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Partial sums of typical multiplicative functions
over short moving intervals

Mayank Pandey, Victor Y. Wang and Max Wengiang Xu

We prove that the k-th positive integer moment of partial sums of Steinhaus random multiplicative
functions over the interval (x, x + H] matches the corresponding Gaussian moment, as long as H <
x/(log x)2k2+2+”(1) and H tends to infinity with x. We show that properly normalized partial sums of
typical multiplicative functions arising from realizations of random multiplicative functions have Gaussian
limiting distribution in short moving intervals (x, x + H] with H <« X/(log X)"® tending to infinity
with X, where x is uniformly chosen from {1, 2, ..., X}, and W(X) tends to infinity with X arbitrarily
slowly. This makes some initial progress on a recent question of Harper.

1. Introduction

We are interested in the partial sums behavior of a family of completely multiplicative functions f
supported on moving short intervals. Formally, for positive integers X, let [X]:={1,2,..., X} and

Fx :={f :[X] = {lz| =1} : f is completely multiplicative}.

For f € Fx, the function values f(n) for all n < X are uniquely determined by (f'(p)) ,<x. The Steinhaus
random multiplicative function is defined by selecting f(p) uniformly at random from the complex unit
circle and defining f(n) completely multiplicatively. One may view Fy as the family of all Steinhaus
random multiplicative functions.
Let H be another positive integer. We are interested in for a typical f € Fx4 g, whether the random
partial sums
1
Ap(fix)=—= Y [, (1-1)
ﬁ x<n<x+H
where x is uniformly chosen from [ X], behave like a complex standard Gaussian. In this note, we provide
a positive answer (Theorem 1.2) when H <4 X/log” X holds for all A > 0. As we explain in Section 4,

the answer is negative for H > X exp(—(loglog X)!/>=¢), but the question remains open between these
two thresholds.
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We formalize the question by explaining how to measure the elements in Fx. Via complete multiplica-
tivity of f € Fx, define on Fy the product measure

Vx = l_[ MKps

p<X

where for any given prime p, we let i, denote the uniform distribution on the set { f (p)} = {|z| = 1}.
For example, vy (Fx) = 1.

Question 1.1 [Harper 2022, open question (iv)]. What is the distribution of the normalized random sum
defined in (1-1) (for most f) as x is uniformly chosen from [X]?

1A. Main results. In this note, we make some progress on Question 1.1. We use the notation < t0
denote convergence in distribution.

Theorem 1.2. Let integer X be large and W (X) tend to infinity arbitrarily slowly as X tends to infinity.
Let H := H(X) < X(log X)X and H — 400 as X — +o0. Then, for almost all f € Fxiqg, as
X — 400,

Y s -5 eN, D, (1-2)

x<n<x+H

1
vH

where x is chosen uniformly from [ X].
Here “almost all” means the total measure of such f is 1 —ox_, to0(1) under vx+H.1 Also, CN(0, 1)
denotes the standard complex normal distribution; a standard complex normal random variable Z (with
mean 0 and variance 1) can be written as Z = X 4+ iY, where X and Y are independent real normal

random variables with mean O and variance % Recall that a real normal random variable W with mean 0
and variance o2 satisfies

1 t
P(W <1)= / e/ g
o 27‘[ —00

To prove Theorem 1.2, we establish moment statistics in several situations. We first show that the
integer moments of random multiplicative functions f supported on suitable short intervals match the
corresponding Gaussian moments. We write [E s to mean “average over f € Fx with respect to vy” (where
Fx is always clear from context).

Theorem 1.3. Let x, H, k > 1 be integers. Let f € Fyyp. Let E(k) = 2k%+2. Then

2k

H'/? H - (logx +log H)E®
max(x, H)!/2 max(x, H) ’

[Ef‘\/% Y. [ =k!+0k<H—1+

x<n<x+H
with an implied constant depending only on k.
"More precisely, there exist nonempty measurable sets Gx g € Fx4 g of measure 1 —ox_, 1 5o(1) (under vy g) such that

for every sequence of functions fx € Gx g (X > 1), the random variable on the left-hand side of (1-2) (with f = fx) converges
in distribution to CA/(0, 1) as X — +o0.
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Notice that k! is the 2k-th moment of the standard complex Gaussian distribution. Given an integer
k > 1, let E’(k) be the smallest real number » > 0 such that for every £ > 0, we have ErlAu(f, x)|2k — k!
whenever
x— +oo and (logx)® < H <x/(logx) ™.

Theorem 1.3 shows that E’(k) < E (k). The paper [Chatterjee and Soundararajan 2012] studies the
case k = 2, showing in particular that E’(2) < 1. In the case that f is supported on {1,2..., x}, the
2k-th moments for general k were studied in [Batyrev and Tschinkel 1998; de la Breteche 2001a; 2001b;
Granville and Soundararajan 2001; Heap and Lindqvist 2016; Harper 2019; Harper et al. 2015] and
it is known that the moments there do not match Gaussian moments: for instance, by [Harper 2019,
Theorem 1.1], there exists some constant ¢ > 0 such that for all positive integers k < c¢(log x/loglog x)
(assuming x is large),

2k
— oK 10k 10g2k)+0 () (160 ) k=1)° (1-3)

1
Ef‘ﬁZf(”)

n<x

While (1-3) is quite uniform over k, it is unclear how uniform in k£ one could make our Theorem 1.3. (See
Remark 2.3 for some discussion of the k-aspect in our work.)

