Algebra &
Number
Theory

Volume 19

2025

. ’
\\ No. 1
)

1 QY
aa B8 J a
JJJ_l | J 2 -
.| | 2 J J
e, A0 L
JJJ r _I ] J | JJ
J " _I_IJ_I JJJJ JJ JJ ]
H L T 11
{ IR L
j JJ .I-I JJJJ jJJ JJ -
R T L I TR
d 2 8
JJJ .| -IJ il . J - JJJJ
JJJ J_I | | s JJJJ JJ
o | 4 _ B g o |
) UL J_,,JJJ JJ 0 Tt
JJ .I JJ JJ J o J J ] J ] _|
a |
L JJJ)J 1,0 A et o
PN JJJJ ol “J LT



Jason P. Bell
Bhargav Bhatt
Frank Calegari
J-L. Colliot-Thélene
Brian D. Conrad
Samit Dasgupta
Hélene Esnault
Gavril Farkas
Sergey Fomin
Edward Frenkel
Wee Teck Gan
Andrew Granville
Ben J. Green
Christopher Hacon
Roger Heath-Brown

Janos Kollar

Michael J. Larsen

Algebra & Number Theory

msp.org/ant

MANAGING EDITOR

Antoine Chambert-Loir
Université Paris-Diderot
France

EDITORIAL BOARD CHAIR

David Eisenbud
University of California
Berkeley, USA

BOARD OF EDITORS

University of Waterloo, Canada
University of Michigan, USA
University of Chicago, USA

CNRS, Université Paris-Saclay, France
Stanford University, USA

Duke University, USA

Freie Universitit Berlin, Germany
Humboldt Universitit zu Berlin, Germany
University of Michigan, USA
University of California, Berkeley, USA
National University of Singapore
Université de Montréal, Canada
University of Oxford, UK

University of Utah, USA

Oxford University, UK

Princeton University, USA

Indiana University Bloomington, USA

Philippe Michel
Martin Olsson
Irena Peeva
Jonathan Pila
Anand Pillay
Bjorn Poonen
Victor Reiner
Peter Sarnak
Michael Singer
Vasudevan Srinivas
Shunsuke Takagi
Pham Huu Tiep
Ravi Vakil
Akshay Venkatesh

Melanie Matchett Wood

Shou-Wu Zhang

PRODUCTION
production @msp.org

Silvio Levy, Scientific Editor

Ecole Polytechnique Fédérale de Lausanne
University of California, Berkeley, USA
Cornell University, USA

University of Oxford, UK

University of Notre Dame, USA
Massachusetts Institute of Technology, USA
University of Minnesota, USA

Princeton University, USA

North Carolina State University, USA
SUNY Buffalo, USA

University of Tokyo, Japan

Rutgers University, USA

Stanford University, USA

Institute for Advanced Study, USA
Harvard University, USA

Princeton University, USA

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2025 is US $565/year for the electronic version, and $820/year (+$70, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University

of California, Berkeley, CA 94720-3840 is published continuously online.

ANT peer review and production are managed by EditFLOoW® from MSP.

PUBLISHED BY
:- mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/

© 2025 Mathematical Sciences Publishers


http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/

ALGEBRA AND NUMBER THEORY 19:1 (2025)
https://doi.org/10.2140/ant.2025.19.1

A modification of the linear sieve,
and the count of twin primes

Jared Duker Lichtman

We introduce a modification of the linear sieve whose weights satisfy strong factorization properties, and
consequently equidistribute primes up to size x in arithmetic progressions to moduli up to x'%!7. This
surpasses the level of distribution x*7 with the linear sieve weights from well-known work of Bombieri,
Friedlander, and Iwaniec, and which was recently extended to x’/!> by Maynard. As an application, we
obtain a new upper bound on the count of twin primes. Our method simplifies the 2004 argument of
Wu, and gives the largest percentage improvement since the 1986 bound of Bombieri, Friedlander, and
Iwaniec.

1. Introduction

Given a finite set .4 of positive integers, sieve methods offer a broad framework for estimating the number
of elements in A all whose prime factors exceed z, denoted by S(A, z), in terms of the approximate
density ga(d) = g(d) of multiples of d in A, denoted by .4,. Note one often expects

S(A, 2y~ A [T —g(p).
p<z
Combinatorial sieves may be viewed as refinements of the basic inclusion-exclusion principle, and are
described by a sequence of weights A(d) € {—1, 0, 1} supported on integers up to some level D > 1. We
refer the reader to Opera de Cribro [Friedlander and Iwaniec 2010] for a more thorough introduction to
the subject.
In particular, the upper bound weights A (d) for the linear sieve satisfy

log D
Z

S(A, z) < |A| l_[(l - g(p))(F<E) +0(1)) + Z AT (@) (| A — | Alg(d)) (1-1)
p<z d<D

pld=p<z
as D — oo, provided g = g4 satisfies some mild conditions. Here the function F' : R>; — Ry is
defined by a delay-differential equation, as in (2-5). For sets A sufficiently equidistributed in arithmetic
progressions the second sum over d < D in (1-1) contributes negligibly, in which case the main term is

S(A, 2) SIAI [ =g Fs),

p<z

MSC2020: primary 11N35, 11N36; secondary 11NO5.
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2 Jared Duker Lichtman

where z = D'/%. In fact, F(s) — 1 as s — 0o so the main term confirms the naive expectation in this
case. Moreover, F is optimal in the sense that the bound (1-1) is attained sharply for a particular set .A.

We introduce this sieve theory setup more formally in Section 2.2 below, and define the sieve weights A
explicitly in Section 3; see [Friedlander and Iwaniec 2010, Section 12] for further details on the linear
sieve (8 =2), as well as [loc. cit., Section 11] for its generalization to the S-sieve.

The linear sieve is powerful when combined with equidistribution estimates which make the final sum
in (1-1) small. For example, the Bombieri—Vinogradov theorem shows that for every ¢, A > 0, letting
0 = x'/27¢ we have
7 (x) x

w(x;q, a)——

o@ | < Tog)n -2

sup
g<0 @9=1

So by taking D = Q, (1-1) can give a good upper bound when the set A is related to the primes, such as
when A= {p+2: p < x}, in which case (1-1) gives an upper bound for the count of twin primes.
The estimate (1-2) may be viewed as an assertion of the generalized Riemann hypothesis on average

over moduli up to Q = x!/27¢_ It remains an important open problem to extend the range to Q = x!/?*?

for some fixed 8 > 0. Indeed, Elliott and Halberstam [1970] conjectured such an extension up to Q = x'~¢
for any ¢ > 0.

In some contexts it suffices to relax the setup in (1-2) in order to raise the level of distribution. In
particular, in the case of a fixed residue class a € Z, and the absolute values replaced by well-factorable
weights A(q) (see Definition 2.1), the celebrated result of Bombieri, Friedlander and Iwaniec [Bombieri

et al. 1986] raised the level up to Q = x*/77¢,

7 (x) x
> A(q)(n(x q, a)——) Lae ——. (1-3)
= (@) (log x)A

(g.a)=1
While the linear sieve weights are not themselves well-factorable, Iwaniec [1980] constructed a well-
factorable variant AT of the weights A1 (and so (1-3) holds with A = A*), which are only slightly altered
from At so that AT enjoys an analogous linear sieve bound as in (1-1), notably with an identical form of
the main term,

S(A.2) < |A|1'[<1—g<p>>< ( gg >+ (1)) Y @A~ Alg@).  (14)

p<z d<D
pld=p<z
The bound (1-3) stood for several decades, but quite recently Maynard [2020] managed to extend
the level in (1-3) further to Q = x”/'27¢ in the case of the weights A = A*. Given the currently

7/12 is a natural barrier for these

available equidistribution estimates for primes, we note the level x
weights.
In this article, we modify the technical construction of the linear sieve weights to avoid this barrier,

and thereby produce new sieve weights that induce stronger equidistribution estimates for primes.
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Theorem 1.1. Let D = x'%V71—¢_ There exists a sequence 1*(d) € {—1, 0, 1} satisfying:

(1) Equidistribution for primes: For any fixeda € Z, A, € > 0, we have

s n(x)) x

AT (d ;d,a)— —= | K4 ——-
2 )<”(x V@) < Gogm
(d,a)=1

(2) Sieve upper bound: Fors > 1,z = D% we have

S(A,2) <A TTA —gD(F* ) +o)+ > Z* @ (Al — [Alg@)),

p<z d<D
pld=p<z

where F*(s) < 1.000081F (s) when 1 < s < 3, for the linear sieve function F as in (2-5).

The key feature of Theorem 1.1 is to obtain equidistribution up to level x'%/17

at the cost of only a tiny
loss in the main term. See Theorem 2.12 and Proposition 5.4 for full technical statements and additional

variations that may be of independent interest.

1.1. Application to twin primes. We expect that Theorem 1.1 should give numerous improvements to
sieve bounds related to the primes. As proof of concept in this direction, we give a new upper bound for
the count of twin primes up to x, denoted by 7> (x). Recall Hardy and Littlewood [1923] conjectured the
asymptotic formula

2x 1-2/p . i
M)~ o 1!:[2 T = 1 (1-5)

Theorem 1.2. As x tends to infinity, we have
o (x) < 3.2995611(x).

Theorem 1.2 gives a 2.94% refinement from the previous record bound of Wu [2004]. For reference,
this gives the largest percentage improvement since the work of Bombieri, Friedlander, and Iwaniec
[1986]. See Table 1 for a chronology of the known upper bounds on m,(x)/I1(x). Also see Siebert
[1976], Riesel and Vaughan [1983, Lemma 5] for numerically explicit forms of Selberg’s bound [1952].

The main ingredients for these results come from applying sieve bounds to the set A={p+2: p < x},
and using equidistribution of primes in arithmetic progressions to handle remainder terms. Bombieri
and Davenport obtained 7 (x)/IT(x) < 4 as a consequence of the Bombieri—Vinogradov theorem (1-2)
and a standard sieve upper bound of level x'/>~¢. More generally, if one proves level of distribution
x?~¢ then one immediately obtains mp(x)/I1(x) < 2/6. Bombieri, Friedlander and Iwaniec proved
m(x)/T(x) < % by the well-factorable variant (1-3) level of distribution x1E together with the linear
sieve with well-factorable remainder (1-4).
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Year Author(s) m(x)/T(x) <
1919 Brun [1919] O(1)

1947 Selberg [1952] 8

1964 Pan [1964] 6

1966 Bombieri and Davenport [1966] 4

1978 Chen [1978] 3.9171

1983 Fouvry and Iwaniec [1983] 3.7777--- =34/9
1984 Fouvry [1984] 3.7647---=64/17
1986 Bombieri, Friedlander and Iwaniec [1986] 3.5

1986 Fouvry and Grupp [1986] 3.454

1990 Wu [1990] 3.418

2003 Cai and Lu [2003] 3.406

2004 Wu [2004] 3.39951

Table 1. Upper bounds for 7 (x)/IT(x).

The other key ingredient to subsequent improvements is the switching principle, introduced in Chen’s
celebrated result [1973] that there are infinitely many primes p such that p + 2 has at most two prime
factors. The basic insight is to use a weighted sieve inequality to split the problem into multiple cases,
apply sieve bounds to A = {p 42 : p < x} in certain cases, and then reinterpret the remaining cases as
new sieving problems for switched sets B = {m —2 < x} where the numbers m are constructed from .4
(as prescribed depending on the case).

1.2. Outline of main ideas in Theorem 1.1. Maynard’s new equidistribution results show equidistribution
of the primes with sieve weights A (d), provided d = p; - - - p, is restricted to suitably well-factorable
integers. Unfortunately, the original linear sieve weights only partially satisfy these well-factorable

conditions. In particular for > 0, when looking at the linear sieve of level x”/1>*" some integers d in

7/12

its support do not satisfy the conditions, which means that x is the limit for the linear sieve given our

current equidistribution technology. Nevertheless, the key observation here is that only a few exceptional d

10/17 1
204°

may be precisely characterized in terms of 7 (given specifically as P4, Pg in (3-6)). In particular, as n > 0

fail to satisfy these conditions. Moreover up to level x ,le,n< the anatomy of exceptional d

grows the family of exceptional integers contribute O(1%) to the sieve bound. However, we note this

1

characterization breaks down when 1 > 557,

and the contribution becomes considerably larger and more
complicated.

