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The strong maximal rank conjecture
and moduli spaces of curves

Fu Liu, Brian Osserman, Montserrat Teixidor i Bigas and Naizhen Zhang

Building on recent work of the authors, we use degenerations to chains of elliptic curves to prove two
cases of the Aprodu—Farkas strong maximal rank conjecture, in genus 22 and 23. This constitutes a major
step forward in Farkas’ program to prove that the moduli spaces of curves of genus 22 and 23 are of
general type. Our techniques involve a combination of the Eisenbud—Harris theory of limit linear series,
and the notion of linked linear series developed by Osserman.
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1. Introduction

The moduli space M, of curves of fixed genus g is one of the most classically studied in algebraic
geometry. Going back to Severi and based on examples in low genus there was a general expectation that
these moduli spaces ought to be unirational. However, groundbreaking work of Harris, Mumford and
Eisenbud [Harris and Mumford 1982; Harris 1984; Eisenbud and Harris 1987] in the 1980s showed that
not only is M, not unirational for large g, but it is in fact of general type for g > 24. Their fundamental
technique was to compute the classes of certain explicit effective divisors on M ¢ arising from Brill-
Noether theory, and use this to show that the canonical class of M ¢ can be written as the sum of an
ample and an effective divisor. The particular families of divisors they considered were computable in all
applicable genera, but did not suffice to prove that M, is of general type for g < 23. For the last thirty
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years, no new cases have been proved of M, being of general type. Over a decade ago, Farkas [2009a,
§7; 2009b, §4; 2009¢] proposed new families of expected divisors on M, as an approach to showing
that My, and M»3 are of general type. Let D, € M, consist of curves X of genus ¢ which admit a gg
such that the resulting image of X in P° lies on a quadric hypersurface. Farkas computed “virtual classes”
for these expected divisors D, in [Farkas 2009a] for genus 22 and in [Farkas 2018] for genus 23, and in
both cases found that the classes satisfy the necessary inequalities to conclude that My, and M3 are of
general type, provided that they are indeed represented by effective divisors.

In order to conclude that M is of general type for g =22 or 23, one has to check two statements: first,
that D, yields an effective divisor, or equivalently, that D, C M,; and second, that the class induced by
D, agrees with the class previously computed by Farkas, or equivalently, that the subset of D, consisting
of curves carrying infinitely many ggs whose image lie on a quadric occurs in codimension strictly higher
than 1.

In this paper, we prove the first of these two statements, for both g = 22 and g = 23. An independent
proof of this result has been obtained by Jensen and Payne [2018] using a tropical approach. Their tropical
proof has now been merged in [Farkas et al. 2020] with the prior results of Farkas and with the missing
piece that the map from the space of linear series to the moduli space of curves does not have infinite fibers
over a divisorial component of the image. This completes the proof that My;, M>3 are of general type.

Our main theorem is thus the following:

Theorem 1.1. In characteristic 0, the loci Dyy and Da3 are proper subsets of Moy and Moz respectively.

Our proof goes through unmodified for characteristic p > 29, and our techniques can in principle be
applied to lower characteristics as well, but due to characteristic restrictions on the application to the
geometry of My, we have not pursued this. See Remark 1.3 below.

The divisor D, C M, can be presented as a particular case of a more general (conjectural) subsets of
M, With applications to moduli,spaces of curves in mind, Aprodu and Farkas [2011, Conjecture 5.4]
proposed a “strong maximal rank conjecture”, about ranks of multiplication maps of line bundles on
curves. Specifically, given a linear series (¢, V) on a curve X, we have the multiplication map

Sym? V — I'(X, £%%). (1-1)

r+2
2

2d 4+ 1 — g. The image of X under the linear series lies on a quadric if and only if (1-1) has a nonzero

Note that the source has dimension ( ), and assuming X is Petri-general, the target has dimension
kernel. The classical maximal rank conjecture asserts that if » > 3, for a general X and a general g}; on X,
the map (1-1) should always be injective or surjective (and similarly for the higher-order multiplication
maps). Many special cases of this were proved by various people; we omit discussion of most of these,
but mention that the case of quadrics was first proved by Ballico [2012]. Subsequent proofs were given
by Jensen and Payne [2016] using a tropical approach, and by the present authors [Liu et al. 2021] using
a degeneration to a chain of genus-1 curves. Recently, Larson [2017; 2020] has proved the full classical
maximal rank conjecture.
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Since the failure of (1-1) to have maximal rank is a determinantal condition, the strong maximal rank

conjecture of Aprodu and Farkas is the following:

Conjecture 1.2 [Aprodu and Farkas 2011, Conjecture 5.4]. Set p:=g— (r + 1)(g +r —d).

On a general curve of genus g, if p <r — 2, the locus of g};s for which (1-1) fails to have maximal rank
r-52) —Q2d+1- g)‘. In particular,
when this expected codimension exceeds p, every linear series on X should have maximal rank.'

is equal to the expected determinantal codimension, which is 1 + ‘(

The strong maximal rank conjecture remains wide open, even in the case of quadrics. The only cases
solved (to our knowledge) are for k =2, d < g + 1 (see [Teixidor i Bigas 2003]) or for Brill-Noether
number p = 0, because it is equivalent to the (weak) maximal rank conjecture.

For the divisors D, we compute that p =g —21=(2d+1—g)— (r;2)’ so in this case Conjecture 1.2 pre-
dicts that every linear series on the generic curve should yield (1-1) of maximal rank, and more specifically,
should have injective multiplication map, just as we prove in Theorem 1.1 for the cases g = 22, 23.

Our proof builds on the ideas introduced in [Liu et al. 2021], which combine the Eisenbud-Harris
theory of limit linear series with ideas from the theory of linked linear series introduced by the second
author [Osserman 2006; 2014]. We start with a limit linear series on a chain X of genus-1 curves, and
describe a collection of global sections living in different multidegrees on X,. We then take tensors of
these sections and consider their image in a carefully chosen multidegree, showing that they have the
correct-dimensional span. The first major difficulty is that while we can choose the curve, we have to
consider all possible limit linear series. As a consequence, we cannot ignore degenerate limit linear series
(which occur already in codimension 1). We systematically use ideas from linked linear series to prove
that when p =1 or p =2 we can always produce global sections of certain prescribed forms which must
lie in the specialization of the family of linear series.

The structure of the paper is as follows. In Section 2 we consider certain maps from genus-1 curves
to projective spaces which arise naturally from tensor squares of linear series, and show that these are
nondegenerate morphisms in cases of interest. In Section 3, we review the Eisenbud—Harris theory of
limit linear series, and the related theory of linked linear series introduced by the second author. In
Section 4, we describe the possible structures of linked linear series lying over a given limit linear series
in the cases that appear when p < 2 (see also Proposition 5.3). In Sections 5 and 6, we give a criterion
for certain collection of sections in the tensor square of a limit linear series to be linearly independent.
In Section 7, we improve and apply this criterion to a family of examples with r = 6, which include
the genus-22 and genus-23 cases of interest for the proof of Theorem 1.1. In Section 8, we focus on
the behavior of degenerate sections under tensor product. For p = 2 (that is, genus 23), the situation is
quite a bit more complicated than for p =1 (i.e., genus 22). To handle the degenerate cases, we consider
in Section 8 variant multidegrees which depend more tightly on the limit linear series in question, and
(partially inspired by the earlier work of Jensen and Payne [2016] on a tropical approach to the classical

n fact, Aprodu and Farkas also include higher-degree multiplication maps in their conjecture. Farkas and Ortega [2011]
subsequently relax the p < r — 2 hypothesis in cases such as ours, where p is less than the expected codimension.



1406 Fu Liu, Brian Osserman, Montserrat Teixidor i Bigas and Naizhen Zhang

maximal rank conjecture), we also consider families of curves with highly specialized directions of
approach, which gives us further control over the behavior of the global sections in different multidegrees.
Finally, in Section 9, we complete the proof of Theorem 1.1.

We expect that the tools we develop here will lead to proofs of specific cases of the strong maximal
rank conjecture of geometric relevance. In the tropical setting, this has been carried out in the case g = 13
(see [Farkas et al. 2024]). We have written the different parts of the argument to be independent of r
and/or p wherever this does not lead to unnecessary complication. In particular, Theorem 9.1 has been
stated in greater generality than what we need to prove the results for g = 22, g = 23. The nature of our
approach also allows for proving cases of the maximal rank conjecture where the expected codimension
does not exceed p, so that the locus of linear series which do not have maximal rank is nonempty. Our
approach should also be useful in other questions involving multiplication maps for linear series, such
as the conjecture of Bakker and Farkas [2018, Remark 14], which was motivated by connections to
higher-rank Brill-Noether theory. Their conjecture treats a certain specific family of cases, but with
products of distinct linear series in place of symmetric squares of a fixed one. In addition, our work
in Section 2 on nondegeneracy of certain morphisms from genus-1 curves to projective spaces and in
Section 4 on the structure of exact linked linear series is likely to be useful in other settings as well.

In a different direction, the ideas and approach of this paper can be used in the context of vector bundles
(see [Teixidor i Bigas 2023]). Brill-Noether related vector bundle problems cannot at the moment be
treated with tropical techniques as there is no satisfactory theory of sections of vector bundles in the
tropical settings.

Remark 1.3. We mention that although we impose characteristic-0 hypotheses in our main theorem,
these do not appear to be essential. Nearly everything we do is characteristic-independent, but we use
a characteristic-dependent result (Theorem 3.4 below) of Eisenbud and Harris to simplify the situation
slightly by restricting our attention to “refined” limit linear series (Definition 3.1 below). In fact, the only
characteristic dependence in Theorem 3.4 is the use of the Pliicker inequality, which still holds in charac-
teristic p and degree d when p > d; see for instance Proposition 2.4 and Corollary 2.5 of [Osserman 2006].
Thus, our proof of Theorem 1.1 extends as written to characteristic p > 25 for g =22 and p > 26 for g =23.

Moreover, since our key specialization result (Proposition 3.10 below) on linked linear series applies
in arbitrary characteristic, there is no visible obstruction to extending our proof to lower characteristics
as well. However, key portions of the argument for the implications for the geometry of M, were
written using characteristic 0, and as far as we are aware no one has carefully analyzed which positive
characteristics they may apply to, so it seems preferable to work in characteristic zero and we will assume
this is the case from now on.

2. Nondegeneracy calculations

In this section, we study maps from elliptic curves to projective space determined by comparing values of
tensor products of certain tuples of sections at two points P and Q. We will need two distinct results in
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this direction: first, we consider the situation that we let the point Q vary. This is already considered
in [Liu et al. 2021], where we showed that these maps are morphisms, described them explicitly, and
gave partial criteria for nondegeneracy. Here we extend the nondegeneracy criterion to a sharp statement
for the case of tensor pairs. This is used to show that if we vary the location of the nodes on individual
components, we can get possible linear dependencies to vary sufficiently nontrivially. Next, we will
consider a new case, where Q is fixed, but we have a separate varying parameter. This situation was not
considered in [Liu et al. 2021], but will be important to us in dealing with situations where the discrete
data of the limit linear series does not fix the underlying line bundle in some components.

First, given a genus-1 curve C and distinct P, Qon C,and c,d >0, let £ =O¢c(cP+(d—c)Q). Then
for any a, b > 0 with a+b = d — 1, there is a unique section (up to scaling by k™) of .Z vanishing to order
at least @ at P and at least b at Q. Thus, we have a uniquely determined point R such that the divisor of the
aforementioned section is a P +b Q + R; explicitly, R is determined by aP+bQ+ R ~cP+(d—c)Q, or

R~(c—a)P+(d—-—c—b)0=(c—a)P+(1+a—¢c)0
=P+@+1-c)(Q-P)=0+@—-0c)(Q@—P). 2-1)
We see that R = P if and only if Q — P is |a + 1 — c|-torsion, and R = Q if and only if Q — P is
|a—c|-torsion. Note that (2-1) makes sense even when Q = P (in which case R = Q = P), so we will
use the formula for all P, Q, understanding that it has the initial interpretation as long as Q # P. To

avoid trivial cases, we will assume that a #c — 1, and b #d — c — 1, or equivalently, a + 1 — ¢ # 0, and
a—c#0.

Notation 2.1. Fix P C, £ > 1,and for j =0, ..., £, set numbers a{, ag, b{, bé satisfying fori =1, 2,
j,j €f{0,..., ¢},

al +bl=d—1, al —c#0,-1, o/ +al=al +al.
Let U be the open subset of C consisting of all Q such that O — P is not |aij —c|-torsion or |aij +1—c|-
torsion for any i, j. For Q € U, choose sections sij with divisors

al P+b/ 0+ R C.

Define s/ = s{ ® S'zi el (C, ,%@2), and normalize the s/, uniquely up to simultaneous scalar, so that their
values at P are all the same. Considering s°(0),...,5%(0)) gives a well-defined point of P¢, denote by
fo the point of P* determined by (s°(Q), ..., s*(Q)).

In [Liu et al. 2021] we showed that the map U — P* given by Q + f extends to a morphism
f:C— Pt
Extending Corollary 2.5 of [Liu et al. 2021], we have:

Proposition 2.2. If all the aij are distinct, and alj + a‘zi #2c — 1, then f is nondegenerate.

The proof relies on reduction to a good understanding of the £ = 1 case. Indeed, we can view our
map as being given by (1, fi, ..., f¢), where f; is the rational function constructed from the quotient
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of sections s/, s°. Thus, nondegeneracy is equivalent to linear independence of the rational functions
1, fi, ..., fe, whose zeroes and poles are described explicitly by the following result, which combines
Lemma 2.2 and Corollary 2.3 of [Liu et al. 2021]. Recall the following notation introduced in [Liu et al.
2021]. For k an integer, X a point in C and Ly, ..., L;2 the line bundles in Pic’(C) of order a divisor
of |k|, Oc(X) ® L; = Oc(Y;) for a unique ¥; € C. Then, X + T'[k] := ), V;.

Lemma 2.3. In the £ = 1 case of Notation 2.1, the function f : U — k* given by Q > (s°/s)(Q)
determines a rational function on C. We then have

2
div f =) ((P+Tla) —c) = (P+Tlla} —cl) = (P+T[la) +1—cl)+ (P +Tlla} + 1 —c[])),
i=1

Moreover, f is nonconstant if and only if a{ + aé #2c—1.

Proof of Proposition 2.2. By Lemma 2.3, f1, ..., f¢ are all nonconstant. By reindexing the pairs we may
further assume

e—1 0 0 1 ¢
a1 <a, <---<a;Zay;<a,<---<a,.

Letnlj = |aij—c+1|, m |a —c|, andnf—max{nl,nz}

A first observation is that n/ > n/~! for all j: if a1 oo (respectively, a1 s c), then nJ ' < n{
(respectively, n{_l < né), and thus n{_l <n'; by a similar calculation, né I o n’: thus, n/=! < n’.

A second observation is that n/ > max{m?, mg} for all j > 1, and if equality is attained, j must

be 1. Indeed, when ¢ < ag, we have mg < mé < né for all j > 1; meanwhile, either m(l) < mg af

c< aO) or m(l) < n} < n{ (if ¢ > aO) for all j > 1; thus, max{m(l), mg} <n/ forall j > 1. When ¢ > ag,

m9 <m? <nl <n{ forall j > 1, and hence the same conclusion holds.

Now, we claim that f; has poles at the strict n;-torsion points. Recalling from Lemma 2.3 that the
poles of f; are supported among the m?- and nlj -torsion points for i = 1, 2, the above two observations
show that 1, ..., fj_; cannot have any poles at strict n’-torsion points, which immediately implies that
1, f1, ..., fe are k-linearly independent Thus, it suffices to prove the claim. Since the potential zeroes
of f; are supported among the m? - and n -torsion points, we just need to show that n/ does not divide
mlj or nl fori =1,2 and any j > 1. Moreover, we already know that nl >n®> n?, so it is enough to

consider the mlj . We consider two cases.
Case I: ¢ < ag, so that also ¢ < aé for all j. In this case,

0_,0 1 1 C_ 0
my <n,<m,<n,=<---<m;<nj.

In particular, we have n/ > mz, S0 it remains to compare nf against m1 If nl = n1 , since n1 is always
coprime to ml, the claim follows instantly. If nf = né > nl, since |n1 —m | =1, we have n/ > m . But
equality cannot hold as it would imply that al + a2 = 2c¢ — 1, which is ruled out by our assumption. So

we conclude the claim in this case.
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Case 2:¢c> al, so that ¢ > a1 for all j. If a2 > c, né = m2 + 1 and hence nJ > m2 Meanwhile,

n1 = m1 —1. Slmllarly to the previous case, either n/ > m{

If a2 <c, né = m2 — 1. Under our assumptlon nl = n{ SO is coprime to ml But because j > 1, we

have ”1 > n2 +2= m2 +1, s0 n{ > m2 and the claim follows. O

or n/ is coprime to ml, and the claim follows.

Notation 2.4. We now consider the point Q fixed, but the line bundle .¥ varies (in particular, we do not

have a c¢). As before, for £ > 1, and j =0, ..., £, set nonnegative integers a1 , a2, b] b] satisfying
al +b/ =d—1 foralli,j; al +af is independent of j.
Choose a point R = R?. Then, foreveryi =1,2, j=0,...,[, there is a well determined Rij such that

(’)(aij P+ bij 0+ Rij) = 0(@@)P +bYQ + R) = . Note that, using that aij —i—blj =d — 1, the last equation
is equivalent to
R/ =R+ (a) —a))(P - Q).

We have sections sl.j of . with divisors aij P+ blj 0+ Rl.j . We can take tensor products to obtain
s/ = s1. ®sé and obtain sections of the line bundle .#®? having divisors (a .—i—az')P + (bj —{—bj )0 +Rj —I—Rj
Note that the condition that a1 + a2 is mdependent of j implies that the divisors R] + R] will all be
linearly equivalent to one another. If the a b’ are generic, none of the RJ are equal to P and we can
normalize the s/ to have the same value at P. We obtain a well-defined point s°(Q), ..., s%(0Q)) e Pt
But because we have said that . is uniquely determined by R(l), we can view this procedure as giving a
rational map from C to P¢, which we will now study. The argument will be similar to that of Lemma 2.2
and Corollary 2.5 of [Liu et al. 2021], but a bit simpler.

Proposition 2.5. Suppose that P — Q is not m-torsion for any m < d. Let U C C be the open subset of
points R = R(l) on which the map ¢ : U — Pt that sends R € U to s°(Q), ..., sYQ)) is well defined.
Then ¢ extends to a nondegenerate morphism C — Pt

Proof. We first consider the case £ = 1, proving that we obtain a nonconstant rational function, and
showing further that the divisor of this function is equal to

Q+(Q— (@) —a))(P = Q)+ (P —(a] —a))(P = Q) + (P — (a] —ay) (P — Q)
—(Q— (@ —a(P = Q) — (@~ (@} —a))(P = Q) = P — (P —(a} —a)(P — Q).
Let D! be the divisor on C x C obtained as the graph of the morphism
R— R+ @) —al)(P—-0)
so that DY is simply the diagonal, and (R?, R) € D/. Set
DI=D/+DI+(P-@—a )(P-0)xC+(P—-@—a)/)(P-0Q)xC

for j =0, 1. Then we claim that D° and D! are linearly equivalent. By construction, if we restrict to
{R} x C for any R not among the P — (a? — a;’ )(P — Q), we get that D° and D' are linearly equivalent,
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so DY — D! ~ D x C for some divisor D on C. But if we restrict to C x {P}, we see that D{ + Dé
restricts to (P — (a? — a{)(P - Q)+ (P — (a? — aé.)(P — Q)), so the restrictions of D° and D! are
linearly equivalent on C x { P}, and hence on C x C, as desired. Moreover, this shows that if 7y and #; are
sections of the resulting line bundle having DY and D! as divisors, then folcx(py has the same divisor as
t1lcx(p)»> SO we can scale so that 7y and #; are equal on C x {P}. We then see that our map U — P! s
given by composing R — (R, Q) with the rational function induced by our normalized choice of (#, #1).
Thus, it is a rational function, as desired. We compute its divisor simply by looking at the restrictions of
D% and D! to C x {Q}, which gives the claimed formula.

Now, for the case of arbitrary £, we can consider the map to P’ to be given by a tuple of rational
functions induced from the £ =1 case, specifically by (fo, ..., fe—1, 1), where f; comes from looking at
s/ and s*. To show nondegeneracy, it suffices to show that the f; are linearly independent, which we do
by showing that each of them (other than f; = 1) has a pole which none of the others have. If we order
so that

0 1 14 l -1 0
a)<ap <---<a;<a,<a, <---<a,

we see that P — (a{ — aé)( P — Q) occurs among the poles of f;: indeed, given our nontorsion hypothesis
on P — Q, the only positive term in the divisor which could possibly cancel it is Q, which would require
a{ — aé = 1, which is not possible with our above ordering. But again using our nontorsion hypothesis,
and the fact that ag — a{ strictly decreases as j increases, we see that we obtain the desired distinct
poles. U

3. Background on limit linear series and linked linear series

In this section we review background on limit linear series, as introduced by Eisenbud and Harris [1986],
and on linked linear series, introduced by the second author [Osserman 2006] for two-component curves
and generalized to arbitrary curves of compact type in [Osserman 2014].> Recall that a curve of compact
type is a projective nodal curve such that every node is disconnecting, or equivalently, the dual graph is a
tree. To streamline our presentation, we will largely restrict our attention to the situation of curves of
compact type together with one-parameter smoothings.

Definition 3.1. Let X be a curve of compact type, with dual graph I'. Given r, d > 0, a limit linear series
on Xo of dimension r and degree d is a tuple (£, V')yev (), where each (£, V") is a linear series of

dimension r and degree d on the component Z,, of X corresponding to v. Write a{"¢ = (a(()v’e), . av?)
with a(()v’e) < a{v’e) <. < afv’e) for the vanishing sequence (the r 4 1 different orders of vanishing of the

sections in V) at P,. The following condition must be satisfied: if Z, and Z,, meet at a node P,, then
(v,e) ', e) .
a; +ar7j >d forj=0,...,r
A limit linear series is said to be refined if the above inequalities are equalities for all e and ;.

2In [Osserman 2006], linked linear series were called “limit linear series”, but the name was changed subsequently to reduce
confusion.
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We now consider a one-parameter smoothing of X, as follows.

Remark 3.2. Suppose B is the spectrum of a discrete valuation ring with algebraically closed residue
field, and 7 : X — B is flat and proper, with special fiber X a curve of compact type, and smooth generic
fiber X,,. Suppose further that the total space X is regular, that 7 admits a section.

Now, suppose we have a line bundle .Z,, generically —more precisely, we allow for the possibility that
%, is only defined after a finite extension of the base field of X,. We can then take a finite base change
B’ — B so that %, is defined over X ;], and then X’ may not be regular, but the line bundle ., will still
extend over X because Xy is of compact type. Moreover, there is a unique extension of .#, having any
specified multidegree (i.e., tuple of degrees one for each component) adding up to d: because X was
regular each component Z, of X is a Cartier divisor in X, and twisting by the Ox (Z,) (or more precisely,
their pullbacks to X”) will increase the degree by 1 on each component meeting Z,, and decrease the
degree on Z, correspondingly. For a multidegree w, we denote this unique extension by Zy. In particular,
for each Z,, we can consider the multidegree @’ which concentrates degree d on Z,,, and has degree 0
elsewhere.

Proposition 3.3 [Eisenbud and Harris 1986, Proposition 2.1]. Given a linear series (£, V') on X :7 of
dimension r and degree d, if we set £V := (Zou)lzv, and V' := (V, N\T (X', ,,iz;)v))|zv, then the resulting
tuple (L7, V'), is a limit linear series on X.

Theorem 3.4 [Eisenbud and Harris 1986, Theorem 2.6]. In characteristic 0, after finite base change and
blowing up nodes in the special fiber, we may assume that the specialized limit linear series constructed
by Proposition 3.3 is refined.

Note that the only effect on X of the base change and blowup is that chains of genus-0 curves are
introduced at the nodes. Assuming we blow up to fully resolve the singularities resulting from the base
change, these chain of curves have length equal to one less than the ramification index of the base change,
so in particular they are the same at every node.

We now move on to linked linear series. The first observation is that if we have two multidegrees w
and o/, then there is a unique collection of nonnegative coefficients ¢, € Z, not all positive, such that
oZ, = %/(— >, cvZy). In this way, we obtain an inclusion .,22;, — Diz;,/ which is defined uniquely up to
scaling. If we define .%, := Lol x,» We get induced maps %, — %, which are no longer injective, as
they vanish identically on the components Z,, with ¢, > 0. However, they are injective on the remaining
components. Passing to global sections we obtain maps

fw,w/ : F(XO, ga)) - F(XO, ga/)-

From the construction we see that f, ./ o f.r.., always vanishes identically. Although the twisted line
bundles .Z,, can be described intrinsically on the special fiber, the maps f,, ., depend on the smoothing
of Xy whenever the locus on which they are nonvanishing. is disconnected.

To minimize notation, we will define linked linear series only in the above specialization context.
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Definition 3.5. Given .Z, of degree d and the induced tuple (.%,),, of line bundles, a linked linear series
of dimension r (and degree d) on the %, is a tuple (V,,),, for all multidegrees of total degree d where
each V,, CI'(Xy, %,) is an (r+1)-dimensional space of global sections, and for every w, @', we have

fw,w’(vw) - Vw’-
From the definitions and using Remark 3.2, we have:

Proposition 3.6. Given (%, V,), for all  set V,, = (V; N T (X, ,,S?;,))l x,- We obtain a linked linear

series.

This process is compatible with the Eisenbud—Harris specialization process, and the forgetful map
commutes with specialization. The definition of linked series includes a linear series for every meaningful
multidegree. In particular, there are linear series for the degrees @’ which concentrate all the degree
on Z,. Ignoring the other multidegrees, we obtain a forgetful functor:

Theorem 3.7. If (V,,), is a linked linear series on £, and we set £° = Lv|z, and V' = V|7, for all
v e V(I), then (£°, VY) is a limit linear series. We will say that the linked linear series lies over the

limit linear series

This is explicitly stated (in the generality of higher-rank vector bundles) as part of Theorem 4.3.4 of
[Osserman 2014], but is primarily a consequence of Lemma 4.1.6 of [loc. cit.].
In [Osserman 2014], the following notion is introduced:

Definition 3.8. A linked linear series is simple if there exist multidegrees wy, ..., w, and sections
sj € I'(Xo, Za;) such that for every w, the f,, »(s;) form a basis of V,,.

The simple linked linear series form an open subset, and are particularly easy to understand (hence
the name). However, we will be forced to consider more general linked linear series arising under
specialization. We therefore introduce the following open subset, originally introduced in [Osserman
2006] in the two-component case.

Definition 3.9. A linked linear series is exact if for every multidegree w, and every proper subset S C V (I'),
if Zy = Z,(—Y 5 Zy), then

ves

fa),a)/(va)) = Vw’ Nker fw’,w-

An important special case in the definition, and the only one which we will use in the present paper,
is that o’ is obtained from w by decreasing the degree by 1 on a single component and increasing it
correspondingly on an adjacent component.

While we cannot always ensure our linked linear series are simple, we can ensure they are exact:

Proposition 3.10. If (.7, V,) is defined over X, itself, then the resulting linked linear series is exact.

The proof is exactly the same as in the two-component case, which is explained immediately before
the statement of Theorem 5.2 of [Esteves and Osserman 2013]. Thus, even if (%), V) is not defined
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over X,, we can take a finite base change to make it defined, and blow up the resulting singularities of
the total space to put ourselves into position to apply Proposition 3.10.

4. Degenerate linked linear series

The purpose of this section is to analyze the structures of the possible exact linked linear series lying over
limit linear series mostly when p < 2. We will restrict our attention to the case that the reducible curve
Xy is a chain.

Definition 4.1. Let Z, ..., Zy be smooth curves with distinct marked points P;, Q; on each Z;. Construct
Xo by gluing Q; to P+ foreachi =1,..., N — 1. Fix a total degree which in this section, we will
denote with d. Given w = (c», . . ., cy), define the multidegree of a line bundle on X associated to w,

mdy(w) =(d;,...,dy), by di=c¢, di=ct1—¢, i=2,...,N—1, dy=d-—cy.

Note that conversely, given a multidegree w with total degree d, there is a unique w such that « = md(w).
We will assume that 0 < ¢; < c¢;4; <d for all i.

The notation ¢; is very helpful in connection with the way in which we encode the combinatorial data
of a limit linear series. In order to avoid treating the end points separately, it will be convenient to use the
convention that c; = 0 and ¢y = d. To avoid notational clutter, we will frequently write simply md(w)
when the total degree is clear, and we will abbreviate Zindw) by Zw, fmdw),mdw’) bY fw,w, and so fourth.
The assumption that 0 < ¢; < d for all i guarantees that the map f,, ,, is injective on the component Z;
(see Proposition 3.6 of [Liu et al. 2021]), so we can understand sections in multidegree w as being glued
from the Z;-parts of sections in the multidegrees w'.

From Remark 3.2, given a limit linear series (. i\, ¥")i—1....n and the multidegree associated to a w, then

.....

Zwlz, is obtained from 7 by twisting down by ¢; P; + (d —¢j+1) Q;, leaving degree d —c; — (d —ci4+1) =
ci+1 — ¢;. Therefore, the condition ¢; < ¢;4; is equivalent to the d; being positive.

Notation 4.2. By construction, the components of X are ordered from 1 to N. We will think of a
horizontal representation of the curve, numbering the components from left to right. For example, when
we talk of the curve “strictly left of i”, we mean |, _; Z;.

We first describe the behavior of the maps f, v under the above encoding (See Proposition 3.6 of
[Liu et al. 2021] for a proof):

Proposition 4.3. Given w = (¢, ..., cn), w =(c}, ..., c)y) and total degree d, the map £,y — £,

vanishes identically on the component Z; if and only if

N N
/ . /
E (cj—cj)> léni’lélN . E (cj—c]).

j=i+l J=i'+l1

In particular, if ¢; < ¢; or ¢; | > cit1 then the map vanishes identically on Z;, and if ¢; = c; fori > 1,
then the map vanishes identically on Z; if and only if it vanishes identically on Z;_.
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Proposition 4.4. Let Z be a smooth projective curve, and P, Q € Z distinct. Let (£, V) be a g, on Z.

Then there is a unique (unordered) set of pairs (ao, bo), . . ., (a,, by) with all a; distinct and all b; distinct
such that there exists a basis sy, . .., s, of V with ordp 5; = a; and ordg s; = b; for j =0, ..., r.
Proof. Start with a basis sg, ..., s, with vanishing ay < --- < a, at P. Add multiples of the s; to 59 to

maximize vanishing at Q. Then repeat the process replacing s1, by adding multiples of the s;, j > 2.
Note that the s; themselves are not unique, although a given s; can be modified only by adding multiples
of s; which simultaneously satisfy ordp s;; > ordp s; and ordg s;» > ordg s;. O

To each refined limit linear series, we can associate a table of numbers as follows:

Definition 4.5. Let (¢, V') be a refined limit g; on Xy, and for each i let (aj’.' , b]’: ); be the set of pairs
given by Proposition 4.4. Construct the (r+1) x N table T' from left to right, with the i-th column
of T’ consisting of the pairs (aj , b;) for j =0, ..., r, and the ordering of each column determined as
follows: aj1 should be strictly increasing, and for i > 1 and each j, we require a]’f =d— bj’:_l. For fixed i,
we refer to the aJ’. and the bj’. as making up the subcolumns of the i-th column of 7’. For each j, let
w; = (@, ..., ajN), and set w; = mdy(w;).

Example 4.6. Let X be a chain of 5 elliptic curves. Construct a limit linear series on X of degree 4
and dimension 1 with the following line bundles on the components:

L1 =0401), Ly=0Q@2P,+203), L3=0(P;+303), Lygeneric, Ls=0O(4Ps).

and sections with vanishing associated to the table

0 4/0 3|1 3|1 2]2 1
1 212 212 1|3 04 0

The table has two rows corresponding to the two sections. The five columns correspond to the 5 elliptic
curves with the left and right semicolumns corresponding to the vanishing at P; and Q;, respectively.
There are two w; one for each of the two sections and left semicolumns, starting with the second one and
corresponding multidegrees w; as follows:

wo=(0,1,1,2), wy=(0,1,0,1,2), w;=(2,2,3,4, o =(2,01,1,0).
For instance .%,,, is a line bundle on the chain with restrictions to the 5 components
LY=0, LY=002P,—Qi), L3=0, Lyj=Li(—Py—2Q4), L§=0Q2Ps),
while .Z,,, has restrictions to the 5 components
LY'=0020)), Li=0, LY=002Q0;—-P;), Li=L4y-3P), LI=0.

Note that the set of pairs of Proposition 4.4 is giving a relative ordering of the vanishing sequences at
P and Q, so the condition that the limit linear series is refined means that we can always impose that

a; =d— b;_l. Arranging our table ordering in this way, we can always choose sections s; e V' such that
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ordp, s} = a; and ordg, s; = bj’ Then in multidegree w; there is a unique section s; obtained from gluing
together the s} (although as noted above, the choices of s; are not unique in general).

Definition 4.7. We say that a swap occurs in column i between rows j, j if a} < a]’f/ and b} < b}, or if

a;' > a;', and b;l > b;.',. A swap is minimal if further |a;' — a;',| = |b;ﬁ — bj’i,| =1 and either a;' + b;ﬁ =d or
a;', + b;i, =d.

Example 4.8. If X is again a chain of 5 elliptic curves, construct a limit linear series on X of degree 4
and dimension 1 with line bundles and table of vanishing

Li=0401), Ly=0Q2P+20>), L3=0Q2P3+203), Li=0Q2P4+204), Ls=0(4PFs),

0 4/0 3|1 1|3 04 O

1 212 2|2 22 2|2 1
A swap appears on C3 between the only two sections on the linear series sg, s;. This swap is minimal as
laj —ajl=2—1=1|b} —b}lis landaj} + b} =2+2=4=d.

A limit linear series is chain-adaptable in the sense of [Osserman 2014] if there are no swaps in the
table 7'. For a chain-adaptable limit linear series, there is only one linked linear series lying over it that
is simple, generated by the s; described above. In the nonchain-adaptable case, the linked linear series is
not necessarily unique.

A nonempty open subset of the set of possible linked linear series will always be simple, generated by
sections similar to the s; described above. However, even some exact linked linear series are not simple.
We can nonetheless use exactness to obtain fairly good control over what these linked linear series look
like. We address all the cases that can arise for p < 2 below.

We will use the following observation: Fix a refined limit linear series and a choice of all the sJ’
For any w = (¢, ..., cy) (assumed bounded), the linkage condition implies that the sections in the
(r+1)-dimensional space V,, in the linked linear series are linear combinations of sections obtained by
gluing, for a fixed j, the sections s/’ to one another as i varies, where each s/‘ that appears must satisfy
a]’. > ¢; and b} > d — c¢j+1, and if the first (respectively, second) inequality is an equality, we must also
have s} - (respectively, s} *1) included in the gluing. Indeed, a section in V,, must be a linear combination
of such s}, and since the aj’. and bj’. are all distinct for fixed i, at most one can have equality on each side,
leading to the desired form for the gluing.

Proposition 4.9. Suppose that the jo-th row of T’ has the property that for all j < jy we have bJ’: > b;o
fori=1,...,N—1,andforall j > jywe have a} > a]’fo fori=2,..., N. Then any linked linear series
lying over the given limit linear series (in the sense of Theorem 3.7) contains the expected section sj,.

Proof. It suffices to see that the space of global sections in multidegree wj, obtained from all possible

gluings of the s} has dimension exactly r 4 1, so that any linked linear series must contain the whole
space, including s;,. But for j < jo since bj’: > b;o fori < N, we have a}“ < a;OH, SO s}“

at all in multidegree wj,. Thus, only sj1 can appear, glued to the zero section on every other component.

cannot appear

Similarly, for j > jg only st can appear. And since each s}o has precisely the desired vanishing at the
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nodes, sj, is the unique way to glue them together, so we obtain an (r+1)-dimensional space in total, as
desired. g

In this paper we consider mostly spaces of linear series with Brill-Noether number p =1, 2. We will
see in Proposition 5.3 that on a generic chain of elliptic curves, the number of swaps is bounded by p. So,
we now systematically consider all cases where the limit linear series has only one or two swaps.

Proposition 4.10. Suppose that a limit linear series has a single swap occurring in the iy-th column
between the (jo—1)-st and jo-th rows, Then any linked linear series lying over that limit linear series (in
the sense of Theorem 3.7) contains the expected section sj,_. The spaces of sections of the linear series

with multidegrees associated to

2 io ip+1 N 2 ip _ip+1 N
(ajo_l, ce G g ag and (ajo, e Gy @y “jo—l)

contain the respective images of the section s;,. These images consist of 0 on the first io — 1 components

and s}o fori=ip,...,N,and ofs;0 fori=1,...,ipand 0 on the last N — ig components, respectively.
Given w = (¢3, ...,cny). If ¢; < a}o_l, a}o for all i, the linked linear series contains sj})

md(w), and if ¢; > aJ’:O_l, aj’fo for all i, the linked linear series contains sj]: in multidegree md(w) (in both

in multidegree

cases, glued to O on the other components).

Proof. Note that our assumptions imply that

bJ‘. > b]l.

i

—1> bjg.» forall j < jo—1,i=1,...,N—1, a >ad  a

J o2 “jo—1 forall j > jo, i=2,..., N.

In multidegree wj,—1, as in the proof of Proposition 4.9, the s} for j # jo — 1, jo can only contribute for
i=1Gfj<jo—1)ori=N (Gf j > jy), and the s}rl glue uniquely to gAive sj,—1. Finally, the s}o can
only contribute at i = iy, so we find that the space obtained from all the s} is (r + 1)-dimensional, and
sj,—1 must be in the linked linear series, as desired.

Next, consider w’' = (aJ%_l, e ajg_l, a}SH, e ajl(:’). Note that fi, w(sj,) is equal to s;, from io
to N (inclusive), and O strictly before ip. We claim that the space of possible sections from the s; in
multidegree md(w’) is precisely (r+1)-dimensional, so the linked linear series is uniquely determined in
this multidegree. By hypothesis, the s]? for j < jo — 1 can only contribute for i = 1, and the s]? for j > jo
can only contribute for i = N. The 5;0—1 could in principle contribute for i < igp and i = N, but if the
5;0—1 gave rise to nonzero sections for i < ig, they all would be nonvanishing at the relevant nodes, gnd
they would have to glue to something nonvanishing in the ip-th column. This would have to be s;g_l ,
which does not have enough vanishing on the right to appear in multidegree md(w’). Thus, we conclude
that the s}o_l can only appear for i = N (where it is glued to the zero section on all other columns).
Finally, the s;o can only appear for i > iy, where they are nonzero at all interior nodes, and therefore have
a unique gluing, which must yield fi, .(sj,). Thus we get the claimed dimension r + 1, and conclude
that fwjo’w/(sjo) is contained in thieé hr;(l)(f? linear series.

.. . "o 2
Similarly, if w” = (ajo, AT

dimensional, and contains fwjo,w“ (8j5)-

., aJ.]gCl), we find that space of possible sections is (r+1)-
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Now, suppose we are given w with ¢; < a}o_l , a}o for all i. Then Proposition 4.3 implies that f,, ,, is
nonzero precisely on the first component, so fy,7 , ( fwjo,w“ (sj,)) is equal to sjt glued to 0, as desired. The
situation with ¢; > aj’fo_ 1 a]’fo is similar, but with w’ in place of w”. O

Example 4.11. In Example 4.8, (a?_,.....a’_.a"' ... aY)=(0,1,2,2). This numbers give the
required vanishing at P;,i =2, ..., 5, while the vanishing at Q; =d — ¢;+1 =4 — ¢;+1. This means that

the required vanishing is
4at Q;, OatP,, 3atQ,, latP;, 2atQz, 2atP;, 2atQ4, 2atPs.

The order of vanishing of s; at the nodes is 2 at P53, 2 at O3, 2 at Py, 2 at Q4, 2 at Ps. As the order at

Ps is 2, strictly greater than the required 1, it can be glued to the zero section in the first two components
. . . . . . . 2 1 j0+1 N

to give rise to a section of the linked linear series. Similarly, (ajo, R a}(‘;, a}(‘;_l, YA p=@2,2,3, 1.

The required vanishing is then

2at Qy, 2atP,, 2atQ,, 2atP;, latQsz, 3atPs, OatQ4, 4atPhs.

The order of vanishing of s; at the nodes is 2 at Q, 2 at P, 2 at O, 2 at P3, 2 at Q3. As the order at
Qs is 1, strictly greater than the required 0, it can be glued to the zero section in the last two components
to give rise to a section of the linked linear series.

When the hypotheses of Proposition 4.9 are not satisfied for every jo, there may be linked linear series —
even exact ones — which do not contain all of the s;,. They may occur as specializations of linear series
on the generic fiber. This leads us to introduce the notion of mixed sections below. We will then show that
there are mixed sections of rather precise forms, which can in some sense take the place of the missing s;.

Definition 4.12. For ¢ > 1, let S = (S1, ..., S¢) be atuple of subsets of {1, ..., N} (some of which may
be empty) such that for all pairs i <i’, every element of S; is less than or equal to every element of S;: and
such that every element of {1, ..., g} is contained in some S;. Let f = (j1, ..., je) be a tuple of elements
of {0, ..., r}, possibly with repetitions. Then given a fixed limit linear series and corresponding choices
of the s;, a mixed section of type (§ , f) is a w and a section s in multidegree md(w) which is a sum from
i =1 to £ of sections obtained by gluing s;l_/ for all i’ € §; to the zero section on other components.

Proposition 4.13. Suppose that a limit linear series has precisely one swap, between the jy-th and
(jo—1)-st rows occurring in the ig-th column. Then any linked linear series lying over the given limit
linear series contains the expected sections s; for all j # jo. If the linked linear series is exact, then it
must contain mixed sections sjfo of type ((S1, S5), (jo — 1, jo)) with S| supported on \ J,_; Z; and s]’é of

type ((S7, S5), (o, jo — 1)) with S supported on Ui>i0 Z;.

i<ip

Note that this allows for the linked linear series to contain the section sj, itself when S} and S} are
both empty.

Proof. Start with the w’ = (aﬁil, el a}é’il, ang, e aj](;]) as in Proposition 4.10. Note that if iy = 1,

then the proposition says that s, itself is in our linked linear series, consistent with the stated form for s]fo.
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If ip > 1, we consider iteratively changing w’ by increasing the twists by 1 for i’ < iy (starting at ip)
until they each agree with aj’:(;. We note that every such modified w’ has an (r+2)-dimensional space of
global sections obtained from the s]’ described explicitly as follows: sj1 for j < jo—1; st for j > jo;
sj];’_l; a section obtained by gluing the s}o_l for i from 1 to i’ — 1 (which is the last column in which w’
agrees with ajo_ 1); and a section obtained by gluing the s}o from either i" — 1 or i’ to N, beginning with
the last column in which w’ has coefficient strictly less than aJ’.O. For each j # jo — 1, since there is a
unique section constructed from the s}, it is necessarily equal to fwj,wf (7). In addition, since we know s;
is in the linked linear series for j # jo, then f, 4 (s;) is necessarily contained in the linked linear series
for j # jo— 1. jo.

Now, suppose that the linked linear series contained fwjo,w’ (sj,) for the old w’; we claim that it either
also contains it for the new w’, or contains a section of the form desired for s]fo. Indeed, increasing the
twist in the i-th column corresponding to twisting once by every component from i to N., we observe
that fu, w(sj,) is in the kernel of the map from the old w’ to the new one. By definition of exactness,
the linked linear series must contain some s in the new multidegree mapping to fu, w(sj,) in the old
one. Using the above description of the space of global sections, this is necessarily a combination of the
fwj,w/ (sj) for j < jo—1and j = jo, together with the section from the s}o_l fori =1 toi’— 1. Moreover,
since we observed above that fy, 4 (s;) is contained in the linked linear series for j < jo — 1, we can
subtract these off to obtain a combination of the sections from the jy — 1 and jy rows. If the jo — 1
term vanishes, we have that fwjo,w’ (sj,) is contained in our linked linear series for the new w’, and if the
Jjo — 1 term is nonzero, we have something of the desired form for sjfo (with the minimal element of S}
being either i’ or i’ — 1 according to where Juy, w(8j,) begins), as claimed. Iterating this process, we
either obtain the desired s]fo, or we eventually reach w’ = wj, and find that the linked linear series actually
contains s;, itself.

As the situation is completely symmetric, the construction of sj’(’) is similar, starting from the multidegree
w” from the proof of Proposition 4.10. O

When p = 2, there are four additional types of swap (see Definition 4.7), which we consider one by
one. They all involve having exactly two swaps, occurring in distinct columns. The first case is when the
swaps occur in disjoint pairs of rows.

Proposition 4.14 (“disjoint swap”). Suppose that a limit linear series contains precisely two swaps, and
these occur in disjoint pairs of rows, say jo— 1, jo and ji — 1, ji. Then any linked linear series lying over

the given limit linear series contains the expected sections s; for all j # jo, ji. If the linked linear series is

exact, then for £=0, 1 it must contain mixed sections s, of type (S}, 2, Sy10), (Je—1. je)) with Si 5, sup-

ported strictly left of iy and sJ/; of type ((S{ 205 8512¢)> (s Je—1)) with Sy

2420 Supported strictly right of iy.

Proof. This is essentially identical to the proof of Proposition 4.13. The only new point which arises
is that in constructing the sections sfo, sj’é ,
which arises in the iterative procedure, and similarly with jy and j; switched. But this follows from the

we need to know that we can always subtract off any s;, part

last assertion of Proposition 4.10. O
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Example 4.15. Assume that X is a chain of 6 elliptic curves. One can construct a limit linear series on
Xo of degree 8 and dimension 3 by choosing the following line bundles on each component:

0®Q1), ORP,+60Q3), OQRP;+603), OOP4+204), O(6P5s+20s5), OBPFs),

and sections with associated table

0 8/0 7|1 5|3 4|4 3|5 2
1 6/2 6|2 6|2 5|3 4|4 3
2 5|3 414 3|5 1|7 08 0
3 414 3|5 2|6 2|6 2|6 1

A swap appears on C3 between sg, s; and another at C4 between s;, s3. Both swaps are minimal as
required as there are the maximum number possible (two) of swaps for p = 2. In general there may be
larger gaps between the rows where the swap occurs and between the columns where it occurs as well.

The next case is that a single pair of rows can undergo two swaps in different columns.

Proposition 4.16 (“repeated swap”). Suppose that the limit linear series has precisely two swaps, both
between the jo-th and (jo—1)-st rows, with the first occurring in the iy-th column, and the second in
the i1-st column for some i} > iy. Then any exact linked linear series lying over the given limit linear
series contains mlxed sections s L of type ((S1, S5, S%), (jo — 1, jo, jo — 1)) with S, supported strictly
left of iy and s, _ 1 of type ((S7, S”) (Jo — 1, jo)) with S} supported strictly right of i1, and it contains
mixed sections s of type ((Sy, S5), (jo — 1, jo)) with Sy supported strictly left of ig and s " of type
(S5, 8y, 89), (]o, Jo—1, jo)) with S} supported strictly right of io.

Proof. The proof is similar to the proof of Proposition 4.13. For sjfo_l, we first consider

/_ 2 io ig+1 i i1+1
w = (ajo_l, B R P ajo_l).

Note that Jugy—r,w (Sjg—1) is equal to sj,—1 from i; to N (inclusive), and O elsewhere. Indeed, these are
the only columns in which the s _ can be supported, since they do not satisfy the correct inequalities
from ip to i — 1, and for i < iy they satisfy them with equality, so would have to be glued to a nonzero
element in the ip-th column. As in the proof of Proposition 4.9, we check that we have dimension exactly
r + 1 in multidegree md(w’), with the unique contribution from the jy row coming from s . Thus, we
find that fw_,.o_l,w (sj,—1) is necessarily contained in multidegree md(w’).

We then iterate changing w’ by 1, increasing the twist by 1 in the i’-th column for i’ < i; to change
them from a;(; to a}(;il. Using exactness, at each stage we either find the linked linear series still contains
fwjo—law/(sjo—l) for the new value of w’, or it contains the sum of fwjo,l,w/(sjo_l) with a section obtained
by gluing the sjfo for i =iy, ..., i’ — 1. In the first case, we continue to iterate the process of changing w’,
and if we do not ever get the second case, we end up with s;,_ itself in our linked linear series. On the
other hand, once the second case occurs, we begin to iteratively change w’ by increasing the twist by 1 in
the i’-th column for i’ < iy to change them from a’ | to a . Bach time the twist increases above a'’ 1

Jo— Jo
we could obtain a contribution obtained from gluing Sjo— from i =1toi — 1, and if this occurs, we get
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our desired s]fo_l. Otherwise, we keep iterating, and each time the twist at i’ reaches a , the portion of

the section obtained from the s}o extends to include i — 1. Again, if we never get a contrlbutlon from the

s}o fori <i', we will end up with a section as required for s; |, having S| =02.

The construction of s/ s is similar, but simpler: we set our 1n1t1a1 w’ = (a e al:‘ , l:'+1, caM,
-1 Jo—1 ]0 1 Jo Jo
and then we 1terat1vely decrease the twists for i’ > i by 1 to change them from a! to aJO 1» until we

obtain the desired result.
The construction of s and s " follows the same process. For s , we start with

r_ 2 io io+1
w —(azjo_l,...,a.o_l,aj0 jo)

and we 1terat1ve1y increase the twists for i’ < iy by 1 to change them from aj _ to a . Finally, for s , We
start with w” = (@} , ..., ajl(?, a’3+11, e ’(} : a’.‘+1, ..., al), obtaining a sectlon glued from the s’ for
i <ip. We iteratively decrease the twists for i’ > i by 1 to change them from a _ toa;, until we obtaln
a contribution from the a _ (necessarlly ending at i1), and then we 1terat1vely decrease the twists for

i’ > i1 by 1 to change them from aj to a _» eventually obtaining either s, itself, or the desired s U

Example 4.17. Assume that Xy is a chain of 6 elliptic curves. One can construct a limit linear series on
Xo of degree 5 and dimension 1 by choosing the following line bundles on each component,

0GBQ01), O0QP,+30Q7), 0OQ@P3+303), OQ@BPs+2Q04), OGBPs+20s5), OGP,

a table associated to this limit linear series is

0 5|0 4
1 3{2 3

1 213 2
2 3121

3 2131
4 0|5 0

A swap appears on C3 and again at C4 between the only two sections on the linear series sg, s;. Both
swap are minimal as required as there are the maximum number possible (two) of swaps for p =2

Finally, three consecutive rows can undergo two swaps. This can happen in two different ways.

Proposition 4.18 (“first 3-cycle”). Suppose that the limit linear series has one swap between the jo-th and
(jo+1)-st rows occurring in the ig-th column, and a second swap between the (jo—1)-st and (jo+1)-st
rows in the i-st column for some i > io, and no other swaps. Then any linked linear series lying over
the given limit linear series contains sj,—1 and sj,. If further the linked linear series is exact, then it
contains mixed sections s/ - oftype ((S1. 85, 83), (o — 1, jo, jo+ 1)) with S| supported strictly left of iy,
S}, supported strictly left of ig, S, J0+1 of type ((S7, Sg, S, Go+ 1, jo—1, jo)) with S supported strictly
right of iy, S5 supported strictly right of io, and s}, . | of type ((S{", S5, S3), (jo, jo+ 1, jo— 1)) with S{"
supported strictly left of io, and S5’ supported strictly right of iy.

Note that if S} = @, then S| may contain elements greater than ig, and similarly if S} = &, then S5
may contain elements less than i;.

Proof. First, check that the multidegrees wj,—1 and wj, both have only (r + 1)-dimensional spaces of
possible sections, so that s;,_; and s;, must both lie in any linked linear series. Indeed, for the former, the
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sj can contribute only for i = N, while the s ,+1 can contribute only for i = i}, while for the latter, the

sj’ _; can contribute only for i = 1, and the s’ 1 can contribute only for i = io.

// " : 141
Now, to construct the sections so +10 St and s Sip+1- we proceed as in the previous propositions.
_ 4l i1+
For sJ 41> We start with w’ = (ajo_l, e G s A +1) and then iteratively increase the twist
. . o ee . o o i’ i
by 1 at a time for i’ < iy, initially increasing it from a; _, to a. . For i’ > iy, this process behaves as

o=
before, either extending the contribution from the a 41 1terat1vely to the left without 1ntr0ducmg any

other nonzero contributions, or producmg a sectlon | as desired, having S, = &. Once i’ <ip, we

j+

still iteratively increase the twist from a _toa but we are required to pass a]’.'(; in the process. This

+1’
introduces a third possibility: once the tw1st at i’ is strictly greater than aj , we could obtain a contribution
from s}(;*l. Also, for i’ < iy, once the twist at i’ is equal to a]’f(;, we could obtain a contribution from
both s"/—1 and si, If either of these occurs, we move to the next i, and for the remaining i’, instead of
increasing the tw1st from a] _toa ] +1’ .
from the sj0 (fori =i'"—1ori=i"—1,i)and 5;0—1 (fori =1,...,i"— 1) simultaneously at some point,

we only increase to aj’.'(;. Note that we may obtain contributions

which still gives an s]fo 4 Of the desired form. On the other hand, if we never obtain a contribution from
the s;, then the resulting s | simply has S, = @.

For s] 41> We start with w' = (aj20+1, e a}SH, a]’.gH, .. N) and then follow the same procedure as
for s ,+1- iteratively decreasing the twist at i "> io from aJO to a; 1 with the possibility of a contribution
frorn the sf _, once i’ passes i.

" 2 io _io+1 il i1+1 N Ce. . .

Flnally, fors 11 Set w” = (a: e Qg aJOH, e s A T _) initially. We then 1terat1vely
1ncrease the tw1st ati’ <iy from a] to a ,+1-> and iteratively decrease the twist at i’ > i; from a 1 to

n
] +1 to construct s, ;. U

Example 4.19. Assume that Xy is a chain of 8 elliptic curves. One can construct a limit linear series on
Xo of degree 8 and dimension 2 by choosing the following line bundles on each component

0®Q1), ORLP,+6Q3), OMAP3+403), O@P4+4Q4),
O@4Ps+40s5), O@APs+4Q¢), OBGP;+207), O(8Pg)

and sections with associated table
0 8|0 711 3 3|5 2 1
1 6|2 62 5 2|6 0 0
2 513 4|4 414 414 414 4|4 3|5 2

A swap appears on C4 between s1, s, and another at Cs between sy, s2. In general there may be larger

612 5 216 6
513 3 117 8

gaps between the columns where the swap occurs.

Proposition 4.20 (“second 3-cycle™). Suppose that our limit linear series has one swap between the
(jo—1)-st and jo-th rows occurring in the iy-th column, and a second swap between the (jo—1)-st and
(jo+1)-st rows in the i-st column for some i\ > iy, and no other swaps.

Then any linked linear series lying over the given limit linear series contains sj,—1. If further the
linked linear series is exact, then it contains mixed sections sjfo and s]/(: of type ((S1, %), (jo— 1, jo)) and
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(87,87, 85), Go» jo+ 1, jo — 1)) respectively, with S| supported strictly left of iy, S supported at or
rlght of i1, and SY supported strictly right of iy. Similarly, it contains mixed sections s o1 and s’ Si) +l of type
(85, S}, 85, Go— 1, jo, jo+ 1)) and ((S}, S5), o+ 1, jo — 1)) respectively, wzthS3 supported strictly
left of i1, Sy supported at or left of ig, and S supported strictly right of iy. Moreover, if iy € S} then also
i1 € 8], and if ig € S}, then also iy € S;. Finally, either we can have S, = S) = {1,..., N}, or it also

"

contains a mixed section s"' of type ((S{", S5, S5), (jo, jo — 1, jo + 1)), where every element of S} is

strictly between iy and iy.

Proof. For the most part, this is straightforward and similar to the previous propositions, but there
is one new subtlety to address, and the idea for the construction of s” is new. We first construct s]fo,

. . [ . . . . i’
starting with w’ (a =1 J’g 1 a}é’“, .. .N ). We then iteratively increase the twist from a}o_l
i’ . . .
to aj’ for i’ < ip, and obtain sj as before We then do the same procedure for s o1 starting with
= (a? al', L aht! ).
it s @ @i G -
Next, we construct s’ ! starting With w” (a j’g a}(?_l e ajl(:’_l). We then iteratively decrease

the twist at i’ > i from a _, to a . Fori’ <iy, thls behaves as in the previous propositions, with one new

subtlety: for each 1ntermed1ate Value of w’, the s | can contribute only in the i; column, but because

+
we do not know that s;,,1 is contained in the linked linear series, we also do not know a priori that this

contribution from s? 41 10 multidegree md(w’) is contained in our linked linear series. However, since

we have already constructed s we can use its image in md(w’). One checks that its only possible

0+1°
support in md(w’) is in the i; column so that in fact the multidegree-md(w’) part of the linked linear

series necessarily contains the section given by s; and we can subtract it off as necessary from the

0+1 ’
section we are constructing. Thus, for i’ < i;, we can iterate as before, and will either obtain an s]/(: as

desired (with S} = @), or we will obtain a section made up of the s}o for i <ij, and vanishing identically
for i > i. In the latter case, we continue to iteratively decrease the twists deﬁning w’ for i > iy, but as in

i’

the construction of sjfo 41 in the proof of Proposition 4.18, to get from al’f(;_l to a; we need to pass al’

Jo+1°
which is where the possible contribution from the jy + 1 may occur.
The construction of sjfo 1 follows the same pattern as that of s]’(: but starting with

. i1
.,a” i+

_ N
w' = (a; o1 Qg1+ Gigy1)

Here we use the image of sjfo in order to subtract off any contributions of s]’g which occur.

Finally, for s”, we start with w’ = wj,. We observe that there is an (r+2)-dimensional space of
potential sections in multidegree wj,, with the s} for j < jo— 1 contributing only for i = 1, the s; for
Jj > jo-+ 1 contributing only for i = N, the s}o contributing only with s;; itself, and the 5;0—1 contributing
separately fori =1 andi = N.

We must therefore have a three-dimensional space of combinations of the four sections s 1_1, f(}’ 1
and s;,. It follows by ehmination that this space must contain (at least) one of the followmg. sj, plus
.{) | S, + |- The first
case means that we can take S/ ={1, ..., N}, while in the second we get a vahd choice of s””. In the third

N
Sjo+10

a (possibly zero) multiple of s _15 8j, plus a (possibly zero) multiple of sV Sig415 and s
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N

Sjo+1°
isting down by a! to a’

twisting y aj,

case, we begin with and iteratively twist the multidegree as before. For i’ > i}, we change w’ from

"

and at each stage, we must either obtain the desired s, or a section made

l/
Got1>

up purely of the s} in which case we continue to iterate. Note that in these multidegrees, we continue

0+1° )
to have that the only possible contributions of the sjf (for j # jo) supported strictly left of i” come for

Jj < jo—1, and we can take the image of sj}) _, from multidegree wj,, so all these can be subtracted off as

. . . i’ ./ ./
necessary. When i’ < iy, we will have a! _, between a; and a: _ .;
Jo—1 Jo Jo+1

but a new possibility occurs: once we are twisting down by strictly more than Cl};,l, we could obtain a

contribution from a]’f():}. If this occurs, we will continue to iterate, but stopping after increasing the twist

we still iteratively increase the twist,

, ., i
from a! to a! , for each smaller i’.

Jo Jo—1
. . . . ! . . . .
If we have continued with contributions from s; ., for each i’, then once we reach iy, we will again

have no other a; between a! and a! so we will ultimately obtain an s”” of the desired form, with

Jo Jo+1° 3 .
S3" = @. On the other hand, if we have switched from the s}o 41 to the 5;071’ then we see that this must
terminate (necessarily with an s”” of the desired form) before we reach i’ = iy, because there is no section
io+1

in column iy which can glue to Siv—1

n

Now, if the above construction did not give s”’ because we had S, = {1, ..., N}, we apply precisely

the same process starting in multidegree wj,+1, and we find that unless we also have S} = {1, ..., N}, we
end up with the desired s”’. O

Example 4.21. Assume that X is a chain of 8 elliptic curves. One can construct a limit linear series on
Xo of degree 8 and dimension 2 by choosing the following line bundles on each component

0®Q1), ORP,+6Q3), OQRP3+603), OGBPs+3Q4),
OGBPs+30s5), O@Ps+4Q¢), OOBP1+207), O(BF)

and sections with associated table

0 8/0 7|1 5|13 44 2|6 1|7 0(8 0
1 6|2 6|2 6|2 5|3 4|4 4|4 3|5 2
2 5(3 414 3|5 3|5 3|5 2|6 2|61

A swap appears on C3 between sg, s; and another at C5 between sg, s2. In general there may be larger
gaps between the columns where the swap occurs.

