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A p-adic Simpson correspondence
for rigid analytic varieties

Yupeng Wang

We establish a p-adic Simpson correspondence in the spirit of Liu and Zhu for rigid analytic varieties X
over C,, with a liftable good reduction by constructing a new period sheaf on X . To do so, we use the
theory of cotangent complexes described by Beilinson and Bhatt. Then we give an integral decompletion
theorem and complete the proof by local calculations. Our construction is compatible with the previous
works of Faltings and Liu and Zhu.
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1. Introduction

In the theory of complex geometry, for a compact Kéhler manifold X, Simpson [1992] established a
tensor equivalence between the category of semisimple flat vector bundles on X and the category of
polystable Higgs bundles with vanishing Chern classes. Nowadays, such a correspondence is known
as nonabelian Hogde theory or the Simpson correspondence. There is a well-established theory of the
Simpson correspondence for smooth varieties in characteristic p > 0 admitting a lifting modulo p? (see
[Ogus and Vologodsky 2007]). This leads us to ask for a p-adic analogue of Simpson’s correspondence.

The first step is due to Deninger and Werner [2005]. They gave a partial analogue of classical
Narasimhan—Seshadri theory by studying parallel transport for vector bundles of curves. At the same time,
Faltings [2005] constructed an equivalence between the category of small generalised representations
and the category of small Higgs bundles for schemes Xy with toroidal singularities over Oy, the ring of
integers of some p-adic local field &, under a certain deformation assumption. His method was elaborated
and generalised by Abbes, Gros and Tsuji [Abbes et al. 2016] and related to integral p-adic Hodge theory
by Morrow and Tsuji [2020]. When X is a rigid analytic space over k, Liu and Zhu [2017] related a
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Higgs bundle on X i to each Q-local system on X¢ and proved that the resulting Higgs field must be
nilpotent (see [Liu and Zhu 2017, Theorem 2.1]). Their work was generalised to the logarithmic case in
[Diao et al. 2023b]. However, their Higgs functor is not an equivalence, so it is still open to classify Higgs
bundles coming from representations. For smooth rigid spaces X over k, Heuer [2022] established an
equivalence between the category of one-dimensional k-representations of the fundamental group 7 (X)
and the category of pro-finite-¢tale Higgs bundles. Using his method, Heuer, Mann and Werner [Heuer
et al. 2023] constructed a Simpson correspondence for abeloids over .

In this paper, we establish an equivalence between the category of small generalised representations
(Definition 5.1) and the category of small Higgs bundles (Definition 5.2) for rigid analytic varieties X with
liftable (see the notation section) good reductions X over Og, in the spirit of the work of Liu and Zhu.
Our construction is global and the main ingredient is a new overconvergent period sheaf OC' endowed
with a canonical Higgs field ® on X 06, Which can be viewed as a kind of p-adic complete version of
the period sheaf OC due to Hyodo [1989]. The main theorem is stated as follows:

Theorem 1.1 (Theorem 5.3). Assume a > 1/(p — 1). Let X be a liftable smooth formal scheme over (’)@p
of relative dimension d with the rigid generic fibre X and v : X6 — Xg be the natural projection of
sites. Then there is an overconvergent period sheaf OC' endowed with a canonical Higgs field © such
that the following assertions are true:

(1) For any a-small generalised representation L of rank | on X g, let O :=id; ® O be the induced
Higgs field on L ®a, OC"; then Rv. (L ®p, OCT) is discrete. Define H(L) := v, (L ®6, OC") and
01y = V«Or. Then (H(L), O r)) is an a-small Higgs bundle of rank .

(2) For any a-small Higgs bundle (H, 01) of rank | on X4, let Oy := idy ® O 4 0y Q idpct be the
induced Higgs field on H ®0, OC' and define
L(H, 0y) = (H®0, OCT)On=0,

Then L(H, 6y) is an a-small generalised representation of rank .

(3) The functor L — (H(L), 6x(c)) induces an equivalence from the category of a-small generalised
representations to the category of a-small Higgs bundles, whose quasi-inverse is given by (H, 0y) +—

L(H, 0y). The equivalence preserves tensor products and dualities and identifies the Higgs complexes
HIG(L ®5, OC', ©) >~ HIG(H(L) ®0; OC', O r)).

(4) Let L be an a-small generalised representation with associated Higgs bundle (H, 0y). Then there is

a canonical quasi-isomorphism

Rv.(£) ~ HIG(H, 64),

where HIG(H, 0y) is the Higgs complex induced by (H, 6y). In particular, Rv, (L) is a perfect complex
of Ox[%]-modules concentrated in degree [0, d].
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(5) Assume f: X — ) is a smooth morphism between liftable smooth formal schemes over Oc,. Let X
and QNJ be the fixed A,-liftings of X and ), respectively. Assume f lifts to an As-morphism f : X §j
Then the equivalence in (3) is compatible with the pull-back along f.

Note that when £ = 6X, we get (H(@x), O y) = ((’)x[%], O). So our result can be viewed as a
generalisation of [Scholze 2013b, Proposition 3.23]. Theorem 1.1(3) also provides a way to compute
the pro-étale cohomology for a small generalised representation £. More precisely, we get a quasi-
isomorphism

RI" (Xprost, £) = RI'(Xe, HIG(H (L), 63(2)))-

If, in addition, X is proper, then we get a finiteness result on pro-étale cohomology of small generalised
representations.

Corollary 1.2. Keep the notation as in Theorem 1.1 and assume X is proper. Then for any a-small
generalised representation L, RT"(Xprost, £) is concentrated in degree [0, 2d] and has cohomologies as

finite dimensional C,-spaces.

The overconvergent period sheaf OC (with respect to a certain lifting of X) has OC as a subsheaf.
Indeed, it is a direct limit of certain p-adic completions of OC. In particular, when X comes from a
scheme Xy over O and the generalised representation £ comes from a Z,-local system on the rigid
generic fibre X of Xy, our construction coincides with the work of Liu and Zhu (Remark 5.6). On
the other hand, OCT is related to an obstruction class cl(€7) solving a certain deformation problem
(Remark 2.10 and Proposition 2.14). Since the class cl(€T) is exactly the one used to establish the
Simpson correspondence in [Faltings 2005], our construction is compatible with the works of Faltings
and Abbes, Gros and Tsuji (Remark 5.5). These answer a question appearing in [Liu and Zhu 2017,
Remark 2.5]. Another answer, using a different method, was announced in [Yang and Zuo 2020].

Since we need to take p-adic completions of OC, we have to find its integral models. Note that OC
is a direct limit of symmetric products of Faltings’ extension, which was constructed for varieties by
Faltings [1988] at first and revisited by Scholze [2013a] in the rigid analytic case. So we are reduced to
finding an integral version of Faltings’ extension. To do so, we use the method of cotangent complexes
which was established and developed in [Quillen 1970; Illusie 1971; 1972; Gabber and Ramero 2003],
and was systematically used in the p-adic theory by [Scholze 2012; Beilinson 2012; Bhatt 2012]. The
proof of Theorem 1.1 is based on some explicit local calculations, especially an integral decompletion
theorem (Theorem 3.4) for small representations, which can be regarded as a generalisation of [Diao et al.
2023b, Appendix A].

Notation. Let k be a complete discrete valuation field of mixed characteristics (0, p) with ring of
integers Oy and perfect residue field k. We normalise the valuation on k by setting v,(p) = 1 and the
associated norm is given by || - || = p~"»("). We denote by ko = Frac(W(x)) the maximal absolutely
unramified subfield of k. Denote by Dj = Dy i, the relative differential ideal of Oy over W (k).
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Let k be a fixed algebraic closure of k and C p= 1? be its p-adic completion. We denote by Oc,, (resp.
mc,) the ring of integers of C, (resp. the maximal ideal of Og¢,). In this paper, when we write p“A for
some Oc,-module A, we always assume a € Q. An Oc¢,-module M is called almost vanishing if it is
me, -torsion, and in this case we write M =0. A morphism f: M — N of O¢ p—modules is almost
injective (resp. almost surjective) if Ker(f)* = 0 (resp. Coker(f)® = 0). A morphism is an almost
isomorphism if it is both almost injective and almost surjective.

We choose a sequence {1, ¢p, ..., {pn, ...} such that {,» is a primitive p"-th root of unity in k satisfying
§5z+1 = {,n for every n > 0. For every a € Z[%] N (0, 1), one can (uniquely) write o = (¢ (a))/p"® with
gcd(t(a), p) =1 and n(«) > 1. Then we define ¢ := {;(,‘3 when o #0 and ¢¢ := 1 when a = 0.

We always fix an element p; € C, with v, (ox) =v,(Di) +1/(p —1). Let Ajpp i = W((’)C;) ®Ow) Ok
be the period ring of Fontaine. Then there is a surjective homomorphism 6 : Ajpr  — Oq;p whose kernel is
a principal ideal by [Fargues and Fontaine 2018, Proposition 3.1.9]. We fix a generator & of Ker(6;). For
instance, if k = K is absolutely unramified, then we choose oy = ¢, —1 and & = ([e]—1)/ ([e]'/P —1) for
e=(1,¢p, $p2sen )e O(pr. Put A, :Ainf’k/gkg and denote Fontaine’s p-adic analogue of 2777 by t =log[€].

For a p-adic formal scheme X over Oc,,, we say it is smooth if it is formally smooth and locally of
topologically finite type. We say X is liftable if it admits a lifting X to Spf(A;). In this paper, we always
assume X is liftable. Let X be the rigid analytic generic fibre of X and denote by v : X 06 — X4 the
natural projection of sites. Let (7)\; and @X be the completed structure sheaves on X o4 in the sense of
[Scholze 2013a, Definition 4.1]. Both of them can be viewed as Ox-algebras via the projection v.

Let K be an object in the derived category of complexes of Z,-modules. We denote by K the derived
p-adic completion Rl(ir_n,,K ®z, Zp/p". In particular, for a m(illphism A — B of Z,-algebras, we denote
the derived p-adic completion of cotangent complex Lg,4 by Lg, 4. In this paper, for two complexes K
and K, of (sheaves of) modules, we write K| >~ K if they are quasi-isomorphic. For two modules or

sheaves M| and M;, we write M| = M, if they are isomorphic.

Organisation. In Section 2, we construct the integral Faltings’ extension by using p-complete cotangent
complexes and explaining how it is related to deformation theory. At the end of this section we construct
the desired overconvergent sheaf. In Section 3, we prove an integral decompletion theorem for small
representations. In Section 4, we establish a local Simpson correspondence. We first consider the trivial
representation and then reduce the general case to this special case. Finally, in Section 5, we state and
prove our main theorem. The Appendix specifies some notation and includes some elementary facts that

were used in previous sections.

2. Integral Faltings’ extension and period sheaves

We construct the overconvergent period sheaf OC' in this section. To do so, we have to construct an
integral version of Faltings’ extension.

Integral Faltings’ extension. We first discuss the properties of the cotangent complex. The following
lemmas are well known, but for the convenience of readers, we include their proofs here.
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Lemma 2.1. Let A be a ring. Suppose that (f1, ..., fu) is a regular sequence in A and generates the
ideal I = (f], ey fn) Then L(A/[)/A >~ ([/12)[1]

Proof. Regard A as a Z[Xy, ..., X, ]-algebra by mapping X; to f; for every i. Since fi,..., fy isa
regular sequence in A, for any i > 1, we have

Tor/ XXz 4y = 0.
It follows from [Weibel 1994, 8.8.4] that

~ L
La/nja =Lzjzix,,...x,1 ®71x,

......

So we may assume A =Z[Xy, ..., X,]and I = (X4, ..., X,). From homomorphisms Z - A — A/l
of rings, we get an exact triangle

Lajz ®" A/1 — Liasnz — Layna — -
The middle term is trivial since A/l = Z and hence we deduce that
La/nya =~ (Lajz @5 2)[1] = (1/1H)][1]. O
Lemma 2.2. (1) The map dlog : jtp — Qéf)lz/ok, Epn > dpn [Epn induces an isomorphism
dlog: k/p; 'O ®Z,(1) = Qb 0,
where Z,(1) denotes the Tate twist.

(2) Loyo, ~ 82}9,2/@ [0].

3) Lo, /0, ~ (1/p)0c, (DI1]
Proof. (1) This is [Fontaine 1982, Théoreme 1°].

(2) This is [Beilinson 2012, Theorem 1.3].

(3) This follows from (1) and (2) after taking derived p-completions on both sides. U
Corollary 2.3. (1) Lo, /au [=112 (1/00)Oc, (D[0] 2 & Aing i /&2 Aing £ [0].

2) Lo, /4, ~ (1/p0)Oc, (D11 (1/p1) Oc, (2)12].
Proof. (1) Considering the morphisms Oy — Ajnf i — (’)@p of rings, we have an exact triangle

L /08, O, = Loc, 100 = Lo, /s = -
Since

i N
LAinf,k/Ok = LAinf/W(K) ®W(K)Ok =0,

the first quasi-isomorphism follows from Lemma 2.2(3). Now, the second quasi-isomorphism is straight-
forward from Lemma 2.1.
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(2) Considering the morphisms Ajprr — Az — OC,, of rings, we have the exact triangle
AL _~ -~
LAZ/Ainf,k®AZOCp - LOCp/Ainf,k - LOCP/AZ .
Combining Lemma 2.1 with (1), the above exact triangle reduces to

E2 Aint 1 /5 Aint k ® 4, Oc,[1] — Ex Ainf i /EF A 1 [1] — tO@p/Az — .
Now we complete the proof by noting that the first arrow is trivial. ]

We identify Oc, (1) with Oc,t, where ¢ is Fontaine’s p-adic analogue of 27i. It follows from
Lemma 2.2(1) that the sequence {dlog(¢,")},>0 can be identified with the element 7 € (1/ pk)(’)@p (). If
we regard Ajpr x as a subring of B:{R and identify tBSrR / tzB(J{R with C, (1), then Corollary 2.3 says that ¢
and p&x in C, (1) differ by a p-adic unit in (’)EP.

