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We establish functoriality of higher Coleman theory for certain unitary Shimura varieties and use this to
construct a p-adic analytic function interpolating unitary Friedberg—Jacquet periods.
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1. Introduction

The conjecture of Bloch—Kato describes a precise relation between special values of L-functions attached
to geometric Galois representations and the dimension of the associated Bloch—Kato Selmer group (which
can be seen as a generalization of the free part of the Mordell-Weil group for an abelian variety). One of
the key tools in establishing cases of this conjecture is an Euler system — a collection of group cohomology
classes for the Galois representation which, under a “nonvanishing criterion”, impose constraints on
the size of the Bloch—Kato Selmer group; for example, see [Rubin 2000; Mazur and Rubin 2004]. The
application to the Bloch—Kato conjecture then arises from a relation between this “nonvanishing criterion”
and special values of the L-function; such a relation is commonly referred to as an explicit reciprocity
law.

In the setting where the Galois representation is automorphic, it is often the case that these special
L-values can be expressed as an automorphic period for a pair of reductive groups (G, H). If (G, H)
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can be enhanced to a pair of Shimura data, then one can often describe this automorphic period as a
pairing in coherent cohomology for the pair of associated Shimura varieties. This provides an arithmetic
interpretation of the L-values, which can be related to the Euler system classes via a p-adic L-function
(interpolating these automorphic periods and hence the L-values).

This present article describes the construction of a p-adic analytic function which should play the role
of this p-adic L-function in an explicit reciprocity law for the anticyclotomic Euler system constructed
in [Graham and Shah 2023] (or more precisely, its generalization to CM fields, which will appear in
forthcoming work of the author, D. Barrera and C. Williams).! The construction crucially uses the recently
developed higher Coleman theory of Boxer and Pilloni [2021] and the strategy is similar to the work of
Loeffler and Zerbes [2021] and Loeffler, Pilloni, Skinner and Zerbes [Loeffler et al. 2021]. Furthermore,
as a key ingredient, we p-adically interpolate the branching laws for representations of GL,, and GLy,_
restricted to GL,, x GL,, and GL,,_; x GL,, respectively (see Appendix A), using the fact that these pairs
give rise to spherical varieties.

Unfortunately, our result is not optimal — there is a missing variable in this p-adic analytic function,
which would therefore lead to a suboptimal version of an explicit reciprocity law (similar to the restriction
in [Loeffler and Zerbes 2021]). To account for the missing variable, one would need to incorporate the
p-adic variation of certain theta operators into the picture. This incorporation will be pursued in future
work.

1.0.1. Unitary Friedberg—Jacquet periods. The p-adic analytic function we construct interpolates so-
called unitary Friedberg—Jacquet periods for certain cuspidal automorphic representations of unitary
groups, which is a variant of the automorphic periods for general linear groups studied by Friedberg and
Jacquet [1993]. Although expected, it is not yet known (in general) whether these unitary Friedberg—
Jacquet periods calculate L-values, but there has been a lot of recent work towards showing this; in
particular:

o The “relative trace formula approach” in forthcoming work of Jingwei Xiao and Wei Zhang, and the
work of Spencer Leslie [2019a; 2019b].

» Applications of the residue method in the work of Pollack, Wan and Zydor [Pollack et al. 2021].

e An approach via theta correspondences in the work of Chen and Gan [2021].

As a consequence of these works, we at least know that if certain values of this p-adic analytic function
are nonvanishing then the corresponding (complex) L-values are also nonvanishing (see Corollary C
below). We expect that there is an analogous version of Waldspurger’s formula in this setting which will
express (the square of) these values in terms of the complex L-values, but we do not attempt to establish
such an identity in this article. Nevertheless, with these considerations in mind, we will henceforth refer
to this p-adic analytic function as a p-adic L-function.

UIn fact, we also show that these Euler system classes vary in Coleman families.
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1.1. Statement of the results. Let F be a CM field with maximal totally real subfield F*, and fix an odd
rational prime p which splits completely in F/Q. We impose the following assumptions:

Assumption 1.1.1. We assume that:

(1) F™ # Q and F contains an imaginary quadratic number field E | Q.
(2) p does not divide the class number of F.

Fix an integer n > 1. Let W be a 2n-dimensional Hermitian space over F with signature (1, 2n — 1) at
one place, and signature (0, 2n) at the remaining places. Fix a decomposition W = W @& W, of Hermitian
spaces where each factor has dimension #, the signature of W is (1, n — 1) at one place and (0, n) at all
remaining places, and the signature of W, is (0, n) at all places. Let G be the reductive group over Q
of unitary similitudes of W with similitude in G,,. We let H C G denote the subgroup preserving the
decomposition W = W; @ W.

Let v be a discrete series cuspidal automorphic representation of G(A), and let x : Az — C* be an
algebraic Hecke character which is anticyclotomic (i.e., its restriction to A;Jr is trivial). Then for any
¢ € m, we can consider the following automorphic period

dethy
P = h) - dh.
x (@) f[H]so( ) X(deth1>

Here h; denotes the component of & corresponding to the factor W;, and [H] = H (Q)Ag(A)\ H (A) with
A denoting the maximal split subtorus of the center of G (which can be shown to lie in H). For this to

make sense, we also need to assume that the central character of 7 is trivial on Ag(A).
Let y»XITj denote the (weak) automorphic base-change of 7 to GL; (Ag) x GL, (AF), as constructed in
[Shin 2014]. We have the following conjecture of Xiao—Zhang; see [Chen and Gan 2021, Conjecture 7.4]:

Conjecture A. With set-up as above, assume that 7w is tempered. Then there exists ¢ € mw such that
P (@) # 0 if and only if the following three conditions are satisfied.:

(1) The standard L-function L(Ily ® x, s) is nonvanishing at s = %

(2) The exterior square L-function L(I1, /\2, s) has a pole at s = 1.

(3) There exists an irreducible constituent my C 7w |m, such that, for every (finite) rational prime £, the
Hom-space satisfies

HomHo(@z)(nO,é, X_1 ov)#0

where Hy C H is the kernel of the similitude character and v is the character on Hy given by
v(h) =deth,/ deth;.

Remark 1.1.2. Because we are working with unitary similitudes, this conjecture is presented in a slightly
different way to [Chen and Gan 2021, Conjecture 7.4]. However the two statements are equivalent by
Remark 8.2.8.



1120 Andrew Graham

Suppose that 77 is ramified only at primes which split in E/Q,? the base-change Il is cuspidal and 7
satisfies a “small slope condition™ at the prime p (see Assumption 6.1.4). Then, following [Boxer and
Pilloni 2021, Section 6.9] and [Loeffler and Zerbes 2021], we show that there exists a unique family
7 of automorphic representations, passing though 7 and defined over a certain open affinoid subspace
U of n[F™T : Q]-dimensional weight space Wg. Here, by family we mean an O(U)-valued system of
eigenvalues for a certain collection of Hecke operators (see Definition 6.1.6) — for a classical point x € U,
the specialization of the family at x corresponds to a cohomological cuspidal automorphic representation
7, of G(A) (see Remark 6.2.6).

On the other hand, by Assumption 1.1.1(2), we can construct a family x of anticyclotomic characters
defined over the ([F : @] — 1)-dimensional weight space Wy parametrizing characters of (Z )" T
which passes through the character x. As above, for a point x € Wy, we let x, denote the specialization
of the family at x. The main result of the article is the following: -

Theorem B (Corollary 8.2.4). There exists a Zariski dense subset of classical weights ™ C U x Wy
and a p-adic analytic function £, = ), (17.)_() € O(U x Wy) which interpolates the periods Py (¢x)
for x € T™™ (where @, € . is a certain nonzero choice of automorphic form).

Combining this with [Chen and Gan 2021, Corollary 7.6] (and the fact that regular algebraic conjugate
self-dual cuspidal automorphic representations of GL;, (Ar) are tempered [Caraiani 2012]), we see that:

Corollary C. Let x € 2™ and let ¥, X BC(x,) denote the automorphic base-change of m, to a
representation of GL1(Ag) x GLy, (AF). Suppose that BC (1) is cuspidal. Then

Zp(x) #0= L(BC(xx) ® %, 5) # 0
The strategy we will use for constructing .Z), consists of three key steps:

(1) Express the automorphic periods %2; 4 (¢x) as a cup product in the coherent cohomology of a
Shimura variety associated with H involving (the restriction to H) of a coherent cohomology class
7x corresponding to ¢y.

(2) Using higher Coleman theory one can reinterpret (1) in terms of a pairing in coherent cohomology
over certain strata in the adic Shimura varieties for G and H. In particular, this interpretation is
amenable to p-adic interpolation provided that there exist families of cohomology classes 1 and x
passing through 7, and x . respectively.

(3) Under the above assumptions, we construct these families n and X The p-adic L-function .Z), is

then defined as a pairing between the classes 7 and x.

Remark 1.1.3. Assumption 1.1.1(1) is imposed throughout the whole article, however assumption (2) is
only imposed when showing the existence of certain anticyclotomic algebraic Hecke characters for F
(which we expect can be removed by passing to a finite cover of weight space). In fact, it is likely that

2In the weakest possible sense, namely there does not exist a maximal special subgroup with nontrivial fixed points on the
corresponding local component of 7.
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assumption (1) is not needed until Section 6 when applying the automorphic base-change results in [Shin
2014].

Remark 1.1.4 (Example 6.1.5). The “small slope condition” at the prime p is implied by (but more
general than) a Borel-ordinarity condition on 7 (i.e., there exists an eigenvalue for the action of a suitably
normalized Borel U,-Hecke operator on 7, which is a p-adic unit).

Remark 1.1.5. To show the existence of the family 7 we need to implicitly use the results in [Mok 2015]
and [Kaletha et al. 2014] on the endoscopic classification for unitary groups. As far as the author is aware,
this work is still conditional on the stabilization of the twisted trace formula for G and Resr,q GL2,
and their endoscopy groups.

1.2. Notation. Throughout this article, we fix a totally real number field F* # Q with a fixed embedding
79: FT <> R. We fix a totally imaginary quadratic extension F/F* and a CM type W for F,ie., Visa
set of embeddings F < C of size [F : Q], with no two embeddings being equivalent to one another.
We denote by 7y the element of W which extends the embedding 7p: F* < R. Let F°' denote the Galois
closure of F'. We assume that F' contains an imaginary quadratic number field E.

We fix an odd prime p which splits completely in /Q, and we fix an isomorphism ¢,: C = Q -
Under this isomorphism every embedding 7 € W gives rise to a prime ideal p, of F, lying above p.

We also fix the following notation and conventions throughout:

e For any split reductive group G, we let w;** denote the element of its Weyl group of maximal length.
» The group law on characters will be written additively, unless specified otherwise.

e Let G be a split reductive group with a fixed parabolic P C G and Levi M, andlet T C P be a
maximal torus. Then for any algebraic character « of T which is M-dominant, we will write

\% max
K==Wy K —2pp¢

for the Serre dual of «, where py, is the half-sum of positive roots not lying in M (with respect to a
fixed Borel containing T and contained in P). We will also use the notation (—)" to refer to the
Serre dual of a vector bundle on a scheme.

o We will use the terminology neat or sufficiently small to refer to a compact open subgroup of the
finite adelic points of a reductive group satisfying [Graham and Shah 2023, Definition B.6].

« All torsors are right torsors unless specified otherwise.

2. Preliminaries

Let n > 1 be a positive integer. Let W denote a 2n-dimensional Hermitian space over F' which has
signature (1, 2n — 1) with respect to the embedding tp, and signature (0, 2n) at t € W — {1p}. Fix a
decomposition W = W & W, of Hermitian spaces, where W; is a Hermitian space over F' of dimension
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n with signatures

ionature(W: ®; - C) (I,n—1) ifi=1andrt =1,
signature(W; =
g penT 0, n) otherwise.

Denote the Hermitian pairings on W and W; by (-, - )w and (-, - )w, respectively.

Definition 2.0.1. Let G and H denote the reductive groups over ) whose values on R-points, for a
Q-algebra R, are

G(R)={geGL(WQ®qgR):{g-x,gy)w=c(g)(x,y)w forall x,y € WQg@R and some c(g) € R*},
H(R)={g =(g1,82) € GL(W®qR) xGL(W,®qR)
(gi-xi, gi-yi)w, =c(g){(xi, yi)w,, forall x;, y; € Wi®gR and i = 1,2, and some c(g) € R™}.

We also let G (resp. Hp) denote the kernel of the similitude character ¢: G — Gy, (resp. ¢: H — Gy,).

Note that we have natural embeddings
Hy— Gy, H<—G
both of which we will denote by .

Remark 2.0.2. If R is an F<-algebra (with fixed embedding F¢!' < R), then we have an identification

WeoR=EW®Fr: R®OW®F: R)
Tew

where 7: F < R denotes the embedding obtained from precomposing the fixed embedding F! < R
with 7: F < F¢ and 7: F < R denotes its complex conjugate. Under this identification, one has

GO,FCI = 1_[ GLG’Fcl, GFcl = GL],FCI X 1_[ GLG,Fcl
Tevw Tevy

where the latter is described by sending an element g € G pa(R) to (c(g), glwer  R)rew-

In particular, if p is a prime which splits completely in F/Q and we have an isomorphism C = Q P
then we obtain a distinguished embedding F < Q,, arising from 7y (and factoring through F °l) and Go,
is identified with GL @, X [[;cy GL2n.@,-

Similarly, we have identifications

Hy pa = [ [(GL, o x GL, pa), Hpa=GLy pa x [ [(GL, pa x GL, o)
Tevy ey

and the embeddings Hj p — G po and Hpa —— G pa map the GL, pa-factor to itself, and for each
T € W, map GL,, pa x GL,, pa into GL,, pa block diagonally.
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Using the identifications in Remark 2.0.2, we define the following parabolic subgroups:

e Let Bg (resp. Bp) denote the upper-triangular Borel subgroup of Gga (resp. Hpa). We let T
denote the standard maximal torus inside B¢ (which also coincides with the standard maximal torus
inside By). In particular, elements of 7' can be described as tuples

(x; Yi,zs e y2n,r)rE\If

corresponding to the diagonal matrix

x x [ ] diag(yic. ... yanr) €GLy x [ | GLay .

eV TEY
e Let Pg denote the parabolic subgroup of G pa containing Bg with Levi given by
MG = GL],FC] X (GLLFCI X GLZn—l,FCI) X l_[ GLGchl .

eV —{1}

Similarly, we let Py denote the parabolic of Hra containing By with Levi given by

My = GL; pa x(GLy pa x GL,_y pa x GL, pa) x [[ (GL, pa x GL, fa)

eV —{1}

so that Pg = PG N Hpa and Mg = Mg N Hga.

e Let To C T denote the subtorus given by elements of the form
(x; Voo oo Yn,to Yn,ts oo o y1,r)rE\I/-
We now describe the relevant Weyl groups that will be used throughout this article.

Definition 2.0.3. For ? € {G pa, Hpa, Mg, Mg}, let W, denote the associated Weyl group. Let ¥ Wg
denote the set of Kostant representatives for the quotient Wy, \Wg . This set comprises of 2n elements

M
WG = {w07 MR ] w2n71}

where the length of w; is i. Similarly, MWy (the set of Kostant representatives for WMH\WHFCI) isa
set {wyg, ..., w,—1} where the length of w; is i. We can (and do) choose representatives for the Weyl
elements w; in G such that the embedding H — G identifies MWy with the subset of ¥ W of elements
of lengths 0, ..., n — 1 (which justifies the notation). In Section 2.4, we will make a specific choice of
representative for wy,.

We let X*(T) = Hom(T, G,,) denote the abelian group of algebraic characters of 7. We also define
X*(T/Ty) = Hom(T /Ty, G,,) which can naturally be viewed as a subgroup of X*(T') (by precomposing
with the quotient T — T/ Tp). We identify elements of X*(7T) with tuples of integers

(co; Cl,zs e C2n,r)re‘l’
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which correspond to the character mapping an element (x; yi 1, ..., Yan.r)rew € T to the quantity
Cy Cit
X 1_[ Vit -
Tevw
i=l1,..., 2n

With this description, elements of X*(7/Tp) are identified with tuples as above, satisfying ¢y = 0 and
Ciztcomi1—ir=0forallteWandi=1,...,2n. Welet X*(T)* C X*(T) denote the cone of dominant
characters, i.e., tuples of integers as above which satisfy ¢y > --- > ¢, ; for all T € W, and we set
X*(T/To)™ = X*(T/To) N X*(T)™.

The Weyl group Wg naturally acts on X*(7T) by the formula

w-A(t) = A(wiltw), weWg,tel.

In particular the set ¥ Wg acts by shuffles, i.e., wq acts as the identity, and fori =1, ..., 2n — 1, one has
the following description:

w;j - (CO; Cl,‘rs ) CZn,'[)‘[E‘IJ = (CO; Ci+1,‘[os Cl,‘ro7 ceey Ci,‘ro7 Ci+2,‘[0$ ceey Czn,'r(); Cl,‘[7 D) Czn,f)‘[e\llf{l’o}

Definition 2.0.4. Let p € %X *(T) denote the half-sum of the positive roots of G with respect to the
Borel Bg. Explicitly, this is given by

p=(0:5Qn—1),52n—=3),....,53—2n), 5(1-2n))__,.

Let p. € %X *(T) (resp. pnc € %X *(T)) denote the half-sum of positive roots which lie in Mg (resp. do
not lie in Mg). Explicitly, the components of p. (resp. p,.) agree with p on the GL-factor and on the
GL,,-factor for T # 7( (resp. are zero on the T # 7 factor), but the ty-factors are given

On—1,n—2,...,2—n,1=n) and (3Qn—1),—3,—3,...,—3.—

)

DN —

respectively.

We conclude this section by introducing notation for the categories of algebraic representations of Mg
and My.

Notation 2.0.5. Let Rep(Mg) (resp. Rep(Mpy)) denote the category of finite-dimensional algebraic
representations of Mg (resp. Mg).

2.1. Shimura varieties. We consider the following Shimura data for the groups G and H. Let S =
Resc/r Gy, denote the Deligne torus. Recall from Remark 2.0.2 that we have an identification

W®aC =W @r.COW®F:C).
Tev

For an embedding t: F — C, each piece W; := W ®F ; C comes equipped with a Hermitian pairing by
base-extension of (-, - )w. We fix a decomposition W, = W, @ W into maximal subspaces where the
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induced pairing is positive (resp. negative) definite. We define the following Hodge structure (of type

{(—1,0), 0, -1}
W ®qC=wCl0 g wo-D

by imposing that
w0 = Pwrew,), woV.=Hw; ewhH.
ey eV
This defines a homomorphism ig: S — Gr. We have a similar description for 4y and we can arrange it
in such a way that hg =tohpg.
Let g denote the restriction of kg ¢ to the first component in the identification S¢ = G, ¢ X Gy, c.

Then (after possibly conjugating i by an element of G(R)) under the identification in Remark 2.0.2, the
cocharacter g is given by

G Gme — GLic x [ [ GLanc:

Tew

2>z xdiagz. 1,.... ) x ] diagd,.... D).
eV —{1}
In particular, p¢ is defined over F ¢l Furthermore, the field of definition of the G (C)-conjugacy class of
ug is F, because of the conditions on the signatures and our assumption that F contains an imaginary
quadratic number field. Note that w¢ is of the form ¢ o g for a cocharacter ug : G, .c — Hc, and this
cocharacter coincides with the one obtained from sy similar to above. The field of definition of the
H (C)-conjugacy class of pp is also F, and the cocharacter p g is defined over F ol

Remark 2.1.1. The centralizer of ug (resp. ug) in Gpa (resp. Hpa) is Mg (resp. My).

Lemma 2.1.2. The data (G, hg) and (H, hg) define Shimura—Deligne data in the sense of [Graham and
Shah 2023, Appendix B], and additionally satisfy (SDS). The datum (G, hg) is a Shimura datum in the
usual sense. The reflex field for both of these data is F.

For a neat compact open subgroup K C G(Ay), we let Sg, ¢ denote the associated Shimura variety
over the reflex field F. Similarly, for a neat compact open subgroup U C H(Ay), we let Sy ¢ denote the
associated Shimura—Deligne variety over the reflex field F (a canonical model exists as the connected
component of the PEL-type moduli problem associated with H and hg). If «(U) C K, then we have an
induced finite unramified morphism

t:Suv— Se.k-

We note that Si ¢y and Sg x are smooth projective varieties, because we have assumed F* # Q (for
example, the conditions in [Lan 2013, Section 5.3.3] are satisfied).

Convention 2.1.3. From now on, all of the Shimura—Deligne varieties we consider will be base-changed
to F°! (or a field extension of F°') via the embedding 7o: F < F*°!, but we will suppress this from the
notation.
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2.2. Automorphic vector bundles. In this section, we recall the construction of automorphic vector
bundles on Sg k.

