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Locally analytic vector bundles
on the Fargues—Fontaine curve

Gal Porat

We develop a version of Sen theory for equivariant vector bundles on the Fargues—Fontaine curve. We
show that every equivariant vector bundle canonically descends to a locally analytic vector bundle. A
comparison with the theory of (¢, I')-modules in the cyclotomic case then recovers the Cherbonnier—
Colmez decompletion theorem. Next, we focus on the subcategory of de Rham locally analytic vector
bundles. Using the p-adic monodromy theorem, we show that each locally analytic vector bundle £ has a
canonical differential equation for which the space of solutions has full rank. As a consequence, £ and
its sheaf of solutions Sol(£) are in a natural correspondence, which gives a geometric interpretation of a
result of Berger on (¢, I')-modules. In particular, if V' is a de Rham Galois representation, its associated
filtered (¢, N, Gk )-module is realized as the space of global solutions to the differential equation. A key
to our approach is a vanishing result for the higher locally analytic vectors of representations satisfying
the Tate—Sen formalism, which is also of independent interest.
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1. Introduction

The study of p-adic Galois representations has been conditioned to an extent by two dogmas. One is the
analytic dogma; its main idea is to associate to every such representation a (¢, I')-module over the Robba
ring and to study these objects using p-adic analysis. The other dogma is geometric: to every p-adic Galois
representation one associates an equivariant vector bundle over the Fargues—Fontaine curve. The aim of
this article is, roughly speaking, to find a framework where both analysis and geometry can be carried out.
In recent years, much of the theory of p-adic Galois representations has been understood in terms of the
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geometry of the Fargues—Fontaine curve. A notable exception has been the p-adic Langlands program,
where the analytic approach plays a crucial role. Thus we are motivated to reduce this discrepancy by
introducing corresponding objects on the Fargues—Fontaine curve which are also amenable to analytic
methods. These are the locally analytic vector bundles, the main new objects introduced in this article.

We shall now explain this in more detail. Let K be a finite extension of Q, with absolute Galois
group Gg. Let K¢y be the cyclotomic extension of K and write I' = Gal(K¢y./K). For the sake of
simplifying the introduction, we shall focus now on the cyclotomic setting, though as we shall explain
later, the content of this paper will apply to a wider class of Galois extensions K,/K. We have the
category Rep@p(GK) of finite dimensional @ ,-representations of Gg.

On the one hand, Rep@p(GK) can be studied via p-adic analysis. To do this, one introduces the Robba
ring R, which is the ring of power series over a certain finite extension of Q, in a variable T which
converge in some annuli 7 < |T| < 1. It has an action of a Frobenius operator ¢ as well as an action
of I'. By work of Cherbonnier—Colmez, Fontaine and Kedlaya, it is known that there is a fully faithful
embedding

Repg (Gx) = {(¢, I')-modules over R},

with the essential image consisting of the semistable slope 0 objects. If D is a (¢, [')-module over R, a
fundamental fact is that the ["-action on D can be differentiated, namely, there is a well defined action of
Lie(I") on D. Since Lie(I") is 1-dimensional, this data is the same as that of a connection V which acts
on functions of T by a multiple of d/dT. It is precisely this structure which allows the introduction of
p-adic analysis into the picture. For example, in the construction of the p-adic Langlands correspondence
for GL,(Q,) given in [Colmez 2010], the use of this analytic structure is ubiquitous.

On the other hand, Rep@p(GK) can be studied via geometry. The Fargues—Fontaine curve, studied
extensively in [Fargues and Fontaine 2018], is defined as the analytic adic space

X = X(I?cyc) = (SpaAinf - {p[pb] = 0})/«02’ Gal(E/Kcyc))

(see Section 3) and has a natural action of I". By the work of Fargues and Fontaine, there is a fully faithful
embedding

Rep@p (Gk) — {I'-equivariant vector bundles on X'},

again with the essential image consisting of the semistable slope 0 objects. In fact, Fargues and Fontaine

show there is an equivalence
{(¢, T')-modules over R} = {I"-equivariant vector bundles on X'},

compatible with each of the aforementioned embeddings of Rep@p (Gg).

Unfortunately, the action of I" on an equivariant vector bundle on X' cannot be differentiated. This is
already true for the structure sheaf Oy. Here is a simplified model of the situation which illustrates why
there is no action of Lie(I") on Oy. The functions on an open subset of X can roughly be thought of
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as power series in T''/P™ satisfying certain convergence conditions. When we try to apply the operator
d/dT to such a power series, the result will often not converge since the derivative

d(T"?"yydT = (1/p")T"/7"~!

grows exponentially larger p-adically as n goes to infinity. Nevertheless, there is a way to single out the
sections for which the action of Lie(I") does not explode. This is achieved by considering only those sec-
tions on which the action of I" is regular enough. In this toy model picture, this will amount to considering
only the power series where the coefficient of the exponent of T*/7" will decay proportionally to p”.

More canonically and more generally, these elements for which differentiation is possible are precisely
the locally analytic elements. Given an equivariant vector bundle £ on X, there is a subsheaf of locally
analytic sections £ C £. This sheaf is a module over Ol{‘; which is preserved under the I'-action, and,
crucially, Lie(I") acts on £2. We are thus naturally led to the definition of a locally analytic vector
bundle on X: by this we shall mean a locally free (’)lj_i—module together with a I'-action. The point is that
locally analytic vector bundles capture both analytic and geometric information, both of which has proven
important for the study of Rep@p(GK).

Our first main result is saying that there is no loss of information in this process: each equivariant
vector bundle canonically descends to a locally analytic vector bundle.

Theorem A. The functor & — EV gives rise to an equivalence of categories from the category of T'-
equivariant vector bundles on X to the category of locally analytic vector bundles on X. Its inverse is
given by the functor £ — Oy Qo E.

This theorem fits naturally into the framework of Sen theory, as we shall now explain. Let V €
Rep@p (Gk). Then according to Sen’s theory, proven in [Sen 1980], there is a canonical isomorphism

(V ®@p Cp)Gal(K/KcyC) = i(\cyc k. DSen(V)a

cyc

where Dge, (V) is the Kcyc-subspace of elements with finite I'-orbit in V ®g » C,. Later, Fontaine [2004,
§3.4] proved an analogue of this theorem for B;“R: he showed there is an isomorphism

(V ®@p B&)Gal(K/Kcyc) >~ (B(;E)Gal(K/Kcyc) ®Kcyc[[t]] D;f(V),

where D:{if(V) is a canonical Kcy[[7]-submodule of V ®a, B(ﬁ{.

In fact, both of these results are implied by Theorem A by specializing at the “point at infinity” xo, € X.
Indeed, when & is the equivariant vector bundle associated to V € Rep@p (Gg) and € = £", specializing
the isomorphism £ = Oy Bol € at the fiber of x, gives rise to an isomorphism

Ero) = O kixo) B0t il

which is none other than Sen’s theorem. Similarly, there is an isomorphism of the completed stalks at x,

SN+

~ N+ A+
gxoo - O-nyoo ®O'{%/;; 8xoo ’
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which recovers Fontaine’s theorem. In this way, Theorem A is a sheaf theoretic version of Sen theory on
X which specializes at x, to classical Sen theory.

In the interest of applications, we give a proof of this equivalence not just for the cyclotomic extension,
but more generally for any p-adic Lie group I' = Gal(K /K ), where K is an infinitely ramified Galois
extension of K which contains an unramified twist of the cyclotomic extension. Notably, this condition
holds when K is the extension generated by the torsion points of a formal group.

As we shall explain in the article, these ideas are closely related to the decompletion of (¢, I')-modules,
especially in the case Koo = K¢ye. This is not too surprising, because such (¢, I')-modules are also
obtained by a Sen theory type of idea through the theorem of Cherbonnier and Colmez [1998], and
further, these objects relate to Dge, and D;rif in a similar way. In fact, Theorem A is equivalent to the
Cherbonnier—Colmez theorem on decompletion of (¢, I')-modules (after inverting p). Our proof is not
independent from the ideas of Cherbonnier—Colmez, since we still use their trace maps in our arguments.
However, it is logically different— more on this below.

First, let us discuss an application of Theorem A, which was a major source of motivation for this
work. We give a geometric reinterpretation of Berger’s work [2008b] on p-adic differential equations
and filtered (¢, N)-modules. In that article, Berger establishes several results regarding de Rham (¢, I')-
modules (for example, these (¢, I')-modules arising from de Rham p-adic Galois representations). To
such a (p, [')-module D, Berger associates another (¢, I')-module Ngr (D) (a so called p-adic differential
equation), and a K -vector space of solutions

Sol(D) := lim (Ry[logT]1®r Nar(V),
[L:K]<o0

where R is the Robba ring with respect to L. The following results can be derived from the main results
of [Berger 2008b], for D a de Rham (¢, I')-module:

(i) Sol(D) is a K -vector space of rank equal to the rank of D.

(ii) There is a canonical isomorphism
Rgllog T]®kuw Sol(D) = Rg[log T]1®r Nar (V).

(iii) K @gw Sol(D) is canonically isomorphic to K @k Dgr(D).
(iv) Sol(D) is naturally a filtered (¢, N, Gg)-module.

Furthermore, the functor D +— Sol(D) gives rise to an equivalence of categories from the category of
de Rham (¢, I')-modules over R to the category of filtered (¢, N, Gk )-modules.

The functor of solutions is ultimately understood in [Berger 2008b] by solving the differential equation
Lie(I") = 0, and as such, uses p-adic analysis in a crucial way. It is therefore natural to apply Theorem A
to give a geometric interpretation of these results, something previously inaccessible in the framework
of vector bundles on the Fargues—Fontaine curve. In fact, when interpreted in a geometric way, [Berger
2008b, théoréme A] turns out to be reminiscent of the Riemann—Hilbert correspondence.
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Our second main result is the desired geometric interpretation of Berger’s results. To describe it, we

need to introduce some notation. We have
‘X‘log,]? = l(ﬁl ‘Xlog,L,
[L:K]<0o0

where each &)y 1 is a the analytic line bundle over &} := & (icyc) corresponding to Oy, (1), endowed
with the projection piog 1 : Xiog,1 — AL (see Section 8C). Essentially, Xjo¢  is obtained by adjoining all
K -scalars and a logarithm to the functions on X. Now let £ be a de Rham locally analytic vector bundle,
i.e., suppose that dimg é};:l =rank(&) (see Section 8B). For example, if V is a de Rham p-adic Galois

representation, then its associated locally analytic vector bundle is de Rham. To such £, we associate a
sheaf Sol(£) on &, given by

Sol(£) := h—r>n Plog,L,*(Pﬁ)g,LNdR(E))Lie(F):O,
[L:K]<oo

where Ngr(€) is a modification of £ corresponding to the de Rham lattice of £ at xo,. Roughly speaking,
Sol(€) is the sheaf of solutions to the differential equation V = 0 on the modification Ngg(€). We shall
also consider a variant Sol? (£), which are the solutions on the pullback of £ along the usual covering
Y0,00) = X for Y(0,00) = SpaAinr — {pl pb] =0} /Gal(l? /Kcye). We then have the following result, by
analogy with the results of [Berger 2008b] (see Section 8 for yet more precise statements).

Theorem B. Let £ be a de Rham locally analytic vector bundle.

(i) The sheaf of solutions Sol(£) is locally free over the subsheaf of potentially log smooth sections
(’)pxlsm C (’)ljé and its rank is equal to the rank of £.

(i) There is a canonical isomorphism
1 ~ ml
O%ng ®O;;sm Sol(&£) = O;logj ®Ol/§;f Nar ().

(ii1) The stalk of Sol(€) at x is canonically isomorphic to K ®k Dgr ().
(iv) The space of global solutions HO V0,00, S01?(E)) is naturally a filtered (¢, N, Gk )-module.

Furthermore, the functor & — H° (Y0,00), S01?(E)) gives rise to an equivalence of categories from the
category of de Rham locally analytic vector bundles to the category of filtered (¢, N, Gg)-modules.

Remark 1.1. (1) In particular, if V is a de Rham representation of Gk with associated locally ana-
Iytic vector bundle &, then Ho(y(o,oo), Sol?(£)) = Dy (V) and the stalk Sol(€),,, is identified with
K ®k Dgr(V). The localization map corresponds to the natural map Dpg (V) — K @k Dgr(V).

(2) If £ becomes crystalline after extending K to a finite extension L C K, the sheaf Ny (£)V=" C Sol(€)
is locally free over the subsheaf of smooth sections Q5™ C 0% of rank equal to the rank of £, and there is
a simpler canonical isomorphism

0% ®ow Nar (£) V=0 => Nar (€).
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(3) The sheaf Olesm is much smaller than Olj}. Though we have not been quite able to show this, Olesm
seems to be “almost” a locally constant sheaf except that the base field becomes slightly larger when
localizing; for that reason, we think of Sol(£) as morally being close to a local system on X. In this sense
the (¢, N, Gg)-structure is related to the monodromy of the p-adic differential equation V = 0.

Finally, let us discuss the proof of Theorem A. The essential point is to show that if £ is an equivariant
vector bundle on X, the natural map Oy Dot £ — £ is an isomorphism. Fargues and Fontaine observe
that the only point of X with finite I'-orbit is xo,. The idea is then to use a very simple geometric
argument: once one knows that Ox Qo' £ 5 £ is injective, everything can be understood by arguing
locally at x~. Indeed, if this map is an isomorphism after localizing and completing along Oy — @j{g,xm,
then the cokernel has to be supported at finitely many points outside x~,. But these points also form a
finite I"-orbit, so the cokernel cannot be supported anywhere.

It therefore remains to understand the properties of our spaces of locally analytic vectors under certain
localizations and completions. To do this, we are naturally led to consider higher locally analytic vectors
and their vanishing, and we prove a representation-theoretic result which is of independent interest. To
state the result, let G be a p-adic Lie group and let A be a Banach ring with a continuous action of G.
Assume the topology on Ais p-adic.

Theorem C. Suppose G and A satisfy the Tate—Sen axioms (TS1)—(TS3) of [Berger and Colmez 2008]
as well as an additional axiom (TS4). Then for any finite free A-semilinear representation M of G, the

higher locally analytic vectors Ré;_la(M ) are zero fori > 1.
Here are two special cases of the theorem where we conclude that Ré;_la(M )y=0fori>1:

(1) If M is a finite dimensional fm—module with a semilinear action of I', for K, containing an
unramified twist of K¢yc. In fact, the vanishing of Ric;_la(M ) can be established for arbitrary K., see
Section 5.

(2) If M a finite free §1 (I? ~0)-module with a semilinear action of I', under the same assumptions on K.

Note that the vanishing of higher locally analytic vectors is automatic for admissible representations,
but the examples above are not admissible. Theorem C illustrates how the Tate—Sen axioms can serve as
a substitute for admissibility.

Theorem C is especially useful for making cohomological computations. Here is an example application,
which follows directly from the main results of [Rodrigues Jacinto and Rodriguez Camargo 2022] (see
Section 5): if M satisfies assumptions of the theorem, then for i > 0 we have natural isomorphisms

H (G, M) ZH (G, M'*) = H (Lie G, M'*)C.

Finally, let us mention that in recent work Juan Esteban Rodriguez Camargo [2022] proves similar
results to our Theorem C. He then applies them in the setting of rigid adic spaces with fantastic applications
to the Calegari-Emerton conjecture, among others.
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1A. Structure of the article. Section 2 contains reminders on locally analytic vectors and their derived
functors. In Section 3 we give reminders on the Fargues—Fontaine curve and equivariant vector bundles.
In Section 4 we introduce locally analytic bundles and we discuss their basic properties. Section 5 is the
longest and most technical section of the paper, in which we prove Theorem C. Theorem A is proved in
Section 6. In Section 7 we compare our results to the theory of (¢, I')-modules. Finally, in Section 8 we
discuss p-adic differential equations on the Fargues—Fontaine curve and explain Theorem B.

At several points in the article we have taken the liberty to raise speculations and ask questions to
which we do not yet know the answer.

1B. Notation and conventions. The field K denotes a finite extension of Q,. We write Kc¢ye = K (14 px)
for the cyclotomic extension. Its Galois group I'cyc = Gal(Kcyc/K) is an open subgroup of Z. We
denote by K, an infinitely ramified Galois extension of K with I' = Gal(K~,/K) a p-adic Lie group. If
K denotes the algebraic closure of K, we let Gy = Gal(K /K) and H = Gal(K /K ) so that Gx /H =T .