As such we carefully revise the construction of the linear sieve, altering a few particular inclusion-
exclusion steps in order to avoid the exceptional integers d with bad factorizations. Once these terms no
longer contribute to the sieve, this produces a worse and more complicated main term, but since there are
only a very small number of such terms the resulting loss is small. And since these modified weights
now satisfy stronger factorization properties in their support, we can now leverage the full strength of

Maynard’s equidistribution results.
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Notation

We use the Vinogradov « and 3> asymptotic notation, and the big oh O(-) and o( - ) asymptotic notation.
Weuse f~g, f<Sg,and f 2 gtodenote f = (1+o0(l))g, f < (14+o0(l))g,and f > (1+0(1))g,
respectively. Dependence on a parameter will be denoted by a subscript.

The letter p will always be reserved to denote a prime number, 7 (x) is the prime counting function,
and 7 (x; d, a) is the count of primes up to x congruent to a (mod d). We use ¢ to denote the Euler totient
function, y the Mobius function, and e(x) := e?™** the complex exponential. We use 1 to denote the
indicator function of a statement. For example, for a set A denote

1, ifaeA,

0, else, 9

1, ifal,...,ai eAandaogéA,
1a€A= =

0, else.

Finally, we refer to various sieve weights referred places throughout the article, so we take a moment
to list them here:

We generically write A to denote a sequence of weights in {0, ==1}. In particular, AT and A~ refer to
the (upper and lower bound) weights of the linear sieve, given by restrictions of the Mobius function,
AE(d) = u(d)yep=. Analogously, the modified (upper bound) linear sieve weights A* are given by
A*(d) = (d)14ep+. Here the support sets DT and D* are defined in (3-1) and (3-5). We also write A"
to refer to the weights A* or A~ (and D to refer to DT or D7), depending on whether r is odd or even.

The well-factorable weights A* are defined in (5-17). Following Iwaniec, this construction involves
certain auxiliary weights at intermediate steps, namely, A(p,.... p,) defined in (5-14), and AE;))I D) =

......

defined in (5-16).

2. Technical setup and results

2.1. Factorization of weights and their level of distribution.

Definition 2.1 (well-factorable). Let O € R>;. A sequence A(q) is well-factorable of level Q, if for every
factorization Q = Q10> into Q1, 0> € Ry, there exist sequences y1, y» such that:

(D) (gD, lv2(g2)l < 1forall g1, g2 € N
(2) vi(q) =0ifg ¢[1, Qi1 fori =1, 2.
(3) We have A =y x y, i.e.,
AMq) = Z y1(@y2(q2)-

q4=4192

Bombieri, Friedlander and Iwaniec [1986, Theorem 10] established level of distribution x*7—¢ with

well-factorable weights.
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Theorem 2.2 [Bombieri et al. 1986]. Fix any a € Z and let A, ¢ > 0. For any well-factorable sequence A
of level O < x*7=¢ we have

m(x) X
Z )»(4])(77(36; q,a)— ?> La,Ae (ogx)A”
q<Q vla &

(g.0)=1
Maynard [2020] considered a natural strengthening of well-factorable sequences.
Definition 2.3 (triply well-factorable). Let Q € R>. A sequence A(q) is triply well-factorable of level Q,

if for every factorization Q = Q10,03 into O, Oz, O3 € R, there exist sequences Y1, y2, ¥3 such
that:

(D) 1v1(@Dl, 1v2(g2)l, lvs(g3)| < 1 for all g1, g2, g3 € N.
(2) vi(g@) =0ifg ¢[1, Q;]fori =1,2,3.
(3) We have A =y x ¥ % 3, 1.e.,
M= Y n@Drn@)ysig).

4=419293

The definitions of well-factorable and triply well-factorable sequences are quite natural and relatively
simple from a conceptual standpoint. Maynard [2020, Theorem 1.1] obtains powerful equidistribution
results for triply well-factorability that are beyond the scope of well-factorability. Unfortunately, triply
well-factorability is too restrictive a condition for us to produce Theorem 1.1. As such we are forced to
identify the precise mechanism that enables Maynard’s equidistribution results, and extract the following

technical definition that is implicit in [Maynard 2020].

Definition 2.4 (programmably factorable). Let 0 < § < 107>, For x € R.|, a sequence A(q) is
programmably factorable of level Q (relative to x, 8), if for every N e [x?®, x!/3+%/2] there exists a
factorization Q = Q10,03 with Q1, 02, O3 € R>, satisfying the system

0 < Nx7°,
N?*0Q,05 <x'?,
N?Q,0303 <x*7°,
NQ 10305 <x*°.

And for every such factorization Q = Q1 0, Q3 there exist sequences y1, ¥2, ¥3 such that:

2-1)

(D) Iyi(g@Dls lva(g2)l, lv3(g3)| < 1 forall g1, g2, g3 € N.
(2) vi(@)=0ifg ¢ [1, Qi]fori =1,2,3.
!Indeed, the definition of programmably factorable in the special case Q3 = 1 gives the implicit condition (which is implied

by well-factorable) that enables Bombieri, Friedlander and Iwaniec to get equidistribution (1-3); also see Lemma 5 in [Fouvry
and Grupp 1986].
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(3) We have A =y x ¥ x 3, 1.e.,
Mp)y= Y vi@)r(g)y(gs).

9=419293
Programmable factorability is the key technical definition in this article. It is named in allusion to the
linear programming-type system of inequalities (2-1) that the factors satisfy. The diagram below displays
the various implications among the definitions:

A is triply well-factorable of level Q === X is well-factorable of level Q

J

M is programmably factorable of level Q (relative to x, §)

In the key result [Maynard 2020, Theorem 1.1], Maynard extended the level of distribution up to

3/5 ;

Q < x5 for programmably factorable weights. Note that level x3/° is the natural barrier for (2-1) to

admit a solution.

Theorem 2.5 [Maynard 2020]. Fixanya € Z and let A, € > 0. For any programmably factorable sequence
A of level Q < x3/°7¢ (relative to x, €/50), we have

7 (x) X
Z )\(Q)(TF(X q, a>_?> La,A,s (log—x)A'

q<Q
(g,a)=1

Remark 2.6. Theorem 1.1 in [Maynard 2020] was stated for triply factorable sequences, but its proof in
fact gives the result for programmably factorable sequences.

Note the weights AT are composed of well-factorable — but not necessarily programmably factorable —
sequences of given level D. Nevertheless, Maynard showed the upper bound weights A of sieve level
D = x7/12=¢ are programmably factorable of level D < Q = x*/°~¢ (relative to x, £/50). By Theorem 2.5
this gives [Maynard 2020, Theorem 1.2] below.

Corollary 2.7 [Maynard 2020]. For any fixed a € Z and A, & > 0, the weights At from (2-4) of sieve level
D = x"/'27¢ satisfy

w(x X
> x+(d)(n(x day— " )> La,Ae

d<D (lo gX)A
(d,a)=1

Later, in Proposition 5.4, we shall obtain technical improvements of Corollary 2.7 for Iwaniec’s
weights A* (both upper and lower), in special cases where equidistribution is restricted to moduli which
are smooth, or otherwise amenable to programmable factorization.

We may summarize the definitions and results of the section up to this point as follows:

A is triply well-factorable of level Q:
« Equidistributed for Q < x3/°
e Can take A = AT for D < Q?/3.
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A is well-factorable of level Q:
o Equidistributed for Q < x*/7.
e Cantake A = AT for D < Q.

A is programmably factorable of level Q (relative to x, 4):
« Equidistributed for Q < x3/3.

e Cantake A = AT for D < Q < x7/12,

For each type of sequence, we have outlined their corresponding levels of distribution, and the levels
at which the type is satisfied by the upper bound weights for the linear sieve. Observe well-factorability
is flexible enough to accommodate the linear sieve to any level, but has weaker equidistribution. On the
other hand, triple well-factorability has stronger equidistribution, but is too rigid to accommodate the
linear sieve (at nontrivial levels). Finally, programmable factorability also has strong equidistribution in
addition to (nontrivially) accommodating the linear sieve, though at the cost of conceptual technicality.

Remark 2.8. In general, A well-factorable of level Q directly implies A triply well-factorable of level
0?32 In particular, for A = AT the triply well-factorable level Q%3 < x?/5 is sharp.?

2.2. Sieve theory setup and bounds. We recall the standard sieve-theoretic notation. Given a finite
set A C N, set of primes P, and a threshold z > 0, we define A; = {n € A :d|n} and remainder r 4 via

|Adl = g()IAl +ra@d),

where g is a multiplicative function, with 0 < g(p) < 1 for p € P (we assume g(p) =01if p ¢ P). Also
define P(z) = ]_[p%pep pand V(z) = ]_[plp(z)(l — g(p)). The central object of interest is the sifted
sum
S(A.2)=SA.P.2) =) 1upey=1- (2-2)
neA
Later for our application of interest, we will set g(d) = 1/¢(d). For now, it suffices for us to assume
forall2<w <z,

V(w) _ _logz 1 )
iy = TLa—so =50+ o(5) =
peP

Remark 2.9. The proof of the upper bound for the standard linear sieve only requires a one-sided
inequality for V (w)/V (z), whereas our modification requires the above two-sided condition (2-3).

2Indeed, take any factorization Q = Q1 Q2 Q3, with (say) Q1 = Q2 > Q3 > 1. Note Q3 < Q1/3. If 1 is well-factorability of
level Q/ 03 = Q1 Q», there are sequences |, y supported on [1, @11, [1, Q2] with A =y *xyy =y *yp*8. Here 6(q) =14—1.
Hence A is triply well-factorable of level info—p, 0,0, Q/03 > /3.

3Indeed, consider the factorization Q = Q| @2 Q3 with (Q1, 02, 03) = (03¢, 91/3—¢ Q1/3+28) Then for g = py pa p3
of size p1, py ~ Q1/3, p3~ Ql/g, we see p1, p2 > Q1 = Q». Thus all sequences y; supported on Q; satisfy yq xy2*y3(q) =0.
In particular y| %y % y3 # AT,
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The basic result which we shall adapt is the linear sieve with well-factorable remainder, as in [Friedlander
and Iwaniec 2010, Theorem 12.20].

Theorem 2.10 [Friedlander and Iwaniec 2010]. Let ¢ > 0 and D > 1 be sufficiently small and large,
respectively. Then for s > 1 and z = D'/*, we have

S(A D) STAIVEEES) + 0N+ Y. LT (drad),
d|P(2)

S(A, 2) 2 [AIV()(f () + 0(e)) — Z L (d)yra@),

d| P(2)

where the implied constant only depends that of (2-3). Here the weights A * are
T+ _ +
Fdy= Y 7@ (2-4)
j<exp(e—?)

for some well-factorable sequences AjF of level D. The functions F, f : R" — R satisfy the system of

delay-differential equations
sF(s) =2e" [s
sf(s)=0 [s

31 (sF(s) = fs =1,

(2-5)
21 (f(s) =F(s=1).

NN

Remark 2.11. See [Iwaniec 1980, Theorem 1] for an alternate formulation and proof, which gives sharper
quantitative bounds than O (¢). However, it is more technical than necessary for our purposes.

The main result of this article is the following modification of the linear sieve with programmably
factorable remainder.

Theorem 2.12. Let A be a finite set of positive integers with density function g(d) satisfying (2-3),
and F (s) the function defined by the system (2-5). Let ¢ > 0 and x > 1 be sufficiently small and large,
respectively. Then for n >0, D =x"/12*" s > 1, and z = D'/, we have

S(A, 2) <TAIV(2)(F*(s) + O(e)) + Z M (rad),
d| P(2)

where the implied constant only depends that of (2-3). Here the weights 1* are

=) A (2-6)
Jj<exp(e™)

1

307 We have

for some programmably factorable sequences )»;‘. of level D (relative to x, €/50). Forn <
F*(s) = F(s)+ O(1°), and F*(s) < 1.000081F (s) for 1 <s <3,n = ﬁ.

