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Some refinements of the Delighe—lllusie theorem

Piotr Achinger and Junecue Suh

We extend the results of Deligne and Illusie on liftings modulo p? and decompositions of the de Rham
complex in several ways. We show that for a smooth scheme X over a perfect field k of characteristic p > 0,
the truncations of the de Rham complex in max(p—1, 2) consecutive degrees can be reconstructed as
objects of the derived category in terms of its truncation in degrees at most one (or, equivalently, in terms
the obstruction class to lifting modulo p?). Consequently, these truncations are decomposable if X admits
a lifting to W, (k), in which case the first nonzero differential in the conjugate spectral sequence appears
no earlier than on page max(p, 3) (these corollaries have been recently strengthened by Drinfeld, by
Bhatt and Lurie, and by Li and Mondal). Without assuming the existence of a lifting, we describe the
gerbes of splittings of two-term truncations and the differentials on the second page of the conjugate
spectral sequence, answering a question of Katz.

The main technical result used in the case p > 2 belongs purely to homological algebra. It concerns
certain commutative differential graded algebras whose cohomology algebra is the exterior algebra,
dubbed by us abstract Koszul complexes, of which the de Rham complex in characteristic p is an example.

In the Appendix, we use the aforementioned stronger decomposition result to prove that Kodaira—
Akizuki—Nakano vanishing and Hodge—de Rham degeneration both hold for F-split (p+1)-folds.

1. Introduction

1A. Decompositions of the de Rham complex. Deligne and Illusie [1987] showed that for a smooth
scheme X over a perfect field k of characteristic p > 0, a flat lifting of the Frobenius twist X" = F;*X
to W, (k) induces a splitting of the truncation of the de Rham complex in degrees [0, 1], i.e., an isomorphism
in the derived category

Ox ® Qk//k[—l] — T<1 (Fx k82 /1)

Using the algebra structure of the de Rham complex, they further show that it induces an isomorphism

@Qx k=i = T p (Fx k2% /1)

i<p
With their method, it is unclear if one could extend this further to an isomorphism between &P, >0 QY / L=l
and Fx /i 2y i if dim X > p, i.e., whether the de Rham complex 5 Xk is decomposable. As a step
further, Deligne and Illusie prove using duality that this is the case if dim X = p.
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It is as of today an open problem whether there exists a smooth X over k liftable to W, (k), necessarily
of dimension dim X > p, for which the de Rham complex is not decomposable.! In this paper, as a
small contribution to this question, we investigate the ways in which the truncation t<1(Fy/« % / )
determines the truncations i, p(Fx k2% / )+ Our first result is the following:

Theorem 1.1. Let X be a smooth scheme over a perfect field k of characteristic p > 0 which is liftable
to Wy (k). Then the truncations

Tla,b) (Fx /1,5 82% /1)
are decomposable fora <b <a+ p — 1 when p > 2, and fora <b <a+ 1 when p =2.
The above result immediately implies that in the conjugate spectral sequence
Ef =H' (X', Q%) = HT(X. Q) (1-1)
the differentials dﬁj are zero for 2 <r < p when p > 2, and for r =2 when p = 2. As a sample corollary,
we obtain the following criterion for degeneration of spectral sequences.

Corollary 1.2. For X as in Theorem 1.1, suppose that
H'(X, Q%) =0 for |i—jl=p.
Then the conjugate spectral sequence (1-1) degenerates. If moreover X is proper over k, then the Hodge
to de Rham spectral sequence
EY =H/(X, Q%) = HY(X. Q)
degenerates as well.

1B. Truncations of the de Rham complex. Our methods give information about truncations of the
de Rham complex without assuming liftability modulo p2. Our results in this direction are the strongest
and most explicit for truncations in two consecutive degrees. Namely, for a general smooth X over k (not
necessarily liftable to W>(k)) and for g > 1, the truncated complex 7, —1,4)(Fx/k,+2% / 1) can be described
as the mapping fiber of §7[—q] for a map

— Q47 2],

e
5q'QX//k X’/k

that is, a class
-1
8 € Ext(Q% 1> Q%)

which is the “cup product” with the negative of the deformation obstruction class
8' = —obs(X'/ k/ Wa(k)) € Ext*(Q: /1. Ox) =~ H* (X', Tx/) (1-2)

to the existence of a lifting of X’ to W(k) (see Corollary 4.3). The result in particular implies that the
two-term truncation tj;—1,4)(Fx/,«2% / i) 1s decomposable if X " 1ifts to W, (k), and yields a description

LAdded in proof: This problem has been recently resolved by Petrov [2023], who constructed such a variety.
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of the differentials on the second page of the conjugate spectral sequence — answering a natural question
of Katz.

Theorem 1.3 (see Corollary 4.4). In the above situation, the differential
& H (X', @) = HYPX, Q)

in the conjugate spectral sequence (1-1) is induced by the cup product with the negative of the obstruction

class obs(X'/ k) W (k)).

Deligne and Illusie [1987, § 3] define the gerbe of splittings sc K of a two-term complex K, and
relate the gerbe of splittings of 7<1 (Fxx «2% /i) to the gerbe of liftings of X’ to W, (k). This provides
a “categorification” of the equality (1-2). In the same vein, for p > 2, our description of the class
of r[q_l,q](Fx/k,*Qk/k) can be upgraded to a morphism of gerbes (see Theorem 3.9)

AT se(T<1 (Fx k8% 1)) = $C(Trg—1,g1(Fx/k, 82 /1))

Let us now discuss longer truncations of the de Rham complex. The assertion of Theorem 1.1 is
subsumed by a recent beautiful observation of Drinfeld [2020, §5.12.1] (a proof appeared in Bhatt
and Lurie [2022]): a lifting of X’ to W>(k) induces a p,-action on the de Rham complex Fy/, K+ $2% /K>
which one can use to show that the truncations 7g—p+1,q1(Fx/k,xY ;) are decomposable for all g (even
more recently, Li and Mondal [2021] found an independent proof). However, the method of proof of
Theorem 1.1 is completely different and provides interesting information even if X is not liftable to W (k).
It is deduced from the following result (when p > 2) and Corollary 4.3 (when p = 2) alluded to above.

Theorem 1.4. Let X be a smooth scheme over a perfect field k of characteristic p > 0, let g be an integer,
and let m < p — 1. One then has an isomorphism in the derived category of X',

Tlg—m,q1 (Fx/kx Q1) = Tog—m (LT (T<1 Fx /i, Q% /1))

where LT'? is the derived q-th divided power.

1C. Abstract Koszul complexes. The proof of Theorem 1.4 has very little to do with algebraic geom-
etry. To state the main technical result behind it, we need the notion of an abstract Koszul complex
(Definition 2.1), which is a certain commutative differential graded algebra (cdga) K in a ringed topos for
which the multiplication induces isomorphisms

AN HYK) => HI(K) forall g>0.

Thanks to the Cartier isomorphism, the de Rham complexes Fy/ «Q2% Jk in characteristic p > 0 are
examples of such, and hence the result below immediately implies Theorem 1.4.

Theorem 1.5 (see Theorem 2.8). Let K be an abstract Koszul complex in a ringed topos (X, O) satisfying

the flatness condition (2-1), and let ¢ > m > 1 be integers such that m! is invertible in O. Suppose that
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either ¢ = m or that m + 1 is a nonzero divisor in O. Then there exists an isomorphism in the derived
category
Toqom (LT (t<1(K))) = Tjg—m.q1(K). (1-3)

In (1-3), LT'? is again the derived ¢-th divided power, and the source of the map can be more concretely
realized as 7>,_,, of the Koszul complex

> T EYINZ'K) = - > KON Z'K) > N(Z'K) > 00— - - -
———

degree i degree g

For m = 1 (and assuming that 2 is a nonzerodivisor), we again obtain more refined information
regarding 7,141 K, including the differentials on the second page of the spectral sequence

EY = H'(X,H/(K)) = H*/(X,K) (see Corollary 4.3).

As observed by Kato [1989], logarithmic de Rham complexes are abstract Koszul complexes, and
hence Theorem 1.1 works also in the log case. The inspiration for Theorem 2.8 came from the result of
Steenbrink [1995, § 2.8] describing the nearby cycle complex RW(D for a complex semistable degeneration
in terms of the logarithmic structure; see also [Achinger and Ogus 2020, § 4]. It is an interesting question
whether Steenbrink’s result can be extended to work with integral coefficients; the nearby cycles RWZ
are coconnective E.-algebra versions of abstract Koszul complexes, but we do not know whether they
admit cdga models (see Remark 2.11 and Example 2.3). An affirmative answer would give an application
unrelated to the Deligne—Illusie theorem, refining [Achinger and Ogus 2020, Theorem 4.2.2(1)], providing
a description of the two-step truncations 7y, 4] of certain logarithmic nearby cycle complexes.

1D. The case p =2 (Theorem 4.1). The description of the truncations 7jy—1,¢1(Fx/k«2Y ;) and its
corollary, Theorem 1.3, can be deduced from the “abstract Koszul complex” machinery and Theorem 1.4,
but only for p > 2. In contrast, the assertion of Theorem 1.5 is vacuous if 2 - O = 0. Accordingly, the
computation of the class of 7,1 41 Fx/1,+2% Jk> occupying the entire Section 4 is much harder in the
case p = 2, and uses more information about the de Rham complex than merely its abstract Koszul
complex structure. For this technical point, we highlight the passage from (4-3) to (4-4).

It could be worthwhile to extend the methods used in the case of p = 2 in order to “compute” the
truncations 7(,_,+1,] in p consecutive degrees, and it would be interesting to extract the exact abstract
properties of the de Rham complex in positive characteristic needed for the proof. Its relationship with
the aforementioned result of Drinfeld, Bhatt—Lurie, and Li-Mondal remains elusive.

The results concerning the truncations tjy—1,41(Fx/x,%£2% ;) and Theorem 1.3, including the case p =2,
presented here are due to the second author and appeared in his 2007 Ph.D. thesis. After the first author
proved Theorem 1.4, the authors decided to publish their results together.

