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Scattering diagrams for generalized cluster algebras

Lang Mou

We construct scattering diagrams for Chekhov—Shapiro generalized cluster algebras where exchange
polynomials are factorized into binomials, generalizing the cluster scattering diagrams of Gross, Hacking,
Keel and Kontsevich. They turn out to be natural objects arising in Fock and Goncharov’s cluster duality.
Analogous features and structures (such as positivity and the cluster complex structure) in the ordinary
case also appear in the generalized situation. With the help of these scattering diagrams, we show that
generalized cluster variables are theta functions and hence have certain positivity property with respect to
the coefficients in the binomial factors.
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1. Introduction

We study generalized cluster algebras in the sense of [Chekhov and Shapiro 2014]. These algebras are
generalizations of the (ordinary) cluster algebras introduced by Fomin and Zelevinsky [2002], allowing
more general exchange polynomials (as opposed to only binomials) in mutations.

We will see that generalized cluster algebras cannot only be studied in a similar way as cluster algebras
[Fomin and Zelevinsky 2002; 2003; 2007; Berenstein et al. 2005], but that they also naturally appear in
the context of the cluster duality proposed by Fock and Goncharov [2009]. A modified version of Fock
and Goncharov’s cluster duality was formulated and proved by Gross, Hacking, Keel and Kontsevich
[Gross et al. 2018]. In this paper, we extend the scheme therein to study generalized cluster algebras.

Generalized cluster algebras come in a family containing ordinary cluster algebras. Each algebra in
this family can be viewed as (a subalgebra of) the algebra of regular functions of a generalized .A-cluster
variety. The (generalized version of) cluster duality says this family is in a sense dual to another family
of generalized X'-cluster varieties. In this paper, we demonstrate this duality by reconstructing a family
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of generalized cluster algebras with principal coefficients /P"" from a general fiber of the corresponding
dual family of A'-cluster varieties.

In the ordinary case, the reconstruction is done through a cluster scattering diagram, the main technical
tool developed in [Gross et al. 2018], which is a mathematical structure associated to the dual X-
cluster variety. For our purpose of studying generalized cluster algebras, we construct generalized cluster
scattering diagrams. This is done by allowing more general wall-crossing functions on the initial incoming
walls. It turns out that many features (such as the positivity property of wall-crossings and the cluster
complex structure) in the ordinary case still hold in the generalized situation; see Theorems 6.31 and 7.10.

Using the techniques of scattering diagrams (and related objects such as broken lines) transplanted from
[Gross et al. 2018], we are able to prove that generalized cluster monomials are theta functions. As a result,
they have certain positivity property coming from that of the scattering diagram. We remark that this
positivity is with respect to the coefficients appearing in the binomial factors of exchange polynomials, thus
weaker than a conjectural positivity of Chekhov and Shapiro (Conjecture 8.13) with respect to the coeffi-
cients of exchange polynomials themselves; See Theorem 8.12 and Section 8.5 for the precise statements.

We next describe the contents of the paper in more detail.

1.1. Generalized cluster algebras. Our way of generalizing cluster algebras is slightly different from
[Chekhov and Shapiro 2014], in the way we deal with coefficients. In a sense, one can go from one
formulation to the other, in particular when the coefficients are evaluated in some algebraically closed
field; see Sections 3.2, 3.5 and also 8.5. We replace Fomin and Zelevinsky’s binomial exchange relation

n

+ [bix] oy bl
Xp X = py 'H1Xi M+ py _]_[lxi o
1= 1=

with a more general polynomial exchange relation

Tk

n n

[bi ] - [_bi ]

xl/cxkz 1_[1 (pl—:j l—[lxi k/rk+_|_pk’j .l_[lxl_ K/ Tk +).
j= = i=

We require the coefficients p,:: j (in some semifield (P, @, -)) to satisfy the normalized condition
p,i i®p = 1. The normalization makes mutations deterministic and a particular choice of coefficients
named principal coefficients (as in [Fomin and Zelevinsky 2007]) available in the generalized situation.

It turns out many algebraic and combinatorial features of cluster algebras are also inherited by
generalized cluster algebras. The same finite type classification as for cluster algebras [Fomin and
Zelevinsky 2003] and the generalized Laurent phenomenon have already been obtained in [Chekhov
and Shapiro 2014]. We show that the dependence on coefficients in the generalized case behaves very
much like the ordinary case [Fomin and Zelevinsky 2007]. In particular, a generalized version of the
separation formula, Theorem 3.20, is made available through an analogous notion of principal coefficients.
The well-known sign coherence of c-vectors (see Section 3.3) is also extended to the generalized case
in Proposition 3.17. We note that there is a rather different version of normalized generalized cluster
algebras with a certain reciprocal restriction in [Nakanishi 2015] where some results on the structures of
seeds parallel to [Fomin and Zelevinsky 2007] were also established.
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Another remarkable feature of an ordinary cluster algebra is the positivity of its cluster variables,
i.e., they are all Laurent polynomials in the initial variables x; and coefficients pl?JE with nonnegative
integer coefficients. This was proved by Lee and Schiffler [2015] for skew-symmetric types and by Gross,
Hacking, Keel, and Kontsevich [Gross et al. 2018] for the more general skew-symmetrizable types. We
extend the positivity to our generalized case (see Theorem 3.8), showing that the Laurent expression
of any cluster variable in x; and p,ff j has nonnegative integer coefficients. We note that the positivity
obtained here is (in the reciprocal case) a weak form of a positivity conjecture of Chekhov and Shapiro
(which we reformulated in Conjecture 8.13); see Remark 3.9 and Section 8.5.

1.2. Generalized cluster varieties. Let L be a lattice of finite rank. Fix an algebraically closed field k of
characteristic zero. The (ordinary) cluster varieties of [Fock and Goncharov 2009] are schemes of the form

V=UTLs
s

where each T} ¢ is a copy of the torus L ® k* and they are glued together via birational maps called
cluster mutations. Here s runs over a set of seeds (a seed roughly being a labeled basis of L) iteratively
generated by mutations. A cluster mutation is give by the birational map

iy 2 T == Tpo iy @) =20+, el

for a pair of vectors (n, m) € L x L*, where (-, -) denotes the natural paring between L* and L. It has
a natural dual by switching the roles of m and n, p(—n ) : Trx — Tr+. Gluing T7+ via these maps gives
the dual cluster variety V" :=J; Tr» 5.

Depending on the types of seeds and mutations chosen, one obtains either Fock—Goncharov .A-cluster
varieties or X-cluster varieties, which are dual constructions as above. A cluster algebra <7 can be
embedded into the upper cluster algebra <7, defined to be the algebra of regular functions on the
corresponding A-variety, while the dual A'-variety encodes the so-called Y-variables; see Section 4.

One can actually encode coefficients in each cluster mutation, the above construction thus leading
to families of cluster varieties. They mutate along with seeds under certain rules. In the 4-case, they
mutate as Y -variables (see [Fomin and Zelevinsky 2007; Fock and Goncharov 2009]). In the X'-case, the
mutation rule of the coefficients has been worked out by Bossinger, Frias-Medina, Magee and Ndjera
Chéavez [Bossinger et al. 2020].

We extend these dynamics of coefficients to the generalized situation for both the .A- and X'-cases. We

define a generalized cluster mutation as
-

M*(ZE) — Z@ 1_[ ([; +t}FZM)<Z,n>’
j=1
which depends on some coefficients tj# in k*; see Section 4. Thus an ordinary cluster mutation can be
viewed as a specialization of a generalized one. Generalized cluster varieties are then defined by gluing

tori via the generalized mutations. We obtain two families of generalized cluster varieties
wy:A— Spec(R), mx:X — Spec(R),

where the coefficients vary in some torus Spec(R) = (G
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One key observation of Gross, Hacking and Keel [Gross et al. 2015] is that a cluster variety can
be investigated through its toric models, and mutations between seeds are basically switching between
neighboring toric models. A toric model is a construction of a log Calabi—Yau variety by blowing up a
hypersurface on the toric boundary of some toric variety. In the cluster situation, the toric variety depends
on the choice of a seed s which also tells us where on the toric boundary to blow up. The resulting
log Calabi—Yau variety is shown in [Gross et al. 2015] (under certain nice conditions) to be isomorphic
to the corresponding cluster variety up to codimension two subsets. We extend this description to the
generalized case, for both 4- and X-type varieties; see Theorem 5.4 and Section 5.3.

1.3. Scattering diagrams. Cluster scattering diagrams are the main technical tool in [Gross et al. 2018].
They have their origin in [Kontsevich and Soibelman 2006; Gross and Siebert 2011] in mirror symmetry.
Roughly speaking, in the cluster case, a scattering diagram is a collection of walls in a real vector space
with attached wall-crossing functions (some of them giving information on mutations). Similar to a cluster
algebra which starts with one cluster with information to perform mutations in n directions iteratively, its
scattering diagram can be constructed by initially setting up n incoming walls and letting them propagate,
generating only outgoing walls.

To get a generalized cluster scattering diagram, we replace ordinary wall-crossings (which correspond
to ordinary cluster mutations) on the initial incoming walls by the generalized ones of the form

f=T0+1m,
j=1
where the #; are treated as formal parameters. Given a seed s (in the generalized sense), the associated data
of incoming walls uniquely determines a consistent scattering diagram D, which we call the generalized
cluster scattering diagram.

We show that the behavior of ®; under mutations is analogous to that of the ordinary case, in a way it is
canonically associated to a mutation equivalence class of seeds. This is called the mutation invariance in
[Gross et al. 2018, Theorem 1.24]. See Theorem 6.27 for the precise description of the following theorem.

Theorem 1.1 (Theorem 6.27). There is a piecewise linear operation Ty such that Ty, (Dy) is equivalent
t0 D, (s), where i (s) denotes the mutation in direction k of the seed s.

In analogy with the ordinary case, the mutation invariance leads to the cluster complex structure of Dy.

Theorem 1.2 (Theorem 7.10). There is the cluster cone complex A such that Dy is a union of codimen-

sion one cones of Al (with explicit attached wall-crossing functions) and walls outside A].

We observe in Lemma 6.19 that Dy is equivalent to the tropical vertex scattering diagram ® (x my of
[Argiiz and Gross 2022] associated to the corresponding X'-type toric model associated to s. It is shown
in [Argiiz and Gross 2022, Theorem 6.1] that © x g is further equivalent (after a certain piecewise
linear operation) to the canonical scattering diagram ® x, p) (see [Gross and Siebert 2022; Argiiz and
Gross 2022, Section 2]) of the log Calabi—Yau pair (X, D) from the toric model. We thus see that D
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is canonically associated to the corresponding X-cluster variety, with a different seed s’ simply giving
another representative Dy .

1.4. Cluster dualities. The cluster duality of Fock and Goncharov predicts that, in the ordinary case, the
varieties .4 and X' (see Section 4 for our convention as we do not need the Langlands dual data) are dual
in the sense that the upper cluster algebra <7 has a basis parametrized by the tropical set X"°P(Z) (see
[Gross et al. 2018, Section 2] for a definition) and vice versa. A modified version of this duality (and
when it is true) is the main subject of study of [Gross et al. 2018].

The strategy of [Gross et al. 2018] to get the desired basis is as follows. First the tropical set X'"°P(Z)
(resp. X'"™P(R)) can be identified with the cocharacter lattice M (resp. M := M ® R) of a chosen seed
torus Tys s = M @K™ contained in the variety X. By the mutation invariance, the ordinary cluster scattering
diagram @gfd (see Section 6.3) naturally lives in X"°P(R). Denote by A™ the set of integral points inside
the cluster complex (which is again a canonical subset of X'"P(Z) by mutation invariance).

ord

o'¢, one can construct the theta

For any integral point m € X'"P(Z), using the scattering diagram D
function v,, which in general is only a formal power series in a completion ms which depends on s.
However, it is shown in [Gross et al. 2018, Theorem 4.9] that for m € A™, ¥, is indeed a Laurent
polynomial in K[M] and corresponds to a cluster monomial. Furthermore, there is a canonically defined
(i.e., independent of s) subset ® of X'"P(Z) containing A such that for any m € ®, ¥, is a Laurent

polynomial on every seed torus. It is also shown in [Gross et al. 2018] that the vector space

mid(A) := P Iy
meo

has an associative algebra structure whose structure constants are defined through broken lines. This
algebra mid(A) can be embedded in &/ so that for m € AT, ¥, is sent to the corresponding cluster
monomial. While we do not know in general when mid(.A) equals .« (see [Gross et al. 2018, Theorem 0.3]),
we do have a basis of mid(A) parametrized by the subset ®. Strictly speaking, this process is done
through the principal coefficients case.

Our insight is that it is natural to consider the above cluster duality for generalized cluster varieties. In
the principal coefficients case, we take a general fiber Xf . n);l (1) of the family

Ty : AP s Spec(R).

The generalized cluster scattering diagram ®j; then lives in the tropical set (XAp rin)tr"p([R) which is identified
with Mg given a chosen seed s. Towards a generalized version of the cluster duality, we show:

Theorem 1.3 (Theorem 8.12). For any m € A}, the theta function 9., constructed from the generalized
cluster scattering diagram g corresponds to the cluster monomial of the generalized cluster algebra
/P (s) whose g-vector is m. Moreover, it is a Laurent polynomial in the initial cluster variables x; and
coefficients p; j with nonnegative integer coefficients.
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It follows from the above theorem that the family
740 AP 5 Spec(R)

can be reconstructed from a general fiber Xf rin (through any of its toric models); see Proposition 8.3.

In principle, in the generalized case, one could consider the subset ® as in [Gross et al. 2018] and
the corresponding generalized middle cluster algebra mid(.4P""). This would lead to a formulation of
generalized cluster duality similar to the ordinary case in [Gross et al. 2018, Theorem 0.3]. Then the
usual problem on when the full Fock—Goncharov conjecture is true remains and can be discussed as in
[Gross et al. 2018, Section 8].

1.5. Relations to other works. There are examples of generalized cluster scattering diagrams from
representation theory, where they are realized as Bridgeland’s stability scattering diagrams [2017] for
quivers (with loops) with potentials; see [Labardini-Fragoso and Mou 2024] for such examples arising
from surfaces with orbifold points.

In rank two, the scattering diagram ®; has already appeared in [Gross et al. 2010; Gross and Pand-
haripande 2010] from origins other than cluster algebras. There the wall-crossing functions are shown
to encode relative Gromov—Witten invariants on certain log Calabi—Yau surfaces. Some conjectural
wall-crossing functions in [Gross and Pandharipande 2010] were later verified in [Reineke and Weist
2013] using techniques from quiver representations; see Example 6.22.

The recent paper of Cheung, Kelley and Musiker [Cheung et al. 2023] (outlined in [Cheung et al. 2021])
and some part of Kelley’s PhD thesis [2021] have significant overlaps with this paper and the author’s PhD
thesis [Mou 2020, Chapter 8]. We in the following highlight the differences and relationships concerning
scattering diagrams.

In [Mou 2020, Chapter 8], a class of generalized cluster scattering diagrams were constructed and
properties including mutation invariance and cluster complex structure were proved. In that work, a
palindromic and monic restriction (termed reciprocal in [Chekhov and Shapiro 2014]) on the coefficients
was imposed. Such a scattering diagram can be obtained from applying to D, of the current paper an
evaluation A such that the initial wall-crossings are specialized to reciprocal polynomials, i.e., of the form

f=l4+ai2" 4+ +a 20"+,

where r € Z>¢, w € M, and a; = a,_; in some ground field k; see Section 6.4. Scattering diagrams almost
identical to these (with the reciprocal restriction) were later considered by Cheung, Kelley and Musiker
[Cheung et al. 2021], with more details provided in [Kelley 2021]. The authors treat the coefficients a; as
formal variables. They also outlined the construction of theta functions, following [Gross et al. 2018].
The current paper aims to fill in gaps and missing details in [Mou 2020], enhance the setup therein
to include more general coefficients, and discuss the positivity of generalized cluster algebras using
scattering diagram techniques. Shortly after this paper was posted on the arXiv, [Cheung et al. 2023]
appeared on the arXiv, completing the program [Cheung et al. 2021]. Despite many similarities between
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the current paper and [Cheung et al. 2023], our approaches of treating coefficients differ somewhat. In
[Cheung et al. 2023], the y-variables in a generalized seed and the coefficients a = (a;) in a generalized
exchange polynomial are treated separately. The coefficients a are assumed to be reciprocal and remain
unchanged under mutations. In contrast, we view the coefficients a as deriving from the y-variables
(denoted as p in our notation) by factorizing an exchange polynomial into binomials, with each binomial
governed by one coefficient in the style of Fomin and Zelevinsky. This approach allows us to realize more
general exchange polynomials (beyond just reciprocal ones), at least for an algebraically closed ground
field, by specialization from principal coefficients (see Sections 3.5 and 8.5). This setup also enables
us to formulate and prove a form of positivity for generalized cluster algebras, a topic not extensively
discussed in [Cheung et al. 2023].

2. Preliminaries

In this section, we review some preliminaries commonly used in the theory of cluster algebras [Fomin
and Zelevinsky 2002].

2.1. Semifields.

Definition 2.1. A semifield (P, &, -) is a torsion free (multiplicative) abelian group P with a binary
operation addition @& which is commutative, associative and distributive.

We denote by ZP the group ring of P and by NP C ZP the subset of linear combinations with
coefficients in N. Denote by QP the field of fractions of Z[P.

For an element p € P, we define in P two elements:

+ r - 1
= —— and =—
LY b=l

Definition 2.2. Let / be a finite set. We define Trop(s; | i € I) to be the (multiplicative) abelian group
with free generators s; indexed by I, with the operation addition &:

157" @ TT 5" = [T
iel iel iel
It is clear that Trop(s; | i € I) is a semifield. Such a semifield is called a tropical semifield.
For n € Z, we write [n]y := max{n, 0}. The elements s* for
s =[]s;" € Trop(s; | i € I)
iel

has the following simple expressions:

sT=T] si[a"]+ and s~ =1]] si[fa"]*.

iel iel
Definition 2.3. Denote by Qg (u1, ..., u;) the set of all rational functions in / independent variables
which can be written as subtraction-free rational expressions in u1, ..., u;. Then the set Qg (11, ..., u;)

is a semifield with respect to the usual addition and multiplication.
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We call such Q(u1, ..., u;) a universal semifield since for another arbitrary semifield P and its
elements p1, ..., p;, there exists a unique map of semifields from Qgp(u1, ..., u;) to P sending u; to p;;
see [Berenstein et al. 1996, Lemma 2.1.6].

2.2. Mutations of matrices.

Definition 2.4. A matrix B € Mat,«,(Z) is called (left) skew-symmetrizable if there exists a diagonal
matrix D =diag(d; | 1 <i <n) with d; € Z- such that

DB+ (DB)T =0.

Such a matrix D is called a (left) skew-symmetrizer of B.

Definition 2.5 [Fomin and Zelevinsky 2002, Definition 4.2]. Let B = (b;;) € Mat, »,(Z) be a skew-
symmetrizable matrix. For k =1, ..., n, we define ui(B) = (b! j) € Mat,,«,,(Z) the mutation of B in
direction k by setting

(1) bjy = —bjx and by; = —by; for 1 <i, j <n;
(2) fori #k and j #k,
bij +bixby; if by > 0and bj; < 0;
bz/'j = {bij —bixbxj if bjx <0 and bj; > 0;
bi; otherwise.

