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Hybrid subconvexity bounds for twists of
GL(3) x GL(2) L-functions.

Bingrong Huang and Zhao Xu

We prove hybrid subconvexity bounds for GL(3) x GL(2) L-functions twisted by a primitive Dirichlet
character modulo M (prime) in the M- and f-aspects. We also improve hybrid subconvexity bounds for
twists of GL(3) L-functions in the M- and ¢-aspects.

1. Introduction

The subconvexity problem of automorphic L-functions on the critical line is one of the central problems
in number theory. In general, let C denote the analytic conductor of the relevant L-function; see, e.g.,
Iwaniec and Kowalski [2004, Section 5.11), then one hopes to obtain a subconvexity bound C!/ 4=8 for
some 6 > 0 on the critical line. Subconvexity bounds have many very important applications such as the
equidistribution problems; see, e.g., Michel and Venkatesh [2010].

For the GL(1) case, i.e., the Riemann zeta function and Dirichlet L-functions, subconvexity bounds
have been known for a long time thanks to Weyl [1921] and Burgess [1963]. In the last decades, many
cases of GL(2) L-functions have been treated; see Michel and Venkatesh [2010]. In the last ten years,
people have made progress on GL(3) L-functions; see [Blomer 2012; Li 2011; Munshi 2015a; 2015b;
2022; Sharma 2022]. In this paper, we extend the techniques in [Lin and Sun 2021; Munshi 2022; Sharma
2022] to prove, for the first time, hybrid subconvexity bounds for GL(3) x GL(2) L-functions twisted by
a primitive Dirichlet character modulo M (prime), which reach the best known bounds in the M- and
t-aspects simultaneously. Our method also improves hybrid subconvexity bounds for twists of GL(3)
L-functions due to Huang [2021a] and Lin [2021].

Let 7 be a Hecke—Maass cusp form of type (v;, vp) for SL(3, Z) with the normalized Fourier coefficients
A(m, n). The L-function of 7 is defined as

Lis,m=Y A(;;”), Re(s) > 1.

n>1
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Let f be a Hecke-Maass cusp form with the spectral parameter ¢, for SL(2, Z), with the normalized
Fourier coefficients A ¢ (n). The L-function of f is defined by

L, =Y xf;("), Re(s) > 1.

s
n>1

Let x be a primitive Dirichlet character modulo M. The GL(3) x GL(2) x GL(1) Rankin-Selberg
L-function is defined as

2
Lsaxfx0=3 Y Alm, Ay mx(mn) = gy > 1.

(m?n)*

m>1n>1

These L-functions have analytic continuation to the whole complex plane. In this paper, we consider the
L-values at the point % + it with t € R. The Phragmén-Lindelof principle and the functional equation
imply the convexity bounds

L(3+it,m x f x x) K .0 (M(1+]£])>/>72,

for any € > 0. It is known that the Riemann hypothesis for L(s, = x f X x) implies the Lindel6f hypothesis,
ie., L(% +it, T X f x X) Lz, f,e (M(1+41t]))®. For M = 1, the first subconvex exponent in f-aspect was
obtained by Munshi [2022]. Recently, Lin and Sun [2021] proved that

L(3+it, 0 X f) K pe (14 [t])3/>73/20%,
For t = 0 and prime M, Sharma [2022] proved that
L(L 7 X f % ) <Ko MYVI6

In the context of L-functions, obtaining hybrid bounds that perfectly combine the two aspects is a difficult
problem; see [Blomer and Harcos 2008; Fan and Sun 2022; Heath-Brown 1978; Lin 2021; Huang 2021c;
Petrow and Young 2020; 2023]. Our main result in this paper is the following hybrid subconvexity bounds.

Theorem 1.1. With the notation as above. Lett € R and M be prime. Then we have
L(% +lt, T X f x X) <<7T,f,s M3/2—1/16+8(1 + |t|)3/2_3/20+8.

Remark 1.2. Below we will carry out the proof under the assumption ¢t > M? for some small & > 0. For
the case t << M¥?, one can extend the method of Sharma [2022] to prove L(% +it, T X f X X) Lit,7, fre
M?3/2=1/16+¢ with polynomial dependence on ¢. For the case t < —M?, the same result follows from the
case t > M* by the functional equation.

Remark 1.3. Let 7, x and ¢ be the same as above and f be a weight k Hecke modular form for SL(2, Z).
The same hybrid subconvexity bounds for L(% +it, Tt x fx X) can be proved by our method. The only
thing need to be changed is the GL(2) Voronoi summation formula.
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Note that by the Hecke relation of the Fourier coefficients (see [Goldfeld 2006, Theorem 6.4.11]), we

have
AL mA(Lny = Y A(d, %)

d| (m,n)

Hence we have

2
L(s, 7 x x)* = Z Z Am, n()’;i;;))i((m n)’ Re(s) > 1,

m>1n>1

where 7(n) =), |» 1 1s the divisor function which is the coefficient of the Eisenstein series for SL(2, Z).
The subconvexity bounds for L(% +it, T X X) follow from bounds for L(% +it,m x fx X) with f
being a GL(2) Eisenstein series.

Theorem 1.4. With the notation as above. Let t € R and M be prime. Then we have
L(1/2+it, T X X) Lre MPAA=132 e (g jp))3/4-3/40+¢

Remark 1.5. The only difference in the proofs of Theorem 1.4 and Theorem 1.1 is that we need to use
the Voronoi summation formula for 7 (n) instead of those for Fourier coefficients of a GL(2) cusp form.
This will give us another zero frequency contribution in the dual sum. This contribution will not have any
effect on the final result. Indeed, in the generic case, the weight function for the sum of 7 (n) is oscillating.
By integration by parts, we can show its contribution is negligibly small.

Theorem 1.4 improves the hybrid subconvexity bounds for twists of GL(3) L-functions due to Huang
[2021a] and Lin [2021], and also reaches the best known bounds in the M- and ¢-aspects simultaneously;
see Sharma [2022] and Aggarwal [2021]. Recall that under the same assumptions Lin [2021] proved that

L(5+it, 70 X x) Ko (M(14[2]))>/*1/30F2,

One may give a quick comparison with Lin’s work [2021]. Actually, we have a different structure from
Lin’s paper. Theorem 1.4 can be viewed as a subconvexity result for GL(3) x GL(2) x GL(1) L-functions,
where the GL(2)-item is the Eisenstein series. Lin’s work is to consider the L(% +it,m x X) directly.1

Heath-Brown [1978] proved the first hybrid subconvexity bounds for Dirichlet L-functions by extending
the Burgess method and van der Corput method to give good estimates for hybrid sums " x (n)n'’.
Recently, Petrow and Young [2020; 2023] proved the Weyl bound in both aspects by estimating moments
of L-functions. For the GL(2) case, Blomer and Harcos [2008] proved the first hybrid subconvexity
bounds in the M- and #-aspects by using moments of L-functions. Recently, Fan and Sun [2022] improved
the bounds by using a delta method. Our method can also provide hybrid subconvexity bounds in the
GL(1) and GL(2) settings, but are weaker than the best known results.

The basic observation is that the subconvexity bounds for GL(3) x GL(2) x GL(1) L-functions in
individual M-aspect or t-aspect were proved by applying the Duke—Friedlander—Iwaniec delta method

lKlral, Kuan and Lesesvre [Kiral et al. 2022] further improved subconvexity bounds for twisted GL(3) L-functions under the
restriction M < 3/7,



1718 Bingrong Huang and Zhao Xu

to separate oscillatory factors. This suggests to us that in order to prove a hybrid subconvexity bound
one may use the same method as the starting point. This philosophy may allow us to make progress in
other hybrid settings; see [Huang 2021c]. However, technically speaking, to estimate the complicated
sums (e.g., (3-1) below) is much more difficult. We have to take care of both aspects carefully. It is worth
mentioning that, as in [Aggarwal 2021; Huang 2021b; Lin and Sun 2021], we drop the conductor-lowering
trick which was used in Munshi [2015a] for the ¢-aspect, but we still use the conductor-lowering trick for
the M-aspect as in Munshi [2015b] and Sharma [2022].

1A. Sketch of the proof. We give a brief sketch of the proof. By the approximate functional equation
and some standard analysis, we need to get

Z A(}’, n))\.f(l’l))((l’l)l’l_il < N1/2+€M3/2_1/16t3/2_3/20,
n~N

where N <« (Mt)3+8/r2, r << MY33/10 and (r, M) = 1 (see Proposition 3.1). We will apply the Duke—
Friedlander-Iwaniec delta method with moduli ¢ < Q (see Lemma 2.6). For simplicity let us focus
on the generic case, i.e., N = M3, r =1and g ~ Q = (LN/MK)'/? for some parameters L and
K <« t'7¢ which will be chosen later. After applying the Duke—Friedlander—Iwaniec delta method and
the conductor-lowering trick for the M-aspect by Munshi (see Sharma [2022]), the main object of study

is given by
—ZA(I 6)/ Z Z Z 3 A, (n(aM];[rbq))e(l;x >
~L M, roin @ 94 mod g n~LN q q9Q
(g ZM) 1
i

By using the Ramanujan conjecture on average, trivially estimating at this stage gives O (LN?). So we
want to save L N plus a “little more” in the above sum. Note that here we don’t need the conductor-lowing
trick for the r-aspect as observed in [Aggarwal 2021; Huang 2021b; Lin and Sun 2021]. In fact, the
x-integral above plays the same role as the v-integral in Munshi [2015a].