1E. Application to F-split (p+1)-folds. As an illustration of this circle of ideas, using the refinement of
the Deligne—Illusie theorem due to Drinfeld, Bhatt—Lurie, and Li—-Mondal, we prove in the Appendix that
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the Kodaira—Akizuki—Nakano vanishing theorem and the degeneration of the Hodge to de Rham spectral
sequence both hold for F-split (p+1)-folds in characteristic p.?

Notation. If K is a cochain complex in an abelian category, we write Z'K = ker(d : K! — K'*1),
B'K =im(d : K'~' - K'), and H'(K) = Z'K /B' K, denote by 7<5(K) the subcomplex

st(K)Z["-%Kb_l—>ZbK—>0_>...]

and by t>,(K) the quotient K /t<,(K), and define 11, 5)(K) = t>,7<p(K). We call K decomposable if
it is isomorphic in the derived category to the complex with zero differential H (K)[—i].

A commutative differential graded algebra (cdga) is an associative graded ring K = P, ., K" which is
graded-commutative (i.e., xy = (—1)""yx for x € K™, y € K"), endowed with a differential d : K — K
mapping K" to K"*! and satisfying d(xy) =dx-y+(—1)"x-dy for x € K. We say that K is coconnective
if K"=0forn <0.

2. Abstract Koszul complexes

2A. Definition and examples. We work in a ringed topos (X, O).

Definition 2.1 (abstract Koszul complex). A coconnective commutative differential graded O-algebra K
is called an abstract Koszul complex if the following conditions are satisfied:
1 00— fHO(K) is an isomorphism.

(ii) For every ¢ > 1, the multiplication map H'(K)®4 — H?(K) factors through an isomorphism
w?  NHYK) = HI(K).

Example 2.2 (De Rham complex in characteristic p > 0). Let X be a smooth scheme over a perfect
field k of characteristic p > 0, and let Fx/x : X — X' be its relative Frobenius. Let K = Fx+S2  be
the de Rham complex, treated as a cdga over Ox-. Then the Cartier isomorphisms

C I (Fx i) = Qi

are multiplicative, and hence K is an abstract Koszul complex over (X', Ox/).

More generally, if f : (X, My) — (S, M) is a morphism of fine log schemes over [, which is smooth
and of Cartier type, then the log de Rham complex Fx/s «Q{x My)/(S.Ms) is an abstract Koszul complex
[Kato 1989, Theorem 4.12].

Example 2.3 (nearby cycle complexes; see, e.g., [Steenbrink 1995, § 2]). Let X be a complex manifold
and let D = | D, be a divisor with simple normal crossings on X. Let j : U = X \ D < X be the
complementary open immersion, and let K = Rj,Qp. Since we are working with rational coefficients,

2Added in proof: These results have recently been improved upon by Petrov (private communication, 2023), who showed that
the assumption on dimension is not necessary.
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v

we can find a cdga model for K (e.g., [KfiZ and May 1995, Part II, Corollary 1.5]). The purity theorem
implies that

R'j.Qy =N (EB @Da),

so any cdga model of K is an abstract Koszul complex over (X, Qx). Moreover, one has an isomorphism
in the derived category [Steenbrink 1995, Lemma 2.7] (see also [Achinger and Ogus 2020, § 4])

t<1(R' juZy) = [Ox =5 MEP],

where MEP is the sheaf of meromorphic functions without zeros or poles on U. Variants of this construction
exist for the nearby cycle complexes RW( for a semistable degeneration over a disc, and there exist
analogs in ¢-adic étale cohomology (with (2, coefficients).

Recall [SGA 4, 1972, exposé V, Definition 1.1] that an O-module M is flat if the functor (—) ® 9 M
is exact on the category of all O-modules. By the Deligne-Lazard theorem [SGA 4, 1972, exposé V,
théoreme 8.2.12], an O-module is flat if and only if it is a local inductive limit (see [SGA 4, 1972,
exposé V, § 8.1]) of free O-modules of finite rank.

In the following, we will work with abstract Koszul complexes satisfying the additional flatness
condition:

the O-modules K°, B'K, 2'K, and H'(K) are flat. 2-1)

In particular, this implies that the modules H? (K) >~ A? H?(K) are flat for all g > 0. The above condition
is satisfied in the situation of Examples 2.2 and 2.3.

2B. Koszul complexes. Our goal is to show that to a certain extent, the underlying complex of an abstract
Koszul complex satisfying the flatness condition (2-1) is determined by its truncation in degrees < 1
(Theorem 2.8). We achieve this using the notion of the Koszul complex of a map u : P — Q; see [Illusie
1971, chapitre I, § 4.3] and [Kato and Saito 2004, § 1.1-1.2].

Recall first that if M and N are O-modules, then for every g > 0 there is a natural decomposition of
the divided (resp. exterior) power

rMMeN) = P r“Mer’y (resp. NMeN) = P /\“M@/\”N).
a+b=q a+b=q
In what follows, we will use the comultiplication maps

n?:TIM — T 'M)@M  (resp. 7 : N"M — M @ N1~ 'M)

obtained as the composition of I'¢ (resp. /\‘1) of the diagonal map M — M @ M and the projection
to the (a, b) = (¢—1, 1)-part (resp. (a, b) = (1, g—1)-part) in the above decomposition of 'Y (M & M)
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(resp. of N{ (M & M )). Explicitly, we have

r
nq(x{el] e x}[e’]) — Z(x%el] .. .xl.[ei_l] .. .x}Ee’]) ®xl~ (el _|_ . e +er = q),
i=1

q
N7 (X1 A - A xy) :Z(—l)"‘xi®x1/\---/\)’c}/\---/\xq.
i=1

Sometimes we omit the superscript ¢ when it is clear from the context.

Definition 2.4 (Koszul complex Kos?(u)). Let u : P — Q be a map of O-modules, and let ¢ > 0 be an
integer. Then the g-th Koszul complex Kos? (1) is the cochain complex whose i-th term is

Kos?(u)" =T (P) ® N'(Q),
with differential d : Kos? (1)’ — Kos? (u)'*! defined as the composition

M= (Py@ N (Q) ~2% T9--1(PY @ P @ A (Q)

lid@u@id

ri—=1(P)® 0 ® N'(Q) aon re==4(Pye N (Q)

Concretely, withe) +---+¢, =g —i, x1,...,x, € P, and y e A'Q,
r

d(x{el] . xr[er] Ry) = Z(x{ell o xﬁej—l] . xr[er]) ® u(xj) AY.

j=1
We note here that our convention differs slightly from that in [Kato and Saito 2004] and [Illusie 1971],
who use A'(Q) ® T'7~/(P) as the i-th term. The two complexes, ours and theirs, are isomorphic via
the map which is (—1)' times the map switching the two tensor factors in degree i. The reason for
this convention is that later in Proposition 3.2 we will obtain the left comultiplication maps on exterior
powers, which in applications to the de Rham complex will be compatible with interior multiplication of
differential forms.

Proposition 2.5. Let u : P — Q be a map of flat O-modules, and let F (u) = [P —> Q] be the two-term
cochain complex with P in degree zero (the mapping fiber). There exist natural isomorphisms in the
derived category

Kos?(u) ~ LAY(F[1])[—q] >~ LT4(F),

where LAY (resp. LT'?) is the derived exterior (resp. divided) power.

Proof. Combine [Kato and Saito 2004, Corollary 1.2.7] with [Illusie 1971, chapitre I, 4.3.2.1]. See also
[[lusie 1972, chapitre VIII, lemme 2.1.2.1]. O

Corollary 2.6. For amap u : P — Q between flat O-modules, the complex Kos?(u), treated as an object
of the derived category, depends only on F(u) = [P — Q] up to quasi-isomorphism. In particular,
if F(u) is decomposable, then so is Kos? (u).
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Proposition 2.7 (compare [Steenbrink 1995, Lemma 1.4]). Letu: P — Q be a map of O-modules. There

exist unique arrows
9= (keru) @ N'(Q) — Z'(Kos? (1)) and o' :T97 (keru) ® N (coku) — H' (Kos? (u))
making the following diagram commute:

re=i(P)® N (Q) =——= Kos?(u)’

T T

=i (keru) ® N'(Q) —— Z (Kos? (u))

l l

9~ (keru) @ N (cok u) — K (Kos? (u))

Moreover, the map o' is an isomorphism if P, Q, keru, imu, and cok u are all flat.

Proof. The first assertion is straightforward. The second is reduced as in [Illusie 1971, chapitre I, 4.3.1.6]
using the Deligne-Lazard theorem to the case where P, Q, keru, imu, and cok u are free O-modules of
finite rank. In this case, splitting the surjection Q — cok u one can write u = u’ @ u”, where u’: P — imu
and u” : 0 — coku. The assertion then holds for u’ (by [Illusie 1971, chapitre I, 4.3.1.6]) and for u”
(trivially), for all g, and then the assertion for u = u’ @ u” follows from the isomorphism [Illusie 1971,
chapitre I, 4.3.1.5]

Kos* () = Kos*(u') ® Kos* (u"),
where Kos* (1) = @qzo Kos? (u)[q]. O
2C. Truncations of abstract Koszul complexes. The following theorem is the main result of this section.

