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Operations in connective K-theory

Alexander Merkurjev and Alexander Vishik

We classify additive operations in connective K-theory with various torsion-free coefficients. We discover
that the answer for the integral case requires understanding of the 7 case. Moreover, although integral
additive operations are topologically generated by Adams operations, these are not reduced to infinite
linear combinations of the latter ones. We describe a topological basis for stable operations and relate it to
a basis of stable operations in graded K-theory. We classify multiplicative operations in both theories
and show that homogeneous additive stable operations with Z-coefficients are topologically generated by
stable multiplicative operations. This is not true for integral operations.

1. Introduction

Let k be a field of characteristic 0. An oriented cohomology theory A* over k is a functor from the
category szp of smooth quasiprojective varieties over k to the category of Z-graded commutative
rings equipped with a push-forward structure and satisfying certain axioms. In this article, we study the,
so-called, small theories. For these, the appropriate choice is [Vishik 2019, Definition 2.1], which employs
a strong form of the localization axiom and is some breed of the axioms of Panin and Smirnov [Panin
2004, Definition 1.1.7] and that of Levine and Morel [2007, Definition 1.1.2]. In particular, every oriented
cohomology theory A* admits a theory of Chern classes ¢! of vector bundles. Among such theories there
is the universal one — the algebraic cobordism of Levine and Morel Q* [2007]. We will work with the
free theories, i.e., theories obtained from Q* by a change of coefficients. These are exactly the theories of
rational type for which the results of Vishik [2019] apply.
Examples of free oriented cohomology theories are:

o Chow theory CH* that assigns to a smooth variety X over k the Chow ring CH*(X);

e Graded K-theory Kg*r that takes X to the Laurent polynomial ring Ko(X)[z,7~'] (graded by the
powers of the Bott element t of degree —1) over the Grothendieck ring Ko(X);

o Connective K-theory that takes a smooth variety X to the ring CK*(X) of X (see [Cai 2008; Dai and
Levine 2014])).
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The connective K-theory is the “smallest” oriented cohomology theory “living” above Chow theory
and graded K-theory: there are natural graded morphisms

CK*(X)

N

CH*(X) Ko (X)
that yield graded isomorphisms
CK*(X)/t CK*"'(X) = CH*(X) and CK*(X)[r™']— K} (X).

Moreover, multiplication CK"*l(x )i> CK"(X) by the Bott element ¢ € CK~!(k) is an isomorphism
if n < 0. The map CKO(X) — Kgor(X) = Ko(X) is also an isomorphism, so we can identify CK" (X) with
Ko(X) for all n <0.

For any > 0, the image of CK" (X)> CK®(X) = K, (X) is the subgroup K" (X) C Ko(X) generated
by the classes of coherent Ox-modules with codimension of support at least n. Note that the map " may
not be injective in general if n > 1.

Let A* and B* be two oriented cohomology theories. An additive operation G : A* — B* is a morphism
between functors A* and B* considered as contravariant functors from Smy, to the category of abelian
groups. Examples of additive operations are Adams operations in algebraic K-theory and Steenrod
operations in the Chow groups modulo a prime integer.

If A* is an oriented cohomology theory and R is a commutative ring, we write A%, (X) for A" (X) ®z R
and OP " (A) for the R-module of R-linear operations A%, — A’%.

It is proved in [Vishik 2019, §6.3] that every free oriented cohomology theory A* admits the Adams
operations WA € OP%" (A) for all n and m. The operation W# in OP ' (A) satisfies

Wi (e (L) = ¢} (L®")
for a line bundle L. Moreover, there is an R-linear map
Ad, : R[[x] - OP;"(A)

taking the power series (1 —x)™ to the Adams operation W for all m € Z.
In general, the map Ad, is neither injective nor surjective — see below. But it is shown in [Vishik
2019, §6.1] that Ad,, is an isomorphism if A* is the graded K-theory, thus,

OP!" (Kg) ~ R[x].

Since the power series (1 — x)™ generate R[[x] as a topological R-module in the x-adic topology,
we can say that the R-module OP " (Ky) is topologically generated by the Adams operations in the
graded K-theory. Moreover, since multiplication by the Bott element is an isomorphism in Kg*r, we have
OP;’m(Kgr) = R[[x]-"~".

In the present paper, we study the groups OP;™ := OP;"™ (CK) of operations in the connective
K-theory over R. We write, for simplicity, OP™"™ for OP’;™.
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The groups CK"(X) for n < 0 are identified with Ky(X), hence translating the above result on the
operations in graded K-theory, we see that Ad, : R[x] — OPy" is an isomorphism for n < 0.

The Adams operation W is trivial on CK’, for n > 1, i.e., Ad, (1) =0, so we consider the restriction
Ad;, : xR[x]] - OPR" of the map Ad,. The R-module CKL(X) is a canonical direct summand via
multiplication by ¢ of CK(}e (X) = Ko(X) g with the complement R - 1. This leads to a ring isomorphism
OPg’O ~ R x OP Ile’l. Moreover, the map Ad] : xR[x]] - OP 1151 is an isomorphism.

The structure of the groups OP™", with n > 1, is much more delicate and depends on the base ring R.
The homomorphisms Ad), : x R[x] — OPy™" for n > 2 are not surjective in general.

It came as a surprise to us that the structure of OP™" is very simple over the ring of profinite integers
7 =1im(Z/nZ):

n,n

Theorem. The map Ad,, :xz[[x]] — OPg’" is an isomorphism if n > 1. In particular, the Z-module OPz

is topologically generated by the Adams operations.
Over Z, the map Ad), is not surjective if n > 2.

Theorem. The group OP™" of integral operations is isomorphic, canonically, to a subgroup of OP;".
Moreover, there is an exact sequence

Ad, n,n y n—1
0— xZ[[x]— OP"" — (Z/2)""" — 0
ifn>1.

Thus, the group 7 also shows up in the computation of OP™" over Z. For example, OP*? as a
subgroup of OP;2 = xi[[x]] is generated by xZ[[x]] and the power series ) _,_((c — ¢;)/i)x! forall c e 7
and integers ¢; such that ¢ — ¢; is divisible by i for all i > 0, i.e., ¢; in Z represents congruence class of ¢
modulo i.

We prove that the rings OP™" and OP; " are commutative. Moreover, the rings OP™" are “almost”
integral domains: the only zero divisors are the multiples of W £+ W_;.

An operation G : A* — B* is called multiplicative if G is a morphism of functors Sm; — Rings.
Examples are rwisted Adams operations W7, defined as follows: Let b € Z and ¢ € 7Z*. Then the

operation W; is homogeneous and equal to ¢™"

- Wy on CK”z, where Wy, is the (generalized) Adams
operation with the power series (1 —x)?¢. We classify all multiplicative operations on CK} in Section 5.

The notion of “stability” in topology can be considered in an algebraic setting as follows (see [Vishik
2019, §3.1]): Let SmOp be a category whose objects are pairs (X, U), where X € Smy and U is an open

subvariety of X. Any theory A* extends from Smy to SmOp by the rule
A*((X,U)) :=Ker(A*(X) - A*(U)),

and every additive operation A* — B* on Smy, extends uniquely to an operation on SmOp. There is an
identification
o7 1 A((X, U)) = A*(Sr (X, U)),

where £7(X, U) := (X, U) A (P',P\0) = (X x P!, X x P"\O)UU x P').
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For any additive operation G : A* — B*, we define its desuspension as the unique operation
¥~ 1G : A* - B* such that
Goof =cfox7!G.

A stable additive operation G : A* — B* is the collection {G™ | n > 0} of operations A* — B* such
that G = 271G+,
In Section 6, we classify stable operations in connective K-theory over Z. We prove that under the

identification R
opr _ [21x1. ifn <0,
xZ[x], ifn>1

’

the desuspension map is given by the formula

o (G if n <1
E—l(G) — ( )9 1 n
O(G)—DP(G)(0), ifn>1,
where G € OP; " and ®(G) = (x — 1)(dG/dx). Thus, the desuspension map >-! yields a tower of
injective maps
2[x1 = 0P} = OP)! < ... < OPL" <

The group of homogeneous degree O stable operations CK} — CK} is canonically isomorphic to the
group
§ :=(")Im(®") C Z[[x].
n

We identify this group in Section 6. In particular, we prove that S is the closure in the x-adic topology
of Z[[x]] of the set of all (finite) Z-linear combinations of the Adams power series A,, forr € 7%. The
Z-module S and its integral version Sy appear to be of an uncountable rank. We describe a topological
basis for them.

We call a multiplicative operation G stable if the constant sequence (G, G, G, .. .) is stable. We prove
that stable multiplicative operations CKE — CKE are exactly operations W{, for ¢ € 7*. Thus, we obtain:

Theorem. Homogeneous degree O stable additive operations on CK} are topologically generated by the

stable multiplicative operations on it.

Similarly, stable multiplicative operations on CK* are \Illil. This time though, they don’t generate the
group of stable additive operations which is of uncountable rank.

Recall that additive operations in (graded) K-theory were determined in [Vishik 2019, §6.1]. In the
present paper, we determine stable and multiplicative operations in K. We describe a basis of the group
of stable Ky-operations and relate it to the basis of stable CK-operations. The ring of stable operations is
dual to the Hopf algebra of co-operations defined over Z, and therefore, has the structure of a (topological)
Hopf algebra. The Hopf algebra of co-operations coincides with Ko(K) in topology and has been studied
in [Adams and Clarke 1977; Adams et al. 1971; Clarke et al. 2001; Johnson 1984; Strong and Whitehouse
2010]. The case of CK was investigated, in particular, in [Kane 1981].
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The main tool used in our proofs is the general result of Vishik [2019, Theorem 6.2] that asserts, when
applied to the connective K-theory, that an operation G € OPy™ for n > 1 is given by a sequence of
symmetric power series G; € R[[xy, ..., x;]] for all [ > n satisfying certain conditions. In particular, G;
divisible by x1 - - - x; and —G41 = 9(Gy), the partial derivative of G; (see Definition 2.1) for all/ > n, i.e.,
all power series G; are determined by G,,. We show that if R is torsion free, then G,, can be integrated over
K = R® Q: there is a unique power series H € x K[[x] such that G,, = 3"~'(H). Thus, the operation G
is determined by a power series H in one variable over K such that 0"~ L(H) € R[[x1, ..., x,].

The article is organized as follows: In Section 2, we prove general results which will permit us
to integrate the multivariate symmetric power series and reduce the classification of operations to the
description of power series in one variable with certain integrality properties. These properties are then
studied and the respective power series are classified in Section 3. In Section 4, we apply the obtained
results in combination with [Vishik 2019, Theorem 6.2] to produce a description of additive operations
in CK with integral and Z-coefficients. We describe the ring structure on the set of homogeneous
operations. The description of operations in K, comes as an easy by-product. In the latter case, we
also describe the dual bialgebra of co-operations. Multiplicative operations in CK and Ky, are studied
in Section 5. Finally, Section 6 is devoted to the computation of stable operations.

2. Symmetric power series

2A. Partial derivatives. Let F(x, y) be a (commutative) formal group law over a commutative ring R.
We write xxy := F(x, y).
Let G(xy1,...,x,) € R[[x1, ..., x,]] be a power series in n > 1 variables.

Definition 2.1. The partial derivative of G (with respect to F) is the power series

(BG)(xl, x2a LA ] xn-i—l)
- G(X] * X2, X3, ... ’xn—i-l) - G(x19x39 ceey xn—H) - G(XZ’ X3, .. ’xn—i-l) +G(0’ X3, . 7~xn+1)7

which lies in R[[x1, ..., X,+1].

Note that the partial derivative is always taken with respect to the first variable (in this case xi)

in the list of variables. Write 8" for the iterated partial derivative. We also set (3°G)(xy, ..., x,) =
Gx1,...,x,)— GO, x2, ..., x).

Forasubset I C [1,m+1]:={1,...,m+ 1}, write x; for the %-sum of all x; with i € I. In particular,
xz = 0. Then

@"G) @1 X)) = 3 (DGO X, Xngn) € RIXL X2 o Xl (22)

where the sum is taken over all 2! subsets I C [1, m + 1]. In particular, 3" G is symmetric with respect
to the first m + 1 variables.

Observation 2.3. If G € R[[xy, ..., x,] is such that dG is a symmetric power series, then "G is
symmetric for all m > 1.
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Indeed, since 3G is symmetric, 3" G = 3"~ 1(dG) is symmetric with respect to the last n variables.
But 0™ G is symmetric with respect to the first m + 1 variables, hence it is symmetric.

Notation 2.4. For any commutative (Q-algebra K, write

i
Ig,(x) :=log(1—x) ==Y XT € Klx]
i1
and for any n > 0,

I, (x) = - (Ig,(x)" € K[x].

n!
In particular, 1gy(x) = 1.

For the rest of this section, * denotes the multiplicative formal group law, i.e., xxy = x +y — xy.
The power series 1g; (x) belongs to the kernel of 3. Moreover, we have the following statement:

Proposition 2.5. For any commutative Q-algebra K and any n > 0, the kernel of 3"~' : K[x] —

> K-lg(x).

