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A bound for
the exterior product of S-units

Shabnam Akhtari and Jeffrey D. Vaaler

We generalize an inequality for the determinant of a real matrix proved by A. Schinzel, to more general
exterior products of vectors in Euclidean space. We apply this inequality to the logarithmic embedding of
S-units contained in a number field k. This leads to a bound for the exterior product of S-units expressed
as a product of heights. Using a volume formula of P. McMullen we show that our inequality is sharp up
to a constant that depends only on the rank of the S-unit group but not on the field k. Our inequality is
related to a conjecture of F. Rodriguez Villegas.

1. Introduction

Let k be an algebraic number field, £ its multiplicative group of nonzero elements, and & : k™ — [0, c0)
the absolute, logarithmic, Weil height (or simply the height). In [Akhtari and Vaaler 2016] we proved
inequalities that compare the size of an S-regulator with the product of heights of a maximal collection
of independent S-units. If £ C [ are both number fields the results in [Akhtari and Vaaler 2022] extend
inequalities of this sort to the multiplicative group of relative units. Here we prove analogous inequalities
for the exterior product of a collection of independent S-units that is not a maximal collection.

At each place v of k we write k, for the completion of k at v. We use two absolute values || - ||, and | - |,
from the place v. The absolute value || - ||, extends the usual archimedean or nonarchimedean absolute
value on the subfield Q. Then | - |, must be a power of || - ||,, and we set

|-y = Il - 1974, (1-1)

where d, = [k, : Q] is the local degree of the extension and d = [k : Q] is the global degree. With these
normalizations the height of an algebraic number o # 0 that belongs to k is given by

h(e) =Y log" laly =3 Y _|loglal,|- (1-2)

Each sum in (1-2) is over the set of all places v of k, and the equality between the two sums follows from
the product formula.
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1590 Shabnam Akhtari and Jeffrey D. Vaaler

Let S be a finite set of places of k such that S contains all the archimedean places. Then
Os={y €ek:|yly, <1 for all places v ¢ S}
is the ring of S-integers in k, and
Og ={y €k™ :|lyll, =1 for all places v ¢ S}

is the multiplicative group of S-units in Os. The abelian group O¢ has rank r, where |S| =r + 1, and we
assume that r is positive. We write x = (x,) for a (column) vector in R+ where the coordinates of x are

el =" |x|

vesS

indexed by places v in S. We write

for the I'-norm of x. The logarithmic embedding of O ¢ into R"*+! is the homomorphism defined at each
point & in O¢ by

o > o = (dy log [lally), (1-3)
where the rows of the vector « on the right of (1-3) are indexed by places v in S. It follows from (1-1)

and (1-2) that if o is a point in O and « is the image of « in R” *+1 using the logarithmic embedding
(1-3), then

2k : Qlh(a) =y _|d, log llally| = llec]l1. (1-4)

ves

The kernel of the logarithmic embedding (1-3) is the torsion subgroup
o € 05 : (dy log |le|l) = 0} = Tor(OJ) (1-5)

of all roots of unity in k. It is known that (1-5) is a finite, cyclic group, and from the S-unit theorem of
Dirichlet, Chevalley, and Hasse (see [Narkiewicz 2004, Theorem 3.12]) we learn that the quotient

Us(k) = Og [/ Tor(0y)

is a free abelian group of rank r. Therefore the logarithmic embedding (1-3) induces an isomorphism
from g (k) onto the discrete subgroup

Ts(k) = {(dylogllell,) s @ € O} SR,
which is a free group of rank r. It follows from the product formula

> dylog ], =0

ves

that I (k) is contained in the r-dimensional diagonal subspace

D, = {x =(x,): va =0} C R

ves



A bound for the exterior product of S-units 1591
The height / is constant on cosets of the quotient group ls(k) and therefore /4 is well defined as a map
h:Ugk) — [0, 00).

Let n1, 2, ..., n, be multiplicatively independent elements in Llg(k) that form a basis for the free
group s (k). Let

n; = (dyloglnjll,) for j=1,2,...,r

be the logarithmic embedding of these points in I's(k) € D,. Working with the induced /!-norm in the
exterior algebra Ext(R" +1) we find that

(r+DRegg(k) = llg A2 A=+ Anell, (1-6)

where Regg(k) is the S-regulator. More generally, let o, aa, ..., @, be multiplicatively independent
elements in g (k), and let 2 C g (k) be the multiplicative subgroup of rank r which they generate. Let

o; = (dylogllajll,) for j=1,2,...,r

be the image of o1, ay, ..., ®, in I's(k). It follows that there exists a unique r xr nonsingular matrix
B = (b;;) with entries in Z such that

r
0(‘,'=Zﬂ,'b,'j for j=1,2,...,l’. (1'7)
i=1

Then the index of the subgroup 2l in $g(k) is
[LUs(k) : A] = |det B. (1-8)
Combining (1-6), (1-7), and (1-8), we find that
(r + 1) Regg(k) [Us(k) : Al = lloeg Aop A+ Aatlls. (1-9)

In [Akhtari and Vaaler 2016, Theorem 1.1] we proved an upper bound for the S-regulator that is equivalent
to the identity (1-9) and the inequality

.
ley N A Al 52_r(r+1)1_[||06j||1- (1-10)
j=1

The following result provides a generalization of (1-10) to an exterior product of ¢ independent vectors
in the free group I'g(k), where 1 <g <r.

Theorem 1.1. Let ay, ay, . .., ay be multiplicatively independent points in {s(k), and let

o; = (dyloglle;lly) for j=1,2,...,q
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be the logarithmic embedding of a1, ay, ..., ag in I's(k). Then we have
q
loes Aoy A Aeglly <279C(q. 1) [ ] llees I (1-11)
j=1
where
1 r+l—q
Clg,r) = min{Zq, (L) } (1-12)
r+1—gq
We find that
C(g,r)=29 if 2g <r+1,
and
r+1 VT
Cg.ry=(———- if r+1<2q.
= (N ez

In particular we have C(r, r) = (r 4+ 1) so that (1-11) includes the inequality (1-10). By applying (1-4) it
follows that (1-11) can be written using the Weil height as

q
ley Aoy A Ayl < Clg.r) [ [k : QlA(e))).

j=1
Letay, s, ..., a4 and &y, a2, .. ., oty be as in the statement of Theorem 1.1, and let 2l be the subgroup
of I's(k) generated by a1, &y, ..., a,. Clearly 2 is a free group of rank ¢g. It is easy to show that the
I'-norm of the exterior product
lley A A=+ Aeeglln (1-13)

depends on the subgroup 2, but does not depend on the choice of generators. Because of (1-9) the /' -norm
of the exterior product (1-13) extends the S-regulator from the group I's(k) to subgroups of I's(k) having
lower rank.

Alternatively, if o # 1 belongs to Og and « # 0 is the image of « with respect to the logarithmic
embedding (1-3), then & and —a are the unique pair of generators of a subgroup of rank 1 in I's(k). In
view of (1-4) we may regard |le||; as the height of this subgroup. Then (1-13) extends the height to more
general subgroups 2l C I's(k) having rank g. This definition of a height on subgroups is similar to the
definition stated in [Vaaler 2014, equation (6.14)].

In [Akhtari and Vaaler 2016, Theorem 1.2] we showed that if 2l C I"g(k) is a subgroup with full rank r,
then there exist r linearly independent points in 2( such that the product of their heights is bounded by a
number depending only on » multiplied by

Reg (k) [Ls(k) : 2A]. (1-14)

The following result generalizes [Akhtari and Vaaler 2016, Theorem 1.2] to arbitrary subgroups 2 C I's (k)
having positive rank ¢ where 1 < g < r. In this result the S-regulator (1-14) is replaced by the /!-norm
(1-13) of the exterior product of a set of generators for the subgroup 2.
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Theorem 1.2. Let 2 C I's(k) be a subgroup of positive rank q, and let the points
aj = (dylogllajlly), wherej=1,2,...,q,
generate the subgroup 2. Then there exists a subgroup B C 2 of rank q and a set of generators

ﬁj:(dvlog”ﬂ]”v), Wherejzlvz's"',q,

for ‘B such that
IBiABaA--ABglli =[A: Bl llag Aaa A= Ayl (1-15)
and
q
[T18ilh <qllles Aaa A Ayl (1-16)

j=1
We have [ :B] < q!.
By applying (1-4) we find that the product on the left of (1-16) can be written using the Weil height as

q q
[ T80 =27 ] [tk : @1a(B))).
i=1

j=l1
Because the subgroups 25 C 2 both have rank ¢, the identity (1-15) follows as in our derivation of (1-8)
from (1-7).
It would be of interest to know if there exist absolute constants by > 0 and b; > 1 such that the
factor ¢! on the right of (1-16) could be replaced by bob‘f. This could have implications for a conjecture
of F. Rodriguez Villegas which we discuss in Section 2.

2. A conjecture of F. Rodriguez Villegas

In a well-known paper D. H. Lehmer [1933] proposed an important problem about the roots of irreducible
polynomials in Z[x]. An equivalent form of Lehmer’s problem stated using the absolute, logarithmic,
Weil height (1-2) is this: does there exist an absolute constant ¢ > 0 such that

¢ < [Q(a) : Q] h(e)
whenever « # 0 is an algebraic number and not a root of unity? If & 7 0 and « is not a unit, the lower bound
log2 < [Q(x) : Q]A(x)

follows easily. Therefore when considering Lehmer’s problem we may restrict our attention to algebraic
units o which are not roots of unity. Further information about Lehmer’s problem can be found in
[Bombieri and Gubler 2006, Section 1.6.15; Smyth 2008; Waldschmidt 2000, Section 3.6].

Let So be the set of archimedean places of k and assume that |So| > 2. We continue to write
|Seo| = r + 1 so that the logarithmic embedding (1-3) is an isomorphism from the free group

ilsoo (k) = OSOO/TOI"(O;;)
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onto the discrete subgroup I's_ (k) of rank r contained in the diagonal subspace D, € R"*!. Then
Lehmer’s problem asks if there exists an absolute constant ¢ > 0 such that the inequality

¢ =2[k: Qh(a) = llalh (2-1)

holds at all points @ 7# 0 in I's (k). A generalization of this conjecture to independent subsets
o, 0, ..., 0, in I's (k) with 2 < g <r was proposed by Bertrand [1997]. More precisely, Bertrand
asked if for each integer 2 < g there exists a constant ¢, > 0 such that

cg <lloeg Ao Ao Ay l2, (2-2)

where the /2-norm of the wedge product on the right of (2-2) is the covolume of the subgroup of I's_ (k)
generated by a1, a2, . .., &, Examples found by Siegel [1969] show that the inequality (2-2) cannot hold
for g = 1. However, a positive answer for g > 3 was established by Amoroso and David [1999].

An alternative generalization of Lehmer’s problem to subgroups of rank ¢ has been proposed in a
conjecture of F. Rodriguez Villegas stated in [Chinburg et al. 2022, Appendix], and also discussed in
[Amoroso and David 2021]. We state a special case of this conjecture for pure wedges.

Conjecture 2.1 (F. Rodriguez Villegas). There exist two absolute constants cy > 0 and ¢ > 1 with the
following property. If q is an integer such that

1 <q <r=rankI'g_(k),
and if ey, o2, . .., a4 are linearly independent points in I's_ (k), then
cocl <l Aaa A+ Aoyl (2-3)

If ¢ =1 then the truth of (2-3) would solve the problem originally proposed by Lehmer, and if g =r
then (2-3) follows from a known lower bound for the regulator proved by R. Zimmert [1981]. Thus the
conjecture of Rodriguez Villegas interpolates between the unsolved problem of Lehmer and Zimmert’s
result. It follows from earlier work of Pohst [1978] and Schinzel [1973] that Conjecture 2.1 holds for the
collection of totally real algebraic number fields k.

Let o, a2, ..., &, be linearly independent points in I's__ (k) and let 24 C I's_ (k) be the subgroup of
rank ¢ that they generate. We have already observed in connection with (1-13) that the /'-norm

lloey Ao A= Aegg

depends on the subgroup 2, but does not depend on the choice of generators. Thus Conjecture 2.1 can
be regarded as a generalization of Lehmer’s problem (reformulated as a conjecture) from subgroups of
rank 1 to more general subgroups of rank ¢ where 1 <g <r.

Here is a related conjecture.

Conjecture 2.2. There exist two absolute constants dy > 0 and dy > 1 with the following property. If q is
an integer such that
1 <q <r=rankI'g_(k),
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and if ay, oz, ..., &y are linearly independent points in I's, (k), then
dod! < lleerllilleeally - - - lletg 1.
It follows from (1-12) that the constant on the right of (1-11) satisfies
279C(g,r) < 1.

Therefore if the conjectured inequality (2-3) is correct, then from Theorem 1.1 we also get
q
coc{ < ller Aag A-- Aagllr < T el
j=1

Thus Conjecture 2.1 implies Conjecture 2.2 with dy = ¢ and d; = c;.

Now assume that Conjecture 2.2 is correct. Let a1, a, .. ., o, be linearly independent points in the
logarithmic embedding I's_ (k), and let 2 be the subgroup of rank ¢ that they generate. By Theorem 1.2
there exist linearly independent points B1, B2, ..., B, in 2 such that

dod?! < |IBillIB2lli - 1IBgllh <q'llees Aoa A=+ Aaglli, (2-4)

where the inequality on the left of (2-4) follows from Conjecture 2.2, and the inequality on the right of (2-4)
follows from (1-16). However, as g! grows faster than an exponential function of g, at present we are unable
to conclude that Conjecture 2.2 implies Conjecture 2.1. This could change if the factor ¢! in the inequality
(1-16) could be replaced by a factor of the form bob?, where by > 0 and b; > 1 are absolute constants.

3. Generalization of Schinzel’s inequality, I

For a real number x we write

xt =max{0,x} and x~ =max{0, —x},

sothat x =x+t —x~ and |x| =x+ +x~. Let x = (x,,) be a (column) vector in R". As in [Akhtari and
Vaaler 2016, equation (4.3)], the Schinzel norm is the function

§:RY = [0, 00)

defined by
N

N
8(x)=max{ Zx;, an} =%
n=1

m=1

N

2
=1

n

N

1
+§Z | |-
n

=1

It is clear that § is in fact a norm on R", and we write
Ky={xeR":8(x)<1)

for the corresponding closed unit ball. Then Ky is a compact, convex, symmetric subset of RY with
a nonempty interior. The N-dimensional volume of Ky was computed in [Akhtari and Vaaler 2016,
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Lemma 4.1]. The connection between the Schinzel norm and the Weil height follows from (1-4) and (5-2)
(see also [Akhtari and Vaaler 2016, Lemma 5.1]).

In Lemma 3.2 we will determine the finite collection of extreme points of K. Then a combinatorial
argument in Section 4 applied to the extreme points of K y will lead to a proof of the following inequalities.

Theorem 3.1. Let x1, x3, ..., X be linearly independent vectors in RV, If L = N then
X1 AxX2 A AX N < 8(x1)8(x2) - d(x ), (3-1)

if L< N <2L then

N \N-L
Xt Axa A AxLll < <m> 8(x1)8(x2)---8(xL), (3-2)
and if 2L < N then

lxi Axa A Axpl <28 8(x1)8(x2) - 8(x ). (3-3)

Alternatively, for L < N we have

N-L
lxr Axa A AxLll < min{ZL, <N L) } §(x1)8(x2)---8(xL). (3-4)
If x1, x5, ..., Xy, are (column) vectors in RY, then Schinzel [1978] proved the inequality
|det(xy x2 -+ xn)| <8(x1)d(x2) - 8(xN), (3-5)

which is equivalent to (3-1). It can be shown that there exist nontrivial cases of equality in the inequality
(3-2) whenever the integer N — L is a divisor of N. And it can be shown that there always exist nontrivial
cases of equality in the inequality (3-3). It is instructive to define the function

gr i [L,o0] — [1,e"]

by
1 ifx=1L,
X x—L
gr(x) = (—L> if L <x < o0,
el if x = o0.

It follows that x — g (x) is continuous, and has a continuous, positive derivative on (L, 0o). Then x +—
g1 (x) is strictly increasing on [L, oo]. We have g; (2L) = 2L and this clarifies the behavior of the function
x > min{2%, g7 (x)}

which occurs on the right of (3-4).
We recall that a point k in K y is an extreme point of Ky if k cannot be written as a proper convex combi-
nation of two distinct points in K 5. Obviously all extreme points of K occur on the boundary of K. Let

<p:[RRN—>[R§
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be a continuous linear functional, and write

8" (¢) = sup{ep(x) : 8(x) < 1}

for the dual norm of ¢. As Ky is compact there exists a point 5 in Ky such that

8" (@) = ().

If there exists a linear functional ¢ such that

{neKy:8(p)=pm}={k},

then k is an exposed point of Ky. It is known (see [Eggleston 1958, section 1.8, exercise 3]) that an
exposed point of K is also an extreme point of K.
We define two finite, disjoint subsets of R by

Ey={fe,:1<m <N} and Fy=/{e, —e,:m #n}, (3-6)
where ey, e, . .., ey are the standard basis vectors in RV, Clearly we have
|Ey|=2N and |Fy|=N?—N.
It follows easily that each point of Ey U Fy is on the boundary of Ky .
Lemma 3.2. The subset Ex U Fy is the collection of all extreme points of K .
Proof. For 1 <m < N let ¢,, : RN — R be the linear functional defined by

N
Pm(x) = % an + %xm-

n=1

Then we have
N

>

n=1

om(x) <3 + 5 1xml, (3-7)

and there is equality in the inequality (3-7) if and only if

N
0§Zx,, and 0 <x,,.

n=1

We also have
N

2

n=1

! + 5 lon| < 8(x), (3-8)

and there is equality in the inequality (3-8) if and only if

x, =0 for each n # m.
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Combining (3-7) and (3-8) we find that

Om(x) <48(x) (3-9)

for all x in R, and there is equality in the inequality (3-9) if and only if x = te,, with O < . Therefore

8" (om) = supfem(x) : 8(x) < 1} = g (en) =1
and
{ne€Kn:8(pm) =pn(m)} = {en).
This shows that e, is an exposed point of K, and therefore e,, is an extreme point of Ky. As Ky is

symmetric, we find that —e,, is also an extreme point.
Next we suppose that m # n, and we define the linear functional ¥, : RN — R by

Yinn (%) = (X — Xn).

Then we have
N

>

(=1

Yinn (X) < 3 + 5 x|+ % |xal, (3-10)

and there is equality in the inequality (3-10) if and only if

N
E xy=0, 0<ux, andx, <O0.
=1

We get
N

>

=1

: + 5 ]+ 5 ] < 8(x), (3-11)

with equality in the inequality (3-11) if and only if
x¢=0 forall £#m and¥{ #n.
By combining (3-10) and (3-11) we find that
VYimn (x) < 3(x), (3-12)

and there is equality in the inequality (3-12) if and only if x =1 (e,, —e,) with 0 <¢. As in the previous
case we conclude that

8*(¢mn) = Sup{wmn(x) : S(x) = 1} = l;[fmn(errl - en) =1
and
{77 €EK: 8*(wmn) = wmn(n)} = {en —e,}.

This shows that e,, — e, is an exposed point of K, and therefore e,, — e, is an extreme point of K.
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We have now shown that each point in £y U Fy is an extreme point of K. To complete the proof we
will show that if x is a point on the boundary of K, then x can be written as a convex combination of
points in Exn U Fy. Thus we assume that

N N
8(x)=max{2x;n", an_}zl, (3-13)

m=1 n=1

N
— + -_ -
= E x, and o~ = E X, .

m=1 n=1

and we write

Then we have

N N N N
Z me x, (em —e€,) = (an) an‘:em - (an‘:) an’en
m=1 n=1 n=1 m=1 m=1 n=1
m#n
N N
=0~ Zx,:em —O’+an e,
m=1 n=1
N N
=an+1em Zx e,—(1—0o~ )Zx em+(1—a+)2x e,
m=1 n=1
=x—(l-0") Zx;:em ~(1-0") Zx,:(—en),
m=1 n=1
and therefore
x_xl—o-)E:x @n+(1—a+)§:x (e@ﬁ—z:E:xm%1@m— en). (3-14)
m=1 n=1
m#n

The identity (3-14) shows that x is a linear combination of points in £y U Fy with nonnegative coefficients.
Using (3-13), the sum of the coefficients in (3-14) is

N N N N
(=07 Y xi (=0 Y + 3 Y wiay = =0 )0t +(1—0h)o™ +oto
m=1 n=1 m=1 n=1

m#n
=1—-(1—-0cNH(1—-0")
=1.
It follows that x is a convex combination of points in Ey U Fy. We have shown that if x is on the
boundary of K, then x is a convex combination of points in Ey U Fy. Therefore the only extreme points
of Ky are the points in Ey U Fy. O

Let
I={i1<ih<---<ip}C{1,2,...,N}
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be a subset of positive cardinality L. If x = (x,) is a point in RY we write x; for the point in R- given
by x; = (x;,). Alternatively, x; is the L x 1 submatrix of x having rows indexed by the integers in the
subset /. The following result is now an immediate consequence of Lemma 3.2.

Corollary 3.3. Let & be an element in the set of extreme points Ey U Fy, and let
I1C{l,2,...,N}

be a subset of positive cardinality L. Then either &, = 0in 7%, or & belongs to the set of extreme points
E; UF;.

Let
@L’NZRNXRNX---XRN—)RM, where M = (]Z)
be the continuous, alternating, multilinear function taking values in R” and defined by
Dy v(X1,X2, ..., XL) =X AX2A--AX]L.
By compactness the continuous, nonnegative function
(1, %2, ..., xp) > X Axo A Axph
assumes its maximum value on the L-fold product

KNXKNX--'XKN.
We write

/LL,N:max{||x1/\x2/\---/\xL||1 xpeKyfore=1,2,...,L} (3-15)

for this maximum value. We show that 1 y can be determined by restricting each variable x, to the set
Exn U Fy of extreme points in Ky .

Lemma 3.4. There exist points &, &,, ..., &, in the set of extreme points Ex U Fy such that
LN =18 AEx A ANE L (3-16)
Ifx{,x,,...,x are vectors in RN then
X1 Axa A AxLll < v 8(x1)8(x2) -+ - 8(xL). (3-17)
Proof. Let 1, 92, ...,y be points in K such that
prn = llmAm A=A (3-18)
Because @ y is linear in each variable, it is easy to show that 6(y¢) =1 foreach£=1,2, ..., L. Also,

among all the collections of L points from the boundary of K that satisfy (3-18), we may assume that the
collection 1, 2, ..., §r contains the maximum number of extreme points. If this maximum number is L
then we are done. Therefore we may assume that the maximum number of extreme points is less than L.
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If, for example, 5| is not an extreme point, then there exist extreme points #, us, ..., u  in Ky, and
positive numbers 61, 6, ..., 8;, such that

J J
m=) Oju; and » ;=1
j=1 j=1

It follows that

7
ZQj(ujAﬂz/\“'/\nL)
Jj=1

J J
KL.N = <> Oillujamn-Ancli Spn Y 0 =pLn  (3-19)
1

j=1

j=1
Hence there is equality throughout the inequality (3-19), and we conclude that
pry = lluwjAm A AL

foreach j=1,2,..., J. But each collection of points u;, 92, ..., 5 plainly contains one more extreme
point than the collection 51, 52, ..., 5. The contradiction shows that there exists a collection of points
&,,8&,,...,&, from the boundary of K such that (3-16) holds and each &, is an extreme point of K.

Next we verify the inequality (3-17). If one of the vectors in the collection x, x5, ..., X is the zero
vector, then both sides of (3-17) are zero. Thus we may assume that x; = 0 foreach £ =1,2,..., L. Let

ye=08@x0) 'xy, (3-20)
so that 6(y,) =1 foreach £ =1,2, ..., L. Then we certainly have

IyiAya ANyl =prn (3-21)

by the definition of 1y y. Then (3-17) follows using (3-20), (3-21), and the multilinearity of the exterior
product. O

The extreme points Ey U Fy for the §-unit ball K have the following useful property.

Lemma 3.5. Let &,,&,, ..., &, be extreme points in the set Ey U Fy, and let
E=( & - &)
be the N x L matrix having &, §&,, ..., &; as columns. If

1<{1,2,...,N}

is a subset of cardinality |I| = L, and B is the L x L submatrix having rows indexed by I, then the integer
det E; belongs to the set {—1,0, 1}.

Proof. Clearly the columns of the L x L submatrix E; are the L x 1 column vectors (&), (§5)7, ..., (&;)1.
If a column of E; is 0, then det E; = 0 is obvious. If each column of E; is not 0, then it follows from
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Corollary 3.3 that each column of =; belongs to the set of extreme points E; U F.. Applying Schinzel’s

determinant inequality (3-5) to the matrix E;, we get

det &7 < 8((ED8((E)p) -+~ 8((Ep)) = 1.

As det E; is an integer, the lemma is proved. U
If&,,&,,..., &, are extreme points in Ey U Fy, then it follows from Lemma 3.5 that
~ N
1§ A& A AE = Y HdetEl = ). (3-22)
1<(1,2,...,N}
\I|=L

Using (3-16) we get the simple upper bound

N
ML,NS(L> for 1 <L <N. (3-23)

It follows from (3-5) that there is equality in (3-23) when L = N. There is also equality in (3-23) when
L + 1 = N; this follows from the example

( 1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

~ 0 0 0 0 0
0 0 0 -~ 1 0

0 0 0 0 1

\-1 -1 -1 - =1 -1

By squaring each of the subdeterminants in the sum (3-22) we can determine the value of uy y for
2L <N.

Lemma 3.6. If 1 <L < N then
nry <2k (3-24)

If 2L < N then there is equality in the inequality (3-24).

Proof. Let &,,&,, ..., &, be extreme points in Ey U Fy, and let
E=( & - &)
be the N x L matrix having &, &,, ..., &, as columns. It follows from Lemma 3.5 that

- = 2
I A& N AELIIL = E |det E/| = E (det E/)~.
1<(1,2,...,N} I1<{1,2,...,N}
=L =L
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Then from the Cauchy—Binet identity we get

& A&y A AELli= ) (det E))* =det(ET ). (3-25)
I1C{1,2,...,N}
|I|=L

The L x L matrix in the determinant on the right of (3-25) is
5T E = (/&)
where k = 1,2, ..., L indexes rows and £ = 1,2, ..., L indexes columns. As E” E is an Lx L real,

symmetric matrix, we can apply Hadamard’s inequality to estimate its determinant. We find that

L
&, A&y A AE Ll =det(BTE) < [ IIEII5 < 2" (3-26)
=1

This proves the inequality (3-24).
If the columns of the matrix E are orthogonal, then there is equality in Hadamard’s inequality. Therefore,
if 2L < N we select &, &,,...,&, in Fy so that

1 0 O 0 O

-1 0 0 0 O

0 1 0 0 O

0-1 0 0 0

0 0 1 0 0

0 0 -1 0 O

=l o 0 o 10

0 0 O -1 0

0 0 O 0 1

0 0 O 0 -1

0 0 O 0 O

o 0 0 --- 0 O
For this choice of E the columns of E are orthogonal. Hence for this choice of E there is equality in
(3-26), and equality in (3-24). O
If x1,x2,...,x7 belong to RY and 2L < N, then it follows from (3-17) and the case of equality in

(3-24) that

Xy Axa A AxLl 25 8(x1)8(x2) - - 8(x ). (3-27)

This proves the inequality (3-3) in the statement of Theorem 3.1.
The following lemma, together with combinatorial arguments in Section 4, will be used in the proof of
the inequality (3-2).
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Lemma 3.7. Let &,,&,,...,&, be linearly independent extreme points in the set Exy U Fy. Assume
that exactly K of the points &, &,, ..., & belong to the subset Ey, where 1 < K < L. Then there exist
linearly independent extreme points 11, W2, . .., Nk in the set Ex_g U Fy_g such that

1§, AE A ANE i =lImAmA--AnL_klh-

Proof. By using a suitable permutation of the points &, &,, ..., §;, we may assume that
{§1.65, ... 8k} S Ey and {§x 1,8k 0, ..., 8.} C Fy.
We may further assume that for k =1, 2, ..., K we have

&, ==e,,, where 1 <mj<mpy<---<mg<N.

It will be convenient to write

M={m;,my, ..., mg}.
Now let
E=(& & - &)
be the N x L matrix having &, &,, ..., &, as columns. We partition E into submatrices
E=U V),
where

U=(§ & - &x) and V=(Eg, Exn - &p)

are Nx K and N x(L — K), respectively. We suppose that I C {1, 2, ..., N} is a subset of cardinality
|I| = L such that
det E; =det(U; Vi) #0. (3-28)

On the right of (3-28) the submatrix U; is L x K and the submatrix V; is Lx (L — K). If the integer my,
which occurs in M, does not belong to 7, then the k-th column of E; is identically zero and (3-28) cannot
hold. Therefore (3-28) implies that

MCI.

Next we apply the Laplace expansion of the determinant to E; partitioned as in (3-28). In view of our
previous remarks we find that

det 8 = Y (=) (detU,)(det V7). (3-29)
JCI
|J|I=K
where
J=1\J

is the complement of J in /, and &(J) is an integer that depends on J. As before, if the integer m; which
occurs in M does not belong to the subset J, then the k-th column of Uy is identically zero and therefore
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detU; =0. As |J| = |M| = K, we conclude that there is exactly one nonzero term in the sum on the
right of (3-29), and the nonzero term occurs when J = M. From these observations we conclude that the
Laplace expansion (3-29) is simply

det 87 = (—1)*™ (det Upy) (det Vi\ur). (3-30)
It is obvious that det Uy, = %1, and therefore (3-30) leads to the identity

|det E;| = |det Vi\p].
Let
V=g Expn o &1
be the (N—K)x(L—K) submatrix of V obtained by removing the rows of V that are indexed by the

integers my in the subset M. It follows from Lemma 3.4 that the columns of V' belong to the set of
extreme points Ey_x U Fy_g. Moreover, we have

|det E7| = |det V\ | = |det V}l, (3-31)
where
J=I\MC{1,2,...,N}\M and |J|=L-K.

We note that

I— J=I1\{m,my,... mg}
is a bijection from the set of subsets / that contain M onto the set of subsets of {1,2, ..., N}\ M that
have cardinality L — K. Using (3-31) we find that
> |detE/] = > ldetvyl. (3-32)
1<{1,2,...,N} JC{1,2,...N\M
Mci |J|=L—K

Because the rows of V' are indexed by the elements of the set {1, 2, ..., N}\ M, it follows from (3-32) that

1§, A& AELI = E |det E/| = E |det V| = (1§ 11 AEk o A---AELI. (3-33)
IC{1,2,...,N} JC{1,2,....N\M
McI |J|=L—K

As the columns of V'’ belong to Ey_x U Fy_k and satisfy (3-33), they are linearly independent. Therefore
we set

ne==~&g,, fort=12 ... L-K,

and the lemma is proved. O
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4. Generalization of Schinzel’s inequality, IT

We develop a combinatorial method which leads to an asymptotically sharp upper bound for the quantity
wr n defined in (3-15). The bound we prove here applies when L < N < 2L, and will be used to verify
the inequality (3-2) in the statement of Theorem 3.1.

We suppose throughout this section that

{$(1), 82, 83), ..., S(L)} 4-1)
is a collection of L distinct subsets of {1, 2, ..., N} such that
|S(¢)|=2 foreach £=1,2,...,L 4-2)
and
L
Usw={12....N. (4-3)

=1
It follows from (4-2) and (4-3) that
N <2L <N(N—-1),

but for our later applications we will make the more restrictive assumption that
L <N <2L. (4-4)

Let A be the collection of all subsets A C {1,2,..., N}. We define amap n: A— Aby

L
na= J so. (4-5)
SO Ao
Then it follows from (4-3) that
A Cn(A) foreach subset A € A. (4-6)

We are interested in subsets A in A that satisfy n(A) = A. Obviously @ and {1, 2, ..., N} have this
property. More generally we define

P={AcA:nA)=A}. (4-7)

If A belongs to the collection P and S(£) N A # &, then §(€) € A. Thus a nonempty subset A in P must
have 2 < |A|. We show that the collection P forms an algebra of subsets.

Lemma 4.1. Let P C A be the collection of subsets defined by (4-7).
(1) If Ay belongs to P then its complement

Ay =1{1,2,...,N}\ A,

also belongs to P.
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(11) If A3 and A4 belong to P then Az U Ay belongs to P.
(iii) If As and A¢ belong to P then As N Ag belongs to P.
Proof. Assume that S(€) N Ay # &. Then S(£) N A # @ is impossible. Hence we have S(¢) C A,, and
this implies that A, belongs to P.
Let S(£) N (A3 U Ay) # &. Then either S(£) N A3 #= @ or S(£) N A4 # &. Hence either S(£) C As or

S(€) C Ay, and therefore S(£) € A3 U Ay. It follows that A3 U A4 belongs to P.
By what we have already proved the sets

A7={1,2,...,N}\As and Ag={1,2,...,N}\ Ag
both belong to P, and therefore the set

AsNAg=1{1,2,..., N}\ (A7U Ag)
belongs to P. O
Lemma 4.2. Let A} be a nonempty subset in A, and let B be a subset in P. Assume that A; C B. Define
an increasing sequence of subsets
Ay, Ay, As, ...
from A inductively by
Apr1=n(A,) foreach n=1,2,3,....

Then
A, CB foreachn=1,2,3,....

Proof. We argue by induction on n. If n = 1 then A; € B by hypothesis. Now assume that 2 < n and

A,—1 € B. Then we have
L

Av=nAn=|J s 4-8)

SO £
If S NA,_1 # 2 then S(¢) contains a point of B, and therefore S(¢) C B. It follows from (4-8) that
A, C B. This proves the lemma. O

We say that a subset A in A is minimal if A is not empty and belongs to P, but no proper subset of A
belongs to P. That is, a nonempty set A in P is minimal if for every nonempty subset B C A such that
B # A, we have n(B) # B. We will show that each element of {1, 2, ..., N} is contained in a minimal
subset in P.

Lemma 4.3. Let A in A have cardinality 1. Define an increasing sequence of subsets
A, Ay, As,

from A inductively by
Apr1=n(A,) forn=1,2,3,.... 4-9)
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Let K be the smallest positive integer such that
Ag =n(Ag) = Ag+1- (4-10)
Then K exists, 2 < K, and the subset A is minimal.

Proof. From (4-6) we get
AlC A CA3C---CA S

As |A,| < N foreachn =1, 2, ..., itis obvious that K exists.
Let A; = {k} where 1 < k; < N. It follows from (4-3) that there exists a subset S(£;) that contains k.
Write S(€1) = {k1, ko} where k; # k. From (4-5) we conclude that

Sy ={ki, ka} S n(A1) = Ay,

and therefore A; = {k;} is a proper subset of n(A;) = A,. Hence we have 2 < K.
If Ak is not minimal there exists a proper subset B C Ak such that n(B) = B, and therefore B belongs
to P. Let
C=Ax\B=AxN({1,2,...,N}\B) 4-11)

be the complement of B in Ag. It follows from Lemma 4.1, and the representation on the right of (4-11),
that C is a proper subset of Ax and C belongs to P. Thus we have the disjoint union of proper subsets

Agk =BUC, where BeP andC € P. 4-12)

Plainly A} = {k;} is a subset of either B or C, and by renaming these sets if necessary we may assume
that A; = {k;} is contained in B. Then it follows from Lemma 4.2 that

A, CB foreachn=1,23,....

But this is inconsistent with the representation of Ag as the disjoint union (4-12). We conclude that B

and C do not exist, and therefore Ak is minimal. Ol
It follows from Lemma 4.3 that each element of {1, 2, ..., N} is contained in a minimal subset. This
minimal subset is unique, and leads to a partition of {1, 2, ..., N} into a disjoint union of minimal subsets.

Lemma 4.4. Let B and C be nonempty, minimal subsets in P. Then either
B=C or BNC=g.

Proof. If BN C = & we are done. Therefore we assume that k; is a point in BN C. Let A| = {k;}, and let
Ay, Ay, As, ... be the sequence of subsets defined by (4-9). Let K be the smallest positive integer such
that (4-10) holds. By Lemma 4.3 the subset Ak is minimal, and by Lemma 4.2 we have both Ax C B
and Ag C C. But Ak is minimal and therefore A cannot be a proper subset of the minimal subset B.
Similarly, Ax cannot be a proper subset of the minimal subset C. We conclude that

B=Agx=C. O
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Lemma 4.5. Let (4-1) be a collection of distinct subsets of {1, 2, ..., N} such that
|IS()|=2 foreach £=1,2,...,L
and
L
Usw={12....N).
=1
Let P C A be the collection of subsets of {1,2, ..., N} defined by (4-7), and let A, A, ..., A, be the
collection of all distinct, minimal subsets in ‘P. Then the subsets A1, A, ..., A, are disjoint and
AjUAU---UA, ={1,2,...,N}.

Proof. The subsets Ay, Ay, ..., A, exist by Lemma 4.3. Then it follows from Lemma 4.4 that the subsets
Ay, Ay, ..., A, are disjoint. Therefore we get

AUAU---UA, C{1,2,..., N} (4-13)

It follows from Lemma 4.3 that each point in {1, 2, ..., N} is contained in a minimal subset, hence there
is equality in (4-13). O

We continue to assume that L and N are positive integers that satisfy (4-4). Let &,,&,,...,&; be
vectors from the set of extreme points Fy, and write

(1]

:(Sl §2 gL)

for the N xL matrix having &, &,,...,&; as columns. We assume that no row of the matrix E is
identically zero, and we assume that rank E = L. We write &, = (§,,) and use the vectors &, to define a
collection of subsets

S)<c{1,2,...,N} foreach £=1,2,...,L. (4-14)
More precisely, we define
SW={n:1<n<Nand§,y #0} foreach ¢=1,2,...,L. (4-15)

As each column vector &, belongs to the set of extreme points Fy, it follows that each subset S(£) has

cardinality 2 and
N

D tw= ) &u=0.

n=1 neS)

Because no row of the matrix E is identically zero, we find that

L
US(Z):{I,Z,...,N}.
=1
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Therefore the subsets S(¢) defined by (4-15) satisfy the conditions (4-2) and (4-3) that were assumed in

the previous lemmas. We continue to write .4 for the collection of all subsets of {1,2, ..., N}, and we
write P for the collection of subsets defined by (4-7).
Next we suppose that Ay, As, ..., A, is the collection of distinct, nonempty, minimal subsets in P.

Then it follows from Lemma 4.5 that
AlUAU---UA, ={1,2,...,N} (4-16)

is a disjoint union of nonempty sets. Because each subset A; is minimal we have

L L
Ai= U so= |J sw. (4-17)
S(ﬁ):glA ; S(e)(rzszlj #0

We use each subset A; to define a subset D; C {1,2,..., L} by
Dij={f:1<f<Land S¢)CA;} for j=1,2,...,r (4-18)
Then it follows from (4-16), (4-17), and (4-18), that
DiUD,U.---UD,={1,2,...,L} (4-19)

is a disjoint union of nonempty sets. For each j =1,2,...,r we write ¥; for the N x|D;| submatrix of
8 having columns indexed by the integers in D;. That is, we define

Y;=(&,), where £ e D; indexes columns. (4-20)
We assemble the matrices Y1, Y, ..., Y, as N x|D;| blocks so as to define the N x L matrix
Z=X, Y2 -+ Yp). 4-21)

Because of the disjoint union (4-19), the columns of the matrix Z can also be obtained by permuting the
columns of the matrix E. That is, there exists an L x L permutation matrix P such that

(1]

=ZP.

As det P = =1 and the columns of E are linearly independent, it follows that the matrix Y; has rank |D;|
foreach j =1,2,...,r. We also find that

det(ET ) =det(PT 2" ZP) = det(Z" Z)
is a positive integer.
Now suppose that 1 <i <r,that 1 < j <r, and i # j. It follows from (4-14), (4-18), and (4-19), that

each nonzero row of the matrix Y; is indexed by an integer in the set A;, and each nonzero row of the
matrix Y; is indexed by an integer in the set A;. As A; and A; are disjoint we conclude that Y/ Y; is a
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zero matrix. Because we have organized Z into blocks as in (4-21), we find that

-
det(2"€) = det(2" 2) = [ [ det(x] v)). (4-22)
j=1
Since the extreme points &; that form the columns of E belong to Fy, it follows that

N
ZSMZO foreach ¢=1,2,...,L.

n=1

For each j =1, 2, ..., r the nonzero rows of Y; are indexed by the elements of A;, and so we get
Z €, =0 foreach L€ D;. (4-23)
nEAj

As Y; has rank |D;| we find that
IDj|+1=<]A;|. (4-24)

Next we will show that there is equality in the inequality (4-24). Each subset A ; is minimal in P and
therefore no proper subset of A ; belongs to P. It follows from (4-23) that the |A ;| distinct (row) vectors

{(Ene) in € Aj} (4-25)
are linearly dependent. Let f : A; — Z be a function that is supported on the subset
B={neA;: f(n)#0},
where B is a proper subset of A;. As B does not belong to P it follows that there exists £ in D; such that
IS NB|=1.

We conclude that

D FMWEe, =) f()n, #0,

neA; neB
because this sum contains exactly one nonzero term. This shows that no proper subset of the collection
of (row) vectors (4-25) is linearly dependent. In particular, each subset of the (row) vectors in (4-25) with
cardinality |A ;| —1 is linearly independent. As the rank of the matrix Y; is | D ;| we conclude by (4-24) that

|IDj|+1=|A;| foreach j=1,2,...,r (4-26)
We also get the identity
r r
L+r=3 (Djl+D =) |4;|=N, (4-27)
j=1 j=1

which determines the value of r.
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Lemma 4.6. Let the columns of the N x L matrix

E=(& & - &)

be vectors from the set of extreme points Fy defined in (3-6). If L < N < 2L then

N N—-L
||§1/\§2/\"'/\§L||1§(m) . (4-28)

Proof. Clearly we may assume that rank & = L. We assume to begin with that no row of the matrix E is

identically zero. As in our proof of Lemma 3.6 we have

& A&y A AE = Y (det ) =det(ETE) (4-29)

I1<{1,2,...,N}
|I|=L

by the Cauchy—Binet identity. By combining (4-22) and (4-29) we find that

,
1€ AEx A AE I =] det(x]Y)),
j=1

where each N x|D | matrix Y; is defined as in (4-20). Let W; be the |A ;| x|D;| submatrix of ¥; obtained
by removing all rows which are identically zero. Because there is equality in the inequality (4-24) the
submatrix W; is also (|D|+1)x|D;|. Thatis, W; is an (M +1) x M matrix with columns in the set of
extreme points Fys, where M = |D;|. Then it follows from the inequality (3-23) and (4-26) that

[[detr/ v =]]detcw/wy) <]]aD;jl+1D=]]I4;l (4-30)
j=1 j=1 j=1 j=1

We estimate the product on the right of (4-30) by applying the arithmetic/geometric mean inequality and
using the identity (4-27). In this way we arrive at the inequality

- T 1 - ' 1 N "
jl:[ldet(Yj Y;) < (r ;mﬂ) = INY = (m) .

This proves (4-28) under the assumption that no row of E is identically zero.
Next we suppose that L < N <2L, that

E=(& & - &)

is an N x L matrix with columns &, &,,...,&; from Fy, that rank E = L, and that E has exactly
N — M > 0 rows that are identically zero. Because rank E = L, we find that L < M < N <2L. We write

B =() & - &)

for the M x L matrix obtained from Z by removing the rows of E that are identically zero. It follows
from Lemma 3.4 that each column &/, &), ..., &, belongs to Fy. Clearly each L x L submatrix of E
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with a row that is identically zero has a zero determinant. Thus we have

1§y AEL A AELI = IE) AESA - AEL I

If L =M then E' is L x L, and it follows from Lemma 3.5 that

N N-—L
"ANELA-ANE I =1< )
N A v

If L <M < N <2L then by the case already considered we get

M \M-L N \N-L
"AECAANE < _— )
||£1 82 ELHI_(M_L) <<N—L>

This verifies the bound (4-28) in general. U

We now combine Lemma 3.7 and Lemma 4.6 to obtain the inequality (4-28) in full generality.

Theorem 4.7. Let the columns of the N x L matrix

E=(& & - &)

be vectors in the set of extreme points Ey U Fy. If L < N <2L then

N N-L
||El/\§2/\"'/\§LH1§(m> : (4-31)

Proof. We argue by induction on the positive integer L. If L = 1 then N = 2 and the result is trivial
to check. Next we assume that 2 < L, and we assume that (4-31) holds for all pairs (L', N’) such that
L' <N <2L'and1 <L’ < L.

If the extreme points &, &,, ..., &; all belong to the set of extreme points E, then

1§ AE A AELI =1

and the inequality (4-31) is trivial. If the extreme points &, &,, ..., &; all belong to the set of extreme
points Fy, then the inequality (4-31) follows from Lemma 4.6. To complete the proof we assume that K
of the extreme points &, &,, ..., &; belongto Ey and L — K extreme points &, &,, ..., &; belong to Fy,
where 1 < K < L. In this case the set of extreme points satisfies the hypotheses of Lemma 3.7. It follows
from the conclusion of Lemma 3.7 that there exist linearly independent extreme points 31, §2, ..., J.—k
in the set Eny_x U Fy_g such that

Iy A&~ A& =lmAmA- ANkl (4-32)
We write L' =L — K, N'= N — K, and we consider two cases. First we suppose that

N <2L’.
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In this case we apply the inductive hypothesis and conclude that

lm Am A A I < NN N\ N AT (4-33)
e _ = < . =
’71 ’72 77LK1— N/_L/ N—L N—L

Next we suppose that

2L < N'.

In this case we appeal to the inequality (3-27) which we have already proved. By that result we have

/ - ) N/ N’*Ll
”771/\’72/\"'/\77LK||1§2L:mm{2L’(N/_L/> }

N AV N gL N \N-L
E(N/—L/) :(N—L) <(m) ' (4-34)

Combining (4-32), (4-33), and (4-34), establishes the inequality

N N—-L
I AExA--AELIN < (m)

whenever L < N < 2L. This proves the lemma. O

Ifx{,x2,...,x belong to RY and L < N < 2L, then it follows from (4-31) that

N \V-L
||x1/\x2/\"'/\xL||lf(m> 3(x1)8(x2)---8(xp).

This proves the inequality (3-2), and so completes the proof of Theorem 3.1.

