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Shintani—Barnes cocycles and values of
the zeta functions of algebraic number fields

Hohto Bekki

We construct a new Eisenstein cocycle, called the Shintani-Barnes cocycle, which specializes in a uniform
way to the values of the zeta functions of general number fields at positive integers. Our basic strategy is
to generalize the construction of the Eisenstein cocycle presented in the work of Vlasenko and Zagier by
using some recent techniques developed by Bannai, Hagihara, Yamada, and Yamamoto in their study of
the polylogarithm for totally real fields. We also closely follow the work of Charollois, Dasgupta, and
Greenberg. In fact, one of the key ingredients which enables us to deal with general number fields is the
introduction of a new technique, called the “exponential perturbation”, which is a slight modification of
the Q-perturbation studied in their work.
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1. Introduction

It is classically known that the Hecke integral formula [1917] expresses the zeta function of a number
field of degree g as an integral of the Eisenstein series over a certain torus orbit on the locally symmetric
space for SL,(Z).

In some special cases, typically in the case where the number field is totally real, it is known that
such an integral formula has a cohomological interpretation, and this often enables us to access the
algebraic properties of the special values of the zeta function. More precisely, one can construct a
certain (g—1)-cocycle on SL¢(Z) which can be thought as an algebraic counterpart of the Eisenstein
series, and a (g—1)-cycle on SL,(Z) which can be thought as an algebraic counterpart of the torus orbit,
so that their pairing gives the value of the zeta function of a given totally real number field. Such a
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cocycle is often called the Eisenstein cocycle. Actually, many different kinds of Eisenstein cocycles
have been constructed and studied by Harder [1987], Sczech [1993], Nori [1995], Solomon [1998],
Hill [2007], Vlasenko and Zagier [2013], Charollois, Dasgupta, and Greenberg [Charollois et al. 2015],
Beilinson, Kings, and Levin [Beilinson et al. 2018], Bergeron, Charollois, and Garcia [Bergeron et al.
2020], Flérez, Karabulut, and Wong [Flérez et al. 2019], Lim and Park [2019], Bannai, Hagihara, Yamada
and Yamamoto [Bannai et al. 2023], and Sharifi and Venkatesh [2020], and various applications have
been obtained. However, the number fields previously treated are basically limited to totally real fields or
totally imaginary fields. The aim of this paper is to propose a new formulation in which we can treat all
number fields in a uniform way.

1.1. Shintani cocycles. Among these many kinds of construction of the Eisenstein cocycle, a method we
use in this paper is called Shintani’s method, and the Eisenstein cocycles constructed by Shintani’s method
are often called the Shintani cocycles;1 see [Solomon 1998; Hill 2007; Charollois et al. 2015; Lim and
Park 2019; Bannai et al. 2023]. Roughly speaking, a Shintani cocycle is constructed as a family of objects
(e.g., functions, formal power series, distributions, etc.) indexed by rational cones in R8. Therefore, what
we do in this paper is basically the following:

(1) Define a certain object “y/¢” for each rational cone C C RS.
(2) Prove that the family (1/¢)c satisfies the “cocycle relation”.

(3) Prove that the cohomology class defined by (/¢)c specializes to the special values of the zeta
function of a given number field.

Let g, k > 1 be integers. In this paper, we say that a matrix Q € GL¢(Q) is irreducible if its characteristic
polynomial is irreducible over Q. In Section 6, for a rational open cone

8
C[ = ZR>0a,’ C R8
i=1

generated by I = (a1, ..., a,) € (Q¥—{0})%, and an irreducible matrix Q € GL¢(Q), we consider a
holomorphic function
1
0 e -
Ve ) =sen() Y Ty
xeC?nze—{0)
on
{y € C# | there exists A € C* such that for all i € {1, ..., g}, Re({¢;, Ay)) > 0} c C&-{0},

where

o sgn(/) = sgn(det(ay, ..., o)) € {0, =1},
o the bracket (x, y) = xy denotes the dot product,

. CIQ is the “exponential Q-perturbation” of the cone C; (Section 5.1).

IThe terminology seems to depend on the authors. We adopt this convention in this paper.
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Then we prove that the collection (i//ng’ 11,0 defines a class
[Wiel € HE1(Y°, SLy(2), 7))

of the equivariant cohomology of a certain SL,(Z)-equivariant sheaf Jk‘z‘, on Y°:=C8—iRS8; see Section 3
and Theorem 6.2.5. We call our Shintani cocycle the Shintani—Barnes cocycle because the function
wk% ; () is essentially the Barnes zeta function.

Then for a number field F/Q of degree g, a fractional ideal a C F, and a continuous map y : an — 7,
we construct a specialization map

HE\(Y°, SLy(2), ) — HE,, (F /OF . ©) — C,

using a certain integral operator; see (8-11). The image of the Shintani—Barnes cocycle [Wy, ] under this
specialization map can be computed using the classical Hurwitz formula (Proposition 7.1.3, Example 7.2.4)
and a version of the Shintani cone decomposition (Proposition 8.2.1). As a result, we prove that the
class [We ] maps to the value of the partial zeta function,

jE,/D@FNa(k!)g
(g+ gk —1)!

under the specialization map, where € : Fiy — {£1} is the sign character; see Theorem 8.3.2.

to, @y, a7 k4 1),

The idea of using the Barnes zeta functions is based on the work of Vlasenko and Zagier [2013]
dealing with the values of the zeta functions of real quadratic fields at positive integers, and the idea of
constructing the Shintani cocycle as a Cech cocycle of an equivariant sheaf is based on the work of Bannai,
Hagihara, Yamada, and Yamamoto [Bannai et al. 2023], in which the higher-dimensional polylogarithm
associated to a totally real field is studied. Moreover, the concept of the exponential Q-perturbation C,Q
of a cone Cj is a slight modification of the Q-perturbation studied by Charollois, Dasgupta, Greenberg
[Charollois et al. 2015] and Yamamoto [2010]. We use irreducible matrices Q € GL(Q) instead of the
“irrational vectors” used in [Charollois et al. 2015]. These three ideas are the main ingredients in this
paper which enable us to deal with general number fields.

1.2. Structure of the paper. Sections 2-5 are devoted to preparing some tools that are necessary for the
definition of the Shintani—Barnes cocycle. More precisely, in Section 2 we review some elementary facts
about irreducible matrices of GL,(Q) and their relationship to number fields. In Section 3 we introduce
the sheaves .#; and .# dE on Y° = C8—iR8, and examine the basic properties of these sheaves. Then in
Section 4 we compute the equivariant cohomology groups of these sheaves using the equivariant Cech
complex. In Section 5 we introduce the notion of the exponential perturbation, and prove the cocycle
relation satisfied by rational cones. Based on these preparations, in Section 6 we give the definition of the
Shintani—Barnes cocycle.

The remaining sections (Sections 7 and 8) are devoted to showing that we can obtain the special values
of the zeta functions as a specialization of the Shintani—Barnes cocycle. In Section 7 we first introduce a
certain integral operator, and construct the first half of the specialization map. In Section 8 we finish the
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construction of the specialization map using a version of the Shintani cone decomposition, and finally
prove the main result, Theorem 8.3.2.

2. Preliminaries

Conventions. ¢ Throughout the paper we fix an integer g > 1.

o For aring R, a vector x € R¢ is always regarded as a column vector, and the matrix algebra M, (R)
acts on R# by the matrix multiplication from the left.

e For xy,...,x, € R®, we often regard (xy, ..., xg) as a g x g-matrix whose columns are xi, ..., x,.

» For y € M,(R), its transpose is denoted by = Mg (R).

e The bracket

(,):RExXRS =R, (x,y) (x,y)="y
denotes the standard scalar product (the dot product, not a Hermitian product even if R = C).

o If A and B are sets, then A— B denotes the relative complement of B in A.

e Let {S; },ca be a family of sets. For s € er/\ S;., the A-component of s is often denoted by s, € S;.
2.1. Irreducible matrices. In this subsection we review some basic facts about irreducible matrices

of GL,(Q). We say that a matrix Q € GL,(Q) is irreducible over Q) if the characteristic polynomial of Q
is an irreducible polynomial over Q0. We often drop “over Q” if it is obvious from the context. Let

E:={0 e GL,(Q) | Q is irreducible over Q}

denote the set of irreducible matrices of GL¢(Q). The group GL,(Q) acts on E by the conjugate action.
For O € E and y € GLg(Q), let

[yI(Q):=yQy ' €E

denote this conjugate action.
Now, for Q € &, let

I := StabsL,#)(Q) = {y € SLy(@D) | [Y/(Q) =y Qy ™' = 0}
denote the subgroup of SL,(Z) stabilizing Q. Moreover, let
Fo:=0Q[Q]CMy(Q) and Op:=FoNMy(Z)C Fgp
denote the subalgebras of M,(Q) generated by Q over Q and its “M, (Z)-part” respectively.

Lemma 2.1.1. Let Q € B, and let fo(X) € Q[X] be the characteristic polynomial of Q.

(1) Q has g distinct eigenvalues in C, and hence Q is diagonalizable in GL4(C).

(2) There are no nonzero proper Q-stable Q-subspaces of Q8.
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(3) For any nonzero vector x € Q8—{0}, the map
Fo— Q% yrHyx
is an isomorphism of Q-vector spaces.

(4) The Q-algebra Fg is a field of degree g over Q, and we have

NrFya(y) =dety

fory € Fg, where NF, q is the norm of the field extension Fg /Q.

(5) We have
Fo={y e M,@Q)|yQ=Qy}.
(6) We have
To={y € Og | Nrya(y) =1} C Oy,

i.e., I'g is the norm-one unit group of Og.
(7) The action of T'g on Q% —{0} is free, i.e., for any x € Q¥ —{0} and y € I'g, we have yx = x if and

onlyify =1.

Proof. (1) This follows from the fact that fy(X) is an irreducible polynomial over Q.

(2) This also follows from the irreducibility of fo(X). Indeed, if V C Q8 is a Q-stable Q-subspace, then
the characteristic polynomial of Qly divides fo(X).

(3) and (4) First, since x # 0, the image of the map
Fo— Q% vy yx

is a nonzero Q-stable Q-subspace. Hence, by (2), this map is surjective. Now, again since fo(X)
is an irreducible polynomial over Q, we see that Fp ~ Q[X]/(fo(X)) is a field of degree g over Q.
Therefore, by comparing the dimension, we find that the above map is an isomorphism. The identity
NF,/a(y) = dety is nothing but the definition of the norm.

(5) Let F, /Q denote the right-hand side. The inclusion Fp C F/ ’Q is obvious. We compare the dimension.
First we have

Fu®aCC Fy:={y e My(C)|yQ=Qv}.

Then, by (1), the right-hand side F’ é is simultaneously diagonalizable in M, (C). Therefore, F, é is
isomorphic to the space of diagonal matrices. Thus we find

dimg F/Q = dim¢ F/Q ®g C < dim¢ Fé =g =dimg Fp,

and hence we obtain Fp = F, ’Q
(6) This follows directly from (4) and (5).
(7) By (6), we see that Iy C F;, and by (3) and (4), we see that FQX acts freely on Q8 —{0}. [l
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2.2. Review on number fields. In this subsection we take a closer look at the relationship between
irreducible matrices and number fields.
Let F/Q be a number field of degree g, and let

T, ..., g F—=C

be the field embeddings of F into C, i.e., {11, ..., T4} = Homgeia (F, C).2 Let O C F be an order in F,
i.e., O C F is a subring which is a finitely generated Z-module and generates F' over Q. Leta C F be a
proper fractional O-ideal, i.e., a C F is a finitely generated O-submodule such that

fae FlaaCa}=0. 2-1)
Let wy, ..., wg € a be a basis of a over Z, and put
wi="(wy,...,wy) € F¢ and w? =7 w)="t;(w1), ..., 1 (w,)) € C*
fori =1,..., g. We define the norm polynomial N,,(x) = Ny (x1, ..., xg) € Q[x1, ..., xg] with respect
to this basis by
8

Ny(x) = H(x, w?) e Qxy, ..., Xgl,

i=1
where x = (x1, ..., xz). The situation can be summarized in the following diagram:

X e 78 C Q8

LT

(x,wy € a ¢ F—Q
Nr/o

Moreover, let
pw: F— M, (Q)

be the regular representation of F* with respect to the basis wy, ..., wy, i.e., fora € F and x € Q¢, we have
(pw(@)x, w) = afx, w) = (x,aw) € F. (2-2)
Dual objects. Letwf, ..., wg € I be the dual basis of wy, ..., wg with respect to the field trace Trr/q, i.e.,
0 if i # 7],
Tr wiw?) =86;; =
F/@( i J) ij {1 lfl:]
Then it is easy to see that wj, ..., w, form a Z-basis of a proper fractional O-ideal

a*:={a € F | Trp/g(aa) C Z}.

2 At this stage we don’t make a distinction between real embeddings and complex embeddings. Later, in Section 8.2, we will
make such a distinction for convenience.
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We define
w* ="(w, ..., wz) e F8,
w*® = 7, (w*) = (m(w),..., r,-(wz)) € C8,
g
Ny (x) := H(x, w* D) € Qlxy, ..., xgl,

i=1

and
Pws i F— Mg (Q)

in the same way as above, starting from the dual basis wy, ..., wg.

Lemma 2.2.1. Let 6 € F* be an element such that F = Q(0). Put Q = p,,(8) € GL,(Q).

(1) We have Q € E. Conversely, any element of E can be obtained in this way.

(2) The regular representation p,, : F — My(Q) induces isomorphisms
F-2F,
@) U
@) @)
Ol — FQ
where O' .= {u e O* | Nro(u) = 1} is the norm-one unit group of O.

3) w* D w*8) e C8 are the dual basis ofw(l), ..., w® eC8 with respect to the scalar product ( , ),
i.e., we have

<w*(i), w(j)) =5ij.
(4) Fora € F, we have
pur () ="py ().
(5) Let o € F. Then w® is an eigenvector of 'py, (o) with eigenvalue t; (ct).