Theorem 2.8. Let m > 0 be an integer such that m! is invertible in O, and let ¢ > m. Suppose that either
q = m, or that m + 1 is not a zero divisor in O. Let K be an abstract Koszul complex on (X, O) satisfying
the flatness condition (2-1), and write

K =[K° L Z'K]
for its truncation in degrees < 1. Then the multiplication maps
Kos? () =T (K @ N'(Z2'K) = Sym? (K" @ N'(Z'K) — K

for q —m < i < q (where we can identify T4~ with Sym4™" as g —i < m, so that (q —i)! is invertible

in Q) induce a quasi-isomorphism

Togm (LT (1<1(K)) = T54—m K0s?(3) == t(g—m,q1(K). 2-2)
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Proof. The multiplication maps define a morphism of “naive truncations”

Kos?(8)29°" = [Sym" (K) @ A\I~"(2'K) —— -+ —— N1(Z'K)]

| | |

T (K)=1™" = [K9—™ Z9K]

To obtain the desired morphism i : 7>4_,, Kos?(3) — 14—, 41(K), we need to check that the map
Kos?(9)4™™ — K7™

takes the image of Kos?(9)4~"~! — Kos?(9)¢™" into B¢~ K = dK?~™~!. This is clear if ¢ = m, so
suppose that (m + 1) is not a zero divisor.
Let z € Kos?(9)7~™ be the image of w € Kos? ()27~ and consider (m + 1)w as an element of the

submodule

Sym" MK @ AT TH@IK) S T ) @ AT,
Let u € K97~ be the image of (m + 1)w under the multiplication map
Symm+l(K0) ® /\q_m_l(ZIK) N Kq_m_l.

Then du = (m + Du(z) in K97™, where u(z) is the image of z under the multiplication map, and
hence /4(z) gives an (m+1)-torsion class in HY ™™ (K). Since by assumption HI "™ (K) ~ A7~ H'(K)
is flat and m + 1 is not a zero divisor, j(z) € dK” 77! as desired.

Finally, the maps induced by p : 7>4_,, Kos?(d) — 7(4_u 41(K) on cohomology can, thanks to
Proposition 2.7, be identified with the maps

w NHYK) - HI(K)  for g—m<i<gq,

which are isomorphisms by assumption. (I

—~—

Remark 2.9. Implicit in the above proof is the subcomplex Kos? () of Kos?(u) whose i-th term equals
Sym?~" K ® A\ (Z'K). The two complexes agree in degrees > g — m, and more generally the quotient
Kos? ()7~ /Kos? (u)?~" is annihilated by i!. This subcomplex probably does not have any “derived
meaning”, (for example, it is not clear that it is decomposable if <1 (K) is), but its advantage is that there
is a multiplication map w : Izas?(u) — K.

Remark 2.10. For an illustration of Theorem 2.8, let us see what happens in the “minimal” situation
where it does not apply. To this end, let us consider the de Rham complex K = [[,[x] — [F,[x]dx] of the
polynomial ring [ ,[x] over [, treated as a complex of modules over [ ,[x”]. Setm = p—1and g = p, and
let us check that the intermediate assertion in the proof of Theorem 2.8, that u : Kos? ()7~ — K7™ takes
the image of diqs : Kos?(3)?~"~! — Kos?(8)¢™" into B4~ K = dK97™~!, does not hold. Explicitly,
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the groups and maps in question form the diagram

d 0S8 -_— —
8 o Fplx]) == TP L (Fp[x]) @ Fp[x] dx = Sym{” 1, (F, [x]) ® Fp[x] dx
: Ju
d ([F;[x])( Fplx]dx

Let us consider the element x!”! in the top left corner. Its image under the Koszul differential is
2PN ®dx = —xP~! ® dx, whose image under 1 is —x”~! dx, a nonexact form.

This calculation suggests a link with the Cartier operator in the situation where K is the de Rham
complex of a smooth scheme in characteristic p. And indeed, we shall see it again in the proof of
Theorem 4.1.

Remark 2.11. Our proof of Theorem 2.8 makes use of an explicit model of the cdga K. Thus, for
example, if K and K’ are equivalent cdgas to which the theorem applies, it is not obvious whether the
isomorphisms (2-2) we obtain for K and K’ are compatible. More importantly, it does not apply to the
more general case of coconnective E.-algebras or cosimplicial commutative rings whose cohomology
algebras satisfy axioms (i)—(ii) of Definition 2.1.

Corollary 2.12. Let K be an abstract Koszul complex, and let n be such that n! is invertible in O. Suppose
that T<1(K) is decomposable. Then for a < b < a + n, the complex (4 ) (K) is decomposable. Moreover,
the complex 1<, (K) is decomposable as well.

2D. Application to de Rham cohomology. We now establish some of the straightforward consequences
for de Rham cohomology mentioned in the introduction. The remaining ones shall be established at the
end of Section 4.

Proof of Theorem 1.1, case p > 2. Let K = Fx;i 2y .. By Example 2.2, this is an abstract Koszul
complex over the ringed space (X', Ox/). By [Deligne and Illusie 1987, théoréme 2.1], the liftability
assumption implies that the complex 7<;(K) is decomposable. Corollary 2.12 with m = p — 1 implies
that 17, 51(K) is decomposable for a <b < a4+ p — 1, as desired. O

Proof of Corollary 1.2. The differentials on the E,.-page of (1-1) depend only on the truncations
Tla,01 (2% / ) With a <b < a+r, and hence all differentials on the pages E, with r < p vanish. Suppose
that d;/ # 0. Then in particular H' (X, Qy ;) and H'*" (X, QQ,:H) are both nonzero, and hence

li—jl<p and [(+r) =G —-r+DI=|G-j)+2r=1<p,

which implies r < p, but that forces d” =0, hence a contradiction. Therefore (1-1) degenerates.
For X proper over k, one can deduce the degeneration of the Hodge to de Rham spectral sequence as
in [Deligne and Illusie 1987, corollaire 2.4]. O

Remark 2.13. As in [Deligne and Illusie 1987, § 4] and [Kato 1989, Theorem 4.12(2)], analogous
assertions hold for a smooth and separated morphism of [ ,-schemes X — §, or more generally for a
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smooth morphism of Cartier type f : (X, Mx) — (S5, Ms) between fine log schemes over [, assuming
that there exists a fine log scheme (S, Mgz) over Z/p>Z such that S is flat over Z /p*Z and a smooth lifting

(X, Mz) — (5, M3)

of f’ (the base change f under the absolute Frobenius (S, Ms) — (S, My)). Here [, and Z/ p*7 are
given the trivial log structure.

3. Truncations in two consecutive degrees and gerbes of splittings

In the following, we make a more detailed analysis of the truncations tj, 14K for an abstract Koszul
complex K, as well as their associated gerbes of splittings. We keep working in the category of modules
in a ringed topos (X, O).

3A. First-order attachment maps. For a complex K and an integer ¢, the truncation
Tg1.gK =[+—=0— KB 5 29Kk 50— -]
fits inside the functorial exact triangle
H (KO g1 = Tg1.0K — 5 (K)[—g1 H% 3001 o2 — g1,

yielding a morphism
8% HI(K) — HI"N(K)[2]

such that 8?( [—¢] is the unique morphism making the above triangle distinguished (see [Achinger and
Ogus 2020, Proposition 2.1.1]). Thus the truncation tj4_; 4K is determined by the map 8%, as the
mapping fiber of 8%, [—¢]; it is decomposable if and only if 8% = 0. We note for future reference the effect
of the shift functor on the maps 87(:

(Sq

Ty = (=DPSRT. 3-1)

The maps 8% describe the differentials on the second page of the spectral sequence
E}"=HP(X,HY(K)) = H'™(X,K).
Namely, the differential
dl: HP (X, HY(K)) — HP (X, HI™'(K)) = HP (X, HI™ (K)[2])
is the map induced by 8% on H” (X, —).
3B. Gerbe of splittings. We recall the gerbe of splittings described in [Deligne and Illusie 1987]. Let
K =[K"-% k'

be a two-term complex (i.e., K' =0 for i # 0, 1), and suppose that the two conditions below hold:
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(1) KY(K) is locally free of finite rank, and
(2) the projection of K O onto B! = im(d) locally admits a section.’

One then constructs the gerbe sc(K) under Hom(fJ-Cl (K), U-CO(K )) over X [Deligne and Illusie 1987,
§ 3.2] as the stackification of the prestack sc’(K) whose objects are local splittings

s H! (K) — K'!
of the projection K! = Z'K — H'(K), and where morphisms s — s’ are maps
h:H(K)— K°
such that dh = s’ — 5. The automorphisms of an object s are then identified with Hom(JH ! (K), J—CO(K ),
and this makes sc(K) into a gerbe under Ho_m(fH1 (K), fJ-CO(K)). We denote by
clsc K € H*(X, Hom(3' (K), H*(K))) = Ext*(H' (K), H(K)) = Hom(H" (K ), H*(K)[2])
the class of the gerbe sc K. The following result relates this class to the map 8}< defined previously.

Lemma 3.1 [Deligne and Illusie 1987, proposition 3.3]. Let K = [K 0 - K11 be a two-term complex
satisfying (1) and (2) above. Then, one has the following equality in Hom(i]-f1 (K), U'CO(K)[2]):

clsc K = —5j.
A bit more generally, suppose that ¢ is an integer and K a complex satisfying the following conditions:
(1) Ki=0fori#q—1,q,
(2) H1(K) is locally free of finite rank, and
(3) the projection of K9~! onto B? = im(d) locally admits a section.
Then we denote by scj;—1,4)(K) the gerbe of splittings of the complex

e 0> KT S KT 50— -

concentrated in degrees 0 and 1 and with d being equal to the original differential of K, rather than
(—1)4~! times that; this convention has the consequence that

clscig—1,41(K) = (=9 elsc(K[g — 1))

in H*(X, Hom(H4, H4~")). Combined with Lemma 3.1 and (3-1), this implies the following generaliza-
tion of Lemma 3.1:
clscg—1,4(K) = —8%.

When there is no confusion as to what g is, we simply write sc(K) for sciy 1 41(K).

3C. Truncated Koszul complexes. Let K =[K° ANy ‘e 11 be a two-term complex of modules over (X, O),
and let ¢ > 1. Using the Koszul complex, one can build another two-term complex, concentrated in

3As pointed out to us by the referee, condition (2) is in fact not needed for the construction. Indeed, if s — s : 3 1 (K) — B!,
then locally there exists an / : H I KO such that s — s = dh.
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degrees [q — 1, q]:
K0®/\q—1K1
- d(F2K0®/\‘1_2K1)

Tqu(KOSq(d))Z[”'%O —>/\qK1—>O—>--~i|.