Remark 2.4. The corollary is still true if one replaces C, by any closed subfield K C C, containing
 pos. All results in this paper hold for K instead of C,,.

Now we construct the integral Faltings’ extension in the local case. We fix some notation as follows.
Let X = Spf(R™) be a smooth formal scheme over Spf(OCp) endowed with an étale morphism

0:%—> G4 = Spf(Oc, (T*1)),

where Og, (T*!Y = O@P(Tli], cee, Tdﬂ). We say X is small in this case. Let X = Spa(R, R™) be the
rigid analytic generic fibre of X and X = Spa(ﬁoo, ﬁjo) be the affinoid perfectoid space associated to
the base-change of X along the Galois cover

1 1
Gl 00 = SPA(C,H(T77), Oc, (TF77)) — Gf) = Spa(C,(T*"), Oc (T*').
Denote by I' the Galois group of the cover X, — X and let y; be in I' satisfying
o 8ij T
v/ =00 T] @1

forany 1 <i, j <d and n > 0. Here, §;; denotes the Kronecker delta. Then' =7,y ®---® Z,y,. Let
R be a lifting of R+ along Ay — Oc,. Then the morphisms R* — Rt — RZ, of rings give an exact
triangle of p-complete cotangent complexes

L+ 7+ ®pe RS = L g — Lt jge — - (2-2)
The first term is easy to handle. Indeed, combining [Weibel 1994, 8.8.4] with Corollary 2.3(2), we deduce

that

~] o~ 1 ~ 1 ~
Lt 7+ ®ps R = —RL(D11® — RL@)[21.
Pk 0%
Now we compute the third term of (2-2).

Lemma 2.5. We have fﬁ; IR+ Q }ﬁ Qp+ I/Q\;“o[l], where Q}H denotes the module of formal differentials
of R over Og,.
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Proof. Since R™ is étale over O@p (Zil ), thanks to [Bhatt et al. 2018, Lemma 3.14], we are reduced to
1
the case RT = O¢, (T*'). For any n > 0, put A;" = O, [T%7"] and define Al =1lim, A. Since all

rings involved are p-torsion free, we get

Lrg/re =Lt ag-
By [Illusie 1971, Chapitre 1I(1.2.3.4)], we see that

LA;/Ag = h_f>nLA,,+/Ag~
n

Since all A;f’s are smooth over Oc,, from the exact triangle
L
Lag/oc, ®as Ad = Lagjoc, = Lag/as =
we deduce that |
~ 1 1
Lay/ay = Ay Qaf EQA(J;/QA;[O],
where we identify Qiﬁ with AT ® At (1/ p”)Qiﬁ. Therefore, we get
n 0

Lasjar = AL ® s QL; ®z, (Q,/2,)[0].
Now the result follows by taking p-completions. (]
Since R* admits a lifting Rt to A,, the composition
Lot = Layrty i Oyt R = Lag i
defines a section of tﬁ;% IR fﬁ; g+~ Since the exact triangle (2-2) is I'-equivariant, by taking
cohomologies along (2-2), we get the following proposition.

Proposition 2.6. There exists a I'-equivariant short exact sequence of ﬁ;-modules
I ~ - ~
0— —RL(1) > ET — RL ®g+ Qps — 0, (2-3)
Pk

where ET = H™! (fﬁ;o / 7#+). The above exact sequence admits a (non-I"-equivariant) section such that
Et= (l/pk)i?\jo(l) 2> ﬁjo Rr+ Qﬁﬁ as ﬁ;-modules.
Remark 2.7. When R is the base-change of some formal smooth O-algebra R(;r of topologically finite
type along Ox — Oc,, it admits a canonical lifting Rt = R(')Ir @@Az. After inverting p, the resulting E™*
becomes the usual Faltings’ extension and the corresponding sequence (2-3) is even Gal(k/ k)-equivariant.
We describe the I'-action on E™. For any 1 <i <d, by the proof of Lemma 2.5, the compatible sequence
{dlog(Til/ b n)},,zo defines an element x; € E™, which goes to dlog T; via the projection ET — ﬁjo Qp+ Q}H.
Since I acts on 7;’s via (2-1), we deduce that, forany 1 <i, j <d,

vi(xj) = xj +36ij.

In summary, we have the following proposition.
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Proposition 2.8. The k\;ro-module E™ is free of rank d + 1 and has a basis t / py, X1, . . . , Xq such that
(1) forany 1 <i <d, x; is a lifting of dlog(T;) € R% ®g+ QL. and that
(2) forany 1 <i, j <d, y;(xj) = x; + §;jt.

Also, let ¢ : ' — Hompg+ (Q}ﬁ, (l/pk)ﬁjo(l)) be the map carrying y; to c(y;), which sends dlog(T;)

to 8;jt. Then the cocycle determined by c in HI(F, Homz+ (ﬁ}ﬁ, (1/pk)§:o(l))) coincides with the

extension class represented by E™ in Ext%(ﬁ; R p+ ’S\Ziﬁ, 1/ ,ok)k\;ro(l)) via the canonical isomorphism

~ 1~ —~ ~ 1~
H! <F, Hompg+ <Q§+, ER;(I))) = Ext}- <R; Qr+ Qg+ ERS%(I)).

Proof. It remains to prove the “also” part. By (1), the extension class of E™ is represented by the cocycle

ol

»+ ol 1 nt+ ~ 1 n+
f:T'— Hompg: | R, ®p+ Qp+, —R (1) ) =Hompg+ | Qpr, — R (1)
> Pk Pk
such that f(y)(dlog(T;)) = y(x;) — x; for any y € I' and any i. However, by (2), f is exactly c. We are

done. O

Now we extend the above construction to the global case. Let X be a smooth formal scheme over Og,
with a fixed lifting X to A,. Denote by X its rigid analytic generic fibre over C,. We regard both Ox and
Oz as sheaves on X0 via the projection v : Xprost — X¢ (note that X and X have the same étale site).
Considering morphisms of sheaves of rings Oz — Ox — O}, we get an exact triangle

~L A ~
Loy/0:®0, 0% = Lot jo: = Lotjor = - (2-4)
Similar to the local case, the first term becomes
N T L A+
Loy/03®0,Ox =Loc,/4, ®0,, Ox
and the composition
=~ o~ AL AE
Loy /05 > Lay0p)/0:®x,05) Ox = Loy oz

defines a section of L@; j0z ™ L@; /O
We claim that

Lot /0. = 0% ®0, Q4l11. (2-5)
Granting this and taking cohomologies along (2-4), we get the following theorem.

Theorem 2.9. There is an exact sequence of sheaves of @;—modules
1 ~ A ~
0—> —0i() = & - Of ®o, Q% — 0, (2-6)
Pk

where ET =H™! (/L\’6§/O§e)'
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Remark 2.10. Apply RHom(—, (1/ ,ok)@\;?(l)) to the exact triangle (2-4) and consider the induced long
exact sequence
—~ PP ; ~ 1 ~
.. — Ext! (L@x/%@@xoj{, —O;u)) 2 Ext2<L@;/0x, —O;(n) — ..
’ Pk Pk

and the commutative diagram

~ P A a )
Ext! (T_,\Ox/@%@()xo;, kaO;(l)) — EXtZ(E@;/Ox, p%(/);(l))

J; F

Hom(L0x(1), LOF(1)) —— Ext! (OF ®0, Qb,. 20% (1))

Then the extension class [£T] associated to £ is the image of the natural inclusion (1/0;)Ox(1) —
1/ ,ok)@\;(l) via the connecting map d. By construction, it is the obstruction class to lift (/9\; (as a sheaf
of Ox-algebras) to a sheaf of Ozx-algebras in the sense of [Illusie 1971, III Proposition 2.1.2.3]. In
particular, £t depends on the choice of X. When X comes from a smooth formal scheme X over O
and X is the base-change of X along O, — A, the £ coincides with the usual Faltings’ extension after
inverting p. So we call £7 the integral Faltings’s extension (with respect to the lifting Z%).

It remains to prove the claim (2-5).

Lemma 2.11. With the notation as above, we have
~ At ~
Lot /0 = Ox ®0x 25

Proof. Since the problem is local on X, by the proof of [Scholze 2013a, Corollary 4.7], we may assume
X = Spf(R) is small and are reduced to showing, for any perfectoid affinoid space U = Spa(S, S*) €
Xproét/ Xoo>

L+ p+ = ST Qg+ QL. (2-7)

Since both St and ﬁ;ro are perfectoid rings, by [Bhatt et al. 2018, Lemma 3.14], we have a quasi-
isomorphism

fk‘;/RJr@ﬁ;oS—i_ — f5+/R+.
Combining this with Lemma 2.5, we get (2-7) as desired. U

Faltings’ extension as obstruction class. In this subsection, we shall give another description of the
integral Faltings’ extension from the perspective of deformation theory. To make the notation clear, in
this subsection, for a sheaf S of Aj-algebras, we always identify & A, with (1/p0,)S(1). Before moving
on, we recall some basic results due to Illusie. Although their statements are given in terms of rings, all
results still hold for ring topoi.

Let A be a ring with an ideal 7 < A satisfying 1> = 0. Put A = A/l and fix a flat A-algebra B. A

natural question is whether there exists a flat A-algebra B whose reduction modulo 7 is B.
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Theorem 2.12 [Illusie 1971, III Proposition 2.1.2.3]. There is an obstruction class cl € Ext? (Lg JA> B® al)
such that B lifts to some flat A-algebra B if and only if cl = 0. In this case, the set of isomorphism classes
of such deformations forms a torsor under Ext! (Lg/a B ®3 1) and the group of automorphisms of a fixed
deformation is Hom(Lg 3, B ®3 I).

If B and C are flat A-algebras with reductions B and C, respectively, and if f : B — C is a morphism
of A-algebras, then one can ask whether there exists a deformation f : B — C of f along A — A.

Theorem 2.13 [llusie 1971, IIT Proposition 2.2.2]. There is an obstruction class cl € Ext! (L JA> C®;1)
such that f lifts to a morphism f : B — C if and only if c1 = 0. In this case, the set of all lifts forms a
torsor under Hom(Lg/g, C ®z D).

We only focus on the case where (A, I) = (Az, (§)). Let X be a smooth formal scheme over O, and
denote by

ob(X) € Ext? (fox /00, i(’)ﬂl))

the obstruction class to lift X to a flat A,-scheme (see, for example, [Illusie 1971, III Théoreme 2.1.7]).
Consider the exact triangle

Loc,,/A@é@p Ox = Log/a, > Loy o,
and the induced long exact sequence
™ 1 = 1 0 ™ 1
o= Bxt! (o aOag(l)) ~ Ext' (Lo, 4,86, Ox. a036(1)) % Bx?(Loy 0, g(’)33(1)) .

The obstruction class ob(X) is the image of the identity morphism of (1/p0;)Ox(1) under 0 via the
canonical isomorphism

= 1 1 1
Ext! (Lox, /4,86, Ox, ~-Ox(1)) = Hom( —0x(1), —-0x(1)).
Ocy /4200, O - x(1) P x(D) o x(1)
If X is also liftable and X is such a lifting, then ob(X) = 0 and X defines a class

[¥] € Ext! (fox/Az, i@ﬂl))

which goes to the identity map of (1/0x)Ox(1). Indeed, [.’A{J] is the image of the identity map of
(1/px)Ox(1) via the morphism

o~ 1 o~ 1
Ext1<Lox/@i, on(l)) — Ext! (LOX/AZ, on(l)).

We also consider the similar deformation problem for (”)\;(r Since 6;? is locally perfectoid, thanks to
[Bhatt et al. 2018, Lemma 3.14], f@; 0., =0 and hence we get a quasi-isomorphism
4

8L Ot ~Tn
Loc,/4.®0, Ox =Lota,-
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In particular, we have an isomorphism
Ext' (f@;/[,z, i(5;(1)) = Hom( i6;(1), i@*{(1)).
Pk Pk Pk
Therefore, (7)\;(r admits a canonical lifting, which turns out to be AZ(C/’)}) and there is a unique class
[X]eExt! <E@;/A2, i@;m)
Pk

corresponding to the identity map of (1/ pk)@+(l)

Regard [%] and [X] as classes in Ext! (L@36 /2 1/ pk)(’ﬁ(l)) via the canonical morphisms induced
by (1/0)Ox(1) — (l/pk)(9+(l) and LOX/A2 — L(9+/A , respectively. Then as shown in [Illusie 1971,
III Proposition 2.2.4], the difference

(€Y :=[X] - [X]
belongs to
~ 1 ~
Ext' (L@x/ocp, EO;(D) ~ Ext! (QO /Oc, ®0x (’) (’)*(1))
via the injection
Ext' (L@x/ocp, —(’)j{(l)) — Ext! (L@x/Az, —O;(l)),
Pk Pk
and cl(£7) is the obstruction answering whether there is an A,-morphism from Oz to Az((”)\;) which
lifts the O¢,-morphism Ox — (75;? as described in Theorem 2.13.

Recall we have another obstruction class [£T] described in Remark 2.10. We claim that it coincides
with the class cl(€) constructed above.

Proposition 2.14. cl(ET) = [E£7T].

