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Maximizing Sudler products via
Ostrowski expansions and cotangent sums

Christoph Aistleitner and Bence Borda

There is an extensive literature on the asymptotic order of Sudler’s trigonometric product Py (o) =
]_[flvz1 |2 sin(rna)| for fixed or for “typical” values of «. We establish a structural result which for a
given « characterizes those N for which Py («) attains particularly large values. This characterization
relies on the coefficients of N in its Ostrowski expansion with respect to «, and allows us to obtain very
precise estimates for max;<y<uy Py (cr) and for Z%zl Py () in terms of M, for any ¢ > 0. Furthermore,
our arguments give a natural explanation of the fact that the value of the hyperbolic volume of the
complement of the figure-eight knot appears generically in results on the asymptotic order of the Sudler
product and of the Kashaev invariant.

1. Introduction and statement of results

During the last decades many authors have studied the asymptotic order of the so-called Sudler product

N
Py(a) = [ [12sinGrne), (1)
n=1

either on average (with respect to «) or for particular values of «. It is known that the order of (1) for a
fixed value of o depends sensitively on the Diophantine approximation properties of «, and in particular
on the continued fraction expansion of «. If o € Q, then clearly the product (1) vanishes for all sufficiently

large N, so for the asymptotic analysis we can restrict ourselves to the case when « is irrational.
Of particular interest is the case when « is a quadratic irrational, which means that the continued
fraction expansion of « is eventually periodic. A remarkable result was recently obtained by Grepstad,
Kaltenbock and Neumiiller [Grepstad et al. 2019], who proved that for the golden mean ¢ = %(1 +5),

0 < liminf Py (¢p) < 00,
N—o0

thereby solving a long-standing problem of Erdss and Szekeres [1959]. In [Aistleitner et al. 2020] this
result was complemented by

: Py ()
0 < limsup < 00,
N—oo
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so the asymptotic order of Py(¢) is completely understood. Interestingly, there is a transition in
the behavior of quadratic irrationals whose continued fraction expansion is of the particularly simple
form o = [0; a] as the value of a increases (here and in the sequel, the overline denotes period): it turns
out that liminfy_, o, Py () > 0 as long as a < 5, while liminfy_, o Py (o) =0 when a > 6. A similar
characterization applies to limsupy_, ., Pnv(a)/N < oo. A generalization of such a criterion to more
general quadratic irrationals can be found in [Grepstad et al. 2022].

Lubinsky [1999] proved that for any badly approximable «,

N~ Ky Py(a) Ky N

with some ¢, c; > 0, and asked for the smallest possible constants ¢; = ¢1(«) and ¢; = ¢(«) for
which this holds.! As noted in [Aistleitner and Borda 2022], for any badly approximable «, we have
that ¢>(a) = c¢j () + 1. From what was said above for o = [0; a], we have c¢{(a) = 0 and cx(a) = 1
for a € {1, 2, 3, 4, 5}, but in general it seems to be very difficult to calculate the values of these two
constants. In [Aistleitner and Borda 2022] it was shown that for any quadratic irrational «,

_ _ L dawe(@) | o (1+log Ale)
a@)=ci(a)+1= = Vol(41) Tog A(a) + 0( log (@) ) 2)
Here
Vol(4) = 47 f * log(2 sin(rx)) dx ~ 2.02988 3)
0

is the hyperbolic volume of the complement of the figure-eight knot (more on this below; here and in the
sequel, “4;” is the Alexander—Briggs notation for the figure-eight knot), aaye (o) =limy oo (@1 +- - -+ax) / k
denotes the average of the partial quotients within a period, A(«) is the (easily computable) number
for which the convergents pi/qr = [ao; a1, as, . .., ax] satisfy loggr ~ (logA(x))k as k — oo, and
A(o) = maxg> ay is the maximum of the partial quotients. The key purpose of the present paper is to
obtain a significantly improved version of (2), and to give a structural description of those values of N for
which Py («) attains particularly large resp. small values. These two aims are very closely related; roughly
speaking, knowing the particular structure of those N which lead to extreme values of Py (c¢) allows us to
obtain improved estimates on c(«) and ¢, (), since the structural information allows a refined analysis
of the terms that control c¢;(«) and ¢ (). The “structure” of N which is alluded to here is a particular
structure of the coefficients in its Ostrowski representation, which is a numeration system for integers
based on the continued fraction denominators of «. Very roughly speaking, it turns out that Py («) is
particularly large resp. small if the Ostrowski coefficients of N are all % resp. é of their maximal possible
size; this fact will also give a natural explanation for the appearance of the constant Vol(4) in formula (2)
above, as well as in many other related formulas, such as those in [Bettin and Drappeau 2022b].

1Throughout the paper we write xy < yy or xy = O(yy) when |xy| < Cyy with some appropriate constant C > 0. All
implied constants are universal unless the opposite is explicitly indicated by a subscript; e.g., xy K¢ Yy and xy = Oq(YnN)
mean that the implied constant may depend on «.
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Before presenting our results, we note some connections to other areas of mathematics. Early in-
vestigations of the Sudler product were carried out by Erdés and Szekeres [1959] and Sudler [1964].
Since then such products have appeared in various contexts, including partition functions, KAM theory,
g-series, Padé approximations, and the analytic continuation of Dirichlet series. In particular, pointwise
upper bounds for Sudler products at quadratic irrationals played a crucial role in the counterexample
of Lubinsky [2003] to the Baker—Gammel-Wills conjecture, where they were used to bound the Taylor
series coefficients of the Rogers—Ramanujan function. Pointwise upper bounds for Sudler products also
played a key role in the solution of the “ten martini problem” by Avila and Jitomirskaya [2009]. For a
more detailed exposition of the connection between the Sudler product and other mathematical subjects
we refer the reader to [Aistleitner et al. 2018; Knill and Tangerman 2011; Verschueren and Mestel 2016].
Note that the Sudler product can be written using the g-Pochhammer symbol as

Py@)=|(q:nl=101=q)(1=¢*)---(1—g")| with ¢ = >,

Compare this with the definition of the so-called Kashaev invariant of the figure-eight knot, given by

Ja0@) =Y _I(q; vl “
N=0

This series is convergent if and only if « is rational (i.e., g is a root of unity). The Kashaev invariant is a
quantum knot invariant arising from the colored Jones polynomial, and the figure-eight knot is the simplest
hyperbolic knot. For more background, we refer the reader to [Bettin and Drappeau 2022b; Murakami
and Murakami 2001; Murakami 2011]. Here we only note that the Kashaev invariant can be written as
a sum of squares of Sudler products; however, by its very nature the Kashaev invariant is only interesting
when « is rational (since otherwise the series diverges), while the asymptotic order of the Sudler product
is only interesting when « is irrational (since otherwise the product vanishes for all sufficiently large
indices). However, it is possible to approximate the value of the Sudler product at an irrational o by the
value at a rational number close to « (such as a continued fraction approximation to «), thereby switching
from Kashaev invariants to Sudler products and vice versa; see [Aistleitner and Borda 2022] for a precise
statement. Generally, this connection suggests studying the asymptotic order of expressions of the form

m :
(Z PN(a)2>
N=1

or, more generally,

M 1/c
( Z PN(oa)c> for some ¢ > 0,
N=1

which can be seen as describing the average order of Py («) with respect to N. With this notation the
problem concerning the upper asymptotic order of Py («) corresponds to the maximum norm, that is, to
the case ¢ = 0o. In connection with a problem posed by Bettin and Drappeau [2022b], we [Aistleitner and
Borda 2022] settled the case when « is a quadratic irrational, showing that in this case for any real ¢ > 0
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and any k > 1,

log(qkz_l PN(a)“)l/C = K. ()k + O, (max{l, %}), &)
N=0
and

log max Py(x) = Koo(@)k + Oy(1)
0<N <gx

with some constants K.(«), Koo () > 0. We repeat that K, (o) in (5) is closely related to the Kashaev
invariant as defined in (4). Note also that the constants in the question of Lubinsky can be expressed as
() =ci(a) + 1 = Koo(a)/log M(ax), where A() > 1 is the same easily computable constant as in (2).
However, in [Aistleitner and Borda 2022] it remained open whether K. (o) actually depends on ¢ or not.
This is related to the question whether Py («) is exceptionally large only for a very small number of
indices N causing the sum in (5) to be essentially dominated by a small number of summands which
are of extremal size. In this paper we prove that this is not the case, and that (under certain technical
assumptions) the overall order of the sum Z%‘;& Py (20)€ is not caused by a small number of exceptionally
large summands. In particular, K. (o) does indeed depend on c.

We close this discussion by noting that the Kashaev invariant features prominently in the seminal
paper of Zagier [2010] on quantum modular forms, where it is introduced as being “the most mysterious
and in many ways the most interesting” example. Zagier records certain modularity properties of the
function J4, o, and suggests that the function s (o) = log(j41,o(e2”i"‘) / j41,o(e2’“' /ey, relating the value
of the Kashaev invariant at « to its value at 1/, appears to be continuous at irrationals. This continuity
hypothesis has been driving much of the recent research in this area, but as a whole it is still wide open.
See [Aistleitner and Borda 2022; Bettin and Drappeau 2022a; 2022b].

We now state our main results. For the rest of the paper, we fix an irrational « = [ag; ay, az, . ..] with
convergents pi/qrx = lao; a1, .. ., agl.

Theorem 1. Assume that
log ay.

<T forall k>ko (6)
ak+1

with some constants kg, T > 1. Let N = Zf:_ol brqy be the Ostrowski expansion of a nonnegative integer,

and set
K-1
N* = Z biqk, with b} = L%akHJ. @)
k=0
Then
K-1 K ]
log Py (o) =log Py+(a) — Y de(N) + O < > Z) + 04(1)
k=0 k=1

with some dy(N) satisfying the following for all 0 <k < K — 1:
(1) di(N) > 0.2326(b; — bZ)Z/akH, with equality if by = by.
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(i) Ifbx <0.99ay 1, then

by /a1

by — by

Ai+1

di(N) = a1 f

bi/ay+1

log|2 sin(rx)|dx 4+ Or ( + Iip,<0.01a41) 108 ak+1>. (8)

Remark. In the formula above I, <0.014,,,) denotes the indicator of by < 0.01a;4 . Formula (8) gives
the precise asymptotics of di(N) in the regime by — b} ~ ai41. Using a first-order Taylor approximation

of log|2 sin(;rx)| around x = %, we immediately deduce from (8) that
/3 (bg —b})? by —b}|  |b—b}?
dk(N): '(k k) +0T(|k k|_+_|k2 kl >’ (9)
2 Ak+1 k41 ai

yielding the precise asymptotics in the regime by — b} = o(ax+1).

Theorem 1 asserts that Py () is particularly large when N = N*, and that an integer N whose Ostrowski
expansion deviates significantly from that of N* will lead to much smaller values of Py («). The magnitude
of Py(a)/Pn+(a) is quantified in terms of the “distance” between the Ostrowski expansions of N and N*.
As simple illustrative examples we mention that Theorem 1 with 7 = 1 applies to « = [0; a], and also to
well-approximable irrationals with a; < a, <--- < a; — oo. Note that we do not claim that the maximum
is attained at precisely N*; however, for example, for & = [0; a] it follows that the Ostrowski coefficients
of the integer at which the maximum maxo<y -4, Py () is attained satisfy by = %a + O(1/¢) for all
but <eK indices0 <k <K — 1.

The significance of the value % in our definition of N* in (7) is that it is a solution of the equation
|2 sin(rx)| = 1. From the proofs it will become visible that choosing a value of b; smaller than %akH
essentially means missing out on potential factors which exceed 1, while choosing b; larger than %ak+1
essentially leads to extra factors which are smaller than 1; clearly both effects are counterproductive if
our aim is to maximize Py (o). The heuristic reasoning underpinning all the constructions and results in
the present paper will be described in some detail in Section 2.1 below. The value 0.2326 in property (i)
is explained by

5

1 5 . 9Vol(4)
—_— log|2sin(mwx)|dx = ——— =0.23260748.. ..
(5/6)* /0 257
Any constant less than 9 Vol(41)/(257) would work; the sharpness of this value is easily seen by letting
bi/ag+1 — 01n (8). The values 0.99 resp. 0.01 in property (ii), on the other hand, are basically accidental;
any constants C < 1 resp. C > 0 would work, with the implied constants depending also on the choice
of C. The reason why we have to stay away from x = 0 and x = 1 is that the function log|2 sin(;z x)| has
singularities there.

Condition (6) is related to the behavior of a cotangent sum; see Section 3.2. Probably this condition
could be relaxed in some way, but it seems very difficult to obtain a version of Theorem 1 without any
regularity assumption on the relative size of the partial quotients, since for a number o whose partial
quotients are of very different orders of magnitude the “optimal” Ostrowski coefficients b} should depend
onap,a, ..., a1 in a more complicated way than the one suggested by (7); see also Figure 2 below.



672 Christoph Aistleitner and Bence Borda

Formulas (8) and (9) allow us to give precise estimates for the number of integers 0 < N < gk for
which Py () is particularly large. This is stated in Theorem 2 below. The value 0.01 in the statement of
the theorem could of course again be replaced by any C > 0, with the implied constants depending also
on C > 0.

Theorem 2. Assume that (6) holds and let N* be defined as in (7). Then for any real ¢ > 0.01,

gx—1 1/c
log< Z PN(a)C)

=log PN*(oz)—i— Z log —+0T

12 3/2
( <10g (ax/c+2) log (Clk/C+2)+a >>+0 (1), (10)
k=1 '

N 121 32all?
and
N
log max Py(x)=Ilog PN*(a)—i-OT( E —) + 04 (1). (1D
0=<N<gg =1 ag

Our third result shows that because of the particular structure of N*, we can calculate the value
of Py+(c) up to a very high precision.

Theorem 3. Assume that (6) holds, and let N* be defined as in (7). Then
K
1+ log(axa
log Py« () = — Vol(41) Zak ¥ Zlogak + OT(Z w) + 04(1).
25 k=1 k+l

Let us now compare the results obtained here with the previously known best results. Consider first
o =[0; a]. In [Aistleitner and Borda 2022] we proved that for any 0 < ¢ < oo, the constant K. («) defined
in (5) satisfies

K. (a) = iVol(41)a+0(max{1 —}(1+1oga))

with the dependence on ¢ hidden in the error term. Taking the asymptotics as K — oo in Theorems 2
and 3, we immediately obtain the improvement

K. (x)= L Vol(41)a + = 1 loga + log

«/_c
logl/z(a/c+2) log*?(a/c+2) 1+loga
+ O( 124172 32172 P » 00l =c=oco.