0<r<n

Klx1,...,x,]is equal to

Proof. We make the following change of variables:
yi =1g;(x;) =log(1l —x;),

where x; = x. The multiplicative group law * translates to the additive one. In the new variables, the
partial derivative is homogeneous and lowers the degree in y; by 1. Therefore, the kernel of 9" is spanned
by l,yl,...,yf_l. O

The following formula is very useful:

Proposition 2.6. Let K be a Q-algebra, G € K[[x]| and n a positive integer. Then

oo
1 one d"G
(0" G) (1 X2 xs1) = ) 750" 1((1 —x)kw)(m, X2u s Xn) Xy
k=1

Proof. Note that both sides don’t contain monomials x* := x{"x3? - - - x4

We prove that for every multiindex o with «; > O for all i, the x*- coefficients of both sides are equal.

if at least one «; is zero.

Set k = a4 1.

By (2.2), the x*-coefficient of the left-hand side is the same as the x“-coefficient of G (xxxp%- - -%Xx,11).
To determine this coefficient, we differentiate (in the standard way) k times the series G (x*Xxp%- - -%X,41)
by x,+1, plug in x,4+; = 0 and divide by k!. Since our formal group law is multiplicative, we have
1—xxy=(1—-x)(1—y),and so,

e m) = () (- ).
Xn+41

It follows that the x®-coefficient in the left-hand side is equal to the x}"x3” -

1 d*G
(= x (I —x)f o (=) ey ).

-« xp"-coefficient of
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On the other hand, the x*-coefficient of the right-hand side is equal to the x{"x3? - - - x,;"-coefficient of
(1/kD3" (1 — x)*(d*G/dx")) (x1, x2, . . ., x,). This is the same as the x| x52 - - - x,"-coefficient of
142
%(1 — X kXK *xn)kG(k)(xl kX ke kXp)
1 d*G
== I =x) o (= x) T (xxy s oxy). O

For a nonzero power series H € R[[xy, ..., x,]l, denote by v(H) the smallest degree of monomials
in H. Set also v(0) = oo.

Observation 2.7. Suppose that a commutative ring R is torsion free. A direct calculation shows that for
positive integers n and m, we have v(3" ' (x™)) = m if m > n. It follows that v(3"~'(G)) = v(G) for
every G € R[[x] such that v(G) > n.

2B. Integration of symmetric power series.

Definition 2.8. A power series G € R[xy, ..., x,] is called double-symmetric it G itself and G are

both symmetric.

In the following proposition, we prove that double-symmetric power series can be symmetrically

integrated over any commutative (-algebra:

Proposition 2.9. Let K be a commutative Q-algebra and G € K| x1, ..., x 1, with n > 2, be a symmetric
power series divisible by x| - - - x,. The following are equivalent:

(1) G is double-symmetric.

(2) All derivatives 0" (G), where m > 0, are symmetric power series.
(3) There is a power series L € K [[x]| such that G = 3"~ (L).

(4) Thereis H € K[[x1, ..., x,_1]l such that 9(H) = G.

(5) There is a unique symmetric H € K[ x1, ..., x,—11, divisible by x1 - - - x,_1, with zero coefficient at
X1 -+ X,—1 and such that o(H) = G.

Proof. Note that (1) <= (2) by Observation 2.3. We will prove the equivalence of all statements by induc-
tion on n. The implication (3) => (2) is clear, and the implications (2) => (1) and (3) = (4) are trivial.

(5) = (3): Follows by induction applied to H.
(1) or (4) = (5): Over a commutative Q-algebra every formal group law is isomorphic to the additive
one. So we may assume that the group law is additive, i.e., the derivative is defined by

0G)(x,y,1)=Gx+y,1)—G(x,1)—G(y, 1)+ G(0,1).

We first prove uniqueness. Indeed if d H = 0, then H is linear in x;, and since H is symmetric and

divisible by x1 - - - x,_1, we must have H = 0.
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Case n = 2: The implication (4) = (5) is obvious. We prove (1) = (5). We may assume that G is
a homogeneous polynomial of degree d > 1. The symmetry of the derivative of G(x, y) results in the

following cocycle condition:
Gx+y,00+Gx, y)=Gx+2z,y)+G(x,2).
In particular, we have the following equalities:
Gx+y,x+y)+Gx, ) =G2x+y,y) +Gx, x +y),
G2x+y,y)+GQ2x,y) =G(2x,2y) +G(y. y),

Gx,x+y)+G(x,y) =G2x, y)+G(x, x).

It follows that
G, x))x, ) =Gx+y,x+y)—Gx,x)—G(y,y)

=G2x,2y) —2G(x,y)
=29 -2)(G(x,y)),

hence G (x, y) = 0(H), where H(x) = G(x, x)/(2d —-2).

Case n = 3: Write G(x, y,z) = Zi>1 G;(x,y)z'. By the very definition, if G satisfies (1), respec-
tively (4), then all G;(x, y) also satisfy (1), respectively (4). By induction, they satisfy (5). Integrating
each G;(x, y), we get a power series H = Zi’j% ai,jx"yj in two variables such that 0 H = G.

Note that we can change H by any series ) c;xy" without changing 8 H. This way, we can make
H=Y, a; jx'y/ with a; 1 = a;; and a;; = 0. We claim that H is symmetric. Indeed, from the

i+k j+k
( ; )a,-+k,j=( j >aj+k,i,

symmetry of d H, we have

for any i, j, k > 1. This implies that
1 <i +1
i+I\ i
and so, a;; = a;;, for any i,/ > 2. This shows that H is symmetric. Observe that such symmetric

)ai+l—1,1 =daj;,

integration is unique provided a;,; = 0.

Case n > 3: Write G = Zi>1 G, -xfl with G; € K[[x1, ..., x,—1]. Again, by the very definition, the
slices G; of G are double-symmetric. By the inductive assumption, these can be uniquely integrated to
symmetric power series H; € K[[xy, ..., x,_2] as in (5). Putting these power series together, we obtain

H:ZH,--xfl_l € Kllxi,...,x,—11

i>1
such that 0 H = G. Write
i in_1
H= Z iy it Xy Xy
[15eesin—1

Moditying H by x - - - x,—1 L(x,—_1) for an appropriate power series L, we may assume a; 1.1 =dji,1...i

.....

for all i.
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We claim that H is symmetric. The xi' . -x,i{’ -coefficient of G = dH is equal to (ilxiz) Qi +in.is, iy -
Therefore, since G is symmetric, H is symmetric with respect to x», ..., x,—1, if i1 > 1. Recall that H

is also symmetric in xy, ..., x,—2. Therefore, it suffices to show that the coefficient a, ;,_ . does not

il
change if we interchange i,_; with iy for some k =2,...,n—2.

Suppose all indices iy, ..., i,—; but one are equal to 1. Then the statement follows from the equality
aii,..i=a,.1=ay,,.. 1 foralli. Otherwise, at least two indices, say iy = u and i; = v with k </
are greater than 1.

Ifl <n—1,set w=1i,_1. We have (here and below, we indicate only the indices which are permuted,

hidden indices remain unchanged):

aluv,w = Quu,l,w = Ayw,1,u = Al,w,v,u>

so we interchanged iy and i,,_;. If l = n — 1, we can write

Ay =y, l,v = Ay v,1 = Ayu, 1 = Ay, 1,u = Aal,v,u»

i.e., we again interchanged i and i,_;. O

3. The groups Q'

The formal group law is multiplicative in this section. Let R be a commutative ring and K = R ®7 Q.
We assume that R is torsion free (as an abelian group), i.e., R can be identified with a subring of K.

Definition 3.1. For any integer n > 1, let us denote by Q% the R-module of the power series G in x K [x]],
for which 8"~1(G) € R[[xy, ..., x,]|. For example, Q}Q =xR[[x]l. We also set Q% = R[[x] if n <O.

Note that, in view of Proposition 2.5, xR[[x] and ) ,_,_, K -1g,(x) are contained in Q%. In
Theorem 4.12 below, we will see that the quotient of Q% by the second of these subspaces can be
identified with the space of additive operations on CKY%.

Lemma 3.2. Suppose R has no nontrivial Z-divisible elements. Then

xR[[x]]ﬂ( > K-lg,(x)):o.

O<r<n

Proof. Consider the operator @ on K [[x] mapping R[[x] to itself:
d
P(F(x)) = (x = 1) = (F(x)).
X

Observe that ®(lg, (x)) = lg,_; (x). Suppose Y _,_, ¢r - 1g,.(x) € xR[[x]l, where g, € K, and let r be
the largest index such that g, # 0. Applying ® ~! to the sum, we see that g, _1 + ¢, 1g,(x) € R[x].. Let
n € N be such that ng,_; € R and ng, € R. It follows that ng, € i R for every integer i > 0, i.e., ng, is a
nonzero Z-divisible element in R, a contradiction. O

Definition 3.3. Let n and m be integers. If n > 0, denote by Qr;gm the submodule of Q% consisting of all
power series G such that v(8"~1G) > m. If n <0, set Q" = x™*Om) . R[[x1]).
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Theorem 4.12 permits us to describe the R-module of operations OPy"" in terms of the modules Q7"
Since v(3"~'G) > n for every G € Q% with n > 0, we have Q" = Q)" = Q% if n > m. Note also
that Q" = x™ (™) . R[x]).

3A The groups Q” In this section, we determine the structure of the modules Q" over the ring
=1lim(Z/nZ). We write Q for Z® @. Note that =7+ Q and Z=ZNQ in Q.

Lemma 3.4. Let by, by, ..., by, € Z be such that b; = b;j (mod j) for every i divisible by j. Then there is
b € Z such that b=b; (modi) foralli=1,...,m

Proof. Let py, pa, ..., ps be all primes that are < m. For every k, let gy = p,?‘ be the largest power of px
such that gy < m. By the Chinese remainder theorem, we can find b € Z such that b = b,, (mod ¢y ) for
all k. We claim that b works. Take any i < m. We prove that b = b; (mod i). Write i as the product
i =[]qy, where g, is a power of py. Clearly, ¢, divides g;. We have

by = b; (mod g;), by assumption,
by =by (modg), by assumption,
b=b, (modgqy), by construction.
It follows that b = b; (mod ¢;) for all k, hence b = b; (mod i). O
Let G(x) = Y%, a;x’, with a; € Q.

Lemma 3.5. For positive integers j < s, the x/ y*-coefficient of 3G is equal to

4 joi (ST s
;(_1) (L)

Proof. We have

(&9 .
The statement follows from Proposition 2.6. O
Set b; = ia; foralli > 1.
Corollary 3.6. If0G € Z[[x, v, then b; — b € 2for alli > 1. In particular, if a| € Z then all b; are in 7.
Proof. The xy/-coefficient of 3G is equal to b i+1—bj. O

Proposition 3.7. Let G € Q%, and let n > 1 be an integer such that a; € 2for alli <n. Let p' <nbea
power of a prime integer p such that p' divides n. Then p' divides b,,.

Proof. Take j = p' and s =n — p’ > p'. By Lemma 3.5, the x/ y*-coefficient of 3G is equal to

Z( 1)/~ z<s+z><js_i)as+,-ez

i=0
By assumption, all terms in the sum but the last one belong to 7, hence so does the last one: (;’ )an eZ.
But (;’,)an = ([’)’,__ll)bn /p', hence ( )b is divisible by p’. As ( ) is prime to p, the coefficient b,
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is divisible by p’ (recall that (“*b ) is relatively prime to p if and only if there is no shift of digits in the
long addition of a and b written in the p-base). U

Proposition 3.8. We have
Q = Q-1g, (x) ®xZ[x].

Proof. Let G(x) = Z, lalx € Q2 and set b; =ia;, as before. Adding a;1g,(x) to G(x), we may assume
that a; = 0. By Corollary 3.6, we have b; € 7 for all i.

We claim that for every positive integer i < n such that i divides n, we have b, = b; modulo i. We
prove this by induction on n. By Lemma 3.4 applied to m =n — 1, there is b € Z such that b = b; modulo i
for all i < n. Subtracting b lg, (x) from G(x), we may assume that b; is divisible by i for all i < n, or
equivalently, a; € Z forall i <n. We prove that b, is divisible by i, for every i < n dividing n.

Case 1: Assume n = p* is a power of a prime p. Then i = p’ is a smaller power of p. By Proposition 3.7,
we have that i divides b,,.

Case 2: Assume n is not power of a prime. Write n as a product of powers of distinct primes: n =q1q> - - - g;.
By Proposition 3.7, gx divides b, for every k, hence n divides b,. In particular, i divides b,. The claim
is proved.

Let b € Z be such that b = b, (mod n) for all n. We have

by—b , - .
G=blg(x)+) x" € 7-1g,(x) + xZ[x]. O

n>l1

Corollary 3.9. Let G(x) =ax+--- € QQZ be a power series with a € 7. Then G(x) e Z- g, (x) +x2[[x]].

In analogy with partial derivative with respect to the first variable, Definition 2.1, we may define
the partial derivative with respect to any other variable. In the next statement, we will use such partial
derivatives for H(x, y). In particular,

(ayH)(x’ ysZ) = H(L)’*Z) _H(-xv )’) _H(X’Z)+H(-x50)'
Lemma 3.10. Let H(x, y) = Z 140 jX iyl e @[[x vl be a power series such that both 0-partial deriva-
tives of H have coefficients in 7 and ai 1, as well as ay ;, are in Z foralli. Then H(x,y) € Z[[x v

Proof. Consider some j-th row of H: y/-3",- a; jx'. We know that Zl>1a, jxle Q2 By Corollary 3.9,
we have that Zl>] a;, ]x is equal to ¢ -1g; (x) modulo xZ[[x]] for some c; € Z. Hence cj/z =a; ; (mod Z)
for all i. Applying the same considerations to the i-th column x' - Y j>14i,jy’, we obtain
¢j
- =— (mod Z)
i J
for certain d; € 7. Let us show that all ¢; (and d;) are zeros. Indeed, we have
jcj=id; (modij).