We apply the Voronoi summation formulas to both n and m sums. For the n sum, by the GL(3) Voronoi,

we get essentially

> All,ny)  — ny
M ——=28S((aM +bq), ny; M)V, | —— |,
aM Yy oo S(@M +bq). n2: g M) x(q3M3)
no=1
for certain weight function W, depending on x. The conductor in the above ny-sum is K3M?>Q?3, and the
length is about L N. Hence the dual length becomes 1, < K3M3Q3/(LN) = L>?N?/Q3. By Lemma 4.1,

the current bound for this dual sum is QM - (QM)'/2. (LN /(M Q?))3/?. So we save (LN)'/*/(MK)3/4.
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In the GL(2) Voronoi, the dual sum becomes essentially

N _ méaM + (b —u)q) L mN
Mqt(X) 2 X(ME)ZAf(m)ee Mq )H <M2612)

u mod M m>1
u#=b mod M

for certain weight function H*. The conductor in the m-sum is 12Q%>M?, so the dual length becomes
m =< t?Q*M?/N = LMt?*/K. By Lemma 2.4 and the square root cancellation in the u sum, the trivial
bound for this dual sum is (N/QM) - (Ml/le/z/Nl/A') . (t2Q2M2/N)3/4 - (1/t2). Hence we save
N2K1/2 /(L2 M'/?t). By the stationary phase method, we save K /2 from the x-integral. We also save
0'/? in the a sum and M'/? in the b sum. Hence in total we have saved

(LN)/*  N2K1/2 K1/2Q1/2M1/2=i

(MK)3* L12M1/2 Mt

Hence we still need to save LMt plus a “little more”. Generally we arrive at
N13/12 SE— 1 A(1, no) A r(m)
BN Rl 24 f
M2LO PIRIDNGESSY PR ) 2/3 ) g ¢
q~Q

tel m=I2N2/03 M2 m=m202:2/N

for certain character sum C and integral transform 7 (see (4-11)).
Next applying the Cauchy inequality we arrive at

(¥ |[pacmaery t ¥ dy
q~Q

ny<L2N2/Q3 tel m=M2Q%2 /N

2)1/2

where we seek to save L Mt plus extra. Opening the absolute value square we apply the Poisson summation

formula on the sum over n. For the zero frequency we save (LQM?Q%t?>/N)'/2. This gives a bound of
size N3/*M3/4K3/4/L/* We save enough in the zero frequency if K <t and L > 1.

For the non-zero frequencies, the conductor is of size Q> M K, hence the length of the dual sum is
O((Q>MK /(L*N?/Q*)'/?) = O(LY*N'V*/(M3/*K3/*)). In the integral transform we save K /4 and
the character sums save (Q2M!/?)1/2 = QM'/*. Hence in total in the non-zero frequencies we save
(M3AK34 LVANYHY K Y4Q M4, This gives a bound of size NV4QLY4Mt = N34 L34 M1 2 K12,
We save enough in the non-zero frequencies if L < M'/3 and K > ¢!/2. We also have different bounds from
other cases. In fact, the best choice is L = M'/* and K = t*/> which gives O (N/2+¢ p3/2=1/1643/2=3/20)

as claimed.

1B. Plan for this paper. The rest of this paper is organized as follows. In Section 2, we introduce
some notation and present some lemmas that we will need later. The approximate functional equation
allows us to reduce the subconvexity problem to estimating certain convolution sums. In Section 3,
we apply the delta method to the convolution sums. In Section 4, we apply the Voronoi summation
formulas and estimate the integral transforms by the stationary phase method. In Section 5, we apply
the Cauchy—Schwarz inequality and Poisson summation formula, and then analyze the integrals. Then
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we deal with character sums and the zero frequency contribution in Section 6. In Section 7, we give the
contribution from non zero frequencies. Finally, in Section 8, we balance parameters optimally and prove
Proposition 3.1 which leads to Theorem 1.1.

Notation. Throughout the paper, ¢ is an arbitrarily small positive number; all of them may be different at

each occurrence. By a smooth dyadic subdivision of a sum ) _, A(n), we will mean

n>1

3 ZA(n)v(%),

(V,N) n>1

(3

(V.N)

where

with V being a smooth function supported on [1, 2] and satisfying V) (x) « ; 1. The weight functions
U, V, W may also change at each occurrence. As usual, e(x) = e>™* and n ~ N means N <n < 2N.

2. Preliminaries

2A. Automorphic forms. Let f be a Hecke-Maass cusp form with the spectral parameter ¢ ¢ for SL(2, Z),
with the normalized Fourier coefficients A y(n). Let 6, be the bound toward to the Ramanujan conjecture
and we have 6, < é due to Kim and Sarnak [2003]. It is well known that, by the Rankin—Selberg theory,
one has

D Ihpm)* < N. 2-1)
n<N

Let 7 be a Hecke—Maass cusp form of type (v1, vp) for SL(3, Z) with the normalized Fourier coefficients
A(r, n). Similarly, Rankin—Selberg theory gives

Y IAG P <5 N. (2-2)
r2n<N
We record the Hecke relation
r n
A(r,n) = DAl —=,1]A(1, =
o)=Y ud (d ) ( d)
d| (r,n)

which follows from the Mobius inversion and [Goldfeld 2006, Theorem 6.4.11]. Hence we have the
individual bounds

A(r,n) < (rn)®Te, (2-3)

where 05 < 15—4 is the bound toward to the Ramanujan conjecture on GL(3); see [Kim 2003]. So we have

YA Y Y AG ) < Y AG )] Y AL < BTN (24

n~N ny|r* n~N/ny ny|ree n~N/ny
(n,r)=1 (n,r)=1
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and

YIACP < Y Y 1A )P < Y 1A )P Y JAGL P < PPTEN. (255)

n~N ny|r* n~N/n; ny|re n~N/n|
(n,r)=1 (n,r)=1

Here we have used (2-2) and the fact } |, d~7 < r®, for o > 0.

2B. L-functions. The Rankin—Selberg L-function L(s, w x f x x) has the following functional equation

A, T X fX))=€xxfrxyA—s5,7 X f X)),
where

3 .
s—a;xity
Als, 7T % =m@r > [ITIr(—2%—2 )L
( fxx) ] ( > (s, X fxx)
]:] +
is the completed L-function and €, « s« is the root number. Here «; are the Langlands parameters of 7,

and 7 is the contragredient representation of 7. By [Iwaniec and Kowalski 2004, Section 5.2], we can
obtain the approximate functional equation which leads us to the following result.

Lemma 2.1. We have
[S(N)|

N&M(tl+1)y3e VN

L(3+it,m x fx x) < (M(|t|+ 1) L (M(Jt] + 1),

where

2
SN =) > A n)kf<n>x<r2n>(r2n>—”v<ﬂ>,

N
r>1n>1

with some compactly supported smooth function V such that supp V C [1,2] and VP « i L

We first estimate the contribution from large values of r. By (2-1) and (2-5) we have

2

r=MU3(|1|4+1)3/10

2
Z A(r,n)Ar(n)x (n)(r*n) "V (%)

n>1

1/2

< 3 ( > |A<r,n>|2>l/2( > ka<n)|2)

MVB(jt|+1)3/0<r /N "nxN/r? n=<N/r?

N
< > rfte —
72

MV (141310 <r /N

<N Z ,—3/2—¢
MYB(Jt1+1)310<r < /N
& NV2A3/2=1/16 (4| 4 1)3/2-3/20+¢ (2-6)

for N < (M(|t| + 1))3*%. The contribution from those terms to L(% +it, T x f X X) is bounded by
M3/271/16+8(|t| 4 1)3/273/204‘6.

Therefore, combining this together with Lemma 2.1, we prove the following lemma.
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Lemma 2.2. We have

1 S(r, N
L(3+it,m x fxx) <1 Z - sup 15, M) + M3/21/1643/2=3/20%e
r<M/313/10 P N<Mndtez - NN

(r,M)=1
where

S(r.N) =) _ A, I’l))»f(n))((n)n”V(%)‘

n>1
2C. Summation formulas. We first recall the Poisson summation formula over an arithmetic progression.
Lemma 2.3. Let B € Z and c € Z>,. For a Schwartz function f : R — C, we have
1 Na np
> sm=t (1)),
c c c
neZ neZ
n=f mod ¢
where f(y) = fR f(x)e(—xy) dx is the Fourier transform of f.
Proof. See, e.g., [Iwaniec and Kowalski 2004, (4.24)]. O

We recall the Voronoi summation formula for SL(2, Z). Let g be a smooth compactly supported
function on (0, 00).

Lemma 2.4. With the notation as above. Then we have

n N an nN
A =— A - Hi<—) 2-7
> f(n)e( ) (N) ; ;2}) f(n)e(ﬂFq) 2 @7

n>1
where
TN A b . g i
H <y>—sm(mf) /0 8(&) (air, (A7 \/E) — J_nir, (47 yE)) dE, (2-8)
and
H™(y) =4ey cosh(rt ) /O 8(&) Kaiy, (4 /&) dk. (2-9)

Fory > T*, we have

2 dje(—2
H (=y'"* /0 g5~ ‘“ch’e( J_()y;,/f( DD geroay @0

for some constant J = J(A) and

H™(y) <iay 2 (2-11)

Proof. See, e.g., [Lin and Sun 2021, Section 3.1]. |
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Notice that (2-10) and (2-11) are only valid for y > T*. So we also need the facts which state that, for
y >0, k> 0and Rev =0, one has (see [Kowalski et al. 2002, Lemma C.2])
1
k g (k)
YL () Lk TSR
e Y (1+logyl|)
1+ )17

We now recall the Voronoi summation formula for SL(3, Z). Let ¥ be a smooth compactly supported

(2-12)
Y RO () <

function on (0, 00), and let lﬂ(s) = fooo ¥ (x)x® dx/x be its Mellin transform. For o > %, we define
1 -
() = i ). )(n%)‘“yf(s)z//(l —5)ds, (2-13)
with \ X
C((s +aj)/2) 1= T +s+a))/2) ]
no =g ey *illvean 19

: j:]
where «; are the Langlands parameters of 7 as above. Note that changing v (y) to ¥ (y/N) for a positive
real number N has the effect of changing W+ (z) to WH(zN). The Voronoi formula on GL(3) was first
proved by Miller and Schmid [2006]. The present version is due to Goldfeld and Li [2006] with slightly
renormalized variables; see Blomer [2012, Lemma 3].

