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Subconvexity bound for GL(3) x GL(2) L-functions:
Hybrid level aspect

Sumit Kumar, Ritabrata Munshi and Saurabh Kumar Singh

Let F be a GL(3) Hecke—Maass cusp form of prime level P; and let f be a GL(2) Hecke—Maass cuspform
of prime level P,. We will prove a subconvex bound for the GL(3) x GL(2) Rankin—Selberg L-function
L(s, F x f) in the level aspect for certain ranges of the parameters P, and P;.

1. Introduction

In this paper we continue our study of the subconvexity problem for the degree six GL(3) x GL(2)
Rankin—Selberg L-functions using the delta symbol approach [Munshi 2018]. In the first paper on this
theme Munshi [2022] established subconvex bounds in the 7-aspect for these L-functions. Since then the
method has been extended by Kumar and Singh together with Sharma and Mallesham (see [Kumar 2023;
Kumar et al. 2020; 2022; Sharma and Sawin 2022]), to produce various instances of subconvexity in the
spectral aspect and twist aspect. Indeed the delta symbol approach has worked quite well in the ¢-aspect
and the spectral aspect. However its effectiveness and adaptability in the more arithmetic problem of level
aspect remains a point of deliberation. In particular, it seems that new inputs are required to tackle the
level aspect problem for such L-functions, especially when one of the forms is kept fixed and the level of
the other varies. However, as was shown in the lower rank case of Rankin—Selberg convolution of two
GL(2) forms [Holowinsky and Munshi 2013], the problem can be more tractable when both the forms
vary in certain relative range. The aim of the present paper is to prove such a result for GL(3) x GL(2)
Rankin—-Selberg convolution.

Theorem 1. Let Py and P, be two distinct primes. Let F be a Hecke—Maass cusp form for the congruence
subgroup U'o(Py) of SL(3, Z) with trivial nebentypus. Let f be a holomorphic or Maass cusp form for
the congruence subgroup U'g(P>) of SL(2, Z) with trivial nebentypus. Let Q = P12 P23 be the arithmetic
conductor of the Rankin—Selberg convolution of the above two forms. Then we have

pl/4 plss
1 1/4+e [ 11 2

L(3. Fx f) < QY 8( 8T 1/4>'
Py Py
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Note that the convexity bound is given by Q!/4*¢. Thus the above bound is subconvex in the range
Pt <P <P

This provides the first instance of a subconvex bound in the level aspect for a degree six L-function which

is not a character twist of a fixed L-function. The bound is strongest when P; and P, are roughly of same

size P & P,, in which case Theorem 1 gives

L(% Fxf)< Ql/4-1/40+¢

The exponent ‘—1‘ — % appears in other contexts as well and it seems to be the limit of the delta symbol
approach. We also note that our proof with some suitable modifications works even in the case of
composite levels P; and P,. But to keep the exposition simple and clean we will only give full details for
the case of prime levels.

For a detailed introduction to automorphic forms on higher rank groups and for basic analytic properties
of Rankin—Selberg convolution L-functions we refer the readers to Goldfeld’s book [2006]. Our treatment
will be at the level of L-functions, and the Voronoi summation formulae for GL(2) and GL(3) are the only
input that we need from the theory of automorphic forms. For a broader introduction to the subconvexity
problem and its applications we refer the readers to [Michel 2007; Munshi 2018].

Historically the level aspect subconvexity problem has proved to be more challenging compared to the
spectral aspect or the f-aspect, regardless of the method adopted. Indeed Weyl shift is all one needs to
prove the t-aspect subconvexity for ¢ (s); see [Weyl 1921]. Whereas Burgess had to nontrivially extend
Weyl’s ideas and had to invoke Riemann hypothesis for curves over finite fields, to obtain the first level
aspect subconvexity result L(%, X) & q%/16%¢; see [Burgess 1963]. In the 1990s Duke, Friedlander
and Iwaniec [Duke et al. 1993; 1994; 2000] used the amplification technique to obtain the level aspect
subconvexity for GL(2) L-functions. The amplification method was extended by Kowalski, Michel and
Vanderkam [Kowalski et al. 2002] to Rankin—Selberg convolutions GL(2) x GL(2). Venkatesh [2010]
used ergodic theory to study orbital integrals, and thus obtained level aspect subconvex bounds for triple
products GL(2) x GL(2) x GL(2), where two forms are fixed and one varies. A similar technique was also
adopted by Michel and Venkatesh [2010] for GL(2) x GL(2) L-functions over any number fields. The
level aspect subconvexity problem for any genuine GL(d) L-function with d > 2 remains an important
open problem.