It is clear that the matrix u(B) is again skew-symmetrizable with the same set of skew-symmetrizers
of B. One can easily check that a mutation is involutive in the same direction, i.e., ;o ux(B) = B.

3. Generalized cluster algebras

3.1. Generalized cluster algebras. Cluster algebras were originally invented by Fomin and Zelevinsky
[2002], which we later refer to as ordinary cluster algebras. A generalization of cluster algebras has been
provided by Chekhov and Shapiro [2014]. Our definition of generalized cluster algebras below may be
considered as a special case (of a slight generalization) of theirs but with a normalization analogous to
the one in [Fomin and Zelevinsky 2002, Definition 5.3] for ordinary cluster algebras. The relation and
difference will be explained in Section 3.2.

We follow the pattern of [Fomin and Zelevinsky 2007] to define generalized cluster algebras. Most of
the key notions here are the generalized versions of their correspondents in the ordinary case.

Definition 3.1. A (generalized) labeled seed ¥ of rank n € N is a triple (x, p, B), where:

e p=(pi1,..., pn) is an n-tuple of collections of elements, where each p; = (pi.1,..., pir) is a
ri-tuple of elements in a semifield (P, @, - ) for some positive integer ;.
e x ={x1, ..., x,}is acollection of algebraically independent rational functions of n variables over QP.

In other words, the x1, ... x, are elements in some field of rational functions F = QP (u;, ..., u,)
such that 7 = QP(xq, ..., x,).
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e B € Mat,, «,,(Z) is skew-symmetrizable such that for any i =1, ..., n, its i-th column is divisible
by r;. The diagonal matrix D = diag(r;) is not necessarily a skew-symmetrizer of B.

For convenience, let I be the index set {1, ..., n}. For an arbitrary positive integer k, we use the
interval [1, k] to represent the set {1, ..., k}. We will often call a labeled seed simply a seed if there is no
confusion.

Associated to a labeled seed ¥ = (x, p, B), for each i € I, there is the exchange polynomial
i
0i (u, v) = 0[pi1(u, v) = [1(p;u + p;v) € ZPlu, v].
=1

Write ,Bij = bij/rj € Z. We put

. ﬁij . 7/31]
ujr= [ 5" wp= ] x
i:bij>0 i:b,'j<0
ri 4 ri
pir =] P pi.— =1 P € P.
=1 =1

Note that all the above notions are with respect to X.

Definition 3.2. For any k € I, we define the mutation of a seed ¥ = (x, p, B) in direction k as a new
labeled seed pux(x, p, B) := ((x]), (p}), B'), where p. = (pl/.’j | j €[1, r;]) in the following way:

(1) B' = ux(B);

) P =pi; forjell,nl;

;o {Pi,j (pr=)Pif B > 0,
pij

(3) fori #k, jell,rl], = o
l pij - (pep)Pi if i <0,

or equivalently

; r g ; —PBri
=1

@ {:{ X; ifi £k,

X 0lpk) (g upe—) if i =k,

Lemma 3.3. The mutation i is involutive, i.e., [ty o 1 (X) = X.

Proof. We check that p is involutive on each component of a seed. We denote

i o i (2) = (), (pi; 1 j €1, riier, BY).
For this seed, we simply denote the relevant objects appearing in Definition 3.2 by adding a double prime
to the old symbols, while for u; (%), we add a single prime.
(1) First of all, the matrix mutation  is an involution, as shown in [Fomin and Zelevinsky 2002].
(2) We have for j € [1, r¢],
” /1
Prj = Pr )" = Prj-
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(3) Fori # k, we have for j € [1, r;],
" {p,{ j - (P P i Bl > 0,
Y bl ()P BB <0
_ {pi,j ()P (pr )P if By <0,
Pij - (P )P - (pr. )P i By = 0
= Di,j-
The last equality is because p;., = px;— and p;._ = pi;+-
(4) Finally for the x part, we have
o= x! ifi #k,
) Olp Iy, up ) i i =k
X; ifi #k,

{xk OLpr) (e, wie ) 'O e up, ) i i =k
=X;.

The last equality is because that [ p; 1(u, v) = [ pi](v, u) and ujc;i = Up: -
So overall we have proven that iy o ux () = X. O

Fix a positive integer n. We consider the (nonoriented) n-regular tree T, whose edges are labeled by
the numbers 1, ..., n as in [Fomin and Zelevinsky 2002]. Lemma 3.3 makes the following definition
well-defined.

Definition 3.4. A (generalized) cluster pattern is an assignment of a labeled seed ¥, = (x;, p;, B") to
every vertex t € T,, such that for any k-labeled edge with endpoints ¢ and #’, the seed X, is the mutation
in direction k of X, i.e., Xy = ().

The elements in X, are written as follows:
xo=0ipli €D, pue=(pijljellnl), B =®).

The part x of a labeled seed is called a (labeled) cluster, elements x; are called cluster variables,
elements p; ; are called coefficients and B is called exchange matrix.

Two seeds are mutation-equivalent if one is obtained from the other by a sequence of mutations. If
a seed X appears in a cluster pattern, then by definition any seeds mutation-equivalent to ¥ must also
appear. On the other hand, assigning a seed of rank n to any vertex of T, would uniquely determine a
cluster pattern.

By definition, all cluster variables live in some ambient field F of rational functions of n variables.
One may identify F with QP (xy, - - - , x,) where (xy, ..., Xx,) is a cluster.
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Definition 3.5. Given a generalized cluster pattern, the (generalized) cluster algebra <f is defined to be
the Z[P-subalgebra of the ambient field F generated by all cluster variables x;., in all seeds that appear in
the cluster pattern. Since a cluster pattern is determined by any of its seed, we denote o = &/ (X) where
Y = (x, p, B) is any seed in this cluster pattern.

Remark 3.6. In the case where ; = 1 for any i € I, all the above generalized notions recover the original
versions of [Fomin and Zelevinsky 2007].

For convenience, one can specify one vertex #y € T, to be initial, thus the associated seed being called
the initial seed with the initial cluster, cluster variables, coefficients and exchange matrix. All other seeds
are obtained by applying mutations iteratively to the initial one. For the following two theorems, we
denote by (xy, ..., x,) the initial cluster.

Theorem 3.7 (generalized Laurent phenomenon, cf. [Fomin and Zelevinsky 2002] and [Chekhov and
Shapiro 2014]). Let (x, p, B) be a generalized labeled seed. Then any cluster variable of </ (x, p, B) is
a Laurent polynomial over ZIP in the initial cluster variables x;, i.e., an element in ZIP[xli, R xflt].

Proof. The generalized Laurent phenomenon was already obtained in [Chekhov and Shapiro 2014,
Theorem 2.5]. Since our setting is slightly different, we give a proof for completeness.

The proof completely follows from the discussion in [Fomin and Zelevinsky 2002, Section 3]. The
generalized Laurent property is a direct corollary of [loc. cit., Theorem 3.2]. One only needs to check the
following hypothesis required by [loc. cit., Theorem 3.2]: for any subgraph

fo L ¢ 1 J 15 i 13
in the tree T, if we define the following three exchange polynomial in n variables x1, ..., x, by writing

P(xlo) == 9[1’1’;!0](”;?_,_» u?;_)a Q(xll) = 9[pj§l]](u;‘1;+’ M;'l;_)v R(xl‘z) == 0[Pi;t2](”§2;+a ugz;_)v

then they satisfy R = C - (PlxjeQO/xj), where Qo = Q|y,=0 for some C € NP[xy, ... x,].

Notice that since 7y —— #;, we have

A [Bils B+
P:ll_ll (Pi,l;nl;[xk “ +pi,l;tll;[xk . )

When ,ijl =0, ﬂ;“l = —,Bit} = 0. So x; does not appear in P, implying P = P|y;« g,/x;- In this case,
we have for any [ € [1, r;]
Pitiy =Py B = =B
Thus we have R = P.
When ,Blt]l < 0 (implying /3;11 > 0), then
(b1

—1
Qo/xj= Pji+inX; E[xk

and i B B (Bl 1+ +B (b 1+ Ay
_ + ji ji ki ji kj — T Pri 1+
Pl —0o/x; _11_[1 (pi,l;tlpj;j-i-;tlxj ! kl;['xk e + Piy, l;[xk ‘ )
= J



2190 Lang Mou

We take the ratio of the two monomials in each factor of the above product to obtain monomials
B B
Pilin - pji/+;t1 ) lgxkk :
We get exactly the same monomials if we do the same for R. So R and P|y;«g,/x; only differ by a
monomial factor in NP[x, ..., x,]. The case when ,8;‘ > 0 is analogous. Hence the hypothesis is checked
and the Laurent phenomenon follows from [Fomin and Zelevinsky 2002, Theorem 3.2]. (|

The following Theorem 3.8 is a generalization of the well-known positivity for ordinary cluster
algebras. In the case of ordinary cluster algebras, the positivity was originally conjectured by Fomin
and Zelevinsky [2002]. It has been proved by Lee and Schiffler [2015] when the exchange matrix B
is skew-symmetric and by Gross, Hacking, Keel, and Kontsevich [Gross et al. 2018] when B is more
generally skew-symmetrizable.

Theorem 3.8 (positivity). In a generalized cluster algebra, each of the coefficients in the Laurent
polynomial corresponding to any cluster variable from Theorem 3.7 is a nonnegative integer linear

combination of elements in P. In other words, any cluster variable is an element in Nlp[xli, R xni].

Proof. By the separation formula Theorem 3.20 and Remark 3.21, we only need to show the positivity in
the principal coefficients case (to be defined in Definition 3.13). In this case, we prove the positivity in
Theorem 8.12. O

Remark 3.9. Chekhov and Shapiro [2014, Conjecture 5.1] conjectured a positivity for generalized cluster
algebras under a reciprocal condition; see also the formulation in Conjecture 8.13. In the reciprocal case,
this positivity implies Theorem 3.8. We do not know how to show this stronger positivity in general; see
the discussion in Section 8.5.

3.2. Relation to Chekhov and Shapiro’s definition. Chekhov and Shapiro [2014] defined generalized
cluster algebras by considering more general exchange polynomials. Precisely, a labeled seed in that setting
isatriple (x, (o; |i € I), B), where x and B are the same as in Definition 3.1 and @; = (o; , € P |0 <k <r;)
for i € I. Here we only take P as a multiplicative abelian group. The coefficients «;  are responsible for
expressing the exchange polynomial defined as

0;(u, v) = XI: oz,-,ku”'_kvk € ZP[u, v].
k=0
The mutation (x', (&), B') = pk(x, (@), B) is defined in the following way:
(1) B' = ux(B).
) oz,/(’ j = = and for i # k, the coefficients satisfy

JBri .
Olk’ol -Ol,',j/O(,',() if ,Bik >0

’ /

o ./a. = .

i,j/%i,0 JBri .

ko - @ij/eio i Bk < 0.

(3) x; =x; fori # k and

XXk = 6; (Ui, Up; ).
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Remark 3.10. In this setting, it does no harm to allow the coefficients «; ; to be elements of Z[P, as long
as the above rule (2) is satisfied. For example, one may check that the Laurent phenomenon still holds for
cluster variables.

Now assume the multiplicative abelian group P has an addition & so that it is a semifield. In our
setting the exchange polynomials are given by 0[p;](u, v), thus the coefficients «; ; corresponding to the
coefficients of 8[ p;](u, v) when expanded as polynomial of # and v. Under Definition 3.2, the polynomials
6[p;](u, v) mutate in a way satisfying the rule (2) above. In fact, when talking about coefficients «; ; /o o,
we can normalize our polynomial

Olpilu,v) = [ (piju+v).
Jell,ri]

So when expanded as a sum of monomials in u and v, the coefficients of ] [pilare ] jes Dij for a subset
J C[1, r;]. According to the mutation formula in Definition 3.2, under g, we have

[1 7, =pi L T1 pije

jeJ jeJ
which satisfies the rule (2). So our definition of generalized cluster algebras can be viewed as a special
case of [Chekhov and Shapiro 2014] if we ease the condition «; x € P into «; € ZP.

We note that the above rule (2) in [Chekhov and Shapiro 2014] is not enough to uniquely determine the
coefficients (&;) after mutation, whereas the mutation formula in Definition 3.2 is deterministic because
of the normalization condition p;f ;Opr ;= 1.

One advantage of our definition is the availability of principal coefficients analogous to [Fomin and
Zelevinsky 2007, Definition 3.1], to be discussed in the next section.

3.3. Principal coefficients. As in [Fomin and Zelevinsky 2007] for ordinary cluster algebras, we have
the notion of principal coefficients for generalized cluster algebras.

Definition 3.11. We say a generalized cluster algebra <7 is of geometric type if [P is a tropical semifield
Trop(s, |a € 1),
where [’ is a finite index set.

Proposition 3.12. Let o7 be a generalized cluster algebra of geometric type. For each seed ¥ in of’s
cluster pattern and i € I, we introduce matrices

V= =(c!)) e Mat |, ()

to encode the coefficients p; ;j by columns of C @,

o0
Pi,j = 1_[ Sa" e P.

ael’



2192 Lang Mou

Denote by (E((;'j)) the matrices corresponding to the seed |1, (X) for some k € 1. Then we have
(@) s .
—calj ifi =k;
D4 W
a0 _ %t < > l=cy; ]+>,3ki ifi # k and i > 0;
aj = j=1

. ri
Ct(llj) + ( 2 [Cc(z/;)]+>:8ki ifi #k and Bi <O0.
j=1

Proof. In the tropical semifield Trop(s, | a € I’), we have the expressions

[Cfli-)]+ _
P;fj=l_[5a/ and Pi,j=l_[sa

ael’ ael’

Then the result follows by spelling out the mutation formula of coefficients ((3) of Definition 3.2). [

The matrices and their dynamics in Proposition 3.12 have led to a remarkable combinatorial phenomenon
in cluster theory known as the sign coherence of c-vectors. We shall explain it below.

Definition 3.13. We say a generalized cluster algebra </ has principal coefficients at a vertex to € T, if PP
is the tropical semifield

Trop(p) :=Trop(pi,j | i € I, j € [1,ri]),

and the seed X, has coefficients p; = (p; 1, ... pi). In this case, the cluster algebra, denoted as
gzﬂ’rin(Zm), is by definition a subalgebra of

Zix;,. pi; liel, jell, rll.

In the case of principal coefficients, the columns of the matrices C gt) are called generalized c-vectors. At
the initial seed ¥ = X, with principal coefficients, each Cg) is an identity matrix /,, extended (vertically)
by zeros.

Theorem 3.14 (sign coherence of generalized c-vectors). In the principal coefficients case, for anyt € T,,
foranyi €l and any j € [1, r;], the entries of the j-th column of C gr) are either all nonnegative or all

nonpositive.

When r; = 1 for each i € I, i.e., in the case of ordinary cluster algebras, each C%) = C gl) is just a
column vector with n entries, altogether forming a matrix C = (CV, ..., C™). They are the so-called
C-matrices in [Fomin and Zelevinsky 2007] whose columns are c-vectors. In this case, Theorem 3.14 then
says that each column of any C is either nonnegative or nonpositive. This is well-known in the theory of
cluster algebras as the sign coherence of c-vectors, which has already been proved by Derksen, Weyman
and Zelevinsky [Derksen et al. 2010] for skew-symmetric exchange matrices and by Gross, Hacking,
Keel and Kontsevich [Gross et al. 2018] for skew-symmetrizable ones. We will see in Proposition 3.17
that Theorem 3.14 follows from the already established sign coherence of c-vectors.

We set the index set

U=, I={Gj)ljell,rnl.

iel
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Lemma 3.15. Let ¥ = X, be a seed with principal coefficients. We have the following properties for the
matrices Cgt) for any seed ¥;,t € T,
(1) Leti, k € I such that k # i. Then for any a,a’ € I] and any 1 < j, j' <r;, we have

@ _ .0
Ca,j _Ca’,j"

(2) Leti € 1. We have
€t = €2 = = iy = CE ]
and
cg’)k)’j =c fork#j
for some integer c.
Proof. We prove this lemma by induction on the distance from ¢ to #y in T,. The base case is for C g)
where the entries in (1) are all zeroes and the ones in (2) are 1 when k = j and O otherwise. Then the
properties stated in the lemma are preserved under the mutation formula given in Proposition 3.12. [

Let P be the tropical semifield Trop(p; | i € I). There is a group homomorphism

7:P—>P, Di.j ™ Di-
For ¢t € T,, denote the image of p; ;.; in P by p;., (which is independent of j by Lemma 3.15) and the
image of H;’i:1 Pi,jir In P by pi,r = ﬁlr',
Lemma 3.16. The elements p;.; behave in the following way under the mutation . If t’ -t and we
write pl’. = pj.y and p; = p;.;, then we have

pil ifi=k
pi=1pi-(p)% ifi #kand B > 0;

pi- (PO ifi # k and B <O0.

So they behave under mutations in the same way as p; 1., in the case where r; = 1,1 € I, i.e., the case of

ordinary cluster algebras.

Proof. By the generalized mutation formula of coefficients, we have
i

—1 g .

1_[1 pi; ifi =k;
J:

ri i Tk _ by L
I1r, =1 Hp,-yj-<1_[pk’j> if i %k and By > O;
jei j=1 j=1

Ti Tk byi .
l'lpi,j-(l'[p,?,j) if i # k and B < 0.
j=1 j=1
By the matrix description of the elements p; ; in Lemma 3.15, we have that
Tk Tk =+ T'k _
Hpi'fj.:(l_[pk,j) eP, n(ﬂpﬁj.):piceﬂj’.
j=1 j=1 j=1

The result then follows. O



2194 Lang Mou

Proposition 3.17. The sign coherence of c-vectors implies the sign coherence of generalized c-vectors.

Proof. In the case where all r; = 1, the sign coherence then says each column of the matrix C =
(€M, ..., C™) is either nonnegative or nonpositive.

On the other hand, by Lemma 3.16, the elements p; behave under mutations in the exact same way as
the coefficients in seeds when all r; = 1 (thus we only have one p; for each i). Thus the column C @
of X, serves as the coordinates of p;.; in terms of the initial coefficients p;. Then the sign coherence tells
that one of p;r and p;” is 1. It then follows from Lemma 3.15 that the corresponding p;f jOrp;; for each
j €11, r;]is also 1, hence the generalized sign coherence. (|

The following lemma will be useful later.

Lemma 3.18. In the principal coefficient case, for any t € T,, the set of coefficients in seed %,

{pijuliel, jell, rl}
form a Z-basis of P = 7¢ where d = Y icr ti-
Proof. This follows directly from the mutation formula Proposition 3.12 and Lemma 3.15. O
3.4. Separation formula. In this section, we describe the separation formula for generalized cluster

variables, which can be derived in the exact same way as [Fomin and Zelevinsky 2007, Theorem 3.7], so
we omit the proof.

Definition 3.19. Let /""" (X,,) be a generalized cluster algebra with principal coefficients at X;, = (x, p, B).
We define the rational function

Xl;t S st(xv P)

corresponding to the subtraction-free rational expression of the cluster variable x;., by iterating exchange
relations. Here (x, p) denote the set of all variables in x and p.
Define the rational function

Fii(p) = Xi((A, ..., 1), p) € Qut(p).