The p-adic completion Koo Of Koo is a perfectoid field. Write @ for a pseudouniformizer of Koo
with valuation val(z') = p that admits a sequence of p-th power roots /7" (such a choice is always
possible, and the constructions in this paper never depend on this choice). Let @’ = (=, w!/?, ...) be
the corresponding pseudouniformizer of the tilt K f;o

Denote by Lie(I") the Lie algebra of I'. It is a finite dimensional @ ,-vector space, and if v € Lie(I") is
sufficiently small, we have a corresponding element exp(v) € I'.

All representations and group actions appearing in this article are assumed to be continuous. Galois
cohomology groups are always taken in the continuous sense.

If W is a Banach space over Q,, we write W for its unit ball.

All completed tensor products appearing in this article are projective. In other words, if V* and W+
are unit balls of two Banach spaces V and W over Q,, then

VI®z, W =1im(V* ®z, WH/p" and V&g, W= (V" ®z, WH[1/pl.
n

2. Locally analytic and pro-analytic vectors

In this section we give reminders on locally analytic and pro-analytic vectors and quote results that will
be used in Sections 4-6. We shall freely use our conventions in Section 1B regarding Banach spaces.

2A. Locally analytic and pro-analytic vectors. We shall say a compact p-adic Lie group G is small
if there exists a saturated integral valued p-valuation on G which defines its topology and if for some
N € 7= there exists an embedding of G into 1 + p>My(Z ), the group of N by N matrices congruent
to 1 mod p?. See Sections 23 and 26 of [Schneider 2011] for the first condition. If G is small, there
exists an ordered basis gy, ..., g7 such that (xq, ..., xg) — gfl e gf" gives a homeomorphism of Z‘;
with G. We then have coordinates on G

c:(cl,...,cd):GL>Zf7
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defined by the inverse map where ¢;(g;" - .. .- g{*) = x;.

Now let G is an be any compact p-adic Lie group. By [Schneider 2011, Theorem 27.1] and Ado’s
theorem (see [Pan 2022a, Proposition 2.1.3]), the collection of small open subgroups of G forms a
fundamental system of open neighborhoods of the identity element. Let W be a Banach Q-linear
representation of G (or G-Banach space for short). If H is a small open subgroup of G, choose
coordinates ¢ on H and write c(h)¥ = ]_[f.l:l ci(h if k = (ki, ..., kg) for h € H. We have the subspace
WH-an of H-analytic vectors in W it is the subspace of elements w € W for which there exists a sequence
of vectors {wg}rene With wg — 0 and

h(w) = Z c(h) wy

keNd

for all & € H. The norm || w|| y-an = supy, [|wk || makes W#-2" into a Banach space. Note that W -2 does
not depend on the choice of coordinates. We write W' = | J,;, W for the subspace of locally analytic
vectors of W, and endow it with the inductive limit topology, which makes it into an LB space. If W is a
Fréchet space whose topology is defined by a countable sequence of seminorms, let W; be the Hausdorff
completion of W for the i-th seminorm, so that W = lim W; is a projective limit of Banach spaces. We
write WP = lim Wl.la for the subspace of pro-analytic vectors. Finally, we extend the definitions of locally
analytic vectors and pro-analytic vectors to LB and LF spaces in the obvious way.

The Lie algebra Lie(G) acts on each W2 (and hence also on W' and WP?) through derivations.
This action is given as follows. If v € Lie(G) then exp( pkv) € H for k > 0, and we define

exp(pFv)(w) — w
pk '

v = fim

The operator V,, : wH-an _ yH-an iq hounded; see [Berger and Colmez 2016, Lemma 2.6].
Locally analytic and pro-analytic vectors behave well when we have a basis of such vectors [Berger
and Colmez 2016, Proposition 2.3; Berger 2016, Proposition 2.4]:

Proposition 2.1. Let B be a Banach or Fréchet G-ring and let W be a free B-module of finite rank,
equipped with a B-semilinear action of G. If the B-module W has a basis wy, ..., wg in which the
function G — GL4(B) C My(B), g — Mat(g) is H-analytic (resp. locally analytic, pro-analytic), then
W H-an — @‘;:1 B w; (resp. W = @?:1 B w;, WP = @?:1 BP* . ;).

It will often be useful for us to choose a specific fundamental system of open neighborhoods of G as
follows. Fix a small compact open Go C G which with coordinates c. For n > 0 we set

Gy =G" ={g" :g € Go}.
These are subgroups ([Schneider 2011, Remark 26.9]) which have induced coordinates

clg, : Gn = (p"Z,)".
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The normalization is such that for w € WY we can write

gw)= Y c(e)wi

keNd
for g € G, and {wy}gene With p"¥lwy — 0, and the Banach norm is given by

" g

|wllG,-an = sup || p
k
It is easy to check if w € W then [|w||G,,-an < lwllg,, -an for m > n and [[w||G,,-an = |w]| form >n
(see [Berger and Colmez 2016, Lemme 2.4]).

2B. Rings of analytic functions. Suppose first that G is small. Let C*"(G, Q,) be the space of analytic
functions on G. These are those functions that after pullback by the coordinates ¢ : G => Zf, are of the
form
x=(,...x)> Y bk
k=(ki,....kg)eN?
where by — 0 as |k| — oo. The norm || f || = supy e |6k || makes C*"(G, Q) into a Banach space. We
shall regard C*"(G, Q) as a G-representation through the left regular action of G.

If now G is any compact p-adic Lie group with a system of small neighborhoods {G,},>0 as in
Section 2A, we have for each n > 0 the space of analytic functions C*'(G,, Q,) on G,. Using the
coordinates ¢ : G, = (p"Z p)d as in Section 2A, we shall regard C*"(G,, Q) as the ring of functions
that under the bijection are identified with functions of the form

x=(X1,..., %) > bk,
k:(kl ..... kd)ENd

where p”'k‘bk — 0 as |k| — oco. Under this normalization

IfllG, = sup || p" by |
keNd

for f € C*"(G,, Q)p).
The following lemma will be used in Section 5.

Lemma 2.2. For k > 1 the subgroup G, acts trivially on C*(G,, @p)+/pk.
Proof. This is an easy exercise using the coordinates. See [Pan 2022a, Lemma 2.1.2] for the case k = 1. [

The following is shown in [Pan 2022a, Proposition 2.1.3] and in its proof (originally in the proof of
[Berger and Colmez 2016, théoréme 6.1]).

Proposition 2.3. Suppose that G is small. There is a dense subspace lim,_ Ve C C*(G, Q,), where
each V) is a finite-dimensional G-subrepresentation of C*"(G, Q) with coefficients in Q, such that for
any k, £ € N, we have Vi - Vo C Viyy.
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Furthermore, if we fix G and consider small open subgroups G' C G, we may choose V,(G') C
C*™(G', Q) at once for all G" in such a way that the natural map C*"(G, Q,) — C*(G’, Q),) restricts to
Vi(G) — Ve(G).

2C. Higher locally analytic vectors. Suppose first that G is small and let W be a G-Banach space. There
is a G-equivariant isometry
W ®q, C*(G, @y) ZC™(G, W),

where C*"(G, W) is the space of W-valued analytic functions on G, with its G-Banach structure given by
the sup norm and the action (gf)(x) = g(f (g~ (x)) for f € C*(G, W). We then have (C*(G, W))¢ =
WE-an_the identification given by f — f(1). This gives an alternative description of G-analytic vectors
that we shall use in what follows.

The functor W — WY is left exact. Following [Pan 2022a, §2.2; Rodrigues Jacinto and Rodriguez Ca-
margo 2022], define right derived functors for i > 0:

R..(W) =H (G, W ®q, C*(G, Q)))

(taking continuous cohomology on the right hand side).
If G is a compact p-adic Lie group with subgroups {G,},>1 as in Sections 2A-2B, taking the colimit
over n, there are right derived functors for W — W% given by

R (W) =limRy, (W) =limH (G, W g, C"(G,, Q))).
n n

We shall call these groups the higher locally analytic vectors of W. If G is understood from the context
we shall just write R{a instead of Rg_la.
It
0O-V->W->X—->0

is a short exact sequence of G-Banach spaces, then it is strict by the open mapping theorem, and so we
have a long exact sequence

0— Vi wh - x5 RL(V) > RLW) > RL(X) — - -+ .

Lemma 2.4. Let H be an open subgroup of G and let H, = G, N H. Then for n >> 0 and each i > O there

. . i ~ pi
are natural isomorphisms Ry, . =R¢ ..

Proof. We have H, = G,, for n > 0. O

. i ~ pi
In particular, RY; |, =R ..

Suppose that G be a small compact p-adic Lie group, and let H be a small closed normal subgroup.
Let W be a G-Banach space. Using the method of Hochshild—Serre we obtain the following spectral
sequences.

Proposition 2.5. (i) There is a spectral sequence

EY =W (G/H,H/ (H, W 8q, C*(G,Q,))) = R (W).
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(i) There is a spectral sequence
EY =Ry, (@ (H, W) = H (G, W 8, C*(G/H, Q))).

Proof. Apply the Hochshild—Serre spectral sequence to W ®q , CM(G,Qp) and W R0 ,C*"(G/H, Qp)
(see [Rodrigues Jacinto and Rodriguez Camargo 2022, Proposition 5.16]). U

3. Equivariant vector bundles

In this section we give reminders on the Fargues—Fontaine curve and equivariant vector bundles. For
more details, see [Fargues and Fontaine 2018, Chapter 9; Scholze and Weinstein 2020, Lectures 12—13].

3A. The spaces Y(,o) and X. Let F be a perfectoid field, with tilt F°. We have Fontaine’s ring
Ainr = Ains(F), defined as the Witt vectors of the ring of integers (’); of F. Write Spa(Ajyy) for the adic
space associated to the Huber pair (Ajnf, Ajnf)-

Let @ be a pseudouniformizer of F, and let f be the residue field of Or. Then there is a point
Xy € Spa(Ajyf) with residue field f, which is the intersection of the two closed subspaces {p = 0} and
{[m] =0}. We set

Y =YV(F)=SpaAins —{xr} and Y 0,00) = V0,00)(F) = SpaAjs — {plzw ] = 0}.

The spaces ) and )0,~) have a Frobenius automorphism ¢ induced from the Witt vector structure
of Ainf.

The space )0, is a preperfectoid space. The (adic) Fargues—Fontaine curve associated to F is defined
as the quotient

X =X (F) = Y0.00)(F) /97,

which makes sense because the Frobenius action is proper and discontinuous. The natural projection
7 1 V0,000 = X is a local isomorphism, so X is a preperfectoid space, by virtue of Vo ) being so. The
space Y0,00) has a canonical point called x, the “point at infinity”. It corresponds to the kernel of
Fontaine’s map

0: At — Op, Y lanlp" = Y alp",

n>0 n>0

where for a € OF, a* is defined to be the first coordinate of a € ObF =lim , OF. Identify xo with
its image 7 (xs) € X. We shall sometimes use the fact that ker6 is a principal ideal, generated by
£ =w —[w"] (for example).

If F = Ko, there is an induced action of the group I' = Gal(K/K) on each of the spaces mentioned
above, and the map Y(,o0) — & is I'-equivariant. The point x, € X is the unique I'-fixed point; in fact,
it is the unique point with finite I"-orbit [Fargues and Fontaine 2018, Proposition 10.1.1]. From now on,

if F is omitted from the notation of V(o) and X, we always take F' = K. 00-
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3B. The spaces Y1 and Xj. It will be fruitful to consider certain open subsets of Vo ) and X. By
[Scholze and Weinstein 2020, Lecture 12] there is a surjective continuous map « : ) — [0, oo] given by!
i = 2O
log |[[”](¥)]
where X is the maximal generization of x. For each interval I C (0, 00), let ); be the interior of the
preimage of ) under «. These spaces are I'-stable if such a I' action is present. Furthermore, the map ¢
induces isomorphisms ¢ : V,; = Y;. Write log(/) = {log x : x € I'}. Whenever [ is sufficiently small so
that the inequality | log(/)| < log(p) holds, we have I N pI =0 and 7 maps )); isomorphically onto its
image 7 ();) = X; C X. Note that xo, € X7 if and only if / contains an element of (p — 1) pZ, because

K (Xo0) = (p—1)/p.
For I C (0, o0), we have the coordinate rings
B; =B/(Kw) =H' V1, Oyy).
If I is compact, the geometry of )y is simple.
Proposition 3.1. Suppose I C (0, 00) is a compact interval.
1 Y= Spa(gl, A;), where A; is the ring of power bounded elements of ]§1. In particular, Vi is affinoid.
(i) By isa principal ideal domain.

(iii) The global sections functor induces an equivalence of categories between vector bundles on Y; and
[finite free B, -modules.

Proof. Parts (i) and (ii) follow from [Fargues and Fontaine 2018, théoréme 3.5.1]. Part (iii) follows from
[Scholze and Weinstein 2020, Theorem 5.2.8] (originally [Kedlaya and Liu 2015, Theorem 2.7.7]), since
finite projective B;-modules are finite free. U

3C. Egquivariant vector bundles. The action of I" on X’ gives an automorphism y : X = X for each
y el.

Definition 3.2. A I'-equivariant vector bundle (or simply I'-vector bundle) on X is a vector bundle &
on X' equipped with an isomorphism c, : y*€ =5 & for each y e I' such that the cocycle condition
Cy, 0 V5 Cyy = Cyyy, holds for every yy, y2, € T.

Similarly, we have a notion of a (¢, I')-vector bundle on Y 9,«). This consists of a I'-vector bundle M
on Y(0.00) together with an additional isomorphism ¢, : 9* M => M such that ¢, o p*c, = ¢, o y*c,, for
every y €I'.

Descent along ¢ gives the following.

Proposition 3.3. There is an equivalence of categories

{T"-vector bundles on X} = {(¢, I')-vector bundles on Yo )}

1Our normalization of  is the inverse of [loc. cit.].
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The equivalence is given by the following functors: If € is an equivariant vector bundle, we map it to

OYi.00) ®Ox E. Conversely, if/\71 is a (¢, I')-vector bundle on Yo, ), we map it to (/\A/Jl)‘pzl.

If £ is a ['-vector bundle on X and U C X is an open subset stable under I, there is an induced action
of I on H (U, 5). In particular, there is a natural action of I" on HO(x;, S~) when |log(/)| < log(p). For
a general open subset U, one only has a map

ey tHUWU. Ox) @1 w),00 B (r (U). &) = H'(U. &)
Similar remarks apply for (¢, I')-equivariant vector bundles on V0, «0).

Example 3.4. Let V be a finite dimensional Q ,-representation of Gg. Recall that H = Gal(K/K).
Then by [Fargues and Fontaine 2018, théoreme 10.1.5],

E(V) = (V®a, Oxc,)"

is a ['-vector bundle on X. More generally, by [loc. cit.], the category of finite dimensional G-
representations embeds fully faithfully to the category of (¢, I')-modules, with essential image the
subcategory of étale (¢, I')-modules. We can extend the domain of the functor V +— g (V) from Gg-
representations to (¢, I')-modules. Conversely, any I"-vector bundle on X’ gives rise to a (¢, [')-module,
and this correspondence results in a equivalence of categories (see [Fargues and Fontaine 2018, préface,
Remark 5.10]). This will be discussed in detail in Section 7.

4. Locally analytic vector bundles

In this section, we introduce the category of locally analytic vector bundles and discuss their basic
properties.

4A. Locally analytic functions of Y(0,) and X. Let U C X be an open affinoid. Then U is quasicompact
and hence stable under the action of a finite index subgroup I'” < I". The space of functions H*(U, Oy) is
a Banach I'-ring, and so it makes sense to speak of its subring of I'’-locally analytic functions. This does
not depend on the choice of T, and so we shall write H*(U, O ) for the I'"-locally analytic functions
in HY(U, Oy) for any I'". Since taking locally analytic vectors is left exact, these can be glued and we
obtain a sheaf of rings (91}} on X that satisfies

H(U, 0%) =H°(U, Ox)"
for every open affinoid U C X.

More generally, suppose U is an open subset of X which is not necessarily affinoid, but for which
there is an increasing cover U = | J; U; with each U; affinoid and a single finite index subgroup I'' <T
stabilizing all of the U; simultaneously. This condition will be satisfied in any situation we shall consider.
Then the sections of Ol% on U are the pro-analytic functions

H'(U, O}) =limH’(U;, Ox)" = H'(U, Ox)™.

1
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Lemma 4.1. The sheaf (91/% is stable for the action of I" on Oy, in the sense that the inclusion (’)lj? C Oy
induces isomorphisms

L kmla ~ la
cy Y Oy = Oy.