By Proposition 2.7 we have morphisms
a? : NTHYK) > HI(Kos?(d)) and a7 HOUK) QAT HUK) > HI7 (Kos?(d)), (3-2)

which are isomorphisms if K, K!, fHO(K ), and H! (K) are flat. The following result describes the

maps 81'1(05(] @ and hence the truncation 7,1 (Kos?(d)).

Proposition 3.2. Ler K = [K° 4k Y be a two-term complex and let ¢ > 1. Suppose that K°, K,
HO(K), and H"(K) are flat. Then the following diagram is commutative:

n? 8l.®id

A H(K) H'(K)@ N1 HU(K) HOUK) @ N1 HU(K)[2]

3} (Kos? (d)) - HI™ (Kos? (d))[2]
Kos4 (d)

In other words, using the identifications (3-2), we have the equality
Sl‘iosq @ = (5}( ®id) o nq
of maps A\? H'(K) - H(K) @ A HU(K)[2].

Proof. Let us abbreviate H(K) to H'. We first check that the two-term complexes 7>,_1 Kos?(d) and the
naive (g—1)-shift of K ® A?~! H! form the middle square inside a commutative diagram with exact rows

0 g—1 g1
0— HO@N! ! K o K NK' — S ANH 0

d(T2(K% ® N172K1)
[ e

0— HOQAI T H! — s KO A1 ! — KN TH — H oAt H! — 0

We define the maps o and § as follows. The map B is uniquely determined by
Bw®ziA-Azgm) moddT*(K)@NITPK) =w@ 1] A Alzgl.
It is well defined because elements of the form

dw@zi A Azge) =w®AWAZI A+ Az
or
dWv@ZI A ANZg—1) =VRQAWAZIA - ANZg 1 TWRAVAZI N+ ANZg1

are sent to zero, since [dw] = 0 = [dv]. The map « is the composition

gpl n 1 g—1 g1 1d®proj. 1 q—1 a1
NK' -5 K'QNT'K' ——5 K' QN " H".
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The commutativity of the left- and rightmost squares is trivial to check. To see that the middle square
commutes, we take (the class of) W ® z1 A -+~ Azg—1 € K@ N4 'K!, and compute

a(dw®z 1A Azg—1) =a(dWAZI A+ NZg_1)

—

q
=Y (=D u®dwlAlnIA - AlIA - Alzg1]+dw®[zi] A Alzg_1]
i=1

=dw[zi]A- - Alzg—1] = @RI (B 21 A+ Azg-1)).

Now, our commutative diagram of complexes translates into a commutative square in the derived

category,
8‘7
/\q j—cl Kos4 (d) J‘CO ®/\q_1 j_(:1[2]
n? l J/id
HONTTH H —— s ORI 2]
K 1
This implies the required assertion. O

3D. Two-term truncations of abstract Koszul complexes. The following result relates the maps §% and 8}(
for a cdga K.

Proposition 3.3. Suppose 2 is a nonzerodivisor in O. Let K be a coconnective commutative differential
graded algebra such that K°, Z'K, HY(K), and H'(K) are flat. Let g > 1 be an integer such that
HIV(K) is flat. Then the following diagram commutes:

N FE) —— 30 (K @ A (R —— 2 500k @ N I (K)[21

multl lmult.

H(K) H N (K)[2]

8k

Proof. Write <1 K = [K° 22k ]. The proof of Theorem 2.8 (with m = 1) provides a morphism of
complexes

W T=g—1 Kos?(9) = ty—1,91K.
By functoriality of the maps 69, we have a commutative square

H (1241 Kos?(9)) —— HI ™! (t24-1 Kos? (3))[2]

| l

H (t1g-1.9K) ——— H ™ (1py-1.K)[2]
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That is, a commutative square

AN HYK) —— HOUK) @ N~ HY(K)[2]

| l

HI(K) ———— HTH(K)[2]
The assertion then follows from Proposition 3.2. O

Remark 3.4. The proof of [Achinger and Ogus 2020, Theorem 4.2.2(1)] implies the assertion of
Proposition 3.3 under the stronger assumption that ¢! is invertible in O. However, the argument does
not use the cdga structure of K, only a weaker structure of a commutative monoid in the derived
category K ®" K — K. In particular, the assertion holds for some E..-algebras which are not a priori
equivalent to cdgas.

Remark 3.5. In [Achinger and Ogus 2020, Lemma 2.1.1], it is shown that the maps 8?( are compatible
with the derived tensor product in the following way. If K and L are complexes and i and j are integers
such that H’ (K) and H/ (L) are flat O-modules, then the following square commutes:

8 @1+(=1) @8]

H(K) @ H/ (L) (HHK)R21@FH (L)) @ (' (K) ® H ™ (L)[2])

| |

g'fi+j(K ®ﬂ_ L) — 9_(1'*#]’*1([( ®ﬂ_ L)[z]
8!
KolL

If g!is invertible in O, so that A? HH '(K) is a direct summand of H'(K)®4, the assertion of Proposition 3.3
can be deduced from this result.

For illustration, let us see how to do this for g =2. We set L = K and i = j = 1 in the above diagram,
obtaining the middle square of the diagram below:

id®s}

A2 H(K) T, HYK) @ H'(K) H'(K) @ HU(K)[2]
x/\yr—>%(x®y—y®x) %(shufﬂe,id)
3 (K) @ H' (K) i ()21 @ K (K)) & (3¢ (K) ® HO(K)[2])
F(K @ K) e H'(K @' K)[2]
H2(K) HY(K)[2]

8k
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Here, the bottom square certifies the functoriality of 62 with respect to the multiplication map K ®" K — K.
Commutativity of the top square is easy to check. Then, commutativity of the exterior square gives the
required assertion.

Corollary 3.6. Suppose 2 is a nonzerodivisor in O. Let K be an abstract Koszul complex satisfying the
flatness condition (2-1) and let ¢ > 1. We have the following commutative diagram:

gl i . lar sl®id 1l
NHA(K) ——— H (K QN H(K) ——— N7 H(K)[2]

| |

H4(K) HIN(K)[2]

8k

In other words, using the vertical identifications, we have the equality
8% = (8 ®id) o’
in Hom(H? (K), 11~ (K)[2]).

Corollary 3.7. Suppose 2 is a nonzerodivisor in O. Let K be an abstract Koszul complex satisfying the
flatness condition (2-1) and let ¢ > 1. Then

clscig—1,41(K) =n?(clsc(r<1K)).

Corollary 3.8. Suppose that 2 is a nonzerodivisor in O. Let K be an abstract Koszul complex satisfying
the flatness condition (2-1). Then the differential

a9 HP (X, HY(K)) — HPT2(X, HI7H(K))
equals the cup product with the class
8k = —clsc(r<1K) € H*(X, Hom(3' (K), H°(K))),

followed by evaluation.

3E. Morphisms of gerbes of splittings. Let K be an abstract Koszul complex satisfying the flatness
condition (2-1). In Corollary 3.7, under the assumption that 2 is a nonzerodivisor in O, we calculated
the gerbe classes clscjy—1,4) K in terms of the class clsc(t<| K). Below, under the stronger assumption
that 2 is invertible, we promote this equality into a morphism of gerbes.

Theorem 3.9. For each integer g > 1, there is a morphism
A se(t<1K) — se(tig—1,41K)
of gerbes over X, under which the obstruction classes correspond by the relation

clsc(tig—1,91K) = ctr?(clsc 1< (K)),
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where ctr? : Hom(H!, H®) — Hom(H?, H9~") denotes the morphism which maps a local section f of

the source to the one of the target by the formula

q
ctr!(f) o A Awy = Z(—I)J_lf(a)j)a)l/\---/\a)j,l/\a)jﬂ/\---/\a)q.
j=1

(Compare the formula for ctr? with the explicit formula for ¢ in Section 2B.)

Notation. Before proceeding to the proof, we gather some notation concerning Cech cohomology.
We denote by é(U., K*) the Cech resolution of a complex K* with respect to a hypercovering U..
The differential induced by that of K* will still be denoted by d, while the Cech differential on the
component é(U,,, K?),

p+1

(=D (=Dd;,
i=0

will be denoted by d. Then the total differential
D=d+d

is the differential of the total complex e (U., K*).

When we compute the obstruction classes, we will use some notation which may not be standard. As
usual, for each integer m > —1, we denote by [m] the set of integers i such that 0 <i < m (empty set
for [—1]). And we denote by d;; : [m — 2] — [m] the unique increasing injection omitting i and j, where

0 <i < j <m. For example, for m =2, we have
d()z :dgod() =d00d1 : [0] — [2]

(which maps 0 onto 1), where d; : [m — 1] — [m] denotes the unique increasing injection omitting i.
On the other hand, we denote by pr; : [0] — [m] (resp. pr; K [1] — [m]) the unique map sending O to i
(resp.0toi and 1 to j) for 0 <i <m (resp. for 0 <i < j <m).

Proof of Theorem 3.9. In order to prove Theorem 3.9, we first describe the morphism, show that it is well
defined, and then calculate the obstruction class.

Construction of the functor A1. We construct AY :sc T<1 K — sc 14— 41K by stackifying a morphism
between the corresponding prestacks: s¢’ 7<; K — sc’ 1j5—1 41 K.

Given an object of s¢/(t<; K) over U, that is, a section s : 3! — Z! of the projection 2! — H! over U,
we define A?(s) as the composite morphism

H9 ~ N(H EAIOIN Az prod oq

where prod means product; it is clearly a section of Z9 — H¢Y over U.