In general, for a subtraction free expression F' in Qg¢(xy, ..., X,) and an arbitrary semifield [P, we use
the notation

Flp(i,...yn) €P

for the evaluation at x; = y;. This evaluation is well-defined (i.e., independent of the expression used)
because of the universal property of the semifield Qg¢(xy, ..., x,); see Section 2.1.

Theorem 3.20 (cf. [Fomin and Zelevinsky 2007, Proposition 3.6, Theorem 3.7]).
(1) We have

X €ZixFipijliel, jell,rll, FueZlpliel, jell,rll
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(2) Let o be a generalized cluster algebra over an arbitrary semifield P', with an initial seed X,, =

(x, p, B). Then the cluster variables in o/ can be expressed in the initial cluster as

Xt |7 (x, p)
Xy =—F—————,
Fr.i lp (p)

where F is the ambient field for < .

Remark 3.21. Suppose the positivity for x;.; in the principal coefficients case (where we denote the
semifield by [P) has been established. This means X;.; has a subtraction free expression as a Laurent
polynomial (i.e., whose coefficients are in NPP). Then the evaluation X;.; |r (x, p) also has positive
coefficients in NP’, while Fj., |p' (p) is an element in P’. Thus it follows by Theorem 3.20 that x;., has
positive coefficients in the case of arbitrary P’.

3.5. Cluster algebras with specialized coefficients. We fix a field K of characteristic 0 and consider the
case of geometric coefficients. In this case, the generalized cluster algebra o/ (X) for £ = (x, p, B) can
be viewed as a subring of k[FD[xli, ..., xX] where KP is the group algebra of P over k.

Let A : [ — k* be a group homomorphism (which we will later refer to as an evaluation). It extends to
a k-algebra homomorphism

=]

)»:k[P’[xfﬂ...,xf]—)k[xft,...,xn .

We denote the image of 7 (X) @ K by &7 (2, 1). So we have a family of k-algebras parametrized by (k*)!
if the free abelian group P is of rank /. Each &/ (X, A) is in fact the K-subalgebra generated by cluster
variables (with coefficients specialized by A) within k[xft, ..., xE]. These are what we call (generalized)
cluster algebras with specialized coefficients.

We point out that an ordinary cluster algebra with trivial coefficients (i.e., when P is trivial) is actually
a generalized cluster algebra with specialized coefficients. Suppose B is a skew-symmetrizable matrix and
let r; be the gcd of the i-th column (if that column is nonzero). Let «7P""(X) be the generalized cluster
algebra with principal coefficients where ¥ has exchange matrix B. Choose a group homomorphism
A : Trop(p) — k* such that the specialized exchange polynomials equals the usual cluster exchange
binomial, i.e.,

ri
AMpi,u+v)y=u""+0".

Jj=1

Of course such A always exists assuming K is algebraically closed. Then it is easy to check that every
generalized mutation becomes an ordinary mutation: if ¢ £ v,

-1 [bl,] [—b}]
xk;,r=xk;t(]_[xi T TTx ).

iel iel

Thus the algebra «7P"(Z, 1) has the exact same cluster variables as the ordinary cluster algebra with
trivial coefficients, and can thus be viewed as an ordinary cluster algebra.
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t B! P11 P2,1;t P22t X1t X2t
0l [Y7] t b1 55} A A,
1 [Plé] o 121 I AT (1 +11Ar) As
A7 (140 A7 (141, A
2| [V%] o ! ' AT (1 +114r) 2 (Lo 1,1( )
x(1+ A7 (1411 4A))
-1 -1 -1 -1 -
30 02] / el I AATH A+ ATH A+ AT | A (14 AT (14 11Ay))
-10 1 11 21 11 ‘22 2 -
+HibitnA] Az) X(1+t22A1 (1+111A2))

AA (L + i AT+ 100 ATY

4 1[92 | eiteit et | e it A Nt + At + A))

[1 0] 11 21 ‘22 11421 11622 —|—l‘|1t2|l‘22A]_2A2) 2 21 1 22 1
5 [Pl g] hititxn 1, t! A A (1 + AD(ta + Ay)
6 [?52] t 2 f Ay A

Table 1. Labeled seeds of o7P1in,

3.6. An example in type B, with principal coefficients. We consider «/P""(x, p, B) with principal

coefficients for B = [(1) _02] which is of type B, in the finite type classification [Fomin and Zelevinsky

2003; Chekhov and Shapiro 2014, Theorem 2.7]. We write x;,,, = A;, and p; j.,, = t;;. For the subgraph
toLtl lel—t3it4Lt5Ll6

of T,, we have the associated labeled seeds calculated in Table 1
We note that the X;, is not exactly the same as the X;, but up to a switch of py | and p;».

3.7. Generalized Y-seeds. We define generalized Y-seeds (with coefficients) and their mutations. The
formulation to including coefficients in Y-seeds comes from [Bossinger et al. 2020]. The following
definition is a generalization of [Bossinger et al. 2020, Definition 2.15], which is an enhancement of a
Y-seed of [Fomin and Zelevinsky 2007].

Definition 3.22. A generalized labeled Y -seed (with coefficients) A is a triple (y, g, B), where

e g=(q1,...,qn)is an n-tuple of r;-tuples ¢; = (¢, 1, . . - gi,»,) of elements in a semifield P for positive

integers r;, 1 <i <n;
e y={y1,..., yu} is acollection of elements in some universal semifield QP (11, ..., u;);

* B is a left skew-symmetrizable integer matrix such that the i-th column is divisible by r; for every i.
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Definition 3.23. For k € {1, ..., n}, we define the mutation of a Y-seed (y, g, B) in direction k as a new
Y-seed ui(y, q, B) :== ((y)), (g}), B') in the following way:

B’ = i (B); G-

@i =4qr; forjell,nl;

ik

143 _ _ﬂ .
qi,j- ( 1_[ qu) if =B >0,
=1

fori £k, jell,r], ql{,j = Ik —Bik (3-2)
or equivalently
fori £k o = TT(L @ g & By
ori#k, qi;=qi;[[1&gq7 )7
I=1
rk N ” TN
i TH@GE P 58P0 4 g8 TPy if i £k,

¥ = 4 (3-3)

! ifi =k.
As in Lemma 3.3, it is straightforward to check that the mutation p; on a generalized Y-seed is
involutive in the same direction.

Definition 3.24. A generalized Y -pattern is an association
t— A= (y.q, B")

to every vertex ¢t € T, a generalized labeled Y-seed A, such that if 7 and ¢’ are connected by an edge
labeled by k € I, then we have

Ay = pi(Ar).
Definition 3.25. We say that a generalized Y -pattern has principal coefficients at a vertex tp € T,, if P is
the tropical semifield

Trop(qi ., 11 €1, j €[1,r:]).
Given a Y-pattern, the elements y;.; for t € T, are called Y-variables.

Remark 3.26. In the case that for any i € I,

qi,1 =4i2="""={ir,

a generalized Y-seed with coefficients as in Definition 3.22 becomes a labeled Y-seed with coefficients in
[Bossinger et al. 2020]. In this case, the mutation formula of Y -variables is independent of the choice ;.
So we get back to the nongeneralized version by letting the coefficients g; ;, j € [1, r;], equal. While
in the cluster case, one recovers the nongeneralized seed mutation by choosing r; = 1. This asymmetry
suggests that our generalization is a natural one.
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To the best knowledge of the author, the generalized version of Y -patterns has not been considered in
the literature. It is interesting to see if these generalized patterns appear naturally anywhere.

4. Generalized cluster varieties

Cluster varieties were introduced by Fock and Goncharov [2009], giving a geometric view to cluster
algebras (of geometric types). We follow [Gross et al. 2015] to define relevant notions such as fixed data
and seeds. However, in order to deal with generalized coefficients, some new gadgets are needed.

Definition 4.1. We recall the fixed data I" from [Gross et al. 2015]. The fixed data I" consists of

« alattice N of finite rank with a skew-symmetric bilinear form w : N x N — Q;

e an unfrozen sublattice Nys C N, a saturated sublattice of N;

e anindex set I = {1, ..., rank N} and a subset I,y = {1, ..., rank Ny};

» positive integers d; for i € I with greatest common divisor 1;

e a sublattice N° C N of finite index such that w (Nys, N°) C Z, w(N, Nyt N N°) C Z;
e M =Hom(N, Z), M° =Hom(N°, Z);

4.1. Generalized A-cluster variety.

Definition 4.2. Given fixed data I', an A-seed with (generalized) coefficients is a pair s = (e, p) consisting
of a seed e = (e;);c; which is a labeled collection of elements in N and a labeled collection of tuples of
coefficients p = (p;)ier,» Where p; = (p; ;) jel 1.7/] and p; ; belongs to some tropical semifield PP such that
(1) {e; |i € I} is a basis for N;

(2) {e; | i € Iy} is a basis for Ny¢;

(3) {d;e; | i € I} 1s a basis for N°;

(4) for i € Iy, the elements w; := w(—, d;e;)/r; belong to M.

For such a seed s, we define two matrices B = B(s) = (b;;) and B=8B (s) = (Bij) by setting
bij:=w(e;,dje;) and B;j:=(ej,w;)=b;j/r;.

Definition 4.3. Given s an A-seed with coefficients, for k € I, we define the mutation in direction k,
ui(s) = (e', p') by

/ —ex ifi =k,

l {e[ + [{e;, —rrwi)]ver ifi £k;

and

pi;=rpi; forjell,rl;

pij - (pe—)Piif B > 0,

. . /
fori #k, jell.nl Pij= {Pij . (Pk-+)‘3"i if Bix <0.
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Remark 4.4. If we write w; = a)(—, %e; ) as the mutations of w;, then they are given by
1

w/_{ —wy, if i =k;
P lwi A+ [reer, wi)lowg,  if i #k.
Denote the dual basis of (¢;) by (&) and the dual of (e}) = 1« (e) by (e;™). We have

. [—e,i< +Z[<€j, —rkwk)]+ejf ifi = k;
J

e =

e* ifi # k.

4
If there is no confusion, we will call an .A-seed with coefficients simply a seed.
Let R = kP, the group algebra of P over the ground field k. To any .A-seed s, we associate a copy of
the R-torus Ty s(R) := Spec(K[M] ®x R).

Definition 4.5. To the mutation w; from s to ux(s), there is an associated birational morphism (over R)

1t Ty s(R) == Ty oy (R), (@™ = 2" fi ™,
where

Tk
fioo=T1(pej+ pi 2™ € RIM).
j=1

We call this birational transformation the A-cluster mutation associated to the mutation iy of seeds.

Definition 4.6. We define the oriented rooted tree ¥, (Where n = |I]) as in [Gross et al. 2015]. It is the
infinite tree generated from a root vg such that

(1) vp has outgoing edges labeled by I s ={1,...,n};
(2) any other vertex has one unique incoming edge, and outgoing edges labeled by I.

Let vy € %, be the root. Then for any other vertex v € ¥, there is a unique oriented path from vg to v.
We associate a seed s to the root vy, the unique path from v to vy determines a seed s, by applying the
mutations in directions of the labelings in the path to the initial seed s. Therefore we have an association
v 8, for v e ¥, \ {vg} and vy — s such that for an edge v X v in %, then

Sy = i (Sy).

Suppose the unique path from vy to v walks through edges labeled by ki, ks, . .., k;. There is then the
birational map

Mug,v "= [k © =+ O [hgy © Uiy = T s(R) ==+ Ty 5,(R).
For arbitrary two vertices v and v’ in %, there is the birational map
My, v = Hyy,v’ O/Lv_ol,v . TN,sv (R) --» TN,sv/(R)-

These birational maps surely satisfy the cocycle condition. We use the following lemma to glue T g,
together.
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Lemma 4.7 [Bossinger et al. 2020, Lemma 3.10; Gross et al. 2015, Proposition 2.4]. Let Z be a set
and {S; | i € I} be a collection of integral separated schemes of finite type over a locally Noetherian
ring R, with birational maps (of R-schemes) fi; : S; --+ §; for all i, j, verifying the cocycle condition
fik o fij = fik as rational maps and such that f;; is the identity map. Let U;; C S; be the largest open
subscheme such that f;; : U;; — f;;(U;j) is an isomorphism. Then there is an R-scheme

S=US;

i€l

obtained by gluing the S; along the open sets U;; via the maps f;;.
Definition 4.8. Let I' be fixed data and s be an .A-seed with coefficients. We apply Lemma 4.7 to glue
together the collection of tori indexed by ¥, to get the generalized A-cluster variety associated to s (as
an R-scheme)

Ag = AF,s = U TN,s,, (R).
ve®

We now explain how to obtain a generalized cluster pattern from Ay, justifying the name generalized
A-cluster variety. We assume Nys = N, thus Iys =1 1

Recall we have the association v = s, = [y, ,(s) for v € T,. We write s, = (e,, p,) where e, =
(eiwli€l), pp=(piv|i€l)and p;j;y = (pi | j €[l ri]).

Sending vy to any vertex #j in the n-regular tree T, gives a unique surjective map

m:%, —>T,, wvr1

such that the labeling on edges is preserved.

For any seed v € T, there is the corresponding labeled seed with coefficients (in the sense of
Definition 3.1)

Ty = X(sy) 1= (xy, pu, BY),
where
Xiy = ,u’so’v(ze;k%v) €QP(x1, ..., xn), bjji=w(eiw djej),

where x; = X; y,.

Lemma 4.9. If two vertices v and v’ vertices of T,, descend to the same vertex in T, i.e., t1(v) =7 (V'),
then their corresponding labeled seeds with coefficients are identical, i.e., X, = X,.

Proof. Suppose the unique path in ¥, from vy to v goes through edges labeled by k1, ..., k; in order. We
show in the following by induction that
Mk ©+ -0 ,’-’Lkl(zvo) = Ev,

where the operation uy is the mutation in direction k of labeled seeds with coefficients in the sense of
Definition 3.2.
I'This is because we do not define cluster patterns with frozen directions. This can be done by making mutations only available

at a subset of a given cluster, leaving the rest variables frozen. However, one can always treat the frozen variables as making up
coefficients in a cluster pattern.
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Let v; £ v, be in ¥,,. Then one checks B” = uix (BY") using the fact that e,, = i (ey,), which is
standard from [Gross et al. 2015]. The coefficients parts p,, and p,, are related by the mutation px by
definition. So we only need to check that x,, and x,, are also related by .

Note that py ,, = iy, ,, © 4i- So we have for i # k

et e,
Xijvy = /’Lzovvl (,Uvz(z ) = Mz()vvl (@) = Xioy.
ok * e::v
Xiesvg = Hoyg.v, (Mg (2 572))

Tk
* —e 3 [—b et — + Wi
= Mvo,vl (Z o * e | |1(pk,j;l)1 pk,j;vlz k'ul)
j:

K _ +

— ¥ _e;:; - Wy + Wiy

= Moy, <Z K Hl(pksj:vlz E —i_pk,j;vlZ ")
j=

Tk B .
; % - * Wi, + * w
= /’LUO,UI (Z k'vl) l_[l(pk’ﬁvluvo,vl (Z k,vl) + pk,j;v]'bLUo,Ul (Z A,vl))
J=
L [Bale | o+ (6l
=Xx,. , —Pikl+ ik ]+
_xk;vl 1_[ <pk,j;v] l_[xi;vl +Pk’jwl ]_[xi;vl )
Jj=1 iel iel

The only unexplained notation in the above equations is that for any w =)

w =Y [—ailyef and wT =Y [ai]ief.
iel iel

oF ;
iy aie; € M, we write

Now we have checked that ux(X,,) = X,,. By induction on the distance from v to the root vy, we
conclude that py, o- - - o g, (2y,) = X, for any v € T,,. Since py is involutive, we can reduce the sequence
(k1, - -+, k;) by deleting pairs of consecutive identical indices until there is none. So X, only depends
on the reduced sequence of edge labels from v to v. Now notice that two vertices v and v’ in T, have
the same projection ¢ in T, if and only if they have the same reduced sequence of edge labels from vy,
meaning the same labeled seed with coefficients X, := X, = X,. Il

Proposition 4.10. According to the above lemma, we have that the labeled seeds ¥, and ¥, are equal if
7(v) =) =t €T,. Sowe can denote them all by ¥,. The association t +— %, foreveryt € T, isa

cluster pattern.
Proof. Suppose the unique path from # to some ¢ € T, walks through edges in order of k1, ..., k;. Then
already in the proof of the above lemma, we have
S =t 0 -0 iy ()
This association by definition gives a cluster pattern. O

Definition 4.11. The (generalized) upper cluster algebra </ (s) (of an A-seed s with coefficients) is
defined to be the R-algebra
H(A;, 04) = N H'(Tns,(R), Ory, (&)
ve¥,

the ring of regular functions on the (generalized) .A-cluster variety Aj.
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By definition the upper cluster algebra is the algebra of all Laurent polynomials that remains Laurent
polynomials after an arbitrary sequence of mutations. It follows from the Laurent phenomenon that all
cluster variables are elements in the upper cluster algebra, thus the inclusion

A(s) C (),

where the former denotes the subalgebra generated by cluster variables, i.e., the cluster algebra (over R).

The notion of principal coefficients can be easily translated into the current setting.

Definition 4.12. An A-seed s is said to have principal coefficients if the associated labeled seed X (s) has

principal coefficients.

The associated cluster pattern with #p — X(s), t — X(s,) (where t = m(v)) then has principal
coefficients at . In this case, we denote the corresponding cluster variety by A> ™.

4.2. Generalized X-cluster variety. Given fixed data I as in the last section, we define the notion of
(generalized) X-seeds with coefficients.

Definition 4.13. An X'-seed with (generalized) coefficients s = (e, q) is the same as an .4-seed. We use
the symbol g instead of p to stress that it is an X -seed.

What distinguish A'-seeds with .4-seeds is the mutation.

Definition 4.14. Given an X-seed s = (e, q), we define the mutation in direction k, i (s) = (€', q') by

) { —ex ifi =k,
e. =
e+ Ler, —riwp)lper if i #k;

and

r.j :q,:} for j € [1, rel;

. Y Bk if —B: >0
fori # k. j (L), gl =9 @0 e 0
%,J'(Qk;-i-) ik lf_IBleOa

So the pure seed part e behaves in the same way under mutation as in an .4-seed while the coefficients
part ¢ mutates differently, but same as the coefficients in a labeled Y-seed. Roughly, if in .A-seeds, the
matrix B governs the mutation of coefficients, then in X-seeds, —B” does the job.

Definition 4.15. Let s = (e, g) be an X-seed with coefficients. Then there is the associated X-cluster

mutation

L —({n,—wy)
s Ty (R) ==> Tw (R), pie (@) =27 (,H (s +452)) :
=1

where Ty (R) is the R-torus Spec(K[N]® R).
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Definition 4.16. Let s be an X'-seed for I'. Then there is a unique association v — s, for every v € T,
such that vy — s and adjacent associated seeds are related by mutations of X’-seeds in corresponding
directions. Define the generalized X -cluster variety associated to s to be the R-scheme

X ::Aﬁls::: LJ ]hljv(R)

veT,

obtained by gluing Ty s, (R) via X-cluster mutations using Lemma 4.7.

Write s, = ((ei:v), (gi:v)). Let us keep track of the monomials z%» € K[N] (instead of Z%v in the
A-case). We define
Yiry 1= Wy, (2") € Frac(K[N]® R).

It turns out that these y;., are the Y-variables of the Y-pattern induced by the X'-seed s described as
follows. We take s as the initial seed. Analogous to the .A-situation, any vertex v € ¥, descends to a
vertex t = (v) € T,,.