(6) Let o € F. Then w*) is an eigenvector of py (a) with eigenvalue t;(ct).

(7) Fory € I'g, we have
Ny (yx) = Ny(x)  and Ny ('yx) = Ny (x).

Proof. (1) Since 6 generates F, the characteristic polynomial of Q = p,,(0) is irreducible, and hence
QO € E. The latter half of the statement follows from Lemma 2.1.1(3), (4). Indeed, for Q € E, fix a
nonzero vector x € Q¢ and take a basis wy, ..., w, € Fg corresponding to the standard basis of Q¢ via
the isomorphism

Fo— Q°, ymyx.
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Let a C Fyp be the subset corresponding to Z8 C (¢ under this isomorphism. Then we easily see that a is
a proper Og-ideal and that p,, is the natural inclusion Fp < M,(Q). Hence we find that Q = p,,(Q).

(2) The first isomorphism F — Fg is obvious. The second isomorphism follows from (2-1), and the
third follows from Lemma 2.1.1(6).

(3) Put
W=, ..., w®) = (rj(w));; € Me(C) and W*:=w*D, ... w*®) = (r;(w}));; € My (C).
Then, by definition, we have

WW* = (Trrja(wiw}))ij = 1 € My (C), (2-3)
and hence

((w*(i) (J))) —"W*W = 1.

(4)—(6) First, by (2-2), we have

(x, aw) = (pu(@)x, w) = (x, 'py(@)w) € F

for all x € Q8. Therefore, we find that ew = ‘o, («)w € F8. By applying t;, we obtain (5). In particular,

Wdiag(ti (), ..., Tg(@)) ="py (@)W, (2-4)
where diag(ti(@), ..., t4(a)) € My (C) is the diagonal matrix with diagonal entries 7i(@), ..., T4(@).
Similarly, we have

WHdiag(ti(@), ..., Tg(@)) = pu+ (@) W*. (2-5)

On the other hand, by using (2-3) and (2-4) we also find that
diag(ti(a), ..., T()'W* ="W*py (@),
and hence, by taking the transpose, we have
Wrdiag(ti(@), . .., To(a)) = py (@) W™ (2-6)
By comparing (2-5) and (2-6), we obtain (4) and (6).
(7) This follows from (2), (5), and (6). Indeed, take u € O! such that p,, () = y. Then we have

8 8
Ny(yx) =] [trx, w® =] Jtx. ow@w?) = Npjg @) Ny (x) = Ny (x).
i=1 i=1

The statement for N,+(x) can be proved similarly. ([
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3. The space Y° and the sheaves .%; and % dE
3.1. Definitions. Let P$~!(C) = (C4—{0})/C* be the complex projective (g—1)—space, and let
nc : C4—{0} »> P2~ 1(C)
be the natural projection. We define an open subset Y° of C8—{0} by
Y°:=C8—iR8¢ C C5—{0},

where i € C is the imaginary unit. The group GL,(Q) acts on C#—{0}, Y°, and P$ ~1(C) by the matrix
action from the left. For an integer d > 0, we define a sheaf .%; on Y° as

Fa=n' Q8 o (—Dlye,

where Qgg I(C)( d) is the (—d)-th Serre twist of the sheaf ng 1©)
P¢~1(C), and o ~! is the inverse image functor of sheaves. Furthermore, we define

E := Hom(Z[E], #4) ~ l_[ Fd,
QcE

of holomorphic (g—1)-forms on

where Z[E] is the constant sheaf associated to the free abelian group Z[E] generated by the set E of
irreducible matrices of GL,(Q), and Hom is the sheaf Hom. For Q € E, let

evp : 5‘“ — Py (3-1)

denote the evaluation map at Q. See Remark 3.1.1 below.

Remark 3.1.1. (1) More generally, for a sheaf .# (of abelian groups) on Y°, we define
FE .= Hom(Z[E], F).
Note that for an open subset U C Y°, we have

(U, Hom(Z[E], #)) = Hom(Z[E]|y, Z|y) = Hom(Z[E], T (U, #)) = Map(E, T (U, F)).

Then the evaluation map evy : FE - Z is given by
evp : I'(U, FE)=Map(&, (U, ) - LU, %), ¢ ¢(Q).
(2) By (1) we also see that .7 & ~ ]_[QGE F
(3) The sheaf .# dE is an analogue of the group N considered in [Charollois et al. 2015].

Remark 3.1.2. The sections of the sheaf Q% et (C)( d) on an open subset U C P$~1(C) can be described
as follows. First, let w be a holomorphic (g—1)-form on C8—{0} defined by

8
Oy =Y (=D ydyr A Adyi A Adyy
i=1

for y ="(y1, ..., y,) € C8—{0}, where dvyi means that dy; is omitted.
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Then we have

-1
P, Q5 ) (—d)

~ {fw | f holomorphic function on nc_l(U) such that f(Ay) = A_g_df(y) forall A e C*}. (3-2)

In this paper we use this as a definition of the sheaf Q ! (—d).

Ps—1(C)
g—1
The sheaf Q, ©

forms. Since 7¢ is a GLg (Q)-equivariant map, this induces GL (Q)-equivariant structures on .%; and .7 dE.

(—d) has a natural GL,(Q)-equivariant structure via the pullback of differential

We describe these GL, (Q)-equivariant structures more explicitly in Section 3.3.

3.2. A vanishing result. Here our aim is to compute the cohomology group H(U, mro 152%;_11 (C)(—d))

for convex open subsets U C C8—{0}. Actually, we will show that

HIU, 7" Q5 o) (=d) =0

for g > 1, and also give an explicit description of H(U, 7161 Qé;ll(c)(—d)).
Let

D:={z e C|Re(z) > 0}
be the right half-plane. We start with the following elementary lemma.

Lemma 3.2.1. Let X be a paracompact manifold, and let pr; : X x D — X be the first projection. Let
U C X x D be an open subset such that for any x € X, the set

{zeD|(x,2) e U}

is a nonempty convex subset of D. Then there exists a continuous section s : X — U of pr{|ly : U — X

such that s o pr; is homotopic to the identity map idy over X, i.e., there exists a continuous map
h:[0,1]xU —- U
such that h(0, u) = s opry(u), h(1,u) =u, and pryoh(t,u) =pr;(u) fort € [0, 1] andu € U.
Proof. In order to construct a section, it suffices to construct a continuous map
f:X—>D

such that (x, f(x)) € U for all x € X. First, by assumption, for each x € X we can take z, € D such that
(x, zx) € U. Then there exist an open neighborhood U, C X of x and an open neighborhood V, C D
of z, such that U, x V, C U. Since X =|J, .y U, and X is paracompact, there exists a subset A C X
such that {U, },cx is a locally finite open covering of X. Note that for x € U,, we have

(X,ZA)EU)LXVACU.

By using the paracompactness once again, there exists a partition of unity with respect to the open

covering {U, },ea, i.€., a collection {¢; },ca of continuous maps

¢, X —[0,1]
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such that supp(¢,) C U, and ZAE[\ ¢, (x) =1 forall x € X. Put
f = ZZ}L(ﬁA X —>D.

reEA

Then, by the convexity assumption, we see that

(x, f(x) = (x, sz(x)) eU

LEA
for all x € X. Thus we obtain a section

s: X—->U, x(x,f(x)).

Again by the convexity assumption, we see that s o pr; is homotopic to the identity map idy over X.
Indeed,

h:[0,11xU—->U, (¢ x,2) (x,tz+0—=1)f(x))
gives a homotopy between s o pr; and idy over X. (I
Lemma 3.2.2. Let U C C8—{0} be a convex open subset.
(1) There exists x € C8—{0} such that U C V, := {y e C8—{0} | Re({x, y)) > 0}.

(2) The projection nic|y : U — mc(U) has a continuous section s : nc(U) — U such that s o ey is
homotopic to the identity map idy over mc(U).

(3) The image mc(U) is a Stein manifold.

Proof. (1) By the so-called hyperplane separation theorem [Rudin 1991, Theorem 3.4(a)] applied
to U and {0}, there exist x € C8—{0} and n € R such that

0=Re((x,0)) = <Re({x, y))
for all y € U, and hence U C V, = {y e C8—{0} | Re({x, y)) > O}.

(2) We first construct a section sy : wc(Vy) — V. of mcly, as follows. Set
Vii=]yeCs—{0}] (x,y) =1} C V..

Then we easily see that 7rc|y; : V! =5 7 (V,) is a biholomorphism. Thus we define
se = (mely) ™! ime(Ve) = Vi C Vs

to be the inverse map of wc|y:, which is clearly a section of 7c|y,. Then we have a trivialization ¢
of mcly,

me(Vy) x D

@
= Vi
k Av

e (V)
defined by ¢(z, A) := As,(z) for (z, 1) € mc(Vy) x D.
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Therefore, it suffices to construct a continuous section s’ of
pi=prilyiw s 9~ (U) =5 me(U)
such that s” o p is homotopic to id,-1(;;, over wc(U). By Lemma 3.2.1, it suffices to show the following:
Claim. For any z € nc(U), the set
={(+eD| @1 e (V)
is a nonempty convex subset of D.

Proof of claim. Let z € nc(U). The set D, is obviously nonempty. Suppose that A, A" € D, i.e.,
Asx(2), A'sy(z) € U. Then for ¢ € [0, 1], we have (tA + (1 —)A")s,(z) € U because U is convex, and
hence tA + (1 — 1)\ € D,. O

(3) From the above argument, we see that ¢ (U) is an open subset of
wc(Vy) =~ Vx1 ~ s 1,

Since every pseudoconvex open subset of C8~! is a Stein manifold (see [Hormander 1973, Theorem 4.2.8,
Example after Definition 5.1.3]), it suffices to see that ¢ (U) is pseudoconvex. This follows, for example,
from [Hormander 1994, Proposition 4.6.3, Theorem 4.6.8]. (Use [Hormander 1994, Theorem 4.6.8] for
X =U, z0=0, and L(y) = (x, y). Note that a convex set U is obviously C convex.) O

Proposition 3.2.3. Let U C C8—{0} be a convex open subset.
(1) The natural map
HY (e (U), Q5.1 o) () => HIU, 7' Q5.1 () (—d))
is an isomorphism for all g > 0.
(2) Under this identification, we have
IN(ZR o P D)
= {fw | f holomorphic function on ngl(n@(U)) such that f(\y) = A_g_df(y) forall A e C*}.
(3) Forall g > 1, we have
-1 1
HIW, 75 ' Q8 o) (—d) =0
Proof. (1) This follows from Lemma 3.2.2(2) and [Kashlwara and Schapira 1990, Corollary 2.7.7(ii)].
(2) This follows directly from (1) and the description of Q -1 (C)( d); see Remark 3.1.2.
(3) By Lemma 3.2.2(3), we know ¢ (U) is a Stein manifold. Moreover, Q[m | (c[:)( d) is a coherent sheaf
on P4~1(C). So (3) follows from (1) and Cartan’s Theorem B; see [Hormander 1973, Theorem 7.4.3]. O

3.3. GL;(Q)-equivariant structures. In this subsection we explicitly describe the GL, (Q)-equivariant
structures on %, and % dE.
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In this paper, for a subgroup G C GL,(Q) and a sheaf .%# (of abelian groups) on Y°, we define a
G-equivariant structure on .% to be a collection {[y ]}, e of isomorphisms

[y]: F = (V)T
subject to the conditions
() [1] =id#,
(1) [y1y2]1= (y2)«lyiloly2] forall yi, 2 € G.

Here, 'y is the transpose matrix of y, and (“y).% (resp. ("y2)«[y1]) is the direct image of .# (resp. [y1])
with respect to the map 'y : Y° — Y° (resp. ‘y» : Y° — Y°).2
The GL,(Q)-equivariant structure on .%, can be defined as follows. First, by Proposition 3.2.3(2),

I'(U, #4)={fw]| f holomorphic function on ngl(n@(U)) such that f(Ay)=1"8"¢f(y) for all AeC*}
for a convex open subset U C Y°, where

g
(1, ye) =Y (=D T yidy Av o Ady A Adyy.
i=1

Lemma 3.3.1. For y € GLg(Q), we have
w(yy) =det(y)o(y).
Proof. 1t suffices to prove the identity for elementary matrices y. This case can be checked easily. [
Definition 3.3.2. For y € GL,(Q) and a convex open subset U C Y°, let [y ]y denote the pullback map
[ylu : DU, Zg) => T, (y)«Fa) =T ((y)"'U, Za),
FMo ) — f(yyo(yy) =det(y) f(yy)o(y).

Here f(yy) is regarded as a holomorphic function of y € (ty)_lng Ve (U)) = e ! (mg((t)/)_1 U)). We
may drop the subscript U and write as [y] = [y ]y if there is no confusion.

Lemma 3.3.3. (1) Let V, U C Y° be convex open subsets such that V. C U, and let s € I'(U, %#4) be a

section. Then we have
Ylu®lv =Iylvislv)
in L'V, (y)«Za).
(2) The collection {[y]u | U C Y° convex open} defines an isomorphism of sheaves
) Fa = (V)T
(3) The collection {[y 1}y oL, @) defines a GLy(Q)-equivariant structure on 7.

Proof. (1) is clear, and (2) follows from (1) since convex open subsets form a basis of open subsets of Y°.
We prove (3).