Remark 1.4. The powers of log x above are significant. For instance, Theorem 1.3 in the range H > x
follows directly from (1-3), since (k—1)? < E (k). One may also wonder how far our bound E’(k) < E (k) is
from the truth. Based on a circle method heuristic for (1-4) along the lines of [Hooley 1986, Conjecture 2],
with a Hardy-Littlewood contribution on the order of (H 2k /H xk_l)(log x)(k_l)z, and an additional
contribution of roughly k! H* from trivial solutions, it is plausible that one could improve the right-hand
side in Theorem 1.3 to k! + Ok((Hk_]/xk_l)(log x)(k_l)z) for H € [x'~?, x]. If true, this would suggest
that E’(k) < k — 1 and we believe this might be the true order. For a discussion of how one might improve
on Theorem 1.3, see the beginning of Section 4.

By orthogonality, Theorem 1.3 is a statement about the Diophantine point count
#H(ny,na, .. no) € (,x + HI tnyng g = mpgangen -+ nogh. (1-4)

The circle method, or modern versions thereof such as [Duke et al. 1993; Heath-Brown 1996], might
lead to an asymptotic for (1-4) uniformly over H € [x!~?, x] for k = 2, unconditionally (compare [Heath-
Brown 1996, Theorem 6]), or for kK = 3, conditionally on standard number-theoretic hypotheses (compare
[Wang 2021]). Alternatively, “multiplicative” harmonic analysis along the lines of [de la Breteche 2001b;
Harper et al. 2015; Heap and Lindqvist 2016] may in fact lead to an unconditional asymptotic over
H e [x'7%, x] for all k, with many main terms involving different powers of log x, log H. Nonetheless,
for all k£, we obtain an unconditional asymptotic for (1-4) uniformly over H < x/(log x)C"z, by replacing

2 After writing the paper, the authors learned that for H < x/ exp(Cy log x/ loglog x), the Diophantine statement underlying
Theorem 1.3 has essentially appeared before in the literature; see [Bourgain et al. 2014, proof of Theorem 34]. However, we

handle a more delicate range of the form H < x/(log x)Ckz.
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the complicated “off-diagonal” contribution to (1-4) with a larger but simpler quantity; see Section 2 for

details.

Remark 1.5. An analog of (1-4) for polynomial values P (n;) is studied in [Klurman et al. 2023; Wang
and Xu 2022], and a similar flavor counting question to (1-4) is studied in [Fu et al. 2021] using the
decoupling method.

After Theorem 1.3, our next step towards Theorem 1.2 is to establish concentration estimates for the
moments of the random sums (1-1). We write E, to denote “expectation over x uniformly chosen from
[X]” (where X is always clear from context).

Theorem 1.6. Let X, k > 1 be integers with X large. Suppose that H := H(X) — 400 as X — +o00.
There exists a large absolute constant A > 0 such that the following holds as long as H < X (log X)~C*
with C, = Ak Let f € Fxyn; then

[Ef([Ex

Furthermore, for any fixed positive integer { < k, we have

(G 5,0 (g, 279

x<n<x+H x<n<x+H

2%k 2
—k!) = 0x—+oo(1). (1-5)

= X fw

x<n<x+H

2

Ey = 0x1oc(1). (1-6)

We prove Theorem 1.3 in Section 2, and then we prove Theorem 1.6 in Section 3.

Proof of Theorem 1.2, assuming Theorem 1.6. We use the notation Ay (f, x) from (1-1). By Markov’s
inequality, Theorem 1.6 implies that there exists a set of the form

Gx.i = {f € Fxen Bl A (f, )1 — k! = 0x_ 100(1) for all k < V(X),
E[An(f, ) Ap (f. x)'] = 0x— +0o(1) for all distinct k, £ < V(X)}

for some V (X) — 400 (making a choice of V(X) based on W (X)) such that

vx+H(Gx H) =1 —0x100(1).

Since the distribution CA/(0, 1) is uniquely determined by its moments (see e.g., [Billingsley 2012,
Theorem 30.1 and Example 30.1]), Theorem 1.2 follows from the method of moments [Gut 2005,
Chapter 5, Theorem 8.6] (applied to sequences of random variables Ay (f, x) indexed by f € Gx g as
X — +00). U

We believe results similar to our theorems above should also hold in the (extended) Rademacher case,
though we do not pursue that case in this paper.
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1B. Notation. For any two functions f, g : R — R, we write f < g,g> f,g=Q(f)or f =0(g) if
there exists a positive constant C such that | f| < Cg, and we write f < gor f =0(g) if f < g and
g> f. We write O to indicate that the implicit constant depends on k. We write ox—_, 1~ (g) to denote a
quantity f such that f/g tends to zero as X tends to infinity.

2. Moments of random multiplicative functions in short intervals

In this section, we prove Theorem 1.3. For integers k, n > 1, let ;. (n) denote the number of positive integer
solutions (dy, ..., dy) to the equation d; - - - d = n. It is known that (see [Norton 1992, Theorem 1.29
and Corollary 1.36])

Te(n) < nOUogk/logloem) ¢ )y 5 4 oo, provided k = 0y—s 100 (log 7). 2-1)

As we mentioned before, when H > x, Theorem 1.3 is implied by (1-3). From now on, we focus on
the case H < x. We split the proof into two cases: small H and large H. For small H, we illustrate the
general strategy and carelessly use divisor bounds; for large H, we take advantage of bounds of Shiu
[1980] and Henriot [2012] on mean values and correlations of multiplicative functions over short intervals,
together with a decomposition idea.

2A. Case 1: H < x17¢"'. Here we take ¢ to be a small absolute constant, e.g.,e= ﬁ.