Up until now, everything we have done has been insensitive to insertion of genus-O components.
However, to handle the genus-23 case, we will need to impose restrictions on direction of approach;
more precisely, we will require that the genus-1 components be separated by exponentially increasing
numbers of genus-0 components (going from right to left). The reason for doing this is that, if our limit
linear series has all changes to the A; occurring in the genus-1 components, the pattern of the genus-0
components will force the support of every s; in every multidegree to be precisely the leftmost segment of
potential support (see Proposition 8.8). So, we obtain better control over the situation when the potential
support is disconnected. That this sort of restriction could potentially be useful is already pointed out in
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Remark 4.12 of [Liu et al. 2021], and is also influenced by the earlier work of Jensen and Payne [2016]
on their tropical approach to the classical maximal rank conjecture.

Definition 4.22. Assume that we have a chain of curves of genus zero and one with the first and last
components of the chain being of genus 1. We denote by £; the number of nodes between the i-th and
(i+1)-st components of genus-1. We say that Xy is left-weighted if

In our notation, ¢; — 1 is the number of genus-0 components between two genus one components. If we
take a ramified base change with ramification index e, and then blow up to resolve the resulting singularities,
we will insert e new genus-0 components at every node, which has the effect of multiplying all the ¢;
by e. Thus, the ratios of the £; (and therefore the left-weightedness) are invariant under this operation.

Definition 4.23. Given S = (Sy,...,S8¢) and f: (j1, .-, je), a mixed section of type (3’, f) is said to be
controlled if for every i =2, ..., £ with S; # &, the minimal element of ; is either a genus-1 component
or strictly closer to the next genus-1 component to the right than to the previous one on the left.

Proposition 4.24. Suppose that X is left-weighted. Then:

(1) In the situation of Proposition 4.14, if we assume further that iy and i\ have genus 1, then we may
require that s/{o and sjfl are controlled, that S, does not contain any i < iop which has genus 1, and that

S} does not contain any i < iy which has genus 1.

(2) In the situation of Proposition 4.20, if we assume further that iy and i\ have genus 1, then we may

require that sjfo is controlled, and that S} does not contain any i < iy which has genus 1.

Proof. (1) With the notations of the proof of Proposition 4.14, for s = 0, 1 and every value of w’ arising
in the iterative procedure, the potential support of the s}s_l in multidegree md(w’) has two connected
components: one extending from i = 1 to i =i’ — 1, and the other supported at i = N. We cannot continue
our iterative procedure indefinitely if fu, , ur(sj,—1) is supported (partially or entirely) at i = N. If we
write w’ = (¢}, ..., ¢j), then “;5—1 —c} >0fori > i, aj’.;_l —ci <0fori’ <i <ig, and a}s_l —c; =0 for
i <i'. Suppose i, is the m -th genus-1 component. Note that a;_q_l —c; < a; | <d. Then in the notation

J
used in Definition 4.22 above, we can say (extremely conservatively) that

N g—1
Z (@_y—cp =d Z 6 < 3l (4-1)
i=is+1 i=my

Thus, if iy —i’ > %Emj_l, then vazi,(a]’.;_l —c}) < Q, SO fuy,_y.ur(8j,—1) is supported entirely on the left.
We can then subtract off any contribution from the s;x_l and continue our iterative procedure. The desired
conditions on sjfx follow.

(2) This is essentially the same as (1) (the analogous statement for s]fo i

we don’t need it). O

| is a bit more complicated, but
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row col=| 1 2 3 4 5 6 7 8 9 10 11

0 0 25|0 24|1 232 22/3 21|4 205 19/6 19|6 187 17|8 16
1 1 23|12 23|12 22|13 214 20|5 19/6 187 17|8 16(9 16|9 15
2 2 22|13 21|14 214 205 19|6 187 17|18 16|9 14|11 13|12 12
3 3 214 205 19|6 19/6 187 17|8 16|9 15|10 15|10 14|11 14
4 4 205 19|16 187 178 17|18 16/9 15|10 14|11 13|12 12|13 11
5 5 19|16 18|7 178 169 15|10 15|10 14|11 13|12 12|13 11|14 10
6 6 187 178 16|9 15|10 14|11 13|12 13|12 12|13 11|14 10|15 O

row col=| 12 13 14 15 16 17 18 19 20 21 22
0 9 1510 14|11 13|12 12|13 12|13 11|14 10|15 9|16 8|17 7|18 6
1 10 1411 13|12 1213 11|14 10|15 10|15 9|16 8|17 7|18 6|19 5
2 13 1213 11|14 10(15 9|16 8|17 7|18 6(19 6|19 5|20 4|21 3
3 11 13712 12|13 11|14 1015 9|16 8|17 8|17 7|18 6|19 5|20 4
4 14 10715 10|15 9|16 8|17 7|18 619 5|20 4|21 4|21 3|22 2
5 15 9716 8|17 8|17 7|18 6|19 520 4|21 3|22 2|23 2|23 1
6 16 8|17 7|18 6|19 6|19 520 4|21 3|22 2(23 124 0|25 O

Table 1. Example 4.25. A possible table T’ associated to a limit linear series for r = 6,
g =22, d =25 with all component of genus 1. The table is split in two. Top: left part.
Bottom: right part.

An example in a case we are ultimately interested in is presented now.

Example 4.25. Table 1 shows a possible table T’ associated to a limit linear series for r = 6, g =22,
d = 25 with all component of genus 1.

Since there is no ramification at Py, the first entries of the table agree with the row labels. Note that
we have a single swap, occurring in the ninth column between the j =2 and j = 3 rows. This leads to
having an extra dimension of possibilities in the multidegree obtained from the j = 3 row, as the j =2
row can appear either in the first or last columns. Consequently, it is possible that an exact linked linear
series lying over this limit linear series might not contain s3, but might only contain mixed sections s}
and s%, as in Proposition 4.13, with s} agreeing with s3 for i > 9, but switching to s, at some i <9, and 5%
agreeing with s3 for i <9, but switching to s, at some i > 9. In both cases, the switch occurs in a column
mixing sé and sé unless, the column in question has a gap of at least 2 between the j =2 and j = 3 rows.
Since this doesn’t occur for i <9, we see that s always has a mixed column, while 55 may not.

5. General setup

We are working with chains of N curves. While we imagine starting from a chain of genus-1 curves, we
allow for inserting any number of rational components at nodes so that all components Z; are of genus at
most one, and exactly g have genus 1 (including the first and last components). Given i between 1 and N,
we denote by g(i) the number of genus-1 components between 1 and i, inclusive. In particular, g(0) =0
by convention.
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We will suppose also that all the P; and Q; are general (and in particular each P; — Q; is not £-torsion
for any ¢ < d). We need generality conditions that go beyond what can be imposed component by
component, as it also involves interaction between components. This will be needed in the proof of
Lemma 6.3.

No matter the genus of Z;, for all j, a]’f + bjl.' <d. If Z; has genus 0, there are no further restrictions.
If the genus of Z; is 1, the genericity hypothesis implies that there is at most one value of j such that
a; + b; = d. In this case the underlying line bundle is uniquely determined as (’)(aj’: P; + bj’: 0;). The
generic situation is that aj’. + b]’. =d — 1 for all other j, but in positive codimension we can have strictly
smaller sums as well

Definition 5.1. We say that the j-th row is exceptional in column i if a; + b; < d —1 when Z; has

genus 1, or if a} + b} < d when Z; has genus 0. Fori =1,..., N, we write g(i) for the number of
genus one components between 1 and i inclusive. For j =0,...,r andi =0, ..., N, define A; ; by
a}“ =g@@)+j—A; . Foragiven i, if there is a j such that A; ; > A;_; ;, we say that there is a §;. and

more specifically, that §; = j. Otherwise, we say that there is no §;.

In this way, we obtain a sequence A; = (4,0, ..., A; ). For a fixed i, we think of the 4; ;, j =0, ...,r
as rows with A; ;, squares, where a negative number of squares appears as “holes” to the left of the level 0
line. In this ways, we get a collection of “shapes”, i =0, ..., N (not necessarily skew, or connected)
generalizing the Young Tableaux usually associated to limit linear series on chains of elliptic curves.
They behave as follows: A ; <0 for all j, A¢ is the empty shape if aj1 = j and in general the Ag shape is
entirely made of holes. Going from i to i 4 1, any number of “squares” can be removed from the right of
any row (and then the row is exceptional). At most one “square” is added (and then §; = j), with the
possibility of adding a “square” only in the genus-1 components.

Example 5.2. Let X, be a generic chain of 8 elliptic curves. Construct a limit linear series on X, of
degree 8 and dimension 2 by choosing generic line bundles L4, Lg on C4, Cg and the rest as follows:

O0@Q1), 0OQP+60>), O@P3+403), L4, OQBPs+50s5), Les, OOBP+207), O@F)

and sections with associated table

0 8(0 7|1 62 5|3 5|3 44 3|5 2
1 6/2 6[2 5|3 4|4 3|5 2(6 2|6 1
2 5|3 4/4 44 3|5 2|6 1|7 08 0

The corresponding A shapes are
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By contrast, the A shapes corresponding to Example 4.19 which has a swap on C4 between rows 1 and
2 and another swap on Cs between rows 0 and 2 are

FB ] [ ] [ ]
LI T[] HENIEEEE L[]
M A A

3 A As A6 A7 Ag

A0

Proposition 5.3. Assume that the curve X is a chain of elliptic and rational curves. Choose a limit linear
series and a linked series lying over it, then the number of swaps is bounded by p. Moreover, if there are
p swaps, then the swaps must all be minimal, and occur in genus-1 columns, and there cannot be any

exceptional behavior (as in Definition 5.1) other than what is needed for the swaps.

Proof. The b]N are nonnegative (and distinct) for all j. Equivalently the ajN *1 are bounded by
d—r,d—r—+1,...,d.
In particular, Z;ZO al.NJrl <(@r+1d- (rerl), )

Yoz e+ng ("3 ) —ervat (T =t nerr—a=g—p.

j=0
Since Zj Ai,j can increase by at most 1 as i increases (and only on genus-1 components), and Ap ; <0
for all j, we see that for p =0, we must have Ao ; = 0 for all j (i.e., minimal initial vanishing sequence
at Pp), no places where A; ; decreases (i.e., no exceptional columns for any row), and a §; for every
genus-1 column i. When p > 0, the total amount of initial ramification, exceptional columns, and genus-1
columns without §; is bounded by p.

A swap occurs when the vanishings of two of the sections at P;, Q; are of the form (a,d —a — 1)
and (a +k,d —a—k—1), respectively, with k > 0, k41’ < [. Hence, a swap is necessarily a case of
an exceptional column, and can contribute exactly 1 to p precisely when it is minimal and occurs in a
genus-1 column. 0

We now describe the tensor square of a limit linear series considering images in a fixed multidegree of
total degree 2d. Essentially the discrete data from the base limit linear series is extended to its tensor
square.

Notation 5.4. In the situation of Definition 4.5, let T be the (rerz) X N table with rows indexed by

unordered pairs (j, j/) with j, j/ € {0, ..., r}, having entries (aéj,j,), béj,j,)) defined by
aéj,j/) = ajl- +a}/, and bl(‘],]/) = bjl + b;/
We update a definition from [Liu et al. 2021] to allow for genus-0 components:

Definition 5.5. We say a multidegree of total degree 2d is unimaginative if it assigns degree O to every
genus-0 component, and degree 2 or 3 to every genus-1 component. By extension, we will say that w is
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unimaginative if mdy;(w) is. Given a fixed unimaginative multidegree, we will let y; be the number of 3s
in the first i columns.

We will work throughout only with unimaginative multidegrees. Thus, the multidegree is encoded by
twisting down by 2d —2g(i) — y; on the right-hand of the i-th column, and by twisting down by 2g (i) + y;
on the left-hand side of the (i+1)-st column, for all i < N. We introduce some notation that we will use:

Definition 5.6. In the situation of Notation 5.4, fix total degree 2d, and w = (c», ..., cy). We say that
the (j, j') row is potentially present (respectively potentially starting, respectively potentially ending)
in column i and multidegree md,, (w) if af jn =€ and bi i = 2d — ci 41 (respectively af jn =G and

i . : i . i o
b(j’j,) > 2d — cjy1, respectively ag in = Ci and b(j,j,) >2d —ci11)-
The next proposition is an immediate consequence of the definitions.

Proposition 5.7. If a row (jy, j2) is potentially present in the i-th column, then
it —hicj —di-1jp =VYi-r and  ji+ja—Xij —Aij, < Vi

If a row (j1, j2) is potentially starting (respectively ending) in the i-th column, then the first (respectively
second) inequality is strict.
If a row (j1, jo) is potentially present in the i-th and (i+1)-st columns, then

i+ 2 —=Aij —Xijp =V

Note that the sequence ji + j» — A; j, — A; j, decreases by at most 1 each time i increases, unless
J1 = j» = 8;, when it can decrease by 2. Similarly, from our assumptions on degrees and the definition of
¥, ¥i 1s nondecreasing, and increases by at most 1 each time i increases.

Corollary 5.8. Assume the multidegree is 2 on the i-th column. There can be a row potentially starting in

the i-th column only if §; exists and either there exists j such that
8; +j —)»,',51. _)\'i,j =y or 28; —2)\,1',31, =y — 1.

In these cases, the potentially starting rows are (8;, j) or (8;, 8;), respectively.
There can be a row potentially ending in the i-th column only if §; exists and either there exists j such
that

31‘4—]‘—)»,‘,5[. —)»i,jz)/i—l or 23,‘—2)»,‘,5[. =y,~—2.

In these cases, the potentially ending rows are (§;, j) or (8;, 8;), respectively.
In any case, there can be at most one row potentially starting on the i-th column, and at most one row

potentially ending in it.

Proof. Since in this case y; = y;_1, Proposition 5.7 implies that the (j, j») row can be potentially starting
in the i-th column only if A; ;, > A;_y j, or A; j, > A;_1,j,, Which is to say if §; exists and j; or j, is equal
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to §;. Moreover, in this case A; 5, = A;—1 5, + 1, so we conclude that the two stated cases are the only
possibilities for having

Jiti—hicij —hicp > Vict =Vi = ji+ja—Aiji — Aijos

and that moreover in the first case we must also have A;_; ; = A; ; unless j =§;.
Now, there is at most one j satisfying the first identity of the corollary, since the j — A; ; are all distinct.
Moreover, if there is some j satisfying the first, then the second one cannot hold, since this would force

8i —Aic1,s;, =0 —Ais+1=j—Aij=j—Ai-1,

which is not allowed. This completes the proof of the assertions on rows potentially starting in the i-th
column. The assertion on rows potentially ending in the i-th column is proved similarly. U

Next corollary has a similar proof, which we omit.

Corollary 5.9. If the multidegree has a 3 in the i-th column, then there can be at most one row potentially
starting and ending in the i-th column, and this occurs only if §; exists and either there exists j such that

8 +] — )»,',51. — )\i,j =Y — 1 or 26— 2)»,',51, =Y — 2.

In addition, for a fixed j # §;, there is at most one value of j' such that the (j, j') row is potentially

starting in column i, and at most one value of j' such that the (j, j') row is potentially ending in column i.

Proposition 5.10. For a fixed limit linear series, w, and column i, ifaéj in > i then (j, j) has a

Z;. If al < i, then (j, j') has a component of potential support

component of potential support | J G

Uj<i Zj‘
Conversely, suppose further that w is unimaginative. If (j, j') has a component of potential support

jzi

szi Z;, and if neither j nor j' is exceptional in any column strictly right of i — 1, then aéi i > Ci
Similarly, if (j, j') has a component of potential support | J
i

("
In particular, in the unimaginative case, the potential support of (j, j') is connected unless the sum of

o : o .
j<i Zj-s and if neither j nor j' is exceptional
in any column j < i, then a <.

the number of swaps for which the j-th row is exceptional and the number of swaps for which the j'-th
row is exceptional is at least 2.

Proof. The first part is straightforward, and we omit the proof. For the second part, the point is that the

unimaginative hypothesis together with the nonexceptional hypothesis imply that the relevant portion of
i

G.J"
positivity for some i’ > i implies it remains positive at i’ = i, while in the second case its negativity for

the sequence a — ¢y is nondecreasing in the relevant range as i’ decreases, so in the first case if its
some i’ < i implies it remains negative at i’ =1.

For the last assertion, we can have disconnected potential support in the (j, j') row only if the sequence
aé j.jn — Ci goes from positive to negative as i decreases, possibly over multiple columns. But we observe
that if only one of j and j’ are exceptional at a swap, which is moreover minimal and in a genus-1 column,
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i

(.J"
cannot go from positive to negative, and it cannot have disconnected potential support. g

then the sequence a — ¢; can decrease only by 1 as i decreases. Thus, if this occurs only once, it

Definition 5.11. Given a refined limit linear series, we construct a second table T of vanishing numbers
obtained from the first by reordering each subcolumn into strictly increasing (respectively, decreasing)
order. We denote the A sequence obtained from T by A;, and the entries of the table T by ([1]’:, I;;). For
£ > 1, we denote by Xf the number of j such that )_w', =L

Put differently, T is obtained from the limit linear series simply by taking vanishing sequences at each
point, and ignoring the interplay between the pair of points. If we picture skewing the rows of the ; accord-
ing to the initial ramification sequence aj1 — j, the sequence A; will give a genuine sequence of skew shapes,
terminating with a skew shape containing the one obtained by starting from the usual (r+1) x (r+g—d)
center rectangle, and adding squares on the left determined by the initial ramification sequence.

The following lemma is the key to our analysis, showing in particular that if we place multidegree 3 in
the correct places, we can obtain fine control over what happens with the rows involving 8; 1.

Lemma 5.12. Given 1 < £y < £, and n > 0, suppose that Xf’ + sz =n and Xf‘_l + sz_l < n. Then

forall j, 8+ j—his —hij#n—1—t—bs, (5-1)
28; — 205, Fn—2— € — L. (5-2)

Moreover, if for some j, A; j < Ai_1,;, then

Si+Jj—Ais —rij EFn—4L1— 4Ly, (5-3)

8i+Jj—Aicis, —Aic1,j Fn—1—4L; —Ls. (5-4)

Proof. We first prove the case that A;; = A,/ for all i’. Note that the assumption that Xf' + sz > Xle +sz_1
implies that there is a §; and it is the row of the last square in either the £;-th or ¢,-th columns of A;.

Case when Af‘, XfQ are distinct and positive. Set j; = Xf” —1, s =1, 2. In particular, §; = j; or j, and
(1+1D+(2+1)=n.Fors=1,2 write mg = A; ; — £, so that my > 0 for s = 1, 2, with equality for
at least one s. Then,
Ntp—Aij—rijp=GQ1+D+0(2+1)—2—0m+4£1) — (ma+4£7)

=I’l—2—£1 —52—m1 —my

<n—1-— f] - EQ.
Thus, the only way to get equality in (5-1) would be to set j to be strictly greater than whichever j; is not
equal to §;. Now, because j; was determined as the lowest row with a square in the £,-th column, we have

Aijor1 <Ly = Aj j, —myg,

so if we use j > j, in place of j;, the value of the above expression jumps by at least 2 + m;. Moreover,
we can only use j in place of j; if §; = j», in which case we must have m, = 0, and similarly if we use j
in place of j,. We conclude that (5-1) is satisfied.
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Similarly, if we had equality in (5-3), then necessarily j = js+1and A; ; = £, —1. On the other hand, the
assumption that Xf' +Xf2 > Xfil —I—Xfil implies that if A; j <2;_; j for some j, then A; ; £ ¢, —1, ¢, — 1.
Therefore, (5-3) is an inequality as stated.

By the same reasoning, if §; = j; > j», then equality in (5-2) is also impossible: because m; =0
replacing j, by §; increases the left-hand side by at least 2 + m;. On the other hand, if §; = j, then
replacing j; by §; decreases the left-hand side, making it too small to satisfy (5-2).

Finally, suppose we have some j such that A; ; < A;_1 j;say A; ; = A;—1,j — p for some p > 0. Then
equality in (5-4) is equivalent to

Si+Jj—Aisg—rij=n—2—t—Elr+p.

If as above js # §;, then necessarily j > j;. Then, by definition of j; we must have A; ; < £;. On the
other hand, since we have assumed that Af'_l + Afz_l < n, we must have that 4; ;, ..., A; j + p does not
contain £,. It follows that A; ; + p < £, = A; j, —m,. We conclude that j —A; ; > 1+ js — A, j, +p+my,
SO

SitJj—disg—rij>m—=2—-bi—br—mg)+1+p+my=n—1-4—Lr+p,
proving (5-4).

Case when A; has no entries in the £,-th column. Then, sz =0, §; is the row of the last square in the
£1-th column and A; 5, = £;. As the rows are numbered starting at 0, the condition Xf‘ + sz = n becomes
8; + 1 =n. Hence,

5,‘ —)\.,'y(s; = (5i+1)— 1 —51 =n—1—£1.

But since the £>-th column is empty for all j, we have A, ; < £, so we find that
5i+j_)\i,8,-_)\i,j >n—1—61+j—lr>=n—1—4£4]— ¥,

showing that (5-1) holds, and that equality in (5-3) occurs only if A; ; = £, — 1. But if we assume
Aij <Xi—1j,then A;i_j j > £, contradicting the assumption that Xle +Xfil < n. Therefore, (5-3) holds.
We also see that

26i =25, =2n—2—-201>2n—-2—41 —lr>n—-2—4{; — {2,
s0 (5-2) holds. Finally, as kf‘_l —{—Afz_l <n, then A;_1 j < ¥, s0
Si+Jj—Aic1s —Aic1,j=08i+j—Ais —Ai-1,jt1>n—1—-4;—lr+1=n—4¥;—{,,

proving (5-4).

Case when A; has the same number of entries in the £1-th and €,-th columns. So we must have n even,
with 8; +1 =n/2, and also A; 5, = £5. In this case, we have

8i — Ais; =0Gi+D)—-1—-¢6,=n/2—1—1¥5.
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Therefore
28 —2his, =n—2—=2l <n—2—4{; —{s,
proving (5-2).
For ji <&, Ai j, = Ais. Therefore

jl +(Si _)\,[’jl _)\.[’Si < 25,‘ —2)»1‘,51. <n —2—@1 —52,
proving (5-1) in this case. For j; > §;, as the £;-th column has exactly §; 4+ 1 entries,
hig<bi—1l=b—U—-b)—1=ks—(L2—Cl1)—1,
JiF+8i—Aiji—Xis =8 +1+8 —2Xis5,+lo—li+1=n—-20+L—bi=n—L{r—{,

completing the proof of (5-1). Moreover, we can have equality in (5-3) only if j =§; +1and A; ; =¢; —1,
so (5-3) holds under the stated condition A; ; < A;_1 ;. Finally, if A; ; =A;_ j — p for p > 0, then in order
to have equality in (5-4) we would need to have j > §;, which implies that A; ; +p < €1 =4, 5, — €2+ {1,
SO

Si+Jj—hisg—Xij>m—2=20)+1+Ur—li+p)=n—1—L;—Lr+p,

again yielding (5-4).
This completes the proof of the lemma in the case that A;; = A;s for all i’. We will see that the general
case follows.

General case (A not necessarily equal to 1;/). The main observation is the following: if X,-,j = X,-_l,j +1,

and we let j’ be such that a’+1 = a/’,Jrl then we necessarily have A; y = 4,1 j + 1, and we cannot have

any swaps in the i-th column involving the j’-th row. Indeed, the identity A;, ji= Nie1. j + 1 means that we

have a; = a]”rl which means that aj‘+1 = aJi,, for the j” such that exactly j values of a/, are less than a},,.
i+1

We also have exactly j values of a”rl less than a] . It then follows that we must have j” = j’: we

cannot have a’, > a Bjrs since then we would have a}, > 01]’+l But if a}’./ < a]f,,, then j’ occurs among the

values of m with a; < aj,,, so there is necessarily some m with alt1 < aj’fﬂrl butal > a;,,, again leading
to a contradiction. This proves the observation, noting that the fact that j' = j” rules out any swaps
involving the j’-th row.

Note that equations (5-1) and (5-2) can be phrased in terms of the values of j — A ; = a’ + g(z’ ).

Using §; to denote the values of § coming from 7', our above observation implies that we have as, =

a(’;’l =aitl = a- Therefore, the proof of these two equations follows from the case A; = A i’

Si
Next, suppose that we have some j with A; ; < X;_1 j. We claim that if ;" is such that a = aJ’,Jr ! and

J” is such that aj = aj/,, then we necessarily also have that )t,,]/ < )t,_l,J/ and )tw// < k,_ldn, Given this
claim, (5-3) and (5-4) follow from the case that A;; = A; for all i’. By our above observations on the case

A . =Ai_1 ,j +1, it suffices to prove that A L 7&5», 1,j- and Xi " #X, 1,j#» Equivalently, Ez}frl ;éc‘z]’f/+1 and
a’f,’l ;é a !, + 1. In order to have aj’+1 = aj’Jrl = a + 1, we would need to have an+1
the at, W1th precisely j’ strictly smaller values also occurring. By definition we have j’ values strictly

smaller than aj”rl +

1 occurring among

occurring in a! I and using our observation on lack of swaps when A; ; =A; 1 ; +1,
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we see that every one of these also must yield a value of a! strictly smaller than a’ +1_ 1. But we have in

. j .
addition that a; < a}“ — 1, so we conclude that there are at least j' + 1 values in a! strictly less than

a{—H

T — 1, proving the desired inequality by contradiction.

Similarly, in order to have &}T I = aj, +1=a + 1, we would need to have a/ + 1 occurring among
the a/*!, with precisely j” strictly smaller values also occurring. By definition, we have only j” values
among the a! strictly smaller than a}, and every value of a!*! which is strictly smaller than aj’f + 1 must
come from one of these. But again using our observation on the lack of swaps when A; ; =X; 1 ; +1, we
see that the value aj + 1 in a/*! must itself come from a row in a! with value strictly smaller than a;, o)
we conclude that if a + 1 occurs in a;*', there must be strictly fewer than j” entries in a.™" which are

strictly smaller than it. This proves the claim, and the lemma. U

6. An independence criterion

Suppose we have a limit linear series, and fix choices of sections s} matching the vanishing orders in our
table. We make the following definition:

Definition 6.1. Given an unimaginative multidegree w, for all (ji, j2), let n(j, j,) be the number of places
(i.e., collections of contiguous columns) where the (j, j») row is potentially present in the multidegree w.
Let s(j,,j,, fori =1,...,n¢, j, be the induced sections in multidegree w with precisely the given
support. Then the full collection of s, ;,).; are the potentially present sections in multidegree w, and
their span in I"' (X, (£%®2),) is the potential ambient space.

Note that in the above, we require that each s(j, j,); be potentially starting in its first column of support
and potentially ending in its last column of support. Thus, there may be individual columns in which the
(j, j') row satisfies the inequalities to be potentially present in that column, but which does not occur in
any of the s, j,),; because it fails inequalities in other columns.

The s}, j,),; are each unique up to scaling given a choice of the s]? . The s} are not unique, but they
can differ only by multiples of s;, with strictly higher vanishing at both points. Then if sjf has potential
support (in the i-th column), necessarily s;, has a connected component of potential support consisting
precisely of the i-th column. We conclude that the potential ambient space is independent of the choice
of the s} . Consequently, the dimension of the span—and in particular the linear independence — of the
potentially appearing sections is likewise independent of choices.

Fix a multidegree w and consider the images of s; ®s;» focusing attention on potentially present sections.
Assume we have a linear combination of images of sections equal to 0. As in [Liu et al. 2021],, we prove
successively that the coefficient of particular sections must be zero. When this happens, we say that we
“drop” that section and talk about “remaining” sections (i.e., those which have not yet been dropped).

Definition 6.2. We say that the i-th column of T is semicritical in multidegree w if it satisfies the
following conditions:

« it has a value of §; (see Definition 5.1), in particular, it has genus 1;
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« on the potentially present sections remaining, the two subcolumns of column i exhibiting the minimal
values add to at least 2d — 2;

o if the (j, §;) row remains in the i-th column for some j # §;, then the j-th row is not exceptional.

If further the minimal values among the remaining potentially present sections are not both one less than
the values in the (§;, §;) row, we say that the i-th column is critical.

We start with the following independence criterion:

Lemma 6.3. For a given limit linear series, and given unimaginative multidegree w, we can drop

potentially present sections if they satisfy the following rules:

(1) If in some column i, there is a unique remaining potentially present section supported in that column
having minimal aé 130 value, or a unique one having minimal bé i then the one achieving the minimum
may be dropped.

(ii) If there are at most two remaining potentially present sections with support in some genus-1 column i,

and neither of them involves an exceptional row, (see Definition 5.1), then they can both be dropped.

(iii) If there are i < i’ such that the block of columns from i to i’ has the following properties, then all the
remaining potentially present sections supported in this block can be dropped.:

There are at most 3 remaining potentially present sections supported in each of the i-th and i'-th
columns.

Within the block, there are at most three potentially present sections continuing from any column to

the next.

Every column strictly between i and i’ has degree 2.

Both the i-th column and the i’-th column are semicritical and either i is critical with no remaining
potentially present section ending in the i-th column, or i’ is critical with no remaining potentially

present section starting in the i’-th column.

Proof. Suppose we had a hypothetical linear dependence among the potentially present sections. We
claim that in each case (i), (i), (iii), the coefficients of the relevant potentially present sections would be
forced to vanish.

In case (i), the uniqueness of the minimal value of aéjﬁj,) (or of béj’j,)) means that séj’j
strictly smaller order at P; than any other remaining potentially present section, which forces us to drop

) vanishes to

that section.
In case (ii), we need to see that for a fixed column i, any two sf ;. j7, have to be linearly independent
provided that they do not involve any exceptional rows. If either of them involves §;, this is automatic,
. . l l
since either the ag i or b(j’j
we claim that the sections in question must have distinct zeroes on Z; away from P; and Q;. Indeed, if

) values are forced to be distinct. On the other hand, if neither involves §;,
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we have a, b,a’, b’ witha+b=d — 1 =a’+ b, then the unique sections s, s’ of the given line bundle
vanishing to order at least @ at P; and b at Q; (respectively, a’ at P; and b" at Q;) have

divs=aPi+bQ;+R and divs'=d P,+b'Q;+ R’

for some R, R’. We see that we have a linear equivalence R — R’ ~ (@’ — a)P; + (b’ — b) Q;, and if
0 <a,a’ <d, we see that R # R’ because of the generality hypothesis on P;, Q;. Thus, tensors of different
sections of this form always have zeroes in distinct places on Z;, and must be linearly independent.

For case (iii), note that the condition that the degree is 2 on every column between i and i’ means by
Corollary 5.8 that there is at most one potentially starting and at most one potentially ending section in
each of these columns. Noting that the situation is fully symmetric, suppose without loss of generality
that i’ is critical, with no remaining potentially present sections starting in it. If i or i’ has fewer than
three remaining potentially present sections, we may use (ii) to drop these, and then move iteratively
through the rest of the block, using that at most one section starts or ends in each column together with (i)
to drop the remaining sections. Thus, suppose that i and i’ both have three remaining potentially present
sections. Note also that if any column i” has only one potentially present section spanning i” and i” + 1,
then the minimal value in the right subcolumn of i” is necessarily unique, so we can use case (i) to drop
the section in question. Moreover, there can be at most one other potentially present section supported in
column {” (the one ending there), so we can drop this one as well, and then we can move iteratively left
and right to drop the entire block. Thus, we may further suppose that every column in the block has at
least two potentially present sections spanning it and the next column.

Next, normalize the sections as follows: scale all sections spanning the i” — 1 and i’ column so they
agree at Q;/_1, and then go back one column at a time, scaling any newly appearing section so that its
value at the previous node agrees with the value of a section which has already been fixed. In this way,
we will fix a normalization of all the sections except for those which are supported in only one column.
Although the normalization depends on some choices, they are of a discrete nature, and can be fixed
based purely on the discrete data of the limit linear series.

Now, consider a hypothetical nonzero linear dependence involving the rows in our block. First, the
coefficients of the linear dependence cannot vanish identically in the remaining potential sections of any
column, since otherwise the condition that at most one potentially present section ends in each column
would imply that there was a column with exactly one nonzero coefficient among its remaining sections.
Next, we see that the coefficients are unique up to simultaneous scaling for the three potentially present
sections in column i. Indeed, since we have assumed that i is semicritical, its three potentially present
sections must be pairwise independent.

Since we have at most one new potentially present section in each column, we find that the coefficient
for any new one is always uniquely determined by the previous ones. Since there are no new potentially
present sections in column i/, we find that even before considering this column, we have already uniquely
determined all of the coefficients (up to simultaneous scaling) of all of the potentially present sections
remaining in the block. Moreover, we claim that these coefficients (excluding the ones for potentially
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present sections supported only in a single column) are uniquely determined up to finite indeterminacy by
the marked curves Z;, ..., Z;y_ together with the discrete data of the limit linear series. Indeed, there are
only two ways in which nontrivial moduli can enter the picture: if there are columns i” between i and i’ — 1
either having no §;7, or having some sections s;” which are not uniquely determined up to scalar. This
becomes slightly delicate, since in both these cases, varying the moduli could affect both the normalization
we have chosen and the linear dependence. However, we will show that in both cases, there will in fact
be only finitely many possibilities which still preserve the linear dependence. Note that by hypothesis,
neither of these nontrivial moduli occurs in the i-th column. Note also that we cannot have both occurring
at once, as the sj " can only fail to be determined up to scalar if they involve an exceptional row, and since
we have assumed we have degree 2 between i and i’, these can only appear if paired with the §;» row.

First consider the case that we have no §;». Then since we have degree 2, every potentially present
section in column {” must extend to both the preceding and subsequent columns. By assumption, there
are then at most three such sections. If there are fewer than three, they cannot be independent, leading
to an immediate contradiction. As a line bundle of degree two on an elliptic curve has at most two
independent sections, if there are three, say s(")ﬂ, si”, sg,, they are necessarily dependent, with a unique
dependence cos(’;// + clsi“ + czsé// = 0 which can be determined by requiring that it holds at both P;»
and Q;». We claim that for any fixed choice of ¢y, c1, ¢ (not all zero), there are only finitely many choices
of the line bundle .#"" such that the resulting cancellation holds at both points. For this claim, we can
renormalize our sections so that the values of the s;” agree at P;». We want to see that the values at Q;»
move nondegenerately in P? as " varies. But this is precisely the content of Proposition 2.5.

Next, suppose that we have an exceptional row j involved in column i”, necessarily paired with the §;~
row. As before, a linear dependence in the i” necessarily has to give cancellation at both P;» and Q;~.
Suppose that the j-th row and the §;/-th row have entries a, b and a’, b’ respectively, so thata+b=d —2
and a’ + b’ = d. There are two cases: if a = a’ — 1, so that also b = b’ — 1 (and {” has a swap in it),
then the moduli for the section s; " consists simply of adding multiples of the section s(’g;/, which doesn’t
affect the value at either P;» or Q;», and only affects the coefficient of the (§;~, §;») row, which in this
case is supported purely in the i” column. On the other hand, if a # a’ — 1, observe that since the
degree is 2 in this column, we cannot have any other sections involving §;» starting or ending in the
column, and therefore we have no sections starting or ending in the column. Thus, there are at most
three potentially present sections in column i”, and the other ones can’t involve any exceptional row and
must therefore be linearly independent. It follows that in our linear dependence, the coefficient of s; 5.,
must be nonzero. Now, varying s; will change the relationship between the values at P;» and Q;~ (we
can view the moduli for s; as adding multiples of a section vanishing to order a + 1 at P;» and order b
at ;). Since this variation of moduli affects only a single potentially present section, and we know it
must have nonzero coefficient in our linear dependence, there is only one choice of s} ! compatible with
the previously determined linear dependence, and we have no nontrivial moduli in this case.

Finally, note that although our normalization was not determined for potentially present sections
supported in a single column, scaling these does not affect the coefficients of any of the sections spanning
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the i’ — 1 and i’ column, so we have that the possible coefficients of these sections are determined up to
finitely many possibilities. It thus suffices to show that if we vary the gluing points on the component
corresponding to the final column, the (unique, if it exists) linear independence on the three potentially
present sections varies nontrivially.

As there are no remaining potentially present section starting in the i’-th column, the three rows in its
left subcolumn necessarily have the same a value. Let b be the minimal value for the right subcolumn.
By criticality, a + b = 2d — 2. Using (i), there are two cases to consider, either b is attained twice, or
in all three rows. The last condition in the definition of criticality implies that none of the (a, b) rows
are obtained by adding the §; row to an exceptional row. Now, if all three rows are (a, b) rows, we can
directly apply Proposition 2.2 to conclude that the linear dependence in the i’-th column varies nontrivially
with P/, Q;r, as desired. On the other hand, if two rows are (a, b) rows, we again apply Proposition 2.2
to these two rows, and since we have normalized all three rows so that the values at P;; agree, we again
see that the linear dependence among the three has to vary nontrivially with Py, Q;s, as desired. O

7. The caser =6

We now specialize to r =6, g =21+ € and d = 24 + € for some € > 0 (so that p = €). As the total
degree is 2d =2g+6 =3 x 64+ 2 x (g — 6), a multidegree can be determined by placing threes in six
columns, and twos in the rest.

Definition 7.1. For a limit linear series and with the A; of Definition 5.11, the default multidegree wger 18
determined by placing a 3

(1) in the first column;

(2) in the first column with X} + 11.2 =35;

(3) in the first column with le + X? =17,

(4) in the column immediately after the last column with X} + X? =17,
(5) in the column immediately after the last column with Xl.z + X? =9;
(6) in the last column.

As we are assuming that the first and last component in the chain have genus one and Xf can only
increase in a genus-1 column, the default multidegree is unimaginative. Also, as the goal is to fill an
(r +1)(g —d +r) =7 x 3 rectangle, conditions (2)—(5), (3)-(4) and of course (1)—(6) are symmetric with
respect to flipping the start and end of the chain. Recall that an unimaginative multidegree has degrees
2 or 3 on every elliptic component and that y; denotes the number of 3s in the first i components(see
Definition 5.5 ).

Proposition 7.2. Fix an unimaginative multidegree. Then for a column i, there can be at most three rows

spanning columns i and i + 1 except in the following circumstances:

(i) y;=0and A} +1} > 8;
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(i) i =2and Xl + 13 > 7,
(i) yy =4 and A} +23 <7,
(iv) y; =6and X! + 1} <6.
In particular, in the default multidegree there are never more than three rows spanning a given pair of
columns.

Proof. We will use the criterion from Proposition 5.7. Since this only involves the values of j —A; ; =
a; +t_g(i), the general case reduces immediately to the notationally simpler situation that A; = A; for all i.
We thus assume that we are in this situation. Then, because the sequence j — A, ; is strictly increasing
in j, we see that pairs (j;, j») satisfying the identity for appearing in the i-th and (i +1)-st columns from
Proposition 5.7 must be strictly nested, so we can have at most r/2 4+ 1 =4 of them, and we only have all

of these if A; ; + A, ,_; is constant for all j, in particular 24; ,/» = A; o + A; .. Moreover,
Yi =1 —=2Xirp=6=2Xi,p, Yi=r—hijj—Xir—j, J=0,....r;

in particular y; is even. Adding these identities, we find that

r

in’j:wﬂ@_%%),

j=0 2

SO Ajr2=3—vi/2.

If y; =0, then ;2 = 3. Asr/2 =3 and we start numbering the sections at 0, there are at least 4
values of A that contribute to X? (and therefore to )_\il). We conclude that )_»l-l + X? > 8.

If y; =2, then A; ,» = 2. Let n be the number of values of j with A; ; <0. Then also A; ,_; > 4 for
the same n values of j. So A} + A? >0 +1—n)+n="7,as desired.

Similarly, if y; = 4 then A; > = 1. If there are n values of j with A; ; > 3, then also A; ,_; < —1. As
before we find k} +A? <@r+l-n+n=7.

Finally, if y; = 6 then 4; ,,» = 0. Therefore, )_»l-l + X? < 6, as claimed. O

We can now prove the following theorem, which will in particular prove the desired maximal rank
statement in all sufficiently nondegenerate cases for all € in our family of cases. It will also suffice to
prove the genus-22 case of our main theorem.

Theorem 7.3. In the default multidegree, we can always drop all potentially present sections using the
rules from Lemma 6.3, so the potentially present sections are all linearly independent.

Proof. The vanishing of sections of a line bundle of degree d at O is at most either d or d — 1(but not
both), d —2,d —3.... So, at most the rows (0, 0), (0, 1) and (0, 2) can be among the potentially present
if there is no swap and at most the rows (0, 1) and (1, 1) can be potentially present if there is a swap. In
both cases, these sections have distinct orders of vanishing at 01, so they can be dropped.

According to Corollary 5.8, we will have at most one new row with a potentially present section in
each column until we get to the next column of degree 3, so these can all be dropped.
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Now, suppose that i is minimal such that Xl.l + Xl.z =35. Take ¢; =1 and ¢, =2 in Lemma 5.12, so
yi—1=1=5—-1—-4¢; —¥£,. From Lemma 5.12 and Corollary 5.9, we have no potentially present
sections supported entirely in the i-th column. Any other new potentially present sections would have
to be supported in the i-th and (i+1)-st columns, so by Proposition 7.2, we have at most three of these.
Choose i’ minimal so that 1}, +12 = 6, then with ¢; = 1 and £, =2, ¥y =2 =6—1—{; — {,. According
to Corollary 5.8 and Lemma 5.12, there is no row starting in the i’-th column. Then the i-th (respectively,
i’-th) columns are critical: if a, b are the minimum values in the subcolumns, they have to add to at least
2d — 2 or the rows would not be potentially starting in the i-th column (respectively, potentially supported
in the i’-th column). The last condition of semicriticality and the condition for criticality then follow from
the second and first parts of Lemma 5.12, respectively. It follows that the hypotheses of Lemma 6.3(iii)
are satisfied, so we can drop all rows occurring in this block. We can then again handle any additional
columns before the next degree-3 one.

The setup being symmetric, we can also start at the end of the chain and in the same manner, eliminating
all potentially present sections occurring in any columns outside the middle two degree-3 columns. For
these columns, we are considering £; = 1 and ¢, = 3, so we have

)/i+1—1=2=7—1—£1—ﬁz and )/i+1—1=3=8—1—£1—£2,

respectively, and according to Corollary 5.9 and Lemma 5.12, neither column has any potentially present
section supported entirely in it. As before, we find we must have a block satisfying the hypotheses of
Lemma 6.3(ii1), which we can then eliminate. O

If the specialization of our linear series contains the “expected” sections s; for every j =0, ...,r in
the expected multidegrees w; (as in Proposition 4.9), then Theorem 7.3 implies that the images of each
s; ® sj» in the default multidegree are linearly independent, so the multiplication map has the desired
rank (rerz) = 28. However, some linear series may have more degenerate specializations. The remainder
of the paper will be devoted to applying Theorem 7.3 (and variants thereof) to handle these situations
as well. For this, the statement in terms of potentially present sections (as opposed to the separate
rows considered in [Liu et al. 2021]) is crucial. In interesting cases, we can have strictly more than 28
potentially present sections. This does not contradict the fact that the multiplication map can have rank at
most 28, because these do not occur separately in the linked linear series coming as the specialization
of any fixed family of linear series on the smooth fibers. In most limits, for every (j;, j») we will have
a unique linear combination of the potentially present sections in the (j;, j») row which actually arise
in the specialization. What makes the degenerate cases more interesting is that in these cases, we may
have more than one linear combination occurring from a given row, precisely in situations where the
specialization fails to contain any potentially present sections from some other row — see Example 8.3.

Ultimately, the default multidegree used in Theorem 7.3 will be sufficient to handle the genus-22 case,
and most of the genus-23 cases. However, for certain degenerate cases we will need to consider other
multidegrees instead. The following results allows for some flexibility in the choice of multidegree while
maintaining linear independence.



1440 Fu Liu, Brian Osserman, Montserrat Teixidor i Bigas and Naizhen Zhang

Proposition 7.4. Suppose w is an unimaginative multidegree determined by placing degree 3 in genus-1

columns as follows:

(1) In one column which is either the first, or a column with no exceptional rows and satisfying Xl.l —i—X? <4
and Xi,o <2

(2) In one column with X} + Xiz =5 but X}_l + 5»1.2_1 =4.

(3) In one column between the first column with 7»,-1 + Xiz = 6 and the first column with )_»il + Xf’ =7
(inclusive).

(4) In one column between the column immediately after the last column with Xil —i—Xf =17 and the column
immediately after the last column with XI-Q + X? = 8 (inclusive).

(5) In one column with X? + 5»1-3 =10 but )_»1-2_1 + )_»1-3_1 =09

(6) In one column which is either the last, or a column with no exceptional rows and satisfying
A +A =10 and Ai_i6> .
Then the potentially present sections in multidegree w are still linearly independent.

Proof. The main new ingredient is verifying that if we place the first degree 3 in a (genus-1) column
after the first, but still satisfying Xl.l + Xl.z <4 and A; < 2, then provided we also have no exceptional
rows (and therefore no swaps), we will in fact obtain at most two potentially present sections starting in
the i-th column. By Proposition 5.7, for the (j, j/) row to have a potentially present section starting in
the i-th column, we will need j + j' —A;i—1j —Aj—1,jy > yi—1=0and j+j —A; j — Ay <yi=1,0r
equivalently

Mot Aty <jHJ S T4Rij+ A (7-1)

As there are no swaps in the i-th column, it suffices to check this assertion with A; = X; for all i. Then,
A +22 <4implies A; ; <0 for j >4 and A; ; < 1 for j =2, 3. It follows that to satisfy the right-hand
inequality above, we must have at least one of j, j’ equal to 0 or 1. Moreover, by Corollary 5.9 for
j =0, 1,if j #§;, then there is at most one value of j’ satisfying the above inequalities. In particular, we
conclude that if §; # 0, 1, there are at most two potentially present sections, as claimed.

Assume §; = 0, and show that at most two rows of the form (0, j’) are present in the i-th column, and
if two are present, then none of the form (1, j’) is for j* > 0. Suppose first (0, 0) is potentially starting in
the i-th column. By (7-1) this could only happen if A;_j 9 <0, so A; jy =A;—1 j» <0 for all j* > 0, and
then (0, j') cannot satisfy the right-hand side of (7-1) for any j’ > 0. On the other hand, if j” > j' > 0
are such that (0, j") and (0, j”) are both present, then

hicto+hric g <j < <14rio+nijr <24 Ai—1,0+Ai-1,j,

so the only possibility is that j' =1+ A;_1 04+ Aj—1 j» and j” = j' 4 1, with A; j» = A; j». It follows that
no other (0, j”) is present for j”” £ 0, j’, j”. Moreover, (1, j"") cannot be potentially present for any
j” > 0 in this situation: If the (1, 1) row were present, (7-1) implies A;—1,; <0, ;1 > 1 against the
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assumption §; = 0. As 1 + j” will be too large if j”” > j’, in order to have (1, j”’), j” > 2 present we

would need j” > 4. But the original assumptions imply 1 + A; o + A; j» < 3, contradicting (7-1).
Finally, consider the case that §; = 1. If the (1, 1) row is potentially starting in the i-th column, by parity
we have 1 = 4; 1. Soforall j >14;;=2;_1; <X;—1,1 =0. Then we cannot have (I, J') potentially
starting for any j’ > 1, so we have at most two rows potentially starting. On the other hand, if we have
j" > j > 1 potentially starting in the i-th column, we are just as above forced to have j' =A;_1,1+Ai_1 '
/11

and j” = j' 41, with A; j» = A; j», and we claim we cannot have (0, j") potentially starting for any j
Indeed, if j” < j”, then we have ;" — A;_y j» < j” — X1, j», SO

/11

-/
JU ST Ao A
=1+X-11+Xio1r—Xic1jr+ Ao
< Ai—1,0 + Ao,

violating (7-1). But j” > 3, so if j”/ > 4 we cannot satisfy (7-1) without violating our hypothesis that
Ai—1,0 < 2. We thus conclude the desired statement on the number of potentially present sections starting
in column .

Now, since we have assumed that our first column with degree 3 has no exceptional rows, the fact that
it has at most two potentially present sections starting in it means that we can still eliminate sections
starting at the beginning of the chain until we reach the second column of degree 3, just as in the proof
of Theorem 7.3 and the second column of degree 3 will still be critical, with at most three potentially
present sections starting in it. The next step depends on the location of the third column of degree 3. If
the first column with Xil + X% = 6 still has degree 2, we will eliminate this block in increasing order, as
before. On the other hand, if the first column with Xl.l + Xf’ = 7 has degree 2, we do not need to have
eliminated everything in components with smaller indices in order to eliminate the central block, since
the potentially supported rows in multidegree @ will be precisely the same as the potentially starting rows
in wqes. Thus, if the third column of degree 3 is strictly between these, we can eliminate both adjacent
blocks first, and then eliminate all potentially present sections one by one from both sides until we reach
this final column, which can have at most one remaining potentially present section by Corollary 5.9.
However, if the third column of degree 3 is the first column with ):} + Xl.z = 6, we see that this will be
critical with at most three potentially present sections ending in it, and we will instead eliminate the
central block first, and then eliminate the block between the second and third columns of degree 3 last.

The situation is symmetric on the right, so we see that in all cases we will be able to eliminate all
potentially present sections in a suitable order. (|

It will also be important to consider moving degree 3 into a column with a swap, which we analyze
below:

Lemma 7.5. Choose a multidegree mdyq(w) for w = (c2, ..., ¢,) that assigns degree 3 to the i-th column

; , i i i+l _ i+l
having a §;. Ifaai =a; + 1, ag” =aj

L= 1 for some jy, then there are at most four potentially starting
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sections on the i-th column. Moreover, if there are actually four either
2aL =¢;+1, (7-2)
or (8;, 8;) is potentially starting, and one of the following three possibilities holds:
(1) aé(;l.’gi) =c+1;
2) aé 5.8 =Ci T 2, and the (jo, §;) row is potentially starting;
(3) ags, 5, =ci+3, with a§, = aj,.
At most four potentially present sections end in the i-th column, with four of them ending only if either
2ak = ci, (7-3)
or if (8;, 8;) is potentially ending, and one the following three possibilities holds:
(1) aést_’&) = ¢, with a(’;i = C_lg;
2) af&_’&,) =c; + 1, and the (jo, §;) row is potentially ending;
(3) af,;i,,gi) =c +2;
We have written the above to allow for swaps having occurred prior to the i-th column. If no swaps

have occurred, the jj in the lemma statement is necessarily §; — 1, and the third exceptional case would
require §; = 4 (respectively, §; = 2) in the statement on potential support starting (respectively, ending).

Proof. In order to have a potentially starting section in the (j, j') row, one needs aé iy > ci and
aé}f},) <ciy1 =¢; +3. It follows that if j, j' # §;, then aéj’j,) =c¢; + 1, and neither j nor j" equal to jo. If
Jj =36, J #3i, itis possible that aéj,a,-) =c¢; + 2, provided that j # jo. And (jo, é;) is potentially starting
only if aé oo =Cit 1, or equivalently if aéai’ 5;) = ¢i +2. Recall that Corollary 5.9 says that if (j, §;) is
potentially starting for some j # &;, then there is no j’ # §; with (jj, j') also potentially starting. Next, we
note that we can have at most two rows of the form (j, §;) potentially starting. Indeed, if aéa,-, 5 =Ci+3
then aéj,a,-) = ¢; + 2 only for j = jo, so the (jo, §;) row does not occur, and we can have at most one
additional row, having az s =Ci + 1. On the other hand, if aéa,-, 5) # ¢; + 3, then we have at most two
rows, because they have to satisfy az 8 =Ci + 1 or ¢; + 2. We also observe that we can have a row of
the form (j, j) for j # §; only for a unique choice of j, necessarily with 2a} =c¢;+ 1 and j # joy, and
then we cannot have (§;, §;) occurring, since aJ’. # ag, — 1 for j # jo.

If no (j, é;) is potentially starting, then in particular (o, §;) also cannot be potentially starting. We can
obtain at most three pairs (allowing one of them to have repeated entries) with fixed sum of vanishing.
Similarly, if exactly one (j, §;) is potentially starting, then necessarily j # jg, or we would be in the 2nd
exceptional case with also (§;, §;) potentially starting, so for the remaining pairs we must choose from
values not equal to §;, jo, j, leaving four values, and at most two pairs. We therefore see that in order to
have four rows potentially starting, two of them need to involve §;.

If (j1, 8;) and (j, &;) are potentially starting, with neither j;, j» equal to §; (and hence also neither
equal to jp), then any remaining rows have to be chosen as distinct pairs from the remaining (r+1) —4 =3
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indices, with at most one pair having repeated value. We thus obtain at most four rows, with four occurring
only if Za; = a}} + a;4 =c; + 1 for some j, j3, ja # &, jo, j1, j»- Moreover, we see that there must be
exactly three values of j’ with aJ’./ < a; in this case: if a5, < aj, then these are §;, jo, and exactly one
of js, ja, with necessarily jj, j, and the other of j3, j4 having a]f, > aJ‘.. If a5, > aj‘., then aj’.o must also be
greater than a;, so we similarly find exactly three values are smaller. Thus (7-2) must hold.

It remains to consider the case the (§;, 6;) row is potentially starting, and the only thing left to prove is
the description of case (3), where aéa,-, 5 =Cit+ 3. Here, we must also have a j with aé o =Ci + 1, and if
we have two additional rows appearing, these must come from two additional pairs nested around aé 78
so since a! < a’.o < agi in this case, we obtain the desired statement.

N/
The statement on rows ending is symmetric. O

We are now ready to deal with the two possible cases of 3-cycles in the next two corollaries.

Corollary 7.6. Suppose that p =2 and r =6 and we are in the “first 3-cycle” situation of Proposition 4.18.
Then, there exists an unimaginative multidegree ' such that the (jo — 1, jo) row has a unique potentially
present section in multidegree o', whose support does not contain iy or i1, and such that all the potentially

present sections are linearly independent.

Proof. Consider the default multidegree wger. If all (ji, jo) have connected potential support, we are
done. With the notation of Proposition 4.18, the only rows that have a semicolumn adding to d — 2 are
Jjo, jo — 1. From Proposition 5.10, the only row which could have disconnected potential support in some
unimaginative multidegree is (jo — 1, jo). More specifically, the potential support of (jo — 1, jo) can be

3 : io ip __ . i1+1 i1+1 _ . . .
disconnected only if a_y +aj0 =cj,— 1, aj " +aj0 =c;,+1+ 1, there is degree 2 in every column from
ip to i1 inclusive, and no §; equals jo— 1 or jy for any i between iy and i;. It then follows in particular that

io i1+1 1]
Ajgt1.jo+1) = Cio T2 and a Gotlojo+D) =

has disconnected potential support, then we will use Lemma 7.5 to verify that we can move one degree 3

b1 jotr1) = CirH1 — 2, or equivalently, a ci,. If the (jo—1, jo) row
into either the iy or i; column to achieve connected potential support while maintaining the independence
conclusion of Theorem 7.3. If the 3 was moved to the iy column, then the (jo — 1, jo) still cannot have
any potential support at i. If the 3 was moved from the right, we still have a}é’fl + a;(? =c¢j, — 1, ruling
out potential support at ip. But if it was moved from the left, then this will decrease ¢;, by 1, and we will
then have a]’:o_ |+ a}o =¢; for ip <i <1ij, meaning that any potential support at i would have to continue
right to i1, but we will still have aji*] +a! 171 = ¢;, + 1, so there cannot be any potential support at i1. A
similar analysis holds if we moved the 3 to iy, proving the desired result.

To prove that we can always move a 3 as desired, we first make some general observations regarding
when we will be able to move degree 3 from the left or right onto i or i;. Recall that, from the assumption
of having a 3-cycle, §;, = §;, = jo + 1. Since af'jo+1,jo+l) < ci;, moving a degree 3 to i; from the right
will always lead to at most 3 rows starting in the i; column, unless 2a;' = ¢;, + 1, or equivalently,

5—¥i—1=2Xi;—13 (7-4)

In addition, aé'jo_l’ jot+1) < Ciy» 80 the (jo — 1, jo + 1) row will not be among the potentially present rows.
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We next consider what happens if we move a degree 3 to iy from the left. This will decrease c¢;, by 1,
so we have to rule out that in multidegree wger we have 243’ = c;,, or equivalently,

6 — Vig—1 = 2Xhip—1.3- (7-5)

.. e g
Additionally, if Acjot1,jo+1) =

exceptional cases of Lemma 7.5 can occur, so as long as we do not have (7-5), we will have at most three

ci, + 3 in wger, then after moving the degree 3 to ip, none of the other

rows with potential support starting at ig. The only other possibility is that aéf}o H1jo+1) = Cio T 2, which
is equivalent to 2 jo — ¥j,—1 = 2Ajy—1, j,+1; moreover, after moving a 3 from the left to iy we will have
aé‘}o oty = Cio + 3, so we could potentially be only in the third exceptional case in Lemma 7.5. Thus,
the only case for concern is that jo+ 1 =4, so we simply need to check that in cases where we wish to

move a 3 from the left, we never have
6 — Yio—1 = 2Ajy—1.4. (7-6)

Finally, in either case after the move we will have aé‘}m o) = aé‘j’.o o) 1> ¢, +2, so the (jo, jo+1)
row cannot be among the rows starting at ig.

We now describe how to modify our default multidegree, depending on the location of iy and i;. If we
have y;, = y;, = 1, then we will move the next 3 from the right to column i, and we will obtain at most
three rows with potential support starting in i;: by the above observation, it suffices to rule out (7-4), but
we have 5 —y;,_1 =4. To have equality we would need )_\‘il_l,3 =2, which would imply Xl.ll_l +Xfl_1 > 8,
in which case we would not have had y;, = 1 in wger.

Next, suppose y;, = ¥i, = 2, and we have Xl.ll + Xl.zl < 6. In this case, we will move the 3 to iy from the
left, and y;,—1 = 2 in wqet, so if either (7-6) or (7-5) is satisfied, we must have A;,_1 3 > 2. But this would
force

Mo =M A =8,

io—1 io—1 =

contradicting the hypothesis for the case in question. We again conclude that there are at most 3 rows
starting, and again the (jp, jo + 1) row is not among them.

On the other hand, if y;, = i, = 2, and ):}1 + )_‘1'21 > 6, then we will move a 3 to i; from the right,
and (7-4) is not satisfied for parity reasons, so we will have at most three new rows starting. Finally, if
Yio = ¥i, = 3, neither (7-6) nor (7-5) can be satisfied for parity reasons, so we can move a 3 from the left
to ip, and have at most three starting rows.

The remaining cases are treated symmetrically, with rows starting replaced by rows ending. In each
case, we see that the basic structure of the proof of Theorem 7.3 is preserved by our change of multidegree,
so our linear independence is likewise preserved, yielding the desired statement. O

Corollary 7.7. Assume that p =2, r =6 and we are in the “second 3-cycle” situation of Proposition 4.20.
Suppose that in the default multidegree wqcr, we have the inequalities

i i+1
2aj3_1 <ci,—1, and Zajo'_l > cij+1+ 1,
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with exactly one of the two inequalities satisfied with equality. Then there exists an unimaginative
multidegree @' such that the (jo— 1, jo — 1) row does not have potentially present sections both left of iy
and right of i1 in multidegree ', and such that all the potentially present sections are linearly independent.

Proof. The only row that has a semicolumn adding to d — 2 is jo — 1 and it has two of them. From
Proposition 5.10, the only row which could have disconnected potential support in some unimaginative
multidegree is (jo — 1, jo — 1).

Suppose that in multidegree wger, we have

_ i1+1
_=¢i,—1, but 2aj0_1 > cj41+ 1.

We will show that we can always move a 3 from the left to a genus-1 column on or right of iy, while
preserving linear independence. This will eliminate potential support in the (jo — 1, jo — 1) row left of ip,
as desired. From the definition of A; ; in Definition 5.1, this condition can be written as

2(jo—D+1- Yip—1 = 2)‘1'0*1’]'0*1’

so in particular y;,—; must be odd.

Case y;j,—1 = 1. Then jo—1=21;,_1 j,—1. From the definition of default multidegree X}O_ |+ )_‘1'20—1 <5,
which forces jo—1 =1, 50 A;,,1 = Aj;—1,1 = L.

First, if i1 is the genus-1 column immediately following ip, we observe that if we move the first 3 to ip,
considering only the inequalities at iy, there can be at most three rows with potential support starting at
io: (1,2), (2,2) and (0, j) for a unique j > 2: For the row (j, j’) to be present, we need

Mig—1,j Fhig—1,jr < J+J < 1+ Xig,j + ki, jr-

From jo—1=1, A;,—1,1 = 1 and the 3-cycle situation, A;,,; =0, Aj;—12=1, A;2=2. So (1,2), (2,2)
are potentially present and one pair (0, j), j > 2. But in this case the actual potential support of (1, 2) is
connected and supported strictly to the right of i{. Thus, there are in fact at most two rows with potential
support starting at iy, and neither of them involves the exceptional row (specifically, j = 1). So moving
the first 3 to ip we will still be able to eliminate potentially present sections from left to right as before.

