (Theorem 2.10) and recall
some properties of /\/'g/anl) as studied in [Rapoport et al. 2014]. In Section 3, we define our local
version of special cycles on Rapoport—Zink spaces and prove Theorem 1.2 (Theorems 3.9 and 3.10). In
Section 4, we recall the definition of the arithmetic model of the Shimura variety studied in [Rapoport
et al. 2020]. In Section 5 we define global special cycles Z(7") and prove Theorems 1.3 (Theorem 5.6)
and 1.4 (Theorem 5.7).

2. Relative and absolute Rapoport-Zink spaces

We use the notations as in Section 1A. In this section, we define the Rapoport—Zink space J\/'(f/sl)q and
recall its basic properties from [Rapoport et al. 2014] when H = Fy and (r, s) = (1, n — 1). The space
N (If’/anl) is convenient for studying special cycles. On the other hand J\/(f/s?” shows up naturally in the
uniformization theorem (see Theorem 5.6) of the basic locus of certain unitary Shimura varieties (see
Section 4). We call J\/(f/gfo (resp. N, (Z?” ) a relative (resp. absolute) Rapoport—Zink space following the
terminology of [Mihatsch 2022].

In Theorem 2.10, we show that for different choices of H, /\/(fﬁl)q are isomorphic to each other given
that Fy/H is unramified. We follow the approach of [Li and Liu 2022, Section 2.8]. Alternatively one
can use the method of [Kudla et al. 2020]. The analog of Theorem 2.10 when F/ Fy is unramified was

proved in [Mihatsch 2022].

2A. The signature condition. Assume Fy/H is unramified with degree f. We denote the Galois
conjugation of F/Fy by x > x. Fix a uniformizer 7 of F such that 7 := 72 € Fy and is a uniformizer
of Fy. Let k be the residue field of Of, (hence also that of Of) with an algebraic closure k. Let H be the
completion of a maximal unramified extension of H (hence also that of Fy) in F.Let x — o (x) denote
the Frobenius of H /H. Define

W := Homy (Fy, H).

Fix a distinguished element vy € W,. Define ¥; = o' o v for i € Z/(fZ). Then

V={y;l|lieZ/(fD)}.
Also define
® := Homy (F, F).
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Choose a partition of & = ¢ LI d_ such that
CT)+ == (I)_,

Fori € Z/(fZ), let ¢; be the element in &, such that its restriction to Fy is ;.
We denote by O (resp. Op) the ring of integers of H (resp. F). There are decompositions by the
Chinese remainder theorem

Or,®0, Oy =[] 05 and Or®o, O =[] Or ®0s.v 05 =[] O @2-1)
Yew Yew Yew

The Frobenius 1 ® o is homogeneous and acts simply transitively on the index set.

Let S be an Oy-scheme and £ be a locally free sheaf over S with an Op-action. We say the action
is strict if it agrees with the structure map Oy — Os. A strict formal Ogy-module over S is formal
p-divisible group over S with an Og-action ¢ : Oy — End(X) such that its induced action on Lie X is
strict. Denote by XV the dual of X in the category of strict Oy -module; see [Mihatsch 2022, Section 11].
We say X is supersingular if its relative Dieudonné module (see [Fargues 2008, Appendix B.8]) over H

. . 1
at each geometric point of S has slope 5.

Definition 2.1. For S € Nilp O, a hermitian O-Op-module over § is a triple (X, ¢, A) where X is a
strict formal Oy-module together with an action ¢ : O — End(X) extending the action of Oy and a
principal polarization X — X" such that

A lowa) or=1(@), VaceOp.
Two hermitian Op-Og-modules (X, ¢, A) and (X', (/, ) are isomorphic (resp. quasiisogenic) if there is
an Op-linear isomorphism (resp. quasiisogeny) ¢ : X — X’ such that ¢ o1 o = A.
Letr, s € Z>¢ and set n :=r +s. Define the signature function ® — Z>( by

r if ¢ = ¢o,
rp =10 if p € P \{go},
n—ry ifged_.
Definition 2.2. For a € F, we define the following polynomial

Prj )00, (@5 1) i= [ [ (2 = (@)
ped

Let S € Nilp O and (£, ¢) a locally free sheaf over S together with an O action ¢ whose restriction
to Oy is strict. Decomposition (2-1) induces a decomposition of £:

=gy (2-2)

Yew
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Definition 2.3. We say (£, ¢) satisfies the signature condition (F/H, (r, s), ¢o, ) if the following
conditions are satisfied:

(i) charpol(i(a) | £) = Pr/u,(,s),00,0, (a; 1) for all a € OF.
@) (t(a) —a) le,,= 0 for all a € Op,.

(iii) For each ¢ € ® such that r, # ry, the wedge condition of [Pappas 2000]:
ANTH@) = @) | £) =0, ATH(@ —@@) | £4) =0

is satisfied for all a € O where ¥ € W is the restriction of ¢ to Fjp.

Remark 2.4. When r, = n or 0, the condition (iii) above is the same as the banal condition of [Li and
Liu 2022, Definition 2.60] or the Eisenstein condition in [Kudla et al. 2020, Section 2.2].

Definition 2.5. Let § € NilpO. Let

ﬁS(F/Ha (ra S), @0, CD+)

be the category of supersingular hermitian Or-Op-modules X over S such that the induced Op-action
on Lie X satisfies the signature condition (F/H, (r, s), o, P+).

2B. Comparison theorem. We will prove the following theorem.

Theorem 2.6. Assume that Fy/H is unramified. For S € Nilp O, there is an equivalence of categories

Cs:9s(F/H, (r,5), 9o, P1) = Hs(F/Fo, (r,5), ¢o, {¢o0})

that is compatible with base change.

If S = Spec R, we often write g (resp. Cr) instead of g (resp. Cs). To prove Theorem 2.6, we will
use the theory of f-O-displays developed by [Ahsendorf et al. 2016]. We recall some definitions and
notations. For an Og-algebra R, let Wp,, (R) be the relative Witt ring with respect to a fixed uniformizer
of H; see for example [Fargues and Fontaine 2018, Definition 1.2.2]. Let x > Fx be the Frobenius
endomorphism and x — Yx be the Verschiebung. Let I 4 (R) = v Wo, (R) and we can define V' on
Ip, (R). Fora € R, let [a] € Wp,, (R) be its Teichmiiller representative.

Let 1/A/l- be the composition of v; with the Cartier morphism Oy — Wo, (Op). Fori € Z/(f7), let
€; be the unique unit in Wp,, (OF,) such that Ve, = [V ()] — 1&,- (7o), which exists by [Ahsendorf et al.
2016, Lemma 2.24]. Following [Li and Liu 2022, (2.20)], we can define a unit i, € Wo,, (O;) such that

F/

f-1
M Ff-1-i
= €. (2-3)
1224 E

Definition 2.7 [Ahsendorf et al. 2016, Definition 2.1]. Assume f € Z-. An f-Opy-display over R is a
quadruple P = (P, Q, F, F) consisting of the following data: a finitely generated projective Wo,, (R)-
module P, a submodule Q C P, and two ¥ linear maps

F:P— P and F:Q—>P.
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The following conditions are required:

(1) Ip,(R)P < Q and there is a decomposition of Wy, (R)-modules P = L @& T such that Q =
L ® Ip, (R)T. Such a decomposition is called a normal decomposition.

(ii) FisanF “linear epimorphism.
(iii) For all x € P and w € Wp,, (R), we have
F(wx)=""wF ).
We define the Lie algebra of P to be Lie P := P/Q. If f =1, we simply call P an Og-display.

We refer to [Ahsendorf et al. 2016, Definition 2.3] for the definition of a nilpotent display and [Mihatsch
2022, Section 11] for the notion of polarizations of displays; see also [Kudla et al. 2020, Section 3]. The
main result of [Ahsendorf et al. 2016] tells us that there are equivalences of categories

{nilpotent f-Op-displays overR} — {strict formal Of,-modules over R}
where f = [Fp: H], in particular
{nilpotent Og-displays overR} — {strict formal Og-modules over R}.

Proof of Theorem 2.6. The proof is similar with that of [Li and Liu 2022, Proposition 2.62]. Assume that
S = Spec R € Nilp O . We abuse notation and denote the composition of % with Wp,, (O Fo) — Wo, (R)
by 1/A/l~ as well. Then (2-1) induces

Or ®0, Wo, (R) = [ ] Or ®¢, 5, Wo, (R). (2-4)
Yew

Assume (X, 1, L) € Hs(F/H, (r, ), o, ©y)and P= (P, Q, F, F) be its associated Opy-display. Then
‘P has an OF action (still denoted by ¢). Equation (2-4) induces the following decomposition

P=P P, 0= 0y. withQ, =P, NQ (2-5)

yev yevw
where Py has an Or ®, i Wo, (R) action. Then F and F shift the grading on P in the following way:
0’ 1
F: Py — P,oy and F: Oy — Pooy.