Lemma 2.5. Let ¢, d,d € 7 with ¢ #£0, (c,d)=1, and dd =1 (mod ¢). Then we have
cm3/? A(ny n1) n2n2
A = i d +ny; 1 ,
Z o, n)e( )w(n) Z Z Z niny ( " ) <C3m)

+ ny|ecmny=1
where S(a, b; ¢) .= Z*d(c) e((ad + ba_l)/c) is the classical Kloosterman sum.

2D. The delta method. There are several oscillatory factors contributing to the convolution sums. Our
method is based on separating these oscillations using the circle method. In the present situation we will
use a version of the delta method of Duke, Friedlander and Iwaniec. More specifically we will use the
expansion (20.157) given in [Iwaniec and Kowalski 2004, Section 20.5]. Let § : Z — {0, 1} be defined by
if n =0;
5(n) = ifn=
0 otherwise.
We seek a Fourier expansion which matches with §(n).
Lemma 2.6. Let Q be a large positive number. Then we have
nx
8(n) = Z Z 8. x)e 5 ) dx. (2-15)
1<q<Q a mod g R 4

where g(q, x) is a weight function satisfying that

A
glg,x)=1+ 0(%(% + |x|) ), g(g,x) K |x|_A, forany A > 1, (2-16)
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and
o/ . 1 .
ﬁg(q,ﬂ < |x[7/ min(|x|™", Q/q)log Q, j=>1. (2-17)

Here the x on the sum indicates that the sum over a is restricted by the condition (a, q) = 1.
Proof. See [Huang 2021b, Lemma 15] and [Iwaniec and Kowalski 2004, Section 20.5]. O

In applications of (2-15), we can first restrict to |x| < Q°. If ¢ > Q'~®, then by (2-17) we get
%g(q, x) < Qf|x|~/, forany j > 1. If g < Q'~¢ and Q¢ « |x| <« QF, then by (2-17) we also have
%g(g,x) &« QFf|x|™/, for any j > 1. Finally, if ¢ < Q'~¢ and |x| < Q~¢, then by (2-16), we can
replace g(g, x) by 1 with a negligible error term. So in all cases, we can view g(q, x) as a nice weight
function.

We remark that there is no restrictions on @, so we can choose Q to be any large positive number. Recall
that in Sharma [2022] and Lin and Sun [2021], the authors took Q to be (NL/M)'/? and (N /t*/°)1/2,
respectively. This motivates us to choose Q = (NL/MK)'/2. As we will see, after balancing finally, we
can take L = M1/* and K = 1%/ optimally, which coincides with Sharma [2022] and Lin and Sun [2021].

2E. Oscillatory integrals. Let F be an index set and X = X7 : F — R>; be afunctionof T € 7. A
family of {wr}r<x of smooth functions supported on a product of dyadic intervals in Rio is called X-inert
if for each j = (ji, ..., j4) eZ‘éO we have

—Jji—=—Jay . J1 Jd o, (oo Ja)
sup sup Xy lxy - xy wy X1, x| <Ky L

TEF (x1,...x0)€RL,
We will use the following stationary phase lemma several times.

Lemma 2.7. Suppose w = wr(t) is a family of X-inert functions, with compact support on [Z,2Z], so
that wP (1) < (Z/ X)~1. Also suppose that ¢ is smooth and satisfies ') < Y | Z! for some Y /X*> R > 1
and all t in the support of w. Let

w .
I =/ w(t)e'®® dr.
—0oQ

() If |¢'(t)| > Y/ Z for all t in the support of w, then I <4 ZR™* for A arbitrarily large.

(i) If |¢" ()| > Y/ Z? for all t in the support of w, and there exists ty € R such that ¢'(ty) = 0 (note that
to is necessarily unique), then

i)
V" (to)

where Fr is a family of X-inert functions (depending on A) supported on ty < Z.

Fr(t)) + Oa(ZR™),

Proof. See [Blomer et al. 2013, Section 8] and [Kiral et al. 2019, Lemma 3.1]. U
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3. Reduction

Now we start to prove Theorem 1.1. We assume ¢ > M?. Recall that, Lemma 2.2, we are considering
S(r, N) with N < (M1)3+¢/r2, r < M'/3¢3/19 "and (r, M) = 1. We will prove the following proposition.

Proposition 3.1. We have
S(r, N) < N1/2+e pg3/271/1643/23/20

for N < (Mt)3*¢/r2, r < M'363/10 and (r, M) = 1.

Let £ be the set of primes in [L,2L]. Assume M ¢ [L,2L]. For £ € £ and n > 1, by the Hecke
relation, we have

AL OA(r, n) = A(r, n) + 8¢, A(r/€,n) + 801, A(rl, n/t).
By the prime number theorem for L (s, 7 x ) we have

=Y AL O > L
el
‘We have

S(r, N) = Li Y AT DY A A, z)xf(n)x(n)n—f’\/(%)
el n>1

= S51(N) + $2(N) + S3(N),
where

1 - .
Si1(N) = = Z A(l,0) Z A(r, nﬁ))»f(n)x(n)n”v(%),

lel n>1

1 — :
$2(N) = I Zgj A1, 0) ; SerA(r/e, n))nf(n)x(n)n_”V(%),
and B

S3(N) = Li g A(1,0) ;&MA(M, n/ﬁ)kf(n)x(n)n_"V(%>.

We only consider S; (), since the same method works for the other two sums and will give better
bounds as the lengths of those sums are smaller. Actually, in S,, since £ | r, only t(r) £’s contribute; in
S3, since £ | n, the length of the n-sum is of size N/L. As the structures of sums in S, and S; are the
same as in Sy, we can get better bounds than Sj.

Now we apply (1/M) ") 10d p €((n —m€)b/M) to detect the condition M | (n — m¥), and then use
the delta method, obtaining

| 1 —ml)b
SI(N):EZA(LZ)M Z ZA(r n)W( )Zkf(m)x(m)m_”V( ) (%)

el b mod M n>1 m>1

D AT A ()

1<q<Q a mod g
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Rearranging the order of the sums and integrals we get

S1(N) = ZA(l ﬁ)— Z Z /g(q x)—

tel brnodM 1<¢=<Q amodq

T () (i ) ()

n>1

. [ —mt(bg+a) —me
~Zkf(m)x(m)m ’e(mM—;“l)V(%>e(Mn;Qx)dx.

m>1

Inserting a smooth partition of unity for the x-integral and a dyadic partition for the g-sum, we get

SIN) KN sup  sup Y [SE(N, X, R)|+ 00,
X<t IKRKQ 13

for any large constant A > 0 and some large constant B > 0 depending on A, where Slil(N X, R),
Slle(N X, R) and S 3(N, X, R) denote the terms with (b, M) =1, M | b and (g, £M) > 1, respectively.
More precisely, we have

SEV X R = A0 [ 5 Y L v ()

tel b mod M q~R a mod g
(g,£M)=1

n(aM + bq) n nx
Saeme (MG ) (75 ) (g )

—mlaM +bg)\ _;,, (m —mlx
.Zkf(m)x(m)e<q—M)m V<N>e(m)dx, (3-1)

m>1

SE(N, X, R) = ZA(] Z)/ Z Z g(q, x)U( )
el qamodq
@. 6M> 1
Saee( (5 )(wigg)
e ¢{N MqQ
3 hpm) (m)e(_mga)m”V(ﬂ)e<_m€x>dx
= X q N) \MqQ) ™
and
SL(N, X, R) = ZA(l z)/ Z > Z 2(q, x)U( )
Lel bmodM ( %;[1)? 1 amodq
q >

T () (i)

n>1

—-mla+bq)\ _; —mt
.Zwm)x(m)e(%)m v(%)e(M";S)dx.

m>1
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Note that in Sli1 (N, X, R) and S >(N, X, R), we have made a change of variable a — aM. Here U is
a fixed compactly supported 1-inert function with supp U C (0, oo). We will only give details for the
treatment of SH(N X, R), since the same method works for S >(N, X, R) and S 3(N, X, R) and will
give a better upper bound. More precisely, in S ?Ez(N X, R), we do not have the b-sum. In S 3(N, X, R),
we have the condition (g, £M) > 1. In fact, we should have the following cases:

(i) b=0mod M and g = ¢/q’ with j > 1 and (¢/, ¢M) = 1.
(i) b=0 mod M and g = M*q’ withk > 1 and (¢, {M) = 1.
(iii) »=0 mod M and ¢ = ¢/ M*q’ with j, k> 1 and (¢, ¢M) = 1.
(iv) (b,M)=1and g =¢/q’ with j > 1 and (¢, ¢M) = 1.
(v) (b,M)=1and g = M*q withk >1and (¢/, ¢M) = 1.
(vi) (b, M)=1and g = ¢/ M*q’ with j, k> 1and (¢/, ¢M) = 1.

4. Applying Voronoi

We first apply the Voronoi summation formula (see Lemma 2.5) to the sum over n in Sﬁ (N, X, R),
getting

n(bg +aM) n nx
e (") (7))

Any, -
o YYD 3 A g g, qu/no\v‘g“(”')(qu)’ @D

n
m==xln;|gMrny=1 nina

where W (7) is defined as in Lemma 2.5 with ¥ (y) replaced by W (y/¢N)e(xy/Mq Q).

Lemma 4.1. (i) If zNL > t°, then V' (2) is negligibly small unless sgn(x) = —sgn(n;) and
NE(—n1x)/(MqQ) =< (zN£)'/3, in which case we have

2(zMq Q)'/? W z'2(Mq0)*?
(—mx)1/? ) (1\75(—77196)3/2

where W is a certain compactly supported 1-inert function depending on A.
(i) IfzNL < t° and (NLX)/(MRQ) > t°, then W™ (z) « 1=A.
(ifi) IfzNL < t° and (NLX)/(MRQ) < t°, then W) (2) « 1.