Next, suppose that i; is not the genus-1 column immediately following ip, and denote this column
by i. Suppose also that there is no degree-3 column between iy and i1, so that in particular Xl.l + Xl.z <4,
We observe that we must also have )_»i,o = 1, since we have X,'O,l = )_‘io,Z = 1, and we must have
)_\,-1_1,2 = X,-l_1,3 > 1. So the only way we can avoid having a column of degree 3 before i, is if also
Ai,—1.0 = 1. We can then apply Proposition 7.4 to move the first 3 to column i, and we will still obtain
linear independence.

Finally, if we have a column of degree 3 between iy and i, say in column Z, so that X} + Xf =5, then
we claim that if we move the first 3 from the left to iy, we will have at most two potentially present
sections ending in column i, and at most two potentially present sections supported in the first column
with 1}, +12 = 6. This will prove the desired statement, since we can then eliminate the potentially present
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sections starting from i” and moving both left and right from there. Checking the possible inequalities in
column i, moving the 3 from the left to iy won’t affect anything, so the argument for Theorem 7.3 implies
a priori that there are at most three rows satisfying the inequalities at i” for potentially present sections to
be supported there. We will check that there is always one such row which satisfies the inequalities at i/,
but does not in fact have potential support there. Because we have a 3 between iy and i;, we must have
Za;(:fll = cj,+1 +2. If i’ < iy, the row in question is (1, 1) = (jo — 1, jo — 1): indeed, in this situation
we will have aé/]fo_l,jo_l
inequalities at i, but its actual potential support (after moving the 3 to ig) is strictly to the right of i;. On

, = ci for all i” withi <i” <iy,s0 (jo—1, jo— 1) does satisfy the necessary

the other hand, if i’ > iy, the row in question will be (1, 2) = (jo — 1, jo):

i+1 i1+1 _ i i .
we have aj —I—ajo SCi+1, SO gl +ajl <ci,

and because the potential support is connected, it must be strictly left of i;. However, we claim that we
must have a}g jll + a}&“ = ¢j,+1, and that this must extend through the column i’, so that the inequalities
for potential support are satisfied at i’. Indeed, the only way this could fail is if §;» = jo for some i” with
ig < i” <i’. But we know that A;,_1 j,—1 = Xijy—1,j, = 1. Soif §;» = jo anywhere after iy, it increases
AL, +22, to atleast 5. Thus, this could only happen for i” <i’ if i” =i, which then forces us to have Xilo =3
and Xl.zo = 1. However, in this case, because we cannot have a gap between the jo — 1 and jo + 1 column
at i1, this would force us to also increase ):},, to 4 before i1, which violates our hypothesis that i" > i;. Thus,
in either situation we have shown that the column i’ has at most two potentially present sections supported
on it, and it remains to check that the column i has at most two potentially present sections ending on
it. But we either have 7»1.171 =4 and Xl.al =0or )_\1.171 =3 and Xl.{l =1, and one can calculate directly
that because we cannot have §; = 0 or 4 in the second case, §; = 1 in either case (recalling that by column
i we have had a swap between rows 1 and 2), or §; = 3 in the first case, the only rows with potential
support ending in column i are (1, 2) and (0, j) for a unique value of j, yielding the desired statement.

Case y;,—1 = 3. Theneither jo—1=2and A;,_ j,—1 =1, 0r jo—1=3and A;,_ j,— = 2. First, suppose
that (jo — 1, jo) has potential support strictly to the right of iy, or equivalently, that there are no columns
between iy and i, having degree 3, or with §; = jo — 1 or jy. In this case, if we move a 3 from the left to
ip, by Lemma 7.5 at most four rows satisfy the inequalities at ig to have potentially starting sections at ig,
and we see that these include (jo — 1, jo). But (jo — 1, jo) does not actually have potential support at i,
so in this case we have at most three rows starting at i, and none of them involve the exceptional row
(specifically, jo— 1), so we can eliminate this central block just as in Theorem 7.3, and we conclude we
still have linear independence.

Now, the possibility that we have §; = jo — 1 in between iy and i; is ruled out by the inequality
2aj%f11 > ¢j,+1 + 1. If there is a column with §; = jo, but no column having degree 3 between ip and iy,
we will move the third degree-3 from the left to i, and the (jo 4 1, jo + 1) = (6;,, é;,;) row is supported
strictly to the right of i;. In addition (7-2) is ruled out by parity reasons, so by Lemma 7.5 we have at most
three rows starting at i;, and we also see that (jo — 1, jo 4+ 1) is not among them, as it will have potential
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support strictly to the right of i1. Thus, no row involving jo—1 (the exceptional row) has potential support
starting at i1, and in this case we can eliminate all potentially present sections just as in Theorem 7.3.
Next, suppose there is some column with degree 3 between iy and i, but no column with §; = jo.
In this case, we will move the fourth 3 to the first column i with Xiz + X? =9, and the third 3 to ig. If
)_‘1'21 + Xf’l < 9, then according to Proposition 7.4, moving the fourth 3 doesn’t disrupt linear independence,
and then we are in exactly the same situation as the first case considered above, with (jo — 1, jo) having
potential support strictly to the right of i;. On the other hand, if 7\1.21 + 7‘?1 =9, we will still maintain linear
independence, but for different reasons: we claim that will have at most three rows ending in the i-th
column, no row ending in the first column i" with X;.", + X?, = §, and only two rows ending in the first
column i” with Xl.z,, + X?,, = 10. Thus, we will be able to eliminate potentially present sections from the
right, treating the columns from i’ to i as a block to which to apply Lemma 6.3(3), and we will in this way
eliminate all potentially present sections supported on either side of iy. This leaves at most one potentially
present section, which can then be eliminated. Thus, it suffices to prove the above claim. By the argument
for Proposition 7.4, we have no potentially present section supported only in the i-th column, and at most
three continuing from the previous column. So, there are at most three ending in the i-th column, as
claimed. The fact that there are no rows ending in the i’-th column is immediate from Corollary 5.8 and
Lemma 5.12. Finally, we know from the proof of Theorem 7.3 that there at most three rows satisfying
the inequalities in column i” to have potential support ending there. Moreover, we see that (jo — 1, jo)

is necessarily one of them. Indeed, since we have one column with degree 3 and none with §; = jo — 1
i1+1 _
Go—1.jo) — = R
any column with §; = jo — 1 or jp will increase Al.z + A?, so this cannot occur strictly between i; and i”,

or jo between ig and ij, we see that a ci,+1 even after changing the multidegree. But after i,

and we conclude that aé;rl, jo) =Cir as well. Since column i” has degree 3, this means that (jo — 1, jo)
satisfies the inequalities to have potential support ending at i”. But again using that the fourth 3 is still
left of iy, the actual potential support of (jo — 1, jo) is contained to the left of i;, so we conclude that
column i” has at most two rows with potential support ending there, completing the proof of the claim.

It remains to analyze the possibility that we have a column of degree 3 and a column with §; = jp in
between iy and i1. Recall that we have either

Jo—1=2 and A;_yj-1=1, or Jo—1=3 and A;_1j,—1=2.

We first claim that in the latter case, we cannot have §; = jj in between iy and i; without forcing there to

be two columns of degree 3 in between, or equivalently, forcing )_\1.21

have a gap between 0}371 and a}g for the swap, we must have 7‘1'20 > 5, and then for the same reason at

+ 5‘1'31 > 10. Indeed, since we cannot

i; we must have Xl.zl > 6. But having some §; = jj also requires Xf > 4, so we conclude that we would
necessarily have ):?1 + )_\?1 > 10, as claimed. Thus, it suffices to treat the situation that A;,_1 j,—1 = 1. In
this situation, we have 5‘1'2. —I—Xfl < 6, and we will move the third 3 to column iy and the fourth 3 to column
i1. We claim that we will have at most two rows with potentially present sections ending in i;, and neither
involves the exceptional row (specifically, jo — 1, which is 2). Thus, we will be able to eliminate all
potentially present sections from the left and from the right of iy, and finally eliminate the at most one
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potentially present section supported only at ig. To verify the claim, we see that we necessarily have
S5<il <7, A =3, and 1<} <3.

We compute that the only rows satisfying the inequalities to potentially end at i; are (3, 4), (0, 6), (1, 5),
(1, 6) and (3, 5), but by the uniqueness part of Corollary 5.9, we see that the only way we can have three
of these occurring at once is if we have (3, 4), (0, 6) and (1, 5). However, we also have that (3, 4) can
only end if ):?1 <2, (0, 6) can only end if ):}1 < 6, and (1, 5) can only end if one of the preceding two
inequalities is strict. But together these imply that 5“}. + X?l <7, meaning that we cannot have all the rows
ending at /; under our hypothesis that the fourth 3 comes before ij.

This concludes the case y;,—1 = 3.

Case yj,—1 = 5. In this case jo — 1 = Aj;—1,j,—1 + 2. From the definition of default multidegree,
)_\1.20_1 +X?O_1 > 10, so jo— 1 > 4. But, to allow for the double swap (there is a jy + 1 row), jo— 1 <4, so
Jjo— 1 =4. With an argument as in Lemma 7.5, if we move the fifth 3 to iy, even if we obtain two rows
involving §;, = 5 with potential support ending at ip, there can be at most one more (necessarily of the
form (j, 6) for some j). Moreover, the (4, 5) row is not one of these, as it will have potential support
starting, not ending, at iy. We can therefore still eliminate the block spanning from the first column with
Xl.z + X? =9 to column i just as before.

The case that Za}(;jll =cj,+1+ 1 but 2a;871 < ¢j, — 1 is handled completely symmetrically, completing
the proof. U

8. An analysis of the degenerate case

To conclude the proof of the main theorem, we need multidegrees such that on the one hand, the potentially
present sections are still linearly independent, and on the other hand, tensors coming from any exact
linked linear series generate at least (“2“2) = 28 linearly independent combinations of the potentially
present sections. The key point is that even though there are cases where some row may not have any
potentially present section occurring in the linked linear series in the chosen multidegree, in those cases
there is more than one combination of sections from some other row. We first look at the behavior of

mixed sections under tensor product

Lemma 8.1. Suppose s, s’ are mixed sections of multidegrees md;(w) and mdy (w’), and let mdyg (w’)

be another multidegree. Then fy vy (s @ s') lies in the potential ambient space in multidegree md(w").

Proof. By definition of mixed sections as sums, it suffices to treat the case that s is obtained purely from
gluing together s; for fixed j, and s’ is obtained from gluing together s;, for fixed j'. But in this case
the result is clear, since fy4y w7 (s ® s’) must be a combination of potentially present sections from the
(J, J") row. O

The following lemma is convenient for cutting down the number of possibilities to consider.
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Lemma 8.2. Let s, s’ be mixed sections of multidegrees md(w) and md(w’) and types (S’, f) and (3’/, f/)
respectively. Suppose that for some i with 1 <i < N, we have

0 #L and ) £ suchthatieSglﬂngﬂS/,lﬂS//z.

Then for any unimaginative w”, the map fy+y v vanishes identically on Z;.
If further either {jo,, je,} ={Jj; » jy } or {je,» je, 3Oy » Jy Y = @, then the same conclusion holds when
1 2 1 2
i=1lori=N.

Proof. First consider the case 1 <i < N, and write w = (c2,...,cy) and w' = (¢}, ..., c}y). The
hypotheses mean that w allows for support of both s} and s;, for some distinct j, j’, so a; , a]‘:, >c¢; and

bjl.', b]’:/ > d — ¢;+1. Without loss of generality, suppose a; < a},. Then, either a} + b]’: <d or a}, + b]’:/ <d.

If bj’. > b;.,, then either ¢; 1 >d — b;., >d— bj’. > aj’. >ciorciy) >d— b;, > aj’., > a} > ¢;, so in either case

we have ¢;+1 > ¢; +2. On the other hand, if b; < b;,, then c;j41 >d —b; >d —b]’:, > a}, > a} > ¢j, SO again
cit1 = ¢; +2. The same argument holds for w’, so we conclude that ¢; 41 + ¢, | > ¢; + ¢; +4, which
implies that f,, 4. .~ vanishes on Z;, since if we write w” = (¢}, ..., c},), the unimaginative hypothesis
means that ¢}, | < ¢/ +3.

Next, if i = 1, the unimaginative hypothesis means that c; is equal to 2 or 3. It follows (see the proof of
Theorem 7.3) that only the rows (0, 0), (0, 1), (1, 1) and (0, 2) can have potential support in the column,
with not both (0, 0) and (1, 1) occurring. If fy, 1y~ is nonzero on Zy, then fy 4y w7 (s ® s”) must have
(Je, » jé;’) parts with potential support at i = 1 for u = 1, 2 and v = 1, 2, and this isn’t possible if either
{eys Jo,} = {jég’ jé,z} or {Jje,s je,} N {jlf,] , jé,z} = . The case i = N is symmetric. O

The cases of mixed sections appearing after each type of swap will require individual analysis. We
treat the case of a single swap in the next proposition but we first give an example:

Example 8.3. Tables 2a and 2b together show the table T obtained from the tensor square of the limit
linear series considered in Example 4.25, which has r =6, g =22, and d = 25.

We have highlighted the potentially present sections; note that the (2, 2) row contains two (the first in
Table 2a, the second in Table 2b), while the rest all have a unique one. These two potentially present
sections are thus treated separately in Theorem 7.3; the first appears as part of a block in the fifth and
sixth columns which is eliminated using rule (iii) of Lemma 6.3, while the second occurs as the only
new potentially present sections in the twelfth column, which is part of another block, extending from
the seventh column to the sixteenth column, which is again eliminated using rule (iii), after all other
potentially present sections have been eliminated on both the left and right. The only other block that
requires rule (iii) contains the seventeenth and eighteenth columns, and is eliminated after the potentially
present sections appearing to the right have all been dropped. Following the proof of Theorem 7.3, we
see that we can eliminate all sections outside the aforementioned three blocks going inward from both the
left and right ends, using only iterated applications of rule (i).

Observe that in the default multidegree, the (unique) potentially present section in row (2, 3) extends
from the seventh column to the eleventh column. This means that if s; and s} have the smallest possible
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col= 1 2 3 4 5 6 7 8 9 10 11

(0,00 0 50(0 482 464 446 428 40|10 38|12 38|12 36|14 34|16 32
0,1) 1 48|2 47|3 45|5 437 41|19 39|11 37|13 36|14 34|16 33|17 31
0,2) 2 47|3 45|5 446 42|8 40|10 38|12 36|14 35|15 32|18 30|20 28
(1,1) 2 46|4 46|4 446 428 40|10 38|12 36|14 34|16 32|18 32|18 30
0,3) 3 46(4 446 428 419 39|11 37|13 35|15 34|16 33|17 31|19 30
(1,2) 3 45|5 44|16 437 419 39|11 37|13 35|15 33|17 30|20 29|21 27
0,4 4 45|5 43|7 4119 39|11 38|12 36|14 34|16 33|17 31|19 29|21 27
(1,3) 4 44|16 43|7 4119 4010 38|12 36|14 34|16 32|18 31|19 30|20 29
(2,2) 4 44|16 42|8 428 40|10 38|12 36|14 34|16 32|18 28|22 26|24 24
0,5 5 446 42|8 40|10 38|12 36|14 35|15 33|17 32|18 30|20 28|22 26
(1,4 5 43|7 42|8 40|10 38|12 37|13 35|15 33|17 31|19 29|21 28|22 26
(2,3) 5 43|7 419 4010 39|11 37|13 35|15 33|17 31|19 29|21 27|23 26
0,6) 6 437 419 39|11 37|13 35|15 33|17 32|18 31|19 29|21 27|23 25
(1,5) 6 428 419 39|11 37|13 35|15 34|16 32|18 30|20 28|22 27|23 25
(2,4 6 42(8 40|10 39|11 37|13 36|14 34|16 32|18 30|20 27|23 25|25 23
(3,3) 6 42(8 40|10 38|12 38|12 36|14 34|16 32|18 30|20 30|20 28|22 28
(1,6) 7 419 40|10 38|12 36|14 34|16 32|18 31|19 29|21 27|23 26|24 24
(2,5 7 419 39|11 38|12 36|14 34|16 33|17 31|19 29|21 26|24 24|26 22
3,4 7 419 39|11 37|13 36|14 35|15 33|17 31|19 29|21 28|22 26|24 25
(2,6) 8 40|10 38|12 37|13 35|15 33|17 31|19 30|20 28|22 25|25 23|27 21l
(3,5 8 40|10 38|12 36|14 35|15 33|17 32|18 30|20 28|22 27|23 25|25 24
(4,4 8 40|10 38|12 36|14 34|16 34|16 32|18 30|20 28|22 26|24 24|26 22
(3,6) 9 39|11 37|13 35|15 34|16 32|18 30|20 29|21 27|23 26|24 24|26 23
4,5 9 39|11 37|13 35|15 33|17 32|18 31|19 29|21 27|23 25|25 23|27 21
(4,6) 10 38|12 36|14 34|16 32|18 31|19 29|21 28|22 26|24 24|26 22|28 20
(5,5) 10 38|12 36|14 34|16 32|18 30|20 30|20 28|22 26|24 24|26 22|28 20
(5,6) 11 37|13 35|15 33|17 31|19 29|21 28|22 27|23 25|25 23|27 21{29 19
(6,6) 12 36|14 34|16 32|18 30|20 28|22 26|24 26|24 24|26 22|28 20|30 18
(6,6) 32 16|34 1436 12|38 12|38 1040 8|42 6|44 4|46 2|48 0[50 O

4713 45|5 43|17 41|19 38|12 36|14 33|17 31|19 29|21 27|23 25

Table 2a. This is the left side of the table T obtained from the tensor square of the

limit linear series considered in Example 4.25, which has r = 6, g =22, and d = 25.

The right side is shown in Table 2b. We have also included the w corresponding to the
default multidegree wqer at the bottom of the table, and include not only the values ¢; for
i=2,...,22, but also 2d — ¢; in the preceding subcolumns.

portions coming from the j = 3 row, so that s} only has nonzero sé parts for i > 8 and s% for i < 10, then

the potentially present section for the (2, 3) row cannot come from either s, ® 55 or s, ® s5. This means

that these sections (or more precisely, their images in multidegree wger) are forced to yield potentially

present sections from the (2, 2) row, with s, ® s necessarily yielding the one supported from columns 5

through 7, and s, ® s% necessarily yielding the one supported in column 12. Thus, we explicitly see the

lack of a (2, 3) section being offset by the inclusion of two independent (2, 2) sections.
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col= 12 13 14 15 16 17 18 19 20 21 22
(0,0) 18 30|20 28|22 26|24 2426 24|26 22|28 20|30 18|32 16|34 14|36 12
O,1) 19 2921 27|23 25|25 23|27 22|28 21|29 19|31 17|33 15|35 13|37 11
0,2) 22 2723 25|25 23|27 2129 20|30 18|32 16|34 15|35 13|37 11|39 9
(1,1) 20 28|22 26|24 24|26 2228 20|30 20|30 18|32 16|34 14|36 12|38 10
(0,3) 20 28|22 26|24 24|26 2228 21|29 19|31 18|32 16|34 14|36 12|38 10
(1,2) 23 26|24 24|26 22|28 2030 18|32 17|33 15|35 14|36 12|38 10|40 8
0,4) 23 25|25 24|26 22|28 20|30 19|31 17|33 15|35 13|37 12|38 10|40 8
(1,3) 21 27|23 25|25 23|27 21|29 19|31 18|32 17|33 15|35 13|37 11|39 9
(2,2) 26 24|26 22|28 20|30 1832 16|34 14|36 12|38 12|38 10|40 8|42 6
0,5 24 24126 22|28 21(29 1931 18|32 16|34 14|36 12|38 10|40 9|41 7
(1,4) 24 24126 23|27 21|29 1931 17|33 16|34 14|36 12|38 11|39 9|41 7
(2,3) 24 25|25 23|27 21|29 19|31 17|33 15|35 14|36 13|37 11|39 9|41 7
0,6) 25 23127 21|29 19|31 18 (32 17|33 15|35 13|37 11|39 9|41 7|43 6
(1,5 25 23127 21|29 20|30 1832 16|34 15|35 13|37 11|39 9|41 8|42 6
2,4 27 22128 21|29 19|31 17 |33 15|35 13|37 11|39 1040 9|41 7|43 5
(3,3) 22 26|24 24|26 22|28 2030 18|32 16|34 16|34 14|36 12|38 10|40 8
(1,6) 26 22|28 20|30 1832 17 33 15|35 14|36 12|38 10|40 8|42 6|44 5
(2,5 28 21129 19|31 18|32 16(34 14|36 1238 1040 9|41 7|43 6|44 4
(3,4) 25 23|27 22|28 20|30 1832 16|34 14|36 13|37 11|39 10|40 8|42 6
(2,6) 29 20|30 18|32 16|34 15|35 13|37 11|39 9|41 8|42 6|44 4|46 3
(3,5 26 22|28 20|30 19|31 17 33 15|35 13|37 12|38 10|40 8|42 7]43 5
(4,4) 28 20|30 20|30 18|32 16(34 14|36 1238 1040 8|42 8|42 6|44 4
(3,6) 27 21|29 19|31 17|33 16(34 14|36 1238 11|39 9|41 7|43 5|45 4
4,5 29 19|31 18|32 17|33 15|35 13|37 11|39 9|41 7|43 6|44 5|45 3
(4,6) 30 18|32 17|33 15|35 14 (36 12|38 1040 8|42 6|44 5|45 3 (47 2
(5,5 30 1832 16|34 16|34 14 (36 12|38 10[40 8|42 6|44 4|46 4|46 2
(5,6) 31 17|33 15|35 14|36 13|37 11|39 9|41 7|43 5|45 3|47 2]48 1
6,6) 32 16|34 14|36 12|38 12|38 10|40 8|42 6(44 4|46 2|48 0[50 O

25 23127 21|29 19|31 17|33 14|36 12|38 9|41 7|43 5|45 3|47

Table 2b. This is the right side of the table T obtained from the tensor square of the
limit linear series considered in Example 4.25, which has r = 6, g =22, and d = 25.
The left side is shown in Table 2a. We have also included the w corresponding to the
default multidegree wqer at the bottom of the table, and include not only the values ¢; for
i=2,...,22, but also 2d — ¢; in the preceding subcolumns.

Proposition 8.4. Suppose a limit linear series contains precisely one swap, occurring between the rows
Jjos jo— 1 in column iy. With notation as in Proposition 4.13, for any multidegree w, the tensors pairs of the

(r+2

s;j for j # jo, and sjfo, si" contain (" ) independent linear combinations of the potentially present sections.

Jo
Proof. If j < j’ are both different from jp, then s; and s;: are in the linked linear series and contribute
an s(j, j,;. This gives rise to (;) potentially present sections, necessarily independent because they are
supported in distinct rows. If j # jo, jo — 1, there are three global sections s; ® s/, 5; ® 5;/ and 5; ® sj,—1,
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each of which has nonzero image in multidegree . We claim that these three images must contain at
least two distinct linear combinations of the s¢;, ;i and s¢; jo—1),i- If 5; ® sjfo has support in any columns
greater than or equal to iy, this necessarily includes a nonzero combination of the s;, j,),;, which is distinct
from the image of s; ® 5,1, and we are done. The same holds if 5; ® sj’é has support in any columns less
than or equal to iy. The final case is that 5; ® sjfo has support only in columns strictly less than ig, and
5i ® sJ/(/) has support only in columns strictly greater than iy. In this case, both may be linear combinations
of the s, j,—1),i» but since their support is disjoint, they must be two distinct combinations, as desired.
Thus, we have produced (g) +2(r—1) = (’;2) — 3 independent combinations of potentially present
sections, supported among the rows (j, j/) with j # jo — 1, jo. Finally, we consider the tensors of
Sjo—1s sjfo, s]/(; , and claim we obtain three distinct linear combinations, necessarily supported among the
rows (jo—1, jo— 1), Go—1, jo), (o, jo). Consider the images of sjfo ®st0, sjfo ®st(/), and sj/é ®st(/). If any of
their images contain any portion of the (jo, jo) row, then considering sj,—1 ® sj,—1, $jp—1 ® sjfo, Sjp—1 ® sjfo.
The same argument as above shows we obtain two distinct combinations of type (jo — 1, jo — 1) and/or
(jo — 1, jo), so we are done. But the only alternative is that the first three tensors come from the
(Jo—1, jo—1), (jo—1, jo) and (jo — 1, jo — 1) rows respectively, with the first and last having disjoint
support. Thus, in this case these three are all linearly independent, and we again obtain the desired
conclusion. g

When p = 2, there can be up to two swaps (Proposition 5.3) occurring on distinct columns iy < i;
corresponding to genus 1 components. We will show that in each of the four possible configurations of
the two swaps there are enough independent linear combinations of the potentially present sections (see
Propositions 8.5, 8.9, 8.10, 8.12).

We find it convenient to introduce shorthand notation as follows: we will write for instance

si, @85 1= Go—1, jo+ DL+ Go — 1, jo)r + (o, Jo+ 1)
to indicate that the image of sjfo ® sj’é 41 in the relevant multidegree is a combination of potentially present
sections from the (jo — 1, jo+ 1), (o — 1, jo) and (jo, jo + 1) rows, where the first is supported strictly
left of iy, the second strictly right of i and the third has no restrictions on its support. We will also use
subscripts C to denote support strictly between iy and i1, LC to denote support strictly left of i; and CR
to denote support strictly right of iy.
Propositions 8.6, 8.7, 8.8 help us control the potential support of mixed sections using a left-weighted Xj.

Proposition 8.5. Suppose that the limit linear series contains precisely two swaps, and both occur in
the same pair of rows, say jo, jo — 1 in columns iy, i} (“repeated swap”, see Proposition 4.16). Then

for any unimaginative multidegree w, the images in multidegree w of the tensors of pairs of the s; for

(r+2

/ " 1
[ 2

Jj % jo, jo— 1, and Sio—1> Sig—12 Sjy> s]’(’) contain ) independent linear combinations of the potentially

present sections.

Proof. Just as in the proof of Proposition 8.4, for j, j’ # jo, jo — 1, the linked linear series contains s;
and s;/, so the image of s; ® ;- always gives a potentially present section from row (j, j’).
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Now consider j # jo, jo — 1; we claim that s; ® s]fo_], 5 ® s]f(/)_l, 5 ® sjfo, 5 ® s]’é cannot all coincide.

Hence they have a two-dimensional span. Indeed, if s5; ® s]’O’ _ coincides with s; ® sjfo, they must be of
the form (j, jo — 1)L + (J, jo)r. But the former cannot occur in s; ® s]/(/) , and the latter cannot occur in
5 ® s]fo_l, so one of the two will provide a second section.

It remains to show that we have at least three independent sections among all tensors of the sjfo_ 1

s]’é R stO, s]/(; . We first consider the tensor squares of each of the four sections. According to Lemma 8.2,
these can only contain types (jo — 1, jo — 1) and (jo, jo), with no type (jo — 1, jo) appearing. Now, the

possible (jo, jo) parts of sjf(‘f@_zl and sj’fﬁ are disjoint, so we conclude that either these two are distinct, or

®
jo
type (jo, jo). Thus, it suffices to show that we cannot have all of our tensors in the span of a single pair

they are of pure type (jo — 1, jo — 1). Similarly, the sections s 2 and sjfé®2 are either distinct or of pure
of sections, each of pure type (jo — 1, jo— 1) or (jo, jo). Now, sjfo ® sj/(/) cannot have a (jo—1, jo—1)
part, and sj’r1 ® sjf(;l cannot have a (jy, jo) part, so the only possibility to consider is that one of our
sections is purely of type (jo — 1, jo — 1), and the other is purely of type (jo, jo)-

If the (jo — 1, jo — 1) part occurs in sJ’é 4 ® st, it must be supported strictly to the left of iy. Then
sy ®s;; cannot have a (jo — 1, jo — 1) part, so must be of type (jo, jo), and the support must be strictly
to the right of i;. On the other hand, if the (jo, jo) part occurs in s]/(; 9 sfo, it must again be supported
strictly to the right of i1, and then strl ®sjf0 cannot have a (o, jo) part, so must be of type (jo—1, jo—1),
again supported to the left of iy. But in either case, s]fo_l ® s;(: cannot be a linear combination of these
two sections, as desired. O

Proposition 8.6. Suppose that p = 2 and there are two swaps between rows jy— 1, jo and j — 1, j;
in columns iy < iy (“disjoint swap” of Proposition 4.14), Then, in an unimaginative multidegree, the
potential support of every (j, j') is connected except possibly for (jo— 1, jo— 1), (j1 — 1, j1 — 1), and
(jo— 1, j1 — 1). Moreover, if (jo — 1, j1 — 1) has disconnected potential support in multidegree w, the
potential support must be made up of two components, one contained strictly to the right of i|, and one
contained strictly to the left of iy, and the potential support of (jo—1, ji) is contained strictly right of i; —1,
and the potential support of (jo, j1 — 1) is contained strictly left of io + 1. Finally, if the potential support
of (jo— 1, j1) is contained strictly left of iy, then (jo — 1, ji — 1) must also have a component of potential
support contained strictly left of iy, and if the potential support of (jo, j1 — 1) is contained strictly right
of iy, then (jo — 1, j1 — 1) must also have a component of potential support contained strictly right of i.

Proof. We write as usual o = md(w) with w = (c2, ..., ¢,).

From Proposition 5.3, no rows are exceptional except row jo — 1 at iy and row j; — 1 at i;. From
Proposition 5.10, in multidegree w, the potential support of every (j, j') is connected except possibly for
(Jo—1,jo—1D), (j1i—1,j1 —1),and (jo—1, j; —1). and following the proof we see further that in order
for (jo — 1, j1 — 1) to have disconnected support, the support must be split between strictly right of i,
and strictly left of iy, as claimed. Next, if the potential support of (jo — 1, j; — 1) has a component lying
strictly right of i, then

i i1+1 i1+1
Ao—1.j) = o1 — 1 = Ajg—1.ji—1) = 2> Cir+1 =2 2 Ciy,
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and the connectedness statement implies that the potential support of (jo — 1, ji) is supported strictly
to the right of i; — 1, as desired. The corresponding statement on support left of ip and ig + 1 follows
similarly. Finally, if the potential support of (jo — 1, ji) is contained strictly left of i, then

io io .
Ajo—1,j1=1) < Ujo—1,jp) =< Cio>

so (jo — 1, j1 — 1) also has a component of potential support strictly left of i, as desired. The last
statement on support strictly right of i; follows similarly. O

Proposition 8.7. Suppose that p = 2 and there are two swaps in the “first 3-cycle” situation of
Proposition 4.18. In an unimaginative multidegree, the potential support of every (j, j') is connected
except possibly for (jo—1, jo—1), (jo—1, jo), and (jo, jo). Moreover, if for some j, the potential support
of (J, jo) has a component strictly to the left of iy, then the potential support of (j, jo — 1) is entirely
contained strictly to the left of iy, and if the potential support of (j, jo — 1) has a component strictly to the
right of i1, then the potential support of (j, jo) is entirely contained strictly to the right of i.

Finally, if (jo— 1, jo) has potential support contained entirely strictly to the left of i1, then the potential
support of (jo — 1, jo+ 1) cannot be contained to the right of i; if it has potential support contained
entirely strictly to the right of iy, then the potential support of (jo, jo+ 1) cannot be contained to the left
of ig; and if it has potential support contained entirely strictly between iy and iy, then (jo— 1, jo — 1) has
potential support contained entirely strictly to the left of i1, and (jo, jo) has potential support contained
entirely strictly to the right of iy.

Proof. Most of the argument is similar to Proposition 8.6. For the support of (j, jo) to have a component
strictly to the left of iy we must have a?}’ i = Cio — 1, and then aé(}’ oty < Cig — 1. Arguing as in
Proposition 8.6, we conclude that (even if j = jo — 1 or jy) the support of (j, jo — 1) is connected and
strictly to the left of ig. The statement on support to the right of i; is proved in exactly the same way. For
the last assertion, note that the (jo — 1, jo — 1) row has no support at i1, and the (jo, jo) has no support at

1o, since both sum to 2d — 4 in the relevant columns. O

Proposition 8.8. Suppose that X is left-weighted, and that the rows j, j' have no exceptional behavior
in any genus-0 columns. Then the image of s; ® s;» in any unimaginative multidegree w is equal to the

leftmost potentially appearing section in the (j, j') row.

Proof. The lack of exceptional behavior away from genus-1 components means that the af j.j») are constant
on the genus-0 components. The idea is then that the left-weighting means that the leftmost negative
value of aéjyj,)
Compare the proof of Proposition 4.24, where in (4-1) we now replace d by 2d due to having passed to

— ¢; 1s repeated so many times that it must lead to a strict minimum of the partial sums.

the tensor square. U

Proposition 8.9. Suppose that p = 2, Xy is left-weighted and we are in the “disjoint swap” case of
Proposition 4.14, so that the limit linear series contains precisely two swaps in disjoint pairs of rows,
say jo, jo— 1 and jy, j1 — 1. Then for any unimaginative multidegree w, choosing sjfo and s]fl as allowed
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by Proposition 4.24, the images in multidegree w of the tensors of pairs of the s; for j # jo, j1, and

sjfo, sjf(;, s]fl , sj’l’ contain (r'zﬂ) independent linear combinations of the potentially present sections.

Proof. Without loss of generality, assume that iy < i;. By Proposition 4.24, we may assume that sjfl is
controlled, and that the j;-part of sjfl does not contain any genus-1 component left of i1. Every (j, j') has
connected potential support unless j, j' € {jo — 1, j1 — 1}. Moreover, if j, j' # jo, jo— 1, j1, j1 — 1, then
we know that fwj+wjf,w(5j ®s;r) 18 nonzero and composed of séj,j,). Now, suppose j # jo, jo—1, j1, j1—1.
Then the same argument as in Proposition 8.4 shows that if we consider the images in multidegree w of
5j ®sjo—1, 5 ®s; , and 5; ®s;/, we either obtain one section of type (j, jo— 1) and one with a contribution
of type (j, jo), or two sections of type (j, jo — 1), but having disjoint support. The same holds with j; in
place of jo. Together, these produce ("5%) +4(r —3) = ("}?) — 10 linearly independent combinations. It
thus suffices to show that we have 10 linearly independent combinations coming from tensor products of
pairs of the sections sj,_1, sj’o, sj’(; s Sji—1, s]fl, sj/l’ . Just as in the proof of Proposition 8.4, tensor products of
the first three sections yield three independent combinations, with contributions contained among the
types (jo—1, jo— 1), (jo — 1, jo), and (jo, jo). Tensor products of the last three sections likewise yield
three combinations, with j; replacing jp in the types.

It remains to consider the tensors with types contained among (jo — 1, j1 — 1), (jo—1, j1), (jo, j1 —1)
and (jo, j1). First suppose that (jo — 1, j; — 1) has connected potential support in multidegree w. Then
just as in the single-swap case, at least one of s;,_1 ® sfl, Sjo—1 ® sj/: must involve a (jo — 1, jj) part, and
at least one of s]fo ® 8,1, sj’(; ® sj,—1 must involve a (jo, j1 — 1) part. Since sj,—1 ® sj,—1 is pure of type
(jo—1, j1 — 1), and all of these have unique potential support, we find that the span of these sections
contains the (unique) pure types of each of (jo — 1, j1 — 1), (jo, j1 — 1) and (jo — 1, j1). Thus, if we have
anything with a nonzero part of type (jo, ji1), this gives a fourth independent combination. On the other
hand, if nothing has a (jy, j;) part, then we must have the following:

si, ® i = (jo— 1, jOL + (o, j1 = Dr,
si, ®s;, = (o—1, ji = DL+ (jo, 1 — Drc  and
s ®s; = (Go—1, jucr + Go — 1, j1 = Dr.

First consider the possibility that the (jo—1, ji)L part of ®s;1’ is nonzero. Then, by Proposition 8.6(1),

s’
we have that (jo — 1, j; — 1) has support strictly left of iy tcj)oo, which in turn means that (jo, j; — 1) can’t
have support strictly right of i;. But this leaves no possibility for s; ® s;'. On the other hand, if the
(Jo, j1 — 1)r part of sjfo ® sj’]’ is nonzero, we have that (jo — 1, j; — 1) must have support strictly right of
i1, and hence that (jo — 1, j;) can’t have support strictly left of iy, leaving no possibility for s]fo ® sjfl. We
conclude that it is not possible for these tensors not to have some (jop, ji) part, giving the desired four
independent combinations when (jo — 1, j; — 1) has connected potential support.

It remains to treat the case that (jp — 1, j; — 1) has disconnected potential support in multidegree w.
Then Proposition 8.6 tells us that this potential support has two parts, contained strictly left of iy and right

of i; respectively. Moreover, it says that the potential support of (jo — 1, j1) is contained strictly right of
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i1 — 1 and the potential support of (jy, j1 — 1) is contained strictly left of iy + 1. This forces sto ® sJ’I’ to be
of pure (jo, j1) type. Now, we observe that two of the sections sj,—1 ® j,—1, Sj,—1 @ sfl, Sip—1® sj’l’ must
be independent, either involving a (jo — 1, j;) part and a (jo— 1, j; — 1) part, or two (jo— 1, j; — 1) parts.
Similarly, sjfo ® sj,—1 and sj’é ® sj,—1 must either involve a (jo, j; — 1) part or two (jo — 1, j; — 1) parts.
We see that the only way to avoid having four independent combinations would be if these five tensors
are all of pure type (jo — 1, j1 — 1), necessarily achieving support independently both on the left and
right. But we note that because the potential support of (jo, j;1 — 1) is contained strictly left of ip + 1, and
éjo—l,h—l)
that sj’é ® sj,—1 can fail to have a (jo, j1 — 1) part is if sj’(; is not controlled, and more specifically if its jo

because (in the disconnected support case) we must have a =¢; for ip < i <iy, the only way
portion does not extend more than halfway to the next genus-1 component after ig. On the other hand, s]fl
is controlled and has j; part not containing any genus-1 component smaller than i;, so we conclude that
in this situation its j; part is disjoint from the jy part of s]f(:, and then s]’é ®st1 = (o, 1 — D+ (o—1, j1),
and gives a fourth independent combination. This completes the proof of the proposition. 4

Proposition 8.10. Suppose that p = 2 and we are in the “first 3-cycle” situation of Proposition 4.18.
Choose an unimaginative multidegree w such that the (jo — 1, jo) row has a unique potentially present
section in multidegree w, whose support does not contain ig or iy (use Corollary 7.6,). Then the images
r+2)

. . . . . p " m .
in multidegree w of the tensors of pairs of the s; for j # jo+ 1, and Sig+1> Sig+10 Sjp1 contain ( 5

independent linear combinations of the potentially present sections.

Proof. We are assuming that there is one swap between the jp-th and (jy+1)-st on the ip-th column, and
a second swap between the (jo—1)-st and (jo+1)-st rows on the i;-st column for some i; > ip. We first
show that for j # jo— 1, jo, jo + 1, the sections

5 @S-l 5 @8, O GO 5O
must yield at least three independent combinations. But the first two tensors yield (j, jo — 1) and (j, jo)
parts, so if any of the last three have any (j, jo 4+ 1) part, we obtain the desired independence. On the
other hand, if not we find that

$j ® i1 = (J, jo— Drc + (J. jo)Ls

$j ® i1 = (Js jo— DR+ (J, jo)cr;

5i ® Sjéﬁrl = (J, joL +(J, jo— Dr.
If the (j, jo)L part of the last tensor is nonzero, then by Proposition 8.7, the potential support of both the
(J, jo— 1) and (j, jo) rows are connected and contained strictly to the left of ip, leaving no possibility for
the second tensor. But if the (j, jo — 1)r part of the last tensor is nonzero, then similarly the potential
support of both the (j, jo—1) and (j, jo) rows are contained strictly to the right of i1, leaving no possibility
for the first tensor. Thus, we reach a contradiction, and conclude that we must obtain a (j, jo+ 1) part,
giving the desired three independent combinations.
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Next, we consider the 15 tensors arising from

Sjo=1> Sjo» SJ{0+1» Sj{(;+l’ SJ{(:/Jrl;
we need to show that these yield 6 independent linear combinations.

By hypothesis, we have that the potential support of the (jo — 1, jo) row is connected and does not
contain iy or ij, SO we organize cases according to its support. First suppose that the support of the
(jo — 1, jo) row is entirely to the left of ip; then according to Proposition 8.7, the same holds for the
(jo—1, jo—1) row, and the (jo — 1, jo + 1) row cannot have its support to the right of i;. We then see
that sj,_ ®s” 41 cannot have any (jo — 1, jo — 1) or (jo — 1, jo) parts, so must be of (jo — 1, jo+ 1)
type. Srmrlarly, +1 ®s”’+1 cannot have any (jo— 1, jo— 1), (jo— 1, jo), or (jo -1, jo+ 1) parts o)
it must contain (]0, Jo+1) or (jo+1, jo+ 1) parts. In addition, the pair sj, ® s ol and sj, ® s +1 must
contain either a (jo, jo + 1) part, or two distinct (jo, jo) parts, supported left and right of iy, respectrvely.
Given that we always have (jo — 1, jo — 1), (jo — 1, jo) and (jo, jo) parts, the only way we could fail

to have produced six independent combinations is if sj 1 ® sj;}1 has type (jo, jo + 1), and we have

//®2 2
jo+1

(jo+ 1, jo+ 1) part or two distinct (jo, jo) parts, so we necessarily obtain the sixth combination.

only one (jo, jo) part. But then considering s; ¥1 and s; %" and using Lemma 8.2, we must produce a

Similarly, if the potential support of the (jo—1, jo) row is entirely to the right of i1, then Proposition 8.7
tells us that the same holds for (jo, jo), and that the potential support of the (jo, jo + 1) row cannot be to

"

the left of iy. Then s, ®s ,+1 must be of (jo, jo+1) type and s +1 ®s; | must have (jo—1, jo+ 1) or

(jo+1, jo+1) parts. The pair sj,—1 ®s; Si+1 and sj,—1 @ 0+1 must contain either a (jo — 1, jo+ 1) part, or

Q2 Q2
Jo+1 and Sjo+1

tensors of sj,_; and sj,) must complete the six independent combinations.

two distinct (jo — 1, jo — 1) parts, and in either case the tensors s (together with the usual

Finally, if the potential support of the (jo — 1, jo) row is between the iy and i; columns, then by
Proposition 8.6, we know that the potential support of (jo—1, jo —1) is left of i, and the potential support
of (jo, jo) is right of ig. We then see that the tensors sj,—1 ® 57", |, 5j, ® s}, |, and sj””flz
types (jo—1, jo+1), (o, jo+1), and (jo+1, jo+1) respectively, yielding the desired six combinations. [

must be pure of

Lemma 8.11. Assume that p =2 and r =6 and we are in the “second 3-cycle” situation of Proposition 4.20.

Then, there is an unimaginative multidegree wget, such that one of the following options is satisfied:

(a) the (jo— 1, jo — 1) row does not have potentially present sections both left of io and right of i1; or
(b) Za;é’_l =cj,— 1, and 2a 1 =ci4+1+1;0r
(c) 2a;(?_1 =cj,—2, and Za;(:fl = Cj,+1 + 2, and w has degree 2 in both ig and iy.

Proof. 1f (a) does not hold, the (jo — 1, jo — 1) row has support both left of iy and right of i;. From
Proposition 5.10, then

l() 11+1
Ajo=1.jo—1) = Cior Ajo=1,jo-1) = Cir-
Write a( o1 jo—1) = Cig — ko, a J;rl 1jo—1) = Cii + k1. Denote by ¢ the number of elliptic components from

ig, to i1 (inclusive). As we are assuming that p = 2 and there are two swaps, there are no other exceptional
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columns. Therefore, between ig and iy, a}otll = a}of | if the component i is rational, a}otll < a]lfo_  +Lifit

is elliptic with i # ig, i; and a}gjll = a}(’;_l +2,k =0, 1. Therefore
i1+1 ip
(g1, jo—1) = (g1, jp—1) T4+ 21.

If wger is an unimaginative multidegree, then it has degree O on rational components, and 2 or 3 on elliptic
components with 3; the number of 3s in the first i components. Therefore

Ciy+1 = Cig + 2t + (Vi) — Vig—1)-
From these identities, it follows that
ko+ki <4 — Vi, — Vig—1)-
As by assumption, both ko, k; are strictly positive, the options for the pair (kg, k1) are
(1,D, (1,2, @2,D, (2,2).

The case (1, 1) is option (b). In case (2, 2), y;, —¥i,—1 =0, therefore the degree on each elliptic component
from iy to i; is 2. This is option (c). From Corollary 7.7, in cases (1, 2), (2, 1), with a suitable choice of
multidegree, we are in case (a). Therefore, the result is proved U

Proposition 8.12. Suppose that p =2, Xy is left-weighted and we are in the “second 3-cycle” situation of

Proposition 4.20. Choose an unimaginative multidegree w = (ca, .. ., cy) satisfying one of the conditions

of Lemma 8.11. Then the images in multidegree md(w) of the tensors of pairs of the s; for j # jo, jo+1, and
/ /! / 1/

s’ s s"" contain (r'zﬂ) independent linear combinations of the potentially present sections.

Sio> o Sjo+1° Sjp+1°

Jo’
Proof. By assumption, the limit linear series contains precisely two swaps, with one swap between the
(jo—1)-st and jp-th rows occurring in the ip-th column, and a second swap between the (jo—1)-st and
(jo+1)-st rows in the i{-st column for some i > iy. First suppose j # jo — 1, jo, jo+ 1; we show that we
can always obtain three linearly independent combinations of potentially present sections from the rows
(j, jo—1), (J, jo) and (j, jo+1). s; @sj,—1 always yields a pure (j, jo—1) part. If S =S = {1, ..., N},
then s; ® sjfo has a nonzero (j, jo) part and no (j, jo+ 1) part, while s; ® st(;H has a nonzero (j, jo+ 1)
part, so we get the desired three combinations. Otherwise, we have

sj ®sj, = (J, jo— DL+ (J, jo),

$j ® iy = (J, jo) + (J, jo+ Dr + (J, jo— Dcwr,
$j ® i1 = (J jo— Drc + (s jo)w + (. jo+ D,
$i ® i1 = (s Jo+ D=+ (j, jo— Dr,

5i®s" = (j, jo)+ (j. jo—Dc+ (. jo+ D,

where R” and L’ denote possible support at and right of i1 and at and left of iy, respectively, and if s; ® s}/
has a nonzero (J, jo + 1) part with support containing iy, its (j, jo) part must be nonzero, and similarly
for the (j, jo) and (j, jo+ 1) parts of 5; ® sjfo +1- Now, suppose that (j, jo — 1) has connected potential
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support which is not contained strictly right of ig. Then (j, jo + 1) cannot have any potential support
strictly right of i; without also forcing (j, jo — 1) to have potential support strictly right of i{, so the
(J. jo) part of 5; ® s, must be nonzero. But then adding 5; ® s7' | = (j, jo+ 1) and s; ® 5,1 yields three
independent sections. Similarly, if (j, jo — 1) has connected potential support not contained strictly left
of iy, then (j, jo) cannot have potential support strictly left of ip, so s; ® sjfo 41 has nonzero (j, jo+ 1)
part, and adding s; ® sjfo = (J, jo) and s; ® sj,— yields the desired combinations. For connected potential
support, the only remaining possibility is that (j, jo — 1) has potential support strictly between ip and iy,
in which case s; ® s7 = (j, jo) and 5; ® 57/ | = (j, jo+ 1).

Finally, since p = 2, the only remaining possibility is that (j, jo — 1) has potential support both left

. -

E(J)',Jb* éljji;b*l) = Ci+1 + L. Then
(J, jo+ 1) cannot have potential support strictly right of i;, and (j, jo) cannot have potential support

of iy and right of iy, and in this case we must have a 1y = Cig — 1 and a
strictly left of io, so as above we find that if the (j, jo+ 1) part of 5; ® s]’(’) is nonzero (necessarily with
support at i), then the (j, jo) part must also be nonzero, and if the (j, jo) part of 5; ® s]fo 41 1s nonzero,
then the (j, jo+ 1) part must also be nonzero. Now, we have s; ® sjfo and 5; ® s]’é 41 linearly independent
always, and the only way they could fail to be independent from s; ® s” is if either s; ® sjfo = (J, jo) or
5i ® s]’(; +1 = (s jo+ 1), while the only way they could fail to be independent from s; ® sj,—; if is either
8 ®s]f0 = (j, jo— Dp ors; ®sjf(;+1 = (j, jo— Dr. If s; ®s]f0 = (j, jo) and s; ®st(;+1 = (J, jo— Dgr, we
see that s; ® s]fo 41 Decessarily gives a third independent combination, while if s5; ® s]fo = (j, jo— D)L and
5i ®s; 1 = (J, jo+ 1), we see that s; ® 57 necessarily gives a third independent combination.

It remains to show that we can get six independent combinations from the rows (jo — 1, jo — 1),
(o =1, jo), Go — L, jo+ 1), (jo. jo)» (o, jo+ 1), and (jo+ 1, jo+ 1). If S; =Sy ={1,..., N}, then
we immediately get that the six tensors coming from sj,_1, s]fo, sj’é 41 are linearly independent, as desired.

"

Otherwise, we will make use of the mixed section s to handle certain cases. For reference, we write out

. I "o " . :
the form of all the relevant tensors of s;,_1, Sios Sio» Sio 10 Sjo+1 (we are making use of Lemma 8.2 in the

case of self-tensors):

Si-1® i, = (o — 1, jo— DL+ Go — 1, jo),

Sjp-1® i = (o — 1, jo) + (o — 1, jo+ Dr + (o — 1, jo — Dcw,
Sjo-1® i1 = (o — 1, jo— Drc + Go— 1, jo)r + Go — 1, jo+ 1),
Sjo—1® i1 = (o—1, jo+ D=+ (jo—1, jo— Dr,

s, ®s;, = (o — 1, jo— DL+ (o, jo),
sy ®sj, = (jo, jo) + (jo+ 1, jo+ Dr + (o — 1, jo— Dcwr,
si, ® 57y = (jo— 1, jo) + (jo. jo) + (jo, jo+ Dr,
Si+1 ® 511 = Go—1, jo — Dre + Go, joL + Go+ 1, jo+ 1),
Si+1®5 1= CGo+ 1 jo+ 1)+ Go—1, jo— Dr,
Si+1®8i 11 = Go— L, jo+ 1)+ Go, jo+ D+ Go+ 1, jo+ 1),
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$i, @i 1= Go—1, jo— DL+ Go — 1, jo)Lc + (o — 1, jo + DL + (o, jo)rr + (o, jo + 1),
$i, @87 1= Go—1, jo+ DL+ (o — 1, jo)r + (o, Jo + 1),
sp®si o =0o—1, jo— Dr+ Go— 1 jor + Go— 1, jo+ Der + (o, jo+ D + (o + 1, jo+ Dr-

As above, we separate out cases by the potential support of the (jo — 1, jo — 1) row. Note that because
the entries sum to 2d — 4 in both the iy and i; columns, the (jo — 1, jo — 1) row cannot have any potential
support in either of these columns in any unimaginative multidegree. First suppose the potential support
is strictly to the left of io In this case none of the relevant rows can have potential support extending right
of iy, so we get 5j,—1 ®s7 . = (o— 1L, jo+1), si ®s; = (jo. jo), and s, ®s; | =(jo+1, jo+1), and
the (jo—1, jo) part of sj,_ ®sJ0 must be nonzero. We also have s (X)SOJrl =(jo—1, jo+ DL+ (o, jo+1)
and s]/(/) ® s]f(/)+] =(jo—1, jo+ Der + (o, jo+ 1D+ Go+1, jo + 1)r’, where again the latter has to have
nonzero (jo, jo + 1) part unless it is equal to (jo — 1, jo + 1)cr, so these must either yield a nonzero
(jo, jo + 1) part, or two independent (jo — 1, jo + 1) parts (which won’t happen when p = 2), and in
either case together with s, ® sj,—1 we get the desired six independent combinations.

Similarly, if the potential support of the (jo — 1, jo — 1) row is strictly to the right of i, we will have

Sjp-1®5;, = (o—1,jo), s, ®sj; = (o, jo)s  8jy41 @)1 = Go+ 1, jo+ 1),

with sjo 1 ®s; .| having a nonzero (jo— 1, jo+ 1) part, and s} ®s7' | = (jo— 1, jo)r + (jo, jo+ 1) and
s ® s ol = = (jo— 1, jo)c + (o, jo+ 1) + (o, jo)L/» and we again obtain six independent combinations
in the same manner.

If the potential support of the (jo — 1, jo — 1) row is strictly between iy and i1, then none of the
relevant rows can have support either left of iy or right of iy, and we get sj,—1 ® s; = (jo—1, jo),
Sjo—1987 1 = (o—1, jo+1), s, ®s; = (o, jo), sj;11®sj 1 =C(jo+1, jo+1),and s; ®S0+1 (Jo, jo+1).

If the (jo — 1, jo — 1) row has disconnected potential support to the left of iy and strictly between
ip and i1, then once again none of the relevant rows can have potential support extending right of iy,

and because p = 2 we must have a; c¢i, — 1, so none of the other relevant rows can have

1,jo—1
their potential support contained StI‘(ljé)tly Jloeft)of ig, either. Moreover, the (jo — 1, jo) row must have
potential support containing ig, SO sf ® sf/ cannot have any (jo — 1, jo) part, and its (jo, jo) part must
be nonzero. We then find that s;,_1 ® s J0+1 =(o—1,jo+ 1), so+1 Rs ]OH = (jo+ 1, jo+ 1), and
s ® S//_H = (jo, jo + 1). If the (jo — 1, jo) part of 5;,—1 ® s]/(; is nonzero, then these together with
sJO,l ® sj,—1 give six independent combinations. Otherwise, we must have 5,1 ® sJ’é =(o—1, jo— D¢,
and we see that 55| ® sjfo =o—1, jo— DL+ (jo— 1, jo) gives a sixth independent combination.

The situation is nearly the same if the (jo—1, jo— 1) row has disconnected potential support to the right
of i1 and strictly between ig and i;. Here we instead obtain that (jo— 1, jo+ 1) must have potential support
containing i1, and thus that sj_1 ®s f =(jo—1, jo), f sf = (jo Jo), and s ®sl +1= (o, jo+1), with
]O+1 s Si) +1 having nonzero (jo+ l Jjo+1) part. Then Sjo—1 s o1 either has anonzero (jo— 1, jo+ 1)
part, or is equal to (jo — 1, jo — 1)c, and in either case we obtain a sixth combination, from s;,_1 ® sj,—1

or sj—1 ®s; 1 = (jo— 1, jo+ 1+ (jo— 1, jo— Dr, respectively.
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If (jo— 1, jo—1) has three components of potential support, necessarily left of iy, strictly between
ip and iy, and right of i, then none of the relevant rows other than (jo — 1, jo — 1) can have potential
support contained strictly left of iy or strictly right of i, and we also know that the potential support of the
(jo—1, jo) (respectively, (jo—1, jo+ 1)) row contains i (respectively, i1). We then have that sjfo ®s]fé =
(jo, jo+1), and that s]fo ®s]f(; and sjfo
We also have sj,—1 ®s; = (jo—1, jo— DL+ Go—1, jo)» $j—1®sj, 1 = Go—1, jo—Dr+(jo— 1, jo+ 1),
and sj,—1 ® s = (jo— 1, jo) + (jo— 1, jo— Dc+ (jo— 1, jo+ 1). To have a dependence between these,

+1 ®sjfé 41 have nonzero (jo, jo) and (jo+1, jo+1) parts, respectively.

we need (at least one of) sj,_ ®s]fo = (jo—1, jo) or sj,—1 ®sjf(’)+1 = (jo—1, jo+1). On the other hand,
to have a dependence between the first five and s;,—1 ® sj,—1, we need s;,_1 ® sjfo =(o—1, jo— 1L or
Sjp—1 <§§>SJ%Jrl =(o—1L jo— Dr. If 5j,-1®s; = (jo—1, jo) and sj,—1 Qbsjf(/)+1 = (jo—1, jo— 1)r, we see that
Sjo—1 ®s]f0 41 must have anonzero (jo—1, jo—1)Lc or (jo—1, jo+1) part, and thus gives a sixth independent
combination. On the other hand, if sj,_ ®sj’0 = (jo—1, jo— Dr and sj,— ®sj’(;+1 =(o—1, jo+1), we
see that 5;,_1 ® sj/(/) must have a nonzero (jo — 1, jo — 1)cr or (jo — 1, jo) part, and again gives a sixth
independent combination.

It remains to analyze the case that (jo — 1, jo — 1) has two components of potential support, one left of
ig, and the other right of i;. By hypothesis, we only have to address the case that “8’0—1, jo—1) =Cig 2 and
aélj.;r_ll’jo_l) =¢j,+1 1+ 2, and that we have degree 2 in both iy and i;. In this situation, the (jo — 1, jo) row
has potential support strictly left of iy, but none of the other relevant rows do, and the (jy, jp) row must
have support containing iy and extending left to at least the previous genus-1 component. Similarly, the
(jo — 1, jo+ 1) row has potential support strictly right of i;, but none of the other relevant rows do, and
the (jo + 1, jo+ 1) row has support containing i; and extending to the right to at least the next genus-1
component. We also see that the potential support of (jy, jo + 1) must be contained between iy and i;

inclusive, and cannot be equal solely to ig or to i;. In particular, sjfo ® cannot have a (jo — 1, jo) or

Sio1
(jo — 1, jo+ 1) part, so must be equal to (jo, jo+ 1).

Now, 5,1 ® 55,1 = (jo — 1, jo — 1)L because Xy is left-weighted, and we begin by considering the
case that no tensor has a (jo — 1, jo — 1)r part. Then we must have sj,_1 ® s]f(;H =o—1,jJo+ 1),
stSH ®st;+1 =o+1, jo+ 1), sj/(; ®s]f(; = (jo, jo), and we also see that sj,_ ®s]f(; must be (jo — 1, jo),
because it could only have a (jo — 1, jo + 1)r’ part if the jy part of sJ’é extends through iy, and in this case
the fact that X is left-weighted gives us that s;,_; ® sj’(: = (jo — 1, jo) regardless. Thus, we obtain the
desired six independent combinations in this case.

On the other hand, if any tensor has a (jo — 1, jo — 1)r part, we need to produce only three more

independent combinations, and we consider the four tensors,
s, ®si = (o — 1, jo) + (jo, Jo), i1 ®8i 1 =CGo— 1 jo+ D+ o+ 1, jo+ 1),
" = (Jo, jo) + o+ 1, jo+ 1.

" "

Sjp-1®5" =(jo— L, jo) +(Go—1, jo+ D), 57 ®s

These must have at least a three-dimensional span unless they collapse into equal pairs, and there are two
= (JO— 1, JO) and S]{O+l ®Sj/(;+l =s///®S/// — (J0+1, JO+1),
ors; ®s; =s5""®s" = (jo, jo) and s , | ®s7' | =5j—1®s" = (jo—1, jo+1). Moreover, Proposition 4.24

s L f ool "
possibilities for this: either 8j, ®8; =8j)—1®s
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implies that the jy-part of s]fo doesn’t contain any genus-1 components left of iy. Then we necessarily
have sjfo ® sj’(; = (jo — 1, jo), so only the first possibility above can occur. Now, in general we have
si ®s" = (jo, jo)+(o—1, jo+ Der+(jo+ 1, jo+Dr +(o—1, jo—Dc+Go—1, jo)er + (o, jo+ 1),
which in our case simplifies to s;; ® s = (jo. jo) + (jo— L. jo+ Der + (o, jo+ D + (o+ 1, jo+ Dr.

If this has nonzero (o, jo) or (jo — 1, jo+ 1) term, we have our sixth independent combination. On the
other hand, if the (jo+ 1, jo+ 1) term is nonzero, the (jy, jo+ 1) term must also be. Because the potential
support of (jo, jo+ 1) must end no later than i; and cannot be supported solely at iy, if the (jo, jo+ 1)
term of sj/(/) ®s” is nonzero, this means that the jo part of s]’(’) must extend to cover all of (jo, jo+ 1) (note
that the proof of Lemma 8.1 indicates that a (jy, jo + 1) part has to come from either a jy part of sj’é and
a (jo+ 1) part of s
at least one genus-1 component strictly right of iy, so since the support of (jo, jo) ends at ig, and X is

" or vice versa, but not some mixture of the two). But we know that this contains

left-weighted, we conclude that we would have to have SJ’O’
we obtain the desired six independent combinations. O

® sj’é = (jo, Jo) in this case. Thus, in all cases

9. Proof of the main theorem

We are now ready to prove Theorem 1.1. The main point is that if we have a smoothing family 7 : X — B
as in Remark 3.2, and a generic linear series (., V;), which after base change and blowup we may
assume is rational on the generic fiber, we can apply the linked linear series construction both to (., V;))
and to (W, f,?z), where W, is the image of the multiplication map (1-1) of sections s" € V,; and s” € V.
As in the discussion following Proposition 3.12 of [Liu et al. 2021], for any multidegree w of total degree
2d, and any multidegrees o', »” of total degree d, f,/+w' (s’ ®s”) lies in W,,. Thus, in order to give a
lower bound on the rank of (1-1), we can choose many different ', ®” and s’, s”, and show that they
span a certain-dimensional subspace of (.Z®2),,.