Proposition 4.17. For v € %, define the generalized labeled Y -seed A, = ((Yi-v), (qi:v), BY). Then
we have Ay, = Ay if t1(v) = 7 (V') =t € T,. Then the association t — A, fort € T, is a generalized
Y -pattern with coefficients where A, :== A, for any v such that t = m (v).

Proof. We first note that the Y-variables y;., live in the universal semifield QPs(y, ..., y,) where
y; = z% are the initial Y-variables. The proof is completely analogous to Proposition 4.10. We leave the
details to the reader. O

4.3. Special coefficients. By construction, given an A-seed (resp. X-seed) s, there is the flat family
w4 As — Spec R (resp. my : Xy — Spec R).

Let A be a k-point of Spec R. Then the special fiber 7' (1) is a k-scheme and can be viewed as a
generalized cluster variety with special coefficients, denoted by Ay, (resp. X ). They are also glued
together by tori via birational morphisms (namely the A- or X'-mutations specialized at 1)

J4&A == LJ TN,U» A%J.:: LJ ]hdm-

ve¥, veT,

The A-type varieties (resp. X-type varieties) lead to cluster patterns (resp. Y -patterns) with specialized
coefficients. We have as before in the .A-case the inclusion of algebras

A (s,0) C (s, 7)) = H(As 1, Oa,,).

4.4. Cluster duality. The cluster duality of Fock and Goncharov predicts, in the ordinary case, that the
varieties Ay and X, are dual in the sense that the upper cluster algebra <7 (s) has a basis parametrized
by the tropical set X"°P(Z) (and vice versa). Note here s is viewed as a seed without coefficients so
we do not need to distinguish between A- and X-seeds. Strictly speaking, this statement is not true
as in some cases Xy may have too few regular functions [Gross et al. 2015]. This duality (named the
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Fock—Goncharov full conjecture) is the main subject of study (on a precise modified formulation and
when it is true) in [Gross et al. 2018].

Our point of view of is that it is more natural to include generalized cluster varieties in cluster dualities,
which we will demonstrate in the principal coefficients case. We denote the A’-cluster variety with
principal coefficients by AY " where the coefficient group is the tropical semifield

P =Trop(g;; i el,jell,rl.

The scheme AP N Js over Spec(R) where R = KP. There are evaluations A sending g;; to A;; € k*. Each A
specifies an X'-cluster variety with special coefficients as in the following diagram:

prin prin
X, — &

l lm

Spec(k) SEUIN Spec(R)
With a general choice coefficients, X;ﬁ rkin should be considered mirror dual to the family
w4 AP — Spec(R),

where s is viewed as an .A-seed with coefficients. We shall not fully justify this statement in this paper,
but instead will show that the family 4 : AEri“ — Spec(R) (as well as the generalized cluster algebra
/P (g)) can be reconstructed from Xﬁ ;i“, through a consistent wall-crossing structure (or scattering
diagram) ®; associated to X£ r;n; see Section 8.

5. Toric models and mutations

This section is a generalization of [Gross et al. 2015, Section 3] aiming for generalized cluster varieties. A
log Calabi-Yau pair (X, D) is a smooth projective variety X (over an algebraically closed field k) with a
reduced simple normal crossing divisor D such that Ky + D = 0 where K is the canonical divisor of X.
A log Calabi—Yau variety U is the interior of a log Calabi—Yau pair (X, D), i.e., U = X \ D. Described in
[Gross et al. 2015], particularly relevant in cluster theory are log Calabi—Yau pairs (X, D) obtained from
ablow-up 7 : X — Xy where Xy is the toric variety associated to a fan X in R". The blow-up is along a
hypersurface in the toric boundary of X, and D is given by the strict transform of the toric boundary.
We will see that both generalized X'- and .A-varieties can be realized as log Calabi—Yau varieties obtained
this way (up to codimension two subsets).

5.1. Toric models. Fix a lattice N = 7" and let M be its dual. Suppose for i € I =[1, /] we have pairs
of vectors (e;, w;) € N x M such that (e;, w;) = 0. We assume that all nonzero e; are primitive, but some
of them may equal. For each i, we fix a positive integer r;. We also take functions (elements in K[M])

fi=aio+ai 1z +---+ap,7""

with nonzero ag; o and g; .
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We construct in below a log Calabi—Yau variety U, using the data

A= ((€ier (Widier, (fi)ier)-
The following construction is what we mean by a foric model for U, and we call such A a toric model data.

Construction 5.1 (cf. [Gross et al. 2015, Construction 3.4]). Given the data A, consider the fan
Y =3, :={Rxpe¢; | i € 1} U{0}

in Ng. Let Xy be the toric variety defined by X, and D; be the irreducible toric boundary divisor
corresponding to R>pe;. Note that since (e;, w;) =0, z* does not vanish on D;. Let Z; be the zero locus
of f; on D;, i.e., the closed subscheme V(f,-) N D;, which is a hypersurface. Blow up Xy along Ule Z;
to obtain

n:)?2—>Xg.

Let 5,~ be the strict transform of D; in X y. Then the open subscheme U, := X >\ U; 5,- is a log
Calabi—Yau variety.

Definition 5.2. For k € I, we say a toric model data A k-mutable if the pairs (e;, w;) satisfy the condition
(ei, wk) = 0= (ex, w;) =0
foranyi € [.
We define mutations of a k-mutable toric model data.

Definition 5.3. Let A be a k-mutable toric model data and A’ = ((e}), (w}), (f{)) be another set of data.
Write B;; = (e;, w;j). We write A" = jx(A) (or say they are jx-equivalent) if they satisfy the following
conditions:

o ¢, = —ep and w, = —wy;

o ifi #kand Bix >0, ¢; = ¢; and w; = w;;

o if i #kand Bix <0, €] =e; — (e;, rrwi)ex and w, = w; + (ex, w;)rrwy;
and if writing f =a; —I—alf’lzwr{ +--+ alf’riz"'wz{,

. a,/w. = ay,r—j for j € [1, rel;

o fori #£k,jell,r],

, { (ar,0)’Pi - a; j/aio if Bix > 0, 5-1)

/
a; :/a; o= o .
bITh (ar,r )P -a; j/aio if Bix <O.
We note that the mutation w; is not deterministic for the (f;) part, and is not involutive for the
((ei), (w;)) part.
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Applying Construction 5.1 to A" = i (A), we obtain another log Calabi—Yau variety U, . Note that
both U, and U,/ contain the torus Ty. Consider the birational morphism

i Ty - Ty, pi@™) =" f7 "
The following theorem is a generalization of the results in [Gross et al. 2015, Section 3].

Theorem 5.4. The birational morphism iy extends to an isomorphism iy : U — U/ outside codimension
two subsets if dim V(fk) N Z; < dim Z; whenever {(e;, wi) =0 fori € I.

Proof. We first make up some auxiliary varieties. Let ¥+ = X U {Rx¢e;} and £~ = ' U {Rxoer}. We
can blow up Xy+ (resp. Xy-) in the same way as we do so for X, (resp. Xx/) to obtain )~(+ (resp. )NL).
Removing the strict transforms of the toric boundaries, we can still get Up and Up. Following Lemma 3.6
in [Gross et al. 2015], we show that p; extends to an isomorphism (outside codimension two subsets)
between X + and X —, mapping the toric boundary of one to that of the other.

Suppose we only blow up X s+ along Z; and Xx- along Z,. Then the blow-up X + has a covering of
open subsets

% =B,u(Uu) (5-2)

i#k

where ﬁ+ is the blow-up along Z; of the toric variety of the fan {Rzoe,’c, Rxoex} and U; is the standard
open toric chart corresponding to the ray Rxge;. Replacing U; with U; \ V (fi) for i # k, (5-2) is still a
covering but up to codimension two (with V (f;) N D; missing). More precisely, f is a regular function
on U; if (wy, e;) > 0. In this case, I_/(fk) N D; is just the zero locus of the restriction of f; on D;, i.e.,
V(fi) N D;. As z* vanishes on Z; when (wy, ¢;) > 0, V(fk) N D; = & since f; has nonzero constant
term. When (wy, ¢;) < 0, then V(fk) ND; =V (7" fi) N D; where z~"*" fi = f; is a regular function
on U;. So V(fi) N D; is still empty since fi has nonzero constant. Therefore we only fail to cover
V(fi) N D; when (wy, ¢;) = 0, which is a codimension two subset.

By Lemma 3.2 of [Gross et al. 2015], uy extends to a regular isomorphism from @+ to P_. Here P_
is the blow-up along Z, of the toric variety defined by the fan {R>oe;, R>oex}. We check that 1 also
extends to a regular isomorphism from U; \ V( fr) to Ui’ \ V( fk’). Note that these are affine schemes so we
check that p} extends to an isomorphism between their rings of regular functions. There are two cases.

(1) If {e;, w) > 0, then elf = ¢;. Note that f} is a regular function on U; as well as on Ul.’. Thus we have

UN\V(f)=U\V(f) and UN\V(f)=U\V(fo)

For (m, e;) > 0, 7" defines a regular function on Ul./ and
Mz(zm) — mek—<m:€k)

is a regular function on U; \ V (fy).
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(2) If (e;, wx) <O, then €] = ¢; — (e;, rxwy)ex. Instead of fi, the function f;| = z7"*"* f; is a regular
function on U; and V (f;) = V(f;). For (m, e;) > 0 and 2" a regular function on U/, we have

MZ(Zm) — ™M fk—(m,ek) — Zm—rkwk(m,ek)(fk/)—(m,ek).
We check that (m — rywi(m, ex), e;) = (m — rywi(m, ex), €; + (e;, rrwy)ex) = (m, e;) > 0. Thus
ui(z™) is a regular function on U; \ V(f) =U;\ V().

Therefore p; is a morphism between regular functions. In all the cases above, one checks that sending 7"

to z" f,((m’ek ! is the inverse of wy. Summarizing, we have so far proven that there is an isomorphism
i Uy ::ﬁgu(U Ui\V(fk)) LU= u5_u( U U;\V(f,g))
ik i#k
extending the birational morphism pj; between tori.
Now we analyze the impact of blowing up the hypersurfaces Z; (and Z;) for i # k. When (wy, e;) #0,
as discussed D; NV (fy) = @, so Z; C D; is contained in Us. Since (wy, ;) = —(wy, e;) # 0, the same is
true for Z7,i.e., Z; C U_. We would like to show that 1 (Z;) = Z; when (wy, e;) #0. There are two cases.

(1) Suppose (wy,e;) > 0. In this case, ¢; = ¢; and w, = w;. By definition Z! = D! NV (f/) =
V(Z") NV (f!) C U/ for some my such that (mg, e;) = 1. Now we have uj(20) = Zm(’f,;(mo’e") and
R = ajg a2 S Y a2,
Note that f is invertible on U; \ V( /i) and restricts to constant pgo on D;. So V (uy(z™?)) is just
the divisor D; and
iD= ajg+a]1a 002" 4 a L a g7 = 1 il
for some nonzero A € K by the j;-equivalence assumption on A and A’. Therefore ux(Z;) = Z;.
(2) Suppose (wi, ;) < 0. In this case we have e, = v; — (rwi, ¢;)ex and w; = w; + (w;, ex)rrwg. Still
Z; =V (Z")NV(f]). Now instead of fi, the function f; = z~"*"* f; is a regular function on U; and
restricts to constant ax ,, on D;. First, juf (z"0) = gmo~{mo-erwe( f/ymo-et) Since f; is invertible on
Ui\ V(fo), V(ui(Z")) = D; as (mg+ (mo, ex)rywy, e;) = 1. Secondly we have
Wi = al o +al 2% f " a2 e

'l —w o — (s s
— az{,O az{,lzwi (wtsek>rkwk(fk/) (wiek) 4 ... az{,r,»zrlw' (riw;,ex)rrwg (fk/) (riwi.ex)
Hence

i, ~rifui riw,
wi(f) o, = ajg+a; a2+ +ai a7 =4 fi|p,

for some nonzero A € K again by the ug-equivalence assumption. Therefore in this case we also
have ux(Z;) = Z..
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Finally we consider the case (wy, e¢;) = 0. The argument we need is exactly the same as in the last
paragraph of the proof in [Gross et al. 2015]. By the assumption (wg, ¢;) = 0= (w;, ex) =0, so we have

1 (f) = fi.

and thus uy(Z;) = Zlf. The problem is that Z; may not be fully contained in D; \ V (fi), with V(fx) N Z;
missing. If V (fx) N Z; contains a irreducible component of Z;, then U, would contain the corresponding
exceptional divisor while blowing up in U, does not. However the isomorphism w; : Uy — U_
need not extend as isomorphism across this exceptional divisor. Now we need the further hypothesis
dim V (fx) N Z; < dim Z; so that the missing part in the blow-up center is of at least codimension three
in U;. After blowing up the corresponding locus in Uy and U, we have the diagram

U, 25 U

b

U, 25 u-

where vertical arrows are blow-ups and horizontal arrows are genuine isomorphisms. Removing the strict
transform of the toric boundary, we have immersions

U \DCUx and U_\DcC Uy

missing codimension two loci. Summarizing, the birational map p; can be extended to an isomorphism
i Up --+ Uy outside sets of codimension two. O

A sufficient condition for the assumption in Theorem 5.4 to hold is
Y(e;, wy) =0, dimV(fi)NZ; <dim Z;.

Definition 5.5 (cf. [Berenstein et al. 2005, Definition 1.4]). A toric model data A = ((¢;), (w;), (f;)) is
said to be coprime if the functions f; are pairwise coprime as elements in the ring K[M].

Corollary 5.6. The result in Theorem 5.4 holds if A is coprime.

Proof. Note that Z; = V(f;) N D;. If needed, multiply some monomial z” to f; so that f; =z f; is a
regular function on D;. Do the same to f; to get f. By the coprime condition on A, f; and f; are still

coprime, so we have

dim V(fo) NV (f;) < dim V(f;),
where the above subschemes are taken inside D;. O
The following is an easy-to-check condition on A for the coprimeness to hold.

Lemma 5.7. Ifthe vectors w; are linear independent, then A is coprime.
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5.2. The upper bound. Suppose we are given the data A = ((¢;), (w;), (f;)). Assume that A is i-mutable
foranyi € I. Fori eI, let Tls,l )bea copy of the torus T. Then we have birational maps for each i € I,

i Ty - T, i (z") = mei—(e,-,m)'

We glue the |7|+ 1 tori along the maps w; to obtain a scheme X 4.
In previous section, we know that not only the torus Ty, Uy also contains the torus ij,’ ), that is, we
have the following diagram for every i € I:

Ty s T
Us
These diagrams determine a unique morphism ¥ : X5 — Uj.

Lemma 5.8 [Gross et al. 2015, Lemma 3.5]. The morphism \r : X o — U satisfies the following properties:

() IfdimZ; N Z; < dim Z; for all i # j, then  is an isomorphism outside a set of codimension at
least two.

Q) If ZiNZ ;=D foralli # j, then v is an open immersion. In particular, in this case, X x is separated.

In the A-cluster case to be explained later, the variety X , may be named the upper bound according to
[Fomin and Zelevinsky 2007].

5.3. Toric models for cluster varieties. In this section, we realize generalize cluster varieties as log

Calabi—Yau varieties utilizing Construction 5.1.

5.3.1. A-cluster cases. Suppose we have fixed data I and an .4-seed with coefficients s = (e, p). We
further choose an evaluation A : P — k*. This amounts to pick a k-point of Spec(kP). These lead to the
generalized A-cluster variety A ; with special coefficients.

Meanwhile consider the toric model data

A(s, L) = ()it (Wiieng (fi)iels)

defined as follows. The vectors (e;);¢s, are taken from the seed s. Recall that we have the exchange
matrix B = (b;;) where b;; := w(e;, dje;). Write B;; = b;;/r;. Note that {e; | i € I} form a basis of the
lattice N and we denote by e the dual basis of M. Then define
w; =w(—, die;/r;) =) Bije; e M,  fi :=r0[pi1(z"", 1)) e KIM].
jel

Then Construction 5.1 applies to the toric model data A(s, 1), and thus there is the associated log Calabi—
Yau variety Ups,). Recall that we also have the scheme X 4 s,5) obtained by gluing n + 1 copies of the
torus Ty as in Section 5.2. We call X 5 5) the upper bound for (s, 1), which by definition is an open
subscheme of Ay ;.
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The following lemma is easy to verify by direct computations.

Lemma 5.9. We have pi(A(s, L)) = A(ux(8), A) in the sense of Definition 5.3. The latter juy is the

mutation of an A-seed with coefficients.
Proposition 5.10. (1) The morphism v : X p¢s,0) = U,y is an open immersion with image an open
subset whose complement has codimension at least two.

(2) The birational map i : Ups,n) —=* Upu(s),n) s an isomorphism outside codimension two in each

of the listed situations:

A. The functions f; have general coefficients.
B. The seed s is mutation equivalent to one with principal coefficients, and ) € (kK*)!! Tis general

enough.

Proof. (1) follows from Lemma 5.8, part (2) —as we only need to check the hypothesis Z; N Z; = &
for all i # j. In fact, in A-cluster case, since e; # e;, we have Ty, N Tnje;) = 9D for all i # j,
where Ty ;) 18 viewed as the dense torus contained in the divisor D;. As Z; is a closed subset of Ty (),
the hypothesis holds.

(2) follows from Theorem 5.4. We need to check that whenever (e;, uy) =0,

dim V(fi) NV (f;)ND; <dim V(f;)ND;.

A sufficient condition is the functions f; being coprime. Note that fori € 1,

fi = ﬁluwﬁpzwf ).
j=
When these f; have general coefficients (case A), they are coprime. In case B, one may replace f; by
fi= TG +1.
j=
Since the elements p; ; fori € I and j € [1, r;] form a Z basis in P (by Lemma 3.18) when s is mutation

equivalent to one with principal coefficients, these f; are coprime as long as A is general. 0

Remark 5.11. Suppose we are in the situation of case B of Proposition 5.10(2). Then we have isomor-
phisms of the rings of regular functions

KIX A 0] = KIUA@.)] = KIUAus).0]-

The equality then extends to any seed s, that is mutation equivalent to s. It then follows that they are all
isomorphic to the upper cluster algebra

(s, 1) = K[As 2]
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The cluster variables in seed s are x; ¢ 1= z¢% . Each Xi.s extends to a regular function on the toric variety X5,
corresponding to the toric model data A (s, A). Then x; s pulls back to the blow-up X, and restricts to a reg-
ular function on the open subvariety U s, ). It follows from (2) of Proposition 5.10 that x; ¢ is also a regular
function on X s, ) and in particular is a Laurent polynomial if restricted to Ty s,. This explains the gener-
alized Laurent phenomenon Theorem 3.7, which was observed in [Gross et al. 2015] for the ordinary case.

5.3.2. X-cluster cases. Suppose we have fixed data I and an X'-seed with coefficients s = (e, q). Let us
make the assumption that for any j € I,

rj Zng(bl’j,i S I)

This is equivalent to say that each w; for j € Iy is primitive as an element of M =Hom(N, Z). Switching
the roles of (¢;) and (w;), we obtain the toric model data

Q(s, 2) = ((—w;), (), (&)
for M instead of N, where
gi = A0[qi1(z", 1)) e K[N]

with some chosen evaluation A. Since the matrix B is skew-symmetrizable, Q2 (s, A) is k-mutable for
any k € ILy.

