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Equidistribution theorems for holomorphic
Siegel cusp forms of general degree: the level aspect

Henry H. Kim, Satoshi Wakatsuki and Takuya Yamauchi

This paper is an extension of Kim et al. (2020a), and we prove equidistribution theorems for families of
holomorphic Siegel cusp forms of general degree in the level aspect. Our main contribution is to estimate
unipotent contributions for general degree in the geometric side of Arthur’s invariant trace formula in
terms of Shintani zeta functions in a uniform way. Several applications, including the vertical Sato—Tate
theorem and low-lying zeros for standard L-functions of holomorphic Siegel cusp forms, are discussed.
We also show that the “nongenuine forms”, which come from nontrivial endoscopic contributions by
Langlands functoriality classified by Arthur, are negligible.
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1. Introduction

Let G be a connected reductive group over X and A the ring of adeles of Q. An equidistribution
theorem for a family of automorphic representations of G(A) is one of recent topics in number theory
and automorphic representations. After Sauvageot’s important results [1997], Shin [2012] proved a
so-called limit multiplicity formula which shows that the limit of an automorphic counting measure is
the Plancherel measure. It implies the equidistribution of Hecke eigenvalues or Satake parameters at a
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fixed prime in a family of cohomological automorphic forms on G(A). A quantitative version of Shin’s
result is given by Shin and Templier [2016]. A different approach is discussed in [Finis et al. 2015] for
G = GL, or SL,, treating more general automorphic forms which are not necessarily cohomological.
Note that in the works of Shin and Shin and Templier, one needs to consider all cuspidal representations
in the L-packets. Shin [2012, second paragraph on p. 88] suggested that one can isolate just holomorphic
discrete series at infinity. In [Kim et al. 2020a; 2020b], we carried out his suggestion and established
equidistribution theorems for holomorphic Siegel cusp forms of degree 2. We should also mention Dalal’s
work [2022]; see Remark 3.12. See also the related works [Knightly and Li 2019; Kowalski et al. 2012].

In this paper we generalize several equidistribution theorems to holomorphic Siegel cusp forms of
general degree. A main tool is Arthur’s invariant trace formula, as used in the previous work, but we need
a more careful analysis in the computation of unipotent contributions. Let us prepare some notations to
explain our results.

Let G = Sp(2n) be the symplectic group of rank n defined over Q. For an n-tuple of integers
k=(ky,....kp)withk;>--->k,>n+1, let D?Ol = oy be the holomorphic discrete series representation
of G(R) with the Harish-Chandra parameter [ = (k; — 1,...,k, —n) or the Blattner parameter k.

Let A (respectively, Ay ) be the ring of (respectively, finite) adeles of Q, and 7 be the profinite completion
of Z. For S a finite set of rational primes, let S = {oo} U Sy, Qg, = ]_[pesl Qp, AS be the ring of adeles
outside S and Z5 = [1,¢s, Zp- We denote by G/(@) the unitary dual of G(Qs,) = [[,es, G(Qp)
equipped with the Fell topology. Fix a Haar measure uS5 on G(AS) so that x5 (G(zs )) =1, and let U be
a compact open subgroup of G(AS). Consider the algebraic representation £ = £ of the highest weight k
so that it is isomorphic to the minimal Ko-type of D}‘Ol. Let Ay denote the characteristic function of U.

Then we define a measure on (ﬁ@?, ) by

p o 1 S -1 0. hol i
/’LU’SI’S,D?"I T VOl(G(@)\G(A))dImS Z 1% (U) mcusp(nsl,U’ év Dl )Sngl P (1 1)

—

7§, €G(Qs,)
where § 9 is the Dirac delta measure supported at ngl, a unitary representation of G(Qg, ), and
1
Meusp(mg,: U.&. D) = > Meusp () tr(® (hy)), (1-2)
7ell(G(A))°

0 hol
TS, :ﬂsl s noo:Dl
where T1(G(A))? stands for the isomorphism classes of all irreducible unitary cuspidal representations of
G(A) and 75 = ®;¢S7TP'

To state the equidistribution theorem, we need to introduce the Hecke algebra C°(G(Qg,)) which
is dense under the map h +— h, where ﬁ(ﬂgl) = tr(ms,(h)) is in F(G(Qg,)) consisting of suitable
/lg}l -measurable functions on G(Qs, ). (See [Shin 2012, Section 2.3] for that space.)

Let N be a positive integer. Put Sy = {p prime : p | N}. We assume that S1 N Sy = &. We denote
by K,(N) the principal congruence subgroup of level N for G(Z,) (see (2-3) for the definition), and
set KS(N) = ]_[p ¢s Kp(N). For each rational prime p, let us consider the unramified Hecke algebra
HY(G(Qp)) C CP(Qp), and for each k > 0, H (G (Q)))", the linear subspace of H"'(G(Qp)) consisting
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of all Hecke elements whose heights are less than k. (See (2-2).) Let H"'(G(Qp))<, be the subset of
HY(G(Qp))* consisting of all Hecke elements whose complex values have absolute values less than 1.
Our first main result is

Theorem 1.1. Fix k = (kq,...,ky) satisfying k1 > --- >k, > n + 1. Fix a positive integer k. Then
there exist constants a, b and co > 0 depending only on G such that for each h1 = Qpes, h1,p, where

hi,p € H'(G(Qp))< . we have
ak+b
[1 p) N ‘”),

A -~ ~pl ~
ks, sy, p(h1) = il (hy) + 0((
7 DES)

ifN =co ]_[pes1 p2". Note that the implicit constant of the Landau O-notation is independent of S1, N

and hy.

Let us apply this theorem to the vertical Sato—Tate theorem and higher level density theorem for
standard L-functions of holomorphic Siegel cusp forms.
The principal congruence subgroup I'(N) of level N for G(Z) is obtained by

'(N)=GQ)NGR)K(N),

where K(N) = ]_[p <00 Kp(N). Let Sg (I'(N)) be the space of holomorphic Siegel cusp forms of weight k
with respect to I'(V) (see the next section for a precise definition), and let HEy (N ) be a basis consisting
of all Hecke eigenforms outside N. We can identify HEy(N) with a basis of K(N)-fixed vectors in
the set of cuspidal representations of G(A) whose infinity component is (isomorphic to) D}‘Ol. (See
the next section for the details.) Put dg(N) = [HEg(N)|. Then we have [Wakatsuki 2018], for some
constant Cy > 0,
i di(N) = CxCy N2 F" 4 O, (N?"), (1-3)

where Cy =[], [172,(1—p~2%). Note that [[/_; {(2i) ! < Cy < 1.

For each F' € HEy(N), we denote by nfp = 700 ® ®;,n F,p the corresponding automorphic cuspidal
representation of G(A). Henceforth, we assume that

ki>->k,>n+1. (1-4)

Then the Ramanujan conjecture is true, namely, 7 g , is tempered for any p; see Theorem 4.3. Unfortu-
nately, this assumption forces us to exclude the scalar-valued Siegel cusp forms.

Let @“r’ MP he the subspace of 6@ consisting of all unramified tempered classes. We
denote by (01(7F,p),....0u(7F,p)) the element of Q corresponding to wf , under the isomorphism
@“r’ temp ~ [0, 7]" /&, =: Q. Let up be the measure on Q defined in Section 7.

Theorem 1.2. Assume (1-4). Fix a prime p. Then the set
{(01(F,p).....0n(F p)) €Q: F € HER(N)}
is [Lp-equidistributed in 2, namely, for each continuous function f on Q,

fim m 3 f(el(nF,p),...,en(nF,,,))=/Qf(91,...,9,,)u,,.

N —o0
(p.N)=1 FeHE(N)
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By using Arthur’s endoscopic classification, we have a finer version of the above theorem. Under
the assumption (1-4), the global A-parameter describing 7f, for F € HEy(N), is always semisimple.
(See Definition 4.1.) Let HEy(N)# be the subset of HEy(N) consisting of F' such that the global
A-packet containing 7 is associated to a simple global A-parameter. They are Siegel cusp forms which
do not come from smaller groups by Langlands functoriality in Arthur’s classification. In this paper, we
call them genuine forms. Let HEy(N)"8 be the subset of HEy (N ) consisting of F such that the global
A-packet containing 7 is associated to a nonsimple global A-parameter, i.e., they are Siegel cusp forms
which come from smaller groups by Langlands functoriality in Arthur’s classification. We call them
nongenuine forms. We show that nongenuine forms are negligible. The following result is interesting in
its own right. For this, we need some further assumptions on the level N.

Theorem 1.3. Assume (1-4). We also assume

(1) N is an odd prime or

(2) N is odd and all prime divisors p1, ..., pr (r = 2) of N are congruent to 1 modulo 4 such that
(Ilj—;) =1fori # j, where (z) denotes the Legendre symbol.
Then

(1) |HER(N)E| = CLCN N2+ 4 0, ; (NZ’H1714€) for any € > 0;
) |HER(N)™| = Oy . (NZ’HT1714€) for any e > 0;

(3) for a fixed prime p, the set {(01 (TF,p)s-- . On(Fp)) €EQ:F € HEy (N)g} is Wp-equidistributed
in Q.

The above assumptions on the level N are necessary in order to estimate nongenuine forms related
to nonsplit but quasisplit orthogonal groups in the Arthur’s classification by using the transfer theorems
for some Hecke elements in the quadratic base change in the ramified case [Yamauchi 2021]. (See
Proposition 4.12 for the details.)

Next, we discuss £-level density (where £ is a positive integer) for standard L-functions in the level
aspect. Let us denote by IT(GL,(A))° the set of all isomorphism classes of irreducible unitary cuspidal
representations of GL, (A). Keep the assumption on k as in (1-4) and the above assumption on the
level N. Then F can be described by a global A-parameter B_,7; with 7; € IT(GLyy; (A))? and
> r_,m; =2n+ 1. Then we may define the standard L-function of F € HE(N) by

,
L(s,mp,St):= 1_[ L(s, i),
i=1
which coincides with the classical definition in terms of Satake parameters of F' outside N. Then we
show unconditionally that the £-level density of the standard L-functions of the family H Ey (N) has the
symmetry type Sp in the level aspect. (See Section 9 for the precise statement. Shin and Templier [2016]
showed it under several hypotheses for a family which includes nonholomorphic forms.) Here, in order to
obtain lower bounds for conductors, it is necessary to introduce a concept of newforms. This may be of
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independent interest. Since any local newform theory for Sp(2n) is unavailable except for n = 1, 2, we
define the old space S ,‘;ld(F(N )) to be the intersection of Sy (I'(N)) with the smallest G(Ay )-invariant
space of functions on G(Q)\G(A) containing S (I'(M)) for all proper divisors M of N. The new space
S ECW(F(N )) is the orthogonal complement of Sgd(f‘ (N)) in Sg(I'(N)) with respect to the Petersson
inner product. Then if F' € S;™(T'(N)), ¢(F) > N 1/2 (Theorem 8.3), and if N is squarefree, we can
show that dim S*(T'(N)) = ¢(n?)~'dg(N) if n > 2 (Theorem 5.4).

As a corollary, we obtain a result on the order of vanishing of L(s, nF,St) at s = %, the center of
symmetry of the L-function, by using the method of Iwaniec et al. [2000] for holomorphic cusp forms
on GL,(A) (see also [Brumer 1995] for another formulation related to the Birch—-Swinnerton—Dyer
conjecture): Let rg be the order of vanishing of L(s,wf,St) at s = % Then we show that under the
GRH (generalized Riemann hypothesis), ) pcy Ex(N) TF = Cdi(N) for some constant C > 0. This
would be the first result of this kind in Siegel modular forms. We can also show a similar result for the
degree 4 spinor L-functions of GSp(4).

Let us explain our strategy in comparison with the previous works. We choose a test function

[ =u(KIN)! fehihgs vy € CGR) ® (Spes, H (G(Qp))%,) ® C(GAY))
such that fg is a pseudocoefficient of D?Ol normalized as tr(7oo(fg)) = 1. A starting main equality is

Ispec(f) =1I1(f)= geom(f)’

where Ipec(f) (respectively, Igeom(f)) is the spectral (respectively, the geometric) side of Arthur’s
invariant trace /(). Under the assumption k, > n + 1, the spectral side becomes simple by the results
of Arthur [1989] and Hiraga [1996], and it is directly related to Sy (I'(V)) because of the choice of a
pseudocoefficient of D?Ol. Now the geometric side is given by

, wM -
liean(£) = Y (tymeaniao o L sm o omis 6 st gane). s
MecL Lo ye(M @)y, 5
where § = {oo} U Sy U S; and (M(Q)) .5 denotes the set of (M, S)-equivalence classes in M(Q)
(see [Arthur 2005, p. 113]); for each M in a finite set £, we choose a parabolic subgroup P such that M
is a Levi subgroup of P. (See loc. cit. for details.) Roughly speaking:

e If the test function f is fixed, the terms on (1-5) vanish except for a finite number of (M, S)-
equivalence classes.

e The factor a™ (S, y) is called a global coefficient and it is almost the volume of the centralizer of y
in M if y is semisimple. The general properties are unknown.

e The factor / ]g (v. fg) is called an invariant weighted orbital integral, and as the notation shows, it
strongly depends on the weight k of § = §;. Therefore, it is negligible when we consider the level
aspect.

e The factor JA],‘IJ (y, hp) is an orbital integral of y for h = MS(K(N))_IhlhKS(N).
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According to the types of conjugacy classes and M, the geometric side is divided into the terms

Igeom(f) = 11 (f) + I2(f) + I3(f) + 14 ().

where
e [((f): M=Gandy =1;
e Ih(f): M #Gandy =1,
e I3(f): y is unipotent, but y # 1;
e [4(f): the other contributions.
The first term 7;(f) is f(1) up to constant factors, and the Plancherel formula ﬁgll ( f ) = f(1)

21 in Theorem 1.1

yields the first term of the equality in Theorem 1.1. The condition N > ¢g ]_[pG s, P
implies that the nonunipotent contribution /4( f) vanishes by [Shin and Templier 2016, Lemma 8.4].
Therefore, everything is reduced to studying the unipotent contributions 7> ( f) and 73( f). An explicit
bound for /5( f) was given by [Shin and Templier 2016, proof of Theorem 9.16]. However, as for I3( f),
since the number of (M, § )-equivalence classes in the geometric unipotent conjugacy class of each y is
increasing when N goes to infinity, it is difficult to estimate I3( f) directly. In the case of GSp(4), we
computed unipotent contributions by using case-by-case analysis as in [Kim et al. 2020a]. Here we give a
new uniform way to estimate all the unipotent contributions. It is given by a sum of special values of
zeta integrals with real characters for spaces of symmetric matrices; see Lemma 3.3 and Theorem 3.7.
This formula is a generalization of the dimension formula (see [Shintani 1975; Wakatsuki 2018]) to the
trace formula of Hecke operators. By using their explicit formulas [Saito 1999] and analyzing Shintani
double zeta functions [Kim et al. 2022], we express the geometric side as a finite sum of products of local
integrals and special values of the Hecke L functions with real characters, and then obtain the estimates
of the geometric side; see Theorem 3.10.