Proof. The action of I' on Oy gives rise to an isomorphism ¢, : y*Ox = Ox. Upon taking U C X
affinoid, evaluating the morphism ¢, at U and taking locally analytic vectors, we get an induced map
cy(U): HOY(U, y*Ox)12 = HO(U, Ox)". But this is the same as H(U, y*(’)ljé) =~ HO(U, OE}) because
of the equality HO(U, (’)lj}) =H (U, Oy)™. By writing an arbitrary open set as a union of affinoids, we
get the desired induced isomorphism c,, : y*Olf, = (91;. U

The preceding discussion then applies equally well to V(,«), S0 we have a sheaf (95‘,‘(0 - of locally
analytic functions on )o,o) endowed with isomorphisms ¢, . Since the ¢-action on )9, ) commutes
with the "-action, it preserves the ["-locally analytic functions, and this gives an isomorphism

=~ O

.k mla
Co:9 O Vio.00)

V(0,00

which commutes with the I"-action as usual.

4B. A flatness result. For our application at Section 6 it would be useful to know the inclusion Oﬂ@ C Oy
is flat. We are only able to establish this in the cyclotomic case where K, = K¢y, and only for certain
open subsets. Nevertheless, this will suffice for our needs.

So in this subsection suppose K = K¢y and let I be a closed interval of the form I = [r, s] with
r>(p—1)/p. We write §1,Cyc for EI(I?CyC) of Section 3B. Let K(/) be the maximal unramified extension
of Q, contained in K¢y.. Then we write Bj cyc g for the ring of power series f(T') = >k c7 Ak T* with
ar € K|, such that f(T) converges on the nonempty annulus where |7| € I. By a classical result,
B cyc.k is a principal ideal domain [Lazard 1962, corollaire a proposition 4]. There is an embedding
B cye.x — B I.cye for which Bj cyc g is I'eyc-stable. If K is unramified over Q,, this embedding can be
described as follows: the variable 7' is mapped to [¢] — 1, where ¢ = (1, ¢, {p2y-n) € I?bec. Further, one
calculates that y(T) = (1 + T)Xee) — 1, 0 B cyc k is indeed stable under the action of I'cyc.

Proposition 4.2. Suppose I =[r, (p — 1) p* "1 withk > 1. Then

. Dl _
(1) Blc,lcyc = Unzo(p n(Bp”I,cyc,K),

(ii) B}acyc is a Priifer domain,

la

(iii) the natural ring morphism B Loye = B cyc is flat.

Proof. Part (i) is [Berger 2016, Theorem 4.4 (2)]. Note that in [loc. cit.] this is stated only for / of the form
[(p— l)pl_l, (p— l)pk_l], but the argument given there (see also Section 13 of [Berger 2021]) is valid
for any interval of the form [r, (p — 1) p*~!]. Part (ii) follows, because each B/ cyc is a principal ideal

domain, and an increasing union of such rings is a Priifer domain. Finally, the ring B; cyc is a domain and

la
I,cyc*

over a Priifer domain is flat [Lam 1999, Proposition 4.20]. U

hence torsionfree over the subring B Part (iii) is established by recalling that a torsionfree module
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Question 4.3. To what extent do (ii) and (iii) of Proposition 4.2 hold for coordinate rings of general open
subsets in X and general K 5,7 We do not expect E}a to be a Priifer domain when I" has dimension larger
than 1. Nevertheless, it might still be the case that E}a —~ B 7 is flat.

4C. Locally analytic vector bundles.

Definition 4.4. A locally analytic vector bundle on X’ is a locally finite free (’)lj(‘—module & on & equipped
with an isomorphism ¢, : y*£ = & for each y € I'" such that the cocycle condition ¢, oy, ¢,, =c¢,,,, holds
for every y1, y2, € I'. We require the action to be continuous with respect to the locally analytic topology.

Example 4.5. (1) Let € be a ['-vector bundle on X. Define a sheaf £ by generalizing the definition
of Ol/%. Namely, for every open affinoid U C X choose I'” < I stabilizing U. Then HO(U, €) is a Banach
I"-ring and it makes sense to speak of HO(U, £)"2, which does not depend on the choice of I". Glue these
together to form a sheaf £2. The sheaf £ is an Olj} -module with a I"-action. We shall show in Section 6
that £ is locally free and therefore an example of a locally analytic vector bundle.

(2) Conversely, if € is a locally analytic vector bundle, we can associate to it a I'-vector bundle £ =
Ox B0l E. If U C X is an open affinoid such that €|y is free, it follows from Proposition 2.1 that

H'(U, &) =H(U. &,
and so & = £, This shows that the functor from I'-vector bundles to locally analytic vector bundles
mapping € to £ is essentially surjective.

It follows from Example 4.5(2) that if £ is a locally analytic vector bundle, we have an action by
derivations
Liel") x & — &,

or, what amounts to the same, a connection

V:€— EQq, (Liel)"
satisfying the identity
V(fx) =V(flx+ fVXx)

for local sections f of (’)ljé and x of £.

Remark 4.6. We emphasize that if U C X is an arbitrary open subset then we have an induced action
of Lie(T") on HY(U, £). This is unlike the I'-action, which only maps HO(U, &) to itself if U is I'-stable.
This is one pleasant aspect of working with locally analytic vector bundles instead of I"-vector bundles.

Finally, we have the following propositions computing sections of interest. They will not be used
elsewhere in the article. We may define a locally analytic ¢-vector bundle on V(o) by imitating
Definition 4.4. Then given a (¢, I')-vector bundle M on Y0,0)» one can define a locally analytic ¢-vector
bundle /' on Y0,00) as in Example 4.5.
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Proposition 4.7. Let E (resp. ./\71) be a I'-vector bundle on X (resp. a (¢, I')-vector bundle on Y ,o0))
and let E® (resp. M) be its associated locally analytic vector bundle (resp. locally analytic ¢-vector
bundle). There are natural isomorphisms:

(i) HO(Y;, M) Z HO(Y;, M)™ for I a closed interval.
(ii) HO(Y;, M) = HO(Y;, M)P2 for I an open interval.
(iii) HO(X;, &%) = HO(X;, &) for I a closed interval with | log(I)| < log(p).
(iv) HO(X;, &™) = HO(X;, EYP° for I an open interval with |log(I)| < log(p).
(v) HO(x, &™) = HOx, &)l
(vi) HO(X — X0, £2) = HO(X — x40, E)P2.

Proof. Parts (i) and (iii) are immediate from the definition. For (ii) and (iv), use the coverings V; =
Uy Yy and X; = J, -, &, ranging over J C I closed. For (v), consider the covering

X = X[]W/ﬁ] U X[\/f,’p]
with intersection X[ /5 /p) LI A71,1) (identifying 1 with p via ¢). This yields exact sequences
~1 ~1. ~1 =l ~1
0— HX, Y — H'(X, 5, E @ H (X 5.1, € ) = BN 5, 71, € D ®H (X111, € )
and
0— H(X, &) > H(Xy1, /51, O @ HY(X 5,1, )™ — HO(X 5, /1. )P @ HO (X113, )™

By virtue of (iii) the kernels of these sequences are identified. This proves part (v).
For (vi), use the covering

X —Xoo = X[lsﬁ] U(X[ﬁ,p] — Xoo)

with intersection X[ /5 /p) L A71,1). We may write A /5 5] — Xoo as a union of I'-stable rational open

subsets
X yp.p) — 00 = Up1 X 5. 1§l = p7"}
Thus
HO(X] /.1 — Yoo &) = HO(X /i p) — Xoor )P
Repeating the argument which proved part (v), we conclude. U

We place ourselves in the cyclotomic setting so that I' = I'cyc and H = Gal(K /Kcye), and we write
Bt (Keye) = (B ). Following Section 10.2 of [Fargues and Fontaine 2018], for n € Z take & = O (n)
to be the I'-line bundle corresponding to the graded module

- — pm+n
D, 0 Bers Keye) "
0, n<0,

P ition 4.8. HY (X, Ox(n)'?) =
roposition ( x(n)?) {@p(n), >0,
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Proof. To show this, notice first that

0, n <0,
HY(X, Ox(m) = By (Keyo) ™" = 1Qp. n=0,
Bl (Keyo)?=?", n>0.

If n > O then by [Fargues and Fontaine 2018, 6.4.2] there is an exact sequence

0— Q,(n) > BLY="" — Bl /"B, — 0.

Take H-invariants and locally analytic vectors. By [Berger and Colmez 2016, théoreme 4.11] we know
that (B;i/t” B(;%)H’la = Keycll2]/1", so we are left with an exact sequence

0— @p(”) — B} (I?cyc)w:pn’la - Kcyc[[t]]/tn~

cris
Claim. B (Keyo) ™" 1 = @, (n).

Note that a similar statement appears in Section 3.3 of [Berger and Colmez 2016] in the case n = 1.
Given the claim the computation is finished because part (v) of Proposition 4.7 implies that

0, n <0,
Q,(m), n=0.

cris

HO(X, Ox(m)®) = B (Keye) P71 = {

To show the claim, take x € B;S(I/(\Cyc)‘/’:f’"’la. Its image in K¢y [[2]]/1" is killed by the polynomial

n—1
Pa(y) =[] teye) 'y = 1)
i=0
for y which generates an open subgroup of I'. It follows that P,(y)(x) € Q,(n) for this y. Since P,(y)
acts on Q,(n) by a nonzero element we reduce to showing that B:;is(l/(\cyc)‘p:pn’})"(”)zo is 0. In fact, if
K’ is the subfield of Ky corresponding to y%» C ' with maximal unramified subextension K/, we shall
compute that

n—1

Bcris(i{\cyc)P"(y):O = @ K(/)l‘i,
i=0
and in particular there are no nonzero elements with ¢ = p”.

To show this latter description of the elements killed by P,(y), we argue by induction. If n = 1 then
P,(y) =y — 1 and the equality follows from the usual description of the Galois invariants of B.s. For
n>2,wehave Py(y)/(y —=1) = Pii(Xeye(¥) " 'y) and

n—1

-~ —1.\_, -~ . .
Bcris(Kcyc)Pnfl(chC(y) V=0 - thris(KC}’c)Pnfl(y)_O = @ K(/)tl'

i=1
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Thus there is a commutative diagram

0

n—1 i n—1 i
0 K, D=0 Kot' D=1 Kyt'

o !

-~ L - 3 R L
00— BCI‘iS(KCYC)V =0 Bcris(Kcyc)Pn(y)_O E— Bcris(KCyc)P"_](chC(y) V=0

whose rows are exact and whose outer vertical maps are isomorphisms. We conclude by the applying the
five lemma. (]

Remark 4.9. Set B,(K,) = B for the usual ring B, = B’Z', so that B, C HY(X — xo, O). This
inclusion is not an equality: the ring B, allows only meromorphic functions at x,, while in H*(X —x., Ox)
there will be functions with essential singularities. The subring Be(l/(\oo)pa C HO(X — x00, Ox) is more
tractable and we can understand its structure to an extent. In particular, let us consider the subring
Be(l/{\oo)pa = B, NH(X — xo, Olj}) in the case I' = I'cyc. We claim that in fact Be(l/(\oo)pa =0Q,. To
see this, take x € B,(Koo)P, and restrict it to X /p.p] — Xoo- Since Y| /5 p) Maps isomorphically onto
X /p.p)» the element 7 gives an element of HO(X[ JB.p] — Xoos (’)1;). Multiplying by a bounded power of ¢,

the function #"x extends to an element of

HO(X[ﬁ,p]v 0%) = HO(X[ﬁ,p], Ox)",

which shows that x itself is actually an element of Be(f )2, with a pole of order n at xo,. Therefore,
t"x € HY(X, O (n)"?) which is equal to Q p(n) as was shown in Proposition 4.8. This means x is in @,
and so B(,,(I/(\oo)pa =Q,.

Question 4.10. (1) Is it true that H*(X — xog, O%) = Q,, if T # Teye and dimT" = 1?

2) If dimT" > 1 then one can sometimes produce elements in Be(I/(\c,o)la which do not belong to Q,,.
For example, in the Lubin—Tate setting, the element (t_ ﬁ/ t ﬁ)z lies in B, (I?oo)la, forty JP being the
analogue of Fontaine’s element attached to the uniformizer m = £,/p (see Section 8.3 of [Colmez 2002]
for the notation appearing here). Is it true that in some generality Be(l? o) 2 will be d—1 dimensional for
d =dimI'? See [Berger and Colmez 2016, théoréme 6.1] for a related statement.

5. Acyclicity of locally analytic vectors for semilinear representations

In this section, we shall prove vanishing the of R{a—groups for certain semilinear representations. These
results will be used to prove the descent result in Section 6 but are also of independent interest. We follow
the strategy of [Pan 2022a], where the case of a trivial representation and a particular family of algebras
A is treated.

5A. Statement of the results. To state the main result of this section, we recall the Tate—Sen axioms
of [Berger and Colmez 2008, 3]. Let G be a profinite group and let A be a G-Banach ring endowed
with a valuation val for which the G action is continuous and unitary. We suppose there is a character
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x + G — Z; with open image and let H = ker x. Given an open normal subgroup Gy C G we let
Hy=GoNH and 'y, = G/Hy.
The Tate—Sen axioms are the following.

(TS1) There exists c; > 0 such that for any open subgroup H; C H; of Hy there exists « € AH with
val(a) > —c; and ZteHz/Hl () =1.

(TS2) There exists ¢, > 0 and for each Hy open in H an integer n(Hp) depending on Hy such that for
n > n(Hp), we have the extra data of

* closed subalgebras A g, , C KHO, and

o trace maps Ry, : A — Ap,,
satisfying:
(1) For Hy C H, we have Ay, , C Ay, , and RHI,”|AH2,n =Ry, .
(2) Ryy,n is Ap, p-linear and Ry, ,(x) = x for x € Ag, ».
(3) 8(AHym) = Agrpg-1.n a0d gRpy n(1)) = Rypppg1.(g%) if g € G.
(4) 1im,,_ 00 Ry, n(x) = x for x € Ath.
(5) If n > n(Hp) and x € A then val(Ry, ,(x)) > val(x) — c,.

(TS3) There exists c3 > 0 and for each open normal subgroup Gy of G an integer n(Goy) > n(Hy)
such that if n > n(Go) and y € 'y, has n(y) = val,(x(y) — 1) < n, then y — 1 acts invertibly on
Xtion = (1 = Rpgo,) (A0 and val((y — 1)~ (x)) = val(x) — c3.

We introduce an additional possible axiom which does not appear in [Berger and Colmez 2008].

(TS4) For any sufficiently small open normal Gy C G with Hy = Gy N H and for any n > n(Gy), there
exists a positive real number ¢ = ¢ (Hy, n) > 0 such thatif y € Go/Hp and x € Ap, , then

val((y — 1)(x)) = val(x) +1.
We then have the following result.

Theorem 5.1. Let M be a finite free A-semilinear representation of G. Suppose there exists an open
subgroup Gy C G, a G-stable A*-lattice M C M and an integer k > c1 + 2c + 2¢3 such that in some
basis of M, we have Mat(g) € 1 4+ p*Maty(A™") for every g € Go. Then:

(1) If (TS1)—~(TS3) are satisfied then fori > 2
R (M) =0.

In fact, R, (M) = 0 for any sufficiently small open subgroup Go C G.

Go-an

(i1) Ifin addition (TS4) is satisfied then

R (M) =0.
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In fact, for every sufficiently small open subgroup G there is an open subgroup G| C Gy such that the
map Rg (M) — RE; (M) is 0.

(iii) In particular, if (TS1)—(TS4) are satisfied then M has no higher locally analytic vectors.

Remark 5.2. The following was pointed out by the anonymous referee: if the action of Gy on A was
locally analytic, then the hypothesis of the existence of M+ such that G acts trivially mod p* on it would
imply that the action of Gy on M is locally analytic as well, as it can be deduced from Proposition 2.1
and Lemma 2.2. So the nonlocally analyticity comes only from the coefficients A.

The following special case is often useful in applications.

Proposition 5.3. If G and A satisfy (TS1)—(TS4) and if in addition the topology on A is p-adic, and if M
is a finite free A-semilinear representation of G, then the higher locally analytic vectors R{a(M ) vanish
fori > 1.

Proof. We shall explain how this follows from Theorem 5.1. Indeed, we claim that any finite free
A-semilinear representation of G satisfies the assumptions of the Theorem 5.1 after possibly replacing G
by a smaller open subgroup G’. This suffices because, by Lemma 2.4, higher locally analytic vectors do
not change when we replace G by G'.

To see why such a G’ exists, suppose M is a finite free A-semilinear representation of G and choose
any A-basis e, ..., eq of M. If we take M™ = @"_, Ate; then M is a lattice of M, and by continuity
we may find an open subgroup G’ C G so that Mat(g) € GL, (AT) for g € G'. This implies that M
is G’-stable. Since the topology on A is p-adic, we can find an open subgroup G C G’ such that
Mat(g) € 1 + p*Maty (A) for every g € G,. Thus, the assumptions of Theorem 5.1 hold for this M +,
G’ and G|, O

Before giving the proof of Theorem 5.1, we record a few applications.