Hence, jc; is divisible by i, for any i and, hence ¢; = 0. This implies that g; ; € Z for any i, j. U
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Lemma 3.11. Suppose

H(-xl"~"-xn)= Z ail,...,in-xlll "'-x;lzln GQ[[-xh"'vxn]]

is such a power series that all 0-partial derivatives of H with respect to all variables have coefficients

in 7 and ai,..i. € 7 as long as all i; but one are equal to 1. Then H has coefficients in Z

Proof. Induction on n. For n = 1, there is nothing to prove. For n = 2, this is Lemma 3.10. We can assume
that n > 3. Suppose we know the statement for » < n. Let L C [1, n] be some subset. Consider the sum
of monomials of H with i; =1, for every j € L. Plugging x; =1 for all j € L, we obtain the power
series in variables x;, j ¢ L which we will call the L-cell H; of H. Similarly, considering the sum of the
monomials of H with the given i; and plugging x; = 1 into it, we get the power series H;, (x2, ..., X,),
which we call the hyperslice of H. Note, that all the cells of H satisfy the conditions of the lemma. By
The hyperslice H;, satisfies the conditions of the lemma too (note that n > 3). Thus, H;, has coefficients
in 7 and so does H. 0

The following theorem is a generalization of Proposition 3.8:

Theorem 3.12. For everyn > 1,
an = ]_[ @-lg,(x)@lelx]].
O<r<n

Proof. The statement is clear if n < 0. Now assume that n > 1. It follows from Lemma 3.2 that

Loeyn @-1g,(x) N Z[x] = 0.
We prove the rest by induction on n. For n = 1, this follows by definition, and for n = 2, this is given
by Proposition 3.8.

(m=n+1):LetG e Qg”. Consider the power series H (x, ..., X,) = 9"~ 1(G). Let

_ i i
Hxy,...,xy) = E Qiy,.igXy X

i1yein>1

Note that the degreewise smallest term of 8"~ !(lg, (x)) is (—1)"x; - - - x,. By subtracting an appropriate
@-multiple of Ig, (x) from G, we may assume thata;_; =0.

As 9(H) has coefficients in Z, the “ray” ) o141

whose d-derivative is integral. By Corollary 3.9, up to a power series in Zlx11, it is equal to c - Ig; (x1),

..... lxi is a power series with terms of degree > 2
for some ¢ € 7.
Since

3" g, (x1, - x) = 1gy(x1) - - - 1gy (),

subtracting from G (x) an appropriate multiple of 1g, (x), we may assume that the coefficients a; 1, 1 are
in Z, forall i > 1. Since H is symmetric, by Lemma 3.11, all coefficients of the power series H are in Z.
By the induction hypothesis, G(x) € Q" =]],_,., @-lg, (x) + xZ[x]. O
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3B. The groups Q". Write Q" for Q7 C Q% .
We define a homomorphism

On Qn N @n—l
for n > 1 as the composition (see Theorem 3.12)

Q"<—>QZ= ]_[ @-lg,(x)eaxz[[x]]ﬂ ]_[ @-lgr(x):@”*l.

O<r<n O<r<n

We will show that the map p, is surjective.
Consider the power series

g, ="

O<iy<--<iy

—( 1)’ (modx’“).

For a sequence a = (a;);>1 in Z let us denote by a - lér (x) e @[[x]] the power series
S L = (- 1) Ay (mod ).
. i+
O<iy<--<i,
If all a; € Z, we have a -fgr(x) € Q[x].

Lemma 3.13. For every sequence a, we have
d ~ ~
(=1l lg () =a-lg_,(x).

Proof. Write (—1)"a - 1g,(x) = Y bix' and (=1)'a -Ig,_,(x) = Y ¢;x’. We need to prove that
(m+ )by 41 —mb,, = ¢, for every m. We have
a
(m+ Dby = Z #

. . s lr—1
O<ij<--<ip_1<m+1

The sum of the terms with i,_; < m is equal to mb,,. The sum of the terms with i,_; = m coincides

with ¢,,. O

In particular, CI>(1?g, (x)) = I’Tgr,l(x). Note that we also have ®(lg,(x)) =1g,_,(x) and series ITg, (x)
and lg.(x) have no constant terms for r > 1. Since the kernel of & consists of constants only and
l’él(x) =lg,(x), by definition, it follows by induction on r that fgr (x) =1g,(x), for all r. In particular,
we can define the product a - 1g, (x) as above.

Lemma 3.14. For every c € Z and every integer r > 0, there is a sequence ¢ = (¢;)i>1 of integers c; € Z
such that ¢; = ¢ (mod i) for all i and

(c — &) -1g;(x) € Z[x]]

foralli=1,...,r, where c — ¢ is the sequence (¢ — ¢;)i>1.
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Proof. Take any collection ¢ = (¢;);>; of integers. Note that for everyi > 1 and k = 1,...,r, the
xitk=1_coefficient of ¢ - lg, (x) is a linear combination of ¢y, .. ., ¢; with rational coefficients where the
ci-coefficient is equal to (—1)* /(G +1)--- (i +k —1)).

We will modify cy, ¢, ... inductively to make all coefficients of the power series

Gr=(c—0)-lg(x)

integral for all k =1, ..., r. Let ¢ be an integer congruent to ¢ modulo 7!, so the x*-coefficient of G is
integer for every k = 1, ..., r. Suppose we have modified cy, ... c, so that the x/-coefficient of Gy is
integral forallk=1,...,rand j <n+k—1.

By induction on k =1, ..., r, we will modify c,11 to make integral the x™tk_coefficient of G. Note

that the integral x/-coefficients of G for j < n + k — 1 will not change. If k = 1, we don’t modify c,1:
the power series G is already integral.

k= k+1: By Lemma 3.13,
dGry1

—1)- Gy.
(x—1) i k
Hence, if G =) ;5 bix' and G4 = D oisktl a;x', then
-1
Aptly1 = m(bk +...4+buyr)
for all /.
By induction, by, ..., b,4 are integral. Recall that these are linear combinations of the c;, where

cl’. =c—c; and C;H appear only in b, 1. We modify ¢, by adding the integer t (n+1)(n+2) - - - (n+k)
to c,4+1 with some ¢ € Z. Note that by, . .., b,+r—1 remain unchanged and b, changes to b, +1¢, so it
stays integral. Choose ¢ to make a, 4+ integral.

Note that ¢/, 41 comes with coefficient (=1 /(n+1)---(n+1)) in the x"H _coefficient of G;. Since
(n+1)---(n+1) divides (n 4+ 1) --- (n + k) when I < k, the x"+-coefficient of G; remains integral

for [ <k. O
Now we prove that the map p, : Q" — Q" 1is surjective. Since g -1g, € Q" for all ¢ € Q and

r=1,...,n—1, we have @"~! c Im(p,). It suffices to show that ViaiNe Im(p,). Choose ¢, € Z for

r=1,...,n—1. By Lemma 3.14, there are sequences of integers ¢, such that (¢, —¢,) -1g,(x) € 2|[x]].
As

& - 1g,(0) = ¢, -1g, () — (e, — &) - 1g, (),

,,,,,

Note that the kernel of p, is equal to le[x]] NQ[x] = xZ[[x]. Thus, we have an exact sequence
0— xZ[x] — Q" 2 @' - 0. (3.15)

We have proved that if n > 1, the group Q" is generated by xZ[[x]] and the power series (¢ —¢) -1g, (x),
as in Lemma 3.14, wherec€ Zandr =1, ...,n— 1.



Operations in connective K-theory 1609

The power series in Q" can be approximated by polynomials as follows:

Lemma 3.16. For every m > 0 and n, we have

Q" CZIx)emr+ Y, Q-lg,(x) +x"Qlx]),

O<r<n

where Z|x]<m—1 is the group of integral polynomials of degree at most m — 1.

Proof. We may assume that n > 1. In view of (3.15), the group Q" modulo

xZIxI+ Y| @-lg(x)
O<r<n
is generated by power series of the form ¢ -1g,(x), where r = 1,...,n — 1 and ¢ is the collection of
integers such that ¢; = ¢ (mod i) for all i for an element c € 7 as in Lemma 3.14.
Let d be an integer congruent to ¢ modulo the least common multiple of the denominators of the
x!-coefficients of lg,(x) foralli =1, ..., m—1. Then the x™-truncation F of (¢ —d)-lg,(x) is contained
in Z[x]<;u—1 and ¢ -1g,(x) is congruent to F modulo Z -1g, (x) +x" Q[x]. Il

4. Operations

Let &k be a field of characteristic 0, and write Smy, for the category of smooth quasiprojective varieties
over k. An oriented cohomology theory A* over k is a functor from szp to the category of Z-graded
commutative rings equipped with a push-forward structure and satisfying certain axioms (see [Vishik
2019, Definition 2.1]). We write
A =]]A"x)
neZ
for a variety X in Smy, and let A*(k) denote the coefficient ring A*(Speck).
Let A* be an oriented cohomology theory. There is a (unique) associated formal group law

Fa(x,y)= Z aif‘jxiyj = x +y+ay - xy+ higher terms € A*(k)[[x, y]
i,j=0
that computes the first Chern class of the tensor product of two line bundles L and L’ (see, for example,
[Panin 2003, p. 3 and Section 3.9], [Panin 2004, Section 2.7], [Levine and Morel 2007, §1.1] or [Vishik
2019, §2.3]):
ML ®L') = Fa(ci(L), ¢t (L)).

Example 4.1. The Chow theory CH* takes a smooth variety X to the Chow ring CH*(X) of X. We have
CH*(k) = Z and Fcy(x, y) = x + y is the additive group law.

Example 4.2 (see [Levine and Morel 2007, Example 1.15]). The graded K-theory Kg"‘r takes X to the
Laurent polynomial ring Ko(X)[¢, #~'], graded by the powers of the Bott element t of degree —1, over
the Grothendieck ring Ko(X) of X. We have Kgr(k) =Z[t,t~'] and Fr,(x,y) =x+y—txy is the
multiplicative group law.
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Example 4.3 (see [Cai 2008; Dai and Levine 2014]). The connective K-theory takes X to the ring CK*(X)
of X. We have CK*(k) = Z[t] and Fcg(x,y) =x+y—txy.

All cohomology theories in these examples are of rational type (see [Vishik 2019, §4.1] and [Levine
and Morel 2007]).

If A* is an oriented cohomology theory and R a commutative ring, the functor A% defined by
A%R(X) = A*(X) ®z R is also an oriented cohomology theory with values in the category of graded
R-algebras.

Definition 4.4. Let A* and B* be two oriented cohomology theories. An R-linear operation G : A} — B}
is a morphism between functors A% and B} considered as contravariant functors from Smy, to the category
of R-modules (cf. [Vishik 2019, Definition 3.3]). Note that G may not respect the gradings on A% and Bj.

Letn,m € Z. A morphism G : A, — Bj between contravariant functors from Smy to the category of
R-modules can be viewed as an R-linear operation via the obvious composition A} —> A% — Bf — Bj.
All such operations form an R-module OP ™ (A*, B*). The composition of operations yields an R-linear
pairing

OP," (A*, B*) ® OP}" (B*, C*) — OPy " (A*, C¥).
In particular, OP; " (A*) := OP"" (A*, A*) has a structure of an R-algebra.
Example 4.5 (see [Cai 2008; Dai and Levine 2014]). Multiplication by ¢ yields an operation CK’};rl — CK’%
that is an isomorphism if n < 0. There are graded R-linear operations
CKi - CH; and CKj — (Kg)r-
The sequence
CK"(X) & CK"(X) — CH"(X) — 0

is exact for every n and X.
If n > 0, the image of the homomorphism

CK"(X) — K2(X) = Ko(X)t ™" 2 Ko(X)

T

is generated by the classes of coherent O x-modules with codimension of support at least n. If n < 0, this
map is an isomorphism.

The following fundamental theorem was proved in [Vishik 2019, Theorem 6.2]:

Theorem 4.6. Let A* be a cohomology theory of rational type and B* be any oriented cohomology theory
over k. Let R be a commutative ring. Then there is an R-isomorphism between the set OP ™ (A*, B*) of
R-linear operations G : A’y — By and the set consisting of the following data {G;, | € Z>}:

G € Homg (A" (k) ® R, B*(K)[[x1, - .., X/l m) ® R)
satisfying
(1) Gi(@) is a symmetric power series for all | and o € A" (k) ® R,
(2) Gi(@) is divisible by x - - - x; for all | and «,
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3) @)y +pz, %2, .., x1) =2 ; Gigjri—1(@-al )y, 2, xa, .., 1), for | > 0, where a'; are

the coefficients of the formal group law of A* and the sum y +p z is taken with respect to the formal

group law of B* (here, t*! denotes i copies of t).

Here, B*(k)[[x1, ..., Xnllon) is the subgroup in B*(k)[[x1, ..., x,]| consisting of all homogeneous
degree m power series (all the x; have degree 1).