3We consider the action of !y on Y° instead of y since it is more convenient later when we use the identity (yx, y) = (x, yy).
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Condition (i) of the definition is obvious.
Let U C Y° be a convex open subset, and let s(y) = f(y)w(y) € I'(U, #;) be a section. Then for
71, 2 € GL,(Q), we have

(2)«nlo[y2d(s() = ily -1y o 2lu () = 1l 1y (s (r2)) = s (1Y) = [1y21 (s ().
Since convex open subsets form a basis of open subsets of Y°, this shows condition (ii). (I

This describes the GL, (Q)-equivariant structure on .%;. Next we describe the GL(Q)-equivariant
structure on .% 5. First, note that the conjugate action

[y]:Z[E] => Z[E), QO+ [y)(Q)=yQy~!

of GL,(Q) on Z[ E] naturally induces a GL,(Q)-equivariant structure on the associated constant sheaf
Z[ E]. Therefore, for a GL, (Q)-equivariant sheaf .7, the sheaf

Z% =Hom(Z[E], .7)

has a natural GL(Q)-equivariant structure induced from those of Z[E] and .%. In particular, we obtain a

GL, (Q)-equivariant structure on .7~
More concretely, for an open subset U C Y° and a section

¢ e (U, F=) =Map(E, I'(U, F))
(see Remark 3.1.1) the GL,(Q)-equivariant structure on .7 € can be computed as
[¥1()(Q) =y1(¢(ly 1)) =[¥l@ (" Qy))
for y € GL,(Q) and Q € E. In particular, we see that for Q € &, the evaluation map
evp : FE > 7
(see Remark 3.1.1) is a T'p-equivariant map, where I'g = Stabsy,z)(Q) C SL¢(Z) is the stabilizer of O € E
in SL,(2).
4. Equivariant cohomology

Recall that I'g = Stabsy,(z)(Q) C SL¢(Z) denotes the stabilizer of Q € & in SLg(Z). In this section we
compute the equivariant cohomology groups

HY(Y°,To, Z4) and HY(Y°,SL,(Z), Z})

using the equivariant Cech complexes; see Corollary 4.3.4. We closely follow the argument in [Bannai
et al. 2023].
Here, for a subgroup G C GL(Q), the equivariant cohomology

HY(Y°,G,—):Sh(Y°, G) —> Ab
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is defined to be the right derived functor of the G-invariant global section functor
I'(Y°,G,—):Sh(Y°,G) > Ab, Z—T(¥° %),

where Sh(Y°, G) is the category of G-equivariant sheaves on Y°, Ab is the category of abelian groups,
and T'(Y°, .#)C is the G-invariant part of the global section I'(Y°, .%).

4.1. Open covering. In this subsection we introduce a certain GL¢ (Q)-stable open covering of Y°. For
a € C8—{0}, we define an open subset V,, € C¥—{0} by

Vo :={y € C* | Re({e, y)) > 0} C C5—{0}.
Clearly, V,, ¢ C&—{0} is a convex open subset. Let
Xg :=Q%—{0}
denote the set of all nonzero rational vectors on which GL,(Q) acts by the matrix multiplication from the

Y° = U V,.

aeXq

left. Then we easily see that

Let Xg := {V4}aex, denote this open covering of Y°. Forr >0 and I = («y, ..., a,) € (Xq)', set
r
Vii=()Ve ={y €Y°|Re((e;, y)) > 0 forall i} C Y°.
i=1
In the case r =0, we set (Xg)? = {@} and Vy =Y° by convention. Let
j[ : V[ — Y°
denote the inclusion map.

First, we show that Xg = {V,}aex, is @ GLg(Q)-stable open covering. Note that the group GL(Q)
acts diagonally on (Xg)". For I = (a1, ..., a,) € (Xg)" and y € GL,(Q), let

yI=(yai,....ye) € (Xo)
denote this diagonal action of y on /.

Lemma4.1.1. Forr >0, I =(ay,...,a,) € (Xg)", and y € GL,(Q), we have
V=Y.

In other words, we have the following commutative diagram:
vyl ye

tyllz erl
jyI

Vyl (e &
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Proof. For y € Y°, we have y € V,,; if and only if

0 <Re({yei, y)) = Re({e, 'yy))

foralli € {1, ..., r}. This proves the lemma. (I

4.2. The equivariant Cech complex. Let F be a GL, (Q)-equivariant sheaf on Y°. We consider the
GL, (Q)-equivariant “sheaf Cech complex”

0 d° 1 d! 2 d
¢ (Xg, F) ¢ (Xg, F) — € (Xg, F) — € (Xg, F) —> -+
defined as follows. For g > 0, put
¢(Xg, 7y =[] i 7,
Ie(Xg)it!
where jr,. (resp. jfl) is the direct image (resp. inverse image) functor induced by the inclusion map
Jr: Vi <= Y°. By Lemma 4.1.1, the GL¢(Q)-equivariant structure
y]: F = (y)«F
of .% induces isomorphisms
V1:jrd; ' F = rd;  (VZ = (Vijynd, ] 7 and [y]: 69 (Xa, F) = ()% (Xa, 7).
We easily see that this defines a GLg(Q)-equivariant structure on ¢ (Xg, .#). More concretely, for an

open subset U C Y° and a section

s=(Drecxurt ETU. ¢4 (X. 7N = [] TWnV.%),
Ie(Xq)et!
we have

(v =Ty 1(sy-1p), (4-1)

where ([y1(s)); is the I-th component of [y](s).
The differential map
d? : ¢9(Xg, F) — €17 (Xo, F)

is given by
q+1

(@1 (eprmtger) = D=1 Sy [UNVing
i=0

----- aq+|)

for an open subset U C Y° and a section s = (s7) j¢(xq)e+! € I'(U, €7(Xq, 7)). Here «; means that «; is
omitted. Moreover, there is a map
A7 - "X, ) = [] javia'F
aeXqg
induced by the natural maps .# — jy.j, 7.
Then we have the following.
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Lemma 4.2.1. (1) For q > —1, the differential map d? is a GL,(Q)-equivariant map, i.e., [y]od? =
d?o[y] for y € GLg(Q).

(2) For any agy € Xq, the sequence
A d”! 0 o d’ 1 Tz
00— J|Va0 — ¥ (Xq;[), z/)|Va0 — € (X@, J)|Va0 —_—> ..
is homotopic to zero. In particular, the sequence
oz 4! 0 P 1 Tz
0— % — % (Xg, F)— ¢ (Xg, F)—> -

. o . o
is an exact sequence of GL,(Q)-equivariant sheaves since Y° = Uao exo Vo

Proof. (1) Let U C Y° be an open subset, and let

s=(6Drexqun €U, €1(Xe. 7)) = [] TwWnv, 7

Ie(Xg)at!
be a section. Let J = (a, ..., @+1) € (X@)?™2, and put JO := (ag, ..., &, ..., 0q+1) € (Xg)4T!
fori =0,...,q+ 1. Then we have
g+1 q+1
(A1), = D (=D Y1y 10y 10ay, = Y (=D Y1, -150luav, )
i=0 i=0

q+1
=[v] ( Z(_l)isy_lj(i) IUmvylj) = (ly1d(s)),-

i=0

(2) See [Godement 1973, Théoréme 5.2.1] or [Stacks 2005—, Lemma 02FU]. Although they prove only
the exactness of the sequence, we can prove the statement in this lemma using essentially the same
argument. See also [Kashiwara and Schapira 1990, Lemma 2.8.2, Remark 2.8.3]. (I

By applying the additive functor
Hom(Z[E], —) : Sh(Y®, GL;(Q)) — Sh(Y®, GL,(Q)), ¥+ @& .= Hom(Z[E], ¥),
we obtain the following.
Corollary 4.2.2. The sequence
0— 7% 9 @0 xg, )% 9 ¢\ (X, 7)F —> -
is an exact sequence of GL,(Q)-equivariant sheaves.

Proof. Since the homotopy is preserved by the additive functor, by Lemma 4.2.1(2), we see that for
any o € Xq, the sequence

B da! B d° c
0— ZE|y, — ¢ (Xa, 2)%ly,, — €' (Xa, F)%ly,, — -

is homotopic to zero, and hence exact. U
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Now, by taking the global section, set
Cl(Xa, 7):=T(Y°, ¢ (Xa, 7)) = [[ TV1. 2.

Ie(Xg)at!
Then we obtain a complex

. 7 - 0 a7y 4 A o 40 PR
C*(Xa, #) : C(Xg, F) — C (Ao, F) — C*(X@, F) — - --
of GL,(Q)-modules. Note that this is the usual Cech complex associated to the open covering Xg.
Furthermore, set
Cl(Xg, #)% =T (Y°, €7 (Xa, #)%) = Map(&, C!(Xg, 7).
Then we obtain another complex
. gN\E . (0 e 4 Al e d 0 g &
C*(Xp, #)= : C (X, #)~ — C (Ao, F)° — C(Xg, )™ —> - -~
of GL,(@)-modules. For Q € E, the evaluation map
evg : C*(Xg, 7)E — C*(Xg, F) (4-2)
is a ['p-equivariant morphism of complexes.
4.3. Acyclicity. Our aim here is to prove the acyclicity of the sheaves 47 (Xg, .Z,) and €9 (Xg, F4)%;

see Proposition 4.3.3. Then we can compute the equivariant cohomology groups HY(Y°, I'g, .%#4) and
H4(Y°, SLg(2), ﬂdg) using the Cech complexes C*(Xg, #4) and C*(Xg, Z4)E; see Corollary 4.3.4.

Lemmad4.3.1. Letr > 1and I = (ay, ..., o) € (Xg)".
(1) Forall g = 1, we have
HI(Vy, #4) = 0.
(2) Forall g > 1, we have
R jr(j; ' Fa) =0,

where R jr, (resp. jl_l) is the higher direct image (resp. inverse image) functor induced by the

inclusion map j;: Vi — Y°.
(3) For any open subset U C Y° and q > 0, we have an isomorphism

HIU, jisj; ' Fa) => HIU NV, F).

Proof. (1) This follows directly from Proposition 3.2.3(3) since V; is convex.

(2) Let x € Y°. Since convex open subsets form a basis of open subsets of Y°, we have

R jn Gy ' Za). = lim HIUNV, ji'ZH= lim HYUNV, Z;)=0.
xeU convex xeU convex

Here the last vanishing follows from Proposition 3.2.3(3). This proves (2).

(3) This follows from (2) and the Leray spectral sequence. U
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Proposition 4.3.2. For g > 0, the sheaves €9(Xg, Z4) and €9(Xg, F4)& are T (Y°, —)-acyclic, i.e.,
HP(Y°, ¢9(Xg, Z4)) =0 and HP(Y°, €% (Xg, Z4)%) =0 for p>1.

Proof. We imitate the argument in [Bannai et al. 2023, Proposition 3.4, Lemma 3.5]. For I € (Xg)9*1!,
put #; := jl*jl_lﬁd, and let

O—)ﬁlﬁf;

be an injective resolution of .%;. First we show that

0—>¢(Xo. Z0)= [] #1—> T[] (4-3)
Ie(Xq)et! Ie(Xq)7t!
Oﬁ‘fq(X@,ﬁ“d)Ez( I1 %) —>< ] J;) (4-4)
Te(Xg)e! Ie(Xg)1t!

are both injective resolutions of €7 (Xg, .%;) and €9(Xg, .%,)® respectively. It is clear that
[[ #/ and ( [] J,”) ~T1 1 ~#
Ie(Xg)i+! Ie(Xg)i+! Q€E Je(Xg)it!

are injective sheaves because they are products of injective sheaves; see Remark 3.1.1(2). We must
show the exactness of (4-3) and (4-4). Let U C Y° be any convex open subset. By Lemma 4.3.1(3) and
Proposition 3.2.3(3), we have

H?(U, Z;) = H(UNV, Z4) =0

for p > 1. Therefore, we find that
0— 7 (U)— ;)

is exact because H” (U, %) is the cohomology of this complex. Hence,
o> [ znaw— ] #w and o] [] #h->]] [] #w
Ie(Xg)it! Ie(Xg)it! Q€E [e(Xg)at! Q€E Je(Xg)at!
are also exact. Since convex open subsets of Y° form a basis of open subsets, we obtain the exactness of
(4-3) and (4-4).
Then for p > 1, we have

H”(Y",%q()(@,ﬁd)):H"(F(Y°, I1 f,’))

Ie(Xg)rt!
~ [ H'@OC )
Te(Xq)7*!

[ #rOC.720 =~ ] HY (Vi Za)=0,
le(Xg)t! Ie(Xg)t!

12
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and similarly,

HP(Y°, ¢ (Xg, Z2)%) ZHP<F<YO’ ( l_[ jfy))

Ie(Xg)at!

~ J] [I #r@owoe.s ) =[] [] H Vi.Zo=0. O

Q€8 Je(Xq)?t! Q€E [e(Xq)d+!
Proposition 4.3.3. (1) Let Q € E. For g > 0, the sheaf ¢9(Xq, %q) is I'(Y°, I'g, —)-acyclic, i.e.,
HP(Y°, Ty, ¢€1(Xq, #4)) =0
for p = 1. In particular, the complex
0— F4 S5 o (Xg. Fa)
gives aI'(Y°, I'g, —)-acyclic resolution of 7.
(2) For g = 0, the sheaf €1 (Xg, F)EisT(Y°, SL¢(Z), —)-acyclic, i.e., we have
HP(Y°,SL,(Z), ¢4 (Xa, Z4)%) =0
for p > 1. In particular, the complex
0— 72 s ¢ (Xg, F)"
gives aI'(Y°, SLy(Z), —)-acyclic resolution ofydg.