Note Theorem 2.5, applied to each A = kjf above, immediately implies the following.
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Corollary 2.13. Given any fixeda € Z and A. Forn < ﬁ, the weights * as in (2-6) of level D = x/12+1
satisfy

~ T(x) X
k*(d’)(ﬂ(x; d,a)— —) Lo Ay ——-
g) @(d) " (log x)A

d,a)=1
3. Programmably factorable support

The upper and lower bound weights A* for the linear sieve of level D are defined by
W (d) = p(d)aep-.

where D* = D¥ (D) are the standard support sets

D ={pi1---p: D> > p1=--->p,, and py--- pi_1p] < D for each odd I < r}, G
D ={pi--p:DV=p>...>p andpl---pl,lpl3 < D foreach even [ < r}.
We may also write D) to denote Dt or D™, when r is even or odd, respectively.
Observe that both sets satisfy the containment D* (D) c D¥!'(D), where
DY ={p.-.p, D2 >=p>...>p,and p;--- p_p} < D foreachl <r}. (3-2)

We shall return to this observation later in the section.

Maynard [2020] deduces Corollary 2.7 for AT from the general Theorem 2.5 by means of the following
key result [loc. cit., Proposition 9.1] (along with a construction of Iwaniec we shall address in later
sections), which programmably factorizes elements of the support D

Proposition 3.1 [Maynard 2020]. Let 0 < 8 < 1073 and let D = x7/1273% N ¢ [x2, x!/3+3/2]. Then
every d € DV (D) has a factorization d = dyd»>d5 such that di < Nx =5 and

N?dyd? < x'7°, N%dyd3di <x*°, Ndidydi <x*°. (3-3)

Remark 3.2. The level x7/1? is sharp in this construction. Indeed, heuristically speaking, the linear sieve
weights are not programmably factorable of level D = x”/1>*7 for any 5 > 0, because the support set con-
tains obstructing (families of) elements d € D1 (D) of the form d = p; - - - p, where p; ~ - - -~ pg~ D'/7,
or where p| &~ py &~ D?7 and p3 ~ p4y ~ D'/7. This heuristic description of the obstructions is made
precise by the families Py, Pg (in (3-6) below), and thereby tells us how we should restrict the support set
in order to increase the level (namely, to D* in (3-5) below).
For n > 0, level D = x"/'>*7_we define the modified weights A* = A%,
A (d) = u(d)1gepr, (3-4)
for the support set D*,

D* =D """ U{ps---p, eDTEN i py o pi @ P i <y i € {4, 6)). (3-5)
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Here P4 and Pg = Pg 1 U P » are exceptional subsets of Dt (x7/12+7), given by

Ps={p1-- ps:p1 <x"" and pyps > x"*731},

Po1=1{p1---pe:pi1p2 <x/°" and pypsps > x4 and pg > x /127, (3-6)

Ps2=1{p1- - Pe:p1, P2P3 < x /621 and D1D4, P2P3 P4 > x /4731 and D6 > x1/1275my,

The modified support set D* = Dj is understood to depend on > 0 (as do Pa, Ps), but we will
suppress this for notational convenience.
In this section, we establish a programmable factorization of the elements of the support D* provided

10/17

D <x i.e., 1 < 55z. This will serve as the key technical input for the proof of Theorem 2.12.

Proposition 3.3 (factorization of elements of D*). Let 0 < 8 < 107, and take 0 < n < m 35 and
N e [x%, x1/3-%/2), Ifd € D* for D = x/1240=308 then we may factor d = d dyds such that d| < Nx~8
and

N%dyd? < x'7°,  N%didyd; <x*7°, Ndidjdi < x*°. (3-7)

On the first attempt working through technicalities, we encourage the reader to set § = 0 in order to
better view the key features.

Before proving the proposition, we need some lemmas. The first gives a general-purpose criterion to
factor an integer d.
Lemma 3.4. Let D = x7/12417308 £ —ﬁ <n< %. A factorization d = dyd,ds satisfies (3-7), provided
dy, do, dy > 1 satisfy

d € [xV/0F20 X143 g, < Nx~% and ds < D/Nd,. (3-8)

Proof. By (3-8), Nd3 < D/d, and so
N2dyd? < D?/dy < x20/1240=500)=(1/6+2m) _ 1=,

de]dgdg < D d> < x3(7/12+7]—506)+(1/4—3n) =)C2_6,
<

X
Nd1d§d32 < D2d23 x2(7/12+177508)+3(1/473r]) — x23/1277r]71008 < 2—-48

X,
using n € ( 3 60) This gives (3-7). U
The above criterion implies factorizations in the following special cases.

Lemma 3.5. Let D = x7/1241730 for y < %. Forr >4, let x'/t2" > p| > ... > p, be primes for which
d = py---p, € DT(D). Suppose d, is one of the subproducts in {p1 p4, p2p3, p2Pa, p2p3pa}. Then d
has a factorization d = dyd,d3 satisfying (3-7), provided

dy € [x /6720y 17430,

Proof. Let C = D/Nd, and note either p; < N or p; < C, since

p% < D3 = x23U/1241=509) _ (1/3+41-505 < py /g, — NC.
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As the base case r =4, by Lemma 3.4 it suffices for each b to

We proceed by induction on r > 4.
< N, d; < C. Indeed, this holds when dy = p> p3 pa since pf < AC,

factor pp - -- ps/dy = dids for d;
and similarly:

« If dy = papy then p3 < D/pipaps < NC/p; implies p p3 = dyds for some d; < N, d3 < C.
e If d = p1p4 then p5 < D/pipaps < NC/p, implies prp3 = dids for some dy < N, d3 < C.
o If d, = paps then p? < D/p1paps < NC/py implies p; ps = dyds for some dy < N, d3 < C.

Now for r > 5, we inductively assume a factorization p; - - - p,—; = didrds withd; < N, d3 < C. Then
p2 <D/p1---pr—1 = NC/(ac) so either dip, < N or d3p, < C, extending the factorization. Hence
Lemma 3.4 applies again, and completes the proof. 0

Finally, if the primes dividing d are small enough, we may use the greedy algorithm to factor d as
follows.

Lemma 3.6. Let D = x7/12417308 for y < 610 Forr >4, let x'/%72 > py > ... > p, be primes for which
d=pi---p, € DN(D), and ps < x"/'>=5 if r > 6. Then d has afactorlzatlon d = abc satisfying (3-7),
provided there is a factorization pi p; p3ps = didrds satisfying

dl < Nx—(s’ d3 < xl—ZS/DN’ d2 < DZ/xl—38 :x1/6+2)7+35. (3_9)

Proof. Let Dy = Nx %, D, = D?/x'7% D3 =x'72 /(DN), so that d; < D; by assumption.

We now greedily append primes to d; while preserving d; < D; for all i, i.e., where at the j-th step we
replace d; — d;p; (for one of i =1, 2, 3) provided d; p; < D;. Starting from j =5, we stop either when
we have exhausted all primes (i.e., j =r), ord;p; > D; for eachi =1, 2, 3. In the former case, we have
the desired dydrds =d = p; - - - p» and d; < D; so we easily get

Dy =Nx7?,
N’DyD3 =x'7°,
N2D D4D3 = DSx~ 1450 (S G/9-1-2458 _ 25,
<

ND;D3D3 = D8x3+100  ($:G/9)=3-3905 _ 25

Thus d1dxds =d = p; - - - p, gives the desired factorization.
In the latter case, there exists a terminal index j < r for which d;p; > D; foralli =1, 2, 3. Note if j
is odd, then d; p; < D; for some i, since

; D DiD:Ds
D < = .
P1-Pj-1 dydyrd;

1/12—5y

So the terminal j is even with j > 6. By assumption p; < pg < x is smaller than the width of

the interval [x1/6121 x1/4=311 And since d» < Dy = x1/0t21 < ¢, pj, we deduce es :=dp p; lies in the

interval e, € [x1/6F2n yx1/4=3n],
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Thus letting E3 := D, D3 /ey, for each [ > j in turn we shall greedily append the prime p; onto either
d or d3 while preserving d; < D and d3 < E3. Indeed, for all / > j,
D D1D2D3 < D\ E;
P pio didadsp; - did3pjii- pi-i

N

2
P ’

so there is a factorization eje3 = did3pjy1--- py withe; < Dy =N and e3 < E3 = D/(Aezxz‘s). Hence
the result now follows by Lemma 3.4 for the factorization ejeye3 = didod3pj--- py = p1--- pi. O

Proof of Proposition 3.3. We shall consider 3 cases, depending on the sizes of p; and p, p3 compared to
the endpoints of the key interval [x!/6+21 x1/4=31],

Casel (p; > DZ/x —x1/6+2’7) Let d2 = p1, C:=D/Nd,. Note C = D/Nd, > D*?/N > 1.

Next D > pl D1 p2 implies p2 D/p1 = NC, so either pp < N or pp < C. Similarly, since
Pl Pj— 1pj <Dforall j<r, wegetpj <AC/(p2---pj—1) for 3 < j <r. As such, we may factor
p2---pr=dids fordy < N,d; < C. Hence by Lemma 3.4 p; - -- p, = did»d3 satisfies (3-7).

In the remaining cases, we assume p; < x'/%*27. By Lemma 3.5, it remains to consider p, p3 > x /4737
or pap3 < x'/6t2_ Note
1/3 - -
P2D3 < pl/ (plpr;)l/s < (x1/6+217)1/3D1/3 =x1/3(1/6+7/12+377 50n) < xl/4+7} 163. (3_10)

Case 2 (pap3 > x'/473 and p; < x!/6+27). The proof follows by Lemma 3.5 if pj py € [x1/6+21 x1/4=3m],
Thus by definition of P4, in this case we may assume

papa < x0T, (3-11)

1214508

Hence we have py < x , since

p2 > p2(p1pap3)/D > (pap3)’ /D > x> WD p =  1/6-100+303, (3-12)

If p1ps > x1/6+2'7 then the proof follows by Lemma 3.5 where dy = p| p4 is < x(1/6+2m+12n+305
204 — 3.

Else pips < x'/9721 We shall apply Lemma 3.6 with d> = p; ps.

If either Nx—% or xl_zs/DN is greater than x1/An—165 > P23, by (3-10), then Lemma 3.6 com-
pletes the proof with (di, d3) = (pap3, 1) or (1, pap3), respectively. Otherwise, Nx~°, x!=2 /DN €
[x1/6-21—648 y1/4+n=163] qince x /D = x/1271+3% But then, using n <

x /4731 since n <

1
108>
max(Nx >, xl_z‘S/DN) > (x1—28/D)]/2 — S/D/12-n/24248 _ 1/6+2n P,

(3-13)
min(Nx=3, x!1=% /DN) > x /672164 o (1/8+0/2-85 & (p) py1/2 > o

129+508

by (3-10), which suffices again for Lemma 3.6. Note pg < x < xV/12=5" when r > 6, using

1
N <3 — 39.

Case 3 (pap3 < x/721 and p; < x/6+27). By Lemma 3.5, it suffices to consider either p; ps < x /6427
or pips > x1/473n,
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Subcase 3.1 (p; ps < x/27). Suppose we can show pg < x /127> (when r > 6). Then since x! 3% /D >
D*/x*%% either Nx~% or x' 2% /DN is greater than D?/x'~3%, Thus Lemma 3.6 will complete the proof,

with (dy, d», d3) = (p1pa, p2p3. 1) or (1, p2p3, p1p4).
If p1p3 > x'/473" then in this subcase

P1p3
M S (pap)VP = py = pa—— > pax :
P1D4

L
108°

Else pip3 < x'/473". By Lemma 3.5, it suffices p; p3 < x!/627. Then we see p3 > x!/1275" implies

so ps < x%1. Hence pg < ps < x'/127" since n < which completes the proof.

p1 < xY1ZHT0 If further pypy > x'/4737, then similarly

pi1p2 _
K124 1> p2:p3_p - p3x1/12 5?7’
1

so p3 < x'27. Hence pg < p3 < x/1275 since n < which completes the proof.

