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Moduli of linear slices
of high degree smooth hypersurfaces

Anand Patel, Eric Riedl and Dennis Tseng

We study the variation of linear sections of hypersurfaces in P". We completely classify all plane curves,
necessarily singular, whose line sections do not vary maximally in moduli. In higher dimensions, we
prove that the family of hyperplane sections of any smooth degree d hypersurface in P* varies maximally
for d > n+3. In the process, we generalize the classical Grauert—Miilich theorem about lines in projective
space, both to k-planes in projective space and to free rational curves on arbitrary varieties.

1. Introduction

A fundamental technique for studying a degree d complex hypersurface X in projective space P is to
intersect it with hyperplanes. The family of varieties thus obtained can be represented by a map to moduli

¢ : P > PHY(Opi1(d)) ) SLy, [A]— [ANX].

Basic properties of ¢ are still not understood, even under regularity assumptions on X. Take, for instance,
the problem of determining the dimension of its image. If X is assumed to be general, then ¢ can directly
be shown to have maximal rank, i.e., its image is as large as possible, as done in [van Opstall and Veliche
2007]. However, once we assume X is an arbitrary hypersurface, the story becomes more complicated,
with several authors studying special cases in the last few decades. Even in the case of a reduced plane
curve X, showing maximal variation is not a trivial task. Thirty years ago, while studying PGL3-orbits of
plane curves, Aluffi and Faber [1993, Proposition 4.2] cleverly exploited the classical Pliicker formulas to
prove that smooth plane curves of degree at least 5 always have maximum variation of linear sections.
However, if the curve X is singular, then ¢ can fail to have maximal rank, and Aluffi and Faber were not
able to completely analyze this case.

Quite generally, if the dimension of the projective automorphism group of X is larger than expected
(e.g., if X is a cone), then linear slices must fail to vary maximally in moduli. Outside this class of
hypersurfaces, we are unaware of any other examples where ¢ fails to have maximal rank, so we pose the
following question:

Question 1.1. If ¢ fails to have maximal rank, must X have a positive-dimensional projective automor-
phism group?

MSC2020: 14J10, 14J70.
Keywords: hypersurfaces, linear sections, plane curves, stability, Grauert—Miilich.
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Figure 1. Singular curves for which ¢ fails to have maximal rank. Left: union of orbits
under G, action. Right: union of orbits under G, action (quadritangent conics).

We are concerned exclusively with the case where X is a hypersurface, although one can ask similar
questions for other subvarieties of P, such as in [Mckernan 1991]. Our first result is to answer Question 1.1
affirmatively when X C P? is a plane curve:

Theorem 1.2. If X C qu: is an arbitrary plane curve and if ¢ fails to have maximal rank, then X has

infinitely many projective automorphisms.

Given Theorem 1.2, we see that of all curves where ¢ fails to have maximal rank have stabilizer
containing G,, or G,, where typical examples are depicted in Figure 1.

The map ¢ is even more difficult to understand for larger-dimensional hypersurfaces — we restrict
our attention primarily to smooth hypersurfaces. Beauville [1990] investigated the case where ¢ is a
constant map and classified the smooth hypersurfaces X for which the family of hyperplane sections has
constant moduli. This phenomenon happens only for very special hypersurfaces in positive characteristic.

In contrast, we prove:
Theorem 1.3. If X C P{. is a smooth hypersurface of degree d > n + 3, then ¢ has maximal rank.

We can also intersect a hypersurface X with k-planes for smaller k, obtaining natural analogues
¢ : Gk, n) ——> PH(0p(d))J/ SLis1,  [Al> [ANX],

and ask similar questions about ¢;. Harris, Mazur, and Pandharipande [Harris et al. 1998], and then
later Starr [2006], studied the situation where ¢y is expected to be dominant, relating the problem of
establishing dominance to the question of unirationality of low degree hypersurfaces. When ¢y is expected
to be generically finite and dominant, the problem of establishing its degree has also appeared in the
literature. In this direction, see [Cadman and Laza 2008; Lee et al. 2020; 2023].

We are able to generalize Theorem 1.3, and prove that ¢ has maximal rank under some restrictions on k:

Theorem 1.4. If X C P¢ is a smooth hypersurface of degree d, then ¢, has maximal rank assuming
d2n+3andk2§n.

For k < %n, we obtain similar statements, but with d forced to be larger (see Theorems 5.8 and 5.9).
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Broadening the topic even further, we can intersect X with other types of varieties, for example, rational
curves of degree e. In this way, we obtain a map from the variety of degree e rational curves in P” to the
moduli space of ed points on P!, Our methods provide results in this context — see Theorems 4.2 and 5.2.

1A. Methods. The log tangent sheaf Tp:(—log X) and the Grauert—Miilich theorem play key roles in
our approach. We identify the tangent space of the fiber of ¢ at a point [A] with sections of the log
tangent sheaf Tp» (—log X) restricted to A. Then, we adapt the argument in the usual Grauert—Miilich
theorem [Okonek et al. 1980, Theorem 2.1.4] to produce sections or subsheaves of the log tangent sheaf
Tpn (—log X). In the plane curve case, this forces X to be an integral curve for a vector field on P2, leading
to the classification in Theorem 4.2. In the higher dimensional case, we appeal to a result of Guenancia
regarding the semistability of Tp.(—log X), when (", X) is a log-canonical pair and d > n + 2. In
particular, all our results in this case actually hold when (P", X) is a log-canonical pair, not only when X
is smooth.

Our methods will produce results in other contexts, for example, if we replace P” with a homogeneous
space G/P.

2. Preliminaries

We introduce conventions and basic definitions.

2A. Notation and conventions. We will work over the complex numbers. We identify vector bundles
with locally free sheaves throughout, and all our sheaves are coherent. A subbundle of a vector bundle V
is a locally free subsheaf W C V such that V/W is also locally free. For us, a variety is an integral
scheme of finite type. If F is a coherent sheaf on a scheme X, we denote by ev: H*(X, F) ® Ox — F
the natural evaluation map.

We denote by Mor, (PX, P") the variety parameterizing morphisms f : Pk — P" with f*0(1) =
0 (e). Explicitly, Mor, (PX, P") is a Zariski open subset of P(H%(6px(e))®"™!) parameterizing tuples
(Ao, ..., A,) of homogeneous degree e forms on P* which do not vanish simultaneously anywhere on P
More generally, Mor(X, Y) denotes the (not finite-type) scheme parameterizing morphisms from the

scheme X to the scheme Y.

deg(E)

] rank(E)°
where deg(E) = [ xC1(E )Ox (HIMX)—1 We call E semistable (respectively stable) if there is no proper

Given a torsion-free sheaf E on a projective variety X, we let its slope @ (E) denote the ratio

subsheaf F' with w(F) > w(E) (respectively u(F) > w(E)). In general, the Harder—Narasimhan filtration
of E is

0=E0CEICEC - CE,=E,
where the subquotients E;/Eg, E2/E, ..., E;/E,_1 are semistable and have strictly decreasing slopes.

Finally, if E, F are two coherent sheaves, then Hom(E, F) will denote the vector space of global
homomorphisms £ — F while Hom(E, F) will denote the sheaf of local homomorphisms.
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2B. The map to moduli ®. Suppose X € P" is a degree d hypersurface. After fixing integers e > 1,
k <n—1, we get the induced map to moduli

® : Mor, (P¥, P") --» PHO(PX, 0pi(de)), 1+ [1H(X)].
We say that ® has maximal rank if the dimension of its image is
max {dim(Mor, (P*, P")), PHO(P¥, O (de))}.

Equivalently, since we are working over C, the derivative of ® at a general point has maximum rank.

Though our methods give results for all e, k, we are primarily interested in the cases where e =1 or
k = 1. Therefore, we have only stated our results in these cases. In the case e = 1, ® having maximal
rank is equivalent to the map

Gk, n) --» PHO (P, Ope(d)) )/ SLk, [Al—[ANX],

having maximal rank, assuming the general k-plane slice of X has no infinitesimal automorphisms.
Whenever our results apply, this condition will always be satisfied.

2C. Log tangent sheaves. We now introduce the main tool of the paper. We suspect Lemma 2.2 is
well-known to experts but include a proof for want of a suitable reference. Everything in this section
should work for a reduced divisor in an arbitrary smooth ambient variety, but we will focus on the case
that the ambient variety is projective space.

Let D C P" be a reduced hypersurface. Viewing D as a divisor in the smooth ambient variety P", we
get the log tangent sheaf 7p: (—log D), which sits inside the exact sequence

0 — Tpn(—log D) — Tpn — Op(D) — Op, (D) — 0,

sing

where Dy is the singular subscheme cut out of P by the equation for D and its partials. In terms of
background, we only assume what is covered in [Liao 2013, 2.1.2], but see [Saito 1980] for the original
reference. One can check that Tp: (—log D) is a vector bundle when D is smooth using local coordinates;
in general Tp: (—log D) is a reflexive sheaf.

Remark 2.1. Informally, local sections of Tp»(—log D) represent local vector fields which are tangent
to D. This can be seen explicitly by noting that the map Tp» — &'p(D) in the exact sequence above is
given by 6 — 6(f), where 6 is a vector field and f is the (local) equation for D. If we identify &p (D)
with Nppn, the map Tprn — Op(D) is also Tpn — Tpn|p — Nppn.

Let PX — P be a map defined by degree ¢ homogeneous forms, and suppose Z C P" is a subscheme.
We say an infinitesimal deformation ¢, : Pk x Spec Cle]/ (€?) — P~ preserves (2 if Le_l(Z) C
Pk x Spec (D[e]/(ez) is the trivial deformation :='(Z) x Spec C[e]/(e2). The point of this section is to
prove the following lemma.
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Lemma 2.2. Let PX - P" be a map defined by degree e homogeneous forms whose image is not
contained in D. Global sections of 1* Tpn(—log D) correspond to deformations of the map t preserving
the hypersurface 1= (D).

Proof. First, sections of (*Tpr correspond to deformations of . More explicitly, ¢ is defined by an

(n+1)-tuple of degree e forms in k + 1 variables Ag(so, - .., Sk), ..., An(So, ..., Sk) sending [so: - - - : sk]
to [Ag(sg, ..., Sk) i+ An(so, ..., 80)].

A deformation ¢, of ¢ is given by another (n+1)-tuple of degree e forms in k+1 variables By(so, . . ., Sk),
..., By(s0, ..., st). Explicitly, as a map from Spec(Cle]/ (€2)) x PK — P” this is given in coordinates
by €, [S(), ey Sk] mapping to [Ao(So, ey Sk) +EB()(S(), ey Sk) ceeed An(So, ey Sk) +€Bn(S0, ey Sk)].

The vector space of deformations is given by the quotient space of (n+1)-tuples of degree e forms
(Bo, ..., By) modulo the 1-dimensional vector space generated by (Ao, ..., A,).

Let D be defined by F = 0 where F is a reduced homogeneous form in n + 1 variables. If we pull
back the form F under the deformed map ¢., we obtain

F(A()(S(), e ,Sk)+€BQ(S0, . ,Sk), ey An(S(), e ,Sk)-f—GBn(So, e ,Sk))
=F(Ao(s0, ... Sk), ... An(S0, ..., Sk))+e€ Z Bi(so,...,51)-0i F(Ao(s0s ..., Sk)s .y An(S0s ..., Sk)).

i=0
Therefore, deformations ¢, that preserve (~! (D) correspond to choices of By, ..., B, such that
n
Y Bi(so, ..., 5k) 0, F(Ag(s0s ..., Sk), .- -s Au(50, ..., 5k)) (2-1)

i=0
is a scalar multiple of F.
Now, we wish to realize this latter condition as producing sections of the pulled back log tangent sheaf.
First, the sections of the pulled back tangent sheaf ¢*7p» can be computed via the Euler sequence

)l’H—I

0— Opk — Opi(e — *Tpn — 0

to be the quotient space of (n+1)-tuples of linear forms (By, ..., B,) modulo the 1-dimensional vector
space generated by (Ao, ..., Ap).

The restricted vector field corresponding to (By, ..., B,) is Z?:o B; aix, Recall that Tp» (—log D) is
the kernel of the map Tp» — &'p(D) sending a vector field 0 := Z?:o B; 367, to 6(F).

In other words, the defining equation is

n
> B;-L F =0 (mod F).
=0 Oxi
Pulling back this under ¢ yields exactly (2-1). O

3. Grauert-Miilich

The goal of this section is to generalize the classical Grauert—-Miilich theorem [Okonek et al. 1980,
Theorem 2.1.4] in two directions:
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Proposition 3.1. Let Z C PV be a smooth projective variety and f : P! — Z be a general map in an
open subset M of Mor(P!, Z) such that P' x M — Z has connected fibers. Suppose f*Ty is globally
generated.

Let E be a torsion free sheaf on Z and write f*E as @le O(aj) withay > --- > ap. Ifaj > ajy1 +1
for some j, then E has a subsheaf of rank j and degree @ Z{: | @i In particular, if E is semistable,
then the bundle f*E can be written as @, O'(a;) with |a; — a;+1| < 1.

For applications to slicing by k-planes, we will use Proposition 3.3.

Definition 3.2. Given a torsion free sheaf £ on a smooth projective variety, let u™*(E) denote the
maximum slope of a nontrivial subsheaf of E. It is also the slope of the first subsheaf appearing in its
Harder-Narasimhan filtration. Similarly let £#™"(E) denote the minimum slope of a nontrivial quotient
of E. It is also the slope of the quotient of the last two subsheaves appearing in its Harder—Narasimhan
filtration.

Proposition 3.3. Let E be a torsion free sheaf on P". Let A be a k-plane in P", general with respect to E.
Let S C E| be a sheaf appearing in the Harder—Narasimhan filtration of E|p and suppose

. 1
™M) — e W (E|A/S).

Then E is not semistable.

The proofs of Propositions 3.1 and 3.3 are very similar in spirit to standard proofs of Grauert—Miilich,
such as the one found in [Okonek et al. 1980]. The argument relies crucially on the following lemma.

Lemma 3.4 (descent lemma from [Okonek et al. 1980, Lemma 2.1.2]). Let Y and Z be smooth varieties
and w : Y — Z be a surjective smooth morphism with connected fibers. Let E be a vector bundle on Z
such that T*E has a vector subbundle S with quotient vector bundle Q. If

Hom(7y,z, Hom(S, Q)) =0,

then S is the pullback of a subbundle of E on Z.
The key technical lemma of this section is Lemma 3.6, whose proof will use the following simple fact.

Lemma 3.5. Let Y be a variety and E and F be two sheaves on Y. Suppose every semistable subquotient
in the Harder—Narasimhan filtration of E has greater slope than every semistable subquotient of F, i.e.,
that p™™(E) > u™>*(F). Then, Hom(E, F) = 0.

Proof. Let 0= Ey C E| C --- C E, = E be the Harder—Narasimhan filtration for £ and 0 = Fy, C F| C
.-+ C Fp = F be the Harder—Narasimhan filtration for F. Consider a map ¢ : E — F. We show ¢ = 0.
First, ¢ induces a map E| — Fp/Fp,_1, which is zero since the source is semistable and has slope
greater than the target, which is also semistable. Therefore, ¢ induces a map E; — Fj_1/Fp_o, which
again is zero for the same reason. Continuing this, we find the map E; — F is zero.
Then, we consider the induced map E,/E| — Fj/F,_; and repeat the argument above to find E>/E| —
F must be the zero map. Continuing this for E£3/E, and so on shows that the map ¢ is zero. O
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Lemma 3.6. Let Z be a smooth projective variety and let U — M be a smooth family of projective
varieties with a smooth surjective map w : W — Z having connected fibers. Let E be a torsion free
sheaf on Z and let U, be a general fiber of U — M. Let S be a subsheaf of w* E|y, appearing in the
Harder—Narasimhan filtration of w* E|v,, such that

w"(S) 4+ MM (Tyyz ) > W (¥ Elu, /S).

Then there is a subsheaf SonZ of E such that n*glup agrees with S on the locus where S is a vector
bundle.

Proof. By [Shatz 1977, Lemmas 5 and 7], we can replace M by a dense open subset so that the members of
the Harder-Narasimham filtration of * Ey, extend to a family over U. Namely, there exists a sequence
of subsheaves 0 = Sy C §1 C --- C S, = 7*E that restrict to the Harder—Narasimhan filtration of E lu,
for all p € M, so in particular § = S; |y, for some i. If E and all §;’s are locally free, then we can
immediately apply Lemma 3.4 to conclude. The next paragraphs deal with the possibility that £ or the
S;’s are not locally free by passing to a general curve in U,,.

We have an open subset U° ¢ U whose complement has codimension at least 2 and consists of the
points over which S; and 7w*E/S; are both vector bundles. The image of U’ in Z is an open subset Z°
(by flatness of ) whose complement must also have codimension at least 2.

Now, we can apply Lemma 3.4 in the case ¥ = U° and Z = Z°. In order to do so, we must show that

Hom(Tyo, 70, Hom(Si [y, (7*E/S;)|yp)) = 0. (3-1)

For this, observe that because all sheaves appearing in (3-1) are locally free, it suffices to show the lack of
homomorphisms when we restrict to a general fiber U,,. Then, we use the same idea and restrict to a general
complete intersection curve C C U, of sufficiently high degree. Restricting the Harder—Narasimhan filtra-
tion of 7*E1y, to C results in a sequence of vector subbundles because each semistable subquotient on U,
is in particular torsion-free, so the Harder—Narasimhan filtration is a sequence of vector subbundles away
from a set of codimension at least 2 in U ,,. Since C can be chosen to avoid this set, restricting a sequence of
subbundles yields a sequence of subbundles. By [Mehta and Ramanathan 1982], this sequence of sub vector
bundles on C is the Harder—Narasimhan filtration of 7 * E|¢. To show (3-1), it therefore suffices to show

Hom(Ty/z|c, Hom(S|c, (7 Ely,/$)|c)) = Hom(Tyyzlc ® Slc., (w*Ely,/S)Ic) =0.

We conclude by applying Lemma 3.5, keeping in mind that S|¢ is part of the Harder—Narasimhan
filtration of w*E|¢, and that the following slope equalities hold:

1" (*Ey, /S)|c) = deg(C)u™ (r*Ey, /),
u™(S|c) = deg(C)™™ (),
L™ (Tyzlc) = deg(C)u™™ (Tyy2),
"™ (T zle ® Sle) = w™(Sle) + 1™ (Tuyz1c).

where deg(C) can be defined using any projective embedding of U,,. O
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In order for us to apply Lemma 3.6, it is necessary to understand the sheaf Ty, zlu,. Lemmas 3.8

and 3.9 identify the sheaf in two common situations.

Definition 3.7. Let Y be a variety and V be a globally generated vector bundle on Y. Then, the Lazarsfeld—
Mukai bundle of V is the kernel of the evaluation map 0y @ H ov)y— V.

Lemma 3.8. Let Z be a smooth projective variety and M be a smooth open subset of a component of
the Hilbert scheme of varieties on Z. Let U be the universal family, and suppose that the natural map
7 : UW— Z is smooth. Let U, be a general fiber of W— M. Then Ty, z|u, is the Lazarsfeld-Mukai bundle
Jor the normal bundle Ny, ,z, defined by the short exact sequence

0— Tz, = H°(Ny,;z) ® Oy, — Nu,,z — 0.
Proof. First we compare the normal sheaf of U in M x Z to the normal sheaf Ny,;z. We have the diagram

0 0

A A

0 — Tuluy, — Dvxzlu, — Numxzly, — 0

A A
>~

0 —— Ty, —— Tzly, —— N,z —— 0

A A

0 0

In this diagram, we have written HO(Nup/z) ® O, as ﬁ’Np, where N = hO(Nup/Z). We see that
Nuymxzlu, is isomorphic to Nu,/z by the eight lemma. Next we relate Ny/nix zlu, to the Lazarsfeld—
Mukai bundle. Consider the diagram, where the lower right entry is computed by the eight lemma,

0 0

AN A

Tzly, —— Tz,

AN A

0 — Tulu, — Dvxzlu, — Nuymxzly, — 0

A A~
~

0 — Tyzh, — 7 Tulu, — Numxzly, — 0

AN A
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Then since 7 * Ty is constant on U, and Ny pxz lu, = Ny, /z, we see that the last row becomes
0— Tyyzlu, = H'(Nu,/7) ® 6 — Ny,,z — 0.

The result follows. O

Lemma 3.9. Let Y and Z be smooth projective schemes and M be an open subset of Mor(Y, Z). Let
7w Y x M — Z be the universal map. For f :Y — Z in M, suppose f*Tz is globally generated. Then,
the restriction Ty i/ z|y x{[ f]y IS an extension of Ty by the Lazersfeld—Mukai bundle of f*T7.

Proof. We have the relative tangent sequence

0— Tysnyzlyxiirn = Tysmlyxqm = f Tz — 0.

We have the natural decomposition Tyt zlyx((f)} = H 0¢ [*Tz) ® 0 ® Ty, with respect to which the
natural map Ty zlyx(f)y — f*1z is ev +df. Consider the following commutative diagram, where K
is the Lazarsfeld-Mukai bundle of f*T:

0 0 0
0O —— Ty Ty > 0 > 0
A~ A~ T
0 —— Tysmyzlyxiy —— HY(f* T)®@ 0D Ty SN [T, —— 0
0 s K s HY(f*'T)) 0 —=—— f*T; ——— 0
+ PN T
0 0 0

The rows and columns are exact and the left column gives Ty /7|y x{ 7)) as an extension of K by Ty. [l

Lemma 3.10. The Lazarsfeld—Mukai bundle of any globally generated vector bundle on P! is a direct
sum of O(—1)’s.

Proof. Taking Lazarsfeld-Mukai bundles behaves well with respect to direct sum, so it remains to show
the result for line bundles &'(a) with a > 0. The Lazarsfeld-Mukai bundle M satisfies

0> M- 6®H(0(a) — 0(a) — 0.
It follows that M has rank a, degree —a and no global sections, so that M = &(—1)?. The result
follows. O

Proof of Proposition 3.1. We apply Lemma 3.6 to our situation, where M is an open subset of Mor(P!, Z)
containing [ f] and U = P! x M. Then, applying Lemma 3.9 shows Tpi o/ zlp1x i)y @n extension of
Tp1 by the Lazersfeld-Mukai bundle of f*T;. By Lemma 3.10, the Lazersfeld—-Mukai bundle of f*T,
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is a sum of O(—1)’s, 80 Tpi oz |pi « (147 18 an extension of &(2) by a direct sum of &(—1)’s implying

Mmin(T[Dl xM/Zl[P’l x{[f]}) > —1.

Suppose f*E splits as ; 0(a;) witha; >--->a, anda; <aji—2. Letting S = @iij O(a;), we find
aj+ (=1 >ajq1,
WS) + W (Tpr oz e i) > KT (FFE)/S),
Therefore, we can apply Lemma 3.6 and conclude. (|

Proof of Proposition 3.3. This follows from Lemma 3.6 with Z = P", M = G(k, n) and U the universal
k-plane. The only thing to check is ™ (T /prla) = —%. By Lemma 3.8, Ty p»| lies in the sequence

0 — Tyypr|p — HY(OA()"™)® Op — O4(1)"* — 0,

and so is isomorphic to Q4 (1)*~* by the Euler sequence. Since Q4 (1) is semistable with slope —%
[Okonek et al. 1980, Theorem 1.3.2], the result follows. O

4. Plane curves

We now apply the results from the previous section to analyze the map to moduli @ introduced in
Section 2B in the case of plane curves. Throughout this section, C in [P denotes a reduced plane curve.
(In the nonreduced case, we simply pass to the reduction and apply the results of this section.) Our main
results in this section are stated below.

Theorem 4.1. Let C be a reduced plane curve of degree d. Then, the map
@ : Mor, (P!, P?) --» P(H(Op1 (ed))). [l [ (O],
has maximal rank if C has finite stabilizer under the action of PGLj.
In fact, we can classify all cases in Theorem 4.1 where ® does not have maximal rank.

Theorem 4.2. We get a complete classification of cases when ® in Theorem 4.1 does not have maximal

rank:
(1) d > 5: C is a union of orbits under an action of G, or G, on P?.
) d=4:

(a) e =1 and C is the union of four concurrent lines.
(b) e > 2 and C is a union of orbits under an action of G,, or G, on P2,

(3) d =3: e > 2 and C is union of concurrent lines.
Before giving the proofs of these theorems, we need the following two propositions.

Proposition 4.3. If C is a reduced plane curve and Tp2(—log C) admits a nontrivial homomorphism from

Op2(1), then C is a union of concurrent lines.
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Proof. First, a nontrivial map from Op2(1) — Tp2(—log C) induces a nontrivial map Op2(1) — Tpo.
Consider the Euler sequence

0— Op2 — Op2(1)° = Tp2 — 0.
Applying Hom(&p2(1), -) to the Euler sequence, we find
Hom(6p2 (1), Tp2) = Hom(Op2 (1), Op2(1)%)

and that the composite map Op2(1) — Tp2(—log C) — Tpa lifts to a map Opa(1) — Op2(1)°.

After a change of coordinates, we can assume the map Op2(1) — ﬁpz(1)3 is inclusion into the first
factor. The map ﬁpz(1)3 — Tp2 sends a tuple of linear forms (L1, Ly, L3) to (Ll%, Lz%, L3%), SO we
conclude that L% is a section of Tp2(—log C) for all linear forms L.

By Remark 2.1, we see that away from the point [1: 0: 0], the tangent vector % is in the tangent space of
C for every point of C. Restricting to the affine chart {Z # 0} with coordinates (x, y) and dehomogenizing,
this means C restricts to a union of lines parallel to the x-axis. Since these lines and the line at infinity
are precisely the lines passing through [1 : 0 : 0], we conclude C is a union of concurrent lines. U

Proposition 4.4. If C is a reduced plane curve and Tp2(—log C) has a section, then C is equivalent to a
union of orbits under one of the two actions by G, and G, as follows:

t“ 00
Gn—>GL3, t— [0+ 0|, a,beN,
0 01
010 1
Gs—> GL3, tr—>exp|l?t]|001])]=1]0
000 0

2

S = =
02—
— e~

Explicitly, there are two cases:

(1) C is projectively equivalent to a union of curves of the form XPY49 = cZ?*4, ¢ € C*, and possibly a
subset of the three coordinate lines.

(2) C is projectively equivalent to a union of members of the family {XZ — Y? 4+ c¢Z? | ¢ € C} of conics
quadritangent to {XZ — Y?> =0} at [0 : 0 : 1], and possibly the line {Z = 0}.

Proof. Let s be a section of Tp2(—log C). Then, s is also a section of Tp2 and can be written as
LX% + LY% + LZ% where Lx, Ly, Lz are homogenous linear forms in X, Y and Z.

Let Co be a component of C and let p € C be a smooth point of Cy. We lift p € P? to a point
p € C3\ {0}. Then, Cy contains the projection under C3\ {0} — P? of the integral curve c through p
which is the solution to the matrix differential equation

X (1) X(t) X (0)

d_ Y®) | =AlY(®) |, Y©O) | =p. 4-1)
"\zw Z(t) 7(0)
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Here A is the 3x3 matrix with complex entries such that

X Lx(X.Y,Z)
AlY | =|Ly(X,Y,2)
z L7(X,Y,Z)

If the projection of C to P? is not a single point, then the image is dense in Cy. Therefore, C must be
(the closure of) a finite union of projections of integral curves in C*\ {0} and 1-dimensional components
of the zero locus of s.

After a linear change of coordinates, we can assume that A is in Jordan block form. We keep this
choice of coordinates from now on. We let p = (cy, 2, ¢3) € C? denote a lift of a point on Cy (to be
determined separately in each case) and we let P(X, Y, Z) be a homogenous polynomial defining Cy.

Case 1: A is diagonal. We will show that the first case of Proposition 4.4 happens, so we can assume that
c1, ¢2,c3 70 or else p is contained in a coordinate line. Let A1, Ay, A3 be the eigenvalues of A. Then,
the solution to (4-1)is (X (t) Y (t) Z(t)T = (eM'c; e*'cy e*'c3)T, where ()T denotes the transpose.

The defining equation P(X, Y, Z) of Cyp is a homogenous polynomial of minimal degree satisfying
P(clew, czekzt, C3€A3t) =0. 4-2)

We can choose a new grading on C[X, Y, Z] by the complex numbers C where the monomial X“Y?Z¢
has the grade aA; + bAy + cAz. Let P, be the homogenous component of P with grade w € C. By
linear independence of characters, the elements in {¢”' | @ € C} are linearly independent, and hence
P,(c1e™, cre*!, c3e*") = 0. Therefore, P divides P, for all w € C so P, can be nonzero for only one
value of w.

We cannot have A1, Az, A3 all equal or else s would be a multiple of X % + Y% +Z % which induces
the zero vector field on 2. The monomials X“Y?Z¢ that can appear in P with nonzero coefficients must
be the solution to the two linear equations

a+b+c=deg(Cp), 4-3)
lMa+b+ A c=w (4-4)

for some fixed w. The solution set to (4-3) is some 1-dimensional complex line £ in C* and we are
interested in the integer solutions £ NZ3. If £NZ> is empty or a single point, then P is a monomial, hence
degree 1 by irreducibility. So the only remaining case is if £ N Z> is a 1-dimensional lattice, which can be
written in the form {(aq, by, co) + m(ay, b1, c1) | m € Z}.

Thus, we know that the monomials X¢Y?Z¢ that can appear with nonnegative coefficients in P must
be in S = {(ay, by, co) + m(ay, by, c1) | m € 7} ﬂZiO. If S contains exactly one element, then P is degree
one by irreducibility. If S contains exactly two elf_:ments, then P is a binomial and must then be of the
form X¢Y? 4+ kZ*? for some k # 0, because P is irreducible. Finally, one can check S cannot contain
three or more elements assuming P is irreducible.
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Case 2: A has exactly two Jordan blocks Let A; be the eigenvalue of the 2x2 block and A, be the
eigenvalue of the 1x1 block. We will show that the first case of Proposition 4.4 happens. We can assume
Cy is not contained in a coordinate line, and therefore assume p is such that ¢, ¢3 # 0. Then, a solution
to (4-1)is (X (¢) Y (1) Z(t))T = (eMci+cate?! eticy e*'e3)T for p = (c1, 2, €3).

This means P (e*'ci4cate!!, ety e ¢3) =0. Dividing by e9e(P)417 and letting A = A, — A1, we find

P(ci + cat, ca, €M c3) = 0.

Reparameterizing ¢ by ¢ — ﬁ—;, we can assume ¢; = 0. We claim now that the map C[X, Y, Z] — CJ[¢]]
sending P(X, Y, Z) to P(cat, c2, eMc3)isan injection because c,?, ¢, eM ey are algebraically independent.
The latter claim follows from the fact that the functions {t"e®' | m € Z>(, w € C} are linearly independent.
Therefore, P =0, i.e., Cp must be contained in either the {Y = 0} or {Z = 0} coordinate lines, establishing
this case.

Case 3: A has exactly one Jordan block Let A be the unique eigenvalue of A. Subtracting a diagonal
matrix from A is equivalent to subtracting the Euler vector field X % +Y % +Z % from the vector field s,
so we can assume A = 0. Then, a solution to (4-1)is (X (t) Y(t) Z(t))T = (cl+czt+03%t2 cotcst C3)T
for p = (¢, 2, ¢3). We will show that the second case of Proposition 4.4 happens, so we can assume
that c3 # 0 or else Cy is contained in {Z = 0}.

‘We know that P (c1 +cot+c3 %tz, cr+cst, C3) =0. We change coordinates on 7. Letting f >t — E—f yields

2
P<01 + -2 +C3%l‘2,6‘3t, 03) =0.
3

lc

2¢

Dividing out by a power of ¢3 and replacing c; with another constant ¢/, we find
P(ci+ %zz, (1) =0.

As t varies, the curve (c} + 32,1, 1) parameterizes the conic XZ — 1¥? — ¢/ Z? in P2, settling this
case. 0

Proofs of Theorems 4.1 and 4.2. We will prove Theorem 4.2 which implies Theorem 4.1. Let f : P! — P?
be a general map of degree e. The log tangent sheaf Tp2(—log C) is a vector bundle since it is a reflexive
sheaf on a surface. Pulling back Tjp2(—log C) to P! yields a rank-2 vector bundle E of degree (3 — d)e.
We split our analysis into cases.

Case: d > 50rd =4 and ¢ > 2. If ® is not of maximal rank, then £ = &(a) ® &(b) where a > 0.
Since the total degree of E is at most —2, we get a — b > 2 and we can apply Proposition 3.1 to find
a line subbundle of Tp2(—log C) of nonnegative degree. This means 7p2(—log C) has a section and we
conclude by Proposition 4.4.

Case: d =4 and e = 1. If ® is not of maximal rank, then #°(E) > 2. This means E = ¢ (a) ® 0(b)
where a > 1. In this case a — b > 3, so we can apply Proposition 3.1 to find a line subbundle &'(a) of
Tp2(—log C). Applying Proposition 4.3, we are done.
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Case: d =3 and e > 2. In this case, deg(E) = 0 and a dimension count shows that ® is not of maximal
rank whenever 41°(E) > 3. Hence, we can apply Proposition 3.1 to find a line subbundle of Tp>(—log C)
of positive degree, so we again conclude using Proposition 4.3.

Case: d =3 and ¢ = 1. We can find a line ¢ meeting C in three distinct points. This means ® is
automatically surjective, so it is of maximal rank.

Case: d =2. In this case, deg(E) = e and @ is not of maximal rank if and only if £ = O(a) @ O (b) where
a>e+2and b < —2. Applying Proposition 3.1, we find a line subbundle of Tp2(—log C) of degree at least
f#] = 2. However, there are no nontrivial maps &(2) — Tp2, showing ® must have maximal rank. []

5. Hyperplane sections

We let X be a smooth degree d hypersurface in P”. Using the notation from Section 2B, our objective is
to prove that ® has maximal rank when k =n — 1 and e = 1. Unlike the plane curve case, we are unable
to obtain a complete classification statement like Theorem 4.2. However, we are able to prove that if d is
larger than n + 1, the hyperplane sections of X vary maximally in moduli. We prove Theorem 1.4 and
some generalizations, captured below in Theorems 5.8 and 5.9.

Our results all rely on a stability result from Guenancia [2016]. The following version comes from
Guenancia’s Theorem A by observing that the canonical bundle of a degree d hypersurface in P” is ample
whend > n+2.

Theorem 5.1 [Guenancia 2016, Theorem A]. If X is a smooth hypersurface of degree d > n + 2, then
Tpn (—log X) is semistable.

Using Theorem 5.1, the basic strategy is to understand how large the degree d can be such that the restric-
tion of Tp-(—log X) to the curve or k-plane can have a section. We use results from Section 3 to do this.

Theorem 5.2. If X in P" is a smooth hypersurface of degree d, then the space of degree e rational curve
sections of X vary maximally in modulus when d > % +n+1.

Proof. Consider the bundle Tp:(—log X). By Theorem 5.1, this bundle is semistable. For d larger
than n + 1, we see that a section of this bundle would give a destabilizing subsheaf, so we know that
Tpn(—log X) has no sections.

Let M = Mor, (P!, P"") be the space of parameterized degree e rational curves in P". Given a choice
of F with X = V(F), there is a natural map ¢ : M — Ho(ﬁpl (ed)) sending a map f : P! — P” to the
pullback f*F € HO(P!, Opi(de)). We know by Lemma 2.2 that the tangent space to the fiber of ® at a
given map f : P! — P" is simply H°(f*Tp:(—log X)). To show that ® is generically finite, we need
only show that ho(f*Tpn (—log X)) =0.

By Proposition 3.1, we see that f*Tp» (—log X) is a direct sum of line bundles @ ¢'(a;) with consecutive
a; differing by at most 1. Thus, any such bundle on P! that has a section will have degree larger than that
of the bundle 6 & 6(—1) @ - - - @ O(—n + 1). From this it follows that any semistable bundle E on P
such that f*E has a section for a general map f : P! — P” will have degree at least —@. Thus, if
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deg f*Tpn(—log X) < —"=1 then hO(f*Tpn (—log X)) = 0. Since deg f*Tpr (~log X) = e(n+1—d),
the result follows. O

We now consider k-plane sections of smooth hypersurfaces. By Proposition 3.3, we need to understand
torsion free sheaves on P* whose Harder—Narasimhan filtration has subquotients whose slopes do not
decrease too quickly, namely 1 > > -+ > g with p; — i1 < % for all i. Understanding the possible
slopes that may appear in the Harder—Narasimhan filtration is an interesting combinatorial problem, which
we describe below.

Definition 5.3. Let a sequence (dy, 1), (d2, 72), . .., (da, 7q) In Z>¢ X Z~ be k-admissible if dy <0 and

0< ff—L‘ — ‘rif < % for each i. Let Ay , denote the set of k-admissible sequences with ), r; = n (where a

is arbitrary).
Definition 5.4. Define By(n) to be max{} {_, d; | (di,r1), ..., (da,ra) in A}

Lemma 5.5. If E is a semistable sheaf on P" of rank n such that its restriction to a general k-plane has a
section, then deg E > — By (n).

Proof. Let A be a general k-plane and 0 = Eg C E; C --- C E; = E|, be the Harder—Narasimhan
filtration of E|5. Let —d; be the degree of E;/E;_; and r; be the rank of E;/E;_;. Since E|, has
a section, we see that d; < 0. Since E is semistable, by Proposition 3.3 it follows that the sequence
(=di,r1), ..., (—d,, r,) will be k-admissible. The result follows. O

We can compute a bound for when k-plane sections of a degree d hypersurface in P" will vary
maximally in moduli in terms of By (n).

Theorem 5.6. Let X be a smooth, degree d hypersurface in P" with d > By(n) +n + 1. Then,
@ : Mor| (P*, P") —-» PHY(PX, O (d)), 1+ [ (X)),

is of maximal rank.

Proof. By Theorem 5.1, Tp:(—log X) will be semistable. By Proposition 3.3, Tp»(—log X)|s will have
Harder—Narasimhan filtration as described in the statement of the theorem. Given a hypersurface X
together with a choice of defining equation f, we get a map ¢ : Mor; (P¥, P") — H%(Opi(d)) sending a
k-plane to the pull-back of f by the k-plane. We wish to show that ¢ is generically finite.

To get a contradiction, suppose ¢ has only positive-dimensional fibers. By Lemma 2.2, the tangent
space to a fiber of ¢ at a general point A is H(Tp:(—log X)|A), so we know that Tp:(—log X)|, has a
global section. Thus, by Theorem 5.1 and Lemma 5.5, the degree of Tp»(—log X) will be at least — By (n).
It follows that

n+1—d > —By(n).

This is impossible given the assumptions in the statement of the theorem. 0
Then, Theorem 1.4 follows from the following result on By (n).

Proposition 5.7. If k > %", then Bi(n) = 1.
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Proof. Let (dy,r1),...,(d,, r,) be an admissible sequence of total degree By(n). Without loss of

generality, we may assume d; =0, d; > O for i > 1. Then it follows that r, > k, since ‘f—; < % Since

d 2
r3§k7

case,ri+r+r3>14+k+ % =1+ % > n, which is impossible. Thus, a < 2.
Next, we observe that d, < 1, since if d, > 2, then r, > d>k > 2k > n, a contradiction. It follows

we see that 3 > £, provided that there are at least three terms in the sequence. However, in this

that the sum of the d; is at most 1, and since we know that 1 is achievable with the admissible sequence
(0,n —k), (1, k), the result follows. O

We defer more detailed analysis of By (n) to the Appendix. From the results in the Appendix and
Theorem 5.6 we get the following results.

Theorem 5.8. If X C P" is a smooth hypersurface of degree d with d > 4(,{'_1% + i3/ 2), then the map
@ : Mor| (P*, P") -—-» PHY(PX, O (d)), 1+ [1(X)],

is of maximal rank.

Proof. This follows from Proposition A.1, where it is shown By (n) < 3(,:;% + k*/2). To finish, one checks
that k’% + k3% > 2n > n + 2. This follows from the AM-GM equality and the fact n > 2. O

In Theorem 5.8, we prioritized giving a clean statement and proof over giving an optimal constant.
Still, one can wonder what the optimal constant by computing By (n) for small k and all n. In this case,
Corollary A.5 gives the following result:

Theorem 5.9. Ifk <5, then there is a linear function £(n) and an integer Cy, such that | By (n) — 2—i| <Z£(n).
Here, C, =3,C3="7,C4 =11, C5 = 19. In particular, the map

@ : Mor| (P*, P") --» PHY(PX, O (d)), 1+ [ (X)),

is of maximal rank if X C P" is smooth and has degree d > Cyn®> +£(n) +n + 2.

We expect Theorem 5.9 to hold for all values of k, but we can only check a finite number of cases with
a computer. Roughly up to k£ = 100 is what is reasonable with our methods.

Given Theorem 5.9, one can ask how fast Cj grows with k. We trivially know Cj = 0 (k%) by relaxing
the condition that the d; are integers in the definition of an admissible sequence to compute By (n) (in
which case we let all the r; be equal to 1). We also get C; = Q (k) from Proposition A.1. From
experimental evidence, we think that the actual answer is strictly between k%2 and k? but closer to k3/2.

Appendix: Bounds and computations for By (n)

We will bound By (n) for all k, n in Proposition A.1. We also compute B (n) for k small and arbitrary #,
and give some conjectures about By (n) in general.

To give an idea of how the function B (n) behaves, we note the results in the Appendix can show
Bs(39) = 39, corresponding to the admissible sequence

0,1),(1,5),(1,3),(1,2),(2,3),4.,5),(1,1),(6,5), (4,3),(3,2), (5,3),(9,5), (2, 1).
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There are a couple of features of this admissible sequence we believe hold in general that we will only
prove in special cases. First, this admissible sequence can be generated greedily, where we use greed to max-
imize the ratio ‘;’ of the last piece of the sequence. Second, the admissible sequence is essentially periodic in
that the (1, 1), (6, 5), (4, 3), (3, 2), (5, 3), (9, 5) is obtained from (0, 1), (1, 5), (1, 3), (1, 2), (2, 3), (4,5)
by replacing each (d, r) with (d 4+ r, r). We give a finite criterion that can be applied to show both the
greedy property and the periodicity in Lemma A.4.

We expect there are many other interesting patterns that can be found. For example, the segment
0, 1), (1,5),(1,3), (1, 2), (2,3), 4,5), (1, 1) of the admissible sequence above is preserved under revers-
ing the order and replacing each (d, r) with (r —d, r). This pattern continues to hold for larger k and sug-
gests that these optimal admissible sequences can also be generated greedily backwards as well as forwards.

Proposition A.1. We have B (n) < 3(;‘% + k3/2)

Proof. Let (dy, 1), ..., (dg4, ry) be an admissible sequence with ) . d; = Bi(n). Let p; = ‘ri Let n(j)
be the sum of the r; such that u; € [j — 1, j).
Since the u; contributing to n(j) are all less than j, we observe that

[e.8]
Bi(n) <Y jn(j).
j=1
Thus, understanding the n(j) allows us to bound By (n). The sum of all of the n(j) is n. Let J be the last
nonzero n(j), so By(n) < Z,J-:1 jn(j).
Let n,’{“i“ be a positive number that is at most n(j) for any j < J. Then we obtain an upper bound
for By (n)

J
Bi(n) < ) jn(j) <ni™ +2n7" + - { i W
i=1 k

nmm
ol 04 )
k 2
(s + )3 +2)

min k
2

< n;
Thus, it remains to give a bound for nmm Fix j < J and let (di;+1, ri;j+1), - -+ s (dij4e()s Tij+e)) be
d; di . 4c(j) . L.
f+l e n[j—1,j). By definition,

R

the part of the admissible sequence with slopes - o)
ijtc(i

l’ij+1 d T ey = n(j).

d;;
& I ] =1, then thlS is true because .— +1 <0 by
deﬁmtlon Ifj>1, then this is true béoause i r’ + <(-1D+1 T K
Since J
. 1
S <=+
Tij+1 k
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we then see that
d;. d;.
z,_+2§ ’f_+1+l <(j_1)_|_%
Fig+2 ~ rij+1 k k

di+k  dij+k—1 1

—_— S —_—

Fij4k — Tigtk—1  k
soc(j) > k.

Now, we want to bound r;; 11 + -+ +Fi,4c(j) = n(j). In the multiset {r;, 11, ..., 7i;+c(j)}, we know
that there is at most element that is equal to 1, fewer than two elements that are equal to 2, fewer
than three elements that are equal to 3 and so on. Therefore, if m is the largest integer such that

2
1+(1+~--+m—1)=1+wisatmostk,then@ < %—i—lfk, so m < +/2k + 1. Thus,

n(j)=ripr+-Frigep =1+ Q-143-2+4---m-(m—1))

=142((5)+ (5) =+ (3))

(m+1ym@m—1)

=14 3
(V2k+2)(V2k+ 1)V2k  2v2 5,
> > k372,
- 3 3
Thus, choosing n}(“i“ to be %ik” 2 suffices. Plugging into our earlier bound, we get an upper bound for
By (n) as
B+ 1) (2 +2
nmin(n]r(nm—i_ )(nlr(nm—i_ ) _ I’l2 +3_n+nmln:i 9 +3_n 2\/5](3/2
g 2 opiin T2 TR TR2ep 2 3 T
which is at most 2(,{’% +n+k3/2). Applying the AM-GM inequality yields
’ 3/2
yielding the claimed bound. g

We now move on to computing exact values of By (n) for small k. Our strategy is a recursive algorithm
that requires some conditions to be met, and we suspect that these conditions are always met. In the course
of our proof, we will use the three quantities u™*(n), B,l:pper(n) and B,lcower(n). We define ©™*(n) by
Ta

max o
ut(n) = max{ y

a

(di,r1),...,(dg,1ry) In An}
Lemma A.2. We can compute 1™** (n) inductively by n™*(1) = 0 and

M)+ §)(n— i
L(M @ k)( )J‘O<i<n}.

n—i

w"(n) = max{
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Proof. Let

max (; 1 i
MTaX/Zmax{ L (llt];_)(n 2 ‘0<i<n}.

We use induction. The base case n = 1 is vacuous, so assume n > 1. First, we show that ™" <
. . max/ 4 Uy (n—i)| . . . .
uy®*. Given any 0 < i < n, M is a slope achieved by taking an admissible sequence

P
(dy,r1), ..., (da, rq) in A; and appending (| (1™’ + 1)(n —i) |, n —i). So by definition ™' <y,

1 n
Now we show un®’ > ™ Let (dy, r1), ..., (da, rq) be an admissible sequence in A, achieving

‘rl—: = uy®. If a =1, then d, = 0 so ;™ = 0 while p ™' is by definition nonnegative. Otherwise, let
[=ri+---+rg—1,80 f“—:l' =

X = M by definition and the assumption hypothesis. Then, r, =n—i and

o< pmaxs g Z
ra Hi k’
s0dg < | (™' + %) (n—1i)]. Then, by definition ' > ;™ Therefore, we are done and p™’ = M2

n

for all n. O

We define B,l;p P (n) recursively by B:p P'(1) =0 and

B]l:pper(n) :maX{B};pper(l’) + L(M?ax + %)(I’l _i)J ‘ O0<i< n}.

L(um @) +1) (n—i) ]

For B}fwer, we let B}c"wer(l) =0 and let i (n) be the smallest / that maximizes —

define B,lc"Wer inductively by

. Then

1
BV (n) = B (i (n)) + L(/Lma"(i (n)) + §) (n—i (n))J'

We now show that By (n) is bounded by B,™" (n) and B}°"*'(n).
Lemma A.3. We have B°*'(n) < Bi(n) < B,"™ (n).

Proof. First we show B,lc"wer(n) < By (n) by induction. To do this, we show by induction that B,lcower(n) is
always achieved by an admissible sequence (di, r1), .. ., (dg, rq) With ‘j—“ =u"™"*(m)andd|+---+d;, =
B,lcower(n). The base case n = 1 vacuous, so we assume n > 1. Let i be the minimal index maximizing

[ +3) =D

n—i
By the induction assumption, there is an admissible sequence (d1, r1), ..., (ds—1, ro—1) achieving ‘j":l‘ =
wi and dy + - - - 4+ dy—y = B (i). By appending (| (1™ + %)(n —i)],n—1i) to the sequence we
get an admissible sequence (dy, r1), ..., (dq4, ry) With ‘f—: =™ andd) +---+d, = B}{O“’er(n),

Finally, we show B,l:pper(n) > By (n) by induction. The base case n = 1 is vacuous, so assume n > 1.

Let (dy,r1), ..., (d,, ry) be an admissible sequence in A, achieving d; +- - - +d, = Bx(n). If a = 1, then
Bi(n) = 0 and B;"™ (n) is always nonnegative by definition. If a > 1, then leti = r| + -+ -+ 7r,_1 SO
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(dy,r1),...,(ds—1,rq—1) is an admissible sequence in A;. By the inductive hypothesis, d; +- - - +d,—1 <
BuPper(z) We have r, = n — i and the maximum d,, can be is | (u™ (i) + 7 )(n — i) |. Therefore,

upper , . . 1 . upper
di+---+d, < BP() + L(Mmax(l)-i- £>(n —I)J < B"™(n),

finishing the proof. 0

From experimental evidence, we suspect B,iower(n) and B,‘:pper(n) always coincide, which would give a
recursive algorithm for By (n). However, to give results for small values of k and all n, we want to have a
finite criterion that can be verified by a computer. We believe admissible sequences achieving By (n) will
always following a periodic structure in n with k fixed reflected in Lemma A.4 below.