Let Pg‘d denote the opposite of Pg with respect to the torus 7', and consider the flag variety FLS(t;Ol =
G/ P(S;td. Let X¢ denote the G (R)-conjugacy class of homomorphisms S — G containing /g, which is
a Hermitian symmetric domain. Then we have a holomorphic embedding (the Borel embedding)

B: X — FLY(O).

Definition 2.2.1. Let K C G(Ay) be a sufficiently small compact open subgroup. For an algebraic
representation V of Pgtd, let [V'] denote the vector bundle on Sg x (C) defined as

[V]I:=G@\B*(V) x G(Ay)/K
where we view V as a G(C)-homogeneous vector bundle on FL%d((D) in the usual way.

Remark 2.2.2. One can show that [V] descends to an algebraic vector bundle on Sg x; see [Milne 1990,
Section III] for example.

Definition 2.2.3. The association in Definition 2.2.1 defines a functor
[—-]=I[-]k: Rep(Mg) — VB(Sg.x)

by inflating a representation of Mg to one of Pgd, where VB(—) denotes the category of vector bundles on
a scheme. This functor is compatible with varying K, in the sense that if g € G(A ;) and L C g~ 'K g, then
g*[—1x = [—].. Here g* denotes pullback under the map Sg.; — S¢.x induced from right-translation

by g.

We have a similar description of automorphic vector bundles over Sy y arising from algebraic repre-
sentations of My, and one has the relation

CIVI= 1Vl

where V is an algebraic representation of Mg and ¢: Sy y — S,k is the finite unramified morphism at
the end of the previous section.

Example 2.2.4 [Boxer and Pilloni 2021, Section 4.2.8]. Let V_5,, denote the irreducible algebraic

representation of M with highest weight —2p,,. (see Definition 2.0.4). Then [V_;,, 1= Q%Z_Kl

2.3. Discrete series representations. Let K, C G(R) denote the stabilizer of & under the adjoint action.
Explicitly, this has the following description. Upon base-change to R, one has the following identification

W®aR= @(W QF+ R)
Tev
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where each summand is a 2n-dimensional Hermitian space over C. In particular, W ®¢g R is a Hermitian
space over C, and the fixed decomposition

W®aC= (@Wj@Wj)@(EBW;@W;)
Tew Tew

descends to a decomposition W ®g R = W @& W™ into maximal subspaces where the Hermitian pairing
is positive (resp. negative) definite. Then K, can be described as the subgroup of G (R) preserving the
decomposition W @ R = W+ @ W, In particular, the complexification of K, is equal to Mg (C).
Let Hy denote the compact (mod center) Cartan subgroup of K, whose complexification is equal
to 7(C). Then algebraic characters of H,, can be identified with tuples (co; €1z, ..., Conc) € X*(T)
satisfying the parity condition
2n
co= Z Z ¢ir modulo?2.
eV i=1
For any dominant algebraic character A of Hy, and i =0, ...,2n — 1, we set & := w; - (A 4+ p). Then

&; is the Harish-Chandra parameter of a discrete series representation 7 (§;) of G(R) (see [Blasius et al.
1994, Section 3]) and the local L-packet containing this representation is of the form

{m(&0), ..., m(E2n-1)}-

Therefore, discrete series L-packets of G(R) are parametrized by dominant algebraic characters of Hy.
One has a similar description for discrete series L-packets of G(R).

Remark 2.3.1. Note that discrete series L-packets of both Go(R) and G (R) have size 2n, because Ko
differs from the maximal compact subgroup of G4.(R) by the center of G(R). In particular, if 7 (§;) is a
discrete series representation of G(R) as above, then

(€D |Gym = (&)

where & ]’ denotes the restriction of §; to Hoo N Go(R) and 7 (§ J’.) denotes the discrete series representation
of Go(R) with Harish-Chandra parameter & ]’

For convenience, we introduce the following dictionary of weights and parameters. Let A be a dominant
algebraic character of Hy,. Then

(1) (Harish-Chandra parameters) The Harish-Chandra parameters in the L-packet parametrized by A are
given by

§i=wi-(A+p)
fori =0,...,2n—1.

(2) (Blattner parameters) The Blattner parameters associated with A are

v =w; - (A+2p) —2p.
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In particular, the lowest Ko, N Go(R)-type of m(£/) has highest weight given by (the restriction to
Ho N Go(R) of) v;. This implies that
1 if j =1,

du H ,’ . pr—
im Homg (v, 77 (§;)) {0 otherwise.

(3) (Vector bundle weights) If we let A* = —w;**A, then the vector bundle weights are
ki =wi*x A i=w; - (A +p) —p.
In the notation of [Boxer and Pilloni 2021], we have
Cle)™ ={w e Wg:w™' (ki +p) € X* ()} = (wi)

so we expect the coherent cohomology of [V,,] to be concentrated in degree £_(w;) =2n — 1 —1i (at
least on small slope parts). Let p = Lie Pgd and m = Lie Mg, then fori =0, ...,2n —1, /\i p/mis an
irreducible algebraic representation of Mg under the adjoint action. If we let «; denote the highest weight
of this representation, then the vector bundle weights and Blattner parameters are related by the formula:

max
Vi =0 — Wy Kon—1—i-

2.4. Some important elements. Recall that we have identifications

Gra=GLy pa x [ [ GLy, pa  and Hpa =GLy pa x [ [(GL, pa x GL, pa).
ey eV
In particular G pa and Hra (and the algebraic subgroups considered throughout this section) have models
over O := Opa, which we will denote by the same letters.
Let w, € M W¢ denote the Weyl element of length n. We will now make explicit a choice of represen-
tative (which we will also denote w,) in G(©) which represents the element w,, € ¥ Wg.

Definition 2.4.1. Let w, = 1 x [[, .y (ws): € G(O) be the element where (w,), = id for T # 79, and
(wp)+, is the matrix

if(@, j)=0,n+1),

if j=i—1,2<i<n+1,

ifi=j>n+2,

otherwise.

[(wp)gli,j =

O = = =

The following elements are key to the whole construction in this paper.
Definition 2.4.2. Let u’r0 € GLy,—1(0) denote the matrix whose (7, j)-th element is

1 ifi=j,
(M;O)i,j: 1 ifj=2n—i,i <n,
0 otherwise,
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and we let u;, =1 x u/m € GL{(O) x GL3,,_1(0). For T # 19, we let u; € GL,,(O) denote the block
matrix (with block size (n x n)) given by
1
T g 1
max

where wg;”" denotes the antidiagonal matrix with Is along the antidiagonal (which represents the longest
Weyl element in Wgr,,). We let u € Mg(O) be the element u =1 x [,y Ur.
Denote by x4, the (1 x 2n —1)-matrix whose first n entries are 1 and the rest are 0. We let y;, € GL,,(O)

1 xq
Voo = Uy 1

and we set y; = u; € GL,(O) for v # 7. Define y € Pg(O) tobe y :=1 x [, :.
Finally, we define y := y - w,, € G(O) (with the specific choice of w, fixed above).

denote the block matrix

Here are some key properties of these elements.

Lemma 2.4.3. (1) The orbit My - u - By, is Zariski open in Mg (over Spec O), where By, denotes the
standard Borel of Mg.

(2) The orbit H -y - Bg is Zariski open in G (over Spec O).

Proof. 1t is enough to check that the stabilizer Mg N uBMGu_1 (resp. HN )9363?_1) for the action of
My (resp. H) on the flag variety Mg /By, (resp. G/Bg) has the required dimension. But an explicit
calculation shows that

My NuBygu~" = GL; x{diag(x|, X2, ..., Xpt1, Xn, ..., X2) € GL; x GL,,_; x GL,}

< [ ] {diag(y1, ... Y us - .. ¥1) € GLy x GL,}
T#T7)
which proves part (1). For part (2), we separate the calculation into three separate cases depending on the
decomposition of H and G into general linear groups, namely the GL;-component, the tp-component
and the t-component for T # 9.
There is nothing to check for the GL|-component, and the t # tp-component follows from the
computation as in part (1). So we are left to prove the lemma for the 7p-component. One can find
X, Z € GL,(0), Y an n x n-matrix with entries in O, such that:

e Z is upper triangular.

» Xwg =U isblock upper triangular and lies in the standard parabolic of GL,, with Levi GL; x GL, ;.

Its projection to the Leviis I x wg™ .

N X 1 1Y
=) \wa 1)\ z)

 One has the equality
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We therefore find that, for » = (A, B) € GL,, x GL,,, )95 lh)QrO lies in the standard Borel of GL,, if and
only if U7'AU (resp. B) is lower (resp. upper triangular) and B = U ' AU. This gives the required
dimension for the stabilizer. |

2.5. Level subgroups at p. Let p be a prime which splits completely in F'/Q, and fix an isomorphism
cC=qQ p- Then, as in Remark 2.0.2, we have identifications
G:=Gq,=GLiq, x [ [ GLlawg, and H:=Hg,=GLig, x [ [(GLy.q, x GL,.q,).
eV eV

Remark 2.5.1. Note that the choice of @-models in the previous section give rise to Z,-models of G, H,
and the various subgroups under consideration. We will denote these models by the same letters. For
various objects attached to G and H, we will use nonbold letters to indicate their analogue for the groups
G and H. For example, will write Mg for Mg q,.

We introduce the following level subgroups:

Definition 2.5.2. (1) Fort > 1, let KI?V (p") C G(Z,) denote the depth ¢ upper triangular Iwahori of G,
i.e., all elements in G(Z,) which land in Bg modulo p’. We also use the same definition for H.
(2) Forr>1, welet K (p") C H(Q)) denote the subgroup H(Q,) Ny K (p")y ", where  is treated
as an element of G(Z),).

We have the following:

Lemma 2.5.3. The subgroup K g (p") is contained in KII;( p"). Furthermore, one has
[KZ (P : KE (P THI = [KG (P : Ky (pH] = p™ @Y
where d = [FT : Q].

Proof. For the first part, the computation for the GL-component and 7 # t9-component follows from the

stabilizer computations in Lemma 2.4.3. For the tp-component, with notation as in Lemma 2.4.3, we

note that if U~' AU lies in the standard maximal torus modulo p’, then A lies in the depth p’ Iwahori for
max

GL,, because the Levi component of U is 1 x wg;”  which normalizes the maximal torus. The index
calculation follows from a direct computation using the stabilizer descriptions in Lemma 2.4.3. U

We will choose the level-at-p of our Shimura varieties to be one of these subgroups; therefore we
introduce the following notation.

Notation 2.5.4. For a fixed neat compact open subgroup K? C G(A‘;), we set Sg.1w(p") to be the Shimura
variety of level K? KI?V (p"). Similarly, for a fixed neat compact open subgroup U? C H (A?), we let
S o(p") and Sy 1w(p") denote the Shimura varieties of levels U? K g (p") and UP K[ (p") respectively.
If U? C K7, then we have a morphism

l: SH,Q(p[) — SG,IW(PI)

defined as the composition p o t.
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2.6. Branching laws. To be able to construct the relevant pairing in coherent cohomology, we need to
understand how representations of Mg decompose after restricting them to Mg. For convenience, we
recall that a general element of My is of the form (x; yi1, y2, ¥3; 21.1, 22,7) Where T runs over ¥ — {7}
and

e x € GL,4,
e y1 € GLy, y» € GL,,—; and y;3 € GL,,,
e zir €GL, fori =1,2.
This description will be useful for describing characters of Mpg.
Proposition 2.6.1. Let 1 = (co; iz, ..., Cone) € X*(T/To)t and k, = wy * (—wE™ L) = w, x A as in

Section 2.3. Set k;; = —wﬁn/la"/c,, and let V» denote the irreducible algebraic representation of Mg with

highest weight k). Let j = (jz)rew—{(z,) be a tuple of mtegers sansfymg |jz| < cn.r. Then there exists a

unique up to scaling vector v,[(n € Vix such that My acts on v through the character

MH — Gm
+cn 7 “n, T, —(cn,zn+1 i —j
(X5 Y1, Y2, 35 Z1es 22,0) B> vy det y,"™ dety, Cnrp 1 [ ] detz{", detz; ). (2.62)
T#T7)
Proof. This follows from [Knapp 2001, Theorem 2.1] (see also Appendix A). O

Remark 2.6.3. We fix a specific model of V,» namely the space of algebraic functions f: Mg — Al
which transform as

f(gh) =k, (b)f(g)

for all g € Mg and b € Byy,. The action of m € Mg is then given by (m - f)(g) = f(m~'g). Since
My -u - By, is Zariski dense in Mg (Lemma 2.4.3), we can (and do) normalize v,[cfl] so that its value on
uis 1.

[/]

Let o,"" denote the inverse of the character in (2.6.2). Then after fixing an isomorphism Vi« = VK’;, we

obtain a M g-equivariant linear map

Vi, = O',Ej I,
We can therefore consider the following F¢l-bilinear pairing
(-2 g H' ™ (S6w(p), Vi, ) x B (SH,0(p), [0/1T) — F*
defined as (1, x)ag = tr(i*n U x), where tr denotes the residue morphism
H'™ ! (Sh.0(p). @71 — F.

In Section 8, we will show that this recovers twisted unitary Friedberg—Jacquet periods when 1 (resp. x)
is associated with an automorphic representation of G (A) (resp. automorphic character of H (A)). The
goal of this paper is to p-adically interpolate this pairing.
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3. Functoriality on the flag variety

In this section we consider the functoriality of higher Coleman theory on the level of flag varieties (over
Z,). This section is entirely local; in particular, we use notation and conventions as in Section 2.5 (so G
and H denote the integral models in Remark 2.5.1 for Gg, and Hg, respectively, etc.).

Definition 3.0.1. Let FL¢ (resp. FLy) denote the flag variety PG\G (resp. Py \H) over Z,. This can be
described as the space of row vectors in P?"~! (resp. P"~!) with the action of g € G (resp. h € H) given
by

1

[x0:-:Xou—1]xg=I[x0:---:x2-1]-"g7" and [yo:---:yu1lxh=1[yo:--:yu1l-"h"

The embedding FL g — FL¢ induced from H < G is described in coordinates as
t(yo:-+-:yn1D=Iyo:---:yp—1:0:---:0L

We will consider certain stratifications on these flag varieties, and relations between them. Recall that
MW denotes the set of Kostant representatives for the quotient Wy, \ Wi, where Wo denotes the Weyl
group of ?. This can be described as

M
We ={wo, ..., w1}
where /(w;) =i, and each w; corresponds to a shuffle and acts on the flag variety FL¢ as
[X0: - txon—1]xw; =[xy 1X 1 X0 I Xiqr Dot Xon—1]

(the element wy acts as the identity). We have a similar description for H and, as mentioned in Section 2,
we have a map ¥ Wy < MW induced from H < G, preserving the lengths of the Weyl elements.

3.1. The Bruhat stratification. For either ? = G, H, we have the following stratification of FL, , given
by the cells
C; = P7\P7 W - B7

for w € MWs. In coordinates, we have that CuG)l_ is the orbit of [0 :---:0:1:0:---:0] (where the 1 is in
the (i + 1)-th place) under the x-action of Bg. Explicitly, this is described as the collection of tuples

[xo:---:xi—1:1:0:---:0], x; eA&p for j=0,...,i—1.
Each cell Cgi has dimension i, and they are ordered as CUG)/ C C_UG) if and only if /(w’) <I(w). We have a
similar description for H.

Definition 3.1.1. For ? = G, H and w € ™M W,, we set

vo= J ¢ x,= |J c.

L(w)=1(w) L(w")=l(w)

The former is open in FLo f , the latter is closed, and one has the relation Cl =Y nX..
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Recall the definition of p in Section 2.4, which we view as an element of G(Z,). Leti: FLy — FLg
denote the map given by Py - h +— Pg - hy. This map satisfies the following properties:

Lemma 3.1.2. One has:

() NCS) =2 ifi <n.

2 lcsH)=ch.

Proof. In coordinates, the map { is given by

n—1
oy = |:YI Py2iee iyt 20530 ) Yis —Yuo 3"'3_)’1:|-
i=1
The result immediately follows from this and the description of CUGH in coordinates. O

3.2. Tubes in the flag variety. We recall some notation from [Boxer and Pilloni 2021, Section 3.3] and
[Loeffler and Zerbes 2021, Section 5.4]. Suppose that X/Z, is a finite-type scheme and let

X=X XSpech Spa(@p, Zp)

denote the associated adic space over Spa(Q,, Z,). Let X denote the special fiber of X over [,. Then
one has a specialization map sp: X — X, and for any locally closed subscheme U C Xy, we define the
tube JU[ C X to be the interior of sp_1 ).

Definition 3.2.1. For m € Q, let B;, C B;’n C B,, C B,, denote the four flavors of “disc” inside the adic
affine line defined as follows:

Bu={I1:1z1=1pI"}. Buw= () Bw. Bp=J Bw. By=1{1:1z21<IpI"}.

m'<m m'>m

We let FLC and FLY denote the adic flag varieties (over Spa(Q,, Z,)) associated with FL and FLp.
For ? = G, H, we let ®* denote the set of +-roots with respect to Bo, and set &M to be the set of
negative roots which are not contained in M>. Set gy =n — 1 and §¢ = 2n — 1. Then, for w € My,
we set Uy, = CZJ&, . w(;?lw which is an open set containing C.. Let 42" denote its analytification. Then,
following [Boxer and Pilloni 2021, Section 3.3.6], we have an Iwahori decomposition

l,an ~ an
l_[ AT = U

w
acw-1dp—M

3.2.2)
(ug) — w l_[ Ugy.
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Definition 3.2.3. Let m, k € @ and w € M W,. We define 1C) [k, 1C Lk 1Co [, & and IC} [ ; to be

the images of

[1 s
ae(w-1o—M)NP-
[ B
ac(w-1d=—M)Nd-
[1 =
ac(w-1d=-M)Nd-
[1 &

ac(w1o—M)NP-

Andrew Graham

< M s
ac(w-lo—M)Ndp+

< T s
ac(w-lo—M)Ndp+

< 1 &
ac(wlo—M)NP+

< 1 &

ac(w1o—M)NP+

respectively, under the map (3.2.2).

Remark 3.2.4. If m, k € Q> then ]C;[m,k - ]C;[ with equality if m =k = 0. If m > k > 0, then
1C ; [m .k 1s described in coordinates as the subset of tuples

i

[yo:---:vs]l
satisfying
B if j <i,
yj € 1+Bfn if j =1,
B, if j >1i.

BO

m

One has a similar description for ]C;[ [;7.x by replacing with Ej;, and a similar description for ]CZ}[ Lk
when k > 0 by replacing By with By; see [Boxer and Pilloni 2021, Section 3.3.10]. In particular, if i = 0

(so wo = id) then these tubes do not depend on k, so we will drop it from the notation.

We will now make specific choices of tubes which will be relevant for the construction of the p-adic
L-function. Throughout, we let m, k, ¢ be integers satisfying

O<k<m<t, withm>kifk#0. (3.2.5)
We also introduce the following stronger condition:
m,k,tasin (3.2.5) withm > 2n—1)(k+1) and t > m + k. (3.2.6)

We define some tubes in FLC as follows.

Definition 3.2.7. Let m, k, ¢ be as in (3.2.5):

(1) LetU§ =1¥ S [, 2§ =1X§ [and If, =UF NZ{.
(2) We define Ig’ Q= ]an e Kl(v;v(pt ), which is independent of ¢ by the description in [Boxer and

Pilloni 2021, Section 3.3.10].

(3) Fork > 1, we define UkG =]C 3ﬂ (ki ng (p"), which is independent of ¢ by the description in [loc. cit.].
Furthermore, we have Ifj’ , CUC.
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We now define some tubes for H.

Definition 3.2.8. (1) For m > 0 and ¢ > 1, one defines
zd =1t - K2 (ph

which is equal to ]Cg [ fort > m.

(2) For k> 1 and r > 1, we define
U =1Ci - KS ()

which is equal to |C{I[; for > k. For k =0, we define U}/ =FL".
We obtain the following lemma, essentially by construction:

Lemma 3.2.9. Form,t, k as in (3.2.5), one has Uf =1 (U,?) and ZH =71 (Ig,k). Furthermore, there

is a Cartesian diagram

zH —— vl

L

G s UG
Im,k Uk
with each map a closed embedding.

Proof. The lemma is clear for (m, k) = (0, 0) by Lemma 3.1.2; so assume that (m, k) #~ (0, 0). Then we
16

can express L,

& as the intersection
Ig . =1CS Lok - Ko (P NICS Lo Kiw ().

Indeed, the group KI(\;N( p") acts continuously and preserves ]an [;7.0, so must also preserve ]C_chn[,ﬁ,o =
1C gn [n-h(). One then follows the proof of [Boxer and Pilloni 2021, Lemma 3.3.17].