Note that the dependence on c is visible in the regime ¢ < (aloglog(a + 2))/log(a + 2); above
this threshold, the term (1/(2¢)) log(2a/~/3¢) is negligible compared to the error term (1 + loga)/a,
and K.(«) becomes indistinguishable from

1+loga
Koola) = % Vol(4,)a + % loga + O(Tg)
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As for the question of Lubinsky, the previously known best result (from [Aistleitner and Borda 2022]),
o@)=ci(a)+1= % Vol(4y) - (a/loga) + O (1), is improved to

Cz(Ot)=C1(0t)+1=1 RECE 0(1), a>?2.
4 loga = 2 a

Theorems 2 and 3 give similar improvements for more general badly approximable irrationals whose
partial quotients are roughly of the same order of magnitude; this is measured by the parameter 7 > 1
in (6).

We also obtain improvements for certain well-approximable irrationals. It is known [Aistleitner and
Borda 2022; Bettin and Drappeau 2022b] that if the average partial quotient (a; + - - - 4+ ay )/ k diverges to
infinity, then under some mild additional assumptions on « for any real ¢ > 0 we have

q—1 1/c
log< > PN(oz)C) ~ $V01(41)(a1 +tap) as k— oo,
N=

and

log max Py(a)~ L Vol(4y)(a; +---+ar) as k— oo.

0<N<gqi

Theorems 2 and 3 improve these under condition (6) by identifying logarithmic correction terms.

While the main focus of this paper is maximizing the value of Sudler products, we mention that
our results also shed light on minimal values. These two problems are closely related: we observed in
[Aistleitner and Borda 2022] that for an arbitrary irrational & and any 0 < N < gx we have

1 4+ log max a
IOgPN(O‘)‘l‘lOquK—N—l(Ol)=10g41<—|—0< £ Max1 k<K k)’

ag+1

and, in particular,

(1 + log max|<x<k ak)

log max Py(x) +10g mm Py(x) =loggx + O
<qk ag+1

0=N<qk

Therefore Py () is particularly small when P, _y_i(c) is particularly large, and vice versa. More
precisely, by following the steps in the proof of Theorem 3 we deduce that under assumption (6),

N, = Z/f:_ol L%akHJCIk satisfies

1 X = K1+ log(arars1)
log PN*(a)z—EVol(%)Zak 5Zlc>gak+0T ZT + 04 (1).
k=1 k=1 k=1 +

1
The negative coefficient is explained by foﬁ log(2 sin(mrx)) dx = — Vol(41)/(4m); see (3). The previous
two formulas, Theorem 2 and the fact loggx = Zle logay + O(Z}f:l 1/ay) yield

K
1+1 1+1
+log max;<x<k ak) n OT(Z +log(aray1)

log min Py(a)=Ilog Py, () + 0(
aKg+1

0<N<qg

>+0a(1),

a
k=1 k+1

a perfect analogue of (11).



674 Christoph Aistleitner and Bence Borda

Before coming to the more technical parts, we briefly lay out the further content of this paper. In
Section 2 we introduce a perturbed version of the Sudler product, which allows a decomposition of a full
product Py (o) into subproducts whose number of factors is always a continued fraction denominator
of «, thereby naturally bringing into play the Ostrowski expansion of N. In Section 2.1 we give a detailed
heuristic sketch of how this decomposition leads to Theorems 1, 2 and 3. In particular it will become
clear how the constant % in the definition of N* and how the constant Vol(4;) in the conclusion of the
theorems arise. A key ingredient (in the heuristic as well as in the actual proofs) is the fact that the
shifted products P, have a limiting behavior, in an appropriate sense. This has been experimentally
observed in [Aistleitner et al. 2020], and in the present paper we give proofs for this fact, which is stated as
Theorems 4 and 5 in Section 2.2. Section 3 contains approximation formulas for shifted Sudler products
and in particular Proposition 12, which plays a central role in the proofs of the theorems. To obtain our
approximation formula we introduce a certain cotangent sum which controls an important part of the
behavior of the shifted Sudler product. Such cotangent sums have a rich arithmetic structure, and we
make crucial use of a reciprocity formula of Bettin and Conrey [2013]. Sections 4—6 contain the proofs
of Theorems 1-3, respectively, and finally Section 7 contains the proofs of Theorems 4 and 5.

2. Shifted Sudler products

Let
N

Py(a, x) = 1_[|2 sin(r(na +x))|, o, xeR
n=1
denote a shifted form of the Sudler product. Given a nonnegative integer with Ostrowski expansion
N = Z/f:_ol brqx, let us also introduce the notation

K—1
ex(N):=qx Y (=D!*byligee]. (12)
{=k+1
It is then easy to see that
K—1b—1
Py@) =] I Paule: D barllgeerll + e (N) /qi). (13)
k=0 b=0

which will serve as a fundamental tool in the proof of our results. This product form of Py («) was
first used by Grepstad, Kaltenbdck and Neumiiller [Grepstad et al. 2019], and later also in [Aistleitner
et al. 2020; Grepstad et al. 2020; 2022]; for a detailed proof of (13) see [Aistleitner and Borda 2022,
Lemma 2]. As we will see, here —1 < bgy||gre|| + ex(N) < 1, and therefore understanding the behavior
of the function P, (o, (—Dkx /qx) on the interval (—1, 1) will play a crucial role.

2.1. The heuristic picture. Before we give the details of how to estimate the components of the product
in (13), we present a heuristic picture of how the factors in this product formula behave, what the
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\
e NNy e

~02 t 0.2 0.4 0.6 0.8 1.0

Figure 1. The function P, (, (—1)kx/qk) for k =4 and o = [0; a], with a =5 (dotted),
a = 15 (dashed) and a = 50 (solid line). The picture remains virtually identical for a
larger choice of k. Note how the functions in the plot approach |2 sin(wx)| (light gray)
as the value of a increases. Details are given in Section 2.2 below.

significance of the Ostrowski coefficients of N is, why the Sudler product is essentially maximized
at numbers N having all the Ostrowski coefficients at % of their maximal possible size, and how the
hyperbolic volume of the complement of the figure-eight knot as defined in (3) appears. Assume
that 0 < N < gk, so that N has Ostrowski expansion N = Z/f:_ol brqy. Recall that 0 < by < agy1. Very
roughly, we have gillgra|l ~ 1/ay1. It turns out that P, (c, (—l)kx/qk) ~ |2 sin(srx)|. This observation
is formalized in a precise form in Proposition 12 below; see also Figure 1 and Theorems 4 and 5. Thus,

ignoring the numbers & (N) in (13) for the moment, we have

Py (o, (=D (bgrllgrell + ex(N)) /qi) ~ 2 sin(b/ags1)|,

and so, ofthandedly discarding the factor corresponding to b = 0, we have

br—1 br—1
[T Pale. (=DF@arligrell + e (N)) /qi) ~ [ | 12sin(rb/ai )] (14)
b=0 b=1

Note that b/ay 1 €0, 1]. We have 2sin(rrx) > 1 forx € [% %], and 2sin(rrx) <1forx €0, %]U[%, 1].
This suggests that in order to maximize the product in (14), we should choose by =~ %akH, since by
doing so we catch as many factors exceeding 1 while avoiding unnecessary factors smaller than 1; in
other words, Py (c) is essentially maximized when N = N*. This heuristic also gives us a rough general
approximation for the value of Py («). Using (13) and assuming that all a;’s are “large”, we roughly have

K—-1 br—1 K—1

by /a1
Py () = l_[ exp( Z log(2 sin(nb/ak+1))) ~ exp( Z A+1 / log(2 sin(mx)) dx).
0

k=0 b=1 k=0
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In particular, for N = N* when by /a4 ~ %, the hyperbolic volume of the complement of the figure-eight
knot naturally appears, and we have

K—1 5 K
6 . 1
Py« (a) = exp( kz_o Qg1 /0 log(2 sin(mrx)) dx) = exp(E Vol(41) ; ak),

recall the definition of Vol(4;) in (3). If we want to minimize Py («) instead, the same reasoning suggests
that we should choose b ~ %akH to catch as many factors smaller than 1 as possible. While this heuristic
serves as a good basic illustration of the behavior of the Sudler product, the actual situation clearly is
much more delicate; in particular, the function log(2 sin(;rx)) has singularities at x = 0 and x = 1, which
carefully have to be taken care of.

Now let us come back to the influence of the numbers g, (V). As sketched above, the term bgy||gro ||
in (14) is of order roughly b/a+. By (12) we roughly have |ex(N)| < 1/aj41, so typically the e, (N)’s
are small in comparison with bgy||grac||. We also see in the definition given in (12) that the number &; (N)
depends on the Ostrowski coefficients by 1, byyo, . ... It turns out that we cannot simply ignore the
influence of the ¢, (N)’s; quite on the contrary, controlling the influence of these numbers has been a
key ingredient in recent work such as [Aistleitner et al. 2020; Grepstad et al. 2019], and they also play a
crucial role in the present paper. In particular, the influence of the g, (N)’s is crucial for all those factors
in Py, (a, (—l)k(bqk lgreell + 8k(N))/qk) for which b is such that b/ay is either very close to O or very
close to 1. The punchline is the following. If a number N has an Ostrowski representation which is
very different from the one of N*, then by the coarse argument sketched above we know that Py («)
is much smaller than Py+(c). On the other hand, if N has an Ostrowski representation which is very
similar to that of N* (or in particular if N = N*), then we know what the values of the ;(N)’s are, since
they depend on the Ostrowski coefficients of N. In other words, once we have established a structural
result which controls the Ostrowski expansion of those N for which Py («) is large (Theorem 1), we can
obtain a very precise result on the maximal asymptotic order of Py(«) (combining (11) of Theorem 2
and Theorem 3), since control of the Ostrowski coefficients of N allows us to control the numbers g, (N),
which in turn gives us exact control of the order of Py (o).

There is a further important effect, which is particularly strong when o has some partial quotients
which are very much larger than others. As Lemma 8 and Proposition 12 below will show, a more precise
approximation for Py, is

Py (o, (—D*x/qy) ~ |2 sin(mrx)|elos @)/t

where the exponential factor comes from a cotangent sum; see also Figure 2 and Sections 2.2 and 3.2.
If a; and ay4 are of similar size, then the factor ellogan) /a1 jq negligible. However, if a; is much larger
than a1, then this factor plays a significant role.

The heuristic sketched above suggests that in such a case the corresponding Ostrowski coefficients
should be chosen significantly larger than %akH , since there is a wider range of values of x for which
Py (a, (—D*x/qi) exceeds 1. However, very remarkably, this line of reasoning turns out to be wrong,
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Figure 2. The function P, («, x/q4) for a =[0; 2, 50] (solid line). Note that this function
is much larger than |2 sin(;rx)| (light gray), which reflects the fact that a4 = 50 is much
larger than a3 = 2. In contrast, Py (a, —x/gs) (dotted line) is virtually indistinguishable
from |2sin(7wx)|. Note that Py (o, —x/qs) crosses the line at height 1 (dashed line)
near x = %, as the initial heuristics suggested, but Py, (e, x/q4) crosses this line at a
much larger value of x near x = 0.95, misleadingly suggesting a larger choice of the

corresponding Ostrowski coefficient in order to maximize the Sudler product.

and the Ostrowski coefficient maximizing the Sudler product remains at %akH. The reason is that while
a larger choice of by leads to a larger value of the k-th factor of the Sudler product in (13), a larger
choice of by also leads to a larger negative value of ;_;, which in turn leads to a smaller value of
the (k—1)-st factor. If we try to choose a larger value of by for some k for which (logay)/a+ is large,
then, astonishingly, the magnifying effect that this has on the k-th factor in (13) is exactly canceled out by
the corresponding demagnifying effect on the (k—1)-st factor, so that overall it turns out to be better to
stick with by &~ %akH. This is a very surprising effect, which is mentioned as a “remarkable cancellation”
in the proof of Proposition 15(ii). We note in passing that there is a second unexpected cancellation in
this paper, when the additive constant in the conclusion of Theorem 3 turns out to be zero in formula (59).

In both cases, we cannot give a convincing heuristic explanation of why these cancellations occur.

2.2. Limit functions of shifted Sudler products. Aistleitner, Technau and Zafeiropoulos [Aistleitner et al.
2020] proved that for o = [0; a] the function P, («, (— D¥x /qr) converges pointwise on R as k — oo,
and gave an explicit formula for the limit function G, (x) in the form of an infinite product. They also
observed experimentally that as the value of a increases the graph of G, (x) starts to resemble that
of |2sin(7x)|. The speed of convergence of P, («, (—D¥*x/qr) = Gq(x) as k — oo is very fast, so the
graphs depicted in Figure 1 for k =4 are practically indistinguishable from those of the corresponding limit
functions G (x). In the present paper we develop a general framework to estimate Py, (o, (— D¥x /qx)
in terms of a cotangent sum; see Proposition 12. This in particular allows us to quantify the deviation
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Figure 3. Left: The function P, (c, (—1)kx/qk) for k = 4 and « = [0; 15], which
virtually equals the corresponding limit function G4 (x). Right: We obtain an excellent
approximation from the right-hand side of (15), leaving out the O-term. The difference is
so small that it would be invisible on a full-scale plot as on the left, so we have zoomed
into the small box indicated there to show the deviation between the two functions.
The actual value of P, («, x/qyi) is plotted as a solid line, the approximation from (15)
as a dotted line. Obviously we obtain a much better approximation than the crude
Py (a, (—D*x/q) =~ |2 sin(rx)| of Figure 1.

of Py, (a, (—1)kx/qk) from |2 sin(;rx)|. For the particular case of & = [0; a], when passing to the limit
functions G, (x) by letting k — oo, we obtain

C

X

. C—-D D
Ga(x)=|2sm<nx)|-'1+—’-‘1+ H1+ ‘
x+1

x—1

a T'Q2+4+x) 1+loga
) exp(c(logﬁ T TQ+n ) * 0((2— |x|>2a2>> ()

in the range |x| <2 —2/a, where I" is the gamma function,

1 24—
and p= Y& Td—a
a’+

C= .
2va?r+4

n

In particular, we roughly have

Go(x) = [2sin(mx) 12D/ + O (i) = |2sin(zx)| + O (H;ﬂ) x| < 1.99, (16)
but (15) is of course more precise. Observe that the effect of the factors 1 +(C — D)/(x + 1), 1 + C/x,
14 D/(x — 1) is that they shift the zeroes —1, 0, 1 of |2 sin(srx)| by roughly (C — D) ~1/a, C ~1/a,
D~1 /a2 to the left, respectively. The admissible range of x in the approximations (15) and (16) could
be extended by the inclusion of more correction factors; however, in the context of Sudler products only
shifts x in the range x € (—1, 1) can occur, so from our perspective there is no reason to aim at a wider
range for x.
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In a recent paper [Grepstad et al. 2022] the remarkable convergence property of P, (c, (— DFx/qy) was

generalized to arbitrary quadratic irrationals o = [ao; ay, . . ., Ay, Qkgt 1, - - -, Akg+pls We Tecall that the
overline denotes period. The only difference is that in general we have p different limit functions G, (x),
1 <r <p,and Py (a, (—D*x/qr) — G,.r(x) holds pointwise on R as k — oo along the arithmetic
progression k € pN + kg + r. Generalizing (15), the following result states that all these limit functions
are close to |2 sin(rx)| whenever the partial quotients of « are all large, and are roughly of similar order
of magnitude; the latter property is measured by the parameter 7.