Theorem 9.1. We assume characteristic 0. Fix g,r,d withr >3 and p =1 or p =2.

If p = 1, suppose that for every generic chain of rational and elliptic curves X and every refined limit
gy on Xo, there is a multidegree w such that the potentially present sections in multidegree w are linearly
independent.

If p = 2, suppose that for every left-weighted generic chain of elliptic and rational curves X of total
genus g and every refined limit g; on Xy, there is an unimaginative w = (cz, ..., cy) such that the
potentially present sections in multidegree md(w) are linearly independent,

Then the strong maximal rank conjecture holds for (g, r,d), and more specifically, if we define
Dyg.r,a) S My to be the set of curves which have a g, for which (1-1) is not injective, then the closure in
M ¢ 0f Dy r.q does not contain a general chain of genus-1 curves.

Proof. According to the above discussion together with Theorem 3.4 and Proposition 3.10, we need to
show that an arbitrary exact linked linear series on Xg lying over a refined limit linear series admits some
multidegree w such that the combined images f/ 4o (s’ ® s”) span an (“;2) -dimensional space. For the
w in the statement, it then suffices to show that these sections give (r ;2) independent combinations of the

potentially present sections.
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When p = 1, from Proposition 5.3 , we can have at most one swap. If we have no swaps, we

obtain the desired independence directly from the independence of the potentially present sections, using
r+2

2 )'

linearly independent combinations of the potentially present sections in some unimaginative multidegree.

Proposition 4.9. On the other hand, if we have a single swap, Proposition 8.4 states that there are (

We have proved the statement for all X at once, so the stronger assertion on the closure of Dy, , 4) follows
(compare with the proof of Proposition 3.13 of [Liu et al. 2021]).

If p =2, from Proposition 5.3, there are at most two swaps. If there are no swaps or one swap, the
proof above still works. If there are two swaps, we can use Propositions 8.5, 8.9, 8.10 together with
Corollary 7.6 and Proposition 8.12 together with Lemma 8.11 to guarantee the existence of (r ;2)— linearly
independent combinations of the potentially present sections in some unimaginative multidegree.

When p = 2, we assume Xy is left-weighted. This forces us to consider only special directions of
approach to X in M ¢- Recalling that being left-weighted is preserved under the insertions of genus-0
chains which occur from base change and then blow up to resolve the resulting singularities, we conclude
that for suitable smoothing families, the generic fiber cannot carry a g/, for which (1-1) is not injective, as
desired. O

Theorem 1.1 follows now from Theorem 9.1 together with Theorem 7.3 using that p = 1 when g =22
and p =2 when g = 23 and that in both cases, r = 6.

Remark 9.2. In our arguments for the g = 23 case, we used the p = 2 hypothesis in two distinct ways:
first, to limit the number of swaps occurring to two, but then also to control the behavior of the rest of
the limit linear series when two swaps did occur, for instance limiting the number of possibilities for
rows having disconnected potential support. This may appear discouraging from the point of view of
generalizing to cases with higher p, but as p increases, one also obtains more flexibility in choosing
multidegrees while still maintaining linear independence of the potentially present sections. Indeed, we
are taking advantage of this phenomenon already in the p = 2 case with Corollary 7.6.
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Unramifiedness of weight 1 Hilbert Hecke algebras
Shaunak V. Deo, Mladen Dimitrov and Gabor Wiese

We prove that the Galois pseudo-representation valued in the mod p” cuspidal Hecke algebra for GL(2)
over a totally real number field F, of parallel weight 1 and level prime to p, is unramified at any place
above p. The same is true for the noncuspidal Hecke algebra at places above p whose ramification
index is not divisible by p—1. A novel geometric ingredient, which is also of independent interest, is
the construction and study, in the case when p ramifies in F, of generalised ®-operators using Reduzzi
and Xiao’s generalised Hasse invariants, including especially an injectivity criterion in terms of minimal

weights.
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Introduction

Starting with Wiles [1995] and Taylor and Wiles [1995], R = T theorems have been developed and taken
a role as cornerstones in number theory. They provide both the existence of Galois representations with
values in Hecke algebras satisfying prescribed local properties and modularity lifting theorems. The state
of R =T theorems for 2-dimensional representations in residual characteristic p of the absolute Galois
group Gg of Q and Hecke algebras acting on elliptic modular forms is quite satisfactory. In particular, the
notoriously difficult case of Galois representations that are unramified at an odd prime p has been settled
by ground-breaking work of Calegari and Geraghty [2018], in which they show that those correspond to
modular forms of weight 1. More precisely, given an odd irreducible representation p : Gg — GL,(F )
unramified outside a finite set of places S not containing p, they show that

S ~ (1)
R@’ﬁ—>Tﬁ,

where Ré ; is the universal deformation ring parametrising deformations of p which are unramified
outside S and T%U is the local component at p of a weight 1 Hecke algebra of a certain level prime to p.
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In this article, we address the corresponding question for parallel weight 1 Hilbert modular forms over
a totally real field F' of degree d = [F : Q] > 2 and ring of integers 0. We focus on the construction of the
Galois (pseudo-)representation with values in the parallel weight 1 Hecke algebra with p-power torsion
coefficients and proving its local ramification properties. In particular, given a finite set S of places in F
relatively prime to p and a totally odd irreducible representation 5 : Gy — GL,(F p) unramified outside
S we show that there exists a surjective homomorphism

R}S;’ﬁ - —I]—/(sl),

where Rf,’ ; 1s the universal deformation ring parametrising deformations of o which are unramified
outside S and Tg) is the local component at p of a weight 1 Hecke algebra of a certain level prime to p
(see Corollary 3.10 for a precise statement).

Let M, (n, R) be the R-module of Hilbert modular forms of parallel weight « > 1 and prime to p level
n over a Z,-algebra R, as in Definition 2.1. This R-module is equipped with a commuting family of
Hecke operators T; as well as with diamond operators (q) for all primes q of F not dividing n. Let K/Q,,
be a finite extension containing the images of all embeddings of F in Q p» and let O be its valuation ring,
o a uniformiser and F = O/ its residue field. We put M, (n, K/O) =lim, M, (n, O/@") and define
the parallel weight 1 Hecke algebra

'I]'(l) =im(O[Ty, (q)]q)mp — Endp(M1(n, K/0))),

as well as its cuspidal quotient Télll)sp acting faithfully on the submodule of parallel weight 1 cuspforms.
We can now state the main results of this article. Let po = le » p® with e, > 1. We emphasise that there
is no restriction on the ramification of p in F.

Theorem 0.1. There exists a TV -valued pseudo-representation PV of G of degree 2 which is unramified
at all primes q not dividing nwp and satisfies

PY (Froby) = (Ty, (q)).
Moreover, if p—1 does not divide ey, for some p | p, then PW is also unramified at p and satisfies
PY (Froby) = (T, (p)),

in particular T, € T,
Finally, the pseudo-representation Pc(dgp obtained after composing PV with the natural surjection
TO Tgl)sp is unramified at all p | p and satisfies

P3p(Froby) = (Ty, (p)).

cusp

The strategy of the proof is based on the doubling method developed in [Wiese 2014], further simplified
and conceptualised in [Dimitrov and Wiese 2020] and [Calegari and Geraghty 2018]. The parallel weight 1
Hilbert modular forms over O/@" can be mapped into some higher weight in two ways, per prime p
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dividing p, either by multiplication by a suitable power of the total Hasse invariant, or by applying a V-
operator. That doubling map is used by Calegari and Specter [2019] to prove an analogue of Theorem 0.1
when F' = Q, for which they successfully develop the notion of a p-ordinary pseudo-representation. In
that case, one knows by a result of Katz that the doubling map is injective. Furthermore, the existence of
the Hecke operator 7T, acting on weight 1 modular forms and the knowledge of its precise effect on the
g-expansion (both due to Gross) allow one to show that the image of the doubling map is contained in
the p-ordinary part of the higher weight space.

The existence of an optimally integral Hecke operator 7}, acting on parallel weight 1 Hilbert modular
forms with arbitrary coefficients having the desired effect on their g-expansions (see [Diamond 2021]
improving on and correcting previous works such as [Emerton et al. 2017] and [Dimitrov and Wiese
2020]) allows us to adapt the overall Calegari—Specter strategy to the Hilbert modular setting, while
slightly generalising and clarifying some aspects of their arguments (see Section 3), the main challenge
being to prove the injectivity of the doubling map. Note that the simple calculation in [Dimitrov and Wiese
2020] showing injectivity after restriction to an eigenspace is insufficient as the Hecke algebra modulo
p need not be semisimple. Instead, we observe that the injectivity of the doubling map would follow
from the injectivity of a certain generalised ®-operator, introduced in the foundational work of Andreatta
and Goren [2005] for Hilbert modular forms in characteristic p defined over the Deligne—Pappas moduli
space. When p is unramified in F, the theory of partial ®-operators was also developed by Diamond and
Sasaki [2023] in a more general setting using a slightly different approach from that of [Andreatta and
Goren 2005]. However, when p is ramified in F, the results of [Diamond and Sasaki 2023] do not apply,
while those of [Andreatta and Goren 2005] are not sufficiently precise for our purposes, as the Hilbert
modular forms defined over the Deligne—Pappas model “miss” some weights, and as a consequence
the injectivity result of the latter paper is not optimal. In order to tackle this problem, we go back to
the root of the problem and work with the Pappas—Rapoport moduli space, which does not miss any
weight.

Capitalising on the theory of generalised Hasse invariants developed by Reduzzi and Xiao [2017]
in this context, we carefully revisit [Andreatta and Goren 2005] and develop in Section 1E the needed
theory of generalised ®-operators over the Pappas—Rapoport moduli space and prove a refined injectivity
criterion in terms of the minimal weights. In particular, we show that the generalised ®-operators are
indeed injective on parallel weight 1 Hilbert modular forms provided their weight is minimal at p. By the
recent works of Diamond and Kassaei [2017; 2023] (see Section 1C) weight 1 Hilbert modular forms
having “nonminimal” weight at p could only possibly exist when p — 1 divides e, and are products of
forms of partial weight 0 at p with generalised Hasse invariants.

In order to show the vanishing of the space of Katz cuspforms of partial weight O at p, and thus complete
the proof of the last parts of the Theorem, in Section 1D we construct a partial Frobenius endomorphism
®ye of this space and show that it is simultaneously injective and nilpotent. Our construction is inspired
by the one in [Diamond and Sasaki 2023, Section 9.8] in the case when p is unramified in F'. We also
compute its effect on g-expansions, which is crucially used in our proof and, in order to avoid having to
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switch between different cusps, we only study the partial Frobenius operator of an appropriate power of
p, rather than of p itself.

In the language of linear representations, we prove the following result, which can be seen as a first
step towards an R = T theorem.

Corollary (Corollary 3.10). For every non-Eisenstein maximal ideal m of TV (see Definition 3.8) there
exists a representation
pm s GF = GLa(T()),

unramified at all primes q not dividing n such that tr(py (Frobg)) = Ty and det(pom(Frobg)) = (q).

We believe that our modest contribution to the theory of generalised ®-operators in the setting of
the Pappas—Rapoport splitting model is worthwhile on its own, beyond the application to our main
theorem. On our way to the injectivity criterion, we also explore some related themes, such as the relation
between Hilbert modular forms defined over the Pappas—Rapoport model with those defined over the
Deligne—Pappas model, and the g-expansion and vanishing loci of the generalised Hasse invariants defined
by Reduzzi and Xiao. We hope that it bridges the gap between many existing references in the literature
and also clarifies some important aspects of the theory of mod p Hilbert modular forms. In the meantime,
motivated by geometric Serre weight conjectures, Diamond [2023] extended the techniques of [Diamond
and Sasaki 2023] to also construct partial ®-operators which have an optimal effect on weights in the case
where p ramifies in F. Moreover, Diamond [2023] generalised the construction of the partial Frobenius
operators (our partial Frobenius operator ®. is essentially Diamond’s V). Note that Diamond also
describes kernels of partial ®-operators in terms of images of his partial Frobenius maps V,; see [loc. cit.,
Theorem 9.1.1]. However, our construction is less technical because we restrict to the Rapoport locus and
we only consider the case of weights O at p.

Notation. Throughout the paper, we will use the following notation. We let F' be a totally real number
field of degree d > 2 and ring of integers 0. We denote by @ C C the subfield of algebraic numbers
and denote by Gr = Gal(Q/F) the absolute Galois group of F. For every prime q of F we denote by
Frob, € GF a fixed choice of an arithmetic Frobenius at q. Let p be a prime of F dividing p. Fixing
an embedding ¢, of Q into a fixed algebraic closure Q@ p of Q, allows one to see the absolute Galois
group Gp, = Gal(Q »/ Fy) of F, as a decomposition subgroup of G at p, and we let I, denote its inertia
subgroup. Furthermore, we fix a finite extension K /Q, containing the images of all embeddings of F in
Q p»» and let O be its valuation ring,  a uniformiser and F = O/ (=) its residue field.

For a prime p of F dividing p, denote the residue field of F}, by [, and the ring of Witt vectors of [,
by W(F,). We also let f, and e, denote the residue and the ramification index of p, respectively. Let
¥ be the set of infinite places of F, which we view as embeddings F <> Q p via t,. We have a natural
partitioning % = ]_[p‘ » Xp Where X, contains exactly those embeddings inducing the place p. For o € %,
we denote by & its restriction to the maximal unramified subfield of F, or, equivalently, the induced
embedding of Fy(s) into [,. Furthermore, we let £, = {7 |0 € Xy} and T ={5 |0 € T} = 1, . As



Unramifiedness of weight 1 Hilbert Hecke algebras 1469

a general rule, elements of ¥ will be called o whereas T usually designates an element of . In both
cases, p(o) and p(t) denotes the underlying prime ideal. When either o or 7 is clear from the context,
we will just denote this prime ideal by p. In particular, an element 7 € f)p denotes both an embedding
Fp(ry = [ and the corresponding p-adic one W ([Fy(;)) < O. Denoting the absolute arithmetic Frobenius
on [ by ¢, we have £, = {¢/ o7 | j € Z} ~ 7/ f,Z ~ Gal(F,,/F ,) for any choice T € Z,. For any 7 € X,
welet ¥, ={o € Xy |0 =1} = {0 | | <i < ep}, where the numbering is chosen in an arbitrary, but
fixed way. As an abbreviation, we write T = O7.ep-
Let C be a fixed set of representatives, all relatively prime to p, for the narrow class group of F.

1. Hilbert modular forms in finite characteristic

This section refines the theory of ®-operators developed by Andreatta and Goren [2005], when p ramifies
in F, in the setting of Hilbert modular forms defined over the Pappas—Rapoport splitting models for
Hilbert modular varieties with the aim of proving the injectivity of the doubling map in Section 2. Along
the way, we will need the generalised Hasse invariants of Reduzzi and Xiao [2017], results of Diamond
and Kassaei [2017; 2023] about minimal weights as well as a partial Frobenius operator generalised from
[Diamond and Sasaki 2023].

Throughout this section we fix an ideal n of o relatively prime to p and having a prime factor which
does not divide 60, where 0 denotes the different of F.

1A. Pappas—Rapoport splitting models for Hilbert modular varieties. Since we allow our base field F
to ramify at p, we have to be careful with the model we choose for our Hilbert modular variety.

Fix ¢ € C. We first consider the functor from the category of locally Noetherian Z,-schemes to the
category of sets which assigns to a scheme S the set of isomorphism classes of tuples (A, A, u) where:

(i) A is a Hilbert—Blumenthal abelian variety (HBAV) over §, i.e., an abelian S-scheme of relative
dimension d, together with a ring embedding 0 < Endg(A).

(ii) A is a c-polarisation of A/S, i.e., an isomorphism A : AY — A ®, ¢ of HBAV’s over S such that the
induced isomorphism Hom, (A, A ®, ¢) >~ Hom,(A, A") sends elements of ¢ (resp. of the cone ¢,
of its totally positive elements) to symmetric elements (resp. to polarisations),

(iii) w is a uy-level structure on A, i.e., an o-linear closed embedding of S-schemes u : u, — A, where
un denotes the Cartier dual of the constant group scheme o/n over S.

Under our assumption on n above, this functor is representable by a Z ,-scheme X DP of finite type, called
the Deligne—Pappas moduli space; see [Andreatta and Goren 2005, Remark 3.3] and [Dimitrov and
Tilouine 2004, Lemma 1.4].

Suppose now that A is an HBAV over a locally Noetherian O-scheme § with structure map s : A — §
and let 1, /s be the sheaf of relative differentials of A over S. Define

1
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i.e., wg is the sheaf of invariant differentials of A over S. Consider the decomposition

0®z05=(0Qz2p) ®z,Os = 1_[ 0p ®z, Os = l_[ Op(r) @W (Fpry).r Os- (D
plp e

It implies that we have a corresponding decomposition

ws =P ws.c. @)
TeX

The sheaf wg ; is locally free over S of rank e(;); see [Reduzzi and Xiao 2017, Section 2.2]. Note that
on wg, ¢, the action of W([Fp«)) C op(r) 1s via 7. Fix a uniformiser @y ;) of op;). From the product
decomposition above, we get an action of 0y(;) on wg ;. Denote the action of @y ;) on wg ; by [@pr)].
We are now ready to present the Pappas—Rapoport model. Consider the functor from the category of
locally Noetherian O-schemes to the category of sets which assigns to a scheme S the set of isomorphism
classes of tuples (A, A, u, (Fp)p|p) Where (A, A, n) is as above and for all p | p, F, is a collection

(.7‘-'£)r €%,.0<i<ep of 0 ® Os-modules, which are locally free as Og-modules, such that:

e 0=F0cC---CF =ws:.

e For any 0 = 0;; € X, the Og-module ws ;; = ws,s = ]-"i/]—"i_l is locally free of rank 1 and
annihilated by [@,] — o (). Note that the numbering here depends on the one for X,.

This functor is representable by a smooth O-scheme X of finite type called the Pappas—Rapoport moduli
space; see [Reduzzi and Xiao 2017, Proposition 2.4] and [Dimitrov and Tilouine 2004, Lemma 1.4].

In order to better understand the relation between the Deligne—Pappas and the Pappas—Rapoport moduli
spaces, we recall that the Rapoport locus XR? is the open subscheme of XPF classifying HBAV’s s : A — §
satisfying the following condition introduced by Rapoport: s*Qi\ /S is a locally free 0 ®7 Os-module
of rank 1. Then A'R? is the smooth locus of XPP and its complement is supported in the special fibre
and has codimension at least 2 in it. The forgetful map X — Xgp induces an isomorphism on the open
subscheme XR2; see [Reduzzi and Xiao 2017, Proposition 2.4]. If p is unramified in F, the different
schemes agree: X' = Xg“ = Xgp; see [Reduzzi and Xiao 2017, Section 1].

Let A be the universal abelian scheme over X' with structure morphism s : A — X. Let wy = 5, Q) Jx
Note that the restriction of wy to X(l;a is a locally free sheaf of rank 1 over o ®z O AR As abbreviation we
write w, w;, wr i, 0y for wy, wx , wx 1, Wx . In particular, for each T € X, the sheaf w; is equipped
with a filtration the graded pieces of which are the invertible sheaves w, for o € X;. In [Reduzzi and
Xiao 2017] this is referred to as the universal filtration. We point out explicitly that the last graded piece
wz is a quotient of w;.

Next we give, following Katz, a geometric definition of the space of Hilbert modular forms.

Definition 1.1. A Katz Hilbert modular form of weight k =) s ko0 € Z[X], level n and coefficients

in an O-algebra R is a global section of the line bundle w®* = &) _5 ©®*

pex W over X xo R. We will denote

by M,f"“z(c, n; R) the corresponding R-module.
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Its R-submodule of cuspforms S,E(atz(c, n; R) consists of those Katz Hilbert modular forms that vanish
along the cuspidal divisor of any toroidal compactification of X x o R; see [Reduzzi and Xiao 2017,
Section 2.11].

As X admits toroidal compactifications (see [Reduzzi and Xiao 2017, Section 2.11]) which are smooth
and proper over O and to which w, extends for all o € X, the Koecher principle implies, in view of
[Stacks 2005—, Tag 0205], that M,fatz(c, n; R) is a finitely generated R-module.

Remark 1.2. When the weight k € Z[X] is parallel, i.e., k, = k € Z for all o € X, one also could define
a Katz Hilbert modular form of parallel weight k € Z, level n and coefficients in a Z,-algebra R as a
global section of the line bundle ( /\d Sk Qj‘l y XDP)®K over XPP x z, R. By Zariski’s main theorem applied
to the proper birational map X — X(BP between normal varieties, this would lead to the same space as in

Definition 1.1.

1B. Generalised Hasse invariants. From this point onwards we will work over F. Let X be the Pappas—
Rapoport moduli space over F, i.e., the special fibre X x» F of X. There is a natural morphism
X — XPP xz F obtained by forgetting the filtrations. Let X®* = XR® x7 [F. We have the equality

0@z F=[]0p®z, F~ [ 0pr) ®WEpr.r F = [ | FIxl/ (x>, 3)
plp €T TEX

coming from (1). Note that the last equality of (3) depends on the choice of the uniformiser @y ;) of 0p(z),
made in the previous subsection for every t € ¥, and allows us to view w; as an Ox[x] /(x¢?)-module. If
S is a locally Noetherian F-scheme and A is an HBAV over § satisfying the Rapoport condition, then ws .
is a locally free Og[x]/(x®®)-module of rank 1. Hence, there is a unique filtration on wg , satisfying the
Pappas—Rapoport conditions given by x4~ wg , for 0 <i < ep(r)- We point out again that the definition
of X depends on the numbering of the embeddings in X, fixed above, but that X is independent of any
such choice; see also [Reduzzi and Xiao 2017, Remark 2.3].

If p | p and T € X, then suppose the universal filtration on @, is given by (F)o<i<e,. We now recall
Reduzzi and Xiao’s constructions of generalised Hasse invariants /4, given in [Reduzzi and Xiao 2017].
Letp | p and T € £, and assume first that 2 < i < e,. There is a map F. — F:~! which sends a local
section z of F! to the section x - z of .7-";'*1, where the action of x is given by [@y(;)]. Hence, we get
~I over X. This hy is the

T,1
generalised Hasse invariant at o = o ;; see [Reduzzi and Xiao 2017, Construction 3.3] and [Emerton

amap Fi/Fi=! — Fi=l/Fi=2 inducing a section h,; = h,,, of w; ;-1 @ w

et al. 2017, Section 2.11] for more details. As (w.)|xra is a locally free sheaf over Oyra[x]/(x*) of rank
1, we have (f£)| yRa = (x w7 ) xra. It follows that /. ; is a nowhere vanishing section over X Ra and
multiplication by /. ; induces an isomorphism between (w; ;)| xra and (@¢ ;1) xra.

For the case i = 1, the generalised Hasse invariant h is defined as a global section over X of

fﬂ e ®w;®f1; see [Reduzzi and Xiao 2017, Construction 3.6] for more details. We let i, = ]_[(, ex. ho =
oT,ep s T

1%, hr,i. It is a modular form of weight p-¢~' o7 — 7.
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Remark 1.3. Let A be the universal abelian scheme over X and Ver: A%”) — A be the Verschiebung mor-
phism, where A”) = A x§_4F. It induces maps w, — o _ and further Fer /]-'f"_1 — (]-';p_ or /]-';"__ 1{)(1’).

b lo 1 lo
1 -1 . .
Note that 77"/ Fe? = Wr,eps (]—";‘llor/f;*ilof)(f’) =% and the resulting section of a)fp X Rw®;!

-1 -1 T,
over X is precisely given by h;; see [Reduzzi and %iao(; ’30017, Lemma 3.8]. Moreover, it:r’ri:strictiopn
to XR? coincides with Andreatta and Goren’s partial Hasse invariant constructed in [Andreatta and
Goren 2005, Definition 7.12]. In particular, when p is unramified in F, the generalised Hasse invariants
constructed by Reduzzi and Xiao are the same as the partial Hasse invariants constructed by Andreatta

and Goren.

We will now determine the geometric g-expansions of these generalised Hasse invariants. We will
mostly follow conventions of [Dimitrov 2004, Section 8]. Let co. be the standard infinity cusp whose
Tate object is given by (G, ®z7 ¢*)/q°; see [Dimitrov and Wiese 2020, Section 2.3]. Here ¢* = ¢ oL
Let X be the formal completion of a toroidal compactification of X along the divisor at the cusp co;
see [Dimitrov 2004, Theorem 8.6]. By [loc. cit.], the pull back of w to X”* is canonically isomorphic to
Ox» ® ¢. Choosing an identification

Foc—>TFQo “4)

one can canonically identify w; | x» with 7(Ox» ® 0) = Ox~[x]/(x*®) (see (3)). A global section of w,
over X” is an element of

{ Z agqs | az € Flx]/(x*®) and a,2¢ = t(w)ag,Yu e 0™, u—1¢ n},
§ec U{0}

whereas a section z of w;; over X" is an element of

bﬁm4- > mqﬂbgemmmbﬁgzrmw&Vueo&u—len}
§ec U{0}

whose g-expansion is given by ) fec, U(0) bgqé with respect to the choice of basis of w; ;| x» corresponding

to xer® 1

Lemma 14. Letp|p, T € ip. Then for every 1 < i < ey, the geometric q-expansion of the generalised
Hasse invariant h. ; at oo, is 1. In particular, it does not vanish at any cusp.

Proof. When i > 1, as x - z is a section of w; ;1 having by definition the same g-expansion, one concludes
that /. ; has g-expansion 1, thus proving the claim in that case. In the remaining case of i = 1, we
observe that the g-expansion of h, = ]_[f'“:(lr ) h.; at oo is 1 by Remark 1.3 and [Andreatta and Goren
2005, Proposition 7.14]. Hence the g-expansion of /1 at oo, is 1. Finally, since the A, ; can be defined
in any level, we deduce their nonvanishing at all cusps from the nonvanishing at oo.. g

We now collect some properties of the generalised Hasse invariants that will be used in the sequel. Let
Zs C X be the divisor of i, and, in order to shorten the notation, we let Z;; = Z,_,.
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Lemma 1.5. The complement of X®* in X coincides with | .5 U(T’”(g Z+.i. Moreover, forany I C %,

1=

the intersection (\,.; Zs IS, either empty, or equidimensional of dimension d — |I|. In particular, the

oel
zero loci of two different generalised Hasse invariants do not have a common divisor.

Proof. The first claim has been established in [Emerton et al. 2017, Proposition 2.13 (2)]. For the second,
if Nye7Z, 1s nonempty, then the tangent space computation in [Reduzzi and Xiao 2017, Theorem 3.10]
ensures the correct dimension. O

Remark 1.6. Diamond and Kassaei also prove Lemma 1.5 and obtain in addition the nonemptiness of
the intersection; see [Diamond and Kassaei 2023, Proposition 5.8]. Here we sketch a constructive proof,
following ideas of Andreatta and Goren [2003], if ey(;) is odd for all T € 3.

Let A = E ®z o*, where E is a supersingular elliptic curve over F. We see, as in [Andreatta and
Goren 2003, Proof of Theorem 10.1], that w4 ; >~ F[x]/(x®®) for all T € >. Let Frob, : A —> AP be
the Frobenius map and H = ker(Frob A)[HPI » p[ep/ 217 By imitating the calculations of [Andreatta and
Goren 2003, Section 8] (more specifically [Andreatta and Goren 2003, Proposition 6.5, Lemmas 8.6, 8.9,
Proposition 8.10]), one sees that if AD = A /H, then

®am ;> xPO2 Flx]/(xv@) @) x0T 0 2 Flx]/(x®)  forall T € T (5)

Note that AV is a ¢/-polarised HBAV over F for some ¢’ € C. Let a C o be an ideal relatively prime
to p such that ac’ and ¢ represent the same element in the narrow class group of F. Let H") be an
o-invariant subgroup scheme of A"[a] isomorphic to o/a and let A®Y = AW /HD | By [Kisin and Lai
2005, Section 1.9], A® is a c-polarised HBAV over F and since a is relatively prime to p, we have
w2 = wam. Endowing each wy@ ; with the “alternating” filtration between the two summands in (5)
yields a point in (), .5 ﬂle';(g) Z. i, showing that the latter is nonempty.

If ey () is odd, then the filtration on w4 , described above is unique. Moreover, as A@ is supersingular
(i.e., its p-torsion subgroup has no étale component), the map wy@ , = ®p@ ¢-1,, induced by the
Verschiebung morphism is the zero map. Hence, we conclude, using the structure of w, , and the
definition of the Hasse invariant 4. 1, that any such point also lies in Z; ;. Thus, if ey is odd for all
T € 3, then we get a point in [, o5 (2 Zr.i-

i=1

We illustrate the weights of the generalised and partial Hasse invariants in Table 1, where we let T € X
and write e = ep(;) as abbreviation.

One of the advantages of Definition 1.1 is that it allows us to define mod p Hilbert modular forms
kyo € Z[X], while the definition in [Andreatta and Goren 2005] was missing
some weights when p ramifies in F, namely theirs are indexed by ¥, instead of X. Indeed, the space of

in any weight k =)

oex

modular forms introduced by Andreatta and Goren [2005, Propisition 5.5] is

M3 (e, n; F) =H° (xRa, ®w’i> where k = "k, € Z[Z]. (6)

Tex Tex
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weights

hy )4 —1

Table 1. Weights of Hasse invariants.

We will denote by S]‘-?G(c, n; F) the subspace of M ]?G(c, n; F) consisting of cuspforms, which are defined
as modular forms such that the constant coefficient of the g-expansion at every cusp vanishes. If
k=Y, 5 ko0 €Z[Z], then forevery T € X, let k, = Zaez, k, and define k:=>"__s k., T € Z[Z]. We let

TEX

€p(v)

I ™

ey =2

where k. j = ko, ;. In view of the table of weights of the generalised Hasse invariants, for every € X,
the (z, i)-component of the weight of f/HRX is 0if 1 <i < epr) — 1 and the T = (z, ep(r))-component
is k;. Since HIFX is invertible on XR?, we obtain the following result.

Lemma 1.7. The restriction from X to X Ra vields an injection of M Em(c, n; F) into M I?G(c, n; F) sending
fto f/HRX

A converse is described in Lemma 1.12 below.

1C. Minimal weights. We recall the notion of minimal weight of a mod p Hilbert modular form.

Definition 1.8. We define the minimal weight of 0 £ f e M Eatz(c, n; F) to be the unique weight k" such
that f = g-[[,cx hle, where g € M,f,atz(c, n; F) and the integers (n,)scyx are as large as possible.

Lemma 1.9. The notion of minimal weight is well defined.

Proof. First note that Z, is nonempty for every o € X. Indeed, this follows from [Diamond and Kassaei
2023, Corollary 5.7]. Alternatively, we have shown in Remark 1.6 that Z, ; is nonempty for every T € X
and 2 <i < ep(). Moreover, it is well known that the zero locus of h, = ]_[f":(? hriin X Ra is nonempty
for every T € X; see [Andreatta and Goren 2005, Corollary 8.18]. By Lemma 1.5, the Hasse invariants
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hy; with T € Tand2<i< ep(r) are invertible on X Ra “Therefore, it follows that the divisor Z11s
nonempty for every 7 € X.

Recall from Lemma 1.5 that the zero loci of two different generalised Hasse invariants do not have
a common divisor. Let j, be the order of vanishing of a Hilbert modular form f # 0 on Z,. So, if
we divide f by []
the notion of minimal weight is indeed well defined; see also the proof of [Andreatta and Goren 2005,
Theorem 8.19] and [Diamond and Kassaei 2023, Section 8]. O

vex h{f’, we get the modular form g needed in Definition 1.8. Hence, it follows that

Remark 1.10. When p is unramified in F' (i.e., ¥ = f), the notion of minimal weights from Definition 1.8
is the same as the one introduced by Andreatta and Goren [2005, Section 8.20]. On the other hand,
when p is ramified, multiplying 0 # f € M Eatz(c, n; F) having minimal weight k with arbitrary powers of
generalised Hasse invariants (h,; with 2 <i < ep) yields forms sharing the same k but whose weights are
not minimal anymore.

Diamond and Kassaei [2017; 2023] define the minimal cone by

p(r)
Ccmin _ {Z Zkf,iot,i e Q[X] | VT e i, Vi<i< €p(t)s krit1 2 ke, pkeg 2 kd)_]or,ep(r) }
rey i=l1
Regarding the minimal weights for Hilbert modular forms, Diamond and Kassaei prove the following
result in [Diamond and Kassaei 2017, Corollary 5.3], when p is unramified in F, and in [Diamond and
Kassaei 2023, Corollary 8.2], when p is ramified in F.

Proposition 1.11 (Diamond and Kassaei). The minimal weight of 0 £ f € M Em(c, n; F) belongs to C™™,

The minimal weights allow us to further elaborate on the relation between the modular forms defined
by Andreatta and Goren [2005] and those of Definition 1.1.

Lemma 1.12. Let k € Z[Z). There is a finite subset K C C™" such that for every f € M]?G(c, n; ),
there is k' € K, a modular form g € M E,mz(c, n; F) and a product of generalised Hasse invariants
H=],s ]_[f":(? hif‘i" with j.; € Z and j;1 > 0, such that the restriction to XX of g - H equals f. In
particular, f and g have the same geometric q-expansion at the cusp oO..
Proof. The result is trivial for f = 0. Seeing 0 # f e M ]?G(c, n; ) as a meromorphic section of the line
bundle Q). .5 wz®* over X, we let j,; € Z be the order of vanishing of f along the divisor Z ; defined
by the Hasse invariant 4, ; for T € Tand 1 <i < ep(r)- As f is holomorphic on X Ra \which intersects
every irreducible component of Z, | nontrivially by Lemma 1.5, we deduce that j; | > 0. Dividing f by
H=Tl [ hif;f yields a holomorphic section on all of X, i.e., a Katz modular form g in a weight
k' which is by construction minimal, hence belongs to C™" by Proposition 1.11. As the g-expansions
of all generalised Hasse invariants at the cusp oo, equal 1 by Lemma 1.4, both f and g have the same
g-expansion.

We next prove that given k, there are only finitely many &’ € C™™ that can appear for nonzero modular
forms in M I?G(c, n; F) via the method in the previous paragraph. Since dividing by 4. (for any T € X)
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subtracts (p — 1) from the sum of the weights, whereas multiplying or dividing by &, ; for T € ¥ and
2 <1 < ep(r) leaves that sum unchanged, we deduce that ZUE): kI < ZT 5 k¢. As in the language of
[Diamond and Kassaei 2023], the minimal cone is contained in the standard cone, we have k. > 0 for all

o € X and the claimed finiteness follows. U
The finiteness of K in Lemma 1.12 yields the following result.
Corollary 1.13. The F-vector space M ,?G(c, n; F) is finite dimensional.

We now further use the work of Diamond and Kassaei to study the minimality of the weight for modular
forms of parallel weight one.

Corollary 1.14. Suppose f €¢ M f(atz(c, n; F) is a nonzero Hilbert modular form and k is its minimal
weight. Then, for any prime p | p, either k, =1 for all o € Xy, (in that case, we say that the weight is
minimal at p), or k, =0 for all o € Xy, the latter case being possible only if (p — 1) divides ej.

Proof. By Proposition 1.11, we know that k € C™". By definition of C™" one has k, >0 forall 0 € £
and, moreover, if k, = 0 with o € X, for some p | p, then k, =0 for all o € X,

We assume for the rest of this proof that k, =0 for all o € X,,. Denote the weight of the Hasse invariant
h:; by wr ;. By the definition of the minimal weight, there exist integers n,; > 0 such that

Z O = Z an’w,,i. (8)

oeT, res, i=1

From the description of w;; (see Table 1), it follows that for all i > 2 one has n;; =n,;_; + 1 and
furthermore pn; | =ny-1,, + ep. It is then easy to find that n,; ; =e,/(p — 1) forall 7 € fp, showing
that p — 1 divides e;,. O

The following result, the proof of which will be completed in the next subsection, shows that one can
be more precise when restricting to cuspforms.

Proposition 1.15. Let p be a prime of F dividing p. Letk =
ko =0 for all o € Ty. Then SF* (¢, n; F) = 0.

kso € Z|[X] be a weight such that

ogeEX

Proof. By Lemma 1.7, S,f“‘z(c, n; ) injects into S]?G(c, n; F), which is zero by Proposition 1.22. Alter-
natively, if there is a unique prime p of F dividing p, then kK = 0 and Koecher’s principle applied to an
embedding of the connected scheme X in a toroidal compactification implies that H*(X, Ox) consists
only of forms which are constant, thus it does not contain any nonzero cuspforms. 0

Corollary 1.16. The weight of any nonzero parallel weight 1 cuspform is minimal.

Proof. Let f be a nonzero cuspform of parallel weight 1 and let k£ be its minimal weight. Suppose the
minimal weight k is not ) °__s- 0. Then by Corollary 1.14 we already know that there exists p | p such
that k, = 0 for all o € ;. Moreover, as the generalised Hasse invariants do not vanish at any cusp (see
Lemma 1.4), we have constructed a nonzero cuspform of weight k, contradicting Proposition 1.15. This
proves the corollary. 0
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Remark 1.17. Confusion may arise from the fact that parallel weight 1 forms in our sense have weight
exponents ep(;) when seen as a modular form in M ]?G(c, n; F) as AP w, >~ a)? " for t € T over the
Rapoport locus (see Lemma 1.7).

1D. Partial Frobenius operator. Fix ¢ € C and let e € N be such that p**» = (@) with @ € 04 and
a = p°=1 (modn). Also let 8 € o such that p¢ =« - 8. In order to lighten notation, we let ¥ = XR?
denote the Rapoport locus and let s : A — Y be the universal c-polarised HBAV endowed with p,-level
structure. Let A%”) = A xy pe Y be the base change by the e-th power of absolute Frobenius Fr: ¥ — Y.
The e-th power of Verschiebung then defines an isogeny over Y

AP Y 4

the kernel of which we denote by H. It is a finite group scheme with an o/(p¢)-action. Hence we can
apply the Chinese remainder theorem to obtain the direct product decomposition H = Hj, x H];, where
Hy = H{a] is the p-component of H and H, = H[p] is the product of p’-components of H for all p" # p
dividing p. We now define the abelian variety

— AP
B=AY"/H,,
through which Ver® factors, leading to an isogeny over Y

B—A A

NS

Y
Lemma 1.18. The abelian variety B inherits a ju,-level structure and an o~ c-polarisation .

Proof. As AP — B is a p-primary isogeny, the 1,-level structure on .AP°) yields one on B.
Regarding the polarisation, following a suggestion of the referee (see also [Kisin and Lai 2005,
Section 1.9]), we claim that the kernel of the composed isogeny

-1 1784
§:B®yc A8 A®,c s AY A5 BY

equals the a-torsion of B ®, ¢, i.e., ker(é) is a-torsion and has the same order as (B ®, ¢)[«]. As the
order of finite flat group schemes is locally constant, it suffices to check this pointwise on the ordinary
locus of Y which is dense.

As Ver? is étale at an ordinary closed point y € Y, its kernel is isomorphic to the constant group
scheme given by o/p“o, whence ker(V.4,) > o/ao0. Consequently, the kernel of the dual isogeny V,Xv is
isomorphic to the Cartier dual py, of 0/a0. This gives us a short exact sequence of finite flat commutative
group schemes

—1
0 — c/ac>ker(Vy,) ®, ¢ — ker(s,) A oV, ®D ker(VJXy) ~ Ugo — 0.
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As the connected-étale sequence of any finite flat group scheme over a perfect field splits (see [Tate
1997, Section 3.7]), we deduce that ker(d,) is isomorphic to the group scheme (¢/a¢) X iq,. In particular
ker(8,) is a-torsion and has the same order as (B, ®, ¢)[«]. Therefore, it follows that ker(8) = (B®, ¢)[a].

Since (B ®, ¢)/(B ®, ¢)[«] is canonically isomorphic to B ®, (e~ '¢), we deduce an isomorphism
B®, (a~'¢) => BY the inverse of which is the desired o~ c-polarisation A,. 0O

We now verify that the HBAV B/Y satisfies the Rapoport condition. Recall that w 4,y = S*Q}4 sy and
wB/Yy ‘= Z*Qé/y.
Lemma 1.19. Foranyt € X\ fp, the map V} . : wajy,c = @pgyy,r is an isomorphism.

On the other hand, if T € ip, then the isogeny AP — B induces an isomorphism

~ ~ *
wB/Y.r X000y, = (Fr) 0y, g-cor-

Proof. Let ry be the projection of o/(p¢) on its p-primary component and let y € o be such that its image
in 0/(p¢) represents rp,. The image of ¥’ =1—y in 0/(p®) represents the complementary idempotent
r{o =1 —rp. As y’ Kkills ker(V 4), the isogeny B Y5 B factors through V 4, yielding a factorisation

/

v
A
wp/Y WA/ Y wB/Y

If p’ | p and p’ # p, the projection of '’ on the p’-component of 0/(p¢) is 1. Hence, it induces the identity
on the p’-component of wg,y. So the map V7 is split on the p’-component and hence wp,y,; is isomorphic
to a direct summand of w4,y . forall T € ip/. Recall that both gy, and w4y, are locally free sheaves
over Y of the same rank. Therefore, after passing to their stalks, we conclude that V73 _ is an isomorphism
forall T € fp/.

Similarly, as y annihilates the kernel of the isogeny A%’ — B, we obtain an isomorphism between
WA )y, 7 and wg/y,; forall T € flp. This proves the lemma. O

We get a c-polarisation on 3 from the o~ ! ¢c-polarisation A, (which is obtained in Lemma 1.18) after

1

identifying o™ "¢ with ¢ by multiplication by «. Thus, using Lemma 1.19, the universal property of A — Y

B A
l, . l (10)
Y Do

from which we deduce a natural isomorphism ¢} 4,y — wp/y of 0 ® Oy-modules.
Letk=) koo € Z[X] be a weight such that k, =0 for all 0 € ¥,. By Lemma 1.19

yields a Cartesian diagram

oex

Viio%y = ofy. (11)
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Definition 1.20. Let k = ) ex koo € Z[X] be a weight such that k, = 0 for all o € ;. The partial
Frobenius operator ®p. is defined as the composition of the adjunction morphism coming from (10)
with (11)
14
Oy HO(Y, 0F5y) 22> Sy HO(Y, w wily) A WO oy, o%hy).

We next study the effect of ®c on g-expansions. To this end, we recall the definition and properties of
Tate objects. For fractional ideals a, b, ¢ of o such that ab C ¢ and a cone C in ¢}, we let

Topo = (Gn ®a*)/q" — S% = Spec(RZ)

be the Tate HBAV over the Noetherian algebra R;. D Fligé, £ € ¢ ] (for more details we refer to [Dimitrov
2004, Section 2], where Rg. is denoted by Rj @ R). It is equipped with a u,-level structure which
depends on the choice of an isomorphism between a/na and o/n. Moreover, the natural isomorphism

Aab: Ta\,/b =Typa —> Tap Qo (abil)

endows Ty p with a canonical ab~!-polarisation. Note that T.o = (G, ®c*)/q° is a Tate HBAV at the
standard cusp oo, of Y fitting, by universality of .4/Y, into a Cartesian diagram

T.o— A

J O } (12)

> o
So.— v

This gives a natural isomorphism aywa/y >~ @y, /50, and further, by adjunction and choice of canonical
trivialisations using (4), we obtain a g-expansion map at the cusp oo:
0 ay 0, go ®k ~ PO
H (Y,a)A/Y)—>H (5%, ;. /50) R¢.
Next we describe Ver® on Tate objects. Define T(p )

= Teo X5 pre S¢. as the base change by the
T(P )
¢,0

e-th power of absolute Frobenius. Note that = Tpec,o and the relative Frobenius map Frob?, ,
T: o — Tpec o is the map induced by the inclusion p®c < ¢. The p°-th Verschiebung is the dual of fhe
p*-th relative Frobenius on 7., i.e., Ver® = (Frob%., )¥. We do not identify (T ")) with T )
(as is usually done while defining Verschiebung) in order to get the desired maps on Tate objects. In
particular, Frob%., : T, ¢ — Tpe, ¢ is the map induced by the inclusion p®o < o. Therefore, its dual map
Ver : T¢ peo — YC":O is the natural projection obtained by going modulo ¢°.

Our next aim is to specialise ¢, to the Tate objects. It follows from the previous paragraph that the
base change of (9) to 5"& is given by the following commutative diagram:
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where the map V7 is the natural projection obtained by going modulo ¢°. Combining with (10), we get

B A
U lz ] ls (13)
Y Y

P

the following Cartesian diagram:

Tc,cxo

S¢

On the other hand, considering the c-polarised HBAV T , over EZC gives a Cartesian diagram:

TC,O{O Tc,o A
l Il l Il ls (14)
52, J §o . — Y,

where f,, is induced by the morphism R . — R¢ sending g to ¢*¢. We would like to emphasise that «C
is considered as a cone in cj, hence the dual cone (used in the construction of R -, see [Dimitrov 2004,
Section 2]) is considered as a cone in ¢ (and not in o ~'¢). In particular, the morphism R}~ — R, q° — q%
is not étale.

Lemma 1.21. Under the notation developed above, ¢o o aty = oty 0 fq.

Proof. The proof proceeds by showing that the c-polarisation and p,-level structure on 7 4, obtained
from the base change in (13) coincide with the ones obtained from the base change in (14). This, along
with the universality of A/ Y, implies ¢ 0oy = o} 0 foy.

As Mumford’s construction of Tate objects presented in [Dimitrov 2004, Section 2] is functorial in
(a, b, ¢) and C, we deduce that the c-polarisation on 7 4, arising from (14) is obtained from A o, after

identifying o~

¢ with ¢ by multiplication by «.
We now derive the c-polarisation on 7; o, via the base change in (13). To do this, we proceed as
in the proof of Lemma 1.18 to first obtain an o~ ! c-polarisation on T: oo from A, ,. From the proof of

Lemma 1.18, it follows that the kernel of the isogeny
Tc,ao &®o ¢ — Tc,o Qo ¢ — To,c — Tom,c-

is just the a-torsion of T¢ o, ®, ¢. Here the first map is induced by V7 (the natural projection given by

-1

going modulo ¢°), the second map is A_,,

and the final map is induced by the inclusion wo C o. Therefore,
this composition of maps induces an isomorphism

.V ~ —1 -1
A Tc,(xo =Too,e —> (Te,00 @0 ¢) Qo™ 0 =T 00 Qo ¢,

which is the « ! c-polarisation on T. o induced from A ,. From the description of the maps above, it
follows that A = A o,. Hence, the c-polarisation on 7t ,, via the base change in (13) is obtained from A, ¢,
by identifying & !¢ with ¢ by multiplication by «. Therefore, it follows that these two c-polarisations on
T¢.a0 coincide.
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As @ =1 (mod n), the multiplication by o map preserves the pq-level structure of 7; ,. Hence, the
Mn-level structure on T¢ 4, induced by f, is same as the one coming from the quotient map T peo — Tt wo-
This concludes the proof of the lemma. U

We are now ready to compute the effect of ®,c on g-expansions at oo..

Proposition 1.22. Letk =), 5 kT € Z[Z] such that k; = 0 for all T € . Then the map ®ye defines
an endomorphism of M]?G(c, n; F), sending f = dec+ a,;qé 10 Qpe(f) = Zéeu agq"‘s. In particular,
the restriction of ®pe to SEAG(C, n; F) is injective and nilpotent, hence S]?G(c, n; F) = {0}.

Proof. By definition, the g-expansion of ®,¢(f) at oo is the image of f under the map HO(y, w%‘ y) =
HO (So ®k

) /So
can use 1nstead the Cartesian diagram (14). Hence, the g-expansion of ®( f) at 0o, can be obtained as

) coming from the Cartesian diagram (13), followed by (V}‘)_l. By Lemma 1.21, one

the image of f under the adjunction morphism

HO(Y. 0ffy) 5 H(Se 08t o ) 25 B ot o)

followed by the map (V;)~!: H(S%, w ®k /go)_>HO(SO’ ?k /82

of f at the cusp oo, is independent of a partlcular choice of a cone, it is given by the image of f under

). Since the g-expansion } . . asq®

the map o} * : HO(Y, a)A/Y) — HO(SaC, ). As f, is induced by the map sending ¢° to ¢*¢ we

/S°
deduce that f; (dec+ agq ) ZS ey a;q“‘g Flnally, as V7 is induced from the identity map on the torus
Gy ® ¢*, the morphism V;f is the identity on the g-expansions, i.e., (V )~ 1(Z$ec+ agq® ) Zsec+ asq g
yielding the desired formula.

The rest follows from the g-expansion principle and the finite dimensionality of S/EAG(C, n; ). U

1E. Refined injectivity criterion for ®@-operators. The purpose of this section is to extend the definition
of the Andreatta—Goren operators @f‘G for T € X and prove an injectivity criterion refining [Andreatta and
Goren 2005, Proposition 15.10] when p ramifies in F. Given f € M,fatz(c, n; ), by Lemma 1.7 and the
discussion after it, @29 (f/HRXX) defines a meromorphic section over X, whose poles lie outside X®. A
careful study of the order at these poles will first show that multiplication by H, ,fx leads to a holomorphic
section and further allow us to establish Proposition 1.28 (injectivity criterion). If p is unramified in F,
our ®-operators coincide exactly with those of Andreatta and Goren, and in that case everything that we
prove here has already been proved in [Andreatta and Goren 2005]; see also [Diamond and Sasaki 2023].
The construction of ®2C goes via the Kummer cover. By definition, the ordinary locus X° of
XR2 js endowed with a Galois cover X(,u(p))ord — X° with group (0/(p))*, where X (p(py) is the
Deligne—Pappas moduli space of level pn. Taking the quotient by the p-Sylow subgroup yields a cover
m o XKum s xord with group [ 1, (0/p)*, called the Kummer cover. Let 7 : X — X be the normal
closure of X in XXU™ It can be described explicitly using the generalised Hasse invariants as follows.
For 7 € &, we write p = p(7), f = fp and we let
f-1 _
He = (hg-100)"". (15)

j=0
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It is a modular form of weight (p/ —1)T and XX™ is obtained by adjoining a (p/ —1)-th root s, of it for
all T € X. The nowhere vanishing section s, provides a trivialisation of the line bundle 7 *ws over XXu™
(see [Andreatta and Goren 2005, Definition 7.4]), and by definition of the normalisation, it also defines a
section over X ; see [Andreatta and Goren 2005, Proposition 7.9]. As

f_
H) ., =H- ()", (16)

H ;—'or /H; is a (p/ —1)-th power, this construction does not depend on the choice of T € f)p.
Next we describe the Kodaira—Spencer maps. By [Reduzzi and Xiao 2017, Theorem 2.9] there is a
decomposition
Q}(/[F = EB Q}(/[F,r (17)

Tex

where each 2 k /¥, is endowed with a filtration whose successive subquotients are naturally isomorphic

to w?lz with 1 <i < ep for p = p(7) in descending order, i.e., a)?z = a)%p is naturally a quotient. As
the map 7 : XX'™ — x° js étale, we have Q;Kum F= n*Q},rd /P the elements of which we view as

meromorphic sections of the sheaf 7 *Qg( sr over X. Given a section of 7 *Q}( /P We denote by a subscript
T € X its projection onto the T-component via (17). Consider the surjective map

. >x0l ~x  ®2
KS; i7" Qy g, > T wz".

Definition 1.23. Letk =} v koo € Z[E] and k; = ) .5
Recall that f/H,FX € M]?G(c, n; F) (see Lemma 1.7). We put

ks for T € T. Let f € M&%(c,n; F).

HC = ]_[ sk and  Hp = HMS - o (HR).
1))
Similarly to [Andreatta and Goren 2005, Definition 7.19], we further put
r(f) =7 (f/HPO/HRS =7 (f)/ He € HO(XM™, Oxrm)
where we restricted f and H,FX to X,

Definition 1.24. For 7 € X, we define the generalised ®-operator acting on f € M,fatz(c, n; F) as

f
O (f) =KS:(d(r(f))e) - He-7*(he) = HXX- @?C*(W ,
k
viewed as an element of HO(XKum, n*a)®k/) where:

(1) Ift £¢ o, then

ke +1 ifo= Oz epe) = s

/ . -
ke =\ko +p if 0 =04-10r.e,,, =¢ 10T,
ko otherwise.
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(2) Ift=¢'or, then

V- ko +p+1 if o =07, =T,
o ko otherwise.

We will now prove that @, (f) yields an element of M Eatz(c, n; F). In order to prove this, we proceed
as in [Andreatta and Goren 2005] to calculate the poles of d(r(f)). along the divisors of the generalised
Hasse invariants.

Using the trivialisation of the line bundles 7 *wz given by the sections s; and the generalised Hasse
invariants h.;’s for i > 1, we get trivialisations of m*w, ; for all Tt € Yand 1 <i < ep(r). Using these
trivialisations we can view the pullbacks 7*h,; and 7*h, of Hasse invariants as functions over X (see
[Andreatta and Goren 2005, Section 12.32] for more details), whose differentials are denoted by d (k. ;)
and d(h;), respectively~(viewed as meromorphic sections of 7* ; /[F). _

For t/ € X, we let Z be an irreducible component of the effective Weil divisor of X associated to
7*(hy) (see Section 1B). From the construction of X and [Andreatta and Goren 2005, Section 9.3,
Proposition 9.4] (see also [Andreatta and Goren 2005, Section 12.32]), we can choose a uniformiser § at
the generic point of Z such that 87 o1 H; (see (15) for the definition of H;/). We fix this choice
from now on and let vs be the corresponding normalised discrete valuation. For the sake of readability,
we will often drop 7* from the notation when pulling back Hilbert modular forms, especially generalised
Hasse invariants; for instance, we usually write vs(h;) for vs(7T*(h;)).

We will first calculate vs((d§);), where (d§); is viewed as a meromorphic section of 77*52& JF.z OVer X.
We also prove some complementary results which will be used in the proof of the injectivity criterion.

Lemma 1.25. (i) Lert € © different from t'. Then (d§); =0.

(i1) There is a unique 1 < ig < ep(ry (depending on 2) such that vs(hy ;) = pr<f’> —land vs(hy ;) =0
foralli #iy. Moreover, vs(hy) = hW’) —land vs(h,)=0ift #1.

(iii) vs(d(h ;) = 0 for all i and for iy found in (ii) , vs(d(hy 4,)) = 0.
(iv) vs(se) = 1, vs(s7) = p/ if T = ¢/ o T’ and vs(s;) = 0 if T # ¢/ o ¢’ for any integer j.
(V) v5((d8)r) =2 — plren,

(VD) (@8)e =D+ g - (dlheig))e where g = =527 ([T (hyo100)”") - (T} 1y he's) and D is

a meromorphic section offf*Qﬁ(,/[F . such that vs(D) = 0.
(vii) KS;/(d (h,/,ep(r,))f/) # 0 and if Z is an irreducible component of the effective Weil divisor of X
associated with 7?*(}11/,8)D (), then vs (KSrr(d(h,/,ep(r,)),/)s;z) =-2.
Fo!
Proof. Recall that we have chosen & such that 87 "’ ~! = H,,. Hence

Soan—1

o j
—8P p( )_zd(g — ( 1_[ (h¢for’)pj> ~d(hy).
j=1
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Since XR2 is Zariski dense in X, it follows from [Andreatta and Goren 2005, Lemma 12.34] that
(d(h.)), =0if T # 7/. Hence, we get d§ = (d§),, which implies that (d§), =0 if 7 # /. Now

€p(c)) ep(r))
d(hy) = d( 1 hff,,-) => <H he, j) ~d(hy ).
i=1

i=1 N ji

Since § is a uniformiser at the generic point of 2, there is a unique iy such that vs(h. ;,) > 0. Note
that vs(h, ;) = 0 for i #ip and vs(d(h, ;)) = O for all i. Moreover, it follows from [Reduzzi and Xiao
2017, Theorem 3.10] that vs(d (h ;,)) = 0. So (ii) and (iii) follow from the discussion above. Combining
this with (16) gives (iv). Hence, vs(d(h;/)) = vs (]_[l.#io hy i (d(hy jy))) = 0 from which (v) follows and
combining this with (ii) and (iii) gives us (vi).

We will now prove statement (vii). Recall that, by [Reduzzi and Xiao 2017, Theorem 2.9], Q2 k JFo
admits a canonical filtration whose successive subquotients are (isomorphic to) w?zl with 1 <i < eprry.
Recall that KS; is the surjective map from %*Q; JF.¢ Onto its first subquotient %*w?ip(ﬂ). On the other

hand, by [Reduzzi and Xiao 2017, Theorem 3.10], le/ JFo admits a canonical filtration whose
Tt
successive subquotients are (isomorphic to) a)?zl with 1 <i < ep(;y. Here Z,/,ep w C X is the divisor of

hf/’ep @ Therefore, we conclude that KS,/ (d (h,gep (r,))-,;’) # (. Since s, gives a trivialisation of the line
bundle 7*wg, vs(KSy (d (R e, )r)s,) is well defined. We conclude vs(KS/(d (A e, )15, %) = —2
by combining [Reduzzi and Xiao 2017, Theorem 3.10] with (iii) and (iv); see also [Andreatta and Goren
2005, Proposition 12.37]. This concludes the proof of the lemma. (|

In order to compute vs(d(r(f)).), it is sufficient to work in the discrete valuation ring obtained by

localising at the generic point of Z. Letting r(f) = g, with vs(u) = 0, we have

d(r(f)), = GWe _ nu@d)e (18)

§n 5n+1

Lemma 1.26. Let v € £ and let f € M™% (c, n; F). Then

(1) vs((du)r) = inf{0, vs((d)-)},
(D) vs(d(r(f))e) Z vs(r(f)), if T # 7',
(i) v5(d(r(f))e) = vs(r(f)) — (pee> =2), if p | vs(r(f)),
(iv) vs(d(r(f))e) = vs(r (f)) = (pPee = 1), if ptus(r(£)).
Proof. Let T € X. The proof of (i) is similar to the proof of [Andreatta and Goren 2005, Proposition 12.35]

and we reproduce parts of it here. Let B (resp. E) be the local ring of the generic point of 77(2) (resp.

of 2). As in [loc. cit., Corollary 9.6], we have B C B C B where B® is étale over B and B = Be[5].

.. Toay 2 .
Writing u = ,’;:0 u, 8" with u;, € B, we have

ple «"h_p

@d)e= ) (" dup)e +hups"" (dd).).
h=0
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Now 8"(duy), lies in B ®p« Q}ga/[F, which is the same as ﬁ*Q}g/E since B® is étale over B. Hence
8" (duy), has no poles and (i) follows. Combining this inequality with (18) and Lemma 1.25(1), (v) gives
us the other parts of the lemma. O

Finally we are ready to prove that ®,(f) is also a mod p Hilbert modular form.

Proposition 1.27. Lett € X, f € M,fatz(c, n; F) and k' be as in Definition 1.24. Then ©.( f) descends to
a global section of the line bundle ®®* over X', and further extends to a section over X, yielding an
element O, (f) € M5"(c, n; F).

Proof. The descent follows by applying [Andreatta and Goren 2005, Theorem 12.39] to f/ HIFX.

As KS; is a surjective map of locally free sheaves with a locally free kernel over the normal scheme X,
the orders of the poles of KS;(d(r(f));) are less than or equal to the orders of the poles of d(r(f)),
i.e., vs(KS:(d((f)))) = vs(d(r(f)):) (see the proof of [loc. cit., Proposition 12.37] for more details).
Note that r(f) - Hy = 7w*(f) has no poles on )N( ie., vs(*f) > 0. Combining Lemma 1.25(ii) and
Lemma 1.26, we get that ®,(f) has no poles over X. Hence, the section obtained by descending from
XKum o x°rd extends to all of X and is thus a Hilbert modular form. O

The effect of ®; on the geometric g-expansions of Hilbert modular forms will be used in Section 2B
and can be described as follows. The identification (4), used in defining the geometric g-expansion
Zseww} as(f)q® of f at the cusp oo, allows one to consider the map

T:F®c = F®o0 — F[x]/(x*®) — F,

where the middle map is given by the idempotent at . By [Andreatta and Goren 2005, Corollary 12.40]

we obtain the following g-expansion at the cusp co.:

O () =) w(1®&E)acq’. (19)

fecy

The proof of our main theorem uses the injectivity of ®; on certain mod p Hilbert modular forms.

Proposition 1.28. Let f € M,fatz(c, n; F) andlet T € fp. Suppose pJ(k,,ep and hy ., does not divide f.
Then ©.(f) #0.
In particular, if the weight of f # 0 is minimal at p, and pik. .,, then ©.(f) # 0.