Qe (z) = <zNz>”2e<m ) +o@u™),

Proof. See [Huang 2021b, 5.3]. O
In the last case, by taking o = % and making a change of variable, we get

x¢NE&

\IJi(z)z(zEN)m;/(rﬁzﬂN) it (1/2+zr)/ W(S)e(
x 2752 [y MqQ

)5—1/2—” d& dr.
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We can truncate 7 at T < ¢® with a negligibly small error by repeated integration by parts for the &-integral
above. That is, we have

VIR =N PWER+ 0™, (4-2)
where

1 it N%_ —1/2—it
ng(z)=m/hlfﬁ(n3zm) (1/2+n)f W(g)e< Q)g V20T gt dr.

The contribution from the error to Sﬁ (N, X, R) is also negligibly small. Note that the function W;fg (2)

satisfies that )
J

@ng (Z) <<j fEZ_j- (4'3)

Now we consider the m-sum. By

_. _EO
x(m) = x () x(ml) = . )_()un%i:Mx(u)e( i )

one has

_.. (—ml(bg +aM) m —mlx
A (m)x (m)m ”e(—) V(—)e( )
g Mg N MqQ
o (BH{-2)
T(X) N MqQ

(R )

u mod M
uz#b mod M

=: X+ 2,

say. From now on, we only deal with the terms involving X1, since the treatment of X, is similar and in
fact simpler. With the help of Lemma 2.4, we obtain

N1t 3 ml(aM + (b —u)q) mN
zlzm > X(uﬁ)ZZAﬂm}e(ﬂ: M )Hi<M2q2>’ (4-4)

u mod M + m>1
u#b mod M

where H* is defined as in Lemma 2.4 with g(&) replaced by V(E)S‘”e(—N@xS/Mq 0).
Lemma 4.2. Ifz < t°, then H*(2) is negligible unless t < (NLX)/(MgQ) and x <O.
Proof. If 7 < t%, then, in view of (2-8) and (2-9), we may regard H¥(z) as

Y _tlogé  Nixg ]
1) = [ veere(-5EE - 100 Yuseeae @)

where J(z) = (—m/ sin(wity)) (Jair, (47 /2) — J2i1, (470 /7)) or J(z) = 4€ s cosh(mwt ) Kajy, (471/2).
Then, by partial integration together with (2-12), Z; (z) is negligible unless x <O and (NLX)/(MRQ) <t.
[l
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If mN/M?q> > t°, then, in view of (2-11), H~(mN/M?q?) is negligible. For the term in (4-4)
involving H ™, with the help of (2-10), we may replace it by

N3/A-it xf(m) ml(aM + (b —u)q)
b m=tlm=

t1 2«/ N¢
[et v~ g @)
R 21 Mq M Q
Note that we have £ < L, |x| < X and ¢ < R. By Lemma 4.1 and Lemma 4.2 and according to the size of
(N€x)/(MqQ), ("3n2N€)/(g>M3r) and (mN)/(M?q?), we can reduce ST(N, X, R) to the following
three cases:

NLX _ (mimNL\'Y? — mN |
Case a. MRO ~ \ ROM3 > t°, W>>t .

In this case, we insert (4-1) and (4-4) into (3-1) and use Lemma 4.1(i) and (4-6), so that it is sufficient
to estimate

N3/A—it ]
/2
“WPLor I/ZZAG DICEED DY Z > X
bmodM g~R amodqumodM
(g.£M)=1 u#b
Ag(m) mﬂ(aM+(b—u)q) A(ny, n2)
Z Iy e( Z Z Z 1/2
m=>1 ni,m==1n \qu
1
S — _ itlogé& 2/mNE&
-S(r(aM+bq),mnz;qu/m)fs ”4V(€)e(— Zﬂg = )

Next 2(nny Q)2 032 (n2ny)\/? iy
'/Rg(q’x)e<_MqQ+ "Mq((- mrx))l/z)W(r1/2<—mx>3/2w>U( X >d“15’ @7

where Ng = N>L?X3r/ Q3. Let x = —n; Xv. Then the resulting x-integral becomes

2 1/2 3/2(n21n,)1/2
—mX/Re(mNEXE”+n12(”1”2Q) )g(q,—mwa(v)W(M)dv. 4-8)

MqQ Mgq(rXv)l/2 rl/2(Xv)3/2Ne
Let
NEXEv 2(n 2n, Q)12
hw) =m— 7
q0Q MC](FXU)
Then
NEX& (3 Q)2 3(” naQ)'/?
n — 1 3/2’ X — 4-9
W =Mg0 T Mgy P O =M og0 R o

Note that the solution of 4’ (vg) = 01is vg = (n%n2)1/3Q/(r1/3(N€§)2/3X) =1, and

3(nnyNeg)'/3
ri3mMg

_3m_(ny Q)" 3p (ninaNeg)'3

h(vo) =
(vo) =m 202 Mg Xw) 2~ 22 riPMg
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By the argument below Lemma 2.6, we can think g(g, x) as a nice function which satisfies

3/ .
a—]g(q LX) L Q% x|, (4-10)

up to a negligible error. Here &1 is a small positive number such that £/ Q%' > t*/2. Then, by applying
Lemma 2.7, we have (4-8) is equal to

r/8qm)' 2 x ( 3(ninyaNeg)'/3

Q2 (niny)'"?
e
2N ee) 8\ Mg

r172(Xvg)32N¢

)g(q,—vao)U(vo)W( >+0(IA),

where U is a certain compactly supported 1-inert function depending on A. We may assume (n;, M) =1,
since otherwise we have M | n; which leads to a simpler case. Hence, by letting

B Q3/2(n2n2)1/2

V(E) =1y , —m XU W)W | =t —

at the cost of a negligible error, we can rewrite (4-7) as

N13/12—itX 1
- AL DXL Y —
3/2 1/3 Z 3/2
T(x)M>/*LQr = pvor q

(q.LM)=1

A(ny, na) Ay (m)
DY 1/3 Z 7 > I nny ) Tum, ni i, £ g), (4-11)
nyx =0

nm==1n; |gr 2 m>1
"

where

3(nin,Neg)!/3 2 mNg) .

t
Ja(m,nl,nz,ﬁ,q)=/RV(€)6(—Elog§+m Mg "

and

Com,ni,na, 6,9)= Y Y Sr@M+bg), mna, gMr/n)

b mod M a mod g
Z )_((u)e(mﬁ(aM—i-(b—u)q))' 4-12)

u mod M Mq
u#b

By partial integration, one can truncate the m-sum at
m <« max{t’R*M?*/N, NL*X?/0?}.

‘We have

Cmonyna, L) = f(a,mé,q)i(a,mﬁ,q)e(m“”‘"z), (4-13)
gMr
o modgMr/ny

_2 7 .
~ B * _ g -(niab+m(b—u))
Smaqy=Y Y. x(u)e( m )

b mod M u mod M
u#b

where
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and
flaemgy= > dulg/d).
dlq
nie=—m (mod d)
NLX n?naNL\ '3 N
Case b. = (22 =, M <L 18,
MRQ R3M3r M2R2

In this case, we replace H*(z) by Z(z) as defined in (4-5). Hence, we are led to estimate

N3/2—it

1/2 _
T(OMPLOrT? 4 ZA(I Ox @) Z ) 5/22 D X
bmodM g~R a modq u modM
(q.tM)=1 #b
Ar(m) mZ(aM—}-(b—u)q) A(nl,nz)
S DD DM
m>1 m==xln;|[gMr nz,\No/n ny
B mN§& itlogé&
) 1/4 _
'S(V(GM+bQ),Tllnz,qu/nl)/Rf V(S)Jf<M2q2)€(— o MCI)

Ntx§ 2(nina Q)2 Q*(niny)'? 11X
./Rg(q,x)e(—MqQ +m Mq((—n1rx))1/2)W(r1/2(—mx)3/2N£>U( Y )dxdg.

By doing a similar treatment as in Case a, one can equate the above with (up to a negligible error and
another term with M | n,)

N4/3—il‘X 13 1
_——— Al ) x )L —
oL 2 AT Ox® ;R ¢’
(g.tM)=1
A(ny, ny) Ay (m)
Yy Z Y T O i Clmnyny, £.q)Jpm,mna, £q), (4-14)
nm=%1n|qr nszo/n% ny m=1
where C is defined as in (4-12) and
mNE& t 3(n2n,Neg)'3
— 1/4 _ i S -
Tp(m,ny,na, €, q) = /5 Vi) Jy (quz) < 5 108 +m Mg . (4-15)

i LN K t°, M«tg mN > t°
R3M 3 MRQ " MZ2R? ’
Since (NLX)/(MRQ) « t?, we first deal with the &-integral in (4-6). Making a change of variable
£ ~» &2, we have

Case c.