Corollary 5.4. Suppose G and A satisfy (TS1)—(TS4) and let M be as in the statement of the theorem.
Then for alli > 0,
H (G, M) ZH (G, M"*) = H!(Lie G, M'")°.

Proof. Apply [Rodrigues Jacinto and Rodriguez Camargo 2022, Corollary 1.6 and Theorem 1.7]. (Il

Two main cases of interest are the following. To state them, we set up some notation first. Let F be
an infinitely ramified algebraic extension of K which contains an unramified twist of the cyclotomic
extension, i.e., the field extension of K cut out by 7 xcyc for n an unramified character. Suppose also that
Gal(F/K) is a p-adic Lie group. For why we allow an unramified twist of the cyclotomic extension on
what follows, see Section 8 of [Berger 2016].

Example 5.5. (1) Take G = Gal(F/K) and A =F. Then G and A satisfy the axioms (TS1)—(TS3) for
arbitrary ¢; > 0, ¢c; > 0 and ¢3 > 1/(p — 1). See [Berger and Colmez 2008, Proposition 4.1.1] for the
case F = K, which goes back to Tate. For general F the same proof works.
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In addition, we claim that G and A satisfy the axiom (TS4). Indeed, if G¢ is an open subgroup of G
corresponding to a finite extension L of K, then Ay, , = L({pn) and Go/ Hy = Gal(Lcyc/L). We take Gy
sufficiently small so that L contains ¢,. Let w = {,» — 1 be the uniformizer of L. For y € Gal(Lcyc/L),

we have
- 1
1((y — 1 —val(c, )= ————
val((y —1)(r)) = val(¢,, )= o2
Using the identity (y — 1)(ab) = (y — 1)(a)b + y(a)(y — 1)(b), one then shows by induction that

val((y = D) 2 val(e™ + .

If x is any element of A, , = L({,»), we may write x = pknmy withkeZ, m>1and 0 <val(y) < val(w).
Since Op[¢pn] = O[], we see by writing y as a polynomial in 7 that

val(y — 1)(y) > val(w) + #

Using the identity for y — 1, we have
val(y — 1)(x) > k +min(val((y — D(@™)y), val(x" (y — 1)(y)))
> e+ min(val(x") + val (y) + —Lg, val(x™) 4+ val () + — )
p p
1
> val(x) + PR

50 (TS4) holds with = 1/p" 2.

(2) Take G = Gal(F/K) and for a closed interval I C (p/p — 1, 00) let A= E,(f). Then again G and
A satisfy the axioms (TS1)—(TS4) for arbitrary ¢; > 0, ¢; > 0and ¢c3 > 1/(p —1). Here if Gy C G is
an open subgroup corresponding a finite extension L of K then one takes Ay, , = @~ " (Bpn cyc,1) With
notation as in Section 4B. For (TS1)—(TS3), see [Berger 2008a, Proposition 1.1.12]. Axiom (TS4) follows
from [Colmez 2008, Corollary 9.5].

Corollary 5.6. (i) If M is a finite free F-semilinear representation of Gal(F/K) then R{a(M ) =0 for
i>1

@G1) If I C (p/p — 1, 00) is a closed interval and M is a finite free B I(f )-semilinear representation of
Gal(F/K) then Rl (M) =0 fori > 1.

Proof. In both of these cases the topology on A is p-adic, so the theorem applies by Proposition 5.3. [

Remark 5.7. Suppose F/K is any infinitely ramified p-adic Lie extension of K (not necessarily containing
an unramified twist of the cyclotomic extension), and let M be a finite free F-semilinear representation
of Gal(F/K). Then R{a(M ) =0 for i > 1. To prove this, one is always allowed to replace K by a finite
extension. Then the extension F Ky./F can be assumed to be either trivial or infinite. In the first case,
the group Rfa(M ) vanishes by the corollary. In the second case, one can argue as in the proof of [Pan
2022a, Theorem 3.6.1]. We omit the details since this result will not be used in the article.
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The rest of the chapter is devoted to the proof of Theorem 5.1. The proof is inspired by that of [Pan
2022a, Theorem 3.6.1]. The strategy is the following:

(1) In Sections 5B and 5C, we establish some results using (TS1), (TS2) and (TS3) that allow us to
descend certain infinite rank A-semilinear representations of G to Azk’n-semilinear representations of
Gy, which are fixed by Hj.

(2) In Section 5D, we apply these results to C*"(G, M).

(3) Using this and the Hochshild—Serre theorem, we show in Section SE that Ré;_la(M ) vanishes when
i > 2, and we give an explicit description for Rlc;_la(M ). It remains to show this latter cohomology group
vanishes.

(4) To do this, we decompose RIG_]a(M ) as a sum of two groups. For the first one, we use an explicit
calculation in Section S5F and (TS4) to show its vanishing. For the second one, we show it is zero in
Section 5G by using again (TS4) and a computation inspired by Berger and Colmez [2016]. Both of these
computations are of a p-adic functional analysis flavor.

5B. Vanishing of H-cohomology. 1f t € R we write
p~'AT :=elements in A with val > —.
The first result we shall need for the proof of Theorem 5.1 is the following.

Proposition 5.8. Suppose that (G, H, A) satisfies (TS1) for some c¢1 > 0. If Hy C H is an open subgroup,
andr > 1, we have

() The natural map H' (Hy, AT) — H' (Hy, p~21A ™) is .

(ii) Let M be a finite free At-semilinear representation of Hy which has an Hy-fixed basis. Then the
map B (Hy, M+) — B (Hy, p~>*'M™) is 0.

(iii) Let M = Lm be the completion of an increasing union of finite free At-semilinear rep-
resentation of Hy, each having an Hy-fixed basis. Then the map H" (Hy, M™) — H" (Hy, p~2'M™)
is 0.

In particular, in each of the cases (1)—(iii) the rational cohomology H" (Hy, M) is equal to zero.

Proof. We have (i) = (ii), since continuous cohomology commutes with direct sums.
Next, we prove (ii) = (iii). To do this, observe that if # € Z~ then pr,:r also a finite free AT-
semilinear representation of Hy which has an Hy-fixed basis. Taking long exact cohomologies of the

0—>pt(UM,j>—> (UM:>—>M+/ptM+—>O

keN keN

sequences

and

0— p'~2 (U M,j') — pa (U M,j) — p Xapmt/pT Mt 0,
keN keN
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we get from (ii) that the natural map
H' (Ho, M /p'M™) — H' (Hy, p~ 2" M™*/p' 7> ' M)

is 0. Now given a cocycle & € Z"(Hy, M ™), write & for its image in Z" (H,, p21MT). We wish to
show that &; is a coboundary. Choose some fixed fy > 3c¢;. Then by virtue of the observation above, the
right vertical map of the commutative diagram

H" (Hy, p"M*) ——— H (Hy, M) ———— H" (Hy, Mt/ pM™)

| l |

Hr(H(), pto—Zc1M+) N Hr(Ho, p—ZCl M+) N Hr(H(), p—201M+/p10_2clM+)

is 0, which implies that §y = & 4+ §(m), where m is an r — 1 cocycle valued in p‘zcl M™ and & is an
r-cocycle valued in p~2 M+ C p“ M. Repeating this argument by induction with M+ replaced with
plMt, we get that we can write & = &1 + 8(m;41), where &; is valued in pi"M* and m; is valued
in p@=3 M+, Hence the series Y o, m; converges to an r—1 cocycle m valued in p~2¢' M+, and we
get &y = §(m), as required.

Finally, we prove (i). This statement is probably well known, but for lack of a suitable reference,
we provide a proof here. It is essentially a fiber product of the arguments appearing in [Tate 1967, 3.2,
Corollary 1; Colmez 2008, Proposition 10.2].

Let & € Z"(Hy, K*) be an r-cocycle of Hy valued in AT, By a valuation of a cochain we shall mean
the infimum of its valuation on elements. Writing & for the differential, we shall construct a sequence of
r—1 cochains x,, € C" "' (Hj, p‘261/~\+) for n > —1 such that

(1) val(¢ —éx,) > nc; for o € Hy, and
2) val(x, —x,—1) = (n —2)cq forn > 0.

This will suffice, since x, — x for some x € C" ™' (Hy, p‘z"‘KJr) which shows that £ = §x is O in
H' (Ho, p~21A™).

To do this, choose x_; = 0, which clearly satisfies the first condition. Suppose x, has been constructed;
we construct x,+1. Let &, be the r-cocycle

En =& — dxy,

which is valued in p"C‘K+. Choose H| C Hy an open subgroup such that for every o1, ..., 0, € Hy and
o € H| we have

val(§, (o1, ..., 00) =& (01, ..., 000)) = (n+2)cy.

Such a choice is possible by the continuity of &, as well as the compactness of Hy.



922 Gal Porat

Now by the axiom (TS1) there is an element o € AH such that val(a) > —c; and ZfeHO/HI () =1.
Let S be a system of representatives for Hy/H,, and define an » — 1 cochain

x$5(@1, . 0pm) = (=1 ) (0102 0 1 D@01 01, 7).
Tes
Each term in the sum has val > (n — 1)y, so val(xs) > (n — 1)c;. In particular, xg € C"~' (Hy, p~ 21 A ™).

We now compute (§, — dxs)(o1, ..., 0,). We have by definition of § an equation

Sxs(oq,...,00) = (—1)" Z(ol o) (@)or (o, ..., 00, T))

Tes

r—1
+ (=D (o1 0 D) @E (01, - 001 0r, T)
j=1 Tes
+) @10 D@E 01 01, 1), (5-1)

Tes
On the other hand, &, is an r-cocycle, so that §¢,(oy, ..., 0., 7) = 0 for every o1,...,0, and 7.
Multiplying by (—1)" (o7 - ... 0,7)(v) and summing over T € S, we get the equation

0=(=1") (01-...-0;0)(@01(Ex(02, ... 07, T))

Tes r—1
+D DY o1 0 T (@8 (01 00 - 0, T)
j=1 Tes
+ ©1 0D @E L 01,07 = ) (01 D)@ (01, -, 0). (52)
Tes Tes

Subtracting (5-2) from (5-1), we get

8x5(01, ... 0) =Y (1.0 1T (@& (01, ... O 1, T) = Y (0120, T)(@)Ex (01 -, Or 1, O T)

Tes tes

+D @1 0 D)@ (01, - ).
Tes
Now by choice of «, the last term is simply &,(o1, ..., 0,). Thus after rearranging, we have for every
oy, ...,0r € Hy the equation

(En—0x)(01, ... 0) = ) (01701 D@01, .., Go1, )= ) (0110, D(@En 01, ... 0, T).

Tes TeS

For each 7 in S, let 0, € H; be such that to,; € 0,,S. Then the term on the right hand side of the
previous equation becomes

Y @1 0 D @[Ea 01 - Ot T) — En(O1, - TOD) .

tes

so by the choice of H; we have

val(§ — 8 (x, +x5)) = val(§, —dxs) = (n + Dcy.
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Finally, set x,,+1 := x, +xs where S is arbitrary. The calculations we have done show that val(x,4+; —x,) >
(n — 1)cy and val(§ — éx,+1) = (n + 1)cy, as required. This concludes the induction and with it the
proof. ]

5C. Descent of semilinear representations. In this subsection we suppose that G and A satisfy the
axioms (TS1), (TS2) and (TS3).

Given an integer k > c| + 2¢» + 2¢3 and an open subgroup Go C G we write Mod% L (G, Gy) for the
category of finite free A*-semilinear representations M of G such that in some basis of M, we have
Mat(g) € 14 p*Maty(A™) for every g € Go.

The following will allow us to descend coefficients from AT to the much smaller ring AJITIM =
ATNA Hy.n- 1t 1s a simple modification of [Berger and Colmez 2008, Proposition 3.3.1] and is proved in
exactly the same way.

Proposition 5.9. Let M ¢ Modl}ﬁ (G, Go). Then for n > n(Gy) and Hy = H N G there exists a unique
finite free A;O’n-submodule DIJ;M(Mﬂ of M such that:
@) D;;O’H(MJ“) is fixed by Hy and stable by G.

(2) The natural map A+ ®A;ov" D;L,M(MJF) — M™ is an isomorphism. In particular, D;O’n(MJF) is free
of rank = rank M.

3) D;;O’n(MjL) has a basis which is c3-fixed by Go/ Hy, meaning that for y € Go/ Hy we have
val(Mat(y) — 1) > c3.
Corollary 5.10. Let M* € Mod , (G, Go), M = M* @3+ A and r > 1. The map
H' (Ho, M) — H' (Ho, p7 ' M™)
isO0and H (Hy, M) = 0.
Proof. This follows from Proposition 5.8 since M has a basis fixed by Hj. U

Lemma 5.11. Let Hy be an open subgroup of H, n > n(Hy) an integer, y € I'g an element such that
n(y) <mnand B € Mlxd(XH") a matrix. Let d € NU {oo}. Suppose there are Vi € GL;(Ap,,») and
Vo € GLg(A g, .») such that val(Vy — 1), val(Vo — 1) > ¢3 and y (B) = V1BV,. Then B € Mxq(AH, n).

Proof. The proof is exactly the same as that of [Berger and Colmez 2008, Lemma 3.2.5]. The only
difference between that lemma and the statement appearing here is that there one further assumes / =d and
B e GLd(KHO), but these assumptions are not used in the proof. In fact, the very same argument shows
the result holds for matrices with d = 00, as long as we understand that an infinite matrix has coefficients
which tend to zero as the indexes tend to oo. Namely, if R is a ring with valuation and /, d € NU {00}, let
M, 4(R) be the set of matrices A = (a;;) of size [ x d and a;; € R such that val(a;;) — oo as i + j — oo.
The argument then works in the same way. U
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Using Lemma 5.11, we have the following description of D;;O,n (M™). It explains why D;;O’ L(MT) s
functorial in M.

Proposition 5.12. Given Mt ¢ Modl}\+ (G, Gy), the module D;}O’n(MJF) is the union of all finitely
generated A;;O’n-submodules of Mt which are G-stable, Hy-fixed and admit a c3-fixed set of generators.

Proof. Indeed, if we have a submodule generated by c3-fixed elements f1,..., f; andife;,...,esis a
c3-fixed basis, write

fi = Be;
for some matrix B € M4 (AHoT). Then we have
Maty, (y) B = y (B)Mat,, ().

Here by Maty,(y) we mean any matrix which represents the action in terms of the f;. It is not a
priori unique as the submodule may not be free. Nevertheless, we have val(Maty, (y) — 1) > c3 by the
assumption, and this implies that Mat, () is invertible by [Berger and Colmez 2008, Lemma 3.1.2]. So
by Lemma 5.11

B € Mpya(Ay.n) NMia (A7) = My (AT ),
hence the submodule generated by the f; is contained in D;}O’n(M ). ]
Corollary 5.13. Let M, NT ¢ Mod%+(G, Gy). Then for n > n(Gy),
(i) There are natural isomorphisms
Dy (MO @y Dy, (NT) = Dy (M7 @54 N7,
D} (M@ Dy, (NT) = Djj (MT&NT).
(ii) If M* C N* then Dy, (M) =D}, ,(NH)NM™.

5D. Descent of C*(Gy, M). From here on G is a compact p-adic Lie group and Go C G is a small
subgroup, as in Section 2. We continue to assume G and A satisfy the axioms (TS1), (TS2) and (TS3).
The reader may also want to recall our notation and conventions of Section 1B regarding Banach spaces,
completions and tensor products.
By Proposition 2.3, we have for V,;* = V;(G¢) NC*(Gy, @,)* an equality
lim V,* = C*(Go, @)

leN
For M € Modk, (G, Go) we have

A
(li_n)] M* ®z, Vﬁ) =M*®z,C"(Go. Q)"
leN

Each M+ ®z, VZJr is a finite free A*-semilinear representation of Gy. The action of G on each of the
VlJr is trivial mod pk by Lemma 2.2, and hence its action on M T® Vl+ 1s trivial mod pk. Soif n > n(Gy),
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we may define using Proposition 5.8 a A;;k,n—submodule of M+ ®Zp C*™(Gy, @p)* given by

AN
Hk 0 (M) = (hm D;;k Mt ® V,+)> )
leN

The module D7,

Hj,n,00

(M) is then Go-stable and fixed by Hy. By Proposition 5.8 we have natural
isomorphisms

AT O, , Dl a M@ V) = M@V
This shows that D7,

Hen.ooM T) is generated by c3-fixed elements which give it the sup norm, and there is

an isometry
At B, , DM = M* 87, C"(Go, Q)"
The next proposition follows from Proposition 5.12

Proposition 5.14. A finitely generated AJr ,-Submodule of M @Z C*™(Go, Q,) " which is stable by Gy,
fixed by Hy and is generated by a c;3 ﬁxed set of elements is contained in D}, Hen.ooM .

