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On Héthelyi—Kiilshammer’s conjecture
for principal blocks

Nguyen Ngoc Hung and A. A. Schaeffer Fry

We prove that the number of irreducible ordinary characters in the principal p-block of a finite group
G of order divisible by p is always at least 2¢/p — 1. This confirms a conjecture of Héthelyi and
Kiilshammer (2000) for principal blocks and provides an affirmative answer to Brauer’s problem 21 (1963)
for principal blocks of bounded defect. Our proof relies on recent works of Mar6ti (2016) and Malle and
Maréti (2016) on bounding the conjugacy class number and the number of p’-degree irreducible characters
of finite groups, earlier works of Broué, Malle and Michel (1993) and Cabanes and Enguehard (2004) on
the distribution of characters into unipotent blocks and e-Harish-Chandra series of finite reductive groups,
and known cases of the Alperin-McKay conjecture.

1. Introduction

Bounding the number k(G) of conjugacy classes of a finite group G in terms of a certain invariant
associated to G is a fundamental problem in group representation theory. An equally important problem
in modular representation theory is to bound the number k(B) of ordinary irreducible characters in a
block B of G. It is not surprising that these two problems are closely related to each other. For instance,
the p-solvable case of the Brauer’s celebrated k(B)-conjecture [Brauer 1963, Problem 20], which asserts
that k(B) is bounded above by the order of a defect group for B, was known to be equivalent to the
coprime k(G V)-problem (by [Nagao 1962]), which in turn was eventually solved in [Gluck et al. 2004];
see also [Schmid 2007]. While there have been a number of results on upper bounds for k(B) [Brauer
and Feit 1959; Robinson 2004; Sambale 2017; Malle 2018], not much has been done on lower bounds.

Let p be a prime dividing the order of G. A result of Brauer [1942] on characters and blocks of groups
G of order divisible by p but not by p? implies that k(G) > 2./p — 1 for those groups, and the bound was
later conjectured to be true for all finite groups. After several partial results [Héthelyi and Kiilshammer
2000; 2003; Malle 2006; Keller 2009; Héthelyi et al. 2011], the conjecture was finally proved by Mard6ti
[2016]. In the proof of the conjecture for solvable groups, Héthelyi and Kiilshammer [2000] speculated
that “perhaps it is even true that k(B) > 2./p — 1 for every p-block B of positive defect, where k(B)
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denotes the number of irreducible ordinary characters in B”. Of course, they were aware of blocks of
defect zero, which have a unique irreducible ordinary character (whose degree has the same p-part as the
order of the group) and a unique irreducible Brauer character as well; see [Navarro 1998, Theorem 3.18].

The main aim of this paper is to confirm Héthelyi and Kiilshammer’s conjecture for principal blocks.
Throughout, we use By(G) to denote the principal p-block of G.

Theorem 1.1. Let G be a finite group and p a prime such that p | |G|. Then k(Byo(G)) > 2+/p — 1.

Problem 21 in Brauer’s famous list [1963] asks whether there exists a function f(g) on prime powers
g such that f(g) — oo for ¢ — oo and that k(B) > f(p?®) for every p-block B of defect d(B) > 0.
Our Theorem 1.1 provides an affirmative answer to this question for principal blocks of bounded defect.
See [Kiilshammer 1990] for more discussion on this problem.

One may expect to improve the bound in Theorem 1.1 when the power of p in |G| is large. Kovécs
and Leedham-Green [1986] constructed, for each odd prime p, a p-group P of order p? with k(P) =
(p? — p*>+ p +1)/2. Therefore, the bound k(By(G)) > 2./p — 1 cannot be replaced by k(By(G)) > p>,
for example, even when any given large power of p divided the group order.

Building upon the ideas of Maréti [2016] and the subsequent paper by Malle and Mar6ti [2016] on
bounding the number of p’-degree irreducible characters in a finite group, we observe that Héthelyi and
Kiilshammer’s conjecture for principal blocks essentially reduces to bounding the number of irreducible
ordinary characters in principal blocks of almost simple groups, as well as bounding the number of orbits
of irreducible characters in principal blocks of simple groups under the action of their automorphism

groups.

Theorem 1.2. Let S be a finite nonabelian simple group and p a prime such that p||S|. Let G be an
almost simple group with socle S such that p1|G/S|. Then:

(1) k(Bo(G)) = 24/p — 1. Moreover, k(By(G)) > 2/ p — 1 if S does not have cyclic Sylow p-subgroups.

(i1) Assume further that p > 11 and S does not have cyclic Sylow p-subgroups. Then the number of
Aut(S)-orbits on Trr(Bo(S)) is at least 2(p — 1)1/4.

As we will explain in the next section, Theorem 1.1 is a consequence of [Mard6ti 2016] and the well-
known Alperin—-McKay conjecture, which asserts that the number of irreducible characters of height 0 in
a block B of a finite group G coincides with the number of irreducible characters of height O in the Brauer
correspondent of B of the normalizer of a defect subgroup for B in G. We take advantage of the recent
advances on the conjecture in the proof of our results, particularly the fact that Spéth’s inductive Alperin—
McKay conditions hold for all p-blocks with cyclic defect groups [Spith 2013; Koshitani and Spith
2016]. This explains why simple groups with cyclic Sylow p-subgroups are excluded in Theorem 1.2(ii).
Additionally, we take advantage of recent results on the possible structure of defect groups of principal
blocks with few ordinary characters [Koshitani and Sakurai 2021; Rizo et al. 2021], and this explains
why the smaller values of p are excluded in Theorem 1.2(ii).
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Theorem 1.2 turns out to be straightforward for alternating groups or groups of Lie type in charac-
teristic p, but highly nontrivial for groups of Lie type in characteristic not equal to p. We make use of
Cabanes and Enguehard’s results [1994; 2004] on the distribution of characters into unipotent blocks
and Broué, Malle and Michel’s results [Broué et al. 1993] on the compatibility between the distributions
of unipotent characters into unipotent blocks and e-Harish-Chandra series to obtain a general bound for
the number of Aut(S)-orbits of characters in Irr(By(S)) in terms of certain data associated to S, for S a
simple group of Lie type, see Theorem 5.4. We hope this result will be useful in other purposes.

The next result classifies groups for which k(By(G)) is minimal in the sense of Theorem 1.1.

Theorem 1.3. Let G be a finite group and p a prime. Let P be a Sylow p-subgroup of G. Then
k(Bo(G)) =2+/p—1lifandonly if /p—1€Nand Ng(P)/O ,(Ng(P)) is isomorphic to the Frobenius
group Cp X C /7.

We remark that, in the situation of Theorem 1.3, the number of p’-degree irreducible characters in
By(G) is also equal to 24/p — 1. In general, if a p-block B of a finite group has an abelian defect group,
then every ordinary irreducible character of B has height zero. This is the “if direction” of Brauer’s
height-zero conjecture, which is now known to be true, thanks to the work of Kessar and Malle [2013].
Theorem 1.1 therefore implies that if P € Syl p(G) is abelian and nontrivial then ko(Bo(G)) > 2/p — 1,
where ko(B) denotes the number of height zero ordinary irreducible characters of a block B.

Theorems 1.1 and 1.3 are useful in the study of principal blocks with few height zero ordinary irreducible
characters. In fact, using them, we are able to show in [Hung et al. 2023] that ko(Bo(G)) = 3 if and
only if P = C3, and that ko(Bo(G)) =4 if and only if |P/P’| =4 or P = Cs and Ng(P)/0, (Ng(P))
is isomorphic to the dihedral group Djg. These results have been known only in the case p < 3; see
[Navarro et al. 2018, Theorems A and C].

The paper is organized as follows. In Section 2, we recall some known results on the Alperin—-McKay
conjecture and prove that our results follow when all the nonabelian composition factors of G have cyclic
Sylow p-subgroups. We also prove Theorem 1.2 for the sporadic simple groups and groups of Lie type
defined in characteristic p in Section 2. The alternating groups are treated in Section 3. Section 4 takes
care of the case when the Sylow p-subgroups of S are nonabelian. Sections 6, 7, and 8 are devoted to
proving Theorem 1.2 for simple groups of Lie type defined in characteristics different from p. To do so,
in Section 5, we prove a bound for the number of Aut(S)-orbits of characters in Irr(By(S)). Finally, we
finish the proofs of Theorems 1.1 and 1.3 in Section 9.

2. Some first observations

In this section we make some observations toward the proofs of the main results.

2A. The Alperin—-McKay conjecture. The well-known Alperin-McKay (AM) conjecture predicts that
the number of irreducible characters of height zero in a block B of a finite group G coincides with the
number of irreducible characters of height zero in the Brauer correspondent of B of the normalizer of a
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defect subgroup of B in G. For the principal blocks, the conjecture is equivalent to

kp (Bo(G)) = k;y (Bo(NG(P))),

where P is a Sylow p-subgroup of G and k,y (By(G)) denotes the number of p’-degree irreducible ordinary
characters in By(G).
On the other hand, if p | |G|, we have

kp (Bo(NG(P))) = kyy (Bo(NG(P)/P"))
= k(Bo(Ng(P)/P"))
=k(Bo((Ng(P)/P")/ 0,y (NG(P)/P")))
=k((Ng(P)/P")/ 0y (Ng(P)/P"))

szp_l’

where the first inequality follows from [Navarro 1998, page 137], the first equality follows from the
fact that every irreducible ordinary character of Ng(P)/P’ has p’-degree, the last two equalities follow
from [loc. cit., Theorem 9.9] and Fong’s theorem (see [loc. cit., Theorem 10.20]), and the last inequality
follows from [Maréti 2016]. Therefore, if the AM conjecture holds for G and p, then the number of
p’-degree irreducible ordinary characters in By(G) is bounded below by 2./p — 1.

From this, we see that Theorems 1.1 and 1.2(i) hold if the AM conjecture holds for (G, p). We now
prove that the same is true for Theorem 1.3. Note that the “if” implication of this theorem is clear.
Assume that the AM conjecture holds for By(G) and k(By(G)) = 2+/p — 1 for some prime p such that
/P —1€N. Then, as seen above, we have

2y p—1=k(Bo(G)) = k(NG(P)/P")/ 0y (NG(P)/P")) = 2/p—1,
implying
k((NG(P)/P")/0p(Ng(P)/P")) =2y/p—1,

and thus (Ng(P)/P')/ 0y (Ng(P)/P') is isomorphic to the Frobenius group C, x C /=, by [Maréti
2016, Theorem 1]. In particular, P/P" = C,, implying that P = C,, and hence it follows that
NG(P)/Opy(Ng(P)) is isomorphic to the Frobenius group Cp, x C /=, as wanted.

The AM conjecture is known to be true when G has a cyclic Sylow p-subgroup by Dade’s theory
[1966]. In fact, by [Spath 2013; Koshitani and Spéth 2016], the so-called inductive Alperin—-McKay
conditions are satisfied for all blocks with cyclic defect groups. Therefore, we have:

Lemma 2.1 (Koshitani—Spith). Let p be a prime. Assume that all the composition factors of a finite
group G have cyclic Sylow p-subgroups. Then the Alperin—-McKay conjecture holds for G and p, and
thus Theorems 1.1, 1.2(i), and 1.3 hold for G and p.

Note that the linear groups PSL,(g), the Suzuki groups 2B,(22/*1) and the Ree groups 2G,(3%/*1)
all have cyclic Sylow p-subgroups for odd p different from the defining characteristic of the group. So
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Theorem 1.2 automatically follows from Lemma 2.1 for these groups in characteristic not equal to p,
when p is odd.

2B. Small blocks. Blocks with a small number of ordinary characters have been studied significantly
in the literature. In particular, the possible structure of defect groups of principal blocks with at most 5
ordinary irreducible characters are now known; see [Brandt 1982; Belonogov 1990; Koshitani and Sakurai
2021; Rizo et al. 2021]. (B. Sambale informed us that he and S. Koshitani think that Belonogov’s work
[1990] for the case k(By) = 3 is not conclusive. However, this case has been recently reproved in [Koshitani
and Sakurai 2021, Section 3].) Using these results, we can easily confirm our results for p < 7. For
instance, to prove Theorems 1.1 and 1.2 for p = 7 it is enough to assume that k(By(G)) < 4, but by going
through the list of possible defect groups of By(G), we then have Sylp(G) €{l, Cp, C3,Cyrx Cy, C4, Cs},
which cannot happen. To prove Theorem 1.3 for p < 7 we note that if p =5 and k(By(G)) = 4 then
P =Cs;and if p =2 and k(By(G)) = 2 then P = C», in both of which cases P is cyclic, and thus the
result of Section 2A applies.
Therefore we will assume from now on that p > 11, unless stated otherwise.

2C. Sporadic groups and the Tits group. We remark that Theorem 1.2 can be confirmed directly using
[Conway et al. 1985; Jansen et al. 1995] or [GAP 2020] for sporadic simple groups and the Tits group.
Therefore, we are left with the alternating groups and groups of Lie type, which will be treated in the
subsequent sections.

2D. Groups of Lie type in characteristic p. Let S be a simple group of Lie type defined over the field
of g = p/ elements, where p is a prime and f a positive integer. According to results of Dagger and
Humphreys on defect groups of finite reductive groups in defining characteristic; see [Cabanes 2018,
Proposition 1.18 and Theorem 3.3] for instance, S has only two p-blocks. The only nonprincipal block is
a defect-zero block containing only the Steinberg character of S. Therefore,

k(Bo(S)) =k(S)—1.

Let G be a simple algebraic group of simply connected type and let F be a Steinberg endomorphism
on G such that S = X/Z(X), where X = G'. Assume that the rank of G is r. By a result of Steinberg
(see [Fulman and Guralnick 2012, Theorem 3.1]), X has at least g” semisimple conjugacy classes, and
thus k(X) > ¢”. It follows that

r

q —
|Z(X)]

k(Bo(S)) > )
which yields k(Bo(S)) > |q"/|Z(X)|]. Using the values of |Z(X)| and |Out(S)| available in [Conway
et al. 1985, page xvi], it is straightforward to check that |¢"/|Z(X)|] = 24/p — 1|Out(S)|, proving
Theorem 1.2 for the relevant S and p.
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3. Alternating groups

In this section we prove Theorem 1.2 for the alternating groups. The background on block theory of
symmetric and alternating groups can be found in [Olsson 1993] for instance.

The ordinary irreducible characters of S, are naturally labeled by partitions of n. Two characters are in
the same p-block if and only if their corresponding partitions have the same p-cores, which are obtained
from the partitions by successive removals of rim p-hooks until no p-hook is left. Therefore, p-blocks of
S, are in one-to-one correspondence with p-cores of partitions of n.

Let B be a p-block of S,,. The number k(B) of ordinary irreducible characters in B turns out to depend
only on p and the so-called weight of B, which is defined to be w(B) := (n — |u|)/p, where u is the
p-core corresponding to B under the aforementioned correspondence. In fact,

k(B) =k(p, w(B)) := Zwgwi....w,_ T (Wo)T(w1) - - - T(Wp-1),

where (wo, wy, ..., w,_1) runs through all p-tuples of nonnegative integers such that w(B) = Eip:_olwi

and 7 (x) is the number of partitions of x; see [Olsson 1993, Proposition 11.4]. Note that k(p, w(B)) is
precisely the number of p-tuples of partitions of w(B).

For the principal block By(S,,) of S,;, we have w(By(S,)) = |n/p], which is at least 1 by the assumption
p|1S|. It follows that

k(Bo(Sp) = k(p.)=p=2{/p—1.

Moreover, according to [Olsson 1992, Proposition 2.8], when p is odd and B is a block of A,, covered by
B, then B and B have the same number of irreducible ordinary characters (and indeed the same number
of irreducible Brauer characters as well). In particular, when p is odd, we have k(By(A,)) = k(By(S,)) >
24/p — 1, which proves Theorem 1.2(i) for the alternating groups.
For part (ii) of Theorem 1.2, recall that p > 11, and thus n > 11 and Aut(S) = S,,. The number of
S,-orbits on Irr(By(A,)) is at least 1 + (k(Bo(A,)) — 1)/2, which in turn is at least
p=1_p+l

1 =——>2p-DY4,
t— 5 >2(p—1

and this proves Theorem 1.2(ii) for the alternating groups.

4. Groups of Lie type: the nonabelian Sylow case

In this section, we let G be a simple algebraic group of adjoint type and F a Steinberg endomorphism on
G such that S = [G, G] where G := G’ Let £ be a prime different from p and assume g = ¢/ is the
absolute value of all eigenvalues of F' on the character group of an F-stable maximal torus of G. Recall
that we are assuming p > 11.

In this section we prove Theorem 1.2 for those S of Lie type in characteristic different from p such
that the Sylow p-subgroups of G are nonabelian.
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In that case, there are then more than one d € N such that p | ®,(g) with ®, dividing the order
polynomial of (G, F). Here, as usual, &, denotes the d-th cyclotomic polynomial. In fact, if there a
unique such d, then a Sylow p-subgroup of G is contained in a Sylow d-torus of (3, and hence is abelian;
see [Malle and Testerman 2011, Theorem 25.14].

Let e, (g) denote the multiplicative order of ¢ modulo p. Note that, by [Malle and Testerman 2011,
Lemma 25.13], p | ®4(q) if and only if d = e, (¢q) p' for some i > 0. Therefore, as there is more than one
d € N such that p | ®,4(q), we must have p | d for some d € N such that &, divides the order polynomial
of (G, F). The fact that p > 11 then rules out the cases when G is of exceptional type and thus we are left
with only the classical types. That is, G = PGL,(q), PGU,(q), SO2,+1(q), PCSp,, (¢), or P(COzin ().

For G =PGL,(q) or PGU, (g), we define e to be the smallest positive integer such that p | (g€ — (¢)¢)
(e =1 for linear groups and € = —1 for unitary groups), so that e = ¢,(g) when G = PGL,(gq) or
G=PGU,(g) and 4 |e,(q), e =¢,(q)/2 when G =PGU,(q) and 2 | e, (g) but 4fep(q), and e =2e,(q)
when G = PGU, (¢) and 21e,(g). For G = SO2,41(gq), PCSp,, (¢), or P(CO;EI(q))O, we define e to be
the smallest positive integer such that p | (¢g¢ == 1), so that e = e, (g) when e, (g) is odd and e = e,(q)/2
when e, (g) is even.

Let n = we +m where w and m are integers with 0 < m < e. We claim that p < w. To see this, first
assume that G = PGL,(¢). Then, as mentioned above, ep < n, which implies that ep < (w + 1)e, and
thus p < w. Next, assume that G = SOy,11(q), PCSp,, (¢), or P(CO;EH (q))o. If e =¢,(q) is odd, then
since p|(g°—1) and ged(g® —1,¢' + 1) <2 forevery i € N, we have p | (q/ — 1) for some e < j <n,
and it follows that ep < n, implying p < w. On the other hand, if 2e = e, (¢) is even then

2ep =e,(q)p <2n <2(w+ e,

which also implies that p < w. Finally, assume G = PGU,,(¢g). The case 4| e,(q) is argued as in the case
S =PGL,(q); the case 2 | e,(g) but 4{e,(q) is argued as in the case S = SO»,(¢) and 2| e,(q). For
the last case 2{e,,(¢q), we have ep/2 = e,(q) p, and in order for ®,,(¢)p to divide the generic order of
IPGU,(9)l, e,(q) p < n/2, and hence it follows that ep < n, which also implies that p < w. The claim is
fully proved.

Since p is good for G, by [Broué et al. 1993, Theorem 3.2] and [Cabanes and Enguehard 1994,
main theorem], the number of unipotent characters of G in the principal block By (G) is equal to k(W,) —
the number of irreducible complex characters of the relative Weyl group W, of a Sylow e,(q)-torus of G.
This W, is the wreath product C,:S,, when G is of type A and is a subgroup of index 1 or 2 of C.:S,,
when G is of type B, C, or D; see [Broué et al. 1993, Section 3A]. In any case, W, has a quotient S,,, so
we have that the number of unipotent characters in Irr(By(G)) is at least k(S,,) = 7w (w), which in turns is
at least w(p) as p < w. Since every unipotent character of G restricts irreducibly to S and Bo(G) covers
a unique block of S, it follows that the number of unipotent characters in Irr(By(S)) is at least 7 (p).

By a result of Lusztig (see [Malle 2008, Theorem 2.5]), every unipotent character of a simple group of
Lie type lies in a Aut(S)-orbit of length at most 3. (In fact, every Aut(S)-orbit on unipotent characters
of S has length 1 or 2, except when § = PQ;(q) whose graph automorphism of order 3 produces two
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orbits of length 3.) Therefore, together with the conclusion of the previous paragraph, we deduce that
the number of Aut(S)-orbits on Irr(By(S)) is at least w(p)/3. This bound is greater than 2,/p — 1 when
p > 11, as required.

5. A general bound for the number of Aut(S)-orbits on Irr(By(S))

The aim of this section is to obtain a general bound for the number of Aut(S)-orbits on irreducible
ordinary characters in the principal block of S, for § a simple group of Lie type.

S5A. Semisimple characters. Before continuing with our proof of Theorem 1.2 for groups of Lie type,
we recall some background on certain characters known as semisimple characters and the fact that they
fall into the principal block in a certain situation. Background on character theory of finite reductive
groups can be found in [Carter 1985; Cabanes and Enguehard 2004; Digne and Michel 1991]. Let G be a
connected reductive group defined over [, and F an associated Frobenius endomorphism on G. Let G*
be an algebraic group with a Frobenius endomorphism which, for simplicity, we denote by the same F,
such that (G, F) is in duality to (G*, F).

Let ¢ be a semisimple element of (G*)?. The rational Lusztig series £(GF, (¢)) associated to the
(G*)F-conjugacy class (¢) of ¢ is defined to be the set of irreducible characters of G occurring in some
Deligne—Lusztig character R? 6, where T is an F-stable maximal torus of G and 6 € Irr(T'¥) such that
(T, ) corresponds in duality to a pair (T*, s) with s € T* N (¢). Here we recall from [Digne and Michel
1991, Proposition 13.13] that there is a one-to-one duality correspondence between G ¥ -conjugacy classes
of pairs (T, 0), where T is an F-stable maximal torus of G and 0 € Irr(T¥), and the (G*) -conjugacy
classes of pairs (T*, s), where T* is dual to T and s € (T*)F.

We continue to let ¢ be a semisimple element of (G*)¥ and assume furthermore that Cg«(¢) is a
Levi subgroup of G*. Let G(¢) be an F-stable Levi subgroup of G in duality with Cg«(¢) and P be a
parabolic subgroup of G for which G () is the Levi complement. The twisted induction Rg(t)g p and
the multiplication by 7, a certain linear character of Irr(G (¢)*') naturally defined by ¢ (see [Cabanes and
Enguehard 2004, (8.19)]), then induce a bijection between the Lusztig series £(G(¢)7, 1) and £(GT, (1));
see [Cabanes and Enguehard 2004, Proposition 8.26 and Theorem 8.27]. In fact, for each 1 € £(G(1)F, 1),
one has

66 RG ) p(t1) € (G, (1)),
where gg := (—1)°© with o (G) the [F,-rank of G. Taking A to be trivial, we have the character
Xt = €686 RG 1y p(Tlgoyr) € E(GT, (1)),
which is often referred to as a semisimple character of G*, of degree
XM =1(GH": Caur @,

where £ is the defining characteristic of G; see [Digne and Michel 1991, Theorem 13.23].
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By [Cabanes and Enguehard 2004, Theorem 9.12], every element of Bo(G') lies in a Lusztig series
E(GT, (t)) where t is a p-element of G*F'. Hence one might ask which such 7 indeed produce semisimple
characters that contribute to the principal block. We will see in the following theorem that in a certain
nice situation which is indeed enough for our purpose, the centralizer Cg+(¢) is a Levi subgroup of G*,
and thus the semisimple character x ;) associated to (¢) is well-defined and belongs to Bo(GF).

Recall that a prime p is good for G if it does not divide the coefficients of the highest root of the root
system associated to G. The following result, mainly due to Hiss [1990, Corollary 3.4] and Cabanes and
Enguehard [2004, Theorem 21.13], will be very useful in later sections.

Theorem 5.1. Let (G, F) be a connected reductive group defined over [,. Let p be a prime not dividing q.
Let t be a p-element of G*F'. If Cg+(t) is connected and p is good for G, then the semisimple character
X € Ir(GT') belongs to the principal p-block of G¥. Also, if Z(G) is connected, then x () belongs to
the principal block of G .

We note that Theorem 5.1 can also be deduced from [Cabanes and Enguehard 1994, main theorem],
but with more restricted conditions on p.

Building on Theorem 5.1, we observe that the principal block of S contains many irreducible semisimple
characters. By controlling the length of Aut(S)-orbits on these characters, we are able to bound below
the number of Aut(S)-orbits on Irr(By(S)). The bound turns out to be enough to prove Theorem 1.2, at
least in the case when the Sylow p-subgroups of the group of inner and diagonal automorphisms of § are
abelian but non-cyclic, which is precisely the case we need after Sections 2A and 4.

5B. Specific setup for our purpose. For the rest of this section, we will work with the following setup:
G is a simple algebraic group of adjoint type defined over [, and F a Steinberg endomorphism on G
such that S = [G, G] with G = GF. Let (G*, F*) be the dual pair of (G, F) and for simplicity we will
use the same notation F for F*, and thus G* is a simple algebraic group of simply connected type and
S = G*/Z(G*), where G* := (G*)F.

Theorem 5.1 has the following consequence.

Lemma 5.2. Assume the above notation. Let p be a prime not dividing q. For every p-element t of G*,
the semisimple character x) € £(G, (t)) belongs to the principal block of G.

Proof. Since G* has connected center, the lemma follows from Theorem 5.1; see also [Bessenrodt et al.
2007, Lemma 3.1]. O

SC. Orbits of semisimple characters. Knowing that the semisimple characters x, € Irr(G) associated
to G*-conjugacy classes of p-elements all belong to By(G), we now wish to control the number of orbits
of the action of the automorphism group Aut(S) on these characters. By a result of Bonnafé [Navarro
et al. 2008, Section 2] (see also [Taylor 2018, Section 7]), this action turns out to be well-behaved.

Let o € Aut(G), which in our situation will be a product of a field automorphism and a graph
automorphism. It is easy to see that « then can be extended to a bijective morphism & : G — G such that
o commutes with F. This @ induces a bijective morphism &* : G* — G* which commutes with the dual
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of F. The restriction of &* to G*, which we denote by «*, is now an automorphism of G*. Recall that
o € Aut(G) induces a natural action on Irr(G) by x¢ := x oa L. By [Navarro et al. 2008, Section 2], o
maps the Lusztig series £(G, (¢)) of G associated to (¢) to the series £(G, («*(r))) associated to (a*(¢)).
Consequently,

X" = X@*@)» (5.1)

which means that an automorphism of G maps the semisimple character associated to a conjugacy class
(1) (of G*) to the semisimple character associated to («*(#)). Here we note that if Cg+(¢) is connected,
then Cg+(a*(¢)) is also connected.

Due to Section 4 and Section 2A, we may assume that the Sylow p-subgroups of G are abelian. Assume
for a moment that G is not of type 2By, 2G, or 2Fy. Then there is a unique positive integer e such that
p| ®.(q) and &, divides the generic order of G. (Recall that &, denotes the e-th cyclotomic polynomial.)
This e then must be the multiplicative order of ¢ modulo p, which means that p | (g€ — 1) but p{(g' — 1)
for every 0 < i < e. In the case where G is of type ’B,, 2G,, or *F,, what we just discussed still holds
with slight modification on e, ®,, and S,; see [Malle 2007, Section 8] for more details.

Let ®.(q) = p*m where gcd(p, m) =1 and dJlef" the precise power of @, dividing the generic order of
G. We will use k for k, for convenience if e is not specified. A Sylow e-torus of G* has order ®,(g)*
and contains a Sylow p-subgroup of G*. Sylow p-subgroups of G* (and G) are then isomorphic to

Cpe x Cpa x -+ - x Cpa;

k times

see [Malle and Testerman 2011, Theorem 25.14].
Assume that £ is the defining characteristic of S.

Lemma 5.3. Assume the above notation. Let a be a field automorphism of G. Each a-orbit on semisimple
characters x ) € Irr(G) associated to conjugacy classes of p-elements (p # £) of G* has length at most
pe— pl,

Proof. Let o* be an automorphism of G* constructed from « by the process described above. For
simplicity we use « for a*. By (5.1), it is enough to show that each «-orbit on G*-conjugacy classes of
(semisimple) p-elements of G* has length at most p¢ — p¢~!.

Let t € G* be a p-element. Note that each element in G* conjugate to ¢ under G* is automatically
conjugate to ¢ under G*, by [Digne and Michel 1991, (3.25)] and the fact that Cg+(¢) is connected. Let ¢
be conjugate to Ay, (A1) - - - hg, (An), Where the h,, are the coroots corresponding to a set of fundamental
roots with respect to a maximal torus 7* of G* and n is the rank of G*. Since G* is simply connected,
note that (t1, ..., ;) = hg,(t1) - - - hg, (t;) is an isomorphism from (F;)” to T*; see [Gorenstein et al.
1994, Theorem 1.12.5].

Now, if A = A; for some 1 < i < n, then APY =1, since [t| | p®. Recall that £ # p, and thus
et = (mod p“) by Euler’s totient theorem. It follows that )»NLPH = A, which yields that the
a-orbit on (7) is contained in {(¢), (x(?)), ..., (oz”a_pafl_l(t))}, as desired. O
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5D. A bound for the number of Aut(S)-orbits on Irr(By(S)). Let S, be a Sylow e-torus of G* and let
P C S, be Sylow p-subgroup of G*. Such P exists by [Malle and Testerman 2011, Theorem 25.14].
Let W(L,) denote the relative Weyl group of the centralizer L, := Cg+(S,) of S, in G*. Here we note
that L, is a minimal e-split Levi subgroup of G* and W (L,) = Ng«(S,)/Cs+(Se). By [Malle 2007,
Proposition 5.11], Ng+(S,) controls G*-fusion in Cg+(S,), and since P C S,, the number of conjugacy
classes of (nontrivial) p-elements of G* is at least

|Pl—1  p%—1
IW(L.)|  [W(L,)|’

Note that x() belongs to the Lusztig series £(G, (¢)) defined by the conjugacy class (¢) and the Lusztig
series are disjoint, and so two semisimple characters x() and x(,) are equal if and only if ¢ and #; are
conjugate in G*. Also, since G* has abelian Sylow p-subgroup, p is a good prime for G, by [Malle 2014,
Lemma 2.1]. Therefore, using Lemma 5.2, we deduce that

pak_l

|Irrss (BO(G))| = m,

(5.2)
where Irrgs (By(G)) denotes the set of (nontrivial) semisimple characters (associated to p-elements of G*)
in By(G). Let n(X, Y) denote the number of X-orbits on a set Y. Using Lemma 5.3, we then have

pak -1 . pk -1
g(p?— paHIW(L,)| ~ g(p— DIW(L)|’

where g is the order of the group of graph automorphisms of S. Let d := |G /S| — the order of the group

n(Aut(S), Irrgs (Bo(G))) =

of diagonal automorphisms of S and viewing the irreducible constituents of the restrictions of semisimple
characters of G to S as semisimple characters of S, we now have

k
pf—1
I’l(AUt(S), Irrss(BO(S))) = dg(p — l)|W(Le)| ‘

(5.3)

We note that values of d, f, and g for various families of simple groups are known; see [Conway et al.
1985, page xvi] for instance.