As in [Mihatsch 2022, Section 11.1], the principal polarization X is equivalent to a collection of perfect
Wo,, (R)-bilinear skew-symmetric pairings

{(-, )y : Py x Py — Wo,(R) |y € ¥}

such that (t(a)x, y)y = (x,(a)y)y forall a € Of, x,y € Py and (Fx, Fy)gml, = Vﬁl(x, y)y for all
X,y € Qy.
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For v # v, by [Li and Liu 2022, Lemma 2.60], the banal signature condition implies

Q=@ @1+1Q[p(m) )Py + 1o, (R)Py.

where ¢ is the element in @ above 1. Hence for i # vy, we can define
F':Py— Proy x> F(r @1+ 1®[p(m)])x).
By [loc. cit.], F’ is an F_linear isomorphism. Now define
P =Py, Q=0y,, F=(F) T oF)p, F'=F) " okF)gu.
Then P! := (P!, @™l Frel Frely is a f-Oy-display over R. Define
' Op — End(P™)

simply by restricting ¢ to Py,. Then the signature condition (F'/H, (r, s), @9, ®) restricted on Py, is
exactly the same as the signature condition (F/Fy, (1, s), ¢o, {¢o}). Define

()= ) o
where (1, is as in (2-3). Then (-, -)® is a perfect Wo,, (R)-bilinear skew-symmetric pairing such that
(t(a)x, y)“"1 = (x, L(Zz)y)rel for all a € Op, x,y € prel, By the calculation before [Li and Liu 2022,
Remark 2.61], we also have

<Frelx’ Frely>rel — F/-ly-!1 (x’ y>rel’ Vx, ye Qrel.

The form (-, - )™ gives a principal polarization of P, The pair (P™!, ;") together with the polarization
gives an object

(X, 1, )™ € H5(F/Fo, (r, 5), 90, {¢0})-

This is defined to be Cs((X, ¢, A)). The functor Cg is obviously functorial in S. The fact that Cyg is an
equivalence of categories can be proved verbatim as that of [Li and Liu 2022, Proposition 2.62]. O

2C. Comparison of Rapoport-Zink spaces. Fix a triple
X T € 9p(F/H, (. 5), 90, @4).

We essentially only have one or two such choices up to isogeny according to n being odd or even, see
Remark 2.14 below.

Definition 2.8. Let N(f/sl)q be the functor which associates to S € Nilp O the set of isomorphism classes
of quadruples (X, ¢, A, o) where
(1) (Xv L, )\') € ij(F/H’ (r7 S), %0, (D-‘r),
F/H)

(i) 0: X x5 8§ = X" xg .z S is a Op-linear quasiisogeny of height 0 such that A and 0*(Ay
differ locally on S by a factor in Oy
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An isomorphism between two such quadruples (X, ¢, A, ¢) and (X', ', )/, ¢’) is given by an Op-linear
isomorphism « : X — X’ such that ¢’ o (¢ x5 ) = ¢ and a*(1') is an O;; multiple of A.

Remark 2.9. In the definition of ./\/(f/sl)q, we can replace condition (ii) by the condition that g is a Of-linear
quasiisogeny of height O such that A = p*(Ax). The resulting functor is isomorphic to the original one as
(X, 1,1, 0) and (X, t, ak, o) are isomorphic in N(f/sfo fora € O}.

By [Rapoport and Zink 1996, Chapter 3], /\/'(f/s')q is representable by a formal scheme locally of finite

type over Spf O .
Theorem 2.10. Assume Fy/H is unramified and the framing object (XF/o, LQ FO, )»Q F°) used in the

definition ofj\/'(f/sfo is isomorphic to C,;((XF/H, LQH, AQ/H)). Then there is an isomorphism

wrF/H ~ F/F
Q:"/V-(r,s) ='/\/-(r,s) .

Proof. This is a consequence of Theorem 2.6. (I

2D. The relative Rapoport-Zink space. In this subsection we assume H = Fy. We simply denote ./\/'(I:/SI)FO
by N5y and $s(F/ Fo, (1, 5), @0, {¢0}) by Hs(r, s). We recall some background information on N ,_1)
from [Rapoport et al. 2014]. Although [Rapoport et al. 2014] works on the category of p-divisible groups,
their arguments and results easily extend to the category of strict formal Of -modules using relative

Dieudonné theory.

Proposition 2.11 [Rapoport et al. 2014, Proposition 2.1]. The functor N n—1) is representable by a
separated formal scheme N1 ,_1), locally of finite type and flat over Spf O . It is formally smooth over
Spt O in all points of the special fiber except the superspecial points. Here a point z € N ,—1)(k) is
superspecial if Lie(t(r)) = 0 where (X, t, A, 0) is the pullback of the universal object of N1 n—1) to z.

The superspecial points form an isolated set of points.

For the signature (0, 1) we know that N(g 1) = Spf O and has a universal formal Or-module Y (the
canonical lifting of Y in the sense of [Gross 1986]) over it.

Remark 2.12. The formal scheme A ,—1) is denoted as N%in [Rapoport et al. 2014]. In the rest of this
section and Section 3 we often simply write A for N(; ,—1) if the context is clear.

Let F“ be the unique unramified quadratic extension of Fj in Fy where Fj is the completion of the
maximal unramified extension of Fj in F.Leto ¢ Gal(ﬁo / Fo) be the Frobenius element. For a formal
OF,-module, we denote by M (X) the relative Dieudonné module of X. When X has Fy-height n and
dimension n over k, M (X) is a free O Fo-module of rank 2n with a o -linear operator F and a o ~1-linear
operator V such that VF = FV = my. Denote by E = Fy[F, V] the rational Cartier ring.

Fix a framing object (X, tx, Ax) € Hz (1, n—1). Let N := M (X) ®7Q be the rational relative Dieudonné
module of X. Then N has a skew-symmetric Fo-bilinear form (-, -) induced by Ax such that for any
x,y € N we have

(Fx,y)=(x,Vy)?, (la)x,y)=(x,u@)y), ackF.
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We simply denote by 7 the induced action of tx(;r) on N. Define a o-linear operator
t=aV'=x"'F (2-6)

on N. Set C = N7 (the set of 7-fixed points in N), then we obtain a n-dimensional F'-vector space with
an isomorphism
CQrF~N.

For x, y € C, we have
(x,y) =(t(x), t() = (7' Fx, 7V 'y) =—(Fx, V'y) = —(x, )"
Choose § € F*\ Fy such that 8% e (9;0. Define a form (-, -) on N by

(x,y)=68((mx, y) +m(x,y)) 2-7)

for all x, y € C. Then (-, -) is Hermitian with values in F when restricted on C and
1 _
(x, y) = o5 /R (T (x, 1)), Va, y € C. (2-8)

Remark 2.13. There is a unique object (Y, ty, Ay) € $;(0, 1) up to isomorphism. We want to describe
M (Y) explicitly. As an Op,-lattice, it is of rank 2. We can choose a basis {e}, e} such that Fe; =
ey, Fey =mper, Ve = ey, Vey = mpe; and (e, e3) = §. With respect to this basis, EndO(Y) = Endg (V)

is of the form
a bm u
{(ba aa > | a, b © F }’

which is the quaternion algebra H over Fy. By changing basis using elements in H N SL,(Fy) we can
assume F, V are of the same matrix form as before and

7_[_071’0
~\1 0/

Thus 7 is the diagonal matrix diag{1, 1} and fixes the Fp-vector space span Fo{el, e>}. We have (e, e1) =
—582. As O isaDVR and N7 is a one dimensional F -space, span,,. {e1} is the unique self-dual Op-lattice
w.r.t. (-, ). Let oy be the identity of Y, then (Y, ty, Ay, oy) is the unique closed point of N, 1)(k).

Remark 2.14. By [Rapoport et al. 2014, Remark 4.2], when n is odd (resp. even) there is a unique (resp.
exactly two) object (X, tx, Ax) € $Hz (1, n — 1) up to isogenies that preserves the Ax by a factor in (9;0.
These are the framing objects in the definition of A ,—1). This matches the number of similarity classes
of Hermitian forms over local fields.