We begin with the following proposition.
Proposition 2.1. Let k, y, H > 1 be integers. Suppose y is large and k < loglog y. Then Ny(H; y), the
number of integer tuples (hy, hy, ..., hy) € [—H, H1* with y|hihy---hiand hihy - - - hy # 0, is at most
(2H)k . O(HO(klogk/loglogy)/y)'

Proof. The case k =1 is trivial; one has N1(H; y) <2H/y. Suppose k > 2. Whenever y | h1hy - - - hy #0,
there exists a factorization y = uu, - - - u where u; are positive integers such that u; | h; # 0 for all
1 <i < k. (Explicitly, one can take u; = ged(h1, y) and u; = ged(h;, y/gcd(y, hihs - - - hi—1)).) It follows
that Ny (H; y) =0if y > H*, and

Ne(H; )< Y Ni(H; un)Ni(Hs ug) - Ni(H; w) < 7(y) - QH) [y (2-2)
upuz--up=y
if y < H*. By the divisor bound (2-1), Proposition 2.1 follows. O

Corollary 2.2. Let k, H, x > 1 be integers. Suppose x is large and k < loglog x. Then Si(x, H), the set
of integer tuples (hy, hy, ..., hx,y) € [—H, HIF x (x, x + H] with ylhihy---hyand hihy---hy #0,
has size at most (2H)K - O (H'+0klogk/loglogx) /xy

Proof. #Si(x, H) = ZKKHH Ni(H: y). But here Ny(H; y) < (2H)* - HOKlogh/loglogx) /. 0

The 2k-th moment in Theorem 1.3 is H ¥ times the point count (1-4) for the Diophantine equation

NNy -« Nk = N1 Ngg2 * - N2k (2-3)
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There are k!H*(1 4+ O (k*/H)) = k'H* + O (H*~!) trivial solutions. (We call a solution to (2-3) trivial
if the tuple (ng41, ... no) equals a permutation of (1, ...ny).) The number of trivial solutions is clearly
>kIH(H—1)---(H—k+1), and < k!H*.) It remains to bound Ni(x, H), the number of nontrivial
solutions (11, ..., nxu) € (x, x + H1* to (2-3).

We will show that Ny (x, H) < H*-(H /x)'/2. To this end, let N (x, H) denote the number of nontrivial

solutions in (x, x + H]** with the further constraint that
nox & {ny, na, ..., nl. 2-4)
Then for any k > 2, we have
Ni(x, H) < Ni(x, H)+k-(H+1) - Ni_1(x, H), (2-5)
since for each (ny, ..., ny) € (x, x + H]?, either (2-4) holds or there exists i € [k] satisfying n; = ny; €

(x,x+ H].
A key observation is that for nontrivial solutions to (2-3) with constraint (2-4),3

nok | (n1 —nok) (o —nog) - - - (Mg — nok),

and if we write h; := n; — ny; then h; € [—H, H] are nonzero. Given hy, ha, ..., hg, y, let

Chirootiy = | | i 4.

1<i<k

Then N,i(x, H) is (upon changing variables from ny, ..., ng to hy, ..., hy) at most

k—1
> #{(nk+1,...,nzk1> € (x,x+HI"": <1_[nk+,~) \chl ,,,,, h} (2-6)
i=1

(h1seeeshi,nop) €Sy (x, H)
hi4na>0

If x is large and k is fixed (or k < loglog x, say), then by the divisor bound (2-1), the quantity (2-6) is at
most
< (H +x)0(klogk/loglogx) . #Sk(x, H) < O(H)k . O(H X x71+0(klogk/loglogx))’

where in the last step we used Corollary 2.2.
By (2-5), it follows that x is large and & is fixed (or £ < loglog x, say), then

1<j<k

Ni(x, H) <k - m X (O(kH)*/ -Nj(x, H)) < k- OkH)* - O(H - x~1+0Klogk/loglogx)y = (5 _7)

(Note that Ny (x, H) = 0.) So in particular, Ny (x, H) <« H* . (H/x)'/? for fixed k (or for x large and
k < (loglog x)1/2—5’ say), since H < x!=¢K"" This suffices for Theorem 1.3.

3 After writing the paper, the authors learned that this observation has appeared before in the literature (see [Bourgain et al.
2014, proof of Lemma 22]); however, we take the idea further, both in Section 2 and in Section 3.
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Remark 2.3. The argument above in fact gives, in Case 1, a version of Theorem 1.3 with an implied

constant of O (k'k?), uniformly over k < (log log x)1/2-8

, say. However, in Case 2 below, our proof relies
on a larger body of knowledge for which the k-dependence does not seem easy to work out; this is why

we essentially keep k fixed in Theorem 1.3.

2B. Case 2: xl_zek_l < H < x. Again, one can assume & = In this case, we employ the following

100
tool due to Henriot [2012, Theorem 3]. For the multiplicative functions f in (2-8) (and in similar places

below), we let f(m) :=0if m <O0.

Definition 2.4. Given areal A; > 1 and a function A, = A,(¢) > 1 (defined for reals € > 0), let M (A1, Ap)
denote the set of nonnegative multiplicative functions f(n) such that f(p 6 < A‘f (for all primes p and
integers £ > 1) and f(n) < Ayn€ (foralln > 1).

Lemma 2.5. Let f1, fo € M(Ay, Ay) and B € (0, 1). Leta,q € Z with |a|,q > 1 and gcd(a, q) = 1. If
x,y =2 are reals with x# < y < x and x > max(q, |a|)?, then

(n1) f2(n2)
Y. A falgn+a) LpaaAp-ye Y % (2-8)
x<n<x+y iy < ninz
where Ap < Hp\aZ(l + A + A%)p‘l). Furthermore,
p < <¢(| |)) (where ¢ denotes Euler’s totient function). (2-9)
a

Proof. Everything but (2-9) follows from [Henriot 2012, Theorem 3] and the unraveling of definitions
done in [Matomaki et al. 2019, proof of Lemma 2.3(ii)]; in the notation of [Henriot 2012, Theorem 3],
we take

(k. Q1(n), Q2(n), .8, A, B, F(n,n2)) = (2.n.qn +a, 35B. 158, A1, Ax(€)*, fi(n1) fr(n2)),

where € = /(100(2+871)).# The inequality (2-9) then follows from the fact that 1+rp~! < (14 p~1)" <
(1= p~1~" for every prime p and real r > 1. U