Proof. Note that we have a commutative diagram of morphisms of cotangent complexes

SL A+ SL A+ @ SL A+ fl
L(%%/Az‘X’O;E Oy — Lo/a,®0,0x — Loy /0390, 0x —

| ﬂ
~L Ay =~ =~ +1
Loz/a®0;O0x —— Lota, — Lot /oy ——
~ (2'8)
—1
Lo joe =——Lo}/0x
+1 +1

where the notation “+1” and “—1"" denote the shifts of dimensions.
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Consider the resulting diagram from applying RHom(—, (1/ ,ok)@;(r(l)) to (2-8). Denote the identity
map of (1/ ,ok)(/’)\;(l) by id. By construction, [E71] is the image of id via the connecting map induced by
the triangle

oA -
Lo:/0:®0.Ox = Loy 0z = Loy o

By the commutativity of diagram (2-8), [£™] is also the image of a*(id) via the connecting map 9 induced

by the triangle

AL _ —~ o~
Lox/a:80,Ox = Lot a, = Lot oy
On the other hand, by the constructions of [%] and [X], as elements in
7 A~ 1~
Ext! (L@x/Az(X)(LQXO;, EO;(I)),
we have [?{J] = «*(id) and [X] = B*(id); here, for the second equality, we identify
1 ~ 1 ~ ~ o~y 1~
Hom| — O (1), —o+(1)> = Ext! (L@ 4,86 OF, —0+(1))
(,Ok X Ok X cp/A2 ¥ Oc, X Ok X
with Ext! (f@;/fh@é@p (/’)\};, (l/,ok)(/?\;g(l)). So we have
~p o~ 1~
(€M) = a*(id) — p*(id) € Ext! (L@€ 10,86.0%. —0}(1)).
’ Pk

However, the diagram

+1

o~ _ sSL A+
La,@1)/0% Loz/a,®0;Ox

| |

Lot/or — Loy/m®6.0F — Loy 0., 86, 0%
induces a commutative diagram
Ext' (Log /o, 86, 0% 0% (1)) = Ext! (Lo 4,86, 0F. 0% (1)
~ la
BxC(Toy 00 £ OFD)
In particular, as elements in Ext! (LOx/Oc,, @éx (/’)\;, (l/pk)(/’)\;(l)), we have
cl(€F) = a(a*(id) — B*(id)) = d(*(id)) = [E7] O

Remark 2.15. When X is small affine and comes from a formal scheme over Oy, the obstruction class
cl(E™) was considered as a Higgs—Tate extension associated to Xin [Abbes et al. 2016, 1. 4.3].
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Example 2.16. Let Rt = O¢ (T*') and Rt = Ay (T*"Y for simplicity. Consider the A>-morphism
1Z ‘Rt —> Az(ﬁjo), which sends T; to [Tib] for all i, where Tib € 1??; is determined by the compatible
sequence (Tl-l/pn)nzo. Then J is a lifting of the inclusion R™ — ﬁ:o, but is not I'-equivariant. For
anyy €', yo 1} is another lifting. By Theorem 2.13, their difference c(y) ==y o J - J belongs to
HomR+(§}e+, (l/pk)i?\;ro(l)). One can check that, forany 1 <i, j <1,

(v — DAT;)
c(y)(dlog(T)) = ————= =8 ([e] = ) = &1,
J

where the last equality follows from the fact that [e]— 1 —1t € ZZBIR. By construction, the cocycle
c¢: " — Hompg+ (ﬁ}ﬁ’ (l/pk)i?\:o(l)) is exactly the class cl(E1). Comparing this with Proposition 2.8,
we deduce that cl(E1) = [E7] in this case.

As an application of Proposition 2.14, we study the behaviour of integral Faltings’ extension under the
pull-back.

Let f : X — %) be a formally smooth morphism of liftable smooth formal schemes. Fix liftings X and
@ of X and ), respectively. Denote by £ ; and 5;5 the corresponding integral Faltings’ extensions. Then
the pull-back of 5; along the injection

f*ﬁlg R0x 6;(_ - Q%{ ®0x 6;(_

defines an extension 81+ of ﬁlm ®0y, (/’)\;g = f*ﬁlm Q0% (/’)\;g by (1/,();6)(/9\;(1).1 We denote its extension
class by

cl; € Ext! (@1@ ®0y Oy i@;m).
On the other hand, the tensor product 5;“ = 5;{ Do+ (/’)\;(r induced by applying — o (/’)\; to
0— %6;(1) — &F > Of ®0y iy — 0
is also an extension of @% ®0y @; by (1/ pk)(/’)\;g(l) and we denote the associated extension class by
cl € Ext! (51@ ®0y Oy i@;m).
Then it is natural to ask whether Ef = 82+ (equivalently, cl; = cl).

Proposition 2.17. Keep the notation as above. If f : X — ) lifts to an Ay-morphism f X 59, then
C11 = 012.

We are going to prove this proposition in the rest of this subsection.

Here, the tensor product QQJ ®@Q o7 ¥ should be understood a% f 1522) ® r- 10y @; The same applies to sheaves like
0% ®a; & . 0% ®p; OCY . 0% @ Oy . 0% @5+ OCY
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By Theorem 2.13, there exists an obstruction class
= 1
cl(f) € Ext! Loy o, —-Ox())

to lift f along the surjection Ay, — (’)@p. Before moving on, let us recall the definition of cl(f).
Let [Z%] and [Qtj] be classes defined as before and regard them as elements in Ext! (/I:@QJ /A2 (1/ o) Ox(1))
via the obvious morphisms. Then similar to the construction of cl(£1), one can check that

cl(f) = [X] - (D]
via the injection
= 1 = 1
Ext! (LO@ 00, on(l)) — Ext! (L@QJ o on(l))

For simplicity, we still denote by cl( f) its image in
Ext! (Lo o, pi@;gu)) = Ext' (@) ®o, OF, pi@;g(l))
ik k
via the natural map (1/px)Ox(1) — (1/ pk)@\;(l). Then the following proposition is true.
Proposition 2.18. cl(f)=cly —cl.
Proof. By the constructions of 51+ and 52+ , we see that cl; is the image of 01(8;) via the morphism
Ext'(Qk, 07 (1)) — Ext' (@) @0, Ox, -OF (1)
Pk Pk
induced by
~L ~
Loy 0c, 80, Ox = Loy/oc, -

and that cl, is the image of cl(S)f ) via the morphism
Ext! (@) ®o, OF, é@;(l)) — Ext' (@) ®o, OF, i@;(l))

induced by the inclusion (1/0;)O; (1) = (1/p0)O% ().
Now by Proposition 2.14, we have
cly —clp = cl(€5) — cl(&) = (X1 - D] — (X]—[¥]).
However, the inclusion 6;r — (/’)\; admits a canonical A,-lifting, namely Az((/’)\;f) — Az(@\;). So we
deduce that [X] — [Y] = 0, which completes the proof. O
Now, Proposition 2.17 is a special case of Proposition 2.18.

Corollary 2.19. Assume f : X — Q) admits a lifting along Ay — Oc,. Then there is an exact sequence of
sheaves of @;—modules

~ P ~
0— Oy ®p; & — Ex = Oy ®0x Qyjq — 0, (2-9)
where Q%{ sy IS the module of relative differentials.

Proof. This follows from the Proposition 2.17 combined with the definitions of 51+ and 52+ . ]
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Period sheaves. Now, we define the desired period sheaf OC" as mentioned in Section 1. The construction
generalises the previous work of Hyodo [1989].

Let X = Spf(R™) be a small smooth formal scheme and ¥= Spf(ﬁ*) be a fixed A,-lifting. Let E™
be the integral Faltings’ extension introduced in Proposition 2.6. Define E/')';c = o ET(—1). Then it fits
into the exact sequence

0— RE — Ef — oeRL @+ Qpe(=1) > 0.
For any p € p;Oc,, denote by E; the pull-back of E;): along the inclusion
PRE ®r+ Qpi (—1) > peRE ®p+ Qs (- D).
Then it fits into the ["'-equivariant exact sequence
0— R, > Ef - pRL @+ Qp(—1) — 0. (2-10)

By Proposition 2.8, E;r admits an I/Q\jo—basis 1, (px1)/t, ..., (pxg)/t. Let E = E:{[%], which fits into
the induced exact sequence

0— Ry = E — Ry Qg+ ﬁ}ﬁ(—l) — 0.

Then it is independent of the choice of p and has E; asa sub—i?\jo—module. Also, it admits an R,-basis

1 X1 Xd
sy Y1 = e Vd =
Y t > t

such that y;(y;) = y; +4;; forany 1 <i, j <d. Define Soo = lim, Sym% E. Then by similar arguments
used in [Hyodo 1989, Section I], we have the following result.

Proposition 2.20. There exists a canonical Higgs field
O : Soc = Soo O Qps (1)
on S such that the induced Higgs complex is a resolution of Roo. The Higgs field © is induced by taking
alternative sum along the projection E — I/?\oo QR+ §}e+ (—1) and if we denote by Y; the image of y; in Sec,
then there is a I -equivariant isomorphism
L2 Seo = ReolY1, ..., Y4l
such that ® = Z?:l (0/0Y;)®((dlog T;)/t) via this isomorphism, where i?\oo[Yl, ..., Yq]is the polynomial
ring on free variables Y;’s over ﬁoo
Since we have R -lattices E’s of E, inspired by Proposition 2.20, we make the following definition.

Definition 2.21. For any p € p;Oc,, define

(1) 8%, =lim, SymA E};

(2) 8%, =lim, % /p";

(3) ST+ lim 5%, , and S%, = s3]

—V ()0)>Vp(/)k)
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For any p1, g2 € pkOq;p satisfying v, (01) > v,(p2), we have E;’l C E;fz C E. So Proposition 2.20
implies that S;“o’ o C S;ro’ 0 C Seo- Moreover, the restriction of ® to S:O’ o (for p € pk(’)@p) induces a
Higgs field on S;ro’ Y which is identified with I/Q\g'o[,oY 1, ..., pYq] via the canonical isomorphism ¢. In this

case, we still have ® = Zflzl (0/0Y;) ® ((dlog T;)/t). Since © is continuous, it extends to §;ro 0 and thus
we have the following corollary.

Corollary 2.22. For any p € pi O@p, there exists a canonical Higgs field
©:8%, > S5, ®pt Qe (=1

on /S\:o o- Additionally, there is a I-equivariant isomorphism

L :/S\:o’p = ﬁ;“o(,oYl, e, pYg)
such that
ad dlog T;
e = —
2w ®
via this isomorphism, where ﬁjo(,oYl, ..., pYy) is the p-adic completion ofk\;’o[,oYl, e pYyl

After taking the inductive limit of {p € pk(’)@p [vyp(p) > v,(0k)}, we get the following corollary.

Corollary 2.23. There exists a canonical Higgs field
O: 8L — ST @pe Qhe (D)
on S&*. Additionally, there is a I'-equivariant isomorphism

L:S;’fi lim ﬁ;(le,...,de)
Vp(p)>‘}p(pk)
such that © = Zflzl (0/0Y;) ® ((dlog T;)/t) via this isomorphism. After inverting p, the induced Higgs
complex
HIG(S!,, ©): ST 25 ST @p+ Qbi(—1) &5 ST @p+ Q%0 (=2) — - - (2-11)

is a resolution of R.

Proof. It remains to prove the Higgs complex HIG(SY,, ©) is a resolution of Roo. For any p € prOc

p’
consider the Higgs complexes

HIG(SY, ,. ©): S%, -2 §E , ®re Qhe(—1) 25 L, @p+ Q% (=2) —> -
and
HIG(SL,", ©): ST -2 Sit @pe Qpe (—1) -2 SIF @pe Q% (=2) — -+ .

Then we have

HIG(SL, ©) =HIGSL , &) 1] = lm  HIGEL . 0 1].
’ p

Vp(p)>vp(/)k)
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By Corollary 2.22, HIG(S ®) is computed by the Koszul complex

00,p°

KB d

R R

) K(R+(,oY1) )®R+--®%;K(§;<de>;de>,

via the canonical isomorphism ¢. Note that, for any j,

R:, i=0,

H(K(RL(0))5 50 ) = A RE(A )/ REAA L), i =1,
J .

0, i>2,

is derived p-complete by Proposition A.2, where I?;g(A j.p) and ﬁ;(A j.ps I, +) are defined as in
Definition A.1 for A , = {p" Y;’}nzo and I = {v,(n+ 1)},>0. We deduce that, for any i > 0,

H (K(RL (Y0 Y G 5 )) = R@(}@R* AV REAA . 1, 4)).

In particular, we get

HHIG(SH, ©) = lim  HO(HIG(SZ
Vp (,0)>Up (k)

®) = R,

00,p°
It remains to show that, for any i > 1,
lim H(HIGSE ,,0)=  lim /\(@ RE(Aj )/ RE (A0 1, +>)
Vp(p)>‘)p(,0k) Up(p)>vp(/)k) Roo

is p*>-torsion. To do so, it suffices to prove that for any v,(po1) > v,(02) > v,(px), there is an N > 0
such that

o~

PNk\;ro(Aj,m) C R;(Aj,pz, I,+).
By Remark A.3, we only need to find an N such that the following conditions hold:
(1) Forany i >0, N +iv,(p1) —ivp(p2) —v,(i+1) > 0.
(2) iMoo (N + 0, (p1) — i (02) = v (i + 1)) = +00.
Since v, (p1) > v, (p2), such an N exists. This completes the proof. [l

Remark 2.24. (1) In the proof of Corollary 2.23, we have seen that for any p € p;O¢
complex HIG(SS“O”O[%], ©) is not a resolution of R

the Higgs

p’

(2) For any 1 <i <d, the p™®-torsion of H (HIG(S{;", ®)) is unbounded.