_ Nexg? tlog& 2v/mN
_ 12y 2y — _
Jc(m,ﬁ,q)—2fR$ Vi )e( Mq0 )e( —tm Mg é) dg

Let

1 2/ mN
h(§)=—t;g$+nz M"; 3
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Then we have

t 2/mN .
WE) =—— , WE) =—, W@ <t j=2.
é) n§+nz Mg é) - &) x; J=
Note that
t >>t1—s
1+(NLX/MRQ)? '

Hence, by Lemma 2.7, the integral is negligibly small unless m N /(M?R?) < t and n, = 1, in which case
we have the stationary phase point §g =tMq/(2m~/mN) and

om0, q) = — ( L jog M4 )V (th>+0(z—A)
m,l,q)= —e| ——log —————M— — ,
¢ 1 /2 b4 g 2wres/mN ot vmN

where V, ¢ is a t°-inert function.
Together with (4-1) and (4-6), we have S 1 (N, X, R) is equal to (up to a negligibly small error term
and another term with u = b)

SXATD [ Y Z Zg(qx)U( )qMZ )

tel b mod M a mod g m==xlny|gMr
(q, ZM) 1
S 2 1/2 2
A(ny, ny) I ninad N sen(p) [ MN2
. ———Sr @M +bqg), niny; gMr/n)| ——— weetm L=
)=
N3/4-it _ Ar(m) (ml@aM + (b —u)q)
'M1/2q1/2t()_() Z X (u E)Z j1/4 ( Mg )
u m;)é(})M m>1
u

1 < tl tMq >V <th>dx
c——e| ——log ———— | Vi | ——= .
1172 4 s 2res/mN ! vmN
We assume (n;, M) = 1, since otherwise we have M |n; which leads to a simpler case. Rearranging

the sums, inserting a dyadic partition for the n,-sum, and estimating the x-integral trivially, the above is
bounded by

N¢ sup suplS (N, X, R, Ny)|,
1< No< (R3M3r/LN)1¢ x<X
where
N/4X A(ny,n2)
+ 1/2
Sii(N, X, R, No) = M5/2LQr1/2 1/2 Z Z Z 1/2 ZA(I Hx B¢
n= i1n1<an2xN0/n n, el
1 )»f(m) sgn(n1) n2n2 tMq
) Z - — a5 Clm,ny,na, £, q)W.5 ] Ve ;
242it Z m1/4—it 33 . v
q~R q mezMztz/N q>Mr mN
nilqr
(g.¢M)=1

and C is defined as in (4-12).
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5. Applying Cauchy and Poisson

5A. Case a. In this subsection, we assume Case a. Write

g=qi1q2 Wwithqi|(rn))* and (g2, rny) =1,
then we have

13/12+4¢ x

1 |A(ny, no)|
(411)<<M2LQ 1/3 Z Z Z 32 Z e

n nz/3
n.m=£1n <R y (nl/(mr))\qll(rm)"oq] ny=<No/n’ 2

Z A(l,ﬁ)x(Z)ZI/S Z L Z M

3/2 mi/A
tel @~R/q1 92

(L,q1)=1 (q2,rn1€M)=1

m<max{t2R2M2/N,NL2X2/Q?}
. C(mv n17 n2, £7 q1q2)ja(m» nlv n27 Z? q1q2) .

Now we use the Cauchy—Schwarz inequality and (2-5) to get

N3/A+e x1/2

1
03 12 )
< M2L43Q1/2p1/2 Z 5 zsu2p R, Z ™ Z 3/2Q G-1)
nmp=+1 Mi<<max{r>REM2/N . NL2 X2/ 0%} | « Ry (n1/(n1,r)lq1InS° q,

where
Q24

2
= 2 ‘ZA(T)X(@EW 3 31/2 ) A g (m) |

1/4 C(ma n17n27 E? q1q2)\7a(m, nlynZ’ Ev q1q2)
m
n2,\N0/n

. €L a~R/iq 2 m~M,
£,q1)= (q2,rn1EM)=1

Opening the absolute square, we get

Q<Y W ( )ZZAU DX @A, ) (&)(ee)'

ny>1 leLl'el
€t ,q1)=1
Ly A s ) s 5
1/4 /1/4 (2 N3/2
o, et (61261)

@~R/q1 ¢5~R/q
(g2,0)=1 (g5.€)=1

(g2g5.rn1 M)=1

-C(m,ny,ny, £, q1q2) Ta(m, ny, nz, £, q1q2)C(m’',ny, ny, U, q1g5) Ja(m’, ny, na, £/, q195),
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where W is supported on [1, 2] and satisfies W/ (x) < 1. We apply the Poisson summation formula on

ny, getting

N, 3L2/3
2 < Oql/z ZZ'A(I OA(L )] Z Z 2 (M) p ()]

[G,C el m~M; m NM]
€t ,q1)=1

Y Y S em)ii3aml,

@~R/q1 g5~R/q, n2>1
(2.0=1 (¢ eH=1

(q295,rm1 M)=1

where

Cny= Y Z*( 3 Xwe (—mql%fjb & ))

b mod Mb’ mod M “u mod M
u#b

/ZE/ b —u
> xtwre( AELCZON (S S o/ dutanass )

u' mod M dlqiq2d' | q19)
u/#b/
* * nlabq1q2 — n]oz’b/qlq2
> > e
M
o (mod Mrqiq2/n1) o' (mod Mrqiq5/n1)
gy@—qre’=—mn2(Mrq1q2q5/n1)
nlazfmé(d)
no'=—m't'(d")

and

~ _—— Nonow
Ja(n2) :/ W(w)Za(Now, m, g2)Za(Now, m’, 6]§)€<——, )dw
R q1929,Mnyr

with

t 3(wNeg)'3 2 /mNE
Ta(w,n,qg)= [ V ——1 d&.
) = [ V(5 logs 4 m A Dy 2

5A1. (NLX)/(MRQ) <« t1=¢. We first consider Z(Now, m, q2). Let

3(NowN€E)/3 2 /mN
g(é)z—LlogSer (NowNE5) mNg

. 5-3
27 r'3Mqiqs 2 Mqi1q> >-3)
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There exists a stationary phase point &, if and only if m =< t>M?R?/N and 1, = 1, in which case &, can
be written as & + & + &, + - - - with

t2M2 2.2 ¢ 2

47’mN nC
47TBU)1/3 4/3 B
& = _ango -~ 7,
S _ 287[23211)2/3 5/3 _ B_2
? 2712 0 T2

Buw!/3\ B\
gl:ﬁ(tvc)(nl p ) < (7), i >3,

where B = 3(NgN&)'3/(r'PMgiq2) < NLX/(MRQ), C = 2J/mN/(Mqiq>) and fi(t,C) =< 1 is
a function. Recall that V(&) = £ >12V(&)g(q, —m Xvo)U (vo) W (Q32(n2n2) 2/ (r'/? (X v)¥ /2 N)),
vy = (i’L%}12)1/3Q/(r1/3 (N££)*3X) =< 1 and (4-10). So it is easy to check the conditions in Lemma 2.7.
By using this lemma together with the Taylor expansion, Z,(Now, m, g2) is essentially reduced to

[ 2. 2/3 |B|3
b0 € Bw'3g1(C)+ B*2w*3g,(C)+ 0 2 . (5-4)

where g1(C) = m&)> = mt?3/(wC)*3 < 1 and g2(C) = —47/(9)&;> < 1/1. To estimate J,(n2), we

use the strategy in [Lin and Sun 2021, Lemma 4.3] and [Munshi 2022, Lemma 5] to get the following
result.

Lemma 5.1. Let Ny = Q*Rn;/(NLX?q1)t® and N5 =t*(NLny/(M?*Rt*q))+R*Q3Mn, /(N*L>*X3q1)).
Assume (NLX)/(MRQ) < t'~¢:

(i) We have 34(ns) < t=4 unless no < N», in which case one has

- 1

Ja(n2) K P (5-5)
(i) If N} < ny < Na, we have

3/2a01/2,,1/2
RQ3*M"n;
tlfeNLx3/2q11/2né/2

Ja(no) K (5-6)

(i) If g2 =g}, we have Jo(0) <<t~ unless tm'—0'm <t*(MiN*L3*X?/(M*R*> Q*t)+ M{ MR Q /(N X)).
Proof. Let w = u3. Then we may equate the w-integral in J, with
3 BS
f W () e( oMM (B () — Bgi (C'yu + (Bga(C) — Bga(C'yu + 0(—2)> e
61161242Mn r t

where B’ =3(NoN)'3/(r'3Mq1q5), C' =2/m'N /(Mq14}). Applying integration by parts, the above
integral is < t~4 if ny > N,, which gives the first result in (i). The second result in (i) is obvious, since
we may save 12 in both Z, (Now, m, q2) and Z,(Now, m’, qé) according to (5-4).
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It is easy to see that

1/3 1/3
Bfo/ +B/§6/ 1/3
t

B2g,(C) — B?g,(C") < 1Bg,” — B'E)’| < |Bgi(C)— B'g1(CHIt™®,  (5-7)

where we have used &) = (t/(wC")? =< 1and B, B < (NLX)/(MRQ) <« t'~¢. Therefore, if N, <
ny < Ny, the u-integral is O (t=*) unless |Bg;(C) — B'g1(C")| < Nonz/(q192g5Mnyr). By the second
derivative test and (5-4), we get (5-6).

For ny =0 and ¢» = ¢}, we may rewrite the above u-integral as

B3
/ W(u3>u2e<<Bg1<0) — B'g1(C"))u+ (B*g2(C) — B g:(C)u* + O (7)) du.
R

Notice that

Bgi(C) _ B'gi(C)
(m'e)1/3 - (meH)1/3

Bgi(C)

o3 (O = @),

and Bgi(C)—B'g1(C") =

So by partial integration and (5-7), the u-integral is O (¢ ~*) unless

B} ML)
m'0)'? — (meH'? <« (—2 + 1)%,
t B
This actually proves the result in (iii). U

5A2. (NLX)/(MRQ) > t'7¢. Itis easy to see that R < N'*LX/(MtQ). We have the following
Lemma 5.2.

Lemma 5.2. Let N, be defined as in Lemma 5.1. Then, if (NLX)/(MRQ) > t'~¢, one has the following
estimates:

(1) Ifna > Na, we have Jo(n2) < N~

(2) If ny K Na, we have
~ RO
Ja(n2) K NILx
Proof. The first result can be done by applying integration by parts with respect to the w-integral. For

ny <K Ny, we can use the arguments as in [Munshi 2022, Lemma 1] to see

W (w)|Za (N ¢, q)*d RO
R (w)l a( Ow’ n, ’q2)| w<< Ma
which implies (ii). [l

Remark 5.3. In the case of (NLX)/(MRQ) > t'*¢, we remark that one may replace it by a more
explicit version like Lemma 5.1. However, the present result is enough for our purpose.
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5B. Case b. After a similar treatment, and noting that m << M ZR2se /N, we have

I+4e x1/2 1
4-14 su o -, 5-8
1Y) < pEppanginn > <O 2 ) T (5-8)
m=+1M n <Rr (n1/(n1,r)|q1n3
where
N()q4 2/3
< VR T2 AOAQOY S > Al ) Y Y D 1w s,
[EE Vel m~M;m'~M, @~R/q1 q2~R/q1 npy>1
e ,q)=1 (92.0=1 (4] ¢")=1

(q295.m1 M)=1

with €(n;) defined as in (5-2) and

TN T N,
317(”2):/ W(w)fb(Now,m,qz)Ib(Now,m’,qé)e(—ﬂ) dw.

qlqzqéM}’llr
mNE t 3(wNeg) /3
_ 1/4 - 3
Tp(w, n, q2) = /é Ve s (M2 2) ( 21 log& 1 r'B3Mqiqs a-

By the exactly treatment, we have the following lemma.