Our interest in the subconvexity problem for GL(3) x GL(2) Rankin—Selberg convolution is kindled
by two factors. First there is a structural advantage which makes the GL(n) x GL(n — 1) L-functions a
suitable candidate for analytic number theoretic exploration. Indeed the case of n = 2 has been extensively
studied in the literature, as we will see below, and we want to extend to the next level n = 3. Secondly,
GL(3) x GL(2) Rankin—Selberg convolutions appear in important applications, like the quantum unique
ergodicity, and so it is important to analyze different aspects of the subconvexity problem for these
L-functions with the aim of developing techniques that will eventually work in the required scenarios,
e.g., spectral aspect subconvexity for symmetric square L-functions. Finally, let us also stress, that we are
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motivated to explore the scope of the delta symbol approach to subconvexity and other related problems.
After initial success of Munshi [2018], the method has been extended, simplified and generalized by several
researchers, e.g., see [Holowinsky and Nelson 2018; Aggarwal 2020; Aggarwal et al. 2020a; 2020b;
Kowalski et al. 2020; Kumar 2023; Munshi and Singh 2019; Sharma and Sawin 2022; Lin et al. 2023].

The twists of GL(2) L-functions by Dirichlet characters, or in other words GL(2) x GL(1) L-functions
have been studied extensively in the literature, ever since the breakthrough work of Duke, Friedlander
and Iwaniec [1993]. Hybrid subconvexity have also been studied for these L-functions. Since this is the
lower rank analogue of the L-function we are investigating in this paper, we briefly recall some results in
this basic case. Let f be a GL(2) new form of level P, and let x be a primitive Dirichlet character of
modulus P3. Suppose (P>, P3) =1,then Q= P, P32 is the arithmetic conductor of L(%, f® X)- Different
methods are now available to prove hybrid subconvexity bound, when the levels of forms vary in a relative
range, say P, ~ P3". Blomer and Harcos [2008] used amplification technique to prove

L(%, f® X) < Q1/4+6(Q—1/(8(2+77)) + Q—l—n/(4(2+'7)))
for 0 < n < 1. Aggarwal, Jo and Nowland [Aggarwal et al. 2018] used classical delta method to prove
L(%, e X) < Q1/4—(2—577)/(20(2+77))+6

for0<n < % Computing the average of the second moment of L(% f® X) over a family of forms, Hou
and Chen [2019] extended the range of n to 0 < n < % — 0, where 6 is any admissible exponent towards
the Petersson—Ramanujan conjecture for the Fourier coefficients. Currently, the result of Hou and Chen

P33 / 2_5, but it falls short of the Burgess bound. In a recent work, Khan

yields the widest range P, <
[2021] not only extended the range of P,, but also obtained the Weyl bound in the case of P, ~ P3;. By

computing the second moment over a family of G L(2) forms, Khan proved, in the range Pz > le / 2, that

S LG F@x) ke O (P2 + Py,
feB;(P)

where B[ (P) denote a basis of holomorphic newforms of level P, and weight k, and Q = P, P32. Recently,
during an AIM workshop “Delta symbol and subconvexity”, the first and the third author used the delta
symbol approach to prove

v PP3
min{y/P2, v/P3}’

L(3, f®X) < Q°
This is of same strength as [Khan 2021].

2. The set-up

Let F and f be as in Theorem 1. We will denote the normalized Fourier coefficients of f by A r(n), and
that of F' by Ar(n, r). The Rankin—Selberg convolution is given by the absolutely converging Dirichlet
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series

A A
L(s,Fx f)= Z Z F(’Zn:l)sf(n)
n,r=1

in the right half plane Re(s) = o > 1. Here it is also given by a degree six Euler product. This function ex-

tends to an entire function and satisfies a functional equation of Riemann type. It is known that this Rankin—
Selberg convolution is the standard L-function of a GL(6) automorphic form [Kim and Shahidi 2002].

2A. Approximate functional equation. The functional equation gives an expression of the central value
L (%, Fxf ) in terms of rapidly decaying series, the so called approximate functional equation [Iwaniec and
Kowalski 2004, Theorem 5.3]. Taking a smooth dyadic subdivision of this expression we get the following.

Lemma 2.1. Let Q = P12 P23 be the arithmetic conductor attached to the L-function L(% Fxf ) Then,

as Q — 00, we have

S, (N
L3L.Fxf)<e > 1 | ](,(I/ZN +97, (1)
re<QUtzes  N=QU2re/r?
where S, (N) is a sum of the form
> n
S (N) =) Ar(n, r)xf(n)v(ﬁ), (2)
n=1

for some smooth function V supported in [1, 2] and satisfying VY (x) <« i L

This is the usual starting point of the delta symbol approach. Thus, to get subconvexity, it is enough to
get some cancellation in the sum

oo
S;(NY = hr(n, r)xp(m)V (n/N),
n=1
for N near the generic range N < Q'/2.