This paper is organized as follows. In Section 2, we set up some notations. In Section 3, we give
key results (see Theorem 3.7 and Theorem 3.10) in estimating trace formulas of Hecke elements. In
Section 4, we study Siegel modular forms in terms of Arthur’s classification and show that nongenuine
forms are negligible. In Section 5, we give a notion of newforms which is necessary to estimate conductors.
Sections 6-10 are devoted to proving the main theorems. Finally, in the Appendix, we give an explicit
computation of the convolution product of some Hecke elements, which is needed in the computation of
£-level density of standard L-functions.

2. Preliminaries

A split symplectic group G = Sp(2n) over the rational number field Q is defined by

On 1 On 1
G = Sp(2n) = {g eGly,: g (—Inn 0’;) lg = (—Ir; 0’;)} .

The compact subgroup
A —B
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of G(R) is isomorphic to the unitary group U(n) via the mapping ( g _f ) > A+iB, where i = +/—1.
For each rational prime p, we also set K, = G(Z,) and put K = Hpgoo K,. The compact groups K
and K are maximal in G(Q,) and G(A), respectively,

Holomorphic discrete series of G(R) are parameterized by n-tuples k = (k1,...,k,) € Z" such that
ki >--->ky > n, which is called the Blattner parameter. We write oy for the holomorphic discrete series
corresponding to the Blattner parameter k = (ky, ..., k,). We also write D}‘Ol for one corresponding to
the Harish-Chandra parameter [ = (k1 — 1,k —2, ..., k, —n) so that D?Ol = 0.

Let H"'(G(Q)p)) denote the unramified Hecke algebra over G(Q,), that is,

HY(G(@p)) = {¢ € C2(G(Qp)) : plk1xks) = p(x) Vki, k2 € Kp, ¥x € G(Qp)}.

Let T denote the maximal split @-torus of G consisting of diagonal matrices. We denote by X«(7') the
group of cocharacters on 7" over Q0. An element e; in X« (7T') is defined by
j—1 n—j+1  j-1 n—j+1
. —N— — N —— 1 —N—
ej(x)=diag(1,...,1,x,1....1,1,....LLx" ", 1,...,1)eT, x¢€Gy. 2-1)
Then, one has X«(T') = (e1,...,en). By the Cartan decomposition, any function in H*'(G(Qp)) is
expressed by a linear combination of characteristic functions of double cosets K,A(p) K, (A € X«(T)).
A height function || - || on X« (T) is defined by

n

m,
l_[ €

j=1

=max{|mj| 1<y §n}, mj e’Z.

For each k € N, we set
HHG@p) = o e HTG@) :Swp) © | Kpr(pKp)  22)
REX+(T), llnll<k
Choose a natural number N. We set
Ky(N)={x€Kp:x=1, mod N}, K(N)= 1_[ Ky(N). (2-3)
p<oo
One gets a congruence subgroup ['(N) = G(Q) NG(R)K(N).

Let 9, :={Z € M,(C): Z ='Z, Im(Z) > 0}. We write S (I'(N)) for the space of Siegel cusp forms
of weight k for I'(N), i.e., S (I'(V)) consists of Vi -valued smooth functions F' on G(A) satisfying the
following conditions:

(i) F(ygkooks) = pr(koo) ' F(g), g€ GA), ¥y € G(Q), koo € Koo, ky € K(N),
(ii) Pk (gooi1n) FlG(r)(goo) is holomorphic for goo - ily € Hn,
(iii)) maxgega) | F(g)| K 1,

where pi denotes the finite dimensional irreducible polynomial representation of U(n) corresponding to k
together with the representation space Vi and we set px(g.iln) = px(iC + D) for g = (é g) € G(R).
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Let m = (my,...,mp), my|ma|---|my, and D, = diag(my,...,my). Let T(Dy) be the Hecke
operator defined by the double coset

Dy O
'(N) ( 0 Dn_11) '(N).
Specifically, for each prime p, let D, , =diag( p“!,..., p?*), witha=(ay,...,ap)and0<a; <---<ay.

Let F be a Hecke eigenform in S (I'(V)) with respect to the Hecke operator T'(Dp4) for all p 4 N.
(See [Kim et al. 2020a, Section 2.2] for Hecke eigenforms in the case of n = 2. One can generalize the
contents there to n > 3.) Then F gives rise to an adelic automorphic form ¢ on Sp(2n, @)\ Sp(2n, A),
and ¢ gives rise to a cuspidal representation 7 g which is a direct sum wg = 71 @- - - @ 7, where the m;
are irreducible cuspidal representations of Sp(2#n). Since F is an eigenform, the 7r; are all near-equivalent
to each other. Since we do not have the strong multiplicity one theorem for Sp(2n), we cannot conclude
that 7 is irreducible. However, the strong multiplicity one theorem for GL,, implies that there exists a
global A-parameter € W(G) such that 7; € ITy for all i [Schmidt 2018, p. 3088]. (See Section 4 for
the definition of the global A-packet.)

On the other hand, given a cuspidal representation 7 of Sp(2n) with a K(N)-fixed vector and whose
infinity component is holomorphic discrete series of lowest weight k, there exists a holomorphic Siegel
cusp form F of weight k with respect to I'(N) such that 7 = 7. (See [Schmidt 2017, p. 2409] for n = 2.
One can generalize the contents there to n > 3.)

We define HEy (N ) to be a basis of K(N)-fixed vectors in the set of cuspidal representations of Sp(2n,A)
whose infinity component is holomorphic discrete series of lowest weight k, and identify it with a basis
consisting of all Hecke eigenforms outside N. In particular, each F' € HE} (N) gives rise to an irreducible
cuspidal representation g of Sp(2n). Let Fx(N) be the set of all isomorphism classes of cuspidal
representations of Sp(2n) such that 7K@) £ 0 and 7o ~ ok. Consider the map A : HEy (N ) — Fi(N),
given by F —— mf. It is clearly surjective. For each w = mso ® ®;)7Tp € Fx(N),set mp = ®;,np. Then
we get

A7 ()| = dim 7 F V),

where n;((N) ={pens mr(k)p =¢ forallk € K(N)}.

3. Asymptotics of Hecke eigenvalues

For each function 7 € C2°(K(N)\G(Ar)/K(N)), an adelic Hecke operator 7}, on Sg (I'(N)) is defined by

(ThF)(g) = /G o PEORG) s, F & STV)
\f

See [Kim et al. 2020a, pp. 15-16] for the relationship between the classical Hecke operators and adelic

Hecke operators for n = 2. One can generalize the contents there to n > 3 easily. Let f; denote a
pseudocoefficient of oy with troy (fi) = 1; see [Clozel and Delorme 1990].



Equidistribution theorems for holomorphic Siegel cusp forms of general degree: the level aspect 1001

Lemma 3.1. Suppose k, >n+1and h € CZ°(K(N)\G(Ar)/K(N)). The spectral side Ispec( frh) of
the invariant trace formula is given by

Lspec(fich) = > ma Tr(rrp (h)) = Tr(Thl s, ravy))s
=0k ®m s ,auto. rep. of G(A)
where my means the multiplicity of 7 in the discrete spectrum of L*>(G(Q)\G(A)).
Proof. The second equality follows from [Wallach 1984]. One can prove the first equality by using the

arguments in [Arthur 1989] and the main result in [Hiraga 1996], since it follows from [Hiraga 1996] and
kn > n + 1 that we obtain Tr(7( fx)) = O for any unitary representation (% ox) of G(R). d

We choose two natural numbers N; and N, which are mutually coprime. Suppose that Ny is squarefree.
Set Sy ={p: p| N1}. We write hy for the characteristic function of np¢Slu{oo} K,(N). For each
automorphic representation 7 = o ® ®,7p, We set Ts, = ®pes, Tp-

Lemma 3.2. Take a test function h on G(Ay) as

h=vol(K(N)" ' xhi ®hy, whereh; € ®pes, H"(G(Qp)). (3-1)
Then
. K(N
Tipec(fich) = > mx dim 7 £ Te(rg, (1)) = Tr(Tls, e avy)-
=0k Qs ,auto. rep. of G(A)
Proof. This lemma immediately follows from Lemma 3.1. O

Let V; denote the vector space of symmetric matrices of degree r, and define a rational representation p
of the group GL; x GL;, on V, by x - p(a, m) = a'mxm, where x € V, and (a,m) € GL x GL,. The
kernel of p is given by Ker p = {(a~2,al,) : a € GL1}, and we set

H, = Ker p\(GL; x GL;).

Then, the pair (H,, V;) is a prehomogeneous vector space over Q. For 1 <r <n and f € C°(G(A)) (re-
spectively, f € CZ°(G(Ay))), we define a function @, € C2°(V;-(A)) (respectively, @z, € C2° (V- (Ar)))

as
1 In * . x 0
Orr(x)= [ flk k) dk [respectively, ,  where x = eVy.

Let f;g denote the spherical trace function of oy with respect to px on G(R); see [Wakatsuki 2018,
§5.3]. Notice that fzc is a matrix coefficient of oy, and so it is not compactly supported. Take a test
function 1 € CZ°(G(Ay)) and set f = fkh. Let y be a real character on R~ oQ>*\A*. Define a zeta
integral Zr(<I>];’r, s, x) by

la” detm)?"x(@) ) @z, (x-g)dg, g=pla,m),
xeV2(Q)

2,50 [

Hr (@\H,(A)
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where V.2 = {x € V; : det(x) # 0} and dg is a Haar measure on H, (A). The zeta integral Z, (CDf oS X)
is absolutely convergent for the range
k
r—1 Re(s) < — ifr =2,
kn>2n, Re(s)> — 2 . (3-2)
Re(s) < k,, — rT otherwise,

see [Wakatsuki 2018, Proposition 5.15], and Z(® FrS x) is meromorphically continued to the whole
s-plane; see [Shintani 1975; Wakatsuki 2018; Yukie 1993]. The following lemma associates Z ($ FrrS X)
with the unipotent contribution Iu,ip(f) = I1(f) + I2(f) + I3(f) of the invariant trace formula.

Lemma 3.3. Let Sy be a finite set of finite places of Q. Take a test function hg, € CZ°(G(Qs,)), and
let hS° denote the characteristic function of ]_[p¢ Sol{oo} Kp- Define a test function f as f = fzch SOhSO.
If ky, is sufficiently large (k,, > 2n), then we have

n
Laip (fihsoh®?) = volg hsy (Vi +5 5" > Zp(®7,.n="1. 7).
r=1 ye2 (So)

where volg =vol(G(Q)\G(A)), di denotes the formal degree of oy, and % (So) denotes the set consisting
of real characters y = Qy )y on R=oQ*\A* such that y is unramified for any v ¢ So LU {oo}. Note that
So may contain S1 and all prime factors of N.

Remark 3.4. Note that the point s =n — (r —1)/2, where 1 <r < n, is contained in the range (3-2), and
we have Z,(® 7, s, y) = 0 for any real character y ¢ 2°(So).

Proof. To study Lunip(fxh SOhSO), we need an additional zeta integral Z, (P £.r»s) defined by

Zr(@j 0 = |

|det(m)|?* ®; (‘'mxm)dm.
GL,(@)\ GL, (A) 2 O,

xeV2(Q)

The zeta integral Z,(® For s) is absolutely convergent for the range (3-2), and Z(® ; »»§) is meromor-
phically continued to the whole s-plane; see [Shintani 1975; Wakatsuki 2018; Yukie 1993]. Applying
[Wakatsuki 2018, Propositions 3.8 and 3.11, Lemmas 5.10 and 5.16] to Zynip( /), we obtain

n
Tip (fih s05°) = volg hsy (1) dig + 3 Ze (@ 7,n =51 (3-3)
r=1

for sufficiently large k, > 2n. Notice that fj is changed to fk in the right-hand side of (3-3), and this
change is essentially required for the proof of (3-3).
By the same argument as in [Hoffmann and Wakatsuki 2018, (4.9)], we have

~ 1
Zr(®f,.8)=5) Zr(®7, 5.0,
X

where y runs over all real characters on R~ oQ*\A*. Suppose that y = ® y» ¢ 2 (So). Then, we can
take a prime p ¢ So such that y, is ramified and

P 7 (apx) =Pz (x), Vape€ Z,. (3-4)
Hence, we get Z,(® 7 . s, ) = 0, and the proof is completed. O
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"mxm

Remark 3.5. The rational representation p of H, on V; is faithful, but the representation x —
of GL, on V; is not. Hence, Z, (P Fr S x) is suitable for Saito’s explicit formula [1999], which we use
in the proof of Theorem 3.10, but Zr(® For s) is not. This fact is also important for the study of global

coefficients in the geometric side; see [Hoffmann and Wakatsuki 2018].

Let ¥ be a nontrivial additive character on Q\A, and a bilinear form (, ) on V;(A) is defined by
(x,y) :=Tr(xy). Let dx denote the self-dual measure on V;(A) for ¥ ({, }). Then, a Fourier transform
of & € C*®°(V,(A)) is defined by

b(y) = [ PP ((x. ) dx. 3 € Vy(A).
Vi (R)

For each &g € C5°(V;(Ar)), we define its Fourier transform @, in the same manner. The zeta function
Z (D Fr S 1) satisfies the functional equation [Shintani 1975; Yukie 1993]

Zr@;,.5. 0 =7, (0;, s 1), (3-5)
where 1 denotes the trivial representation on R @ \A*.