The above description implies that If,i « 18 closed in U,?. Furthermore, the map ¢ is a closed embedding
of flag varieties, therefore it is enough to check Uf = f‘l(UkG) and 22 = Z_I(Ig’ ). But this follows
immediately from the explicit description involving coordinates, and the fact that ?(Uf )ycl]c gn [« x and
izl C1C§ Lk for (m, k) # (0, 0). O

4. Pullbacks on adic Shimura varieties

We now transfer the functoriality of the last section to the setting of adic Shimura varieties, via the
Hodge-Tate period map. We fix a neat compact open subgroup K? C G(A‘;), and let K = K*K,
for a compact open subgroup K, C G(Q)). Let Sg x = S denote the adic Shimura variety over
Spa(Q, Z,) = Spa(Fpro, OFpro) associated with Sg g (note our assumption F # Q implies that Sg g
is proper). Similarly, we fix a neat compact open subgroup U? C H (A?) contained in K7, and we let
Su,u denote the corresponding adic Shimura variety of level U = U?U,,. If we choose K, = chv;v (p") or
Uy, =Kl (p"), K (p') then we will use the notation Sg 1w (p"), Sp1w(p") and Sy o(p") respectively.
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4.1. The Hodge-Tate period map. Since (G, hg) defines a PEL-type (and hence Hodge-type) Shimura
datum, there exists a perfectoid space Sg x» over Q, which represents the diamond l(ll’l K, Sc.x - In fact,
the existence of such a perfectoid space does not require axiom (SV3), i.e., G*(R) has no Q-simple
factors which are R-anisotropic, provided that one has embedding into a Siegel datum. This leads to the
following proposition:

Proposition 4.1.1. There exists a perfectoid space Sy yr over Q, which represents the diamond

m[]p SH,U-

Proof. Although the set-up is slightly different, this follows the proof of [Scholze 2015, Theorem IV.1.1]
verbatim. Note that we do not need a description of the connected components of Sy y in terms of
Shimura data for the group H der (this would require (SV3)). O

Both of these perfectoid spaces come equipped with a Hodge—Tate period map into a flag variety
associated with the ambient Siegel datum. It is shown in [Caraiani and Scholze 2017] that one can refine
this morphism so that its image is contained in a flag variety associated with G or H. In particular, since
the same Siegel datum can be chosen for G and H (compatible with the embedding ¢: H < G), one has
a commutative diagram:

S kv —)ﬂHT'G FLC

|

Su.ur ﬂ) FLH

where the vertical arrows are the natural ones (induced from ¢) and wyt denotes the Hodge—Tate period map.
We will often drop the subscripts for 7yt when the context is clear. Since 7y, is G(Q))-equivariant,
the twisted embedding : Sy o (p") — Sc.1w(p") commutes with the twisted morphism

i FLA /K H (p") — FLO/KE.(p),
xKJ(p") > 1)K (P

via the Hodge-Tate period morphisms. This is of course well-defined because y ~' K g (PHy C KE(ph).

4.2. Twisting torsors. In this section, we describe a general procedure for Tate-twisting proétale torsors
and record some properties of this construction. Our choice of convention for twisting below will be
consistent with our convention for the torsors on Shimura varieties (namely that they are defined via
frames of relative homology groups).

Let L/Q, be a finite extension and X' /L a smooth adic space. Let 7* — X denote the proétale
Z ;-torsor parametrizing isomorphisms (of proétale sheaves) Z, — Z,(1). The action of Z; is given by
precomposition, i.e., for A € Z; and ¢: Z, — Z,(1), we set

¢-r=¢p0-—).
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Let M be a smooth adic group scheme over Spa L and suppose that we have a homomorphism
w: Z; - M
that is central (i.e., its image is contained in the center of M).
Definition 4.2.1. Let M — X be a (right) proétale M-torsor. We define the twist of M along u to be
IM = M xZpil >
where the right-hand side denotes the quotient of M x y 7 by the equivalence relation:
(m- (M), ¢) ~ (m,¢-1""), forallmeM,peT* reZy.
This defines a proétale M-torsor * M — X via the action (m, ¢)-n= (m-n, ¢), form e M, ¢ € T* and
n € M, because the homomorphism w is central.

Example 4.2.2. Suppose that M = G} and p: Z; — M is the natural inclusion. Let .# be a locally free
sheaf of rank one on the proétale site of X. Then M := Isom(Ox, %) is a proétale M-torsor, and we
have a natural identification

"M = Isom(Ox, F(~1)).

This twisting procedure enjoys the following properties:

Lemma 4.2.3. (1) The construction * M is functorial in the (right) proétale torsor M.

) If f: Y — X is a morphism of smooth adic spaces over Spa L, then
frEM) =M
canonically (i.e., we have a natural isomorphism f*o*(—) = *(=)o f*).

(3) If N C M is a smooth subgroup and u factors through N, then for any proétale N -torsor N — X
one has
RV N My =N <N m

canonically (i.e., it is natural in N').

Proof. All of these properties follow immediately from tracing through the definitions. O

4.3. Torsors on adic Shimura varieties. We would like to recover the construction of the automorphic
vector bundles in Section 2.2 via the Hodge—-Tate period morphism (which plays the role of the Borel
embedding). This is accomplished in [Caraiani and Scholze 2017, Section 2], and we give a brief review
of the results. We will describe the construction for the group G only, as the construction for H follows
the same argument.

Let M denote the adic generic fiber associated with Mg (the adic generic fiber of its completion
along the special fiber) and M = M. Let p: Z; — M denote the (central) homomorphism induced
from the Hodge cocharacter p defined in Section 2.1. By the results of [loc. cit.], there exists a proétale
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M -torsor My over Sg k such that its twist # M ;- along  is canonically isomorphic to Mg ar

under analytification.® It is shown in [Boxer and Pilloni 2021, Section 4.6] that G ur has an integral
structure, namely the proétale Mg-torsor Mg yr. By Lemma 4.2.3, this defines an integral structure
Mg ur on ”“M‘(‘JE"HT, which is an étale M g-torsor because the morphism * Mg gyr — Sg .k is surjective
on geometric points and smooth (as Mg ur is an open subset of “ Mg yr = Mg jp ).

On the other hand, if Ng is the unipotent radical of P with associated adic generic fiber N, then
one can consider the (right) M g-torsor

MC: G/Ng — FLO
via the morphism x > x~!. These torsors are related in the following way:
Lemma 4.3.1. The pullback of Mg ur to the perfectoid space Sg. kv is identified with ﬂﬁTMG.
Proof. Immediate from the proof of [Boxer and Pilloni 2021, Proposition 4.6.3]. O

Recall that we have a twisted morphism i: Sy (p") = Sg.1w(p"). Also, recall that the choice of
Hodge cocharacters ug and p g are compatible under the inclusion H < G, therefore the homomorphism
wn above factors through Mpy. The description in the above lemma gives the following reduction of
structure.

Proposition 4.3.2. One has a reduction of structure of proétale torsors over Sy o (p')
I*Mg.ur = Mpur <M1 Mg

where the superscript means we view My as a subgroup of Mg via the embedding u='Mpyu C Mg. In
particular, one has a reduction of structure of étale torsors

(" Mg ar) = My ar xME M.

Proof. For the first part and via the interpretation in Lemma 4.3.1, it is enough to show that *M% =
MO x M1l Af - on the level of flag varieties. This follows from the following commutative diagram:

H/NH — g/NG

| !

{

FLH ——— FLC
where the vertical arrows are the torsors M and M® and the top horizontal map is given by
hNy — )//\_lh)/./\/c = ?_lhu/\fc.

where the last equality follows from the fact that y maps to u under the projection Pg — Mg.
The last part of the proposition follows from the functoriality properties of twisted torsors in Lemma 4.2.3
and the fact u is central (so is unaffected by conjugation by u). U

3See the paragraph preceding [Caraiani and Scholze 2017, Lemma 2.3.5] for the definition of this torsor (which in the notation
of [loc. cit.] would be M4R).
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Remark 4.3.3. One has an alternative reduction of structure as follows. In this remark only, set U =
UPKZ(p"), K = KPKS (p") and K; = K ~', and we will include the level in the notation for Myr
and Mgr. Then we obtain a twisted morphism ¢: ¥ My yp ; = * MG gy i defined as the analytification
of the composition

L v
My aru — Mq.ar,k; —> MG,ar k-

This is simply the twist along p of the morphism of torsors induced from the natural map on the level
of flag varieties /Ny — G/Ng sending hNy to p~'hNg (see Appendix B), so in fact preserves the
integral structure. This gives a reduction of structure

*(“Mgarx) = *Mpury xM Mg (4.3.4)
and we have a commutative diagram

MMHJ{T,U xMu Mg

/

(P Mg ur,x)

\

“MH,HT,U s [Mi.u] Mg

where every map is an isomorphism; the top diagonal map is the reduction of structure in (4.3.4), the
bottom diagonal map is the reduction of structure in Proposition 4.3.2, and the vertical map is given by
[x,m]— [x,u ‘mul.

The reduction of structure in (4.3.4) will be useful for the comparison with the archimedean setting,
whereas the reduction of structure in Proposition 4.3.2 will be useful when we speak about sheaves of

distributions in Section 5.

4.4. Comparison with the archimedean pairing. We can now reinterpret the pairing at the end of
Section 2 in the setting of adic Shimura varieties via rigid GAGA. For a representation V € Rep(Mg) we
let [V] denote the associated bundle on S k using the torsor ”Mg”HT =M ‘C‘;‘de; and similarly for H.
We place ourselves in the setting of Section 2.6 — in particular, we let A € X*(T/Ty)*. Then, after fixing
an isomorphism V. = V.* we obtain a M y-equivariant morphism

Ve, — o/l 4.4.1)

by pairing with the vector ul. v,[c'i], where My acts on V,, via the embedding u'"Myu C M. Via the

reduction of structure in Proposition 4.3.2, this gives a morphism of sheaves

*[Vi,] = [0l
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over Sy «(p). Using this morphism, we therefore obtain a pairing

(- Van: HNS6.w (D) [Vi, ) x B (Su.o(p), [611Y) — @,

defined as (n, x)an = tr(i*n U x). By the discussion in Remark 4.3.3 and the fact that the analytification
of Mgr is identified with ¥ M{., we obtain the following proposition:

Proposition 4.4.2. The pairings (-, - )ag and (-, - )an correspond to each other under rigid GAGA, where
we have base-changed the former to Q, via the embedding F des @ p induced from the fixed isomorphism

C=Q,.

4.5. Hecke operators. We would like to restrict the pairing (-, - ),y to one over certain strata in the adic

Shimura varieties, without losing any information. To accomplish this, we need to pass to “small-slope”

parts of cohomology with respect to the action of certain Hecke operators, which we will now describe.
Let T~ C T(Q)) denote the submonoid defined as

T~ ={xeT(Q)):v(x(x)) <0forall « € ®*}

where @7 is the set of positive roots of G (with respect to Bg) and v: Q, — Zis the p-adic valuation,
normalized so that v(p) = 1. We let T~~ C T~ be the subset of elements satisfying v(«(x)) < O for
all @ € ®*. Fort > 1, We let #{,,, denote the algebra Q,KE (pO\T~/KE (p")] with multiplication
given by the double coset description in [Boxer and Pilloni 2021, Section 4.2]. This is isomorphic to the
algebra Q, [T ] (with the usual definition of multiplication), with an element x € T~ corresponding to
[KS (pHxKS (p)].
We fix a specific choice of Hecke operator.

Definition 4.5.1. Let A be an algebraic character of H, (see Section 2.3) and set A* = —wg™A. We let
Ug(p') € H,, , denote the Hecke operator )»*(x‘l)[ng(p’)xng(p’)] where x € T~ is given by

X = (17 17 pa pz’ O] pZn_l)re\I/-

Remark 4.5.2. It will turn out that the action of ¢/, (p") on cohomology will be independent of the level,
so we will often write U}, instead.

p.t
0: T~ — (Q,, x) via the isomorphism above. We say that 6 is finite-slope if 6 (x) # 0 for some x € T~

(in fact, this implies 6(x) £ O forall x € T7).

Note that a Q,-algebra homomorphism #H,, — Q p 18 identified with a monoid homomorphism

Definition 4.5.3. Let M be a Banach Q,-module (or more generally, a bounded complex of projective
Banach @Q,-modules) with an action of a potent compact operator T (see [Boxer and Pilloni 2021,
Definition 2.4.13]). Then M has a slope decomposition with respect to (some power of) 7 and we set

M := colim;, M="

where the colimit is over & € Q>¢. This is called the finite-slope part of M.
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If M carries an action of H, , such that [ng( pHx KI(V;V (p")] acts as a potent compact operator for some
x € T~, then we denote the finite-slope part by M~ (which is independent of x by [Boxer and Pilloni
2021, Lemma 5.1.7]). Furthermore, M=" can be decomposed into generalized eigenspaces for the action
of T, for any h € Qs (since slope decompositions are unique and M=" is finite-dimensional). This
will allow us to pass to the “small slope part” of M, in the following sense.

Definition 4.5.4. Let A € X*(T/Ty)". We say that a (monoid) homomorphism §: T~ — @; is small
slope (with respect to ;) if, for every w € MWe — {w,}, there exists x € T~ such that

(O (x)) < v((w ™ *k,)(x)). (4.5.5)

If M is as in the paragraph following Definition 4.5.3, then we let M ~>%°*%) denote the sum of generalized
eigenspaces in M=" for which T~ acts through a small slope homomorphism 6: T~ — @; (for any

—,s8

sufficiently large /& depending on «,). We will write M —*® when «, is clear from the context.

4.6. Restriction to smaller strata. We transfer the strata in Section 3.2 to adic Shimura varieties via the
Hodge—Tate period map.

Definition 4.6.1. For m, ¢, k as in (3.2.5), we define

s UZ(p") =it 6., U,
« I (P") = 7.6, (TG 0,
« Z§(p) = 7qr,6., (),
« Z8(p") =13t 6., CS Lo KS(p") form > 1.
where myr.6. ¢ Se.w(p') — FLO/ KI?N( p') is the map (of topological spaces) induced from the Hodge—

Tate period map. We will write L{kG , Ig . and Zg when ¢ is clear from the context.

Note that, by the Iwahori decompositions in Section 3.2, L{kG (p") is an open subset of Sg 1w (p') which is
a finite union of quasi-Stein open subsets, and Zg (p") is a closed subset of S 1w (p") whose complement
is a finite union of quasi-Stein open subsets. Note that we have

I8 (P =Ug (pH N Z5(p")

so by [Boxer and Pilloni 2021, Lemma 2.5.21], the cohomology complex RFIG (L{k s [V, 1) is represented
by a complex in Proy (P (Ban(Q »))). Furthermore, RFZG ( » [V, ]) carries an action of H,, , for
which U} (p') acts as a potent compact operator; see [loc. cit., Theorem 5.4.3].

Proposition 4.6.2. Form, k, t in (3.2.6), the complex RFIGk (Z/{kG . [Vi,]) carries an action of Uy (p")™ as
a potent compact operator, and the natural maps

Ies cores

RT76 (i UE (D), [V, 1) <= RT 76 0 U (P"), [V, 1) <> RT 6 0 US (P"), Vi, 1)

are equivariant for Uy (p")™ and become quasiisomorphisms after passing to finite-slope parts.
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Proof. For this proof only, let K = K? ng(p’ ) and K, = K NxKx~!, where x is the element in
Definition 4.5.1. Let T denote the correspondence

P2 P1
Se.xk <— Sc.x, — SG,k

where p; is the forgetful map associated with the inclusion Ky C K, and p, is the composition of
right-translation by x and the forgetful map associated with the inclusion x ' K,x C K. For a subset
W CSgk,welet TOW) = pzpl_l(W) and (THOW) = plpz_l(W). For a nonnegative integer s, we let
V) =TT W), (T ) = TH(AT) W)
with the convention that T°(W) = (T)°(W) = W.
By [Boxer and Pilloni 2021, Lemmas 3.3.17 and 3.5.10], one has the following inclusions
(Tt)k+1+m (Z(?) muOG C Zg C (Tt)k+1 (Z(?)
T UE) N(TH(ZF) cuf cul
so the result follows from [loc. cit., Corollary 5.3.8] (note that the action of x factors through its

projection to the tgp-component on the flag variety, so we can apply the cited lemmas with min(x) =1
and max(x) =2n — 1). Il

Remark 4.6.3. It does not seem possible to apply [loc. cit., Corollary 5.3.8] for general m, k, ¢ satisfying
(3.2.5), and we do not know if there is an alternative way to show that RFIGk (L{kG , [ Vi, 1) carries an action
of a power of U}, as a potent compact operator such that the conclusion of Proposition 4.6.2 holds.

We also define strata for Sy ¢ (p').

Definition 4.6.4. Let nyt g : Sy.o(p') — FLY /K g (p") denote the map induced from the Hodge-Tate
period map:

e Form >0 and t > 1, we define
Z (0" = Ty g, (25
e For k > 0and ¢t > 1, we define
U (p") = i gy, (UF).
We will write Z// and U[" when 1 is clear from the context.

We now define the relevant cohomology complexes with partial compact support conditions, following
[Boxer and Pilloni 2021, Section 5.4].

Definition 4.6.5. Let A € X*(T/Ty) ™. Then we define
RTS (k)" = RFIg()(p)(Ug(p), [V, )8

where (—) ™ denotes the finite-slope part with respect to the action of H,as in Section 4.5. We denote
the cohomology of this complex by Hfﬂn (k) ™15,
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We record some important properties.
Theorem 4.6.6. Let A € X*(T/Ty)*:

(1) (Change of level) Let m, k, t be as in (3.2.6) (resp. m =0,k =0and t > 1). The trace map
RT16. (rny U (P, Vi ) = RT 16 (0 U (P, [V, D

is (Uy)"-equivariant (resp. T~ -equivariant) and induces a quasiisomorphism on finite-slope parts.
(2) (Classicality for small slope) The natural maps

cores res

RT 75 ) Ug (P). Ve, D) == RTWUg (p). [Vi, D) <= RT(Sg.1w(P). [V, D)
are 7—[;’ |-equivariant and induce quasiisomorphisms on small slope parts.
(3) (Vanishing for small slope) The complex RT'(Sg1w(p), [Vi,1)™** is concentrated in degree n — 1.

Proof. Part (1) is an application of [Boxer and Pilloni 2021, Corollary 4.2.16 and Theorem 5.4.14].
Because the Shimura variety is compact, Theorem 6.10.1 implies Conjecture 5.9.2 in [loc. cit.] (i.e., the
expected slope bounds hold). Parts (2) and (3) then follow immediately from the small slope versions of
Theorems 5.12.3 and 5.12.5 in [loc. cit.]. O

We define similar complexes for Sy (p"), however we do not consider the finite-slope part of these
complexes.

Definition 4.6.7. We set

RT3 (St.0(p), o)™ = 1im RT 51 (1) (S.o(p). [0,/
m

where the transition maps are given by corestriction. If = 1, we simply write R I"g (crn[j ])(*’T) and denote
the cohomology of this complex by Hfd (o*n[j ])(_’T).

4.7. Functoriality. The goal of this section is to construct a map
RTS (ka) ™" — RTY (01D
which is compatible with pull-back by 7 on the usual cohomology.
Definition 4.7.1. Let m, k, ¢ be as in (3.2.5). Then we define a morphism
Imkrt Rz o US (P, [Vi, D) = RT 210y (S0, [0,/

as the composition of the following maps:

o 0% erg’k(p,)(uﬂpf), [Vi,) = RT zi iy U (p"), T*[ Vi, D).

e (Excision) RT zu 0, U (p), P[Vie,1) == RT 221 () (S0 (P, T [V, .

o Rz (S0 (P, F*[Vi, ) = RT 21 () (St.0(p"), T D).
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Where the last map is induced from V,, — o,Ej ] (asin (4.4.1)). Note that I* is well-defined by the Cartesian
square in Lemma 3.2.9 and the fact that the strata on the level of flag varieties are independent of ¢
for t > m (see property (2) in [Boxer and Pilloni 2021, Section2.1]). The excision step is well-defined
because ZH (p') is closed Sy« (p'); see property (3) in [loc. cit.].