5. Proof of Theorem 1.1

We apply Theorem 3.1 with N =r 4+ 1 and L = ¢, and we apply the theorem to the collection of linearly
independent points &1, a2, ..., &, in

Fs(k) €D, CRHL
From (3-4) we find that

r41 r+l—q
loey Aoa A+ Aeg ||y < min {2q, (m) } 3(a1)d(eez) - -~ 3(ay)
= C(r, q) 8(e)d(az) - - - 8(ety). (5-1)
By the product formula the points e, ez, . .., &, belong to the diagonal subspace D,. Therefore we get
S(aj)=%||ocj||1 foreach j=1,2,...,q. (5-2)

Combining (5-1) and (5-2) establishes the inequality (1-11).
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6. Proof of Theorem 1.2

Letl1 <L < N and let
X=(xy x2 -+ x1)

be an N x L real matrix with columns x1, X2, ..., Xxz. We assume that the columns of X are R-linearly
independent so that rank X = L and

XiAX2A---AXL #O.
We use the matrix X to define a norm on R” by
y= 11Xyl (6-1)
The unit ball associated to the norm (6-1) is obviously the set
By ={y e R":|IXy[: <1}.
It is not difficult to show that the dual unit ball is
By = {(XTw:weRY and |w|s < 1}.

It can be shown (see [Bolker 1969; Schneider and Weil 1983] or, for a more general result, [Vaaler 2014,
Lemma 2]) that the dual unit ball B is an example of a zonoid. Therefore by an inequality of S. Reisner

[1985, Theorem 2], we have
L

4
il < Vol (Bx) Vol (By). (6-2)

An identity for the L-dimensional volume of B} was established by P. McMullen [1984] and C. G. Shep-
hard [1974, equation (57)]. These results assert that

Vol (By) =28 3 |det X | =25 xi Axa A Axp|. (6-3)
|I|=L

By combining Reisner’s inequality (6-2) and the volume formula (6-3), we obtain the lower bound
2L
71 = VolLBx)llxi Axa A---Axl. (6-4)

Now let
O<A <M< <AL <0

be the successive minima for the convex symmetric set By and the integer lattice Z%. By Minkowski’s
theorem on successive minima (see [Cassels 1959, Section VIIL.4.3]) we have

Vol (Bx)hAz - --ap <2F. (6-5)
We combine the lower bound (6-4) and the upper bound (6-5), and obtain the inequality
MAy---Ap <LlllxiAxoA---AxL|1. (6-6)

This leads to the following general result.
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Theorem 6.1. Let X C RY be the free group of rank L generated by the linearly independent vectors
X1,X2,...,x1. Then there exist linearly independent points y, y,, ..., ¥y in X such that

Iyillillyall- -yl = LUlley Axa A== Axph. (6-7)
If Y C X is the subgroup generated by the points y;, ¥o, ..., ¥y, then [X : Y] < L\

Proof. By Minkowski’s theorem on successive minima there exist linearly independent points m, m,,
..., my in the integer lattice Z" such that

IXme|y =hre for €=1,2,...,L. (6-8)

As rank X = L the points
{(Xmy:0=1,2,...,L}

are linearly independent points in the free abelian group X'. We write y, = Xmy foreach £ =1,2,..., L.
Then (6-7) follows from (6-6) and (6-8). The bound [X : Y] < L! also follows from Minkowski’s
theorem. O

Now let L =g, N =r + 1 and let 2t € R"*! be the subgroup of rank g generated by the linearly inde-

pendent vectors o, e, . .., &,. By Theorem 6.1 there exist linearly independent vectors By, B2, ..., B,
in 2 such that
1Bl IB2lI1 -~ IBgllt < g!ller Aea A+ Aatglly.
Moreover, the free group B C 2l generated by the vectors B, B2, ..., B, has rank ¢ and index
[[:B] <gq!.
This proves Theorem 1.2.
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Prime values of f(a,b?) and f(a,p?), f quadratic

Stanley Yao Xiao

Dedicated to the occasion of John Friedlander’s 80th birthday

We prove an asymptotic formula for primes of the shape f(a, b?) with a, b integers and of the shape
f(a, p*) with p prime. Here f is a binary quadratic form with integer coefficients, irreducible over Q
and has no local obstructions. This refines the seminal work of Friedlander and Iwaniec on primes of the
form x? 4 y* and of Heath-Brown and Li on primes of the form a® 4 p*, as well as earlier work of the
author with Lam and Schindler on primes of the form f(a, p) with f a positive definite form.

1. Introduction

Two of the most stunning results in prime number theory in the last thirty years are the seminal works
of Friedlander and Iwaniec [5] and Heath-Brown [9], demonstrating that the polynomials x> + y* and
x3 4 2y3, respectively, take on infinitely many prime values. In particular, Friedlander and Iwaniec
obtained the beautiful asymptotic formula

2I(1/4)% loglog X
S A = T x (14 0 LX) (1-1)
a’+bt<X 3n2n IOgX

where A(-) is the von Mangoldt function and I' is the Gamma function.

Heath-Brown’s result on x> + 2y* was quickly generalized by Heath-Brown and Moroz in [11], which
demonstrated that any admissible binary cubic form takes on infinitely many prime values. More recently,
X. Li has proved that the cubic form x3 + 2y3 takes on infinitely many prime values with y restricted
to a short interval [14]. One also notes the stunning work of J. Maynard on representation of primes by
incomplete norm forms, a substantial generalization of Heath-Brown’s work [15].

Despite the passage of more than two decades, a generalization akin to that of Heath-Brown and Moroz
[11] has yet to materialize for the main result of [5], despite the authors of that paper claiming that such a
result should be readily obtainable from their arguments.' That is, there has yet to be a proof that f(x, y%)
takes on infinitely many prime values for any binary quadratic form f other than f(x, y) = x> + y2.

More precisely, it can be seen from [9; 11] that the work needed to go from prime values of x3 + 23
to prime values of F(x, y) for arbitrary admissible cubic forms F is purely algebraic. In particular, the
MSC2020: primary 11N32; secondary 11N35, 11N36, 11R45.

Keywords: primes, prime values of quadratic forms, Friedlander-Iwaniec theorem.

Lewe expect, but did not check, that the methods carry over to the prime values of ¢ (a, bz) for ¢ a quite general binary
quadratic form.” [5, p. 947].
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analytic machinery established by Heath-Brown in [9] essentially only depends on the Z-module structure
of Z[f/i], which means it can be easily adapted to work with sets of ideal numbers.

Such is not the case with a® 4 b*. In fact the analytic machinery in [5] is far more delicate, as they
needed to work around the lack of homogeneity of the polynomial. Much of this machinery is quite
subtle. Therefore, in addition to establishing an appropriate algebraic framework akin to the work of
Heath-Brown and Moroz, it is necessary to generalize some of the analytic machinery in [5] as well. For
the algebraic framework, we use language established by Heath-Brown and Moroz, but in principle we
can use the same type of explicit language used by Lam, Schindler, and the author in [12].

Fortuitously, we are able to salvage a significant portion of the analytic machinery established by
Friedlander and Iwaniec [5] and Heath-Brown and Li [10]. There is one notable exception, which can be
viewed as the most novel contribution of this paper: the so-called Jacobi—Kubota symbol. In fact this
symbol, introduced in [5], works well only in the ring of Gaussian integers Z[i]. This symbol is subtle
because unlike much of the other pieces of analytic machinery, it relies also on the arithmetic structure
of the sets of ideal numbers of the quadratic field associated to f. Obtaining a generalization of the
multiplicativity of the Jacobi—Kubota symbol workable in the general setting is crucial to our arguments.

In another direction, one might ask whether reducible polynomials take on infinitely many semiprime
values, with the order of the semiprime being equal to the number of irreducible factors. A first example
of this type of result is due to Fouvry and Iwaniec [3], who showed that the binary cubic form y(x2 + yz)
takes on infinitely many values with exactly two prime factors. This work paved the way for the later work
of Friedlander and Iwaniec [5]. Heath-Brown and Li then combined the result of Fouvry and Iwaniec and
Friedlander and Iwaniec in [10], showing that the polynomial y(x? + y*) takes on infinitely many values
with exactly two prime factors. In particular they obtained the asymptotic formula

2I(1/4)% X374 ( ( 1 ))
ABA(@* + b = 1+ 0. ——)), 1-2
2 2 M@ +bh == e (14 0 (g (-2

a?4+bt<X

where X is the prime indicator function.

Lam, Schindler and the author generalized the work of Fouvry and Iwaniec in another direction,
proving that for any admissible positive definite binary quadratic form f the cubic form yf (x, y) takes
on infinitely many values with exactly two prime factors. Our main result implies

DO T A@A(f(m, £) =S X + 04(X(log X))™), (1-3)
f(m, O)<X

where v is a product of local densities given by
v=T] (1—W—(m>(1——) I1 (1——) , (1-4)
PIAC) P P/ piacn™ P

G/f is given by (1-9), and ps(m) =#{x (modm) : f(x,1) =0 (mod m)}.
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We simultaneously generalize the main results of Friedlander and Iwaniec [5] and Heath-Brown and
Li [10]. If f is definite put

&y = Area{(x,y) eR*: f(x,y) <1}
and for f indefinite we define

. Area{(x,y)elRZ:O<f(x,y2)<X,0<y§X1/4}
Sr=m, X374 '

Our first main result is:

Theorem 1.1. Let f(x,y) = fox> + fixy + foy*> € Z[x, y] be an irreducible and primitive binary
quadratic form, with the property that f(x, 1) # x(x + 1) (mod 2). Then for f positive definite we have

& x3/4 loglog X
Y A ) =20 (14 o 2222 (1-5)
log X log X
m,beZ
fim <X
and for f indefinite we have
& x4 loglog X
S A(fm ) = %(1 + 0(%)). (1-6)
m, L7 08 08
O<f(m, )<x
O<e<x'/4

The condition that f(x, 1) # x(x + 1) (mod 2) is necessary, as otherwise f(x, k) is divisible by 2
whenever k is odd, precluding the possibility that it could be a prime square unless k = 4. Theorem 1.1
recovers Theorem 1 of [5] upon setting f (x, y) =x2+y?. It also implies, for example, that the polynomials
x2 4+ xy? + y* and x? — 2y* represent infinitely many primes.

The choice of cutting off the y-variable at X !/4

is somewhat arbitrary, and is mostly done for aesthetic
reasons. Of course, in the indefinite case some such cut-off is necessary. In particular such a choice
guarantees that we do not need to worry about long cusps if we insist only on the condition | f (x, y?)| < X.

Both Theorems 1.1 and 1.2 apply to indefinite as well as definite forms. Although, for economy, we
state the two cases together, there are some differences in the proof and, so far as we are aware, these give
the first examples of asymptotic formulae for the number of prime values of indefinite nonhomogeneous
polynomials of degree exceeding two.

Our proof, which further develops ideas in [10], yields the following general version of Theorem 1 of

[10] or (1-2):

Theorem 1.2. Let f(x,y) = fox> + fixy + foy*> € Z[x, y] be an irreducible and primitive binary
quadratic form, with the property that f(x, 1) £ x(x + 1) (mod 2). Then for f positive definite we have

N vfoX3/4< (loglogX)> ]
W;Z AOL(f(m, £ ))_—(logx)2 1+0 “logX (1-7)

0<f(m,£2)<X
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and for f indefinite we have

S X34 loglog X
3 x(@),\(f(m,zz))z%(HO(%)). (1-8)
m, el (Og ) og
O<fim,»<x
O<e<x!/4

Theorem 1.2 implies that there are infinitely many integers x and primes p for which f(x, p?) is
prime. We further note that the error term in Theorem 1.2 is slightly better than in (1-2), due to choosing
a slightly different sieving parameter.

In [11], the key new insight is that the arithmetic of ideal numbers allows one to connect the multiplica-
tive structure on the set of ideals of a ring of integers, which has unique factorization, to the arithmetic of
the elements in a ring of integers which need not have unique factorization. This breaks a key barrier in [9]
where the fact that Z[Q/E] is a unique factorization domain is used in a crucial manner. The analytic esti-
mates obtained by Heath-Brown in [9] can be applied with relatively few changes in the general setting [11].

In [12] we essentially pursued the same approach, although we did not state things in terms of ideal
numbers but rather worked out an explicit composition law for binary quadratic forms, in the spirit of
Gauss and Dirichlet. We have decided to adopt the approach of Heath-Brown and Moroz and use ideal
numbers, as this is a more elegant and general approach.

In order to prove Theorems 1.1 and 1.2 we adopt an approach introduced by Heath-Brown in [9],
which we call Heath-Brown’s comparison sieve. This involves applying the same sieve procedure to two
comparable sequences A = (a,,) and B = (b,), producing cancellation at appropriate junctures. This was
used again by Heath-Brown and Li in [10] for the proof of their result.

In order to prove Theorem 1.1 we choose our sequence 5 to simply be the set of prime ideals of the
ring of integers Ok, where K = @(\/Tf) ) is the splitting field of our form f. The sequence B used by
Heath-Brown and Li is exactly the sequence studied by Fouvry and Iwaniec in [3]. For positive definite
forms f we may then apply the result in [12], and for indefinite forms we will need to prove an extension
of our main result with Lam and Schindler in [12], which gives an asymptotic formula for the number of
representation of primes by f(x, p), with p prime.

For f positive definite put

&' = Areaf(x,y) e R*: f(x,y) <1} (1-9)
and for f indefinite put

&' — 1im Area{(x,y) e R>:0< f(x,y) < X, 0 <y < X1/?}
! X—o00 X .

Theorem 1.3. Let f(x,y) = fox> + fixy + foy*> € Z[x, y] be an irreducible and primitive binary
quadratic form, with the property that f(x,1) # x(x 4+ 1) (mod 2). Then for f positive definite we have

, X
Z ADA(f(m, 0) =viS& X + Oy ((log—X)A) (1-10)

m,leZ
0<f(m,)<X
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and for f indefinite we have

> A@A(f(m, z)):ufG’fXJroA( (1-11)

: )

m, el (IOgX)A ‘
O<fm,0<x
O<e<x'2

Here vy is as in Theorem 1.2 and G’f is as in (1-9).

Theorem 1.3 is stated with the von Mangoldt function rather than A to emphasize that a substantially
better error term, giving an arbitrary log-power saving, is possible.

Theorem 1.3 implies the following, which completely settles Schinzel’s hypothesis for binary cubic
forms:

Corollary 1.4. Let F(x, y) be a reducible binary cubic form of the shape F(x,y) = L(x, y)Q(x, y),
where Q is an irreducible binary quadratic form. Then there are infinitely many pairs of integers x, y
such that F(x, y) is divisible by exactly two primes.

Corollary 1.4 is the final case of Schinzel’s hypothesis in the setting of binary cubic forms. The hardest
case, that of irreducible binary cubic forms, is settled by the work of Heath-Brown [9] and Heath-Brown
and Moroz in [11]. The case with F reducible with a positive definite quadratic factor is settled by the
author’s joint work with Lam and Schindler in [12]. The special cases when the irreducible quadratic
factor is x2 + y* was settled by Fouvry and Iwaniec in [3] and the special case when the quadratic factor is
x? + xy 4 y? was settled by M. Pandey [17]. The totally reducible case was settled by van der Corput [2],
and was of course famously generalized by B. J. Green and T. Tao to cover arbitrarily long arithmetic
progressions [8]; see also B. J. Green’s work on Roth’s theorem in the primes [7].

As in [11], our basic objective is to invoke composition laws involving ideal numbers of a fixed
quadratic field in order to reduce the problem to one that is amenable to the analytic methods developed
by Friedlander and Iwaniec in [5] and Heath-Brown and Li in [10]. In [11] the relevant analytic methods
developed by Heath-Brown in [9] can be applied with only minor modifications once the relevant algebraic
framework is established, since these estimates depend only on the Z-module structure. However, the
analytic estimates employed by Friedlander and Iwaniec in [5] are far more delicate and depend subtly on
the fine arithmetic properties of the ring Z[i] rather than simply its structure as a rank-two Z-module.
Indeed, the obvious analogue of the so-called Jacobi—Kubota symbol introduced by Friedlander and
Iwaniec in [5] does not seem to behave nicely and special care must be taken to define and work with
the twisting factor &,,(z) needed to recover multiplicativity. Again we emphasize that the definition and
application of these generalized Jacobi—Kubota symbols and their twisting factors may be viewed as the
most novel contribution of this paper. We give a rough explanation of this in the following section.

Organization of the paper. In Section 2 we give a brief overview of the ideas in this paper, emphasizing
key new ingredients. In Section 3 we discuss our approach to implementing the asymptotic sieve for
primes, in the manner introduced by Heath-Brown in [9] which we dub Heath-Brown’s comparison sieve,



1624 Stanley Yao Xiao

also used by Heath-Brown and Moroz in [11] and Heath-Brown and Li in [10]. In Section 4 we introduce
the necessary algebraic number theory involving the arithmetic ideal numbers, necessary to establish the
framework needed to apply the analytic estimates in [5; 10]. In Section 5 we establish the needed level
of distribution or type-I estimates. In Section 6 we will prove the necessary bilinear sum estimates to
obtain the analogue of the main theorem of [12] in the indefinite case, which for us is needed to apply
Heath-Brown’s comparison sieve in the indefinite case. In Section 7 we establish the preliminary steps
to proving our two key technical propositions, being Propositions 7.5 and 7.6, which are analogues of
Heath-Brown and Li’s Propositions 6 and 7 in [10]. In Section 8 we prove Proposition 7.5, the proof
being identical to that of [10] except we avoid the language of Gaussian integers. In Sections 9 and 10 we
modify Heath-Brown and Li’s proof of their Proposition 7 in the setting of a general quadratic field K,
thereby proving our Proposition 7.6, which then completes the proof of Theorem 1.2, conditioned on
certain character sum estimates that they imported from [5]. Finally, in Section 11 we introduce the
analogues of Friedlander and Iwaniec’s notion of Jacobi—Kubota symbols in the setting of a general
quadratic field, as well as the analogue of their symbol [ - ] which in some sense measures the “spin” of
an ideal in Z[i], allowing us to prove versions of their Proposition 23.1 and Theorem 1 which are needed
by Heath-Brown and Li. This may be of independent interest.

Notation. Throughout, we fix our binary quadratic form

f(x,y) = x*+ fixy + foy* € ZIx, yl,

which satisfies the hypothesis that for all primes p there exist integers x,, y, such that p{ f(x,, y,), and
f(x,1) Zx(x+1) (mod 2). We will use both the Landau and Vinogradov notation < and O(-).

2. Sketch of the main ideas

To sketch our ideas it is necessary to give a quick summary of the works of Friedlander—Iwaniec [5],
Heath-Brown and Li [10], as well as the works of Heath-Brown [9] and Heath-Brown and Moroz [11]. In
particular, we will see in this section that the paths to Theorems 1.1 and 1.2 are not as straightforward as
going from [9] to [11].

We divide our arguments into ideas that are essentially algebraic, ideas which are essentially analytic
in nature, and the final subsection is devoted to the new ingredient needed to tie these two bags of tools
together to give the proof.

Analytic (sieve theoretic) ideas. In [5] the principal strategy is to verify the hypotheses of the asymptotic
sieve for primes, introduced by Friedlander and Iwaniec in [4], hold for the sequence .A = (a,) defined by

an= Yy 1 2-1)

x24yt=n
In order to do so they obtain an optimal level of distribution (or type-I estimates) for the sequence A,
which is extended and refined in their subsequent work [6]; see also [1]. The strength of their result relies
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on the remarkable property that roots of quadratic congruences are extraordinarily well-spaced modulo 1.
However, the main obstacle they overcome in [5] is to obtain acceptable estimates for bilinear sums of

Doatm) Y B(n)am

N<n<2N
mn<X

the shape

for quite general complex sequences (o (m)) and (B(n)).

To do so, Friedlander and Iwaniec converted the problem to one about estimating solutions to a family
of quadratic congruences via Fourier analysis. They then succeeded in obtaining satisfactory estimates for
the number of solutions after a herculean effort in [5]. This estimation constitutes the bulk of the work
done in [5].

They partitioned their argument into estimating solutions with small, medium, or large moduli. As
usual, the contribution from the small moduli is expected to be relatively straightforward since explicit
asymptotic formulae are expected to exist. In [5] this was done from the ground up and in [10] this was
obtained by applying the general Siegel-Walfisz type theorems of Mitsui [16].

One pillar of [5], which treats the lion’s share of possible moduli in the middle, is their Proposition 14.1.
There they cleverly used quadratic reciprocity to achieve moduli flipping, which allows one to swap a
large modulus with a small one via complementary divisors as long as the modulus is not too large (so
that its complementary divisor is not too small). This aspect of Friedlander—Iwaniec is imported without
change in [10].

We state Proposition 14.1 in [5] here for convenience:

Proposition 2.1 [5, Proposition 14.1]. Let D, R, S > 1. For any complex numbers o, with gcd(r, 2s) =1
supported in the box R <r < 2R, S <s < 28 we have

2
D IEDIS “(:7)‘ <SND.R.S)Y D () e,

D<d=<2D a(modd)'rs=a (modd)

where N'(D, R, S) satisfies the bound
N(D,R,S) <; D+ D 2RS4+ D'3(RS)*3(log2RS)* + (R + )12 (RS)/12+¢
for any & > 0. Here (—) is the Jacobi symbol if d is odd and is extended for d even via the Hilbert symbol.

It is important to emphasize that Proposition 14.1 in [5] only involves rational integers, and therefore
only depends on the structure of Z> as a Z-module. The relevance to the present setting is that our
particular quadratic field is of no concern when invoking this proposition.

The treatment of large moduli constitutes the bulk of the hard work in [5; 10]. Here the main obstacle

to overcome is an acceptable estimate of a sum of the shape

> BB, (2-2)

21,22
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where B’ takes the form

X

Bl = ﬁzi(xw/z(X)

with z = (x, y) and i is the imaginary unit. The function B is supported on a small region in R?. The
key property needed here is that the sum (2-2) can be split as a product

S = (T (Tr) @
21,22 21 22

using properties of the Jacobi symbol and the arithmetic of Z[i]. This will be discussed in detail later in
Section 10.

We remark that two key results in [10], namely Corollaries 1 and 2 which are a refinement of the
Barban—Davenport—Halberstam theorem and a Siegel-Walfisz type estimate, respectively, are not explicitly
invoked here. This is because these two results are used in [10] to prove their Proposition 6 which,
surprisingly, can be applied more or less without change in our case.

Algebraic ideas. The ideas in this subsection are introduced by Heath-Brown and Moroz [11], and are
also related to the work of the author with Lam and Schindler [12].

The main role played by algebraic number theory in the present work is to obtain an analogue of
equation (5.2) in [5], which we state here for convenience:

Amn =% Z Z 3(Re(wz)),

lw|?=m |z|>=n

where 3 is the indicator function for square integers. This crucial formula allows one to decompose
the terms a, given in (2-1) multiplicatively, which is the principal reason why such strong bilinear sum
estimates can be obtained. In [5] they used the fact that the Gaussian integers Z[i] is a principal ideal
domain, and more crucially has a canonical basis, in order to obtain their equation (5.2).

In general the quadratic order Og we are working in is not a PID. Indeed if we are interested in
general binary quadratic forms it is not enough to only work with Ok but rather all sets of ideal numbers
simultaneously. If we denote by /4 the class number of Ok and Ay, ..., Ay the corresponding sets of
ideal numbers, what we require is a choice of a basis of the A;’s as Z-modules and a composition law
connecting them, expressed in terms of the given bases.

These ideas are already expressed fully by Heath-Brown and Moroz in [11]. In [12] we adopted a more
down-to-earth but ultimately more explicit approach. In the present paper we adapt the ideas in [11] instead.

The key algebraic result we will need is Proposition 4.1 which gives the analogue of equation (5.2)
in [5]. This means that we again have sums which can be decomposed multiplicatively which enables us
to obtain strong bilinear sum estimates.

The new input: a generalized Jacobi—-Kubota symbol and its twist factor. So far we have discussed
how Friedlander and Iwaniec relied on the fact that Z[i] is a PID in order to obtain their decomposition
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formula. Likewise, Heath-Brown had relied on the fact that Z[C/E] is a PID in order to obtain the
decomposition formula he needed in [9]. The key new idea in [11] was to use the algebraic structure
provided by Hecke’s ideal numbers in order to reduce the problem of finding prime values of a binary
cubic form F' to estimating certain sums on Z-modules. The latter constitutes the analytic portion of the
argument. In essence, in [11] they successfully separated the algebraic and analytic arguments.

We are doing much the same, but there is one component of the arguments in [5] (and this is inherited
by [10]) that is solidly wedged in between the algebraic and analytic worlds and requires separate
treatment: the Jacobi—Kubota symbol.

The Jacobi—Kubota symbol as defined in [5] is essential in obtaining the decomposition property of
(2-2) given as (2-3). Indeed, this is the lynchpin that holds together the arguments needed to obtain
suitable estimates for the largest moduli in [5; 10].

The Jacobi—Kubota symbol is extremely specific to the Gaussian integers Z[i]. In particular to obtain
the nice properties derived in [5] one must use in an essential way the following properties of Z[i]:

e the class number of Z[i] is 1;

e the norm of Z[i] is the same as the Euclidean norm on C; and

« the odd rational primes that split in Z[i] are precisely those that are congruent to 1 (mod 4).
Clearly, no other ring of quadratic integers except for possibly suborders of Z[i] possess all three of these
properties.

To see how these properties come into play, note that Friedlander and Iwaniec defined the Jacobi—Kubota
symbol in [5, equation (20.1)] as

(el =[r +is] = i“—”/z(i)
I
where (—) is the Jacobi symbol. One sees right away that the choice of basis is relevant: the components
s, r in the definition cannot make sense without a choice of basis. Right now it appears that the Jacobi—
Kubota symbol depends only on the Z-module structure of Z[i]. This is indeed the case: once we have
fixed a basis for our relevant Z-module we can define the Jacobi—Kubota symbol analogously.
The trouble is that in order to have the desired multiplicative property, namely

[z][w] = e[zw]&, (2), (2-4)

where ¢ = %1 depending only on the quadrants containing z, w respectively, the “twist factor” &, (z) must
satisfy nice properties that critically depend on the arithmetic structure of Z[i] as well as the niceness of
the canonical basis. In particular, the twist factor &, (z) satisfies:

(1) Tt is multiplicative for each w € Z[i]: one has &, (z1)&, (z2) = & (2122).

(2) Itis symmetric: &, (z) = &,(w) for w, z € Z[i].
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(3) (Lemma 21.1 in [6]) For g = |wiws|? and d = |gcd(wy, 3)|? one has

qe(d)p(g/d) if g, d are squares,
0 otherwise.

D & (O = {

¢ (modgq)

(4) Forw=u+iv and w = —vii (mod g) with ¢ = |w|?, one has

ur —vs r+ws
Ew(2) = ( ) and £&,(z2) = < )»
q q

In order for the Jacobi—Kubota symbol, defined analogously to [5], to have nice properties we must

where z =r +is.

introduce an analogous twist factor to &,,(z). One sees right away that this is a tall order. Simply writing
down the definition will require much of the setup which will take place throughout the paper, so we
defer this until Section 11.

3. Heath-Brown’s comparison sieve

We describe the ideas given by Heath-Brown in [9] and expanded upon and refined in [11] and [10].
Heath-Brown’s great insight is that quite often it is possible to establish the infinitude of primes in a
sequence A by comparing it to a suitable sequence B known to contain infinitely many primes, suitably
weighted. For example in [9] Heath-Brown compared the sequence of values of the binary cubic form
x3 +2y3 (weighted by multiplicity) and the sequence of values taken by the norm form of the cubic field
K =0Q(v2).

We shall consider two nonnegative sequences A = (a,), B = (b,) supported on positive integers n < X,
and put

(A=) a, and 7B)=) b, (3-1)
p p

where the summations run over primes. If one establishes an asymptotic relation of the form
7(A) = 27 (B)(1+0(1))

say, then an asymptotic formula for 7 (1) implies an asymptotic formula for 7 (A). In particular, this
allows us to avoid working through the difficult harmonic analysis in [5], and allows one to work with
estimates that apply to general complex sequences rather than relying on properties of the Mdbius function.

To simplify matters, we will restrict the variable of interest, namely £, to a short interval of the shape
1(X) = (X*, (1+n)X*] where n < (log X)~! and X!/?(log X)™* < X* < c; X!/ where

o SUp ¢y yy<1 ¥ I f is definite,
"~ if £ is indefinite.
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We then define
an= Y. 3 (3-2)
f(m,0)=n
tel(X)
and
ba= Y A (3-3)
f(m, 0)=n
fel (X)
Here

ey 2
3(£)={2plogp if £ = p~, (3-4)

0 otherwise,
and A is the von Mangoldt function. In the definite case Lam, Schindler, and the author proved that 7 (53)
satisfies an asymptotic formula. We will extend this to the indefinite, irreducible case.
One notes that the sequences (a,), (b,) introduced in (3-2) and (3-3) are analogous to the sequences
introduced in [10]. The analogous sequences .A®, B® for the purpose of Theorem 1.1 are

a® = § 3%(¢) and b® = E 1, (3-5)
f(m,&)=n f(m,&)=n
eel(X) tel(X)
respectively, where
2k if € = k?
)= ’ 3-6
370 {0 otherwise. (3-6)

We emphasize that the integer k appearing in (3-6) is not required to be prime, unlike in (3-4).
Having established the asymptotic formula for 7 (B), 7 (B*), we will then prove an analogue of
Proposition 1 in [10]. In [10] they introduced the quantity

VX—12
M(I):/\/X—tzdt:f/ dsdt.
1 1J0

In other words, (1) is the area of the subset of the positive half-disk with y-coordinate restricted to /.
We generalize this definition to

Mf(1)=Area{(x,y)6R2:0<f(x,y)<X, yeI(X)}:// dsdt. (3-7)
I1JO0<f(s,t)<X

Observe that (1) K¢ VX -|I], where |1 is the length of I. This brings us to the following statement:

Proposition 3.1. Let A = (a,), B = (b,) be given as in (3-2) and (3-3). Then we have the asymptotic

relation
wy(I)loglog X

7 (A) —(B)] K¢ (log X)?2

Similarly, for A®, B® given by (3-5) one has

wr(l)loglog X

oY §
| (A®) — 7 (B®)| < (log X)?
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We will see that this is enough to prove Theorems 1.1 and 1.2 as in the proof of Theorem 1 from
Proposition 1 in [10]. First we will prove that

_ vfuf(l) 1 )
n() = D (1+0<1ogx)>’ (3-8)

this following from Theorem 1.3 via partial summation. In the case of B and f is definite we start with

the asymptotic formula (1-10) and write it as
YAl Y AW =vrE, X+ 0a(X(logX)H).
g=<X fm, 6)=q

Writing W (g) =) F(m, 0)=¢ I (£) and replacing A(q) with log g (supported on primes), we have by partial
summation

X1
log X Y W(q) —/1 ;<Z \I—‘(q)) di =v;& X + 04(X(log X)),
g=X q=t

An upper bound sieve gives that

V(g)=0 X
%@ =0 (505 )

q<X
hence

X
logX ) W(g) =v,& X + 04(X(log X)~") + 0(/ £>,
1

=X logt
Uf6/fX 1
Y(g) = 1+0 .
2 o= (1)

q=X

and thus

By replacing W (g) with
Vig= Y A,
J(m, 6)=q
Lel (X)
we see from the same argument that

S v =" 1+

q=<X

0<lo;X)>’

as desired. The same argument applies to the indefinite case, following (1-11).

_ Vg () loglog X i
n(A) = og X (1+0< Tog X )) (3-9)

Thus Proposition 3.1 gives

We then proceed by partial summation as in [10]. We consider intervals /; = (X ;, X ;(1+n)] that form a
partition of (X'/2(log X)™, ¢y X'/?]. Here n = (log X)~! is chosen so we have an exact partition. We
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let A; be defined as in (3-2) with /(X) = I;. The number of pairs (a, p) with 0 < f(a, p?) < X and
pla, p* € I is bounded by

5T
p*el P

It follows that

#{(a, p):0< f(a, pz) < X is prime , p is prime, p < x4

:Z;nm)(wo( )) ( X )
T \/X>jlong ! (log X)?

_ v+ 0((log X)™! IOgIOgX) Mf(l ) 4 < )
B (log X)?

(log X)?
_ Vf-l—O((logX)_lloglogX) VX 1 dsdt+0( 3/4 )
(log X)? IX/(log X)* VT Jo< f(s.0)<x (log X)?

=vf6fX3/4 140 loglog X
(log X)2 log X '

Thus Theorem 1.2 follows from Proposition 3.1. Next we do something similar to deduce Theorem 1.1.

(B = M(l + 0<1oglx)>’

log X
since this is a direct consequence of Landau’s prime ideal theorem. Therefore Proposition 3.1 gives

n(A‘)z"f"—f(”(Ho(loglx)).

log X
We then proceed by partial summation as above, but noting that the weight is 2k rather than 2p log p.

In this case it is trivial that

The same calculation then gives

S X34 1
#(a,b) :0 < f(a, b?) < X is prime, b < X4} = %(1 * 0<log X))

which suffices to prove Theorem 1.1.

In order to establish Proposition 3.1 we apply the same sieve procedure to the pairs (A, B) and (A®, B®),
producing cancellation at key junctures and upper bounding the rest. For any complex sequence C = (c,)
supported on the positive integers put

S, Z) = Z Cn

neN
pln=>p>Z

and for each d € N put
Cd = {Cdn ne N}.
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We fix
81=2581(X)=(ogX)”" ! and 82:52(X):M (3-10)
log X
for some large positive number A; and small number 0 < & < 1 which we specify later. In [10] they have
a single parameter § which is equal to our §;. The reason why we are having two separate parameters is
to obtain the superior error term in Theorem 1.2 and the error term in Theorem 1.1.

We also fix Y > X!/3, where the specific choice of ¥ will be made when it is relevant. Now put
SIC)=SC. X", 0O = Y SCphp. 0= > SCpp. (3-11)
Xii<p<y Y<p<x/2-5
The astute reader will note that S7(C) is readily handled by the fundamental lemma of sieve theory, giving
an asymptotic formula; see, for example, Corollary 6.10 in [6]. By Buchstab’s identity, we have
7€) =SC X" =850 —H0C) - — >, SCpp).
Xl/2762 Spixl/Z

The last sum can be handled by Selberg’s upper bound sieve, and we conclude:

Lemma 3.2. For Y = X"/ and C = A, B, A®, B® we have

7(C)=S81(C)— 85(C)— S5+ 0(82141“(1))‘

log X

We will see that S3(C) can be written in terms of appropriate bilinear forms, but S>(C) will require

further treatment. Let us put

T™@C) = Y SCpp,. XM
X0 <p,<-<p <Y
pi1pa<Y
and
U@ = > SCpyepyins Pus)-

XU <payi<-<pi<¥
P1Pn<Y=<p1-pnti

We then have:

Lemma 3.3. Forng = %J we have
S0 = Y nHT™Ee)-UumEe.
1<n<ny
The sums
1S1(A) — S1(B)],  |S1(A*) — S1(B®)] (3-12)
and
SATOW -TO®B), Y TP A% - T (B (3-13)

1<n<ng 1<n<ny
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can be handled by our type-I estimate Proposition 5.1 and the fundamental lemma; see Lemma 2 in [10].

To control these sums it suffices to prove:

Proposition 3.4. Let  be a set of square-free numbers not exceeding Y = X'7/*8_ Then for any A > 0

we have
S(A,, X =Y 58, X% e —
D S(A, X =) S8, )‘<<A T X7
qeq qe
and
X
S(A®, X% =) " 5B, x° 2
> s( )=y S( )| €4 Goa 77

qeq qen

By the definitions of S{(C) and T™(C), clearly Proposition 3.4 gives the bound of O4(X (log X )
for both (3-12) and (3-13).
We now give a proof for Proposition 3.4, which depends on Proposition 5.1.

Proof of Proposition 3.4. The fundamental lemma allows us to give an asymptotic formula for the sum

D 8@y X%

qe

for C = A, B, A®, B®. Recall that §; = (log X)®~!. Proposition 5.1 gives us a level of distribution of
X3/4(log X)~8 for some large B. We then apply an upper and lower bound sieve of level of distribu-
tion X!/, so that the sifting variable

logD log X!/4 1
logz  log X% — 48"

s =

We use the usual notation

v =0 - g = H(l - p’%’”)

p=<z p=<z

where p¢(p) counts the number of linear factors of f modulo p; see (5-2). We then have
Rq(C) =[Aq(C) — My (O)]

with M;(C) as in Proposition 5.1. By Corollary 6.10 in [6] and applying Proposition 5.1 we obtain

ZS(Cq,X‘Sl)—V(X‘Sl)Z'Of(q) A(D(1+ 0 (exp(—48)™1)) +0(Z 3 qu(0)>

gen gen qeQd<Xx1/4
— vy Y LD, (1)<1+0< 1 ))+0< Y @R (c))
qe ! (lo X)A d<X3/4-1/8 !

=V ), "fT(")ufu)(l + 0<(1 IX)A)) +0a(X(log X)™)
qen
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for any A > 0. The last line is independent of whether C = A, B, A® or C = B*. Since V(X%) < 1it
follows that

ur ZiCIN X (log X)~4
qe

1
Y (S(Ag, X°1) =SBy, X)) <4 ———
= (log X)
<4 X(log X)~ 412,
since pr(q) K 7(gq). Likewise,

D (A%, X)) — S(BY, X)) «a X (log X)" 42, O
qe

Thus it remains to show that
X ) ) X
|S3(A) — S3(B)| <4 (log—X)A and |UY™(A)—-UY(B)| <4 (log—X)A forn>3 (3-14)
and
Sy ()

UM (A) — U™ (B)| «
log X

forn=1,2, (3-15)

with analogous statements for A®, B*.
We proceed to reduce the verification of (3-14) and (3-15) to a bilinear sum estimate.

Reduction to a bilinear sum bound. Let us write U and U® into a more convenient form, as in [10].

To do so let us put

1
ul©= Y. SCpp P2
X% <py<p <Y
Y<pipa<X'/*7%2
1
BP0 = Y. SCppp2)
X311 <py<p <Y
D1 pa> X124
2
Ul( )(C) = Z S(Cpll?zp}’ p3),

X1 <p3<--<pi<Y
pip2<Y<pipaps<X'/*%2

U2(2)(C) = Z S(Cplpzps’ p3).

Xl<py<--<pi<Y
P1p2<Y=pip2p3
p1pap3> X125

We now state Lemmas 6 and 7 from [10]. Their proofs apply equally well, but since for us §;, §, are
different we write out the proofs.

Lemma 3.5 [10, Lemma 6]. For C = A, B we have UY) (C) satisfies

32#]‘(1))

U(I)C :U(l)c U(l)C 0
©) L O+U, () + log X

(3-16)
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8 1
v =P +uPC) +0 (%) (3-17)
Proof. To prove (3-16) it suffices to show
Sopr(l)
SCp,p,> _—
Z Cpipys P2) K log X
X1<pr<pi<Y
X127 < py p <X /252
In the sum above we have
x1/2-8  x1/2—6
P2 = > > x /10
pi
so we may apply Selberg’s upper bound sieve and our level of distribution to obtain
> S(Cpypyr P2) < > S(Cpypar X110
X3 <py<p<Y X1 <py<pi<Y
X125 2 p) pr< X112+ X252 2 p) pr< X112+
1 1
<Ger 2
& X0 < pr<pi<Y p1p2
X282 < py py< X V/2H52
Sopy(I)
< logX
The proof for (3-17) follows similarly. O

Lemma 3.6 [10, Lemma 7]. Let k be a positive number satisfying X% <k < 1. Let N{, N, be positive
numbers in the interval [X°, X'/3]. We then have, for any A > 0,

2 2 2

17
c,T(n) <4 KZX(log X)2 +
N1=p1=(1+Kk)N1 N2=p2=(1+«) N2 n=0(mod p p2)

(log X)A~
For k > 3, the condition of summation in U®(C) is

XU =y <pieprgr < (pr-- p) VR <y < X120
Therefore, upon defining

uP ) = > SCpy-pisi» Pr1)
XU <pryi<-<prpe<Y=pir-pes1 <X'27°
we have
530 =0, U"©=UL©, U ©)=U©
and

uPey=uP ) for k=3.
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If pe 7=[V,(1+«)V) and n is an integer is counted by S(C,4, V) but not by S(C,4, p), then n has at
least two prime factors pj, p» in J. In our application we will have V < X 128 and n > X (log X )~8.
Note that »n has a divisor exceeding one and coprime to p; p». It follows that

Vi<n<X.

A given integer n may be counted multiple times by Uik) (C) but the multiplicity is bounded by the number
of choices for pyy1 < --- < pp all dividing n, and therefore the multiplicity is at most 7 (n). Applying
Lemma 3.6 and setting

T =V, Vo) =[XA+6)", XA +6)™H, r>0

and R < k' log X satisfying X% (1 +«)® > X, we obtain

uPor=3 Y > SCpipip Vi)

0<r<R peJ(r) p<pi<--<pipr<¥Y=<pi-pip<X/?>

X
Ol kX Uog )+ 4! —— ). (318
+ A(K (og )"+ xS ) G-19)
We need to make sure that both
X
X (loe X 1+217, -1
wX(log X) “ (log X)A-1
are O (X (log X)_A/) for some A’ > 1. This compels us to choose
k = (log X)~4/2.
This gives
1427 _ 14217-4A/2 -1 X _ X _
kX (log X) = X (log X) and « (Tog X)A~1 = (log X)A72-T" (3-19)
This procedure allows us to reduce our proof to estimations of certain bilinear sums since
> > SCpropips Vi) = 3 ) B e, (3-20)

PEJ () p<pr<--<propr<Y=<prpip<X'/27% m,n

where oz,gf ) is the characteristic function for the integers m all of whose prime factors are at least V, and

,(lr) is the characteristic function for integers n = pj - - - px p satisfying

peJ), p<pi<--<pi<Y and pi---pr<Y<p--pp<X/2

Observe that B is supported on integers n € [Y, X !/27%).
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The procedure for Uz(]) (C) and Uz(z) (C) will be somewhat different. We may use Lemma 3.6 to replace
SCpypy> P2) in USY(C) by S(Cp, py» V) when py € J(r). This yields

17 _
U0 =3 S Y SCup Vo) + Ok X(log X)'H2 >+0(K 1
0<r<R p2eJ(r) py=x'/2~%2/p,
pa<p1<Y

X
(log X)A‘l)'

The sum on the right can be expressed as

Z Za,(;)ﬂ,(f)c(mn),

0<r<R m,n

where we now take oz,gf ) to be the characteristic function for numbers m = pip2withpoeJ(r), pp<p1 <Y
and pypy > X'/#+% and ﬂ,ﬁ’) to be the characteristic function for those numbers n all of whose prime
factors are at least V,.. Since c(n) is supported in

(X*)?, cr X1 S (X(og X) ™%, ¢ X]

(r)
n

we may assume that 8, is supported in

(X(log X)_SY_z, X1/2—82] C (X1/4+1/48, Xl/2—82].

This is sufficient for our purposes. We may handle U2(2) (C) in an analogous fashion.
On setting ¥ = (log X)~4/? we find that each of

0. 0. "0, vP0. U7©. ad U9

for k > 3 can be expressed as a sum of O(R) bilinear sums as in (3-20), together with an error term of
04(X(log X)1+217_A/2). Thus it will be sufficient to prove:

Proposition 3.7 (main bilinear sum estimate). Let & > 0 and suppose X'/46 < N < X1/27%2_ Suppose
(o), (Bn) are two complex sequences having sup-norm at most 1 supported on natural numbers with no

prime factors less than X°. Then for any A > 0 we have

X
Z Z amﬁn (amn - bmn) <<A,§ T whA (3-21)
N<n<2N m<X/N (IOg X)
and
X
D7D anBulah, —bh) Kag —— (3-22)
mn mn ,f (10 X)A
N<n<2N m<X/N g

It will be important that the sequences {«,,}, {8, } are supported on those numbers whose prime factors
all exceed X%, and in particular, they are supported on odd numbers.

The remainder of the paper is devoted to proving Proposition 3.7. In particular, Propositions 7.5 and
7.6 will imply Proposition 3.7. In order to get there, we need to decompose the terms c,,,, for any positive
integers m, n into components that resemble c,,, ¢,. This turns out to be somewhat delicate and we will
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require the composition laws of the ideals of Ok, expressed in terms of ideal numbers. This will be the
primary focus of the next section.

4. Algebraic characterization of the multiplicative structure in terms of ideal numbers

The main purpose of this section is obtain an analogue of Proposition 2.3 in [12]. However, instead of
using an explicit Dirichlet composition law as in [12] we will instead adopt the language of Hecke’s ideal
numbers as in [11].

Choose ideals a1, ..., a, whose classes generate the ideal class group of Ok so that every fractional
ideal a € Ok has a unique decomposition

a= (o{)af1 ce af’

where o € K* and £; € Z with 0 < £; < h, with h; the smallest positive integer such that a};j = (a;) is
principal. Then the class number 2(K) of Ok is equal to

t
h(K) = ]_[hj. (4-1)
j=1
Let us choose complex numbers by, ..., b; so that
h; .
bj =a; for j=1,...,1,

and b;i) are complex numbers such that
G =’ fori=12.

Now put L = K(b1,...,b;) and J(K)* the subgroup of L* generated by K* and {b; : 1 < j < t}.
Then J(K) = {0} UJ(K)* is the domain of ideal numbers of K. The quotient group J(K)*/O% is
then isomorphic to the group of fractional ideals of K. Each y € J(K) corresponds a unique fractional
ideal J(y); the norm of the ideal J(y) is given by the product

Ny)=NUJ () =yDy®@.

Note that y® is the algebraic conjugate of y( = y.

Further, we have J(y) is an integral ideal of Ok if and only if y € Oy.

We thus have a correspondence between the ideal classes of Ok and a subset of integers in Op.
Indeed, we can say that y, ¥’ € J(K) belong to the same class if and only if the corresponding ideals
J(y), J(y") C Ok are in the same ideal class. It follows that we may partition J(K) into h(K) classes,
corresponding to the ideal classes of Ok. Such a class of ideal numbers, say A, has an integral basis
{wy, wy} such that

A ={ajwi+ayw;: (a1, a) € @2}
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and
ANOL ={aiw; +arw; : (a1, ar) € Zz}.

Indeed, this follows by noting that

A={yp" By €K},

where (¢4, ..., {;) is a fixed tuple of nonnegative integers. If (vi, vy) is an integral basis of K, then we
may take

4

¢ ¢ ¢
wr=viB B wa=upf B

Further, the discriminant of A, viewed as a Z-lattice, is equal to A(K). Moreover for any basis {wy, w;}
of A and o € A\ {0} we have that {&~'w;, o~ 'w»} is a basis of K/Q. This implies that there is a unique
dual basis {0, w,} of A~ defined by the condition
1 ifi—

Bi=J (4-2)

Tr(w;w;) =
(wiwy) {O otherwise.