Proof. (1) First note that the functor I'(Y°, T'g, —) is a composition of two left exact functors I'(Y*°, —)
and (—)"e. Moreover, I'(Y°, —) sends injective objects to injective objects. Therefore, we have a spectral
sequence

ES? = H(To, H*(Y°, €1(Xg, Z4))) = H T (Y°, T, €4 (Xa, Z4)),

where H“(I'p, —) is the usual group cohomology of I'y. Now, by Proposition 4.3.2, we already have
HY(Y°,¢1(Xg, Z4)) =0 forall b> 1.
Therefore, it suffices to show
H“(FQ, r(Y°, ¢4 (X, 9}1))) = H“(T'p, C!(Xg, #4)) =0 forall a>1.
Actually, we will prove that C9(Xg, #,) is a coinduced I'p-module. First, recall that

Cl(Xa, Zo) = [] TV, 2w,
Ie(Xg)at!
and that I'p acts freely on (X )? ! by Lemma 2.1.1(7). Let A C (Xg)? tlbea system of representatives
of [p\(Xg)?*!, and set

M = ]_[ TV, Za).
IcA
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Then recall that the GL, (Q)-equivariant structure on .%, gives an isomorphism
[y1:T(Vi, Za) => T((y)"'Vi, Za) =T (Vy1, Fa) (4-5)

for each I € (Xg)?™! and y € GL,(Q); see Lemma 4.1.1. Therefore, for each y € I'p, we have an
isomorphism

M=[]rWi. 7o) = [T V1, Zo). (Di1ea— (y1(sD)rea,
IeA I1eA

and hence we obtain an isomorphism

Homz(Z[Tol. M) = [| M = [] [[T (V1. Zo) = C¥(Xa, Z).
velp yelg I€eA

Since this is clearly a I'p-equivariant isomorphism, we see C?(Xg, .%4) is a coinduced I'g-module.
(2) This can be proved similarly. First, by the spectral sequence
E$? = HY(SLg(2), H*(Y°, ¢1(Xq, Z4)%)) = H* T (Y°, SL,(2), €% (Xq, F4)F)
and Proposition 4.3.2, it suffices to show
H*(SLg(2), C9(Xg, Z4)%) =0 forall a> 1.

Again, we will prove that

ClXg. 705~ [[ ] rvi. 70
Q€ Je(Xg)it!

is a coinduced SL,(Z)-module. Note that the action of SL,(Z) on E x (Xg)? *1 s free. Indeed, if

Q. D ={yI(D),yD)=(Q. D),

then it follows that y € I'p, and hence y = 1, since the action of I'p on (Xg)9t! is free. Let A’ C
E x (X@)4™! be a system of representatives of SLg(Z)\(E x (Xg)?+!), and set

M = ]_[ T(Vy, Z).
(Q,1HeA’

Then again by using (4-5), we obtain an isomorphism

HomzZISL, @)L M= [] M= [ ] T Z)=clX 70)®
y€SL,(2) y€SLy(Z) (Q,1)eA’

of SL,(Z)-modules. Thus we find that C?(Xg, Z4)% is a coinduced SLg(Z)-module. O
Corollary 4.3.4. (1) Let Q € E. For g > 0, we have

HY(Y°,Tg, #4) ~ H (T (Y°, T, € (Xa, Z4))) = H1(C*(Xa, F4)'?),

where the second and third HY? are the cohomology of complexes.
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(2) For g = 0, we have
HY(Y°, SLg(Z), Z7) = HY(T(Y°, SLg(2), 6" (Xa, Fa)®)) = HY (Mapg; (B, C*(Xa, Fa))),
where MapSLg @) (= =) is the set of SL¢(Z)-equivariant maps.
(3) For Q € E, we have the commutative diagram
HY(Y°,SLy(Z), F£) e HY(Y°, T, Zq)
2 2

ev
HY(Mapg; _7,(E. C*(Xg. Fa))) —— HI(C*(Xa. F)'0)

where the two ev g are the evaluation maps induced by (3-1) and (4-2).
We end this section with one more corollary, concerning an operation which shifts the index d > 0 of .%,.

Corollary 4.3.5. Let P(y1, ..., Y,) € Cly1, ..., y¢| be a homogeneous polynomial of degree d' < d such
that

P(yy)=P(y) forall y €Ty.
Then the multiplication by P,

P:C1(Xg, Fa) — CU(Xa, Za—a)s 10V 1exgyrtt = (P(O)S1(0)) 1e(xgyet!s
gives a I'g-equivariant map of complexes, and hence induces a map
P Hq(Yo, FQ, yd) —> Hq(YO, FQ, ﬁd—d’)-

Example 4.3.6. A typical example of such a I'p-invariant homogeneous polynomial P is the norm
polynomial N, defined in Section 2.2; see Lemma 2.2.1. More generally, let k > 1 be an integer.
Under the notation in Lemma 2.2.1, the k-th power N, 5)* of the norm polynomial N, is a I'p-invariant
homogeneous polynomial of degree kg. In particular, we have a map

N, HY(Y°, Ty, Fig) — HI(Y°, T, Fo).

5. Cones and the exponential perturbation

In this section we introduce the notion of exponential perturbation, which is a modification of the so-called

upper closure or Q-perturbation (Colmez perturbation) used in [ Yamamoto 2010; Bannai et al. 2023;

Charollois et al. 2015]. This is one of the key ingredients enabling us to deal with general number fields.
Forr >0, I = (ay,...,a,;) € (R8—{0})", let

-
Cr:= ZR>O% C R8

i=1

denote the open cone generated by oy, ..., o,. Inthe case r =0 and I = &, we set Cy := {0}.
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Remark 5.0.1. We follow the convention to call C; an “open” cone although it is not necessarily an open
subset of R¢. Note that, however, C; is open in Spang{e;, ..., a;}, where Spang{ay, ..., o} CRE is
the R-subspace spanned by «y, ..., «,; see Lemma 5.2.4.

Recall that X g := Q% —{0} denotes the set of nonzero vectors of Q8. In this paper we fix the terminology
concerning cones as follows.

Definition 5.0.2. (1) An open cone C; is called rational if we can take I € (Xq)".
(2) An open cone Cj is called simplicial if «y, . . ., a, are linearly independent over R.
(3) We refer to a subset of R8 which can be written as a disjoint union of a finite number of rational

simplicial open cones as a rational constructible cone.

5.1. The exponential perturbation. Recall that
E={0 € GL,(Q) | Q is irreducible over Q}
denotes the set of irreducible matrices of GL,(Q); see Section 2.1.
Definition 5.1.1. For Q € E and a subset A C R$, we define the exponential Q-perturbation A2 of A as
AC = {x € R# | there exists § > 0 such that for all ¢ € (0, ), exp(eQ)x € A},

where exp(e Q) € GL,(R) is the matrix exponential of ¢ Q € GL,(R).

Remark 5.1.2. This exponential Q-perturbation is defined by considering the perturbation of x € Ré
by the matrix action of exp(eQ), and we call this process the exponential perturbation. The original
Q-perturbation used in [Charollois et al. 2015] is the perturbation of x by the vectors O € R# whose
components are linearly independent over Q.

Lemma 5.1.3. Let Q € E.
(1) Let A, B C R8 be subsets such that A C B. Then we have

A9 c B2
(2) Let Ay, ..., A, CR8 be subsets. Then we have
(AiN---NAN2=4%n...nAL.
Inparticular,ifAlﬂ---ﬂAm:@,thenAlQﬂ---ﬂA,%:Q

Proof. (1) is obvious. We prove (2). The inclusion C is clear. We prove D. Let x € AlQ N---N A,% Then,
by definition, there exist 61, ..., §, > 0 such that

exp((0, 8;)Q)x C A;
fori=1,...,m. Put$ :=min{sy, ..., 5,} > 0. Then we have

exp((0,8)Q)x C A1 N---NA,,
and hence x € (A; N---NA,)2. [l
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In the following, we study the exponential Q-perturbation CIQ of rational open cones Cy, which play
an important role in the construction of our Shintani cocycle.

Lemma 5.14. Forr >0, I =(ai,...,a,) € (Xg)", Q € B, and y € GL,(Q), we have
o [y1I(@)
V(Cy—ll) = C[V )
where [y1(Q) =y Qy~' € E.
Proof. Indeed, for x € RS and ¢ > 0, we see that
exp(e[y1(Q)x € C; < exp(eyQy HxeC; < exp(eQ)y 'xey ' (C))=Cpy.

This proves the lemma. O

5.2. Rationality. The aim of this subsection is to prove the following proposition:
Proposition 5.2.1. Let0<r <g, I = (ay,...,0,) € (Xg)',and Q € E.
(1) Suppose dimg Spang{ai, ..., o} < g—1. Then

cQ_ {{0} if 0eCy,
' lo ifogc.

2) The exponential Q-perturbation C2 of the rational open cone C 1 generated by I is a rational
P P I P 8 y
constructible cone, i.e., a disjoint union of a finite number of rational simplicial open cones.

To prove this proposition, we first prepare several lemmas. In the following, for « € R8—{0}, we put
Uyt :={xeR¢|£(x,a) >0} and H,:={xeR¢|(x,a)=0}
We start with recalling the following fact.

Lemma 5.2.2 [Shintani 1976, Section 1.2; Hida 1993, pp. 68-69, Lemma 1]. (1) Let W C Q8 be a
Q-subspace, and let 11, . .., I, € Q5—{0}. Then the subset

X={xeWRqRCRS|(x,;)>0fori=1,...,m} CRS

is a rational constructible cone.
(2) Let C,C’ C R8 be rational constructible cones. Then C U C’', CNC’, and C—C’ are rational

constructible cones.

Proof. See [Shintani 1976, Lemma 2, Corollary to Lemma 2] and [Hida 1993, pp. 68—69, Lemma 1].
Although, in [Hida 1993], it is assumed that the total space is of the form F ®g R for a number field F and
that W is a subspace generated by elements in F, the proof there does not use this special assumption. [

The following is the key lemma of this section.
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Lemma 5.2.3. Let Q € E and a € Q8—{0}. Fork > 0, put
HY =[x e R® | £(x,'0%a) > 0 and (x,'Q7a) =0 for 0< j <k—1}.
Note that HY = Uy + by definition.

(1) There exists kg > 0 such that Hik) = @ for all k > kg + 1. Moreover, we have

RE—{0} = |k_O|<Hi"> uHY),
k=0

where |_| and LI denote the disjoint union.
(2) Forall k = 0, the sets HJ(rk) and H® are rational constructible cones.
(3) Forall k > 0, we have H" ¢ (H")2 = (Uy )2 and H® ¢ (H)2 = (U,,)2.
(4) We have HE = {0} and

R~ {0} = (Ua.+)? U (Ua,-) 2.
In particular, R8 = HaQ U (Ug, )2 U (Uy, ).

(5) We have
ko ko

Ue)?=| |HY and .2 =| |HY.
k=0 k=0

In particular, (Ua,+)Q and (U, ,_)Q are rational constructible cones.
Proof. (1) and (2) For k > 0, put
H® = {x eR®| (x,’Q/a) =0 for 0 < j <k —1}.
Then we have a descending chain

RE= HO 5 O 5 g 5.

1177

of R-vector spaces. Note that the subspaces H® are all defined over Q since we have ‘Q/a € Q% —{0}

for j > 0. Since RS is a finite-dimensional vector space, there exists kg > 0 such that H ®) = gkot+D) for

all k > ko + 1.
Claim. H®o+h — (.

Proof of claim. Indeed, let x € H*0tD = H%*2 Then we have

(0x,'Qa) = (x,"0' M a) =0 for 0 < j < ko,

and hence Qx € H®*0+tD_ Therefore, H%*D is a Q-stable subspace of R¢ defined over Q. Moreover,

since o # 0, we have
H %o+ — g C RS,

Therefore, we obtain H%+D =0 by Lemma 2.1.1(2).
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Now (1) follows from the fact
HO—H®D = g®O Ly g®  forall k>0,
and (2) follows from Lemma 5.2.2(1).
(3) Letx € HJ(rk). Then we have

(expe 0y, @) = 3 2 o,

]
m>k m:
Now since (x, ‘Q%a) > 0, there exists 8 > 0 such that
tHym
(exp(eQ)x, a) = Z Msm >0
m!

m>k
for all € € (0, §). Hence x € (HJ(FO))Q. The inclusion Hik) - (HEO))Q can be proved similarly.

(4) First, by Lemma 5.1.3(2), we see (UOH)Q N (Ua,,)Q =, and HO,Q N (Ua,i)Q = &. On the other
hand, we obviously have 0 € HaQ, and hence 0 ¢ (Uo,’i)Q. Therefore, by (1) and (3), we obtain

RE—{0} C (Ua,+)? U (Uy,-)? C RE—{0}.
Thus we find R —{0} = (Uy. 1)@ U (Uy.—)2 and HZ = {0}.
(5) The first part follows from (1), (3), and (4). Then the latter part follows from (2). U

Lemma 5.2.4. Let [ = (a1, ..., ) € (Xg)" such that ay, ..., a, € Q8—{0} are linearly independent.

Note that we automatically have r < g.

(1) There exist o}, ..., ), B}, ..., ,Bé_, € Q8 —{0} such that

r g-r
C= (ﬂ U“,{s+> N (ﬂ Hﬂl/)
i=1 i=1

(2) Let Q € E. Then we have
RS =CPuURS—Cp)Q.

Proof. (1) Put W := Spang{ai, ..., a,} C Qf, and let W+ C Qf be its orthogonal complement with
respect to the scalar product ( , ). Let o/l, ..., o, € W be the dual basis of a1, ..., o, in W with respect
to(, ),1le.,

| (=i

O M

0 G#)),
and let B, ..., ﬂ;,f, € W+ be a basis of Wt over Q. Then oy, B ,Bg,f, satisfy the desired
property. Indeed, let By, ..., Bg—r € W be the dual basis of 8], ..., By, in W+, and let x € R8. Since
at, ..., o, B, ..., Be—r form a basis of Ré, we have

r g—r

e=Y et Y db;

i=1 j=1
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for some ¢;, d; € R. Then we have x € C; if and only if
(x,f)=c;>0 and (x,B;)=d;=0 for all i, j.
This proves (1).

(2) Using (1), we take &}, ..., o), B, ..., é_r € Q% —{0} such that

r g—r
Cr= (ﬂ UaH) n (ﬂ Hﬂ;). (5-1)
i=1 i=1

‘We then have
g —r

,
RE—Cp = JWo,- UH) U JWp+ VU ).

i=1 i=1
By taking the exponential Q-perturbation and using Lemma 5.1.3(1), we obtain

r

8—r
U(We ¢ UHZ) U (W )2 U WU, )8) € ®E—CDE. (5-2)
i=1 i=1

On the other hand, by (5-1) and Lemmas 5.1.3(2) and 5.2.3(4), we obtain
r g—r
0 o
et ( o))
i=1 i=1
r g—r
= (W, 0% U Ha?) Ul (g2 U Wy, )°). (5-3)
i=1 i=1
Thus, by combining (5-2) and (5-3), we find that R¢—C2 c (R€—C;)2, and hence R€ = C2 U(R¢—C)2.
Finally, since we have CIQ NRE—CHL =g by Lemma 5.1.3(2), we obtain R8 = CIQ u(RE—Cp2. O
Proof of Proposition 5.2.1. (1) Since Spang{oy, ..., o} C QF, there exists B € Q5 —{0} such that

C; C Spang{ay, ..., o} C Hp.

