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Counting abelian varieties over finite fields
via Frobenius densities

Jeffrey D. Achter, S. Ali Altug, Luis Garcia and Julia Gordon
Appendix by Wen-Wei Li and Thomas Riid

Let [X, A] be a principally polarized abelian variety over a finite field with commutative endomorphism
ring; further suppose that either X is ordinary or the field is prime. Motivated by an equidistribution
heuristic, we introduce a factor v,([X, A]) for each place v of Q, and show that the product of these
factors essentially computes the size of the isogeny class of [X, A].

The derivation of this mass formula depends on a formula of Kottwitz and on analysis of measures on
the group of symplectic similitudes and, in particular, does not rely on a calculation of class numbers.

1. Introduction

Let [X, A] € A4 (F,) be a principally polarized g-dimensional abelian variety over the finite field F, =T ..
Its isogeny class I ([X, A], [,) is finite; our goal is to understand the (weighted by automorphism group)
cardinality #1 ([X, A1, Fy).

A random matrix heuristic might suggest the following. Let fx/r, (T') be the characteristic polynomial
of Frobenius of X. It is well known that fx/r, (T) € Z[T]. Following Gekeler [2003], for a rational prime
€1 pdisc(f), one can define a number

#(y € GSpy, (Ze/") : charpoly, (T) = fxyr, (T) mod £}
#GSPy (L 0) [#AGsp,, (Z]07) ’

ve([X, A, Fg) = lim (1-1)
where GSp,, is the group of symplectic similitudes of a symplectic space of dimension 2¢g, and Agsp,, is
the space of characteristic polynomials of these similitudes.

For £ 1 p disc(f), in which case the conjugacy class is determined by the characteristic polynomial (see
Lemma 3.1), we interpret ve[ X, A] as the deviation of the size of the conjugacy class with characteristic
polynomial fx, (T) from the average size of a conjugacy class in GSp(Zy).

For ¢ | disc(fx/r,(T)), since the characteristic polynomial need not determine a unique conjugacy
class in Gszg (Zy), a slightly more involved definition of v,[X, A] is needed; see (4-1). Similarly, we
define quantities v, ([X, A], F,) and v ([ X, 1], F;) using, respectively, equidistribution considerations
for o-conjugacy classes in GSp,,(Q,) and the Sato-Tate measure on the compact form USp,,.

MSC2010: primary 11G10; secondary 14G15, 20G25, 22E35.
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Careless optimism might lead one to hope that #1 ([X, 1], Fy) is given by the product of the average
archimedean and p-adic masses with the local deviations:

#1([X, M), Fy) < vao([X, AL, Fy) ]_[ ve([X, AL, Fy). (1-2)
Y4

This argument is (at best) superficially plausible. Nonetheless, in this paper we give a pure-thought proof
of the following theorem:

Theorem A. Let [X, A] be a principally polarized abelian variety over T, with commutative endomor-
phism ring. Suppose that either X is ordinary or that F, = [, is the prime field. Then

FI(IX, 3], Fy) = g2 A0 rpu (1%, AL Fo) [ ve(1X. A1 Fy). (1-3)
¢
Here dim(A,) = % g(g+ 1) and tr is the Tamagawa number of the algebraic torus associated with [ X, A]

in Section 2A.

As we have mentioned, this formulation is inspired by Gekeler [2003], who proves Theorem A for
an ordinary elliptic curve E over a finite prime field F,. (In the case g = 1 considered by Gekeler, 77
equals 1.) Roughly speaking, the strategy there is to compute the terms v, explicitly, and show that the
right-hand side of (1-3) actually computes, via Euler products, the value at s = 1 of a suitable L-function.
One concludes via the analytic class number formula and the known description of the isogeny class
I(E,F,;) as a torsor under the class group of the quadratic imaginary order attached to the Frobenius
of E. This strategy was redeployed in [Achter and Williams 2015] and [Gerhard and Williams 2019] for
certain ordinary abelian varieties.

More recently, Achter and Gordon [2017] showed directly that the right-hand side of (1-3) actually
computes the product of the volume of a certain (adelic) quotient and an orbital integral on GL,. Thanks
to the work of Langlands [1973], and Dirichlet’s class number formula, one has a direct proof that this
product computes the size of the isogeny class of the elliptic curve.

In fact, Langlands’ formula, originally developed to count points on modular curves over finite fields,
has been generalized by Kottwitz [1992] to an essentially arbitrary Shimura variety of PEL type. We
review this latter formula in Proposition 2.1, and refer to it as the Langlands—Kottwitz formula below.
It comes as a product of an (adelic) volume of a torus and an orbital integral, this time over GSp,,.
Although the orbital integral in the Langlands—Kottwitz formula clearly decomposes as a product of local
terms, the volume term, however, appears as a global quantity (a class number in the case of GL,; see
[Achter and Gordon 2017, Lemma A.4]). Thus an Euler product expression for #1 ([X, A], ) such as
the one in (1-3) is, at least, not immediate.

The content of the present paper is to prove that the Euler product given by the right-hand side of (1-3)
is indeed equal to the product of the global volume and the orbital integral given by Kottwitz’s formula.
We establish this by a delicate analysis of the interplay between various measures on the relevant spaces.

This paper is the logical extension of [Achter and Gordon 2017], which worked out these details for
the case with governing group GSp, = GL,. The reader will correctly expect that the structure of the
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argument is largely similar. However, the cohomological and combinatorial intricacies of symplectic
similitude groups in comparison to general linear groups — in particular, the tori are much more complex
and conjugacy and stable conjugacy need not coincide — mean that each stage is considerably more
involved.

We highlight three particular issues that make the generalization from elliptic curves to higher rank not
straightforward.

The first is already mentioned above — the difference between conjugacy and stable conjugacy in
Gszg when g > 1. This issue is discussed in detail in Section 3, and leads to Definition 4.1, which (as
we prove in Section 3) coincides with (1-1) when £t p disc(f).

The second is the fundamental lemma for base change, which is used to relate a Gekeler-style ratio
at p to the twisted orbital integral. The complicated function one generally gets as a result of base change
is the reason we have to assume that X is ordinary if g # p; this is discussed in detail in Section 4C.

The last is that the tori in GSp,, for g > 2 are significantly more complicated than those for g = 1.
The global calculation in Section 5 reflects this complexity, and involves the Tamagawa number of the
algebraic torus 7'. This number is well known to be 1 for g = 1, but for general g we have to leave it as
an (unknown) constant; Thomas Riid and (independently) Wen-Wei Li obtained suggestive partial results
and kindly agreed to present them in the Appendix.

Perhaps not surprisingly, (1-3) can also be interpreted as a Smith—-Minkowski—Siegel type mass formula
(in the sense of Tamagawa—Weil) with explicit local masses (see [Gan and Yu 2000]). Here the underlying
group, of course, is GSp,, and the masses calculate sizes of the relevant isogeny classes. Although this
point of view is interesting in its own right we do not pursue it further in this paper. We would, however,
like to note that the appearance of Tamagawa numbers is natural in this context.

The present work is, of course, part of a long and thriving discourse on the size of isogeny classes of
abelian varieties over finite fields. Deuring [1941] computes the size of an isogeny class of elliptic curves
as a class number. Waterhouse [1969] reinterprets and extends Deuring’s work to a much larger class of
abelian varieties. The key point in his study is to consider separately the £-primary components of the
kernel of an isogeny, and model them using the various Tate modules (for £ prime to the characteristic) and
the Dieudonné module. Both of these approaches have been revisited and enhanced in recent times. Yu
and collaborators have undertaken a detailed analysis of, for example, the number of supersingular abelian
varieties over finite fields; their answers are often expressed in terms of a mass formula which comes
from a local lattice-theoretic perspective on the isogeny problem (e.g., [Xue and Yu 2021; Yu 2012]). In
a somewhat different direction, Marseglia [2021] and Howe [2022] are often able to express the size of an
isogeny class of principally polarized abelian varieties as a sum of suitably generalized class numbers.

In the approach taken here, the orbital integral in the Langlands—Kottwitz formula (Proposition 2.1)
does the work of assimilating information from the different local lattice calculations. Class numbers
necessarily arise from our formula, but are not built-in; see Section 6 for this emergence.

Notation. We work over a finite field F, = [ e of characteristic p. We will often drop the field from all
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notation. We denote by Q, the degree e unramified extension of Q,, and by Z, its ring of integers; the
p-th power automorphism of [, lifts to the Frobenius automorphism o of Q.

Fix a positive integer g. Let V = Z92¢ endowed with basis xi, ..., Xg, Y1» -+ - Vg, and equip it with
the symplectic form such that (x;, y;) =§;; and (x;, x;) = (y;, y;) =0. Let G be the group of similitudes
G =GSp(V, (-, ) = GSpy,; it has dimension 2g>+ g+ 1 and rank r = g + 1. Its derived group is
Gder = Spy,. and G/ GY*r=G,,. Let n: G — G, be the corresponding surjection (the multiplier map).
We write Tgp for the split torus of diagonal matrices in G.

If K is a field, « € G(K), and ' € G(K), we let "o = {7 'aB : B € '} be the orbit of « under T".
Since G has simply connected derived group, the stable conjugacy class, or stable orbit, of « is those
elements of G(K) which are conjugate to « as elements of G(K) [Kottwitz 1982, p. 785].

For a € G(Q,), the twisted, or o-, conjugacy class of « is (B~ 'aB® : B e G(Q,)}; and the stable
twisted conjugacy class of « is G(Q,) N {B~'aB : p € G(Q,)}.

For an element y € G(Qy), where £ is an arbitrary prime, the Weyl discriminant of y is denoted
by D(y): D(y) = ]_[aeq)(l —a(y)), where the product is over all roots of G (see Section 6A1 for details).

2. Background

2A. The Kottwitz formula. The key formula we need is developed by Kottwitz [1992]. In fact, the special
case we need is detailed in [Kottwitz 1990, Section 12]. By way of establishing necessary notation, we
review the relevant part of this work here.

Let A, denote the moduli space of principally polarized abelian varieties of dimension g. Anisogeny be-
tween two principally polarized abelian varieties [ X, A], [Y, u] € Ag([F,) is anisogeny ¢ : X — Y such that
m¢* = n-A for some nonzero integers m and n. The isogeny class I ([X, 1], F,) is the set of all principally
polarized abelian varieties [Y, ]/, admitting such an isogeny (over F,), and its weighted cardinality is

HIX M F)= > :

#Aut(Y, n)
[V, lel (X, A1,F,) ut(y,

The abelian variety X/, admits a Frobenius endomorphism @y ,, with characteristic polynomial
fX/[Fq (T) of degree 2g. (By [Tate 1966], this polynomial determines the isogeny class of X as an
unpolarized abelian variety.)

Foreach ¢ £ p, H' (qu , Zy) (the dual of the Tate module) is a free Z,-module of rank 2g, endowed with
a symplectic pairing (-, - ), induced by the polarization. The Frobenius endomorphism @y, induces an
element yx/r, ¢ € GSp(H1 (XR ,Z¢), (-, ")), and thus an element of G (Z;), well-defined up to conjugacy.
Moreover, there is an equality of characteristic polynomials f . ,(T) = fx/,(T). Simultaneously
considering all finite primes £ # p, we obtain an adelic similitude yx € G(Afﬁ). (Alternatively one
can, of course, directly consider the action of @wx/r, on H ! (qu, 7 )= limm H' (qu, Z/n).)

Similarly, the crystalline cohomology group Hclris
Hclris

of G(Q,) with multiplier n(dx/¢,) = p-

(X, Q) is endowed with an integral structure
(X, Z;) and a o-linear endomorphism F. It determines, up to o-conjugacy, an element Sy
q /Ty
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The e-th iterate of F is linear, and in fact F° is the endomorphism of Hclris

(X, Qq) induced by @y, -
Let Tix,,;/Q represent the automorphism group of [X, A] in the category of abelian varieties up to
(-isogeny. Concretely, the polarization A induces a (Rosati) involution (}) on End(X) ® @Q; and for each
Q-algebra R, we have
Tix.(R) = {a € (End(X) ® R)* : aa'™ € R*).

By Tate’s theorem [1966], for £ # p, Tix 1(Qy) is isomorphic to G},X/[Fq,e (Qy), the centralizer of YX/F, .5
and Tix ;)(Q,) is isomorphic to G(;X/[an(@p), the twisted centralizer of dx/r, in G(Qg).
A direct analysis of the effect of isogenies on the first cohomology groups of abelian varieties shows:

Proposition 2.1 [Kottwitz 1990]. The weighted cardinality of the isogeny class of [ X, 1] € Ag([F,) is

FI(X, 11, Fy) = vol (Tix s @)\ T (A ) - f Lony (8 vx/e, ) dg
G

ress, AD\GAD)

/ 1G(z,,)diag(p,...,p,l,...,1)G(zq)(h713X/[tho)dh- (2-1)
G(SX/[qu (@p)\G(@q)

In the orbital and twisted orbital integrals in (2-1), we choose the Haar measures on G which assign
volume 1 to G@’) and to G(Z,), respectively. The choice of measure on 7 does not matter here, as
long as the same measure is used to calculate the global volume. We define the specific measure on 7" in
Section 5. It coincides with the canonical measure at all but finitely many places.

This formula appears in [Kottwitz 1990, p. 205]; see also [Kottwitz 1992] for its generalization to a
much larger class of PEL Shimura varieties. As in [Achter and Gordon 2017, 2.4], the weighted cardinality
accounts for the fact that we have not introduced a rigidifying level structure, and thus our objects admit
nontrivial, albeit finite, automorphism groups.

Remark 2.2. Using Honda-Tate theory, one can find yx/r,.0 € G(Q), well-defined up to G (Q)-conjugacy,
such that yx /Fg.0 and yx JF,.£ are conjugate in G(@g); see Kottwitz [1990, p. 206; 1992, p. 422]. Similarly,
Yx/r,.0 and N 8x/, are conjugate in G(@,,), where N denotes the norm map

GQy) — GQ,), oar>aa’-- !
In particular, the characteristic polynomial of yx/r, 0 i fx/r,(T). In fact, by adjusting §x/r, in its twisted
conjugacy class, we henceforth can and will assume that

N(SX/[F{]) € G(@p) C G(@q) (2-2)

[Kottwitz 1982, p. 206]. Then the group variety Tix 1] /F, is isomorphic to the centralizer of N(yx /[Fq,o) inG.

It turns out that, moreover, one can find a rational element yy € G(Q) such that yy is G(Q¢)-conjugate
to yx/r, ¢ for every £ # p (see [Kisin 2017, p. 889]). Consequently, in (2-1) we could replace yx/f, with
a global object yp; but we will never use this fact in this paper.

In the remainder of this paper we fix a principally polarized abelian variety [ X, A]/[F, with commutative
endomorphism ring End(X). (For example, any simple, ordinary abelian variety necessarily has a
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commutative endomorphism ring [ Waterhouse 1969, Theorem 7.2].) By Tate’s theorem, the commutativity
of End(X) is equivalent to the condition that 7jx ;) is a maximal torus in G.

To ease notation slightly, we will write §o and T for §x /F, and Tjx ), respectively. If £ is a fixed,
notationally suppressed prime, we will sometimes write yp for yx/r,.¢; by Remark 2.2, one may equally
well let yy be the image of some choice yy in G(Q) (though we will not be using it).

2B. Structure of the centralizer. For future use, we record some information about the centralizer
T = Tix.,- Recall that X is a g-dimensional abelian variety with commutative endomorphism ring.
Then T is a maximal torus in G, and K :=End(X)? =End(X) ® Q is a CM-algebra of degree 2g over Q).
Then K is isomorphic to a direct sum K = @521 K; of CM-fields, and the Rosati involution on End(X)
induces a positive involution a — a on K, which in turn restricts to complex conjugation on each
component K;. Let K™ C K be the subalgebra fixed by the positive involution. Then KT = @l 1 KT,
where K;r is the maximal totally real subfield of K;, and [K T : Q] = g.

In general, if L is a field and M /L is a finite €tale algebra, let Rj;/; be Weil’s restriction of scalars
functor. The norm map Ny, induces a map of tori Ry;/1 G, — G, and the norm-one torus is the kernel
of the map

1= Ry Gy — RuyrGn ~5 Gy — 1.

With these preparations we have

Tder = TﬂGder”RK+/@RK/K+G
and T sits in the diagram
1 Tder T G 1
lN [ f (2-3)
RK+/@ NK/K+

| —— Rg+joRY) . Gy ——— Rg/aGp ——— Ri+/gGp ——— 1

K/K+

On points, we have

T@={acK*:aacQ*}= {(al,...,at) € @Kix : there exists ¢ € Q™ such that g;a; =c},

T¥Q) = {acK”:aa=1} = :(al,...,at) ce@ kK aa = 1}.
Let T = T% x G,,. It is not hard to write down an explicit isogeny « : T—Tanda complementary
isogeny 8:T — T such that o B is the squaring map. We choose the maps which, on points, are given by

TLTL)T, arls (a&_l,aé), (b, ¢) M bc.

2C. The Steinberg quotient. Recall that we have fixed a maximal split torus Ty, in G; let W be the
Weyl group of G relative to Tgp. Let Tder =T N GY%, and let A% = Tder / W be the Steinberg quotient
for the semisimple group G, Tt is 1somorphlc to the affine space of dlmensmn r—1=g.
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We let Ag = A% x G, be the analogue of the Steinberg quotient for the reductive group G, and define

a map
G —>Ag, vy (r(y), tr(/\zy), L w(Afy),n(). (2-4)

Note that n(y) = tr(/\gH(y))/tr(y); and if y € G4 C G, then c(y) = (¢%"(y), 1), where ¢ is the

usual Steinberg map.

2D. Truncations. Let £ be any finite prime (including £ = p). Let &, = 7y, : Zy — Z;/C" be the
truncation map. For any Z,-scheme X, we denote by 7;¥ the corresponding map

n¥ X (Zy) — X (Zy)0)
induced by m,,. Given S, C X (Z,/¢"), we will often set
S =1, (Sn).

The projection maps 7 ¢ extend to a somewhat larger set of similitudes. Let M (Z,) be the set of symplectic
similitudes which stabilize the lattice V ® Z,. Then

M(Z) = GSp(V ® Q) NEnd(V ® Z;) = GSp,,(Q¢) N Matyg (Ze).
Inside this set, for each d > 0 we identify a subset
M(Zy)g ={A € M(Zy) : ord, det(A) <d}.
Finally, let us denote by M (Z,/¢"), the set
M(Ze)0") g ={A € M(Z;/l") : ordg det(A) < d}.

Note that M(Z;)q = G(Z;), and in the last definition, the condition on the determinant is not vacuous
even if d > n, because it rules out the matrices of determinant zero.
With a certain amount of abuse, we introduce the following notion of “M(Z;)4-conjugacy’:

Definition 2.3. If y € M(Z,) and in particular if y € G(Z;), we will write y ~pz,), vo if there exists
some A € M(Z;), such that Ay = ppA.

Similarly, if y € M(Z,/¢"), we write ¥ ~pz,/em), Yo if there exists some Ae M (Z,/€")4 such that
Ay =1 (0)A.

When 7 is small relative to d, truncations of M (Z;)4- conjugate elements might not be M (Z,/¢")4-
conjugate (since, e.g., all the elements A € M (Z;) satisfying Ay = ypA might project to 0 mod £"). Of
course, this does not happen when n >> d. We also note that trivially, if y ~uz,),, vo for some dy, then
Y ~Mz,), Yo for all d > dy. The analogous statement holds for y € G(Z,/¢") as long as n > d.

2E. Measures and integrals. As in [Achter and Gordon 2017], we need to explicitly work out the
relationships between several different natural measures on the ¢-adic points of varieties, especially groups
and group orbits. The definitions introduced in [Achter and Gordon 2017, §3] (where a little more historical
perspective is briefly reviewed) go through with minimal changes. We recall the relevant notation here.
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Serre—QOesterlé measure: Serre [1981, §3], observed that for a smooth p-adic submanifold Y of Z’;’ of

dimension d, there is a limit lim,,_, 5| Y}, | p‘”d , where Y, is the reduction of ¥ modulo p” (in our notation,
Y, = m,(Y)). Moreover, Serre pointed out that this limit can be understood as the volume of Y with
respect to a certain measure, which is canonical. The definition of this measure for more general sets Y
was elaborated on by Oesterlé [1982] and by Veys [1992]. We refer to this measure as the Serre—Oesterlé

measure, and denote it by ;50.

Measures on groups: Once and for all, we fix the measure |dx|, on the affine line AJ;D@ to be the translation-

invariant measure such that volj4y|,(Z¢) = 1. Then there are two fundamentally different approaches to
defining measure. The first is, for any smooth algebraic variety X’ over Q, with a nonvanishing top degree
differential form w on it, one gets the associated measure |dw|, on X (Q;). In particular, for a reductive
group G, there is a canonical differential form w¢, defined in the greatest generality by Gross [1997].
This gives a canonical measure |dwg|, on G(Q¢). When G is split over @, this measure has an alternative
description using point-counting over the finite field (i.e., it coincides with the Serre—Oesterlé measure /,L%O
defined above):

4G (Z/0)
dargle = " (2:5)
~/G(Z/z) £dim(G)

This observation is originally due to A. Weil [1982], and is actually built into his definition of integration
on adeles. Weil’s classical observation is precisely what makes this paper possible.

For groups, there is a second approach. Start with a Haar measure and normalize it so that some given
maximal subgroup has volume 1. The choice of a “canonical” compact subgroup in this approach could
lead to very interesting considerations (and is one of the main points of [Gross 1997]), but in our situation
only one easy case is needed. For G(Q), the relevant maximal subgroup is G(Z;); we denote such a

can

Haar measure on G(Q¢) by ug".

Geometric measure on orbits: This is a measure constructed in [Frenkel et al. 2010] on a fibre of the

Steinberg map ¢: G — Ag. Let wg be a volume form on G, and let w4 be the volume form Adx; A(dx/|x|)
on Ag = Arank(G)—1 o G, . On the fibre ¢! (¢(y)), factor wg as

geom

WG = By

AN WA;
. . geom geom -1
integrating Iwc(y) | defines a measure i on ¢ (c(y)).

Suppose ¢ is a locally constant compactly supported function on G (Q¢). Recall the family yx/r, ¢
(and 8p), whose centralizers are the sets of (Q,-points of the algebraic torus T := Tjx ;. We use two
different measures on the orbit “@yy r = Tix ;1(@¢)\G(Qy) to define an integral. When ¢ is fixed,

Tama a4 the quotient measure e/ M;ama,

Y0
where ,u?ama is the Tamagawa measure on 7' defined below in Section 5A, and let M%ﬁ"m be the geometric

we will often denote the element yx/r, ¢ by yo; we define u

measure reviewed above. (Since the orbit of 3 is an open subset of ¢~!(c(yp)), the restriction of the
geometric measure from ¢ '(c(y)) to the orbit makes sense.) Then for » € {Tama, geom}, set

0;, = f b8 vog) diss,.
T(Q)\G(Qy)
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3. Conjugacy

3A. Integral conjugacy. To relate the right-hand side of (2-1) to the ratios vy of (1-1), we interpret the
orbital integral as the volume of the intersection of the G (Q¢)-orbit of 3y with G(Z,). For almost all ¢,
G(Zy) NC@D 3y =GO

Lemma 3.1. Suppose yy € G(Zy) and £+ D(yp). If y € G(Zy), then

Y ~G@Qy) Yo = VY ~GZy) Yo-

Proof. The hypothesis on yy implies that the centralizer G,, is a smooth torus over Z,, and thus the
transporter from G, to G, is smooth over Z, (e.g., [Conrad 2014, Proposition 2.1.2]).

Since y and yq are conjugate in G (Qy), they have the same characteristic polynomial, and thus their
reductions ¥ = JTIG()/()) and y = JTIG()/) are stably conjugate in G(Z;/£). By Lang’s theorem, ¥y and y
are conjugate in G(Z,/£); by smoothness of the transporter scheme, y and y; are conjugate in G(Z,). U

If y¢ is not regular, then the set G(Z,) NG @) yo generally consists of several different G (Z;)-orbits.

G(@Qo)

Nonetheless, the number of distinct orbits is bounded; and membership in 1o can be detected at a

finite truncation level.

Lemma 3.2. Suppose yy € G(Z;) is regular semisimple. There exists an integer e = e(yp) such that, if
n> 0andd > e, then for y € G(Zy/C"), the following conditions are equivalent:

(1) ¥ ~m /e, o mod £", and
(2) there exists some ¥ € G(Z;) such that y mod £" =y and ¥ ~¢@,) Yo

The statement is also true with G(Z,) replaced with M (Z;) everywhere.

Proof. We prove the original statement.

The intersection of G(Z;) with the G (Qy)-orbit of yy is a finite union of G(Z,)-orbits, since it is
compact (recall that yp is regular semisimple) and the G(Z,)-orbits are open in this intersection; let
g1, ..., &s be representatives of these orbits, and let A; € G(Qy) be elements satisfying A; giAi’l =0,
so that A;g; = ypA;. We clear denominators; for each i, let X; € M(Z,) be a scalar multiple of A;. Then
Xigi =X, and we set

......

Now, suppose n > 2d(yp), where d(yp) is the valuation of the discriminant of yy, e > e(yp), and n > e.
We want to prove that with these assumptions, an element y € G(Z,/¢£") satisfies

Y ~M@ /ey, Tn(Y0)

if and only if there exists a lift / € G(Z;) such that 7, () = y and ¥ ~g(a,) Yo-
One direction is easy: suppose there exists ¥ € G(Z;) such that ¥ mod £" =y and ¥ ~¢(q,) yo- Then
there exists i € {1, ..., s} such that ¥ ~¢(z,) gi. Therefore there exists Y € G(Z;) such that Yy = g;Y.
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Recall that, as above, there exists X; € M(Z;) such that X;g; = yX;. Then Z := n,f” (X;Y) lies in
M(Zy/0"), and satisfies the condition Zy =, (yo)Z.

The other direction is a special case of Hensel’s lemma. Since Hensel’s lemma in this generality,
though well-known, is surprisingly hard to find in the literature, we provide a detailed explanation with
references.

For each n, let

Ry (Ze/€) = {(A,y): A€ M(Ze/t"), y € G(Ze/L"), Ay =77 (v)) A} C M(Ze/€") x G(Zy /L"),

where 79 is the projection from Section 2D. This is a system of (2g)? equations in 8g? variables (namely,
the matrix entries of A and y). Now Hensel’s lemma as stated in [Bourbaki 1985, 111.4.5., Corollaire 3,
p. 271] applies directly, as follows. Let n(y) be the valuation of the minor formed by the first (2g)>
columns of the Jacobian matrix of this system of equations at yy. By Hensel’s lemma, if n > 2n(yp) and
(A,y) € Ry, (Z;/C"), then there exists some ¥ € G(Z;) such that 1, (¥) =y and ¥ ~umz,) 0.

Since the core argument simply relies on the solvability, via Hensel’s lemma, of a system of equations
over Zy, it is also valid if G(Z,) is replaced by M (Z,). O
Remark 3.3. We observe (though we do not need this observation in this paper) that n(yy) in fact equals
the valuation of the discriminant of yp, e.g., by the argument provided in [Kottwitz 2005, §7.2].

For yy € G(Z,), let

Canmy(o) ={y € G(Z¢/0") 1 ¥ ~ Mm@, /en, Vo) (3-D
If d = 0, this coincides with the usual conjugacy class of 7, (yp). As in Section 2D, let C (V) =

(7 9)"H(Ca.m) (1)) be the set of lifts of elements of C(y.n) (1) t0 G(Zy).
We also extend this notation to elements yy € M(Z,):

Cuanmy(Vo) ={y € M(Ze/0") 1y ~m@,/emy Yo}
If yo € G(Zy) C M(Z,), the two notions coincide and thus there is no ambiguity.)
Corollary 3.4. (a) Suppose yy € G(Z;). There exists d = d(yy) such that, if n > 0, then

Clam (Vo) = 102 (G (Z) NC @D yp).
Moreover,
G(Z) N yo =) Ciaamy (10)-

n>0

(b) Suppose yy € M(Zy). There exists d = d(yy) such that, if n > 0, then

Clany(Y0) = Ta (M (Zy) NC@0 ),
Moreover,
M (Z) N9 o = () Caany(00).

n>0

Proof. This is a direct consequence of Lemma 3.2. ]
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3B. Stable (twisted) conjugacy. In this section, we further assume that [ X, A] is a principally polarized
abelian variety with commutative endomorphism ring for which % is not a slope of the Newton polygon
of X. (Again, any ordinary simple principally polarized abelian variety satisfies these hypotheses.)

Recall the definition of K and K™, as well as the discussion of T, from Section 2B. By a prime of K
(or K*) lying over p we mean a prime p of some K; (respectively, Kl.*) lying over p, and we write K,
for K; ,. With this convention, we then have K @ Q, = @ K.

Lemma 3.5. Let p™ be a prime of K lying over p. Then p* splits in K.

Proof. This is standard. We work in the category of p-divisible groups up to isogeny. Then X[p°°] has
height 2g, and comes equipped with an action by K ®¢g Q.
Corresponding to the decomposition K+ ®q @, = @p+| » K ;Cr we have the decomposition

X[p™1=EP X[p*™1.

Moreover, X[p™] is a p-divisible group of height Z[K;; : @, 1, and self-dual (because pT Ok is stable
under the Rosati involution). We now fix one p™, and show that it must split in K.