We use the notation Cla, Cl« for the ideal class of the integral ideal a C Ok and the class of ideal
numbers of the ideal number «.

Next we show that there is a correspondence between rank-two submodules of Ok and SL;(Z)-
equivalence classes of irreducible integral binary quadratic forms having splitting field K. To establish
this correspondence, first start with a rank-two submodule

A={aiwi+arw; :ay,ay €7}

with wi, wy € Ok . Put
G = ged{Ng g(wix + ) : x, y € Z).

Then the form
g(x,y) = Nk jo(@1x + 0,y)& ! (4-3)

is an irreducible integral binary quadratic form with splitting field K.
Conversely, take an arbitrary irreducible integral binary quadratic form g which splits over K. Then
there exists an integral nonsingular matrix M such that

g(x,y) =g"((x, ) M),

where g* is a primitive integral binary quadratic form with discriminant equal to A(K). Gauss’s composi-
tion law then implies that g* corresponds to an ideal class «, and in particular, can be expressed in the form

g*(x,y) = Ngja(arx +azy)N(a™")

with o = («1, o). Viewing o as a Z-module and applying the transformation induced by M then gives
the form g.
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Now let | be the Z-module associated to f with basis {vy, v2} so that

f(x,y) = Nggwix +my)NQ() ™), (4-4)

where 0(f) = (v1, vp) is the ideal generated by vy, v,. Let v/, be the ideal number of the ideal 0(f).
Having identified | we define the set of ideals

A(f) = {(iar +v2a2)0(f) " a1, a2 € Z, ged(ay, ap) = 1}.

We now put L for the set of ideals in Og which are not divisible by a rational prime. An integral ideal
number y € J(K) is said to be primitive if J(y) € L. If K is a real quadratic field, put Ly the set of
primitive ideal numbers y satisfying the condition

y=WNran'?el, —-t<z<i y>o,

where &g > 1 is a fundamental unit of Ok. If K is an imaginary quadratic field we may simply take £ to
be the set of primitive ideal numbers.
We now want to use the above discussion to obtain a meaningful decomposition for

a= Y T®. (4-5)
f(m,&)=n
tel(X)
We follow the setup in [11] and introduce, for a given primitive vector # = (u1, up) let F(u) be the ideal
in 2A(f) given by (viu; + Uzug)N(D(f)_l). We now put
R(X;n) = {(ur, uz) € 2> 1uy € I(X), f(uy,uz) =n).

Note that R(X; n) is finite for all X > 0 and n € Z. We then have

Cn = Z Y (ur).

ucRh(X;n)
Via the correspondence
(1, u2) = (yuy + V)N ™) = Fur, us)

R(X; n) corresponds to a set of ideals. For a given integer mn we then see that each element (uy, uy) of
R(X; mn) corresponds to a set of ideal factorizations of the form

mn= g(ul , Ltz) (4'6)

with N(m) = m, N(n) = n. Now associate to m, n ideal numbers m*, n* € Ly. Then (4-6) can be
interpreted as multiplication in the set of ideal numbers. To make this concrete, first choose {w;, w;}
to be a basis for the ideal class C10(f )~! such that w lw;I = zvp and wzwfl = v, for some integer z.
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For each pair of ideal classes A, B = A~lCl f and any bases {ay, ax}, {b1, by} of A, B, respectively, we
have a composition law

(a1x1 +axx2)(bry1 + bays) = w;l(wlRA,B(x; y)+w204 g(x; y)).

By our choice of {w1, w;} this is equivalent to
(a1x1 +axx2)(b1y1 +b2y2) = zviRa (x5 y) +v204 B (x; ).
This gives a bilinear mapping
®45:(LoNA) X (LoNB) = {(x,y) € R 1y € 1(X)),
@ p(my, ma;ny, n2) = (Ra g(m;n), Qa p(m;n))
say. Let us write A9 = AN Ly and By = B N L for convenience. We then have

Con=Y_. D> Y(Qap(m:n)). (4-7)

A-B=Cl f meA,neB
N(@m)=m, N (n)=n
Q4 p(m;n)el (X)

This is the desired analogue to equation (5.2) in [5]. We summarize this below:

Proposition 4.1. For C = A, B, A®, B®, (4-7) holds.

5. Type-I estimates

We will establish the necessary type-I estimate we need, following the work of Friedlander and Iwaniec
in [6]. For this section, we shall put A(£) to be any function bounded by one supported on r-th powers of
integers, and put

an= Y A0, (5-1)
S, m)=n
lel(X)
We recall that
AdX)= ) a.
n<X
n=0(modd)

For a given positive integer £ put
I X)={xeR*:0< f(x,0) <X}
and ¢(£; X) to be the length of Z(¢; X). We then expect A;(X) to be well-approximated by

d J4
M0 =" 5 0" x,
Lel(X)
ged(¢,d)=1

where ¢ is the Euler totient function and p ¢ (d) is the number of solutions to the congruence

f(x,1)=0 (modd). (5-2)
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Our goal is to establish:

Proposition 5.1. Suppose that ) is supported on r-th powers. Then uniformly for X'/> < D < X(r+D/@r)
we have
Y 1Ad(X) = Ma(X)| < DA X3THD/ED (1og X) 2,
d<D
As usual, our starting point is the following result from [1], which states that the roots of quadratic
congruences are separated as much as possible:

Proposition 5.2 [1, Proposition 3]. Let F(x, y) = ax?> + Bxy + yy* € Z[x, y] be an arbitrary binary
quadratic form whose discriminant is not a perfect square. For any sequence () of complex numbers
and positive real numbers D, N we have

22

D<d<2D F(1,v)=0(modd)

2
Z ozne(%) <Lr (D+N) anlanlz-

n<N

It is the fact that such a strong large sieve inequality exists for roots of quadratic congruences that
enables such powerful results to be proved about thin variables as in [3; 5; 10]. We show how to derive the
type-I estimates we need by following the same steps carried out in [6; 12]. We first replace A4 (X), My (X)
with their smooth counterparts. Consider an auxiliary smooth function ¢ : R — R satisfying

1D pw)=1if0<u<X-Y,;
) oY (u) < Y~/ for j > 0; and
(3) ¢pu)=0ifu > X.

Here X7/8 <Y < X will be chosen later. We then introduce (by abuse of notation)

Ad@)= Y anp(n) (5-3)
n=0(modd)
and J y -
i) =222 5 0P [Teueman (5-4)
ged(6, d)=1 0

We estimate the differences by elementary means as follows. Note that

Ml —Aa@l< > aO(fm, 0)+0(VXlogX),

d<D X-Y<f(m)<X
ged(€,m)=1

where Z’ means that the terms with a value of £ closest to ~/X are omitted. We then have the following
consequence of Landreau’s inequality [13], resulting in the bound

'Y @t YL

(VX d<x/* X—Y<f(m€)<X
ged(d, £)=1 f(m,£)=0(modd)
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The conditions
X—Y<f(m,0)<X and Lel(X)

imply that m is restricted to an interval of length O f(Y/«/X +€2). Splitting into residue classes
m = ol (mod d) with o running over the roots of (5-2) we see that the above sum is bounded by

0<Y< Z r(d)Spr(d)>< Z/ A (X +£2)1/z) 1+ X VA (1og X)zse).

d<x'/ VX
We have the bounds
Y @t D « (1og Xy

d<x'/*
and

Z/ AO|(X +)172 < Z/ (X +&2r)~1/2
(VX kx /o

« x(1-20)/n) Z/ (X1 4 )1/

ke X 1/2r
< X(172r+1)/(4r) — X(lfr)/(Zr)‘

It follows that

D 1Aa(X) = Ag(@)] < YXU7/C7 (log X)*°, (5-5)
d<D

Similarly, we obtain
D IMa(X) = Ma(¢)] < ¥ X710 (1og X)), (5-6)
d<D

We then proceed to decompose A, (¢) as

Ad@) =D 3" AOS(f(m, 0)

f(m,£)=0(modd)
ged(¢,m)=1

= > XM Y eUfEem)

f(a,1)=0(modd) ¢ m=al (modd)
ged(¢,m)=1

- ¥ Z,u(a)z)»(aﬁ) 2. $(@* f(m, 0), (5-7)

f(a,1)=0(modd) a m=af (modd/gcd(a,d))

where we applied Mobius inversion to the inner sum to remove the awkward coprimality condition. We
then apply Poisson’s formula to the inner sum to obtain

> @) = EED S D (12D

m=at(modd/gcd(a, d)) heZ d
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where ®,,(v) is the Fourier integral
x
@)= [ 0@ (E (-, (5-8)
—0o0

The zero-frequency i = 0 gives exactly M;(¢). Integration by parts yields

VX/a

&y (v) = Qmiv) ™/ / e(—vt)E?Tjjqﬁ(azf(ﬁ, 1)) dt.

—«/}/a

Using our hypotheses on ¢ we estimate

i, VXV
B S < (ﬁ) .

It follows that

J
D (v) K g(ﬂ) ) (5-9)

aYv

Now, for R (¢) = Ay(¢p) — M4(¢p) we obtain from (5-7) that

d(a,d d(a,d hged(a, d
Ri($)= Y. Zu(a)zx(ag)%ze(awgczz )><I>az< gc;a ))

f(a,1)=0(modd) a 12 h#0

zg;u(a) b;lb > ZZK(“Z)‘?(#)%(%)

= a (modbc) h>0 ¢
bla f(a,1)=0(modbc)

D bosby Y. ZZx(az)e(“cﬂ>q>af<§). (5-10)

be=d a (modc) h>0 ¢
bla £ (a,1)=0(modc)

Zg;u(a)

Applying (5-9) for h > a~ 'y 'DX'?*V) = H for some small ¥ (r) > 0 and choosing j = j(r)
sufficiently large, we may assume that ®,,(h/c) < h~>D~'. Bounding absolutely we then conclude that
the tail is bounded by
O(os(d)d™" [ Allh).-
Since |af| < v/ X, we thus conclude that
d
A< X7 and Y Dy x @010 p, (5-11)

d
D<d<2D

which is sufficiently small. To handle the remaining range, we apply a change of variables to obtain

o)L [

c ah Jo
VX
LK — and h>s.
a

The integrand vanishes unless
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It follows that

led(¢)|<<Z prf(b)/ Z Z h—lk(a€)¢(a2f<€, %))e(acﬂﬂd&

be=d 0 f(a,)=0(modc)’ s<h<H
bla ltl<vX /a

We reorganize the inner sum as

1 svX o
T, ool ) ()

le|<«~/X/a
- ¥ (Z —/\(aE)d)( f( ﬁ)))e(%): 3 mm(?),

n<HVX/a s<h_<H n<HVX/a

say. Next we write

> IR«(@) < O(X" 4 log D)

D<d<2D
1[4 b X
) (ZTThe ©

bla D/b<c<2D/b f(a,1)=0(modc)

= )

n<HX/a

Applying Cauchy—Schwarz we obtain

D] s sed(®)

C=c<2C f(e,D=0(modc) 'y« H/X /a ¢
/2 on
(¥ | X aoe?)

C=c<2C f(a,)=0(mod¢) <« H /X /a

2)1/2

<L CV2(C+HVX/a)' g (5-12)

by Proposition 5.2. Next we note that

||s<s>||%_l2 > (Z x(az))

n<H/X/a v<h:<H
It follows that
D IR <
D<d<2D
1/2 HVX\2 212 pHy
_Z pr(b)b( ) (; ) > < Z )\(az)> /Ogds. (5-13)
bla n<HVX/a

H<h<2H
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Next we evaluate
2
> ( > A(aﬁ)).

hi=n
n<HVX/a O<h<H

Since a is square-free and a£ is an r-th power, it follows that £ = a’~'m” with m <a~' X/ = M, say.
Therefore we see that the sum above is bounded by the number of solutions to

hlmq = hzmg

with H < hy, hp <2H and m, my < M. The solutions are parametrized by m| = st1, mp = st with
gcd(ty, 1) =1, sty, st, < M. Observe that

M 2H
s§s<— and k< ——.
max(t1, t) max (], ty
This gives
2 1
YD mMav) <HM ) 57 < HM log M.
n hi=n tH<th<M 2
O<h<H

We thus obtain the upper bound of O(Ha~'X'/?") (log X)). Inserting this into (5-13) and summing gives

3 IRi@) < D7D+ HYX) P H2X A1) (10g )2, (5-14)
D<d<2D
Inserting

into (5-14) gives the bound

> IR < XD DV H XA H XA (log X)?
D<d<2D

& DTV2(y T DXV 0y x3/4H1/6N (1og X)?
_ D1/2Y—1X(5r+1>/(4r)+w<r)(10g X)Z_ (5-15)

This bound holds uniformly for d < D. We may thus choose
Y — Dl/4X(7r71)/(8r)71/f(r) (IOg X)726
This in turn gives the estimate

> " 1Aa(¢) — Ma(p)| < DV X3HDIED (1og ),
d<D

which is enough to prove Proposition 5.1.
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6. Estimating 7 (B): bilinear sum bounds

We will deal with the sum
P(X)= Y byA(n)

n<X
in the case of w (1) via Vaughan’s identity [18], which is an elegant combinatorial identity which
decomposes the von Mangoldt function. The ideas recorded here are from [3]. Suppose ¥, Z > 1 and
suppose n > Z. Then

A =" wm)log == = 3 pmA©)+ Y wmA) (6-1)

and if n < Z, the right hand side is zero. For X > Y Z then Vaughan’s identity implies that

P(X)=P(Z2)+) bn( Y u(m)log %—Z pm)A©)+) M(m)A(C))

n<X mln mcln mc|n
m=<Y b<Y m>Y
c<Z c>7Z
=P(2)+) u(m>( D bulogn—3 bilogm—3 A(c) an>+Z wm) Y A Y by
m<Y n<X n<X c<Z n<X m>Y c>7Z n<X
min min mc|n mcln
=P(2)+AX: Y. 2)+ ) u(m)(Z A(c))bmd
md<X cld
m>Y c>7Z

=P(2)+AX:Y, 2)+B(X: Y, Z),

say. We can treat P(Z) by applying trivial bounds provided that Z is sufficiently small with respect to X.
The term A(X; Y, Z) can be dealt with using the appropriate type-I estimates; see Proposition 5.1. The
term B(X; Y, Z), as expected, will require some type-II estimates. Given our treatment of the algebraic
aspects of bilinear sums in Section 4, the treatment below is very similar to that given in [3; 12] so we
will be fairly terse on the details.

Our target is the estimate

B(X:Y,Z) < AX(log X)>,

with A = (log X)~* for any large, fixed A > 5. Recall that

BX:Y.Z)= ) (ZA(c)) Y. wmbua.

Z<d<X/Y * c|ld Y<m<X/d
c>Z
Using the trivial estimate
> Ae) <logX
cld

c>7Z
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we then find that

|B(X; Y, Z)] < (log X) )
d>Z

> wm)bug

Y<m<X/d

We wish to break the sum into short sums of the shape

BM,Ny= Y | Y wbm (6-2)
M<m<2M'N<n<N’
with N’ = ek N. Considering M =2/Z and N = ¢**y for various j, k, we then see that
IB(X; Y, Z)| < (logX) > > B(M,N)+ O(AX(log X)), (6-3)
AX<MN<X
M>Z
N>Y

where the error term O (A X (log X )2) represents a trivial bound for the contribution of w(m)b,,s with
md <2AX or e ?2X <md < X, where the terms are not covered exactly. There are at most 2A ™! (log X)?
short sums B(M, N) in (6-3) so it suffices to show that

B(M,N) <« A*X (log X)* (6-4)
for all M, N in the relevant range. We have a trivial bound

BM.N)< ) ppm) ) psn) < AMN,
M<m=<2M N<n<N'

and we can use this bound to obtain

B(M,N)< Y Ba(M,N)+O0(A*X),
d<A-!

where 5;(M, N) consists of the subsum of B(M, N) where gcd(m, n) = d. The error term 0 (A%*X)
comes from the trivial bound and the condition d > A~!. Next observe that

Bd(M’ N) SBl(dM’ N/d),

and so it suffices to show

Bi(M, N) <« A3X (log X)? (6-5)

for M, N satisfying M > Z, N > AY and AX < MN < X.
Applying (4-7) to (6-2) we then obtain

Bi(M,N) < E E ' E u(N(J(n)A(Qa p(m; n))|.
A-B=Cl f meA neB
M<N(J(m))<2M N<N(J(n))<N’

ged(N (J (m)), N(J (m)))=1
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Removing the coprimality condition via Mdbius inversion as in [3; 12], as well as partitioning the sum
Bi(M, N) based on the classes A, B, it suffices to show that the sums

(M, Ny= ) ‘ Yo nCrgaa(n, ) A1, x2; 1, y2) (6-6)
M<gi(x1,%2)<2M 'N<g>(y1, y2) <N’
(x1,x2) €L, 1, y2)€K2

are bounded by O (A>X (log X)?) for every r, M, N satisfying
r<A’, M>Z, N>AY and AX<MN<X

and K1, K domains which are contained in [—-C X, C X]? for some absolute constant C depending only
on our choices of fundamental domains.
If we write

Q(x1, x2; y1, ¥2) = x1€1(y1, y2) + x202(y1, ¥2)

for linear forms £, £, € Z[x, y] then the condition that Q(x; y) = 0 implies that (£1(y1, ¥2), £2(y1, ¥2))
is proportional to (—x3, x1). We then make a change of variables in the inner sum, obtaining

corm= Y | Y s e o)
M<gi(x1,x2)<2M ' N <g3 (z1,22) <N’
(x1,x2)€ky (1, 2) €K

where z; = £;(y1, y2) and g3 is such that g3(z1, z2) = g2(y1, y2). We are then left with the bilinear sum
*
Cla, ;N =) > a@Bwr(Q(z; w), (6-7)
4 w

where « is supported in a disk of radius R; and g supported on an annulus A(R;, 2R,) having inner
radius R, and outer radius 2R,, say. Further, we assume that A is supported on [£| < CAB for some
absolute constant C depending only on f, so in particular the ¢>-norm of A is finite. Applying the
Cauchy—Schwarz inequality we obtain

< [IAll2- 1Bl2D(e) '3, (6-8)

Z a(x)

Qx;y)=¢L

Cle i1 < D MO 1B
y

14

where | - ||, denotes the £2-norm and

D@)=Y Y.
y

14

2

Z a(x)

Q(x;y)=¢

9’

where G is any nonnegative function with G(y) > 1 on the annulus A(R;, 2R,). As in [3; 12] it will be
convenient to suppose that G is a radial, compactly supported, and smooth function. Squaring out we obtain

D@=)Y 6y Y (@), (6-9)
y

Q(x;y)=0
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with
(a@*a)(x) = Z a(w)a(v).

uU—v=x

Note that
(o % @) (0) = [lex]f3.

The orthogonality relation x - y = 0 for a primitive x in (6-9) is equivalent to the statement that y is a
rational integer multiple of X’ = (—x2, x1). It follows that

D@) =Y Y G(y(a*a)cy) = Do) +2D* (), (6-10)

ceZ 'y
where Dy(a) denotes the contribution with ¢ = 0 and D*(«) that of all ¢ > 0. Thus

k
Do(e) = llel3 Y Gy < llel3 B>
y
and

D*(a) = Y G(x*)(e xa)(2),
x#0
where x* is a primitive vector proportional to x. Again, we may apply Mobius inversion to remove the
primitivity conditions, and obtain

D*(a) = Z Z w(B)YD(a; be)
b,c>0
where

Dla;bc)y= > Gl 'x)(@xa)(x).
x=0(modbc)
From here, the treatment is identical to the one given in [3; 12] as no structure of the Gaussian integers
or even an imaginary quadratic field is necessary. This completes our treatment for 7 (B).

7. Type-II estimates for 7z (.A) — 7 (B): preliminary steps

We discuss the proof of Proposition 3.7. We note that Proposition 3.7 is exactly analogous to Proposition 5
in [10], though our sequences A, B are different. We have largely divorced the arithmetic of our field K
with the analysis of bilinear sums in Section 4, and so we are in good shape to import results from [10]
directly. We will make clear which components of [10] can be used without change, and where we need
to make suitable modifications.

We substitute (4-7) into (3-21) to obtain

Z Z A Bu(@mn — byn)

N<n<2N m<X/N

= > Yo B Y a(B3(Qas®,w)—AQas®,w), (7-1)

A-B=Cl f weAg veBy
N<N(J(w))<2N N({J(v)<X/N
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where oy = &N () Bw = BN (w))- Writing each bilinear form Q above as w1 £ (vy, v2) + wals(vi, v2)
say and applying a linear change of variables to the inner sum, we transform the inner sum

> B0, w) = AQE, w) =Y a:(3(wizi +wiz2) — Awizi + wz2))

veBy
N(J(v))<X/N
say, with the support of z being the image of the support of the sum on the left under the linear
transformation. The linear transformation depends only on Q and not X.
After applying these linear transformations, we have now changed all of our bilinear forms Q to

Qo(x1, X2; y1, ¥2) = X1y1 + X22.

We write S1(X) x S;(X) for the union of the images of the supports of w, v in (7-1), so that (7-1) becomes

hK) D Y awBeBwivi +wiv) — A(wiv + wavy)). (7-2)

weS(X) vesSr(X)

Remark 7.1. Since the linear transformations depend only on the class 1 < j </ (K) and the corresponding
choice of fundamental domain, the image of the set 7;(X) with N < N(J(w)) < 2N is contained in the
annulus A(c; N, ¢ N) for some positive numbers ¢y, ¢; independent of N. Similarly, the image of F j’ (X)
with N(J(v)) < X/N is contained in the disk D(c3X/N) for some c3 > 0 depending at most on f. This
observation is crucial because we will use the Euclidean norm and the corresponding geometry to treat
our sums when we wish to import estimates from [5; 10], and switch to using the norm on Ok and the
corresponding induced norm on ideal numbers when the arithmetic of K is relevant.

Since we are looking to save an arbitrary power of log, it suffices to further subdivide the support of
(7-2), and consider sums of the shape

ST ww Y BGBwizi+waza) — Awizy +wnz2).
N<lwla<2N  fizla=X/N

Remark 7.2. We abuse notation and refer to the terms S, for some positive integer n as well as 8, for some
vector z € Z2. In the former case we interpret the support of 8, to be a set of ideal numbers of Ok in a fixed
class having norm equal to 7, and in the latter we simply interpret the set of ideal numbers as a Z-module.

Put
Sizw)= Y 2plogp and Sz w)= > logp (7-3)
p2€1 pel
w]Zl-HUzZz:pz w1z1+w2z2=p
and

SP@wy= > 2% and SPcw)= Y L

vert -
wiz1+wazo=k? 1Zrn=
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Our aim is to obtain the estimates

; Z B (S1(z, w) — S2(z, w)) Ka Goa X (7-4)
N<|lwl2=<2N ||z|.<X/N
and
Z Z Olw,Bz(S?(Z, w) — Sz‘(z» w)) K4 (log—X)A'

w z
N<|lw[2=2N |zll2<X/N

We are almost ready to import the remaining argument from [10]. Let us put

R(N; X) = {z €7%: N < ||z|l» < 2N,

krm _A
arg(z) — - < (logX) “ forsome ke Z;.

We note that, as we will use repeatedly later (and we will remind the reader of this again when this becomes

relevant), that once we subdivide the regions into small dyadic ranges that the conditions ||z| ~ N and

N(z) ~ N are nearly identical. Here z = 7 is the vector associated to z, viewed as an ideal number of K.
The following results from [10] can now be imported without change:

Lemma 7.3 [10, Lemma 9]. Suppose that both z and q are fixed. Then the number of possible w with
q = w21 +wrzs is O((M/N)'/?), where M = X/N.

Lemma 7.4 [10, Lemma 10]. We have

Z Zﬂzawsj(z, w) <4 X(logX)™*
ZER(N;X) w
for j=1,2.

We remark that Lemma 7.4 apply equally well with S;(z, w) replaced with Sj‘ (z, w).
As is standard at this juncture (see [3; 5; 10]), we apply Cauchy—Schwarz to obtain

2 2
(Zaw D B(Si(z, w) — Sz, w))) <> e Z(Z B (81 (z, w) — $1(z, w))) :

It is then sufficient to show that

XN
szjﬂyﬂzZ(S’(y w) — SP(y. w)(SP(z, w) — Sz w) <4 ——— log X7 (7-5)
and
D BB Y (S1(y. w) = Sa(y. w))(S1(z. w) — Sa(z, w)) XN (7-6)
yleyﬁZ 1y, w 20, w 1Z, w 2(Z, W <<A( X)A -
forany A > 0.

We emphasize, as this will be relevant later, that the vectors z, y represent elements in the same ideal
class.
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Next we consider the diagonal contribution coming from y = z. This gives the sums

DB Y Stz w) = STz w) =) B ) (ST w)* =250z, w)SP(z, w) + 5P (z, w)?)

and
Y By (S w) = Saz, w)’ =Y B Y aw(Si(z, w) =281z, w)S(z, W) + Sa(z, w)*).
Clearly,

Si(z, w)Sa(z, w) = S*(z, w)SP(z, w) =0

since their supports are incompatible. Next we have the trivial estimate

Y)Y Sizwy< Y Y plgp Y, 1

N<llzl2=2N p2el w )
wiz1+waz2=p

<<\/¥Zplogp oo

p2el N=|zl2<2N
<K VMN Z plogp
prel

<L NMNX'?Fe «, X8,

Similarly, we conclude

DY Sz w) <. X'
z w
Z Z Sz, w) < X',

z w
YD sz w) <. X'
z w
From here we obtain

D0 S w4 Sz w) < X log X ) ) " Siz, w)+log X D0 " S)(z, w)
w z w z w

Z

<<g X5/4+8 .

and
D stz w)? + 5Pz, w) <, X

z w
At this stage, we expunge the references to the Gaussian domain Z[i] in [10] to make it clear that much
of their treatment of bilinear sums apply equally well in our situation, despite the fact that our number
field is different from Q(i). For y, z € 72 put A(y, z) =y1z2 — yz1. Given w, y, z € 72 such that

wiyr+w2y2 =¢q1 and  wiz] + w22 = g2,
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)] =la]

Inverting the matrix on the left we see that

[wl]: 1 [ 22 —y2i| |:6]1]
wa| Az, y) [z il le2]’

Since w = (wy, wy) € Z2, it follows that

we have

9122 — @22 = q121 — q2y1 =0 (mod A(z, y)). (7-7)

Let C(q1, g2, 2, y) be the statement that g1, g», z, y satisfy (7-7). Next we have

lg1(z1, 22) —q2(y1, y2)ll2 = \/(61121 — @y +(q122 — @201)?
= Vw1 A, y)? + (wrAz, y))*
= Az, yVwi +wj < Az, y)M. (7-8)

We also wish to impose the condition that A(z, y) is small. In particular, we wish to only consider those
Z, y with
A(z, y) > Do = N(log X)~*~°. (7-9)

For brevity, let us write

2plogp ifq=p*el(X),
0 otherwise,

logp ifg=pel(X),
0 otherwise,

h'(q) = { h(q) = {

and
h(g)=h"(q) — h*(q).
Similarly, let us write

2plo if g = p? e I(X), lo ifg=pelX),
W g)={ PRI =P OO R B
0 otherwise, 0 otherwise,
and

h*(q) =h*"(g) —h**(g).
For any subinterval J C I(X) we have

x1/4
2 ) = OC((IogX)C)

qgelJ

for any C > 0. This is a consequence of our choice of weights.
As in [10], we want to carve up the support of z, y into regions of the form

U=U(c,0) ={z:cVN < |zl2 < c(1 + 0)V'N, by < arg(z) < by + w2}, (7-10)
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for fixed 1 < ¢ < +/2 and 6. We may choose w; and w; so that the regions ¢ form a partition of the region
{z:N =<lzl2 <2N, z1 > O} \ R.

The number of regions needed for the sum over z, y is O((log X )4L). Here, as in [10], we allow the
parameters w; and w,, both of order (log X)~*, to be different in order to perfectly cover our region.

As in [10] let us write & (U, U, J1, J>) as the condition that all (z, y, g1, g2) € Uy X Uy X J; X Jp
satisfy (7-8) and (7-9). We remark that such tuples are the most intricate to estimate; in fact it is only in
the treatment of these tuples where we must diverge from the argument given in [10].

Similarly, let & (U, U,, J1, J2) denote the condition that there exists some tuple (z, y, g1, q2) €
Ui X Uy x Ji x Jo which satisfies (7-8) and there exists some tuple (z', ¥, q1, q3) € Ui X Ur x J1 X J»
which does not satisfy (7-8). Finally, let €3 (U, Uy, J1, J2) be the condition that all tuples (z, y, g1, g2) €
Uy x Uy x J1 x J, satisfy (7-8) but there exists some tuple (z, ¥, q1, g2) € Uy X Uy x J; x Jo which does
not satisfy (7-9).

Recall that C (g1, g2, z, y) is the condition that z, y, g1, ¢» satisfy (7-7). We also introduce the condition
Zb to indicate a summation over primitive z ¢ R(N; X). Observe that we do not insist that z =
(1,0) (mod 2) as in [10]. For Uy, Uy, Jy, Jo satisfying & (U, Ua, J1, Jo) put

b
TULUs, 1, J) =) BBy Y, hg)h(q), (7-11)
zeU qi1ei
YEUy G €S2
Cq1,92,2,y)

and otherwise set T (U, U, J1, J») = 0. Further, let

b
T'UUs, Ji, I =) D h(g)h(g)]. (7-12)
z€eU q1€1
YEUh q2€)>
Clq1,92,:2,y)

Similarly, define
Ta(Uy, Uz, J1, J2) and Ty (Uy, Us, J1, J2)

analogously with & replaced with 4*®. Then to obtain (7-5) and (7-6) it suffices to show that

S Talh,th, Ji, I+ 3 T4 U, i, 1) <a —— (1-13)
Q [l ’ ’ Q 9 ’ [l (]ogX)A
Uy, U, 1, J2 Uy, Uz, J1, o
Uy, Ua, Iy, J2) & Uy, Ua, Iy, Jo) or E3(UYL U, Jy, J2)
and
, XN
Y Tl T D)+ > T' U U, S, o) €4 ————. (T-14)
(log X)
Uy, Up, J1, J» U, Uz, Ji, o
Uy, Ua, Ty, J2) & Uy, Un, Iy, o) or E3(UYL U, Iy, o)

As in [10], we will show that the contribution from &; (U, Uy, Ji, J>) is negligible for i = 2, 3. Indeed,
we shall obtain:
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Proposition 7.5. We have

> TAU, Us, Ty, o) < AN
. 1, 2 1, 2 A (IOgX)A
Uy, U, Jy, J2
& Uy, U, Iy, J2) or S (U, U, J1, J2)
and
> T Uy, Us, Ty, o) K XN
LU J1 ) K4 oo
Ui, U, Ji, J2

& Uy, U, Iy, o) or S (U, U, Ty, J2)

In fact, Proposition 7.5 is exactly analogous to Proposition 6 in [10]. More strikingly, the proof does
not need to be modified and we can simply apply Proposition 6 of [10]. However, given that our setups
are not identical we will explain why our situations are indeed interchangeable.

We will also need the following analogue of Proposition 7 in [10]:

Proposition 7.6. For fixed J\, J, and L = 6A 4 52 we have

Z TaUy,Us, J1, J2) K4

A+2L"
Ut (log X)
& (U, Un, 1, J2)
and
Y T, Ty o) Ka
+2L
it (log X)
&1 (U, U, v, J2)

Unlike Proposition 7.5 we cannot simply import Proposition 7 from [10]. This is because Proposition 7.5,
by the definition of T’ (U, Uz, Ji, J2), is insensitive to the nature of the coefficients B, and so the treatment
in [10] is directly applicable to our situation. However in order to prove Proposition 7 in [10] the specific
shape of 8, was needed. That said, the modifications needed to adapt their proof to our case are minor,
and we will still be able to follow their argument for the most part.

In the next few sections we will give proofs for Propositions 7.5 and 7.6. We will largely follow the

structure of the argument given in [10].

8. Proof of Proposition 7.5

First we have the following lemma, which is Lemma 12 from [10]:

Lemma 8.1. We have the bounds

Zb > 1h®(q1)h*(g2)] < N*VX (log X)*
z,y

q1€J1,q2€ )2
C(q1,92,2,y)
gcd(q192,A(z,y))>1

and

b
> > Ih(g)h(g2)] < N*V/X (log X).
z,y q1€J1,q2€ )2

C(q1,92,2,Y)
gcd(q192,A(z,¥))>1
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Proof. See Section 7 in [10]. O

Lemma 8.1 allows us, as in [10], to write

TULU. Ji )= Y. Y Y@ D:h h)Z(a, D)+ O0(N*VX(log X)*) (8-1)
D<2N a(mod D)
where
b
2@, D)= Y BBy
(z,y)elh xlh
A(z,y)=D
ay=z(mod D)
and
V(@ Dihi,h) = Y hi(g)ha(q).

qQ€J1,q2€ )2
q1=aq> (mod D)
ged(g1g2,D)=1

Similarly, we have

TaUilb. Ji. 0 =Y Y V%, D;h® i®Z(a, D)+ O(N*VX(log X)) (8-2)
D<2N a(mod D)

where

V@ Dk )= > hPanhd(q)
q1€J1,q2€ )2
teataias. 1t
This crucial decomposition allows us to separate T (U1, Uy, J1, J2) and Te (U}, Uy, J1, J2) into components
Z(a, D) containing the coefficients 8;, By and a congruence sum which no longer has anything to do
with the coefficients . To treat (7-14) requires a treatment of )(a, D) involving primes. For this purpose
they needed a refinement of the Barban—Davenport—Heilbronn theorem, which we will not go into more
detail here as we can use their Proposition 6 directly.

The following lemma is critical to the proof of Proposition 7.5:

Lemma 8.2. Let

Z(a, D) = Zb 1.

(z,y)el/h XUy
A(z,y)=D
ay=z(mod D)
We then have the bounds
Y u@) Y Z@ D) <« 0N (log X)', (8-3)
D a(mod D)
> Y Zap«nw, (8-4)

U1,Ur a(mod D)
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and

%~ N2
3 6
E Z(a, D) < (log X) ET(D) . (8-5)
a(mod D)

Proof. See Lemma 13 in [10]. O

For an interval J and a function b, put

YU ;D)= Y blg)

qel
gcd(g, D)=1

and

1
D)=Y(D)=——YU1,b1; D Jo, b, D).
Yo1.0, (D) = V(D) (p(D)y( 1, b1: D)Y(J2, b2; D)

Recall that g1, g» appearing in YV(a, D; b1, o) satisfy gcd(g1g2, D) = 1. If hy or h; is equal to h*, then
V(D) is the expected value of Y(a, D; hy, hy). If hy = hy = h', note that p? = ap3 (mod D) implies
that p; = bp, (mod D) for some b such that a = b*> (mod D). Here, Y(a, D; hy, h2) = 0 if a is not a
square modulo D. Therefore

* *
Y Y@ Dihi,h)Z(@ D)= Y = Yy (b, D)Z(b*, D)
a(mod D) b (mod D)
where
V(. Dy= > h'(phHh’(pd).
pledi,pieh

p1=bpz (mod D)
ged(p1 p2, D)=1

When h; = hy = h', then V(D) is the expected value of Y+ (b, D). Now put
* ~
ENY= Y > 1Y@ Dihi, hy) = Yum(D) Z(a, D)
D<2N a(mod D)
if either iy = h" or hy = h', and
* ~
En(NY= Y > V(b D) = Yy (D) Z(b*, D)
D<2N b(mod D)
if by = ho = h'. We then have the following proposition, which is Proposition 8 from [10]:

Proposition 8.3. For any C > 0 we have

EN) Lc and &,1(N) <Lc

XN XN
(log X)C (log X)€"

With this proposition in hand, we may proceed to prove Proposition 7.5 in the exact same way as
Proposition 6 in [10]. We will not repeat the details.

We now move to the proof of Proposition 7.6. Most of the arguments can be adapted from the proof of

Proposition 7 in [10], but since we rely on some properties of the coefficients B, in this argument we
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cannot follow all of the arguments in [10] verbatim. We will especially emphasize those points where
modifications are required.

9. Proof of Proposition 7.6: some maneuvers
Supposing that one of the functions £, i, is h*, we have according to Proposition 8.3 that
* * XN
Y Y Y@ Dihi,h))Z@, D)= Y Y Vym(D)Z(a, D)+ oc((l X)C)
D<2N a(mod D) D<2N a(mod D)
for any C > 0. In the remaining case with 1} = hy = h', we have

. N XN
Z Z Y(a, D; k', k") 2(a, D) = Z Z yh-r’h-r(D)Z(bz’ D)+ 0C<(1 X)C>

D<2N a(mod D) D<2N b(mod D)

As in [10] we may replace Y+ ;,+ (D) by |Ji||J2]/¢(D) in each case, with a total error of

O (X exp(y/—log X )N (log X)?).

Our remaining task is the inequality

* * XN
PAIZIED DS Y. ZWD)— Y Z@D)) <K i,
<0( ) (log X)A+
Uy, U D<2N b(mod D)) a(mod D)
C Uy, U, Ty, J2)
or
, * 5 * N
&= ) Z > 20*.D)- Y 2@D)) <K ——7.
it <p( I\, (log X)
h (mod D) a(mod D)
< (U, U, Ji, )

Here we dropped the condition D < 2N, which follows automatically since 8 is supported on ||z||» <2N.
We may follow Heath-Brown and Li’s arguments in [10] to conclude that it suffices to obtain the estimate

2

D * * N
E Uy, U) = —( Z(b*, D) — Z(a, D)) L (9-1)
; (p(D) Z Z (log X)Cl

b(mod D) a(mod D)

for any C; > 0 and for fixed U], U,. By Mobius inversion we deduce that

5&%&2—222’5?( ST WO kD) - Y Wk, D)),

D=1 k=1 b (mod D) a(mod D)

where

b
W k.D)y= Y BBy
(z,y)eUy xUy
kD|A(z,y)
ay=z(mod D)
Here the condition A(z, y) = D which appears in the definitions of Z(a, D), z (a, D) is replaced with

a divisibility condition via Mdbius inversion.
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If kD divides A(z, y), there is a unique integer ¢ = c(z, y; kD) modulo kD such that cy =z (mod kD),
and conversely this congruence implies that kD divides A(z, y). We have gcd(c, kD) =1 and

#{b (mod D) : bzy =z (mod D)} =#{b (mod D) : b*=c (mod D)}

= > x.

x (mod D)
x*=x0

It now follows that

STwert k- Y wakn= Y Y Y g,

b (mod D) a(mod D) x (mod D) c(modkD) (z,y)el;xUs
XZIXO CY=Z (mode)
XF#X0
and hence

URBES I D SED DD D ¥ ()

D=1 k=1 x (mod D) c(modkD) (z,y)eU;xU
x2=xo0 cy=z (modkD)
XFX0

Let d = d(x) be the conductor of x and write D = de and ek = &, giving

5<u1,u2)=220<d o> 3T Y BB,

d>1 x (modd) c(modd®) (z,y)elUxlUs
x2=x0 cy=z(modd®t)

where

B deu(k) p(d)eu(k)
C(d’é)_dl,;z p(de) go(d); ¢(de)

The sum for x (mod d) is empty unless d = dy, 4d;, 8d; with d; odd and square-free, in which cases
there are at most two possible characters x. For fixed d the function

p(d)e

p(de)

pa(e) =

is multiplicative in e. Further, for v > 1 we have

(p—1)~! ifv=1and ptd,
0 otherwise.

(e xp)(p") = {

We then see that
du*(®)
@(db)

if ged(d, €) =1 and C(d, £) = 0 otherwise. This gives the expression

2 %k %k
aen= Y LS ( D ﬂzﬂyx(o). 9-2)

&d x (modd) ~c(modd¥) (z,y)eUxUs
ged(d, £)=1 x2=xo0 cy=z(modd¥)
XF#X0

cd, b=
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We proceed to show that large values of £ make a negligible contribution. Since dt| A(z, y) we have
dt <2N. Since 0 < B; <1 we find that

dpe * *
Z Z Md(g ) Z Z Zb :Bz/gyX (c)
>R ¢ 90( )

<ogX) Y e Y S 3 Za, p)

x (modd)' c(modd¥) (z,y)elly xUs ¢&>8  d<2N/t d¥|D a(mod D)
ged(d, £)=1 x*=x0 cy=z(modd¥) D<2N
<A Y E Y Y
&8 d<2N/t dtD
D<2N
< N?(log X)?
R .
Choosing

K= (log X)C+?

and applying Lemma 8.2 then gives a satisfactory bound.

Observe that the argument above only depends on the property that 0 < 8, < 1, and so no modification
is necessary from the argument given by Heath-Brown and Li in [10]. As in [10] we divide into three
ranges for d, namely

dSDl, D1<d§D2, and d>D2,

where
N

R15(log X)3C1+21 :

Dy = 8%og X))’ and D, =

Next we handle the middle range of d. The treatment given here is identical to that in [10], since again
the specific shape of g, is of no consequence in this part. Set

ao=Yr"w2e Y YT Y Y BBx©

<R D<d<2D x(modd)' c(moddt) (z,y)eld;xltr
ged(d, =1 y2=y, cy=z(modd¥)

We remark on the significance that the sum is over primitive characters in the definition of £; (D). Indeed,
as seen in [10] this property is necessary to decompose the characters into Jacobi symbols.
Heath-Brown and Li obtains the following bound, which we summarize in the following lemma:

Lemma 9.1. For any ¢ > 0 we have
£1(D) <. B3 (log X)®(D + D™'/2N 4 D3N3 4 NB/24+e) N

Summing over dyadic ranges of D, we see that the values of d in the range D; < d < D, make a
satisfactory contribution given our choices of Dy, D;.

It then remains to give estimates for the small and large ranges of d, where we must depart somewhat
from Heath-Brown and Li’s treatment due to the dependence on the specific shapes of the coefficients §;.



1662 Stanley Yao Xiao

10. Proof of Proposition 7.6: remaining ranges

Large d. We will obtain the bound

2

* * b N
Z Z ( Z Z ,BzﬁyX(C)) <<C(log—X)C

d>D;  y(modd) “c(moddt) (z,y)elxlU,
ged(d, =1 y2—y, cy=z(moddt)

for any C > 0 and £ < K. There is still more mileage we can get from the argument given in [10]. In
particular, we follow their argument in Section 11 of [10] and decompose d as dd>, as well as x = x1 xo.
We have dt| A(z, y) and thus we may set A(z, y) = djet where e is odd and ¢ is a power of 2. Our
conditions on U, U, guarantee that 0 < A(z, y) <2N, hence 1 <et <16N/D;, < (log X)18C1H31 e
split the sums over z, y into congruence classes z =u (mod 8et), y =v (mod 8et) and fix the parameters

., do, xo, e, u, v, and t. (10-1)

Each admissible pair #, v corresponds to a unique integer £ (mod A(z, y)) with the property that ky =
Z (mod A(z, y)), and then

k
x()=xk)= Xz(k)<d—),
1

where x»(k) is determined by the parameters (10-1). The number of choices for the parameters (10-1) is
bounded by a fixed power of log X and so it suffices to show that
dllfvz(dl)( Z* Zb k N2
> — B:By| - )) <c ——=
dy>Ds/d ¢(di) k(moddyet) z.y dy (log X)
gcd(dr, 28)=1

for every C > 0, where the sum over z, y satisfies the conditions
(z,y) eUy xUr, ky=z (mod A(z,y)), z=u (mod8et), y=v (mod8et), and A(z,y)=det.

Following the same analysis in Section 11.1 of [10], we conclude that it is sufficient to obtain the bound

2

S BB <
o (log X)€
(z,y)eul xU»p
z=u, y=v (mod 8etn)
A(z,y)>etD>/d

where

B, = ﬁz(—n@'-“/z(z—z).
<1

for every fixed C > 0, for each choice of parameters e, f,n < (log X )€, and for each u, v. Further
subdividing into congruence classes it suffices to handle

> ﬁ;ﬁ;z( > ﬂ;)< > ﬂ;). (10-2)

(z,y)eU) xUr €U z€Ur
z=u, y=v (mod 8etn) z=u (mod 8etn) z=v(mod 8etn)
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At this stage, we must diverge from Heath-Brown and Li’s treatment. We briefly discuss why this
is necessary. In order to proceed, Heath-Brown and Li rely on the crucial property that their 8, are
supported on Gaussian integers z such that N(z) has no small prime factors. The analogous condition
for us is that the ideal number y (z) has norm (equal to the norm of the ideal J(y(z)) in Ok ) without
small prime factors. Thus, now going to the perspective that z represents an ideal number y, we see
that N(y) = N(J(y)) is automatically coprime to 8etn and therefore we may assume that v, v (the
ideal numbers corresponding to u, v, respectively) are coprime to 8etn. This allows us to pick out the
congruence condition y = v, v (mod 8etn) using multiplicative characters. In order to make this precise,
we borrow from the algebraic treatment given in [11] and put

J(g) ={a €J: ged(a, q) =1}
and J1(q) = J(g) N K. Further, put
Jo(@)={eeK:a=1 (modgq)}.

Then our congruence conditions can be picked out using characters of the quotient group J1(q)/Jo(q),
and we conclude that

S oY ywsaup,

ael; YK (Setn) x (mod 8etn)

a=v (mod 8etn)

where @k is the Euler-¢ function for Ok and

Sx.U) =Y Bix(@).

acl

In order to obtain acceptable estimates for S(, i), we will need to generalize certain results from [5] to
apply to general quadratic fields. This work may be of independent interest and is recorded in the next
section; see Propositions 11.7 and 11.9 in particular. We emphasize that these results rely on the setup in
(10-2): in particular, we need z, w to come from the same ideal class and that they satisfy a congruence
condition modulo 8etn.

We now proceed to pick out the condition that we are constrained in a narrow sector using a twice-
differentiable periodic function v(6), where

1 if 8 € (6y, 6p + @) (mod 2r),

v(9)={ . c _c
0 ifo &[6y)— (logX)™", 6y + >+ (log X)™] (mod 27),

and where |v”(6)| < (log X)~%C. Then

sw= Y Bx@uag+ 0<

N'<N(@Z)<N'(14+w)

e )
(log X)€ )
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The Fourier coefficients of v satisfy ¢; < k~2(log X)*C for k # 0, and so

k k
v(argz) = ch(i) = Z ck(é—|) + O((log X)~ ).

k 2l k| <(log X)3¢
It then suffices to show that
Z

k
| |) <c N(log X)™#¢
Z

S(x. N' k) = > ﬂQx(z)(
N'<N(@)<N'(l+w@)
for any C > 0, and for |k| < (log X)3C. As in [10] we can obtain in fact a small power-saving in N. We
recall that B8, = By, is the indicator function of a set of one of the shapes

Q;={p1- pisr1€ N ,NU+@)]:pjs1€J, pjs1<---<p1, p1--pj <Y <pi-pjs1 <X'7?%)
or
R={ne(N',N'(+w@)]:gecdn, P(V)) =1).