We now turn to unipotent characters in the principal block By(S). Broué, Malle and Michel [1993,
Theorem 3.2] partitioned the set £(G*, 1) of unipotent characters of G* into e-Harish-Chandra series
associated to e-cuspidal pairs of G*, and furthermore obtained one-to-one correspondences between
e-Harish-Chandra series and the irreducible characters of the relative Weyl groups of the e-cuspidal pairs
defining these series. Broué, Malle and Michel [1993, Theorem 5.24] then show that, when the Sylow
p-subgroups of G* is abelian, the partition of unipotent characters of G* by e-Harish-Chandra series is
compatible with the partition of unipotent characters by unipotent blocks; see [Cabanes and Enguehard
2004, Theorem 21.7] for a more general result. These results imply that the number of unipotent characters
in By(S) (and Bo(G*) as well) is the same as the number k(W (L,)) of conjugacy classes of the relative
Weyl group W(L,) with L, := Cg+(S.), where S, is a Sylow e-torus of G*, as mentioned above.
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By the aforementioned result of Lusztig (see [Malle 2008, Theorem 2.5] and also [Malle 2007,
Theorem 3.9] for the corrected version), every unipotent character of a simple group of Lie type lies in an
Aut(S)-orbit of length at most 3. In fact, every unipotent character of S is Aut(S)-invariant, except in the
following cases:

(1 S= PQ;H (g) (n even), the graph automorphism of order 2 has 0, (S) orbits of length 2, where 0, (S)
is the number of degenerate symbols of defect O and rank n parametrizing unipotent characters of S;
see [Carter 1985, page 471].

2) S= PQ;(q), the graph automorphism of order 3 has 03(S) = 2 orbits of length 3, each of which
contains one pair of characters parametrized by one degenerate symbol of defect 0 and rank 2 in (1).

3) S=3Sp, (27), the graph automorphism of order 2 has 0,(S) = 1 orbit of length 2.

(4) S = G»(3/), the graph automorphism of order 2 has 0,(S) = 1 orbit of length 2 on unipotent
characters.

(5) S = F4(27), the graph automorphism of order 2 has 0,(S) = 8 orbits of length 2 on unipotent
characters.

Combining this with the bound (5.3), we obtain:

Theorem 5.4. Let S be a simple group of Lie type (including Suzuki and Ree groups). Let p be a prime
different from the defining characteristic of S. Assume that Sylow p-subgroups of the group of inner and
diagonal automorphisms of S are abelian. Let k,d, f, g, and L, be as above and let n(S) denote the
number of Aut(S)-orbits on irreducible ordinary characters in By(S). Then

pt-1
dg(p—DIW(L,)|’
except possibly the above cases (1), (3), (4), and (5) in which the bound is lower by the number 0,(S) of

n(S) = k(W(L.))+

orbits of length 2 on unipotent characters and case (2) in which the bound is lower by 4.

We remark that when the Sylow p-subgroups of the group of inner and diagonal automorphisms of §
are furthermore noncyclic, then k > 2, and, away from those exceptions, we have a rougher bound

p+1

n(8) = k(W(L.)) + m,

(5.4)

but this turns out to be sufficient for our purpose in most cases.

6. Linear and unitary Groups

In this section, we let S = PSL; (¢), where p{q and € € {£1}. Here PSL{ (¢) := PSL,(g) in the case
€ =1 and PSU, (¢) in the case € = —1, and analogous for SL{ (¢), GL; (¢), and PGL; (¢). We further
let 7 :=q if e =1 and g := ¢ if ¢ = —1. Note that with our notation, SL; (¢) and GL;,(¢) are naturally
subgroups of SL,(g) and GL,(g), respectively.
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We are now ready to prove Theorem 1.2 in the case of linear and unitary groups. Since k(By(A)) is
bounded below by the number of A-orbits on Irr(By(S)) for any S < A < Aut(S), our strategy in most
cases will be to prove that there are more than 2,/p — 1 orbits under Aut(S) in Irr(By(S)), thus proving
parts (i) and (ii) of Theorem 1.2 simultaneously.

Proposition 6.1. Ler S =PSL (q) and let p1q be a prime. Then Theorem 1.2 holds for any almost simple
group A with socle S and pt|A/S|.

Proof. With the results of the previous sections, we may assume n > 3 and p > 11.

Write S = PSL{(¢), G = PGL{(¢q), G = GL{(¢), and G = SL%(g). Then we have G = [G, G|,
S=G/Z(G), and G = G/Z(G). From Section 4, we may assume that Sylow p-subgroups of G are
abelian, which implies that there is a unique e such that p | ®.(q) and ®, divides the generic order
polynomial of G. Here e must be e, (g), the multiplicative order of ¢ modulo p. Note that this also forces
pin by again appealing to [Malle and Testerman 2011, Lemma 25.13].

We will further define e := e, (g) and ¢’ as follows:

oo {é if e=1orife=—1and p [qé — (=1,
2¢ ife=—1and p|qg®+(—1)°.

To prove Theorem 1.2, our aim is to show that when a Sylow p-subgroup of § is not cyclic, then the
number of Aut(S)-orbits on Irr(By(S)) is larger than 2./p — 1.

Note that since pt ged(n, ¢ —€) = |Z(G)|, the irreducible characters in the principal block of S are
the same as those of G, under inflation; see [Navarro 1998, Theorem 9.9]. Similarly, if ¢/ > 1, then
pilg—e)=1Z (5)| and an analogous statement holds for G and G. Hence, we begin by studying Bo(é),
which will be sufficient for our purposes in the case ¢’ > 1.

Letn =we' +m with0 <m <e¢'. Set p® :=(G°—1),, > p. The case p < w was treated in Section 4, so
we assume that p > w. Note that by [Michler and Olsson 1983, Theorem 1.9], Bo(é) and Bo(GLS,, (¢))
have the same number of ordinary irreducible characters, so we may assume that n = we’. (Note that the
action of Aut(S) is analogous as well.)

Let F(p, a) denote the set of monic polynomials over [F; in the set .% defined in [Fong and Srinivasan
1982] whose roots have p-power order in I]_:; at most p?. Note that |[F(p,a)| =1+ (p* —1)/€’; see
[Michler and Olsson 1983, page 211].

The conjugacy classes (t) := 16 of p-elements in G are parametrized by p-weight vectors of w, which
are functions w := w¢ : F(p, a) = Z>o such that w = def(p’a) w(g). The characteristic polynomial
of elements in (¢) is

(x — l)e’w(x—l) l—[ gw(g)’

x—1#geF(p,a)
and the centralizer of ¢ is

Cz()=GLSy, (@ x [  GLL, @)
x—1£gEeF(p.a)

where n = € unless € = —1 and ¢’ = 2¢, in which case n = 1.
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Each character in the Lusztig series £ (5, t) is labeled by x; 4 where ¥ is a unipotent character of
Cz(t). So ¢y = ngf(p’a) V¢ where v/, is a unipotent character of GLi(g) (q¢) if g #x — 1 and of
GL¢wx—1)(q) if g =x — 1. Note that there is a canonical correspondence between unipotent characters of
GL)jCE (¢) and partitions of x, so we may view v, as a partition of w(g) when g # x — 1 and of ¢'w(x — 1)
when ¢ = x — 1. Further, by [Fong and Srinivasan 1982, Theorem (7A)], the characters of Bo(a) are
exactly those x; y satisfying 7 is a p-element and the partition ,_; has trivial ¢’-core.

By [Olsson 1984, Proposition 6], since w < p, we have

~ , pt—1
k(Bo(G)) =kl e + o ,w,
where k(x, y) is as defined in Section 3 above. This number is at least

a__
/ : >2\/p*—1>2/p—1. (6.1)
e

e/+P

But, recall that we wish to show that there are at least 2./p — 1 orbits on Irr(By(S)) under Aut(S).

Now, by taking ¢ = 1, the number of unipotent characters in Bo(é) is precisely k(e’, w). Note that
ke, w) > k(e/, 1) = ¢, and that further k(¢’, w) > 2¢’ if w > 2 with strict inequality for (¢’, w) # (1, 2),
and each unipotent character is Aut(S)-invariant. So we have at least ¢/ Aut(S)-orbits of unipotent
characters in By(G), and hence of By(S), since restriction yields a bijection between unipotent characters
of S and G.

Let G := GL, (R) so that G = GF. Since Z ((~;) is connected, [Cabanes and Spéth 2013, Theorem 3.1]
yields that the “Jordan decomposition” ¥; y <> (¢, ) can be chosen to be Aut(S)-equivariant. Since v is a
unipotent character of a product of groups of the form GLfCE (g%), which are invariant under automorphisms
as discussed above, it follows that the orbit of x; 4 is completely determined by the action of Aut(S) on
the class (1).

Now, recall that the G-class of 7 is completely determined by its eigenvalues. Let || = p© and note
that ¢ < a. By viewing 7 as an element 1 X [[, |4, 7(.4) §g Of

ZCzmN=Coex [ €,
x—1#geF(p,a)
we see that for o € Aut(S), the eigenvalues of t“ are those of ¢ raised to some power ngg for some
n € {1} and some gq such that g is a power of gg. This implies that the Aut(S)-orbit of (¢) has size at
most (p¢ —1)/e' < (p* —1)/e".

Now, a Sylow p-subgroup P of G is of the form Cp = ([F;E)w. Then if w =1, P is cyclic, and
hence we may assume that w > 2. In this case, we have at least %((p“ —1)/¢€")? choices for (1) # (1),
and hence at least %(( pt—1) /e’)2 nonunipotent characters in Bo(é) by taking ¥, to be trivial. This
gives at least (p% — 1)/2¢’ distinct orbits of nonunipotent characters, and hence more than 2./p — 1 orbits
of characters in By(G) under Aut(S) when ¢’ > 1, by (6.1) with 2¢’ rather than ¢’. This completes the
proof of Theorem 1.2 for S in the case ¢’ > 1 by the discussion at the beginning of the section.
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Finally suppose ¢’ = 1, so w = n > 3 and we may continue to assume p > w. Consider the elements ¢
of G whose eigenvalues are of the form {¢, &, ({E)_l, I,..., 1} with ¢ and & p-elements of C,_, < [Fg.
Note that each member of £(G, t) lies in the principal block of G, using [Cabanes and Enguehard
2004, Theorem 9.12] and that every unipotent character lies in Bo(é) since ¢’ = 1. Further, ¢ lies in
G = [5, 5] and |Cg+(t)/C2.(t)| = 1 since this number must divide both the order of ¢ and |Z(G)],
contradicting p > n. Hence each character in such a £ (5, t) is irreducible on restriction to G, yielding at
least (p® — 1)? /2 nonunipotent members of By(G). Since the Aut(S)-orbits of such characters are again
of size at most p% — 1, this yields at least 2 + (p — 1) /2 distinct orbits, which is larger than 2/p — 1.
This completes the proof of Theorem 1.2 in the case that § = PSL{,(¢). g

7. Symplectic and orthogonal Groups

In this section, we consider the simple groups coming from orthogonal and symplectic groups. That is,
simple groups of Lie type B,, Cy,, Dy, and 2D,,. We let € € {£}, and let PQ5, (¢) denote the simple group
of Lie type D, (g) for € = + and of type 2D, (q) for € = —.

Proposition 7.1. Let g be a power of a prime different from p and let S =PSp,, (q) withn >2,PQ,.1(q)
withn > 3, or PQ5, (q) with n > 4. Then Theorem 1.2 holds for any almost simple group A with socle S
and pt|A/S).

Proof. With the results of the previous sections, we may again assume that p > 11 and that a Sylow
p-subgroup of § is abelian, but not cyclic.

Let H be the corresponding symplectic or special orthogonal group Sp,,,(¢), SO2,+1(g), or SO, (q)
and let (H, F) be the corresponding simple algebraic group and Frobenius endomorphism so that H = H'
Let G = G be the corresponding group of simply connected type, so that G = H in the symplectic case
or G is the appropriate spin group in the orthogonal cases. Further, let (H*, F) and (G*, F) be dual to
(H, F) and (G, F), respectively, and H* = H*F and G* = G*F.

Define H to be the group GO5,,(¢) in the case S =PQ5, (¢), and H := H otherwise. We also let Q be
the unique subgroup of index 2 in H for the orthogonal cases when ¢ is odd, and let 2 = H otherwise,
sothat Q/Z(2) =S=G/Z(G) and 2 < H. Note that since p £ 2, Bo(S) can be identified with By(£2)
or with By(G), by [Navarro 1998, Theorem 9.9].

Now, lete:=¢,(q)/ gcd(e,(q), 2) and write n = we+m with 0 <m < e. From Section 4, we may again
assume w < p. To obtain our result, we will rely on the case of linear groups and use some of the ideas of the
arguments used in [Malle 2018, Propositions 5.4 and 5.5], which provides an analogue in this situation to
the results of Michler and Olsson discussed above. Namely, [Malle 2018, Propositions 5.4 and 5.5] tells us

k(By(H)) = k(Ze + E, w),
2e

where p* = (g% — 1) p- Note that again, this number is at least 2,/p — 1 (with strict inequality when
w > 2), but that we wish to show the inequality for k(By(A)). In most cases, we will again show that the
number of Aut(S)-orbits of characters in By(S) is at least 2/p — 1.
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If w =1, a Sylow p-subgroup of , G, H, or H (recall p > 11) is cyclic, so we may assume by
Lemma 2.1 that w > 2. Note that the unipotent characters of H are irreducible on restriction to €2. Assume
first that § # D4(q) nor Sp4(2f ). By [Malle 2018, Discussion before Propositions 5.4 and 5.5], the
number of unipotent characters in Bo(H) is k(2e, w). If further S # PQS5, (q), then since all unipotent
characters are Aut(S)-invariant, this yields k(2e, w) Aut(S)-orbits of unipotent characters in By(H ), and
hence By(S). Note that k(2e, w) > 4e since w > 2. If § =PQ, (g), then note that n > 4 forces e > 2
if w = 2. Now, in this case, the proof of [Malle 2018, Lemma 5.6 and Corollary 5.7] yields that the
number of H-orbits of unipotent characters in By(H) is at least k(2e, w)/2, and that this number is
(k(2e, w) +k(e, w/2))/2 if w is even. Now, if w > 3, we have k(2e, w)/2 > 4e. f w =2 and e > 2, we

have

kQ2e,2) +k(e, 1
(2e );_ (e )=€2+2€Z4€.

Hence in all cases, the number of Aut(S)-orbits of unipotent characters in By(S) is at least 4¢, and is
strictly greater unless e =2 = w in the case S = PQ5, (g).

The characters in Bo(H) and By(G) lie in Lusztig series indexed by p-elements # of H*, respectively G*;
by [Cabanes and Enguehard 2004, Theorem 9.12]. Note that centralizers of odd-order elements of H*
and of G* are always connected (see, e.g., [Malle and Testerman 2011, Exercise (20.16)]) and that every
odd p is good for H and G, so that ) lies in Bo(H), respectively By(G), for every p-element ¢ of H*,
respectively G*, by Theorem 5.1. Further, note that the action on x(; under a graph-field automorphism
of H is determined by the action of a corresponding graph-field automorphism on (¢), by [Navarro et al.
2008, Corollary 2.8]; see also (5.1) above.

Now let G < G be a regular embedding as in [Cabanes and Enguehard 2004, 15.1] and let G :=GF.
Then the action of G on G induces all diagonal automorphisms of S. Now, since Cg+(¢) is connected
for any p-element ¢t € G* we have every character in £(G, (¢)) extends to a character in G. (Indeed,
since G /G is abelian and restrictions from G to G are multiplicity-free, the number of characters lying
below a given x € Irr(G) is the number of B € Irr(G/ G) such that ¥ 8 = ¥, as noted in [Rizo et al. 2021,
Lemma 1.4]. Hence [Bonnafé 2005, Corollary 2.8] and [Schaeffer Fry and Taylor 2023, Proposition 2.6]
yields the claim.) Therefore, each member of By(S) is invariant under diagonal automorphisms.

First consider the case H = SO7,41(q) or Sp,,(g), so H* = Sp,,(q) or SO2,+1(g), respectively. Note
that Aut(S)/S in this case is generated by field automorphisms, which also act on H, along with a diagonal
or graph automorphism of order at most 2.

If H=S07,+1(q), then GL,(g) may be embedded into H* = Sp,, (¢) in a natural way (namely, block
diagonally as the set of matrices of the form (A, A7) for A € GL,(g)), and the conjugacy class of ¢
is again determined by its eigenvalues. Arguing as in the case of SL, (¢) above and noting that every
eigenvalue of r must have the same multiplicity as its inverse, we then have at least (p® — 1) /4e distinct
orbits of nonunipotent characters in Bo(H ) under the field automorphisms, and hence at least (p® — 1) /4e
orbits in By(S) under Aut(S). This gives more than 4e + (p® — 1) /4e orbits in Irr(By(S)) under Aut(S),
which proves Theorem 1.2 in this case using (6.1).
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It H = Sp,,(g), by [Geck and Hiss 1991, Theorem 4.2], there is a bijection between classes of
p-elements of H and H*, and we note that field automorphisms act analogously on the p-elements of H
and H*. Then the above again yields the result in this case as long as S # Sp,(2/).

If S=Sp, (2/), then we must have e = 1 and w = 2. Here [Malle 2008, Theorem 2.5] tells us that there
is a pair of unipotent characters permuted by the exceptional graph automorphism, leaving £(2,2) —1 =4
orbits of unipotent characters in By(S) under Aut(S). In this case, arguing as before and considering
the action of the graph automorphism gives at least 4 + (p* — 1) /8 orbits in By(S) under Aut(S), which
is at least 2(p — 1)!//4. Hence part (ii) of Theorem 1.2 holds. So let S < A < Aut(S), and we wish to
show that By(A) contains more than 2./p — 1 characters. Note that in this case, Aut(S)/S is cyclic. Let
X :=S8Ca(P) for P €Syl (S). Then A/ X is cyclic, say of size b, and By(A) is the unique block covering
Bo(X) by [Navarro 1998, (9.19) and (9.20)]. Note that since at least 3 of the unipotent characters of S
are A-invariant, we have at least 3b characters in By(A) lying above unipotent characters. Further, since
the automorphisms corresponding to those in X stabilize p-classes in G*, the arguments above give at
least % -((pt—=1)/ 2)? members of By(X) lying above semisimple characters of S, and hence there are at
least (p¢ — 1)%/8b members of By(A) lying above semisimple characters of S. Note then that the size of
Bo(A) is at least 3b + (p® — 1)2/8b, which is larger than 2./p — I, completing the proof in this case.

Now, suppose we are in the case that H = GO5,,(q). Note that the action of H /H induces a graph
automorphism of order 2 in the case € = 1, and that Aut(S)/S is generated by a group of diagonal
automorphisms of size at most 4, along with graph and field automorphisms. Further, note that the action
of H on € induces a diagonal automorphism of order 2 on S. We may embed H in SO»,4(g), and by
[Malle 2018, proof of Proposition 5.5], the classes of p-elements ¢ with Lusztig series contributing to
Bo(H) are parametrized exactly as in the case of SO»,4(g) above.

Assume that (n, €) # (4, 1). By again considering semisimple characters x (), of H for p-elements
t € H*, we may conclude that the number of orbits of nonunipotent characters in By(S) under Aut(S) is
at least (p® — 1)/(4e). This yields at least 4e + (p® — 1)/(4e) orbits in Irr(By(S)) under Aut(S), with
strict inequality unless e = 2. Hence we have the number of Aut(S) orbits in By(S) is strictly larger than
4e 4+ (p* — 1)/ (4e), completing Theorem 1.2 again in this case using (6.1), unless possibly if ¢ = 2. But
in the latter situation, we have 8 + (p? —1)/8 > 2,/p® — 1 unless 8 = p“ — 1, contradicting p > 11 and
we are again done.

Finally, suppose S = D4(g) = PQ;(q) so H = GO;(q). In this case, the graph automorphisms
generate a group of size 6, and a triality graph automorphism of order 3 permutes two triples of unipotent
characters; see [Malle 2008, Theorem 2.5]. Since w > 2, we have (e, w) € {(1, 4), (2, 2)}. The arguments
above give at least ((k(2e, w) +k(e, w/2))/2) — 44 (p* —1)/12e distinct Aut(S)-orbits in Irr(By(S)).
Since k(2,4) =20, k(1,2) =2 =k(2, 1), and k(4, 2) = 14, we have

k(2e, w) +k(e, %) pé—

—4
2 T e

so Theorem 1.2(ii) is proved in this case.
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Now, let § < A < Aut(S), let I" be the subgroup of Aut(S) generated by inner, diagonal, and graph
automorphisms, and let X := (I' N A)C4(P). Then A/ X is cyclic, and by [Navarro 1998, (9.19) and
(9.20)], Bo(A) is the unique block covering Bo(X). Let b := |A/X|. Now, the arguments above give
at least % . % -((p —1)/4)* members of By(X) lying above semisimple characters of §, since members
of C4(P) correspond to automorphisms stabilizing classes of p-elements of G*, and hence there are
at least (p — 1)2/(96b) members of By(A) lying above semisimple characters of S. Further, there are
at least 10 characters in Bp(X) lying above unipotent characters in By (S). Since unipotent characters
extend to their inertia groups and are invariant under field automorphisms (see [Malle 2008, Theorems 2.4
and 2.5]), this gives at least 4 elements of By(A) lying above unipotent characters of S. Together, this
gives k(Byg(A)) = 4b+ (p — 1)?/(96b) > 2/p — 1 since p > 11, proving part (i) of Theorem 1.2. [

8. Groups of exceptional types

In this section we prove Theorem 1.2 for S being of exceptional type. This is achieved by considering
each type case by case, with the help of Theorem 5.4.

We keep all the notation in Section 5. In particular, the underlying field of S has order ¢ = ¢/. By
Section 2A, we may assume that £ = p > 11. This assumption on p guarantees that Sylow p-subgroups
of G are abelian. Recall also that e is the multiplicative order of ¢ modulo p (when S is not of Suzuki or
Ree type), p* = ®.(q),, and ok = QDIE" is the precise power of ®, dividing the generic order of . By
Section 2A, we may assume that the Sylow p-subgroups of § are not cyclic, and thus k. > 2. Also, S, is
a Sylow e-torus of a simple algebraic group G* of simply connected type associated with a Steinberg
endomorphism F such that S = G*/Z(G*) and G* := G*F and L, := Cg+(S,) is a minimal e-split Levi
subgroup of G*. Note that L, is then a maximal torus of G* (in other words, e is regular for G*), except
the single case of type E7 and e = 4. The relative Weyl groups W (L,) are always finite complex reflection
groups, and we will follow the notation for these groups in [Benard 1976]. Relative Weyl groups for
various L, are available in [Broué et al. 1993, Tables 1 and 3]. The structure of Out(S) is available in
[Gorenstein et al. 1994, Theorem 2.5.12]. We will use these data freely without further notice.

It turns out that Theorem 5.4 is sufficient to prove Theorem 1.2 whenever k. > 3. In fact, even when
k. =2, Theorem 5.4 is also sufficient for Theorem 1.2(ii). We have to work harder, though, to achieve
Theorem 1.2(i) in the case k, = 2 for some types.

Proposition 8.1. Theorem 1.2 holds for simple groups of exceptional types.

Proof. (1) S = G,(q) and S = Fy4(q): First we consider S = G;,(gq) (so S =G) with g > 2. Then e € {1, 2}
and k; = kp = 2. Also, the Sylow e-tori are maximal tori, and their relative Weyl groups are the dihedral
group Djy. The bound (5.4) implies that n(S) > 5+ (p+1)/12 for g = 3/ with odd f, and n(S) >
6+ (p+1)/12 otherwise. In any case it follows that n(S) > 2(p—1)'/4, proving Theorem 1.2(ii) for G»(g).

Note that Aut(S) is a cyclic extension of S. First assume that ¢ # 3/ or G does not contain the graph

automorphism of S. In particular, every unipotent character of S is extendible to G. Let H := (S, Cg(P)),
where P is a Sylow p-subgroup of G (and S as well by the assumption p{|G/S|). Since PCq(P)
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is contained in H, By(H) is covered by a unique block of G, which is By(G). It follows that, each
unipotent character in By(S) extends to an irreducible character in By(H ), which in turn lies under |G/ H |
irreducible characters in By(G). Therefore, the number of irreducible characters in By(G) lying over
unipotent characters of S is at least k(D12)|G/H| = 6|/G/H|. When g = 3/ and G does contain the
nontrivial graph automorphism, similar arguments yield that the number of irreducible characters in
By (G) lying over unipotent characters of S is at least 5|G/H|.

On the other hand, each G-orbit on semisimple characters (associated to p-elements) of S now has
length at most |G/ H | by (5.1) and the fact that H = (S, C (P)) fixes every conjugacy class of p-elements
of S. Therefore, the bound (5.2) yields

G. I,y (Bo(S))) > 2=
n(G, Irrgs (Bo( )))_m-

This and the conclusion of the last paragraph imply that

p’—1 5(p2 - 1)
k(By(G)) 2 SIG/HI+ [ 2 2 =5

which in turn implies the desired bound k(By(G)) > 2+/p — 1 for all p > 11.
For § = F4(q), we have e € {1, 2} for which k, = 4, or e € {3, 4, 6} for which k, = 2. Therefore
all the Sylow e-tori are maximal tori, and their relative Weyl groups are G,g = GOI(B) fore=1,2;

G5 =S1,(3) x C3 for e =3, 6; and Gg = C4.S4 for e = 4. Now we just follow along similar arguments
as above to prove the theorem for this type.

2)S= 2F4(q) with g = 22+l > @ and § = 3D4(q): These two types are treated in a fairly similar way
as for G,. Note that Out(S) here is always cyclic. First let S = ’F4(q). Thenee{1,2,4", 4"} and k, =2
for all e. All the Sylow e-tori are maximal. The relative Weyl groups of these tori are D¢, G2 = GL,(3),

Gg = C4.S4 and Gg for e = 1, 2,47, and 4, respectively. One can now easily check the inequality
n(S) > 2(p — 1)!'/4, using (5.4). The bound k(By(G)) > 2./p — 1 is proved similarly as in type G».

Now let § = 3D4(g). Then e € {1, 2,3, 6} and k, = 2 for all e. For e € {3, 6}, a Sylow e-torus is
maximal with the relative Weyl group G4 = SL»(3). For e =1 or 2, Sylow e-tori of S are not maximal
anymore but are contained in maximal tori of orders d>%(q)<l>3 (¢) and d%(q)cbﬁ(q), respectively. The
relative Weyl groups of these tori are both isomorphic to D1,. Now the routine estimates are applied to
achieve the required bounds.

(3) S = E¢(q) and S = 2Eg(q): These two types are approached similarly and we will provide details

only for E¢. Then e = 1 for which k., = 6, or e = 2 for which k, = 4, or e = 3 for which k., = 3, or
e € {4, 6} for which k, = 2.

Assume e = 1. Then §; is a maximal torus and its Weyl group is G35 = SOs5(3). Theorem 5.4 then
implies that

po—1 po—1

M) KOOt 5053y~ 2 T3040 — 1)

p_l’
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proving both parts of Theorem 1.2 in this case. The case e € {2, 3} is similar. We note that S3 is a maximal
torus with the relative Weyl group G5 = 3'72.SL,(3), and a maximal torus containing a Sylow 2-torus
has relative Weyl group Gos.

Assume e = 4. Then a maximal torus containing a Sylow 4-torus of E¢(q)s. has order CD%(q)dD% (q)
and its relative Weyl group is Gg = C4.S4, whose order is 96 and class number is 16. Now the bound
(5.4) yields n(S) > 2(p — D4 proving part (ii) of the theorem.

We need to do more to obtain part (i) in this case. In fact, when 2,/p — I < 16, which means that
p < 65, we have n(S) > 16 > 2./p — 1, which proves part (i) as well. So let us assume that p > 65.

Note that Out(S) is a semidirect product C3 4—1) X (Cy x C3), which may not be abelian but every
unipotent character of S is still fully extendible to Aut(S) by [Malle 2008, Theorems 2.4 and 2.5]. As
before, let G be the extension of S by diagonal automorphisms. Similar to the proof for type G-, let H :=
(GNG, Cs(P)), where P is a Sylow p-subgroup of S. Each unipotent character in By(S) then lies under
at least |Irr(G/H)| = |G/ H| irreducible characters in Bo(G). (Here we note that G/ H is abelian.) Thus,
the number of irreducible characters in By(G) lying over unipotent characters of S is at least 16|G/H|.

As in Section 5D, here we have

pP-1 _p’-1l
|W(L4)| 96

Let Irrgs (Bo(S)) be the set of restrictions of characters in Irrgs (Bo(G)) to S. These restrictions are

[Trrs (Bo(G))| =

irreducible as the semisimple elements of G* associated to these semisimple characters are p-elements
whose orders are coprime to |Z(G*)| = ged(3, ¢ — 1). Moreover, if the restrictions of x() and x(,) to
S are the same, then (¢) = (¢1z) for some z € Z(G*) (see [Tiep 2015, Proposition 5.1]), which happens
only when z is trivial since ¢ and #; are p-elements. It follows that
p—1
96
Note that GNG = G or S and each G-orbit of relevant semisimple characters in By(G N G), and hence in

Hrrgs (Bo($))| = [Trry (Bo(G))| =

By (S), has length at most |G/ H |. It follows that the number of irreducible characters in By(G) lying over
semisimple characters in By(S) is at least ( p>—1) /(96|G/H|). Together with the bound of 16|G/H |
for the number of irreducible characters in By(G) lying over unipotent characters of S, we deduce that

2 / 2

p-—1 16(p> —1)
k(Bo(G)) > 16|G/H| + >2 ,
(Bo(@)) = 161G/ H| 96|G/H| — 96

and thus, when p > 65, the desired bound k(By(G)) > 2./p — 1 follows.
The last case e = 6 can be argued in a similar way, with notice that a maximal torus containing a Sylow

6-torus of E¢(q)sc has order @é(q)d%(q) and its relative Weyl group is G5 = SL;(3) x C3, whose order
is 72 and class number is 21.