Lemma 5.4. The results in Lemma 5.2 hold when replacing Jq by Jp.

5C. Case c. After a similar treatment, we have

N/*X 1 |A(ny, no)|
+ 1,12
Sii(NV, X, R, No) = M32LOr1/2 1 1/2 Z Z Z _12 Z 1/2

m=t1m<Rr (/) 11| o= U iygme 2

- 1
DA ox@e >

Lel 92~R/q 2
(g2,¢Mrn1)=1
Ay(m) sgn(n1) n%n2 tMq
3 ~Cm,ni ny, €, WS (2 Yy, (2L )],
1/4—it x,¢ 303 ' [T N
m=<RZM?t2/N " q d mN

By the Cauchy—Schwarz inequality and (2-5) we have

N N5/4+£X 1 12
SN, X, R, No) €+ o773 M32LOr 2 1/2 Z Z ny Z 72 8% (5-9)
m==xln;<Rr (n1/(n1,r)lgirnp> 11

where
- 1 Ag(m)
1/2 f
)R IURFIGTICIED DINP D SRRc
ny=No/n? teL 92~R/q1 92 m=<R2M?12/N
(g2,4Mrny)=1
2 2
niny tMq
-C(m,ny,ny, £, ngn(m) 1%
(m,ny,nz, £, q) 7 )\ Gy
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Opening the square we get

Q< LY A0 0l > LZ )3 |An,;$12)|
2

tel ao~Rjg 1 m=R2M?212/N

(q2,Mrny)=1
1 A (m")]
/
'Z'A(I’E” Z n Z m/1/4

el @~R/q1 2 w/'<R2M22)N
(g5.¢'Mrny)=1

niny
: ZW( )am,nl,nz,e,q)am',m,nz,e',

ny>1

where W(n2n2 /Nop) is a smooth compactly supported function which contains the weight function

WE M (n3na/ (q* M) WS (n3n2/ (g3 MPr)). Note that by (4-3) we have

8/ n2n i
W< 2) < ttny!, j=o0.
8n2 No

By the Poisson summation formula modulo Mrq1q2q5/n; we get

NOqu
Qe < — > 2
2 R4
ny KT RMi @~R/q1 m=<R2M%2/N
(g2, €Mrny)=1
D IAQO Y S )P 1m)I3(m),
Vel g,~R/q1  m/'<R*M212/N ny€Z

(g5.¢'Mrn)=1

where €(n,) is defined as in (5-2) and

n2 n%u uny Nono§
Te(ny) = L /W i Y (P du:/W(é)e o OS] g
No Ny Mrqiq2q,/n1 R Mrqiq2q5n1

By repeated integration by parts we have

if ny > (MrR*ny)/(q1No)te,

5-10
if ny < (MrR*n1)/(q1No)t®. (5-10)

t_A
Je(n2) K {tg

6. The zero frequency

In this section we estimate the contribution from the terms with n, = 0. Denote the contribution of
this part to Q, by Qo, where * € {a, b, ¢}. Note that gja — g2’ = 0 (mod Mgq»rq5). So we have
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g, = (g5, Mgrq}) = (g2, Mq»q5) = q», and hence o = o’. We have

* * ﬁ _ /2/—/_/
o 55 E, ), ()

b (mod MY’ (mod M) “u (mod M) u’ (mod M)
u#b u' #b’'
* niabg?—niab’q?
Y dd'ug/duta/d) Y e( T )
dlgdlq o (mod Mrq/ni)
no=—ml(d)
no=—m'td’)

6A. Casea: t* K (LNX)/(MRQ) < t'~¢.

6Al1. M| (mf —m'?’). Denote the contribution of this part to 2 by £2o;. Moreover, the a-sum depends
on either b = b’ (mod M) or b # b’ (mod M). The character sum becomes

C0) < M|E} DY > add’ > L+1€f1) Y dd > 1

dlgdlq o (modrg/ni) dlgdlq o (modrg/ni)
nia=—mt (mod d) nia=—mt (mod d)
nia=—m't (mod d) nia=—m't' (mod d)
<L (M| +1€7]) Z Z(d, d)rqda.a | me—mey, (6-1)
dlgdq
where
2 ! 4297 l
* _ mq“L(b —u) m'q?l'(b—u’)
D I S M B L e
b (mod M) u (mod M) u’ (mod M)
u#b u'#b
and

2 ! 4201 (1 /
* * _ mq?€(b —u) m'q?l'(b’ —u’)
¢/ — ! — .
| E E E E X)) x(u)e i e i
b (mod M) b’ (mod M) u (mod M)y’ (mod M)
b'#b (mod M)  u#Fb u'#£b'

Since M | (mf —m'e ), similar to [Sharma 2022, (6.3)], we have square root cancellation in the sum over
u and u’, and hence we obtain

¢« M?* and €] < M.
Hence

Q:(O) < 1\43 Z Z(d, d’)rqé(d’d/) | (m&/—m'e)-
dlgdlq

Note that (M, (d,d")) =1 and

JACL, )AL, €)Ap(m)rp(m')| < JACL, O p(m))> + AL, £)Af(m) |
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By Lemma 5.1, we have

YYD RO JAWOPY s> YD 130
m’ U m

¢ v om o )
Md,d')| (mt'—m’e)

+ AW OPY Ipml> YY" [3(0)
. " M(a’,d’f \ (r:}z'—m%)
LM((LNX)/(MRQ1))*+ LM(MRQ)/(LNX) N 1) 1
M(,d) t

< N LM, < (6-2)

Hence we have

NoM? L2/3413( 2 quLMl(LM](LNX/MRQI)ZJFLM](MRQ/LNX)+q)l)

Qo K N  ——— ———
2141/2 3
niM,’” R o~R/q1 dlg M t
(q2,rn)=1d"|q
< N NoM?3 L2/3q12rR w LM{(LNX/MRQt)>+LM(MRQ/LNX) R
1/2 2 1 +— )
n2m'* R Mt :

1771

By using No = N2L?>X3r/ Q> and M| < t>R>M? /N, we get

872N3/2L11/3Rq12M4X3 L3NX2 M2R2Qt2
Qo <N +1.

+
ni Q3 MRQ? N2X

Hence, the contribution from Q¢ to (5-1) is

N3/Atex1/2 o 1 F2N32L1B R4 X3 1/2
< M2LA3 Q12,172 Z n Z 172 03
m<&KRMr  (n1/(n1.0)lqi|rnp> 191
LNX>  MR*Q® 12
MRQ? NZX
< Ngr1/2 N3/2L1/2Rl/2X2 L3/2N1/2X N MRQI/Zt .
QZ M1/2R1/2Q NX1/2
Recall Q = (NL/MK)l/z. Thus, by X <« ¢t and R < Q, we arrive at
272 3/271/2
M1203 032
3/4 p13/4 g3/4 6-3)

L1/4

6A2. M1 (mf —m'¢’). Denote the contribution of this part to ¢ by 2¢,. In this case, we also have
¢2=q, and @ = ’. So we can estimate the character as in (6-1). Since M {(m¢—m'?’), the nondegeneracy
holds for the variables b, u, u’ in €} and ¢/ and hence we have

¢ <« M** and & < M2
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Thus we get

rq1q2
WORIEEE DY dd’[d 75 |t (6-4)
d1q192d' | 9192 ’

As in (6-2), by Lemma 5.1, we have

t

LM\ (LNX/MRQt)>*+ LM MRQ/LNX N 1) 1

)BT o
l m’ ’

v m

d,d) | (mt'—m’'t)

Hence, similar to the estimate for £2(;, we have

r2N3/2L11/3Rq12M7/2x3 (L3NX2 N M3R2Qt2 N 1)
n3Q3 RQ? N2X ‘

Hence, similar to the estimate for (6-3), the contribution from g, to (5-1) is

Qpy < N°f

N3/AM2 K374

L1/4 (6-5)

< NEPV2NV2LV2 054 g3/2 4 ne /2N 1/2 1 12 31504, 4 e g1/

6B. Casea: (LNX)/(MR Q) > t'~¢. By the same argument as in the Section 6A and Lemma 5.2 we

have
NoM?3 L*3g} LM1 MRQ
&
Qo KN W R Z quLMl +4q NLX
1 @2~R/q1 dlq
(q2,rn)=1d"| g
NOM5/2 L2/3 3 RQ
+ N¢ W Z quLMl(LMl-i-q)m
@~R/q1 dlq
(q2,rn1)=1d" | q
N, L2/3 3 R
<N* O1/2 R3q1 2, ralMiLMM + g’ )NL)g
M @2~R/q1
(q2,rn1)=1
8r2N3/2Mq12L“/3X3 NL3M5/2X2 3
<N 5 ) + RM" ).
”1Q3 0

Here we have used Ng = N?>L>X3r/ Q% and M| < (NL?X?/Q?)N?. Therefore, the contribution from
Qo to (5-1) is

3/4 1/2 2a73/2 11/3y3 3a75/2y2 1/2
< N3/4texl/ Z”e Z 1 (rAN3PMLMBX NLM/X+RM3
M2LA3Q1/2r1/2 1/2 03 02
n<RMr  (ny/(ny,r)lgi|rny) 1191
2N3/2L1/2x2 N1/2L3/2M5/4X 124732
+RV/=M# ).
M3/2Q2 Q

< Nérl/
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Note that we have R <« NLX /(M Qt'~¢) now. By this and inserting Q = (NL/MK)'/?, one can bound
the above by
N3/4p3/4 K574

e, 1/2771/27 1/2 2 45/4 1-3/2 e.1/2
LK N°r/“N'/“L/7"*M’*’7"K>“4+ N°r [ 1/a2

(6-6)