Proof. We follow the proof of [Andreatta and Goren 2005, Proposition 15.10]. Let § be the uniformiser at
the generic point of an irreducible component of the Weil divisor of X attached to 7 *hr e, chosen just
before Lemma 1.25. As vs(7*(f)) = 0, using Lemma 1.25(ii),(iv) (see also [loc. cit., Proposition 15.9])

we deduce
f-1 ep—1
ni=vs(r(f) ==Y p'kpior — (p" —=1) D ke j = —ke, (mod p).

j=0 j=1
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Hence p{n and Lemma 1.26 (i) shows that the right most term in (18) has a strictly lower valuation than
the other term on the right hand side. Thus, Lemma 1.25 (vi) shows that

_ i T T -1 .
nus> PP (l_[f'if (hg-i00)"") - (nj#p he.j)
sn+l

d(r(f))e=D"—

(th,EP)‘L',

where D’ is a meromorphic section of (7*2 ; /[F)f and the right most term has a strictly smaller valuation
than D’. Combining this with Lemma 1.25 (vii), we get that KS;(d(r(f)):) # 0. This implies that

O (f) #0. O

Remark 1.29. When p is unramified in F, Proposition 1.28 can also be deduced from [Diamond
and Sasaki 2023, Theorem 8.2.2] whose proof is different. Furthermore, Diamond and Sasaki [2023,
Theorem 9.8.2] also determine the kernel of ®; in terms of the partial Frobenius operator at 7 that they
define. Meanwhile, the case when p is ramified in F has been treated in [Diamond 2023]. Proposition 1.28
follows from [Diamond 2023, Theorem 5.2.1] and the kernel of ®, is described in terms of partial
Frobenius operators in [loc. cit., Corollary 9.1.2].

2. Doubling and Hecke algebras

2A. Hilbert modular forms of parallel weight 1. 1t is important to distinguish between Katz Hilbert
modular forms defined on the fine moduli space and those on the coarse quotient by the action of the
totally positive units of 0. The latter enjoy the good Hecke theory for GL(2) and are the natural objects
to study in relation with two dimensional Galois representations; see [Dimitrov and Wiese 2020]. In
this section, we will define Hilbert modular forms of parallel weight building on Definition 1.1. Even
though we give a definition valid in all levels n that are prime to p, we nevertheless need to consider
the following condition (which is stronger than the one we imposed in Section 1) expressing that n is
sufficiently divisible:

n is divisible by a prime above a prime number ¢ splitting completely in F (/€ | € € 03) and

20
such that ¢ = —1 (mod 4¢) for all prime numbers £ such that [F(u,) : F]=2. @0

This condition ensures that XPF is a scheme on which [e] € E =0 Y/eco*|e—1¢€ n}? acts properly
and discontinuously by sending (A, X, u) to (A, €A, n); see [Dimitrov 2009, Lemma 2.1(iii)]. For any
¢ € C, any Z-algebra R, and any parallel weight k, this induces an action of £ on M, ,fatz(c, n; R), whose
invariants are denoted by M,fatz(c, n; R)E. The following definition is equivalent to the one used in
[Dimitrov and Wiese 2020, Section 2.2].

Definition 2.1. If n satisfies (20), then the space of Hilbert modular forms over a Z,-algebra R of
(parallel) weight « € Z and level n is given by

M(n, R) = D M (e, n; B,

ceC
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where k = ) __s ko . For a general level n, let q; g be primes such that both nq; and nq» satisfy (20)
and define

MK (nv R) = MK (nCh, R) N MK(ana R),

where the intersection can be taken in M, (nq;qz, R). Note that the primes q; and g, can be chosen from
a set of primes of positive density and that the definition does not depend on this choice.

For f € M, (n, R), we let ZbeIU{(O)} a(b, f)q® be the adelic g-expansion of f, where Z denotes the
group of fractional ideals of F; see [Dimitrov and Wiese 2020, Section 2.6].

We denote by S, (n, R) the R-submodule of M, (n, R) consisting of Hilbert modular cuspforms.

For f € M,(n, R) and ¢ € C, we will let f. denote the corresponding E-invariant element of
M f“‘z(c, n; R) or, equivalently, its geometric g-expansion at the cusp oo,; see [Dimitrov and Wiese 2020,
Section 2.5]. Recall that when n satisfies (20), M, (n, R) is endowed with Hecke and diamond operators;
see [Dimitrov and Wiese 2020, Sections 3.1-3.3]. When n is not sufficiently divisible, Hecke and diamond
operators exist nonetheless because they stabilise the intersection M, (nq;, R) N M, (nqa, R), where the
auxiliary primes ¢, g2 may be chosen appropriately. When it is not clear from the context, a superscript
between parentheses indicates the weight of the space of Hilbert modular forms on which an operator acts,
e.g., Tp(l). Since we are interested in torsion coefficients, we let M, (n, K/O) =lim, M, (n, O/@"), where
the inductive limit is taken by identifying M, (n, O/@") with the subspace M, (n, O/@") @ (w O) of
M,(n, O/a" ).

2B. Doubling. We shall rely on the following lifting result.

Lemma 2.2. Suppose that n satisfies (20). There exists a ko € Z such that for all k > ko and all n € N,

the natural map
MM, O0)Q®pO/w" — M,.(n, O/a™)

is a Hecke equivariant isomorphism.

Proof. The proof of [Dimitrov and Wiese 2020, Lemma 2.2] works unchanged after replacing Z, by O
and p by @". O

We also need a generalisation of the total Hasse invariant modulo @”.

Lemma 2.3. Suppose that n satisfies (20). For every n € N, there is a k, € N such that (k, — 1) is a

multiple of (p — 1)p
oo, for all ¢ € C. In particular, it does not vanish at any cusp.

n=1 and a modular form h, € M., _1(n, O/w™) having q-expansion equal to 1 at

Proof. Let h € M,_1(n, ) be the usual Hasse invariant see [Dimitrov and Wiese 2020, Section 3.4].
For r such that r(p — 1) is big enough to apply Lemma 2.2, the modular form A" € M, (,—1)(n, O) has
g-expansion congruent to 1 modulo z at each cusp oo, ¢ € C. A big enough power of it satisfies the
required congruence relation and condition on the weight. O
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The theory of generalised ®-operators presented in Section 1E allows us to prove the following result.

Lemma 2.4. Assume such an f exists. Assume that n satisfies (20). Then there does not exist any
0# feMi(n,F) such that f. has minimal weight at a fixed prime p dividing p (see Corollary 1.14) for
all ¢ € C and such that a(b, ) =0 for all ideals b C o not divisible by p.

Proof. The minimality of the weight at p implies that there existsat € X p such that 27 does not divide f;
(the proof of Corollary 1.14 implies that this is true for all T € fp). Let b = (£)c~'. Then, by definition,
ag = a(b, f) and this is zero unless p | b, in which case p | (§). Thus, it follows that 7.(1 ® §) = 0.
By (19), this shows that the geometric g-expansion of ® ( f;) vanishes at oo, for all c € C, i.e., O, (f.) =0,
contradicting the injectivity criterion from Proposition 1.28. O

For p | p and n € N, we define the Vj-operator by (see [Diamond 2021], improving on and correcting
previous works such as [Emerton et al. 2017] and [Dimitrov and Wiese 2020], for the definition of Tp(l))
Vp,n = <p>7l(hnTp(1) - Tp(Kn)hn)

with &, and «, from Lemma 2.3. A simple computation on g-expansions (see [Dimitrov and Wiese 2020,
Proposition 3.6]) shows that V,, , has the following effect on adelic g-expansions:

a((0), Vo f) = a((©), Hlp~'1,
a(, Vouf) =a(p™'t, f)
for nonzero ideals t C o.
Proposition 2.5. Let p | p be a prime and assume that n satisfies (20).
Q) If f € S1(n, K/O) and a(b, ) =0 for all ideals b C o not divisible by p, then f = 0.
(i) Foralln € N, the “doubling map”

(i Vo) = Si(n, O™ ®2 LTt Vons, pp (q 0 /5"

is injective and compatible with the Hecke operators Ty for qh}l p. The Hecke operator Tp(K") acts on
the image by the formula Tp('(”) o (hy, Vpu) = (hy, Vyn) o ( _T('é; (1)) In particular, the image Wy, ,, of
(hn, Vp.n) lies in the p-ordinary part of M, (n, O/w") and is stable under all Hecke operators T,
Jorafup.
If (p — 1) does not divide ey, then the same statements hold after replacing the spaces S1(n, K /O) and
Sin, O/@"™) by Mi(n, K/O) and M (n, O/"), respectively.

Proof. (i) For f € S1(n, O/ ), the claim is precisely the content of Lemma 2.4, in view of Corollaries 1.14
and 1.16. The induction step from n — 1 to n follows from the g-expansion principle and the exact
sequence

0— SN, 0/@) o " 'O — Si(n, O/a"™) — Si(n, O/ ).

(i1) The injectivity follows from (i) applied to the first component of an element in the kernel. The matrix
is obtained from a calculation as in [Dimitrov and Wiese 2020, Lemma 3.7]. O
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2C. Hecke algebras. For k > 1 and n € N, we consider the following complete Artinian (resp. Noetherian)
semi-local O-algebras

T, =im(OITy, (@)]gtnp = Endo (M (n, O/m"),

Tedp = im(OLTq, (@)lgtnp — Endo(Sc(n, O/@")), resp.,
TwW — 1m(O[Tq’ (D gimp = Endo (M, (n, K/O))) = LiLn—l]—’(f)’ D
Té’;gp =im(O[Ty, (9)]gtnp = Endo(Sc (n, K/0))) =Lim TL) .

n

Note that they all contain (p) for p | p since p is relatively prime to n. Moreover, the restriction to the
cusp space gives surjective morphisms T - Tﬁﬁgp nand T — Téﬁgp. We also consider the torsion free
Hecke O-algebra:

TS =im(O[Ty, (9)1grmp — Endo (M, (n, 0))).

Let I,, be the annihilator of Tg ) acting on M, (n, O) ®o (O/w™). Then we have natural surjective ring
homomorphisms
T TS /I, and T - TY,

the latter coming from the fact that the intersection (), I, is zero. For sufficiently large «, both homomor-
phisms are isomorphisms due to Lemma 2.2. However, this need no longer be true in our principal case
of interest k = 1 since the inclusions

Mi(n, 0)®p (O/w") — Mi(n,O/w") and M;(n, O) Qo (K/O)— M(n, K/O)

need not be isomorphisms, in general. The kernel of T — Tg) is a finitely generated torsion O-module,
which is isomorphic to the kernel of T,(l]) — Tg) /I, for n € N sufficiently large. Recall that multiplication
by the Hasse invariant &, allows us to see M1 (n, O/@") inside M, (n, O/ ") equivariantly for all Hecke
operators T, and (q) for qfnp, yielding a surjection TT,({(") —» T,(l]) (see Proposition 2.5). For a prime p | p,
consider also the Hecke algebra:

T = T& (1.5 € Endo (M, (n, O/o™)). (22)

Corollary 2.6. Suppose that n satisfies (20). Let p | p. Then for any n € N, there is a surjection sending

Tp(Kn) to U (considered as a polynomial variable):

T 10 10 U1/ = TOU + ().

cusp,n
The same statement holds after replacing Tﬁuip,n by T, provided (p — 1){ey.

Proof. The injection from Proposition 2.5 gives a morphism T, — Endo (81 (n, O/w")®?) of O-algebras

compatible with T and (q) for all q{np and, hence, we get a surjection TT,(f”) —» Té}l)sp,n. Moreover, Tp('(")
)
acts on the image of S1(n, O/w")®? via the matrix ( _T<‘;'J> (1)), whence it is annihilated by its characteristic

polynomial U? — Tp(l)U + (p) and does not satisfy any nontrivial linear relation over TT,(,I)[TP(U], thus
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proving the existence of the desired homomorphism. For the surjectivity, let us observe that the image of
Si(n, O/ w™)®? is contained in the Tp(K”)—ordinary subspace of M, (n, O/@™"), and that the endomorphism
Tp(K”) + (JJ)(T,D(K"))_1 of the latter space acts on the former as (Tf()l) T:,()”
allows us to apply Proposition 2.5 with M (n, O/w@") instead of S;(n, O/w"), leading to the validity of

the result with Télll)sp,n replaced by T,Sl). O

). Finally, assuming (p — 1)fe,

3. Pseudo-representations for weight 1 Hecke algebras

3A. Pseudo-representations of degree 2. In this section, we recall some definitions due to Chenevier
[2014] and Calegari and Specter [2019].

Definition 3.1. Let R be a complete Noetherian local O-algebra with maximal ideal m and residue field
R/m = [ considered with its natural m-adic topology. An R-valued pseudo-representation of degree 2 of
Gp is atuple P = (T, D) consisting of continuous maps 7', D : Gr — R such that

(1) D is a group homomorphism Gg — R*,
(i) T(1)=2and T(gh) =T (hg) =T (g)T (h) — D(g)T (g~ 'h) for all g, h € Gp.

We extend T : GF — R to an R-linear map R[Gr] — R and we denote this map by T as well.

Given g € Gp, we define D(g — 1) :=D(g) —T(g)+ 1.

The pseudo-representation P = (T, D) is said to be unramified at p if D(h—1) =T (g(h—1)) =0 for
all g € Gp and all h € 1;,.

Any continuous representation p : Gg — GL(R) yields a degree 2 pseudo-representation P, =
(trop, detop). The converse is true when the semisimple representation p : Gg — GL;(F) corresponding
to the residual pseudo-representation is absolutely irreducible; see [Chenevier 2014, Theorem 2.22].
Further, if p is unramified outside a finite set of places S, then so is P,. Again, the converse is true in the
residually absolutely irreducible case. This can be seen by applying [loc. cit.] to the Galois group of the
maximal extension of F unramified outside S over F.

We introduce a notion of ordinarity inspired from Calegari and Specter [2019].

Definition 3.2. Let P = (P, ap) with P = (T, D) a degree 2 pseudo-representation of G over R and
ap € R aroot of X% - T (Froby) X + D(Frob,) € R[X].
We say that Pis ordinary at p of weight k > 1, if for all h, i’ € I, and all g € Gr we have
G Dh—1)=0and T(h—1) = X’;_l(h) — 1, where x, denotes the p-adic cyclotomic character,

(i) T(g(h— x5s~" (h))(K Frob, —ay)) =0.

Remark 3.3. Note that our notion of p-ordinary pseudo-representations implies the one of Calegari and
Specter [2019, Definition 2.5]. Let P = (T, D) : Gr — R? be a degree 2 pseudo-representation and
let (T, D) : Gr — [F? be its residual pseudo-representation. Suppose there exists a lift Frob, € Gp, of

the arithmetic Frobenius at p such that the polynomial X — T(Frobp)X +D (Froby) has distinct roots
in . Then (P, ap) is a p-ordinary pseudo-representation in the sense of Definition 3.2 if and only if it is
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p-ordinary in the sense of Calegari—Specter. However, if this hypothesis does not hold, then we expect
that the two notions are not equivalent.

Let P = (T, D) : G — [F? be a fixed degree 2 pseudo-representation unramified outside npoo. Denote
by PP® = (TP, DP) : G — (RP*)? the universal deformation of P unramified outside npoo in the
category of complete Noetherian local O-algebras with residue field [ and consider the quotient

RP[X]/(X?* — T™(Froby) X + D" (Froby)) — R (23)

which classifies pairs (P, ) such that P is a deformation of P unramified outside npoo and (P, ayp) is
ordinary at p of weight «. The universal ring R°, classifying deformations of P which are unramified
outside npoo and are ordinary at p of weight «, is the quotient of the ring RPS[X]/(X? — TP* (Frobp) X +
DP*(Froby)) by the ideal generated by the set

{DP(h— 1), TP (h — 1) — x5~ (W) + 1, T*(g(h — x " (h)) (W Frob, — X)) | h, h" €1, g € Gp}
and a direct computation shows that R is independent of the choice of Frob.

Note that R is a finite RP-algebra. As RP* is a local ring, it follows that R°™ is a semi-local ring and
all of its maximal ideals contain the unique maximal ideal mP® of RP®. After going modulo mP® in R°™, it
is easy to see, using the description of the ideal from the previous paragraph, that the number of maximal
ideals of R°" is the number of distinct « € F such that (P, «) is a p-ordinary pseudo-representation of
weight «.

Now suppose P is unramified at p and k = 1 (mod p — 1). Then we have
T(g(h— XIK,—l(h))(h’Frobp —X)) =T (g(h — )i’ Frob,) — XT (g(h — 1)) = T (k' Frob, g(h — 1)) = 0.
Here we are repeatedly using the fact that T (g(h—1)) =0forallge Grand h € I, which is a consequence
of the assumption that P is unramified at p. Thus, in this case, we see that (P, «) is a p-ordinary pseudo-
representation of weight « if and only if « is a root of the polynomial X? — T (Frob,)X + D(Froby).
Hence, in this case, R°Y is a semi-local Noetherian ring with two maximal ideals if the polynomial
X2 — T(Frobp)X +D (Froby) has two distinct roots and it is a local Noetherian ring otherwise.

3B. Existence of an ordinary Hecke algebra-valued pseudo-representation. We continue to use the
notation from Section 2. In particular, suppose that n satisfies (20). Let m be any maximal ideal of T"
(or equivalently of Tﬁ,l) for some 7) and denote also by m the maximal ideals of T*») and T,(f") defined
as the pull-back of m C o,

Kn)
,

Lemma 3.4. There exists a T,(,'f',’g—valued pseudo-representation P,l( w of G of degree 2 which is unramified

at all primes qinp and P,,(ﬁ’,ﬁ) (Frobg) = (Ty, (q)). In particular, after replacing O by a finite unramified
extension, there exists a unique semisimple Galois representation
Pm : Gr — GLo(T /m)
unramified outside npoo satisfying
tr(py, (Frobg)) =Ty (modm) and  det(p,,(Froby)) = (q) (mod m)

for all primes qfup.
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Proof. After enlarging K, we may assume that it contains all the eigenvalues of T**) acting on M, (n, O).
The O-algebra T*») generated by the Hecke operators outside the level and p is torsion-free and reduced,
hence T,E’f") QoK =]] gen K where N denotes the set of newforms occurring in M, (n, O)n. As is well
known, one can attach to each such eigenform g a G-pseudo-representation P, of degree 2 unramified
outside npoo such that P, (Froby) = (a(q, &), ¥,(q) N(g)*~!) for all qfnp, where (q)g = ¥,(q9)g.
Since the natural homomorphism Té’f") — T,g'f”) ®o K is injective, in view of the Chebotarev Density
Theorem, we obtain a T,(,f”)—valued GFr-pseudo-representation Pn(f”) unramified outside npoo such that
Pn(f")(Frobq) = (Ty, (q) N(q)K"_l) for all gtnp; see [Chenevier 2014, Corollary 1.14].

Note that N(q)"~! = 1 (mod &"). Composing Pé{(”) with the surjection Tt(,'f") —» Tf,'f{‘,z, we get the
desired pseudo-representation. Finally Ty /m = Tf,l) /m along with [Chenevier 2014, Theorem A]
finishes the proof of the lemma. U

Let RY be the universal deformation ring of the corresponding degree 2 pseudo-representation P, =
(trop,,, det op,,) unramified outside npoo in the category of complete Noetherian local O-algebras with
residue field [ (chosen large enough in order to contain the residue field of Tfnl) ). Using the surjection
T,({{”) —» Tf,'(”m) —» T,(,l\)n and then passing to the projective limit Ti(nl ) = lim, T,(,lzn we obtain the following
result.

Corollary 3.5. For any maximal ideal m of TV, there exists a T,(nl)—valued pseudo-representation Pn(ll) of
Gr of degree 2 which is unramified for all primes qtnp and P,g)(Frobq) = (Ty, (q)). It yields a surjection
RE: — —ﬂ—,(nl).

Note that for a maximal ideal m of Tf,'(”), the algebra T,(,K;‘,z is in general only semi-local (see (22)). By
the main result of [Dimitrov and Wiese 2020], p,, is unramified at p, allowing us to consider the ideal

i = (m, (T)2 — (D (Frobp)) T,") + det(5 (Froby))) € T4, (24)
where tr(bnjl_jr\obp)) and det(,?);(F\robp)) are some lifts of tr(p,, (Froby)) and det(p,, (Froby)), respectively
in T,(,K”). Note that the ideal m does not depend on the choices of these lifts.

Let fik”r{ be the completion of TF,({(”) with respect to m. The algebra TF,(IK‘”TI then has at most two local
components. Let Rﬁfd be the universal O-algebra classifying deformations of P, unramified outside
primes dividing npoo and ordinary at p of weight 1 (see (23)).

(fn) (fn)
" P

Lemma 3.6. There exists a p-ordinary T & -valued pseudo-representation ﬁ,ﬁng =P, Tp(K")) of degree

2 and weight 1 of Gp such that P,fﬁf}l) (Frobg) = (Ty, (q)) for all qfnp. It yields a surjection Rﬁfd —» TT;K%)

Proof. Let Ttn) =T ) [Tp('(”)] and denote also by fii the ideal of T®") defined as the pull-back of i C T4 .
Let Tf](;f") be the completion of T® with respect to m.

We have WT%(") ®o K =]] geir K, where N denotes the subset of A (see the proof of Lemma 3.4)
consisting of newforms occurring in M, (n, O)z. As p does not divide n, any g € AV is an eigenvector
for TP(K”) (resp. (p)) whose eigenvalue a(p, g) (resp. ¥, (p)) is necessarily a p-adic unit by (24), i.e., g is
p-ordinary. By a result due to Hida and Wiles, when g is ordinary at all places dividing p, and to Saito
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[2009] and Skinner [2009] in general, p-adic Galois representation p, attached to g is ordinary at p, i.e.,
its restriction to Gp, has a one-dimensional unramified quotient on which Frob, acts by the (unique)
p-adic unit root o , of the Hecke polynomial X Z_ap, 9)X+ Ye(p) N(p)*»~!. This implies that Qp g 18
also a root of X2 — tr(pg) (Froby) X +det(p,) (Froby), for any choice of a Frobenius element Froby € Gp, .
Thus, the pseudo-representation P, = (tr(p,), det(pg)) is p-ordinary of weight «, with respect to o ¢ in
the sense of Definition 3.2.

Since ?rf{") is a semi-local finite O-algebra, applying Hensel’s lemma to each local component shows that
the polynomial X>— Tp('(”) X+ (p) N(p)“»—! admits a unique unit root U in Tf;’f”). By the Chebotarev density
theorem, gluing the p-ordinary pseudo-representations Fg =(Pg, ap o) forall ge N gives us a ?g”)—valued
p-ordinary pseudo-representation (Pn(f”), U) of weight k,, such that Pnﬂ'(")(Frobq) = (T, (q) N(q)*»~ 1) for
all gfnp. We have X;”fl(g) =1 (mod @") for all g € Gr. Hence, the reduction of (P&, U) to Tff{;z
is a p-ordinary pseudo-representation of weight 1. Note that by Hensel’s lemma, U reduces to Tp(K”) in
Tﬁffl'(;%, since the former (resp. the latter) is the unique unit root of X? — TP(K”)X + (p) N(p)*~! in WT%‘")
(resp. in Tﬁfr(f?;z ). As N(q)*~! =1 (mod @") for all qfnp, this completes the proof of the lemma. 0

3C. Proof of the main theorem. In the proof of Theorem 0.1 we can assume without loss of generality
that n satisfies (20), because given any prime ¢, the Hecke algebra in level n is a quotient of the one in
level ng. Moreover, since the algebra T is semi-local, equal to the product of T,(‘}) where m runs over
its maximal ideals, it is enough to prove the theorem after localisation at m.

Recall that in Corollary 3.5 we constructed a Tg)—valued pseudo-representation Péll) = (T, D) of
Gr, whose image under the surjective homomorphism Tfnl) —» Téf,)sp,m —» Télll)sp’n’m will be denoted by

Pn(% = (T,, D), for n € N. This gives the first row of the following commutative diagram:

< Corollary 3.5 1 1
RrP: ” gu)sp,m —l]—éu)sp,n,m
l [ (25)
L 3.6 ~(k, Corollary 2.6 1 1 1
Rgrd —Lemmad6 ) Takpnml Ty, UL/ (U = T,OU + (p)).

The morphisms in the second row come from Lemma 3.6 and Corollary 2.6. Combining them, we see
that 13,1(131 = (P,§}31, U) is a p-ordinary pseudo-representation of weight 1.

We now perform the key “doubling” step, as presented in [Calegari and Specter 2019, Proposition 2.10],
and slightly improved upon, since the surjectivity of the composed map Rgfd — Téllllp,n’m[Tp(l), Ul/
U? - Tp(l)U + (p)) will not be used in the sequel. One has

cusp,n,m cusp,n,m cusp,n,m

Since ﬁ,fll% is ordinary at p of weight 1, for all g € G and h € I, the following equality holds:

T, (gh Froby) — T,,(g Froby) = U(T, (gh) — T,,(¢)) € T, [T InUT (101 = {0},

cusp,n,m cusp,n,m

hence T,,(gh) =T, (g), i.e., Pn(,l,; is unramified at p.
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Note that U satisfies the following relations
U2—T"U+(p)=0 and U?— T,(Froby)U + D, (Froby) =0

in the ring Télll)sp,n’m[Tp“), Ul/(u 2_ Tp(l)U 4+ (p)). Indeed, the second relation follows from the fact that
(P,f,l,zl, U) is a p-ordinary pseudo-representation of weight 1. As the former polynomial is minimal, one
obtains the desired equality (7, (Froby), D, (Froby)) = (Tp(l), (p)), in particular Tp(l) € Télll)sp,n,m. Letting

n vary finishes the proof of Theorem 0.1 for Télll)sp,m.

In order to obtain the theorem for T,(,p, we replace Té,ll;p’m by T,(]p, T&]ﬁgp,nvm by T,(,IJ)H, and S{(n, O/w")
by Mi(n, O/w") throughout. The arguments continue to work if we assume that p — 1 does not divide e,

which is used in Corollary 2.6.

Corollary 3.7. Letp| p. Then Tp(l) € Télﬁp, i.e., foralln € N, the Hecke operator Tp(l) actson Si(n, O/w")
by an element of Télll)sp,n. Moreover, if (p — I)J(ep, then one also has Tp(l) eTD,

3D. Non-Eisenstein ideals.

Definition 3.8. A maximal ideal m of T% (or of TT,(f) ) is called Eisenstein if the corresponding (Té’f ) /m)-
valued pseudo-representation of G is the sum of two (T,E’f ) /m)-valued characters, where TT]({f ) /mis an
algebraic closure of T,(,'f 4 Jm.

We now prove that in the non-Eisenstein case it suffices to consider the cuspidal Hecke algebra.

Proposition 3.9. The localisation of the natural surjection T,(f) —» T,(,'fgusp at any non-Eisenstein maximal

ideal m of TS,K) is an isomorphism.

Proof. It suffices to prove that the localisation of M, (n, O/@")/S,(n, O/w™) at a non-Eisenstein
ideal vanishes. By multiplication by a suitable power of 4, which does not vanish at any cusp (see
Lemma 2.3), we can assume that « is sufficiently large so that Lemma 2.2 applies yielding M, (n, O/w™) =
M,.(n, O) ®o (O/"). Hence the natural Hecke equivariant morphism

Mc(n, 0)/Sc(m, O) > Mc(n, O/@")/Sc(n, O)w")

is surjective. The former, however, can be Hecke equivariantly embedded into M, (n, C)/S, (n, C) which
is well known to be generated by Eisenstein series whose Galois representations are reducible. This
proves the proposition. 0

Henceforth we assume m to be a non-Eisenstein ideal of T(!, so that the corresponding residual
Galois representation p,, is absolutely irreducible. Therefore, by combining Theorem 0.1 with a result of
Chenevier [2014, Theorem 2.22], we get a representation

om : Gr — GLy(T),

unramified outside npoo, and uniquely characterised by the property that for all primes qtnp one has
tr(om(Froby)) = T and det(pn (Froby)) = (q). By combining Theorem 0.1 with Proposition 3.9, we
deduce that the pseudo-representation Prgl) is unramified at all primes p | p and, by the discussion after
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Definition 3.1, we conclude that py, is unramified at these primes as well. Let S be the set of places
of F dividing noo and let R3 . be the universal deformation ring of p,, unramified outside S in the
category of complete Noetherian local O-algebras with residue field F. Hence py, induces an O-algebra
homomorphism RS’Z)m — Tf,p.

As TW is generated by T, and (q) for gfnp as an O-algebra, we obtain the following result.

Corollary 3.10. There exists a surjective homomorphism Rf;’ 5 Tg) of O-algebras.
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Failure of the local-global principle for isotropy
of quadratic forms over function fields

Asher Auel and V. Suresh

We prove the failure of the local-global principle, with respect to discrete valuations, for isotropy of
quadratic forms in 2" variables over function fields of transcendence degree n > 2 over an algebraically
closed field of characteristic # 2. Our construction involves the generalized Kummer varieties considered
by Borcea and by Cynk and Hulek as well as new results on the nontriviality of unramified cohomology
of products of elliptic curves over discretely valued fields.

Introduction

The Hasse—Minkowski theorem states that if a quadratic form ¢ over a number field is isotropic over every
completion, then g is isotropic. This is the first, and most famous, instance of the local-global principle
for isotropy of quadratic forms. Already for a function field of transcendence degree one over a number
field, Witt [1935] found examples of the failure of the local-global principle for isotropy of quadratic
forms in 3 variables (and also 4). Lind [1940] and Reichardt [1942], and later Cassels [1963], found
examples of the failure of the local-global principle for isotropy of pairs of quadratic forms in 4 variables
over (D (see [Aitken and Lemmermeyer 2011] for a detailed account), giving examples of quadratic forms
over the function field Q(z) by an application of the Amer—Brumer theorem [Leep 2007; Elman et al.
2008, Theorem 17.14]. Cassels, Ellison, and Pfister [Cassels et al. 1971] found examples in 4 variables
over the function field R(x, y).

Here, we are interested in the failure of the local-global principle for isotropy of quadratic forms over
function fields of higher transcendence degree over algebraically closed fields. All our fields will be
assumed to be of characteristic # 2 and all our quadratic forms nondegenerate. A quadratic form is called
isotropic if it admits a nontrivial zero. If K is a field and v is a discrete valuation on K, we denote by K,
the fraction field of the completion (with respect to the v-adic topology) of the valuation ring of v. When
we speak of the local-global principle for isotropy of quadratic forms, sometimes referred to as the strong
Hasse principle, in a given dimension d over a given field K, we mean the following statement:

If g is a quadratic form in d variables over K and ¢ is isotropic over K, for every discrete
valuation v on K, then g is isotropic over K.

MSC2020: primary 11E04, 11R58, 12G05, 14G12; secondary 14H52, 14J32, 14J40, 19D45.
Keywords: quadratic forms, local-global principle, Hasse principle, function fields, unramified cohomology, elliptic curves.
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Our main result is the following.

Theorem 1. The local-global principle for isotropy of quadratic forms fails to hold in dimension 2" over
any function field K of transcendence degree n > 2 over an algebraically closed field k of characteristic
= 2 other than possibly the algebraic closure of a finite field.

Previously, only the case of n =2 was known, with the first explicit examples over K = C(x, y) appear-
ing in [Kim and Roush 1991], and later in [Bevelacqua 2004] and [Jaworski 2001]. For a construction,
using algebraic geometry, over any transcendence degree 2 function field over an algebraically closed
field of characteristic 0, see [Auel 2013; Auel et al. 2015, Section 6]. In a previous version of this work,
Theorem 1 was proved in the case of complex rational function fields, and left as a conjecture. Though we
no longer need to make use of it, in Section 6, we also prove a “geometric presentation lemma” of general
interest about the existence of double covers of varieties admitting nontrivial unramified cohomology
in maximal degree, which was conjectured in an earlier version of this work and was shown to imply
Theorem 1.

We recall that by Tsen—Lang theory [Lang 1952, Theorem 6], such function fields are C,-fields, hence
have u-invariant 2", and thus all quadratic forms of dimension > 2" are already isotropic, thus we provide
counterexamples to the local-global principle in the maximal dimension in which they could occur.

We mention that in the case of transcendence degree n = 1, where K = k(X) for a smooth projective
curve X over an algebraically closed field &, the local-global principle for isotropy of binary quadratic
forms (the “global square theorem”) holds when the genus of X is zero and fails when X has positive
genus, see Remark 5.3.

Finally, when £ is the algebraic closure of a finite field, our methods no longer work. Though one
can use other techniques to handle the case of transcendence degree n = 2 (see Remark 5.4), proving
the failure of the local-global principle for quadratic forms over function fields K of transcendence
degree n > 3 over F p Temains an open problem. Our method relies on proving the nontriviality of certain
unramified cohomology classes in top degree, see Section 6. Already for n = 3, the existence of threefolds
over [, or F » admitting nontrivial unramified cohomology in degree 3 is an open problem related to the
integral Tate conjecture, see [Colliot-Thélene and Kahn 2013, Question 5.4].

Our result relies on two new ingredients and one very useful trick. The trick, due to Bogomolov [1995]
and outlined in Section 1, is a kind of refinement of the existence of transcendence bases, and allows us
to reduce the construction of counterexamples to the local-global principle over general function fields
to the case of rational function fields. Next, our construction over rational function fields makes use
of so-called generalized Kummer varieties, first considered by Borcea [1992] and developed by Cynk
and Hulek [2007], which are constructed as quotients of products of elliptic curves and are birationally
double covers of rational varieties. Finally, we prove a new result (Theorem 3.3) on the nontriviality of
unramified cohomology on products of elliptic curves, which provides an arithmetic generalization of a
result of Gabber [Colliot-Thélene 2002, Appendice], see also Colliot-Thélene [2019].
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1. Bogomolov’s trick

Let K /k be a finitely generated field extension. Recall that K / k admits a finite transcendence basis, i.e., a
set of elements xy, ..., x, € K that are algebraically independent over k and such that K/ k(xy, ..., x,) is
a finite extension. The cardinality of any transcendence basis is equal to the transcendence degree of K/ k.

A projective model of K /k is an integral projective k-variety X whose field of rational functions is
k-isomorphic to K. By the classical Chow’s lemma, every finitely generated field extension admits a
projective model, where the dimension of the model coincides with the transcendence degree of the
extension.

The following statement, a refinement of the existence of transcendence bases, can be traced back to
Bogomolov, in the course of the proof of [Bogomolov 1995, Theorem 1.1], cf. [Bogomolov and Tschinkel
2012, Proposition 20].

Lemma 1.1 (Bogomolov’s trick). Let K /k be a finitely generated extension of transcendence degree n.
Assume that k is infinite and that a projective model of K | k admits a smooth k-point. Then for any prime
number p, there exists a transcendence basis x1, . .., x, € K such that K/k(xy, ..., x,) is finite of degree

prime to p.

We remark that by the Lang—Nishimura theorem, see [Lang 1954; Nishimura 1955] and also [Reichstein
and Youssin 2000, Proposition A.6], the existence of a smooth k-point on a projective model of K /k
implies that any other projective model admits a k-point. The condition that a projective model admits a
smooth k-point also implies that any model is geometrically integral and generically smooth, see [Stacks
2005—, Lemma OCDW and Lemma 056V]. In particular, if k is algebraically closed, then any projective
model of K/k admits a smooth k-point.

Proof. As above, since a projective model of K /k is geometrically integral, it is geometrically reduced,
and hence K /k is separably generated by a result of MacLane, see [Eisenbud 1995, Theorem A1.3].
Hence, as in [Hartshorne 1977, Proposition 1.4.9], there exists a projective hypersurface model X c P"+!
of K/k. Let d be the degree of X. If d =1, then X = P and there is nothing to prove, so we can assume
that d > 1.

Projection from a k-point in the complement of X (using that & is infinite) yields a dominant rational
map X --» P" of degree d. Indeed, it is dominant since the fibers of the projection are the intersections
of X with the lines through the point, and such intersections are always nonempty, cf. [Hartshorne 1977,
Theorem 1.7.2]. Moreover, it is generically finite of degree d since any line through the point cannot be
contained in X, hence must intersect X in a zero-dimensional scheme, which has length d. Similarly,
projection from a smooth k-point P of X yields a dominant rational map X --» P" of degree d — 1.
Indeed, since P is a smooth point, the tangent space to X at P has codimension 1 in P"*!, hence (again
using that k is infinite) the general line in P"*! through P meets X transversally at P and thus intersects
X in a nonempty zero-dimensional scheme of degree d containing P as an irreducible component. Then
the general fiber of this projection, which is the complement of P in the intersection of X with a general
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line through P, is nonempty (using d > 1) and has length d — 1, cf. [Harris 1992, Example 18.16]. Since
d and d — 1 are relatively prime, no prime number p can divide both, hence the associated extension of
function fields K = k(X)/k(P") = k(xy, ..., x,) can be chosen of degree prime to p. Il

We remark that the hypothesis on a projective model admitting a k-point is essential. For example, if
K / k is the function field of a smooth plane conic X with no k-point, then there is no presentation of K
as an odd degree extension of a rational function field k(x). Indeed, X cannot acquire rational points over
rational function fields (see [Elman et al. 2008, Lemma 7.15]) or extensions of odd degree (by Springer’s
theorem), but does acquire a rational point over its own function field.

We have the following immediate corollary of Bogomolov’s trick.

Corollary 1.2. Let K be a finitely generated field of transcendence degree n over an algebraically closed
field k. Then there exists a transcendence basis x1, ..., x, € K such that K /k(xy, ..., x,) is of odd
degree.

With this in mind, we now explain how Springer’s theorem allows us to reduce the construction of
counterexamples to the local-global principle for isotropy of quadratic forms over general function fields
to the case of rational function fields.

Proposition 1.3. Let g be a nondegenerate quadratic form over a field K' and let K/K' be a finite
extension of odd degree. If q is a counterexample to the local-global principle for isotropy over K', then
gk is such a counterexample over K.

Proof. By Springer’s theorem, since ¢ is anisotropic over K’ and K /K’ has odd degree, then gk is
anisotropic over K. To show that gk is locally isotropic over K, let v be a discrete valuation on K,
which then lies over a discrete valuation v' on K’. Since the completion K, is a finite extension of the
completion K, and since ¢ is isotropic over K|, we see that g is isotropic over K. O

2. Unramified cohomology of function fields

We now recall the notion of unramified cohomology, introduced in [Colliot-Théléne and Ojanguren 1989],
restricting ourselves to mod 2 coefficients. Readers should consult the excellent survey [Colliot-Thélene
1995] for further details. Let k be a field of characteristic # 2 and K /k be a finitely generated extension.
By a discrete valuation v on K /k we mean a rank 1 discrete valuation v on K that is trivial on k.
For each discrete valuation v on K/k with residue field «(v), recall the residue map in Galois
cohomology
3, : H'(K, u§™) — H"™ (e (v), u§" ")

which arises from the Gysin sequence associated to the closed point in the spectrum of the valuation ring
R, of v, see [Colliot-Thélene 1995, Section 3.3]. The residue map is uniquely determined by the property
that 0, ((u1) - - - (fuu—1) - (wy)) = (uy) - - - (y—1), where m, is a uniformizer and uy, ..., u,_; are units
of R,, and u means the image of a unit in x(v). The degree n unramified cohomology of K/k is defined



Failure of the local-global principle for isotropy of quadratic forms over function fields 1501

by
H (K [k, pS") = (Y ker(, : H" (K. pnS") — H"™(e(v), 5" 1)
v

where the intersection ranges over all discrete valuations v on K/k. We say that an element o €
H"(K, M?”) is unramified if it belongs to H).(K / k, ,u?").
We recall two results about discrete valuations on rational function fields that will be useful later.

Proposition 2.1. (a) Let k be a field and K = k(xy, ..., x,) a rational function field over k with n > 1.
For each 1 <m < n, there exists a discrete valuation v on K/ k satisfying v(x;) =1 forall 1 <i <m

andv(x;) =0forallm+1<i<n.

(b) Let ko be a field with a discrete valuation vy and residue field kg. Then there exists a discrete
valuation v on the rational function field Ko = ko(x1, ..., X,), extending vy on ko, and with residue
field ko(x1, ..., xp).

Proof. For (a), let A be the localization of k[xy, - - - , x,,] at the prime ideal (xy,--- , x,). Then R =
Alyt, - s Ym—1l/(Xm—X1Y1, - -+ s X —Xm—1Ym—1) 1S an integral domain with field of fractions isomorphic
to K. Furthermore, the ideal p of R generated by the images of x, ..., x,, is a prime ideal and R, is
a discrete valuation ring. The valuation on K /k given by this discrete valuation ring has the required
properties. Geometrically, this corresponds to blowing up the model P" of K /k along the linear subspace
defined by x; =--- = x,, =0.

For (b), letting Ry C ko be the valuation ring of vy and 7 a uniformizer, we take the discrete valuation

v on Ky associated to the prime ideal in Rg[x1, ..., x,] C Ko generated by my. By construction, the
residue field of v on Ky is xg(xy, ..., x,). Geometrically, this corresponds to the special fiber of the
model IP”}?O. O

3. Generalized Kummer varieties

In this section, we review a construction, considered in the context of modular Calabi—Yau varieties [Cynk
and Hulek 2007, Section 2; Cynk and Schiitt 2009], of a generalized Kummer variety attached to a product
of elliptic curves. This recovers, in dimension 2, the Kummer K3 surface associated to a decomposable
abelian surface, and in dimension 3, a class of Calabi—Yau threefolds of CM type considered by Borcea
[1992, Section 3]. We also prove some results about the unramified cohomology groups in top degree of
products of elliptic curves and their associated generalized Kummer varieties.

Let Eq, ..., E, be elliptic curves over an algebraically closed field k of characteristic # 2 and let
Y =E| x---x E,. Let 0; denote the negation automorphism on E; and E; — P! the associated quotient
branched double cover. We extend each o; to an automorphism of Y by acting trivially on each E; for
Jj #i; the subgroup G C Aut(Y) they generate is an elementary abelian 2-group. Consider the exact
sequence of abelian groups

1—>H—>GL>Z/2—>0,
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where IT is defined by sending each o; to 1. Then the product of the double covers ¥ — P! x ... x P! is
the quotient by G and we denote by ¥ — X the quotient by the subgroup H. The intermediate quotient
X — P! x ... x P! is a double cover, branched over a reducible divisor of type (4, ...,4). Forn =2,
this divisor is the union of 4 vertical fibers and 4 horizontal fibers of P! x P! meeting in 16 points.

We point out that X is a singular degeneration of smooth Calabi—Yau varieties that (geometrically)
admits a smooth Calabi—Yau model, see [Cynk and Hulek 2007, Corollary 2.3; Cynk and Schiitt 2009,
Section 4]. For n = 2, the minimal resolution of X is indeed isomorphic to the Kummer K3 surface
Kum(E; x Ej).

Given nontrivial classes y; € Hélt(E,-, 2), we consider the cup product

Y =i ya € HL(Y, u3" (1)

and its image in H (k(Y)/k, ,u?") under restriction to the generic point. These classes have been studied
in [Colliot-Thélene 2002]. We remark that y is in the image of the restriction map

H"(k(P! - x PY, u$") = H"(k(Y), u$")

in Galois cohomology since each y; is in the image of the restriction map H Lk(PYY, o) — HY (K(E;), wo).
We make this more explicit as follows. Corresponding to each double cover E; — P!, choose a
Weierstrass equation in Legendre form

y2 = xi(xi — D(xi —Ap) )

where x; is a coordinate on P! and A; € k\ {0, 1}, see [Silverman 1986, I11.1.7]. Then the branched double
cover X — P! x . x P! is birationally defined by the equation

V=[xt =D =2 = f@x, ... x) 3)
i=1

where y = y; -+ -y, in k(Y), see [Cynk and Schiitt 2009, Section 3]. Up to an automorphism, we can,
and henceforth will, choose the Legendre forms so that the image of y; under the map Hé]t(E is U2) —>
H'(k(E;), us) coincides with the square class (x;) € k(E;)/k(E;)**> = H'(k(E;), u») of the rational
function x;, which is then visibly in the image of the restriction map H'(k(P'), uo) — H'(k(E;), ).
Hence we see that the (ramified) cup product class & = (x1) - - - (x,) € H" (k(xy, - -+ , X»), M?” ), restricts
to the unramified class y € H[L(k(Y)/k, ,u?").

The first main result of this section is that the class & already restricts to an unramified class over the
quadratic extension k£(X). We prove a more general result that can be viewed as a higher dimensional
generalization of [Colliot-Théléne 1995, Section 1].

Proposition 3.1. Let k be an algebraically closed field of characteristic 2 and K = k(x1, ..., Xx,) a
rational function field over k. For 1 <i <n, let f;(x;) € k[x;] be polynomials of even degree satisfying
£i(0) #0, and let f =T];_, x; f; (x;). Then the restriction of the class & = (x1) - - - (x,) € H"(K, /,L?") to
H"(K(J/f), u?”) is unramified with respect to all discrete valuations.
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Proof. Let L = K(y/f) and v a discrete valuation on L with valuation ring R, maximal ideal m, and
residue field . Write &, for the restriction of & to H" (L, M?").

Suppose v(x;) < O for some i. Let d; be the degree of f; and consider the reciprocal polynomial
() = xl.‘liﬁ (xl_,)’ so that x; f; (x;) = xid"Jrl . xl,fl*(xl_,) Since d; is even, we have that the polynomials
x; fi(x;) and xl,fl*(xi,) have the same class in K */K *2.

Thus, up to replacing, for all i with v(x;) < 0, the polynomial f; by f;* in the definition of f and
replacing x; by xl," we can assume that v(x;) > 0 for all i without changing the extension L/K. Hence
k[x1,...,x,] CRy.

Consider p = k[xy, ..., x,]Nm. Then p is a prime ideal of k[xy, ..., x,] whose residue field x (p) is a
subfield of k. Let K be the completion of K at p and L, the completion of L at v. Then K, is a subfield
of L,.

If v(x;) = 0 for all i, then &; is unramified at v. So suppose that v(x;) 7~ O for some i. By reindexing
X1, ...,X,, we assume that there exists m > 1 such that v(x;) > 0 for 1 <i <m and v(x;) = 0 for
m—+1<i<n,ie,wehavexy,...,x, €pand x4, ...,x, €p. In particular, the transcendence degree
of k(p) over k is <n —m.

First, suppose f;(x;) € p for some m+ 1 <i <n. Since f;(x;) is a product of linear factors in k[x;], we
have that x; — a; € p for some a; € k, with a; # 0 since f;(0) # 0. Thus the image of x; in k (p) is equal
to a; and hence is a square in K. In particular, x; is a square in L,, thus &; is trivial (hence unramified)
at v, cf. [Colliot-Thélene and Ojanguren 1989, Proposition 1.4].

Now, suppose that f;(x;) ¢ p for all m +1 <i < n. Then for each 1 <i < m, we see that since
x; € p and f;(0) # 0, we have f;(x;) € p. Consequently, we can assume that f = xi - - - x,,u for some

u € klxy,...,x,] \ p. We remark that f = x;---x,u is a square in L, so that (x;---x;;) = () in
H(L, o).
Form =1, we see that &, = (u) - (x») - - - (x,,) is unramified at v since u and x5, ..., X,, are units at v.

For m > 1, a computation with symbols

(1) - Qo) = (x1) -+ (omet) = (o1 X)) = (x1) ==+ (1) - () € H™ (L, u$™)

shows that &7 = (x1) - - - (xpp—1) - (@) - (Xp+1) - - - (x). Since u and x,;,+1, . . ., X, are units at v, computing
with the Galois cohomology residue homomorphism 3, : H"(L, u$") — H" ' (kc(v), u$"") from

Section 2 shows that

Ao ((xr) - Com—1) - () - Kg1) -+ - (X)) = 0+ () - (K1) - -+ (Xn)

for some o € H™ %(k (v), uf’m_z), where for any h € k[x1, ..., x,], we write h for the image of A in

k(p) C k. Since the transcendence degree of «(p) over k is <n —m and k is algebraically closed, we
have that « (p) has 2-cohomological dimension < n —m by [Serre 2002, 11.4.2 Proposition 11], so that
H"" (ke (p), u$" ™) = 0. Since i1, ¥; € k(p), we then have that (i) - (¥,,41) - - - (X,) is trivial. In
particular, 9, (&) is trivial, and hence &; is unramified at v. Finally, we have shown that the restriction &,
is unramified at all discrete valuations on L. O
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As an immediate consequence, we deduce the fact that the class £ restricts to an unramified class over

k(X) =k(x1,...,x,)(+/f), where f is as in (3).

Proposition 3.2. Let E1, ..., E, be elliptic curves over an algebraically closed field k of characteristic
% 2, given in the Legendre form (2), with K = k(xy, ..., x,). Then the restriction of the class &€ =
(x1) - (x,) in HY (K, ,u?") to H"(k(X), u?”) is unramified at all discrete valuations.

This unramified class on k(X) restricts to the class y on k(Y) in (1), so without loss of generality,
we will also call it y. Finally, we will need conditions ensuring that our class y is nontrivial over k(X).
For this, we must choose the elliptic curves E1, ..., E, more carefully, and we will then show that y is
nontrivial over k(Y), hence is nontrivial over k(X). We proceed as follows.

First, we choose a subfield ko C k admitting a discrete valuation vg. This is possible unless & is the
algebraic closure of a finite field; this is why we must henceforth assume that k is not the algebraic
closure of a finite field. Then we choose E; defined over ky with Weierstrass equation (2) satisfying
vo(A;) > 0. Finally, we appeal to the following arithmetic version, which was inspired by Bogomolov
[1992, Section 7], of a result of Gabber [Colliot-Thélene 2002, Appendice].

Theorem 3.3. Let kg be a field with a discrete valuation vy whose residue field has characteristic # 2.
Let Ey, ..., E, be elliptic curves over kg given in the Legendre form (2), with vo(X;) > 0 forall 1 <i <n.
LetY =FE| x--- X E, and k/ ko be an algebraically closed extension. Then the class y € H" (k(Y), u?" )

in (1) is nontrivial.

Proof. Let Ko = ko(x1, ..., x,) and let y be the restriction of the class &y = (x1) - - - (x,,) € H" (K, M?”)
to H" (ko(Y), p,i@"). Letting «o be the residue field of vy, by Proposition 2.1(b) we can extend vy to a
discrete valuation on K with residue field «o(x1, ..., x,). We remark that each x; € K¢ is a unit with
respect to this valuation. Since ko(Y)/Ko is a finite separable extension, we can further extend this
valuation to a discrete valuation v on ko(Y). Writing

ko(Y) =ko(xr, -+, X)) (Wx1(xp — D(x1 = A1), -+ 5 VX0 (0 — D (X0 — An))

then since v(A;) > 0 and v(x;) = O for all i, we have that the residue field of v is

IZ=K0(X],"' 7-xn)(\/-xl_19"' ) V-xl’l_l)'

Since each x; is a unit at v, the class yy is unramified at v, and has specialization §0 =(x1)---(xp) €
H" (&, uS").

We now argue that 50 is nontrivial, hence that yy is nontrivial. To this end, by Proposition 2.1(a) there
is a valuation v, on ko(x1, - - - , x,,) such that v,(x;) =0for 1 <i <n—1 and v,(x,) = 1, and we denote
by ¥, an extension to i, which is separable over ky(xy, ..., X,) and unramified at v,. Thus v, is trivial
on the subfield

Kn=ko(x1, -, Xp—)Vx1 =1, ,Vx-1—1)
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and satisfies 9, (x,) = 1. Then the residue field of ¥, is §,(~/—1) and the residue of the class éo at v,
is simply (x1) - - - (x,—1). Repeatedly taking residues using this process, we arrive at the class (x;) €
H'(ko(x1)(v/—1, /x1 — 1), t2), which is nontrivial, hence §0 is nontrivial. Thus yy € H" (ko(Y), M?")
is nontrivial.

Now let k/kq be any algebraically closed field extension and let ko be the algebraic closure of kg
in k. First, we show that the restriction of y, to H” (ko(Y), ,u?") is nontrivial. This is equivalent to the
restriction of yy to H"(Io(Y), u?” ) being nontrivial for every finite algebraic extension ly/ ko. Letting wq
be an extension of vy to [y, we still have that wo(A;) > 0 for all i, so we can apply what we have already
proved. Second, since yy is unramified, its restriction to H" (ko(Y), ,u?") and further to H"(k(Y), ,u?”),
remains unramified and coincides with the class . Then we can appeal to the rigidity property for
unramified cohomology, which implies that the restriction map H/%(ko(Y)/k, n3") — HELKk(Y)/k, u$")
is an isomorphism, see [Colliot-Thélene 1995, Section 4.4], showing that y is nontrivial. O

Additional aspects and applications of the argument in the proof of Theorem 3.3 will be the subject
of forthcoming work [Auel and Suresh 2023]. In particular, ,u?” coefficients can be replaced by MZ@"
coefficients for any positive integer £ prime to the residue characteristic of k9. We content ourselves with
giving one application here, which is a new proof of (a generalization of) Gabber’s result [Colliot-Thélene
2002, Appendice].

Corollary 3.4. Let k be a field of characteristic # 2 and K /k an algebraically closed extension. Let
Ei, ..., E, be elliptic curves over K whose j-invariants are algebraically independent over k. Let
Y=E|  x---xE,. Thentheclassy € H"(K(Y), u?") in (1) is nontrivial.

Proof. Since K is algebraically closed, each elliptic curve E; can be put into Legendre form (2). Hence
Y is defined over the field kg = k(Aq, ..., A,). Since the j-invariant of E; is a rational function in A;, the
algebraic independence of j(E}), ..., j(E,) over k implies the algebraic independence of Ay, ..., A,
over k. By Proposition 2.1(a), there exists a discrete valuation vy on ko such that vy(X;) > 0 for all i, and
then we can apply Theorem 3.3. O

4. Hyperbolicity over a quadratic extension

Let K be a field of characteristic # 2. We will need the following result about isotropy of quadratic forms,
generalizing a well-known result in the dimension four case, see [Scharlau 1985, Chapter 2, Lemma 14.2].

Proposition 4.1. Let g be a quadratic form over K of dimension divisible by 4 and discriminant d, and
let L = K (V/d). If q is hyperbolic over L then q is isotropic over K.

Proof. If d € K*2, then K = L and there is nothing to prove, so suppose d ¢ K *2. To get a contradiction,
we will assume ¢ is anisotropic. Since g is hyperbolic, we then have g >~ (1, —d) ® ¢ for some quadratic
form g over K, see [Scharlau 1985, Chapter 2, Theorem 5.2]. Since the dimension of g is divisible by
four, the dimension of g, is divisible by two, and a computation of the discriminant shows that d € K <2,
which is a contradiction. O
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Forn>1landay,...,a, € K*, recall the n-fold Pfister form

(ar,....an) =(1, —a1) ® --- ® (1, —an)
and the associated symbol (a;) - - - (a,) in the Galois cohomology group H" (K, M?"). Then {ay, ..., a,))
is hyperbolic if and only if {ay, ..., a,)) is isotropic if and only if (a;) - - - (a,) is trivial. For the fact
that isotropic Pfister forms are hyperbolic, see [Scharlau 1985, Chapter 4, Corollary 1.5]. The fact that
the triviality of (a1) - - - (a,) implies the hyperbolicity of {ay, ..., a,)) is a consequence of the Milnor
conjectures for the Witt group, as proved by Voevodsky [2003] and Orlov, Vishik, Voevodsky [Orlov et al.
2007].

For d € K* and n > 2, we will consider quadratic forms of discriminant d related to n-fold Pfister

forms, as follows. Write {ay, ..., a,)) as go L {((—1)"a; - - - a,), then define

{ar,....an;d) =qo L ((=1)"ay - - - and).
For example:

{{a; d)) = (1, —ad),

{a, b; dy) = (1, —a, —b, abd),
{a,b,c;d) ={1, —a, —b, —c, ab, ac, bc, —abcd),

for n =1, 2, 3, respectively. We remark that every quadratic form of dimension 4 is similar to one of this
type. We also remark that {(ay, ..., a,; d)) becomes isomorphic to {ay, ..., a,)) over K (W/d). In general,
these quadratic forms are examples of twisted Pfister forms in the sense of Hoffmann [1996].

Proposition 4.2. Assume n >2. If g = (a1, ..., an; d)) and L = K (v/d) then q is isotropic if and only if
qy, is isotropic if and only if (ay) - - - (a,) € H"(L, M?”) is trivial.

Proof. 1If g is isotropic then g is isotropic. If g is isotropic, then as mentioned above, it is hyperbolic as
it is a Pfister form, hence by Proposition 4.1 (since g has dimension 2" and n > 2), ¢ is isotropic over K.
As previously mentioned above (and consequence of the Milnor conjectures), (ay) - - - (a,) € H"(L, M?" )
is trivial if and only if the Pfister form ¢, is isotropic. O

This generalizes a well-known result about quadratic forms of dimension 4, see [Scharlau 1985,
Chapter 2, Lemma 14.2].

5. Failure of the local global principle

In this section, we prove our main Theorem 1 by providing a construction of quadratic forms over
function fields that are locally isotropic yet globally anisotropic. First we prove a general result about the
generalized Pfister forms in Section 4.

Proposition 5.1. Let k be an algebraically closed field of characteristic # 2 and K / k a finitely generated
extension of transcendence degree n > 2. Let ay, ..., a,,d € K™ be such that the symbol (ay) - - - (a,)
in H"(K, M?”) becomes unramified over L = K (\/d). Then the quadratic form g = (a1, . .., ap; dY) is
locally isotropic over K.
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Proof. Let v be a discrete valuation on K and w an extension to L, with completions K, and L,, and
residue fields « (v) and « (w), respectively. By assumption, the restriction of the symbol (a;) - - - (a,) to
H"(L, ,u?") is unramified at w. By cohomological purity for discrete valuation rings (see [Colliot-Thélene
1995, Section 3.3]) we have a surjective map H(R,,, /ng’”) — H!(Ly/k, ,u%z’”) where R, C L, is the
valuation ring. By proper base change (see [SGA 45 1973, XI1.5.5], see also a general result of Gabber
[Stacks 2005—, Tag 09ZI]), we have an isomorphism H (R,,, ,u?") = H"(k(w), ,u?"). Since x (w)/k has
transcendence degree < n by Abhyankar’s inequality [1956, Corollary 1(1)] and k is algebraically closed,
we have that « (w) has 2-cohomological dimension < n by [Serre 2002, 11.4.2 Proposition 11]. From all
this, we deduce that H\.(L,/k, ,u;@") = 0. In particular, the symbol (ay) - - - (a,) has trivial restriction to

H"(Ly, ,ugz’"). Thus by Proposition 4.2, we have that gk, is isotropic. Finally, as this holds for every
discrete valuation v on K, the quadratic form g is locally isotropic over K. U

Now, we will utilize our constructions in Section 3. Let k be an algebraically closed field of characteristic
# 2 that is not the algebraic closure of a finite field. Let ko C k be a subfield with a discrete valuation
vo whose residue field has characteristic # 2. Let Eq, ..., E, be elliptic curves over kg given in the
Legendre form (2), with vg(A;) >0 forall 1 <i <n. Let X — P! x - .. x P! be the double cover defined
by y2 = ]_[;1:1 xi(x; — 1)(x; —X;) = f(x1,...,x,)1n (3), and consider the quadratic form

q={«x1, s xn; ) 4)

over the rational function field k(P! x - -- x P!) = k(x, ..., x,,), as in Section 4.
Our main result is that for n > 2, the quadratic form ¢ shows the failure of the local-global principle for
isotropy, with respect to all discrete valuations, for quadratic forms of dimension 2" over k(xy, ..., X,).

Theorem 5.2. Let k be an algebraically closed field of characteristic # 2 that is not the algebraic closure
of a finite field and assume n > 2. The quadratic form q = {x1, ..., Xu; f)) as in (4) is anisotropic over
k(x1,...,X,) yet is isotropic over the completion at every discrete valuation.

Proof. Write K = k(xy, ..., x,) and L = K(i/f). By Proposition 3.2, the restriction of the symbol
(x1) -+ (xy) € H'(K, M?" ) to L is unramified. Hence Proposition 5.1 implies that ¢ is locally isotropic
at every discrete valuation on K.

The restriction of the symbol (x1) - -- (x,) € H"(K, M?" ) to L is nontrivial since its further restriction
to k(E| x --- x E,) is nontrivial by Theorem 3.3. Hence Proposition 4.2 implies that g is anisotropic
over K. O

Proof of Theorem 1. Using Bogomolov’s trick (see Corollary 1.2), we find x1, ..., x, € K such that
K/k(x1,...,x,) has odd degree. If g is as in (4), then by Theorem 5.2, g is anisotropic yet locally
isotropic over k(xp, ..., x,). Finally, by Proposition 1.3, g is a counterexample to the local-global
principle for isotropy over K. g

To give an explicit example, let a, b, c € @\ {0, 1} be any algebraic integers all divisible by a common
odd prime ideal in a number field containing them. For example, take @ = b = ¢ = 3. Then over the
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function field K = C(x, y, z), the quadratic form

q = (17x7 y’ z,xy,xz, yZv (x - 1)()7— 1)(2_ 1)(x_a)(y_b)(z_c)>

is isotropic over every completion K, associated to a discrete valuation v on K, and yet ¢ is anisotropic
over K.