Here we will have 0 < j <ng = [logY/(8log X)|,and J = [V, V(1 +«)) C [X?, X/27%) In particular
we interpret Qptobe {p: pe JN(N', N'(1 +@)]}.

We now write .
A Z _ 22
XOESS X(z)(m) ut ”/Z(Z),

N(z)=n

where ZA denotes a sum over primitive ideal numbers z in a fixed class of ideal numbers, with z = (z1, z2).
We then have

SN k=Y ),

where n runs over R or Q; for some j. As in [10], the treatment for R and Q; are similar. To begin, we
first handle the contribution from those n whose largest prime factor, say P (), exceeds N°/1%_ The
contribution from such integers is

> Y. Amp).

m<2N1/100 ;,~ max{P(m), N9°/100}
mpeQ;

Since p is the largest prime factor of mp one sees from the definition of the set Q; that one may rewrite
the conditions p > P(m) and mp € Q; to say that p runs over an interval /;(m) C [N/m,2N/m). We
may then apply Proposition 11.9 to conclude that

> > 2mp) L qo(kl+1) > m(N/m)"*"
m<2N1/190 p~ max{P(m), N9/19} m=<2N1/100
mpeQ;

&L qo(|k| + 1)N76/TT+T8/TDH/100

Since 76/77 + (78/77)/100 < 1, this gives the required power-saving bound.
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Next we deal with the terms where every prime factor is at most N°%/!'%°, To do so we rewrite our sum
in terms of bilinear sums. Suppose n = p; --- p;;1 as in the description of the set Q;, and divide the
range of each prime p; into intervals of the shape (B;, 2B;]. This will give us at most (2log N yH70 gets
of dyadic ranges, and since no < §~! = (log X)'~® there will be at most O, (N¢) such ranges. Moreover

we may suppose
j+1 j+1
l_[ B < N «2/*! l_[ B;.

i=1 i=1

Since we may now assume that B; < N%/1% there will be an index u such that

u
N1/100 < l_[Bi < N99/100,
i=1

Fixing such an index u we split n = nyn, with

u Jj+1
n1=l_[Pi and np = l_[ Pis
i=l1 i=u+l1
so that n; < N; and ny < N, with
u Jj+1
N1 = 21+”0 1_[ Bi and Nz = 21+”0 l_[ Bl'.
i=1 i=u+1

It follows that
NiN» & N'7* and Ny, Ny <, N2/100+e,

This implies that
NIN? <ni <Ny and NoN° <Kny<Ns.

We may thus reinterpret our description of Q ; by requiring that n; € Q; , and n; € Q/j’ , for appropriate
sets Q ., Q' ,» together with the conditions that

j.u’
miny € 1= (N',N'(1+@)]N Y. X270, prlininy < ¥, and pusr < pu). (10-3)

In other words, we put

Qju={n1=p1--pu:pi €(Bi,2B;], py <--- < p1}
and

Oy =1na=pus1---pjy1:pi € (Bi,2Bi], pjr1€J, pjp1 <+ < put1 <Y}

In order to separate the variables n;, n, completely we subdivide the available ranges for n;, ny,

Pj+1, Pu> and p,; into intervals of the shape (A, A+ A/L), (A", A’ + A’'/L], (B}H, B;‘+1 + B}H/L],
(B, B, + B,/L] and (B, |, B, ., + B, ,/L]. Here the parameter L will be chosen to be a small power

of N. These intervals may have length less than one. Indeed such an interval may contain no integers at all.
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There will be O(Ls(log X)?) such intervals and there will be some for which njn, € I, Pj_ll’ll”Z <Y
and p,41 < p, for every choice of pi, ..., pjy satisfying

n€(A,A+A/L], nye (A, A +A'/L],
pj-‘rl € (B;'+1’ B;’+1 + B;’+1/L]5 pu € (B;v B;; + B;/L]a Pu+] € (Bl;+1a B,;+1 + BL,¢+1/L]’

and

piel; withi#1,u,u+1.

This case gives the subsum

> > Mniny),

meQ;uN(A, A+NI/L] nyeQ) ,N(A, A'+A"/L]
/ / ! y
Pu€(B,, B,+B, /K] Pj+1€(B}, B +B), /L]
Pur1€(B 1B, +B, /L]
so that we have separated the variables n1, ny. For such sums we can apply Proposition 11.7 which gives
the bound

Since there are O, (L>N?) such subsums the overall contribution will be O (L>N1~1/200+e)

It remains to consider the contribution from the remaining “bad” sets of ranges which are not exclusively
contained in the region given by (10-3). First suppose that the interval / is given by [ey, e;] say, and that
there are integers ny,n} € (A, A+ A/L] and ny, n} € (A", A’+ A’/L] such that nyny € I but n'\n), ¢ I.
Then we must have njny = (1 + O(L™ ey or niny = (1 + O(L~1))es. We now consider the total
contribution from integers n € Q; for all such “bad” choices of intervals (A, A+ A/L), (A", A"+ A"/L],
(B}H, B;‘+1 + B;H/L], (B, B, + B;,/L] and (BL/t-‘r]’ B;H + B;H/L]. Since each integer n occurs at
most once, and A(n) = O(t(n)), the contribution will be

05( > r(n)> = 0. (N'T*L7).
n=(1+0(L""))e,
Similarly, if we have pj_ilnlng <Y but (p;.Jrl)_ln’ln’2 >Y, then pj_ilnlnz =(1+0(L™")Y. This gives
Bjj1Y < AA' < NN, &, N'*°,
1

so any n which is counted in this case will have a prime factor p <« N'*¢/Y and such that p~'n =
(14 O(L™1))Y. Thus, on writing n = pm, we see that the total contribution in this case is

0( 2 2 r(pm)) = 0:(N'"Y~ 1+ L7'Y) = 0.(N'F* L7,

PN /Y m=(1+0(L~")Y

forL<Y.
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Finally, if B, = B, 41, then it may happen that the condition p,4+; < p, is satisfied by some, but not all,
pairs of primes (p,, py+1) from the intervals (B, B, + B, /L] and (B, _, B, | + B’H/L] Clearly this
problem cannot arise when L > 2 P, since then the intervals (B,, B, + B, /L] and (B, , B, ., + B, /L]
contain at most one prime each. It follows that any such n to be counted in this case must have two prime
factors p’ > p > P, > L/2 with p’ = (1 4+ O(L™")) p. Hence the corresponding contribution is

Nl-‘rs
0( P t(n)) = 08( > , ) = 0, (N'"*L7").

p'>p>L/2 nKN p'>p>L/2 pp
p'=(1+0(L""))pP'Pin p'=(1+0(L""Y)p

We therefore find that our sum is bounded by
08 (L5N1—1/1200+8 + N1+€L_1),

whenever L < Y. We may then choose L = N 107 say, to achieve the claimed power saving in the case of
large d.

Small d. To handle small d it suffices to show that for any £ <C, d < D1, and any nonprincipal x (mod d),
2

* b N
Z Z BBy x (c) Lc (log—X)C

c(moddt) (z,y)el xl
cz=y (mod d¥)

for every C > 0. As is usually the case in prime number theory, the case of small moduli can be handled
using some type of Siegel-Walfsiz theorem; we shall use the results of Mitsui [16] following the argument
in [10].

Since

> x@©=0

c(moddt)

it suffices to prove that if & = U) or U, then there is a number 2N = MU, d¥) such that

N
Z IBZ M+ C<(1 X)C>

zeUl
z=«a (mod 2d¢)

for any gcd(a, 2dt) =1 and C > 0, since 8, is supported on those z free of small prime factors, and 2d¢
is small. As before we may drop the summation condition b. For notational convenience, we set g = 2d¢
and note that g < (log X) for some C¢ > 0.

As in the previous subsection we may assume that 8, = Bn(;), where B, is the indicator function of
either Q; or R. We describe the procedure for Q;, the method for R being similar. We decompose z as
s152 with N (s1) being the largest prime factor of N (s1s2). The requirement that n € Q; is then equivalent
to a condition of the form N (s;) € Q’j together with a restriction of the type N (s1) € I(s2) for some real
interval I (sp). Specifically, we have

Qlj+1 ={p2---pjt1:pj=1€J, pjr1 <--- < p2}
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and

N/ N/(1+w_):| |: Y X1/2—8>
N(s2)"  N(s2) N(s2)" N(s2) )’

where p; is the largest prime factor of N(s). When U is given by (7-10) the condition on the size of

1(s2) = (p2, OO)ﬂ(

N (s157) is exactly the condition

Nsy) € < N N (l+a)):|’

N(s2)" N(s2)

and we have 0y < arg z < 6y + w, exactly when
01(s2) < argsy < 01(s2) + w2,

with 0 (sp) = 61 — arg s,. It follows that

Y b= Yy N, (109
=y N(s2)€Q)
z=a (modq) gcd(sz,q):j1

where N (s3, @) is the number of ideal numbers s; satisfying
siso=a (modg), N(s;) €l(s2), and 0;(s2) <args; <6(s2) +

and for which N (s1) is prime. We can estimate N (s3, «) using a form of the prime number theorem for
arithmetic progressions over number fields, due to Mitsui [16]. As we remarked earlier, we can easily
redivide our sectors in accordance with the condition N(z) ~ N as opposed to ||z|l» ~ N, so we may
apply Mitsui’s theorem without worry in each of our sectors. If we put 7 (X; g, «, 6) for the number of
prime ideal numbers p in a fixed ideal class satisfying p = o (mod ¢) and having norm at most X with
0 < argp <6, then Mitsui’s theorem gives the estimate

r (X qoa0) = —2RE 1ix) + 0k (X exp(—cy/0g X)), (10-5)
2" hg ek (a)

where r| is the number of real embeddings of K, w the number of roots of unity in K, Rg the regulator
of K, and hg the class number of K. Here c¢ is an absolute constant. Since we do not care about
dependence on K, we may take the implied constant in (10-5) as an absolute constant. We emphasize

that (10-5) holds uniformly for 6 € [0, 277] and for all ¢ < (log X)*.
Applying (10-5) with ¢ =2d¢ to estimate N (s2, &), we have I (s3) € (0, 2N /N (s2)] and so we will need
to know that g =2d¢ < (log2N /N (52))? for some constant A. This holds whenever p divides an element
of Q; then one has p > X% with § = (Aloglog X)/log X. Thus we will have 2N /N (s») > X°' and so

N
d1log X < log(N(s )),
2

N 1o
logd = (log(zv(m )) '

which implies that
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Therefore whenever 2d¢ < (log X )€o we have

Co/w
ZdES(ng)%j§<bg<AiN)>> .
52

The required condition therefore holds when £ < R and d < D;.

We may then conclude, as in [10], that

N (s2, ) = M(s2, d¥, j, U) + 0( exp(—c(log X)w/2)>,

N
N(s2)
where the main term crucially is independent of . Feeding this into (10-4) then completes our treatment
of small d, and hence the proof of Proposition 3.7.

11. A generalization of the Jacobi—Kubota symbol and consequences

We will introduce and prove analogues of Proposition 23.1 and Theorem v in [5]. We introduce, for an
ideal number « in a fixed class A, the vector

= (a1, ) €7?

corresponding to the class A with basis produced as in Section 4. We then introduce the Jacobi—Kubota
symbol

[a]:i(al—l)/z(ﬁ)’ (11-1)

|ai|

where (—) is the Jacobi symbol. Our generalized Jacobi—Kubota symbol [ - ] depends on the class A and
the choice of basis, which we have suppressed.

Our goal is to obtain an analogue of Lemma 20.1 in [5], which shows that while [ - ] is not multiplicative,
a suitable result exists to separate [zw] into [z][w]k (zw), where |k (zw)| = 1 and « can be described
explicitly. To do so we need to introduce an analogue of the “twist factor” &,,(z) in [5]. Defining the
analogue of &,,(z) in the present setting is tricky, due to the fact that in general Og need not be a unique
factorization domain. In fact the situation is even more delicate than that; in order for our &, (z) to have
nice properties, we must restrict the ideal classes of w, z as well as requiring w, z to satisfy a congruence
condition like in (10-2).

To prepare for our definition, we first gather several of the key properties satisfied by Friedlander and
Iwaniec’s &, (z) in [5]. In particular, it satisfies the following:

(1) It satisfies an equation of the form

[z][w] = e[zw]&w (2),
where ¢ = £1 depending only on the quadrants containing z, w, respectively.
(2) It is multiplicative for each w € Z[i]: one has &,,(z1)&,(z2) = &, (2122).

(3) It is symmetric: &,,(z) = &, (w) for w, z € Z[i].
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(4) (Lemma 21.1 in [5]) For g = |wiws|? and d = | ged(wy, w3)|? one has

qe(d)p(g/d) if g, d are squares,
0 otherwise.

Ejsm@mao={

¢ (modgq)

(5) For w =u+iv and @ = —vit (mod ¢) with ¢ = |w|?, one has

sam=(”_”) mdsuo=<“““)
q q

where z =r +is.

We would like to define our function &,(z) to have the same properties. Unfortunately, it seems that at
least some of these properties require special structures of the Gaussian integers Z[i]. Thus, some more
preparatory work is needed before we can define our stand-in for the symbol &,,(z). We then check that
our analogous symbol has the necessary properties to carry out the proofs of analogous statements in [5].

First we note that our symbol &, (z) depends on «, and in particular, depends on the class A of «. This of
course is a trivial point when K = Q0(7), since Z[i] has unique factorization. Next we will also need to re-
strict the class of the inputs z, in order for our symbol to be well-behaved. This is far from ideal and is likely
too restrictive, but it suffices for our purposes in this paper. Indeed, later we will see that it is necessary
to define a separate symbol & for each class of ideal numbers along with a basis of said ideal numbers.

The most important property turns out to be (1), so we define our symbol with this in mind. To simplify
matters we will assume that in our composition law the bilinear form Q 4 p(w, z) is given by w;z; +w2zs.
In particular, we fix bases {«1, a2} C A, {B1, B2} C B, {y1, 2} C C = A - B so that

(a1x1 +az2x2)(Bry1 + B2y2) = (x1€1(y1, y2) +x282(y1, y2)¥1 + (x1y1 +x2)2)72.

We begin with the Jacobi symbol

( w1z + wazn )
lwi€1(z1, 22) + wala(z1, 22)| )

where R4 p(w, z) = w11 + wyf2. We can extend the definition of the Jacobi symbol by setting

§)=(5)en

—1 ifa,b <0,
1 otherwise,

where

(@, b)oc = {

is the Hilbert symbol. Next we note quadratic reciprocity, which states for a, b odd and coprime that

(i) <£) — (1)@ DG/ (4 py (11-2)
LIYAN

2 2
2N\ _ @1
(d) =h .

and for d > 0 odd we have
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Clearly, not both Q4 g, R4 p can be even otherwise the corresponding ideal number is not primitive.
Without loss of generality, let us suppose that w;z; + wyz; is odd. Let 2¥ be the highest power of 2
dividing w1€1(z1, 22) +w2£2(z1, z2). Then

w1z + wazo _ w121 + w222
<|w1€1(Z1,Z2)+wzfz(Z1, Z2)|> B (2_k|w151(Z1,ZQH—wzﬁz(Zl, Z2)|>'
We put
u=wiz1+wrzo, v=wi€i(z1,z2)+ wrtr(z1,22)

for simplicity. Applying quadratic reciprocity (11-2) then gives

—k
u

27K (w1 (z1, 22) + wala(z1, 22))
k
_ () pw-vm@tenm (V.
u u

Let us write u; = ged(u, z2) and u» = u/u;. From the definition we see that u; = ged(wy, z2). Put

wy = uwy, 22 = u1z; with ged(wy, z3) = 1. We now make use of the fact

wi1z1 +wrz2 =0 (mod u). (11-3)

We treat the congruence modulo u; first. Plainly, ged(zz, up) = 1. (11-3) then implies

Wy = —zz_lwlzl (mod u»).

Substituting this into R4 p(w, z) gives
wi€1(z1, 22) + wala (21, 22) = wil1 (21, 22) — 25 ' wiz1€a(z1, 22) (mod uy)
=25 ' wi(2201(21, 22) — 21€2(21, 22)) (mod uo).
Modulo u; we must have
wili(z1, 22) + wala(z1, 22) = wala(z1, z2) (mod uy)
= —z; 'wa (2261 (21, 22) — 2162(21, 22)) (mod uy).
In both cases, we see that R4 p(w, z) is congruent to a multiple of the quadratic form
g(z1, 22) = 2241 (21, 22) — 2142(21, 22),

which we now interpret. By definition, our composition law gives the relation

(2201 — z12) (2181 +2282) = Ra, (22, —215 21, 22) V1 + Qa4 B (22, =215 21, 22) V2
= (22€1(z1, 22)) — 21€2(21, 22) Y1 + (2221 — 2122) 2

=g(z1, 2)n. (11-4)

Dividing both sides by y; we then see that g(z, zo) must be equivalent to the norm form of Ok.
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We must now relate g(z1, z2) to N(z) = N(J (2181 + z262)). Note that

8(z1,22) = v, Nez2 — a2z1) (Biz1 + P222)

is divisible by z = B1z1 + B2z2, which implies that g(z1, z») is a rational integer divisible by N(z). By
primitivity we then see that g(z1, z2) must be a constant multiple of N(z), the constant depending only
on the classes A, B. We summarize this as a lemma:

Lemma 11.1. Let g(x, y) be the integral binary quadratic form which arises from the composition
law (11-4). Then g(z1, z2) is a constant multiple of N (J (8121 + B222)), with the constant depending only
on the classes A, B and choices of bases of A, B, A - B.

Similarly, since v = w1 £; 4+ ws £, is divisible by 2¥, we may assume without loss of generality that £,
is odd to obtain

wy = —£; 'wly (mod 25
and this implies that
wi1z1 + w2za = —€] 'walazy +wazy (mod 2)

= —0, w228 — z1£2) (mod 25)

= —€;'wag(z1, 22) (mod 2°).

Since u = w1z] + wyz2 is odd by assumption, it follows that g(z;, z) must be odd as well.
Continuing on, with u = uju, as before, we have

25 w1 (221 (21, 22) — 21€2(21, 22)) = 25 'w1g(21, 22) (mod uy),

—zy ' wa(22l1 (21, 22) — 21€2(21, 22)) = —2; ' wag (21, 22) (mod uy)

(&)

which implies that

—z; 'wag (1, 22) | (73 wig (21, 22)
Uj us

() GE)
ui un u '

Uy = wiz) + wazs.

Observe that, by definition, we have

Since u is odd, it follows that exactly one of the pairs {wq, z1}, {w2, 22} consists of two odd numbers.
Without loss of generality, we assume that w1, z; are both odd. We write 75 = 2k2y, with v, odd. Applying
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(11-2) we find that

(i) - (2) (i)
uz uy ) \wizi +waz3
:(z_kz)( 1)(uz—1)/2(_1)(w;‘vz—1)/2( 1Z1+w222)
“2 lwivs]
k>
:(2_)( 1)(142 1)/2( ])(wl‘)Z 1)/2<w222)( 1Zl>
12 | 1 (V2]
k
e (2 )
"2 lwi] ) \wil )\ [val J\ w2

Applying (11-2) repeatedly we obtain
k%
() == () () -
) lwil/ \lz1]
where
2k 2k . N
el=(—)( *)(—1)“‘2—”/2(—1)”1“2—“/2(—1)(%—1>/2(—1)<“—“/2<w1",vz)oo(m,zooo. (11-6)
uz |w1|
Next we note that
—awa) _(Zhy(a) (w2
wr ) \ur J\ur J\uy )
It follows that
(_lez)(Z§wT>=81<_—l>( )( 12Dy 1)/2(w1,u1)oo(w2><w—i>(£)
uy us uy ) \|z1l lur] ) \ |wil/ \|z1l
() ()
=gl — |l — ).
lz11/ \|wil

(wa—1)/2¢_1yG@1-1)/2 -1\ 2°
e =¢e1(=1) (=1 (w1, U1) oo 11-7)

ur J\Jz1l
Finally, by (11-2) we have

(L) - (_1)(g(21,zz)—l)/z(_l)(u_1)/2(8(Z1, Zz))‘
8(z1, 22) n

Collecting these calculations we conclude that

wi11(z1, 22) + wala(z1, 22) wy 22 w1z1 + wazo
— — | ——= |e(w, 2), (11-8)
lwiz1 + wazz| |w | |z1]

Here we have

g(z1, 22)
where

e(w, 7) = 82(_1)(g(z|,zg)—l)/2<_1)(u—1)/2. (11-9)

From (11-9) we make the following conclusion:
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Lemma 11.2. Let e(w, z) be given as in (11-9). Then e(w, z) € {£1} and its value is determined by the
quadrants of (21, z2), (w1, wa), the congruence classes of wy, wa, 21, 2o modulo 8, and whether 2 divides
zo an odd or an even number of times.

Since we have insisted that w, z belong to fixed congruence classes modulo 8etn as in (10-2) it follows
that e(w, z) can be determined as a function of the congruence class alone, except for the condition on
whether z; is divisible by an even or odd power of 2. We can treat the two cases separately, and in each
case assume that e(w, z) is constant.

These calculations compel us to define our analogue of the twist factor in the multiplication law for

£,(2) = (w111+wzzz>. (11-10)

g(wy, wy)

the Jacobi—Kubota symbol as

Note that &,,(z) depends on the ideal classes of w, z and a choice of basis for the ideal classes.
Next we observe for w, z satisfying (10-2), w, z are in the same class and therefore R4 p(w, z7) =
R4 a(w, ) must be symmetric in w, z. From here it follows that
2, ' wig(z1, 22) = Ra,a(w, 2) (mod u)
= Rj a(z, w) (mod u)

= wl_lzgg(wl, wy) (mod u).

(g(Z1, m))(g(wl, wz)) _
u u -

Thus, up to a factor & depending at most on congruence classes and signs of w, z, we have

This implies that

§w(z) = e§(w). (11-11)
Summarizing, we obtain the following analogue of Lemma 20.1 in [6]:

Lemma 11.3. Let w, z satisfy the hypothesis given in (10-2). Then there exist numbers 6 (w, z) € {—1, 1}

depending only on the signs and congruence classes of w, z modulo 8etn such that
w, 7 w Z
<M> =9(w,z)<—2> (—2>€z(w)- (11-12)
|Ra,B(w, 2)| lwi] )\ |z1]
Next we show that the analogue of Lemma 21.1 in [5] holds:

Lemma 11.4. For fixed elements w, v in the class A and

q=g(wi,w2)g(vy,v2) and d=ged(g(wy, ws), g(v1, v2)),

we have
Z §uw, (26w, (2) = {qgﬂ(d)go(q/d) ifq,d are squares,

0 otherwise.
z(modgq)
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Proof. We have

Y a@a@= Y <w121+szz><v1zl+v2z2)

2(modq) 2 (modg) g(wy, wo) g(v1, v2)
- <(w121 + wyz2) (V121 + v2z2)> <w121 +w2Z2> <v1z1 n UzZz)
z(modq) d g(wy, wy)/d gy, v)/d

From here we see that the final sum is zero unless each of the summands is equal to 1 or O identically. This
is only the case when d, g(w, w»)/d, g(w1, wy)/d are all squares. Since d | gcd(g(wy, wa), g(vy, v2))
and d 1 A(f) it follows that wix + wyy, vix + v2y are not proportional modulo d. From here we see
that, modulo d, the number of solutions to gcd(wix + wyy, d) = ged(vix + v2y,d) = 1 is equal to
(p(d)2. Similarly, modulo g(w;, w;)/d and g(vy, v2)/d there are g(w;, wo)p(g(w;, wy)/d)/d solutions
to gcd(wix + way, g(wy, wy)/d) =1 and ged(vix 4+ v2y, g(v1, v2)/d) = 1, respectively. Lifting to the
modulus ¢ yields

Q_2 2 (w1, wa)g(vr, v2)

d? d?
since ged(q/d?, d) = 1. This completes the proof. 0

~@(d)

p(g(wi, wa)/d)p(g(vi, v2)/d) = qp(d)p(q/d),

Lemma 11.4 is analogous to Lemma 21.1 in [5].
We now prove the following analogue of Lemma 21.2 in [5]:

Proposition 11.5. Let A, B be classes of ideal numbers. Put

oM. M) =Y "> aupibu(). (11-13)

w

where ay,, B, are bounded real coefficients supported in appropriate fundamental domains for A, B

having norm bounded by M, N, respectively. Then for all ¢ > 0 we have
Q(M, N) K¢ (M + N)/12(MN) 12+, (11-14)

Proof. Applying Cauchy’s inequality we obtain
2

3 wu)
=1BI3Y. Yty Y (2 ).

We then find that splitting z into congruence classes modulo ¢ = g(w;)g(w,) that

N N
S (b0 ("’qf—z Lo, (£ + 1))

¢ (modq) g

oM. NP <1813

Y (D, () =

where

¢ = lim(s = ¢k (5).
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We obtain, by Lemma 11.1 and using (11-11) if necessary,

QM, N> < N> Y3 t(muma) + NM*(V'N + M?), (11-15)

my,my<M
mymy=L]

which gives the bound
Q(M, N) <, (M>N'? + M>N3* + M'2N)(MN)*.

In the next step we shall apply Holder’s inequality to obtain

> Be£uw(2)

say. In [5] the next step is to argue that O(M, N*) can be written as a bilinear form of the shape (11-13),
using the fact that in the case K = Q(i) that &,,(z) is multiplicative in z. In general this is not the case.

k

oM, N} <« M1 3 = M*"1O(M, N¥),

However, we are free to choose a basis for the class B* for each positive integer k, which allows one to write

§u(@1) - Ew@) =&, (@1 2) (11-16)
in a consistent way. Recalling (11-10), we note that

QB,B(Zl)QB,B(Zz)>

g(wy, wy)

§w(21)éw(22) = (

The numerator is a bilinear form in z;, z2. Using composition laws to write

2 2
2122 = Rpp (21, 22) 70 + Qe (21, 2207

as ideal numbers, we see that we can apply a change of variables, depending only on w, the class B, and
the choice of bases, so that the numerator Qp p(z1) Q5 p(z2) is a linear form in Rz2(z1, 22), Qg2 (21, 22).
Inductively, we then find that

Lz
Eu(z1) - Eulzi) = <M)

g(wr, wy)

where L, is a linear form in two variables with coefficients depending at most on w and evaluates z; - - - zx
in terms of its representation as an element in the lattice of the corresponding ideal numbers. Defining
the right-hand side as £ (z; - - - zx) we obtain (11-16). Replacing &, (-) with £ (-) in (11-13) shows
that (11-15) holds, and therefore we may proceed as in [5] after applying Holder’s inequality to conclude

which upon taking k-th roots gives us the bound

QM, N) e (M'THENZ 4 MHVENS 4 M=K N (MN)?
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for all positive k € N. Switching the roles of M, N and applying Lemma 11.4, we obtain as in [5] that
OQM,N) <, (M + N)I/IZ(MN)1/12+8
upon setting k = 6. .

Next we move on to proving the analogue of Proposition 22.1 in [5]. We define, for any ideal number z,
a rational integer k, and a character y modulo 4d the Hecke character

k
Y(z) = x(z)(é—|> . (11-17)
Consider the sum

KN = 3" v we]
zeB
and

N
K*(Ny= Y y(@)[wzl,
zeB
ged(z, w)=1
where ‘B is a narrow sector contained in the intersection of a fundamental domain for the ideal class

numbers containing z having norm bounded N. We treat w as a fixed primitive ideal number. Our
analogue of Proposition 22.1 in [5] is thus:

Proposition 11.6. Given v and w as above we have

K(N) < d(Jk| + 1) |w| N**log(Jw| N) (11-18)
and
K*(N) < d(lk| + 1) |w| (N (w))N*>*log(|w| N). (11-19)

Proof. Just like the proof of Proposition 22.1 in [5], the key result needed to obtain the necessary
cancellation is the Polya—Vinogradov theorem, which asserts that

Z x(n) < /qlogg
n<N

for every nontrivial Dirichlet character x (mod ¢g) with an absolute implied constant. To estimate (V)
we apply Lemma 11.3 to obtain

KNy =[w] Y e(w, )Y (@) 2160 ().
zeB

and by breaking the sum up to finitely many congruence classes if necessary, we may factor the e-factor
out (because it will be constant) to obtain

KN =[wle Y ¥ (@) [216.).

zeB
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Breaking the sum up into a double sum over rational integers forming vectors running over ‘B as in [5]

and applying Polya—Vinogradov we obtain (11-18) and (11-19) as required. g

Put
rm =" @Il

N(z)=n

the sum restricted to a fundamental domain of ideal numbers so each ideal is represented at most once.
Consider the sum

LM, N)=) ") a(m)B(n)r(cmn), (11-20)

where «, B are complex coefficients having norm at most 1 and supportedon 1 <m <M and n < N.
Likewise, let L*(M, N) be the subsum of (11-20) restricted to gcd(m, n) = 1. Combining Proposition 11.5
and Lemma 11.3 then gives the following analogue of Proposition 23.1 in [5]:

Proposition 11.7. For any complex coefficients a(m), B(n) as above and for any positive integer c,
LM, N) < T(c)(M + N)/2(MN) /17 (11-21)

We also introduce the analogues of K(N), K*(N):

L(N) = Z A(mn), L*(N)= Z A(mn) (11-22)
n=<N n<N
ged(m, n)=1

and obtain the following analogue of Proposition 23.2 in [5] by applying Proposition 11.6:
Proposition 11.8. For  as defined by (11-17) and positive integer m we have the bounds
L(N) < d(Jk|+ D1 (m)*/mN>*1log(mN) (11-23)

and

L¥(N) < d(Jk] + D)1 (m)>/mN>*1log(mN). (11-24)
These estimates then imply the following analogue of Theorem v in [5]:

Proposition 11.9. For any ¢ > 1 we have

Z Am)A(cn) < cd(Jk|+ 1) X7 (11-25)

n<X

with the absolute constant dependent only on f.

Proof. This is the same as the proof of Theorem v in [5] with Propositions 23.1 and 23.2 replaced by
Propositions 11.7 and 11.8, respectively. O



Prime values of f(a,b?) and f(a,p?), f quadratic 1679

Acknowledgements

The author owes an incalculable debt of gratitude to John Friedlander, whose encouragement and guidance
made this paper possible. The author also thanks D. R. Heath-Brown whose work on prime number
theory is an inspiration for the present work, D. Schindler and J. Maynard for helpful discussions, to
C. L. Stewart for a careful reading of an earlier version of this paper and for providing instrumental
advice, and to S. Yamagishi whose collaboration and friendship was instrumental in the author’s pursuit
of prime number theory. The author would like to express his deepest appreciation for the hard work
done by the referee and for the helpful suggestions made.

References

[1] A. Balog, V. Blomer, C. Dartyge, and G. Tenenbaum, “Friable values of binary forms”, Comment. Math. Helv. 87:3 (2012),
639-667. MR Zbl

[2] J. G. van der Corput, “Uber Summen von Primzahlen und Primzahlquadraten”, Math. Ann. 116:1 (1939), 1-50. MR Zbl
[3] E. Fouvry and H. Iwaniec, “Gaussian primes”, Acta Arith. 79:3 (1997), 249-287. MR Zbl
[4] J. Friedlander and H. Iwaniec, “Asymptotic sieve for primes”, Ann. of Math. (2) 148:3 (1998), 1041-1065. MR Zbl

[5] J. Friedlander and H. Iwaniec, “The polynomial X244 captures its primes”, Ann. of Math. (2) 148:3 (1998), 945-1040.
MR Zbl

[6] J. B. Friedlander and H. Iwaniec, “Gaussian sequences in arithmetic progressions”, Funct. Approx. Comment. Math. 37
(2007), 149-157. MR Zbl

[7] B. Green, “Roth’s theorem in the primes”, Ann. of Math. (2) 161:3 (2005), 1609-1636. MR Zbl

[8] B. Green and T. Tao, “The primes contain arbitrarily long arithmetic progressions”, Ann. of Math. (2) 167:2 (2008),
481-547. MR Zbl

[9] D. R. Heath-Brown, “Primes represented by x> +2y3”, Acta Math. 186:1 (2001), 1-84. MR Zbl
[10] D. R. Heath-Brown and X. Li, “Prime values of a’+ p4”, Invent. Math. 208:2 (2017), 441-499. MR Zbl

[11] D. R. Heath-Brown and B. Z. Moroz, “Primes represented by binary cubic forms”, Proc. Lond. Math. Soc. (3) 84:2 (2002),
257-288. MR Zbl

[12] P. C.-H. Lam, D. Schindler, and S. Y. Xiao, “On prime values of binary quadratic forms with a thin variable”, J. Lond. Math.
Soc. (2) 102:2 (2020), 749-772. MR Zbl

[13] B. Landreau, “Majorations de fonctions arithmétiques en moyenne sur des ensembles de faible densité”, exposé 13 in
Séminaire de Théorie des Nombres (Talence, France, 1987-1988), Univ. Bordeaux I, Talence, France, 1988. MR Zbl

[14] X.Li, “Prime values of a sparse polynomial sequence”, Duke Math. J. 171:1 (2022), 101-208. MR Zbl

[15] J. Maynard, “Primes represented by incomplete norm forms”, Forum Math. Pi 8 (2020), art.id. e3. MR Zbl

[16] T. Mitsui, “Generalized prime number theorem”, Jpn. J. Math. 26 (1956), 1-42. MR Zbl

[17] M. Pandey, “On Eisenstein primes”, Integers 18 (2018), art.id. A59. MR Zbl

[18] R. C. Vaughan, “Mean value theorems in prime number theory”, J. Lond. Math. Soc. (2) 10 (1975), 153-162. MR Zbl

Communicated by Andrew Granville
Received 2022-07-17 Revised 2023-08-30 Accepted 2023-10-12

stanleyyao.xiao@unbc.ca Department of Mathematics and Statistics,
University of Northern British Columbia, Prince George, Canada

mathematical sciences publishers :.msp


https://doi.org/10.4171/CMH/264
http://msp.org/idx/mr/2980522
http://msp.org/idx/zbl/1268.11136
https://doi.org/10.1007/BF01597346
http://msp.org/idx/mr/1513216
http://msp.org/idx/zbl/0019.19602
https://doi.org/10.4064/aa-79-3-249-287
http://msp.org/idx/mr/1438827
http://msp.org/idx/zbl/0881.11070
https://doi.org/10.2307/121035
http://msp.org/idx/mr/1670069
http://msp.org/idx/zbl/0926.11067
https://doi.org/10.2307/121034
http://msp.org/idx/mr/1670065
http://msp.org/idx/zbl/0926.11068
https://doi.org/10.7169/facm/1229618747
http://msp.org/idx/mr/2357315
http://msp.org/idx/zbl/1230.11116
https://doi.org/10.4007/annals.2005.161.1609
http://msp.org/idx/mr/2180408
http://msp.org/idx/zbl/1160.11307
https://doi.org/10.4007/annals.2008.167.481
http://msp.org/idx/mr/2415379
http://msp.org/idx/zbl/1191.11025
https://doi.org/10.1007/BF02392715
http://msp.org/idx/mr/1828372
http://msp.org/idx/zbl/1007.11055
https://doi.org/10.1007/s00222-016-0694-0
http://msp.org/idx/mr/3639597
http://msp.org/idx/zbl/1405.11124
https://doi.org/10.1112/plms/84.2.257
http://msp.org/idx/mr/1881392
http://msp.org/idx/zbl/1030.11046
https://doi.org/10.1112/jlms.12336
http://msp.org/idx/mr/4171433
http://msp.org/idx/zbl/1480.11112
https://www.jstor.org/stable/44166464
http://msp.org/idx/mr/993112
http://msp.org/idx/zbl/0712.11058
https://doi.org/10.1215/00127094-2021-0014
http://msp.org/idx/mr/4364732
http://msp.org/idx/zbl/1489.11144
https://doi.org/10.1017/fmp.2019.8
http://msp.org/idx/mr/4061964
http://msp.org/idx/zbl/1451.11101
https://doi.org/10.4099/jjm1924.26.0_1
http://msp.org/idx/mr/92814
http://msp.org/idx/zbl/0126.27503
https://doi.org/10.5281/zenodo.10677804
http://msp.org/idx/mr/3819878
http://msp.org/idx/zbl/1440.11178
https://doi.org/10.1112/jlms/s2-10.2.153
http://msp.org/idx/mr/376567
http://msp.org/idx/zbl/0314.10028
mailto:stanleyyao.xiao@unbc.ca
http://msp.org




ALGEBRA AND NUMBER THEORY 18:9 (2024)
https://doi.org/10.2140/ant.2024.18.1681

Affine Deligne—Lusztig varieties
with finite Coxeter parts

Xuhua He, Sian Nie and Qingchao Yu

We study affine Deligne-Lusztig varieties X,y when the finite part of the element w in the Iwahori-Weyl
group is a partial o-Coxeter element. We show that such w is a cordial element and X,,;) 7# @ if and
only if b satisfies a certain Hodge—Newton indecomposability condition. Our main result is that for such
w and b, X, has a simple geometric structure: the o-centralizer of b acts transitively on the set of
irreducible components of X,,;); and each irreducible component is an iterated fibration over a classical
Deligne-Lusztig variety of Coxeter type, and the iterated fibers are either A! or G,,,.
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1. Introduction

1A. Classical/affine Deligne—Lusztig varieties. The classical Deligne—Lusztig varieties were introduced
by Deligne and Lusztig in [3]. They play a crucial role in the representation theory of finite reductive groups.
They are defined for a connected reductive group G over a finite field [,. For any w in the (finite) Weyl
group of G([_Fq), the corresponding Deligne-Lusztig variety X, is a certain locally closed subvariety of the
flag variety of G(H_:q), and it admits a natural action of the finite reductive group G([F,). It is known that

(a) the classical Deligne—Lusztig variety X,, is smooth and of dimension equal to the length of w, and
the finite reductive group G([F,) acts transitively on the set of irreducible components of X, .

Affine Deligne-Lusztig varieties were introduced by Rapoport in [27] as the affine analog of classical
Deligne—Lusztig varieties. They serve as group-theoretic models for Shimura varieties and shtukas.
They are defined for a connected reductive group G over a nonarchimedean local field F. Let F be the
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completion of the maximal unramified extension of F. For any element w in the Iwahori-Weyl group W
of G(F‘ ) and any element b € G(F ), the corresponding affine Deligne—Lusztig variety X,,(b) is a certain
locally closed subscheme of finite type in the affine flag variety of G (F), and it admits a natural action of
the o -centralizer J,(F) of b. Unlike classical Deligne-Lusztig varieties, which have the nice geometric
structure described in (a), the geometric structures of affine Deligne—Lusztig varieties are very complicated:

o For many pairs (w, b), X,,(b) are empty.

o Even if X, (b) is nonempty, it is not equidimensional in general, and it is very difficult to determine
its dimension.

e In general, the group J,(F) does not act transitively on the set of irreducible components of X, (b),
and very little is known about this J,(F')-action.

e The irreducible components of X,,(b), in general, have a very complicated geometric structure.

We refer to the survey article [15] and [16] for recent developments regarding the nonemptiness pattern
and the dimension formula for X, (b).

1B. Main result. Milicevi¢ and Viehmann [25] introduced the notion of cordial elements. The geometry
of the affine Deligne-Lusztig varieties associated with cordial elements is “well-behaved” in the following
sense. If w is a cordial element, then the elements b with X,,(b) # & form a saturated set in the sense of
[25, Theorem 1.1], and for any such b, there is a simple dimension formula for X, (b). Moreover, X,,(b)
is equidimensional. Schremmer gave a classification of the cordial elements in [28].

However, even for a cordial element w, very little is known about the J,(F)-orbits on the set of
irreducible components of X, (b) or about the geometric structure of the irreducible components of X, ().

On the other hand, by [12], there is a family of elements in the Iwahori-Weyl group whose associated
affine Deligne—Lusztig varieties have very simple geometric structures. We denote by o the Frobenius
morphism on G (F) and the induced group automorphism on the Iwahori-Weyl group W. Suppose that
w is a minimal length element in its o-conjugacy class of W then there exists a unique o -conjugacy
class [b] with X,,(b) # @. In this case, there exist a parahoric subgroup P of J,(F) and a classical
Deligne-Lusztig variety X (associated with the reductive quotient of P) such that X,,(b) = J,(F) x X.
Such a simple geometric structure has been used in the study of certain Shimura varieties with simple
geometric structure (see [4; 7; 8]). However, these minimal length elements w form only a tiny fraction
of the whole Iwahori—-Weyl group, and such a simple geometric structure only occurs in a few cases.

We will focus on another family of elements in W. For any w € W, we define its finite part to be the
image of w under the map 7, : W — W (see Section 2E). Our main result is that if the finite part of w
is a o-Coxeter element of W, then the associated affine Deligne—Lusztig variety X, (b) for any b has a
simple geometric structure.

Theorem 1.1 (see Theorem 2.6). Ler w € W such that ny (w) is a o -Coxeter element of W. Then

(1) w is a cordial element;
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(2) X (b) # @ if and only if b satisfies a certain Hodge—Newton indecomposability condition;

(3) for any b with X ,,(b) # O, there exists a parahoric subgroup P of J»(F) and a classical Deligne—
Lusztig variety X of Coxeter type, and an iterated fibration Y — X whose iterated fibers are either A' or
G such that X,,(b) = J,(F) x''Y.

We refer to Section 2 for the precise statement and definitions of the notions used here. The special
case of part (3) where G = GL,,, b is basic and w is a certain element with finite Coxeter part was studied
by Shimada [29].

1C. Strategy. One major tool used in the study of affine Deligne—Lusztig varieties is the Deligne—Lusztig
reduction method [12]. Based on the Deligne—Lusztig reduction, a close relationship between affine
Deligne-Lusztig varieties and the class polynomials of affine Hecke algebras was established in [12]. One
remarkable property of these class polynomials is that they are polynomials in (¢ — 1) with nonnegative
integral coefficients. With each element w € W, we may associate a reduction tree, which encodes the
information on the reduction steps and determines the class polynomials associated with w. However,
obtaining an explicit description of the reduction trees is quite challenging.

Another key ingredient is the Chen—Zhu conjecture. This conjecture predicts the J,(F)-action on the
top-dimensional irreducible components of affine Deligne—Lusztig varieties in the affine Grassmannian.
This conjecture was verified recently in [20; 26; 33]. Part of the Chen—Zhu conjecture predicts the isotropy
group for the J,(F)-action, which gives some information about the end points of the reduction trees.

Combining the above two ingredients, in Section 5, we show that the end points of each reduction tree
for w with finite Coxeter part must be certain o -Coxeter elements, and each path, which corresponds to a
o -conjugacy class [b] of b, in a reduction tree provides a J, (F)-orbit of irreducible components of X, ().
It remains to show that for any b, there is at most one path in the reduction tree that corresponds to [b]
(i.e., the “multiplicity one” result). For the (unique) maximal o -conjugacy class [b] with X,,(b) # &, this
“multiplicity one” result is obvious. For the basic o-conjugacy class [b], one may deduce the “multiplicity
one” result by showing that any path corresponding to [b] is of a unique type. See Section SF.

It is more challenging to determine the numbers of reduction paths for other o -conjugacy classes in a
reduction tree. We use the following indirect approach to establish the “multiplicity one” result. We first
interpret the class polynomials as the number of rational points for certain admissible subsets. We then
use the positivity property of the class polynomials to show that the “multiplicity one” result for all b is
equivalent to the single combinatorial identity

Y @-Dg"=1 (%)

[b]1€B(G, it)indec

Here B(G, [4)indec s the set of all Hodge—Newton indecomposable o -conjugacy classes (see Section 2C),

and the powers “?” and “??” are certain nonnegative integers determined by w and b (see Section 6A).
Verifying the combinatorial identity («) is the most technical part of this paper and is done in Section 6.

We first establish natural bijections between the sets B(G, [4)indec for various pairs (G, @), which is of
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independent interest. In combination with other techniques, we reduce the verification of (x) to the case
for simply laced, F -simple and split groups and for fundamental coweights.

For classical groups, we may further reduce to the case where p is minuscule. In this case, the
“multiplicity one” result follows from the Chen—Zhu conjecture. For exceptional groups, we use a
computer to verify («). The most complicated case for the exceptional group is (Eg, w, ). In this case,
the left-hand side of (x) involves a summation of 729 terms. It is also worth mentioning that in the case
(An—q, a)lv ), we may write (x) explicitly as

(i(n—i)—n)/2+1

Z (q — 1)k*1q1*k+(21<1| <iy<k @y by —an b))+ <k gcd(ay.by)) /2 —q

k>1
1>ay/by>-->ay/b;>0
a;j+---+ar=i
bi+-+by=n

We do not know if there is a purely combinatorial proof of this identity.

2. Preliminaries

2A. Reductive groups. Let F be a nonarchimedean local field with residue field [, and let F be the
completion of the maximal unramified extension of F. We write I' for Gal(F/F), and I'y for the inertia
subgroup of I'.

Let G be a quasisplit connected reductive group over F. We set G = G(F). Let o be the Frobenius
morphism of F over F. We use the same symbol o for the induced Frobenius morphism on G. Let
S be a maximal F -split torus of G defined over F, which contains a maximal F-split torus. Let T
be the centralizer of S in G. Then T is a maximal torus. We denote by N the normalizer of T in G.
Let W=N (I:" )/ T(F“ ) be the relative Weyl group. We fix a o-stable Iwahori subgroup 7 of G. Let
W = N(F) / T(F)NZ be the Iwahori—Weyl group. The action o on G induces a natural action on W
and W, which we still denote by o. For any w € W, we choose a representative w in N (F). We have the
splitting

W=X,(T)r, x W={t"w]| 1€ X.(Tr,, we W}.

Here X, (T)r, denotes the I'y-coinvariants of X..(T').

Since G is quasisplit over F, o acts naturally on X.(7T)r, and on W. We denote by ¢ the length
function on W and on W, and by < the Bruhat order on W and on W. Let S be the index set of simple
reflections in W and let S C S be the index set of simple reflections in W. In other words, the set of
simple reflections in W is {s; |ie g}.

For any w € W, we denote by supp(w) the set of i such that s; occurs in some (or, equivalently, any)
reduced expressions of w, and we set supp,, (w) = |, o! (supp(w)).

An element c € W is called a (full) o-Coxeter element if it is a product of simple reflections, one from
each o-orbit of S. An element ¢ € W is called a partial o-Coxeter element if it is a product of simple
reflections, at most one from each ¢ -orbit of S.
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Let @ be the reduced root system underlying the relative root system of G over F (the échelonnage
root system). For any i € S, we denote by «; and «;’ the corresponding (relative) simple root and simple
coroot, respectively.