The functions G, are determined by the operation G as follows (see [Vishik 2019, §5]): Write L; for
the pull-back of the canonical line bundle on P> with respect to the i-th projection (P>°)! — P>, Then

Gi(@)(cP(Ly), ..., (L)) =G(a-cf (L) ... cf (L), (4.7)
where c; is the first Chern class.

Remark 4.8. Theorem 4.6 was proved in [Vishik 2019, Theorem 6.2] in the case R = Z. The general
case readily follows. Indeed, multiplication by an element r € R yields operations r : A%, — A, and
r : By — BY. An additive operation G : A%, — B} is R-linear if and only if Gor =r o G forall r € R.
The latter is equivalent to the equality G; or =r o Gy for all /, i.e., that all G; are R-linear.

Example 4.9 (see [Vishik 2019, §6.3]). Let A* be a cohomology theory of rational type and m € Z.
Consider the power series [m](x) ;= x +4 -+ +a x € A*(k)[x] (m times). The Adams operation
\IJ,;‘} € OP’;’* is determined by (Gy);>0, where G; is multiplication by the power series [m](x1) - - - [m](x;)
(I factors), in particular, G is the identity. The Adams operations satisfy the relations

lowA=wl —wiopp

for all k and m.

4A. Operations in connective K-theory. We would like to determine the R-module OP 5™ of all R-linear
operations G : CK’, — CK’; for any pair of integers n and m. By Theorem 4.6, G is given by a collection
of power series G;(«) € R[t][[x1, ..., Xy ]l(m), where a € CK’,‘{l(k) and [ > 0, satisfying the conditions
of the theorem. The group CK'I’Q_Z(k) is trivial if / < n and CK'I’Q_Z(k) = R -t'7" otherwise. (Recall that ¢
has degree —1.) In the first case, G;(«) = 0, and in the latter case, the power series G;(«) are uniquely
determined by G ('), We will simply write G; for Gi(t' ™).

If [ > max(1, n), Theorem 4.6 (3) reads as follows (here zZ denotes z, ..., z;):

Gl(-x+y_txy’ Z) = Gl(-x’ Z)+Gl(y7 Z)_GI+I(X,)’,Z)-
In other words,
Giy1 =—-0,Gy, (4.10)

where the derivative o; is taken with respect to Fcg (x, y) =x+y—txy. Thus, G4 is uniquely determined
by G[.

If n > 0, then the operation G yields the double-symmetric power series G, € R[t][x1, ..., X, ]l(om)
that is divisible by x; - - - x,,. Conversely, if we have that H € R[t][[x1, ..., X, ]l(n) 15 a double-symmetric
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power series divisible by x; - - - x,,, then setting G,; := (—1)'9/ (H) for all i > 0, we get a sequence of
power series that determines an R-linear operation G (see Observation 2.3).

If n <0, then the operation G is determined by G € R[¢],, and the power series G| € R[¢][[x ], that
is uniquely determined by (G1)|;=1 € xmax (Lm) Ryl If m > 0, then G = 0, otherwise G € R -t~ and
we can combine G and G together into the power series H = (Go — G1)|;=1 € R[x].

If L e R[t]l[x1, . .., Xullgn), then v(L|;=1) = m. Conversely, forevery J € R[[x, ..., x,] withv(J) > m,
there is a unique homogeneous power series L € R[f][[x1, ..., x, ] of degree m such that L|;—y =J. If L
is double-symmetric and divisible by x; - - - x,,, then so is L|;—; (with respect to the derivative d given by
the formal group law x 4+ y — xy) and conversely.

We have proved the following statement:

Proposition 4.11. Let R be a commutative ring, and let n and m be two integers. An R-linear operation
G : CK; — CKY}, is determined by:

(1) A power series H € x™* O™ R x|, ifn < 0. In this case, Gy = H(0) -t ™ and G € x R[t][x]om)
is a unique homogeneous power series such that H = (Go— G1)|;=1 and G; = (—1)1_18,1_l (G)) for
[>1,

(2) A double-symmetric power series J € R[[x1, ..., X, divisible by x| - - - x, such that v(J) = m, if
n>0. Inthis case G =0forl =0, ..., n—1and G, € R[t]lx1, ..., xy]lon) is a unique homogeneous
power series such that G |;—1 = J and G; = (—1)1_”8,1_”(G,,)f0rl > n.

Let R be a commutative ring that is torsion free as an abelian group. Define an R-module homomorphism

Anm: QR — OPR™,

see Definition 3.3, as follows: If n <0, then A, ,,(H) for H € Q™" = x™* ©m) . R[[x] is the operation
given by Proposition 4.11(1). If n > O, then A, ,,(H) for H € Q™™ is the operation given by the
polynomial J = (—1)"9""1(H) as in Proposition 4.11 (2).

The following theorem determines the R-module of operations OP™ in terms of the modules Q%"
of power series in one variable:
Theorem 4.12. Let R be a commutative ring that is torsion free as an abelian group and K = R ® Q.
The homomorphisms L, » yield an R-linear isomorphism between OPy™ and the factor module of Q"™
by the K -subspace spanned by 1g;(x), where i =1, ..., n — L. In particular, OP g™ >~ x™* ©m) . RIxT,
ifn <0, and OPR™ ~ x™ (Lm . R[[x],
Proof. The surjectivity of A, ,, follows from Propositions 2.9 and 4.11. The kernel of A, ,, is determined
in Proposition 2.5. U
Corollary 4.13. The map Ay, yields an isomorphism (see Definition 3.1)

Qp Nx™ O K[x] = OPR™ .

Proof. The case m < n follows from the theorem. Otherwise, by Observation 2.7, v(@" x) =i for
alli > n. O
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Letn,m € Z and i, j be nonnegative integers. We define an R-linear homomorphism
erze,m N Qr;e-‘ri,m—j
as follows: If n < 0,m <0 and n+i > 0, the map
Q%™ = R[x] = xR[[x] — Q’};i’m_j

takes H to 3°(H) = H — H(0). Otherwise, Q" C Q’,’Q’Li’m_j , and the map we define is the inclusion.
Multiplication by ¥ yields an operation CK’;;’]‘ — CK} and, therefore, yields the homomorphisms
OP)}" — OPL ™"/ forall i, j > 0.

Proposition 4.14. The diagram

Qr;em Qr;e—',-l,m—]

)\n,mJ( J/)‘n-%—i,m—j

n,m n+i,m—j
OP,;" —— OP, ,
is commutative.
Proof. The case i = 0 follows directly from the definition. It remains to consider the case i = 1 and j = 0.

Suppose first that n > 0. Let H € Q3" C Q’};i’m_j and G = A, ,,(H) € OPR™. In particular,
Guli=1 = (—=1)""13"~1(H). Denote by G’ the image of G in OP;H"". Write L; for the pull-back of the

/

canonical line bundle on P> with respect to the i-th projection (P>)"+! — P>, The power series G

is determined by, see (4.7), the equality
Gyi(ci(Ly), ..., ci(Lns1) =G (c1(Ly) -+ - c1(Lng))

=G(ter(Ly) -+ c1(Lnt))
= Guy1(D(c1(LD), - .., c1(Lnt1))
=Gusi1(c1(Ly), ..., c1(Lnt1)),

hence G, | = Gy1. It follows from (4.10) that

Ghitli=1 = Gugili=1 = —(0:G)li=1 = —=3(Gpli=1)

=—3((=D"3""'(H) = (=1)"*'9"(H),

and therefore, G’ = A,4+1.x (H).

If n <Oorifn=0and m > 0, we have Q%" C Q’}J]’m and the statement follows immediately
from the definitions. It remains to consider the case n =0 and m < 0. Let H € Q(I)e’m = R[[x] and
G =X m(H) € OP%'". In particular, H = (Go — G1)|,=1. Denote by G’ the image of G in OP}e’m. A
computation, as above, shows that G| = G. Hence,

Gili=zt = Gili=1 = —(H — H(0)).

Therefore, G' = Ay ,,(H — H(0)) and H — H(0) is the image of H in Q}ém. Il
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Corollary 4.13 and Proposition 4.14 yield:
Corollary 4.15. If m < n then the map OPy" — OP "™ is an isomorphism.

In particular, there is a canonical ring homomorphism
OP Zn OPn—H n "~ OPZ-‘F]”H_] )

Example 4.16. Note that the identification OP,(;’0 = R[[x] is not a ring isomorphism. The corresponding
ring structure on R[[x]] will be described in Section 4E. The natural surjective homomorphism

RIx]=OP° — OP' = xR[x]]

takes a power series G(x) to G(x) — G(0). Its kernel is generated by 1. The complementary operation
G(x) — G(0) on CK° = K is an idempotent that takes the class of a vector bundle E to rank(E) - 1,
where 1 is the identity in K. In particular, we get a natural R-algebra isomorphism OP,% "~ RxOP} R

4B. Adams operations. Let R be a torsion free ring. We define the composition
An,n n.n
Ad, : R[x]] - Qx— OP.",

where the first map is the identity if 7 < 0 and it is the composition of the projection 8° : R[x] — x R[x]]
and the inclusion of x R[[x]] into Q%. The image of Ad, is denoted OPI'é’,Z1 and called the submodule of
classical operations.

If n <0, we have OPy’ Zl =OP;" = R[[x]l. If n > 1, it follows from Lemma 3.2 and Theorem 4.12
that in the case R has no nontrivial Z-divisible elements (for example, R = Z or Z), the restriction of Ad,
on x R[[x] is injective and, therefore, OP ' R, cl ~ xR[[x].

Let m be an integer. In the notation of the Example 4.9, [m](x) = (1 — (1 —tx)™)/¢t. In view of

Proposition 4.11, the Adams operations WV, € OP;:ZI are defined by
v, = Ad, (1 —x)™). (4.17)

Since the power series (1 —x)™ generate R[[x] as topological R-module in the x-adic topology, the group
of classical operations OP,’;:’ZI is topologically generated by the Adams operations.

By Proposition 4.14, we have that the operations W; are compatible with the canonical homomorphisms
OP;’” N OP;—H’n-H )

For every k > 0, consider the additive operations Y = Zf:o(—l)i (ll‘) W;. Then Y = A, (x%) if k£ > 0.
Recall that Yo = 0 if n > 1. It follows that the R-module OP;’;’] consists of all linear combinations
> k>0 %% * Tk with o € R (cf. [Vishik 2019, Theorem 6.8]). If R has no nontrivial Z-divisible elements,
the coefficients ay, (where k > 0if n <0 and k > 1 if n > 1) are uniquely determined by the operation.

4C. Operations over 7. In Section 3, we determined the modules Q' over thering R = Z. Theorems 3.12
and 4.12 yield:
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Theorem 4.18. There are canonical isomorphisms

OP{! ,n O n n ~ ZEX]L lfn < ’
VA Z cl xZ[[x]]’ lfn 2
n+1,n+1

In particular, the natural map OP " OP is an isomorphism for all n > 1. It follows from

Theorem 4.12 that for any two 1ntegers n and m
{xmax ©Om) . 71x], if

oP;" ~ N _
(G e xZ[[x] | v(3"~Y(G)) >m}, if

z

4D. Operations over Z. Now we turn to the case R = Z and, for simplicity, write OP™" for OP;"™.
Corollary 4.13 implies that the natural homomorphism OP"™" — OP ™ is injective. In particular, we
can identify OP"" with a subgroup of OP" = xZ[[x] forall n > 1, so we have a sequence of subgroups

OP"!' cOP?2C...CcOP™" C---C xZ[x].

Recall (Theorem 4.12) that OP™" ~ x™>*O.m . 7[x] if n < 0 and OP™™ ~ OP™" if m < n by
Corollary 4.15.

Let m > n > 1. By Theorem 4.12, we can identify OP™" with the factor group of Q"™ by the
subgroup Zf;} Q-1g, (x). It follows that the map p, in (3.15) yields a homomorphism

OP"" — (Q/Q)" ' = Z/2)"".

By the proof of Lemma 3.16, this map is surjective. Its kernel is denoted OP;"™" and called the subgroup of
classical operations. In the case n = m, this group coincides with the group of classical operation defined
earlier. In view of Corollary 4.13, OP™ is identified with the group (]_[f;ll Q-lg, (x)+xZ[[x]]) Nx"Qx].
We view the group xZ[x]<,,—1 of integral polynomials of degree at most m — 1 as a lattice in the
Q-space xQ[[x]I/(x™). Denote by L™ the intersection of xZ[x]<,,—; with the image in xQ[[x]I/(x™) of
the space ]_[’:;11 Q-1g,(x). Then £™™ is a subgroup of xZ[x]<;,— of rank n — 1.
We get the following description of the group of classical operations:

OP " =L"" @ x"Z[[x].
If m =n > 1, the map of Q-spaces is an isomorphism and £"" = xZ[x]<,—1. It follows that
OP" = xZ[x].

Recall that OP;" = OP™" = Z[[x] if n < 0 and OP™" = OP™" if m <n
We summarize our results in the following statement:

Theorem 4.19. The natural homomorphism OP™" — OPg’m is injective. For any integersm > n > 1,

there is an exact sequence
0— OP}" — OP™" — (2/7)"~" — 0,

where OP™ = L @ x" Z[[x]|. Moreover, OP[" = xZ[[x]].
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Remark 4.20. Similar arguments yield the following formula for m > n > 1:
nm __ pn,m m
OP2 = ['2 & x"Z[x],
where E%’m =L Q7.
4E. Composition. The R-module homomorphism Ad, : R[[x] — OPy" is not a ring homomorphism.