Remark 2.25. Since forany 1 <i, j <d, y;(Y;) =Y, +§;j, one can check that 9/9Y; =log y; on Sio.
So the Higgs field is ® = Zle logy; ® ((dlog T;)/1).

Remark 2.26. A similar local construction of S+ also appeared in [Abbes et al. 2016, 1.4.7].
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There is a global analogue by using Theorem 2.9 instead of Proposition 2.6. Put 5[‘): = pET(—1) and

for any p € pxOc,, denote by &£ + the pull-back of &, + . along the inclusion

»
pOF @0, @k (—1) > pOF ®0y Qh(—1).
Then it fits into the exact sequence
0— Of - & — pOf @0, Qk(—=1) — 0. (2-12)

As an analogue of Definition 2.21 in the local case, we define period sheaves as follows:
Definition 2.27. For any p € pxOc,, define

€)) (’)(E+ =lim, SymA 5+

(2) (’)(IZJr =lim, OC;/p";

(3) OCH* =1lim OC} and OC' = ocH+[1].

—vp(p)>vp(or)

Theorem 2.28. There is a canonical Higgs field ® on OCY+ such that the induced Higgs complex
HIG(OC', ®): 0CT &5 OCT @0, QL (—1) & OCT ®p, Q4(-2) — - (2-13)
is a resolution of 6X. Additionally, when X = Spf(R™) is small affine, there is an isomorphism

LZOC&;—) lim O;(le,...,,oYd)‘Xoo
V];(P)>Vp(,0k)

such that the Higgs field ® equals Z?Zl(a/aYi) ® ((dlog T;)/1).
Proof. Since the problem is local, we are reduced to Corollary 2.23. ]

Finally, we describe the relative version of the above constructions. We assume that f : X — 2)
is a morphism of liftable smooth formal schemes and lifts to an A-morphism f : X QTj Then by
Corollary 2.19, for any p € prOc,, we have the exact sequence

0— OFf ®osEny = Ex — Of ®ox ﬁ;e/@(—l) — 0.

By construction of period sheaves in Definition 2.27, we get morphisms of sheaves (5+ ®o Fy = Fx
for F € {OC;, (9@;, OC%*}. Also, the natural projection 5; x> (”)\}; ®o% X /@( 1) induces relative
Higgs fields

Ox/y : Fx = Fx ®0x Q9 (—1)

for F € {(’)C;“, (’)@;;, OC™*}. Using similar arguments as above, we get the following proposition.

Proposition 2.29. Assume that f : X — %) is a morphism of liftable smooth formal schemes and lifts to
an As-morphism f : X 55 The induced relative Higgs complex

HIG(OCY, Ox)y): OCy 2% OC) @0y Xk gy (—1) L5 OCh @0, 0 o (—2) —
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. . . NS =+ 1 .
is a resolution of h_r)nw)p(p)wp(pk)(OX(}Z)O;r OCP,Y)[F] and makes the diagram

* il /7 * T o)

® ~
OC}, ———— OC} ®0, QL(=1) — ---

Ox/y Ox/y (2-14)

o~ ("‘) / —~
OC} ®0y Q2L g (—1) = OCY @0y D gy (—2) — -+

commute, where f*@@; = 6x ®p, OC; and f*Oy =id ® Oy.

Proof. Put C := @ﬁ’vp(p)wp(pk)(@;@@¢ (’)@;Y)[%]. Since f admits a lifting £, for any p € pxOc,, we
have a morphism O3 5 OC;Y — OC:; x and hence morphisms f*O(E; —-C— OC;. It remains
to show the relative Higgs complex HIG(OCTX, ®x/y) is a resolution of C and that the diagram (2-14)
commutes. Since the problem is local, we may assume ) = Spf(S™) and X = Spf(R™) are both small
affine such that the morphism f : X — 2) is induced by a morphism S* — R* which makes the diagram

C
Oc (T .. Ty = O (17, . T T L T
St R*

commute, where d is the dimension of ) over Oc,, r is the dimension of X over ) and both vertical
maps are étale. Let ST and RZ, be the perfectoid rings corresponding to the base-changes of St and Rt

along morphisms
+ % +-L

+1 +1 p o
Oc, (TE, .. TEY = Oc (T, 7, T, )
and
+_L 4L +_L +_L
+1 +1 +1 +1 P> P P P
O (TE . T TE T = O (T 7 T, T T ),

respectively. Put Yo, = Spa(fS'\oo, 3\;) and X, = Spa(i?\oo, 1/’?\:0) with Se = S;’O[%] and R = I/?\:o[%]
For any p € prOc,, since 5;,)/ fits into the exact sequence

0— (’9\}; — (”)\;(r (X)@;r SIY — pﬁ% ®0y, (”)\;g(—l) — 0,
we see that (6} ®5: E;L)(Xoo)(c E;TX(XOO)) coincides with I/Q\;ro Qs SZY(YOO). This implies that

(05 ®5: OCF ) (Xoo) = RE[0Y1. ... p¥,]
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such that the induced Higgs field is given by Zflzo(a /0Y;) ® ((dlog T;)/t). On the other hand, we have
OC} «(Xoo) = RE[pY1, ... pYars]
such that the induced Higgs field is given by Zd+r(8 /0Y;) ® ((dlog T;)/t). So the morphism
Of ®p OCFy — OCF «
is compatible with Higgs fields for any p € pxOc,. Therefore, for any p € pxOc,, we have morphisms
of sheaves
(7)\;2 Qo (’)C;Y — @}’ ®5: (’)@;Y — @;@6;06;1/ — (’)@;X
which are all compatible with Higgs fields. After taking direct limits and inverting p, we get morphisms
f*och - ¢ — oc}

of sheaves which are compatible with Higgs fields. In particular, the top two rows of (2-14) form a
commutative diagram.

To complete the proof, we have to show that HIG(OC;, ®x/y) is a resolution of C. Since we do have
a morphism C — HIG((’)C;, Ox/y), we can conclude by checking the exactness locally.

By the “additionally” part of Corollary 2.23, we obtain that

. - 1
OCk(Xw)=( lim  RL(pY1,.... 0¥ur)| L]

p:vp(P)>vp (1) p
with @y = Zdﬂ (0/0Y;) ® ((dlog T;)/t). A similar argument also shows that

d+r

0 dlog T;
Ox/y = W@ tg -
i=d+1 !
So the rest of (2-14) commutes. Note that C(X ) = (h_r)np’vp(p)wp( ) ﬁ;(le, .. ,oYd))[ ] By a

similar argument in the proof of Corollary 2.23, we see that HIG(OCy, ®y/y) is a resolution of C. [

3. An integral decompletion theorem

In this section, we generalise results in [Diao et al. 2023b, Appendix A] to an integral case which will be
used to simplify local calculations. Let X = Spf(R™), ﬁ;g and I be as in the previous section. Throughout
this section, we put 7w =¢, — 1, r =v,(wr) =1/(p—1) and ¢ = p". Recall v, (px) > r. We begin with
some definitions.

Definition 3.1. (1) By a Banach Oc,-algebra, we mean a flat Oc ,-algebra A such that A[%] is a Banach
Cp-algebra, and that A = {a € A[S] ] llall < 1}.

(2) Assume A is a Banach O¢ ,-algebra. For an A-module M, we say it is a Banach A-module if M [%]
is a Banach A[%]—module, and M = {m € M[%] | Im|l < 1}.

There are some typical examples.
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Example 3.2. (1) If A is a Banach Oc,-algebra, then any topologically free A-module endowed with
the supreme norm is a Banach A-module.

(2) The rings R* and RZ, are Banach Oc,-algebras.
(3) The ﬁ;/R+ is a Banach R*-module.
Now, we make the definition of (a-trivial) I'-representations.
Definition 3.3. Assume a > r and A € {R™, ﬁ;}

(1) By an A-representation of T" of rank /, we mean a finite free A-module M of rank / endowed with a
continuous semilinear ["-action.

(2) Let M be a representation of I' of rank [ over A. We say M is a-trivial, if M/p® = (A/p®)! as
representations of I over A/p“.

(3) Let M be a representation of I' of rank [ over R™. We say M is essentially (a+r)-trivial if M is
a-trivial and M ® g+ R, is (a-+r)-trivial.

The goal of this section is to prove the following integral decompletion theorem.

Theorem 3.4. Assume a > r. Then the functor M +— M @ g+ I/Q\;ro induces an equivalence from the
category of (a-+r)-trivial R -representations of T to the category of (a+r)-trivial ﬁjo-representations
of . The equivalence preserves tensor products and dualities.

The first difficulty is to construct the quasi-inverse, namely the decompletion functor, of the functor in
Theorem 3.4. To do so, we need to generalise the method adapted in [Diao et al. 2023b] to the small
integral case. However, their method only shows the decompletion functor takes values in the category of
essentially (a+r)-trivial representations. So, the second difficulty is to show the resulting representation
is actually (a+r)-trivial. The trivialness condition is crucial to overcome both difficulties.

Construction of decompletion functor. We first construct the decompletion functor. From now on,
we use RT'(I", M) to denote the continuous group cohomology of a p-adically completed R*-module
endowed with a continuous I'-action. By virtues of [Bhatt et al. 2018, Lemma 7.3], R['(I', M) =
Rl(ir_nkRF (T, M/ p*) can be calculated by the Koszul complex

(y]—],..‘,)/d—l)
—_—

KM;yi—1,...,ya—1: M M ...

Proposition 3.5. Assume a > r. Let M, be an (a-+r)-trivial i?\;:)—representation of T'. Then there exists
a finite free R -submodule M C My, such that the following assertions are true:

(1) The finite free A-module M is an essentially (a+r)-trivial R -representation of T such that the
natural inclusion M — M, induces an isomorphism M @ g+ ﬁ;“o = My of ﬁ;ro-representations

of T.
(2) The induced morphism RI'(I', M) — RI'(I', M) identifies the former as a direct summand of the

latter, whose complement is concentrated in positive degrees and killed by 7.
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Remark 3.6. The finite free A-module M is unique up to isomorphism and the functor My, — M turns
out to be the quasi-inverse of the functor M — M ® R described in Theorem 3.4.

Now we prove Proposition 3.5 by using similar arguments in [Diao et al. 2023b]. Since we work on
the integral level, so we need to control (p-adic) norms carefully. We start with the following result.

Lemma 3.7. For any cocycle f € C*(T, i?\oo/R), there exists a cochain g € C*~1(T, ﬁoo/R) such that
dg=fand|gl <clfl.

Proof. The result follows from the same argument used in the proof of [Diao et al. 2023b, Proposition
A.2.2.1], especially the part for checking the condition (3) of [Diao et al. 2023b, Definition A.1.6], by
using [Scholze 2013a, Lemma 5.5] instead of [Diao et al. 2023a, Lemma 6.1.7]. ]

Since the norm on R (resp. R\oo) is induced by that on R™ (resp. R\;g), there exists a norm-preserving
embedding of complexes
C*(I', RL/R*) — C*(T', Rwo/R).

We shall apply Lemma 3.7 via this embedding.

Lemma 3.8. For any cocycle f € C*(I', Rt /R"), there is a cochain g € C*~\(T', Rt /R™) such that
gl <l fllanddg = f.

Proof. Regard C*(T', R} /R™) as a subcomplex of C*(T', Roy/R) as above. Applying Lemma 3.7 to 7 f,
we get a cochain g € C* (T, i?\oo/R) such that || g|| <c|lzfllanddg =nf. Butc|zfll=|fll <1, so
we see g € C*1(I', R%/R™). O

Lemma 3.9. Let (C*, d) be a complex of Banach modules over a Banach Oc,-algebra A. Suppose
that for every degree s and every cocycle f € C*, there exists a g € C*~! such that ||g|| < || f| and
dg = mf. Then, for any cochain f € C°, there exists an h € C*~' such that |h| < max(|| f||/c, |df )
and |7 f —dh| < |ldf/e.

Proof. By assumption, one can choose a g € C*® such that dg = wdf and that ||g|| < ||[df]|. Then
(g —mf) e C® is a cocycle. Using this assumption again, there is an /& € cs! satisfying ||k < |lg — f]l
and dh = (g —nf). Then ||x° f —dh| < |igll/c < |ldfl/c and ||h|l < max(|ldf ], | flI/c)- U

The following lemma is a consequence of Lemmas 3.8 and 3.9.

Lemma 3.10. For any cochain f € C*(T, I?;g/R*), there is a cochain h € C*~ (T, ﬁ;/Rﬂ such that
2]l < max(|| f1l/c, |ldf ) and ||z* f —dh| < |df]/c.

The following lemma can be viewed as an integral version of [Diao et al. 2023b, Lemma A.1.12].

Lemma 3.11. We denote (R*, R%/R*) by (A, M) for simplicity.
Let L = @_, Ae; be a Banach A-module (with the supreme norm) endowed with a continuous T -
action. Assume there exists an R > 1 such that, for each y € I and each i, ||(y — 1)(e;)|| < 1/(Rc). Then

the following assertions are true:
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(1) For any cocycle f € C*(T', L ®4 M), there is a cochain g € C*~Y(T', L ® 4 M) such that ||g|| < || f |l
anddg =nf.

(2) For any cochain f € C*(I',) L @4 M), there exists an h € C*(I', L ®4 M) such that ||h| <
max(|| f||/c. ldf ) and ||7* f —dh| < ||df|/c.