Lemma A.4. Suppose u™**(ig) = %for some ig. Then W™ (n) = uW™*(m —ig)+ 1 alln > iy. Ifin
addition B,™* (i) = B}°"'(i) for each i < 3iy, then B°**'(n) = Bi(n) = B,"" (n) for all n.

Using Lemma A.4, one can show By (n + ip) = By(n) +n + By (ip). Iterating this shows

N(N — 1ip

Bk(l’l + Ni()) = Bk(l’l) +nN + NBk(i()) + )

for 1 <n <igand N > 0. In particular, By (n) = @(%Nz).

Proof. First note that if ™) =m + kk;l for m an integer, then

) max/ ; + l l + 1 _ 4
,um‘”‘(i+1)=max{ L(x ) )¢ : n] ‘O<j§i} (A-1)
J i+1—j
ML +1 (A-2)
=|lm+——4+-|=m+1. -
k k
In particular, there is a unique iy for which ™ (ip) = =1 and WG+ 1) =1=14 u™*).

We will now show pu™*(n) = u™*(n — iy) + 1 for all n > iy using induction on n. For the case
n=ig+ 1, u™*@{p+ 1) = 1 from above.
Now suppose n > igp + 1. We first note that

)= )%

Now, we claim that ™ (i) < ™ (i LE ) foralli < zo|_ L. Since ,uma"( j) is weakly increasing

. k=1 . .
is == by induction.

in j, the point is to prove they are not equal. If ™ (i) was equal to ,umax( lO J) then ™ (@ +1) =
w3 (i), which contradicts (A-1).

max 7y 1 i
By Lemma A.2, ™ (n) will be determined by the i between 0 and n such that LG (lr)l+")(" 2

—1

is maximized. Let i(n) be this i. We claim i(n) > zOL J To get a contradiction, suppose that

l(n)<l0|_ J
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Since we have shown above that ™ (i(n)) < u™ (io |_"l—_01 ),

max 1 max [ : n—1 1_ n—1
p )+ <p <10L i DJFZ_L i J

contradicting i (n) < iol_%J-
snmei(n)zioL%J,

| (W™ (i (n)) + 1) (n —i(n))|

u"(n) = .
n—in)
| (W™ (i (n) —io) + 1+ 1) (n—i(n)) |
B n—i(n)

(™G ) —io) + 1) ((n — o) — (i (n) — ip)) | o
B (n —ig) — (i (n) — ip)
LD+ 0

J n—ip—Jj
=pu"(n —ip) +1,

J”‘O<j§n—m}+l

where the second and fourth line are by induction and the fifth line is by definition. This concludes our

induction for ™. From our proof, we also see that
i(n)—ip=1i(n—ip). (A-3)

Next, we want to show the statement regarding By (n). It suffices to show that B}C"Wer (n) = B,Spper(n) for

all n. We will show this by induction and can assume n > 3i( and B,lfwer(i) = B,l;pper(i) forall 0 <i < n.

L (™ @)+ 1) (n—1)]

n—i

As before, let i (n) be the minimum i that maximizes . By definition, we want to show

Bk(i(n))+{(Mmax(i(n))+%)(n—i(n))J =maX{Bk(i)—|—L(Mmax(i)—i-%)(n—i)J ‘0<i <n}. (A-4)

The inequality < is clear as the left side is one of the terms on the right side. Let i’ be an index maximizing

the right side. We want to show that i’ > ig. If i’ < i, then B:pper(i’) + L(Mma"(i’) + %)(n — i/)J is less

than n as p'** + % <1 and B"PP(j’) < u™™*(i")i’ < i’. We also crudely bound B,lcower(n) from below.
To do so, we first bound B}("W“Gio) by 3ip. From the statement of Lemma A.4 regarding u™*, we

know u™®*(j) > m for all i > m - ip. Then,

B}l{ower(n) >0-ig+1-ig+2-ig+3(n—3ip).
Since n > 3i,

3ip+3(m —3ip) =2(n — 3ip) +n > n,

yielding a contradiction.
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Since i’ > i, the right side of (A-4) is
max{Bk(i) n L(uma"(i) + %)(n — i)J 10<i< n}
= max | By(i) + L(Mmax(i) + %)(n — i)J lip<i < n}
=max| By (i +ig) + L(Mmax(i +ig) + %)(n —i— iO)J |0<i<n —io}

= max{ Bu() +i + Butio) + | (W™ @) + 14+ 1) n =i —i0) | [0 <i <n—io}

— max| B, (i) + L(,uma"(i) n %)(n - io)J [0<i<n— io} Fn—io+ Bilio).
But
max{Bk(i) + {(uma"(i) + %)(n —i- iO)J 10<i<n— io} — B(n—iy)
by induction. Looking at the left side of (A-4), we get
Beli(m) + | (™ () + 1 ) 0 —i () |
= Bi(i(n) — i0) + () — i0) + Bulio) + | (1™ G ) — o +i0) + ¢ ) (i) |
= Bii(n) — i) + (1) — i) + Beli) + | (™G () —i0) + 1+ 2 ) (n —i(m)) |
= Bei(n) — i)+ | (1™ G ) = i0) + 3 ) (1 —ig — () —i0) | + 1 — io + Be(io)
= Bi(n —io) + By (io) +n —io,
where the last line is by (A-3). Therefore, both sides of (A-4) are equal, which is what we wanted. [J

We can verify the conditions of Lemma A.4 using a Python program for small k. For example, the
answer for k = 2, 3, 4, 5 are given below.

Corollary A.5. We have the following closed-form expressions for By(n) fork =2,3,4,5. For k =2 and
n=>0,

Bz(3n+1):3”2%’ BZ(3n+2):3n27+3n, Bz(3n+3):—3n2+25”+2.
Fork =3,
Bs(Tn+1) = 7”2;”, By(Tn+2) 7n2;—3n’ Bain s 3) 7n2;_5n’
By ) = IR gy n g 5) = TR gy ) = TS,
By(Tn47) = 1H13n46

2
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Fork =4,
34(“”“):@, B4(11n+2)=“”zT+3”, B4(11n+3)=_“”22+5”,
By(1ln+4) = llnzTHn Bi(l1n 1 5) = 11n2_29n+2’ By(1ln+6) = 11n2+211n+2’
By(1ln+7) = 11””# By(11n+8) = —11”2+215”+4, By(11n+9) = —“”2+217”+6,
B4(11n+10)=“”2+# B4(11n—|—11):11’12+2#_
Fork =5,

Bs(19n +4) = 12471, Bs(19n +5) = 1491, Bs(19n +6) = 1A 1Int2
Bs(19n +7) = 19n2+213n+2’ Bs(19n + 8) = 19n2+215n—|—2’ Bs(19n +9) = 19n2+217n+4,
Bs(19n + 10) = —19”2+219"+4, Bs(19n + 11) = —19”2+221”+6, Bs(19n + 12) = —19”2+223”+6,
Bs(19n +13) = IEE g ggp 414y = OTETINEI0 g 19, 4 15) = 1A DEIO,
Bs(19n+16) = THIEL 1oy 417y = AN g 19, 4 1g) = 19EIMELE,

Bs(19n +19) = 19"2+3++18
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Separating Gs-invariants of several octonions

Artem Lopatin and Alexandr N. Zubkov

We describe separating G,-invariants of several copies of the algebra of octonions over an algebraically
closed field of characteristic two. We also obtain a minimal separating and a minimal generating set for
G-invariants of several copies of the algebra of octonions in case of a field of odd characteristic.

1. Introduction

All vector spaces and algebras are considered over an algebraically closed field F of arbitrary characteristic
p =charF > 0.

We continue the study of the invariants of the diagonal action of the exceptional simple group G, on
the space of several octonions, over a field of positive characteristic. Over the field of complex numbers,
this was done in [20]. This result has been generalized to an arbitrary infinite field of odd characteristic
in [23], using a much finer technique of modules with good filtration, together with some results from the
theory of groups with triality.

Unfortunately, the technique of modules with good filtration no longer works over a field of characteristic
two and the complete description of the generating invariants in this case seems to be an extremely difficult
problem. Thus, it makes sense to describe separating invariants, since they satisfy the most important
property of ordinary invariants to separate closed orbits in the Zariski topology. The latter problem is
usually more accessible and it does not require extremely technical methods. We describe the separating
invariants over an algebraically closed field of characteristic two, using a detailed description of the
subalgebras of the octonion algebra (up to the action of G;) and the Hilbert—Mumford criterion (the “if”
part; see Section 3B).

The article is organized as follows. In Sections 2A and 2B we define the octonion algebra O, the
group G, and the algebra of G-invariants F[0Q"]¢> of n copies of the algebra of octonions Q. We
use notation from [23]. Generators and relations between generators for F[0"]%2 were described by
Schwarz [20] over F = C. Zubkov and Shestakov described generators for F[O™]°2 over an arbitrary field
with char | # 2 (see Section 2D), but generators for the algebra F[O"]°? are still not known in case p=2.
The invariants for the action of Fy on several copies of the split Albert algebra were studied in [10]. Our
results are formulated in Section 2E. In Section 3 some definitions and notation are given. In Section 4
mpported by UAEU grant G00003324 and partially supported in accordance with the state task of the IM SB
RAS, project FWNF-2022-0003.
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we describe a minimal generating and a minimal separating set for F[0"]°2 in case p # 2. In Section 5 a
minimal generating set is constructed for the subalgebra 7, C F[0"]? of trace invariants in case p = 2.
In Section 6 subalgebras of O of dimension < 3 are described modulo G»-action in case p = 2. This
result is applied in Section 7 to obtain our main result which is the description of a separating set for
F[O"]°? in case p = 2.

2. Invariants of octonions

2A. Octonions. The octonion algebra O = O([F), also known as the split Cayley algebra, is the vector
space of all matrices

a:((z ;) with a,,Be[Fandu,ve[F3,

endowed with the multiplication

, acd’ +u-v au'+Bu—vxv , o u
aa =\ , , , , , , Wherea =, _, |,
v+ pBv4+uxu BB +v-u v B

U-v=uvy +uvy +uzvy and u x v = (Upv3 — U3V, U3V — U3, U1V — usvy). For short, define
¢ =(1,0,0), ¢2=(0,1,0), ¢3 = (0,0, 1), 0 = (0, 0, 0) from F>. Consider the following basis of O:

(10 _(00y __(0¢ L_ (00
“=loo) 2 Vo1) “Tloo) "T o0

for i =1, 2, 3. The unity of O is denoted by 19 = e; + e>. We identify octonions

| Ou 00
“to- \oo) \wo

with o € F, u, v € F?, respectively. Similarly to O(F) we define the algebra of octonions O (A) over any
commutative associative F-algebra A.
The algebra O has a linear involution

_ ,B —u . . — =
a= , satisfying aa’ =ad’'a,

-1 o
anormn(a) =aa = off —u - v, and a nondegenerate symmetric bilinear form

ga,a)=na+a)—n@)—n@)=af +a'B—u-v' —u' -v.

Define the linear function trace by tr(a) = a +a = « + B. The subspace {a € O | tr(a) = 0} of traceless
octonions is denoted by Oy. Notice that

tr(aa’) =tr(a’'a) and n(aad’) =n(a)n(a). (2-1)
The following quadratic equation holds:

a®> —tr(a)a+n(a) =0. (2-2)
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Since
n(a+a')=n(a)+n(a") —tr(aa’) +tr(a) tr(a’), (2-3)
the linearization of (2-2) implies
aa'+a'a —tr(a)a’ —tr(a’)a —tr(aa’) +tr(a) tr(a’) = 0. (2-4)
The algebra O is a simple alternative algebra, i.e., the following identities hold for a, b € O:
a(ab) = (aa)b, (ba)a = b(aa). (2-5)
The linearization implies that
a(a'b) +ad'(ab) = (aa’' +d'a)b, (ba)a' + (ba")a =b(aa’ +ad'a). (2-6)
The trace is associative, i.e., for all a, b, c € O we have
tr((ab)c) = tr(a(bc)). 2-7)
Note that
2n(a) = —tr(a*) +tr*(a) foreach a € 0. (2-8)

More details on O can be found in Sections 1 and 3 of [23].

2B. The group G,. The group G, = G,(F) is known to be the group Aut(Q) of all automorphisms of
the algebra Q. The group G, contains a Zariski closed subgroup SL3 = SL3(F). Namely, every g € SL3
defines the following automorphism of O:

o ug
a% — 9
(vg ! ﬂ)

-7 and u, v € F> are considered as row vectors. In what follows SL; is regarded

where g7 stands for (g~1)7

as this subgroup of G,. For every u, v € O define 6, (u), 5,(v) from Aut(O) as

o' —u-v (@—p —u-vut+u 5,(0) (@) = o +u v u+v xov
vV —u xu B +u-v r 2 T\ B v+ B —u v )

Siw)(@) = (

The group G, is generated by SL3 and §;(tu;), 8>(tv;) for all t € F and i = 1, 2, 3 (for example, see
Section 3 of [23]). By straightforward calculations we can see that

h:0— O, definedby a— <’3 _”), (2-9)

—u o

belongs to G (see also the proof of Lemma 1 of [23]).
The action of G, on O satisfies the properties

ga=ga, tr(ga)=tr(a), n(ga)=n(a), q(ga,ga)=gq(a,a).

Thus, Op is a Ga-submodule of O.



2160 Artem Lopatin and Alexandr N. Zubkov

Consider the diagonal action of G, on the vector space O" = O & --- ® O (n copies), that is,
glay,...,ay) = (gai,...,ga,) forall g € G, and ay, ..., a, € O. The coordinate ring of the affine
variety O" is the polynomial F-algebra K, = F[O"]| =F[z;; |1 <i <n, 1 < j <8], where z;; : 0" — [
is defined by (ay, ..., a,) — «;; for

a4 = ( a1 (a2, 03, Oti4)) co. (2-10)
(ajs, ie, oti7) a;g

The action of GL(O) on O induces the action on K, by (gf)(a) = f(g_lg) for all g € GL(O), f € K,,,
ae 0"

To explicitly describe the action of G, on K, consider the generic octonions

7 _ ( Zil (zi2, 2i3, Zia)
-
(zis, Zi6, Zi7) Zig

) € O(K,)
for 1 <i <n. Given g € G,, denote by g e Z; the octonion

( 87il (gzi2, 82i3, 82i4)

) e O(K,).
(gzis» 8zi6» 82i7) 87is

For any commutative algebra A, the action of G, on O extends for O (A) by A-linearity. In particular,
G, acts on O(K,). It is easy to see that

geZi=¢g"'7;, @2-11)

where g~!Z; stands for the action of g~! on the octonion Z; € O(K,,).
The algebra of Gy-invariants of several octonions (octonion G,-invariants, for short) is

K& =F[0"% = (f € F[0"] | gf = f forall g € Ga}.

In other words,
K> ={(f €F[0"]]| f(ga) = f(a) forall g € G, a € O"}.

Similarly we can define [F[OS’]GZ, since Op C O is invariant with respect to G,-action. Namely, the
coordinate ring of the affine variety O is Ko, = F[O5] =F[z;; | 1 <i <n, 1 < j <7]. The generic

Zi Zi2yZi3, <
Xi — < il ( i2> <i3 14)) )

traceless octonions are

(zi5, Zi6» 2i7) —Zi1

The analogue of formula (2-11) also holds for the generic traceless octonions, namely, g ® X; = g‘l X;
for all g € G, and 1 <i < n. The algebra of G,-invariants of several traceless octonions is K(f fl

2C. Separating sets. Consider a finite-dimensional vector space V and a linear group G < GL(V). In
2002, Derksen and Kemper [2] introduced the notion of separating invariants as a weaker concept than
generating invariants. Given a subset S of F[V]® and u, v of V, we write S(u) # S(v) if there exists
an invariant f € S with f(u) # f(v). In this case we say that u, v are separated by S. If u,v € V
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are separated by F[V], then we say that they are separated. A subset S C F[V]C of the invariant ring

is called separating if for any u, v from V that are separated we have that they are separated by S. It
is well-known that there always exists a finite separating set (see [2, Theorem 2.3.15]). We say that a
separating set is minimal if it is minimal w.r.t. inclusion. Obviously, any generating set is also separating.
Minimal separating sets and upper bounds on degrees of elements of a separating set for different actions
were constructed in [1; 3;4; 5;7; 11; 12; 14; 16; 21].

2D. Known results. Denote by algy{Z}, the nonassociative F-algebra generated by the generic octonions
Zy,...,Z, and 1¢. Any product of the generic octonions is called a word of algg{Z},. The unit
1o € algg{Z}, is called the empty word. For every A, B € algg{Z}, we have

tr(gA) =tr(A), n(gA)=n(A), g(AB)=(gA)(gB). (2-12)
Lemma 2.1. (a) The trace of any (nonassociative) product of X1, ..., X, and n(X;) belongs to Kg fl
(b) The trace of any (nonassociative) product of Z1, . .., Z, and n(Z;) belongs to K nG 2,
(c) The trace of any (nonassociative) product of Z1, . .., Zy,, Ziy s Zn belongs to Kfz.
Proof. Let w =w(Zy, ..., Z,) be some (nonassociative) product of Z, ..., Z,. Given g € G,, equalities
(2-11), (2-12) imply that
gtr(w) =tr(w(ge Zy,...,g0Zy)) =tr(w(g ' Z1,..., 87 Z,) = tr(g"'w) = tr(w).

The case of n(Z;) is considered similarly. Part (b) is proven. The proof of part (a) is the same. Part (c)
follows from part (b) and formulas

tr(a) =tr(a), n(a)=n(a), tr(ab)=tr(a)tr(b)—tr(ab)
foralla,b € O. O

In case F = Q for every Ay, ..., A4 € algg{Z}, denote by Q'(A;, A;, A3, Ay) the complete skew
symmetrization of tr(((A1 Az)A3)A4) with respect to its arguments, i.e.,

1
Q'(Ay, Ay, A3, Ay) = Y Z (=D tr((Ao(1)As2) As3) Ac4))-

(7654

In [23] it was shown that all coefficients of Q'(X1, X2, X3, X4) belong to Z[%] Lemma 4.1 (see below)
implies that all coefficients of Q'(Zy, Z», Z3, Z4) also belong to Z[%] Thus Q'(Aq, Az, Az, Ay) is
well-defined over an arbitrary field of odd characteristic.

In case char F # 2,

e the algebra of invariants Kg,i is generated by tr(X; X ), tr((X; X ;) Xy), Q'(Xi, X, X, X1);
e the algebra of invariants K,?Z is generated by tr(Z;), tr(Z; Z;), t(Z; Z ;) Zy), Q'(Zi, Zj, Zk, Z))

forall 1 <i, j, k,I <n (see [23, Corollary 9 and Section 1]).
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2E. New results. Denote by Sy, the set

n(X) 11 <i<nyU{((- (Xi Xp)Xi) - )Xi) [1<ip <+ <ix<n, k>1}
and by S, the set

nZp|1<i<nmyufua((--(ZiZi)Zi) - )Ziy) |1 <iy <--- <ix <n, k>0}.

Given 1 < k < n, denote by S(g];)l and S,gk) the subset of Sy, and S, (respectively) of elements of degree
less or equal to k.

In case char F = 2 generators for the algebras K g »and K G2 are not known. We introduce the algebra of
trace Gy-invariants of octonions T,, C K nGZ, i.e., the algebra T, is generated by n(Z;), ..., n(Z,) and the
traces of all (nonassociative) products of Zy, ..., Z, (see Lemma 2.1). In case char F £ 2 we obviously
have that T, = K%2. We obtain the following results:

° S,§4) is a minimal (w.r.t. inclusion) generating set for K nG 2 in case char F # 2 (see Proposition 4.3).
° S,(Z4) is a minimal (w.r.t. inclusion) separating set for K f 2 in case char F # 2 (see Proposition 4.5).
e T, is minimally generated by S, in case char F = 2 (see Theorem 5.2).

. 5,28) is a separating set for K©? in case char F = 2 (see Theorem 7.11).

3. Auxiliaries

3A. Indecomposable invariants. Denote by F{X}, the free nonassociative and noncommutative unital
[F-algebra with free generators xi, ..., x,, which are called letters. A word w is a nonempty product
of letters. The number of letters in w is the degree deg(w) of w. The degree of w in x; is denoted by
deg, (w) and the total degree of w is denoted by deg(w). The multidegree of a word w is mdeg(w) =
(deg,, (w), ..., deg, (w)). A word w with deg, (w) <1 for all i is called multilinear. An element
f=>; ajw; of F{X},,, where «; € F and w; is a word, is N-homogeneous (N"-homogeneous, respectively)
if there exists d (A € N", respectively) such that deg(w;) = d (mdeg(w;) = A, respectively) for all i,
where N stands for nonnegative integers. Define homomorphisms of F-algebras ¢g : F{X}, — algg{X},
and ¢ : F{X}, — algr{Z}, by x;, — X; and x; — Z; (respectively) for all i. In other words, for
f=f&1, ..., x,) e {X}, wehave ¢ (f) = f(Zy, ..., Z,) € algg{Z},. We write x;, o- - - ox;, for some
nonassociative product of x;,, ..., x;,. Similar notation we use for nonassociative products in algg{Z},.

For f € K, denote by deg(f) its degree and by mdeg( f) its multidegree, i.e., mdeg(f) = (1, ..., t,),
where ¢; is the total degree of the polynomial f in z;;, 1 < j <8, and deg(f) =t;+---+1,. For f € Ko,
the degree and multidegree are defined as above. It is well-known that the algebras K(f »and K f 2 have
N-gradings by degrees and N"-gradings by multidegrees.

Consider an N"-graded unital (possibly, nonassociative) algebra .A with the component of degree zero
equal to F. Denote by A™ the subalgebra generated by homogeneous elements of positive degree. A set
{a;} € A is a minimal (by inclusion) N"”-homogeneous generating set (m.h.g.s.) of A as a unital algebra
if and only if the g;’s are N"-homogeneous and {@;} U {1} is a basis of the vector space A = A/(A+)2.
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We say that an element a € A is decomposable and we write a =0 if a € (A1)2. In other words, a
decomposable element is equal to a polynomial in elements of strictly less degree. Therefore, the largest
degree of indecomposable elements of A is equal to the least upper bound for the degrees of elements of

am.h.g.s. for A.

3B. One-parameter subgroups of G,. Consider a finite-dimensional vector space V and a linear (closed)
group G < GL(V). For a point v € V and for a one-parameter subgroup 6 : F* — G we have 0(¢)v =
Yici v for all 1 € F*, where I(v) ={i € Z | v") # 0}. Following [13] we say that lim; o 6 (t)v
exists if and only if 7 (v) consists of nonnegative integers. Then lim,_.o6(¢)v = O if and only if 7 (v)
consists of positive integers only, otherwise lim;_,q 6 (t)v = v 1t is clear that if lim,_, o 0(¢)v exists,
then it is contained in Gv. Indeed, if f is a polynomial function on V, that vanishes on the G-orbit of v,
then h(t) = f(6(¢)v) is a polynomial in ¢, such that 4(¢) = O for any ¢ % 0. Since [ is infinite, A(¢) is
identically zero, that is, 7(0) = f(v®) = 0.
Given A € Z3 with A1 4+ A2 + A3 = 0, the standard one-parameter subgroup 0, of G is defined by

9&(1‘)6,’261', GL(t)uj:tkfuj, Qé(t)vj:t_k-"vj,

foralli=1,2and 1 <j <3.

4. Minimal generating and separating sets

In this section we write tr(iy, ..., i) for tr((--- ((Z;,Z,)Ziy) -+ -)Z;,), where 1 <ij,...,ix <n. The
following lemma can be proven by straightforward calculations.

Lemma 4.1. Assume that char F £ 2. Then

0'(Z1, 2,23, Z4)
= (r(1234) + L (—tr(1) tr(2) tr(3) tr(4) — tr(1) tr(234) — r(2) tr(134) — tr(3) tr(124)
— tr(4) tr(123) — tr(12) tr(34) + tr(13) tr(24) — tr(14) tr(23) tr(1) tr(2) tr(34)
4+ tr(1) tr(4) tr(23) + tr(2) tr(3) tr(14) + tr(3) tr(4) tr(12)).

Recall that the definition of 7;, was given in Section 2E.
Lemma 4.2. Let w € F{X}, be a word.

1. If w is not multilinear and deg(w) > 2, then tr(w(Zy, ..., Z,)) =0in T,.

2. If w is multilinear and w is a product of letters x;,, ..., x;, for 1 <i; <--- <iy <n, then
tr(w(Zy, ..., 2Zy)) ==xtr(iy,...,ix) in T,.
3. Foralll <ij; <--- <iy <nwithk >3 and every permutation o € Sy we have

tr(ig(l), cee, io’(k)) =(-—=Dtr(iy,...,ix) in T,.
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Proof. Combining (2-4) and (2-6) we obtain that
a(a'b) +d'(ab) = (tr(a)a’ +tr(a")a +tr(aa’) — tr(a) tr(a’))b

forall a, a’, b € O. Since [ is infinite, the same equality holds for the generic octonions. We multiply it
from the left and from the right by the generic octonions and then apply the trace. Since the trace is a
linear function, we obtain that

tr(Cio---0Cro0(A(A'B))oCrpjo-+-0Cs)=—tr(Cio-+0Cr0(A(AB))0oCryjo---0Cy) (4-1)

for all products of the generic octonions A, A’, B, Cy, ..., Cy with O <r < s and s > 0. Similarly, we
obtain that

tr(Cio---0Cro((BA)A)oCrpy0-+-0Cs)=—tr(Cio-+-0Cro((BA)A)oCryjo---0Cy). (4-2)

In the same manner as above, (2-2) and (2-4) imply that

tr(Cio---0Cro(A?)0Cryj0---0Cy) =0, (4-3)
tr(Cio---0Cr0(AA)oCryj0---0Cs) =—tr(Cio---0Cr0(A’A)oCry10---0Cy), (4-4)
where in both cases 0 <r < s and s > 0. We claim that
If W=2Z;o0---0Z, is a product of generic octonions where 1 <ij, ..., i <n,
then tr(W) = £tr(is (1), - . ., iok)) for some o € S.  (4-5)

Assume that claim (4-5) does not hold. Then there exists T € S; and the maximal 2 < r < k such that

some product W/ = Zi. 0 0Z,, satisfies tr(W) = +tr(W’) and

ix()
W =Cio---0o(U(ViVp)o---0Cy or W =Cio---0(VU)o---0Csy,
where
e U= (--(Z,,Z;)Z};)---)Zj, forsome 1 < ji,..., j, <n,
e V. Vi, V, are some products of generic octonions,
e Cy,...,Cs are generic octonions with s > 0.

By (2-1) and (4-4), we can assume that W = Cjo---0 (U(V1V3)) o--- 0 C,. Consequently, applying
equivalence (4-1) and equivalence (2-1) or (4-4), we obtain that

tr(Cro- - -o(U(ViVa))o- - -0Cs) = —tr(Cyo- - -o(Vi(UVa))o- - -0Cy) ==£tr(Cro- - -o((UV2) Vy)o- - -0Cy).

If V, is a product of more than one generic octonions, then V, = V, V.’ for some products V,, V,’ of
generic octonions and we repeat the reasoning for Cio---o (U( V2’ V2” )) o---0Cy, and so on. Finally, we
can assume that V, = Z; for some j; a contradiction to the maximality of r.

Equivalences (4-2) and (4-4) imply that part 3 is valid for 1 <iy, ..., iy <n, where k > 3. This fact
together with claim (4-5) imply part 2. Similarly, this fact together with claim (4-5) and formula (4-3)
imply part 1. O
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Proposition 4.3. In case char F # 2 the algebra of invariants K52 is minimally generated by S,§4).

Proof. The description of generators for K2 from [23] (see Section 2D for the details) together with
Lemmas 4.1, 4.2 and formula (2-8) imply that the set S,$4) generates the algebra K 2. By Corollary 1 of
[23] and formula (2-8), the invariants

(i), n(Z), w(12), t(13), tr23), tr(123),

where 1 <i < 3, are algebraically independent over [F. Thus the required statement is proven for n < 3.
Assume n > 4. Thus S,EA')\{ f} is not a generating set for any f € S,(l4) with deg(f) # 4.
Assume that S,(,4)\{tr(1234)} is a generating set. Then tr(1234) is a linear combination of tr(12) tr(34),
tr(13) tr(24), tr(14) tr(23) and products containing tr(i) for some 1 <i < 4. Considering substitutions

Z1— v, Zr—>vy, Z3—>v3, Zi—>e —e

and using equalities tr(((viv2)v3)(e; —e2)) = —1 and tr(v;(e; — e2)) = 0 for 1 <i < 3, we obtain a
contradiction. The proposition is proven. 0

Remark 4.4. 1. By (2-8), in the formulation of Proposition 4.3 we can replace n(Z;) by tr(Ziz) for all

1<i<n.

2. It easily follows from the proof of Proposition 4.3 (see also Section 1 of [23]) that K (f ~ is minimally
generated by S((;g when char F # 2.

Proposition 4.5. Assume charF # 2. Then S((;z and S,§4) are minimal separating sets for KOG ~and Kf 2
(respectively) for all n > 0.

Proof. By Proposition 4.3 and Remark 4.4, the sets S(gi)l and S,(,4) are separating for Kg » and K,?Z
(respectively). Fora =0, b =u; 4+ v; we have tr(a) =n(a) =tr(b) =0, but n(b) = —1. Fora=0, b =¢
we have tr(a) =n(a) =n(b) =0, but tr(b) = 1. Hence, S| is a minimal separating set for K lG 2. Claims 1,
2, 3 (see below) imply that S(()A,‘r); is a minimal separating set for K(f ~. Therefore, S is also a minimal
separating set for K 2.
Claim 1. Let n = 2. Then Sp 2 \{tr(XX>)} is not separating Kgé.

To prove this claim consider a = (0, 0) and b = (u, v;) from 05. Then tr(ajay) # tr(b1by).
Claim 2. Let n = 3. Then Sp3\{tr((X1X2)X3)} is not separating for Kg;.

To prove this claim we consider a = (0, 0, 0) and b = (v;, v2, v3) from 08. Then tr(a;a;) =tr(bjb;) =0
forall 1 <i < j <3, but tr(ajazas) # tr(b1bab3).
Claim 3. Let n = 4. Then 5074\{tr(((X1X2)X3)X4)} is not separating for ng.

To prove this claim we consider a = (uy, vy, ¢, u2) and b = (uy, vy, ¢, —v2) from 0}, where ¢ =
e1+uy—vy—ep. Then tr(a;as) =tr(b;by) for 1 <i <3 and tr((a;a;)as) =tr((b;bj)bs) for1 <i < j <3,
but tr(((a1a2)a3)as) = 0 and tr(((b1b2)b3)bs) = —1. O
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5. Trace invariants

The group GL; = GL,(F) acts on M} = M,(F)®" diagonally by conjugation. The coordinate ring
FIM7}] = Flzi1, zi2, 2is. 2ig | 1 <i < n]is also a GL,-module, where the generic matrices are

Z’ _ (Zil Zi2> )
Zi5 <Zi8
We consider [F[M7] as a subalgebra of K. In [6] it was shown that
{det(Z) |1 <i <nyU{t(Z;, - Zi) |1 <iy <.+ <ir <n, k> 0}, (5-1)

is a minimal generating set for [F[M;’]GLZ, where k < 3 in case char F # 2. In particular, all elements from
set (5-1) are indecomposable. A minimal separating set for [F[M;’]GL2 was obtained in [11].

Define a surjective homomorphism of F-algebras W : K,, — F[M]] as follows: z;3 — 0, z;4 — 0,
zie — 0, z;7 — 0 for all i. We can naturally extend W to the linear map U O(K,) — O(F[M}]) by

9 < f1 (f2, f3, f4)> _ ( W(f1) (W (f2), ¥(f3), ‘P(f4))>
(fss fe» Sf7) /8 (W (fs5), ¥(fe), ¥(f7) W (fs)

fOI'fl,...,fgeKn.
For an associative commutative F-algebra A define a map F : M»(A) — O(A) by

ar az) ai (az,0,0)
asz as (a3,0,0) as

for ay,...,a4 € A. It is easy to see that F is an injective homomorphism of algebras preserving the
trace, since (a, 0,0) x (b, 0,0) =0 for all a, b € A. In what follows, we consider A = K,,. Since the
homomorphism U commutes with the trace and the norm, we obtain the following lemma.

Lemma 5.1. Forall 1 <i,iy,...,ix <n we have

@ V(- (Z0Zi)Zi) ) Zi) = F(Ziy -+~ 23y

®) W(er((- (Zi Z)Ziy) -+ ) Z3,)) = 0(Ziy -+ Zip);

(©) W(n(Z)) = det(Zy).

Lemmas 2.1, 5.1 and the description of generators of [F[M;‘]GLZ imply that
FIM51%% c w(K ), (5-2)

where we have equality in case char F # 2.
Theorem 5.2. In case char F = 2 the algebra of trace G,-invariants T, is minimally generated by S,,.

Proof. By Lemma 4.2 and formula (2-8), the algebra 7}, is generated by S,,. To show that S, is a minimal
generating set, it is enough to prove that every element f € S, is indecomposable in 7,,. Assume the
contrary. If f = tr(( - ((ZiZi)Ziy) - )Z,-k) from §,, were decomposable in T}, then by parts (b), (c)
of Lemma 5.1, W (f) = ‘[MZl e Z,) would be decomposable in [F[M;’]GLZ; a contradiction. Similarly,
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if f =n(Z;) were decomposable in 7, then W(f) = det(Z) would be decomposable in [F[M;’]GLZ; a
contradiction. (|

6. Subalgebras of O of low dimension

The group G, acts naturally on the set of subalgebras of O. For a subalgebra A of O we denote by [A]
the G,-orbit of A and we say that [A] is the equivalence class of .A. Obviously, all algebras in [.A] are
isomorphic to .A. Denote by Q2 (0) the set of G,-orbits (i.e., equivalence classes) in the set of subalgebras
of 0. Since all algebras from a given equivalence class 2 € 2 (0Q) have the same dimension, we call it the
dimension of 2A. A set of (linearly independent) octonions is said to be a basis of 2, provided they form a
basis of an algebra from 2. An equivalence class 2l € Q(0) is called closed if there exists a subalgebra
A of O with [A] = 2 and there is an F-basis a1, ..., a, of A such that the G,-orbit of (ay, ..., a,) is
closed in O". More details on the definition of a closed equivalence class can be found in Remark 7.3
(see below). Denote by

. * (*x,0,0) . * (*, *,0)
M_((>k,0,0) * ) and S_((>x<,0,>x<) * )

the subalgebra of quaternions and sextonions of O, respectively, where the term sextonions was introduced
in [15]. Note that F : M»(F) — M is an isomorphism of F-algebras (see Section 5 for the details).
The main result of this section is the following statement.

Proposition 6.1. Assume char F = 2 and an equivalence class 2 € Q2(0) has dimension d < 3. Then one
of the following sets is a basis for U:

d=1: {1o}, {u1}, {e1};
d=2: {lg,u}, {ur, v}, {er, ur}, {er, v1}, {e1, e2};
d=3: {10,”1,02}, {el7e25u1}a {el’ul’vz}’ {ul,vz,US}-

We do not require for a subalgebra of O to be unital. The proof of Proposition 6.1 will be given in a
series of propositions and lemmas, which are interesting on their own.

Proposition 6.2 [17, Proposition 3.3]. For each a € O there exists g € G, such that ga is a canonical
octonion of one of the following types:
D) (3 o)

for some a1, ag € F. These canonical octonions are unique modulo permutation ay <> ag for type (D).

Proposition 6.3 [17, Theorem 4.4]. Assume charF = 2. For each (a, b) € 05 there exists g € G, such
that g(a, b) is a pair of one of the following types:

(EE) (a1lo, Bilo),
(K1) (arlo, (G 15)),
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KiB) ((597), Bilo),
KLy (5 02, (4 P00)) with gy #0,

KL (% (113?1’0))’ ((ﬂf(l),O) /;)1 ) with Bs # 0,

KM (507 (5 47)

KM ((9 (113[0))’ ((0,[311,0) ;;)1))’
where a1, B1, B2, Bs € F.
Remark 6.4 [17, Lemma 3.2]. Assume a = (fj ;) € 0. Then:
(a) If u # 0, then there exists g € SL3 such that ga = ( (1’0’0)), where v/ = (x, 0, 0) or v/ = (0, 1, 0).

v B
“"), where u’' = (%, 0, 0) or ' = (0, 1, 0).

(b) If v # 0, then there exists g € SL3 such that ga = ((1"8’0) 8

(c) There exist g, g’, g” € SL3 such that

g(uy, vy, uz, v3) = (uy, vy, U3, —2),
g (U2, v2, uy, v3) = (u2, v, U3, —vy),
g (u3, v3, w1, v2) = (u3, v3, U, —vy).
(d) If u = (y1, y2, y3) with y» £ 0 or 3 # 0 and v = (4, 0, 0), then there exists g € SL3 such that
ga= (5.0 (yl’ﬂl’o)) and g(uy, v) = (uy, v1).
(e) If v = (y1, y2, y3) with 5 #0 or 3 # 0 and u = (6, 0, 0), then there exists g € SL3 such that
ga=(, 0 (8’2’0)) and g(uy, v1) = (uy, v1).
The following lemma is an immediate consequence of the Cayley—Dickson doubling process (see also
Section 2.1 of [22]). Its analogue over a finite field is part (ii) of Lemma 3.3 from [9].

Lemma 6.5. Every automorphism of the F-algebra M can be extended to an automorphism of the
algebra O.

Lemma 6.6. If A C O is a nonzero subalgebra, then there exists g € G, such that 19 € gAoru; € gA or
ey € gA. In particular, if charF =2 and A ¢ Oy is a nonzero subalgebra of O, then there exists g € G,
such that e| € gA.

Proof. This follows from Proposition 6.2, the known corresponding statement for the algebra Ml >~ M, ()
and Lemma 6.5. O

6A. The case of traceless subalgebra. In this section we assume that charF = 2 and A C O is a
subalgebra of traceless octonions, that is, A C Oy.

Remark 6.7. If a = (¢ /’;) € Ais triangular (i.e.,u=0o0rv=0),and o #0or 8 #0, then 1 € A.
Proof. Since « = B is nonzero, considering a> = «?1¢ completes the proof. O

Lemma 6.8. [fdim A > 2, then there exists g € G, such that one of the following possibilities holds:
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(@) {lo,u1} C gA;
(b) {u1, v} CgAhAandlg & gA.
Proof. By Lemma 6.6, we assume that one of the following alternatives holds:

1. 19 € A. There exists a € A such that {l1¢p, a} are linearly independent. Since G;19 = 1¢g, by
Proposition 6.2, we can assume that a = ae; + Be; or a =l + u; for some «, § € F. In the first case
we have o« = 8 and {19, a} are linearly dependent; a contradiction. In the second case we obtain that
uy=a—aoalg lies in A.

2.u; € Aand 19 ¢ A. There exists b € A such that {u, b} are linearly independent. Consider g € G,
such that g(u1, b) = (a’, b') is one of the pairs from Proposition 6.3. Since tr(a’) = n(a’) =0 and a’ # 0,
one easily sees that a’ = u;. By Remark 6.7 and the fact that 19 & A one sees that both diagonal entries of
b are equal to zero. Using the fact that {u, b’} are linearly independent, we obtain that the pair (u, b")
has one of the following types:

(KlLlT) b’ = By, where 8 € [F\ {0}. Since u;b’ = Be; and tr(e;) # 0, we obtain a contradiction.
(KiM) b’ = u,. Since ub’ = v3, acting by a suitable element of SL3 and using part (c) of Remark 6.4,
we obtain case (b).
(K]MIT) b’ = vy, i.e., we have case (b). O
Lemma 6.9. [fdim A > 3, then there exists g € G, such that one of the following possibilities holds:

(@) {lo,u1, v2} CgA;
(b) {uy,v2,v3} CgAandlg ¢ gA
Proof. By Lemma 6.8, one can assume that one of the following possibilities holds:

1. {1p, u,} C A. There exists b € A such that {19, u;, b} are linearly independent. Consider g € G, such
that g(uq, b) = (a’, b’) is one of the pairs from Proposition 6.3. Since tr(a’) = n(a’) = 0 and a’ # 0, one
easily sees that @’ = u. Let B’ be the diagonal element of b’. Since G,1¢9 = 19, taking b =b' — B'1¢
instead of b’, we can assume that {19, uy, b”} C A are linearly independent and (u1, b”") has one of types
from Proposition 6.3, where the diagonal elements of " are zeros. Consider the possible types for (w1, b”):

(KlLlT) {1o,u,, Bv;} C A for some nonzero 8 € F. Since u;v; = e;, we obtain a contradiction.

KiMy) {1g,uy,uy} C A. Since uju; = v3, acting by a suitable element of SL3; from part (c) of
Remark 6.4 we obtain case (a).

(KIMIT) {1o,uy, v} C A, i.e., we have case (a).

2. {u1, v} C Aand 19 ¢ A. Consider b € A such that {u, v, b} are linearly independent. One can

B (0,83,B4)
(B5,0.87) B

ulb:( Bs <ﬂ1,o,0)> and va:( 0 (—;37,0,;35))’

assume that b = ( ) for some B; € F. Since

(0, — B4, B3) 0 (0, B1,0) B3
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we have B3 = Bs = 0. The equality b> = (87 + B4B7)1 ¢ implies that {uy, v, b} C A, where the element
b = B11¢ + Baus + B7v3 is nonzero and ﬂlz = B4f7.

Let 81 =0. Then u3 lies in A or case (b) holds. If us € A, then {u, vy, u3z} C A; thus, {v, up, v3} Ch A
and part (c) of Remark 6.4 implies that case (b) holds.

Let 81 # 0. Then B4, B7 # 0 and for g = §;(0, 0, B1/B7) from G, we have

Bi
g(uy,v2,b) = (ul + =, 12, Brus ).
B7
Therefore, {u, v;, u3} C g.A and case (b) holds (see above). Il

6B. The case of nontraceless subalgebra. In this section we assume that charF =2 and A ¢ O is a
subalgebra of O.

Lemma 6.10. Ifdim A > 2, then there exists g € G, such that one of the following possibilities holds:
(@) {er,u1} C gA;

(b) {e1, v1} CgA;

() {e1,e2} CgA.

Proof. By Lemma 6.6 we can assume that e; € A. There exists b € A such that {e;, b} are linearly
independent. One can also assume that b = (g Z) for some u, v € F* and B € F.

Assume u # 0. Since e b = ((O) g), by part (a) of Remark 6.4 there exists g € SL3 such that g(ey, e;b) =
(e1, uy), i.e., the case (a) holds.

Assume v #0. Since be; = (2 g), by part (b) of Remark 6.4 there exists g € SL3 such that g(e;, be;) =
(e1, v1), 1.e., the case (b) holds.

In case u = v = 0 we have 8 # 0, i.e., the case (c) holds. Il

Lemma 6.11. Ifdim A > 3, then there exists g € G, such that one of the following possibilities holds:
(@) {er, e2,u1} CgA;
(b) {e1,u1, v} C gA
Before the proof of this lemma we formulate the following remark.
Remark 6.12. (a) {e;, ez, u1} C Aif and only if {e}, ex, v1} C fi A.
(b) {e1,u1, v} C Aif and only if {e;, uy, vi} C g.A for some g € G, (see part (c) of Remark 6.4).
Proof of Lemma 6.11. By Lemma 6.10, we assume that one of the following possibilities holds:

1. {e1,u1} C A. There exists b € A such that {e|, u;, b} are linearly independent. We can assume that
b= (gg) for some u = (0, %, %) € F>, v = V1,12, 13) € F? and B el.

Assume u # 0. Since e1b = (gg), by part (d) of Remark 6.4 there exists g € SL3 such that
glei,uy, e1b) = (e1, uy, uy). By part (c) of Remark 6.4 there exists g’ € SL3 such that g’(ey, uy, e1b) =
(e1, u1, uz). The equality uu3 = —v, implies that the case (b) holds.
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Assume u = 0. Note that be; = (g g) lies in A.

Let y; # 0. The equality b u; = y;e, implies that the case (a) holds.

Otherwise, y; = 0. In case y, # 0 or y3 # 0, by part (e) of Remark 6.4 there exists g € SL3 such that
gler,uy,bey) = (e1, uy, vp), that is, the case (b) holds. If y» = y3 =0, then § # 0 and e; € A, that is,
the case (a) holds.

2. The case {e;, v1} C A is similar to case 1.

3. {e1, e2} C A. There exists b = (‘:}’ Z) in A such that {e;, e,, b} are linearly independent. We can assume
that o = 8 =0.

Assume u # 0. Since e;b = (o), by part (a) of Remark 6.4 there exists g € SL3 such that
g(ey, ex, e1b) = (ey, ez, uy), equivalently, the case (a) holds.

Otherwise, v # 0. Since b= (¥ 0 ) by part (b) of Remark 6.4 there exists g € SLs such that g(e1, €2, b) =
(e1, e2, v1). By part (a) of Remark 6.12 we obtain that case (a) holds. [

6C. Proof of Proposition 6.1. Assume 2l = [A] for some subalgebra A of 0. Lemmas 6.6, 6.8, 6.9,
6.10, 6.11 imply that there exist g € G, such that g.A contains one of the sets from the formulation of
Proposition 6.1. Since the F-span of each of these sets is an algebra, the proof is completed.

7. Separating invariants in case char F =2

In this section we assume that char F = 2. We introduce some notation for a € O":
e the rank rk(a) is the dimension of the subspace of O spanned by ay, ..., a,;
e alg(a) is the F-algebra (in general, nonunital) generated by ay, ..., a,.

Obviously, rk(ga) = rk(a) for every g € G,. The following remark is well-known (for example, see
Corollary 2.3.6 of [2]).

Remark 7.1. Assume a € O". Then there exists a unique closed G;-orbit O = O, in the closure of Gaa,
and O, is the only closed orbit in the fiber

{ce 0" | f(@) = f(c) forall feK).
In particular, f(a) = f(c) for every f € K% and ¢ € O,.

Observe that the group GL,, acts naturally on O" on the right as follows: for any A = («;;) € GL, and
a € 0" we set

(@A) = Y aga for 1 <i<n.

1<k<n
This action commutes with the left G,-action.
Lemma 7.2. Givena, b € O", define a’ = aA and b’ = bA for some A € GL,,. Then:
(@) Gaa = Gab ifand only if Gra' = Gab'.
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(b) Given some d > 2, we have that a and b are not separated by S,(,d) if and only if a’ and b’ are not
separated by S,gd).

(¢) Gaa is closed if and only if Goa is closed.
Proof. Since A is invertible, for each part of this lemma it is sufficient to prove the “only if”” implication.
(a) For each g € G, the equality ga = b implies ga’ = b’, hence our claim follows.

(b) Assume that @ and b are not separated by S,(ld), ie., f(a)= f(b) forall f e S,(,d). The linearity of the
trace together with Lemma 4.2 and formulas (2-3), (2-8) imply that 4(a’) = h(b") for all h S,gd) .

(c¢) The right action by A on O”" gives a homeomorphism of O" with respect to the Zariski topology.
Hence it sends closed subsets to closed subsets. Moreover, it maps G;-orbits to G,-orbits. O

The following remark is a consequence of part (c) of Lemma 7.2.

Remark 7.3. An equivalence class 2l € Q(0) is closed if and only if for every subalgebra .4 of O with
[A] = 2 we have that if A is the F-span of some ay, ..., a,, then the G;-orbit of (ay, ..., a,) is closed
in O".

Proposition 7.4. The set S,(n8 'CcK G2 s separating for every m > 0 if and only if S,(,8) separates different
closed Gy-orbits of a = (ay, ...,a;,0,...,0) € O" and b € O" for alln > 0, where

e ajy,...,ayis a basis of some subalgebra A of O,
e by, ..., b, of O linearly generate some subalgebra 5 of O,
e dim A4 > dim B.

Proof. We only have to prove the “if”” part of the statement. Assume that a, b € O" are not separated by
S,(ZS) for some n > 0. To obtain the required, we will show that Goa = G2b.
By Remark 7.1 we can assume that Goa and G,b are closed.

Claim 1. Given an [-basis ai, R al/ of F-span of ay, ..., a,, without loss of generality, we can assume
thata = (@}, ...,a;,0,...,0) € O".

To prove claim 1, we consider A € GL, such that ¢A = (ai, R al’, 0,...,0). Parts (a), (b), (c) of
Lemma 7.2 imply that we can consider aA, bA instead of a, b and claim 1 is proven.

Denote by A the algebra generated by aj, . . ., a, and by B the algebra generated by by, . .., b,. Without
loss of generality we can assume that dim .4 > dim 5.

Claim 2. Without loss of generality, we can assume that F-span of ay, ..., a, is Aand F-spanof by, ..., b,
is B.