In this section we introduce a new product on R[[x]] so that Ad, becomes an R-algebra homomorphism.
Let H, H' € R[[x]), write H = Zi>0 a;x" and define the composition in H and H’ by the formula

HoH' =ay- HO)+ ) (=Dia;- (0" 'H)(x™).
izl
The composition o is distributive in H and H’ with respect to addition. (Note that the usual substitution
of power series is only one-sided distributive.) The polynomial 1 — x is the identity for the composition
(1-x)oH=H=Ho(1—x)forall H . We view R[x] as an R-algebra with product given by the
composition.

Lemma 4.21. The maps Ad, : R[[x] — OP,’Q" are R-algebra homomorphisms.

Proof. In view of Proposition 4.14, it suffices to consider the case n = 0. Let H, H' € R[[x] and write
H = 2520 aix'. If Gy, Gy, ... € R[t][x] is the sequence of power series corresponding to Adg(H) (see
Proposition 4.11), then Go = H(0) € R, H = (Go— G1)|;=1 and G; = (—l)i_laf_l(Gl) fori > 1. Note
that G(t,x) = —H (tx) + H(0).

Write L for the canonical line bundle on P*°. By (4.7) and (4.10),

Ado(H)(e1 (L)) = Gi(c1 (L)) = (=)' @7 G (1 (LY = (=)' @' H) (te 1 (L)),
Therefore, we have

(Ado(H) o Adg(H"))(c1(L)) = — Ado(H) (Z aic1<L)f) == ai(Ado(H))(ci (L))

i>1 i>1

=Y (=1"a; - " H) (ter (L)).

i1
On the other hand, write H o H' = (G — GY)|;=1, where G = ao - H(0) and
G =Y (=D"a;- (" H)(tx).

i>1
It follows that

Ado(H o H')(c1(L)) = G{(c1 (L)) = Y (=1 'a; - (""" H)(tc1 (L)) = (Ado(H) 0 Ado(H")) (c1 (L))

i1
If r € R = CK% (k), then
Ady(Ho H')(r) = G{-r =ag-H(0)-r = Ady(H)(ap - r) = (Ado(H) o Ado(H"))(r).
Overall, Ady(H o H') = Ado(H) o Ado(H'). O
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The polynomials A, := (1 —x)™ satisfy Ad,(A,) = ¥, in OP". It follows from Lemma 4.21 and
Example 4.9 that
Ao Ay = A = Ap 0 Ag

for all k and m.
Proposition 4.22. Let R be a commutative ring and K a Q-algebra. Then

(1) The composition o in R x] is commutative.

(2) The power series 1g,.(x) € K[[x], r = 0, are orthogonal idempotents that partition the identity, that

is, 1g, (x) 01g,, (x) = 8y.m - 1g,(x) and 1 —x =} .4 1g, (x).

Proof. (1) It follows from the definition that the power series x" o G and G o x" are contained in x" R[x]]
for all n and G. Let H, G € R[[x]. Fix an integer n > 0 and write H = H, + H, and G = G| + G2,
where H; and G are linear combinations of the Adams polynomials A; and Hy,G;, € x"R[[x]. As H;
and G| commute, the remark above yields H o G — G o H € x" R[[x]]. Since this holds for all n, we have
HoG=GoH.

(2) The iterated derivative 9’ (Ig,(x)) is zeroif i > n and
n
@ g1, oo x) = [ log(1 —x).
i=1
It follows that 1g, (x) o x™ =0 if m > n and
lg,(x)ox" = (=D @"! lg,)(x*") = (=1)"(log(1 — x))" = (=1)"n!1g, (x).

This calculation together with the first part of the proposition and the fact that the lowest term of 1g, (x) is
x"/r! show that the power series g, (x) are orthogonal idempotents.
Finally, Y-, lg, (x) = ¢'&® = (1 —x). 0O

Since 1g, (x) are orthogonal idempotents which form a topological basis of the power series ring, from
the continuity and distributivity of o, we obtain that our composition is associative.
Theorems 4.18 and 4.19 together with Proposition 4.22 yield the following corollary:

Corollary 4.23. The rings OP§’” and OP™" are commutative.

Let K be a (-algebra. We view K[x] as a ring with respect to addition and composition. Let
G € K[ x] and write G = Zi>0 a; lg; for (unique) a; € K. Denote as K!"* the ring of K -sequences,
parametrized by integers > n under pointwise operations. It follows from Proposition 4.22 that the map

b:K[x] — K%, (4.24)
taking G to the sequence (a;);>0, is a ring isomorphism. It takes x"K[[x]] onto K [7.00) for every n.

Example 4.25. The image of the polynomial A,,(x) = (1 — x)™ is equal to (1, m, m2, ...). Indeed, by
substituting y =log(1 — x) into the equality e = )", om'y'/i!, we get A, (x) = Y, gm' Ig;(x).
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4F. Topology. In this section, we introduce three topologies on Z0x].

Proposition 4.26. Let G € OPy" and m > n. The following conditions are equivalent:

(1) G € Im(OPR™ — OPR™);

(2) G is zero on every smooth variety of dimension < m.
Proof. (1) = (2): Since CK'z(X) =0, for any variety X of dimension < m, the operation G is zero on X.

(2) = (1): Let n > 1. By Proposition 4.11 (2), the operation G is given by a double-symmetric power
series H(x1, ..., x,) € R[[x1, ..., Xxyll(n) such that H = (G,)|;=1. We need to prove that v(H) > m. We
will show that any monomial ¥” = x|' - - - x," of H with Y, r; < m is zero.

Consider X7 :=] [, P". This is a variety of dimension < m. Write x; for the first Chern class in CK}e (X7)
of the pull-back of the canonical line bundle on P’# with respect to the i-th projection X7 — Pi. By (4.7),

0=G(x1---xp) =Gp(xy, ..., x,) € CKR(X5).
By the projective bundle theorem,
CK'%(X7) = Rl[x1, . .., x /] xith,

Therefore, the monomial X" of H is trivial.
The case n < 0 follows similarly (and easier) from Proposition 4.11 (1). O

Corollary 4.27. Letd > 0 be an integer and G € OP™". Then there is a Z-linear combination G’ € OP™"
of the Adams operations Y, with k =0, ..., d such that G and G' agree on CK"(X) for all smooth
varieties X of dimension < d.

Proof. By Lemma 3.16 applied to m = d + 1, there is a polynomial G’ € Z[x] of degree at most d
suchthat G —-G' € ) _,_, Q- lg.(x) + x4T1Q[x]. Let X be a smooth variety of dimension < d. As
v(8" (G — G")) > d + 1, in view of Theorem 4.12, we have G — G’ € Im(OP"" — OP""). Therefore,
by Proposition 4.26, it follows that G — G’ is trivial on X. Finally, G’ is a linear combination of the
Adams polynomials Ay with k=0, ...,d. U

Definition 4.28. We introduce three topologies on Z0x]1:

e T, is generated by the neighborhoods of zero U,, consisting of power series divisible by x™, for
some m 2> 0, i.e., 7, is the x-adic topology.

e T, is generated by the neighborhoods of zero U,, + Vy, where Vy consists of all power series
divisible by some N € N.

* 7, is generated by the neighborhoods of zero W, consisting of power series, where the respective
operation acts trivially on varieties of dimension < m.

Recall, that a topology ¢ is coarser than the topology ¥, denoted ¢ < v, if any set open with respect
to ¢ is also open with respect to .
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Proposition 4.29. Tw < Tp < T

Proof. The inequality v(G(x)) > m implies v(3"'G(x)) > m, and therefore, by Theorem 4.12,
Ge Im(OP%’m — OP"Z"). Therefore, it follows from Proposition 4.26 that 7, < T;. )

Note that the topology t,, is generated by the neighborhoods of zero Uy ,, = (N, x™) C Z[[x]], and
the topology 7, is generated by the neighborhoods of zero Wy = {G € VARg| | v(8"~1(G)) = k} by
Proposition 4.26. We need to show that for every N and m there is k with Wy C Uy p,.

We have similar compact (Hausdorff) topology 7,, on Zl[x1, . .., xp]l so that the map 3"~ is continuous
in 7,,. Note that the map 8"~ : Z[[x]] — Z[[xl, ..., X, ] is injective and the induced map from 2[[x]] to the
image of 3"~! is a homeomorphism (since the image of every closed subset is closed as Zlx] is compact
and the target is Hausdorff). In particular, if Gy € Z[[x]] is a sequence such that the sequence " 1(Gy)
converges to 0, then the sequence G converges to 0 in VAE2

Now we prove that for every N and m there is k with Wy C Uy ,,. Assume on the contrary that for
every k we can find Gy € Wi, but G; ¢ Uy . Then 3"~ 1(Gy) converges to 0, but Gy does not converge
to 0 in Z[[x]], a contradiction. O

Observation 4.30. (1) For n = 1, we have 7, = ;.

(2) For n > 1, we have 1, # 1, # T,.

Proof. (1) This follows from Proposition 4.26, since n = 1.

(2) For n > 1, W, contains, in particular, all power series ) _, aix' e Z[[x]], where a; = ia;, for all
0 < i < m, which is not contained in any U, for [ > 1. Thus, t, # .

Form >n > 1, W,/ U, is a free Z-module of rank (n — 1), while (U, + Vy)/U,, is a free Z-module
of rank (m — 1). Hence, 7, # 7,. O

We view OP™" and OPg’" as the t(zpological rings for the topologies t,, 7, and 7, respectively,
via the inclusions OP™" < OP;” — Z[[x].

Note that the x-adic topology 7, can be defined on R[[x] for every R.

Consider the restriction b : R[x]] — K©° of the map (4.24). We view K*° as a topological ring
with the basis of neighborhoods of zero given by the ideals K% for all n > 0, so that the map is
continuous.

Proposition 4.31. The image of the map b : R[x] — K% is contained in R1%.

Proof. By Example 4.25, the image of the Adams polynomial A,, under the map (4.24) is contained
in R(%-°)_ But the set of all linear combinations of Adams polynomials is dense in R[[x] in the topology ;.
The statement follows since R[> is closed in K->, O

Proposition 4.31 identifies the ring OP." C Z[[x] with a subring of ZI">) and OP™" with a subring
of Z"%) if n > 0. Indeed, if n > 1, the kernel of the composition

or 2, OP" 2 71009 — J1ne0)
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is generated by lg,, with 0 < r < n, and all these logarithms are contained in the kernel of A, ;.
The ring OP™" is not a domain: we have (V| +W_;)(¥; — ¥_;) =0. Let

ex=2(W £W_y) e OP""[1],
so e and e_ are orthogonal idempotents and e} 4+ e_ = 1. There is an embedding
OP™" < OP""[1] = OP""[}]es x OP™"[1]e—.

Proposition 4.32. Ifn > 1, the rings OP™" [%]ei are domains.

Proof. Recall that there is an injective ring homomorphism

b:OP™" s 71129
such that b(¥,,) = (m, m*, m3, ...) for all m. In particular,
b(ey)=1(0,1,0,1,...) and b(e_)=(1,0,1,0,...).

Lemma 4.33. Let (a1, az, ...) € Im(b). Then for any prime integer p, we have that a; = a; modulo p
ifi = j modulo p — 1.

Proof. It suffices to prove the statement for b(W,,). We have a; —a; = m' —ml =mi(m' =/ —1). Ifm is
not divisible by p, then m'~/ — 1 is divisible by p. O

Let G- H =0in OP™". Set (a;, az,...) =b(G) and (b1, by, ...) =b(H). We have a;b; =0 for all i.
To prove the statement, it suffices to show that if a; # 0 for some i, then b; = 0 for all j =i modulo 2.

Choose an odd prime p that does not divide a;. By Lemma 4.33, a; is not divisible by p for all j such
that i = j modulo p — 1. In particular, a; # 0, hence b; = 0. Thus, we have proved that b; = 0 for all

j =i modulo p — 1.
Lemma 4.34. There are infinitely many primes q such that gcd(qg — 1, p — 1) = 2.

Proof. Let c be the odd part of p — 1 (that is, (p — 1)/c is a 2-power). By Dirichlet, there are infinitely
many primes ¢g such that ¢ = 3 modulo 4 and ¢ = 2 modulo ¢. Clearly, gcd(g — 1, p — 1) = 2 for
such g. U

Let j be such that j =i modulo 2. We need to prove that b; = 0. Take any prime g as in Lemma 4.34.

There are positive integers k and m such that
t:=i+(p—-—Dk=j+(@—1)m.

We have proved that b; = 0 since t =i modulo p — 1. By Lemma 4.33, 0 = b, = b; modulo ¢, i.e., b; is
divisible by g. We have proved that b; is divisible by infinitely many primes ¢, hence b; = 0. O
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4G. Operations in graded K-theory. In this section, we will determine the R-module of all R-linear

m
grR

grR = KgrR = CK(I)e -t7", hence by Theorem 4.12, we get:

operations G : K gr r — K.x for any pair of integers n and m denoted by OPg’m(Kgr). Recall that

Corollary 4.35. OP"(K}) = OPY (K} - 1"~ = OPY(CK*) - 1"~ = R[[x]| - 1" ™.