6C. Caseb: (LNX)/(MR Q) < t. By the same argument as in the Section 6A and Lemma 5.4 we have

NoM?3 L*3q} LM, MRQ
Qo <« N¢ LM
0K n M1/2 R4 Z qu 1 M +q NLX

11 @2~R/q1 dlq
(q2,rn)=1d" | ¢
NOM5/2 L2/3 4 MRQ
+ N¢ —1/2 Z quLM1(LM1+C[)m
™, @~R/q dlq
(q2,rn1)=1d" | q
No L3¢} /2 MRQ
NeZ2 LrRLM,*(LMM*? + RM*)—=.
< 2R (LMiM>" + RM)
By No = N2L?X3r/Q3 and M| <« (M*R?/N)t* we obtain
1 N2L2X3 MRQ L*3g; MR M?*R?
o« No L L XT MROL 0,y MR <LM5/2 +RM3)
n1 (0] NLX R NV
r2N1/2M2q13L8/3X2 LM9/2R2 3
<« N° 5 + RM’ ).
nyQ? N
Thus, the contribution from ¢ to (5-8) is
Nlt+ex1/2 1 FINV2M218/3%2 /L MO2R? 3 1/2
< M52L4/301/21/2 Z ” Z /2( 02 ( N +RM ))

mKRMr (n1/(nyr)lg ) nidy

n N3/AL2p3/4 R x3/2 , 1/21\',5/4131/2)(3/2
0372 N°r 0372

By 0= (NL/MK)'/? again and noting that R < (NLX)/(M Qt), we deduce that the above is dominated

by

<< N£r1

K5/4 N3/4M1/2K
e 1/2a71/2 17 1/4 e..1/2 _
KNP PNV LM = N (6-7)

6D. Casec: (LNX)/(MRQ) < t°. By the same argument as in the Section 6A and (5-10) we have
(taking M; =< R*M?t*/N)

NoM? qu
Qo<<N8n 2 R4 Z ZI’CILMI

NOMS/ZLq4
)N L S S L LM+)

1 1 q@~R/q1 dlq 1771 q@:~R/q1 dlq
(q2,rn1)=1d' | q (q2,rn1)=1d’ |q
No L
<<N€nO qu rRLMY (LM M3+ RM?).

1
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By No < (R*M?r/LN)t® and M| =< R>M?t*>/N, one has

Q< N*. R3M3r Lg3 oy RM1 LM5/2R2M212+RM3
—_— ’r‘ —_—
ST ETIN RN N
LG RPLMYt ( LMPI2R*? 3
+RM’).

niN3/2 N

<N

So the contribution from 2 to (5-9) is

<

NS/4+ex F2R2LM*t { LM%/2R2¢2 1/2
(S (e

M32LQr1 /21172 N3/2 N
M74R%t X NYVZMR32X
e.,.1/2 e..1/2
KNr’*——+N TIig

Now we have the condition X << (M RQ/LN)t®, so one computes the above as

< Nsr1/2N1/2L1/2M5/4Kf 4NV

1743

(6-8)

Combining (6-3), (6-5), (6-6), (6-7) and (6-8), we see that the contribution of the zero frequency is

dominated by
& NEP V2NV 504 312 4 Nep 12 N2 V2 37504

+ N/

7. The nonzero frequencies

2N3/4]\43/4K3/4 . 1/2N3/4M3/4K5/4
/4 +N'T L1412

(6-9)

7A. n3 #0 (mod M). Denote the contribution from 7, # 0 (mod M) in 2, by Q. 1, where x € {a, b, c}.

‘We have
C(ny) K |€1(n2)C2(n2)¢C3(n2)l,

where

* * 2 —_
Ci(np) = Z Z ( Z )_((u)e(—quzs u)))

b mod Mb' mod M “u mod M
u#b

£ EED) x o

u’ mod M a,af’ mod M
tad gha—qaa’=—mn2(M)
* *
Q)= Y Y ddi > >
dilq1 d|q o modrqi/ni o) mod rq;/n
nioey=—mt mod dlnla/lz—m@ mod d]

ghar—gaai=—mny (mod rqy /ny)

a@ — oc’b/qéz))
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and

C3(ny) = Z Z dod, Z* 1.

g dy|q} @2(q2),5(q3)
4300 —qro=—m1n2 mod 424,
niay=—mt mod dz
niay=—m't’ mod d)

For €;(n,), the congruence condition determines at most one solution of ¢| in terms of a1, and hence we

&(np) < Z dy Z d Z* 1.

dilqr  dj|q o modrqi/ni
—ml=n1a; mod d;

have

Note that «; is uniquely determined modulo d/(dy,n;). Since (d,/(di,n1),n1/(di,n1)) = 1,
(d1/(d1,n1)) | (q1/(d1, n1)) and ny/(dy, n1) | rq1/(dy, n1), we have di /(dy, n1) | rq1/n1. Hence we have

rqi
G (no) K . Z Z dy(di, n1)8wy ny) 1 m-

dilqid]|q

Similarly by considering «;-sum first we have

rqi
Gm) € —= 0> didy n)Sr iy
! dilqid] | q

For €3(n>), from the congruence g5@—gra’' = —n1n2 mod g5 we have (g2, ¢3) | n. Since (n1, ¢2) =1, we
have & = —m&i; mod d> and hence qé_ = —nny mod d;. Therefore we get nlqé = mngE mod d,. Sim-
ilarly we have —n1qy = nim’ n,¢ mod dé. Note that the congruence determines oy mod [g2/(q2, qé), d>]
and for each given a» we have at most one solution of o5 mod g;. Hence we have

S
7 (92,95) In-
2,4q5), d2]
dy | (g2, —qyniL+nimny) 42>

d | (q3.q2n1 € +n1m'ny)

Similarly we have

q/
C3(n2) K Z Z drd, —2]5(%4&) |na

[a5/(q2. 45). d;
da | (q2,—g4n1L+nyimny) 9,/(q2, q3), d,
dy | (gh,qan1 €' +n1m'n2)

Together with [Sharma 2022, (5.6)] and [Lin et al. 2023, Proposition 4.4], we have
€1 (n2) < M2,
qir .
Er(m) K o dilj d; min{d| (dy, n1)8, ny)|m, d1(d], RSl nyy|m'hs
Llqra; | q1

/
. q2 q,
C3(nr) K Z Z drd) mm{ - - — }8(q2 2 I
’ k) 2
d2 ‘ (qz,—qén1€+7]1an) [q2/(q27 C]z), d2] [‘h/(QZ, C]z)» dz]
dj | (qy.qan1 €' +nim'ny)
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Now, we need some careful counting to estimate €2 1; see [Munshi 2022, Section 6; Sharma 2022,
Section 5; Lin et al. 2023, Section 6; Lin and Sun 2021, Section 4.5].

7A1. Case a. It is obvious that, for fixed tuple (n1, «, ny), the congruence
—gsn1€+mmny =0 mod d,

has a solution if and only if (d2, n2) | g5, in which case m is uniquely determined modulo d»/(d>, n»).
Combining this together with the condition 84, »,)|m in €2(n2), the number of m (~ M) is dominated
bY 8(dy.np) 14, O (1 + Mi(d2, n2)/((d1, n1)d2)). Then, we get

qirNoL*M>/?
sza,1<<1f/2 D) didin)Y ) 1AL DAL (1, L)

dilqid)|q lelL Vel
(el,q1)=1

, M (d>, ny)
)IEDIED BB d2d2(1+—(d1,n1)d2>

9@2~R/q1 ¢)~R/q1 d21q2d} | ¢} 1=na<N,

(@2.0=1 (g; ¢)=1 (2nz)|q2
(q2q2 mM)=1 (92, ‘12 [ n2
q2 qZ } NI
A (m)[*|Ja(n2)].
{[612/(612,612) b1 19/ (q2. q3). d3)] 2 ! ‘

m'~M,
gani'+n1m’'ny=0 (mod dy)

Let us make the following notation:

(@29 =q3. @2 =q3q4. G5 =q534,
dry =dodzds, do|(q3.q4), dizlqs, (d3,q4) =1, (ds,q3)=1, dslqa,
B=didy &g dylas

It is easy to see that
(d2, n2) < (dods, n2)(ds, n2)
< dods(ds, nz)
= dods(ds, n2/93), 42/192/ (92, 45) d2]
= q394/1q4, d2]
< q3/d3,

and

a5/195/(q2. 45), d31 = q3q4/1qs, d3] < g3q4/d5.
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Then, breaking the n;-sum into dyadic segments n, ~ 1\72 with Nz <« N, and using Lemmas 5.1 and 5.2,

one has
N5q4’,.NOL2/3M5/2
Qu1 < sup WR DY @dnndi Y Y 1AL AL, )]
1<<sz<,<Nz dilq1d) | q teL tel
yadic (et =1
XX X X ) ) dedids
P3=R/q q4~R/q3q1 q4~R/q3q1 do | (g3, q4) d3 gz dalqa
(g3.n100'M)=1 (q4,0)= (g),€)=1 d3,q4)=1 (d4,q3)=1
(qaq,m1 M)=1
M (dy, n2/q3) -
. did, 14— |C(N
Y S ¥ (1+ G o
d3 lq3 d4 | 44 ny~N»>
(da,n2) | q3q,¢
q3|n2
. 193 434, N2
min {d d/d/} Z Mf(m)l s
m'~M,
q3qan1€'+nam’ny=0 (mod djd;)
where
(RQ3/2M1/2n}/2)/(tNLX3/2q11/2N21/2) Né < NZ K Nyand NLX/MRQ K tl—s,
C(N2) =1/t N, < Nyand NLX/MRQ < t'~¢,  (7-1)

MRQ/NLX N> < Nyand NLX/MRQ > t'~¢.
Case (i): g3gani ¢ + npm'ny # 0. Denote the contribution from this part in Q4 1 by Q4.1;. Write
g3 =dyqs, qa=doge and g =dqq,

then we have

qu5rN0L2/3M5/2
Qa1 < sup S 2 [din) )Y AR (L OA (1 6)]
I N2y nyM;""R &l teL t'el
yadic