Theorem 4. Let o = [ag; ay, ..., Ak, Akt 15 - - - > Gkot pl be a quadratic irrational, and assume that

max (log axy+r)/arg+r+1 < T with some constant T > 1.
I<r<p

Forany 1 <r < p and any |x| <max{l, 2 —2/axy+r+1},

C,—D C D
Go.r(x) = |2sin(mx)| - T+ 1+ = |1+ d
x+1 X x—1
o2 T+1 _ T
% exp(C, (log argtr  T7( —I—x)) + 0( +log(ak+r—1aky+r) n i ))
27 '2+x) (2 — |xDaky+rako+r+1 2—|x |)2ak0+r+1

where 1" is the gamma function,

C = mli—l;%o Gko+r—+mp ||Qko+r+mpa | and D,= mli—>moo Gko+r—1+mp ||Qko+r+mp0[|| .

Based on these results for quadratic irrationals with large partial quotients, it is not difficult to come up
with the intuition that for a well-approximable irrational the corresponding limit function is precisely
|2 sin(Tx)|.

Theorem 5. Assume that sup;., ap = 00. Then

Py, (a, (—l)k'"x/qk ) = |2sin(Tx)| as m — o0

m

locally uniformly on R for any increasing sequence of positive integers k,, such that

1 +log maxi<¢<x, ae
—0 as m— oo.

Ak, +1

If in addition limy_, (1 +log ay) /ax+1 = 0, then the same holds along the full sequence k,, = m.

3. Approximation of shifted Sudler products

The main result of this section is Proposition 12 in Section 3.5 below, which is an approximation formula
for the inner product over 0 < b < by — 1 in the decomposition formula (13). As we will see, lower estimates
are much more difficult to prove than upper estimates, especially when the points bgy ||gr|| + e+ (V) are
close to 0 or 1, requiring a somewhat tedious case analysis throughout the paper. This is explained by the
fact that log|2 sin(;rx)| is bounded above but not below, and has singularities at x =0 and x = 1.
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3.1. Continued fractions. We start by recalling some basic facts about continued fractions; see [Allouche
and Shallit 2003; Rockett and Sziisz 1992; Schmidt 1980] for background. The convergents satisfy the
recursion g4 = dr+19k + qix—1 with initial conditions go = 1, q; = a1, and pgy1 = ax+1 px + px—1 with
initial conditions po = ag, p1 = apa; + 1. If either k > 1, or k = 0 and a; > 1, then the following hold:

(i) By the best rational approximation property, ||[nc| > ||gra| for all 1 <n < gg41.
(i) The integer closest to gx« is py, and (—l)k(qkoz — pr) = llgra|l-
(i) 1/(grllgrall) = lars1; a2, agys, .. 1+ 105 ag, ag—1, ..., a1

Note that (iii) follows easily from the well-known algebraic identity

PiX + pPr—1
[ao;a15"-’ak5-x]=—
qiX + qi—1
with x = [ag+1; Aky2, Ak+3, ... ], and the fact that gx—1/qx = [0; ax, ax—1, - .., a1]. In particular, (iii)
implies that 1/(ax+1 +2) < gkllgrall < 1/ag+1-
The recursion [|gx+1|| = —ar+1llgee || + |gk—1¢¢]| and the identity | — pr/qk| + ¢ — prt1/qr+11 =

1/(gkqk+1), in other words, gi+1||gre |l + gk llgr+1o|| = 1, are also classical. Finally, recall the identity

Q1 Pk — Qe prs1 = (=D k>0 (17)

The Ostrowski expansion of a nonnegative integer N is the unique representation N =) 2(2—01 brqi, where
0 <bg < a; and 0 < by < ag4 are integers which satisfy the rule that b;_; = 0 whenever by = a4 .

We first prove a useful estimate for ¢ (), as defined in (12). Note that in the product formula (13)
only those indices k appear for which by > 1; otherwise the inner product is empty, and by convention
equals 1. For all intents and purposes, ¢ (V) is thus only defined for those k for which b; > 1.

Lemma 6. Let N = Zf:_ol birqy be the Ostrowski expansion of a nonnegative integer. For any k > 0 such
that b, > 1,
—1 < —gllgrell + gellgrriell < ex(N) < gllgerall < 5. (13)

If b1 < (1 — 8)agyn with some § > 0, then e, (N) > —( — %S)qkllqkall. If condition (6) holds, then
ex(N) = —(1 —1/(e! 4+2)) for any k > ko such that by > 1.

Proof. The estimate (18) was already observed in [Aistleitner and Borda 2022, Lemma 3]. To see the
second claim, assume that by < (1 — 8)ag42. Then

ekc(N) = —qi (bt llgr+ 10l + Drsll gzl +- - +)
> —qi((1 = Oaks2llgrrioll + axrallgeszall + - )
= —qe((1 = ) (lgrell — llgrs2e D) + Ul grsaet | — Nl grracl) + - - -)
= —qi((1 = 8) et || + 8l grrox]l).
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It is not difficult to see that ||gx | < %llqk(xll. In particular, we have gy (N) > —(1 — %(S)qk llgreell, as
claimed.

To see the last claim, assume that (6) holds. We then have g ||qra|| <1—1/ (e’ 4-2) for all k > k¢. Indeed,
this trivially follows from g ||gra|| < 1/ax+1 if axy1 > 2. If a4 = 1, then property (iii) of continued
fractions above gives the more precise bound 1/(gx |lgxa||) = 14+1/(ax+1). By condition (6), here a; <e”,
and gy |lgra]| < 1—1/(e” 42) follows. Formula (18) thus gives g; (N) > —gi|lqra|| = —(1—1/(e” +2)),
as claimed. (]

3.2. A cotangent sum. The cotangent sum

qr—1 n np
> —cot(n—) (19)
e 4k qk

will play an important role in our estimates for the shifted Sudler products. This sum is called the
“Vasyunin sum” after the foundational work of Vasyunin [1995]. It is related to the Baez-Duarte-Nyman—
Beurling criterion for the Riemann hypothesis; see in particular [Maier and Rassias 2019]. As we already
observed in [Aistleitner and Borda 2022], a general result of Lubinsky [1999, Theorem 4.1] implies that
for an arbitrary irrational «,

qr—1

Z i cot(n%» < (1+log max ag)qy.- (20)
qk qk 1<t<k

n=1

A reciprocity formula of Bettin and Conrey [2013] provides a precise evaluation of (19). In particular,
under assumption (6) we can isolate a main term; this main term is responsible for the exponential
correction factor in Theorem 4. We now give an approximate evaluation of a shifted version of (19).

Lemma 7. Assume (6). For any k > 4 and any x € (—1, 1),

%fﬁwm(nM%+04Vx)=(—D%ko%ﬁg_}ﬂﬂ+XX+O(T+bﬂmFmU)>+O(D
qk 9k 7 2 T'(1+x) (1 = [x]ax o

n=1

where I is the gamma function.

Proof. Let

q—1 k
—1
@w=Z£wG@iLH)
qk qk

n=1

denote the shifted cotangent sum in the statement of the lemma. We first prove the claim for x = 0, and
then extend it to x € (—1, 1).

It follows from the identity (17) that the multiplicative inverse of (—=Dk+! pr modulo gy is gx—1. We
also have the continued fraction expansion gx—1/qx = [0; ak, ax—1, ..., ai]. By a reciprocity formula
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of Bettin and Conrey [2013] (see also [Bettin 2015, Proposition 1]), we have
qr—1 qr—1
Z icot( ) (—DF! Z cot( nqk_1)
— 4k qk
n=1
N 1>K Ve
— (—1)kH! -1 ’
(—1) Z (W w( o

=

where g;_ is the multiplicative inverse of ¢x_; modulo gy, the fractions u, /v, = [0; a, ar—1, - . .

21

s g—py1]

are the convergents of gx—1/qr (with the convention vy = 1), and y : C\(—o0, 0] — C is an analytic

function with asymptotics

log(1/(2
v = PEUCTDEY 4 6 0g(1/0)

as x — 0 along the positive reals, with y denoting the Euler-Mascheroni constant. The £ = 1 term is

_l(L + w(@)) = _i(log(ak/(er)) ty +0(1 +logak)>
v \ T V1 ax 7 /ay

1 a 1+1loga
:——(log—k+y+0<i)).
T 21 ar

The terms 2 < ¢ < k — kg are negligible due to the assumption (logay)/ax+1 < T:

Xils

k—ko
vy_ 1 1+1o _
( ¢ 1>|<< i g(ve/ve—1)
JTU[

Ve = v ve—1/ve
k—ko
1 +logak—¢+1
<5 e
Vy—
P -1

1+logak 1
L——m —
Z —

1+ logay— T
¢+_.
ag ai

<

Finally, the terms k — ko + 1 < € < k satisfy
k
—ko+

Using the previous three formulas in (21), we get

1k
CL(0) = (=1)"qk <loga_k+y+0<T+10g(ak—lak)>> Lo,
T 2w ai

Vo— v
t=k—ko+1 -1 k  qk

This proves the claim when x = 0; note that —I''(1)/ (1) =y

k
Vye—1 1+ log Ak—p+1 1 . 1
ve| v ( v )‘ « w0

(22)
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Next, let x € (—1, 1), and consider the derivative

qr—1 k+1 g1 k+1
/ (— D) (—Dk+p
C():E: =§ +0(1). (23)
e a2 s ((upr + (—DF0)Jq0)) 2= 72l (=1 pe + ) /el

n=1 n=1

In the second step we used the general estimate 77 /sin®(7wy) = 1/(x || y||*) + O(1). We now isolate a small
number of integers n which give the main contribution in (23). Recall once again that gx_; px = (—1)*+!
(mod gg). Let 0 < |a| < ax be an integer. Then the solution of the congruence n(—1k pr=a (mod qy) is
n=—agqi—; (mod g;); the unique representative of this residue classin 1 <n < gy —lis n = qx —aqi—1
if 1l <a <ay,and n = —agqy— if —ar < a < —1. The contribution of these 2ay integers n in (23) is

-1
(—l)kH(de gk — aqi—1 —aqi—1 )
+ )
2
T

= oailla/g+x/ql? S aila/ g+ x /gl

DM« [ aqi-1 agi—1
R (;(aﬂ)ﬁ;((a—x)f(a+x)2)>

a=

=DMl S gk (1+log ay)
T x Z<a+x>2+0<<1—|x|>2ak )

a=1

Note that we used the assumption k& > 4 to ensure that (ax +1)/qx < % Since the contribution of all other
integers n in (23) is

1 qr
< < )
Z gr(1 —[xD2lla/qill*> — (1 —|x))?ax

1
ar<lal<5qk

we get

Cr(x) =

D = 1 O<qk(1 +logak))
“— (a+x)? (1 — |x])2a

By integrating and identifying the resulting infinite series as a special function we get

—k+! o
Ck<x>—ck<0>=(”n—q"z(l_ 1 )+0(M)
1

a a+x (I = IxDak

_ (—l)k“qk( N I'(1+4x) N 0( 1 +log ay ))’
r'a+x) (1 —|x])ag

and the claim for general x € (—1, 1) follows from the special case (22). Il

3.3. A modified cotangent sum. We will actually need a slightly modified version of the cotangent sum
in Lemma 7, defined as

(S n(=D*pi+x
AOEDY sin(nnnqkan/qk)cot(nq—k). (24)

n=1
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Lemma 8. (i) For any k > 1, the derivative of Vi (x) on the interval (—1, 1) satisfies
V.(x) <0 and |V](¥)| <K ——m—5—.
¢ ¢ (1= 1xD2ax1

(i) Foranyk > 1,

1 +logmaxi<;<; a
|Vk(0)|<< g 1<e<k 6.

Ai+1
(iii) Assume (6). For any k > 4 and any x € (—1, 1),

Vk(x) —1 Ay F/(1+X) +0(T+10g(ak_1ak)>+0 (i)

=log — —
grllqrec || 2 I'(l+x) (1 = [xDax qk

In particular,

log ay. T 1
Vi(x) = + 0| —— )+ 0, — ).
ag+1 (I = |xDak+ qr+1

Proof. Let x € (—1, 1). Clearly,

gr—1 -
Vix) = i
k() ’; Sm(””“q"a”/qk)qk sin? (7 (0 (= ¥ pi/qx + x/q1)) )

By the general inequality [sin(zy)| > 2||y] and

In(=D* pic/qic +x/qell = (1 = xD)lInpi/qell.

we also have
, p lgreel allgree| 1
I < 2 e e alE < 012 € T has

In the second step we used the fact that as n runs in the interval 1 <n < g — 1, the integers npy attain
each nonzero residue class modulo g, exactly once. This finishes the proof of (i).

Next, note that the general estimate sin y = y+ O(| v implies the error of replacing sin(mwn|| gyl /qx)
by mn|gra|l/qr in the definition of Vi (x) is

@l 3 3 k a—1 3 3
n o n(—1 +x o o lo
<<Z Iqu [ Cm(ﬂ (=D px )‘«Z lgrexl < lgreell®qr gak
= g i 2 (1= [xD)Inpi/au = ||
and hence

qr—1 k 3
n n(—1 +x o lo
Vi(x) = ml|gre]| E —cot(n—( )" P )—I—O(—“qk I"a qu).
= dk 9k 1 — x|

Claims (ii) and (iii) thus follow from (20) and Lemma 7, respectively. O
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3.4. The reflection and transfer principles. In our previous paper [Aistleitner and Borda 2022] we
showed the useful identity

Px(p/a) - Pyg—n—1(P/9) =1q
for any reduced fraction p/q and any integer 0 < N < g. We also proved that

1+ log max<¢<x ag

[log Py (pr/qk) —log Py ()| K
k41

for an arbitrary irrational @ and all 0 < N < q¢. We called these results the reflection and transfer
principles, respectively; the latter terminology comes from the fact that it helps transfer results between
rational and irrational settings. In this section we establish similar principles for shifted Sudler products.