482 Piotr Achinger and Junecue Suh

Let s and s; be two objects of s¢/(t<;K) over U and let & be a homotopy from s to s;. Then we
need to define a corresponding homotopy A?(h) from A?(sg) to A?(s;). We first define a map

AR s (HH® — K971 pa—!

by letting it send w; ® - - - ® w, (Where w; are local sections of H 1 to the class of

q
Z(—l)jflh(wj)so(wl) N Aso(@j—1) Asp(@jr) A Ast(wg)
j=1

modulo B7~!,
It is easy to show that it factors through A7 if, say, w; = w, = w, then the alternating sum on the
right reduces to the difference of the first two terms

h(w)s1(w) Asp(w3) A Asi(wg) — h(@)so(w) Asi(w3) A Asi(wg),

which is equal to

h(w) dh(w) Asi(w3) A--- Asi(wg),
which is a coboundary since 2 is invertible. Thus we have defined A7 (h):

(3H)®

|~

(K - — q—1,139-1
N - 5 KB

Then the following calculation shows that A9 (k) is really a homotopy:

(A1(s1) = A(s0)) (@1 A -+ - Awy)

q
= Zso(wl) A= Aso(@j—1) As1(w)) — so(@j)} Ast(@j1) A+ Asi(wg)
=1

q
=) so(w) A Aso(wj—1) AMdh(w)} Asi(@jr1) A Asi(wg)

~
Il
-

(=D dh(w)) Aso(@1) A~ Aso(wj—1) Asp(@j1) A+ Asi(wg)

|
M=

1

~.
Il

=d[AT(h) (w1 A= Awg)l.

Functoriality of A1. Now in order to show that the morphism A? is a functor, we must show that it is
compatible with the composition of homotopies; so let & : s = s; and &’ : s; = s, be two such in the
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source. We first define a second homotopy operator

HY(h, 1) (HY®1 - K972 0@ ®@ag > Y (=D hwph'(i)s(, k),
1<j<k=q
where s(j, k) is equal to

so(@w) A=+ Asp(wj—1) Asi(@jr) A Asp(wg—1) As2(@g1) A Asz(wy).

To show that A?(h + k') and A?(h) + A1(h’) are the same homotopies, it suffices to demonstrate the
formula
(AR +h") —{AL(h) + AT (WD) (w1 A+ Awg) = dHZf’(a)l ®- - Quwy).

One expands the left-hand side and groups the terms involving & and h’ separately:

q
Z(_l)j_l{h(a)j)+h/(wj)}so(wl)/\' ASo(@j— 1) AS2(@j 1) A - Asa(wg)

j=1
q
=Y (=1 h(@))so(@n) A Aso(@j-1) Asi (@) 41) A - Ast (@)
Jj=1 . |
=Y TR @p)si @) A A1 1) Asa(@j11) A+ - Asa (@)
j=1
q .
= Z(_l)‘/_lh(wj)so(wl)/\‘ Aso(wj— ) As2(wjr ) A Asa(wg) —s1(@jr ) A - - As(wg))
=1

! q

+ ) (=D @) {so(@n) A+ - Aso(@1) =s1 (@D A Asi @k DI AS2 @k 1) A+ - Asa ().
k=1

The differences in the curly brackets are themselves alternating sums, so the last expression is equal to

q
D (=1 h(@))so(@) A - Aso(@j 1)

j=1

A{ DU AR (@) Asi @) A Asi (@) Asa (@) A -Asz«oq)}
k>j

q
+ Z(—l)"—lh/(wk){ D (=1 (=dh(@) Aso(@) A - Aso(@j 1) Asi (@4 1) A+ -sl(wk_o}
k=1 j<k
A2 (1) A+ - - As2(wy)

= Y (=) di (00)+h (o) dh(@))}As(, k),
1<j<k=q

and this is now equal to
dHY (h, 1) (01 ® - ®@ wy). (3-3)

This completes the proof of the fact that A? is a functor.
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Calculation of obstruction classes. Finally, we relate the obstruction elements. Let U, — X be an open
hypercovering such that one has

(1) a section s : ! — Z! of the canonical projection Z! — 3! over Uy, and

(2) a homotopy 4 : H' — K over U satisfying

dis —dys = dh. (3-4)
Then, by definition, the class of
obs = obs| = dih — dih +d;h € T'(Uy, Hom(3', 1))
in H%(X, Hom(3", 3(%)) is clsc 7<; K. On the other hand, by applying A% to s and /, one sees that the
class of
obs, =dy(ATh) —d{ (ATh) +d5 (ATh) € T'(Us, Hom(H?, FHI71y)

in H*(X, Hom(H4, H471)) is cl sc Tg-1,91K.

Now let w; A - - - A @, be alocal section of H? >~ AYH!. Then the evaluation of obs, at | A --- A,
is equal to

q
Z(—l)]'H dyh(wj) dys(@) A= Adys(@j—1) Adps(@jr1) A=+ Adgys(wg)
Jj=1

q
— 2:(—1)1Jrl dih(w;) dgs(@) A~ Adgs(@j—1) Adips(@jr1) A= Adiys(wg)
j=1

q
+ 2:(—1)]Jrl dyh(wj) dyys (@) A -+ Adgs(@j—1) Adys(@j11) A -+ Adis(wg).
j=1

One groups the terms around the second sum and gets

q
Z(—l)’“(a’(}kh —dih+d5h)(wj)-dys(@i) A~ Adys(wj—1) Adiys(@jp1) A+ Adips(wg)
j=1

q
+ ) (=D d5h(w)) diys@) A Adgys(@;-1)
j=1
AMdys@jr1) A+ ANdyps(wg) —dias(@jr1) A=+ Adis(wg))

q
+ Z(—l)”l dyh(w){dgs(@1) A -+ Adys(wj—1) —dys(wi) A -+ Adgs(wj—1)}
j=1
Adiys(@jp1) A=+ Adips(wg).

The first alternating sum reduces to the “main” term we want, when taken modulo the coboundaries
(B4~1). In the last two sums, one first notes that, as & is a homotopy from ds to df's, it follows that djh
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is a homotopy from dg dijs to dj df's, that is,
doh :dys = dgys.

Similarly, d>h is a homotopy from d,s to d},s. Essentially by repeating the last three equalities leading
up to (3-3), this time with a minus sign, one sees that the last two sums add up to

—dH (dgh, dsh) (@1 ® - - ® w,),
which is a coboundary. Therefore, reducing modulo B?~!, one gets

ev(obsy, w1 A+ Awy) = ev(ctr? (obs)), w1 A -+ Awy).
This means

clsctyg—1,1K =ctr? clsc <1 K,
which completes the proof. U

Remark 3.10. The construction of the map between gerbes can also be carried out using the language of
higher topos theory [Lurie 2009]. Let us give a brief outline.

Let p: Y — Z be a map of spaces, or more generally in any co-category €. On can then build the
space sc(p) of splittings of p as the homotopy fiber of

p :Home(Z,Y) - Home(Z, Z)

over the identity idz. Similarly, if p : ¥ — Z is a map in the derived oco-category of a ringed topos (X, O),
one obtains a sheaf of spaces sc(p) of splittings of p.

0 4, k1] satisfying the conditions in

In the special case when Y is a two-term complex K = [K
Section 3B and Y — Z is the projection K — H'(K)[—1], the sheaf sc(p) is a sheaf of groupoids
(a stack) and can be identified with the gerbe of splittings sc K.

Applying the functor 7>, LT'? to the map p : K — H Y(K)[—1] one obtains (simply by functoriality)

a morphism of sheaves of spaces
s¢(p) = s¢(t2g-1 LT (p)).
By inspection, the map 7,1 LT'?(p) is the projection
Tlg—1.41 Kos? (d) — H (Kos () [—¢q] = A7 3 (K)[—q].

This way one obtains by abstract nonsense a morphism of gerbes sc K — sc(zjy—1,41 Kos?(d)).

In the case when K is an abstract Koszul complex satisfying the flatness condition (2-1), the morphism
of gerbes sc <1 K — sc 741,41 K obtained this way should agree with the one constructed in Theorem 3.9,
though we did not check it.
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4. Gerbes of splittings of the de Rham complex

Our method of explicating the truncations tj,; 1 4K for an abstract Koszul complex K in terms of the
truncation < K requires that 2 be a nonzerodivisor. In this section, we describe these two-term truncations
in the case of the de Rham complex in characteristic p > 0 by calculating the class

clsc(tig—1,q1F«Q%/g)-

The calculation uses more information about the de Rham complex than its being an abstract Koszul
complex, namely the nature of the Cartier isomorphism (which we use only for p = 2). As a corollary,
we deduce that 7j, 1 4)(F: Q5% / ) is decomposable if T<1 (F, Q2% / ) 18, and obtain a description of the d;
differentials in the conjugate spectral sequence.

Theorem 4.1. Let S be a scheme of characteristic p > 0 and X /S a smooth separated scheme of finite
type. Then for each integer q, the class

clsc(tig—1,41Fx Q}/s)
is the image of the class

clsc(r<g F*Q}(/S)
under the contraction map (described in Theorem 3.9).

Proof. We put K = F*QB(/S, with F : X — X' the relative Frobenius of X/S.
To calculate the class, we take an open hypercovering U, — X’ such that

(1) over Uy, one has a section s : ' — Z! of the projection 2! — H! and a section
o @ 31— (FH"®4

of the canonical projection (H')®¢ — 37, and

(2) over Uy, one has a homotopy /4 : ' — K such that
dh=djs —d}s : H' — 2!,

(Let us recall that H! is locally free over Oy, and hence so is {9 = A9FH! for all integers g.) The locally
free kernel of the projection (H')®¢ — 3{¢ being denoted by J¢, the 1-cocycle

dio P —dfo? e I'(Uy, Homg,, (7, 77))

represents the obstruction, in H (X', Hom(H4, 39)) = Ext(ljx/ (39, J%), to the global existence of a section.
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Let us calculate the class
clsc tyy—1.4K € H*(X', Hom(3?, H7™ "))

in characteristic p > 2. For ease of notation, we denote o4’ simply by o when no confusion is likely.
To do so, we may choose the composite morphism

g0a 20 (gl 22 (g hyed A g4

which we denote by (s”*?) o o, as the section of the projection Z¢ — H? over Uy.
Then one forms (the negative of) the Cech difference

di(s")odfo —dj(s"?) odjo = [(d}s)" — (djs) 1 odjo — (dfs)"! o (djo — d}o).