Lemma 5.12. The assumption that r; = gcd(b;;, i € I) is invariant under mutations.
Proof. This is because if the j-th column of B is divisible by r; then the same is true for the matrix
ur(B) = (blfj). Thus we have

ged(bij, i € I) =ged(b;;,i € 1)

ij’
as u is involutive on B. O

The above lemma shows that we have well-defined data 2 (ur(s), A).

Lemma 5.13. We have ui(2(s, 1)) = Q(ur(s), A), where the later uy is the mutation for an X -seed
with coefficients.

Proof. This lemma is analogous to Lemma 5.9 and is also easy to check. However, to show that the
carefully chosen signs and conventions are the correct ones, we record some details here.

In the notations of Definition 5.3, for the data (s, A), we take ¢;, = —w; and w; = ¢;. So after the
mutation wy in sense of Definition 5.3, for i # k
—w; — ((—w;), reex) (—wg)  if (—w;, ex) <0,

(—wy) = {

—w; if (—w;, er) > 0.
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Note that the two conditions are equivalent to S;x < 0 and B;; > 0 respectively. And in these two cases,
we have

(—w;) = —w; — (ex, wi)rywr and  —w;

respectively. This is exactly —w! for w! = w(—, d;e;/r;) from the seed ju;(s). Similarly, one checks that
the e part is also compatible with mutations.
As for coefficients, for the data 2 (ux(s), 1), we have

8 (u, v) = 1(01g;1(u, v).

Here ql./’ j is obtain from X-type mutations for coefficients (see Definition 4.14) which coincides with
Definition 5.3. O

Recall that Xq s, is the upper bound for €2(s, 1) as defined in Section 5.2.
Proposition 5.14. For the X -type constructions,

(1) the morphism  : Xqs.3) — Uqs,) is an open immersion with image being an open subset whose

complement has codimension at least two;

(2) the birational map i : Uqs,n) ==+ UQ(u(s),1) IS an isomorphism outside codimension two subsets.

Proof. The proof of (1) is completely analogous to that of (1) of Proposition 5.10. For (2), it follows
from that for any X'-seed s, the data Q (s, 1) is always coprime by Lemma 5.7 as the vectors e; form a
basis of N. (|

6. Scattering diagrams

This section deals with scattering diagrams. Our main objects of study generalized cluster scattering
diagrams will be defined in Section 6.2.

6.1. The tropical vertex. We start with a more general setup of scattering diagrams as in [Argiiz and
Gross 2022, Section 5.1.1]. Let N be a lattice of finite rank, M = Homy (N, Z) and M = M Q7 R.
Let P be a monoid with a monoid map r : P — M. Denote by P> the groups of units of P and let
mp = P\ P*. An ideal of the monoid P induces a monomial ideal of the ring K[ P], where K is a ground
field. So we use the same letter to denote both. For any monomial ideal I C K[ P], define the ring

R; :=K[P]/I.

Denote by kTF] the completion of K[ P]/m’, for n € N.

For I such that its radical /T is equal to mp (e.g., [ = m’, for some n € N), define the module of log
derivations ®(R;) := R; ®z N as follows.

If we write the element z” ® n as z”9d, for p € P and n € N, then it acts on R; by

28,27y = (n, r(p))"*?, p'eP.
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Then the submodule mp® (R;) is a Lie algebra with the commutator bracket

+
(27100, 2200, ] = 277200 (py) )y —(r (pr) )y -

Taking exponential of elements in this Lie algebra, we get group elements in Aut(R;). There is a nilpotent
Lie subalgebra of mp®(R;) defined by

b= @B "Kkrm)h).

meP\I,r(m)#0
Since it is nilpotent, this Lie subalgebra (as a set) is in bijection with the corresponding algebraic group
V; :=exp(vy) C Aut(R;). Taking the projective limit with respect to the ideals m’, for n € N, we get a pro-
unipotent group V, which is in bijection with the pro-nilpotent Lie algebra b := lim by . The group Vis
called the higher-dimensional tropical vertex group, acts by automorphisms on k/[l\)]. We also denote
(without completion)

b= P "Kkrm)h).

meP, r(m)#0
Definition 6.1. A scattering diagram in My over R; is a finite set © of walls where each wall (0, f;)
is a rational polyhedral cone 0 C MR of codimension one along with an attached element called
wall-crossing function

fo= Y cmz™ €Ry,
meP\I
r(m)eA;

where Ay C M is the integral tangent space of any point in 9, i.e., Ay = M NR(d). We require that
fo=1modmp.

Remark 6.2. Upon choosing a generator ng of AaL N N, the wall-crossing function f; induces an element
in V; C Aut(R;) by the action

2P > prﬁ("([’),ﬂO).

So this wall-crossing automorphism depends on how one crosses the wall. One may view that this
wall-crossing automorphism depends on the direction in which one transversally crosses the wall. With ng
chosen, such an automorphism can be equivalently represented by the corresponding Lie algebra element
log(f2)9, € ;.

Let Supp(®) be the union of all walls in ®. Let Sing(®) be the union of at least codimension two
intersections of every pair of walls and the boundary of every wall. Let y : [0, 1] — Mg be a piecewise
smooth proper map such that the end points y (0) and y (1) avoid Supp(®) and whose image is disjoint
from Sing(®). We also assume that ¥ meets walls transversally.

Suppose that y crosses walls 01, ..., 0; in © at times

O<h<ph<---<t;,<l.
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These numbers #; are obtained by considering the finite set y ~!' (Supp(®)) C [0, 1] as y is proper. It is
possible that #; = 7; as walls may overlap. Suppose y crosses a wall (0, f) at time 7. Denote by &, ;, the
element in V; with the action

2P s pra(r(P),no)’ peP\I

where n is chosen such that (ng, y'(#;)) > 0.

Definition 6.3. We define the path-ordered product of y in ® to be the element

Pyo i =&08y.0,, 5y €V

Definition 6.4. A scattering diagram © over R; is consistent if the path-ordered product p, o only
depends on the endpoints y (0) and y (1) for any path y : [0, 1] — Mg for which p, 5 is well-defined.

Recall that we have the completed algebra k/[F] = lim Rm/; . For an element f € k/[F], denote by f <k
its projection in Rm’;, .

—

Definition 6.5. A scattering diagram in My over K[ P] is a (possibly infinite) set © of walls (0, f;) with®
a rational polyhedral cone of codimension one and the wall-crossing function

fo= Z szm € k/['ﬁ],

meP
r(m)eA,

such that modulo the ideal m’;, the collection D" :={(0, f;7")} is a scattering diagram over Ry,. A
scattering diagram 2 is consistent if =" is consistent for any n € N.

The path-ordered product for © over k/[F] is defined through the projective limit of path-ordered
products for D <":
pyo=limp, o= € VC Aut(k[P)).

Definition 6.6. We say two scattering diagrams © and ©’ (over the same algebra) are equivalent if for
any y, we have p,, = p, o whenever both path-ordered products are well-defined.

Definition 6.7. We say a wall 0 has direction m( for some mq € M if the attached wall-crossing function f;
only contains monomials z” such that r(p) = —kmg for some k € N. A wall (9, f;) with direction my is
called incoming if 0 =0 — R>omy.

Next we explain how to assign a scattering diagram to an X-type toric model. We are actually in a
particular situation within the more general framework of [Argiiz and Gross 2022], which works for any
log Calabi—Yau variety obtained from blowing-up a toric variety along hypersurfaces in the toric boundary.

Let s = (e, q) be an X-seed with principal coefficients for some fixed data I'. We assume that Ny = N to
avoid frozen directions. As usual, write e = (¢;). We assume the condition that r; = ged(b;; | i € I) for any
j € 1. This assumption implies any w; := %fa)(—, e;) € M is primitive. Recall that we have used the fan

o := {0} U{-R>ow;}
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to describe the toric model of U = Uqgs,3). The functions (in the data (s, A) to define U) are then

ri
gi = 1_[ (1 +)»ijZei) S k[N]
j=1
We pick a complete fan ¥ in MR containing Xy. For example, we may take a refinement of (the cone
complex induced by) the hyperplane arrangement {eiL |i € I}. Let X5, be the corresponding (complete) toric
variety, with D; being the boundary toric divisor corresponding to the ray —Rxow;. Let H =_J; H;, where

H= U Hj= U VA+xr;z)ND;
Jell,ri] JElL,ri]
which is a union of disjoint hypersurfaces in D; (as the coefficients A;; € K* are general). These
hypersurfaces are exactly where we blow up Xy to obtain the log Calabi—Yau variety Ugqs, ).
Take the monoid
P:=Ma&[]N",
iel

with the natural projection r : P — M. We write multiplicatively ¢ 1, #; 2, . . . t; », for the generators of N'i.
For each ray p; := —R>ow; and H;;, there is a finite scattering diagram ©;; called a widget from a certain
tropical hypersurface [Argiiz and Gross 2022, Definition 5.3 and Section 5.1.3]. In our case, they are
given by:

Lemma 6.8. The widget ©;; consists of all codimension one cones of the fan ¥ contained in the
1

hyperplane e;- containing p;, with the same wall-crossing function (1 +1t; jz*"). In other words, we have

Dij={(0,14+1;z2") |0 €%, dmo=n—1, 0 Cej, p; Co}.

Proof. By definition [Argiiz and Gross 2022, Definition 5.3 and Section 5.1.3], ©;; consists of walls
(0,(1+1; jz*")®) where o runs through all codimension one cones in X containing p; and w, = H;; - D,
is the intersection number computed in the divisor D;. Here D, is the one-dimensional toric stratum in
D; corresponding to o. Note that if e; ¢ oL, then z¢% or z~¢ vanishes along D,. So H;; = V(4 Aijzé)
does not intersect D, and thus w, = 0. If 0 C eiL, as e; is primitive, the intersection is at the point

7% = —1/X;j, where z¢ can be viewed as the coordinate on D,. Thus the multiplicity w, is 1. (|

Note that by Definition 6.7 every wall in ®;; is incoming since —wj; is contained in every o.

Theorem 6.9 [Argiiz and Gross 2022, Theorem 5.6 and Section 5.1.3]. Consider the scattering diagram
(with only incoming walls)
Duxzmin=U U Dij.
i€l je[l,r]

—

There exists a unique (up to equivalence) consistent scattering diagram ® (x,. my over K[ P] containing
D (x5, H),in Such that ® (x5 1y \ D (x5, H),in consists only of nonincoming walls.
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6.2. Generalized cluster scattering diagrams. Instead of applying Theorem 6.9 to (Xy, H), there is
another way to obtain the same scattering diagram by generalizing the construction of cluster scattering
diagrams in [Gross et al. 2018].

Given fixed data I' and an A-seed s = (e, p) with principal coefficients, we are going to define the
generalized cluster scattering diagram Dy.

Recall that we have the semifield P = Trop(p), isomorphic to [ |
as before be M @ [ |
submonoid P® = P® C P generated by elements

i £ as an abelian group. Let P = P

N’ but regarded as a submonoid of M & P generated by M and p. There is a

iel

{(wi, pij)liel, jell, rl}

One could take the completion of P® with respect to the ideal P+ := P®\ {0}, giving that @ c k[P
In N, there is a submonoid N& = N® generated by {¢; | i € I}. Denote N* = N®\ {0}. We also consider
the monoid map

7:P® > N® (w, pi.j) > e;.

Letn =) . ;aie; € N. Define

iel
n:.= ZO[,' . éei € NR.
iel Ti
These 7 form a sublattice N of N isomorphic to N. We have the similar notion N*, the monoid generated
by e;.
There is a subspace g of the tropical vertex lie algebra v defined as

9=0s:= D o, = D ' - ken).
neN+t w(p)=n

pept
Lemma 6.10. The subspace g is an N -graded Lie subalgebra of v.
Proof. Foranyn =), criei €N +, consider the elements
i <"
ij

such that > ci,j =a; and

prn):=w(—,n) =) aio(—, diej/r;)) =) aiw;.

iel iel

Jell,ril

Those elements form a basis of the vector space g,,. We check that for two such elements
[p1z? (”')351, 7P ("2)3;,2] =pip2-2¥ (n1+n2)8w(ﬁ1,ﬁz)ﬁz—w(ﬁz,ﬁl)ﬁl
= w1, i) pi1p2- 2 P05, 45, € Gnytny- O

Remark 6.11. One may also view the above Lie algebra g as being N*-graded where both N and N
are sublattices of Ng. When later considering a scattering diagram © over an N *-graded Lie algebra g
(instead of N*-graded), the walls live in My with integral normal vectors in N .
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Consider the ideals (NT)* ¢ N* for k > 1. These correspond to the monomial ideals (P ). Then we
have quotient Lie algebras (and their corresponding groups G <¥)
0 =0/gwvir= D o
neN+\(N+)k
and their projective limits
G= IT o, and G :=exp(d).
neN+

The group G =¥ acts on k[ P®]/(P*)* by automorphisms as in Remark 6.2.
For ny € N* primitive, we define as in [Gross et al. 2018] a Lie algebra (and its corresponding
pro-unipotent group)

gl‘zo = EB Bkng C 8 and Gl‘lo = exp(@\rllo) cG.
k>0

There is a general framework for scattering diagrams over an N*-graded Lie algebra (as opposed to the
tropical vertex case); see [Kontsevich and Soibelman 2014, Section 2.1; Gross et al. 2018, Section 1.1].
In this case, one could make use of an existence-and-uniqueness theorem of [Kontsevich and Soibelman
2014] (see also [Gross et al. 2018, Theorem 1.21]) to obtain a consistent scattering diagram with certain
prescribed incoming data. The cluster scattering diagram of [Gross et al. 2018] can be defined this way,
which we will extend to the generalized case in Definition 6.17.

Definition 6.12. A wall in Mg (for N and an N "-graded Lie algebra g) is a pair (9, gp) such that
(1) g belongs to G,|1|O for some primitive ng € NT;
2) dC né C Mp is a codimension one convex rational polyhedral cone.

Remark 6.13. The above definition works for general N T-graded Lie algebras. In the case that g is a
Lie subalgebra of the tropical vertex Lie algebra v, the group G‘,l,0 is embedded in Aut(K[P®]). Then the
wall-crossing element g, can be equivalently represented by a function f; € k[ P®].

Now every wall has a direction —p*(ng) € M in the sense of Definition 6.7. We call a wall (9, g)
with direction mg incoming if 0 = 0 — R>omo and nonincoming (or outgoing) otherwise.

Definition 6.14. A scattering diagram over an N *-graded algebra g in M, is a collection of walls such
that for every degree k > 0, there are only a finite number of (9, g,) € ® with the image of g, in G=¥ not
being identity.

The path-ordered product of a path y : [0, 1] — MR for a scattering diagram ® over g can be defined
similarly as in Definition 6.3. We note that when y crosses a wall (0, g;) at time 7, then the element &, 5
also depends on y’'(¢):

| & if (no, ¥’ (®)) >0,
sy,b - -1 . /
&  if (no, ¥'(1)) <O0.
The consistency for these scattering diagrams is defined using path-ordered products in the same way as
Definition 6.3.
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Theorem 6.15 [Kontsevich and Soibelman 2014, Proposition 2.1.12; Gross et al. 2018, Theorem 1.21].
Let ®i, be a scattering diagram over g consisting only of incoming walls. Then there exists a unique
(up to equivalence) consistent scattering diagram 3 containing Di, such that ® \ Di, consists only of

outgoing walls.

Now we get back to the cluster situation. Suppose given fixed data I" and s an .A-seed with principal
coefficients. Unlike the previous section, here we do not assume the maximality of the positive integers
ri, i.e., r; needs not to be gcd(by; | k € I).

We calculate in the following how the group G l‘,o is embedded in Aut(k[/P\@]). Suppose ng=>_
a primitive element in N*. Consider any element

iel aiei9

X = Z Z cp -p- ka*(m))akflo c @lllo’ Cp c k
k>0 pe[FDQ3
7 (p)=kno
For nonzero n € Ng, denote by ind(n) the largest number in Q>¢ such that n/ind(n) € N. Thus n/ ind(n)
is primitive in N.

Lemma 6.16. The group element exp(x) € Gl‘,o acts on K[P®] as an automorphism by

X (r(m),no/ind(710))
7" 7" exp ( > Y ind(igke, - p 2P ("0)) , me P®.
k>0 pel]:DEB
7 (p)=kng

Proof. This follows by rewriting x as

X = ( Z Z ind(flo)kcp -p -ka (nO))aﬁO/ind(ﬁo). O
k>0 pePe)
7 (p)=kng

Due to Lemma 6.16, any exp(x) € G,llo can be represented by a function f as in Lemma 6.16 such that
the action of exp(x) sends z” to 7 f {(m):7o/ind(i0))

Given s = (e, p), for each i € I, consider the hyperplane e} with the attached wall-crossing function

Jfi= 1_[ (14 p;, jz") € K[ P®].
j=1

As discussed, the function f; represents an element in GE,..

Definition 6.17. Let D ;, be the scattering diagram over g in Mg consisting only of the incoming walls
of the form 9, := (el.l, fi), i.e.,
Dyin = (e, fi) i € 1.

We define the generalized cluster scattering ®; to be the unique (up to equivalence) consistent scattering
diagram associated to ®y j, guaranteed by Theorem 6.15.
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Remark 6.18. One may tend to think of ®; as a scattering diagram over @ or over k/[F] (asgisa
Lie subalgebra of v) in Definition 6.5. However there is one subtle issue. Suppose that there is a wall
®C né, f») in Dy for some ng € N* primitive. Then the wall-crossing action is given by

Efa (Zp) — prD(ﬁO/md(ﬁO),r(p))‘

Since in general 19 may not be proportional to ng, the cone ? may not be contained in ﬁé. In this case,
the wall (0, f;) does not qualify as a wall in Definition 6.5. This issue can be resolved in the following

two ways (so that one can view ®y as a scattering diagram of Definition 6.5).

(1) We could regard g as graded by N*t C Ng (rather than N *-graded) and modify Definition 6.12 (the
definition of a wall (9, gp)) so that 0 is a codimension one cone in some hyperplane né fornge Nt
and g, belongs to Glllo.

(2) Another way to resolve the issue is to consider the dual n* : Mg — Mp of the linear map
n:Ngr— Nr, ntn.
We then apply (n*)~! to every wall (9, f,) to get the collection

MM @) = ('), f) | @, fo) € Dy}

Then the cone (n*)~'(d) is indeed contained in ﬁé. So this collection of walls is a scattering diagram
in Definition 6.5.

From now on, to avoid any further confusion, the notation ®y is reserved for the consistent scattering
T
diagram (n*)~1(®y) over K[ P®].

Lemma 6.19. Let s be a seed with principal coefficients for some generalized fixed data " (viewed of
both A- and X -type) with the condition that for each i € 1, the element

w; =w(—,dje;/r;)

is primitive in M. In this case, we have defined both scattering diagrams ®© (xy ) (With a chosen general
evaluation A) and ;. Identify the parameters t; j with p; j. Then D xs ny and Dy are equivalent as

scattering diagrams over k/[F].

Proof. We require w; to be primitive so that ® x. ) is defined. According to Remark 6.18, Dy is viewed
as a scattering diagram over I(/[F] in the same MR as ® (x, m) S0 it is legitimate to compare them. Let D
be the consistent scattering diagram over g obtained using the initial data ® (x,, m).in. Notice that the walls
in ®(xy H),in are parts of the hyperplanes eil. We then subdivide the walls in Dy i, so that D x; #).in
becomes the subset of incoming walls. Thus D is equivalent to © by Theorem 6.15.