In particular, we have the function log defined, by abuse of notation as the composition of
x :Go—» Go/Hy — Z; and log: Z; — Q,.
It lies in C**(Go, @,)". Note that for g € G, we have
g(log) =log +log(s™") = log — log(g).
Lemma 5.15. The elements 1 and log ofAJr C*™(Go, Qp) T lie in DHk " OQ(A*’).

Proof. The A;}k’n—submodule generated by 1 and log in AT ®C™(Gy, Q)T is stable under the G action

and fixed by Hj. Furthermore, we claim the elements 1 and log are c3-fixed by the action of G/ H;. This
A k

is clear for 1. To show this for log, notice that if g”k € G/ Hy (recalling that G = G(’)7 ) then

Val(g”k —1(log) > k > ¢ +2¢; +2¢3 > 3.
We conclude by Proposition 5.14. O

Proposition 5.16. (i) D}, (A") is a subring of AT & C*(Gy, Q).

(ii) The module structure of Mt QC*™ (G, Q@ ») 7 over AT RCM (G, Q ») T restricts to a module structure
ofDHk n.oo(MT) over DHk n. oc)(AJ’).

Hj,n,00

Proof. D7, (A+) contains 1 by Proposition 5.14. Next, one has the ring and module structure maps

Hj ,n,00

ATQAT > AT ATQMT — M.

Applying Proposition 5.12, taking the inductive limit and then taking completions, we get natural maps

D}, ANHeDf  (AYH—Dj (A
and
D}, ANH®DS | (M) Df (M),

giving the desired ring and module structures. U
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SE. Computation of higher locally analytic vectors, I. Let M™ € Modlli\ (G,Gp)and M = Mt @5+ A.
In this subsection we shall do a first simplification towards the computation of the groups R"(;_la(M ) for
i>1.
If Gy is any open subgroup of G, we have R"(;_la(M )= RiGO_la(M ) so thatif G,, = Gg" we have
Ry, (M) =limH (G, M ®q, C*"(Gy, @))).

Upon possibly making G smaller, we may assume that G is small and that x : Go/Ho — Z; has image
isomorphic to Z,,. Write I', = G,/ H,,.
Lemma 5.17. Fori > 1,

H (G, M ®q, C*"(Gn. Qp)) ZH (Tppi. (M ®a, C*™(G . Q) +4).
Proof. By the Hochshild—Serre spectral sequence and the vanishing of H,; cohomologies in (iii) of
Proposition 5.8 (taking the inductive system M ,:“ w=M T® thrk’ for k' > 0), we have

H (Gy, M ®q, C*™(Gn, Qp)) ZH (G/Hutr (M ®q, C*™ (G, Qp)) ).
Now the inclusion I';, 1y < G,/ H,+; induces an isomorphism
H'(Gu/ Hysk. (M 8, C"(Gp, @)™ ) ZH' (Tys. (M B, C(Gy, Qp) ™).

This again follows from Hochshild—Serre, once we notice all the higher cohomologies of G, /G4«

appearing vanish. This is because G,/ G, is finite and the coefficients are rational. (Il
Corollary 5.18. R w(M)=0 fori>2andn>0.
Proof. Because ' 1y = Z,. O

This proves the first part of Theorem 5.1. It remains to study the 1st derived group
RGo(M) =limH' (T 4k, (M ®a, C*"(Gp, @,))+).
n

Now for m > n(G,4«), we have by Proposition 5.9 a natural isomorphism
A* ®lim Dy ,(MT® V) =MT @lim V,".
¢ ’ teN
Taking the p-adic completion, we obtain a natural isomorphism
K8 o Dty M5) = MTBC (G, @)

and thus
At g, DY (M*) = (M*RC™(G,, Q,)+) ek,

Hyyf.m Hyyx,m,00

On the other hand, recall we have the trace maps
- A Huti
RHnJrk’m AT — AHn+k,m
which induce for Xy, ., » =kerRp, , ,» a decomposition
XH
AT = AHn+kJ7l & XHn-M,m'
Therefore, we can decompose

KHn+k ®AHn DH,,+k,m,oo(M) g DH,,+k,m,oo(M) @ (XHn+k,m ®AH

n+k-m

DH,th,m,OO(M)) k)

4k
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and so we get the description

RG (M) =limH' (T ik, D, om0 (M) @ H (T, Xty om @, Dy oo (M),

e
n

where in each object of the direct limit, we take m > n(G,4¢)-
5F. Computation of higher locally analytic vectors, II. 1f m > 0 is an integer and y is an element of a

group, write y,, for y”". The following simple lemma will be used to compare the behavior of (y — 1)”
and y,, — 1.

Lemma 5.19. Let £ > 0. The element X P of the ring Z,[ X1 is in the ideal generated by the elements
pPrX =D for0<i <.

Proof. For £ > 1 we have

p—1 p—1
X 1= - 1)(2 X"P“”) = x" - 1)(2 T+ (x? - 1))
i=1 [

i=1

p—1
=" - 1)<p +y X - 1)),

i=1

so that X' — 1 lies in the ideal

X7 =D (X 1)) = (p(xX?T — D, (X =1,
Let I, be the ideal generated by the elements p' (X — 1)1~/ for 0 <i < ¢. It is easy to check that
(plo—1,1 62_1) is contained in I,. Hence, induction on ¢ shows that X Pt belong to ;. O

So far we have only used the axioms (TS1), (TS2) and (TS3). We shall now use the final axiom (TS4),
which proves us with a positive number ¢ > 0.

Proposition 5.20. If (TS4) holds, then
(1) Apn.p is U's-analytic for an open subgroup of " depending on t.
(ii) There exists an element s = s(t, c3) = s(n, m, Go, c3) such that for y € Gp4x/Hy+r we have
= DD}, oM C DYy (M),
(ii1) Dp,. . .m,00(M) is I'-analytic for some open subgroup I" of Ty which depends onn, m, G and cs.
Proof. Once (ii) is established, we claim parts (i) and (iii) follow from [Pan 2022a, Example 2.1.9]. Let
us elaborate a little bit. Take ¢ large enough so that
-+ +Dt=L+t+@—-1i>2
for each 0 <i < £. Then for such £ (which only depends on ¢) we have by Lemma 5.19
(e — D(A},) C PPAT,.
so thatif b € Ay ,, the series

iy =Y} ) = 1"®)

n>0



928 Gal Porat

converges. This shows b is analytic for the subgroup generated by y,. The argument for (iii) given (ii) is
similar.
To show part (ii), recall the identity

(y —D(ab) =(y —D(@b+y@)(y — D).

Axiom (TS4) implies that if a € A;,m and b € D}, (M™) is c3-fixed, then ab is min(cs, t)-fixed.

Hy 1k ,m,00

Since the c3-fixed elements topologically generate D,*,Hk,m,oo(M T), it follows that every element of

D}, (M) is s = min(c3, 1)-fixed. O

Hyyi,m,00

Using this we can show

Lemma 5.21. Given n there is m sufficiently large depending only on n (and not on M) such that

1 —~
H (Fﬂ-‘rkv XHn+k,m ®AH

n+k-m

Dy, .m.00(M)) = 0.

Proof. (This argument is adapted from [Pan 2022a, Lemma 3.6.6].) Fix mg > n(G,4¢). From the
discussion after Corollary 5.18, for m > m( we have a natural isomorphism

~H S
n+
A ®AHn+k.m

Dy, m.00(M) = Dy mco(M) @ (X, @y Diyiim,c0(M)).

ko

By Proposition 5.12, we have an isomorphism

AHn+k,m @ DHn+k7m0sOO(M) = DH:erk,m,OO(M)'

Let XJ[,nM m = XH,.,.m VAT. We get an induced isomorphism
+ S + +y ~ x+ S +
X, em ®AEn+k,m DHn+k,m,<>o(M ) = X, em ®AEn+k,m0 DHn+k,mo,oo(M)'

Let y be a generator of I',,4. By Proposition 5.20, there is some s such that

(v = DD} oo™ CP DYy (M),
If ¢ is sufficiently large Proposition 5.20 implies that
Ve = DD g ocM ) CPPOD g o (M)

(we take 2c3 rather than c3 to take of convergence later in this argument). Choose such an ¢, and take m
large enough so that n(y,) < m. Then by (TS3) we have val((y, — D~'(x)) > val(x) —c3 for x € X}S

kM’
We will now show that any element of Xp, , n ®AHn+k»m Dy, .,.m,00(M) is in the image of y, — 1. This

will also imply any element is in the image of ¥ — 1, since y; — 1 is divisible by y — 1, and hence it will
further imply that the cohomology

H' (Totks Xty O, n Dbtyyim oo M) = Xty oom ®nyw Doyom oo M)/ (y — 1)

is 0.
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To do this last step, it suffices to show that each simple tensor

a®beX} M)

n+k,M

®r:  Df (M*) =X}

®,+ DF
aomo k110,00 nrksm < Ay H,

koM n+k,m,00(

is in the image of ¥, — 1. Choose an integer r so that p”a is in the image of (y; — 1) ™! restricted to X;‘—In+k,m
(choose any r > c¢3). It suffices to show p"a ® b is in the image of y, — 1. So write p"a = (y; — l)_1 (¢)
forc e X};Hbm, and consider the series

+00 +00
Y=Y =D @m-D'® =) vl-w T ©ew-1 0.
i=0 i=0

This series converges, because by our choices

val(re—1) ') = val(x)—¢c3 on X}, and  (ye—1)(x) = val(x)+2c3 on D . (M*)!
A direct computation then gives

(re—=DM =@ —DE®b=p'a®b,
so p"a ® b is in the image of y, — 1, as required. U

Combing Lemma 5.21 with the discussion after Corollary 5.18, we get the following description of
R§ . (M).
Proposition 5.22. RG.o(M) =limH' Tk, Dy om0 (M),
where the direct limit is taken over pairs n, Ir’l}’lm
5G. Computation of higher locally analytic vectors, III. We are now almost ready to prove our theorem.
First we prove a lemma that will be used.

Lemma 5.23. Let T = y?» and let B be a Banach representation of T'. Suppose B = B'*, and that

ly — 1|l < p~ /=D,

Then ||b|| = ||b]|r-an for any b € B.

Proof. We have for x € Z,, that
VE(b)
X _ )4 k
y by =) L

where V,, =log(y). By definition

16/ r-an = iug{ﬂv)/f (B)/ k).
Now recall we have -
(y —D"

Vy=(r =D (D"

m>0

’

so ||V, (B)|l < [ly — 1]|1Ib]l, and more generally
IVy @) <y — 11 (1511
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It follows that for £ > 1 we have

IV5 )/ k! < p~ =Dy =114 |1b] < 1151,
s that [|b||r_a = [5]. O

Proof of Theorem 5.1. By Proposition 5.22, Ri;_la(M) = @n’m H' (T4, Dy, ., .m,c0o(M)). Fix n and m.
Given b € Dy, m,00(M) we shall show it becomes zero in some HI(FHk, Dy, m',00(M)) for some
¢ >n, m" > m—this will show the direct limit is zero. By Proposition 5.20 we know there is an open
subgroup I' C I';, 4 such that Dy, ., m 00(M) is I'-analytic. Writing y for a generator of I', we may take
I" small enough so that ||y — 1] < p~ /=D "and hence Lemma 5.23 applies. Thus, writing |||, for the
norm on Dy, ., m 00(M) induced from its inclusion into M RC™(G,, Q,), we have ||b||, = ||b]|r-an for

b€ Dy, , moo(M). We know there is a real number D > 0 such that if b € Dy, ., u,00(M) then
IVy D) lln = IVy (B)lIr-an < DI|blIr-an = Dbl
Now choose £ > n such that I'; has index p’ in ", where ¢ is taken large enough so that
2p1/(P—1)D <p'.

Lety, = ypl be the generator of I'y, and let log, € C*"(G¢, Q) : G, — G¢/Hy — Z,, be the logarithm
so that log,(y,) = 1. Now let m’ > m be large enough so that Dy, m oo(M) is defined. Recall that
by Lemma 5.15, log, € DHM,,,,/,OO(K*). Let I'" C g4 be an open subgroup so that Dy, 00(M) is
[-analytic and write p? for the index of I'" in I"y4,. Finally, write ' for the generator of I'’. Again by
making I'" smaller we may assume ||y’ — 1] < p~/%~V on Dy,,, w.co(M). We have
k g t+k+q
Y =" =yt
Let z, = log, /pk“l € DHHk,m’,oo(K)a the one computes that y'(z¢) = z¢ + 1. Therefore, V,(z¢) = 1.

Now consider the series
2 3

2y 2 82
bze =Yy (0) 2 + V3 (b) 35—+

in Dy, m',0o(M). We claim first it converges with respect to the norm ||-||¢ of Dy, m',00(M). Indeed,

we have
k+q

lzelle=p
and (noting that V;, = pitt +k+‘/)V7‘;)
IVL Bl = p~ ANV Bl < p~' TNV B) [l < pT CTHEO DD,
so the general term of series has size

Hv]l//(b)/(l +1)!- ZZ-H e < pfi(t+k+q)Dipi(kJrq)pi/(pfl) — (pftDpl/(pfl))i < 271"

so the series converges in the in the || - ||, norm. But then the series must also converge with respect to
Il - lr7-an because of Lemma 5.23. So if we write y for the sum of the series, it makes sense to speak of
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the derivative V,/(y), and one computes that V,(y) = b. So b is in the image of
V}// : DHHk,m/,oo(M) - DHg+k,l71/,OO(M)a

hence also in the image of y’ — 1, which divides V.. But y' = yt’fk 80 Y14k — 1 divides y' — 1. It follows
that b is also in the image of y;1¢ — 1. This means that b is O in

Doy oo(M) ] (epx — D) EH' (Togk, Dy, 00 (M)
and we are done! ]

Remark 5.24. (1) Since the choices of £ and m’ did not depend on b, each Dy, ,, n.0o(M) maps in its
entirety to 0 in some Dy, m',00(M). This shows that M is strongly £2l-acyclic in the sense of [Pan
2022a, §2.2]. After this work was completed, Pan proved that strong £2(-acyclicity is in fact automatic in
this setting, see [Pan 2022b, Proposition 2.3.6].

(2) The proof of Theorem 5.1 shows the vanishing of h_n)lnm H! (Lie(Fn+k), DHHk,m,OO(M)), which is a
priori stronger than the vanishing of h_r)nnym H' (Tngxs DH, om0 (M)).

6. Descent to locally analytic vectors

Work again in the setting of Sections 3—4. We shall assume in this section that K, contains an unramified
twist of the cyclotomic extension. The purpose of this section is to prove the following theorem.

Theorem 6.1. The functor £ — Oy ot & gives rise to an equivalence of categories
{locally analytic vector bundles on X} = {I"-vector bundles on X}.
The inverse functor is given by € — &2,
In the rest of this section, we shall prove that given a I'-vector bundle & on X, the natural map
~la ~
Ox ol E > ¢

is an isomorphism. This is enough for proving Theorem 6.1. Indeed, if this isomorphism is granted, then
in particular it follows from Proposition 2.1 that £ is locally free over (91;, so that the functor & > £
is valued in the correct category and is fully faithful. On the other hand, it follows from Example 4.5(2)
that it is also essentially surjective.

6A. Computations at the stalk. In this section, w let & be a [-vector bundle. We have the fiber & k(Xoo)
at xoo, a finite dimensional K, ~o-semilinear representation of I', and the completed stalk E Q;:, a finite free
Bg}([f(\oo) = Bj;"-module. We define

Dsen(€) = )™ and  DLH(E) = (£,

If V is a p-adic representation and E=E(V)asin Example 3.4, and if I' = Iy, then we recover the
classical invariant Dge, (V) according to [Berger and Colmez 2016, théoréme 3.2]. The invariant D;qf(V)
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is also recovered, see [Porat 2022, Proposition 3.3.]. It is therefore natural to extend these definitions to
arbitrary £ and I' as we have done here.
There is the following decompletion result.

Theorem 6.2. (i) The natural map I?oo Qg Dgen (&) — & k(xy) IS an isomorphism.
(i) The natural map B&%(I/(\oo) ® B (Roo)m D(Tif(g) — fgj is an isomorphism.
Proof. The fiber g k(xs) 18 a finite dimensional K, oo-semilinear representation of I'. So (i) follows from

[Berger and Colmez 2016, théoreme 3.4]. For (ii), write Iy for the maximal ideal of B;]Q(I? o). It suffices
to prove that for n > 1 the natural map

B (Koo)/ I} @ jirys Ex [TV — Ec /1§ (%)
is an isomorphism.
By Theorem 5.1 (more precisely, Corollary 5.6(i)), we have Rlla(IG” -lg v/ 1y) =0, so by devissage the
map
Ex/ D™ = €4/ 1) = Dsen(E)

is surjective. It follows from the case n = 1 and Nakayama’s lemma that (x) is surjective too.