Since Kpt is a field (and not just a @ -algebra) of dimension %ht(X [pT°]), X[pT™°°] has at most two
slopes. Since by hypothesis 5 1is not a slope of X, X[p*°] has exactly two slopes, say A =a /b and 1—a/b,
where ged(a, b) = 1. Let m be the multiplicity of A as a slope of X[p*t*°]; then mb = [ 1 Qpl.
The endomorphism algebra of X[p™*°] (again, in the category of p-divisible groups up to 1s0geny) is
isomorphic to

End(X[p*>])° = Mat,, (D;) © Maty, (Di-3),

where Dj, is the central simple Q,-algebra with Brauer invariant A. In particular, any subfield L of
End(X[p™>°])? satisfies [L : Q,] < mb = [K;’+ : Q1. Since K Q@+ K;l acts on X[pT°°], we must have
K Qg+ KT “’KJr @Kw,as claimed. O

pt

Corollary 3.6. T, Sir = @ R K%, /0, G,,.
p
7

Proof. Since T = RK+/@RK/K+G:m, using Lemma 3.5 we find

der __ (€8]
Ta, = Rk+ea,/q,Rxgq, /K+®@ @RK K®K+K ot G
ptlp
If L is any field then Ry g7 /1 Gy = Gm,L @ Gy, 5 the norm map R;q1/1.Gy — Gy, is given by multi-
plication of components; and so R! L@ LL Gy, s isomorphic to Gy, 1, where the latter is embedded in the

former via (id, inv). (I

Recall that the twisted conjugacy class of N(8y) is defined over Q,, and consequently contains a
G(Q,)-rational representative [Kottwitz 1982, p. 799, Theorem 4.4]; and we have adjusted &y in its
twisted conjugacy class to ensure that yp := N(8p) € G(Q),) (2-2).
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Lemma 3.7. The stable conjugacy class of yo consists of a single conjugacy class, and the stable
o -conjugacy class of 8y consists of a single o -conjugacy class.

Proof. To prove the first claim, it suffices (by [Kottwitz 1982, p. 788]) to show that H () p» I') vanishes.
By taking the long exact sequence of cohomology of the top row of (2-3), and then invoking Hilbert 90
and Corollary 3.6, we find that H ! (Qp, T) does in fact vanish.

For the second claim, it similarly suffices to show that the first cohomology of the twisted centralizer
Gs,.o vanishes [Kottwitz 1982, p. 805]. However, the twisted centralizer of an element is always an inner
form of the (usual) centralizer of its norm [Kottwitz 1982, Lemma 5.8]. In our case, the centralizer T = G,
is a torus, and thus admits no nontrivial inner forms. We conclude again that H'(Q p» Gs,0) 1s trivial. [J

4. Ratios

4A. Definitions. For ¢ # p, we define a local ratio v, ([ X, A]) designed to measure the extent to which
the conjugacy class of yx,r,, as an element of G(Z,/¢), is more or less prevalent than a randomly chosen
conjugacy class. More precisely, to measure this probability, we consider the finite group G(Z,/¢") for
sufficiently large n, and recall that our notion of “conjugacy” in this group is not the usual conjugacy but
the relation ~(z, /¢, defined above in Section 2D. For £ = p, the element yx,r, is notin G(Zp), and we
use M (Z,) instead; but this has no effect on the definition since our notion of “conjugacy” in G(Z,/p")
already uses M (Z).

Recall the definition of C(4 ) (o) from (3-1), and that C, (y9) := C(o,n)(y0) is the actual conjugacy
class of m, (yp) in G(Z;/¢").

Definition 4.1. For each finite place ¢, including £ = p, using the shorthand yo := yx/r,.c € M(Zy), set

#Ca,n)(Y0)

veX,AD = vellXo AL B = i W00, G @m0 oo b
At infinity, define
D(yo)l5%
Voo ([X, A]) = Voo ([ X, A], Fy) = %, (4-2)

where | - | is the usual real absolute value.

Remark 4.2. So far we have avoided using the fact that there exists a rational element yy € G(Q) as in
Remark 2.2, and treated y; as an element of G(A ). We can continue doing so, and then for (4-2) simply
define the archimedean absolute value of its discriminant by |D(y0)|oo 1= [[,|D(yx [Fg.0) |[1.

The ratios stabilize for large enough d and n, and thus the limits are not, strictly speaking, necessary.
In fact, for £ # 2, p and not dividing the discriminant of yy, the ratios stabilize right away, at d = 0
and n = 1, as the next two lemmas show.

Lemma 4.3. If €1 D(yp) and n > 0, then C(q.n)(v0) = Cn(y0).
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Proof. Recall that all our notation assumes that £ is fixed. Clearly C,(y0) € C(4.n)(y0). Conversely,
suppose n is sufficiently large as in Lemma 3.2 and that y € C(4,)(0). Then there exists some ¥ € 77, L(y)
such that ¥ ~g(a,) 0. By Lemma 3.1, ¥ ~¢(z,) 0, and s0 ¥ ~G(z,/¢") o- O

Lemma 4.4. If {1 D(y), £ #2, and d >, 0, then forn > 1,

#C(a,m (Vo) _Hy €GOy ~ vl
#G (Lo /0M) [#AG (L) 0) #G (Z/0) [#AG(Zy/0)

Proof. By Lemma 4.3, the left-hand side of (4-3) is

HG(Ze/ ) [#Gy (Ze/67) _ #AG(Z /L")
HG(Zo /") [#AG (Lo /") #Gy(Zo/ ")

(4-3)

Since 7 (yp) is regular, the centralizer G,, is smooth over Z; of relative dimension g + 1. Since the same
is true of the scheme Ag/Z,, the result now follows. O

4B. From ratios to integrals. Fix a prime £ (possibly £ = p or £ = 2). (In this subsection, as above,
all quantities depend on this notationally suppressed prime.) Recall (2-4) the canonical map ¢: G — A
from G to its Steinberg quotient. The fibres of this map over regular points are stable orbits of regular
semisimple elements. Define a system of neighbourhoods of ¢(yy) inside Ag(Z,) by

T (v0) = 729 (c(0)) = (26) " (9 (c(10))).

In other words,
Un(v0) =la=(ar,....agn) €Ag(Zs) | a;i = a;(yo) mod £", = n(yp) mod €"}.
These definitions and (3-1) are summarized by the diagram

Ciamy(10) C M(Zy) ——— AG(Ze) D Un(yo)

lnnM ln,j\c (4-4)

Ciamy(V0) C M(Z/0") —2 AG(Z/") 5 712 (c(10))

where ¢, : G(Z/") — Ag(Z/€") is the map sending an element to the coefficients of its characteristic
polynomial mod ¢". The diagram of maps commutes since reduction mod £" is a ring homomorphism, and
the map c¢ is polynomial in the matrix entries of y. (The diagram of subsets need not commute, though.)
We also note that when ¢ # p, the sets G(d,n)(yo) and C 4, (y0) are contained in G (Z;) and G(Z,/¢"),
respectively, since ordy(det(yp)) = 0O in this case, and this is also true for all elements that are congruent
to any conjugate of yg.

By definition of the geometric measure, for any open subset B C G(Z;) we have

1,77
VOIMgeom (B m C_l (C()/O))) — nli)m VOlldwc\ (c (Ul’l (VO)) ﬂ B) . (4_5)

o0 VOljda,| (Un(70))
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Recall that each stable orbit ¢! (¢c(y)) is a finite disjoint union of rational orbits. Each rational orbit being
an open subset of the stable orbit, we may and do define geometric measure on each rational orbit, by
restriction.

In simple terms, the sets 17,, form a system of neighbourhoods of the point c¢(yp) € Ag; the set C @.n)(Y0)
can be thought of as the intersection of a neighbourhood of the orbit of yy with G(Z,); the set ¢~ (c(yp))
is the stable orbit of 3. The following lemma gives the precise relationships between all these sets.

Lemma 4.5. (a) Let £ # p. For large enough d and n (depending on yy), we have

U NGZy= | Canty), (4-6)

V/Ng(@w Yo

where y' runs over a set of representatives of G(Qy)-conjugacy classes in the stable conjugacy class
of yo whose Qq-orbits intersect G(Z;), so that we may take the elements v’ to lie in G(Zy).

(b) When n is sufficiently large (depending on yy), the sets gd, (") above are disjoint.

(c) Let M%O be the Serre—Qesterlé measure on G(Qp,) N M(Z,), viewed as a submanifold of M(Z ).
Then vol 50 (Cy,n (y0)) =€~ ™ OHCy (o) in particular, voljug (Ca,n (v0)) = €7 M OHCy (1)
ift# p.

Proof. (a) This is an easy consequence of the fact that two regular semisimple elements of G (Q;) are
stably conjugate if and only if their characteristic polynomials coincide. In our notation,

ey = || (@),

V/NG(@[) 70

where ¢@9y denotes the rational conjugacy class of y’ in G(Qy) as before. Now, we will describe
both the left-hand side and the right-hand side of (4-6) as the set of elements y € G(Z,;) whose char-
acteristic polynomial is congruent to that of 3 mod £”. Indeed, on the left-hand side, by definition,
yec! (ﬁn(yo)) N G(Z,) if and only if n,,AG (c(y)) = JT,f\G (¢(»0)). By the commutativity of (4-4), this
is equivalent to ¢, (ﬂf ) =c¢, (nnG (10)), i.e., the characteristic polynomials of ¢ and yy are congruent
mod ¢”. On the right-hand side, given ¥’ € G(Z;), by Lemma 3.2, for d and n large enough,' we have that
y € 5(‘1,”)()/’) if and only if there exists y”" € G(Z;) such that y” =y’ mod ¢" and y” is G (Q;)-conjugate
to y. Taking the union of these sets as y’ runs over the set of integral representatives of G (Q,)-conjugacy
classes in the stable class of yy, we obtain the set of all elements y € G(Z,) that are congruent modulo £"
to an element of G(Z;) that is stably conjugate to yy, i.e., to an element having the same characteristic
polynomial as yo. This means that ¢, (7 (y)) = ¢, (7 (1)), completing the proof of the first statement.

(b) Since the orbits of regular semisimple elements are closed in the £-adic topology, distinct orbits have

disjoint neighbourhoods.

1Large enough depends on y’, but only through its discriminant. Since stably conjugate elements have the same discriminant,
ultimately this only depends on y.
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(c) The map n,f” : 5([,,,,)(;/0) — Ca.n)(Y0) is surjective, so a(d,n)(yo) can be thought of as a disjoint
union of fibres of 7. Since M is a smooth scheme over Z,, each fibre of 7Y has volume ¢~"4m(G) yith
respect to the measure MSO (see [Serre 1981]). The first statement follows. Moreover, as discussed above
in Section 2E, on G(Z;), the measures 13© and I|wg| coincide. For £ # p, we have 6((1,")()/0) C G(Zy),
which completes the proof. (Il

Recall that ¢ is the characteristic function of G(Z;).
Corollary 4.6. Let £ # p. Then there exists d(yy) such that for d > d(yo)

geom(¢0) _ 1 VOllde|(C(d n)(VO))
=% v0ligus (Un(10))

Proof. The orbital integral, by definition, calculates the volume of the set of integral points in the rational

orbit of yp, with respect to the geometric measure on the orbit. Using Lemma 4.5(a)—(b), we write
cfl(ﬁn(yo)) NG(Z,) = |_|y, C*d,,,(y'), where ' are as in that lemma, with yy being one of the elements y’.
The union on the right-hand side of (4-6) is a disjoint union of neighbourhoods of the individual orbits,
intersected with G (Z;). The statement follows from the equality (4-5), applied to the set B := ad,n(yo). O

Corollary 4.7. For £ # p, the Gekeler ratio (4-1) is related to the geometric orbital integral by

gdim(Gd”)

ve([X, A = WZE/Z) J‘%Oeom@ )

Proof. Note that at a finite level n (and for d large enough so that the equalities in all the previous lemmas
hold), the denominator in (4-1) is

#G(Ze/0") _ #GE Lo/ UV G (Z/0") _ #GEN @/t _ ™DV DRGENZ, /)
#AG(Z,/07) - E(rank(G)—l)n#Gm(Z/En) T plrank(G)-Dn T ¢ (rank(G)—D)n

By Lemma 4.5(c), we have vol|z| (Efd,n()/O)) =#Cy,(y0) /" dim(G) "and by definition of the measure
on the Steinberg quotient, vol ye, (U, () = £7"™(G) (here we are using the fact that [n(yx.¢)| = 1
for £ # p, so the absolute value of the G,,-coordinate is 1 on 17,,).

Then for a given level n, we have

#C(a.m (10) IO ol 1 (C gy (10)) LK@ =D
#G(Z0/") [#AG(Ze/€") LAm@G =D =Dy Gler(Z, /£)
£ 0l s (Clam (10))

T HGYN(Z0/0) Vol (Un (1)

The result now follows from Corollary 4.6. O

4C. Calculation at p. Recall that we have fixed a maximal split torus Ty, C G. For any cocharacter
A € X4 (Tsp1) (and any power g = p® of p), let ¥, = v, 4 be the characteristic function of the double coset

Dj.g = G(Z)A(P)G(Zy).
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By the Cartan decomposition, the collection of all v, is a basis for Hg = H.q,, the Hecke algebra of
functions on G(Q,) which are bi-G(Z,)-invariant.

Let g be the cocharacter p — diag(p, ..., p, 1, ..., 1);itis the cocharacter associated to the Shimura
variety A,. Define

Vg.p = Vuog = 16@ diag(p...p.1...06 @) A4 @g.p = Vepo.p = 16, ding(q....q.1....)G(Z,)-

Recall that 8o = dx/f , represents the absolute Frobenius of X, and that yy :=N§ lies in G(Q,) "M (Z )
(2-2).

Lemma 4.8. Let [X, A]/F, be a principally polarized abelian variety. Suppose that either X is ordinary
or that g = p (and thus e = 1). Then

G(QP)VO N M(Zp) - Deuo,p-
Proof. We identify X, (Tp1) with
la=(a1,...,a0) €7 :a; +ag; =aj+ag; for1 <i, j<gl (4-7)

Suppose y € D, , € G(Qp). Then ord,(n(y)) is the common value of a; + ag,;; and y stabilizes
V®Z,—thatis, y € M(Z,) —if and only if each a; satisfies a; > 0.

Let f(a) =#i:a;, =0}. f « € D,N M(Z,), then f(a) is the rank of m{(«) as an endomorphism
of V/pV.

With these preparations, suppose y €%@) yyN M (Z p). Note that we have a; +aq; =e.

First, suppose X is ordinary. Then exactly g eigenvalues of y are p-adic units. Consequently, if y € D,
then f(a) = g. The only a as in (4-7) compatible with the symmetry and integrality constraints is
(e,...,e,0,...,0).

Second, suppose X has arbitrary Newton polygon but that e = 1. Again, the only a such that
a; +agy; = e =1 and each g; is nonnegative is (1,...,1,0,...,0). O

Lemma 4.9. Suppose that [ X, L]/, is an ordinary, simple, principally polarized abelian variety. Then

T080(1//q,p) = 0}/0 (¢(17P)‘

Proof. There is a base change map b = bg.q,/a, : Hc.o, = Hc.q,- The fundamental lemma asserts that
if ¥ € Hg.q,, then stable twisted orbital integrals for ¢ match with stable orbital integrals for bys. For
our §y and yp, the adjective stable is redundant (Lemma 3.7), the case of the fundamental lemma we need
is [Clozel 1990, Theorem 1.1], and we have

TO(SO(wq,p) = Oyo(b‘//q,p)- (4'8)
t G @)y,
The Satake transformation is an algebra homomorphism & : Hg o, — Hr,.@, Which maps He q,

While we will stop short of computing by, ,, we will find a function that agrees with it on the orbi

isomorphically onto the subring ”HYVZ 0.0, of invariants under the Weyl group. It is compatible with base
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change, in the sense that there is a commutative diagram

6 ~
HG,@q I HTsp],@q = @[X*(Tspl)]

Pk

He,0, — Hr,.0,

We exploit the following data about the Satake transform and the base change map.
Under the canonical identification of X, (7,) and X *(ﬁpl), the character group of the dual torus,
A € X, (Typ)) gives rise to a character of ﬁpl, and thus a representation V), of 6; let x; be its trace. Then

6(‘/&;,(1) = qw’mx,u + Z a(p, X)X
A<p

for certain numbers a(u, 1), where as usual p is the half-sum of positive roots [Gross 1998, (3.9)].
On one hand, following Gross [1998, (3.15)] and Kottwitz [1984a, (2.1.3)], we observe that the weight

mwo=(,...,1,0,...,0) is minuscule, and therefore
6(1[’#0,(1) — qu,ﬂ)XMO_
If we think of elements of C[X *(Tspl)]W as polynomials in 2g variables z1, ..., 22,4, then (essentially by

definition of the highest weight and the fact that the multiplicity of the highest weight in an irreducible
representation is 1 —in our case the representation in question is in fact the oscillator representation
[Gross 1998, (3.15)]), we find that the leading term of & (¥, 4) is ¢'“0")z; - - - z,. By definition, the
base change map takes f € Clzy, ..., 224, zl_l, e, zz_gl]w to f(z§,..., zgg). Then

bSWy.p) =q¥ 252+ > alepo, M.

r<eo
On the other hand, we have

S(¢g.0) = P Yeouo + Y blepo, Mo =qHP 2525+ Y clepo, M
A<ell A<epo
In these formulas, a(epg, 1), b(epg, A) and c(epg, A) are coefficients of lower-weight monomials that
are ultimately irrelevant to our calculation. In particular,

¢g.p — 6 (D(S(y,p)

vanishes on D, , = G(Z,)epuo(p)G(Z)).

The last point to note is that the intersection of the support of this difference ¢, , — S! (b(G(lpq, p)))
with the orbit of yy is contained in M(Z,). Once we have shown this, the desired result follows from the
fundamental lemma (4-8) combined with Lemma 4.8. We start by observing that since the multiplier is a
multiplicative map, it is constant on double G (Z,)-cosets. Therefore, for any double coset D, , such
that D, , N 9@y, £ &, we have a; + a,1; = e. Now suppose A <> a is a dominant weight satisfying
this condition and further satisfying A < ejto. Then we have a; > a; > --- > a, and a, > 0 because A
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is dominant; and on the other hand, ¢ —a; > e —a; > --- > e — a,, and e — a; > 0 because of the
condition A < eug. Therefore, in particular, ag1, . .., as, are nonnegative, and thus D, , C M(Z,) (and
in fact, we have also shown that a; = - - - = a,). |

Lemma 4.10. Suppose that either X is ordinary or that g = p. Then there exists d(yy) such that

Oﬁgom(qbq,p): lim VOl‘d“)G|(Cdf(v)’o),n(V0)).
n—o00 Vollde‘(Un()/()))

Proof. Suppose that X is ordinary (but g is an arbitrary power of p). By Lemma 3.7, ¢! (¢c(y)) is a single
G (Q,)-conjugacy class; the same argument shows this is true for elements in a small neighbourhood

of ¢(y). So, using (4-5), 03" (¢4 ») equals lim,— o6 (VOljgg| (¢~ (T (1)) N Doy, p) /VOlidens | (Un (10)) ).
By Lemma 4.8, we have

< (U (¥0) N Deyig.p = ¢~ (Un(10) N M(Zy).
Therefore, all we need to show is that for large enough d and n, we have

N U () " M(Z,) = Can(0); (4-9)

but this is essentially Corollary 3.4(b).
The case where g = p follows from Corollary 4.6 and the second case of Lemma 4.8. ]

Lemma 4.11. On the double coset D, , we have

ldwg| = q%g(g+1)+1uso‘ (4-10)

Proof. Let K = G(Z,). First, observe that the measure 15° on G(Q,) N M(Z},) is both left- and right-
K -invariant (since multiplication by an element of G(Z,) yields a bijection on mod p"-points). Consider
the decomposition of D, , into, say, left K-cosets: D,,, p = |_|;_; & K (the number s of these cosets
was computed by Iwahori and Matsumoto but is not needed here). It follows from left K-invariance
of 13© that ,uso(g,-K) is the same for all ;.

Second, the measure |dwg| is normalized so that each K-coset has volume #G (). Thus, in order to
compare the measures 130 and |dwg|, we need to compare the cardinality #m,(g; K) of the reduction
mod p" of any such coset g; K that is contained in D, , with #G([F ), for sufficiently large n. (Note
that n = 1 is insufficient, because for all such cosets the reduction mod p of any matrix in gK would be
of lower rank. One needs to go to n > e for the ratios #m,(gK)/p" ™S to stabilize.) Since the answer
does not depend on g;, we can take go = euo(p) = diag(q, ..., q, 1, ..., 1). In other words, we need to
compute the cardinality of the fibre of the map

oG- ma. 4] %]

For simplicity, we would like to move the calculation to the Lie algebra. Let n > e. Observe that

if o, (1) = @4(y2) for y1, y2 € G(Z/p"), then [qég g](ylyz_l — 1) =0, where I, is the g x g-identity
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matrix, and / is the identity matrix in M»,. This implies, in particular, that y; y2_1 = [ mod p"~¢. Then
we can write the truncated exponential approximation: y; yz_l =I+X+ %X 24... forsome X € g(Z »);
in particular, there exists X € g(Z,) such that y, )/2_1 =] + X mod p*>"~9, and thus the kernel of the
map ¢, is in bijection with the set of (X mod p") for X € g(Z,) such that [qég 2]X =0 mod p".

We have g = sp,, @ 3, where j is the 1-dimensional Lie algebra of the centre. It will be convenient to
decompose it further: let b be the Cartan subalgebra of sp,, consisting of diagonal matrices, and let V
consist of matrices whose diagonal entries are all zero; then

=GoeneVv.
Consider the action of multiplication by [qég IO ] on each term of this direct sum decomposition.
8
On the term 3 @ b it acts by diag(ay, ..., ax) > diag(gai, ..., qag, agy1, ..., azg), which in the
3 @ b-coordinates can be written as (recalling that a; + az; = z is independent of i):
EEB E—a E—a —£+a —E+a
2 2 g+19"'72 2g7 2 g+19"'a 2 2g
L (L (@+Dagei gz (g+Dayy gz (g+Dagn gz (g+Day
2 2 T2 2 2 2 ) 2 '
The only points (z, dg41, ..., az,) that are killed (mod p") by this map are of the form (z’, 0, ..., 0)

with gz’ = 0; so there are ¢ of them.

Next consider an element X = [é g] € V. Then A is determined by D, and B is skew-symmetric (up
to a permutation of rows and columns). Multiplication by ["é’*’ Z ] scales each entry of A and B by a
factor of ¢, and does not change C and D. Since A is determined by D, the elements X killed by this
map are in bijection with symmetric matrices B with entries in Z/p” that are killed by multiplication
by g. Since the space of such matrices is a (%g(g—i—l))—dimensional linear space, the number of such
matrices B is q28@+D.

Thus, we have computed that |dog| = ¢28&+D+1 50

with (4-11), we get

on the double coset D, ,. Combining this

der i der
0y (X, ) = qulm(G ) q —5g(g+h—1 VOlldwgl(Cd n(VO)) leetD) pdlm(G ) geom(¢q N
#Gder(z /p) V01|de|(U ) #Gder(Zp/p) Yo
which completes the proof. 0

Corollary 4.12. Suppose that either X is ordinary or that ¢ = p. For £ = p, the Gekeler ratio (4-1) is
related to the geometric orbital integral by

dim(Gder)

_ —leg+n_P m
(1, 30) = g5 e OB By ).

Proof. First observe that volig,,, (U, (y0)) = gp "™ since we are using the invariant measure on the
G-factor of Ag = A™k(G)—1 5 G, and for yq (and therefore, for all points in U,), that coordinate is the
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multiplier, with absolute value ¢ —'. Thus, by Lemma 4.5(c) and the same argument as in Corollary 4.7,
we have that for d > d(yp),

dim(G)—1 ~
by (X, 2D = lim #Ca.n(v0) _ q;z . VOlMso(C(i:n(yO))‘
n—oo #G(Z/P"Z)/#AG (Z/an) #G er(Z/pZ) n—oo VOllde|(Un()/0))

The ratio inside the limit on the right-hand side is the same as the ratio in Lemma 4.10, except that

(4-11)

the measure in the numerator is the Serre—Oesterlé measure ©5© rather than the measure |[dwg|. (Both
measures are defined on G(Q,) N M(Z,).) Thus, to prove the corollary, we just need to compute the
conversion factor between the restrictions of the measures ©5° and |dwg| to the support of ¢, ,, which
is the content of Lemma 4.11. O

5. The product formula

Now that the relationship between the ratios v, and orbital integrals (with respect to the geometric measure)
is established, we can translate the formula of Langlands and Kottwitz (2-1) into a Siegel-style product
formula for the ratios, thus obtaining our main theorem. Recall the notation of Section 2, in particular, the
element y;x 1) € G(Ay) associated with the isogeny class of [X, 1], and its centralizer T = T{x ;). Here in
order to ease the notation we drop all the subscripts [ X, A]. Note that there is some flexibility in the choice
of the measures in the Langlands—Kottwitz formula, but the measures need to be normalized by normalizing
the measures on G(Qy) and on 7' (Qy) separately. We will use the canonical measure d " on G(Qy) for
every prime ¢, and the Tamagawa measure ,u?ma (defined in detail below) on T (Q;) for all £. This gives
a convergent product measure globally, since the local orbital integrals equal 1 at almost all places with
respect to this measure. Since Gekeler-style ratios are expressed in terms of the geometric measure on orbits,

we need to calculate the conversion factor between the geometric measure and the quotient 3"/ u}ama

We start with a quick review of the definition of ,u?ama in order to introduce all the relevant notation.

5A. Tamagawa measure. Let S be an algebraic torus; here we only discuss the setting where S is defined
over Q. The character group of S is the free Z-module X*(S) = S in Ono’s notation (we emphasize that
this is the lattice of the characters defined over Q). If F is any field containing Q, we let (:S'\) r be the
subgroup of characters of S which are defined over F.

As usual, we have S(A) and S(Ay), the points of § with values in, respectively, the ring of adeles and
the ring of finite adeles. The (finite) adeles come equipped with the product absolute value | - |a, and we set

S ={s € S(A) : |x(s)|a = 1 for all x € (S)a).

Let F be a Galois extension which splits §. Then the character lattice X™*(S) can be viewed as a
Gal(F /Q)-module, and this module uniquely determines S up to isomorphism. We denote this represen-
tation by oy, and let L(s, o5) =[], L¢(s, os) be the corresponding Artin L-function (see [Bitan 2011]
for a modern treatment). Let » be the multiplicity of the trivial representation in og. By definition,

os = lim(s — 1) " L(s, os).
s—1
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Let w be an invariant gauge form on S. (In particular, w is defined over Q.) Set

™™ = wo [ [ Le(1, 05)0,
¢
where wy is the invariant volume form on §(Q;) induced by w.
By the product formula, as long as w is defined over (2, none of the global invariants depend on the
normalization of w.
Let x1, ..., xr be a basis for (§)@, and define a map A by

S(A) > R, x> (0 Wlas - 1 (0)]a).

(In the cases of interest, when S = T or S=T,wehaver =0orr =1, respectively.) Then A induces
an isomorphism
A SA)/SA)! = (RY)".

(Of course, both sides are trivial if § is anisotropic.)

Define df by
,
di := A* ﬂ)
(11
Let d Sg be the counting measure on S(Q). The Tamagawa measure on S (A)! defined by Ono [1961,
(3.5.2)] (taking into account that in our case the base field denoted by k£ in [Ono 1961] is Q) is the
measure /4™ that makes the following equality true:

pgleama — d;MTama dS@. (5_1)
The Tamagawa number is defined by

Tg = / MTama.
ST(A)/S(@)

We will also make use of the differential form on S that we denote by wy (this notation agrees with that
of [Frenkel et al. 2010]). We define

w5:=@/\---/\dﬁ, (5-2)

X1 Xd

where d is the rank of X*(S). This form is, a priori, defined over Q. However, in fact there exists D € Q
such that wg/~/D is defined over Q. (see [Gross and Gan 1999, Corollary 3.7]). Since the product
formula /D[], v/IDI¢ = 1 still holds, we can, in fact, use the form ws instead of w in the definition of
the Tamagawa measure, even though it is not quite defined over Q. Specifically, we will from now on

work with the form

W5 = (0s)oo | | Le(1, 05)(@s)e o S(A). (5-3)
4
We denote the product over the finite primes by wg, ¢, i.e., write wgama = (ws)oows, f; the form wg, r

defines a measure on S(A ), the set of points of S over the finite adeles.
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5B. The measure jL™™2 versus geometric measure. This section is based on [Frenkel et al. 2010]. We

recall that the measure on orbits that we call 8™

is constructed as a quotient of the measure |wg|
by the measure |w4| on our space Ag, which is a “naive version” of the Steinberg—Hitchin base (see
[Gordon 2022, §3.7] for a detailed comparison of the space Ag, and the measure on it, with the actual
Steinberg—Hitchin base that is used in [Frenkel et al. 2010]).

Consider the measure on 7" defined by the form a);ama

at every place (its only difference from the
Tamagawa measure on T is in the global factor pr). For every finite prime ¢, let ng‘ma be the measure
on the orbit of y; in G(Q;) obtained as the quotient of the measure »**" on G that gives the maximal
compact subgroup G (Z,) volume 1, by the measure |a)¥ama| conT.

The following proposition is an adaptation of the equality (3.31) of [Frenkel et al. 2010] to our setting.

Proposition 5.1 [Frenkel et al. 2010, Proposition 3.29; (3.31)]. We have

geom 18(g+1)

My = |77()/)|g_ [D(y)|e vole, (G(Zy))Le(1, O-T)Mgama’

where n(y) is the multiplier of y.