1/6+2n

1
m$
Else pip> < x'/473". By Lemma 3.5, we may assume pjp; < X
Similarly, suppose p»p3ps < x'/4731. By Lemma 3.5 we may assume p; p3ps4 < x /627 and so

Pe < (p2p3pa)'? K xGIFHEIM L 112=5m,

using n < ﬁ, which completes the proof.

Thus we may assume p; p3psa > x1/4=31_ But unless Pe < x1/12-51_this subcase will contradict the
definition of Pg ; in (3-6), hence completing the proof.

Subcase 3.2 (pps > x4, If dy = pap3ps < x'/6F21 then Lemma 3.6 completes the proof with
(di,d3) = (p1, D) or (1, p1), since

Po < (pap3pa)'/? < x1/AA/6FM) L 1/12=5n

for n < ﬁ- And if pyp3ps € [x1/6+2n x1/4=31] the proof follows by Lemma 3.5.

Else pap3ps > x/4737 Note py < x'/1277 and p1 = p1pa/ps > x7*1 and prp3ps < x/43. Also
note we may factor p;ps = dd; fordy < N, dz < x1_25/DN (Indeed this follows if N or xl_z‘S/DN
exceeds x /4131 > p1psa. Else N, xl_z‘s/DN € [x1/6=4=28  x1/4431] which also works similarly as with
(3-13), since py < x /1241 < x1/6=41=28 and p; < x1/6+21 < x1/26/12=0=8) by p < 6—10.)

If further pg > x /12751 then this subcase contradicts the definition of Ps.2 in (3-6). Hence we have
p6 < x!/1275% and so by the above paragraph Lemma 3.6 completes the proof with d» = p; ps3.

Combining all cases completes the proof of Proposition 3.3. O

3.1. Refined factorization of D™®!\. Proposition 3.3 (programmably) factorizes each d e D* C DT (x7/12+7),
and forms the key step to prove the weights A* are programmably factorable. With applications in
mind to twin primes, we shall similarly (programmably) factorize certain subsets of the well-factorable
support DYl as in (3-2).
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4/7,x3/3), depending on

In the following result, we factorize d € DY (D) for variable level D € (x
the anatomy of d. As DF C D", this has implications to both upper and lower bounds for the standard

linear sieve.

Proposition 3.7. Let DY (D) as in (3-2) for D = x"/171750% qnd — & <y < o5 —308. Let x'/4731 >
p1 > ...> p, be primes for whichd = py - - - p, € DY(D). Then d hasfactorlzatlon d = abc satisfying
(3-7) if p3 < x/12750 or if

dy € [x VT2 VA spith dy | pypaps, da # pa.

Proof. Fori =1, 2, 3, suppose dy = p; - - - p; lies [x1/6+2n x1/4=3n] and let A = Nx %, C =x‘5D/Nd2.

Since p; ---pj_lpié D foralli < j , We getpz. AC/(piy1---pj—1) fori < j <r. As such, we

§
may factor pj4--- pr =didz ford; < A
3-7).

Else, by assumption p; < x!/® 3" 50 we may assume further p; < x/©+21_In particular this gives

,d3 < C. Hence by Lemma 3.4 p; --- p, = did,ds satisfies

P < D/d,. For the remaining d; | p1 p2p3:

o If d) = pyp3 then p% < D/d, = AC implies p; < A or p; < C.
e If d) = p1 p3 then p2 D/d, = AC implies p < A or p, < C.
o If d» = p, then p3 < D/p1d, implies a factorization p;p3 =dids ford; < A,dz < C.

For each d, above, we factored py py p3 =ddrds fordy < A,d3 < C. Since p1--- pj_ 1p2 < Dforall j<r,
by induction we may factor p; --- p, =djdydz ford; < A,d3 < C. By Lemma 3.4 p,--- p, =ddyd3
satisfies (3-7).

Finally, suppose p3 < x!/127" is less than the width of the interval [x!/6T27 x!/4=37]  Since
p1 < x /6421 e have pip3: < x1/4=3n g0 by the above argument we may assume d, := p|p3 < x1/6+2n,
Then p2 P1 p2 D implies

1-38

2 « (@/3DHT/124n) _ (5/12-n+475 _ X

1 =" p

since n < 60 —308. Thus p, < Nx~ S or P2 < xl_ZS/DN, so there is a factorization pj py p3 = didad;3
satisfying (3-9). Hence the same greedy argument as in Lemma 3.6 completes the proof, with p3; playing

the role of pg. O

Taking the maximum valid 1 as above, we may reexpress the above factorization of level x?, 6 = % +n,
as follows. Note the maximum 6 for which ¢ € [ 4+ 27, 3 — 3n] is given by

= iftr >

1
3 5
L if < L 19
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Corollary 3.8. Let p| > ... > p, be primes and write p; = x'. Ifd = py - - - p, € DN (x?79%) then
there is a factorization d = dd,ds3 satisfying (3-7) provided

0 <o),
for 6(t) as in (3-14). Moreover if t; < %, then it suffices that

3—1

0<0(t1,0,13) = maxi ,0(11),0(8),0(t1 +12+13),0(t1 +12),0(1 +13), 9(12+l3)}- (3-15)

4. Modification of the linear sieve

In this section we shall bound the modified linear sieve, analogous to the bounds for the linear sieve
(sometimes called the Jurkat—Richert theorem). This bound will form the basis for our final result in the

next section, in which we modify the construction of Iwaniec’s weights.

Proposition 4.1. Let ¢ > 0 be sufficiently small. For n < ﬁ, the modified weights \* as in (3-4) of level
D = x"/12H0=¢ satisfy

S(A, 2) < IA|V(z)<F*<11°iD) —|—0(1)) + Y A @Dra@).

082 d|P(z)
where F* = F " is a function satisfying F*(s) = F(s) + O () for F as in (2-5).

Remark 4.2. It suffices for our purposes to obtain qualitative error o(1) in the factor accompanying F*.
Though as with the Jurkat—Richert theorem, with greater care one should obtain a quantitative refinement,
e.g., O((log D)~1/%); see (12.4)—(12.8) in [Friedlander and Iwaniec 2010].

We now adapt the proof. Let D = x"12t0 and Dy = x7/12. Forn > 1, primes p; = ... = pp, if
P1 -+ pn & DT(D) then there exists a minimal index [ < n such that p; - - - p; ¢ DT (D). By definition
such minimal / is odd. (Explicitly, this occurs when p; - - - p;—; pf > Dbut p;--- pm-1 p; < D for all
odd m <1.) Similarly, if p; - - - p,, ¢ D* there exists a minimal index / < n such that p; - - - p; ¢ D*, which

is also odd.
Indeed, to show this let / < n be the minimal index such that p; - -- p; ¢ D*. If (p1, ..., p;) ¢ P; forall
j <1, j €{4,6}, then clearly / > j must be odd, as with DT (D). On the other hand, if (py, ..., pj) €P;j

for some j </, j € {4, 6}, a priori one might expect / could be even. However, the key point in this case
is that p; --- p; € DY(Dy) C D* (since p; -+ p; & D’ by definition of P;). Thus / > j is the minimal
index such that p - - - p; ¢ DT (Dy), and hence must be odd as claimed.

Using this minimal index, we show the following lemma.

Lemma 4.3. Let h be a multiplicative function with 0 < h(p) < 1 for all primes p. Then we have

[Ta-nrp) <D 1 @h@).

pln d|n
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Proof. Note if h =1 identically, we interpret the product as 1,—;. Now by definition,

Yo @hd) = [[a=h(p) = wdhd) =Y pdhd)=— Y nd)h(d).
d|n pln d|n d|n d|n
deD* d¢D*

Then splitting up d ¢ D* by its minimal index,

= D u@hdy=) Y h(piep) Y pbAb) >0,

dln odd/ P1<<p1<Z p1-pib|n
d¢D* p1--pi-1€D* b|P(pr)
p1--pigD*
since i > 0 and the inner sum over b factors as ]_[p | (P(p,),n)(l —h(p)) =0, since h(p) < 1. O

By Lemma 4.3 with h(d) = 1, we have

Lo < ) A @d), 4-1)

d|n

in which case we obtain

SAP.D=Y Tapreoy=t <Y Y. M= )Y r(d]Al

neA neAd|(n,P () d|P()
(4-2)
=X ) K@)+ Y A@ra@) = XV*(D,2)+Ry(D,2).
d|P(2) d|P(2)
Following Lemma 4.3 with & = g, we have the identity
ViD.2) = Y udgd=V@+ Y. D> gpiep)Vipa). (4-3)
d| P(z) odd n Pn<+:<p1<Z
deD* prepn-1€D*
prpn¢D”

and similarly

VID,=V@+Y, Y. gV =V@+ ) VaD,2). (44

oddn Pn<<p1<z odd n
p1-Pu—1€DT(D)
p1--Pn¢DT(D)

Then the difference of V* and VT is

VXD, ) =VI(D, =) Y gpi--p)V(p)A, (4-5)

oddn pp<---<p1<z

where A is the difference of indicator functions,

A=1pppgpr =1 ppgpro) =lppeproner =1 ppgpro)
pi--pn-1€D p1pn-1€DT(D) p1--pn-1€D* p1+-pn—1€DT(D\D*
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recalling D* C DT (D). Note if a point is (py, ..., ps) € Pe then its projection is (p1, ..., ps) ¢ Ps. So
by definitions of D*, D+ (D) from (3-5), (3-1), for odd n we have the identities

Ly o0\D* = D Lipip)ePy - Lppop, et (00\D* (Do) (4-6)
Pl Pn_1€D* je{4,6) p1-+pn—1€DT (Do)
j<n
U ppgr o = 2 Ypropper, 1 prpgpro) - (4-7)
pr-pa-1€DF(DN\D*  je(4,6) p1-pu—1€DT(D)\DF (Do)
j<n

We may plug (4-6) and (4-7) into A. In addition, we strategically add and subtract the indicator function
of {p1-+-pp ¢ DY (D), p1--- pn_1 € DT (Dy)}, which together give

A= Z 1(171»-~~sl7./’)€7).i ) (lpl"'pn€D+(D)\D+(D0) -1 pi--Pn¢ DT (D) )
je{4,6} p1-+Pn—1€DT (Do) P+ Pu—1€EDT(D)\DT (Dy)
j<n
= Z Lipi...ppep; - (lpl"'pn€D+(D)\D+(DO) +1 4Dt (D)
je(4,6} p1-+pn_1€DT(Dy) p1-+pn1€DT (Do)
j<n

-1 et 1 ppento) )
p1-Pu—1 €DT(D)\D (Do) p1-+pn—1€DT (Do)

- Z Lpr....ppep; (1 pr-pugD* (D)~ L pipgDt (D) )
Jj€(4.6} p1--pa—1€DT (Do) pi--pu_1€DT(D)
j<n
Thus plugging A back into (4-5) gives
V*(D,z)—V*(D,2)

=2 > > Yo &pi pVPD( g0y — 1 prepugnt o) )-

jE{4,6) Pi<<DPI1<Z odd n>j pn<-+<pj41<p; pr-pao1€DT(DY)  prepa1€DT(D)
(pl ~~~~~ PJ)GP;

Recalling the definition of V,,(D, z) in (4-4), since g is multiplicative we have

V*D,z)—VT(D,?z2)

=> > gpip Z( (%’po_v”_"(ﬁ’m»

je{4,6} Pj<<P1<2 odd n>j
(p1,...pj)EP;j

D D
=> > g(m---p,,-)(v+<—°,p,~)—v+(—,p,-)>. (4-8)
P pj P pj

j€(4,6) Pi<+<p1<z
(p1,--,Dj)EP;

as VI(D,2) = VD', 2) = 3 o4q ol Va (D, 2) = Vu(D', 2)].
Now assuming the two-sided condition (2-3) for g, the proof of [Friedlander and Iwaniec 2010,
Theorem 11.12] (see (12.4)—(12.8)) gives asymptotic equality,

VD, 7) = V(z){F(ll(;gT?) + O((log D)‘”6)} (z< D), (4-9)
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so that (4-8) becomes

VH(D, 7) = v<z>{F(1°iD>+o<aog D>—1/6)}
logz

+ Z Z gp1---pHV(p))