2B. Delta symbol. Next we separate the oscillations involved in S, (). For this we will use a Fourier
expansion of the Kronecker delta symbol. For any Q > 1 one has

5(n) = ( )/g(w)e(ﬂ) dx,
1<§<:Q amXO;iq R q0

where g(g, x) is a smooth function of x satisfying

g(q.x)=1+h(g.x), withh(g.x)=0(2(%+1x))").

9xJ
2(q.x) < |x|75, 3)

'ig(q x) K longm{ Q |1|}
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for any B > 1 and j > 1. (Here e(z) = e?™i2 ) This expansion of § is due to Duke, Friedlander and
Iwaniec, and one can find details of this in [Iwaniec and Kowalski 2004]. Using the third property of
g(q, x), we observe that the effective range of the integration over x is [—Q°¢, Q¢]. Also it follows that if
g < 0'7fand x « Q7% then g(gq, x) can be replaced by 1 at the cost of a negligible error term. In the

complimentary range, using second property, we have
Y .
8_Jg (g, %) K QO°.

Finally as in [Munshi 2022], by Parseval and Cauchy, we get
[ deta. 1+ lgt@.nPrar < 0,
R

i.e., g(g, x) has average size “one” in the L' and L? sense. Applying this expansion and choosing
Q0 = N2, we get

oo

S{(N) =D "> ap(n, 1A m)V(n/NYW(m/N)S(n —m)

m,n=1

5 (5)(5a) ()

Ap(n, r)e VI —

RI;Q amXO;ian; q0Q N
Srm (Mo o

2C. Ideas behind the proof. In this section, we will discuss the method and present a sketch of the proof.
For simplicity, let’s consider the generic case, i.e., N =,/ P12P23, r=1and g < Q =+/N. Thus S,(N) in

(4) looks like
- E E E Ar(n, 1)e< > E Af(m)e< >
2 m~N

q~Qa mod g n~N

On applying GL(3) Voronoi to the n-sum, the dual length becomes

. Conductor Q3 P

— PN/
" Initial Length N ’

and we save
Initial Length N

+/Conductor Q3/2P11/2‘

Next we apply GL(2) Voronoi formula to the sum over m. In this case, the dual length (generic) is given
by
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and we save N/(Q+/P>) in this step. The resulting character sum is given by

* — . m*C_lP_Q W(le’l*
S SCaPin e S i)
q q

a mod g

This reduction of the character sum into an additive character with respect to the GL(3) variable n* drives
the rest of the argument. We save +/Q from the sum over a. Hence, in total, we have saved

N N vo=—2
X X = ——.
Q3/2P11/2 oV P, PPy

In the next step, we apply Cauchy’s inequality to the n*-sum in the following resulting expression:

Z Z ap(n, 1) Z kf(m) ( lm*Pzn )

q~Q p*~P\/N m*~pP,

After Cauchy, we arrive at

(PMN)W( >

n*NPlx/N

2>1/2

in which we seek to save 4/ P; P> and a little more. In the final step, we apply Poisson summation formula
1/2

' P1_m*P2n*
5, 5, oee(PE2)

qg~Q m*~P,

to the n*-sum. In the zero frequency(n* = 0), we save (Q P») '/~ which is sufficient provided

(OPH)'? > (PP)/? = 0> P P23/2 > Py.

In the nonzero frequency, we save (P; VN /v 02)1/2, From the additive character inside the modulus,
which arises due to a specific feature of GL(3) x GL(2) L-functions, we also save 4/Q. Thus we save
(Pi~/N)'/2, which is sufficient if

(PIVN)'2 > (P P)1? = P, > Pl/2

Hence, we obtain subconvexity in the range PZ] 2 < P < P23 2, Optimal saving, from Poisson, can be
chosen by taking the minimum of the zero and nonzero frequencies savings. Hence

NP P, B N

S(N) < =
) min{/OP,, VPi~/N} min{N/4/P!/> N/4/p)/?}

and consequently
2 p3\1/4
] (P{P5)
L(E’Fxf) < 3/8/P1/4 1/4/P1/8}

min{ P

which is best possible when P; < P,(:= P) and P; # P,. In this case we get

L(%, F x f) < (P5)1/4_1/40+6.
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3. Voronoi summation formula

Our next step involves applications of summation formulas.