On the other hand, ® is also a scattering diagram over k/[F]. By Theorem 6.9, It is also equivalent

to D (x5, #) since they have the same incoming walls. Therefore we have D (x; ) =D = D;. g
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6.3. The cluster scattering diagrams of GHKK. The ordinary cluster scattering diagram D% corresponds
to the case where r; =1 for each i € I. Thus there is only one parameter p; := p; 1 for eachi € I. The
lattice N is generated by ¢; = d;e;. The initial incoming walls are then

{(ef, 1+ piz"™) |i € I},

where w; = w(—, ¢;) e M.

This scattering diagram is closely related to the cluster scattering diagram ®SHKK

of Gross, Hacking,
Keel and Kontsevich [Gross et al. 2018, Theorem 1.12]. We explain the difference and relation here.
The scattering diagram CD?HKK is actually defined for N and M := Hom(N, Z) (in the ordinary case
equal to N° and M° respectively). Under the injectivity assumption [Gross et al. 2018, Section 1.1], the

incoming walls are

(e 142 i e},

where w(e;, —) is in M°. The injectivity assumption means that w(e;, —) generate a strict convex cone.
If this is not the case, we may extend M° to M° @ P (identified with M° @ N in [Gross et al. 2018]) and
let incoming walls be

(e, 1+ piz? @) i el).

It lives in (M° @ N) ® R, or in M° ® R if regarding p; as formal parameters as we do. Then DSHKK jg
defined to be the unique consistent scattering diagram over k/[F] with only these incoming walls, where
P C M° @ N is a submonoid contained in a strictly convex cone and containing the cone generated
by (pi, w(e;, —)). The Lie algebra g, however, is naturally graded by N* (generated by e;’s), not N*

(generated by ¢;’s). Thus if one uses Theorem 6.15 to define ’D?HKK

, the same rescaling issue in
Remark 6.18 still exists and can be resolved in a similar way. In [Gross et al. 2018], @SHKK is regarded
as living in My with the integral normal vectors of walls being in N°.

The structures of DSHKK and D9 are very much alike. For example, they both admit cluster complex
structures; see [Gross et al. 2018, Theorem 2.13] and Theorem 7.10. It turns out that in the convention
of [Fomin and Zelevinsky 2007] (e.g., the definition of g-vectors), ’DS’HKK corresponds to the cluster
algebra associated to —B” while @‘s’rd corresponds to the one associated to B, where B = (b;;) with

b,‘j =a)(e,', éj).

6.4. Scattering diagrams with special coefficients. Just as specializing a cluster algebra < at some
evaluation A : P — k*, one can do the same to ®;, obtaining a consistent scattering diagram with special
coefficients.

We consider another monoid Q = M &[], N (With #; being the standard generators of ||
A :P— K*, p;j+> X ;bean evaluation. Define the map (abusing the same notation A)

iel iel N)- Let

L:K[P]—=K[Q], Z"w—=Z"formeM, p;j— Aijt.
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Lemma 6.20. The collection

A(Ds) =={Q, 2(f0)) | (0, fo) € Ds}

obtained by applying the algebra homomorphism A to every wall-crossing function f, is a consistent

scattering diagram over K[ Q].

Proof. The algebra homomorphism A respects the completions of K[ P] and K[Q]. So A(f,) belongs to
N7, We use

iel
—_—

the same notation r : Q — M for the analogous map on Q. Then (0, A(f;)) becomes a wall over K[Q],

@. Recall we have the monoid map r : P — M which forgets the components in P

and A (D) is a scattering diagram over K[Q].
The consistency of A(®;) follows from the consistency of ®; as A is an algebra homomorphism. [

We call A(®Dy) the (generalized) cluster scattering diagram of s with special coefficients A. In fact, the
ordinary cluster scattering diagram ®; when ; = 1 can be obtained this way. We denote the ordinary one
by @;’rd. Its incoming walls are

(€, 1 4 piz® ey,

If there exist coefficients A;; € K* such that

i

1_[ (l +)‘ijl‘iZw[) =1 +tirizr,-w,- =1 +tl~riZw(_’diei),

j=1

then we can apply the corresponding morphism A : K[P] — K[ Q] to ®; so that
M(Dy) =D

as they have the exact same set of incoming walls. Here #;" is identified with p;. The existence of such an
evaluation A amounts to find the r; roots of the polynomial 1+ x"i in K, which is always possible if K is
algebraically closed.

6.5. Examples. We illustrate some examples of generalized cluster scattering diagrams in this section.
Example 6.21. Consider the fixed data I consisting of

« the lattice N = Z? with the standard basis e; = (1, 0) and e> = (0, 1), and the skew-symmetric form
w be determined by w(ey, e2) = —1;

e Nut=N;
e therank r =2 and I = I,y = {1, 2};

« positive integers d; =1 and dp = 2;

the sublattice N° generated by e; and 2e;;
e M =Hom(N, Z), M° =Hom(N°, 7).
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14+1t14,

I+ ATH A +m0ATh I+ ATH A +1mATY

1+114A; 1+ t11hitn AT Ay

(1 + AT A2) (L + it AT Az)
Figure 1. The generalized cluster scattering diagram for Example 6.21.

Let s be a seed consisting of e = (e, e2) and p; = (t11), p2 = (t21, t22). We have matrices

0 -2 0 —1
B_<l 0) and ,B_<1 0).
In this case we have ¢; = d,e;/r; = e;. So N = N and we shall not worry about the rescaling issue. Then
wi =e; and wy = —e]. We write A; = z¢% fori = 1, 2. The coefficients group is P = 73 with generators
{t11, 121, t22}. The initial incoming scattering diagram is
Dyin = {(e, 1 +1142), (e5, (1 + 11 AT (1 +122A7 )}

The resulting generalized cluster scattering diagram is

Dy =D in U{(R-o(1, =1), fa,-1)), (Roo(2, =1), fio,—1)},
where

fa—n =0+t AT AL+ t1tpAT Ay) and  fo 1y = 1 + 1102 AT As.

The scattering diagram ®y is depicted in Figure 1.

Example 6.22. Consider the fixed data I" consisting of

« the lattice N = 72 with the standard basis ¢; = (1, 0) and e, = (0, 1), and the skew-symmetric form

w be determined by w(ey, e2) = —1;
* Ny =N;
e therank r =2 and I = I,y = {1, 2};
e positive integers Ay =1 and Ap = 1;
« the sublattice N° generated by e; and ey;
e M =Hom(N, Z), M° =Hom(N°, 7).
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(145 X)(1 +5:X)

A+nY)(A+n6Y) I+nY)(1+nY)

1+ 5116 XY3) (1 + 5,111, X Y?
A+ 51 X)(1 4 5:X) A+ 5111 XY*)(1 4+ 5111 XY7)

(1 + 51592120 X2Y3) (1 + 51520155 X2Y3)
(145156 X2Y)(1 + 5156 X%Y) Srog1.-1)

(1 +S]2S21‘|l‘2X3Y2)(1 +S1S§Z|I2X3Y2)

Figure 2. The generalized cluster scattering diagram for Example 6.22.

The seed is given by e = (e, €2) and p; = (s1, 52), p2 = (11, t2). The corresponding ®y is depicted in
Figure 2. We write X =z¢2 and Y =z 1. The five rays depicted in the fourth quadrant are in the directions
2,-1), (3, -2), (1,—1), (2, —3) and (1, —2) in clockwise order. In fact, in the fourth quadrant there
are additional nontrivial walls whose underlying cones are R>o(n, —(n 4 1)) and R>¢(n 4+ 1, —n) for
each positive integer n > 3 (which we omit in the figure below). The wall-crossing function, for example
for R>o(2k, —(2k + 1)) for k € Z~, is

fRzo(Zk,—(Zk-i-l)) — (l + Slk+1s§t{<técx2k+l Y2k)(1 + Sllcslz(-i-lt{(técxyc-‘rlyzk)’
which can be obtained using Theorem 7.10.

The wall-crossing function attached to the ray R>o(1, —1)

(I+s115XY)A+516XY)A 4+ 56 XY)(1 4+ 506 XY)
(1 —S1S2t1t2X2Y2)4

is much more difficult to calculate. This was explicitly obtained by Reineke and Weist [2013] by relating

JRoo(1,—1) =

the wall-crossing functions to quiver representations.

6.6. Mutation invariance of ®;. A first step to investigate the structure of Dy is through a comparison
with ©, (). For the ordinary case, this is called the mutation invariance in [Gross et al. 2018]. In the
generalized situation, we show an analogous mutation invariance still holds. One just needs to take care
of the generalized coefficients p; ;.

Notice that the definition of 2 does not involve the semifield structure of [P. So one can view that
the coefficients part p actually provides a Z-basis of the multiplicative abelian group P (grouped and
labeled in a certain way). Thus even though 14 (s) no longer has principal coefficients in P, ® ,, (5 is still
defined. To stress that the coefficients are no longer semifield elements, we use #; ; instead of p; ;.
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Now s = (e, t) consists of e a labeled basis of N and tuples of coefficients ¢t = (¢;).
Definition 6.23. Define the mutation uk* (s) = (€', t') such that e’ = i (e) as before and for the coefficients,

—1 e
i ifi =k,
/

tl ;= Tk
JJ (Bril+ ¢ -
e T itk

Remark 6.24. Note that this mutation does not depend on any semifield structure on PP. So it is different
from the uy from Definition 4.3 for mutations of many steps. For this reason, we call s = (e, p) a seed
with coefficients (avoiding the type A- or X'-) and use the new symbol ,u,“: for mutations in this context
(as we will see in Section 7.1 the meaning of the sign +).

Definition 6.25. We set
Hi,y :=1{m e Mr | (ex,m) >0}, Hy_:={me M| (e, m) <0}.

For k € I, define the piecewise linear transformation 7} : Mg — MR by

m+ (ex, m)yrywg, m € Hy 4,
Ti(m) :={ "

m, m e Hy _.
One sees that in the two half spaces, the map 7} is actually the restriction of two linear maps T 4 and

Ty, — respectively. The map Ty is with respect to the seed s and thus sometimes will be denoted as 7.
The vector rywy can also be expressed as rywy = w(—, dreg) = Zl'.l:l bire;. One checks that

Tr, 4+ (wi) = wi + Prirk Wi
Recall we have the projection » : M @ P — M. The transformation 7} can be lifted to M & P by

(m + (ex, myrgwg, p-tf*™),

(m, p), m e Hy —,

~ me Hi 1,
Ti(m, p) :={ ot

where 1, = ]_[lrk: | tk,1- Note that Tk on its domain of linearity is the restriction of two linear transformations
Tk,g respectively.

Construction 6.26. We define the scattering diagram 7 (®;) as in [Gross et al. 2018, Definition 1.22]
(but taking care of the parameters #; ; here) in the following steps.

(1) Replace each wall in ®; not fully contained in ekL if necessary by splitting it into two new walls
ONHi+, fo) and ONHi —, fo).

Regard this new collection of walls as the current representative of Dg.

(2) For a wall (9, f;) contained in Hy ., define the wall Ty (0, f5) = (Tx (), fk,g(fa)) where the new
wall-crossing function Tk ¢(f») is the one obtained from f; by replacing each monomial of the form

p™ by Ti.(pz™),
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where the later is the monomial corresponding to 7~"k «(m, p) € M @ P. For example, we have
T Wiy — g B Wi Brirwi hile T LWy g Wi
Tk,+(tt,]z ) =1l 2 , while Tk,*(tlyjz ) =1z

We call these walls uniformly by 73 (9, f5) no matter which half they belong to. We stress that the
sign ¢ in Ty . is determined by which half space the wall 9 lies in.

(3) Consider the collection of walls

L@ =T, )| @, e@(s)\(ek{ﬁll(lﬂk,,-zwo)}u{(e,f,}rjl(lﬂ,;}zWk))}.

Denote the monoid (P')® := Pﬁ(s) C M & P. While 3y is over kﬂ'?’ﬂ, QMT(S) is over W].
h ,

Theorem 6.27 (cf. [Gross et al. 2018, Theorem 1.24]). The set of walls Ty (D) is indeed a consistent
scattering diagram over K[(P")®), and furthermore is equivalent to @M;(s).

We find it most natural to understand the mutation invariance by making connection to the canonical
wall structure (or canonical scattering diagram) [Gross and Siebert 2022] via [Argiiz and Gross 2022,
Theorem 6.1], where D can be viewed as associated to the toric model Uqgs ;) for general A. However,
as in Section 5.3.2, this would require the condition

ri =ng(bl’j,i € I)

Fortunately, we can prove the mutation invariance following the same strategy in [Gross et al. 2018]
without this condition. The proof occupies the rest of the section.
First define a monoid P containing both P® and (P’)®. Let o be the cone in (M @ P)g generated by

{(wi,tij) il jell,rilfUl(mwe, —tx ;) | 1 < j < i)

Take P = o N (M @ P) and we tend to talk about scattering diagrams over K[ P]. However the ideal m P
misses the elements (wy, # ;). This means a wall such as

(e, (141 ;2"™))

in ®, does not qualify as a wall over K[ P]. For this reason, we extend the definition of scattering diagram
as in [Gross et al. 2018, Definition 1.27] (slightly generalizing the slab for our needs).
Define
]V;“k = { > ae; ‘a,- €Zsofori #k,ax € Z,and Y a; >O} C N.
iel iel\{k}

Since N7F = NTF | we denote them by N*+.
§ uy (s)

Definition 6.28 (cf. [Gross et al. 2018, Definition 1.27]). A wall for P is a pair (3, f,) with 0 as before
but with primitive normal vector ng in Nt and

fh=1+ Z Ck,r lzkw(_’n()) = 1 mod mp.
k>1,7(t)=kng
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The slab for s and k € I means the pair

Ik
o= <eki, [Na —i—tk,jzwk)).
j=1

A scattering diagram © for P is a collection of walls and possibly this single slab, with the condition that
for each k > 0, fo =1 mod m’% for all but finitely many walls in 2.

We quote the following very hard theorem from [Gross et al. 2018]. The objects here are understood
in our definitions so there are minor differences. However, one can still prove the theorem in the exact
same way. So we omit its proof here.

Theorem 6.29 [Gross et al. 2018, Theorem 1.28]. There exists a unique (up to equivalence) consistent
scattering diagram Dy in the sense of Definition 6.28 such that

(1) 5s 2 Qs,im

(2) D5\ D s.in consists only of outgoing walls.

Furthermore, s is also a scattering diagram for the N F-graded Lie algebra gs. As such, it is equivalent
to Dg.

Proof of Theorem 6.27. First we choose a representative for ©; given by Theorem 6.29. Now T3 (Dy)
becomes a scattering diagram in the sense of Definition 6.28 for the seed s’ = ,u,:r (s). This is because

(1) the operation T} removes the old slab d; and adds the new slab

I 1 4. —1_—wg
0, = (ek7 H(1+tk’jZ )>,
1

j=

(2) for a wall (contained in either Hy 4+ or Hy ), fk sends a monomial of the form [ ], j(ti, ;2%1)% inits
wall-crossing function to

H(ti’jtfkiZwi+/3k[rkwk)“i_j or H(ti,iji)a”-
i,j i,j

Soiftz" € m’}3 for some i, so is T (tz™).
We next show that

(1) T (®s) and Dy have the same set of slabs and incoming walls;
(2) Ty (®y) is consistent as a scattering diagram with a slab.
Then by the uniqueness statement of Theorem 6.29, Ty (®;) and Dy are equivalent.

Statement (1) follows from the same argument in Step I of [Gross et al. 2018, Proof of Theorem 1.24].
For (2), we check the consistency of Ty (D), that is, for any loop y, p,. 7,(,) =id whenever it is defined.
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If y is confined in one of the half spaces, the path-ordered product is identity because of the consistency
of ©;. So we assume that y crosses the slab 0).. Split y into four subpaths y1, y», y3 and y4 such that

(1) yi starts at a point in 7 _ and only crosses the slab 0} ;
(2) y2 is contained entirely in Hy 4
(3) y3 only crosses D;( back to Hy —;
(4) y4 is contained entirely in Hy _.

Let Tk,+ : KM & P] — K[M @ P] be the algebra automorphism induced by Tkﬁ (see (2) in the
Construction 6.26 the action of fk’+ on monomials). Denote by py the wall-crossing automorphism

Tk
Zm — Zm 1—[ (1 _*_tlc—’jl_szk)*(eksm).
j=1

So we have
Py.n@s) = Po (6-1)
Py, . 1i(@y) = Tk,—i— °Py,,®, 0 fkj.;l_v (6-2)
P00 =1y, (6-3)
Pra. T@5) = Py 0y (6-4)

All the above equalities except (6-2) are by definitions. To show (6-2), we see that it suffices to show the
case where ), only crosses one wall ? contained in né with the wall-crossing function f (mg). We write
T = Tk,+ and T = Tj 4. Then we compute the action of the right-hand side of (6-2) on z":

2" > T—I(Zm) — f—l(zm)f(zmg)(T_](m),no) — me(f(zmo))(m,(T_')*(no)).

Note that the wall d gets transformed under 7} to be contained in (T~YHY*(no) with f (f(z’"")). So the
above action is the same as p,, 7,(®,)(z").
To show p, 7,(,) = id, it suffices to show that

T L opa, = o (6-5)

so that py 7, @,) = Py, 10, = id.
Letting the left-hand side act on some monomial, we have

~ ~ Tk
T lopy (2™ =T, (tzm [1(1+ t,:}z_wk)_<ek’m)>

j=1
=i ’1;<ek’m) - e mina ﬁ (1+ tk_J]'Z_“"')_(e""”>
j=1 ’
— M e —1_wi\—(ex,m)
=" [[ (41 ;2")
j=1
= po, (t2"). (6-6)

This finishes the proof. O
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2
1+ ttitnA] Ay

(I+15," AN +1,' Ay) (I+65," AN +1,' Ap)

1+114; 1+[11l21l22A;2A2

(I+ it AT A (L + ttn AT Ag)

Figure 3. The generalized cluster scattering diagram for Example 6.30.

Example 6.30. In this example we compute 7,(®;) for the scattering diagram ®; in Example 6.21.
Recall that the exchange matrix for s is B = ((1) 702). So we have T» 4 (e5) = €5 — 2e], which determines

the ray R-o(e; — 2e7) of Figure 3.

6.7. Positivity. The scattering diagram ®; has the following positivity.

Theorem 6.31 (cf. [Gross et al. 2018, Theorem 1.28]). The scattering diagram Dy is equivalent to a
scattering diagram all of whose walls (0, f,) satisfy fo = (1+1tz™)¢ for some m = w(—, i), n € N, some

t € P such that 7 (t) = n, and c being a positive integer. In other words, if we writen =) _._, a;e;, then

iel

(1) 0 is contained in - C My where i = D ies ai%ei;

) m=3 e aiw; = (=, n);
. . Ot,'v’ i
(3) ifwritingt =11, ;1;'}, then Z;Zl oij = .