Proposition 9. Let p/q be a reduced fraction. For any 0 < N < q and any x € R,

Py(p/ds %) - Pyor—1(p/d, —x) = {Isin(nqx)l/lsin(ﬂx)l z:fx ¢7, (25)
q if x el.
In particular, for any x € R,
Pyr(plg,x) = {|sin(71qx)|/|sin(7rx)| z:fx &7, 26)
q if x eZ.

Proof. For a given x € R consider the factorization
g—1
14— eZm’qx =(t— eZJTi)C) l_[(t o eZm’(j/q+x)).
Jj=l

Dividing both sides by ( — e?7*) and letting t — 1, we get

—1 ) . -
(i—[(l B eZHi(j/q+x)) _ (1 _ lerth)/(l _ eme) if x ¢ Z,
q if x eZ.

j=1

Therefore

q—1 q—1 . . .

I . T " fx¢z,
Pq—l(p/q’-x) — |1 _62nz(np/q+X)| — |1 _627Tl(j/q+x)| — {|81n(nqx)|/|51n(”x)| i x g

n=1

il q if xeZ,

as claimed in (26). Next, let 0 < N < g. By the definition of shifted Sudler products and the previous

formula,
q—1 . . .
. [sin(rgx)|/|sin(wx)| if x € Z,
Py(p/g.x)- [] |2sm<n(np/q+x>>|=Pq_1(p/q,x)={ 1 q/ ifxfz
n=N+1 .

A simple reindexing shows that here

q—1 qg—N—-1
[ 12sinGxrp/g +x)= ] |2sin(z((q - j)p/g+x))|=Py-n-1(p/q. —x).
n=N+1 j=1

which proves (25). Il
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Corollary 10. Let k > 1 and 0 < M < gy be integers, and define

o Py (=Dr/g) (=1 pi +x
B () i=log o ——r D S —gsm(nnuqkoeu/qk) cot(nq—k). 27)

Then
|sin(mx)|

|sin(r x /g1

with the convention |sin(rx)|/|sin(wx /qx)| = qx when x /qi € Z.

log Py (e, (=1)*x/qp) —10g(l2sm(n(llqzcall +x/q1))| )+Vk(x)+Bk,qk—l(x)»

Proof. By the definitions (27) of By p(x) and (24) of Vi (x),

log Pye—1(ar, (=1)*x/qx) =1og Py 1(pi/qr (—=1)*x/q1) + Vi(x) + Brg—1(x). (28)

Using the identity (26), here
[sin(x)|
® Isin(rx/qu)|’
Adding log ‘2 sin(n(qka + (—l)kx/qk))| =log|2 sin(m (||gre || +x/qx))| to both sides of (28), the claim
follows. O

1og Py —1(pi/qis (—=1*x/q) =

In the claim of Corollary 10 we consider Vi (x) to be a first-order correction term, and By 4,1 (x) to
be an error term. The following proposition gives estimates for By p(x); we call it the transfer principle
for shifted Sudler products. In fact, in the present paper we will only use it with M = g — 1.

Proposition 11. (i) Let k > 1 and 0 < M < gy be integers, and assume that qi||qra| < 1 — ¢ and
—1 <x <1—gqillgrx|l/(1 — cx) for some cy such that IO/q,f <cr < 1. Then

—CM < B, ux)<C

(1—[x)%a; Ay ak+1q/<

with a universal constant C > Q.

(i1) Let N = Z/f:_ol brqi be the Ostrowski expansion of a nonnegative integer. Forany 1 <k < K — 1,
any 0 <M < gy and any 0 < b < by — 1, we have

By m (bgillgre | +ex(N)) = C

k+1‘1k

with a universal constant C > 0.

Proof of Proposition 11 (i). Using trigonometric identities we can write

1_[(1 +xa ), (29)

n=1

Py (e, (—1)*x/q) ‘l—[ sin(m (na + (= D¥x /qr))
Py (pi/qk, (—Dkx/qi) sin( (npi /g + (—=D*x/qp))

where

Xn 1= cos(mn(a — pr/qx)) — 1 = cos(nllgrell/qi) — 1
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and
Y i=sin(n(a — pr/qr)) cot(m (npi/qi + (—1)*x/q1))

=sin(mnllgrall/qe) cot(m (n(—= DX p/gi +x/qi)).

Assume first that 0 < x < 1 — gx|lgra|| /(1 — ¢x). From the Taylor expansions of sine and cosine, and the
estimate

In(=1* pi/ar +x/qill = (1 = ) llnpi/qill = (1 = x) /qx. (30)

we get that for any 0 < n < ¢,
i

bl £ =5 7 = 3% 31
and
1l sin(mn||qrall/qx) - 7| qra ||
! |sm(n<n< Dfpe/ax+x/q0))| ~ 71 =x)/qx — 73 (1 = x)3/ (647
- qrllgrell 1

l—x  1-n2/(6g7)

<U-a)———-
1—72/(690)
<1- %Ck.

The point is that each factor in (29) is bounded away from zero, as 1 + x,, + y, > }Lck; in particular, the
absolute values in (29) can be removed. Since y, is a decreasing function of x € (—1, 1), the same holds
if —1 <x <0.

Observe that for any t > —1 + ick,

2
ethI log(4/ck) < 141 < ez‘

Indeed, one readily verifies that the function e’ +21% log(4/ ) (1 4 ¢) attains its minimum on the interval
[—1 + ‘—ltck, oo) at t = 0. Applying this estimate with t = x,, + y, in each factor of (29), we obtain

« Py (@, (—=Dkx/gp)
» _
eXp (xn +yn) _2 (xn+yn) 10g(4/C ))
(Z} Z] ) = Pupi/ax, (=DFx/q0)
M
< eXp( Y G+ yn)). (32)
n=1
By (31) we have
1 log(4 log(4
Zml«z ’ and Zx log(4/c)<<z g@/c) g( /Ck)‘
Q14 “k+1‘1k n=1 n=1 k+1qk ak—i—lqk
From (30) we get
9] < sin(znllgrell/qx) lgrexl

= Tsin(z i pifa +x/a0)] (= xDlnpe/aul
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and hence

M M 2

) lgroc ||~ log(4/cy) log(4/ci)

vy log(4/cr) K < )
; " ;(1—|x|)2||npk/%”2 (1—|xD2ag,,

The estimate (32) thus simplifies as

M

ogt/e) . Pule e
J— n —=
(1—x%ag, Py (pe/qe. (=D*x/qi) = a1 qx

with some universal constant C > 0, which proves the claim. O

Proof of Proposition 11 (ii). We argue as in the previous proof. First, we claim that in (29) the absolute
values can be removed at the point x = bq||gre|| + €x (N). To see this, note that

na + (=1 x/gr = (=D*((n + bgo) llgree || + ex(N)) /g + npic/ g

By Lemma 6, here

(n+bg) llgrall + ex(N) < (b + Darllgreell + g llger1all < ges1llgeee|l + gillgerr1ell = 1,

and also
(n+bgi)llgrall + e (N) = ex(N) > —1.
Consequently, |na + (—1)*x/qr — npr/qi| < 1/qr. We clearly also have |x| < 1, and therefore the

points na + (—1)*x /g and npy/qi + (—1)*x /gx both lie in the open interval centered at npy /qx & Z of
radius 1/gy. Since the function sin(7y) does not have a zero in this interval, we have

sin(7 (na + (= 1D¥x/qp))
sin(w (npr/qr + (—1*x /qr))

Hence (29) indeed holds without the absolute values; that is,

M

sin(rw (npy /qr + (_l)kx/qk)) = }:[1(1 + Xn + Yn)

M .
Py(e, (=Dfx/q) I sin(z (na 4 (= D¥x /q1))
Py (pi/q, (=Dx/qi) — +

with x,, y, as in the previous proof. The upper bound

Py (@, (=1)*x/qi) ul X I
Pyt (Pr/ i (—DFx /o) exp<_; ' ) SCXP<ZX”) = (C 2 )

n=1 Y19k

immediately follows, as claimed. O

3.5. Key estimate for shifted Sudler products. We emphasize that in the following proposition we do
not assume condition (6), so it could serve as a starting point for various generalizations of the results in
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this paper. In the proofs of our theorems, condition (6) will ensure that in the claim of the proposition the
contribution of the cotangent sum (the sum expressed in terms of Vi (x)) is negligible compared to the
sum which is expressed in terms of log|2 sin(w x)|.

Proposition 12. Let N = Z/f:_ol birqy be the Ostrowski expansion of a nonnegative integer. For any k > 1
such that by > 1,

br—1
> " log Py, (o, (= 1)* (bgeligrerll + £ (N)) /i)
b= by—1 by—1
= > log|2sin(m (bgxllqell + e (N)) | + Y Vibaillgeall + &c(N))
b=1 b=0

+log (27 (brgx llgrer || + &x(N))) + Ex(N),

where Ex(N) < C/(ar+1qx) with a universal constant C > 0. If in addition k > 2010g(20/$), by <
(1 —=68)ar+1 and gy llqrec|] < 1 — 8 with some § > 0, then Ex(N) > —C(log(2/8)/82)(1/ak+1 + l/q,f) with

a universal constant C > 0.

Proof. For the sake of readability, put f(x) = |2sin(;rx)| and e = ¢ (N). Applying Corollary 10 at
x = bqillgra|| + e and summing over 0 < b < by, — 1, we get

br—1
> " log Py, (o, (=1 (bgellgrerll + £6) /i)
b=0
br—1 br—1
f(bgrllgrall + &)
=) 10g<f((b + Dllgrerll + /i) + ) Vibaelgrer | + &)
o fOllarall +e/a) ) =
br—1
+ ) Big—1(bgillgrerl] + &)
b=0

Observe that the first sum on the right-hand side has a telescoping part. Peeling off the b =0 term, we obtain

br—1
> " log Py (. (—D)* (baellqeet || + &) /qx)
b=0

br—1 br—1

(ex)
= > log f(barllgeell + &) + Y Viebarllqeel + ex) +1og(f<bk||qka|| +ek/qk>f—">
P b0 f(€x/aqr)
br—1
+ > Brg1(bgllgrerl] + £0),
b=0

with the convention that f(ex)/f (ex/qr) = qi if &x = 0. It remains to estimate the error term

fellgeoll +ex/qi)  f (en) ) K=

EL(N) :=10< + 3 Bugeo1 baellgeel + 0).
2 g lgeall + &0 Flen/an) ,; o
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First, we prove the upper bound for E;(N). Using By 4, —1(bgillgre| + &) < C/(a,quk) from
Proposition 11(ii) and elementary estimates for the sine function,

fbillgrell + ex/qr) ) j‘i c _ ¢

Er(N) §log( “qk < ;
27 (brq llgreell + £x) = ap qr T Qee1dr

as claimed.
Next, assume, in addition, that k > 2010g(20/8), by < (1 —38)ag+; and gx|lgre|| <1 —6. By Lemma 6,
for any 0 < b < b, — 1, the point x = bqy||qro | + & satisfies
x = ((1=8ak+1 — Darllgrall + g llgr+rex |l

= ((1 =d)ar+1 — Darllgrall + 1 — gr+1llgrec|

< 1=+ 8grllgrall,
and also

x> & > —qillgrall = —(1 —96).

Hence we can apply Proposition 11(i) with ¢, = &/(1 + §). Note that the assumption k£ > 2010g(20/6)
ensures that ¢, > IO/q,f. Since we also have |x| < 1 — &, we obtain

bl by—1

S Clog(4/cy) Clog(2/6)
Big1(baillgrerll + &) = ) (—f—z >_32g—'

b=0 b=0 3%ajcy 1 Afe+1

Finally, using the general estimate sin y = y(1 + O(y?)) we get

Fbrllgeall + ex/qr) = 2 (bellgea | + ex/qi) (1 + O(1/gD))

and

(ex)
% =q (14 0(e)) = q(1+ 0(1/ag, ).
Therefore

o (f(kaQka” +e/a) ()

=log(1+ O(1/a,, +1/g}) = O(1/a},, + 1/q}).
27 (brqrllqea |l + &x) f(sk/qk)) 0g( (1/ajc1 +1/91)) (M ag +1/q;)

Altogether we get Ex(N) > —C(log(2/8)/8*)(1 /ax+1 + 1/q3), as claimed. O

4. Proof of Theorem 1

Throughout this section we assume that (6) holds with some kg, 7 > 1. Let §7 > 0 be a small enough con-
27y _1

)7 m}
is a suitable choice. We may assume that kg > 2010g(20/87). Let us now introduce a sequence which

stant depending only on T'; for the convenience of the reader we mention that §7 = min{ 1/(4re

will play a key role in the proof of Theorem 1.
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Definition. Let N be a nonnegative integer with Ostrowski expansion N = Z/f:_o] biqy. For any kg <
k<K-—1,letuy(N)=1if by =0, and let

br—1 br—1
u(N) = ( [T |2sin(x (barllquel +ek<N)>)\> exp( 3 Vibgeligrer +ek<N>>)
b=1 b=0

X 27 (brqrllgret |l + €, (N))
if by > 1. Finally, let Uy = [T} ux(N).

Summarizing the results of the previous section, we can rephrase Proposition 12 in terms of Uy .

Proposition 13. For any nonnegative integer with Ostrowski expansion N = Zfz_ol brqr, we have

K—1 K
1
log P =log Uy — Fi. (N (0] — o,(1
og Py(a) =log Uy kaj W(N) + T<;ak)+ (1)
= -

with some Fy(N) satisfying Fx(N) =0 forallky <k <K —1,and Fy(N)=0forallky <k <K —1
such that by < (1 —81)ag+1.

We have thus reduced the problem of estimating Py («) to Uy, and the rest of the section is devoted
to studying the latter sequence. Our main strategy will be to start with an arbitrary nonnegative integer
N = 21{(:_01 brqy, and to change its Ostrowski coefficients one by one; we call such a transformation
a projection. After finitely many projections we will transform all Ostrowski coefficients by with
ko <k <K —1tob; = I_%akHJ- Keeping track of the effect of each projection, we will be able to
compare Uy to Upyx.