3A. GL(3) Voronoi. In this section, we analyze the sum over n using GL(3) Voronoi summation formula.
The following Lemma, except for the notations, is taken from [Zhou 2018]. Let F be a Hecke—Maass
cusp form of type (vy, vp) for the congruent subgroup I'g(P;) of SL(3, Z) with the trivial character. The
Fourier coefficients of F and that of its dual F are related by

Ap(r,n) =Ap(n,r),
for (nr, P;) = 1. Let
aj=—-vi—2vu+lLay=—vi+v,a3=2v+1,—-1

be the Langlands parameters for F'; see [Goldfeld 2006] for more details. Let g be a compactly supported
smooth function on (0, c0) and g(s) = fooo g(x)xs*1 dx be its Mellin transform. For £ = 0 and 1, we
define

—35—3/2 X
) 1/24s T M'(d+s+ai+6)/2)
7e(s) i=i'e(F)P| ol | BTy

i=1
with |e(F)| = 1. Set y+(s) = pp(s) F y1(s) and let

1 7.[—33‘—3/2 .
Hi(y) = %/( )y*STyi(s)g(—s) ds,

where o > —1 + max{— Re(a), — Re(@2), — Re(a3)}. Let G1(y) = P,/* Ha(y/P1). With the aid of the
above terminology, we now state the GL(3) Voronoi summation formula in the following lemma.

Lemma 3.1. Let g(x) and Lg(n,r) be as above. Let a,q € Z with q > 0, (a, q) = 1, and let a be the

multiplicative inverse of a modulo q. Suppose (qr, P1) = 1. Then we have

00 00 2
an Ap(ng, ny) - niny
pr(n,r)e(—>g(n> =gy > > uS(mPI,inz;w/nl)Gi( L )
n=1 q F o0 lqrm—1 2 a-r
11gqrn2
where S(a, b; q) is the Kloosterman sum which is defined as
* bx
Sabig)=Y e<“x+ x).
x mod g 4

Proof. See [Zhou 2018] for the proof. O

To apply Lemma 3.1 in our setup, we need to extract the oscillations of the integral transform. To this
end, we state the following lemma.
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Lemma 3.2. Let g be supported in the interval [ X, 2X] and let Hy be defined as above. Then for any
fixed integer K > 1 and x X > 1, we have

o K ()3 3) - di (£)e(—3(xv)'/3
Hi(x) =x / g(y)zc,( Je(3(xy) ();;)j]/g Je(—3(xy)'73)

dy + O((xX) K273y,

where cj (%) and d (%) are some absolute constants depending on «;, fori =1, 2, 3.
Proof. See Lemma 6.1 of [Li 2009]. U

Plugging the leading term of Lemma 3.2 in Lemma 3.1 and using the resulting expression in (4) we
see that the sum over n gets transformed into

1/3 Ap(ni,ng) o =
1/6 273 Z Z / Z 1/3 —— 5 Sraby, £ny; qr/n)I(-), 5)
nylqr np=1
where X .
o0 Nxz | 3(Nninyz
Z(')z/ V(z)e( + ( 1/3 22) )dz
0 qQ gri/3
We observe that, using integration by parts repeatedly, the above integral is negligibly small if

P, Q3%r
N

niny > NVNPir = N =: Np.

In the case when Pj | gr, an appropriate Voronoi summation from [Zhou 2018] can still be used. In
fact it turns out that our analysis in this paper still goes through with slight modification and the final
bound is even better. As such we proceed to present our analysis only in the coprime case.

3B. GL(2) Voronoi. In this section, we dualize the sum over m using GL(2) Voronoi summation formula.

Lemma 3.3. Let f € Hi(P>) be a holomorphic Hecke cuspform with Fourier coefficients A r(n) and
trivial nebentypus. Let a and q be integers with (aP,, q) = 1. Let g be a compactly supported smooth

bump function on R. Then we have
(o.¢] [o.¢] -
—am I ns(Pp) maPp m
A (m)E( )g(n) =— A (M)e< >H<—) (6)
,,; ! q VP ; ! q Pg?

where aa =1 (mod q), [ny(P2)| =1 and

H(y) = 2mit /O " (0 i (4 ) di,

where Ji_1 is the J-Bessel function and k is the weight of f.
Proof. See the appendix of [Kowalski et al. 2002]. 0

Extracting the oscillations of J;_1,

Ji—12rx) = e(x) Wi—1 (x) + e(—x) W1 (x),
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with ‘
djj i—1(x) Kk 1/4/x,
we see that H (y) can be essentially replaced by

k

2 o0
H(y):% /0 g1(0)e(£2/x7) dx,

in our analysis, where g is the new weight function which has compact support and x/ gij )(x) < 1,
Jj = 0. Applying the above lemma, the sum over m in (4) reduces to

3/4 e aP, o0 -
N nf(pz)z)\f?/q:)e(mapz)/ W(y)e( ny>€(i2~/11\gn )dy. (7)
q 0

1/4
PZ/ \/6_1 m=1 m qQ qP

Notice the abuse of notation: the weight function W is different from the one in (4). Using stationary

phase analysis we observe that the above integral is negligibly small unless

2
P
m <« N€P, _NGQN2 = M,.

Again we will ignore the degenerate case where P, | g and proceed with the analysis of the generic
case. Indeed our analysis works in the degenerate case as well, and the bound that we obtain is even
better (as one will expect).