Take a test function ®g € C§°(V; (Ay)) such that ®o(*kxk) = ®g(x) holds for any k € ]_[p<oo Hy(Zp)
and x € V- (Ayr), where H;(Zp) is identified with the projection of GL1(Zp) x GL(Zp) into Hy(Ay). We
write Lo for the subset of V;-(Q) which consists of the positive definite symmetric matrices contained in the
support of ®g. It follows from the condition of ®q that Ly is invariant for I' = H,(Z) = H,(Q) N H,(2).
Put ¢, (g, s) = 1 for r = 0. For r > 0, define a Shintani zeta function ¢, (®g, 5) as

Do (x)
(P, s) = U a2
6r (@0, ) xeLZO/I‘ #(Ty) det(x)®

where 'y = {y € ' : x -y = x}. The zeta function ¢, (P, s) absolutely converges for Re(s) > (r +1)/2,
and is meromorphically continued to the whole s-plane; see [Shintani 1975]. Furthermore, {,(®o, 5) is
holomorphic except for possible simple poles at s = 1,3/2,...(r +1)/2.

Lemma 3.6. Let 1 <r <n, k, >2n, h € CZ°(G(Ay)), and take a test function f as f = kah. Then,

there exists a rational function Cp r(X1, ..., Xn) over R such that
r—1 —
Zr(q)f,r,n—‘_z ,1) :Cn,r(]_()xgr(q)h!r,r—n)'

Proof. This can be proved by the functional equation (3-5) and the same argument as in [Wakatsuki 2018,
proof of Lemma 5.16]. O

Note that £, (CI;;;, s) is holomorphic in {s € C:Re(s) <0}, and Cp, , (x1, ..., X,) is explicitly expressed
by the Gamma function and the partitions; see [Wakatsuki 2018, (5.17) and Lemma 5.16]. We will use this
lemma for the regularization of the range of k. The zeta integral Z, (® Fol— (r—1)/2,1) was defined
only for k, > 2n, but the right-hand side of the equality in Lemma 3.6 is available for any k. In addition,

this lemma is necessary to estimate the growth of Iynip(f)) with respect to S = §7 L {oo}. We later define
S

a Dirichlet series D (s) just before Proposition 3.9, and the series Dy

maus (s) appears in the explicit
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formula of Z,(®, s, 1) when r is even. For the case that r is even and 3 < r < n, it seems difficult to

estimate the growth of its contribution to Z,(® Felt— (r—1)/2,1), but we can avoid such difficulty by

S

this lemma, since the part related to D, ,, .

(s) in Saito’s formula [1999, Theorem 3.3] disappears in the
special value ¢, (CIT;;, r—n).

Theorem 3.7. Suppose k, >n + 1. Let h1 € H'(G(Qs,))* = Qpes, H" (G(Qp))*, and let h be a test
function on G(Ay) given as (3-1). Then there exists a positive constant cq such that, if N > coN 12”",

TH(Thl s, rvyy) = vol Vol (K(N) " hi (D + 5 3 Cor K6 (Bpr=m). (3-6)

r=1
Proof. Let f = fih and f = fzch. By Lemma 3.2, it is sufficient to prove that the geometric side Jgeom( /)
equals the right-hand side of (3-6). If one uses the results in [Arthur 1989] and applies [Shin and Templier
2016, Lemma 8.4] by putting E : G C GL,,, m = 2n, Bg = 1, cg = ¢¢ in their notations, then one gets
Tscom(f) = Lunip(f). Hence, by Lemma 3.3 and putting hSOhSO = h, we have

n
_ 1 r—1
Tr(Thl s, rvy) = volg VOI(K(N) T i (Dde +5 > Y Zr(<1>];’r, n-2, x) (-7)
r=1 ye2 (So)
for sufficiently large k. Let .#(a) := diag(1,...,1,a,...,a), where there are n entries of both 1 and «,

for a € A*. For any ap € Z;, by € Q, o € Xx(T), we have
///(ap)_le (N)A#(ap) = Kp(N) and ///(ap)_lﬂ(bp)///(ap) = pu(bp).

Hence, (3-4) holds for any p < co, and so Z, (CIDf’r, n—(r—1)/2, y) vanishes for any y # 1. Therefore, by
Lemma 3.6 we obtain the assertion (3-6) for sufficiently large k;. By the same argument as in [Wakatsuki
2018, proof of Theorem 5.17], we can prove that this equality (3-6) holds in the range k, > n + 1, because
the both sides of (3-6) are rational functions of k in that range, see Lemma 3.6 and [Wakatsuki 2018,
Proposition 5.3]. Thus, the proof is completed. O

Let S denote a finite subset of places of @, and suppose oo € S. For each character y = ® xy on
Q*R=o\A*, we set

L5, 0 =[] Lot xp). L )= [] LoGs 1),

DPES p<00

) =L, =[]a-p™)"" and ()= L(s, D),
PgsS

where L, (s, xp) = (1 — xp(p)p~*) L if xp is unramified, and L, (s, xp) = 1 if yp is ramified.

Lemma 3.8. Lets € R. Fors > 1,
$5(s)<¢(s) and (£5)(s) <
where (£5) (s) = L¢5(s). Fors < —1,
125 ()] < (Ns)~*1¢(s)1.

258(s)

s—1

’

where Ns = [],es\ (oo} P-
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Proof. Firstof all, (1—p~5)~1>1for p € S. Hence ¢5(s) <(s). Letlog £5 (s) = Zp¢S log(1—p~%)~L.
Then

(€5)(s) = —pSlogp
56 T2 1

- 1
Ifs>1,thenl—p~ > 5. Hence,

(€5 (s)
£5(s)

<2) plogp=<2> p~logp.
DES p
By partial summation,
o0 o0 s
Zp_s logp < / (Z log p)sx_s_1 dx < / sx S dx = P
p I Ap=x ! 5
Here we use the prime number theorem: Zpsx log p ~ x. Therefore, (£5)/(s) < 2s¢(s)/(s—1). O
Set © = {d(Q*)?:d € Q*}. For each d € D, we denote by y; =[], xa.» the quadratic character

on @*Rso\A* corresponding to the quadratic field Q(+/d ) via class field theory. If d = 1, then yg4
means the trivial character 1. For each positive even integer m, we set

L5(m/2, xa)

N S (m—l)/2—s’
LSQ2s—m/2+1, xq) (fd)

03 m(s) =525 —m + 1)¢5 (29)

where fg denotes the conductor of )(g = [I,¢s Xd.p- Foreachug € Qg =[], e5 Qu, one sets
D(us) = {d(@)*:d € Q*, d cug(Q¥)?}.

‘We need the Dirichlet series

DS =D @5,

d(Q@*)2eD(us)
The following proposition is a generalization of [Ibukiyama and Saito 2012, Proposition 3.6]:

Proposition 3.9. Let m > 2 be an even integer. Suppose (—1)™?ugs > 0 forus = (uy)yes (namely, the
term of d(Q*)2 = (@) does not appear in D3 .. (s) if (—=1)™/2 = —1). The Dirichlet series DS .. (s)

mus mus
is meromorphically continued to C, and is holomorphic at any s € Z <.

Proof. See [Kim et al. 2022, Corollary 4.23] for the case m > 3. For m = 2, this statement can be proved
by using [Hoffmann and Wakatsuki 2018; Yukie 1992]. O

Theorem 3.10. Fix a parameter k such that ky, >n+1. Let hy € H*"(G(Qs,))*, and let h € CZ°(G(Ay))
be a test function on G(Ay) given as (3-1). Suppose SUPxeG(as,) |h1(x)| < 1. Then, there exist positive
constants a, b, and cq such that, if N > cole'”‘,

Tr(Ths, (r(vy)) = volg Vol(K(N)) ™ hy(1)dj + vol(K(N)) ™! O(NGF+b N,

Here the constants a and b do not depend on «, N1, or N. See Lemma 3.3 for volg and dj.
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Proof. Set
I(f.r) =Vol(K(N)) X & (®ppr —n), 1<r<n.

By Theorem 3.7, it is sufficient to prove I(f,r) = O(NI‘Z’CH’N_”).
Let R be a finite set of places of Q. Take a Haar measure dxs, on V;(R), and for each prime p,

we write dx, for the Haar measure on V;(Q,) normalized by er @) dx, = 1. For a test function
dr € CX(V,(QR)) and an H,(Qg)-orbit Og € VO(QRr)/H,(QR), we set

Zr.R(PR-$. OR) =CR/ R (x)|det(x)[ T 2 dx,

OR

where cr = [[,eR, p<oo(l — P H7Y - |r = [lyer | - lv, and dx = [],cg dxp. It is known that

Z, Rr(PR, s, Or) absolutely converges for Re(s) > = '51, and is meromorphically continued to the whole

s-plane.

Suppose that R does not contain oo, that is, R consists of primes. Write 1, (x) for the Clifford invariant
of x € V,2(Qp), see [Tkeda 2017, Definition 2.1], and set nr((xp)per) = [1per Np(xp). For x = 1
(trivial) or ng, we put (O g x)(x) = Pr(x) x(x). It follows from the local functional equation [Ikeda 2017,
Theorems 2.1 and 2.2] over Qp (R = {p}) that Z, ,(®p . s, O)) is holomorphic in the range Re(s) < 0,
and Z, ,(®p x, s, 0)) possibly has a simple pole at s = 0. Hence, for any R, Z, r(Pry.s, Or) does not
have any pole in the area Re(s) < 0, but it may have a pole at s = 0. Let 6; denote the Fourier transform

of ®gp € C°(V;(QRr)) over Qg for [[,er Yv((, ), where ¥, = ¥|q,.
Define

o, =h((g ) ecmn@s),

where * = (§ 8) € Vu. Note that this definition is compatible with @ 7 _ since h1 is spherical for
HPESI Kp. Set
%(S17h1): Z ‘Zr,S1(®h1,rXr7r_naﬁS1) 5
ﬁSIGVrO(@Sl)/Hr(@Sl)
where
|15, if(risoddandr <n)orr=2<n,
T ns, ifrisevenand2<r <n,
and
1 .
%I(Slshl)z Z ‘Zn,Sl(q)hl,m %’ ﬁsl) ifr =n.

0s,€V2(Qs,)/Hr(Qs,)

It follows from Saito’s formula [1999, Theorem 2.1 and §3] that the zeta function ¢, ( 5;,\, s) is expressed
by a (finite or infinite) sum of Euler products of Z, ,(®p xp. s, Op), with y, =15, np, or its finite sums,
and he explicitly calculated the local zeta function Z, ,(®, xp. s, Op) in [Saito 1997, §2] if &, is the
characteristic function of V(Z,). We shall prove /( f .r) = O(N{“ thN ~) by using his results.
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Case I. Assume r is odd and r < n. In the following, we set S = S; U {oo}. By Saito’s formula, we have

I(f.r) = (constant) x N""=D/2=rn Z Zr,5,(Phyror =1, Os,)
WSIEVrO(@Sl)/HV(@Sl)
41 n [r/2]
S(r S —1 S S
¢ ( ! —n)xll_lzé‘ () x]_[l; Qu)eS 2r—2n—2u+1).
= u=

Therefore, one has
[I(f 1) < NTOTD27m s N2T° s a1 (S hy)
by using Lemma 3.8.

Case II. Assume r is even and 3 < r < n. By Saito’s formula, Proposition 3.9, and Lemma 3.8, one can
prove that |7 ( f ,7)| is bounded by

r/2—1 r/2

;S(%) <[Te507 = [] Seux[]¢S@r—2n—2u+1)
1=2 u=1 u=1

< Nr(r—l)/z—rn % NlZn2 % %(Sl,hl)

Nr(r—l)/z—rn % ffr(Sl, hl) %

up to a constant. Note that Proposition 3.9 was used for this estimate, since it is necessary to prove the

vanishing of the term including Dfu ¢ (s) in the explicit formula [Saito 1999, Theorem 3.3].