When r is odd, we simply take (X, tx, Ax) := (Y, ty, Ay)" where (Y, ty, Ay) is defined in the previous
remark. When n is even, we again define X := Y” with the diagonal action tx by Of. There are two
choices of polarizations. The first one kgg € End’(X) = M,,(H) is given by the antidiagonal matrix with 1’s
on the antidiagonal. The second one Ay is defined by the diagonal matrix diag(l, ..., I, uy, u2) where
uy, Uy € (’);O and —ujuy ¢ Nmg, g, (F*).
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For two Op-lattices A, A’ of C, we use the notation AC!A’ to stand for the situation when 7 A’ C
A C A’ and dimg(A’/A) = £. Define

Af:={xeC|(x,A) COF}), A :={xeC|8x, A)CO). (2-9)
Similarly for an O p-lattice M C N, define
M*:={xeN|(x,M)C Op}, MY:={xeN|(x,M)C O 1. (2-10)
Then by (2-7) and (2-8), A® = AV. Similarly M* = M.
Proposition 2.15 [Rapoport et al. 2014, Proposition 2.4]. Define the following set of O -lattices
Vi={MCN|M=M,nt(M)CMCa 't (M), M =" (M +t(M))},

Then the map
(X, 1,4, 0) = o(M(X)) CN

defines a bijection from N (k) to V.

A vertex lattice in C is an Op-lattice A C C such that 7 A € A% € A. We denote the dimension of the
k-vector space A /A" by t(A), and call it the type of A. It is an even integer; see [Rapoport et al. 2014,
Lemma 3.2].

Lemma 2.16 [Rapoport et al. 2014, Proposition 4.1]. VM € V, there is a unique minimal vertex lattice
A(M) such that M € A(M) ®¢o, O.

Define
VA)={MeV|MCAQo, O} and V(A ={MeV|AM)=A)}.

Then apparently V°(A) € V(A). The following theorem summarizes what we need from [Rapoport et al.
2014, Section 6], in particular [loc. cit., Theorem 6.10].

Theorem 2.17. We have the following facts:
(1) For two vertex lattices A1 and A,
V(A SV(A2) & A S Ag.
If A{ N Ay is a vertex lattice, then
V(AL N A2) =V(A1) NV (A),

otherwise V(A1) NV(Ap) = @.

(ii) For each vertex lattice A, there exist a reduced projective variety Ny over Spec k such that

NS (k) =V°(A).
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The closure of any NY in Nieq is given by
Nai= |4 MY
A'CA

where the union is taken over vertex lattices A’ included in A. Ny is a projective variety of dimension
t(A)/2. Its set ofl; points is V(A). The inclusion of points V(A1) C V(A») in (i) is induced by a
closed embedding Ny, — N,.

(iii) There is a stratification of the reduced locus of N given by

Med:L'i_'JNK

A

where the union is over all vertex lattices. N (k) is nonempty for all n > 1.

3. Special cycles on Rapoport-Zink spaces

In this section, we define special cycles on Af(f/nlil). We then state our main results on the support of
these cycles. First we need some background information on Hermitian lattices.

3A. Hermitian lattices and Jordan splitting. We use O to denote direct sum of mutually orthogonal
spaces. In particular, we use

()OO (an)
to denote the n-dimensional F vector space (or Op-lattice depending on the context) with a Hermitian
form given by a diagonal matrix diag{¢y, ..., a,} with respect to an orthogonal basis. We also use H (i)
to denote the hyperbolic plane which is the lattice of rank 2 with Hermitian form given by the matrix

0
(=m)" 0

For a Hermitian lattice L with Hermitian form ( -, - ), define s L to be min{val; (x, y) | x, y € L} where

with respect to a certain basis.

val, is normalized such that val; (7) = 1. We say x € L is maximal if x is not in w L. We say L is
mi-modular if (x, L) = 7! O for every maximal vector x in L.
Any Hermitian lattice L has a Jordan splitting
L =S czufoo} L (3-1
where L; is w*-modular and L is defined to be the radical of L. Any two Jordan splitting of L have the

same invariants; see [Jacobowitz 1962, Page 449].

Proposition 3.1 [Jacobowitz 1962, Proposition 8.1]. Let L be a n'-modular lattice of rank n. Then:
(1) L~ @/ @t/ -6, "V det(L)) ifi is even.
2) L~H{)OHG)S---OH(@)ifiis odd.

In particular, when i is odd L must have even rank.
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For a sub-Of-module L in a Hermitian F-vector space V, define
Ly :={xeV|(x,y)€Op ¥yeL). (3-2)

When V = L ®7 Q, we simply denote L:‘t, by L¥. We will use the following basic lemmas throughout the
paper, sometimes without explicitly referring to them.
Lemma 3.2. Assume L and L’ are O p-submodules inside a Hermitian F-vector space V. Then:
() (L+LY, =L}, N,
2) (L)) =L.
Proof. (1) follows from the definition of L%,. (2) can be proved by using the Jordan splitting of L. [J

Lemma 3.3. Assume L' is a sub-Op-module of L such that L' is 7°-modular with s = sL. Then
L=L&(L)" where (L')* is the perpendicular complement of L' in L.

Proof. This is a direct consequence of [Jacobowitz 1962, Proposition 4.2]. ]
3B. Special cycles. For a moment, we go back to the setting of Section 2C. Let (XF/H LQ H, )LQ H)
(resp. (YF/H, Lg/ " Ag/ H)) be the framing object of /\/'g/nfil) (resp. N(g/ 11;1). Define the space of special
homomorphisms to be the F-vector space

VE/H . — Hom@F(YF/H,XF/H) Kz Q (3-3)
Define a Hermitian form A%/# (-, .) on VF/# such that for any x,y e VF /H we have
B (e, y) = GEM) Vo yY 0 i/ o x € Endo, (VF/H) @ @ S5 F (3-4)
as in [Kudla and Rapoport 2011, (3.1)] where y" is the dual quasiisogeny of y.

Definition 3.4. For an Op-lattice L C V¥/# | the special cycle Z(L) is the subfunctor of /\/'(g/ SI XSpf O}

N (f/nhil) whose S-points is the set of isomorphism classes of tuples

E=(Y.1. 0y, 0v. X, 1 hx. 0x) € Nio ) Xsprop N1 (S)
such that for any x € L the quasihomomorphism
Q}loxogy:YxS§—>XxS§
deforms to a homomorphism from Y to X. If L is spanned by x € V", we also denote Z(L) by Z(x).
By Grothendieck—Messing theory, Z(L) is a closed subformal scheme in /\/'(g/ 11)1 XSpfo; /\/'g/ ﬁ Iy

Proposition 3.5. Keep the same assumption as Theorem 2.10. The functor Cy in Theorem 2.6 induces
an isomorphism (denoted by the same notation) Cy, : VE/H s FIFo of Hermitian vector spaces over F.

Moreover for lattice L € VF/H | the functor € in Theorem 2.10 induces an isomorphism of formal schemes:

Z(L) — Z(Cy(L)).



Special cycles on the basic locus of unitary Shimura varieties at ramified primes 1695

Proof. This follows directly from Theorem 2.6. One can compare our result with [Mihatsch 2022,
Remark 4.4]. O

3C. Special cycles on relative Rapoport-Zink spaces. By Proposition 3.5, we can without loss of
generality assume that H = F. In this case we drop the superscript ¥/ over X, Y, V and & etc. For
x,y € V we abuse notation and denote the induced map between the corresponding relative Dieudonné
modules still by x, y. As in Section 2D, we denote N ,—1) simply by N

Lemma 3.6. We have
h(x,y)(er, en)y = (x(e1), y(e1))x

where e is as in Remark 2.13 and (-, -)x, (-, )y are defined as in (2-7) for the rational relative
Dieudonné module of X and Y respectively.

Proof. We claim that )@1 oyY o Ax agrees with y* which is the adjoint operator of y on Homg (M (Y) ®
Q, M(X) ® Q) with respect to (-, -)x and (-, -)y. In fact (-, -)x is defined by e(-, Ax o - )x where
e(-, - )x is the pairing between M (X) ® Q and M (X) ® @, similarly for (-, - )y. Hence

(y(n), m)x = e(y(n), Ax(m))x = e(n, " Ax(m))y = {n, 25"y Ax(m))v,
foralln e M(Y)® Q and m € M (X) ® Q. This proves the claim. Hence

(x(e1), y(e))x = (mx(er), y(en))x +m(x(er), y(e)x

*x(er), er)y +m(y*x(er), er)y

=(y
= (my*x(e1), er)y + 7 (y*x(e1), er1)y
= (wh(x, y)er, er)y +m(h(x, y)ei, er)vy
=h(x, y)(er, er)y.
This proves the lemma. O

Now assume L C V is an Op-lattice and define
L={x(e))|x €L} (3-5)

Then L is an Op-lattice in C with the same rank as L and is similar to L as a Hermitian lattice by
Lemma 3.6.