For injectivity, we argue as follows. Let e1, ..., e; be a basis of Dge, (€) over the field K é% By what
was just proved, we may choose a lifting ey, .. ., e4 of this basis to (éxm/lg’)la. Then 1 ®eyq,...,1Rey
generate

B (Ko) /15 ® gt pmys e/ IO
according to Nakayama’s lemma.
Now suppose that

Y xi®ei € B (Koo) /15 ® gy Erns/ "

is in the kernel of (%), so its image is 0 mod /. Choose a generator £ of Iy. Reducing mod /5 and using
the injectivity of (x) for n = 1, we get the relation ) x; ® e; = 0. As the ¢; form a basis, each x; must be
divisible by &£. Writing x; = £x/, we have

Zx,-@)e,-:st;@e,-:SZx{@e;,

Y X ®yi € BR(Ks)/ 1] ® gt mtye Ex/1;7HE

so the image of

in & xoo/ 10"_l is 0. The injectivity now follows from induction. (Il
Let I be a closed interval with |log(/)| < log(p) and let
M; =H’x,, ).

Theorem 5.1 allows us to prove the following Proposition 6.3; we shall subsequently prove a stronger
statement in Theorem 6.5.
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Proposition 6.3. There are natural isomorphisms

Dsen(&) = MP /(oMD" and  DJ(&) = lim MP /(15 M)".
n

Proof. As Iy is principal, Iy M, is finite free over B;. By Corollary 5.6(ii), the cohomology Rlla(lg M 1)
vanishes. Applying la to the short exact sequence

0— IgM]-) M[ —> M[I@/M] — 0

we get M}a/(lglql)la = (M,/Ig]\?,)la = DSen(g), which gives the first isomorphism. By the same
argument M/ (12 M)* => (M;/1} M;)™ for n > 1. To get the second isomorphism, take the limit
over n. O

6B. Descent to locally analytic vectors. In this subsection we will give a proof of Theorem 6.1. We
continue with the notation of Section 6A.

We start with the following key proposition, which builds upon all of the work done in Section 4,
Section 5 and the previous subsections of Section 6.

Proposition 6.4. Let [ =[r, (p —1)p"] be an interval withn > 1 and | log(I)| <log(p). Then the natural
map
B, D MP — M, (6-1)

is an isomorphism.

Proof. First let us explain how to reduce to the cyclotomic case. After an unramified twist, which causes
no obstructions to descent, we may assume Kcyc C Koo. Set

~ ~ Gal(K /K.
M eye := M, (Koo/ Cyc)'

‘We then have
M; = By ®E,_Cyc MI,cyc

(see for example [Berger and Colmez 2008, corollarie 3.2.2]), and if the conclusion of the proposition
holds for the cyclotomic case, we have

Ml,cyc = E],cyc ®§}a_cyc M}?cyc
and hence

~ o~ ~1a
M; =B 50 M .
1 1 ®B,‘fcyc I,cyc

This shows that M, has a basis of locally analytic vectors and by Proposition 2.1 the map (6-1) is an
isomorphism.

It remains to establish the proposition in the cyclotomic case where B, =B I,cye- By Proposition 4.2,

la

I.cyc-module, it follows from [Stacks

~ . ~h _ Sn i ~
Bj cyc 1s flat as a B -module. Since M/, is torsionfree as a B
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2005—~, 0AXM] that El,cyc ®BY,, Z\Z}?Cyc is also torsionfree. By Proposition 6.3, the completion at
Iy C By cyc of (6-1) is nothing but the map

+ + (5 SA,
By ®B£{'P*‘ D (€) — 5)?;’

so by Theorem 6.2, the map (6-1) is an isomorphism at least after taking this completion. As B Ieye 18
a PID (see Proposition 3.1), it follows that (6-1) is injective with cokernel supported at finitely many
maximal ideals. These maximal ideals correspond to a finite set of points on X, and this set must form a
finite orbit under the action of I". But by [Fargues and Fontaine 2018, Proposition 10.1.1], the only point
with finite orbit under the I'-action is xo,! Thus the cokernel of (6-1) is supported at /5. But then it must
be 0, as we have just shown the completion at Iy is an isomorphism. (Il

Proof of Theorem 6.1. Let U be an open subaffinoid of X for I = [r, (p — 1) p"]. Then we claim that the
natural map
Ox(U) ®pis 1, H'(U, £%) — H'(U, &)

is an isomorphism. Indeed, we have

HO(U’ g) = OX(U) ®§,’Cy I,cyc*

C

M eye = 0x(U) @pn M
Thus HO(U, €) has a basis of locally analytic elements. By Proposition 2.1, we have an isomorphism
Ox(U) ®¢, wy H'(U, )" - H'(U, &),
from which the claim follows.
Now let (Oxy ®01§) g la)° be the presheaf on X' sending
U > Ox(U) @iy ) & (V).

The X for various I of the form I = [r, (p — 1) p"] with | log(1)| < log(p) give a covering of X, so the
claim shows that the natural map
(Ox @y £° — &

is an isomorphism on stalks. Theorem 6.1 follows. ]

The proof of Theorem 6.1 essentially shows that £ is quasicoherent. This leads to a simple interpretation
of Dge, and D(;f in terms of £ as follows. Given a locally analytic vector bundle define

DSen(g) = Sk(xoo),
the fiber of £ at x,, and
Dl (&) =¢&F

the completed stalk of £ at x,. These would not a priori be the same as Dsey (&) and D(;“if(é ), because
quotients in general do not commute with locally analytic vectors, but they do in this case.
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Theorem 6.5. Let € = Oy ®oi E. There are natural isomorphisms
Dsen (5) Dsen(6)  and Ddlf(g) dlf(g)

Proof. For I =[r, (p — 1) p"] with |log(1)| < log(p) write ]\71 =HO(x;, 5). For any sufficiently small
U containing x~, the proof of Theorem 6.1 shows that

H(U, £) = Ox(U)* @1 M.
It follows that the quotient & /m} &y, of the stalk &, by the n-th power of the maximal ideal
My, C (’)l;,xoo is identified with the quotient M1/ (1} M)"™. Now use Proposition 6.3. O
7. The comparison with (¢, I')-modules

In this section, we give reminders on (¢, I")-modules and compare them to locally analytic vector bundles.
We keep the notation from Section 6 and the assumption that K¢ye C Koo for some 7.

7A. Galois representations and (¢, I')-modules. Recall the notation from Section 3 and let

rig rig —
5>

B! =B! (Ks)=1imH(V.00), Oy) = limlim H' (Y, 5, Oy)
r r

~

be the extended Robba ring. The (¢, [')-actions on ) induce actions on B:lg

Definition 7.1. A (¢, [')-module over B 1s a finite free BT -module with commuting semilinear (¢, I')-

actions such that in some basis Mat(¢) € GLd(BrTl g)

We can compare these objects to (¢, I')-vector bundles using two functors. On the one hand, if Misa
(¢, I')-vector bundle, then M = lim, H° Vir,00), M M)isa (¢, I')-module. Here, the nontrivial thing one
needs to check is that MJr is free and this follows from BT being Bézout [Kedlaya 2004, Theorem 3.20].

One the other hand, glven a (¢, I')-module Mrlg we deﬁne a (¢, I')-vector bundle FT(Mrlg
If M!_isa (¢, I')-module then for every r >> 0 we have a finite free B[r,oo)—semlhnear ["-representation

rig
M[r,oo) together with isomorphisms

) as follows.

@ Blr.oo) ®F,,  Mir/p.oo) = Mir.e0)

[r/p.o0)
as well as identifications

Bf,®p,  Mio0) = M.
Using the isomorphisms ¢ : §[,,oo) = Elr /p,o0) We can then uniquely extend this to all » > 0 by inductively
defining M{,/pn o0) through the isomorphisms

(p*B[I’/p"_l,OO) ®§[r/p”400) M[f/p”,oo) = M[r/p"",oo)-
Setting for every r > 0

HO W00y, FT(M},)) := My o)
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and for every s > r

HVprs), FT(ME,) := My 0) ®F,  Birs)

we obtain a (¢, I')-vector bundle FT(lVIjig).

Proposition 7.2. The functors M lim, H(V}r.00)s M) and FT induce an equivalence of categories
{(p, I')-vector bundles on Y(0,o0)} = {(¢, I')-modules over E:ig}.

Proof. This is well known. See for example the discussion appearing directly after [Scholze and Weinstein
2020, Definition 13.4.3]. The treatment there is given in the situation where there is no I'-action present,
but the same proof works in our setting. (I

The following theorem due to Fontaine and Kedlaya gives the relation of these objects with Galois
representations. To formulate it, we need to introduce some terminology. Let y be the point of )

corresponding to p = 0. A (¢, I')-module over B’ is called étale if it has a basis for which Mat(p) €

rig
GL4(Oy,y). We also have the notion of a semistable slope 0 vector bundle on X' — we refer the reader to

[Fargues and Fontaine 2018, définition 5.5.1, exemple 5.5.2.1].
Theorem 7.3. The following categories are equivalent.

(1) Finite dimensional Q ,-representations of Gg.

(2) Etale (¢, I')-modules over Ejig-

(3) T'-vector bundles on X which are semistable of slope 0.

Proof. The equivalence of (2) and (3) follows from Proposition 7.2 and Proposition 3.3. The category
in (1) is equivalent to (¢, I')-modules over B = @y’ y[1/pl, where @y, y is the p-adic completion of
Oy,y, by the theorem of Fontaine [1990, théoréme 3.4.3 and remarque 3.44(c)]. Next, by a relatively
elementary argument, this category is equivalent to the category of (¢, I')-modules over BT, see for
example [Kedlaya 2015, Theorem 2.4.5] or [de Shalit and Porat 2019, Theorem 4.3]. Finally, one can
replace Bf by §:ig by [Kedlaya 2004, Proposition 5.11, Corollary 5.12]. See also [Fargues and Fontaine
2018, proposition 11.2.24]. U

~

7B. The comparison with locally analytic vector bundles. Let B

~ rig
vectors in B:i . for the action of I". We have a corresponding version of (¢, [')-modules.

Definition 7.4. A (¢, I')-module Mjig over E:i’gpa is a finite free §$’gpa—module with commuting semilinear
(¢, I')-actions such that in some basis Mat(¢) € GLd(ErTi;gp a

It is étale if B Qe M s so.
rig

be the subring of pro-analytic

), and such that the action of I" is pro-analytic.

rig rig
The following theorem explains the relationship between (¢, I')-modules and locally analytic vector
bundles.

Theorem 7.5. The following categories are all equivalent.

(1) (@, I')-modules over E:ig.



Locally analytic vector bundles on the Fargues—Fontaine curve 937

(2) (¢, I')-modules over E:i:gpa.

(3) (¢, I')-vector bundles over Yo, o0)-

(4) Locally analytic ¢-vector bundles on Yo, ).
(5) I'-vector bundles on X.

(6) Locally analytic vector bundles on X.

Proof. The equivalences (1) < (3) < (5) are Propositions 7.2 and 3.3. (4) < (6) is similar to
Proposition 3.3. The proof of (5) < (6) was given in Theorem 6.1, and (3) < (4) can be proved
in a similar way. It remains to give an equivalence between (2) and (4). The Frobenius trick functor of
Section 7A induces a functor

FT : {(¢, I')-modules over le gp } — {Locally analytic ¢-vector bundles on YV )}

In the other direction we map a locally analytic ¢-vector bundle M to M = lim, HO(),. 00)s M). It is
easy to check from the definitions these two are inverses to each other once we know that M — M
valued in the correct category. So it remains to prove the following:

Claim. Mlg is a (¢, I')-module over B:lgpa.

Proof of Claim. We only need to explain why /\/l o is afree B:lgpa—module Since we can always descend
along unramified extensions, we may assume KCyc C Kso. Then M and /\/l g are both base changed from
their cyclotomic counterparts MS8(Koee/Keve) and MLgG al(Koo/Keye) |50 we reduce to the cyclotomic case.

To deal with this case, recall the rings Bj cyc from Section 4. The (cyclotomic) Robba ring is defined as

Big cye T h_r)nl(&n B[r,s],cyc-
ros>r
The maps By, s cyc — B; ,cyc Of Section 4 induce an embedding Brlg oye B;Eg oye — B;Eg(KCyC) By
[Berger 2016, Theorem B] we have
ptpa _ —n pt
Brlg U @ n(Brlg cyc
n>0

and since each ¢ "(BT ) is a Bézout domain [Lazard 1962], the conclusion follows. O

rig,cyc

In particular, we recover a decompletion result entirely phrased in terms of (¢, I')-modules:

{(¢, T")-modules over Ejig} = {(p, I')-modules over BrTlgp }-

This result recovers the decompletion theorem of Cherbonnier and Colmez [1998] and Kedlaya [2004].

Theorem 7.6. If K = Kcyc, base extension induces an equivalence of categories

} = {(@, T')-modules over B!

{(p, I')-modules over B! g, Cyc}

rig,cyc
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Proof. If M is a (¢, I')-module over B — U, <p‘”(B:ig’Cyc) then there exists n > 0 such that M

rig,cyc
is defined over go_”(B:ig’Cyc). Ifeq,..., id yis a basis of M then ¢"(ey), ..., ¢"(ey) is a basis defined
over B:ig, eye- Therefore the category of (¢, I')-modules over B:ig’ oye is equivalent to the category of
(¢, I')-modules over E:i;;iyc. But this latter category is equivalent to (¢, [')-modules over §:ig’ eye by
Theorem 7.5. U

8. Locally analytic vector bundles and p-adic differential equations

8A. Modifications of locally analytic vector bundles. We first introduce the following category. It is the
locally analytic version of Berger’s category of B-pairs; see [Berger 2008a].

Definition 8.1. A locally analytic B-pair is a pair W = (W,, W(;{{), where W, is a locally free (91;_{00} =
(’)ljél X-{oo}-module with a semilinear I"-action and WJR - ng ®01)a(_[ | W, is a I'-stable B;%’pa-lattice.

Proposition 8.2. The functor from locally analytic vector bundles to locally analytic B-pairs mapping £

1o (€] x-{o0} Dgf(S )) is an equivalence of categories.

Proof. There is an obvious functor from the category of locally analytic B-pairs to the category of B-pairs.
This leads to a commutative diagram

{locally analytic vector bundles} —— {locally analytic B-pairs}

l .

{I"-vector bundles} - { B-pairs}

The left vertical arrow is an equivalence by Theorem 6.1. The lower horizontal arrow is also an equivalence,
as explained in [Fargues and Fontaine 2018, §10.1.2]. It follows that the functor from locally analytic
B-pairs to B-pairs is essentially surjective, so every B-pair comes from a locally analytic B-pair by
extending scalars. It now follows from Proposition 2.1 that such a locally analytic B-pair is unique. This
allows us to define a functor from B-pairs to locally analytic B-pairs, which gives a quasi-inverse to right
vertical morphism. It therefore has to be an equivalence. By commutativity of the diagram, the upper
horizontal arrow is also an equivalence, as required. U

Definition 8.3. Given two locally analytic vector bundles £ and &, we say that & is a modification of &

if &1 x-o0) = E2] x-fo0)-

Note that in particular any I"-stable B;Epa—lattice N C Dyis(€) defines a modification of £ by taking
the pair (&]x-(c0}, N).

Remark 8.4. We could have also defined this notion of modification in terms of usual B-pairs. Our
choice of presentation is meant to illustrate that one can speak of modifications without leaving the locally
analytic realm.
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8B. de Rham and C,-admissible locally analytic vector bundles. Let £ be a locally analytic vector
bundle. We say that:

e £is Cp-admissible if dimg £ =! = rank(€).

o &£ is de Rham if Dgr(&) := dimg ég;l = rank(&).
If V is a p-adic representation and £ = £(V)™ then Exroo:l =C,® V)P and Dgr(E) = Dgr(V), so this
extends the usual definitions.

In what follows, note that D4r(€) has a natural filtration induced from the Iy filtration on é‘xm.
Definition 8.5. Suppose £ is de Rham.
(1) Ngr(€) is the modification of £ given by the lattice Dgr () ®k B;;pa C Dyit(€). It is C,-admissible.
(2) Mgr(€) is the locally analytic ¢-vector bundle corresponding to Ngg(E).