Also useful to us will be the following immediate consequence of Shiu [1980, Theorem 1].
Lemma 2.6. Let f € M(Ay, Ay) and B € (0, 1). If x, y = 2 are reals with xP < <y < x, then
y f(p)
> s <pn e L2,
x<n<x+y 0g X p<x p

We will apply the above results to f = 7 over intervals of the form [x, x 4+ y] with y > x!/% say.
Here 7, € M(k, O (1)), by (2-1) and the fact that 74 (p) = k and

T (mn) < t(m)te(n) for arbitrary integers m, n > 1. (2-10)

4In fact, one could extract a more complicated version of (2-8) from [Henriot 2012, Theorem 3], which in some cases (e.g., if
f1 = f> = 1) would improve the right-hand side of (2-8) by roughly a factor of log x.
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Also, recall, for integers k > 1 and reals x > 2, the standard bound

k
D) < lo)g“x exp(Z ;) < x(logx)"! (2-11)

n<x pP<x

(see e.g., [Matomaiki et al. 2019, Section 2.2]) and the consequence
Y nmDmmn) =Y i (n) < x(logx)* ", (2-12)
niny<x n<x

(See [Norton 1992] for a version of (2-11) with an explicit dependence on k. For Lemmas 2.5 and 2.6,
we are not aware of any explicit dependence on 8, Ay, A, in the literature.)

Lemma 2.7. Let V, U, g > 1 be integers with g < U*2, where k > 2. Let p € {—1, 1}. Then

Z T (W)t (pv +uq) < VU1 +1log VU)* .

uelU,2U)
1<V

Proof. First suppose V > U. If u € [U,2U), then I := {pv+uq : 1 < v < V}is an interval of length
V > max(V, U) contained in [—V, V + 2011, so by Lemma 2.6 and (2-11), we obtain the bound

Y wlpvtug) < V(l+log V)©!
1<vgV

(We consider the cases 0 € I and O ¢ I separately. The former case follows directly from (2-11); the
latter case requires Lemma 2.6.) Then sum over u using (2-11). Since (1 +1log V)*~1(1 +1log U)*~! <
(1+1og VU)?~2, Lemma 2.7 follows.

Now suppose V < U. By casework on d := gcd(v, ¢) < ¢, we have

Y. nnlpv+ug) <Y ud) Y wnlpa+ug/d).

uelU,2U) dlgq uelU,2U)
1<v<V 1<a<V/d
ged(a,q/d)=1

Since d | ¢ and 1 < a < V/d, we have U > max(a, ¢'/*). Now for any fixed 1 <a < V/d,

a 2k+k?
Z ()t (pa +uq/d) <Li ( ) U -(1+1logU)*
uelU,20) ¢(a)

by Lemma 2.5 and (2-12), provided gcd(a, ¢ /d) =1. Upon summing over 1 <a < V /d using [Montgomery
and Vaughan 2007, page 61, (2.32)], it follows that

Y nnlpv+ug) i Y w(d)-%-U-(1+logl)*.

uelU,20) dlq
1<vgV

Since Zd<q(rk(d)/d) < (1 +logg)* (by (2-11)) and ¢ < U*¥~2, Lemma 2.7 follows. O
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Lemma 2.8. Let Vi, U,, ..., Uy > 1 be integers, where k > 2. Let €1 € {—1, 1}. Then

Z Te(u2) - - e(up) T (ervy +ua - - uy) <Kg L (ViUz - - - Up),

VLU, U1
u; €[U;,2U;)
v <Vy

where Li(r) :==r - (1 +log r)*+® =& — 1. (1 £ 1og r)***2 for r > 1.

Proof. We may assume U = --- > U. Let g :== u3---ux < Uf_z and apply Lemma 2.7 (with
(V,U) = (Vy, Up)) to sum over uy, vy. Then sum over the k — 2 variables us, ..., u; using (2-11). 0O

With the lemmas above in hand, we now build on the strategy from Case 1 to attack Case 2. As before,
we let N,g(x, H) denote the number of nontrivial solutions (ny, ..., ng, ngt1, ..., n2%) € (X, x + H1* to
(2-3) with constraint (2-4). Again, for such solutions we write h; =n; —ny, € [—H, H]\ {0}, and there
exist positive integers u; (1 <i < k) such that u; | h; with ujuy - -ux =nor € (x,x+ H]; sou; < H, and
there exist signs ¢; € {—1, 1} and positive integers v; < H/U; with h; = &;u;v;, whence

i=1 1<i<k

As before, the quantity N, (x, H) is at most (2-6). Upon splitting the range [H] for each u; into
< 1+log, H < 1+logx dyadic intervals, we conclude that

N HYS DY D Y wlChyiny) <25 01+ logx)* - S(x, H), (2-13)

i, Ui u;€lU;,2U;)
v <H/U;

x<noy<x+H
hi4+na>0

where we let ny, :=ujus - - - ug and h; := g;u;v; in the sum over u;, v; (for notational brevity), and where

S(x, H) denotes the maximum of the quantity

SEU) = Y wChhemn) = Y rk(]_[(e,-uiviJruluz---uk))

u;€[U;,2U;) u;€[U;,2U;) 1<i<k
v <H/U; v <H/U;

x<ny<x+H x<ny<x+H
hi+noy>0 hi+ny>0

over all tuples & = (¢q, ..., &) € {—1, 1} and U= (Ui, ..., Ur) where each U; e [H]N{1,2,4,8, ...}
with 2=%x < U, --- Uy < x + H. Now, for the rest of Section 2, fix a choice of ¢, ..., &, Uy, ..., Ui
with

S(x, H)=SE, U).
By symmetry, we may assume that Uy > Uy > - - - > Uy.