Jje{4,6} Pj=<<P1<Z
(p1+-sPj)EP;

X{F(logDo/m--.pj)_F<logD/P1"‘Pj)_i_o(log( D )1/6)} (4-10)

By partial summation and the prime number theorem, for each j we have,

Y s pj)V(pj)F(log Do/pi - Pj)

i< pi<z log p;

(p1,--,Pj)EP;}
dxy--- dx; T/12 —x; —---x;
=(7—2+n)/ : ’2F< 2o ’)+0<<logD>—‘/6>.
(150X )EP) X1 w0 Xj—1 X Xj

Here P; is the polytope in Euclidean space R/ corresponding to P i, as below.
Hence from (4-10), we obtain

VD, ) = «(log D ~1/6
,2)=V(@{F Togz + O((log D)~"/7) (z< D), (4-11)

where the function F* satisfies

sF*(s)—sF(s)
+,7 Z/ dx; - dx; [F(7/12_x]_...xj)_F<7/12+n—x1—...xj)]. 4-12)
12 ,)GP X1- XJ lx]2 xj xj

Namely, Py C R* is given by

Py = {(xl,...,x4) €D+(1—72+77) X< %—1—277 and xy + x4 > };—377}7
and Ps= Ps,1 U Ps2 C RO is given by

Po,i={(x1,....x6) € DT (L4n) :x14x2 < 427 and x6 > 15—57 and x2+x3+x4 > 131},
Psnr= {(xl, ..., Xg) € D+(12+17) X1, X2+x3 < g+277
and x¢ > 75 —5n and x14x4, X2 +x3+x4 > 130}, (4-13)

Similarly, D" is the set in Euclidean space corresponding to D, namely,
D (t)={(x1,...,x):x;>--->x,>0and x; +---x_1+3x; <t foreachodd 1 < <r}.

Hence Proposition 4.1 follows.
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4.1. Sieve function computation. We now compute F* in terms of F.
Proposition 4.4. Let n = zlm. Then for 1 <s < 3, we have

F*(s) < 1.000081F (s). (4-14)
Proof. From (4-12) we have

SF*(s) =sF(s)+ (L +n) - 2¢"n(Js + Jo), (4-15)

for integrals J;, j € {4, 6},

1 vy dy [ (7/12—x1 —x; 1240 —x) =,
Jj = 3 F —F
2e¥n (1, xj)EP; X100 s Xj—1X75 Xj Xj

dxi--- dx: )
:/ ;[(17_2_)61—-..—xj)(%_kn_xl_.”_xj)] 1,
(Xl....,xj)epj X1 'xj

since s F(s) = 2e” for s € [1, 3]. In particular | P;| = O (/) implies J; = O(n’), and so from (4-15) we
obtain F*(s) = F(s) + O(n°).
For n = ﬁ, we use Mathematica* to compute that

J4 < 0.016896. (4-16)
Next we bound Jg. For (x1, ..., x¢) € P we have x4 < %(xz—l—)g) < 1—12+r] and %+n—x1 — i —Xg > X5
SO
dxy dxp dxs dx4 dxs dxe
Js < _ —
P X1X2X3 1/12—5n<xe<xs<xs<1/12+4n X4X5X6(X5 — 1)

where P = P U Pg, is the (3-dimensional) projection of Ps, given explicitly by
Ps1= {(xl,xz,x3) € D+(%+n) TX1Fxp < %—1—217 and x3 > ﬁ—Sn and xp+2x3 > i—?m},
1?,2 = {(xl,X2,X3) € D+(%+n) X1, X0+Xx3 < (1:)—1—277 and x3 > %—517 and x| +x3, xp+2x3 > }‘—317}.

For n = zlﬁ’ we compute Jo < (Jg.1 + Js.2) 6.0 Where

dx4 dxs dxg
Joo = —ATETR 233833,
1/12—5n<xg<xs<xs<1/12+n X4X5X6(X5 — 1)

dx; dxad
Jo1 = / SR < 0.000806853,

Poi  X1X2X3

dx; dx, d
Jor = / SR 0.00397946.
1?_2 X1X2X3

Hence combining with (4-16), for s € [1, 3] we conclude

F*(s)
Fi) <1+ (5 +n) - n0Us+ (o1 + J6.2) J6,0) < 1.000081. U

4The Mathematica package and code are available at arxiv.org/abs/2109.02851.
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5. Factorable remainder, after Iwaniec

In Theorem 2.10, Iwaniec constructed a well-factorable variant A* of the weights A* from the (Jurkat—
Richert) linear sieve. In this section, we prove Theorem 2.12 for the programmably factorable variant A*
by adapting Iwaniec’s construction, similarly building on the Jurkat—Richert type Proposition 4.1 that we
obtained in the previous section. We shall also prove a technical variation on this result, with a variable
level depending on anatomy of the moduli.

To set up the construction, we first adapt [Friedlander and Iwaniec 2010, Proposition 12.18]. Denote
P(z.u) = P(2)/P) =T, <. P.

Proposition 5.1. Let n > 0, and D = x"/1230/0+e40) for ¢ > 0 sufficiently small. Let DY be defined
by (5-8). Let M) be the standard (upper and lower, for r odd and even, resp.) weights for the linear sieve
of level D®. Then for u = Dez, T =g,

S(A, 2) <TAIV{F*(s) + 0(£7)}

f Y Y LD) > > A®ralpi . 5D

) * y(Dl’ °

0<r<e=2 (Dy,...,D;)eD; pr-pr| P(z,u) b| P(u)
Dj<pj<D}t* b<D*

Proof. First we write

S(A.)<S (A~ Y Si(A2) (5-2)

odd n<N
for any N > 1, where

S A D= Y =) Y Al Si(ADi= D S(Apap,. Pa).

0<r<e2 ULpr<..p1<z Pn<-"<P|<§
p1---pr€D* p1+-Pp—1€D
p1-Pn¢D*

We apply the inequality (5-2), not for A = (a,) itself but rather for the subsequence A= (@, Puy)=1)-
Here we take u = DEZ, and then return to A by means of the fundamental lemma.

Let z = D'/s with2 <s < e~ !. Since z > u, the only change to the above bound (5-2) when passing to
A is the term S*(A, z), provided that N is not too large in terms of ¢. Specifically, we require the lower

bound for p, (by induction, the linear sieve conditions imply p; - - - py < D'727")
pn>(D/pi-+-pa)'P > D* 7 (5-3)

to be larger than u = DSZ, which certainly holds provided

1 1
< = =. -
N < > log . (5-4)
Now it remains to evaluate S*(A, z),
A= > D Y Al (5-5)
0<r<e2 USPr<..p1<z

p1--pr€D*
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For each r, we break the range in the inner sum into boxes. Namely, we let Dy, ..., D, run over numbers
of form

peaTY i —0,1,2,..., (5-6)
with T = &°. We denote by D = D} (D) the set of r-tuples (Dy, ..., D,) with D, < ... < D; <+/D
such that

+_ [{Dy,....Dy): Dy Dy_y D}, < D for all odd m < r} if r even,
" lDy,....D,): Dy Dy D3 < DVIFO forall odd m < r} if r odd.

We note, for ¢ > 0 sufficiently small, the cardinalities of the D are bounded by
> IDf | <exple ™). (5-7)
0<r<e—2

Hereafter let D = x7/12tm/(+7+6) and define
D;k ={(Dy,...,D,) € D;’_(D) :(Dy,....Dj)¢ P, fori <r,ic{4,6}}. (5-8)

where Py ,, Ps , are (t-enlarged, for even r) analogues of the polytopes P4, Pg in (3-6), e.g.,

p, — [{(P1..... Dy DT < xV/620 and (Dy D)/ > x4} if 1 even,
YT UDy, ..., D) s Dy < x5 and Dy Dy > x /431 if r odd.

Observe each integer p; - - - p, has a unique vector (Dy, ..., D,) such that p; € (D;, D}“] foralli <r,
inducing amap v:N— (J, Dj . As a convention v(1) = () is the empty vector. By construction, for even
rif py---ps & Psthenv(pr---ps) ¢ Ps,,andif (D, ..., Dy) ¢ Py, then v U(Dy,....D)NPs=2
for odd r. Continuing this argument, we deduce

p1---pr€D*=v(p1---p) € D} if r even,

(5-9)
(D1,...,D,)e D= v (Dy,...,D,) CD* ifrodd

Without loss, we may restrict D to vectors with nonempty preimage in D*. Hence by construction,
(5-5) becomes’

y (1) y
SMADS Y. DY ———— > Ayl (5-10)
. y(D1,.... D)
0<r<e=2 (Dy,...,D;)eD; pi--pr | P(2)
Dj<pj<DJl~+T
where y (Dy, ..., D) =ky!- - - ke! for the corresponding multiplicities k; > 1 (i.e., we have r =k +- - - +k
and Dy =--- =Dy, < Dyy41 =---= Dy, <---= D,.). Note the term r = 0 corresponds to |fl| with

pr=--=p=1

SIndeed, we have reverse engineered the definition of D} just so that (5-10) holds.
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Now by the fundamental lemma [Friedlander and Iwaniec 2010, Theorem 6.9], we have upper (and
lower) bounds

[App | = S(Apyp ) < g(pr-+- pAIV @)1+ 0} + D A Byratpr - py),
b< D¢

(with < replaced by > for the lower bound) where 1" is the upper (lower) bound B-sieve of level D*
when r is even (odd). For further details on the fundamental lemma and S-sieve, we refer the reader to
[Friedlander and Iwaniec 2010, Sections 6 and 11].

Plugging back into (5-10), we get

S(A, z) < S*(A, 2)

(=D’
<Y Y st ¥
B . v(D1, ..., D,
0<r<e=2 (Dy,...,Dy)eD} prpr| P(2)
Dj<[7j<D]l-+T

X {g(m e plAIV (T + 0V} + > A byratp: --'pr>}. (5-11)
b< D¢

We now compare the main term above to that of the modified linear sieve, as in (4-3)—(4-11) from the
proof of Proposition 4.1, namely,
VD, z):= Z A (d)g(d) = V(){F*(s) +o(D)}.

d| P(z)/P(u)

The difference between these main terms is accounted for by those d with two close prime factors, within
aratio D7, and those d near the boundary. The former contribution is

Yo o< Y gpp)- [ a+gn,

d|P(2)/P(u) usp<z usp<z
p<p'<pDT p<p'<pD”
pp'ld

and the latter contribution is

Z Z g(p1---pr), (5-12)

U<p,<..p1<z
DY) <ppd <D

where m is the first index (m < r) for which this occurs. Both contributions may be shown to be 0(gd),
see [Friedlander and Iwaniec 2010, pages 254-255]. Hence the Proposition follows. O

Remark 5.2. We make a minor technical point. Namely, at an admissible cost O () we may assume
Equation (5-1) holds, where D} is further restricted to vectors (D, ..., D,) satisfying

v i(p/ "0 DY) € D, (5-13)
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regardless of parity of r. To show this, note by definitions of Py ,, Ps , the integers p; --- p, with

pj € [Dl/(lﬂ) D;], j < r, that lie outside D* must satisfy
xl/6+21’]/p1 or x1/12757)/p6 e [for’ x2‘[].

Then for By = x1/6+21+2t B — x1/12-51427 e have

Z log B; log x47 T

g(pl) < 1Og AT 2
B> pr (B 0 log max(B; /x*7, u) logu g

and so the contribution of such integers to the main term of (5-11) is

T T logz
<y u > g p < [T A+gm) <<_F <e
<pr<--<p1<z u<p<z
Bi>p,->rnax(B,-/x4T,u),ie{l,6}
Hence (5-13) follows.
We now proceed to Theorem 2.12. For each vector (Dy, ..., D,) € D, we define the weight A(p,, . p,)
supported on d in v‘l(D], ..., D;), namely,
d=pi--p;
ADy,...pp(d) =10 : (5-14)

Dj<p;<Dj"7Vj

Next, we may decompose an integer d into its z-smooth and rough components, d = b(p; - - - p,). Recall
D) = D* A = A* (depending on the parity of ), and for b | P(u) we have A (b) = u(b) if b € DV,
and 1 (b) = 0 else. Thus we may define the convolution A(r) b,y = AD,....D) * A0 e,

.....