Proof. For y € G, this is equivalent to the relation (3.31) of [Frenkel et al. 2010]; the additional
factor vol,, (G(Z,)) on the right appears here because in (3.31) of [Frenkel et al. 2010], the same
measure on G needs to be used on both sides of the equation; here we are using the measure |wg| on
the left, and the measure |wG"| = |wg|/ vol(G(Z;)) on the right; so this correction factor is needed.
More precisely, the relation (3.30) in [Frenkel et al. 2010] (which we also reproved in Section 4.2.1 of
[Achter and Gordon 2017]) asserts that for a semisimple group G,

M}gfzm =VIDW)elorgl,

where w7\ is the quotient of the measure wg by the measure wr on T defined above in Section 5A,
which is the same as the measure wy in [Frenkel et al. 2010]. Since by definition (and the remark at
the end of Section 5A which allows us to use the form wr in the definition of the Tamagawa measure),
a);a}“a = L¢(1, or)wr.¢, this proves the proposition for y € G, For general y, the factor |7(y) |_ig (e+D
appears on the right-hand side because we are using the space A¢ instead of the Steinberg—Hitchin base
of GSp,,. This factor is calculated by considering the action of the centre of G on all the measure spaces
involved. This is explained in detail in Section 3.7 of [Gordon 2022]. |

5C. Proof of Theorem A. For convenience, we list here the results we proved above about the ratios v,
and the relevant orbital integrals:

dim(G9%r)
_ eom
(1) Corollary 47 (E 7+— p) l)g([X, )\.]) = WO}%O (¢0)
. pdim(Gder)
(2) Corollary 4.12 vp([X, M) =g 286D pgeom(g, ).

#Gder (Zp/p) Yo
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Combining these with Proposition 5.1, and observing that for £ # p, we have |n(y)|, = |det(y)|, =1,

and at p, we have [n(y)|, = g~', we obtain
Lot ) pdim(Gde')
=5 eom
vp([X, A]) =g 2%%¢ #GTr([Fp)O’%O (¢q.p)
| N ) pdim(Gd“) N
= q 288 gD 1D ()] volug (GEZp)Lp(1, 07) =g =0, (g, )

#Gder([l:p) Yo

_1
=g~ #¢D IDO), Ly (1, 07/6) 07 (g.),

(5-4)
dim(G9%r)
ve([X, Al) = M0§§0m(¢z)
Edim(Gder) Tama
=VID¥)|e Vol (G(Z))Le(1, UT)#GTWOVO (¢e)

=VIDW)eLe(1, 07/6) 0™ ().

Here the notation L,(1, o7,¢) stands for Ly(1, o7)(1 — 1/£) (including the case £ = p), which agrees
with the use of this notation in [Frenkel et al. 2010], and the last equality in both cases follows from (2-5).
Taking a product of these over all primes ¢, and recalling the product formula for absolute values, we

obtain
[Tve=a"5" D)7 2 LA, o7/6) OF™, (5-5)

¢

where O;am“ stands for the product of orbital integrals in the Langlands—Kottwitz formula, with the

measure on each factor given by w7,

1
Lemma 5.2. Vol (T(@N\T (A1) = pr 57 (T).

Proof. We start by emphasizing that while in the definition of the Tamagawa number, one starts
with an arbitrary differential form defined over @, since here we have split off the infinite places,
the specific choice of the differential form matters. This choice (dictated by our calculations above,
specifically, Proposition 5.1) is the form w7 of (5-2) (which is not defined over Q but can still be used,
as discussed at the end of Section 5A). From this form, we make the form a);ama = (07)owT, f AS
in (5-3). We need to identify explicitly the component at the infinite place of the form a)?‘ma, which

is the same as the component (w7 )eo Of the differential form wr. We have a convenient basis for

the character lattice of T'; see Section 2B. Define the coordinates (zi, ..., zg, A) on T(C) such that
T ={z1,..., 2, szl, . .,Az;l)}, and define the characters x;(z1, ..., 2g, zfl, e Az;l) = zi,
fori =1,..., g, and the multiplier n(z1, ..., Zg, zl_l, R Az;l) := A. (Note that in the Appendix, the

character lattice of T is described as a quotient of Z?¢ instead, which is convenient for the cohomology
computations; we do not use this description here.) We write every element of T (A) as a = ayaco,
where a s has the infinity component 1 and a,, = (1, 21, ..., Zg, A) has all the components at the finite
places equal to 1. In this notation, 7' (A)! is defined by the condition |z;| = |A| = |la f||*1/ 8. We note that
the character n coincides with the map A from T(A)/T(A)! to R, defined in Section SA. Then, by the
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Tama it s the volume form on T'(A)! given by

Tama o dn _dxi(arae) - dXg(@sa) dn

n x1(araso) Xg(aras) n

definition of u

9

and thus its component at 0o is the form p2™ = (dz;/z1) A+ A (dzg/zg) on T(A)L, ~ (SH&. Itis an
easy exercise (see [Gordon 2022, Example 2.4]) that the form dz/z gives precisely the arc-length measure

on the unit circle. Thus, we get
7 = Vol (T (@\T(A)) = o7 ' vol e (T (@N\T (A)") = p7 " Vol s (T (@NT (A ) 27)%,

which completes the proof. U

Now we can complete the proof of the theorem. By the Langlands—Kottwitz formula (in which we
choose the Tamagawa measure on 7'), we have

1
(2m)8

El([X, )\.]) = Volw;l:ama(T(@)\T(Af))O)Tama — pT 7 Og‘ama'

On the other hand, by (5-5), we have

[Tve=a" 1D LA. or/6) O™
l

It remains to recall that we have defined vy = |D(y)|% /(2m)8, and note that the Euler product for
L(1, 07,¢) is conditionally convergent and equals pr (see [Frenkel et al. 2010, (3.25)]), since pg,, is
equal to 1, the residue of the Riemann zeta-function at s = 1. Thus,

_1 T
g #8E Dy ]_[ Ve = ﬁL(l, or/6) 0™ = volw;ama(T(@)\T(Af))o;fama,
¢
which completes the proof.

6. Complements

For the convenience of a hypothetical reader interested in explicit calculations, we collect here some
reminders concerning the terms which arise in (1-3).

6A. vy. Recall that we have defined (4-2) voo ([ X, A]) as /| D(yp)|/(27)8, where D(yp) is the Weyl
discriminant D (yp) = [ [, (1 —@(0)), the product being over all roots of G. We may relate this to the
(polynomial) discriminant of fxr, (T'), the characteristic polynomial of Frobenius, as follows.

6A1. Weyl discriminants. Explicitly, 1 has multiplier Ay := n(yp) = g. Write the (complex) eigenvalues
of (a Q-representative of) yy — equivalently, the roots of fX/[Fq (T)—as (A1, ..., Ag, Ao/A1, ..., Ao/Ag).

Then
pyy= T[] &-]] &

I<i<j=<g I<i<g
where

8ij = (1= Ai/A) (1= A;/A) (1= Ak /Ao)(1 = Ao/(hihj)) and & = (1 — A7 /Ao)(1 — Ao /AD).
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Possibly after reordering the conjugate pairs {A;, Ao/A;}, we may and do assume that A; = ,/q exp(i6;)
with 0 < 6; < 7. Then

8ij = (2cos(8;) —2cos(8;))* and §; =4sin’(8)).

6A2. Elliptic curves. Suppose that [X, A] is an elliptic curve with its canonical principal polarization, say
with characteristic polynomial of Frobenius 72 —aT +¢. Then a = 2,/q cos(9), and D(yp) =4 sin?(0) =

4—a’/q, and
2
Voo 1, 21/Fg) = 5/ IDG0)] = 11 -

Note that this term is half the archimedean term introduced in [Gekeler 2003, (3.3)] (when ¢ = p) and
[Achter and Gordon 2017, (2-7)]. For purposes of comparison, we summarize this relationship by writing

Voo ([X, A1) = $v5([X, A1) = 2025 (X, AD).

6A3. Polynomial discriminants. To facilitate comparison with [Achter and Williams 2015; Gekeler 2003;
Gerhard and Williams 2019], we express D(yp) in terms of polynomial discriminants. Let f(7) =
fx /F, (T), and let fH(T) = f; /F, (T) be the minimal polynomial of the sum of y and its adjoint, so that

fie, M= T] @ =0j+a/2).

1<j<g

Note that Q[T]/f*(T) = K, the maximal totally real subalgebra of the endomorphism algebra of X.

disc(f(T)) Le(3e—1
L 6.1. T 1D)8g28B8D Dy,
emma To(fr iy = D (v0)
Proof. On one hand,
disc(f =[] o [] i
I<i<jsg  l<i<g
where
aij = (hi —A;)) i —ro/A))(Ao/ri —Aj)(ho/Ai —ro/Aj)  and  a; = (A; — Ao/Ai).
On the other hand,
disc(fT(T)) = l_[ B,
l<i<j=<g
where

Bij = (i +Ao/Ai — (Aj +Xo/Aj)).

Now use this to evaluate disc(f(T))/ disc(f1(T)), while bearing in mind that

2

oij o
=52 and 8—’ = —Xo. O

' i
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6B. v,. Gekeler [2003] observed that, for elliptic curves, his product formula essentially computes an
L-function; a similar phenomenon has been observed in other contexts as well [Achter and Williams
2015; Gerhard and Williams 2019]. We briefly explain how this relates to (1-3). This detour also has the
modest benefit of showing that the right-hand side of (1-3) converges, albeit conditionally.

6B1. Zeta functions. We express the zeta function of a number field M as ¢u(s) =[], ¢ e (s), where
Cma(s) = ]_[W(l — Ny /() ™)~ For a direct sum M = @f‘:l M; of such fields we write ¢y ¢(s) =
[1; ¢m, e (s); the product over all primes yields ¢a(s) =[], ¢a, (5).

Recall that to a torus S/Q one associates an Artin L-function L(s, o5) =] | ¢ Le(s, o). This construction
is multiplicative for exact sequences of tori, and for a finite direct sum M of number fields one has
L(s, 0Ry06,) = ¢m(s). (It may be worth recalling that Ry/0Gn = D Ry, /0Gn.)

If ¢ is unramified in some splitting field for S, then (see [Bitan 2011, 2.8; Voskresenskii 1998, 14.3])

#S(Fy) = ¢S L, (1, 05)7 L.

Lemma 6.2. Suppose that £{2p disc(fx/f,(T)). Then

_ Cre()

X, A = .
ve([X, A]) (D)

Proof. By Lemma 4.4,

#HyeGlyy ~m(yn)} _ #G[F)/HT (F) gg#Gm([Fz) _ L, 07)

ve(X, Al = #GFO/#AG(F)  #G(F)/(C3#G,(F)  #T(F)  Le(l,06,)

since dim T = g 4 1. Using (2-3), first to see that L(s, o7) = L(s, o) L(s, 05,,) and second to compute
L(s, ora), we recognize the final expression in the above equation to be
Sk e(1)
Cx+e(1)

Since ¢k (s) and {g+(s) both have a simple pole at s = 1, we immediately deduce:

Corollary 6.3. The right-hand side of (1-3) converges conditionally.
Moreover, up to a finite factor B([ X, A]), we can express #1 ([X, 1], Fy) in terms of familiar quantities:

Corollary 6.4. We have

—1gBg—1D

- _ disc(f) . Sk (s)
RIX AL o) =1 =5 5o | disec oy [FEXAD im 22
where
e
Baxop= [T “Euax .
e12p disc(f) Cxe(D)

6B2. Elliptic curves. If [X, A] is an elliptic curve, let x be the quadratic character associated to the
imaginary quadratic field K. Then Kt = @, and ¢k (s)/Za(s) = L(s, x).
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Now further suppose that ¢ = p and that the Frobenius order is maximal, i.e., that Z[T']/ fxr,(T) = Ok.
Then Gekeler shows with an explicit calculation that for each prime £, v, Gek([x, A) = L., x), and thus

[T, vE&(X, A = L, x).

6B3. Abelian varieties with maximal Frobenius order. Similarly, suppose [X, A] is an ordinary abelian
surface with End(X) ® Q a cyclic quartic extension of @, and further suppose that the Frobenius order is
maximal. Achter and Williams [2015] define a local term v, AW ([X, A]), and show that 1Y AW((X,A]) =
Cx(1)/¢k+(1). This observation has been extended to certain abelian varieties of prime dimension
[Gerhard and Williams 2019, Proposition 8.1].

6C. v,. Since the multiplier n(yo) of Frobenius is g, yp, while an element of M (Z,) C G(Q,), is never
an element of G(Z,). Nonetheless, if the isogeny class is ordinary, it is possible to transfer part of the
work in calculating v, ([X, A]) from M (Z,) to G(Z,), as follows.

Suppose X is ordinary. Then its p-divisible group splits integrally as X[ p™®]= X[p*°]"® X[ p>]¢. (In
general, the slope filtration only exists up to isogeny, as in Lemma 3.5.) Thus, there exists a decomposition
Vz,= Vet @ Vt°r into maximal isotropic summands stable under y, where o := y0|vet € End(Vet) is in-
vertible; and the polarlzatlon induces an isomorphism Vtor with the dual of Vg‘ ,such that 10| vir =4 (O{O )L
This can also be proved directly through linear algebra. Indeed let Bo = qyo . Then Vgt = ﬂ Yo (Vz,),
while Vt(’r Mn B (Vz,)

Lemma 6.5. For n and d sufficiently large and y € M(Z,/p"), the following conditions are equivalent:
@ ¥ ~m@,/pma vo mod p*;
(b) there exists some Y € M(Z ) such that y mod p" =y and ¥ ~c,) Yo;

(¢) y stabilizes a decomposition Vg, = VZ P eV, o/ p,, into maximal isotropic subspaces, and there

exists an isomorphism v : VZ,, I = Vz pn Such that o =y [+ .
p't

Proof. The equivalence of (a) and (b) is Lemma 3.2. For the equivalence of (a) and (c), use the argument
above to show that any such y induces an appropriate decomposition of Vz . ]

Therefore, if g mod p is regular, we obtain a version of Lemma 6.2 at p.
Corollary 6.6. Suppose [X, 1] is ordinary and ord, disc(fxr,(T)) = e-g(g — 1). Then

¢x.p(D)
ke p(1)

Note that we always have ¢#¢~V|disc(fxf, (T)). The case g = 1 also follows from the explicit
calculation in [Gekeler 2003, Theorem 4.4].

vp([X, A]) =

Proof. Define €9 € Sp(Vz,) by €olys = ao and €olyer = ()7
4
The argument of Lemma 6.5 showps that, for sufficiently large d and n, both #C 4 ) (y0) and #C 4.y (Y0)

are given by the product of the number of decompositions Vz,/,» = VZ D VZ into maximal isotropic

/p)‘l
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subspaces, and the number of « € End(VZp /p) With a ~End(Vz, pn)a %0 In particular, #C 4 ) (Y0) =

#C(a,n) (€0).
The regularity hypothesis implies that €y mod p is regular, and the result follows from Lemma 6.2. [J

6D. Explicit examples.

6D1. g = 1. Consider the elliptic curve E/F; with affine equation y> = x> 4+ x + 1. Its Frobenius
polynomial is fz(T) = T? — 3T 4 7, which has discriminant —19, a fundamental discriminant. So the
order generated by the Frobenius endomorphism is the ring of integers in K := Q(+/—19); using Magma,
we numerically estimate [ [, v¢(E/F7) = L(l, (_—19)) as ~ (0.72073. Continuing to work numerically,
we obtain that vy (E /F7) = % 4 — % ~0.2622. Since T = Rk ,qG,,, we have 17 = 1, and therefore
7V Voo (E /F7) 1, ve(E/F7) ~ 0.5000.

This reflects the easily verified arithmetic statement that the only elliptic curve over [F; with trace
of Frobenius 3 is E itself; and Aut(E) = Og = {£1}, so that the weighted size of this isogeny class is
#I ([E], Fy) = % (In modest contrast, [Gekeler 2003] assigns weight 2 /#Aut(F’) to an elliptic curve F;
this is reflected in the fact that vgof‘k([E], /F7) = 2v([E], F7).)

6D2. g =4. Consider the 3-Weil polynomial
f(T)=T8—6T"+137%— 10754+ T* - 307> + 1177% — 162T +81.

It turns out that there is a unique principally polarized abelian fourfold (X, A) over F3 with characteristic
polynomial equal to f(7'). (This is a single data point in a census of isogeny classes which will soon be
integrated into the LMFDB.)

Let K = Q[T]/f(T). One readily checks that disc(f(7T))/disc(K) = 3*#=D_ and so v ([X, A]) =
Cx.0(1)/Cg+ (1) for all finite ¢, including £ = p. Again, we numerically estimate He ve([X, A]) =
limg_, 1+ Cx () /Cx+(s) & 0.871253 and v ([ X, A]) & 0.000111808. The field K is Galois over Q, with
group Gal(K/Q) = Z/4 ® Z/2, and the Tamagawa number of the torus T is 2 (see Section A6). Our
formula numerically yields

°K (s)) ~ 0.050000.

#1([X, 2], F3) = 3B trv00([X, A], F3) lim
s—=>1 Cg+ (S

This reflects the fact that the torsion group of O, and thus Aut([X, A]), has order 20.

The referee points out that it is possible to take advantage of other recent work on isogeny classes, which
appeared essentially simultaneously with or since the first preprint of this work was made available, to
independently verify these assertions without recourse to the LMFDB. For example, our characterization
of K shows that in fact K = Q(&y0); and the discriminant calculation shows that End(X) = Z[¢p0]. Since
h(K)=h(K)/h(K™") =1, one can use [Howe 2022, Corollary 1.2] or [Guo et al. 2022, Theorem 1.1] to
conclude that #1 ([ X, A], F3) = 1.

The state of the art on calculation of Tamagawa numbers has also improved; see [Liang et al. 2021;
Riid 2022b].
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6E. Level structure. The Langlands—Kottwitz formula (2-1) is actually written for abelian varieties with
arbitrary level structure, and thus a version of our main formula is available in the context of abelian
varieties with level structure, too.

6E1. Product formula. LetT" C G(Z ) be an open compact subgroup. There is a notion of principally
polarized abelian variety with level F structure; let A, r be the corresponding Shimura variety. If
(X, A, @) € A r(F,) is a principally polarized abelian variety with level I'-structure, then the size of its
isogeny class in this category is given by the Kottwitz formula, except that the integrand in the adelic
orbital integral is replaced with 1.

We make the definition

be(X. o]y = lim fim —Cn o) N7 (L))
d=oon=00 #G (Zo/€) [#AG(Ze/ L")

The analogue of Corollary 4.6 holds, and states that there exists d(yg) such that

Volidas | (Catoy.m (¥0) N Fe)
e VOljgo, | (Un(70))

The calculations at p and oo, as well as the global volume term, are unchanged, and we find that

O™ (1p,) = lim

FL(X. 1 0l Fy) = g 4 g (164D [ [ ve(1X. 4, a)). (6-1)
L

6E2. Principal level structure. Fix a prime £y, and define I"(€9) = [, ' (€o)¢ by

G(Ze) 4 7560,

Fo)e = {ker(G(Zgo) — G(Zy, /) =1Ly

Then Ag r(,) is the moduli space of abelian varieties equipped with a full principal level £y-structure.
For example, to fix ideas, suppose that ¢ = 1 and that £y # p, and let a satisty |a| <2./q, pfa
and £ || (a®> — 4q); we consider the set of elliptic curves with characteristic polynomial of Frobenius
f(T) = T? —aT + q. Then some, but not all, elements of the corresponding isogeny class admit a
principal level £y-structure (see, e.g., [Achter and Wong 2013]).
Let (X, A, o) be an elliptic curve over [, with trace of Frobenius a and full level £y-structure . We
may explicitly compute vy, ([ X0, A, «]) as follows. Let x,, = (- /£o) be the quadratic character modulo €.

1 1
21— g, (disc(f)/2) /b
Proof. Let yo = yxr,.¢, be a Frobenius element for X at £9. By hypothesis, yp = 1 + £y for some

Bo € Maty(Z,,). Since E% is the highest power of £ dividing disc(f), we in fact have By € GL2(Z,,), and
Bo is regular mod £y, i.e., 1 (Bp) is regular.

Lemma 6.7. v, ([X, A, a]) =

Suppose that y € Iy, satisfies y ~g(a,,) vo- Then y =1+ £ for some g € GL»(Zy,) which is regular
mod £y, and direct calculation shows 8 ~¢q,,) fo- Lemma 3.1 then shows that 8 ~¢(z,) fo.
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Consequently, for any d > 0 and any n > 2, we have bijections between the following sets:

ly € G /€0) 2 v ~ Mm@y sema Tn(V0)}:
(B€G@Ze/t; )1 B~z jerty, T—1(PO)}:
(B €G@u/l5™) B~y o) Tn(Bo)).

Therefore,

ve (LX. 0 a]) = #G (Zay /UG ) /#Gp (Lo /65" _ #GZay/05") #AG (Zey/05)
R HG (Lo O [HBG LB~ FG Lo ) HG (/O
LG/t 1 #AG(Ee /) ] 1

O H#G (L /Y B HG (Lo /) €31 — xey(disc(f)/€3) /€

7. GL; reconsidered

In [Achter and Gordon 2017], we essentially treated the g = 1 case of the present paper. Unfortunately, a
simple algebra error — vOAOG([X A = % |D(y0)| (Section 6A2), in spite of the claims of the penultimate
displayed equation [Achter and Gordon 2017, p. 20] — masked certain mistakes involving the calculations
at p. We take the opportunity to correct these mistakes. The reader pleasantly unaware of these issues
with [Achter and Gordon 2017] may simply view the present section as an explication of our technique in
the special case where g = 1, and thus G = GL,.

Note that the definition [Achter and Gordon 2017, (2-6)] could have been replaced with a criterion

involving characteristic polynomials, e.g.,

_ . #Hy eMan(Z,/p") : f, = fy, mod p"}
vy(a,q) = lim
n—00 #G(Zp/p")[#AL [ P")

7A. Assertions at p. There are two problematic claims in [Achter and Gordon 2017]:

(1) For the test function 15z, at £ # p, we have

3

14
, - (geom q )
ve(a, q) #SLy(Fp) Le@y)

It is claimed in [Achter and Gordon 2017, Lemma 3.7] that the same is true for £ = p, where the test
function ¢, is the characteristic function of G(Z,)( ?)G(Z )

(2) In [Achter and Gordon 2017, Appendix], revisiting the calculation [Frenkel et al. 2010, (3.30)], we

assert that
VOljwg 1, (G(Zy)) i
VOly, 1, (T°(Z4))

rE =V ID)e

)0 T\G,¢- (7-1)

This is valid for £ # p, but requires correction at p, because our Chevalley—Steinberg map is not
exactly the same as the map in [Frenkel et al. 2010].
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7B. From point counts to measure. In (1), one exploits the fundamental fact that point counts mod £"
converge to volume with respect to the Serre—Oesterlé measure ©5C. In the case where £ = p, however,
the ambient space is Maty(Z,), rather than (its open subset) G (Z p) Thus, the volume of the set V,, of
[Achter and Gordon 2017] should be computed with respect to ,uMat , which is the usual measure on
the 4-dimensional affine space. We recall that for y € GL,(Q,), d “GLZ(V) = |det(y)|™ 2d uMatz(y).

Moreover, one should be using the invariant measure dx A (dy/|y|) on the Steinberg base Agp, =

' x G,,, rather than the measure pulled back from A! x A!. Then the measure of a radius p~"
neighbourhood U, of (a, ¢) in A is p~2"/|det(yp)| = p~%"/q~", and we find

3 2 3
p |det(y0) VOIMGLZ(VH(VO)) geom
LT et volas e @)~ 00 oy O @0

3

— _]P— geom
=1 wSLE,)On P

Vp,n(av q) =

(This differs from the assertion of [Achter and Gordon 2017, Lemma 3.7] by a factor of ¢.)

7C. From geometric measure to canonical measure. Since orbital integrals of rational-valued functions
with respect to the canonical measure are rational, while \/W = ,/q, the assertion of (2) cannot
holdat £ = p

While the relation between the geometric measure and the canonical measure that we rely on is
correct for a semisimple group, it needs a correction factor for a reductive group. This part is completely
general for all reductive G, and is discussed in detail in [Gordon 2022]; the correct formula is stated in
Proposition 5.1. In particular, the correct calculation at p is

Voliug), (GZp)) _
pEm = ), DG, e

Vol ), (T°(Zp))
where 1(y) is the multiplier of y.

MT\G P

Appendix
by Wen-Wei Li and Thomas Riid

We compute the Tamagawa numbers of some anisotropic tori in GSp,, and Sp,, associated with a single
Galois field extension (see Section 2B), and present a partial result towards the general case that illustrates
the difficulties.

Recall the setup of Section 2B in the case of a single Galois extension. Let K D KT D Q be a tower
of field extensions with K Galois, such that [K : KT] =2 and [K " : Q] = g. We define

pder _ Ker(RK/@(Gm) Neyxty RK+/@(Gm)) = RK+/@R§(1;K+ (Gm) C Spy,,

and
(st)'_)xilNK/K'*'(y)

T = Ker(G’m X Spec(Q) RK/@(Gm) RK*/@(Gm)) C GSng-
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These fit in the short exact sequence
1> T% > TG, — 1.
Also, recall that we have been using tr (resp. Tr«) to denote the Tamagawa numbers 7q(7') and t@(Tder).
We will show the following.
Proposition A.1. Trder = Tg+ (RE;KJer) =2.
For the case of T, the result varies with the extension.

Proposition A.2. Assume that K is a Galois CM-field and K™ is its maximal totally real subfield. Then

we have T <2 and:
e If g is odd, then 7 = 1.
o If K/Q is cyclic, then tr = 1.
o If g =2, then 7 = 1 when Gal(K /Q) = 7 /47 and tr = 2 when Gal(K /Q) = (Z/27)>.
Additional results and details appear in the second author’s thesis [Riid 2022a]; see also [Riid 2022b].
We base our approach on the following formula of Ono.

Theorem A.3 [Ono 1963]. Let T be an algebraic torus defined over a number field F and split over some
Galois extension L. Then its Tamagawa number can be computed as
_|H'(L/F, X* (1))

LT (T)|

Here X*(T) denotes the character lattice of T. The symbol 1I1'(T) denotes the corresponding Tate—

tr(T)

Shafarevich group defined by
I (T) :Ker(H"(L/F, T)— [[H (Lw/F, T)), (A-1)
v

where v runs over the primes of F and w is a prime of L with w|v.

Our approach is to do the computation on the level of character lattices. A very important consequence
of the Tate—Nakayama duality theorem (see [Platonov and Rapinchuk 1994, Theorem 6.10]) is that for a
torus T as in the previous theorem, the Pontryagin dual of I'(7) is isomorphic to II2(X*(T)), so it
suffices to compute [II1?(X*(T))|.

The proof of Proposition A.1 is given in the next section. The proof of Proposition A.2 occupies
Sections A2—AS5. In Section A6 we present an example not covered by Proposition A.2. In Section A7
we present a computation for the numerator that illustrates the difficulties that arise for a general torus
(not assuming that T is constructed from a single field).

Al. Computation of tper. We write the proof of Proposition A.l1 using Theorem A.3. Since the
Tamagawa number is preserved by restriction of scalars we have tpewr = tg(Rg+ /@Rg; k+Gm) =

TK+ (Rg; x+Gm). The cohomology of the characters of a norm 1 torus is obtained by a classic computation
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that one can see, for instance, in the proof of the Hasse norm theorem in [Platonov and Rapinchuk 1994,
Theorem 6.11]. We have
7727 ifiis odd,

H(K/Q, X*(T%) = g (k/kt, RV .G, =H(Z2/22,7) =
(K/Q, X*(T%) = H' (K /K", RY) ¢.Gp) @PL.D={"10" it even

In particular, [LII' (79| = [ILI2(X*(T9"))| < |[H2(X*(T%"))| = 1. We conclude 7w = 2 =2.
This proves Proposition A.1.

A2. Computation of the first cohomology group of the character lattice. From now on, we focus on
the proof of Proposition A.2, and therefore we will assume that K is a CM-field with K its maximal
totally real subfield. Let ¢ be the nontrivial element of Gal(K /K ), and let I and 't denote respectively
the Galois groups of K/Q and K*/Q. Note that K is indeed Galois over @ by virtue of K being
a CM-field. The torus T arises as the subtorus of Rx,q(G,,) with the set of Q-points consisting of
elements x € K* such that x((x) € Q, and T9"(Q) is the set of elements x € K* such that x¢(x) = 1.
We have the following exact sequence of finite groups:

1> \)=7/2Z T T > 1. (A-2)

For each 0 € I'" fix a preimage 6 € I'. We get the description of X*(Rga(Gy)) = Z[T'] as the set
of Z-linear combinations of & and 6« witho € I'".

The embedding of T in Rk ,q(Gy,) gives us a surjective map X*(Rg,o(Gy)) — X*(T). For x =
Y wer+ o0 + Y pcp+ bodt € X*(Rg/0(Gy)) and 1 € T(Q), we have

xy =[] 60 [ 6w’

ocel't oel't
=[] 6@ [] 6 (whereti(r) =1 e @)
ocel't oel't
= aZoertbe TT 6(0)% ",
oel't

We get the descriptions

X*(T) :Z[F]/{ > as6+ > bsbiias =bsforoc el and Y b, :0} (A-3)
oel't oel't oel't

=Z[T'l/L, (A-4)
where L = {Zaer+ agG(1+0) 1) jcpr o = 0}. For 79, we have A = 1, so we recover
X*(T%7) = ZIT)/{x = 1(0)} = ZITA@ Z11/ (1 +1) = X* (R +/aRY) - (Gn)).  (A-5)

In order to compute H 1(K/Q, X*(T)) we use the inflation-restriction exact sequence, which one can
find in [Gille and Szamuely 2006, Proposition 3.3.14, p. 65]. To simplify notation, let A= X*(T)=Z[I"]/L
as in (A-3).
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The inflation-restriction exact sequence associated with the short exact sequence (A-2) takes the form
0— H'(Tt, AZ?%y 5 HY (T, A) — H' (222, ™" — HX*TH, A??*?) > HXT,A).  (A-6)
Lemma A.4. The sequence (A-6) can be rewritten as
00— HY(T, A) — (2/22)20+CED) L p+® o g2(p) A). (A-7)
In particular, T < |H' (T, X*(T))| < 2.