2B. The o-conjugacy classes of G. The o -conjugation action on G is defined by g g =ggo(g)~ L.
For b € G, we denote by [b] the o-conjugacy class of b. Let B(G) be the set of o-conjugacy classes
on G. The classification of the o-conjugacy classes is due to Kottwitz in [21; 22]. Any o-conjugacy
class [b] is determined by two invariants:

o the element « ([b]) € 71(G)y;

o the Newton point vy € (X«(T)ry.0) ).

Here 71(G), denotes the o-coinvariants of 71(G), and (X.(T)r,.0)" denotes the intersection of
X:(Mr, Q= X..(T)" ® @ with the set X*(T)ED of dominant elements in X, (7 )g. Define

V=X.(T)r,®R.
For any v € V, define
I(v)={i €S| (v, ;) =0}.

Here (-,-): V x R® — R is the natural pairing. Let V* be the set of dominant vectors v € V, that is,
(v,a;) =20fori €S.

The set B(G) is equipped with a natural partial order: [b] < [0'] if and only if x ([b]) = « ([b]) and
vp < vp. Here < is the dominance order on the set of dominant elements in X, (T)gq, that is, v <V’
if v/ — v is a nonnegative rational linear combination of positive relative coroots. It is proved in [2,
Theorem 7.4] that the poset B(G) is ranked. For any [b] < [b] in B(G), we denote by length([/], [b'])
the length of any maximal chain between [b] and [b].

Let u be a dominant coweight. Let u® be the average of the o-orbit of . The set of neutrally
acceptable o-conjugacy classes is defined by

B(G, ) ={[b] € B(G) | k([b]) =k (1), vp < n°}.

For any i € S, let w; € R® be the corresponding fundamental weight. For any o-orbit O of S, let
wo =) _;co wi- The following length formula is due to Chai (see [2, Theorem 7.4; 31, Theorem 3.4]):

(a) For [b] € B(G. ). length([b], [1*]) = Y0y [ (1t — V5. @0)].

2C. Hodge-Newton indecomposable/irreducible set. For any o-stable subset J of S, we denote by M ;
the standard Levi subgroup of G ; associated with J. Let W; € W be the parabolic subgroup generated
by the simple reflections in J. Then W; is the Weyl group of M. Let b € G. We say that (i, b) is
jel [R>0a]Y, If (i, b) is
not Hodge-Newton decomposable with respect to any proper o -stable standard Levi subgroup of G,

Hodge—Newton decomposable with respect to My if I (vy) € J and u®—vp € >

then we say that [b] is Hodge—Newton indecomposable. Set

B(G, W)indec = {[b] € B(G, 1) | [b] is Hodge—Newton indecomposable}.
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We say that (i, b) is Hodge—Newton J -irreducible if u°® —vp € Y [R>oajy. Set

jeJ
B(G, )i = {[b] € B(G, n) | [b] is Hodge-Newton J-irreducible}.

We simply write B(G, w)ir = B(G, i4)s.irr-

We say that u is essentially noncentral with respect to M if it is noncentral on every o-orbit of
connected components of J. It is easy to see that B(G, 1) ;.irr 7 & if and only if u is essentially noncentral
with respect to M ;. We may simply say that u is essentially noncentral if it is essentially noncentral with
respect to G. If u is essentially noncentral, then B(G, w)ir = B(G, [4)indec-

Let 91, be the set of o-stable subsets J € S such that u is essentially noncentral in J. Note that if
B(G, ) j.irne # 2, then J € M. By definition, any [b] € B(G, w) lies in some B(G, () j—irr. Then we have

B(G,w) = || BG,w)sim
Jem,
Let J=0(J)CS. Forb e MJ(F), we denote by [b]y, the o-conjugacy class of b in MJ(F), and
denote by vé” ’ its M j-dominant Newton point.

Lemma 2.1. Let yu be a dominant coweight and J be a o -stable subset of S. Then

(1) the map ¢; : B(Mj, n) — B(G, 1), [blm, — (D], is injective;

(2) the image of ¢ consists of [b] € B(G, ) with u® —vp € Y ;o ; Roa’;

(3) for [blm, € B(M,, ), lengthg ([b], [#]) = lengthy, ([blm,, [1"]1m,)-

Proof. Let [bly, € B(M, ). Then 1 — v’ € 3., Rsoar, which implies that v” is dominant with
respect to G, and hence vliw /= vp,. Now the Newton point and the Kottwitz point of [b]y, are determined
by [b] and u, respectively. Hence ¢ is injective.

Part (2) follows from [2, §7.1; 19, Lemma 3.5]. Part (3) follows from part (2) and Chai’s length formula

Section 2B(a). O

As a consequence, we have the following.

~

Corollary 2.2. Let J € IMM,. Then the map ¢; in Lemma 2.1 induces a bijection B(My, [L)ix
B(G, i) -irr-

2D. Affine Deligne—Lusztig varieties. Let Fl = G /I be an affine flag variety. For any b € Gandwe W,
we define the corresponding affine Deligne—Lusztig variety in the affine flag variety

X,(b)={gl € G/T|g 'bo(g) € TwI} CFI.

Let k be the residue field of F. In the equal characteristic setting, the affine Deligne—Lusztig variety
X () is the set of k-valued points of a locally closed subscheme of the affine flag variety, equipped with
the reduced scheme structure. In the mixed characteristic setting, we consider X,,(b) as the k-valued
points of a perfect scheme in the sense of Zhu [34] and Bhatt and Scholze [1], a locally closed perfect
subscheme of the p-adic partial flag variety.
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We denote by X'°P(X,, (b)) the set of top-dimensional irreducible components of X, (b). Let J, be
the o-centralizer of b and let J,(F) ={g € G | gbo (g)_1 = b} be the group of F-points of J,. The left
action of J;(F) on X, (b) induces an action of J,(F) on ZP(X,, (b)).

We denote by J,(F)\Z'"°P(X,, (b)) the set of J,(F)-orbits on X'°P(X,,(b)).

If b and b’ are o-conjugate in G, then X,,(b) and X, (') are isomorphic. Thus the affine Deligne—
Lusztig variety X, (b) (up to isomorphism) depends only on the element w in the Iwahori-Weyl group W
and the o-conjugacy class [b] in B(G). We set

B(G)w = {[b] € B(G) | X\ (D) # 2}

There is a unique maximal o -conjugacy class in B(G),,, which we denote by [b,,]. By [25, Lemma 3.2],
dim X, (by,) = £(w) — (vp,. 20). Here p is the half sum of the positive roots in ®.

2E. Cordial elements. For b € G, the defect of b is defined to be
def(b) =rankp G —rankg Jp,

where ranky denotes the F-rank of a reductive group over F.
By [31, Theorem 3.4], we have the following length formula:

(a) For [b] € B(G, w), length([b], ["]) = (1 — vy, p) + Ldef(b).

Let SW be the set of minimal length representatives for the cosets in W\W. Any element w € W
can be written in a unique way as w = xt*y with u dominant, x, y € W such that t*y € S W. We have
(w) =£(x)+ (i, 2p)—£(y). In this case, we set 1, (w) =0~ (y)x. The virtual dimension is defined to be

dy(b) = 5(E(w) + £(py (w)) — def(b) — (vp, 2)).

Forw =1ttty e SW, it is easy to see that dy,(b) = (i — vy, p) — %def(b).
By [12, Theorem 10.3; 13, Theorem 2.30], we have

(b) forw e W and b € G, dim X, (b) < dyy (b).

In the special case [b] = [b,], (b) implies that
L(w) —£(Mo (w)) < (vp,,, 2p) — def(by,).

Cordial elements were introduced by Milicevi¢ and Viehmann in [25]. By definition, an element w € w
is cordial if dim X, (b,,) = dy, (by,). This condition is equivalent to the condition that £(w) — £(n, (w)) =
(vp,,, 2p) — def(b,,). The following nice properties of the cordial elements are established in [25].

Theorem 2.3. Let w € W be a cordial element. Then
(1) B(G)y, is saturated, that is, if [b1] < [b2] < [b3] in B(G) and [b1], [b3] € B(G),, then [b2] € B(G)y;
(2) for each [b] € B(G)y, Xy(b) is equidimensional of dimension equal to d,,(b).
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2F. Minimal length elements. We consider the o-conjugation action on W defined by w -, w’ =
ww'o(w)~'. Let B(W, o) be the set of o-conjugacy classes of W. For any o-conjugacy class O
of W, we let Opin be the set of minimal length elements in O, and we write £(O) = £(w) for any
w e Omin-

For w, w' € W and i € S, we write w >, w’ if w’ = s;wo (s;) and £(w’) < £(w). We write w —o w’
if there is a sequence w = wy, wy, ..., w, = w’ of elements in W such that for any k, wy_1 =, wy for
some 5; € S. We write w ~, w' if w —, w’ and w —, w.

We call w, w' € W elementarily strongly o -conjugate if £(w) = £(w’) and there exists x € W such
that w’ = xwo (x) ! and £(xw) = £(x) + £(w) or £L(wo (x)™") = £(x) + £(w). We call w, w’ strongly
o -conjugate if there is a sequence w = wy, wy, ..., w, = w’ such that for each i, w;_; is elementarily
strongly o -conjugate to w;. We write w ~, w’ if w and w’ are strongly o -conjugate.

The following result is proved in [17, Theorem 2.10].

Theorem 2.4. Let O be a o-conjugacy class in W. Then the following hold.:

(1) For each element w € O, there exists W' € Omin Such that w —, w'.

(2) Let w, w' € Opin. Then w ~, w'.

2G. Decompositions of affine Deligne—Lusztig varieties. We recall the Deligne—Lusztig reduction
method on affine Deligne—Lusztig varieties.

Proposition 2.5 [20, Proposition 3.3.1]. Letw € W,i € S, and b € G. If char(F) > 0, then the following
two statements hold:
(1) IfL(siwo (s;)) = £(w), then there exists a Jp(F)-equivariant morphism X,,(b) — X, o (s;) (D) which
is a universal homeomorphism.
2) If L(sjwo (s;)) = L(w) — 2, then X, (b) = X U Xp, where X is a J,(F)-stable open subscheme X of
Xw(b) and X, is its closed complement satisfying the following conditions:
o X1 is Jp(F)-equivariant universally homeomorphic to a Zariski-locally trivial G,,-bundle over
Xsw(b).
o X5 is Jy(F)-equivariant universally homeomorphic to a Zariski-locally trivial A'-bundle over
Xsiwo (s) ()
If char(F) = 0, then the above two statements still hold, but with A' and G,, replaced by the perfections
ALpert gnd G%elf, respectively.
For any aj, a; € N, we say that a scheme X is an iterated fibration of type (a1, ap) over a scheme Y if

there exist morphisms
X=Yy—=>YV1—> - —>Yyqa =Y

such that for any i with 0 <i < a; +ap, Y; is a Zariski-locally trivial Al ®ed) _pundle or fo,’erf)—bundle

G E}l)erf)

over Y;11, and there are exactly a; locally trivial -bundles in the sequence. In this case, there are

exactly ay locally trivial A'>®°D_bundles in the sequence.
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2H. Classical Deligne—Lusztig varieties. Let [, be a finite field and let [_Fq an algebraic closure of [,.
Let H be a connected reductive group over [, and H = H ([_Fq). Let o be the Frobenius morphism
on H. Let B be a og-stable Borel subgroup of H. Let Wy be the Weyl group of H and let Sy be the
set of simple reflections. Then oy induces a group automorphism on Wy preserving Sg. (Classical)
Deligne—Lusztig varieties were introduced in [3]. They are defined as follows. For x € Wy, we set

X? —(hBeH/B|h'o(h) e BiB}.

If x is a og-Coxeter element of Wy, then we say that X f is a classical Deligne—Lusztig variety of Coxeter
type for H. It is well known that classical Deligne—Lusztig varieties of Coxeter type are irreducible.

It is proved in [12, Theorem 4.8] that if w € W is a minimal length element in its o'-conjugacy class,
then X, (b) # @ if and only if b and w are in the same o-conjugacy class of G. In this case,

Xu(b) = Jp(F) xP X. (2-1)

Here = means a J,(F)-equivariant universal homeomorphism, P is a parahoric subgroup of J,(F),
and X is (the perfection of) a classical Deligne—Lusztig variety for some connected reductive group H
over [, with H([F;) isomorphic to the reductive quotient of P. The group P acts on J,(F) x X by
p-(g.2)=(gp~ ", p-2),and J,(F) x’ X is the quotient space.

21. Very special parahoric subgroups. We follow [20, §2] for the definition of very special parahoric
subgroups.

Let G be a (not necessarily quasisplit) connected reductive group over F and let o} be its Frobenius
morphism. Let Wi be the Iwahori—Weyl group G. We still denote by o} the action on Wi induced from
the Frobenius morphism on G. Let §1 be the set of simple reflections in Wl.

A parahoric subgroup P of G| (F) is called very special if it is of maximal volume among all the
parahoric subgroups of G| (F'). A o;-stable subset K - §1 is called very special with respect to o if the
parabolic subgroup Wy generated by K is finite and the longest element of Wy is of maximal length
among all such oy-stable subsets of g]. By [20, Proposition 2.2.5],

(a) a o;-stable subset K of S is very special if and only if I5K N G (F) is a very special parahoric
subgroup of G (F'), where 1315 is the parahoric subgroup of G (F) corresponding to K.

2J. Statement of the main result. Let w € W. We say that w has finite o-Coxeter part if 1, (w) is a
partial o-Coxeter element. In this case, we set J (w) = supp,, (1, (w)). For any o -stable subset J of J(w),
denote by J /i (resp. J ;/L/ ) the union of all o -orbits of connected components of J in which w is noncentral
(resp. central). Then u is essentially noncentral in J/’L. By Section 2C, B(G, ) T -irr # &, and we have a
natural bijection B(M]/L, Wi = B(G, ,u)Jl;_irr.

Let Jo(w) be the subset of S with u — v, € Zie]o(w) R-o;’. Then Jo(w) = Jo(w)),. By definition,
[w] < [by]. Thus vy < vy, and Jo(w) € J(w).
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For any o-stable Ji, J, C S, denote by [J1, J>] the set of o-stable subsets J C S such that J; C J C J;
and denote by [Jy, J2], the set of J € [Jy, J>] such that p is essentially noncentral in J (or equivalently,
J = J//L)'

Now we state our main result.

Theorem 2.6. Let w € Wt*W such that n,(w) is a partial o -Coxeter element. Then

(1) w is a cordial element;

(2) B(G)y = I_lJe[Jo(w),J(w)]M B(G, 1) j-irrs
(3) for any [b] € B(G)y,, we have
Xy (b) = Jp(F) x" Y,

where P is a parahoric subgroup of Jp(F), and Y is an iterated fibration, whose iterated fibers are either
Al or G,,, over (the perfection of) a classical Deligne—Lusztig variety of Coxeter type for some connected

reductive group H over [, with H(F,) isomorphic to the reductive quotient of P.

Remark 2.7. (1) In particular, J,(F) acts transitively on the set of irreducible components of X, ().

(2) Combining Remark 3.10 with Theorem 7.1, we have a detailed description of the classical Deligne—
Luszitg variety in Theorem 2.6(3). If w € SW and ne (w) is a (full) o-Coxeter element, then the parahoric
subgroup P in Theorem 2.6(3) is very special; see Section SE.

(3) In Theorem 7.1, we explicitly compute the numbers of G,,-bundles and A!-bundles appearing in the
iterated fibration.

Parts (1) and (2) will be proved in Section 4. Part (3) is the most difficult part of this paper and will be
proved in Sections 6 and 7. The proof is based on a deep analysis of the reduction tree of w, which will
be introduced in Section 3.

3. Class polynomials and reduction trees

We recall the class polynomials of Hecke algebras and the connection with affine Deligne—Lusztig varieties
discovered in [12]. We then introduce the reduction tree, which encodes more information than the class
polynomials.

3A. Hecke algebras and their cocenters. Let ¢ be an indeterminate. Let H be the Hecke algebra
associated with W, that is, it is the Z[qil]—algebra generated by T, for w € W subject to the relations
o TyTy = Ty if L(ww') = £(w) + £(w');
o« (T, +1)(T, —q)=0fori €S.

The action of o on W induces an action on H, which we still denote by o. The o -commutator [H, H],
is the Z[g*']-submodule generated by hh’ — h'c (h) for h, h’ € H. The o-cocenter of H is defined to be

H,=H/[H, H],.
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By Theorem 2.4(2), for any o-conjugacy class O of W and w, w’ € Omin, we have T, + [H, H], =
T, +[H, H],. We write To = T,, + [H, H], € H, for any w € Onin.
Theorem 3.1 [17, Theorem 6.7]. H, is a free Z[qil]-module with basis {TO}OGB(W,O')'

By [12, §2.3; 13, §2.8.2], for any w € W and O € B(W,a), there exists a unique polynomial
Fy.0 € N[g — 1] such that

T,+[H Hly= Y  FyoToe€H,.
OeB(W,0)

The polynomials F,, o are called class polynomials."

3B. Class polynomials and affine Deligne—Lusztig varieties. The class polynomials encode a lot of
information about affine Deligne—Lusztig varieties.

Let W — B(G) be the map sending w € W to the o-conjugacy class [w] of G. It is known that this
map is independent of the choice of the representative w of w, and it induces a map

v : B(W,o0) — B(G).

By [12, Theorem 3.7], the map W is surjective.
Let w € W and [p] € B(G). We set

Fuy 1y = Z q"9F, 0 eN[g—1].

OeB(W,0)
v(0)=[bh]

Here £(O) = £(x) for any x € Opp.
The following “dimension = degree” theorem is established in [12, Theorem 6.1].

Theorem 3.2. Let w € W and b € G. Then dim Xw(b) =deg Fy (5] — (vb, 2p0).
Remark 3.3. Here, by convention, dim @ = deg 0 = —o0.

We have the following “leading coefficients = irreducible components” theorem. This is established in
[13, Theorem 2.19]. See also [20, Theorem 3.3.9 and Corollary 3.3.11].

Theorem 3.4. Forwe W and b € G, the cardinality of J,(F)\X'P(X,, (b)) equals the leading coefficient
Of Fw, [b]-

Although not needed in this paper, it is also worth mentioning that in the superbasic case, the class
polynomial gives the number of rational points of an affine Deligne-Lusztig variety. This is established
in [12, Proposition 8.3].

IThe polynomials we use here coincide with those in [13] and differ from the polynomials used in [12] by a certain monomial.
See [13, footnote on p. 106].
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Proposition 3.5. Suppose that the residue field of F is F,. Assume that G = PGL,, split over F and
b € G(F) is a superbasic element in G. Then

81X (b)) =nFy pilg=q-

3C. An identity on the class polynomials. We have the following identity on the class polynomials. We
first give a proof using representations of Hecke algebras. Then we provide a geometric interpretation of
this identity.

Proposition 3.6. Ler w € W. Then

q'" = Z q"“OF, 0= Z Fu ().
OeB(W,0) [b]eB(G)

Proof. We prove the first equality. The second follows from the definition.

Letnm: H— Z[qil] be the homomorphism of Z[qil]—algebras sending Ty, to g for any i € S. As
moo =m,n([H, H]y) =0 and thus 7 induces a homomorphism of the Z[g*']-modules H, — Z[gq*'],
which we still denote by 7.

We have T, + [H, H]l, = ZOGB(W,U) Fy.oTo. Applying 7 to both sides, we obtain g™ =
ZOGB(W,O’) "9 Fy0. O

In the rest of this subsection, we assume that ' = [,((¢)) and that G is split over F. We give a
geometric interpretation of the above identity.

For any n e N, let I, be the n-th congruence subgroup of I. Following [5, §2.10], we call a subset X of
G admissible if for any w € W, there exists n € N such that X N/ wl is stable under right multiplication

of in. In this case, the action of in on XN ITwl is free, and %%I")U is independent of the choice of
such n. We set
. Xnlwl)/I,)°
s (X N Tl = LENTOD/1)T
g1 /1)°

An admissible subset X is called bounded if X N IwI = & for all but finitely many w € W. For any
bounded admissible subset X, we set

17X =Y g(XNnlil)
weW

and call it the normalized cardinality of the rational points of X. By [14, Theorem A.1], each o -conjugacy
class of G is admissible. We have the following geometric interpretation of the class polynomials.

Proposition 3.7. Let w € W and [b] € B(G). Then
£7([B) N T I) = Fy o)lg=g-

Proof. We argue by induction on £(w).
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If w is a minimal length element in its o -conjugacy class in W, then
.o [Iwl if[p]=[u
[b]ﬂlzb]:{w if [b] '[w],
1o} otherwise.
On the other hand, by [13, §2.8.2],

g‘™ if [b] = [w],

Fy p) = .
w1l {0 otherwise.

Thus the proposition holds in this case.

Now we assume that w is not a minimal length element in its o -conjugacy class. By Theorem 2.4(1),
there exist w’' € W and i € S such that w ~, w’ and s;w'c (s;) < w’. Set wy = s;w’ and wy = 5; W' (s;).
Then £(w), £(wy) < £(w). By the proof of [13, Theorem 2.16],

8 ((bINTwl) = g;([b1 N Tw'T) = (g — DE;((b1N Ty I) + gt ([b] N Tia]).

On the other hand, by [13, §2.8.2], Fy 5] = (@ — 1) Fy, (] + g Fw,,[p)- Now the statement for w follows
from the inductive hypothesis on w; and wj. O

We have the decomposition Twl = L][b] cB(G) [b1N [wl. Thus

¢"" =g;(lwh= Y g;(bInTil= Y Fyp.
[b]€B(G) [b]€B(G)
This gives an alternative proof of Proposition 3.6 and a geometric interpretation of Proposition 3.6
in the case where the o-action on W is trivial via counting (the normalized cardinality of) the rational
points of Twl.

3D. Reduction trees. Let w € W. We construct the reduction tree for w, which encodes the Deligne—
Lusztig reduction for the affine Deligne—Lusztig varieties associated with w (and with all b € G).

The vertices of the graphs are the elements of W, and the (oriented) edges are of the form x — vy,
where x, y € W, and there exist x’ € W and i € S with x ~, x/, s;x'o(s;) < x" and y € {s;x’, s;x'o (s7)}.
Some elements of W may occur more than once in a reduction tree.

The reduction trees are constructed inductively.

Suppose that w is of minimal length in its o-conjugacy class of W. Then the reduction tree of w
consists of a single vertex w and no edges.

Suppose that w is not of minimal length in its o-conjugacy class of W and that a reduction tree is
given for any z € W with £(z) < £(w). By Theorem 2.4(1), there exist w’ € W and i € S with w ~, w’
and s;w’o (s;) < w’. The reduction tree of w is the graph containing the given reduction tree for s;w’ and
the reduction tree for s;w’o (s;), and the edges w — s;w’ and w — s;w'o (s;).

The reduction trees of w are not unique. They depend on the choices of w’ and s; in the construction.
We will see in the rest of this section that the reduction trees encode more information than the class
polynomials.
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3E. Reduction path. Let T be a reduction tree of w. An end point of the tree T is a vertex x of 7 such
that there is no edge of the form x — x" in 7. By Theorem 2.4, each end point is of minimal length in its
o-conjugacy class. A reduction path in T is a path p : w — w; — - - - — w,, where w,, is an end point
of 7. The length £( E) of the reduction path P is the_number of edges in p- We also write end( 2) =w,
and [b], = W(end(p)) € B(G).

If x — y, then E(_x) —£(y) € {1, 2}. We say that the edge x — y is of type L if £(x) — £(y) =1 and of
type Il if £(x) — £(y) = 2. For any reduction path p, we denote by £1(p) the number of type-1 edges in p
and by £11(p) the number of type-II edges in p. Then L(p) = ti(p) +_€H(p). -

The follo_wing relation between class polyn(;mials and reduction trees follows easily from the inductive
construction, and we omit the details of its proof.

Lemma 3.8. Let w € W and let T be a reduction tree of w. Then, for any o -conjugacy class © of W,

Fpo= Z(q _ l)gl(g)qlln(g)’
p

where p runs over all the reduction paths in T with WV (end( ]_))) = Q0.
Combining Proposition 2.5 with the construction of the reduction trees, we obtain the following result.

Proposition 3.9. Let w € W and T be a reduction tree of w. Then, for any b € G, there exists a
decomposition

Xy (b) = || X,

p is a reduction path of T~ -
[b1,=1b]
where X ) is a locally closed subscheme of X, (b) and is J,(F)-equivariant universally homeomorphic to
an iterated fibration of type (£1( P, tu(p)) over Xend( P (b).

Remark 3.10. Since end(p) is a minimal length element in its o-conjugacy class, by (2-1) we have
Xend(p)(b) = Jp(F) xP X ,_where P is a parahoric subgroup of J,(F) and X is (the perfection of) an
irreducible component of a classical Deligne—Lusztig variety. Thus each irreducible component Y of X,
is universally homeomorphic to an iterated fibration of type (£1(p), £u(p)) over X. We have a natural
action of J,(F) on X,,(b), and X, is stable under this action. In this casg, X, = Jp(F) xPy.

4. Cordiality and the set B(G),

4A. Maximal Hodge—-Newton irreducible elements. Recall that [b,.] is the unique maximal element of
B(G, ). By [32, Corollary 7.6], there is a unique maximal element [b, G-indec] in B(G, )indec, Whose
Newton point is denoted by vp, ;... We give an explicit description of v, ;... below.

Following [2], for any subset E C (V1)?, we set

Cop={ve(VH7 |v=v, VW e E}.

By [2, Theorem 6.5], C~ g has a unique minimal element, which we denote by min C> .
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Proposition 4.1. We have v = minC>g,, where Ey = {e; | i € S} with e; € [R{a)l-v such that

1, G-indec

(ei’ (D[) = mlﬁ maX{O7 <I’L’ wO,‘) - 1}

Proof. By [2, Theorem 6.5], there exists a unique o -conjugacy class [b] € B(G, w) such that v, =min C g,
and (u —vp, wp,) =1forany k € S — I (v).

Suppose that (i, [b]) is Hodge—Newton decomposable with respect to some standard Levi subgroup M ;
with J = o (J) ;Cé S. Let j € S — J. By definition, (. — vy, we;) = 0. On the other hand, as 7 (v;) € J
we have (vp, ;) # 0. Thus (1 — vy, wo;) =1, which is a contradiction. Therefore [b] € B(G, (4)indec-

On the other hand, let [b'] € B(G, W)indec- For any i € S — I (vy), we denote by pr;) : V = Ro; ©
Zj#l- [Ra]V — Rw;” the natural projection. Set e; = pr;,(vy) € Rw;. Let E' ={ej | i € S — I(vp)}.
Again by [2, Theorem 6.5], we have vy = min C>gr. By Section 2B(a), we have (1 — vy, wp,) € Z> for
i € S—1(V'). This means that ¢; <e; fori € S—1(v'). So v, € C>p and v, > min Cx g = vyy. Hence
[b] is the unique maximal element of B(G, )indec- O

Corollary 4.2. Suppose that  is essentially noncentral. Then

length([bu,G—indec]s [tﬂ]) = ﬁ(g/(O’))

Proof. As u is essentially noncentral, we have B(G, [4)indec = B(G, )iy and hence 0 < (L=Vb,, G ingecs PO;)

for any i € S. On the other hand, we have (u — v, wp,) < 1 by Proposition 4.1. Then the statement

1, G-indec *

follows directly from Section 2B(a). O

4B. Proof of Theorem 2.6(1) and (2) for w = t"*c. Now we prove Theorem 2.6(1) and (2) in the case
w = t"c € SW, where ¢ is a partial o-Coxeter element. If p is central over some connected components
of supp,, (c), then the element ¢ would not be in SW. Thus u is essentially noncentral in supp,, (c). Set
J = supp,, (c). Reviewing the definition of J(w) in Section 2J, we have J(w) = ](w);L = Jo(w) = J.
We need to show that w is cordial and B(G),, = B(G, W) jir-

By Section 2C, we have a natural bijection B(Mj, )i = B(G, ) j.irr- By [6, Theorem 3.3.1], we
have B(G),, = B(M}),,. Note that u® — v, € Zjej [F\RajV. Hence (. —vp,, p) = (i — Vb, pJ), Where
py is the half sum of positive roots of M;. By definition, w is cordial in G if and only if it is cordial
in M ;. Hence we may assume that / = S and that c is a o-Coxeter element.

We first show that

(a) B(G)y € B(G, Windec-

Suppose that X, (b) # & and (u, b) is Hodge—-Newton decomposable with respect to some proper standard
Levi subgroup M. By [7, Theorem 1.11], there is some u € W such that u"'wo (u) lies in WM, which
contradicts the fact that ¢ is o-Coxeter. Thus (a) is proved.

Next we show that

(b) [bw] = [bu,G-indec] and w is a cordial element.
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By Section 2E(b), we have

(1, 2p) =2£(c) = t(w) — £(no (w)) < (vp,, 2p) — def(by).

Combined with Section 2E(a), we get length([b,,], [t*]) <(c) =1(S/(o)). However, by Corollary 4.2, we
have length([by], [b;]) > length([bu,G—indecL [b::]) = #(S/{0)). Thus we must have [b,] = [bu,G—indec]
and dim X, (by,) = dy(by,). Thus (b) is proved.

Finally, we show that

() B(G)y = B(G, Windec = B(G, Wi

Let [bmin] be the unique basic o-conjugacy class in B(G) with k (bpin) = k(). Then [byin] is the unique
minimal element in B(G, )indec. INote that ¢ is a o-Coxeter element of W. Thus v, is central and
[W] = [Pmin]. In particular, [byin] € B(G),,. By Theorem 2.3, B(G),, is saturated and hence must be
equal to B(G, [)indec-

This completes the proof of the ¢ case.

4C. Partial conjugation. To handle the general case, we use the partial conjugation method introduced
in [11].
By partial conjugation, we mean conjugating by elements in the finite Weyl group W. For any x € SW,
set
I(x)=max{J CS|Ad(x)o(J)=J}.

This is well-defined. Indeed, if Ad(x)o (J;) = J; fori =1, 2, then Ad(x)o (J1UJ2) = J1UJ2. Let Wy(,) be
the subgroup of W generated by the simple reflections in 7 (x). Then Ad(x) oo gives a length-preserving
group automorphism on Wj (). By [11, Proposition 2.4], we have

W= |_| W (Wl(x)x) = I_l W o (XWU(I(X)))'
xeSW xeSW
Moreover, by [11, Proposition 3.4], we have the following:

(a) For any w € W, there exist x € SW and u € Wi (x) such that w —; ux and all the simple reflections
involved in the conjugations are in S.

By [12, Proposition 4.9], we have the following:

(b) Let x € SW and u € Wiy Then B(G)yx = B(G), and dim X, (b) = dim X, (b) 4 £(u) for any
[b] € B(G).

Similar to Section 3D, we may consider partial reductions. By partial reduction, we mean reduction
w — s;w or w — s;wo (s;) with i € S. We show that partial reduction preserves elements with finite
Coxeter parts.

Lemma 4.3. Let w € W with Ne (W) a partial o-Coxeter element of W. Let i € S with s;yw < w. Then:

(1) ns(siwo (s;)) is a partial o -Coxeter element of W and supp,, (0o (siwo (s;))) = supp, (ns(w)).
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(2) If, moreover, siwo (s;) <w, then n, (s;w) is a partial o -Coxeter element of W and supp, (ns (s;w)) =
supp, (s (w)) — (o' (i') | 1 € Z} for some i’ € supp, (11 (w)).

Proof. We prove part (1). The proof of part (2) is similar, and we skip the details.

Write w = xt*y with t*y € SW. Set ¢ = ne (w) =0 Y(y)x. If yo(s;) € SW, then Ny (S;wo (s;)) =
ne (w), and the statement is obvious. Now assume that yo (s;) = s;/y for some i’ € I (). Then we
have x ~!(e;) < 0 and o =1 (y)(e;) > 0. Thus (6~ (y)x)(—x~"!(@;)) < 0. It follows that o~ (y)s;x =
e 'Mx)(x 7 lsix) < o7 (y)x. By the cancellation property of Coxeter groups, we conclude that
o_l(y)s,-x is a partial o-Coxeter element and E(a‘l(y)s,-x) = ﬁ(a‘l(y)x) — 1. Write ¢/ = J_l(y)six.
Notice that o~ (s;i)c =0~ (siy)x =o' (y)s;x = ¢’. It follows that o~ ! (i’) is not in the o -support of ¢’.
Hence 1, (siwo (s;)) = o1 (y)sixs; = c'sp is a partial o-Coxeter element, and

supp, (Ns (s;wo (s;))) = supp, (s (w)). O

4D. Proof of Theorem 2.6(1) and (2): general case. Let w = xty € W with t*y € SW. We assume
that 7, (w) a partial o-Coxeter element. We prove Theorem 2.6(1) and (2) by induction on £(x).

The case £(x) = 0 has already been proved in Section 4B. Assume that £(x) > 0. Let i € S such that
s;x < x. There are three different cases.

Case (1): £(s;wo (s;)) < £(w). Write w; = s;w and wy = s;wo (s;). By Lemma 4.3, 5, (w;) and n, (w2)
are both partial o-Coxeter elements. The inductive hypothesis applies for w; and w;. Since w; > w,, we
have [b,,] = max([by, ], [bw,]) = [bw,]. Then d,(by) =dy, (by)+1 and dim X, (by) +1 =dim X, (by).
Thus w is cordial.

Observe that

B(G)yy = B(G)u, UB(G),, = | | B(G, 1) -
JelJo(wr),J (wi)]UlJo(w2),J (w2)],
Note that J(w7) = J(w), Jo(w1) = Jo(w) and J(w;) C J(w). By Section 2E(b), B(G),, is saturated.
Hence we must have

[Jo(wy), J(w1)], UlJo(w2), J(w2)], = [Jo(w), J(w)],.
This proves part (2) of Theorem 2.6.

Case (2): yo (s;) < y. Write w’' = s;wo (s;) = s;xt* yo (s;). The inductive hypothesis applies for w’. Note
that w ~, w’, in particular, B(G),, = B(G),s. Also J(w) = J(w’). Hence the statements hold for w.

Case (3): yo(s;) = s;ry for some i’ € I() and £(s;xs;) = £(x). Write w' = s;wo (s;) = s;xsiitty.
Then w ~, w’. By Lemma 4.3, n,(w') = a‘l(y)sl-xs,-/ is a partial o-Coxeter element with length
equal to £(o ~!(y)x). Hence the statements hold for w if and only if they hold for w’. We continue the
procedure until case (1) or (2) happens. If case (3) happens all the time and the procedure does not end,
then x € Wjuy), and both x and y are partial o-Coxeter elements. Then the statements follow from
Section 4C(b).
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5. Analyzing the reduction paths

SA. o-Conjugacy classes of W. We first recall the definition of elliptic conjugacy classes. Let W; be a
Coxeter group and let S| be the index set of simple reflections in W;. Let § be a length-preserving group
automorphism on Wj. A §-conjugacy class C of W; is called elliptic if it contains no elements in any
proper §-stable standard parabolic subgroup of Wj.

Letx € W. We regard xo as an element in W x (o). There exists a positive integer such that (xo )" = t*
for some A € X, (T)r,. Then we set v, = A/n € V. Itis easy to see that v, is independent of the choice
of n. Moreover, the unique dominant element in the W-orbit of v, equals the (dominant) Newton point
v; for x € G.

We follow [13, §1.8.3]. Let J C S. Let WJ = X.(T)r, © W, be the Iwahori-Weyl group of the
standard Levi subgroup M; of G. Let /W be the set of minimal length representatives for cosets in
W,\W. Let J D J be the set of simple reflections for the Iwahori—Weyl group W;.

We say that (J, x, K , C) is a standard quadruple if

(1) o(J)=1J;
) xe /W such that vy is dominant, J = I (vy), and Ad(x) o o preserves f;
(3) K C J with Wy finite and Ad(x)(o (K)) = K;
(4) C is an elliptic (Ad(x) o 0)-conjugacy class of W.
We say that the standard quadruples (J, x, K,C)and (J/, x', K’,C’) are equivalent in W if J = J', there
exists a length-zero element t of W with x’ = rxo (7) !, and there exists w € W, with x’o (w)(x") "' = w

and C' = wrC(wt)~ L.
By [13, Theorem 1.19], we have the following:

(a) The map (J, x, K,C) > W -, Cx induces a bijection between the equivalence classes of standard
quadruples and the set of o-conjugacy classes of w.

LetOeB (W, o) and let (J, x, K , C) be a standard quadruple associated with O. We say that O is
Coxeter (resp. elliptic) associated with [b] € B(G) if ¥ (O) = [b], KcJis very special with respect to
Ad(x) oo, and C is an (Ad(x) o o)-Coxeter (resp. elliptic) conjugacy class of W. Namely, C contains
an (Ad(x) o o)-Coxeter (resp. elliptic) element of the finite Coxeter group W. We say that w € Wisa
o-Coxeter element associated with [b] if it is a minimal length element in a Coxeter o-conjugacy class
associated with [b].

5B. Description of reduction trees. For any [b] € B(G, 1), set

b, [B]) =8(S/(0)) =8I (vp) /(o).
tu(w, [b]) = length([D], [t*]) — 4(S/(0)).

We have the following description of reduction trees.
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Theorem 5.1. Let ¢ be a o-Coxeter element of W such that t*c € SW. Let T be a reduction tree of t"c.
Then, for any reduction path p in T, we have

(1) Li(p) = b, [D]p) and Lu(p) = Lu(, [b]p);

(2) end(p) is a o-Coxeter element associated with [b] .

Moreover, for any [b] € B(G, [4)indec, there exists a unique reduction path P in T with [b], = [b].

Combining Theorem 5.1 with Proposition 3.9 and Remark 3.10, we obtain part (3) of Theorem 2.6
for w = t*c. We will describe the reduction trees of the elements with finite partial o-Coxeter part in
Section 7 and deduce Theorem 2.6(3) for such elements.

In the rest of this section, we shall prove parts (1) and (2) of Theorem 5.1. The “moreover” part (i.e.,
the multiplicity-one result) is the most difficult part and will be proved in Section 6.

5C. Estimate £y. Let Aff(V) be the group of affine transformations on V. For any g € Aff(V), define
V8 ={veV|g()=uv}. We have a natural projection map p : W x (¢) — Aff(V) — GL(V). For any
w € W, define V,, = {v € V | wo (v) = v+ vy}. We have dim V,, = dim V7).

It is easy to see that for any g € GL(V) and any reflection r € GL(V), we have

|dim V"8 —dim V¢| < 1.
In particular, for any w € W and i € S, we have
|dim Vj,,, —dim V| < 1.

Now let w = t#¢ be as in Theorem 5.1. Let 7 be a reduction tree of w and let p be a reduction path
in 7. Set e =end(p) and [b] = W (e) € B(G). Let (J, x, K , C) be a standard quad_ruple associated with
the o -conjugacy class of e.

Consider the variation of dim V- along the reduction path p, where ? stands for any element in W.
Type-1I edges do not change dim V», and type-I edges change dim V7 by at most 1. Therefore

G(p) > |dim V, — dim V.

Since p(w) = c is a o-Coxeter element, yrwe) — ypWxio)  Since C is Ad(x) o o-elliptic in K, we
have

dim V, = dim V, — (K /(Ad(x) 0 0)).
Hence

ti(p) = dim V, — (K /(Ad(x) 0 0)). (5-1)
By [23, §1.9], def(b) = 4(S/{o)) — dim V,. Note that 21(1_7) + 2211(1_7) = {(t*c) — £(e). Moreover,

£(e) > (vp. 2p) + 4(K /{Ad(x) 0 0)), (5-2)
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with equality holding if and only if C is an (Ad(x) o o )-Coxeter conjugacy class in K. We have

dim X, = €i(p) + lu(p) +£(e) — (v, 2p)
= 5(t1(p) + (1. 2p) — #(S/(0)) + £(e)) — (Vi 2p)
> (1 —vp, p) + 3(dim V, — #(S/(0)))
= (1t — vp, p) — 7def(b) = dy ().

By Section 2E(b), we have dim X p S dim X, (b) < dimd,, (b). Thus the inequalities in (a) and (b) are
equalities, and dim X p= dim X, (b). In particular, C is an (Ad(x) o 0)-Coxeter conjugacy class in K.

5D. Affine Deligne—Lusztig varieties in the affine Grassmannian. It remains to show that K occurring
in Section 5C is very special. To do this, we need some information on affine Deligne-Lusztig varieties
in the affine Grassmannian.

Let PC Gbea special parahoric subgroup containing I. The affine Deligne—Lusztig variety in the
affine Grassmannian G /P is defined by

X, (b)={geG/P|g 'bo(g) € Pr*P}.

The following dimension formula is proved for split groups [5; 30], for unramified groups [9; 34], and
in general [13, Theorem 2.29].

Theorem 5.2. Suppose that [b] € B(G, (). Then dim X, (b) = (i — vp, p) — %def(b).

Let £'°P(X (b)) be the set of top-dimensional irreducible components of X, (b).

Let G be the Langlands dual of G over the complex number field C. Let T be the maximal torus dual
to T. Then o acts on T in a natural way, and we denote by 7° the o-fixed points of T. Let e X *(?")
be the “best integral approximation” of the Newton point of b in the sense of [10, Definition 2.1]. Let
V,. be the irreducible representation of G with highest weight p. Write V), (4;) for the corresponding
Ap-weight subspace of 77. The following result was conjectured by M. Chen and X. Zhu, and is proved
in [20; 26; 33].

Theorem 5.3. The number of J,(F)-orbits on £'°P(X,,(b)) equals dim V,,(A). The stabilizer of each
element in E“’p(XM (b)) is a very special parahoric subgroup of J,(F).

We also need the following result that connects affine Deligne—Lusztig varieties in the affine flag and

in the affine Grassmannian.

Lemma 5.4. The J,(F)-equivariant projection map Xu.(b) — X, (b) is injective.

Proof. Let gi g [€G / I be in the same fiber of the natural projection map Xu.(b) — X, (b). Then
¢ "'ge P. We have g'~'g € I 1 for some x € W. Since (g~ g)(g 'bo(g)) = (¢ 'bo(g))o (g g),
(xDHdt*e¢hyndt*e¢l)o (Ix1) # @. Since tc € SW, (Ix1)(It*¢l) = Ixt*¢1. Thus we have xttc =
ttco(x) and supp, (x) C I(t*c). As c is o-elliptic, we conclude that supp, (x) = & and hence gg e I
as desired. O
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5E. Proof of Theorem 5.1(1) and (2). We continue our analysis of reduction paths. All the notation is
the same as in Section 5C.
Equalities (5-1) and (5-2) hold and def(b) = (I (vp) /(o)) — ﬁ([?/(Ad(x) oo)). It follows that

b(p) =8(S/(o) — 8 (vp) /(o) = b, [D]).

Using Section 2E(a) and the simple fact that ¢;(p) + 24 (p) = £(w) — £(e), one can prove that £y1(p) =
Lii(w, [b]). This proves part (1) of Theorem 5.1._ - -

By (2-1), the stabilizer in J,(F) of any irreducible component of X, is isomorphic to the parahoric
subgroup f’[gﬂJb(F) C Jy(F). By Section 5C, we have dim X , =d,,(b) =dim X, (D). By Lemma 5.4, the
image of each irreducible component Z of X, in X, (b) is an E)pen dense subset of some top-dimensional
irreducible component Y of X, (b). Thus the stabilizers of Z and Y coincide. By Theorem 5.3, 131; NJp(F)
is a very special parahoric subgroup of J,(F). Hence, by Section 2I(a), KclJis very special with
respect to Ad(x) oo. By Section 5C, C is an (Ad(x) o o)-Coxeter conjugacy class of W. This proves
part (2) of Theorem 5.1.

SF. The extreme cases. Let T be a reduction tree of t*c. Let [b] € B(G):. and let p be a path in T
such that [], = [b]. )
If [b] = [Dy. G-indec], then
Lu(p) = Luu, [b]) = 0.

Therefore p consists only of type-I edges and is unique.
If [b] is basic, then
I(vy)=S and {4i(p)=¢(u,[b]) =0.

Therefore p consists only of type-II edges and is unique.
This proves the “moreover” part of Theorem 2.6 for these two extreme cases.

6. Some combinatorial identities

6A. Reduction to combinatorial identities. In this section, we assume that u is essentially noncentral.
Let ¢ be a o-Coxeter element of W such that “c € SW. Let T be a reduction tree of r*c. For any
[b] € B(G, [4)indec; let nyp) be the number of reduction paths p in 7 with [b], = [b]. By Theorem 2.6(2),
np) = 1 for all [b] € B(G, )indec- By Section 5F, njp =1 1_f [b] is either the minimal or the maximal
element in B(G, [)indec-

Combining Theorem 5.1(1) and (2) with Proposition 3.6 and Lemma 3.8, we have

q(M,ZP)*j(S/(U)) — Z ) (q — l)eI(Ma[b])qZII(M,[b])+e[b]’
[b]e B(G, 14)indec

where £[) = (vp, 2p) + (I (vp) /(o)) — def(b) and equals £(O) for any o-Coxeter class O associated
with [b].
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Note that (g — 1)“q“/ € N[g — 1] for all a, @’ € N. Thus, to show that nj,) = 1 for all [], it suffices to
show that
Z (q — 1)el(l/w[b])qell(ﬂy[b])‘i‘[[b] — q<u,2p)—ﬁ(5/<0>). (®)
[b]1€B(G, [)indec
(In fact, it is enough to prove the inequality >.)
Using Section 2E(a), one computes that

Cu(p, [B]) + Ly — (1, 20) — 8(S/(0))) =4I (vp) /(o)) — length([B], [1"]).
Thus, (#) is equivalent to
Z (q — 1)t(g/((ﬂ)—ﬁ(l(vb)/(ﬂ))qti(l(Uh)/(fT))—length([b],[t"]) =1. (&)
[b]1€B(G, i)indec
6B. Reduction to unramified adjoint groups. Let G,q be the adjoint group of G and let T,4 be the image
of T in G,9. We denote by 1,4 the image of w in X« (Tyq)r,. For any b € é, we denote by b,q its image

in éad. By [22, Proposition 4.10], the map G — G4 identifies the reduced root system of G,q with that
of G and induces an isomorphism of posets

B(G, V)indec = B(Gad, Had)indec;  [b] > [baal.