Remark 5.3. Let k& be any algebraically closed field of characteristic # 2. When K/k is a finitely
generated field of transcendence degree 1, then K = k(X) for a smooth projective curve X over k. Any
binary quadratic form ¢ over K is similar to {a)) = (1, —a) for some a € K*, and ¢ is isotropic if and
only if a is a square. For any discrete valuation v on K, we have that ¢ is isotropic over K, if and only if
a is a square in K, equivalently (since k is algebraically closed and characteristic # 2), v(a) is even.
Thus if ¢ is locally isotropic at all discrete valuations on K then the divisor of the rational function a
on X can be written as 2D for a divisor D on X. The divisor class of D is 2-torsion in Pic(X) and it is
trivial if and only if a is a square in K. Conversely, if X admits a nontrivial 2-torsion element of Pic(X),
then twice this element is the divisor of a rational function a € K and the local-global principle fails for
{(a)). Thus the local-global principle for isotropy fails for K if and only if the Picard group of X admits a
nontrivial 2-torsion element, equivalently (again, since k is algebraically closed and characteristic # 2),
the genus of X is positive. Equivalently, the local-global principle for isotropy holds for quadratic forms
over K if and only if K/k is purely transcendental.

In fact, we see that Proposition 4.2 (and hence Proposition 5.1) is false for n = 1 by considering the
trivial class in H'(K, u») and d € K* any nonsquare.

Remark 5.4. When « is the algebraic closure of a finite field of characteristic # 2, Theorem 5.2 still
holds for n = 2 assuming that the elliptic curves E; and E; are not isogenous. Indeed, by Proposition 3.2,
the restriction of the symbol (x1) - (x2) € H 2(K, ,u?z) to L is still unramified, and the only thing left to
verify is that it is nontrivial. We can check this by further restriction to k(£ x E»), where the symbol
is the restriction to the generic point of a class in Hélt(E L 2) ® Hé]t(Ez, 12) by Section 3. However,
standard computations of the Brauer group of E; x Ej, see [Skorobogatov and Zarhin 2012, Section 3],
show that if E; is not isogenous to E,, then in fact Br(E| x E») = H}(E1, o) ® HL(E2, it2), so that
each such cup product class is indeed nontrivial in the Brauer group. Then, as before, Proposition 5.1
implies that the local-global principle for isotropy fails for ¢ as in (4) over K, hence Theorem 1 also
holds in this case.

6. A geometric presentation lemma

The method for producing locally isotropic but globally anisotropic quadratic forms of dimension 2"
over function fields of transcendence degree n presented in this work is different from the one employed
in [Auel et al. 2015, Section 6] for n = 2. There, we first proved a kind of geometric presentation
lemma about the existence of nontrivial unramified cohomology (in degree 2) over quadratic extensions.
Specifically, using Hodge theory, we proved [loc. cit., Proposition 6.4] that given any smooth projective
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surface S over an algebraically closed field of characteristic zero, there exists a double cover T — § with
T smooth and Hu2 k(T)/k, u?z) = Br(T)[2] # 0. It has been an open question ever since whether such

T
a geometric presentation lemma holds for unramified cohomology in higher degree.

Conjecture 6.1. Let K be a finitely generated field of transcendence degree n over an algebraically
closed field k of characteristic # 2. Then either H.(K / k, u?”) = (0 or there exists a separable quadratic
extension L/K such that HE.(L/k, u$") # 0.

Assuming this conjecture, we can give a more direct proof of the existence of quadratic forms
representing a failure of the local-global principle for isotropy without using the construction involving
generalized Kummer varieties in Section 3.

Proposition 6.2. Let K be a finitely generated field of transcendence degree n over an algebraically
closed field k of characteristic # 2. If Conjecture 6.1 holds for K, then the local-global principle for
isotropy of quadratic forms fails to hold in dimension 2"* over K.

Before proceeding with the proof of Proposition 6.2, we recall a standard application of the Milnor
conjectures for the Witt group. Since we could not find a suitable reference, we also provide a proof.

Lemma 6.3. Let K be a field of characteristic # 2. If K is a C,-field then every element in H" (K , M?")

is a symbol.

Proof. By the Milnor conjectures for the Witt group, as proved by Voevodsky [2003] and Orlov, Vishik,
Voevodsky [2007], there exists a surjective homomorphism e, : I"(K) - H"(K, u?") taking n-fold
Pfister forms to symbols, where /”(K) is the n-th power of the fundamental ideal of the Witt group
of K. Thus it suffices to prove that every element in /" (K) is represented by a Pfister form. Let ¢ be an
anisotropic quadratic form representing a class in /" (K). By the Arason—Pfister Hauptsatz (see [Scharlau
1985, Chapter 4, Theorem 5.6]), ¢ has dimension > 2", but since we are assuming that K is a C,-field,
every quadratic form of dimension > 2" is isotropic, hence ¢ has dimension 2".

Now we recall that every anisotropic form g of dimension 2" in /" (K) is similar to a Pfister form over
(any field) K, see [Kahn 2008, Corollaire 4.3.7]. Indeed, let K (¢) be the function field of the projective
quadric defined by g. Then gk, € 1"(K(g)). Since q is isotropic over K (q), the anisotropic part of
gk (g) over K(q) has dimension smaller than 2", hence by the Arason—Pfister Hauptsatz must be zero,
thus ¢ is hyperbolic over K (g). Being anisotropic over K and hyperbolic over K (¢), the quadratic form
q is thus similar to a Pfister form over K, see [Scharlau 1985, Chapter 4, Theorem 5.4(i)].

Since K is assumed to be a C,-field, and I"*!(K) is additively generated by (n+1)-fold Pfister forms
by [loc. cit., Chapter 4, Lemma 5.5], which are hyperbolic as soon as they are isotropic by [loc. cit.,
Chapter 4, Corollary 1.5], we conclude that 7"+ (K) = 0. We now argue that any quadratic form in 1" (K)
that is similar to a Pfister form is actually a Pfister form. Indeed, if ¥ is any Pfister form in /" (K) and
ae K>, then (a) ® ¥ =y L —ay is in I"t1(K) =0, hence ¥ = ay. Thus our anisotropic quadratic
form g in 1" (K) is a Pfister form, proving the desired statement. O
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We do not know, in the spirit of [Serre 2002, I1.4.5 Remark 3] and [Krashen and Matzri 2015], whether
the statement of Lemma 6.3 holds for Galois cohomology modulo ¢ for primes £ # 2.

Proof of Proposition 6.2. First, by Lemma 6.3, every element in H" (K, u?” ) is a symbol since K is a C,-
field by Tsen—Lang theory [Lang 1952]. Proposition 5.1 (applied with d = 1) implies that for any symbol

(ar)---(ap) in H(K /k, u?"), the n-fold Pfister form ((ay, ..., a,)) is locally isotropic. If we assume
that H?.(K / k, ,ugz’”) # 0, then taking a nontrivial unramified symbol (ay) - - - (a,), the n-fold Pfister form
{ai, ..., ay) is locally isotropic but is anisotropic by Proposition 4.2, giving a counterexample to the

local-global principle for isotropy over K.

Now assume that H'.(K /k, ,u?” ) = 0 and that H.(L/k, ,u?") # 0 for some separable quadratic
extension L = K (v/d) of K. By Tsen-Lang theory (e.g., [Serre 2002, 11.4.5]), L is also a C,-field, hence
by Lemma 6.3 every element in H" (L, ,u%@”) is a symbol. Thus we can choose a nontrivial unramified
symbol (a1) - - - (an) € HL(L/k, n5"). Since the corestriction map H" (L, u$") — H" (K, u$") preserves
unramified cohomology, and we have assumed that H.(K /k, M?” ) = 0, we see that the corestriction
of (ay)--- (ay,) is trivial. By the restriction-corestriction exact sequence for Galois cohomology, see
[Arason 1975, Satz 4.5] or [Serre 2002, I Section 2 Exercise 2], we have that (a;) - - - (a,) is in the
image of the restriction map H" (K, ,u?") — H"(L, M?"), and thus we can take aq, ..., a, € K*. Then
by Proposition 5.1, the twisted Pfister form ((ay, ..., a,; d)) is locally isotropic over K but globally

anisotropic. U

However, under the hypothesis in which we prove Theorem 1, namely, that k is not the algebraic
closure of a finite field, our method allows us to prove Conjecture 6.1.

Theorem 6.4. Let k be an algebraically closed field of characteristic # 2. If k is not the algebraic closure
of a finite field then Conjecture 6.1 holds for any finitely generated field K of transcendence degree n

over k.

Proof. By Bogomolov’s trick (Corollary 1.2) we consider K as an extension K /K of odd degree over a
rational function field Koy = k(xy, ..., x,). By Theorem 3.3, the symbol (x1) - - - (x,,) € H" (Ko, u?") is
nontrivial over the (separable) quadratic extension Lo = Ko (+/f) for f € K defined by (3). Since K /K
and L /Ky have relatively prime degree, L = K ®g, Lo is a quadratic extension of K and L/Lg has odd
degree. Thus by a standard restriction-corestriction argument, the symbol (x;) - - - (x,,) remains nontrivial
when restricted from Lo to L. By Proposition 3.2, it is unramified over L, hence it remains unramified
over L. O

Remark 6.5. When £ is the algebraic closure of a finite field of characteristic # 2, then Conjecture 6.1
holds for n = 2. Indeed, following the proof of Theorem 6.4, we only need to show that (x) - (x2) €
H?*(K,, ,u?”) is nontrivial over the quadratic extension Lo = Ko(+/f), which follows from Remark 5.4.

Thus we have reduced Conjecture 6.1 to k the algebraic closure of a finite field. However, the construc-
tion of nontrivial higher degree unramified cohomology on varieties over a finite field (or the algebraic
closure of a finite field) is an open problem. In degree 3, this is related to the integral Tate conjecture.
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Currently, there are no known smooth projective threefolds over a finite field with nontrivial unramified
cohomology in degree 3; investigating this is a favorite problem of Colliot-Thélene, see [Colliot-Thélene
and Kahn 2013, Question 5.4]. The smallest known dimensions in which such varieties exist is 5 (see
[Pirutka 2011]), and recently, 4 (see [Scavia and Suzuki 2022]). Of course, one wonders whether the cup
product class on a product of three elliptic curves, as in Section 3, is nontrivial over a finite field. One
might also investigate the same class on the associated generalized Kummer variety over a finite field.
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Application of a polynomial sieve:
beyond separation of variables

Dante Bonolis and Lillian B. Pierce

Let a polynomial f € Z[Xy,..., X,] be given. The square sieve can provide an upper bound for the
number of integral x € [— B, B]" such that f(x) is a perfect square. Recently this has been generalized
substantially: first to a power sieve, counting x € [—B, B]" for which f(x) = »" is solvable for y € Z,;
then to a polynomial sieve, counting x € [—B, B]" for which f(x) = g(y) is solvable, for a given
polynomial g. Formally, a polynomial sieve lemma can encompass the more general problem of counting
x €[—B, B]" for which F(y, x) =0 is solvable, for a given polynomial F. Previous applications, however,
have only succeeded in the case that F(y, x) exhibits separation of variables, that is, F(y, x) takes the
form f(x)—g(y). In the present work, we present the first application of a polynomial sieve to count x €
[ B, B]" such that F(y, x) = 0 is solvable, in a case for which F does not exhibit separation of variables.
Consequently, we obtain a new result toward a question of Serre, pertaining to counting points in thin sets.

1. Introduction

Fix an integer m > 2 and integers d, e > 1. Consider the polynomial
F.X) = Y™ 4 Y™ @D [ (X) o+ Y™ fa (X) + Sa(X), (1-1)

in which foreach | <i <d, f; € Z[X;,..., X,] is a form with deg f; = m -e-i. We are interested in

counting
N(F,B):=|{x €[-B, B]"NZ":3y € Z such that F(y, x) = 0}|.

Trivially, N(F, B) < B"; our main result proves a nontrivial upper bound. We assume in what follows
that f; # 0, since otherwise (0, X)) is a solution to F(Y, X)) =0 for all X, and then B" < N(F, B) < B".
(Throughout, we use the convention that A <, B if there exists a constant C, possibly depending on «,
such that |[4] < CB.)

Theorem 1.1. Fix n > 3. Fix integers m > 2 and e,d > 1. Let F be defined as in (1-1), with f; # 0.
Suppose the weighted hypersurface V(F(Y, X)) C P(e, 1,...,1) defined by F(Y, X) = 0 is nonsingular
over C. Then

N(F, B) < B" "+ (log B)itT,

The implicit constant may depend on n,m, d, e, but is otherwise independent of F.

MSC2020: 11D45, 11D8S, 11N36.
Keywords: thin sets, polynomial sieve.
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The main progress achieved in Theorem 1.1 is for n > 4, ¢ > 2, d > 2. The requirement that n > 3
occurs since a key step, Proposition 5.2, is not true for n = 2 (see Remark 5.4). In any case, forn = 2,3
the result of Theorem 1.1 is superseded by results of Broberg in [5], as described below in (1-14) and
(1-15). When e = 1, the variety V(F(Y, X)) C P(e, 1,...,1) is unweighted, so that in the setting of
Theorem 1.1, to bound N (F, B) it is equivalent to count points [Y : X7 :---: X] with | Y|, | X;| < B
on a nonsingular projective hypersurface of degree at least 2 in P”. Then the result of Theorem 1.1 (in
the stronger form N(F, B) K. d.n.e B"~11#) has already been obtained by work of Heath-Brown and
Browning, appearing in [6; 9; 10; 26; 27], as summarized by Salberger in [42]. Finally, when d = 1, the
result of Theorem 1.1 (aside from uniformity in the coefficients of F) follows from recent work of the
first author in [2] (see Remark 3.2).

The condition m > 2 is applied in two ways: first, in the construction of certain sieve weights (see
Section 1.2 and the proof of Lemma 1.2), and second, in Section 3.3 when we pass from the weighted
variety to an unweighted variety. For illustration, we also describe how an alternative approach to the
sieve lemma, conditional on GRH, can be devised when m = 1 (see Section 3.2 and Remark 1.3).

Bounding N (F, B) relates to a question of Serre on counting integral points in thin sets. Let }V denote
the affine variety

V={Y,X)e A" F(Y,X) =0}, (1-2)

and consider the projection
7:V—->A"  (y,x)—x. (1-3)

Under the hypotheses of Theorem 1.1, the set Z = 7 (V(Q)) is a thin set of type II in A, in the
nomenclature of Serre. Serre has posed a general question that can be interpreted in our present setting as
asking whether it is possible to prove that

N(F.B) < B" !(log B)* (1-4)

for some c. Previous work by Broberg [5] nearly settled Serre’s conjecture for thin sets of type II in
P! for n = 2, 3; see (1-14) and (1-15) below. For n > 4, Theorem 1.1 represents new progress toward
resolving Serre’s question for certain thin sets of type II. Note that as n — oo, the bound in Theorem 1.1
approaches a bound of the strength (1-4). We provide general background on Serre’s question, and state
precisely how Theorem 1.1 relates to previous literature on this question, in Section 1.1 and Section 1.2.

To prove Theorem 1.1, we develop an appropriate polynomial sieve lemma, and then bound each
contribution to the sieve using analytic, algebraic, and geometric ideas. A novel feature of this work is
that we do not assume that F(Y, X) exhibits separation of variables: that is, when d > 2, F(Y, X) of
the form (1-1) cannot in general be written as F(Y, X) = g(¥Y) — G(X) for polynomials g, G. A formal
polynomial sieve lemma has been formulated previously in a level of generality that does not require
separation of variables; see [8; 13]. However, in those works it has so far only been applied to count
points on a variety that does exhibit separation of variables. To our knowledge, Theorem 1.1 is the first
application of a polynomial sieve to produce an upper bound for N (F, B) in a case without separation of
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variables. We state precisely how Theorem 1.1 relates to previous literature on so-called square, power,
and polynomial sieves in Section 1.2.

A second strength of Theorem 1.1 is that the exponent in the upper bound for N (F, B) is independent
of e, where we recall that as a function of X, F has highest degree m - e - d. For any given x € [—B, B]"
such that F (Y, x) = 0 is solvable, one observes that any solution y to F(y, x) = 0 must satisfy y < B¢,
and there can be at most md solutions y for the given x (or, equivalently, preimages under the projection

ymd in F (Y, X) is nonzero. Thus an alternative method to bound

7 in (1-3)), since the coefficient of
N(F, B) (up to an implicit constant depending on md) would be to count all (rn + 1)-tuples {(y, x) :
y K B¢, x;j < B: F(y,x)=0}. Other potential methods might be sensitive to the role of e or size of
d,m (see for example Remark 1.4), while in contrast both the method and the result of Theorem 1.1 do
not depend on e (aside from a possible implicit constant).

Third, we note that the result of Theorem 1.1 is independent of the coefficients of F'; the implicit
constant depends only on F in terms of its degree. To accomplish this, we adapt a strategy of [27], also
recently applied in a similar setting in [3], to show that either N (F, B) is already acceptably small, or
| FIl < Bmdo™

at most logarithmic, which we show is allowable for the result in Theorem 1.1.

. In the latter case, we then show that any dependence on || F'|| in the sieve method is

1.1. Context of Theorem 1.1 within the study of Serre’s question on thin sets. Here we recall the notion
of thin sets defined by Serre in [46, §9.1 p. 121] and [45, p. 19]. Let k be a field of characteristic zero
and let V' be an irreducible algebraic variety in P} (respectively A7). A subset M of V(k) is said to
be a projective (respectively, affine) thin set of type I if there is a closed subset W C V, W # V, with
M C W(k) (i.e., M is not Zariski dense in V). A subset M of V' (k) is said to be a projective (respectively,
affine) thin set of type II if there is an irreducible projective (respectively, affine) algebraic variety X with
dim X = dim V, and a generically surjective morphism 7 : X — V of degree d > 2 with M C (X (k)).
Any thin set is a finite union of thin sets of type I and thin sets of type II. From now on we consider only
k = @, although Serre’s treatment considers any number field.
Given a thin set M C A, define the counting function

bl

M(B):=|{xeMNZ": max |x;| < B}
1<i=<n

so that trivially M (B) < B" for all B > 1. A theorem of Cohen [16] (see also [46, Chapter 13, Theorem 1,
p. 177]) shows that

M (B) < B" /2 (log B)” for some y < 1, (1-5)

where <37 denotes that the implicit constant can depend on the coefficients of the equations defining M .
As Serre remarks, this bound is essentially optimal, since the thin set

M ={x = (x1,...,xn) € Z" : x1 is a square} (1-6)

has M (B) > B"1/2_ However, this M arises from a morphism that is singular; it is reasonable to
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expect that the result can be improved under an appropriate nonsingularity assumption (such as in the
setting of Theorem 1.1).

Now let M C Pa_l be a thin set in projective space. Define the height function H(x) for x =
[X1:--:1xp] € [P’a_l such that (xy,...,x,) € Z" and ged(xy,...,x,) = 1 by H(x) = max|<;<p |Xi].
Define the associated counting function

Mg (B)={xe M(Q): H(x) < B}

so that trivially Mg (B) <« B". Serre deduces in [46, Chapter 13, Theorem 3] from an application of
(1-5) that
My (B) <ar B"'/2(log B)” for some y < 1. (1-7)

Serre raises a general question in [46, p. 178]: is it possible to prove that

My (B) < B"!(log B)* (1-8)
for some ¢? (The set (1-6) is not an example of a thin set here because if M = {[xl2 IXp ieeeixplh C I]%_1
then for any x; # 0,
[xX1:x0 000 x] = x1[x1 :x2:--~:xn]=[x12:xlxz:-n:xlxn]eM,

so that M D PA1)

1.1.1. Results for thin sets of type 1. If Z is an irreducible projective variety in Pa_l of degree d > 2,
Serre deduces from (1-7) that Zg(B) <z BdimZ"'l/z(log B)Y for some y < 1. Serre asks if it is
possible to prove that Zg (B) <z BY™Z (log B) for some c. (This question is raised in both [46,
p- 178] and [45, p.27]. Serre provides an example of a quadric for which a logarithmic factor necessarily
arises. See also the question in the case of a hypersurface in Heath-Brown [24, p. 227], formally stated in
both nonuniform and uniform versions as [27, Conjectures 1 and 2].) This is now called the dimension
growth conjecture (in the terminology of [7]), and is often described as the statement that

Zi(B) €z, BimZTe  forevery & > 0. (1-9)

A refined version, credited to Heath-Brown and known as the uniform dimension growth conjecture, is
the statement that

ZH(B) Kndegz.c B™ZT¢  forevery & > 0. (1-10)

In the case that Z C pa—l is a nonsingular projective hypersurface of degree d > 2, as mentioned
before, combined works of Browning and Heath-Brown have proved (1-10) for all » > 3. More generally,
Browning, Heath-Brown and Salberger proved (1-10) for all geometrically integral varieties of degree
d =2 and d > 6 (see [27] and [12], respectively). Recent work of Salberger has proved (1-9) in all
remaining cases, and has even proved the uniform version (1-10) for d > 4 [43]. See [14] for a helpful
survey, statements of open questions, and new progress such as an explicit bound Zg (B) < CdE BdimZ



Application of a polynomial sieve: beyond separation of variables 1519
when deg Z = d > 5, for a certain C = C(n) and £ = E(n). The resolution of the dimension growth
conjecture means that attention now turns to thin sets of type II, the subject of the present article.

1.1.2. Results for thin sets of type II. We turn to the case of thin sets of type II, our present focus. Given
a finite cover ¢ : X — P"~! over @ with n > 2, X irreducible and ¢ of degree at least 2, set

Np(p) = [{P € X(@): H(¢(P)) = Bj] (1-11)
for the standard height function above. Serre’s question asks whether
Np(¢) <4 B" ' (log B)* for some ¢, (1-12)
or in a uniform version,
NB(9) Kdegp,n B" !(log B)¢ for some c. (1-13)

For n = 2, 3 work of Broberg via the determinant method proves cases of Serre’s conjecture up to the
logarithmic factor [5]. Precisely, for ¢ : X — P! of degree r > 2, Broberg proves

Np($) <g.e B2/r+e for any ¢ > 0. (1-14)
For ¢ : X — P? of degree r, Broberg proves
NB(¢p) <¢.e B*T for r > 3, NB(9) <46 B%/4t€ for r =2, for any ¢ > 0. (1-15)

For n > 4, the question remains open whether one can achieve Ng(¢) < B"~!T¢ for all & > 0, although
we record some progress on this for specific types of ¢ in Section 1.2.

Now recall the setting of Theorem 1.1 in this paper, and the affine variety V C A”*! defined in (1-2)
according to the polynomial F(Y, X). Under the hypotheses of Theorem 1.1, we have:

(i) The variety V is irreducible (see Remark 3.3).
(i1) The projection & has degree dm > 1 since m > 2.

Thus Z = 7 (V(Q)) is a thin set of type II in A%}, and in particular Cohen’s result (1-5) implies that
Z(B) = N(F, B) <r B"2(log B)”, (1-16)

following the same reasoning as [46, Chapter 13, Theorem 2, p. 178]. Or, interpreting the setting of
Theorem 1.1 as counting points on a finite cover ¢ of P"~! as in (1-11), this shows
Np($) < N(F, B) <4 B"'/*(log B)Y.

Our new work, Theorem 1.1, improves on (1-16) for each n > 3, for F of the form (1-1) with V(F(Y, X))
nonsingular, and approaches a uniform bound of the strength (1-13) as n — oo.

1.2. Context of Theorem 1.1 within sieve methods. We now recall a few recent developments of sieve
methods in the context of counting solutions to Diophantine equations, with a particular focus on progress
toward Serre’s conjecture for type II sets, as described above.
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1.2.1. Square sieve. Let f(X) € Z[X1,..., Xy] be a fixed polynomial. Let B be a “box,” such as
[—B, B]" or more generally [ [;[—B;, B;]. In [25], Heath-Brown codified the square sieve to count the
number of integral values x € B such that f(x) = y? is solvable over Z, building on a method of
Hooley [31]. At its heart was a formal sieve lemma involving a character sum with Legendre symbols.
Heath-Brown applied this in particular to improve the error term in an asymptotic for the number of
consecutive square-free numbers in a range. In [40], Pierce developed a stronger version of the square
sieve, with a sieving set comprised of products of two primes rather than primes; this effectively allows the
underlying modulus to be larger relative to the box B, by factoring the modulus and using the g-analogue
of van der Corput differencing. Pierce applied this to prove a nontrivial upper bound for 3-torsion in
class groups of quadratic fields [40]; Heath-Brown subsequently used this sieve method to prove there are
finitely many imaginary quadratic fields having class group of exponent 5 [28]; Bonolis and Browning
applied it to prove a uniform bound for counting rational points on hyperelliptic fibrations [3].

1.2.2. Power sieve. The square sieve has been generalized to a power sieve, in order to count integral
values x € B with f(x) = y” solvable, for a fixed r > 2. Recall the question of bounding Np(¢)
as in (1-12). For any n > 2, in the special case that ¢ is a nonsingular cyclic cover of degree r > 2,
Munshi observed this can be reduced to counting the number of integral values x € [—B, B]* with
F(x1,...,xn) = y" solvable, for a nonsingular form F of degree mr for some m > 1. To bound this,
Munshi developed a formal sieve lemma involving a character sum in terms of multiplicative Dirichlet
characters [39]. Munshi applied it to prove that

|{x €[B, B]" : F(x) = y" is solvable over Z}| < B"~'*n (log B)""" (1-17)

Consequently, this proved Np(¢) K Bty (log B) i for nonsingular cyclic covers. (See [2, Remark 1]
for a note on the history of this result; the exponents stated here are slightly different from those presented
in [39].)

In [29] Heath-Brown and Pierce have strengthened the power sieve, by using a sieving set comprised
of products of primes, generalizing the approach of [40]. They used this method to prove that for any
polynomial f(X) € Z[Xy,..., Xy] of degree d > 3 with nonsingular leading form, and for any r > 2,

n(8—n)+
BT MGH (log B)2, 2<n <S8,
l{x €[-B, B]": f(x) = y" is solvable over Z}| < { p"~1+zi10 (log B)2, n=9, (1-18)

B =410 (log B2, n > 10.

This proves Serre’s conjecture (1-12) for Ng(¢), for all nonsingular cyclic covers, for n > 10. Indeed,
the bound achieved is even smaller than the general conjecture, which is reasonable due to the imposed
nonsingularity assumption.

Independently, Brandes also developed a power sieve in [4], applied to counting sums and differences
of power-free numbers.
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1.2.3. Polynomial sieve: with separation of variables. The next significant generalization addressed
counting x € B for which g(y) = f(x) is solvable, for appropriate polynomials g, /. Here, a quite
general framework for a polynomial sieve lemma was developed by Browning in [8]. Specifically, in
that work, Browning applied the polynomial sieve lemma to count xy, x, such that g(y) = f(x, x3) is
solvable, for particular functions f, g, that enabled an application showing the sparsity of like sums of a
quartic polynomial of one variable.

Bonolis [2] further developed a polynomial sieve lemma with a character sum involving trace functions.
Applying this, he proved that for any polynomial g € Z[Y'] of degree r > 2, and any irreducible form
F e 7[ Xy, ..., X,] of degree e > 2 such that the projective hypersurface V(F) defined by F = 0 is
nonsingular over C, then

|{x €[~ B, B]" : F(x) = g(y) is solvable over Z}| < B"~' T+ (log B) 7. (1-19)

(This improves (1-17) and recovers the result initially stated in [39]; see [2, Remark 1].) This can also be
seen as an improvement on Cohen’s theorem (1-16) for a special type of thin set (defined as the image of
VY ={(y,x) e A"l F(x) — g(y) = 0} under (y, x) — x, under the assumption that V(F) defines a
nonsingular projective hypersurface). The special case of our Theorem 1.1 when d = 1 follows from [2,
Theorem 1.1]; see Remark 3.2.

Notably, the method employed in [2] to prove (1-19) was the first to demonstrate nontrivial averaging
over pairs of primes in the sieving set, and exploiting such a strategy is central to the strength of our
main theorem. We explain explicitly the advantage of such averaging in equations (1-25) and (1-26),
below. For now, we simply state abstractly that any polynomial sieve method tests the solvability of
the desired equation modulo p for primes in a chosen sieving set P. The outcome of applying a sieve
lemma (such as Lemma 1.2 below) is that one must bound from above an expression roughly of the
form |P|72 ) p#qep 1 (P.q), where T'(p, q) studies the solvability of the desired equation modulo pairs
p # q € P. Previous to [2], papers applying any type of polynomial sieve produced an upper bound
for |T'(p, ¢)| that was uniform over p, g and then summed trivially over p # g € P. Instead, averaging
nontrivially over p, ¢ exploits the fact that T(p, g) is typically smaller than its worst (largest) upper
bound.

Most recently, a geometric generalization of Browning’s polynomial sieve lemma has been developed
over function fields by Bucur, Cojocaru, Lalin and the second author in [13]. They pose an analogue of
Serre’s question (1-8) in that setting (also raised by Browning and Vishe [11]), and apply a polynomial
sieve to prove a bound of analogous strength to (1-19), in the special case of nonsingular cyclic covers
in a function field setting. It remains an interesting open question to achieve a stronger bound such as
(1-18), or to prove results for finite covers that are noncyclic, in such a function field setting.

1.2.4. Polynomial sieve: without separation of variables. So far we have mentioned applications of a
sieve lemma to count solutions to G(Y, X) = 0 when G separates variables as G(Y, X) = g(Y) — f(X)
for some polynomials g, f. More generally, it is reasonable to ask —and this is a motivation for the
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present paper — whether an appropriate polynomial sieve can be employed to count solutions to equations
of the form G(Y, X) = 0 where G(Y, X) € Z[Y, X1, ..., X] is a polynomial of degree D of the form

GY.X)=YP+ Y2 fi(X)+ -+ Yfp_1(X) + fp(X). (1-20)

where each f; is a form of degree i - ¢, and we assume that the weighted hypersurface V(G(Y, X))) C
P(e, 1,...,1) defined by G(Y, X) = 0 is nonsingular. Define

N(G,B):= |{x €[-B, B]" : 3y € Z such that G(y, x) = 0}|.

Under the assumption fp 0, the aim is to improve on the trivial bound N (G, B) < B". To be clear,
the formal sieve lemmas appearing in [8; 13] include this level of generality, but have only been applied
to prove a bound for N (G, B) when separation of variables occurs. In this paper we accomplish the first
application of the polynomial sieve without assuming separation of variables, but under the additional
assumption that the degree D of G(Y, X) defined in (1-20) factors as D = md for some m > 2, and
all powers of Y that appear are divisible by m. (To see why this restriction is useful, see the proof
of Lemma 1.2; for an alternative approach when m = 1, conditional on GRH, see Remark 1.3 and
Section 3.2.)

The strength of our approach hinges on a particular formulation of the polynomial sieve, given in
Lemma 1.2. It is worthwhile to compare our formulation with the polynomial sieve presented in [8,
Theorem 1.1]. In [8, Theorem 1.1], the sieve weight system, adapted to counting solutions to (1-20), is
defined as follows:

wp.Bro(k) = & + (vp(k) = 1)(D —vp(k)),

in which vy(k) = [{y € Fp : G(y,k) = 0 € F,}|. (These weights are then applied in an inequality
analogous to (3-1) below, to derive a sieve lemma.) Consequently, if G(Y, k) = 0 is solvable over Z,
the conditions 1 < v, (k) < D and « > 0 guarantee that wp (k) > 0 for any p. In our approach, we
consider simpler weights:

wp(k) =vp(k)—1.

Thus, in our situation, if G(Y, k) = 0 is solvable over Z, we can only conclude that w, (k) > 0. However,
it is still possible to establish that w, (k) > 0 for a positive proportion of primes, which suffices for our
application. (Precisely, we obtain w,(k) > 0 for those p = 1 (mod m) where m > 2; see (3-2) in the
proof of Lemma 1.2.)

The simplicity of our weight system turns out to be crucial for bounding the terms that appear in the
polynomial sieve lemma. In the setting of the polynomial F(Y, X) as in (1-1), our main task will be to
prove square root cancellation for the sum

Z ep({a,u)),

(z,a)eFit!

F(z¢,a)=0
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for generic a € I}, which can be accomplished by exploiting the smoothness of the variety V(F(Z¢, X)).
On the other hand, if we were to adopt [8, Theorem 1.1], the presence of the factor (v, (k))? would lead

> epl{a.u)),

(z1,22.@)eFp 2

F(z§,a)=0
F(z5,a)=0

to the exponential sum

which is more challenging to handle, due to the highly singular nature of the variety V(F(Z¢, X)) N
V(F(Z3. X)).

1.3. Overview of the method. We now provide an overview of our method, highlighting four key aspects
of our strategy. To prove a nontrivial upper bound for N(F, B) via a sieve, we introduce a smooth
nonnegative function W : R” — Rx¢ defined by W(x) = w(x/B), where w is an infinitely differentiable,
compactly supported function that is = 1 on [—1, 1]”, and supported in [—2, 2]". Define the smoothed
counting function
S(F, B) := > W(k), (1-21)
F(y,kl)cigZolvable
which sums over k € 7" such that there exists y € Z with F(y, k) = 0. By construction
N(F,B) <S(F,B),

and we may focus on proving a nontrivial upper bound for S(F, B). We employ the following sieve
lemma, which we prove in Section 3.1. Here and throughout, given a polynomial f, we let || /|| denote
the maximum absolute value of any coefficient of f".

Lemma 1.2 (polynomial sieve lemma). Let e, d > 1 and m > 2 be integers. Consider the polynomial
FX) =Y Y™ @D (X)) 4 Y™ S (X) + fa(X),

under the assumption that fz # 0, and that deg fi =m-e-i foreach 1 <i <d.

Let B > 1 and define a smooth weight W supported in [-2B,2B]" and = 1 on [—B, B]", as above.
Let P C {p = 1 mod m} be a finite set of primes p € [Q,2Q], with cardinality P. Suppose that Q = B*
for some fixed 0 < k < 1 and that P > Q/log Q. Suppose also that

P Pm,e,d max{log || f41l,log B}. (1-22)
For each k € 7" and p € P define
vp(k) = {y €Fp: F(y. k) =0 (mod p)}|.
Then

1 1
S(F.B) Kmea Y, W) +5 D Wh)+—5 3 3 WU wp(k) = 1D)(vg(k) = 1)
k

k:fq(k)=0 P9€P | k
D#q
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Remark 1.3. We observe that the same lemma holds for m = 1, conditional on GRH, with (1-22) replaced
by O >, . max{(log || F|)*°, (log B)*°} for some ctg > 2. For the sake of illustration, we demonstrate
this in Section 3.2, although we do not apply such a conditional result in this paper.

We now point out four key aspects of our method for applying this sieve lemma to prove Theorem 1.1.
First, for all k and for all primes p, v, (k) < md this is because Y4 has coefficient 1 in F(Y, X), so
that for all values of k, F(Y, k) is of degree md as a polynomial in Y. On the other hand, in the proof
of the lemma, we use the assumption that each prime in the sieving set has p = 1 (mod m) in order to
provide a lower bound v, (k) —1 > m —1 > 0 for many k, motivating our requirement that 7 > 2. This
is the first novelty of our method for dealing with a case in which the variables Y, X are not “separated.”

For each pair of primes p # g € P, the sieve lemma leads us to study

T(p.q):= Y Wk)(vp(k)—1)(vg(k)—1). (1-23)

kezn

After an application of the Poisson summation formula, we see that

T(p.q) = (i) ZZ: W (p”—q) g(u, pq),

where

g.pg):= Y (vp(a@)—1)(vg(a) — Depg((a. u)). (1-24)

a (mod pq)

Here we write each coordinate of a in terms of its residue class modulo pq, and epq (1) = " it/pd After
showing that g(u, pq) satisfies a multiplicativity relation, we can focus on the case of prime modulus,
and study

glu. p)i=Y_ (vp(a)— Dep({a.u)).

aclky

We show that the main task to bound g(u, p) is to bound the exponential sum

Z ep({a,u)).

(v.a)erpt!

F(y,a)=0
Here we highlight a second aspect: the fact that the polynomial F(Y, X) is not homogeneous motivates a
more sophisticated approach to bounding this sum (see Remark 4.6). Given a polynomial H, let V(H)
denote the corresponding variety {H = 0}, and let (X, U) = ), X;U;. Roughly speaking, for each
prime p we divide # € Z" into three cases: a type zero case when u = 0 (mod p), a good case when
V((X,u)) is not tangent to V(F(Y, X)) over Fp, and finally a bad case in which V({X, u)) is tangent to
V(F(Y, X)) over Fp. (More precisely, we reformulate this in terms of varieties in unweighted projective
space.) In the type zero case, we can only show that g(0, p) < p”_l/ 2 but such cases are sparse. In the
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remaining two cases, we apply a version of the Weil bound to g(u, p), obtaining g(u, p) < p™? if u is
good and g(u, p) « p™/?*1/2
A third crucial aspect arises when we assemble this information efficiently inside the third term on the

if u is bad (Proposition 4.2).

right-hand side of the sieve lemma, namely

5 L 0l < s 2 YW

P#GEP p#qEP uel”

( )g(u pq)‘ (1-25)

In many earlier applications of the power sieve or polynomial sieve to count solutions to Diophantine
equations, the strategy has been to bound |T'(p, ¢)| uniformly over p # g and simply sum trivially
over p # ¢q. However, recent work of the first author demonstrated how to take advantage of nontrivial
averaging over the sum of p # g € P; see [2]. In this paper, we also average nontrivially over p # ¢ and
this contributes to the strength of our main theorem.

In order to average nontrivially over p # g € P, we quantify the fact that there cannot be many triples
u, p, q for which u is simultaneously bad for both p and g. Roughly speaking, we characterize the dual va-
riety of the original hypersurface V(F (Y, X)) according to an irreducible polynomial G(Uy, Uy, ..., Uy,),
and observe that G(0, #) # 0 precisely when the hyperplane V({u, X)) is not tangent to V(F(Y, X))
over C. Then we reverse the order of summation in the right-hand side of (1-25), writing it as

P2Q2n > (p )g(u P9)| -

UEI" p#qepP
The sum over u can be split into case (a) where G(0, #) # 0 and case (b) where G(0,u) = 0. In case

(1-26)

(a), we show u is bad modulo p and ¢ only if p and ¢ divide the (nonzero) value of a certain resultant
polynomial; thus there can only be very few such p, q.

A fourth key aspect arises in case (b), for which # is bad for all primes (since the value of the resultant
is zero). To compensate, we show that there are not too many # for which G(0,u) = 0. This step is
one of the significant novelties of the paper. It requires understanding not the variety V(G (Uy, U)) but
V(G(Uy, U)) N V(Uy), the intersection with the hyperplane Uy = 0. To tackle this, we show that any
polynomial divisor of G(0, U) has degree at least 2 (Proposition 5.2), so that we can apply strong bounds
of Heath-Brown [27] and Pila [41] to count solutions to G(0,u) = 0 (see (5-18)). To prove the key
result in Proposition 5.2, we employ a geometric argument to show that given a nonsingular projective
hypersurface X and a projective line £ not contained in X, the generic hyperplane containing £ is not
tangent to X . This statement, proved in Section 6 via a strategy suggested by Per Salberger, is critical to
the method and the ultimate strength of Theorem 1.1.

Remark 1.4. It would be interesting to consider bounding N (F, B), in the setting of Theorem 1.1, by
other methods. As mentioned earlier, one approach is to count all (n + 1)-tuples {(y,x) € 7"t : y «
B¢, x; < B: F(y,x) = 0}, for example, by applying the determinant method. Since the range of y
depends on e, such a direct approach is likely to produce a bound for N (F, B) with an exponent depending
on e. Alternatively, one could fix x5, ..., X, (with ~ B! such choices) and consider the resulting
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equation as a projective curve in variables y, x{. Supposing that the resulting curve is generically of
degree dme, an application of Bombieri-Pila [1] could count (y, x1) in the square [~ B¢, B¢]?. This could
ultimately lead to a total bound of the form N (F, B) « B"~1.ge/dme+te — pn—1+1/dm+e Thjg putative
outcome appears independent of e, but the method has overcounted x; in the range B¢; nevertheless,
such an approach could be advantageous for large d, m.

1.4. Notation. We use ey (1) = e27it/4_We denote X = (X1, ..., X,), U = (Uy, ..., Uy,). Moreover, for

two vectors s = (81, ...52), ¢ = (1,...,1y), we define (s,#) =Y/, sit;. We let || F|| denote the absolute
value of the maximum coefficient in a polynomial F € Z[ X1, ..., X,]; similarly | X || = max;<;<j, | Xi|
for X € 7".

2. Reduction to remove dependence on || F ||

Recall that Theorem 1.1 states that the upper bound for N (F, B) is only dependent on the degree of
F, and not on the coefficients of F. In fact, the sieve methods we apply prove an upper bound for
N(F, B) that can depend on | F||. In this section we show by alternative methods that we may assume
that || F|| < Bmde)"™2 " The method does not rely on assuming m > 2 in (1-1), and so without any
additional trouble we may work more generally in the setting of (1-20).

Lemma 2.1. Let V(G(Y, X)) C P(e, 1,...,1) be defined by
GY.X)=YP +YP7 fi(X) + -+ Yfp1(X) + /p(X)

with each f; a form of deg f; =i -e, for fixed D,e > 1 and n > 1. Assume that fp # 0 and the weighted
hypersurface V(G(Y, X)) C P(e, 1, ..., 1) is absolutely irreducible. Then either

IG|| < BP"™?,

or N(G,B) <u.p.. B" ..

Remark 2.2. Under the hypotheses of Theorem 1.1, for F asin (1-1), V(F(Y, X)) is absolutely irreducible
(following similar reasoning to Remark 3.3). As a result of this lemma, we can obtain the bound claimed
in Theorem 1.1 as long as all later dependence on || F'|| is at most logarithmic in || F'||, which we track as

the argument proceeds.

Proof. The method of proof follows [27, Theorem 4], or the recent similar result [3, Lemma 2.1]. Fix

n, D,e > 1. We start by considering the set of monomials

n
£ = {YdYdel X:'n dYe+Zdi :De}’

i=1

in which the degrees dy, dy, ..., d, vary over all nonnegative integers satisfying dye + »_ d; = De. It
is easy to see that |£| < (De)"t1.
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Let B > 1 be fixed. Let v denote coordinates (y, x1,...,X,) and let {vy,... vy} enumerate the
set of points that are solutions to G(Y, X) = 0, with each of the last n coordinates of v; lying in
[— B, B]. Note that these count each X € [—B, B]" for which G(Y, X) is solvable at least once, so that
N(G,B) <N < D-N(G, B). (For the upper bound, we recall that the coefficient of Y2 in G(Y, X)
is nonzero, so that any given X can correspond to at most D such Y.) Then, we construct the N x |£]
matrix

C = (v{)1<i=<N-
ect

Notice that rank C < |&| — 1, since the vector a € 7€ \ {0} whose entries correspond to the coefficients
of G(Y, X) is such that Ca = 0. Moreover, a is primitive since the coefficient associated to Y2 is
1. Now the strategy is to find another nonzero vector b in the nullspace of C and show that if b is in
the span of a then |G| is small, and if b is not in the span of @ then we have an improved count for
N (G, B). We may assume henceforward that |£] < N, since otherwise we already have the upper bound
N(G,B) < N <|&| < (De)*!, which suffices for the lemma.

If rank C < |€| — 2, then the nullspace has dimension at least 2, and we can take b € 7€ to be any
element in the nullspace that is not in the span of a. Let H(Y, X) be the polynomial defined by the
coefficients corresponding to the vector b and consider the polynomial R(X) =Res(G(Y, X), H(Y, X)),
which is a polynomial in X of degree <p ., 1. (See, e.g., [21, Ch 12], which we apply to take the
resultant of two polynomials in the variable Y, whose coefficients are determined by X.) We claim
that R(X) # 0: indeed, if R(X) = 0, then G and H would share an irreducible component. Since
G(Y, X) = 0 is irreducible, and deg H < De = deg G, it would follow that G is a constant multiple of
H, but this is not possible since we are assuming that @ and b are not proportional. Thus R(X) s 0.
Moreover, observe that for any x € 7"

R(x) =0 < G(Y,x) and H(Y, x) have a common root.

Note that any x such that G(y, x) = 0 is solvable contributes at least one row to the matrix C; each such
row also corresponds to a solution to H(y, x) = 0. Thus it follows that

N(G,B) =|{x €[-B, B]" : 3y € Z such that G(y,x) = H(y,x) = 0}|
<|{x €[-B, B]": R(x)=0}|
<<n,D,e, Bn_l,

with an implicit constant independent of the coefficients of R, via an application of a trivial counting
bound for the nonzero polynomial R. (This bound is sometimes called the Schwartz-Zippel bound, and a
proof can be found in [27, Theorem 1]; we remark that although in that context the polynomial under
consideration is absolutely irreducible, the method of proof only requires that it is not identically zero.)

The remaining case is when rank C = || — 1, so that all || x |£] minors vanish, but at least one
(€] = 1) x (|€] — 1) minor does not; we claim there is a nonzero b € Z!! in the nullspace of C such that
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|b| = O(BPelEly = O(B(De)nﬁ). If so, then since a is primitive (and b must be proportional to a) it
follows that |a| < |b| K BP)"*2 Thig shows that G| « BD"™2 45 claimed.

An appropriate b can be constructed with entries that are (|| — 1) x (|| — 1) minors, so that the size
estimate || = O(BP¢I€!) follows from the fact that each entry of C is O(BP¢). For completeness, we
sketch this construction. Without loss of generality, we can let C’ denote the top || X |£| submatrix in
C, and assume that the minor C| , (obtained by omitting the first row and first column of C") is nonzero.
Define a vector b as follows: for ,each 1 < j < |€], define the entry b; to be the (1, j)-th cofactor of C’;
in particular b; # 0 so b is nonzero, and || = O(BP¢U€I=1)) = O(BP¢I¢l). We now show that b is in
the nullspace of C. Let r; denote the i-th row of C; then foreach 1 <i < N,

ri-b =det . =0. 2-1)

Fle|

Indeed, fori =1 ori > |&|, up to sign, r; - b is an |£]| x |€| minor of C, and all such minors vanish since
rankC < |&|. For 2 <i < |£|, the matrix (2-1) has two identical rows. Thus Ch = 0. |

3. Preliminaries on the sieve lemma

In this section we gather together two preliminary steps: first, we prove the sieve inequality in Lemma 1.2;
for m = 1 we provide an alternative proof, conditional on GRH. Second, we formulate an equivalent
nonsingularity condition in unweighted projective space. We also make preliminary remarks on the

sieving set.
3.1. Proof of the polynomial sieve lemma. To prove Lemma 1.2, observe that

S(F.B)= ) W+ Y Wk
k: k)=0 kez":
Jall) fa )70
F(y,k)=0 solvable

since within the first term, y = 0 is always a solution to F(y, k) = 0. We consider the weighted sum

2
3 W(k)(Z(vpuo— 1)) | (1)

k:fa(k)#0 PEP

Fix k such that f;(k) # 0 and the polynomial F(Y, k) is solvable over Z, so that there exists yy € Z such
that F(yg,k) = 0. For any p € P such that p } f;(k), then yy = 0 mod p. Then since p = 1 mod m,
and due to the structure of F in (1-1), we have that {yo, ¥pYo.. ... )/1;”_1 Yo} are distinct solutions of
F(Y,k) =0 (mod p), where y," = 1 mod p and y,, is a primitive m-th root of unity in [. In particular,
for such p, v, (k) > m. Consequently, for each k such that f;(k) # 0 and F(Y, k) is solvable, we have
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that
Y k)= =m—-1) Y 1>y P— Y 1=(1/)P (3-2)

DEP DEP,pt fu(k) DPEP,p|fa(k)

as long as P >, , 4 max{log || f4||,1og B}. The last step follows since the number w( f4(k)) of distinct
prime divisors of f; (k) # 0 is at most

o(fy(k)) < log(fy(k))/ loglog( fy(k))
< log(|l f | BYe™)
Lm,e,d log ”fd “ +log B.

Thus the last inequality in (3-2) holds as long as
P > e,a max{log | fall.log B, (3-3)

leading to the corresponding hypothesis in the lemma.
From (3-2) and the nonnegativity of the weight W, we see that

2 2
Py W< Y wi( Topw-n) =X wi( Tow-n).
k

kez": k:fa(k)#0 PEP DEP
> (Ek) o Jak)#
F(y,k)=0 solvable
Opening the square on the right-hand side, the contribution from p =¢ € P is
DN W) (vpk) = 1) Kmog P W(K),

PEP k k

since v, (k) < md for all k, as previously mentioned. The contribution from p # ¢ € P is bounded in

2

DPF#GEP

absolute value by

D W(k)(vp (k) — 1) (vg (k) — 1.

k

Assembling all these terms, we see that Lemma 1.2 is proved.

Remark 3.1. When we apply Lemma 1.2 to prove Theorem 1.1, we can assume that || fy|| < || F| <
B(’”de)"+2, by Lemma 2.1. This will allow us to verify that (3-3) holds for our choice of sieving set, as

we will verify in Section 7 when we choose Q in (7-4).

3.2. Alternative proof when m = 1, conditional on GRH. Recall from Section 1.2.4 the general problem
of counting x € [— B, B]" such that G(y, x) = 0 is solvable in Z, with G(Y, X) of degree D as in (1-20).
In our main work in this paper, we assume that D = md with m > 2 and that G is a polynomial in Y.
This additional structure allowed us to choose a sieving set P C [Q, 2Q] of primes p = 1 (mod m), so
that all the m-th roots of unity are present in [, for each p € P. With this property, we could define
sieve weights that exhibit an appropriate lower bound in the form (3-2) for most k in the support of W (k)
and a positive proportion of primes.
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Nevertheless, we can proceed by a different argument to develop a sieve lemma to bound the number
of x € [-B, B]" such that G(y, x) = 0 is solvable over Z, with no condition on the degree D; that is,
to prove a version of Lemma 1.2 in the case m = 1. As a first step, we naturally try to introduce a
system of weights, according to a fixed set of primes. Let us take P = {Q < p <20 : p prime} for
some parameter Q to be chosen optimally with respect to B. In particular, by the prime number theorem,
|P| > Q(log Q)~! for all Q > 1. Fix k € Z". For each prime p € P, set

vp(k)=[{y €Fp:G(y,k) =0 (mod p)}|.

Since G(y, k) contains the term y?, it is not the zero polynomial in y, and vp(k) < D. Consider, as in
the proof of Lemma 1.2 above, the weighted sum

2
> wio(Teaw-). (-4
k:fp(k)#0 PEP
In order to deduce a sieve lemma, we need a lower bound for the arithmetic weight (the squared term),
for those k for which fp (k) % 0 and G(Y, k) = 0 is solvable over Z.

Here is one approach. Let k be fixed, with fp (k) # 0 and G(Y, k) = 0 solvable over Z, and k in the
support of W. Then G(Y, k) = (Y — y9)gx (Y) for some yg € Z \ {0} and some (monic) gz (Y) € Z[Y]
of degree D — 1. For each such k, we can obtain a suitable lower bound for the arithmetic weight in (3-4)
as long as for a positive proportion of p € P, g has a root over [F,. Let gx be an irreducible factor of
gk - Let Fy denote the splitting field of gy over Q, say Fy = Q(wy). Since gy, is irreducible, then it
is the minimal polynomial of «x in Z[Y], and it is separable (since we are working over characteristic
zero), and the splitting field is Galois over Q. By Dedekind’s theorem, for all p { [OF, : Z[o]], gk splits
completely over [, precisely when (p) = pOF, splits completely in F; see, e.g., [37, Theorem 27,
p-79]. Then

Y k)= =3 [yeFp:gu()=0}=) [yeFy:g(»)=0}.
PEP DPEP PEP
If g is linear in Z[Y], this sum is of size |P|, which suffices. If deg gx > 2, we continue to argue that
Z(vp(k) —1) >deg(gr) |{p € P: g (Y) completely split over [Fp}‘

DEP . .
> ‘{p € P : pOF, splits completely in Fk}} — }{p €P:pl|lOF, :Z[ak]]}‘. (3-5)

Let
e (Q) = ‘{p < Q: pOF, splits completely in Fk}‘
and N(k) = {p|[OF, : Z[ag]]}|. The Chebotarev density theorem, in the unconditional form of [34,

Theorem 1.3], shows that

1 1 Bo
e (0)— 2 9

_ 4 _
GrlTog O | [Gxllog 0P + Op,4(Q(log O)~7) (3-6)
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for every A > 2, as long as Q > exp(10deg Fy (log | D(Fy)|)?). Here Gy, is the Galois group Gal(Fy /Q),
D(Fy,) is the discriminant of the splitting field Fy /Q, and deg Fj, = deg | Fj /Q)] is the degree of the
extension. The implicit constant in the error term depends only on 4 and deg Fy, = |G| < (D —1)!. The
real number 1/2 < By < 1, if it exists, is the (real, simple) exceptional zero of the associated Dedekind
zeta function {f, ; if no exceptional zero exists, that term does not appear in the result.

In particular, under the assumption of GRH for {f, , Lagarias and Odlyzko’s Theorem 1.1 in [34] (in
the refined form of Serre [44, Theorem 4]) shows that for any Q > 2, the entire right-hand side of (3-6)
may be replaced by

O(Gk |71 02 log(| D(F)| Q¢ Fr)) = 0p (0" *1og Q) + Op(Q/? log | D(Fy))),

in which the implied constant is absolute and effectively computable. There exists a constant Qg (D)
depending only on D such that the first term is < %ﬁ O(log Q) ! for all Q > Q¢ (D). The second

term is also < %ﬁ Q(log Q) ! if for example Q > Q;(D)(log D(Fy))*® for a constant Q (D) and
some fixed g > 2. This shows that under GRH, for all Q > p (log D(Fy))*° some fixed ag > 2,

7k (Q) — 7k (Q/2) >p Q/log @ >p |P|. (3-7)

Two tasks remain in order to complete a lower bound for (3-5): (i) to bound D(F}y ) from above, so
that the lower bound Q >>p (log D(F}))*° can be made uniform over k, and (ii) to count

Nk) =[KplOF, : Zlok]l}| = 0([OF, : Z[ak])) K 1og[OF, : Z[ak]l/ loglog[OF, : Z[ak]]-
We note the relation

D(Fi)|OF, : Z]ay]* = Disc(g), (3-8)

which holds by [38, Remark 2.25 and equation (8) on p. 38]. (Since gx was assumed to be irreducible
and we are in characteristic zero, then gy, is separable and Disc(gy ) # 0.) Thus for both remaining tasks,
it suffices to bound Disc(gy ) from above, since by (3-8) both

N (k) < logDisc (gg). log D(Fy) <logDisc (gg).

Now Disc (g ) (the resultant of g (Y') and g;( (Y), as defined in [21, Chapter 13, Proposition 1.1]) is
a polynomial in the coefficients of gy with degree bounded in terms of D. The coefficients of gy are
polynomials in &k and the coefficients of G(Y, X) with degree at most D. Since we only consider & in
the support of W, |k| < B, and the coefficients of gy are < ||G||BP. Thus

log Disc (gx) <p log |G| + log B.
In combination with (3-7), we can conclude in (3-5) that for some constant Cp,

Y (wpk)—1)>p Q/log @ — Cp(log |G| +log B),
DEP
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for all Q > Cp, max{(log|G|)*°, (log B)*0} for some oy > 2. By taking C}, sufficiently large, we
achieve ), (vp(k) —1) > |P| = P. This shows that, conditional on GRH,

2
Y wim< Y W(k)(Z(vpu«)—l)) sZW(k)(Z(vp(k)—n)
k

kez": k:fp(k)#0 PEP DEP
Sfp (k)#0
G (y,k)=0 solvable

2

From here, the remainder of the proof used above for Lemma 1.2 can be repeated, and this completes the
proof of the claim in Remark 1.3.

3.3. Associated variety in unweighted projective space. It is a hypothesis of Theorem 1.1 that the
weighted hypersurface V(F(Y, X)) C P(e, 1, ..., 1), defined by F(Y, X) = 0, is nonsingular over C. It
is convenient to relate V(F(Y, X)) to a variety in unweighted projective space. We claim that for

F(Y,X) =Y 4 y@=0m f(X) 4.+ f4(X),

then V(F(Y, X)) C P(e, 1,...,1) is nonsingular if and only if V(F(Z¢, X)) C P" is nonsingular. Here,
we again apply the assumption m > 2. Indeed the weighted projective variety is nonsingular if and only
if the only solution of

F(Y,X) =0,
oF d—1 g
ay (- X) = > fi(X)-m(d —i)y™@d=H=1 =,

i=0 (3-9)

a )
— (Y, X) = =1,...
an(’ )=0, j N R

on A"*! is the point P = 0. (By convention we set fo(X) = 1.) Similarly, the projective variety
V(F(Z¢, X)) is nonsingular if and only if the only solution of

F(z¢,X)=0,
IF e -] -\ Zem(d—i)—1
8_Z(Z ,X):igof,-(X)-me(d—z)Z =0, (3-10)
oF .
—((Z°, X) = =1,...
an( ) ) 07 _] ) 7n$
on AT is the point P = 0. Moreover, note that
9F d—1 -
Sy (LX) =mY™ =Ly T fi(X)(d — i)y ™Y, (3-11)
i=0
d—1

IF .
ﬁ(ze, X)=emz" 'Y fi(X)(d —i)zem@=h,
i=0



Application of a polynomial sieve: beyond separation of variables 1533

We will momentarily use this to confirm that if m > 2, a nonzero solution (say P = (y,x) € A*T1) to
(3-9) exists if and only if a solution (namely Q = (yl/e, x) € A"t1) to (3-10) exists.

To clarify the role of the assumption m > 2, let us briefly make a general observation. In general, let a
polynomial G(Y, X) be given as in (1-20) and assume V(G(Y, X)) C P(e, 1, ..., 1) is nonsingular; we
may assume e > 2 (since otherwise the variety is already unweighted). Then we claim V(G(Z¢, X))
is nonsingular (as a projective variety) if and only if V(G (Y, X)) N V(Y) is nonsingular (as a weighted
projective variety). By the chain rule,

aG e e—1 aG e
A (Zz°, X)=eZ (_8 )(Z , X).
Observe that

Sing(V(G(Z°. X)) = {(z.x) € P": V1 x G(z°. x) = 0}
={0,x) eP":VxG(0,x) =0} U{(z,x) e P" : Vy x G(z°, x) = 0}
—{(0,x) €P": VxG(0,x) =0} U (3-12)

under the assumption that V(G(Y, X)) is nonsingular. On the other hand, by the Jacobian criterion,
Sing(V(G(Y, X))NV(Y)) ={0,x) e P":VxG(0,x) = 0}.

(Here we have used that G(0, X)) is itself homogeneous in X, so that Vy G(0, X)) = 0 implies G(0, X) =0
by Euler’s identity.) Since the singular sets are identical, this proves the claim.

Let us apply this in our case with G taken to be the polynomial F(Y, X), with V(F(Y, X)) assumed
to be nonsingular. We consider whether there are any (0, x) € P" such that Vx F(0, x) = 0. Supposing
such (0, x) exists, it must be the case that (dF/3dY)(0, x) # 0, since otherwise (0, x) would be a singular
point on V(F(Y, X)). If m > 2, then due to the leading factor Y~ in (3-11), any point (0, x) € P must
lead to (dF/dY)(0, x) = 0. Consequently there can be no such (0, x), and Sing(V(F(Y, X)) N V(Y))
must be empty. Hence by the general argument above, so is Sing(V(F(Z¢, X))). In conclusion, if m > 2,
V(F(Y, X)) being nonsingular implies V(F(Z¢, X)) is nonsingular.

However if m = 1, there is no leading factor of Y in (3-11), and indeed at (0, x), (3-11) evaluates to
fa—1(x). Thus points (0, x) for which f;_1(x) # 0 and Vx F(0,x) = 0 can lead to singular points on
V(F(Y, X)) N V(Y) and hence to singular points on F(F(Z¢, X)). (Nevertheless, there cannot be too
many singular points, as we will observe in (4-1) below that the singular locus has at most dimension 0.)

In the other direction, suppose that V(F(Z€, X)) is nonsingular, so that as computed in (3-12),

Sing(V(F(Z°,X))) ={(0,x) e P" : Vx F(0,x) =0} U{(z,x) e P" : Vy x F(z°,x) = 0}

is empty. If there were a point (y, x) in Sing(V (Y, X)) then if y = 0 this would produce an element in
the first set on the right-hand side, while if y # 0 then taking z = yl/ ¢ (working over C) would produce
a point in the second set on the right-hand side. Thus V(F(Y, X)) must be nonsingular (and here we did
not need to apply m > 2).
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Remark 3.2. In the special case that d = 1, then F(Y,X) = Y + f1(X). Thus V(F(Y, X)) C
P(e, 1,...,1) is nonsingular if and only if V(Z¢™ + f1(X)) C P" is nonsingular, with f; % 0 homoge-
neous of degree em. This occurs if and only if V( f1(X)) C P"~! is nonsingular; in this special case,
the problem we consider falls in the scope of the work in [2, Theorem 1.1], which proves this case of
Theorem 1.1. Our method of proof works regardless, so we allow d = 1 as we continue.