Case II1. Assume r = n. In this case, we should use a method different from Case I and Case II since

Zrs, (CIT;“\J)(, s, Us,) may have a simple pole at s = r —n = 0. Take an n-tuple [ = (/y,...,[,), with
I, x

iy >--->1,>2n,and let n(x) = (On In) € G where x € V,,. Recall that fl satisfies the following two
properties:

() fi(k~'gk) = fi(g), for all k € Koo, g € G(R); see [Wakatsuki 2018, §5.3].
(i) g fl(gl_lnl(t)gz)dt = 0 for all g1, g2 € G(R), where n1(t) = n((bij)1<i,j<n), b11 = ¢, and
bjj =0forall (i, j) # (1, 1); see [Wakatsuki 2018, Lemma 5.9].
By property (i), we can define @ »(x) = f}(n (x)), where x € V,,(R).
Lemma 3.11. For each orbit O, € V.)(R)/Hy(R), we have Z”aw(q)ﬁ,n’ (n+1)/2,05)=0.
Proof. Let O # I, - Hy(R), and take a representative element A of ﬁ;oo as

0 01
A=|0 o 0], where o e V2 ,(R).
1 00
The orbit 0 is decomposed into A - GL, (R) U (—A) - GL, (R). The centralizer H,,4) of n(A) in H,(R)
is given by
Hyq) = tm(h)n(y) :h € 04(n), y € Va(R)},
where

t;,—1
m(h) = (}(’) Oh") and  Oa(n) = {h € GLy : hAh = A}.
n
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Hence, by property (ii), we have

Zn,oo(chNl n’ 11_2|_1_’ ﬁoo) = / f}(m(h)—ln(A/)m(h))ldet(h)|n+l dh
i 2 ia ovmneL®
= Z / / fNI(m(h)_ln(A/)nl(zl)m(h))|det(h)|n+ldtdh
At VO M\GLy(R) JR
=0,

where 4" = {(b;j) : bj; =1,with 1 < j <n, by €R, and b;; = 0 otherwise}.
In the case s = (n+1)/2, we note that | det(x)| vanishes in the integral of Zn,oo(CIJf; 2 (1 +1)/2,0).
Hence, it follows from property (ii) that i

- n+1 _ ~ _
> Zawo(®, ,ﬁoo)—/V(R)CDﬁ,n(x)dx—O,
Ooo €V (R)/Hy (R) "
and so we also find Zp 00 (P £ ,n, (n +1)/2, In - Hy(R)) = 0. O
By Lemmas 3.6 and 3.11, the residue formula [Yukie 1993, Chapter 4] of Z, (P, s, 1) and the same

argument as in [Hoffmann and Wakatsuki 2018, proof of Theorem 4.22], we obtain

T _ -1 n+1
& (B 0) = ConD)™" Zn (P, . 3201)

= Cua )™ VI @VHA )Y [ @ (xo) og detC50) o

X Op, (xs,) dxg, N2,
V(@s,)
where Hy,(A) = {(a,m) € H,(A) : |a” det(m)?| = 1}. From this, we have
I(f ) < NN 5 55.(S). ).
Case IV. Assume r = 2 < n. By Saito’s formula [Hoffmann and Wakatsuki 2018, Theorem 4.15], we have

[I(f.r)| < N'72" x 25(S1,h1) x |£5(2) 715 (3 —2m) | x max D3, (2—n).

us€Q3/(QF)?, Uoo<0

S
2,us

element us = (uy)yes satisfying u, € Z,, with p € §1. Take a test function & = ®, P, such that

Hence, it is enough to give an upper bound of |D (2—n)| for us, < 0. Choose a representative

the support of @, is contained in {x € V20 (R) : det(x) > 0} and ®,, is the characteristic function of
diag(1, —up) + p?Va(Z,) (respectively, V2(Zp)) for each p € Sy (respectively, p & S). Let

qj(y,yu)=/K &;(tk(g yyu)k)dk, K> =0(2.R) x [ [ GL2(Z,).
2 P

and we set

d
T(@.5) = - T@ssl, Ly and T@soon = [ [ BP0 01" 0.y dudy.
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By [Shintani 1975, Lemma 1], one obtains Zz,oo(é;,n - % Oso) = 0 for any orbit O in VZO([R).
Therefore, from the functional equation [Yukie 1992, Corollary (4.3)], one deduces

INTODS ,2—n)| < |Zy,5(®s.2—n,05) D5, 2—n)| =271 T(®.n - 1)].
By [Yukie 1992, Proposition (2.12) (2)], one gets

1

SN/ o S _

¢S(2n—1) } ’
where (£5)'(s) = %CS(S), because Supp(&)p) C p~2V(Zp) for any p € Sy. Therefore, one gets

D3 s @=m| < N
by Lemma 3.8.
The final task is to prove 25 (S1,h1) <K N 1‘”‘+b for some a and b. Using the local functional equations
in [Ikeda 2017, Theorem 2.1] (see also [Sweet 1995]), one gets

—1
% (S1.h1) < Nf x 3 Zrs51 (1P, =52 05, )

2
ﬁS] GV}’O(@SI)/HI”(@SI)

for some ¢ € N. By [Assem 1993, Lemma 2.1.1] and the assumption SUPxeG(Qs,) |h1(x)| <1, we have
|q>h1,r| = ®S1,r,—K7

where ®g, » _« denotes the characteristic function of ®,es, p~“V;(Zp). Hence, by a change of variables,
we get
r—1 r—1

Zr,S1 (|q>h1,r|’n - T’ ﬁsl) = Zr,Sl (qDSl,r,—K’n - T’ ﬁSl)

= N{Cnr_Kr(r_l)/ZZr,Sl (q)Sl,r,Oa n— %7 ﬁsl)

< N{cnr—/cr(r—l)/z‘

It follows from classification theory of quadratic forms that #(V,%(Qs,)/H,(Qs,)) < Nj. Therefore, we
obtain a desired upper bound for Z; (S, h1). Thus, we obtain I(f,r) = O(Nl""+bN_”). O

Remark 3.12. We give some remarks on Shin and Templier’s work [2016] and Dalal’s work [2022].
In the setting of [Shin and Templier 2016], they considered “all” cohomological representations as a
family which exhausts an L-packet at infinity since they chose the Euler—Poincaré pseudocoefficient at
the infinite place. Then there is no contribution from nontrivial unipotent conjugacy classes. Therefore,
our work is different from Shin—Templier’s work in that we can consider only holomorphic forms in an
L-packet.

Shin suggested to consider a family of automorphic representations whose infinite type is any fixed
discrete series representation. Dalal [2022] carried it out in the weight aspect by using the stable trace
formula. The stabilization allows us to remove the contribution I3 ( /) (see Section 1), but instead of I3( f),
the contributions of endoscopic groups have to enter. Dalal obtained a good bound for them by using the
concept of hyperendoscopy introduced by Ferrari [2007]. In studying the level aspect, it seems difficult
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to directly get a sufficient bound for the growth of the hyperendoscopic groups in question; since Sp(2n)
has infinitely many elliptic endoscopic groups

SO(Ny1, N1) xSp(2Nz) and SO(N;+1,Ny—1,E/Q)xSp(2N32), Ni+ N, =n,

where E runs over quadratic extensions of @ and SO(N; + 1, N; — 1, E/Q) is the quasisplit orthogonal
group attached to £/Q (see [Arthur 2013, p. 13—14] and [Assem 1998, §4]), it is quite complicated
to count the hyperendoscopic groups. (The referee pointed out to us that the essential difficulty in
applying hyperendoscopy techniques is in computing endoscopic transfers of indicators of any level
subgroup. In particular, answering the transfer problem is necessary to even know which set of groups
we are counting.) We also observe the same complication coming from elliptic endoscopic groups in the
unipotent terms of the (unstable) Arthur trace formula; see [Hoffmann and Wakatsuki 2018, p. 8]. Assem’s
results [1993; 1998] make us expect that, for 1 <r <n, some parts of zeta integrals Z, (P FrS x) probably
correspond to the central contributions of the endoscopic groups SO(n—r +1,n—r + 1) x Sp(2r —2) and
SO(n—r+2,n—r, E/Q) x Sp(2r —2). To avoid such complication, we have simplified the unipotent
terms in several steps as follows:

¢ Our method showed the vanishing of a large part of the unipotent terms; see Lemma 3.3 and
[Wakatsuki 2018].

¢ The contributions of Z,(® FrrS x) vanish when y is nontrivial; see Theorem 3.7.

e Our careful analysis estimates upper bounds of the contributions of Z, (P Fore S 1) by using the

functional equations; see the proof of Theorem 3.10.

Analogous simplifications should be required even if we use the stable trace formula.

4. Arthur classification of Siegel modular forms

In this section, we study Siegel modular forms in terms of Arthur’s classification [2013]; see §1.4 and
§1.5 of loc. cit.. Recall G = Sp(2n)/Q. We call a Siegel cusp form which comes from smaller groups by
Langlands functoriality “a nongenuine form”. In this section, we estimate the dimension of the space of
nongenuine forms and show that they are negligible. This result is interesting in its own right.

Let F € HEE(N), see Section 2, and 7 = 7 be the corresponding automorphic representation
of G(A). According to Arthur’s classification, 7 can be described by using the global A-packets. Let us
recall some notations. A (discrete) global A-parameter is a symbol

v =m[di] BB [dr]
satisfying the following conditions:

(1) for each i, with 1 <i <r, m; is an irreducible unitary cuspidal self-dual automorphic representation
of GL,; (A). In particular, the central character w; of m; is trivial or quadratic;

(2) foreachi,d; € Z=g and Y | mid; =2n+ 1,
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(3) if d; is odd, then ; is orthogonal, i.e., L(s, 7;, Symz) has a pole at s = 1;
(4) if d; is even, then m; is symplectic, i.e., L(s, w;, A?) has a pole at s = I;
(6) ifi # j and m; >~ 7j, then d; # d;.
We say that two global A-parameters B! _, ;[d;] and B /=1”i, [d/] are equivalent if » = r’ and there
exists 0 € &, such that d/ = dg(;) and 7] = 75(;). Let W(G) be the set of equivalent classes of global

A-parameters. For each € W(G), one can associate a set ITy, of equivalent classes of simple admissible
G(Ar) x (g, Ko)-modules; see [Arthur 2013]. The set ITy is called a global A-packet for .

Definition 4.1. Let ¢ = B/_, m;[d;] be a global A-parameter.
e 1 is said to be semisimple if d; = --- = d, = 1; otherwise, 1 is said to be nonsemisimple;
e 1 is said to be simple if r =1 and d; = 1.

By [Arthur 2013, Theorem 1.5.2] (though our formulation is slightly different from the original one),
we have a following decomposition

L3 G@\GA)~ B B maym. 1)
YeV(G) welly
where my y € {0, 1}; see [Atobe 2018, Theorem 2.2] for my . We have the following immediate
consequence of (4-1):

Proposition 4.2. Let 1g(ny be the characteristic function of K(N) C G(Ar). Then
K(N
ST = @ P mayrf™

YeV(G) melly
JTOOZUL{

and

|HE(N)| =vol(K(N)™" >~ 3" muy (s (Igwy))- (4-2)

vew(G) melly
JTOOZO’]S

Theorem 4.3. Assume (1-4). For a global A-parameter W =7 _, 7r;[d;], suppose that there exists 7w € T1y,
with oo 2 ok. Then V is semisimple, i.e., d; =1 for all i, and each m; is regular algebraic and satisfies

the Ramanujan conjecture, i.e., 7; p is tempered for any p.

Proof. By the proof of [Chenevier and Lannes 2019, Corollary 8.5.4], we see that d; = --- =d, = 1.
Hence, v is semisimple. Further, by comparing infinitesimal characters ¢ (7o), ¢(¥oo) Of Too, Yoo
respectively, we see that each 7; is regular algebraic by [Chenevier and Lannes 2019, Corollary 6.3.6 and
Proposition 8.2.10]. It follows from [Caraiani 2012;2014] that m; , is tempered for any p. O

Therefore, for each finite prime p, the local Langlands parameter at p of 7 is described as one of the
isobaric sum H’_, m; , which is an admissible representation of GL3,+41(Qp).



1012 Henry H. Kim, Satoshi Wakatsuki and Takuya Yamauchi

Definition 4.4. We denote by HEy (N)" the subset of HE} (N) consisting of all forms which belong to

D D meyr ™,

Yvev(G) melly
Y:nonsimple Too=0k

under the isomorphism (4-1). A form in this space is called a nongenuine form.
Similarly, we denote by HEy (N )# the subset of HEj (N) consisting of all forms which belong to

@ @ mﬂ,wn]{((N)’

YveV(G) melly
Yisimple Too™=0k

under the isomorphism (4-1). A form in this space is called a genuine form.

Definition 4.5. Denote by I1(GL,(R))¢ the isomorphism classes of all irreducible cohomological ad-
missible (gl,,, O(n))-modules. For 1o € IT(GL,(R))¢ and a quasicharacter y : @Q*\A*—C*, we define

LEPY(GLy (@)\GLA (A), Too, 1) := D meor

7 : orthogonal
Moo =Too, W =X

and
Lcusp,ort(KGLn (N), Toos X) = @ I’l’l(]T)]TKGLn (N)’

7 :orthogonal
Too=Too, Wx =X

where the direct sums are taken over the isomorphism classes of all orthogonal cuspidal automorphic
representations of GL,(A) and w, stands for the central character of w. The constant m(7) is the
multiplicity of 7 in L?(GL,(Q)\ GL,(A)) which satisfies m () € {0, 1} by [Shalika 1974]. Here,
KCLn(N) is the principal congruence subgroup of GLj (Z) of level N. Put

lcusp,on(n, N, Toos X) = dlm@ (Lcusp,ort(KGLn (N), Toos X))
for simplicity. Clearly, [*P°'(1, N, 100, ) = |2x/ (1+N 2)x| = @(N), where ¢ stands for Euler’s
totient function.

Let P(2n + 1) be the set of all partitions of 2n + 1 and P, be the standard parabolic subgroup
of GLyy+1 associated to a partition 2n + 1 =my +---+m,, and m = (mq, ..., m;).

In order to apply the formula (4-2), it is necessary to study the transfer of Hecke elements in the local
Langlands correspondence established by [Arthur 2013, Theorem 1.5.1]. We regard G = Sp(2n) as a
twisted elliptic endoscopic subgroup of GL>,+1; see [Ganapathy and Varma 2017] or [Oi 2023].

Proposition 4.6. Let N be an odd positive integer. Put Sy :={p prime: p | N }. For the pair (GLap+1, G),
the characteristic function of vol(K(N))~11 k() as an element of CX°(G(Qs ) is transferred to

VOl (KGLGJ,_] (N))_l IKGLZH-"-] (N)

as an element of C2°(GL2p+1(Qsy))-

Proof. 1t follows from [Ganapathy and Varma 2017, Lemma 8.2.1 (1)]. O
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Remark 4.7. Keep the notation in the previous proposition. If II is the twisted endoscopic transfer of r,
then the claim immediately implies

dimg aKW) <dim¢ HKGL2n+1 (N,

In fact, we have dim¢ 7K™ = tr(Iy : LR CORS | L (N)), where I : [T—1I1 is the intertwin-
ing operator defining the twisted trace. Since Iy is of finite order, we have the above inequality; see the
argument for [ Yamauchi 2021, Theorem 1.6].

Applying Proposition 4.6, we have the following:

Proposition 4.8. Assume (1-4) and N is odd. Then |HEx (N )" | is bounded by

An(N :
X SR DTS | e R )
¢(N) m=(m,....m;)€P2n+1) 7 EM(GLy, (R)C x;:@¥\A¥—>C* i=1

r=2 c(B/_ 1)=c(ox) x}=1,c()IN

where the second sum is indexed by all r-tuples (t1, . . ., ) such that t; € II(GLy,,; (R))€ and ¢ (B _, 7)) =
c(ox), the equality of the infinitesimal characters. Further c(y) stands for the conductor of x and

o(N) =|(Z/NZ)*|. Here,

(1) Ap(N):=2@n+tDoW) ywhere o(N) := |{p prime : p | N}Y|;
(2) dp,,(N) = |Pu(Z/NZ)\ GL2p41(Z/NZ)| = vol(KS-2n+1(N))™! /| Pp(Z/ N Z)).