Let us prove claim 2. It is an easy exercise in linear algebra to show that there exists A € GL, such
that A = (aj,...,a;,0,...,0) and bA = (0,...,0,b),...,b,,0,...,0), where af, ..., g is a basis
for F-span of ay, ..., a, and b;l, ..., b} is a basis for by, ..., b,. Similarly to claim 1, without loss of
generality, we can take a A, bA instead of a, b, that is, we assume that

a=(ai,...,a,0,...,0) and b=(0,...,0,bq,...,b0,...,0),
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where [ <8 =dim O and t —d + 1 < 8. There exist words vy, ..., v, of F{X}, such that the F-span of
the setay, ..., a,, vi(@), ..., v.(a)is A. Similarly, there exist words wy, ..., ws of F{X}, such that the
F-span of the set by, ..., by, wi(b), ..., ws(b) is B.

Since the map 0" — 0" given by x — (v1(x), ..., v,(x), w1 (x), ..., wg(x)) is a morphism of

affine algebraic varieties, the G;-orbits of

ci=(ai,...,ay,vi(@),...,v(a), wi(a),...,ws(a)),
§2 - (blv .. 7bn7 vl(é)’ IR Ur(é)v wl(é)! MR wS(é))

are closed. Obviously, Goa = G;b if and only if Goc; = G,¢;. By Lemma 4.2 and formula (2-8), for
any f € S,(Eﬁr +s we have that f(cy) is a nonassociative polynomial in tr((. .. (aja;,) .. .)aik) and n(a;)
forl <ij<.--<ipy<nmnand 1 <i <n. But this trace is zero in case k > 8 by the construction of a. The
same fact holds also for f(cy). Thus, a and b are not separated by S,(18) if and only if ¢; and ¢; are not
separated by S,ﬁ), +s- Therefore, we can consider ¢y, ¢; instead of a, b and claim 2 is proven.

Since claims 1 and 2 imply that a, b satisfy conditions from the formulation of the lemma, we obtain

that Gya = Gb. U
Lemma 7.5. 1. Forevery a e Mwithtr(a) =1 and n(a) =0 there exists g from the stabilizer Stabg, (M) =
{g € G2 | gM C M} such that ga = e;.

2. For every a € M with tr(a) = 0 and n(a) = 1 there exists g € Stabg, (M) such that ga € {19, 19 +u1}.

3. Given nonzero y € [, there exists &, € Stabg,(M) such that for every ay, . .., as € F we have

£ ar (2,0,0)\ o] (ya2,0,0)
"\(@3.0,0)0 oy ~ \(r'e3,0,0) oy '

4. Assume that a = (e1, e2) and b € M? satisfy S,(lz)(g) = S,(,z)(l_J). Then there exists g € Stabg,(M) such
that gby = ey and gby € {ex, ex +uy, ey + v1}.

5. If b € M satisfies tr(b) = n(b) = tr(e1b) =0, then b € Fuy or b € Fuy.

Proof. 1. For A = F~!(a) we have tr(A) = 1 and det(A) = 0. Hence there exists g € GL; such that
g 'Ag = ((1) 8) and Lemma 6.5 completes the proof.

2. For A= F"'(a) we have tr(A) =0 and det(A) = 1. Hence there exists g € GL, such that g~ ' Ag = (3 i)
a0

org_lAg :(0 o

) for some A, A1, A, and Lemma 6.5 completes the proof.

3. Given g = ((1) 8) € GL,, we have
-1 (o1 &2 _ o ya2
& (Ols 0!4) 8 ()/_1063 o4 ) '

4. By part 1 we assume that b; = e|. Define F (b)) =B, = (g; gi) Since 0 = tr(ajay) = tr(b1by), we
obtain 81 = 0. The equalities tr(b;) = 1 and n(by) = 0 imply B4 = 1 and B, 83 = 0. Part 3 concludes the
proof.

Lemma 6.5 concludes the proof.
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5. Define F~!(b) = B = (g; gj) Since 0 = tr(e;b) = By, the equalities tr(b) = n(b) = 0 conclude the
proof. 0

Lemma 7.6. Assume that a = (a1, 0, ...,0) € M" and b € M" are not separated by S,iz), where a; €

{10, e1} and dim(alg(h)) < 1. Then Goa = G, b.

Proof. 1. Let a; = 1¢. Since tr(b;) = 0 and n(b;) = 1, by part 2 of Lemma 7.5 we can assume that
b] = 10 orb1 = 10+u1.

In the first case, dim(alg(b)) < 1 implies b = (19, p210, ..., Bnlo) for some B,, ..., B, € F. Since
0=n(b;) =B forall 1 <i <n, we have a = b.

In the second case we have that b; and b% = 1¢ are linearly independent; a contradiction.

2. Let a; = e;. Since tr(by) = 1 and n(b;) = 0, by part 1 of Lemma 7.5 we can assume that b; = e;.

Then the condition dim(alg(b)) < 1 implies that b = (e, Boe1, ..., Bne1) for some B, ..., B, € F. For
each 1 <i <n we have 0 =tr(a;0) = tr(bb;) = B;. Therefore, a = b. O
Lemma 7.7. Assume that a = (e1,€,0,...,0) € M" and b € M" are not separated by S,(,z) and

dim(alg(h)) < 2. Then Gy a = G b.

Proof. By part 4 of Lemma 7.5 we can assume that by = e} and b, € {e;, e +uy, ex + v1}.
Let by = ;. For 3 <i <n part 5 of Lemma 7.5 implies that b; € Fu, or b; € Fvy, since tr(b;) =n(b;) =
tr(b1b;) = 0. It follows from dim(alg(b)) < 2 that b; =0 for all 3 <i < n. Therefore, a = b.

In case b, = e» +u; we consider b1b, = u| and obtain that {e|, u{, eo} C alg(b); a contradiction.
In case by = e; + v; we consider bpb; = v; and obtain that {e|, v, ep} C alg(b); a contradiction. [

Lemma7.8. Ifa= (e, ey, u;,v1,0,...,0)eM" and b e M" are not separated by 5,53), then Goa= G, b.

Proof. By part 4 of Lemma 7.5 we can assume that by = e¢; and b, € {ep, ex + uy, ex + v1}. Assume
3 <i <n. Wehave tr(b;) =n(b;) =tr(b1b;) =0, since tr(ajaz) =tr(ajas) = 0. Thus part 5 of Lemma 7.5
implies that b; = B;u; or b; = B;v; for some B; € F. Since tr(b3bs) =tr(azas) =1, we obtain that 8384 =1
and either b3 = B3u;, by = B4v; or by = B3vy, by = B4u, for some nonzero B3, B4 € F with B384 = 1.
Hence equalities tr(bsby) = tr(bsby) = 0 imply that by = e5.
1. Let by = Bauy, by = ﬁ;lvl. By part 3 of Lemma 7.5 we can assume that 83 = 1.

Consider 5 <i <n. If b; = B;u, then 0 = tr(aqa;) = tr(bab;) = B;. If b; = B;vy, then 0 = tr(aza;) =
tr(b3b;) = B;. Therefore, a = b.

2. If b3 = B3vy, by = ,B;lul, we have 0 = tr((b1b3)bs) = tr((ayasz)as) = tr(uv) = 1; a contradiction. []

Lemma 7.9. Ifa = (e1, e, uy, vy, Uy, v2,u3,v3,0,...,0) € O" and b € O™ are not separated by Sf),

then Goa = Gy b.

Proof. Given cy, ..., cg, denote by M., . the Gram matrix (tr(c;c;))1<; j<s. Since the trace is a
bilinear nondegenerate form on O and ay, . . ., ag are linearly independent, we obtain that det(Gy, ... 45) =
det(Gy,,... by) 1s nonzero. Hence, by, ..., bg are also linearly independent. In particular, F-span of

by,....,bgis O.
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For every 1 <i <8 and 8 < j <n we have that tr(a;a;) = tr(b;b;) is zero. Therefore, tr(bb;) = 0 for
all b € 0. Since tr is nondegenerate on O, we obtain b = (by, ..., bg,0,...,0).

For every 1 <i, j <8 there exists 1 < k;; <8 and n;; € [ such that a;a; = n; Gk - Therefore, for each
1 <1 <8 we have that tr((a;a; —n,-jak,.j)al) =tr((bjb;— nijbkij)bl) is zero. Hence, b;b; = Uijbk,-,-- Consider
a linear map f : O — O defined on the basis of O by f(a;) = b; for all 1 <i <8. Since the multiplication
table for ay, ..., ag is the same as for by, ..., bg, we can see that f € G,. The required is proven. [

The following statement is a corollary of Proposition 6.1.

Corollary 7.10. Assume char F = 2 and a closed equivalence class 2l € Q(O) has the dimension d < 3.
Then one of the following sets is a basis for 2.

d=1: {lo). {er);

d=2: {61, 62}.
Proof. We need to show that any basis {ay, ..., a,} from Proposition 6.1, different from the above bases,
generates nonclosed equivalence class. For each a = (ay, . .., a,) the arguments are the same: we find an

element @’ in the closure of G,a such that rk(a’) < rk(a), which obviously implies that G,a is not closed.

e If a = (u)) € O, then for the standard one-parameter subgroup 6; with A = (1, —1, 0) the element
a’ =lim;_, 0, (t)a = (0) lies in G»a (see Section 3B for more details).
o Ifa=(lg,uy), then a’ =1lim,.0 0. —1.0)(t)a = (10, 0) lies in Ga.

o If a = (uy, v2), then @’ =lim,_, ¢ O(1,—1,0)(t)a = (0, 0) lies in G_zg.

o Ifa=(e1,uy), then @’ =1lim,_0 01, _1,0)(t)a = (e1, 0) lies in Gaa.

o If a = (e, v1), then @’ =lim;—06(—1,1,0)(t)a = (ey, 0) lies in G_zg.

o Ifa=(lp,us,v2), then @’ =1lim, 6. _1.0)(t)a = (19,0, 0) lies in G,a.

o If a=(e1,ex,uy), then @’ =lim;06(1,—1,0)(t)a = (e, €2, 0) lies in G_zg.

o If a = (ey, uy, vp), then a’ =1lim,_, 001, —1,0)(t)a = (e, 0, 0) lies in Gaa.

e If a = (uy, v2, v3), then @’ =lim,_,¢ O(1,—1,0)(t)a = (0, 0, v3) lies in G_gc_z. O
Theorem 7.11. The set S,(,S) is a separating set for K2 in case char F = 2.

Proof. We will apply Proposition 7.4 to obtain the required statement. Assume that G,-orbits of
a=(ay,...,a;,0,...,0) € 0", b e O" are closed, ay, ..., a; is a basis of some subalgebra A4 of O,
octonions by, ..., b, linearly generate some subalgebra B of O, and dim .4 > dim B. We assume that a
and b are not separated by S,(,S) .

Let dim .4 = 8. We may choose that a = (e, ez, u1, v1, U2, v2, u3, v3,0,...,0) by Lemma 7.2. Then
Lemma 7.9 implies that G, a = G, b.

Let dim A < 8. Then A lies in a maximal proper subalgebra of O. By Theorem 5 of [19], the algebra
of sextonions S is the unique maximal proper subalgebra of O modulo G,-action (see also Remark 7.12
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below). So A C S, that is, for all 1 <i <[ we have

_ ( @il (aiz, a3, 0))
a; =

(a4, 0, ajs5) Qg

for some «;; € F. Similarly, we can assume that B C S.
Since for the standard one-parameter subgroup 6, with A = (0, 1, —1) we have

A (ain, ta3, 0))
0, (t)a; = ' ,
a(B)an <(05i4» 0, ta;s) @6
the limit @’ =1lim,_, ¢ 6, (t)a exists (see Section 3B for more details). Obviously, a’=(a}, ..., a;,0,...,0)

lies in M". The orbit G»a is closed, therefore, a’ € G, a. Replacing a by @’ we may assume that a C M".
Therefore, A C M. In the same manner we can assume that 5 C M.

In case dim A =4 by Lemma 7.2 we may choose that a = (e, e, u1, v1,0, ..., 0) and Lemma 7.8
implies that G, a = G, b.

Let dim A < 3. By Corollary 7.10 and Lemma 7.2 we can assume that a is one of the next elements:
(1o), (e1), (e, e2). If a= (1¢p) or a = (e1), then Lemma 7.6 implies that G, a = G, b. If a = (ey, e2),
then Lemma 7.7 implies that G, a = G, b.

Finally, by Proposition 7.4 the set S,ES) is separating for K 2. U

Remark 7.12. In the proof of Theorem 5 of [19], which claims that S is the unique maximal proper
subalgebra of O modulo G;-action, there is a small error, but this does not interfere with the case of an
algebraically closed field. See [8; 18] for more details.

Remark 7.13. It follows from Theorem 7.11 that the set Séi)l is a separating set for K(f » in case char [ =2.
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Scattering diagrams for generalized cluster algebras

Lang Mou

We construct scattering diagrams for Chekhov—Shapiro generalized cluster algebras where exchange
polynomials are factorized into binomials, generalizing the cluster scattering diagrams of Gross, Hacking,
Keel and Kontsevich. They turn out to be natural objects arising in Fock and Goncharov’s cluster duality.
Analogous features and structures (such as positivity and the cluster complex structure) in the ordinary
case also appear in the generalized situation. With the help of these scattering diagrams, we show that
generalized cluster variables are theta functions and hence have certain positivity property with respect to
the coefficients in the binomial factors.
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1. Introduction

We study generalized cluster algebras in the sense of [Chekhov and Shapiro 2014]. These algebras are
generalizations of the (ordinary) cluster algebras introduced by Fomin and Zelevinsky [2002], allowing
more general exchange polynomials (as opposed to only binomials) in mutations.

We will see that generalized cluster algebras cannot only be studied in a similar way as cluster algebras
[Fomin and Zelevinsky 2002; 2003; 2007; Berenstein et al. 2005], but that they also naturally appear in
the context of the cluster duality proposed by Fock and Goncharov [2009]. A modified version of Fock
and Goncharov’s cluster duality was formulated and proved by Gross, Hacking, Keel and Kontsevich
[Gross et al. 2018]. In this paper, we extend the scheme therein to study generalized cluster algebras.

Generalized cluster algebras come in a family containing ordinary cluster algebras. Each algebra in
this family can be viewed as (a subalgebra of) the algebra of regular functions of a generalized .A-cluster
variety. The (generalized version of) cluster duality says this family is in a sense dual to another family
of generalized X'-cluster varieties. In this paper, we demonstrate this duality by reconstructing a family
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Keywords: generalized cluster algebra, scattering diagram, cluster variety.
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of generalized cluster algebras with principal coefficients /P"" from a general fiber of the corresponding
dual family of A'-cluster varieties.

In the ordinary case, the reconstruction is done through a cluster scattering diagram, the main technical
tool developed in [Gross et al. 2018], which is a mathematical structure associated to the dual X-
cluster variety. For our purpose of studying generalized cluster algebras, we construct generalized cluster
scattering diagrams. This is done by allowing more general wall-crossing functions on the initial incoming
walls. It turns out that many features (such as the positivity property of wall-crossings and the cluster
complex structure) in the ordinary case still hold in the generalized situation; see Theorems 6.31 and 7.10.

Using the techniques of scattering diagrams (and related objects such as broken lines) transplanted from
[Gross et al. 2018], we are able to prove that generalized cluster monomials are theta functions. As a result,
they have certain positivity property coming from that of the scattering diagram. We remark that this
positivity is with respect to the coefficients appearing in the binomial factors of exchange polynomials, thus
weaker than a conjectural positivity of Chekhov and Shapiro (Conjecture 8.13) with respect to the coeffi-
cients of exchange polynomials themselves; See Theorem 8.12 and Section 8.5 for the precise statements.

We next describe the contents of the paper in more detail.

1.1. Generalized cluster algebras. Our way of generalizing cluster algebras is slightly different from
[Chekhov and Shapiro 2014], in the way we deal with coefficients. In a sense, one can go from one
formulation to the other, in particular when the coefficients are evaluated in some algebraically closed
field; see Sections 3.2, 3.5 and also 8.5. We replace Fomin and Zelevinsky’s binomial exchange relation

n

+ [bix] oy bl
Xp X = py 'H1Xi M+ py _]_[lxi o
1= 1=

with a more general polynomial exchange relation

Tk

n n

[bi ] - [_bi ]

xl/cxkz 1_[1 (pl—:j l—[lxi k/rk+_|_pk’j .l_[lxl_ K/ Tk +).
j= = i=

We require the coefficients p,:: j (in some semifield (P, @, -)) to satisfy the normalized condition
p,i i®p = 1. The normalization makes mutations deterministic and a particular choice of coefficients
named principal coefficients (as in [Fomin and Zelevinsky 2007]) available in the generalized situation.

It turns out many algebraic and combinatorial features of cluster algebras are also inherited by
generalized cluster algebras. The same finite type classification as for cluster algebras [Fomin and
Zelevinsky 2003] and the generalized Laurent phenomenon have already been obtained in [Chekhov
and Shapiro 2014]. We show that the dependence on coefficients in the generalized case behaves very
much like the ordinary case [Fomin and Zelevinsky 2007]. In particular, a generalized version of the
separation formula, Theorem 3.20, is made available through an analogous notion of principal coefficients.
The well-known sign coherence of c-vectors (see Section 3.3) is also extended to the generalized case
in Proposition 3.17. We note that there is a rather different version of normalized generalized cluster
algebras with a certain reciprocal restriction in [Nakanishi 2015] where some results on the structures of
seeds parallel to [Fomin and Zelevinsky 2007] were also established.
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Another remarkable feature of an ordinary cluster algebra is the positivity of its cluster variables,
i.e., they are all Laurent polynomials in the initial variables x; and coefficients pl?JE with nonnegative
integer coefficients. This was proved by Lee and Schiffler [2015] for skew-symmetric types and by Gross,
Hacking, Keel, and Kontsevich [Gross et al. 2018] for the more general skew-symmetrizable types. We
extend the positivity to our generalized case (see Theorem 3.8), showing that the Laurent expression
of any cluster variable in x; and p,ff j has nonnegative integer coefficients. We note that the positivity
obtained here is (in the reciprocal case) a weak form of a positivity conjecture of Chekhov and Shapiro
(which we reformulated in Conjecture 8.13); see Remark 3.9 and Section 8.5.

1.2. Generalized cluster varieties. Let L be a lattice of finite rank. Fix an algebraically closed field k of
characteristic zero. The (ordinary) cluster varieties of [Fock and Goncharov 2009] are schemes of the form

V=UTLs
s

where each T} ¢ is a copy of the torus L ® k* and they are glued together via birational maps called
cluster mutations. Here s runs over a set of seeds (a seed roughly being a labeled basis of L) iteratively
generated by mutations. A cluster mutation is give by the birational map

iy 2 T == Tpo iy @) =20+, el

for a pair of vectors (n, m) € L x L*, where (-, -) denotes the natural paring between L* and L. It has
a natural dual by switching the roles of m and n, p(—n ) : Trx — Tr+. Gluing T7+ via these maps gives
the dual cluster variety V" :=J; Tr» 5.

Depending on the types of seeds and mutations chosen, one obtains either Fock—Goncharov .A-cluster
varieties or X-cluster varieties, which are dual constructions as above. A cluster algebra <7 can be
embedded into the upper cluster algebra <7, defined to be the algebra of regular functions on the
corresponding A-variety, while the dual A'-variety encodes the so-called Y-variables; see Section 4.

One can actually encode coefficients in each cluster mutation, the above construction thus leading
to families of cluster varieties. They mutate along with seeds under certain rules. In the 4-case, they
mutate as Y -variables (see [Fomin and Zelevinsky 2007; Fock and Goncharov 2009]). In the X'-case, the
mutation rule of the coefficients has been worked out by Bossinger, Frias-Medina, Magee and Ndjera
Chéavez [Bossinger et al. 2020].

We extend these dynamics of coefficients to the generalized situation for both the .A- and X'-cases. We

define a generalized cluster mutation as
-

M*(ZE) — Z@ 1_[ ([; +t}FZM)<Z,n>’
j=1
which depends on some coefficients tj# in k*; see Section 4. Thus an ordinary cluster mutation can be
viewed as a specialization of a generalized one. Generalized cluster varieties are then defined by gluing

tori via the generalized mutations. We obtain two families of generalized cluster varieties
wy:A— Spec(R), mx:X — Spec(R),

where the coefficients vary in some torus Spec(R) = (G



2182 Lang Mou

One key observation of Gross, Hacking and Keel [Gross et al. 2015] is that a cluster variety can
be investigated through its toric models, and mutations between seeds are basically switching between
neighboring toric models. A toric model is a construction of a log Calabi—Yau variety by blowing up a
hypersurface on the toric boundary of some toric variety. In the cluster situation, the toric variety depends
on the choice of a seed s which also tells us where on the toric boundary to blow up. The resulting
log Calabi—Yau variety is shown in [Gross et al. 2015] (under certain nice conditions) to be isomorphic
to the corresponding cluster variety up to codimension two subsets. We extend this description to the
generalized case, for both 4- and X-type varieties; see Theorem 5.4 and Section 5.3.

1.3. Scattering diagrams. Cluster scattering diagrams are the main technical tool in [Gross et al. 2018].
They have their origin in [Kontsevich and Soibelman 2006; Gross and Siebert 2011] in mirror symmetry.
Roughly speaking, in the cluster case, a scattering diagram is a collection of walls in a real vector space
with attached wall-crossing functions (some of them giving information on mutations). Similar to a cluster
algebra which starts with one cluster with information to perform mutations in n directions iteratively, its
scattering diagram can be constructed by initially setting up n incoming walls and letting them propagate,
generating only outgoing walls.

To get a generalized cluster scattering diagram, we replace ordinary wall-crossings (which correspond
to ordinary cluster mutations) on the initial incoming walls by the generalized ones of the form

f=T0+1m,
j=1
where the #; are treated as formal parameters. Given a seed s (in the generalized sense), the associated data
of incoming walls uniquely determines a consistent scattering diagram D, which we call the generalized
cluster scattering diagram.

We show that the behavior of ®; under mutations is analogous to that of the ordinary case, in a way it is
canonically associated to a mutation equivalence class of seeds. This is called the mutation invariance in
[Gross et al. 2018, Theorem 1.24]. See Theorem 6.27 for the precise description of the following theorem.

Theorem 1.1 (Theorem 6.27). There is a piecewise linear operation Ty such that Ty, (Dy) is equivalent
t0 D, (s), where i (s) denotes the mutation in direction k of the seed s.

In analogy with the ordinary case, the mutation invariance leads to the cluster complex structure of Dy.

Theorem 1.2 (Theorem 7.10). There is the cluster cone complex A such that Dy is a union of codimen-

sion one cones of Al (with explicit attached wall-crossing functions) and walls outside A].

We observe in Lemma 6.19 that Dy is equivalent to the tropical vertex scattering diagram ® (x my of
[Argiiz and Gross 2022] associated to the corresponding X'-type toric model associated to s. It is shown
in [Argiiz and Gross 2022, Theorem 6.1] that © x g is further equivalent (after a certain piecewise
linear operation) to the canonical scattering diagram ® x, p) (see [Gross and Siebert 2022; Argiiz and
Gross 2022, Section 2]) of the log Calabi—Yau pair (X, D) from the toric model. We thus see that D
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is canonically associated to the corresponding X-cluster variety, with a different seed s’ simply giving
another representative Dy .

1.4. Cluster dualities. The cluster duality of Fock and Goncharov predicts that, in the ordinary case, the
varieties .4 and X' (see Section 4 for our convention as we do not need the Langlands dual data) are dual
in the sense that the upper cluster algebra <7 has a basis parametrized by the tropical set X"°P(Z) (see
[Gross et al. 2018, Section 2] for a definition) and vice versa. A modified version of this duality (and
when it is true) is the main subject of study of [Gross et al. 2018].

The strategy of [Gross et al. 2018] to get the desired basis is as follows. First the tropical set X'"°P(Z)
(resp. X'"™P(R)) can be identified with the cocharacter lattice M (resp. M := M ® R) of a chosen seed
torus Tys s = M @K™ contained in the variety X. By the mutation invariance, the ordinary cluster scattering
diagram @gfd (see Section 6.3) naturally lives in X"°P(R). Denote by A™ the set of integral points inside
the cluster complex (which is again a canonical subset of X'"P(Z) by mutation invariance).

ord

o'¢, one can construct the theta

For any integral point m € X'"P(Z), using the scattering diagram D
function v,, which in general is only a formal power series in a completion ms which depends on s.
However, it is shown in [Gross et al. 2018, Theorem 4.9] that for m € A™, ¥, is indeed a Laurent
polynomial in K[M] and corresponds to a cluster monomial. Furthermore, there is a canonically defined
(i.e., independent of s) subset ® of X'"P(Z) containing A such that for any m € ®, ¥, is a Laurent

polynomial on every seed torus. It is also shown in [Gross et al. 2018] that the vector space

mid(A) := P Iy
meo

has an associative algebra structure whose structure constants are defined through broken lines. This
algebra mid(A) can be embedded in &/ so that for m € AT, ¥, is sent to the corresponding cluster
monomial. While we do not know in general when mid(.A) equals .« (see [Gross et al. 2018, Theorem 0.3]),
we do have a basis of mid(A) parametrized by the subset ®. Strictly speaking, this process is done
through the principal coefficients case.

Our insight is that it is natural to consider the above cluster duality for generalized cluster varieties. In
the principal coefficients case, we take a general fiber Xf . n);l (1) of the family

Ty : AP s Spec(R).

The generalized cluster scattering diagram ®j; then lives in the tropical set (XAp rin)tr"p([R) which is identified
with Mg given a chosen seed s. Towards a generalized version of the cluster duality, we show:

Theorem 1.3 (Theorem 8.12). For any m € A}, the theta function 9., constructed from the generalized
cluster scattering diagram g corresponds to the cluster monomial of the generalized cluster algebra
/P (s) whose g-vector is m. Moreover, it is a Laurent polynomial in the initial cluster variables x; and
coefficients p; j with nonnegative integer coefficients.
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It follows from the above theorem that the family
740 AP 5 Spec(R)

can be reconstructed from a general fiber Xf rin (through any of its toric models); see Proposition 8.3.

In principle, in the generalized case, one could consider the subset ® as in [Gross et al. 2018] and
the corresponding generalized middle cluster algebra mid(.4P""). This would lead to a formulation of
generalized cluster duality similar to the ordinary case in [Gross et al. 2018, Theorem 0.3]. Then the
usual problem on when the full Fock—Goncharov conjecture is true remains and can be discussed as in
[Gross et al. 2018, Section 8].

1.5. Relations to other works. There are examples of generalized cluster scattering diagrams from
representation theory, where they are realized as Bridgeland’s stability scattering diagrams [2017] for
quivers (with loops) with potentials; see [Labardini-Fragoso and Mou 2024] for such examples arising
from surfaces with orbifold points.

In rank two, the scattering diagram ®; has already appeared in [Gross et al. 2010; Gross and Pand-
haripande 2010] from origins other than cluster algebras. There the wall-crossing functions are shown
to encode relative Gromov—Witten invariants on certain log Calabi—Yau surfaces. Some conjectural
wall-crossing functions in [Gross and Pandharipande 2010] were later verified in [Reineke and Weist
2013] using techniques from quiver representations; see Example 6.22.

The recent paper of Cheung, Kelley and Musiker [Cheung et al. 2023] (outlined in [Cheung et al. 2021])
and some part of Kelley’s PhD thesis [2021] have significant overlaps with this paper and the author’s PhD
thesis [Mou 2020, Chapter 8]. We in the following highlight the differences and relationships concerning
scattering diagrams.

In [Mou 2020, Chapter 8], a class of generalized cluster scattering diagrams were constructed and
properties including mutation invariance and cluster complex structure were proved. In that work, a
palindromic and monic restriction (termed reciprocal in [Chekhov and Shapiro 2014]) on the coefficients
was imposed. Such a scattering diagram can be obtained from applying to D, of the current paper an
evaluation A such that the initial wall-crossings are specialized to reciprocal polynomials, i.e., of the form

f=l4+ai2" 4+ +a 20"+,

where r € Z>¢, w € M, and a; = a,_; in some ground field k; see Section 6.4. Scattering diagrams almost
identical to these (with the reciprocal restriction) were later considered by Cheung, Kelley and Musiker
[Cheung et al. 2021], with more details provided in [Kelley 2021]. The authors treat the coefficients a; as
formal variables. They also outlined the construction of theta functions, following [Gross et al. 2018].
The current paper aims to fill in gaps and missing details in [Mou 2020], enhance the setup therein
to include more general coefficients, and discuss the positivity of generalized cluster algebras using
scattering diagram techniques. Shortly after this paper was posted on the arXiv, [Cheung et al. 2023]
appeared on the arXiv, completing the program [Cheung et al. 2021]. Despite many similarities between
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the current paper and [Cheung et al. 2023], our approaches of treating coefficients differ somewhat. In
[Cheung et al. 2023], the y-variables in a generalized seed and the coefficients a = (a;) in a generalized
exchange polynomial are treated separately. The coefficients a are assumed to be reciprocal and remain
unchanged under mutations. In contrast, we view the coefficients a as deriving from the y-variables
(denoted as p in our notation) by factorizing an exchange polynomial into binomials, with each binomial
governed by one coefficient in the style of Fomin and Zelevinsky. This approach allows us to realize more
general exchange polynomials (beyond just reciprocal ones), at least for an algebraically closed ground
field, by specialization from principal coefficients (see Sections 3.5 and 8.5). This setup also enables
us to formulate and prove a form of positivity for generalized cluster algebras, a topic not extensively
discussed in [Cheung et al. 2023].

2. Preliminaries

In this section, we review some preliminaries commonly used in the theory of cluster algebras [Fomin
and Zelevinsky 2002].

2.1. Semifields.

Definition 2.1. A semifield (P, &, -) is a torsion free (multiplicative) abelian group P with a binary
operation addition @& which is commutative, associative and distributive.

We denote by ZP the group ring of P and by NP C ZP the subset of linear combinations with
coefficients in N. Denote by QP the field of fractions of Z[P.

For an element p € P, we define in P two elements:

+ r - 1
= —— and =—
LY b=l

Definition 2.2. Let / be a finite set. We define Trop(s; | i € I) to be the (multiplicative) abelian group
with free generators s; indexed by I, with the operation addition &:

157" @ TT 5" = [T
iel iel iel
It is clear that Trop(s; | i € I) is a semifield. Such a semifield is called a tropical semifield.
For n € Z, we write [n]y := max{n, 0}. The elements s* for
s =[]s;" € Trop(s; | i € I)
iel

has the following simple expressions:

sT=T] si[a"]+ and s~ =1]] si[fa"]*.

iel iel
Definition 2.3. Denote by Qg (u1, ..., u;) the set of all rational functions in / independent variables
which can be written as subtraction-free rational expressions in u1, ..., u;. Then the set Qg (11, ..., u;)

is a semifield with respect to the usual addition and multiplication.
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We call such Q(u1, ..., u;) a universal semifield since for another arbitrary semifield P and its
elements p1, ..., p;, there exists a unique map of semifields from Qgp(u1, ..., u;) to P sending u; to p;;
see [Berenstein et al. 1996, Lemma 2.1.6].

2.2. Mutations of matrices.

Definition 2.4. A matrix B € Mat,«,(Z) is called (left) skew-symmetrizable if there exists a diagonal
matrix D =diag(d; | 1 <i <n) with d; € Z- such that

DB+ (DB)T =0.

Such a matrix D is called a (left) skew-symmetrizer of B.

Definition 2.5 [Fomin and Zelevinsky 2002, Definition 4.2]. Let B = (b;;) € Mat, »,(Z) be a skew-
symmetrizable matrix. For k =1, ..., n, we define ui(B) = (b! j) € Mat,,«,,(Z) the mutation of B in
direction k by setting

(1) bjy = —bjx and by; = —by; for 1 <i, j <n;
(2) fori #k and j #k,
bij +bixby; if by > 0and bj; < 0;
bz/'j = {bij —bixbxj if bjx <0 and bj; > 0;
bi; otherwise.

It is clear that the matrix u(B) is again skew-symmetrizable with the same set of skew-symmetrizers
of B. One can easily check that a mutation is involutive in the same direction, i.e., ;o ux(B) = B.

3. Generalized cluster algebras

3.1. Generalized cluster algebras. Cluster algebras were originally invented by Fomin and Zelevinsky
[2002], which we later refer to as ordinary cluster algebras. A generalization of cluster algebras has been
provided by Chekhov and Shapiro [2014]. Our definition of generalized cluster algebras below may be
considered as a special case (of a slight generalization) of theirs but with a normalization analogous to
the one in [Fomin and Zelevinsky 2002, Definition 5.3] for ordinary cluster algebras. The relation and
difference will be explained in Section 3.2.

We follow the pattern of [Fomin and Zelevinsky 2007] to define generalized cluster algebras. Most of
the key notions here are the generalized versions of their correspondents in the ordinary case.

Definition 3.1. A (generalized) labeled seed ¥ of rank n € N is a triple (x, p, B), where:

e p=(pi1,..., pn) is an n-tuple of collections of elements, where each p; = (pi.1,..., pir) is a
ri-tuple of elements in a semifield (P, @, - ) for some positive integer ;.
e x ={x1, ..., x,}is acollection of algebraically independent rational functions of n variables over QP.

In other words, the x1, ... x, are elements in some field of rational functions F = QP (u;, ..., u,)
such that 7 = QP(xq, ..., x,).
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e B € Mat,, «,,(Z) is skew-symmetrizable such that for any i =1, ..., n, its i-th column is divisible
by r;. The diagonal matrix D = diag(r;) is not necessarily a skew-symmetrizer of B.

For convenience, let I be the index set {1, ..., n}. For an arbitrary positive integer k, we use the
interval [1, k] to represent the set {1, ..., k}. We will often call a labeled seed simply a seed if there is no
confusion.

Associated to a labeled seed ¥ = (x, p, B), for each i € I, there is the exchange polynomial
i
0i (u, v) = 0[pi1(u, v) = [1(p;u + p;v) € ZPlu, v].
=1

Write ,Bij = bij/rj € Z. We put

. ﬁij . 7/31]
ujr= [ 5" wp= ] x
i:bij>0 i:b,'j<0
ri 4 ri
pir =] P pi.— =1 P € P.
=1 =1

Note that all the above notions are with respect to X.

Definition 3.2. For any k € I, we define the mutation of a seed ¥ = (x, p, B) in direction k as a new
labeled seed pux(x, p, B) := ((x]), (p}), B'), where p. = (pl/.’j | j €[1, r;]) in the following way:

(1) B' = ux(B);

) P =pi; forjell,nl;

;o {Pi,j (pr=)Pif B > 0,
pij

(3) fori #k, jell,rl], = o
l pij - (pep)Pi if i <0,

or equivalently

; r g ; —PBri
=1

@ {:{ X; ifi £k,

X 0lpk) (g upe—) if i =k,

Lemma 3.3. The mutation i is involutive, i.e., [ty o 1 (X) = X.

Proof. We check that p is involutive on each component of a seed. We denote

i o i (2) = (), (pi; 1 j €1, riier, BY).
For this seed, we simply denote the relevant objects appearing in Definition 3.2 by adding a double prime
to the old symbols, while for u; (%), we add a single prime.
(1) First of all, the matrix mutation  is an involution, as shown in [Fomin and Zelevinsky 2002].
(2) We have for j € [1, r¢],
” /1
Prj = Pr )" = Prj-
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(3) Fori # k, we have for j € [1, r;],
" {p,{ j - (P P i Bl > 0,
Y bl ()P BB <0
_ {pi,j ()P (pr )P if By <0,
Pij - (P )P - (pr. )P i By = 0
= Di,j-
The last equality is because p;., = px;— and p;._ = pi;+-
(4) Finally for the x part, we have
o= x! ifi #k,
) Olp Iy, up ) i i =k
X; ifi #k,

{xk OLpr) (e, wie ) 'O e up, ) i i =k
=X;.

The last equality is because that [ p; 1(u, v) = [ pi](v, u) and ujc;i = Up: -
So overall we have proven that iy o ux () = X. O

Fix a positive integer n. We consider the (nonoriented) n-regular tree T, whose edges are labeled by
the numbers 1, ..., n as in [Fomin and Zelevinsky 2002]. Lemma 3.3 makes the following definition
well-defined.

Definition 3.4. A (generalized) cluster pattern is an assignment of a labeled seed ¥, = (x;, p;, B") to
every vertex t € T,, such that for any k-labeled edge with endpoints ¢ and #’, the seed X, is the mutation
in direction k of X, i.e., Xy = ().

The elements in X, are written as follows:
xo=0ipli €D, pue=(pijljellnl), B =®).

The part x of a labeled seed is called a (labeled) cluster, elements x; are called cluster variables,
elements p; ; are called coefficients and B is called exchange matrix.

Two seeds are mutation-equivalent if one is obtained from the other by a sequence of mutations. If
a seed X appears in a cluster pattern, then by definition any seeds mutation-equivalent to ¥ must also
appear. On the other hand, assigning a seed of rank n to any vertex of T, would uniquely determine a
cluster pattern.

By definition, all cluster variables live in some ambient field F of rational functions of n variables.
One may identify F with QP (xy, - - - , x,) where (xy, ..., Xx,) is a cluster.
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Definition 3.5. Given a generalized cluster pattern, the (generalized) cluster algebra <f is defined to be
the Z[P-subalgebra of the ambient field F generated by all cluster variables x;., in all seeds that appear in
the cluster pattern. Since a cluster pattern is determined by any of its seed, we denote o = &/ (X) where
Y = (x, p, B) is any seed in this cluster pattern.

Remark 3.6. In the case where ; = 1 for any i € I, all the above generalized notions recover the original
versions of [Fomin and Zelevinsky 2007].

For convenience, one can specify one vertex #y € T, to be initial, thus the associated seed being called
the initial seed with the initial cluster, cluster variables, coefficients and exchange matrix. All other seeds
are obtained by applying mutations iteratively to the initial one. For the following two theorems, we
denote by (xy, ..., x,) the initial cluster.

Theorem 3.7 (generalized Laurent phenomenon, cf. [Fomin and Zelevinsky 2002] and [Chekhov and
Shapiro 2014]). Let (x, p, B) be a generalized labeled seed. Then any cluster variable of </ (x, p, B) is
a Laurent polynomial over ZIP in the initial cluster variables x;, i.e., an element in ZIP[xli, R xflt].

Proof. The generalized Laurent phenomenon was already obtained in [Chekhov and Shapiro 2014,
Theorem 2.5]. Since our setting is slightly different, we give a proof for completeness.

The proof completely follows from the discussion in [Fomin and Zelevinsky 2002, Section 3]. The
generalized Laurent property is a direct corollary of [loc. cit., Theorem 3.2]. One only needs to check the
following hypothesis required by [loc. cit., Theorem 3.2]: for any subgraph

fo L ¢ 1 J 15 i 13
in the tree T, if we define the following three exchange polynomial in n variables x1, ..., x, by writing

P(xlo) == 9[1’1’;!0](”;?_,_» u?;_)a Q(xll) = 9[pj§l]](u;‘1;+’ M;'l;_)v R(xl‘z) == 0[Pi;t2](”§2;+a ugz;_)v

then they satisfy R = C - (PlxjeQO/xj), where Qo = Q|y,=0 for some C € NP[xy, ... x,].

Notice that since 7y —— #;, we have

A [Bils B+
P:ll_ll (Pi,l;nl;[xk “ +pi,l;tll;[xk . )

When ,ijl =0, ﬂ;“l = —,Bit} = 0. So x; does not appear in P, implying P = P|y;« g,/x;- In this case,
we have for any [ € [1, r;]
Pitiy =Py B = =B
Thus we have R = P.
When ,Blt]l < 0 (implying /3;11 > 0), then
(b1

—1
Qo/xj= Pji+inX; E[xk

and i B B (Bl 1+ +B (b 1+ Ay
_ + ji ji ki ji kj — T Pri 1+
Pl —0o/x; _11_[1 (pi,l;tlpj;j-i-;tlxj ! kl;['xk e + Piy, l;[xk ‘ )
= J
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We take the ratio of the two monomials in each factor of the above product to obtain monomials
B B
Pilin - pji/+;t1 ) lgxkk :
We get exactly the same monomials if we do the same for R. So R and P|y;«g,/x; only differ by a
monomial factor in NP[x, ..., x,]. The case when ,8;‘ > 0 is analogous. Hence the hypothesis is checked
and the Laurent phenomenon follows from [Fomin and Zelevinsky 2002, Theorem 3.2]. (|

The following Theorem 3.8 is a generalization of the well-known positivity for ordinary cluster
algebras. In the case of ordinary cluster algebras, the positivity was originally conjectured by Fomin
and Zelevinsky [2002]. It has been proved by Lee and Schiffler [2015] when the exchange matrix B
is skew-symmetric and by Gross, Hacking, Keel, and Kontsevich [Gross et al. 2018] when B is more
generally skew-symmetrizable.

Theorem 3.8 (positivity). In a generalized cluster algebra, each of the coefficients in the Laurent
polynomial corresponding to any cluster variable from Theorem 3.7 is a nonnegative integer linear

combination of elements in P. In other words, any cluster variable is an element in Nlp[xli, R xni].

Proof. By the separation formula Theorem 3.20 and Remark 3.21, we only need to show the positivity in
the principal coefficients case (to be defined in Definition 3.13). In this case, we prove the positivity in
Theorem 8.12. O

Remark 3.9. Chekhov and Shapiro [2014, Conjecture 5.1] conjectured a positivity for generalized cluster
algebras under a reciprocal condition; see also the formulation in Conjecture 8.13. In the reciprocal case,
this positivity implies Theorem 3.8. We do not know how to show this stronger positivity in general; see
the discussion in Section 8.5.

3.2. Relation to Chekhov and Shapiro’s definition. Chekhov and Shapiro [2014] defined generalized
cluster algebras by considering more general exchange polynomials. Precisely, a labeled seed in that setting
isatriple (x, (o; |i € I), B), where x and B are the same as in Definition 3.1 and @; = (o; , € P |0 <k <r;)
for i € I. Here we only take P as a multiplicative abelian group. The coefficients «;  are responsible for
expressing the exchange polynomial defined as

0;(u, v) = XI: oz,-,ku”'_kvk € ZP[u, v].
k=0
The mutation (x', (&), B') = pk(x, (@), B) is defined in the following way:
(1) B' = ux(B).
) oz,/(’ j = = and for i # k, the coefficients satisfy

JBri .
Olk’ol -Ol,',j/O(,',() if ,Bik >0

’ /

o ./a. = .

i,j/%i,0 JBri .

ko - @ij/eio i Bk < 0.

(3) x; =x; fori # k and

XXk = 6; (Ui, Up; ).
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Remark 3.10. In this setting, it does no harm to allow the coefficients «; ; to be elements of Z[P, as long
as the above rule (2) is satisfied. For example, one may check that the Laurent phenomenon still holds for
cluster variables.

Now assume the multiplicative abelian group P has an addition & so that it is a semifield. In our
setting the exchange polynomials are given by 0[p;](u, v), thus the coefficients «; ; corresponding to the
coefficients of 8[ p;](u, v) when expanded as polynomial of # and v. Under Definition 3.2, the polynomials
6[p;](u, v) mutate in a way satisfying the rule (2) above. In fact, when talking about coefficients «; ; /o o,
we can normalize our polynomial

Olpilu,v) = [ (piju+v).
Jell,ri]

So when expanded as a sum of monomials in u and v, the coefficients of ] [pilare ] jes Dij for a subset
J C[1, r;]. According to the mutation formula in Definition 3.2, under g, we have

[1 7, =pi L T1 pije

jeJ jeJ
which satisfies the rule (2). So our definition of generalized cluster algebras can be viewed as a special
case of [Chekhov and Shapiro 2014] if we ease the condition «; x € P into «; € ZP.

We note that the above rule (2) in [Chekhov and Shapiro 2014] is not enough to uniquely determine the
coefficients (&;) after mutation, whereas the mutation formula in Definition 3.2 is deterministic because
of the normalization condition p;f ;Opr ;= 1.

One advantage of our definition is the availability of principal coefficients analogous to [Fomin and
Zelevinsky 2007, Definition 3.1], to be discussed in the next section.

3.3. Principal coefficients. As in [Fomin and Zelevinsky 2007] for ordinary cluster algebras, we have
the notion of principal coefficients for generalized cluster algebras.

Definition 3.11. We say a generalized cluster algebra <7 is of geometric type if [P is a tropical semifield
Trop(s, |a € 1),
where [’ is a finite index set.

Proposition 3.12. Let o7 be a generalized cluster algebra of geometric type. For each seed ¥ in of’s
cluster pattern and i € I, we introduce matrices

V= =(c!)) e Mat |, ()

to encode the coefficients p; ;j by columns of C @,

o0
Pi,j = 1_[ Sa" e P.

ael’
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Denote by (E((;'j)) the matrices corresponding to the seed |1, (X) for some k € 1. Then we have
(@) s .
—calj ifi =k;
D4 W
a0 _ %t < > l=cy; ]+>,3ki ifi # k and i > 0;
aj = j=1

. ri
Ct(llj) + ( 2 [Cc(z/;)]+>:8ki ifi #k and Bi <O0.
j=1

Proof. In the tropical semifield Trop(s, | a € I’), we have the expressions

[Cfli-)]+ _
P;fj=l_[5a/ and Pi,j=l_[sa

ael’ ael’

Then the result follows by spelling out the mutation formula of coefficients ((3) of Definition 3.2). [

The matrices and their dynamics in Proposition 3.12 have led to a remarkable combinatorial phenomenon
in cluster theory known as the sign coherence of c-vectors. We shall explain it below.

Definition 3.13. We say a generalized cluster algebra </ has principal coefficients at a vertex to € T, if PP
is the tropical semifield

Trop(p) :=Trop(pi,j | i € I, j € [1,ri]),

and the seed X, has coefficients p; = (p; 1, ... pi). In this case, the cluster algebra, denoted as
gzﬂ’rin(Zm), is by definition a subalgebra of

Zix;,. pi; liel, jell, rll.

In the case of principal coefficients, the columns of the matrices C gt) are called generalized c-vectors. At
the initial seed ¥ = X, with principal coefficients, each Cg) is an identity matrix /,, extended (vertically)
by zeros.

Theorem 3.14 (sign coherence of generalized c-vectors). In the principal coefficients case, for anyt € T,,
foranyi €l and any j € [1, r;], the entries of the j-th column of C gr) are either all nonnegative or all

nonpositive.

When r; = 1 for each i € I, i.e., in the case of ordinary cluster algebras, each C%) = C gl) is just a
column vector with n entries, altogether forming a matrix C = (CV, ..., C™). They are the so-called
C-matrices in [Fomin and Zelevinsky 2007] whose columns are c-vectors. In this case, Theorem 3.14 then
says that each column of any C is either nonnegative or nonpositive. This is well-known in the theory of
cluster algebras as the sign coherence of c-vectors, which has already been proved by Derksen, Weyman
and Zelevinsky [Derksen et al. 2010] for skew-symmetric exchange matrices and by Gross, Hacking,
Keel and Kontsevich [Gross et al. 2018] for skew-symmetrizable ones. We will see in Proposition 3.17
that Theorem 3.14 follows from the already established sign coherence of c-vectors.

We set the index set

U=, I={Gj)ljell,rnl.

iel
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Lemma 3.15. Let ¥ = X, be a seed with principal coefficients. We have the following properties for the
matrices Cgt) for any seed ¥;,t € T,
(1) Leti, k € I such that k # i. Then for any a,a’ € I] and any 1 < j, j' <r;, we have

@ _ .0
Ca,j _Ca’,j"

(2) Leti € 1. We have
€t = €2 = = iy = CE ]
and
cg’)k)’j =c fork#j
for some integer c.
Proof. We prove this lemma by induction on the distance from ¢ to #y in T,. The base case is for C g)
where the entries in (1) are all zeroes and the ones in (2) are 1 when k = j and O otherwise. Then the
properties stated in the lemma are preserved under the mutation formula given in Proposition 3.12. [

Let P be the tropical semifield Trop(p; | i € I). There is a group homomorphism

7:P—>P, Di.j ™ Di-
For ¢t € T,, denote the image of p; ;.; in P by p;., (which is independent of j by Lemma 3.15) and the
image of H;’i:1 Pi,jir In P by pi,r = ﬁlr',
Lemma 3.16. The elements p;.; behave in the following way under the mutation . If t’ -t and we
write pl’. = pj.y and p; = p;.;, then we have

pil ifi=k
pi=1pi-(p)% ifi #kand B > 0;

pi- (PO ifi # k and B <O0.

So they behave under mutations in the same way as p; 1., in the case where r; = 1,1 € I, i.e., the case of

ordinary cluster algebras.

Proof. By the generalized mutation formula of coefficients, we have
i

—1 g .

1_[1 pi; ifi =k;
J:

ri i Tk _ by L
I1r, =1 Hp,-yj-<1_[pk’j> if i %k and By > O;
jei j=1 j=1

Ti Tk byi .
l'lpi,j-(l'[p,?,j) if i # k and B < 0.
j=1 j=1
By the matrix description of the elements p; ; in Lemma 3.15, we have that
Tk Tk =+ T'k _
Hpi'fj.:(l_[pk,j) eP, n(ﬂpﬁj.):piceﬂj’.
j=1 j=1 j=1

The result then follows. O
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Proposition 3.17. The sign coherence of c-vectors implies the sign coherence of generalized c-vectors.