Proof. We only prove (1) and then (2) follows from Lemma 3.9 directly.
Now, let f =3""_, e; ® fi be a cocycle with f; € C°(T', M) forall 1 < j <n. Then || f|| < 1. For any
Y1, V2, -, Vs+1 € I', we have

<Z€i®dfi>(yl’ M ] VS+1) = (Zez‘@dﬁ)()/l, MR ys+1)_df<ylv M Vs+1)
i=1 i=1

n
=Y A=y ® fi(yar - Vss1)-
i=1
It follows that | Y7, e; ®dfi|| < | fII/(Rc). In other words, for each 1 < j <n, ||ldf;|| < || fIl/(Rc). By
Lemma 3.10, for every j, thereisa g; € Cs~(T", M) such that llgill <max(ll f;ll/c, ldfilD <l fill/c
and |72 f; —dg;ll < lldfjll/c < | fII/(Rc?).
Now, put g = Z?zl e; ® gi. Then ||g|| < || fIl/c. On the other hand, we have

n n
nlf—dg=) e®(x’f; —dg)+ (Ze,- ® (dgi —dg)).
i=1 i=l
The first term on the right-hand side is bounded by | f||/(Rc?) and the second term is bounded by
lgll/(Re) < | fII/(Rc?). Thus |72 f — dg| is bounded by || f||/(Rc?). Then hy := g/m belongs to
C~I(T, (L ®4 M)) such that [|21]| < || f || and that || f —dhi| < || f]l/(Rc).
Assume we have already &y, hy, ..., h; € CU T, L®s M) satisfying

forall 1 <j <t.

IEE AN H 7f - Zdh

‘ I|f||

Then f — 7'}, dh; € C°(I', L ®4 M) with norm || f —x~'>"0_, dh;|| < ||fIl/R’. Replacing
fboy f—na! Z;Zl dh; and proceeding as above, we get an h;,1 € C°~I(T', L ®4 M) with norm
el < [ f =7~ 3oisy dhi| < 11f1l/R" such that

||f ! Yicdhi| _ IS

Rc - R’“c'

nf— Zdh —dhysy

Then Z _| hi converges to an element h € C°~ (', L ®4 M) such that 7f = dh and that ||| <
sup;~(IA; 1) < Il f]l. This implies (1). O

The following lemma is a generalisation of [Diao et al. 2023b, Lemma A.1.14] whose proof is similar.
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Lemma 3.12. Let A — B be an isometry of Banach Oc,-algebras. Suppose the natural projection
pr: B — B/A admits an isometric section s : B/A — B as Banach modules over A. Then, for all
b1, by € B, we have

pr(b1b2) || < max(|[byl pr(b2) |, b2 lpr(bi)l)

We shall apply this lemma to the inclusion R* — R

Lemma 3.13. Denote the triple (R*, R%) by (A, B) for simplicity. Let f be a cocycle in C'(T', GL, (B)).
Suppose there exists an R > 1 such that || f (y) — 1| < 1/(Rc) for all y € T'. Let f be the image of f
in CY(I', M, (B/A)) (which is not necessary a cocycle). If ||f|| < 1/(Rcz), then there exists a cocycle
fle CH(T, GL,(A)) which is equivalent to f such that || f'(y) —1|| < 1/(Rc) forall y € T.

Proof. We proceed as in the proof of [Diao et al. 2023b, Lemma A.1.15]. It is enough to show that there
exists an h € M,,(B) with ||k <c¢ ||f|| such that the cocycle
gy y+nfHA+n

satisfies [|g(y) — 1| < 1/(Rc) forall y € T and [Ig]l < | 1I/R in C'(I', M,(B/A)).
Granting the claim, by iterating this process, we can find a sequence hy, h, ... in M, (B) with
Ilhall < (e ILFID/R™™" < 1/(cR") such that

n n -1
Il
y(H(l +hl~))f(y)(]"[(1 +h,->) <=
i=1 i=1
Seth = ]_[z;of(l + h;) € GL,,(B). Then we have a cocycle

iy yh) f)h!

taking values in M,,(A) N GL, (B) such that || f'(y) — 1|| < 1/(Rc) for every y € I'. Thus f' € GL,(A)
and we prove the lemma.

Now, we prove the claim. Since f € Cl(F, GL,(B)) is a cocycle, for all y1,y» € I', we have
Ffr1iy2) = vi(f(12)) f(y1). Using Lemma 3.12, we get

Ild £, vl = f ) + F) — Fnw)

=lrifr2) =Dy =D =11 _

= ln 7o~ DT - Dl = 2L (3-1)

Since || f]| < 1/(Rc?), we can apply Lemma 3.10 to 7 2 f and get an i € M,,(B/A) such that

_ I 2f - . _ _ 1
||h||smax( a4 2df Smax(cllfll,CZIIdfll)§c||f||SE.
and that . _
_ _ —d _
||f—dhllsu§clldfll 5”%. (3-2)
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By assumption, we can lift h to an h € M,,(B) such that ||i|| = ||k]| <c ||f||. It follows that for all y € T,
we have

ly(A+m)fA+m)"" = fF)l <]l < %
and, therefore,

1
Iy (LD FOA+)™ =1 = .
C

Moreover, we have

cl il 1Al
e (3-3)

ly(L+m) f A+~ =y +m) f()A=h)| < |h*] < R

By Lemma 3.12, we have
ly(T+h) f(y)(L—h) = f(y)—y(h)+h]| )
=y (f)—D—=(f(y)—Dh—y) f(y)hl = ”—j;”- (3-4)
Combining (3-2), (3-3) and (3-4), we conclude that

A mrea+m) <20

which proves the claim as desired. ]
Now we are able to prove Proposition 3.5.

Proof of Proposition 3.5. (1) Since a > r, we may choose s > 1 such that ||pt"| = 1/(sc?). By
our assumptions, a basis {ef, e2, . .., e,} of My, determines a cocycle f € C!(T, GLn(ﬁjo)) satisfying
lfy)—1y]<1/ (sc?). In particular, f satisfies the hypothesis of Lemma 3.13. Thus there exists a cocycle
f" e C(I", R") which is equivalent to f such that

1
If'(y)—1ll<—, forall yeT.
sc
Then the cocycle f” defines a finite free sub-R™-module M of rank n such that
M Qg+ RL = M.

(2) By (1), we have Moo =M & M Qg+ (ﬁ;/Rﬂ. Applying Lemma 3.11(1) to L = M, we deduce that
H!(T', M ®g+ RE,/R™) is killed by 7 for every i > 0. But H/(I', M) = M~ is 7-torsion free, so we get
H(I', Moo) = H(I', M)
and complete the proof. (I

Up to now, we have constructed a decompletion functor from the category of (a-+r)-trivial f’?\:o—
representations of I to the category of essentially (a+r)-trivial R™-representations of I'. Now Theorem 3.4
follows from the next proposition directly.

Proposition 3.14. Every essentially (a-+r)-trivial R -representation of T is (a+r)-trivial.
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We give the proof of this proposition in the next subsection.

Essentially (a+r)-trivial representation is (a+r)-trivial. Throughout this subsection, we always assume
a > r. For any R*-module N with a continuous I'-action, we denote H! (I", N) by H' (N) for simplicity.
Now for a fixed essentially (a+r)-trivial R™-representation M of ' of rank n, we define

My =M ®g+ RE,.

Then it is (a+r)-trivial and of the form Mo, = M & M, for M, = M @ g+ ﬁ;/R*. Since M is a-trivial,
by Lemma 3.11, we see that RI'(I", M) is concentrated in positive degrees and is killed by . As a
consequence, for any 4 > r, we have

RI(T, Mcp/ph) >~ RI(T, M¢p)[1].
In particular, RI'(T", M,/ p™) is killed by 7. So we deduce that
7H’ Moo/ p") = nH (M / p").
Replacing M by (R)!, we get
aH (R /p")" = aHO(RY/p")" = (xRT/p")".
Since M, is (a+r)-trivial, choose h = a 4+ r and we get
aHO(M/ p*7) = HO (Moo / p**") = wHO(RE, / p**7)" = (T /p**7)" = (RT/p)".

Thus, 7H°(M/ p®*") is a free Rt /p®-module of rank n.

Choose g1, ...g, € HY(M/p®*") such that gy, ..., wg, is an R*/p?-basis of 7HO(M/p®*"). We
claim that the sub-R™/p%t"-module

n
Z R+/pll+r g C HO(M/pa-H‘)
i=1

is free. For any i, let g&; € M be a lifting of g;. Assume x, ..., x, € R™ such that

n
ingi =0 mod p*t".
i—1

Then

Zx,-ngi =0 mod p**".

i=1

By the choice of g;’s, we deduce that x; € p® R™ for any i. Write x; = my; for some y; € R*. Then

n
Zy,-rrgi =0 mod p**".

i=1

So y; € p*R™ and hence x; € p®™" R for all i. This proves the claim.
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It remains to prove gi, ..., &, is an R™-basis of M. Letey, ..., e, be an R*-basis of M. Since M is

a-trivial, we get
n

M/p* =H'(M/p*) =" R"/p“e:.

i=1

So wey, ..., e, is an R/ p®~"-basis of w M/ p“. However, by the choice of g;’s, 7g1, ..., wg, is also
an R /p®"-basis of wM/p“. Since a > r, we deduce that g;’s generate M as an R*-module. This
completes the proof.

4. Local Simpson correspondence

In this section, we establish an equivalence between the category of a-small representations of I over
ﬁjo and the category of a-small Higgs modules over R™. This is a local p-adic Simpson correspondence.
Throughout this section, putr =1/(p — 1).

Definition 4.1. Assume @ > r and A € {R™, i{\;“o} We say a representation M of I' over A is a-small if
itis (a+v,(px))-trivial in the sense of Definition 3.3.

Definition 4.2. By a Higgs module over R, we mean a finite free R™-module H together with an
R*-linear morphism 6 : H — H Qg+ ﬁ}ﬁ(—l) such that 8 A6 = 0. A Higgs module (H, 9) is called
a-small, if 0 is divided by p*+Vr(#); that is,

Im(9) C p**rP H @g+ Qhi(—1).

Let ng with the canonical Higgs field ® be as in Corollary 2.23. For an a-small representation M
over R, define

Ou =idy ®O: M @+ St — M @pe SLT ®ps Qg (—1). (4-1)

Then it is a Higgs field on M ®+ S;*. We denote the induced Higgs complex by HIG(H ®g+ Si;*, Op).
For an a-small Higgs module (H, 6y ), define

Op =0y id+idy ®O : H Qg+ SoH — H Qg+ S1H @+ QL. (—1). (4-2)

Then ®y is a Higgs field on H® g+ S1: . We denote the induced Higgs complex by HIG(H @+ S+, O ).
The main theorem in this section is the following local Simpson correspondence.

Theorem 4.3 (local Simpson correspondence). Assume a > r.

(1) Let M be an a-small ﬁ:o-representation of I of rank I. Let H(M) := (M Q1. SO and 0wy be
the restriction of ® y to H(M). Then (H (M), Og(m)) is an a-small Higgs module of rank 1.

(2) Let (H, 0y) be an a-small Higgs module of rank | over R*. Put M(H,0y) = (H ®g+ Si;7)©1n=0.
Then M (H, 0g) is an a-small i?\;ro—represemation of T of rank l.
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(3) The functor M — (H(M), Our)) induces an equivalence from the category of a-small i?\;ro-
representations of T to the category of a-small Higgs modules over RY, whose quasi-inverse
is given by (H, 6y) — M(H, 6g). The equivalence preserves tensor products and dualities.

(4) Let M be an a-small i?\;’o—representation of T and (H, 6y) be the corresponding Higgs module. Then

there is a canonical T -equivariant isomorphism of Higgs complexes
HIG(H ®g+ SI;7, ©p) — HIG(M ®z+ SIT, Ou).

Also, there is a canonical quasi-isomorphism

Rr (T, M[%]) ~ HIG(H[%], o).

where HIG(H[%], QH) is the Higgs complex induced by (H, 0).

The following corollary follows from Theorems 3.4 and 4.3 directly.
Corollary 4.4. Assume a > r. The following categories are equivalent:
(1) The category of a-small representations of T over R™.
(2) The category of a-small representations of T over ﬁ;ro

(3) The category of a-small Higgs modules over R™.

In order to prove the theorem, we need to compute RI'(I', M Q¢+ SI:H). By Corollary 2.23, we are
reduced to computing RI'(I", M @+ ﬁjo(p Yi,...,pYy)) forany p € ,ok(’)@p. So before we move on, let
us fix some notation to simplify the calculation.

For any n > 0, define

Fo(Y) :n!(z) —Y(Y =1)--- (Y —n+1) e Z[Y].

For any « € N[%] N (0, 1), define e, =1—¢7%. Then v,(or) =1 > v, (€y).

Calculation in trivial representation case. We are going to compute RI" (T, f%\;ro( pY1, ..., pYy)) in this
subsection. We assume d =1 first. In this case, I' = Z,y and acts on ﬁjo(pY) via y(Y) =Y + 1. Note
that {p" F,},>0 is a set of topological I/Q\;ro—basis of R\;Fo(pY) and, for any n > 0,

y(p"Fy) = p"Fy+np-p" ' Fy_y.

So we get a y-equivariant decomposition

—

n+ _ + LT
R V) =D, o K 01T

So it suffices to compute R['(I", Rt (pY) - T%) for any o. We only need to consider the Koszul complex

K(RT(pY)-T% y —1): RT(pY)-T* Y=L RT(pY)-T".
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Note that for any o, {0" F,,T*},>0 is a set of topological R*-basis of R (pY)T%. So we have
np-p" ' F,_y, a=0,
gaeaTa(pnFn +n€ﬁpn—l Fn—l), o #0.