Proof. Let m = 100 ® ®;,np be an element of ITy for ¥ = B]_,m;. Let 1, be the local Lang-
lands correspondence of 7, to GL,4+1(Q)) established by [Arthur 2013, Theorem 1.5.1], and let
L(Tp) : Lg,— GL2n+1(C) be the local L-parameter of Iy, where Lg, = Wg, for each p < oo
and Lr = Wgr x SL»(C). Since the localization v, of the global A-parameter ¥ at p is tempered by
Theorem 4.3, we see that £(IT,) is equivalent to v,. Since L£(II,) is independent of w € ITy and
multiplicity one for GL3,+1(A) holds, the isobaric sum ¢ = B’_, 7; as an automorphic representation
of GL2,+1(A) gives rise to a unique global L-parameter on ITy. On the other hand, it follows from
[Arthur 2013, Theorem 1.5.1] that [ITy,, | < 22+1 for the local A-packet [y, at pif p| N, and [Ty,
is a singleton if p 4 N. It yields that [ITy | < 2@n+1De(N) - gince the local Langlands correspondence
7p > I1, satisfies the character relation by [Arthur 2013, Theorem 1.5.1], it follows from Proposition 4.6
with Remark 4.7 that for each 7 € I1y,

dim (7 ) = vol(K(V) ™" tr(x (1 (w))

= VOI(KGL2n+l (N))_l tr((EElr=17Ti)(1KGL2n+1 (N)))

KSL2n+1 (N))

= dim((EEI{zlni)f
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/

where we denote by 7y = ®),

mp the finite part of the cuspidal representation . Plugging this into
Proposition 4.2, we have

|HER(N)"¢| = vol(K(N))™" > > may (s (lgw)))
Yy=HB!_,7;€e¥(G),r>2 nelly,
c(Voo)=c(0k)
A (N) . GL2p+1
< > dim (&), m)f M),
¢(N) G
=H/_,m;e¥(G),r=2
c(Yoo)=c(o%)

where 1/¢(N) is inserted because of the condition on the central characters in global A-parameters. Here,

r > 2 is essential to gain the factor 1/¢(N); see Remark 4.9.

. . GL (N) . . . .
Next we describe dlm((BﬂlT:lm)}( 2177 in terms of the data (m;, N, 7;, ;) with 1 <i <r. Since

Pu(Ar)\ GLon41(Ap)/K(N) =~ Py(2)\ GLon41(2)/K(N) =~ Pp(Z/NZ)\ GLayp+1(Z/NZ)

and a complete system of the representatives can be taken from elements in GL2, 41 (2), and therefore,
they normalize K(N ). Then a standard method for fixed vectors of an induced representation shows that

r
dim((@]_, )K" ) = dp, (N [ dim( ),

S
i=1
. . : K Olm;i (N) cusp,ort
Here, if x; is the central character of 7; and 7; oo >~ 7;, then dlm(ni’ r ) = 1P (m;, N, Ty, xi).
Notice that the conductor of y; is a divisor of N. Summing up, we have the claim. O

Remark 4.9. Let r > 2. The group homomorphism ((Z/NZ)*) —(Z/NZ)*, (x1,...,Xr) > X1+ Xr,
is obviously surjective, and it yields

\{(xl,...,x»e(ﬂvz\)”:XI-"Xr=1}|Z%

This trivial equality explains the appearance of the factor 1/¢(/N) in Proposition 4.8.

Next we study ["P-°(n, N, 7, y) for T € TI(GL,(R))¢ and for n > 2. Now if 7 is a cuspidal
representation of GL,,, 11 which is orthogonal, i.e., L(s, 7, Sym?) has a pole at s = 1, then 7 comes
from a cuspidal representation T on Sp(2m). In this case, the central character w, of  is trivial.

If 7 is a cuspidal representation of GLy,, which is orthogonal, i.e., L(s, , Sym?) has a pole at s = 1,

2 _
- =

SO(m,m); If wy # 1, then 7w comes from a cuspidal representation t on the quasisplit orthogonal group
SO(m+1,m—1).
First we consider the case when y is trivial in estimating [°*"°"(2n + 8, N, 7, ), where § = 0 or 1.

then w 1; If wy = 1, m comes from a cuspidal representation t on the split orthogonal group

For a positive integer n, let
_ (SO(n,n) if G' = GLy,,
~|Sp2n)  if G’ = GLayyi.
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We regard H as a twisted elliptic endoscopic subgroup G'.

Proposition 4.10. Let N be an odd positive integer. For the pair (G', H), the characteristic function of
vol(KH (N))™1 Lg 1 () as an element of C2°(H(Qg,)) is transferred to
vol(K' (N) gy
as an element of C2°(G'(Qs,,)).
Proof. 1t follows from [Ganapathy and Varma 2017, Lemma 8.2.1 (i)]. O

Each cuspidal representation 7 of G’(A) contributing to [*P=°"'(N, z, 1) can be regarded as a simple
A-parameter. Also as a cuspidal representation, it strongly descends to a generic cuspidal representation
I, of H(A) whose L-parameter £(I1;) at infinity of I1, is same as one of 7. In this setting, by
[Arthur 2013, Proposition 8.3.2 (b)], the problem is reduced to estimate

LESPEen(F N £(TT,), 1) := @ m(ﬂ)ﬂKH(N)’ m(m) €{0,1,2},
nCLcusp,generic,orl(H(@)\H(A)7[:(1_[_[)’1)

where 7 runs over all irreducible unitary, cohomological orthogonal cuspidal automorphic representations
of H(A) whose L-parameter at infinity is isomorphic to £(I1;) with the central character y = 1.

Proposition 4.11. Keep the notations as above. Then
o [0POt(2pn 4+, N, 7,1) < Cp (N)dim(LPE (H, N, L(T1), 1)), where Cy (N ) :=2@1T0)W) gng

0 ifG' =GLyy,
1 ifG' =GLop1.

o dim(L"PE(H N, £(T1;), 1)) < ¢ -vol(KH(N))™! ~ ¢ NI™UH) (o some ¢ > 0, when the infin-
itesimal character of L(I1;) is fixed and N — oo.

Proof. The first claim follows from [Arthur 2013, Proposition 8.3.2 (b)] with a completely similar argument
of Proposition 4.8.
The second claim follows from [Savin 1989]. O

Next we consider the case when y is a quadratic character. In this case, a cuspidal representation 7
contributing to L¢P (KSGLn (N), 15, ) comes from a cuspidal representation of the quasisplit orthog-
onal group SO(m + 1, m — 1) defined over the quadratic extension associated to y. However any transfer
theorem for Hecke elements in (GL5;,, SO(m + 1, m — 1)) remains open. To get around this situation,
we make use of the transfer theorems for some Hecke elements in the quadratic base change due to

Yamauchi [2021]. For this, we need the following assumptions on the level N:

(1) N is an odd prime or

(2) N is odd and all prime divisors p1,..., pr (r > 2) of N are congruent to 1 modulo 4 and (1%) =1
fori # j, where (E) denotes the Legendre symbol.
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These conditions are needed in order that for any quadratic extension M/Q with the conductor dps divid-
ing N, there exists an integral ideal 9% of M such that 9t0? = (dps) where 6 is the generator of Gal(M/Q).

Proposition 4.12. Keep the assumptions on N as above. Then
lcusp,ort(zm’ N. . X) < 22m-a)(N) VO](KH(N))_l,

where H = SO(m, m).

Proof. Let M /Q be the quadratic extension associated to y and Oy the ring of integers of M. Let 6 be
the generator of Gal(M/Q). Let K]?,IL”” (9%) be the principal congruence subgroup of GL3, (Z ®z Op)
of the level N. Clearly, the 6-fixed part of KZCCILZ’” (M) is K27 (dps) where dyy is the conductor of
M /Q and it contains K27 (N) since dps|N. Applying [Yamauchi 2021, Theorem 1.6], we have for a
cuspidal representation 7w of GL2,,(A) and its base change IT := BCpy/q () to GL2p (Apr),

vol (K92 (W) ™ tr(aw (Lgatam ) = Vol (K> (M) ™ r(TT(1 gotam o)-
M

Recall that our 7 contributing to L¢"P-°"'(2m, N, 7, y) is orthogonal, namely, L(s, 7, Symz) has a pole
at s = 1. Note that L(s, IT, Sym?) = L(s, 7w, Sym?)L(s, 7, Sym? ® y). Now, L(s,7 X (7 ® x)) =
L(s, 7, A>® x)L(s, m, Sym? ®x). Suppose I is cuspidal. Then 7 % 7 ® x. So the left-hand side has no
zero at s = 1, and L(s, v, Sym? ® y) has no zero at s = 1. Therefore, L(s, IT, Sym?) has a pole at s = 1.

If IT is noncuspidal, then by Arthur and Clozel [1989], there exists a cuspidal representation t of
GL,; (Apz) such that

=@\’

Insuch acase, if m =2, then 7 = AI}%I 7 for some cuspidal representation t of GL;(Apy); an automorphic
induction from GL,(Aps) to GL4(Ag). Since 7 is cuspidal and orthogonal, 7 has to be dihedral. Such 7
are counted in [Kim et al. 2020b, Section 2.6] and it amounts to O(N 11/2+#) for any ¢ > 0. This will
be negligible because vol(K 7 (N)) ~ e N™@m=1) — ¢ N6 for some constant ¢ > 0. Assume m > 3. It

. . . GL .
is easy to see that the dimension of @H:noncuspidal IT }{M > M is bounded by

O(Nm2—1+m(m+1)/2) _ 0(N3m2/2+m/2—1),

where the —1 of m? — 1 in the exponent of left-hand side in the above equation is inserted because of
the fixed central character. Since dim SO(m, m) = m(2m — 1) and m > 3, spaces H}(I(\} > for which
IT is noncuspidal are negligible in the estimation. Further, IT is orthogonal with trivial central character.
(The central character of IT is y o Nps/q = 1.) Therefore, we can bound /°“**°"(2m, N, z, ) by

1920 (2m, N, BCpyr_ /r(7), 1),

which is similarly defined for cuspidal representations of GLj,(Azr). Applying the argument of the
proof of Proposition 4.11 to (GLp,, /M, SO(m, m)/ M), the quantity [°*P°""(2m, N, t, x) is bounded by
22moM) yol(KHm (91))~1, where Hys := SO(m, m)/M and w(M) denotes the number of prime ideals
dividing 9. The claim follows from Qs /M ~ Z/NZ since vol(K 7 (M) = vol(KH (N)) and clearly
o) = w(N). d
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Note that for any split reductive group G over @ and the principal congruence subgroup K9(N) of
level N, we have that vol(K9(N)) ~ ¢ N ~4m9 for some constant ¢ > 0 as N — oo. Furthermore, w(N) <
log N/(loglog N). Hence 2*W) « N€ and A4,(N) = O(N¢) and Cm;(N)=O(N?®) foreach1 <i <r.
Theorem 4.13. Assume (1-4). Keep the assumptions on N as in Proposition 4.12. Then |HEy (N )"8| =
On(N 2”2"'”_“'8) for any & > 0. In particular,

|HE (N)"8]
im ———— =0.
N—o0 |HEk (N) |
Proof. By Proposition 4.8, for each partition m = (my,...,m,) of 2n + 1, we must only estimate
An(N) -
d N lcusp,ort - N, ) Xi).
o(N) Pm( )1_[ (m; Ti, Xi)

i=1
By Proposition 4.11 and Proposition 4.12,

lcusp,ort(mi’ N, 1, Xi) < Nmi(mi—l)/2+s

for any & > 0. Further, dp,, (v) = O(N94m Pm\Glant1) — O(Nlei<J‘sr mim;y)  Note that p(N)™! =
O(N~17#) for any & > 0. Since

r r
mi(m; —1
Z mimj+2¥=%( Z mimj)—%Zmi=%(2n+1)2—%(2n+1)=2n2+n,

1<i<j<r i=1 1<i,j<r i=1
we have the first claim.
The second claim follows from the dimension formula (1-3). O

5. A notion of newforms in Sg (I'(NV))

In this section, we introduce a notion of a newform in S (I'(/V)) with respect to principal congruence
subgroups. Since any local newform theory for Sp(2n) is unavailable except for n = 1,2, we need a
notion of newforms so that we can control a lower bound of conductors for such newforms. This is
needed in application to low lying zeros. (See Theorem 8.3 and Lemma 9.3.)

ST = @ P mayr™

we\II(G) JTEHVJ

oo =0k

Recall the description

in terms of Arthur’s classification.
Definition 5.1. The new part (space) of S (I'(N)) is defined by
K(N
SEra) = @ D My .

Ye¥(G) n=nyQox€lly
KN £ but 7 K@) =0 for any d|N, d #N

The orthogonal complement S ,‘c’ld(l“ (N)) of SE(I'(N)) in S (I'(NV)) with respect to Petersson inner
product is said to be the old space. Let HEg™ (N) be a subset of H Ex (N') which is a basis of Sg™ (T'(N)).
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Remark 5.2. As the referee pointed out, S ;C’ld(l" (N)) is the intersection of S (I'(N)) with the smallest
G (Ay)-invariant space of functions on G(Q)\G(A) containing Sy (I'(M)) for all proper divisors M
of N.

Setd, =(1—p~")", dpy =1, p dp and Cp =TT, (1 —p7¥), Cy = [1p1pr Cp- We setdy =1
and C; = 1.
Recall di(N) = dim Sg (T'(N)) = C, Cy N2+ 4 0 (N277).