Proof. In the case where all r; = 1, the sign coherence then says each column of the matrix C =
(€M, ..., C™) is either nonnegative or nonpositive.

On the other hand, by Lemma 3.16, the elements p; behave under mutations in the exact same way as
the coefficients in seeds when all r; = 1 (thus we only have one p; for each i). Thus the column C @
of X, serves as the coordinates of p;.; in terms of the initial coefficients p;. Then the sign coherence tells
that one of p;r and p;” is 1. It then follows from Lemma 3.15 that the corresponding p;f jOrp;; for each
j €11, r;]is also 1, hence the generalized sign coherence. (|

The following lemma will be useful later.

Lemma 3.18. In the principal coefficient case, for any t € T,, the set of coefficients in seed %,

{pijuliel, jell, rl}
form a Z-basis of P = 7¢ where d = Y icr ti-
Proof. This follows directly from the mutation formula Proposition 3.12 and Lemma 3.15. O
3.4. Separation formula. In this section, we describe the separation formula for generalized cluster

variables, which can be derived in the exact same way as [Fomin and Zelevinsky 2007, Theorem 3.7], so
we omit the proof.

Definition 3.19. Let /""" (X,,) be a generalized cluster algebra with principal coefficients at X;, = (x, p, B).
We define the rational function

Xl;t S st(xv P)

corresponding to the subtraction-free rational expression of the cluster variable x;., by iterating exchange
relations. Here (x, p) denote the set of all variables in x and p.
Define the rational function

Fii(p) = Xi((A, ..., 1), p) € Qut(p).

In general, for a subtraction free expression F' in Qg¢(xy, ..., X,) and an arbitrary semifield [P, we use
the notation

Flp(i,...yn) €P

for the evaluation at x; = y;. This evaluation is well-defined (i.e., independent of the expression used)
because of the universal property of the semifield Qg¢(xy, ..., x,); see Section 2.1.

Theorem 3.20 (cf. [Fomin and Zelevinsky 2007, Proposition 3.6, Theorem 3.7]).
(1) We have

X €ZixFipijliel, jell,rll, FueZlpliel, jell,rll



Scattering diagrams for generalized cluster algebras 2195

(2) Let o be a generalized cluster algebra over an arbitrary semifield P', with an initial seed X,, =

(x, p, B). Then the cluster variables in o/ can be expressed in the initial cluster as

Xt |7 (x, p)
Xy =—F—————,
Fr.i lp (p)

where F is the ambient field for < .

Remark 3.21. Suppose the positivity for x;.; in the principal coefficients case (where we denote the
semifield by [P) has been established. This means X;.; has a subtraction free expression as a Laurent
polynomial (i.e., whose coefficients are in NPP). Then the evaluation X;.; |r (x, p) also has positive
coefficients in NP’, while Fj., |p' (p) is an element in P’. Thus it follows by Theorem 3.20 that x;., has
positive coefficients in the case of arbitrary P’.

3.5. Cluster algebras with specialized coefficients. We fix a field K of characteristic 0 and consider the
case of geometric coefficients. In this case, the generalized cluster algebra o/ (X) for £ = (x, p, B) can
be viewed as a subring of k[FD[xli, ..., xX] where KP is the group algebra of P over k.

Let A : [ — k* be a group homomorphism (which we will later refer to as an evaluation). It extends to
a k-algebra homomorphism

=]

)»:k[P’[xfﬂ...,xf]—)k[xft,...,xn .

We denote the image of 7 (X) @ K by &7 (2, 1). So we have a family of k-algebras parametrized by (k*)!
if the free abelian group P is of rank /. Each &/ (X, A) is in fact the K-subalgebra generated by cluster
variables (with coefficients specialized by A) within k[xft, ..., xE]. These are what we call (generalized)
cluster algebras with specialized coefficients.

We point out that an ordinary cluster algebra with trivial coefficients (i.e., when P is trivial) is actually
a generalized cluster algebra with specialized coefficients. Suppose B is a skew-symmetrizable matrix and
let r; be the gcd of the i-th column (if that column is nonzero). Let «7P""(X) be the generalized cluster
algebra with principal coefficients where ¥ has exchange matrix B. Choose a group homomorphism
A : Trop(p) — k* such that the specialized exchange polynomials equals the usual cluster exchange
binomial, i.e.,

ri
AMpi,u+v)y=u""+0".

Jj=1

Of course such A always exists assuming K is algebraically closed. Then it is easy to check that every
generalized mutation becomes an ordinary mutation: if ¢ £ v,

-1 [bl,] [—b}]
xk;,r=xk;t(]_[xi T TTx ).

iel iel

Thus the algebra «7P"(Z, 1) has the exact same cluster variables as the ordinary cluster algebra with
trivial coefficients, and can thus be viewed as an ordinary cluster algebra.
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t B! P11 P2,1;t P22t X1t X2t
0l [Y7] t b1 55} A A,
1 [Plé] o 121 I AT (1 +11Ar) As
A7 (140 A7 (141, A
2| [V%] o ! ' AT (1 +114r) 2 (Lo 1,1( )
x(1+ A7 (1411 4A))
-1 -1 -1 -1 -
30 02] / el I AATH A+ ATH A+ AT | A (14 AT (14 11Ay))
-10 1 11 21 11 ‘22 2 -
+HibitnA] Az) X(1+t22A1 (1+111A2))

AA (L + i AT+ 100 ATY

4 1[92 | eiteit et | e it A Nt + At + A))

[1 0] 11 21 ‘22 11421 11622 —|—l‘|1t2|l‘22A]_2A2) 2 21 1 22 1
5 [Pl g] hititxn 1, t! A A (1 + AD(ta + Ay)
6 [?52] t 2 f Ay A

Table 1. Labeled seeds of o7P1in,

3.6. An example in type B, with principal coefficients. We consider «/P""(x, p, B) with principal

coefficients for B = [(1) _02] which is of type B, in the finite type classification [Fomin and Zelevinsky

2003; Chekhov and Shapiro 2014, Theorem 2.7]. We write x;,,, = A;, and p; j.,, = t;;. For the subgraph
toLtl lel—t3it4Lt5Ll6

of T,, we have the associated labeled seeds calculated in Table 1
We note that the X;, is not exactly the same as the X;, but up to a switch of py | and p;».

3.7. Generalized Y-seeds. We define generalized Y-seeds (with coefficients) and their mutations. The
formulation to including coefficients in Y-seeds comes from [Bossinger et al. 2020]. The following
definition is a generalization of [Bossinger et al. 2020, Definition 2.15], which is an enhancement of a
Y-seed of [Fomin and Zelevinsky 2007].

Definition 3.22. A generalized labeled Y -seed (with coefficients) A is a triple (y, g, B), where

e g=(q1,...,qn)is an n-tuple of r;-tuples ¢; = (¢, 1, . . - gi,»,) of elements in a semifield P for positive

integers r;, 1 <i <n;
e y={y1,..., yu} is acollection of elements in some universal semifield QP (11, ..., u;);

* B is a left skew-symmetrizable integer matrix such that the i-th column is divisible by r; for every i.
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Definition 3.23. For k € {1, ..., n}, we define the mutation of a Y-seed (y, g, B) in direction k as a new
Y-seed ui(y, q, B) :== ((y)), (g}), B') in the following way:

B’ = i (B); G-

@i =4qr; forjell,nl;

ik

143 _ _ﬂ .
qi,j- ( 1_[ qu) if =B >0,
=1

fori £k, jell,r], ql{,j = Ik —Bik (3-2)
or equivalently
fori £k o = TT(L @ g & By
ori#k, qi;=qi;[[1&gq7 )7
I=1
rk N ” TN
i TH@GE P 58P0 4 g8 TPy if i £k,

¥ = 4 (3-3)

! ifi =k.
As in Lemma 3.3, it is straightforward to check that the mutation p; on a generalized Y-seed is
involutive in the same direction.

Definition 3.24. A generalized Y -pattern is an association
t— A= (y.q, B")

to every vertex ¢t € T, a generalized labeled Y-seed A, such that if 7 and ¢’ are connected by an edge
labeled by k € I, then we have

Ay = pi(Ar).
Definition 3.25. We say that a generalized Y -pattern has principal coefficients at a vertex tp € T,, if P is
the tropical semifield

Trop(qi ., 11 €1, j €[1,r:]).
Given a Y-pattern, the elements y;.; for t € T, are called Y-variables.

Remark 3.26. In the case that for any i € I,

qi,1 =4i2="""={ir,

a generalized Y-seed with coefficients as in Definition 3.22 becomes a labeled Y-seed with coefficients in
[Bossinger et al. 2020]. In this case, the mutation formula of Y -variables is independent of the choice ;.
So we get back to the nongeneralized version by letting the coefficients g; ;, j € [1, r;], equal. While
in the cluster case, one recovers the nongeneralized seed mutation by choosing r; = 1. This asymmetry
suggests that our generalization is a natural one.
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To the best knowledge of the author, the generalized version of Y -patterns has not been considered in
the literature. It is interesting to see if these generalized patterns appear naturally anywhere.

4. Generalized cluster varieties

Cluster varieties were introduced by Fock and Goncharov [2009], giving a geometric view to cluster
algebras (of geometric types). We follow [Gross et al. 2015] to define relevant notions such as fixed data
and seeds. However, in order to deal with generalized coefficients, some new gadgets are needed.

Definition 4.1. We recall the fixed data I" from [Gross et al. 2015]. The fixed data I" consists of

« alattice N of finite rank with a skew-symmetric bilinear form w : N x N — Q;

e an unfrozen sublattice Nys C N, a saturated sublattice of N;

e anindex set I = {1, ..., rank N} and a subset I,y = {1, ..., rank Ny};

» positive integers d; for i € I with greatest common divisor 1;

e a sublattice N° C N of finite index such that w (Nys, N°) C Z, w(N, Nyt N N°) C Z;
e M =Hom(N, Z), M° =Hom(N°, Z);

4.1. Generalized A-cluster variety.

Definition 4.2. Given fixed data I', an A-seed with (generalized) coefficients is a pair s = (e, p) consisting
of a seed e = (e;);c; which is a labeled collection of elements in N and a labeled collection of tuples of
coefficients p = (p;)ier,» Where p; = (p; ;) jel 1.7/] and p; ; belongs to some tropical semifield PP such that
(1) {e; |i € I} is a basis for N;

(2) {e; | i € Iy} is a basis for Ny¢;

(3) {d;e; | i € I} 1s a basis for N°;

(4) for i € Iy, the elements w; := w(—, d;e;)/r; belong to M.

For such a seed s, we define two matrices B = B(s) = (b;;) and B=8B (s) = (Bij) by setting
bij:=w(e;,dje;) and B;j:=(ej,w;)=b;j/r;.

Definition 4.3. Given s an A-seed with coefficients, for k € I, we define the mutation in direction k,
ui(s) = (e', p') by

/ —ex ifi =k,

l {e[ + [{e;, —rrwi)]ver ifi £k;

and

pi;=rpi; forjell,rl;

pij - (pe—)Piif B > 0,

. . /
fori #k, jell.nl Pij= {Pij . (Pk-+)‘3"i if Bix <0.
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Remark 4.4. If we write w; = a)(—, %e; ) as the mutations of w;, then they are given by
1

w/_{ —wy, if i =k;
P lwi A+ [reer, wi)lowg,  if i #k.
Denote the dual basis of (¢;) by (&) and the dual of (e}) = 1« (e) by (e;™). We have

. [—e,i< +Z[<€j, —rkwk)]+ejf ifi = k;
J

e =

e* ifi # k.

4
If there is no confusion, we will call an .A-seed with coefficients simply a seed.
Let R = kP, the group algebra of P over the ground field k. To any .A-seed s, we associate a copy of
the R-torus Ty s(R) := Spec(K[M] ®x R).

Definition 4.5. To the mutation w; from s to ux(s), there is an associated birational morphism (over R)

1t Ty s(R) == Ty oy (R), (@™ = 2" fi ™,
where

Tk
fioo=T1(pej+ pi 2™ € RIM).
j=1

We call this birational transformation the A-cluster mutation associated to the mutation iy of seeds.

Definition 4.6. We define the oriented rooted tree ¥, (Where n = |I]) as in [Gross et al. 2015]. It is the
infinite tree generated from a root vg such that

(1) vp has outgoing edges labeled by I s ={1,...,n};
(2) any other vertex has one unique incoming edge, and outgoing edges labeled by I.

Let vy € %, be the root. Then for any other vertex v € ¥, there is a unique oriented path from vg to v.
We associate a seed s to the root vy, the unique path from v to vy determines a seed s, by applying the
mutations in directions of the labelings in the path to the initial seed s. Therefore we have an association
v 8, for v e ¥, \ {vg} and vy — s such that for an edge v X v in %, then

Sy = i (Sy).

Suppose the unique path from vy to v walks through edges labeled by ki, ks, . .., k;. There is then the
birational map

Mug,v "= [k © =+ O [hgy © Uiy = T s(R) ==+ Ty 5,(R).
For arbitrary two vertices v and v’ in %, there is the birational map
My, v = Hyy,v’ O/Lv_ol,v . TN,sv (R) --» TN,sv/(R)-

These birational maps surely satisfy the cocycle condition. We use the following lemma to glue T g,
together.
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Lemma 4.7 [Bossinger et al. 2020, Lemma 3.10; Gross et al. 2015, Proposition 2.4]. Let Z be a set
and {S; | i € I} be a collection of integral separated schemes of finite type over a locally Noetherian
ring R, with birational maps (of R-schemes) fi; : S; --+ §; for all i, j, verifying the cocycle condition
fik o fij = fik as rational maps and such that f;; is the identity map. Let U;; C S; be the largest open
subscheme such that f;; : U;; — f;;(U;j) is an isomorphism. Then there is an R-scheme

S=US;

i€l

obtained by gluing the S; along the open sets U;; via the maps f;;.
Definition 4.8. Let I' be fixed data and s be an .A-seed with coefficients. We apply Lemma 4.7 to glue
together the collection of tori indexed by ¥, to get the generalized A-cluster variety associated to s (as
an R-scheme)

Ag = AF,s = U TN,s,, (R).
ve®

We now explain how to obtain a generalized cluster pattern from Ay, justifying the name generalized
A-cluster variety. We assume Nys = N, thus Iys =1 1

Recall we have the association v = s, = [y, ,(s) for v € T,. We write s, = (e,, p,) where e, =
(eiwli€l), pp=(piv|i€l)and p;j;y = (pi | j €[l ri]).

Sending vy to any vertex #j in the n-regular tree T, gives a unique surjective map

m:%, —>T,, wvr1

such that the labeling on edges is preserved.

For any seed v € T, there is the corresponding labeled seed with coefficients (in the sense of
Definition 3.1)

Ty = X(sy) 1= (xy, pu, BY),
where
Xiy = ,u’so’v(ze;k%v) €QP(x1, ..., xn), bjji=w(eiw djej),

where x; = X; y,.

Lemma 4.9. If two vertices v and v’ vertices of T,, descend to the same vertex in T, i.e., t1(v) =7 (V'),
then their corresponding labeled seeds with coefficients are identical, i.e., X, = X,.

Proof. Suppose the unique path in ¥, from vy to v goes through edges labeled by k1, ..., k; in order. We
show in the following by induction that
Mk ©+ -0 ,’-’Lkl(zvo) = Ev,

where the operation uy is the mutation in direction k of labeled seeds with coefficients in the sense of
Definition 3.2.
I'This is because we do not define cluster patterns with frozen directions. This can be done by making mutations only available

at a subset of a given cluster, leaving the rest variables frozen. However, one can always treat the frozen variables as making up
coefficients in a cluster pattern.
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Let v; £ v, be in ¥,,. Then one checks B” = uix (BY") using the fact that e,, = i (ey,), which is
standard from [Gross et al. 2015]. The coefficients parts p,, and p,, are related by the mutation px by
definition. So we only need to check that x,, and x,, are also related by .

Note that py ,, = iy, ,, © 4i- So we have for i # k

et e,
Xijvy = /’Lzovvl (,Uvz(z ) = Mz()vvl (@) = Xioy.
ok * e::v
Xiesvg = Hoyg.v, (Mg (2 572))

Tk
* —e 3 [—b et — + Wi
= Mvo,vl (Z o * e | |1(pk,j;l)1 pk,j;vlz k'ul)
j:

K _ +

— ¥ _e;:; - Wy + Wiy

= Moy, <Z K Hl(pksj:vlz E —i_pk,j;vlZ ")
j=

Tk B .
; % - * Wi, + * w
= /’LUO,UI (Z k'vl) l_[l(pk’ﬁvluvo,vl (Z k,vl) + pk,j;v]'bLUo,Ul (Z A,vl))
J=
L [Bale | o+ (6l
=Xx,. , —Pikl+ ik ]+
_xk;vl 1_[ <pk,j;v] l_[xi;vl +Pk’jwl ]_[xi;vl )
Jj=1 iel iel

The only unexplained notation in the above equations is that for any w =)

w =Y [—ailyef and wT =Y [ai]ief.
iel iel

oF ;
iy aie; € M, we write

Now we have checked that ux(X,,) = X,,. By induction on the distance from v to the root vy, we
conclude that py, o- - - o g, (2y,) = X, for any v € T,,. Since py is involutive, we can reduce the sequence
(k1, - -+, k;) by deleting pairs of consecutive identical indices until there is none. So X, only depends
on the reduced sequence of edge labels from v to v. Now notice that two vertices v and v’ in T, have
the same projection ¢ in T, if and only if they have the same reduced sequence of edge labels from vy,
meaning the same labeled seed with coefficients X, := X, = X,. Il

Proposition 4.10. According to the above lemma, we have that the labeled seeds ¥, and ¥, are equal if
7(v) =) =t €T,. Sowe can denote them all by ¥,. The association t +— %, foreveryt € T, isa

cluster pattern.
Proof. Suppose the unique path from # to some ¢ € T, walks through edges in order of k1, ..., k;. Then
already in the proof of the above lemma, we have
S =t 0 -0 iy ()
This association by definition gives a cluster pattern. O

Definition 4.11. The (generalized) upper cluster algebra </ (s) (of an A-seed s with coefficients) is
defined to be the R-algebra
H(A;, 04) = N H'(Tns,(R), Ory, (&)
ve¥,

the ring of regular functions on the (generalized) .A-cluster variety Aj.
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By definition the upper cluster algebra is the algebra of all Laurent polynomials that remains Laurent
polynomials after an arbitrary sequence of mutations. It follows from the Laurent phenomenon that all
cluster variables are elements in the upper cluster algebra, thus the inclusion

A(s) C (),

where the former denotes the subalgebra generated by cluster variables, i.e., the cluster algebra (over R).

The notion of principal coefficients can be easily translated into the current setting.

Definition 4.12. An A-seed s is said to have principal coefficients if the associated labeled seed X (s) has

principal coefficients.

The associated cluster pattern with #p — X(s), t — X(s,) (where t = m(v)) then has principal
coefficients at . In this case, we denote the corresponding cluster variety by A> ™.

4.2. Generalized X-cluster variety. Given fixed data I as in the last section, we define the notion of
(generalized) X-seeds with coefficients.

Definition 4.13. An X'-seed with (generalized) coefficients s = (e, q) is the same as an .4-seed. We use
the symbol g instead of p to stress that it is an X -seed.

What distinguish A'-seeds with .4-seeds is the mutation.

Definition 4.14. Given an X-seed s = (e, q), we define the mutation in direction k, i (s) = (€', q') by

) { —ex ifi =k,
e. =
e+ Ler, —riwp)lper if i #k;

and

r.j :q,:} for j € [1, rel;

. Y Bk if —B: >0
fori # k. j (L), gl =9 @0 e 0
%,J'(Qk;-i-) ik lf_IBleOa

So the pure seed part e behaves in the same way under mutation as in an .4-seed while the coefficients
part ¢ mutates differently, but same as the coefficients in a labeled Y-seed. Roughly, if in .A-seeds, the
matrix B governs the mutation of coefficients, then in X-seeds, —B” does the job.

Definition 4.15. Let s = (e, g) be an X-seed with coefficients. Then there is the associated X-cluster

mutation

L —({n,—wy)
s Ty (R) ==> Tw (R), pie (@) =27 (,H (s +452)) :
=1

where Ty (R) is the R-torus Spec(K[N]® R).
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Definition 4.16. Let s be an X'-seed for I'. Then there is a unique association v — s, for every v € T,
such that vy — s and adjacent associated seeds are related by mutations of X’-seeds in corresponding
directions. Define the generalized X -cluster variety associated to s to be the R-scheme

X ::Aﬁls::: LJ ]hljv(R)

veT,

obtained by gluing Ty s, (R) via X-cluster mutations using Lemma 4.7.

Write s, = ((ei:v), (gi:v)). Let us keep track of the monomials z%» € K[N] (instead of Z%v in the
A-case). We define
Yiry 1= Wy, (2") € Frac(K[N]® R).

It turns out that these y;., are the Y-variables of the Y-pattern induced by the X'-seed s described as
follows. We take s as the initial seed. Analogous to the .A-situation, any vertex v € ¥, descends to a
vertex t = (v) € T,,.

Proposition 4.17. For v € %, define the generalized labeled Y -seed A, = ((Yi-v), (qi:v), BY). Then
we have Ay, = Ay if t1(v) = 7 (V') =t € T,. Then the association t — A, fort € T, is a generalized
Y -pattern with coefficients where A, :== A, for any v such that t = m (v).

Proof. We first note that the Y-variables y;., live in the universal semifield QPs(y, ..., y,) where
y; = z% are the initial Y-variables. The proof is completely analogous to Proposition 4.10. We leave the
details to the reader. O

4.3. Special coefficients. By construction, given an A-seed (resp. X-seed) s, there is the flat family
w4 As — Spec R (resp. my : Xy — Spec R).

Let A be a k-point of Spec R. Then the special fiber 7' (1) is a k-scheme and can be viewed as a
generalized cluster variety with special coefficients, denoted by Ay, (resp. X ). They are also glued
together by tori via birational morphisms (namely the A- or X'-mutations specialized at 1)

J4&A == LJ TN,U» A%J.:: LJ ]hdm-

ve¥, veT,

The A-type varieties (resp. X-type varieties) lead to cluster patterns (resp. Y -patterns) with specialized
coefficients. We have as before in the .A-case the inclusion of algebras

A (s,0) C (s, 7)) = H(As 1, Oa,,).

4.4. Cluster duality. The cluster duality of Fock and Goncharov predicts, in the ordinary case, that the
varieties Ay and X, are dual in the sense that the upper cluster algebra <7 (s) has a basis parametrized
by the tropical set X"°P(Z) (and vice versa). Note here s is viewed as a seed without coefficients so
we do not need to distinguish between A- and X-seeds. Strictly speaking, this statement is not true
as in some cases Xy may have too few regular functions [Gross et al. 2015]. This duality (named the
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Fock—Goncharov full conjecture) is the main subject of study (on a precise modified formulation and
when it is true) in [Gross et al. 2018].

Our point of view of is that it is more natural to include generalized cluster varieties in cluster dualities,
which we will demonstrate in the principal coefficients case. We denote the A’-cluster variety with
principal coefficients by AY " where the coefficient group is the tropical semifield

P =Trop(g;; i el,jell,rl.

The scheme AP N Js over Spec(R) where R = KP. There are evaluations A sending g;; to A;; € k*. Each A
specifies an X'-cluster variety with special coefficients as in the following diagram:

prin prin
X, — &

l lm

Spec(k) SEUIN Spec(R)
With a general choice coefficients, X;ﬁ rkin should be considered mirror dual to the family
w4 AP — Spec(R),

where s is viewed as an .A-seed with coefficients. We shall not fully justify this statement in this paper,
but instead will show that the family 4 : AEri“ — Spec(R) (as well as the generalized cluster algebra
/P (g)) can be reconstructed from Xﬁ ;i“, through a consistent wall-crossing structure (or scattering
diagram) ®; associated to X£ r;n; see Section 8.

5. Toric models and mutations

This section is a generalization of [Gross et al. 2015, Section 3] aiming for generalized cluster varieties. A
log Calabi-Yau pair (X, D) is a smooth projective variety X (over an algebraically closed field k) with a
reduced simple normal crossing divisor D such that Ky + D = 0 where K is the canonical divisor of X.
A log Calabi—Yau variety U is the interior of a log Calabi—Yau pair (X, D), i.e., U = X \ D. Described in
[Gross et al. 2015], particularly relevant in cluster theory are log Calabi—Yau pairs (X, D) obtained from
ablow-up 7 : X — Xy where Xy is the toric variety associated to a fan X in R". The blow-up is along a
hypersurface in the toric boundary of X, and D is given by the strict transform of the toric boundary.
We will see that both generalized X'- and .A-varieties can be realized as log Calabi—Yau varieties obtained
this way (up to codimension two subsets).

5.1. Toric models. Fix a lattice N = 7" and let M be its dual. Suppose for i € I =[1, /] we have pairs
of vectors (e;, w;) € N x M such that (e;, w;) = 0. We assume that all nonzero e; are primitive, but some
of them may equal. For each i, we fix a positive integer r;. We also take functions (elements in K[M])

fi=aio+ai 1z +---+ap,7""

with nonzero ag; o and g; .
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We construct in below a log Calabi—Yau variety U, using the data

A= ((€ier (Widier, (fi)ier)-
The following construction is what we mean by a foric model for U, and we call such A a toric model data.

Construction 5.1 (cf. [Gross et al. 2015, Construction 3.4]). Given the data A, consider the fan
Y =3, :={Rxpe¢; | i € 1} U{0}

in Ng. Let Xy be the toric variety defined by X, and D; be the irreducible toric boundary divisor
corresponding to R>pe;. Note that since (e;, w;) =0, z* does not vanish on D;. Let Z; be the zero locus
of f; on D;, i.e., the closed subscheme V(f,-) N D;, which is a hypersurface. Blow up Xy along Ule Z;
to obtain

n:)?2—>Xg.

Let 5,~ be the strict transform of D; in X y. Then the open subscheme U, := X >\ U; 5,- is a log
Calabi—Yau variety.

Definition 5.2. For k € I, we say a toric model data A k-mutable if the pairs (e;, w;) satisfy the condition
(ei, wk) = 0= (ex, w;) =0
foranyi € [.
We define mutations of a k-mutable toric model data.

Definition 5.3. Let A be a k-mutable toric model data and A’ = ((e}), (w}), (f{)) be another set of data.
Write B;; = (e;, w;j). We write A" = jx(A) (or say they are jx-equivalent) if they satisfy the following
conditions:

o ¢, = —ep and w, = —wy;

o ifi #kand Bix >0, ¢; = ¢; and w; = w;;

o if i #kand Bix <0, €] =e; — (e;, rrwi)ex and w, = w; + (ex, w;)rrwy;
and if writing f =a; —I—alf’lzwr{ +--+ alf’riz"'wz{,

. a,/w. = ay,r—j for j € [1, rel;

o fori #£k,jell,r],

, { (ar,0)’Pi - a; j/aio if Bix > 0, 5-1)

/
a; :/a; o= o .
bITh (ar,r )P -a; j/aio if Bix <O.
We note that the mutation w; is not deterministic for the (f;) part, and is not involutive for the
((ei), (w;)) part.
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Applying Construction 5.1 to A" = i (A), we obtain another log Calabi—Yau variety U, . Note that
both U, and U,/ contain the torus Ty. Consider the birational morphism

i Ty - Ty, pi@™) =" f7 "
The following theorem is a generalization of the results in [Gross et al. 2015, Section 3].

Theorem 5.4. The birational morphism iy extends to an isomorphism iy : U — U/ outside codimension
two subsets if dim V(fk) N Z; < dim Z; whenever {(e;, wi) =0 fori € I.

Proof. We first make up some auxiliary varieties. Let ¥+ = X U {Rx¢e;} and £~ = ' U {Rxoer}. We
can blow up Xy+ (resp. Xy-) in the same way as we do so for X, (resp. Xx/) to obtain )~(+ (resp. )NL).
Removing the strict transforms of the toric boundaries, we can still get Up and Up. Following Lemma 3.6
in [Gross et al. 2015], we show that p; extends to an isomorphism (outside codimension two subsets)
between X + and X —, mapping the toric boundary of one to that of the other.

Suppose we only blow up X s+ along Z; and Xx- along Z,. Then the blow-up X + has a covering of
open subsets

% =B,u(Uu) (5-2)

i#k

where ﬁ+ is the blow-up along Z; of the toric variety of the fan {Rzoe,’c, Rxoex} and U; is the standard
open toric chart corresponding to the ray Rxge;. Replacing U; with U; \ V (fi) for i # k, (5-2) is still a
covering but up to codimension two (with V (f;) N D; missing). More precisely, f is a regular function
on U; if (wy, e;) > 0. In this case, I_/(fk) N D; is just the zero locus of the restriction of f; on D;, i.e.,
V(fi) N D;. As z* vanishes on Z; when (wy, ¢;) > 0, V(fk) N D; = & since f; has nonzero constant
term. When (wy, ¢;) < 0, then V(fk) ND; =V (7" fi) N D; where z~"*" fi = f; is a regular function
on U;. So V(fi) N D; is still empty since fi has nonzero constant. Therefore we only fail to cover
V(fi) N D; when (wy, ¢;) = 0, which is a codimension two subset.

By Lemma 3.2 of [Gross et al. 2015], uy extends to a regular isomorphism from @+ to P_. Here P_
is the blow-up along Z, of the toric variety defined by the fan {R>oe;, R>oex}. We check that 1 also
extends to a regular isomorphism from U; \ V( fr) to Ui’ \ V( fk’). Note that these are affine schemes so we
check that p} extends to an isomorphism between their rings of regular functions. There are two cases.

(1) If {e;, w) > 0, then elf = ¢;. Note that f} is a regular function on U; as well as on Ul.’. Thus we have

UN\V(f)=U\V(f) and UN\V(f)=U\V(fo)

For (m, e;) > 0, 7" defines a regular function on Ul./ and
Mz(zm) — mek—<m:€k)

is a regular function on U; \ V (fy).
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(2) If (e;, wx) <O, then €] = ¢; — (e;, rxwy)ex. Instead of fi, the function f;| = z7"*"* f; is a regular
function on U; and V (f;) = V(f;). For (m, e;) > 0 and 2" a regular function on U/, we have

MZ(Zm) — ™M fk—(m,ek) — Zm—rkwk(m,ek)(fk/)—(m,ek).
We check that (m — rywi(m, ex), e;) = (m — rywi(m, ex), €; + (e;, rrwy)ex) = (m, e;) > 0. Thus
ui(z™) is a regular function on U; \ V(f) =U;\ V().

Therefore p; is a morphism between regular functions. In all the cases above, one checks that sending 7"

to z" f,((m’ek ! is the inverse of wy. Summarizing, we have so far proven that there is an isomorphism
i Uy ::ﬁgu(U Ui\V(fk)) LU= u5_u( U U;\V(f,g))
ik i#k
extending the birational morphism pj; between tori.
Now we analyze the impact of blowing up the hypersurfaces Z; (and Z;) for i # k. When (wy, e;) #0,
as discussed D; NV (fy) = @, so Z; C D; is contained in Us. Since (wy, ;) = —(wy, e;) # 0, the same is
true for Z7,i.e., Z; C U_. We would like to show that 1 (Z;) = Z; when (wy, e;) #0. There are two cases.

(1) Suppose (wy,e;) > 0. In this case, ¢; = ¢; and w, = w;. By definition Z! = D! NV (f/) =
V(Z") NV (f!) C U/ for some my such that (mg, e;) = 1. Now we have uj(20) = Zm(’f,;(mo’e") and
R = ajg a2 S Y a2,
Note that f is invertible on U; \ V( /i) and restricts to constant pgo on D;. So V (uy(z™?)) is just
the divisor D; and
iD= ajg+a]1a 002" 4 a L a g7 = 1 il
for some nonzero A € K by the j;-equivalence assumption on A and A’. Therefore ux(Z;) = Z;.
(2) Suppose (wi, ;) < 0. In this case we have e, = v; — (rwi, ¢;)ex and w; = w; + (w;, ex)rrwg. Still
Z; =V (Z")NV(f]). Now instead of fi, the function f; = z~"*"* f; is a regular function on U; and
restricts to constant ax ,, on D;. First, juf (z"0) = gmo~{mo-erwe( f/ymo-et) Since f; is invertible on
Ui\ V(fo), V(ui(Z")) = D; as (mg+ (mo, ex)rywy, e;) = 1. Secondly we have
Wi = al o +al 2% f " a2 e

'l —w o — (s s
— az{,O az{,lzwi (wtsek>rkwk(fk/) (wiek) 4 ... az{,r,»zrlw' (riw;,ex)rrwg (fk/) (riwi.ex)
Hence

i, ~rifui riw,
wi(f) o, = ajg+a; a2+ +ai a7 =4 fi|p,

for some nonzero A € K again by the ug-equivalence assumption. Therefore in this case we also
have ux(Z;) = Z..
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Finally we consider the case (wy, e¢;) = 0. The argument we need is exactly the same as in the last
paragraph of the proof in [Gross et al. 2015]. By the assumption (wg, ¢;) = 0= (w;, ex) =0, so we have

1 (f) = fi.

and thus uy(Z;) = Zlf. The problem is that Z; may not be fully contained in D; \ V (fi), with V(fx) N Z;
missing. If V (fx) N Z; contains a irreducible component of Z;, then U, would contain the corresponding
exceptional divisor while blowing up in U, does not. However the isomorphism w; : Uy — U_
need not extend as isomorphism across this exceptional divisor. Now we need the further hypothesis
dim V (fx) N Z; < dim Z; so that the missing part in the blow-up center is of at least codimension three
in U;. After blowing up the corresponding locus in Uy and U, we have the diagram

U, 25 U

b

U, 25 u-

where vertical arrows are blow-ups and horizontal arrows are genuine isomorphisms. Removing the strict
transform of the toric boundary, we have immersions

U \DCUx and U_\DcC Uy

missing codimension two loci. Summarizing, the birational map p; can be extended to an isomorphism
i Up --+ Uy outside sets of codimension two. O

A sufficient condition for the assumption in Theorem 5.4 to hold is
Y(e;, wy) =0, dimV(fi)NZ; <dim Z;.

Definition 5.5 (cf. [Berenstein et al. 2005, Definition 1.4]). A toric model data A = ((¢;), (w;), (f;)) is
said to be coprime if the functions f; are pairwise coprime as elements in the ring K[M].

Corollary 5.6. The result in Theorem 5.4 holds if A is coprime.

Proof. Note that Z; = V(f;) N D;. If needed, multiply some monomial z” to f; so that f; =z f; is a
regular function on D;. Do the same to f; to get f. By the coprime condition on A, f; and f; are still

coprime, so we have

dim V(fo) NV (f;) < dim V(f;),
where the above subschemes are taken inside D;. O
The following is an easy-to-check condition on A for the coprimeness to hold.

Lemma 5.7. Ifthe vectors w; are linear independent, then A is coprime.
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5.2. The upper bound. Suppose we are given the data A = ((¢;), (w;), (f;)). Assume that A is i-mutable
foranyi € I. Fori eI, let Tls,l )bea copy of the torus T. Then we have birational maps for each i € I,

i Ty - T, i (z") = mei—(e,-,m)'

We glue the |7|+ 1 tori along the maps w; to obtain a scheme X 4.
In previous section, we know that not only the torus Ty, Uy also contains the torus ij,’ ), that is, we
have the following diagram for every i € I:

Ty s T
Us
These diagrams determine a unique morphism ¥ : X5 — Uj.

Lemma 5.8 [Gross et al. 2015, Lemma 3.5]. The morphism \r : X o — U satisfies the following properties:

() IfdimZ; N Z; < dim Z; for all i # j, then  is an isomorphism outside a set of codimension at
least two.

Q) If ZiNZ ;=D foralli # j, then v is an open immersion. In particular, in this case, X x is separated.

In the A-cluster case to be explained later, the variety X , may be named the upper bound according to
[Fomin and Zelevinsky 2007].

5.3. Toric models for cluster varieties. In this section, we realize generalize cluster varieties as log

Calabi—Yau varieties utilizing Construction 5.1.

5.3.1. A-cluster cases. Suppose we have fixed data I and an .4-seed with coefficients s = (e, p). We
further choose an evaluation A : P — k*. This amounts to pick a k-point of Spec(kP). These lead to the
generalized A-cluster variety A ; with special coefficients.

Meanwhile consider the toric model data

A(s, L) = ()it (Wiieng (fi)iels)

defined as follows. The vectors (e;);¢s, are taken from the seed s. Recall that we have the exchange
matrix B = (b;;) where b;; := w(e;, dje;). Write B;; = b;;/r;. Note that {e; | i € I} form a basis of the
lattice N and we denote by e the dual basis of M. Then define
w; =w(—, die;/r;) =) Bije; e M,  fi :=r0[pi1(z"", 1)) e KIM].
jel

Then Construction 5.1 applies to the toric model data A(s, 1), and thus there is the associated log Calabi—
Yau variety Ups,). Recall that we also have the scheme X 4 s,5) obtained by gluing n + 1 copies of the
torus Ty as in Section 5.2. We call X 5 5) the upper bound for (s, 1), which by definition is an open
subscheme of Ay ;.
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The following lemma is easy to verify by direct computations.

Lemma 5.9. We have pi(A(s, L)) = A(ux(8), A) in the sense of Definition 5.3. The latter juy is the

mutation of an A-seed with coefficients.
Proposition 5.10. (1) The morphism v : X p¢s,0) = U,y is an open immersion with image an open
subset whose complement has codimension at least two.

(2) The birational map i : Ups,n) —=* Upu(s),n) s an isomorphism outside codimension two in each

of the listed situations:

A. The functions f; have general coefficients.
B. The seed s is mutation equivalent to one with principal coefficients, and ) € (kK*)!! Tis general

enough.

Proof. (1) follows from Lemma 5.8, part (2) —as we only need to check the hypothesis Z; N Z; = &
for all i # j. In fact, in A-cluster case, since e; # e;, we have Ty, N Tnje;) = 9D for all i # j,
where Ty ;) 18 viewed as the dense torus contained in the divisor D;. As Z; is a closed subset of Ty (),
the hypothesis holds.

(2) follows from Theorem 5.4. We need to check that whenever (e;, uy) =0,

dim V(fi) NV (f;)ND; <dim V(f;)ND;.

A sufficient condition is the functions f; being coprime. Note that fori € 1,

fi = ﬁluwﬁpzwf ).
j=
When these f; have general coefficients (case A), they are coprime. In case B, one may replace f; by
fi= TG +1.
j=
Since the elements p; ; fori € I and j € [1, r;] form a Z basis in P (by Lemma 3.18) when s is mutation

equivalent to one with principal coefficients, these f; are coprime as long as A is general. 0

Remark 5.11. Suppose we are in the situation of case B of Proposition 5.10(2). Then we have isomor-
phisms of the rings of regular functions

KIX A 0] = KIUA@.)] = KIUAus).0]-

The equality then extends to any seed s, that is mutation equivalent to s. It then follows that they are all
isomorphic to the upper cluster algebra

(s, 1) = K[As 2]
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The cluster variables in seed s are x; ¢ 1= z¢% . Each Xi.s extends to a regular function on the toric variety X5,
corresponding to the toric model data A (s, A). Then x; s pulls back to the blow-up X, and restricts to a reg-
ular function on the open subvariety U s, ). It follows from (2) of Proposition 5.10 that x; ¢ is also a regular
function on X s, ) and in particular is a Laurent polynomial if restricted to Ty s,. This explains the gener-
alized Laurent phenomenon Theorem 3.7, which was observed in [Gross et al. 2015] for the ordinary case.

5.3.2. X-cluster cases. Suppose we have fixed data I and an X'-seed with coefficients s = (e, q). Let us
make the assumption that for any j € I,

rj Zng(bl’j,i S I)

This is equivalent to say that each w; for j € Iy is primitive as an element of M =Hom(N, Z). Switching
the roles of (¢;) and (w;), we obtain the toric model data

Q(s, 2) = ((—w;), (), (&)
for M instead of N, where
gi = A0[qi1(z", 1)) e K[N]

with some chosen evaluation A. Since the matrix B is skew-symmetrizable, Q2 (s, A) is k-mutable for
any k € ILy.

Lemma 5.12. The assumption that r; = gcd(b;;, i € I) is invariant under mutations.
Proof. This is because if the j-th column of B is divisible by r; then the same is true for the matrix
ur(B) = (blfj). Thus we have

ged(bij, i € I) =ged(b;;,i € 1)

ij’
as u is involutive on B. O

The above lemma shows that we have well-defined data 2 (ur(s), A).

Lemma 5.13. We have ui(2(s, 1)) = Q(ur(s), A), where the later uy is the mutation for an X -seed
with coefficients.

Proof. This lemma is analogous to Lemma 5.9 and is also easy to check. However, to show that the
carefully chosen signs and conventions are the correct ones, we record some details here.

In the notations of Definition 5.3, for the data (s, A), we take ¢;, = —w; and w; = ¢;. So after the
mutation wy in sense of Definition 5.3, for i # k
—w; — ((—w;), reex) (—wg)  if (—w;, ex) <0,

(—wy) = {

—w; if (—w;, er) > 0.
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Note that the two conditions are equivalent to S;x < 0 and B;; > 0 respectively. And in these two cases,
we have

(—w;) = —w; — (ex, wi)rywr and  —w;

respectively. This is exactly —w! for w! = w(—, d;e;/r;) from the seed ju;(s). Similarly, one checks that
the e part is also compatible with mutations.
As for coefficients, for the data 2 (ux(s), 1), we have

8 (u, v) = 1(01g;1(u, v).

Here ql./’ j is obtain from X-type mutations for coefficients (see Definition 4.14) which coincides with
Definition 5.3. O

Recall that Xq s, is the upper bound for €2(s, 1) as defined in Section 5.2.
Proposition 5.14. For the X -type constructions,

(1) the morphism  : Xqs.3) — Uqs,) is an open immersion with image being an open subset whose

complement has codimension at least two;

(2) the birational map i : Uqs,n) ==+ UQ(u(s),1) IS an isomorphism outside codimension two subsets.

Proof. The proof of (1) is completely analogous to that of (1) of Proposition 5.10. For (2), it follows
from that for any X'-seed s, the data Q (s, 1) is always coprime by Lemma 5.7 as the vectors e; form a
basis of N. (|

6. Scattering diagrams

This section deals with scattering diagrams. Our main objects of study generalized cluster scattering
diagrams will be defined in Section 6.2.

6.1. The tropical vertex. We start with a more general setup of scattering diagrams as in [Argiiz and
Gross 2022, Section 5.1.1]. Let N be a lattice of finite rank, M = Homy (N, Z) and M = M Q7 R.
Let P be a monoid with a monoid map r : P — M. Denote by P> the groups of units of P and let
mp = P\ P*. An ideal of the monoid P induces a monomial ideal of the ring K[ P], where K is a ground
field. So we use the same letter to denote both. For any monomial ideal I C K[ P], define the ring

R; :=K[P]/I.

Denote by kTF] the completion of K[ P]/m’, for n € N.

For I such that its radical /T is equal to mp (e.g., [ = m’, for some n € N), define the module of log
derivations ®(R;) := R; ®z N as follows.

If we write the element z” ® n as z”9d, for p € P and n € N, then it acts on R; by

28,27y = (n, r(p))"*?, p'eP.
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Then the submodule mp® (R;) is a Lie algebra with the commutator bracket

+
(27100, 2200, ] = 277200 (py) )y —(r (pr) )y -

Taking exponential of elements in this Lie algebra, we get group elements in Aut(R;). There is a nilpotent
Lie subalgebra of mp®(R;) defined by

b= @B "Kkrm)h).

meP\I,r(m)#0
Since it is nilpotent, this Lie subalgebra (as a set) is in bijection with the corresponding algebraic group
V; :=exp(vy) C Aut(R;). Taking the projective limit with respect to the ideals m’, for n € N, we get a pro-
unipotent group V, which is in bijection with the pro-nilpotent Lie algebra b := lim by . The group Vis
called the higher-dimensional tropical vertex group, acts by automorphisms on k/[l\)]. We also denote
(without completion)

b= P "Kkrm)h).

meP, r(m)#0
Definition 6.1. A scattering diagram in My over R; is a finite set © of walls where each wall (0, f;)
is a rational polyhedral cone 0 C MR of codimension one along with an attached element called
wall-crossing function

fo= Y cmz™ €Ry,
meP\I
r(m)eA;

where Ay C M is the integral tangent space of any point in 9, i.e., Ay = M NR(d). We require that
fo=1modmp.

Remark 6.2. Upon choosing a generator ng of AaL N N, the wall-crossing function f; induces an element
in V; C Aut(R;) by the action

2P > prﬁ("([’),ﬂO).

So this wall-crossing automorphism depends on how one crosses the wall. One may view that this
wall-crossing automorphism depends on the direction in which one transversally crosses the wall. With ng
chosen, such an automorphism can be equivalently represented by the corresponding Lie algebra element
log(f2)9, € ;.

Let Supp(®) be the union of all walls in ®. Let Sing(®) be the union of at least codimension two
intersections of every pair of walls and the boundary of every wall. Let y : [0, 1] — Mg be a piecewise
smooth proper map such that the end points y (0) and y (1) avoid Supp(®) and whose image is disjoint
from Sing(®). We also assume that ¥ meets walls transversally.

Suppose that y crosses walls 01, ..., 0; in © at times

O<h<ph<---<t;,<l.
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These numbers #; are obtained by considering the finite set y ~!' (Supp(®)) C [0, 1] as y is proper. It is
possible that #; = 7; as walls may overlap. Suppose y crosses a wall (0, f) at time 7. Denote by &, ;, the
element in V; with the action

2P s pra(r(P),no)’ peP\I

where n is chosen such that (ng, y'(#;)) > 0.

Definition 6.3. We define the path-ordered product of y in ® to be the element

Pyo i =&08y.0,, 5y €V

Definition 6.4. A scattering diagram © over R; is consistent if the path-ordered product p, o only
depends on the endpoints y (0) and y (1) for any path y : [0, 1] — Mg for which p, 5 is well-defined.

Recall that we have the completed algebra k/[F] = lim Rm/; . For an element f € k/[F], denote by f <k
its projection in Rm’;, .

—

Definition 6.5. A scattering diagram in My over K[ P] is a (possibly infinite) set © of walls (0, f;) with®
a rational polyhedral cone of codimension one and the wall-crossing function

fo= Z szm € k/['ﬁ],

meP
r(m)eA,

such that modulo the ideal m’;, the collection D" :={(0, f;7")} is a scattering diagram over Ry,. A
scattering diagram 2 is consistent if =" is consistent for any n € N.

The path-ordered product for © over k/[F] is defined through the projective limit of path-ordered
products for D <":
pyo=limp, o= € VC Aut(k[P)).

Definition 6.6. We say two scattering diagrams © and ©’ (over the same algebra) are equivalent if for
any y, we have p,, = p, o whenever both path-ordered products are well-defined.

Definition 6.7. We say a wall 0 has direction m( for some mq € M if the attached wall-crossing function f;
only contains monomials z” such that r(p) = —kmg for some k € N. A wall (9, f;) with direction my is
called incoming if 0 =0 — R>omy.

Next we explain how to assign a scattering diagram to an X-type toric model. We are actually in a
particular situation within the more general framework of [Argiiz and Gross 2022], which works for any
log Calabi—Yau variety obtained from blowing-up a toric variety along hypersurfaces in the toric boundary.

Let s = (e, q) be an X-seed with principal coefficients for some fixed data I'. We assume that Ny = N to
avoid frozen directions. As usual, write e = (¢;). We assume the condition that r; = ged(b;; | i € I) for any
j € 1. This assumption implies any w; := %fa)(—, e;) € M is primitive. Recall that we have used the fan

o := {0} U{-R>ow;}
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to describe the toric model of U = Uqgs,3). The functions (in the data (s, A) to define U) are then

ri
gi = 1_[ (1 +)»ijZei) S k[N]
j=1
We pick a complete fan ¥ in MR containing Xy. For example, we may take a refinement of (the cone
complex induced by) the hyperplane arrangement {eiL |i € I}. Let X5, be the corresponding (complete) toric
variety, with D; being the boundary toric divisor corresponding to the ray —Rxow;. Let H =_J; H;, where

H= U Hj= U VA+xr;z)ND;
Jell,ri] JElL,ri]
which is a union of disjoint hypersurfaces in D; (as the coefficients A;; € K* are general). These
hypersurfaces are exactly where we blow up Xy to obtain the log Calabi—Yau variety Ugqs, ).
Take the monoid
P:=Ma&[]N",
iel

with the natural projection r : P — M. We write multiplicatively ¢ 1, #; 2, . . . t; », for the generators of N'i.
For each ray p; := —R>ow; and H;;, there is a finite scattering diagram ©;; called a widget from a certain
tropical hypersurface [Argiiz and Gross 2022, Definition 5.3 and Section 5.1.3]. In our case, they are
given by:

Lemma 6.8. The widget ©;; consists of all codimension one cones of the fan ¥ contained in the
1

hyperplane e;- containing p;, with the same wall-crossing function (1 +1t; jz*"). In other words, we have

Dij={(0,14+1;z2") |0 €%, dmo=n—1, 0 Cej, p; Co}.