Proof. Let x € Z[I'], and let [x] denote its class in A. Clearly [x] is fixed by ¢ if and only if x —ix € L,
and since every element of L is fixed by ¢, then so must x — tx be, which forces x = tx. Therefore,

AZ/ZZ:{ 3 ag&(1+t>}/< Y ab(14+0: > a :o>;Z[r+]/1,

oel't oel't oelt

where I is the augmentation ideal of Z[I"*], i.e., the subspace of sum-zero vectors. Further, observe that
Z[T*]/1 =7 as T'"-modules, where Z has trivial ['*-action (by definition of 7). We get that

H' (T, A7y~ HY(I'", Z) = Hom(T', Z) = {0).
Also, using the sequence
0-7—-0Q—Q/Z— 0, (A-8)
since the middle term is uniquely divisible hence cohomologically trivial, one has
H*(It,2) = H\(I'", Q/Z) = Hom(I't, Q/7);

the last term is noncanonically isomorphic to r+a,
The only term left to compute is H'(Z/2Z, M Asaz /27Z-module, we can write A =Z8 G Z8/L,
where L = {(a, a):a=(ay,...,ay) suchthat ) a; = O}, and Z/27 acts as (a, b) — (b, a). Therefore,

0> L—>775=27(7/27) — A — 0.
Since the middle term is cohomologically trivial as a Z/2Z-module, and Z/2/Z acts trivially on L,
HY“(Z/27, A = H*(Z)2Z,L) = H(Z/2Z, L) = L/2L.

To compute L/2L, we view L as a submodule of Z8 of zero-sum elements. Recall that by construction
of L as a group algebra, I'" acts transitively on L.
Leta = (ai, ..., ay) € L. We want to compute (L/2L)F+, and for that, we reason on the parity of a;’s.

e If all g; are even, then a = 2a’ and a’ € L, and hence a € 2L.

o If @ has g; even and a; odd, considering a permutation o € I'* sending the i-th coordinate to the j-th,
we have that the j-th coordinate of @ —oa is a; — a;, which is odd, and hence a —oa ¢ 2L.

« The last case to consider is when all a; are odd. In that case, ) ; a; has the same parity as g, soa € L
can only happen if g is even. One can prove that every element of L /2L has a representative of the
forma = (ay, ..., as) € Z8 with ) ; a; =0 and |a;| < 1. When g is even and all g; are odd, the only
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possible such elements are vectors with half the coordinates being —1 and the other half 1. Moreover
all such vectors are in the same coset of 2L (one can permute the &1 coordinates by adding £2).

This shows that (L/ 2L)r+ contains no nontrivial element when g is odd, and only one when g is even,
and concludes the proof. (Il

Corollary A.5. When g is odd, one has H' (K /Q, X*(T)) = {0} and
H(K/Q, X*(T)) =T+,
In particular, H2(K/(I;D, X*(T)) has odd order, and so does III'(T), since it is dual to ITIT>(X*(T)) C
H?*(K/Q, X*(T)).
Proof. The first equality comes directly from the sequence (A-7).
For the second equality, taking duals of the exact sequence (2-3), one gets

0—Z— X*(T) = X*(T*") — 0.

The cohomology of this sequence gives us
H'(T, X*(T)) - H'(T, X*(T*")) - H*(, Z) - H*([', X*(T)) — H*(, X*(T*")).

We computed the cohomology H' (', X*(T%)) = H!(Z/2Z, X*(R\" ., G,,)) in Section Al.

K/K+
We can substitute H'(I", X*(T)) = {0} = H*(T", X*(T%")), H*(I',Z) = H'(I', Q/Z) = I'**, and

H?(T", X*(T9%r)) = 7/27, which gives us
0— Z/27 — I'** - H*(T', X*(T)) — 0,
as desired. O

Proposition A.6. When the sequence (A-2) splits,

{0}  ifgisodd,

1 * J—
H (K/Q, X (T))_{Z/zz if g is even.

In particular, this gives an alternate proof of the triviality of H' (K /Q, X*(T)) whenever g is odd.

Proof. Since (A-2) splits, one can write the inflation-restriction exact sequence associated with the short
exact sequence
1 -TT>T —>7/27 - 1.

This gives us
0— H'Z/22, A"") - H\(T', A) > H'(T'", N/* - H*(Z)2Z, A"") — H*T, A).  (A-9)

Since the sequence (A-2) splits, we have Z[I'] = Z[I'"] ® Z[] as a '-module. We have A =
ZITT1®7Z[1]/1I ® (1 + 1), where I is the augmentation ideal of Z[I'*]. Because Z[I'*] is an induced
module, and / ® (1+¢) =1 as a I't-module, we get H (I't, A)= H'™/(I'", I). Now since Z =Z[T"*]/1
with Z seen as a trivial module, the same argument yields H rt, A = H {('*t,Z). In particular,
H'(I't, A) = {0}, so the sequence (A-9) gives an isomorphism H' (', A)= H'(7/27, AF+).
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Direct computations using that o= Y scr+ o spans the set of I'*-fixed elements of Z[I"*] give us
that {1® (1 +1), e ®t} is a Z-basis for AT", on which ¢ acts via ((1) _51’). Identifying the space with 7>
we can compute cocycles and coboundaries. Coboundaries are of the form a, = (—gb, 2b) for b € Z.
Cocycles are of the form a, = (a, b) with 2a + gb = 0. Thus, if b is even then it is a coboundary, if b is
odd then g cannot be odd, and so we only get a nontrivial cocycle with g even and b odd. The difference
of two nontrivial cocycles has an even second entry, so it is a coboundary. This proves

H'@)22. Aﬁ) _ { {0} %fg %s odd,
Z/27 if g is even,
as desired.

For the last assertion in the proposition, when g is odd, by the Schur—Zassenhaus theorem (see [Rotman
1995, Theorem 7.41]) the sequence (A-2) splits and we get our result immediately. O

A3. Case g odd. Now we are ready to show:

Lemma A.7. If g is odd, then 7 = 1 = 1.

Proof. Using Corollary A.5 we have that |H1(K/@, X*(T))| =1, and III'(7) has odd order. To show
that IT1T'(T) is trivial, it suffices to show it is 2-torsion. The cohomology of the sequence (2-3) yields

HY(K/Q, T%*) > HY(K/Q,T) > H'(K/Q, G,,) = 1,

where the right equality holds by Hilbert 90. So we have a surjection of H'(K /Q, T%") onto H' (K /Q, T).
We claim that H'(K /@, T) is 2-torsion; it suffices so show that H'(K /Q, T%") is.
Taking the cohomology of the sequence

1—)R(1) Gm—)RK/KJerM)Gm_)I,

K/K+

where the middle term is cohomologically trivial, we have H! (K/KT, Rg}lﬁﬁm) = ﬁO(K/K+, Gy) =
(K+)X/NK/K+KX.
This gives us

H'(K/Q, T%) = H'(K/Q, Rg1/aRY) ¢-Gn) = H' (K/KT, RY) .Gp) = (K1) /Ng g+ K.

This group is 2-torsion, hence so is H!(K /Q, T) and ITI!(T') is a subgroup of the latter. We can conclude
that ITI(7") is a 2-torsion group of odd order, hence it is trivial.

We can conclude using Theorem A.3 that 17 = % =1.

Note that one need not use Corollary A.5 to know that ITII'(T') has odd order and hence is trivial.
Indeed, given that the extension K /KT is quadratic, by the Chebotarev density theorem, we know that
there is a prime p € K™ inert in the extension K/K ™. Since p is stable under ¢, which is of order 2, then
its decomposition group I'(p) has even order, and therefore odd index in I". Now it suffices to look at
the restriction-corestriction sequence H W, 7y - H'(T'(p), T) - H'(I', T). The composition of the
two maps is just multiplication by n = [I" : T'(p)]. By definition of III'(T), this subgroup of H'(I", T is
killed by the restriction map, hence it is n-torsion, and we know 7 is odd, as desired. |



Counting abelian varieties over finite fields via Frobenius densities 1275

Ad. The case K /Q cyclic.

Lemma A.8. When K is cyclic, we have ©(T) = % = 1. In particular, this holds when K+ /Q is cyclic of
odd order.

Proof. Write X*(T) = Z[I']/L as in (A-3).
By virtue of K being cyclic, the Tate cohomology is 2-periodic, so

HY (K/Q, X*(T)) = H*(K/Q, L) = H (K /Q, L).

Since L has trivial ¢ action, we can see it as the augmentation ideal of Z[I'*], which has no I'*-fixed
point, as any augmentation ideal. In particular it has no I'-fixed point and so H Y(K/Q, L) =1{0}.
Again using the fact that K is cyclic, we get that IT1I'(T) is trivial. Indeed, by the Chebotarev density
theorem, every cyclic extension has a prime p € Z that will stay inert, and therefore I'(p) =1I", where I'(p)
is the corresponding decomposition group. Therefore, the map in the definition of I1I'(T) is injective.
We can conclude by Theorem A.3 that 17 = % =1. ]

AS. Case g =2.
Lemma A.9. When g =2 we have tr = 1 if T is cyclic and tr = 2 otherwise.

Proof. The first case is a consequence of Lemma A.8. If " isn’t cyclic, the only possibility is I' = (Z/27)>.
In that case, Proposition A.6 gives H'(I", X*(T)) = Z/2Z. Concerning the Tate—Shafarevich group,
Cortella [1997] showed that IIT'(T) = {0} if g < 4.
Alternatively, since I" is abelian, every proper cyclic subgroup appears as decomposition group. In
this specific case, it is a consequence of the Chinese remainder theorem and quadratic reciprocity. Using
SageMath computations (see below), we obtain that the map

H*(T, X*(T)) - H*(Z]27 x {0}, X*(T)) ® H*({0} x Z/27Z, X*(T))
is injective, and therefore 1(7) = 0. (I

A6. Computing the Tamagawa numbers with SageMath. The second author implemented methods in
SageMath to deal with algebraic tori through their character lattices. Those methods should eventually be
added to SageMath in a future release.

Here we briefly describe the computation of the Tamagawa number which arises in Section 6D2, where
K =QI[T]/f(T) for

F()=T8—6T"+137%— 107> + T* = 3073 + 117T% — 162T + 81.

We have I' = Gal(K /Q) = Z/4 & (1), where ¢ denotes the complex involution.
Nakayama duality lets us compute the Tamagawa number as a function of the character lattice:

|H'(Q, X*(T))|
T) = .
o) =" x 1))
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Let A denote X*(7'). We build A in SageMath by inducing the trivial lattice Z = X*(G,,) to I", build
the sublattice of zero-sum elements of (-fixed points, and take the quotient of the former by the latter.

We can compute the first cohomology group by computing cocycles as solutions of linear equations
in AT, However, for this example, Proposition A.6 gives us H (', A) = 2. For the denominator, we
build a method that, given  a collection of subgroups of I', and a I'-lattice L, computes

I}, (L) = Ker(Hl(F, L) — QB HY(A, L))
AeH
by checking which cocycles restrict to coboundaries on all A € H.
Consider the embedding ¢ : A — Z[I'] ®z A (with I'-action on the left component) via a +—
D 4er8® g 'a. We build
A =7Z[T1®z AJp(A).

Since Z[T'] ®7 A is induced, it is cohomologically trivial, so H (I, A) = H~'(I", A’) for all i € Z.
Consequently, if every element of H arises as a decomposition group, we have

I3, (A') D I (A') = TIT*(A).

We take H to be the list of cyclic subgroups of I". They all arise as decomposition groups. Using our
new SageMath package, we get |H_I}_[ (A)| = 1> III*(A) > 1, and hence

|H'(T, M) 2
‘[(T) = —— - =
(A 1
A7. The numerator in Ono’s formula: general case. We give some indications for the general case in
which T is described by a CM-algebra K = @f: 1 Ki, each K; being a CM-field. The Rosati involution
on K is still denoted as ¢, with fixed subalgebra K™ = @521
the absolute Galois group of Q. Our modest aim is to understand |H (T, X*(T))| through Kottwitz’s
isomorphism (see [Kottwitz 1984b, (2.4.1) and §2.4.3])

K;". In this section we denote by I’

HY\(T, X*(T)) = no(TT),

where T is the dual C-torus. This isomorphism is valid for all tori.
To describe X*(T), we first write T as

T=(GuxT*/{(z 2z pa),  poi={Zl}.
Choose a subset & = |_|§:1 ®; of Homg_ae (K, @), such that ®; C Homg.,(K;, @) and
Homg.q1¢ (K, Q) = &, LD
foralli =1,...,t. Note that |®| = g. It is well known that

X*(Tder) — @ Z€¢

ped
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for some basis {€s}pco. Then I' permutes {£es}gpco by

if op = P
oe¢:{ ¢ Mop=yed, b, v € d. (A-10)
—ey fop=v1e P,

The inclusion 5 < T%" corresponds to the map
XN(T®) —» X*(u) =Z/2Z, Y xg€p+> Y _xs mod 2.
ped ped

Write X*(G,,) = Zn, where 7 is the standard generator. Applying Cartier duality to the exact sequence

1>y — G x T > T > 1,
we obtain
X (T) = {tn + Zx¢e¢, it Zx¢ € 22} C X*(Gy) ® X* (T4
ped ¢
and a basis of X*(T),
2nju{n+ey: ¢ € P}

The element 27 is surely I'-invariant. On the other hand, for ¢, ¢ € ® and o € I, we derive from (A-10)

that
n+e€y ifop =y € P,

2n—Mm+ey) ifop=11e P
The T-action on 7 := X*(T) ® C* = C* x (C*)? is thus

o (z,1,...
L., D)=

a(n+e¢,)={ (A-11)

D) ifop=yed,

9 w 9.
. 1
o-(z,1,..., w w_l .
& w o ,..., 1) ifop=1vY1e P
14
Recall from the description of X*(79") that T9¢r can be identified with (C*)®. Note that (7dr) ig

finite since 79" is anisotropic.

(zw, 1, ...,

Lemma A.10. Thereis a canonical’i\somorphism (ﬁr)l“ = Mtz characterized as follows. For (ai)lt.zl € Mtz’
the corresponding f = (f¢)¢€q> € (T4n)" is specified by

¢€<I>i=>f¢=ai forall 1 <i <t.
Proof. Shapiro’s lemma reduces the computation of (fd\er)r or H'(I', X*(T)) to the easy case t = 1 over
the base field K. O

By dualizing 1 - 79" - T — G,, — l into | - C* — T — Ty — 1, then taking I'-invariants, we
obtain the exact sequence A
1 - C* =TT — (Tdenyl",
It induces
2o(TT) = T /€% s (TENT = mo((TEN)).

Foreacho €', set ®(0) :={p € ®:0¢ ¢ P}. For each i, set ®;(c) := (o) N D;.
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Proposition A.11. For any (a;); € |1, the corresponding element fe (TT‘ET)F belongs to the image
of 7"\1"/03X if and only if
Aar,....a;0):= Y |®i(0)|€2Z forall o €T,

1<i<t
a,-:—l

Proof. 1dentify Tdr with (C*)®. Identify T with C* x (C*)® using the basis {2} U {n + ¢, : ¢ € O}
of X*(T'); the homomorphism T — Tdris simply the projection.

Note that 7 is the image of (1, 7) € 7. It comes from 7" /C* if and only if (1, 7) (or any other preimage)
is ["-invariant. For all o € I', Lemma A.10 and the description (A-11) lead to

o - (1, i) = (=D, f),

The assertion follows at once. [l
To illustrate the use of Proposition A.11, we prove the following
Proposition A.12. If t = 1 and g is odd, then H' (T, X*(T)) = wo(T") is trivial.

Proof. Tt suffices to show A(—1, ..., —1;¢) = |®(c)| € 2Z, where ¢ € T is the complex conjugation.
Indeed, c¢ = ¢ for all ¢ € ® by generalities on CM-fields, so ®(c) = ® has g elements, which is odd. [

Note that K is not assumed to be Galois over Q.

Kottwitz’s theory also relates Tate—Shafarevich groups to similar objects attached to dual tori; see
Section 4 of [Kottwitz 1984b]. Nevertheless, we are not yet able to determine the Tate—Shafarevich group
of T by this approach in the non-Galois case.
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The log product formula

Leo Herr

Let V, W be a pair of smooth varieties. We want to compare curve counts on V x W with those on V
and W. The product formula in Gromov—Witten theory compares the virtual fundamental classes of
stable maps to a product Mg,,, (V x W) to the product of stable maps Mg,,, (V) % Mg,,,(W). We prove the
analogous theorem for log stable maps to log smooth varieties V, W.

This extends results of Y.P. Lee and F. Qu, who introduced this formula after K. Behrend. We introduce
“log normal cones” and “log virtual fundamental classes,” as well as modified versions of standard
intersection-theoretic machinery adapted to log geometry.

0. Introduction

The log product formula. The purpose of the present paper is to prove the “product formula” for log
Gromov—Witten invariants. We assume the reader is familiar with log geometry at the level of [Ogus 2018].
Let V, W be log smooth, quasiprojective log schemes. The moduli stack of log stable maps [Gross and
Siebert 2013; Chen 2014; Abramovich and Chen 2014] //{;,H(V) parametrizes families of fs log smooth
curves C — S with a stable map C — V of log schemes. These coincide with ordinary stable maps if V
has trivial log structure My >~ Oy,.
Let Q be the fiber product

My, (V) qu“ My, (W)
in the category of fs (fine and saturated) log algebraic stacks [Ogus 2018, Corollary I11.2.1.6], with maps
h A
M,V XW) = Q=5 ), (V) x AL, (W).

We define log virtual fundamental class in Definition 3.1. One can endow Q with a log virtual fundamental
class in two ways: pushing forward that of ///;n(V x W) or pulling back that of /f;,n(V) X ///;n(W).
The product formula equates these.

Theorem 0.1 (the “log Gromov—Witten product formula”). The two log virtual fundamental classes are
equal in the Chow group A, Q:

hol ], (V x W™ = ALty (V) x ], (W)
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The symbol A' refers to the log Gysin map of Definition 3.1.

The original, nonlog product formula was established by M. Kontsevich and Yu. Manin in genus zero
[Kontsevich and Manin 1996]. It was extended to arbitrary genus by Behrend [1999].

Theorem 0.1 was formulated using ordinary virtual fundamental classes by Lee and Qu [2018] and
proved under the assumption that one of V or W has trivial log structure. Like their work and the work
of Behrend [1999] before it, our proof centers on this cartesian diagram (Situation 5.5):

4 h N 4 ¢
///g,,,(v x W) > Q - > ///g’n(V) X ///g’n(W)
l ! l l
C a
l \ / ¢ \
5 > 0 - > S)ﬁgm X S)ﬁg,n

1 =

A7Ig,n ;) Mg,n X A7Ig,n
One applies Costello’s formula [2006, Theorem 5.0.1] and commutativity of the Gysin map to this diagram
to compare virtual fundamental classes.

In the log setting, one requires this diagram to be cartesian in the 2-category of fs log algebraic stacks
in order to preserve modular interpretations. The assumption of [Lee and Qu 2018] that V or W have
trivial log structure ensures that these squares are also cartesian as underlying algebraic stacks.

These fs pullback squares in question likely aren’t cartesian on underlying algebraic stacks. Therefore,
none of the standard machinery of ordinary Gysin maps and normal cones is valid. This quandary forced
us to prove the log analogues of Costello’s formula and commutativity for our “log Gysin map.” With
these modifications, the original proof of K. Behrend essentially still works. We pause to comment on the

new technology.

Log normal cones. The log normal cone Cf( sy =Cxycy of amap f: X — Y of log algebraic stacks is
the central object of the present paper. Every log map factors as the composition of a strict and an étale
map X — LY — Y, so the cone is determined by two properties:

o It agrees with the ordinary normal cone for strict maps.

o If one can factor f as X — Y’ — Y with Y’ — Y log étale, the cones are canonically isomorphic:
ot
Cxyy = Cxy-

This object becomes simpler in the presence of charts. Locally, we may assume the map X — Y has a
chart given by a map of Artin cones «/p — 27p. The map &/p — 7 is log étale, so we can base change
across it to get a strict map without altering the log normal cone.

Because this method can lead to radical alterations of the target Y, we recall another strategy that we
learned from [Ito et al. 2020, Proposition 2.3.12]. For ordinary schemes, one locally factors a map as a
closed immersion composed with a smooth map to get a presentation for the normal cone [Behrend and
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Fantechi 1997]. We obtain a similar local factorization (Construction 1.1) into a strict closed immersion
composed with a log smooth map, and the same presentation exists for the log normal cone.

The above is made more precise in Remark 2.7. The charts and factorizations these techniques require
are only locally possible, so we need to know how log normal cones change after étale localization. We
encounter a well-known subtlety noticed by W. Bauer [Olsson 2005, Section 7]: The log normal cone isn’t
invariant under base-changes by log étale maps (Remark 2.13). Our workaround is somewhat different
from that of Olsson. These results are at the service of log intersection theory, and we outline a standard
package of log virtual fundamental classes and log Gysin maps.

Pushforward and Gysin pullback. The proof of the product formula needs two ingredients: commutativity
of Gysin maps and compatibility of pushforward with Gysin maps. The commutativity of Gysin maps
readily generalizes to the log setting in Theorem 3.12; on the other hand, compatibility with pushforward
simply fails!

Nevertheless, the original proof of the product formula depends on a weak form of this compatibility
first introduced by K. Costello [2006, Theorem 5.0.1]. This theorem is false as stated due to a missing
properness hypothesis. We fix and generalize the statement in [Herr and Wise 2022] and offer a log
generalization in Section 4.

We obtain another partial result towards compatibility of pushforward and Gysin pullback. For a log
blowup p : X — X with a log smoothness assumption, we show p*[S(\ Jvir = [X 1" in Theorem 3.10.
The alternative approach of Barrott [2018] may extend our results by modifying the notions of dimension,
degree, pushforward, Chow groups, etc. in the log setting. See also [Ranganathan 2022] for an insightful
approach to log Chow groups.

D. Ranganathan obtained a version of the log product formula contemporaneously using an explicit
blowup instead of our log virtual fundamental class machinery [Ranganathan 2019]. We hope the
technology and the strategy of reducing statements about log normal cones to the strict, ordinary case
will be of interest.

Context and motivation. A pair (X, D) of a smooth divisor on a smooth variety is an example of a log
smooth target V. Jun Li [2001] defined relative stable maps to such a pair (X, D). We instead use the log
stable maps L///g’{n(V) of Gross and Siebert [2013], and Chen [2014] and Abramovich and Chen [2014].!
Even if one starts with V and W smooth pairs, their product V x W is a log smooth log scheme and
likely not a smooth pair.

Gross and Siebert define the virtual fundamental class of ///gz’n(V) relative to a log variant LI, , of
the stack of prestable curves 9, ,. We take this as a definition of the log virtual fundamental class and
related log normal cone. The log virtual fundamental class is then invariant under log modifications of
the target V. The classes defined in this paper live in ordinary Chow groups A.(-) but can be refined
[Herr et al. 2023] to both large and small log Chow groups [Holmes et al. 2019] or to K theory [Chou
et al. 2020].

IThe forthcoming [Herr et al. 2023] compares relative and log stable maps.
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One might try to prove Theorem 0.1 using the ordinary Gysin map A' instead of the log version. This
works if V or W has trivial log structure [Lee and Qu 2018] but is false in general. See [Chou et al. 2020]
for counterexamples to the ordinary Gysin map A' version. Our log Gysin map is necessary to prove
Theorem 0.1 partially because it produces classes on the fs fiber product Q instead of the fiber product of
underlying schemes.

These log Gysin maps may be of interest wherever the fs fiber product arises in enumerative geometry.
For example, fs pullback squares abound in the punctured log stable maps of [Abramovich et al. 2020].
The fs fiber products in [Nabijou and Ranganathan 2022, Section 2.1] are reduced to ordinary fiber
products by weak semistable reduction to use ordinary intersection theory. The multiplicativity found in
[Holmes et al. 2019] is an example of a log intersection product.

Log Chow groups are still under construction. The log Chow group of X can be defined as a limit
or colimit over the Chow groups of log modifications of X [Holmes et al. 2019; Barrott 2018]. The log
virtual fundamental class can be refined to lie in log Chow [Chou et al. 2020; Herr et al. 2023]. Rather
than making sense of pairing with i classes, we simply prove the expected equality of virtual fundamental
classes in ordinary Chow here.

See [Molcho and Ranganathan 2021, Section 1.2] for a down-to-earth log intersection product related
to our A'.

Our log product formula may compute the log Gromov—Witten invariants of toric varieties, as shown
to the author independently by J. Wise and D. Ranganathan. Any pair of toric varieties Y7, Y, of the same
dimension are related by a third which is a log blowup of each: ¥; < ¥ — Y,. Log virtual fundamental
classes and Gromov—Witten invariants are invariant under log blowups [Abramovich and Wise 2018],
Theorem 3.10. The log Gromov—Witten invariants of all toric varieties of dimension n are essentially the
same, and one can compute just one example (P')".

Conventions. « We only consider fs log structures. We therefore use £, LY to refer to Olsson’s stacks
For, TorY.

o We work over the complex numbers C.

o We adhere to the convention of [Olsson 2003] regarding the use of the term ‘““algebraic stack”: we mean
a stack in the sense of [Laumon and Moret-Bailly 2000, 3.1] such that

— the diagonal is representable and of finite presentation, and
— there exists a surjective, smooth morphism to it from a scheme.
We do not require the diagonal morphism to be separated.

» By “log algebraic stack,” we mean an algebraic stack with a map to £. Maps between them need not lie
over L.

o The name “DM stack” means Deligne-Mumford stack and a morphism f : X — Y of algebraic stacks
is (of) “DM-type” or simply “DM” if every Y-scheme T" — Y pulls back to a DM stack T x ry X
[Manolache 2012].
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o The word “cone” in “log normal cone” refers to a cone stack in the sense of [Behrend and Fantechi 1997].

e Let P be a sharp fs monoid. Write
o/p = [Spec C[P]/ Spec C[ P4P]]

for the stack quotient in the étale topology endowed with its natural log structure [Abramovich et al. 2017;
Cavalieri et al. 2020; Olsson 2003]. Beware that some of these sources first take the dual monoid. This
log stack has a notable functor of points for fs log schemes

HOIIlfS(T, fQ/P) = Hommon(Ps F(MT))
In particular,
Homfs(%Py JZ{Q) = Hommon(Qa P).

We write .« for o = [A! /G Log algebraic stacks of this form are called “Artin cones.” “Artin fans”
are log algebraic stacks which admit a strict étale cover by Artin cones. The 2-category of Artin fans is
equivalent to a category of “cone stacks” [Cavalieri et al. 2020, Theorem 6.11].

» The present paper concerns analogues of normal cones and pullbacks in the logarithmic category. We
use the notation ", x, C for pullbacks and normal cones of ordinary stacks, and write "¢, xt, Ctto
distinguish the fs pullbacks and log normal cones. When they happen to coincide, we write £, ", x%, C*
to emphasize this coincidence.

» Many of our citations could be made to original sources, often written by K. Kato, but we have opted for
the book [Ogus 2018]. We have doubled references to Costello’s formula [Costello 2006, Theorem 5.0.1;
Herr and Wise 2022] where appropriate because the original formulation is incorrect.

1. Preliminaries and the log normal sheaf

The present paper originated with one central construction, which we learned from [Ito et al. 2020,
Lemma 2.3.12].

Construction 1.1. The normal cone of a morphism f : B — A of finite type is constructed by choosing
a factorization B — B[xy, ..., x,] - A inducing a closed immersion into affine r-space

Spec A — A’ — Spec B.

The normal cone of f may then be expressed as the quotient of the ordinary normal cone of the closed
immersion by the action of the tangent bundle of A’ — Spec B.
Let P — A and Q — B be morphisms from fs monoids to the multiplicative monoids of rings (“prelog

rings”). A commutative square

AN

QS —™
N >

——
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is a chart of a map between affine log schemes. Assume f is of finite type; 6 automatically is by the
fs assumption. We will obtain a factorization of the induced log schemes into a strict closed immersion
followed by a log smooth map.

Start with a similar factorization

B —— Blx{,..., X, Y1,..., 5] —» A

| [

0 > Qs >

with Q; = QO & N* mapping to B[xy, ... X, y1, ... Ys] by sending the generators of N* to the algebra

generators yi, ... ys and Qg — P surjective. Define Q? via the cartesian product:
Q; — 0f » P
|
fl’ _______ 8p s P8P

By definition, Q% — P is exact, and Q5 — QY is a “log modification:” an isomorphism on groupifications.
Witness also that Qf — P is surjective, so the characteristic monoid map Q_f ~5 P is an isomorphism
[Ogus 2018, Proposition 1.4.2.1(5)] and </p — ’Q{Q? is strict. Take Spec and Artin cones of monoids to
obtain a diagram with strict vertical arrows: »

X « ¢ y ALY —— Y
|
p > o > g, — g

We’ve written ¥ = Spec B, X = Spec A and introduced the fs pullback Xy in the diagram. The top row
expresses our original map Spec f as the composition of a strict closed immersion, a log modification,
and a smooth and log smooth morphism. The log modification «/30 — /o, and hence Xy — A;,H
may be expressed as a (strict) open immersion into a log blowup as in [Ogus 2018, Lemma 11.1.8.2,
Remark I1.1.8.5]. Hence X € Xy is a strict closed immersion and X9 — Y is log smooth.

Remark 1.2. Continue in the notation of Construction 1.1. If we began with a morphism of fs log rings
with f and 6 both surjective, we could omit Q; — B[x1,..., X, ¥1, ... ys]. In that case, we obtain a
factorization

XCXg—>Y

where Xy — Y is not only log smooth but log étale.

As in [Behrend and Fantechi 1997], we will present the log normal cone locally as Cf( Y= [Cx/x,/ Tfﬁ /y]
using these factorizations. The difficulty is then piecing together the local descriptions and checking
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compatibility. In this sense, the heavy lifting has already been done for us by [Manolache 2012]. We
spend the rest of this section collecting relevant properties of the log normal sheaf N f} Jy- When we
define the log normal cone C§ vy EN f} Nz its important properties will be locally deduced from such
factorizations.