Therefore, (#') for G is equivalent to that for G,4. We can therefore assume that G is adjoint. In this
case, it is convenient to work with the reduced root system ® of G. Define

B(®,0,0)={ve(VH7 | (u° —v, we,) € Z>o forany i € S —1(v)},

where O; denotes the o-orbit of i. By [19, Lemma 3.5], the map [b] — v} identifies B(G, u) with
B(®, 0, 1) as posets. For any v € B(®, 0, ), we set length(v, u°) = ZOE§/<G> [{u® —v, wp)]. Then
by Section 2B(a),

length([b], [t*]) = length(v,, u°) for any [b] € B(G, ).

We set

1)1:t(§/<0>)—tt(1 ()/{0)) 43U (v)/{o))—length(v, u°)

f<I>,0,;,L(V) =(q— q .

Now (@) can be reformulated in a purely combinatorial way as

Y feeu =1 (")

veB(®P,0, U)indec

As any triple (®, o, ) arises from an unramified group, it suffices to prove (#") for the triples (®, o, i)
arising from unramified adjoint groups. In the rest of this section, we assume that G is an unramified
adjoint group.
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6C. Reduction to F-simple groups. Write G = G| x - - - X G}, where G; are F-simple adjoint groups.
Write u = (1, - . ., 1), where p; is a dominant coweight of G;. Also we have & = & U - - LI ®;, where
@, is the root system of G;. It is easy to see that

B(®, 0, (1)indec = B(P1, 01, 1)indec X - -+ X B(Py, 01, [1)indec

where o; is the restriction of o on ®;. It is clear that f¢ 5, = ]_[f:1 fo,.0;,1;- In the rest of this section,
we assume that G is an F-simple unramified adjoint group.

6D. Reduction to F -simple groups. We have ® = ®| U --- U ®;, where & = - - - = @, are irreducible
root systems and o induces an isomorphism from &®; to ®;, ;. Here, by convention, we set ®;;; = ®;.
Then the map

v= ) e P =nto )+ el )
induces an isomorphism of posets
B(®, 0, ()indec —> B(Py, Ula [14])indec-

There is a natural bijection S/(c) = S;/(c!), where S is the set of simple reflections for ®;. Thus
Jo.0.u = fo, 0!, In the rest of this section, we assume that G is an F -simple unramified adjoint group.

6E. Reduction to split groups. Let O be a o-orbit of S. If all the simple roots in O commute with
each other, we define o, = ) ;.nai. If O = {io, jo} with (ajvo,oz,-o) = (aivo,ozjo) = —1, we define
an=2(aj,+aj). Let S'=S/(o) and let &’ be the root system generated by «,, for all O € S'. The coroot
corresponding to O is given by a5 = ti%’) Y ico @, and the fundamental weight corresponding to O is given
by W =3 ;.o wi. Foranyve (V)7 ve B(®, o, w) ifand only if (u°—v, w(,) €Z>o forany O € S/ (o)
such that (v, a,) # 0, which is also equivalent to v € B(®', id, 1°). Hence we have the following:

(a) The natural identification (R®")? = R®’" induces an bijection of posets
B(®, 0, W)indec —> B(q),a id, H«O)indec-

It follows from (a) that fo o, = fo'id, . Therefore, it suffices to prove (#”) for the triples (P, o, 1)
arising from split groups. In the rest of this section, we assume that G is a split F -simple adjoint group.
We identify B(G, ) with B(®, o, u) and write fg (V) = fo,6,.(V).

6F. Reduction to simply laced groups. By Section 6, (#) is equivalent to the condition that in some (or,
equivalently, any) reduction tree of t* ¢, there exists only one reduction path whose end point is associated
with a given [b] € B(G, [4)indec-

There exists an irreducible, simply laced, extended affine Weyl group (W', S of adjoint type and a
length-preserving automorphism § on W’ such that W = (W’)?. We have a natural bijection between S
and & /(6). We may assume that the simple reflections in each §-orbit in S’ commute. More explicitly,

o if W is of type B,, then we take W' to be of type D, and § is of order 2;
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o if W is of type C,, then we take W’ to be of type Ay,_1 and § is of order 2;
o if W is of type F4, then we take W’ to be of type Eg and § is of order 2;
o if Wis of type Gz, then we take W’ to be of type 54 and § is of order 3.

Lett: W — W’ be the natural embedding. For each i € S, we have t(s;) =s;r - - - sy, where R 4
are the 8-orbits of i in §'. Let w € W and w — s;w be a type-I reduction edge (see Section 3D). Then
one can construct a k-step reduction path

t(w) = s t(w) = 57 sppt(w) = - =55 -5 1(w) = L(s;w)

in W’. Similarly, a type-II reduction edge w — s;ws; corresponds to a k-step reduction path from ¢(w)
to t(sws), whose edges are all of type II. Now considering a reduction tree I" of w, we can construct
a reduction tree 7’ of ¢(w) such that 7 can be viewed as a subtree of 7' in the above way. Hence the
multiplicity-one result of ¢(t**c) € W’ implies the multiplicity-one result of t"c € W.

In the rest of this section, we assume that G is a split F -simple simply laced adjoint group. We will
then reduce to the case where p is a fundamental coweight. We first need a combinatorial identity on
finite graphs.

6G. A combinatorial identity on graphs. Let X be a finite graph and ¥ C X. Denote by A(Y, X) the set
of subsets J C X such that none of the connected components of X — J lies in Y. Define

frx= Y (g— DTG0 e 7q),
JeA(Y,X)

where J° = {i € J | i has no neighbors in X — J} is the interior of J.
Lemma 6.1. We have fy x = q*X forany Y C X.

Proof. Define
a:{(J,K)|JeAlY,X), KCYNJ°} — {subsets of X}, (J,K)—~ J—K.

We construct the inverse map § of « as follows. Let H € X. Let C be the union of connected components of
X — H that are contained in Y. Then we define 8(H) = (HUC, C). By definition, @ o 8 =id. On the other
hand, forany J € A(Y, X)and K CYNJ°, a((J, K))=J — K. Moreover, X —(J—K)=(X—J)UK. As
K CYNJ°, K and X —J are not connected with each other. Hence K is the union of connected components
of X — (J — K) contained in Y. Therefore Boa((J, K))=8(J —-K)=(J—-K)UK, K)=(J, K) and
hence 8 o« = id. Therefore « is a bijection. Using the binomial expansion, we get

frx = Z (g — 1)PU=YNI)g2(YnJ°) Z (g — 1))=Y Z (q — 1)IYNI°=K)

JeA(Y,X) JeA(Y,X) KcynJe

Yo @V =Y g-n"= O

JeA(X,Y) KCYnJe HCX



Affine Deligne—Lusztig varieties with finite Coxeter parts 1705

6H. Reduction to fundamental coweights. Assume that p is not a fundamental coweight. Then there
existi, j € S (here i and j are not necessarily distinct) such that p — ;" — wjv is also dominant. Let X
be the (unique) shortest path in the Dynkin diagram of S with end points i, j.

LetA=p—) ,cxo. Set

Y ={i e XNI(A)|i has no neighbors in S — X}.
Let A be the set of subsets J € X such that A is noncentral on each connected component of S — J.
Lemma 6.2. We have
(1) X is dominant;
() B(G, Windec = | lje4 B(G, M) (s—1y-irr>
(3) A=A, X), where A(Y, X) is defined as in Section 6G.

Proof. Letl € S. If | € S — X; then (A, ;) = —(> ey o eu) = 0. If L € X —{i, j}, then (A, o) =
—(Yrex ol )= —(of + o +a), ) = —(—=1+2—1) =0, where k and k' are the neighbors of /
in X. If l € {i, j}and i # j, then (A, ;) = (1, ) — (D pex o, u) = 1—=1=0. If [ =i = j, then
(A og) =(u, o) — (ZkeX oy, oq) > 2 —2=0. This proves part (1).

By definition, B(G, A)(s—7)-ir © B(G, [)indec for any J € X. Now we prove the other direction. Let
Ey={e;; i € S} be as in Proposition 4.1. Then, for each i € S, by the definition of A we have

()\.,C()i) >max{09 (/“L’a)l'> - 1} - (eivwi)-

Hence A € Cx g, and it follows from Proposition 4.1 that A > min Cx g, = [b],, G-indec-

For any v € B(G, [t)indec, there exists a unique subset J € X suchthat A —v e, ¢ ; R>oo¢lv. By
Lemma 2.1, v € B(G, A)(s—J)-irr- Part (2) is proved.

To prove (3) we first claim that

(a) X is noncentral on each connected component of S — X.

Let H be a connected component of S — X. Choose @« € H, b € X and let a = ip,i1,...,i, = b
be the shortest path in the Dynkin diagram of S. Then there exists 1 < m < n such that i, € X
and ig,...,in—1 € S— X. As H is a connected component of S — X containing iy, it follows that
i0, 11, ...,im—1 € H. Since (—a,, a;,—1) > 0, we deduce that A = o — ), _y o is strictly dominant
on H. The claim (a) is proved.

Let J C X and A be a connected component of S — J. Note that S — J = (S — X) U (X — J). Hence
A = AU A;, where A (resp. Ay) is a union of connected components of S — X (resp. X — J). In
view of (a), A is central on A if and only if Aj = @ and A is central on A,, i.e., A = A, is a connected
component of X — J contained in Y. On the other hand, any connected component of X — J contained in
Y is also a connected component of S — J. Therefore, A = A(Y, X) and part (3) is proved. O

Proposition 6.3. Suppose that (8'") holds for all fundamental coweights. Then it holds for all dominant
coweights.
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Proof. We argue by induction on the semisimple rank of G and the number (p, u).
Suppose w is not fundamental. Let the notation be as in Section 6H. By Corollary 2.2, we identify
B(G, 1) (s—J)-ir With B(Ms_;, )i for J € A. We show that

(a) forany J € Aand v € B(Ms—y, ()irr, We have

f6.u(v) =q (g — DI TINVIIGINID g ).

By definition, fa, ,(v) = (g — 1)ﬁ(K—Kﬂl(v))qﬁKﬂl(v)—lengthMK () for any K C S.
Note that lengthg (A, 1) = (1w — A, p) = #X, and hence

lengthg (v, u) =lengthg (v, A) +lengthg (A, ) = lengthg (v, A) + 8X.
By Lemma 2.1, we have length; (v, i) = length,, (v, ). To show (a), it remains to show that
IW)—(S—-DHnIwv)=JNIv)=YnJe.

Letl e J. Write v=Ax—8 forsome § € ), s, Rooa)/. Thenl € JNI(v) if and only if (v, o) =
(A, ar) — (8, ;) =0, which is equivalent to (A, o) = (8, ) =0, that is, l € Y N J° as desired. Hence (a)
is proved.

Now, by Lemma 6.1 and the inductive hypothesis on Ms_; and A, we have

Yo feum=)"" > feu)

veB(G, iWindec JeAveB(Ms_j,Mir

— q—ﬁX Z Z (q _ 1)ﬁ(J_YDJO)qu(YmJO)fMg,j,)L(U)

JeAveB(Ms_j, )i

— q*ﬁX Z(q o l)ﬁ(ffYﬂJO)qﬁ(YﬂJO) =1. O
JeA

Now it is sufficient to deal with the fundamental coweights of G.

61. Proof for the minuscule coweights. Let ;1 a be (nonzero) minuscule coweight. Then dim V, (A;) =1
for any [b] € B(G, ). By Theorem 5.3, we conclude that #(J,(F)\X'*P(X,,(b))) = 1 for any [b] €
B(G, ). As in Section 6A, we have

qw,zm—z(%/(a)) — Z nip (g — 1)61(/L,[b])qen(u,[b])-i-@[b]’

[b]EB(Gs,U«)indec

where n[;) is the number of reduction paths p in a given reduction tree 7 of t*c¢ with [b], = [b]. At the
end of Section 5C, we showed that dim X, — dim X,u.([0]y) = dim X, ([D] ) for any reduction path p.
Using Lemma 5.4, we conclude that all n[;,] = 1. This impfies the combinatorial identity (#), and then
(&) follows.
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In particular, the combinatorial identity (#") holds for type A, since all the fundamental coweights are

minuscule. For (A,_1, a)l.v), we may write (#) explicitly as

Z (q — l)k—lqlfH(Z]g] <ty by —an b))+ < < god(ar b)) /2 (i(n=D)=n) /241

=q
k=1,1>a /b1 >->ay /by >0;
a;+-+ap=i,by+--+by=n

We do not know if there is a purely combinatorial proof of this identity.

6J. Type-D,, case. In this subsection, we assume that G is of type D, (n > 4). Note that the fundamental

\V,
n—1°

with w” for2 <i <n—2.

coweights o), @ w,’ are minuscule and have already been dealt with in Section 61. Here we deal only

For any integer k, denote by [1, k] the set {m € Z; 1 <m < k}. Set wy = 0. Since w;” , < w,’, we have
a natural embedding B(G, w;” ,) = B(G, w;’). Fori > 3, Set

Bi= || BG.opnuin= || BMyng o i

1—2<k<n—-3 1—2<k<n—-3
vV ~ vV
By = |_| B(G, w;_5)(s—)-ir = |_| B(Ms_;, w;_5)irr
J<S{n—1,n} JS{n—1,n}

Fori =2, set Bj = {0} and By = @.

For i < k < n —2, the adjoint group of Ms_yy is of type Ay x D,_,. Here, by convention, type
Ds is the same as type A3, and type D, is the same as type A; x Aj. Set pp = (1171, 0F=iF1 1, 0n=%=1),
Then p and w,” are in the same W-orbit. The restriction of jx to Ms_ is (dominant) minuscule, and
its projection to the adjoint group of Ms_y, is the coweight (w,” |, )) if k <n —2and (0, |, @), w))
if k =n —2. Asin Section 2C, we identify B(Ms_;, ) with its natural image in B(G, w;). Set

Bu= || BG.um)s-uwinr= || BMs . mo)ir

i<k<n—-2 i<k<n—2

By direct computation, By, By, and By are disjoint in B(G, a)lv ).
We give an example to illustrate the subsets By, By, Bip. Let G be of type Dg and u = a)¥ . We have

Bi={G3%5%550.Gssees) (66 e ) 000000k

In this case, one may check directly that B(G, a)3V )indec = Br U By U Byy.

Now we come back to the general situation. Intuitively, when 3 < i < n — 2, By consists of Newton
vectors whose coordinates sum up to i — 1, By consists of Newton vectors with the last two coordinates
0 and all the coordinates sum up to i — 2, By consists of the rest of elements. This partition makes

computation of the sum ) J6.wy (v) easier.
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By Section 6A, we have

Z J6.0y (V) < Z f6.oy (W) < 1.

VEBIUBUB vEB(G,®; Yindec

In the rest of this section, we will show that

Y few) =1 ()

veBiUBUB

The equality () will, in particular, imply that By U By U By = B(G, a)lv )indec-

It can be checked directly that (xx) holds for D4. Using induction, we may assume that (xx) holds
for groups of type D with semisimple rank less than n. Note also that (#”) for type A has already been
proved in Section 6I. Therefore we have

@ Yyepy fo.oy ) =g~ (14+2(q -1 +(q-D) =g g%
Next we handle By and Byy. Let
o' =0 —o ;=0 |+ 20, o,

Note that (@, p) = 2n — 2i + 1. We claim that:

(b) Fork e [i —2,n —3] and v € B(Mj 1), ®;"_,)ir, We have

fawr W) =(q—1) -7 A1 o e ().
(c) Fork € [i,n—2] and v € B(Ms_i, j4k)ir, W€ have
fo.oy @) =(g—1)-q @ PR fu ).

We prove (c) here. The proof of (b) is similar.
By definition, we have

f6.0: W) =@ =1)-q""7" fare V),
where no = lengthg (v, ") —length Mgy (V> i) Tt can be checked directly that
(ke = Vs PMs_y) = (@) = v, p) + (O, 10" opg ) = (@) — v, p) + 1.
Note also that defg (v) = defy_,, (v). Therefore, by the length formula, we have

no = (a)[\/ -V, ,0> - (,lLk -V, IOMS—(k)> +% (defD,, (V) - defMg_(k](V))
=(w - ,p)+l=n—i+1=(a",p)—n+i.

The statement (c) follows.



Affine Deligne—Lusztig varieties with finite Coxeter parts 1709

‘ n ‘ o/ ) o] o o o o of
Eg 7 15 30 15
Er | B(G, g | 13 26 50 125 69 32
Eg 56 126 254 729 424 220 94 27

Table 1. The numbers of elements in B(G, W )ingec for all the fundamental, nonminuscule
coweights in type E.

Combining (a), (b), and (c) with the combinatorial identity (#) for type A and for type D; with [ < n,

we have
n—3 n—2
. ey m=g"" (‘12 +(q- 1)< 3 g +Z‘12"_k_l)>
ve BiUBU B k—i2 pay
— q—<av,p> .an—Zi—H —1.

This completes the proof of ().

6K. Type-E case. In this subsection, we assume that G is of type E,. We verify the combinatorial
identity (#") by computer. Recall that a vector v € (V1) lies in B(G, ) if and only if (1 —v, w;) € Z>
for any i € S — I(v). As a consequence, we have the following characterization of B(G, i4)indec:

(a) The set B(G, W)indec €quals the set of dominant vectors of the form
V= PTI(M - ZCiOliv),
iel

where [ is a o-stable subset of S, ¢; € Z, 1 <¢; < (i, w;), and pry: V — P IRia)iv is the natural

iel
orthogonal projection.

On the basis of (a), we can use a computer program to list all the elements in B(G, i )indec and then
verify the combinatorial identity (&) directly.

In Table 1, we provide the numbers of elements in B(G, [4)ingec for all the fundamental, nonminuscule
coweights in type E. The most complicated case is Eg, and y = w,/, in which B(G, (t)ingec contains 729
elements.

7. The general case

7A. Description of the reduction trees. Let w € Wt* W with finite partial o -Coxeter part, that is, 1, (w)
is a partial o-Coxeter element. For any J € [Jo(w), J(w)], and [b] € B(G, ) -irr, WE set
I ={i e I(u”)N(J(w)—J)|i commutes with J},
b(w, [b, ) = 8(J(w) /(o) —4(J"" /(o)) — (I (vp) N T /(0)),
Cu(w, [b], J) = length([b], [t"]) — E(Jo(w) /(o).
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By Lemma 2.1, there exists a unique o -conjugacy class [b]yr, € B(M, ) such that [b]y, < [b]. We
similarly define [b] My, € B(M jo.wy, ). In this case, a o-Coxeter element associated with [b] M,
is equal to the product of a o-Coxeter element of W;.» and a o-Coxeter element associated with [b]ay, .

The main result of this section is the following description of the reduction tree of w.

Theorem 7.1. Let w € Wt*W with n, (w) a partial o -Coxeter element. Let T be a reduction tree of w.
Then, for any J € [Jo(w), J(w)], and [b] € B(G, [) j.irr, there exists a unique reduction path )4 in7T
with [b]B = [b]. Moreover,

(1) &(p) = &i(w, [b, J) and Eu(p) = Eu(w, [b], J);

(2) end(p) is a o-Coxeter element associated with [blm ,,, -

Combining Theorem 7.1 with Proposition 3.9 and Remark 3.10, we obtain Theorem 2.6(3) for w.

7B. Strategy. The strategy for proving Theorem 7.1 is very different from that adopted for the proof of
Theorem 5.1. In the latter case, we used the Chen—Zhu conjecture and the dimension formula to determine
the end points of the reduction trees of t*c. However, such a method, when applied to general w, cannot
determine the end points.

The approach we use here is as follows. We first apply the partial reduction method and the class
polynomials for ##¢ to calculate the class polynomials for w. As we mentioned earlier, class polynomials,
in general, contain less information than reduction trees. Fortunately, for the elements w we consider
here, by combining the information on the class polynomials and the estimates on the type-I edges, we
obtain the required information for any reduction tree.

The information about the class polynomials we need is contained in the following equality on the
o-cocenter of the Iwahori—-Hecke algebra H:

Ty +H Hlo= ) (g-D"@Dgn@ 01, [H, H],, ©)

JE[J() (w), J(w)]u
[b1€B(G, 1) s-irr

where O, 5] 1s the o-conjugacy class containing a o-Coxeter element associated with [b] My,

7C. Proof of ().

7C1. We consider the case where w = r#¢c € SW for some partial o-Coxeter element ¢ of W. Let
J =supp, (¢). In this case, Jo(w) = J(w) = J.

Suppose J = S, that is, ¢ is a (full) o-Coxeter element. Let 7 be a reduction tree of w. By the
description of the reduction tree in Theorem 5.1, each end point of 7 is a o -Coxeter element associated
with some [b] € B(G, j1)irr- Then by Lemma 3.8, we get Fy, 0 = (g — 1)1 101D gtaw.1.7) i & contains
an end point e of 7 with ®(e) = [b] and F,, o = 0 otherwise. Then (<>) follows.

Assume J C S. It follows from [18, Theorem 7.3] that F, o = Zojgo F’

- w,07”
a o-conjugacy class of W; and F uj) s denotes the corresponding class polynomial for M. Using the

where O/ denotes

description of each Fu{yoj we get in the J = S case, we conclude that Fy, o = (g — l)el(w’[b]*”qeﬂ(“’*[b]’J)
if O contains a o-Coxeter element associated with [b]y,, and Fy, o = 0 otherwise. This proves (<).
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7C2. We consider the case where w = c1t* ¢, for some partial o-Coxeter elements c;, ¢, of W such that
¢1 commutes with ¢y, t* ¢y € SW and c1 € Wigney).

Set J; = supp, (c1), J2 = supp, (c2) and J = J; U J, = J(w). One can construct a reduction tree 7
of t*cp in w 7, such that ¢; commutes with all the vertices in 7. In particular, if w; — w> is one edge
in 7, then we have c;w; — cjws in WJ. Note that ¢; is a minimal length element in its o -conjugacy
class in W;,, and the simple reflections in W;, commute with the simple reflections in W,. It is easy to
see that if w is an end point in 7 (and hence is a minimal length element in its o-conjugacy class in W A
and commutes with ¢), then ¢;w; is a minimal length element in its o-conjugacy class in W;.

Let 77 be the tree with vertices cjw; for all vertices w; € T and the edges c;w; — cjw, for all edges
wj — wy in 7. Then, from the above discussion, 7~ is a reduction tree of c;t#¢; in WJ. Note that

L(w, [b], o) =4Li(t"cp, [b], J2) and Ly(w, [b], Jo) =Lu(t"cy, [P], J2)  for any [b]e€ B(G, 1) j,—ir-

On the other hand, we have

J
Fuo= Y Fl,.
o0/co

Hence (<) for w follows from (<>) for ##c; established in Section 7C1.
7C3. We consider the case where w = ¢t ¢; for partial o-Coxeter elements ¢; and ¢, in W such that
thcy € SW and supp,, (c1) Nsupp, (c2) = .

We prove (<>) by induction on £(c;). The case £(c;) = 0 is proved in Section 7CI.
Assume that £(c;) > 0. Let i € S such that s;¢1 < ¢1. There are two cases as follows.

Case (1): cao(s;) € 'WW. Write w; = s;w and wy = s;wo (s;) = sjc1t*c20(s;). Then T, + [H, H], =
(q— 1T, +qTw, +[H, Hl,. Note that J (wy) = J (w), Jo(w1) = Jo(w), J (w1) = J (w)—{o*(s;) | L € Z},
and Jo(wy) = Jo(w) U {co’(s;) | £ € Z}. Then

[Jo(w), J ()], = [Jo(wr), J (wi)], U [Jo(w2), J (w2)ly.
By the induction hypothesis, it suffices to prove that
(a) if J € [Jo(wy), J (w1)]y, then J*¥ = J>¥1; and
(b) if J € [Jo(w2), J (w2)],, then J>¥ = Jhw2,

Statement (b) is obvious since J(w,) = J(w). Let us prove (a). Suppose J>¥ # J>Wis then i € I(u®)
and s; commutes with J. Since J 2 Jo(w), s; also commutes with Jo(w). Then u is not essentially
noncentral over Jo(w>) = Jo(w) U{c!(i) | I € Z}, which is a contradiction. This completes the proof.

Case (2): o(i) € I(u), and o (s;) commutes with ¢;. Then (<>) holds for w if and only if it holds for
siwo (s;). We continue with the procedure until case (1) happens. If case (2) happens all the time and the
procedure does not stop, then ¢; € Wy, and (<) follows from Section 7C2.

7D. Proof of Theorem 7.1.
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7D1. We consider the case w = ct#, where c is a partial o-Coxeter element of W. Let 7 be a reduction
tree of w. By Lemma 3.8 and (<>) for w, we have that, for any o-conjugacy class O of W,

> G 1>el<p>qen<p>—{<q — 1AL DGEBLD if © = O, ) for some [b],

otherwise.
piend(p)eO 0

Let P be a pathin 7. Sete = end(;_a) and [b] = [b],. Assume that [b] € B(G, 1) j.irx fOr some J. As
(g — l)e'(i’)qz”@ € N[g — 1], there is no cancellation involved in the left-hand side of the above equality.
Therefore, e must be contained in O, [5].

As in Section 5C, we have

t(p) = dim Ve —dim Vy, = 8(J (w)/{0)) — 8(J " /{0)) = 8L (vp) N J /{0))
= l(w, [b], J).

Note that EI(E) + ZEH(B) =l(w, [b], J) + 20y (w, [b], J). Thus
degq (g — I)KI(E)qEH(g) > degq(q _ 1)61(w,[b],l)qﬁn(w,[b],l)’

with equality holding if and only if £1( ]_7) = {1(w, [b], J). Again, since there is no cancellation involved
in Y enapeo@ — DWq™ P, we must have £1(p) = ti(w, [b], J). In this case, (g — 1)1 g2 =
(q — 1)ZI(w’[b”)qe”(w‘[b“). This also shows that for each O = O, 5, there is a unique reduction path )4
with end(l_)) eO.

This completes the proof of Theorem 7.1 for w = ct*.

7D2. Now we consider the general case. Let w = xt*y with t*y € SW. Set ¢ =o' (y)x and w’ = crh.
We relate w and w’ as in the proof of [12, Theorem 10.3]. Let y = 5155 - - - 5, be a reduced expression.
Let w©® =w', wM =~ 1(s)DwQs;, w?® =0 1s)wWPss, ..., w" =w. We have w® —_, w® -,
-+ = w". This give a path w’ — w, consisting of %(Z(w’) — £(w)) type-1I edges. We denote this path
by E().

Let 7 be a reduction tree of w. One may construct a reduction tree 7’ of w’ containing the concatenation
poo T as a subgraph. In particular, for any reduction path p in 7, the concatenation p’ := ppo p is a
reduction path in 7". By definition, £1(p) = £1(p’) and £x(p) + (L") — £(w)) = £n(p). It is obvious
that J (w) = J(w') and Jo(w') = @. Hence £y(w, [b], J) = £(w’, [b], J). On the other hand, we have
g(Jo(w) /(o)) = length([by], [t*]) = %(ﬁ(ng (w)+£(y) —L(x))) = %(E(w/) — £(w)), where the second
equality follows from the definition of cordial elements. Hence ¢(w, [b], J) + %(E(w’) —L(w)) =
£n(w’, [b], J). The statements for 7 can now be deduced from the statements for 7.
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interpretation of a variant of (x) and is independent of our approach.
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Semistable models for some unitary Shimura varieties
over ramified primes

loannis Zachos

We consider Shimura varieties associated to a unitary group of signature (n — 2, 2). We give regular
p-adic integral models for these varieties over odd primes p which ramify in the imaginary quadratic
field with level subgroup at p given by the stabilizer of a selfdual lattice in the hermitian space. Our
construction is given by an explicit resolution of a corresponding local model.
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1. Introduction

1A. This paper is a contribution to the problem of constructing regular integral models for Shimura
varieties over places of bad reduction. There are several implicit examples of constructions of such regular
integral models in special cases; see, for example, work of de Jong [1993], Genestier [2000], Pappas
[2000b], Faltings [1997] and the very recent work of Pappas and Zachos [2022]. Here, we consider
Shimura varieties associated to unitary groups of signature (r, s) over an imaginary quadratic field Fy.
These Shimura varieties are of PEL type, so they can be written as a moduli space of abelian varieties
with polarization, endomorphisms and level structure. Shimura varieties have canonical models over the
“reflex” number field E. In the cases we consider here the reflex field is the field of rational numbers Q if
r =s and E = F{ otherwise.

Constructing such well-behaved integral models is an interesting and hard problem whose solution has
many applications to number theory. The behavior of these depends very much on the “level subgroup”.
Here, the level subgroup is the stabilizer of a selfdual lattice in the hermitian space. This stabilizer, by
what follows below, is not connected when #n is even, so not parahoric. However, by using work of
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Rapoport and Zink [1996] and Pappas [2000b] we construct p-adic integral models, which have simple
and explicit moduli descriptions, and are étale locally around each point isomorphic to certain simpler
schemes the naive local models. Inspired by the work of Pappas and Rapoport [2005] and Kramer [2003],
we consider a variation of the above moduli problem where we add in the moduli problem an additional
subspace in the deRham filtration Fil’(A) c Hle(A) of the universal abelian variety A, which satisfies
certain conditions. This is essentially an instance of the notion of a “linear modification” introduced
in [Pappas 2000b]. We then show that the blow-up of this model along a smooth (non-Cartier) divisor
produces a semistable integral model of the corresponding Shimura variety, i.e., it is regular and the
irreducible components of the special fiber are smooth divisors crossing normally. We expect that our
construction will find applications to the study of arithmetic intersections of special cycles and Kudla’s
program; see [Zhang 2021; Bruinier et al. 2020; He et al. 2023] for important applications of integral
models of unitary Shimura varieties to number theory.

1B. To explain our results, we need to introduce some notation. We consider the group G of unitary
similitudes for a hermitian vector space (W, ¢) of dimension n > 3 over an imaginary quadratic field
Fy C C, and fix a conjugacy class of homomorphisms 4 : Resc/r G, — Gg corresponding to a Shimura
datum (G, X;,) of signature (r,s) = (n — 2,2) (see Section 6). Let us mention here that the case
(r,s) = (1, 2), when n = 3, was studied in [Pappas 2000b, 4.5, 4.15]; see also [Pappas and Rapoport
2009, Section 6].

We assume that F(/Q is ramified over p, where p is an odd prime number. Let F; = Fy ® Q, and
V =W ®qQ,. We fix a square root 7 of p and we set k = F p- We assume that the hermitian form ¢ on
V is split, i.e., that there is a basis ey, ..., e, such that ¢ (e;, e,11—;) =§;; for i, j € {1, ...n}.

In addition, we denote by A the standard lattice Op, in V and we let £ be the self-dual multichain
consisting of {7*A}rez. Denote by K the stabilizer of A in G(Q),) and let G be the (smooth) group
scheme of automorphisms of the polarized chain £ over Z; see [Pappas and Rapoport 2009, Section 1.5].
Then G(Z,) = K and the group scheme G has G ®z, Q, as its generic fiber. It turns out that when n
is odd the stabilizer K is a parahoric subgroup. When 7 is even, K is not a parahoric subgroup since it
contains a parahoric subgroup with index 2 and the corresponding parahoric group scheme is its connected
component K °; see [Pappas and Rapoport 2009, Section 1.2] for more details.

Choose also a sufficiently small compact open subgroup K7 of the prime-to-p finite adelic points
G(A?) of G and set K = K” K. The Shimura variety Shg (G, X) with complex points

Shg (G, X)(C) =G(\X x G(Ay)/K

is of PEL type. We set O = O, where v the unique prime ideal of E above (p).

Next, we follow [Rapoport and Zink 1996, Definition 6.9] to define the moduli scheme A‘}?i"e over
O whose generic fiber agrees with Shg (G, X) (see also Section 6). A point of A‘}?ive with values in the
O-scheme S is the isomorphism class of the following set of data (A, A, 7):

(1) An L-set of abelian varieties A = {A}.
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(2) A Q@-homogeneous principal polarization A of the £-set A.

(3) A KP-level structure
n:Hi(A, A?) ~ W®A§ mod K?

which respects the bilinear forms on both sides up to a constant in (A;ﬁ)x; see [loc. cit.] for details.
The set A should satisfy the determinant condition (i) of [loc. cit.]

For the definitions of the terms employed here we refer to [loc. cit., 6.3—-6.8] and [Pappas 2000b,
Section 3]. The functor A‘I’(aive is representable by a quasiprojective scheme over O. The moduli scheme
ABAVe jg connected to the naive local model M™V°, see Section 2 for the explicit definition of M™"e, via
the local model diagram

“jnaive
AK

y XK} (1B.1)

naive naive
A M

where the morphism 7k is a G-torsor and gg is a smooth and G-equivariant morphism (see Section 6).
Equivalently, using the language of algebraic stacks, there is a relatively representable smooth morphism

Ar;{aive s [g\Mnaive]

where the target is the quotient algebraic stack. In particular, since G is smooth, the above imply that
A‘}(aive is étale locally isomorphic to MPve,

One can now consider a variation of the moduli of abelian schemes ASIEI over Spec O, where we add
in the moduli problem an additional subspace in the Hodge filtration Fil’(A) C Hle(A) of the universal
abelian variety A with certain conditions to imitate the definition of the splitting local model M; see
Section 6B for the explicit definition of ASIEI and Section 2 where we define M for general signature
(r, s). (Actually, M is a generalization of Krimer’s local models [Krimer 2003, Definition 4.1]). There
is a forgetful morphism

. 4spl naive
T. AK — AK ®(9 OF]

defined by forgetting the extra subspace. Moreover, .Aslfl has the same étale local structure as M and is
a linear modification of .A‘}(aive ®o OF, in the sense of [Pappas 2000b, Section 2] (see also [Pappas and
Rapoport 2005, Section 15]). Therefore, there is a local model diagram for .A;?l similar to (1B.1) but

with M"@¥¢ replaced by M. Note, that there is also a corresponding forgetful morphism
T M — MM R4 Op,.

In Section 2, we show that 7, ](*) is isomorphic to the Grassmannian Gr(2, n);. Here, * is the
“worst point” of M""¢ i, the unique closed G-orbit supported in the special fiber; see [Pappas 2000b,
Section 4] for more details. Under the local model diagram, (see Section 6), rl_l(*) corresponds to the
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locus where the Hodge filtration FilO(A) of the universal abelian scheme A is annihilated by the action of

the uniformizer 7. Consider the blow-up Al}} of A;?l along this locus.

1C. The main result of the paper is the following theorem.
Theorem 1.1. Al;é is a semistable integral model for the Shimura variety Shg (G, X).

Since blowing-up commutes with étale localization and the étale local structure of the moduli scheme
ASIEI is controlled by the local structure of the local model M, it is enough to show the above statement
for the corresponding local models. In particular, it suffices to prove:

Theorem 1.2. The blow-up M® of M along the smooth irreducible component T (%) of its special fiber
is regular and has special fiber a divisor with normal crossings.

To show the above theorem, we explicitly calculate an affine chart ¢/ of M in a neighborhood of 7, L.
In fact, we consider a more general situation where we calculate I/ for a general signature (r, s) and we
show that G-translates of ¢/ cover M.

Proposition 1.3. An affine chart U C M containing a preimage of the worst point is isomorphic to
Spec Op, [X, Y1/ (X — X', X - (I, +Y'-Y) = 2% L)

where X, Y are of sizes s X s and (n — s) X s respectively.

When (r, s) = (n —1, 1), Krdmer [2003] shows that 2/, and so M, has semistable reduction. Therefore,
she obtains a semistable integral model for the corresponding Shimura variety.

When (r, s) = (n — 2, 2), U does not have semistable reduction anymore and so M does not give us a
resolution. However, we use the explicit description of &/ above to calculate the blow-up of M along the
G-invariant smooth subscheme 7, '(x). The blow-up gives a G-birational projective morphism

PLLES Y LUy ]

such that M is regular and has special fiber a reduced divisor with normal crossings. We quickly see
that the corresponding blow-up At}} of the integral model ASII()I inherits the same nice properties as M.
In fact, there is a local model diagram for A‘;} similar to (1B.1) but with M""¢ replaced by M"'. See
Theorem 6.1 for the precise statement about the model Al;(l.

Let us mention here that we can obtain similar results for the Shimura varieties Shg' (G, X) where
K’ = KP? K" (see Section 6). (Recall that K° is the parahoric connected component of the stabilizer K.)
Also, we can apply these results to obtain regular (formal) models of the corresponding Rapoport—Zink
spaces.

Let us now explain the lay-out of the paper. In Section 2, we recall the definitions of certain variants
of local models for ramified unitary groups. In Section 3, we give explicit equations that describe the
affine chart U of the splitting model M for a general signature (r, s) and we also show that G-translates
of U cover M. For the rest of the paper we assume (r, s) = (n — 2, 2). In Section 4, we construct the
semistable resolution p : 4®" — U/ of the affine chart /. In Section 5, we show that M"! has semistable
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reduction by using the results of Section 4 and the structure of local models. In Section 6, we apply the
above results to construct regular integral models for the corresponding Shimura varieties.

2. Preliminaries: local models and variants

We use the notation of [Pappas 2000b]. We take F = <1ZDI,,[I]/(t2 — pu) and Of = Zp[t]/(t2 — pu), where
p is an odd prime and u is a unit in Z,. For n > 3, we set V = F" and denote by ¢;, 1 <i < n, the
standard O r-generators of the standard lattice A = O% C V. Fix a uniformizer 7 of Of with 7= po.
Also, since p # 2, § = %/ p has a square root in a finite étale extension of Spec(Z p). After such a base
extension there is a uniformizer 7 such that 72 = p. We will assume that we have such a uniformizer
and suppress the notation of the étale base extension.

Setk=F p- The uniformizing element 7 induces a Z,- linear mapping on A which we denote by 7.
We define a nondegenerate alternating Q,-bilinear form (, ) : V x V. — Q, given by

(ei,te;) =i j, (ei,e;)=0, (tei,te;)=0.

The restriction (, ) : O x O — Z, is a perfect Z,-bilinear form. Using the duality isomorphism
Homp(V, F) = Homg, (V, Q,) given by composing with the trace Trr/q, : F — Q) we see, as in
[Pappas 2000b, Section 3], that there exists a unique nondegenerate hermitian form ¢ : V. x V. — F such
that

(x,y) =Trpo,(t'p(x.y), x,yeV.

We take G := GU, := GU(¢) and we choose a partition n = r + s; we refer to the pair (r, s) as the
signature. By replacing ¢ by —¢ if needed, we can make sure that s < r and so we assume that s <r
(see [Pappas and Rapoport 2009, Section 1.1] for more details). Identifying G ® F ~ GL, g xXG,, r, we
define the cocharacter p, g as (19,07 1) of D x G,,, where D is the standard maximal torus of diagonal
matrices in GL,; for more details we refer the reader to [Smithling 2011, Section 3.2]. We denote by E
the reflex field of {u,s}; then E =Q,, if r = s and E = F otherwise; see [Pappas and Rapoport 2009,
Section 1.1]. We set O := Og.

Next, we denote by K the stabilizer of A in G(Q),). We also let £ be the self-dual multichain consisting
of {m¥A}xez. Here G = Aut(£) is the group scheme over Z, with K =G(Z ) the subgroup of G(Q),,) fixing
the lattice chain £. When # is odd, the stabilizer K is a parahoric subgroup but when n is even, K is not a
parahoric subgroup since it contains a parahoric subgroup with index 2. The corresponding parahoric group
scheme is its connected component K °; see [Pappas and Rapoport 2009, Section 1.2] for more details.

We briefly recall the definition of certain variants of local models for ramified unitary groups.

2A. Rapoport-Zink local models and variants. Let M""® be the functor which associates to each
scheme § over Spec O the set of subsheaves F of O ® Og-modules of A ® Og such that:

(1) F as an Og-module is Zariski locally on § a direct summand of rank 7.

(2) F is totally isotropic for (, ) ® Os. item (Kottwitz condition) char, z(X) = (X + )" (X —m)*.
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The functor M"¥"¢ is represented by a closed subscheme, which we again denote M"¥"¢, of Gr(n, 2n) ®
Spec O; hence M" "¢ is a projective O-scheme. (Here we denote by Gr(n, d) the Grassmannian scheme
parametrizing locally direct summands of rank n of a free module of rank d.) M""¢ is the naive local
model of Rapoport and Zink [1996]. Also, M™"¢ supports an action of G.

Proposition 2.1. (a) We have
M™Ve @ E = Gr(s, n) ® E.

In particular, the generic fiber of MM is smooth and geometrically irreducible of dimension rs.

(b) We have
dim M @ & > n22/4 lfn l:S even,
(n—1)/4 ifnisodd
In particular, M"Y is not flat if |r — s| > 1.

Proof. See [Pappas 2000b, Proposition 3.8; Kramer 2003, Proposition 2.2; 2003, Corollary 2.3]. O

The flat closure of M™"¢ @, E in M™"¢ js by definition the local model M.
In [Pappas 2000b, Section 4], Pappas introduces the wedge local model M", in order to correct the
nonflatness problem, by imposing the following additional condition:

NG —7|F)=0) and ATl @+7|F) =(0).

More precisely, M” is the closed subscheme of M™"¢ that classifies points given by F which satisfy
the wedge condition. The scheme M” supports an action of G and the immersion i : M — M™" g
G-equivariant. It is easy to see that:

Proposition 2.2. The generic fibers of M"Y and M" coincide, in particular the generic fiber of M is a
smooth, geometrically irreducible variety of dimension rs.

Proof. See [Kriamer 2003, Proposition 3.4] and [Arzdorf 2009, Lemma 1.1]. O

Also, M ¢ M" and M'*° ® E =M" ® E. As in [Pappas 2000b, Section 4] and [Pappas and Rapoport
2009, Section 2.4.2, Section 5.5], the worst point of M", i.e., the unique closed G-orbit which lies in the
closure of any other orbit, is given by the k-valued point F =tA C A ® k = (k[t]/(t*))".

It is conjectured in [Pappas 2000b] that M” is flat for n > 2 and any signature and so M!°° = M". Tt
has been shown, see [Pappas 2000b, Theorem 4.5], that this is true for the signature (n — 1, 1). For more
general lattice chains, the wedge condition turns out to be insufficient, see [Pappas and Rapoport 2009,
Remarks 5.3, 7.4]. In [loc. cit.], the authors introduced a further refinement of the moduli problem by
also adding the so-called “spin condition” (for more information we refer the reader to [loc. cit.]); this
will play no role in this paper.

Next, we consider the moduli scheme M over Op, the splitting (or Krdmer) local model as in [Pappas
and Rapoport 2005, Remark 14.2] and [Kramer 2003, Definition 4.1], whose points for an O g-scheme S
are Zariski locally Og-direct summands Fy, F; of ranks s, n respectively, such that:
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(H O)CcFCFI CAROs.
2) F1= J-"IL, i.e., F is totally isotropic for (, ) ® Os.
3) (t+m)F C Fo.
4 (1 —m)Fo=(0).
The functor is represented by a projective O p-scheme M. The scheme M supports an action of G and

there is a G-equivariant morphism
T:M—->M'®p Or

which is given by (Fo, F1) — F1 on S-valued points. (Indeed, we can easily see, as in [Kriamer 2003,
Definition 4.1], that t is well defined.)

Proposition 2.3. The morphism t : M — M” ®¢ OF induces an isomorphism on the generic fibers.
Proof. It follows by [Krimer 2003, Remark 4.2] and the proof of [Pappas 2000b, Proposition 3.8]. [

The following discussion appears in [Pappas 2000a]. Over the special fiber, the condition (4) amounts
to tFo9 = (0). Thus, we have
0)CFoCtA®kC Fy CAQ®k.

Also, we have
) C (¢ (Fo)CrA®kCcr ' (F) C A®k.

The spaces ¢~ (Fo), ]—“0L have rank n +s, 2n — s = n +r respectively. Fixing Fy, the rank of 1! (F) ﬁ]—"oL
influences the dimension of the space of allowable F; since

Fo+ @ " (Fon*t c R ct  (FoynFy.
Note that 7o CtA ® k ~ k" ® Os. Hence, we consider the morphism
T MRk — Gr(s,n)Qk
given by (Fg, F1) — Fo. This has a section
¢:Gr(s,n) @k > MRk

given by Fy — (Fo, F1) with F| = tA ® k. The image of the section ¢ is an irreducible component
of M ®¢ k which is the fiber ~'(tA) over the worst point. Hence, 7t A) is isomorphic to the
Grassmannian Gr(s, n) ® k of dimension rs. Also, observe that {(Fy, F}) | rank(z ' (Fp) N ]-'OL) =n}C
t71(tA) since when ¢t~ (Fy) N Fy" has rank n then t~!(Fp) N Fy- = t A which gives Fj = tA.
However, the morphism 7 has fibers of positive dimension over points of Gr(s, n) ® k which correspond
to subspaces of Gr(s, n) ®k on which the dimension ¢ ~!(Fo) N Fy" is more than n. Actually, ¢! (Fo) N Fy
has maximal dimension, i.e., t~!(Fy) C Fq, if and only if Fy C tA @ k ~ k" ® Oy is totally isotropic for
the (nondegenerate) symmetric form on t A ® k which is defined as {rv, tw} := (tv, w); see the proof
of [Krdmer 2003, Theorem 4.5] for more details. Denote by Q(s, n) the smooth closed subscheme of
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Gr(s, n) ® k of dimension s(2n — 3s — 1) /2 which parametrizes all these isotropic s-subspaces Fy in the
n-space k" ® Og. For such Fy € Q(s, n) we have that 1 (Fy) C .7-"0L and thus the fiber 7w~ (Fp) is given
by Fi with 7} = Fi- such that

FoC ¢ " (Fo)t cF ct Y (F).

We can see that these {F;} correspond to Lagrangian subspaces in t~ Y (Fo)/(t~ ' (Fp))*+ which have
dimension 2s. This is a smooth s(s + 1) /2-dimensional scheme which we denote by L(s, 2s). From the
above discussion we see that 7~ (Q(s, n)) is a L(s, 2s)-bundle over Q(s, n) with dimension rs. Thus,
7~ 1(Q(s, n)) is an irreducible component of M ® k which intersects with 771t A) over O(s, n).

Kriamer [2003] shows that t defines a resolution of M in the case that the signature is (n — 1, 1). In
particular, she proves that M is regular with special fiber a reduced divisor with simple normal crossings.
Also she shows that the special fiber of M consists of two smooth irreducible components of dimension
n — 1 —one of which being isomorphic to P} ~! (this corresponds to T (¢ A)), and the other one being a
[P’,lc—bundle over a smooth quadric (this corresponds to 7~ 1(Q(1, n))) — which intersect transversely in a
smooth irreducible variety of dimension n — 2 (this corresponds to Q(1, n)).