(4) S = E7(g): Then e € {1, 2} for which k. =7, or e € {3, 6} for which k., = 3, or e =4 for which k, = 2.
When k, > 2, the bound (5.4) again is sufficient to achieve the desired bound n(S) > 2,/p — 1. In fact,
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even for the case k, = 2, we have n(S) > 2(p — )!/*

. So it remains to prove Theorem 1.2(i) for e =4, in
which case e is not regular and the relative Weyl group of the minimal e-split Levi subgroup L, = Se.A';’

is Gg. The estimates are now similar to those in the case e = 4 of the type E.

(5) S = Eg(g): Then e € {1, 2} for which k., =8, or e € {3, 4, 6} for which k, =4, or e € {5, 8, 10, 12}
for which k, = 2. The standard approach as above works for all ¢ with k, > 2.

Assume that e € {5, 10}. Then a Sylow e-torus of S is maximal and its relative Weyl group is
G16 = SL;(5) x Cs. A similar proof to the case of type G, yields k(By(G)) > 2/45(p? — 1)/600, which
is certainly greater than 2./p — 1 for p > 13. On the other hand, we always have k(Bo(G)) >45>2/p—1
for smaller p, and thus the desired bound holds for all p. Finally, the case e € {8, 12} is entirely similar,
with notice that the relative Weyl groups of Sylow e-tori are Gg = Cg.S4 and G o = C2.54 for e = 8
and 12, respectively. O

Theorem 1.2 is now completely proved.

9. Proof of Theorems 1.1 and 1.3
We are now ready to prove the main results.

Proof of Theorems 1.1 and 1.3. First we remark that the “if”” implication of Theorem 1.3 is clear, and
moreover, we are done if the Sylow p-subgroups of G are cyclic, thanks to Section 2A.

Let (G, p) be a counterexample to either Theorem 1.1 or the “only if” implication of Theorem 1.3
with |G| minimal. In particular, Sylow p-subgroups of G are not cyclic and k(Bo(G)) <2./p — 1. Let
N be a minimal normal subgroup of G. Note that N = G if G turns out to be simple.

Assume first that p | |G/N|. Then, since Irr(Bo(G/N)) C Irr(Bo(G)) and by the minimality of |G/,
we have

2y p—1=k(Bo(G)) = k(By(G/N)) =2{/p—1,
and thus
k(Bo(G)) =k(Bo(G/N)) =2/ p—1.

The minimality of G again then implies that G/N is isomorphic to the Frobenius group C), x C /;—7. It
follows that p | |N|, and thus there exists a nontrivial irreducible character 6 € Irr(By(N)). As By(G)
covers By(V), there is some x € Irr(Bo(G)) lying over 6, implying that k(Bo(G)) > k(Bo(G/N)), a
contradiction.

So we must have p{|G/N|, and it follows that p | |[N|. This in fact also yields that N is the unique
minimal normal subgroup of G. Assume first that N is abelian. We then have that G is p-solvable, and
hence Fong’s theorem (see [Navarro 1998, Theorem 10.20]) implies that

k(Bo(G)) =k(Bo(G/0y(G))) =k(G/0y(G)),

which is greater than 2,/p — 1 by the main result of [Maréti 2016].
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We now may assume that N = §; x S x - -+ x S, a direct product of k € N copies of a nonabelian
simple group S. If S has cyclic Sylow p-subgroups, then G is not a counterexample for Theorem 1.1 by
Lemma 2.1. Furthermore,

k(Bo(G)) = k(NG(P)/ 0y (Ng(P))) >2y/p—1

by the analysis in Section 2A, and thus G is not a counterexample for Theorem 1.3 either.

So the Sylow p-subgroups of S are not cyclic. Let n be the number of Ng(S1)/N-orbits on Irr(Bg(Sy)).
By Theorem 1.2(ii), we have n > 2(p — 1)!/4 Therefore, if k > 2, the number of G-orbits on Irr(By(N)) =
[T, Irr(Bo(S))) is at least n(n 4+ 1)/2 = 2(p — D/42(p — )4 +1)/2 > 2/p — 1, and it follows that
k(Bo(G)) > 24/p — 1, a contradiction. Hence, N = S and G is then an almost simple group with socle S.
Furthermore, p{|G/S|. But such a group G cannot be a counterexample by Theorem 1.2(i). The proof is
complete. 0

In regard to Theorem 1.1, we remark that Kovécs and Leedham-Green constructed, for any odd prime p,
a family of p-groups P of order p? with k(P) = (p> — p> + p + 1)/2; see [Pyber 1992]. Therefore
the bound k(By(G)) > 2./p — 1 cannot be replaced by k(By(G)) > p3, even if one assumes |G| to be
divisible by a certain fixed power of p.

With Theorem 1.1 in mind, it follows that for any p-block B for a finite group such that k(B) =k(By(H))
for some finite group H of order divisible by p, we have k(B) > 2./p — 1. In particular, we may record
the following:

Corollary 9.1. Let G be one of the classical groups GL,,(q), GU,(q), Sp,,,(q), SO2,+1(q), or GO;En (@).
Let p be a prime dividing |G| and not dividing q. Then for any p-block B of G with positive defect, we

have k(B) = 2/p — 1.

Proof. If p = 2, then the statement is clear, so we assume p is odd. First, if G = GL,(¢) or GU,(g),
the statement follows immediately from Theorem 1.1 and [Michler and Olsson 1983, Theorem (1.9)],
which states that B has the same number of irreducible characters as the principal block of a product of
lower-rank general linear and unitary groups of order also divisible by p.

Now suppose that G is Sp,,, (¢), SO2,+1(gq), or GOéEn (g). If B is a unipotent block, then by [Malle 2018,
Proposition 5.4 and 5.5], B has the same number of irreducible characters as a block of an appropriate
general linear group of order also divisible by p. (In the case GO;En (q), we define a unipotent block to be
one lying above a unipotent block of SO;EH (g).) Hence the statement holds if B is a unipotent block.

Now, the block B determines a class of semisimple p’-elements (s) of the dual group G* (see [Cabanes
and Enguehard 2004, Theorem 9.12]) such that B contains some member of £(G, (s)). By [Enguehard
2008, Théoreme 1.6], there exists a group G (s) dual to Cg=(s) such that k(B) = k(b) for some unipotent
block b of G(s). Now, in the cases under consideration, C+(s) and G (s) are direct products of lower-rank
classical groups of the types being considered here, completing the proof. O
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Shintani—Barnes cocycles and values of
the zeta functions of algebraic number fields

Hohto Bekki

We construct a new Eisenstein cocycle, called the Shintani-Barnes cocycle, which specializes in a uniform
way to the values of the zeta functions of general number fields at positive integers. Our basic strategy is
to generalize the construction of the Eisenstein cocycle presented in the work of Vlasenko and Zagier by
using some recent techniques developed by Bannai, Hagihara, Yamada, and Yamamoto in their study of
the polylogarithm for totally real fields. We also closely follow the work of Charollois, Dasgupta, and
Greenberg. In fact, one of the key ingredients which enables us to deal with general number fields is the
introduction of a new technique, called the “exponential perturbation”, which is a slight modification of
the Q-perturbation studied in their work.
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1. Introduction

It is classically known that the Hecke integral formula [1917] expresses the zeta function of a number
field of degree g as an integral of the Eisenstein series over a certain torus orbit on the locally symmetric
space for SL,(Z).

In some special cases, typically in the case where the number field is totally real, it is known that
such an integral formula has a cohomological interpretation, and this often enables us to access the
algebraic properties of the special values of the zeta function. More precisely, one can construct a
certain (g—1)-cocycle on SL¢(Z) which can be thought as an algebraic counterpart of the Eisenstein
series, and a (g—1)-cycle on SL,(Z) which can be thought as an algebraic counterpart of the torus orbit,
so that their pairing gives the value of the zeta function of a given totally real number field. Such a
MSC2020: primary 11R42; secondary 11F75, 55N91.

Keywords: Eisenstein cocycle, Shintani cocycle, special values of L-functions.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2023.17-6
https://doi.org/10.2140/ant.2023.17.1153
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

1154 Hohto Bekki

cocycle is often called the Eisenstein cocycle. Actually, many different kinds of Eisenstein cocycles
have been constructed and studied by Harder [1987], Sczech [1993], Nori [1995], Solomon [1998],
Hill [2007], Vlasenko and Zagier [2013], Charollois, Dasgupta, and Greenberg [Charollois et al. 2015],
Beilinson, Kings, and Levin [Beilinson et al. 2018], Bergeron, Charollois, and Garcia [Bergeron et al.
2020], Flérez, Karabulut, and Wong [Flérez et al. 2019], Lim and Park [2019], Bannai, Hagihara, Yamada
and Yamamoto [Bannai et al. 2023], and Sharifi and Venkatesh [2020], and various applications have
been obtained. However, the number fields previously treated are basically limited to totally real fields or
totally imaginary fields. The aim of this paper is to propose a new formulation in which we can treat all
number fields in a uniform way.

1.1. Shintani cocycles. Among these many kinds of construction of the Eisenstein cocycle, a method we
use in this paper is called Shintani’s method, and the Eisenstein cocycles constructed by Shintani’s method
are often called the Shintani cocycles;1 see [Solomon 1998; Hill 2007; Charollois et al. 2015; Lim and
Park 2019; Bannai et al. 2023]. Roughly speaking, a Shintani cocycle is constructed as a family of objects
(e.g., functions, formal power series, distributions, etc.) indexed by rational cones in R$. Therefore, what

we do in this paper is basically the following:
(1) Define a certain object “y¢” for each rational cone C C RS.
(2) Prove that the family (1/¢)c satisfies the “cocycle relation”.

(3) Prove that the cohomology class defined by (y¢)c specializes to the special values of the zeta
function of a given number field.

Let g, k > 1 be integers. In this paper, we say that a matrix Q € GL¢(Q) is irreducible if its characteristic
polynomial is irreducible over Q. In Section 6, for a rational open cone

8
Cr =ZR>005,' C RS

i=l1

generated by I = (a1, ..., a,) € (Q8—{0})¢, and an irreducible matrix Q € GL¢(Q), we consider a
holomorphic function
1
0 — —
ve o =san) Y TR
xeC2nzs—{0)
on
{y € C# | there exists A € C* such that for all i € {1, ..., g}, Re({;, Ay)) > O} c C8—{0},

where

e sgn(/) =sgn(det(ay, ..., ag)) € {0, 1},
o the bracket (x, y) = xy denotes the dot product,

e C ,Q is the “exponential Q-perturbation” of the cone C; (Section 5.1).

IThe terminology seems to depend on the authors. We adopt this convention in this paper.
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Then we prove that the collection (wkgg’ 11,0 defines a class
[Wiel € HS'(Y°, SLy(2), 7))

of the equivariant cohomology of a certain SL, (Z)-equivariant sheaf .7, kEé on Y°:=C&—iRé; see Section 3
and Theorem 6.2.5. We call our Shintani cocycle the Shintani—-Barnes cocycle because the function
llleg, ;(v) is essentially the Barnes zeta function.

Then for a number field F/Q of degree g, a fractional ideal a C F, and a continuous map x : Fz — Z,
we construct a specialization map

HE\(Y°, SLy(2), ) — HE, (F /05 . ©) — C,

using a certain integral operator; see (8-11). The image of the Shintani—Barnes cocycle [Wy, | under this
specialization map can be computed using the classical Hurwitz formula (Proposition 7.1.3, Example 7.2.4)
and a version of the Shintani cone decomposition (Proposition 8.2.1). As a result, we prove that the
class [Wy, ] maps to the value of the partial zeta function,

i,/DOFNa(k!)g
(g+gk—1)!

under the specialization map, where € : Fy — {£1} is the sign character; see Theorem 8.3.2.

top "y a7 k4 1),

The idea of using the Barnes zeta functions is based on the work of Vlasenko and Zagier [2013]
dealing with the values of the zeta functions of real quadratic fields at positive integers, and the idea of
constructing the Shintani cocycle as a Cech cocycle of an equivariant sheaf is based on the work of Bannai,
Hagihara, Yamada, and Yamamoto [Bannai et al. 2023], in which the higher-dimensional polylogarithm
associated to a totally real field is studied. Moreover, the concept of the exponential Q-perturbation C ,Q
of a cone (7 is a slight modification of the Q-perturbation studied by Charollois, Dasgupta, Greenberg
[Charollois et al. 2015] and Yamamoto [2010]. We use irreducible matrices Q € GL,(Q) instead of the
“irrational vectors” used in [Charollois et al. 2015]. These three ideas are the main ingredients in this
paper which enable us to deal with general number fields.

1.2. Structure of the paper. Sections 2-5 are devoted to preparing some tools that are necessary for the
definition of the Shintani—Barnes cocycle. More precisely, in Section 2 we review some elementary facts
about irreducible matrices of GL,(Q) and their relationship to number fields. In Section 3 we introduce
the sheaves .#; and .7, dE on Y° = C8—iR$, and examine the basic properties of these sheaves. Then in
Section 4 we compute the equivariant cohomology groups of these sheaves using the equivariant Cech
complex. In Section 5 we introduce the notion of the exponential perturbation, and prove the cocycle
relation satisfied by rational cones. Based on these preparations, in Section 6 we give the definition of the
Shintani—Barnes cocycle.

The remaining sections (Sections 7 and 8) are devoted to showing that we can obtain the special values
of the zeta functions as a specialization of the Shintani—-Barnes cocycle. In Section 7 we first introduce a
certain integral operator, and construct the first half of the specialization map. In Section 8 we finish the
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construction of the specialization map using a version of the Shintani cone decomposition, and finally
prove the main result, Theorem 8.3.2.

2. Preliminaries

Conventions. ¢ Throughout the paper we fix an integer g > 1.

 For aring R, a vector x € R¢ is always regarded as a column vector, and the matrix algebra M, (R)
acts on R# by the matrix multiplication from the left.

e For xy,...,x, € R®, we often regard (x1, ..., xg) as a g x g-matrix whose columns are x1, ..., x,.

For y € My(R), its transpose is denoted by y € M, (R).
o The bracket
(,):RExR® =R, (x,y)— (x,y)="xy
denotes the standard scalar product (the dot product, not a Hermitian product even if R = C).
« If A and B are sets, then A—B denotes the relative complement of B in A.
o Let {S;},eca be a family of sets. For s € erA S, the A-component of s is often denoted by s, € S;.
2.1. Irreducible matrices. In this subsection we review some basic facts about irreducible matrices

of GL¢(Q). We say that a matrix Q € GL,(Q) is irreducible over Q if the characteristic polynomial of Q
is an irreducible polynomial over (0. We often drop “over Q” if it is obvious from the context. Let

E:={0 e GL,(Q) | Q is irreducible over Q}

denote the set of irreducible matrices of GL,(Q). The group GL,(Q) acts on E by the conjugate action.
For O € E and y € GLg(Q), let

(1]

[Y1(Q):=yQy ' e

denote this conjugate action.
Now, for Q € &, let

T'g :=Stabsr,2)(Q) = {y € SL;(D) | Y1(Q) =y Qy~' = 0}
denote the subgroup of SL,(Z) stabilizing Q. Moreover, let
Fo:=Q[Q]CM,(Q) and Og:=FoNM,(Z)C Fyp
denote the subalgebras of M,(Q) generated by Q over Q and its “M,(Z)-part” respectively.

Lemma 2.1.1. Let Q € B, and let fo(X) € Q[X] be the characteristic polynomial of Q.

(1) Q has g distinct eigenvalues in C, and hence Q is diagonalizable in GL4(C).

(2) There are no nonzero proper Q-stable Q-subspaces of Q3.
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(3) For any nonzero vector x € Q8—{0}, the map
Fop— Q% vy yx
is an isomorphism of Q-vector spaces.

(4) The Q-algebra Fy is a field of degree g over Q, and we have

NE,0(y) =dety

fory € Fg,where Nf, q is the norm of the field extension Fg/Q.

(5) We have
Fo={y e M,@)|yQ= 0y}
(6) We have
To=1{y € Og | Nryja(y) =1} C Oy,

i.e., g is the norm-one unit group of Og.
(7) The action of T'g on Q8 —{0} is free, i.e., for any x € Q8 —{0} and y € I'g, we have yx = x if and

onlyify = 1.

Proof. (1) This follows from the fact that f(X) is an irreducible polynomial over Q.

(2) This also follows from the irreducibility of fo(X). Indeed, if V C Q8 is a Q-stable Q-subspace, then
the characteristic polynomial of Q|y divides fo(X).

(3) and (4) First, since x # 0, the image of the map
Fo— Q% yrHyx

is a nonzero Q-stable Q-subspace. Hence, by (2), this map is surjective. Now, again since fo(X)
is an irreducible polynomial over Q, we see that Fp ~ Q[X]/(fo(X)) is a field of degree g over Q.
Therefore, by comparing the dimension, we find that the above map is an isomorphism. The identity
NF,/a(y) = dety is nothing but the definition of the norm.

(5 Let F ’Q denote the right-hand side. The inclusion Fp C F’ é is obvious. We compare the dimension.
First we have
Fo®aCCFyi={yeM(C)|yQ =0y}

Then, by (1), the right-hand side F 5 is simultaneously diagonalizable in M,(C). Therefore, F, é is
isomorphic to the space of diagonal matrices. Thus we find

dimg F/Q = dim¢ F/Q ®gq C < dimg¢ Fé =g =dimg Fp,
and hence we obtain Fp = F, ’Q

(6) This follows directly from (4) and (5).
(7) By (6), we see that [y C F;, and by (3) and (4), we see that F’ QX acts freely on Q¢ —{0}. O
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2.2. Review on number fields. In this subsection we take a closer look at the relationship between
irreducible matrices and number fields.
Let F/Q be a number field of degree g, and let

T, ..., Tg: F—=C

be the field embeddings of F into C, i.e., {11, ..., 7o} = Homgea (F, C).2 Let © C F be an order in F,
i.e., O C F is a subring which is a finitely generated Z-module and generates F over Q. Let a C F be a
proper fractional O-ideal, i.e., a C F is a finitely generated O-submodule such that

{oe FlaaCa}=0. 2-1)
Let wy, ..., wg € a be a basis of a over Z, and put
wi="(wg,...,wy) e F¢ and w® =1 w)="t;(w1),..., 1 (w,)) € C*
fori =1,..., g. We define the norm polynomial N,,(x) = Ny (x1, ..., x,) € Q[xy, ..., xg] with respect
to this basis by
8

Ny (x) = l_[(x, wy e Qlxy, ..., xe],

i=1
where x = (x1, ..., xz). The situation can be summarized in the following diagram:

X e 78 C Q8

[l

(x,w) € a ¢ F—0Q
Nrja

Moreover, let
pw: F— M, (Q)

be the regular representation of F* with respect to the basis wy, ..., wy, i.e., fora € F and x € Q%, we have
(pw(e)x, w) = afx, w) = (x, aw) € F. (2-2)
Dual objects. Let wf, R w; € F be the dual basis of wy, ..., wg with respect to the field trace Trrq, i.e.,
0 ifi#j
Trro(ww?) =6;; = ’
F/@( i ]) ij {1 lfl:]
Then it is easy to see that wy, ..., w, form a Z-basis of a proper fractional O-ideal

a*:={a € F | Trpg(aa) C Z}.

2 At this stage we don’t make a distinction between real embeddings and complex embeddings. Later, in Section 8.2, we will
make such a distinction for convenience.
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We define
w*="(w}, ..., wz,‘) e F8,
w*D = (w*) =g wh), ..., T (wy)) € C8,
g
Ny (x) 1= l_[(x, w*Dy e Qlxy, ..., xel,

i=1

and
pw* . F —> Mg(@)

in the same way as above, starting from the dual basis wy, ..., wg.

Lemma 2.2.1. Let 0 € F* be an element such that F = Q(6). Put Q = p,,(0) € GLg(Q).

(1) We have Q € E. Conversely, any element of B can be obtained in this way.

(2) The regular representation py, : F — Mg (Q) induces isomorphisms

F-2F,

U U
O——0¢
U U
O! —— Ty

where O' .= {u e O* | Nrq(u) = 1} is the norm-one unit group of O.

3) w*D . w*® e C8 are the dual basis ofw(l), ..., w® eC8 with respect to the scalar product ( , ),

i.e., we have

(4) For o € F, we have

<w*(i)’ w(j)) =5

P (@) = "ow (@).

(5) Leta € F. Then w® is an eigenvector of 'py, (o) with eigenvalue t; ().

(6) Let o € F. Then w*® is an eigenvector of py (o) with eigenvalue t; (o).

(7) Fory € I'g, we have

Ny(yx) = Ny(x) and Nw*(t]/x) = Ny=(x).

Proof. (1) Since 6 generates F, the characteristic polynomial of Q = p,,(0) is irreducible, and hence
Q € E. The latter half of the statement follows from Lemma 2.1.1(3), (4). Indeed, for Q € E, fix a
nonzero vector x € Q¢ and take a basis wy, ..., w, € Fp corresponding to the standard basis of Q¢ via

the isomorphism

Fo — Q%, ymyx.
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Let a C Fyp be the subset corresponding to Z¢ C Q¢ under this isomorphism. Then we easily see that a is
a proper Op-ideal and that p,, is the natural inclusion Fp < M,(Q). Hence we find that Q = p,,(Q).

(2) The first isomorphism F — Fg is obvious. The second isomorphism follows from (2-1), and the
third follows from Lemma 2.1.1(6).

(3) Put
W=, .., w®) = (t;(w;))ij € M(C) and  W*:= (w* PV, ... w*®) = (7;(w]))i; € My (C).
Then, by definition, we have

WW* = (Trrjq(w;w}))ij = 1 € My(C), (2-3)
and hence

(W*D, wDy),; ="W*W =1.

(4)—(6) First, by (2-2), we have

(x, aw) = (pu(@)x, w) = (x, 'py(@w) € F

for all x € Q8. Therefore, we find that ew = ‘p,, (0)w € F8. By applying t;, we obtain (5). In particular,

Wdiag(ti (@), ..., 1g(@)) ="pu(@W, (2-4)
where diag(ti(@), ..., Tg(@)) € My (C) is the diagonal matrix with diagonal entries 71(@), ..., To(@).
Similarly, we have

Wdiag(ti (), ..., Tg(a)) = "pur (@) W*. (2-5)

On the other hand, by using (2-3) and (2-4) we also find that
diag(ti(a), ..., Te(a)'W* ="W*p, (@),
and hence, by taking the transpose, we have
Wrdiag(ti(@), . .., Tg(a) = py (@) W*. (2-6)
By comparing (2-5) and (2-6), we obtain (4) and (6).
(7) This follows from (2), (5), and (6). Indeed, take u € O! such that p,,(#) = y. Then we have

8 8
Nu(yx) =] Jirx w?) = H (x. "o (0w ) = Ny @) Ny (x) = Ny (x).
i=1 i=1

The statement for N, (x) can be proved similarly. O
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3. The space Y° and the sheaves .%; and .% dE
3.1. Definitions. Let P$~!(C) = (C8—{0})/C* be the complex projective (g—1)—space, and let
7c : CE—{0}) —> P~ (C)
be the natural projection. We define an open subset Y° of C&—{0} by
Y°:=C8—iR$ C C5—{0},
where i € C is the imaginary unit. The group GL,(Q) acts on C4—{0}, Y°, and P¢ ~1(C) by the matrix
action from the left. For an integer d > 0, we define a sheaf .%; on Y° as

—1 —1
yd = T[C Qagjog—l(c)(_d)|Y°a

where ij,;_ll (C)(—d) is the (—d)-th Serre twist of the sheaf Qﬁ‘;;_ll © of holomorphic (g—1)-forms on

P¢~1(C), and 7~ ! is the inverse image functor of sheaves. Furthermore, we define
C g
75 =Hom(Z[E]. o) ~ [ | Zu.
QeE

where Z[ E] is the constant sheaf associated to the free abelian group Z[ E] generated by the set E of

irreducible matrices of GL,(Q), and Hom is the sheaf Hom. For Q € E, let
evo 1 Ty — Py (3-D
denote the evaluation map at Q. See Remark 3.1.1 below.
Remark 3.1.1. (1) More generally, for a sheaf .# (of abelian groups) on Y°, we define
Z% := Hom(Z[E], Z).
Note that for an open subset U C Y°, we have

I'(U, Hom(Z[E], 7)) = Hom(Z[E]|y, #|v) = Hom(Z[E], I'(U, #)) = Map(&, '(U, 7)).

=
o)

Then the evaluation map evg : .= — # is given by

evg :T(U, 7%) =Map(E, T (U, .F)) > T'(U,.7), ¢+ ¢(Q).
(2) By (1) we also see that #= =[],z .Z.
(3) The sheaf %, dE is an analogue of the group N considered in [Charollois et al. 2015].

Remark 3.1.2. The sections of the sheaf Qé;_l . (C)(—d ) on an open subset U C P$~1(C) can be described

as follows. First, let w be a holomorphic (g—1)-form on C8—{0} defined by

8
(1Y) =Y (=D T ydyi A Ady A Adyy

i=1

for y ="(y1, ..., yg) € C8—{0}, where d}i means that dy; is omitted.
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Then we have

DU, Q50 ) (—d)

~{fw | f holomorphic function on JT(EI(U) such that f(Ay) = )fg*df(y) forall A€ C*}. (3-2)

In this paper we use this as a definition of the sheaf Qﬂi;ll (C)(—d).

The sheaf Qﬁ‘;,;_]] (C)(—d ) has a natural GL, (Q)-equivariant structure via the pullback of differential
forms. Since 7rc is a GLg (Q)-equivariant map, this induces GL (Q)-equivariant structures on .%; and .7 dE.
We describe these GL, (Q)-equivariant structures more explicitly in Section 3.3.

3.2. A vanishing result. Here our aim is to compute the cohomology group H?(U, mro ! Qﬁ‘;;_]l (C)(—d))

for convex open subsets U C C8—{0}. Actually, we will show that

HIWU, 75" 25 ) (=d) =0

for g > 1, and also give an explicit description of H ‘, e 152?;;,1, (C)(—d)).
Let

D:={z e C|Re(z) > 0}
be the right half-plane. We start with the following elementary lemma.

Lemma 3.2.1. Let X be a paracompact manifold, and let pr| : X x D — X be the first projection. Let
U C X x D be an open subset such that for any x € X, the set

{(zeD| (x,2) e U}

is a nonempty convex subset of D. Then there exists a continuous sections : X — U of pri|ly : U — X

such that s o pr| is homotopic to the identity map idy over X, i.e., there exists a continuous map
h:[0,11xU—-U
such that h(0, u) = s opr;(u), h(l,u) =u, and pr; oh(t,u) =pry(u) fort €[0,1]andu € U.
Proof. In order to construct a section, it suffices to construct a continuous map
f:X—>D

such that (x, f(x)) € U for all x € X. First, by assumption, for each x € X we can take z, € D such that
(x, zy) € U. Then there exist an open neighborhood U, C X of x and an open neighborhood V, C D
of z, such that Uy x V, C U. Since X =
such that {U, },cx is a locally finite open covering of X. Note that for x € U,, we have

cex Ux and X is paracompact, there exists a subset A C X

(X,Z)L)EU)LX V,cU.

By using the paracompactness once again, there exists a partition of unity with respect to the open

covering {U, },ca, i.., a collection {¢; },ca of continuous maps

¢y X —[0,1]
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such that supp(¢;) C U; and ), _, ¢1(x) =1 for all x € X. Put
f:=ZZA¢A:X—> D.

rEA

Then, by the convexity assumption, we see that

(x, f(x) = <x, ZZA¢A(X)> eU

rEA

for all x € X. Thus we obtain a section
s: X—->U, x(x,f(x)).

Again by the convexity assumption, we see that s o pr; is homotopic to the identity map idy over X.
Indeed,
h:[0,1]xU—=U, (& (x,2)— (x,tz+0—1)f(x))

gives a homotopy between s o pr; and idy over X. (|
Lemma 3.2.2. Let U C C8—{0} be a convex open subset.

(1) There exists x € C8—{0} such that U C V, := {y e C&E—{0} | Re({x, y)) > 0}.

(2) The projection nic|y : U — me(U) has a continuous section s : ng(U) — U such that s o ey is
homotopic to the identity map idy over nc(U).

(3) The image wc(U) is a Stein manifold.

Proof. (1) By the so-called hyperplane separation theorem [Rudin 1991, Theorem 3.4(a)] applied
to U and {0}, there exist x € C8—{0} and u € R such that

0=Re((x,0)) = u <Re((x, y))
for all y € U, and hence U C Vy = {y € C8—{0} | Re({x, y)) > O}.
(2) We first construct a section sy : wc(Vy) — V, of mcl|y, as follows. Set
Vli={yeCs—{0}] (x,y) =1} C V..
Then we easily see that 7rc|y; : Vx1 — mc(V,) is a biholomorphism. Thus we define
sy 1= (cly) ™ ime(Ve) = V) C W,

to be the inverse map of 7r¢c|y;, which is clearly a section of 7c|v,. Then we have a trivialization ¢
of mely,
mc(Vy) x D

%
~ Vx
k AX

nC(Vx)
defined by ¢(z, A) := As,(2) for (z, A) € mec(Vy) x D.
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Therefore, it suffices to construct a continuous section s’ of

P =prile-1wy o~ (U) B 7 (U)
such that 5" o p is homotopic to id,-1(;;) over mc(U). By Lemma 3.2.1, it suffices to show the following:
Claim. For any z € ic(U), the set
D.:={reD|(z M ecp ' (U))
is a nonempty convex subset of D.