We now bound S(g, 0), assuming k > 2. (For k = 1, we can directly note that N{(x, H) =0.) A
key observation is that since UjU,--- Uy < x+ H <2xand Uy 2 U, > --- > U > 1, we have (since
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H>x""andk >?2)

H H H H x1-2e
> >

> > > > x!/3,

U U T T U T hU)' 2T 2x)12

By the submultiplicativity property (2-10), we have that S(&, U ) is at most

Z Z T () Ty (u2) - - - T (ug) l_[ Tk(&ivi Fuquy Ui ug),

u;€[U;,2U;)  vi<H/u; 1<i<k
x<uiup--up<x+H

(2-14)

where u_; means that the factor u; is not included. But for each i > 2 and u; € [U;, 2U;), Lemma 2.6

and (2-11) imply (since uquy - -u_; - -ux <uy---up < x and H/u; > x'/3)

> wevituiuguw) < (H/U) - (1+logx)F s

U,’SH/M,‘

(2-15)

compare the use of Lemma 2.6 and (2-11) in the proof of Lemma 2.7. By (2-15) (multiplied over 2 <i < k)
and Lemma 2.8 (with V| = H/U,), we conclude that the quantity (2-14) (and thus S(¢, U )) is at most

H*'(1 +1logx)*=1”’ 3

Lo ((HIUD -Us---Us) -
¢ U UL k((H/Uy) - U %) o max

ui€[U;,20;)  1€lULL.2U1)
xX<uiup--up<x+H

For the innermost sum, first note that (Us - - - Uy)V/*=D < (U, - - - Up) V¥ < (2x) V% which implies that

H/(ua---up) > H/(Uy---Up) > Xl_zekil/x(k_l)/k > xl/%

(since H > xl_zekfl); then by Lemma 2.6 and (2-11), we have (for any given u, ...

H k—1
Y n) <k - (1 +logx)*l.
s U2"'Uk

x<ujup--up<x+H

It follows that S(&, U) is at most

H1(1+1logx)®D" H

H
i '—-U2~--Uk(1+10gx)k2+2-—U'(1+10gx)k_1,
Uk

U, - Uy U Uy

which simplifies to Ox(1) - H* - (H/x) - (1 +log x)2%* —+2,
Plugging the above estimate into (2-13), we have (assuming k > 2)

N (x, H) < O(14+1logx)*-S(x, H) < H*- (H/x)- (1 +logx) 2+,

(2-16)

in the given range of H. Then by using the first part of (2-7) (and noting that Ny (x, H) = N{(x, H) =0)

as before, we have (for arbitrary k > 1)

Ni(x, H) < k- max (OGH)™/ - Nj(x, H)) < H* - (H/x) - (1 +log )™+,
<j<

SVA

which suffices for Theorem 1.3.
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3. Proof of Theorem 1.6

In this section, we prove Theorem 1.6. Let rad; be the multiplicative function

rady(n) = min [ny,...,ngl,
ny--ng=n
where [n1, ..., ng] denotes the least common multiple of 1, ..., ng. In particular, for prime powers p“Z
we have
radg (p*) = pM*/*1. (3-1)

Recall that we use i (n) to denote the k-folder divisor function as defined in (2-6). We begin with the
following sequence of lemmas.
Lemma 3.1. Letk, y, X, H > 1 be integers. Then My (X, H; y) :={(x,t1,tp, ..., 1) € [X] X [H]F: v |
(x+1)(x +12) - (x + 1)} has size at most H*7i(y) - (1 + X/ rad; ().

Proof. Suppose that y | (x +1¢1) ... (x +#). Then there exist integers y;, ...,y = 1 withy; -y =y
and y; |x+¢4 (1 <i <k).

For any given choice of yy, ..., y, t1, ..., tx, the conditions y; | x 4 ¢;, when satisfiable, impose on
x a congruence condition modulo [y, ..., y¢]. It follows that for any given ¢y, ..., #, the number of
values of x € [X] with (x, 11, ..., %) € Mi(X, H; y) is at most

D A+ X/ D) ST - (14 X/ rade ().
Vi Y=y

Lemma 3.1 follows upon summing over ¢, ..., t € [H]. U
Remark 3.2. For a typical value of y < X, Lemma 3.1 saves a factor of roughly y over the trivial bound

H*X, even if H < X'7%, say. Lemma 3.1 is close to optimal on average over y < X, as one can prove by
considering prime values of y, for instance. In some regimes, one can do better by other arguments: one

can first fix a choice of y; (then select x and choose t; = —x mod y;) to get
M, Hy < Y0 XA+ H/y) <X max H(l +H/yp),
Y1 Y=Y i

which beats Lemma 3.1 when H > y and y/rad(y) is large, but not in general.

Lemma 3.3. Letk, y, X, H > 1 be integers. Then By(X, H; y), which denotes the set of integer tuples
(x,t, ... e, by, o, hy) € [X] X [H]k x[—H, H]k withy|(x+t)(x+1t) - (x+1t)hihy - hy and
hihy - - hy %0, has size at most O(H)* - to(y) e (y)? - O(1 + X/ rady (¥)).

Proof. We write y =uv withu | (x +t)(x + 1) --- (x + 1) and v | h1hy - - - hy (where u, v > 1). The
number of choices of (u, v) is < 12(y). Using the notation in Lemma 3.1 and Proposition 2.1, we then
find that

|BX, Hs )l < Y IMi(X, Hy )] - Ne(H: v) < 12(y) max| Mi(X, Hi w)] - Ne(H v).

uv=y
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Now for any fixed u, v, we apply Lemma 3.1 to bound | My (X, H; u)| and (2-2) to bound N (H; v),
getting

|Mi(X, H; u)| < H't(u) - (14 X/radi(u)) and  Ni(H; v) < QH) 1(v) /v,

respectively. This leads to the total bound

2% 2 X
|Br(X, H; y)| K 2(y)H mw.o+____)
v rady (u)

For any uv = y, we have

vrady(u) > radi(y),

by the multiplicativity of rady, the formula (3-1), and the inequality p® pt1/¥1 > plt+6)/k1 (valid for
all primes p and integers €1, £ > 0). Thus we complete the proof. ]

If we allowed hhy - - - by = 0, we would have X - O(H)*~! tuples in Bx(X, H; y). Lemma 3.3 gives
a relative saving of roughly y/H on average over y < X; this follows from (the proof of) Lemma 3.5
below, whose proof requires the following lemma.