) u(b) ifd=bp;---p, forbe D (D?),b| P(DF"), and D; < p; < DV <,
 oi....0n (D) = 0

else.
(5-15)
Hence the remainder in (5-1) equals
(=D )
2 2 y(Dy,...,D,) Y Aoy @rad =Y A (drad)
O<ree= Dy DpeD; 7 V00 B 1y d|P@)
for the weights
CD e 5-16
Z Z m (D1,....Dy)" (5-16)

0<r<e—2 (Dy,...,D;)eD} Y

Recalling the cardinality of D¥ C D;' from (5-7), it suffices to show the weights AEB p,) are pro-

grammably factorable for each vector in D). To this we have the following.

Lemma 5.3. For an integer d denote the vector v(d) = (Dy, ..., D;) from (5-9). If d has a factorization
as in (3-7) at level D, then the corresponding weights A,y and )»]()r()d), as in (5-14) and (5-15), resp., are
programmably factorable sequences of levels D'** and D'YT¢ = x7/1240_yesp. (relative to x, & /50).
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Proof. By assumption for each N € [1, x'/3], there is a factorization d = dd,d; satisfying the system

(3-7). For j =1,2,3, write dj = ]_[ielj pi for the induced partition of indices {1, ...,r} =1 UL U ;.

Thus letting Q; = ]_[l.e, D;, the factorization D --- D, = Q1Q,Qj satisfies (2-1), since D; < p;.
Further, writing the correspondlng subvectors (D;)ier; for j = 1,2, 3, the weights A(p, Jies, are 1-

147

bounded, supported on [1, Q"] and give the desired triple convolution,

A(Dy.....Dy) = MDp)ier, ¥ MDier, * MDiiery -

Hence A(p,.....p,) is programmably factorable of level D!** as claimed. Similarly )\Egl’_..,Dr) = A(Dy)es, *

ADiyicr, * kgg,), . is programmably factorable of level D'*7+¢, O
1)ie 3

Now for each vector (Dy, ..., D,) € D}, by (5-13) there exists d = p; - - - p, € D* for some primes

pi € (Dl.l/(lﬂ), D;]. Then for all N € [1, x'/3] Proposition 3.3 gives a factorization of d as in (3-7), and

7/12+41

so by Lemma 5.3 )‘ErD)l D)) is programmably factorable of level x

.....

This completes the proof of Theorem 2.12.

5.1. Variable level of distribution for the linear sieve weights. We now return to Iwaniec’s well-factorable
weights A* for the (upper and lower) linear sieve, given explicitly from (5-15) as the weighted sum,

(=1 .
Z Z imkggl ~~~~~ D) (5-17)

0<r<e~2(Dy,...,D,)eD}

We introduce the analogous set of well-factorable vectors Dwe” Dwe”(D)
DY ={((Dy,....,D,):D;---D,_1D2> <D forallm<r)}. (5-18)

Note DX ¢ D¥*!!, having dropped parity conditions on the indices m < r.
We have the following technical variation on Theorem 2.12 for the original linear sieve.

Proposition 5.4. Let (D, ..., D,) € D¥*Y(D) and write D = x°, D; = x"i fori <r. If0 <60(t)) — ¢ as
in (3-14), then

~q (x) X
> >k (d)(n(x d,a)— (d)) “A"””(log—x)A' (5-19)

b=p1pr d=bc<x’
Di<pi <D} €| Pp)
(d,a)=

Moreover lf n<s Landr >3, then (5-19) holds provided that 0 < 0(t1, tp, t3) — € as in (3-15).
Ifn<s Land r <2, then provided 6 < 5(3 —u)—e,

T _T&) _r
DD D (d)(n(x d,a) q)(d))«a,A,g o™

b=pipr d=bc<x?
D <pl\Dl+r C\P()C")
d,a)=
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In particular for r = 0 (i.e., the empty vector), 0 < %(3 —u) — ¢, this simplifies as

it _T® o
Y. A (d)(n(x d.a)= " d)> Kot Gorh-

d<x’
d|P(x")
(d,a)=1
Proof. Given (D, ..., D,), take an integer b = p; - - - p, with D; < p; < D}“. Then for all multiples
d of b with d/b| P(p,), the weight AESL;, )(d) vanishes unless the vector (D], ..., D}) extends
(D1, ..., D). Thatis, D] = D; forall i <r. Conversely, given such a vector (D, ..., D;) we have
kg, ,,,,, D,)(d’) = 0 unless the first s primes of d’ are p; - -- p, with D; < p; < D}“, i < r. So by the

definition of A% as in (5-17), we have

sh =’ (s)
> D M= ) > YD DD > Mopop@- (520)
b=p1-pr d=bc<x® r<s<e=2(D),....D})eD¥ Y P
D; <p,<D]“ clP(pr) D}=D;,i<r (d,a)=1
(d,a)=
Here we have extended (by zero) the inner sum to all d < x?, (d,a)=1.

Next, take such a vector (D, ..., D)) € DE(x?) with D} = D; fori <r. Eachinteger d = p; - - p;
with D/ < p; < (D})'*7 lies in d € DY!'(x?*7). In particular p; < D" < x*7 so by Corollary 3.8,
d has a factorization as in (3-7) at level x?“1 7 Since 6(¢) is continuous (in fact, piecewise linear),
for T > O sufficiently small 8(¢; + 7) > 0(t;) — ¢ > 6. Thus by Lemma 5.3 the weights )»8;

programmably factorable sequences of level x?. Hence for each such vector, by Theorem 2.5 we have

.....

() X
2 A @ Kane oo (5-21)
d<x?
(d,a)=1
Plugging (5-21) back into (5-20) gives the bound (5-19), as claimed.
Moreover, if #; < and r 2 3 then proceeding as in the above paragraph, by Corollary 3.8 d will factor
as in (3-7) to level xe(“””ﬁ"““). Again 0(t, u, v) is continuous, so for T > 0 sufficiently small

bt +t, 41, 13+7) 20(t1,00,13) —e = 6.

Hence (5-19) also follows in this case.

Similarly if 71 < 3 L and r < 2, proceeding as above with d = p; - - - ps, the assumption d /b | P(x")
implies s <2 or p3 < D;” < x"*7, Thus by Corollary 3.8 d will factor as in (3-7) to level xBmu=0/5 > 50
Hence (5-19) follows in this case as well. O

5.2. Equidistribution for products of primes. We use an extension of Theorem 2.5 to products of k
primes. This is the analogue in the programmably factorable setting of [Wu 1990, Lemma 7] extending
Theorem 2.2 of Bombieri, Friedlander and Iwaniec.
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Proposition 5.5. Let ¢ > 0 and A be a programmably factorable sequence of level D < x3/°7¢ (relative
to x, €/50). Take real numbers €1, ..., & = € such that Zigk g; = 1. Then for any fixed integer a € Z,
A, B >0, letting A =1+ (logx) ™8 we have

1 X
> A(d)( > 1--3 > 1) CaedB oA (5-22)

d<D p1--prk=a (mod d) (p1-+pr.d)=1
d,a)=1 xbi JA<pi<xfiVi<k xbi A< pi<xfiVi<k

Proof. This follows by the same proof method as in Theorem 2.5 (i.e., [Maynard 2020, Theorem 1.1]).
Indeed, Maynard just uses the Heath-Brown identity to decompose the indicator function of primes into
Type I/II sums. A similar decomposition holds for products of k primes, after which we may apply the
same Type I/II estimates in Propositions 5.1 and 5.2 of [Maynard 2020]. O

In addition, by replacing Theorem 2.5 with Proposition 5.5 in the proof, we obtain analogues of
Proposition 5.4 for the linear sieve weights A = A in the case of products of k primes.

Corollary 5.6. Let (Dy,..., D,) € D;”en(D) and write D = x?, D; = x'i fori <r. Let ¢ > 0 and real
numbers g1, ..., & = & such that Zigk g =1. Fixan integera € Z, A, B > 0, and let A =1+ (logx)_B.
If0 <6(t1) —e as in (3-14),

DS Xi(d)( SERE DY 1)<<a,e,A,B(long)A. (5:23)

b=p}-p, d=bc<x’ pi--pe=a (mod d) (p1-pr,d)=1
Di<p <D c| P(pl) xi A< p;<xfiVi<k xfi A< pi<xfiVi<k
TR da)=1
Moreover if t; < % r = 3, then (5-23) holds provided that 0 < 0(t1, tr, t3) — € as in (3-15).

In addition, if r <2,u <t., 1 < %, and 0 < 3%” — ¢, then

- 1 X
> > Hd)( > I_W > 1) Laoh b Gor T

b=pp.  d=be<x® p1--pr=a (mod d) (p1-prad)=1x"1 | A< pi<x“iVi<k
. u & . <xEiVIiL
Di<P,/-<D,»l+r L(J{ng:l) xfi JA<p;<xfiVi<k

(5-24)

6. Upper bound for twin primes
Now we shall apply the modified sieve to the set of twin primes
A={p+2:p<x}.

In this case the sieve notation specializes as P = {p > 2} and g(d) = 1/¢(d) for odd d, so that
V(z)= ]_[2<p<z(1 —1/¢(p)). Recall V(z) ~ S, /e” log z by Mertens theorem, for the Hardy-Littlewood
constant G, =2 ]—[p>2(1 —2/p)/(1 —1/p)?* appearing in TT1(x) = S,x/(log x).

We begin in the spirit of Fouvry and Grupp [1986], and apply a weighted sieve inequality. To each
nonswitched term, we apply the Buchstab identity in order to lower the sieve threshold down to z = x*€
for some tiny € > 0. By Proposition 5.4, such smooth sums will satisfy level of distribution %(3 —€).
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Combined with variations on a theme, which identify programmably factorable weights in certain cases,
the consequent increase in level will be sufficient to obtain the bound in Theorem 1.2. For a final bit of
savings, we use refinements obtained by Wu’s iteration method [2004].

Before moving on, we note that sieve methods and the switching principle have also yielded progress
on the Goldbach problem. Indeed, the upper bound in [Wu 2004, Theorem 3] for twin primes is obtained
by using the same formulae as in [loc. cit., Theorem 1] for the Goldbach problem, except for altering
the level from % to % (this amounts to replacing factors of 4 with % in a few instances). Importantly, the
quantitative upper bounds for twin primes are much stronger than those of the Goldbach problem. This is
because the latter relies on level % from Bombieri and Vinogradov for a growing residue a = N, while
the former may appeal to level of distribution ‘7‘ from Bombieri, Friedlander and Iwaniec for the fixed
residue a = 2 (and now the subsequent improvements of Maynard). As such our methods have nothing
new to say for the Goldbach problem.

6.1. Lemmas. We begin with a standard lemma for x'/*

o) = (f(u)+ F(u))/(2e") for linear sieve functions f, F as in Theorem 2.10. Alternatively, w is
directly defined via

-rough numbers in terms of the Buchstab function

w(u) = for 1 <u <2,

< =

www)) =ww—1) for2<u.

1u Then we have

X X
Z 1=w) +0< )
logy

= (log y)?
pln=p=y

Proof. This is [Wu 1990, Lemma 12]. U

Lemma 6.1. Letx >2and y =x

The argument of Wu makes essential use of weighted sieve inequalities, as in [Wu 2004, Lemmas 4.1
and 4.2]. We shall employ the latter inequality in the special case d =1, 0 = 1.