Proof of claim. Let z € nc(U). The set D, is obviously nonempty. Suppose that A, A" € D,, i.e.,
Asc(2), A'sy(z) € U. Then for ¢ € [0, 1], we have (tA + (1 —1)A))s.(z) € U because U is convex, and
hence tA + (1 — 1)\ € D,. O

(3) From the above argument, we see that ¢ (U) is an open subset of
(V) =~ v~ st

Since every pseudoconvex open subset of C8~! is a Stein manifold (see [Hormander 1973, Theorem 4.2.8,
Example after Definition 5.1.3]), it suffices to see that 7¢(U) is pseudoconvex. This follows, for example,
from [Hormander 1994, Proposition 4.6.3, Theorem 4.6.8]. (Use [Hormander 1994, Theorem 4.6.8] for
X =U, z0=0, and L(y) = (x, y). Note that a convex set U is obviously C convex.) O

Proposition 3.2.3. Let U C C8—{0} be a convex open subset.

(1) The natural map

HY (e (U), Q5. o) () => HIWU, 7' Q5 o (—=d))

is an isomorphism for all g > 0.

(2) Under this identification, we have

DU, 7 Q5 o) (=)

= {fw| f holomorphic function on ngl(nC(U)) such that f(Ly) = 17874 f(y) forall 1 € C*}.

(3) Forall g > 1, we have

HIWU, 75" Q5 ) (—=d) =0.

Proof. (1) This follows from Lemma 3.2.2(2) and [Kashiwara and Schapira 1990, Corollary 2.7.7(ii)].

(2) This follows directly from (1) and the description of Qﬁ‘;;_ll (C)(—d ); see Remark 3.1.2.
g—1

(3) By Lemma 3.2.2(3), we know e (U) is a Stein manifold. Moreover, ng,, © (—d) is a coherent sheaf
on P¢~1(C). So (3) follows from (1) and Cartan’s Theorem B; see [Hormander 1973, Theorem 7.4.3]. O

3.3. GL;(Q)-equivariant structures. In this subsection we explicitly describe the GL,(Q)-equivariant
structures on %, and 75
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In this paper, for a subgroup G C GL,(Q) and a sheaf .# (of abelian groups) on Y°, we define a
G-equivariant structure on .# to be a collection {[y ]}, ec of isomorphisms

y]: 7 = (v)+7
subject to the conditions
@) [1]=1dz,
(i) [r1y2l = (yulyilolya] forall y1, y2 € G.
Here, 'y is the transpose matrix of y, and ('y)..% (resp. (‘V2)«[y1]) is the direct image of .Z (resp. [y1])
with respect to the map 'y : Y° — Y° (resp. ‘y» : Y° — Y°).?
The GL,(Q)-equivariant structure on .%, can be defined as follows. First, by Proposition 3.2.3(2),
(U, #4)={fw]| f holomorphic function on ngl(n@(U)) such that f(Ly) :)Fg_df(y) for all A e C*}
for a convex open subset U C Y°, where

8
1, Ye) =Y (=D T yidyi A Ady A Ay
i=1

Lemma 3.3.1. For y € GLg(Q), we have
w(yy) = det(y)w(y).
Proof. It suffices to prove the identity for elementary matrices y. This case can be checked easily. [
Definition 3.3.2. For y € GL,(Q) and a convex open subset U C Y°, let [y ]y denote the pullback map
Yy : TU, Zo) = LU, (V)F) =T (y)"'U, Za),
fMoG) — flyywlyy) =det(y) f(yy)o(y).

Here f('yy) is regarded as a holomorphic function of y € (’y)_]er_ ! (rc(U)) =7 ! (m;((’y)_1 U )). We
may drop the subscript U and write as [y ] = [y ]y if there is no confusion.

Lemma 3.3.3. (1) Let V, U C Y° be convex open subsets such that V C U, and let s € I'(U, #4) be a

section. Then we have
YIlu)lv =Iylv(slv)
in DV, ('y)xFa)-
(2) The collection {[y]y | U C Y° convex open} defines an isomorphism of sheaves
[y]: Za = ()« Za.
(3) The collection {[V]}yeGLg(@) defines a GLg(Q)-equivariant structure on 7.

Proof. (1) is clear, and (2) follows from (1) since convex open subsets form a basis of open subsets of Y°.
We prove (3).

3We consider the action of 'y on Y° instead of y since it is more convenient later when we use the identity (yx, y) = (x, fyy).
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Condition (i) of the definition is obvious.
Let U C Y° be a convex open subset, and let s(y) = f(y)w(y) € I'(U, %;) be a section. Then for
Y1, ¥2 € GL,(Q), we have

(y)slnlolyls(y) = ily 1y o lr2lu(s(y) = [V1]1y2—1U(S(%y)) =s(nny) = nrlsG).
Since convex open subsets form a basis of open subsets of Y°, this shows condition (ii). O

This describes the GL,(Q)-equivariant structure on .%;. Next we describe the GLg(Q)-equivariant
structure on % ds' First, note that the conjugate action

[y]:Z[8] = Z[E], Qr [yI(Q)=yQy~"

of GL,(Q) on Z[E] naturally induces a GL,(Q)-equivariant structure on the associated constant sheaf

Z[E]. Therefore, for a GL,(Q)-equivariant sheaf .7, the sheaf
Z& =Hom(Z[E], F)

has a natural GL, (Q)-equivariant structure induced from those of Z[ E] and .%. In particular, we obtain a
GL, (Q)-equivariant structure on .%, dE.
More concretely, for an open subset U C Y° and a section

¢ e (U, FE) =Map(E, (U, %))
(see Remark 3.1.1) the GL,(Q)-equivariant structure on .7 € can be computed as
[Y1@)(Q) = [y1(¢(ly ' 1(@)) =yI@ (" Qy))
for y € GL,(Q) and Q € E. In particular, we see that for Q € &, the evaluation map
evp : FE > F
(see Remark 3.1.1) is a I'p-equivariant map, where I'g = Stabs,z)(Q) C SL¢ (Z) is the stabilizer of O € E
in SL,(Z).
4. Equivariant cohomology

Recall that 'y = Stabsy,(z)(Q) C SL,(Z) denotes the stabilizer of Q € E in SLg(Z). In this section we
compute the equivariant cohomology groups

HY(Y°,Tg, Z4) and HY(Y°, SL.(2), L)

using the equivariant Cech complexes; see Corollary 4.3.4. We closely follow the argument in [Bannai
et al. 2023].
Here, for a subgroup G C GL,(Q), the equivariant cohomology

HY(Y°,G,—):Sh(Y°, G) — Ab
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is defined to be the right derived functor of the G-invariant global section functor
I(Y°,G,—):Sh(Y°,G) > Ab, Z—T(¥Y°, %),

where Sh(Y°, G) is the category of G-equivariant sheaves on Y°, Ab is the category of abelian groups,
and I'(Y°, %)Y is the G-invariant part of the global section I'(Y°, .%).

4.1. Open covering. In this subsection we introduce a certain GL, (Q)-stable open covering of Y°. For
a € C8—{0}, we define an open subset V,, € C8—{0} by

Vy:={y € C¢¥ | Re({a, y)) > 0} C C5—{0}.
Clearly, V,, C C8—{0} is a convex open subset. Let
Xg = Q%—{0}
denote the set of all nonzero rational vectors on which GL, (Q) acts by the matrix multiplication from the

Y° = U V,.

aeXqg

left. Then we easily see that

Let Xg := {V4}aex, denote this open covering of Y°. Forr >0 and I = («y, ..., a,) € (Xq)', set
r
V= ﬂ Vo, ={y € Y°|Re({e;, y)) > 0 forall i} C Y°.
i=1

In the case r =0, we set (Xq)? = {@} and Vy = Y° by convention. Let
j[ : V[ — Y°
denote the inclusion map.

First, we show that Xg = {V,}aex, 15 @ GL,(Q)-stable open covering. Note that the group GL,(Q)
acts diagonally on (Xg)". For I = (a1, ..., a,) € (Xg)" and y € GLg(Q), let

yl=(yai,....,ve) € (Xa)
denote this diagonal action of y on I.

Lemma 4.1.1. Forr >0, I = (ay,...,a,) € (Xg)", and y € GLg(Q), we have
Vy1 = t)/_l V.
In other words, we have the following commutative diagram:

v, I ye

ryllz J/tyl
/VI

Vy[(%YO
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Proof. For y € Y°, we have y € V,; if and only if

0 <Re((ya;, y)) =Re({e, 'yy))

foralli € {1, ..., r}. This proves the lemma. O

4.2. The equivariant Cech complex. Let .7 be a GL, (Q@)-equivariant sheaf on Y°. We consider the
GL, (Q)-equivariant “sheaf Cech complex”

0 d° 1 d! ) d?
¢ (Xa, )¢ (Xg, F) — € (Yo, F) — ¢ (X, F) — -

defined as follows. For g > 0, put

¢(Xo, Z) = || i 7,
Ie(Xg)rt!
where j,. (resp. j,‘l) is the direct image (resp. inverse image) functor induced by the inclusion map
J1: Vi< Y°. By Lemma 4.1.1, the GL,(Q)-equivariant structure

[y]: F = (y)«F
of .# induces isomorphisms
V1:jnd; ' Z = rd;  (VeZ = (Vidyrnd, ] Z - and [y]: €9 (Xa, 7) = ()67 (Xa, Z).

We easily see that this defines a GL, (Q)-equivariant structure on ¢4 (Xg, .#). More concretely, for an
open subset U C Y° and a section

s=(Drexgun ETU.€(Xe. 7)) = [] Twnv, )
Ie(Xg)Tt!
we have

(1)1 =[y1Gsy-1p), (4-1)

where ([y](s)); is the /-th component of [y](s).
The differential map
d9:¢(Xg, F) — ¢ (X, )
is given by
q+1

,,th+1)
i=0

for an open subset U C Y° and a section s = (s7) je(xq)e+! € I'(U, €9(Xq, F)). Here «; means that o; is
omitted. Moreover, there is a map
77 - X, Z) = ] jwda'Z
aeXg
induced by the natural maps .# — jy.j, 7.
Then we have the following.
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Lemma 4.2.1. (1) For g > —1, the differential map d? is a GL, (Q)-equivariant map, i.e., [y] o d? =
d? o[y] for y € GL4(Q).

(2) For any ag € Xq, the sequence
-1 0
0— Fly,, > ¢°(Xa. Py, > ¢ (Xa, P)ly,, — -
is homotopic to zero. In particular, the sequence
' o o 4l
00— % —%€¢ (Xg, %) — ¢ (Xg, F)— ---

. Lo . o
is an exact sequence of GL4(Q)-equivariant sheaves since Y° = |_J wexq Veor

Proof. (1) Let U C Y° be an open subset, and let

s=(GDrexun ETWU.¢4(X. 7= [] TWnV, %)

Ie(Xg)t!
be a section. Let J = (ap, ..., ag+1) € (X@)?™, and put JO := (ag, ..., &, ..., 0g41) € (Xg)?!
fori =0,..., g+ 1. Then we have
g+1 q+1
(dq([)/](s)))J = Z(—l)l[)/](Syflﬂr'))ltyflumv, = Z(—l)l[)/](syﬂﬂi) unv, ;)
i=0 i=0
q+1
= [V](Z(_l)lsy'J(i)|UﬂVylj) = (ly1d(s)),-
i=0

(2) See [Godement 1973, Théoréme 5.2.1] or [Stacks 2005—, Lemma 02FU]. Although they prove only
the exactness of the sequence, we can prove the statement in this lemma using essentially the same
argument. See also [Kashiwara and Schapira 1990, Lemma 2.8.2, Remark 2.8.3]. O

By applying the additive functor
Hom(Z[E], —) : Sh(Y®, GL,;(Q)) — Sh(Y°, GL,(Q)), ¥+ @& = Hom(Z[E], ¥),
we obtain the following.
Corollary 4.2.2. The sequence
0— 729 @O, )8 L 4l (X, ) — -
is an exact sequence of GL,(Q)-equivariant sheaves.

Proof. Since the homotopy is preserved by the additive functor, by Lemma 4.2.1(2), we see that for
any op € Xq, the sequence

= d-! = dv o
0— FEy,, — (X, )%y, — €' (Xg, F)%ly,, — -

is homotopic to zero, and hence exact. O



1170 Hohto Bekki

Now, by taking the global section, set

Cl(Xg, 7):=T(Y°,¢"(Xo, F) = [] T, 2).
Ie(Xq)i*!
Then we obtain a complex

ok a\ - 0 a d 1 a d' 2 a &
(Xa, #) : C(Xg, F) — C (Xo, F) — C°(Xg, F) —> -+~
of GL,(Q)-modules. Note that this is the usual Cech complex associated to the open covering Xgp.
Furthermore, set
C!(Xg, F)% :=T(Y°, ¢(Xg, #)%) = Map(E, C!(Xg, F)).
Then we obtain another complex
. 5\30 O"Edo 1 g\Edl 2 g\Edz
C*(Xg, #)= : C'(Xg, F)= — C (Ao, F)° — C*(Xg, F)° —> -+~
of GL,(Q)-modules. For Q € E, the evaluation map
evp : C*(Xg, )% — C*(Xg, F) (4-2)
is a I'p-equivariant morphism of complexes.
4.3. Acyclicity. Our aim here is to prove the acyclicity of the sheaves ¢4(Xg, %#;) and €4 (Xp, Z)E;

see Proposition 4.3.3. Then we can compute the equivariant cohomology groups HY(Y°, T'g, .#,;) and
Hi(Y°,SL¢(2), 9[,5) using the Cech complexes C*(Xg, %#4) and C*(Xg, F4)%; see Corollary 4.3.4.

Lemma4.3.1. Letr > 1and I = (ay,...,a,) € (Xg)".
(1) Forall g > 1, we have
HY(V;, Z4) = 0.
(2) Forall g = 1, we have
R jr(jy ' Fa) =0,
where R4 ji, (resp. jl_l) is the higher direct image (resp. inverse image) functor induced by the
inclusion map j;: Vi — Y°.
(3) For any open subset U C Y° and q > 0, we have an isomorphism
HIU, jisj; ' Fa) => HIU NV, Fo).
Proof. (1) This follows directly from Proposition 3.2.3(3) since V; is convex.

(2) Let x € Y°. Since convex open subsets form a basis of open subsets of Y°, we have

RUjr (7' F))e = lim  HIWUNVLj;7' Fo) = lim  HIUNV,, Fg) =0.

xeU convex xeU convex

Here the last vanishing follows from Proposition 3.2.3(3). This proves (2).

(3) This follows from (2) and the Leray spectral sequence. Il
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Proposition 4.3.2. For g > 0, the sheaves €1(Xg, %4) and €1 (Xg, ZE are T(Y°, —)-acyclic, i.e.,
HP(Y°, %9 (Xg, Z0)) =0 and H"(Y°, ¢! (Xo, F)%)=0  for p=1.

Proof. We imitate the argument in [Bannai et al. 2023, Proposition 3.4, Lemma 3.5]. For I € (Xg)it!,
put F#; = jl*jfle%g, and let

0— = 77

be an injective resolution of .%#;. First we show that

0— ¢1(Xa, Fa) = l_[ Fr — l_[ 77, (4-3)
Ie(Xg)7+! Ie(Xg)i+t!
0— %7 (Xg, F0)° = ( I1 %) — ( I J;) (4-4)
le(Xg)eH! Te(Xq)it!

are both injective resolutions of €7 (Xg, .%;) and €9 (Xg, .Z,) % respectively. It is clear that
[[ #/ and ( [ - ) ~T1 I
I(Xg)a+! Ie(Xg)it! Q€E Je(Xg)it!

are injective sheaves because they are products of injective sheaves; see Remark 3.1.1(2). We must
show the exactness of (4-3) and (4-4). Let U C Y° be any convex open subset. By Lemma 4.3.1(3) and
Proposition 3.2.3(3), we have

H?(U, #;) = H*(UNV, Z;)=0

for p > 1. Therefore, we find that
0— 7 (U)— 77 U)

is exact because H” (U, %) is the cohomology of this complex. Hence,

o~ [] #1vy—~ [] #w) ad o] [[ #=)-1]1] [I #w

Te(Xq)it! Te(Xq)i*! Q€ Ie(Xg)1+! Q€E Je(Xg)+!
are also exact. Since convex open subsets of Y° form a basis of open subsets, we obtain the exactness of
(4-3) and (4-4).
Then for p > 1, we have

HP(YC’,%(I(X@,%)):HP(F(Y", ] y;))

Ie(Xg)Tt!
~ [ Hr@Oc o)
Ie(X@)1H!

[ #roc.72n =~ ] H VL Za)=0,
Ie(Xq)t! Ie(Xq)et!

[
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and similarly,

HP(Y",%q(X@,ﬂd)E):H”(F(Yo,( I ﬂ,‘)u»

Te(Xg)T+!

~ J] [I eraw@.sm ~[[ [] H Vi.Z=0. O

Q€E Ie(Xp)1H! Q€E Je(Xq)iH!
Proposition 4.3.3. (1) Let Q € E. For q > 0, the sheaf ¢ (Xq, #4) is I'(Y°, g, —)-acyclic, i.e.,
HP(Y°,Tp, ¢1(Xq, #4)) =0
for p > 1. In particular, the complex
0— 74 5 ¢ (Xa. Fu)
gives aI'(Y°, T'g, —)-acyclic resolution of 7.
(2) For g > 0, the sheaf €1(Xg, Z4)% is T (Y°, SL¢(Z), —)-acyclic, i.e., we have
HP(Y°,SLy(Z), €1 (Xa, Z4)%) =0
for p = 1. In particular, the complex
0— 7E 5 ¢ (xg, F)°
gives aI'(Y°, SL,(Z), —)-acyclic resolution ofﬂ‘dg.

Proof. (1) First note that the functor I'(Y°, T'g, —) is a composition of two left exact functors I'(Y°, —)
and (—)"e. Moreover, I'(Y°, —) sends injective objects to injective objects. Therefore, we have a spectral
sequence

E$? = H(To, H*(Y°, ¢ (Xg, Z4))) = HTP(Y°, Ty, €1 (Xa, Fa)).

where H(I"p, —) is the usual group cohomology of I'p. Now, by Proposition 4.3.2, we already have
Hb(Y°, ¢9(Xg, Z,)) =0 forall b> 1.
Therefore, it suffices to show
H(T, T(Y°, ¢9(Xa, Za))) = H*(Tp, C!(Xq, Z4)) =0 forall a > 1.
Actually, we will prove that C?(Xg, .%#4) is a coinduced I'p-module. First, recall that

Cl(xe, Zo)= ] T Z),
Ie(Xg)a+!
and that I'g acts freely on (Xg)? +l by Lemma 2.1.1(7). Let A C (X )it bea system of representatives
of Ip\(Xg)?™!, and set

M= ]_[F(v,,%).
I€A
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Then recall that the GL, (Q)-equivariant structure on .%; gives an isomorphism
[Y1:T(Vi. Za) = T((Y) "' Vi, ) =T (Vy1. Fa) (4-5)

for each I € (Xg)¢*! and y € GL,(Q); see Lemma 4.1.1. Therefore, for each y € I'p, we have an
isomorphism

M=]]rW, Z) = [TV Za), (sD1ea = (y1sn)iea,
IeA IeA

and hence we obtain an isomorphism

Homz(ZITol. M) = [[ M = [] [[T(Vy1. Z0) = C(Xa. 7).
yelp yelp I€eA

Since this is clearly a I'p-equivariant isomorphism, we see C?(Xgp, .#4) is a coinduced I'p-module.
(2) This can be proved similarly. First, by the spectral sequence
E$" = H(SLy(Z), Hb(Y°, 69 (Xa, Z4)%)) = H P (Y°, SLy(2), 67 (Xa, Za)€)
and Proposition 4.3.2, it suffices to show
H*(SLy(Z), C9(Xg, Z4)¥) =0 forall a > 1.

Again, we will prove that
Clxe. 70~ ] ] T2

Q€E Je(Xg)it!

is a coinduced SL,(Z)-module. Note that the action of SL,(Z) on E x (Xg)?*! is free. Indeed, if

v(Q. D ={yI(Q), yI)=(Q, ),

then it follows that € I'p, and hence y = 1, since the action of I'y on (X@)9+! is free. Let A’ C
E x (X@)?"! be a system of representatives of SL(Z)\(E x (Xg)?*!), and set

M= [] T 7.
(Q,1HeA’

Then again by using (4-5), we obtain an isomorphism

Homz(ZISL,@)1. MY= [ M= [ [] T 20~ "X 70)°
y€eSL,(2) yeSLy(2) (Q.1)eA’

of SL,(Z)-modules. Thus we find that C?(Xg, Z4)% is a coinduced SL¢(Z)-module. Il
Corollary 4.34. (1) Let Q € E. For g > 0, we have

HY(Y°,Tg, Z4) ~ H (T (Y°, T, € (Xa, Z4))) = H1(C*(Xa, F2)"),

where the second and third HY are the cohomology of complexes.
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(2) For g = 0, we have
HY(Y®, SLy(Z), #5) ~ HY(T'(Y°, SL,(Z), ¢*(Xa, Z4)®)) = HY (Mapg;_ 7 (E, C*(Xa, Za))),
where MapSLg(Z)(—, —) is the set of SLg(Z)-equivariant maps.
(3) For Q € E, we have the commutative diagram
HY(Y®, SLy(Z), FE) ——2— HI(Y®, Ty, F4)
) 2

ev
H(Mapg; _7(E, C*(Xg. Fa))) —— HI(C*(Xg. Fo)'0)

where the two ev g are the evaluation maps induced by (3-1) and (4-2).
We end this section with one more corollary, concerning an operation which shifts the index d > 0 of .%;.

Corollary 4.3.5. Let P(y1, ..., Y,) € Cly1, ..., ygl| be a homogeneous polynomial of degree d' < d such
that

P(yy)=P(y) forall y € Ip.
Then the multiplication by P,

P:Cl(Xg, Za) > C1(Xa, Za-a)s (100 1exgyert = (POS1(V)) rexgyt!»
gives a I'g-equivariant map of complexes, and hence induces a map
P:HY(Y° Ty, Z4) > HI(Y°, T, Za—a).

Example 4.3.6. A typical example of such a I'p-invariant homogeneous polynomial P is the norm
polynomial N« defined in Section 2.2; see Lemma 2.2.1. More generally, let k > 1 be an integer.
Under the notation in Lemma 2.2.1, the k-th power N{Z* of the norm polynomial N, is a I'p-invariant
homogeneous polynomial of degree kg. In particular, we have a map

NK.: HYU(Y®, T, Fiy) — HI(Y°, Ty, F).

5. Cones and the exponential perturbation

In this section we introduce the notion of exponential perturbation, which is a modification of the so-called

upper closure or Q-perturbation (Colmez perturbation) used in [ Yamamoto 2010; Bannai et al. 2023;

Charollois et al. 2015]. This is one of the key ingredients enabling us to deal with general number fields.
Forr >0, I =(ay, ..., o) € (RE—{0})", let

.
Cy:= Z R.oo; C RS

i=1

denote the open cone generated by a1, ..., a,. In the case r =0 and I = &, we set Cy := {0}.
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Remark 5.0.1. We follow the convention to call C; an “open” cone although it is not necessarily an open
subset of R8. Note that, however, C; is open in Spang{«], ..., o}, where Spang{ay, ..., a} C R8 is
the R-subspace spanned by «y, ..., «,; see Lemma 5.2.4.

Recall that X g := (¢ —{0} denotes the set of nonzero vectors of (8. In this paper we fix the terminology
concerning cones as follows.

Definition 5.0.2. (1) An open cone Cj is called rational if we can take I € (Xg)".
(2) An open cone C is called simplicial if oy, . .., o, are linearly independent over R.
(3) We refer to a subset of RS which can be written as a disjoint union of a finite number of rational

simplicial open cones as a rational constructible cone.

5.1. The exponential perturbation. Recall that
E={0 € GL,(Q) | Q is irreducible over }
denotes the set of irreducible matrices of GL,(Q); see Section 2.1.
Definition 5.1.1. For Q € E and a subset A C R¢, we define the exponential Q-perturbation A2 of A as
AQ = {x € R® | there exists § > 0 such that for all ¢ € (0, ), exp(eQ)x € A},

where exp(e Q) € GL(R) is the matrix exponential of ¢ Q € GL,(R).

Remark 5.1.2. This exponential Q-perturbation is defined by considering the perturbation of x € R$
by the matrix action of exp(e Q), and we call this process the exponential perturbation. The original
Q-perturbation used in [Charollois et al. 2015] is the perturbation of x by the vectors O € R# whose
components are linearly independent over Q.

Lemma 5.1.3. Let Q € E.
(1) Let A, B C R8 be subsets such that A C B. Then we have

A9 c BC.
(2) Let Ay, ..., A, CR8 be subsets. Then we have
(A1N---NAN2=4%n...nAL.
In particular, if AyN---N A, =D, then A?ﬂ---ﬂA,%:@.

Proof. (1) is obvious. We prove (2). The inclusion C is clear. We prove D. Let x € A1Q N---N A,% . Then,
by definition, there exist 61, ..., §, > 0 such that

exp((0, ;) Q)x C A;
fori=1,...,m. Put§:=min{dy, ..., 5,} > 0. Then we have

exp((0,8)Q)x CA1N---NA,,
and hence x € (A;N---NA,)2. 0
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In the following, we study the exponential Q-perturbation C,Q of rational open cones C;, which play
an important role in the construction of our Shintani cocycle.

Lemma 5.14. Forr >0, I = (a1, ...,a,) € (Xq)", Q € B, and y € GL,(Q), we have

y(C?

_ IO
}/_]I) - C[ ’

where [y](Q) =y Qy~' € E.
Proof. Indeed, for x € R$ and ¢ > 0, we see that
exp(e[y1(Q))x € C; <= exp(eyQy Hx €C; < exp(eQ)y 'x ey (C))=C, ;.
This proves the lemma. 0

5.2. Rationality. The aim of this subsection is to prove the following proposition:
Proposition 5.2.1. Let0<r <g, I =(ay,...,0) € (Xg)",and Q € E.
(1) Suppose dimg Spang{ai, ..., o} < g—1. Then

cQ_ {{0} if 0eCy,
e ifogc.

2) The exponential Q-perturbation C of the rational open cone C 1 generated by I is a rational
P 14 I P 8 y
constructible cone, i.e., a disjoint union of a finite number of rational simplicial open cones.

To prove this proposition, we first prepare several lemmas. In the following, for o € R8—{0}, we put
Uy+:={xeR¢|L£(x,a) >0} and H,:={x e R¢|(x,a)=0}
We start with recalling the following fact.

Lemma 5.2.2 [Shintani 1976, Section 1.2; Hida 1993, pp. 68-69, Lemma 1]. (1) Let W C Q8 be a
Q-subspace, and let 11, . . ., 1, € Q5—{0}. Then the subset

X=xeWQaRCRE|(x,;)>0fori=1,...,m}CRS

is a rational constructible cone.
(2) Let C,C’' C R8 be rational constructible cones. Then C U C’, CNC’, and C—C’ are rational

constructible cones.

Proof. See [Shintani 1976, Lemma 2, Corollary to Lemma 2] and [Hida 1993, pp. 68—69, Lemma 1].
Although, in [Hida 1993], it is assumed that the total space is of the form F ®g R for a number field F and
that W is a subspace generated by elements in F, the proof there does not use this special assumption. [

The following is the key lemma of this section.
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Lemma 5.2.3. Let Q € E and a € Q8—{0}. For k > 0, put
HY =[x e R® | £(x,'0*a) > 0 and (x,'Q7a) =0 for 0< j <k—1}.
Note that HY? = Uy, + by definition.

(1) There exists kg > 0 such that Hﬂ(tk) = O for all k > kg + 1. Moreover, we have

ko
RE—{0} = | [P uHY),
k=0
where |_| and LI denote the disjoint union.

(2) Forall k = 0, the sets Hj(Lk) and H® are rational constructible cones.
(3) Forall k > 0, we have H" ¢ (H")2 = (U, )2 and HY ¢ (H*)2 = (U, )2
(4) We have HaQ = {0} and
RE—{0} = (Ua.4) % U (U, )°.
In particular, R8¢ = HZ U (Ug+)2 U (Uq.—)2.
(5) We have
ko ko
Ue)?=| |HY and U.)2=||HY.
k=0 k=0
In particular, (Ua,+)Q and (U, ,_)Q are rational constructible cones.

Proof. (1) and (2) For k > 0, put
H® = {(x e R | (x,’Q/a) =0 for 0 < j <k —1}.
Then we have a descending chain
RE=HO SO 5 gD 5. ..

of R-vector spaces. Note that the subspaces H ) are all defined over @ since we have ‘Q/«a € Q8 —{0}
for j > 0. Since R is a finite-dimensional vector space, there exists ko > 0 such that H® = H%o+D for
all k > kg + 1.

Claim. H®o+h — (.
Proof of claim. Indeed, let x € H*o+tD) = g ®0+2) Then we have
(0x,'07a) = (x,'0'Ma) =0 for 0 < j <ko,

and hence Qx € H®*0*D  Therefore, H*tD is a Q-stable subspace of R¢ defined over Q. Moreover,
since o # 0, we have
H(k()"rl) C H(l) - RE .

Therefore, we obtain H*0+1) =0 by Lemma 2.1.1(2). 0O
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Now (1) follows from the fact
HO—g®D = g® g forall k>0,

and (2) follows from Lemma 5.2.2(1).
(3) Letx € HJ(rk). Then we have
tym
(exp(e Q)x, o) = Z Mem.
= m!

Now since (x, ‘Q¥a) > 0, there exists § > 0 such that

tym
(exp(e Q)x, o) = Z m&em >0
m>k '

for all ¢ € (0, §). Hence x € (HJ(rO))Q. The inclusion H* ¢ (HEO))Q can be proved similarly.

(4) First, by Lemma 5.1.3(2), we see (Uy. )2 N (Uy—)2 = @, and HZ N (Uy.+)2 = . On the other
hand, we obviously have 0 € HO,Q, and hence 0 ¢ (Ua,i)Q. Therefore, by (1) and (3), we obtain

RE—{0} C (U, )¢ U (Uy, )¢ C RE—{0}.
Thus we find R¢—{0} = (Uy, )2 U (Uy,—)? and HZ = {0}.
(5) The first part follows from (1), (3), and (4). Then the latter part follows from (2). Il

Lemma 5.2.4. Let I = (ay, ..., a,) € (Xg)" such that ay, . .., a, € Q8—{0} are linearly independent.
Note that we automatically have r < g.