Therefore, by Lemmas 5.1.3(1) and 5.2.3(4), we have either C,Q = or C,Q = {0}. Then it is clear that
CIQ = {0} if and only if O € C;. This proves (1).

(2) Since @ and {0} are obviously rational constructible cones, we may assume «j, ..., &, generates RS.
In particular, we have r = g and Cj is a rational simplicial open cone. By Lemma 5.2.4(1), there exist
oy ozfg € Q5—{0} such that

8
Cr=( U+
i=1

Then, by Lemma 5.1.3(2), we have

8
CP = Wa. )%

i=1
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Now, we already know that (Ualf,+)Q is a rational constructible cone by Lemma 5.2.3(5), and hence C,Q
is also a rational constructible cone by Lemma 5.2.2(2). O

5.3. Cocycle relation.

Definition 5.3.1. (1) For a subset A C R, let
if A
1RSSR, xes |0 TYEA
1 ifxeA

denote the characteristic function of A.

(2) For I = (ay, ..., ag) € (RE—{0})¢, we set

sgn(/) :=sgndet(ay, ..., ag) € {—1,0, 1},
where (o, ..., o) is regarded as an element in M (R). We assume sgn 0 := 0.
(3) Letr >1and I =(ay, ...,a,) € (RE—{0})". We say that x € R? is in general position relative to 1
if x is not contained in any proper R-subspace of Ré generated by a subset of {«, ..., o, }.

Remark 5.3.2. The condition “in general position relative to /" is slightly more strict than the condition
“generic with respect to {«1, ..., -} in the sense of Yamamoto [2010, p. 471]. Actually, this difference
is not important at all, but we adopt this definition since it is more useful in this paper.

Lemma 5.33. Letr>1, I = (v, ...,a,) € (Xg)", x € R8—{0}, and Q € E. Then there exists 56 > 0

such that exp(e Q)x is in general position relative to I for all ¢ € (0, §).

Proof. Let Wy, ..., W,, C R# be all the proper R-subspaces which can be generated by some subset
of {ay, ..., a,}. In particular, y € R$ is in general position relative to / if and only if y & UT:I W;.

Take B, ..., Bm € Q¥ —{0} such that W; C Hg, for j =1, ..., m. (See Section 5.2 for the definition
of H/gj.) Then, by Lemma 5.2.3(4), for each j, there exists §; > 0 such that

exp((0,8;)Q)x C Ug, + UUp, - =RS—Hp,.
Put § := min{éy, ..., §,,} > 0. Then for all € € (0, §), we have
m m
expeQ)x ¢ | Hp, > | W;.
j=1 j=1
and hence exp(e Q)x is in general position relative to 1. (I
The following is the main proposition of this subsection.

Proposition 5.3.4. Let J = (ap, ..., 0g) € (Xo)®t! and Q € B. Assume that there exists y € R&—{0}
such that foralli =0, ..., g we have («;, y) > 0. Then we have

8
> o=y sen(JNlge () =0
i=0 a

for x € R&—{0}, where J© = («ay, ..., &, .. ., o) € (Xg)s.
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Proof. Take such y € R®—{0}. We will reduce the problem to the “generic case”. First, we claim that for
eachi =0,..., g, there exists §; > 0 such that

exp((0,8;)Q)x C C;» or exp((0,8,)Q)x CRE—C ;.

Indeed, if ag, ..., q;, ..., ag (o is omitted) are linearly independent, then this follows directly from
Lemma 5.2.4(2). On the other hand, if «p,...,;,...,a, are linearly dependent, then we have
Spangfag, ..., &, ..., oz} € QFf, and hence there exists a € Q¢ —{0} such that C;» C H,. Therefore,

by Lemma 5.2.3(4) along with Lemma 5.1.3, we find
RE—{0} = (Ua, 1) U (Uy,-)? C (R¥—C ),

and we can take such §; > 0.
Consequently, fori =0, ..., g, we obtain

lcﬁo (x) = 1C,<i> (exp(eQ)x) forall € € (0, §;).

On the other hand, by Lemma 5.3.3, there exists § > 0 such that for all ¢ € (0, §), exp(¢ Q)x is in general
position relative to J. Set gg := %min{(So, ..., 84,8}, and put x" := exp(eg Q)x. Then

. ICJQ(i> (x) =1c,, (x")fori=0,...,g,
« x' is in general position relative to J.

Therefore, it suffices to prove

8
Y (=1 sgn(JN1c,, (x) =0 (5-4)
i=0

for any x’ which is in general position relative to J. First, if (x, y) <0, then we have
Ic,, (x)=0 forallie{0,...,g)}

because (o;, y) >0 forall i =0, ..., g. Therefore, we may assume (x’, y) > 0. In this case, the identity
(5-4) follows from [ Yamamoto 2010, Proposition 6.2].
Indeed, let y € GL4(R) such that ‘ye, =y, where e, =(0, ..., 0, 1) € R8. Then

o yx',yap,...,ya, e H:={veRE| (v,e) >0},
» yx'is in general position relative to y J,
« sgn(y J @) = sgn(det(y)) sgn(J ),
« 1c,, () =1c,,, ('),
and hence we can use [ Yamamoto 2010, Proposition 6.2]. This completes the proof. ]

Remark 5.3.5. It is also possible to prove the last part using [Charollois et al. 2015, Theorem 2.1].
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6. Construction of the Shintani-Barnes cocycle

Recall that for d > 0, we have sheaves

_ 1081
Fa=1g Spei (g

(=d)|y- and ZF =Hom(Z[E], F4) ~ 1_[ Fy
QeE
on Y° = C8—iR#. In this section we construct a certain cohomology class in H&~!(Y°, SL¢(2), de)

using the Cech complex ¢*(Xg, F4)=.

6.1. Barnes zeta function associated to C IQ Recall that for I = (ay, ..., ag) € (Xg)¢, the open subset
V; C Y° is defined as
Vi={yeY®|Re({a;,y) >0fori=1,...,g},

and we have
I'(Vy, #4)={fw| f holomorphic function on ngl(n@(Vl)) such that f(ky):k_g_df(y) for all AeC*}
by Proposition 3.2.3. Note that 7~ Ye(Vy)) € C8—{0} is an open subset of the following form:

ngl (e (Vy)) = {y € C¢ | there exists A € C* such that Ay € V;} C C$—{0}.

Definition 6.1.1. Ford > 1, I = (ay,...,ag) € (Xg)®, Q€ E,and y € JTC_](T[qj(V])), set

1
0 ——
v »=send) ), o ©-1)
xeC?nze—(0)
where sgn(/) = sgndet(ay, ..., a,) € {—1,0, 1}; see Section 5.3.

Proposition 6.1.2. The infinite series (6-1) converges absolutely and locally uniformly for y € o Yre (VD).
In particular, wf ; Is a holomorphic function on 7 ! (e (V7). Moreover, we have

w200 =27y 2, (»)
forall » € C* and y € &' (e (V7).

Proof. If sgn(I) = 0, then by Proposition 5.2.1(1), we see that CIQ N Z&—{0} = @, and hence the sum is
zero. (In particular, the series converges.) Therefore, we may assume that o, . . ., a form a basis of Q.
Furthermore, since sgn(/) and C ,Q do not change if we replace «; by its multiple by positive integers, we
may assume that ay, ..., g € Z8—{0}.

Lety € mp 1(JT@(VI)) and take 1 € C* such that Ay € V;. Then take a relatively compact open
neighborhood U C V; of Ay, i.e., U is an open neighborhood of Ay such that its closure U is compact
and U C V;. Since y e A~1U C e ! (e (V7)) it suffices to show that (6-1) converges absolutely and
uniformly on 71U

First, note that by the definition of C2, we have

8
CIQ C 51 = ZRZ()O(,',

i=1
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where C; is the closed cone generated by 1. Put

g
Ry :=_[0, Da.
i=1
Then we see
e CPNZ8ECCiNZ8 = {x+ Y% mioi | x € RyNZS, n; € Zso),
e R;NZ8& is a finite set,

. {Re((x, YD |xe R NZ8—{0},y € 17} is a compact subset of R .
Therefore, set

b:=min{Re((x, ")) |x € R;NZ—{0},y e U} > 0.

Moreover, fori =1, ..., g, set
a; :=min{Re((e;, y')) | y' € U} > 0.
Then for y” = A"y’ € A~'U, where y’ € U, we have

Z 1

[ (X, y//>g+d
xeCnz8—{0}

1
< |A g+d E -
=1 _ (x, y')|8+d
xeCynz8—{0}

<t 1

g+d
xeC;NZE—{0) (Re({x, "))

1
< here 2
= +d
CeRInZS ey, (RECX, YN +DF  niRe((ei, y)))*
x’+Zf:1 njo; #0
1
g+d - g+d g
<Al > e TR ZE 0y ) PE=Tam—
(n1,....ng)€(Z0)8—{0} (i ”t“z) (1,...ng)E(Z50)* ( + 2o niai)
where #(R; N 78 —{0}) is the order of the finite set R; N Z8—{0}. It is now clear that the last two series
converge for d > 1. The last statement in the proposition follows directly from the definition. ([l

Remark 6.1.3. Since CIQ is a rational constructible cone (see Proposition 5.2.1), we see that i dQ ; can be
written as a sum of a finite number of the Barnes zeta functions; see [Barnes 1904; Yamamoto 2010].
Conceptually, we may also view dQ ; as a decomposed piece of the “Eisenstein series”

1
Ya(y) = Z W’

xezs—{0}
which coincides with the classical holomorphic Eisenstein series of weight 2+d if g =2, d > 2 is even,

and y = (1, z) with Im(z) > 0, but does not converge if g > 3. Therefore, the following construction of
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the Shintani—Barnes cocycle can be seen as a cohomological realization of this (generally) nonconvergent
Eisenstein series.
Corollary 6.1.4. Letd > 1. For I = (ay, ..., ag) € (Xg)® and Q € B, we have
g . v
WdQ,ICU el'(Vi, #4), where w(y) = Z(—l)'_ly,- dyy N---ANdy; N+ Adyg.
i=1
Proof. This follows directly from Propositions 3.2.3(2) and 6.1.2. ([l
6.2. The Shintani—Barnes cocycle.

Definition 6.2.1. For d > 1, we define a map ¥, : E — Cs Y Xg, Za) by

Wy (Q) = (¥ 0)exay € C5 7 (Xo. Zo)= [ TWVi.Za)  for Qe &l
Ie(Xq)$

We aim to show that W, defines a class in H8~1(Y°, SL,(2), ﬁda) via Corollary 4.3.4.
Proposition 6.2.2. The map Y, is a SLg(Z)-equivariant map, i.e., we have
i ([y1(Q)) = [y1(¥a(Q))
for Q € Eand y € SLy(Z). In other words, we have

Wy € Mapg; 7 (B, C*~(Xa, Za)) =T (Y°, SLe(2), 6° ! (X, Za)®).

Proof. Let I = (ay, ..., a,) € (Xg)*. We need to show
W[y = ([¥1(Wa(Q))), € T(Vy, Za),

where W, ([y1(Q)); (resp. (Iy1(Wa(Q))),) is the I-th component of Wy ([¥1(Q)) (resp. [¥1(¥a(Q))) as
always. Indeed, we have

([V1(%a(20), ) = (WL, ,) )
=y7 L (rnelyy)

_ -1 w(yy)
=sgn(y 1) Z ey y)eH
xeCnyl[ﬂZg—{O}

B . (y)
= sgn(det(y ")) sgn(/) det("y) ) Z W
xeC?, nzs—(0)
w(y)
=sgn(/) QZ W
xey (€, pNZE—{(0}
()Y % = 0, (Y1) ()

xeCDnzz_10)
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fory € mo ! (e (V7). Here, the first and second equalities follow from the definition of [y] (see (4-1)
and Definition 3.3.2), the fourth equality follows from Lemma 3.3.1, and the sixth equality follows from
Lemma 5.1.4. O

Corollary 6.2.3. For Q € E, we have
W, (Q) € C5 ' (Xg, Z9)'e =T(Y°, Tg, 64 (Xa, Za)).

Proof. Because I'p is the stabilizer of Q in SL,(Z) and W, is a SL¢(Z)-equivariant map, it follows
that W;(Q) is a ['p-invariant element. O

Proposition 6.2.4. (1) Let Q € E. We have
A (Wa(Q) =0
under the differential map
ds: C8 N (Xa, Fy) > C¥H(Xa, ).
(2) We have
d¢ (W) =0
under the differential map
d¢~ 1T (Y°, SLy (@), v (X, Za)®) — T(Y°, SLe(2), €% (Xa, Fa)®).
In the following, we refer to V4 as the Shintani—Barnes cocycle.