3. An affine chart

The goal of this section is to write down the equations that define M in a neighborhood U of (Fyp, tA)
for a general signature (r, s5); see Proposition 3.1. We also deduce, see Proposition 3.7, that G-translates
of U cover M. (Recall from Section 2 that (Fy, tA) is a point in the fiber of 7 : M — M" ® o OF over
the worst point.) In order to find the explicit equations that describe I/, we use similar arguments as in
the proof of [Krimer 2003, Theorem 4.5]. In our case we consider:

A X1
f1= - | f0=X= —
I, X

where A is of size n xn, X is of size 2n x s and X, X, are of size n x s; with the additional condition that
Fo has rank s and so X has a nonvanishing s x s-minor. We also ask that (Fy, F}) satisfy the following
four conditions:

(1) Fi-=Fi.
(2) FoC F.
(3) (t —m)Fo = (0).
@) (t+m)F C Fo.

Observe that

_ On | ply
=

of size 2n x 2n is the matrix giving multiplication by ¢:
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(1) The condition that Fj is isotropic translates to
Al =A.
(2) The condition Fy C F) translates to

7]
. X=|—|Y
I

n

where Y is of size n x s. Thus, we have
Xi] A v — AY
X, | |1, LY

(3) The condition (t — ) Fo = (0) is equivalent to

andso X{ =AY and X, =Y.

which amounts to

pXo| [mXy

X | [#X2]
Thus, X| = 7 X, which translates to AY = 7Y by condition (2).

(4) The last condition (f + 7 )F; C Fy translates to

A TA .
iZ M, | — |+ =X-Z
I, wl,Y

where Z is of size n x s. This amounts to

pli+mAl [ XZ'

A+rwl, | | X2t ]
From the above we get A+ I, = X, Z" which by condition (2) translates to A =Y Z' — I,. Thus, A can
be expressed in terms of Y, Z. In addition, by condition (2) and in particular by the relations X; = AY

and X, =Y we deduce that the matrix X is given in terms of Y, Z. Also from Y = X, we get that the
matrix Y is given in terms of A, X. (Below we will also show that Z can be expressed in terms of A, X.)

For later use, we break up the matrices Y, Z into blocks as follows. We write

(i) [2]

where Y, Z; are of size s x s and Y», Z, are of size (n —s) x s. Observe from X; = 7 X, that all the
entries of X are in the maximal ideal and thus a minor involving entries of X| cannot be a unit. Recall
that the matrix X has a nonvanishing s x s-minor and X, = Y from condition (2). Therefore, we can
assume that Y; = I; up to a change of basis.
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We replace A by Y Z' — m I,,. Hence, conditions (1) and (3) are equivalent to

ZY' =vZ', (3.1)
YZ'Y =2nY. (3.2)

Here, we want to mention how we can express Z in terms of A, X. From the above we have Y Z' = A+ I,
and Y = [11/_;] which gives [%] = A + 7 1,. Next, we break the matrices A, I, into blocks: A = [2‘—;],
I, = [%] where A, I are of size s x n and A,, I, are of size (n —s5) x n. Hence, from [%] =A+nl,
we obtain Z' = A + 1y and thus Z = A + 7 1].

From the above we deduce that an affine neighborhood of M around (Fy, tA) is given by U =
Spec OplY, Z1/(Y1 — I, ZY' —YZ', YZ'Y —2%Y).

Our goal in this section is to prove the simplification of equations given by the following proposition.

Proposition 3.1. The affine chart U C M is isomorphic to
Spec Or[Y2, Z11/(Z1 — Z1, Z\(I; + Y3 Yo) — 27 I).

Proof. From (3.1) we get

Z I,
[Z—j L | Y] = [72] 1Z0 | Z3),

which gives

zilz_[ 2] %
2|27 | T | hZ | nZh |
From the above relation we obtain the relations Z; = Zﬁ and Z, =Y, Zﬁ. Thus, Z; is symmetric and Z;

can be expressed in terms of Y5, Z;.
Next, the relation (3.2) amounts to

I I 2l
= [ZY | Z4]- Do | 2
Y2 Y2 271Y2
Zi+ 7y, | [2xl
WZi+YZiY,| |27V ]

From this we get Z| + Z4Y> = 27 I which translates to Z; (I, +Y;Y>) =2nl;as Z| = Zy and Z, = Y» Z].
From all the above the proof of the proposition follows. (|

which is equivalent to

As corollaries of the above result we have:

Corollary 3.2. For (r,s) = (n— 1, 1), the corresponding affine chart U will be isomorphic to:

U;SPCC(OF[(yi)lgign,a]/ (aZycz—%r, y1—1)>. 0
c=1

Remark 3.3. For the above signature, Kramer [2003] shows that I/ is regular with special fiber a divisor
with simple normal crossings.
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Corollary 3.4. For (r,s) = (n — 2, 2) the corresponding affine chart U will be isomorphic to
U = Spec(OF[(xi)3<i<n, (Vi)3<i<n,a, b, cl/(ZIN —2m I»))

Z = (a b) N = <1 +nzzr'l:3 x} Z?:3nxiyi2> . 0
b c Y Xivi 1425

Remark 3.5. In this case s =2, U does not have semistable reduction as one of the irreducible components

where

of the special fiber of I/ is not smooth. More precisely, over the special fiber (7t = 0) U/ has three irreducible
components given by

T, ={(Z;,N)| Zi1N =0,rank Z; <i,rank N <2—i}, fori=0,1,2.

We can easily see that Ty, 7> are smooth but 77 is singular. We resolve the singularities of ¢/ in Section 3
by blowing up the irreducible component Ty or in other words by blowing up the ideal (Z;) generated
by the entries of Z;. Observe from the above and the proof of Proposition 3.1 that A=Y - [%]t and
Z, =Y, Z| over the special fiber. Hence, Z; =0, i.e., a = b = ¢ =0, gives A = 0 which corresponds to

Fi=tA. Thus Ty=UNT~ ' (tA) where T : M — M" Qo OF; see Section 2A.

Remark 3.6. For a general signature (r, s), over the special fiber of &/ we have that Z; = Z| and
Z1(s + thYz) =0. As in Remark 3.5, Z; = 0 gives A = 0 which corresponds to F; =t A.

Moreover, from the above and the definition of the (nondegenerate) symmetric form {, } on tA ® k
(see Section 2A) we have {Fy, Fo} =Y'-Y = I, + Y} Y, since Fy = [%] where X| =7 X5, X, =Y and
Y = [)1,—32] Thus, from the rank of I, + th Y, we read how isotropic Fy is with respect to {, }. When the
rank of the matrix I, + Yz’ Y» is zero, which actually occurs, we have {Fy, Fo} = 0.

From all the above, we can easily see that I/ contains points (Fy, F1) where Fo € Q(s, n) and F; =t A.
(Recall from Section 2A that Q(s, n) is the closed subscheme of Gr(s, n) ® k which contains all the
totally isotropic s-subspaces Fy with respect to the symmetric form {, }.)

Proposition 3.7. When s > 1, G-translates of U cover M.

Proof. From Section 2A, we have the forgetful G-equivariant morphism 7 : M — M”" ® 9 O given by
(Fo, F1) — F1. As in [Pappas 2000b, Section 4] and [Pappas and Rapoport 2009, Sections 2.4.2, 5.5], the
worst point of M" ® 9 O is given by the k-valued point # A. The reason for this terminology is that the
geometric special fiber of M" ® o O embeds into an appropriate affine flag variety, where it decomposes
into unions of finitely many Schubert cells, and the worst point is the unique closed Schubert cell. This
one point stratum lies in the closure of any other stratum and the inclusion relations between the Schubert
varieties are given by the Bruhat order. From the construction of splitting local models and the above, in
order to show that G-translates of ¢/ cover M it is enough to prove that G-translates of &/ cover 71 (tA).

Recall that K is the stabilizer of A in G(Q,) and K° is the neutral component of K, i.e., the parahoric
stabilizer of A. When n is odd K = K° and when n is even K /K° ~7/27; see §2. Also, G is the smooth
group scheme of automorphisms of the polarized chain £ over Z, with G(Z,) = K and G° is the neutral
component of G with G°(Z,) = K°.
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From Section 2A, we have that ' (tA) = Gr(s, n) ® k and Gy acts via its action by reduction to
tA/t?>A. This action factors through the orthogonal group O (n); of the symmetric form {, } on tA ® k
and gives the map Gy — O(n);. As in [Pappas and Rapoport 2008, Section 4] (see also [Tits 1979,
Section 3.11]), G¢ has SO (n); as its maximal reductive quotient if 7 is even and O (n)y if n is odd via its
action by reduction to tA/ 2A. The maps Gy — O (n), and G — SO (n); are surjective when n is odd
and even respectively. Therefore, the map G, — O (n) is always surjective.

Next, the O (n)-action on Gr(s, n) has a finite number of orbits. More precisely, there are s + 1 orbits
0), Q(), ..., Q(s) where Q(i) = {Fy € Gr(s, n) | dim(rad(Fy)) =i}; see [Barbasch and Evens 1994,
Section 4]. For example in the case s = 2 there are three O (n)-orbits: Fy can either contain no isotropic
vectors at all or one isotropic vector or be totally isotropic. Observe that Q () is contained in the (Zariski)
closure of Q(i) if and only if j > i and Q(s) = Q(s, n) is the unique closed orbit; see for example
[Barbasch and Evens 1994, Section 3.1] and [Arbarello et al. 1985]. Thus, Q(s, n) is contained in the
closure of each orbit Q(i).

Lastly, from Remark 3.6 we have that I/ contains points (Fop, t A) with Fy € Q(s, n) and so U/ contains
points from all the orbits. Therefore, from all the above we deduce that the G-translates of U/ cover
7t A). O
Conjecture 3.8. When s > 1, the scheme M is flat over Spec Of, Cohen—Macaulay and normal. It’s

special fiber is reduced.

Remark 3.9. (a) By Proposition 3.7, to prove the conjecture, it is enough to show that the affine chart ¢/
has the above properties. More precisely, the hard part of the conjecture is to prove that the special
fiber of U/ is reduced and Cohen—Macaulay.

(b) For (r,s) = (n — 1, 1), the conjecture is true as we can see from Remark 3.3.

(c) The above conjecture is supported by some computer calculations that we obtained with the help of
Macaulay 2. In particular, we verified the conjecture when (r, s) = (n—2, 2) wheren =5, 6,7, 8,9, 10
for various primes p > 2.

4. A blow-up

In what follows, we assume (r, s) = (n — 2, 2). The goal of this section is to find a semistable resolution
of the affine chart ¢/ (see Corollary 4.2).
From Corollary 3.4 we have that &/ = Spec B where B is the quotient ring

B = OF[(xl)3§l§n’ (yl)?)flfnv a, b9 C]/J

and J is the ideal generated by the entries of the relation:

(a b)( 0(x) P(zuy)) e <1 0)
b c)\Px.y) Q) 01)

where Q(x) =1+ 3x7, Q(y) =1+ "3 y7 and P(x,y) =Y/ 3 x;y;.
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Now, we will explicitly calculate the blow-up U of Spec(B) along the ideal (a, b, ¢). By Remark 3.5,
U® is the blow-up of U/ along the smooth subscheme &/ N7 ~!(tA). Let p : U — U be the blow-up
morphism. Define

U :=Proj(Bl1, tr, 131/ )
where

J'=(t0@) —1600),200) +1Px,y), n0x) +15P(x,y), ata — by, at3 — cty, bty — chr).

By definition, 2" is a closed subscheme of the projective Spec(B)-scheme U’ (as the blow-up &°! may
be, a priori, cut out by more equations). In fact, as a result of our analysis we will see that 2/® = /'.

Proposition 4.1. (a) U’ has semistable reduction over OF.
(b) The closed immersion U*" — U’ is an isomorphism.

Proof. There are three affine patches that cover U’: For t; = 1 the affine open chart is given by
V(J1) =Spec Ry /Jiy where Ry = Or[(xi)3<i<n, (Vi)3=<i<n, a, t2, 3] and

Ji = (60 + P, y), ) — 30(y), a(Q(x) + 2P (x, y)) —21).

We will show that the scheme V (J;) has semistable reduction over O. It suffices to prove that V (Jy) is
regular and its special fiber is reduced with smooth irreducible components that have smooth intersections
with correct dimensions. First we observe that

5= (0 + P, y), ) —30(y), alts — ) Q(y) — 27).

Over the special fiber (m = 0) we have V(J_ 1) = Spec R, / J1 where

J1=n0() +Px.y), 0 -50®1). alz—13)00))
and Ry = k[(x;)3<i<n» (¥i)3<i<n @, t2, 13]. Let V(I;) = Spec Ry /I; of dimension 2(n — 2), where

I = (a,0() + P(x. ), 0(x) — 50()).
L=(—13.50()+ P, y), 0x)—50()).
I=(0(), P(x,y), 0)).
We can easily see that
V(J1) = VI UV (L) UV ().
Using the Jacobi criterion we see that V (I;) are smooth and that their intersections
L+hL=(.t-1,00)+Pkx.y), 0x) —50(),
L+ 1= (a, 0(y), P(x, ), Q(x)),
L+ 1= (3—13, Q). P(x.y). Q(x)),
h+h+L=(a,6-15,00), Py, 0W),
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are also smooth and with the correct dimensions. By the above, we get that V (I;) are the smooth
irreducible components of V(Jy)).
Now, we prove that the special fiber of V (J;) is reduced by showing that

Ji=LNhLNI.

Recall that J| = (my, m, a(t3 — 13) Q(y)) where m; :=,0(y) + P(x, y) and my := Q(x) — 30().
Clearly, jl chnhbniz. LetgeliNl;NI3. Thus, g € I} and

g = fia+ fami + fymy = fia mod J,
for f; € R;. Also, ge land so fia € I. I, is a prime ideal and a ¢ I;. Thus, f] € I, and
fi = hi(t3 — 13) + homy + hymy = hy (3 — t3) mod J |
for h; € R;. Lastly, g € I3 and from the above we obtain /| € I3 as a, (3 — tzz) ¢ I3. Thus,
hi =k Q) +kaP(x,y) +k3Q(x) = Q(y) (ki — kata + k3t3) mod J

for k; € Ry. Therefore, ¢ = a(t3 — t%)Q(y)(kl — koty + k3t3) = O mod J; and so g € J;. Hence,
Ji=LNnhLn. )

Next, we can easily see that the ideals Iy, I, I3 are principal over V (J;). In particular, for /; we have
I} = (a), for I, we have I, = (t3 — t?) and for I3 we get Iz = (Q(y)). From the above we deduce that
V(J1) is regular; see [Hartl 2001, Remark 1.1.1]. -

From all the above discussion we deduce that V (J1) has semistable reduction over O. By symmetry,
we get similar results for 13 = 1.

For #, = 1, the affine open chart is given by V (J;) = Spec R,/ J, where

Ry = Or[(x;)3<i<n, (Vi)3<i<n, b, 1, 13]
and

SHL=(Q+nP(x,y), Q) +1Px,y), b(1 —1u13)P(x, y) —2m).

To show that V (J>) has semistable reduction one proceeds exactly as above. In this case, the special fiber
of V(J) is isomorphic to Spec EZ/J_Z where

Jo=(QM+nPkx.y), QX +6BPx.y), b(l-nn)Px,y)
and Ry = k[(x;)3<i<n, (Vi)3<i<n, b, t1, 13]. Let V(1) = Spec R»/I] of dimension 2(n — 2), where

L=, 0 +nP&,y), 0@) +15Px, ),
Ié = (1 — i3, Q(_X)-i—th(J_C, X)’ Q()_C)-FISP(?_C’ 2)))7
I;=(P(x,y), Q(y), Q(x)).
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and their intersections
I+ 1=, 1-t63, 0(y) +11P(x,y), Qx) + 3P (x, ),
L +15;=,0(), P(x,y), 0x)),
L+I;=(1-n13,0(), P(x,y), 0(x)),
L+ LA 13 =(b,1—t13, Q(y), P(x,y), Q(x)).

As in the case t; = 1, by using the Jacobi criterion we see that the irreducible components V(Il./ ) are
smooth and they intersect transversely. Also, by a similar argument as above we can easily see that V (J>)
is regular and its special fiber is reduced. Now, the semistability of V (J;) follows.

By the above, we conclude that I/ is regular, of relative dimension 2(n — 2), that i’ is O g-flat and that
its special fiber is a reduced divisor with normal crossings. This shows part (a). Let us show part (b). The
blow-up ¢ is a closed subscheme of /. By the above, U/’ is integral of dimension 2(n — 2). However,
the dimension of the blow-up U is also 2(n — 2). Indeed, on one hand &/*! is a closed subscheme of 2/’
while on the other hand it is birational to Spec(B). We deduce that UP' =1’ which is the claim in (b). OJ

As a consequence of the above proposition we obtain:

Corollary 4.2. The morphism p : U — U is a semistable resolution, i.e., U™ has semistable reduction

over Op.
Proof. It follows from part (a) and (b) of Proposition 4.1. U

Remark 4.3. From the proof of Proposition 4.1 we obtain that the special fiber of Z/*! has three irreducible
components. In fact, we explicitly describe the equations defining these irreducible components over the
three affine patches that cover &/°'. It is then easy to see that the exceptional locus of p : U® — U{ is the
irreducible component of the special fiber of /°!

< k[(x1)3<1<n’ (yt)3<t<n][t17 i, t3] )
(" Qx) —1530(y), n0(y) + 11 P(x,y), 2Q0(x) +13P(x, y))

that corresponds to V (/1) and V (1) for the affine patches #; = 1 and 1, = 1 respectively.

5. A resolution for the local model
We use the notation from Section 2. In particular, recall the morphism
T:M—->M'®p Or
and the following isomorphisms over the generic fiber
MRF=M"®F=M"®F. (5.1)

Let Z = t~!(tA) be the smooth G-invariant subscheme of dimension 2(n — 2), which is supported in
the special fiber. (Recall from Section 2 that ¢ A is the worst point of M” and 7 e A) = Gr(2,n) ®k.)
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We consider the blow-up of M along the subscheme Z. This gives a G-birational projective morphism
oMY > M
which induces an isomorphism on the generic fibers.

Theorem 5.1. The scheme MP' is regular and has special fiber a reduced divisor with normal crossings.

Proof. From Proposition 3.7 we have that the G-translates of I/ cover M and since rolis G-equivariant
we obtain that the G-translates of the open U = (r™=1@) ¢ MY cover MY, Therefore, it is enough to
show the conclusion of the theorem for the blow-up U" of U/ at the ideal (a, b, ¢) and by Corollary 4.2
the proof of the theorem follows. (|

Remark 5.2. It would be useful to have a simple moduli-theoretic description of the blow-up M®' similar
in spirit to the description of M given in Section 2.

We just proved that M®! has semistable reduction, and is therefore flat over Or. Combining all the
above we have
bl
MY L M T MY ®0 OF

which factors through M ®, O C M* ® OF because of flatness; the generic fiber of all of these is
the same as we can see from (5.1). Then, we obtain that M?! — M'° @ O is a G-equivariant birational

projective morphism.

6. Application to Shimura varieties

6A. Unitary Shimura data. We now discuss some Shimura varieties to which we can apply these results.
We follow [Pappas and Rapoport 2009, Section 1.1] for the description of the unitary Shimura varieties;
see also [Pappas 2000b, Section 3].

Let Fy be an imaginary quadratic field and fix an embedding € : Fy — C. Let O be the ring of integers
of Fy and denote by a > a the nontrivial automorphism of Fy. Assuming n > 3, we let W = F be a
n-dimensional Fy-vector space, and we suppose that ¢ : W x W — Fj is a nondegenerate hermitian form.
Set We = W ®F,.e C. Choosing a suitable isomorphism W¢ = C" we may write ¢ on W¢ in a normal
form ¢ (w1, wy) = "wy Hw, where

H =diag(—1,...,—1,1,...,1).

We denote by s (resp. r) the number of places, where —1, (resp. 1) appears in H. We will say that ¢ has
signature (r, s). By replacing ¢ by —¢ if needed, we can make sure that s < r and so we assume that
s <r.Let J: We — Wc be the endomorphism given by the matrix —v/—1H. We have J> = —id and so
the endomorphism J gives an R-algebra homomorphism 4 : C — Endg(W ®g R) with ho(v/—1)=J
and hence a complex structure on W ®g R = W¢. For this complex structure we have

Tre(a; W ®gR) =s-€(a) +r-€(a), ac€Fp.
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Denote by E the subfield of C which is generated by the traces above (the “reflex field”). We have that
E =Q if r =5 and E = Fj otherwise. The representation of Fy on W ®g R with the above trace is
defined over E, i.e., there is an n-dimensional E-vector space Wy on which Fy acts such that

Trg(a; Wo) =s-a—+r-a

and such that Wy @ g C together with the above Fy-action is isomorphic to W ®g R with the Fp-action
induced by € : Fy < C and the above complex structure.
Next, fix a nonzero element a € Fy with a = —a and set

Y, y) =Trrya@ ¢, )
which is a nondegenerate alternating form W Qg W — Q. This satisfies
Y(av, w) =¥ (v,aw), forallae Fy, v,we W.

By replacing a by —a, we can make sure that the symmetric R-bilinear form on W¢ given by ¥ (x, Jy)
for x, y € W¢ is positive definite. Let G be the reductive group over @ which is given by

G(Q) ={g € GLR,(W) | ¥(gv, gw) = c(e)¥ (v, w), c(g) € Q™}.
The group G can be identified with the unitary similitude group of the form ¢. Set
GU(r,s):={A€GL,(C) |"AHA™ = c(A)H, c(A) e R*}.

By the above, the embedding € : Fy < C induces an isomorphism G(R) = GU (r, s). We define a
homomorphism % : Res¢/g G,,c — GR by restricting hg to C*. Then h(a) for a € R* acts on W ®¢g R
by multiplication by a and h(+/—1) acts as J. Consider hc(z, 1) : C* — G(C) = GL,(C) x C*. Up to
conjugation hc(z, 1) is given by

trs(2) = (diag(z®, 1), 2);

this is a cocharacter of G defined over the number field E. Denote by X, the conjugation orbit of /(i)
under G(R). The pair (G, h) gives rise to a Shimura variety Sh(G, k) which is defined over the reflex
field E.

6B. Unitary integral models. We continue with the notations and assumptions of the previous paragraph.
In particular, we take G = GU,, and X = X}, above that define the unitary similitude Shimura datum
(G, X). Assume that (r, s) = (n — 2, 2).

Assume that p is an odd prime number and is ramified in Fy. Let F1 = Fo®Q), and V=W ®gQ,. We
fix a square root v of p and we set k = p- In addition, we assume that the hermitian form ¢ on V is split.
This means that there exists a basis ey, ..., e, of V such that ¢ (e;, e,41-;) = 6;; fori, j € {1,...,n}.
We denote by A the standard lattice O" ®7 Z,, in V. Denote by K the stabilizer of A in G(Q),).
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We let L be the self-dual multichain consisting of {7*A}rez. Here G = Aut(L) is the group scheme
over Z, with K = G(Z,) the subgroup of G(Q,) fixing the lattice chain £. Denote by K° the neutral
component of K. As in Section 2, when n is odd K = K° and when n is even K /K°® ~7/27.

Choose also a sufficiently small compact open subgroup K? of the prime-to-p finite adelic points
G(A?) of G and set K = KPK and K’ = K?K°. As was observed in [Pappas and Rapoport 2009,
Section 1.3], the Shimura varieties Shg/ (G, X) and Shg (G, X) have isomorphic geometric connected
components. Therefore, from the point of view of constructing reasonable integral models, we may
restrict our attention to Shg (G, X); since K corresponds to a lattice set stabilizer, this Shimura variety is
given by a simpler moduli problem. The Shimura variety Shg (G, X) with complex points

Shg (G, X)(C) =G(\X x G(Ayp)/K

is of PEL type and has a canonical model over the reflex field E. We set O = Of, where v the unique
prime ideal of E above (p).
We consider the moduli functor Ar}?i"e over Spec O given in [Rapoport and Zink 1996, Definition 6.9]:

A point of A‘I‘é‘ive with values in the Spec O-scheme S is the isomorphism class of the following set of
data (A, A, 1):

(1) An L-set of abelian varieties A = {A}.

(2) A @-homogeneous principal polarization A of the £-set A.

(3) A KP-level structure

7 HI(A,A‘;) ~ W®A§. mod K?

which respects the bilinear forms on both sides up to a constant in (A;ﬁ)x; see [loc. cit.] for details.
The set A should satisfy the determinant condition (i) of [loc. cit.].

For the definitions of the terms employed here we refer to [6.3—6.8] and [Pappas 2000b, Section 3].
The functor A‘;(aive is representable by a quasiprojective scheme over 0. Since the Hasse principle is
satisfied for the unitary group, we can see as in [loc. cit.] that there is a natural isomorphism

Anve @5 E, = Shg (G, X) Q E,.

As is explained in [Rapoport and Zink 1996] and [Pappas 2000b] the naive local model M" "¢ s
connected to the moduli scheme .A‘}{aive via the local model diagram

Ar}{alve Y1 Ar;(alve Y2 Mnaive

where the morphism 1] is a G-torsor and yr, is a smooth and G-equivariant morphism. Therefore, there is
a relatively representable smooth morphism

Ar]l{aive _ [g \Mnaive]

where the target is the quotient algebraic stack.
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As we mentioned in Section 2, the scheme M™"¢ is never flat and by the above, the same is true for
A‘}?ive. Denote by A‘;(at the flat closure of Shg (G, X) ®f¢ E, in A‘}?ive. Recall from Section 2 that the
flat closure of M™" ®, E, in M™*¢ is by definition the local model M'*°. By the above we can see,
as in [Pappas and Rapoport 2009], that there is a relatively representable smooth morphism of relative
dimension dim(G),

Alat s [g\M™°],

This of course implies imply that Ai}("‘t is étale locally isomorphic to the local model M.

One can now consider a variation of the moduli of abelian schemes Aslgl where we add in the moduli
problem an additional subspace in the Hodge filtration FilO(A) C Hd]R(A) of the universal abelian variety
A (see [Haines 2005, Section 6.3] for more details) with certain conditions to imitate the definition of the
splitting local model M. ASIEI associates to an Of,-scheme S the set of isomorphism classes of objects
(A, %, 71, Zo). Here (A, &, 7j) is an object of A%1ve(S). Set .7 :=Fil’(A). The final ingredient Z of an
object of Aslgl is the subspace %y C %] C Hle(A) of rank s which satisfies the following conditions:

(t+m)F1 CFo, (1 —m)Fo=(0).
There is a forgetful morphism
T: ASIEI — AR @, OF,

defined by (A, X, n, %) — (A, x, n). Moreover, Ab}gl has the same étale local structure as M; it is a
“linear modification” of Ar}é‘ive ®o OF, in the sense of [Pappas 2000b, Section 2]; see also [Pappas and
Rapoport 2005, Section 15]. Also we want to mention that under the local model diagram the subspace
Z) corresponds to F of (Fy, F1) € M.

Theorem 6.1. For every K? as above, there is a scheme AbL flat over Spec(OF,), with
AR ®0,, F1 =Shg(G, X) ®¢ FI,
and which supports a local model diagram

A%(G, X)

y Xf (6B.1)

bl bl
A K M
such that:

(a) n}?g is a G-torsor for the parahoric group scheme G that corresponds to K .
(b) q}?g is smooth and G-equivariant.

(©) Al}(l is regular and has special fiber which is a reduced divisor with normal crossings.
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Proof. By the above, we have
‘Zspl

y ) Y (6B.2)
M

with mg a G-torsor and gg smooth and G-equivariant. We set

spl
'AK

~bl __ spl bl
’AK:AK XMM

which carries a diagonal G-action. Since MP' — M is given by a blow-up, is projective, and we can see
[Pappas 2000b, Section 2] that the quotient

n}fg : :l%l — At}é = Q\E}(I(G, X)

is represented by a scheme and gives a G-torsor. (This is an example of a linear modification, see [Pappas
2000b, Section 2].) In fact, since blowing-up commutes with étale localization, At}} is the blow-up of
ASIEI along the locus of its special fiber where t.#; = 0. The projection gives a smooth G-morphism

Ie ~
G T

which completes the local model diagram. Property (c) follows from Theorem 5.1 and properties (a) and
(b) which imply that A'}} and MP! are locally isomorphic for the étale topology. U

Corollary 6.2. At}} is the blow-up of A;};l along the locus of its special fiber where the deRham filtration
F1 = Fil’(A) is annihilated by the action of the uniformizer 7.

Proof. It follows from the proof of the above theorem. O

Remarks 6.3. (1) From the above discussion, we can obtain a semistable integral model for the Shimura
variety Shg'(G, X) where K’ = K”K°. In this case, the corresponding local models M of
Shg/ (G, X) agree with the Pappas—Zhu local models Mk-(G, w, ) for the local model triples
(G, {mrs}, K°); see [Pappas and Zhu 2013, Theorem 1.2] and [Pappas and Zhu 2013, Section 8] for
more details.

(2) Similar results can be obtained for corresponding Rapoport—Zink formal schemes; see [He et al.
2020, Section 4] for an example of this parallel treatment.
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A unipotent realization
of the chromatic quasisymmetric function

Lucas Gagnon

We realize two families of combinatorial symmetric functions via the complex character theory of the finite
general linear group GL, ([F,): chromatic quasisymmetric functions and vertical strip LLT polynomials.
The associated GL,, (F,) characters are elementary in nature and can be obtained by induction from certain
well-behaved characters of the unipotent upper triangular groups UT, (F,;). The proof of these results also
gives a general Hopf algebraic approach to computing the induction map. Additional results include a
connection between the relevant GL,, ([F,) characters and Hessenberg varieties and a reinterpretation of
known theorems and conjectures about the relevant symmetric functions in terms of GL, ().

1. Introduction

The chromatic symmetric function sits at a nexus of disparate areas of mathematics. At face value,
this symmetric function encodes the coloring problem of a graph as an analogue of the chromatic
polynomial [40]. However, through a well-known equivalence between the ring of symmetric functions
and the representation theory of the symmetric groups (see, e.g., [35]), some chromatic symmetric
functions are also complex characters of the symmetric group [21]. By way of a f-analogue known as the
chromatic quasisymmetric function, Brosnan and Chow [10] and Guay-Paquet [25] independently proved
that the characters corresponding to indifference graphs are afforded by symmetric group representations
on the cohomology rings of regular semisimple Hessenberg varieties, as predicted by a conjecture of
Shareshian and Wachs [39]. Thus, certain questions about graphs, representation theory, and algebraic
geometry coincide in the combinatorics of these symmetric functions, and vice versa.

At about the same time, a sequence of superficially unrelated developments occurred in the character
theory of the group of unipotent upper triangular matrices UT,, over a finite field [,. Unlike the symmetric
group, the conjugacy classes and irreducible characters of UT, are exceptionally complicated and
cannot be described with modern combinatorial tools [26]. However, beginning with the work of
André [8], a theory of well-behaved reducible characters — known a supercharacters — has developed,
leading to a combinatorial representation theory of UT, without irreducible characters, as in [3; 4]. A
recent example given by Aliniaeifard and Thiem [7] constructs supercharacters which are imbued with
Catalan combinatorics coming from a family of normal subgroups of UT,,. These same subgroups and
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supercharacters will appear in this paper, where they will be indexed by indifference graphs using a
canonical bijection between Catalan-enumerated objects.

This paper uses the representation theory of the general linear group GL, over [, to establish a
connection between the supercharacter theory of UT,, and the chromatic (quasi)symmetric function. Both
UT,, and its subgroups are contained in GL,. The main result, Theorem 3.1, shows that up to a factor of
(g — 1)", inducing the trivial character from each of these subgroups gives a map

indifference graph | Ind’7(1) [chromatic quasisymmetric functions for
indexed subgroups indifference graphs evaluated att =¢ |’

using an implicit identification between characters of GL,, with unipotent support and symmetric functions
coming from the Hall algebra; more details can be found in Section 3. This result is a GL,, (F,)-analogue
of the Brosnan—Chow—Guay-Paquet theorem, in which cohomology rings are replaced by a permutation
representation on the cosets of certain unipotent subgroups.

The remaining sections of the paper explore the implications of the main result for the theory of
chromatic quasisymmetric functions. Many of these consequences are reminiscent of consequences of
the Brosnan—Chow—Guay-Paquet theorem. Along with Theorem 3.1 itself, these similarities come as a
surprise, especially since the association between characters of GL,, and symmetric functions used above
is markedly different from the classical association for the symmetric groups. Intuition notwithstanding,
each result appears to be straightforward, or even inevitable once the right perspective is achieved.

Section 4 relates Theorem 3.1 to the study of Hessenberg varieties, but not the ones appearing in the
Brosnan—-Chow—Guay-Paquet theorem. Instead, the values of the GL,, characters in Theorem 3.1 count
the points of a nilpotent Hessenberg variety over [, associated to an ad-nilpotent ideal. The analogous
complex Hessenberg varieties have been studied by Precup and Sommers [38], who found an independent
connection to the chromatic quasisymmetric function via Poincaré polynomials. Corollary 4.5 links these
results by showing that the Poincaré polynomials for certain complex Hessenberg varieties also count the
points of the corresponding Hessenberg variety over [,.

The chromatic quasisymmetric functions of indifference graphs are also closely related to another
family of symmetric functions known as unicellular LLT polynomials [11] (see also [28]), and Section 5
reframes this relationship as a GL, representation theoretic one. There is a second, more standard
realization of symmetric functions as unipotent characters of GL,, and up to a twist by the involution w,
Theorem 5.1 gives a map

indifference graph | = projusipoenc ©Ind("7'(1)  [unicellular LLT polynomials
indexed subgroups evaluated at t = g ’

where projypipoeent 18 the operation which replaces a character of GL, with the sum of its irreducible
unipotent constituents. In fact, by applying the composite map to additional characters of UT, — including
supercharacters — Theorem 5.1 finds the larger family of vertical strip LLT polynomials as unipotent
characters of GL,. These symmetric functions are known to appear in the representation theory of
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quantum groups [34], affine Hecke algebras [23], and the symmetric groups [25; 28], but this is their first
appearance in the representation theory of GL,,.

Finally, both chromatic quasisymmetric functions and LLT polynomials are the subject of “positivity
conjectures” which are at least partially open. Such a conjecture postulates that when a particular
symmetric function is expressed in a chosen basis, the coefficient of each basis element will be a
polynomial in ¢ with nonnegative coefficients. For chromatic quasisymmetric functions, the modified
Stanley—Stembridge conjecture [39, Conjecture 1.3] (see also [42]) concerns the elementary basis, and
is almost entirely open. For LLT polynomials, positivity in the Schur basis has been established by
Grojnowski and Haiman [23], but no “positive” combinatorial formula is known in general [27]. Section 6
describes the meaning of these conjectures — and one more, recently resolved by D’ Adderio [13] and
Alexandersson and Sulzgruber [6] —in GL, representation theory. This does not lead to immediate
progress on any conjecture, but it may be a useful guide for future work.

The method of proof for Theorems 3.1 and 5.1 may also be of independent interest. At a high level,
I am able to translate Guay-Paquet’s proof in [25] into the (super)character theory of UT, and GL, in
such a way that both results follow immediately. However, this translation also gives a more general
Hopf algebraic conduit from the combinatorial representation theory of UT, to that of GL,. Since
matters of UT,, character theory are usually very difficult, the tractability of this approach alone is a
significant development. These results begin to answer lingering questions from [3] about the Hopf
algebraic enumerative invariants of certain supercharacters of UT),,.

A short summary of the aforementioned framework and the machinery of [25] is given in this paragraph.
In [2], Aguiar, Bergeron, and Sottile constructively classify all Hopf algebra homomorphisms from an
arbitrary Hopf algebra to the Hopf algebra of symmetric functions Sym using linear functionals of the
domain. This generalizes Zelevinsky’s theory of PSH algebras, which completely describes the character
theory of GL,, by constructing a collection of homomorphisms from a Hopf algebra cf(GL,) of GL,-class
functions to Sym. In [19], I construct an analogous Hopf algebra cf(UT,) on the class functions of
UT,, and show that induction IndSIT‘Z induces a Hopf algebra homomorphism to cf(GL,). By composing
induction with any of Zelevinsky’s maps to Sym, the classification of [2] can be used to describe the
induction map itself, and Theorems 3.8 and 5.11 do so. The classification of [2] was also used in [25] to
construct the chromatic quasisymmetric function using a Hopf algebra structure on Hessenberg varieties,
and I show that this coincides with induction of Catalan supercharacters and related objects.

This Hopf algebraic approach builds on the previously understood relationship between the combina-
torics of unipotent subgroups and of finite groups of Lie type, including GL,, [9; 22; 32; 45]. Future work
should continue to push this connection: it may be possible to transplant some of the framework in this
paper and [19] into other Lie types. In doing so, one might find the generalized LLT polynomials defined
in [23], yet-to-be-discovered variants of the chromatic quasisymmetric function, and more nilpotent
Hessenberg varieties.

The remainder of the paper is organized as follows. Section 2 describes the general background material
for the paper. Section 3 concerns Theorem 3.1 and the chromatic quasisymmetric function, and Section 4
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relates these results to Hessenberg varieties. Section 5 concerns Theorem 5.1 and the vertical strip LLT
polynomial, and is essentially independent of Sections 3 and 4. Finally, Section 6 connects my results to

various positivity conjectures.

2. Preliminaries

This section gives the shared preliminary material for Sections 3 and 5. This includes definitions of each
of the relevant Hopf algebras, background material from representation theory and combinatorics, and a
short review of the theory of combinatorial Hopf algebras.

2A. Hopf algebras and (quasi)symmetric functions. This section will describe the Hopf algebras of
quasisymmetric and symmetric functions, and their role as universal objects in the theory of combinatorial
Hopf algebras. Throughout this paper, the term “Hopf algebra” will refer to a graded connected Hopf
algebra over the field of complex numbers C, and all homomorphisms and sub-Hopf algebras are graded.

A composition of n € Zs is a finite (possibly empty) sequence of positive integers o = (ctq, . . ., 0t)
with o) + - - - + ¢ = n. Call each o; a part of «, and write £(«) = k for the number of parts of «. The

monomial quasisymmetric function associated to the composition « is

— (LA (o)
M, = E Xi) Xpy X € Clx1.
i< <ig(a)

where x = {x1, x», ...} is an infinite, totally ordered set of commuting indeterminates. The Hopf algebra
of quasisymmetric functions is the graded commutative, noncocommutative Hopf algebra

OSym = C -span{M,, | @ is a composition}.

The product of QSym is inherited from C[[x]] and the coproduct is given by deconcatenation:

£(a)>k>0
A partition of n is a composition of n is with nonincreasing parts. Let
P = |_| P(n) with P(n) = {partitions of n}.
n>0
The Hopf algebra of symmetric functions is the cocommutative sub-Hopf algebra
Sym = C-span{m; | A € P} € QSym with m; = Z M,,
sort(a)=X

where sort(c) denotes the partition obtained by listing the parts of @ in nonincreasing order.
Three additional bases of Sym will be used in later sections. The first basis consists of the elementary

symmetric functions {e, | A € P} defined by

e, =e, ---e, Wwhere ex =mx.
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The second basis comprises the Schur functions {s, | A € P}, which I will not define; see [35, 1.3]. The
final basis consists of the Hall-Littlewood elements P (x; t) [35, III.2], which are discussed further in
Section 3A.

The antipode of Sym acts as (—1)"w on the n-th graded component, where w is the involutive
automorphism of Sym defined in [35, 1.4], given by w(s;) = s/, where A" denotes the transpose partition
of a: (W) =#{j e [L(W] | ;= i} for 1 <i <.

2A1. Combinatorial Hopf algebras. This section will give an abridged description of the framework for
classifying Hopf algebra homomorphisms to @Sym established in [2]. The original result also includes an
explicit formula for any such map, which is omitted from this paper as the relevant maps are already known.

A combinatorial Hopf algebra (CHA) is a pair (H, ) where H is a Hopf algebraand ¢ : H — Cis
an algebra homomorphism, which will be called a zeta function in order to avoid confusion with group
characters. An important example of a CHA is QSym with the first principal specialization,

1 ifé(x) <1,

(9Sym, ps;) with ps;: OSym - C, M, +— .
0 otherwise.

Remark 2.1. The name “first principal specialization” comes from the fact that ps; is equivalent to
specializing x; = 1 and x; =0 for i > 1 in any quasisymmetric function.

A CHA morphism between combinatorial Hopf algebras (H, ¢) and (H’, ¢') is a graded Hopf algebra
homomorphism W : H — H' for which ¢ = ¢’ o W. For example, the inclusion of Sym into QSym gives
a CHA morphism (Sym, ps;) — (QSym, ps;).

Theorem 2.2 [2, Theorem 4.1]. Let (H, ¢) be a combinatorial Hopf algebra. There is a unique CHA
morphism

cano : (H, ¢) — (QSym, ps;).
A consequence of Theorem 2.2 is that for every Hopf algebra H, there is a bijection

{homomorphisms H — QSym} <— {combinatorial Hopf algebras (H, ¢)},
Vi— (H,ps;o¥), cano <= (H,¢),

where cano refers to the Hopf algebra homomorphisms underlying the CHA morphism in Theorem 2.2.
This paper will frequently appeal to this bijective interpretation.

2B. Dyck paths and related objects. The results of this paper build on the combinatorics of Dyck paths,
indifference graphs, and Schroder paths, each of which are described in this section.

A Dyck path of size n > 0 is a lattice path consisting of 2n steps east £ = (1, 0) and south S = (0, —1)
from (0, 0) to (r, —n) which does not go below the main diagonal y = —x. Let

D= |_| D, with D, = {Dyck paths of size n}.

n>0



1742 Lucas Gagnon

For example,

= (EESESS) € Ds.

2n
n

It is well known that the size of D,, is the n-th Catalan number, L(

o ); see, for instance, [41].

An indifference graph of size n > 0 is a simple, undirected graph y with vertex set [n] = {1, ..

and edge set E(y) satisfying
foreach {i <l} e E(y), {J,k}|i<j<k<I}CE(y).
The empty graph on & is the unique indifference graph of size zero. Let
16 = |_| 7G, with ZG, = {indifference graphs on [n]}.
n>0

For example,

N
Y=1"72 3 1

as {1,4} e E(o) but {3,4} ¢ E(0).

€IGs but o= @1 ¢ TG,

(2.3)

., n}

There is a size-preserving bijection between Dyck paths and indifference graphs. Label the unit squares

above y = —x in the fourth quadrant of Z x Z by edges so that the square with lower right corner (j, —i)

is labeled by {i, j}; for example,

s

AN

shows the first three of these unit squares with their labels. For any Dyck path 7, let
Area(rr) = {{i, j} | the unit square {i, j} is below 7}
and if 7 has size n, define the graph of  to be
Graph(r) = ([n], Area(r)).

For example, taking the Dyck path in (2.3),

Area| T ={{1,2}.{2,3})} and  Graph| | = .

(2.4)

Proposition 2.5 [41, Solution 187]. For n > 0, the map w — Graph(r) is a bijection from D, to ZG,,.

Remark 2.6. Both D,, and ZG,, also correspond to the family of integer partitions bounded termwise by

(n—1,...,2,1) [41, Item 167]. Reflecting a Dyck path 7 across y = —x gives the Ferrer’s shape (in
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French notation) of such a partition, and the edges of Graph(sr) are the excluded squares. For example,
the objects in (2.4) correspond to A = (1).

A common generalization of Dyck paths will appear in Sections 5 and 6. A Schroder path of size
n > 0 is a lattice path from (0, 0) to (n, —n) consisting of steps E, S, and D = (1, —1) that never goes
below the main diagonal. Thus, every Dyck path is a Schroder path, but there are more Schroder paths,
for example

= (EEDSS). (2.7

Say that a Schroder path o is fall if o has no D steps along the main diagonal. Let
TS = I_l TS, with TS, = {tall Schroder paths of size n}.
n>0

The Schroder path in (2.7) above is tall, as is any Dyck path, taken as a Schroder path. The number of
tall Schroder paths by size is given by the small Schréder numbers, [37, AO01003].
Finally, for any tall Schréder path o € 7S, define

Area(o) = {{i, j} | the unit square {i, j} is completely below o}
and
Diag(o) = {{i, j} | o has a diagonal step through the unit square {7, j}},
so that taking o as in (2.7) gives Area(o) = {{1, 2}, {2, 3}} and Diag(o) = {{1, 3}}.

2C. Supercharacter theory. Let G be a finite group, let Irr(G) denote the irreducible complex characters
of G, and let cf(G) denote the space of complex-valued class functions on G. The set Irr(G) is an
orthonormal basis for cf(G) under the inner product (-, - ) : cf(G) ® cf(G) — C defined by

1 I
XV =15 D o x(@v (),
geG

where 1/ (g) denotes the complex conjugate of ¥ (g).
Following Diaconis and Isaacs [15], a supercharacter theory (C1, Ch) of G comprises a set partition C1
of G and a basis of orthogonal characters Ch for the space

scf(G) ={¢ : G — C| ¢ is constant on each part of C1},

such that scf(G) contains the regular character reg;. Since

G| if g =lg,

regq(8) = {0 otherwise,

the final condition above is equivalent to {15} € C1.
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The elements of C1 and Ch are respectively called superclasses and supercharacters. Every group has
at least one supercharacter theory, with superclasses given by conjugacy classes and supercharacters given
by irreducible characters, and in this case scf(G) = cf(G).

Each supercharacter theory of G comes with two canonical bases: the supercharacters in Ch and the

set of superclass identifier functions

1 if K
{8k | K €C1} with g(g) =1 "&¢% (2.8)
0 otherwise.
These bases are each orthogonal. For any x € scf(G), define an element x) € scf(G)* by
x):scf(G) = C, ¥ = (¥, x), (2.9)

so that scf(G)* = {x) | x € scf(G)}.

The rest of the section describes a particular collection of supercharacter theories originating in the
work of Aliniaeifard and Thiem [7]. Fix a prime power g, let [, denote the field with ¢ elements, and let
GL, = GL, (). The unipotent upper triangular group is the subgroup

UT, = {g € GL, | (g — 1,)i,; # 0 only if i < j}

where 1, denotes the n x n identity matrix. This group has a family of normal subgroups — called normal
pattern subgroups — indexed by indifference graphs [36, Lemma 4.1]: for y € ZG,,, let

UT, ={g € UT, | gi,; =0if {i, j} € E(y)}

where E(y) denotes the edge set of y. If # € D, is the Dyck path for which y = Graph(sr), UT, can be
visualized in terms of 7r: UT,, is the subset of elements of UT, with nonzero entries occurring only on
the diagonal or above the path 7. For example, using the graph and Dyck path from (2.4),

110]*]|
00 1]

The paper [7] also shows that the set {UT,, | y € ZG,} is a lattice under containment. This order is
dual to the spanning subgraph relation on ZG,,, in that the containment UT,, € UT, holds if and only if o
is a spanning subgraph of y. The top element of this lattice is UT,,, corresponding to the edgeless graph
(In], @), and [UT, : UT, | = ¢/E™)! for all y € ZG,.