Proof of Proposition 13. Let E;(N) be as in Proposition 12 if by > 1, and Ex(N) = 0 if by = 0. By the
definition earlier in this section, for any ky < k < K — 1 we have

br—1

1_[ qu (Ol, (—l)k(bqkllqkan +8k(N))/qk) — Mk(N)eE"(N),
b=0

and hence from the factorization (13) we get

ko—1 br—1 K—1
Py(a) = ( [T 11 Pule: D barligral +sk(N>>/qk)>UN [ 5. (33)
k=0 b=0 k=ko

We start by finding upper and lower bounds for the first factor independent of N. For an upper bound,
simply use Py, (a, x) < 2% to get

br—1

ko—1
[T [T Pa(or. (D arllgeael + ex(N))/qe) <20+ +%0 <4 1.
k=0 b=0
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To see a lower bound, let 0 <k <ky—1and 0 <b <b; — 1. Then

qk
Py (e, (=1 arllqerll + ex(N)) /i) = [ ]| 2 sin(r (2 + bgi)e + (=¥ ex(N) /q0) .

n=1
Here (n + bqr) < qi + (ax+1 — 1)gk < gi+1, and thus by the best rational approximation property and

Lemma 6,

107+ ba)a + (=D ex (N) /qill = [|(n + bgi)ell — lex(N) | /qx = llgrecll — lgrs 1]l

It follows that || (n + bgy ) + (—l)ksk(N)/qu >, 1, and hence

Py(a, (=D baillgeall + 6 (N)) /qx) > 1.

The first factor in (33) is thus both <, 1 and >, 1, so
K—1
log Py (ar) =log Uy + » _ Ex(N)+ O (1).
k=ko
By Proposition 12, here Ex(N) < C/(ar+1qx) forall kg <k < K —1, and Ex(N) > —C(log(Z/(ST)/(S%) X
(1/ag+1 + l/qlf) for all kg <k < K — 1 such that by < (1 —§7)ay+ with a universal constant C > 0. Let
Fi(N) = max{—Ey(N), 0} if by > (1 —d1)ag+1, and Fi(N) = 0 otherwise. Then

1 1
Fi(N)=—Ey(N)+ Or (— + —2)
ai+1 qi

for all kg <k < K — 1, and the claim follows. O

4.1. Key estimate for projections. We now introduce the main technical tool in the proof of Theorem 1,
and establish its key property.

Definition. Let N = Zf:_ol birqy be the Ostrowski expansion of a nonnegative integer, and let kg < m <
K —1and 0 < B < (1 —dr)an+1 be integers. The projection of N with respect to the index m and the

integer B is proj,, g(N) :=N'= ,f:_ol byqk, where by = by, for all k # m, and b, = B.

Proposition 14. Let N = Zf;ol brqr be the Ostrowski expansion of a nonnegative integer, and let
ko<m<K-—1and0<B < (1 —3r)an+1 be integers. Assume that by, < (1 —87)ag+ for all kg <k < m.
If m > ko, then proj,, g(N) = N’ satisfies

, by, — bm by — b
logUyn' —logUy > logu,,(N") —logu,,(N) — (log(b,,—1 + 1)) —O0r\—————). (34
Am1 Am+1

If m > kg and b,, < (1 —7)am+1, then (34) holds with equality. If m = ko, then (34) with the term
—(log(by—1+ D) (D), — bw)/(am—1) removed holds with equality.

Proof. For the sake of readability, let f(x) = |2sin(7rx)|. By definition (12), we have

ex(N') — ex(N) = (=1 (b}, — bn)gillgme|| - for all ko <k <m, (35)
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and & (N') = &x(N) for all m < k < K — 1. Recalling the definition on page 691, it follows that
ur(N'y =uy(N) for all m < k < K — 1, and hence

m—1

log Uy —log Uy =log u, (N') —logu,,(N) + Z(log ur(N')y —logug(N)). (36)
k=ko

Let ko < k <m — 1, and consider the corresponding term in the sum on the right-hand side of (36).
If b, = by =0, then logu; (N") = loguy(N) = 0. Otherwise,

br—1
/ J (bgillgrell + e (N')
1 N —1 N) = 1
o8 () —log k() ; °8 F barllgra [+ ec(V)
br—1
+ 3 (Ve llgrall + e (N') = Ve(baeligeerl + ex(N)
b=0

brgkllgre |l + e (N')

+1lo .
brgillgrall + ex(N)

(37)

To estimate the second term in (37), note that by Lemma 6 we have
bgrllgrall + e (N) = —(1 —é7),
and that by the assumption by < (1 —d7)ag+1,
barllgrell + ex(N) < brgillgre|l <1 —67.

Lemma 8(i) implies that |V, (x)| <7 1/ak+1 on the interval [—(1 — 87), 1 — 871, and therefore

br—1
> (Vibarllgeall + e (N")) — Vi(bgillgrerl| +ek<N>>)’ <7 le(N') = &k (N)).
b=0
Using (35),
m—1 m—1 |b, _b |
Y 1ex(N) = e (N < 1By, = bl - lgmerll Y qx K 1By = bl - lgmerllgm—1 < —2—"=,
k=ko k=ko Gm+1

consequently from (36) and (37) we get
log Uy —log Uy =logu,,(N") —log u,,(N)

m—1 bk—l 12 /
b ol + e (N b ol + g (N

. Z(Zbg F(bgiligree |l + e (N")) +log i llgre |l + ex( ))
fbgrllgrel| + &k (N)) brgillgrall + ex(N)

+ OT(M). (38)

Am+1

k=ko,
br>1

b=1

Next, we show that the sum over kg <k <m—2 in the previous formula is negligible. Let kg <k <m—2. By
assumption, by4+1 < (1—87) a2, and so &g (N) = —(1—187)qrlgeer || and ex (N') = —(1— 387 ) gk x|



694 Christoph Aistleitner and Bence Borda

follow from Lemma 6. In particular, bgy ||gra|| + x(N) and bgy|lgra |l + € (N') both lie in the interval
[(b—1+387)qrllqrell, 1 —87] forall 1 <b < b — 1. Since |(log f(x))| <1 1/((b — 1 + 367)qx | qeexl)
on this interval, we have

— by —

’”le F(baellgrerll + ec(N)) 0 ek (N — ex(N))|
o <7 Z 1

=% Foggel + ) | 5T & (b= 1+ Lon)ailigiel

&L ag1(log aks1)|ex(N) — ex(N)]
LT Ut 1054291 1Dy, — bl - Nl gmex |
< Gi+21by, — b - llgme |,

where we used (35) and condition (6). Since brgy ||gra || + ek (N) and brgy|lgre|| + ex(N') both lie in the
interval [187gcllgrell, 2], and |(log x)'| <7 ax+1 on this interval, we similarly get

‘lo braillgrall + e (N')
brqrllgrall + ex(N)

L7 arr1lek(NY) — ex(N)| K ger11by, — bl - llgme .

From the previous two formulas and ka;ki qr+2 K gm We get

m—2 | by—1

Z i f(bgrllgrall + e (N')) og brgillgrall + e (N') by, — b
T )

el B S (bgrllgre|l + &k (N)) brqrllgrall + e (N) Am+1

br>1

and hence if m > kg, (38) simplifies as

log Uy —log Uy =logu,,(N') —log u,,(N)

bp_1—1
bgp - m— m— N’
" Z logf(q tlgm—1all +&mn—1(N"))
fOgm-1llgmn-1o|l +&n-1(N))

bmf m— m— m— N/ b/ _bm
1gm—1llgm-12|| +€m—1( )+0 (I m l). (39)
bn—1gm-1llgm—1a|l + €n—1(N)

b=1

+ Iip,, =1y log o~
m+

If m = ko, then (39) holds with the second and third terms on the right-hand side removed, and the claim
for m = kg follows.

Let m > k. To proceed, we distinguish between two cases: Case 11is g, _1(N) < —(1 — %(ST)qm lgmell,
and Case 2 is &,,—1(N) = —(1 — 367)¢m lgma|l. We will show that (34) holds in Case 1, and that (34)
holds with equality in Case 2. Note that this will prove the proposition; indeed, (34) follows in either
case, whereas by Lemma 6 the additional assumption b,, < (1 — d7)a,,+1 ensures that we are in Case 2.

Case 1: Assume that ¢, (N) < —(1 — %ST)quqmozll. By assumption, b), < (1 —87)am+1, and hence
em—1(N") > —(1 — %87)(],,, llgma|l follows from Lemma 6. In particular, &,,_1(N) < &,,_1(N"), and hence

bt lgmarel +ens(N) _ (40)

Ibm, 110g =
a2 et 1 gm—12]| + Em—1 (N)
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If b,,_1 =0 or 1, then (34) follows from (39); therefore we may assume that b, _; > 2. Since (log f(x)) =
7 cot(mwx), forany 1 <b <b,,_; —1 we have

7 cot(mrx) dx

£ (bgm-1llgm-12t]l +em-1(N') _ /”‘fm-"'%-l““ﬂm-“””
S Ogm-1llgm-1all +en—1(N))  Jp

> 1 cot(7r (bgm—1llgm—1el + Em—1(N"))) - (em—1(N') — £m—1(N)).

log
dm—1 ||qm—la||+8m—l(N)

Using | cot(wrx) — 1/x| < 1 for all |x| <1 — 67, we get

bmflf1 bmfl*1
1
7 cot(7 (bgm—1llgm—1¢ll + £m—1(N"))) = + Or(an)
; (e bam-1l2n " ) ; bGm-1llgm-10] + &m—1(N') "

=ap log(by,—1+ 1)+ Or(an).
The previous two formulas give
bp—1—1 /
Z log fbgm-1llgm-1|l +€n—1(N"))
f(qu—l ”LIm—la” +Em—1 (N))

>y (10g(by—1 + D) (Em—1(N) = &1 (N)) + O1 (am|em-1(N') = £m—1(N)])

b=1

b, — by by, — bl
= —(log(by_1 + 1) 2= 4 o (=21,
m+1 Am+1

and therefore (39) and (40) imply the desired inequality (34). This concludes the proof of Case 1.

Case 2: Assume that g, (N) > —( — %ST)qm llgme|l. Repeating arguments from above, we now have

I{bm—]Z]} log - O (41)

bn—1qm-1llgm—10|| + €m—1 (N/) (lb;n - bml)
= T .
bn-1qm-1llgm-1cll +&en—1(N)

Am+1

If b,,—1 = 0 or 1, then the sum in (39) is empty, and it follows that (34) holds with equality; thus
we may again assume that b,,_; > 2. Since we are in Case 2, for any 1 < b < b,,_; — 1 the points
bgm_1lgm_1| + &m_1(N) and bq,y—1||gm—12|| + £m—1(N’) lie in the interval

[(b -1+ %ST)C]m—l lgm—1cll, (D + 1)gm—1 ||Qm—105||]'

Note that here (b + 1)gm—1llgm—1]| <1 —87. We have (log f(x)) = 7 cot(wx), and |(log f(x))"| =
|7 /sin® (wx)| <7 1/ (bzqii1 lgm—1a]|?) on the same interval. Applying a second-order Taylor formula,

we thus get

f(me—l |IQm—1a” + 8m—1(N/))
Fbgm-1llgm-1a|l +en—1(N))

log =7 COt(n(me—l lgm—10]l + €m—1 (N/)))(gm—l (N/) —&m—1(N))

4 0T<(8m—1(N/) — Em—l(N))2>.

b2q% | lgm-1c|?
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The contribution of the error term is negligible:

bmfl_l 2 ’
(Em—1(N') = em_1(N)) 16}, — b

Y T <L ap (e 1 (N e 1 (N)) =gy, (b —b) llgme || < —"—.

b=1 b qm_]”qul(x” Am+1

Arguing as in Case 1, the previous two formulas yield

11
bgm-1llgm-1ct|| + €m—1(N’ b, — by, b, — by
3 lo S Ogm-1llgm-1|| 1( ))z—(log(bm_1+1)) +OT<| |)’
bl S Ogm-1llgm—1|| + em—1(N)) am+1 Am+1

and therefore (39) and (41) imply that (34) holds with equality. This concludes the proof of Case 2. [J

4.2. Regularizing and optimizing projections. We introduced the concept of a projection in the definition
on page 692. Starting with a nonnegative integer with Ostrowski expansion N = Zf:_ol biqy, our strategy
is to apply projections to N in two rounds. In the first, we project the coefficients with by > (1 —¥87)ay41 to

. { 0 if appr =2,
L(1 =d7)ars1] if apyr #2

L= (42)
in increasing order of the indices kg < k < K — 1. We call such a transformation a regularizing projection;
its aim is to get away from the singularity of log|2sin(rx)| at x = 1. We note that the special value
of b;* in the case ax41 = 2 (0 instead of 1) serves a technical purpose, and will not cause difficulties
in the end. After the first round of projections N is transformed into an integer whose k-th Ostrowski
coefficient is < (1 — 87 )ag4+; for all kg < k < K — 1. As we will see, the value of Uy does not decrease
up to a small error during the first round.

In the second round we project each Ostrowski coefficient to b} = L%akHJ, in increasing order of the
indices kg < k < K — 1. We call such a transformation an optimizing projection. We now estimate the

effect of a projection on the value of Uy based on its type.

Proposition 15. Let N = Z,f;ol brqr be the Ostrowski expansion of a nonnegative integer, and let
ko<m<K--—1.

(1) Regularizing projection: Assume that by < (1—687)ay+1 for all kg <k <m, and that b, > (1—3871)a;+1.
Then proj,, ,=«(N) = N’ satisfies

logUpn —logUyn > —O7(1/ap+1) — O (1/qm).

(ii) Optimizing projection: Assume that by < (1 —87)ay41 for all ko < k < K — 1, and that by = b, for
all kg <k < m. Then proj,, ,» (N) = N’ satisfies

log Uy —log Uy
|5}, —bum

b:«n/anH»l
=am+1/ log|2 sin(mrx)]| dx+OT<
b Am+1

m/am+l

+1p,,<0.01ay.1) 10 am+1> +04(1/qm), (43)
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and also
(bl —bm)?

Am+1

log Uy —log Uy = 0.2326 — Or(1/am+1) — Ou(1/qm). (44)

We first prove a lemma that will help in the case a,,+; < 1 and then give the proofs of parts (i) and (ii)
of Proposition 15.

Lemma 16. Let N = Z,f;ol brqy be the Ostrowski expansion of a nonnegative integer. Let ko <m < K —1.