Proof. This theorem essentially follows from [Gross et al. 2018, Appendix C.3], the proof of the positivity
of DYHKK 'We use a representative of Dy constructed in the same algorithm used to produce DSHKK jn
the proof of [Gross et al. 2018, Theorem 1.28]. We will construct order by order a sequence of finite
scattering diagrams ©1 C D, C --- (over k[/P?ﬂ or the graded Lie algebra g) such that their union

(00)
D= D
k=1
is equivalent to ;. We then prove inductively that every wall in ® has the positivity property.
Let ®| = 9 jp. Note that D is equivalent to ®; modulo (P1)2. Suppose that we have defined up
to ©; which is equivalent to ® modulo (PH)**! and assume that every wall in ®; has wall-crossing
function of the form (1 +7z™)¢ for some positive integer c. We construct Dy as follows, and show that

it is equivalent to © modulo (PT)¥*2 and furthermore that it still has the same positivity property for its
wall-crossing functions.
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There is a finite rational polyhedral cone complex that underlies the support of ®; (which is true for
any scattering diagram with finitely many walls). We call the codimension two cells joints. Let j be a
joint of ®. Then by [Gross et al. 2018, Definition-Lemma C.2], it falls into two classes:

(1) Parallel, if every wall with the normal vector n containing j has w(—, n) tangent to j.

(2) Perpendicular, if every wall with the normal vector n containing j has w(—, n) not tangent to j.

Let y; be a simple loop around j small enough so that it only intersects walls containing j. By our
assumption, the path-ordered product p,, o, is identity modulo (P)**!, but modulo (P*)**2, it can be
written as

Py, 0 = €Xp ( > Ct,mmean(z,m)),
d(t,m)y=k+1

where c; ,, € k. Here we define the degree d(t, m) := k + 1 if (t, m) € (PT)¥1\ (PT)¥*2 and n(t, m) is

primitive in N* uniquely determined by (¢, m).
If j is perpendicular, we define a set of walls

D] == {( — Rsom, (1 +2™)Etm) | d(t, m) = k + 1},

where j — Rsom is of codimension one since m is not tangent to j. Here the function (1 4 ¢z™)*¢m
makes sense as a power series. The sign =& in the power is chosen so that when y; crosses j — R>om, the
wall-crossing automorphism is

CXP(—Ct,mme an(z‘,m))-
In this way, if we add the walls in D[j] to ®;, we have the path-ordered product Py;.0,uopj) = id modulo
(PH)*2. We then define
Di+1 =D UUJ DI,
j

where the union is over all perpendicular joints of Dy.
There are two things we need to show in the induction:

(1) D41 is equivalent to D3 modulo (P)k+2,

(2) All the walls in ®;1 have wall-crossing functions of the form (1 +¢z")¢ for some positive integer c.

Part (1) follows from the argument in [Gross et al. 2018, Lemma C.6 and Lemma C.7]. This part
guarantees that the constructed union © is equivalent to .

Part (2) is about the positivity of wall-crossings. By the construction of ®;, we only need to examine
the new walls emerging from perpendicular joints of ;. Let j be a perpendicular joint of ©;. The
integral normal space j= N N is a rank two saturated sublattice O of N. Locally at j, ®; U®D[j] induces a
scattering diagram living in O = Mr/(A; ® R). Precisely, consider the set of walls

D' ={(@+A®R)/(A®R), /) |1 Cd, (0, /o) € D UD[jI}.
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The wall-crossing functions f; are all of the form
(412",

c € k (f, makes sense as a power series). The wall 0 has some primitive normal vector o € O NN,
and m is proportional to w(—, 0). We also know since j is perpendicular, m # 0 (the image of m under the
quotient M — O) in Of. And the one-dimensional wall 0=0+A;®R)/(A;®R) is contained in R(in),
orthogonal to the normal vector 0. Then ®’ is a rank two scattering diagram in Oy over Iﬁ, with the
monoid map from P to O being r : P — M postcomposed by the quotient from M to O". It is consistent
up to modulo (P1)**2. Then by [Gross et al. 2018, Proposition C.13], the wall-crossing functions admit
the positivity property, i.e., the power c is always a positive integer. This shows the positivity for Dy
assuming that of ©y. Therefore, the union © is also positive by induction; hence so is Dy. O

7. The cluster complex structure

In this section, we study the cluster complex structure of the scattering diagram ®y, which is a description
of parts of the walls of ®;. The construction of such a structure of ®; is analogous to [Gross et al. 2018,
Construction 1.30].

7.1. The cluster complex. Take a representative for the scattering diagram ®¢ with minimal support
(which always exists). By Theorem 6.29, one can choose such a representative D so that there are no
other walls contained in the initial incoming ones ;.

Define

Ct=Cl:={meMg|(e,m)>0 Viel},
C™=C; :={meMg| (e, m)<0 Viel}.

The closed cones C are closures of connected components of Mg \ Supp(®;). They are thus called
chambers. By the mutation invariance Theorem 6.27, we have that the cones

7! (cjf]j sy) € Mr\ Supp(Ds)

are also closures of connected components. Applying mutations on seeds provides an iterative way to
construct chambers of My \ Supp(Dy) as follows.

Note again that the coefficients part of s = (e, ¢) does not mutate as in Definition 4.3, which requires
setting the tropical semifield [’ from the initial seed and once for all. Instead, we regard the coefficients
part ¢ as in the multiplicative group P and mutates in the way specified by Section 6.6. In this way, we
can apply mutations iteratively on s.

Let us consider the rooted tree T, from Definition 4.6. There is an association v —> s, such that vy — s
and adjacent seeds with coefficients are related by the corresponding mutation (in the sense of Section 6.6)
of the labeled edges. Once this association is done, we denote the rooted tree by .
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Suppose the unique path from vy to a vertex v goes through the arrows labeled by {ki, k2, ..., k;}.
Define the piecewise linear map

Tvo,v=Tkzo"'OTk2°Tk1 ‘M — Mp.

Since Cs:t are chambers of the scattering diagram 3y, then again due to the mutation invariance, we
have that

Cy =T, L (C)

Vg,V

are chambers of Ds.

Each Cff is a simplicial (rational polyhedral) cone of maximal dimension, as each 7 is a linear
+

i (s)
{e] | i # k}. Each facet of C, is canonically labeled by an index i € I. Inductively, for any two vertices v

isomorphism on its domains of linearity. The intersection C;” NC is their common facet generated by
and v’ connected by an arrow labeled by k € I, then C; and C:C share a common facet labeled by k.

We borrow the following notation from [Gross et al. 2018]: we use the short-hand subscription notation
v € s for an object parametrized by a vertex v € T with the root vg labeled by s. This is done to emphasize
the dependence on the initial seed s.

Definition 7.1. We denote by C__ the chambers C;—L of C Mg\ Supp(®D;). We write A;t for the set of

ves
chambers CE

=, for v running over all vertices of ;. We call elements in A cluster chambers.

Remark 7.2. As we have pointed out, C;” N C:C is a common facet if v and v’ are adjacent in T;. More
generally, by adding all the faces of every C;" to the set A", we obtain a collection of cones which form a
cone complex, still denoted by A" For this reason, we call A} the cluster (cone) complex and A; the
negative cluster (cone) complex.

+

The simplicial cone C;¢¢

is determined by (the generators of) its one-dimensional faces. The cone Cs':
is generated by the dual vectors {el’.k;v | i € I}. These are pulled back by Tv;’lv to be the generators of C\

IS

Definition 7.3. We define the g-vectors for v € T as a tuple

go=(gwli€l), whereg., =T, (,)eM.

v,V
We will use the notation g, to emphasize the initial seed s.

Remark 7.4. Denote the dual vectors (in N) of g, by g; = (g}, | i € I). They are normal vectors of
the facets of C;7. Since the walls of D only have normal vectors in Ni" or — N, the vector g, has a
well-defined sign

+ if gf, € N,

iv s

We will show later the vectors g, can be calculated iteratively by a variant of mutations as defined below.
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Definition 7.5. Let e = (¢; | i € I) be a seed (without coefficients) for I". Define the signed mutation
uy(e) = (e; | i € I) for & € & as follows:

’r_ { —€ ifi =k,
" e+ [—ew(er, dre)lver ifi # k.

So the signed mutation ,u,f coincides with our previous Definition 6.23 (ignoring the coefficients part).
On the mutation of the dual of e, we use the same notation .y (e*) = (f/ | i € I) where e* = (f; |i € I).
Then

—fi + Y [—cw(e;, drep)+ fi ifi =k.

iel

f ifi £k

There is another tuple of vectors in M that changes under signed mutations. For a seed s, let
w=(w; |i € I), where

d
w; :=a)(—, —kek) = Z bjifi eM.

Tk jel
Let w' = (w}) associated to uj (e). Then we have
;o — Wy ifi = k,
C \wi o+ Lew(ex, dre)lywy if i £k

We will later denote iy (w) = w'.
There are also signed mutations for coefficients. Recall we have fixed a multiplicative abelian group
P= ]_[iel Z'"i. The coefficients t = (#; j | i € I, j € [1, r;]) are a basis of P.

Definition 7.6. For s = (e, t), a seed e together with coefficients ¢ = (1; ;) in P, we define its signed
mutation in direction k, i (e, (; j)) = (¢, (ti/’j)) for & € & by setting s' = u; (s) and

f if i =k,
”_nwﬁﬁmm+ﬁ#k
=1
Proposition 7.7 (cf. [Mou 2020, Proposition 4.4.9]). For every v € T, the dual of g-vectors g is a seed
of N. These seeds and their duals, i.e., the g-vectors, can obtained iteratively as follows:
(1) gy, =e€"and g, =e.
(2) Forany v % v/ in T, we have

Ekv

gl = @Eh, gy =" (g

Proof. We prove this proposition by induction on the distance from v to vg. The base case is when v = vy,
in which we have

gy =@ =ngr). gv=mniE)=ugy.
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Now assuming that v # v and suppose that the unique path from vy to v starts with v > v; for some

i €l. Write 51 =8y, = le.J“ (s). By induction, we assume that the proposition holds for g-vectors with
respect to the seed s;:

8ves = Mi (8ves)),

where & = &i;pes, = sgn(gy., esl) with respect to s1. Note that by definition

gves = (T5) N gues),  8ues = (T7) " (gues,),
and we want to prove
8ves = /Li(gves)»

where § = ex.,es With respect to s.
Then it amounts to show that

(T5) ™ o ui(gues) = 14 o (T (gues,)- (7-1)

We split the discussion into the following two cases. The codimension one skeletons of the chambers
Cl, andC}

VES] v'Es|
common facet. Therefore they are either separated by the hyperplane e

are in the essential support of Dg,. As v and v” are adjacent, these two chambers share a
1

= or contained in the same half

space (since the hyperplane is also in the essential support).

Case 1. The two groups of g-vectors gycs, and gy ¢4, are separated by eiL. In this case, the normal vector
8.ves, 18 in the direction of ;. The signs § and ¢ on the two sides of (7-1) are then different. We assume

that & = sgn(g;. . s,) = +; the other case is analogous. By our assumption, 8,es, qualifies as a seed of

*
Ji VeS|

of the sublattice N°, we have d; = di. We note that the map T® is actually determined by the vectors e;
and d;e;. On the left-hand side of (7-1), Tis is the identity, while on the right-hand side, it is Tls 4 So we
need to show the equality

fixed data I", thus forming a basis of N, which implies g,f;v cs; = ¢i- Since {A ;g | j € I} form a basis

17 (gues) = g o (T7F,) ™ (gues))-

To simplify the notation, we denote g = gy,¢s, and g; = gi.ves,- On the left side of the equality, the tuple
M/j (g) = (g/) differs with g by only one vector

8 =—8+ 2 [-bjlig-
iel
On the right-hand side, we first have
(T3 () = —ge + X —birgis
iel
while other g-vectors remain unchanged under (Tls +)_1. It is easy to check that the dual of (Tls Jr)_1 is an
automorphism of (N, ), that is, it is a linear automorphism on N preserving the form w. Thus we have,
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if writing 1 o (T )™ (gves) = (g])
8 =—8+> —bjgi+ X Ibjligi=g, and g =g foriFk
iel iel

This finishes the proof of the desired equality.

Case 2. The g-vectors g,es, and g,r<, are all contained in the same half Hls L or Hf’_. Again we need to
prove (7-1). We observe that the two signs § and ¢ are equal. In fact, the sign ¢ of g;. 5, depends on
its coordinates in ej;y, for j #1i since g, . is not purely proportional to e;. The same is true for the
sign 8 which only depends on g;. s coordinates in e; for j #i. Since g . only differ in the direction
of ¢;, and also because e, and e; also differ by multiples of ¢;, we conclude that ¢ = §. The equality
(7-1) then directly follows from a fact we already mentioned in Case 1 that the dual of (Tl.fg)_1 acts as an
automorphism on (N, ). Il

A direct corollary of Proposition 7.7 is another description of c-vectors mentioned in Section 3.3.
Recall that we have 7 : P — P, p;, j > pi. We write the group operation in P’ and P by addition instead
of multiplication.

Corollary 7.8. We identify the lattice N with P by &; = [;Lfei > pi. Then we have for anyi € I and v € T,

d; « — * =
Igi;v:pi;v, digi;v:ripi;v:pi;v~
1

Proof. For the initial vertex vy, this is given by the identification ¢; — p;. The iteration of g, is provided
by signed mutations according to Proposition 7.7. We have if v £ v’ in T,

. —g,’f; ; ifi =k,
S = {g;v +—ebjlegr, ifi#k,
where ¢ = sgn(g;’. ). What is implicit is that we have already known that gl* ¢ 1s either nonnegative or
nonpositive. On the other hand, the mutation of p;., is given by

—Dkv if i =k,
P =\ Pio+bY; - i, ifi #k and b <0,
Pisv + b} - py.,, ifi #kand by > 0.
Thus assuming d; g;“;v = pi.y for all i € I would imply d; gl* » = Di;v foralli € I as they have the same
mutation formula when py., has a well-defined sign. Therefore the result is proved by induction on the
distance from v to vy. Il

Lemma 7.9. The generalized coefficients p; j., have the following signed mutation formula. If v LNV

in ‘%, then
—Pk,jv lfl =k,

Tk
Pijw+eBL 1+ Y Pkjv ifi#k
j=1

Pijv =

where &€ = sgn(g;;;v).
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Proof. By Corollary 7.8, p;., is sign coherent because gl* , 18 s0. As we have already shown in
Proposition 3.17 that the sign coherence of p;., implies that of p; ;.,, the result follows by induction. [

7.2. Wall-crossings. We next study the wall-crossing functions attached to walls of the cluster chambers.

Each cluster chamber C,

ves has exactly n facets ;. naturally indexed by 7 (a facet has the same index as

its normal vector gi’v es)- The wall (0;;ves, fiives) is pulled back by TU;}U from the scattering diagram Dy,
(with coefficients #,). The wall-crossing function f;., has the following description. Here we identify the
initial coefficients #; ; with p; ;, and endow P the semifield structure Trop(p).

Theorem 7.10. The scattering diagram ®g has a representative in its equivalent class such that it is the
union of the scattering diagram

n
i giw D ﬁ})igj;v

DD == Qs fi) [i € LveT),  where fiy = [[(1+p{2, -z =)
j=1

and another one whose support is disjoint from A].

Proof. We prove this theorem by induction on the distance from v to vy. We first note that by Lemma 7.9
the coefficients p; j., € P can be computed iteratively by signed mutations. The vectors

n di
Wiy = Z IB})igj;U = a)<_7 r_gl*,u) eM
j=1 i

can also be computed iteratively by signed mutations since the g-vectors do by Proposition 7.7.
Assume that the result is true for the distance between two vertices no greater vy and v. Suppose we
have that v %> v/ € T, and that the unique path from vy to v; starts from vy <% vy

Let’s look at the chambers 7 :=C;_  and "= C:r cs; in Dy, They have g-vectors satisfying

8ves = Mi(gl)e.ﬁ)a
where & = . yeq, 1= sgn(g;(“;vesl). For the wall-crossing functions, by our assumption, for i € I, we have

&i .
fi;vesl 1_[ (1 + l’jvzcésl Sl ves) Wisves| )’
j=

lUESl g / w
Jives; = 1_[ (I1+p D jves® fivfes Hi'esy )
j=

These two functions are related by the signed mutation ;. More precisely, we have

M/i(g:esl7 Duves;) = (g:’eslv Pves)) Mi(wvesl) = Wy/es, -

We want to pull back the chambers C_, and C}

VES]| v'esy?

fizves, to Dy via the operation (Ts) 'to get the chambers o := C.

as well as the Wall crossing functions f;.yes, and
Jegr 0= C;“ <, and the wall-crossing
functions f; 1= f.ves and f/ 1= fi., e by the mutation invariance Theorem 6.27. We want to show that f;
and f/ are also related by signed mutations. In the following, we calculate f; and f/ in detail by applying

Tlo to fi.ves, and fi.,es,. This depends on the following two cases as in the proof of Proposition 7.7:
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(1) The two chambers 7 and t’ are separated by the hyperplane eiﬁ.

(2) They are contained in the same half space #,;, + or H,;, —.

Case 1. In this case, the normal vector g,’f; ves; is either ¢;, or —e;,. Assume it is e;,; the other case is
similar. Then the chamber 7 is in H;, 4 while 7’ is in 7;, _. First of all, we have f; = f; obtained simply
by reversing the monomials in fi.yes; = fi:ves, - Since T;, (as well as T}O) is identity on #;, —, we have
for i #k, fl.’ = fi.ves,. Note that for the signs, fori € I,

Eiv'es; = Eivles
unless g’ ., is proportional to e;,, which only happens for g’ .. = —&;. > Where we have
Ekiv'es; = —»  Ekv'es = T+

So we conclude for any i € I,

Ii

/ Wi/ es ives
fi = l_[ (I+ (pi,j;v/eslz nve 1)8’ ).
j=1
For fi.yes, and f;, we first consider the signs &;.,¢5, and g;.yes. Since the dual of Tlo_1 on N only shifts
in the direction of e;,, we have for i # k
Eiives; = €isves»

as the vectors g7 s, and 8} ,cs Must have the same sign in all the other directions except for ¢;,, and the
only one proportional to e;, is g;., s,- Thus we have for i # k,

Ji= H (I+ Tio l(pi,j;veslzw”vesl)S”ve‘v)
j=1

We want to show that f; and f/ are related by the mutation ,ui Precisely, it amounts to show that
Wy (T (pijives 2= i € 1, j € [1,1i]) = ui(Pijivesi 2”1 li € 1 j €[L,r]),  (7-2)

where § is the sign &.,e5. Here we abuse the notation ,uki which acts on a tuple of functions, but it should
be clear what it means. By our assumption, &€ = 4+ and § = —e = —. Then this follows from the general
fact that for any seed (e, ¢) and k € I, we have

wi TNz el jell,nl) = pf (2" liel, jell,r.

Case 2. Suppose 7 and 7’ are both contained in the same half space. According to our above discussion,
as in the notation of (7-2), it then amounts to check that

T (i (pijivesi 2" L € 1, j € [1, 1) = ug (T (pijives 2= i €1, j € [1,13])),

where § = &x.yes. As we have discussed in the Case 2 of the proof of Proposition 7.7, the signs are equal:
8 = e. Then the rest follows immediately from the fact that the dual of 7;, . acts as an automorphism on
the data (N, w). O
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8. Reconstructing .c7P'i"

In this section, we see how to reconstruct the generalized cluster algebra «/P""(s) as well as the variety
AP (s) from X ; through ®s.