The lattice structure on normal pattern subgroups partitions the set UT,, into parts

UT) ={g € UT, | g ¢ UT, forany o 2 y}

for each y € ZG,. Similarly, ZG, indexes the parts of a partition of the set of irreducible characters
Irr(UT,) of UT,,: let

[’ﬁ"; = {¢¥ € Irr(UT,) | UT, Cker(yy) and UT, £ ker(y/) for each o 2 y}.
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for each y € 7G,, and further define
X'= Yy

yeUT,
Proposition 2.10 [7, Section 3.2]. With
Ch={UT) |y €ZG,} and Cl={x"|y €ZIG,},
the pair (C1, Ch) is a supercharacter theory of UT,,.

For the remainder of the paper, write 5, = yr; for the superclass identifier functions in this superchar-
acter theory. In addition to these functions and the supercharacters, the space scf(UT),) has two interesting
bases: {8, | y € ZG,} and {X” | y € ZG,}, with

SV=Z(SU and )_(V=ZXU.

ooy oCy

Remarkably, if 1 € cf(UT,,) denotes the character of the trivial representation then
X7 =Tndyr (1) = ¢"*0l5,,, @2.11)
the character of the UT,-module C[UT, /UT, ].

2D. Homomorphisms between Hopf algebras of class functions. In [45, 111], Zelevinsky defines a
graded connected Hopf algebra on the space

cf(GL.) = @D cf(GL,),
n>0

with structure maps coming from the parabolic induction and restriction functors. The paper [19] defines
a similar Hopf structure on the spaces

scf(UT,) = EB scf(UT,) and cf(UT,) = @ cf(UT,),
n>0 n>0

in which scf(UT),,) is the subspace of class functions defined in Section 2C, with scf(UT,) a sub-Hopf
algebra of cf(UT,). This section will describe several homomorphisms involving these Hopf algebras.

In [25, Section 6], Guay-Paquet defines a C[¢]-Hopf algebra on the free C[¢]-module C[#][ZG], and
specializing t — ¢! gives a Hopf algebra over C; see [19, Section 7]. Recall the basis {Sy | y € ZG} of
scf(UT,) defined in Section 2C.

Theorem 2.12 [19, Corollary 7.2]. The map y +— SV is an isomorphism from Guay-Paquet’s specialized
Hopf algebra to scf(UT,).

A second map comes from the induction functors Indg%z 1 cf(UT,) — cf(GL,): let

Ind{f = @) Indjy” : cf(UT,) — cf(GL.). (2.13)

n>0
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Theorem 2.14 [19, Theorem 6.1]. The map Indglf is a Hopf algebra homomorphism.

The homomorphism IndSIT‘ also induces a linear map on dual spaces. Using the identification in (2.8),
the dual of the direct sum cf(GL,) becomes a product

cf(GLy)* = 1_[ cf(GLy)* = {(Xn))n=0 | xn € cf(GLy)}.
n>0

Making the analogous identification for cf (UT,)* and scf(UT,)*, Frobenius reciprocity gives that
(Xn)Inz0 0 Ind{ = (Resgy” (xa))) -

If Resglfz (xn) € scf(UT,) for each n > 0, the same equation applies when considering each side as an
element of scf(UT,)*.

3. The chromatic quasisymmetric function as a GL,, character

This section will state and prove Theorem 3.1, following some initial context. Recall the Hopf algebras
scf(UT,) and cf(UT,) from Section 2D. The Hopf algebra of GL-class functions with unipotent support
is the image

cfin (GL,) = Ind{(cf(UT,)) C cf(GL,).

Zelevinsky [45] has defined a Hopf algebra isomorphism pyi; : cf'sll‘f[i,p (GL,) — Sym which will be used in
the theorem; see Section 3A. Finally, for each indifference graph y, recall the subgroup UT,, defined in
Section 2C, and let X, (x; t) denote the chromatic quasisymmetric function of y in an indeterminate ‘¢’,

which will be formally defined in Section 3B.
Theorem 3.1. Forn > 0and y € ZG,,
Indgy (1) = (g — 1" pjy} (X, (x; 9)).

I will describe briefly how the results in this section prove Theorem 3.1. Define a Hopf algebra
homomorphism ¢y : scf(UT,) — QSym as the composite map in the diagram

scf(UT,) :
TTeee L c
GL - S
IndUT ‘~-\~_~ 3.2)
) o~ . Tl
cf;‘;‘l‘,p (GL) Py > Sym inclusion > QSym

of Hopf algebra homomorphisms. By the transitivity of induction, the theorem is equivalent to computing
the image of the character x¥ = Indgﬁ (1) € scf(UT,) under cyy;.

Recalling the theory of combinatorial Hopf algebras from Section 2A1, there is a unique combinatorial
Hopf algebra structure on scf(UT,) for which ¢(y is a CHA morphism to (QSym, ps,), and this structure
is given by a zeta function of the Hopf algebra scf(UT,). Theorem 3.8 computes this zeta function, and
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Proposition 3.13 shows that it is essentially the same as one defined by Guay-Paquet [25]. This leads to a
formula for ¢y on the basis {Sy | vy € ZG} of scf(UT,) from Section 2C, stated formally in Corollary 3.14:

6, =(@—1"X,(x;q"") for y €IG,. (3.3)

From here, the theorem follows from an identity of Shareshian—Wachs [39]. Recalling from Section 2C
that x7 = ¢'F (V”S,,, [39, Proposition 2.6] reformulates (3.3) as

(X)) =(@q—D"¢ENX, (x;¢7") = (g - 1)"X, (x; ).

The results used in the proof are given in the remainder of this section, which comprises two subsections.
Section 3A describes the zeta functions of the Hopf algebras cf';l‘}li,p (GL,) and scf(UT,) needed to make
Diagram (3.2) a diagram of combinatorial Hopf algebras. Then, Section 3B uses results from [25] and
Section 2 to describe the chromatic quasisymmetric function as the image of a CHA morphism from

scf(UT,) and subsequently shows that up to a power of (¢ — 1) this map coincides with ¢yy;.

3A. Factoring cqy through cf;‘l'l‘li,p (GL,). This section describes the Hopf algebra cf‘;fl‘ri)p(GL.) and its
isomorphism with Sym.

An element g € GL,, is called unipotent if g — 1, is nilpotent. There is a canonical indexing of the
unipotent GL,,-conjugacy classes by partitions; this is stated without proof in [45, 10.1] so a bit more detail
has been included here. The Jordan canonical form of an element g € GL,, is defined over any field that
contains every root of the characteristic polynomial of g. Assuming that g is unipotent, the characteristic

polynomial is (¢ — 1)", so the Jordan canonical form of g is defined over F,. The Jordan matrices

corresponding to (f — 1)" are naturally indexed by partitions of n: A = (A, A2, ..., A¢) corresponds to
Hy, 0 -~ 0 110---0
0 J, -+ O o1rt1---0
L= . .. with J; =
0 0 --- Jy 000 ---1

Thus, if we write O, for the GL,, conjugacy class of J;, the set of unipotent elements of GL,, is partitioned
by the conjugacy classes {O; | A € Py}.
This shows that an element of GL,, is unipotent if and only if it is conjugate to an element of UT, ([, ),

so that the sub-Hopf algebra cf‘;fl‘li)p(GL.) from Section 3 is exactly

cfin (GL.) = Py € cf(GL,) | ¥ (h) = 0 for h € GL,, not unipotent},

n>0

the space of GL-class functions with support only on unipotent elements. This fact is the source of the

. . «_cuni 0
notational choice cfsupp .

The preceding paragraphs demonstrate that CflslS;i)p (GL,) has a P-indexed basis of identifier functions

8). = 8o, for unipotent conjugacy classes,

cf‘slfl‘}ijp(GL.) = C-span{é; | A € P}.
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Zelevinsky [45, 10.13] (see also [35, IV.4.1]) constructs a graded Hopf algebra isomorphism
iy o (GL) — Sym, & > Br(xiq) =¢ " P Py(xig ), (3.4)

where n(A) = Z,A; | (AZ;), P, (x;t) is an element of the Hall-Littlewood ‘P’ basis of Sym[#] defined in
[35, II1.2], and we have specialized t = qil.

In the framework of Theorem 2.2, the isomorphism py;; is equivalent to a zeta function of cf ;‘Sép (GL,).
This datum was also determined by Zelevinsky in [45]. The regular unipotent elements of GL,, are the

members of the conjugacy class O,. Using the notation of Section 2D, define a linear functional

5(,,))
(8nys Smy)

so that for ¢ € cf(GL,,), the value of 82‘.))(1#) is the value of v at any regular unipotent element, ¥ (J(,)).

By embedding cf‘S’lrl‘Ii)p (GL,) into cf(GL,), (SZ*.)) is also a linear functional on cf‘slfllri,p (GL,).

8%)) = (8%))nz0 € cf(GL,)*  with &7,) =

Proposition 3.5 [45, 10.8]. The map &) is a zeta function of the Hopf algebra cfll (GL,) and pyy) is

, supp
the unique CHA morphism (cf;‘l?;p(GL.), 82‘.))) — (QSym, ps;).

Remark 3.6. In [45], this result is stated in terms of symmetric functions, since the language of CHAs
was not yet available. However, the underlying theory naturally extends to this context, essentially because
the inclusion (Sym, ps;) < (QSym, ps,) is a CHA morphism.

Now consider the Hopf algebra scf(UT,). Recall that ([n], &) is the minimal indifference graph on n
vertices and define a linear functional

) d([nl,2))
(g — 1)'8*. )y =((g — 1)"5*n Vo € scf (UT,)*  with & ) = : .
([e],2) ([n], @)/ /n= ([n],2) (5([“’@)’ 5([n]’z)>

Remark 3.7. There is an unfortunate coincidence of notation between the class functions 8&) and 82‘[n] )

and care should be taken to distinguish between the two: up to normalization (Szkn) is the GL,,-class function
which identifies the conjugacy class O, of regular unipotent elements, and 82‘[n] o) 1s the UT),-class
function which identifies the superclass

However, the two are closely related, as described in the proof of Theorem 3.8 below.
Theorem 3.8. The linear functional (q —1)*8(,, »,)) is a zeta function of scf(UT,) and
(g — 1).3?[.1,@) = 8?.)) ° Indg%’

so IndSk is a CHA morphism

GL
Indyy

(scf(UTL), (¢ — 1)*8}j0).0))) —> (cF(GL4), 8%))).
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Proof. The first and third assertions follow from the second. The proof of the second assertion will make
use of the fact that the superclass UT{},,,  is also the set of all regular unipotent elements in UT,, so
that 8([,,],@) = Resglf: (8(,1)).

For y € IG,, Frobenius reciprocity (as described in Section 2D) gives

(8((n1,2)+ O(1n,2))
<8(n), 5(n)>

GL, < -
Resyr, 8m))(Sy) (8, 8(n1.o))
(8(n)s S(n)) (8(nys S(n)) 0

if y = ([n], ),

85,)) oIndgr(8,) =
otherwise,

with the last equation following from the definition of Sy, the minimality of ([n], &), and the orthogonality
of the superclass identifiers; see Section 2C. Direct computation then gives that

(8n1.2)s 8n2)) _ IGLa| UGy 9|

- - (q - l)ny
(8(ny> 8(m) |[O@my|  |UTh|
where the final equality comes from the order formulas
|GL, | n—11UThl

n—1"

q" (g —1)
Now recall the map ¢, defined in Diagram (3.2). Theorem 3.8 and Proposition 3.5 give the following.

Corollary 3.9. The map c(1y is the unique CHA morphism

ey 1 (scf(UTL), (q — 1)°870) ) = (QSym, psy).

Remark 3.10. Theorem 3.8 actually establishes the stronger result that (¢ — 1)‘6&.]’ )) 18 a zeta function
of cf(UT,), and that we may extend the domain of the CHA morphisms Indg% and ¢y to the combinatorial
Hopf algebra (cf (UT,), (g — 1)'82‘[.], g))). While this level of generality is unnecessary for the scope of
this work, it may be of general interest.

3B. The chromatic quasisymmetric function. This section defines the chromatic quasisymmetric function
of a graph and describes how it can be realized as the image of a character of GL, ([F,) under a particular
a CHA morphism, leading to a proof of Theorem 3.1.

Let y be a simple, undirected graph with vertex set [n] and edge set E(y). A coloring of y is a function
k :[n] = Z~¢. A coloring k of y is proper if k(i) # k(j) for all {i, j} € E(y). The y-ascent number of
a coloring « is

asc, (k) = |{{i, j} € E(y) |i < j and k(i) <k (j)}|. (3.11)
For example, if x : [S] = Z-¢ is given by k(1) =2, k(2) =5, k(3) =1, and «(4) = 5, then

asc_—_ (k) =|{{1,2},{3,4}}| =2.

In this example, « is a proper coloring of the given graph.
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The chromatic quasisymmetric function of y is

Xyn= > Y xeq - Xew € QSymlt],

Kk:[n)l—2Z-
proper

so that X, (x; 7) is a polynomial in an indeterminate ¢ whose coefficients — by properties of the ascent

statistic — are quasisymmetric functions. For an indifference graph y € ZG,, it is known that these
coefficients are elements of Sym [39, Theorem 4.5]. For example,

Xe—— (x;t)=IM(2,1)+(1‘2+4t+1)m(13)‘

1 2 3

However, this property is not used, and a novel proof of it follows from Corollary 3.14 below; see
Remarks 3.15 (R1).

Evaluating the indeterminate ¢ in X, (x; ) at a complex number gives an actual (quasi)symmetric
function. For example, X, (x; 1) is the ordinary chromatic symmetric function of the graph y, as defined
by Stanley in [40]. In Theorem 3.1 the chromatic quasisymmetric functions are evaluated at g, the order
of the finite field F,.

In [25], Guay-Paquet constructs the chromatic quasisymmetric by way of a homomorphism of C[¢]-

1

Hopf algebras. By evaluating at t = ¢~ as in Theorem 2.12, this result descends to a Hopf algebra

homomorphism scf (UT,) — OQSym. Define a linear functional
< 1 ify =([n], 2),
:scf(UT,) — C, 6§, —~ )
o+ sef( ) v {0 otherwise.

The following theorem is translated from its original context in [25] to that of the Hopf algebra scf(UT,)
using the Hopf algebra isomorphism in Theorem 2.12.

Theorem 3.12 [25, Theorem 57]. The map ¢y is a zeta function of scf(UT,), and the unique CHA
morphism
(scf(UT,), §o) — (QSym, ps,)
is given by
Sy = X, (x; q_l).
Along with Theorem 2.2, this result is the key to compute the image of the map c¢{1; defined at the outset
of Section 3. Recall the zeta function (g — 1)‘821.]’ g)) of the Hopf algebra scf(UT,) defined in Section 3A.

Proposition 3.13. Let y be an indifference graph of size n > 0. Then

(g—=D" ify=(n],2),

—1)°*s% 8y) =
(= D412 (8y) {0 otherwise.

Proof. By definition, §, = 3

+oy 0o Explicit computation then gives

(g = D"8am.ondy) _ (g 202y (811,295 80)
(8((n1,2)+ O(1n1,2)) 8(tn1.2) 81 2))
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Using the orthogonality of the basis {§, | ¥ € ZG,} and the minimality of ([n], &) under the spanning
subgraph order on ZG,,, the above expression reduces to the desired formula. g

Thus, on homogeneous elements of degree n, the zeta functions (¢ — 1)'6&.]’ o)) and go only differ by
a factor of (¢ — 1)". This leads to the following result, which is a restatement of (3.3) and accordingly

the last step in the proof of Theorem 3.1.

Corollary 3.14. Let y be an indifference graph of size n > 0. Then
cn6o) = (g — "X, (xs¢7)).

Proof. By comparison with the Hopf algebra homomorphism in Theorem 3.12, it is clear that the given
map is a graded Hopf algebra homomorphism, and further, that

psi((q — 1" X, (k547 = (g = 1)"803,) = (@ — 1)*8fa.)) 3))-

Thus, the given map is a CHA morphism

(scf(UT), (¢ — 1)*S{(4).2))) — (QSym, psy).
By Theorem 2.2, the above map must be equal to ¢(y;. U

Remarks 3.15. (R1) As the image of ¢(j) is Sym € QSym, Corollary 3.14 gives a novel proof that the
coefficients of X, (x; ¢) are symmetric functions.

(R2) Proposition 3.13 also shows that ¢y = (32‘["] 2y In=03 however this fact seems not to have any
representation theoretic significance beyond its relation to the proof above.

4. Connections to Hessenberg varieties

This section will describe the relationship between the characters Indglf’; (1) in Theorem 3.1, certain
Hessenberg varieties over [, and the analogous Hessenberg varieties over C. These results follow a short
overview of Hessenberg varieties. Throughout, the algebraic groups defined over [, in Section 2C and
their analogues over C are used, so the underling field will be explicitly written for each such group to
avoid confusion.

Take a field K € {[,;, C}, and for n > 0 let B, () denote the subgroup of upper triangular matrices in
GL, (). For each subspace M C Mat, () which is stable under conjugation by elements of B, () and
each matrix A € Mat, (K), the Hessenberg variety associated to A and M is

BY = {gB,(K) € GL,(K)/B,(K) | g ' Ag € M}.

This is a slight variation — apparently due to [44] — of the original definition in [14], which requires
that M contain all upper triangular matrices. The generalization is crucial, since the following results
exclusively concern Hessenberg varieties associated to strictly upper triangular subspaces known as
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ad-nilpotent ideals. For y € 7G,, let

ut, (K) = {A e Mat,(K) | A; ; #0onlyifi < j and (i, j) ¢ ¥}
=UT,(K) - 1.

These sets are in fact ideals in the algebra (and Lie algebra) of upper triangular matrices. Key examples

t, ()

of the Hessenberg varieties of the form B, N have been known for some time, but a specific study of

these varieties is quite recent; see [31; 38].

Proposition 4.1. Letn > 0 and y € 1G,. For any A € Mat, (F,) with 1 + A € GL, (),

JOLn €

Indyp ) (DA +A) = (g - g \E(y>||3ut v (Fy)

.
Proof. The proof will compute the left side of the equation directly. Equation (2.11) and the standard
formula for induced character values give

GL, (F,)

Indyy ) (D (1 + A4) = [{AUT, (Fy) € GLy(F)/UT, (Fy) | h~' (1 + A)h € UT, (Fp}.

Each left B, (F,) cosetin GL, (F,) comprises ¢'£™!(g—1)" 1eft UT,, (F,) cosets, and for each AUT,, (F,) C
gB,(F,), it is the case that h=1(1 + A)h € UT, (F,) if and only if g~!(1 + A)g € UT, (F,), because
UT, (F,) is normalized by B, (F,). Finally, g‘l (I+A)g e UT,(F,) if and only if g_lAg cut,(F,), in
which case g B, ([F,) belongs to ny([F"). O

This result reveals a relationship between the chromatic quasisymmetric function and Hessenberg
varieties for ad-nilpotent ideals over [,. To state this relationship precisely, recall the degree-shifted
Hall-Littlewood elements E(x; t) from Section 3A, and define Laurent polynomials d{ (t) by

X, (xit)= Y d] ()P.(x: 1). 4.2)

rEP,

Each F’A(x; t) is a polynomial in ¢! rather than ¢, so there is some subtlety to this definition: one
must first express t"E(V”X,, (x; 1) in the basis P (x; t~!) of Sym[t~'] and then multiply each term by
appropriate powers of ¢ to obtain (4.2).

Evaluating both sides of (4.2) at t = ¢ and applying the map p{]; defined in Section 3A gives

1 .
dor e = > d (@5

_ UTy (Fy)
(q ) rEP,

where Theorem 3.1 is used to evaluate the left side. Each side of the above equation is a class function,
so for any partition A € P,, we can evaluate both sides at an element 1 + A € O,, for some fixed partition
A € Py, Proposition 4.1 gives

t, (F
VN8 = al (). (43)
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The coefficients d{ () also appear in the complex geometry of Hessenberg varieties for ad-nilpotent sub-
spaces in a manner discovered by Precup and Sommers in [38]. For the following theorem, note that the dis-
cussion of Jordan canonical form in Section 3A shows that the similarity classes of nilpotent matrices over
any field are indexed by partitions of n: the class indexed by A € P, consists of all matrices similar to J, —1.

Theorem 4.4 [38, Equation (4.7)]. Forn >0, take y € TG, and A € P,,. Then
Zﬂ]?tk/z — t_‘E(y)‘d}‘)‘/(l‘),

k>0

where ,B,? denotes the k-th Betti number of Bl;y © for any nilpotent matrix A € Mat,,(C) in the similarity
class indexed by M.

Thus, [38] shows that the d{ (t) are in fact polynomials. Combining this result with (4.3) leads to the
following corollary.

Corollary 4.5. Forn >0, take y € 1G, and . € P,. Let A € Mat, (F,) be a nilpotent elements in similarity
class indexed by ). Then

A kJ2 uty, (Fy)
> Bid =18y,
k>0

where the numbers ,B,i‘ are as in Theorem 4.4.

Remarks 4.6. (R1) Aside from this paper, I am aware of two works about Hessenberg varieties over [, .
The preprint [17] concerns the Hessenberg variety associated to a split regular element of GL,,([F;) and a
subspace containing all upper triangular matrices; under some nontrivial assumptions on ¢ a result similar
to Corollary 4.5 is established. This generalizes Fulman’s use of Weil conjecture machinery on a subset
of smooth Hessenberg varieties in order prove some identities on g-Eulerian numbers [18].

(R2) In [31], Ji and Precup give a combinatorial formula for the polynomials d{ (t) by constructing
an affine paving of ny(c). Precup has also suggested that a second proof of Corollary 4.5 could be
obtained from a careful study of this paving, which would independently reprove Theorem 3.1 (private
communication, 2022).

5. The vertical strip LLT polynomial as a GL, character

This section gives a second result of the same type as Theorem 3.1, in that it interprets a family of
t-graded symmetric functions as the images of certain GL,, characters obtained by induction from UT,
under a particular isomorphism; see Table 1. Here, the initial UT,, characters come from a larger set
{¥? | 0 € TS} indexed by the set of tall Schréder paths 7S from Section 2B, the map to Sym is a
homomorphism p; : cf(GL,) — Sym which records the unipotent constituent of a character, and the
symmetric functions are the vertical strip LLT polynomials G, (x; t), also indexed by the set 7S. Each
object mentioned will be defined in this section.
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Theorem 3.1 Theorem 5.1

indexing set indifference graphs y € ZG, tall Schroder

paths 0 € TS,

UT,,-characters permutation characters x¥ | pseudosupercharacters ¥
. . chromatic quasisymmetric vertical strip LLT
symmetric functions ) )
functions X, (x; 1) polynomials G, (x; 1)

map to Sym Py cf;lg]iap(GL.) — Sym p1: cf(GL,) — Sym
meaning of records unipotently supported records the irreducible
map to Sym GL,-class functions unipotent constituents

Table 1. A comparison of the results of Theorems 3.1 and 5.1 in degree n.

Theorem 5.1. Let o be a tall Schrider path. Then
p1olndir (%) = (¢ — PG, (x: ),
where Diag(o) is the set of diagonal steps in o.

I will now describe the meaning of this result in greater depth and outline its proof. In the study of finite
groups of Lie type, including GL,,, Deligne—Lusztig theory identifies an exemplary set of irreducible char-
acters known as unipotent characters. For GL,, the unipotent characters are relatively well understood and
will be described in Section 5SB. Here, the relevant fact is that Zelevinsky [45] has shown that the subspace

uni
Cfchar

(GL,) = C -span{irreducible unipotent characters of GL,, n > 0}

is a sub-Hopf algebra of cf(GL,), and that cf™i (GL,) is isomorphic to Sym. Furthermore, [45]

char
uni
char

shows that the orthogonal projection from cf(GL,) to cf ;' (GL,) (with respect to the inner product

(-,-) in Section 2C) is a Hopf algebra homomorphism. Consequently, there is a homomorphism

uni
char

p1 : cf(GL,) — Sym obtained by projecting onto cf; (GL,) and then applying the aforementioned

isomorphism, as in the diagram

f(GL.) P, Sym
\ ~ (5.2)
cf'l (GL.)

of Hopf algebra homomorphisms. The map p4 faithfully records the irreducible unipotent constituents
of any class function of GL,, which can be recovered by reversing the isomorphism cfgl‘;;r(GL.) = Sym.

Thus, Theorem 5.1 states that the vertical strip LLT polynomial G, (x; g) determines the irreducible
unipotent constituents of the character IndSk (7).
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An interesting connection arises from the interplay of Theorems 3.1 and 5.1. Carlsson and Mellit [11,
Proposition 3.5] show that for a Dyck path = € D,,, the plethystic relationship

(t — 1) X Graphor) (¥ r)[tf—l] =G (x: 1)

holds, where Graph(rr) is the indifference graph associated to 7 in Section 2B. It is also known [35, IV.4]
that the composite map

—1

Sym 2 it (GL,) <> cf(GL,) 22> Sym

is an isomorphism which can be expressed in plethystic notation as f[x] — wf [tf—l]| , SO my results

give a GL,,-representation theoretic interpretation of Carlsson and Mellit’s result; at tltle qsame time, [11,
Proposition 3.5] could be used to prove Theorem 5.1 via Theorem 3.1.

The proof of Theorem 3.1 will instead use the machinery of combinatorial Hopf algebras, which has
the benefit of giving a new description of the map p1 o Indg%. Define a Hopf algebra homomorphism

¢y :scf(UT,) — QSym as the composite map in the diagram

scf(UTe) __
~~~~~~~~~~~~~ Cc1
e o
Cfl:l?];p(GLo) — C'F(GL.) P > Sym «  TT=-- > stm

of Hopf algebras, so that Theorem 5.1 describes ¢; implicitly. By definition, ¢1 can be computed by
inducing a character of UT, to GL, and recording its unipotent constituents as symmetric functions.
However, Theorem 2.2 shows that ¢ is also determined by the zeta function ps; oc1 of the Hopf algebra
scf(UT,). It happens that this zeta function coincides exactly with one defined by Guay-Paquet, so that a
result of [25] —restated in Corollary 5.16 — shows that

¢1(8Graph(m)) = G (x; ¢~ ") for m € D. (5.4)

Several known identities for LLT polynomials complete the proof; these are given in Proposition 5.18.

The remainder of the section is divided into three parts. First, Section SA describes the characters
appearing in Theorem 5.1 and shows that this family includes both the permutation characters and
supercharacters of scf(UT,). Then, Section 5B describes the map ¢1 as a CHA morphism to (QSym, ps,),
defining the necessary combinatorial Hopf algebra structures on scf(UT,) and cf(GL,) along the way.
Finally, Section 5C formally defines the vertical strip LLT polynomial, shows how it can be realized as
the image of a CHA morphism, and concludes with a proof of Theorem 5.1.

Remark 5.5. It is possible to “remove” the factors of ¢ — 1 in Theorem 5.1. With results in Section 5A,
work of Andrews and Thiem [9, Remark on p.490] and Aliniaeifard and Thiem [7, Remark (1) on p. 13]
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show that each ¥ is the sum of (g — 1)/Pa8(@)I distinct characters which each have the same image under
p1o IndSIT‘; this image must be G, (x; q).

SA. The pseudosupercharacters ¥°. This section will define the characters 1 appearing in Theorem 5.1.
Recall the terminology used for Schroder paths in Section 2B and the characters of UT,, defined in
Section 2C.

For o € TS, the pseudosupercharacter indexed by o is the class function

wo — Z (_1)|Diag(0)75\)—(([n], Area(o)US) c SCf(UT.).
SCDiag(o)
The definition of Diag(o) ensures that each graph ([n], Area(o) U S) above is in fact an indifference

graph. For example, with

o= wehave 7 =—x'? 4+x' 2" (5.6)

N

A noteworthy family of examples is the pseudosupercharacters indexed by Dyck paths: for w € D,
Diag(m) = &, from which it follows that

wn — )—(Graph(zr).

Proposition 5.7. Let o be a tall Schroder path of size n > 0. Then ° is a character, and in particular

Yo = > X7,
E(y)Z(Area(o)UDiag(o))
Diag(0)SE(y)
where the sum is over indifference graphs y € ZG, satisfying the given conditions.

Proof. Using the definition of ¥7,
wo — Z (_l)lDiag(o)fSl Z Xy’
SCDiag(o) E(y)CArea(o)US

where the sum is over indifference graphs y as in the proposition. Reversing the order of summation

above, we obtain

VYo = Z ( Z (_l)lDiag(U)—Tl)XV,

E(y)CZArea(o)UDiag(o) T CDiag(o)
T2E(y)NDiag(o)

where the innermost sum is over subsets 7' of Diag(o) that contain E(y) NDiag(o). Combining terms in

this sum, the proposition follows from the binomial theorem. (|

As an example of Proposition 5.7, the pseudosupercharacter in (5.6) expands as the sum of superchar-

acters
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The final result in this section shows that every supercharacter of scf(UT,) occurs as a pseudosuper-
character. Given a Dyck path m, a peak of 7 is a sequence of steps ES; say that a peak is fall if the first
step E does not begin on the diagonal x = —y. For example,

= (EESESSES)

has three peaks, but only two tall peaks. Define the Mesa path of = € D, to be the tall Schréder path
Mesa(r) € TS, obtained by first constructing Dyck(sr) and then replacing each tall peak ES with a
diagonal step D; for example,

Mesa = = (EDDSES).

Proposition 5.8. Let w be a Dyck path. Then yyMes2(7) — » Graphtr)

Proof. By assumption,
Area(m) = Area(Mesa(rr)) UDiag(Mesa(m)),
so by Proposition 5.7,

wMesa(ﬂ) — Z X V.

y CGraph(w)
Diag(Mesa(w))SE(y)

Now suppose that an indifference graph y is a proper spanning subgraph of Graph(x). Then y must
be missing at least one edge {i, j} such that the unit square indexed by {i, j} is bordered directly by a
tall peak of m, so that {i, j} € Diag(Mesa()), and x? does not appear in the sum above. Thus the only
summand above is x Sr2Ph0T) O

5B. Factoring c1 through cf(GL,). This section will describe the unipotent characters of GL,,, and
their relation to the Hopf algebra structure of cf(GL,). As stated at the outset of Section 5, unipotent
characters originate in Deligne—Lusztig theory, and are typically defined using cohomological induction.
However, the unipotent characters of GL, can also be described with much more elementary methods; see
[16, Theorem 15.8 and proof] for the details. This paper will take this alternate description as a definition:
an irreducible character of GL,, is unipotent if it is a constituent of IndgnL” (1), where B, = B,([F,) is the
subgroup of upper triangular matrices in GL,,.

It is also known that irreducible unipotent characters of GL,, are indexed by the partitions of n [16,
Theorem 15.8]; write x* for the unipotent character corresponding to A € P(n). This paper follows the
convention of [35] in which x ") is the trivial character 1 of GL, and x ™ is the Steinberg character Sty;
this differs from the convention of [45] and others by the transposition of each partition.
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The homomorphism p1 was constructed by Zelevinsky [45, 9.4], and is given by

p1icf(GL) — Sym, ¥ > Y (¥, x")si. (5.9)
A

As a linear transformation, p1 has a right inverse s; > x*, and [45] shows that this right inverse is also a
Hopf algebra homomorphism. Thus, the image

cf" (GL,) = C-span{x”* | » € P} C cf(GL,)

char

is a sub-Hopf algebra of cf(GL,) through which p; factors, as shown in Diagram (5.2).
By Theorem 2.2, the map p1 is equivalent to a zeta function of the Hopf algebra cf(GL,). This zeta
function is also given in [45], and is

Ste) = (Sty))n>0 € cf(GL,)".

Proposition 5.10 [45, 9.4-5]. The map St,) is a zeta function of cf(GL,) and p1 is the unique CHA
morphism (cf(GL,), St,)) — (QSym, ps;).

Now, for n > 0, write regyr, for the regular character of UT,,. Define a linear functional

reg,) = (regyr, =0 € scf(UT,)*.
Theorem 5.11. The function reg,) is a zeta function of scf(UT,) and
reg,) = St,) o Ind%%,
S0 IndSIT“ is a CHA morphism

GL
Indy;

(scf (UT,), reg,)) —— (cf(GL,), St,)).

Proof. 1t is sufficient to prove that reg,) = St,) o Indg%. Doing so requires the well-known fact (see, for
example, [45, 10.3]) that for unipotent X € GL,,,

IUT,| if X = 1,,

St (X) = .
0 for other unipotent X.

As a consequence,

Resglf: (St,) = regyr, -
With this, the claim follows from Frobenius reciprocity as described in Section 2D:
GL GL,
St,) o Indyr = (Resyy” (St,l)>)n20 =reg,). O

Remark 5.12. Like Theorem 3.8, Theorem 5.11 actually shows that Indg% is a CHA morphism from the
larger combinatorial Hopf algebra (cf(UT,), reg,)) to (QSym, ps;).
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5C. The vertical strip LLT polynomial. The vertical strip LLT polynomial indexed by a tall Schroder
path o is

Go(x;t) = Z 1ASCn Ao 6y )Xy -+ Xy € CLx T[],
keA(o)

where the sum is over the set A(o) of functions « : [n] — Z. which satisfy x (i) < «(j) for eachi < j
with {i, j} € Diag(o). Viewed as a polynomial in ¢, the coefficients of G, (x; t) are actually symmetric
functions [28, Lemma 10.2], though this is not obvious. For example,

G@(x; t) = tmo 1) + (l‘2 + 2t)m(13).
Remark 5.13. There are several essentially equivalent definitions of LLT polynomials; the one above is

due to [11] in the unicellular case and to [13] (see also [5]) in general.

If o is a Dyck path, so that Diag(o) = &, then the sum in G, (x; ¢) is over all possible colorings; this

special case is know as a unicellular LLT polynomial. In [25], Guay-Paquet realizes the unicellular LLT

polynomials by way of a homomorphism of Hopf algebras over C[¢]. By evaluating at t = ¢! as in

Theorem 2.12, this result descends to a Hopf algebra homomorphism scf (UT,) — OSym. Define a linear
functional
1 2 scf(UT,) — C, Sy — 1.

Theorem 5.14 [25, Theorem 57]. The map ¢, is a zeta function of scf(UT,), and the unique CHA
morphism
(scf(UT,), &1) — (QSym, ps;)
is given by
SGraph(n) — Gr(x; q_l) for m € D.
Now recall the zeta function reg,) defined in the previous section.

Proposition 5.15. As a zeta function of the Hopf algebra scf(UT,), reg,) is equal to ¢1; in particular
reg,)(8,) =1 for y € IG.
Proof. This follows from direct computation: if y € ZG,,
reg,)(8,) = (§,, regyr, ) =8, (1,) = 1. O
The uniqueness result of Theorem 2.2 now gives the following, which restates (5.4).
Corollary 5.16. The map c1 is the CHA morphism described in Theorem 5.14. In particular,
¢1(8Graph(r)) = G (x;¢™")  for m € D.

Remark 5.17 (cf. Remarks 3.15(R1)). Corollary 5.16 can be used to give a novel proof that the unicellular
LLT polynomial G, (x; t) has symmetric coefficients.

The proof of Theorem 5.1 is given below following two identities for LLT polynomials.



1760 Lucas Gagnon

Proposition 5.18 [6, Theorem 2.1; 11, Proposition 3.4]. Let n be a positive integer.

(1) For any Dyck paths w € D,,

g™ NGy (x5 71 = @Gpyekon (x5 9).

(2) For any tall Schrider paths o € TS,

(g =DPOIG, )= Y, CDPROTNG o preaiorus (5 @),
SCDiag(o)

where Area™! (Area(o) U S) denotes the unique Dyck path with area Area(o) U S.
Proof of Theorem 5.1. For w € D, (2.11) states that x SaPh(m) = glAreamlse ). so by Proposition 5.18(i),

c1(XON) = G (x: 9).
Combining this with Proposition 5.18(ii) and the linearity of w,

a@W)= Y (=DPEOFG, s(xig) = (g — DP*¥ NG, (x: ). O
SCDiag(o)

6. Positivity conjectures

Recall the bases of Sym given in Section 2A. An element f(x; t) € Sym[¢] is said to be e-positive if the
coefficients a, (t) in
fain =) ae.
AEP

are polynomials in ¢ with nonnegative coefficients: a; (f) € Z>o[t]. Likewise, if the coefficients of f(x; ¢)
in any other basis of Sym have this property — for example, the Schur basis {s, | A € P} —say that f(x; ¢)
is positive in that basis. The positivity of the symmetric functions in this paper are of some interest, and
this section will describe the meaning of positivity in the context of GL, ([F,) representation theory.

For the chromatic quasisymmetric functions in Section 3B, e-positivity generalizes the Stanley—
Stembridge conjecture [42, Conjecture 5.5], which by [24] is the r = 1 case below.

Conjecture 6.1 [39, Conjecture 1.3]. For each y € IG, X, (x; t) is e-positive.

Special cases of Conjecture 6.1 have explicit solutions, as in [1; 12; 29; 30].

For the vertical strip LLT polynomials in Section 5C, Schur positivity has implications for the study of
Macdonald polynomials [28]. Adapting results from the case of general LLT polynomials, it is known
[23, Corollary 6.9] that G, (x; t) is positive in the Schur basis for every o € TS. However, their proof
is algebraic and does not construct the Schur coefficients. In some special cases, explicit formulas are
known, including the g-Kostka numbers [33] and the results of [30; 43], but in general these coefficients
are a mystery.

Open Problem 6.2 [27, Open Problem 6.6]. Find a (manifestly positive) combinatorial formula for the
Schur coefficients of G, (x; t).
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The e-positivity of vertical strip LLT polynomials is also the subject of study; in this context, the
paradigm is altered by considering the shifted polynomial G, (x; # 4+ 1). The e-positivity of shifted vertical
strip LLT polynomials is proved in [13, Theorem 5.5], and the paper [6] gives an explicit combinatorial
formula the e-coefficients, which will be restated in Section 6C. Using Theorem 5.1, this formula implies
a result about the characters Indg%(gl/"), inadvertently giving some representation theoretic intuition for
the t < ¢ + 1 shift.

Returning to the general discussion of positivity, if a polynomial f(x;¢) € Sym(?] is positive with
respect to a certain basis, then evaluating ¢ at any positive integer will give a symmetric function with
nonnegative integer coefficients in the chosen basis. Thus, evaluating ¢+ = g above gives positivity results
about the GL,, characters in this paper. Conversely, polynomial equations can be verified on any infinite
set— like the set of prime powers —so GL, characters offer a novel approach to some of the open
problems above.

This section reinterprets each of the positivity statements above in the context of GL,, representation
theory. Section 6A will discuss the e-positivity of the chromatic quasisymmetric function, Section 6B will
discuss Schur positivity of the vertical strip LLT polynomials, and Section 6C will discuss the implications
of the e-positivity of vertical strip LLT polynomials.

6A. Interpreting the e-positivity of X, (x; t). In light of Theorem 3.1, there should be a restatement of
Conjecture 6.1 involving the characters Indg%; (1). However, the isomorphism py;} in Theorem 3.1 does
not associate e, to a character of GL,,, so some interpretation is required. My choice to use the particular
restatement below is informed by ongoing work on the subject.

Recall the Steinberg character St,, € cf(GL,,) defined in Section 5B. For any partition A = (Aq, ..., Ag),
define St e cf(GL,) to be the product

Sty = St)\l St)tz cee StM .

Conjecture 6.3. Letn > 0and y € ZG,. There are polynomials a}{ (t) € Z>olt] such that for each prime

power q the character

ny = a (@ St

rEP,
satisfies (q — 1)"n,, (u) = Indglf; (1) (u) for every unipotent element u € GL,, ([F,).
Proposition 6.4. Conjectures 6.1 and 6.3 are equivalent.

Proof. For a class function ¥ € cf(GL,), write ¥ |uni € cf*™ (GL,) for the element defined by

supp
. |¥(g) if gis unipotent,
¥ luni(8) = {0 otherwise,
so that Conjecture 6.3 states Zkepn a;’ (¢)Sty luni = (q_;l),, IndSIT“Z 1).

I now claim that p1y(St;|uni) = ey, so that with the preceding remarks and Theorem 3.1 the proof will
be complete. The claim is relatively well-known to experts, but a proof sketch is included for the sake of
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completeness. Direct computation gives that St,, |[yni = q('é)a(]n) (see the proof of Theorem 5.11), and

pm(q(;)&l")) = Puny(x; q) = ey,

with the second equality due to the definition of the Hall-Littlewood polynomial; see [35, I11.2 (2.8)].
The claim then follows from the fact that the extension of ¥ > Yy to all of cf(GL,) is a Hopf algebra

homomorphism to cfslﬂ‘[i,p(GL.) [45, 10.1]. O

Remarks 6.5. (R1) A direct proof of Conjecture 6.3 would probably find an organic realization of the
character n,, using the representation theory of GL,, and in a manner which does not depend on g.
Ongoing work has identified a promising candidate for the character 7,,, but has not led to any
progress on the conjecture itself.

(R2) It is not clear that Conjecture 6.3 offers an easier approach to Conjecture 6.1 than other equivalent
statements. However, as the clearest restatement of Conjecture 6.1 in the GL,, () context, the wide
interest in e-positivity seems to justify its inclusion.

6B. Interpreting the Schur positivity of G,(x; t). Let o be a tall Schroder path and write

Go(x:1) =) b (1)s;.
AEP
It is immediate that each b{ (¢) is a polynomial in ¢ with integral coefficients, and the content of [23,
Corollary 6.9] is that the coefficients of this polynomial are nonnegative.
Recall from Section 5B that the irreducible unipotent characters of GL,, are {x” | A € P,}, and that
p1(x*) = s, for each partition A € P. Thus, for a tall Schroder path o, Theorem 5.1 implies that

(g — DHPE@Ipe () = (x*, IndSk (¥ °)), (6.6)

which is the multiplicity of the irreducible unipotent GL,-module indexed by A" in the GL,-module
affording Indglf(w”). Thus, Theorem 5.1 implies the known fact that b7 (¢) is nonnegative for each
prime power ¢, but falls short of giving a second proof of Schur positivity: a polynomial with negative
coefficients can still take on infinitely many positive values. Nonetheless, progress on Open Problem 6.2
might be obtained through explicit representation theoretic formulas.

Open Problem 6.7. Forn > 0,0 € TS,, and } € Py, find a combinatorial formula for (x* Indglf(lﬁ"))
as a function of q.

Such a formula would almost certainly be divisible by (g — 1)/P22@! in a straightforward manner; see
Remark 5.5. This would give an answer to Open Problem 6.2.

6C. Interpreting the e-positivity of G, (x; t). The final section of this paper will show how the explicit
e-positivity formula for vertical strip LLT polynomials given in [6] leads to a deeper understanding of the
characters Indglf(z//”) from Theorem 5.1; see Corollary 6.10. I will begin by recalling the main result of [6].
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Fix a graph y = ([n], E(y)) on [n]. An orientation of y is a collection of directed edges

0 ={G j)I{i,j} e E()},
so that ([n], 0) is a directed graph whose underlying undirected graph is y. For example, with
y=1>3"5 . and 6={2,1).(1,3),(3,2),3,4) (6.8)
we have

([I’l], 9) — @0—).

1 2 3 4°

Write O(y) for the set of orientations of y. For 8 € O(y) and i € [n], say that the highest reachable
vertex from i under 6 is

hrv(6, i) = max{j € [n] | there is an increasing path in ([n], 8) from i to j}.
For example, taking y and 6 as in (6.8)
hrv(@,1) =4, hrv(,2)=2, hrv(#,3)=4, and hrv(0,4)=4.

Finally, for 8 € O(y), the type of 6 is the partition type(0) € P, obtained by truncating all zeros from the
nonincreasing reordering of the sequence

(|{i € [n]1hrv(0, i) =1}

{i € [n]|hrv(,i) =n}|).

For example, taking y and 6 as in (6.8), type(8) = (3, 1).
Theorem 6.9 [6, Theorem 2.9]. Forn > 0, let 0 € TS,, and let y be the natural unit interval order on [n]

with edge set E(y) = Area(o) UDiag(c). Then

Go(x:1) = Z (t — 1)|{{i,j}eArea(a)|(i, j) €0 withi < j}letype(Q)s

Diag(o)-ascending
0eO(y)

where the sum is over orientations 8 € O(y) with (i, j) € 0 for eachi < j with {i, j} € Diag(o).
Evaluating the identity above at 7 = g, the expression ¢ — 1 can be interpreted as |F |, the number of
units in the field F,. As |F7 | is a positive integer, it can be interpreted as the multiplicity of a submodule,

as will be discussed at the end of this section.
The Gelfand—-Graev character of GL,, [22] is the class function

1 n—
= ey Ik ™),

where £ D"™'S i as defined in Section 5A; as the name suggests, I', is actually a character of GL,;; see
Remark 5.5. The degenerate Gelfand—Graev character [45, 12] indexed by a partition A = (A1, ..., A¢) is

T =T, Ty,
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Corollary 6.10. Forn >0, let 0 € TS, and let y be the natural unit interval order on [n] with edge set
E(y) = Area(o) UDiag(o). Then

IndSL(y7) = Z (q — DHIWENEEWNIG ) €0 withi < j}ll“type(e)’

Diag(o)-ascending
0e0(y)

where the sum is over orientations 0 € O(y) with (i, j) € 0 for eachi < j with {i, j} € Diag(o).

Proof. Since the map p1 restricts to an isomorphism from cf‘S’L’l‘[i,p (GL,) to Sym (discussed in Section 5),
and the involution w is also an isomorphism, it is sufficient to establish that the above equation holds

after the application of w o pj to both sides. By Theorems 5.1 and 6.9, the left side becomes

wo p1 OIndglf(l/fo) _ Z (q— 1)|{{i,j}eE(y)|(i, j) €6 with i <j}|etype(9)a

Diag(o)-ascending
6€0(y)

so the claim will follow from w o p1(I',)) = e,. This fact is known, but a short proof is included below
for completeness.

Theorem 5.1 states that w o p1(I';,)) = Ggpn-15(x; g). With Diag(ND”_lS) ={{i,i+1}|1<i<n},
the definition of vertical strip LLT polynomials given in Section 5C becomes

GEDn—us(x;q)z Z xk(l)-‘-x,((n) = €y. |

K:nl—2Z-
k(1)<--<k(n)
This result implies that the GL,,-module affording Indg%(d/(’) decomposes into a direct sum of submod-
ules that each afford some degenerate Gelfand—Graev character. Exhibiting this decomposition explicitly
would give a new proof of Corollary 6.10 and Theorem 6.9.

Open Problem 6.11. Find a module theoretic proof of Corollary 6.10.
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