One notes that the second term is zero, since the image of d(’)ka — di"a is contained in J¢, which in turn is
annihilated by (dj's)"?, for the wedge product is strictly graded commutative.
Then one expresses — over U; — the remaining first term as the differential of something:

((di)™ = (dgs) D@1 ® - ® wy)

Il
M=

(dys)wi A -+~ A(dys)wj—1 A(dys —dys)wj A(dys)wjp1 A--- A (d]s)wy
1

~.
Il

q
d> (=DM () dis)or A AdGs)wj—1 Adis)oje A Adfs)og.
j=1

One defines n =@ = n(w ® - - - ® wy) to be

q
D (=D () dis)or A AdGS)oj_1 AdTS)ojn A A ]
j=1
in order to have a commutative diagram

di (s")od}o—d; (s )odo

J4 Z4

PN A

(j_cl)®q 0 ;qul/‘qul

in which 77 means the composite of 7 followed by K9~! — K9~ /B~
With this, we calculate the class of the gerbe by forming the Cech difference over Us:

(i —dt +d3)(fodio) =difodl,o — diijodlyo + difj o diyo
= (d} —d +dD)fodlo — difio (dio — diyo). (4-1)
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Let us put obs| = (dy — d{ + d3)h, which represents the class of sc 7<1 K. Then the first summand in
the second line of (4-1) can be expressed in terms of obs;:

(dy —di +d)N(@1 Q- - - Qwy)
q
=Y (=D dih()) diys(@) A+ Adgys(@)-1) Adips(@j41) A+ -+ Adis ()
j=1

q
—Z(—l)]+1 dih(w;) dgs(@) A Adys(@j—1) Adps(@jr1) A+ - Adiys(wg)
j=1

q
+Z(_1)1+1 dyh(wj) dy,s(@) A Adgs(@j—1) Adips(@jp1) A+ Adips(wy)
j=1

(=17 obsy(w1) diys (@) A+ - - Adgs(@j—1) Adiys(@j41) A+ - Adys(wy)

M=

1
q
+Y (=D dih(w)) dfys(@0) A Adgys(@i0) A{(dips NI —diysN D) ()41 ® - @ay) )

Jj=l

~.
Il

q
+Y (=D d3h(w){(dgs "D —dgi s M) @01 ® - @wj D)} Adhys(@ii) A As(wy).
j=1

Again, as in the three equalities leading up to (3-3), the differences in the curly brackets are themselves
alternating sums, and one sees that the sum of the last two alternating sums is equal to

—dHY (dh, d5h) (@1 ® - @ w,),
hence is zero modulo BY~!. On the other hand, the first alternating sum is equal to
ev(ctr(obsl), WA A wq).

Now we analyze the second summand in the second line of (4-1). It is the cup product of two
cohomology classes:

iilse € T(Uy, Hom(J9, H9~Y)) representing [77|54] € Ext! (39, H4~1)
and

dyo —djo € I'(U;, Hom(H?, 7)) representing [o'] € Ext! (14, 99).
When ¢ is less than p = char(S), [o] is zero, for in this case one disposes of a canonical section of
() — 3¢,

namely the antisymmetrization.
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On the other hand, if p is odd, then [1]5] is zero, because (even more strongly) 7 itself kills J: for
example, it maps a local section
ORQWRWIR - Quwy

of J4 to the element
[h(w) dis(w) — h(w) dis(@)] Adis(@3) A--- Adis(wg) = h(w) dh() Awz A -+ Aw, (mod qu’I),

which is a coboundary when 2 is invertible (d(h(w)?) = 2h(w) dh(w)).

So let us restrict our attention to the case p = 2 and show that the class [#]q¢] is still zero. First, one can
easily check that 7 : (F(1)®? — K4~! /B4~ and a fortiori 7j|ge : J9 — 2971 /B4~ = H9~! | is symmetric
in the sense that any element of the form

QR 1R QWjt1+wWj 1 QW) Rwj12® - Quy

(when 1 = —1, adding is subtracting) maps to zero under 7. Therefore, one has a commutative diagram

74 J4 /g4 i Fq—1

o]

(HH® —— Sym?(H') —— K91 /B!

where the composite of the two horizontal arrows in the first row (resp. in the second row) is equal to 7|5
(resp. 77), and J¢ denotes the (locally free) kernel of the projection (3')®? — Sym? (JH!).

We get a notational advantage by taking the quotient by J¢: now J¢/J¢ is generated by the images of
local sections of the form

OQWRWIR -+ Qwy. (4-2)
Such a local section is mapped under 7 onto
h(w) dh(®) Adgs(@3) A -+ Adis(wg) (mod B = [h(w) dh(w) (mod BHTAws A~ Aw,. (4-3)

We prove that [77]4] is zero by finding a 0-cochain z with coefficients in Hom(J%, H¢~"), that is, a section
of this sheaf over Uy, such that 7|js = djz —d{z. As we know that 7|5¢ factors through 7 : J7/3% — K
it suffices to find 7 : 79 /99 — F4~" such that

n=diz—d;z.
But from (4-3) and the fact that C™'W* dh(w) = [h(w) dh(w)], one sees that

HoQ@wRwWs®- - ®wy) = (CT'W*dh(w) Aoz A--- Aay,. (4-4)
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We denote here by W the base change of the absolute Frobenius endomorphism of S, so that the diagram

, W
—

Tt —— ™
U — X

—_—
frobg

is cartesian, by W* the pullback morphism of differential forms

Qs = Walx /s
and by C~! the (inverse) Cartier operation

Qs = H (FeQy g)
(see [Katz 1970, § 7] and recall p = 2). Thus the last expression is the same as
C_IW*(diksa)) ANWIN - ANwg — C_IW*(d()"sa)) N3N - ANy,

and one is led to define over Uy

7:99/99 — HI~!
so that it maps the local section (4-2) modulo g7 to

C'W*Gsw)Awz A Awy.

As pointed out earlier, local sections of the form (4-2) generate J9 /74, so such Z is unique if exists at all.
Now its existence can be shown locally: if one has a basis ey, ..., eg of H I over Oy, then the images of
the sections

lej ® - ®ej, 11 <j1 << j; <d with at least one repetition}
under J¢ — J4/g4 form a local basis of J¢ /g4, and then one can let Z map the class of e;, @ - - - ® ej, to
C™'W*(s(wj,)) A (the rest),

where ji is an index that repeats: if two or more indices repeat, whichever one is chosen, the result is
zero, and if an index repeats itself three or more times, it doesn’t matter which consecutive terms are
chosen, for 1 = —1 and the sign doesn’t matter.

Then one needs to show that any local section of the form (4-2) is mapped as desired under 7 thus
defined. One expresses the sections w, w3, ..., w, as linear combinations of the {e;} and one sees that it
boils down to showing the linearity in each variable ws, ..., w,, which is evident, as well as the linearity
“in the variable w ® w”’, which is less so.
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Let w = a& + B6, where «, 8 are sections of Oxs and &, 6 sections of 3{'. Then one calculates
CTIW*(s(@§ + ) = CT'W*(F*a - 5(€) + F*B - 5(6))
=CT @ W*s(§) + B W's(6))
= (F*a)’)C™'W*s (&) + (F*B)*C~'W*s(0),
where F* : Ox» — F,Oyx is the canonical pullback morphism; here one uses the fact that W o F' is equal
to the absolute Frobenius of X.
On the other hand, if one expands w ® w as 0’6 @& + 20 R0 +af(E ® 6 +60 ® £), then the last term

is symmetric (i.e., lies in J%), and hence we get the same result this way.
This can also be explained with the diagram

Fo (W) F.W,C™!
2! € FQY g ——— FWaQy, g ———

|

3'(K)

F W, HY(K) = (Fx)«H (K)

over Uy, where Fx' denotes the absolute Frobenius of X’; it shows that the map
o> CT'W¥s(w)

is 2-linear, while “extracting” w out of  ® w would be 2~!-linear; hence these nonlinearities cancel each
other and the map w ® w — C~' W*s(w) is linear.

This shows that Z, hence the 0-cochain z which is obtained by composing z with the projection
J7 — J9/71, is well defined and has the desired property. Therefore the class [7]3¢] is zero, and the only
thing that contributes to the class (4-1) is the g-th contraction of obs;. This ends the proof. U

By the construction (Theorem 3.9) and the calculation (Theorem 4.1), we immediately get:

Corollary 4.2. With the notation as in Theorem 4.1, suppose that X'/ S is liftable to S. Then for each
integer q, the truncation tjy_1 41 Fx QY% /s of length 2 is decomposable in the derived category D(X', Ox/).

Proof. This follows from [Deligne and Illusie 1987, 3.5] (which identifies the obstruction to liftability to
the decomposability of 7< Fx/s Q% / ) and Theorems 3.9 and 4.1 (which relate the decomposability of
T[O,I]FX/S,*QB(/S with that of T[q—l,q]FX/S,*QB(/S)- U

In particular, we extend the (special) case of Corollary 3.6 applied to the de Rham complex in
characteristic p > 2, even to the case of p = 2.

Corollary 4.3. Let X be a smooth variety over a perfect field k. Then we have the equality

S%X/k,*Q;(/k =({d® 8}<) on?

in Hom(Q%, .. Q% [2]).
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Finally, we answer the question of Katz:

Corollary 4.4. Let S be a scheme of characteristic p >0, f : X — S a smooth separated morphism of
finite type, and [': X' — S (resp. F : X — X') the base change of f by the Frobenius endomorphism
of S (resp. the relative Frobenius). Suppose Sisa flat 7/ p*-scheme whose reduction modulo p yields S.

Then the morphism in the conjugate spectral sequence
ij . pi ‘ i+2 —1
dy R fiQ%,s = R [19% 5

where one identifies H/ (Fe 2% / ) with Qg(, /s via the Cartier isomorphism, can be canonically regarded
as the cup product with the additive inverse of the obstruction class (in H XX, Tx /s)) to lifting X'/ S

over S.