Now plugging (5) and (7) in (4), we arrive at

Ny (P Ap(ni, Ay
1) Z 5/222 n)"? Z p(n11/3n2) Z ,:157:)0(')3(-), 8)

1/6 p1/4 5 2/3
Pl P2 or 1§qSQ £ nlgr ny<&No/n? n, m<&My

where the integral transform is given by

o0 0 N _ 2./N 3 N 2 1/3
3(')=/W(x)g(q,x)f W(y)/ V(z)e( Haoy) 2R ( l’j}”“) )dzdydx,
R 0 0 C]Q qP, P Pqr'/3

and the character sum is given by

C(ye= Y SGraPy, +n; qr/nl)e(

* an

Berai) X )

qr/m
a mod g dlq o mod gr/nj
Pinja=—mP; modd

4. Cauchy and Poisson

4A. Cauchy inequality. Now we apply Cauchy’s inequality to the n,-sum in (8). To this end, we split
the sum over ¢ into dyadic blocks g «~~ C and further writing ¢ = g1q> with gy | (n;r)*>°, (n1r,q2) =1,



486 Sumit Kumar, Ritabrata Munshi and Saurabh Kumar Singh

we see that S, (V) is bounded by

N17/12 5
Z Z n}/3 Z Z |F(n11/3n2)|

Sup /4 p 1/6
2/3(°5)2
C<<Q P Q C <C (,lr;,r)lqll(nlr)oc I12<<N()/Vl 2

ooy ff/4)6( )3 )' ©)

G2-C/q1 m&Mo

()11 r)

On applying the Cauchy’s inequality to the n>-sum we arrive at

N17/12

1/3 1/2
5 (N) < Sup P1/4P1/6Q 2/3C5/2 Z Z ® Z \/5, (10)
i <C Giplalmir

where ,

|AF(ny, ny)l
®= Z 2/3 ’ (1D)

n2<<No/n% n
and

(12)

YT X e

ny&No/n? q2~C/q1 m&Mo

4B. Poisson. We now apply the Poisson summation formula to the n-sum in (12). To this end, we
smooth out the ny-sum, i.e., we plug in an appropriate smooth bump function, say, W. Opening the
absolute value square, we get

Q=22 2.2, M(Z%;%) >3 W<N:/2n%>c(-)5(-)3(-)5(').

92,95~C/q1 m.m'<Mo nyez

Reducing n, modulo g1g2q5r/ny := vy, and using the change of variable
ny > maqiqaqyr/ni+ B, with 0 < B < qig2q5r/n1,
followed by the Poisson summation formula, we arrive at

Q—-EZZIEZEZAT$2§%)§Z Y Ce)HT, (13)

42,45~C /gy m,m' <KMo n2€Z B mod y

7= (5

where

>J( YI(-)e(—naw) dw.
Now changing the variable

wy + B
= w
No/n%

j::Nb Cmﬂ)/xvmmK)J()(—££@E>dw
1)/ nly

we arrive at
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Plugging this back in (13), and executing the sum over 8, we arrive at

_ M Ay (m)Ay(m”)
w LY LY o e (14)

92,9y~C/q1 m,m’' KMo n2€Z
where
, * *
=Y Sau(P)u(%) X > as)
dlq o mod gr/n; a’ mod q¢'r/n;
d\q' Pinja=—mP; mod dPn a'=—Pym’ mod d’
+dq, Fa@'qa=—nz mod q192q57r/n1
and
— —nyNow
:f W(w)ﬁ(-)ﬁ(-)e(z—o,) dw. (16)
R niqi1q249,r

On applying integration by parts, we see that the above integral is negligibly small if

n r
. >2 191929, — N, a7
g No
5. Bounding the integral

In this section we will analyze the integral Z given in (16). Recall that the integral J(-) is given by

00 e _ 2 1/3
3(.):/W(x>g(q,x)/ W(y)/ V(z)e(Nx(Z Y 4 VNI’/"; i3(N1]/\20wZ) )dzdydx. (18)
R 0 0 q0 qP, P, qr!/3

Let’s first focus on x-integral, i.e.,

/ Wi(x)g(q, x)e(w) dx
R q0Q

In the case, ¢ < Q'¢, we split the above integral as follows:

(/ +/ )W(x)g(q, x)e(w) dx.
lxl<g—  Jix»0-e q0

For the first part, we can replace g(gq, x) by 1 at the cost of a negligible error term (see (3)) so that we

/ W(x)e(M) dx.
lx|<Q—* q0Q

Using integration by parts, we observe that the above integral is negligibly small unless

essentially have

q
|z —y| < =0°.
0

For the second part, using g/ (g, x) <« Q¢, we get the restriction |z — y| < % Q€. In the other case, i.e.,
g > Q'7¢, the condition |z — y| < %QE is trivially true. Now we write z as z = y +u, with |u| < %Qe.
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Thus the integral J(-) up to a negligible error term is given by

©© N
/ W()g(q. x) f / V<y+u)W<y>e( ”‘)
R 0 Jul«qoe/0 Q

2/Nmy 3(NNow(y +u))l/3
xe|l+ 12 173,
qP, P Pgri/3

) dudydx. (19)

Now we consider the y-integral

2 /Nmy 3(NNow(y+u))‘/3
AV(y+M)W(Y)€< qu/z P1/3 173 )d

1/3

Expanding (y + u)"/° into the Taylor series

u2

u
3y2/3 - 9y5/3

(y+u)3 =y ¢ T

we observe that it is enough to consider only the leading term as

3(NNo)'?  u Qu

L — K 0"
P Pqri3 3y’ 7 q
Thus we are required to analyze the integral
VNmy = 3(NNywy)'/3
I_/W( )e ( 1/2 + 7 dy. (20)
P/ gr'/3

By stationary phase analysis we see that the integral is negligibly small unless

2/Nm _3(NNg)'®* 0
qu/Z = P11/3qr]/3 q :

Thus the above integral is negligibly small unless m ~ Mg (with My as in Section 3B), in which case the
above y-integral is bounded by

i
N3

Hence, executing the remaining integrals trivially, and using

I <

/ng(q,x)l dx <« QF,

we see that J is bounded by
IC) < g0,

On substituting this bound in (16), we get
I<q%/0°. 1)

We record the above discussion in the following lemma.
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Lemma 5.1. Let I, J(-) and T be as in (20), (18) and (16) respectively. Then we have

i

N I <10, and T<q%/0°.

I«

6. Character sums

In this section, we will estimate the character sum € given in (15),

/ * *
=Y Yaru()u(f) X >
d
d|q a mod gr/n; o modq r/ny
d\q Pinja=—mP> mod dPnjo’=—Pym’ mod d’
+a@q;Fa'qa=—n2 mod q1q2q5r/n1

In the case, ny = 0, the congruence condition

+aq; Fa'qx =0 mod q192g5r/n

implies that g» = ¢} and o = o’. So we can bound the character sum € as

ck Y > ad 3 1< Y dd
d,d |q o mod gr/n; d,d |q

P1n1a=—mP2 mod d (dd)l(m m)
Pinja=—P,m’ modd’

For ny # 0, we have the following lemma.

Lemma 6.1. Let € be as in (15). Then, for ny # 0, we have

2
qlr(m7 n’l) /
L ——m dord,.
. 2.
da | (q2,n195Fmna P P2)

d} | (gh,n1gatm’ny Py Py)

Proof. Let’s recall from (15) that

/ * *
=Y Yaru()u(f) X >
d’
dlq a mod gr/n; a’ mod q'r/ny
d\|q Pinja=—mP, mod dPnjo’=—Pym’ mod d’

+dq)Fa@' gp=—ny mod q192g5r/ny
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(22)

(23)

Using the Chinese remainder theorem, we observe that ¢ can be dominated by a product of two sums

¢k eMWe® where

* *
Y ¥ad Y X
di.di | q1 B mod % B’ mod %
nip=—mP; P, mod diny'=—m' Py P, mod d,

:I:Eqéq:ﬁqz-i-anO mod g7 /ny
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and
* *
ey yer Y Y 1
d> | q2 B mod g> B’ mod q2
dy 1 q; n1B=—mPy P, mod doy, g'=—m’ P P, mod d;
+B¢,FB q2+12=0 mod q24)
In the second sum €@, since (n1, q2¢3) = 1, we get B = —mit; Py P, mod d, and B’ = —m'it; P, P,

mod dj. Now using the congruence modulo ¢2¢5, we conclude that

¢? « > dod}.

da | (q2.m1qyFmna P P2)
d; | (q},n1g2%m'ny Py Pr)

In the first sum €1, the congruence condition determines A’ uniquely in terms of 8, and hence

O3 Y aa YT 1k rai(m.m)

ni
dy.dy | q1 B mod gqr/ny
nlﬁzmele modd1

Hence we have the lemma. O

7. Zero frequency
In this section we will estimate the contribution of the zero frequency n, = 0 to €2 in (14), and thus

estimate its total contribution to S,(N). We have the following lemma.