Definition 3.7. Define Vert(L) to be the set of vertex lattices A such that L € A®. We also define
W(L):={MeV|LCM)CcV=N(k). (3-6)

Proposition 3.8. For an Op-lattice L C \, define L as in (3-5). The set of k points of the special cycle
Z(L) is W(L). Moreover we have

Z(L)ea= | Na (3-7)

AeVert(L)
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Proof. Assume that (X, ¢, A, ¢) is a point in /\/(I},) and M := o(M (X)) € V as in Proposition 2.15. By

Dieudonné theory, for any x € L, 0~ ox is a homomorphism from Y to X if and only if o' ox (M (Y)) C

M(X), if and only if x(M(Y)) € M. We know that M (Y) = spanoﬁ{el}. Hence the set of k points of
the special cycle Z(L) is W(L).

To prove (3-7), since both sides of the equation are reduced, it suffices to check it on the k-points,
namely,

wiw= ) vw.

AeVert(L)
Let M €V and suppose A = A(M) as in Lemma 2.16. Then
LCM&MC(LL)®o, Op as M = M*(recall (3-2)),
S AC (Lﬁc) Qo Op as L* is t-invariant,
& L C AP by Lemma 3.2.
This in fact shows that

M eW(L) < V°(A) SW(L).

Hence

ww= | vww= {J v

AeVert(L) AeVert(L)

where the last equality follows from (i) and (ii) of Theorem 2.17. This finishes the proof of the proposition.
O

Corollary 3.8.1. If Z(L)(k) is nonempty, then L is integral, i.e., h(x, y) € O forany x, y € L.
Proof. By Proposition 3.8, there exists an M € V such that L € M. By Lemma 3.6, we have

_ (x(e1), y(er))x
(e1,eny

hix,y)
Since M = M*, we know (x(e;), y(e))x € (M, M)x = Op. Also notice that (e, e1)y € (9;0 by
construction. The lemma follows. Ol

From now on we assume that L (or L equivalently) has rank n. Take a Jordan decomposition of L as
in (3-1). By Corollary 3.8.1, A > 0 for all A such that L, # {0}. We define

th = @AthA, (3-8)
and
m(L) = rankp, (L>1). (3-9)
Also define
Nodd = Z rankp, (L)) and neyen = Z rankp, (L;). (3-10)

A>3,Ais odd A>2, A is even
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We say a Hermitian F'-vector space V of even dimension is split if it is isomorphic to sum of copies
of H(0) ®7 Q. Equivalent it is split if and only if (—1)"#~D/2det(V) e Nmp,p, F* where n is the
dimension of V. The following theorem is the analog of [Kudla and Rapoport 2011, Theorem 4.2].

Theorem 3.9. Assume that L C \ has rank n and is integral. Define L as in (3-5). Then

Z(L)rea = U Na
{AeVert(L)|r(A)=0d(L)}

where
m(L)—1 ifm(L)isodd,

O(L) := {m(L) ifm(L) is even and L>| ®7 Q is split,
m(L)—2 ifm(L) is even and L> @7 Q is nonsplit.

We postpone the proof of Theorems 3.9 and 3.10 below to the Sections 3D and 3E respectively.
Corollary 3.9.1. If it is nonempty, Z(L) is a variety of pure dimension %D(L).
Proof. The corollary follows from Theorems 3.9 and 2.17. ]
The following theorem is the analog of [Kudla and Rapoport 2011, Theorem 4.5].

Theorem 3.10. Make the same assumption as Theorem 3.9. Z(L)weq = N for a unique vertex lattice A
if and only if the following two conditions are satisfied simultaneously:

(1) ngaq = 0.
(2) Neven < 1 0F Reven =2 and L=, ®7 Q is nonsplit.

Corollary 3.10.1. Z(L).q is an irreducible variety if and only if condition (1) and (2) in Theorem 3.10
are satisfied.

Proof. By Proposition 3.8 and Theorem 2.17, Z(L)eq is an irreducible variety if and only if Z(L)eq =Np
for a unique vertex lattice A. The corollary now follows from Theorem 3.10. ]

Corollary 3.10.2. The variety Z(L)eq is zero dimensional if and only if the following conditions are
satisfied:

(1) ngaq =0.

(2) rankp, (L1) =0.

(3) neven < 1 0r neyen =2 and L>> ®7 Q is nonsplit.
If this is the case, then Z(L)eq is in fact a single point.

Proof. The first statement of the corollary follows from Theorem 3.9 directly. If this is the case, then
Z(L)req 1s a single point by Theorem 3.10. ]

We now proceed to prove Theorems 3.9 and 3.10. Define L as in (3-5). Then we can replace all
conditions on L in Theorems 3.9 and 3.10 by the same conditions on L. Moreover 0(L) = 0(L).
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3D. Proof of Theorem 3.9. 1t suffices to show the corresponding statements on k-points, namely,

W(L) = U V(A).

{AeVert(L)|t (A)=0(L)}

For x € V", fix a Jordan splitting of L as in (3-1). We then have

L=Ly®Ls, L =Lo® (L)
For any A € Vert(L), by Proposition 3.8 we have

LCA*CACLE (3-11)
If Lo # {0} then sA = sA” =sL = 0. By Lemma 3.3 we can assume
A=LySA.
Then A% = Ly & (A’)* and we have the sequence
L1 S (A S A S (Lap)

As the map A — A’ above is a bijection and 9(L) = ?(L>1), in order to prove Theorem 3.9 we can
without loss of generality assume

Lyo=0 orequivalently lL CLf (3-12)
T
in the rest of the subsection. Define
m :=m(L) =rankp,(L>1),

which is the same as ranke, (L) by assumption (3-12). In the rest of the section we simply write rank(A)
instead of rankp, (A) for an Of-lattice A.

The fact that d(L) can be no bigger than the bounds stated in Theorem 3.9 is a restatement of [Rapoport
et al. 2014, Lemma 3.3]. Our goal is to prove that it can achieve that number. To be more precise,
we prove that if A € Vert(L) and 7(A) < 0(L), then there is a A’ € Vert(L) such that A C A’ (hence
V(A) CV(A)) and 1 (A) =0(L).

From now on assume A € Vert(L), namely (3-11) holds. Let t =¢(A), thenwt A C™~! A? ! A. Define

ri= dimk((%At n Lj>/A>.
Since Aﬁ/(%Att N Lﬁ)Tj = A*/(m A + L), we have the following chain of inclusions
TA+LC AFCTACT AL (3-13)
Our assumption L = L implies that L € L. This together with (3-11) and (3-13) implies that

nA+Lgn(lAﬁmLﬁ):AﬁmnM. (3-14)
T
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Hence
dimk<(%Aﬁ N Lﬁ>/(m\ + L)) > dimk<(%Aﬁ N Lﬁ)/n (%Aﬁ n Lﬁ)) = m.

Notice that the first quotient in the above inequality is indeed a k vector space. Combine the above
inequality with (3-13), we have
2r+t>m. (3-15)

Define a k-valued symmetric form S(-, -) on the k-vector space %Aﬁ /A by
S(x, y) :==8mo(mx, y).
Lemma 3.11. Suppose A is a vertex lattice in Vert(L) such that dimy (%At NL*/ A) > 3, then there exists
a lattice A’ € Vert(L) with A C A" and t(A') > t(A).

Proof. Recall that every quadratic form on a k-vector (k is finite) space with dimension bigger or equal to
three has an isotropic line by the Chevalley—Warning theorem. Take an isotropic line £ in %At NLE/A.
Let A’ =: pr—'(¢) where pr is the natural projection %At — %Aﬁ /A. The fact that ¢ is isotropic just
means

Smo(mr A', A') C oOp,.

This shows that 7 A’ € (A’)%. Since A C' A’ we have

(A c'APCcAC A,
So A’ is a vertex lattice and ¢ (A’) = t(A) + 2. Since A C L*, by the definition of A’, we also have
A’ C L*. In other words, A’ € Vert(L). The lemma is proved. O

By induction using the above lemma and the fact that V(A) C V(A’) if A € A’ [Rapoport et al. 2014,
Proposition 4.3], we reduce to the case when r = dimk(%Ati NnLt/ A) < 2. Also keep in mind that (3-15)
holds. There are at most four cases when r <2 and 7 (A) is smaller than the claimed 0(L) in Theorem 3.9:

(1) miseven, t(A)=m—2,r =2.

2) miseven, t(A)=m—2,r =1.

B) miseven, t(A)=m —4,r =2.

(4) misodd, t(A)=m—3,r =2.
We will show that A can be enlarged to A’ so that #(A") = 0(L) case by case.
Case (1): We have

Acm2a 2 Iatnpic L,
T /g

Since A* ™ %Au, we actually have %Aﬁ C L®. Choose a Jordan splitting of A

A=AoOA_;.
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Then we know rank(Ag) = 2, Ag = Ag, rank(A_j)=m—2and tA_;| = An_l. By Proposition 3.1,
A_1 ®z Q is split. If Ay ®z Q is split, then there exist e;, e € Ag such that (e}, e;) = (e2,e2) =0,
(e1, ep) = 1. Define

A = A_ 1 Sspanfe;, 7' es).