Put A, ={p" Fy}p=0 and I, ={v,(p(n+1))},>0. Let R*(A,) and R¥ (A, I,, +) be as in Definition A.1.
Then by (4-3), we see that

(v = D" FuT*) = i (4-3)

(¥ = D(RT(pY)) = R (Ap, Ip, +)
and that

o

(y — DR (pY)T*) ~ {(“Ga (p"Fn +nﬁp"_1Fn—1)}
€ n>0
in the sense of Definition A.4. By Proposition A.5, we get
(¥ = D(RT(pY)T*) = €, (RT(pY)T*).
In summary, we see that for o 7 0, HI(Z,,)/, RT{pY)T?%) is killed by ¢, and that for o =0,
H'(Z,y, R*(pY) = R*(pY) /R (A, Iy, +).

So, keeping the notation as above, we have the following lemma.

Lemma 4.5. (1) The inclusion Rt {(pY) < ﬁ;(pY) identifies RT'(I", R (pY)) with a direct summand
of RI'(Z,y, i?\:o(pY)) whose complement is concentrated in degree 1 and is killed by {, — 1.
(2) HYT', R*(pY)) = R7 is independent of p.
(3) HY(T, Rt (pY)) = RT(pY)/RT(A,, I, +) is the derived p-adic completion of
EB RT/(i+1)pR™.
i>0

Proof. It remains to compute HO(T, RT(pY)T?).
When « # 0, assume ), . a, 0" F,T¢ is y-invariant. Then we have

Z {%eq <an + Eﬁ(n + l)an+1)pnFnTa =0.
a

n>0

This implies that, for any n > 0 and any m > 0,

a, = (=1)" H(eﬁ(n +j>>an+m.
j=12

" vp(n+ j) for any m > 0. This forces a, = 0 for any n > 0.

In particular, v, (a,) > 37,

When o =0, assume ), a,p" F, is y-invariant. Then we have

> +1)paip"Fu =0,

n>0

which implies a,, = 0 for any n > 1. So we have RT(pY)!' = RT. O
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Now we are able to handle the higher dimensional case.
Lemma 4.6. Identify S%, , with R (pY1, ..., pYa).
(1) The inclusion R (pY) — ’S\;ro,p identifies RT(I", R™(pY)) with a direct summand of RI' (T, TS’\:O’p)
whose complement is concentrated in degree > 1 and is killed by {, — 1.
(2) For anyi > 0, we have
i

d
H (T, R*(pY)) = /\(@ R*(pY))/R* (Apj, I, +>)

R+ N j=I
Jor Ap j ={p"Fo(Y)} and I, = {v,((n + 1)p)}n>o0.
Proof. Note that RI"'(T", i?\;ro(p Y1, ..., pYs)) is presented by the Koszul complex

K(RL(pY1, .. pYa)ivi— 1 oooya = D) = K(RE (pY1): yi — D®%: -+ B K(RL (0Ya): va — D).

Since RT(pY;)/RT(A, . 1,,+) is already derived p-complete, the lemma follows from Lemma 4.5
directly. O
Proposition 4.7. (1) (S;HT = R*.
(2) Foranyi > 1,H (T, SI:) is p™®-torsion.
Proof. We only need to show, for any i > 1,
lim  H(TI, S )
Vp(ﬂ)>”p(,0k)

is p*>-torsion. However, by Lemma 4.6, this follows from a similar argument as in the proof of
Corollary 2.23. ([

Calculation in general case. Now, by virtues of Theorem 3.4, we may assume that M is an a-small
representation of I over R*. Let ey, ..., ¢; be an R"-basis of M and A ; be the matrix of y; with respect
to the chosen basis for all 1 < j < d; that is,

viler,....,e) =(e1,...,e)A;.

Put Bj =A;—1I. Itis the matrix of ; —1 and has p-adic valuation v, (B;) > a-+v, (o) by a-smallness of M.
Similar to the trivial representation case, we are reduced to computing RI'(I", M ® g+ R\; (pY1, ..., pYa)).
Note that we still have a I"-equivariant decomposition

—

M&p- RLPY, - pYa) = €D, 1oy ™ O ROV pYa) T,

where T¢ denotes 7" - -- T, for any o = (a1, .. ., ).
Assume « # 0 at first. Without loss of generality, we assume o« #% 0. Note that

{ein :=eip" Fy(Y))T*}1<i<in>0
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is a set of topological basis of M g+ R (pY1, ..., pYs)T% over RT(pY1, ..., pY4_1). We have

(va—D(erns - e1n) =5 ey, ((el,nv overn) (e Bi+ D+ (ern-t. ... e1n-1) -HLAd>-

(2%]

Similar to the trivial representation case, using Proposition A.6, we deduce that
RF(Zde, M ®RJr R+<IOY17 ERX) de>Zg) ~M (®RJr R+<IOY1’ ERX) de>Ig/€(¥d[_l]-

Using the Hochschild—Serre spectral sequence, we have the following lemma.

Lemma 4.8. Assume a # 0. Then the complex RT'(I', M Qg+ RT(pY1, ..., pYy)T%) is concentrated in
positive degrees and is killed by ¢, — 1.

Now, we focus on the o = 0 case and prove the following proposition.

Proposition 4.9. Keep the notation as above. Assume v,(p) < a +v,(px) —r. Define
H(M) := (M ®g+ R*(pY1, ..., pYa))".
Then the following assertions are true:

(1) H(M) is a finite free R*-module of rank | and is independent of the choice of p. More precisely, if

we define

(hieoch)=(et,ove) Y HMF,,I(Y)

then hy, ..., h;is an R -basis of H(M).
(2) The inclusion H(M) — M Qg+ RT(pY1, ..., pYy) induces a I'-equivariant isomorphism

H(M) QR+ R+<IOY1’ ""de> ;M®R+ R+<IOY15 ---ade>'

Proof. We first consider the d = 1 case. In this case, ' = Z,y acts on R*(pY) viay(Y) =Y + 1. Let
eq,...,e beabasis of M and A be the matrix of y associated to the chosen basis. Put B=A — I and
then v,(B) > a+v,(ox) > v,(p) +r. Note that {p" F,,(Y)},>0 is a set of topological basis of R {(pY).
(1) Assume x = ano eX,p"F,(Y)e H(M), where X, € (RM)! for any n > 0 and e denotes (ey, ..., ¢).
Since y (x) = x, we deduce that, for any n > 0,

BX,=—(n+1)pAX, 1.

In other words, we have

—A'B A-1B)"
X, = Xy = CABY
np p"n

Note that v,((A7'B)"/(p"n!)) > (a +v,(pr) —r —v,y(p))n. So we get (A~ B)"/(p"n!) € M;(RT) and
hence X, is uniquely determined by X. In particular, we have

r=e Y CA D prmxe=e Y CAE E i, (4-4)

n>0 n>0
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Conversely, any x € M Qg+ R (oY), ..., pY,) which is of the form (4-4) for some X, € (RM)! is

y-invariant. So we are done.

(2) From the proof of (1), we see that ano((—A_lB)"/(p”n!)),o”Fn(Y) € GL;(RT(pY)). Thus the
h;’s form an R* (pY)-basis of M @+ R (pY) as desired.

Now, we handle the case for any d > 1. By what we have proved and by iterating, we get
(=Ag' Ba)™
e(R* (oY1, p¥a)'=e ) 4P By (Y (R (YY)
ng>0 ’

(=AgL Ba—)"! (=Ag'By)"
=¢ ), E Ry () L By V)R Y, Y)Y

ng—1,nq>0

LBy i

i
ny,..,ng>0i=1

.....

(R™(pY1, ..., pYa)" =R O
Remark 4.10. Note that if v,(z) > r, then

(+2" =Y ZRm.

n>0

Therefore, for M and p as above, as v, (Al._1 Bj) > a > r, the operator ]_[f.lzl ny", whose matrix is given by
an ..... 150 l_[jlzl ((—Ai_l B:i)" /n;)F,, (Y;), is well defined on M®g+ R (pY1, ..., pY4). Then the above

proposition says that we have H(M) = ]_[?:1 yl._y"M. Since log(1 +z)(1 +2)¥ = D ons0@/n)F(Y)
when v, (z) > r, for any em € M with m € (R")" and 1 < j <d, we get

d 1
0 -Y; -\ 0 (_Ai B;)" -

ny,...ng=0i=1

(—A;'B) (—A7' B y
=e Yy, —L—F @) [] T F o

.
n1esitg>0 it 1_5;5_(1 a
i)
L (—A7 By .
=e(-log(A) Y []—Ly—F,¥m)
. le

Niyenny ng>0i=1
d
-1 ) =Y -
=—logy; | |y, "em.
i=1

Corollary 4.11. Keep the notation as above.
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(1) Denote by O ) the restriction of © to H(M). Then (H(M), O ) is an a-small Higgs module.
Also, 611y = 3i_; ~log vi ® ((dlog T1)/1).
(2) The inclusion H(M) — M Qg+ ng induces a I"-equivariant isomorphism
H(M) Qg+ ST =M @g+ 5T
and identifies the corresponding Higgs complexes
HIG(H (M) ®g+ SLF, Onany) =HIG(M ®g+ ST, Op).

Proof. (1) Since ® = 2?21(8/8 Y;) ® ((dlog T;)/t), the “Also” part follows from Remark 4.10. Since
v,(B;) > a+v,(pi) forall j and logy; = —anl (=B;j)"/n, we see the a-smallness of (H (M), Oy (m))
as v,(B]'/n) > a+v,(p) for all n.

(2) This follows from Proposition 4.9(2) and the definition of 6x ). O

We have seen how to achieve an a-small Higgs module from an a-small representation. It remains to
construct an a-small representation of I" from an a-small Higgs module.

Proposition 4.12. Assume a > r. Let (H,0y) be an a-small Higgs module of rank | over R*. Put
M = (H @g+ S;;T)01=0,

(1) The restricted T'-action on M makes it an a-small I/Q\;ro—representation of rank . Also, if Oy =
2?21 0; ® ((dlog T;)/t), then y; acts on M via exp(—6;).

(2) The inclusion M — H Qg+ Sgg)+ induces a I"-equivariant isomorphism
M ®p: SLT = H®gs ST
and identifies the corresponding Higgs complexes
HIG(M ®z: Si;T, ©y) ZHIG(H @+ ST, On).

Proof. (1) The argument is similar to the proof of Proposition 4.9.

Assume p € pymg, such that a +v,(ox) > v,(p) +7r. Letey, ..., e be an R*-basis of H. We claim
that M = (H @g+ RL (pY1, ..., pYyq)®n=0.
In fact, if G = (Gq,...,G)' e (ﬁ;(le, ..., pY)! such that m = Zgzl e;G; € M, then we see that,
forany 1 <i <d, R
0,G+29
Y;

This forces G = ]_[flzl exp(—6;Y;)a for some a € (ﬁ;)l. Since v,(0;) > a + v,(px), the matrix
]_[f:1 exp(—6;Y;) is well defined in GLl(ﬁgo(le, ..., pYyg)). This shows that M is finite free of rank /
and is independent of the choice of p.

Note that y;(Y;) = Y; +6;;. We see y; acts on M via exp(—6;). Since v,(6;) > a + v,(pk), using
exp(—6;Y;) = ano((—ei)”/n!)Yi”, we deduce that M is a-small.
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(2) This follows from the fact that ]_[lfl: L exp(—6;Y;) € GLI(R\;FO(/)Y 1,...,pYg)) and the definition of
["-action on M. (I

Finally, we complete the proof of Theorem 4.3.

Proof of Theorem 4.3. Part (1) was given in Corollary 4.11. Part (2) was proved in Proposition 4.12.
The equivalence part of (3) follows from Corollary 4.11(2) (as the 6;’s act via the —log y;’s) together
with Proposition 4.12(2) (as the y;’s act via the exp(—6;)’s). Elementary linear algebra shows that the
equivalence preserves tensor products and dualities. So we only need to prove the “Also” part of (4).

Let M be an a-small representation of I" over 1/?\;0 and (H, 6g) be the corresponding Higgs module
over R™. By Corollary 2.23, we have quasi-isomorphisms of complexes over ﬁoo

M[l} =, HIG(M ®z+ S\, ©y) ~ HIG(H ®g+ SL_, Op).
p oo

Applying RI'(T', - ), we get a quasi-isomorphism
RT (r, M[l]) — RI(T', HIG(H ®z+ S.,. Oy)).
p
However, it follows from Proposition 4.7 that

RI(T, 1) ~ R[O].
So we get
RI(T, HIG(H @+ SL,, ©4)) ~ HIG(H[l], O ).
p

Therefore, we conclude the desired quasi-isomorphism

Rr(r M| 1]) ~miG(H[ 1], 6x). O
p p
Finally, it is worth pointing out that all results in Theorem 4.3 still hold for §jo ,, instead of ST+
except the “Also” part of (4) because HIG(:S’\;FO,pk [%], ®) # Roo[0] and RI(T, §:o,pk [%]) # R[0]. For
the future use, we give the following proposition.

Proposition 4.13. Keep the notation as in Theorem 4.3.

(1) Let M be an a-small ﬁjo-representation of T of rank l. Then H(M) = (M Qpt :S‘\;g’pk)r and On (m)
is the restriction of @y to H(M).

(2) Let (H, 0y) be an a-small Higgs module of rank | over R™. Then M(H, 0y) = (H Qg+ St )©#=0,

00, ok
(3) Let M be an a-small R\;O-representation of I and (H, 0y) be the corresponding Higgs module. Then
there is a canonical T -equivariant isomorphism of Higgs complexes

HIG(H ®g+ S5 . On) — HIG(M ®z+ S5, Om).

00, Pk ? 00, Pk’

Proof. By Corollary 2.22, we have a I"-equivariant decomposition

—

Tt = + o
Soo,pk _@QE(NH[O,U)‘[R (,OkY], ~'7kad>I .
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Let N be the a-small R*-representation of I" corresponding to M in the sense of Theorem 3.4. Then
M =N ®g+ RE.