Proof. By definition [Argiiz and Gross 2022, Definition 5.3 and Section 5.1.3], ©;; consists of walls
(0,(1+1; jz*")®) where o runs through all codimension one cones in X containing p; and w, = H;; - D,
is the intersection number computed in the divisor D;. Here D, is the one-dimensional toric stratum in
D; corresponding to o. Note that if e; ¢ oL, then z¢% or z~¢ vanishes along D,. So H;; = V(4 Aijzé)
does not intersect D, and thus w, = 0. If 0 C eiL, as e; is primitive, the intersection is at the point

7% = —1/X;j, where z¢ can be viewed as the coordinate on D,. Thus the multiplicity w, is 1. (|

Note that by Definition 6.7 every wall in ®;; is incoming since —wj; is contained in every o.

Theorem 6.9 [Argiiz and Gross 2022, Theorem 5.6 and Section 5.1.3]. Consider the scattering diagram
(with only incoming walls)
Duxzmin=U U Dij.
i€l je[l,r]

—

There exists a unique (up to equivalence) consistent scattering diagram ® (x,. my over K[ P] containing
D (x5, H),in Such that ® (x5 1y \ D (x5, H),in consists only of nonincoming walls.
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6.2. Generalized cluster scattering diagrams. Instead of applying Theorem 6.9 to (Xy, H), there is
another way to obtain the same scattering diagram by generalizing the construction of cluster scattering
diagrams in [Gross et al. 2018].

Given fixed data I' and an A-seed s = (e, p) with principal coefficients, we are going to define the
generalized cluster scattering diagram Dy.

Recall that we have the semifield P = Trop(p), isomorphic to [ |
as before be M @ [ |
submonoid P® = P® C P generated by elements

i £ as an abelian group. Let P = P

N’ but regarded as a submonoid of M & P generated by M and p. There is a

iel

{(wi, pij)liel, jell, rl}

One could take the completion of P® with respect to the ideal P+ := P®\ {0}, giving that @ c k[P
In N, there is a submonoid N& = N® generated by {¢; | i € I}. Denote N* = N®\ {0}. We also consider
the monoid map

7:P® > N® (w, pi.j) > e;.

Letn =) . ;aie; € N. Define

iel
n:.= ZO[,' . éei € NR.
iel Ti
These 7 form a sublattice N of N isomorphic to N. We have the similar notion N*, the monoid generated
by e;.
There is a subspace g of the tropical vertex lie algebra v defined as

9=0s:= D o, = D ' - ken).
neN+t w(p)=n

pept
Lemma 6.10. The subspace g is an N -graded Lie subalgebra of v.
Proof. Foranyn =), criei €N +, consider the elements
i <"
ij

such that > ci,j =a; and

prn):=w(—,n) =) aio(—, diej/r;)) =) aiw;.

iel iel

Jell,ril

Those elements form a basis of the vector space g,,. We check that for two such elements
[p1z? (”')351, 7P ("2)3;,2] =pip2-2¥ (n1+n2)8w(ﬁ1,ﬁz)ﬁz—w(ﬁz,ﬁl)ﬁl
= w1, i) pi1p2- 2 P05, 45, € Gnytny- O

Remark 6.11. One may also view the above Lie algebra g as being N*-graded where both N and N
are sublattices of Ng. When later considering a scattering diagram © over an N *-graded Lie algebra g
(instead of N*-graded), the walls live in My with integral normal vectors in N .
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Consider the ideals (NT)* ¢ N* for k > 1. These correspond to the monomial ideals (P ). Then we
have quotient Lie algebras (and their corresponding groups G <¥)
0 =0/gwvir= D o
neN+\(N+)k
and their projective limits
G= IT o, and G :=exp(d).
neN+

The group G =¥ acts on k[ P®]/(P*)* by automorphisms as in Remark 6.2.
For ny € N* primitive, we define as in [Gross et al. 2018] a Lie algebra (and its corresponding
pro-unipotent group)

gl‘zo = EB Bkng C 8 and Gl‘lo = exp(@\rllo) cG.
k>0

There is a general framework for scattering diagrams over an N*-graded Lie algebra (as opposed to the
tropical vertex case); see [Kontsevich and Soibelman 2014, Section 2.1; Gross et al. 2018, Section 1.1].
In this case, one could make use of an existence-and-uniqueness theorem of [Kontsevich and Soibelman
2014] (see also [Gross et al. 2018, Theorem 1.21]) to obtain a consistent scattering diagram with certain
prescribed incoming data. The cluster scattering diagram of [Gross et al. 2018] can be defined this way,
which we will extend to the generalized case in Definition 6.17.

Definition 6.12. A wall in Mg (for N and an N "-graded Lie algebra g) is a pair (9, gp) such that
(1) g belongs to G,|1|O for some primitive ng € NT;
2) dC né C Mp is a codimension one convex rational polyhedral cone.

Remark 6.13. The above definition works for general N T-graded Lie algebras. In the case that g is a
Lie subalgebra of the tropical vertex Lie algebra v, the group G‘,l,0 is embedded in Aut(K[P®]). Then the
wall-crossing element g, can be equivalently represented by a function f; € k[ P®].

Now every wall has a direction —p*(ng) € M in the sense of Definition 6.7. We call a wall (9, g)
with direction mg incoming if 0 = 0 — R>omo and nonincoming (or outgoing) otherwise.

Definition 6.14. A scattering diagram over an N *-graded algebra g in M, is a collection of walls such
that for every degree k > 0, there are only a finite number of (9, g,) € ® with the image of g, in G=¥ not
being identity.

The path-ordered product of a path y : [0, 1] — MR for a scattering diagram ® over g can be defined
similarly as in Definition 6.3. We note that when y crosses a wall (0, g;) at time 7, then the element &, 5
also depends on y’'(¢):

| & if (no, ¥’ (®)) >0,
sy,b - -1 . /
&  if (no, ¥'(1)) <O0.
The consistency for these scattering diagrams is defined using path-ordered products in the same way as
Definition 6.3.
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Theorem 6.15 [Kontsevich and Soibelman 2014, Proposition 2.1.12; Gross et al. 2018, Theorem 1.21].
Let ®i, be a scattering diagram over g consisting only of incoming walls. Then there exists a unique
(up to equivalence) consistent scattering diagram 3 containing Di, such that ® \ Di, consists only of

outgoing walls.

Now we get back to the cluster situation. Suppose given fixed data I" and s an .A-seed with principal
coefficients. Unlike the previous section, here we do not assume the maximality of the positive integers
ri, i.e., r; needs not to be gcd(by; | k € I).

We calculate in the following how the group G l‘,o is embedded in Aut(k[/P\@]). Suppose ng=>_
a primitive element in N*. Consider any element

iel aiei9

X = Z Z cp -p- ka*(m))akflo c @lllo’ Cp c k
k>0 pe[FDQ3
7 (p)=kno
For nonzero n € Ng, denote by ind(n) the largest number in Q>¢ such that n/ind(n) € N. Thus n/ ind(n)
is primitive in N.

Lemma 6.16. The group element exp(x) € Gl‘,o acts on K[P®] as an automorphism by

X (r(m),no/ind(710))
7" 7" exp ( > Y ind(igke, - p 2P ("0)) , me P®.
k>0 pel]:DEB
7 (p)=kng

Proof. This follows by rewriting x as

X = ( Z Z ind(flo)kcp -p -ka (nO))aﬁO/ind(ﬁo). O
k>0 pePe)
7 (p)=kng

Due to Lemma 6.16, any exp(x) € G,llo can be represented by a function f as in Lemma 6.16 such that
the action of exp(x) sends z” to 7 f {(m):7o/ind(i0))

Given s = (e, p), for each i € I, consider the hyperplane e} with the attached wall-crossing function

Jfi= 1_[ (14 p;, jz") € K[ P®].
j=1

As discussed, the function f; represents an element in GE,..

Definition 6.17. Let D ;, be the scattering diagram over g in Mg consisting only of the incoming walls
of the form 9, := (el.l, fi), i.e.,
Dyin = (e, fi) i € 1.

We define the generalized cluster scattering ®; to be the unique (up to equivalence) consistent scattering
diagram associated to ®y j, guaranteed by Theorem 6.15.
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Remark 6.18. One may tend to think of ®; as a scattering diagram over @ or over k/[F] (asgisa
Lie subalgebra of v) in Definition 6.5. However there is one subtle issue. Suppose that there is a wall
®C né, f») in Dy for some ng € N* primitive. Then the wall-crossing action is given by

Efa (Zp) — prD(ﬁO/md(ﬁO),r(p))‘

Since in general 19 may not be proportional to ng, the cone ? may not be contained in ﬁé. In this case,
the wall (0, f;) does not qualify as a wall in Definition 6.5. This issue can be resolved in the following

two ways (so that one can view ®y as a scattering diagram of Definition 6.5).

(1) We could regard g as graded by N*t C Ng (rather than N *-graded) and modify Definition 6.12 (the
definition of a wall (9, gp)) so that 0 is a codimension one cone in some hyperplane né fornge Nt
and g, belongs to Glllo.

(2) Another way to resolve the issue is to consider the dual n* : Mg — Mp of the linear map
n:Ngr— Nr, ntn.
We then apply (n*)~! to every wall (9, f,) to get the collection

MM @) = ('), f) | @, fo) € Dy}

Then the cone (n*)~'(d) is indeed contained in ﬁé. So this collection of walls is a scattering diagram
in Definition 6.5.

From now on, to avoid any further confusion, the notation ®y is reserved for the consistent scattering
T
diagram (n*)~1(®y) over K[ P®].

Lemma 6.19. Let s be a seed with principal coefficients for some generalized fixed data " (viewed of
both A- and X -type) with the condition that for each i € 1, the element

w; =w(—,dje;/r;)

is primitive in M. In this case, we have defined both scattering diagrams ®© (xy ) (With a chosen general
evaluation A) and ;. Identify the parameters t; j with p; j. Then D xs ny and Dy are equivalent as

scattering diagrams over k/[F].

Proof. We require w; to be primitive so that ® x. ) is defined. According to Remark 6.18, Dy is viewed
as a scattering diagram over I(/[F] in the same MR as ® (x, m) S0 it is legitimate to compare them. Let D
be the consistent scattering diagram over g obtained using the initial data ® (x,, m).in. Notice that the walls
in ®(xy H),in are parts of the hyperplanes eil. We then subdivide the walls in Dy i, so that D x; #).in
becomes the subset of incoming walls. Thus D is equivalent to © by Theorem 6.15.

On the other hand, ® is also a scattering diagram over k/[F]. By Theorem 6.9, It is also equivalent

to D (x5, #) since they have the same incoming walls. Therefore we have D (x; ) =D = D;. g
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6.3. The cluster scattering diagrams of GHKK. The ordinary cluster scattering diagram D% corresponds
to the case where r; =1 for each i € I. Thus there is only one parameter p; := p; 1 for eachi € I. The
lattice N is generated by ¢; = d;e;. The initial incoming walls are then

{(ef, 1+ piz"™) |i € I},

where w; = w(—, ¢;) e M.

This scattering diagram is closely related to the cluster scattering diagram ®SHKK

of Gross, Hacking,
Keel and Kontsevich [Gross et al. 2018, Theorem 1.12]. We explain the difference and relation here.
The scattering diagram CD?HKK is actually defined for N and M := Hom(N, Z) (in the ordinary case
equal to N° and M° respectively). Under the injectivity assumption [Gross et al. 2018, Section 1.1], the

incoming walls are

(e 142 i e},

where w(e;, —) is in M°. The injectivity assumption means that w(e;, —) generate a strict convex cone.
If this is not the case, we may extend M° to M° @ P (identified with M° @ N in [Gross et al. 2018]) and
let incoming walls be

(e, 1+ piz? @) i el).

It lives in (M° @ N) ® R, or in M° ® R if regarding p; as formal parameters as we do. Then DSHKK jg
defined to be the unique consistent scattering diagram over k/[F] with only these incoming walls, where
P C M° @ N is a submonoid contained in a strictly convex cone and containing the cone generated
by (pi, w(e;, —)). The Lie algebra g, however, is naturally graded by N* (generated by e;’s), not N*

(generated by ¢;’s). Thus if one uses Theorem 6.15 to define ’D?HKK

, the same rescaling issue in
Remark 6.18 still exists and can be resolved in a similar way. In [Gross et al. 2018], @SHKK is regarded
as living in My with the integral normal vectors of walls being in N°.

The structures of DSHKK and D9 are very much alike. For example, they both admit cluster complex
structures; see [Gross et al. 2018, Theorem 2.13] and Theorem 7.10. It turns out that in the convention
of [Fomin and Zelevinsky 2007] (e.g., the definition of g-vectors), ’DS’HKK corresponds to the cluster
algebra associated to —B” while @‘s’rd corresponds to the one associated to B, where B = (b;;) with

b,‘j =a)(e,', éj).

6.4. Scattering diagrams with special coefficients. Just as specializing a cluster algebra < at some
evaluation A : P — k*, one can do the same to ®;, obtaining a consistent scattering diagram with special
coefficients.

We consider another monoid Q = M &[], N (With #; being the standard generators of ||
A :P— K*, p;j+> X ;bean evaluation. Define the map (abusing the same notation A)

iel iel N)- Let

L:K[P]—=K[Q], Z"w—=Z"formeM, p;j— Aijt.
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Lemma 6.20. The collection

A(Ds) =={Q, 2(f0)) | (0, fo) € Ds}

obtained by applying the algebra homomorphism A to every wall-crossing function f, is a consistent

scattering diagram over K[ Q].

Proof. The algebra homomorphism A respects the completions of K[ P] and K[Q]. So A(f,) belongs to
N7, We use

iel
—_—

the same notation r : Q — M for the analogous map on Q. Then (0, A(f;)) becomes a wall over K[Q],

@. Recall we have the monoid map r : P — M which forgets the components in P

and A (D) is a scattering diagram over K[Q].
The consistency of A(®;) follows from the consistency of ®; as A is an algebra homomorphism. [

We call A(®Dy) the (generalized) cluster scattering diagram of s with special coefficients A. In fact, the
ordinary cluster scattering diagram ®; when ; = 1 can be obtained this way. We denote the ordinary one
by @;’rd. Its incoming walls are

(€, 1 4 piz® ey,

If there exist coefficients A;; € K* such that

i

1_[ (l +)‘ijl‘iZw[) =1 +tirizr,-w,- =1 +tl~riZw(_’diei),

j=1

then we can apply the corresponding morphism A : K[P] — K[ Q] to ®; so that
M(Dy) =D

as they have the exact same set of incoming walls. Here #;" is identified with p;. The existence of such an
evaluation A amounts to find the r; roots of the polynomial 1+ x"i in K, which is always possible if K is
algebraically closed.

6.5. Examples. We illustrate some examples of generalized cluster scattering diagrams in this section.
Example 6.21. Consider the fixed data I consisting of

« the lattice N = Z? with the standard basis e; = (1, 0) and e> = (0, 1), and the skew-symmetric form
w be determined by w(ey, e2) = —1;

e Nut=N;
e therank r =2 and I = I,y = {1, 2};

« positive integers d; =1 and dp = 2;

the sublattice N° generated by e; and 2e;;
e M =Hom(N, Z), M° =Hom(N°, 7).
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14+1t14,

I+ ATH A +m0ATh I+ ATH A +1mATY

1+114A; 1+ t11hitn AT Ay

(1 + AT A2) (L + it AT Az)
Figure 1. The generalized cluster scattering diagram for Example 6.21.

Let s be a seed consisting of e = (e, e2) and p; = (t11), p2 = (t21, t22). We have matrices

0 -2 0 —1
B_<l 0) and ,B_<1 0).
In this case we have ¢; = d,e;/r; = e;. So N = N and we shall not worry about the rescaling issue. Then
wi =e; and wy = —e]. We write A; = z¢% fori = 1, 2. The coefficients group is P = 73 with generators
{t11, 121, t22}. The initial incoming scattering diagram is
Dyin = {(e, 1 +1142), (e5, (1 + 11 AT (1 +122A7 )}

The resulting generalized cluster scattering diagram is

Dy =D in U{(R-o(1, =1), fa,-1)), (Roo(2, =1), fio,—1)},
where

fa—n =0+t AT AL+ t1tpAT Ay) and  fo 1y = 1 + 1102 AT As.

The scattering diagram ®y is depicted in Figure 1.

Example 6.22. Consider the fixed data I" consisting of

« the lattice N = 72 with the standard basis ¢; = (1, 0) and e, = (0, 1), and the skew-symmetric form

w be determined by w(ey, e2) = —1;
* Ny =N;
e therank r =2 and I = I,y = {1, 2};
e positive integers Ay =1 and Ap = 1;
« the sublattice N° generated by e; and ey;
e M =Hom(N, Z), M° =Hom(N°, 7).
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(145 X)(1 +5:X)

A+nY)(A+n6Y) I+nY)(1+nY)

1+ 5116 XY3) (1 + 5,111, X Y?
A+ 51 X)(1 4 5:X) A+ 5111 XY*)(1 4+ 5111 XY7)

(1 + 51592120 X2Y3) (1 + 51520155 X2Y3)
(145156 X2Y)(1 + 5156 X%Y) Srog1.-1)

(1 +S]2S21‘|l‘2X3Y2)(1 +S1S§Z|I2X3Y2)

Figure 2. The generalized cluster scattering diagram for Example 6.22.

The seed is given by e = (e, €2) and p; = (s1, 52), p2 = (11, t2). The corresponding ®y is depicted in
Figure 2. We write X =z¢2 and Y =z 1. The five rays depicted in the fourth quadrant are in the directions
2,-1), (3, -2), (1,—1), (2, —3) and (1, —2) in clockwise order. In fact, in the fourth quadrant there
are additional nontrivial walls whose underlying cones are R>o(n, —(n 4 1)) and R>¢(n 4+ 1, —n) for
each positive integer n > 3 (which we omit in the figure below). The wall-crossing function, for example
for R>o(2k, —(2k + 1)) for k € Z~, is

fRzo(Zk,—(Zk-i-l)) — (l + Slk+1s§t{<técx2k+l Y2k)(1 + Sllcslz(-i-lt{(técxyc-‘rlyzk)’
which can be obtained using Theorem 7.10.

The wall-crossing function attached to the ray R>o(1, —1)

(I+s115XY)A+516XY)A 4+ 56 XY)(1 4+ 506 XY)
(1 —S1S2t1t2X2Y2)4

is much more difficult to calculate. This was explicitly obtained by Reineke and Weist [2013] by relating

JRoo(1,—1) =

the wall-crossing functions to quiver representations.

6.6. Mutation invariance of ®;. A first step to investigate the structure of Dy is through a comparison
with ©, (). For the ordinary case, this is called the mutation invariance in [Gross et al. 2018]. In the
generalized situation, we show an analogous mutation invariance still holds. One just needs to take care
of the generalized coefficients p; ;.

Notice that the definition of 2 does not involve the semifield structure of [P. So one can view that
the coefficients part p actually provides a Z-basis of the multiplicative abelian group P (grouped and
labeled in a certain way). Thus even though 14 (s) no longer has principal coefficients in P, ® ,, (5 is still
defined. To stress that the coefficients are no longer semifield elements, we use #; ; instead of p; ;.
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Now s = (e, t) consists of e a labeled basis of N and tuples of coefficients ¢t = (¢;).
Definition 6.23. Define the mutation uk* (s) = (€', t') such that e’ = i (e) as before and for the coefficients,

—1 e
i ifi =k,
/

tl ;= Tk
JJ (Bril+ ¢ -
e T itk

Remark 6.24. Note that this mutation does not depend on any semifield structure on PP. So it is different
from the uy from Definition 4.3 for mutations of many steps. For this reason, we call s = (e, p) a seed
with coefficients (avoiding the type A- or X'-) and use the new symbol ,u,“: for mutations in this context
(as we will see in Section 7.1 the meaning of the sign +).

Definition 6.25. We set
Hi,y :=1{m e Mr | (ex,m) >0}, Hy_:={me M| (e, m) <0}.

For k € I, define the piecewise linear transformation 7} : Mg — MR by

m+ (ex, m)yrywg, m € Hy 4,
Ti(m) :={ "

m, m e Hy _.
One sees that in the two half spaces, the map 7} is actually the restriction of two linear maps T 4 and

Ty, — respectively. The map Ty is with respect to the seed s and thus sometimes will be denoted as 7.
The vector rywy can also be expressed as rywy = w(—, dreg) = Zl'.l:l bire;. One checks that

Tr, 4+ (wi) = wi + Prirk Wi
Recall we have the projection » : M @ P — M. The transformation 7} can be lifted to M & P by

(m + (ex, myrgwg, p-tf*™),

(m, p), m e Hy —,

~ me Hi 1,
Ti(m, p) :={ ot

where 1, = ]_[lrk: | tk,1- Note that Tk on its domain of linearity is the restriction of two linear transformations
Tk,g respectively.

Construction 6.26. We define the scattering diagram 7 (®;) as in [Gross et al. 2018, Definition 1.22]
(but taking care of the parameters #; ; here) in the following steps.

(1) Replace each wall in ®; not fully contained in ekL if necessary by splitting it into two new walls
ONHi+, fo) and ONHi —, fo).

Regard this new collection of walls as the current representative of Dg.

(2) For a wall (9, f;) contained in Hy ., define the wall Ty (0, f5) = (Tx (), fk,g(fa)) where the new
wall-crossing function Tk ¢(f») is the one obtained from f; by replacing each monomial of the form

p™ by Ti.(pz™),
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where the later is the monomial corresponding to 7~"k «(m, p) € M @ P. For example, we have
T Wiy — g B Wi Brirwi hile T LWy g Wi
Tk,+(tt,]z ) =1l 2 , while Tk,*(tlyjz ) =1z

We call these walls uniformly by 73 (9, f5) no matter which half they belong to. We stress that the
sign ¢ in Ty . is determined by which half space the wall 9 lies in.

(3) Consider the collection of walls

L@ =T, )| @, e@(s)\(ek{ﬁll(lﬂk,,-zwo)}u{(e,f,}rjl(lﬂ,;}zWk))}.

Denote the monoid (P')® := Pﬁ(s) C M & P. While 3y is over kﬂ'?’ﬂ, QMT(S) is over W].
h ,

Theorem 6.27 (cf. [Gross et al. 2018, Theorem 1.24]). The set of walls Ty (D) is indeed a consistent
scattering diagram over K[(P")®), and furthermore is equivalent to @M;(s).

We find it most natural to understand the mutation invariance by making connection to the canonical
wall structure (or canonical scattering diagram) [Gross and Siebert 2022] via [Argiiz and Gross 2022,
Theorem 6.1], where D can be viewed as associated to the toric model Uqgs ;) for general A. However,
as in Section 5.3.2, this would require the condition

ri =ng(bl’j,i € I)

Fortunately, we can prove the mutation invariance following the same strategy in [Gross et al. 2018]
without this condition. The proof occupies the rest of the section.
First define a monoid P containing both P® and (P’)®. Let o be the cone in (M @ P)g generated by

{(wi,tij) il jell,rilfUl(mwe, —tx ;) | 1 < j < i)

Take P = o N (M @ P) and we tend to talk about scattering diagrams over K[ P]. However the ideal m P
misses the elements (wy, # ;). This means a wall such as

(e, (141 ;2"™))

in ®, does not qualify as a wall over K[ P]. For this reason, we extend the definition of scattering diagram
as in [Gross et al. 2018, Definition 1.27] (slightly generalizing the slab for our needs).
Define
]V;“k = { > ae; ‘a,- €Zsofori #k,ax € Z,and Y a; >O} C N.
iel iel\{k}

Since N7F = NTF | we denote them by N*+.
§ uy (s)

Definition 6.28 (cf. [Gross et al. 2018, Definition 1.27]). A wall for P is a pair (3, f,) with 0 as before
but with primitive normal vector ng in Nt and

fh=1+ Z Ck,r lzkw(_’n()) = 1 mod mp.
k>1,7(t)=kng
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The slab for s and k € I means the pair

Ik
o= <eki, [Na —i—tk,jzwk)).
j=1

A scattering diagram © for P is a collection of walls and possibly this single slab, with the condition that
for each k > 0, fo =1 mod m’% for all but finitely many walls in 2.

We quote the following very hard theorem from [Gross et al. 2018]. The objects here are understood
in our definitions so there are minor differences. However, one can still prove the theorem in the exact
same way. So we omit its proof here.

Theorem 6.29 [Gross et al. 2018, Theorem 1.28]. There exists a unique (up to equivalence) consistent
scattering diagram Dy in the sense of Definition 6.28 such that

(1) 5s 2 Qs,im

(2) D5\ D s.in consists only of outgoing walls.

Furthermore, s is also a scattering diagram for the N F-graded Lie algebra gs. As such, it is equivalent
to Dg.

Proof of Theorem 6.27. First we choose a representative for ©; given by Theorem 6.29. Now T3 (Dy)
becomes a scattering diagram in the sense of Definition 6.28 for the seed s’ = ,u,:r (s). This is because

(1) the operation T} removes the old slab d; and adds the new slab

I 1 4. —1_—wg
0, = (ek7 H(1+tk’jZ )>,
1

j=

(2) for a wall (contained in either Hy 4+ or Hy ), fk sends a monomial of the form [ ], j(ti, ;2%1)% inits
wall-crossing function to

H(ti’jtfkiZwi+/3k[rkwk)“i_j or H(ti,iji)a”-
i,j i,j

Soiftz" € m’}3 for some i, so is T (tz™).
We next show that

(1) T (®s) and Dy have the same set of slabs and incoming walls;
(2) Ty (®y) is consistent as a scattering diagram with a slab.
Then by the uniqueness statement of Theorem 6.29, Ty (®;) and Dy are equivalent.

Statement (1) follows from the same argument in Step I of [Gross et al. 2018, Proof of Theorem 1.24].
For (2), we check the consistency of Ty (D), that is, for any loop y, p,. 7,(,) =id whenever it is defined.
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If y is confined in one of the half spaces, the path-ordered product is identity because of the consistency
of ©;. So we assume that y crosses the slab 0).. Split y into four subpaths y1, y», y3 and y4 such that

(1) yi starts at a point in 7 _ and only crosses the slab 0} ;
(2) y2 is contained entirely in Hy 4
(3) y3 only crosses D;( back to Hy —;
(4) y4 is contained entirely in Hy _.

Let Tk,+ : KM & P] — K[M @ P] be the algebra automorphism induced by Tkﬁ (see (2) in the
Construction 6.26 the action of fk’+ on monomials). Denote by py the wall-crossing automorphism

Tk
Zm — Zm 1—[ (1 _*_tlc—’jl_szk)*(eksm).
j=1

So we have
Py.n@s) = Po (6-1)
Py, . 1i(@y) = Tk,—i— °Py,,®, 0 fkj.;l_v (6-2)
P00 =1y, (6-3)
Pra. T@5) = Py 0y (6-4)

All the above equalities except (6-2) are by definitions. To show (6-2), we see that it suffices to show the
case where ), only crosses one wall ? contained in né with the wall-crossing function f (mg). We write
T = Tk,+ and T = Tj 4. Then we compute the action of the right-hand side of (6-2) on z":

2" > T—I(Zm) — f—l(zm)f(zmg)(T_](m),no) — me(f(zmo))(m,(T_')*(no)).

Note that the wall d gets transformed under 7} to be contained in (T~YHY*(no) with f (f(z’"")). So the
above action is the same as p,, 7,(®,)(z").
To show p, 7,(,) = id, it suffices to show that

T L opa, = o (6-5)

so that py 7, @,) = Py, 10, = id.
Letting the left-hand side act on some monomial, we have

~ ~ Tk
T lopy (2™ =T, (tzm [1(1+ t,:}z_wk)_<ek’m)>

j=1
=i ’1;<ek’m) - e mina ﬁ (1+ tk_J]'Z_“"')_(e""”>
j=1 ’
— M e —1_wi\—(ex,m)
=" [[ (41 ;2")
j=1
= po, (t2"). (6-6)

This finishes the proof. O
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2
1+ ttitnA] Ay

(I+15," AN +1,' Ay) (I+65," AN +1,' Ap)

1+114; 1+[11l21l22A;2A2

(I+ it AT A (L + ttn AT Ag)

Figure 3. The generalized cluster scattering diagram for Example 6.30.

Example 6.30. In this example we compute 7,(®;) for the scattering diagram ®; in Example 6.21.
Recall that the exchange matrix for s is B = ((1) 702). So we have T» 4 (e5) = €5 — 2e], which determines

the ray R-o(e; — 2e7) of Figure 3.

6.7. Positivity. The scattering diagram ®; has the following positivity.

Theorem 6.31 (cf. [Gross et al. 2018, Theorem 1.28]). The scattering diagram Dy is equivalent to a
scattering diagram all of whose walls (0, f,) satisfy fo = (1+1tz™)¢ for some m = w(—, i), n € N, some

t € P such that 7 (t) = n, and c being a positive integer. In other words, if we writen =) _._, a;e;, then

iel

(1) 0 is contained in - C My where i = D ies ai%ei;

) m=3 e aiw; = (=, n);
. . Ot,'v’ i
(3) ifwritingt =11, ;1;'}, then Z;Zl oij = .

Proof. This theorem essentially follows from [Gross et al. 2018, Appendix C.3], the proof of the positivity
of DYHKK 'We use a representative of Dy constructed in the same algorithm used to produce DSHKK jn
the proof of [Gross et al. 2018, Theorem 1.28]. We will construct order by order a sequence of finite
scattering diagrams ©1 C D, C --- (over k[/P?ﬂ or the graded Lie algebra g) such that their union

(00)
D= D
k=1
is equivalent to ;. We then prove inductively that every wall in ® has the positivity property.
Let ®| = 9 jp. Note that D is equivalent to ®; modulo (P1)2. Suppose that we have defined up
to ©; which is equivalent to ® modulo (PH)**! and assume that every wall in ®; has wall-crossing
function of the form (1 +7z™)¢ for some positive integer c. We construct Dy as follows, and show that

it is equivalent to © modulo (PT)¥*2 and furthermore that it still has the same positivity property for its
wall-crossing functions.
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There is a finite rational polyhedral cone complex that underlies the support of ®; (which is true for
any scattering diagram with finitely many walls). We call the codimension two cells joints. Let j be a
joint of ®. Then by [Gross et al. 2018, Definition-Lemma C.2], it falls into two classes:

(1) Parallel, if every wall with the normal vector n containing j has w(—, n) tangent to j.

(2) Perpendicular, if every wall with the normal vector n containing j has w(—, n) not tangent to j.

Let y; be a simple loop around j small enough so that it only intersects walls containing j. By our
assumption, the path-ordered product p,, o, is identity modulo (P)**!, but modulo (P*)**2, it can be
written as

Py, 0 = €Xp ( > Ct,mmean(z,m)),
d(t,m)y=k+1

where c; ,, € k. Here we define the degree d(t, m) := k + 1 if (t, m) € (PT)¥1\ (PT)¥*2 and n(t, m) is

primitive in N* uniquely determined by (¢, m).
If j is perpendicular, we define a set of walls

D] == {( — Rsom, (1 +2™)Etm) | d(t, m) = k + 1},

where j — Rsom is of codimension one since m is not tangent to j. Here the function (1 4 ¢z™)*¢m
makes sense as a power series. The sign =& in the power is chosen so that when y; crosses j — R>om, the
wall-crossing automorphism is

CXP(—Ct,mme an(z‘,m))-
In this way, if we add the walls in D[j] to ®;, we have the path-ordered product Py;.0,uopj) = id modulo
(PH)*2. We then define
Di+1 =D UUJ DI,
j

where the union is over all perpendicular joints of Dy.
There are two things we need to show in the induction:

(1) D41 is equivalent to D3 modulo (P)k+2,

(2) All the walls in ®;1 have wall-crossing functions of the form (1 +¢z")¢ for some positive integer c.

Part (1) follows from the argument in [Gross et al. 2018, Lemma C.6 and Lemma C.7]. This part
guarantees that the constructed union © is equivalent to .

Part (2) is about the positivity of wall-crossings. By the construction of ®;, we only need to examine
the new walls emerging from perpendicular joints of ;. Let j be a perpendicular joint of ©;. The
integral normal space j= N N is a rank two saturated sublattice O of N. Locally at j, ®; U®D[j] induces a
scattering diagram living in O = Mr/(A; ® R). Precisely, consider the set of walls

D' ={(@+A®R)/(A®R), /) |1 Cd, (0, /o) € D UD[jI}.
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The wall-crossing functions f; are all of the form
(412",

c € k (f, makes sense as a power series). The wall 0 has some primitive normal vector o € O NN,
and m is proportional to w(—, 0). We also know since j is perpendicular, m # 0 (the image of m under the
quotient M — O) in Of. And the one-dimensional wall 0=0+A;®R)/(A;®R) is contained in R(in),
orthogonal to the normal vector 0. Then ®’ is a rank two scattering diagram in Oy over Iﬁ, with the
monoid map from P to O being r : P — M postcomposed by the quotient from M to O". It is consistent
up to modulo (P1)**2. Then by [Gross et al. 2018, Proposition C.13], the wall-crossing functions admit
the positivity property, i.e., the power c is always a positive integer. This shows the positivity for Dy
assuming that of ©y. Therefore, the union © is also positive by induction; hence so is Dy. O

7. The cluster complex structure

In this section, we study the cluster complex structure of the scattering diagram ®y, which is a description
of parts of the walls of ®;. The construction of such a structure of ®; is analogous to [Gross et al. 2018,
Construction 1.30].

7.1. The cluster complex. Take a representative for the scattering diagram ®¢ with minimal support
(which always exists). By Theorem 6.29, one can choose such a representative D so that there are no
other walls contained in the initial incoming ones ;.

Define

Ct=Cl:={meMg|(e,m)>0 Viel},
C™=C; :={meMg| (e, m)<0 Viel}.

The closed cones C are closures of connected components of Mg \ Supp(®;). They are thus called
chambers. By the mutation invariance Theorem 6.27, we have that the cones

7! (cjf]j sy) € Mr\ Supp(Ds)

are also closures of connected components. Applying mutations on seeds provides an iterative way to
construct chambers of My \ Supp(Dy) as follows.

Note again that the coefficients part of s = (e, ¢) does not mutate as in Definition 4.3, which requires
setting the tropical semifield [’ from the initial seed and once for all. Instead, we regard the coefficients
part ¢ as in the multiplicative group P and mutates in the way specified by Section 6.6. In this way, we
can apply mutations iteratively on s.

Let us consider the rooted tree T, from Definition 4.6. There is an association v —> s, such that vy — s
and adjacent seeds with coefficients are related by the corresponding mutation (in the sense of Section 6.6)
of the labeled edges. Once this association is done, we denote the rooted tree by .
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Suppose the unique path from vy to a vertex v goes through the arrows labeled by {ki, k2, ..., k;}.
Define the piecewise linear map

Tvo,v=Tkzo"'OTk2°Tk1 ‘M — Mp.

Since Cs:t are chambers of the scattering diagram 3y, then again due to the mutation invariance, we
have that

Cy =T, L (C)

Vg,V

are chambers of Ds.

Each Cff is a simplicial (rational polyhedral) cone of maximal dimension, as each 7 is a linear
+

i (s)
{e] | i # k}. Each facet of C, is canonically labeled by an index i € I. Inductively, for any two vertices v

isomorphism on its domains of linearity. The intersection C;” NC is their common facet generated by
and v’ connected by an arrow labeled by k € I, then C; and C:C share a common facet labeled by k.

We borrow the following notation from [Gross et al. 2018]: we use the short-hand subscription notation
v € s for an object parametrized by a vertex v € T with the root vg labeled by s. This is done to emphasize
the dependence on the initial seed s.

Definition 7.1. We denote by C__ the chambers C;—L of C Mg\ Supp(®D;). We write A;t for the set of

ves
chambers CE

=, for v running over all vertices of ;. We call elements in A cluster chambers.

Remark 7.2. As we have pointed out, C;” N C:C is a common facet if v and v’ are adjacent in T;. More
generally, by adding all the faces of every C;" to the set A", we obtain a collection of cones which form a
cone complex, still denoted by A" For this reason, we call A} the cluster (cone) complex and A; the
negative cluster (cone) complex.

+

The simplicial cone C;¢¢

is determined by (the generators of) its one-dimensional faces. The cone Cs':
is generated by the dual vectors {el’.k;v | i € I}. These are pulled back by Tv;’lv to be the generators of C\

IS

Definition 7.3. We define the g-vectors for v € T as a tuple

go=(gwli€l), whereg., =T, (,)eM.

v,V
We will use the notation g, to emphasize the initial seed s.

Remark 7.4. Denote the dual vectors (in N) of g, by g; = (g}, | i € I). They are normal vectors of
the facets of C;7. Since the walls of D only have normal vectors in Ni" or — N, the vector g, has a
well-defined sign

+ if gf, € N,

iv s

We will show later the vectors g, can be calculated iteratively by a variant of mutations as defined below.
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Definition 7.5. Let e = (¢; | i € I) be a seed (without coefficients) for I". Define the signed mutation
uy(e) = (e; | i € I) for & € & as follows:

’r_ { —€ ifi =k,
" e+ [—ew(er, dre)lver ifi # k.

So the signed mutation ,u,f coincides with our previous Definition 6.23 (ignoring the coefficients part).
On the mutation of the dual of e, we use the same notation .y (e*) = (f/ | i € I) where e* = (f; |i € I).
Then

—fi + Y [—cw(e;, drep)+ fi ifi =k.

iel

f ifi £k

There is another tuple of vectors in M that changes under signed mutations. For a seed s, let
w=(w; |i € I), where

d
w; :=a)(—, —kek) = Z bjifi eM.

Tk jel
Let w' = (w}) associated to uj (e). Then we have
;o — Wy ifi = k,
C \wi o+ Lew(ex, dre)lywy if i £k

We will later denote iy (w) = w'.
There are also signed mutations for coefficients. Recall we have fixed a multiplicative abelian group
P= ]_[iel Z'"i. The coefficients t = (#; j | i € I, j € [1, r;]) are a basis of P.

Definition 7.6. For s = (e, t), a seed e together with coefficients ¢ = (1; ;) in P, we define its signed
mutation in direction k, i (e, (; j)) = (¢, (ti/’j)) for & € & by setting s' = u; (s) and

f if i =k,
”_nwﬁﬁmm+ﬁ#k
=1
Proposition 7.7 (cf. [Mou 2020, Proposition 4.4.9]). For every v € T, the dual of g-vectors g is a seed
of N. These seeds and their duals, i.e., the g-vectors, can obtained iteratively as follows:
(1) gy, =e€"and g, =e.
(2) Forany v % v/ in T, we have

Ekv

gl = @Eh, gy =" (g

Proof. We prove this proposition by induction on the distance from v to vg. The base case is when v = vy,
in which we have

gy =@ =ngr). gv=mniE)=ugy.
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Now assuming that v # v and suppose that the unique path from vy to v starts with v > v; for some

i €l. Write 51 =8y, = le.J“ (s). By induction, we assume that the proposition holds for g-vectors with
respect to the seed s;:

8ves = Mi (8ves)),

where & = &i;pes, = sgn(gy., esl) with respect to s1. Note that by definition

gves = (T5) N gues),  8ues = (T7) " (gues,),
and we want to prove
8ves = /Li(gves)»

where § = ex.,es With respect to s.
Then it amounts to show that

(T5) ™ o ui(gues) = 14 o (T (gues,)- (7-1)

We split the discussion into the following two cases. The codimension one skeletons of the chambers
Cl, andC}

VES] v'Es|
common facet. Therefore they are either separated by the hyperplane e

are in the essential support of Dg,. As v and v” are adjacent, these two chambers share a
1

= or contained in the same half

space (since the hyperplane is also in the essential support).

Case 1. The two groups of g-vectors gycs, and gy ¢4, are separated by eiL. In this case, the normal vector
8.ves, 18 in the direction of ;. The signs § and ¢ on the two sides of (7-1) are then different. We assume

that & = sgn(g;. . s,) = +; the other case is analogous. By our assumption, 8,es, qualifies as a seed of

*
Ji VeS|

of the sublattice N°, we have d; = di. We note that the map T® is actually determined by the vectors e;
and d;e;. On the left-hand side of (7-1), Tis is the identity, while on the right-hand side, it is Tls 4 So we
need to show the equality

fixed data I", thus forming a basis of N, which implies g,f;v cs; = ¢i- Since {A ;g | j € I} form a basis

17 (gues) = g o (T7F,) ™ (gues))-

To simplify the notation, we denote g = gy,¢s, and g; = gi.ves,- On the left side of the equality, the tuple
M/j (g) = (g/) differs with g by only one vector

8 =—8+ 2 [-bjlig-
iel
On the right-hand side, we first have
(T3 () = —ge + X —birgis
iel
while other g-vectors remain unchanged under (Tls +)_1. It is easy to check that the dual of (Tls Jr)_1 is an
automorphism of (N, ), that is, it is a linear automorphism on N preserving the form w. Thus we have,
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if writing 1 o (T )™ (gves) = (g])
8 =—8+> —bjgi+ X Ibjligi=g, and g =g foriFk
iel iel

This finishes the proof of the desired equality.

Case 2. The g-vectors g,es, and g,r<, are all contained in the same half Hls L or Hf’_. Again we need to
prove (7-1). We observe that the two signs § and ¢ are equal. In fact, the sign ¢ of g;. 5, depends on
its coordinates in ej;y, for j #1i since g, . is not purely proportional to e;. The same is true for the
sign 8 which only depends on g;. s coordinates in e; for j #i. Since g . only differ in the direction
of ¢;, and also because e, and e; also differ by multiples of ¢;, we conclude that ¢ = §. The equality
(7-1) then directly follows from a fact we already mentioned in Case 1 that the dual of (Tl.fg)_1 acts as an
automorphism on (N, ). Il

A direct corollary of Proposition 7.7 is another description of c-vectors mentioned in Section 3.3.
Recall that we have 7 : P — P, p;, j > pi. We write the group operation in P’ and P by addition instead
of multiplication.

Corollary 7.8. We identify the lattice N with P by &; = [;Lfei > pi. Then we have for anyi € I and v € T,

d; « — * =
Igi;v:pi;v, digi;v:ripi;v:pi;v~
1

Proof. For the initial vertex vy, this is given by the identification ¢; — p;. The iteration of g, is provided
by signed mutations according to Proposition 7.7. We have if v £ v’ in T,

. —g,’f; ; ifi =k,
S = {g;v +—ebjlegr, ifi#k,
where ¢ = sgn(g;’. ). What is implicit is that we have already known that gl* ¢ 1s either nonnegative or
nonpositive. On the other hand, the mutation of p;., is given by

—Dkv if i =k,
P =\ Pio+bY; - i, ifi #k and b <0,
Pisv + b} - py.,, ifi #kand by > 0.
Thus assuming d; g;“;v = pi.y for all i € I would imply d; gl* » = Di;v foralli € I as they have the same
mutation formula when py., has a well-defined sign. Therefore the result is proved by induction on the
distance from v to vy. Il

Lemma 7.9. The generalized coefficients p; j., have the following signed mutation formula. If v LNV

in ‘%, then
—Pk,jv lfl =k,

Tk
Pijw+eBL 1+ Y Pkjv ifi#k
j=1

Pijv =

where &€ = sgn(g;;;v).
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Proof. By Corollary 7.8, p;., is sign coherent because gl* , 18 s0. As we have already shown in
Proposition 3.17 that the sign coherence of p;., implies that of p; ;.,, the result follows by induction. [

7.2. Wall-crossings. We next study the wall-crossing functions attached to walls of the cluster chambers.

Each cluster chamber C,

ves has exactly n facets ;. naturally indexed by 7 (a facet has the same index as

its normal vector gi’v es)- The wall (0;;ves, fiives) is pulled back by TU;}U from the scattering diagram Dy,
(with coefficients #,). The wall-crossing function f;., has the following description. Here we identify the
initial coefficients #; ; with p; ;, and endow P the semifield structure Trop(p).

Theorem 7.10. The scattering diagram ®g has a representative in its equivalent class such that it is the
union of the scattering diagram

n
i giw D ﬁ})igj;v

DD == Qs fi) [i € LveT),  where fiy = [[(1+p{2, -z =)
j=1

and another one whose support is disjoint from A].

Proof. We prove this theorem by induction on the distance from v to vy. We first note that by Lemma 7.9
the coefficients p; j., € P can be computed iteratively by signed mutations. The vectors

n di
Wiy = Z IB})igj;U = a)<_7 r_gl*,u) eM
j=1 i

can also be computed iteratively by signed mutations since the g-vectors do by Proposition 7.7.
Assume that the result is true for the distance between two vertices no greater vy and v. Suppose we
have that v %> v/ € T, and that the unique path from vy to v; starts from vy <% vy

Let’s look at the chambers 7 :=C;_  and "= C:r cs; in Dy, They have g-vectors satisfying

8ves = Mi(gl)e.ﬁ)a
where & = . yeq, 1= sgn(g;(“;vesl). For the wall-crossing functions, by our assumption, for i € I, we have

&i .
fi;vesl 1_[ (1 + l’jvzcésl Sl ves) Wisves| )’
j=

lUESl g / w
Jives; = 1_[ (I1+p D jves® fivfes Hi'esy )
j=

These two functions are related by the signed mutation ;. More precisely, we have

M/i(g:esl7 Duves;) = (g:’eslv Pves)) Mi(wvesl) = Wy/es, -

We want to pull back the chambers C_, and C}

VES]| v'esy?

fizves, to Dy via the operation (Ts) 'to get the chambers o := C.

as well as the Wall crossing functions f;.yes, and
Jegr 0= C;“ <, and the wall-crossing
functions f; 1= f.ves and f/ 1= fi., e by the mutation invariance Theorem 6.27. We want to show that f;
and f/ are also related by signed mutations. In the following, we calculate f; and f/ in detail by applying

Tlo to fi.ves, and fi.,es,. This depends on the following two cases as in the proof of Proposition 7.7:
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(1) The two chambers 7 and t’ are separated by the hyperplane eiﬁ.

(2) They are contained in the same half space #,;, + or H,;, —.

Case 1. In this case, the normal vector g,’f; ves; is either ¢;, or —e;,. Assume it is e;,; the other case is
similar. Then the chamber 7 is in H;, 4 while 7’ is in 7;, _. First of all, we have f; = f; obtained simply
by reversing the monomials in fi.yes; = fi:ves, - Since T;, (as well as T}O) is identity on #;, —, we have
for i #k, fl.’ = fi.ves,. Note that for the signs, fori € I,

Eiv'es; = Eivles
unless g’ ., is proportional to e;,, which only happens for g’ .. = —&;. > Where we have
Ekiv'es; = —»  Ekv'es = T+

So we conclude for any i € I,

Ii

/ Wi/ es ives
fi = l_[ (I+ (pi,j;v/eslz nve 1)8’ ).
j=1
For fi.yes, and f;, we first consider the signs &;.,¢5, and g;.yes. Since the dual of Tlo_1 on N only shifts
in the direction of e;,, we have for i # k
Eiives; = €isves»

as the vectors g7 s, and 8} ,cs Must have the same sign in all the other directions except for ¢;,, and the
only one proportional to e;, is g;., s,- Thus we have for i # k,

Ji= H (I+ Tio l(pi,j;veslzw”vesl)S”ve‘v)
j=1

We want to show that f; and f/ are related by the mutation ,ui Precisely, it amounts to show that
Wy (T (pijives 2= i € 1, j € [1,1i]) = ui(Pijivesi 2”1 li € 1 j €[L,r]),  (7-2)

where § is the sign &.,e5. Here we abuse the notation ,uki which acts on a tuple of functions, but it should
be clear what it means. By our assumption, &€ = 4+ and § = —e = —. Then this follows from the general
fact that for any seed (e, ¢) and k € I, we have

wi TNz el jell,nl) = pf (2" liel, jell,r.

Case 2. Suppose 7 and 7’ are both contained in the same half space. According to our above discussion,
as in the notation of (7-2), it then amounts to check that

T (i (pijivesi 2" L € 1, j € [1, 1) = ug (T (pijives 2= i €1, j € [1,13])),

where § = &x.yes. As we have discussed in the Case 2 of the proof of Proposition 7.7, the signs are equal:
8 = e. Then the rest follows immediately from the fact that the dual of 7;, . acts as an automorphism on
the data (N, w). O
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8. Reconstructing .c7P'i"

In this section, we see how to reconstruct the generalized cluster algebra «/P""(s) as well as the variety
AP (s) from X ; through ®s.

8.1. Reconstructing </P""(s) Jrom ®;. Given fixed data I" and an .A-seed with principal coefficients
s = (e, p), denote by 7P""(s) the corresponding generalized cluster algebra. Recall that we denote by
Xi.y the cluster variables associated to the seed s,.

Consider the generalized cluster scattering diagram g, whose wall-crossings act on k/[ﬁ] by auto-

morphisms. For two vertices v, v’ € Ty, let y be a path from the chamber C;f

+ .
ves 0 C . and consider the

path-ordered product
Pov = pf)’v, =p,.9,  K[P]—= K[P].

Since Dy is consistent and one can always choose some y contained in the cluster complex, the path-
ordered product p,, ,» can also be viewed as an automorphism of Frac(M & P).

Proposition 8.1. Let C:’es be a cluster chamber and g, the set of g-vectors. Then for anyi € I,
Xisy = Py, (2570) € Frac(M @ P).