Lemma 7.1. Let S, (N) be as in (10). The total contribution of the zero frequency ny = 0 to S,(N) is
dominated by O (r'/>?N3/4/Py).

Proof. On substituting bounds for Z and € from Lemma 5.1 and (23) respectively into (14), we see that
the contribution of n, = 0 to €2, is bounded by

< T 1/2 T2 @y ) dd) Y]
Q q2~C/qi d,d'|q m,m’'~M
d,d) | (m—m")
qz~C/q1 dd'|q
NOC5rM‘/2
————(C + Mp).

n3 Q3¢
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Upon substituting this bound for €2 in (10), we get

N17/12 . NoCS5r M. 1/2 1/2
/3 1/2 0
L) DD DICHCILIED DI Lt T
/305/2
c<o P, P Qr?3C T e T 0°q1
N17/12 N(;/zr‘/ZM(])M eL2 1
<= Yo s >, —=G0+VMy
/4 p1/6 o 23 3/2 2/3 T
Py Py Qr C i <C & (,,"11,)|q1|(nlr)°o o

N17/12 N1/2 1/2M01/4
< 1/4 1/6Q 23 032 \/> Z 7/6 \/(n1,
n

<C

("]~V)
Note that (as in [Munshi 2022]) we have
(n1,r)1/? 12 (”lla”) Ihr(ny, n2)* 7! 1/6
e Dl [ D3 SRR VY
n<LCr 1 n1<KLCr n ny<Ny
Using this bound, we see that the contribution of n, = 0 to S, (V) is bounded by

17/12 N1/2 1/2 pg /4

N 1/6 1/2 A73/4
S, (N) < 0 _JON,® «r'2N34/P, O
P21/4P11/6Qr2/3 Q%/Z

8. Nonzero frequencies

In this section we will estimate the contribution of the nonzero frequencies n> % 0 to €2 in (14). We have
the following lemma.

Lemma 8.1. Let S,(N) be as in (10). The total contribution of ny # 0, to S,(N) is dominated by

O(JrN*/P).

Proof. On plugging in the bounds for the character sums and the integrals from Lemmas 6.1 and 5.1
respectively into (14), we see that the contribution of n, # 0 to €2 (which we denote by €2.0) is bounded
by

q NQrC

R 2.2 2 d D ) ) (o).
M Q 9.9} ~% dglqg m,m’~Mo07#n, KN

d 14, n1q§$mn2P1}72£0 mod d;

niga£m’'ny Py P,=0 mod d},

Further writing g,d> in place of ¢, and ¢}d,, in place of g}, we arrive at

qlNorC
B Al DY @YY LYY @)
dz ds<C/q G~ m,m’~My0#n, KNy
‘126‘! nlqzdé;mnzPl P2_O mod d2

LIZ dé‘ll ’ D — /
niqadrEm'ny Py P,=0 mod d,
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Let’s first assume that Cny/q; << Mp. In this case, we count the number of m in the above expression as

follows:
M
> (m,n)=>) ¢ > I < d, m){mi+—= ).
m~Mo ¢l m~Mo)t 2
nighdsFmny Py P,=0 mod d» nigsdyFmny Py P,=0 mod d,

In the above estimate we have used the fact (d;, n1) = 1. Counting the number of m’ in a similar fashion
we get that the m-sum and m’-sum in (25) is dominated by

My My
(dy, n1q2da)(dy, n2) (”ll + d_> (1 + 7)

Now substituting the above bound in (25), we arrive at

q?>NorC? Mo
31 e 322@@22 > (dz,m@dz)(dz,nz)(nl+—)( +7)-
My 07 A<l qz~ﬁ O<ln2| <N2 ’

C

a0~
2 dé‘ll

Now summing over 1, and g5, we get the following expression:

g1 Nor N,C* M,
3M1/2Q3 ZZ d Z (dz’”IQZdZ)(”ll +—>( ‘|‘d—é .
s <C/q g

Next we sum over dﬁ to arrive at

q1Nor N2 C* NOerC C

Q dr<C/q1 qzwE

Finally executing the remaining sums, we get

qiNorN.C* C (Cn C
Qo K n 01/22 < ! +Mo)(—+M0)
031\ q1 q1

rc5 COnr { Cn C
& 7 + Mo ) =+ My
M,y Q3 @ a1 T

riCoOM; (1 rPC3Q M (1
3271/2 2 < 3271/2 2 :
0 M niqi 0 M niqi

Upon substituting this bound in place of €2 in (10), we arrive at

3/4

N17/12 rCS/ZM 131
/2
Sup 1/4Pl/6Q 2/3C5/2 \/_ Z Z n © Z

c P 2
+ A« wimlarleure /1191
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Note that (for details see [Munshi 2022])