(1) Thanks to Lemma 4.8, we have

(M ®z: S5 )" = (N &g+ R (oY1, ..., peYa)'

09, Pk
Since a > r, it is automatic that v, (px) < a +v,(ox) —r. So (1) is a consequence of Proposition 4.9.
(2) This follows from the proof of Proposition 4.12(1) directly (because v,(pox) < a+v,(pr) —r).
(3) This follows from (1), (2) and Theorem 4.3(4) via the base-change along Sj;’f — St [l

0, Pk *
5. A p-adic Simpson correspondence

Statement and preliminaries. Now, we want to globalise the local Simpson correspondence established
in the last section for a liftable smooth formal scheme X. We fix such an X together with an A;-lifting X
Then we have the corresponding integral Faltings’ extension £+ and overconvergent period sheaf OC™*.
Let X be the rigid analytic generic fibre of X and v : X6t — X¢ be the projection of sites. Throughout
this section, we assume r = 1/(p — 1).

Definition 5.1. Assume a > r. By an a-small generalised representation of rank [ on X0, We mean a
sheaf L of locally finite free 6X—modules of rank / which admits a p-complete sub—@\;—module L+ such
that there is an étale covering {X; — X};<; and rationals b; > b > a such that, for any i,

(£+/pb[+vp(pk))?;([ ~ ((O;{'/pbi""‘)p(pk))l)?;(i

is an isomorphism of (6;?&‘1 / pb’+""(pk))| x;-modules, where @;al is the almost integral structure sheaf?
and X; denotes the rigid analytic generic fibre of X;.

Definition 5.2. Assume a > r. By an a-small Higgs bundle of rank [ on X, we mean a sheaf 7 of locally
finite free C’)x[%]—modules of rank / together with an Ox[é]—linear operator 61, : H — H ®o, ﬁ;(—l)
satisfying 03 A 6, = 0 such that it admits a 63 -preserving Ox-lattice Ht —i.e., H* C H is a subsheaf
of locally free Ox-modules with ’H*[%] = H — satisfying the condition

Q,H(fH-i-) C ph-‘rUp(Pk)’H"‘ R0, /S-\le(—l)
for some b > a.

For any a-small generalised representation, define
O, =i, ®0: L®g, OC - L®s, OC' @0, Ok(—1).

2This is the presheaf on Xo¢; sending each affinoid perfectoid space U = S a(R, R™) to the almost O¢ -module R al jp
p proét g p p p Cp
the sense of [SChO]ZC 201 2, Section 4] Since X roét admits a basis of affinoid perfectoid s aces, the proof of [SChO]ZC 201 2,
p! p p p

Proposition 7.13] shows that (5}'611 is a sheaf.
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Then O is a Higgs field on L ®g, OCT. Denote the induced Higgs complex by HIG(L ®py OCT, @p).
For any a-small Higgs field (H, 6%), put

On =0y ®id+idy ®O : H®0, OC" > H®p, OC' @0, QL(—1).

Then @3 is a Higgs field on H ®p., OCT. Denote the induced Higgs complex by HIG(H ®p., OCT, O).
Then our main theorem is the following p-adic Simpson correspondence.

Theorem 5.3 (p-adic Simpson correspondence). Keep the notation as above.

(1) For any a-small generalised representation L of rank | on Xpros, Ry (L ®a, OC") is discrete. Define
H(L) = (L ®p, OC") and Or(c) = v«Or. Then (H(L), Oy c)) is an a-small Higgs bundle of rank .

(2) For any a-small Higgs bundle (H, 0) of rank [ on Xg, put
L(H, 0y) = (H R0, OC"O=0,

Then L(H) is an a-small generalised representation of rank I.

(3) The functor L — (H(L), 6 (c)) induces an equivalence from the category of a-small generalised
representations to the category of a-small Higgs bundles, whose quasi-inverse is given by (H, 0y) —
L(H, 0y). The equivalence preserves tensor products and dualities and identifies the Higgs complexes

HIG(L ®5, OC', ©) > HIG(H(L) ®0, OC', O r)).

(4) Let L be an a-small generalised representation with associated Higgs bundle (H, 03). Then there is
a canonical quasi-isomorphism

Rv, (L) >~ HIG(H, 03),

where HIG(H, 0y) is the Higgs complex induced by (H, 6y). In particular, Rv, (L) is a perfect complex
of Ogg[%]-modules concentrated in degree [0, d], where d denotes the dimension of X relative to O@p.

(5) Assume f: X — ) is a smooth morphism between liftable smooth formal schemes over Oc,. Let X
and i?j be the fixed As-liftings of X and ), respectively. Assume f lifts to an A>-morphism f : X Qj

Then the equivalence in (3) is compatible with the pull-back along f.

Remark 5.4. Assume L is a sheaf of locally free 6X—m0dules which becomes a-small after a finite
¢tale base-change f : Q) — X. By étale descent, Rv.(L ®g, OCT) is well defined and discrete. Also,
V(L ®a, OC") is a Higgs bundle which becomes an a-small Higgs bundle via pull-back along f.
Conversely, if (H, 61) is a Higgs bundle on X which becomes a-small after taking pull-back along a
finite étale morphism f, by pro-étale descent for Ox-bundles, (H ®0x OCHO#=0 is a well defined
@X—bundle. Also, it becomes a-small via the pull-back along f. Therefore, one can establish a p-adic
Simpson correspondence in this case.

Remark 5.5. Assume X comes from a smooth formal scheme X over Z,, and admits an A,-lifting x.
Note that Faltings [2005, Definition 2] used Breuil-Kisin twists to define Higgs fields while we use Tate
twists, so our smallness conditions on Higgs fields differ from his by a multiplication of (¢, — 1). By
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Proposition 2.14, after choosing a covering {X; — X};¢;, the cocycle {6;;}; je; corresponding to the
integral Faltings’ extension is exactly the one used in [Faltings 2005, Section 4]. Note that locally we
define Higgs fields by 8 = —log y (Corollary 4.11) while Faltings [2005, Remark(ii)] defined 6 = log y .
So our construction is compatible with [Faltings 2005] up to a sign on Higgs fields.

Remark 5.6. Suppose X comes from a smooth formal scheme Xy over O and X is the base-change of
X0 along Oy — A,. Let OCT be the associated overconvergent period sheaf. By its construction, there is
a natural inclusion OC < OC'. Now assume L is a Z p-local system on X¢ and £ =1 ®z, @) x is the
corresponding 6X—bundle on Xp0¢. Since the resulting Higgs field is nilpotent by [Liu and Zhu 2017,
Theorem 2.1], it can be seen from the proof of Theorem 5.3 that the morphism

V(L ®p, OC) = 1.(L®5, OCT)
is an isomorphism. So our construction is compatible with the work of [Liu and Zhu 2017] in this case.

We do some preparations before proving Theorem 5.3.

Lemma 5.7. Let U € Xproe be an affinoid perfectoid and M™ be a sheaf of p-torsion free (”)\;(“-modules
satisfying one of the following conditions:

(a) Mﬁ;j is a sheaf of free (/’)\;W-modules.

(b) M is p-complete and there is an almost isomorphism

/PO = (O /PO

for some ¢ > 0.

Then the following assertions are true:

(1) Foranyi > 1anda >0, H (U, MH3 = H/(U, M*/pH? =

(2) For any b > a > 0, the image of (M™/p®)(U) in (MY /p?) is ./\/l+(U)/p“.

(3) Put M+ =1lim, M*/p". Then M*(U) =1lim, M*(U)/p" and for anyi > 1, H (U, M*)* =0
Proof. By [Scholze 2013a, Lemma 4.10], both (1) and (2) hold for free 5;—modules. So we only focus
on M™’s satisfying the second condition.

(1) It is enough to show that for any i > 1, H' (U, MHA =0, Granting this, the rest can be deduced
from the long exact sequence induced by
0— M+X—'7a>M+—>M+/p”—>O.
Since (M u/pP° Al = ((O |U/p )3 by [Scholze 2013a, Lemma 4.10(v)], we deduce that
H'(U,M*/p* =0

for any i > 1. Consider the exact sequence

De

(n—
0—>M+/p P ./\/l+/p"‘—>./\/l+/p(" l)c_)o
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By induction on n, we see that for any i > 1, H (U, M™%/ ") = 0. Now, the desired result follows
from [Scholze 2013a, Lemma 3.18].

(2) Consider the commutative diagram

b
0— M*T 2 M+ — MF/pP — 0
e | ]
0—>M+p—a>/\/l+—>/\/l+/p“—>0

Then by (1), we get the commutative diagram

0 — MHU)/pb — (M pPYWU) 2 HY U, MT) — 0

T

0 — MUY/ p® — (MF/pY(U) 2 HY (U, MT) — 0

Since the multiplication by p?~¢ is zero on H'(U, M), the image of (M*/p?)(U) in (MT/p*)(U) is
contained in the kernel of 8,. In other words, (M™/p?)(U) takes values in M*(U)/p“. Now, the result
follows.

(3) When M™ is p-complete, there is nothing to prove. Now, assume M is a free (/’)\;-module. The
first part follows from (2) and the second part follows from the same argument used in (1). U

Remark 5.8. In this paper, we say a module (or a sheaf of @;—modules) M is p-complete, if M =
Rlim, M ®§p Z,/p". This is different from that M =lim, M/ p" in general. However, as mentioned in the
paragraph below [Bhatt et al. 2019, Lemma 4.6], if M has bounded p>-torsion; that is, M[p>®] = M[p"]
for some N > 0, then saying M is p-complete amounts to saying M = lim, M/p". Indeed, in this case,
the pro-systems {M ®§p Z,/p"}n>0 and {M/p"},>¢ are pro-isomorphic. So we obtain that

Rlim M ®§p Z,/p" ~Rlim M/ p".
n n

Lemma 5.9. Assume X = Spf(R") is small. Define Xoo, R, as before. Let L be a sheaf of p-complete

and p-torsion free 5;—m0dules such that
(Lt /P = (Ox /P
for some a > 0. Put M = L7 (X ). Then:
(1) M is a finite free i?\;ro—module of rank 1.
(2) Forany 0 < b < a, there is a T'-equivariant isomorphism M/ p® = (I/Q\;ro/pb)l.
Proof. By Lemma 5.7, we have I'-equivariant almost isomorphisms

M/p® =5 (L) p")(Xoo) ~ (OF /pD) (Xoo) <<= (RE/p)'. (5-1)
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In particular, we get an almost isomorphism M /p® ~ (i?\;ro /p®)!. Denote by ey, ..., ¢ the standard basis
of (RL)".
(1) As mentioned in the paragraph after [Scholze 2013a, Definition 2.2], for any € € Q-.¢, one can find
Og¢,-morphisms

fiM/p®— RL/p" and g:(RL/p™' — M/p°

such that fog = p€ and go f = p€. In particular, the image of g is p* M/ p® and the kernel of g is killed
by p€.
For any i, choose x; € M such that
xi =g(e;) mod pM.
Then the x;’s generate

pM/p®=M/p**.

We claim the x;’s are linear independent over I/Q\jo /p?~¢. Granting this, we see M /p“~€ is a finite free
ﬁjo /p® €-module. Since M is p-torsion free and p-complete by Lemma 5.7(3), by choosing € < a, we
deduce that M is finite free of rank / as desired.

So we are reduced to proving the claim. Assume A; € i?\;ro such that Zi:l Aix; € p*M, that is,
g(Xi_ hie;) € p*M. So Yi_, hie; € Ker(g) and thus is killed by p¢. In other words, p¢ Y"i_, Ae; €
p*(R%)!. This forces A; € p*~¢RZ, for any i. So we are done.

(2) By [Scholze 2012, Proposition 4.4], the almost isomorphism M /p® ~ (1?; /p®! induces an isomor-
phism
cime, ®o, (RL/p" — me, ®o, M/p°.
Since (5-1) is I'-equivariant, so is ¢. Since me, is flat over (’)@p, this amounts to a ["-equivariant
isomorphism
h:(mc,RY/pime, RL) — me, M/p“me, M.

Now, for any € > 0, choose x; . € mg, M such that, for any i,

Xie =h(pe;) mod p*M.
Note that x; ¢ is unique modulo p*M. So for 0 < €’ < €, we have

€ !

pe Xje =Xi mod pM.

Assume € < a, we see that pe_e/ divides x; . for any €’. By [Bhatt et al. 2018, Lemma 8.10], R" is a
topologically free Oc,-module; therefore, so is 1/2\;“0 As we have seen that M is a finite free 1’?\:0 -module, it
is also topologically free over Oc,. This forces that x; ¢ is divided by p¢. So we may assume x; e = p€yi
for some y; . € M. By construction, y; ¢ is unique modulo p*~“M.
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Now define H. : (k\;ro/p“_e)l — M/ p“~€ by sending ¢; to y; . By construction of H,, we see that it is

the unique ﬁjo—morphism from (ﬁ;g /pe)! =€)l coincides
with 4.

We need to show H, is an isomorphism. However, since M is also finite free, after interchanging M

to M/p“~ whose restriction to (mc, R+ /D

and (i?\;ro)l and proceeding as above, we get a unique G, : M/p*~—¢ — (ﬁjo /p®~)!, whose restriction to
me, M /p®~€ coincides with h~!. Now, a similar argument shows that H, o G =id and G, o H, = id.
So H; is an isomorphism.

Finally, since & is I'-equivariant, by the uniqueness of H,, we deduce that H, is also I"-equivariant.
Since € is arbitrary, we are done. O

The following corollary is a special case of Lemma 5.9.