Let m, k,t and m', k’, t’ be triples satisfying (3.2.5), such that m" > m, k' > k and ¢’ > ¢. Then the

maps in Definition 4.7.1 fit into the following commutative diagram:

’ ﬂm/, ! ! ’ P
R0 iy UG (P, Ve, D) =5 RT i,y (Sho (P, [0 D
res/\ H

! ﬁml, ,1/ / .
RTz6 (i UZ (") Vi, ) =% RT 2, (S0 (p'). [on’])

cores lcores
~

19111,/\',1/

ergk(pl’)(u]cc(pt,)a [VKn]) H RFZ;,]([?Z,)(SH,O(pt/)’ [O_’,E]]])

tr ltr
~

ﬁm,k,t

RFIg'k(pt)(u]?(pt)’ [Vi,) —— RT z1 () (Sn.o(P"), [ox/1])

where tr denotes the trace map; see [Boxer and Pilloni 2021, Lemma 2.1.2]. The bottom square is
commutative because, by Lemma 2.5.3, we have a Cartesian diagram of Shimura varieties:

Suo(P™) — = Sem (P
! !
SHo(p) —— Sem(p")
for any t > 1.
Proposition 4.7.2. One has a well-defined map
RTS (k)" — ROH (o lH D
defined as the (inverse limit over m of the) composition of

e the inverse of the trace map followed by the inverse of corestriction
RT76, (i Uy (), [Vi, DT = RT 760y UG (P, [V, D™
which makes sense by Proposition 4.6.2 and Theorem 4.6.6,
e the morphism Uy, o, and
o the trace map
RT 211ty (St,0(P") [0)1]) = RT 2111 (Sh,0(p). [o71])

foranym >0, t > 1 satisfying m >2n—1andt > m—+1 (i.e., the tuple (m, 0, t) satisfies (3.2.6)).



On the p-adic interpolation of unitary Friedberg—Jacquet periods 1145

Proof. This map is well-defined by the above commutative diagram and the fact that trace and corestriction
commute with each other; see the construction in [Boxer and Pilloni 2021, Lemma 2.1.2]. O

Set RTH (oYY = lim RT(ZH(p), [0/11V) with transition maps given by restriction, and denote
the cohomology of this complex by Hfd (o,&j J’V)(J“ﬂ. By [loc. cit., Theorem 2.7.1] (using the fact that Z/
is the closure of Z/Inﬁl ), one has a natural pairing between Rl“g (O’,Ej ])(_’T) and RFg (O,Ej ]’V)(J“T) built from
the Serre duality pairings, which commutes with the Serre duality pairing between RI'(Su «(p), [o,gj ]])
and RT'(Sy o(p), [O',Ej ]]V) via corestriction and restriction on the former and latter complex respectively.4
Proposition 4.7.2 therefore allows us to define a pairing

(2t HO M) 78 x HY (0 /M) — @,

by composing the map in Proposition 4.7.2 with the duality pairing between the (—, ) and (4, T)
cohomologies above. Considering classes in the small slope part, we obtain the following result:

Theorem 4.7.3. Let
« X €HSno(p), [oa 1),
o neHy, () TS ZH (Sgw(p), [Vi, DT,
and denote by res x the image of x under the restriction map

H(Sh.o(p), [011Y) — HY (o /1) D,

Then (1, 1es X )an = (1, X)an-
Proof. Since the embedding I: Sy o (p") — Sg,w(p") factors through 4Y (p'), we obtain the commutative
diagram:

RIS (k)% ————— RUH (0D

coresl lcores

RTWUE (p), [V, ) — RT(Su.o(p), [o/')

I'CST H

RT(SG1w(P), [V, ]) —— RT(Su.o(p), [0

where the top horizontal arrow is as in Proposition 4.7.2, and the bottom two are obtained from composing
* with the map of sheaves *[V,, ] — [U,Ej ]]. Passing to small slope parts and cohomology gives the
result. g

4To be more precise, one cannot directly apply [Boxer and Pilloni 2021, Theorem 2.7.1] because M,I,f is not quasicompact.
However one can find quasicompact open subsets U, satisfying U ’g 11 C u, C U"If and apply the theorem with these strata

instead, as this does not affect the cohomology groups in the limit.
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5. Locally analytic cohomology

5.1. Further reduction of structure. We first consider the reduction of structure for Mg gr. Let Ug,
Ug, U M and U M, denote the unipotent radicals of Bg, Bg, By, and B M, respectively. For k > 0, let
g,:’ . (resp. ./\/llG ) denote the subgroup of G (resp. M) of elements which reduce to Ug (resp. Uyy,,)
modulo p"““’3 for all ¢ > 0, and to U (resp. U M) modulo pk. We have similar definitions for M }{ Kok
and ’H,l e

We introduce the following group:

Definition 5.1.1. Let ngk’k = /\/llek’k - By (Z)), which is a subgroup of M containing the Iwahori
subgroup of M (Z,) of depth p’ for any ¢ > k.

Remark 5.1.2. The homomorphism p: Z; — Mg factors through the subgroup M%’ k-

Remark 5.1.3. Let > k > 0. If we let K, ,, m; equal the projection of w, Kﬁ,(p’)w;1 NPg to Mg,
then the proof of [Boxer and Pilloni 2021, Proposition 4.6.9] shows that K, ,,, m; equals the Iwahori
subgroup of M (Z ) of depth p’ (the proposition only treats the case t = 1, but the proof easily generalizes
to arbitrary ¢). Therefore Mg’k’k = MlG,k,k Ky w v = Kpw, Mg -Mb’kﬂk.

Fort > k > 0, let M,? «.: denote the space
Ko (PG i/ (K1 (PG i N wyy 'NGwn) = P6\Pown Ki, (PG = UF
X PGwnx*I,
which is a (right) torsor for the group Mg’k’k via the embedding wn_lj\/lg’k,kwn C K{V;V(p’)g,:’k.

Proposition 5.1.4. Lett > k > 0. The torsor M ¢ ut has a reduction of structure to a proétale ng kk”
torsor Mg HT k.k.t Over Z/IkG (p"). Furthermore, the pullback of Mg ut ik to the perfectoid space Sg kr
is canonically isomorphic to the torsor ﬂ;“[TM,?’ kot

Moreover, the twisted torsor * Mg ur .k k.: defines a reduction of structure of the torsor * Mg ur to an
étale ./\/lg,k,k—torsor.

Proof. This is essentially [Boxer and Pilloni 2021, Proposition 4.6.12], but we have conjugated our groups
by w,. Note that we have a commutative diagram:

KS (PG /(K (PG Nw ' Now,) —— G/Ng

! |

G \ G
) > FL

where the vertical maps are the torsors MkG . and MO, the bottom map is the natural inclusion and the top
map is given by
1 ~1 ~1
g(Kia (PG Nwy ' Nowy) = gy 'No.
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Therefore M,? ¢ gives a reduction of structure for MS, and the proétale torsor JTfITMkG «; descends to a
proétale torsor Mg HT k.k,r OVEr Z/lkG (p") because it is a KI(‘;N(pt )-invariant open subset of the proétale
torsor nf_’}TMG (which we already know descends). The last part follows from the fact that u factors
through M'(]; « x» Lemma 4.2.3(3), and because “ Mg Tk k0 — L{kG (p") is surjective on geometric points
and smooth (as “ Mg ur .k k.¢ 1S an open subset of the étale torsor “ Mg ur). O

We now discuss the reduction of structure for My gr. Consider the following subtori of T consisting
of elements (x; y; ¢, ..., y2u.7) satisfying the following relations:

o T* C T is the subtorus given by the relations y; ¢, = yony2—i,z fori =2, ..., 2n,and y; : = y2u+1-i,z
foralli =1,...,2n and 7 # 10.

o T¥ C T* is the subtorus with the additional relation that y| z, = yy+1.7,-
We begin with the following lemma:

Lemma 5.1.5. Let Iwy,, (p') C Mg(Z),) denote the Iwahori subgroup of depth p', and let Mg (p") denote
the projection of Kg (p") NPy to My. Then:
Q8 Mg (p") is the subgroup of My (Z ) of all elements which land in T° modulo p'.
) Mf(p’) = ulwyy, (pHu=' N My is the subgroup of My (Zy) of all elements which land in T*
modulo p'. It is contained in the projection of KI{{N(pt) NPy to My.

In particular, one has Mg (p") C Mf (")

Proof. By the proof of Lemma 2.4.3, we see that
h=x x (y“ ) e H(Z,)
2.t

lies in K£ (p") if and only if:
« For all T # 10, the block diagonal matrix (y; r, y2,;) lies in the T-component of T modulo p’.

o The elements U ~'y; ,,U and y, , are lower-triangular and upper-triangular modulo p’ respectively,
where U is a (n x n) matrix lying the standard parabolic of GL, with Levi GL;| x GL,_;, whose
projection to the Levi equals

max
I xwgr -

o The elements U~! y1.7,U and y, are congruent to each other modulo p'.

From these properties, one then immediately obtains part (1). Part (2) follows from the stabilizer
computations in Lemma 2.4.3. It is contained in the projection of KI{{N (p") NPy to My because T* is
contained in By. O
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Fort > 1and k > 0, we let Mz’k’k’t = Mg(p’)/\/l}{’k’k and szk’k’t = Mf(pt)/\/l}i’k,k. Both of these
are groups by [Boxer and Pilloni 2021, Lemma 3.3.15] (because Kg (pHc K{viv(pt)). If t > k, then these
groups don’t depend on ¢; explicitly, we have

<& Y T 1 & _ A T 1
Mprks =Mupx =T E)Mpy e Mygps =Myp =T LMy e
—1Af —1 A % O
Furthermore, we have u™ My, , ju Cu™ My u C Mg ;.

Remark 5.1.6. The homomorphism p: Z; — My induced from the Hodge cocharacter g factors
through Mz k., forany 7 > 1 and k > 0. It doesn’t factor through M%ﬁ k.. although the latter group is
useful for discussing the reduction of structure below.

As above, we introduce the following space M,'z g (fork>0andz>1):
K& (0 Hyr/ (KE (0O Hix "N = Pu\PuKE (0 M i = U
x> Pyx !,
which is a (right) torsor for the group Mz,k,k,t via the embedding Mg,k,k,t C Kg (p’)?-[}{’k.
Proposition 5.1.7. Lett > 1 and k > O:

(1) Then the torsor My ur has a reduction of structure to a proétale Mg’ K.k -toTsor M}LHT’ Kokt OVer
UH (p"). Furthermore, the pullback of M, to the perfectoid space Sy yr is canonicall
kP p H.HT k.k,t P D , y
isomorphic to JTf_kITMII:I et

M5 ) 5 &
(2) If we define My ur i k.t as the pushout /\/l/H’HTk’kJ X7 H kKt MH’M’,, then the proétale MH’k’k’,-
torsor My ut.i.k.: (resp. étale /\/lz i k.o-torsor M My yr i k.0 provides a reduction of structure of
the torsor My ur (resp. * My ur).

Proof. For the first part, this follows from a similar argument in Proposition 5.1.4. Note that the proof of
[Boxer and Pilloni 2021, Proposition 4.6.12] also applies in this situation, even though K g (p") is not of
the form in the statement of [loc. cit.].

The second part follows immediately from the inclusions

S Fy
M ikt CMu ki CMu,

the functoriality properties in Lemma 4.2.3, and the fact that “ Mg ut.4 k.t — Z/{kH (p") is smooth and
surjective on geometric points. O

We have the following proposition which relates the torsors for G and H.
Proposition 5.1.8. Let t > k > 0. One has a reduction of structure of étale torsors
~ LA 0
("M utiks) ="Myt XM M@

where T denotes the embedding Z/{kH (p") — Z/lkG (ph.
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Proof. We first show that we have a reduction of structure
A © O
L*MG,HT,k,k,t = M/H,HT,k,k,t X[MH‘k'k’u] MG,k,k‘ (519)

It is enough to show the analogous statement for the torsors M,?k . and M7, . In this case, we have a
commutative diagram:

K (pH; 1/ (KE (P Hy , N NE) —— K5(PDGL /(KR (PG Nwy ' NGw,)

| |

ult > U¢

~>

where the vertical maps are the torsors M,f v and M,gk ;» and the top map is induced from the map
Kg ("M}, — KE(p")G}  given by h > P~ 1hp. Note that this diagram is commutative because
y € Pg.

Since Ml?,k,t is a torsor for the group Mg,k,k via the conjugated embedding w,jl/\/lg’k,kwn C Kf\fv(p’)g,l’k,
and the projection of y to Mg is equal to u, (5.1.9) follows.

Since u~' M, ki C u*IMz ki C Mg,k «» We also obtain the reduction of structure

Ak M* u O
FMGHT ks = My ar g XMk ]Mc;,k,k

and we can twist this along u by Lemma 4.2.3 (and the fact u is central, so unaffected by conjugation
by u). (|

Remark 5.1.10. If t' > 7 and k' > k, then the torsors “ Mg urx x.r and My gre x . provide a
reduction of structure for the pullbacks of “ Mg ur.k.k.r and “* Mg ut .k k.; along the trace/inclusion maps
U,f (p’/) — Z/{kG (p") and Z/{,f,’ (p’/) — Z/l,fl (p") respectively; see [Boxer and Pilloni 2021, Proposition 4.6.14].

Remark 5.1.11. Let k£ > 0, and let M}; ¢ (resp. M}{ ) denote the normal affinoid subgroup of Mg
(resp. M y) consisting of elements which reduce to the identity modulo p*. We set

MG =M Bug(Zp), MY =My, T*Z,), MY, =My M

for k,t > 1. All of these groups are open affinoid analytic subgroups of My, where ? = G, H according
to the subscript.

To be able to apply the results in [loc. cit., Section 6], it will be more convenient to work with the
following torsors, obtained as the pushouts

= MEM i d — MZkkt &
M ut i = M HT ke X0 Mg and - Myt ke = MuHT Kk X7 #kk My

In particular, we can twist these torsors along p and the torsors * Mgyt k.r and “ My ytk.; are étale
torsors by Lemma 4.2.3. The analogous compatibility for varying k£ and ¢ as in Remark 5.1.10 still
continues to hold for these torsors, and we have an analogue of Proposition 5.1.8, namely one has a



1150 Andrew Graham

reduction of structure of étale torsors
&»
sk M O
(M pra) =" Mpur e xMETME

whenever t > k > 0.

5.2. Weight spaces. For an integer r € Q- let 7,! denote the subgroup of 7 of elements which reduce
to the identity modulo p”. Recall that for a Tate algebra (A, A™) over (Q), Z,), a character

A T(Z,) — (AT

is r-analytic if it extends to an analytic A-valued function on 7' (Z p)7;1 c T,

Definition 5.2.1. Let (A, A™) be a Tate algebra above. We let X*(T'; A) denote the space of all characters
A T(Zy) — (AT

which are r-analytic, for some r € (..g. We let X*(T/ Ty; A) C X*(T'; A) be the subspace of all characters

which are trivial on Tp(Z).

Remark 5.2.2. Note that there is a Weyl action on X*(7T'; A) by the usual formulae. Furthermore, even
though the half sum of positive roots doesn’t strictly give an element of this space, the x-action of the
Weyl group also still makes sense.

Remark 5.2.3. The functor (A, A%) — X*(T/Ty; A) is representable by a group adic space over
Spa(Q,, Z,), which we will denote by Wg.

Definition 5.2.4. Fori = 1,...,nand T € ¥, let A;; € X*(T/Tp)* be the character which is trivial

outside the t-component, and in the T-component is given by the tuple
a,...,1,0,...,0,—1,...,=1)

where there are i lots of 1s and —1s.

These characters give a generating set for X*(7'/ Ty; A) in the following sense.

Lemma 5.2.5. Let . € X*(T/Ty; A) be an r-analytic character. Then there exist unique r-analytic
characters &; ; : Z; — (ANH* fori=1,...,nand Tt €V, such that

n
A= ZZSZ‘,I oAir

i=1 eV

where the group structure on X*(T [ Ty; A) is written additively.

Proof. Any such character A is a (unique) product of r-analytic characters ¢; ; : Z; — (AT)* where
i=1,...,2n and T € W, where «; ; is determined by where it sends y; ;. Since A is trivial on Tp, we
have o; ; = —a2y41—i ¢ foralli =1,...,2n and T € W. One then defines
Qir—Qit1,r fori=1,...,n—1,
si,‘r = .
On.r fori =n.
Uniqueness is a simple check. O
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Remark 5.2.6. The above lemma implies that W is a finite disjoint union of n[ F* : Q]-dimensional
open unit polydiscs.

Let S denote the torus ]_[T#TO Gy, and for a Tate algebra (A, A™), let X*(S; A) denote the space of
locally analytic characters S(Z,) — (A1)*. A general element of X*(S; A) is a tuple 8 = (Bo) v
where 8; : Z; — (A1) are locally analytic. The functor (A, A*) = X*(S; A) is representable by a
[F* : Q] — 1-dimensional group adic space over Spa(Q p» £p) denoted Wy

Definition 5.2.7. Let X;(T x S; A) = X*(T'/Tp; A) x X*(S; A). The functor (A, AN > Xo(T x 85 A)
is then represented by W := Wg x Wy.

5.3. Analytic and distribution modules. We now define the relevant analytic and distribution modules.
We introduce some notation:

Notation 5.3.1. For A € X*(T/Tp; A), we set k(L) = w, x (—wz*™A). We also define «,(A)* =
—wlnv}"lG"fcn()\).

Definition 5.3.2. Let A € X*(T/Ty; A) be an rg-analytic character, for some ro € Z-¢. Set S =Spa(A, A™).
Then for any r > rg, we define

MD
yr-a o —anlnd &' W e (W)*
G, (M)* MEJHBMG ( Mg n( ) )

=1{f: (Mg ,)s = Ag™
L f(mb) = (Wi, (W)™ f(m) for all b € (Mg, N By,)s and m € (Mg ,)s}

as in [Boxer and Pilloni 2021, Section 6.2.4]. This carries actions of (ME,,)S and TM-+ by the formulae
in [loc. cit.], where T™-+ T(Q,) denotes the submonoid of elements t € T(Q,) which satisfy
tBy,(Z,)t™' C By, (Z,). Note that V(’;;(";’;M* C V(’;::&)* for r’ > r, where the inclusion is given by
restricting a function to (ME )S-

We write DE;;?,?(A) for the continuous A-dual of Véfé‘a)*, which carries actions of (Mg’r)s and
TM.— = (TM-+)~1 in the usual way. This is a Banach A-module but in general, it is not necessarily

projective. To remedy this, one introduces the open subgroup
O 1,0
MG,r - MG,rBMG (ZP)

where ./\/li;or M IG . denotes the open subgroup of elements m = 1 modulo p"** for some ¢ > 0. Note that

O

this subgroup contains M In [loc. cit., Section 6.2.20], the authors introduce a modification of the

G,r+1°
space of analytic functions Vé’;rkn_ag* using this open subgroup, and one has a (Mg’:, TM-+)_equivariant
morphism V(r;_,(jrék)* — Vg;n_&l;* with dense image. One defines the space of r-analytic distributions

Dz;j,f:(x) to be the continuous A-dual of VGOZ(T)*, which is a projective Banach A-module. One has a

(Mg:;’, T™-~)-equivariant morphism Dg ", — D’G_,f:m with dense image.
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We also introduce the following characters:

Definition 5.3.3. Let (1, B) € X/ (T x S; A) be an rp-analytic character. Set S = Spa(A, A™). Then for
any r > rp, we let 0,5’3 ](A): (./\/lz“) §— G;“n“’ ¢ be the analytic character given by

—n—& 1 — Enryt+1 —B: T
(X3 Y1, 2, Y35 2,105 22,0 ) 1400 > V) 0 det~ det y;"" 1_[ detzl’f detzg’t
T#T)

where §; ; are the characters associated with A as in Lemma 5.2.5.
We obtain the following “branching law in families”, which is an analytic version of Proposition 2.6.1.

As the proof of this theorem is rather technical (and involves significantly changing the notation), we
provide the proof in Appendix A.

Theorem 5.3.4. Let (A, A") be a Tate algebra over (Qp,Zp) and (A, B) € X5(T x S; A) which is
ro-analytic for some ro € Z~. Then, for any r € Z such that r > rg, there exists a nonzero vector
xFloy e Vi entny Satisfying:

(1) The group ./\/lz’r acts on x,gﬂ ](A) through the inverse of the character O',Eﬁ ](k), via the embedding
u_lM:I’ru C M%’r.

(2) If (B, BY) denotes another Tate algebra with a morphism (A, AY) — (B, B%), and (\', B) €
X5(T x S; B) denotes the composition of (A, B) with this morphism, then the image of x,[f ](K) under
the natural map

V00t = Vo st
is equal to )C,[lﬂ/]()nl).
3) If (A, j) € X*(T/To)" x X*(S) is a pair of algebraic characters satisfying 0 < j. < ¢, for all

T # 70, then x,gﬂ ]()») equals the image of u™" - v,[ci Vunder the natural map

r—an
VK;: — VG,Kn()\,)* .

Here any undefined notation is as in Proposition 2.6.1.
(4) The vector x,[lﬂ ]()») does not depend on the radius of analyticity; see Theorem A.5.10(4).