If a1 < A with some constant A > 1, then
logu(N) < O7,4(1) + O (1/gm). (45)

If in addition b,, < (1 — §7)am+1 and by, 1 < (1 — 87)a,+2, then (45) holds with |logu,,(N)| instead
of logu,,(N) on the left-hand side.

Proof. Recall the definition on page 691. If b,, =0, then u,,,(N) = 1, and we are done. So assume b,, > 1.

First, we prove the upper bound. From the definition of u,,(N) we immediately see that

b—1
Um(N) <24 exp( > Viu(bgmligmall + em(N))>4n.
b=0
Lemma 8(i) implies that V,, is decreasing on (—1, 1), and |V, (x)| <7 1/a;u4+1 on [—(1 —87), 0]. It is
then readily seen that
by—1
Z Vin (bqmllgma |l + €m(N)) < by Vi (0) + O (1) = O1,4(1) + O (1/gm),
b=0
and the claim log u,,(N) < Or,4(1) 4+ O4(1/q,,) follows.

Next, assume in addition, that b,, < (1 — é7)a;;+1 and by 41 < (1 — 87)am+2. By Lemma 6 we then
have &,,(N) = —(1 — £87)gmllgma||. Therefore the points bgy,||gmet|| + & (N) for 1 <b <b,, — 1 are
bounded away from 0 and 1, and hence

by—1

[ 1 12sin(x (bgmligmall + en(N))| 7.4 1.

b=1
Similarly, since the points bg, ||gn e || + &, (N) for 0 < b < b, — 1 lie in the interval [—(1 — d7), 1 —§7]
and |V, (x)| <7 1/ap+1 on this interval by Lemma 8(i), we have
bp—1

Z Vin (bgm Nl gme| +8m(N))‘ = b |V (0)| + O (1) = Or,a(1) + Oc(1/gm).
b=0

Finally, note that
27T(bmq"1||Qma” +en(N)) >2m- %8TQm||Qma” >T.A 1.

The previous three estimates and the definition of u,, (N) show that log u,,(N) = —Or (1) — O (1/gm),
as claimed. O
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Proof of Proposition 15 (i). For the sake of readability, let f(x) =|2sin(wx)| and &, = £, (N) = &, (N').
Since b,, > b),, and in particular —(log(b,,—1 + 1)) (b}, — by)/(am+1) > 0, Proposition 14 gives
logUyn —logUy > logu,,(N") —logu;,(N) — Op| —— ). (46)
am+1
Let A > 1 be a large constant depending only on 7 (and &7), to be chosen. We will distinguish between

three cases depending on the size of a4 1.

Case 1: Assume that a,,+; = 1 or 2. Then, by construction, b, = b}* = 0, and hence u,,(N’) = 1.
From (46) and Lemma 16 we thus get log Uy —log Uy > —O7 (1) — O,(1/qy), and the claim follows.

Case 2: Assume that 3 < a,,, 41 < A. Then, by construction, b,, = b}* > 2. Recalling the definition on
page 691, we have

log u, (N/) —logum(N)

bn—1 bp—1

: By llgmetll + &
==Y 10g FGanlignall+m) = 3 Vi(baulignall+ &) +log 2 Lmldm*LT o

b=, b=, mem”Qma” +éem

Since —log f(x) is bounded from below, the first term is > —O4(1). Similar to the proof of Lemma 16,
it is easy to see that the second term is > —O7 4 (1) — Oy (1/gy,). Finally, the last term is

/

b;/an lgmee|l + em ~1 bm -1
bngmlgmoc|l + &m — by +1

Hence log u,, (N') —log u,, (N) > —O7.4(1) — Oy (1/qm), and the claim follows from (46).

> —0r(D).

Case 3: Assume that a,,11 > A. By the definition on page 691, we again have

log um(N') — log u, (N)

bn—1 byp—1

\ g Bl dmllgmer + &
== 10g f(bgmllgmtll +m) = Y Vin(bgmllgmerll + &m) +log =2 m

b=by, b=b], bm‘]m”‘]ma” +éem

From Lemma 8, in particular from the fact that V,, (x) is decreasing, we get

by —1
=" Viubgnllgne| + &) = —(bm — b},) Vi (0)
b=D)
" log a, b —by b —by
= (b — b )2 0, <M) _ 00{(@)
A1 Am41 qdm+1
b —by,
= _T(bm _b;/n) - OT (M> - Oa(l/Qm)-
am+1

Since by gmllgma|l + ex and b}, gm llgme || + i are bounded away from zero, we also have

b;/an”CIma” +éem |by — bm|
mem”Clma” +ém Am+1
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By the previous two formulas, (46) simplifies to

bm -1

, by, — b
10g UN/ - 10g UN = — Z 10g f(me HQmO‘” +8m) - T(bm _bm) - OT ﬁ - Oa(l/Qm)- (47)
b=b, m+

Forall b, <b <b, —1,

bamligmall +ex(N) = (L(1 = dr)am41] — Dgmligmall = 1 — 2687

provided that A is large enough in terms of 7 and 87. Choosing 87 < 1/(4we?T) ensures log f(x) < —2T
on the interval [1 — 257, 1). Hence every term in the sum in (47) is < —27, and we get

16y, = b

logUy —logUy > T (b, — b)) — OT(
am+1

) - Oa (1/‘]m)
Choosing A large enough in terms of 7" and 87, the second error term is negligible compared to 7' (b,,, —b,,).
Hence log Uy —log Uy > — Oy (1/gm), and the claim follows. O

Proof of Proposition 15 (ii). Again, let f(x) = |2sin(zx)| and &, = €,,(N) = &, (N'). If m = kg, then
both sides of (43) and (44) are O,(1), and we are done. We may thus assume that m > ky. By the

assumption b, =b; | = LgamJ we have
b —b 1 b —b
—(0g(by -1+ 1) " = —(b), —by)——" +0(| F ml)’

Am+1 Am+1 Am+1

so Proposition 14 now gives

] b —b
log Uy —log Uy = 10g tty (N") — 10g ttm (N) — (b, — b)) 29" _ 0 <M) (48)
am+1 am+1

Let A > 1 be a large constant depending only on 7', to be chosen. We distinguish between four cases.

Case 1: Assume that a,,+1 < A. By Lemma 16, both log u,,, (N") and log u,,(N) are Or o (1)+ Oy (1/qm)-
Since |b), — by |(log ap /am+1) <K71.4 1, from (48) we get

logUn' —log Uy = O7,4(1) 4+ Oy (1/qm),

and the claims (43) and (44) follow.

Case 2: Assume that a1 > A and 1 < b,, < b;,. From the definition on page 691 we now get

IOg Um (N/) - 10g up(N)

by, —1 b, —1

3 3 by llgmer]| + &
= IOg f(me”('Ima” +8m)+ Vm(qullqmall +8m)—|-10g bm moam m‘

b=by, b=b,, mGm | gmat|l + &m

The assumption by < (1—37)ay forall ko <k < K —1 and Lemma 6 imply that &,, > — (1 —%ST)qm lgmall.
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We claim that the last term satisfies
b,/nCImHQma” +éem |b;n — byl
T
bngmllgmec|l + &m Am4-1

+ 1ip,,<0.01ay41} 10g A1

Indeed, if b,, > 0.01a,,1, then the points b, gm|lgna| + €, and b, gn |lgmall + &, lie in an interval
bounded away from zero, and |(logx)’| <7 1 on such an interval; the upper bound |b), — by, |/am+1
follows. If b,, < 0.01a,,+1, then

b;/anHQma” +é&m
=g TN
bngmllgmot|l + &m (§5T)Qm||Qma”

0 <log L7 logam+1,
and the claimed upper bound follows once again.
Observe also that for all b,, <b < b’

m

— 1, the point bgy, l|gme|| + & lies in [0, %] Using Lemma 8(iii)
we thus deduce

b, —1

loga b/ — by
> Viulbgmllgmell + m) = (b}, — by) 24 4 or (—) + Ou(1/qm).
b=by, Am+1 Am+1
and hence
bl,—1
, , log ay,
log i (N) = logun(N) = ) _ 1og f (bgmllgmell+&m) + (b, = bm) —
b=b,, m+1

|53 = b
+ Ot <—m + b, <0.01a,11} 108 amy1 | + O (1/qm).
am+1

With a remarkable cancellation of (b), — by,)(log ay, /am+1), Equation (48) thus simplifies to
b, —1 )
by — bm|
logUy'—log Uy =Y log f (bgmllgmetll+&m)+Or Tﬁq{bmgo.ommﬂ} logamy1 | +0a(1/qm).
b=by, m+

We now prove (43). Assume first that b,, > 0.01a,,+;. Then for all b,, < b < b, — 1, the point

2

bgm|lgmee|l + & lies in an interval bounded away from 0 and 1. Using g, ||gma |l = 1/an+1+ 0(1/am+1)

and |&,| < 1/a;;+1 we deduce

|10g f(bCImHQmOl” +&m) — 10g f(b/a;n+l)| <L lapyr,

and hence
bl/ll_l h;n—l |b/ _b I
Z log f (bgmllgmecll + €m) = Z log f(b/an+1) + a(u)_

Since [log f(x)]| K< |x — %| on our interval bounded away from 0 and 1, each term in the previous sum
is < |by — b, |/am+1. Therefore, by interpreting the sum as a Riemann sum,
bl,—1

> tog £ b/ans) =an [

b=b,, by /am+l

b;n/a)71+l

|bz/n _bm|
log f(x)dx+ 0| —— |,
Am+1
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and (43) follows provided that b,, > 0.01a,, 1. If b, < 0.01a,,1, then for any b,, <b < b, — 1, the
point b llgmell + &m lies in [ (b— 1+ 387)gm llgmet|l, 2]- Since [(log f (x))'| = |7 cot(rx)| K1 dm+1/b
on this interval, we now have

by, —1 b,—1

1
D" l10g £ (bamllgnall +em) = 1og £ (b/ans)| K1 Y 3 < logans1.
b:bm b:bm

Note that |log f(b/am+1)| < log a,,+1, so by interpreting the sum as a Riemann sum, we now have

bu—1 Bl fam s
> 10g fbfans) =i [ log f)dr+ Orllogans),
b=b,, b [am+1

and (43) follows in the case b, < 0.01a,,4+; as well.

Next, we deduce (44) from (43). Choosing A large enough in terms of T, the error term in (43) is
negligible compared to the main term (in both cases b,, < 0.01a,,4+ and b,, > 0.01a,,+1). Elementary
calculations show that

5

/6 log f(x) dx =
y

/ "log f(x)dx = 0.23260748 . ..

1 1
min —— —
vel0,5/6) (5/6 — y)? (5/6) Jo

Indeed, the left-hand side is an increasing function of y on [O, %); to see that its derivative is nonnegative,
it is enough to check that

5/6_yfy log f(x)dx > 1log f(y).

and this follows from the concavity of log f(x). Therefore, up to a negligible O(1/a,,+1) error in the
numerical constants,

/e 5\2 by, — bu)’
Qi1 log f(x) dx > @y -0.2326(by /ams1 — 2)” > 0.2326—"—"—.
b,

m/am+l am+]
This finishes the proof of (43) and (44) in Case 2.
Case 3: Assume that @, > A and b, = 0. Then logu,,(N) =0, and

log uy, (N/) —logum(N)

bl’n_l b;n—l
= ) " 1og f(bgmllgmatll +em) + D Viu(bgmllgmor| + em) +10g(B) g | gmet || + &m)-
b=1 b=0

Following the steps of Case 2 (observe that in the first sum the summation now starts at » = 1 instead
of b=">, =0), we get

h;n/am+l

logUn' —log Uy = am+1 f log f(x) dx + Or(log am+1) + O (1/Gm).

1/am41
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The error of replacing the lower limit of integration by zero is negligible:

1/am+1
am+1 / log f(x)dx < logay1,
0

and (43) follows. We deduce (44) from (43) as in Case 2.

Case 4: Assume that a,,,+1 > A and b, < b,, < (1 —387)a,,+1. Working on the interval [%, 1— ST] instead
of [0, %], the proof of (43) is entirely analogous to that in Case 2. Deducing (44) from (43) is even
simpler. Indeed, note that by concavity, log f(x) < —m+/3 (x — %), the right-hand side being a tangent
line. Hence up to a negligible O(1/ay,+1) error in the numerical constants,

bz/n/am-*-l bm/am-H 3 b/ _ b 2
am+1/ logf(x)dxzamH/ ”‘/g(x—%)dxzn\/_,( m — bm) ‘
b b;,,/“m-%—l 2 Am+1

m [ Gmt1

The lower bound (44) thus follows, in fact with the better numerical constant %[3 ~2.72. Il

4.3. Completing the proof.

Proof of Theorem 1. Let N = Z,f:()l brqi be the Ostrowski expansion of a nonnegative integer, and let
N* = Zf;ol biqx with b} = L%ak+1J~ Noting that F(N*) = 0 for all k, from Proposition 13 we get

K—1 K
log Py () — log Py+() =log Uy —log Uy= — Y Fe(N)+ Or( Y — |+ 0q(1),
ay
k=ko k=1
where Fi(N) > 0 for all k, and Fy(N) = 0 for all k such that by < (1 —7)ak+1.

Let us now successively apply projections to N in two rounds, as described in Section 4.2: the first
round consists of regularizing projections in increasing order of the indices kg <k < K — 1, and the second
round consists of optimizing projections in increasing order of the indices. This way N is transformed into
the integer ZI;O;OI brqr + f:_k(l) biqk. Since Uy does not depend on the first kg Ostrowski coefficients,
Proposition 15 allows us to write log Uy+ —log Uy = Zf:_kl (d,ieg(N) + d,?pt(N)), and hence

K—1 K

1, O] 1
log Py () —log Py+(@) = = _(d*(N) +d," (N) + Fi(N)) + Or ( > Z) + Ou(1).
k=ko k=1

Here d,ieg(N ) resp. d,?p ‘(N) describe the effect of the regularizing resp. optimizing projection with respect
to the index k, and by Proposition 15, they satisfy the following for all kg <k < K —1:

(i) If by < (1 — 87)ay+1, then d; 5(N) = 0.
(ii) If b > (1 = 87) a1, then d*(N) = —Or (1/ar41) — O (1/q0).
(iii) If by < (1 — 87)ax11, then
|bk — by

ont bi [ax+1
d” = a4 / log |2 sin(x)| dx + 0T<
b k41

k/k-+1

+ I{b<0.01a41) 10g ak+1) + Oq(1/q1).
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0 by — b})?
(iv) 4™ (N) = 02326% = Or(1/ax+1) — Ou(1/q1).
—+

(v) If by = b}, then &' (N) = 0

Note that if by > (1 — d7)ai41, then by is first projected to b;* as defined in (42), and then to bj.
Proposition 15(ii) thus yields property (iv) with b7 in place of b;. Choosing 67 small enough, property (iv)
also holds as stated with an arbitrarily smaller numerical constant. Observe also that the special value
of b;* in the case a4 = 2 does not cause any problem.