(1) There exista, ..., o), By, ..., ﬂ(’g_, € Q3% —{0} such that

r g—r
C= (ﬂ Ua;,+) N <ﬂ Hﬁ;).
i=1 i=1

(2) Let Q € E. Then we have
R¢ = C2 U (RE—C))C.

Proof. (1) Put W := Spang{ai, ..., a,} C Q%, and let WL C Q¢ be its orthogonal complement with
respect to the scalar product { , ). Let ai, ..., o, € W be the dual basis of «y, ..., o, in W with respect
to (, ),1e.,

W1 G=,

(O[i’ a]) - . .
0 G#)),

and let B, ..., éf, € W be a basis of W over Q. Then oy sy, Bl éfr satisfy the desired
property. Indeed, let By, ..., By—, € W+ be the dual basis of Bis---s ﬁé_, in W+, and let x € RS. Since
at, ..., B, ..., Bg—r form a basis of R¢, we have

r g—r
X = ZC,‘O[,‘ +Zdj,3j
i=1 j=1
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for some ¢;, d; € R. Then we have x € C; if and only if
(x,a))=c;>0 and (x,B;)=d;=0 for all i, j.
This proves (1).

(2) Using (1), we take &}, ..., a/, B, ..., ,Bg,_r € Q@8—{0} such that

r 8—r
C; = (ﬂ Ua;,+) N (ﬂ Hﬁ;). (5-1)
i=1 i=1

We then have
g—r

,
Ré—C = | Wy~ UHy) VW s VU ).

i=1 i=1
By taking the exponential Q-perturbation and using Lemma 5.1.3(1), we obtain

r

g8—r
U(We ¢ HZ) U (W )2 U WU, )8) € ®E—CDE. (5-2)
i=1

i=1

On the other hand, by (5-1) and Lemmas 5.1.3(2) and 5.2.3(4), we obtain
r g—r
0 o
R¢—CE = Rg—<<ﬂ(Ua;,+)Q) N (ﬂ Hﬁi,)>
i=1 i=1

r g—r
= J(Wy 22 UHL) U J(Wy, )2 U W, )9). (5-3)
i=1

i=1

Thus, by combining (5-2) and (5-3), we find that R¢—CZ < (R€—C;)2, and hence RS = C2U(R¢—C)2.
Finally, since we have CIQ NRE—CH2 =2 by Lemma 5.1.3(2), we obtain R = CIQ u(RE—CpH2. O

Proof of Proposition 5.2.1. (1) Since Spang{oay, ..., o} C QF, there exists B € Q8 —{0} such that
C; C SpanR{al, N O[r} C Hﬁ.

Therefore, by Lemmas 5.1.3(1) and 5.2.3(4), we have either cl=zor CIQ = {0}. Then it is clear that
CIQ = {0} if and only if O € C;. This proves (1).

(2) Since @ and {0} are obviously rational constructible cones, we may assume «1, ..., &, generates RS.
In particular, we have r = g and C is a rational simplicial open cone. By Lemma 5.2.4(1), there exist
oAy, ag, € Q% —{0} such that

8
C[ - m Ual[’+.
i=1

Then, by Lemma 5.1.3(2), we have

g
CP = We. )%

i=1
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Now, we already know that (Ual{,+)Q is a rational constructible cone by Lemma 5.2.3(5), and hence CIQ
is also a rational constructible cone by Lemma 5.2.2(2). U

5.3. Cocycle relation.

Definition 5.3.1. (1) For a subset A C R, let
if A
L RE— R, xo |0 TxEA
1 ifxeA
denote the characteristic function of A.
(2) For I = (ay, ..., a,) € (RE—-{0})8, we set

sgn(/) :=sgndet(ay, ..., a,) € {—1,0, 1},

where (o, ..., o) is regarded as an element in M, (R). We assume sgn 0 := 0.
(3) Letr>1and I = (aq,...,a,) € (RE—{0})". We say that x € R? is in general position relative to 1
if x is not contained in any proper R-subspace of R# generated by a subset of {oy, ..., o }.

Remark 5.3.2. The condition “in general position relative to I is slightly more strict than the condition
“generic with respect to {«q, ..., -} in the sense of Yamamoto [2010, p. 471]. Actually, this difference
is not important at all, but we adopt this definition since it is more useful in this paper.

Lemma 5.33. Letr>1, I = (a1, ...,a,) € (Xg)", x € RE—{0}, and Q € E. Then there exists § > 0
such that exp(e Q)x is in general position relative to I for all € € (0, §).

Proof. Let Wy, ..., W, C R¢ be all the proper R-subspaces which can be generated by some subset
of {«y, ..., a,}. In particular, y € R$ is in general position relative to / if and only if y ¢ U7=1 W;.

Take Bi, ..., B € @*—{0} such that W; C Hp, for j =1, ..., m. (See Section 5.2 for the definition
of Hg;.) Then, by Lemma 5.2.3(4), for each j, there exists §; > 0 such that

exp((0,8;)Q)x C Ug; + UUg, - =R —Hp,.
Put 6 := min{éy, ..., d,,} > 0. Then for all ¢ € (0, §), we have
m m
exp(eQ)x ¢ |_J Hp, > |J W;.
j=1 j=1
and hence exp(e Q)x is in general position relative to 1. g
The following is the main proposition of this subsection.

Proposition 5.3.4. Let J = (ap, ..., ag) € (Xo)¢t! and Q € B. Assume that there exists y € R&€—{0}
such that foralli =0, ..., g we have {®;, y) > 0. Then we have

8
Z(—l)" sgn(J(i))lc(g(_) x)=0
i=0 "

for x € R&—{0}, where J© = (ag, ..., &, ..., ag) € (Xo)f.
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Proof. Take such y € R¢—{0}. We will reduce the problem to the “generic case”. First, we claim that for
eachi =0,..., g, there exists §; > 0 such that

exp((0,8,)Q)x C C;0 or  exp((0,8;,)Q)x C RE—Cw.

Indeed, if ag, ..., q;, ..., a, (a; is omitted) are linearly independent, then this follows directly from
Lemma 5.2.4(2). On the other hand, if «p,...,&;,...,a, are linearly dependent, then we have
Spang{ao, ..., &, ..., g} C QF, and hence there exists @ € @ —{0} such that C;» C H,. Therefore,

by Lemma 5.2.3(4) along with Lemma 5.1.3, we find
R —{0} = (Ug,+)? U (Ua,2)¢ C (RS =C ),

and we can take such §; > 0.
Consequently, fori =0, ..., g, we obtain

IC;*)@ (x) = ICN) (exp(eQ)x) forall € € (0,5;).

On the other hand, by Lemma 5.3.3, there exists 6 > 0 such that for all ¢ € (0, §), exp(¢Q)x is in general
position relative to J. Set gg := %min{éo, ..., 84,8}, and put x" := exp(e9Q)x. Then

. ICJQU) (x)=1c,, (x)fori=0,...,g,
 x’ is in general position relative to J.

Therefore, it suffices to prove

8
D (=1 sgn(J N1, (x) =0 (5-4)
i=0

for any x’ which is in general position relative to J. First, if (x’, y) <0, then we have
lc](i) (x)=0 forall i €{0,...,g}

because («;, y) > 0foralli =0, ..., g. Therefore, we may assume (x’, y) > 0. In this case, the identity
(5-4) follows from [ Yamamoto 2010, Proposition 6.2].
Indeed, let y € GL,(R) such that tyeg =y, where e, = ©0,...,0,1) € R8. Then

o yx',yap, ..., yo, e H:={veRE| (v,e) >0},
e yx'is in general position relative to y J,
« sgn(yJ ") = sgn(det(y)) sgn(J ),
e 1oy, (@) =1c , (vx),
and hence we can use [ Yamamoto 2010, Proposition 6.2]. This completes the proof. U

Remark 5.3.5. It is also possible to prove the last part using [Charollois et al. 2015, Theorem 2.1].
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6. Construction of the Shintani-Barnes cocycle

Recall that for d > 0, we have sheaves

-1 -1 = -
Fa=7¢ Qo) (~Dlye and  FF =Hom(Z[E], Fy) = [ 7
Qct

on Y° = C¢—iR&. In this section we construct a certain cohomology class in H&~!(Y°, SL¢(2), 7, dE)
using the Cech complex €*(Xg, Z4)E.

6.1. Barnes zeta function associated to C IQ Recall that for I = (ay, ..., ag) € (X@)¥, the open subset
V; C Y° is defined as
Vi={yeY®|Re({a;, ¥)) >0fori=1,...,¢g}

and we have

T (Vi, Za)={f| f holomorphic function on &' (¢ (V) such that f(ry)=2"5"f(y) for all ,eC*}

by Proposition 3.2.3. Note that 7o ! (e (Vy)) C C8—{0} is an open subset of the following form:
JTC_I(JT(D(VI)) = {y € C# | there exists A € C* such that Ay € V;} Cc C5—{0}.

Definition 6.1.1. Ford > 1, I = (a1, ..., a,) € (X@)®, Q€ E,and y € ngl(n@(VI)), set

1
0 N
Ve, =sen) Y G (6-1)
xeCPnzs—{0)
where sgn(/) = sgndet(ay, ..., a,) € {—1,0, 1}; see Section 5.3.

Proposition 6.1.2. The infinite series (6-1) converges absolutely and locally uniformly for y € Yre (V).

In particular, wdQJ is a holomorphic function on 7'[61 (mc(Vy)). Moreover, we have

v2,00) =272, (y)
forall . e C* and y € ngl(n@(Vl)).

Proof. If sgn(1) = 0, then by Proposition 5.2.1(1), we see that C,Q NZ8—{0} = o, and hence the sum is
zero. (In particular, the series converges.) Therefore, we may assume that oy, . .., oty form a basis of Q5.
Furthermore, since sgn(/) and C IQ do not change if we replace «; by its multiple by positive integers, we
may assume that o, ..., o, € Z8—{0}.

Lety € m ! (mec(Vy)) and take A € C* such that Ay € V;. Then take a relatively compact open
neighborhood U C V; of Ay, i.e., U is an open neighborhood of Ay such that its closure U is compact
and U C V;. Since y e A~1U C e I(Jqu(V])), it suffices to show that (6-1) converges absolutely and
uniformly on A~1U.

First, note that by the definition of C2, we have

8
CPcCr=) R,
i=1
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where C; is the closed cone generated by 1. Put
8

Ry := Z[o, Do

i=1
Then we see

e CPNZECCiNZ8 =[x+ Y5 miai | x € RyNZE, n; € Zso),
e R; N 78 is a finite set,
. {Re((x, YD |xe R NZ8—{0},y € 17} is a compact subset of R .

Therefore, set
b:=min{Re((x, ")) |x € R;NZ5—{0},y € U} > 0.

Moreover, fori =1, ..., g, set
a; :=min{Re((e;, y')) | Y € U} > 0.
Then for y”" = A"y’ € A~!U, where y’ € U, we have

Z 1

Q <X, y//>g+d
xeCyNzE—{0}

1
< A g+d E -
=1 _ [(x, y')|8+d
xeCynz8—{0}

1
DS
Bl g+d
xeCiNZ8—{0} (Re((x, y/)))
1
<|)L|g+d Z
- +d
veRinze o mpe-or, (RECK, YD+ niRe((ei, y'))*
x’+2f:1 n;o; 70
! 1
g+d I otd o
<[] ) ) Y
e ng)E(ZBO)gi{O}( iz]niai) (nl,...,ng)e(Zzo)g( +Zi:]niai)

where #(R; N Z8—{0}) is the order of the finite set R; N Z8—{0}. It is now clear that the last two series
converge for d > 1. The last statement in the proposition follows directly from the definition. 0

Remark 6.1.3. Since C,Q is a rational constructible cone (see Proposition 5.2.1), we see that r dQ ; can be

written as a sum of a finite number of the Barnes zeta functions; see [Barnes 1904; Yamamoto 2010].
Conceptually, we may also view wdQ ; as a decomposed piece of the “Eisenstein series”

1
Ya(y) = Z W’

x€Z8—{0)
which coincides with the classical holomorphic Eisenstein series of weight 2+ d if g =2, d > 2 is even,

and y = (1, z) with Im(z) > 0, but does not converge if g > 3. Therefore, the following construction of
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the Shintani—Barnes cocycle can be seen as a cohomological realization of this (generally) nonconvergent
Eisenstein series.
Corollary 6.1.4. Letd > 1. For I = (ay, ..., o) € (Xg)® and Q € E, we have
g . v
YLwe TV, Zg). where o(y) =Y (=1)''yidyi A+ Ady; A+ Ady,.
i=1
Proof. This follows directly from Propositions 3.2.3(2) and 6.1.2. 0
6.2. The Shintani—-Barnes cocycle.

Definition 6.2.1. For d > 1, we define a map ¥, : E — Ct N (Xg, Zi) by

W (Q) = (W f o) 1exqr € C (X, Z) = [[ T(Vi.Za)  for Q€E.
le(Xqp)8

We aim to show that W, defines a class in H¢~!(Y°, SL,(Z), ﬁdE) via Corollary 4.3.4.
Proposition 6.2.2. The map YV, is a SLg(Z)-equivariant map, i.e., we have
Wi ([y1(Q) = [y1(¥a(Q))
for Q € Eand y € SLy(Z). In other words, we have

Wy € Mapg; 7 (8, C*~(Xa, Za)) =T (Y°, SLe(2), €4 (Xa, Za)®).

Proof. Let I = (ay, ..., a,) € (Xg)%. We need to show
W[y = ([¥1(Wa(Q))), € T(Vy, Za),

where Wy ([¥1(2)); (resp. ([y1(Wa(Q))),) is the I-th component of W([y1(Q)) (resp. [¥1(¥a(Q))) as
always. Indeed, we have

(V1(%a(20), ) = (W7, -,@) )
=yy 1, (yyelyy)

B w(yy)
= I Ux. tyy)etd
sgn(y 1) QZ (x,tyy)etd
xeCyfllﬁZg—{O}
) y l (y)
= sgn(det(y ")) sgn(/) det('y) Z (yx, y)etd
)CECQ_1 Nz&—{0}
y=lI

— san(l) > 2

(x, y)s+d

xey(CyQil[)ﬁng{O}

—sen) Y O w0 ©@n0)

xeC@nzz_io)



Shintani—Barnes cocycles and values of the zeta functions of algebraic number fields 1185

fory e mo ! (rc(V7)). Here, the first and second equalities follow from the definition of [y] (see (4-1)
and Definition 3.3.2), the fourth equality follows from Lemma 3.3.1, and the sixth equality follows from
Lemma 5.1.4. Il

Corollary 6.2.3. For Q € B, we have
W, (0) € C¥ N Xg, Zo)0 =T (Y°, Ty, €5 (Xa, Za)).

Proof. Because I'p is the stabilizer of Q in SL,(Z) and W, is a SL¢(Z)-equivariant map, it follows
that W, (Q) is a I'p-invariant element. Il

Proposition 6.2.4. (1) Let Q € E. We have
41 (Wy(Q) =0
under the differential map
487" 08X, Fa) — C8 (X, Fa).

(2) We have
ds (W) =0

under the differential map
d* 1T (Y°, SLy(2), €% (Xa, Z0)®) — T(Y°, SLy(2), €% (Xa. Za)®).

In the following, we refer to W, as the Shintani—Barnes cocycle.

Proof. (1) Let J = (a, ..., a,) € (Xg)¥T'. Fori =0,...,g, put JO = (ag, ..., &, ..., ) € (Xg)%.
We need to show
8
(AW (Q)), = Z(—l)’\lfd(Q)m lv, =0. (6-2)
i=0

First if V; = &, then (6-2) is obvious because I' (&, .#,;) = 0. Assume V; # &, and take y’ € V;. Then we
have (a;, Re(y")) = Re({e;, y')) > 0 foralli =0, ..., g, and hence the assumption in Proposition 5.3.4
is satisfied. Therefore, by Proposition 5.3.4, we find

8 8
. . . 1
DOl ) =D s D) Y ()
i=0 i=0 xeChnnzs—{oy 7’
= > Xg:(—l)i sen(J )10 (x)) -2
B rezio(0) N im0 g CJQ(i) (x, y)“"
=0

for y € ngl(nC(VJ)). This proves (1).
(2) This follows from (1). g



1186 Hohto Bekki
We obtain the following.
Theorem 6.2.5. For d > 1, the Shintani—-Barnes cocycle V, defines a class
[yl € HS'(Y°, SL(2), Z5).
Moreover, for Q € E, the element W;(Q) € ce\(Xg, Fy)le defines a class

(W, (Q)] € HS (Y, Tg, Z4),

and we have

evo([Wal) = [Va(Q)].

Proof. This follows from Corollary 4.3.4, Proposition 6.2.2, Corollary 6.2.3, and Proposition 6.2.4. [

7. Integration

The goal of the remaining sections is to construct a specialization map (8-11), and prove that the Shintani—
Barnes cocycle class [W;] specializes to the special value of the zeta functions of number fields; see
Theorem 8.3.2.

Let Q € E be fixed throughout this section. In this section we define an integral map

/ tHY(Y°,Tg, #9) — H)(Y°,Tg, C),

Q

where H, g(Y °,T'g, C) is a certain auxiliary cohomology group defined later; see Section 7.2. This group
Hg(Y ¢, T, C) will be studied more closely in Section 8 using a topological method.

7.1. Integration and the Hurwitz formula. For g > 0, let

qg+1
A = {(t1,...,tq+1) € Rt! ) Zli =11 20}
i=1

denote the standard g-simplex. Note that we can also embed A7 into R? by
A1 — R?, (l‘l,...,l‘q+1)l—>(tz,...,tq+1),

and we equip A? with an orientation induced from the standard orientation of R?. Moreover, for

%'17 ceey $q+1 S Cg—{o}, let
q+1

O(&),rbgs1) - Al — Cg, (f1, ..., l‘q+1) = Zl,fi
i=1
denote the affine g-simplex with vertices &1, ..., §;11, and let

|0(§1 ~~~~~ €q+1)| =0, §q+1)(Aq) ccs

denote the image of o, . Egr1)-
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Now, let U C C8—{0} be a convex open subset and let &1, ..., &, € U be a basis of C¢. Then for a
homogeneous holomorphic function f on 7 ! (mc(U)) of degree —g, (i.e., f(Ay) = A78 f(y) for all
A € C*), we consider the integral

/ fo 1=/A (0...50)" (fw), (7-1)
) !

where
g
o)=Y (=D yidyi Ao Ady A Ady,.
i=1
Here note that fw is a holomorphic (g—1)-form on 7o ! (mc(U)) D U, and we have |o,

since U is convex.

Remark 7.1.1. Via the identification (3-2), the above fw corresponds to a holomorphic (g—1)-form on
nc(U) c P$~1(C). More precisely, there is a holomorphic (g—1)-form n on 7c(U) C P# ~1(C) such that

(me)'n = fo.

Then we see that the integral (7-1) is actually an integral on P8 “1(©):

Lemma 7.1.2. Let U C C8—{0} be a convex open subset, and let &, ..., &, € C5—{0} be a basis of C8
such that

51,...,§gEU.

Furthermore, let Ay, ..., L, € C* be any complex numbers such that
)»1%'1, ...,)xg%'g eU.

Then for a homogeneous holomorphic function f on g Y e (U)) of degree —g, we have

Proof. Let

i=1

be a homotopy between og, . .. ¢,) and 0(;,g,.....1,&,)- Note that we have i (u, 1) € U because U is convex. We

.....

regard h as a singular g-chain in a usual way using the standard decomposition of the prism [0, 1] x A8~!;
see [Hatcher 2002, Section 2.1, Proof of 2.10]. Then we have

Oh =0, = OOty T 1,
where
W0, 11x0A8 " > U, (u, 1) — h(u, 1),
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which is also regarded as a singular (g—1)-chain. Let £, ..., §; € C* be the dual basis of &1, ..., &,

and let

8
z:=Jyect . =0

i=1

be the union of hyperplanes defined by &, ..., §,. Then, by (7-2), we easily see
R ([0, 11 x dAs~ ) c Z.
Now, by Remark 7.1.1, there exists a holomorphic (g—1)-form n on ¢ (U) such that

(re)'n = fo.
In particular, we have
d(fw) = (rc)*(dn) =0,

where d is the usual derivative of differential forms. Moreover, we also have

fw=/ n=0
n wcoh’

because 7c o i’ is contained in a divisor 7¢(Z—{0}) € P$~1(C). Therefore, we obtain

fo+ fa):/
h o

This completes the proof. U

,,,,, )

An important example of such an integral is the following Hurwitz formula (see [Hurwitz 1922; Sczech
1993]), which is also known as the Feynman parametrization.

Proposition 7.1.3 [Hurwitz 1922]. Let x € C5—{0}, and let &, ..., &, € C5—{0} be a basis of C¢ such that
€1,...,6g €V, ={y e C¥—{0} | Re((x, y)) > 0}.

(1) We have
()

X908 (@ = DHx &) - (x, &)
(2) Let &y, ..., &; € C® be the dual basis of &1, ..., &g, and let k = (ki . .., kg) € (Z>0)®. Then

N TRV 16 ) k! det(&1, ..., &)
/;(Sl E (1. ») (Sg’ y) (x, y)8tikl - (g + k| — D! (x, &)+l ... (x,fg)kg"'l )

where |k| ==k +---+kg and k! :=ky!---kg!.

/‘ oy 1 det(§y, ..., &)
Oyt |

Proof. (1) Let W := (&1, ..., &,) € GL,(C) be the matrix whose columns are &, ..., &, so that the (g—1)-

simplex o, ,...¢,) is represented by the linear transformation W, i.e., we have o, g,)(f1, ..., Ig) =
Wity, ... t,) for (11, ..., 1) € AS~! C RS, Then
w (W )
/ ) =/ WY _ gt w : SO
O], kg) (X, y>g As-l (x7 W)’)g As-l ( Wx, )’)g
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Fori=1,..., g, put

a; == (x,&) #0,
i
and let ey, ..., e, € C# be the standard basis, i.e., ¢; = 10,...,0,1,0,...,0). Then we find
det W w(y) _ det W w((aiyi,...,agy,))
a1 (Wx, y)8 ay---ag Jas-1 (@ry1+---+agye)d
_detWw (y)
al T ag U(alel.,,.,ugEg) (yl + T + yg)g
_ det W w(y)
aj ...ag ey ep) (y] ++yg)g
det W
= w(y)
ai .ag O(ey,....eq)
1 det W

(g—D'ar---ag
Here, the third equality follows from Lemma 7.1.2, and the last equality follows from an elementary
computation. This proves (1).

(2) First note that for fixed &1, .. ., &,, the formula () can be seen as an equality of holomorphic functions
in the x-variable. Thus, for 1 <i < g, we consider a linear differential operator

. *i>_ x 0 L ex O
D '_<$i’8x _g“axﬁ +$ig8xg’

where El?;. is the j-th component of £*. Then we can compute the action of D; on the both sides of ()

using the formula
1 1
D' = - '*9 VYRR
Ty - MRS

where y € C8, (x, y) #0, and n > 1. Now (2) follows from (1) by applying to () the operator

D ... D 0

Remark 7.1.4. The right-hand side of the Hurwitz formula (Proposition 7.1.3) is exactly the building
block of Sczech’s Eisenstein cocycle [Sczech 1993].

7.2. The integral map f o Let Q € E,and let 0V, ..., 8® e C be the distinct eigenvalues of ‘Q. Note
that by Lemma 2.1.1(1), ’Q has g distinct eigenvalues.
We will introduce an auxiliary cohomology group H, g(Y", I'p, C) and define the integral map |, 0

Definition 7.2.1. Let ¢ > 0. We say that I € (Xq)?*! is Q-admissible if we can take a system of
eigenvectors &1, ..., &, of ‘0 1in Vp, ie., if

there exists &, ...,&, € V; such that Q& = 0D fori=1,..., g.

We define (X @)qQ+1 to be the set of all Q-admissible elements of (Xg)?*!.
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Recall that
L'(Vy, %) ={fw]| f holomorphic function on ngl(nc(v,)) such that f(Ay)=A"¢ f(y) for all A€C*}.

Definition 7.2.2. For g > 0 and a Q-admissible I € (X @)‘IQH, we define a map
/ TV, %) —C, s+ s (7-3)
0,1 0,1
as follows. Take &1, ..., &, € V; such that 'Q&; = 0Wg fori =1, ..., g, and define

fw :=/ fw
0.1 O(Ey,...bg)

for fw € I'(V;, %). Note that by Lemma 7.1.2, the map |, 0.1 is independent of the choice of the
eigenvectors &, ..., &.

Remark 7.2.3. Strictly speaking, the map |, 0 is depending on the (fixed) choice of the order of the
eigenvalues 61, ..., 0® up to sign.

Example 7.2.4. Let the notation be the same as in Section 2.2. Furthermore, let € F* and Q = p,,(f) € E
be as in Lemma 2.2.1, and let [ € (X@)gQ.

(1) For k >0 and x € C2—{0}, we have

w(y)

k
Nw*(y) (x,y)g+kg EF(Vlayo)’

and
/ N ()k w(y) . (ks det(w®, ..., w®)
or " e T (grkg— DI Ny (oFH

(2) For k > 1, we have
Nu (D 92 (M (y) € T (Vy, o),

and

(k8 det(w®, ..., w®) 1

Ny k2 = 1 _

o N 0 g 00 Git—Dr D QZ NG
xeCyNzE—{0}

Proof. (1) First, since x € CIQ—{O}, we easily see Re({x, y)) >0 forall y € V;,i.e., V; C V. In particular,
(x,y)#Oforall y e mo ! (mc(Vr)), and hence we obtain the first assertion. Now, by Lemma 2.2.1(5), we
know w, ..., w® e C? are the eigenvectors of 'Q with eigenvalues O :=1.(0),...,0© = 7,(0) € C,
respectively. Take pq, ..., ug € C* so that & := wiw®, o §g = Mgw(g) € V;. This is possible since 1
is 0-admissible. Then, by Lemma 2.2.1(3), we see that & := p 'w*®, .. £r = pg ' w*® form the
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dual basis of &1, ..., &. Thus, by Proposition 7.1.3, we find

P o) : o k@)
/ N O i /@1 ég)]_[wlé,wy) Gyt

i=l1
kHE  det(®, ..., &)
(g +kg— DT, (x, &)¥H!
kHE  det(uiw®, ... pew®)
(g+kg— D! TTE, (x, uiw®)k+1
kD% det(w®, ..., w®)
T (gtkg—D! NyQ)Fl

.....

= (11 )"

= (11 )

(2) The first assertion follows from Proposition 6.1.2. The integral formula follows from (1) by taking
the sum over x € CIQﬂZg—{O}. O

Next, we extend the map (7-3) to the cohomology group.

Lemma 7.2.5. Let I = (aq, . .., ay) € (Xg)4T.

(1) If g > 1 and I is Q-admissible, then so is I') = (ag, ..., &, ..., ag) fori =0,...,q.

(2) Lety e I'p. If I is Q-admissible, then so is y 1, i.e., (X@)qQ-i-l is a I'g-stable subset of (Xg)it!.
Proof. (1) This follows from the fact V; = V;o) NV, C Vj0).
(2) Take &, ..., &, € V; such that 'Q& = 0&; fori =1, ..., g. Then since 'Q'y =y'Q, we see that
e, ’y‘lég are again eigenvectors of 'Q with eigenvalues 8V, ..., 9® respectively. On the other
hand, by Lemma 4.1.1, we have

Yyl ey lvi=V,,

fori =1,..., g. Thus we find that 'y 71§, ..., 'y ~'&, are a system of eigenvectors of ‘Q in V,,;. O

For a I'p-equivariant sheaf .% on Y°, set

ChHXa, #):= [[ TVi,2) and oCixg, 7):= [] TV 2.
Ie(xa)y Te(Xg)TH,
1¢(Xa)%"

Then we have a natural short exact sequence
0— oC¥(Xg, F) — C1(Xg, F) Lo, C(é(?(@,ﬂ)ﬁo, (7-4)

where po is the natural projection. By Lemma 7.2.5, we easily see that o C*(Xgp, #) becomes a I'p-
equivariant subcomplex of C*(Xg, %), and hence C? (X@, ) has a natural structure of I'p-equivariant
complex induced from that of C*(Xg, .#). For a subgroup I' C I'p, we define

HY(Y°, T, 7) := H(Cy(Xg, F)")

to be the g-th cohomology group of the complex C7, (Xa, 7 .
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Now, by taking the product of (7-3) over I € (X @)qQJrl , we define

1 CH(Xa, Fo) = CH(Xa, ©),  (s1) g+1 > (/ SI) :
/‘Q 0 Y IE(XQ)Q 0.1 IG(X@)qQJrl

Here C is regarded as a constant sheaf associated to C with the trivial I'p-equivariant structure.

Proposition 7.2.6. The map
/ : Cy(Xa, Fo) — Ch(Xg, C)
Q
is a morphism of I'g-equivariant complexes, and hence induces a map
fQ:Hg(y°,FQ,9o)—>Hg(YO,rQ,C)
forq > 0.

Proof. First we must show fQ od? = @4 on for g > 0. Let J = (a0, ..., 0q41) € (X@)‘]QH, and

let &, ..., &; € V; be a system of eigenvectors of ‘Q with eigenvalues 611, ..., 0®) respectively. Then
_ q ar
for s = (S[)IG(X@)?;I € CQ(X@, %), we have

g+l
d4 = d4 = —1)'s 0
<fQ <s>>J fQ,,( ) f% S =isgoly,

q+1 q+1

O(El ..... J<) i=0 Q J(i) Q J
V\/here J(l) — (0607 LRI ] ai? LRI aq+1)'

Next we must show fQ olyl=1I[y] on fory e Tp. Let J = (a1, ..., dg41) € (X@)‘IQH, and let again
1, ..., & € Vjbe asystem of eigenvectors of ‘Q with eigenvalues oW ... 0@ respectively. Then as in
g y g g p y

the proof of Lemma 7.2.5, we see that 'y &1, ..., 'y &, are eigenvectors of 'Q in V,, -1, with eigenvalues
6 ..., 0® respectively. Therefore, for s = (sI)IG(X@)gl € C}(Xa, Fo), we have

= / Sy"](y)

(Iygp...lyEg)

= L =)= (),

This completes the proof. O

Let [, 0 also denote the composition

/ HI(Y°, Ty, Fo) 22 Hj (e, FQ,JQ)—> H{ (Y, Ty, C), (7-5)

where po is the natural map induced from the projection pg in (7-4). See also Corollary 4.3.4.
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8. Specialization to the zeta values

In this section we compute the group H, g(Y ¢, T'g, C) explicitly, and show that we can get the values of
the zeta function as a specialization of the Shintani—-Barnes cocycle [W,].
First we return to the setting in Section 2.2. Let

e F/Q be a number field of degree g,
e T1,..., Ty : F < C be the field embeddings of F into C,

e O C F be an order,

a C F be a proper fractional O-ideal,
* Wi, ..., Wy €abe abasis of a over Z,

o wi="(wy,..., wy) € F&, and w? 1= 7;(w) = (z;(wy), ..., T (wy)) € C8,

pw : F— M,(Q) be the regular representation with respect to

w:Q =5 F, x— {x,w),

e Ny(xq,...,xg) € Q[xq, ..., x4] be the norm polynomial with respect to w,
e wi,..., w; € F be the dual basis of wy, ..., w, with respect to the trace Trr,q,
o w*, W@ Ny« py,+ be the dual objects obtained from wf, ..., w;‘.