Proof. This follows from Theorem A.5.10, noting that the character «, (1)* satisfies the conditions in
Lemma A.5.6 (because A is trivial on 75(Z)), and this character specializes to a Mg-dominant character
in C whenever A € X*(T/Ty)™". O

Remark 5.3.5. Note that if (A, j) € X*(T/Tp)™ x X*(S) is a pair of algebraic characters as in
Theorem 5.3.4(3), then (after fixing an isomorphism V,, = V) we have a commutative diagram:

r—an

G,in (1)

|

Vi, —— oy



On the p-adic interpolation of unitary Friedberg—Jacquet periods 1153

where the vertical map is the dual of the map in Theorem 5.3.4(3) restricted to D’GTS:(M, the bottom map

is pairing with the vector u~! - v,[cf;], and the diagonal map is evaluation at x,[,ﬂ ](A). All of the maps are

equivariant for the action of Mz ,41 via the embedding u*IMz rpl C ME 41 C Mgf

5.4. Locally analytic cohomology. Let (1, B) € X;(T xS; A) be an ro-analytic character, and let # > k > rg
be integers. Let MME},HT,k—],t denote the pushout of ¥ M yt.t,; along the inclusion Mg’k C Mg:z_l,
and consider the base-extension of the torsor

7 x 1 PME a1, x Spa(A, AT) > U (p') x Spa(A, A™).

We define [Vg:,(clzal))*_an] to be the subsheaf of (77 X 1)xOupse, .| xSpa(a.a+) of bounded sections which

transform as f(mb) = (wzn/lle(n M"Y £ (m) for every b € ME:Z—l N Buy,. This defines a sheaf of
topological modules over L{kG (p") locally modeled on Vé”f(ﬁ(*;)fa“ by the same proof as [Boxer and Pilloni
2021, Proposition 6.3.3]. We define [Dg‘;ﬂl()g)an] to be the continuous dual of [VGO”,((ial)l_an] which is a
locally projective Banach sheaf locally modeled on the representation Dg";;()k_)an

Remark 5.4.1. The sheaf [D(Gk,;nl();)an] can alternatively be described as

N k—1)— O
(T X 1)3Oh Mg par, xSpacaany ®DG Mo

where the invariants are via the (left) diagonal action and
wx1: *Mguri, xSpa(A, AT) — Z/{kG(p’) x Spa(A, A1)
denotes the structural map.

Lett > m > k > ry satisfy (3.2.6). We can therefore form the cohomology
RTY an(n )™ = RT 7o (0 U (P, DG o™ D™

where the finite-slope part is with respect to a certain power of U (p') (by [Boxer and Pilloni 2021,
Theorem 6.4.3] and a similar calculation in the proof of Proposition 4.6.2). This definition is independent
of the choice of (m, k, t) by [loc. cit., Theorems 6.4.5 and 6.4.8]. If one has a continuous morphism
(A, AT) — (Q, Z,) such that the composition of this morphism with A (denoted 1) lies in X*(T'/ o),
then one has a natural specialization map RT'S . (k, (1)) ™™ — RT'§ (1, (1)) " (after fixing an isomor-
phism Vi, i) = V!, .) arising from the map D(Gk;nl()k_)an — Vi, 0. Furthermore, if (A, AT) = (Q,, Z,)
then this specialization map is an isomorphism on small slope parts; [loc. cit., Corollary 6.8.4] using the
improved slope bounds implied by [loc. cit., Theorem 6.10.1] because the Shimura variety is compact.

Similarly, we can also form the cohomology complexes
RT{ (S0P, ol 1) T = 1im R 2, U (p), [0 (WD),
m
RT an(SH.o(p), 0,/ 0)) P = 1im RT(Z,/ (p"). [0,”1()]"),
m

for k > rp and ¢ > 1, where the sheaves are defined using the torsor My yt.x;. The first definition
is independent of k by excision and Remark 5.1.10. As before, if + = 1 then we omit the variety
from the notation. If (A, AT) — (Q,, Z,) is a continuous homomorphism and the composition of this
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morphism with (A, 8) (denoted (A, j)) lies in X*(T/Tp)*t x X*(S), then we have specialization maps
RTf (02" ) =D — RUH (0,7 0)) " and RTY  (0,”10)) D — RTH (0, 0)Y) 9.

id,an id,an
Proposition 5.4.2. Let (A, B) € X;(T x S; A) be an ro-analytic character. Then we have a well-defined
A-linear map

RUS (k)" — RTH

Wy, an id,an

(@1 =P (54.3)
which satisfies:
(1) If (A, AT) — (B, B") is a morphism of Tate algebras over (Q,, Zp,), and (', B') € X3(T x S; B)

denotes the induced character, then the morphisms in (5.4.3) for the pairs (A, ) and (', B’) are
compatible under base-change along the morphism (A, A™) — (B, B™).

() If (A, A") = (Qp.Zp) and (A, B) = (A, j) is algebraic as in Theorem 5.3.4(3), then one has a

commutative diagram:

_ (5.4.3) i _
RTS (ca )™ =225 RO (0 ()

| |

RTS (k, (W)™ ——— RTH (0 1(0)) D

where the bottom map is the one in Proposition 4.7.2.

Proof. This is constructed in a similar way as Proposition 4.7.2, using the morphism of sheaves
2[Dg{’;:()§)an] — [o?Y(1)] arising from evaluation at the vector x1(1), i.e., the pullback is constructed
using a triple (m, k, t) satisfying (3.2.6) and then one traces down to level K g (p). Parts (1) and (2)

follow from the properties of the vector x, (1) in Theorem 5.3.4. |

We have a Serre duality pairing between the complexes RFiIi anC o )= and Rl“g’ an( o )+ which is
compatible with the duality in Section 4.7 via the specialization maps above. Therefore we obtain a pairing

s Wam: HEL (e, )™ x HY

Wy ,an 1d,an(0n[l3](2‘)v)(+j) - A
which is compatible under change of coefficients. We have the following compatibility with the previously

defined pairings.

Corollary 5.4.4. Let f: (A, AT) — (Q »» Lp) be a homomorphism over (Q,,, Z,), and suppose that the
character (X, j), induced from composing (A, B) with this morphism, is algebraic as in Theorem 5.3.4(3).
Then for any

e neHL L (ka (1)),

Wy ,an

. )_( EHO (G,Eﬂ](é)v)w’ﬂ,

id,an

one has f({(n, XN an) = (N, X)an> where n and x denote the specializations of n and x respectively under
the morphism f.
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Remark 5.4.5. There are analogous constructions of all the various pairings in Sections 4-5 working
over a finite extension L/Q, and they are related by base-change of coefficients. This will be important
in the construction of the p-adic L-function, because we will have to enlarge the field of definition to
include the Hecke eigenvalues of the relevant automorphic representation/character.

6. Families of cohomology classes

In this section we show that, under some hypotheses on the ramification of the automorphic representa-

n—1

wy.an Kn (A )7 corresponding to a family of

tion 7, there exists a family of cohomology classes in H
automorphic representations passing through . This family of cohomology classes will be one half of
the input for the pairing ((-, -));, when constructing the p-adic L-function in Section 8. Recall that we
have assumed F contains an imaginary quadratic number field E. This will be important when speaking

about automorphic base-change for unitary similitude groups.

6.1. Families for the group G. Let w be a cuspidal automorphic representation of G(A) such that 7.,
lies in the discrete series. We impose the following assumptions:

Assumption 6.1.1. Assume that:

(1) The Harish-Chandra parameter of 7o is of the form w,, - (A + p) for some Ay € X*(T/Ty)™ (see
Section 2.3).

(2) Any weak base-change of & to an automorphic representation of GL{ (Ag) x GLa, (AF) is cuspidal.®

(3) There exist compact open subgroups K, C G(Q,) and K? C G(A%) with K, hyperspecial, such
p p f p
that K = KP K, is sufficiently small and

dim@n;‘ =1.

Remark 6.1.2. Under the additional assumptions below, Assumption 6.1.1(3) is not a severe restriction
thanks to the local newform theory for general linear groups. More precisely, under Assumption 6.2.1
below, the local component of 7 at any ramified prime occurs as the local component of its cuspidal
base-change to GL{(Ag) x GLy, (AF), and is therefore generic. In particular, by [Jacquet et al. 1981],
there exists a compact open subgroup K = K” K, with K, hyperspecial, such that dim¢ nf =1.IfKis
neat then Assumption 6.1.1(3) holds, otherwise one can use a similar strategy as in [Loeffler and Zerbes
2021, Remark 3.2.1] to handle more general levels.

Fix a finite set of primes S containing p and all primes where K” is not a good special maximal
compact open subgroup as in Lemma C.0.1. Let T~ denote the Hecke algebra (over Q@) given by

T =C*(K\GA})/K*)@Q[T™]

SHere by weak base-change, we mean an automorphic representation of GL| (Ag) x GLy, (AF) satisfying the conditions in
[Shin 2014, Theorem A.1] (the theorem of course shows that such a base-change exists).
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where the convolution product for the first factor is with respect to a fixed Haar measure on G. \GNe fix a
. - S . . _ KPK

C-algebra homomorphism 6, : Tz — C which is an eigencharacter for the action of T on 7 / WP By

Assumption 6.1.1(3), this homomorphism has finite-slope at p, so gives rise to a monoid homomorphism

Oz, p: T~ — C*. We let I; denote the kernel of the morphism 6.
Lemma 6.1.3. There exists a number field ® containing F, such that 0, is defined over ®.

Proof. Let ¢ X I1jy denote the weak base-change of m to GL{(Ag) x GL,,(Ar). By [Labesse and
Schwermer 2019, Theorem 5.2.1], there exists 7o C 7|g,(q,) cuspidal automorphic such that Iy is the
weak base-change of mg. Since Iy is cuspidal, we have BC, (¢ ¢) = I ¢ for all rational primes ¢, where
BC, denotes the local (standard) base-change map; see [Liu et al. 2022, Section C.3].

This implies that the homomorphism 6, matches with the Hecke eigensystem for i X I1y, which is
regular algebraic. The result then follows from [Grobner and Raghuram 2014, Proposition 3.4.3] (note
that F' is taken to be a totally real field in [loc. cit.], but the cited result holds in general via the same
proof). O

The above lemma implies that we can view 6, as a homomorphism valued in any field extension of ®.
For example, if we let L denote the completion of the image of ® under the fixed isomorphism C = @ P
then L/Q), is a finite extension and we can view 0 as an L-algebra homomorphism T, — L. This leads

to the following small slope assumption:

Assumption 6.1.4. We assume that the monoid homomorphism 0y ,: T~ — L* is of small slope (with

respect to K, = Wy * (—wGAx)).

Example 6.1.5. Let A}, = —wg™ - A, (which is in fact equal to A, by Assumption 6.1.1(1)). We say that
7 is Borel ordinary if A7 (x)_lé,,, p(x) is a p-adic unit, where x € T~ is the element in Definition 4.5.1.
As seen below, 7 contributes to the coherent cohomology of Sg 1w(p), and the slope bounds in [Boxer and
Pilloni 2021, Conjecture 5.9.2] hold because the Shimura variety is compact; see [loc. cit., Theorem 6.48].
Therefore, being Borel ordinary in fact implies that the homomorphism (=A%) - 65 , is valued in O}.
Suppose that 7 is Borel ordinary. Then we will show that 6, , is of small slope. For this, it is enough
to calculate, for i # n, the To-component of §; := w; !
such that v(§; (x)) > 0. For 1 <i <2n—1, let x; € T~ be the element which is the identity outside the

To-component, and equal to (1, ..., 1, p,..., p) in the top-component (where there are i lots of p). Write

* k, — Ay and show that there exists x € T~

Ar=(0;c11,...,Cmr)rew. We break the analysis into two cases.

Suppose that i < n. Then the action of w;” ! only affects the first i 4+ 1 entries of the tp-component
of the weight. In this case, we take x = x,, and find that v(§;(x)) = 2¢y,, + 1 > 0 because ¢, 4, > 0
(Assumption 6.1.1(1)).

Suppose that i = n 4 ¢ for an integer 1 < & <n — 1. Then the last n — ¢ entries of the 7p-component
of §; are ¢, —c, +¢,0,...,0 (using the fact that ¢; ;, = —c2441-; 7). We then take x = x,,_, and
conclude that v(§;(x)) = c¢,_e — ¢, + & > 0 because A, is dominant.
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Recall that we can view X*(T/Tp)* as a subset of W (Q,) (we will refer to this subset as the classical
weights). We now introduce the notion of a family of automorphic representations and cohomology classes.

Definition 6.1.6. By a family = over an open affinoid U = Spa(A, A*) C W, containing A, passing
through 7, we mean an A-algebra homomorphism

Or: T, — A

such that for all but finitely many classical weights . € UNX*(T/Tp)™, there exists a cuspidal automorphic
representation o such that the specialization of 6, at A is an eigencharacter for the action of T, on
o KT KG(p) (under the identification C = Q p)-

Letn e H' ! (SG,w(p), [Vi, D™ be an eigenvector for the action of T, with eigencharacter 6. Let
ia:T(Zp) — (A1) denote the universal character associated with U. If such a family 7 exists then,
by a family 7 of cohomology classes passing through 7, we mean an eigenvector 7 € Hﬁgldn (Kn(Aa)) ™5
for the action of T, with eigencharacter 6, whose specialization at A, equals n under the comparison
isomorphism

Hy L (60 0 ) ™% ZH N (S6 1w(p), [Vig DT

6.2. Existence of families. In this section, we introduce some further assumptions on = which ensure
the existence of a family passing through 7 as well as a family of cohomology classes. We begin with
the following ramification assumption on the representation :

Assumption 6.2.1. Assume that:

(1) The set S above contains only primes which splitin E/Q, i.e., K5 = Hegs Ko where Ko CG(Qy) isa

good special maximal compact open. We further assume that K, is hyperspecial if Gq, is unramified
(for £ & S).
. . o . kS
(2) The eigencharacter 0 , appears with multiplicity one for the action on 7, (P
As a consequence of this assumption, we have:

Lemma 6.2.2. Suppose that 7w satisfies Assumption 6.2.1 (as well as the assumptions in the previous
section). Let o be a cuspidal automorphic representation of G (A) such that o« is cohomological. Suppose
that 6§ # 0 and 7wy = oy for all € ¢ S. Then wy = o.

Proof. This is an application of Proposition C.0.3. U
We obtain the following corollary:

Corollary 6.2.3. Let w be as in Lemma 6.2.2 and set k, = w, x (—wg™ - Ay). Then the localized

cohomology
H'™ (86,1 (P), [Vie, D1,
is one-dimensional (over L).

OWe are abusing notation slightly — by the localization (- - -);, we mean first base-change to L and then localize at I (the
kernel of the map T, — L).
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Proof. Via the rigid GAGA comparison, this localized cohomology group has the same dimension as
H'7Y(S(©). Vi, D1,

where § = Sg,1w(p) and we are considering its sheaf cohomology with coefficients in [V, ].

Let Ag = G,, denote the maximal split torus inside the center of G, and let Ag(R)° denote the
connected component of the identity in the analytic topology. Let K3, C Ko denote the maximal compact
subgroup, where K, = Ag(R)°K3, is as in Section 2.3. Let p denote the Lie algebra of the opposite of

P¢, and we can write

p=p"@ag

where ag is the Lie algebra of Ag and p° = p N gy, where go denotes the Lie algebra of Gy.
By [Su 2019], we have the following description

n— n— KpK(v;v m(o
H'"!(S(O). [V, ) = DH g, 000 ® Vi) @0y )@ (6.2.4)

where the sum runs over all cuspidal automorphic representations o of G(A) which lie in the discrete
spectrum (with multiplicity m (o)), and are such that Ag (R)° acts trivially on 0. Since ag and Ag(R)°
act trivially on 0, ® V,,, we have

Hiye ko ) (000 ® Vi) =H{y ¢ (060 ® Vi)

By the Hodge decomposition (see [Lan and Polo 2018] for example) of the singular cohomology
H>”~1(S(0), W, ) with coefficients in the algebraic representation with highest weight A, we see

that 0, is cohomological if
KP?KS (p)

Hi & (000 ® Vi) ®0 #0.
Furthermore, if this space is nonzero after localizing at I, the conditions in Lemma 6.2.2 are satisfied
for o.
Note that if o satisfies oy = 7 7 then by the strong base-change results in [Mok 2015] and [Kaletha et al.
2014] (and that Ag(R)° acts trivially on 0,), 0o must lie in the same L-packet for w,. By [Blasius et al.
1994, Theorem 3.2.1], if the vector space HZ’; 11(00)(‘700 ® Vi) is nonzero, then we must have 0o = oo

and H?p_ Il(oo)(ﬂoo ® Vi,) is one-dimensional. Therefore, localizing (6.2.4) at the ideal I, we see that

- _ KPKE(
H'™1(S(O). [V, D1, = Hly k(e ® Vi) @7, Pl , )",

KPKS . .
where ¥ w P )[0,,, »] denotes the (generalized) eigenspace for the character 6, .

By Assumption 6.2.1, we therefore see that the dimension of the cohomology group in the statement
of the corollary is equal to m(x). Since m () > 0 (by definition), it is enough to show that m () < 1.
But there is an injective Gg-equivariant restriction map

L(ziisc(G) — L<21isc(G0)
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from the discrete spectrum of G to that of Gg (see [Labesse and Schwermer 2019, Theorem 1.1.1]),
hence it is enough to show that the multiplicity of any cuspidal automorphic representation in LﬁiSC(GO)
is at most 1. But this follows from Arthur’s multiplicity formula for unitary groups; see [Chen and Zou

2021]. UJ

Recall that we have classicality isomorphisms on the small slope part

RTY (k)™ = RTG (k)% Z RT(Sgaw(p). [V, D™

Wy ,an

Note that the cohomology of the right-hand side vanishes outside degree n — 1, and since 0, is of small

G
Wy ,an

slope, we see that RT" (kn) 1, has cohomology concentrated in degree n — 1 where it is free of rank
one (over L).

The Tor-spectral sequence

EP?: Tor’ (HY, ,(kn(oa) ™", Ax) = HDF (16, (0r)) ™

Wp,an Wy,an

therefore implies that there exists an affinoid U = Spa(A, A™) C W), containing A, such that

RTS (kn(Aa))1,

has cohomology concentrated in degree n — 1 where it is free of rank one over the stalk of A at A,. Here
ra:T(Zy) — (A™)* denotes the universal character (which is trivial on Tp(Z ).

The construction in [Boxer and Pilloni 2021, Section 6.9] gives rise to an eigenvariety £ — W which is
locally quasifinite and partially proper, and parametrizes finite-slope Hecke eigensystems appearing in the
coherent cohomology of Sg 1w(p).” In particular, we have coherent sheaves ./W;;j;’fs whose pushforward

.
Wy ,an

to Wg recovers the cohomology groups H (---)™, and the ideal I, gives a point x € £(L). Since
Rlﬂgmbm (kn(X4))1, has cohomology concentrated in degree n — 1 where it is free of rank one over the
stalk of A at A, we can (after shrinking U) find an open affinoid neighborhood V C &1 of x such that

the induced map V — U is an isomorphism. In particular, this implies:
Theorem 6.2.5. Shrinking U if necessary:

(1) There exists a unique family & over U passing through 1.

n—1

wy.an (Kn (A )~ on which T, acts through the character 0y,

(2) The generalized eigenspace S" ' (m) CH
is a direct summand that is free of rank one over A. In particular, a basis n of S"=V(r) is a family of

cohomology classes passing through a basis 1 ofH'“1 Sew(p), Vi, D1,

Proof. The above discussion implies that there exists a character 6, specializing to 6, at A, and
satisfying (2), so we just need to show that 6, defines a unique family. But the fact that 6, arises from the
eigenvariety £ implies that for any » € U N X*(T/Tp)*, the specialization of 6, is an eigencharacter for

TThis is not the “full eigenvariety” but rather the pullback of the eigenvariety constructed in [Boxer and Pilloni 2021,
Section 6.9] along the closed embedding Wg — ngn, here Wgﬂl is the weight space parametrizing characters of 7'(Zp).
Furthermore, including level subgroups which are good special maximal compact open but not hyperspecial does not affect the

construction.
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~ - -1
the action of T, on H;, ",

so (under the identification C = Q p) contributes to H*! (S, 1w(C), [Vi,)]) with multiplicity one. The
description in (6.2.4) holds for this cohomology group, and therefore, letting / denote the kernel of the

(kp (L) 88, Shrinking U if necessary, we can ensure that it is of small slope,

specialization 6 of 6, at A, we must have a Hecke-equivariant isomorphism

- ~ KPKG
H'™ (S6.1w(C), Vi, Di Zop = 16,]

for some cuspidal automorphic representation o, since we know the dimension of the left-hand side is

one. O

Remark 6.2.6. We will refer to o in the above theorem as the specialization of 6, at A, even though there
will be several automorphic representations o’ which have the same Hecke eigenvalues. Note that, by the
Hodge decomposition, o is cohomological with respect to the algebraic representation of G(C) with
highest weight A.