1/3 172 1 (ny,r)'/? 12 1/6
21@) > < Y 0 N

2
<€ aiplalmune g m<er &

(nl r
On plugging in this estimate, we get

17/12 5/2 43/4
sup— f\/f6 rC’<M,
c P p/or3csz VO

Ny/® < N4/ Py

Next we consider the case where Cn/q; > My. Here our count for m modulo d; is not precise and so
we need to adopt a different strategy for counting. We consider the first congruence relation in (25)

n1¢yds F mny Py Py = 0 mod ds.
Note that

niqydy Py Fmny Py L CPoni/qi + MoN, Py < CPani/qi 4+ CPany /g1 < CPani/q.

Let
n1qydy Py —mny Py = hdy,  with h < Pany. (26)

Similarly, we write the second congruence relation as
niqxdr P> + m/nzPl = h/dé, with b’ <« Pon;. 27

Using this congruence, we see that the number of @), is given by O((d>, h')). Next we multiply 4" and
P>g;,ny into (26) and (27) respectively to arrive at the following equation:

mnyPyh' + hh'dy = n%qzqédz P22 + Paghnim'ny Py. (28)

We now rearrange the above equation as follows:

(hh' —n3q2q5P3)d> &
Piny © Pinp’

Pyginim’ —mh' =

Reducing this equation modulo %’, the number of m’ turns out to be

of i1+

Thus we arrive at the following bound for €2:

%N?ff 2 zz SXEY nmis woesgin i (1442)

QNCE h,h' <K Panim~My,ny<<Np
q5~C* £=0 mod Pin,
mh'—&/ Piny=0 mod P,
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Next we count the number of m to get

> (m,n) = ¢ > 1<y e
m~M ln m~My/l £ n;
mh/—E/PanEO mod P2 mh,—f/fpll’lQEO mod Pz

Also given any & (necessarily nonzero) the congruence
£ = (hh' — n%qzqéPzz)dz =0 mod n,,

implies that there are O (N?®) many n,. We are left with the following expression:

Q0 < = Nor C° I (dz,h>(qu2n1,h><1+ )

1/2Q3
Ling gy~ C qz~C‘ h,h' < Pany
N gy~C¢ £=0 mod Pt

We now consider the congruence
£ = (hh' —ntqaqy P3)dy = 0 mod Py L.

Let’s first assume that d, =0 mod P;. Then first counting the number of d; followed by & and h’, we see
that the number of tuples (h, /', d;) is given by 0((P22n%C )/(P1g1%)). Lastly executing the sum over ¢,
we arrive at
NorC®> PiniC
n?M)? 03 Pigi

Now let (dp, P1£) = 1. Then we have
hh' —n3qxqyP3 =0 mod Pi¢,

from which the number of % turns out to be Prn;/P£. Next counting the number of d, followed by
number of &', we see that the number of tuples (4, h', d) is given by 0((P22n%C)/(P1q1£)). Hence, in
this case also, we get the same bound. Thus we conclude that

q << NorC5 PiniC
7 M3 P

Upon substituting this bound in (10), we arrive at

N17/12 NorC3 2C 172 1
LT i ED DI DICHC DS
c<o P,/ P Qr23cs2\ g3m,? Pi N
(nl,)<<c G a1 )™
niy,r .
1/4 ,1/6 1/2 2/3
P, P 0r3\Q3Mm,' " P ~c M

()11 r)
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Now following the argument of [Munshi 2022], we conclude that

(n1, )2

ni

012
5 (N Y < NY°.

n
1 ul
<C i <C

)11
(ny.r)

Hence the contribution of the nonzero frequency to S,(N) is dominated by

N17/12 N, P2 1/2
e < Orl/z 2Q> NY® < JrNYA /Py, 0
PP or3\ g3m)* P

9. Conclusion

Finally, plugging bounds from Lemmas 7.1 and 8.1 into Lemma 2.1, we get

L(%,FXf)<<e o° Z % sup «/;Nl/“(\/ﬁ—k\/?z)

F<QU+20)/4 N<Ql/2+¢/p2

< Y LloVse/Pi+/py

r<QU+26)/4
plia pl/s
1/8+ 1/4+ 1 2
< Q¥ (/P+{P) < Q €<—P3/8 + —P1/4).
2 1
This establishes Theorem 1.
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