By definition A’ C %An. By the fact that %An C L*, we know that A’ C L%, Also
(A)? = A% ©span(mey, er}.
So t(A") = m. Hence 1 (A") = 0(L) as stated in Theorem 3.9. If A9 ®7 Q is nonsplit, then 7 (A) =m —2

already obtains the number 9(L) as stated in Theorem 3.9.

Case (2): We have
TA+LC AP C"PAC ZATNLE and neAﬁ nLf) " CAFOLE
We have already seen in (3-14) that
TA+LC n(%AﬁmLﬂ) = AfNrLt,

These together imply that in fact 7A +L = A*Nx L". But

it
nA+L:<lAﬁmLﬁ) .
T

So define A’ = %At N L%, we have ¢ (A’) = m. This implies that A’ ®7 Q is split and #(A’) = d(L).
Case (3): Similar to case (2).

Case (4): We have
A3 a2 Iainps et Las)
T T

Choose a Jordan splitting of A
A=AgBA_;.

Then we know rank(Ag) = 3, Ag =Ag,rank(A_1)=m—-3,A_; = lAﬁ_l. By assumption there is a

s
basis {ey, e, e3} of Ag such that

l61, lezelAﬁﬂLﬁ, le3§éLﬁ.
T T b4 b4

By changing {e;, e>} by an OF linear combination of them, we can assume (e;, ¢;) = u; (i =1, 2) for
u; € (’);fo and (ey, e2) = 0. By modifying e3 using linear combinations of e, e; we can in fact assume
that under the basis {ey, e, 3}, the form (-, - )|, is represented by the diagonal matrix diag{u, uz, uz}
with uy, us, us € O;O. This means that

(e3, L) = (e3,€3)Op = Op = e3 € L.
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But #63 ¢ L*, these together contradict our assumption (3-12). In conclusion, case (4) is not possible
under the assumption (3-12).
This finishes the proof of Theorem 3.9. ]

3E. Proof of Theorem 3.10. Again it suffices to show the corresponding statements on k-points. By
Theorem 3.9, W(L) = V(A) is true if and only if A is the unique lattice in Vert(L) with #(A) = d(L).
As in the proof of Theorem 3.9, we can assume (3-12).

Lemma 3.12. Assume that one of the following conditions holds:
(1) neven = 3 OF Neyen =2 with L>2 @ Q split.
(2) noda = 2.

Then there is more than one A in Vert(L) such that t (A) = 0(L).

Proof. Fix a Jordan splitting of L as in (3-1). If nogq > 2 by Proposition 3.1, we can find a direct summand
H(i),i >2of L. If neyen > 3, scale the sub-Op-module L, to be 72-modular to get anew lattice L' O L
such that L, has rank bigger or equal to 3. Notice that 9(L’) = 9(L). O’Meara [2000, Proposition 63:19]
showed that every quadratic space over a local field with dimension greater or equal to 5 is isotropic.
We apply this to the trace form of (-, -)[,; and conclude that there is a maximal element in L, that has
length zero. Hence there is an H (i), i > 2 which is a direct summand of L/,. Similarly if 7eyen =2 and
L-> ® Q is split, we can find a lattice L’ D L such that 9(L) = 9(L’) and a direct summand H (i) (i > 2)
of L’. In any case we can find a lattice L’ 2 L such that 9(L) = 0(L’) and

L'=L"®H(a),

with @ > 2. In particular Vert(L") C Vert(L).
Notice that 9(L") = 9(L") 4+ 2. By Theorem 3.9, there is a vertex lattice A € Vert(L"”) such that
t(A) =0(L"). Let {e], e2} be a basis of H(a) such that (e1, e;) = (e2, e2) =0 and (e;, e2) = 7. Define

A := ASspan{r ‘e, JT_1€2}, Ay = ADspan{r ey, Jr_lel}.
Then
A? = Af @span{n‘““eh e}, Ag = Af @span{n_“+1e2, e}
This shows that (A1) =1(A;) =0(L) and Ay, Ay € Vert(L'), but A # A,. This proves the lemma. [J
This proves the “only if” part of Theorem 3.10. To prove the converse, we start with a lemma.

Lemma 3.13. Suppose L = Lo® L1 & L>(Jordan splitting). If A is a vertex lattice in Vert(L) such that
t(A) =0(L), then Ly L% C A.

Proof. Suppose Ly &S L? A Let A =A+LpS L?. We have L} = Ly and ]TL? = L;. Then
L =Ly® 1L ®LE, and
(A=A N(LoOL i & (L1 ® Q).
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Using the above equation and the fact that A € Vert(L), one checks immediately that 7 A’ C (A’)?. Since
A C A’ and A C A, we have (A))* € A’. Also A’ € L*, so A’ € Vert(L). But t(A’) > t(A), which
contradicts the maximality of #(A) among vertex lattices in Vert(L). U

Now we assume conditions (1) and (2) of Theorem 3.10 hold. By Proposition 3.1, we have the following
three cases:

(1) L~Ly®H(1)".
(2) L~Ly®H)'® (u(—mp)*) witha > 1and u € (’);50.
(3) L~ Lo®HM)' D (ui(—m0)*) & (u2(—mo)?), where uy, us € Op,» —u1uz ¢ Nmp/r, (F/Fo) and
a, b are integers greater or equal to 1.
We need to prove that in each case there is a unique A € Vert(L) such that #(A) =0(L). Cases (1) follows

from Lemma 3.13 directly (in this case A hasto be Lo H (1)%). Case (2) follows from Lemma 3.13 and
simple arguments. Now we prove (3). By Lemmas 3.13 and 3.3, it suffices to prove the statement for

L = (u1 (—m0)*) & (uz(—10)").

Let L = span{ey, e} and T =diag{u;(—mp)?, ur(—mp)?} is the gram matrix of {ej, ep}. Suppose
A = span{[e], e2]S} € Vert(L) where S € GL,(F)/ GL,(OF). Since L ®z Q is nonsplit, we must have
AP = A. Then A¥ =[ey, 21771 S~! and

A=A STIT1S e GLy(OF) © 'STS € GLy(OF)
LC A < 'ST € My(Op).

Apply Proposition 3.1 and multiply S on the right by an element in GL;,(OF) if necessary, we can assume

ISTS = (’“ 0) = T).
0 un

7% 0
S_( 0 JTb> So,

then ! Sy71 Sy = 7. Claim: Sy € GLy(OF). Assume Sy = (ch Z}), then /Sy T; So = T; implies that

Assume

U1XX +upzZ =y
uryx +upwz =0
uryy +uww = us.

Ifz=0,then y=0and x,w € Of. If x =0, then w =0and y, z € O as uy, us are units.
Now assume that xz # 0. Suppose x = xo7¢ where e < 0, xg € OF, then

xx — 1 = (—mp)* (xoXg — (—10) ).

Since F is ramified over Fj,
Nmp,/r, (05 /0F) = (OF)°
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by class field theory. As xoxXo € Nmg, 5, (OF/ (9;0) = ((9;50)2, by Hensel’s lemma, xoxo — (—mo) ¢ €
Nmp, 5, (O /O% ). Then

Ve len (e
_u2 _xx—1_ (=m) (xOXO_ (=m0) )eNmF/FO(OE/(O?O),

ui ZZ ZZ

contradicts our assumption on —uu,. This show that e > 0 and x € O, then z € OF too.
Similarly u;yy + upww = uy implies y, w € OF if yw # 0. This proves the claim that Sy € GL,(OF).
In other words

A = span{m e, w " e).

This proves the uniqueness of A and we finish the proof of Theorem 3.10. O

4. Unitary Shimura varieties

In this section we briefly review the definition of an integral model of unitary Shimura variety following
[Rapoport et al. 2021, Section 6]; see also [Rapoport et al. 2020; Cho 2018]. Let F be a CM field over
@ with totally real subfield Fy of index 2 in it. Let d = [Fj : @]. We denote by a — a the nontrivial
automorphism of F/Fp. Define

Ytam = {finite places v of Fy | v ramifies in F'}. 4-1)

In this paper we assume that #{,p, is nonempty. We also make the assumption as in [Rapoport et al. 2021,
Section 6] that every v € ¥, is unramified over @ and does not divide 2.

Fix a totally imaginary element +/A € F. Denote by ® F, (resp. @) the set of real (resp. complex)
embeddings of Fy (resp. F'). Define a CM type of F by

®={pedrlp/A)evV=IRo}. (4-2)
We fix a distinguished element ¢y € ®. For ¢ € Homg(F, C), denote its complex conjugate by .

4A. The Shimura datum. Define a function r : Homg(F, C) — Z>¢ by

1 if ¢ = go;
pr>ry:=10 if p € @, ¢ # @o;
n—rg ifo¢o.