It follows that we can introduce small error terms &, (N) = Or(1/ax+1) 4+ Oy (1/gx) such that di(N) :=
dE(N) +dP (N) + Fi(N) +&(N) satisfies di (N) > 0.2326(by — b?)? /ag 4 for all kg < k < K — 1 with
equality if by = b, and also

by /ax+1

|br. — by

Ai+1

d(N) = ais /

bic/ag+1

log|2 sin(zrx)|dx 4+ O ( + I{p<0.01a14,) 108 ak+1)

for all kg < k < K — 1 such that by < (1 — §7)ax1. Since the contribution of the error terms & (N) is
negligible, we also have
K—1 K {
log Py (ar) —log Py+(a) = — Y " d(N) + O ( > %) + 04 (1).
k=ko k=1
Finally, introduce di(N), 0 < k < kg, in any way which satisfies the desired properties, and observe that
ko ! o A (N) = Og(1). This concludes the proof of Theorem 1. O

5. Proof of Theorem 2

Note that (11) follows directly from Theorem 1, in particular from di (N) > 0; alternatively, it also follows
from taking the limit in (10) as ¢ — oo. It will thus be enough to prove (10).

The main idea of the proof is that if we choose an integer N randomly from the interval 0 < N < gk,
then its Ostrowski coefficients by, 0 < k < K — 1, are almost independent random variables, close to
being uniformly distributed on {0, 1, ..., ar+1}. As a Gaussian tail estimate will show, the coefficients
b —b}| > \/ar+1 log ai+1 have negligible contribution. By Theorem 1, and in particular (9), we thus have

qx—1 a;  ar ag K—1 .
Z Pr(@)” ~ Z Z > PN*(a)CexP(—Z ﬂ\fc (b — D) )

a
—0b,=0  bg_1=0 k=0 k+1
n\/_cn
~ Py« ()¢ l_[ Zexp Y
a
k=0 nez k+1

K1 g
k+1
~ Py«(a)¢ ,
,E) V3¢

which explains the main term in (10). We now give the formal proof.
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Proof of Theorem 2. Let ¢ > 0.01, and consider the intervals

Jr =10,0.99q;+11N [b;: — Ik, bz +r]NZ,

rk:IO\/ "C“ 0g<%+2)

First, we prove the lower bound in (10). Note that for any b = (bg, by, ..., bx—_1) € Jox Jy X+ X Jx_1,

where

the expression N; = Zf:_ol brgy is the Ostrowski expansion of an integer 0 < Nj, < g ; moreover, we
obtain each integer at most once. We wish to apply Theorem 1 to N, and simply discard all other integers
in [0, gk ) not of this form. Since for all b; € J; we have

e = bl | b —bi* o log! @y /e+2) | log¥ (e /c+2)
+1 ai,, clralh e

Theorem 1 and (9) yield

K-1 “ K

B ) ( ( ( 1 )) )

P A = P« — . o E C+ - + 00( 1 .
N, (@) = P+ (@) GXP( 1?:0 > = exp| Or kEZI ket o (D

Consequently,

qgr—1 1/c 1/c
log( > PN(a)C) > log( > PN,,<a)C)
N=0

IZEJOXJl XX Jg_1

K-1 _ h*\2
zlogPN*(oz)+%log Z exp( Zﬂ\/_c (bk b))

a
bedox Ji xx Tk -1 k=0 k+1

X 1
- OT(Z(Ek,C + —)) — 0u (D).
k=1 %

The sum over b factors:

M avBe be-bp?\ KA nfc (e = b))
D e e =1 2 ex -
bedox Ji x-x Jk 1 k=0 k+1 k=0 bredy ket

Now let A > 0O be a large universal constant, to be chosen. We establish a lower bound in each of the
cases ag+1/c > A and ag4/c < A separately. First, assume that a;;/c > A. We then have

k+1 A+1 Ak+1 dk+1
—10 2 _s
"k / c °g< . )— 10000¢ — 100
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provided that A > 0 is large enough. In particular, [b} — ri, b; +ri] C [0, 0.99a441]. It is now easy to

see that
/3¢ (b —b})? —7/3cn?
ZGXP T > Z exp o
bredi Ahet1 — Ik <n=rg At
'k _ 3 2
=f exp(M>dx+0(l)
—TIk 2ak+1
2ay.41
+0(),
V3
and so
by — b})? 1 2 1
—logZex ( nfc (bx — by) ) 1 jog 2kt 0(_)
beedi Aj+1 «/_ 3¢ A +1

in the case ai41/c > A. If a;1/c < A, then by noting that b; € Ji, the left-hand side of the previous
formula is nonnegative, and thus the previous formula remains true. Altogether we obtain the lower bound

gk —1 1/c 1 K 2a; K 1
1 P ¢ > log Py~ — log— -0 E — )] — Oy(1).
og(Z N(a)) > log N<a>+2620gﬁc T(k;( k,c+ak)) o (1)

N=0 k=1

Next, we prove the upper bound in (10). Applying Theorem 1 to all 0 < N < gg, we get

qr—1 1/c 1 gr—1 K—1 K 1
1 P ¢ =log Py+ + —1 — dy (N (0] — O,(1).
og(}é N(a)) og Py ogZexp( cng i ))+ T<;ak)+ e

For the sake of readability, note that 0.2326 > % Letting

7V3 (x—bp)?

if x € Jg,
_ 2 A+1
(x _bk) .
=Tk if x & J,
Sak+1

we have dy(N) > g (by) — Or (Ex ). Hence, by extending the range of summation,

gk —1 1/c K-1 K
: 1
log< > PN(oo‘) <log Py« +_log ) | exp(—c > gk<bk>> - 0T<Z(Ek o+ o )) + O (1).
N=0 be7X k=0 k=1
The sum over b factors again:
] K—1 ! K—1
log ) exp( c gk<bk>) oD log Zexp( cgk(bk>)
bezk k=0 k=0  breZ
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Now let B > 0 be a large universal constant, to be chosen. Assume first that a;1/c > B. Then, as before,
(b} —ri, b + 1] C [0, 0.99a441] provided that B > 0 is large enough. Therefore

— b2 _ *\2
> exp(—cab) = Y exP<_”*/§C.(bk bo) ) Py exp(_cwk bk>>

breZ |bk7b,f|§rk 2 ak+l ‘bk*b:‘>rk 5ak+l
00 _ 3 2 2
5/ exp(ﬂ)dx—i—/ exp< - )dx—i—O(l)
—o0 2ay.41 (=00, —=r)U(rx,00) Sajt1
2ay41
+ 0(1),
V3

and consequently

1 1 2ap41 1
—lo exp(—cgr(by)) < —1lo + 0( )
c gbk% pics 2c & V3e Ak+1

If ag41/c < B, then simply using g (br) > (b — b;f)2 /(Sai+1) we similarly deduce that the left-hand side
of the previous formula is < O(1/c); consequently, the previous formula remains true. Altogether we
obtain the upper bound

gk —1 1/c 1 K 2a, K 1
lo P (a)‘) <log Py«(a) + — Y log——+0 ( (Ek, +—))+0 (1).
g< Z N g LN 2 ; g «/§C T ; c ar o

N=0
This concludes the proof of (10). O

6. Proof of Theorem 3

In this section we estimate Py=(a). By Proposition 13 it is enough to consider Up+; in particular, we will
need to estimate

bi—1 b1
logue(N*) = Y log|2sin(w (bgellgeer]| +ex(N*))| + > Vilbarllgearll +ex(N*)
b=1 b=0

+log (27 (biqrllgret || + ex (N*))).

The first sum can be handled with a straightforward application of a second-order Euler—Maclaurin
formula. Since it provides an elementary explanation for the appearance of the constant Vol(4), we
include a detailed proof in Lemma 17 below. An estimate for the second sum follows from Lemma 8(iii);
Theorem 3 will then be an immediate corollary.

We now give a formal proof. We will need the value of the integrals

* By({x}) 1 F(é)
/1 G—s/6r T3 T8 g5z (49)
and s
f 2({2)5}) dx = _1_1 +10g(21/2n1/2), 50)
1 X 12
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where By(x) = 2x2 — 2x + 5 s the second Bernoulli polynomial, and I is the gamma function. Indeed,
by Stirling’s formula for the gamma function,

+
Zlog —2) =log (I’?(—)) =(n—2)log(n—2) — (n—2) +log /2 (n—2) —log '(}) + o(1).
6
On the other hand, applying a second-order Euler—Maclaurin formula we get
n n n B
ot )= [ oate 1) e+ el 5) e+ (10— )+ [ P2
k=1 x—3

and by comparing the asymptotics as n — oo in the previous formulas, (49) follows; the proof of (50) is
analogous.

Lemma 17. Let N* = Zf 01 biqrx with b} = L%akHJ- Forany0 <k <K —2,

bi—1
> " log|2sin(7 (bgillqret || + ex(N*))]
b=1
_ Vol(4y) 1y 0F st — T' () +0( 1 +1+logak+1)
dngillqrell 3 08 o) a1 a2 )
whereas fork = K — 1,
%] Vol(4)) 1 s
Y log[2sin(m (baxlgrer]| + ex(N*)) | = + 3 logax + 0 —
pa— mqk-1llgx-1a] ag

Proof. For the sake of readability, let f(x) = |2sin(wx)| and &; = & (N*). By the definition (12) of &;
and the construction of b}, for all 0 <k < K —2, we have

K-1

£k = i Z( DS ae+1||qza||+0(qk > ||Qea||) —2qcllgee |l + O (qiligis el
l=k+1 L=k+1
and, in particular,
S—k:_§+0(L)’ 51)
qrllgree | 6 Ag+2

whereas g _; = 0. Since b} gak+2, Lemma 6 also gives g llgre || + e > 1/(18ak+1).

k+1 —
Consider the following function F, along with its first and second derivatives:

F(x) =log f (xqkllqrall + &),

F'(x) = 7 cot(mw (xgx llgree || + €1)) g llgree |,
m2q ket

sin® (7 (xqe [l gree | + €6))

F”(x) - _
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Applying a second-order Euler—-Maclaurin formula, we get

bi—1

b1 Fb:—1)+FQ1) F@®»—1)—-F(1 b1
Z F(b):fl F(x)dx+ (O 2)+ ( )+ (bi 1; ( )_/1 F"(x)By({x}) dx. (52)
b=1

First, we estimate the main term
by—1
/ F(x)dx =
1

Here by construction (b} — gy |lgret|| + &x = % + O(1/ag41). Since log f(%) =0, the error of replacing

(b =D llqeecll+x
/ log f(y)dy.
q

qrllgre |l J gengeall+ex

the upper limit of integration by % is negligible:

5
1 6 1
_— / logf(y)dy'<< —.
grllgrell | Jor —1)gi gl +e Ae+1
The effect of replacing the lower limit of integration by O is
1 gk llgrel|+ex 1 gk llgrel|+ex 1
| log f(y)dy = | log(27y) dy + O (2—)
qrllgree|l Jo grllgree|l Jo Ay

1
) (log27 (gxllgrerll + 1)) — 1) 4+ O <2—)

Ay

&k
_ (1 4
qrllgra||

From the previous three formulas and (51) it follows that the main term in (52) is, forall 0 <k < K — 2,

bi-1 1 : 3a 1 1+loga
/ F(x)dx = f log £(»)dy + + + 1 log 2%+ 4 0( + g "“), (53)
! arllgeell Jo 6 6 T Ajet 1 Aj42
whereas for k=K — 1,
b=l 1 : ax 1
/ F(x)dx:—/ log () dy—|—1+log—+0(—>. (54)
1 gk -t1llgg—1a|l Jo 2w ag

Next, consider the second and third terms in (52). It is easy to see that F(b; — 1) <« 1/ax41 and
F'(b; — 1) < 1/ax. Further,

1
F(1) =log f(qrllgroc|l + &) = log2m (gillgrec || + €x)) + O <a2—>
k+1

and using 7 cot(wry) =1/y+ O(|y]) on (O, %],
grllqrec || 1
F'(1) = 7 cot(m (qellgre || + ex))grlgret || = —————+ O —— ).
qrllgrall + ek iy

Hence, by (51), for 0 <k < K —2 we have
Fbi—1)+F{ F'br—-1)—-F'(1 1 1 3 1 1
by =D+ F() by —1 ()= ak+1+0< > (55)

S
2 + 12 27 2%, wn T an
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whereas fork =K — 1,

F(bx_ —D+F1) Fbg_—1)—F(1) 1 1 ag 1
=————log—+0|— ). 56
2 + 12 n 2%t <a > (56)
Finally, consider the last term in (52). Using 7% /sin*(ry) = 1/y> + O(1) on (0, 2],
br—1 bi—1 B 1
[ B - () gy 0(—).
1 1 (x +er/(grligre ) k41
Therefore, by (51) and the improper integrals (49) and (50), for all 0 < k < K —2 we have
b=l | T'(¢) 1 1
— F"(x)By({x}) dx = 5 —log . + 0( + ) (57)
f1 3 25/6313 172 Ak+1 Qg2
whereas for k=K — 1,
Pkl 11 12172 1
—/ F"(x)By({x}) dx = —— +1log(2'?7'*y+ 0 — ). (58)
1 12 a[(
We have thus estimated all terms in (52). The claim for 0 <k < K — 2 follows from (53), (55) and (57),
whereas the claim for k = K — 1 follows from (54), (56) and (58). Il

Proof of Theorem 3. Let g = e, (N*). Applying Proposition 13 and noting that Fy (N*) =0 for all £k we get

K—1b;—1 K—1bf—1
log Py+(@) =y Y log|2sin(r (bgrlgrerll + e+ Y Y Vi(barllgrell + 1)
k=0 b=1 k=0 b=0
K—-1 K 1
+ ; Tipy=1y log r (b llqree | + &) + or<; a) + Oy (1).