8C. The surfaces Yog,1. and Xjog, 1. Fargues and Fontaine [2018, §10.3.3] define a scheme Xjqg. It
is a line bundle over the schematic Fargues—Fontaine curve Xgr = Xpp(C,) with a natural projection
7 : X1og — X; further, it has a Gg-action and 7 is Gk -equivariant.

We let Ajog be the analytification of Xjo. If L is a finite extension of K, we set

/Ylog,L = AXlog/Gal(E/Loo)-

(Alternatively, this can be defined as the analytification of the quotient of Xjo by Gal(K /Lso)). Similarly,
write Viog = V(0,00) X & Xog and Viog, 1. = y]og/Gal([Z/Loo); then Mog,1./¢ = Alog, .- These spaces have
an action of Gal(L, /L), an open subgroup of I".

Write p;, (resp. piog, 1) for the projection maps Y, — Y or X, — X (resp. Niog,. — Y or &jgg,1 — X).
If I C (0, co) is closed interval, let Viog 1,1 = Pfogl,L(y]) and similarly X 7,7 = Pfogl,L(X[) for X if I is
sufficiently small.

Define

Elog,L,I =H"Whog.1.1» O )
As explained in [loc. cit.], there is a natural Gk -equivariant morphism of sheaves
d:Ox,, — Ql(.ng/x = PlogOx(—1)
which for every vector bundle £ over X’ induces an O y-linear morphism
N : pl*ogé’ — pl’;g5® Qiq‘,g/x-

See [Fargues and Fontaine 2018, Lemma 10.3.9] and the subsequent discussion. Similarly, N can be
pulled back to Vog. This then further induces a B r.s-linear differential operator N : Elog, L1 — Elog, LI
IfT e Elog’L’I is such that N(T) = 1 then E]Og’[”[ = IN}L,I[T] and N =d/dT. Such a T exists: if w is
any nonunit @w € igo and @’ = (w, w'/P,.. ), take T = log[wb].

Lemma 8.6. There exists T € Ellg‘g’L’l with N(T) = 1. Consequently, El"‘g’LJ = E?,I[T]'

lo
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Proof. The second claim follows the first claim, Proposition 2.1 and the fact that taking locally analytic
vectors commutes with filtered colimits. To find such an element 7', consider the exact sequence

0— EL,I — E{ggf’)] ﬂ) ELJ — 0.
After taking locally analytic vectors the sequence stays exact by Theorem 5.1. Thus the sequence

Bla 3la,N>=0 N Hla
0— B, — Blog’L’I — B[, —>0

is exact. This means we can lift 1 to an element T with N(T) = 1, as required. O

Proposition 8.7. Suppose 97 (xo0) NV # @. Then

(1) If M is a finite extension of L contained in L, then ES;I(LL?/ M _

unramified extension of Q,, contained in M.

My, where My is the maximal

-\ plaLiel'=0 _ 5/ . . . . .
>i1) Blog, L1 = Lg. the maximal unramified extension of Q) contained in L.

Proof. Point (i) follows from [Fargues and Fontaine 2018, proposition 10.3.15] and (ii) follows from (i). [J

One way to construct de Rham locally analytic vector bundles is as follows. Write Modg}l;(p’N(GK) for
P

the category of finite dimensional vector spaces D over Q' together with a semilinear action of ¢, a
monodromy operator N with o N = pNg, a filtration on D Squw K" and a discrete action of Gg on D
which respects the filtration. For example, if V is a potentially semistable representation then Dy (V) is
an object of Modg.ll,);fp(GK).

There is a functor

E: Modgll,;fp (Gk) — {de Rham locally analytic vector bundles}
P

defined as follows: Given D € Modg}l;‘p (Gk), choose L such that D is defined over L, i.e., D= @‘;n ®r, Do.
¥4

Such an L exists because the action of Gk is discrete. Then £(D) is defined to be the locally analytic

vector bundle corresponding to the pair

1 :1,N:0,G 1 Loo Koo .10 H ,pa Gal Loo Koc
((O;log,L—pE,;L(OO) ®1, D) Aboe/Koe) Fil)(Byg ™ @, Do)/ K)),

It is de Rham because

DcC BiK»Pa ®FilO(B§IRLaP8. ®LO DO)Gal(LOO/KOQ)

is fixed by an open subgroup of I". If we choose any larger L we get the same pair, so the construction
D +— £(D) is independent of the choice of L.

8D. Sheaves of smooth functions. In this subsection we introduce certain sheaves of functions on X'.
All of these can be defined equally well for Vo, 0).

Definition 8.8. We define the following sheaves of functions on X’.

(i) Smooth functions: O = OI;’LiGF:O.
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(i) For [L : K] < oo, L-smooth functions: Of\‘;sm = pL,*(pZ(QIj})Lie r=0,
(iii) For [L : K] < oo, L log-smooth functions: Oé‘lsm = Dlog, L,+( pf;g’ LOE@)UC r=0,

(iv) Potentially smooth functions: O%" = =1lim; x1 00 oLsm,

(v) Potentially log-smooth functions: OpX =1lim; x1 00 Oktsm,

The following proposition has been essentially explained to us by Kedlaya.
Proposition 8.9. Let U be a connected open affinoid subset of X.
(i) The sections of each of O%", O5™™ and Ogjm at U is a field which injects (noncanonically) into C,,.

(1) If xoo € U then there are canonical injections
HY(U, O < Ko, H'(U,0%™) > Lo and H(U,OK™) < K.
(ii1) If xoo € U and U = Xy, we have
H(x;, O =K, H(x;, 0™ =L, and H(Xx;, OF™) = K"
(iv) We have Oig"xw = Koo, Offsx“:o =L and ngs,r:w =K.
Proof. Each of the assertions (i)—(iv) for Opsm follows from the corresponding assertion for Ofgsm. We shall
give below arguments proving (i)—(iv) for O%"; the proofs for OL ™ are the same once K is replaced by L.

After passing to an open subgroup of I', we may assume I stabilizes U. By [Kedlaya 2016, Theo-
rem 8.8], the ring Oy (U) is a Dedekind domain. Each rank 1 point x of U defines a maximal ideal of
Ox(U), so f € Ox(U) can belong to only finitely many of these points. If f € Oy (U) is killed by Lie I"
then f is fixed by a finite subgroup of I', so these finitely many maximal ideals must form a finite orbit
under the I'-action. But the only rank 1 point with finite orbit is the point x~,, again by [Fargues and
Fontaine 2018, proposition 10.1.1]. So every f € O%"(U) either vanishes only at x, or is invertible.

If xo0 ¢ U, this proves that OF"(U) is a field. In particular, it injects into the residue field of each rank 1
point, and there is a dense subset of X with residue field a subfield of C,,. This proves (1) in this case. On
the other hand, if xo, € U then there is a ['-equivariant embedding of Oﬂ'{l_,(U ) into B (K )2 which gives
an embedding of O%"(U) into B (K ylaLiel=0 — g This simultaneously proves (i) and (ii) for O%"

Next, (iii) follows immediately from Proposition 8.7. For (iv), we have already shown that O (U) C Ko
for each U which contains x,, SO Oﬁé‘}xm C K. To show the converse inclusion, use the henselian
property of local rings of adic spaces [Morel 2019, I11.6.3.7] to show first that Koo C Ox .. It then
follows that Ko C Oy",_, which concludes the proof. U

We raise a few questions to which we expect a positive answer but have not answered in this article.

Question 8.10. (1) We can show that K C (’)g(sm if x is any rank 1 point. Indeed, any untilt of (Ebp is
algebraically closed, and one can use this to show that the completed local rings Bé;’ . contain K. This
implies by the same argument that K C Ox x. But every element of K has finite degree over Ko, which is
fixed by Gy. This implies that every x € K is fixed by an open subgroup Gg so K C (’)p o

Is it true that K = Op;’r; for any rank 1 point x?
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(2) Is it true that for every connected open affinoid U C X, the field Opsm(U ) is a finite extension of Kj"?
In particular, this would imply a positive answer to question (1).

(3) Is it true that O™ = OLS™ (and hence O™ = O%™)? If xoo € U then O™ (U) = OLS™ (),
This can be seen by using the embedding into BdR as in the proof of Proposition 8.7.

8E. The solution functor. In this subsection, we assume £ is a de Rham locally analytic vector bundle.
Given L finite over K, we define the sheaves of solutions on X,

(1) Sol. (&) := pr +(PENGR(E))HT=0, a module over O%*™,
(2) Soliog, £.(E) := Plog,,x(Prg L Nar (€)X "=0, a module over O5™,

(3) Sol(&) :=1limy; . gy o, SOliog,.(£), a module over OSQS‘“.

We have similar versions of these sheaves on )0, denoted by Sol?(£) for % € {L, {log, L}, &}.
Since the ¢ action on Vg, is I'-equivariant, there are natural identifications Sol.(€) = (Sol? (&))P=!
and Sol? (&) = (93,(000) ®0s, Soli (), where (x, ¢) = {(L, L-sm), ({log, L}, L-Ism), (&, plsm)}.

To make the link with £ clear, we shall need the following form of the p-adic monodromy theorem
due to André [2002], Kedlaya [2004] and Mebkhout [2002].

Proposition 8.11. There exists a finite extension L over K such that if U is an open subset of Vi, ) for

some r > 0 then the natural map
1
(’)j}lﬂg L(plog L U) ®0L Ism " W) Sollog L EOU) — OM L(plog L U) ®Ola ) Mgr(E)(U)
is an isomorphism. Consequently, if U C X} for some I then
O (Dieh LU) @iy SOliog LENU) <> O% (pis) 1 1) @t 1) Nar (€) (V).

Proof. Let E:ig be the (¢, I')-module corresponding to Mgr(£). By the p-adic monodromy theorem, we

know there is an isomorphism

'pa Tpa Liel'=0 ~, B T.pa ~T.pa
log L ®L (Blog L ®BT e D ) Blog L ®BT . Drlg

in the cyclotomic setting (see [Berger 2008b, I11.2.1]). More generally, we may descend along unramified
extensions to give it in the twisted cyclotomic case, and by base changing we get it in our setting as well
by the usual argument.

It follows that for r > 0 we also have an isomorphism

~pa

LieI'= 0
Blog [r,00),L ®B[roo) K D[r,oo)'

Blog [r,00),L ®L0 (Blog [r,00),L ®Broo)1< D[roo))
Pulling back along Frobenius, we obtain this isomorphism for any . Then by finding r > 0 so that
U C Y0, We can base change the isomorphism along the map Blog [roo) L — OlaézllogL(Plgé,LU) to
conclude. U
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Note that whether we need to adjoin log and/or perform a finite extension L of K depends exactly on
whether £ becomes crystalline or semistable after restricting Gk to Gy. Applying this observation and
taking Lie I' = O of both sides of the proposition, we obtain the following.

Theorem 8.12. The sheaf Sol(€) is a locally free (’)pxlsm-module of rank equal to rank(E). More precisely:
(1) If € becomes crystalline after restricting Gk to G for some L C L' C Lo, then Soly (€) is a locally
free (’)ﬁ;sm-module of rank equal to rank (&), and there is a natural isomorphism

Of, ®pLsm S0l (£) => Of, @i Nar (£).
(ii) If € becomes semistable after restricting Gk to G for some L C L' C Lo then Solig,1.(€) is a
locally free (’)gglsm-madule of rank equal to rank(E), and there is a natural isomorphism

0%, ®prim Soligg 1L (€) => O ®cu Nar (€).

Lemma 8.13. For each sufficiently small open connected affinoid U of Y,oc) which contains an el-
ement of 9% (xo0), and for L large enough so that Gy, stabilizes U, there is a natural Gy -embedding
H(U, Solf,,, ; (£)) = Lo ®k Dar(E).

Proof. Taking the completed stalk at a ¢-translate of x.,, we obtain an injection
OSioer (Prog. L V) 0y ) Mar(€)(U) = LY ®gu Dair(£).
On the other hand, Proposition 8.7 gives an isomorphism
ymg L (Piog, o2 U) ®0L bm (W) Solfy, (E)(U) => yl% L(Plog LU) ®old NG Mgr(E)(U).

Applying Lie I' = 0 to the composition of these maps gives the desired embedding. ]
We can now give an interpretation of the stalk at x:
Proposition 8.14. There following are each naturally isomorphic to each other.
(1) The stalk Sol(€)y.. .
(2) The stalk Sol(é’)ﬁfor anyy € goz (X00)-
(3) K ®k Dar(E).

In particular, Sol(E) ., is naturally a filtered K -representation of Gg of dimension rank(€) and Gy -fixed
points Dgr(E).

Proof. It is clear (1) and (2) are isomorphic. By Lemma 8.13, we have a natural embedding of Sol(£),,
and hence of Sol(£), ., into K ®k Dr(E). By Theorem 8.12, Sol(£),,, is a finite free module of rank
equal to dimg Dgr(€) over Ogglf;nm. But by Proposition 8.7 nglf';nx = K, so this embedding must be an
isomorphism. U

Finally, we consider the global solutions to the differential equation, namely

D(E) = H'Y0.00). S0l (€)) = H (Vo.00, O" @ g SOL(E)).
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Proposition 8.15. D(&) is naturally an object of Modg}.’n‘p’N(GK) and dim@;n D(&) =rank(€).
P

Proof. We know each H (V0. 00), Solﬁ)g’ 1 (£)) is an L;, vector space for U sufficiently small (independent
of L),so D(€) is a @;“—Vector space. The filtration is induced from the embedding

H (V0,00)> S01¢(£)) <> Sol(€),, = K ®k Dar(E).

The ¢-action is induced from the map ¢ : V0,00) = Y(0,00). The monodromy operator N is induced from
the equivariant connection pl*og 1 Mar(E) = pl*og L/\/dR(é’) ® Q%,log IVome” Finally, Gk acts on the smooth
elements in pl’f)g’ 1 Mar(€), and this action is discrete because every element is killed by Lie I', hence by
an open subgroup of Gal(L,/L). To compute the dimension use Theorem 8.12. (Il

Using this language, Berger’s theorem [2008b, théoréme I11.2.4] admits the following interpretation.

Theorem 8.16. The functors D +— E(D) and £ — D(E) are mutual inverses and induce an equivalence
of categories

Modglll’n(p’N (Gk) = {de Rham locally analytic vector bundles}.
P

Remark 8.17. If £ is the locally analytic vector bundle associated to a p-adic representation V, we see

that the global-to-local map
H’(V0.00), S0I?(£)) = Sol(€)x,

is nothing but the more familiar map

Dpst(V) — E Rk DdR(V)-

Question 8.18. Theorem 8.16 allows us to consider objects of Modgl;fp’N(GK) as global solutions to
P

p-adic differential equations. The filtration is coming from the behavior of orders of vanishing at x», = 0,
while the (¢, N, Gg)-structure comes from some sort of monodromy of the map 1im; Yog 1 — X. In
our description the space im; Wog 1. behaves as a substitute for a universal cover of X. It would be
interesting if it can be replaced by a more literal cover of X for which the (¢, N, Gg)-actions can be
interpreted as monodromy actions. One could even speculate that in an appropriate sense, the analytic
fundamental group of X (C,) g should be a tame Weil group with its two dimensions reflecting the ¢ and

N operators.
We conclude with an example.

Example 8.19. Take @ € Z%, and given g € Gal(@p /Qp) let &,(g) € Z, be the element such that

§§ﬁ(g) = g(a'/?")/a'/?" for each n > 1. The Kummer extension
0= Qp(Xeye) > V=Ve—>0Q,—0

is given by mapping in a basis e, f the element g to the matrix

Xcyc (g) &a(g)
0 1 ’
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The associated locally analytic vector bundle £ sits in an exact sequence

0 — O%(Xeye) = € — O% — 0.
We have
Ner(€) =08x @ ORy = 0% (1) 08,

where at a neighborhood of x,, we have x = t~le and y=— log[ozb]t_le + f. Thus

H(Yo,). Solgy (€)) =HY(OS} _ x® O3 v) =Qpx & Qpy.

'x and ¢(y) = y. This gives the underlying ¢-module of Dcs(V).

The action of ¢ is given by ¢(x) = p~
To get the filtration, we consider the stalk of Solg, () at xo. Observe that Fil® consists exactly of these
smooth sections which do not have a pole at x,. As log[ozb] =log e mod ¢, we have Fil° Solg » E)xy, =

Qp,cyc(x log pt y) and so the filtration on Ds(V) is given by
Fil ™' = Derig(V) D Fil’ = Qp(x log, a + y) D Fil' =0.