Remark 1.3. An algebraic stack X is DM if and only if the map X — Speck to the base field is of
DM-type. If X — Y is a morphism of DM type and Y admits a stratification by global quotients, then so
does X [Manolache 2012, Remark 3.2]. A morphism f : X — Y of algebraic stacks is of DM type if and
only if its diagonal Ax/y : X — X xy X is unramified [Stacks 2005—, 06N3].

Lemma 1.4. Let f : X — Y be a morphism of log algebraic stacks. If the map on underlying stacks is of
DM-type, then the induced maps LX — LY and X — LY are DM-type.

Proof. The inclusion X € £X representing strict maps is open, so it suffices to show that LX — LY is
DM-type.

We will argue that the diagonal of £LX — LY is unramified [Stacks 2005—, 04YW]. The isomorphism
LX Xpy LX >~ L(X xf, X) identifies the diagonal Ay, .y with the result of £ applied to the fs diagonal
Ay X = X x5y X.

Any diagram
So ——— LX

/\g
SO VN
et X/Y
s
e

-

Sy — L(X xf, X)
with So C S a squarezero closed immersion of schemes is equivalent to a diagram

S — X

,/} .
P A
Ry X/Y
-7
< -

-

S XxL X
with § € S’ an exact closed immersion of log schemes. Composing with the fsification map X xf, X —

S ﬁ X
[ st

A

X xy X sends this square to

S Xxy X

in which case the two dashed arrows have the same underlying scheme map because X — X xy X is
unramified by hypothesis. Then the maps on log structure must be the same as well, because

(Mx &Y, Mx)|ls — (Mx)|s

is an epimorphism. ([
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Recall the normal sheaf. If X C Y is a closed embedding with ideal I, the normal sheaf is simply
Nx,y = Spec Sym* 1/12. If X — Y is smooth, then Nx,y = BT,y is the classifying space for the
tangent bundle. Behrend and Fantechi obtain a normal sheaf more generally by locally factoring X — Y
into a closed immersion into affine space X C A} — Y. If X C A} can be chosen to be a regular closed
embedding, the map X — Y is l.c.i. and the cotangent complex Ly, y is perfect of amplitude in [—1, 0].

Definition 1.5 (normal sheaf). Let f : X — Y be a DM type qcqs morphism of algebraic stacks with
cotangent complex Lx,y given by the system of truncations {t>_,7*Lx/y}, [Olsson 2007, Theorem 8.1].
The normal sheaf is the associated Picard stack [SGA 4, 1972, XVIII.1.4]

R RO(WLxyy )Y)

as in [Behrend and Fantechi 1997, Section 2]. An obstruction theory for f is a fully faithful functor
Nyx,y C E into a vector bundle stack E over X.

Remark 1.6. The Picard stack 4!/ h° only depends on the truncation 7= _1, so we don’t need the entire
system {t>_,7m*Lx,y},. Moreover, we can bypass 7 and pull back directly to the big fppf site

X1 — Xiis—at —> Xa-

Factor the map f locally as X € M — Y as a closed immersion composed with a smooth map M — Y.

Writing I = Ix/y for the ideal sheaf, we obtain a map
Lx/y — [I/1* — Qumyv]

which induces isomorphisms on the first two cohomology groups 2~!, h°. This identifies their Picard
stacks

Nx/y ~[Nx/m/Tmyy|x].
The functor of points of the normal sheaf on a X-scheme S is given by the category of algebra extensions

Orls
NX/Y(S) = ]E_Xt([l_x/yls’ Os) = \l/ a squarezero algebra

0— Og —s A Oxls — 0 extension on ét(7")

Definition 1.7 (log normal sheaf). Let f : X — Y be a DM type qcqs morphism between log algebraic
stacks. Define the log normal sheaf Nf}/y = Nxcy = hl/ho(l]_‘;(/y’ﬂv).

We will also have cause to consider Ny, cy, and Nex,cylx = Nf}/y.

Remark 1.8. Locally in X and Y, f factors as X C M — Y with X C M a strict closed immersion and
M — Y log smooth by Construction 1.1. We have a similar presentation

Ny y = [Nx/m /Ty y|x].
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One may alternately define N f( Y by gluing together these local presentations as in [Behrend and Fantechi
1997, Corollary 3.9]. One checks for Y — Z étale that the map on normal sheaves N }‘; y =N f} 7z is an
isomorphism.

One may alternately use Gabber’s notion of log cotangent complex I]_g /y because the two agree on
truncations rZ_z[I_‘ﬁf Iy = tz_z[Lﬁ( Y [Olsson 2005, Theorem 8.27]. Gabber’s version has the advantage
that a distinguished triangle exists for all composable pairs of arrows X — Y — Z.

We claim the functor of points of N § sy onan X-scheme $ is given by squarezero extensions of algebras

Oyls
RN
s A

> Oxls —— 0

0 > Og
together with a “log structure” M 4 — A making

A —— O}Hs

o

My —— Mx|s

a pushout. We avoid this perspective because it requires squarezero extensions and log structures on étale-
locally ringed topoi ( ét(T), Ox|r), (ét(T), A). The reader may notice a resemblance to “deformations of
log structures” in [Illusie 1997] and to the classical notion of squarezero extensions along a map X — Y
reprised in [Olsson 2005, Section 5].

Remark 1.9. The central object of this paper is a subcone stack Cf( vy EN )‘} Y introduced in the next
section. This substack has no functor of points, as it is defined by a blowup; see [Khan and Rydh 2018]
for a derived workaround. Most of our arguments about Cf( Jy 80 by way of the functor of points of N f} N2
together with a pointwise argument to compare these substacks.

Functoriality of N § Iy To write down the functoriality of the log normal sheaf, we need to recall some
of the machinery of log stacks found in [Olsson 2005].
We denote £’ := LU, the stack of i-simplices of fs log structures. The j-th face map d i sends

(M1—>M2—>---—>Mi+1) 1f]=0,
(M0—>M1—>---—>M,'+1)l—> (M()—>-~—>Mj_1—>Mj+1~-—>MH_1) 1f]7£0,z+1,
(Mo — -+ — M) if j=i+1.

We write 5,7 : £L! — £ = £ for the “source” d; and “target” dy maps, respectively. We have an
isomorphism £ = L! Xt.Ls L! Xt L XL L' (i factors).

Endow £/ with the final tautological log structure, M; in the above. All the face maps d ; are strict
except j =i+ 1.
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We continue [Olsson 2005] to use “[J” to denote the category with these objects, arrows, and relations:

N — O
o

|l

W — =

We adopt pictorial mnemonics for fully faithful morphisms of these finite diagrams: N means the functor
[2] € J avoiding 2, etc.
A commutative square
X — X
Y — Y

should lead to a map N, jy = N ¢ sy~ This square does not induce a commutative diagram

X — X

L=
LY —— LY

so the naive strategy to get a map N f(, =N f( Y doesn’t work. To get around this, Olsson introduces
another stack.
Definition 1.10 (compare [Olsson 2005, Lemma 3.12]). Define V := £l xf, Lot £!. Given a scheme T,
the points of this stack are cocartesian squares of fs log structures:
My —— M,
V) =1 | ' 1
|
My, —— M;
This is the “fsification” of the ordinary pullback L' (Lt L', endowed with the non-fs pushout M, EB%” M,
of the universal log structures.
The natural embedding V — £5 exhibits the squares which are cocartesian as an open substack, as

we’ll record in Lemma 1.12.
For a morphism ¢ : Y’ — Y of log algebraic stacks, we obtain relative variants

Vo =Vx—pY, Ll=LTx—pY.

The fs pullback here agrees with the ordinary one because ¥’ — L£! is strict. The points of these stacks

over some scheme T are squares
My|r —— My/|r

| |

My —— M,

with those of V, required to be cocartesian.
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Lemma 1.11. Let L%/ denote the stack of log structures which are fine but not necessarily saturated.
The natural monomorphism
L s ﬁarhfine

is an open immersion.

Proof. Consider some scheme X and pullback diagram:

X/ —
|
X s ﬁarbfine

Then X/* < X is a monomorphism, the locus where the stalks of My are saturated. After passing to an
open cover of X, [Ogus 2018, Theorem I1.2.5.4] provides us with a locally finite stratification X = | | X,

ogeEX
where:

e Foreacho € =, M|, is constant.

» The cospecialization maps for x € {§} € X
Mx — Mg
are localizations at faces.

The localization of a saturated monoid remains saturated [Ogus 2018, Remark 1.1.4.5] and a monoid
is saturated if and only if its characteristic monoid is [loc. cit., Proposition 1.1.3.5]. We then have that
X/ C X is locally a constructible subset which is closed under generalization, and hence open [Stacks
2005—, Tag 0542]. O

We collect several results of [Olsson 2005] adapted to the fs setting.

Lemma 1.12 [Olsson 2005, Theorem 2.4, Proposition 2.11, Lemma 3.12]. These statements remain true
in the fs context:

(1) For any finite category T, the fibered category L' of diagrams of fs log structures indexed by T is an
algebraic stack.

(2) The simplicial face maps d; : LIHY — L1 are strict, étale, and DM-type for j <i.

(3) If [1] — O avoids the initial object O (_ or . |), it induces a strict étale, DM-type morphism
Y-l

(4) If [2] — O omits either 1 or 2 (I\ or ), it induces an étale, DM-type morphism
P — .

(5) The map V € L is an open embedding.
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(6) Given an fs pullback square

the associated square of stacks

is a pullback.

Proof. Facts (1) through (4) are immediate by Lemma 1.11 and the analogous facts in [Olsson 2005]. The
last two follow by the same arguments applied in the fs category. (Il

Remark 1.13. Apply £ once more to the map LY — Y, one gets
dy: L°Y — LY, (My — My— M) +— (My — M)).

The result is étale, so the original d; : LY — Y is log étale [Olsson 2003, Theorem 4.6(ii)]. The same
reasoning implies d; 1 : £7'Y — LY is log étale in general. In summary, all the face maps are log étale
and all but j =i + 1 are furthermore strict étale.

Remark 1.14. Given g : Y’ — Y DM, the natural maps
v, L) — Ly’
are étale. The second map is the product of the étale map
AN
over £! (via. ) with Y.

Definition 1.15. Use Lemma 1.12(6) to turn one commutative square of DM maps into another:

X — > X X — X
q O
v 1.y L) —— cy

Maps of normal sheaves

N ~ ¢
¢ Nyryyr = Nxeo — Nyjy
arise from Remark 1.14 and the second square. This coincides with the “natural map”
¢ ¢
|]—X/Y|X/ — H_X//Y/

of [Olsson 2005, (1.1.2)]. We call the composite ¢ Olsson’s morphism.
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Remark 1.16. In Definition 1.15, if the first square was an fs pullback square, the second factors:
X' > X
v, — L] > LY

r

Since this square is a pullback, Olsson’s morphism
N ~ ~ ¢
q) . NX//Y/ —_ Nx//ﬁqlzl — NX//Vq —> NX/YlX/

is then a closed immersion. This may be checked locally in X, Y, so we assume there is a factorization
X € Xy — Y as in Construction 1.1. Take the fs pullback

X — X

L]

Xé — Xp

(R

Y —— Y
along ¢ to obtain a factorization X’ € Xj — Y’. The strict case gives Ny,x; € Nx/x,|x' and pullback
identifies the tangent spaces Teé v = )‘;9 Jylxg-

If X — Y is also log flat, ¢ is an isomorphism [Olsson 2005, (1.1(iv))]. This is not true if g is log flat,
as seen in Remark 2.13. See Lemmas 2.14, 2.15 for the strict case.

Remark 1.17. A commutative square of DM maps may be factored:

X — X
X — X l l
| o= ey (1)
y —L5y l l

Y —— Y

This induces a commutative square of normal sheaves:
¢ ¢
Nyryyr = Nyyep —— Nyyy
l o l 2
Nxyyw — Nxyy

The Olsson morphisms are thereby seen to be compatible with the ordinary functoriality of the normal
sheaf via the forgetful maps N f( ;v = Nxyy.
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Now suppose the original square (1) is an fs pullback:

o If g is strict, then (2) is cartesian. This is local in X, Y, so we assume we have a factorization as in
Construction 1.1
XCXg—> A >y

and take the ordinary scheme-theoretic pull back to obtain a similar factorization of X’ — Y’ using
strictness of ¢g. Since X C A;,“ is a closed immersion, the statement reduces to the cartesian square of
ordinary normal sheaves

Nxiyx; — Nx/x,

L
NX//A;J,FS —) NX/A;,H
which may be checked using the functor of points, for example.

o If instead f is strict, then X" — V), factors through Y’, and the factorization

X — X
I
Y —— Y
(R

shows that the vertical arrows of (2) are isomorphisms and the Olsson morphism is the same as the

ordinary functoriality of the normal sheaf.

Remark 1.18. Given a commutative square

X — X

L

vy 45y

of DM maps we can form two other commutative squares out of it:

X —— X X —— LX
L] —— LY LY —— LY

They induce morphisms

N)l;//Y/ZNf;//EqD_)N;}/Yl‘X, and NZ’/Y’_>N£X/LY|X/
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Form the diagram

Ly’

to see that the two morphisms of normal sheaves are compatible:
¢ ~ 14
Ny jyr = NX//z:qD — Nexyeeylx © Nyjylxe

L. Barrott pointed out to the author that “Condition (T)” as phrased in [Olsson 2005, (1.5.1)] ensures
étale locally that the square

LX —— X
L]
LY — > Ly

above is Tor-independent.

Lemma 1.19. Suppose given a pair of commutative squares

X’ Y’
X Y

\ \
7 7

N <+— N

f g

~
~

of DM-type maps. The diagram

¢
Ny y

SN

¢ NN
NX//X 4 NZ//Z

commutes, where all the arrows are Olsson’s morphisms.

Proof. Introduce an algebraic X-stack W, with functor of points:

[ 5 11\7 ] — [ A//]{Z A A’? A Mo commutative diagrams of

/[\
- fs log structures on T
T — X Myl —— Mylr «— Mgzlr 8

In other words, W := (L x 1 £L7) x 02 X.
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All the triangles in this diagram commute by inspection:

Ny, Loy
NY, , —— 3 N > N
I / o s
~ '
¥ NY/LE — NY//Y
Restricting the diagram to N f;, /X N f, Rz and N g /7> We get the result. ([

Proposition 1.20. Given X Ty 8,7 DM-type maps of log algebraic stacks, the Olsson morphisms
vield a complex of stacks

¢ ¢ ¢
Nx;y = Nx;z = NyzIx.
in that the composite factors through the vertex.

If h is smooth, Nf; i BT; /7 and rotating the triangle in the derived category yields an exact sequence
of cone stacks:

Ty zlx = Ny;y = Ny,z.
Proof. The Olsson morphisms come about from the commutative diagram:

¢ ¢
NX/Y I NY/YIX =X

- ls

1 ¢
NX/Z ” NY/Z|X

|

N — ~

-

|

Use Gabber’s log cotangent complex as in Remark 1.8 and rotate to get a distinguished triangle
1
LS, = LY,y = LY 1x[11 >
Then Ly, = Q,,[0] and 2'/ KLY, [1DIx = h'/hOW5,,[1DIx = Ty, ;] x- O

Remark 1.21. Suppose given a (not necessarily commutative) finite diagram of cones. If the diagram
induced by taking abelian hulls is commutative, so was the original.
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2. Properties of the log normal cone

We are ready to define the log normal cone. We recall the essential properties of the ordinary normal
cone; the rest of the section establishes analogous properties in the log context.

Remark 2.1. Consider a DM-type morphism f : X — Y of algebraic stacks. K. Behrend and B. Fantechi
defined the (intrinsic) normal cone [Behrend and Fantechi 1997, Definition 3.10]

Cr=Cx/y € Nx)y;

C. Manolache [2012, Definition 2.30] removed their assumptions of smooth ¥ and DM X. This cone has
the following basic properties:

(1) A commutative diagram
X — X

L

y — %15y

yields a morphism of cones ¢ : Cx//yy — Cx/y xx X'

« If the square was cartesian, ¢ is a closed embedding.
o If the square was cartesian and also f or g was flat, ¢ is an isomorphism.

(2) For a composite
x-Lsy-£s 7.
o If gislci., Cx)y = Nx,y and the sequence
Nx;y — Cx;z —> Cy;zlx

of cone stacks is exact.
o If /1 is smooth, the sequence

Ty/zIx — Cxyy = Cxyz
is exact.

(3) Obstruction theories and Gysin pullbacks are obtained by placing the cone in a vector bundle
stack Cx,y € E via an isomorphism A,E >~ A, X called “intersecting with the zero section;” see
[Manolache 2012, Section 3; Wise 2011, Proposition 3.6; Kresch 1999, Section 6.2].

Definition 2.2 (log intrinsic normal cone, Olsson morphisms). Let f : X — Y be a DM-type morphism
of log algebraic stacks. We define the log (intrinsic) normal cone

Cf(/y =Cx/cy © N§/Y
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after [Gross and Siebert 2013]. Endow it with the log structure pulled back from X. Given a commutative

square of log algebraic stacks and its partner:

X — X X' — X
T
y -1 3y LZE—)L‘Y

The latter induces

e ~ 14
(p . CX//Y/ — CX,/EL]D — CX/Y
This is again called the Olsson morphism.

Remark 2.3. The map LY — Y has a section Y C LY which is an open immersion. This open immersion
represents strict log maps to Y.

As a result, if X — Y is DM and strict, Cf(/y = Cyx/y and N§/Y = Nx,y. In addition, the Olsson
morphisms are the same as the ordinary functoriality of the normal cone (Remarks 1.21 and 1.17).

The Olsson morphism of any fs pullback square is a closed immersion, because it fits into a commutative
square of closed immersions from Remark 1.16:

14 ; 12
CX//Y/ CX/YlX’

[ [

¢ ¢
Nyyyr = Nyylx

Remark 2.4 (short exact sequences of cone stacks). Recall [Behrend and Fantechi 1997, Definition 1.12].
Let E be a vector bundle stack and C, D cone stacks all on some base algebraic stack X. A composable
pair of morphisms of cone stacks

E—-~C—D

is called a short exact sequence if:

e C — D is a smooth epimorphism.
e The square

ExC -2y C

]

¢C ——D
where pr; is the projection and o the action, is cartesian.

These are equivalent to having C >~ E x x D locally in X.
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Note that this definition is fpgc-local in the base X [Stacks 2005—, 02VL]. Another reduction we will
need applies in case there is a commutative diagram of cone stacks

E > C > D
[
E' s C’ s D’

with E, E’ vector bundles. If the top sequence is exact and the arrows labeled s, ¢ are smooth and
surjective, then the bottom is exact. To see this, push out along E — E’ so as to assume E = E’ (s, t
remain smooth and surjective). The diagram on the left is the pullback along the smooth surjection
D’ — D of the one on the right:

ExC —— (' ExC —C
[ |
' —— D C —— D

We can verify that £ x C is the pullback after smooth-localizing.

Proposition 2.5. Suppose X L,y 45 Z are DM maps between log algebraic stacks, and g is log

smooth. Then

J4 £ £
Ty ;zlx > Cx,y = Cx/z
is an exact sequence of cone stacks.

Proof. Encode the log structures on the maps via the top row of the diagram:

X s LY s L27 — [?
\l’_ ll‘ l
Y s LZ s L1

Since Y — £Z is smooth, LY — £?Z is. Moreover, they have the same tangent bundle

Ty zley =Tyvjezley = Tpyyoz

since the vertical maps are log étale [Ogus 2018, Corollary IV.3.2.4].
Together with the isomorphism Cf( 12 = Cxyr2z, we obtain the exact sequence. (I

Remark 2.6. In the proof, the composite

Cf(/y — Cx/p2z7 = Cf(/z
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is precisely the Olsson morphism. This is immediate from the diagram:

X X
|
L) — £z

ClY / ElZ

Remark 2.7. The introduction promised three characterizations of C ff /Y
The log intrinsic normal cone is characterized by the strict case of Remark 2.3 and the log étale case
of Proposition 2.5. This is because any map X — Y factors into the strict map X — LY composed with
the log étale map LY — Y (Remark 1.13).
We can unpack this definition locally using charts. Suppose a morphism has a global fs chart by Artin
cones:
X ——Y

L

dp—)ﬂfg

The morphism @/p — o7 is log étale [Olsson 2003, Corollary 5.23]. Let W = &/p xf%Q Y denote the fs
pullback, so that X — Y factors through a strict map to W and W is log étale over Y. We immediately get

cff/y =Cx/w-

The reader may be reassured by working locally with this definition. If the reader wants instead to work
with charts Spec(P — C[P]) in the traditional sense, then log étaleness is no longer immediate and we
must check Kato’s criteria [Ogus 2018, Corollary 1V.3.1.10].

Recall Construction 1.1 — after localizing in the étale topology, we obtain a factorization of any map

X — Y as a strict closed immersion followed by a log smooth map
XCXy— Y.
Proposition 2.5 therefore locally provides a presentation of the log normal cone:

Cf{/y = [CX/XH/T}?(;/Y]‘

Remark 2.8. We want to work with quasicompact, quasiseparated stacks, but £ is not quasicompact. It
is quasiseparated in the sense of [Stacks 2005—, 04YW], but [Olsson 2003, Remark 3.17] points out it is
not quasiseparated in the sense of [Laumon and Moret-Bailly 2000]; see [Chou et al. 2020, Remark 1.1].
A map X — Y between algebraic stacks with X quasicompact factors through a quasicompact open
substack U C Y.
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This ensures that any DM map X — Y of log stacks with X quasicompact and X, Y quasiseparated
factors through X — U — Y with X — U strict, U quasicompact and quasiseparated, and U — Y log
étale.

Example 2.9. We provide an example of Construction 1.1 and Remark 1.2.
Consider the diagonal morphism A! 2, A2, The addition map N? 5N gives a chart for A.
Denote by B the log blowup of A? at the ideal I € M4> generated by N2\ {0} € N2. The pullback
A*I is generated by the image of the composite

N2\ {0} € N? £ N.

The pullback is generated globally by a single element and so A factors through the log blowup B.
Name the generators N> = Ne @ N f. The log blowup B is covered by two affine opens D, (¢) and
D, (f), on which e and f are invertible.
On the chart D, (e), the morphism A! — B looks like:

N +——— Ne®dN(f —e)

! !

el +—— ¢fx, 2]
The horizontal morphisms send f — e +— 0 and )XC — 1. Because (f — e) maps to 1 € C[¢], the composite

Ne ®N(f —e) = N — C[t]

is another chart for the same log structure on A!. This means that A — D, (e) is strict. The same
discussion applies to D (f). In the tropical picture [Cavalieri et al. 2020, Section 2], we subdivided A2
at the image of the ray corresponding to A!:

Al

Proposition 2.10. Consider DM-type morphisms X Loy &5 7 between log algebraic stacks. If
Cf(/y = Nf;/y, then

¢ ¢
Ny;y = Cx/z = Cry/ezlx
is an exact sequence of cone stacks.

Proof. Compare [Behrend and Fantechi 1997, Proposition 3.14].

By Proposition 1.20 and Remark 1.18, this sequence composes to zero. Remark 2.4 allows us to
repeatedly fpgc-localize in X to check exactness of such a sequence. Localizing along strict smooth
covers of Z and strict étale covers of X and Y ensures that the normal cones and sheaf pull back. Reduce
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to the case where X, Y, and Z are affine log schemes and the map ¥ — Z admits a global fs chart. We

are therefore in the situation of Construction 1.1.

Reduction to g : Y — Z strict: Factor Y — Z into a strict closed immersion composed with a log
smooth map
YCW—»Z.

We obtain a diagram:

Té//z|X = Trw/czlx

| J

Nx;y — Cx;w — Ceyiewlx
L]

Nxyy —— Cf(/z — Cry/czlx

Observe that the diagram commutes — the morphism T‘f, jzlx = C§ W in the proof of Proposition 2.5
factors through an identification Tv‘{, zlew = wa 2z Because LW — W is log étale, the two tangent
spaces are isomorphic [Ogus 2018, IV.3.2.4]. Thus the right square is a pullback. The vertical maps of
cones are smooth surjections, so it suffices to show the middle row is exact as in Remark 2.4. We may
thereby assume W = Z and g : Y — Z is a strict closed immersion.

Reduction to f : X — Y strict: Use Construction 1.1 again to factor X — Z as a strict closed immersion
composed with a log smooth map X € W — Z. The map X — W’ := W x Y is again a strict closed

N
Y —— Z

Because the top row is strict, X — LW’ factors through the open subset W' C LW’ and

immersion:

Cewyewlx = Cewrjewlw |x = Ca///wlx =Cwwlx.
The fs pullback square in (3) also induces a cartesian square of stacks
LW —— LW
L
LY —— LZ

with LW — L£Z smooth. This reveals that

Ceyjezlew = Crewrjcw-
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Putting this together with the above, we have computed

Cryiczlx =Cwywlx.

The factorization (3) gives a diagram:

[ [/
TW’/Y|X TW/Z|X

| |

Nxjw — C§/W — Cwywlx

| | |

Nx/y > Cf{/Z > CLY/LZ|X

The composable vertical arrows are the quotients of Proposition 2.5, so the bottom row will be exact
if we show the middle row is. The middle row is exact by a relative form of the original [Behrend and
Fantechi 1997, Proposition 3.14]. ]

Remark 2.11. The exact sequences of cone stacks in Propositions 2.5, 2.10 are natural in morphisms of
composable pairs of arrows.

There is a version of Proposition 2.10 for log cotangent complexes that we will use once later on. From
any composable pair X — Y — Z, we get X — LY — LZ and X — LY — L2Z. Both result in the
same distinguished triangle

Leyezlx = Lz = Lyyy —
of [Olsson 2007, 8.10].
In the next example, the log normal cone differs from the ordinary scheme-theoretic one.

Example 2.12. In Example 2.9, we considered the log blowup B of A? at the origin and the diagonal
map. Pull back along the diagonal to get the identity log blowup of A

Al —— B
l_e l

Al — 5 A2

Let o, op2 both be Spec C, with log structures coming from N and N2, respectively. Then the
inclusions of the origins oy € Al and One € A2 are strict.
Take the pullback of the above diagram along the inclusion oy € A2:

oy —— D
|

oN — Ope
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The map D — o is the exceptional divisor of B, which is P! with log structure M, = N? at the
intersections with the axes and M, = N elsewhere.

To see the log normal cone differ from the ordinary one, compute the normal cones of the arrows in
this square: ng/éw =o, CﬁN/éNz = CSN/D =A!, and Cl%/éNz =P!. Although 6y and 6y have the same
underlying scheme, the log normal cones of o over them are different.

Remark 2.13. A handy consequence of Proposition 2.10 is that, if ¥ — Z is a DM-type morphism

between log algebraic stacks and Y’ — Y is a strict étale map, then
e ot
Cyryz = Cyzly

This is not true without the strictness assumption. This is the observation of W. Bauer precluding the
existence of a log cotangent complex with all its desiderata; see [Olsson 2005, Section 7].
In general, it need only be a closed immersion. This is because

¢ ¢
Cy 7z =Cryjczly S Neyjezly © Nyjzly

is a closed immersion which factors through Cf, szl as in Remark 1.18.
For a single example, take the log blowup B — A? of the origin 6 € A2. The pullback defines a strict
pullback square:
— B
tol
AZ

—

QI —
-

Because the horizontal morphisms are strict, their log normal cones coincide with the ordinary ones.
Log blowups are log étale, so we would erroneously be led to conclude that

2
Cp/s =Cs/n2|D-
The inclusion D C B is regular, and sois o € A2, so the normal cones and normal sheaves agree:
Np/p=0p(D)|p and Njp2|p =A%,

The dimensions are different, so they can’t be equal.
Lemma 2.14. Suppose given a strict pullback square

X — X

[

Yy 215y
of DM-type morphisms between log algebraic stacks for which q is strict and smooth. Then the Olsson

morphism

14 ~ 14
Cx//y/ — CX/Y|X/

is an isomorphism.
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Proof. We first note that the Olsson morphism N f(, >N f( Y | x» on log normal sheaves is an isomorphism.
This is clear from the g strict pullback part of Remark 1.17 and the fact that the ordinary normal sheaves
are isomorphic.

Now we know that the morphism of cones C f(, N C f( sy |x 1s a closed immersion, and it suffices to
show that it is moreover smooth and surjective. We express this map as a composite

£ L 12
CX//Y/ —> CX//Y —> CX/Y|X’

Proposition 2.5 asserts that the first map is smooth and surjective and Proposition 2.10 says the same for
the second. ]

Lemma 2.15. Suppose given a pair of fs pullback squares

X — 5 X

e
1L
X — X
R
Y — Y

of DM-type morphisms between log algebraic stacks for which z is strict and smooth. Then the diagram of

log normal cones

¢ s L
C)?’/Y’ C)?/Y

I ] g

¢ s Cl
is cartesian and the arrows s, s' are smooth epimorphisms.

Proof. Proposition 2.10 provides a map of short exact sequences of cone stacks:

¢ ¢ v ¢ -
BT}?‘,/X, —> C)’(",/Y/ —) CX//Y"X/

H [
|~ ¢ . 1 2

Witness that the right square is cartesian because [Olsson 2005]

¢ ol
T)?'/X' - T)?/X|X’
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and that the arrows ¢, f are clearly smooth epimorphisms. The arrow f is pulled back from the smooth
epimorphism 7 : C& Sy C f( Y |3, so we have the top pullback square:

1 sl
CX’/Y’ CX/Y

l/ r
/ ¢ ) \
5 X’/Y’|X’ — CX/Y'X l

The composite vertical rectangle of cones is the diagram we are after, and so the fact that this square is
cartesian is clear. It remains only to note the bent arrows s, s’ are smooth epimorphisms because they are
the composites of 7, ¢ with pullbacks of the smooth epimorphism X — X. ]

3. Log intersection theory

We develop a log intersection theory package using log cotangent complexes and log normal cones in
place of the ordinary ones, closely following [Manolache 2012, Sections 3 and 4].