Recall that the product operation in the ring OPI’;”"(Kg*r) = R[[x] is the composition o (see Section 4E).
Moreover, R[[x] is a (topological) bialgebra over R with coproduct defined by the rule

A-x)"—-1-x)"®A—-x)"

for all n > 0 that reads W — W ® W in the language of operations.

Let us describe the dual bialgebra A (over Z) of co-operations as follows: Let A be the subring of
the polynomial ring Q[s] consisting of all polynomials f such that f(a) € Z for all a € Z. In particular,
Z[s] C A. The polynomials

en = % (=) =) (1=1=5)=(-1)'(}) e A
for all n > 0 form a basis of A as an abelian group. Consider a pairing
AQR[[x—> R, a®Gr+ (a,G)eR,
such that (e, x"*) = 8, . This pairing identifies R[[x] with the dual coalgebra for A via the isomorphism
Homyz(A, R) = R[[x],

taking a homomorphism « : A — R to the power series Z@O alen)x”.
Lemma 4.36. For every polynomial f € A, we have (f, (1 —x)™) = f(m).
Proof. We may assume that f = e, for some n. Then

o (=0 = (e, (1 =)") = (=1 (") = eam) = Fom). O

The lemma shows that a co-operation f evaluated at the Adams operation WV, is equal to f(m).
It follows from Lemma 4.36 that

(", (1 =)y = (km)" = k" -m™ = (s", (1 —x)*) - (s, (1 —x)™).

As the composition in R[[x] satisfies (1 —x)¥ o (1 —x)™ = (1 —x)*™, the composition in R[[x] is dual to
the coproduct of A taking s" to s" ® s" in A ® A.
The equality

(s (A=) =m ™ =mlmd = (5T, (1= 0™ - (s, (1 —x)™)

shows that the product in A is dual to the coproduct in R[[x]. Thus, the bialgebra R[[x]] of operations is
dual to the bialgebra A of co-operations.
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Remark 4.37. The polynomial ring Z[s] is a bialgebra with respect to the coproduct s — s ® s. The dual
bialgebra over R is R10-%) The dual of the embedding Z[s] — A is the homomorphism b : R[x]] — R 10,00)
defined in Proposition 4.31, since by Lemma 4.36,

(s",(1=x)")y =m" =(s", b((1 —x)™))

asab(l—x)"H=UA,m,...,m",...).

5. Multiplicative operations

Definition 5.1. A multiplicative operation G : A* — B* is a morphism of functors from Sm; to the
category of rings. That is, the ring structure is respected. (We don’t assume that G is a graded ring
homomorphism.)

As was noticed in topology and then in the algebrogeometric context in [Panin 2004, §2.7.5] there is
a functor from the category of oriented cohomology theories and their multiplicative operations to the
category of formal group laws. Let us briefly describe this functor.

If A* and B* are oriented cohomology theories over k, to any multiplicative operation G : A* — B*
one can assign the morphism

(96, vG) : (A*(k), Fa) = (B*(k), Fp)

of the respective formal group laws, where ¢¢g : A*(k) — B*(k) is the restriction of G to Spec(k) and
v (x) € x B*(k)[[x] is defined by the condition

G(c(0(1)) = yg(cf (0(1))) € B*(P™®) = B*(k)[x].

In the algebrogeometric context, the power series y(x)/x was introduced in this generality in [Panin
2004, Definition 2.5.1] and [Smirnov 2006] in order to state and prove Riemann—Roch type theorems
[Panin 2004, Theorems 2.5.3 and 2.5.4] for a multiplicative operation G. This series is called the inverse
Todd genus of G.

The following theorem permits us to reduce the classification of multiplicative operations to algebra.

Theorem 5.2 [Vishik 2019, Theorem 6.9]. Let A* be a theory of rational type and B* be any oriented
cohomology theory. Then the assignment G — (@g, V) is a bijection between the set of multiplicative
operations G : A* — B* and the set of morphisms of formal group laws.

Example 5.3. Let R be either Z, Z, or Z and b € R. The Adams operation W), : CK% — CK% is
homogeneous and multiplicative. The corresponding map ¢ is the identity and y = (1 — (1 —tx)?)/t.
If ¢ € R*, write W} for the homogeneous multiplicative rwisted Adams operation with ¢(7) = ¢t and
y = (1 — (1 —tx)*¢) /ct (in particular, ¥} = W,). It follows from the equality

Wi (tx) = V(Wi (x) = ct -y (x) = 1 = (1 —1x)™
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that on CK’; the operation W} is equal to ¢ ™" -W,.. For any ¢ € R, let W be the homogeneous multiplicative
operation with ¢(¢) = ct and y = 0. This operation is zero in positive degrees and is equal to ¢” - rank on
CKy" = (Ko)g forn > 0.

Write ® for the multiplicative operation CK} — CK}% which is the identity on CKY,, multiplication by
t" : CK"% — CKY% if n > 0 and the canonical isomorphism CK", — CK% (inverse to multiplication by #~")
if n < 0. This operation is not homogeneous and its image is CK%. Set E’Z :=0®oW;. This is a multiplicative
operation with image in CK%. The corresponding function ¢(t) =cand y = (1 — (1 — 1x)b0) /c.

The introduced operations satisfy the following relations (use Theorem 5.2): W = \TJ(()) and

U oW = WG, WioTg=Tg, Tjows=Ug. Tl =10,
Over Q, every formal group law is isomorphic to the additive one. Hence, for every theory C*, we
have isomorphisms of formal group laws.

. % ? % .
(id, expc) : (C* ®z Q, Fc) (C*®z Q, Faga) : (id, logc)
“—

Suppose that (in the context of Definition 5.1) the coefficient ring B*(k) of the target theory has
no torsion. Then the composition (id, expg) o (¢:, y¢) o (id, log ) identifies the set of multiplicative
operations A* — B* with a subset of morphisms of formal group laws

(A" ®7 Q, Faaq) = (B* ®7 Q, Faga)-

The latter morphism is defined by (¢, y), where, in our case, ¥ = ¢ ®z Q, for some ring homomorphism
¢ =¢¢ : A*(k) > B*(k) and y (x) = b - x, for some b € B*(k). In other words,

(96, vc) = (id, logg) o (¢G, y) o (id, exp,).
Then
Y6 (x) = @G (exp,) (b -logp(x)).

5A. Multiplicative operations in CK. For A*=B* = CK}, wehave A= B =Z7[t], Fs=Fp =x+y—txy

and
log(1 —1x) 1—e?

logeg (x) = f’ expck (2) = P

Note that a ring homomorphism ¢ from Zltltoa ring 7 such that (),_,nT = 0 is uniquely determined
by ¢(t) in T (such a choice is realized by a homomorphism, if Z can be mapped to T'). Indeed, suppose
that ¢ and y satisfy ¢(¢) = ¥ (¢). For any f € 2[t] and n > 0, write f = g + nh for some g € Z[¢] and
h e Z[z]. Then ¢(g) = ¥ (g) and hence ¢(f) — ¥ (f) € nT. Since this holds for all n > 0, we have
() —v(f)=0forall f. ) R

Thus, the map ¢ : Z[t] — Z[t] is determined by ¢¢(t) = c(t) € Z[t]. Let b = b(t) € Z[t]. Note
that any choice of b(¢) and c(¢) gives a morphism of rational formal group laws and so, a multiplicative
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operation G : CK} 70 — CK% ®7Q with

(b(t)c(t)/t)

n

c(t)

o 1-(- tx)be®/1t _ . ;
v (t, x) = 0 = ;(—1) (tx)

’

which lifts to an operation CK% — CK} if and only if the coefficients of our power series belong to Z.
The coefficient at x" is
b TS (b(e(r) — kr)

n!

a, =(—1)

(5.4)

Denote by b, () and c,(¢) the Z,-components of our polynomials. If we have deg(b,(t)c,(t)) > 1 for
some p, the leading term of our 7-polynomial will be clearly nonintegral (for some 7). Similarly, if for
some p, the constant term of b, (t)c,(t) is nonzero, then the smallest term of the p-component of our
t-polynomial will be nonintegral, for some n. Hence, the polynomial b(¢)c(¢) is linear. Then, for a given
prime p, either b, (t) = b, and c,(t) = cpt, or b,(t) = byt and ¢, (t) = ¢, for some b, c, € Z,. Then
the Z,- component of our coefficient is:
(bpcp—l)
(@), = (—1)"—1tmb,,”n;‘, where m =n—1orm =n.

If b, #0, then this will be integral for all n if and only if ¢, € Z 7, while if b, =0, then ¢, can be an arbitrary
element from Z,. Let us denote the (Z,-components of ) operations with m =n —1 as \Ilb , while the
ones with m =n as \Il o7 (see Example 5.3; we suppress p from notations). Here, \Ilb respects the grading
on CKZ , while \IJ maps CKZ to CKO The pairs (b, c,,) run over the set (Z,\0) x ZX Uu{0} x 2,
and, in addltlon we have that \Ifg = lIIO

Thus, any multiplicative operation G on CK* splits into the product x ,G ) of operations on CKZ ,
where each G, is one of the lIJb or lIJ . Let P be the set of prime numbers and J C P be the subset of
those primes, for which (b, c,) ;é (0, O) and Gp) is 0. Then the data (J, b, ¢), where the p-components
of b,ce 7 are b » and ¢, determines our operation G. Let us call it J W, . Here, (J, b, ¢) runs over all
possible triples satisfying (1) b, #0 = ¢, € Z; and (2) (bp,cp)=(0,00=p¢J.

The operations Q\Il,l are (nontwisted) Adams operations with ¢ = id, which naturally form a ring
isomorphic to Z. These operations commute with every other operation. The operations ?W{ are invertible
and form a group isomorphic to 7*. Below we will suppress J = & from the notation and will denote
the respective operations simply as W;.

The formulas in Example 5.3 show that the monoid of multiplicative operations is noncommutative.
5B. Multiplicative operations in Kg over 7. For A* = B* = Kg*r, we have A = B = Z[t,+~ '] and
F4 = Fp =x 4+ y —txy. Similar calculations, as in the previous section, show that the coefficient a,
in (5.4) will belong to Z[t, t~'] for every n if and only if b(¢)c(¢) is linear in . Thus, c(t) = ct!, for
c==land! € Z, and b(t) = bt'~!, for some b € Z.
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Then the coefficient a,, is
bc)
-1 ’1—1t”_l(L.
(=D -
Denote this operation as ;. It scales the grading on K, by the coefficient /. So, only the operations I\Ilg
are homogeneous.

The case ¢(t) =t and b(¢) = b, that is, 1\11,1 corresponds to the Adams operation Wj, see [Vishik 2019,
§6.3]. In this case, g = id. The operation ~'W 11 is an automorphism of order 2 acting identically on K gr
and mapping ¢ to ¢t~ 1.

We will omit / and ¢ from the notation ’ W, when these will be equal to 1.

6. Stable operations

The purpose of this section is to describe stable operations in CK and K, with integral and Z-coefficients.
The spaces of such operations appear to have countable topological bases, which we describe in Theorems
6.25 and 6.34. We also describe stable multiplicative operations and show that these generate additive
ones only in the case of Z-coefficients.

To be able to discuss stability of operations, we need the notion of a suspension. Following Voevodsky,
Panin [2003] and Smirnov [2006] we can introduce the category of pairs SmOp whose objects are pairs
(X, U), where X € Smy and U is an open subvariety of X, see [Vishik 2019, Definition 3.1], with the
smash product

X, UO)AX,V)=(XxY,XxVUUXxY)

and the natural functor Smy — SmOp given by X > (X, &). Then suspension can be defined as
(X, U) = (X, U) AP, PM0).
Any theory A* extends from Smy, to SmOp by the rule
A*((X, U)) :=Ker(A*(X) — A*(U)).

Any additive operation A* — B* on Smy extends uniquely to an operation on SmOp.
An element e = ¢!(0(1)) € A*((P', P'\0)) defines an identification

of  A*((X, U= A" (T (X, U)),
given by x > x A g4,

Definition 6.1. For any additive operation G : A* — B*, we define its desuspension as the unique
operation ¥ ~!G : A* — B* such that

Goaf‘ :crfoE_lG.

Definition 6.2. A stable additive operation G : A* — B* is the collection {G"™ | n > 0} of operations
A* — B* such that G = £~1G0+D,
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Proposition 6.3. Suppose that G : A* — B* is a multiplicative operation with yg(x) = bx modulo x? for
some b € B*(k). Then 2~'G =b-G.

Proof. We have
Glofw)=Gune’ ) =Gu)AGEH=Gu)Ab-e8)=af (b -Gw)). O

We call a multiplicative operation G stable if the constant sequence (G, G, G, ...) is stable. By
Proposition 6.3, G is stable if and only if the linear coefficient of y¢ is equal to 1 (see [Vishik 2019,
Proposition 3.8]).

For a commutative ring R, define the operator

@ =g : RIxl — RIxl. (G)=(x—DZ,

6A. Stable operations in CK over 7. Recall that when A* = CKT the group of additive operations
OP; " forn < 0andn > 1, can be identified with Z[[x], respectlvely, xZ[x].