Acknowledgments

I would like to thank my Ph.D. advisor Matthew Emerton for his constant support, advice and supply
of ideas. I would also like to thank Laurent Berger, Pierre Colmez, Ian Gleason, Lue Pan, Léo Poyeton
and Joaquin Rodrigues Jacinto for answering my questions. Special thanks to Kiran Kedlaya for his
explanations regarding smooth functions appearing in Section 8D. Finally, I would like to thank Laurent
Berger, Ehud de Shalit, Hui Gao, Louis Jabouri, Hao Lee, Léo Poyeton, Stephan Snegirov and the
anonymous referee for their interest and comments. We hope the contents of this article will make it clear
we were inspired by [Berger and Colmez 2016; Pan 2022a].

References

[André 2002] Y. André, “Filtrations de type Hasse—Arf et monodromie p-adique”, Invent. Math. 148:2 (2002), 285-317. MR
Zbl

[Berger 2008a] L. Berger, “Construction de (¢, I')-modules: représentations p-adiques et B-paires”, Algebra Number Theory
2:1 (2008), 91-120. MR Zbl

[Berger 2008b] L. Berger, “Equations différentielles p-adiques et (¢, N)-modules filtrés”, pp. 13=38 in Représentations p-
adiques de groupes p-adiques, I: Représentations galoisiennes et (¢, I')-modules, edited by L. Berger et al., Astérisque 319,
Soc. Math. France, Paris, 2008. MR Zbl

[Berger 2016] L. Berger, “Multivariable (¢, I')-modules and locally analytic vectors”, Duke Math. J. 165:18 (2016), 3567-3595.
MR Zbl

[Berger 2021] L. Berger, “Errata for my articles”, preprint, 2021, https://tinyurl.com/y535b6jm.

[Berger and Colmez 2008] L. Berger and P. Colmez, “Familles de représentations de de Rham et monodromie p-adique”, pp.
303-337 in Représentations p-adiques de groupes p-adiques, I: Représentations galoisiennes et (¢, I')-modules, edited by L.
Berger et al., Astérisque 319, Soc. Math. France, Paris, 2008. MR Zbl

[Berger and Colmez 2016] L. Berger and P. Colmez, “Théorie de Sen et vecteurs localement analytiques”, Ann. Sci. Ec. Norm.
Supér. (4) 49:4 (2016), 947-970. MR Zbl

[Cherbonnier and Colmez 1998] F. Cherbonnier and P. Colmez, “Représentations p-adiques surconvergentes”, Invent. Math.
133:3 (1998), 581-611. MR Zbl

[Colmez 2002] P. Colmez, “Espaces de Banach de dimension finie”, J. Inst. Math. Jussieu 1:3 (2002), 331-439. MR Zbl


http://dx.doi.org/10.1007/s002220100207
http://msp.org/idx/mr/1906151
http://msp.org/idx/zbl/1081.12003
http://dx.doi.org/10.2140/ant.2008.2.91
http://msp.org/idx/mr/2377364
http://msp.org/idx/zbl/1219.11078
http://www.numdam.org/item/AST_2008__319__13_0.pdf
http://msp.org/idx/mr/2493215
http://msp.org/idx/zbl/1168.11019
http://dx.doi.org/10.1215/00127094-3674441
http://msp.org/idx/mr/3577371
http://msp.org/idx/zbl/1395.11084
https://tinyurl.com/y535b6jm
http://www.numdam.org/item/AST_2008__319__303_0/
http://msp.org/idx/mr/2493221
http://msp.org/idx/zbl/1168.11020
http://dx.doi.org/10.24033/asens.2300
http://msp.org/idx/mr/3552018
http://msp.org/idx/zbl/1396.11130
http://dx.doi.org/10.1007/s002220050255
http://msp.org/idx/mr/1645070
http://msp.org/idx/zbl/0928.11051
http://dx.doi.org/10.1017/S1474748002000099
http://msp.org/idx/mr/1956055
http://msp.org/idx/zbl/1044.11102

946 Gal Porat

[Colmez 2008] P. Colmez, “Espaces vectoriels de dimension finie et représentations de de Rham”, pp. 117-186 in Représentations
p-adiques de groupes p-adiques, I: Représentations galoisiennes et (¢, I')-modules, edited by L. Berger et al., Astérisque 319,
Soc. Math. France, Paris, 2008. MR Zbl

[Colmez 2010] P. Colmez, “Représentations de GL,(Q)) et (¢, I')-modules”, pp. 281-509 in Représentations p-adiques de
groupes p-adiques, II: Représentations de GLp(Qp) et (¢, I')-modules, edited by L. Berger et al., Astérisque 330, Soc. Math.
France, Paris, 2010. MR Zbl

[Fargues and Fontaine 2018] L. Fargues and J.-M. Fontaine, Courbes et fibrés vectoriels en théorie de Hodge p-adique,
Astérisque 406, Soc. Math. France, Paris, 2018. MR Zbl

[Fontaine 1990] J.-M. Fontaine, “Représentations p-adiques des corps locaux, I”, pp. 249-309 in The Grothendieck Festschrift,
vol. 2, edited by P. Cartier et al., Progr. Math. 87, Birkhduser, Boston, 1990. MR Zbl

[Fontaine 2004] J.-M. Fontaine, “Arithmétique des représentations galoisiennes p-adiques”, pp. 1-115 in Cohomologies p-
adiques et applications arithmétiques, I11, edited by P. Berthelot et al., Astérisque 295, Soc. Math. France, Paris, 2004. MR
Zbl

[Kedlaya 2004] K. S. Kedlaya, “A p-adic local monodromy theorem”, Ann. of Math. (2) 160:1 (2004), 93-184. MR Zbl

[Kedlaya 2015] K. S. Kedlaya, “New methods for (I', ¢)-modules”, Res. Math. Sci. 2 (2015), art.id. 20. MR Zbl

[Kedlaya 2016] K. S. Kedlaya, “Noetherian properties of Fargues—Fontaine curves”, Int. Math. Res. Not. 2016:8 (2016),
2544-2567. MR Zbl

[Kedlaya and Liu 2015] K. S. Kedlaya and R. Liu, Relative p-adic Hodge theory: foundations, Astérisque 371, Soc. Math.
France, Paris, 2015. MR Zbl

[Lam 1999] T.Y. Lam, Lectures on modules and rings, Graduate Texts in Mathematics 189, Springer, 1999. MR Zbl

[Lazard 1962] M. Lazard, “Les zéros des fonctions analytiques d’une variable sur un corps valué complet”, Inst. Hautes Etudes
Sci. Publ. Math. 14 (1962), 47-75. MR Zbl

[Mebkhout 2002] Z. Mebkhout, “Analogue p-adique du théoreme de Turrittin et le théoréme de la monodromie p-adique”,
Invent. Math. 148:2 (2002), 319-351. MR Zbl

[Morel 2019] S. Morel, “Adic spaces”, lecture notes, Princeton University, 2019, https://tinyurl.com/3udep89y.

[Pan 2022a] L. Pan, “On locally analytic vectors of the completed cohomology of modular curves”, Forum Math. Pi 10 (2022),
art.id.e7. MR Zbl

[Pan 2022b] L. Pan, “On locally analytic vectors of the completed cohomology of modular curves, II”, preprint, 2022. arXiv
2209.06366

[Porat 2022] G. Porat, “Lubin-Tate theory and overconvergent Hilbert modular forms of low weight”, Israel J. Math. 249:1
(2022), 431-476. MR Zbl

[Rodrigues Jacinto and Rodriguez Camargo 2022] J. Rodrigues Jacinto and J. E. Rodriguez Camargo, “Solid locally analytic
representations of p-adic Lie groups”, Represent. Theory 26 (2022), 962—-1024. MR Zbl

[Rodriguez Camargo 2022] J. E. Rodriguez Camargo, “Locally analytic completed cohomology of Shimura varieties and
overconvergent BGG maps”, preprint, 2022. arXiv 2205.02016v1

[Schneider 2011] P. Schneider, p-adic Lie groups, Grundl. Math. Wissen. 344, Springer, 2011. MR Zbl

[Scholze and Weinstein 2020] P. Scholze and J. Weinstein, Berkeley lectures on p-adic geometry, Annals of Mathematics Studies
207, Princeton University Press, 2020. MR Zbl

[Sen 1980] S. Sen, “Continuous cohomology and p-adic Galois representations”, Invent. Math. 62:1 (1980), 89-116. MR Zbl

[de Shalit and Porat 2019] E. de Shalit and G. Porat, “Induction and restriction of (¢, I')-modules”, Miinster J. Math. 12:1
(2019), 215-237. MR Zbl

[Stacks 2005—-] “The Stacks project”, electronic reference, 2005—, http://stacks.math.columbia.edu.

[Tate 1967] J. T. Tate, “p-divisible groups”, pp. 158-183 in Proceedings of a Conference on Local Fields (Driebergen,
Netherlands, 1966), edited by T. A. Springer, Springer, 1967. MR Zbl

Communicated by Bhargav Bhatt
Received 2022-05-17 Revised 2023-04-12 Accepted 2023-07-03

galporat1@gmail.com Department of Mathematics, University of Chicago,
Eckhart Hall, 5734 S University Ave, Chicago, IL 60637, United States

mathematical sciences publishers :'msp


http://www.numdam.org/article/AST_2008__319__117_0.pdf
http://msp.org/idx/mr/2493217
http://msp.org/idx/zbl/1168.11021
http://www.numdam.org/item/AST_2010__330__281_0/
http://msp.org/idx/mr/2642409
http://msp.org/idx/zbl/1218.11107
http://dx.doi.org/10.24033/ast.1056
http://msp.org/idx/mr/3917141
http://msp.org/idx/zbl/1470.14001
https://www.math.arizona.edu/~cais/847Page/References/Fontaine-Representations_p-adique_des_corpx_locaux.pdf
http://msp.org/idx/mr/1106901
http://msp.org/idx/zbl/0743.11066
http://www.numdam.org/article/AST_2004__295__1_0.pdf
http://msp.org/idx/mr/2005i:11074
http://msp.org/idx/zbl/1142.11335
http://dx.doi.org/10.4007/annals.2004.160.93
http://msp.org/idx/mr/2119719
http://msp.org/idx/zbl/1088.14005
http://dx.doi.org/10.1186/s40687-015-0031-z
http://msp.org/idx/mr/3412585
http://msp.org/idx/zbl/1387.11087
http://dx.doi.org/10.1093/imrn/rnv227
http://msp.org/idx/mr/3519123
http://msp.org/idx/zbl/1404.13026
http://dx.doi.org/10.24033/ast.957
http://msp.org/idx/mr/3379653
http://msp.org/idx/zbl/1370.14025
http://dx.doi.org/10.1007/978-1-4612-0525-8
http://msp.org/idx/mr/1653294
http://msp.org/idx/zbl/0911.16001
http://www.numdam.org/item?id=PMIHES_1962__14__47_0
http://msp.org/idx/mr/152519
http://msp.org/idx/zbl/0119.03701
http://dx.doi.org/10.1007/s002220100208
http://msp.org/idx/mr/1906152
http://msp.org/idx/zbl/1071.12004
https://tinyurl.com/3udep89y
http://dx.doi.org/10.1017/fmp.2022.1
http://msp.org/idx/mr/4390302
http://msp.org/idx/zbl/1497.11135
http://msp.org/idx/arx/2209.06366
http://msp.org/idx/arx/2209.06366
http://dx.doi.org/10.1007/s11856-022-2317-3
http://msp.org/idx/mr/4462638
http://msp.org/idx/zbl/1509.11034
http://dx.doi.org/10.1090/ert/615
http://dx.doi.org/10.1090/ert/615
http://msp.org/idx/mr/4475468
http://msp.org/idx/zbl/1510.11118
http://msp.org/idx/arx/2205.02016v1
http://dx.doi.org/10.1007/978-3-642-21147-8
http://msp.org/idx/mr/2810332
http://msp.org/idx/zbl/1223.22008
https://people.math.rochester.edu/faculty/doug/otherpapers/scholze-berkeley.pdf
http://msp.org/idx/mr/4446467
http://msp.org/idx/zbl/1475.14002
http://dx.doi.org/10.1007/BF01391665
http://msp.org/idx/mr/595584
http://msp.org/idx/zbl/0463.12005
http://dx.doi.org/10.17879/85169758758
http://msp.org/idx/mr/3928087
http://msp.org/idx/zbl/1432.11170
http://stacks.math.columbia.edu
https://www.math.arizona.edu/~cais/scans/Proceedings_on_a_Conference_in_Local_Fields.pdf
http://msp.org/idx/mr/231827
http://msp.org/idx/zbl/0157.27601
mailto:galporat1@gmail.com
http://msp.org

Jason P. Bell
Bhargav Bhatt
Frank Calegari
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Héléne Esnault
Gavril Farkas
Sergey Fomin
Edward Frenkel
Wee Teck Gan
Andrew Granville
Ben J. Green
Christopher Hacon
Roger Heath-Brown

Janos Kollar

Michael J. Larsen

Algebra & Number Theory

msp.org/ant

MANAGING EDITOR
Antoine Chambert-Loir
Université Paris-Diderot

France

EDITORIAL BOARD CHAIR
David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Waterloo, Canada
University of Michigan, USA
University of Chicago, USA

CNRS, Université Paris-Saclay, France
Stanford University, USA

Duke University, USA

Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
University of Michigan, USA
University of California, Berkeley, USA
National University of Singapore
Université de Montréal, Canada
University of Oxford, UK

University of Utah, USA

Oxford University, UK

Princeton University, USA

Indiana University Bloomington, USA

Philippe Michel
Martin Olsson
Irena Peeva
Jonathan Pila
Anand Pillay
Bjorn Poonen
Victor Reiner
Peter Sarnak
Michael Singer
Vasudevan Srinivas
Shunsuke Takagi
Pham Huu Tiep
Ravi Vakil
Akshay Venkatesh

Melanie Matchett Wood

Shou-Wu Zhang

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Ecole Polytechnique Fédérale de Lausanne
University of California, Berkeley, USA
Cornell University, USA

University of Oxford, UK

University of Notre Dame, USA
Massachusetts Institute of Technology, USA
University of Minnesota, USA

Princeton University, USA

North Carolina State University, USA

Tata Inst. of Fund. Research, India
University of Tokyo, Japan

Rutgers University, USA

Stanford University, USA

Institute for Advanced Study, USA
Harvard University, USA

Princeton University, USA

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2024 is US $525/year for the electronic version, and $770/year (+$65, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University

of California, Berkeley, CA 94720-3840 is published continuously online.

ANT peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY

:I mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2024 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

Algebra & Number Theory

Volume 18 No. 5 2024

On the ordinary Hecke orbit conjecture
POL VAN HOFTEN

Locally analytic vector bundles on the Fargues—Fontaine curve
GAL PORAT

Multiplicity structure of the arc space of a fat point
RIDA AIT EL MANSSOUR and GLEB POGUDIN

Theta correspondence and simple factors in global Arthur parameters
CHENYAN WU

Equidistribution theorems for holomorphic Siegel cusp forms of general degree: the level aspect
HENRY H. KiM, SATOSHI WAKATSUKI and TAKUYA YAMAUCHI

847

899

947

969

993


http://dx.doi.org/10.2140/ant.2024.18.847
http://dx.doi.org/10.2140/ant.2024.18.899
http://dx.doi.org/10.2140/ant.2024.18.947
http://dx.doi.org/10.2140/ant.2024.18.969
http://dx.doi.org/10.2140/ant.2024.18.993

	1. Introduction
	1A. Structure of the article
	1B. Notation and conventions

	2. Locally analytic and pro-analytic vectors
	2A. Locally analytic and pro-analytic vectors
	2B. Rings of analytic functions
	2C. Higher locally analytic vectors

	3. Equivariant vector bundles
	3A. The spaces Y(0,) and X
	3B. The spaces YI and XI
	3C. Equivariant vector bundles

	4. Locally analytic vector bundles
	4A. Locally analytic functions of Y(0,) and X
	4B. A flatness result
	4C. Locally analytic vector bundles

	5. Acyclicity of locally analytic vectors for semilinear representations
	5A. Statement of the results
	5B. Vanishing of H-cohomology
	5C. Descent of semilinear representations
	5D. Descent of Can(G0,M)
	5E. Computation of higher locally analytic vectors, I
	5F. Computation of higher locally analytic vectors, II
	5G. Computation of higher locally analytic vectors, III

	6. Descent to locally analytic vectors
	6A. Computations at the stalk
	6B. Descent to locally analytic vectors

	7. The comparison with (,)-modules
	7A. Galois representations and (,)-modules
	7B. The comparison with locally analytic vector bundles

	8. Locally analytic vector bundles and p-adic differential equations
	8A. Modifications of locally analytic vector bundles
	8B. de Rham and Cp-admissible locally analytic vector bundles
	8C. The surfaces Y,L and X,L 
	8D. Sheaves of smooth functions
	8E. The solution functor

	Acknowledgments
	References
	
	