7. Families of anticyclotomic characters

In this section we exhibit families of anticyclotomic characters in the coherent cohomology of Sy «(p).

7.1. Anticyclotomic characters. Let R denote the unitary similitude group associated with the Hermitian
space /\'}, Wi @ /\'} W, (with common similitude on each factor) where W; and W, are the Hermitian
spaces in Section 2. This can be upgraded to a PEL Shimura datum via the homomorphism /g :=detoh g
and has Hodge cocharacter ug := detouy. Here det: H — R denotes the homomorphism given by
(hi, hy) — (dethy, deth;). By design, one has a morphism of Shimura data (H, hg) — (R, hg). Note
that wg is central in Rya, so the associated parabolics and Levi are all equal to

RFcl = Gm’pcl X H(Gm’pcl X Gm’pcl).

ey

Let Resr+ /g U(1) be the restriction of scalars of the unitary group associated with the one-dimensional
Hermitian space over F (with respect to F/F™). Then we have a morphism of algebraic groups

N': Respjg Gm — Resp+g U(),
> 7/z,

which is open and surjective on A ¢-points. On the other hand, we have a morphism

v: H det, R — Resp+/g U(1)

where the second map is given by sending a pair (z1, z2) to 22/z21.

Notation 7.1.1. Let 91 be the smallest ideal of Op such that v(U) C N((@F+ + ‘ﬁ@p)x), where
U C H(Ay) is the level of Sy (p).

We introduce the following space of anticyclotomic characters:
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Definition 7.1.2. Let X (1) denote the set of algebraic Hecke characters x : Ay — C* satisfying:
(1) x is anticyclotomic, i.e., its restriction to A; is trivial.
(2) The infinity type of x is (j, —j) for some tuple of integers j = (j;)rew, i.€., for any z = (z;) ey €
[1;cy F- one has
x(2) = l_[ g

Tevw

(3) The conductor of x divides the ideal 1.

Remark 7.1.3. Let x € X(O1). Then, since x is anticyclotomic, the character x descends to a unique
character

x': (Resp+ /g U(1))(@)\(Resr+ /g U(1))(A) — C*
satisfying x = x’ o N. We consider the character x : R(Q)\R(A) — C* defined as x (z1, z2) = x'(z2/z1)-

Any character x € X (1) has an associated p-adic algebraic Hecke character, denoted yx,: Aj — @;,
by defining
Xp @) = () [ o 5
TeV
where 1,: C= Q p» denotes the fixed isomorphism in Section 1.2, and p. is the prime ideal corresponding
to T with respect to this isomorphism. We are interested in p-adically interpolating algebraic p-adic

X0,p l_[ X-Zl;

Tevw

characters of the form

where xo € X (9M) is an anticyclotomic Dirichlet character, x, € X () is a fixed anticyclotomic character
of infinity type (1, —1;) (1; is the tuple which is nonzero only in the T-component, where it is equal
to 1) and m, are integers. Furthermore, we want to interpret such a family as a coherent cohomology
class.

The strategy we will use for producing such a family follows three steps:

(1) We will first construct a family of cohomology classes interpolating these characters in the cohomology
of a Shimura set associated with the group R.

(2) Using the results in Appendix B, we will pull back this construction to the Shimura variety Sy ¢ (p)
via the morphism det: H — R.

(3) Finally, we will construct the family and describe the interpolation property.
7.2. Step 1: Classes for the Shimura set. Let C C R(Ay) be a sufficiently small compact open subgroup,

and let y € X (M) be an anticyclotomic character of infinity type (j, —j) such that x is trivial on C. Let
A := Sg ¢ denote the associated Shimura set (over F ) which satisfies

AC)=R(Q\RAy)/C.
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The goal of this section is to associate to x a class in the coherent cohomology of A, and explain how
one can raise this class to p-adic powers.
Let Rqr — A denote the standard principal Ryra-bundle, which satisfies

Rer(C) = R(@)\R(C) x R(Ay)/C

(via the embedding F! ¢ C). This bundle has a trivialization in the following way. Fix a set of
representatives {s, ..., s} C R(Ay) for each point of A(C), then we have an identification of torsors

A(C) x R(C) = Rgr(C) (7.2.1)

by sending ([s;], ¥) to [y, s;]. One can show that, for any number field ®/F¢!, this identification descends
to an identification Ap X Ro = Rar.¢."

Recall that we have a fixed prime p of F lying above p (corresponding to the fixed embedding 7p). We
fix a choice of prime P of ® lying above p, and by passing to completions, we obtain a finite extension
L := ®g of Q). Let A" denote the adic space associated with Ay, and let Ry ; — A7" denote the
R?"-torsor parametrizing frames of (the pro-étale sheaf) Vg ®Op éAi" (respecting certain tensors), where
R=Rq, and Vg is the p-adic local system associated with a faithful representation V' of R; see [Caraiani
and Scholze 2017, Section 2.3].

Since pg is central in R ., one has an isomorphism of torsors between the analytification of Rgr 1.

and “Riyy ; (the twist of Riyy ; along ipg).

Notation 7.2.2. Consider the open affinoid subgroup

Rir =05 (1+B0) x [ [(OF (1 +Be) x OF (14 By) C R
Tevw

where By is the “closed disc” (over L) in Section 3.2. We denote a general element of this subgroup by

(x0, X1,7» x2,t)re\l—f-

Corollary 7.2.3. The above identification induces an identification
an an __ [tgpan

It is evident from this identification that one obtains the following reduction of structure

Rut.Lk = AL X RiL = AL X Rp = Ryr 1
for any k > 1. We can (and do) choose the set of representatives {s1, ..., s,} such that s; € R(Aif-).9 Then

we associate with x the global section
RdR(C) —C

80ne should think of such a choice of representatives as a choice of canonical model for A(C). Of course, canonical models
are unique up to unique isomorphism, but for this identification of torsors, it is helpful to fix such a choice.
9This is possible because a finite Galois extension can be generated by Frobeniuses outside any finite set of primes.
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given by sending [x, y] — €1 (x)x (y), where x € R(C) and y € R(A /), and

gVl R(C)=C* x H(CX x C*) — C*,
Tevw

X2 Jt
(xo, X1,7» x2,r)re\1’ g 1_[ .
X1,

Tevw

This global section is well-defined precisely because y is an algebraic Hecke character of infinity-type
(j, —Jj), and transforms under the action of R(C) by the character £l/1, so descends to a cohomology
class

[x1p € H'(A(C), [V)).

Via the identification in (7.2.1), the class [ x]p coincides with the product of the global section of A(C)
taking s; to x (s;), and the global section R(C) ﬂ C* c C. Since x(s;) are elements of some number
field, we can find a large enough & such that [x]p descends to a global section in H(Ao, [£U1). Via
the rigid GAGA comparison, we therefore obtain a global section [x ]yt € HO(AEE‘, [£1/1]) characterized

by the global section
A x RIN 5 Al

(Isi], ) = X (s)EVM" (1),
where we are viewing x (s;) as an element of L* via the identification C = Q -
Lemma 7.2.4. For any integer k > 1, the global section [ x lgr is described by the morphism

AT X Ry — Alan

B X2 Je
([Si]a (X(), xl,‘[? XZ,T)TE\IJ) = X(Si) l_[< : > ’

Tevw s
which is valued in O] (1 + By).

Proof. This follows immediately from the fact that x (s;) € O Z( (under the identification C = Q p)- Indeed,
because the representatives s; have been chosen to have no component at p, x (s;) is in the image of the
(continuous) Galois character Gal(F2®/F) — L* associated with x p (via class field theory). But Galois
groups are compact, so this is valued in O;'. O

The description in Lemma 7.2.4 allows us to raise this cohomology class to p-adic powers, in the
following way. Let (A, A™) be a Tate algebra over (L, O;) and let B: OZ — (A1) be a k-analytic
character, i.e., it extends to a pairing

OZ(l + Bi) XSpa(L,0p) Spa(A, A+) — Gf,?.
Then via the torsor Ryr, 1 k., one obtains an A-Banach sheaf [S o glill and a cohomology class

(1 € HO(AD, [B ol
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described by the morphism
A x Ry — Al x Spa(A, AT),

_ X2t e
([si], (x0, X1,7, X2,0)rew) > ,3<X(Si) l_[ (x ’ ) )

Tevw Lt

which is well-defined by Lemma 7.2.4. This description is independent of the radius of analyticity k.

Remark 7.2.5. If we take (A, AT) = (L, O;) and B(—) = (—) for some integer k, then [)(]1’3{T is equal
to the k-fold cup product of [x Jut (which makes sense for negative integers because [ x Jgr is an invertible
section). In particular, under the rigid GAGA comparison (and the identification C = Q »)

HO(A?]’ (B Os[j]]) = HO(Agp, [Bo S[j]]) ®q, L — HO(A(C)’ B oé;-‘[j]])
the class [)(]f_}IT is mapped to [x*]5.

7.3. Step 2: Pullback to the Shimura variety for H. Recall that we have a morphism (H, Xpg) —
(R, Xg) of Shimura data induced from the homomorphism det: H — R. Let U = UPK g (p) and let
C =v(U). By shrinking U? is necessary, we may assume that C is neat. We therefore obtain a morphism

SH.o(p) = Spc:=A

which we will also denote by det. The fibers of this morphism (after base-changing to a sufficiently large
field extension) are disjoint unions of connected components of Sy «(p).
Let Hir — SH.o(p) denote the standard principle Ha-bundle as in [Milne 1990, Section II1.3], which
satisfies
HRr(C) =H@Q\Xy x HC) x HAy)/K.

One has a natural morphism Hgr(C) — R4r(C) induced from the morphism det and, as explained in
Section I1I.4 of [loc. cit.], this descends to a morphism on the canonical models of these standard principle
bundles;'? i.e., we obtain a morphism (of principle bundles) Hgr — Rgr. One can check on complex
points that this induces an isomorphism Har x #r¢' R za = det* Ryr, where the pushout is via the morphism
det: Hrpa — Rpa.

On the other hand, the bundle Hgr can be expressed as the pushout Py gr xPu H ro, and since the
morphism v: Py — Rpa factors through the projection Py — My, one obtains an isomorphism

My ar x Mu Rpa = Hgr x Hra Rpa = det” Ryg.

Passing to the associated adic spaces and using the de Rham—p-adic comparison, one obtains an isomor-
phism (of R*"-torsors)
MM g x M R™ = det* (“RI). (7.3.1)

10gince (H, X i) does not satisfy axiom (SD3) in [Graham and Shah 2023, Definition B.16], one has to use the additional
property that this Shimura—Deligne datum embeds into a Siegel datum to ensure the existence of a canonical model for Hyg.
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It will be helpful to reinterpret this isomorphism in terms of flag varieties. We have a commutative
diagram:

TUH HT,

Suuyr — FLA

[

Sr.cr —=y FLR

where the vertical arrows are induced from the homomorphism det.

Let R*" and M¥*" denote the torsors R* — FLF and H*™ /N — FL# respectively (where both
structural maps are given by x — x~! to ensure that they are right torsors). Note that the torsor R*" is
trivial, so det* R*" is identified with FLY x R* and we have a canonical isomorphism

P an ~ 9
MH-an 5 Mij R0 = det* R,

Since pull-back commutes with colimits (so in particular pushouts) and this is compatible with the
K g (p)-equivariant structure, this induces an isomorphism

T x M Ran — n;;,HT(MH’an xMi R /K (p) = 7y yr(det® R*™) /K (p) = det* Ry

We can twist this isomorphism along p: Z; - My et gan (induced from pug = det op g) to obtain an

isomorphism

W M R™ X det” (“RE). (7.3.2)
Proposition 7.3.3. The isomorphisms (7.3.1) and (7.3.2) coincide.

Proof. With notation as in Appendix B, the isomorphism (7.3.1) (resp. (7.3.2)) is induced from the natural
transformation ngr (resp. ng). The result now follows from Corollary B.2.4. O

We obtain the following corollary:
Corollary 7.3.4. Over Z/lkH (p)r one has a commutative diagram:

an My an (7.3.1) * (L an
Hur.L X TRy > det”("Rygr, 1)

I |

a N
KMy nTk1,L xMucie Ry | —— det*("Rur.x.L)

or an nite extension L/Q . where the left-hand map is induced from the reduction of structure in
y P p
Section 5]

Proof. To simplify notation, we will establish the case L = Q,, only, as the general case follows the exact
same argument.

Note that the left-hand vertical map is induced from the morphism My yrx.x.1 = M%"HT and pushing
out along M‘;‘I x.k.1 — Rk factors through the affinoid group M; x.1» SO the left hand vertical map does
indeed make sense.
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Using the fact that the morphism (7.3.1) coincides with (7.3.2) and untwisting along u: Z; —
Mz k1 det, Rk, we can work on the level of flag varieties. In this setting we have a commutative diagram

(because the morphism Mg t k.1~ Rx extends to a morphism Mf 1~ R

~

an
MH,an|Ulf] xMH R0 s UII:I x Ran

I I

M<>

Mng x Mkl Ry —— Uf X Rk

which gives the desired result. U

7.4. Step 3: Construction of the family. Fix a collection {x; : T € ¥} C X (N) of anticyclotomic
characters, where x; has infinity type (1,, —1;) and let xo € X(91) be a fixed anticyclotomic Dirichlet
character. Let L'/Q, be a sufficiently large finite extension containing the fields of definition of x. ,,
and let L/L' be finite extension containing the field of definition of xq, .

Theorem 7.4.1. Let (A, A") be a Tate algebra over (L, Op) and let (B:):cw be a collection of locally
analytic characters Of, — (AT)*. Let & Bl Ry — G denote the character given by sending
(x0, X1,7, X2.7)zew tO ]—[T Br (x2.¢/x1.7), for any sufficiently large k. Then there exists a class

x € HYy P odety™ " :=1limH* (2! (p), €' o det])

m

such that:

(1) If (A, AY) = (L, Oyp) and B; are integers, then X extends to a class in HO(SH’Q(p)L, [S[ﬂ] odet])
whose image under the map (induced from rigid GAGA and the identification C = Q »)

HO(Sh,0(p)L. [EP' o det]) = HO (S0 (p), [€¥) o det]) ®q, L — H(Sh,0(p)(C), [P o det])

is equal to det*([xolp - ]_[r cwl Xf “1B). In other words, for classical weights this family specializes to

the cohomology class representing the automorphic form:
H@Q\HA) — C,
(h1, h2) = Xo(det(hy, ho) - [ | X (det(h1, 7))~
Tew

(2) Forvarying (A, A™), the constructions of X are compatible.

Proof. Recall the definitions of [xo]lgr and [ Xr]ﬁfT from Section 7.2 (where we view [ Xr]ﬁ’T as a class
defined over L). We define
x =det"[xolur - | | det"[x: -
ey
The interpolation property follows from Corollary 7.3.4 and Remark 7.2.5, and it is clear from the
definition of [- - - Jyr that this construction is compatible under base-change. O
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8. Construction of the p-adic L-function

In this final section, we construct the p-adic L-function associated with a family of cohomology classes n
and a family x of anticyclotomic characters. We will end by discussing its relation to unitary Friedberg—
Jacquet periods.

8.1. Definition of the p-adic L-function. Let 7w be a cuspidal automorphic representation of G(A)
satisfying Assumptions 6.1.1, 6.1.4 and 6.2.1. Then the construction in Section 6.2 implies that there
exists a unique family 6, and family of cohomology classes n € $"~1 () passing through 7, defined over
a sufficiently small affinoid U = Spa(A, A™) C Wg L. B

For the family of anticyclotomic characters, we make the following assumption:

Assumption 8.1.1. The class number of F is not divisible by p.

By this assumption, for every T € W, we can fix an anticyclotomic character x,; € X () of infinity type
(1., —1;), such that associated p-adic Hecke character is valued in @;; see the discussion in [Collins
2020, Section 4.2], for example. Fix an anticyclotomic Dirichlet character xo € £ (D7), and let V =
Spa(B, B*) C Wy, 1 be an open affinoid subspace with universal character Ap: (Z)!F Q- (X,
We can naturally view A4 and B := A as characters valued in A®Q B. Then the results in Section 7 imply

0

id.an (J,Eﬂ ](k A)YV)ED which interpolates (the coherent cohomology classes

that there exists a family x € H
associated with) the anticyclotomic characters

—(cn,zp+1) —7
X0oj) == X0 Xep 0 - | | X
T#T7)

where (A, j) € X*(T/To) " x X*(S)™NU x V withA=(0; ¢i ¢, ..., Can,r)rew and j = (Jr)rq, satisfying

0<jr=cnr.
Definition 8.1.2. With the set-up as above, we define

o, 1) = (0, XN €OU x V)
where the right-hand side is as in Section 5.4.

Remark 8.1.3. Since the pairing ((-, -)),, is compatible with change of coefficients, the p-adic analytic
functions %), (n, x) glue as V varies. Therefore, we can (and do) view

Zp(n, x) € OWU x Wi, 1)

which makes sense because the families x glue for varying V', by Theorem 7.4.1(2) (note that we can
choose an open affinoid cover of Wy such that the universal characters for each open are locally analytic —
see [Loeffler and Zerbes 2016, Lemma 4.1.5]).
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8.2. The interpolation property. Keeping with the same set-up as in the previous section, we introduce
the following “region of interpolation”:

Definition 8.2.1. Let =" denote the subset of X*(7/To)™ x X*(S)* N (U x Wy)(L) of all pairs (A, j)
with A = (0; ¢z, ..., Conr)rew and j = (ji)rxq, satisfying 0 < j: < cp ¢.

For (%, j) € T Jet

m € H L (6 (0) ™ ZH ! (S6 1w (p), Vi oD ™

denote the specialization of nat(d, j), which we can view as an element of H" ™! S, 1w (P)(©C), [V, D
via rigid GAGA and the identification ¢,: C = Q p- Let Z,(mx, X, j)) denote the specialization of
£y, X) under the map O(U x Wyg) — L induced from (A, j).

We obtain the following interpolation property for ., (1, ).

Proposition 8.2.2. After possibly shrinking U around h, for any (A, j) € ™™ one has

t,jlﬁp(m, X0u ) = (e, vViIxo, j)1B)ale

where 1,: C = Q p denotes the fixed isomorphism, and the pairing in the right-hand side has been
base-changed to C (via the embedding F' — C).

Proof. If we let
V¥ [XG T € HiY g (@1 00D = HY (0T (0)¥) D

denote the specialization of X then the results in Section 7 imply that v*[x(, jylur is in the image of the
restriction map

HO(Sh.0(p), [0 (0)]Y) = HY (a1 (0)Y)+D

and its image under the rigid GAGA comparison is equal to v*[x, jy]p. The result then follows from
Corollary 5.4.4, Theorem 4.7.3 and Proposition 4.4.2. g

Remark 8.2.3. The equality in Proposition 8.2.2 depends on a choice of isomorphism V' ;1. = Vi, )
over F¢.

Let [H] = H(Q)Ag r(A)\H (A), where Ag denotes the maximal split subtorus of the center of G
and Ag. g = Ag N H (which in fact equals Ag). By choosing a Haar measure for H(Q)Ag, g (A) and
using a fixed Haar measure for H (A), one obtains a measure on the quotient [ H] which we will denote
by dh. We also let [H] = H (@ Ag z(R)°\H (A) and, similar to above, we have an induced measure
d'h. We choose these measures so they are compatible under the quotient map [H] — [H]. We also
assume that the volume of U5 U with respect to the Haar measure on H (A) is contained in (F X where
Ug, is the maximal compact subgroup of Uy, = Koo N H (R).
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Corollary 8.2.4. Let (A, j) € ™ and o be the cuspidal automorphic representation of G(A) associated
with 1), (see Section 6.2). Then there exists G € o such that

0 Ly (s X)) ~pax Qmi)~0 D f G(h) - X)) d'h (8.2.5)
[HY
where ~ pa.x means up to a nonzero constant in F>* which only depends on ) and the choice of Haar
measures as above.
Furthermore, if the central character of m restricted to Ag m (A) is trivial, then we have the relation

20 x0,p) e @iy D

G(h) - X6y (v(h)) dh
[H]

after possibly shrinking U around A .

Proof. By Proposition 8.2.2, it is equivalent to showing that (1;,, v*[x(x, )] B)alg €quals the right-hand side
of (8.2.5). We will freely use the notation from the proof of Corollary 6.2.3. We first note that we have an

morphism

n—1

Homg , (Vp—1, 000) = HomKoo(/\(P/m)s 0o ® me))

where notation is as in Section 2.3, given by precomposing with the map of Mg-representations

n—1

/\(P/m) ® Vie,)r = Vn—1 (8.2.6)

(which is uniquely determined up to C*) and using a fixed isomorphism

Vt(x)* = Vo) (8.2.7)

K,

This induces an isomorphism Homg_ (v,—1, 0o0) = H’Zp_ Izm) (000 ® Vi, (), and hence we obtain an injective

map
KPKE (p) _
Homg,, (vy—1,000) @0, ™" > H'™! (86 1w (p)(©), [Vie,)])
whose image is identified with the localization of the right-hand side at the kernel of the specialization of
O at A.