Lemma 5.3. Assume that (1-4) holds and N is squarefree. Then we have

. w N\ _
de(N) = 3" dim S} (T (M) (M) Chmdyhy
M|N

Proof. Let M | N. Take an automorphic representation 7 = 7y ® o such that dim JT;((M) > 0 and

dim JT;{(L) =0forany L | M, L < M. Under this condition, 7 has an intersection with S?**(I"(M)), and
also with Sg (I'(N)). Let my = ®,7p. By the assumptions and Theorem 4.3, for any prime p M, p is
tempered spherical, and so 7, is an irreducible induced representation from a Borel subgroup B of G(Qp).
So dim = 1. Now Kp/Kp(p) =~ Spyn(Fp). #Spay (Fp) = p2>11C,, and #B(F,) = p"**1d,.
Hence, dim nf”(p) = p”sz dp_l forall p t M. Since N is squarefree, this leads to
. _K(N . KM N\ -
dlmnf ™M - dll‘nT[f (M) o (ﬁ) CN/MdN/lM.
Thus, we obtain the assertion. O

Theorem 5.4. Assume that (1-4) holds and N is squarefree. Then we have

dim SV (I (N)) = CCy N2+ [10- A pT T 4 Ok (NPT),
PIN
Here, {(n*)™! < T, n(1 — dp_lp_”z_”) <lifn>1 Ifn =1, wehave [[,y(1—d, ' p72) >
[1,(1=1/(p(p—1))) = 0.374....

Proof. Since Cn/pr = Cn/Cp and dy/pr = dn /dp, from Lemma 5.3, we have
de(N N Cildy = Y dim SP(D(M)M ™ Cip'dyy.
M|N

The Mobius inversion formula gives

)
dim S} (C(N)N ™ Cldy = Y /L(M)dk(%) (%) " Crtadnm
M|N

where © denotes the Mobius function. Therefore,

dim ST (V) = 3 M(M)dk(%)M”ZCMd;;. (5-1)
M|N
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By [Wakatsuki 2018, Corollary 1.2], there exist constants C , such that dg(N) =Y 7_o Cx ,CN N f)
if N > 2, where f(r) =2n%+n+ %r(r —1) —nr and Cy o = C. Further, we take two constants D
and D3 so that di(N) = Zf:o CirCn NS 4 Dy for N =1 or 2. Therefore, by (5-1), we obtain

n
dim SF((N)) = Z Cr CNN/®) Z w(M)dy M=)

r=0 M|N 2

N .
+ u(N)N™ Cydy' Dy + “( )(7) Cnj2dy D2 if 2N,
0 if 24 N.

N
2

Since N is squarefree,

Z M(M)dﬂ—danz_f(r) — 1_[( d 1 n —f(r))

M|N pPIN

Therefore,

n
dim S™(T'(N)) = Z CrrCNNT® 1_[(1 —d; p—f(r)+n2)

r=0 PIN
n2

N _1 .
+ u(N)N" Cndy' D1 + “( )(2) Cnj2dy D2 i 2N,
0 if2 4 N.

N
2

From this, we obtain the assertion.
Now, dp < 1. HC;ICG [Tn(1 —a’p_lp”tf(’)) <1. Alsod, ! < p" since 1/(1—p~') < p. Therefore,
HPIN(l —dp_lp_" ) > p|N(1 —p™™). Here if n > 1,

[Ta-p")" <H1— =),

DPIN
Ifn=1,
_n2_ 1 1
[T0—a =y = T1(— - )= T - o)
—1 -/
IV ot p(p—1) . p(p—1)
which is the Artin constant. O

6. Equidistribution theorem of Siegel cusp forms; proof of Theorem 1.1
By the definition in (1-1), we see that

A ) = Tr(Th, | s r(vy)
HES).S18DP Y = (01(G(Q)\G(A)) - dim &

Notice that dim £ = dj (under a suitable normalization of the measure). Applying Theorem 3.10 to Sy,
we have the claim by the Plancherel formula of Harish-Chandra: ;lgll (h1) = h1(1).
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7. Vertical Sato-Tate theorem for Siegel modular forms: proofs of Theorems 1.2 and 1.3

Suppose that k = (k1, ..., k) satisfies the condition (1-4). Put T ={z € C: |z| = 1}. For F € HE}(N),
consider the cuspidal automorphic representation 7 = 7 = oo ® ®;)n F,p of G(A) associated to F'. As
discussed in the previous section, under the condition (1-4), the A-parameter ¥ whose A-packet contains 7
is semisimple and 7, is tempered for all p. Thenif p 4 N, wF p is spherical, and we can write 7 p, as
TF,p= Indg((gﬁ)) Xp> where B =T U is the upper Borel subgroup and y, is a unitary character on B(Q),).
Foreach 1 < j <n,putaj,(xp) = xp(e;(p~1)) (see (2-1) for e (p~1!)) and by temperedness, we may
write o (Xp) = eﬁof', 8; € [0, ]. Let G = SO(2n 4+ 1)(C) be the complex split orthogonal group
over C associated to the antidiagonal identity matrix. Let L(7p) : Wg,— SO(2n + 1)(C) be the local
Langlands parameter given by

E(”p)(Fmbp) = (Ollp()(p)’ oo onp(xp). 1, Ollp()(p)_l’ e ,Olnp()(p)_l)’

which is called the [);Sﬁke parameter. Put a(i)()(p) = ag?p()(p) = %(aip (tp) +ip(xp)~1) = cos b;

for 1 <i <n. Let G(Qp)" '™ be the isomorphism classes of unramified tempered representations

of G(Qp). By [Shin and Templier 2016, Lemma 3.2], we have a topological isomorphism
@“r’temp =0, 7]"/6, =: Q

given by

Ip (arg(a(l)()(p)), e, arg(a(”)()(p))) =:(01,...,0p).

We denote by (01(tF,p), ..., 0u(7F,p)) € Q2 the corresponding element to g, , under the above isomor-

phism. Let B =TU be the upper Borel subgroup of G = SO(2n + 1)(C). Let A+(é) be the set of all

positive roots in X *(YA“) = Hom(f“, GL;) with respect to B. We view (01, ...,6,) as parameters of Q2.

Let uf,l’temp be the restriction of the Plancherel measure on 5@ to @“r’ mp and by abusing the

notation, we denote by u, = ,ugl’temp its pushforward to €2. Put

t:= (eV_w‘ A Zat LB B e L N e_V_w")

for simplicity. By [Shin and Templier 2016, Proposition 3.3], we have

Hp PO On) = WO On)dy -y,

where

W01, ..., 60

1 (1 1)”2 Maeat 1=V 7"OP
I1

Q2n)" p weA+(©) 11— p‘leﬁ“(’)P

> [lie |1—€V_19"|21_[156i=<§n [1—evV—1@iteb)) 2

1 ( Ly
= (141 :
@)t PS Tl U= p~teV =10 [Tusi<jzn [1 - p~leVT1C+e0) ]2
e==%1
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By letting p — oo, we recover the Sato—Tate measure

2 1—[ {l_eﬁ(eﬂrsei)fd@l...dgn,

1<i<j<n
e==1

Then Theorems 1.2 and 1.3 follow from Theorems 1.1 and 4.13.

n
ST _ 1 pl,temp 1 _ /_191.
Moo = JI0 Hp™ " = Gy _1_[1‘1 ¢

1=

8. Standard L-functions of Sp(2n)

Letk = (k1....,kn) and F € HEE(N), and let 7t g be a cuspidal representation of G(A) associated to F'.

Assume (1-4) for k. By (4-1) and the observation there, the global A-packet ITy containing wr
is associated to a semisimple global A parameter ¥ = H_,7; where m; is an irreducible cuspidal
representation of GL,,, (A). Then the isobaric sum IT := H/_,7; is an automorphic representation
of GL3y+1(A). Therefore, we may define

,
L(s,7p,St) = L(s. 1) = [ | L(s. 7).
i=1
Let Ly(s, wp,St):= L(s,I1,) = []i=; L(s, 7ip) be the local p-factor of L(s, wF, St) for each rational
prime p.
Let tp = oo ® ®;)71p. For p 4 N, we have that ,, is the spherical representation of G(Q,) with the
Satake parameter («t1p, ..., Unp, l,ozl_pl, e ,oz,jpl). Then

n
Lp(s,nr, SO~ = (1=p) [ [ —ipp™) (1 —a;,! p™).

i=1
We define the conductor g (F') of F to be the product of the conductors ¢ (7;) of m;, for 1 <i <r.

Theorem 8.1. Let F' € HE} (N ). Then the standard L-function L(s, wF, St) has a meromorphic continu-
ation to all of C. Let

A(s.7r, SO = ¢(F)*/ Loo(s. mp . SOL(s. 7 , SV,
where Loo(s, mp,St) =Tr(s +€)I'c(s+ k1 —1)---Tc(s + kn —n),

0 ifn is even,
1 ifnisodd,

and Tr(s) = 7=5/2T($), Tc(s) = 2(2) 5 T(s). Then

€ =

A, g, St)y=e(F)A(1—s,F, St),
where €(F) € {£1}.
Proof. Tt follows from the functional equation of L(s, IT) by noting that IT is self-dual, and L(s, [1s) =

Loo(s, mF, St) is the local L-function attached to the holomorphic discrete series of the lowest weight &;
see [Kozima 2002]. O
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The epsilon factor €(F') turns out to be always 1.
Proposition 8.2. Let wf be associated to a semisimple A-parameter. Then €(F) = 1.

Proof. Recall the global A-parameter Y = H/_, 7;. Let w; be the central character of ;. Since m; is
orthogonal, its epsilon factor is w; (—1) by [Lapid 2004, Theorem 1]. Hence,

«)=[To-n=(TTer)n=1¢-n=1

i=1 i=1
by the condition on the central character. O

Theorem 8.3. For any F € HE(N), the conductor q(F) satisfies q(F) < N2+l IfF e HE;SW(N),
then q(F) = max{N [,y p~". [I,n P}- Soif F € HE}*(N), q(F) = N'/2,

Proof. Let wF be associated to a semisimple global A parameter ¥ = H_, 7; where 7; is an irreducible
cuspidal representation of GL;,; (A), and let IT := H_, 7;. Let IT = 1o ® ®;, IT,. By Proposition 4.6,
IT has a nonzero fixed vector by K 9L2n+1( p¢r), where ep = ord,(N). As in the proof of [Kim et al.
2020a, Lemma 8.1], it implies depth(IT,) <e, —1. Hence ¢(I1,) < p@ntDep by [Lansky and Raghuram
2003, Proposition 2.2]. Therefore, g(F) < N2"+1,

If F € HEJ®Y(N), by Definition 5.1, it is not fixed by KOL2n+1( per=1) for each p | N. By [Miyauchi
and Yamauchi 2022, Theorem 1.2], we have g (I1,) > p™i (ep=1) for some i. In particular, ¢ (IT p) > per1
for each p | N. Hence, g(F) > N [], 1y p~ L. Itis clear that ¢(T1,) > p if p | N. Hence,

q(F)ZmaX{N-]_[p‘l, ]_[p§-

pIN pIN
Now, ¢(F)? = g(F)-q(F) > N. Hence our result follows. O
q( q q

Proposition 8.4. Keep the assumptions on N as in Proposition4.12. Let F € HEy (N ). Then L(s, 7F , St)
has a pole at s = 1 if and only if wF is associated to a semisimple global A-parameter = 1B H- - -Bx,
where 1; is an orthogonal irreducible cuspidal representation of GLy,; (A), such that if m; = 1, m; is
a nontrivial quadratic character. Let HE} (N)? be the subset of HEg(N) such that L(s, wF,St) has
apole ats = 1. Then |HE,(N)°| = O(N2"*~"%€) So |HE(N)°|/|HEL(N)| = O(N~2"+€),

This proves [Shin and Templier 2016, Hypothesis 11.2] in our family.

Proof. This follows from the proof of Theorem 4.13, by noting that partitions m = (my,...,m,) of 2n
contribute to HEy (N )0, O

Bocherer [1986] gave the relationship between Hecke operators and L-functions for level one and
scalar-valued Siegel modular forms and it is extended by Shimura [1994a] to a more general setting.

Leta = (ai,...,an),0=<ay <--- < ap, and Dy, = diag(p?®',..., p?). Let F be an eigenform
in HEy(N) with respect to the Hecke operator T(Dp 4) for all p 4 N, and let A(F, Dy 4) be the
eigenvalue.
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Then we have the following identity [Shimura 1994a, Theorem 2.9]:

1-X ﬁ (1-p2?X?)
I-ptX (l—cx,-pp”X)(l—(xi_plp”X)’

> A(F. Dy g) X Ei=14 = (8-1)

a i=1

where a = (ay,...,an) runsover 0 <a; <--- <ay,.
Let m = (my,...,my), my|mz|---|my, and D,, = diag(my,...,my), and let A(F, Dy,) be the

eigenvalue of the Hecke operator 7(D,,). Let

LY. F)= Y A(F.Dpy)det(Dpy)™".
m,(m,,N)=1
Then
LY(s.F) =[] L(s. F)p.
PN

L(s, F)p = ZMF, Dp,a)det(Dp,a)”".

It converges for Re(s) > 2n + (k1 +---+ kn)/n + 1.
Hence, we have

n
§N(s)|:H§N(2s—2i)i|LN(s, F)=LN(s—n,7F,St),
i=1
where LV (s, 7, St) = [Ipsn Lp(s, F, St), and N (s) = [n( —p5~L
The central value of LY (s, F) is at s :n+%, and LN (s, F) has a zero at s :n+% since LN (s, nf, St)
is holomorphic at s = % Theorem 3.10 implies

Theorem 8.5. Form = (my,...,my), my|ma|---|m, withmy, > 1 and (im,, N) =1, N > m%”,
1 _
—_— F,Dy,) = eNT"
HEW)] 2 MFDm) = OGN,
= FeHEi(N)

for some constant «.