Proof. We prove this by induction on the distance from v to vy in 5. Suppose the statement is true for a
vertex v € T, and we have v > v’ in T;. Then the chambers Cj and C;T are separated by the wall 9;.,
with the wall-crossing f;., given in Theorem 7.10. Denote ¢ = sgn(g’",) € {+, —}. Then we have

ri i sﬂ})'gj;v ®
Pl s i— Jt _<gi:v”g,'-v)
po o (@8) =28 T (1 + pl?,j;sv -z ) oo
j=1
By Proposition 7.7, we have

n
gi;v’ = _gi;v + Z [_Sriﬁ;}[]-i—gj;v'
j=1

This leads to |
oo Do [—eBilvgjiw . YleBl 48
pu o (i) = 278 T (27 + Pijis, 2 .

j=1

Note that by sign coherence, p; ;.5, has the same sign as €. So the above equation is exactly the exchange
relation of cluster variables. Applying the path-ordered product p, ,, on both sides of the above equality
finishes the induction. g

By the generalized Laurent phenomenon Theorem 3.7, we know that x;., actually lives in K[M & P].
Corollary 8.2. The set of cluster variables of </P"(s) is in bijection with the set of g-vectors.

Proof. We send a cluster variable x;., to the g-vector g;.,. To show that x;., is uniquely determined
by gi.,, we observe that the formula p, ,,(z5"") is independent of the choice of v. Suppose there is another

chamber C;C s such that g;., is one of the generators. Choose a path y from Ct toCt

ves ves close enough
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to the ray R, g;., so that it only crosses walls containing R, g;.,,. The two path-ordered products p, 4,
and p, y, differ by p,,, which acts on z%:v by identity. Thus p,, y,(z87%) = Py y, (257). O

8.2. Reconstructing .Afri" Sfrom ©;. Recall that there is a surjective map from T to A (the set of

+

cluster chambers) sending v to C;,.

For each vertex v € T, we associate a torus Ty ,(R) = Ty (R). To
a pair of vertices v and v’, we associate the birational morphism

Qoo = qf),v/ : TN,U(R) -2 TN,U’(R)’ CIT),U/ =Py

Then there is an R-scheme obtained by gluing Tx ,(R), v € ¥ via these birational morphisms

Aats = U Two(R).

ve¥g

One can actually relate Afcr;: s to the previously defined cluster variety

A= | Ty, (R),
vET
which is obtained by gluing together the same set of tori via .A-cluster mutations.
Recall the piecewise linear map T, , : Mr — Mp that sends the cluster chamber C;Les to C;Z . When

restricted to a domain of linearity, 7, , becomes a linear automorphism on M. Denote the restriction
of Ty, on C;“es by Tvo,v|cjes~ In particular, Tvo,vo|cs+ is the identity map. These linear isomorphisms

induce isomorphisms (or R-schemes) between tori

Togvlpo+ (m)
Voot Tns, (R) = Tivwes(R), ¥ (&) =2 0" ele ™

Proposition 8.3. The isomorphisms v, glue to be an isomorphism
. rin prin
wvo . A? - Ascat,S'

Proof. The morphisms ft, v (resp. qy,,/) are generated [y, , (Fesp. qy,,,) for all v in . So the statement
is equivalent to the commutativity of the following diagram (for any v).

'//UO,UO =id
TN,s —_— TN,voes

Mvo,u qvo.v

WUO,U ~
TN,SU > TN,ves

|

|

|

|

|

|
\I/

To show qyyv = Yyyv © Huy,v. We pull back the functions z&#v (for all i € I) via these birational
morphisms. On the left-hand side, we get the cluster variables

Xiy = q:O’v(Zgi:v)
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%
Vg,V

by Proposition 8.1. On the right-hand side, these z8: get pulled back to i by
the chamber C},

ves

as Ty vlcr, sends
to the chamber Cs‘t . Then via pj ., we still get cluster variables

Xisv = /’L:O,v(zezu)-
As {gi.y | i € I} form a basis of M, we conclude that qy, , = Y¥y,.» © ly,, v, Which finishes the proof. [

We next see in a certain sense the variety Afﬁn is independent of s. This is a subtle issue as for
the cluster algebra «7P"(s), the initial seed = (s) is distinguished from others since it has principal
coefficients.

To resolve this, we again treat P as only a multiplicative abelian group. Consider s’ = ,u,f (s) in the
sense of Theorem 6.27. The tree Ty is naturally embedded in ¥, along with the association of seeds
with coefficients. First of all, it is clear that the inclusion

prin
U TN,U€S C 'Ascat,s
UETX/

is an equality. The gluing maps are given by path-ordered products of Dj.
Consider for v € Ty, the isomorphism (of R-schemes)

@v TN ves = TN ves
such that ¢} : K[M & P] — K[M @ P] is given by the linear transformation
Tiler:MeP—>MaP.
Proposition 8.4. The maps ¢, for v € Ty glue together to have an isomorphism of K[P]-schemes

. 4brin prin
@ ‘Ascat,s’ - ASC&LS’

Proof. Let v and v’ be two vertices in Ty. Since each ¢, is an isomorphism, the statement is equivalent
to the commutativity of the following diagram (for any v and v’).

Pv
TN,ves’ _— TN,ves

| |
| |
N, |
1 q* |
1 anv/

q

+ +
Py
ITyyesy ———— Inwves
In terms of algebras, this amounts to showing that
Ti ler, obS =05y o Ti lo+ KM @ P]--> KIM & P].

If the two chambers C;_; and C;r,es are on the same side of the hyperplane ekL, the above equality is

just (6-2). If they are separated by ekl, it is the same as (6-5) and has been checked in (6-6). O
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Combined with Proposition 8.3, we see that the construction Agrin is independent of s. In terms of the
corresponding cluster algebra /P (s), once it has principal coefficients on some seed s, it can be made
to do so at any seed mutation equivalent to s.

8.3. Broken lines and theta functions. This section is a recast of [Gross et al. 2018, Section 3] in the
generalized situation. Recall the setting of scattering diagrams in Definition 6.5.

Definition 8.5 (broken line, cf. [Gross et al. 2018, Definition 3.1]). Let ® be a scattering diagram
over k/[F] with a monoid map r : P — M. Let pp € P \ ker(r) and Q € Mg\ Supp(®). A broken line
for po with endpoint Q is a piecewise linear continuous proper map

y : (=00, 0] > MR\ Sing(®)

with a finite number of domains of linearity L;, L», ..., Ly (open intervals in (—oo, 0]), where each
L =1L; C (—00,0]is labeled by a monomial ¢zt € K[ P] with p; € P. This data should satisfy:
(1) y(0) = 0.

(2) If L = L, is the first domain of linearity of y, i.e., L = (—o0, t) for some ¢t < 0, then ¢y zPL =z,
(3) For ¢ € L any domain of linearity, my :=r(pr) = —y'(¢).

(4) For two consecutive domains of linearity L = (a, t) (a can be —oc0) and L’ = (¢, b), the monomial
cpzPV is a term in the formal power series

pyoo(crz?t)y =crzPt T fy "™,
@, /2)
y(t)ed
Here ng € N is primitive, serving as a normal vector of every d appearing in the product such that
(no, y'(t)) > 0. So the power —(ng, m ) is always a positive integer.

Definition 8.6 (theta function, [Gross et al. 2018, Definition 3.3]). Let ® be a scattering diagram over k’[F].
Let pg € P\ ker(r) and Q € Mr \ Supp(®). For a broken line y for pg with end point Q, define

Mono(y) 1= cgz’?,

where (by abuse of notation) Q stands for the last linear segment of y. We define the theta function for pg
with endpoint Q as the formal sum

B0, po := )_Mono(y),
Y

where the sum is over the set of all broken lines for pg with endpoint Q.
For py = ker(r), we define for any endpoint Q

ﬁQJ’o =z,

We collect some important properties for theta functions from [Gross et al. 2018].
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Theorem 8.7. (1) The theta function ¥ p, is in kTF].

(2) Suppose that © is consistent. Then for Q, Q' € Mg \ Supp(®) whose coordinates are linearly
independent over Q, and py € P,

B0.py =Py 0 (D0, py)
where y is a path in® from Q to Q' such that its path-ordered product is well-defined.

Proof. Part (1) essentially follows from the proof of [Gross et al. 2018, Proposition 3.4]. We are using a
different monoid P here, but the same proof still works with J :=mp = P\ M.

Part (2), as pointed out in the proof of [Gross et al. 2018, Theorem 3.5], is again a special case of
[Carl et al. 2024, Section 4]. Here the generic condition on the coordinates of Q and Q' is just to make
sure that any broken line does not cross any joint of . Modulo m'}, the independence of ¥¢ ,, on Q
within one chamber follows from [Carl et al. 2024, Lemma 4.7]. The compatibility between Q and Q’ in
different chambers follows from [Carl et al. 2024, Lemma 4.9]. See also a more general discussion on
the global property of theta functions in [Gross et al. 2022, Section 3.3]. g

In the case of generalized cluster scattering diagrams ®; (see Definition 6.17), the monoid P is
M & @, ,; N'i (contained in M @ P) with the natural projection r to the direct summand M. We have the
following properties of theta functions.

Proposition 8.8 (mutation invariance of broken line, cf. [Gross et al. 2018, Proposition 3.6]). The
piecewise linear transformation Ty : Mg — Mg (with a lift on M @P) defines a one-to-one correspondence
y > T (y) between broken lines for py with endpoint Q for ® and broken lines for Ty (po) with endpoint
Ti(Q) for ® ,(s). This correspondence satisfies, depending on whether Q € Hy 4 or Hy —,

Mono(7(y)) = Ty,+(Mono(y)),
where Ty + acts on a monomial as in Theorem 6.27. In particular, we have

M (s) _ s
29Tk(Q),Tl\»(Po) - Tkvi(l}Qypo)'

Proof. We use Ty (y) to denote the piecewise linear map T; o y : (—oo, 0] — Mpg. Suppose L is a domain
of linearity of y labeled with monomial ¢y z”:. If y (L) is contained in one of the half spaces Hy +, L
is also a domain of linearity for Ty (y). We apply the action of 7 1 on the monomial c; z”* (where the
sign is chosen depending on which half space L is in). If (L) crosses ekL, split L into L™ and L™, and
apply T + respectively to the monomial ¢y z”~. One then needs to check the piecewise linear path Ty o y
together with the new monomial data we just obtained is a broken line for 7y (po) with endpoint 73 (Q)
in ®,, (s) as in [Gross et al. 2018, Proposition 3.6]. The inverse of the operation y > T o y is also clear.
The rest of the statement follows easily. O
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Proposition 8.9 (cf. [Gross et al. 2018, Proposition 3.8]). Consider the scattering diagram 2.
(1) Let Q € Int(C;r) be an end point, and let p € P be such that r (p) € Cs+ NM. Then ¥g , =z".

(2) Let Cf € A} be a cluster chamber for some v € %, and Q € int(C)) and m € CF N M. Then
Vo, p =2 ifr(p) =m.
Proof. Part (1) is essentially [Gross et al. 2018, Proposition 3.8], although there the scattering diagram
is actually different from ®; in terms of wall-crossing functions. However, the bending behavior of a
broken line on a wall is totally analogous, so the exact same argument still applies.

Part (2) is the generalized version of [Gross et al. 2018, Corollary 3.9]. By Proposition 8.8, the
transformation 7, , : Mr — MR defines a one-to-one correspondence between the broken lines for p
with 7(p) € Cf N M and Q € int(C}) in Dy, and the ones for T, ,(p) with r(Ty,(p)) € i N M and
Ty.0(0) € int(ij ). However the only broken lines of the later is labeled by the final monomial z” for
p' = Ty v(p) by part (1). The result follows. d

8.4. Cluster monomials as theta functions.

Definition 8.10. Let s be a generalized .A-seed with principal coefficients. Then for v € T, a cluster
monomial in this seed is a monomial on the torus T ,(R) C Asprin of the form z™ where m is a nonnegative
N-linear combination of {e; | i € I}. By the Laurent phenomenon, such a monomial extends to a regular
function on the whole cluster variety AE““.

Remark 8.11. One may regard a cluster monomial as a function on the initial torus T ,,(R). While being
a monomial on the cluster variables x;.,, it is also a Laurent polynomial in the initial cluster variables x;

by the Laurent phenomenon.

The following description of cluster monomials is a generalized version of [Gross et al. 2018, Theo-
rem 4.9]. It proves the positivity (see Theorem 3.8) of generalized cluster monomials.

Theorem 8.12. Let D be the generalized cluster scattering diagram of a seed s. Let Q € int(C]") a
general end point and m € C MM for some v € X5. Then the theta function 9 ,, is an element in 7" -N[P]
which expresses the cluster monomial associated to m of the algebra /P (s) in the initial seed s.

Proof. We first note that m is regarded as a point in P through the inclusion of M in P. Let Q' be a base
point in int(C;") and y be a path going from Q' to Q. By part (2) of Theorem 8.7, we have

Um0 =Py (Om,0)-

As a theta function, ¥, ¢ is a (formal) sum of monomials belonging to zm@. By the positivity
Theorem 6.31 of Dy, ¥,,, o has positive integer coefficients, thus an element in z’”f\T[F]. By part (2) of
Proposition 8.9, 9, o = z". We know that the cone C; has integral generators {g;., | i € I} in M. Thus m
is a nonnegative linear combination of these g-vectors.

On the other hand, by Proposition 8.1, we have the following expression of a cluster variable

xi;v — py (Zgi;v).
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It follows immediately that ,, ¢ is a monomial of these x;.,, thus expressing a cluster monomial. Finally
by the generalized Laurent phenomenon Theorem 3.7, we have ¥, o € z" - N[P]. g

Since ,,, ¢ does not depend on Q as long as it is chosen generally in the positive chamber, we simply
write it as ,,. Consider the set of functions

{9 | m € A (D)),

where Af (2) =, 3, CFN'M. These are all cluster monomials. In general, they do not form an R-basis
of the cluster algebra /P(s) or the upper cluster algebra /P(s). But one can follow [Gross et al.
2018, Section 7.1] to define the set ® C M such that for any m € ©, ¥, is only a sum of monomials from
finitely many broken lines. Consider the free R-module
mid(AP"™) == @ R- .
me®
It is shown in [Gross et al. 2018, Theorem 7.5] that in the ordinary case there are natural inclusions of
R-modules
AP (s) C mid(AP™) € 7P(s)

such that for the first inclusion, cluster monomials are sent to the corresponding theta functions, and
for the second inclusion, any theta function is sent to the corresponding universal Laurent polynomials
on A§™ (see [Gross et al. 2018, Proposition 7.1]). We expect that this is also true in the generalized case.

8.5. More on positivity. Chekhov and Shapiro [2014] proposed a positivity conjecture which is stronger
than Theorem 3.8. We formulate a version here.

A generalized cluster algebra in the sense of [Chekhov and Shapiro 2014] (see Section 3.2) is called
reciprocal if any of its exchange polynomials 6; (u, v) is monic and palindromic, i.e., 6; (u, v) = 6; (v, u)
and has leading coefficient 1. In this way, the exchange polynomials do not change under mutations. Note
that 0; (u, v) can have coefficients in Z[P (rather than just in P) in general.

Conjecture 8.13 (cf. [Chekhov and Shapiro 2014, Conjecture 5.1]). Any cluster variable of a reciprocal
generalized cluster algebra whose exchange polynomials have coefficients in P (or more generally in NP)

.

is expressed as a positive Laurent polynomial in the initial cluster, i.e., an element in NIP[xli, Ce Xy

where the x;’s are the initial cluster variables.

Chekhov and Shapiro [2014, Section 5] pointed out that this conjecture is true for any generalized
cluster algebra associated to a surface with arbitrary orbifold points (see also [Banaian and Kelley 2020]
for a proof using snake graphs). The rank two case of this conjecture has been resolved in [Rupel 2013].

We consider here a related situation where the reciprocal assumption is not required. Let [P be an abelian
group of finite rank. Consider an algebraic closure k = QP of the field of rational functions QP. Let
/P (T) be a generalized cluster algebra with principal coefficients as of Definition 3.13. The coefficients
group is the tropical semifield Trop(p). Recall that the initial exchange polynomials have the form
i
6; (u, v) = [] (pi ju+v).

j=1
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Let A : Trop(p) — K* be an evaluation (as in Section 3.5) such that each A(6; (u, v)) satisfies:

(A) All its coefficients are in ZP (in NP if assuming positivity).

B) A([T}=; pi;) is an element in P.

By the mutation formula of coefficients, the exchange polynomials after any steps of mutations still satisfy
these two conditions. Therefore the cluster algebra with special coefficients «7P""(%, 1) can be viewed
as a generalized cluster algebra of [Chekhov and Shapiro 2014] (with the coefficients group PP). Note
that any reciprocal generalized cluster algebra can be obtained this way. -

The scattering diagram A(D;) (see Section 6.4) is responsible for 7P (X, ). Itis over k[M D[l N]
with formal parameters #;. Note that by the generalized Laurent phenomenon, the cluster variables of
Mprin(E, A) are all in ZI]I’[xllL, =

’7'n

Theorem 8.14. Let «/P" (X, 1) be a generalized cluster algebra as above assuming (A), (B), and that
the initial exchange polynomials have coefficients in NP. Let s be an A-seed sw X If
there exists a representative of A(Dy) such that every wall-crossing function is in NIP[M @[l N], then
any cluster variable is expressed as a positive Laurent polynomial in the initial cluster, i.e., an element
inNPx{, ..., xF].

Proof. As in Theorem 8.12, the positivity of cluster variables follows from the positivity of the scattering
diagram A(®y) since every broken line ends with a monomial with coefficients in NP C k. Expressing
a cluster variable as a theta function for A(9y) (and evaluated at t; = 1 where the ¢;’s are the standard
generators of [];.; N), the result follows. O

If «/PM"(%, ) is of finite type (i.e. there are only finitely many distinguished cluster variables), then
the cluster complex A} is finite and complete in Mk by Corollary 8.2. By Theorem 7.10, we have that
D5 =D(A]) and the wall-crossing function on any facet of any cluster chamber has coefficients in NP
under the evaluation A if assuming so for the initial ones. Then the positivity follows in this case from
Theorem 8.14. It is not hard to check that in Example 6.22 the expansion of the wall-crossing function
JRoo(1,—1) has every coefficient in N[sys2, 51 + 52, 112, t1 + 12]. By the description in Example 6.22 of all
other walls, all wall-crossings functions in this scattering diagram are positive in this sense. This then
implies all cluster variables are positive, i.e., have coefficients in N[s1s2, 51 + 52, t1£2, 11 + f2].
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We study a family of exponential sums that arises in the study of expanding horospheres on GL,,. We
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1. Introduction

1A. The subject of the paper. We derive nontrivial bounds for certain exponential sums that are natural
generalizations of the classical Kloosterman sum to the noncommutative algebra M, (IF,) of n xn matrices
over a finite field [, with g = p/ elements.

To define these sums let [, be the prime field of [, and F be an algebraic closure of [, so that for
m>1Fm C F is the unique degree-m extension of F,. Let

@o:Fp—C*
be the additive character which maps 1 € F,, to ¢ =exp(1/p) = e?™/P and fix the additive characters

¢=gooTrs, /5, and @ =@ooTrF ./,
of F, and Fym.
Let M,,(F =) be the algebra of nxn matrices over F,m, and GL, (Fyn) = M;;(Fym) C M, (F;n) be the
general linear group. Let ¥ (resp. ¥,,,) be the additive character of M, (F,) (resp. M, (F,n)) defined by

w:gaotl”
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(resp. Yy = @y otr), where tr =tr,, : M, (Fym) — Fym is the matrix trace. For a € M,,(F,n) define the sum

K@@, Fg)y= > ymlax+x7"), (1

X EGLn ([qu )

generalizing the classical Kloosterman sum [1927]

Ki(@ Fp)=K(@.F)= Y gnlax+x"). )

xE[FZ,,,

When the field in question is clear, or when the arguments used do not depend on it, we will write M,,
and K, (a) for M, (F,) and K, (a, [,).

The interest in these sums arose in connection with a conjecture of Marklof concerning the equidistri-
bution of certain special points associated to expanding horospheres. This conjecture, originally motivated
by Marklof’s work on Frobenius numbers [2010], was proved by Einsiedler, Moses, Shah and Shapira
[2016] using methods of ergodic theory. In the case of SL; the connection to classical Kloosterman sums
was known already to Marklof (see Section 2.1 of [Einsiedler et al. 2016]) and together with Lee [2018]
they proved an effective version of the conjecture for SL3. This proof strongly hinted that nontrivial
bounds of the sums in (1) could yield a proof of Marklof’s conjecture with an effective power saving for
higher rank situations as well. One of the main purposes of this paper is to provide such bounds; they
are formulated in Theorems 1.8 and 1.10. These bounds, together with further extensions in [Erdélyi
et al. 2024b], were then recently used by El-Baz, Lee and Strombergsson for realizing the above goal in
[El-Baz et al. 2022].

There is however also intrinsic interest in these sums as natural generalizations' of Kloosterman’s sum.
The relevance and widespread use in analytic number theory of K («) (see, for example, [Heath-Brown
2000]) is immediate from the fact that it is the additive Fourier transform of the function x — ¢(x 1)
on I]:j (extended by 0),

1
) ==Y Ki(-a)p(ax),

acly,

and that suitable estimates are available for K;(«). In fact one knows [Weil 1948a] (see also [Carlitz
1969]) that if « is not 0, then the associated zeta-function is rational,

Ki(o, Fn) 1
Z(T) = exp —Z l—qu = ,
— m 1—Ki(a)T +¢gT?

from which

Ki(a, ”:Zrn) = _()\T +)\;n)

IThe special case when a is a scalar matrix was first considered by Hodges [1956] and reappeared again in various other
contexts. See, for example, [Kim 1998; Fulman 2001; Chae and Kim 2003]. We thank Ofir Gorodetsky for bringing our attention
to these earlier works.
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for some A1, A € C. Weil’s proof [1948b] of the Riemann hypothesis over function fields shows, using
[1948a], that |;| = ,/q which gives the optimal bound

|Ki(e, Flu)| < 2™/

for a not 0. (The explicit description of the connection between exponential sums of this type and the
Riemann hypothesis for curves over function fields goes back to [Hasse 1935].)

There are a number of extensions of these results in the commutative setting especially the so called
hyper-Kloosterman sums [Mordell 1963; SGA 41, 1977; Luo et al. 1995; Kowalski et al. 2017], and
both these and the classical Kloosterman sums are ubiquitous in the theory of exponential sums [Katz
1988]. There is also a deep connection between Kloosterman sums and modular forms [Poincaré 1911;
Petersson 1932; Linnik 1963; Selberg 1965; Deshouillers and Iwaniec 1982; Goldfeld and Sarnak 1983],
and the notion of Kloosterman sum is extended to GL,, [Friedberg 1987; Stevens 1987], as well as to
other algebraic groups [Dabrowski 1993; Dabrowski and Reeder 1998], with many applications.

The sums K, (a) considered in this paper are more natural from a ring-theoretic point of view. If A
is a finite-dimensional algebra over a finite field, then by the Wedderburn—Artin theorem the additive
Fourier transform of 1 (x~!) (extended from A* to A by 0) leads naturally to the matrix Kloosterman
sums of (1). These of course are also related to the group GL,, but at the same time they are very strongly
tied to the standard representation of this group. From this ring-theoretic point of view we have again

1
wx*l):F > Kn(—a)y(ax)

aeM,(F,)

in the simple ring of n xn matrices over a finite field.

The other main goal of the paper is then to generalize the classical results above from the Kloosterman
sums K to K,,, especially to understand the associated cohomology. The difficulty of this task stems
from the fact that when K, (a) is viewed as an exponential sum on the affine variety

V ={(x,A) € M,(F,) x F, : det(x) A = 1},

the part at infinity of the projective closure of V, defined by the equation detx = 0, is singular. However
the sums K, (a) provide a rare example for which their cohomology and so their zeta function is explicitly
expressible in terms of one-dimensional exponential sums and so the weights in the sense of Deligne
[1980] can be understood in elementary terms. This realization that exponential sums on algebraic groups
can be treated rather explicitly is the other main achievement of the paper. The evaluations for the matrix
Kloosterman sums in concrete terms, especially the semisimple case in Theorem 1.1, is reminiscent of
Herz’s work on Bessel functions of matrix arguments [1955]. This link to transcendental special functions
continues a long line of similar connections, for example, those of the Gauss, Jacobi, and Kloosterman
sums to the gamma, beta and Bessel functions. As an important by-product the concrete nature of these
evaluations lead automatically to the estimates required for the equidistribution problem mentioned above.
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1B. Statements of the results. The statements below refer to a fixed finite field [, and so we will write
K, (a) for the sum K, (a, [;) in (1). We start with the following reduction. Let a;, a> be matrices of size

a 0) of size (nj+n>)x(n1+nz).

nixn; and npxns, and let a; @ a, denote the block matrix ( 0 a

Theorem 1.1. (i) Assume that ay € M, (F;), ax € M,,(F,) and that their characteristic polynomials
Da; (X) are relatively prime. Then

Ky 4ny (@1 @ a2) =q"" Ky, (a1) Ky, (a2).

(i1) Assume that a € M, (F,) has characteristic polynomial p,()) = ]_[?:1()» —«a;), with a; € [y all
different. Then

n
Ky(@)=q""""2 [ Ki(e),
i=1
where K| (o;) is as in (2).
Now assume that all roots of the characteristic polynomial of a are in [,. By the theorem above we

may assume that a has a unique eigenvalue «. Our first result in this direction is for nilpotent matrices.

Theorem 1.2. Assume that a € M, (F,) is nilpotent. Then
Ku(a) = K, (0) = (=1)"q"" D2, 3)
In general we have:

Theorem 1.3. Assume that a € GL,(F;) has a unique eigenvalue a # 0. Denote by M the partition
of n consisting of the sizes of the blocks in the Jordan normal form of a. There exists a polynomial
P,.(A, G, K) e Z[A, G, K], that depends only on the block partition A, such that

K,(a) = Pi(q.q — 1, Ki(@)).

Remark 1. While irrelevant for estimates, the separation of ¢ and ¢ — 1 in the above polynomial is
natural from the cohomological point of view, as these correspond to sums over the additive group A'
and the multiplicative group G,,.

The proof of Theorem 1.3 is constructive and allows one to express the Kloosterman sums K, (a)
recursively as a polynomial in ¢, ¢ — 1 and K (¢;), where «; runs through the eigenvalues of a. For
example, if [, denotes the identity matrix of size nxn then we have:

Theorem 1.4. Assume that a = a1, @ # 0. Then
Kn(al,) =q" " "Ki(@) K1 (@ly—1) +¢* 72" = 1) Kpa(al, ). 4)

The recursion formulas for a general partition are somewhat complicated to state but easy to describe
algorithmically. See Section 5B, which also contains further examples. These formulas are based on a
parabolic Bruhat decomposition (Section 2B). Using the finer decomposition via a Borel subgroup, one
can derive closed form expressions. For example, we have:
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Theorem 1.5. If o € [ then

K}’l (aln) — Z qn(n—])/Z-i—Nu; (q _ l)ele (a)fw’
weS),
w2=1
where S, is the symmetric group and where for an involution w € Sy, fy, (resp. ey,) is the number of fixed

points (resp. involution pairs) of w (i.e., n = 2e + f) and
Ny =[{G. ) 1=i<j=n w()<wi)=j}.

One can similarly express K, (a) fora =al +Zl'.’;11 e; i+1, when a # 0 and where ¢; ; is the elementary
matrix with 1 in the (7, j)-th position and 0 everywhere else; see (58) in Section SE.

The use of the Borel subgroup Bruhat decomposition is also very suitable for deriving estimates for
these generalized Kloosterman sums. As a first step we have the following.

Theorem 1.6. If a has a unique eigenvalue o then
|Kn(@)] < [Kp(a])] < 430,
where §(n) =0 ifn is even and 5(n) = 1 if n is odd.

Thus if the characteristic polynomial of a splits over [, then the estimates do not require much
input from étale cohomology. However to bound the sum K, (a) in general it seems unavoidable to use
cohomological methods. The main input from étale cohomology is Lemma 3.16 from which we can
derive the following.

Theorem 1.7. Let a € GL,, () be a regular semisimple element (i.e., the characteristic polynomial p,
has no multiple roots over F). Then the exponential sum K, (a) is cohomologically pure — that is, all the

cohomology groups are trivial but the middle one and all the weights are n>.

In particular for these regular semisimple elements, we have “square-root cancellation”
2
|Kn(@)] <2"¢" /2.

Remark 2. The conditions on the multiplicities of the roots of p, can be formulated as polynomial
equations with integral coefficients in the variables a; ;; thus Theorem 1.7 is a concrete illustration of the
theorems on “generic purity” of Katz and Laumon [1985] and Fouvry and Katz [2001, Theorem 1.1].

It is an intriguing question if the set of regular semisimple elements is the actual purity locus. The
methods of Theorem 1.3, at least for low ranks, allow one to see that matrices, whose Jordan normal
form over the algebraic closure has an eigenvalue with more than one Jordan block, are too large for
square root cancellations as can be seen by inspection. Interestingly matrices with only one block for
each eigenvalue do exhibit square root cancellation. Our methods do not yield enough information to
decide whether these sums are cohomologically pure; see Section SE.
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Remark 3. Will Sawin suggested to us a geometric approach that could shed even more light on these
sums. The sum K, (a) may be viewed as the trace of Frobenius on the stalk at a of a complex of sheaves
(in fact, a perverse sheaf). The geometry of this complex is linked to the Springer correspondence, in the
sense that the stalk at a should be related to the cohomology of the fixed points of a acting on various
flag varieties. This is an interesting and promising approach whose exact shape can be conjectured from
the recursion formulas. While the paper was going through publication this suggestion was elaborated in
[Erdélyi et al. 2024a], settling the purity question in the previous remark in the positive.

Our main theorem for bounding K, (a) is as follows.

Theorem 1.8. For all a € GL, (F;) we have
|Kn(@)] < g 0O,

where §(n) =0 ifn is even and §(n) = 1 if n is odd.

Remark 4. It is possible to refine the statement based on the characteristic polynomial of a. If the
characteristic polynomial is p,(t) = ]_[;:1 (t — a;)" for some pairwise distinct «; € F, then

,
Ky (a)] <n Hq(3n,- 8(ni))/4 l—[ g,

i=1 I<i<j<r
In the classical picture it is natural to look at the more general expression

Ki(a, B)=K(@, B,F)) =Y play+By™"), 5)

ye[F;;
which, in the case 8 # 0, immediately reduces to K («f~") by the simple identity
Ki(a. p) = K1 (s, p57")

valid for any § € 7. However the case g = 0 is again interesting in its own way as it is the Fourier
transform of the characteristic function of the set of invertible elements. While trivial to evaluate it is also
unavoidable in the analytic applications.

We will look at these sums for n xn matrices and so we let

Ku(a,b)=Ky(a,b,F)= > Ylax+bx"). (6)
x€GL, (F,)

It is easy to see that just like as above, we have K, (a, b) = K, (b, a) and for any invertible g,

Kn(gah™" hbg™") = Ky(a, b). (7)
Therefore if deta or det b is nonzero, we may use the results above to obtain the bound | K, (a, b)| K q3"2/ 4
However unlike in dimension 1, the other cases are not settled completely by Theorem 1.2, as the orbit
structure of pairs of matrices (a, b) under the GL,, x GL,-action given in (7) gets more intricate when

n > 1. We start with the most natural case of b = 0.
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Theorem 1.9. Assume that a € M, (F;) has rank r. Then
Ky (a,0,F,) = (=1)'q " tD/2g™GL,_, (F,)|.

Since for an r-dimensional subspace the Moebius function of the poset of subspaces evaluates to
(—1)"g""=V/2 by the g-binomial theorem [Stanley 1986, Formula (1.87)], this result is vaguely reminis-
cent to the evaluation of the Ramanujan sums

Z eZJTl'ax/q: Z M(d)%

I<x=<q d|(a,q)
(x,q)=1

3n?/4

One can see that the sums K, (a, b) can get significantly larger than ¢ since for rank a = 1 we

2 .. .
have |K,(a, 0)| > ¢ ~". The next theorem shows that this is close to the worst case scenario.

Theorem 1.10. Leta, b € M, (F,) be singular nxn matrices such that

r =1k(b) > s =rk(a).
Then _
|Ka(a, b, Fp)| < 2g" ("),

Corollary 1.11. Ifa, b € M, (F,) are not both 0, we have the general estimate
|Kn(a, b, Fy)| <2q" "1,

Remark 5. Apart from the constant 2 which can probably be replaced by 1 4 o(1) as g" — o0, this
bound is sharp, since

_ _ 2_
Ku(e1n, €1.0) = g™ |GLy2(F) | + (g — Dg" ' GLa—1 (Fy)] ~ ¢" ", ®)
(Here again e; ; stands for the elementary matrix with 1 in the (i, j)-th position and O everywhere else.)

1C. The organization of the paper. The paper naturally splits into four parts. The first deals with
matrices a all of whose eigenvalues are in the ground field [, with the aim of evaluating the generalized
Kloosterman sums in terms of classical ones. Later sections deal with the nonsplit case using cohomology,
and the entirely different and more combinatorial case of degenerate matrices. These are included because
they are needed for the equidistribution problem in [El-Baz et al. 2022]. The final part provides some
examples and highlights some open questions. The material bifurcates on several occasions and this may
somewhat obscure the insight one gains from the results. Therefore we first highlight the generic case of
regular semisimple matrices before further details.

To treat regular semisimple elements in concrete terms we need to assume that they are split over the
ground field. The calculation to reduce to block upper diagonal a with the blocks having no common
eigenvalue is presented in Section 2A. We show here that in that case the Kloosterman sum K, (a)
factors as a product of Kloosterman sums of smaller ranks corresponding to the diagonal blocks. This is
elementary and leads immediately to Theorem 1.1. If one is merely interested in this generic case then
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one can jump to Section 3F which shows how to circumvent the problem when the eigenvalues are only
defined in a field extension. In this regard one is also naturally lead to Conjecture 5.9 which suggests that
an evaluation might be possible even in the nonsplit case.

The finer picture of the non semisimple case is both of natural interest and required by the applications.
We spend a great deal of the paper on them. After the proof of Theorem 1.1, Section 2 and parts of
Section 3 handle this case still under the assumption that the eigenvalues are in the ground field F,. To
reach our goals we will evaluate the subsums of K, (a) restricted to Bruhat cells in various decompositions.

While the calculations in Section 2 are somewhat lengthy the overall structure is simple. We use Bruhat
decomposition with respect to a maximal parabolic fixing a line. In Sections 2B and 2C we introduce
the necessary notation for this task. This decomposition is the first step in the plain old Gauss—Jordan
elimination and it is natural to expect that this process should lead to an inductive structure for matrix
Kloosterman sums. An elementary computation in Section 2C justifies this expectation.

Since nilpotent matrices can be put into Jordan normal form over any field this step immediately
shows that Theorem 1.3 holds, at least if the polynomial in the statement is allowed to depend on the
characteristic p. It is easy to see that in the simplest case of Theorem 1.4 there is a recursion that works
over all primes simultaneously. The bounds in Section 3 are based only on this result and if one is only
interested in the estimates the rest of the section can be skipped.

However from the exponential sum point of view independence on the characteristic is of great interest
in itself. Therefore it is important that the recursions to lower rank can be done across all finite fields
universally for matrices whose eigenvalues are in that field. The rest of Section 2 is then devoted to show
this. Section 2D presents the technical core by showing that one may restrict to matrices with entries 1
and 0. These matrices can be lifted to Z and can be put into Jordan normal form over Q. In effect this
establishes that Theorem 1.3 holds for almost all primes simultaneously. The final step in the proof is
then a simple criterion for the existence of a Jordan normal form over Z in Section 2F. While this Jordan
normal form reduction can be made explicit, the rather technical calculations are postponed to Section 5B.

The second main part of the paper, Section 3, is about estimates. This again starts with an elementary
but structural observation that repeated applications of the reduction in Section 2 is equivalent to the use
of the Bruhat decomposition with respect to a Borel subgroup. We are able to refine the usual Bruhat
decompositions just enough to establish the first bound in Theorem 1.6.

While the proof of the above estimates are still group-theoretic in nature, in general one needs methods
from cohomology. Conversely the cohomological apparatus relies on these more classical arguments. The
connection is given by a key lemma, Lemma 3.16, whose simple proof somewhat disguises its importance.
This statement allows one to push “trivial cancellations” over a field extension back to the original field.

In Section 3E we review the cohomological apparatus by listing the necessary tools for the linear
algebra that follows. Sections 3F and 3G then give the proofs of the main theorems, including the special
case that the sums K, (a) are “pure” when a is a regular semisimple element. These results are based on
the fact that the cohomology groups attached to the subsum restricted to a Bruhat cell vanishes in large
enough degree.
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The third part deals with K, (a, b) in the degenerate cases. After dealing with the case b = 0 the general
situation is reduced to this special case when b = 0. Again one needs a double coset decomposition
suitable for this task. The machinery here is combinatorial in nature using Gaussian binomials [Stanley
1986].

In the last part we provide examples to illustrate our results. We give explicit evaluations for low ranks.
The case K>(a, b) is explicitly computed for any a, b € M>([F,) including the nonsplit semisimple case.
There are further calculations that illustrate the difficulties to get explicit results for n > 4. These sections
also contain some observations and open questions that are interesting on their own.

Notational conventions. Letters of the Greek alphabeta, ..., A, ..., & will denote scalars, that is, elements
of the field [, or its algebraic closure. Lower case letters of the Latin alphabeta, ..., g, ..., x will denote
matrices, but their entries, while scalars, will usually be denoted with Latin characters a;;, . .., gij, ..., X;j
as well. Upper case letters A, ..., G, ..., X will denote sets of matrices, usually but not necessarily
subgroups. While these depend on n, that dependence is usually suppressed for better readability. There
are a few exceptions that should not cause confusion: a general partition will be denoted X, I will denote
the identity matrix (I, if the size is not clear from the context), K will denote Kloosterman sums, and on
occasion Si, Sy, ... will denote some auxiliary sums.

For the cohomological arguments in Sections 3E-3G we have to work with algebraic varieties, so then
by A,...,G,..., X we will also denote the affine algebraic varieties of M,, defined by simple algebraic
equations in the matrix entries.

There are two notions of a trace in the paper: Tr = TrFq,,, /F, will denote the trace from an overfield to
the ground field, while tr = tr,, will denote the trace of a matrix of size nxn.

If u is a unipotent matrix that is upper triangular, we will denote # = u — [ the strictly upper triangular
part of u. Similarly, if U is the group of upper triangular unipotent matrices and V C U, then V denotes
the set (or variety) {v |v € V}.

An important role is played by the Weyl group W >~ N(T')/T of GL,. Here T is the set of diagonal
matrices in GL,,, and N (T') is its normalizer. If S, is the group of permutations on the letters {1, ..., n}
then W ~ §,,, and we will choose a specific isomorphism in Section 3A.

Cohomology will mean ¢-adic cohomology with compact support, with some unspecified £ # p.

2. Identities via reduction of rank

2A. Splitting to primary components. We start with some elementary but important observations. Recall
from (5) and (2) that

K,(a,b)= Z w(ax—l—bx_l) and K,(a) =K,(a,l).
x€GL, (F,)

1

The sum is clearly unchanged if x is replaced by x ™, or if x is replaced by cx for some ¢ € GL,([F,).

This leads immediately to:
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Lemma 2.1. Ifa, b € M,(F,) and c € GL,,(F,) then we have
K,(a,b)=K,(b,a), K,(ac,b)=K,(a,cb) and K,(a)= Kn(cac_l).

Therefore, K, (a) only depends on the conjugacy class of a and so using conjugation we can put a into
Jordan normal form over F. To exploit this we recall the following result of Sylvester [1885] whose proof

is given here for the convenience of the reader.

Lemma 2.2. Let My be the vector space of k xI matrices over an arbitrary field F. If ay € My (F) and
a; € M;(F) are matrices with no common eigenvalue over the algebraic closure F of F then the linear
endomorphism of My ; given by

UV va; —agv
is an isomorphism.
Proof. It suffices to prove that this map is injective. Assume that

va; —agv =0
for some v. Then for any polynomial p(¢)

vp(ar) = p(ax)v.
Let pi(t) € F[t] (resp. pi(t)) be the characteristic polynomial of a; (resp. a;). Then by the Cayley—
Hamilton theorem we have
0= pr(ax)v =vpi(a;) and O=vp(a).

By our assumption on the eigenvalues we have that py(¢) and p;(¢) are relatively prime in F[¢]. Thus there
are polynomials r¢ (¢), r;(¢) such that pi (¢£)ri(¢) 4+ p;(¢)r;(¢) = 1 which implies 0 = v; hence our claim. [J

To use this observation let Uy ;; be the linear subgroup of GL,, whose set of points for any ring R is

Un.n(R) = {(%‘Iil) ( ve Mk,l(R)}_

The fact that this is a subvariety will play a role in the cohomological arguments, but for now we will only
use the particular subgroup Uy ;(F,) C GL,(F,). As usual since the field [, is fixed, for easier reading
we will write K, (a) for K, (a, F;), and G and Uy ; for the sets GL,(F,) and Uy ;(F,).

-(38)

with a; € My (Fy), a; € Mi(Fy), b € My (V) for some k, | € N such that k +1 = n and ay and a; have no

common eigenvalue in F. Then

Proposition 2.3. Assume that

Kq(a) = ¢" Ki(ap) K (ar).
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Proof. Since tr is invariant under conjugation, we have

Ku(@) =) Ylax+x") = # D D> v )+ @

xeG xeGuelUy
1 —1 —1
=2 2, Vwau Ha+x7h.
q xeGuelUy
Now
-1 ak‘b—i-val—akv
uau =
0 ‘ a;
and so

1
K@) = g > ¥lax +x1)( > vy —akv)x’)>,

xeG ve[FI(}X[

where x’ is the [ x k matrix which we get by deleting the first k rows and last / columns of x and v, is the
k xk matrix trace composed with ¢.
From Lemma 2.2 we have

0 ifx’ #0,
3 Yewa—awx) = 3 dror) = { y
kI kxl q if x*=0.
vely vely
This immediately yields
Ky(@) =Y y(ax+x~") = q¢" Ki(@) Ki(a). 0
x/e((?)
X' =

Proof of Theorem 1.1. The first claim was proved above. For the second using the invariance under
conjugation we may assume that ¢ = diag(«y, . .., o,). By Proposition 2.3 we have

Ku(a)=q"""Ki(@) Kp1 (@),
where a’ = diag(«y, ..., a,—1). The result follows by induction. Ol

2B. A parabolic Bruhat decomposition. We prepare the proofs of Theorems 1.3 and 1.4. Our goal is to
express the Kloosterman sum K, (a) in terms of sums K, _;(a’) and K,_»(a”) where the matrices a’ and
a” are derived from a by deleting one or two rows and columns.

When a has a single eigenvalue «, it is conjugate to

a=al +a, ©)

where a is strictly upper triangular. Since K, (a) is conjugacy invariant, we will assume that a itself is in the
above form. Our reductions are then based on a parabolic Bruhat decomposition for GL,,. While it can be
deduced from general facts — see [Springer 1998, Theorem 8.3.8; Borel 1991, Proposition I'V.14.21(iii)] —
it is easier to work them out explicitly for the special case at hand.
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Let P be the closed subgroup of GL,, defined by the vanishing of g, 1, ..., gn.n—1. If F is a field, P
may be described alternatively as follows. Let GL, (F') act on row vectors by multiplication on the right:
v vg. Then P(F) is the stabilizer of the line {\ e, : A € F} where e, is the row vector (0, ..., 0, 1):

P(F)={g € GL,(F) | eng = hen, A € F*}. (10)

Since the arguments in this and the following sections will not be used in the cohomological proofs we
will only concentrate on the set P(F,).

Then as sets G = GL,(F,) = L]’,Z:] P (Fy)wn) P(F,), where wy,) is the permutation matrix corre-
sponding to the transposition (kn). To make this a parameterization let

n
Uk:{l—i— )3 u,.ek,,-(uk,jep} (1)

j=k+1

be the set of unipotent matrices with nonzero elements only in the k-th row. (While this is again an
algebraic group scheme, this fact will not play any role.)

We will only deal with F' = [, and from here on we will write P and Uy for P(F,) and Ui (F,). We
then have the following decomposition into disjoint sets.

Lemma 2.4. Let X; = Ugwin)P. The map Uy x P — Xy, (U, 8) — uwun)g, is a bijection and
G = Ji=i Usween P.

Proof. Let x be a matrix in G = GL,,(F,) with rows x;, and write

n

e, = E ujxij,

j=l1

where ¢, = (0, ..., 0, 1). We claim that
Xi={x € G |min{j |u; #0} =k}.

It is clear that X; P = X and that Uyw C X; with w = wy). Conversely if we let

n
w=1+ Y (uj/upex,
j=k+1
then we have ux € wP.
Finally it is enough to show that if u;wp; = upwp,, then u; = u,. To this effect note that the above
implies that enwuz_lul = enpzpl_1 w. However e, w = e; and so the k-th rows of 1 and u, are the same,
which implies u; = u,. O

By the lemma we have

K@= Y Ylag+gH=) Y vlax+x. (12)

g€GL, (Fy) k=1 xeXy
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When summing over X, the case of k =n, when X, = P, is trivial. To see this we will give an explicit
Levi decomposition of P = P([F,). This fixes notation and will also be used in our further calculations
on X for k < n. Note that again we will be working not with the algebraic groups but the fixed finite
groups that they give rise to for [,.

For h € GL,,_1(F;) and u € GL;([,) let

h 0O
[h, u] = [0 M] € GL, () (13)
and let
L ={[h,u]:heGL,_(Fy), ueGL(F,)} CGL,(Fy). (14)
Also let
n—1
V:{1+Zule,,n:vlemq}. (15)
=1
Then
P=LV=VL.

Proposition 2.5. Ifa is as in (9) then
Y Vlax+x) =¢""Ki@K,1(d),
xeX,

where a’ is the matrix one gets by deleting the last row and column of a.

Proof. Since

Z Viax+xH = Z V(agv+ (gv) H=¢"""! Z Yag+g ),
xeXy geL geL
veV

the claim follows from the description of L in (14) and that
tr(agv + (gv) H=tr(ag+ g H =tr@h+h~H+ar+17". O

2C. The sum over the nontrivial cells. We continue to assume that a = o[, + a, with a strictly upper
triangular, so that a has a unique eigenvalue «. We will show that for £ < n the sum

D Vlax+xh

xeXk

can be expressed as a sum over the subvariety
Li(@)={ge€L|g;=0forall j#kandagii=g,,} (16)

However we will only work over the set of points in [, and write L;(a) for Ly (a)(F,). For oo = 0 these
sets are empty, while for o € [ they are subvarieties of L isomorphic to GL,_, x GL; x A"~ that can



2260 Marton Erdélyi and Arpad Téth

be visualized as elements g € L of the form

hll k h12 0
louxo o
&= hyt * hy» 0 ’ {an

0 0 0 1/(xw)

Here the blocks correspond to the partition
{1,....n}={1,...,k=1}u{kjuik+1,...,n =1} {n}

for 1 <k <n—1, while for k =1 and n — 1 we have to adapt (17) to 3x3 blocks

w0 0 ok 0
g=| % h" 0 , &= 0 " 0 . (18)
0 0 1/(aw) 0 0 1/(axp)

This is merely a preliminary step in the reduction to rank n — 2, but is already quite useful, a fact that
we will illustrate by proving Theorems 1.2 and 1.4.
The reduction to the special form in (17) is based on the following calculation.

Proposition 2.6. For a fixed g € L,

Z Y (@W(ny gV + (Wmgv) ™) =0

veV

unless

g, =0 forall j#k and  agei=g;).

When these conditions hold

D Y @wun gy + Wamgr) ) =¢" " Y @wun g + Wamg) ).

veV
Proof. Let V={v= Z;’;ll vie v €y} Ifv=I+v eV then v~!' =171 —7. The sum in question then

becomes

Z Y (@Wnm gV + (W gv) ™) = Y (@Win & + Wnyg) ™) Z Y (W) 80 — D(Weny8) ™),
veV ev

<

which vanishes unless the linear function
n—1

v > QWi g0 — D (weng) ) =a ng,zvz — Zun Uk
=1

is trivial. U

We can now prove the following claim about the sum over Xj.



Matrix Kloosterman sums 2261

Proposition 2.7. Let a = ol + a, where a is strictly upper triangular, k < n, Xy is as in Lemma 2.4 and
Li () is as in (16). Then we have

Y Yax+xN=¢"" > Y Y@ wing+ wne) ),
xeXi geLy(a) uelUy

where a* = u~'au.

Proof. Since Pu = P for any u € Uy, we have
Xk = I_l MU)(kn)P = |_| uw(kn)Pu_l,
ueUy ueUy

1

and so by u~'au = «l +u~'au we have

Do vlax+xTh =) Yawan gy + Wangv) Dy auwgu).

xeXy ge‘L/
ve
ueUy

A direct calculation, based on the fact that the last row of a = a — «/ is identically 0, then shows that
tr(u ' auwgv) = tr(u”'auwg) (19)
is independent of v. Therefore

Do vlax+x"N =) Y auwe) Y P (@wn gy + Wamgv) .

x€Xy geL veV
ueUy
The inner sum is identical to the one in Proposition 2.6; thus the proposition is proven. |

Remark 6. We comment briefly on identity (19). The calculations are simplified by using M, (F,),
writing v = I + 0, and observing that trxv = ) ,_, x,, ;v which clearly vanishes if the last row of the
matrix x is identically 0.