Lemma 3.4. Let K, k > 2 be integers. For integers i > 1, let
_ j+K-1
o= Y ( L),
(i—Dk<j<ik

Then ¢; < KX (ik)X. Furthermore, for all primes p and reals s > 1, we have

: J , c c
ZTK(pJ)p—.pﬂSSl—F—l—f——;-l-“'
IS radi (p/) p* p7

Proof. The first part is clear, since ¢; < Y o< <t (HI'(’:]) = (”‘;gK) < (K +ik)® < KX (k)X (since

K, k > 2). The second part follows from the inequality

i i+K—1 j+K—1
Z x(pHp! Z (k=1 ) < Z ("%=1) _ G
Npis /K pj—1) i pits—1) — pis’
(i—Dk<j<ik rade(p/)p (i—Dk<j<ik P p i—Dik<j<ik PP p
which holds because we have [j/k] =i and j > i whenever (i — 1)k < j < ik. (I

It turns out that to prove the key Lemma 3.7 (below) for Theorem 1.6, we need a bound of the form
(3-2).

Lemma 3.5. Let k, X, H > 1 be integers with X large and H < X. There exists a positive integer
Cr = O(ko(ko(k))) (depending only on k) such that the following holds:

Erey) D, )™ 20 n(0)? - (1+ X/ radi (y)) < H(log X)%. (3-2)
ye(x,x+H]
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Proof. The case k =1 is clear by (2-11) (since rad;(y) = y), so suppose k > 2 for the remainder of this
proof. Let K := (2k)%k . 2k% < k*+3, Then ‘r2k(y)2kr2(y)tk(y)2 Tk (), since for all integers ji, j» > 1
we have t;, (y)7j,(y) < 7j,j,(y) by [Benatar et al. 2022, (3.2)]. By Rankin’s trick, the left-hand side of
(3-2) is therefore at most H times

> () (X Hrade(3) ) Kk (og )TN Y Tk (n) ———n 171X,
voriH . rad (n)

By Lemma 3.4 and the multiplicativity of tx and rady, we find that for s > 1, we have

n _ 1 2
Tk (n) n” < <1+f+f+~-->, (3-3)

where ¢; < KX (ik)X < K?X(2K)K2//? (since k < K and iX /2//2 < (2K /log2)X /eX, and elog2 > 1).
But then

2084« K
2 p3 p2 :

Therefore, the right-hand side of (3-3) is at most
1\ 1 O(K*K)
[(+5) T(e5)
p=>2 p=2
After plugging in s = 1 + 1/log X and the bound c¢; < K2X, Lemma 3.5 follows. ([l
We also need a simple but finicky combinatorial estimate.

Lemma 3.6. Let k,x, H > 1 be integers. Let A12(x, H) be the number of tuples (ai, ...,ax) €
(x, x + H1?* satisfying both

() {ai,...,a} ={aks1, ..., ax} (in the usual sense, without multiplicities), and
(2) ay---ax = gy - - - ax.

Let A\ (x, H) be the number of tuples (ai, ..., axy) € (x, x + H? satzsfymg (1) (but not necessarily (2)).
Then Ay »(x, H) > k!H* — Oy (H*') and .Al(x H) <k'HF + O (H* ).

Proof. Call a tuple (ay,...,ax) € (x,x+ H 1% good if it satisfies (1). Let A} be the number of good
tuples where ay, ..., a; are pairwise distinct. Let Ai be the number of remaining good tuples, namely
good tuples where [, ;_ ;< (@ —a;) =0. Then A; < A} + Al

Clearly A} =k!H(H —1) --- (H —k+1) (since when the a; are all different for 1 <i < k, condition (1)

implies that (agy1, ..., ax) is a permutation of (ay, ..., ax); and conversely, when (ag+1, ..., ax) is a
permutation of (ay, ..., ax), both (1) and (2) hold). Furthermore, A; > > Aj.

On the other hand, A} < (kf’l) - (k — 1)k (since if [Ticicj<i (@i —aj) =0, then {ay, ..., ax} must lie
in some (k — 1)-element subset S C (x, x + H], and then condition (1) implies that each of ay, . .., ay is

an element of S).
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We now know A* = k!H* + Oy (H*~ ') and AT < H*'. So A12 > At > k'H* — O((H*), and
Al S A+ AT <KIHY 4 O (HF). O

Given integers x, x2, H > 1, let I; = (x;, x; + H] for j € {1, 2}. We are now ready to estimate the
size of the set

2

) ko p2k .
{(n1,n2, ... nosmy,ma, .. mop) €17 X I ing - -ngmy -« - myg =nggq - NogMpgr -+ - Mok ). (3-4)

Lemma 3.7. Fix an integer k > 1; let Cy be as in Lemma 3.5. Let X, H be large integers with H :=
H(X) - +o00as X — +o0. Suppose H < X (log X) 2%, Then in expectation over x1, x» € [X], the size
of the set (3-4) is k"> H** + 0x_, 1 oo (H).

Proof. We roughly follow the proof from Section 2 of Theorem 1.3; however, the present situation is
more complicated in some aspects, which we address using some new symmetry tricks.
First, let T}* (I, I>) be the subset of (3-4) satisfying the following conditions:

(1) Ifu € {mg1,...,my}, thenu € {my, ..., my}.
2) fue{my,...,me},thenu € {mpy1, ..., mo}.
(3) If u € {ngy1,...,no}, thenu € {ny, ..., ng}.
4) fue{ny,...,ng}, thenu € {ngy1, ..., ny}.