Assume that W is a n dimensional F-vector space with a Hermitian form (-, - ) such that
sigWy, = (ry,r5), Yoed

where W, := W ®p , C and sig W,, is its signature with respect to (-, -). Let U(W) (resp. GU(W)) be
the unitary group (resp. general unitary group) of (W, (-, -)). Recall that for an Fy-algebra R, we have

GU(W)(R) ={g e GL(W®F, R) | (gv, gw) =c(g)(v, w), Vv, w € W ®F, R}.
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Define the following groups.
79 .= {z € RGSF/@ Gy | NmF/FO(Z) e G},
G =Resp, 0 UW),
G := {g € Resp, /o GU(W) | c(g) € Gy ). 4-3)

Notice that
ZOR) = {(z4) € (C)® | |z] = |2y, Yo € D).

Define the Hodge map
hyo:C* = Z2(R), 2+ (Z,.... 7).

For each ¢ € ® choose a C-basis of W, such that (-, -) is given by the matrix diag(1,,, —1,,). Define
the Hodge map

hauaw) : C* — Resg, /o GUW)(R) = [ | GUW,)
ped

by sending z to diag(z- 1,,, z - 1) for each ¢ component. Then there exists hga : C* — G®(R) such
that hgu(w) factors as

hguw) =iohgo

where i : G2(R) — Res Foy@ GU(W)(R) is the natural inclusion.
Define
G:=27% XG,, GY

where the maps from the factors on the right hand side to G,, are Nmr, r, and the similitude character
c(g) respectively. Notice that the map

G—Z9xG, (g (zz g (4-4)
is an isomorphism. We define the Hodge map % by
hg:C = GR), 2+ (hza(2), hga(2)).
Then (G, hg) is a Shimura datum whose reflex field £ C Q is defined by
Aut(@Q/E)={o e Aut(Q) | o ® = D, 0*(r) =r}. (4-5)

Remark 4.1. F always embeds into E via ¢g; [Rapoport et al. 2020, Remark 3.1]. Furthermore £ = F
when F is Galois over Q or when F = FyK where K is an imaginary quadratic field over Q and & is
induced from a CM type of K /Q. From now on we identify Fy as a subfield of E via ¢y.

For a small enough compact group K € G(Af), we can define a Shimura variety § (G, h &)k which
has a canonical model over the Spec E. We refer to [Rapoport et al. 2021, Section 3] for the moduli
problem S (G, hg)k represents.
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4B. Integral model. In this subsection, we define the integral model for S (G, he)k (as a Deligne—
Mumford stack) in terms of a moduli functor for a particular choice of W and K. We remark here that all
the results in this section is semiglobal in natural so we could instead describe our results on semiglobal
integral models defined as in [Rapoport et al. 2021, Section 4] which will allow a wider choices of W
and K. It takes only slight modifications to adjust our results to the semiglobal setting so we leave it to
the interested readers.

For a lattice A in W, we let A denote its dual with respect to the symplectic form trg /@(\/Z_l( )
and A¥ denote its dual with respect to the Hermitian form (-, -). Then we have

AV =~ AdTIAP (4-6)

where 9 is the different ideal of F/Q. From now on we assume that W contains a lattice A such that
AY = A. Define the compact subgroup K¢ C G(Ay) by

Kc:={geGAy) | g(A®ZL) =ARZ). (4-7)
Also let K ;o be the unique maximal compact subgroup of Z2(A 1)
Ko :={z€ (Or ®2) |Nmg,(z) € Z}. (4-8)
Define the compact subgroup
K =Kz xKg CGA/) (4-9)

under the isomorphism (4-4).
First we define an auxiliary moduli functor Mg over Spec Og. For a locally notherian Og-scheme S,
we define M(S) to be the groupoid of triples (Ag, tg, Ag) Where:

(1) Ay is an abelian scheme over S.

(2) 10:OF — End(Ay) is an Op-action satisfying the Kottwitz condition of signature ((0, 1),e4), namely
charpol(ig(a) | Lie Ag) = 1_[ (T —p(a)), VaeOf.
ped
(3) Ao is a principal polarization of Ay whose Rosati involution induces on O via (¢ the nontrivial
Galois automorphism of F/ Fy.

A morphism between two objects (Ao, Lo, Ag) and (A, ¢y, A) is a Op-linear isomorphism Ay — Aj that
pulls A; back to A.

Since we assume ¥fay, is nonempty, My is nonempty [Rapoport et al. 2021, Remark 3.7]. Then My is
a Deligne-Mumford stack, finite and étale over Spec O [Howard 2012, Proposition 3.1.2]. Moreover,
we choose a 1 dimensional F vector space Wy such that Wy has an Op lattice Ao with a nondegenerate
alternating form (-, - ) satisfying:

(1) {ax, y)o={(x,ay)o foralla € O and x, y € Ay.
(2) The quadratic form x — (+v/Ax, x)g is negative definite.

e dual lattice of Ao with respect to (-, - )g iS Ag.
(3) The dual lattice A of Ao with resp (-, )ois A
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Let (-, - )o be the unique Hermitian form on W, such that trp/@(\/K_l (+,)o)={(-,)o. Then (Wy, (-, -)o)
determines a certain similarity class & of Hermitian forms which in turn give us an open and closed
substack Mg of My; see [Rapoport et al. 2020, Lemma 3.4]. Define the F-vector space

V =Hompg (W, W) (4-10)
with the Hermitian form (-, - )y determined by (-, -) and (-, -)g via
(x(a), y(b)) = (x,y)v(a,b)o,Vx,y € V,Va,be W,. 4-11)
The lattice
L :=Homp, (Ao, A) CV (4-12)

is a self dual lattice with respect to the Hermitian form (-, -)y.
We define the functor M on the category of locally notherian schemes over Spec OF as follows. For a
scheme S in this category, M(S) is the groupoid of tuples (Ag, to, Ao, A, ¢, A) where:

e (Ao, Lo, Ao) is an object of Mg(S).
e A is an abelian scheme over S.

e 1: O — End(A) is an OF-action satisfying the Kottwitz condition of signature

(1,7 = Dygp)> (0, m) @\ ()

i.e., foralla € Op
charpol(:(a) | Lie A) = (T — go(a))(T — go(a))" ™" l_[ (T —@(a))".
peP\{gpo}
e A:A— AV is a principal polarization whose associated Rosati involution induces on Of via ¢ the

nontrivial Galois automorphism of F/Fy.

We assume further that the tuple (Ao, to, Ao, A, ¢, 1) satisfies the sign condition, the Wedge condition and
the Eisenstein condition, all of which are defined with respect to the signature ((1, 7 — 1) (4}, (0, 1) d\{g0})-

(H1) The sign condition. Let s be a geometric point of S and (Ao g, to.s, A0.s, As, Ls, Ag) be the pull back
of (Ao, to, Ao, A, t, 1) € M(S) to s. For every nonsplit place v of Fy, we impose

inV:; (AO,Sa Lo,s )\'O,Sv Ag, g, Ag) = ian(V)~ (4'13)

We need to explain the two factors. We refer to [Rapoport et al. 2020, Appedix A] for the definition of
inv) (Ao, Lo,s, 20,55 As, s, Ag). For inv, (V), it is defined by

inv, (V) = (—1)"""Y2det(V,) € Fy,/Nmp, /g, F)X,

where det(V,) is the determinant of the Hermitian space V,, :=V ®p, Fo,,. We call this the invariant of
V at v. We remark that when s has characteristic zero, the sign condition is equivalent to the condition
that there is an isometry

Homa, , (V(Aoy), V(As) =V @ Ar. s (4-14)
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as Hermitian A y-vector spaces. Here V(AS) (resp. V(Ao’ s)) is the rational Tate module of A (resp.
Ap). The space Homp,, j.(&(Aoy s)s V(As)) is equipped with the Hermitian form [Kudla and Rapoport
2014, Section 2.3]

h(x,y) =2, oy¥orox €Enda, , (V(Agy)) = Ar (4-15)

where y" is the dual of y with respect to the Weil pairings on XA/(AO,S) X ?(Ag’s) and V(A,) x \7(ASV).
Hence the sign condition can be seen as a generalization of (4-14). See [Rapoport et al. 2021, Remark 6.9]
for cases when the sign condition can be simplified.

The wedge condition and Eisenstein condition are only needed when S has nonempty special fibers in
certain characteristics. We temporarily fix a finite prime p of @. Fix an embedding 7 : @ — Q@ p- This
determines a p-adic place v of E. v induces an identification

Homg(F, Q) = Homg(F, @p) P> Vog.
Let 7, (F) be the set of places of F over p. For each w € 7, (F), define
Hom,, (F, Q) := {¢ € Homg(F, Q) | Vo @ induces w}. (4-16)
Let F, be the maximal unramified extension of Q, in F,. For ¢ € Homg, (Fy, Q p), define
Hom,,  (F, Q) := {¢ € Hom,, (F, Q) | o ¢ = ¥}. (4-17)

The definitions of Hom,, (F, @) and Hom,,  (F, Q) depend on the choice of ¥ in general but the partition
of Homg (F, Q) into unions of Hom,, y (F, Q) does not [Rapoport et al. 2021, (5.4)].