However one may argue alternatively via interpreting these matrices as linear transformations as
follows. The group P is the parabolic subgroup fixing the 1-dimensional subspace M = {)e, | A € [}
and so its elements also preserve the flag {0} C M C ;. Any element g of P then gives rise to a linear
transformation g’ of M' = F;/M. The subgroup V itself is characterized by the property that its elements

act trivially both on M and on M. Let x = u~!

auwg. Since e,x = 0, the linear transformation x also
induces a map x" on M’ and trx = trx’. Since e,xv = 0 as well, trxv = tr(xv) = trx'v =trx’.

In general all our calculations can easily be proved using block matrices, either by hand or by using a
symbolic algebra package. Since this gives an easy way to check the validity of these statements, we will

present most of the identities in this matrix interpretation.

As a corollary to Proposition 2.7 we immediately have:
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Proof of Theorem 1.2. If @ = 0 then the set L () is empty, and so for k < n

Z Y(ax +x_1) =0.

xeXy

Since K(0) = —1, Proposition 2.5 gives
Kn(a) =—¢"" Ky-1(a),

where @’ is the matrix one gets by deleting the last rows and columns of a. Since by assumption a is
upper triangular nilpotent, so is a’ and the theorem follows by induction. U

Proof of Theorem 1.4. If a=«al, with o € I]:;’; a scalar matrix, thena=0and a" =al. If 1 <k <n—1 and
g is asin (17) then g is invertible if and only if g” = [g; g;] is invertible, in which case (g~!1)" = (g”)~L.
It follows that for such k&

Y Ylax+x"N)=¢"(q - DK, alahg" ™,
xeXk
and it is easy to see that this relation holds for k = 1, n — 1 as well. This gives

n—1

Ko@) =" ylax+x)=¢""Ki(@)K, 1(a]) +¢* (g — DKy 2(@D) Y ¢"*

k=1 xeXy k=1

from which the desired formula follows. |

2D. Reduction to GL,—;. Assume that a = o/ + a has a unique eigenvalue o # 0, and that a is strictly
upper triangular. Since the results of the previous section take care of the case when n =2 or a = o/, we
will assume that n > 3 and that a # 0.

Recall that )y, ¥ (ax + x ) =g"! Zu’g V(@ wimg + (Wenyg) '), the sums over u € Uy and
g € Li(a). We will use the fact that as a variety Ly («) is isomorphic to GL,,_»(F,) x [F; X [FZ_2 to express
D ovex, Yiax + x~1) as a linear combination of Kloosterman sums of rank n — 2.

To state the reduction step we denote by m;;,’,/ the matrix one gets by deleting the k-th and n-th rows and
columns of a matrix m. For us n will be fixed, and the value of k will be clear from the context, in which case
we will often simply write m”. For any matrix m let m , denote its k-th row, and m ") denote its /-th column.

Proposition 2.8. Assume that n > 2, a = ol + a with a strictly upper triangular and let u = I +u € Uy.
Then we have that

Z V(@ wumg + (w(kn)g)*l) =0

g€Li(a)
unless igya'’) = ay j for j =k+1,...,n— 1. When this condition holds
Y Y@ wang + Weng) ) =q"""Ky 2@ +2) Y 9(08),
geLi(a) )LE[F(’;

where z = (Vi) € M,_5 and & = ay, — ﬁ(k)&(”).
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Remark 7. When k =1 or n — 1 the perturbation z vanishes for any u.

Proof. A direct calculation shows that
a" = —uwya(l +iu) =a—iua+au. (20)
First assume that 1 <k <n — 1 and that

gt y1 g2 0

0 u 0 0
= e Li(x
& g1 y2 82 0 K@)

0 0 0 1/(xw)

as in (17), in which case g’ = [i;: ZZ] is invertible. Let tr, denote the nxn matrix trace. Then

tr, (wg) ™) = tr,2((g"H ™).
Moreover
tr,(awg) = tr,_2(a"g") + par, and tr,(@iuwg) =tr,_2((@®uw)’g"),

where we have used the fact that # has only one nonzero row i ).
Finally note that tr(a“wg + (wg)~") does not depend on the (k—1)x 1 matrix y;, and as a function of
¥, only depends on tr(zawg). The function

Vy = tr(uawg)

is constant if and only if

iiga’ =0
for j =k+1,...,n—1, and if this condition does not hold the sum over g € L (c) vanishes. This proves
the claim for 1 < k < n — 1. The remaining cases are treated similarly. g

We will now specify the result in the case a = «l + a is in Jordan normal form. There is a partition A
associated to a, i.e., a sequence of positive integers n; <n, <--- <ny,suchthatn; +n,+---+n; =n.
Conversely, given a partition A = [ny, ..., n;] let

Ni=ni+---+n; 2D
sothat ] < N; < N <--- < N; =n, and form

a) =Y e;j(\ej 1. where £;(1) =
j=1

n-l {0 if j = N;, for some i, 22)

1 otherwise.

Any a with a single eigenvalue « is conjugate to one of the matrices o/ + a(A) and we will assume from
now on that a is already in that form. Since scalar matrices were already dealt with, we will also assume
that A #[1, 1, ..., 1], which ensures that ¢, _; = 1.



2264 Marton Erdélyi and Arpad Téth

Theorem 2.9. Assume thatn > 2,0 #0,a =al +a(A) withe; =¢;(A) € {0, 1} as in (22) with &, = 1.
Then:

(1) We have
Y Ylax+x7) =—g""K, o),

xeX, 1

where a” = a};//r — the matrix obtained by deleting the last two rows and columns of a.

4
(i) Ifk <n—2then

> lax+x7)=0

xeXk
unless k = N; for one of the N; in (21) for which n; > 1.

(iii)) Whenk=N; =ni+---+n; <n—1andn; > 1, we have

D Vlax+x7)=¢""2 Y Kuo(d" + e (uk), (23)
xeXy zeZ
/Le[Fj;

1 Vi
where a’’ = a), , and
M”i

-1
Z= { Z §jex—1,N,—1 t&ek—1.n—2 ‘ gjeF fori+1<j< l} C M,_».
j=itl

In Z the elementary matrices e, . are of size (n—2)x(n—2).

Proof. The statements are easy corollaries of Proposition 2.8 except for the fact in (ii) that n; must be
greater than 1, which is equivalent to g;_; # 0. Since k <n — 1 and g;_; = 0 imply that the parameters

in Proposition 2.8 are very simple, all z =0, and § = —iuiy ,—1. Therefore
Y Wlax+x) =" Y Kua(@") Y o(—piig 1)
xeXk u ,ue[FZ
vanishes. O

While the matrices a” + z are not in Jordan normal form, they are again matrices with a single
eigenvalue «. Therefore collecting them according to their conjugacy classes gives a reduction algorithm,
in fact, a characteristic p version of Theorem 1.3 (see Proposition 2.13). In the next two sections we will
explicate this strategy and prove that the polynomials that arise this way do not depend on p.

2E. Jordan normal forms over Z. The proof of Theorem 1.3 will be based on proving that the perturba-
tions arising from the reduction to M,_» can be collected into Jordan normal forms that do not depend on
the characteristic p. For this we will need some details about Jordan normal forms for integral nilpotent
matrices. This of course is a trivial task over (2, but requires a little care when one works over Z.

1

Assume, for example, that x is an nxn nilpotent matrix, and g € GL,(Z) is such that gxg~" is in

Jordan normal form as in (22). A moment’s thought reveals that {vx | v € Z"}, the row space of x, must
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be a direct summand of Z", which we also think of as row vectors. This by itself is not sufficient for the
existence of a Jordan normal form over Z but we have the following.

Theorem 2.10. Let a be an nxn nilpotent matrix with integral entries. There exist g € GL,(Z) such that

gag™' = Z?;} gjej jv1, € €10, 1} if and only if

(va* |vez)

is a direct summand of 7" (as an abelian group) for any k € N.

This is equivalent to the conditions that
(@’ jvezn
is a direct summand of (Z")" for any k (here -1 is the matrix transpose).
The following examples illustrate the situation.

Example 2.11. Let x = [8 3] Its Jordan normal form over Q is y = [8 (1)] Ifg= [f Z]’ the equation
gx = yg leads to ¢ = 0 and d = 2a. Therefore the equation gxg~!

even SL,(Q).
Example 2.12. Let

=y has no solution in SL;(Z), or

0100
0002
0001
0000

with normal form
0000

loot1o
Y1000 1
0000

1

The Z-span of the rows of x is clearly a direct summand. If gxg~' = y then also gx*> = y?g, but

0002 0000

0000 0001
2 2 __
*=10000| ™ Y=lo000]

0000 0000

and so a Jordan normal form over Z does not exist.

Theorem 2.10 follows along the lines of the standard proofs in the case of a vector space over a field.
For completeness we present such a proof below, but for both this proof and the applications of the
theorem it is more convenient to work with linear transformations than matrices.

Let R be either [, or Z and V a free R-module of finite rank n. If A: V — V is an R-homomorphism,
then it gives rise to an R[T]-module structure on V, where R[T] is the polynomial ring over R, and
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Tv:= A(v). If needed we will denote these R[T ]-modules by V, to distinguish modules corresponding
to different transformations.
We will be interested in the situation when A is nilpotent: A" = 0. If v € V let k be minimal such that
A*v =0 and let
(v) = Rv+ R(Av) + - - -+ R(A* 1) (24)

denote the cyclic submodule generated by v. In this case we will call V cyclic if V4 = (v) for some
v € V4. This happens exactly when the R[T] module V4 is isomorphic to C, = R[T]/(T"). If R is a
field, then any V, is a direct sum of cyclic modules, but this fails for R = Z, and in general when R[T] is
not a principal ideal domain.

Proof of Theorem 2.10. The theorem is equivalent to the following statement: if V >~ 7", and A: V — V
is a nilpotent homomorphism, then the Z[T] module V, is a direct sum of cyclic modules if and only if
A*(V) is a direct summand of V (as an abelian group) for all k e N.
By the structure theorem for finitely generated abelian groups a subgroup V’ of V is a direct summand
if and only if for k € Z, v € V, kv € V' implies that v € V’. This immediately shows that ker A is a
direct summand of V, and A(V) Nker A is a direct summand of ker A. Let V{y be a complementary direct
summand so that
kerA=Vy® (A(V)Nker A). (25)

Since A is nilpotent, the rank of A(V) is strictly less than that of V. The condition on A descends
to A(V), and so by induction we have that A : A(V) — A(V) has a cyclic basis, i.e., there are vy, ..., v
such that A(V) >~ (Avy) @ - - - @ (Avy). If we let d; be the smallest integer k such that A¥v; = 0, then we
have that the set

{Ajv,-li=1,...,l,j=l,...,dl~—1} (26)
is a basis of the free abelian group A(V).
Let viy1, ..., v, be such that Vy = @;zl 41 Zvi, where Vj is as in (25). Extending the notation from
aboveweletd, =1fori=[1+1,...,r.

We claim that ,
Vo @ (v)).
j=1

We need to prove that for each v € V, there is a unique choice of «; ; € Z such that

r di—1

v=> Y oAl 27)

i=1 j=0

To see uniqueness assume that v = 0 is expressed this way. Then Av = 0 as well, and the linear
independence of the set in (26) shows thato; j =0 foralli=1,...,/and j =0,...,d; — 2. Since by
(25) we have that A%y, fori=1,...,1, and V/+1, ..., Uy are linearly independent, this shows that
aig—1=0aswellforalli=1,...,r.
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It remains to show that every v € V can be expressed as an integral linear combination as in (27). By
(26) this is clearly true for Av:

I .7
ESESIwVMW>
i=1 j=0
for some o; j € Z. Let v/ = Zl ! Z] "5 @i jA™v;. Then v — v’ € ker A; thus proving the claim. O

2F. The proof of Theorem 1.3. The proof of Theorem 1.3 relies on the following two propositions.
Proposition 2.13. Assume thatn >2,a € F}, a = ol +a(X) with g; € {0, 1} as in (22) with g, = 1.
Also assume that z; = le_:lH_l §jek—1.N;—1 + &1€k—1.n,, and that

-1

2= Z Nj€k—1.N;—1 + Mek—1n,, Wwheren; ={
j=i+l

0 if§ =0,
I if&j #0.

Then a” + zy and a” + z5 are conjugate in GL,_»(F,), and so K,_>(a" + z1) = Ky—2(a" + 22).

As a corollary of Proposition 2.13 one immediately has that for k = N; as above

Y o Ylax+x ) =¢"7) (g- 1T (Kn 2@ +2) — Ky a(@"+ 2+ € 142),  (28)

xeXy z€Zy

where a” = a;; " and where z runs over

-1
Zo= {z = Y njec1n,-1 ‘ njef0, 1} fori+1<j< l}, (29)
j=i+1
with J = J(z) = [{j | n; = 1}I.

This in itself proves a version of Theorem 1.3 valid for almost all primes. The matrices a” + z,
a” + 7+ ex—1 ,—2 can obviously be lifted to Z where they can be put into Jordan normal form after a
rational change of basis. This shows there are well-defined partitions A”(z), A" (z + ex.,—2) of n —2
associated to the partition A, the value kK = N; and z which are independent of p except for the finitely
many primes dividing the determinant of the change of base matrix. The next proposition shows that
such exceptions do not arise.

Proposition 2.14. Let a € M, (Z) be as in Proposition 2.13 and z € Zy be as in (29). There exists a
unique partition A" = n — 2 such that for any prime p and finite field F, of characteristic p the partition
A" (z) Fn — 2 associated to the nilpotent matrix a” + z equals ).

Similarly there exist a partition " = n — 2 such that the block partition of the matrix a”" +z + ex—1 ,—2
is .
Proof of Proposition 2.13. Again we will use the language of linear transformations. Let V be a
finite-dimensional vector-space over [, and A : V — V a nilpotent linear transformation such that

Va = {v) ®(v1) B --- D (vy).
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Let d; = dim (v;). We are interested in perturbations A 4+ Z;, A + Z, of A, where Z;, Z, are such that
Z1(Alv) = Zr(Avj) =0 fori=1,...,1,j=0,....di—1,

Zi1(Alvg) = Zr(Alvg) =0 for j=0,...,n9—2,

and
l

l
Z1(A% ) = ZéiAdi_lvi and  Z(A%"'vg) = Z ni A%y,
i=1 i=1
where n; = 0 or 1 depending on whether & = 0 or not.
Let ¢ : V4 — Vj4 be the A-linear (¢ o A = A o ¢p) isomorphism for which
zv; forl<i<lI, &#0,

v:) =146
i) {v,- for1 <i<I, &=0.

Then ¢ (Z1(v)) = Z>(¢ (v)) as well, showing that the modules V4.7, and V4,7, are isomorphic. O

Proof of Proposition 2.14. The statement is only meaningful if n > 2. Lift the matrix a” which only
has entries 0 and 1 to a matrix a over Z by lifting Op, to 0z and I, to 17. Identify 7" % with 1 x (n—2)
matrices (row vectors) and let A : Z"~2 — 7”2 be the linear transformation

vV vd.

In a similar fashion we may lift the matrix z or z + ex_; ,—» to a linear transformation Z : 72— 72,
In both cases a simple change of the standard generators shows that (A 4 Z) (7" =AZ" ) isa
direct summand. One also has that AZ = Z? =0 and so

(A+ 2= A+ 2)A ",

It also follows that (A 4+ Z)K(Z"~?) is a direct summand and by Theorem 2.10 has a Jordan normal form
over Z. O

Proof of Theorem 1.3. Assume that a = oI + a, where a = a(}) as in (22). By (12),

K@ =) Y ylax+x").

k=1 xeXy

It is enough to prove that each of the sums ) _y  Wlax +x~1) is expressible as a polynomial in g, ¢ — 1
and K = K («).This was already established when a = 0, so we may assume that &, # 0.
Proposition 2.5 and (i) of Theorem 2.9 take care of the cells X, and X,,_;. For the other cells we may
refer to statements (ii) and (iii) in Theorem 2.9 which reduce the sum down to the case when k = N;
for one of the N; =n| + - - -+ n;, in which case Proposition 2.13 gives (28). Induction on the rank and
Proposition 2.14 then shows that the resulting Kloosterman sums of rank n — 1 and n — 2 can be expressed
as polynomials in ¢, ¢ — 1 and K independently of p = char[,. U

It is possible to make this recursion more concrete; see Section 5B for examples.
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3. Estimates

3A. Kloosterman sums over Bruhat cells: reduction to involutions. We will move on to setup the
technical background for the proof of Theorem 1.6. We will pursue a path which establishes both of the
estimates in Theorem 1.6 as well as Theorem 1.5 simultaneously and which will also allow us to analyze
these sums cohomologically.

This approach is based on the Bruhat decomposition of the algebraic group GL, as well as its
specialization in the finite group G = GL, (IF;) with respect to the Borel subgroup B, of upper triangular
matrices, with

By, =T,Uny,

where U, is the algebraic subgroup of upper triangular unipotent matrices, and 7, is the maximal torus
(diagonal matrices). Since in this section n is fixed we will simply write B, T and U. Let W be the Weyl
group of GL,,. We then have
G =GL,(F)) = |_| Cy(Fy), CyuFy) = Ub([Fq)wB([Fq), (30)
weW
with U’ ={u e U | w™'uw € UT}, where U is the unipotent subgroup of the opposite Borel subgroup
of lower triangular matrices. It is clear from Gaussian elimination that for a field F all x € C,(F) have
a unique decomposition x = uwb with u € U°(F) and b € B(F). This remains true for the algebraic
variety GL,, canonically [Springer 1998, Chapter 8]. (Alternatively, given any field F one may work
over an algebraic closure of F, say F,asin [Borel 1991, 1V.14.12, Theorem (a)]. It is clear from the
uniqueness that once representatives for W as permutation matrices are fixed, the decomposition above
is invariant under any Galois automorphism of F fixing F. The same argument shows that the map
U’ x B — C,, is an isomorphism of algebraic varieties, defined over F.)
We will work with
K" (a,F,) = Z V(ax +x71). (31)
x€Cy(Fy)
As a first step we will prove that the above sum vanishes unless w? = I and analyze the cells C,, to
simplify these sums for w? = 1.
The Weyl group, W = W,,, is isomorphic to S,,, the permutation group on 7 letters. For later calculations
we make this identification explicit as follows. For a permutation matrix w we associate the permutation 7
such that i = 7 (j) if w; ; = 1. Conversely given 7, we let

n
Wqg = Z €rn(j),j (32)
j=1
so that wy, Wy, = Wx,x,. To ease reading the arguments that will follow, we overload the notation and

write w(i) for w (i) if w = w,. This convention leads to

(gw)ij = giw(y and (Wg)ij = &y-1(i),; (33)

for any g € G, which will be frequently used without further mention.
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Proposition 3.1. Let a € M, (F,) be an upper triangular matrix, such that deta # 0, and assume w € W
is such that w* # I. Then
K" (a,F,) =0.

Proof. Let i be minimal such that i # w?(i) and let j = w(i). If k = w(j) then w?(k) # k and so k > i.
Consider now the one parameter subgroup

{xij(s)=1+se; ;:sel,} CB.

Clearly we have x;;(s) B(F,) = B([F,) and so

K,Ew)(a, Fy) = Z Y (auwb + (uwb)™ ") = l Z Z Y (auwx; j(s)b+ (uwxi,j(s)b)_l).

uel’(Fy) s€Fq uel’(F,)
beB(F,) beB(F,)

Note that

0
75 Tr(auwx; j(s)b) = Tr(bauwe; ;) = (bauw);; = (bau); ;
s

since j = w(i). By the assumption deta # 0 we have (bau); ; # 0.
On the other hand

d _ N 11, IR g
o Tr(b o j=w ey = —Tr(e; jw™'u b =~ a0 =@ Dy =0

since w(j) > i. Since w(b_lxi,j(—s)w_lu_l) is linear in s, it is equal to ¥ (b~ 'w~'u~") for any s.
Writing ¥ (auwx; j(s)b) = Y (auwb)yr (auwe; ;jbs) and using that ¥ is invariant under conjugation
we have Y (auwe; jbs) = Y (bauwe; js) =y ((bau);j ;s). This gives

Z Y(auwx; j(s)b + b_lx,-,j(—s)w_lu_l) =Y (auwb +b_1w_1u_1) Z Y((bau); js) =0. [0

sely sely

We can also prove Theorems 1.1 and 1.2 this way. For example, for nilpotent matrices we may prove
that K ,2"” (a) =0, unless w = I. First we may assume that a is strictly upper triangular.
Let j =max(k | w(k) # k) and i = w(j) < j and consider the one parameter subgroup

{xi,j(s) = I+se,-,j | s € [Fq} < B([Fq).

We have x; ;(s)B(F,) = B(F,) and so

1
K@= ) wlauwb+@wb) )=~ " > ylauwx;(s)b+ wwxi ()b
ueUy (Fy) sel, uely(Fy)
beB(F,) beB(Fy)

By the definition of j for any u € U,,(F,) and b € B([F,)

0
75 tr(auwx; j(s)b) = tr(e; jbauw) = 0.
s
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On the other hand
0
o= tr(wwx j($)b) ™) = e wu b = b #0.
. :
This gives

> wlauwx; j()b+b""xi j(—)wuT) =Y auwb + b wu™h Y wbis) =0.

sel, self,

So

Ki(@,F)=K" @ F)= > y@b+b™H= > y® H=lUl Y []etH=D"g"""""

beB(Fy) beB(Fy) teT(Fy) i=1
asy (b =y ) =[], ¢¢,;)ifb=tueTU=B.

3B. Finer decomposition of individual Bruhat cells. We will give a decomposition of the algebraic
group U of unipotent upper triangular matrices in GL,. To show that the underlying maps are morphisms
we will work over a general commutative ring R. Therefore the letter U will denote the algebraic group
itself, and not its set of points U ([F,). Similarly further subsets of U denoted with various markings will
define affine subvarieties of U and not their set of points in [,.

The motivation for this refinement of the Bruhat decomposition is as follows. The Bruhat cells
Cy(Fy)=U b(Fq)u)B([Fq) are already of the form [Ff]’ X ([F;‘;)e when using the entries of the matrices in
U b([Fq), T (F,) and U (F,) as coordinates, and exponential sums over such spaces have a well-established
theory [Adolphson and Sperber 1989; Denef and Loeser 1991]. Also, tr(ax + x~!) as a function on [FZ
(using the entries as coordinates of x) is degree 1 in each of these variables. However they have to be
collected the right way to use this observation. Therefore we will fiber up the cells C,, into finer (affine)
subspaces that are more suitable for this purpose. For later arguments that rely on cohomology it will be
important that this refinement gives an isomorphism of affine varieties. While for this purpose one could
restrict to [, -algebras, the results are true over an arbitrary commutative ring. Also this refinement has
potential applications elsewhere and so we first set it up for a general element w € W which is assumed
to be fixed.

This section mainly consists in developing a nomenclature for these simple but numerous subsets
(many of them subgroups). These subsets are defined under various actions of W on the affine variety U
of strictly upper triangular nilpotent matrices, whose set of points in any ring is

U(R)={y € My(R) | I +y € U(R)} (34)

Clearly U is isomorphic to A™"~1/2 a5 an algebraic variety.
The subsets we are going to define depend on w but we will not work with more than one w at a time,
so we drop w from the notation. For example, the subgroups

sz{ueUlw_luweUT} and Unz{ueUlw_luweU}
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that satisfy U*NU” = {I} and U = UU" = U U* can be defined as
U'=14+U0" and U*=1+U"
where
U'=UnwUTw™ and U =UNnwlw™".
The further refinement comes from exploiting the action of W, the group of permutation matrices on M,
via left multiplication and so it is tied to the standard representation of GL,,.
Definition 3.2. For a fixed w € W let
U,=Unw'U, U,=Unw'U" and U,=UNw'D, (35)
where D is the set of possibly singular diagonal matrices. Using these subvarieties define
U=1+U,, Uy=1+U, and U,=1+U,. (36)

Remark 8. The subscripts “a”, “b” and “0” denote the fact that these are the elements i € U for which
the nonzero entries in wu are strictly “above”, “below” or “on” the diagonal. Clearly, for any ring R,
U(R) = Ua(R) ® Up(R) ® Uy(R).

We will see below that the map x — tr(ax +x~1) is linear on U, which leads to immediate cancellations.
However for this purpose we first need to setup further notation.

Definition 3.3. Let
UP=U'NU,, Uf=U*NU, U =U"NU, U,=U"NU,.
Remark 9. These subvarieties are defined via their nonvanishing entries. In general let
I={GNI1=i<j=n}
and for 7 C Z define the affine variety
Ug={ieUli;#0 = (i, j)eJ)
Note that U = I + U 7 is an algebraic subgroup of U if and only if 7 is transitive in the sense that
@), (. ked = G,k eJ.

For example, U, = Uz, where J, ={(i, j) € Z | w(i) < j}, which is transitive, and so U, is a subgroup.

Example 3.4. Consider the case n = 5. We indicate below the indices with the different properties for
two involutions:

o a bbb
b o 0 a
aa
a

w = (14)(25) gives ,  while w = (15)(23) gives a

Q@ 2 O
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To state the main result of this section we need to introduce one more piece of notation. Let
Upjo=Up®U,
be the subset of U of elements i for which wiz has nonzero elements only below or on the diagonal, and let
# 77 b T
Uy,=1+U,, and U, ,=I1+U,,,
where Ui/o =U"N l7b/0, and (72/0 =U"N l7b/0.
Proposition 3.5. (i) U,, U*U, and U[E/() are algebraic subgroups of U and U*U, N U;:/O ={I}.
(i) The morphism
b
U,f/o x U, x Ub/o — U, (u1,y,u2)— uiyus,
is an isomorphism.
(iii) If w? =1, then U, C U is a subgroup, and the morphism
Uﬁ X Uz x Uy X Ug —=> U, (u1,y,up, u2) = ujyuyus,

is an isomorphism.

There are many alternative versions of the statement in (i) as, for example, U, ), = U, U, = U, U, is
a subgroup of U as well. Also if one is merely interested in a bijection over [, the statements in (ii)
and (iii) can easily be proved by a counting argument. One may argue similarly to see that the set U 5 /o
is a complement of U, in U*U,. To prove that these maps are isomorphisms it is possible to adapt the
reasoning of Lemma 8.2.2 in [Springer 1998] but given the concrete nature of the statement we give a
self-contained proof here, based on the fact that affine varieties and their maps are determined by their
functor of points.

Lemma 3.6. We have the following:
() Ifu € U(R) and x € U,(R) then xu € U,(R).
(i) Ifu € U*(R) and x € U,(R) then ux € U,(R).
(iii) Ifu; € U¥(R) and uy € U’(R) then
uuy + ﬁa(R) =u1Us(R)us.

Proof. Since U,(R) = U(R) Nw~'U(R), the first and second claims are obvious from the fact that
U(R)U(R) =U(R)U(R) = U(R), and that for u € U*(R), w™'uw € U(R).

By the first two claims, if u; € U*(R) and us € U"(R) then u;U,(R)us = U,(R), from which the
third claim is obvious. g

Proof of Proposition 3.5. 1t is enough to prove that for any commutative ring R the sets U,(R),
UY(R)U,(R) and UE/O(R) are subgroups of U (R), and that the maps

ULy(R) X Ua(R) x Uy, (R) — U(R), (1, y,u2) > uyyua,
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and
Ubﬁ(R) x Uy (R) x U,(R) % UE(R) — U(R), (u1,y,up, u3) = upyu,us,

are bijections.
Define on U (R) the equivalence relation

up ~g uy <= uy—u € Uy(R). (37)

We start with the proof of the claim about the group property of the three sets in (i). By (i) of the previous
lemma, if 1 ~g, U2, and u € U(R), then uu g us. Therefore U, (R), the stabilizer of the equivalence
class of the identity /, is a subgroup.

By (ii) of the same lemma U*(R) normalizes U, (R) and so UY(R)U,(R) is a subgroup. Finally,

J={G N1Jj<w@), w() <w@} and J' =Z\J={G j)eZ|w@) <jorw() <w(j}

are disjoint transitive subsets. This shows that UE/O(R) = U 7(R) is a subgroup, and since U%(R),U,(R) C
Uy we have that U*(R)U4(R) N U, (R) ={I}.
Now to prove the claim that every u € U (R) can be represented in a unique way as

u=uryuz, €U}, (R), y€eUs(R), uy €Uy, (R),

we will first show that U(R) = Uj,,(R)Ua(R)U, ,(R). Let u € U(R). We know [Springer 1998,
Chapter 8, Proposition 8.2.1] that there are v € U%(R) and vy € U"(R) such that u = v, v,.

Letu; € U,f /O(R) be the matrix whose entries agree with v; for (i, j) € Z when w(i) > j and are 0
otherwise. Then we have that

vi€u+Uz(R) andso v Uu(R) =u U,(R).
Similarly let u; € UZ(R) be such that vy € us + U, (R), so that U,(R)us = U,(R)v,. We have that
u=vv € ViUs(R)vo =u1U,(R)us.

Now for the injectivity assume that u, u} € UE/O(R), v, Y €Uq(R), and uy, u)) € UE/O(R) are such that

)
Uiyus =uyyu,.

Since U*(R)U,(R) N UE/O(R) = {1} we have that up = u/, and so u;y = u}y’. By (iii) of the previous
lemma u; ~5 u} which can only happen in Ug/O(R) if uy =uj.
The very last claim about the case w? = I is elementary. O

For convenience we will parameterize C,, using the following lemma.
Lemma 3.7. Assume that w> = 1. Then U, = Ug and the morphisms
1) U xT xU— Cy, (v, t,u) —~ vwruv™!,
(i1) Ul? x U, X U(E X Ug — U, (U1, y, Uy, up) — u;(1 +y)_1u0u2,

are isomorphisms.
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Proof. The first claim follows from (30) and the fact that the morphism U’ x T x U — U’ x T x U,
(v, t,u) — (v, t,uv~") is an isomorphism of varieties. The second claim is merely a restatement of (iii)
of Proposition 3.5. U

The advantage of the parameterization in (i) is obvious: if x = vwiuv~l e C w(lFy) then

tr(ax +x~ ") = tr(@’wru + (wru) ™),

1

where a¥ = v~ lav = ol +a’, with a¥ = v~'av still strictly upper triangular.

3C. Some trace calculations. From now on we will specify to the finite field [, and so B, U, U etc.
will mean B(F,), U(F,), U (Fy) etc. Assume again that a is a matrix with a unique eigenvalue o € [FZ:

a=al +aec M,([F,), where ais strictly upper triangular. (38)

With (ii) of Lemma 3.7 it is now easy to bound ), <, W (ax +x~1). However the cohomological
methods used in the proofs of Theorems 1.7 and 1.8 require repeated use of Lemma 3.16, which in turn
relies on understanding

X — tr(ax —i—x_l)
itself as a function on C,,. This is achieved in Propositions 3.8 and 3.9.

Proposition 3.8. Assume that w € W satisfies w> = I and let U,, U }f ,U 15 U, be as in Definitions 3.2 and
3.3 with values in .

Assume that a® = ol +a' € M, (F,) witha € F*, @ € U, and that uy € U, u, € U, and uy € U). If
y € Uy, let g(y) = u(I +y)"'u,us. Then the function

y > tr@’wrg () + wrg(y) ™)

is affine linear on U,,. This map is nonconstant unless up = I.

When the map is constant its value is

tr(a’ wtuiuy, + (wtujuy) ™).

Further reductions are given by:
Proposition 3.9. Assume w € W satisfies w> = I, and thata' = al +a’ € M,(Fp) witha e}, a’ U.
Letu; € Ug and t = diag(ty, ..., t,) €T. Foru, =1+ u, € U, the map

Uy > tr(@' wruy (I +ity) + (wtuy (I +ii,)) ™)

is affine linear on Uy. This map is nonconstant unless tu_)(li) = «t; for all i # w(i). When the map is
constant its value is
D (et +17 ) + tr(@wduy),
i=w(i)
whered =

i<w(i) li€ii-
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The proof of the above facts rely on some simple lemmas that we present first.

Lemma 3.10. Ifa’ is upper triangular, y € Uy, u; € U* and uy € U, then
tr(a’ wruy (I + y) " up) = tr(a’wtuyus) (39)

is independent of y.

Proof. By Proposition 3.5 (I +y)~! = I + y’ for some y’ € U, and so wy’ is strictly upper triangular. By
the assumptions on a’, u and u, we have that a’, wru, w1 and u, are upper triangular, so

tr(a'wtuy y'us) = tr(a’ (wrugw ™) (wy)us) =0. O

Lemma 3.11. ForanyueU,teT

Yy wyu_lt_1

is a linear automorphism of U,,.

Proof. The map y — wyu~'t~! is clearly linear, and a bijection to its image. Since wU, = U, and

U,ut = U, this image is U,. O
Proof of Proposition 3.8. First by Lemma 3.10 we have

1

tr(a’wg(y) + (wrg(y) ") = tr(@ wruiuous) + tr((weuyuouz) ") +tr((uauy) ™ yuy 't~ w)

showing instantly that the map y > tr(a’wtg(y) + (wtg(y))~!) is affine linear. Also

lw) = tr(w(uau,) ' wy’),

tr((ugu(,)_]yul_lt_
where y' = wyul_lt_1 € U, and so by Lemma 3.11 it is enough to show that the map
Y > te(w(uau,) ~ wy')

is nonconstant unless u, = 1.
Assume that u # I, and let z = (uru,)~'. Since U: and U,E are subgroups, z is in UZU,E, but not in
Ug and so there exist (i, j) such that

i<j, w@)>j and gz, ;#0.
Also, by the fact that UE C U’, we have that w(i) > w(j), and so

Cw(j).wi) € Ua.
Now let
Yo={y € Us : yu(j).wi) =0}

so that any element y € U, may be written as y = yo + se€y(j),w(), Where yg € Yy. Then
tr(wzw (Yo + Sew(j),wi))) = tr(wzwyg) + 5 tr(wzwey ) wai)) = tr(wzwyp) +5z;, ;-

This proves the proposition. O
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For the proof of Proposition 3.9 we need an explicit evaluation:

Lemma 3.12. Assume w € W satisfies w> =1, a € F, a' € U and that t = diag(ty, ..., t,) € T satisfies
~1
t

w(i

) = ot foralli < w(i). Then

tr(w(at —i—t_l)) = Z ot; + tfl.
i=w(i)
Ifu e U, then
tr(a’wtu) = tr(a’wdu),

whered =3}, ti€i.

Proof. First observe that
wt = Z tieii + Z (tiew(i.i + (@1) " €iwi),
i=w(i) i<w(i)
from which the first claim follows immediately. The second is a slight variant, using that a; ; = 0, from

the assumption @’ € U. O

Proof of Proposition 3.9. It is easy to check that U, = Uy = {1 + Y
abelian. Using that we have that (I + i,)~ ' =1 —ii,. Therefore

i <w(i) Si€iwG) | si € Fy} and it is
tr(a'wtuy (I +itp) + (wruy (I +iip)) ") = tr(@'wtuy + (wruy) ™) + te((@'wtuy — (wruy)™)ii,y)

is clearly affine linear as a function of u,. To see when it is nonconstant write i, as Zi<w(i) Si€; w(i) SO

that by the conventions in (33)

ﬁow= E Si€; i and u}l/_t(,= E siew(i),w(,-).

i<w(i) i<w(i)

This leads to

tr(a’wtuyit,) = tr((@’' wtuw)wit,) = Z si(@ wtuiw) iy wi) = Z s;ot

i<w(i) i<w(i)

since wujw € U, and w diag(#; )w = diag(#,,(;)). In a similar manner

tr((wtuy) i) = tr((tu) " witg) = D s () Dwirwny = Y Sty

i<w(i) i<w(i)
Finally, since u; € Ul? c U*, ul_l e U" as well, and for any u € U? we have
uiwiy =0 inthe case i < w(i).
Hence for u = I +u € UF, tr(wti) = 0, and tr(fwu) = 0. This gives
tr(a’wtu, + wul_lt_l) = tr(qw? + wt ") + tr(@ wruy).

This finishes the proof of the proposition in view of Lemma 3.12. U
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3D. The proofs of Theorems 1.5 and 1.6. We again interpret the notation for all affine varieties as the
set of their [, -rational points, so Cy, stands for Cy,([F,), etc. Recall that

K\ (@) =) Yrlax+x7".

xeCy

Proposition 3.13. Assume thata = ol +a € M,(F,) witha € F},a € U. Then

K@) =" > y(@ wiuu,+ wtuyuy) ™),

Vbt
whereve U, a’ =vlav,t e T,u, € U,, u; € Ulf and

na = dim Up = [{Ta}| = [{G. ) |1, w(@) < j}].
Proof. By Lemma 3.7(ii)

KM @=>" > Y y@wg(y)+ wigy)™,

v fig,up,uz Yy

where g(y) =u; (1 +y)_1u0u2 and the inner sum is

/ 1y 0 lfuz 7511
Zy: e {qn“lﬁ(a/wtuluo + (wtuguy)™") ifuy =1,

by Proposition 3.8. O

Proposition 3.14. We have
K" (@) =gq" " Ki(@) Y (@ wdu),
v,d,u
where v € U’, u € Ug, a’=vlav,n, =e = |{i i < w(i)}| is the number of involution pairs in w,
f= ‘{i | w() = i}‘ is the number of fixed points of w and d € D(w) = {Zi<w(i) tieii|te [F;}.
Proof. Let
T(w)={teT |ty =atifi <w()).

By Proposition 3.9,
Z Y(awtuiu, + (U)tuluo)_l) =0

o
unless 7 € T'(w), in which case
Y V@ wiuu,+ i) =g" [] dlet +17 v @ wdu),
U, i=w(i)

withd =)
The proposition follows after summing over ¢ € T (w). O

i<w(i) liej;.
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Proof of Theorem 1.5. We will show that for o # 0 and w? = I we have
K" (@) =g" """ g = )Ki (@) (40)

where N = ”Z/o =dim Ug + dim Uob.

Since @ = 0 now, @’ = v~'av = 0 as well, and so ¥ (@*wdu;) = ¥ (0) = 1. To get the exponent of
g note that n, + n, + n® 4+ n?) =ng,+n,+np+ ”Z/o’ where these are denoting the dimension of the
corresponding subspaces of U. Then we also have n, +n, +n, =n(n —1)/2. O

Proof of Theorem 1.6. If a = al +a, a € U, w? = I, then by Proposition 3.14

K™ (@) = "t | K () |

> w(@ wdu)

v,d,u

<g" K@) | Y 1Y@ wdu)| = K™ (@)
v,d,u
since |V (a’wdu;)| = 1.
Since w? = I, every element is either fixed by w or is in an involution pair, and so n = f +2n,. So

while f depends on w,
Ki(@)) = Ki(@)"K1 ()" = sign(K1(@)"|K1(@)|"K1 (@) " = ¢|K1 ()],

with the sign
& = (sign(K()))"

independent of w. Here we have used the fact that K («) is real. Thus we immediately have that

K" (al)| =eK ™ (al).

Therefore

[Kn@)] < Y 1K @] < Y IKM @Dl =¢ Y KM (@l) =eKy(@l) =K, (D).

w2=] w2=I w2=I

(3n2—=58(n))/4

It remains to prove that ¢, = | K, (¢ 1)|/q < 4. By the recursion formula (4) we have

Cnp1 < CalKi(@)|g 2D

Recall that
5(n) = 0 %fn %s even,
1 if nis odd.
Thus
1 if n is even,

5(”“)_8(”):{—1 if n is odd

If n = 2k this gives cp+1 — cok—1 < ZCqu*k, and so

k

Cokt1 <c1+2 E 297
j=1
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Similarly
k—1
o <2 Z c2j+19
j=1
from which the claim follows easily for ¢ > 3. The case ¢ =2 is easily checked by hand. U

The sum ), ,, ¥ (a"wdu) gives rise to some intriguing questions on its own; see the problems
mentioned Section 5C.

3E. Review of cohomology. With the results of the previous section, for a fixed a € M,, the bounds can
be proven over those extensions of [, in which a can be conjugated to Jordan normal form. However, to
get the general result, we need to understand certain cohomology groups attached to the sum — which are
independent of the field extension. In the rest of this section we will consider a subset of the matrix group
X C M, defined by algebraic equations of the matrix entries as the corresponding algebraic variety.

We first introduce the notation and the main tools, then prove cohomological versions of Propositions 2.3
and 3.14. This enables us to prove Theorems 1.7 and 1.8.

Let £ # p be a prime, and @, be an algebraic closure of the field @, of £-adic numbers, such that there
is a p-th primitive root of unity ¢ contained in Q. Fix the field embedding ¢o : @(¢) — C which sends ¢
to e(1/p) and let £, be the Artin—Schreier sheaf on Al = A}Fq corresponding to the additive character ¢.

For a quasiprojective scheme X/F, and a morphism f : X — A! the Grothendieck trace formula
[1965] yields

2dim X
Y e(f@) =Y (=) Tr(Frob), Hi(X, f*Ly)),
xeX (Fym) i=0

where X = X ®r, F, H! is the ¢-adic cohomology group with compact support in degree i. We use
the notation H? for the “complex™ of cohomologies. These cohomology groups are finite-dimensional
Qq-vector spaces and Frob, € Gal(F/ [,) is the geometric Frobenius acting on them. By Deligne’s
work [1980] (see also [Kiehl and Weissauer 2001; Milne 1980; 2016]) we know that each Frobenius
eigenvalue )»}'( on H! (for 1 <k <d; =dim H!) is a Weil number of weight j for some j < i, that is,

()l =g’ (41)
for all embeddings ¢ : @(1) — C, and thus
2dim X d;
Yo oe(fen =Y (=D _eH"
xeX([qu) i=0 ]:1

To simplify the notation we write H:(Y, f) = H.(Y, (f*£L,)|y) for arbitrary subschemes ¥ < X. As
a corollary of the above we have that if

H(Y, f)=0 fori>d
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then

> w(f(x))’ <CqmP?, (42)

xeX (ﬂ:qm )

with C = Z?:o dim H! (Y, f). We will consider the cohomologies of the sums in the previous section:
the sum K, (a) corresponds to the scheme X = G = GL,, and the morphism f = g : x > tr(ax +x7hH
(and also the embedding of ¢y : Q(¢) — C).

In the previous sections we derived bounds for the general Kloosterman sums over a finite extension
where the eigenvalues of the coefficient matrix are defined. However bounds over an extension field do
not imply that the weights are small. Consider, for example, X = (A!\ {1}) LA® and the regular function
f: X — Al defined by
x ifx e Al {1},

f“):{o if x € AL,

Then erx([qu) @(f(x)) =1—¢™ which vanishes if p | m but only in that case.

The reason for this phenomenon is that the Frobenius eigenvalues on different cohomologies differ by a
multiple of a root of unity, and thus cancel in some extensions: here dim HC1 (X, f) =dim HL(,)(X , =1,
dim HCZ(X , ) =0 and the Frobenius eigenvalues are )L% = ¢ and A? =1.

Thus, to get the general bound, we will prove that the cohomologies H!(G, g) vanish if i is large
enough; hence the weights are not too large.

We will use the following properties of H? (for an overview, see, e.g., [Katz 1980] especially Chap-
ters 3.5. and 4.1-3 and [Laumon 2000; Fresan and Jossen 2020]):

Excision. If f : X — Al is a regular function, Z — X is a closed immersion and U — X is the
complementary open immersion, then there exists a long exact sequence in the form

<o H(U, f)— H(X, )= H(Z, ) —» HY'U, f) - - - .

Kiinneth formula. If f; : X; — A fori =1, 2, 7; is the canonical map X = X X Spec(F,) X2 = X;, and
fi+ fo:=7] fi+ 75 f2, then

(FTLH R (fFLy) = (fi+ f2)*Ly
and

HZ (X, fi+ f2) = H (X1, fi) ® H! (X2, f2),

that is, for all i

HI(X, fi+ )~ @ HI (X1, /) ® HE (X2, fo).
jk=i

We will also need some knowledge of the cohomologies in simple situations. They are listed in the
following theorem.
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Theorem 3.15 (cohomology of some basic sheaves). (i) Cohomology of some basic sheaves on Al
(a) HI(Al,id) =0 for all i.
(b) If0: Al — Al is the zero map, then Ly = fo Ly is the constant sheaf and
0=y 113
The Frobenius eigenvalue on ch is g (which is of weight 2).

(ii) Cohomology of some basic sheaves on A\ A,
(a) We have
dim H. (A" \ A", id) = e
0 ifi#1.

The Frobenius eigenvalue on HC1 is 1 (which is of weight 0).

(b) We have
j 1 ifi=1,2
dimH AN\A, 0 =] T'TT
0 ifi#1,2.
The Frobenius eigenvalue on HC2 is g (which is of weight 2) and on HC1 is 1 (weight 0).

(iii)) Cohomology of sheaves corresponding to Kloosterman sums; see [Weil 1948a). If o € [FZ and
fu i Gy = A\ AY — Al s the morphism which corresponds to the map

Ja@)=a-1+1/1

then

. 2 ifi=1
dim H/(A'\ A, £,) = ’
im A (AAAT fa) {0 ifi £,

and on H] both weights are 1.
The next observation is essential in what follows.

Lemma 3.16. Let f,g : X — Al be regular functions, Xo = f~'({0}) and consider f -idy + g :
X xspec([pq)Al — Al Then

H? (X Xspeerp A, f-idai + ) > HY (X0, 8) ® HI (A, 0);
thus
HIP2 (X xspectt) AL, f -idar + ) = HL(Xo, 8) ® HZ(A1,0)  for all i. )

Proof. Let V = X \ X, and consider the morphism j = idy ® (idy1 — g)/f : V x Al = V x AL,
This is clearly an isomorphism and j o (f -idat + g) = Oy + ida1; thus by the Kiinneth formula,
H(V x Al jo(f-idy +g)) =0.

Let Z= Xo x Al and U = X x Al \ Z. From the previous argument, H*(U, f -ida1 + g) = 0. By
excision H! (X Xspec(r,)A', f-idai+g) > HI(Z, f-idai+g), but (f-ida1)|z =0; hence (f-ida1+g)|z =
glz = glx, +0|ar and applying the Kiinneth formula we get the lemma. O
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Remark 10. This lemma is the cohomological form of the straightforward computation
Yo etf@Ag) =Y @)Y etf)=q Y egx).
(x,HEX(F)xF xeX(F) reF x€Xo(F)

A similar argument as in the proof appears in motivic context in [Fresdn and Jossen 2020, Lemma 6.5.3
and Remark 6.5.4].

Applying the lemma repeatedly we get:

Corollary 3.17. Let ; : A" — Al be the projection
(X1, X2, ..., Xm) B> Xj.

For fj,g: X — Al 1 <j<m,leth:X xspec([pq)Am — Al pe defined by

h=Y) fi-mi+g

j=1

Consider Xo ={x € X | h(x,-) =0} < X as a subscheme. Then

m
H: (X X Spec(F,) A", h) ~ H?(Xo, 8)® (® HC’(AI’ O));
j=1
thus

m
HIM (X X spec(r,) A", h) =~ H! (X0, §) ® (® HXA!, 0)) forall i.
j=1
We will now show the vanishing of cohomologies of high enough degree for the exponential sums that
were used in the previous sections.

3F. The proof of Theorem 1.7. We first start with the reduction to Jordan blocks as in Proposition 2.3.
Let G =GL,, G, =GL;, G; =GL, for some n =k +1/. Let

[ % b nxn

be block upper triangular with a; € AKXk g, ¢ A Let g : G — Al, x > tr(ax + x~"), and for the
diagonal blocks denote by g; and g; the morphisms x; > try (agxi + x; 1) and x; — try(a;x; + xl_l),
respectively. Let H®* = H?(G, g) and similarly H? = H? (G, g), H® = H? (G, g1).

Proposition 3.18. If a; and a; have no common eigenvalues, then

H*~H* A )@ Hf @ HY, thatis, H'~H* A 0)® ( P Hie H/’),
JHj=i—2kl

where H® (AKX 0) = (®fd:1 H2 (A, 0))
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Proof. The morphism U, ;j — ARy s (i, j)1<i<k,1<j<i> 18 an isomorphism, so we apply Corollary 3.17
withm =kland X =G on X X Spec(F,) U[k,l] and

h:(x,u)— tr(a(u_lxu) + (u_lxu)_l).

From the proof of Proposition 2.3 it is clear that 4 (x, - ) is cohomologically nontrivial if and only if x" =0,
that is, x € Xo with Xo < X the subscheme of “block upper triangular” matrices and by Corollary 3.17

H? (X ®speccr,) Uik, ) = HY (X0, ) @ H* (A, 0) 2 HE (G, 81) ® HE (Gr, 81) @ H* (A, 0),
where the second isomorphism is a consequence of a being a block matrix. Thus
X0 = Gi Xspec(F,) G1 Xspee(ry) A, glxy = &k + g1 + Oap
and the Kiinneth formula.