In the notation of Lemma 3.6, applied with a = m and a = n (separately), we have #T;* (1, I,) >
Ara(x1, H)A12(x2, H) and #T)7 (11, [) < A1 (x1, H) A1 (x2, H), so

#T2 (11, L) = (KUHY + O (H 1) = k12 H* + O (H* 7). (3-5)

In general, given an element n € / 12" X 122k of (3-4), let U be the set of integers u that violate at least
one of the conditions (1)—(4) above. Then n € T)* (1, ) if and only if ¢/ = @. This simple observation
will help us estimate the size of (3-4).

Let N} (11, I7) be the subset of (3-4) satisfying the following conditions:

(1) ny ¢ {n1, ..., ng}. (This implies, but is not equivalent to, ny;, € U.)
(2) If u e U, then o (1) < Tor (M21).

Then (3-4) has size at least #T} (11, I7) and we claim that (3-4) has size at most
<HTY (L, L) + 2k -#N; (1, ) + 2k - #N; (I, 1)).

First note that for each element n of (3-4) lying outside of 7;*(Iy, I7), there exist v € U and (a, b, ¢) €
{m,n} x {0, k} x [k], with 1o (v) = max,ey Tox (1), such that ap = v and apyc & {ag—p)+i i € [k]};
the existence of v with 7o (v) = max, ¢y Tor (1) follows from the fact that i/ # &, and the existence of
(a, b, c) then follows from the definition of ¢/. The claim then follows from the definitions of N; (/1 I2)
and N; (12, I1), upon summing over all possibilities for a, b, c.
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It follows that in expectation over x1, x» € [X], the size of (3-4) is

Ex o #T7 (I1, I2) + O (2k - Eyy ., #N{ (11, I2)). (3-6)

The projection 112/‘ ><122k Sy, ...,nomy,...,my)—> (..., 0, M, ..., M, M) € Ilkxlé‘ x Iy,
ie., “forgetting” nyy1, ..., nog—1, Myy1, ..., My, defines a map 7 from N[ (I, I») to the set

Di(I1, L) :={(ny,...,ng;my, ..., mg; nog) ellkxlé‘xll Mo |y ngmy - omy, nog €{nyq, ..., nill.

We now bound the fibers of 7. Suppose (ny,...,nxu;mi,...,my) € Ny(I1, ). Let §| ;= {i €

{k+1,...,2k}:n; ¢Uyand Sy :={j e {k+1,...,2k}:m; ¢ U}, and let

nl-.-nkml-.-mk
nieS| n; HjeSz m;

ielkt1,... . 2k\S1  jelk+1,....2k0\ S,

Then the following hold:
e ni€f{ny,...,n}foralli € S,andm; € {my,...,my} forall j € S,.
e zdependsonly onny, ..., ng, my, ..., my, (nj)ies,, (M;)jes,-

o Tok—|8)1—181(2) < Tk (2) < Tk (nox)?*~1511=1521 " (The upper bound on 72 (z) arises as follows: since z
is the product of 2k —|S1|—|S2| elements u; of U, we have an upper bound < H1<l<2k7|51 I—|5,] T2k (up),

which is < Hl<l<2k—|51|—\Sz| Tok (n2k).)

Therefore, the fiber of 7 over (ny, ..., ng; my, ..., my; ny) € Di(1y, I7) has size at most
1S1] 7,182 2k—|S1|—|52| 2k, 2k—1
Z kP kP Top (nog) el = Z ; k't (no) ™, (3-7)
81,8 C{k+1,...,2k}) 0<I<2k

where each S; (1 < ¢ < 2) runs through all possible subsets of {k+ 1, ..., 2k}.
The right-hand side of (3-7) equals (k + 1o (n2)) % < (k + D 1or (nax) %, so upon summing over
(n1,...,ng;my, ..., my; ny) € Di(Iy, I), we conclude that

#NF (I, 1) < (k+ 1D > ok (o)™ (3-8)

(M1 5eesnigsmy,.,mysnog)EDE (11, 12)

We use (3-8) to bound E.,#N; (11, I>). Note that if (ny, ..., ng; my, ..., my; ny) € Dy(I, I) and
y :=ny (so that in particular, m; —x, € [H] and n; —y e [— H, H]\{0} for all i € [k]), then y € (x1, x|+ H]
and

(xo,my —x2,...,mg— X2, N1 —Y,...,0—y) € By (X, H; y),
in the notation of Lemma 3.3. Therefore, summing (3-8) over x, € [ X] gives the inequality

X -E#Ni(I h)= Y #N;(h D)< Y ()™ |Bu(X, Hs ).
x2€[X] ye(xy,x1+H]
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We next apply Lemma 3.3 to give an upper bound on | B; (X, H; y)|, which leads to

X-E#N (L D) <k Y (WX OH)™ - n()w ()’ - O(1+ X/ rade (y)).
yex,x1+H]

Average over x| by using Lemma 3.5, to get
Ex o #N; (I, ) <k O(H)™ - H - X~ (log X)%. (3-9)

This is < H*(log X)~% in our range of H. By (3-5) and (3-9), quantity (3-6) is k1> H* 4+ Ox (H*~ 1)+
Oy (H?* (log X)~%). Lemma 3.7 follows. U

Proof of Theorem 1.6. Assume A is large and H < X (log X)~ ¢, where C; = AKA%Y Let € := 10, so
that the quantity E (k) = 2k* 4 2 in Theorem 1.3 satisfies