Note that /p>1} = l{g,,>2- The first sum was evaluated in Lemma 17. We can estimate the second sum
by interpreting it as a Riemann sum and using Lemma 8(iii). Note that the endpoints are & = O (1/a+1)
and (b} — Dk llgree|l +&x = % + O(1/ag41). Since the points bgy||gra|| + & for b =0, 1, ..., b — 1 lie
in the interval [—(1—1/(e” 42)), 2], and since by Lemma 8 the function Vj is monotonically decreasing
and satisfies | Vi (x)| <7 (1 +logay)/ax+1 on this interval, we have

br—1

> Vilbgrllgeerll + &)

b=0 s
1 6 1+1loga
= / vk<x>dx+or(—g ")
qrllgrell Jo Akt

s
6 (1 1+1 _ 1+1 1
=/6(loga—k——( +x))dx+0r( +loglax lak)-i- + 0gak)+0a(—>
0 2 T'(14+x) ag Ak+1 qk+1

1+ log(ay— 141 1
= Jog 2 —logI'(1+ §) + OT( tlogla-rar) | 1+ Oga") + 00,(—).
6 °2m 6 a Ajet-1 Gi+1
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Clearly,

5 1
Lipr=1y logRm (b qrllqra |l + &x)) = 10g<5 277) + OT( )
A1

Summing over 0 < k < K — 1, from the previous two formulas and Lemma 17 we get

log Py+(a0) = Vol(41) Z

K
0g ay 1+—loga1< K log —=— log ay
qknqkan ; " (2 )5/6 Z

Ii 1 +log(axak+1)

—i—K(—g10g(2n’)—10g1"(1+g)+log(%-2n>)+07( e )+00,(1).

Observe that with a remarkable cancellation the coefficient of K vanishes. Indeed, by Euler’s reflection
formula I'(x)I"' (1 — x) = 7 /sin(rx) we have F(%)F(%) =2, and hence

')
(2 )5/6

_ %10g(27r) —log F(l + %) +log(% -27r) =0. (59)

The previous formula for log Py+(c) thus simplifies to

log Py+(a0) = Vol(41) Z

1 K K 1 +log(axay1)
Z 0 Z kQk+1 ;
QkHQk‘X” z log T( - ) all).
k:1

a
k=1 k+1

Using, for example, property (iii) of continued fractions in Section 3.1, we see that here 1/(gx|lgrx|) =
ar+1+ O(1/ax + 1/ar42), and the claim follows. O

7. Proof of Theorems 4 and 5

7.1. Quadratic irrationals. In this section we estimate the limit functions of P, (c, (—=D¥x/qy) for a
given quadratic irrational «. In order to make our estimates uniform on the interval of interest (—1, 1),

we isolate the singularities at x = —1 and 1. To this end, let us introduce the modified cotangent sum
. n(—1)*p +x
Vi = ) sm(nnuqkau/qk)cot(n— :
1<n<qi—1, k
n#EGk—1,9k —qk—1
Observe that by excluding n = gx_; resp. n = qx — qx—1, we avoid n(—1)*p;y = —1 (mod ¢;) resp.

n(=1k pr =1 (mod gi). In particular, V;*(x) does not have a singularity on (-2, 2). The evaluation in
Lemma 8(iii) has a perfect analogue for V" (x).

Lemma 18. Assume (6). For any k > 4 and any x € (=2, 2),

= Og
gk llgre |l 2r T'Q2+x)

ViE(x) a. T'Q2+x) O(T+10g(aklak)

_ O, (1 .
2 xDax )+ (/a0
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Proof. Following the proof of Lemma 8 with obvious modifications, we get

n n(=D*px +x a|3gx lo
Vi =mlgal Y —c0t<n—( S P >+0(—”"" P qu),

t<neg_1. Gk 2— x|
N#Qk—1,qk—qk—1
It remains to prove
—1)k
C;:(x) = Z l Cot(nm>

l<n=gi—1, qk gk

N#qk—1,qk—qk—1

(—D*q a  T'2+x) T + log(ax—1ax)

= log — — (0] O, (D). 60

- 8o T Tern a—xpa ) T 0D (60)

From Lemma 7 we obtain

g1 kI _ 1k
Ci(0) = Z lcot(n@> - Mcot(yr( D ) Ll cot(n( D) )

= @ qk qk qk qk qk
—1)k a T +log(ay_1a
_( )Qk(log_k+y_1+0( glak—1 k)))+0a(1)’
T 21 ai

where y = —I"/(1)/ I’(1) is the Euler-Mascheroni constant. Note that we used cot(rr/qx) = g /7 + O(1)
and that gx_1/qr < 1/ax is negligible. Following the proof of Lemma 7 with obvious modifications (note
that excluding n = gx—1 and n = g — qx— corresponds to excluding @ = £1), we get that the derivative
of C;(x) satisfies

(o.¢]

v (=DFg 1 qr(1+logar)
Cew=—q Z(a+x>2+0(<2—|x|>2ak )

a=2

By integrating,

_1)k+1 00
i —cpo =S 31 L) oSl EA))

a a-+x (2 — |xDak
—)k+! I'2+x 1+loga
_ =D ‘Ik(y_1+ ( )+0< gk>>’
b4 r'e+x) 2 —|xag
and (60) for general x € (—2, 2) follows. O

Next, let us introduce the appropriately modified version of By ps(x) from (27): for any integers k > 1
and 0 < M < g, let

P} (a, (=D x/qr) _
Py (pe/qr, (—D¥x/qx)

—1)k
By (1) = log HED D),

> sin(nnqkan/qk)cot(n
dk

1<n<M,
NFEQk—1,qk —qk—1
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where

’

Py, (—Df'x/gy = ]  |2sin(x(e +(—1D*x/q0)
1<n<M,
N#Eqk—1,qk—qk—1

and P} (pi/qk, (—1)¥x/qy) is defined analogously.

Proposition 19. Let k > 1 and 0 < M < gy be integers, and assume that qi||lqre|] < 2(1 — ¢x) and
=2 <x <2—qllgrx|l/(1 — cx) with some 100/q,3 <cx < 1. Then

log(4/ck) < B, () <C
2- |x|)2“1%+1 ’ al%ﬂ%
with a universal constant C > 0.
Proof. This is an obvious modification of the proof of Proposition 11(i). U
Proof of Theorem 4. Let a = [ag; ay, . .., Gk, Qg1 - - - » Ao+ p| be @ quadratic irrational, and assume that

max|<,<p(logag,+r)/ar,+r+1 < T with some constant 7 > 1. From Corollary 10 we deduce
log Py, (or, (—D)*x /)
) [sin(rx)]
=log| |2 sin(m (lgrex || + x/qx)) | —————
[sin(x /qi)|
Ly 0s |sin( (noe + (= D)¥x /q0))|
\ |sin(w (npr/qi + (= D¥x/qi))|

ne{qr—1,qk—qr—1

+ Vix)+ B,’;qk_l(x). (61)

Recall from the proof of Lemma 6 that g ||gra|| < 1 —1/(e’ +2). Applying Proposition 19 with ¢; =
1/(eT +2) < % we thus obtain that for all [x| < max{1, 2—2/ax+} and all large enough k (in terms of T'),

Bf _(0)<K<————.
Pt < G,
Applying Lemma 18, formula (61) thus simplifies to

log Py, (er, (—=1)"x/qe)

= log(|2 sin(w (||gre | +X/Qk))|M>
|sin(x /qi)|
Z log ‘sin(n(noz + (—l)kx/Qk))|
‘sin(n(npk/CIk + (—1)kx/61k))|
(T + log(ax—1ax)
Q= IxDararsr - |x])2az,,

N ay F’(Z—i—x))

+ o log — —
CIk”q}c ||( g ) Q2 )
nel{qre—1,9k—qk—1}

) + O0u(1/q1).  (62)

We now let k — oo along the arithmetic progression pN + kg + r, and claim that every term in (62)
(except the first error term) converges. Indeed, we clearly have g ||gr|| — C, and gx—1|qre|| — D,
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with some constants C,, D, > 0 depending on «. The limit of the first term in (62) is

C
)_> log<|2sin(nx)| : ‘1+—’

o)

|sin(x)]
Isin(rwx/qi)|

Using trigonometric identities, we once again write

10g<|2 sin(z ([l greell 4 x/qx)) |

|sin(7r(na + (—l)kx/Qk))|
[sin(7 (i /i + (= 1x/q10)) |

= |1 +x, + yn|
with

Xy :=cos(mn(o — pr/qr)) — 1 =cos(mnllgrall /qr) — 1
and

Y 1= sin(nllgrell /qi) cot(m (n(—1)* pe/qi + x/qr)).

For both n = g¢—; and n = g — qx—1 we have x,, — 0. For n = g1,

: D
Vg = $InCT g1 lIgrerll /i) cot(er (v = 1) /qi) = —

whereas for n = q; — qi—1,

C,—D,

Yo—ginr = ST (e — qi—llgeetll/qe) cotr (x + 1)/qic) > ———

Note that we used cot(ry) = 1/(mry) + O(1) as y — 0. Therefore the limit of the second term in (62) is

i + (= DF D C.,—D
Z lo I|sm(n(no¢ D xk/qk))| — log|l + —— '—{—log 1+ 4
ne{qr-1,9x—qk-1} }Sm(nmpk/% +(=D x/Qk))| x—1 x+1
From (62) we thus get that for all |x| < max{l, 2 —2/ax,+r+1},
. Cr Dr r Dr
log G, ,(x) =log| |2sin(wx)|- |14+ —| ) +log|l + —— |+ log|1 +
’ X x—1 +1
+ ¢, 1og Ako+r "2 +x) +0 T +10g(ako+r—lako+r) T
" 2t TQ+x) Q@ — [xDarytrargri1 (2 —|x])2a; ’
o+r&kotr+ ko+r+1

as claimed. O
7.2. Well approximable irrationals.
Proof of Theorem 5. Let o be such that sup,...; ax = co. It will be enough to prove that

Py (o, (=D*x/qi, e V@ — |25in(rx)| locally uniformly on R (63)

for any increasing sequence of positive integers k,, such that a;, 1 — 00 as m — oo; recall that Vi (x)
was defined in (24). Indeed, under the stronger assumption

1 +logmaxj<¢<i, ae

—0 as m— o0,
ak,,+1
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we have V;, (0) — 0 by Lemma 8(ii), and thus (63) holds without the factor e~V as claimed. If in
addition (1 +logay)/akg+1 — O (in particular, ax4; — 00), then V;(0) — 0 by Lemma 8(iii), and (63)
follows without the factor e~V © along the full sequence k,, = m, as claimed.

Fix a large integer A > 0, and let us prove that the convergence in (63) is uniform on [—A, A]. Let

S=S8r={1<n<gqr—1:npy=a (mod gx) with some integer 0 < |a| < A},

and let us introduce the modified cotangent sum

n(—l)kpk—i-x)

Vi@ = Y. sin(nnnqkan/qk)cot(n "

I<n=qr—1,
n¢gS

Note that V;**(x) does not have a singularity on (—A — 1, A+ 1). Following the steps in Section 7.1 with
obvious modifications (see (61)), we get

log Py, (e, (—D*x/qp)

|sin(x)| >+Z |sin (7 (o + (= D¥x /qp))|
|sin(rrx/qp)| !sm T (npi/qr + (— l)kx/qk))!

(x) + Bk e 1 ().

= log(IZ sin(n(IIQkOlH —i—x/qk))

Here B,ff’:]k_l (x) is the perfect analogue of B,j’ ] (x) in (61), and satisfies

1
|quk l(x)|<< _7 xe[_AvA]v
k+1
by an obviously modified form of Proposition 19 with ¢, = % Following the steps in the proof of Lemma 8,
it is easy to see that the derivative of V;**(x) satisfies |V;**'(x)| < 1/ax41 on [—A, A]. Therefore for
any x € [—A, A],

Vit (x) = Vi(0) + 0( A )
Af+1

1k
= V(0 = Y sinGrallgeell/q) cot(nm> +0 <i>

dk A1

(i)l +as)
cotlm— )| +
qk Af+1

nes

= Vi(0)+ 0( > el

O<la|<A

A
= Vi (0) + 0( )
Ak+1

By the previous three formulas and the usual trigonometric identities,

_ . sin(7r o +x
Py (@, (=1 x/goe"© = [2singr 2R /””‘))'(1‘[|1+xn+yn|>e0“‘/“k+‘>
Isin(x /qi)|

nes
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uniformly on [—A, A], where

X, i=cos(n(a — pi/qr)) — 1 = cos(mnllqrall/qr) — 1
and

Yo := sin(nllgrell/gi) cot(m (n(= D" pi/qi +x /qn)-
To see (63), it will thus be enough to prove that

12 sinGr)| SR gkl +x/qi))| [T11+ %+ yal = [2sinGrx)|  uniformly on [~A, A] ~ (64)

Isin(7r x/q1)|

nes
along any subsequence k = k,, such that a;, 1 — oo.
First, let x € [-A, AN\ UL _,(a — 145. @ + 155)- Then

Isin(m (|l gre|l +x/qi))| 1 qrllgre||
. ~ + b
Isin(rx /qp)| X

as well as

IXn| < llgrall® < 1arsr and |y, | <a 1/ags1,

all uniformly in x. Hence

Isin(r (|lgre|l +x/qi))| ( ( 1 ))
M4+x,+y,|~[1+0| —
1_[ 0<1|a_|[§A

Isin(x /qy)| nes k41

1
Ak+1

uniformly in x. Thus the convergence in (64) is indeed uniform on [—A, A]\ U?:_ A(a — ﬁ, a—+ ﬁ).

1
o)
Af+1

Next, let x € (a — ﬁ, a—+ 11W) with some 0 < |a| < A. Then

, _ 1 1
2sin(rx)| [ [ 114 %0+ yal = 2sinGro)| - 1+ 0 ———— )| [] (1+0a(—
nes |x —alagy 0<ld Af+1
<la’|<A
a'#a
, 1
=|2sin(wx)| + Ol — |,
Ai+1

uniformly in x € (a — ﬁ, a+ W%o); indeed, |sin(zx)|/|x —a| < 1 follows from the fact that |sin(;rx)| has
a zero at every integer. Therefore the convergence in (64) is also uniform on (a — W%o’ a+ ﬁ). Finally,
let x € (—fm, ﬁ). Then

sin(rr 1
2sinGro| 20Nkl + X/l sin(rrx)l(l + —q"”q"“”) = |2sin(x)| + 0(—),
Isin(x /qi)| x Ajet1
uniformly in x € (—m, ﬁ). Therefore the convergence in (64) is uniform on (—m, Wlo)' This finishes

the proof of (64). O
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