On the other hand j : X — X, (u, x) — (u, uxu~"), is an isomorphism and j*h = Oy, + g so

kl
H? (X ®spec(t,) Uit 1) ~ H2 (G, 8) ® (® H (A, 0));

i=1
hence the proposition. O
Proof of Theorem 1.7. Since cohomology does not depend on the finite field in question we may assume

that a is a diagonal matrix with nonzero and unequal entries o; on the diagonal. As above let g: G — Al,
x > tr(ax+x~"). Alsolet Hg oy =H (AT\AP, £.). Repeated applications of the proposition above gives

n
HY(G, g) = H"""D(A""=D/2 0) @ X) Hy -
i=1
By Theorem 3.15(i) and the Kiinneth formula, dim H n(=DAr=1/2 () = 1, with Frobenius eigen-
value ¢""~ 1. Similarly by Theorem 3.15(iii) @;_, Hp
®?:l Hll( ()"
The claim now follows from the purity of the classical Kloosterman sums K (¢;). O

(«;) 18 concentrated in degree n where it equals

3G. Bounding the weights in the nonsplit case. For the proof of Theorem 1.8 we need to bound the
degrees of the nontrivial cohomology groups. Recall that for w?> = I we defined in Theorem 1.5

N=Nw)=|{G )HI1<i<j<n, w()<wl <}

Theorem 3.19. Assume that a = ol + a, with a € I]:Z and a nilpotent, and consider the cohomology

H?(Cy, x — tr(ax + x~ 1) associated to the exponential sum (31).
() Ifw? #1, then H*(Cy, x — tr(ax +x~1)) =0.

(i) If w? = I, then HX(Cyy, x > tr(ax +x71)) = 0 for i > n* + 2N (w); thus all weights of the sum
Y rec, ¥(ax +x7") are at most n* + 2N (w).



Matrix Kloosterman sums 2285

Proof. (i) We may assume that @ is upper triangular. The case w? # I follows from the proof of
Proposition 3.1. Let the pair (i, j) be chosen as in there: i is minimal such that i # w2 (i) and j=w(@).
Consider the subvarieties Y = {I +se; ; | s € F,} ~ Al X, = Uy and X, = {x € B | x;j = 0}. Then we
have the decomposition Cy, = X| x ¥ x X, by mapping x; € X1, x2 € Xz, s €[, to g=xjw(l +5€; j)x2
(this is indeed an isomorphism of algebraic varieties). If X = X| x X then the proof of Proposition 3.1
shows that the map gtra + (uwb) ™! is of the form f(x)s + g(x) with Xo={x € X | f(x) =0} empty.
Hence Lemma 3.16 implies the vanishing of cohomology.

Assume now that w?> =1. By Lemma 3.7, C, ~U” x T x U£ x Uy x U, X U,E and this is an isomorphism
of algebraic varieties.

We can apply Corollary 3.17 in the setting of Proposition 3.8. We have A" = U, with m = n,,
h:x+> tr(ax +x~") and

Xo=UpyxTx Ul x Uy > X=U"xT x Ul x Uy x Uy,

where the embedding maps the last coordinate to /. We obtain

Na
H?(Cy, x = tr(ax +x" ) =~ HY(U* x T x Uf x U,, 1) ® <® H(A!, 0)>,
i=1
where g| = tr(a’wtuu, + (wtuiu,)~") with the notation of Section 3C.
Applying Corollary 3.17 in the setting of Proposition 3.9 with A" ~ U, m =n,, h : x > tr(ax +x~ ')
and
Xo=U"xTw)x Ul = X=U"xT x U},

where T (w) is as in the proof of Proposition 3.14, we obtain

ng+n,
H?(Cy, x — tr(ax +x~ 1)) ~ HY(U* x T(w) x UL, g2) ® ( (0% H;(N,O)),

i=1
where g, = Zi:w(i)(ati + ti_l) +tr(a*wduy).
The Kiinneth formula yields

H?(Cy, x — tr(ax —|—x_1))

ng+n,

e f
~ H (U’ x Uy, 83) ® ( &) H A 0>> ® (® H AT\ A, 0>> ® (® HZ(AT\AY, fa>),

i=1 j=1 k=1

with g3 = tr(@’wdu;) and f, : x — ax +x L
Now it is enough to observe that the maximal nontrivial cohomology group is of degree

2dim U’ x U£+2(na+n,,)+2e+f,

where e is the number of involution pairs, and f is the number fixed elements in w. It is clear that
n = 2e + f and the calculation in the proof of (40) shows that the rest is equal to n(n — 1) + 2N (w). U
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To show the vanishing of cohomologies of the Bruhat cells in higher degrees, we need one more
combinatorial lemma. For this the Weyl group W is identified with the symmetric group S, viewed as the
group of permutations of the set {1, ..., n} as in (32). In the notation of Remark 9 we let for any w € W

Tye)={G, )1 1<i<j<n wj)<w@)=<j)

b
ajo*

Recall that N (w) = |7, (w)| = dim U
Lemma 3.20. Let e be a positive integer such that e < |n/2| and w, € S, be the involution for which
. n—j+1 ifj=1,..., e,
we(H=1"" f‘]
J ifj=e+1,...,n—e.

We then have the following:

() If w? = I and w is a product of e disjoint transpositions then N(w) < N (w,) with equality only if

W = W,.
(i) N(w.) = e(n — e). In particular N(w) is maximal for the long element w, |, and we have

N (W) = (n* —8(n))/4.

Proof. We proceed by induction on e. Let k = w(n) and first assume that k > 1. Let v = (12...k) € S,
that is,

j+1 ifj <k,
v(j)=11 if j =k,
j if j >k,

W) = (0(D), v())) € T, ,,(w"): thus N(w) < N(w").

To see this, first assume that {i, j} N {k, n} = &. In this case the claim is clear since v respects the
ordering of X ={1,2,...,n}\ {k,n} and w(X) C X.

Now the case (i, k) € Jab/o(w) does not arise since w(k) = n. There is a single j such (k, j) € J;/O(w),
namely j = n, but then (v(k), v(n)) = (1, n) € J,,,(w). Finally (i, n) € J, (") for all i; thus for all
(i,n) € J,,,(w) we have (v()), v(n)) € J,,(w").

If w(n) # 1, then the last case of the above argument shows N (w) is strictly smaller than N (w’).

and w’ = v~ 'wv € §,. We claim that (i, j) € T

We now move to the induction step. Let w’ be as above if w(n) # 1 and w’ = w otherwise. Let also
w” € S,_» be the element which arises from the permutation w’ restricted to {2, ..., n — 1} which we
identify with {1,...,n — 2} using j — j — 1. Then w” is a product of e — 1 transpositions and the
induction hypothesis shows that N (w”) is maximal if and only if w” arises from w’ = w,.

To prove the second part note that if w(n) = 1, then (i, n) € jab/o(w) for all i < n. Again let now
w” € S,_» be the element which we obtain by deleting the first and last rows and columns of w’. Then
N(w”)= N(w)+n—1. This time induction again shows that N (w,) =(n—1)+n—3)+---+(n—2e+1)
from which the statements follow. O

The following lemma enables us to work on the individual groups GL,;:
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Lemma 3.21. Let G = GL,, for some m and g : GL,,(F;) — Al x > tr(ax +x1), where a = «l +a,
with a nilpotent. Then H'(GL,,, g) vanishes if i > m? + (m? — 6(m))/2.

Proof. We may assume that @ is upper triangular. For an involution w? = I again let e = e(w) be the
number of involution pairs in w. By Theorem 3.19 and Lemma 3.20

0 forany i, if w? # I,
HL{(Cw,g)= 0 fori>m*>+2e(m—e), ifw#I w>=1I, (44)
0 fori#m? ifw=1I.

Let [ be the standard length function on W = S,,, [Borel 1991, 21.21] and consider

Y, = |_| Cyp.

l(w)=I

We also let Yo = B corresponding to the unit element of W.
If [(w) = then C,, is an open subscheme of

X = |_| Cy,=YUuX;_.
l(w)=<l

Clearly for any w we have Hci (Cyp,g)=0ifi > m? + (m? — 8(m))/2 and so this remain true for ¥;:
H(Y;,g)=0 if i >m?+ (m*>—38(m))/2.
We will now apply induction in the excision long exact sequence on the disjoint union X; = Y; LI X;_:
o= HI(Xo, f) = HUX0, f) = HL (Y, f) = HP G, f) = -
For [ = 0 we have that Xo = Y, and so
H}(X0.8)=0

already for i > m?. Assume now that HC’: (X;—1,8) =0if i > m?+ (m*> — 8(m))/2. From the excision

long exact sequence we then also have that H(f (X;,g)=0fori > m? + (m? — d(m))/2. O

Proof of Theorem 1.8. Fix a € M,,. As the weights do not change after base change, we might work over
a sufficiently large finite extension of F,, say F mw, over which a is conjugate to a block diagonal matrix,
where the blocks on the diagonal are square matrices a; € M,,; in Jordan normal form with a unique
eigenvalue o;.

Then by Proposition 3.18 we have

r nin;j
H? (G, g) =~ <® H?(GLy,, g,-)) ® < QR R H A, 0)>,
j=1 I<i<j<r k=1

where g; : GL,,(F;) — Al x — tr(ajx +x 7).
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We apply the lemma with m =n; and g = g; for 1 <i <r, respectively. By (42) and Lemma 3.21 we
have that K, (a) < ¢¢, with

d= Xr:(3n? —68(ni))/4+ Z ninj.
i=1

1<i<j<r

To conclude the proof note that

max(2(3n?—5(n,-))/4+ > min; r,n,-eN:Zni=n>:(3n2—8(n))/4. O
i=1

1<i<j<r i=1

4. Degenerate cases

4A. Preliminary observations on K, (a, b). The results in this section are combinatorial in nature and
will not require cohomology. Therefore from now on we work solely over [, and M,, = M, (F,).
Let a and b singular n xn matrices such that

r =rk(b) > s =rk(a). (45)
This section contains some elementary observations about the generalized Kloosterman sums

K,(a,b)= Z w(ax+bx_1).

x€GL, (F,)
First, we clearly have
Ku(a,b) = Ky(cracy ', cabey!)  forany ci, ¢z € GL, (Fy). (46)
In this, and the following sections, when we write a block matrix a = (Z; Zz) € F;™", we always
mean the blocks to correspond to the partition {1,2,...,n}={1,...,r}u{r+1,...,n}, r as in (45).

For example, by (46) we may assume that b = E,, where

I, 0

is a standard idempotent, but an exact description of the equivalence classes is a delicate question.
However all we need is a reasonable set of representatives for the action (a, b) — (ciac, ! czbcfl) that
are suitable for handling the Kloosterman sums. This is most conveniently achieved via a parabolic Bruhat
decomposition of G =GL, (F,) with respect to the subgroups P, = P, ([F,) consisting of elements that when

acting on row vectors map the subspace V, = (e, 1, ..., €,) to itself. In block matrix notation we have
g11 812
P.=P.(F,) = e GL, (F | = .
r r( q) {g n( q) 8 ( 0 822)}

Let Q, =PI = {g €eGL,(Fy) | g= (g” 0 )} be the stabilizer of the columns space (e{, ...,el), the

r 821 822
subspace of linear functionals vanishing on V,. Then we have the following Bruhat decomposition for the

group G = GL, (F,).
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Proposition 4.1. Let G = GL,(F,) with P., Q, as above. Then

G= U O,wP,,
wGWP\W/WP
where Wp =W N P, =WnN Q, and Wp\W/Wp denotes the set of double cosets.
Proof. From G =,y BwB itisclearthat G =, cyy Po—rwP,. Letw;=)";_, €; ,—; be the matrix that
corresponds to the longest element (1,n)(2,n—1)--- € W =S,,. Then w; P,_,w; = Q,, from which G =
w;G =Jew QrwP:. Itis obvious that if w' = wiww, with wy, wy € Wp, then Q,w'P, = Q,wP,. O

The following lemma is well known; see, for example, Section 1.3 in [James and Kerber 1981].

Lemmad4.2. Let W =S5, Wp =812 r X Sr+1.r42
representatives of Wp \ W/ Wp is

nand m = min(r, n —r). A set of double coset

.....

Wr:{wklk:17"'am}v

where for k < m, wy, is the permutation matrix

k r n
W = Zei,i-i-r + Z eii + Z €ii, (48)
i=1

i=k+1 i=r+k+1
which we also identify with wy = (1, r + )2, r +2)--- (k,r +k) e W = §,,.

Recall that we have E, = (16 g).

Proposition 4.3. Let a and b as in (45). Then there exist matrices d and w € W, such that
K,(a,b) = K,(E,-d, E,-w).

Proof. First we can write a = ¢ Egdy and b = dyE, ¢, for some ¢;,d; € GL,, and thus K, (a, b) =
K, (E.dy, E,cy), where dy = E;d\dy, co = cpci. Here we have used that E, E; = E;, since r > s.

Now we have that ¢ = qwp, where g € Q,, p € P, are as in Proposition 4.1, and w € W, as in
Lemma 4.2. Let

I,
U,={geGLn<th>|g=<0 Igl_z)} (49)

be the unipotent radical of P,, and

gn 0
L =P,N0Q ={geCLy(F)|g= ,
0 ={ecoteple= (% 2)]

sothat P, = L,U, and Q, = L, UT.
We have L, = H| H,, where

le{geawq)\g:(g; ,0_)} sz{geGL,,anmg:(g ;2’2)}. (50)
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Forge L,,
El’g:gErs

and for u € U, we have

uE, =E, and E,u’ =E,.
Therefore writing g = glu]T, p = gruy we have
Ko (E,do, E;g1ui wgauz) = K, (2u2Erdo, g1 Erui w) = Ky (Ed, w),
where d = gxdpg1. O

4B. The proof of Theorem 1.9 and a preliminary bound. We will give a proof of Theorem 1.9 on
K, (a, 0) with a of rank r, namely

K(a.0) = K,(E,.0) = (—1)’q (1) g"|GL,_,(F,)|. (51)

While this evaluation is trivial, for singular a, b it is the basis of our bounds for the general Kloosterman
sums given in Proposition 4.4 below.

Proof of Theorem 1.9. We have that

Ku(E0)= Y wE,x):ﬁZ S w(Eau),

x€GL, (F,) ueU, xeGL, (F,)
where U, = {u eGL,(Fy) |u= (10’ o )} as in (49). Let x = (;‘;: i;) It is clear that when summing
over u first,
0 if x 0,
D V(Eux) = { rn-r) if 5 fo
uel, q I X1 = U,
Therefore
Ku(E;, 0) = ¢"""|GLy—, (F)| K- (I, 0),
which leads immediately to the claim, in view of Theorem 1.2. (|

Proposition 4.4. Let w = wy € W, be as in Lemma 4.2, and d € M,,. Then

|GLn—r—j([Fq)|

Ru(j).
GL,_, (Fp) W)

k .
|Kn(Erd, E;w)| <) /77 =0=0)
j=0
where Ry, (j) = |[{x € GLy(Fy) | xExw = (°' )12), tk(y) = j}.

Proof. First swap the parameters

K, (E.d, E,w) = K, (E,w, E.d)
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and then use the action of U, as above to get

Ky(Eyw, Edy= Y Y(E,wx+ Edx™")

xeGL, (Fy)
1
=~ Z Z Y (E,wux + E.dx™'u™h)
4 ueU, xeGL, (Fy)
1 _
= —qr(n—r) Z Z Vv (E,wux + E dx ™).

xeGL, (Fy) ueUy,

This shows that
K,(E,w, E.d) = Z V(E,wx + E,dx™1),

XeRy

where Ry, = {x € GL,(Fy) | xE,w = (%) ;Z) for some yi1, y12, y22 }.
Let

Ru(j) = {x € GL,(F,) | xE;w = (y“ y”) . tk(yn) = j} (52)
0 y»

sothat R, = |_|j Ruw(j). Since in x E, w the last n —r — k columns are 0, R, () is empty if j > k and so

k

Kn(E,w,Erd)zz Z v (E,wx + Edx™ ).

J=1xeRw())

Clearly if x € Ry, (j) then gx € Ry, (j) for any g € P,. Therefore let

I, 0
g= (0 h>, h e GLnr([Fq)}

as in (50) and note that for g € Hp, x € Ry, (j)

HZZ{gELr

tr(E,wgx) =" (y) + " (ynh)  and  t(E d(gx)"") = r(Edx ),
where tr'/) is the j x j matrix trace and y;, y»» are as in (52). This immediately implies that for x € R, (j)
> V(Eywgx + Ed(g0)™") = Kuer (B}, 009 (y11) + tr(Erdx ™),
geH

and this gives

1

mz Z Y (E,wxg+ Ed(xg)™")
n—r\Ug

8€Hy x€Ry ()

Z V(E,wx + E,dx™ ") =
X€Ry(J)
anr(Eja 0)

_ (r) -
= 3 @ () +r(E,dx DG, (F)[

X€R ()

The proposition follows from trivially estimating the last sum using |¢(-)| <1 and the evaluation (51). [J
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4C. The proof of Theorem 1.10. We restate the theorem and its corollary. We need to prove that if a
and b are singular n xn matrices such that s =rk(a) <r =1k(b) < n and m = min(r, n — r), then

(1) Kn(a’ b) E 2qn2_rn+r2+(';)’
(ii) if a, b are not both 0 then K, (a, b) < 2¢""~"*!, and

(iii) this bound is sharp, since
_ _ 2_
Ku(ein, €1.0) =q”" IGLy2(Fg) | + (g — Dg" ' IGL, 1 (Fy)| ~ ¢ "+,

Here (ii) is an obvious corollary of (i), and we start with the proof of that claim (Theorem 1.10). By
Proposition 4.4 this will require some estimates for the number R, (j) = |Ry (j)].

Lemma 4.5. Let w = wy € W, and Ry, (j) be as in (52). Then
Rw(]) = PrijSa
where P, = L, U, as in (49), and P; = H{H U, with H, H, as in (50) and H{ = H; N wi Hyw.

Proof. First, if y € Ry (j)E, w then gy € Ry (j)E,w for any g € P.. This immediately shows that

Per(j) = Rw(])
On the other hand if g = hhou with k| € H{, h, € H, and u € U, then

xgE,w=xh E,w=xEhijw = xE,w)whjw = yh

for some A € Hy and y = (*' fz), tk(y22) = j as in (52), which shows that R, (j) Py = Ry (j) as well.
The fact that there is a unique orbit represented by w; is a direct calculation based on the definition of

R (j) which implies that xp; has rank j, and the last » — k columns of x,; are identically 0. O

Lemma 4.6. In the notation above
Ry (j) =IRuw(DI = cnerik (err—;(r — "I |GLu—r (F,)I,
where ci 1(j) = |{x € [F’;Xl | rk(x) = j}|.

Proof. Assume that x = (1 *2) € R,,(j), and that x' = (*' ) € GL,(F,). Then x’ € R,,(j) as well,
2

X21 X22 X21 X}
and there is u € U,, h € H,, such that x’ = xuh.

It follows that R,,(j) =¢""~"|GL, (F)I-IR.,(j)], where R, (j) consists of those n x r matrices { (i; ) },
which have rank r, and for which the (n—r)xr matrix x;; is such that it has rank j and its last r — k
columns are identically O.

The number of choices for xy; for x = (jﬁ;) € R, () is cnrik(j)-

From the transitivity R, (j) = P,Ry(j) in Lemma 4.5 for each x,; there are the same number of
possible x11. For x; the matrix with a /; in the top left corner and zeros everywhere else, it is readily

seen that the number of possible x1;’s is ¢’/ ¢r,r—j(r — j) which proves the claim. O
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In view of the description in Lemma 4.5 it may seem that Proposition 4.4 is wasteful and a more exact
evaluation is possible. While it is true that one can push this approach to get more precise information,
we will see below that there are cases when the estimates are of the right order of magnitude. Still we
will use some enumerative combinatorics, but merely for getting a good constant to match the g-power in
the estimate that arises from Proposition 4.4. To do this it is convenient to use the Gaussian binomial
coefficients (¢ binomials) [Cameron 2017]. For k € N let

q* k [k],!
[k]q——q K= 1_[[] and (l)q_—[l]q!‘[k_”q!.

With this notation we have |GL;(F,)| = (g — l)kq(g) [k],! and the number of matrices of fixed size
and rank ([Landsberg 1893, Formula (5)]; see also [Morrison 2006, Section 1.7])

[klq!- [g!

=[x e B [ rk(x) = j}| = (g — 1)7g® . 53
cri () = |fx e B [1k(x) = j}| = (¢ = Dq SRR RRT (53)
We may therefore rephrase Lemma 4.6 as
" 2 Lo rly! - [n—r]g!?
Ru (i) = IRu(i)] = (q — 1q @+ Ll Iyt 10 =7y (54)

[k —jlg!-In—r—jlg!- 112
(Here w = wy € W, and Ry, (j) is as in (52).)

Proof of Theorem 1.10. By Lemma 4.6, (53) and (54) we have that the summands in Proposition 4.4 are
equal to

2[klg! - [rlg! - [n—rlg!
[k — j14! - [i1g"?

(g— 1" gD+

’

and thus

k r
n Y k ./
|Kn(Erd, E;w) < (g — 1" "q@[n—r]t > g () [T @ -0

j=0 9 j'=j+1

Using the trivial identity g/ ' — 1 < ¢/" we have for the inner sum

k k k—1
. ;+1 +1 r+1 j k r+1 .
Yy ( ) 1« _1)<Zq < ) (3 )_q(z)zq@)(.) =2 T +4%)
j=0 ] q j'=j+1 j=0 J q j=1
by the g-binomial theorem [Stanley 1986, Formula (1.87)]. From this,

k—1 n—r
|Ka(Ed, E,w)] <2¢D*CD [T -0 [J@/ — 1)
j=1 j'=k
< 2g O Hhn—r—kt D+ () it (h).
Recall that m = min(r, n — r), and thus by Lemma 4.2 we have 1 <k <m, so

|Kn(Erd, Eqw)| < 2q" 7+, O
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Finally we prove the claim about K, (e; ,,, €1 ). Using the Bruhat decomposition with the maximal
parabolic subgroup P as in (10) we get

n
Ku@rmern) =) D D> o(uwgm pai + @wanp), -

k=1 ueUy peP

Write p = ({ V) with /- € GL,_1(Fy), v € F{' """ and 1 € F%. Then

hi  ifk <n, o [ATY ifk=1,
(UW(kny PIn,1 = {0 itk —n (UWkn) ), | = {O i
and thus
—q" U | Kn=1(e1,1, 0) ifk=1,
Z P(()n1 + (x);,lﬂ =1{(q—Dg" "U|K,_1(e14,0) ifl <k <n,
setimun® 1P| if k = n.

Since K,_1(e; x,0) = K,_1(e1,1,0) = —q”_2|GLn_2([Fq)| by Theorem 1.9, we get
n—1

Ky(e1 ., €10) = —¢>" 7 |GLy-2(Fy)| (—q"“ +(g—1 Zq""‘) +(g = Dg" ' 1GLy-1 ()|
k=2

_ _ 2_
= ¢ ?GLy—2(F )| + (¢ — D" ' |GL,— 1 (Fg)| ~ ¢ .
5. Examples

5A. Kloosterman sums of 2x2 matrices. Let a € M>(F,). Since the Kloosterman sum is invariant under

conjugation, K»(a) = K>(gag™") for any g € GL,(F,), we may assume that a is in Frobenius normal

form, a = (_2 i), where t = tr(a), d = deta. The Kloosterman sum is then
Ks(a) = D e(—dxia+tx0)e(xa + (X114 x22)/ (X11X22 — X125%21)).

X11x22—x12%21 #0
From this presentation it is not at all clear that this sum should behave differently depending on whether
t? —4d is or is not a nonzero square or 0, showing that brute force calculations without using the finer
group structure are unlikely to highlight any of the features of these sums.
For n = 2 the maximal parabolic of Section 2B is also the Borel subgroup, and the two approaches
given earlier are the same. They lead in an elementary way to the following evaluations:

a | (5p)a#B | (5a)a#0 (a)a#0 | (50) | (50)
Kr(@) | qKi(@)Ki((B) | ¢° —q* + Ki(@)?q | —¢* + Ki(@)*q | q q

% ‘f), with 8 A0 and § ¢ ([FZ)z, can also be evaluated explicitly, although this

requires some effort. We have

The nonsplit case, a = (

Kz(a) = —qu (Ol +/3«/§, [F;Q).

See the proof of Proposition 5.10 below.
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It is also possible to deal directly with the more general sum K»(a, b). Of course if either rk(a) or
k(D) is 2, say rk(b) = 2, this leads to the previous evaluation by

Ki(a,b) = Kx(ab™', I).
If one of them, but not both are 0, say b =0, and rk(a) = 1, then

K>(a,0) = —q(q—1).

If both of a and b have rank 1, then we may assume that a = e¢; = ((1)8), and that b is one of b; = ({ 8)

for which
K>(e1, b1) = Ki(a)q(q — 1),

or by = (8 (1)) for which
Ks(e1, b2) = —q(g — 1),

or bz = (8 ?) for which

Ka(e1,b3) =¢° —q¢* +q.
Finally one trivially has that K,(0, 0) = (¢*> — 1)(¢*> — q).

5B. The recursion in closed form. We will describe an algorithm for calculating the polynomials that
express K,(a) when a = al, + a(L) for some fixed o # 0 and some partition A = [ny,...,n;]. As
usual the fact that ny 4 --- 4+ n; = n is denoted by A - n. We will rely on the notation of Sections 2B
and 2C, where we made the assumption that n; < n;y;. If an element n; repeats k times we will write
[... nf ...]instead of [...,n;, ..., n;,...], so, for example, we will write [1"] for the partition that
corresponds to the matrix o /.

Also we will denote the polynomials by K as well, instead of the notation P, in Theorem 1.3. However
we will still write K for Kj17 = Kj17(e) = K1 (), so, for example, Theorem 1.4 can be stated as

K[]n] = qn_lKK[ln—l] +q2n_2(qn_l — I)K[ln—Z].

It is clear from the proof of Theorem 5.1 below that if n;_; < n;, the recursion is particularly simple,
and has only two terms corresponding to the sums over the cells X,,_; and X,,. Therefore in the case
ni—1<n

Ky =q""'"KKy—q”" Ky,
where

k/: [nl, e, n] — 1] and )\.//: [I’ll, Lo, ,ng —2]

possibly reordered into a monotonic sequence, if n;_; = n; — 1. If n; = 2, then the entries corresponding
to n; — 2 = 0 are simply deleted. For example, for A = [1, 2] this gives

Knz=q KKy —q*K.
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The situation is more interesting when the last entry is repeated. This can be handled by the following
explicit recursion, which gives an alternative proof of Theorem 1.3.

Theorem 5.1 (recursion algorithm). Assume that » = [n%', ..., n}'}, i, with k; > 1. Then

Ky =q"""KKy —q™" Ky — (¢"" = 1)g*" *(Ky — Ky,

where )
/ k -1 ki—1
M=, ....no,m—1,n"""1],
/7 k ki_1 ki—1
M=[ny', . ..on o —=2,n"""1,
" k ki—1 2 k=2
)\' =[nll"'-7n[_17(nl_1)’n[l ]7

reordered into a monotonic sequence, if needed.

Note that A’ =n — 1 and A7, A" = n — 2. It is essential that the “reduced” partitions A/, 1"/, A" are put
into the canonical nondecreasing form we are using. This process is somewhat inconvenient to express in
notation, but easy to do so in practice. For example, if A = [1, 2, 3%] then A’ = [1, 22, 3], A" =[12, 2, 3]
and A" = [1, 23], while for A =[1,2,4?], 1’ =[1,2,3,4], A" =[1,2% 4] and A" =1, 2, 3%], etc.

The algorithm can be used to express K, (a) for any a with a split characteristic polynomial when n is
small, by first using Theorem 1.1. For example, forn =3, a =l +a(A), a # 0, it gives

A [13] [1,2] (3]
K. | @K+ (@ +209(q — DK | K3 +4*(q - DK | ¢°K* —2¢*K |

The first nontrivial example when A" appears is [2?] - 4, for which
Koy = ¢ KKy 21— ¢° Kz — ¢°(q — D(Kpy — Kpi2p) = ¢°K* +¢7(g =) K> +¢°(@* —q + D).
To see a more intricate situation we illustrate the algorithm for » = 6 and A =[1, 2, 3], when we have
K =¢ KKy 21 —q'°K K021 =q K2 01— 2¢3K
1,231 =4 (1,221 — 4 [12,2]» [1,221 =9 K122 q K11,2]
and so on.

There are many families where the recursion may be stated in simple terms, for example, if there is
only one block, A = [r], when we have

K =Kq" 'Kin—11 — 4% K2y

From this one can get a closed formula for K,; see Section SE below.
Theorem 5.1 is an easy corollary of the following two propositions. As usual we assume « # 0, and
a=oal +a(r) with g; € {0, 1} as in (22) with &,_; = 1 and use a” to denote a,’é’d.

Proposition 5.2. Let Z = {z = le_:liH gjer—1.n,—1 | §j € Fg}. In the above notation,
. V4 1 .
(1) a” +z and a” are conjugate over [,

(i) a” +z+ex—1,n—2 and a” + ex_1 ,—» are conjugate over [,.
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As an immediate corollary of (28) we get that } | _y v (ax + x~1) =0, unless k = N; for some k < 1
such that n; = n; and then

D Vlax+x7h) = ¢ G = D (Kno2(@") = Kuoa(@” + ei-1.0-2))-
xeXk

The second step in the proof is the following:

Proposition 5.3. (i) Ifn; < n; then a” + ex_1 ,— and a" are conjugate over F,,.
(i) Ifn; = ny, a” + ex—1.n—2 is conjugate to a”’, where a" is built from the partition A" as in (22).
While not needed, we remark that the proposition remains true over Z.

The proof of the claims in the propositions will use the linear transformation interpretation from
Section 2F. We start with an easy observation.

Lemma 5.4. Let V4 = (vg) ® -+ D (v) = Cpny D - - - DCp,. If v € Vo is such that Aky — 0 for k < no, then
Va=(vo+v)®D---® (v) as well.

Proof. One easily checks that (vg+v)N((v1)B- - -D(v;)) ={0} and that (vo+v)+((v1)D- - -B(v)) =Vy4. U

Remark 11. It follows that there is an isomorphism ¢ : V4 — V4 which is trivial on (v;) & - - - & (v;)
and extends vy — vg + v. Clearly, it satisfies Ap = @ A.

The question for us is to determine how a module structure given by A : V. — V changes if A is
perturbed by another map Z : V — V. For example, Propositions 5.2 and Proposition 5.3(i) are easy
consequences of the following lemma.

Lemma 5.5. Assume that V4 >~ (vo) ® (v1) ®--- D (v;) =Cpy BCp, ®---DCp, that Z: V — V is such
thatfori=1,...,1

Z(Av)=0 for j=0,...,nj—1
and that for i = 0 we have

Z(AMvg) =0 for j=0,...,n9—2,

l
Z(A™ ) =Y EAM

i=1
Ifng <n; foralli =1,...,1then Vo7 = Vy as F,[T]-modules.
Proof. Letv = Z§=1 &AM T"0y;. Clearly A"v =0, and so by Lemma 5.4 there is an A-linear isomor-

phism ¢, for which ¢ (vyg) = vp — v. One easily checks that Z o ¢ = 0 and so ¢ provides the claimed
isomorphism. U
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Lemma 5.6. Assume that Va4 >~ (vg) @ (v1) = C,, ®C,, and that Z : V — V is such that

Z(Ajvl):O for j=0,....m—1,
Z(AMv) =0 for j=0,...,m—2,
Z(A" ug) =A™ vy for some & € Fy-

Then Vayz >~ Cp—1 @ Cpy1 as Fy[T]-modules.

Proof. Tt is easy to see that (A + Z)/ vy = A/ vy, for j =0, ..., m — 1 and that (A 4+ Z)"vg = EA™ ;.
Moreover if we replace v; by vq =v — évo, then (A + Z)m—lug =0.

Proofs of Propositions 5.2 and 5.3. The two lemmas above give exactly this.

5C. Examples for the Kloosterman sums over Borel Bruhat cells. Let B be the standard Borel subgroup
of invertible upper triangular matrices, w € W an element of the Weyl group, and C,, = BwB. We will
consider here the sums
KM@ =Y lax+x"),
xeCy

where a = ol 4+ a, with a € U, where U is the set of strictly upper triangular matrices. We will first
comment on the nature of these sums and then derive some of the properties that will be used below in
the section on purity.

As in the proof of Theorem 1.3 in Section 2D one can show that these sums satisfy a recursion that
connects them to similar sums of rank n — 1 or n — 2, depending on whether w(n) =n or w(n) < n. To
see this, recall from Proposition 3.14 that

K\ (@) = g" " K@) S\ (@), (55)
where n, is the number of involution pairs in w, f is the number of fixed points of w and where the
auxiliary sum is given by

S\ @ =Y w@ wdu),

v,d,uy

with v e U”, u e U}, d € D(w) = {¥
on the sum S,gw)(a). For example, when w(n) =k < n we again let m” = m;,’/ y denote the matrix one gets

i<w(i) li€ii |t € I]:;} and @' = v~ 'av. The recursion then proceeds

by deleting the k-th and n-th rows and columns of an n xn matrix m. To describe the set of perturbations
Z C M,,_, that arise in the reduction, we let a(;, and a denote the i-th row, respectively the i-th column,
of a and consider the set

YI{yE[FZ |yi:0f0ri§kandy&=c'z(k)}.

Using this notation we have the following proposition whose proof goes along the lines of Proposition 2.8
and is omitted here.
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Proposition 5.7. The following equation holds:

S @ =g"* Y@+ @0 Y peya™). (56)

yeY te[F;

The set Y may be empty, and then so is the set of perturbations which arise from the collection of
rank-1 matrices

zZ={aYyeM,|yer),

in which case the sum is interpreted as 0.

What makes the sums S\’ () harder to deal with is that as functions of a they are no longer invariant
under conjugation by GL,,. They are invariant under conjugation by elements of B in virtue of (55) and
the fact that

K™ (a) = K™ (b~ ab)

for any b € B, since b~'C,,b = C,,. However the B-orbits in the set U of strictly upper triangular matrices
under the adjoint action are not well understood. It is easy to see that one can no longer straighten out
partitions into a nondecreasing order, or even assume that an orbit is represented by a matrix in Jordan
normal form. For example, {te; 3 | t # 0} is one of the orbits in the 3x3 case. When n = 6, there is even
a one-parameter family of orbits, found by Kashin [1990]. In general a full description of the orbits is
hard even in low ranks [Biirgstein and Hesselink 1987; Hille and Rohrle 1997].

Returning to the sums K ,E“’) (a), it is still quite likely that these can be expressed as polynomials in ¢
and K, independently of the characteristic p since the perturbations arising in the reduction calculations are
of a very special nature. In what follows we will provide some low-rank examples, when the independence
is easy to establish directly. We will do this by stating certain special cases when the above reduction is
sufficient, most importantly the case when w = (ij). There are a number of other special cases when the
reduction for S,(lw)(a) can be treated in a simple manner; for example, when w(n) =1 orn — 1.

Again we assume that a = ol +a is of the form as in (9), a = Z;’;{ €jej j+1,and A - n is the partition
corresponding to a. Define

K@ =Y wiax+x7").

xeCy
Theorem 5.8. Leti < jand (ij) € W and o # 0. Then
(g—1)g ifj=i+1landg =0,
K\ (@) =" D2k 2 L g if j=i+lande =1,
(q—1)g/7=¢ ifj>i+1lande =6, =0,

whered = |{k e N |i <k < j—1 and g # 0}].
If j > i+ 1 and either &; or £;_| # 0 then K}(L'J)(oz) =0.

This allows us to compute the Bruhat cell polynomials for n < 3; see Tables 1 and 2.
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A w= (12) I
[1,1] ¢*(g—1) | gK?
[2] —q> | qkK?

Table 1. The n = 2 case.

A w= (13) (12) (23) I
[1,1,1] 7°(q—DK | q*(q— DK | ¢* (¢ — DK | ¢*K3
[2,1] 0 ¢*@q-DK | —¢*K |¢’K’
[1,2] 0 -¢*K | q*(q—DK | ¢°K>

[3] 0 —¢*K —¢'K | K’

Table 2. The n = 3 case.

With a little more work one can calculate all the Bruhat cell polynomials for # = 4. We summarize the
result in Tables 3 and 4.

The polynomials are not merely a permutation for different rearrangements of a partition; see, for
example, the case A =[1, 2, 1] and w = (14)(23).

We finish this section by giving the cell polynomials for the full block (A = [n]) case for general n.
Let w = (iy, j1)(i2, j2) - - - (ir, jr) € W such that iy < ji for any k. Then

K2 (@) = {(—1)f1<"—2rq"<"—1>/2+’ if j; — f" =1 for any k,
0 otherwise.
A w= (14923) | (13)(24) | 12)(34) (14) (13)
[1,1,1,1] 4"%q -1 ¢°@-1*| ¢*@—1?* | ¢°(q—DK?* | ¢%(q — DK?
[2,1,1] 0 0 —q%q -1 0 0
[1,2.1] —-q°(q—1) 0 7*(qg—1)? | ¢*(@ - DK> 0
[1,1,2] 0 0 —q%(q—1) 0 4%(q — DK?
[3,1] 0 0 —q%q -1 0 0
2.2] 0 q’(g—1) q° 0 0
[1, 3] 0 0 —q8%q -1 0 0
[4] 0 0 q8 0 0

Table 3. The n = 4 case (continued below).
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A w= (24 (12) (23) (34) 1
[1,1,1,1] q*(@—DK? | q"(g—DK?* | q" (¢ —DK? | q'(¢ — DK? | 4°K*
[2,1,1] q®(q—DK*| —q'K* | q"(q—1DK?*|q"(g—DK? | ¢°K*
[1,2,1] 0 q'(q—DK*| —¢'K* |q’(g—DK?*|q°K*
[1,1,2] 0 q"(q—DK? | q'(g—DK*| —q"K* |q°K*
3, 1] 0 —q"K*? —q'K* | q"(¢q—1K?* | 4°K*
[2,2] 0 —q'K*  |q'(q—-DK*| —¢"K* |q°K*
[1,3] 0 q'(g—DK*| —q'K? -q'K* | ¢°K*

[4] 0 _q7K2 —q7K2 —q7K2 q6K4

Table 4. The n = 4 case (continued).

Since this is merely for illustration we only give a sketch of the argument. For those w € W such that
K,’ (o) =0 one can find (i, j) € I such that tr(v~'avwdu) is nonconstant and linear in Vi

SD. Regular semisimple matrices. We have seen that for an nxn matrix a, whose characteristic poly-
nomial P, have no multiple roots, the cohomology associated to the Kloosterman sum K, (a) is pure.
Assume now that this characteristic polynomial P, is irreducible over [,. Let o € [F;» be an eigenvalue
of a, P,(a) =0. The argument in Section 3E shows that over [ »

n(n—1y/2 n
H*® = H?(GL,, x > tr(ax +x ")) = ( Q) HrA!, 0)) ® <® HE AT\ A, fa)),
i=1 j=1

where for x € (Al \AO)([Fqn), fo(x) = ax + x~1, that corresponds to the scalar Kloosterman sum
Ki(a, Fgn) = A1+ Az. Here Ay and A = A1 are the [F4»-Frobenius eigenvalues on H? (A! \AO, fo)-

Then, clearly, over F,n the Frobenius eigenvalues on the 2"-dimensional space ®'j_; H, (A \A°, £.)
are of the form (]_[iel M)(Hi¢1 Az) = Allllkg_‘ll, where I C {1, ..., n} —therefore each of Allllkg_lll
has multiplicity ( ) If we fix some n-th roots of the A;, say ;" = A;, then we have that the Frobenius

n
J
eigenvalues on H"” are of the form Qq"(”_l)/zn'llln;’_m where again I C {1, ..., n}, and the ¢; are n-th

roots of unity, {;' = 1 for all /. It is natural to make the following conjecture.’

Conjecture 5.9. If p is large enough, and the characteristic polynomial P, is irreducible over [, then
Ku(a,Fp) = (=1)"'g"" " V2K (@, Fyr).

The conjecture would follow if, for / = & and {1, ..., n}, the F,-Frobenius eigenvalues were
(—1)rtlgne=D/2, - (—1)r+1gn=D/2), and the others canceled after summing. For example, when

ZWhile this paper was in print, Elad Zelingher [2023] announced a proof of this conjecture.
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n = 3, this can happen if the eigenvalues u; for 1 <i < 8 are the eight summands in the expansion of the
product (1 + 12) (wn +w2n2)(w2n1 + a)nz)q3 for @® = 1; this leads to

8
K@@ F) =Y i =g +2) = (D' Ki(a, Fo),
i=1
exactly as desired.

The conjecture is partly based on the observation that if we let K = [, [a] C M,, then K is a field
naturally isomorphic to F,». K acts on M), by left multiplication and it is easy to describe the K-algebra
that arises for any n. We will use this below to handle the case n = 2, but such elementary methods get
cumbersome and are unlikely to give a proof, or even offer any insight already for n = 3.

We now give a few numerical examples for M, (F,») for small n and p checked with computer algebra
systems pari/gp and Sage.

(i) Letn =3, p=>5and a € Fy25 be one of the roots of x> + x* + 1. Then K (e, F125) = (3++/5)/2.
On the other hand if

01 O
A=| 00 1
—-10 -1

then K3(A, Fs) = 327.2542 which agrees with 125K («, Fy2s).
(i) Letn =4, p =3 and « € Fg; be a root of x* +2x3 +2, and

0100
0010
0001
1001

Then K4(A, F3) = 11664 which agrees with —729K(«, Fg1).
(iii) Letn =3, p=1 (3) and

A=

T O O
S O =
oS = o

where u € [F; \ ([F;)3. If @ € F 3 is such that o = 1 then one can check that

K(a)=>_eBuc+ (3a* —3uch)/Aa, b, c)),

where e(x) = e2™*, A(a, b, ¢) = a® — 3ucba + (ub> + u?c®) and where the sum is over (a, b, ¢) €
F3\{(0,0,0)}.
A direct calculation using Bruhat decomposition shows that the conjecture in this case is equivalent to

K(a) = Ki3(A)+ 1+ (u/p)g,
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where (u/p) is the Legendre symbol and where

Kis(A) = Y euid +in+ps+1/0—1/(unid).

tl,tz,l3€[F7,

Up to about p < 200, this can be checked fast even on a personal computer. For example, the order of
2 mod 199 is 99, and we have that

K (V2 Fio03) = 3869.8269,

while for

we have
Ki3(A) =4267.8269

with a difference of 398, which shows that K3(A, Fi99) = K (Q/E F1993). On the other hand 3 mod 199 is
a primitive root, and so for

A=

w o O

10
01
00
we have

K (V/3, Flo93) = K13(A) = —2875.1994.

We also checked all p = 3k + 1 < 200, for which 2 is not a cube mod p and found that K (\3/5, F ps) =
K3(A, [F)) holds for all of them.

0 1

Proposition 5.10. Assume that q is odd and let a € F 2\ F, and a = (_N(a) Tr(e)

), where N and Tr are
the norm and trace of the field extension [ > /F,. Then

Ka(a, My (Fy)) = —qKi(a, Fpo).
Remark 12. The cohomology complex H? corresponding to the sum K> (a, M>(F,)) satisfies

; 0 ifi#4,
dimH; = 1 l 7
4 ifi=4,
and the Frobenius eigenvalues p; on Hf satisfy M% = qz)ﬁ, M% =q*, u% =¢g*, and ,ui = qzkg where
A» = A are the eigenvalues corresponding to K (c, [FZz). Apart from permutations the proposition
determines the sign of the square roots, we have | = —giy, w2 = qz, U3 = —q2 and @4 = —gAy. Thus

Ka(a, My(Fgn)) = Z?: , wi'. Here again we have cancellation: u' + 4 =0 <= 2{m.

Proof of Proposition 5.10. As above let K = [ [a] be the subring of M; generated by a. K is isomorphic
to [,2 by the assumption on «. Also, the vector space [Fé as an [, [a]-module is isomorphic to the [, vector
space [F,2, with a acting via multiplication by «. For the moment denote this action by Ly, Ly : B af.
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Let F2(t) be the noncommutative ring of twisted polynomials, ) ; &', subject to t& = F(§)t, where
F (&) =& is the Frobenius automorphism of [,z /F,.

There is an obvious map from M;, = [qu(r)/(r2 — 1) to M>(F,), sending & + &7 to the [F,-linear
transformation Lg, + Lg, F. It is not difficult to see that this linear map is injective, and so by dimension
count, an isomorphism. This identifies M, with M>, and it is easy to check that under this identification
Y (Lgy + Le, F) = ¢2(80), where o =@ o Tr[qu/[Fq. It follows that

Y Yax+x = ) @b+ G+ETTY.
xeMa(Fy)* o+E1TEM
An easy calculations shows that (1 + £7) € Mj exactly when N(§) # 1, and then (1 + e~ =

—1_;/(5)(1 — &1). One also has that (,g?r)—1 = F(g—l)f and so

My =it §1 eFL U1 +8i7) [So e Flu, &1 €Fpo, N(§1) # 1)
Therefore
Yo Wlax+xH=¢"—1+ > ea(ek+1-NED) g ).
xeGLy(F,) fock,

&i€f 2

NE)#1
Now the norm map N is a surjective homomorphism from I]IZ2 — [, with a kernel of size g + 1 and
sofory €,
0 if y =0,
HeeFplA=NEY ' =y}[=11  ify=1,
g+1 ify #0,1.
This gives

Y Vlaxtxh=¢’—1+G+D Y e@htrE ) —q ) eaabo+E ).

)CEGLz(ﬂ:q) %'0(5”::2 foéﬂ:zz
ye[FZ
Finally
Y et +rE =) ke Tre ) == Y @aek) =—(g—1). O
S(Je”:*z E()El]:*z Soeﬂ:*z
q q q
vel vk Tréy'=0

SE. The purity locus. We have seen that for a regular semisimple element a € M, (F,) the Kloosterman
sum K, (a) is pure. The tables above already suggest that for a matrix ¢ with more than one Jordan block
for an eigenvalue, that sum cannot be pure. This can be seen without reference to cohomology. To see
this assume that a has a single eigenvalue «. Recall that

K.(a)=P(A.G.K)= Y cflqg.q— K",
2f<n
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where ¢ are polynomials. We give the A and G weight 1, and K weight 1, so the polynomial P has a
weighted degree, which determines the order of magnitude (in ¢) of its value. Now f = 1 corresponds to
simple transpositions, and by Theorem 5.8 one sees that these sums are too large in magnitude to be pure
if not all ¢; are 0.

It is an intriguing question what happens for K},) when a has only one Jordan block. The recursion
formula gives

Kin=q"""KKpp-11— 4™ K2,
where K = K («). Let k,, = q_”("_l)/zK[n], so that we have
kn = Kkn_1 — qk,_>.
It follows that there exist ¢y, ¢ such that
k, = 1A + 21,

where A1, A, are the roots of X?> — K X + ¢. These are exactly the eigenvalues of Frobenius acting on the
cohomology of the Kloosterman sheaf. Using that K = Aj + A, and that Kpp; = —¢°> + K lzq we get that

ki = A1+ 22, and that ky =k} —g = 23 + A1 A2 + A2. Therefore ¢; = 72—, ¢ = — 22— and
M= e
knzﬁzjzo)\,l)\,z . (57)

This evaluation has an interesting interpretation. Let X? - KX+ qg = (X —2)(X — X)), with
Ao =q'?e*? so that K| =2q'/> cos§. We have that

L )\&H»l _)Lg+l B n/ze(n+1)9 _ef(n+1)0 B sin(n + 16
S W U =4 et —e?  sing

Therefore

Kpy =q"" Y20, (cos 0), (58)

where U, is the Chebyshev polynomial of the second kind. The Sato—Tate distribution of the angles of
K («) over the valuations of a global field is then equivalent to nontrivial cancellation in the sums

> Kula, Fy)/N@)" D72,
N@w)<x
where a = ol + Zl'.l:_ll € it
Getting back to the question of purity these sums are pure from a numerical point of view, but this in
itself does not rule out a cohomology with a nilpotent Frobenius action.
For example, in the case n = 2 it is easy to see that the cohomologies corresponding to the Bruhat
cells are as follows.
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On C; = B the trace of ax + x~! can be written as a product of two Kloosterman sums over the
diagonal elements; thus we have

He =H*(Cp, x> tr(ax +x~ ") = HYA' = A, f) @ HI(A' = A°, £,) @ H? (A", 0).

That implies dim H_ , =0 unless i =4 and dim Hél =4.
On the nontrivial cell C, = Uw B we have seen that the sum (and the cohomology) cancels on the
subvariety o detb # 1 and on the rest we have

He =H*(Cy, x> tr(ax +x~ ")) = HX(A' = A, id) ® HZ(A', 0) ® HZ (A, 0).

That implies dim H{, =0 unless i =5 and dim H}. = 1.
Thus the long exact sequence of the excision (Cy, = G \ Cy) gives

0— H} — H{, — H. — H} — 0.

Either dim H}, =4 and dim H, = 1 or dim H}, = 3 and dim H, = 0 seems to be possible.
The same problem exists for higher-degree cases.
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