Lemma 6.2. For % Zp>2n>n>T1 20 > %, we have

5S(A XS D T,

1<n<21
where
[y = 45(A,x7) + S(A, x™), INVIES Z Z Z S(Apipaps» P2)»
Lime Y S(A,”), i e
xp,<p<xﬂ
| . te= LY S
F3 — Z S(Apa-x )a xﬂ/<p1<x’1<pz<xr2<[)3<xp
xP <p<x®2
| PSS 55 5) L)
Fyi=— Y S(Ap,x"), 7 < pr <

xp’<p<xf3 X2 pr<p3<x?f
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[s:= ZZ S(Ap,pyr X7, INTRES ZZZ S(Apipapss P2)
2

xP <pr<pa<x® XIULp<x2Lpr<xBLp3<x’

[ := ZZ S(Ap]m,xp/), INTRES ZZZZ S(Apipapsps> P3)»

/ XR2Lpr<pr<p3<ps<x
xP <p1<xrl SP1I<P2<p3<p4

X2Lpr<x® 7= ZZZZ S(Ampzmm’ p3),

'y .= E Z S(Apip2s P1), X2Lpr<pr<p3<xBLpsy<x’
/
< 71 -—
xP <p1<pa<x I'g:= E E E E S(Ap prpspss> P3);
[g:= ZZ S(Apips» P1), X2Lpr<pr<xBLp3<ps<x’
/
X <pr<x<py<x™ l—119 = E E E E S(AP1P2P3P4’p3)’
. X Lprx™2
[y := E :E :Z S(Apipaps» P2) xBLpr<p3<pa<x’
XL pr<pr<p3<x® 2 :2 :
F20 = Z Z Z S(Ap1p2p3p4p5a p4)9
Fl() = E Z E S(Ap1p2p39 pZ)’ X2 pr<xBLpr<p3<pa<ps<xP
XL pr<pr<x2Lp3<x’
. cu Ih = E E E E E E S(Ap, papspapspes P5)-
11 = E E E ( P1P2P3> p2), XBLpi<pr<p3<ps<ps<pe<x’

XU pr<x2L<pr<p3<x

Proof. This is [Wu 2004, Lemma 4.2] with d = 1, 0 = 1. Here we simplify Wu’s notation slightly, using
(c_ll/s, c_l]/"3, 41/"2, 41/"‘ , Ql/s/) = (xP,xB, x7, x”,xp/). The basic proof idea is to iterate the Buchstab

identity and to strategically neglect some terms by positivity. g

6.2. Computations. Given 0.1 < p’ < 11 <02 < 1 < 13 < p < 0.3., we define integrals [, =
L,(p, p', 71, T2, T3) by

l1—t—u—v\ dedudv
I, = w 5 O <n<15),
D, u tu“v
l—t—u—v-— drdudvd
In:/ a)< . w) aha (16 <n < 19),
D, v tuviw

(6-1)

I / l—t—u—v—w—x)\ dtdudvdwdx
ey [0)) )
20 Do w tuvw?x

/ (l—t—u—v—w—x—y)dtdudvdwdxdy
121= w ’
D2y

x tuvwx?y

where w is the Buchstab function, and where the domains D,, are
Do ={(t,u,v):11 <t <u<v<T13},
Dio={t,u,v):t1<t<u<mtm<v<p}
Diu={t,u,v)y:ni<t<tm<u<v<T1ts},
Dp={tuv):p <t<u<rt,13<V<p}
Diz={t,u,v):p  <t<1<u<t0m<vV<p}

Diy={t,u,v):p  <t<t, 120 <u<v<p},
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Dis={t,u,v):11<t<hrp<u<t3<v<p},
Dig={t,u,v,w):np<t<u<v<w< T3},
Dy={t,uv,w): m<t<u<v<tg<w<p},
Dig={(t,u,v,w) H<t<u<m<v<uw<pl,
Dig={(t,u,v,w) 71 <t <D, Ba<u<v<w<p},
Dy ={(t,u,v,w,x)  H<t<m<u<v<w<x<pl,

Dy ={t,u,v,w,x,y) : a<t<u<v<w<x<y<pl
Recall the definitions (3-14) and (3-15),

if ¢

2—t

= >
0(t) = { 11

St ifr<

We let ., = 2Z€ and

01,1, v) = max{%, 0(1), 0(u), Ot +u+v), 6t +u), 6(t + ), 6 (u + v)}.

We also define
G1=4G(p)+G(r1), G3=Go+G(n),

G2 =G+ G(p), Gs=Go+ G(13),
where for ¢ < %

T dtdu

1 1 [€dt 1 [
6o =treso-1 [ Lrw-no+! [ [ L@ -1-w/e

u
¢ rtorn dr dudo
_/f/ O, v) =1 —u—v)/v),
€ € € tuv

and for ¢ > %,

_ 1 [¢ dt ¢ (P drdu
G(C)=——/ —f((9(t)—t)/€)+f / 5~ F(0@) —t —u)/u)
€ 1/5 t 1/5 Je tu

as well as

117 de S et dr du
Go=—p [ Tr@—vior L[ [ @i —wre
o

5 rp" ru dr du do
/ / / 2 f((e(tvuav)_t_u_v)/v)'
o Je Je  tuv

(6-2)

(6-3)

(6-4)

(6-5)
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We similarly let

1 Y5 1 dtdu dt du ,
:_/ / F(— 1 —u) /) + / / FO®) —1 —u)/p)
€ /O/ p/ tu

dtdudv
/ / / ——— [0, u,v) —t —u—v)/v),
o’

T dr du ,
,f / F(O@) —t—u)/p),

/

dr du oot dy du do
f Fe—r-w/o- [ [ [ L8R f@ )~ —u-vo)
o p Je

// 0 tuv

15 ro drdu 2t odrdu
/ Fie—r-w/o+ [ [T F@@-1-w/m
P 15Jp U

15 rm ru dp du do
T —
7 o Je ftuv

Recall the sieve functions F f satisfy F(s)=2e" /s fors €[1,3], f(s)=2¢e" log(s—1)/s fors €[2, 4]
and F(s) =2¢” /s-[1+ [y~ f(r)dr] forall s > 1.
The main bound is the following.

(6-6)

m | = b

m|—~

Proposition 6.3. Ler0 <€ <0.1<p' <11 <02< 1 <13<p<0.3. Then for I,,, G,, and G(c) as in
(6-1), (6-2), (6-6), and (6-3), we have

IT(x
S(A, x°) 5 ()<ZG +G(3) Z ) (6-7)
=9
Proof. We first bound S(A, x°) for ¢ € [, 1]. By the Buchstab identity,

S(Ax)=S(A.x)—= Y S(Ap. p).

xe<p<x©
Iterating twice more, we obtain
SAX)=SA XY= Y SALx)+ D SApp XY= Y S(Appapss P3).
xe<pr<x© X< pa<pr<x‘ xXe<p3<pa<pi<x¢

(6-8)

To each term S( Ay, x€) above, we apply the linear sieve of level x% for 6, = %(3 —¢€), as in Theorem 2.10.

And to each term S(A), p,ps, P3), we apply the linear sieve of level x? for 8 =0(ty, 12, 13), where pi =x',

To handle the corresponding error terms, note for primes x€ < py < p; <x¢ < xS andde {1, p1, p1Pp2},

the prime factors of g/d above are bounded by x¢ so that the sets A, are equidistributed to level 0.
Hence for each x€ < py < p < x5, by Proposition 5.4 with u =€, b =1, py, p1pa, we have

= | Al - 7 (x) X
> At (A ——): > A ( ;,2——) S
(@) [Aq] @) (| 7(x;q,-2) @ <4 (log)"

g<x g<xbe
q|P(x€) q|P(x€)
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and
~_ |A| X
Z Z A (4)(|Aq|—ﬁ <A W
P1 g=pim<x¥ vl g
m| P(x€)
and

~ |Al x
Z Z )\.+(q)(|-/4(1| — M <A (logx)A'
P2:P\ g=p) pym<x'

m| P(x€)

In addition for each p3 < py < p; < x5, pi = x'i, letting & = 0(zy, 1, t3), by Proposition 5.4 with

b= pip2p3,
= A
> % A(q)(IAqI — '—') <a (log+)A

P3:P2:P1 g=p py p3m<x’ ¥l
m| P(p3)

Thus for ¢ < % the linear sieve bounds give

S(A, x9) < |A|V(x€)F(96—f) (6-9)
and
6. —1
> SUx92 Y IAlgenV (%) (6-10)
xXe<pr<x© xXe<pr<x©
and
6 —t1—
> S xS Y MgV F(EEAEE) 6-11)
Xe<pr<pr<x¢ x€<pr<pr<x©
and

> Seeryz 2 MlgpippVinf(REEE). (612)

X <p3<pa<pr<x¢ x€<p3<pa<pr<x‘

Hence by (6-9), (6-10), (6-11), (6-12), we observe that (6-8) becomes

S(A,x9) S —|Al > g(PlPZPS)V(PQf(@)

Xe<p3<pr<pi<x¢
—I—IAIV(x)(F(E o osnf(FT)E Y smpF (L . (6-13)
XESpr<x€ XeSpa<pr<x¢

Recall V(z) ~ G;/e¥ logz by Merten’s theorem. Thus by partial summation and the prime number

theorem, we obtain

S(A,x) S ?G(c), (6-14)

for G(c) as in (6-3). Hence for ¢ = p’, 7| we have ¢ € [e, %], so we bound I'; as

IT(x)
ey

IT(x)

T =4S(A, x”) + S(A4,x™) < (4G(p)+G(1) = Gi.



A modification of the linear sieve, and the count of twin primes

33

Now consider ¢, ¢’ € [% %] We shall apply the linear sieve of level 6(¢1), as in (3-14). In general, for

p1=x" and O(z) as in (3-14), Proposition 5.4 gives

. |Al x
Y Y @) <a ——
(Q)<| 4 w(q)> 4 log )

PL pi|q.q<x?@)
q/p1| P(p1)
so that for ¢, ¢’ € [% %], the linear sieve of level 6(¢;) gives
0(t))—t
Y Sz Y MgV f(H0).
x¢<py<xe x¢<py<x¢

Thus by partial summation and the prime number theorem,

W 64+ Gy = W,

24 eY

M= Y SA.x")S

xﬂ/<p<x/’
Similarly, we obtain

IT
FniﬁGn for 1 <n <8.
e

Finally, for the remaining I',,, we apply the switching principle. Namely, for I'y we have

o = Z Z Z S(Aplpzpsv p2) = S(B, xl/z) + 0()61/2)

XTI pr<pr<p3<x’3

for the set
B={pipapsm —2<x:x" <pi<pr<p3<x®pim=p > p)}

Note since ps, p1 > x™ > x%!, each m above has at most 7 prime factors.

(6-15)

(6-16)

(6-17)

(6-18)

Now by a standard subdivision argument, B is similarly equidistributed in arithmetic progressions

as is A. Indeed, the basic idea is to partition B = Ur<7 B", where B") is the subset corresponding to

integers m with r prime factors. Then we cover the prime tuples (py, ..., p,) into hypercubes of the form

[A" Al o (Al A

for A = 14 (log x) 2 with B > 0 sufficiently large, and apply Corollary 5.6 with u =€, b = 1. This gives

~ |B| X
At B, | — —— _—
2 (q)<' ol <p(q)) €A Tog )

g<xe
q|P(x)

mmilarly foreach x* < p; < p, < p; <x'/-, orollary 5.6 with u = € an = pi, Py P>, We have
Similarly f h x® < p; < p) < p} < x'/, by Corollary 5.6 with d b= p}, p|p5, weh

DS X(q>(|8|—ﬂ)<<AL
T e@ (log x)*

P g=pym'<xb%
m' | P(x%)
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and

| Bl x
*t(q )(IB | ——— | <4 ——.
Z, Z ®(q) (log x)4
Py>P1 g=pipym gx
m'| P(x)

In addition for each p; < p) < p| < x5, p; = x', letting 0 = 0(ty, 1, 13), by Corollary 5.6 with
b = p|p,p5, we have

|B| x
A Byl — —— —_—.
Y Yt ) < g

P55 D) q=p phpiym’<x’
m' | P(p3)

Iterating the Buchstab identity, we have

S(B, x'/?)
< S(B, x'/5)

=SB.x)= Y SBy.xV+ Y SByyx)— D SBy s Py,

xe<py<x1P’ xe<ph<pi<x!/d xe<ph<ph<pi<x!/d

and hence by the linear sieve bounds we obtain

G 1
Ty < SB,x/?) < SB, x'%) < e—Vl 5 )6 1B]. (6-19)
0og

Now to compute |B] in (6-18), by Lemma 6.1 we have

X / dl]dl‘zdtg, (1—[1—[2—l3) X I
= - lg.
Ing T <t <bh<B3<T) tltz 13 15} Ing

Thus we have 'y < e_VG(%)H(x)Ig. Similarly, we obtain

|B| ~

I, (for9<n<21). (6-20)
Hence plugging (6-16), (6-20) into Lemma 6.2 completes the proof. U

Let
p =0.27195, 13 =0.24589,
p =0.12313, 1, =0.20867, (6-21)
€ =0.002, 71 = 0.16288.