Remark 3.3. Recall the affine hypersurface V C Ag“ defined in (1-2) according to the polyno-
mial F(Y, X). We note that V is irreducible under the conditions of Theorem 1.1. Suppose it is
reducible, so that F(Y, X) = G(Y, X)H (Y, X) for some nonconstant polynomials. Then F(Z¢, X) =
G(Z¢,X)H(Z°, X) so that the projective variety V(F(Z¢, X)) is reducible. Consequently, by [13,
Lemma 11.1], V(F(Z¢, X)) is singular, which is a contradiction because by the discussion above,
V(F(Y, X)) is nonsingular if and only if V(F(Z€, X)) is nonsingular.

3.4. Initial considerations of the sieving set. We suppose that O = B* for some 0 < k¥ < 1 to be chosen
later (see (7-4)). We will choose a sieving set

PclQ.20]

comprised of primes with certain properties. In the special case that (e, m) = 1, it is sensible to restrict
our attention to a set Py of primes in [Q, 2Q] such that

(1) p =1 (mod m) (recalling m > 2) and
(i) p =2mode, and
(iii) the reduction of V(F(Y, X)) as a weighted variety over Fp is nonsingular.

The first criterion (i) we have used in the proof of the sieve lemma (Lemma 1.2). The second criterion
(ii) ensures that (e, p—1) = 1 so that every y € [, satisfies y = z¢ for some z € F,,. Then for each p € P,
we can simply consider the reduction V(F(Z¢, X)) C P?p in place of the weighted variety, so that (iii)
is equivalent to

(iii") the reduction of V(F(Z¢, X)) C [P’% is nonsingular.
p

By the Chinese remainder theorem and the Siegel-Walfisz theorem on primes in arithmetic progressions,
under the assumption that (e, m) = 1, there are >, . Q/log O primes that satisfy (i) and (ii) in any
dyadic region [Q, 20Q], for all Q sufficiently large. We could then choose the sieving set Py to be the
subset of such primes for which (iii’) holds; the remaining task is to show there are sufficiently few primes
that violate (iii’).

Recall from Section 3.3 that V(F(Y, X)) is nonsingular over C (as a weighted projective variety) if
and only if V(F(Z¢, X)) C P" is nonsingular over C. Thus under the hypothesis of Theorem 1.1, the
latter is nonsingular, and consequently there are no nontrivial simultaneous solutions of the system (3-10),
and thus the resultant

. Res(F oF OF 8F)

aa_Zva_le""’m
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of those n + 2 polynomials in n + 1 variables is a nonzero integer. Moreover, by [21, Chapter 13,
Proposition 1.1], r is a polynomial in the coefficients of F with degree bounded in terms of m, e, d. By
[15, Section IV], the reduction V,(F(Z¢, X)) of V(F(Z°, X)) modulo p is singular precisely when
p|r, which can only occur for at most w(r) primes, where

w(r) KL logr/loglogr K e q4log| F|. (3-13)

(Notice that the argument in this paragraph made no assumption on the relative primality of e and m1.)

In particular, if (e, m) = 1, then as long as Q is sufficiently large, say Q >, . 4 (log | F]))1 oo for
any fixed 8o > 0 or even Q >, . 4 (log || F||)(loglog || F||), we can conclude that |Py| >, .. O/ log Q.
After we choose Q to be a certain power of B (see (7-4)), this will only require a lower bound on B that
is on the order of a power of log || F||, which we will see can be accommodated by the bound on the
right-hand side of our claim in Theorem 1.1.

These remarks all apply in the case that (e,m) = 1. However, we can also argue more generally
without this assumption, as we demonstrate in the next section, by working not with V(F(Z¢, X)) as
above, but with a finite collection of varieties W;, defined according to F ()/i z¢,X) =0in [p, for a
certain primitive root y € [F;)< (see Lemma 4.3). Thus we postpone our definition of the sieving set, in
general, until the end of the next section.

4. Estimates for exponential sums

In this section we apply the Weil bound to prove an upper bound for the exponential sum g(u, p) (see
(1-24)) in the case that u is each of three types: type zero, good, or bad modulo p (Definition 4.1). At the
end, in Section 4.2 we then define the sieving set P.

We note the multiplicativity condition

g, pg) =Y (vp(a)—1)(vg(a)— epg((a. u)) = g(qu, p)g(pu.q),
a mod pqg

where gq = 1 mod p, and pp = 1 modg. This leads us to study the key exponential sums with prime
modulus:
g, p):= Y (vp(a)—ey((a,u)).
acky

Let p be a fixed prime of good reduction for F(Z¢, X), so that V(F(Z¢, X)) C IP%) is a nonsingular
projective hypersurface. For any point P € V(F(Z¢, X)), let Tp C I]j’%p denote the projective tangent
space to V(F(Z¢, X)) at P. A linear space L is tangent to V(F(Z¢, X)) at P if Tp C L; if L is a
hyperplane, this is equivalent to P being a singular point of V(F(Z¢, X)) N L (see [20, p. 57]).

Given u € 7" with u # 0 (mod p), if V((X,u)) C ﬂj’%p is not tangent to V(F(Z¢, X)) at any point
(i.e., they intersect transversely), we simply say V({X, u)) is not tangent to V(F(Z¢, X)); otherwise,
we will say they are tangent (and as we will discuss below in (4-1), there are at most finitely many points
at which they are tangent).
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Using this terminology, we will classify # € Z" in terms of three cases:
Definition 4.1. For u € 7" and p € P we say that:

(1) u is of type zero mod p if u = 0 (mod p),
(ii) u is good mod p if u 5% 0 (mod p) and V((X, u)) C IP’% is not tangent to V(F(Z¢, X)) C IP’% ,
p p
(iii) u is bad mod p if u #£ 0 (mod p), and V({X, u)) C I]:Dg is tangent to V(F(Z¢, X)) C IF"% .
4 p

(The fact that we define these types in relation to V(F(Z¢, X)), is justified by Lemma 4.4, below.) The

main result of this section is the following:

Proposition 4.2. Assume that p > 2 is a prime of good reduction for F(Z¢, X), that is V(F(Z¢, X)) C

[F’% is nonsingular.
D

(1) If u is type zero modulo p then g(u, p) K p”_l/z;
(ii) If u is good modulo p then g(u, p) < p"'?;
(iil) If u is bad modulo p then g(u, p) < p"+1/2,

The implied constants can depend on n,m, e, d, but are independent of || F||, u, p.

In a final step of the proof, we will apply the property that if V(F(Z¢, X)) C P" is nonsingular, any
hyperplane L has

dim{P € V(F(Z¢,X)): Tp < L} = dim(Sing(V(F(Z¢, X)) N L)) <0. 4-1)

Here, by dim(Sing(V)) we mean the dimension of the singular locus of a variety V' C P". We will apply
this in (4-3) over Fp for p a prime of good reduction for F(Z€¢, X). The result (4-1) is a special case of
Zak’s theorem on tangencies as in [20, Theorem 7.1, Remark 7.5], valid over any algebraically closed
field, or [33, Lemma 3], valid over any perfect field. More simply, in our setting (4-1) can be shown
directly, and we do so in Remark 4.5.

As preparation for proving Proposition 4.2, we transform g (#, p) into an exponential sum over solutions
to F(y,a) = 0 by writing

g.p) =Y vp(@e,((a.u)— Y ep{a.u))

ack, ack,

= —Su=0-p"+ Y _ ep({a.u)) Y 1
acky Y€k,
F(y,a)=0

= —8u=0-p" + Z ep((‘l’”»,

(r.a)erpt!
F(y,a)=0
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where 8,—¢9 = 1 if u = 0 (mod p) and is 0 otherwise. The task now is to estimate the sum

g, p)+8u=0-p"= Y. ep((a.u)).

—+1
(v.a)ef;

F(y,a)=0

A barrier to doing this efficiently is that the polynomial F(Y, X ) is not homogeneous (see Remark 4.6).
Recall the definition of F(Y, X) in (1-1), and recall the integer e > 1 fixed in that definition. As a first
step, we prove:

Lemma 4.3. Fixaprime p>2. Let f = (e, p—1),andlety € IF; be a primitive f-th root of unity. Then

Z ep((a,u)) fz Z ep((a,u)),

(y,@)ew i=0 (z,a)eW;
where
W ={(y.a) e F3*": F(y,a) =0},
Wi ={(z,a) e}t F(y'z°.a) =0}, fori=0,....f—1

(This lemma replaces the remarks in Section 3.4 that applied in the special case (e, p —1) = 1.)

Proof. We start by claiming that for any y € F; there exists an unique i € {0, ..., f — 1} and some z € [F;
such that y = yz¢: we write e = £k where
e
(,q)=1forany q|(p—1), k:Z.

Note that then f|k and also there exists some integer N such that k|( /). Since y is a generator for
the group [/ [F;,(f , then for any y € [ there exists an unique 7 € {0, ..., /' —1} and z; € F; such that
y=y! zlf . On the other hand, we can apply the same principle to zy, finding an unique j € {0,..., f—1}
and z; € I]:X such that z; = )/jzf Thus, y =y zf =y ()/fzf)f = )/’ /2 Iterating this process N
times, we can find zy € [FX such that y = y Z]J:, with k| V. Then, y = y (Zf /k)k. On the other
hand, since (£, p—1) = 1, we have that z]j:,N/k = z¢ for some z € [F;, so that y = )/"zék = /2 and this
proves the claim. Moreover, note that once we have obtained z such that y = y*z¢ then we can multiply
z by any f-th root of unity, so that there are f* such values z.

Next, for any i € {0,..., f — 1} we can consider the map

i Wi — W (z,a) (y'z%, ).

From this, we deduce that if (y, a) is in the image of ¢; then

-1 _ f lfy?é(),
il ={] 70

On the other hand, if (0,a) € W, then (0,a) € W; foreach of i =0, ..., f — 1. The result follows. [
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When we apply Lemma 4.3 it will be convenient to treat all cases analogously as i varies; to do so we
will employ the following lemma.

Lemma 4.4. Fixe > 1 and recall F(Y, X) from (1-1). Let p be a prime, and let u Fn Then for any
o€ [F the variety V(F(aZ¢, X)NV((X,u)) C [P’ is isomorphic to V(F(Z¢,X))N V((X u)) C [F’” .
p
In pamcular for u = 0, we conclude V(F(aZ®, X)) C IP’ is isomorphic to V(F(Z¢, X)) C P;
D

Proof. Let B € F; be such that 8¢ = «. Then the change of variables (Z, X) — (8Z, X) induces an
isomorphism between V(F(Z¢, X))NV({X,u)) and V(F(a¢Z° X)) NV({(X, u)). O

4.1. Proof of Proposition 4.2. We are now ready to prove our main result of this section, Proposition 4.2.
In the following, we denote f = (e, p — 1). An application of Lemma 4.3 leads to

g(u, p) = —8u=0p +fZ > ep((a.u)). (4-2)

i=0 (z,a)eW;

4.1.1. Type zero case. Assume u = 0 (mod p). The right-hand side of (4-2) becomes

-1
g0.p)=—p"+— Z > ——p”+%ZIWiI-
i=0

i=0 (z,a)eW;

By definition, for any i = 0,..., f — 1 the set W; is the set of the [,-points on the affine variety
V(F(y'Z¢, X)) C A”‘H By hypothesis, p is of good reduction for V(F(Z¢, X)), so V(F(Z¢, X)) C
[P’ﬂ is nonsingular. Then by Lemma 4.4, we have that V(F(y*Z¢, X)) C [F" is a nonsingular Variety for
each i=0,..., f—1 (and in particular is absolutely irreducible over Fp) and certainly V(F(y'Z¢, X))
is defined over I]:p. Thus the Lang-Weil bound [35] implies that (counting projectively)

V(FGPZ X)) (Fp)| = p" ' 4 Oea(p" 1712 foreachi =0,..., f—1,

so that |[W;| = p" + Om’e’d’(p”_l/z) foreachi =0,..., f — 1. Thus we may conclude that g(0, p) <
pn—1/2‘

4.1.2. Good/bad case. Assume u # 0 (mod p); we may initially argue the good and the bad cases
together. The right hand side of (4-2) becomes

glu, p)= Z > ep(la.m)).

i=0 (z,a)eW;

In either the good or the bad case, it suffices to estimate each sum

gi(u, p) = Z ep((a,u)), fori =0,.., f—1.

(z.a)eW;
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First we prove that for any o € F, g;(u, p) = gi(au, p). Indeed

gilew,p)= Y eplaau)= Y ep(a,an)

(z,a)eW; (z,a)e[ﬂgJrl
F(y'z®,a)=0
= > ellean)= Y ep((b.u))
(z,a)eFpt! (t,b)erpt!
F(yiz¢,a)=0 @ F(yir¢,b)=0
= Y ebu) =g, p),
(t,b)err ™!
F(y't°,b)=0

where in the fourth step we use the change of variables (z,a) = (at,ab), for o = 1 (mod p). Hence

(p—Dgi(u, p)= ) gilau, p)

x
acl,

=Y. ) elaou)

a€elky (z,a)e[FZ'H

F(y'z¢,a)=0
- Y Teeem- ¥ Tewwm- ¥
(z,a)eFi T acky (z,a)eFi Tl achp (z,a)eFi !
F(y'z¢,a)=0 F(y'z¢,a)=0 F(y'z¢,a)=0

=p(p—D|(V(FG'Z°. X)) NV ({u, X)) (Fp)| — (p=D|V(F(' Z°, X)(Fp)| + (p—1).

where in the last step we have passed to counting points over [, in the projective sense. Applying [32,
Appendix by N. Katz, Theorem 1], we have that

n—1

VG 2 X)) = 3 7 + Onmea(p ),
j=0
. n-2 -
((VFG ZE X) NV, XINE) =Y o7 + Opmea(p 2 ),
j=0

where §; = dim(Sing(V(F(y*Z¢, X)))) and §; 5, = dim(Sing(V(F(y*Z¢, X)) N V({u, X)))).
On the other hand, Lemma 4.4 implies that §; = §¢ and §; , = J¢,, for each i. Moreover, 9 = —1
since we are assuming that p is of good reduction for V(F(Z¢, X)). Thus, we obtain
n+148q 4
giu,p)=0(p 2 ), (4-3)
with an implicit constant depending only on n,m, e, d. Finally, by (4-1),

5 0 if V({u, X)) is tangent to V(F(Z¢, X)),
0. — —1 otherwise,
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and this completes the proof of the good and bad cases in Proposition 4.2.

Remark 4.5. This remark justifies (4-1). Let V = V(H (X)) C P” be a nonsingular hypersurface and
L =V({a, X)) be a hyperplane. We may suppose without loss of generality that a; # 0. By the Jacobian
criterion, Sing(V N L) is the set of points on the intersection V' N L for which the (7 + 1) x 2 matrix
with columns V H and a has rank 1. Consequently, Sing(V N L) C W where

W=VnVg)n---nVign),

in which foreachi =2,...,n,

oH oH
i(X)=a;—(X)—a;,—(X).
gi(X) alaX,-( ) azaXl( )

On the other hand, W N V(dH/dX,) = Sing(V) = @ under the hypothesis that V' is nonsingular.
Consequently, dim W < 0, implying dim(Sing(V N L)) < 0, as desired.

Remark 4.6. It is worth remarking what we have gained from the arguments in this section. Briefly,

suppose # # 0 (mod p) and consider
gu.p)= > ela.u)).

(.a)eryt!
F(y,a)=0

To work directly with this sum rather than passing through the dissection into the components W; as
we did above, we would first need to homogenize the polynomial F(Y, x), say defining a homogeneous
polynomial

F(T.Y. X)=TmdeDymd .y pmeDym g (X) + fa(X).

(Here we suppose that e > 2 for this example.) Then observe that [1 : 0 : ---: 0] is a singular point on
V(F(T,Y, X)) C P"H!. Consequently, if one proceeded to estimate g(u, p), roughly analogous to the
approach in (4-3), by counting points on the complete intersection described by

VF(T.Y,X)NV({u, X)) N V(T =1),

the role of 8¢, in the exponent is now played by a dimension that is always at least 0, ultimately leading

1/2

to a result that is larger by a factor of p*/“ than the results we obtain in Proposition 4.2.

4.2. Choice of the sieving set. We can now continue the discussion initiated in Section 3.4, and choose
the sieving set. We suppose that Q = B¥ for some 1/2 < k <1 to be chosen later (see (7-4)). We choose
the sieving set

Pcl0.20]

comprised of all primes in this range such that (i) p = 1 (mod m) (recalling m > 2), and (iii’) the reduction
V(F(Z¢, X)) C IP’% is nonsingular.
p
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By the Siegel-Walfisz theorem on primes in arithmetic progressions, there are >>,, Q/log Q primes
such that p = 1 (mod m) in any dyadic region [Q, 2Q], for all Q >, 1 sufficiently large, which we
assume is a condition met henceforward. We recall from (3-13) that at most Oy, , 4 (log || F||) primes fail
(iii’). We henceforward assume that

Q > me,a (log | Fl)(loglog || F}) (4-4)

for an appropriately large implied constant, so that consequently

=|P|>m Q/log O — Cm,e,d(log | F1]) Pm,e.d Q/log Q. 4-5)

When we finally choose Q as a power of B, (4-4) will impose a lower bound on B; we defer this to (7-4).

5. Estimating the main sieve term: the bad-bad case

This section is the technical heart of the paper. We show how to bound the most difficult contribution to
the sieve, which occurs when u is bad with respect to two primes p # g € P. (We reserve the treatment
of all other cases, when u is either type zero, or good with respect to at least one of these primes, to
Section 7; these remaining cases are significantly easier.)

We recall from the sieve lemma, Lemma 1.2, that S(F, B) is bounded above by a sum of three terms.
The first two terms can be bounded simply:

> W)+ ZW(k) < B4 B Pl (5-1)
k:fq(k)=0

Here the first term follows from the Schwartz-Zippel trivial bound <, , 4 B "=1 for the number of zeroes
of fz with k € supp(W), since f; # 0 (see, e.g., [27, Theorem 1], which as mentioned before has a
method of proof that applies even if f; is not absolutely irreducible). We will call the remaining, third,
term on the right-hand side of the sieve lemma the main sieve term.

Now we are ready to estimate the main sieve term, which after an application of Poisson summation
inside the definition (1-23) of T'(p, q) is

1 1Y\*
5 X Twal=5 ¥ (5)

oW (%) g(u, pq)'

P.q€P D,qEP u
P#q p¢q
<osgm 2 2 \W ( )g(u pq)’ (5-2)
Q P-qEP u
P#q

We will apply Proposition 4.2 to bound g (u, pg), according to the “type” of # modulo p and ¢, respectively;
this leads to cases we can abbreviate as zero-zero, zero-good, zero-bad, good-good, good-bad, and bad-bad.
Unsurprisingly, the greatest difficulty is to bound the contribution of the bad-bad case, and we focus on
this first, returning to the other cases in Section 7.
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Recall that W is a nonnegative function with W(u) = w(u/B) for an infinitely differentiable, non-
negative function w that is = 1 on [—1, 1] and vanishes outside of [—2, 2]. Thus W(u) = B"w(Bu) and
W (u) has rapid decay in u, so that

W) < B"[] 0+ ui| By ™M (5-3)

i=1
for any M > 1; we will for example specify a lower bound on M at (5-22) and can certainly always
assume M > 2n. In particular, we will later apply the fact that for any B, L > 1,

> IW(u/L)| < max{B", L"}. (5-4)

uezn

5.1. The dual variety. To consider any bad case, it is useful to consider certain facts about the dual
variety. Recall that m > 2 and d,e > 1, and

FY,X)=Y" £ ym@d=D f(X)+---+ f1(X), (5-5)

in which for each 1 <i <d, f; is a polynomial in Z[ X7, ..., X},] with deg f; = m-e-i. By hypothesis,
the variety defined by F(Y, X) = 0 in weighted projective space, denoted V(F(Y, X)) C Pc(e, 1,...,1),
is nonsingular. Recall from Section 3.3 that V(F(Y, X)) C Pc(e, 1, ..., 1) is nonsingular if and only if
V(F(Z¢, X)) C P{ is nonsingular. The dual variety V* = V(F(Z¢, X))* C P{ of a hypersurface is a
hypersurface. We denote by

GWUy,Uy,...,Uy) (5-6)

the irreducible homogeneous polynomial such that V(G) = V* (see, e.g., [13, Proposition 11.2, Appen-
dix]). Recall that deg F(Z¢, X) = mde; by [19, Proposition 2.9],

deg G = mde(mde —1)""! > 2.

In our analysis of the bad-bad case in Section 5.2, our strategy is to divide our analysis depending on
whether # has the property G(0,u) # 0 or G(0,u) = 0. In the first case, we now show via an explicit

constructive argument that
[{p :u is bad modulo p}| Ky m.e,a log(|| F||ul). (5-7)

Let us prove this. A given u has the property G (0, u) # 0 if and only if the hyperplane V' ({u, X)) C P{

is not tangent to V(F(Z¢, X)) C P{; that is, if and only if for any [z : x] € V(F(Z°¢, X)) N V((X , u)),
the matrix

g—g(ze, x) 0

f;r)TFl(Ze’x) Ui (5-8)

oF
m(Ze,x) Un
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has maximal rank (i.e., at least one 2 x 2 minor is nonvanishing). Now define n + 2 polynomials in
Z,X1,..., Xy, with integral coefficients (depending on u) as follows: set

HO,M(Z9X):F(ZeaX)’ Hn—i—l,u(Z’X):(Xau),

and for 1 <7 <n set

AF (e 0
det g%(ze,x) fori =1,
m(Z LX) Uy

oF (e

; z ,X) Ui—1 .

det a)glF—l e ! for2 <i <n.
aXl. (Z ’x) ui

I"Ii,u(Z»X):

Then define the resultant (see [21, Chapter 13])
R(u) =Res(Hou, Hiu» .- Hyg1,u)- (5-9)
The following are all equivalent:
(1) u has the property that V({u, X)) is tangent to V(F(Z¢, X)).
(2) For some [z:x] € V(F(Z¢, X))NV((X, u)), (5-8) has rank < 2.
(3) The polynomials H; 4 (Z, X) (for 0 <i < n 4 1) share a common (nonzero) root.
4) R(u)=0.

Now we consider the analogues of these statements for each p. Fix a prime p. For a polynomial
L € Z[U], let L denote its reduction modulo p. By definition, u is bad modulo p precisely when H iu (for

0 <i <n+1) have a common nontrivial root modulo p, that is if and only if p|Res(170’,,, o Hyp1 ).
By [15, Section IV], as a polynomial in U,

RCS(EO’U, e vﬁn-l—l,U) = E(U),

where R is defined as in (5-9). (That is, the resultant of the reductions modulo p is the reduction modulo
p of the resultant.) Thus for each # such that G(0, u) # 0 so that R(u) # 0, we can conclude that

{{p : u is bad modulo p}‘ =wRes(Hoy, ..., Hyt1,u)),

where w(r) indicates the number of distinct prime divisors of an integer r; we recall in particular
that w(r) < (logr)/(loglogr). By [21, Chapter 13, Proposition 1.1], the resultant is a homogeneous
polynomial in the coefficients of the forms Hy 4, ..., Hy41,, (With degree bounded in terms of n, m, e, d).
Thus, for every value of u such that G(0, u) # 0 so that Res(Ho 4, . . ., Hy+1,4) is a nonzero integer,

w(ReS(HO,u» cee Hn+1,u)) Ln,m,e,d log(|| F'|[{|a])- (5-10)

Finally, if G(0, u) = 0, then the hyperplane V({u, X)) C P{ is tangent to V(F(Z¢, X)) C P¢ so that
(5-8) has rank 1 over C; consequently # is bad for all primes p. Thus in this latter case, we will instead
focus on showing there are sufficiently few solutions to G (0, u) = 0.
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Remark 5.1. It is a common occurrence that one requires the fact that there are “quite few” primes of
bad reduction for a variety of the form V N {uo Xy + - u, X, = 0} for some variety V and parameter
(ug,uy,...,uy) of interest, in this case V(G) with G describing the dual of F, and uy = 0. The fact
that our result (5-7) depends only logarithmically on || F|| is important for our ultimate deduction that
the implicit constant in Theorem 1.1 is independent of || F||; see the application in Section 5.2.1. This
motivated the explicit argument we gave above. Alternatively, we thank Per Salberger for pointing out
that the useful references [17, pp. 95-98] and [18] also provide similar constructions leading to explicit
results of the form (5-10) and hence (5-7). We remark that if we did not require logarithmic dependence
on || F||, one could apply a result such as [13, Proposition 11.5(3), Appendix] to conclude immediately
that for all sufficiently large primes (in an inexplicit sense), # is bad modulo p precisely when p|G(0, u)
(so that |{p : u is bad modulo p}| < log |lu|| when G (0, u) # 0), but with dependence on G and hence
on F that has not been made explicit, and so does not immediately suffice for our application.

5.2. Bad-bad case. We use the above facts to control the contribution of the bad-bad case to the sieve,

~( u
v ()|
Pq (5-11)

We start by exchanging the order of summation between u and the primes p, ¢, and then splitting the

which by Proposition 4.2 is bounded by

1 R u Qn—H
PZQZn Z Z ‘W (%) g(u, pq)' < P2Q2n Z Z
pyqep ue7z" psqep uez"

u bad mod p u bad mod p
p#d u bad mod g P74 u bad mod g

sum as
~ u
> 2 Wilg)= X X ot X X
uez" p,g€P P4 ucz" P,g€P uez" D.qEP
P#q GO.u)=0  p#q GO.u)#0  p#q
u bad mod p u bad mod p u bad mod p
u bad mod g u bad mod g u bad mod g

In this section, we will prove that the contribution from G (0, #) # 0 is

> ) 'W(%)'«md Q*"(log B)*. (5-12)

uez" D.g€P
G(0,u)#0 P#q
u bad mod p
u bad mod g

On the other hand, we will prove that the contribution from G(0, #) = 0 is

lu 02 n—2+%+e
> > W(E)‘<<8P2(Q2”B_“(M_1)+B”(—) ) (5-13)

Bl—(x
ue7" P,q€P
G(0,u)=0 P#q
u bad mod p
u bad mod g

for a small 0 < @ < 1 of our choice, and any ¢ > 0. Once we have proved these two inequalities, we will

wrap up the contribution of the bad-bad case in Section 5.2.3.
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5.2.1. The case G(0,u) # 0. Proving (5-12) is quite simple; by the decay (5-3) for W and the bound
(5-10) for counting p, q,

o PGl X M) e

uez" D,q€P uez" i=l1
GO0,u)#0  p#q G(0,u)#0
u bad mod p
u bad mod g

N—M
> 1‘[( P aost il

ue7z" i=1
Ln,m,e,d an(log B)z-

Here we have used the fact that Q = B* with 1/2 <« <1 (so that Q%" > B™), and the fact from
Lemma 2.1 that in the only case we need to consider, log || F|| <,¢,4 log B. This proves (5-12) with an
implied constant independent of || F||.

5.2.2. The case G(0,u) = 0. Proving (5-13) is a key novel aspect of our proof. Note that if G(0,u) =0,
then u is bad mod p for all p € P. Then

> 2 ‘Vi/(%)‘«B”Pz 3 ]_[( Blu’)M. (5-14)

uez" P,q€P uezZ" i=1
G(0,u)=0 pF#q G(0,u)=0
u bad mod p
u bad mod g

Let 0 < o < 1 be a parameter to be chosen later and consider the cube
— [_QZ/BI—O!’ QZ/BI—OL]H C R".

This is slightly larger than the “essential support” of the sum over u, so that outside this box we can
exploit decay more efficiently. We will ultimately prove that

|ul 2n p—n p—a(M—1) Q2 noatlf3te
E 1_[ 14 <<3Q BB + Bl-a ) (5-15)
ue7"  i=1
G(0,u)=0

for any ¢ > 0. We split the sum as

n

3 l—[( B|uz|) 3 1—[( B|u,)M‘ 516

ueCyNZ" i=1 ugCouN7" i=1
G(Ou) 0 G(0,u)=0

In the second sum in (5-16), we can exploit decay:
n — n n
Blui Bluzl 0? 1
(O <<z > (2 < (L) s
j ue7" i=1

G(0,u)=0 G(0,u)=0
|uj|>Q?/ B~
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The contribution of these u to (5-14) is thus <« Q2" P2B~*M =1 for 0 < o < 1 and any M > 2n; this
contributes the first term in (5-13).

It remains to deal with the first sum appearing on the right-hand side of (5-16), summing over # € Cy
such that G(0, u) = 0. Here we show that there are few solutions to G (0, #) = 0. Recall the definition
of the form G from Section 5.1. Consider V(G(0,U)) C P"~! defined by G(0, U) = 0 as a function
of U. (First notice that G(0, U) is not identically zero; indeed, if it were then we would conclude that
{Uy =0} C{G(Uy, Uy,...,U,) = 0}. Recalling that G(Uy, U) is irreducible, both these projective
varieties have dimension 7 — 1 so that in fact we must have {G = 0} = {Uy = 0}. But this is impossible,
since G has degree > 1.) Thus V(G(0,U)) C Pﬁ_l is a projective variety of dimension n — 2 and
deg G(0,U) =deg G(Uy, U) > 2. Moreover, let us decompose G (0, U) into irreducible components,
i.e., by writing

L
GO.U) =[] Gu). (5-17)
{=1
where G¢(U) is an irreducible polynomial for each £ < L (and L <, ¢,q 1). Set dy := deg Gy. We

have
n -M L
Blu;|
> T(+%) = X =X ¥ o
ueCyNZ" i=1 ueCyNZ" {=1uecCy,N7"
G(0,u)=0 G(0,u)=0 Gy (u)=0

In the next section, we shall prove:

Proposition 5.2. Let n > 3. For the homogeneous polynomial G(Uy,Uy,...,Uy,) € ClUy, Uy, ..., Uy]
defined in (5-6), G(0,Uy,...,U,) contains no linear factor, that is, we cannot write G(0,U) =
L(U)H(U) for any linear form L(U) € C[Uy, ..., Uy

Remark 5.3. As a consequence of Proposition 5.2, G(0, Uy, ..., U,) contains no factor in one or two
variables. For suppose that in the notation of (5-17) some factor Gy (U) (after an appropriate GL,(C)
change of variables) can be written as a polynomial g{(Uy) or g,(Uy, U,). Then g (Uy) is a monomial,
hence a product of linear factors, contradicting the proposition. Alternatively, any form g, (U, Uy)
factors over C into homogeneous linear factors in Uy, U;, as a consequence of the fundamental theorem
of algebra applied to g,(1,¢) € C[¢], followed by noting g,(U;y, Uy) = Uldeggzgz(l, U,/ Uy). This again
would contradict the proposition. (Since the statement of Proposition 5.2 is false if n = 2, see Remark 5.4
for an alternative approach for n = 2.)

The crucial point is that Proposition 5.2 implies that for each £ =1, ..., L the degree dy > 2 (and Gy
depends on at least 3 variables). By [27, Theorem 2] and [41, Theorem A], we have, for any ¢ > 0,

< (Q2/Bl—a)n—2+s if d@ =2, S8
Z e 2/pl-a n—2+i+8 ifd ) (5-18)
ueCyNZ" (Q / ) dy> 2.

Gy(u)=0

Within these results, the implied constant is independent of || F|| in each case. In particular, we may
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conclude that foreach{ =1,..., L,

1
QZ n_2+§+8
Z 1 <, (m .

ueCyNZ"
G¢(0,u)=0

Thus the total contribution of these terms to (5-14) is

02 n—2+%+e
Bl—a) :

<<8 Bn P2(
This contributes the second term in (5-13), and hence (5-13) is proved.

5.2.3. Conclusion of the bad-bad sieve term. From (5-12) and (5-13) we conclude that the total contribu-
tion of the bad-bad case (5-11) to the sieve is

on+l 02 n—2+4%+e
(an(log B)2 + QZHPZB—O((M—I) + BI’IPZ( ) )

P2 Q2n Bl-a
5 /
B§+g(a)+s
<o 0" QP2 (log B> + 0B *M-D 4 (T |), (5-19)
Qg-i-s’
where g(o) = a(n — % +¢é ), for any ¢’ > 0. To simplify the third term above, henceforward we assume
Q = B* with
3<k=l (5-20)

Then the above is
<o Q"(QP 2(log B)? + QB M=V 4 prizte)te) (5-21)
for any ¢ > 0. In the first term on the right-hand side, we observe by (4-5) that P >> Q/ log Q so that
QP_Z(log B)2 < Q_1 (log B)4 < B_3/4(log B)4.

In the second term, we can choose o = 2—14(n — % +¢&)7 1 so g(a) = 21—4, and set M > max{2n,a~! +1}.
Regarding the third term, so far this is true for any ¢’ > 0; let us take ¢’ = 1/100, say. We conclude that

Qn+1
pigm 2 D
Q uez" P.g€P
G(0,u)=0 P#q
u bad mod p
u bad mod g

W(i)‘ < 0"(B3*(log B)* + QB + B3 T10) « Q", (5-22)
P4

since B > Q. The implied constant is independent of || F||. (Here we could even obtain a term that
is 0(Q"), but this will not change our main theorem, since the good-good contribution to the sieve is
O(Q™).) This completes the treatment of the bad-bad contribution to the sieve, except for the proof of
Proposition 5.2, which we provide in the next section. Then in Section 7 we show that the contributions
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of all the other types to the sieve are also dominated by <« Q", and then conclude the proof of our main
theorem.

Remark 5.4 (the case n = 2). The method of this paper applies for # = 2 up until Proposition 5.2; arguing
as in Remark 5.3 shows that G(0, Uy, U,) factors over C into homogeneous linear factors in Uy, U,, so
that proposition is false for n = 2. Thus in the nomenclature of (5-17), each degree dy = 1, and the
estimate (5-18) is replaced by (Q2/B!'=%)"~1. Thus (5-19) is replaced by

Qn(QP_z(IOg B)2 + QB—a(M—l) +B(l1—1)a+lQ—l) < Qn+1,

upon taking « = 0 and using Q > B1/2, Ultimately, arguing in this way for n = 2 leads to the choice
0= Bl/z(log B)'/2 and the outcome S(F, B) < B”_H'l/z(log B)'/2, which is essentially no better
than (1-16), aside from the fact that we can remove the dependence on || F || in the implicit constant. In
any case, Broberg’s results (1-14) and (1-15) supersede the outcome of the methods of this paper for
n=2,73.

6. Proof of Proposition 5.2

In this section we prove the critical Proposition 5.2 that allows us to deduce all factors in G (0, U') have at
least degree 2, so that we can apply the nontrivial bounds of Heath-Brown and Pila in (5-18). We thank
Per Salberger for suggesting the following strategy to prove the proposition.

Let n > 3. Suppose to the contrary that G(0, U) contains a linear factor, that is,

G0,U)=LU)HU) (6-1)

for some linear form L. Then by a linear change of variables we can reduce to the case in which we may
assume that L(U) = Uy, and conclude that

G(0,U) = U H(U)

for some homogeneous polynomial H. Then any point (0,0, us, ..., u,) € {Uy = U; =0} C P" satisfies
G(0,U) = 0 and thus defines a tangent hyperplane to V(F(Z¢, X)) C P", given by

Uy Xo+---+uyX, =0.

In particular, for all [u5 : -+ - : u,] € P2, this hyperplane contains the line £ givenby X, =---= X,, =0
in P". We note that this line £ is not contained in V(F(Z¢, X)), since for example in the coordinates
[Uy : Uy : Uy :---: Uy] we see that the point [1:0:0:---:0]€fbut[l:0:0:---:0] &V, since in
the definition of F the coefficient of Z™9¢ is 1. Thus under the assumption (6-1) we have shown that
the generic hyperplane through ¢ is tangent to V(F(Z¢, X)). We will see this is impossible, and our

assumption (6-1) is false (so that Proposition 5.2 is verified), by the following proposition.

Proposition 6.1. Letn > 3. Let X C P" be a nonsingular hypersurface and let £ be a line not contained
in X. Then the generic hyperplane in P" containing € is not tangent to X .
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Let X be given as in the proposition. Without loss of generality we can make a change of coordinates
so that
{={X, ==X, =0}

Let F € C[Xp, X1, ..., Xu] be such that X = {F = 0}, and let D denote the degree of F. Our strategy is
to construct the blow-up of X along the zero-dimensional subvariety Z C X, where we define
Z=({NnXcCP"
Under the hypothesis that £ is not contained in X, then deg Z < D. We also define the open set
U=X\Z.

To prove the proposition, we first notice that we can parametrize the hyperplanes containing £ in P” by
points in P"~2 using the map

P2 S>{HCP":degH =1, L C H}, [vp:--:v5]+> {2Xo+--+ v, X, =0}
Thus, it will suffice to show that there exists an open set V C P"~2 such that for all v = [vy :---:v,] €V,

X N{vXo+---+ vy X =0}

is smooth, so that in particular the hyperplane {v, X5 +-- -4+ v, X;, = 0} C P" is not tangent to X'. We will
prove this in two steps, first focusing on the intersection of the hyperplane with the open set U = X \ Z,
and then focusing on the intersection of the hyperplane with the finite set of points in Z. In agreement
with the citations we apply in what follows, from now on we will use the terminology “regular” for a
scheme instead of “smooth.” For a nonsingular hypersurface such as X, these notions are identical by
the Jacobian criterion [36, Chapter 4, Theorem 2.19 and Example 2.10]; more generally, the notions are
equivalent for any algebraic variety over a perfect field, and in particular over C [36, Chapter 4, Corollary
3.33].
Define a rational map ¢ : X --> P"~2 given by

o [Xo: X1: X Xy [Xo oo Xa.
This is a regular map on U. We claim that there exists a projective variety Y and two morphisms
7n:Y — X,and ¢ : ¥ — P"~2 guch that:
(i) The diagram _
Y
N
T
X 45 pr2
is commutative.

(i) The morphism 7 restricts to an isomorphism 7 : 7~ (U) — U.

(iii) The projective variety Y is regular.
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Let us assume this claim for now and see how to conclude the proof of the proposition. Since Y is regular,
we can apply Kleiman’s Bertini theorem [23, Chapter III, Corollary 10.9] to the morphism ¢ : Y — P2,
and deduce that given a generic hyperplane H C P"~2, ¢~ (H) C Y is regular. Let us fix one of these
generic hyperplanes, and call it

H={u) X, +-+uyX, =0} Cc P" 2,

By the choice of H, ¢~!(H) N7~ (U) is nonsingular. Recall that 7 is an isomorphism when restricted
to the open set 7! (U). Thus we also learn that

m(@ " (H) N7 ' (U) ==(@ " (H)NU =9 (H)NU
={[xo:x1:x2: -1 x5l €U :upxy +---+upx, =0}

is regular. Since such H are generic in P" 2, we conclude that there is an open set V; C P"~2 such that
for all v =[vy :---: vy] € Vq, the intersection

Un{vX,+---4+v,X, =0}

is regular.
Let us next focus on the intersection of the hyperplane with the set Z. For any P € Z, a hyperplane
{va X5 + -4+ v, Xy, =0} with [vy : -+ : v,] € P"2 is tangent to X at P if the Jacobian matrix at P,
3_F( P) 0
8 X1 Z(P) 0

Jy(P) = 3X2(P) vz |,

—F'(P) o,

has rank < 1. From this it is clear that if either 8)1? (P) # 0 or )1;1 (P) # 0 then rank J,(P) = 2
for any v € P"~2. On the other hand, if aF (P) 1(P) = 0 then rank, (P) < 1 if and only if

= [;TFZ(P) Teeed ;—Q(P)] since we are assummg that X is a nonsingular hypersurface. For each P € Z
we define

o) 0therw1se.

. OF 8F F _
If we define Vp = P"=2\ Cp, it follows that for any v € Vp the intersection

X N{vy Xy 4+ vy Xy =0}

is regular at P.
Finally consider the set

V=vin () Ve
PezZ
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Since deg Z < D, then V is a nonempty open subset of P"~2. For each v € V, the hyperplane
VpXy + -+ -+ vuX,; = 0 contains £, and

is regular, or equivalently, nonsingular; thus {v, X> 4 - - - 4+ v, X3, = 0} is not tangent to X . This completes
the proof of Proposition 6.1, except for the proof of properties (i), (ii), and (iii) in the claim.
We now prove the claim of properties (i), (ii) and (iii). From the rational map ¢ : X --> P"~2 given by

o [ Xo: X1: X Xyl [Xo oot Xad,
we consider the graph I' = Iy, of the map ¢,
IF={(x,p(x):xelU}C X xP"2

Define the Zariski closure X = T’ C X x P"~2. Define the projection map 7’ : X > X acting by
(x,¢(x)) = (x). Then the blow-up is X along with a morphism ¢’ such that

X
4
X -2y pn2

is a commutative diagram (see, e.g., [22, Chapter 7, p. 82]). Moreover, from the definition of the blow-up
it follows that 7 restricts to an isomorphism 7’ : (')~ (U) — U, i.e., X satisfies properties (i) and (ii),
but it might be singular. To resolve this, we apply Hironaka’s resolution of singularities: as a consequence
of [30, Theorem 1] (see also [30, p. 112]), there is a projective variety Y and a morphism f : Y - X
such that f is an isomorphism when restricted to the inverse image f~!(V) of the open set V of the
regular points of X, and such that Y is regular. Then the claim follows by taking 7 = 7’0 f, g = ¢’ o f
and observing that (")~ (U) C V.

7. Concluding arguments

In Section 5 we proved that the contribution of the bad-bad terms to the sieve is < Q”". We now turn to
analyzing the contributions of the other types, as defined in Definition 4.1. We will treat these in three
sections; in each case we apply the relevant bound for |g(u, pq)| from Proposition 4.2 and the bound
(5-4) for W. Once we have treated these cases, we proceed in Section 7.4 to choose the parameter Q,
and conclude the proof of Theorem 1.1.

7.1. Zero-type cases. We first consider any case in which u is zero-type modulo p, divided into cases
according to whether u is zero-type, good, or bad modulo ¢g. The contribution of the first case (upon
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setting # = pqv and applying (5-4)) is

P2Q2n Z Z F Z Z ‘W(v)‘<< B"Q~".

w ( ) g(u, pq)‘ <
20N2n
D.gE€EP ue7" rq P Q D.qEP veZn

p#q U zeromod p P#q
u zero mod q

The contribution of the second case (upon setting # = pv, applying (5-4) with L = Q < B) is

P2Q2n ooy W(%)‘ < B"Q 2112,

P.9€EP  uez"
pF#q U zeromod p
u good mod g

Qn—l/ZQn/2P2
P2 Q2n

‘W (l) g(u, pq)' <
P4

veZ"

The contribution of the third case (upon setting # = pv, applying (5-4) with L = Q < B) is

ol n—n
S T () <re

D, 1;673 ueZ"d
u zero mod p
P7a u bad mod g

n—1/2 nn/2+1/2 p2
0 0 P
p2Q2n

'W (1) g(u,pq)‘ <
P4

vezn

As long as n > 2, all these cases contribute at most << B" Q! to the sieve, which is acceptable.

7.2. Good-good case. The contribution to the sieve from the good-good case is:

~ u P2 ~
W — L ——— w <
P2Q2” 26:73 ; ‘ (m)g(" pq)‘ P2Q2n ,,;n (QZ)' e
pgéq u golf)d mod p
u good mod g

after applying (5-4) with L = Q2 > B, since under the assumption (5-20), k > 1/2.

7.3. Good-bad case. The contribution to the sieve from the good-bad case is

R u n+1/2 . u
D202n Z Z 4 g(u, pq) << D2o2n Z Z Z 4 - (-D
P Q " rq P20 rq
P.9€EP  ucZ” PEP q#peP uel"
p#q U good mod p u bad mod g

u bad mod g

Here we proceed by imitating the key step from Section 5 for the bad-bad case, and sum over ¢ before
summing over #. We again define G(Uy, U) as in (5-6), and let R(u) denote the resultant (5-9), so that

DS ‘W(%)‘«P 3 'Vf/(é)'a)(R(u))«n,m,e,dPanlogB,

PEP  ue7" q#peP uez"
G(0,u)7#0 u bad mod g G(0,u)#0

with an implied constant independent of || || (in the first case of Lemma 2.1), by arguing as in the proof
of (5-12).

Notice that in the good-bad case, we do not need to consider a possible contribution from those u
for which G(0, u) = 0: when G(0, #) = 0, then all ¢ have the property that « is bad for g, whereas by
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definition in the good-bad case, u is good for at least one prime. In total, the contribution to the sieve
from the good-bad case is thus
on+1/2

pzon - PO (log B) < Q"*'/2 P! (log B) <« Q"

since Q = B* for some 1/2 <k <1 and under our acting assumption (4-4), by (4-5), P > Q/log Q.
Thus we can conclude that the total contribution of the good-bad case (7-1) of the sieve is < Q", with an
implied constant independent of || F|| (in the first case of Lemma 2.1).

7.4. Final conclusion of the sieve and choice of parameters. We now assemble all the terms of the main
sieve term in (5-2): we can conclude that

1
-7 2 |Tr.ol < B"07" + 0" (7-2)

D.g€P
P#q

The first term is from all zero-type cases, and the last term includes the good-good, good-bad, and bad-bad
cases. We apply this in the sieve lemma, along with the bound (5-1) for the two simple terms in the sieve,
to conclude that (in the first case of Lemma 2.1) our counting function admits the bound

S(F,B) €nmea (B '+ B"P"' +B"07' + 0") < (B"P™' + 0"). (7-3)

Choose
Q — Bn/(n+l)(log B)l/(n-‘rl)‘ (7_4)

The requirement (5-20) is met for all n > 3. (If n = 2, then this argument leads to the choice Q ~ B 2/ 3,
which does not suffice to prove sufficient decay in the bad-bad case; see Remark 5.4.) Recall from (4-4)
and (4-5) that

P =|P|»mea QUog Q)™ >y mea B+ (log B) 71

as long as

O > m.e,a (log | F)(loglog || FI]). (7-5)

Recall also that we require P >, . 4 max{log || f4|,log B} in Lemma 1.2. Certainly the first condition
is satisfied under the assumption (7-5). The second condition is satisfied for Q as in (7-4) for all B >, 1.
To meet the requirement (7-5) for Q as chosen in (7-4), it suffices to require that

n+1
B > .e,a (log | F|loglog [ F||) » .

For such B, the conclusion of the sieve process in (7-3) shows that

S(F. B) <pmoa B"" T (log B)#iT,
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where the implicit constant is independent of || F||. This suffices for Theorem 1.1. Finally, for all
B < .e,q (log | F|| loglog ||F||)%, we apply the trivial bound

S(F, B) <n B" <y m.e.qa (log]| F| loglog | FID" T <« (log || F|)" T2
Lnm.d.e (l0g B)'? <, Bn_H#‘(log B) T,

Here we applied the fact from Lemma 2.1 that in the case it remains to prove Theorem 1.1, || F| <«

Bmde)'™™2 4 that log || F|| <, m,d,e log B. This completes the proof of Theorem 1.1.
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via weighted blowings up

Dan Abramovich, Michael Temkin and Jarostaw Wtodarczyk

We provide a simple procedure for resolving, in characteristic 0, singularities of a variety X embedded
in a smooth variety Y by repeatedly blowing up the worst singularities, in the sense of stack-theoretic
weighted blowings up. No history, no exceptional divisors, and no logarithmic structures are necessary to
carry this out; the steps are explicit geometric operations requiring no choices; and the resulting algorithm
is efficient.

A similar result was discovered independently by McQuillan (2020).
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1. Introduction

1.1. Classical embedded resolution. All known methods to canonically (or functorially) resolve singu-
larities of a variety X are embedded: first, one locally embeds X into a smooth ambient variety Y, and
then gradually improves the transforms (either proper or weak) X; of X by a series of basic modifications
--- Y, = Y] — Yy =Y such that each Y; is smooth. In fact, the embedded framework was already used
by Hironaka [1964a; 1964b], then, based on Hironaka’s and Giraud’s works, canonical methods were
introduced by Bierstone-Milman [1997] and Villamayor [1989], and the full functoriality with respect to
smooth morphisms was achieved by Schwartz [1992] and Wiodarczyk [2005]. Note that it suffices to
construct a functorial resolution étale-locally as globalization follows from the reembedding principle

This research is supported by BSF grants 2014365 and 2018193, ERC Consolidator Grant 770922 - BirNonArchGeom, and NSF
grant DMS-1759514.
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(recalled in Section 8.1) and functoriality. We refer to the methods developed in these papers, as well as
[Encinas and Hauser 2002; Encinas and Villamayor 2003; Kollar 2007], etc., the classical methods.

Basic modifications in the classical methods are blowings up with smooth centers V; C Y;, in particular,
this is the way to guarantee that Y; | is also smooth. Most naturally, one would like to choose V; to be the
worst singularity locus for a natural singularity invariant inv(y x) : X — I with values in a well-ordered
set so that each blowing up improves the invariant. This would lead to a simplest resolution method
controlled by a geometrically meaningful singularity measure. But it was common knowledge for decades
that this dream is unrealizable; see, for instance, [Kollar 2007, Example 3.6.1] and Section 1.8.

Starting with Hironaka’s work, the classical methods use history and the choice of V;, as well as
the invariant inv(y, x,), depends on the whole earlier resolution process rather than just on (¥;, X;). In
particular, only the center Vy C Y of the first blowup of the process, sometimes known as the “year-zero
center”, and invariant inv(x, y,), possess a clear geometric meaning.

Remark 1.1.1. (i) The composed sequence Y, — Y can be canonically realized as a single blowing up
along a highly nonreduced center V, but this is a rather useless presentation, no clear connection between
the geometry of V and the singularities of X is known, and it is even unclear how to show that Bly (Y) is
smooth if not by a direct computation.

(i1) In classical methods, a basic embedded resolution operates with weak (or principal) transforms, so
the intermediate X; may have new components contained in the exceptional divisor, the center V; does
not have to lie in the i-th proper (or strict) transform X;' and though X}, — X}' is a blowing up, its
center V; N X;' may be singular. Using basic resolution and Hilbert-Samuel function one can develop a
much more technical method, usually called strong resolution, which operates with proper transforms
and hence satisfies V; C X; and X;;1 = Bly, (X;). It outputs a desingularization blowing up sequence
X, — --- Xp whose centers are smooth.

As noted in Section 1.3, our desingularization Theorem 1.2.2 works directly with proper transforms,
and thus achieves strong resolution without the need for further reductions.

1.2. Statement of main results. In this paper we show that the unrealizable dream becomes possible
(probably, even the most natural solution) once one enlarges the pool of basic modifications to the class
of weighted blowings up along smooth centers. In fact, just the classical year-zero blowings up with
correct weights, which are encoded in the classical year zero invariant, does the job! A similar result was
obtained independently by McQuillan [2020].

The stumbling block all these years was the fact that weighted blowings up were not a legitimate tool in
embedded resolution because the output ambient variety may be singular. Recently, it was discovered that
such blowings up possess a smooth stack-theoretic refinement, and this makes them an absolutely kosher
embedded resolution tool at the price of working with Deligne—Mumford stacks instead of varieties.
Since the construction is étale-local and the coarse moduli space can be easily resolved (using simple
combinatorial tools going under the name “destackification”), this is not a real burden; see Section 1.6
and Theorem 8.1.3.
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Definition 1.2.1. By a DM pair (X, Y) we mean a quasicompact Deligne—Mumford stack ¥ smooth over
a field of characteristic zero and a closed substack X C Y.

To extend the pool of blowings up we introduce in Section 2 valuative Q-ideals, providing a convenient
formalism to work with Hironaka’s idealistic exponents. The basic examples are called centers, locally

they are of the form J = (xfl, . ,x,fk), where a; € Q¢ and xy, ..., x, is a regular system of parameters.
A center is called reduced if w; = 1/a; are natural numbers with gcd(wy, ...,wr) = 1. Note that a usual
ideal and its normalization give rise to the same valuative ideal, and J - (xia‘, e ,x,i“") as valuative

ideals for I € N. In particular, there is a unique reduced center J such that J = J' with / € Q. In Section 3
we associate to any center J a blowing up Bl J(Y), which is a smooth stack-theoretic enhancement
of the classical weighted blowing up along x1, ... ,x; with weights wy, ...,w;. Such blowings up are
compatible with smooth morphisms f : Y’ — Y, that is, Blf,lj(Y/) =Bl J(Y) xy Y’'. In particular,
B1J(Y) — (Y) is an isomorphism outside of V(J) := V(xq, ...,xx), so the proper transform of closed
subschemes is defined as usual.

Theorem 1.2.2 (a step towards resolution). There is a construction which associates to each DM pair
(X, Y), with X nonempty, a semicontinuous function inv(x yy : X — &y, with values in a well-ordered set
B, and a reduced center J = J(X, Y) with the associated blowing up F\(X,Y) : Yy — Y and proper
transform X C Y| such that the following conditions hold:

(1) The vanishing locus: V(J)is precisely the locus where inv(x yy attains its maximal value maxinv(X,Y).
(2) The invariant drops: maxinv(X1, Y1) < maxinv(X, Y).

(3) Functoriality: for any smooth morphism f :Y' — Y with X' = X xy Y', one has that invx' yy =
inv(x.y) o f. Furthermore, either f~'J(X,Y) = (1), or J(X',Y") = f~1J(X,Y) and hence
(X1, Y) =(X1, 1) xy Y1,

The set E,, does not depend on X or Y, only on m :=dim Y. It is a well-ordered subset E,, C Q=" of
the set of sequences of length at most m, described in the context of Theorem 1.2.5 and in Section 5.1.
Moreover, as m varies these sets are nested: E,, C &,,+ allowing for the necessary comparison in (3).

The index 1 of F(X, Y) indicates that it is a one-step operation on the way to a final product; the final
product is achieved when X is empty so F| does not exist.

Since &, is well-ordered, composing the one-step partial resolution blowings up F1(X;, Y;): Yiv1 — Y;
one obtains a sequence (X;, ¥;) — --- — (Xo, Yo) = (X, Y) with X; = 2.

The full weighted embedded resolution is obtained by stopping this process once a center containing
an irreducible component of X is chosen, and here an equicodimensionality condition has to be imposed.
From the description of the invariant below one sees that the minimal invariant locus is precisely the
largest codimension component of the smooth locus of X, hence the theorem immediately implies

Corollary 1.2.3 (weighted resolution). For a DM pair (X, Y) let F(X,Y): (X, Yy) = -+ — (X0, Yo) =

(X, Y) denote the maximal sequence of blowings up Fi(X;, Y;) whose centers are nowhere dense in X;.
In particular, X,, — X is proper and birational:
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(1) If X is generically reduced and of constant codimension in Y, then X,, is smooth.

(2) If, in addition, Y — Y is a smooth morphism and X' = X xy Y’, then the sequence F(X',Y")
is obtained from F(X,Y) xy Y’ by removing all blowings up with empty centers. In particular,
(X;l/a Y,;/) = (X,, Yn) xy Y

Remark 1.2.4 (functorial formulation). One can spell out the results in terms of functors on categories.
This is not used in the paper, so we only outline the formulation: F; can be viewed as a partial resolution
endofunctor on the category of DM pairs with smooth surjective morphisms. Its birational stabilization
F = F{" gives rise to a resolution endofunctor on the category of generically reduced DM pairs of
constant codimension with arbitrary smooth morphisms:

 (nonembedded resolution) Using standard arguments, one deduces nonembedded resolution — see
Theorem 8.1.1.

o (principalization) Theorem 1.2.2 relies on principalization of ideals on Deligne—-Mumford stacks.
See Theorem 6.3.1, where strict transforms in Theorem 1.2.2 and Corollary 1.2.3 are replaced by
weak transforms.

e (coarse resolution) The reader may wonder about the coarse moduli spaces when Y is a variety.
As we note in Section 8.2, the stacks Y; and X,, have finite abelian stabilizers, hence their coarse
moduli spaces Y; and X, have finite abelian quotient singularities. These are eminently resolvable,
see Section 1.6 and Theorem 8.1.3. The transformations Y ;| — Y; are best described as the coarse
transformations of the weighted blowings up Yi+; — Y;.

Finally, we provide a very simple and geometric characterization of the invariant inv(yx y) and center
J(X,Y), and we view this as a part of our main results. We will always order local parameters at a point p
giving a center J = (x7", ... ,x;*) sothata; <ap <--- and setinv;(p) = (ay, ...,ax) € Q=" =| ||_, QF.
We provide the set of invariants with the natural lexicographic order, where shorter sequences are declared

to be of larger order.
Theorem 1.2.5. Let (X, Y) be a variety pair, I C Oy the ideal of X and p € X a point:

(1) There exists a neighborhood p € U and a center J on U such that p € V(J), I|y € J and inv;(p) is
maximal possible among such pairs (U, J). Moreover for all p’ € V(J) we have inv;(p’) = inv;(p)
and is locally maximal at p'. In particular, the invariant invx y)(p) = inv;(p) is well defined and
upper semicontinuous.

(2) The localization J, is unique and does not depend on the choice of (U, J).

) Ifinvy(p) = (ay, ...,ax), then the numbers by = ay and b; = q; ]_[f;} b;! for 2 <l <k are integers.
The theorem is stated for varieties as it is local in nature. The theorem immediately implies that the set

&, of actual invariants is well ordered, and there exists a unique center J = J (X, Y) whose invariant is

maxinv(X, Y), whose vanishing locus is the maximality locus of inv(x y) and such that V (Ix) 2 V(J).
The center J (X, Y) is simply the reduction of J. So, what the algorithm really does — it blows up the
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unique center J such that V(Ix) 2 V(J) and inv; is maximal possible. Loosely speaking, this is just the
center of maximal invariant contained in X.

1.3. Our quest for the present algorithm. Several times during our study, we were positively surprised
by the properties of the algorithm presented here.

In [Abramovich et al. 2020a] we extended the pool of smooth blowings up in the logarithmic setting,
and this allowed to produce algorithms with better efficiency and functoriality properties. That work
required to consider stack-theoretic blowings up with nontrivial weights for monomial parameters, so our
next project was to study what is the natural resolution algorithm that uses weighted blowings up with
arbitrary weights. Our expectation was that the algorithm will be more efficient than the classical ones, but
we did not expect at all that it would not require the history of prior operations, a “memoryless” algorithm
visibly improving singularities by each weighted blowing up, as it turned out to be. The paradigm that
such things do not exist was too strong. We do not know if there exists a simpler algorithm, or a faster
one, or a more geometrically informative one, but to the best of our knowledge currently there is not even
a conjecture in that direction.

Another surprise is that the algorithm shares common features with the strong resolution methods and
uses proper transforms. In particular, the centers (with an appropriate formalism) are contained in X
itself, so it can even be interpreted as a nonembedded algorithm and described without using an ambient
manifold. In fact, while proving the principalization we show that already the weak transform reduces the
invariant on each blowing up, hence the same is true for the proper transform. Since the algorithm is
“memoryless”, independent of the history of prior operations, this allows to work with proper transforms
as well. No need to use Hilbert—Samuel function and much of the usual classical machinery.

Remark 1.3.1. In fact, our method produces a sequence of stack-theoretic modifications X, — - -+ —
Xo = X with a smooth source Fy(X) = X, such that each f; : X;11 — X; satisfies the following two
properties:

(i) The method is “memoryless”: f; depends only on X;.

(i) The resolution is strong in the extended (stack-theoretic) meaning: each f; is a stack-theoretic

blowing up of a weighted smooth center.

Since we only introduce a narrow class of weighted blowings up — blowings up of smooth varieties
along smooth weighted centers, our interpretation of the second property is the following naive one:
(locally) X; embeds into a smooth stack Y and f; is the proper transform of a weighted blowing up
g :Y' — Y along a weighted smooth center 7 which contains the ideal Zx, of Oy. However, Quek
and Rydh [2021] define weighted blowings up of arbitrary schemes along arbitrary Rees algebras, not
necessarily smooth, and establish their basic properties. In particular, in the formalism of [Quek and
Rydh 2021], f; is indeed the strict transform of g and it is the weighted blowing up of the restriction of
J onto X;.
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Finally, the choice of the center fits and clarifies very well the classical constructions, see Section 1.5.
Loosely speaking, we just take the year-zero center with correct weights predicted by the year-zero

invariant.

1.4. Weighted blowings up, stacks, and resolutions. Weighted blowings up in a scheme theoretic sense
have been used in birational geometry (as well as many other subjects in mathematics) for a long time.
Varchenko used them to characterize the log canonical threshold of a surface; see [Varcenko 1976;
Kollar et al. 2004, Theorem 6.40]. Reid [1980; 2002] employs them in the foundation of canonical
singularities and in the geometry of surfaces. Kawamata [1992] used them to relate discrepancies to
indices. Martin-Morales [2013; 2014] uses them to efficiently study monodromy zeta functions as well as
explicit (D-desingularizations of certain singularities. Artal Bartolo, Martin-Morales, and Ortigas-Galindo
[Artal Bartolo et al. 2012; 2014] further study the geometry of surfaces. All this on top of the enormous
literature on weighted projective spaces.