Take 6 € F* such that F =Q(6) and put Q := p,,(0) € E. Also, set 0V :=1,(0), ..., 0¥ :=71,(0) €C*
to be the eigenvalues of ‘Q. We fix this notation.

8.1. Computation of H qQ(Y°, I, C). Define
Ty :={x e R | Ny(x) £ 0} Cc R¢E—{0}

to be the set of real vectors whose norm is nonzero. By Lemma 2.2.1(7), it is clear that T, is a I'p-stable
subset of R —{0}. Note that under the isomorphism

w:R = Fri=FQgR, x— (x,w),
T, corresponds to Fy = {a € Fr | Npjo(a) # 0}, ie.,
w:T, = Fg. (8-1)
The aim of this subsection is to obtain an isomorphism
Hg(Y",FQ,C) <LH‘f(Tw/FQ,C):Hq(F[Rf/Ol,C), (8-2)

where the last two cohomology groups are the usual singular cohomology groups.
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As in Section 7, for I = (a1, ..., a441) € (X@)q+1, let

q+1
O‘]iAq—>Rg, t:(tl""vtq+1)l_)2aiti
i=1

denote the affine g-simplex with vertices a1, ..., @441, and let |o7| ;= 07(A?) C R$ denote the image
of 0. The following lemma enables us to compute the group H g(Y °, T'g, C) using these simplices.

Lemma 8.1.1. Letrg >0 and I = (ay, ..., a441) € (X@)?T. The following conditions are equivalent:
(1) I is Q-admissible.
(i) |of| C Ty
To prove this lemma, recall the following fact:
Lemma 8.1.2. Let A C C be a convex compact subset. The following conditions are equivalent:

(i) 0 &€ A.
(i1) There exists .. € C* such that Re(LA) C R.y.

Proof. This follows from [Rudin 1991, Theorem 3.4(b)]. O
Proof of Lemma 8.1.1. First, by Lemma 2.2.1(5), we know that w™", ..., w(® are the eigenvectors of ‘Q
with eigenvalues 8V, ..., 0® respectively. Therefore,

I is Q-admissible
< forall j € {l,..., g} there exists A; € C* such that )\jw(") eV

< forall j €{l,..., g} there exists A; € C* such that for all i € {1,...,q + 1}, Re((ai,kjw(j))) >0
< forall j €{l,..., g} there exists A; € C* such that Re(A;(|o;], w)) Cc Ry

& 0¢ (Jog], w?) forall je{l,...,g)

<= Ny(x) #£O0forall x € |oy|

= |oy| C Ty.

Note that the fourth equivalence < follows from Lemma 8.1.2 since (lo7], w®) C C is a convex

compact subset. This proves the lemma. (|
Forg >0, let ¥, := {0 : A? — T, continuous} denote the set of singular g-simplices in T, and let
Sq =2[%,]
denote the group of singular g-chains of Ty,. For j =1,...,q + 1, let

. —1
5?.Aq —>Aq, (tl,...,tq)|—>(tl,...,tj,l,O,tj,...,tq)
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denote the j-th face map. Then we have a boundary map 0 : S, — S, which maps o € ¥, to

q+1
do =) (-1 ool es, .
j=1

The action of I'g on T, naturally induces an action of I'yp on S, and we have a I'p-equivariant singular
chain complex S,. Moreover, let
1
K, :=Z[(Xa)5 ']

denote the free abelian group generated by (X @)‘IQH. By Lemma 7.2.5(2), we have a natural action of I'p
on K,. Then, by Lemma 8.1.1, we have a natural injective homomorphism

Kq — Sq, I — oy,
which is clearly a I'p-equivariant map. In the following, we identify K, with a I'p-submodule
Z[or 11 e X)) | =2[or 11 € (X)), |01l C Tu] C S,

of S, via this injective map. Then, by Lemma 7.2.5(1), we see that the boundary map 0 maps K, to K,_1,
and hence K, C S, becomes a I'p-equivariant subcomplex of S,.
Note that we have a natural isomorphism

K¢ :=Homz(K,, C) ~ ]_[ C=Cy(Xg.C)
le(Xa)y!
of I'p-equivariant complexes, and hence

H}(Y°, Tg, C) = HI((K3)").
Therefore, in order to obtain (8-2), we compare K, and S,.

Proposition 8.1.3. (1) Let " C I'g be a subgroup. For g > 0, the quotient group S, /K, is an induced
["-module.

(2) The inclusion map
K,— S,

is a quasi-isomorphism. In other words, the quotient complex S,/ K, is exact.
Proof. (1) This is clear since we have
S/ Ky =ZloeX,|o &Kyl
and I' C T'g acts freely on the basis {o € ¥, | 0 € K}.

(2) This kind of fact may be well known to experts, but here we give a proof for the sake of completeness
of the paper. First take any finite open covering

N
T, = U Uk
k=1
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of T, such that Uy is a convex open subset of T, for all k. The existence of such a covering can be easily
seen from the identification w : T,, —> Fug.

We will prove that the quotient complex S, /K, is exact. Let ¢ > 0 and let a € S, such that da € K, _;.
We need to show the following:

Aim. There existn € Sy41 and b € K, such that a = 9n + b.

Suppose a € S, is of the form
-
a = ZC,’O’,‘,
i=1

where o; are distinct singular g-simplices in Ty, and ¢; € Z. By using the barycentric subdivision if

necessary, without loss of generality we may assume
foreachi € {1, ..., r} there exists k; € {1, ..., N} such that o; (A?) C U,,. (8-3)

Indeed, let
S:8,—S8, and T:S,— S,

be the subdivision operator and the chain homotopy between § and idg, defined as in [Hatcher 2002,
Section 2.1, Proof of Proposition 2.21]. Then taking into account the fact that the barycenter of any
orek, e (X@)"Q“) belongs to Q& N |o;|, we easily see that S (resp. T') maps K, to K, (resp. K, 11).
Hence we have

39S(a)=S0a) e K,_1 and a—S(a)=0T(a)+T(da) € dS,1 +K,.

Therefore, we can replace a with its (iterated) barycentric subdivision S (a) (m sufficiently large) until
we have (8-3).
We fix such «; foreachi =1, ...,r.

Step 1: In order to “approximate” o; by the elements in K, we first approximate their vertices “simul-
taneously”. Fori =1,...,rand j=1,...,q+1,letv;; € Uy, C T, denote the j-th vertex of o;, i.e.,

J
v,-j=a,-(0,...,0,1,0,...,0)€Tw.
Thenfori=1,...,rand j=1,...,9g+1, take v;j € U, N Q¢ satisfying the following conditions:
VD) If vij € Q8¢, then vz{j = Vjj.

(V2) If v;j = vy, forsomei,me{l,...,r}and j,ne(l,...,q+1}, then vlszv/ (In other words, if

mn*

the j-th vertex of o; and the n-th vertex of o, are the same, then v; j and v,,, are the same as well.)

This is possible because Qf is dense in R¢. Then set
-
I =) ...,vlf’qul)e(Xq;D)qul fori=1,...,r and a’::Zcioh.
i=1

Since Uy, is convex, we have o, C Uy, C Ty, and hence o;, € K. Therefore, we see that a e K,.
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Now, recall that for j =1,...,q+1,
5% ATTE S AT () e (e 8o, 0,8, ty)
denotes the j-th face map. Then, by the conditions (V1) and (V2), we have the following:
(F1) If o; 057 € qul’ then oy, 08;] = 0; O(S;]

(F2) Ifaioéf. =o0,08] fori,me{l,...,r}and j,ne{l,...,q+ 1}, then oy, 08? =oy, o8, (In
other words, if the j-th face of o; and the n-th face of o, are the same, then the j-th face of oy,
and the n-th face of o7, are the same as well.)

M: Next we consider the homotopy between @ and a’. Fori =1, ..., r, let
hi 210,11 x AY — Ty, (u,t) > uoi(t)+ (1 —u)oy(t)
be a homotopy between o; and oy,. Note that since Uy, is convex, we have
hi([0, 1] x A?) C Uy,.

The homotopy #; defines a (¢g+1)-chain n; € S, in a usual way using the standard decomposition of
the prism [0, 1] x A9. More precisely, for j =1,...,9g + 1, put

1
el AT [0, 1] x AY, (tl,...,tq+2)l—>< > tm,(l],...,tj_l,[j+tj+l,tj+2,---,lq+2)>.
m>j+1

Using these maps, the (g+1)-chain n; € S, is defined as

q+1

ni=Y (1)) "'hioel.
j=1

Setn:=Y i _,cini €Sqt1.
Step 3: Now we examine the assumption da € K,_;. First, we have

r g+l

da = Z Z(—l)j_lcia,' 081,

i=1 j=1

For each singular (g—1)-simplex o € X,_1, set

C, = Z (=)l ez,

i=l1,..,r,
J=1ng+1,
a,-oS?:U

In the case where the index set of the sum is empty, we set C, =0 by convention. Then we can rewrite da as
da = Z C,o.
(TEEq_l

Then, by the assumption da € K,_, we find that C, =0 for all 0 & K,_; since the set X,_; of singular
(g—1)-simplices is a basis of S, _;.
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Step 4: Next we compute the boundary of the homotopy 1 € S, 4. By an elementary computation we see

g+l ¢

Bm =0; —0 — Z Z(—I)J+mh,j 062171,

j=1m=1
where
hij 110, 11x ATV = T, (u, 1) > uo; oaj!(t) + (1 —u)oy, oaj(z)

is a homotopy between o; o 87 and oy, o 87; see [Hatcher 2002, Section 2.1, Proof of 2.10].
Now, by the properties (F1) and (F2), we see the following:
(H1) If o; 08? € K,_1,then h;j(u,t) =o; o&j(t) for (u,t) € [0, 1] x A9~
(H2) Ifaio8? =opod) fori,me{l,...,rtand j,ne{l,...,q+ 1}, then h;j = hpy.
Then for each singular (¢—1)-simplex o € X, _;, we define a map
ho 1[0, 11x AT™! > T,

as follows: If o is of the form o = o; 08? forsomei €{l,...,r}and j €{l,...,g+1}, weset hy :=h;;.
This is well defined by the property (H2). If o is not of the form o; o 5?, then simply set iy (u, t) := o ()
for (u, 1) €[0, 1] x A1

Then we find
r g+l ¢
m=a—d =Y Y Y (=) "cihjoel!
i=1 j=1m=1
r g+l gq
/ j+m -1
=a—a — E E E (=1’ c,-hgt_o(s?oezl
i=1 j=1m=1
q
=a—a' = > Y (D" hgoel™ Y (=17
O'GZq_| m=1 i=l1,..., r,
j=1,...q+1
0',0(3;{:(7
q
=a—a' - Y Co ) ()" 'hgoel!
O'GZq,| m=1
q
:a_a/_ § : CO’ § :(—1)"1_]]’[(706,%_1.
o€X,1NKy—1 m=1

Note that the last equality holds since we have C, =0 for o ¢ K, 1. Moreover, by the property (H1), we
easily see that if 0 = o; o 5? € K,_1, then h, o e,‘,]fl € K, forallm =1, ..., q. Therefore, by setting

q
b=d+ Y Gy (-D)"hyoel €K,

UEqulﬂqul m=1

we obtain the desired identity a = dan + b. O
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Let S¢. := Homgz(S,, C) denote the singular cochain complex of T, with coefficients in C.
Corollary 8.1.4. Let I" C I'g be a subgroup.
(1) The map K, — S, induces a quasi-isomorphism
(Kor = (SJr,
where (—)r denotes the I"-coinvariant part. In particular, we obtain an isomorphism
Hy((K)r) — Hy(Ty/ T, 7).
(2) The map K, — S, induces a quasi-isomorphism
()" = (K"
In particular, we obtain an isomorphism
H«T,/T,C) = Hq((KG':)F) ~ Hg(YO, r, ).

Proof. First note that since the action of I'yp on T,, is free and properly discontinuous, the singular
homology H,(T,,/ I, Z) (resp. singular cohomology H(T,/I", C)) can be computed by the equivariant
singular homology (resp. equivariant singular cohomology), i.e., we have

H,(T,/T,7Z)~ H,((S.)r) and HY(T,/T,C)x~ H"((ng)r).
See [Cartan and Eilenberg 1956, Chapter X VI, Section 9].
(1) We consider the tautological exact sequence
0—-K,—S;,—~ S;,/K4s — 0. (8-4)
By Proposition 8.1.3(1), we obtain a short exact sequence
0=H (T, S4/Kq) = (Kg)r = (Sg)r = (Sg/Kg)r — 0,
where H (I, —) is the first group homology of I'. This induces a long exact sequence
= Hy1((S./KDr) = Hy(K)r) = Hy((S)r) = Hy((S./K)r) = -+

Therefore, it remains to show
Hy((S./K)r) =0

for g > 0. Indeed, by Proposition 8.1.3, we see that
> 8 /Ky — S1/Ki — So/Kg— 0 (8-5)

is an exact sequence of induced I"'-modules. Therefore, (8-5) can be seen as a (—)r-acyclic resolution
of 0. Thus we see
H,((S./K.)r) = Hy(I',0) =0

for all g > 0.
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(2) This can be proved similarly. By applying Homz(—, C) to (8-4), we obtain a short exact sequence
0— (S4/K)¢ = S — KL — 0,

where (Sq/Kq)q% :=Homyz(S,/K,, C). Then, by Proposition 8.1.3(1), we see that (Sq/Kq)% is a coinduced
["-module, and hence we obtain another short exact sequence

0— ((S/KHHO" = SHT - (KHT — H'(T, (S,/K L) =0.
Furthermore, this exact sequence induces a long exact sequence
= HO((S./KDOT) = HI(SPD) — HI(KD)T) — HITH (S /K)OT) = -

Therefore, it remains to show that
HI(((S./K)O") =0

for g > 0. Indeed, by applying Homz(—, C) to (8-5), we see that
0 — (So/Ko)¢ — (S1/K1)¢ — (S2/K2)g — -+
is a (—)"-acyclic resolution of 0, and hence
HI(((S./K)O)T) = HI(T,0) =0
for all ¢ > 0. g

As a result, for a subgroup I' C I'p and a homology class 3 € H,_{(T,,/I', Z), we can define an
evaluation map

(3, ) HY ' (Y°, T, ©) ~ H¥ (T, /T, ©) - HS\(T,,/T,©) 2 € (8-6)
by taking the pairing with j3.

8.2. Shintani decomposition. Using Corollary 8.1.4, here we construct a cone decomposition of a
homology class 3 € Hy_1(T,/T', Z). See Proposition 8.2.1 and Remark 8.2.2. We need such a cone
decomposition in order to compute the specialization of the Shintani—Barnes cocycle.

Recall that 71, ..., 74 are the field embeddings of F into C. Clearly, 7; extends to

i fr=FQR— C.

Let F;, denote the completion of F with respect to the embedding 7;. In the following, we assume for
simplicity that 7y, ..., 7,, are the real embeddings, i.e., Fy, =R fori=1,...,r;,and 7, 41, ..., T, are
the nonreal embeddings, i.e., Fr, =Cfori =r; +1,...,g.

For uw= (1, ..., up) € {£1}" ={-1, 1}'"), set

F[REM::{xGF[Q | miti(x) >0 fori=1,...,r}.
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Clearly, {F[FEM | w € {£1}"1} are the connected components of Fy , and we have Fg = Uﬂe{il},, F[é(,u'
Then let Ty, , C T, be the connected component of 7, corresponding to Fﬂ-\? M via the identification (8-1):

w:T, = Fg.

If u=(1,1,...,1), then F , is the totally positive component of F', and simply denoted by Fy , .

Furthermore, let

Fr :=F’<ﬂFﬂ-\{,X’+={xeF>< |7;(x) >0 fori=1,...,r},

0L =0"NFg ={uc0* |5 >0fori=1,...,r}
denote the totally positive parts of F* and O™ respectively, and let Fg C I'p be the image of O under
the isomorphism

Pw : ol = Io
(see Section 2.2).
By Dirichlet’s unit theorem, we know that

Tw/Rool' =~ Fp /R 0O
is compact, and its connected components
Tw.u/Raol') > Fr , /R=00%  for pe{£1}"
are homeomorphic to (g—1)-dimensional topological tori. Therefore, we have
Hy ((Tyy/ T}, 7) = Hy_((T,,/RooT S, Z) = 7EV", (8-7)
Here the first isomorphism is a canonical isomorphism induced from the projection
Tw/ Ty = Tw/RaoTy,

which is clearly a homotopy equivalence. In order to fix the second isomorphism of (8-7), we equip
Ty/ IR>0FéIr with an orientation as follows.

Orientation. Set
Ty =Ty /Rool S C T =T, /Rogly

for simplicity. Recall that an orientation of a (g—1)-dimensional manifold X is defined as a system (Vy )y ex
of generators v, € Hy,_1(X, X—{x}, Z) >~ Z with a certain compatibility; see [Hatcher 2002, Section 3.3].
Note that giving a generator v, of Hy_1(X, X—{x}, Z) = Z is equivalent to giving an isomorphism

ox He (X, X—{x},2) — Z, vir> 1.

We first fix an orientation of the (g—1)-sphere S8~ = (R§—{0}) /R~ as follows. Let x € R§—{0} and
let x € S8 be its image. Moreover, let I = (a1, ...,a,) € (Xg)® such that O & |o;| and x & 0Cy,
where dCy is the boundary of the cone C;. Then we see

gy AT 2L RE—{0} — §87!
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defines a class [o]] € Hg,l(Sg_l, S&¢~1_{x}, Z). We fix the isomorphism o; so that we have

0i([o1]) = sgn(D)1c, (x)

for all such I, where sgn(/) = sgn(detI) € {0, &1}. This defines an orientation of $¢~!. Then this
orientation of $¢~! induces orientations of T,,/R-o C $¢ ' and T =T,/ R>0F5 because the action of Fa
on Ty, /R is free, properly discontinuous, and orientation-preserving. More explicitly, for x € Ty, and
its image x € T, the local orientation isomorphism

ox :Hy (T, T—{x},2) — Z
can be computed as follows. let I = (a1, ..., ag) € (X@)gQ such that yx € 0Cy for all y € Fg. Then
ATV T, ST
defines a class [o7] € Hg_1(T, T —{x}, Z), and we have

or(lo7]) =sgn(l) Y 1c,(yx). (8-8)

ye r‘Q+
Now, since {7, | u € {£=1}""} are the connected components of T, this orientation defines isomorphisms

Hy (T, Z) => 7, pe{xl}",

o=@ou: Hy 1 (T. D)~ P He(T.2) = P Z
N

pe{£1) pe{£1)n

such that for all x € T, the following diagram is commutative:

g l(T,U,v Z) —>Z

1J H (8-9)

H, (T, T—{x}, Z)—>Z
Here the left vertical arrow is the natural localization map; see [Hatcher 2002, Theorem 3.26, Lemma 3.27].
3 € He (T, Z) ~ Hy (T, /T, 7)
denote the class such that 0(3,) = x. Note that if 3, denotes the fundamental class of T}, then 3, can be
written as 3y = >, Xuju-
Proposition 8.2.1. Let x = (x,)u € D, cz1yn Z-

(1) There exists

O = Zc,al €Ky 1=2[o1 |1 € (Xa)§] C S
i=1

which represents the homology class 3, € H,_1(T,,/ ., 7Z), where I, ..., I € (X0)%,, and c; € 7.
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(2) Then for x € R&8—{0}, we have

-
PDINE sen(l)1ee (v) = x ()1, (x),
yerg i=1
where x is regarded as a locally constant function x : Ty, — Z which has value x, on T ,, i.e.,
X (x) = xu forx € Ty .
Proof. (1) This is a direct consequence of Corollary 8.1.4(1).
(2) First note that we have
lcg (yx)= lyflcg (x) = ICVQ—II,. (x)
fory € Fé" . Now, since the action of Fér on Ty, /R is properly discontinuous, the collection { y_IC LYy

of subsets of T, is locally finite. Therefore, as in the proof of Proposition 5.3.4, by using Lemma 5.3.3,
we can find § > 0 such that

exp(eQ)x € 9C,, -1y,
forall e € (0,28), i=1,...,r,and y € Tj. Set

x" :=exp(8Q)x.
Then we have
@) = 1¢, (yx).

vyl

I(jg (}CX) = ](jflll (x) = 1(?

Moreover, by using Lemma 2.2.1(5), we see that exp(6 Q) preserves the connected components Ty,
of T,,, and hence we have

x ()17, (x) = x ()17, (x)).
Therefore, it suffices to show
Y eisen(ic, (vx') = x ()17, (x). (8-10)
ye[‘é’ i=1

First, by Lemma 8.1.1, all of the terms in (8-10) are O if x” & T,,. Therefore, we assume x’ € Ty, ,, for
some € {1}, Set
T, =Ty u/RoTy and x":=R.ol x" €T,

Then, by (8-8), we see that the image of ® under the localization map
Ox' OlOCx/ : Hg—l(Tw,;L/ F+7 Z) = Hg—l(Tu, Z) l()i) Hg—l(T, T_{x/}’ Z) 0%) Z

is equal to

Y Y cisgn(ic, (vx).

yely i=1

On the other hand, by (8-9), 0, oloc, (®) = 0, (3,) = x,. because ® represents 3,. This completes the
proof. O
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Remark 8.2.2. In the case where 3, = 3, is the fundamental class of a connected component 7},
Proposition 8.2.1 says that

r

Z Ci sgn(I,-)lCIQ

i=1

gives a signed fundamental domain for 7, ,/ Fér in the sense of Charollois, Dasgupta, and Greenberg
[Charollois et al. 2015, Definition 2.4], which is a “weighted version” of the Shintani cone decomposition;
see also [Diaz y Diaz and Friedman 2014; Espinoza and Friedman 2020].

Remark 8.2.3. Let the notation x, 3,, and ® =Y ;_, ¢;o;, be the same as in Proposition 8.2.1. We can

compute the evaluation map
Gy ) HY ' (Y°,Tg, ©) = H™\(T,,/ T, ©) — H*\(T,,/ TS, ©) ¥ ¢
(see (8-6)) explicitly as follows. Let

-1
s=0Drexar, €Co (O = [] €
Ie(Xo)})

be a ['p-invariant cocycle and let [s] € H é_l (Y°, T'g, C) be the class represented by s. Then we have

r

(3, [s]) = ZCiSI,«-

i=1
8.3. Values of the zeta functions. Recall that F' is a number field of degree g, O is an order in F, and

a C F is a proper fractional O-ideal.

Definition 8.3.1. (1) For a continuous map

x:Fg =(F®aR)™ - Z,
let

X
é‘(’)(X,a_l,S) = Z L, RC(S)> 1
. INFjo(x)®
xe(a—{0})/O%

1

denote the partial zeta function associated to x and a proper fractional O-ideal a™". Here, note

that x is constant on each connected component of F;, and thus invariant under the action of O.

(2) Let
Nrjo(x)

e: FY — [£1},
r L INFj(x)]

denote the sign character.

Now, letk>1,and let x € @Me{il}rl Z. Note that x can be regarded as a continuous map x : Fy — Z via

X Ff = FY/F  ~{£1)" 5 7.
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So far, we have defined the following series of maps between cohomology groups:
HSN(Y°, SLe(2), F5) 3 [Wie]
2%0)
Nk,
H8~1(Y°, Ty, o) 8-11)
Jo

HE™'(¥°, o, ©)

Gys )

C > <3x’ fQNz];*eVQ([Wkg]))
See Corollary 4.3.4, Example 4.3.6, (7-5), and Remark 8.2.3 for the definitions of these maps.

Theorem 8.3.2. We have

(kD& det(w®, ..., w®) B
| NEevo (WD) ) = ety a L k+1),
<3x /Q wevoll kg])> PESTEY So(e" x )

where X1y (x) = e (X)) x (x).

Proof. By Hurwitz’ formula (Example 7.2.4), we see that the class

/ NE.evo([Wie)) € HE ' (Y°, T, €)
0

is represented by

( / Nw*(y)"kag,Ay)w(y))
0,1 Ie(X@)gQ
(k"8 det(w®, ..., w®) 1

= I N (VAL ’
( Gracon e 2 Nw<X>k“)Ie<X@>z

xeCPnze—{(0)

On the other hand, by Proposition 8.2.1(1), we can take a representative

,
b= ZC,‘O’[[. € Kg_l =/Zo; |1 € (X@)gQ] C Sg_1
i=1
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of 3, € Ho_1(Ty/ I'}, 7). Then, by using Remark 8.2.3 and Proposition 8.2.1(2), we find

k (k)¢ det(w®,.... w®) ¢ 1
3X,/Nw*eVQ([\pkg])>: Zci sgn(l) Z Ny (k!
< 0 (g+gk—1)! i=1 xeCc2nze—{0) Nt
(k)¢ det(w D, ..., w®) 3 Z sen() g (1) —
_ Ci i o) =1
@+gk=D! oD ) R

(k& det(w®, ..., w®) i 1
- (g+gk—1)! Z Z Zci Sgn([i)lc,? (VX)N (x)k+1
Xe@8—{0)/ TS yery i=1 v

_ (kS det(w®, ..., w®) Z X (x)

(g+gk—1)! re @/ TS Ny (x)*+1
_ (kn# det(w®, ..., w®) e(x) 1y (%) .
(gek=DI A e
Remark 8.3.3. It is easy to see that
detw®, ..., w®)2 = DypNda?,

where Dy is the discriminant of the order O. Moreover, we also know that sgn(Dp) = (—1)"2, where r,

is the number of complex places of F. Therefore, by permuting the order of the embeddings 7y, ..., 7g if
necessary, we have
det(w®, ..., w®) =i"/|Do|Na,
where i € C is the imaginary unit. Hence (under a suitable ordering of 7y, ..., 7g), Theorem 8.3.2 can be
also written as
JVIDo|Na(k!)8 «
| NEevo(w =inYX o a1,
<5x /Q hrevoll kg])> ot ok oo )
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On the commuting probability of p-elements
in a finite group

Timothy C. Burness, Robert Guralnick, Alexander Moreté and Gabriel Navarro

Let G be a finite group, let p be a prime and let Pr,(G) be the probability that two random p-elements
of G commute. In this paper we prove that Pr,(G) > (p? + p — 1)/p* if and only if G has a normal
and abelian Sylow p-subgroup, which generalizes previous results on the widely studied commuting
probability of a finite group. This bound is best possible in the sense that for each prime p there are
groups with Pr,(G) = ( p*+ p —1)/p* and we classify all such groups. Our proof is based on bounding
the proportion of p-elements in G that commute with a fixed p-element in G \ O,(G), which in turn
relies on recent work of the first two authors on fixed point ratios for finite primitive permutation groups.

1. Introduction

The commuting probability of a finite group G is the probability that two random elements of G commute,
namely
{(x,y) € G x G :xy=yx}]|

IG|? '

Pr(G) =

A celebrated, but elementary, result of Gustafson [1973] asserts that Pr(G) > % if and only if G is abelian,
which is best possible since Pr(Dg) = %. This concept has been widely studied in recent years and some
natural analogues for infinite groups have also been investigated; see, for instance, [Antolin et al. 2017;
Eberhard 2015; Guralnick and Robinson 2006; Lescot 1995; Neumann 1989; Tointon 2020]. In addition,
the commuting variety of elements in Lie algebras and algebraic groups has been a subject of great interest
for several decades. This was originally introduced by Motzkin and Taussky [1955] and further studied
by Richardson [1979], Ginzburg [2000], Premet [2003] and others.

In this paper, we pursue a local version of Gustafson’s theorem, which turns out to be significantly
more challenging.

Burness thanks the Department of Mathematics at the University of Padua for their generous hospitality during a research visit
in autumn 2021. Guralnick was partially supported by the NSF grant DMS-1901595 and a Simons Foundation Fellowship
609771. Moret6 and Navarro are supported by Ministerio de Ciencia e Innovacién (Grant PID2019-103854GB-100 funded
by MCIN/AEI/10.13039/501100011033). Moret6 is also supported by Generalitat Valenciana AIC0O/2020/298. We thank J.
Martinez and P.H. Tiep for useful conversations on this paper. We thank the referee for their helpful comments.

MSC2020: 20D20.

Keywords: finite groups, commuting probability, p-elements.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2023.17-6
https://doi.org/10.2140/ant.2023.17.1209
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

1210 Timothy C. Burness, Robert Guralnick, Alexander Moreté and Gabriel Navarro

Definition. Let G be a finite group, let p be a prime and let G, be the set of p-elements in G (that is,
the set of elements in G of order p™ for some m > 0). Then
{(x,y) € Gp X Gp i xy = yxj

Pr,(G) = TR
p

is the probability that two random p-elements of G commute. Note that Pr,(G) = 1 if and only if G has
a normal and abelian Sylow p-subgroup.

Local versions of the commuting probability have also been studied in the context of algebraic groups
and Lie algebras. In particular, Premet [2003] identified the irreducible components of the commuting
variety of nilpotent elements of a reductive Lie algebra defined over an algebraically closed field of good
characteristic (and similarly, as an immediate consequence, for unipotent elements in the corresponding
reductive algebraic groups). The set of commuting r-tuples of elements of order p (or commuting
nilpotent elements of nilpotence degree p in a p-restricted Lie algebra) has also been studied for its
connection to problems in representation theory; see [Carlson et al. 2016]. For finite groups, a generating
function is presented in [Fulman and Guralnick 2018] for counting the number of commuting pairs of
p-elements in some finite classical groups in good characteristic.

In this paper we consider arbitrary finite groups. Given a prime number p, set

2
f(p)= Lf_l-
X

Our first main result is the following.