Proposition 6.4. The desuspension operator £~ OP;" — OP%_L"_ is given by the rule
) ifn<l
E_I(G): { O(G), lfn
7(P(G)) =P(G) —@(G)(0), ifn>1

Proof. The Adams operation WV, is identified with the power series Ay (x) = (1 — X)¥ if n < 0 and with
(1—-x)k—1ifn>0. By Proposition 6.3, we have >~ = kW, so the formula holds for G = .
The map X! is continuous in 7, and the map @ is continuous in ;. Hence, both maps are continuous
as the maps 1, — 7,. Since 7, is Hausdorff (as 7, is), it follows that the set of power series, where X!
and @ coincide, is closed in t;. But the set of linear combinations of Adams operations is everywhere
dense in T;. O

It follows from Proposition 6.4 that the desuspension map X! is injective and yields a tower of
injective maps in the other direction:

-1 -1
Zlx] = OP)" &— > OP11 .<2—OP§’”<E—---. (6.5)

Moreover, the group OP%t of homogeneous degree 0 stable operations CK} — CKE that is the limit of
the sequence (6.5) is naturally isomorphic to the group

S =N, Im(®") = N, Im((T~HY") c Z[[x].

Indeed, if {G"™ | n >0} is a stable operation, then G = ®"(G™) for every n, hence GV’ € S. Conversely,
given G € S, write G = ®"(H ™) for every n. Since Ker(®") consists of constant power series only, the
sequence G™ = ®(H"*V) is a stable operation.

Lemma 6.6. Let G € xZ[[x]] andn > 1. Then
(1) 8"(G) has coefficients in Z if and only if 3"~ (®(G)) has coefficients in Z.
(2) v(3"(G)) = m for some m if and only if V(3" (P(G))) >m — 1.
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Proof. (=): Follows from Proposition 2.6 for both (1) and (2).

(«=): Simply write H for (x — 1)¥(d*G /dx¥). We claim that 3" ! (Hy) has coefficients in Z in case (1)
and v(3"~!(Hy)) > m — k in case (2) for every k > 1. We prove the statements by induction on k. To
show (k = k + 1): We have Hy| = ®(H;) — kHy, hence

0" (Hiy1) = 8"~ (@ (Hy) — k"~ (Hy).

Then k8"~ (Hj) has coefficients in Z in case (1) and v(k3" ' (H})) > m — k in case (2) by the induction
hypothesis. As the derivative 0" (Hy) has coefficients in Z in case (1) and v(0" (H)) = m — k in case (2),
it follows from Proposition 2.6, applied to the power series Hy, that 3"~ (® (Hj)) also has coefficients
in Z in case (1) and v(9"~'(®(Hy))) = m —k — 1 in case (2). It follows that 3"~' (H1) has coefficients
in Z in case (1) and v(9" ! (Hig+1)) 2 m —k — 1 in case (2). The claim is proved.

Note that all coefficients of Hj are divisible by k! in Z. Tt follows that the power series (1/k!)d"~1(Hy)
have coefficients in Z in case (1). By Proposition 2.6, 9" (G) has coefficients in Z in case (1) and
v(0"(G)) = m in case (2). O

In particular, we can describe the integral operations OP™"™ as follows:

Proposition 6.7. Let G € xZ[[x] and m > n > 1. Then G € OP™" if and only if ®"(G) € Z[[x] and
v(®"(G)) > m —n.

Proof. Theorem 4.12 and iterated applications of Lemma 6.6 show that G € OP™" if and only if
3%(@"~1(G)) € Z[x] and v(3°(®"~1(G))) = m —n + 1. Thus, it suffices to prove the following for a
power series H € Zlx] and integer k > 0:

(1) 3°%H) € Z[x]] < ®(H) € Z[x],
(2) v (H)) > k+ 1< v(P(H)) > k.

If 8°(H) € Z[[x]), then clearly ®(H) € Z[[x]. Conversely, if ®(H) € Z[[x], then
3°(H) € QIx1NZ[[x] = Z[[x].
The second statement follows from the obvious equality v(3°(H)) = v(®(H)) + 1. O
Let m a positive integer. It follows from Lemma 6.6 (2) that there is a tower of inclusions as in (6.5):
X" Z0[x] = OPOZ’" « OPlz’m“ e e 0P o (6.8)

Additionally, for every n, we have OP;”J”" N OP;+1 "+ in OPE’” coincides with OP§+1’"+"’+1. There-

fore, we obtain:

Proposition 6.9. The group of homogeneous degree m stable operations CKE — CK;’" is naturally
isomorphic to the intersection xma"(o’m)Z[[x]] nSs.
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The map @ : 2[[x]] — 2[[x]] is continuous in 7, and the space 2[[x]] is compact Hausdorff. Hence,
Im(®") is closed in Z[x]] for any n. It follows that the set § is also closed in Z[[x]] in the topology 7y,
and hence in 7, and ;.

It follow from Proposition 4.26 and Lemma 6.6 that the topology on OP%t induced by 7, is generated
by the neighborhoods of zero W, consisting of all collections {G™ | n > 0} such that G acts trivially
on varieties of dimension < n 4 m. We still denote this topology by z,.

LetA,(x)=(1—x)" € Z[[x]] for r € Z. Note that ®(A,) =r-A,. In particular, if r is invertible in Z,
then A, € §S.

We can describe the set S via divisibility conditions on the coefficients of the power series.

Theorem 6.10. The set S =N, Im(P") C z[[x]] consists of all power series G = Zi20 a;x' satisfying the
following property: for every prime p and every positive integers n and m such that m is divisible by p",
for every nonnegative j < m divisible by p, the sum Z;":_jl (;) a; is divisible by p".

Proof. Let n be a positive integer, G € S and write G = " (H) for some H € Z[[x]. Consider the ideal
I =" x™)C 2[[x]], where m is divisible by p”. Note that ® (/) C I since p" divides m.

Let G’ be the x™-truncation of G and H’ the x™-truncation of H. AsG—G' €l and H—H' €I, we
have G' — ®"(H’) € I. Since G" and ®"(H') are polynomials of degree less than m, we conclude that
G’ and ®"(H') are congruent modulo p".

We write G’ and H' as polynomials in y = x — 1. Since ®"(y’) =i"y’, the y'-coefficients of ®"(H’)
are divisible by p” for all i divisible by p. It follows that the same property holds for G’. As

m—1 m—1 m—1 i m—1  m—1
G=) ax'=) q =) @ (l) /= j (l.)a-,
;z gl(w);zgjy J;y;J,
the divisibility condition holds.

Conversely, as 7= [1Z,, it suffices to prove the statement over Z,,. Let G € Z,[[x] satisfy the
divisibility condition in the theorem. Choose n and m such that m is divisible by p" and set I =
(p", x™) C Z,[[x] as above. Recall that (/) C I. Let F be the x"-truncation of G. By assumption, we
can write F =) _ b;y' modulo p", where the sum is taken over i < m that are prime to p. In particular,
G =Y b;y' modulo I.

Choose r > 0 and set F' = Y (b;/i")y". Then ® (F') =Y b;y' = G modulo I, i.e., G is in the
image of ®" modulo /. As Im(®") is closed in Z,[[x]] in the topology t,,, we have G € Im(®") for all r,
ie, G eS. ]

6B. Stable operations in CK over Z. Now we turn to the study of stable operations over Z.

Proposition 6.11. The preimage of OP™" under ¥~ : OP;JFI’"+l — OP;*" is equal to OP" 1+ for
everyn = 0.

Proof As 7' =30 ®, forn > 1, and X! = ®, for n = 0, this follows from Proposition 6.7. O
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Thus, we have a tower
Z[x]1=0P%" - OP!! «>... o OP"" ...,

given by the desuspension and the group OP*' of stable homogeneous degree 0 integral operations is
identified with Sy := SN Z[[x]], where S is described by Theorem 6.10. Applying Proposition 6.7 again,
we get:

Proposition 6.12. The group of homogeneous degree m stable operations CK* — CK**™ is naturally
isomorphic to the intersection xmaxO0.m 717N So.

We would like to determine the structure of Sp.
Lemma 6.13. For every n > 0, there is a positive integer d such that dx" € S + x”“Z[[x]].

Proof. Choose distinct elements rg, ..., r, € 7* such that ri—rj€Zforalliand j. The xi-coefficients
withi =0, 1, ..., n of the power series A,;(x) = (I —x)"/ € § form an (n+1) x (n+1) Van der Monde
type matrix [(—1)i (rl’ )] Its determinant d is a nonzero integer since all r; — r; are integers. It follows
that there is a Z-linear combination of the Ay, that is equal to dx” modulo xt O

Note that any ideal in 7 that contains a nonzero integer is generated by a positive integer (the smallest
positive integer in the ideal). It follows from Lemma 6.13 that for every n > 0, there exists a unique
positive integer d,, such that the ideal of all a € 7 with the property ax" € § + x" M7 [x] s generated
by d,. We will determine the integers d,, below.

For every n > 0, choose a power series G, € S such that G,, = d,x" modulo XL

Lemma 6.14. Let G = Zi>0 a;x' € S be such that ay, . . ., a,_, € Z. Then there exist b; € zfor alli >n
suchthat G — ) _;~,biG; € Sp.

Proof. Find an integer a;, such that a, —a/, is divisible by d,, thus, a,, = a;, + d,b, for some b, € 7. Then
the x'-coefficients of G — b, G, are integer for i =0, ..., n. Continuing this procedure, we determine
all b; for i > n, so that all coefficients of G — Zi% b;G; are integers. Il

Theorem 6.15. For all n > 0, there are power series F, € Sy such that F,, = d,,x" modulo x"*t1. Moreover:

(1) The group Sy consists of all infinite linear combinations Zn>0 an F, with a, € Z.

K*+m

(2) The group of homogeneous degree m stable operations CK* — C is naturally isomorphic to

the group of all infinite linear combinations ), ... 0.m)% Fn With a, € Z.
Proof. Fix n > 0. The coefficient d, of G, is an integer. Applying Lemma 6.14, we find b; € 7 for
i > n+1 such that F,, := G, — Zi>n+1 b;G; € §y. Statements (1) and (2) are clear. O

6C. The integers d,. Our next goal is to determine the integers d,,. Let n > 0 be an integer. For an
integer r write L, for the n-tuple of binomial coefficients

(). () (1) =2
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For an n-sequence a = (ay, . . ., a,) of positive integers, let d(a) be the determinant of the n X n matrix
with columns L,,, Lg,, ..., L,,. We have

n—1
d(a) = (H(as - at)> /T]kez (6.16)
k=1

s>t

Let p be a prime integer. An n-sequence a is called p-prime if all its terms are prime to p. Let &I(:i)n be
the “smallest” strictly increasing p-prime n-sequence

(1,2,....,p=1,p+1,...).
()

Lemma 6.17. Let a be a p-prime n-sequence that differs from a, ;. at one term only. Then d (Elr(;’iil) divides

d(a) in the ring of p-adic integers Z .

(n)

Proof. Suppose a is obtained from a_. by replacing a term a by b. It follows from (6.16) that

d@ _Tl-da)
@y la—a)’

where the products are taken over all terms a’ of ay,, €xcept a. Since a is prime to p, the product
[[(a —a’) generates the same ideal in Z,, as a!(c —a)!, where c is the last term of @pis. Similarly, as b is
prime to p, the product [ [(b —a’) generates the same ideal in Z,, as

b(b_l)m(b_a—i_l)'(b_a_1)"‘(b_c+1)(b—6‘)=(—1)"_“a!(c—a)!<2)<c_b>' O

c—a
Corollary 6.18. The integer d([zl(giil) divides d(&l(r'fi;rl)) inZp.

Proof. In the cofactor expansion (Laplace’s formula) of the determinant d (Ezr(;li:l)) along the last row, all
min
Let M, be the Z(p)—submodule of (Z,)" that is generated by the tuples L, Ly,, ..., L,,, where
n

min*

minors are divisible by d(a_ . ) in view of Lemma 6.17. O

(a1, az,...,a,) =a

Lemma 6.19. Let b be an integer prime to p. Then the n-tuple Ly, is contained in M,,. In others words,
the Z ,-submodule of (Z,)" generated by Ly, for all integers b > 0 prime to p coincides with M,.

Proof. By Cramer’s rule, the solutions of the equation L = x1L,4, + - - - +x,L,, are given by the formula
(n)

min

x; =d(agy)/d (Ez(") ), where the sequence a;) is obtained from a

min

by replacing the i-th term with b. By
Lemma 6.17, we have x; € Z,,. O

The following statement is a generalization of Lemma 6.17:
Corollary 6.20. Let a be any p-prime n-sequence. Then d(Elr(r’lli)n) divides d(a) in Z.

Set d(c—l(n+l))

min

d@a™y

min

dy =dP =

By Corollary 6.18, we have d,, € Z,,.
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Write n in the form n = (p — Dk +i, where i =0, 1..., p—2and k = |n/(p — 1) |. Then it follows
from (6.16) that
ph k!

dyZ, = TZP’ or, equivalently, wv,(d,) =k +v,(k!) —v,(n!), (6.21)

where v, is the p-adic discrete valuation.
Note that v, ((n+k)!) =v,((pk+i)!)) =v,((pk)!)) =k+v,(k!), hence d,Z, = (n+k)!/n!Z,. Observe
that the function n — v, (d,) is not monotonic.

Proposition 6.22. An (n+ 1)-tuple (0,0, ..., 0, d) is contained in M+ if and only if d is divisible by d,
ind,.