DBECED DD DI N DEEED DR 3

d;<R/q1  qs<R/qid} do<R/q1d}qs d3|djqs qe~R/q1didogs da|dogs

do | d3qs (d3,q4)=1 (da,d3q5)=1
M, (d4, n2/d}qs) .
> dgqs(d4+ Z2)CN) Y )
. (d1,ny) ;
ny~N» m’'~M,
digs | na
S 4 ¥ oo
dy<R/q1d}qs q¢~R/q1d5qsd,

0#£d}dagsqeni €' +n1m'ny=0 (mod d}dy)
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By the well known bound of the divisor function, the number of the tuple (dy, ds, ds, d "‘) is bounded by
O (N¥?). Combining this together with (2-1) and (2-2), we get

Neg3rNoM32M 2 L83 Ny C (W)
Q11 K sup l - (R+ M) (7-2)
1< N2 &< N> an
dyadic

Case (ii): g3qani¢’ + nom’ny = 0. Denote the contribution from this part in €, by 24.12. In this
subsection, we use (dz, ny) < (qé@, g2) = q3. Therefore we have

qu4rNOL2/3M5/2
: Z dy(dy, ny)

Q12K sup
: . 30,123
e MRS g
YYmtonao Y Y Y Y Y
teL el B3=R/q1 q4,9)~R/q1q3do1(q3,qs) d3lq3  dilqs
(d3,94)=1 (d4,q3)=1
Miq3 -
: did, <1+— C(N»y)
dZ 2 i 2\ M G
3 lq3 d4 ‘44 ny~N»>
q3 | n2
miny —, Ar(m
G 5 e
m'~M,

q3qanit’'+nim'ny=0

Nég7rNoL*3 M/ N
< sup S Do i) YA Y gy Y C(M)
KN KN, n]Ml R di | q1 m'~M; GB=R/q1 na~N,

dyadic 4| ns
R M
Y Z|An(1,z>|(—+ ““)
q1  (dy,ny)

qa~R/q1q93 LeL

DD DD DD B B N LRI SR B

dol(g3.94) d3lgs  dilgs dj|q3t'eL a~R/q193 d} | q)
(d3,94)=1 (ds,q3)=1

Now, we estimate the last two sums trivially, and then use the condition 8y,4,¢' | s, together with (2-2)
and (2-3), obtaining

R Mq3
Az (1, Ol —
Z Z| ( )|<q1+(d1,n1)>

qa~R/q193 LeL

Y Y Y YA Ol i Y. Y 4

dol(g3.qs) dilgs  dilgs df|q3 el a,~R/q193 dy | q)
(d3,94)=1 (ds,q3)=1

<

R2L1+93(R M1q3 )
q?q? \q1  (di,n))’
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where 63 < 15—4. Therefore, it follows that

N8q4rNOL2/3M5/2 ~
Qa2 < sup S 2 dun) Y )P Y g3 Y C(W)
LN, KN, nlMl R di | q1 m~M; GB=R/q1 na~Na
dyadic g | na
R2L1+93(R Miq3 )
qiq? \q1  (di,n)
3. A7€ 5/201/275/3463 N
rNeNoM>/*M ;"L N>C{(N
< sup q; 0 13 2C1( 2)(R~|—M1). (7-3)
1N, <Ny niR
dyadic
Recall
NL\'? N2L2X3r O%Rn;
Q= ey k] N():—, sz—t
MK 03 NLX2q,

(7-4)

N NLn, R*Q3Mn, N < (Mr)3+e
2 M2Rt%q;  N2L2X3q, )’ rz

For NLX/(MRQ) < t'~¢, we have M| < t*R*M?*/N. By taking L = M'V* and K = t*/, one has
R+ M, < t*M?>RQ/N. Hence, by applying these bounds into (7-2) and (7-3), we derive that
Neg3rNoM" 2R Q13 L33 N,C (N)

WIN3/2 ‘

Q1<K sup

I<N <N,
dyadic

Combining this together with (7-1) and (7-4), we get

Neg2r2 [ Q3LV/OMO2  N3RLVIBMIZ Q4 L83 p13/22
Qi < — + 5 +
n N 0 N3/2

1
For NLX/(MRQ) > t'~¢, we have M; <« NL>X?/Q? and R < NLX/(M Qt'~¢). Thus, in this case,
we arrive at

qu2r2 N2 V13 p03/2  N5/2120/3 pg5/2
S-Za,l < 1 ( )

n% Q3t2 + Q4t

Therefore, the contribution from €2, 1 to (5-1) is

N3/Are y1/2 ” -
M2LA3 Q127172 Z o Z 12

m<RMr  (n1/(n1.0)lq1|rnpy> 141
Q3L19/6M6t2 N3/217/307/2 Q4L8/3M13/2t2 NS/2V1/303/2  N5/21,20/3 p45/2 1/2
( N + 0? + N3/2 + 0312 + 0% )

<

1/2
LK

T (7-5)

¢ K5/4
<<r1/2N3/4+8M1/2L3/4<K1/2+K3/4+ v )—|—I"1/2N1+
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7A2. Case b. By the same arguments, we obtain

NEg4r NoM32M V2 L33 Ny € (W)
Qp1 <K sup el 312 (R+ M),
LN, <N, nyR
dyadic

where M| <« M?R?t*/N and R < (NLX)/(M Qt). So we see that
Ngqfrz (N3/2L14/3M5/2 N3/2L17/3M7/2>

+
n% Q2t2 Q3t3

Qp1 K

which contributes (5-8) at most

<

N1+sxl/2rl/2 1 1 N3/2L14/3M5/2 N3/2L17/3M7/2 1/2
MSZL33 Q12 1-65 Z 1/2( 0212 + 0313 >

m<RMr " ()i Inge 4
NIFep 120 1AR3/A N3/A+e, 120 1/201/4

M1/2; + £3/2 (7-6)
7A3. Case c. Similarly, by the same treatment and the results in Section 5C, we have
NegirNoM*2 M > L* N,
Q1 K o3 (R+ M),
niR
where Ny < (R3M3r/LN)t$, Nz = (MrRznl/qlNo) and M, = RZMZtZ/N. It is easy to see that
o« q13r2 R3M13/24373 N R2ZMO/2¢ 13
¢l n% N3/2 N1/2
Notice that X < (M RQ/N L)t® now. Hence, the contribution from €2  to (5-9) is
NS/4+ex, 172 1 1 R3IMB2BL3  R2MO2: 13\ /2
< pRLo TR 2 X w2 +
M32LQ 112 108 172 N3/2 N1/2
m=£1m=<Rr "1/ Lqr ) rmy 91
PU2N3AN2L 304 2N 2
(7-7)

K>5/4 + MUUAK
7B. ny; =0 (mod M), ny # 0. Denote the contribution of this part to €2 by ;. By the congruence
condition qé& — qza/ = —n, (mod M), we have o' = chza (mod M). Hence,

C(n2) <€ (n2)]1€2(n2)||€3(n2)],
where ¢;(n,) and €3(n;) are defined as in Section 7A, and

* * 2 —_
=" Y% ( ) xw(%b“)))

b mod Mb’ mod M “u mod M
u#b

112 2 3
, m'q} Z/(b/—u/))>< * <abq2 —aqab'q; ))
(X x(u)e<—— > e
< M o mod M M

u’ mod M
' #b'
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Note that the innermost ¢-sum is a Ramanujan sum. We get

* q2t(b —u) 1201 (3413 it
2 ( > zw(%))( 3 X(u,)e(nqﬂ(b?éqz u)))‘

b mod M “u mod M " mod M
u#b u;éb(f 73

12, 2 (2 re(5)

b mod M b’ mod M u mod M
11200 (1 /
. . (gl (B —u)
(/Z x(u)e<—M .

b'#bg3q)® mod M UFD
u’ mod M

u' #b'

Ci(n) KM

As in [Sharma 2022, Section 6.2], there is a square root cancellation in the sum over u and u’, so we
arrive at

Ci(n2) < M.

Therefore, by the same treatment as in Section 7A together with the condition 7, = 0 (mod M), we can
get a better result than that in Section 7A.

Combining the above argument together with (7-5), (7-6) and (7-7), the contribution of the non-zero
frequencies can be dominated by

rA

(7-8)

5/4 1/2p714e 172
<<r1/2N3/4+5M1/2L3/4( K>/ ) rlZNItepl/ (K 1)'

112 M1/A Tt
8. Proof of Proposition 3.1
Now we are ready to give an upper bound for Sljt1 (N, X, R) when (r, M) = 1. By (6-9) and (7-8), we get

r1/2N3/4+sM3/4< iy K5/4)

SE(N, X, R) < r'PNVFE L2 MM (K32 1) +

L1/4 (172
K3/4 ARNHELI2 (k]
1/2 A73/4+e 2 71/2 7 3/4 3/4 242
+r! AN ML (K1/2+K +t1/2)+ 17 <I+K).

Noting that N <« (M1)3+¢/r? and r < M/3¢3/10 and assuming K < ¢, we obtain
112 32

+ 1/2te [ g1/16,3/20 1 1/2 45/4 ( g3/2 12

SE(N.X.R) < N (M L' M54 (K +t)+M7/4(Kt + K)

M3 3
/4 13/4 5/473/43/4 3/4
+L1/4 K"+ ML ( 1/24—1( ))

To balance the terms in the second line, the best choice of K is to satisfy /K '/> = K3/* and the best
choice of L is to satisfy M3/?/L'/* = M3/4L3/* Hence we should take

L=M" K=t
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from which we deduce that
ST(N, X, R) <« N2+ pg3/271/16,3/2=3/20

As we point out in Section 3, all the other cases (such as Sliz(N, X, R), SfE3 (N, X, R), S2(N), S3(N))
are similar and in fact easier. Hence, we finally prove Proposition 3.1.
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