8.1. Reconstructing </P""(s) Jrom ®;. Given fixed data I" and an .A-seed with principal coefficients
s = (e, p), denote by 7P""(s) the corresponding generalized cluster algebra. Recall that we denote by
Xi.y the cluster variables associated to the seed s,.

Consider the generalized cluster scattering diagram g, whose wall-crossings act on k/[ﬁ] by auto-

morphisms. For two vertices v, v’ € Ty, let y be a path from the chamber C;f

+ .
ves 0 C . and consider the

path-ordered product
Pov = pf)’v, =p,.9,  K[P]—= K[P].

Since Dy is consistent and one can always choose some y contained in the cluster complex, the path-
ordered product p,, ,» can also be viewed as an automorphism of Frac(M & P).

Proposition 8.1. Let C:’es be a cluster chamber and g, the set of g-vectors. Then for anyi € I,
Xisy = Py, (2570) € Frac(M @ P).

Proof. We prove this by induction on the distance from v to vy in 5. Suppose the statement is true for a
vertex v € T, and we have v > v’ in T;. Then the chambers Cj and C;T are separated by the wall 9;.,
with the wall-crossing f;., given in Theorem 7.10. Denote ¢ = sgn(g’",) € {+, —}. Then we have

ri i sﬂ})'gj;v ®
Pl s i— Jt _<gi:v”g,'-v)
po o (@8) =28 T (1 + pl?,j;sv -z ) oo
j=1
By Proposition 7.7, we have

n
gi;v’ = _gi;v + Z [_Sriﬁ;}[]-i—gj;v'
j=1

This leads to |
oo Do [—eBilvgjiw . YleBl 48
pu o (i) = 278 T (27 + Pijis, 2 .

j=1

Note that by sign coherence, p; ;.5, has the same sign as €. So the above equation is exactly the exchange
relation of cluster variables. Applying the path-ordered product p, ,, on both sides of the above equality
finishes the induction. g

By the generalized Laurent phenomenon Theorem 3.7, we know that x;., actually lives in K[M & P].
Corollary 8.2. The set of cluster variables of </P"(s) is in bijection with the set of g-vectors.

Proof. We send a cluster variable x;., to the g-vector g;.,. To show that x;., is uniquely determined
by gi.,, we observe that the formula p, ,,(z5"") is independent of the choice of v. Suppose there is another

chamber C;C s such that g;., is one of the generators. Choose a path y from Ct toCt

ves ves close enough
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to the ray R, g;., so that it only crosses walls containing R, g;.,,. The two path-ordered products p, 4,
and p, y, differ by p,,, which acts on z%:v by identity. Thus p,, y,(z87%) = Py y, (257). O

8.2. Reconstructing .Afri" Sfrom ©;. Recall that there is a surjective map from T to A (the set of

+

cluster chambers) sending v to C;,.

For each vertex v € T, we associate a torus Ty ,(R) = Ty (R). To
a pair of vertices v and v’, we associate the birational morphism

Qoo = qf),v/ : TN,U(R) -2 TN,U’(R)’ CIT),U/ =Py

Then there is an R-scheme obtained by gluing Tx ,(R), v € ¥ via these birational morphisms

Aats = U Two(R).

ve¥g

One can actually relate Afcr;: s to the previously defined cluster variety

A= | Ty, (R),
vET
which is obtained by gluing together the same set of tori via .A-cluster mutations.
Recall the piecewise linear map T, , : Mr — Mp that sends the cluster chamber C;Les to C;Z . When

restricted to a domain of linearity, 7, , becomes a linear automorphism on M. Denote the restriction
of Ty, on C;“es by Tvo,v|cjes~ In particular, Tvo,vo|cs+ is the identity map. These linear isomorphisms

induce isomorphisms (or R-schemes) between tori

Togvlpo+ (m)
Voot Tns, (R) = Tivwes(R), ¥ (&) =2 0" ele ™

Proposition 8.3. The isomorphisms v, glue to be an isomorphism
. rin prin
wvo . A? - Ascat,S'

Proof. The morphisms ft, v (resp. qy,,/) are generated [y, , (Fesp. qy,,,) for all v in . So the statement
is equivalent to the commutativity of the following diagram (for any v).

'//UO,UO =id
TN,s —_— TN,voes

Mvo,u qvo.v

WUO,U ~
TN,SU > TN,ves

|

|

|

|

|

|
\I/

To show qyyv = Yyyv © Huy,v. We pull back the functions z&#v (for all i € I) via these birational
morphisms. On the left-hand side, we get the cluster variables

Xiy = q:O’v(Zgi:v)
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%
Vg,V

by Proposition 8.1. On the right-hand side, these z8: get pulled back to i by
the chamber C},

ves

as Ty vlcr, sends
to the chamber Cs‘t . Then via pj ., we still get cluster variables

Xisv = /’L:O,v(zezu)-
As {gi.y | i € I} form a basis of M, we conclude that qy, , = Y¥y,.» © ly,, v, Which finishes the proof. [

We next see in a certain sense the variety Afﬁn is independent of s. This is a subtle issue as for
the cluster algebra «7P"(s), the initial seed = (s) is distinguished from others since it has principal
coefficients.

To resolve this, we again treat P as only a multiplicative abelian group. Consider s’ = ,u,f (s) in the
sense of Theorem 6.27. The tree Ty is naturally embedded in ¥, along with the association of seeds
with coefficients. First of all, it is clear that the inclusion

prin
U TN,U€S C 'Ascat,s
UETX/

is an equality. The gluing maps are given by path-ordered products of Dj.
Consider for v € Ty, the isomorphism (of R-schemes)

@v TN ves = TN ves
such that ¢} : K[M & P] — K[M @ P] is given by the linear transformation
Tiler:MeP—>MaP.
Proposition 8.4. The maps ¢, for v € Ty glue together to have an isomorphism of K[P]-schemes

. 4brin prin
@ ‘Ascat,s’ - ASC&LS’

Proof. Let v and v’ be two vertices in Ty. Since each ¢, is an isomorphism, the statement is equivalent
to the commutativity of the following diagram (for any v and v’).

Pv
TN,ves’ _— TN,ves

| |
| |
N, |
1 q* |
1 anv/

q

+ +
Py
ITyyesy ———— Inwves
In terms of algebras, this amounts to showing that
Ti ler, obS =05y o Ti lo+ KM @ P]--> KIM & P].

If the two chambers C;_; and C;r,es are on the same side of the hyperplane ekL, the above equality is

just (6-2). If they are separated by ekl, it is the same as (6-5) and has been checked in (6-6). O
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Combined with Proposition 8.3, we see that the construction Agrin is independent of s. In terms of the
corresponding cluster algebra /P (s), once it has principal coefficients on some seed s, it can be made
to do so at any seed mutation equivalent to s.

8.3. Broken lines and theta functions. This section is a recast of [Gross et al. 2018, Section 3] in the
generalized situation. Recall the setting of scattering diagrams in Definition 6.5.

Definition 8.5 (broken line, cf. [Gross et al. 2018, Definition 3.1]). Let ® be a scattering diagram
over k/[F] with a monoid map r : P — M. Let pp € P \ ker(r) and Q € Mg\ Supp(®). A broken line
for po with endpoint Q is a piecewise linear continuous proper map

y : (=00, 0] > MR\ Sing(®)

with a finite number of domains of linearity L;, L», ..., Ly (open intervals in (—oo, 0]), where each
L =1L; C (—00,0]is labeled by a monomial ¢zt € K[ P] with p; € P. This data should satisfy:
(1) y(0) = 0.

(2) If L = L, is the first domain of linearity of y, i.e., L = (—o0, t) for some ¢t < 0, then ¢y zPL =z,
(3) For ¢ € L any domain of linearity, my :=r(pr) = —y'(¢).

(4) For two consecutive domains of linearity L = (a, t) (a can be —oc0) and L’ = (¢, b), the monomial
cpzPV is a term in the formal power series

pyoo(crz?t)y =crzPt T fy "™,
@, /2)
y(t)ed
Here ng € N is primitive, serving as a normal vector of every d appearing in the product such that
(no, y'(t)) > 0. So the power —(ng, m ) is always a positive integer.

Definition 8.6 (theta function, [Gross et al. 2018, Definition 3.3]). Let ® be a scattering diagram over k’[F].
Let pg € P\ ker(r) and Q € Mr \ Supp(®). For a broken line y for pg with end point Q, define

Mono(y) 1= cgz’?,

where (by abuse of notation) Q stands for the last linear segment of y. We define the theta function for pg
with endpoint Q as the formal sum

B0, po := )_Mono(y),
Y

where the sum is over the set of all broken lines for pg with endpoint Q.
For py = ker(r), we define for any endpoint Q

ﬁQJ’o =z,

We collect some important properties for theta functions from [Gross et al. 2018].
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Theorem 8.7. (1) The theta function ¥ p, is in kTF].

(2) Suppose that © is consistent. Then for Q, Q' € Mg \ Supp(®) whose coordinates are linearly
independent over Q, and py € P,

B0.py =Py 0 (D0, py)
where y is a path in® from Q to Q' such that its path-ordered product is well-defined.

Proof. Part (1) essentially follows from the proof of [Gross et al. 2018, Proposition 3.4]. We are using a
different monoid P here, but the same proof still works with J :=mp = P\ M.

Part (2), as pointed out in the proof of [Gross et al. 2018, Theorem 3.5], is again a special case of
[Carl et al. 2024, Section 4]. Here the generic condition on the coordinates of Q and Q' is just to make
sure that any broken line does not cross any joint of . Modulo m'}, the independence of ¥¢ ,, on Q
within one chamber follows from [Carl et al. 2024, Lemma 4.7]. The compatibility between Q and Q’ in
different chambers follows from [Carl et al. 2024, Lemma 4.9]. See also a more general discussion on
the global property of theta functions in [Gross et al. 2022, Section 3.3]. g

In the case of generalized cluster scattering diagrams ®; (see Definition 6.17), the monoid P is
M & @, ,; N'i (contained in M @ P) with the natural projection r to the direct summand M. We have the
following properties of theta functions.

Proposition 8.8 (mutation invariance of broken line, cf. [Gross et al. 2018, Proposition 3.6]). The
piecewise linear transformation Ty : Mg — Mg (with a lift on M @P) defines a one-to-one correspondence
y > T (y) between broken lines for py with endpoint Q for ® and broken lines for Ty (po) with endpoint
Ti(Q) for ® ,(s). This correspondence satisfies, depending on whether Q € Hy 4 or Hy —,

Mono(7(y)) = Ty,+(Mono(y)),
where Ty + acts on a monomial as in Theorem 6.27. In particular, we have

M (s) _ s
29Tk(Q),Tl\»(Po) - Tkvi(l}Qypo)'

Proof. We use Ty (y) to denote the piecewise linear map T; o y : (—oo, 0] — Mpg. Suppose L is a domain
of linearity of y labeled with monomial ¢y z”:. If y (L) is contained in one of the half spaces Hy +, L
is also a domain of linearity for Ty (y). We apply the action of 7 1 on the monomial c; z”* (where the
sign is chosen depending on which half space L is in). If (L) crosses ekL, split L into L™ and L™, and
apply T + respectively to the monomial ¢y z”~. One then needs to check the piecewise linear path Ty o y
together with the new monomial data we just obtained is a broken line for 7y (po) with endpoint 73 (Q)
in ®,, (s) as in [Gross et al. 2018, Proposition 3.6]. The inverse of the operation y > T o y is also clear.
The rest of the statement follows easily. O
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Proposition 8.9 (cf. [Gross et al. 2018, Proposition 3.8]). Consider the scattering diagram 2.
(1) Let Q € Int(C;r) be an end point, and let p € P be such that r (p) € Cs+ NM. Then ¥g , =z".

(2) Let Cf € A} be a cluster chamber for some v € %, and Q € int(C)) and m € CF N M. Then
Vo, p =2 ifr(p) =m.
Proof. Part (1) is essentially [Gross et al. 2018, Proposition 3.8], although there the scattering diagram
is actually different from ®; in terms of wall-crossing functions. However, the bending behavior of a
broken line on a wall is totally analogous, so the exact same argument still applies.

Part (2) is the generalized version of [Gross et al. 2018, Corollary 3.9]. By Proposition 8.8, the
transformation 7, , : Mr — MR defines a one-to-one correspondence between the broken lines for p
with 7(p) € Cf N M and Q € int(C}) in Dy, and the ones for T, ,(p) with r(Ty,(p)) € i N M and
Ty.0(0) € int(ij ). However the only broken lines of the later is labeled by the final monomial z” for
p' = Ty v(p) by part (1). The result follows. d

8.4. Cluster monomials as theta functions.

Definition 8.10. Let s be a generalized .A-seed with principal coefficients. Then for v € T, a cluster
monomial in this seed is a monomial on the torus T ,(R) C Asprin of the form z™ where m is a nonnegative
N-linear combination of {e; | i € I}. By the Laurent phenomenon, such a monomial extends to a regular
function on the whole cluster variety AE““.

Remark 8.11. One may regard a cluster monomial as a function on the initial torus T ,,(R). While being
a monomial on the cluster variables x;.,, it is also a Laurent polynomial in the initial cluster variables x;

by the Laurent phenomenon.

The following description of cluster monomials is a generalized version of [Gross et al. 2018, Theo-
rem 4.9]. It proves the positivity (see Theorem 3.8) of generalized cluster monomials.

Theorem 8.12. Let D be the generalized cluster scattering diagram of a seed s. Let Q € int(C]") a
general end point and m € C MM for some v € X5. Then the theta function 9 ,, is an element in 7" -N[P]
which expresses the cluster monomial associated to m of the algebra /P (s) in the initial seed s.

Proof. We first note that m is regarded as a point in P through the inclusion of M in P. Let Q' be a base
point in int(C;") and y be a path going from Q' to Q. By part (2) of Theorem 8.7, we have

Um0 =Py (Om,0)-

As a theta function, ¥, ¢ is a (formal) sum of monomials belonging to zm@. By the positivity
Theorem 6.31 of Dy, ¥,,, o has positive integer coefficients, thus an element in z’”f\T[F]. By part (2) of
Proposition 8.9, 9, o = z". We know that the cone C; has integral generators {g;., | i € I} in M. Thus m
is a nonnegative linear combination of these g-vectors.

On the other hand, by Proposition 8.1, we have the following expression of a cluster variable

xi;v — py (Zgi;v).
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It follows immediately that ,, ¢ is a monomial of these x;.,, thus expressing a cluster monomial. Finally
by the generalized Laurent phenomenon Theorem 3.7, we have ¥, o € z" - N[P]. g

Since ,,, ¢ does not depend on Q as long as it is chosen generally in the positive chamber, we simply
write it as ,,. Consider the set of functions

{9 | m € A (D)),

where Af (2) =, 3, CFN'M. These are all cluster monomials. In general, they do not form an R-basis
of the cluster algebra /P(s) or the upper cluster algebra /P(s). But one can follow [Gross et al.
2018, Section 7.1] to define the set ® C M such that for any m € ©, ¥, is only a sum of monomials from
finitely many broken lines. Consider the free R-module
mid(AP"™) == @ R- .
me®
It is shown in [Gross et al. 2018, Theorem 7.5] that in the ordinary case there are natural inclusions of
R-modules
AP (s) C mid(AP™) € 7P(s)

such that for the first inclusion, cluster monomials are sent to the corresponding theta functions, and
for the second inclusion, any theta function is sent to the corresponding universal Laurent polynomials
on A§™ (see [Gross et al. 2018, Proposition 7.1]). We expect that this is also true in the generalized case.

8.5. More on positivity. Chekhov and Shapiro [2014] proposed a positivity conjecture which is stronger
than Theorem 3.8. We formulate a version here.

A generalized cluster algebra in the sense of [Chekhov and Shapiro 2014] (see Section 3.2) is called
reciprocal if any of its exchange polynomials 6; (u, v) is monic and palindromic, i.e., 6; (u, v) = 6; (v, u)
and has leading coefficient 1. In this way, the exchange polynomials do not change under mutations. Note
that 0; (u, v) can have coefficients in Z[P (rather than just in P) in general.

Conjecture 8.13 (cf. [Chekhov and Shapiro 2014, Conjecture 5.1]). Any cluster variable of a reciprocal
generalized cluster algebra whose exchange polynomials have coefficients in P (or more generally in NP)

.

is expressed as a positive Laurent polynomial in the initial cluster, i.e., an element in NIP[xli, Ce Xy

where the x;’s are the initial cluster variables.

Chekhov and Shapiro [2014, Section 5] pointed out that this conjecture is true for any generalized
cluster algebra associated to a surface with arbitrary orbifold points (see also [Banaian and Kelley 2020]
for a proof using snake graphs). The rank two case of this conjecture has been resolved in [Rupel 2013].

We consider here a related situation where the reciprocal assumption is not required. Let [P be an abelian
group of finite rank. Consider an algebraic closure k = QP of the field of rational functions QP. Let
/P (T) be a generalized cluster algebra with principal coefficients as of Definition 3.13. The coefficients
group is the tropical semifield Trop(p). Recall that the initial exchange polynomials have the form
i
6; (u, v) = [] (pi ju+v).

j=1
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Let A : Trop(p) — K* be an evaluation (as in Section 3.5) such that each A(6; (u, v)) satisfies:

(A) All its coefficients are in ZP (in NP if assuming positivity).

B) A([T}=; pi;) is an element in P.

By the mutation formula of coefficients, the exchange polynomials after any steps of mutations still satisfy
these two conditions. Therefore the cluster algebra with special coefficients «7P""(%, 1) can be viewed
as a generalized cluster algebra of [Chekhov and Shapiro 2014] (with the coefficients group PP). Note
that any reciprocal generalized cluster algebra can be obtained this way. -

The scattering diagram A(D;) (see Section 6.4) is responsible for 7P (X, ). Itis over k[M D[l N]
with formal parameters #;. Note that by the generalized Laurent phenomenon, the cluster variables of
Mprin(E, A) are all in ZI]I’[xllL, =

’7'n

Theorem 8.14. Let «/P" (X, 1) be a generalized cluster algebra as above assuming (A), (B), and that
the initial exchange polynomials have coefficients in NP. Let s be an A-seed sw X If
there exists a representative of A(Dy) such that every wall-crossing function is in NIP[M @[l N], then
any cluster variable is expressed as a positive Laurent polynomial in the initial cluster, i.e., an element
inNPx{, ..., xF].

Proof. As in Theorem 8.12, the positivity of cluster variables follows from the positivity of the scattering
diagram A(®y) since every broken line ends with a monomial with coefficients in NP C k. Expressing
a cluster variable as a theta function for A(9y) (and evaluated at t; = 1 where the ¢;’s are the standard
generators of [];.; N), the result follows. O

If «/PM"(%, ) is of finite type (i.e. there are only finitely many distinguished cluster variables), then
the cluster complex A} is finite and complete in Mk by Corollary 8.2. By Theorem 7.10, we have that
D5 =D(A]) and the wall-crossing function on any facet of any cluster chamber has coefficients in NP
under the evaluation A if assuming so for the initial ones. Then the positivity follows in this case from
Theorem 8.14. It is not hard to check that in Example 6.22 the expansion of the wall-crossing function
JRoo(1,—1) has every coefficient in N[sys2, 51 + 52, 112, t1 + 12]. By the description in Example 6.22 of all
other walls, all wall-crossings functions in this scattering diagram are positive in this sense. This then
implies all cluster variables are positive, i.e., have coefficients in N[s1s2, 51 + 52, t1£2, 11 + f2].
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