Proof. (1) Let J = (a, ..., ag) € (Xg@)¥t. Fori =0,...,g, put JO = (ag, ..., &, ..., ) € (X@)*.
We need to show
g
(AW (Q)), =D (=D Wa(Q) o lv, =0. (6-2)
i=0
First if V; = &, then (6-2) is obvious because I' (&, .%#;) = 0. Assume V; # &, and take y’ € V;. Then we

have («;, Re(y')) = Re({w;, y')) >0 foralli =0, ..., g, and hence the assumption in Proposition 5.3.4
is satisfied. Therefore, by Proposition 5.3.4, we find

l 8
Y =DWQ)oly, () =Y (=Disen(ID) Y

i=0 i=0 xeC%inzE—{0)

: i i w(y)
= Z (Z(—l) sgn(J‘))IC;z“_)(x))W

x€Z8—{0}  i=0

1
ww()’)

(x, )

=0
fory € T[(EI(T[C(V])). This proves (1).
(2) This follows from (1). U
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We obtain the following.
Theorem 6.2.5. For d > 1, the Shintani—Barnes cocycle V; defines a class
Wyl € HS'(Y°, SLy(Z), 7).
Moreover, for Q € E, the element W, (Q) € C8~ (X, Z4)'¢ defines a class
[Wa(Q)] € HE™(Y°, T, Z),

and we have

evo([Wal) = [Wa(Q)].
Proof. This follows from Corollary 4.3.4, Proposition 6.2.2, Corollary 6.2.3, and Proposition 6.2.4. [

7. Integration

The goal of the remaining sections is to construct a specialization map (8-11), and prove that the Shintani—
Barnes cocycle class [W;] specializes to the special value of the zeta functions of number fields; see
Theorem 8.3.2.

Let Q € E be fixed throughout this section. In this section we define an integral map

/ H(Y”®, Lo, %0) — Hg(Yo, Ip, ),
0

where Hg(Y", I'p, C) is a certain auxiliary cohomology group defined later; see Section 7.2. This group
Hg(Y", "o, C) will be studied more closely in Section 8 using a topological method.

7.1. Integration and the Hurwitz formula. For g > 0, let

q+1
A = {(tl,...,tq+1) € RIT! ‘Zti =14 ZO}

i=1

denote the standard g-simplex. Note that we can also embed A9 into R? by
AT RY, (t1,... . tq41) = (2, ..., tg41),

and we equip A? with an orientation induced from the standard orientation of R?. Moreover, for

515 ceey gq-i-l € G:g—{o}, let
q+1

O, ..., qu)ZAq—)Cg, (tl,...,tq+1)l—>ZliSi

i=1

denote the affine g-simplex with vertices &, ..., &,41, and let

106000 = Oey....£,,1) (A7) C CE

denote the image of o(¢,. £, )-
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Now, let U C C#—{0} be a convex open subset and let &, ..., &, € U be a basis of C¢. Then for a
homogeneous holomorphic function f on 7o 1(m];(U )) of degree —g, (i.e., f(Ay) = A= f(y) for all
A € C*), we consider the integral

/ fo 12/ (0....50) " (fo), (7-1)
O bg) As-l

where

8
o)=Y (=D yidyi Ao Adyi A Ady,.
i=1

.....

since U is convex.

Remark 7.1.1. Via the identification (3-2), the above fw corresponds to a holomorphic (g—1)-form on
7c(U) C P$~1(C). More precisely, there is a holomorphic (g—1)-form  on 7c(U) C P~!(C) such that

(me)'n = fo.

Then we see that the integral (7-1) is actually an integral on P8 B(DF

O, bg) TTCOO(E,...bg)

Lemma 7.1.2. Let U C C£—{0} be a convex open subset, and let &, ..., &, € C5—{0} be a basis of C8
such that

51,...,$geU.

Furthermore, let A, ..., L, € C* be any complex numbers such that
Algl, ey )\gfg eU.

Then for a homogeneous holomorphic function f on wo Yte(U)) of degree —g, we have

/ fw:/ fo.
OEy - Eg) Oh18y.mhgly)

Proof. Let

.....

i=1
be a homotopy between o, ., £,) andog g, . aeE,)- Note that we have h(u, t) € U because U is convex. We
regard & as a singular g-chain in a usual way using the standard decomposition of the prism [0, 1] x A8~!;
see [Hatcher 2002, Section 2.1, Proof of 2.10]. Then we have

Oh =0...£) — OGur...hek) T 1
where
B 10,11 x A8 ' > U, (u, 1) h(u, 1),
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which is also regarded as a singular (g—1)-chain. Let £, ..., §; € C* be the dual basis of &, ..., &,
and let

g
z:=JyeC 1. =0
i=1

be the union of hyperplanes defined by &}, ..., & ;‘. Then, by (7-2), we easily see
R0, 11x dAs~ ) C Z.
Now, by Remark 7.1.1, there exists a holomorphic (g—1)-form n on ¢ (U) such that
(me)'n = fo.
In particular, we have
d(fw) = (wc)*(dn) =0,

where d is the usual derivative of differential forms. Moreover, we also have

fo= / n=0
n ool

because 7c o i’ is contained in a divisor ¢ (Z—{0}) € P$~!(C). Therefore, we obtain

This completes the proof. U

An important example of such an integral is the following Hurwitz formula (see [Hurwitz 1922; Sczech
1993]), which is also known as the Feynman parametrization.

Proposition 7.1.3 [Hurwitz 1922]. Let x € C8—{0}, and let &y, ..., &, € C§—{0} be a basis of C8 such that
€1, ..., 6 € Vy ={y e C¥5—{0} | Re((x, y)) > 0}.

(1) We have
(%)

/ w(y) _ 1 det(§y, ..., &)
O] .bg) (%)’)g (g_l)‘<x’§1><x9sg>

(2) Let &y, ..., &; € C* be the dual basis of &1, .. ., &g, and let k = (ki, ..., kg) € (£>0)*. Then
w(y) k! det(§y, ..., &)

vk e ke _
/%1 5@1»)’) ey (x, y)stIl (g +[k| — D! (x, &)tl oo (x, &g ket

,,,,, »)

where |k| .=k +---+kg and k! :=ky!---kg!.

Proof. (1) Let W := (&1, ..., &,) € GL4(C) be the matrix whose columns are &1, ..., &, so that the (g—1)-
simplex o, ... g, is represented by the linear transformation W, i.e., we have o,
Wity, ..., tp) for (1, ..., tg) € AS~1 C RS, Then

/ w(y) =/ w(Wy) et W (y) ‘
<X, )7>g As—1 <xs W)’>g As—1 (tWX’ )7>g

..... gg)(l‘l, ...,tg) =
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Fori=1,..., g, put

a; == (x, &) #0,
i
and let ey, ..., eg € C¢ be the standard basis, i.e., ¢; = ©0,...,0,1,0,...,0). Then we find
det W w(y) _ det W w((aiyi, ..., agye))
At (Wx, y)8  ap---ag Jae-1 (ar1y1+---+agyg)d
_ det W w(y)
al“’ag U(alel ,,,,, ageg) (yl++yg)g
_ det W w(y)
ap--- ag Oy meg) (yl + .4 yg)g
det W
= w(y)
al e ag U(el,...,eg)
1 det W

T (g—Dlarag
Here, the third equality follows from Lemma 7.1.2, and the last equality follows from an elementary
computation. This proves (1).
(2) First note that for fixed &1, .. ., &, the formula () can be seen as an equality of holomorphic functions
in the x-variable. Thus, for 1 <i < g, we consider a linear differential operator
D= (8 g ) =g+ gy
where Slf; is the j-th component of £*. Then we can compute the action of D; on the both sides of (x)

using the formula
1
D' T = — '*7 o 11
A T
where y € C8, (x, y) #0, and n > 1. Now (2) follows from (1) by applying to () the operator

ph ... pE. 0
Remark 7.1.4. The right-hand side of the Hurwitz formula (Proposition 7.1.3) is exactly the building
block of Sczech’s Eisenstein cocycle [Sczech 1993].

7.2. The integral map f o Let Q € &, and let 01, ..., 6® e C be the distinct eigenvalues of ‘Q. Note
that by Lemma 2.1.1(1), ’Q has g distinct eigenvalues.
We will introduce an auxiliary cohomology group H g(Y °, g, C) and define the integral map | 0

Definition 7.2.1. Let ¢ > 0. We say that I € (X@)?T! is Q-admissible if we can take a system of
eigenvectors &y, ..., &g of '01in Vq,ie., if

there exists £, ..., &, € V; such that 'Q& =0Wg; for i=1,...,g.

We define (X @)qQJrl to be the set of all Q-admissible elements of (X¢g)7t!.
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Recall that
I'(Vy, #9)={fw| f holomorphic function on ngl(n@(VI)) such that f(Ay)=A"% f(y) for all A€ C*}.

Definition 7.2.2. For g > 0 and a Q-admissible I € (X @)qQH, we define a map
/ TV, %9) > C, s+ Ry (7-3)
0.1 0,1
as follows. Take &1, ..., &, € V; such that 108 =0V fori=1, ..., g, and define

fw :=/ fw
0,1 O(E|,...Eg)

for fw € I'(V;, %y). Note that by Lemma 7.1.2, the map |, o1 is independent of the choice of the
eigenvectors &, ..., &.

Remark 7.2.3. Strictly speaking, the map |, 0 is depending on the (fixed) choice of the order of the
eigenvalues 01V, ..., 6@ up to sign.

Example 7.2.4. Let the notation be the same as in Section 2.2. Furthermore, let0 € F* and Q = p,, (/) € E
be as in Lemma 2.2.1, and let / € (X@)gQ.

(1) Fork >0 and x € C2—{0}, we have

w(y)
Nw*(y)k(xyﬁ (S F(VI’ y())?
and
/ N () o) kH8  det(w®, ..., w®)
o U et T (kg — DI Ny (oF

(2) For k > 1, we have
Nu (D 92 (M (y) € T(Vr, Fo),

and

(kD& det(w®, ..., w®) 1
Ny () 0 = 1 —_—.
o Ve O Wi 0 ) PRI L QZ NGOt
xeCnz8—{0}

Proof. (1) First, since x € CIQ—{O}, we easily see Re({x, y)) >0 forall y € V;,i.e., V; C V. In particular,
(x,y)#O0forall y e o ! (c(Vr)), and hence we obtain the first assertion. Now, by Lemma 2.2.1(5), we
know w®, ... w® e C8 are the eigenvectors of 'Q with eigenvalues oW =1 @), ..., 0@ .= 7,(0) € C,
respectively. Take fi1, ..., sty € C* so that & := ujwV, ... & = pu,w'® € V;. This is possible since /
is Q-admissible. Then, by Lemma 2.2.1(3), we see that &/ := ,ul_lw*(l), cee, S; = ,u;lw*(g) form the
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dual basis of &1, ..., &,. Thus, by Proposition 7.1.3, we find

| [Toutr vt 29
o (&

0.1 (x, yystke — foe )iy (x, y)stke

(kS det(&y, ..., &)
(8 +kg—DITE, (x, &)k+1
(khHs det(uw®, ..., ;ng(g))
(g+kg—D!  TIE (x, piw®)k+!
kH8  det(w®, ..., w®)
T (gtkg— DI Ny

= (1 - )"

= (1 )

(2) The first assertion follows from Proposition 6.1.2. The integral formula follows from (1) by taking
the sum over x eCIQﬂZg—{O}. O

Next, we extend the map (7-3) to the cohomology group.
Lemma 7.2.5. Let I = (o, ..., a,) € (Xg)?th
(1) If g = 1 and I is Q-admissible, then so is 1D =(ag, ..., d&,.. ag) fori=0,...,q.
(2) Lety € I'g. If I is Q-admissible, then so is y 1, i.e., (X@)qQ+l is a I'g-stable subset of (Xg)?t!.
Proof. (1) This follows from the fact V; = V;o, NV, C V0.

(2) Take &, ..., &, € V; such that 'Q&; = 0V¢; fori =1, ..., g. Then since 'Q'y =y'Q, we see that
lg o, ’y‘lég are again eigenvectors of ‘Q with eigenvalues 61, ..., 6(®) respectively. On the other
hand, by Lemma 4.1.1, we have

Yl eyTlvi=V,

fori =1,...,g. Thus we find that iy~ &, ..., ty_lég are a system of eigenvectors of ‘Q in V, ;. U

For a I'p-equivariant sheaf .# on Y°, set

ChXg..7):= [] T(Vi.#) and oCi(xg.7):= [] TW.2).
Ie(X)%" Ie(XQ)**,
1¢(Xa)%"

Then we have a natural short exact sequence
0— oC¥(Xg, 7) — C!(Xg, 7) L% Ch(Xg, 7) >0, (7-4)

where pg is the natural projection. By Lemma 7.2.5, we easily see that o C*(Xp, %) becomes a I'p-
equivariant subcomplex of C*(Xgp, %), and hence C o (Xo, %) has a natural structure of I'p-equivariant
complex induced from that of C*(Xg, .#). For a subgroup I' C I'p, we define

HG(Y®, T, ) := H!(Cy(Xa, 7))

to be the g-th cohomology group of the complex C7 (Yo, 7 ).
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Now, by taking the product of (7-3) over I € (X @)qQH, we define

/Q;c‘é(x@, Fo) = CH(Xa, ©), (SI)Ie(X@)‘{jl ~ (fQ ,sl>

Here C is regarded as a constant sheaf associated to C with the trivial I'p-equivariant structure.

q+1 )
Ie(Xa)h

Proposition 7.2.6. The map
[ oo 20 - (e, ©
Q

is a morphism of T'g-equivariant complexes, and hence induces a map

/Q:Hg(y°,rg,y0)—>Hg(Yf’,FQ,C)

forg > 0.
Proof. First we must show fQ od? = d? on forg > 0. Let J = («p, ..., g+1) € (X@)"QH, and
let &y, ..., & € Vy be a system of eigenvectors of ‘Q with eigenvalues 61, ..., 0®) respectively. Then
_ q
for s = (SI)Ie(X@)qQ“ € CQ(X@, Z0), we have
q+1
( / d‘f(s)> = / (@(s)s = / > =Disjoly,
Q J Q.7 O(e|nbg) j—0
q+1 q+1
“Sen [ e =Sen(fa) =(e([1).
i=0 O(E).....bg) i=0 Q0 /J® Q J
where J@ = (ag, ..., &, ..., Ag+1)-

Next we must show fQ olyl=1Iy] on fory e Tp. Let J = (a1, ..., 0q41) € (X@)‘]QH, and let again
&1, ..., &, € V; be a system of eigenvectors of ‘Q with eigenvalues 6 ..., 0® respectively. Then as in
the proof of Lemma 7.2.5, we see that 'y &y, ..., 'y &, are eigenvectors of 'Q in V-1, with eigenvalues
oM ..., 0@ respectively. Therefore, for s = (S[)IG(X@)qQH € C[é (Xo, Zp), we have

:/ Sy—lj(y)

(y&),lyEg)

= o =)= (),
oy~YJ 0 /Jy-l 0 J
This completes the proof. O
Let [ 0 also denote the composition
[e] o] f o]
/Q:Hq(y .Tg. Z0) % HY(Y°, Ty, F0) =& HE(Y°, Ty, ©), (7-5)

where po is the natural map induced from the projection po in (7-4). See also Corollary 4.3.4.
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8. Specialization to the zeta values

In this section we compute the group H Z’Z(Y °, T'g, C) explicitly, and show that we can get the values of
the zeta function as a specialization of the Shintani—-Barnes cocycle [W,].
First we return to the setting in Section 2.2. Let

o F/Q be a number field of degree g,

* T1,..., Ty : FF <> C be the field embeddings of F into C,

e O C F be an order,

e a C F be a proper fractional O-ideal,

e wi,...,w, €abe abasis of a over Z,

o wi="(w, ..., wy) € F&, and w® 1= 7;(w) = (x;(wy), ..., T (wy)) € C8,

o pyw: F — My(Q) be the regular representation with respect to

w:Q = F, x> (x,w),

o Ny(xi,...,xq) €Qlxy, ..., xg] be the norm polynomial with respect to w,
. w’l“, e, w;‘ € F be the dual basis of wy, ..., w, with respect to the trace Trr,q,
e w*, w*D, Nys, py+ be the dual objects obtained from w?, ..., w}.