Proof. We first remark that by [Deligne and Illusie 1987, 3.9] it can be directly seen that the obstruction
class to lifting does not depend on the choice of a flat Z/ p-lifting S of S. Then the corollary follows
from [Deligne and Illusie 1987, 3.5] and Theorems 3.9 and 4.1. O

Appendix: F-split schemes of dimension p + 1

Let k be a perfect field of characteristic p > 0. As mentioned in the introduction, Drinfeld, Bhatt—Lurie,
and Li-Mondal (see [Li and Mondal 2021, Remark 5.7] for context) have obtained the following result.

Theorem A.1 [Drinfeld 2020, § 5.12.1; Bhatt and Lurie 2022, Remark 4.7.18; Li and Mondal 2021,
Corollary 5.5]. Let X be a smooth scheme over a perfect field k of characteristic p > 0. Suppose that X
is liftable to Wy (k). Then the truncations

f[q—p+1,q]FX/k,*93(/k
are decomposable for all q.

Below, we employ this in order to show Kodaira—Akizuki—Nakano vanishing and Hodge—de Rham
degeneration for F-split smooth projective schemes of dimension at most p + 1.

Recall [Mehta and Ramanathan 1985] that a k-scheme X is F-split if the morphism F§ : Ox — Fx .Ox
is a split injection. Since k is perfect, this is equivalent to the splitting of Fy Ik Ox' — Fx/kxOx. Itis
well known that every F-split scheme over k admits a flat lifting to W, (k) (see [Illusie 1996, § 8.5] for
the smooth case or [Langer 2015, § 8, Proposition 4] for the general case).

If X is F-split and if L is a line bundle on X, then tensoring the split injection Ox — Fx ,.Ox with L
and taking cohomology shows that for all i, H(X, L) is a direct summand of H(X, L ® Fx ,Ox). By
the projection formula and the fact that Frobenius is affine this latter summand equals H' (X, F sL) =
H'(X, LP), and hence the Frobenius pullback maps

Fi:H (X,L)— H' (X, L")

are injective. Thus, if H/(X, L™) = 0 for m >> 0, then already H'(X, L) = 0. Consequently, if X is
moreover smooth (or just Gorenstein) and projective, then H' (X, L") =0 for i < dim X and L ample,
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that is, Kodaira vanishing holds on X. Similar reasoning with L = Oy shows that
F:H'(X,0x) — H' (X, Ox)
is bijective for all i > 0.

Theorem A.2 (Kodaira—Akizuki—-Nakano vanishing). Let X be a smooth projective scheme over k of
dimension d = p + 1. If X is F-split, then Kodaira—Akizuki—-Nakano vanishing holds for X, i.e., for every
ample line bundle L, we have

H (X, L7'®Q! /k) 0 fori+j<d=p+1.

Proof. By Serre vanishing, the assertion holds for L?" for m > 0. Therefore we may assume that it
holds for L?. Following the proof of [Deligne and Illusie 1987, lemme 2.9], we form the complex
K*= (L)' ® Fx/r 2% /&> Where L" is the pullback of L to X', and write the two spectral sequences

1EY = HI(X', (L)' @ Fxjrs ) = HW (XK (A-1)

and
IIE —H X, (L) '®] XK = H'(X', K*). (A-2)

Now the projection formula gives ; E; U=HJ (X,L™P ®Q X/ «)» Which vanishes for i + j < p by assumption.
Consequently the abutment H” (X', K*) vanishes for r < p.

We now investigate the second spectral sequence. Since X is F-split, it lifts to W, (k). Theorem A.1
implies that the differentials on j; Eij are zero for r < p. For dimensional reasons, there are no nonzero
differentials for r > p + 1, and the only two nonzero differentials on E;J;L] are

)l HOX (L)™' @@k, ) — HPF (X, ()™

p+1
and

dy! T HOX (L) T @y —> HPPHX (L) T @ Q)0

We will show that d° f | = 0, which will then imply that in (A-2) we have

11E2 —11E 1—IIEU =0 fori+j<p.

Note that H” (X', K*) = 0 implies 0 = Eg’ = ker(dp+1) 1.e., d Tl is injective.
By Lemma A.3 below applied to E = L~! and the map Fx- k- X — X, where X~ = (F,)~'(X) is
the Frobenius untwist of X, we have a commutative square:

0 P
p+1(

HO(X', (L)™' @ @, ) HPHH(X', (L)

l lF;/M

0=H'X,L7®Q%, ) —————— H'*! (X, L7P)

0.p -1
dp+1(F;*/kL )
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(In fact the left vertical map is zero.) Here we use the identification (F;,/k(L_] ) = F;/k (L"hY—1=L"7
and the bottom map is deduced similarly for (the pullback to X~ of) L? in place of L. The vertical right
map is injective because X is F-split and we have a commutative diagram

F;
HPHY(X, L7 —— HPPY(X, (L)) —— HPYY(X, L7P)
w* F3

X/k

(W : X’ — X being the projection), and the horizontal maps are injective by the previous paragraph. We
conclude that HO(X’, (L)' ® Q%0 =0. 0

In the proof above, as well as in the proof of Hodge—de Rham degeneration below, we need the
following functoriality result.

Lemma A.3. For a vector bundle E on a smooth k-scheme X, write K*(E) to denote the complex
E'® FX/k,*Q}(/k- Let f : Y — X be a map of smooth k-schemes. Then f induces a map of complexes
f*K*(E) — K*(f*E) and hence a map of spectral sequences

nEY(E)=H (X' E'®Q},) = HY (X K(E)
nE3 (f*E)=H'(Y', (f*EY ® Q},,) = H™(Y',K*(f*E))
where the maps H' (X', E' ® QJ //k) — H' Y (f*E)' ® Q{,,/k) are induced by the composition
HI(X', E'®@ Q%) — H' (Y, (fV(EN) @ (f) Q) — H' (Y, (f)(EN @R ).
Proof. This follows from the commutative diagram below:

Y Y’

1]
|

N

Spec(k) —>F Spec(k)
k

f

Note that (f)*(E) >~ (f*E)’. O

Theorem A.4 (Hodge—de Rham degeneration). Let X be a smooth projective scheme over k of dimension
d=p+ 1. If X is F-split, then the Hodge to de Rham spectral sequence

1EY = HI(X, Q) = HMY (X, Q%)

degenerates.
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Proof. Since X is proper, it is enough to show that the conjugate spectral sequence
nEY = H'(X', Q) = H™ (X, Q)

degenerates. Since X is F-split, it lifts to W»(k), and then Theorem A.1 implies that the differentials on
the page ;7 E,’ of the conjugate spectral sequence are zero for r < p.

Since dim X = p + 1, the only possibly nonzero differentials in this spectral sequence are therefore
0,
d,fyHO(X', Q%) — HPTH(X', Ox)
and

0,p+1
dp—fl—i_ :HO(X/,(,()X//k)—)H‘IH_l(X/, Q;(’/k)

We will show that dg’fl =0. Indeed, functoriality of the above maps with respect to Frobenius (Lemma A.3
with E = Oy and the relative Frobenius Fy- ;) gives a commutative square

0.p
HOX', @, ) ———— HPFI(X', Ox)

F;z/kl lF;;,k

HY(X, Q% ) ———— H’T(X, Ox)

dg‘_f] for X~

where X~ = (Fk_l)* X is again the Frobenius untwist of X. Since the Frobenius is zero on Q! fori > 0, the
left vertical map is zero. On the other hand, since X is F-split, the right vertical map is an isomorphism.
Therefore the top map dg’fl is zero.

Finally, we obtain the vanishing of dg’f;r ! by comparing dimensions and duality. Indeed, we have
dim HP2(X, Q) = dim H? (X, % ;) (Poincaré duality)
= > dimH'(X'.Q},,) (inced,’ =0)
i+j=p
= Z dim H (X', ng//k) (Serre duality),
i+j=p+2
sod%PH =0, O

p+1

Remark A.S (see [Li and Mondal 2021, Corollary 5.6] and [Bhatt and Lurie 2022]). In fact, the results
of Drinfeld, Bhatt-Lurie, and Li-Mondal yield more than we have stated in Theorem A.1. Namely, for X
smooth over k and liftable to W, (k), there exists a decomposition in the derived category

p—1

FX/k,*QS(/k ~ @ K,'

i=0
where H’ (K;) = 0 unless i and j are congruent modulo p. This implies that in the conjugate spectral
sequence, as well as in the second spectral sequence used in the proof of Theorem A.2, nonzero differentials
may appear only on pages E, where r is congruent to one modulo p. We only used this with » < p, and
it would be interesting to obtain new vanishing and degeneration theorems using this stronger fact.



496 Piotr Achinger and Junecue Suh

Acknowledgements

Achinger is grateful to Luc Illusie, Shizhang Li, Arthur Ogus, and Vadim Vologodsky for useful comments
and stimulating discussions. Suh thanks Nicholas Katz for raising the question that we answer in
Theorem 1.3, and Pierre Deligne and Luc Illusie for helpful comments. Both authors thank the referees
for helpful comments and suggestions.

Achinger was supported by NCN SONATA grant number UM0-2017/26/D/ST1/00913.