We make a base change and assume that S is a scheme over Spec Of , where Of ,, is the completion
of O with respect to the v-adic topology. Then the OF action on A induces an action of

Or®z2), = l_[ OFw

weYy(F)
on Lie A. Hence we have a decomposition
LieA= @ Lie, A. (4-18)
we¥,(F)

For each w, the OF: -action on Lie,, A induces a decomposition
Lie, A = P Lie, y A. (4-19)
¥ eHomg, (FY,,Q,)
Here we make a further base change to Spec O where E, is the completion of the maximal unramified
extension of E, in Q P

(H2) The wedge condition. Assume that w is a finite place of F that is ramified over Fy. We further
assume that the underlying place of w in Q is p and we make a base change so that S is a Spec Z ,-scheme.
The wedge condition is only needed when § has nonempty special fiber over Spec [F,. By our assumption,
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the underlying place v of Fj is unramified over Q. Hence F) = Fy, and Hom,, y (F, Q) = {py, @y} for
all ¥ € Homg, (Fl, Q p)- For every ¥ such that ry,, # rg,, decompose Lie A as in (4-18) and (4-19) and
impose the wedge condition of [Pappas 2000] (compare with Definition 2.3)

r@w-i‘l r%-i-l
A @ =gy (a)|Lie,y 4)=0, /\ (@) =y (a)|Lieyy A)=0 (4-20)

for all @ € Op. Here since ry,, #rg,,, ¢y maps F, into E,, so we can view ¢y (a) and ¢y (a) as sections
in the structure sheaf of the base scheme S.

(H3) The Eisenstein condition. Assume that w is a finite place of F whose underlying place v in Fy is
ramified over (0. By our assumption w is unramified over v. Again assume that the underlying place of
w in Q is p and we make a base change so that S is a Spec Z ,-scheme. Decompose Lie A as in (4-18)
and (4-19). The Eisenstein condition is a set of conditions on Lie,, y A and is only needed when S has
nonempty special fiber over Spec [F,,. We do not describe the condition in detail but instead refer to
[Rapoport et al. 2021, Section 5.2, case (1) and (2)].

Finally a morphism between two objects (Ao, o, Ao, A, ¢, A) and (A, ¢y, Ay, A, ¢/, A') is a morphism
(Ao, 10, ko) = (A, 1, Ag) in ME(S) together with an Op-linear isomorphism (A, ¢, A) — (A’,/, 1)
that pulls A’ back to A.

The following Proposition is a partial summarize of [Rapoport et al. 2021, Theorem 3.5, 4.4 and 6.7].

Proposition 4.2. M is a Deligne-Mumford stack flat over O, and
M X Spec O C= S(éa h(;)K-
Moreover we have:

(i) M is smooth of relative dimension n — 1 over the open subscheme of Spec O obtained by removing
the set Viam(E) of finite places v of E over Viam (see (4-1)). If n = 1, then M is finite étale over all
of Spec Of.

(i) If n = 2, then the fiber of M over a place v € ¥am(E) has only isolated singularities. If n > 3,
then blowing up these isolated points for all v € ¥um(E) vields a model M® which has semistable
reduction, hence is regular, over the open subscheme of Spec O obtained by removing all places
V € Yam(E) that are ramified over F. This model M* has a moduli interpretation by [Krimer 2003].

5. Special cycles on the basic locus of unitary Shimura varieties

5A. Definition of the special cycles. Let Herm,, (OF) be the set of m x m Hermitian matrices with values
in Of. Let Herm,,, (OF)so (resp. Herm,, (OF)~0) be the subset of totally (i.e., for all archimedean places)
positive semidefinite (resp. definite) matrices of Herm,,(Or). We define special cycles as in [Kudla
and Rapoport 2014] and [Rapoport et al. 2021]. For a locally notherian scheme S over Spec Of and
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(Ao, to, 2o, A, t, &) € M(S), we have the finite rank locally free Op-module
L(Ap, A) :=Homp, (Ao, A).
We can define a Hermitian form 4’ on L(Ag, A) by assigning for any x, y € L(Ag, A)
B (x,y)=15"0g" 0y  0rox) € OF. (5-1)

Remark 5.1. The local analog of A'( -, -) is denoted by Xi( -, -), see Section 3B. We use the notation
h'(-,-) here to be consistent with [Kudla and Rapoport 2014].

Definition 5.2. Let T € Herm,,(OF)>0. The special cycle Z(T) is the stack such that for any Op-
scheme S, Z(T)(S) is the groupoid of tuples (Ao, tg, Lo, A, t, A, x) where (Ao, to, Lo, A4, t, L) € M(S)
and x = (xq,...,x,) € L(Ag, A)™ such that

K (x,x) = (W (xi,x;)) =T.

Kudla and Rapoport [2014, Proposition 2.9] generalized to our case and shows that the natural map
Z(T) — M is finite and unramified.

5B. Support of the special cycles. Let v be a finite place of E with residue field &, of characteristic
p. Then v determines places wg of F' and vg of F respectively. For (A, tg, Ao, A, L, A) € M k), the
OF ®7z Z -action induces a decomposition of the p-divisible group A[p*°] and its Dieudonné module

Alp®1=EP Alw™]l. M(A[p™]) =D Mu(A) (5-2)
wlp w|p

where w runs over the set of places of F over p and M,,(A) = M(A[w®°]) for each w. Each A[w™]
admits an Op,, action. We say that (Ao, to, Ao, A, ¢, A) is in the basic locus M3’ if each A[w™] is
isoclinic, i.e., the rational Deudonné module M,,(A) has constant slope for all w.

We assume from now on that 7 € Herm,, (OF)~o. Then we have the following generalization of [Kudla
and Rapoport 2014, Lemma 2.21].

Lemma 5.3. Assume that T € Herm,,(OF)~o. Then Z(T) is supported on
s
Vv
where v runs over the set of finite places of E whose underlying place of Fy does not split in F.

Proof. The proof is the same as that of [Rapoport et al. 2020, Lemma 8.7] which is a variant of the proof
of [Kudla and Rapoport 2014, Lemma 2.21]. (I

For T € Herm,, (OF)~o, let V7 be the Hermitian F-vector space with gram matrix 7'. Recall that we
define a Hermitian vector space V as in (4-10). Define Diff(7’, V') as in (1-3) or equivalently

Diff(T, V) := {v is a finite place of Fy | inv, (V) # inv,(Vr)}. (5-3)



1710 Yousheng Shi

Any v in Diff(7, V) is automatically nonsplitin F'. Since T is totally positive definite and V has signature
((n—1, Dyge}> (1, 0)a\(g)), by Hasse principal, Diff(7', V) is a finite set of odd cardinality. The following
result generalizes [Kudla and Rapoport 2014, Proposition 2.22]. It should be well-known to experts; see
[Li and Zhang 2022, Section 14.4].

Proposition 5.4. Assume T € Herm, (OF)~o:

(1) If |Diff(T, V)| = {vo} where vq is a finite place of Fy, then Z(T) is supported on

U MPS

Vv
ve? (vg)
where ¥ (vg) is the set of places of E over vy.

(2) Z(T) is empty if |Dift(T, V)| > 1.
Proof. We prove (1) first. By Lemma 5.3, we know that Z(T') is supported on the basic locus over finite
places of E. Let v be a finite place of E with residue field &, of characteristic p such that Z (T)(ky)
is nonempty. Then v determines a place vg of Fy which does not split in F. Let (Ao, tg, 2o, A, L, A) €
Z(T)(ky). By definition Vr carries the Hermitian form #'(-, -) in (5-1).

When v does not divide p, by its definition inv/ (Ao, to, Ao, A4, ¢, A) is the invariant at v of the Hermitian
form h(-,-) defined in (4-15) and is the same as inv, (V) by the sign condition. On the other hand,
the invariant at v of the Hermitian form 4( -, -) is the same as inv, (V7) by [Kudla and Rapoport 2014,
Lemma 2.10].