The representation /\"_1(p /m) is definable over F¢ so we choose the map (8.2.6) to be defined
over F°'. We also choose the same isomorphism (8.2.7) as in Proposition 8.2.2, which is defined over F*!.
Recall from Proposition 2.6.1 that we have a (unique up to scaling) vector v,[(i ](M € Vi,0)* on which My
acts through the character O',E] ](A)_l. Let z be the image of w ® v,[(i ](x)
is a choice of highest weight vector of /\"_1 (p/m) defined over F¢!. This vector z is nonzero because

O',Ej ] (A)Y appears as a direct factor with multiplicity one in both the codomain and domain of (8.2.6).

under the map (8.2.6), where w

Via the above injective map, the class n;, corresponds to a homomorphism G,, ® ¢, where ¢ €
o K"KL(P) We take G to be G := 7+(Gp, (2)®¢y) €0 (where 7 is viewed as an element of G(Q,) C G(A)).
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If we let py (resp. my) denote the Lie algebra of the opposite of Py (resp. My), then /\"_1 py/my is
identified with the line spanned by the vector w. By [Su 2019], we have an isomorphism

H" ' (Sw.o(p)(©), [o1 ) =H !, (CEAH] /D)= @l (2))

where Uy, = Koo N H(R) and U C H(Ay) is the level of the Shimura variety Sy (p). Under this
identification, the class i*n, is represented by the homomorphism

n—1

/\ pu/mu — CE(HY /D)~ o),

w|—>G|H.

The result now follows from [Harris 1990, Proposition 3.8].

For the last part, note that the central character of  restricted to Ag(A) is necessarily a Dirichlet
character (because 7 contributes to the coherent cohomology of Sg 1w(p) and the center acts trivially
on V) and is therefore determined by the image of Hecke operators [K SaK 5] under the map 6, for
ace A(;(Aff). The image of these operators under 6,, form a discrete subgroup, so we can shrink U if
necessary so that the images of these operators under 6, are constant (note that one normally normalizes
the Hecke operators by the weight, but because our weights are trivial on Ty, this normalization is trivial).
Therefore our assumption implies that the central character of o is trivial on Ag(A), so we can descend
to [H]. g

Remark 8.2.8. If we define [Hy] = Hy(Q)\ Hy(A), then [H] is the disjoint union of finitely many
translates of [ Hp]. Therefore the integral (over [H]) in Corollary 8.2.4 is nonzero if and only if

| G-y an
[Ho]
is nonzero. This latter integral is a so-called unitary Friedberg—Jacquet period.

Appendix A: Branching laws

The goal of this appendix is to prove Theorem 5.3.4. The idea is to p-adically interpolate the branching
law appearing in Proposition 2.6.1. Since the groups M and My are products of general linear groups
indexed by the CM type W (and an additional “similitude factor”), it will be more convenient to analyze
the branching law for each factor.

Unfortunately this means that we will have to use conflicting notation when performing this case-
by-case analysis; therefore, we warn the reader that the notation in Sections A.1-A.4 is different from
the rest of the article. We have however endeavored to keep the notation uniform throughout these four
subsections (e.g., the element u and torus T play the same role in the analysis, but change for each
group). We hope that this change doesn’t cause any confusion.
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A.1. A preliminary lemma. For a split unramified reductive group G over Z, let Bc C G denote a
Borel subgroup and Bg its opposite with respect to a fixed maximal torus T C Bg. Let Ug C Bg and
U¢ C Bg denote the unipotent radicals.

Let G denote the adic generic fiber of the completion of G along its special fiber, and let G*" denote
the analytification of Gg, (so we have G C G™). We use similar notation for Ug, Bg, etc. For an integer
r > 1, we let G! denote the subgroup of G of elements which reduce to the identity modulo p”. Similarly,
for H =Ug, Ug, Bg, Bg, let H} denote the elements in A which reduce to the identity modulo p”.

Recall the notation B° C B° C B, C B, for the four different “flavors of disc” in Section 3.2.

Lemma A.1.1. Letd,r > 1 and Y a (d x d)-matrix with entries in ;. Let & denote the antidiagonal
(d x d)-matrix with 1s along the antidiagonal. Then there exist elements R € LléLN and S € B(I}Ld , Such
that

E+Y=R-£-S.
Proof. The element 1 + Y&~ defines an element of the group gc}”. One has an Iwahori decomposition
1 1 21
gﬁd,r = UGLd,r ’ BGLd,r
so there exist elements R € Z/{éLd’r and S’ € EIGLN such that 1+ Y& ' =RS’. We thentake S=£"15¢. O

A.2. The group GL,,_;. We first establish the following lemma:

Lemma A.2.1. Let & be the (n x n—1)-matrix whose first row is zero and the bottom (n —1 x n—1)-matrix
is the antidiagonal matrix with 1s along the antidiagonal. Let Y be any (n x n — 1)-matrix with entries
in B;. Then there exists R € UCI}LN and S € B(l}L}HJ such that

E+Y=R-£-S.

Proof. We denote the top row of Y by y and the bottom (n — 1 x n — 1)-matrix by Y’. Let R’ € L{éLmr
and S € BlGLn—I’r be as in Lemma A.1.1 such that
€/+Y/:R/‘S/‘S

where &’ is the (n — 1 x n — 1) antidiagonal matrix with nonzero entries equal to 1. Then we take

1 r
R = ( R/) € MéLn,r

where r = yS—1(&) 7L O

Let G =GLy,—; and H =GL,_; x GL, over Z,. We consider H as a subgroup of G via the block
diagonal embedding (where the top left block is of size GL,,_;). Fix the standard Borel Bs and torus
T in G. Elements of the torus T are given by tuples (yi, ..., y2»—1) (corresponding to the entries of
the diagonal matrix) and we let T< C T denote the subtorus of elements satisfying y; = y,,_; for all
i=1,...,2n—1. For an integer r > 1, we set G© = G! - BG(Z,) and HZ =H} - T*(Z,,).
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()

where the top right block is of size (n —1 x n — 1) and & is as in Lemma A.2.1.

Let u € G(Z,) denote the block matrix

Proposition A.2.2. One has the following equality
G = (™ "Hlu)- (G, N Bo).

Proof. By multiplying by elements of (G! N Bg)Bg(Z p) on the right, we are reduced to proving the
statement
U, C w"Heu)- (G NBe)

because one has an Iwahori decomposition Q,l = L_IlG i (g} NBg). Letx el IG , be a general element

X1
X =
X2 X3

where the top left (resp. bottom right) block has size (n — 1 x n — 1) (resp. n x n). Then

(")

defines an element of H!. Let N denote the unipotent radical of the standard opposite parabolic of G
with Levi H. Then we have

written as a block matrix

w''hu)-x e ./\_/’}

where A/! denote the subgroup of A\ of elements which reduce to the identity modulo p”. Hence we are
reduced to proving N! € (u='H%u) - (G5 N Bg). But if

.
(Y 1) €N
is a general element, then we have

(é 1> = (S_] R>”<S R—‘>

where R, S are as in Lemma A.2.1. O

Remark A.2.3. The proof of Proposition A.2.2 in fact shows that Q,D = (u‘lH,lu) . (Q,D NBg).

A.3. The group GL1 x GLj3,—1. We now let G =GL; x GL,,,_; and H = GL; x GL,,_; x GL,, embed-
ded block diagonally. Define g,D and H? analogously as in the previous section, where now 7 is the
subtorus of elements (yy, ..., y2,) With y; = y,41 and y; = yo40—; foralli =2, ..., 2n.

We take u € G(Z),) to be the element which is 1 in the GL;-component, and equal to the element u in
the previous section in the GL;,_;-component. Then we obtain the following decomposition:
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Proposition A.3.1. Let r > 1. Then we have

G = "HYu) - (G, N Bg).
Proof. This follows from Proposition A.2.2 and Remark A.2.3. (|
Ad. The group GL,,. We now let G = GL,, and H = GL,, x GL, embedded block diagonally. We
define Q,D and H? analogously as in the previous section, but now T is the subtorus given by elements

(V15 - .., you) satisfying y; = ypp41—; foralli =1,...,2n.
We let u € G(Z,) denote the block matrix

=(e )

where all blocks are of size (n x n), and £ is the antidiagonal matrix with nonzero entries equal to 1.
Proposition A.4.1. Let r > 1. Then we have
G = "HYu) - (G, N Bg).
Proof. By reasoning as in the proof of Proposition A.2.2, it is enough to show
N e @ "Hou) - 67N Bg)
where N denotes the unipotent radical of the standard opposite parabolic of G with Levi H. But this

follows from the same proof in Proposition A.2.2 using Lemma A.1.1 (with d = 2n). 4

A.5. Proof of Theorem 5.3.4. We now return to the setting of Section 5 (and return to using the notation
introduced in the main body of the article). By combining the previous sections, we immediately find
that:

Proposition A.5.1. Let r > 1. Then one has equalities
Mg, =@ "M, u)- (MG, NBug), Mg, ="My u)- (Mg, NBu,).

Proof. For the first equality, this follows by breaking up the groups into the factors indexed by 7 € W.
The factor corresponding to tp follows from Proposition A.2.2, and the factors for T # 7 follow from
Proposition A.4.1. There is nothing to check for the extra GL,-factors in Mz and M. The second
equality follows from u_leI,ru C u_lM?Lru C M'(];’r. U

We now introduce the relevant algebraic weights for representations of M. Recall any algebraic
character of the torus 7' can be represented by a tuple

Kk = (Ko; Klzyeevs K2n,t)fe‘~lf

where k¢ and «; ; are integers. By the 7-factor or r-component of x, we mean the tuple (kq ¢, ..., k21.7),
and by the GL;-factor, we mean the integer k. It will be helpful to use this terminology when defining
certain characters below.
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Definition A.5.2. Let « be an algebraic character of 7" as above. We say:
(1) k is Mg-dominant if
Koy = -+ Z Koz, and  Kig = -+ = Konr
forall T € ¥ — {19}

(2) « is pure of weight w € Z if

Ki gy + K2nq2—irg = W
foralli =2,...,n,and k; ; +kopy1—ir =0foralli =1,...,2n and 7 # 1.

The set of characters which are pure (of some weight w € Z) form a group, and we let C denote the
submonoid of M¢-dominant characters which are pure of weight w < 0 satisfying k41 -, < w. We will
always write the group law for C additively. We consider the following special elements of C:

° MO=(1;05""0)I€\P-

* Uy = (I‘Lw,Oa MHw, 1,75« > Mw,Zn,r)relPa where Hw,0 = Mw, 1,79 = Hw,i,t = Oforalli=1,...,2n and
T # 19, and we have

Mw 2,190 =" "= MHw,n,t = 0, Mw n+l,r90 == MHw,2n,9g = -1

* (1, Which is the identity in the GL,-factor and t # 1 factors, and in the 7op-factor is given by

(1,0,...,0).
e Fori =2,...,n, we let u; , be the character which is the identity in the GL;-factor and v # 7y
factors, and in the 7p-factor is given by
©,1,...,1,0,...,0,—1,...,—1)

where there are i — 1 lots of 1s and —1s.

» We let (1,417, be the character which is the identity outside the 7o-factor, and the tp-factor is given
by
©o,1,...,1,—-1,...,=1

where there are n — 1 lots of 1 and »n lots of —1.

e Fori=1,...,nand v # 79, we let u; ; denote the character which is the identity outside the 7-factor,
and at the t-factor is

a,...,1,0,...,0,—-1,...,=1)

where there are i lots of 1s and —1s.
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This collection of characters forms a generating set for C in the following sense: for any « € C, there exist
unique integers ao, a1,¢, € Z and ay,, a; r € Z>¢ for (i, 7) # (1, 19), such that

n
K = aolo + ayy + apt1,toMn+1,79 + Z Z aj t Uit

i=1 te¥
Explicitly, the integers are given by:
e ag = Ky.
* dy = _(KZ,‘[O +K2n,r0)-
® dl,y = Kl,79-
e Fori=2,...,n+1, one has
Kitg — Ki+1,1 ifi<n-—1,
iy = YKn+l,00 — Kn+2,79 ifi =n,
(Kn,ro + Kn+2,r0) —Kn41,79 ifi=n+1.
e Fori =1,...,n and t # 19, one has

Kit —Ki+l,7 ififn—l,
a; ¢ = o
Kn.t ifi =n.

LetD=]], 7, £>0 equipped with the monoid structure given by component-wise addition. We will
denote elements of D by tuples j = (j;)r2g. We let £ C C x D be the collection of pairs («, j) which

satisfy jr <« . for all T # 7. This forms a submonoid of C x D. Then £ has a generating set given by
the pairs (i, 0), (1w, 0), (i 7, 0), and (w, , 1) for T # 19, where 1, € D is the tuple which is zero
outside 7 and has 1 in the T-component. More precisely, for any («, j) € £, there exist unique integers
ag, a1z, €4, ay, air € Lo for (i, v) # (1, 1), and b, € Z>( for v # 19 such that

n
(k. J) = ao(0- 0) + @ (s 0) + 1.2y (Ut 1,79: O+ D Y @i (i 0)+ D br (s 1)
i=1 te¥ T#T7)

Explicitly, the integers are given by:

* ag, Ay, Al,zy> - - -» Antl,7, a0d @y ¢, ..., ap—1 ¢ are given by the formulae above.

e For v # 79, one has a,, ; = k.1 — J:.

* br = jr-
Definition A.5.3. For any (x, j) € £, we let o/ denote the character of My given by sending a general
element (x; y1, y2, ¥3; 21,75 22,0) t#£1 O

x_’“’y]_'q’ro det yg“"ro_w det y;K"H'I" l_[ detzl_,{r detzéfr
T#T7)

where w = k2 ¢, + k2,7, denotes the weight of «.
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For any « € C, let V, denote the irreducible algebraic representation of M with highest weight «,
which can be viewed as the space of algebraic functions f: Mg — A! satisfying

f(mb) = (wiXic)(b™") f (m)
for all b € By,,. The action of Mg on f is then given by m - f(n) = f (m~'n). We have the following
classical branching law:
Theorem A.5.4. Let («, j) € £. Then there exists a unique vector x,Ej e Vi such that:
(D x,Ej Vis an eigenvector for the action of u™' Myu with eigencharacter given by the inverse of O’,Ej ],
2) x,Ej](l) = 1, where we are viewing x,Ej] Mg — Al asan algebraic function.
(3) The vectors x,[g] and xl[Lol] L are invertible in O(Mg), and we have
x’EJ] — (xl[g)])uo . (xl[gl]})(lw . (XIFBI]_HJO)U/H—I,IO . 1_[ (xl[gv]r)ai,r . 1_[ (x'l[jnzz)br
n T#T)
where the product takes place in O(Mg) and the exponents are the integers above.
Proof. By applying [Knapp 2001, Theorem 2.1] for each general linear factor of Mg,'! there exists a
unique up to scaling (nonzero) vector x,EJ e V. satisfying property (1). Since u~!MyuBy, is Zariski

open in Mg (Lemma 2.4.3), the vector is nonvanishing on this cell, so we can normalize x,[(] I as in

(2) to determine the vector uniquely. The vectors x}ﬂ} and x,l[to|] L are invertible in O(M) because the
corresponding representations V,,, and Vi, are one-dimensional. Property (3) then follows immediately
from uniqueness, the identity

o1 = () - ()™ - (ol (@] )Mo [T op s

Un+1,7q M1,7g Mn,t
T#T7)

and the fact that U;[L(;)]r is the trivial character for (i, 7) # (1, ©p), (n + 1, 79). Il

Remark A.5.5. Note that we introduced some asymmetry here — we could have equally worked with the
monoid D =[], 7, L <0 (or even more generally, products of Z-¢ and Z~) and the monoid & defined by
the equations —j; <« .

To prove Theorem 5.3.4, we will use a p-adic version of the product formula in Theorem A.5.4(3).

Lemma A.5.6. Let (A, A") be a Tate algebra over (Qp, Zp), and suppose that k : T(Z,) — (AT)* is

an r-analytic character, for some r € Q~, which satisfies
Ki 1 + Kon+4+2—i,tg = Kj, 19 + Kon+2—j,19

foralli, j=2,...,n,and k; ; +Kp41-ir =0foralli=1,...,nandt #79. Let B=(B;): Hf#m Z; —
(AT be an r-analytic character. Then there exist unique r-analytic characters

11Knapp works in the setting of compact unitary groups, but the proof works verbatim for general linear groups.
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© £0,6uw, 50 Ly —> (AN fori=1,....,nandt €V,
* Sntlr: Z;;( — (AH)*,
« B Zy— (AD)* fort € ¥ — {19}

such that

(1€, B) = £00 (120, 0) +&w © (1, 0) +Ent 1.2 © (1,1 O+ D D v o (e, 0+ Y Ero(nr, 1r)

i=1 te¥ T#T7)
where the group law is written additively.

Proof. We define the r-analytic characters via the same formulae as above, i.e., & = ko, & =
— (k2,70 + K2n.7,), €tc. It is clear that these are uniquely determined. O

We will also need the following lemma:

Lemma A.5.7. Letr € Z.¢. Then for any (k, j) € £, one has

x MG, CczZy(1+B,)

where we are viewing x,EJ Vas an analytic function MZ' — Al-an,

Proof. By Proposition A.5.1, we have ME’ ;= (u_le’ ru)(/\/lg’ » N Bug), therefore the transformation
properties for x./ imply that

xm) =l (my) - (wmx")(mz_l)

(/1

Ymyu - m, form € ./\/lzr and m, € Mgr N Bu,. But o’ and

for any m € MEJ satisfying m = u™~
wrﬁr,‘,lec are algebraic characters, so their analytifications map Mz’r and Mg’r N By, into Z; (1+B,), as
required. O
Remark A.5.8. The previous lemma implies that for any r-analytic character §: Z; — (A1)X, the

composition & o x,[(j I defines an analytic function

Eoxll: MZ xSpa(A, AT) — G, c AL™
We now introduce the p-adic vectors. Recall that for an r-analytic weight « : T(Z,) — (AT, we let
VI~ denote the r-analytic induction as in Definition 5.3.2.

Definition A.5.9. Let r € Z.( and let (k, 8) be a pair of r-analytic characters as in Lemma A.5.6. Then
we define
W=l el g TT Gt [Tafih®

i=1,...,n T#T

where the product takes place in O(Mgﬂ@A and the analytic characters £ and E__are asin Lemma A.5.6.
Here we have written (—)¢ as a shorthand for & o (—). This defines an element of v,
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We let O',E'B ! denote the character
o' M x Spa(A, AT) - G,
_ -1 -1 -1 —1
(X3 V1, Y2, V35 2105 22,2) B> ko(X K17 (] Y (Knt1,70K 1 Koy o) (det y2)k, [y o (det y3)

[T Be(detzy ) detza ).
T#7)

which makes sense because « and 8 are r-analytic.
Finally, we obtain the following theorem:
Theorem A.5.10. Let r € Z.¢ and let (k, B) be a pair of r-analytic characters as in Lemma A.5.6. Then:

(D x,Eﬁ Visa (nonzero) eigenvector for the action of M_IM; i with eigencharacter given by the inverse
[B]
of o

(2) If (B, BY) is another Tate algebra with a morphism (A, AT) — (B, B1), and («', B") denotes the

composition of (k, B) with this morphism, then the image of x,[(ﬂ Vunder the natural map

— —an
/A Vs

(81

is equal to x,; .

(3) If (x, B) arises from a pair of algebraic characters (k, j) € £, then me is equal to the image ofx,Ej]

under the natural map

r—an
Ve =V,

given by restricting (the analytification of) a function Mg — A to Mg -

(4) The vector x,Eﬂ 1 does not depend on the radius of analyticity, i.e., if ¥’ > r is another integer, then the
(8]

constructions for x,. " coincide under the map
r—an r'—an
V. =V,

given by restriction to Mg’r,.