Take 0 € F* such that F =Q(0) and put Q := p,,(0) € E. Also, set 0V :=1/(9), ..., 0 :=1,(9) € C*
to be the eigenvalues of ‘Q. We fix this notation.

8.1. Computation of H ZZ(YO’ I'g, C). Define
Ty :={x € R | Ny (x) # 0} C RE—{0}

to be the set of real vectors whose norm is nonzero. By Lemma 2.2.1(7), it is clear that T, is a I'p-stable
subset of R€—{0}. Note that under the isomorphism

w:R = Fri=FQqgR, xr (x,w),
T,y corresponds to Fy = {a € Fr | Npjo(a) # 0}, ie.,
w: T, — Fg. (8-1)
The aim of this subsection is to obtain an isomorphism
H}(Y°, Ty, C) <= HY(T,/ Ty, C) ~ H!(Fz /0", C), (8-2)

where the last two cohomology groups are the usual singular cohomology groups.
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As in Section 7, for I = (a1, ..., ag+1) € (Xg)?t, let

q+1
O'[ZAq—>Rg, l‘=(l’1,...,l‘q+1)l—>20[,'li
i=1

denote the affine g-simplex with vertices oy, ..., o1, and let |o;] := 07(A9) C R® denote the image
of o;. The following lemma enables us to compute the group Hg(Y", I'p, C) using these simplices.
Lemma 8.1.1. Letqg >0and I = (ay, ..., a441) € (X@)9t\. The following conditions are equivalent:
(1) I is Q-admissible.
(i) loz| C To.
To prove this lemma, recall the following fact:
Lemma 8.1.2. Let A C C be a convex compact subset. The following conditions are equivalent:

(1) 0 ¢ A.
(ii) There exists A € C* such that Re(LA) C R..

Proof. This follows from [Rudin 1991, Theorem 3.4(b)]. O
Proof of Lemma 8.1.1. First, by Lemma 2.2.1(5), we know that w", ..., w'® are the eigenvectors of ‘Q
with eigenvalues 81, ..., 0(® respectively. Therefore,

I is Q-admissible
< forall j €{l,..., g} there exists A; € C* such that Ajw(j) eV

< forall j €{l,..., g} there exists A; € C* such that for all i € {1,...,q+1}, Re((ai,kjw(j))) >0
< forall j €{l,..., g} there exists A; € C* such that Re(%;{|o7], w")) C R~

& 0¢ (|og|, w?) forall je{l,...,g)

< Ny (x) # 0 for all x € |oy|

< |oj| C Ty.

Note that the fourth equivalence < follows from Lemma 8.1.2 since (lo7], w?) c C is a convex

compact subset. This proves the lemma. O
For g >0, let £, := {0 : A? — T, continuous} denote the set of singular g-simplices in T, and let
Sq =2[%]
denote the group of singular g-chains of 73,. For j =1,...,g+1, let

q . —1
(Sj.Aq - A () (o1, 0,8, ty)
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denote the j-th face map. Then we have a boundary map 0 : S; — S, which maps o € &, to

q+1
0o = Z(—l)]_la 08? €8,-1.
j=1

The action of I'y on T, naturally induces an action of I'y on §,, and we have a I'p-equivariant singular
chain complex S,. Moreover, let
1
Ky =7[(Xa)§ ]

denote the free abelian group generated by (X@)qQ+1. By Lemma 7.2.5(2), we have a natural action of I'g
on K,. Then, by Lemma 8.1.1, we have a natural injective homomorphism

Kq —> Sq, I — oy,
which is clearly a I'p-equivariant map. In the following, we identify K, with a I'p-submodule
Z[or 11 € X)) | =2[or 11 € X)), lo1| C Tu] C S,

of §, via this injective map. Then, by Lemma 7.2.5(1), we see that the boundary map 0 maps K, to K,_1,
and hence K, C S. becomes a I'p-equivariant subcomplex of S,.
Note that we have a natural isomorphism

Kt :=Homz(K.,0)~ [] C=Cpy(xa 0
Ie(Xa)y"

of I'p-equivariant complexes, and hence
H}(Y°,Tg,C) =~ HI((K¢)'?).
Therefore, in order to obtain (8-2), we compare K, and S,.

Proposition 8.1.3. (1) Let I C I'g be a subgroup. For q > 0, the quotient group S, /K, is an induced
I"-module.

(2) The inclusion map
Kc — Sc

is a quasi-isomorphism. In other words, the quotient complex S,/ K, is exact.
Proof. (1) This is clear since we have
Sq/Kqg =20 e, |o &Kyl
and I' C I'p acts freely on the basis {0 € £, | 0 & K}

(2) This kind of fact may be well known to experts, but here we give a proof for the sake of completeness
of the paper. First take any finite open covering

N
T, = U
k=1
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of Ty, such that Uy is a convex open subset of T, for all k. The existence of such a covering can be easily
seen from the identification w : T,, —> Fu;?'
We will prove that the quotient complex S,/K, is exact. Let ¢ > 0 and let a € S, such that da € K, _;.

We need to show the following:
Aim. There exist n € S;41 and b € K such that a = 9n + b.

Suppose a € §, is of the form
-
a = Z C;Oj,
i=1

where o; are distinct singular g-simplices in Ty, and ¢; € Z. By using the barycentric subdivision if

necessary, without loss of generality we may assume
foreachi € {1, ..., r} there exists k; € {1, ..., N} such that o;(AY) C U,,. (8-3)

Indeed, let
§$:85,—S, and T:S,— Syt1

be the subdivision operator and the chain homotopy between S and idg, defined as in [Hatcher 2002,
Section 2.1, Proof of Proposition 2.21]. Then taking into account the fact that the barycenter of any
orekK, e (X@)”QH) belongs to Q% N |o;|, we easily see that S (resp. T) maps K, to K, (resp. K, +1).

Hence we have
0S(a) =80a)e K,y and a—S(a) =0T (a)+T(0a) € 05,11+ K.

Therefore, we can replace a with its (iterated) barycentric subdivision S (a) (m sufficiently large) until
we have (8-3).
We fix such k; foreachi=1,...,r.
Step 1: In order to “approximate” o; by the elements in K, we first approximate their vertices “simul-
taneously”. Fori=1,...,rand j=1,...,q9+ 1, letv;; € U, C T, denote the j-th vertex of o;, i.e.,
J
vij=0'i(0,...,0, 1,0,...,0)€Tw.
Then fori=1,...,rand j=1,...,q+1, take vlfj € U, N Q¢ satisfying the following conditions:
(V1) If v;; € Q8, then v}, = v;;.

1

(V2) If vjj = vy, forsomei,me{l,...,r}and j,ne{l,...,q+1}, then vlfj = v, .. (In other words, if

/

' are the same as well.)

the j-th vertex of o; and the n-th vertex of o, are the same, then vlf ; and v

This is possible because Qf is dense in Ré. Then set
-
I = (vlfl,...,vl{’qﬂ)E(Xq;p)qul fori=1,...,r and d :=Zc,-01,..
i=1

Since Uy, is convex, we have o, C U, C Ty, and hence o;, € K. Therefore, we see that a e K.
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Now, recall that for j =1, ...,q+1,
8]”’.:A‘1*1—> Al (ty, o t) >t e 821, 0,8, o 1)
denotes the j-th face map. Then, by the conditions (V1) and (V2), we have the following:
(F1) If oy 05? € K,_1, then oy, 05? =0; 08;’..

(F2) Ifa,-osj!:omoa,‘{ fori,me{l,...,r} andj,ne{1,...,q—|—1},thenali08?:a, o8l (In

m

other words, if the j-th face of o; and the n-th face of o, are the same, then the j-th face of oy,
and the n-th face of o;, are the same as well.)

M: Next we consider the homotopy between a and a’. Fori =1, ..., r, let
hi 110,11 x AY - T, (u,t) > uoi(t)+ (1 —u)oy(t)
be a homotopy between o; and oy,. Note that since Uy, is convex, we have
hi([0, 1] x A?) C U,.

The homotopy /; defines a (¢+1)-chain n; € S, in a usual way using the standard decomposition of
the prism [0, 1] x A?. More precisely, for j =1,...,qg + 1, put

. 1
6?.Aq+ — [0, 1] x AY, (tl,...,tq+2)l—>( Z lm,(tl,...,lj_l,lj+lj+1,lj+2,...,lq+2)>.
m>j+1

Using these maps, the (g+1)-chain n; € S, is defined as

q+1

n; = Z(—l)j_lhl’ Oéjq-.
j=1

Setn:=):_,cini € Sg41.
Step 3: Now we examine the assumption da € K,_. First, we have

rogq+l

da=Y "> (=1)/ "o 0 8.

i=1 j=1

For each singular (¢—1)-simplex o € X, _1, set

C, = Z (-1~ l¢; e 7.

i=l1,...r,
j=1l,...,q+1
o,'oélfza

In the case where the index set of the sum is empty, we set C, =0 by convention. Then we can rewrite da as
da = Z Cy,o.
O‘EEq_l

Then, by the assumption da € K,_1, we find that C, =0 for all 0 & K,_; since the set X,_; of singular
(g—1)-simplices is a basis of S, ;.
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Step 4: Next we compute the boundary of the homotopy 1 € S, 1. By an elementary computation we see

q+1 ¢q

dni =i =0y, =) ) (=D hijoel ™,

j=1m=1
where
hij 110,11 x ATV Ty, (u, 1) > uo; 0 8(1) + (1 — u)oy, 0 8% (2)

is a homotopy between o; o 5? and oy, o 87; see [Hatcher 2002, Section 2.1, Proof of 2.10].
Now, by the properties (F1) and (F2), we see the following:
(H1) If o 05;{ € Ky—1, then h;j(u,t) =o; oS?(t) for (u,t) € [0, 1] x A9™1,
(H2) If o; 08;]- =opod) fori,me{l,...,rtand j,ne{l,...,q+1}, then h;j = hpy.
Then for each singular (¢—1)-simplex o € ¥, 1, we define a map
he 1[0, 11x AT - T,

as follows: If o is of the form o = o; 08? forsomei €{l,...,r}and j €{l,...,g+1}, weset hy :=h;;.
This is well defined by the property (H2). If o is not of the form o; o 83, then simply set iy (u, t) := o ()
for (u, 1) €0, 1] x A4~L,

Then we find
r q+1 g¢q

n=a —a/—ZZ Z(—I)Hmcihij oel™!

i=1 j=1m=1

r g+l g¢q

=a—d =) > > )iy 0€h!

i=1 j=1m=1

q
=a—da' - > Y (-D"hgoel™t Y (=17

0€X ;1 m=1 i=l1,...,r,
j=1....q+1,
J,-oS?:U
q
=a—a' - Y Co ) ()" 'hsoel™!
neEq_l m=1
q
=a—d— Y CoY (-D"heoel".
0€Xy—1NK;—1 m=1

Note that the last equality holds since we have C, =0 for o & K,_1. Moreover, by the property (HI), we
easily see that if 0 =0, 0 8? € K,_1, then h; o e,?fl € K, forallm =1, ..., q. Therefore, by setting

q
bi=da'+ Y Gy (-D"hyoel ek,

o€, 1NKy—1 m=1

we obtain the desired identity a = dn + b. ]
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Let S¢. := Homgz(S.,, C) denote the singular cochain complex of Ty, with coefficients in C.
Corollary 8.1.4. Let I C I'g be a subgroup.
(1) The map K, — S, induces a quasi-isomorphism
(KJr — (Sor,
where (—)r denotes the I'-coinvariant part. In particular, we obtain an isomorphism
Hy((K)r) — Hy(Ty/ T, 7).
(2) The map K, — S, induces a quasi-isomorphism
()" = (K"
In particular, we obtain an isomorphism
HY(T,/T,C) => HI((K})") ~ H,(Y°, T, C).