Definition 3.1 (log perfect obstruction theory). Define a log perfect obstruction theory (hereafter “Log
POT”) for a DM-type morphism f : X — Y to be a closed immersion of cone stacks

C§/Y CE (equiv. Nf}/y CE)

of the log normal cone into a vector bundle stack E.
Given an fs pullback square

X — X
me
AT
Y — Y
and a Log POT CX/Y C E for f, the Olsson morphism
Ciy <> C vl S Ely

defines a pullback Log POT.
A related notion of pullback Log POT arises when X’ — X is log étale and f : X — Y any DM-type
map. Then Remark 2.13 shows the map

L £
CX//Y —> CX/Y|X’

is a closed immersion, and we can compose with an obstruction theory for f to get one for the composite
X —-X-—>Y.
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Given a Log POT C f( ;v EE for some f, suppose X has a stratification by global quotient stacks and
Y is log smooth and equidimensional. Then [Kresch 1999, Proposition 5.3.2] gives us a unique cycle

[X, E]™" € A X
which pulls back to the class [C ff /Y] € A.E. This class is called the log virtual fundamental class
(hereafter “Log VFC”).

Remark 3.2. When LY is equidimensional, so is C ff RZ The correct definition of the Log VFC requires
that the cone be equidimensional. If Y is log smooth, Y C LY is dense. If Y is also equidimensional, we
get that LY is. This explains our assumptions in Definition 3.1. We don’t include these assumptions in
the definition of a Log POT only because we may have log Gysin maps more generally.

Nonequidimensional log stacks arise naturally elsewhere in log Gromov—Witten theory. For example,
the stacks of punctured log curves M and punctured maps M2 /B) to an Artin fan 2" are not equidi-
mensional. They are “idealized log smooth” over the base [Abramovich et al. 2020, Proposition 3.3,
Theorem 3.24], which locally entails a composite of a log smooth map and a closed embedding coming
from a monoidal ideal.

Definition 3.3 (log Gysin map). Suppose a DM-type f : X — Y has a Log POT C f( sy € E. Givena
DM-type log map k : V — Y with V log smooth and equidimensional, form the fs pullback:
W ——V
¢
Lo
f
X —Y

The embedding
Civv € Cxyylw € Elw

results in a class
[Cv. E]1€ AW.

Mimicking [Manolache 2012], we call this “map”
f'="re

the log Gysin map.
Remark 3.4. Consider a DM-type morphism f : X — Y of log algebraic stacks. The cartesian square

LX —— X

]

2y - oy

from Remark 1.18 results in a closed embedding

Cexjey = Crxyrey © Cfg/ylzzx
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which we use to canonically extend an obstruction theory C § jy S Etoa closed embedding
Crx/cy € Elcx.
Now suppose given a composable pair X L,y £, Z as above and equip f, g with Log POT’s
Cx,y €F. Cy,;<G.

Define a compatibility datum or compatible triple for such a pair to be a traditional compatibility datum
[Manolache 2012, Definition 4.5] for

x Loy 4 227,
endowing LY — £2Z with the extended obstruction theory
Cryrrz < Cf/zl,cy CGlgy.

This entails a commutative diagram in the derived category of X

+1

Glx > & > F >
L > 1L y LG, —
LY/£22|X e V4 7 XY E—

where
« the rows are distinguished triangles,
« the objects &, F, G are of perfect amplitude in [—1, 0], inducing vector bundle stacks E, F, G,

« the vertical arrows are isomorphisms on 4% and epimorphisms on 2 ~!, inducing obstruction theories
¢ ¢
CX/Z g E, CX/Y g F, CﬁY/EZZ g G|LY.

We offer a couple of basic remarks about our definitions before the examples and theorems.

Remark 3.5. The map f' just defined takes in log smooth equidimensional stacks DM over Y and
produces classes in certain Chow Groups. The operations f' are refined to log Chow in [Barrott 2018;
Herr et al. 2023].

Remark 3.6. Given an fs pullback square
X — X
a4
7| It
Y — Y
of DM maps where f has a Log POT: C ff v EE, endow f’ with the pullback Log POT. Then
f! — f/!

when applied to log smooth, equidimensional log schemes over Y.
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Remark 3.7. If C f( ;v =N f( Y for a DM morphism f : X — Y, then N f( Y is a vector bundle stack. One
locally factors X € Xy — Y as in Construction 1.1 and recognizes Cx,x, >~ Nx/,x,, implying X C X is
regular and Ny x, is a vector bundle. We can then take E = N§ /y as an obstruction theory. If X, Y are
equidimensional and Y is log smooth, unwinding definitions shows

() =I[X],
where [X] is the fundamental class of X.

Remark 3.8. Log Gysin maps don’t commute with pushforward. Let

x 2y x

T

y — %2 sy

be an fs pullback square. Endow f : X — Y with a Log POT Cf( ;y € E and give f’ the pullback
obstruction theory. Then the usual equality [Manolache 2012, Theorem 4.1(i)] can fail:

fla. # pof".

Take the square of Example 2.12
oy —— D

|

ON — Opg2

and apply both operations to [oy] for a counterexample.
This arises in [Holmes et al. 2019] because pushing forward along various blowups fails to preserves
intersection products of DR cycles. This phenomenon was also observed in [Ranganathan 2019].

Remark 3.9. Virtual fundamental classes don’t push forward along log blowups: Let X — F be the
morphism from a stack X to its Artin fan (the reader may take a traditional chart instead of F). Choose a
finite subdivision F — F, and form the fs pullback:

X ——F
re

o
F

X — F

Suppose given a map f : X — Y with a Log POT Cf( vy CE and equip fop: X — Y with the pullback
obstruction theory

¢ ¢
Then possibly

p*[j(\, E]Zvir # [X, E]Zvir.
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A counterexample is again given by p : D — 0pe, f : 0n2 = 0pe as in Example 2.12: p,[P'] = 0 for
dimension reasons.

This doesn’t contradict the main result of [Abramovich and Wise 2018]. We offer a version of their
statement in Theorem 3.10.

The rest of this section and the next should reassure the disheartened reader that commonsense formulas
of ordinary intersection theory do remain true in the log setting. We regard Remarks 3.8, 3.9 as defects of
the usual notion of pushforward p, in the log setting. The morphisms opy — D, D — opp2 of Example 2.12
are monomorphisms in the fs category, and oy — onpe should be a cycle of dimension one in the “two
dimensional” log point onp.

Barrott [2018] introduced log chow groups to correct this defect, in particular via suitable notions of
dimension and degree. It also contains compatibility statements between the log notion of p, and the
Gysin map f' introduced here. See also [Mochizuki 2015].

For now, we content ourselves to use the observation of [Niziot 2006, Proposition 4.3] that log blowups
are birational if the target is log smooth. We will use it to prove that weaker forms of the naive guesses of
Remarks 3.8, 3.9 do hold true, as well as straightforward commutativity of the Gysin maps.

We will need to use Costello’s notion [2006, before Theorem 5.0.1] of “pure degree d”” to make sense
of pushforward on the level of cycles, given by cones embedded in vector bundles. The next theorem
allows us to check statements about Log VFC’s after a log blowup if the target is log smooth. Its statement
and proof are similar to [Abramovich and Wise 2018].

Theorem 3.10. Suppose given a DM-type map f : X — Y between locally noetherian algebraic stacks
locally of finite type over C where Y is log smooth and equidimensional. Endow f with a Log POT E and
let X — F be any DM morphism to an Artin Fan. Take the fs pullback along a proper birational map of
Artin fans:

—

e “)

T/ )

Do <)

—

For example, F — F could be a subdivision or a root stack.
Endow f o p with the pullback Log POT

¢ ¢
C3y S Cxyrlz € Elx

Then
p*[j(\’ E]Evir —[X, E]Evir

Proof. We will actually show that the map

el 14
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is of pure degree one. Then the pushforward A, E |3 — A, E sends the class of one cone to the other, and

“intersecting with the zero section” gives the equality of VFC’s.
We will reduce to the case where X — F is strict. The statement “ is of pure degree one” may be

verified étale-locally in X, as we now argue.
Given a strict étale cover X' — X, write X' := X x x X’. We have a pullback diagram

¢ v ¢ /
C)?//F —_— CX,/F — X

Lol
¢ t ¢
Cop — Cxyrp — X
as in Remark 2.13. Since X’ — X is étale, the other vertical arrows are as well. The property “pure

degree one” is smooth-local in the target, so ¢ has it if 7’ does.
Now étale-localize in X so that X — F factors through a chart X — Fx — F for X. Take the fs

pullback along the subdivision F— F:

)? >fx >1?
[ 1™
X > Fy > F

We can then replace F' by Fy in the proof of the theorem and assume X — F' is strict.
Apply the proof of Costello’s formula [2006, Theorem 5.0.1] to (4) to conclude

el 14

is of pure degree one, since F — F is birational.

Expanding upon (4):

X — 3y FxY —> F
| A |
X — Y — F

&
~ 4 X 4 X

We get a map of exact sequences of cone stacks:

IADN 4 l
Lyl — ey — Cx/7

| Pk

¢ ¢ ¢
Tylx ” CX/F><Y ” CX/F
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After pulling the bottom row back to X, we get the identity on tangent bundles and see that the right
square is a pullback. Since the property*“of pure degree one” pulls back along smooth maps, the quotient

maps in exact sequences of cone stacks are smooth, and ¢ is pure degree one, ¢ is also pure degree one.
¢

Because F, F are log étale over a point, C X/ Fxy

= Cf?/? and Cf(/FxY = Cff/y, so the claim is proven. [J

Example 3.11. One must be cautious, for Theorem 3.10 is false without the assumption that Y is log
smooth. Recall the exceptional divisor D — 6 of the blowup of A? at the origin 6 = Spec C from
Example 2.12 and its normal cone Cg /5= P!

For the sake of contradiction, let X =P! and X = Y = 6 as in the theorem. Endow C ﬁ /6= o with the
initial Log POT, E = 0. Then

[/X\, E]Zvir — [D, E]Evir — [[F[)l] and [X, E]Zvir — [6, E]Evir — [5]’
but again p*[[P’l] = 0 for dimension reasons.

Theorem 3.12 (commutativity of log Gysin map). Given a composable pair of DM-type maps between

log algebraic stacks

xLsy 4,7

outfit f, g, and g o f with log obstruction theories F, G, E and a compatibility datum (Remark 3.4).
Require X to admit stratifications by global quotients.
Ifk:V — Zis alog smooth and equidimensional Z-stack and k is DM-type, take fs pullbacks:

T —U —V
[ A
X —Y —Z
Then the equality
l _ l
[Cgong]_[chlX/Cg gF@GlX] (5)
holds on X.

Proof. Pullback via k all obstruction theories and their compatibility datum to reduce to showing the
theorem for k : V = Z. We essentially apply [Manolache 2012, Theorem 4.8] to X — LY — L£*Z,
endowed with the compatible triple F', G, E by composing with an isomorphism of distinguished triangles:

Glx s F s E

| | |

Leyiezlx —— Ly, — Ly

I H 5

Leyieezlx —— Uxyez — Lxypoz
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Use Remark 2.8 repeatedly to obtain a strict diagram with U, V quasicompact and étale over the stacks
LY, L*Z

\
7

\EY—>£2

Endow the cone Cry,.z with the pullback log structure from LY and pull it back along the part of the

diagram above LY:
Cryiczlx =Cuyyvlx — Cuyyy

!

Crycz

The triangle is strict and the map Cy,y — Cry/cz is pulled back from the étale U — LY, so

1 _
CCEY/LZ|X/CLY/LZ - CCU/le/CU/V'

Write i : X — U j : U — V for the maps. Then the compatibility datum pulls back and [Manolache
2012, Theorem 4.8] gives us

(joD)g(VD) =ifo j(VD.
Unwinding definitions, this becomes
[Cx;v € E1=I[Ccyyix/coyy © F®Glx] (6)

This may be rewritten as

(Ch/z S E1=1CCLp i /Corser © F O Gxl,
the claimed equality of classes. (I
Remark 3.13. Theorem 3.12 says that
(gof) =f¢g

in the sense that any log smooth, equidimensional log stack over Z has rationally equivalent images under
these two operations.

Remark 3.14. Consider an fs pullback of DM-type morphisms between log algebraic stacks:

x -2y x

T

vy — L5y

Write r : X’ — Y for the composite f o p =g o f'. If f, g are endowed with Log POT’s Cf(/y C F,
Cf,,/y C E, how should we give r a Log POT?
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The fs pullback square induces a pullback of stacks, which may be reexpressed as a “magic square:”

LX —— LX LX —— LX x LY’
r r

o - | |

LY —— LY LY —— LY x LY.

The magic square induces a closed immersion

Cexrjcy S Crxyeylex Xex Cryrycylox

which pulls back to a closed immersion

Cfp/y C Crxycylx Xx Cryycylx
on X'. As in Remark 3.4, we have closed embeddings C.x/cy Cfg/y|cx, Crycy € Cf,/ylgyu We
endow r with the Log POT given by the composite
Cfp/y C Crxyeylx Xx Cryyeylx € Cfg/ylx' X x Cf///yl)(' C Flx xx Elx.

We now construct a compatibility datum for the triangle r = g o f”, leaving the reader to apply the same
argument to the other triangle r = f o p. By the definitions of the Log POT’s, we have a commutative
diagram:

£ 14
CX’/Y/ e CX’/Y _— ng//gyb(/

[ [ [

Oxid)
Flyy —— El|x xx' Flyy — E|x

To be clear, the morphism F|x' — E|x X x F|x is the vertex map times the identity. It’s clear the bottom
row comes from a distinguished triangle in the derived category and the top row comes from Remark 2.11.

Corollary 3.15. Suppose given an fs pullback square

x 2 x

e
T
y <5y
of DM-type morphisms between log algebraic stacks which admit stratifications by quotient stacks. Outfit
q with a Log POT E and f with a Log POT F; give p, f’ the pullback obstruction theories. Then

! ! | |
frog=pof
in the sense that the operations send any log smooth equidimensional input stack to the same class in A, X'.

Proof. Denote by r : X’ — Y the map f o p=gqo f'. Apply Theorem 3.12 to both commutative triangles
using the compatibility datum constructed in Remark 3.14 to see that

p!Of!Ii’!Zf/!Oé]!. D
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4. The log Costello formula

This section proves a log analogue of the Costello formula [2006, Theorem 5.0.1]. The original Costello
formula is wrong as stated due to a missing properness hypothesis; this is corrected in [Herr and Wise 2022].

Theorem 4.1. Consider an fs pullback square of DM-type maps between algebraic stacks:
X L5 x
f ¢ lf
v 2oy
Assume
o Y' — Y is of some pure degree d € Q as in [Herr and Wise 2022, Definition 2.3],
o Y', Y are both log smooth and equidimensional,
e all arrows are DM-type and all stacks are locally noetherian and locally finite type over C,
o X', X admit stratifications by global quotient stacks [Kresch 1999] and
e g is proper.
Endow f with a log perfect obstruction theory E and give f’ the pullback obstruction theory. Then
Pl X', Elx 1% =d - [X, E]%T
in the Chow ring of X.

Remark 4.2. Let Y/ — Y be a map between log smooth, equidimensional stacks which is of pure degree
d. Let W — Y be a smooth, log smooth, integral, and saturated morphism and W—Wa log blowup.
Form the fs pullback diagram:

W — W

1o

W — W

e

Y —— Y
The property “of pure degree d” pulls back along smooth morphisms, so it applies to W — W. Then
[Niziot 2006, Proposition 4.3] shows that W — W is birational, so W' — W is also of pure degree d.

Proof of Theorem 4.1. Consider the morphism
el 14
S . CX// Y/ CX/ Y .

We will prove that s is of pure degree d. Both “of pure degree” and the specific degree d can be checked
after pulling back s along a strict, smooth cover of Cf( /y- Lemmas 2.14, 2.15 show that replacing Y or X
by a smooth cover results in such a smooth cover of cones.
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We may thereby assume X and Y are log schemes and the map f globally factors as in Construction 1.1
X—>X9—>A;+S—>Y.

Note A}™ — Y is smooth, log smooth, integral, and saturated, and X, — A" is a log blowup. We
are in the situation of Remark 4.2, so pulling back

X — X
[
X/@—)Xg
[
Y —— Y

results in a map X, — Xy which is pure of degree d along X — X4. The proof of Costello’s formula
[2006, Theorem 5.0.1] then asserts that

* *
CX’/Xé —> CX/X(;
is of pure degree d. The short exact sequences of Proposition 2.5

¢ + ¢
Txg /Y’ > Cy /X, > Cy /v’

| I L
¢ & ¢
Txé,/y — CX/X9 — CX/Y
let us conclude that s is as well. |

Remark 4.3. The original statement of Costello’s formula did not require g to be proper. In fact, one
can allow g to be simply “pure” in the sense of [Herr and Wise 2022, Definition 2.3]. Without any such
assumption, one has counterexamples:

e Let Y =A!, Y =G,,, X the origin, and f, g natural inclusions.

e Let Y =A! and Y’ be the bug-eyed line, A! with doubled origin. Let X again be the origin and f, ¢
the natural maps.

Remark 4.4. We prove a K theoretic version of Costello’s formula in degree d = 1 and the corresponding
Hironaka pushforward theorem in [Chou et al. 2020, Theorem 2.7]. That proof is necessarily global,
because K theory is sensitive to higher-codimension phenomena. The same proof can be used in Chow.

5. The product formula

Let V, W be log smooth, quasiprojective schemes throughout this section. We denote the stacks of
prestable curves and stable curves which have n-markings and genus g by 9, ,, M ¢.n» TESpECtively
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[Stacks 2005—, ODMG]. They are endowed with divisorial log structures coming from the locus of singular
curves [Gross and Siebert 2013, 1.5, Appendix A; Kato 2000].

Definition 5.1 (log stable maps). The stack of log stable maps //;’n(V) has fiber over an fs log scheme
T the category of diagrams of fs log schemes

cC ——V

|

T

with C — T a log smooth curve [Kato 2000, Definition 1.2] of genus g and n marked points, such that
the underlying diagram of schemes is a stable map of curves.

Remarkably, the log algebraic stack ///‘gf’n(Spec C) of log curves without a map is isomorphic to
the ordinary stack of stable curves M, , with log structure induced by the boundary of degenerate
curves [Kato 2000, Theorem 4.5]. The log structures of e///éf’n(V) for a general fs target may be more
complicated, as they have to do with the “tropical deformation space” of the curve [Gross and Siebert
2013, Example 1.17(1)].

Construction 5.2 [Gross and Siebert 2013, Section 5]. We recall the construction [loc. cit., Section 5] of
the natural Log POT for ///;,n(V) — M, , to clarify differences in notation.

Write U — 90, , for the universal curve. Define Uy as the fs pullback, naturally equipped with a
tautological map to V:

Ty

V < Uy > ///; (V)
A
U ——— My,
This diagram induces maps between log cotangent complexes

14

¢ 4 !
Ly Iy —> Ly 0 < [L//;,,,(V)/mg.n leay -

The map &/ — M, , is integral, saturated, and log smooth according to its functor of points, so its
underlying map of stacks is flat and the fs pullback square is also an ordinary pullback.
Then ¢ is an isomorphism [Olsson 2005, 1.1(iv)], and the log cotangent complex of V is [loc. cit., 1.1(iii)]

We’ve written [0] to consider a coherent sheaf as a chain complex concentrated in degree 0. Via the
isomorphism ¢ and this identification, we have obtained a map

Q01 = Lgjom, , luty- ©)
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We need the ordinary relative dualizing sheaf w,¢ and the identification

! L *
Ly (-) = wmg © Ly (-).
Tensor (7) by W and use the adjunction

L
and  E(V) = Ry (Qy[0]luy ® o) — L'y ) om -

g.n

L
0 Int
QV[O] |Uv (03] a),,; — LnVﬂ‘(/fl;,n(V)/S)ﬁg_n

We won’t repeat the verification [Gross and Siebert 2013, Proposition 5.1] that E(V) is a Log POT.
Remark 5.3. The map (7) comes from the map on normal cones

¥4 ~ ¢ )
C/ff_,,(vwmg,n'w — Cyyyu — BTy luy -

We needed duality, so we opted for the other perspective.

Remark 5.4 (variants). The reader may choose to work in the relative setting of a log smooth and
quasiprojective map V — S. Obstruction Theories are obtained in the same way.

The contact order of a log stable map is locally constant and amounts to another piece of discrete data
like the genus or number of marked points. We only fix genus and number of markings to be consistent
with [Lee and Qu 2018]. The reader may readily vary the numerical type conditions in our formulas.

We need one more stack, ®: Points of ®© over T are diagrams (C’ < C — C”) of genus g, n-pointed
prestable curves over T whose maps are partial stabilizations (they lie over the identities in M ¢.n) that
don’t both contract any component. In other words, C — C’ x C” itself is a stable map. This stack is
only necessary to form an fs pullback square:

Situation 5.5 [Lee and Qu 2018, Section 2]. Recall the fs pullback square:

My ,(VXW) —— M, (V) x My, (W)

Lot

A
D —A M, xM,,

Let C — V x W be a log stable map over a base T. The maps (C — V), (C — W) needn’t be stable;
denote their stabilizations by (C' — V), (C” — W), respectively.

The top horizontal arrow in (8) sends (C — V x W) to the induced log stable maps (C' — V, C" — W).
The vertical arrow ¢ sends (C — V x W) to the partial stabilizations (C’ < C — C”). The map A sends
a diagram (C’ <~ C — C”) to the pair of prestable curves C’, C”. Finally, a sends a pair of log stable
maps (C' — V,C” — W) to the prestable curves (C’, C").
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This square has a factorization:

¢ h N ¢ ¢
///g,n(v X W) 7 Q I_Z 4 %g,n(v) X %g,n(W)
lc L l l
;D l N Q/ = ¢ N mg,n X mg,n (9)

L 2

— A — —
Mg, ———— Mgy, x Mg,

Where s : M, , — M ¢.n Stabilizes a prestable curve.
To be clear, Q = .//lgg’,,(V) Xzﬁg,n ///&f’n(W) and Q"' =M, , x%gm M, ,, are the analogues of Lee and
Qu’s [2018] P, B, etc.

Theorem 5.6 (the “log Gromov—Witten product formula”). With V, W log smooth, quasiprojective

schemes,
h*[///;,n(v x W), E(V x W)](vir — A!([e///;n(‘/), E(V)]Kvir % [///;f,n(W)’ E(W)]e'”"),

Our proof will be the same as K. Behrend’s [1999]: we compute the log normal cone of the map
0 — Q' in two different ways.

Remark 5.7 (on diagram (9)). We equip a with the product E(V)H E(W) of the natural Log POT’s of
Construction 5.2, adopting the notation

EEBE/ = E|V><W@E/|V><W-

The cotangent complex UA is of perfect amplitude in [-1, O] because its source and target are log
smooth. Therefore C g =N 2 serves as a natural Log POT for itself. We equip ¢ with the pullback
obstruction theory, resulting in

A=

by Remark 3.6. We endow the square bounded by ¢ and a with the natural compatibility datum afforded
all such squares as in Remark 3.14.
All of the arrows in diagrams (8) and (9) are of DM-type.

Lemma 5.8. The stabilization map s : M, , — M ¢.n 15 log smooth.

Proof. The cover | |, M g.ntm —> Mg, given by forgetting marked points and not stabilizing is strict
smooth [Lee and Qu 2018, 1.2.1]. This map is in particular Kummer and surjective, and [Illusie et al. 2013,
Theorem 0.2] applies with [® = “log smooth” once we argue that the composite | |,, M gntm = M gn 18
log smooth.

The forgetful map M entl = M ¢.n 18 the universal curve, so it is tautologically log smooth and flat.
We see the map M gntm —> M ¢.n 18 log smooth by iterating this forgetfulness, and this completes the
argument. U
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Remark 5.9. The map ® — 90, , which records the initial curve is log étale since the original map was
étale [Behrend 1999, Lemma 4] and ours is the fsification thereof. The stack Q' is log smooth because
the map Q' — M, , is pulled back from s x s.

Given a log étale map X’ — X of log smooth log algebraic stacks with X equidimensional, we claim
X’ must be as well. The maps X’ C LX', X C LX are dense because of the log smoothness assumption
and the map £LX' — LX is étale. Thus £X and £X' are equidimensional, as well as X’ € £X'. This
argument shows that fsification preserves equidimensionality of log smooth stacks, so our fs versions of
D, Q' are equidimensional because the original versions [Behrend 1999] were.

Lemma 5.10. The obstruction theories E(V), E(W), E(V x W) are compatible in the sense that
AYE(VYBE(W)) ~ E(V x W).

Proof. We completely echo the proof of [Behrend 1999, Proposition 6].
Consider the diagram of universal log curves and tautological maps with the notation:

V ¢ VxW
fVT TfoW
Uy < i Z[V < v Uy xw

20
ﬂvl \ l/JTVXW
Ty
4 y l
NP R — MLV X W)

We claim F — Rqy.qy F is an isomorphism for any vector bundle F on Uy. The map gy represents
partial stabilization. We make the argument for contracting one P! at a time.

We first compute that R”qy.qy, F = 0 for p # 0. This claim is local in Uy, so assume F is trivial.
The fiber of RPqy.qy, F at a point x is Hp(q;l(x), qy F). Hence the fibers q;l(x) are either a point
or P'. On each fiber, the cohomology of the trivial vector bundle is concentrated in degree 0 [Stacks
2005-, 01XS]. Not only are F and gy.qy, F abstractly isomorphic in that case, but the natural map is an
isomorphism [Fantechi et al. 2005, Exercise 9.3.11].

The universal curve y is tautologically flat, integral, and saturated. The fs pullback square it belongs
to is therefore also an ordinary flat pullback, subject to cohomology and base change [Stacks 2005—,
Tag O8IB]. This gives

Lry Ry LfyQy = Ry Lsy Lfy Qv = Ry« Rqv.qy Lsy Lfy Qv = Ry xw« LIy w (Qvlvxw).
All the same goes for W. Add the two together to get
LI";‘;RTL’V*Lf;QV H LV:VRJTW*Lf;/QW = R]TVXW*Lf;/kXW(QV H Qw).

This is dual to the compatibility we set out to prove, so we are through. U
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Proof of Theorem 5.6. Compute the log virtual fundamental class [Q, E(V) B E(W)]" in two different
ways: .
(0. E(V)BEW)I'" :=[Ch,o € E(V)BEW)]

=a'(Q")

=a'¢'(Myn x Mg.)

=¢'a (Mg x Mg )

= N4, (V) x M, (W), E(V)BEW)]".
On the other hand,

[Q. EV)BEW)]" = hu[. Ay, (V x W), E(V x W)]""

by the log Costello formula, Theorem 4.1. O
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Intersecting geodesics on the modular surface

Junehyuk Jung and Naser Talebizadeh Sardari

We introduce the modular intersection kernel, and we use it to study how geodesics intersect on the full
modular surface X = PSL,(Z)\H. Let C; be the union of closed geodesics with discriminant 4 and let
B C X be a compact geodesic segment. As an application of Duke’s theorem to the modular intersection
kernel, we prove that {(p,60,) : p € BN Cy;} becomes equidistributed with respect to sin€ ds d6 on
B x [0, 7] with a power saving rate as d — +o00. Here 0,, is the angle of intersection between 8 and Cy
at p. This settles the main conjectures introduced by Rickards(2021).

We prove a similar result for the distribution of angles of intersections between Cy, and C4, with
a power-saving rate in d; and d, as d; + d, — 00. Previous works on the corresponding problem for
compact surfaces do not apply to X, because of the singular behavior of the modular intersection kernel
near the cusp. We analyze the singular behavior of the modular intersection kernel by approximating it by
general (not necessarily spherical) point-pair invariants on PSL,(Z)\ PSL,(R) and then by studying their
full spectral expansion.

1. Introduction

Let Y be a negatively curved surface of finite area. The prime geodesic theorem [Sarnak 1980] states that
the number of primitive closed geodesics having length less than L, which we denote by (L), satisfies

eL

ﬂ(L)”f,

as L — oo. A natural problem is to understand how primitive closed geodesics of length less than L are
positioned or distributed in Y as L — oo. In particular, one may ask

(1) how the number of transversal intersections / (¢, ;) between two primitive closed geodesics o
and o is distributed, or

(2) how the set of angles of intersections between ¢; and o is distributed,
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as one varies o, or both «; and o»? Bonahon [1986] defined the intersection form i : C x C — R™
on the space of currents C such that when u; (i =1, 2) is the unique invariant measure corresponding
to «;, then i (1, w2) = I (1, ). When Y is compact, Pollicott and Sharp [2006] used an extension of
the intersection form to understand the distribution of angles of self-intersections of closed geodesic «
having length less than L, as L — co. When Y is a compact hyperbolic surface, using the intersection
form, Herrera Jaramillo [2015] proved that the distribution of I (1, o) /(I (e1){(x2)) for closed geodesics
a1, oo of length < L, is concentrated near 1/(27%(g — 1)) = 2/( vol(Y)) with exponentially decaying
tail, as L — oo. Here /(- ) is the length function, and g is the genus of Y.
In this article, we study a refined problem:

(3) How are the locations and angles of intersections between «; and «» jointly distributed relative to
o, as one varies «p, or both o1 and o, ?

Let X = PSL;(Z)\H be the full modular surface. The connection between the geometry of geodesics
on X and number theory has a rich history. Artin [1924] discovered a relation between geometry of
geodesics in X and continued fraction expansion. As a result, he proved that there is a hyperbolic geodesic
in X that comes arbitrarily close to any given hyperbolic segment in X. So this geodesic is not only dense,
but dense in all directions simultaneously. Another deep connection is discovered in the spectacular
work of Katok [1985]. She showed that certain holomorphic Poincaré series (introduced by Petersson)
associated with closed geodesics on a Fuchsian group of the first kind, span the corresponding space
of cusp forms. Moreover, she proved a formula relating the intersection angles between pairs of closed
geodesics to the periods of these holomorphic Poincaré series.