Proof. Let S1 be the set of all prime divisors of my. Since m, > 1, S is nonempty. The main term of
right-hand side in Theorem 3.10 includes /1 (1). Clearly, &1 (1) = 0 because the double coset defining the
Hecke operator /11 does not contain any central elements. Since the automorphic counting measure is

supported on cuspidal representations, Theorem 3.10 implies the claim. O
Write
[e.e] o0
LY. F)= ) apmm™ and L(s.F)p=) ar(p©)p™
m=1 k=0
(m,N)=1

for each prime p + N. Here ap ( p¥) = Zg A(F, Dp 4), where the sum is over all @ = (a1, ..., a,) such
that 0 <ay <---<ap,a;+---+a, =k. Hence, fork >0and p } N,

1 -
. 2 ar(H=00"NT.
k FeHEi(N)
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More generally:
Corollary 8.6. Form > 1, with (m,N) =1, N > m?",

1) S ar(m) = OmN™").

de(N FeHE(N)
Proof. We have ap (m) = _,, A(F, Dp), where the sum is over all m = (my, ..., my), mi|ma|--- [mp,
mji---my = m. Our assertion follows from Theorem 8.5. O

Write
o0
LN (s, 7np,St) = Z wr(m)m=.
m=1
(m,N)=1

Then from (8-1), we have, for p N,

ur(p)=(ar(p)+1)p™ and pp(p*)=1+p 2+ 4 p 2" +(ar(p*) +ar(p)p~>".
More generally, for p 4 N,
L+ p 2 (p2) + p™" iy hir(p~Dar (p)  if k is even,
P (P H P iy Wy (pDap(ph) if ks odd,
where hy, by, hjk, b}, € Z|x]. Therefore, for (m, N) = 1,

ur(m)=[[Gpm+p 25 (p™H) + > Ayar ().

plm ulm
u>1

wr(pF) =

where

1 if v,(m) is even,
Ay €@, hS eZlx], and §=6pm= i
" m € ZI].an P { 0 otherwise.

Therefore, by Corollary 8.6, we have
Theorem 8.7. Fixk = (ky,...,kn), and let m = Hp|m VP which is coprime to N. Then

d (lN) Yo wrm)=]]6om+p2h(p7h) + ON "mO).
k FeHEr(N) plm

This proves [Kim et al. 2020b, Conjecture 6.1 in level aspect] for the Sp(4) case.

9. {-level density of standard L -functions

In this section, we assume (1-4) and keep the assumptions on N in Proposition 4.12. Then we show
unconditionally that the £-level density (£ a positive integer) of the standard L-functions of the family
HE(N) has the symmetry type Sp in the level aspect. Shin and Templier [2016] showed it under several
hypotheses with a family which includes nonholomorphic forms.
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Under assumption (1-4), F satisfies the Ramanujan conjecture, namely, |«;,| = 1 for each i. Let

—Lf/(s, TF,St) = Z A(m)bp (m)ym™,

m=1
where bp (p™) =1+ af), + -+ oy, + )" + -+ +a,," when mp is spherical.
For F € HE}(N), let I1 be the Langlands transfer of ng to GLy,41. If F € HE,(N)#, then
L(s, IT, /\2) has no pole at s = 1, and L(s, IT, Symz) has a simple pole at s = 1. Let
L(s,TIxTI) = anxn(n)n_s,
L(s, TI, A%) = Z)L,\z(n)(n)n_s,
L(s, 1, Sym?) = stymz(n)(n)n_s.
Then fr (p?) = Asym2(my(p) and r (p)* = Anxm(p) = An2an () + Asym2(m (P)-
Note that i (p) = br(p), and b (p?) = 2pur (p?) — pr(p)*. Let
D 0
T(p.a)=T(N)( 7% 2 ) T(N).
0 D,,

By Theorem A.1, T(p, (0, ...,0, 1)), where there are n — 1 entries of 0, is a linear combination of

n—1 n—2 n—1 n

—— —— —— e e
T(p.(0,...,0,2), T(p.(0,....0,1,1)), T(p,(0,...,0,1)), T(p.(0,...,0)) =T(N)r,T(N).

Therefore, by Theorem 8.7,if p 4 N,

1 Y. wr(p)?

di(N) FeHE(N)
is of the form
L+ p lg(p™) + 0PN
for some polynomial g € Z[x] and ¢ > 0. Here the main term 1+ p~1g( p~!) comes from the coefficient

2n—1 n

i —_——
p Y pof T(p.(0.....0)
i=0

in the linear combination. Here the explicit determination of the coefficient is necessary in our application.
Hence, we have

Proposition 9.1. For somea > 0and p N,

d (lN) Y. bR =0(pTH+ 0N for N> p*"

= FeHE(N)

1 2\ -1 o AT—H 4n
di(N) Z br(p?)=1+0(p )+ O(p*N™"), for N> p*".

£ FeHE(N)
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Remark 9.2. By a more careful analysis, we can replace the error term O(N{* by ") in Theorem 3.10
by

O(Nln(n+1)/2/c+eN—n(n+1)/2 + Nl(zn—l)/c+8n—4+eN1—2n + N1m<+2n3+2n—3+eN—n

n—1
+ Z N{c(nr—r(r—l)/2)+(2n—r—1)[r/2]+2n—2r—1+2n3+eNr(r_1)/2_nr)’

r=3
for any € > 0. Hence, the first error term O(p®* N ~") in Proposition 9.1 can be replaced (by taking k = 1)

by

2n3+3n—3+eN—n

0(pn(n+1)/2+eN—(n2+n)/2 +p10n—5+eN1—2n +p

n—1

+ Z p2n3+2n—1+2nr—r2—2r+eNr(r—l)/z—nr).
r=3

The second error term O(p* N ~™) in Proposition 9.1 can be replaced (by taking ¥ = 2) by

0(pn(n+l)+eN—(n2+n)/2 + p12n—6+6N1—2n + p2n3+4n—3+eN—n

n—1

+ Z p2n3+2n—1+3nr—(3/2)(r2+r)+eNr(r—l)/Z—nr).
r=3
We denote the nontrivial zeros of L(s, wf,St) by o, ; = % + +/—1yF, ;. Without assuming the GRH
for L(s, 7F, St), we can order them as
-+ < Re(yr,—2) = Re(yr,—1) =0 =< Re(yr,1) < Re(yrp2) < -
Let c(F)=¢q(F)(ky---k,)? be the analytic conductor, and let

1
logc = — logc(F).
8GN =GN Fe%(m gc(F)

From Theorems 5.4 and 8.3, we have
Lemma 9.3. Let n > 1. We assume that N is squarefree. Then
(ky k) 2NV @O < < (g oo k) 2N
This proves [Shin and Templier 2016, Hypothesis 11.4] in our family. It is used in the proof of (9-1).

Proof. By Theorem 8.3, we have ¢(F) < N2"*1_ 1t gives rise to the upper bound. If F € HERY(N),
g(F) > N'/2 by Theorem 8.3. By Theorem 5.4, |HEZY(N)| > tm*)~! |HE(N)|. Hence,

log cx N = log(ky ckn)? + 1 logq(F) > log(ky -+ kn)? + =—— > logN. O
k (N , 2 25( )

GHE,S (N)
Consider, for an even Paley—Wiener function ¢,

D(F.0) = Yo% oz

YF.j
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Then as in [Kim et al. 2020a, (9.1)],
1 br(p)logp log p
W X PED=IO-O- s Y X NG ¢( )

K FeHE (V) FEeHE(N) P log kv
2 (br(p*)—1)logp ~( 2logp

oz ) 2 2 » M foge
FeHE (N) P kN

[HEL(N)°| |
+0( 4 (N) )+0(long,N)’

where HEy(N)? is in Proposition 8.4. (In [Kim et al. 2020a, (9.4)], the term O (|HE(N)°|/dk(N))
was omitted.)

By Proposition 9.1, we can show as in [Kim et al. 2020a] that for an even Paley—Wiener function ¢
such that the Fourier transform ¢ of ¢ is supported in (—8, ), for some 8 > 0,

1
T D DE=30-560+0 (1

£ FeHE(N)

oe) = [omwspwarto(20). o
where w(/N) is the number of prime factors of N and W(Sp)(x) = 1 — (sin2zxx)/(27wx). (When we
exchange two sums, if p + N, we use Proposition 9.1. If p | N, by the Ramanujan bound, |br (p)| <n
and |br ( p?)| < n. Hence by the trivial bound, we would obtain pr br(p)logp//p < w(N) and
Y ,ivbr(p?)log p/p L w(N).)

In fact, by Remark 9.2, we can take 8 to be the minimum of

n%+n e 2n—1 e n e 1
Cn+1)(n2+n+1) 7 Qu+DA0R-9/2)  Qn+1)(2n3+3n-5/2)  2nQ2n+1)’
nr—r(r—1)/2

mln3§r§n—1 (2n+1)(2nr_r2_2r+2n3+2n—1/2)_G .

Namely,

— n _ )
b= Gnvnan+m—sp © (9-2)

For a general £, let
W(Sp)(x) = det(K—1(x;, X)) 1<j<t, 1<k <t

where K_1(x, y)=sin (x—y) /7 (x — y)=sin 7 (x+1)/m(x + ). Let p(x1, ..., x¢) = b1 (x1) - pe(x0),
where each ¢; is an even Paley—Wiener function and ¢ (u1,...,ug) = ¢1(u1) --- ¢g(ug). We assume that
the Fourier transform ¢; of ¢; is supported in (—f, B) fori = 1,...,£. The {-level density function is

¢ * log i, v log cx, v logcx, v
D()(F’¢):Zjl jﬂs(yjl o Vin o0 Vi ’

2 2

where Zjl , isover jj ==+1,£2,... with jg # =+ jp for a # b. Then as in [Kim et al. 2020b], using
Theorem 8.7, we can show
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Theorem 9.4. We assume that N is squarefree. Let ¢(x1,...,xg) = p1(x1) -+ - Ppe(xy), where each ¢; is
an even Paley—Wiener function and qAS(ul, coUg) = qAﬁl (uy)--- g?)g (ug). Assume the Fourier transform qASi
of ¢; is supported in (—B, B) fori =1,---, L. (See (9-1) for the value of B.) Then

Ls Y pOr.g)= [¢(x)W(Sp>(x>dx+0( (N))

A (N )FeHE (N) N

Remark 9.5. The above theorem is usually stated for Schwartz functions in the literature. But since
Schwartz functions approximate any function in L2-space, the above theorem holds for Payley—Wiener
functions, which are in L2(R"), and whose Fourier transforms have compact supports.

DN

10. The order of vanishing of standard L -functions at s =

In this section, we show that the average order of vanishing of standard L-functions at s = % is bounded
under GRH; see [Iwaniec et al. 2000; Brumer 1995]. Under GRH on L (s, 7w, St), its zeros are %—i— v—=1yF
with yr € R.

Theorem 10.1. Assume the GRH. Assume (1-4) and N is squarefree. Let rp = ord,_

=1
2
1
E re <C,
di(N) F
€HE(N)

L(s,F,St). Then

where C = L(2n+1)(2n* +3n—3) — ] + €.
Proof. Choose ¢ (x) = (2sin(xf/2) /x)2 for x € R, where B is from (9-2). Then

Aoy B=Ix| if x| < B,

o) = {0 otherwise.
Since ¢(x) > 0 for x € R, from (9-1), we have

1
L O =40 - 500+ 0(jpy)
£ FeHE(N)
Hence, we have
1 Z 1 1 1
rr<—-—=4+0——). O
di(N) FeHEL(V) B 2 (log log N)

We can show a similar result for the spinor L-function of GSp(4). Recall the following from [Kim
et al. 2020a]:
Proposition 10.2. Assume (N, 11!) = 1.
(1) (level aspect) Fix ki, ko. Then for ¢ whose Fourier transform (,iA) has support in (—u, u) for some
O<u<1,as N — oo (See [Kim et al. 2020a, Proposition 9.1] for the value of u),
1 .
T 2 Der.g.spin) =40) + 560 + O

£ FeHE;(N)

ogto )
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(2) (weight aspect) Fix N. Then for ¢ whose Fourier transform qAS has support in (—u,u) for some
O<u<l,aski+ky— o0,

1 . - 1 1
GV, DS =900+ 5600+ 0o iy )

d
FeHE(N)

I

By a careful analysis, we can show that v; = 3, w; = 6 in [Kim et al. 2020a, Proposition 8.2] in the

level aspect. Hence u = 5

70 in the level aspect. As in Theorem 10.1, we have

Theorem 10.3. Let G = GSp(4). Assume the GRH, and let rp = ord _ ! L(s, ng,Spin). Then

1 1 1
1 ” =+ > + O(W> level aspect,
4 (N) > TFS 1,1 1
E FeHE(N) -+ =+ 0( ) weight aspect.
= u 2 log((kl——kz—k2)k1k2)
Appendix

In this appendix we compute the product 7'( p, (0, ..., 0, 1))2, with n — 1 entries of 0, from Section 9.

Theorem A.1. For the Hecke operators, we have

n—1 n—1 n—2 n—l

—— 2 ——
T(p,0,...,0,1)*=T(p,(0,...,0,2)+(p+DT(p, (O, 0,1,1))+(p -DT(p, (() ,0,1))
2n—1

+(p > pi)T(p, (0,...,0)).

i=0
This agrees with [Kim et al. 2020a, (2.7)] when n = 2. [Note that the coefficient of R > there should
be replaced with p* + p3 4+ p2 + p.]
Since p t N, we work on K = Sp(2n, Z,) instead of I'(N). Put

n—1 n—1

Tym—1:=pT(p.(0.....0.1)) = K diag(1.7..... p. p>. 7..... P)K € GSp(2n. Q).

It suffices to consider sz .—1- Let us first compute the coset decomposition. Put A = GL,(Z,) where
the identity element is denoted by 1,. For any ring R, let S, (R) be the set of all symmetric matrices of
size n defined over R and M,,x,(R) be the set of matrices of size m x n defined over R. Put

My (R) = Mpxn(R)
for simplicity. For each D € M, (Zp), we define
B(D):={B e M,(Z,) | '"BD ='DB}.