Theorem A. Let G be a finite group and let p be a prime. Then Pr,(G) > f(p) if and only if G has a

normal and abelian Sylow p-subgroup.

In particular, if G is a nonabelian finite simple group and |G| is divisible by p, then Pr,(G) < f(p).
We can say more in this situation.

Theorem B. Let G be a nonabelian finite simple group and let p be a prime divisor of |G|. Then
Pr,(G) = f(p) ifand only if p > 5 and G is isomorphic to PSL,(p).

In fact, we can classify all the finite groups G with G = OP/(G) and Pr,(G) = f(p), where OP/(G)
is the subgroup of G generated by G,. See Theorem 5.2 for a precise statement. In particular, we
observe that there is no nonsolvable group with Pry(G) = % and no nonsolvable group G = 0% (G) with
Pr3(G) = % In addition, if G is given as in Theorem B with p a fixed prime, then Pr,(G) tends to O as
|G| tends to infinity; we refer the reader to the end of Section 5 for further details.

Our next result, which may be of independent interest, is a key ingredient in the proof of Theorem A.
Recall that O,(G) denotes the largest normal p-subgroup of G.

Theorem C. Let G be a finite group and let p be a prime. Then
Co),l _ 1

X

1Gpl P
for every p-element x € G\ 0,(G).
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This can be extended as follows.

Theorem D. Let G be a finite group and let p be a prime. If x € G is a p-element and

1C6(x),| 1

1Gpl p

’

then x € Z(0,(G)).

Remark 1. It is easy to see that the converse of Theorem D is false. For example, if G = Dgm+1),
then |Cg(x),|/1G2] = 1/(2m +2) if x € Z(0,(G)) has order 4. On the other hand, in Examples 3.16
(p odd) and 3.17 (p = 2) we present a family of examples (G, p, x), where x € Z(0,(G)) is nontrivial
and |Cg(x),|/|Gp| tends to 1 as p tends to infinity.

Remark 2. Let G be a finite group with O,(G) = 1. Then the conclusions in Theorems A and C are still
valid if we work with elements of order p instead of all p-elements (with essentially no change in the
proofs). And similarly for Theorem 5.2, which includes Theorem B as a special case.

The proofs of our main results depend upon the classification of finite simple groups. However, it
is worth noting that our proof of Theorem C does not require the classification if we assume that x
normalizes, but does not centralize, some normal p’-subgroup of G. This implies that the classification is
not required for Theorem A under the assumption that the generalized Fitting subgroup of G is a p’-group
(and so in particular, if G is p-solvable). In order to handle the general case, we use a recent result of
the first two authors [Burness and Guralnick 2022] on fixed point ratios of elements of prime order in
primitive permutation groups (see Theorem 3.4).

Remark 3. Let us observe that
ICa (), W(x)
|Gyl w(l)’

where W is the permutation character for the action of G on its p-elements by conjugation. In the language
of permutation groups, this number coincides with the fixed point ratio of x with respect to this action,
which explains why the main theorem of [Burness and Guralnick 2022] will be an important ingredient in
the proof of Theorem C.

2. Some preliminary results

For the remainder of this paper, all groups are finite and p is a prime number. We will frequently use the
elementary fact that if G is a group and H, K < G are subgroups, then

|H:HNK|<|G: K| (1)

with equality if and only if G = HK.
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Lemma 2.1. Let G be a finite group and let N be a normal p-subgroup.

(1) If x € G is a p-element, then

1C6(x)pl/1Gpl < 1CGyn(NX),I/I(G/N)pl.
(ii) Pr,(G) < Pr,(G/N).
Proof. Both parts quickly follow from the fact that |G ,| = [(G/N),||N]|. O
Remark 2.2. In the previous lemma, the assumption that N is a p-subgroup is essential. For example,
there is a semidirect product G = C3s: D with a normal subgroup N of order 3 such that G/N = Do x D14
and we compute

Pry(G) = 3 > 2 =Pry(G/N).

(Here G is SmallGroup(420, 30) in the GAP Small Groups library [GAP 2020].) One can check that
this is the smallest finite group with Pr,(G) > Pr,(G/N) for some prime p.

There is a special case where quotients by normal subgroups of order prime to p do not change the
proportions.

Lemma 2.3. Let G be a finite group and let N be a central p’-subgroup.

(1) If x € G is a p-element, then

1C6(xX),|/1Gpl =1C6/n(NX) I/I[(G/N)pl.
(ii) If N is central in G, then Pr,(G) =Pr,(G/N).
Proof. Let x € G be a p-element and suppose that [x, y] € N for some y € G. Since [x, N] =1 it follows
that [x”, y] = [x, y]?, so [x, y] = 1. In addition, if y is a p-element, then y is the only p-element in

the coset Ny and so (i) follows. Now (ii) follows from (i), noting that G and G/N both have the same
number of p-elements. O

Lemma 2.4. Let P be a p-group acting on a p’-group K and let L be a P-invariant subgroup of K. If
|Ck(P): CL(P)|
|K : L|

<1, 2)
then
|Ck (P): CL(P)] < 1 '
|K : L] p+1
Proof. Let C = Cg (P) and note that K # CL in view of the inequality in (2). For any prime ¢, let L, be
a P-invariant Sylow g-subgroup of L, which is contained in a P-invariant Sylow g-subgroup K, of K;
see [Isaacs 2008, Corollary 3.25]. Thus K, N L = L. By coprime action, C, := CN K, and CN L, are

Sylow g-subgroups of C and C N L, respectively; see [Isaacs 2008, Lemma 3.32], for example. In view
of (2) we have

1_[|a,:a,mL|_|C:cmL|

= <1
Ky : Lyl |K : L|
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and we note that
|Cy :CyNLI  |Cy:CyNLy|
= <1
|Kq:Lq| |Kq:Lq|

for every prime g (see (1)). Therefore,

IC:CNL| |Cy:CyNL]
<
|K : L| K, : Lyl

for every g, so the bound in (2) implies that

|Cq: CyN LI
Ky : Lyl

<1

for some ¢g. As a consequence, we are free to assume that K is a g-group.

Arguing by induction on |K : L|, we may assume that L is a maximal P-invariant subgroup of K.
Then L is normal in K and K /L does not have any proper nontrivial P-invariant subgroups, whence (2)
implies that C = Cg(P)=Cr(P). If |Cx(y): Cr(y)| =|K : L| for every y € P, then P acts trivially on
K /L and thus K = C L, which is incompatible with (2). Therefore, we may assume that P = (y) is cyclic.
Then the action of P on K /L is a Frobenius action, which implies that if x € K \ L, then {L, Lx*:z € P}
is a set of distinct cosets of L in K. Therefore |K : L| > |P|+ 1 = p + 1, as required. O

Next we record the following well known result.

Lemma 2.5. Let G be a finite group, let x, y € G and let K < G be a subgroup normalized by x and y. If
Kx = Ky and | K| is coprime with o(x)o(y), then x and y are K -conjugate.

Proof. We may assume G = K (x, y) and thus K is normal in G. Since Kx = Ky, it follows that
K{x)=K(y)=G. Now, KN{x) =K N{y) =1 and we also note that o(x) = o(y) and (x), (y) are Hall
m-subgroups of G, where 7 is the set of primes dividing o(x). By the Schur-Zassenhaus theorem, we
have (x)k = (y) for some k € K and thus xk = y" for some integer n. Now, Ky = Kx = Kxk = Ky"
and y"y~! € KN (y) =1, s0 y" = y and the result follows. O

We shall need one more well known fact about coprime actions, which follows from [Isaacs 2008,
Theorem 3.27].

Lemma 2.6. Let G and A be finite groups with coprime orders and suppose that A acts on G by
automorphisms. Set C = Cg(A). Then G = C[A, Gl and [A, [A, G]]| =[A, G].
3. Proofs of Theorems C and D

In this section we prove Theorems C and D. We begin by handling a special case of Theorem C, which
relies on the following proposition. In part (i), we write (Ky), for the set of p-elements in the coset Ky,
where p is a fixed prime throughout this section.
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Proposition 3.1. Let G be a finite group and let K be a normal p’-subgroup of G. Let x € G be an
element of order p such that K =[x, K] and let y € G be a p-element with [x, y] = 1.

() If [y, K1 # 1, then the proportion of elements in yX = (Ky)p, which commute with x is at most
1/(p+1).

(i) If L = (K, x), then the proportion of p-elements in the coset Ly which commute with x is at most
1/p.

Proof. First consider (i). Since K is a p’-group, Lemma 2.5 implies that yX is precisely the set of p-
elements in the coset K y. Next observe that yX N Cg(x) = (yK),NCg(x) = (Ay),, where A = Cg(x),
and another application of Lemma 2.5 gives (Ay), = yA. Therefore, the proportion of elements in yX
which commute with x is equal to

lyKNCes )] _ [Ck(x) : Cxk(x)NCk (Y|
lyX| |K : Ck(y)]

If every element in yX commutes with x, then [y, K] < Cg(x). But then the three subgroups lemma

3)

implies that y centralizes [x, K]= K, which is incompatible with the condition [y, K]+ 1 in (i). Therefore,
the proportion in (3) is less than 1 and by applying Lemma 2.4 (with L = Cg(y) and P = (x)) we deduce
that it is at most 1/(p + 1) as required.

We now prove (ii). For 0 <i < p, let a; be the number of p-elements in Kx'y commuting with x
and let b; = [(Kx'y) plisoa =7, a;/ ) bjis the proportion of p-elements in Ly which commute with
x. If [x'y, K] # 1 for all i, then (i) implies that a; /b; < 1/(p + 1) and we immediately deduce that
a < 1/(p + 1). Therefore, we may assume [y, K] = 1 (otherwise replace y by x'y for some i). For
1 <i < p it follows that [x'y, K] # 1 (since [x, K] = K) and thus a;/b; < 1/(p +1). Since |yX| =1
we have ap = by = 1 and we deduce that

1 p
o< + ,
p+1 (p+1)m

where m = |(Ly),|. Finally, we note that b; > (p+ 1)a; > p+1 for 1 <i < p (since x'y e Kx'yisa
p-element commuting with x), som > 1+ (p — 1)(p + 1) = p? and we conclude that o < 1/p. U

We are now ready to prove a special case of Theorem C.

Theorem 3.2. Let G be a finite group and let x € G be an element of order p. If there exists a normal
p’-subgroup K of G with [x, K] # 1, then

C

Co),l _ 1

< —. 4
Gl p @

Proof. By Lemma 2.1, we may assume that O,(G) = 1. We can also assume that G = KCg(x) and

we may replace K by any proper normal subgroup of G contained in K that does not centralize x. In
particular, by Lemma 2.6, we can replace K by [x, K] and so we may assume that K =[x, K].
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Set L = (K, x) and let y € G be a p-element. It suffices to show that the proportion of p-elements in
the coset Ly which commute with x is at most 1/p. Clearly, if no p-element in Ly commutes with x,
then this proportion is 0, so we may assume [x, y] = 1. Now apply Proposition 3.1(ii). U

Remark 3.3. Let F*(G) be the generalized Fitting subgroup of G. If F*(G) is a p’-group, then 0,(G) =1
and the statement of Theorem 3.2 holds for every nontrivial p-element x because we can replace x by an
element of order p in (x). Of course, if the upper bound in (4) holds for all elements in G of order p
(modulo 0,(G)), then the same bound holds for every nontrivial p-element in G.

Recall that if G is a permutation group on a finite set €2, then the fixed point ratio of an element z € G,
denoted fpr(z, €2), is the proportion of points in €2 fixed by z. It is easy to see that if G is transitive and
H is a point stabilizer, then
29N H|

1201

The following is a simplified version of the main theorem of [Burness and Guralnick 2022].

fpr(z, 2) =

Theorem 3.4. Let G < Sym(S2) be a finite primitive permutation group with point stabilizer H. If z € G

has prime order p, then either

frZ1Q<—7
pr(z, £2) P

or one of the following holds (up to permutation isomorphism):

(1) G is almost simple and either

(a) G =S, or A, acting on k-element subsets of {1, ...,n} with 1 <k <n/2; or
(b) (G, H, z, fpr(z, Q)) is known.

(ii) G is an affine group, F*(G) = F(G) = (Cp)d, z € GL4(p) is a transvection and fpr(z, 2) = 1/p.
(iii) G < A S, is a product type group with its product action on Q@ = T'" and z € A" N G, where

A < Sym(T") is one of the almost simple primitive groups in part (i).

We will also need the following corollary to Theorem 3.4 in the almost simple setting; see [Burness
and Guralnick 2022, Corollary 3]. Recall that the socle of an almost simple group G is its unique minimal
normal subgroup, which coincides with F*(G).

Corollary 3.5. Let G < Sym(S2) be a finite almost simple primitive permutation group with socle J. If
z € G has prime order p, then either

1
fpr(z, ) < —,
p

or one of the following holds (up to permutation isomorphism):
(1) J = A, and Q2 is the set of k-element subsets of {1, ..., n} for some 1 <k <n/2.

(i) (J, p) = (PSLa(q), g — 1), (Sps(2), 3), (PSU4(2), 2), (Sp,,(2), 2) or (£2;,(2), 2).
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We will now use Theorem 3.4 and Corollary 3.5 to handle two more special cases of Theorem C, which
will then be applied to obtain the result in full generality. In the following proposition, the components of
K are the quasisimple groups referred to in the statement.

Proposition 3.6. Let K be a central product of quasisimple groups with O ,(K) =1 and let x, y € Aut(K)
be nontrivial p-elements such that x does not normalize any component of K. Assume that the simple
quotients of the components of K are isomorphic. Then the proportion of elements in yX which commute
with x is at most 1/(p + 1).

Proof. We may assume that [x, y] = 1 and x has order p. Let K1, ..., K; be the components of K
and set L; = K;/Z(K;) = L. Note that ¢ is a multiple of p since x acts fixed point freely on the set of
components. We can now view x and y as commuting automorphisms of the direct product J := L',
with o(x) = p and o(y) = p™ for some m > 1. Set G = (J, x, y) < Aut(J) and note that J is the unique
minimal normal subgroup of G. Now

Iy N Cq(x)| _ Ix? N Cq(y)l
Iy’ x|

and it suffices to show that

W NCel _ 1
Ix/] T p+1

Let M be a maximal subgroup of G containing C(y) and observe that M does not contain J since

(&)

G = JC;(y). This allows us to view G acting primitively on the set of cosets 2 = G /M and we note that
' NCe| _ XN M|

T X
Then by applying Theorem 3.4, noting that x & Aut(L)" N G by hypothesis, it follows that fpr(x, ) <
1/(p+ 1) and thus (5) holds. O

= fpr(x, ©2).

Next we seek a version of Proposition 3.6 in the special case where K is quasisimple (see Proposi-
tions 3.10 and 3.12). In order to do this, we will need the following elementary result.

Lemma 3.7. Let G be a finite group, let x € G\ O,(G) be a p-element and set
D ={y e G: (y) is G-conjugate to (x)}.
Then |D| > p* — 1.

Proof. Without loss of generality, we may assume that O ,(G) =1 and x has order p. Consider the natural
action of G on the set C of conjugates of (x) and note that |D| = (p — 1)|C], so it suffices to show that
|C| = p+ 1. Note that x fixes (x) € C, so it has at least one fixed point on C. If x acts trivially on C, then
x centralizes each of its conjugates and thus, by Baer’s theorem, x € 0,(G), which is a contradiction.
Therefore, x acts nontrivially on C and we conclude that |C| > p + 1. Il

Remark 3.8. Let G, D and p be given as in Lemma 3.7. Then |D| = p* — 1 if and only if |Gyl = p?
and the groups with this property are determined in Lemma 5.1.
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We also need the following result, which is a corollary of Theorem 3.4.

Lemma 3.9. Let G be an almost simple group with socle J and assume J is not isomorphic to an
alternating group. Let p be a prime divisor of |J | and suppose x € G has order p. Then there exists an
element y € J of order p such that
YoNCewl _ 1
el T+l

Proof. We may assume G = (J, x) and we may embed Cg(x) in a core-free maximal subgroup H of G,

SO
YO NCel _ IyoNH|

IyC| =y

for every element y € J of order p. Clearly, the desired conclusion holds if there exists such an element

=fpr(y, G/H)

with fpr(y, G/H) < 1/(p+1), so we may assume otherwise, in which case (G, H, y) is one of the special
cases arising in part (i)(b) of Theorem 3.4. More precisely, [Burness and Guralnick 2022, Theorem 1]
implies that either G is a classical group in a subspace action (and the special cases that arise are recorded
in [loc. cit., Table 6]), or G = M, : 2, H = PSL3(4).2, and p = 2. In the latter case one can check that
fpr(y, G/H) = 13—1 if y € J is an involution, so we may assume G is a classical group in a subspace action.
We now inspect the cases in [loc. cit., Table 6].

If J is a unitary, symplectic or orthogonal group, then it is easy to check that in every case (G, H)
there exists an element y € J of order p such that fpr(y, G/H) < 1/(p+1). For example, if J/ =PSp, (¢)
with n >4, H = P is the stabilizer of a 1-space and p = ¢, then we can take y = (J2, J1”74), where J;
denotes a standard unipotent Jordan block of size i.

To complete the proof, let us assume J = PSL,(¢) is a linear group and note that H = P, is the
stabilizer of a 1-space. If n > 4 then once again it is straightforward to see that there is an element y € J
of order p with fpr(y, G/H) < 1/(p+ 1), so we may assume n € {2, 3}. Supposen =3. If p=qg >3
then we can choose y = (J3), while for ¢ = 2 we must take y = (J2, J1) and one can use GAP [2020] to
verify the desired bound in the statement of the lemma. Similarly, if p = ¢ — 1 > 3 then we can take y
to be the image (modulo scalars) of a diagonal matrix (w, @~!, I), where w € [qu has order p. And if
(g, p) = (3,2) then y = (—1I, I1) is the only option and the result can be checked using GAP.

Finally, suppose J = PSL»(g), so g > 7 since PSL,(4) and PSL,(5) are both isomorphic to As. If
p=q—1then |y®|=g(g+1)and |Cs(x)| < g, so the desired bound holds. Now assume ¢ = p. Here both
x and y are regular unipotent elements and we compute yol=(p*>—1)/2and |y’ NCs(x)| = (p—1)/2,
which implies that

yoNnCo)| 1
e p+l
The result follows. U

Proposition 3.10. Let K be a quasisimple group such that O,(K) =1 and K /Z(K) is not isomorphic to
an alternating group. Let x € Aut(K) be a nontrivial p-element.
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(i) There is a normal subset D of nontrivial p-elements in K such that |D| > p* — 1 and the proportion

of elements in D which commute with x is at most 1/(p + 1).
(i1) Let y € Aut(K) be a nontrivial p-element.

(a) The proportion of elements in yX which commute with x is at most 1/ p, unless K = Q7 (2),

1

n =8, p =2 and both x and y are transvections, in which case the proportion is % + 5@

(b) The proportion of elements in (Ky), which commute with x is at most 1/ p.

Proof. We may assume x has order p. Set J = K/Z(K) and view x as an automorphism of J of order p.

Set G = (J, x). By Lemma 3.9, there exists an element y € J of order p such that

J G
Y NCe)] _ [y NCo) _ 1

< < . 6
Iy/] lyS| p+1 (©

If we write y for the corresponding element in K, then by applying Lemma 3.7 we deduce that the normal
subset

t
D ={z € K : (z) is K-conjugate to (y)} = UZ,K
i=1

contains at least p> — 1 elements. Moreover, (6) implies that the proportion of elements in ziK which
commute with x is at most 1/(p + 1) for 1 <i < ¢ and thus part (i) follows.

Now let us turn to part (ii). We may assume [x, y] = 1 and we may view y as an automorphism
of J with o(y) = p* for some a > 1. Set G = (J, x, y) < Aut(J) and embed Cs(y) in a core-free
maximal subgroup H of G, which allows us to view G as an almost simple primitive permutation group
on 2=G/H.

For now, let us exclude the special cases (J, p) in Corollary 3.5(ii). Then Corollary 3.5 implies that

Y NCe@)I _ Ix' NCs(y) . x¢ N H|

= < =fpr(x, G/H) <
Iy/| x/| |xG|

(7

=

and thus the proportion of elements in yX which commute with x is at most 1/p.

Next consider the coset K'y. Write (Ky), = le u..-uU er as a disjoint union of K-classes. If Ky # K
then each y; is a nontrivial p-element and so the proportion of elements in yl.K commuting with x is at
most 1/p by (7) and the desired result follows. A very similar argument applies when Ky = K, but here
we have to account for the identity element. To do this, write K, = {1}UDUzK U---UzK, where D is the
normal subset in (i) and each z; is nontrivial. Set ay = |D N Cg (x)|+ 1, bo=|D|+ 1, a; = |ziK NCg(x)]
and b; = IziK| fori > 1. As above, we have a; /b; < 1/p fori > 1, so it suffices to show that ay/by < 1/p.
If we write D = yK U---UyK, then |[y* N Cx (x)|/1y¥| <1/(p+1) for each i and thus

we Ly P
b S Pl mptD)

where m = |D| + 1. Since m > p* we deduce that ay/by < 1/p and the result follows.
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To complete the proof of (ii), it remains to consider the special cases (J, p) in Corollary 3.5(ii). In
each of these cases, G is an almost simple classical group in a subspace action with point stabilizer H
and there exists an element z € G of order p with fpr(z, G/H) > 1/p. The possibilities for (G, H, z) are
recorded in [Burness and Guralnick 2022, Table 1]. By inspection, we observe that either

(a) Cg(z) is contained in a maximal subgroup M of G such that fpr(z’, G/M) < 1/p forall 7 € G of
order p; or

(b) G = Of{ (2),n = 8, p =2, H is the stabilizer of a nonsingular 1-space and z = (J2, Jln_z).

So excluding the special case in (b), the previous argument goes through. In particular, the previous
argument applies if y € K (note that in case (b), z is contained in O} (2) \ J).

We have now reduced to the case where G = O;f (2), p =2 and both x and y are transvections. Here
yJ = yG and Cg(x) = H is the stabilizer of a nonsingular 1-space, so [Burness and Guralnick 2022,

Theorem 1] gives
Y/ NCs )| 1 1
—=fpr(y,G/H) ==+ ———
7| pr(y, G/H) = 5 201
for the proportion of elements in yX commuting with x. So this is an exception to the main bound in
(ii)(a), but we still claim that the proportion of 2-elements in Ky commuting with x is at most %
To see this, write (Ky), = yX U le U---UyX as a disjoint union. By [Burness and Guralnick 2022,
Theorem 1], the proportion of elements in yiK which commute with x is at most % foreach 1 <i <r. As
a consequence, we deduce that the proportion of 2-elements in Ky commuting with x is at most % SO

long as

3211/2—1_ 3|yK| <i| K|
' Ton2_q S LM
i=1

But this inequality clearly holds since |z¢| > 2"/2~1(2"/2 — 1) for every nontrivial 2-element z € G. [J

Remark 3.11. Let us observe that the upper bound in Proposition 3.10(ii)(b) is best possible. For example,
let K = PSLy(p) and let x and y be inner automorphisms of K of order p. Then [(KYy),| = p? and
|Ck (x)| = p, so the relevant proportion is exactly 1/p.

We need a different result to handle alternating and symmetric groups.

Proposition 3.12. Let L = S,, and J = A, where n > 5. Let x € L be an element of prime order p and
let y € L be a transposition.

(1) If p is odd, then the proportion of p-elements in J which commute with x is at most 1/ p.

(i) If p =2 and x is not a transposition, then the proportion of 2-elements in J or Jy which commute

with x is at most %

(iii) If p =2 and x is a transposition, then the proportion of 2-elements in L which commute with x is at
most %
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Proof. First assume p is odd and |supp(x)| = m > 5 with respect to the natural action of L on {1, ..., n}.
Note that p divides m and it suffices to work inside H := A,, X A,_,, since H contains C;(x),. In
particular, we may assume that m = n. The result is clear if m = p, so assume m > p. Here C;(x) is
contained in an imprimitive subgroup K = A, A,,/, and so if we write J, = xoj U---Ux/ with xg = 1,
then
Co)pl 1Kyl _ 1430 @
ol T 1l LY b

where a; = |xij N K| and b; = |xiJ |. Now Theorem 3.4 implies that a; /b; < 1/(p + 1) for all i and we
deduce that

CrGpl 1 p
IJ,l T p+1 (p+Dc’

where ¢ =|J,|. Since ¢ > p? (for example, this follows from Lemma 3.7) we conclude that this proportion
is at most 1/p, as required.

So to complete the proof of (i), it remains to handle the special case where x = (1, 2, 3) is a 3-cycle.
Set d = |(S,,_3)3| and note that |C;(x)3| =3d. If a = (1,2,i) € J with i > 4, then for each 3-element
b e J fixing 1, 2 and i we see that a*™b e J\ C;(x) is a 3-element. Therefore, |J3| > 2d(n — 3) + 3d and
thus

Cosl _ 3 _1
/3]~ 2n—=3 3
for n > 6. The case n = 5 can be handled directly.
For the remainder, let us assume p = 2 and write [supp(x)| = 2m. For m > 4 we can essentially repeat
the argument in (i). Write Cr(x) = (822 Sp) X Sy—2m and let a; and a; be the number of even and odd
2-elements in > ¢ Sy, respectively. Similarly, let b1 = [(A,—2m)2| and by = |(Sp—2m \ An—2m)2|. Then

|Cy(x)2| =a1by +azby, |Cr(x)2NJy|=aiby+axb.
We claim that
a1 < 3(Aam)al, a2 < 2(Som \ Asm)al. (8)

To see this, set K = Ay, and H = (52 S,) N K, so a; = |H,|. By [Burness and Guralnick 2022,
Theorem 1], we observe that [zX N H|/|zX| < % for every nontrivial 2-element z € K and by arguing
as in case (i) we deduce that |H|/|K3| < % This justifies the first inequality in (8) and a very similar
argument establishes the second. As an immediate consequence, we deduce that

1€y ()2l < 31(Sam X Sp2m)2 NI, 1CL()2 N Tyl < 31(Sam X Sp—2m)2 N Ty

and thus the proportion of 2-elements in J and Jy commuting with x is at most % In the same way, if
m = 3 then we can reduce to the case n = 6 and here we can check the result directly.
Next assume m = 2, say x = (1, 2)(3, 4). Set d = |(S,—4)2| and note that

|Cj(x)2] =|Cr(x)2NJy|=4d.
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Fix i, j with4 <i < j. Let Z(i, j) (respectively, W(i, j)) be the set of elements in L of the form uv,
where u is a 4-cycle (respectively, a double transposition different from (1, 2)(i, j)) on {1, 2, i, j} and v
is a 2-element fixing each of these 4 points. Then |Z (i, j)| = 6d and |W (i, j)| = 2d, so there are at least
2d distinct 2-elements of each parity in Z(Z, j) U W(i, j), none of which commute with x. Since there
are (n —4)(n —5)/2 choices for {i, j}, and the corresponding sets of 2-elements are pairwise disjoint,
this implies that the proportion of 2-elements in each coset commuting with x is at most

4 o 1
44+ (n—4H(n—-5 "2
for n > 7. The cases n =5, 6 can be handled directly.

Finally, let us assume x = (1, 2) is a transposition. Set d = |(S,—2)2| and note that |Cy (x)2| = 2d. For
each j € {3, ..., n}, let Z; denote the set of 2-elements in L which interchange 1 and j. Note that the Z;
are pairwise disjoint sets of size d and no element in Z; commutes with x. Therefore, |L;| > nd and we
conclude that the proportion of 2-elements in L centralizing x is at most 2/n. U

Remark 3.13. One can show that the conclusion in part (ii) of Proposition 3.12 also holds when x is a
transposition. But the proof is more involved and we do not require the stronger result.

Remark 3.14. In the proof of Theorem C, we will need to extend Proposition 3.12 to central extensions
K of A, with O,(K) = 1. This follows by Lemma 2.3 unless an element of order p does not centralize
Z(K). This only occurs when p =2 and K is a 3-fold cover of A,. One can check the result directly for
these cases.

Finally, we are now ready to complete the proof of Theorem C.

Proof of Theorem C. Let G be a finite group and let x € G\ O,(G) be a p-element. Let F(G) and F*(G)
denote the Fitting and generalized Fitting subgroups of G, respectively, and note that x ¢ F(G). By
Lemma 2.1, we may assume that O,(G) = 1. Without loss of generality, we may assume o(x) = p.

If x does not centralize O, (G), then the result follows by Theorem 3.2. Therefore, we may assume
x € Cg(F(G)) and thus G is nonsolvable. Since x is not in O,(G), x acts faithfully on F*(G) and
therefore it must act faithfully on some subgroup K, which is a central product of quasisimple components
(each with order divisible by p). We may assume that K is a minimal such subgroup, which implies that
G acts transitively on the components of K. Note that O,(K) = 1.

We can further assume that G = K Cg(x) since both G and K Cg(x) contain the same number of
p-elements commuting with x. Therefore, C (x) acts transitively on the components of K, so either

(a) every orbit of x on the components of K has size p; or

(b) x normalizes each component of K, inducing the same automorphism (up to conjugacy) on each
component.

For each y € Cg(x), it suffices to show that the proportion of p-elements in the coset Ky which
commute with x is at most 1/ p. Fix such an element y and observe that we may assume that G = (K, x, y).
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In addition, by repeating the argument above, we can reduce to the case where (x, y) acts transitively on
the components of K. We now consider cases (a) and (b) in turn.

First assume (a) holds, so x does not normalize any component of K. Let z € Ky be a nontrivial
p-element. Then by Proposition 3.6, the proportion of elements in zX commuting with x is at most
1/(p + 1). Therefore, if Ky # K then the proportion of p-elements in Ky which commute with x is at
most 1/(p+1). Similarly, if Ky = K then Lemma 3.7 implies that |K | > p? and by expressing K,asa
union of K-classes we quickly deduce that |Ck (x),|/|K,| < 1/p as required.