On X, primitive oriented closed geodesics are in one-to-one correspondence with conjugacy classes of
primitive hyperbolic elements of PSL,(Z). Moreover there is a bijection between the primitive hyperbolic
conjugacy classes and the SL,(Z) equivalence classes of primitive integral binary quadratic forms of
nonsquare positive discriminant [Luo et al. 2009; Sarnak 1982]. So by the discriminant of a primitive
closed geodesic, we mean the discriminant of the corresponding binary quadratic form. In particular, if

the hyperbolic class y is associated to the binary quadratic form Q then y !

is associated to — Q.

Let (x4, y4) be the fundamental solution of Pell’s equation x2—d y2 =4,andlet g, := %(xd +d ya) > 1.
Each oriented primitive closed geodesics of discriminant d has a unique lift to a closed geodesic of
length 2 log ¢4 in the unit tangent bundle SX. Let /4 (d) be the number of inequivalent primitive integral
binary quadratic forms of discriminant d. We denote the disjoint union of these i (d) closed geodesics by
%4 C SX, which has total length 2k (d) log e,.

Note that the closed geodesic on X has length log ¢4 or 21og ¢4 according as Q is or is not equivalent
to —Q [Duke 1988, page 75]. We now let C, be the union of primitive (unoriented) closed geodesics of

discriminant d on X, and note that [(C;) = h(d) log &, is the total length of Cj.

Theorem 1.1. Fix T > 100, and let § be a compact oriented geodesic segment of length < 1 in the region
determined by y < T on X. For 0 < 6y < 0, < m, let Iy, 9,(B, Cq) be the number of intersections between
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B and C4 with the angle between 6| and 6,. (Here the angle between 8 and Cy at p € BN Cy is measured
counterclockwise from the tangent to 8 at p to the tangent to C; at p.)
Then we have

I ,C 3 (%
0,,0,(B, Ca) _ _2f Sin0do + O, (d-25/3584+¢),
L(B(Cq) = Jo,

uniformly in B, 01, and 0, under the assumption that
By — ) > d—25/7168.

and that
1(B) > J-23/7168

(Here and elsewhere, A <; B means |A| < C(t)B for some constant C(t) that depends only on t.)

Remark 1.1. This statement is false if Cy is replaced by individual geodesics. For instance, the set of
intersections between f and a closed geodesic o does not necessarily become equidistributed as /() — oo.
To see this, take a finite sheeted covering S of X whose genus is > 2. Then according to Rivin’s work
[2001] there are arbitrarily long simple closed geodesics on S. Note that these simple closed geodesics
must be contained in a compact part of S [Jung and Reid 2021]. This implies that there is a compact set
C C X which contains arbitrarily long primitive closed geodesics. Take a geodesic segment 8 in X — C.
Then there are infinitely many closed geodesics which do not intersect .

Remark 1.2. The exponent —% can be improved slightly by refining our argument (for instance, by

inputting the Weyl-like subconvex bound [Petrow and Young 2019] instead of the Burgess-like subconvex
bound [Heath-Brown 1980]), but in order to keep the exposition simple, we do not discuss the optimal
rate in the current article.

As an immediate consequence, we deduce that the intersection points and corresponding angles become
equidistributed, resolving the main conjectures introduced by Rickards [2021].

Corollary 1.2. Fix a closed geodesic a. Then for any fixed segment § C o, and any fixed 0 < 0 <0, < m,

we have
lim Iy, .0,(B, Ca) _ 1(B) [ sino 20
d—oo I (a, Cy) l(Ol) 6 2

Remark 1.3. Rickards’s work is motivated by the work of Darmon and Vonk [2022] on the arithmetic
(p-arithmetic) intersection between pairs of oriented closed geodesics on the modular surfaces (Shimura
curves). The arithmetic intersection between oriented closed geodesics o and «, of discriminants D
and D, only depends on D; and D, and the angles of intersections between «; and o;. Darmon and
Vonk [2022, Conjecture 2] conjectured that the p-arithmetic intersection is algebraic and belongs to the
composition of the Hilbert class field of real quadratic fields of discriminants D; and D;.
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To prove our main results, we introduce the modular intersection kernel. For § > 0 and 61, 6, € (0, ),
let kg"gz : SH x SH — R be the integral kernel defined by

KOO ((x1, £1), (02, £2)) = 1,

if the geodesic segments of length 6 from x; with the initial vector &; intersect at an angle € (61, 6,), and
0 otherwise. Under the identification SH = PSL;(R), for a given discrete subgroup I' C PSL;(R), we
define the modular intersection kernel Kg"ez : T\ PSL,(R) x I'\ PSL,(R) — R by taking the average of
k&% over T:

K% (g1, 82) =Y k""" (g1, v 22)-
yell

The basic idea of the proof of Theorem 1.1 then is as follows. Heuristically,

Iy, 0,(B, Ca)

should be well approximated by

1 61,0
@/%/EK‘SI 2(s1, $2) dsy dsy, (1-1)

where 8 C SX is a lift of 8 with either of orientations of A

B(t) = (B(). B'(1)),
under assuming that B(¢) is parametrized by the arc length. As noted in [Luo et al. 2009], Duke’s theorem
[1988] can be extended to the equidistribution of % in PSL,(Z)\ PSL,(R) as d — co. Observing that

1

o5 f KM% (s, g) ds (1-2)
B

is a compactly supported function in g for compact 8, (1-1) is

1(Ca) 6,.0
~ 282 ‘/A:/‘;?K(Sl Z(Sl,g)dSId//Lg,

which is asymptotically (3 /nz)l (CHL(B) fflz sine da as § — 0, by an explicit computation.

Note that (1-2) is a discontinuous function. Therefore, in order to obtain the rate of convergence,
we need a smooth approximation of (1-2), and a quantified version of Duke’s theorem with explicit
dependency on the test functions. To this end, we follow the argument sketched in [Luo et al. 2009] to
prove:

Theorem 1.3. Assume that f € C5°(PSLy(Z)\ PSL2(R)) has support in the region determined by y < T.
Then we have

3
f(s)ds == f(@dig+ Oc(log T d= 2P| £l o).
I(6a) Je, 7% JPSL,(2)\ PSLa(R)
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Here ||| w«.» is the Sobolev norm:

1 lwer = max 95" (y3)* (yy)™ fllLr.
ler| <k

Remark 1.4. The proof of Theorem 1.1 is based on the equidistribution of the lifts of C; in the unit
tangent bundle. For this reason, one may generalize Theorem 1.1 to any surfaces and any sequence of
closed geodesics whose lifts become equidistributed on the unit tangent bundle.

1A. Intersecting two closed geodesics. We now consider the number of intersections between two closed
geodesics when both vary.

Theorem 1.4. The following estimate holds uniformly in dy,d, > 0, and 0 < 6 < 0, < 7w such that
62— 01 > (didy) =2/
S ) _ 2 | " 60 + O.((didy) 2O+
I(Ca)I(Ca) 7% Jy,

Note that if I" is cocompact, then the modular intersection kernel coincides with the intersection kernel
from [Lalley 2014] when 6 = 7 and § > O is sufficiently small. However, when I"\H is noncompact,
then they are never the same; for instance, we have Kgl’ez (g,8) = Q(y) as y — oo (Proposition 2.2). In
particular, Kg"ez is not a Hilbert—Schmidt kernel, so the usual spectral theory does not apply. This is
the main technical difficulty of dealing with the modular intersection kernel for noncompact quotients
of H. As it will be shown in the subsequent chapters, when both «; and «, are closed geodesics,
Ig, o, (a1, 02) /(I (ct1)l(cr2)) is the integral of 8‘2K§1’92/(l(051)l(o¢2)) over o] X op. When «; and «, vary
over closed geodesics of length < L, as L — oo, we expect that the integral converges to the integral
of 5_2K§"92 over '\SH x '\ SH, since | x o becomes equidistributed in ['\SH x I'\SH, as L — oc.
However, unboundedness of the modular intersection kernel K causes issues of interchanging the limit
and the integral. In particular, the argument of [Pollicott and Sharp 2006] using intersection form does
not apply in this case. Hence, in order to prove Theorem 1.4, we study the full spectral expansion of
Kg"ez (g1, g2). This is similar to the existing work on the weight m Selberg’s trace formula [Hejhal 1976],
except that we have to deal with all weights simultaneously, and that the modular intersection kernel is not
diagonalizable in general. We go over this carefully in Section 5. Once the spectral expansion is obtained,
the integral of & _ZKg"GZ over o] X oy becomes a linear combination of the period integrals of the form

/¢1dSX/ ¢2ds.

We may now use the same estimates that we use in order to prove the effective Duke’s theorem to bound
these, which leads to Theorem 1.4, generalizing [Pollicott and Sharp 2006] to a noncompact hyperbolic
surface.
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2. The modular intersection kernel

2A. Parametrization. Recall that PSL,(R) acts transitively on H and on SH with the fractional transfor-
mations. For g € PSL,(R), z € H and u € SH we write these actions by gz and gu. We parametrize the
points of H and SH with x +iy and (x + iy, exp(i6)). Let

I((x +iy, exp(i0))) :=x + iy,

be the projection map from SH to H.
Fix zo =1 and ug = (i, exp(im/2)). Let g = na Ry € PSL,(R) be the Iwasawa decomposition where

| x 12 cos® —sinf
n=n(x)=<0 1), a=a(y)=(y0 y—1/2>» and R9=<sin9 cos 6 )

Then we have
gzo=x+iy and guo= (x+iy,exp(i(3+26))).

For the rest of the paper, we identify SH with PSL,(R) by sending g € PSL,(R) to gug. We often use
the following fact in our computation without mentioning.

Proposition 2.1. The image under y € SL,(R) of the geodesic segment of length § corresponding to
g = (x, &) is the geodesic segment of length § corresponding to v g.

We use the volume form given by dV = (dx dy df)/y*. The volume of SX is then 72 /3.

2B. Preliminary estimates. We first recall here the definition of the modular intersection kernel described
in the introduction. For § > 0 and 61, 6, € (0, ), we define the integral kernel

k9% SH x SH — R
by
01,0,
ks ((x1, 81), (X2, £)) =1,

if the geodesic segment of length 6 on H from x; with the initial vector & and the segment from x, with
the initial vector &, intersect at an angle € (6, 6,), and 0 otherwise. Here the angle of the intersection
of geodesic segments /; and [, at p € [{ N[, is measured counterclockwise from /; to /;. Under the
identification SH = PSL,(R) from Section 2A, we note here that

k% (gg1, gg2) = k5" (g1, 22)

for any g, g1, g» € PSLo(R).
Now for a given discrete subgroup I' C PSL;(R), we define the modular intersection kernel K g"gz :

'\ PSL,(R) x I'\ PSL,(R) — R by taking the average of kgl % over T':

0,0 01,6,
K" (81,820 =) ky"* (g1, v82)-
yel
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Note that when I" is cocompact, and § > 0O is less than a half of the injectivity radius of I'\H, we have
Kg"ez < 1. However, when I"'\H is noncompact, Kg"gz (g1, g2) becomes arbitrarily large near the diagonal
g1 = g2 as y1, y» — oo. This is illustrated in the following proposition when I' = PSL;(Z).

Proposition 2.2. Fix 0 < 0 < w. Then for any 1 > § > 0, we have

K?’e(g, g) = (8y).

Proof. Consider
g= (Rei(n/2+a(5))’ eia(é)) € SH,

where «(8) is chosen such that the geodesic segment
Be:=1{Re” : [0 —Z| <a(®)} CH

has length §. Note that the length of the segment does not depend on R and that «(§) ~ § as § — 0. From
this, we infer that 8, and 8, +n with 0 <n < R§ intersect.
The angle of intersection is explicitly given by 2 arcsin %. So for all sufficiently small 0 < § < 6, we

1 n
k?heZ(g’ (0 1) g) = 17

K§""(g.8) >8R > dy. m

have

for 0 < n <« Ré. This implies that

In view of Proposition 2.2, the following proposition provides a nice upper bound of the modular
intersection kernel.

Proposition 2.3. Let I' = PSL,(Z) and let 1 > § > 0. Let h be a compactly supported function on SH,
where we assume that h(( -, £)) is supported in Bs(i) for any & € S'. Define H : T'\SH x T'\SH by

H(g1,82) =Y hig'veo)
yel

for g1, g2 € T\ PSLy(R). Then for g; = (z;, &) with distr\n (21, 22) > 28, we have
H(gi, g2)=0.
When y; > 0 and y, > 0 are sufficiently large, we have

H (g1, g2) K< 8/y1y2llhllr=.

Proof. If H > 0, then there exists y € I" such that
h(g;'yg2) > 0.
This implies that the balls of radius § centered at z; and y z; intersect, hence

disty(z1, yz2) < 26,
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which contradicts the assumption.

Now to prove the second estimate, we first note that when y; is sufficiently large, we have y(yg;) < 1
unless y = ((]) "). Therefore /i(g; 'yg2) > 0 only if y = ((1)'1’) Note that 2(g; 'y g2) = 1 holds only if
disty(z1, n 4+ z2) < 26. This is equivalent to

N2 N2
4 n+x2—x1)"+ Q1 —y2) > <25,
yiy2

arccosh(l

and so
(n+x2 — x1)* < y1y2(cosh(28) — 1) — (y1 — y2)*> < y1y2(cosh(28) — 1),
from which we infer that there are at most < 8.,/y;y2 choices of ¥ which makes h(gy, yg2) > 0. (I

Now we analyze the modular intersection kernel when one variable is assumed to be contained in a
compact set. We first note that if § is less than half of the injectivity radius of gg in I'\ SH, then for each
g € SH, there is at most one y € I such that

k5% (g0, vg) #0.

Therefore K" (g, -) coincides with k5% (go, - ) in the 28-neighborhood of go, which is a translation
of k" ((i, i), -) around (i, i).

Lemma 2.4. For0 < 6; < 0, <, we have
01,62 s - 2
/ ks ((i,i),8)dV = (cos 0 —costh)é”.
H

Assume that 0 < § < 1. Then for any € = 0(8) and € = 0(6, — 01) there exist a smooth majorant M891,92

. 0.6, -
and a smooth minorant mg""™*, i.e.,

61,0 01,0 - 01,0
0<mg"™? <kg"((,i),-) < Mg"™,

such that
/ mg' 2 a9V and / Mg"ez dv
are both
(cos 0 — cos 6,)8%(1 + O(¢)),
and that

01,0 01,0 —k
lms " oo + 1 Mg" 7 oo = Or(e7™5).

Proof. Note that the action of the geodesic flow of time ¢ on SH = PSL,(R) is the multiplication from
the right by a(e’). For given ¢ € (01, 62), we describe the collection of g € PSL,(R) for which the
corresponding geodesic segment of length § intersects {iy : ¢® > y > 1} transversally at angle ¢. Note
that this happens only when

aEe"’*)Ry)a,

|
aE@*)Rig i)/
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for some 0 < 1,1, < §. Hence

_ [a@"/*)Rypa(e"/?),
$ 7 a/) Rigymypale/?).

Consider ¥ : AKA — PSL,(R) given by
(1, ¢. 1) > a(e"*)Rypa(e ')

The determinant of the Jacobian of W is a nonzero multiple of |sin ¢| (we refer the readers to the Appendix
for the computation), and so this defines a local diffeomorphism away from ¢ =0 and 7. Observe that W
is injective away from ¢ = 0 and . From this we infer that the support of kgl'ez((i ,1), g) is the image of
the open box

{(t,0,0):0<t, <8, 00 <p<brort+m <@ <bh+m}

under ¥, and

06 ) 8 () 8 8 Or+m
/ka" z((,-,l-),g)dv:%/ / / [sin(p)| do dt dt2+%/ / / Isin(p)| de dr dt,
H 0 0 01 0 0 01+

= (cos 8y — cos 82)82,

where we used dV = %|sing0| dedt; dty ((A-1)).

Note that the support of kg‘ 62 ((i, i), -) is an open set which has a piecewise smooth boundary. Therefore,
under the assumption that ¢ = 0(§) and ¢ = o(6, — 60), there exist smooth majorant and minorant whose
L' norms are (cos 8 —cos 6,)8%(1 4+ O(g)), and whose k-th derivatives are Oy (¢7%). O

As an immediate application, we have the following corollary.

Corollary 2.5. Fix a compact subset C C I'\SH, and assume that § is less than the half of the infimum of
injectivity radius of g € C in I'\SH. Then for any given compact geodesic segment B C C, and for any
given & > 0 which is 0(8) and 0(6, — 61),

/ K% (s, ) ds
g

admits a smooth majorant Mgléez and a smooth minorant mg‘ ’562 such that

lmG 2 . MG 1 = 1(B) (cos B) — cos 6,)82(1+ O (),

and that
0.0 01,6,i _
I 2 e + MG i = OkU(BE).

2C. Intersection numbers. In this section, we prove formulas relating the number of intersections
between two geodesics to the integral of the modular intersection kernel over the two geodesics.
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Lemma 2.6. Let o; = {o;(t) : t € [0, [(e;))} be closed geodesics in '\H parametrized by the arc length,
and let a; = {(«; (1), a;(t)) :t € [0, [(«;))} C SH be the lifts of a; for i =1, 2. Then for any § > 0,

I _ 1 01,62
0.0, (a1, a2) = 2 K" (s1,52) dsydss.
o Ja

Remark 2.1. For each ¢;, there are two choices of parametrization by the arc length, namely «; (t) and
a;(—t), but the integral does not depend on the choice of the parametrizations.

Proof. By abuse of notations, we think of each «; with ¢ € [0, /(®;)) a geodesic segment in H and
accordingly @; a corresponding curve in SH. For a geodesic segment o C H parametrized by 7 € [a, b], let
[a] C H be the biinfinite geodesic {«(?) : ¢ € R} that contains «. Then we express the integral as follows:

1 1
= / / K{% (s, s) dsydsy =Y — / / k§% (51, 52) dsy dsa
8 Ja, Ja o0t ha Ja

1
- Z 5_2/~/ k1 (1, 52) dsy dso
yloal Ja

VEL/Tiay)
1 61,02
= E E 2 | kst (s, s2) dsydsy
, ~
Ver[al]\r/ F[az] V’er[aq] V4 }’[Otz] oy

1
- Z 5_2/~ /~ k3t (s1, 52) dsy dss.
ylaa] J ]

Y€l \I'/ Tiay)

Here I'l, is the stabilizer subgroup of I' with respect to [o;].

Now because two geodesics in H may intersect at most once, for each intersection point p € a1 Ny
on I"\H, there exists a unique y € I'/ I'o,] such that o1 and y[«>] intersect at a lift of p. Also, because
[a1] is a disjoint union of y’«; with y” € 'y}, each {y'y : ¥’ € I'y,1} contains at most one yy such that
y'y[as] intersects o.

Therefore the intersections of «; and o are in one-to-one correspondence with y € I'ty,1\I"/ I'[4,] such
that y [«2] intersects [or1]. We complete the proof by observing that

/~ /~ kgl’ez(sl,sz) dsids, =1,
ylaz] Jaq]

if [1] and y[wy] intersect at an angle € (61, 6»), and = 0 otherwise. U

Now let 8 = {B(¢) : t € [0,1(B))} be a compact geodesic segment in I'\H, and let oy be a closed

geodesic as before. Then
1
= / / K" %51, 52) dsi ds»
o Jp

does not always give I (8, ap). Instead, it is a weighted sum over the intersections of Sy := {B(¢) : t €
[0,1(B) +6)} and ap. We prove the following.
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Lemma 2.7. With the same notations as above, assume that 0 < § < [(B) and that By has no self
intersection. For 0 < 0; < 6y < m, let S(Bo, @2)p,.9, be the set of intersections between By and ay where
the intersection angle is € (01, 0;). Then we have

1 —1 l §—p1
@/az_éKgl’QZ(sl’SZ)dsl dsy; = Z min{'B ;p),l, ('B)+ 5 ﬁ (p)}.

PES(Bo,22)0; 0,

Proof. As in the proof of Lemma 2.6, we first have

f / K% (51, 50) ds dsz—z / /kgl (51, 52) ds1 ds
a yen

yeF
f / K% (51, 52) dsy ds.
ylaa]

Note that because we assumed that Sy has no self-intersection, p € S(Bp, @2)g, ¢, is In one-to-one

yGF/ Il 1

correspondence with y € I'/ I',7 such that By and J/[/O(\;] intersect at p at an angle € (61, 6). We denote
by y, the y corresponding to p. Observe that

/~ [kgl’ez(sl,sz)dsl ds, =0
yloa] B

if y[&?] N Bop = &. So it is sufficient to prove that

i/ /kgl’ez(sl,sz)dﬁ dS2=min{'B (p),l,l(ﬂ)"i”S B (P)}'
Vp[OIZ] E 8

52 )
This follows by observing that
KPP (B (1), B(1)), (vpaa(12), (Ypa2) (12))) = 1

for

(t1, 1) € (B~ (p) =8, B71(p) x (a5 '(p) = 8, ;' (p)),

and 0 otherwise, whereas the integral over f is over the range t; € (0, [(8)). ]

3. Spectral theory

3A. Spectral expansion. We first go over the spectral decomposition of L2(SX). Readers may find more
details on the subject in [Kubota 1973; Lang 1985]. On G = PSL,(R), there is a differential operator of
order 2 that commutes with the G action,

Q= yzaf + y28}2, —|—y8x89,

which is called the Casimir operator. An equivariant eigenfunction of €2 is a function f € C*°(SX) that
satisfies

Qf = Af
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for some A € R, and

f(gR) =e"™ f(g) (3-1)

for some m € 27. We say that a function has weight m if it satisfies (3-1).
Each irreducible (cuspidal) subrepresentation of the right regular representation

g f(h) = f(hg)

on L?(SX) is generated by an equivariant eigenfunction of .
We let E* and E~ to be the raising and lowering operator acting on equivariant functions on L2(SX),
which are given by [Jakobson 1994]

ET=e7%9iyd, +2ydy +idy) and E~ =e*’(2iyd, —2yd, +idp). (3-2)

Note that E* (resp. E~) maps a weight m eigenfunction of 2 to a weight m+2 (resp. m —2) eigenfunction
of Q.
For an even integer m let
ws,m (g) — yse—imG )
Note that v ,, is invariant under the action of the unipotent upper triangular matrices. The weight m
Eisenstein series is then given by

Em(ga S) = Z Ws,m(l/g),

y€l\I

where oo = {(1) : n € Z} is the stabilizer subgroup of I" with respect to the cusp ico. Although the
right-hand side of the equation is absolutely convergent only for Re(s) > 1, the weight m Eisenstein
series has a meromorphic continuation to the entire complex plane.

Let ® be the closure of

{foo h(t)E,(g, 3 +it)dt :h(t) € CFP(R), m € 22}

o0

in L%(5X), and let

1
L2 (SX) = { feL*(SX): / f(n(x)g) dx = 0 for almost every g € sx}
0

cusp
be the space of cusp forms. Then we have the decomposition

L*(SX)=({1heea L]

cusp

(5%),

where ({1}) is the subspace spanned by a constant function.
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We express the cuspidal subspace as a direct sum of subspaces generated by Maass forms and modular
forms as in [Luo et al. 2009, (1.10)],

cusp(SX) ZW 0 @ Z Z(W m @ W —m

m>12 j=1
where each Wﬂ}n corresponds to a G and Hecke irreducible subspace of a right regular representation on

Lgusp Here d,, is the dimension of the space of holomorphic cusp forms of weight m for PSL,(Z). Each

715) corresponds to a Maass—Hecke cusp form which we denote by qﬁ?. For m > 0, n;" corresponds to a

holomorphic Hecke cusp form ¢'. We identify a weight m function on I'\H

b
fyz)=(cz+d)" f(z) for <ccl d) =yerl
with a weight m I'-invariant function ' on PSL,(R) via

F(g) = y"* f(z)e™™". (3-3)

When m > 0, viewing qﬁ;” as a function on SX, each Wﬂ}n is spanned by

. (ETYeT. (ETY¢T. ET¢T. ¢, EYeT. (ETY¢T, (EN)¢T,

Note that when m > 0, E_qb;.” =0.
For m < 0, we set

Wﬂj_'” = Wn}" = {f S Wn}"}-

Now let
U,o=W_ and Uﬂfjﬂ = Wn;n QW -m,
J J J J J
when m > 0. We specify an orthonormal basis of each U,,;n as follows.

The Maass cusp form case m = 0: Let — (1 2) be the Laplacian eigenvalue of ¢?,T for some real ¢;.
We set ¢? 0= = ¢Y, and define ¢O for [ € 27 inductively by

E¢ =(+1-2it)¢),_, and E*¢? = +1+2it;)¢,,,. (3-4)

The holomorphic Hecke cusp form case m > 0: We set qb}'”m = qb;." and qb;.”’i qb’J" and define d)m for
[ € 27 inductively by

E~¢7)=1—m)},_, and ET¢T =+m)e} . (3-5)
Finally, note that we have the following relation among the weight m Eisenstein series.

E E,(g. i +it)=(m+1-2i)Eyn_»(g, 5 +it), and

EYE,(g. 3 +it)=(m+142it)Eyia(g, 5 +it).

%Formally, it is the eigenvalue of the Laplace—Beltrami operator on X that corresponds to qb?.
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With these notations, we have:

Proposition 3.1. Let f € L%(SX). Then we have

fg)=
d
3 i | N
;/SXf(gl)d&*l-ZZ DT+ D E/ (f, B (- i) ) En (0 3 +it) dt,
m=>0 j=1 127 me2Z -0
2|m [l|=m

where we set dy = +o0.

4. Effective equidistribution

4A. Invariant linear form. Define 114 to be the integral over discriminant d oriented closed geodesics

on SX,
/ F(s)ds.
C(q)

where C(g) C SX is the oriented closed geodesic associated to the binary quadratic form ¢ [Luo et al.
2009, 2.3]. Then for any F € Uﬂ/r_n, we have

ma(F) = pa (@i} (F)

for some linear form n;." on U,,}_n invariant under the diagonal action [loc. cit., Section 3.7.1], which we

ta(F) :=L F(s)ds =

disc(q)=d

describe below following [loc. cit., Section 3.2]. (Note that the parameter s in [loc. cit.] is replaced by
2it in this article for consistency.)

The Maass cusp form case m = 0: Let qb?’ ; be the Maass form defined by (3-4). When 4|/ and [ > 4, we
have

(1 —=2it;)(5—2it;)--- (I =3 —2it})
(B +2it))(7T+2it;) - -- (I — 14 2it;) ’
and 779(¢?,1) is identically O if / = 2 (mod 4). Note that {‘1’9,1}1621 is an orthogonal basis of Un;), and
normalized so that,

(@) =n)(¢) )= (4-1)

169 122 = 161 2.
The holomorphic Hecke cusp form case m > 0: Let ¢;?fl be the holomorphic Hecke cusp form defined
by (3-5). When m =2 (mod 4), nj’” is identically O.
When m =0 (mod 4), for [ > 4 with 4|1,
N7 (@] ) =07 @) =

and 1731 (¢;’fm ;) vanishes for / =2 (mod 4).

Note that {¢5-"1}1e22,\1|zm is an orthogonal basis of U,,;n, and normalized so that

1671122 = 1671l 2

1-3.5---(/2—1)

, 4-2)
(m+1)m+3)---(m+1/2—-1)

forl €27, |I| > m.
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Eisenstein series case: By the above identities and following [Luo et al. 2009, Section 3], we have

pa(En(g: 5 +it)) = n(m, Opa(Eo(g, 5 +it)),
where for m > 4 such that 4 | m,

(1 —=2it)(5 —2it)--- 2m —3 —2it)

- : —, (4-3)
(3 +2it)(7T+2it) - - 2m — 1 +2it)

nim, 1) =n(—m,1) =
and n(m, t) is identically O if m =2 (mod 4).

4B. Period integrals.

4B1. Holomorphic cusp forms. In this section, we give an upper bound on the period integrals of
holomorphic forms. We first use the results of Shintani to relate the period integrals of holomorphic
cusp forms to the Fourier coefficients of half integral holomorphic forms. We then apply the result of
Kohnen and Zagier [1981] which gives an explicit version of the Waldspurger’s formula for the Fourier
coefficients of half integral holomorphic forms. An upper bound on these period integrals is deduced by
using the subconvexity bounds on the central value of the L-functions and the Ramanujan bound on the
Fourier coefficients of holomorphic modular forms.

Note that c(d) is identically zero when m = 2 (mod 4), and so we assume that 4 |m. Let <]3;” be a
normalization of the Hecke holomorphic cusp form ¢;.” of weight m such that a; = 1. Let

=Y [ L F ey

disc(q)=d

where QAS;” (z) is the associated holomorphic modular form defined on the upper half plane and the
integration is on the upper half plane (3-3). By [Luo et al. 2009, (2.4) page 14], we have

le(d)] = 1d|""* " |a @) (4-4)
Let
0(z. 97) = c(d)e(dz).
d=1
By [Shintani 1975, Theorem 2], 6(z, ¢T) is a Hecke holomorphic cusp form of weight (m + 1)/2 and

level I'p(4). By [Luo et al. 2009, (6.2), page 37], we have the following explicit version of Rallis inner

product formula

(0@, 0(dT)) = %L(é, PTVPT. BT
Suppose that d = Db? with D a fundamental discriminant. By [Kohnen and Zagier 1981, Theorem 1],
for D a fundamental discriminant with D > 0 and 4 | m, we have

oD (m/2— 1)!D<’"*“/2L(1/2’ 97 ® Xp)

O@N).0m) T2 (@, o)
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which implies that

2-D!
ey = DI L (4 )L (56 @ x0))

By using the Ramanujan bound on the Fourier coefficients of integral weight cusp forms and the above,

we have
_ _ (m/2—1)! 12
le(d)] e "V le(D) | e d" T (L5 )L (5 0 © )
and so
A (m/2—1)! 12
ma (@] <e 11— (L (3. 0L (5. 7 © x0))
by (4-4).