All these authors show that weighted blowings up are remarkably efficient in computing invariants
of singularities. In [Martin-Morales 2013; 2014], they are shown, in a wide class of examples, to be
remarkably efficient in finding Q-resolutions, namely modifications with at most quotient singularities.

Most relevant to the present paper, Panazzolo [2006] used scheme theoretic weighted blowings up to
simplify foliations in dimension three, and McQuillan and Panazzolo [2013] revisited the problem using
stack theoretic blowings up. In particular it is shown there that weighted blowings up are unavoidable for
their goals. The paper [McQuillan and Panazzolo 2013] led to the paper [McQuillan 2020] concurrent to
ours.

In our work, stack theoretic modification appeared in [Abramovich et al. 2020a] and shown to be
unavoidable for functoriality of logarithmic resolution, leading us to investigate weighted blowings up in
general.

1.5. Invariants and parameters. The notation for the present invariant invz(p) in [Abramovich et al.
2020a] was a; -invz, 4, (p), and extends to arbitrary ideal sheaves on logarithmic orbifolds. Here it is
applied solely when Y is smooth with trivial logarithmic structure.

Both this invariant and our center of blowing up are present in earlier work:

This invariant (ay, ..., ax) is closely related to invariants developed in earlier papers on resolution of
singularities, in particular [Bierstone and Milman 1997] and [Wtodarczyk 2005]. In fact (ay, ..., ax) is
determined by a sequence (b1, ..., br) of integers, which is “interspersed” in Bierstone and Milman’s
richer invariant (Hy, s1, by, ..., by, si). Here b; is determined by the Hilbert—Samuel function H; and
the s; = 0 since no divisors are present— our invariant is in essence the classical “year zero invariant”.
Invariants of similar nature are already introduced in [Hironaka 1964b].

The center J = (x|, ..., x;*) can be interpreted in terms of Newton polyhedra, and as such it appears
in [Youssin 1990, Section 1], with a closely related precedent in [Hironaka 1967]. The local parameters
X1, ..., X in the definition of J were already introduced in [Bierstone and Milman 1997; Encinas and
Villamayor 2003; Wtodarczyk 2005; Abramovich et al. 2020a] as a sequence of iterated hypersurfaces of



Functorial embedded resolution via weighted blowings up 1563

maximal contact for appropriate coefficient ideals, see Section 5.1. In this paper we prove the necessary
properties of the invariant invz(p) and the center J, but many of these properties are directly implied by
these cited works.

In earlier work the ideal (xi, ..., xx) was used to locally define the unique center of blowing up
satisfying appropriate admissibility and functoriality properties for resolution using smooth blowings up.
A central observation here is that the center (xf', o ,x,‘:") is uniquely defined as a valuative Q-ideal, see
Theorem 5.3.1(3).

As recalled below, in general, after blowing up the reduced ideal (x, ..., xz), the invariant does not
drop, and may increase; Earlier work enhanced this invariant by including data of exceptional divisors
and their history, or more recently, logarithmic structures. Another central observation here is that, with
the use of weighted blowings up, no history, no exceptional divisors, and no logarithmic structures are
necessary.

1.6. Tools and methods. The present treatment requires the theory of Deligne—Mumford stacks. The
reader is assumed to be comfortable with their basic notions, such as coherent sheaves and coarse moduli
spaces, though there is little harm in viewing a stack as “locally the quotient of a variety by the action of
a finite group”, in which case coherent sheaves are represented by equivariant sheaves on the variety, and
the coarse moduli space is the schematic (or algebraic space) quotient.

An application of Bergh’s destackification theorem [Bergh 2017, Theorem 1.2] or its generalization
[Bergh and Rydh 2019, Theorem B] allows one to replace X, C Y, by a smooth embedded scheme X/ C Y,
projective over X C Y, giving a resolution in the schematic sense, see Theorem 8.1.3. Alternatively the
coarse moduli space admits only abelian quotient singularities (see Section 8.2) and can be resolved
directly by combinatorial methods; see [Bogomolov 1992; Abramovich and de Jong 1997; Abramovich
et al. 2002; 2020c; Wtodarczyk 2003; Illusie and Temkin 2014; Wtodarczyk 2022]. Both destackification
and this resolution process apply in arbitrary characteristics, as the stabilizer group-schemes involved are
tame.!

Our center J can be identified as an idealistic exponent, see [Hironaka 1977], which we present
here through the slightly more flexible formalism of valuative Q-ideals, see Section 2.2, or equivalently
equivariant ideals in the h topology, see Section 2.5. This formalism allows us to show with little effort
that centers are unique and functorial. We believe the formalism, which is inspired by existing work
on Q-ideals, graded families of ideals, and B-divisors, is the correct formalism to consider ideals with
rational multiplicities up to blowings up, a topic permeating birational geometry.

We provide a proof of the theorem based on existing theory of resolution of singularities, using
concepts and methods from [Hironaka 1964a; 1964b; Villamayor 1989; Bierstone and Milman 1997;

I'We remind the reader that, by a theorem of de Jong [1997, Corollary 5.15], as stated in [Bergh and Rydh 2019, Theorem 1.4],
any variety X over a field of any characteristic admits a purely inseparable alteration X’ — X with X’ the coarse moduli
space of a smooth Deligne-Mumford stack X”. Thus, if the field is perfect, resolution of X is reduced to the combination of
destackification of a possibly wild Deligne-Mumford stack X’ and the resolution of a purely inseparable cover of a smooth
scheme X’ — using Frobenius we can realize a modification of X as a purely inseparable alteration of X’.
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2008; Encinas and Villamayor 2003; 2007; Wtodarczyk 2005; Kollar 2007], among others. The reader
is assumed to be familiar with the introductory material in [Kollar 2007, 3.1-3.2]. We explicitly use
[loc. cit., Theorem 3.67] (or [Bierstone and Milman 2008, Lemma 3.3]), [Kollar 2007, Theorem 3.92],
and [loc. cit., Proposition 3.99], and our terminology (maximal contact, coefficient ideals) is consistent
with Kollar’s (and others’) treatment.

1.7. Concurrent and future work. As indicated before, Theorem 1.2.2 was discovered independently by
McQuillan [2020].

The present paper is a beginning for several other works, all requiring additional techniques.

The present treatment does not address logarithmic resolutions, a critical requirement of birational
geometry. As Section 8.3 shows this does not follow by accident. The necessary modifications were
worked out by Quek [2022]. This requires, in addition to the present methods, bringing in the theory of
logarithmic structures as in [Abramovich et al. 2020a]. A variant of Quek’s work using smooth Artin
stacks is provided in [Abramovich and Quek 2021]. A variant using only smooth Deligne—Mumford
stacks is provided in [Wtodarczyk 2023]. The work [Wtodarczyk 2023] provides an alternative view on
the current work, representing the stacks as global quotients of varieties with torus actions.

The present results were discovered along the way of our work [Abramovich et al. 2020b], addressing
resolution of singularities in families and semistable reduction, again using the logarithmic theory of
[Abramovich et al. 2020a]. The chapter [Temkin 2023] indicates how the present methods should be
introduced into that project, and carried out in the appropriate generality of quasiexcellent schemes, to
deduce results in other geometric categories of interest, as is done in [Temkin 2012; Abramovich and
Temkin 2019]. McQuillan’s method [2020] is developed in the generality of quasiexcellent schemes.

Further discussion of these and other aspects is included in the volume [Abramovich et al. 2023].

1.8. Examples: comparing smooth and weighted blowings up.

”»

1.8.1. Blowing up without weights. It is well-known that there exists no classical “memoryless algorithm
which blows up smooth centers and is compatible with smooth morphisms in the sense of Theorem 1.2.2(3);
for example, see [Kollar 2007, Claim 3.6.3]. We give here slightly different examples.

Consider first the 3-dimensional singularity

x? = Y1y2y3.

The singular locus consists of the three lines x = y; = y; =0, for i # j, meeting at the origin. Due to the
group of permutations acting on the singularity the only possible invariant smooth center is the origin:
{x = y1 = y» = y3 = 0}, but its blowing up leads to the three points with singularities identical to the
original one, occurring on the three y;-charts. Writing

x=x'y5, yi=yys, Y2=yy; and y3=y;
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we get, after clearing out y32, the equation

X% = ¥y
in the new coordinates.

Thus functorial embedded desingularization by smooth blowings up, using no additional structure —
called “history” by some authors — is simply impossible, as it may lead to an infinite cycle.?

This paucity of functorial centers leads to choices which are far from optimal, and resulting in worse
singularities.

Consider the equation

2 a.a.a
AT=V1N)3,

with @ > 2 instead. The origin is again the unique possible functorial center, and leads to a singularity of

the form x? = vy yga—z in the ys-chart. This visibly is a worse singularity.

1.8.2. Weighted blowing up. The main reason for working with smooth centers in Hironaka’s approach
is that we want to keep the ambient space Y smooth.

A birational geometer knows that the singularity x> = y;y,y; asks for the blowing up of J =
(x2, yf, yg, y33). This is the observation used by the authors mentioned in Section 1.4 above. But a
weighted blowing up in the schematic sense gives rise to a singular ambient space Y, with abelian quotient
singularities. For the classical algorithm this is a nonstarter.

As explained in Section 3, we use instead the stack theoretic weighted blowing up of the associated
reduced center — in the example J /¢ = (x1/3, yl1 / 2, yzl/ 2, y31/ 2). The chart corresponding to y3 is of the
form

[Spec Clx', yi, y5, ul/r2l,
evidently smooth, where

2 2 2
vs=u?, x=xud, yi=yut, y=yu’
and pp = %1 acts by (x', y{, v5, u) = (=x’, y{, y5, —u). The general equations, and their derivation, are
given in Section 3.
Plugging this into the original equation x2 = y; y,y3 we get u®x'* = u° y; 5, where the factor u® is

exceptional, with proper transform

2
X =1y

2To resolve this, in Hironaka’s classical algorithm one must encode yé = 0 as an exceptional divisor — this is quite natural
and useful. One must then note that upon restriction to the first maximal contact x = 0 the ideal yi yi yé factors an exceptional
“monomial” part yé, Unfortunately in general the monomial part makes it impossible to proceed with transverse maximal contact.
One must then separate it from the order-2 locus with a resolution subroutine sometimes called “the monomial stage”. Only then
one can find further maximal contact elements and proceed.
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In other words, the vector of degrees (2, 3, 3, 3) is reduced to (2, 2, 2), an immediate and visible improve-
ment. One more blowing up resolves the singularities (in the category of Deligne-Mumford stacks).?

Similarly, our general algorithm, which requires no knowledge of prior steps taken, assigns to a
singularity a canonical weighted blowing up which improves actual singularities, rather than an intricate
additional auxiliary structure. Consequently the natural centers and resulting valuations are much better
suited for computations of various birational invariants, such as log canonical thresholds, as recalled in
Section 1.4.

1.9. Efficiency. As most algorithms in algebraic geometry, our algorithm is woefully expensive compu-
tationally, and can only be carried out in low dimension and degree. One source for computational costs
here is the use of the iterated factorial in the construction of invariant and centers. Still, empirically the
improvements are significant. Already in [Abramovich et al. 2020a] we showed how more limited use of
stack-theoretic blowings up leads to a vast improvement in efficiency. In examples the present algorithm
is remarkably efficient, with great improvements even on [loc. cit.]. For instance, in the example above,
two weighted blowings up suffice. Cases of interest which were out of reach for computer calculation are
now computed. This adds to the evidence recalled in Section 1.4. Our process is explicitly computable,
and an implementation in SINGULAR [Decker et al. 2019] is available in [Lee et al. 2020].

2. Valuative ideals, idealistic exponents, and centers

To simplify the exposition we will mainly work with schemes. All intermediate constructions can be
extended to Deligne—-Mumford stacks, étale topology and geometric points via étale descent, but we
will use this only in the main statements and constructions, including centers, weighted blowings up
and resolution invariants. For completeness, we provide in remarks and complementary sections some
additional material with only outlined arguments; it will not be used and can be safely ignored if the
reader prefers.

2.1. Zariski-Riemann spaces. Given an integral noetherian scheme Y we are interested in understanding
ideals, and more generally (D-ideals, as they behave after arbitrary blowing up. For instance the ideals
(x2, y?) and (x2, xy, y?) coincide after blowing up the origin, and a formalism in which they are the
same object is desirable. We propose to work with the Zariski—Riemann space ZR(Y) of Y, the projective
limit of all projective birational transformations of Y, whose points consist of all valuation rings R of
K (Y) extending to a morphism Spec R — Y.

The space ZR(Y) carries a constant sheaf K = K (Y), a subsheaf of rings O with stalk at v consisting
of the valuation ring R, and a sheaf of ordered groups I' = K*/O* such that v : K* — T is the valuation.
The image v(O \ {0}) =:T'x C T is the valuation monoid consisting of nonnegative sections of I'.

The space ZR(Y) is quasicompact; see [Temkin 2010, Proposition 3.2.1]. If Y = | ¥; is reduced but
possibly reducible with irreducible components Y;, we define ZR(Y) :=|_| ZR(Y)).

3Hironaka’s classical algorithm requires many more blowings up, and, as indicated in the previous note, is quite technically
involved.
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Remark 2.1.1. While Theorem 1.2.2 is applied to Deligne—Mumford stacks X C Y, functoriality means
that we can always work on an étale cover by a scheme X C Y: the resolution step F1(X CY) is obtained
by étale descent from F) ()~( cY ). In particular we need not introduce ZR(Y) for a stack. Nevertheless
we note that such ZR(Y') can be constructed as well, be it by étale descent, or directly as a limit, or as a
suitably normalized fibered product of ¥ with the Zariski—Riemann space of the coarse moduli space.

2.2. Valuative Q-ideals.

Definition 2.2.1. (1) By a valuative ideal on Y we mean a section y € H(ZR(Y), I'). Every ideal 7
on every birational model Y’ — Y, proper over Y, defines a valuative ideal that we denote v(Z) by
taking the minimal element of the image of Z in I'.

(2) The group 'g =T ® Q is also ordered. We denote the monoid of nonnegative elements by I'gy. By
a valuative Q-ideal we mean a section y € HY(ZR(Y), Cay)-

(3) Any dominant morphism f : Z — Y induces a map ZR(Z) — ZR(Y). For a valuative Q)-ideal y
on Y its image under the induced map I'y ® @ — I'; ® @ will be denoted f~!(y) and called the
preimage of y on Z.

Ideals with the same integral closure have the same valuative ideal. Every valuative ideal y defines
an ideal sheaf Z}, on every modification Y of Y by taking Z), := {f € Oy | v(f) > y,Vv}, which is
automatically integrally closed. We will use only the ideal Z,, thus defined on Y itself.

The definition of Z, extends to valuative Q-ideals. Conversely, there is a convenient way to consider
(-ideals, extending the definition of v(Z): given a finite collection f; € Oy and a; € Q- we write

(F"s oo £ == (minfa; - v(f;)})y € HY(ZR(Y), Tay) (1)
for the naturally associated valuative @-ideal. When a; are integers this coincides with v(f{"!, ..., fka ).

Remark 2.2.2. As was pointed out by D. Rydh, valuative Q-ideals are equivalent to effective Q-Cartier
divisors on ZR(X). Indeed, any section y of 'y is locally the image of an element of O, and since
ZR(X) is quasicompact, finitely many such representatives suffice. Moreover, taking a common birational
model Y/ — Y over which all the representative sections are regular, we find that y is an invertible ideal
on Y'. Allowing denominators, any valuative Q-ideal y is written, using the notation of (1), locally on
the model Y’ as y = (f%).

2.3. Complements: idealistic exponents. A valuative Q-ideal which is represented locally on Y itself
as ( fla o fka *) is an idealistic exponent. This notion coincides with Hironaka’s [1977, Definition 3]
by [loc. cit., Remark (2.2)]. Hironaka’s notation (7, b), with J C Oy, b € N translates to the valuative
Q-ideal 7!/>. Hironaka’s definition of pullback of an idealistic exponent under a dominant morphism
Y’ — Y extends to an arbitrary valuative Q-ideal.

As indicated in the next section, these are related to Rees algebras [Encinas and Villamayor 2007] or
graded families of ideals [Lazarsfeld 2004, Section 2.4.B]. This relationship was pursued in greater depth
by Quek [2022].
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2.4. Centers and admissibility.

Definition 2.4.1. (1) By a center J on a regular scheme Y we mean a valuative (-ideal for which there
is an affine covering Y = UU; and regular systems of parameters (xf'), el x,E')) = (x1,...,xx)onU;
such that Jy, = (x{", ..., x*) for some a; € Q- independent of i.

(2) A center J is admissible for a valuative Q-ideal g if J, < B, for all v. A center is admissible for an
ideal 7 if it is admissible for the associated valuative Q-ideal v(Z), in which case we use the suggestive
notation Z C J.

(3) The center J is reduced if w; = 1/a; are positive integers with ged(wy, ..., wy) = 1. For any center
J we write J = (xll/w‘, R x,i/w’() for the unique reduced center such that J¢ = J for some £ € Q.
In Section 3 below we define the blowing up of (xl1 / LT x,i/ “¢). In Section 5.2 we show how

admissibility is manifested in terms of this blowing up, and becomes very much analogous to the notion
used in earlier resolution algorithms.

Remark 2.4.2. Using the coordinates as in (1), the center J corresponds to a unique monomial valuation
associated to the cocharacter

(al_l,...,a,:I,O,...,O),

where v([]x) = Y5_, ci/ai.
The definition of centers extends to stacks similarly to usual ideals.
Definition 2.4.3. Let Y be a Deligne—-Mumford stack:

(1) By Cov(Y) we denote the category of étale covers Y — Y with Y’ a scheme and Y-morphisms
between the covers.

(2) A center J onY is a compatible family of centers J' on the elements Y’ of Cov(Y): for any morphism
f:Y”— Y in Cov(Y) one has f~1J = J".

Partial regular families of parameters are preserved by preimages under smooth and, more generally,
regular morphisms (see [Stacks 2005—, 07R6]), hence we have:

Lemma 2.4.4. If f : Y' — Y is a regular morphism of regular schemes and J is a center on Y, then f~'J
is a centeron'Y'.

Remark 2.4.5. In fact, the inverse is also true: is f is surjective, y is a valuative Q-ideal and f~'y is a
center, then y is a center. As a corollary one obtains an extension of these claims to stacks and the claim
that a center on a stack can be defined using a single presentation rather than the whole category Cov(Y).
However, we will not need these natural but not completely trivial results.
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2.5. Complements: relation with the h topology. The following observation is not used in the paper, so
we just outline it without proof. Valuative (D-ideals are closely related to what we call equivariant ideals
in the h topology, where Zariski open coverings and alterations generate a cofinal collection of coverings;
see [Voevodsky 1996, Definition 3.1.5 and Theorem 3.1.9]. The structure sheaf Oy, is the sheafification
of the presheaf U — I'(Oy). In fact, Oy, (U) = I"'(Oys»), where U*" is the seminormalized reduction
of U; see [Huber and Jorder 2014, Proposition 4.5]. Any finitely generated ideal J C Oy, is generated
by ideals J; C Oy, on a Zariski cover Y’/ = UY; of an alteration Y’ — Y. Refining the alteration we can
achieve that pullbacks of J; agree on the intersections, so J comes from an ideal J' on Y’ and hence
yields a valuative ideal " on Y'. Refining Y’ further we can achieve that Y’ — Y is a Galois alteration,
namely it splits into a composition of a Galois cover Y’ — Y”, with Galois group G, and a generically
radicial alteration Y” — Y. On the level of sets ZR(Y')/G = ZR(Y") = ZR(Y), hence y’ comes from a
valuative @-ideal y if and only if y’ is G-equivariant. In fact, the latter happens if and only if one can
choose Y’ and J' so that already J’ is G-equivariant.

3. Weighted blowings up

Stack theoretic projective spectra were considered informally by Miles Reid, introduced officially in
[Abramovich and Hassett 2011] to study moduli spaces of varieties, and treated in Olsson’s book [2016,
Section 10.2.7].

The manuscript by Quek and Rydh [2021] provides foundations for stack-theoretic blowings up. The
presentation here is rather terse as complete details already appear there. The local equations we present
here can be found in [Kollar et al. 2004, page 167], where they are developed for the study of log canonical
thresholds. The graded algebras we present below are special cases of the graded families of ideals
discussed in [Lazarsfeld 2004, Section 2.4.B], especially Example 2.4.8.

From now on Y is a smooth Deligne—Mumford stack over a field k of characteristic zero. In Sections 3-5,
if not said to the contrary, Y is also assumed to be a variety.

3.1. Graded algebras and their Proj. Given a quasicoherent graded algebra A = P,,.( A, on ¥ with
associated (3,,-action defined by (¢, s) — t"s for s € A, we define its stack-theoretic projective spectrum
to be

Projy A:= [(Speco, AN\ S0) /G,

where the vertex Sp is the zero scheme of the ideal A; see [Quek and Rydh 2021, Section 1.2].
When A, is coherent and generates A over Ay this agrees with the construction in [Hartshorne 1977,
IL.7, page 160]; see [Quek and Rydh 2021, Corollary 1.6.2]. As usual Projy A carries an invertible

sheaf Opyoj, 4(1) corresponding to the graded module A(1). When A is finitely generated over Oy with

m=>0

coherent graded components the resulting morphism Projy A — Y is proper; see [Quek and Rydh 2021,
Proposition 1.6.1(ii)].
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3.2. Rees algebras of ideals. 1f T is an ideal on Y, its Rees algebra is Az := (P, Z", and the blowing
up of Z is Y’ = Bly(Z) := Projy (Az). It is the universal birational map making ZOy- invertible, in this
case Y' — Y projective; see definition [Hartshorne 1977, I1.7, page 163].

3.3. Rees algebras of valuative Q-ideals.

Definition 3.3.1. (1) Given a valuative Q-ideal y we define its Rees algebra to be

A, = @Zmy.

meN
(2) The blowing up of y is defined to be Y' = Bly (y) := Projy A, .

Atleast when y = (f{", ..., f*) is an idealistic exponent, Y' — Y satisfies a corresponding universal
property; see [Quek and Rydh 2021, Proposition 3.5.3]. Since we will not use this property in this paper,
we just mention that the valuative Q-ideal £ = y Oy, in a suitable sense of Zariski—Riemann spaces
of stacks, or as an h-ideal, becomes an invertible ideal sheaf on Y'. We only show this below for the
blowing up of a center.

Note that if Y1 — Y is flat and Y| = Bly(yOy,) then Y| =Y’ xy Y.

3.4. Weighted blowings up: local equations. Now consider the situation where y is a center of the
special form J = (xll/w', .. .,x,i/wk), with w; € N. In this case the algebra A, = @P,,cn Zimy, With
Ty = (xf’ L -x,}f” | Y wib; > m) is finitely generated. It is the integral closure inside Oy [T, T of the
simpler algebra with generators (x;)7T"". We can therefore describe Bly (J) = Bly(y), which deserves to
be called a stack-theoretic weighted blowing up, explicitly in local coordinates, as follows [Quek and
Rydh 2021, Corollary 4.4.4]:

The chart associated to x; has local variables u, xé, ..., X,, where
[ ) xl = U N

o x; =x;/u" for2 <i <k, and

!/
i
. x}:xj for j > k.

The group p,, acts through

(u, Xy, ooy xp) > (L §ujlw2xé, e gujl“’kx,Q

and trivially on x}, J > k, giving an étale local isomorphism of the chart with

[Specklu, x5, ..., x,1/tw,].

It is easy to see that these charts glue to a stack-theoretic modification Y’ — Y with a smooth Y’ and its

coarse space is the classical (singular) weighted blowing up.
Write E = (u) for the exceptional ideal. Then v(E) = (xl1 / v, x,i/ ), and this persists on all
charts, in other words the center (xl1 / YL, x,i / " ) becomes an invertible ideal sheaf on Y’.
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We sometimes, but not always, insist on ged(wy, ..., wr) = 1, in which case the center is reduced.
We will however need to consider the proper transform of the locus H = {x| = 0}, where it may happen
that gcd(ws, ..., wx) # 1. The relationships are summarized by the following lemma, which uses the
construction of the root stack Y (E'/¢) along a divisor E (for a treatment on a stack see [Abramovich and
Fantechi 2016, Section 1.1]) and follows from [Quek and Rydh 2021, Corollary 3.2.1] or by considering
the charts:

Lemma 34.1. IfJ' = (xll/w', e x,:/w") and J' = (xll/cwl, e x,i/cw") with w;, ¢ positive integers, and
ifY',Y" — Y are the corresponding blowings up, with E', E" the exceptional divisors, then Y" =Y’ (/E’)
is the root stack of Y' along E'.

Write H = {x| = 0}, and H' — H the blowing up of the reduced center J'y associated to J}; :=

(le/ w2, x;/ YY), with exceptional E . Then the proper transform H - H of H via the blowing up of
J" is the root stack H'( ““S/Eg) of H' along Eyy C H', where ¢’ = ged(wa, . .., wy). Therefore H' is the
blowing up of J_’Hl/(cc ),

3.5. Derivation of equations. Let us derive the description in Section 3.4 above, in a manner similar to
[Quek and Rydh 2021, Lemma 1.3.1]. Write y; = x; T". The x;-chart is the stack [Spec A[yl_l]/Gm].
The slice Wy := Spec A[yfl]/(yl — 1) is stabilized by p,,,, so the embedding W; C Spec .A[yfl] gives
rise to a morphism ¢ : [W;/py,] = [Spec .A[yl_l]/Gm]. This is an isomorphism: the equation u*! = x|
describes a g, -torsor on Spec A[y,” 1 mapping to W, equivariantly via 7 — u~'. The resulting morphism
Spec A[yl_l] — [W1/my, ] descends to [Spec A[yl_l]/Gm] — [W1/my, ] which is an inverse to ¢.

It thus remains to show that [W; /., ] has the local description above. Since 7! =y, lxl € A[yl_l]
and A is integrally closed in Oy[T, T-Ywehaveu:=T"'e Aly; 1], and its restriction to W satisfies
u'=x;. Fori=2,...,k we write xl.’ for the restriction of y;, obtaining xlf =x;/u™. Now W is normal
and finite birational over Spec k[u, xé, ..., x,], hence they are isomorphic.

3.6. Complements: local toric description of weighted blowings up [Quek and Rydh 2021, Section 4.5.5].
Again working locally, assume that ¥ = Spec k[x1, ..., x,]. It is the affine toric variety associated to the
monoid N" C o = R” ;. Here the generator e; of N" corresponds to the monomial valuation v; associated
to the divisor x; = 0,_namely v (x;) = &j.

The monomial xl.l/ "I defines the linear function on o whose value on (by, ..., by,) is its valuation b; /w;.
The ideal (xl1 / Yo, x,i/ “¥) thus defines the piecewise linear function min; {b;/w;}, which becomes
linear precisely on the star subdivision ¥ = vj o with

v;:(wl,...,wk,O,...,O).

This defines the scheme theoretic weighted blowing up Y’; see [Reid 1980, Section 4]. Note that this
cocharacter vy is a multiple of the valuation associated to the exceptional divisor of the center.

Since vy is assumed integral, we can apply the theory of toric stacks [Borisov et al. 2005; Fantechi
et al. 2010; Geraschenko and Satriano 2015a; 2015b; Gillam and Molcho 2015]. We have a smooth toric
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stack ¥’ — Y’ associated to the same fan ¥ with the cone o; = (vj,e1,...,¢é;,...,e,) endowed with the
sublattice N; C N generated by the elements vz, ey, ..., é,...,e, foralli =1, ..., k. This toric stack
is precisely the stack theoretic weighted blowing up Y’ — Y. One can derive the equations in Section 3.4
from this toric picture.

4. Coefficient ideals

In this section we recall some notions from the classical embedded resolution. By Y we denote a smooth
k-variety.

4.1. Graded algebra and coefficient ideals. Fix an ideal Z C Oy and an integer a > 0. We use the
notation of [Abramovich et al. 2020a], except that we use the saturated coefficient ideal as in [Kollar
2007; Abramovich et al. 2020b], which is consistent with the Rees algebra approach of [Encinas and
Villamayor 2007]:

Definition 4.1.1. (1) Consider the graded subalgebra G =G(Z, a) € Oy[T] generated by placing D=¢~'T
in degree i. Its graded pieces are

Gi= Y  Ih.@ph.. (DIl
Yo @=iybiz)
where the sum runs over all monomials in the ideals Z, ..., D=*"!Z of weighted degree

a—1
Y (a—i)bi=j.
i=0
(2) Let Z C Oy and a > 1 an integer. Define the coefficient ideal
C(Z,a) :==Ga.

The product rule, and the trivial inclusion D='D=¢~17 (1), imply that DGy | C Gy for k > 0. The
formation of G and C(Z, a) is functorial for smooth morphisms: if Y1 — Y is smooth then C(Z, a)Oy, =
C(ZOy,, a). This follows since the formation of D=7, ideal product, and ideal sum are all functorial.

4.2. Maximal contact. For the rest of the section we assume that Z C Oy has maximal order < a. Recall
that an element x € D=7 which is a regular parameter at p € Y is called a maximal contact element
at p, and its vanishing locus a maximal contact hypersurface at p. In general, maximal contact only
exists locally. For completeness, any parameter is a maximal contact element for the unit ideal.

The coefficient ideal combines sufficient information from derivatives of Z so that when one restricts
C(Z, a) to a hypersurface of maximal contact H no information necessary for resolution is lost. For
example, this is manifested in the equivalence (in the sense of [Bierstone and Milman 1997]) of (Z, a)
and C(Z,a)|y.
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4.3. Invariance. Now consider Z C Oy and assume that x; € D=¢~!7 is a maximal contact element at

p €Y. The ideals G; enjoy a strong invariance property summarized in the following theorem:*

Theorem 4.3.1. Let x; and xi be maximal contact elements at p, and x2, ..., x, € Oy,, such that
(x1,x2,...,x,) and (x;, X2, ..., Xn) are both regular sequences of parameters. There is a scheme Y with
point p € Y and two morphisms ¢, ¢' : Y — Y with ¢(p) = ¢'(p) = p, both étale at p, satisfying

(1) ¢*x1 =¢""xq,
() ¢*xi =¢"x; fori =2,...,n,and
(3) ¢*Gi =9¢""G..

This is [Kollar 2007, Theorem 3.92], generalizing [Wtodarczyk 2005, Lemma 3.5.5]3

4.4. Formal decomposition. We now pass to formal completions. Fixing a field of coefficients k, =
k(p) — @y, » and extending to a regular sequence of parameters we have @y’ p=kpllx1, ..., x,1l. Weuse
the reduction homomorphism &, [[x1, ..., x,]| = k,[x2, ..., x,] and the inclusion k,[[x2, ..., x,] =
kpllxt, ..., xq .

We have G; = (x{) + (x{fl)gl + .-+ (x1)G;j—1 + G, since the ideal on the left contains every term
on the right. Write 5.,- =Gjkpllxz, ..., x, Ckpllxz, ..., x,] via the reduction homomorphism sending
x1 to 0, and Ej = Ejkp[[xl, ooy Xul Ckpllxy, ..., x, 1 its image via inclusion. We hope the reader can
distinguish the notation C j from c e

Proposition 4.4.1. Denoting the completions Qj =G, (?)y,p and é(I, a)=C(Z, (l)@y,p, we have

g = (X{) + (X{_l)al +o 4 (x)Cjo1 +Cj,
in particular

C(Z, a)= G+ 7'C+ -+ (x1Car1) + Car.

Proof. We write x = x1. Apply induction on j, noting that Go = (1) so that we may start with (1) = Co
and inductively assume the equality holds up to j — 1.

For an integer M > j the ideals G 7 D (xM) are stable under the linear operator xd/dx. Hence the
quotient G i/ (x™) inherits a linear action, with m-eigenspaces we denote x™ - @;m) Cx"kpllxz, ..., xu1l,
giving

G/ =P ex Ve ex"- G axM G,

with @;m) C kpllx2, ..., x,] and equality holding for m > j. Note that @;0) =C;.

4The reader familiar with [Kolldr 2007, Section 3.53] will recognize that G; are all MC-invariant: G| ~D51Qi C G;, hence
they are homogeneous in the sense of [Wlodarczyk 2005].

SThese are the easier properties of coefficient ideals. We emphasize that we do not require the harder part (4) of [Wtodarczyk
2005, Lemma 3.5.5] or [Kolldr 2007, Theorem 3.97] describing the behavior after a sequence of blowings up.
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The subspaces Qj(.m) C kpllxa, ..., x,] are independent of the choice of M > m. Moreover xJ - @jm) C
GiNx/ kyllxz, ..., x,], so that

A

97 N N _
g;m) = w(xj g;m)) C gj—m mkp[[xL ooxpll C Cj—m-

Taking ideals we obtain
G G+ @Ci+- + O + ().

Induction gives
OCj—1 4+ (D0 + () = ()Gj-1 G-

Together with C ji= QEO) C Q,- the equality follows. 0
By [Kollar 2007, Proposition 3.99] we have (D=/C(Z, a))* C C(Z, a)*~/. This implies:
Corollary 4.4.2. (Car_ j)“! C EZ: .

5. Invariants, local centers, and admissibility

In this section we continue to work on a smooth variety Y and fix an ideal Z € Oy. All definitions and
results will be local at a point p, and to simplify notation we will use the same letter Y after passing to
a neighborhood, where a maximal contact at p is defined (a pedantic reader can simply work with the
localization Y, = Spec(Oy, ,) instead).

5.1. Existence of invariants and centers.

Definition 5.1.1. (1) For an ideal Z C Oy and sequence of parameters xi, .. .,x; at p one defines Z[1] =7
and recursively ideals Z[i] and integers b; by setting b; = ord, (Z[i]) and Z[i + 1] = C(Z[i], bi)|v (x,,....x:)»
ending with either k = 1,7 = (1) or Z[k 4+ 1] = 0. The sequence of parameters x, ...,x; at p is called a
maximal contact sequence if each x; is a maximal contact for (Z[i], b;) at p.

(2) To a maximal contact sequence we associate the invariant invz(p) = (ai, ...,ax), where a; =
bi/ 15—} b;! and the center J = J,(I) = (x{', ....x{").

Obviously, a maximal contact sequence exists, and it is empty if and only if Z = 0 at p, in which
case we also have that J = 0 and inv = () is empty. The other extreme occurs when Z = (1), in which
case J = (1) and inv = (0). Note also that invz[;j(p) = (a1, invzp2(p)/(a; — 1)!) the concatenation, and
X2, ..., xy are lifts of the parameters for Z[2]. In the notation of Section 4.4, Z[2] = éa, I

The invariant and center in Definition 5.1.1(2) require the choice of a maximal contact sequence. The
goal of Section 5 is to prove that the invariant and the center (as a valuative (D-ideal) are independent of
the choice of maximal contacts. This is at once a consequence and a generalization of Theorem 4.3.1.

A posteriori, this will also imply that invz(p) is the maximal invariant of a center admissible for Z at
p and J is the unique center of maximal invariant admissible for Z at p — a characterization which can
be used as a choice-free definition.
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Remark 5.1.2. The string (by, . ..,br) was used as a singularity invariant in [Abramovich et al. 2020a],
but it is its rescaling (ay, . .. ,ar) which gives a natural definition of the canonical center J independent
of choices.

We order the set of invariants lexicographically, with truncated sequences considered larger, for instance
(1,1, D) <1, 1,2) <(1,2,1) <(1,2) < (2,2, ).

The invariant takes values in a well-ordered subset E,,n = dimY, since it is order-equivalent to
(b1, ..., by). Explicitly write 2; = N=! and

n—1

(@a—1n"

8, = Ell_ll_l{a}x

In particular, the denominators are bounded in terms of the previous entries of the invariant.
Theorem 5.1.3 [Abramovich et al. 2020a]. Keep the above notation, then:
(1) The invariant invz(p) is independent of the choices.
(2) The invariant function invz : Y — 8, is constructible and upper-semicontinuous.
(3) The invariant is functorial for smooth morphisms: if f : Y' — Y is smooth and T' = f~'T, then
iIlVI/ = inVI o f
Proof. (3) Since both ord, (Z) and the formation of coefficient ideals are functorial for smooth morphisms,
the invariant is functorial for smooth morphisms, once parameters are chosen.

(1) We now show that the choices of maximal contacts do not change the invariant. The integer

ay=ord,(Z)=max{a:7, < m‘;,} requires no choices. Given a regular sequence of parameters (x1, ..., X;)
extending (xi, ..., x¢), and given another maximal contact element x{, we may choose constants #;, and
replace x3,...,x, by xo + tpx1, ..., X, + t,x1 so that also (xi, X2, ..., Xy) is a regular sequence of
parameters.

Taking étale ¢, ¢’ : Y — Y as in Theorem 4.3.1, we have ¢*Z[2] = ¢'*Z[2], where Z[2] is defined
using x{. By induction ay, ..., a; are independent of choices. Hence (ay, ..., a;) is independent of
choices.

(2) Since the closed subscheme V (D=¢"!7) is the locus where ord,(Z) > a, the order is constructible
and upper-semicontinuous. The subscheme V(D=2~17) is contained in V (x;) on which inv, (Z[2])
is constructible and upper-semicontinuous by induction, hence inv,(Z) is constructible and upper-
semicontinuous. Il

Remark 5.1.4. Theorem 5.1.3(3) allows to extend the definition of inv to the case of smooth stacks Y.
Indeed, if 7 is an ideal, choose a smooth presentation p; 5 : Y] = Yy of ¥ and let Z; C Oy, be the pullbacks
of Z. Then invz, = invy, o p; for i = 1,2, hence invy, factors through Yy — |Y| uniquely. A similar
argument shows that the induced map invz : |Y| — E, is independent of the presentation.

Concerning the independence of J, we note the following consequence of Theorem 4.3.1:
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Lemma 5.1.5. If x| is another maximal contact element such that (X, X2, . .., X,) is a regular sequence
of parameters at p, then J' = (x{*', x3?, ..., x;*) is also a center associated to T at p.
Proof. As above, this follows since ¢*Z[2] = ¢'*Z[2]’, where Z[2]' is defined using x;. O

5.2. Admissibility of centers. As in earlier work on resolution of singularities, admissibility allows
flexibility in studying the behavior of ideals under blowings up of centers. This becomes important when
an ideal is related to the sum of ideals with different invariants of their own, but all admitting a common
admissible center.

In this section we assume that a; is a positive integer and a; < a; 1. We deliberately do not assume

(ai, ..., ar) is inv,(Z) —see Remark 5.3.2.

5.2.1. Admissibility and blowing up. Recall that by Definition 2.4.1(2), a center J = (x|, ..., x;*) is Z-
admissible at p if the inequality (xlal, e x,fk) < v(Z) of valuative Q2-ideals is satisfied on a neighborhood
of p.

Very much in analogy to the notion used in earlier resolution algorithms, this can be described in

terms of the associated weighted blowing up Y' = Bl;(Y) — Y along J = ()cl1 / v

.., x{"") as follows:
let E = J Oy, which is an invertible ideal sheaf. Note that since a;w; is an integer also JQy» = E“™1
is an invertible ideal sheaf. Therefore J = (x{', ..., x;*) is Z-admissible if and only if E“*! is ZOy/

admissible, if and only if ZOy, = E“"17’, with 7’ an ideal.
Definition 5.2.2. In the situation as above, Z' is called the weak transform of T under the weighted
blowing up.

We will only use this operation when J is the center associated to Z, which is shown to be Z-admissible

below.

Remark 5.2.3. In terms of its monomial valuation, J is admissible for Z if and only if v;(f) > 1 for all
f €Z. This means that if f =3 cgx{"---x," then Zle a;/a; > 1 whenever cz # 0. This is convenient

for testing admissibility, as long as one remembers that v;» = v;/m.

If Y1 — Y is smooth and J is Z-admissible then J Oy, is ZOy,-admissible, with the converse holding
when Y| — Y is surjective.

5.2.4. Working with rescaled centers. For induction to work in the arguments below, it is worthwhile to
consider blowings up of centers of the form

71 1 3 1/(
JlVe .= (xl/(wlc), ey xk/ k)
for a positive integer c. We also use the notation J* := (x{'%, ..., x**) throughout — this being an

equality of valuative Q-ideals.

5.2.5. Basic properties. The description in Section 5.2.1 of the monomial valuation of J immediately
provides the following lemmas:
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Lemma 5.2.6. If J is both T -admissible and T,-admissible then J is T\ + Ir-admissible. If J is I-
admissible then J* is TF-admissible. More generally if J< is T i-admissible then J 2¢j s [1Z;-admissible.

Indeed if v;(f) >1and vy;(g) > 1thenv;(f +g)>1and vy (f -g?) > c| + ¢y, etc.

Lemma 5.2.7. If J is Z-admissible then J' = J“~D/% s D(T)-admissible. If a; > 1 and J@ =D/ js
T-admissible then J is x1Z-admissible.

Proof. For the first statement note that if Zle a;/a; > 1 and aj > 1 then

Axy" - xp")
vy T Zal/a,—l/a]>1—l/a1,

i=1

SO
(X xon
UJ’(—(X] T )> > 1,
an
as needed. The other statement is similar. Ol
As in Section 4.4 by k, = k(p) we denote a fixed field of coefficients.

Lemma 5.2.8. For 7y C kpllxa, ..., x,1 write Iy = Tok,llx1, ..., x,1. Assume (x5, ...,x*) is Zo-
admissible. Then (xf', R x,fk ) is io—admissible.

Proof. Here for generators of Z we have Zf:] a;i/a; = Zf:z ai/a;. O

Lemma 5.2.9. J is T-admissible if and only if J‘@~V" is C(Z, ay)-admissible.

Proof. When 7 has order < a; then J is not admissible for Z and J 1~ " is not admissible for C(Z, a;) = (1).
When 7 has order > a; this combines Lemmas 5.2.6 and 5.2.7 for the terms defining C(Z, ay). O

This statement is only relevant, and will only be used, when Z has order a;. If a; < a := ord(Z) then
J@=D"s in general not C(Z, a)-admissible. For instance J = (x;) is admissible for Z = (xx») but not
for C(Z,2) = (xlz, X1X2, x22).

Lemma 5.2.10. Assume (x1, x2, ..., x,) and (xi, X2, ..., Xp) are both regular sequences of parameters,
a az ak ’ai aky __ ’ai ap 93
and suppose (x;', x5°, ..., x;") < v(x1 ). Then (x1 ,x2 vees X ) = (X7, X537, .., X, as centers.

Proof. We may rescale ¢; and assume they are all integers. The inequality (x{", x5%, ..., x*) < v(x]“")
implies that xl‘“ lies in the integral closure ()c1 , x2 e x,f" )"t hence

(), x5, ak)th (x{', x5 ,...,x,‘;k)im.

Since these two ideals have the same Hilbert—Samuel functions they coincide. O
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5.3. Unique admissibility of J,(Z). Finally, we prove the second main result of Section 5 in addition to
Theorem 5.1.3.

Theorem 5.3.1. Let Y be a smooth variety, p € Y a point, and T C Oy an ideal withinvz(p)=(ay, ... ,ar):

(1) If x1, ...,xx is a maximal contact sequence at p and J = (xf‘, R x,f" ) the corresponding center,
then J is Z-admissible at p.
2) invz(p) = max (b1, ...,by),
o Py <u(T)
in other words, invz(p) is the maximal invariant of a center admissible for T.
(3) Locally at p, J is the unique admissible center with invariant invz(p). In particular, it is in fact

independent of the maximal contact sequence (x, .. .,Xi).
(4) Locally at p, any point p’ with invz(p') = invz(p) lies in V (J).

Proof. We first prove (1). We can work on formal completions as the usual admissibility is equivalent
to the formal one: J is dominated by 7 at p if and only if the completion J=1J @y, p 1s dominated by
1= I@y, p- Applying Lemma 5.2.9, we replace Z by C = C(Z, a;) and rescale the invariant up to a;!.
Recall that by Proposition 4.4.1

C=0"Y + )+ 4 (01Cay11) 4 Capr-

The inductive hypothesis implies that J@=Dljg Cay1-admissible. By Lemma 5.2.8 J@=Dl g 5a11—
admissible. By Corollary 4.4.2 and Lemma 5.2.7 J@ =D is (x{"""/C})-admissible, so by Lemma 5.2.6
J@=Dl g @—admissible, as needed.

We prove (2) and (3) simultaneously. Assume (b1, ..., by) > (ay,...,a). If J' = (xibl, e x,’cbk) is
admissible for Z then b; < ay. Since our chosen center J has b; = a; this maximum is achieved. Let
¢ =max{i :b; =a;} > 1. Evaluating J' < v(Z) < v(x“) at the divisorial valuation of x; = 0 we have that

X1 €(X], ..., Xp) —|—mi, and after reordering we get that (x1, x5, ..., x,) is a regular system of parameters.
By Lemma 5.2.10 we may write J' = (x{', xébz, s x,’{b"). Working on formal completions we may
replace x; by a suitable x; 4+ x| so we may assume x; € kp[[lx2, ..., x,].

As in the proof of (1) above, we may replace Z and invz(p) by the coefficient ideal C = C(Z, a;) and
the rescaled invariant (a; — 1)!(ay, ..., ax), and for the formal completions one has

C= (Xi”!) + (xf'!_lzl) + o4 (x1Cay1-1) 4 Cayr.

By induction (a; — 1)!(aa, . .., a;) is the maximal invariant for C,,,, with unique center (x52, ..., x;*).

y 1 q 2 k

By functoriality, the invariant is maximal for C, 1. But J/ = (x%', x,2, ... x! b ) < v(Cy4) is equivalent
y y 1 1 2 k 1 q

to (xébz, e x,/cb") < U(Ea,,). It follows that (a1 — 1!(ay, ..., a;) is the maximal invariant of a center

admissible for C(Z, a;), with unique center J.
Finally, (4) follows from the same induction using the classical fact that a maximal contact to (Z, a;)
contains all neighboring points p” with ord, (Z) = a; (for example, see the proof of Theorem 5.1.3(2)). [
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Remark 5.3.2. (1) Stated in terms of the monomial valuation v; associated to J, the theorem says it
is the unique monomial valuation with lexicographically minimal weights (wy, ..., w,) satisfying
v(D)=1.

(2) As an example for the added flexibility provided by admissibility, the center (xlé, x26) is (xfxg)—
admissible because this is the corresponding invariant, but also (xf, x215/ 2) is admissible. This second
center becomes important when one considers instead the ideal ()cl5 +x?x§), or even ()cl5 +x13x§ +x§),

whose invariant is (5, %), as described in Section 7 below.

Corollary 5.3.3. We have invz«(p) =k -invz(p) and inve(z ) (p) = (a1 — D'invz(p) when a; = ord, ().

Proof. Indeed J* is admissible for Z¥ if and only if J is admissible for Z, and Lemma 5.2.9 provides the
analogous statement for the coefficient ideal. U

6. Principalization and resolution

6.1. The maximal center. Our local construction of centers J,(Z) can be globalized as follows along
the maximality locus of the invariant.

Theorem 6.1.1. (1) For any smooth variety Y and an ideal T C Oy there exists a unique T-admissible
center J = J(Z) such that invy = maxinvy and p € V (J) if and only if invz(p) = max invz.

(2) Compatibility with smooth morphisms f :Y' — Y: either f ' J(Z)= (1), or f~'J(Z) = J(Z'), where
7' = fI7.
(3) If Y is a smooth stack of finite type over a field of characteristic zero and I is an ideal on Y, then

associating to each presentation f : Y' — Y the center J(f ~'T) one obtains a center on Y, which will be
denoted J (1).

Proof. Uniqueness in (1) follows from the local uniqueness in Theorem 5.3.1(3). Moreover, it implies that
it suffices to establish the existence locally at p. If invz(p) = max invz then locally at p such a center is
provided by Theorem 5.3.1, and otherwise the center is empty in a neighborhood of p.

Recall that the invariant is compatible with arbitrary smooth morphisms by Theorem 5.1.3(3). If
maxinv(Z’) < maxinv(Z), then the invariant at any p’ € f(Y’) is smaller than maxinv(Z), and hence
V()N fY') = and f~1(J) = (1). If maxinv(Z') = maxinv(Z), then the center f~!(J) satisfies
the condition defining J(Z'). Since such a center is unique by (1), we obtain (2). Finally, (3) is a
straightforward consequence of (2). g

Definition 6.1.2. The center J = J (Z) defined by Theorem 6.1.1 will be called the maximal Z-admissible

center.

6.2. The invariant drops. The main miracle about the maximal Z-admissible center is that blowing it up
one automatically reduces the invariant of the weak transform of Z (see Definition 5.2.2). For inductive
reasons we prefer to prove a slightly stronger claim:
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Theorem 6.2.1. Assume that Y is a smooth k-stack and T # (1) is a coherent ideal on Y, and ¢ > 0 a
natural number. Consider the blowing up f.:Y=Bl7.(Y) of the rescaled reduction JV/¢ of the maximal
T-admissible center J = J(I), and let T' = E~“V1¢ £ 1T be the weak transform of I, where maxinv(Z) =
(ai,...,ax) and (w1, ..., wy) are the corresponding weights. Then maxinv(Z") < maxinv(Z).

Proof. All players in the assertion are compatible with surjective smooth morphisms by Theorems 5.1.3(3)
and 6.1.1(2), hence we can replace Y and Z by an étale cover and the pullback of Z. Thus, we can

assume that Y is a scheme and it suffices to prove that if p € Y satisfies invz(p) = (ay, ... ,ax), then any
p’ € f£71(p) satisfies invz(p’) < (ay, . ..,a). In particular, working locally at p we can assume that
J=(x{", ..., x*) for a maximal contact sequence (xi, . .. ,xi), and hence J /¢ := (xll/(wlc), e x,i/(wkc)).

If k = 0 the ideal is (0) and there is nothing to prove. When k = 1 the ideal is (x{"), which becomes
exceptional with weak transform Z' = (1). We now assume k > 1.
Again using Proposition 4.4.1, we choose formal coordinates, work with C:=C (Z, ay), and write

C=@M")Y+ @™ )+ + x1C1) 4 Capr.

Writing EOyEr = EN'wicC’ e will first show that ianr(E’) < (a1 — D! (a1, az, ..., a) for all points p’
over p.

Write H = {x; = 0}, and H' — H the blowing up of the reduced center J i associated to Jy :=
(x3%, ..., x). By Lemma 3.4.1 the proper transform H' — H of H via the blowing up of J is the
blowing up of J Z(CC/), allowing for induction.

We now inspect the behavior on different charts. On the x;-chart we have x; = u"'¢ so the first term
becomes (x;”!) = E“"1¢. (1) and inv p/E/ =inv(1) = 0.° This implies that on all other charts it suffices
to consider p’ € H' N E, as all other points belong to the x;-chart. By the inductive assumption, for such
points we have

inv, ((Caqn)) < (a1 — D! (az, - . ., ).

Note that the term (xfl!) in C is transformed, via x; = u"'x} to the form E“”w‘c(xi”‘!). It follows that
ord (€ < ay!, and if ord (C") < a,! then a fortiori inv,y () <inv » ©).
If on the other hand ord, (C’) = a;! then the variable xi is a maximal contact element. Using the

inductive assumption we compute
v (1) + €)= (@1l iV (Cay)) < (@1l inv,y (Cay) = (a1 — Diar, - .., ap).

Since €’ includes this ideal, we obtain again inv (5/ ) <inv, (5), as claimed.
We deduce that inv,/(Z’) < inv,(Z) as well. As in [Kollar 2007, Theorem 3.67; Bierstone and Milman
2008, Lemma 3.3; Abramovich et al. 2020a; 2020b], we have the inclusions 7@ D' c ¢’ c C(T', ay),’

OThis reflects the fact that before passing to the coefficient ideal ord(Z’) < a; on this chart — it need not become a unit ideal
in general!
"These are the “easy” inclusions — which hold even in the logarithmic situation.
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hence ord,/(Z') < a;. We may again assume x| is a maximal contact element and ord,/(Z') = a;. By
Theorem 5.3.1(2)
inv, (Z@=V > inv ,(C) > inv,, (C(Z, ay)).
By Corollary 5.3.3 we have inv (Z' =D = inv pr(é‘(I’, ap)) giving equalities throughout, hence
. 1 . ~ 1 . ~ .
inv,(Z') = mlnvpr(C’) < manp(C) =inv,(Z),

as needed. O

6.3. The principalization theorem. It remains to summarize our results. First, we obtain principalization.
Given a pair (Y, Z) consisting of a smooth Deligne-Mumford k-stack Y and an ideal Z C Oy, , let J = J(Z)
be the maximal Z-admissible center with reduction J, let ¥y = Bl J(Y) and let Z; be the weak transform
of Z. We set P1 (Y, 1) = (Y1, 14).

Theorem 6.3.1 (principalization). (1) Partial principalization:

(a) P reduces the invariant: maxinv(Z;) < maxinv(Z).

(b) If f:Y' — Y is smooth and T' = I, then either Py (Y, T) pullbacks to the empty blowing up
of Y,or Pi(Y', f~17) =P\ (Y,T) xy Y'. In particular, Py is compatible with surjective smooth
morphisms.

(2) Full principalization:

(a) The sequence (Yi+1, Zi+1) =P1(Y;, L;) starting with (Yo, Zo) = (Y, I) stabilizes and this happens
at the smallest n with Z,, = (1).

(b) The principalization blowings up sequence P(Y,T):Y, — ---— Y is compatible with arbitrary
smooth morphisms f :Y' — Y: the sequence P(Y', f~11') is obtained from P(Y, T) xy Y' by
removing all empty blowings up.

Proof. Claim (1) is covered by Theorems 6.2.1 and 6.1.1(2). Since the set of invariants &, is well-ordered
and attains its minimum (0) on the trivial ideal (1), we obtain (2a). The functoriality of P follows from
the functoriality of P;. 0

As a corollary we deduce embedded resolution. This is a standard reduction, except the fact that here
we are also able to replace the weak transform by the proper transform.

Proof of Theorems 1.2.2 and 1.2.5. Given a DM pair X C Y consider the ideal 7 = Zy defining X
in Y, and set inv(x yy = invz and J(X,Y) = J(Z). Thus, we take Y1 — Y to be the same weighted
blowing up as in P;(Y, 7) and take X to be the proper transform of X. Since Z; € Tx, we obtain that
maxinv(Xy, Y1) < maxinv(Z;). Therefore all assertions of the two theorems follow from the properties
of the center 7 (Z) and the invariant invz proven in Theorems 6.1.1 and 6.3.1. Il

Note that in the deduction of Corollary 1.2.3 we also used that if X is of codimension ¢ at p € Y, then
invz(p) > (1,...,1) of length ¢, and the equality holds if and only if X is smooth at p.
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7. An example

Consider the plane curve
X =V +x3y3 455

with k > 5. Its resolution depends on whether or not k > 8.

7.1. The case k > 8. This curve is singular at the origin p. We have a; = ord,(Zx) = 5. Since
DT = (x, y2) we may take x; = x and H = V(x). A direct computation provides the coefficient ideal

CZx.9)n = @ T = "),
with b, = 180 and a, = % = % Rescaling, we need to take the weighted blowup of J =13, yl/z):
« In the x-chart we have x = u3, y = u?y’, giving
Y, = [Specklu, y'l/n3],
the action given by (u, y') — (Z3u, £3’). The equation of X becomes
W31 —I—y/3 —|—u2k—15y/k),

2k—15,/k
y

with proper transform X = V(1 + ' St ) smooth.

o In the y-chart we have y = v?, x = v3x/, giving

Y, = [Speck[x’, vl/pal,

the action given by (x’, v) — (—x’, —v). The equation of X becomes 13 (x”? 4+ x4 02*-15) with
proper transform X' = V(x4 o215y,

Note that X /y is smooth when k = 8. Otherwise it is singular at the origin with invariant (3, 2k —15),
which is lexicographically strictly smaller than (5, %), A single weighted blowing up resolves the
singularity.

7.2. The case k <7. Consider now the same equation with k = 7 (the cases k =5, 6 being similar). We
still take a; =5, xy =x and H = V (x). This time

C@ln = (T = ('),
with by =7 - (4!) and a, = 7. We take the weighted blowup of J = (x!/7, y1/3):
« In the x-chart we have x = u’, y = u’y’, giving
Y, =[Specklu, y'l/p7l,
the action given by (u, y') — (S7u, &7 3y"). The equation of X becomes
uP (1 uy” 457,

with proper transform X = V(1 +uy’ 3 +y'") smooth.
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o In the y-chart we have y = v°, x = v’x/, giving

Y; = [Speck[x', v]/us],

the action given by (x', v) — (§5f7x’, ¢sv). The equation of X becomes v3° (x’5 +ox? + 1), with
smooth proper transform X /y =V(&' S x4+ 1).

8. Further comments

8.1. Nonembedded resolution. Given two embeddings X C Y and X C ¥ such thatdim,, (¥7) =dim,(Y>)
for all p € X, the two embeddings are étale locally equivalent. By functoriality the embedded resolutions
of X C Y and X C Y, are étale locally isomorphic, hence the resolutions X — X and X} — X coincide.

Our resolutions also satisfy the reembedding principle [Abramovich et al. 2020a, proposition 2.12.3]:
given an embedding Y C Y :=Y xSpeck[xp] andinv,(Zxcy) = (ai, ..., a;) with parameters (xy, ..., Xi)
we have inv,(Zxcy,) = (1, a1, ..., ax) with parameters (xo, x1, ..., x¢). The proper transform X’1 of X
in Y/ is disjoint from the xo-chart, and on every other chart we have Y| =Y’ x Spec k[xo] so that X| = X’
and induction applies.

Since every pure-dimensional stack can be étale locally embedded in pure codimension, we deduce:

Theorem 8.1.1 (nonembedded resolution). There is a functor Fyper associating to a pure-dimensional
reduced stack X of finite type over a characteristic-0 field k a proper, generically representable and
birational morphism Fyper(X) — X with Fye(X) regular. This is functorial for smooth morphisms: if
X1 — X is smooth then Fpe(X1) = Fper(X) X x Xj.

Remark 8.1.2. Of course one can deduce functorial resolution of X which is not pure dimensional just
by applying Fyer to the normalization of X. One can also use other operations to separate components,
for example, the disjoint union of the schematic closures of the generic points of X does the job.

Carefully using Bergh’s destackification theorem we also obtain:

Theorem 8.1.3 (coarse resolution). There is a construction F.s associating to a pure-dimensional reduced
stack X of finite type over a characteristic-0 field k a projective birational morphism F¢s(X) — X with
Fos(X) smooth. This is functorial for smooth representable morphisms X1 — X, namely, Fo(X1) =
Fors(X) xx X1.

Proof. We apply [Bergh and Rydh 2019, Theorem 7.1], using Fper(X) = X — Speck for X — T — Sin
that theorem. This provides a projective morphism Fyer(X)" — Fper(X), functorial for smooth morphisms
X1 — X, such that the relative coarse moduli space Fyer(X) — Fper(X)' — X is projective over X, and
such that Foer(X)" and Fper(X)' are regular. We may take Fers(X) = Fper(X)'. O

Remark 8.1.4. In general, Fi(X) is only representable (even projective) over X, but not over k. This
implies that when X is an algebraic space (or projective) so is F¢(X). Of course one can replace in the
construction relative destackification by absolute destackification. In such a case, the resulting resolution
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of the coarse moduli space X would be an algebraic space, but the construction would not be compatible
with smooth morphisms.

8.2. Note on stabilizers. Even though Bergh’s destackification is known for tame stacks, one might
wonder about the stabilizers occurring in our resolution. We note, however, that the stabilizers of a
weighted blowing up locally embed in Iy x G,,, where Iy denotes the inertia stack of Y. We therefore
have that the stabilizers of Y, locally embed in Iy x GJ,. In particular, if ¥ is a scheme then Y, has
abelian inertia, and its coarse moduli space has abelian quotient singularities.

8.3. Note on exceptional loci. We show by way of an example that the exceptional loci produced in our
algorithm do not necessarily have normal crossings with centers.

Consider Z = (x?yz 4+ yz*) C C[x, y, z]. Then maxinv(Z) = (4, 4, 4) is attained at the origin with
center (x*, y*, z*) and reduced center (x, y, z). In the z-chart one obtains the ideal (y3 (x32 +z)). The new
invariant is (2, 2) with reduced center (y3, x32 + z), which is tangent to the exceptional z = 0.

The methods of [Abramovich et al. 2020a] suggest using the logarithmic derivative in z, resulting in
the invariant (3, 3, co) with center (y3, x3, z¥/2) and reduced Kummer center (y3, x3, z!/2). This reduces
logarithmic invariants respecting logarithmic, hence exceptional, divisors. A general algorithm is worked
out in [Quek 2022].
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