Finally, let us assume (b) holds, in which case y must act transitively on the components of K. If K has
two or more components, then y is nontrivial and we can just interchange x and y in the argument above
(noting that any element in Ky still acts transitively on the set of components). This allows us to reduce
to the case where K is quasisimple. The result now follows by applying Propositions 3.10(ii)(b) and 3.12,
except for the case where K/Z(K) = A, is an alternating group, p = 2 and x acts as a transposition
on K. In this case, set L = (K, x) = S, and note that it suffices to show that the proportion of 2-elements
in the coset Ly which commute with x is at most % This follows from Proposition 3.12(iii). O

Theorem D now follows by combining Theorem C with the following result.
Proposition 3.15. Let G be a finite group and let x € 0,(G)\ Z(0,(G)). Then

Cot,l _ 1

1Gpl p
Proof. Set O = 0,(G) and note that we may assume G = QCq(x). Let y € Ci(x) be a p-element
and note that (Qy), = Qy. Then the number of elements in the coset Qy commuting with x is equal
to |[Cp(x)|, which is at most |Q|/p since x ¢ Z(Q). Therefore, the proportion of p-elements in Qy
commuting with x is at most 1/p and the result follows. (|

To close this section, we present a family of examples to show that there exist finite groups G with a

p-element x such that

1 Cox

1_1Ce,l

P |Gl
Note that Theorem D implies that such an element x must be in Z(0,(G)). In fact, our examples have
the property that this ratio tends to 1 as |G| tends to infinity.

We consider the cases p odd and p = 2 separately.

Example 3.16. Fix an odd prime p and consider the semidirect product H = A:B, where A = (C p)3 is
elementary abelian and a generator b for B = C), acts on A with a single Jordan block. Let a € A be a
generator for A as a module for B. Note that A contains a normal subgroup K of H with |K| = p?. Fix
an element x € K \ H.

Let r be a prime with » = 1 (mod p) and fix a scalar u € F of order p. Let V = (F,)? be a p-
dimensional vector space over [, and consider the semidirect product G = V:H, where K acts trivially
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onV,aactsas (i, ..., ) and b acts via (1, u, ..., u”~"). We now compute
ICo()pl = (p° = prP +p*, |Gyl =(p* = pPyr? +(p* = pr? ="+ p*. ©)

This follows by counting the p-elements in each coset V& of V, noting that if / centralizes x, then the
entire coset does as well. Here it is also helpful to observe that [(Vh),| = |hV|, where |hY| = r? if
he A\K and |hY|=rforhe H\ A.

Finally, let us observe that both expressions in (9) are polynomials in r of degree p, with the same
leading coefficient, whence |Cg(x),|/|G | tends to 1 as r tends to infinity.

Similarly, we can present a family of examples for p = 2.

Example 3.17. Let H = (a, b) = D¢, where o(a) = 8 and o(b) = 2. Fix an odd prime r and let V be a
2-dimensional vector space over [,.. Consider the semidirect product G = V:H, where a acts as (—1, —1)
on V and b acts as (—1, 1). Let x € H be an element of order 4. Since

CG(0)al =47 +4, |G| =4r"+8r +4,

we conclude that the ratio |Cg(x)2|/|G2| tends to 1 as r tends to infinity.

4. Proof of Theorem A

In this section we prove Theorem A. We begin with some general observations. As always, G is a finite
group and p is a prime. As in Section 1, we set

Lemma 4.1. If G/N is a p'-group, then Pr,(G) = Pr,((G,)) = Pr,(N).
Proof. This is clear because G, = (G ), = N,. O
We need the following elementary generalization of Gustafson’s theorem [1973] on the commuting

probability Pr(G). This result explains the presence of the term f(p) in Theorem A and it extends [Lescot
1995, Lemma 1.3].

Lemma 4.2. Let p be the smallest prime divisor of |G|. If Pr(G) > f(p), then G is abelian.

Proof. Recall that Pr(G) =k(G) /|G|, where k(G) is the number of conjugacy classes in G; see [Gustafson
1973]. Seeking a contradiction, let us assume G is nonabelian. Let K1, . .., K, be the noncentral conjugacy
classes of G and note that |K;| > p for every i, so we have

,
Gl =1Z(G)|+ ) _|Kil = |Z(G)| +rp
i=1

and thus r < (|G| —|Z(G)|)/ p. Therefore,

k(G) =12(G)|+r < (p—_1>|Z(G)I +@
p p
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and thus

(p=D/p 1 _(p—D/p 1
Pr(G) < —+L 4 — <X 0L o (p),
"(G) IG:Z(G)| p p? p ()

where we have used the fact that G/Z(G) is not cyclic in the last inequality. This is a contradiction. [J

We now prove Theorem A. Note that if F*(G) is a p’-group, then the proof does not require the
classification of finite simple groups.

Proof of Theorem A. Let G be a finite group and let P be a Sylow p-subgroup of G. As previously noted,
if P is both normal and abelian, then Pr,(G) = 1.

Now assume Pr,(G) > f(p). We need to show that P is a normal abelian subgroup of G. To do this,
we first use induction on |G| to show that P is normal.

By Lemma 2.1, Pr,(G/0,(G)) > f(p). If 0,(G) # 1, then the inductive hypothesis implies that
G/0,(G) has a normal Sylow p-subgroup, so O,(G) is a Sylow p-subgroup of G and we are done.
Now assume O,(G) = 1. By Theorem C, we have

1 1 G, —1
Pr,(G) = —— |Cg(x) |<—(1+”—>. (10)
’ |@Pg%"” Gyl P

Consider the real-valued function

1 x—1 1 1 1
opx)=—(1+ ——(1-=)+-,
X p X p p

which is a decreasing function for x > 0. Seeking a contradiction, assume that P is not normal. Then
Gyl > p? (this is clear if |P| > p?, and for |P| = p it follows from the fact that G has at least p + 1
Sylow p-subgroups by Sylow’s theorem). Hence,

5 1 1 1
wp(IGpl)éfpp(p)=? 1—; +;=f(p)

and we conclude that
Pr,(G) < 9, (1Gp]) < f(p),

a contradiction. Therefore, P is a normal subgroup of G.
Finally, Lemma 4.1 yields

Pr(0,(G)) =Pr,(0,(G)) =Pry(G) > f(p)

and thus Lemma 4.2 implies that O, (G) is abelian. O

5. Proof of Theorem B

In this final section we determine the finite groups G with Pr,(G) = f(p), which will allow us to prove
Theorem B as a special case. We will need the following auxiliary result.
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Lemma 5.1. Let p be a prime and let G be a finite group such that G = O (G) and G has a Sylow
p-subgroup of order p. If Pr,(G) = f(p), then either

(1) G is isomorphic to PSL,(p) or SLo(p); or
(i) p=2"—12="7is a Mersenne prime and G = (C3)":Cp, where C, acts as a Singer cycle on (C2)".

Proof. If x € G is a nontrivial p-element, then |Cg(x),| = p and we easily deduce that Pr,(G) = f(p)
if and only if |G ,| = p?, or equivalently if G has precisely p + 1 Sylow p-subgroups. Let P be a Sylow
p-subgroup and let K be the largest normal subgroup of G normalizing each Sylow p-subgroup of G.
Then K is a p’-group and so [K, P] < K N P = 1. Therefore, K is centralized by every p-element
in G, so the condition G = 07 (G) implies that K < Z(G) and G/K is a doubly transitive subgroup
of §,+1. Moreover, each point stabilizer in this action is the normalizer of a Sylow p-subgroup and thus
IG/KI< p(p*—1).

If p=2, then G/K = $3 and it is easy to check that G = S3 = PSL;(2) is the only possibility. Similarly,
if p=3then G/K = A4 and G = A4 = PSL,(3) or SL,(3) = Qs:C3 are the only options. For the
remainder we may assume that p > 5.

Suppose p is not a Mersenne prime. Then G/K is nonsolvable and by inspecting the list of doubly
transitive groups [Cameron 1981, Theorem 5.3] we see that G/K = PSL,(p). Since PSL,(p) is perfect
and K is central in G, by considering the Schur multiplier of PSL;,(p) we deduce that G = PSL,(p) or
SLa(p).

Finally, let us assume p =2" — 1 > 7 is a Mersenne prime, so r is an odd prime. If G/K is almost
simple, we deduce as above that G = PSL,(p) or SL,(p). The other possibility is that G/K has a
normal elementary abelian 2-subgroup of order p + 1 =2". Thus G/K < AGL,(2). Here each element
in AGL, (2) of order p corresponds to a Singer cycle in GL, (2) and by considering the overgroups of
such elements (noting that G/K is generated by p-elements and that a point stabilizer has order at most
p(p —1)) we deduce that G/K = (C,)":C,. Since G is the normal closure of P, it follows that K is a
2-group. But since r is an odd prime, we deduce that K = 1 is the only possibility. O

We can now classify all the finite groups with Pr,(G) = f(p), which yields Theorem B as an immediate
corollary.

Theorem 5.2. Let p be a prime and G a finite group with G = 0P (G) and Pr,(G) = f(p). Let
0 = 0,(G) and let k be a positive integer. Then one of the following holds:

() G is a p-group with |G : Z(G)| = p*.
(i) p =5, Q is abelian and G = SL,(p) x Q or PSLy(p) x Q.

(ii)) p=2"—12= 3 is a Mersenne prime and G = (C)":Cx x A, where C ,x acts as a Singer cycle of
order p on (Cp)" and A < Q is abelian.

(iv) p=3and G = Qg:Cz X A, where A < Q is abelian.
(v) p=2and G = C3:Cy x A, where A < Q is abelian.
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Proof. Set Q = 0,(G). If G/Q is abelian, then G is a p-group and by arguing as in the proof of
Lemma 4.2, we see that Pr,(G) = f(p) if and only if |G : Z(G)| = pz.
For the remainder, we may assume G/ Q is nonabelian and thus Pr,(G) = Pr,(G/Q) by Lemma 2.1.
This implies that if x, y € G, commute modulo Q, then [x, y] =1, which in turn implies that Q < Z(G).
First assume that Q = 1. Let P be a Sylow p-subgroup of G and let n,, be the number of Sylow
p-subgroups of G. As noted in the proof of Theorem A (see (10)), we have

Pr,(G) < ! <1+|G”|_1>
T < .
P Gl p

If |G,| > p? then

p+1  p>+p-—1
<

p2+1 p3

P, (G) <

so we may assume |G ,| < p? and thus P is abelian. If | P| = p?, then P is normal and abelian and so
Pr,(G) =1, a contradiction. So we can reduce further to the case where |P| = p and n, = p+ 1. Now
apply Lemma 5.1 to conclude.

Finally, let us assume Q # 1 and note that G/ Q is one of the groups described in Lemma 5.1. First
assume G/ Q is nonsolvable, so p > 5 and G is a central extension of PSL,(p) or SL,(p) by Q. Here
(i1) holds since every p-central extension of one of these groups is split.

Suppose that p is a Mersenne prime with p > 7. Let T be a Sylow 2-subgroup of G. Then T is
elementary abelian and K :=7Q =T x Q. Thus, T is normal in G and G = T P with P a Sylow
p-subgroup of G. Since P/K has order p, P is abelian and so P = (x) x A where A is central and x
induces an automorphism of order p on T, whence (iii) holds. If p = 3, the same argument applies except
that T is either elementary abelian of order 4 or a quaternion group of order 8, leading to (iv).

If p =2, the same argument applies with 7 = C3z a Sylow 3-subgroup of G. This leads to (v). g

Corollary 5.3. Let G be a finite group such that Pr,(G) = f(p).
(1) If p =2, then G is solvable and 02/(G) is metabelian.
(i) If p =3, then 03/(G) is solvable.

Finally, we turn to the asymptotic behavior of Pr,(G) with respect to a fixed prime p and a sequence
of simple groups of order divisible by p. Set

fp(G) =max{fp(x):1#x € G},
where f,(x) =|Cs(x),|/|Gpl|. Note that
1 1 1
Pry,(G) = —— < — 1——— G).
rp( ) |Gp|x§pfp(x) |Gp|+< |Gp|)fp( )

Proposition 5.4. Fix a prime p and let G = A,, be the alternating group of degree n. Then Pr,(G) — 0

asn — Q.
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Proof. Since |G| tends to infinity with n, it suffices to show that f,(G) tends to 0. Let y € S, be
a nontrivial p-element. It is a straightforward exercise to check that for n large enough, |Cs, (y),]
is maximal when y is a p-cycle. Let us also observe that S, contains an equal number of even and
odd 2-elements commuting with a given 2-element z € S, (this is because 0»(Cs,(z)) contains odd
permutations when z is nontrivial). Therefore, if n is large enough we have

1Cg(x),]
fp(G) < ———
g Gyl
with x =(1, ..., p) € S, a p-cycle. For each integer p < j <n, let y; € S, be a p-cycle with an orbit
{I,..., p—1, j} and let Z; be the set of p-elements in C,(y;) that act nontrivially on {1, ..., p—1, j}.

Note that the Z; are pairwise disjoint.
If pisodd, then |Z;| = (p—D!|(A,—p),| and we have |Cs(x),| = plZ;|/(p—1)! = 2|Z;|/3, whence
1€ (x)pl < 2
|Gyl 3(n—p)

and this upper bound tends to 0 as n tends to infinity. Similarly, if p = 2 then
1Zjl = 1(Sn—2)2l = |C;(x)a]
and the result follows. 0

It is possible to establish an analogous result for simple groups of Lie type, but the details are more
complicated and they will be given elsewhere. Here we just sketch some of the main ideas. Fix a prime p.
Let G be a simple group of Lie type over [, of (untwisted) rank r and assume p divides |G|. As before,
it suffices to show that f,(G) — 0 as |G| — oo.

First suppose that g is increasing. Let x € G be a nontrivial p-element such that f,(x) = f,(G) and
note that we may assume x has order p. Let y € G be a nontrivial p-element and observe that

Y9 NCs(x)
1y¢l
is the probability that x commutes with a random conjugate of y. By the main theorem of [Liebeck and
Saxl 1991], this ratio goes to 0 as g tends to infinity. Since this is true for every nontrivial conjugacy of
p-elements, and since the number of p-elements in G tends to infinity as g increases (recall that we are
assuming p divides |G|), we conclude that f,(G) — 0.

Now suppose ¢ is fixed and r is increasing, so we may assume G is a classical group and we note
that p divides |G| if r > p. First assume p divides ¢, so we are considering unipotent elements. By a
result of Steinberg (see [Liebeck and Seitz 2012, Lemma 2.16], for example) we have |G | = gdimX—r,
where X is the ambient simple algebraic group. By inspecting [loc. cit.], it is easy to see that |Cg(x) ] is
maximal when x is a long root element and the result follows easily.

Finally, let us assume that p does not divide g and so x is a semisimple element. This situation is
somewhat more complicated, but there are several ways to proceed and much stronger results can be
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established. For example, [Burness et al. 2020, Theorem 16] implies that if p is odd and r > 2 then
the probability that two random elements of order p generate G tends to 1 as |G| tends to infinity (in
particular, the probability that two such elements commute tends to 0). With some additional work, this
can be extended to p-elements, including the case p =2 (of course, a pair of involutions will not generate
G, but the probability that they commute still goes to O as r increases). This stronger result implies that
Pr,(G) — 0 as r tends to infinity.

It is interesting to consider some extensions of this problem. For example, suppose G is a finite group
such that 0,(G) =1and G = O”/(G). Do we have Pr,(G) — 0 as |G| — 00?
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Correction to the article
Height bounds and the Siegel property

Martin Orr and Christian Schnell

This is a correction to the paper “Height bounds and the Siegel property” (Algebra Number Theory 12:2
(2018), 455-478). We correct an error in the proof of Theorem 4.1. Theorem 4.1 as stated in the original
paper is correct, but the correction affects additional information about the theorem which is important for
applications.

There is an error in the proof of [Orr 2018, Theorem 4.1]. The statement of Theorem 4.1 is correct,
but [loc. cit., Lemma 4.4] is incorrect under the conditions on K¢ stated above it.

Subsequent applications [Bakker et al. 2020, Theorem 1.1(2); Daw and Orr 2021, Lemma 2.3] have
required greater control of the maximal compact subgroup K¢ than is given by the statement of [Orr
2018, Theorem 4.1]. As a result of the error in the proof, the choice of K¢ is more constrained than
it appears in [loc. cit.]. We therefore state a version of [loc. cit., Theorem 4.1], extended to correctly
describe the constraints on Kg.

Theorem 1. Let G and H be reductive Q-algebraic groups, with H C G. Let Sy be a Siegel set in
H (R) with respect to the Siegel triple (Py, Sg, Kg). Let Kg C G(R) be a maximal compact subgroup
such that

(i) Kg C Kg; and
(i1) the Cartan involution of G associated with K g stabilises Sg.

Then there exist subgroups Pg, Sg C G forming a Siegel triple (Pg, Sg, Kg), a Siegel set G C G(R)
with respect to this Siegel triple, and a finite set C C G(Q) such that

Gy CC.Gg.
Furthermore, R,(Pyg) C R,(Pg) and Sy = S¢ N H.

Remark 2. In the setting of Theorem 1, let ® be the Cartan involution of G associated with K. We
now compare (ii) with:

(ii") © stabilises H.

MSC2020: primary 11F06; secondary 11G18.
Keywords: reduction theory, Siegel sets.
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If (i) and (ii') are satisfied, then the restriction ®,g is the Cartan involution of H associated with K p.
Hence, by the definition of Siegel triple, (ii) is satisfied. However, if (i) and (ii) are satisfied, then (ii")
does not necessarily hold. This may be seen in the example G = SLy, H = { (% ?) : a®> —db* = 1} where
d is a nonsquare positive rational number, Kg = SO2(R), Sg = {1}, Kg = {1}.

In this note, we explain how to correct the proof of [Orr 2018, Theorem 4.1] and prove Theorem 1.
We also give examples showing that condition (ii) of Theorem 1 cannot be deleted from the statement of
the theorem: first an example in which H is a torus, then a more sophisticated example in which H is
semisimple. At the end of the note, we correct some unrelated minor errors in [loc. cit.].

A. Correction to proof of [Orr 2018, Theorem 4.1]. On [Orr 2018, page 470], item (2) (the choice of
K ) should be replaced by:

(2) K¢, a maximal compact subgroup of G(R) containing K g, such that the Cartan involution of G
associated with K¢ stabilises Sg.

Paragraph 1 of the proof of [loc. cit., Lemma 4.4] is incorrect: neither the original constraint on K g, nor
the corrected constraint, are sufficient to guarantee that ® restricts to an involution of H (see Remark 2).
With the corrected constraint, that paragraph can be ignored and paragraph 2 of the proof of [loc. cit.,
Lemma 4.4] is valid. Hence the lemma is true under the corrected constraint on K.

The remainder of the proof of [loc. cit., Theorem 4.1] is valid without any changes related to the choice
of K¢ (but see unrelated minor corrections in Section E of this note). No further conditions are imposed
on K¢, so this proves Theorem 1.

In order to establish [loc. cit., Theorem 4.1], it is necessary to verify the existence of K¢ satisfying (2)
above. To show this, choose a faithful representation p: Gr — GL(V) for some real vector space V. By
[Mostow 1955, Theorem 7.3], there exists a positive definite symmetric form i on V with respect to
which the groups Ky C H(R) C G(R) C GL(V) are simultaneously self-adjoint. In other words, if ®
denotes the Cartan involution of GL(V) associated with i, then ® restricts to Cartan involutions of G,
H and K.

Letting K¢ denote the stabiliser of ¢ in G(R), we obtain Ky C Kg. By Remark 2, ® stabilises Sg.

B. Counterexample in which condition (ii) of Theorem 1 is not satisfied: a torus. Let G = SL; and let
(Py, So, K¢) be the standard Siegel triple for G, that is, Py is the subgroup of upper triangular matrices
in G, Sy is the subgroup of diagonal matrices in G and Kg = SO, (R).

Let 1
X X ' —Xx
=)o

This is a Q-split torus so it possesses a unique Siegel triple, namely Py = Sy = H, Ky = {%1}, and a
unique Siegel set, Sy = H(R).

Clearly Ky = {£1} C K¢g. Thus K¢ satisfies condition (i) of Theorem 1. However by [Orr 2018,
Lemma 2.1], Sy is the only @Q-split torus in Py stabilised by the Cartan involution of G associated with K.
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Hence this Cartan involution does not stabilise Sg. In other words, K does not satisfy condition (ii) of
Theorem 1.

Now we shall show that this &y and K¢g do not satisfy the conclusion of Theorem 1. Suppose for
contradiction that there exist subgroups Pg, S¢ C G forming a Siegel triple (Pg, Sg, Ki), a Siegel set
S C G(R) with respect to this Siegel triple, and a finite set C C G(Q) such that &y C C.Sg.

By [Borel and Tits 1965, Théoréme 4.13], there exists g € G(Q) such that Py = g Pg g_l. Writing
g = pk where p € Py(R) and k € Kg, (P, kSgk™!, Kg) is a Siegel triple and gGg is a Siegel set with
respect to (Pp, kSgk~!, Kg). Hence we can replace Pg by Py, Sg by kSgk™!, &¢ by g6¢ and C
by Cg~!. We can thus assume that Pg = P,. By the uniqueness of the torus in a Siegel triple, this implies
that S¢ = Sp and Gg is a standard Siegel set in G(R).

The image of Gy = Sy (R) in G(R)/ Ky, identified with the upper half-plane, is the ray

R={(1—-y)+yi:yeR.o}.

Write F¢ for the image of G in the upper half-plane.
Since R C CF¢ and C is finite, there exists y € C C G(Q) such that R Ny Fg contains points z where
both Im z, |Re z| — oo. But this is impossible because:

(1) If y € Py(Q), then y Fg lies below a horizontal line.
(i) If y € Py(Q), then y Fg lies within a vertical strip of finite width.

C. Counterexample in which condition (ii) of Theorem 1 is not satisfied: a semisimple subgroup. Let
G = SL3 and let (Py, So, K¢) be the standard Siegel triple for G. Let

001
Hy=S03(J) where/J=|010
100

Let Q; denote the quadratic form on R? represented by J. This form is negative definite on the
1-dimensional subspace L = R(1,0, —1)’ C R? and positive definite on the 2-dimensional subspace
M =R, 1,0) +R(1,0, 1)". Let

Kg={he Hy(R):h(L)=L and h(M) = M}.

This is a maximal compact subgroup of Hy(R) and is isomorphic to O, (R) via restriction to its action on M.
Let c € @\ {0, £1}. Let n € GL3(Q) be the linear map which acts as multiplication by ¢ on L and as
the identity on M. Explicitly,
5d+0) 0 5(1—c)
n= 0 1 0
51—c) 0 5(1+4¢)
Let
H =nHopn~ ' =S05(nJn").
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By construction, n centralises Kg. It follows that nK g )7_1 =Kg =KgNH(R) and Ky is a maximal
compact subgroup of H (R).

Let Qg denote the standard quadratic form on R3. The spaces L and M are orthogonal with respect to
Qo and Qom = QM- Hence Ky C SO3(Q0) = K¢. Thus condition (i) of Theorem 1 is satisfied.

Let Py = n(PyN Hy)n~" and Sy = n(So N Hy)n~!. As in [Borel 1969, 11.16], PyN Hy is a minimal
Q-parabolic subgroup of Hy so (Py, Su, Kpr) is a Siegel triplein H. Let G g = QuAng K be a Siegel
set in H (R) with respect to this Siegel triple.

We shall show that Sy and K¢ do not satisfy the conclusion of Theorem 1. Suppose for contradiction
that there exist subgroups Pg, S¢ C G forming a Siegel triple (Pg, Sg, Kg), a Siegel set S C G(R)
with respect to this Siegel triple, and a finite set C C G(Q) such that Sy C C.S¢. By the same argument
as in Section B, we may assume that Pg = Py and Sg = Sp.

Let o, = diag(s, 1, s~!) for s € R.o. Now

1

{nosn™" :s>t}=Apg, C 6y CCGg.

Since C is finite, there exists some y € C such that ySg contains elements of the form noyn~! for
arbitrarily large s. Consequently n~'y&gn contains o for arbitrarily large s. Furthermore the standard
Siegel set G¢ contains {oy : s > t'} for some ¢’ € R .

Let x1, x2 denote the simple roots of G with respect to Sy, using the ordering induced by Py. Then
x1(05) = x2(0y) = s so the previous paragraph shows that S N n~'ySgn contains elements o, with
arbitrarily large values for x; and x». Applying Lemma 3 below (with Qg = Kg U Kgn~!), we deduce
that n~!y is contained in the standard parabolic subgroup g Py & = Py.

Let Uy = R, (Py). Write the Iwasawa decomposition of ! as

n~'=pak  where u € Up(R), o € So(R), k € Kg.
For arbitrarily large real numbers s, we have
ospo, ok =o€ Gan Ny &g 7y e

By the definition of Siegel sets and since ™'y € Py(R), the Uy(R)-component in the Iwasawa decompo-
sition of every element of 'y &g is bounded. Thus oyuo, ! lies in a bounded set for arbitrarily large
real numbers s. By direct calculation, this implies that 4 = 1. (This is the opposite situation to [Borel
1969, Lemme 12.2], adapted to our conventions about Siegel sets.) Hence ! = ax € So(R) K.

It follows that n'n = (¢~ ") (k ")’k ~'a~! = @2 is diagonal. But 1’7 is not diagonal, as can be seen
either by direct calculation or by noting that 7 is symmetrical so n'n = 5> has L as a 1-dimensional
eigenspace yet L is not a coordinate axis.

D. Siegel sets with noncompact intersection. In this section, we prove a generalisation of [Borel 1969,
Proposition 12.6], replacing a Siegel set G = QpA;K by a set of the form Q2p A;Q2g where Qg may be
any compact subset of G(R). This generalisation was used in Section C.
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Let G be a reductive Q-algebraic group. Let P be a minimal parabolic -subgroup of G and let U be
the unipotent radical of P. Let S be a maximal Q-split torus in S and let M be the maximal Q-anisotropic
subgroup of Zg(S). Let ¢ be a positive real number and let A, be the subset of S(R) defined in [Orr 2018,
Section 2B]. Let g and u denote the Lie algebras of G and U respectively (over R).

Let A be the set of simple roots of G with respect to S, using the ordering induced by P. For 6 C A,
let Wy denote the set of roots ¢ such that the expression of ¢ as a linear combination of elements of A
has a positive coefficient for at least one element of 6.

For each character x € X*(S), there is a unique continuous group homomorphism P (R) — R. o, which
we denote f,, with the properties f, (s) =[x (s)| for all s € S(R) and f, =1 on U(R)M (R). (This
is because S(R) N U (R)M (R) is finite, so |x(s)| =1 for all s € S(R) N U (R)M (R), and S normalises
UM ) Choose a maximal compact subgroup K C G(R). Then f, (P(R) N K) is a compact subgroup
of R., so is trivial. Therefore we can extend f, to a continuous function G(R) = P(R)K — R. by
setting f, (pk) = f,(p) for all p € P(R) and k € K. These functions f, are not necessarily “of type
(P, x)” as defined in [Borel 1969, 14.1] because x € X*(S) might not extend to a character of P, but
the argument in [loc. cit., 14.2(c)] still applies to the functions f,.

Lemma 3. Let Qp and Qg be compact subsets of P(R) and G(R) respectively. Let y € G(R). If
QpA, Qe NyQLpA; Qg is noncompact, then y is contained in a proper parabolic Q-algebraic subgroup
of G containing P. More precisely, let

0 ={x € A: f, is bounded above on QpA;Qc Ny QpA;Qq}.
Then y lies in the standard parabolic subgroup o Py in the notation of [Borel and Tits 1965, 5.12].
Proof. Let

Q= < U a—lszpa)sza C G(R).

acA;

By [Borel 1969, Lemme 12.2], 2 is compact. From the definitions, Q2pA;Q¢ C A;2. Hence, for all
X € A\0, f, is unbounded on A, 2Ny A,Q.
Let Uy denote the unipotent radical of g Py and let guy = Lie(qUpy). Let

Y={veg: (Adén_l)v — 0 for some sequence (§,) in A,QNyA,Q}.
Let (Y) denote the subspace of g generated by Y. We shall show that
QU C({Y) C (Ady)u. (1)

To prove the first inclusion of (1), note that gty is the direct sum of the root spaces uy for ¢ € Wa\g,
so it suffices to prove that ug C Y for each ¢ € Wa\g.

Let ¢ € Wa\g and write ¢ as a linear combination of simple roots: ¢ = ZW ca My . By the definition
of Wa\g, there exists some x € A\ 6 such that m, > 0.
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By the definition of 6, f, is unbounded on QpA; Qg Ny QpA;Q2¢ C A;Q2Ny A;2. Choose a sequence
(6,) in A, QN y A;Q such that f (§,) — +oo. Write §, = ok, where o, € A; and k,, € Q2.

The argument of [Borel 1969, 14.2(c)] shows that f, (§,)/f () is bounded both above and below
independently of n. Hence

|x (0n)| = fx (o)) = +00.

Since ¢ is a positive root, my, > 0 for all € A. Since o, € A; and m,, > 0, it follows that ¢ () — +00.
Hence for every v € us, we have (Ada,; v — 0. Since Q is compact, after replacing (£,) by a
subsequence, we may assume that «,, converges, say to « € 2. Then (Ad&,~ o — (Adk)~'0 =0. Thus
u, CY.
To prove the second inclusion of (1), consider an element v € Y. Let (§,) be a sequence in A;Q2Ny A,<2
such that (Ad&,")v — 0. Write &, = yB,A, with B, € A;, A, € Q. Since Q is compact, after replacing
(&,) by a subsequence, we may assume that A,, converges, say to A € 2. Then

(Ad B, Y (Ady Hv = (Adr,)(AdE, v — (AdA)0=0.

Hence, when we decompose (Ad y ~!)v using the root space decomposition of g, nonzero components
can occur only for those roots ¢ satisfying |¢(8,)| — +o0. Since B, € A;, such roots ¢ must be positive
roots. Thus (Ady v e Dyco+ tp =u.

We have proved both parts of (1). Passing from Lie algebras to groups, we obtain

oUp cyUy ' cyPy ' CyaPoy "

By [Borel and Tits 1965, Corollaire 4.5], it follows that o Py = y g Py y~!. Since a parabolic subgroup
of G is its own normaliser, we conclude that y € g Py (R). U

E. Additional minor corrections to [Orr 2018]. The following are additional corrections to [Orr 2018]:

* (page 461, Section 2D) (F2) should begin “For every g € G(Q).”

* (page 474, proof of Proposition 4.7) On the fifth line from the end, should say “xs, € ®, U{0}.”
instead of “xs, € .

« (page 474, proof of Lemma 4.10) The first paragraph should say “Let T be a maximal R-split torus
in G which contains S¢ and is stabilised by the Cartan involution of G associated with K¢g.” This is
necessary to apply [Borel and Tits 1965, Section 14].
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