We now use the convexity bound

and the subconvexity bound [Blomer et al. 2007, Theorem 1]
L(%, ¢T ® XD) & mT5+120)/16 [y1/2=(1/8)(1=20)+¢
where 6 = 67—4 is the best exponent toward Ramanujan conjecture for Maass forms, to see that

la (™| < d'/4+e wmlml)lm—zs/su.
J

2m/2pm/2
It is well-known that
A A I'(m)
(@] ) = Gy L1 sym” ¢")

up to a constant. Hence, by Stirling’s approximation
1ta (@] e d'HHem>O DUATBISI2 ¢ g12725/512we 2 4-5)

4B2. Maass forms. In this section, we give an upper bound on the period integrals of Maass forms. We
first recall some results of Katok and Sarnak [1993] that generalize the work of Shintani [1975] to Maass
forms and related the period integrals to the Fourier coefficients of half integral weight Maass forms.
Then we use an explicit version of the Waldspurger formula [Baruch and Mao 2010] and give a nontrivial
bound on these period integrals by using the subconvexity bound on the central value of the L-functions

and the best bound toward Ramanujan conjecture for Maass forms.
Let q&? be a Hecke—-Maass form with (¢9, ¢?) =1 and with the Laplacian eigenvalue — (3 + t]2) For

d >0, let
1

d)y=—
p(d) \/§7r1/4d3/4

gb? ds
disc(q)=d Y €@
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be the associated period integral, and let

O((u+iv), ¢?) = Z p(d)Wsgn(a)/a.ir; ;24 |d|v)e(du),
d#0

where Wgn(a)/4.i1; 2 is the usual Whittaker function. Here p(d) for d < 0 is the sum of ¢9 over the CM
points with the discriminant d appropriately normalized; see [Katok and Sarnak 1993, page 197] or
[Sardari 2021, Section 3.3] for a detailed discussion.

Note from [Katok and Sarnak 1993] that 6 ((u +iv), qb?) is a weight % Hecke—Maass form with the
Laplacian eigenvalue —(% + ;) By [Katok and Sarnak 1993, (5.6), page 224] or [Luo et al. 2009, (6.4),
page 38], we have the following version of the Rallis inner product formula

0@, 0(6N) =3A(5, ¢7),

where

is the completed L-function.
By an explicit form of Waldspurger formula [Baruch and Mao 2010, Theorem 1.4], and the best
exponent toward the Ramanujan conjecture [Lester and Radziwitt 2020, Corollary 6.1], we have

0(d) 1 (L(1/2,6°® xp)
<e ( !
0@9,0@MV2 T VIdI\ L(1, sym? ¢9)

where d = Db? with D a fundamental discriminant. Note from Stirling’s formula that

F(1/2;rz't,->r(1/22— ifj) < |t V2e 12,

1/2
) b7/64+e|tj |—sgn(d)/4en|tj|/4’

from which we infer that

1a()) < d*|p(d)|
L(1/2,¢°® xp)
1/4 1 40\ 1/2 .
< d'*(A(3.97)) (L(l,sym2¢?)

<. d1/4(L(%, qﬁ?)L(%, ¢>5~) ®Q XD))1/2b7/64+e|tj|—((sgn(d)+l)/4)+e.

We now use the convexity bound,

1/2
) b7/64+e|tj|—sgn(d)/4e7rltj|/4

L(3.¢5) <e It |7+,
and the subconvexity bound [Blomer et al. 2007, Theorem 1],
L(% ¢;) ® XD) <. |tj|(31+40+e)/16D1/2—(1—20)/8+e’
to conclude that

1a(9Y) Ke dV/¥HE| AT/ DIUATRIZ g 2=2351e 34 (4-6)
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4B3. Eisenstein series. For a nonsquare integer d =0, 1 (mod 4), let d = Db? where D is a fundamental
discriminant. Then we have the following explicit formula for the period integral of the Eisenstein series
[Zagier 1981, page 282]:"

_ T(s/2)%d**L(s, d)

wa(Eo(-,s)) F()7(2s) ,

47

where

Lis.d) = Ls, XD>(Zu(a)(g)a-scl_zs(g)). (4-8)

alb

Here L(s, xp) is the Dirichlet L-function attached to the quadratic Dirichlet character xp(-) = (2),
wu(-) is the Mobius function, and o, () =), . a’ is the divisor function.
Now assume that s = % + it for some ¢t € R. By Stirling’s formula, we have

I'(s/2)?

-1/2
t .
TG) <L |t

By the zero free region of {(2s) around 2s = 1 4 2i¢, we have
£25)[ et .

We also have the convexity bound

¢(s) < Je|'V4,

and we know from [Heath-Brown 1980] that
L(3+it, xp) <e (1] + 1HD)>/10%<.

Finally, observe that we have

D @) (2)a o1 06(2) <e dt.

alb
Combining all these estimates, we deduce the following estimate from (4-7) for s = % +it:

pa(Eo(-,s)) e dl/?-1/16+€, (4-9)

4C. Proof of Theorem 1.3. For any compactly supported smooth function F € C{°(SX), recall from
Proposition 3.1 that we have

F(g)
3 i 1 [

== / Fgndgi+) ) ) (F. 07 )sxdfi@+) o / (F,Ep (-, 3+it)) o Em(g. 1+it) dt,
T Jsx ’E’FH?J'=1 ez mezz T /=00

TWhen b = 1, this is a classical result due to Hecke [Siegel 1965, page 88].
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and so from the discussion of Section 4A, we have

d,
3 m
s (F) = g (?) /S ACLES DI WA AT

m>0 j=1 ledZ
4|m | e UET
+m§ZE/_OO(F, En(-, it gn(m, L +it)a(Eo(-, L +ir))dr.

Firstly, we have from (4-1), (4-2), and (4-3) that 7} (¢)) and n(m, 1 + it) are both O(1). Note by
successive integration by parts and Cauchy—Schwarz inequality, we have for all N > 1,

(F. 7)) <n (1P + DV Fllwavasy

when m > 0, and
(F.¢)) <y (1P + 1617+ DV Fllyawacsx).-

Likewise, assuming that the support of F is contained in y < 7', we have
(F.En(-. 3 +it))g <n (Im* + 2+ D7V | Fllyanasx) log T,

where we used [Kubota 1973, (6.1.6)] and [Jakobson 1994, (1.6), (1.7)].
Now for m > 0, we take N = 3 and apply (4-5) to see that

dp
DD @) Y (F T @) Ke dPTEPYF sy,

m>0 j=1 led4Z
4|m [T|=m

and for m = 0, we take N =2 and apply (4-6) to deduce

o0
D 1a@) Y (F, 80 ) sxn(@)) Ke dPTIPF sy,
j=1 ledz

For the Eisenstein series contribution, we take N =2 and apply (4-9) to see

1 [ . . .
> o / (F.Em(-. 5 +it))gn(m. 3 +it)pa(Eo( -, 5 +it))dt K log Td"'OF€||F||yyazsy).-
medz -

Therefore Theorem 1.3 will follow once we establish the following lower bound for the total length of %;:

[(%a) = 2h(d) log €4 > d'/* <. (4-10)

To see this, let d = Db? where D is a fundamental discriminant. Then by Dirichlet class number formula
[Davenport 1967, page 50] for binary quadratic forms discriminant d (or by letting s — 1 in (4-7)), we
have

h(d)log(eq) =d">L(1,d)
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with the same L( -, d) given in (4-8), i.e.,

L(1,d)=L(l, m)(Z @) (2)a=lo_, (3)).

alb

Y u@(R)a o () =Y w@(2)e =1 e[J(1-(2)p~

alb calb elb ple

Note that

where e = ac, and that

e[ 10=()p ) >0

elb ple

Now (4-10) follows by using Siegel’s lower bound [1935]
L(1, xp) > D™,

and this completes the proof of Theorem 1.3.

4D. Proof of Theorem 1.1. We are now ready to prove Theorem 1.1. Assume that 8 : [0, /(8)] > Xis a
sufficiently short compact geodesic segment in the region determined by y < T such that B([—I(8), 2L(B)])
has no self intersection. (We fix T for simplicity, but it is possible to vary 7" with d.) For § =d ¢ with
a > 0 to be chosen later, such that [(8) > 4§, let

Br:={p(®):1€[0,1(p) =48]} and fo:={B(r):1€[=5,[(B)]}.

Then from Lemma 2.7, we have

1 1
= f / KM% (s1,s0) dsidsy < 17" (B o) < f / K% (51, 52) dsi ds
8= Ja, JB 8= Ja, JA

for any closed geodesic «p. Now define fi, f> € COoo (8X) using Lemma 2.4 by
1 _ 1 _
i@ =g [ s odn wd b =g [ Mo ds,
Bi B2

with ¢ = d=2¢, where we assume that 6, — 6; > d . Note that m(gl_lgz) and M(gl_lgz) are minorant
and majorant of Kgl’ez (g1, &2) for g1 € B;, g2 € SX for all sufficiently large d. Hence, for all sufficiently
large d (independent of a), we have

/Nfl(S)dSEIQ]’Qz(ﬁ,az)S/N fa(s)ds,
and so

fis)ds <219%(B,Cp) < | fo(s)ds, (4-11)
Ca G

where the factor 2 amounts to the fact that ¢; is a double cover of Cy.
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We now apply Theorem 1.3 to see that
1
1(Cq) Je,

Because of the choice of f; and f>, we have

3 _
fis)ds == / i+ 0 )
S

Il fillwooe < 7CL(B) < d"**1(B),

and
/ fi(8) dg = (cos 8 —cos ) ([(B) + O(8))(1 + O(e)) = (cos 6 — cos B)(B)(1 + O(d*))
SX

by Lemma 2.4. Now we complete the proof of Theorem 1.1 for sufficiently short geodesic segments
by choosing a = % and applying these estimates to (4-11). This then implies Theorem 1.1 for any
geodesic segment of length < 1 by dividing the segment into finitely many sufficiently short geodesic
segments, and then applying Theorem 1.1 to each of them.

5. Selberg’s pretrace Formula for PSL;(R)

Let k € C;°(PSL2(R)), and let K be the integral kernel on SX defined by

K(g1.8) =) k(g1 ve),
yel

where k(g1, g2) = k(g ! g2). The corresponding integral operator Tk acts on f € L?(5X) by

Tk (f) := /SXK(gl,gz)f(gz) dgz=/P k(gy'g2) f(g2) dgo.

SL2(R)

It follows that Tx (f) € L?*(5X). In this section, we study the spectral expansion of K in terms of the
equivariant eigenfunctions of the Casimir operator, which are explicitly described in Section 3A. In other
words, we derive Selberg’s pretrace formula for PSL,(Z)\ PSL, (R).

5A. Cuspidal spectrum. In this section, we describe explicitly the spectrum of Tk acting on the cuspidal
subspace L% (SX). Let Rq(f)(x) = f(xg) be the right regular action of PSL,(R) on

cusp

L2,,(T\PSLy(R)) = L2, : 5.

cusp *

Lemma 5.1. Let w be an irreducible unitary representation of PSLy(R). Then for any f € W, C
Lgusp(SX), we have

TK(f) € Wn-

Proof. Observe that

Tk (f)(81) =/

PSL, (R)

k(g1, 82) f(g2)dg =/

PSL, (R)

k(g g2) f (g2) dga = / k() f (guu) du,

PSL, (R)
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where u = gl_1 g2. Hence, we have

Te(f) = / k() Ru(f) du,
PSL, (R)

and because R, (f) € W, for every u, we conclude that Tx (f) € W;. [l

From 5A, for an abstract irreducible unitary representation 7w of PSL,(R) and f € W, we define the
action of k on f by

kx f = k(u)m u)(f) du,

PSL, (R)

which agrees with Tx (/) when W, is a subspace of Lgusp(SX).

Let v : W, — W, be an isomorphism of representations 7z and 7’. Note that for f € W, and f' € W,
with ¢ (f) = f/, we have ¥ (k x f) = k% f’. We denote by ¢,, € W, the unique (up to a unit scalar)
vector of norm 1 and weight m. We fix the unit scalar except for the spherical or the lowest weight vector,
by using the normalized lowering and raising operator that we introduced in (3-4) and (3-5).

Now let
hk,m,n, ) = {kxdp, d,), (5-1)

and let M, (m,n)(g) = (m(g)pm, ¢») be the matrix coefficient of 7. We note that h(k, m, n, ) and
M. (m, n)(g) do not depend on the choice of the unit scalar of the spherical or the lowest weight vector.
We recall some properties of M, (m, n)(g) in the following lemma.

Lemma 5.2. We have for every g € PSL(R),
|M(m, n)(g)| <1,

and
My (m, n)(RygRy) = e~ ™0™ M, (m, n)(g).

Proof. We have
L= 17()pnl* =D (T ()bm. du),

n

from which it is immediate that | M, (m, n)(g)| < 1. For the second identity, we have
My (m. n)(Ry g Ry) = (7 ()7 (Ro)pm. T (R_g)pu) = ¢ &= M (. ) (g). O

Define k;, , € C;°(PSL2(R)) by

1 2T 27 o
kmn(8) == — / k(Ro g Rg)e™ ™" ~m% qo' dg. (5-2)
4JT 0 0
Note that
Kin.n(Ro, & Ro,) = "'k (g™ (5-3)

The following lemma holds for every unitary irreducible representation of PSL,(R).
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Lemma 5.3. We have

h(k,m,”l,ﬂ:)=f km,n(u)Mﬂ(mvn)(u)du’
PSL>(R)

and for all nonnegative integers N1, N,, we have the following estimate
hk,m,n, ) Kn=ny+n, (L mD ™M A+ )™ 21k .

Proof. Recall from the definition that

hk,m,n, ) :/

PSL>(R)

k(u) (7w ()P, ¢n) du =f k(u) Mz (m, n)(u) du,

PSL,(R)

and so

hk,m,n, ) =/ k(u)M, (m,n)(u)du.
PSL, (R)

1
= 2/ //k(Re’”RG)Mn(m,n)(Re/MRg)deQ/du
4= JpsL,m) Jo Jor

B 1
472

= / km,n(u)Mﬂ(mvn)(u) du.
PSL, (R)

/ My (m, n)(u) f / k(RyuRp)e ™ e 40 do’ du
PSL, (R) 6 Jo

Therefore, by integration by parts, we have
h(kamsn7 ) 5/ |km,n(u)|d”
1

PSL, (R)
— / f k(RyuRp)e ™ e 40 do’ | du
6 ’

/PSLZ([R) 47

<y A+ 1mD™M A+ n) ™| kllyr,

where we used |M (m, n)(u)| <1 from Lemma 5.2. This completes the proof of our lemma.
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O

5A1. Principal series representation of SL,(R). For our application in the subsequent chapters, we need

a refined estimate for h(k, m, n, w) when 7 is a unitary principal series representation. We first give an

explicit representation of h(k, m, n, ).

Lemma 5.4. Let W, be a unitary principal series representation of SL,(R) with the parameter % + it

[Knapp 2001, Chapter VII]. Let
h(k,m,n,t) :=/ ko (g)y /2t e=im0 g g
PSL; (R)

where g = na(y)Ry. Then we have

hk,m,n,m)=h(k,m,n,t).

(5-4)
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Proof. We note that principal series representations are induced from the unitary characters of the
upper triangular matrices to PSL;(R) [Knapp 2001, Chapter VII]. In this model, a dense subspace of a
representation is given by

{f : PSLy(R) — C continuous : f (xan) = e T1/2108@ £(x)}
with the norm

1
|f|2=2—f|f(Re)|2d9,
T Jo

and the PSL;(R) action is given by
w(g)f(x) = f(g~ ).

The weight m unit vectors are explicitly given by
S (Roa(y)n) = ™y~ (11240,
Note that the orthonormal basis {¢,,} is normalized as our convention in (3-4), i.e.,
E ¢p=m+1=2it)p—» and E ¢, =m+1+2it)pni>.
With these, we first see that

k* ¢y (Ry) = / k(u)y(uflRe,)7(1/2+it)€im9(u*lR(,/) du
PSL(R)

— / k(Re/v*l)y(v)f(l/2+it)eim9(v) dv,
PSL;(R)
where v =u"'Ry and v = Roya(y(v))n(v). We therefore have
h(k,m,n, ) = {k* fm, fn)

1 _
=5 o k* fin(Ro) fn(Rg) do’

2
— i e—in@’/ k(Re/U—l)y(v)—(l/Z—l—it)eimB(v) dv do’
2 Jor PSLs (R)
1 . UV
- y1/2+tt/ e—m@ e—lmek(Re/w) 4o’ dw
27 JpsiL,(w) '

:/ km‘n(w)yl/2+it€7im€ dw,
PSL,(R)

where w =v~! and w = na(y)Ry. Note that y = y(v)_1 and 6 = —0(v). O
We now prove that h(k, m, n, t) decays fast in all parameters uniformly.

Lemma 5.5. Suppose that k is supported inside the compact subset C C SL,(R). Then we have
/ ki ()y'* e dg .o (L4 ImD) ™M A+ 1nD) ™ A4 1D~ 1kl yos
PSL,(R)

for any N1, N, N3 > 0, where N = N; + N> + N3.
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Proof. From the definition, we have

o 1 2n p2n O dxd
/ kmyn(g)yl/2+lteflm€ dg=—/ / / k(Rel/n(x)a(y)Reé)yl/2+ltefln9171}’}’!92 d@i deé #7
PSLy (R) 4 JuJo Jo y

and so the statement follows from integration by parts. U

5B. Continuous spectrum. For k,, , given by (5-2), let
Km,n(gla 82) = ka,n(gl_lng)- (5'5)
yel

Then we infer from (5-3) that

im6,
9

Kn.n(g1Re,, 82Re,) = e " Ky n(g1, g2)e

and so it defines an integral operator that maps weight m forms to weight n forms. Denote by S C
L2(I'\ PSL,(R)) the space of weight m forms and by Seusp the space of weight /m forms in L2 (SX).

cusp
We first recall the following result regarding the decomposition of K, ,,.

Theorem 5.6 [Hejhal 1976]. The integral kernel

L[ N TN
Konm (81, 82) — E/ h(k, m,m, t)Em(gl’ % +lt)Em(827 % +lt) dt
—00

defines a compact operator ST — S” _ that acts trivially on ©. (Here h(k, m, m, t) is given by (5-4).)

cusp cusp

We define E® to be (E1)? if a > 0, and (E7)! if ¢ < 0. We have
E‘=(-E)",
which follows directly from (3-2). Let ¢, , be given by

E""Ey(8,5) = cmn($)En(g, 5).
Observe that
E"mySemimt — ¢ (s)y e
and that
(3 +it) = cum (L +it) (5-6)
for r € R.

Theorem 5.7. Form,n € 27,

1 [ NE T T
—0o0

defines a compact operator Sg, — Sgp that acts trivially on ©.
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Proof. Note that
/ E7 " (K(81,82)f(g2))dga=0
for every g1, m #n, and f € C;°(I"'\ PSL2(R)). Hence
Tx E"™": C°(I'\ PSLy(R)) — C3°(I'\ PSLy(R))
is an integral operator with the integral kernel

K'(g1,8) =) k(g 'vg,
yel

where

K'(g) = (—E)""k(g) = E"""k(g).

Then by Theorem 5.6, we see that

1 _ / 1 * / 1 . 1 .
—0o0

defines a compact operator Tk~ : Sg,q, = S¢ysp that acts trivially on ©. Note that

/ h(k',n,n, ) Ey(g1. 5 +it)En(g2, 5 +it) dt

o0
_ /oo hk',n,n,t)
—o00 Cmn(1/241it)

E,(g1, 2 +it)E""E, (g, § +it) dt.
Let

K" (g1, 82) == Kmn.n(g1,8) — — Eu(g1, 3 +it)En(g2. 3 +it)dr.

1/00 hik',n,n,t)
4r J_oo cpn(1/2+it)

Note that
TK// = TK/// o] Em_n,

Firstly, since E” " does not annihilate the Eisenstein series, Tx» acts trivially on ©.
Ifm>n=>=0o0rm<n <0, then as a map g, = Scip>
Sm - as

cusp

ker (E™~") is empty, and we may decompose

Sesy =S(E" ") @R,

cusp

where R is a finite dimensional subspace of Sy, spanned by modular forms of weight > n and their

images under raising operators in Sg,. Note that

(E""7S(E"T) > S
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is a bounded operator, hence
Tk imegn-ny = Tgr o (E" ")~
is a compact operator. This implies that Tx is a direct sum of a compact operator and finite dimensional

linear operator, which is a compact operator.

Ifn>m=>=0o0rn<m =<0, then E"™": S, — S¢, is surjective, and so we may define a bounded

operator

(Em—n)—l . Sm — (ker(Em—n))J_

from which it follows that
TKW = TK// o (Em_n)_l
is a compact operator.
Ifn>0>morm> 0> n, then we further decompose Tg~ to

E™" L0 E™ Txm
n m K n
Scusp ” Scusp ” Scusp ” Scusp’

and then combine the above arguments to see that Tg~ is a compact operator.
Finally, observe that

h(k”n,n,t) =/ (En—mk(g))y%ﬂtein@ dg=cn,m(%+it)/ k(g)y%ﬂ'teime dg,
PSL, (R) PSL, (R)

and we complete the proof using (5-6). (I
5C. General case. We are now ready to describe Selberg’s pretrace formula for PSL, (R).

Theorem 5.8. Fork e Cgo (PSL,(R)), let K be the integral kernel on SX defined by

K(g1.82) =) k(g1.v82).
yell

Then we have

d,
9 ‘ -
K(g1,8)=— / / K(gi.g)dgidg+Y > > hk,m,n,7)$5,(2)95,(22)

e>0 j=1 m,ne2Z

2e |m|,|n|>e
1 fe'e) .
am m,ne2z ¥~

e

where 7T

is the irreducible unitary representation of PSL,(R) associated to d)j.
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Proof. We first note from (5-2) and (5-5) that

1 2 27 3 PP
Knn(g1,8) =Y m/{) /0 k(R g v g2Rge™ "1 db] db;
yell

! il -1 in@—imb, 15/ 1p/
=42 ), /O Y k(R_g g7 vgaRe)e 7% d6] do;
yell
! S inf;—imo, / ’
= m/o A K (g1Rg;, g2Rgy)e™1 "2 db; db)

2r  p2m
_ K((.X'], V1, 9{)’ (xZ’ y2, 95))6’"9171"192 dQ{ d0£€71n01+1m€2-
47T2 0 0
Therefore, we have the Fourier expansion of K,

K (g1, 82) = Z Knn(81, 82),
n,me2Z
where the summation is uniform for g; and g, in compacta.
We infer from Theorem 5.7 that

1 0 N
Km.n(g1, 82) — Ef h(k,m,n,t)E, (g1, 5 +it)En(g2, 5 +it) dt
—00

defines a compact operator acting on Lysp that acts trivially on ®. Because it only acts nontrivially on
weight m forms, we see that

L[ R S B
Km.n(81, 82) — E/ h(k, m,n, t)En(gl, %"‘”)Em(g% % +lt) dt
—00

min{|m|,|n[} d.

9 -
=2 [ Knatergndgidg s > D hikomn )65 005,

e>0 j=1
2e

where we used (5-1), and the fact that

oo -
/ h(k,m,n, 1)Ey(g1. 5 +it) En(g2. 5 +it) dt

o0

2

acts trivially on Lg,g,.

Note that the integral on the right-hand side of the equation vanishes unless
m = n =0, in which case it is identical to

9
= f/ K (g1, g2)dgidgs. O
T

5D. Proof of Theorem 1.4. We now present a proof of Theorem 1.4. By Theorem 5.8, we have

1 f f 1
e K(s1,8)dsidsy =M+ D+ —E,
[ Gal(Ca) S, o, 47
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where
9
= —4//K(81,g2)d81 dga,
Way (D5 ) 1ar (95 )
D= EOZI ZZZ h(k,m,n, j) 1@, 1(a)
e>0 j m,ne
2]e |m|,|n|>e
May (f5 ) [ha, (9°) (99 . R
—;;Z TR 22 ik, m, . @S DT ).
4le |m|,|n|>e
and
_ = ta, (En (-, 1/24100) pay,(En (-, 1/2+1i1))
- _ngeZZ /—Ooh(k’ ) [(%a,) 1(64,) d
Mdl(Eo(-,1/2+it)) ma,(Eo(-, 1/2+1i1)) N B
hk, m 1 1 dr.
m%Z/ ( [(¢a,) 1(€4,) n(n. 3 +it)n(m. 5 +it)dt

For D with e > 0, we use (4-2), (4-5), Lemma 5.3 with N| = N =5, and (4-10) to see that

,lLdl(¢)Mdz(¢) ex. e e N e A e N
2(:)121 [(6a) 1(6a) mz T )

4le lm],|n|=e

Ke ) i) BEEEY T | il koo

e>0 m,nedz
4le Im|,|n|=e

L (dida) PP e 1000
For D with e =0, we use (4-1), (4-6), Lemma 5.5 with Ny = N, =2 and N3 =4, and (4-10) to see that

Z Hay (DY) 1a, <¢>°

0 020
l((gdl) l((gdz Z h(k m,n, . )771(¢J n)n](d)] m)

m,nedz

j=1

x
Le Y (dvdy) PPN (L Im )T A+ ) T2+ 1D s
j=1 m,nedz

L (d1d) 2P ey oo
For E, we use (4-3), (4-9), Lemma 5.5 with Ny = N, =2 and N3 = 3, and (4-10) to see that

Md](EO('7 1/2+lt)) /’Ldz(EO('s 1/2+lt)) 1 N 1N
h(k,m n(n, 5 +it)n(m, 5 +it)dt
mézf [(64,) 1(64,) ( 2 ) ( 2 )
e / (d1dy) O A+ im ) T2 A+ In) T2+ D72 koo di
m,ne4z

&L (dvd) IO Ky .o
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Now observe that

2
B T
// K (g1, g)dg dg2=/ / k(g ' g2) dgrdg: =5 | keds,
SX JSH SH
3

M=—2/ k(g)dg.
T JSH

and so

So far, we proved the following:

Theorem 5.9. For any k € C;°(SH), we have
1 / / 3 —25/512
o K (s1,s2)dsydsy = —/ k(g)dg + Oc((did2) P12kl yro.0).
(Gl (Ca) Sy Sy 0 T 12 [ : W

Remark 5.1. Note that this is not the same as equidistribution of €, x %y, in SX x SX. For instance, if
we replace K with any compactly supported smooth function in $X x SX, then the equality may not hold
when d; is fixed and d, tends to co.

In order to prove Theorem 1.4, we make specific choices of k in Theorem 5.9. We let K and K to
be the kernel corresponding to k = mg"ez and k = M§1’92 defined in Lemma 2.4, respectively. Then by
Lemma 2.4, we have

1 01,6
Ki(s1,82) dsidsy < —/ / K" (s1, 82) ds1dsy
l(%)l(m) / / L Ga)l(Cn) Sy Sy

1 /
<— K> (s1, 82) dsi dsa,
I(Ca)l(Ca,) Jay, I,

while we know from Lemma 2.6 that
[ ] &P dsidsy = 4820, (Ca Can.
Ca, J 4
We now apply Theorem 5.9 and Lemma 2.4 to see that

1 3
_— Ki(s1,52) ds) dsy = —;(cos 6 —cos 62)8*(1+ O Oc((ddp) ™ 2/P12Hee =10y,
eI /@ /éd (51, 52) dsy dsy = —5(c0s 61 — 05 62)0°(1 4 O (€)) + Oc (1) e )

Therefore, we have

Iy, 0,(Cq,, Cay)
I(Ca)l(Cay)

and by choosing 82 = ¢ = (d\dp)~P/01%, we complete the proof of Theorem 1.4.

3
= —5(cos 01 —costh)(1+ O (1+ 0(8)) + Oc((d1dp) 2312 ¢=10572),

Appendix: Jacobian computation

Recall that ¥ : AKA — SL,(R) is given by

PLVEIEN e /2 et1=12)/20qg ¢ _pt1+n)/2 gipn €
(tl, @, tz) = 2 R 2] = 2 . 2 2 2 .
0 et/ 2 0 e/ e—h—1)/2 gin % e®=1)/2 g %
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In this section, we compute the pullback of dV = dx dy df/y? under W. We start with the identity

(h—1)/2 ¢ _L(t1+0)/2 gin @ * *
e COS e Sin

. 2 2 ) =n(x)a(y)Rg = |{ s .
(e(—tl 2)/2 gin <§ e2=1)/2 o g (5 > (x)a(y)Rg 5\11/1)%0 c:)/s;)

By comparing the image of i € H, we have

e1—12)/2 oo %i — e1+12)/2 gipy %

P S sin € 4 e/ cos £

and for simplicity, we write this as %. By comparing the second row of each matrix, we have

oif
— =B.
NAJ
From a quick computation, we see that
A=t g Boa A B Ao B4 saB=i !
A =7 = A =——5 Db, =~ A, ~S =1, =T 5"
L) T2 27 EED) ¢ 2 7 2 |B|2

B VB 2 2 B?
—3(x,y,9) —| x4 _Rel Qg(_ﬂ_ﬂA_z)
o(t1, 12, ) B B >k
0 13 and
2VB 2|B?
From this, we have
1|0d(x,y,0) —|B4 da(x,y,0)
y2|0(1, 12, @) A(t1, 12, 9)
A _ _ A?
= ‘—%e_t‘ Re(E) + imBZ)S(AB(e“ —I—e_“ﬁ)>'
e el 2ns 2
= E;s(B )+4|B|2(—2Re(AB)— |A]“I(B?))].

Now we use the definition of A and B to compute each term explicitly as follows
2Re(AB) = — (e 4+ e ") sing
¢"I(B?) =sing
e "M A? = e” sin? Y e cos??
2 2
¢"|B|> = e~ sin? ? 4 e cos? 8,
2 2

and so
a(x,y,0) 1
= 5|sing|.

1
219(t1, , )| 2

y

Therefore, we conclude that
dV = Lsing|dt; dt, d. (A-1)
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