Proof. As in the proof of Lemma 6.19, (0,0, ...,0,d) € M,y if and only if d - d(a(;)) is divisible by
d(&r(r'fi;rl)) in Z,, for all i, where the sequence a; is obtained from er(r'fi)n by deleting the i-th term in Ezr(n"i:l“l)
We have d(a)) =d(@") if i = n+1, and by Corollary 6.20, all d(a) are divisible by d(a@” ), whence
the result. (|

For an integer r, let as before A,(x) = (1 — x)". Note that the n-tuple L, is the tuple of coefficients
(after appropriate change of signs) of the x”-truncation of the polynomial A,. Denote by N the
Z ,-submodule of Z,[x] generated by A, for all integers » > 0 prime to p. We get an immediate corollary

from Lemma 6.19 and Proposition 6.22.

Proposition 6.23. Letd € Z, andn > 0. Then dx" € NP x”“Zp [x] if and only if d is divisible by d,.

Moreover, there is a Z y-linear combination G, of the Adams polynomials A, , Ay, . .., Aqa,,,, where
(a1, aa, ..., a,41) = Ezr(lfijl), such that G, = d,x™ (mod x"*1).

Proposition 6.24. The set Sz, =), Im(CID’Zp) contains a power series = dx" (mod x"*1) if and only if
d is divisible by d,, in Z .

Proof. Suppose that G € Sz, and G = dx" modulo x"*t1. Choose integers k > 0 such that p* is divisible
by d(@"") and m > n is divisible by p*, and consider the ideal I = (p*, x™) C Z,[x]. We have

G = ®*(G") for some G’ € Z,[[x]l and write

m—1
G'=)_biA; modulox"Z,[x]
i=0
for some b; € Z,,. Applying ®* and taking into account ®(A;) = i*A;, we get G = ®X(G') e NP + 1.
Taking the x”*!-truncations, we see that

dx" e NP —|—x”+IZp[x] —{—kap[x].

As pk is divisible by d(&(n+l)), we conclude that kap[x] Cc NP + x"“Zp[x]. Therefore, we have

min

dx" e NP +x”+IZp[x]. By Proposition 6.23, d is divisible by d,,. O
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Now we turn to the ring 7. The integers d,, defined before Lemma 6.14 are the products of primary
parts of d, = d,i” ) determined as above for every prime p. In view of (6.21), we have

vy (dy) = Lpiﬂ +vp(L#J!) —v,(n)

for every prime p. For example, dy=1,d; =2, d, = 22.3,dy=23,dy=2%3-5,ds =2°-3,dg =2°-32.7
and d; =27 .32,
Propositions 6.23 and 6.24 yield:

Theorem 6.25. Let n > 0 be an integer. Then:

(1) There exists a Z-linear combination G, of the Adams polynomials A,,, Ay, - .., Aa,,, fOor some

An+1

ai, az, ...,an1 € Z* such that G, = d,x" modulo xHL

(2) The set S =), Im(CD’Z) contains a power series = dx" (mod x"*1) if and only if d is divisible by d,,

in 7. It consists of all (infinite) linear combinations of G .

Remark 6.26. It follows from Proposition 6.23 that aj, az, ..., a,+1 € 7> can be chosen so that for
every prime p, we have ((a1),, (a2)p, ..., (@ny1)p) = Ezr(;'i:l) with respect to p. In particular, a; = 1.

Proposition 6.27. The set S = N, Im(D") is the closure in the topology t,, and hence, in the topologies t,

and T, of the set of all ( finite) Z-linear combinations of the power series A, forr € z*.

Proof. Denote as Ty, Ty, T, the closures of the mentioned set of linear combinations in our three topologies.
As S is closed in 1y, we have T, C T, C T, C S.

Let G € x*Z[[x]|NS. Then by Theorem 6.25, G =dx* (mod x**1), where d = dj.-c, for some ¢ € Z. We
know that there exists a Z-linear combination Gy of the power series A,,, Ag,, ..., Ag (with invertible a;)
such that Gy = dix* (mod xk*1). Hence, G — ¢ - Gy € x*1Z[[x]1 N S. Applying this inductively, we
obtain that, for any G € S and any positive integer m, there exists a finite Z-linear combination H of
invertible A,, such that G — H € me[[x]] N S. Therefore, Ty, = S, and hence T, =T, =T, = S. Il

6D. Stable operations in Kg. In Section 4G, we defined the bialgebra A of co-operations in K,
with a canonical element s € A. Recall that for a commutative ring R, the bialgebra of operations
OP;" (Ky) = OP%O(CK) = R[[x] is dual to A. The same proof as in Proposition 6.4 shows that the
desuspension operator

=71 RIx] = OPY" (Kg) — OP "~ (Kg) = RIx]]
coincides with ®. It follows that
OPS\(Ky) = im(R[[x] < R[x] < R[x] < ---).
Lemma 6.28. The desuspension operator ® is dual to the multiplication by s in A.
Proof. As ®((1 —x)™) =m(1 —x)™, in view of Lemma 4.36, we have

(en, d((1 —x)M)> ={e,,m(1 —x)"Y=m e, (m) = (se,, (1 —x)™). 0
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The localization A[1/s] can be identified with colim(Ai> A .. -). Therefore,
OPS! (Kyy) ~ Hom<A[%], R),
i.e., the bialgebra OP}(Kg,) of stable operations is dual to A[1/s].

The bialgebra A[1/s] coincides with the algebra of degree O stable operations Ko(K) in topology (see
[Johnson 1984, Proposition 3] and [Adams et al. 1971]). Moreover, A[1/s] is a free abelian group of
countable rank [Adams and Clarke 1977, Theorem 2.2] and can be described as the set of all Laurent
polynomials f € Q[s, s~'] such that f(a/b) € Z[1/(ab)] for all integers a and b # 0.

It follows that the bialgebra A[1/s] admits an antipode s — s~! that makes A[1/s] a Hopf algebra. It
follows that OP%(Kgr) is a (topological) Hopf algebra.

Remark 6.29. We have a diagram of homomorphisms of bialgebras and its dual:

Z[s] ——— A R0 2 Rl
Zls,s™'1— A[1] R” +——— OPR(Ky)

The bottom maps are homomorphisms of Hopf algebras. The antipode of R” takes a sequence 7; to r_;.

The group of degree 0 stable operations OP;(Kgr) coincides with OP%t (CK) = S, whose structure was
described in Theorem 6.25. Our nearest goal is to determine the structure of OP%(Kgr). We remark that
this group is different from OP3(CK) = SN Z[[x].

Let R be one of the following rings: Z, Z, or Z. Recall that we have an injective homomorphism
br : R[x] — RI®> taking (1 — x)™ to the sequence (1,m,m?,...). The operation ® on R[x]]
corresponds to the shift operation IT on R10-%) defined by I1(a); = aj+1.

An n-interval of a sequence a in R1% or RZ is the n-tuple (a;, @i+, ..., ditn—1) for some i. We
say that this interval starts at i.

For every n > 1, let M,, be the R-submodule of R” generated by the n-tuples 7 := (1, r, 72, ..., "}
for all integers r > 0. Note that M, is of finite index in R".

Lemma 6.30. A sequence a € R'"%) belongs to the image of by if and only if for every n > 0, the
n-interval of a starting at 0 is contained in M,,.

Proof. (=): This is clear.

(<): Note that by assumption a is contained in the closure of Im(bg). On the other hand, if R =27, or Z
the space R[x] is compact in 7,, and R19:%) is Hausdorff, hence Im(bg) is closed, i.e., a € Im(bg). If
R = 7, it follows from the case R = 7 that a = b;(G) for some G € 2ﬂx]]. Since at the same time
G € Q[[x]l, we have G € Z[x]]. O

Let T C R? be the R-submodule of all sequences a € RZ such that every n-interval of a is contained
in M, forall n > 1. If a € Tg, by Lemma 6.30, for every n > 0, there is G,, € R[x]] such that bg(G,) =
(a—p,a—p+1, ...). Since ®(G,41) = Gy, the sequence (G,),>o determines an element in OP%(Kgr). This
construction establishes an isomorphism OP%(Kgr) >~ Tg. Note that Tj = OP;(CK) =S=), Im(®").
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For every n > 1, let N,, be the R-submodule of R" generated by the n-tuples 7 for all » € R*. Then
N, is of finite index in R" if R=7,, or 2.
Note that every n-tuple 7, with » € R*, extends to the sequence a with a; = r' that is contained in Tk.

Lemma 6.31. The module N, C M,, for alln > 1.

Proof. It suffices to consider the case R =Z,. Choose an integer m > 0 such that p™-Z, C M,,. Letr € Z}.
Find an integer 7' > 0 congruent to » modulo p™. Then the tuple 7 = (1, r, 72, ..., ") is congruent
to 7/ modulo p™. Hence, 7 =7' 4+ (r — ') e M,, + p"Z, C M. O

It follows from Lemma 6.31 that every element in N,, is an n-interval of a sequence in Tk.

Proposition 6.32. If R =7, or Z, the R-module Ty consists of all sequences a € R” such that every

n-interval of a is contained in N, for alln > 1.

Proof. We may assume that R =Z,,. Let a € Tg. In view of Lemma 6.31, it suffices to show that every
n-interval v of a starting at i is contained in N,, for all n > 1. Take an integer m > 0 and consider the
(n + m)-interval w of I17""(a) starting at i, so that v is the part of w on the right. Write w as a (finite)
linear combination ) _ 7,7 over positive integers r, where 7, € Zpandr=(1,r, r2, Lty e Myt
Applying TT" to TI™"(a), we see that v = Y t,r"#, where 7 = (1,r,r%, ..., 7" ") € M,. Asr" is
divisible by p™ if r is divisible by p, it follows from the definition of N, that v € N, + p"*M,,. Since N,
is of finite index in M,,, we can choose m such that p”* M,, C N,, hence a € N,,. O
Denote by 6 : RZ — R the reflection operation taking a sequence a to the sequence 6 (a); = a_;.

Corollary 6.33. The module Ty is invariant under 6.
Proof. In the case R =7, or 7, it suffice to notice that if r € R*, the symmetric n-tuple
" D= (LT e e
is contained in N,. If R = Z, the statement follows from the equality 7z = T N 77, (|
Now let R =7 and n > 0. The ideal of all ¢ € 7 such that ©,...,0,t) € N, is generated by a (unique)
positive integer d, = n! - d,, where the integers d, were introduced in Section 6C. We know that
p(dy) = vp((n+kp))

for all primes p, where k, = [n/(p — 1)|. By Theorem 6.15, there are power series F,, € So = SN Z[[x]|
such that F,, = d,x" modulo x"t!.
Let f® ¢ T; be the image of F, under the map § = OP;(Kgr) — 77, Thus, (O, ...,0, c?n) is the
n-interval of £ starting at 0. For example, we can choose
FO=c.. 1,1,1,1,...),
FO=(...,0,2,02,...).

As in the proof of Theorem 6.15, modifying f by adding multiples of the shifts of £ for m > n and
their reflections, we can obtain f™ e ZZ for all n.
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Theorem 6.34. Every sequence a € Ty =~ OP%(Kgr) can be written in the form

o0
a = [baTI™0(f ) + by I (f )]
i=0
for unique by, by, ... € Z.
Proof. We determine the integers by, by, ... inductively so that for every m > 0 the sum ) ;. , of the
terms in the right-hand side and the sequence a have the same (2m + 2)-intervals starting at —m. O

Remark 6.35. Observe that {TT~/0(f @), TI' (f?*D)|i € Z-} is also a topological basis of OP;(Kgr).
Note that, at the same time, {f) | j € Z~o} forms a topological basis for OP%t(CK) and OP;(CK). This
shows the relation between operations in CK and those in Kg,. In particular, there are substantially more
operations in the former theory.

6E. Stable multiplicative operations. We first consider stable multiplicative operations on CK; From
Proposition 6.3, we obtain:

Proposition 6.36. Stable multiplicative operations CK; — CK} are exactly operations V<, for c € z*.
These operations are invertible and form a group isomorphic to 7% Similarly, stable multiplicative

operations on CK* form a group isomorphic to 7*.

Restricted to CK%, the operation W{ is given by G =1 (as it is multiplicative and so, maps 1 to 1),
while G(tx) = G(t)G(x) =ct - yg(x) = 1 — (1 —tx)° and so, our operation corresponds to the power
series A. = (1 — x)¢. In other words, on CK%, the operation W{ coincides with the Adams operation W..
Then on CK%, itis equal to ¢™" - W,.

Proposition 6.27 gives:

Corollary 6.37. The set of homogeneous stable additive operations on CK; is the closure in the topology
T, of the set of (finite) Z-linear combinations of stable multiplicative operations.

Remark 6.38. Note that the respective statement for Z-coefficients is not true, as there are only two stable
multiplicative operations on CK*, namely, \Illl and ¥ !, while the group of stable additive operations
there has infinite (uncountable) rank.

Now we consider stable multiplicative operations on K, over Z.

Proposition 6.39. Stable multiplicative operations Ky — K. are exactly operations Wy, for ¢ = £1.
These are invertible and form a group isomorphic to 7> = 7/24.

Proof. The linear coefficient of y for the operation 1\1;;]»‘ is t!='b, see Section 5B. This will be equal to 1
exactly when/=1and b =1. O

As above, the operation W{ corresponds to the power series A. = (1 —x)°. On Ky, it coincides
with ¢ . W]
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