Corollary 5.10. Assume X = Spf(R™) is small affine. Let L be an a-small generalised representation with
a sub- (’)+-sheaf£Jr satisfying (L1 /pPTorPyal = (((’)+/pb+”1’(pk)) Y& for some b > a. Then LT (X o) is

a b'-small R;ro—representatlon of T foranya < b’ < b.

Lemma 5.11. Assume X = Spf(R™) is affine small. Let LT be a sheaf of p-complete and p-torsion free
@;-modules such that

(LF /P = (OF/pH™
for some ¢ > 0. Then for any P™ € {OCT, O@:{, OC™*} and for each i > 0, the natural map
H'(T, (L7 ®5; P (X)) = H' (Xproar/ X, LT @51 PT)
is an almost isomorphism. When i = 0, it is an isomorphism.

Proof. The proof is similar to [Scholze 2013a, Lemma 5.6; Liu and Zhu 2017, Lemma 2.7]. Denote
by X0 /X the m-fold fibre product of X, over X. As X is a Galois cover of X with Galois group T',
we have X2/ % ~ X, x "1, Note that O} /p comes from the étale sheaf O} /p¢ on X and that
(Lt poHd = (((9 /p©)H¥. By [Scholze 2013a, Lemma 3.16], for any i > 0 and m > 1, we have almost
isomorphisms

Homes (M, H' (Xoo, L7 ®p: PY/p®) — H (X, LT ®5: P/ p°).
By induction on n, we have almost isomorphisms
Home (M1, H' (Xoo, L ®51 PT/p")) — HI(X5/X, LY @1 PF/p™),
for any n > 1. By letting n go to 400, we get almost isomorphisms
Homes (M, H' (Xoo, L @ PT) — H' (XX, LT ®g; PT)
for P e {OCH=", (9@;}, where OC}>=" denotes the subsheaf of

ocC) = O+[PY1,---,de]
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consisting of polynomials of degrees < r. By the coherence of restricted pro-étale topos, H' (X ’;g/ X -)

commutes with direct limits for all i. Since O(D;f =U,>0 (’)CZ’S’ , we also get desired almost isomor-
phisms for P* = OC;. A similar argument also works for P+ = ocht =/ OCF. When
i =0, since both sides are mc,-torsion free, so we get injections.

p:vp(p)>vp (oK)

Now applying the Cartan—Leray spectral sequence to the Galois cover X, — X and using Lemma 5.7,
we conclude that the map

Hi(Foo’ (£+ ®5; P+)(XOO)) g Hi(Xproét/x’ £+ ®@; 73+)

is an almost isomorphism for every i > 0.
For i =0, we know H°(X proét/ X, Lt ®@)+( PT) is the (0, 0)-term of the Cartan—Leray spectral sequence
at the E>-page, which is the kernel of the map

(LY @51 PH(Xoo) = (LT ®@a1 PHXL).
On the other hand, HO(T, (£ ®@; P)(Xwo)) is the kernel of the map
(LT @5t P (Xoo) = Homes (T, (L7 @5+ P (Xoo)).
So the result follows from the injectivity of the map
Homes (I, (£ ®6: P1) (X)) = (L1 ®5: PHKXL). O

Proof of Theorem 5.3. Now we are prepared to prove Theorem 5.3.

(1) Let £ be an a-small generalised representation of rank / and £ be the sub-(/’)\;—sheaf as described
in Definition 5.1. Define H* := v, (LT ®o+ OCH). It suffices to show that Riv, (£t ®6+ OCcHt)is
p>°-torsion for any i > 1 and that H* satisfies conditions in Definition 5.2. Let b > a and {X; — X};cs
be as in Definition 5.1. Since the problem is local on X4, we are reduced to showing that for any i € I,
if we write X; = Spf(R;"), then H"(Xproet/Xi, LT ®6t OC™*) is p™-torsion for any n > 1 and is a
b;-small Higgs module over RZ.Jr for n = 0 in the sense of Definition 4.2 for some b; > b. So we only
need to deal with the case for X small affine.
Now we may assume X = Spf(R™) is affine small itself and that

(LH/p"" =09 /P
for some b’ > b. Let X, 1’3\;“0 and I" be as before. By Lemma 5.11, the natural morphism
H' (T, L% (Xo0) ®z S157) = H Xproat/ %, LT ®5: OCH)

is an almost isomorphism for i > 1 and is an isomorphism for i = 0. So we are reduced to showing
RT(T, LT(Xoo) ® L) is discrete after inverting p and H(I', L1 (Xo0) @+ S1,) is a b”-small Higgs
module for some b” > b.

However, by Corollary 5.10, L1 (X o) is a b”-small ﬁjo—representation of " for some fixed b” > b. So
the result follows from Theorem 4.3(1).
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(2) Let (H,03) be an a-small Higgs bundle of rank / and H* be the Ox-lattice as described in
Definition 5.2. Fix an a’ satisfying a < a’ < b. Define LT = (H T ®0, OC"T)®#=0 Then it is a subsheaf
of L=(H®0y OC"®#=0 and hence p-torsion free. We claim that the inclusion OC"+ — 0@; induces
a natural isomorphism

(H 04 (’)@Ter)@H:O — (Mt R0+ (’)TC\;()@HZO.

Indeed, this is a local problem and therefore follows from Proposition 4.13. As HT ®0, (’)@jk is p-

complete, by continuity of @, so is L. It remains to prove that £ is locally almost trivial modulo
pa/"‘vp(pk)‘

Assume X = Spf(R™) is small affine and let X, ﬁ;g and I" be as before. Shrinking X if necessary,
we may assume (H*, 63) is induced by a b’-small Higgs module over R for some b’ > a’. Then by
Theorem 4.3, L1 (X ) is a b’-small ﬁjo—representation of I'.

Let us go back to the global case. Choose an étale covering {X; — X} of X by small affine X; = Spf(RiJr )
such that on each X;, (H™, 63+) is induced by a b;-small Higgs module over R;r for some b; > a’. Denote
by Xi o the corresponding “X,” for X; instead of X. As above, we have

L*(Xi00)/ P = (O (Xi00) /P
Therefore, by the proof of [Scholze 2013a, Lemma 4.10(i)], we get an almost isomorphism
Lt/ pi%, = (OF/p")h%,
with b; > a’ > a as desired.
(3) Let £ be an a-small generalised representation. There exists a natural morphism of Higgs complexes
L HIG(H(L) ®0, OCT, Oyr)) > HIG(L®5, OCT, ©;).

By construction of (H (L), 63c)), it follows from Theorem 4.3(4) that ¢ is an isomorphism. Since oct
is a resolution of O x by Theorem 2.28, we see that L(H (L), 63(c)) = L. The isomorphism

(H, 04) — (H(L(H)), Onuicry))

can be deduced in a similar way. So we get the equivalence as desired.
It remains to show the equivalence preserves products and dualities. But this is a local problem, so we
are reduced to Theorem 4.3(3).

(4) This follows from the same arguments in the proof of Theorem 4.3(4). Indeed, combining Theorem 2.28
and the item (3), we have a quasi-isomorphism

L — HIG(L®p, OCT, 1) ~ HIG(H ®0, OCT, ).
On the other hand, it follows from (1) that there exists a quasi-isomorphism

Rv, (HIG(H ®0, OC', ©4)) ~ HIG(H, 6).
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So we get a quasi-isomorphism
Rv, (L) ~ HIG(H, 63)
as desired.

(5) Since f : X — 9) admits an A,-lifting f, by Proposition 2.29, we get a morphism f *(’)(E; — (’)C;
which is compatible with Higgs fields.

Assume (H, 64) is an a-small Higgs field on )¢. Denote by (f*H, f*64) its pull-back along f.
By (3), we get the following isomorphisms, which are compatible with Higgs fields:

LM, f*0) ®p, OCk = f*H®0, OC}
= f*(H®0y OC}) ® f.c; OCK
= fH(LH, 030 ®5, OT}) @ .ot OCK
= f*L(H, ) ®p, OCY.

After taking kernels of Higgs fields, we obtain that
LM, [70n) = [TLH, O3).

So the functor (H, 6y) — L(H, ) in (2) is compatible with the pull-back along f. But we have shown
it is an equivalence, so its quasi-inverse must commute with the pull-back along f. This completes the
proof.

Corollary 5.12. Assume X is a liftable proper smooth formal scheme of relative dimension d over Oc,,.
For any small generalised representation L, RT'(Xprost, £) is concentrated in degree [0, 2d], whose

cohomologies are finite dimensional C,-spaces.
Proof. Since we have assumed X is proper smooth, this follows from Theorem 5.3(4) directly. (Il

Remark 5.13. Except the item (4), all results in Theorem 5.3 are still true by using O@;’k instead
of OCT+,

Remark 5.14. In Corollary 5.12, one can also deduce that RT" (X o6, £) is concentrated in degree [0, 2d]
when X is just quasi-compact of relative dimension d over Oc,. Indeed, in this case, we have

RF(Xproét, 'C) = Rr(xétv HIG(H7 07'[)) = RF(Xét’ HIG(Ha QH) ®O;{ OXé[)’

where HIG(H, %) ®0, Ox,, denotes the induced Higgs complex on X¢. On the other hand, by étale
descent, the category of étale vector bundles on Xg; is equivalent to the category of analytic vector bundles
on X,,, where X, denotes the analytic site of X. So the Higgs complex HIG(H, 61) ® 0, Ox,, upgrades
to an analytic Higgs complex HIG(H 4y, 64) such that

HIG(Han, 07‘[) ®Oxan OXé[ = HIG(,}_L Q’H) ®Ox OXé['
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By analytic-étale comparison (see [Fresnel and van der Put 2004, Proposition 8.2.3]), for any coherent

Ox,,-module M, there is a canonical quasi-isomorphism
RI'(Xan, M) = RI' (X, M Q0 Ox,)-
So by considering corresponding spectral sequences of these complexes, we get a quasi-isomorphism
RI'(Xan, HIG(Han, 67)) =~ RI'(X&, HIG(H, 63) ®0, Ox,,)-

Now, the quasi-compactness of X implies that X is a noetherian space. So the result follows from
Grothendieck’s vanishing theorem [1957, Théoreme 3.6.5] directly. The author thanks the anonymous
referees for pointing this out.

6. Appendix
We prove some elementary facts used in this paper. Throughout this section, we always assume A is a
p-complete flat O¢,-algebra.

Definition A.1. Let A = {a}yca be an index set and I = {i,}, be a set of nonnegative real numbers
indexed by A. Define

(1) A[A]=Byen A

(2) A(A) =1im, A[A]/p™A[A]

(3) A[A. 1= Byep P A

(4) A(A, I) =lm, (A[A, 11+ p™ A[A])/p™ A[A];

(5) A(A, I, +)=1lim, A[A, I]/p™A[A, I].
Proposition A.2. (1) A(A)/A(A, I) is the classical p-completion of A[A]/A[A, I].
(2) A(A)Y/A(A, I, +) is the derived p-completion of A[A]/A[A, I].

Proof. Since A(A, I) is the closure of A(A, I, +) in A(A) with respect to the p-adic topology, the
item (1) follows from (2) directly. So we are reduced to proving (2).

Consider the short exact sequence
0 — A[A, I] — A[A] — A[A]/A[A, I] — 0.
For any n > 0, we get an exact triangle
AN, 1®F Z,/p" — AIAI®F Z,/p" — (AIAI/AIA, 1) ®F, Z,/p" — .
Applying Rlim, to this exact triangle and using p-complete flatness of A, we get the exact triangle
A(A, I, +)[0] > A(A)[0] > K —,

where K denotes the derived p-completion of A[A]/A[A, I]. Now, the item (2) follows from the
injectivity of the map A(A, I, +) —> A(A). U
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Remark A.3. Forany (Ay)aen €[ [4ep A, We write A4 2250, if for any M >0 the set {a € A|v,(Ay) < M}
is finite. Then we have
Ao
AW 1) = { Gadaen 11 () 2 0]
and
Aa

A(A L, +) = {(,\a)ae,\ | vp(p_ia> >0, ;_a N 0}.

Definition A.4. Assume M is a (topologically) free A-module. Let ¥; and 3, be two subsets of M.

(1) We write X| ~ X, if they (topologically) generate the same sub-A-module of M.

(2) We write X| & X, if both of them are sets of (topological) basis of M. In this case, we also write
M =~ % if no ambiguity appears.

Proposition A.5. Fixe,w € Oc,. Let M be a (topologically) free A-module with basis {x;}i>o0. If N C M
is a submodule such that

N ~{ow(x; +iex;—1) |1 >0},
where x_1 =0, then N = wM.

Proof. Put y; = x; +iex;— for all i. Then we see that

(Yo, Y1, Y2, ¥3, .. .) = (X0, X1, X2, X3, ...) - X

with
1e 0 O
012 O
x=]00 1 3¢ -
000 1
and that
(x0, X1, X2, X3, ...) = (Y0, Y1, Y2, Y3, .-.) - ¥
with
1 —e 2e2 66 ---
0 1 —2 6€> .-
y=10 0 1 =3¢
0O 0 O 1

The (i, j)-entry of Y is §;; if i > j and is (—€)/~*((j — 1)!/(i —1)!) if i < j. Then the proposition follows
from the fact XY =Y X =1d. (|

The following proposition can be proved in the same way.
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Proposition A.6. Fix ® € M;(A). Let M be a (topologically) free A-module with basis {x;}i>o. Let N be
a finite free R-module of rank | with a basis {e1, ..., e;}. Forevery 1 < j<landi>0,put f;; € NQs M
satisfying

frire- s i) =(1®xj,...,e®@x) +i(e1 @Xi—1,...,e,®X;_1)0,

where x_1 =0. Then N@s M ~ {f;; |1 <j=<1,i >0}
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