Now assume v | p and is nonsplit and w is the place of F' above v. Since the component containing
(Ao, to, 2o, A, t, A) has nonempty generic fiber (this is implied for example by (5-10) below), [Rapoport
et al. 2020, Proposition Al] tells us that

inv} (Ao, to, Ao, A, t, A) =inv, (V). (5-4)
On the other hand by [Rapoport et al. 2020, (A.8)], we know that
inVZ(A()v t07 }"07 Aa tv )") == Sgn(rl),l)) inVU(A()v t()v )"07 Aa t? )")

where by [Rapoport et al. 2020, (A.7)]

1 if v and v # v,
Sgn(rv,v) = { P 7 v

—1 ifv=nvy,

and inv, (Ao, to, Ao, A, , A) is the invariant of the Hermitian form on the Dieudonné module (see (5-2))
Home®sz(]EV)(Mw (A ® Q, My,(A) ® Q).
By Lemma 3.6, Proposition 3.5 and their analogs at inert primes, we know that

inVU(AO$ LOa )\'0, A, L’ )\') = inVU(VT>‘
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Hence we have
inv,(Vr) if v| p and v # vy,

—inv,(Vy) if v = vg.

inv, (V) = {

In conclusion, if Z(T)(k,) is nonempty we must have
Diff(T, V) = {vp}.

This finishes the proof of the (1).

If z is a geometric point of characteristic zero in Z(T), then (4-14) implies that Diff(7, V) = &. But
this is impossible by the signature assumption on V and Vy. Hence Z(T) has no geometric point of
characteristic zero and (2) follows from (1). O

5C. Uniformization of the basic locus and special cycles. We now fix a place v of E over wg of F' and
vy € Yam of Fy. Let I:I,, be the completion of the maximal unramified extension of E,. We also denote by
//\/\lis the completion of M Xgpec 0, Spec O £, along its basic locus M} Xspec, Spec ky.

Lemma 5.5. M3’ (ky) is nonempty.

Proof. The proof is a variant of that of [Kudla and Rapoport 2014, Lemma 5.1]. Let (Ao, tg, o) € Mg 0 Eu)'
Also let (A, t1, A1) be defined similarly as (Ao, tg, Ag) except that we change the signature from (0, 1)¢
to ((1, 0) (g}, (0, 1)@\ (g))- Both abelian schemes have good reduction at v by the smoothness of M.
Define

(A, 6, 3)) 1= (Ao, 0, 20)" ' ® (A1, 11, h).

Then (Ao, to, o, A, 1, ) e MV (O i) where MY has the same definition as M except that in the sign
condition we replace V by some Hermitian space V' over F with the same signature as V.

From now on we base change to Spec k,, and for simplicity denote the base change of (Ao, o, Ao, A, t, ')
by the same notation. Then (Ao, to, Ao, A, t, A) € /\/ll/,’”. Define

A=A o(a/b),1,...,1) (5-5)

where a, b € F represent det(V) and det(V’) respectively. Since V and V' have the same the signature
over the archimedean places, a/b is totally positive, hence A is a quasipolarization. Notice that the Rosati
involution induced by A on F — End’(A) is the complex conjugation. By the definition of A and the
fact that (Ao, to, Ao, A, ¢, A') satisfies the sign condition (4-13) for V' we know that (A, o, Ao, A, ¢, 1)
satisfies the sign condition for V.

By the OF,-action on A, we can decompose the p-divisible group A[p°°] and the rational Dieudonné
module M (A[p*°]) of A[p°°] into

Alp®1=EP A™1.  MA[p™) =P M. (A) (5-6)
vlip vlp

where v runs over places of Fy over p and M,(A) = M(A[v™]) for each v. Let M;ﬁl(A) be the relative
Dieudonné module of C,;v (A[vg°]) where C is the functor in Theorem 2.6. Choose an O F.wo-lattice A{,‘;‘ C
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M {)‘gl (A) ®z Q satisfying the condition in Proposition 2.15. Such choice always exists by the nonemptiness
statement in Theorem 2.17 (iii). By Theorem 2.6, Arv%l determines a self dual lattice A,, € M,,(A) ®z Q.
For any other v # v dividing p, we can choose a self dual lattice A, C M,(A) ®z Q with respect to the
symplectic form induced by A in a similar manner. Choose a self dual lattice A? C VP(A) with respect
to the symplectic form on vp (A) induced by A. These lattices determines an abelian variety (B, tg, Ap)
isogenic to (A, ¢, A) where Ap is a principal polarization. Then (Ay, to, Ao, B, tp, Ap) € M3’ (k). O

By the lemma we can choose a framing object (A{, ¢J, A5, A, 1%, A7) € M’ (k,). The p-divisible
group A°[p™>] of A? then carries an Op-action (°[ p*] and a compatible polarization A°[ p*>°] determined
by ¢’ and A° respectively. Decompose A’[p°°] as in (5-6) we get

(Xa X, }\'X) = (AU[UE)XJL LO[U(())O]» )\'O[vgo]) (5_7)

where (°[vg°] is the OF y,-action determined by (°[p>] and A°[v;°] is the polarization of A°[v;°]
determined by A°[ p®°].

Let W’ be the n-dimensional Hermitian vector whose local invariants are the same as W except at v
and ¢y where it has signature (0, n). Associate to W’ the group G’ @ asin (4-3) where we associate G2
to W. Also define

V' :=Homp(Wy, W) (5-3)

together with the naturally defined Hermitian form. Then define G =29 Xg, G’ @ which is an
inner form of G. Let A’ be the Rapoport-Zink space of p-divisible groups with Og-actions and
compatible principal polarizations satisfying the Kottwitz condition, the wedge condition and the Eisen-
stein condition with respect to the signature ((1, n — 1)y}, (0, 7)o\ (¢,}), defined by the framing object
(A%[p®], °[p°], A°[p°°]). Then we have the following uniformization theorem.

Theorem 5.6. We have

N'=Z%(@Qp)/Kz0,, x NXspro;, SPEOE) x [ [ UV)(Fou)/Ka. (5-9)
PEST
where the product in the last factor is over all places of Fy over p not equal to vy and N' = /\/'gw;l’i%p =

w), Uy w) @ w) Uy . . ., . . .
Ng;i?; °. Here ./\/51211; (resp. /\/'glgﬁ(; %) is defined in Definition 2.8 using the framing objects
X, 1x, Ax) in (5-7) (resp. C,;V((X, 1x, Ax))). There is an isomorphism depending on the choice of base

point (A3, 1§, A5, A%, 1%, 12) € M35 (k,),
©:G'(@\W' x GAD)/K? = M}’ (5-10)

Proof. Using exactly the same proof of [Rapoport et al. 2020, Lemma 8.16], we know that for v 7 vy
above p, we have

F,/Q, ~
NI = UV (Fo.) /Koo
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As a corollary we know that

Fy, /@J’\
N'=Z2(@p)/Kz0,, x Nly) Xsproy, SPEOg) x [ [ UV (Fow)/Ko  (5-11)
PESV
Then (5-10) is a special case of [Rapoport and Zink 1996, Theorem 6.30]. By Theorem 2.10, we can also
replace /\/'g";‘l)i?)" above by j\/'(lug/?; o, O

Theorem 5.7. Assume that T € Herm,,(OF)~¢ with Diff(T, V) = {vg} where vg € Yiam (1-2). Assume that
vo is not over 2 and is unramified over Q. Then Z(T );eq is equidimensional of dimension %D(Lvo) where

L, is any Hermitian lattice over OF ., whose gram matrix is T and 0(L,,) is defined as in Theorem 3.9.

Proof. The proof resembles that of [Kudla and Rapoport 2014, Proposition 11.2]. By Proposition 5.4,
Z(T) is supported on the basic locus over v for those finite places v of E that induces vy. Fix such a v
and let wy be the place of F" above vg. Choose a framing object (Ag, g, A, A%, 17, 19) € M;F (lzv) which
determines a supersingular formal OF ,,,-module (X, tx, Ax) as in (5-7).

Define V' as in (5-8) and G’ := U(V’). By Proposition 5.4, we know that

V' =2 Vr

as Hermitian spaces. In particular, V) = V, as a Hermitian space for all finite places v # vo of Fy. We
can thus think of
LU() = L ®OF UO

(see (4-12) for the definition of L) as a lattice in V/(A}° Fo. f). Its stabilizer in G’ (Ag’ f) is K 20. On the
other hand, by Proposition 3.5 we have the following identification.

V,, = Homo,, (Y,X)® Q= Homo,, (C;, (V). Ci,(X)@Q =V.

Let Z/(\T)v be the closure of Z(T') Xspec 0, Spec O £ in /’\fo. Then by Theorem 5.6 and the fact that
G' = Z9 x Res Fyy@ G', we have (see [Kudla and Rapoport 2014, Proposition 6.3])

Z(T), = (Z®@\Z®(Af)/K 70) x | ] || zm.
/ 7¢A Y0 _ vy Q(T)
8EGENG (g DK T8

where Z(x) is the special cycle of /\f(lwo/ " defined in Definition 3.4 and
QT)={xe(V)'|(x,x)=T}.
Here we think of V' as a subset of both V and V’ (A;ﬁ;, f). The theorem is now a consequence of

Theorem 3.9. 0
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