Proof. First note that since the action of I'g on T, is free and properly discontinuous, the singular
homology H,(T,,/ I, Z) (resp. singular cohomology HY(T,,/I", C)) can be computed by the equivariant
singular homology (resp. equivariant singular cohomology), i.e., we have

H,(T,/T,7)~ H,((S.)r) and H(T,/T,C) x> H"((SfC)F).
See [Cartan and Eilenberg 1956, Chapter X VI, Section 9].
(1) We consider the tautological exact sequence
0—-K,—>S,—~ S,/K; — 0. (8-4)
By Proposition 8.1.3(1), we obtain a short exact sequence
0= Hi(T, S;/Kq) = (Kr = (S)r — (5,/Kr — 0.
where H(I", —) is the first group homology of I". This induces a long exact sequence
o= Hy1((S./K)r) = Hg((K)r) — Hy((S)r) = Hg((S./K)r) — - --.

Therefore, it remains to show
Hy((S./K)r)=0

for g > 0. Indeed, by Proposition 8.1.3, we see that
co—=> 8 /Ky — S1/K1 — So/Kog— 0 (8-5)

is an exact sequence of induced I'-modules. Therefore, (8-5) can be seen as a (—)r-acyclic resolution
of 0. Thus we see
H,((S./K.)r) = H,(I',0) =0

for all ¢ > 0.
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(2) This can be proved similarly. By applying Homz(—, C) to (8-4), we obtain a short exact sequence
0— (S4/K)¢ = SE— KL — 0,

where (S, /K,){ :=Homz(S,/K,, C). Then, by Proposition 8.1.3(1), we see that (S, /K,){ is a coinduced
I"'-module, and hence we obtain another short exact sequence

0— ((Sy/K)DHO" = (SH' - (KHT — HN (T, (S,/K)) =0.
Furthermore, this exact sequence induces a long exact sequence
o> HI(((S/KDOY) = HI(SpY) — HI(KY") - HT(((S./K)O") — -+

Therefore, it remains to show that
HI(((S./K)HO") =0

for g > 0. Indeed, by applying Homz(—, C) to (8-5), we see that
0 — (So/Ko)¢ — (S1/K1))¢ = (S2/ K2 —> - -
is a (—)-acyclic resolution of 0, and hence
HI(((S./K)O") = HI(T,0) =0
for all g > 0. (I

As a result, for a subgroup I' C I'p and a homology class 3 € H,_{(T,,/I', Z), we can define an
evaluation map

(3, ) HS'(Y°,Tg, ©) ~ HS (T, / Tg, ©) — H*\(T,,/ T, ©) 2L ¢ (8-6)
by taking the pairing with j.
8.2. Shintani decomposition. Using Corollary 8.1.4, here we construct a cone decomposition of a
homology class 3 € Hy,_1(T,/T", Z). See Proposition 8.2.1 and Remark 8.2.2. We need such a cone

decomposition in order to compute the specialization of the Shintani—Barnes cocycle.
Recall that 71, .. ., 7, are the field embeddings of F into C. Clearly, 7; extends to

i Ffr=FQR— C.

Let F;, denote the completion of F* with respect to the embedding 7;. In the following, we assume for
simplicity that 7y, ..., 7,, are the real embeddings, i.e., Fy, =R fori=1,...,r;,and 7, 1, ..., T, are
the nonreal embeddings, i.e., Fr, =Cfori=ri+1,...,g.

For w= (1, ..., uy) € (£} ={-1, 1}'"), set

Fﬂ-‘éﬂ ={x e Fg |miti(x) >0 fori=1,...,r}.



Shintani—Barnes cocycles and values of the zeta functions of algebraic number fields 1201

Clearly, {F[R?H | w € {£1}1} are the connected components of Fi , and we have F; = L eayn Fﬁﬂ.
Then let Ty, , C T,, be the connected component of 7, corresponding to Fﬂf{’ u via the identification (8-1):

. ~ X
w:Ty — Fg.

If p=(1,1,..., 1), then Fy  is the totally positive component of F', and simply denoted by Fy . .

Furthermore, let

Fr :=F><ﬁF[|-\§’+={xeF>< |t;(x)>0fori=1,...,r},

OF=0"NFy ={uec0* |t >0fori=1,...,r}
denote the totally positive parts of F* and O™ respectively, and let Fg C I'p be the image of O3 under
the isomorphism

pw: O =Ty
(see Section 2.2).
By Dirichlet’s unit theorem, we know that

Tw/Rool' ) =~ Fg /R-00O
is compact, and its connected components
T u/Rsol' ) =~ F , /R=00%  for pe{£1}"
are homeomorphic to (g—1)-dimensional topological tori. Therefore, we have
Hy (T /TS, 2) = Hy_ (T, /R0, 7) = 7E0" (8-7)
Here the first isomorphism is a canonical isomorphism induced from the projection
Tw/Ty — Tw/R-oly,

which is clearly a homotopy equivalence. In order to fix the second isomorphism of (8-7), we equip
Ty/ [F\R>0F5 with an orientation as follows.

Orientation. Set
T, =Ty u/Rooly CT :=Ty/Rooly

for simplicity. Recall that an orientation of a (g—1)-dimensional manifold X is defined as a system (vy)yex
of generators v, € H,_1(X, X—{x}, Z) >~ Z with a certain compatibility; see [Hatcher 2002, Section 3.3].
Note that giving a generator v, of H,_1(X, X—{x}, Z) ~ Z is equivalent to giving an isomorphism

ox Hy (X, X—{x},2) — Z, vy L

We first fix an orientation of the (g—1)-sphere S8l = (R&€—{0})/R~ as follows. Let x € R§—{0} and
let ¥ € S8! be its image. Moreover, let I = (ay, ..., a,) € (X@)® such that O ¢ |o;| and x ¢ 9Cy,
where dCj is the boundary of the cone C;. Then we see

Gr: AT 2L RE—{0) — §8!
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defines a class [o] € Hg,l(Sg_l, S8~1_{x}, Z). We fix the isomorphism o3 so that we have

oz ([o7]) = sgn(D)1c¢, (x)

for all such I, where sgn(/) = sgn(det ) € {0, £1}. This defines an orientation of S4~!. Then this
orientation of $2~! induces orientations of T,,/R-o C $¢~ ' and T =T,/ R>0F§ because the action of Fé
on Ty, /R is free, properly discontinuous, and orientation-preserving. More explicitly, for x € T3, and
its image x € T, the local orientation isomorphism

ox :Hy (T, T—{x},2) — Z
can be computed as follows. let I = (a1, ..., ag) € (X@)g such that yx ¢ 0Cy forall y € Fg. Then
ATV T
defines a class [o;] € H, (T, T—{x}, Z), and we have

or([o7]) =sgn(l) Y 1¢,(yx). (8-8)

yng
Now, since {1}, | u € {£=1}""} are the connected components of 7', this orientation defines isomorphisms

Hy ((T,,7) => 7, pe{xl}",

o=ou: Hy (T. D)~ P He(T.2) = P 7
"

pe{£1y1 pel£1y

such that for all x € T}, the following diagram is commutative:

H, (T,,7) —>Z

loch/ H (8'9)

H, (T, T—{x}, Z)—>Z
Here the left vertical arrow is the natural localization map; see [Hatcher 2002, Theorem 3.26, Lemma 3.27].
3)( eI_Ig I(T Z) g I(Tw/
denote the class such that o(3,) = x. Note that if 3, denotes the fundamental class of T}, then 3, can be
written as 3y = Y., Xudp-
Proposition 8.2.1. Let x = (x.)u € D, cz1)n Z-
(1) There exists

D= Zc,al €Ky 1=2[o1 |1 € (Xa)§] C S
i=1

which represents the homology class 3, € Hy_(T,/ ', 7), where I, ..., 1, € (Xg)%, and ¢; € Z.
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(2) Then for x € R&8—{0}, we have

> > e sen(I1co(yx) = x (017, (),
yerg i=1
where x is regarded as a locally constant function x : T,, — Z which has value x, on T, ,, i.e.,
x(x) = xuforx €Ty .
Proof. (1) This is a direct consequence of Corollary 8.1.4(1).
(2) First note that we have

1C1Qi? (Vx) = 1)/*1C1Q; ()C) = ICVQ’I (-x)

fory e Fa . Now, since the action of Fg on T,,/R- is properly discontinuous, the collection {y ~'C;. Yisy
of subsets of Ty, is locally finite. Therefore, as in the proof of Proposition 5.3.4, by using Lemma 5.3.3,
we can find § > 0 such that

exp(eQ)x € dC, -1y,
foralle € (0,28), i=1,...,r,and y € J. Set
x":=exp(§Q)x.
Then we have
e =1co, =1lc,,, () =1, ().

Moreover, by using Lemma 2.2.1(5), we see that exp(§ Q) preserves the connected components Ty, ,
of Ty, and hence we have

x )17, (x) = x (O, (x").
Therefore, it suffices to show
,
YY) asen(ic, (vx') = x (g, (x). (8-10)
yel“Q+ i=1

First, by Lemma 8.1.1, all of the terms in (8-10) are 0 if x” & T,,. Therefore, we assume x" € T, , for
some € {1}, Set
T, :=Tyu/Roly and x':=R.olgx €T,

Then, by (8-8), we see that the image of ® under the localization map
ox 0locy : Hy_(Ty 1/ T, Z) ~ Hy_y (T, Z) 25 H, (T, T—{x'},Z) %> Z

is equal to

D0 esgn(nic, (vx).

yerg i=1

On the other hand, by (8-9), 0y’ olocy (®) =0, (3,) = x,. because ® represents 3,. This completes the
proof. U
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Remark 8.2.2. In the case where 3, = 3, is the fundamental class of a connected component 7},

Proposition 8.2.1 says that
,
Z Cj sgn(Ii)lclg
i=1 '

gives a signed fundamental domain for 7, ,/ I‘Q+ in the sense of Charollois, Dasgupta, and Greenberg
[Charollois et al. 2015, Definition 2.4], which is a “weighted version” of the Shintani cone decomposition;
see also [Diaz y Diaz and Friedman 2014; Espinoza and Friedman 2020].

Remark 8.2.3. Let the notation x, 3,, and ® =Y _, ¢;oy, be the same as in Proposition 8.2.1. We can
compute the evaluation map

(. ) HS'(¥°,Tp, ©) =~ H¢™\(T,/ T, ©) — H*™\(T,,/ T, ©) ¥ €
(see (8-6)) explicitly as follows. Let

—1
s =D rexay, €Ch (Xa, €)= I] c
Ie(Xa)p

be a I'p-invariant cocycle and let [s] € H 571 (Y°, T'g, C) be the class represented by s. Then we have

r

(3. [s]) = Z CiSy;-

i=1
8.3. Values of the zeta functions. Recall that F is a number field of degree g, O is an order in F, and

a C F is a proper fractional O-ideal.

Definition 8.3.1. (1) For a continuous map

x:Fg =(F®QaR)* - Z,
let

X
;‘O(Xv a_lvs) = Z L, Re(s)> 1
 INFra@)[*
xe(a—{0h /0%

1

denote the partial zeta function associated to xy and a proper fractional O-ideal a=". Here, note

that x is constant on each connected component of Fy; , and thus invariant under the action of O.

2) Let
Nro(x)

e FX — {£1}, _—
R~ (&l INF/g(x)]

denote the sign character.

Now, letk>1,and let x € @Me{il}rl Z. Note that x can be regarded as a continuous map  : Fﬂg — Z via

X Fg = Fg/Fg = {£1)" %5 7.
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So far, we have defined the following series of maps between cohomology groups:
HETH(Y?, SLy(2), ) 3 [Wie]

evo
H87Y(Y°, Tg, Fie)
NE,
H8~(Y°, T, Fo) (8-11)
Jo

HS ' (Y°.To, )

(x> )

c > (5x: SoNurevo([WieD)
See Corollary 4.3.4, Example 4.3.6, (7-5), and Remark 8.2.3 for the definitions of these maps.

Theorem 8.3.2. We have

(kD8 det(w®, ..., w®) B
<ax, f Nf,*er<[wkg]>>= toe My, a7l k4 1),
0

(g+gk—1)
where €51y (x) = e () x (x).

Proof. By Hurwitz’ formula (Example 7.2.4), we see that the class

/ NE.evo (W) € HY ™ (Y°, Tp, ©)
0

is represented by

( Nur (y)kw,?g,,@)w(y))
0,1

8
Ie(Xa))

(kD8 det(w®, ..., w®) 1
- ( k— 1) sgn(/) Z N (x)k+T :
(g +g - ) u)(-x) IG(X@)‘QQ

xeCPnzs—(0)

On the other hand, by Proposition 8.2.1(1), we can take a representative

.
o= Zc,-o,,. €Ky 1 =2Zos | I €(X@)H] C g1
i=1
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of 3, € Hy (Ty/ I'}, 7). Then, by using Remark 8.2.3 and Proposition 8.2.1(2), we find

L (kD det(w D, ..., w®) < 1
5X,/Nw*er([xpkg])>= > eisgn(l) —
< ¢ (g+gk—1) i=1 xeC2nzs—{0} N (O™
(kN8 det(w®D, ..., w®) : 1
= cisgn(I)l .0(x) ———
(g +gk—1) eré'Z—{O}; £ Ci 7 Ny (x)k !

(k)& det(w®, ..., w®) - 1
B P 2 2 2 asslepr)
' xe@s—(0)/ TS yery i=1 ' v

. (k)& det(w®, ..., w®) Z x(x)

- — 1! w k+1
(g+gk—1) re@ O/} Ny (x)

(kDB det(w®, ..., w®) 3 e() 1 x(x)

T (gtgk—1)! |NFj(x) [+

xe(a—{0)/0%

Remark 8.3.3. It is easy to see that
det(w®, ..., w®)> = DpNd?,

where Dy is the discriminant of the order O. Moreover, we also know that sgn(Dp) = (—1)"2, where r,
is the number of complex places of F. Therefore, by permuting the order of the embeddings 71, ..., 74 if
necessary, we have

detw, ..., w®)=i"/|Dp|Na,

where i € C is the imaginary unit. Hence (under a suitable ordering of 71, ..., 7,), Theorem 8.3.2 can be
also written as

. ., VIDo|Na(k")® Kt ,1
<3X,LNw*CVQ([Wkg])>—l —(g+gk—1)! Co(e" " x,a L k+1).
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