Proof. Part (1) follows from the fact we have a similar product formula for O',PS ]

as in the proof of
Theorem A.5.4, replacing the coefficients a_ and b by & and 2 .
The remaining properties are clear from construction, using the fact that the characters £ and E . are

unique and Theorem A.5.4(3). [

Appendix B: Comparisons in families

In this appendix, we describe the key ingredient needed to compare the coherent cohomology classes
associated with algebraic Hecke characters and (algebraic) p-adic Hecke characters. We restrict ourselves
to the case of PEL Shimura data which give rise to compact Shimura varieties — more general versions
of the functorial properties we describe can be found in [Diao et al. 2023].
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B.1. Canonical constructions. In this section we let (¢, X«) be a PEL-type Shimura—Deligne datum
satisfying (SD5) as in [Graham and Shah 2023, Section B.3]. Suppose that the associated Shimura variety
admits a canonical model over the reflex field, which we will denote by F. We fix a rational prime p > 2
which is unramified in F and for which ¢g, is unramified. We fix a prime p of F' lying above p.

Let K C 9(Ay) be a neat compact open subgroup. Then the Shimura variety S¢ x parametrizes abelian
varieties A with PEL structure (corresponding to the PEL-data defining (¢, X«)), such that the first
relative homology of A is modeled on the defining representation for ¢. Let S = Sy ¢y and denote the
universal abelian variety over S by A. We are interested in the local systems/locally free sheaves obtained
from the relative homology of A.

Assumption B.1.1. We assume that the Shimura variety S is compact.

Recall that there exist “canonical constructions” &g (resp. &4r, resp. &) which are tensor functors on
the category of algebraic representations of ¢4 valued in the category of variations of Hodge structures
over S(C) (resp. locally free sheaves on S with an integrable connection, resp. p-adic local systems on S).
More precisely, if V is an algebraic representation of ¢, then:

(1) The variation of Hodge structure £5(V) is constructed from the left ¢ (Q)-torsor
Xy x9(Ap)/K — G\ Xy x9(Ay)/K = 5(C)

and the ¢4(Q)-representation V; see [Caraiani and Scholze 2017, Section 2.3] for example.

(2) The locally free sheaf £gr (V) arises from the ¢“f-torsor
ng - S
(the standard principal bundle) and the algebraic representation Vi of ¢f; see [Milne 1990, Sec-
tion II1.3].

(3) The p-adic local system & (V') can be constructed by choosing a ¢ (Z)-stable lattice T C Vg, and
using the pro-system of torsors

Sy k' —> Sy .k

for K’ C K; see [Graham and Shah 2023, Section 4]. One can also interpret this in terms of the
perfectoid Shimura variety (see Section B.3 below).

Notation B.1.2. Let V be an algebraic representation of ¢. We write Vg, V4r and Vg for £g(V), Egr(V)
and &4 (V') respectively.

Remark B.1.3. The above functors are normalized so that W, equals the first relative homology of
A/S with respect to the relevant cohomology theory, for ? = B, dR, ét, where W denotes the defining
representation of .
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We have several comparisons between these sheaves/local systems:

(1) (Betti—p-adic, [SGA 45 1973, Exposé xi]) Since S is smooth, one has a morphism of sites B: Sc; — Sgt
from the site of étale coverings of S(C) to the étale site of S. Then for any algebraic representation
V of ¢, one has

Vet = ﬁ*(VB X0 (I;Dp)

Indeed, one has a similar map of sites for A, whose pushforward is exact and commutes with
pushforward along A — S (in the analytic and étale topologies).

(2) (Betti-de Rham) For an algebraic representation V of ¢, one has a comparison isomorphism
Var @05 Osc) = Vi ®a Os(0)-

(3) (de Rham—p-adic, [Caraiani and Scholze 2017, Section 2.2]) Let L/F, be a finite extension and
let A*" — S be the morphism of adic spaces associated with A; — Sy. Then for any algebraic
representation V of ¢, one has an isomorphism

an ~ an
ViR, ®0gm OBdr s = Ve ®g OBaR, 50

of sheaves on the pro-étale site of S*" compatible with filtrations and connections. Here (—)*" means
pull-back to the associated adic space.

More precisely, one has the above comparisons for ¥V, and the work of Ancona [2015] and Torzewski
[2020] shows that all of these “canonical constructions” factor through a functor valued in relative Chow
motives over S, so the comparisons can be extended to all algebraic representations. In particular, since
the comparisons above are functorial with respect to algebraic operations (e.g., correspondences on A),
the above comparisons are also functorial in the algebraic representation V.

B.2. Functoriality. Let (4, X) and (4, X») be two PEL-type Shimura—Deligne data (with a common
reflex field F) as in the previous subsection, including Assumption B.1.1. Suppose that we have a
homomorphism f: 4 — % inducing a morphism of Shimura data (and arising from a morphism of
PEL data). Let K1 C %) (A ) be a neat compact open subgroup and K C % (Ay) a neat compact open
subgroup containing f(Kp). Let S; = Sy, g, fori =1, 2.

The morphism f induces a map of torsors

X1 x99 (Ap)/ Ky —— Xo x%(Ay)/K,

| |

S1(C) > $2(C)

and hence a natural isomorphism ng: & g o f* — f* o0&, p, where we have use the notation &; g to
emphasize which Shimura variety and group the construction refers to.



On the p-adic interpolation of unitary Friedberg—Jacquet periods 1181

Similarly, the morphism f induces morphisms of (finite €tale) torsors S, K| = Sg k, over S| — 5y,
for any K| C Ky and f(K|) C K} C K,. These are compatible with varying K| and K}, so induce a
natural isomorphism ng: &1 g0 f* — f* o0& .

Lemma B.2.1. The Betti—p-adic comparison identifies the natural isomorphisms ng ®q Q, and 1.

Proof. Let V be an algebraic representation of ¢;. Then it is well-known that one can construct £5(V)
either by considering V as a left ¢ (Q)-module (as above) or by viewing V as a right K;-module (with
no left 4] (Q)-action) and setting

Ep(V) =91 (@\X1 x4 (Ay) x V/Kj.

In particular, choosing a %(Zp)-stable lattice T C Vg,, one easily sees that the two constructions
Ep(V)® Q) and &, (V) are identified under the Betti—p-adic comparison. Similar calculations apply for
the group %. UJ

We also obtain a natural isomorphism involving the functor &g as follows. Since f induces a
morphism of Shimura data, by theory of canonical models for standard principal bundles (see [Milne
1990, Section II1.4]), one obtains a morphism of torsors ¢; ¢k — % gr Which induces the desired natural
isomorphism ngr: &1 gr © f* — f* 0 &, gr. Pulling this back to C, this morphism of torsors is identified
with the morphism

91,aR(C) =4 (\ X1 x4 (C) x %1(Ay)/ K1 = D (@\X2 x %(C) x %(Ayr)/ Kz =% 4r(C)

sending [x, g, g'lto [ f(x), f(g), f(g")]. But % 4r(C) is the pushout of the torsor X; x %; (A )/K; along
the map 4;(Q) — % (C), and it is clear that this morphism of torsors is induced from the one above. In
other words, the Betti-de Rham comparison identifies n¢r ® o, Os(c) and ng ®q Os(c)-

Proposition B.2.2. The de Rham—p-adic comparison identifies the natural isomorphisms nig ®Ogn
OBdR,Sa" and 772? ®©p OBdR’San,

Proof. Essentially this follows because 1 is induced from an (absolute) Hodge cycle for a certain abelian
variety, which is known to be de Rham [Blasius 1994].

Let W, denote the defining representation of . Since we already know ng, ngr, n¢ are natural
isomorphisms of additive tensor functors (respecting this structure and duals), and every representation %,
is a direct summand of tensor products of W, and W, it enough to check that nﬁﬁ(Wz) Q0 gn OBGR, san =
né (W) ®@p OBygr, s=. Fix a presentation

k
W, = e(@ W2 ® (Wl*)‘g’b")

i=1
for some positive integers a;, b; and idempotent e. Since &; p, §1.4r and & ¢ factor through a functor
valued in relative Chow motives, we obtain idempotents ep, eqr, €s in the respective target categories
which are all compatible under the comparison isomorphisms.
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Let A; and A, denote the universal abelian varieties over S; and S5, and let f*A; denote the pullback
to S7. For ? = B, dR, ét, the isomorphisms 7,(W,) are described by isomorphisms

k
£12(W)) = e?(EB WPy ® (Wm)@bl‘) = HI(f*A2/S) = fH (A2/S))
i=1
where ’H}’( --+) denotes first relative homology of the appropriate cohomology theory and the last
isomorphism is proper base-change.

We just need to check the middle isomorphism is compatible under the de Rham—étale comparison
isomorphism. It is enough to check this at points of §; which are defined over number fields (see the proof
of [Caraiani and Scholze 2017, Proposition 2.3.9]) —let 6, denote the middle isomorphism specialized at
such a point. By above, we know that 6p and 64r are compatible under the Betti-de Rham comparison,
and that 6p and 64 are compatible under the Betti—étale comparison. The result now follows from the
fact that 0 can be represented as a Hodge class (by using the polarization and Kiinneth formula) for
an abelian variety constructed from copies of A and f*A,. Indeed, by [Deligne et al. 1982] it is an
absolute Hodge class whose de Rham realization is defined over the field of definition of the point (by the
paragraph preceding the proposition). By [Blasius 1994], this Hodge class is de Rham, which precisely
means that 64r and 6¢; are compatible under the de Rham—¢étale comparison, as required. g

Remark B.2.3. One can show that the pushout ¢; 4r x“ @, is identified with frames of H‘liR( f*A2/8))
preserving a collection of Hodge tensors coming from a choice of ¢;-equivariant embedding W2® C W1®
and the isomorphism 6gr above. The isomorphism ¥ 4r xN @ — f*% 4r is then induced from the
proper base-change isomorphism H?R( A/ SHE S *’H?R(Az /S2), which matches the Hodge tensors.
A similar description also holds for the étale and Betti constructions.

Let L/F be a finite extension and let u;: G,, 1 — % 1 be a choice of Hodge cocharacter for the
Shimura datum (¥}, X;), for i = 1, 2. We assume that uy = f o ;. Fix a prime 3 of L lying above p,
and we base-change the Shimura varieties S; and S; to Ly (but omit this from the notation). For i =1, 2
and over Ls, we have two parabolics ﬁl?td and &;, with common Levi .#;, associated with ;. We have
proétale torsors over S; given by

TR(U) = 16) s; ® Wilu = Wi ®o;, @Si |y : preserving Hodge filtration and Hodge tensors},
Pir(U) = 10) s @ Wily => Wi ®©p O s;|u : preserving Hodge—Tate filtration and Hodge tensors},

i,ét

where W; is the defining representation of ¢;. These are @ftd and &; torsors respectively. We denote
by Mg and M their pushouts to .#;. Then the results of [Caraiani and Scholze 2017] imply that

4
Mg = " Mg, Where the twist is along u; as in Section 4.2. Note that

(P Cc 2, f(2)C P and  f(Mh) C Mo

by the assumption that u, = f o uy.
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Corollary B.2.4. We have a commutative diagram of torsors:

an M * an

! |

KM Pyr x it » MYy

an

where the horizontal arrows are induced from the natural transformations niy and n%', and the vertical

arrows are induced from the isomorphism of de Rham and twisted Hodge—Tate torsors above.

Proof. Let m: A — §> denote the universal abelian variety and f I f*A, — 8 its pullback
under f. To simplify notation, set £ := HéR(Az/Sz), &= HéR(f*Az/Sl), L:= Rln*zp,Az and L' :=
R! (f_ln)*Zpr*Az. By Proposition B.2.2 and Remark B.2.3, we know that the following diagram

commutes:
(€ ®o5, OB 5,) == f*€ @05, OBar,s;, — €' @05, OBaR s,
[HL®; OBws,) == fL®; OBaw.s, — ®;, OBds,

where the horizontal arrows are the proper base-change isomorphisms and the vertical arrows (which are
isomorphisms) arise from the comparisons of relative p-adic Hodge theory. The module &£ ® o, OB:R s
is an OBCTR—module with an integrable connection, so satisfies

E ®(952 OB;_R,SZ = My ®BIR,SZ OBgRr s,
where My = (£ <Jo (’)B(J{R’ Sz)V:O; see [Scholze 2013, Theorem 7.2]. Hence
[*(E ®o5, OB )= = (f*€ ®0;, OBar.5,)" =" = f*My.

Set My, = (&' ®0s, OBdR,Sl)V:O’ M=1L ®Z,, OBXR,& and M/ =’ ®Zp (’)B:{R’Sl. Since the base-change
maps are compatible with structures, they induce isomorphisms

My = My, (B.2.5)

M= M, (B.2.6)

and we have a commutative diagram:

(B2.5)®1
*Mo ®B<TR,51 Bar,s,

! !

(B2.6)g]
f'M®g: - Bar.s, —— M'®gt  Bars,
291 »9]

M, B
0 ®B;R,Sl dR, S
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where the vertical arrows are as in [Caraiani and Scholze 2017, Proposition 2.2.3]. In particular, considering
the relative Hodge filtration as in [loc. cit.] and passing to gradeds, we have

frar/ & s g/ &

! !

[ L8y 05)()) — ;U ®; Os)())

for all j > 0. Note that the pullback f* preserves the relevant filtrations because each graded piece is
locally free. This last commutative diagram (or more precisely its dual version) describes the compatibility
we desire in the statement of the corollary. Indeed, the isomorphism 64r in the proof of Proposition B.2.2
preserves Hodge filtrations, and by a similar argument above, one can show 6 preserves relative Hodge—
Tate filtrations. Therefore the pushouts P, x 21 Ezstd and P{"yr x?' 27, can be described as frames
of ’H?R( f*A,/8)) and ’Hft( f*A/8)) respectively, preserving Hodge tensors and filtrations. O

B.3. Perfectoid Shimura varieties. Continuing with the set-up as in the previous subsection, assume that
K; is of the form K x K; , C %(A?) x % (Q,) fori =1,2. Let S and S, denote the adic spaces over
F, associated with §; and S5, and let S; o, denote the perfectoid Shimura variety (of tame level K ip ), as
constructed in [Scholze 2015]. Then [Caraiani and Scholze 2017, Theorem 1.10], implies that we have a
commutative diagram

S1,00 iLLIN FL,

TTHT,2

82,00 —— FLp

where FL; denotes the adic flag variety associated with the Shimura datum (¥, X;) and mgr; is the
corresponding Hodge—Tate period morphism. Both of the vertical maps are induced from f.

For i = 1, 2 consider the torsor FL; x ¢;(Q),,) with the right action of %;(Q,) given by (x, g) - g =
(xg’, (g)"'g). We then obtain a torsor

T (FL: X (@) /Ki p = Si.oo x50 4,(Q))

over S;. By the description of & as above, and the fact that S; « is essentially the limit lim K., S% K'K]
this torsor encodes &5".

We have a natural map of torsors FL; x 41(Q,) — FLy x %(Q,) induced from f, which is compatible
with the equivariant structure. Pulling back along the Hodge—Tate period morphism and descending, we
obtain a natural transformation n": &) ¢t o f* — f*0&) 4.

Lemma B.3.1. The natural transformations 13} and n' coincide.

Proof. This follows from the above commutative diagram and (on the level of topological spaces) the
map Sj 00 —> &2,00 18 the inverse limit of (the analytification of) maps S, K| = S% K- O
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Appendix C: Unitary base change

In this appendix, we describe how the results on endoscopic classification of unitary groups in [Mok 2015]
and [Kaletha et al. 2014] imply a certain strong multiplicity one theorem for automorphic representations
of G(A). Note that these cited papers are conditional on the stabilization of the trace formula for unitary
groups. Throughout, we let G and G be as in Section 2, and we write U for the unitary group over F*
associated with W (so Go = Resp+,g U). As usual, we assume that F' contains an imaginary quadratic
number field E.

Lemma C.0.1. Let £ be any (finite) rational prime. Then there exists a good special maximal compact open
subgroup K C G(Qy) (as in [Minguez 2011, Section 2.1]) such that the intersection KNGy(Qg) C Go(Qy)
is a good special maximal compact open subgroup. Furthermore, if Gq, is unramified, we can arrange it
so that both K and K N Gy (Qy) are hyperspecial.

Proof. This follows from the fact that:
e Gy and G have the same adjoint group.

e The induced map from the Kottwitz group of Gy to that of G is injective. More precisely, the
Kottwitz group of the former is Z /27, of the latter is Z x Z/27 and the induced map is inclusion
into the second factor.

One then applies the description of all parahoric subgroups as in [Pappas and Rapoport 2008]. U

Let £ be a finite rational prime. Then the results of [Mok 2015; Kaletha et al. 2014] imply that
there exists a local (standard) base change map BC, from irreducible admissible representations of
Go(Qp) = l_[uw U (F;}) to irreducible admissible representations of Go(Q; ®qg E) = U(Q; ®q F) =
I, ¢ GL2, (Fy) (this can be defined unconditionally if all primes above £ splitin F//F *, or if the group
and representation are both unramified).

Lemma C.0.2. Let £ be an odd rational prime. Let K C G(Qy) be a good special maximal compact open
subgroup as in Lemma C.0.1, and let w and o be irreducible admissible unitary representations of G (Qy).
Suppose that:

o There exist irreducible admissible unitary representations wg and oy of Go(Qy) such that wy C
| Go(@p)» 00 C 0 |Gy(@,) and BCy(o) = BCy(0p).

e Both X #£0and c% #0.

Thent =0 or m =0 Qw, where w is the quadratic character associated with E @g Qg /Qy. In particular,
if € ramifies or splits in E/Q, then wt = o.

Proof. Suppose for the moment that 7 and o share an irreducible constituent under the action of G(Qy).
Then [Labesse and Schwermer 2019, Proposition 4.1.3] implies that 7 = ¢ ® x for some character
of the quotient Go(Q¢)Zs(Q¢)\G(Qy). But this quotient is contained in N ((E ® Q)*)\Q, via the
similitude character, where N denotes the norm map, hence y is either the trivial character or the quadratic
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character w. If £ is split then w = 1, otherwise if £ is ramified, then w is ramified. But since 7 and o are
K -spherical, they cannot be isomorphic via a ramified twist. The latter is true because the image of the
Q¢-points of a Levi of a minimal parabolic in Gg, under the similitude map contains Z, (by the structure
of even-dimensional unitary groups in [Minguez 2011, Example 3.2] and that any nontrivial quadratic
form in two or more variables represents every element of ), and the fact that the intersection of the
Levi with a good maximal special subgroup is the unique maximal compact open subgroup; see [loc. cit.,
Section 2.1].

We now show that 77 and o share an irreducible constituent. Since 7% = 0, there exists an irreducible
constituent n() C 7|Gy(@,) Which has nontrivial invariants under K¢ := K N Go(Qy). Since Ky is a good
special maximal compact open subgroup, 7 has a set of associated Satake parameters which is determined
from the Satake parameters for 7. Hence my and 7, have the same set of Satake parameters (but are
spherical for different choices of special subgroups). This implies that BC;(7r9) = BCy (). By a similar
argument for o', we may replace 7y and oy by 7, and o) respectively. Now we note that the base-change
map on Langlands/Arthur parameters is injective [Mok 2015, Section 2.2] hence 7, and o, have the same

Satake parameters, as required. O

Now we discuss a global application of this lemma. Let S be a finite set of rational primes which split
in E/Q. Let K =K5 x Kg C G(A]Sc) x G(Ag) be a compact open subgroup such that K5 = H@gs Ky
with each K, C G(Q,) a good special maximal compact open subgroup, which is hyperspecial if Gg, is
unramified. Let 7" denote a cofinite set of rational primes containing 2 and all primes which are inert in

E/Q.

Proposition C.0.3. Let w and o be cuspidal automorphic representations of G(A) such that weo and 6
are cohomological and nJIf #0and O’J{{ # 0. Suppose that wy = oy forall £ € T — (SN T). Also, suppose
that the weak base-change of w to GL(Ag) x GLy,(AF) is cuspidal. Then wy = o7.

Proof. Since 1, and o4, are cohomological, they admit weak base-changes by [Shin 2014]. These weak
base-changes must be isomorphic by our assumptions and strong multiplicity one, and hence also cuspidal
by assumption. By [Labesse and Schwermer 2019, Theorem 5.2.1], we can find cuspidal automorphic
representations o and o9 of Go(A) such that 7y C 7|g,@a) and op C o|g,@a). By compatibility of
base-change for unitary and unitary similitude groups, the weak-base changes of 7y and o are isomorphic
(and cuspidal). Call the common representation I1y. By the theory of endoscopy (see [Liu et al. 2022,
Proposition C.3.1(2)]), we actually have the stronger compatibility BC, (7 ¢) = I ¢ = BC(09,¢) for all
rational primes £. Then:

(1) If € € S, then the weak base-changes of = and ¢ are locally isomorphic at £ [Shin 2014, Theo-
rem A.1(2)]. Since local base-change is injective at these primes, we have m; = oy.

(2) If £ ¢ SU{2} and ramifies or splits in £/Q, then we have 7, = oy by Lemma C.0.2.
(3) If £ ¢ Sandisinertin E/Q,or £ =2,then € T — (SN T) and 7, = o, by assumption.

This completes the proof. O
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