E(k) <ACK*, E(k+0)<5Ck* forall 1 <e<k—1. (3-10)
(This is just for uniform notational convenience.)
(a) We prove (1-5), a bound on the quantity
Ef(Ex| A (f, 0 = k1P, (3-11)
where Ay (f, x) is defined as in (1-1). By expanding the square, we can rewrite (3-11) as
Ep(EclAn(f, x) 1V — 2KIE ;B |Ap (f, x) %% 4+ k12 (3-12)
The subtracted term in (3-12) can be computed by switching the summation: it equals
—2K\EEf|Ap(f, X)) (3-13)

We estimate (3-13) by a combination of trivial bounds (based on the divisor bound (2-1)) and the moment

estimate in Theorem 1.3. We split the sum E E¢|Ag (f, x)|*

and (3-10), to get that X - E.E s|Apy (f, x)|** equals

into two ranges, and apply Theorem 1.3

Yo Elan(ioP+ Y EfAn(fol

1<x<H (log X)5Ck2 H(log X)5CK <x <X
- 3 O((log X)*¥) + Y K+ 0((og X)"Y).
1<x< H (log X)5CK* H(log X)5CK <x <X

Upon summing over both ranges of x above, it follows that E,E¢|Ag (f, x) | = k! + 0x— 100 (1) in the
given range of H (provided A is large enough that Cy > 10Ck?).

We next focus on the first term in (3-12). We expand out the expression and switch the expectations to
get that the first term in (3-12) is

EEnErlAn(f, x)*|An (f, x2) 1% (3-14)
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Now we use orthogonality and apply Lemma 3.7 to see that (3-14) is k!> + 0x_, 100 (1) in the given range

of H (if A is sufficiently large). Combining the above together, (1-5) follows.
(b) We prove (1-6), a bound on the quantity (in the notation A g (f, x) from (1-1))

EAlELAn(f, ) An (£ 0P =X )" Bu(xi, x), (3-15)

x1,x2€[X]

where 1 <€ <k—1and By (x1, x2) :=EfAp(f, xl)kAH(f, x) AL (f, x) Ay (f, x2)¢. This is the same
as counting solutions to
NN -« M MM - - Mg = Agy | Ngq2 =+ Mg - Mgy 1My - - Mgy, (3-16)

where x| <n; <x1+ H and xp <m; < xp+ H forall 1 <i <k+ €. Suppose that x; > x;. The left-hand

side in (3-16) is

NNy« Ng-mmy---My >xlfx§,

while the right-hand side in (3-16) is

ket
M1 g2 =+ Mg - Mg 1 Mg - - Mg < (X1 + H) (x2+H)k<X1X2(1+ )

To make them equal, we must have

_ 2%
x1/x < (x1/x)F 7t < (H—%)

which implies that (under the assumption Hk = o(x3))
X2 <x1<x+ OkH).
From now on, we only need to consider two cases:
(1) min(xy, x2) < kH.
(2) |x1 —x2| = O(kH).
We first deal with case (1): min(x;, x2) < kH. By the Cauchy—Schwarz inequality,
1B (x1, x2) > <k (Bl An (fox) PEYD) - € p A (f, x2)PE9).

Theorem 1.3 and (3-10) imply that By (x1, x2) < (log X )5Ck2. So the contribution to (3-15) over all pairs
(x1, x2) with min{x;, x2} < H is at most < 1/(log X)S~19Ck* ' which is 0x_ +00(1) by our choice of Cy.

We next deal with case (2): [x; —x2| = O(kH). Assume x; < x;. Then all the variables m;, n; are in
[x2, x1 + H], so by Theorem 1.3 and (3-10), the contribution in this case to (3-16) over xp, x, is at most

< XH(log X)10c1<2 -Hk+e(10g X)5Ck2 < Xz(log X)lscszck Lk — x2 -Ox_>+oo(HkH),

by our choice of Cy. After dividing by X?H***, we see that the total contribution to (3-15) in this case
is 0x— oo (1).
Combining the two cases above, we obtain the desired (1-6). [l
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4. Concluding remarks

Recall the exponent E’(k) defined after Theorem 1.3. As we mentioned before, Theorem 1.3 implies
E’'(k) < E(k) =2k +2, and the truth may be that E’(k) grows linearly in k. The method used in [de la
Breteche 2001b; Harper et al. 2015; Heap and Lindqvist 2016] may help to extend Theorem 1.3, i.e.,
to improve on the bound E’(k) < E (k). Alternatively, one might try to improve on Theorem 1.3 via
Hooley’s A-function technique [1979]; note that (x, x + H] C (x, ex] if H < x.

The true threshold in the problem studied in Theorem 1.2 is more delicate. A closely related problem
is to understand for what range of H, as X — +o0, the following holds:

1 d
ﬁX«gﬂ»H

where f is a Steinhaus random multiplicative function over the short interval (X, X 4 H]. In contrast to the
problem we studied in this paper, X is first fixed in (4-1) and the random multiplicative function f varies.
For this question, it is known that [Soundararajan and Xu 2022] if H — +o0c and H < X /(log X)?!0g2~1+¢,
then such a central limit theorem holds. In the other direction, by using Harper’s remarkable results and
methods [2020] one may be able to show that

1
Ef‘ﬁ > fm

X<n<X+H

= 0xopoo(l), if H>> 4-2)

exp((loglog X)1727¢)”

see [Soundararajan and Xu 2022] for more discussions. Thus, in the above range of H, the v/H-
normalized partial sums do not have Gaussian limiting distribution. It would be interesting to know if
another choice of normalization would lead to a Gaussian distribution. Now we return to the question
we studied in Theorem 1.2. We established “typical Gaussian behavior” over a range of the form
H <« X/(log X)V™®) = X/(exp(W(X) loglog X)) (where H — +00). It seems that to extend the range
of H so that such a Gaussian behavior holds, significant new ideas would be needed. It would be
interesting to understand the whole story for all ranges of H, for both the question studied in Theorem 1.2
and that in (4-1).
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