References

[Achinger and Ogus 2020] P. Achinger and A. Ogus, “Monodromy and log geometry”, Tunis. J. Math. 2:3 (2020), 455-534.
MR Zbl

[Bhatt and Lurie 2022] B. Bhatt and J. Lurie, “Absolute prismatic cohomology”, preprint, 2022. arXiv 2201.06120

[Deligne and Illusie 1987] P. Deligne and L. Illusie, “Relevements modulo p2 et décomposition du complexe de de Rham”,
Invent. Math. 89:2 (1987), 247-270. MR Zbl

[Drinfeld 2020] V. Drinfeld, “Prismatization”, preprint, 2020. arXiv 2005.04746

[Mlusie 1971] L. Illusie, Complexe cotangent et déformations, I, Lecture Notes in Mathematics 239, Springer, 1971. MR Zbl

[Musie 1972] L. Mllusie, Complexe cotangent et déformations, 11, Lecture Notes in Mathematics 283, Springer, 1972. MR Zbl

[Illusie 1996] L. Illusie, “Frobenius et dégénérescence de Hodge”, pp. 113-168 in Introduction a la théorie de Hodge, Panor.
Syntheéses 3, Soc. Math. France, Paris, 1996. MR Zbl

[Kato 1989] K. Kato, “Logarithmic structures of Fontaine—Illusie”, pp. 191-224 in Algebraic analysis, geometry, and number
theory (Baltimore, MD, 1988), edited by J.-1. Igusa, Johns Hopkins Univ. Press, Baltimore, MD, 1989. MR Zbl

[Kato and Saito 2004] K. Kato and T. Saito, “On the conductor formula of Bloch”, Publ. Math. Inst. Hautes Etudes Sci. 100
(2004), 5-151. MR Zbl

[Katz 1970] N. M. Katz, “Nilpotent connections and the monodromy theorem: applications of a result of Turrittin”, Inst. Hautes
Etudes Sci. Publ. Math. 39 (1970), 175-232. MR Zbl

[K¥iZ and May 1995] 1. KiiZ and J. P. May, Operads, algebras, modules and motives, Astérisque 233, 1995. MR Zbl

[Langer 2015] A. Langer, “Bogomolov’s inequality for Higgs sheaves in positive characteristic”, Invent. Math. 199:3 (2015),
889-920. MR Zbl

[Li and Mondal 2021] S. Li and S. Mondal, “On endomorphisms of the de Rham cohomology functor”, preprint, 2021. To
appear in Geom. Topol. arXiv 2109.04303

[Lurie 2009] J. Lurie, Higher topos theory, Annals of Mathematics Studies 170, Princeton Univ. Press, Princeton, NJ, 2009.
MR Zbl

[Mehta and Ramanathan 1985] V. B. Mehta and A. Ramanathan, “Frobenius splitting and cohomology vanishing for Schubert
varieties”, Ann. of Math. (2) 122:1 (1985), 27-40. MR Zbl

[Petrov 2023] A. Petrov, “Non-decomposability of the de Rham complex and non-semisimplicity of the Sen operator”, preprint,
2023. arXiv 2302.11389

[SGA 4, 1972] M. Artin, A. Grothendieck, and J. L. Verdier, Théorie des topos et cohomologie étale des schémas, Tome 2:
Exposés V-VIII (Séminaire de Géométrie Algébrique du Bois Marie 1963-1964), Lecture Notes in Math. 270, Springer, 1972.
MR Zbl

[Steenbrink 1995] J. H. M. Steenbrink, “Logarithmic embeddings of varieties with normal crossings and mixed Hodge structures”,
Math. Ann. 301:1 (1995), 105-118. MR Zbl

Communicated by Bhargav Bhatt
Received 2021-09-13 Revised 2022-02-10 Accepted 2022-03-25

pachinger@impan.pl Institute of Mathematics of the Polish Academy of Sciences, Warsaw, Poland

jusuh@ucsc.edu Mathematics Department, University of California, Santa Cruz, CA,
United States

mathematical sciences publishers :'msp


http://dx.doi.org/10.2140/tunis.2020.2.455
http://msp.org/idx/mr/4041282
http://msp.org/idx/zbl/1440.14006
http://msp.org/idx/arx/2201.06120
http://dx.doi.org/10.1007/BF01389078
http://msp.org/idx/mr/894379
http://msp.org/idx/zbl/0632.14017
http://msp.org/idx/arx/2005.04746
http://dx.doi.org/10.1007/BFb0059052
http://msp.org/idx/mr/0491680
http://msp.org/idx/zbl/0224.13014
http://dx.doi.org/10.1007/BFb0059573
http://msp.org/idx/mr/0491681
http://msp.org/idx/zbl/0238.13017
http://msp.org/idx/mr/1409820
http://msp.org/idx/zbl/0849.14002
http://msp.org/idx/mr/1463703
http://msp.org/idx/zbl/0776.14004
http://dx.doi.org/10.1007/s10240-004-0026-6
http://msp.org/idx/mr/2102698
http://msp.org/idx/zbl/1099.14009
http://www.numdam.org/item?id=PMIHES_1970__39__175_0
http://msp.org/idx/mr/291177
http://msp.org/idx/zbl/0221.14007
http://msp.org/idx/mr/1361938
http://msp.org/idx/zbl/0840.18001
http://dx.doi.org/10.1007/s00222-014-0534-z
http://msp.org/idx/mr/3314517
http://msp.org/idx/zbl/1348.14048
http://msp.org/idx/arx/2109.04303
http://dx.doi.org/10.1515/9781400830558
http://msp.org/idx/mr/2522659
http://msp.org/idx/zbl/1175.18001
http://dx.doi.org/10.2307/1971368
http://dx.doi.org/10.2307/1971368
http://msp.org/idx/mr/799251
http://msp.org/idx/zbl/0601.14043
http://msp.org/idx/arx/2302.11389
http://www.msri.org/publications/books/sga/sga/pdf/sga4-2.pdf
http://www.msri.org/publications/books/sga/sga/pdf/sga4-2.pdf
http://msp.org/idx/mr/0354653
http://msp.org/idx/zbl/0237.00012
http://dx.doi.org/10.1007/BF01446621
http://msp.org/idx/mr/1312571
http://msp.org/idx/zbl/0814.14010
mailto:pachinger@impan.pl
mailto:jusuh@ucsc.edu
http://msp.org

Jason P. Bell
Bhargav Bhatt
Frank Calegari
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Héléne Esnault
Gavril Farkas
Sergey Fomin
Edward Frenkel
Wee Teck Gan
Andrew Granville
Ben J. Green
Christopher Hacon
Roger Heath-Brown

Janos Kollar

Michael J. Larsen

Algebra & Number Theory

msp.org/ant

MANAGING EDITOR
Antoine Chambert-Loir
Université Paris-Diderot

France

EDITORIAL BOARD CHAIR
David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Waterloo, Canada
University of Michigan, USA
University of Chicago, USA

CNRS, Université Paris-Saclay, France
Stanford University, USA

Duke University, USA

Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
University of Michigan, USA
University of California, Berkeley, USA
National University of Singapore
Université de Montréal, Canada
University of Oxford, UK

University of Utah, USA

Oxford University, UK

Princeton University, USA

Indiana University Bloomington, USA

Philippe Michel
Martin Olsson
Irena Peeva
Jonathan Pila
Anand Pillay
Bjorn Poonen
Victor Reiner
Peter Sarnak
Michael Singer
Vasudevan Srinivas
Shunsuke Takagi
Pham Huu Tiep
Ravi Vakil
Akshay Venkatesh

Melanie Matchett Wood

Shou-Wu Zhang

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Ecole Polytechnique Fédérale de Lausanne
University of California, Berkeley, USA
Cornell University, USA

University of Oxford, UK

University of Notre Dame, USA
Massachusetts Institute of Technology, USA
University of Minnesota, USA

Princeton University, USA

North Carolina State University, USA

Tata Inst. of Fund. Research, India
University of Tokyo, Japan

Rutgers University, USA

Stanford University, USA

Institute for Advanced Study, USA
Harvard University, USA

Princeton University, USA

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2023 is US $485/year for the electronic version, and $705/year (+$65, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University

of California, Berkeley, CA 94720-3840 is published continuously online.

ANT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY

:I mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2023 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 17 No. 2 2023

Torsion points on elliptic curves over number fields of small degree
MAARTEN DERICKX, SHELDON KAMIENNY, WILLIAM STEIN and MICHAEL STOLL

Tame fundamental groups of pure pairs and Abhyankar’s lemma
JAVIER CARVAJAL-ROJAS and AXEL STABLER

Constructions of difference sets in nonabelian 2-groups
T. APPLEBAUM, J. CLIKEMAN, J. A. DAVIS, J. F. DILLON, J. JEDWAB, T. RABBANI, K. SMITH and
W. YOLLAND

The principal block of a Z,-spets and Yokonuma type algebras
RADHA KESSAR, GUNTER MALLE and JASON SEMERARO

Geometric properties of the Kazhdan—Lusztig Schubert basis
CRISTIAN LENART, CHANGIJIAN SU, KIRILL ZAINOULLINE and CHANGLONG ZHONG

Some refinements of the Deligne—Illusie theorem
PIOTR ACHINGER and JUNECUE SUH

A transference principle for systems of linear equations, and applications to almost twin primes
PIERRE-Y VES BIENVENU, XUANCHENG SHAO and JONI TERAVAINEN

267

309

359

397

435

465

497


http://dx.doi.org/10.2140/ant.2023.17.267
http://dx.doi.org/10.2140/ant.2023.17.309
http://dx.doi.org/10.2140/ant.2023.17.359
http://dx.doi.org/10.2140/ant.2023.17.397
http://dx.doi.org/10.2140/ant.2023.17.435
http://dx.doi.org/10.2140/ant.2023.17.465
http://dx.doi.org/10.2140/ant.2023.17.497

	1. Introduction
	1A. Decompositions of the de Rham complex
	1B. Truncations of the de Rham complex
	1C. Abstract Koszul complexes
	1D. The case p=2
	1E. Application to F-split (p+1)-folds

	2. Abstract Koszul complexes
	2A. Definition and examples
	2B. Koszul complexes
	2C. Truncations of abstract Koszul complexes
	2D. Application to de Rham cohomology

	3. Truncations in two consecutive degrees and gerbes of splittings
	3A. First-order attachment maps
	3B. Gerbe of splittings
	3C. Truncated Koszul complexes
	3D. Two-term truncations of abstract Koszul complexes
	3E. Morphisms of gerbes of splittings

	4. Gerbes of splittings of the de Rham complex
	Appendix: F-split schemes of dimension p+1
	Acknowledgements
	References
	
	