For each By, B, € B(D), we write By ~ B, if there exists M € M, (Z,) such that By — B, = MD.
We denote by B(D)/ ~ the set of all equivalence classes of B(D) by the relation ~. We regard F,
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(respectively, Z/ p?7) as the subset {0, 1, ..., p — 1} (respectively, {0, 1,..., p> —1}) of Z. Let D; be
the set of the following matrices in M (Zp):
n—1
. ——
D,{_l = diag( p,..., p, 1),
p-ls
D;S{ :Ds{(x) = 1 X ’ OESSn_z’ XGMlx(n—l—s)(I]:p)»
P ln—1-s

where we fill out zeros in the blank blocks. The cardinality of D; is 14+ p+---4+p" 1 =(p"—1)/(p—1)
which is equal to that of A\Ad,—1 A, where d,—; = diag(1, p,..., p) containing n — 1 entries of p.
Similarly, let Dy be the set of the following matrices:

n—1
DI, = diag(p.T.-. .. D).
Iy |y
DI = pll(y).= p . 1<s<n—1,ye Mgy (Fp).
lp—1-s
The cardinality of Dy7is 1 + p +---4 p"~! = (p" —1)/(p — 1) which is equal to that of A\Ad;A,
where d; = diag(l,...,1, p) containing n — 1 entries of 1. Finally for each M € M, (Z,) we denote

by rp(M) the rank of M mod pZ,.

Lemma A.2. Assume p is odd. The right coset decomposition Tpn—1 = |[,c; Ko consists of the
following elements:
(1) (type I) We have

2. tn-1
azoq(D,B)Z(p b B),

0n D
where D runs over the set Dy and B runs over complete representatives of B(D)/ ~ such that
rp(a) = 1. Further, for each DSI, B can be taken over

e ifs #0,thenx #0and B = 0;

o ifs=0,thenx =0and B =0.

(2) (type II) We have
tn—1
_ _(p-'D B
Ot—OtII(D,B)—( 0, pD)’

where D runs over the set Dyj and B runs over complete representatives of B(D)/ ~ such that

rp(o) = 1. Further, for each DSH, B can be taken over.

o [fs =0, then
( B>> 323)
p-'Byz Op—1)’

where Bas runs over 7/ p*Z and By3 runs over Mixpn-1)(Fp);
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o Ifs #0,for DI (y), y € Mg1(Fp),

Os p'tB21 Osx(n—l—s)
B> Ba» Ba3 ,
O(n—l—s)xs p 't323 On—1—s

1031

where By1, Bay and Ba3z run over Mixs(Fp), Z/pZZ, and M1x(Fp), respectively.

1 B
a=arr(B) = (%n sl )
n n

where B runs over Sy (Fp) with rp(B) = 1. The number of such B’s is p" — 1.

(3) (type IIl) We have

Proof. We just apply the formula [Andrianov 2009, (3.94)]. First we need to compute a complete system of
representatives of A\AtA ~ (t "' At)NA\A foreacht €{d,_1,d1, pl,} where d,,_ =diag(1, p,..., p)
and d; =diag(l,..., 1, p) containing n—1 entries of p and 1, respectively. By direct computation, for t =
dn—1 (respectively, t = dy), it is given by D' (respectively, D). For t = p-1,, itis obviously a singleton.
As for the computation of B(D)/ ~, we give details only for D € D!, and the case of D!/ is similarly
handled. For each D = DSI (x), 0<s<n—2,put
L
As = 1

—pX ;

1n—l—s

so that
p-lg

DAs = 1

P lp—1—5
Put A,—1 = 15, for D = D,ﬁ_l. Then for each D = DSI, we have a bijection
B(D)/ ~~=> B(DAy)/ ~, B~ BA;.

Therefore, we may compute B(DAg)/ ~ and convert them by multiplying A ! on the right.
We write B € B(DAy) as a block matrix

s 1 n-l-s

—_—— e — ——

Bi1 | Bi2 | Bis

B = B> By | Ba3
B31 | B32 | B33

with respect to the partition s + 1 + (n — 1 —s) of n where the column is also decomposed as in the row.

The relation yields

B =

B> | Bi2| B3
p-'Bi2 | B | p-'B32 |,
'Bis | B32| B33
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where B11 € S5(Zp), B2z € Zp, and B33 € Sy—1-5(Zp). We write X € M, (Z,) as

N 1 n—1-—s
—— =~ N—

X11 | X12 | X13
X21 | X2z | Xo23
X31 | X32 | X33

with respect to the partition s + 1 + (n — 1 —s) of n as we have done for B. Then
pX11 | X12 | pX13
XDAs = | pXa1| X2 |pXa3
PX31 | X32 | pX33
Our matrix B in B(DAg)/ ~ is considered by taking modulo XDA; for any X € M, (Z,). Hence B can
be, up to equivalence, of the form

B11 Osx1 B3
B = O1xs 0 le(n—l—s) ) (A-1)
'B13 | O(n—1-g)x1 B33

where B11, B33, and B3 belong to Ss(Fp), Sp—1-5(Fp), and My ,—1—s)(Fp), respectively. Further, to
multiply A;! on the right never change anything. Therefore, (A-1) gives a complete system of representa-
tives of B(D)/ ~ for D = D SI . The condition r,(ay (D, B)) = 1 and the modulo K on the left yield the

desired result. For each D € D SI I "a similar computation shows any element of S(p- D)/ ~ is given by

N 1 n—1-s
o — e — e N—

Bii | p-'Ba1i | Bis
B>y B>> B>3
'Bis | p-'By3 | B33

modulo the matrices of forms )
pX11 | p“X12 | pX13

pXo1 | p?Xao | pXo3
pX31| p*X32 | pX33
Therefore, Blls Bl3, 321, 322, 323, and B33 run over

My(Fp). Mgx-1-5G,). Mixst,) Z/P*Z. Mixm—-1-s)¢,). and Mu_1_5(Fp),

respectively. The claim now follows from the rank condition r,(az7 (D, B)) = 1 and the modulo K on
the left again.

As for D = pl, in the case of type III, it is easy to see that S(D)/ ~ is naturally identified with
Sn(Fp). Recall p is an odd prime by assumption. The number of matrices in S, (F,) of rank 1 is given
in [MacWilliams 1969, Theorem 2]. O

Recall the right coset decomposition Ty ,—1 := K diag(l, p,..., p, p%, p,...,p)K = [[4es K@,
containing two instances of n — 1 entries of p. For each o, 8 € J, we observe that any element of KafK
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is of mod p rank at most two and has the similitude p*. Hence the double coset KoK satisfies
KaBK = KyK, where y is one of the following four elements:

n—1 n—1 n—1 n—1
)/1 ::diag(lvpzv---vp27p47p27“'7p2)’ y3:d1ag(p’p2"pz’p3’p2”p2)’
-2 -2
n n

y2 :=diag(p, p. p*,....p% P> p>. % ... PP, yai=pPoly

Here we use the Weyl elements in K to renormalize the order of entries. Then

4
Tpn-1-Tpn-1=Y_ my)KyiK. (A-2)
i=1
where m(y;) is defined by

m(yi) = |{(a, ) € J x J : Kaf = Kyi}| (A-3)

for each 1 <i < 4; see [Shimura 1994b, p. 52]. Let us compute m(y;) for each y;.
Let J; be the subset of J consisting of the elements

p-ls
p2

—p-Ix 1,1
o (x) = prX Pzt . 0=<s=n—2,x€Mxpu_1-5(Fp)

P lu—1—s

and a}’_l =diag(p2, p.....p,1, p...., p) containing n — 1 entries of p both times.
Similarly, let Jy; be the subset of J consisting of the elements

p' 1s OS p.thl OSX(H—I—S)
P ln—1—s | On—1— p-'Bss 01—
O‘?I (v, B21, B22, B33) = n S (np : 1S)Xs p n s ,
s p2
p'ln—l—s

where 1 <s <n—1,y € Msx1(Fp), and Ba1, B23, and Bz run over M1xs(Fp), Mix@n—1-5)(Fp),
and Z/ p?Z, respectively. In addition,

1 Cro Ca3
p-la_1|p-'Caz 0py
a?(Caz, Ca3) = 5 , Ca€Z/p*Z, Cr3 € Myxn—1)(Fp).

p
p-ln—
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Finally, let J7;; be the subset of J consisting of the elements

p-lan| B .
arr(B) = o , B eS,(Fp) withry,(B) = 1.
“in

Lemma A.3. Foreacho € J,
n—1 n—1

KoK = K diag(1,p, ..., p. p2.7.... P)K,

and
n—1 n—1 2n—1

vol(K diag(1. 7. p. p2. 7 P)K) = p Y ',
i=0

where the measure is normalized as vol(K) = 1.

Proof. Except for the case of type IlI, it follows from elementary divisor theory. For type III, it follows
from [MacWilliams 1969] that the action of GLj (F,) on the set of all matrices of rank 1 in S, (F,) given
by B+ 'XBX, X € GL,(F,) and such a symmetric matrix B has two orbits O(diag(1,0,...,0)) and
O(diag(g,0,...,0)), both containing n — 1 entries of 0, where g is a generator of [F;. The claim follows
from this and elementary divisor theorem again.

For the latter claim, it is nothing but |J|, and we may compute the number of each type. O

Remark A.4. Since K = Sp,,,(Z,) contains Weyl elements,

n—1 n—1 i n—i—1 i n—i—1
. e N ——— . e e et N ——
Kdlag(l,p,...,p,pz,p,...,p)K:Kdlag(p,...,p,l,p,...,p,p,...,p,pz,p,...,p)K
i n—i—1 i n—i—1
. e N et e N e N
= Kdiag(p,... 0. p2.0.....0.0.....0. LD, ... DK

forO<i<n-—1.

Notice that
Kdn—1(p)K = K(p*-du—1(p) MK,

where d,_1( p) :=diag(1, p,....p, p%, p...., p) with n — 1 entries of p both times.. By definition and
Lemma A.3 with Remark A.4, it is easy to see that

m(yi) =[{BeJ:yip~" € Kdp—1(p)K}|
=[{BeJ:B-(p*-y7") € Kdp1(p)K}| ;
= }{,3 eJ:B- (p2 . yl-_l) is p-integral and rp, (B - (pz-yi_l)) = 1}}
see [Shimura 1994b, p. 52] for the first equality.
We are now ready to compute the coefficients. For m(y;), we observe the p-integrality. We see that
only 0‘(1)1 (C22, C23) with C23 = 0 and C23 = 01x(,—1) can contribute there. Hence, m(y1) = 1.
For m(y,), we observe the p-integrality and the rank condition. Then only O‘(I)I (0,01x(n—1)) and
a}l (7,0,0,01%x(n—2)), with y € Fp, can do there. Hence m(y2) = 1+ p. For m(y3), only ay77 (B), where
B € S, (Fp) with r,(B) = 1 contribute. By Lemma A.2-(3), we have m(y3) = p" — 1.
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Finally, we compute m(y4). Since p~2y4 = I4, the condition is checked easily. All members of
J = Jr U Jrr U Jyr can contribute there. Therefore, we have only to count the number of each type.

Hence, we have
type I type 11 type III 2n—1
-1 n+1 n+2 2n n i
mya)=14p+-+p" 4 p" 4 p" P pP g p 1 =p Y P,
i=0

as desired. Note that m(y4) is nothing but the volume of Kd,—1(p)K; see Lemma A.3.
Recalling 7p -1 := pT(p,(0,...,0,1)), we have

4
T(p,(0,....0,1)* = my)K(p*yi)K.
i=1

Note that
n—1 n—2
-2 -2
K(p~™“y)K=T(p,(0,...,0,2)), K(p “yv2)K=T(p,(0,...,0,1,1)),
n—1 n

—2 —N— 5 e e
K(p~™y3) K=T(p,(0,...,0,1)), K(p~“ya)K=T(p,(0,...,0) =K, K.
We can take K back to I'(N) without changing anything since p } N. This proves Theorem A.1.
Remark A.5. We would like to make corrections to [Kim et al. 2020a].
(1) On page 356, line 1, dx dy is missing in u30. In [25, page 929, line 3], the same typo is repeated.
(2) On page 362, line 12-13, T22’ » should be a linear combination of four double cosets K M K, where M
runs over diag(1, p?, p*, p?), diag(p. p, p*. p), diag(p, p*. p*, p?), and diag(p?, p*. p*, p*).
(3) On page 362, the coefficient of R,,> should be pr4+pi+pi+p=p 21-3=0 p' which is the volume
of Sp(4,Z,) diag(1, p2, p*, p?) Sp(4, Zp) explained in [Roberts and Schmidt 2007, p. 190].

(4) On page 403, Lemma 8.1, the inequality g(F) > N is not valid. Similarly, on page 405, Lemma 8.3,
the inequality ¢(F) > N is not valid. We need to consider newforms as in Section 5 of this paper.
Then for a newform, we obtain the inequality g(F) > N 1/2 and logcx, v < log N is valid as in
Lemma 9.3 of this paper.

(5) On page 404, line -5, N > p!° should be N > p2°.

(6) On page 407, line 3, N > p3° should be N > p'°.

(7) On page 407, line 8: N > p'° should be N > p?°.

(8) On page 409, line 10, we need to add —2(G(3) + G(—3)). in order to account for the poles
of A(s,mF,Spin), and the contour integral is over Re(s) = 2. So, in (9.3), we need to add
0(|H Ex (N YO|/|H Ex(N )|) However, only CAP forms give rise to a pole, and the number of
CAP forms in HEg(N) is O(N¥t€). So it is negligible.

In the case of standard L-functions, the non-CAP and nongenuine forms which give rise to poles
are: 1 B mr, where 7 is an orthogonal cuspidal representation of G L (4) with trivial central character,
or 1 B 1 B m,, where the 7; are dihedral cuspidal representations of GL(2). In those cases, by
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Proposition 4.11 and [Kim et al. 2020b, Theorem 2.9], we can count such forms without extra
conditions on N in Proposition 4.12. So our result is valid as it is written.

Remark A.6. The referee brought to our attention a possible gap in [Sauvageot 1997, p. 181]; see [Dalal
2022, p. 129] and [Nelson and Venkatesh 2021, p. 159]. S.W. Shin communicated to us that the issue has
not been fixed at this writing. However, we do not use the result in [Sauvageot 1997], nor any other later
results [Dalal 2022; Shin 2012; Shin and Templier 2016] which depend on [Sauvageot 1997].
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