For such choices of parameters, we compute the following integrals from Proposition 6.3,

> 1,<0.174404, )" G, <2834581, G(%)<5.99237.

9<n<21 1<n<8
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Thus by Proposition 6.3, we obtain the bound

8 21
ma(x) S S(A, x°) < FSI();) (Z G, +G(3) Z 1,,) < 3.3004211 (x). (6-22)
e
n=1 n=9

We also record the individual bounds (see table at end of paper).

6.3. Completing the proof of Theorem 1.2. We shall refine our argument in certain cases for which Wu’s
iteration method [2004] applies directly without modification. As such we have chosen simplicity over
full optimization.

In the lemma below, we consider the cases of sets A, ,,, where py, p; lie in a prescribed range, and
such that for all multiples bpi p», the sets A, », are equidistributed to level x? (we also need level x? for
corresponding switched sets B of integers mbp p, — 2).

Lemma 6.4. Let 0 < [%, 1], s€[2,3],and A={p+2: p<x}. Thereis a function Hy(s), monotonically
increasing in 6 for fixed s and decreasing in s for fixed 6, such that the following holds: For each
(Dy, D) € D‘z”eu(xe), we have

S Sl sy &(F(s)_iﬁ%(s)) (6-23)

er @(p1p2)logz
D1<pl<D:+r D1<p1<D}+T

D2<‘172<DéJrr D, <p2<D2lJrr

where z° = x? / p1 pa, provided (5-22) holds for . = At at level D = x® with (x®', x®2) = (Dy, D,), and
provided for all vectors (Dy, ..., D,) € vaeu(xe) extending (D1, D),

> X xw)(m;d,a)_@) Caeh .
o)) S (oga)

b=pi1pr b|d,d<x?
D; <pi<D,.1+’ (d,a)=1

Proof. Wu iterates the weighted sieve inequality [Wu 2004, Lemmas 4.1 and 4.2] on the subset of
(nonswitched) terms whose sieving parameter s lies in the interval s € [2, 3]. This yields a recurrence
relation for a function Hpy(s), which encodes the percent savings over the (normalized) linear sieve
sF(s)/(2e7).

Starting from a term S(A,, 5, , 7), €ach successive iteration of the weighted sieve inequality is composed
of terms of the form S(App, ,,,z") for some multiple bp; p, corresponding to some vector extending
(D1, D). By assumption, all such sets are equidistributed to level x?, when weighted by the upper/lower
linear sieve. Similarly, the switched sets are also equidistributed to level x? (here we only need the upper
bound weights A1). Finally, the savings function Hp(s) inherits the stated monotonicity properties by
construction of the iteration. O
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The function Hy depends on the known level of distribution x? (i.e., Wu used 6 = % for Goldbach, and
0= % for twin primes). For parameters as in Tables 1 and 2 of [Wu 2004, pages 30-32],

0.0223939 if2.0 <t <2.2,
0.0217196 if2.2 <t < 2.3,
0.0202876 if2.3 <t <2.4,
0.0181433 if2.4 <t < 2.5,
0.0158644 if 2.5 <t < 2.6,

Hypp(t) > .
0.0129923 if 2.6 <t <2.7,
0.0100686 if2.7 <t <2.8,
0.0078162 if2.8 <r<2.9,
0.0072943 if 2.9 <t < 3.0,
0 else,

and

0.0287118 if2.0 <r<2.1,
0.0280509 if2.1 <r<2.2,
0.0264697 if2.2 <t <2.3,
0.0241936 if2.3 <t <24,
0.0214619 if2.4 <t <2.5,

Hyp7(t) > 10.0183875 if 2.5 <t < 2.6,
0.0149960 if2.6 <t <2.7,
0.0117724 if 2.7 <t < 2.8,
0.0094724 if 2.8 <t <2.9,
0.0090024 if2.9 < < 3.0,
0 else.

As such, Wu [2004, Theorem 3] obtained w7 (x)/TT(x) < %(1 — Hy/7(2.1)) < 3.39951.

To complete our proof of Theorem 1.2 we apply Lemma 6.4, now valid up to level x7/12 by Corollary 2. 7
and Proposition 5.5 for AT. Note when the largest integration variable is t > 5 , we have 0(7) = 3 (2—t) < 12
if and only if t > }‘. A key feature we use to satisfy the conditions of Lemma 6.4 is that the level x%)
persists, since the largest prime p; = x" is preserved through successive iterations.

Thus, in practice, Lemma 6.4 simply amounts to modifying the integral in G, by substituting
F(s) — Hg(s) in for F(s), s = (0(t) —t — u)/u, when t >
we only reﬁne G»). Denote this as G;V“. For ease we also use Hy(s) > Hy7(s), by monotonicity in 4.
—5.598667 and hence

4 (the only parameter > 1 is p, SO

Doing so, with the same parameter choices (6-21), we obtain G}V“ <

nz(x)gn(x) (G§Vu+ > G.+G() > In)§3.2995521'[(x). (6-24)

h124
1<n#2<8 9<n<21

This completes the proof of Theorem 1.2.
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G,| n I, n I,

39.00163 | 9 0.0332157 17 0.000315
—5.591009 | 10 0.0228322 18 0.000269
—3.986553 | 11 0.0092564 19 0.000164
—5.060499 | 12 0.0150101 20 <2.70-107°

1.864133 | 13 0.0547244 21 <5.50-107°

0.741181 | 14 0.0260202

0.453663 | 15 0.0124636

0.923736 | 16 0.0001314

0NN WN =S

Table 2. Values of G1,...,Ggand Iy, ..., I;.

For slight numerical gains, one may compute Hy(s) when 6 € [‘7—‘ %

[Wu 2004]. More substantially, Wu defined a lower bound savings hg(s), for a substitution of f(s) by
fis)+ %hg (s). But in practice, to compute & would require derivations (analogous to H) of as yet

], by tweaking the formulae in

undetermined formulae. We leave these to the reader.
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Ranks of abelian varieties in cyclotomic twist families
Ari Shnidman and Ariel Weiss

Let A be an abelian variety over a number field ¥, and suppose that Z[{,] embeds in End z A, for some root
of unity ¢, of order n = 3”. Assuming that the Galois action on the finite group A[1 — ¢,] is sufficiently
reducible, we bound the average rank of the Mordell-Weil groups A, (F), as Ay varies through the family
of wy,-twists of A. Combining this result with the recently proved uniform Mordell-Lang conjecture, we
prove near-uniform bounds for the number of rational points in twist families of bicyclic trigonal curves
y3 = f(x?), as well as in twist families of theta divisors of cyclic trigonal curves y* = f(x). Our main tech-
nical result is the determination of the average size of a 3-isogeny Selmer group in a family of o, -twists.

1. Introduction

Let A be an abelian variety over a number field F and let Gy = Gal(F/F). Any G p-stable subgroup
H C Autg A gives rise to a twist family of abelian varieties Az over F, indexed by the elements & of the
Galois cohomology set H'(G r, H). The base change of A to F is isomorphic to A 7» but with G p-action
twisted by &. Our goal is to study the distributions of the ranks of the Mordell-Weil groups Ag(F) in
such twist families, and to give some applications.

Every abelian variety A has the automorphism —1, and since H Y(Gp, {£1}) =~ F*/F*?, we obtain the
quadratic twist family of A. The average rank of Ag(F) in quadratic twist families has been extensively
studied in the case of elliptic curves [Brumer 1992; Heath-Brown 1994; Katz and Sarnak 1999; Smith 2017;
Bhargava et al. 2019], with [Bhargava et al. 2019] addressing many cases in higher dimension as well.

In this paper, we consider the case H = 2,, the group of 2n-th roots of unity, where n = 3" for
some m > 1. More precisely, we assume that there is a G p-equivariant ring embedding Z[¢] < Endz A,
where ¢ = ¢, € F is a root of unity of order n. We say that such an A has ¢-multiplication. For example,
the Jacobian J of a curve of the form y3 = xf (x3m*l) has ¢-multiplication induced from the order n
automorphism (x, y) — (£3x, ).

Since w2, = (—¢) C Autg A, there is a twist A, for each d € FX/FX2" ~ HYGF, no,). In the example
above, Jy is the d-th quadratic twist of the Jacobian of y* = xf (%x-”m_]). In Section 5B, we recall a
height function 4 : F*/F*?* — R with the property that the sets Sy := {d € F*/F** : h(d) < X} are
finite. When F = Q, the height 4 (d) is the absolute value of the smallest integer representing d. The
average rank of A;(F) is then, by definition,

avg, 1tk Ay(F) = lim avg rk A (F).

X—0o0 dexy
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In general, it is not known whether this limit exists or even if the limsup is finite. In the latter case, we
say that the average rank of A4(F) is bounded.

1A. Mordell-Weil ranks. If A has ¢-multiplication, the endomorphism 1 —¢ € Endz A descends to an
isogeny 7 : A — A’ over F (see Section 2). The kernel A[x] is a G g-stable subgroup of the 3-torsion
group A[3], and hence is a finite-dimensional F3-vector space. We show that the average rank of A, (F)
is bounded, assuming that the G p-action on A[x] is sufficiently reducible.

Theorem 1.1. Let A be an abelian variety with {3»-multiplication over F.
(1) If Alx] is a direct sum of characters, then avg,; rk A4(F) is bounded.
(i) If A[n] has a full flag, then avg, 1k A4(F), over squarefree d € F* | F*?", is bounded.

Here, we say that A[x] has a full flag if there are G p-modules 0 = Hy C H| C - -- C Hy = A[m] such
that dimg, H;41/H; = 1. We say thatd € F*/F*™ is squarefree if v(d) =0 or 1 (mod 2n), for all finite
places v of F. Theorem 1.1 is a simultaneous generalization of [Bhargava et al. 2019, Theorem 2.2] and
[Bhargava et al. 2020, Theorem 5] to a larger class of twist families of abelian varieties.

If J is the Jacobian of y3 = xf (x3m7l ), then the representation theoretic conditions on J [ ] translate
into conditions on the Galois group Gal(f) of the splitting field of f(x) over F. More generally, we
deduce the following result from Theorem 1.1:

Corollary 1.2. Let f(x) € F[x] be separable and nonconstant, and let J be the Jacobian of either
YW= f@oryd =xf.
() If Gal(f) ~ (Z/22)*, for some k > 0, then avg, tk J;(F) is bounded.

(i) If Gal(f) is an extension of (Z /2Z)¥ by a 3-group, then avg, tk J;(F), over squarefree d € F* | F**",
is bounded.

Our proof of Theorem 1.1 gives an explicit upper bound on the average rank, however, the bound
depends on subtle arithmetic properties of A. The following crude upper bound has the virtue that it
applies to a large class of abelian varieties and depends only mildly on A.

Theorem 1.3. Suppose that A[x] has a full flag and that A admits a {,-stable principal polarization.
Let S be the set of places of F dividing 3400, where {4 is the conductor of A. Then the average rank
of Ay(F), for squarefree d € F*/F*?" is at most dim A - (#S 4 37%5).

For most A, this bound is significantly weaker than what our method actually gives. An interesting
case is when A has complex multiplication (CM), i.e., dim A = 3"=1 in which case dimy, A[z] =1
and the reducibility hypotheses are automatically satisfied. When the complex multiplication is defined
over F, we obtain especially strong results:

Theorem 1.4. Suppose that dim A = 3", so that A has complex multiplication by Z[{3n)]. Assume more-
over that {3m € F, so that the complex multiplication is defined over F. Then the average Z[{3m]-module
rank of Ay (F) is at most %, and at least 50% of twists Ay have rank 0.
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In the CM case, we expect that 100% of twists Ay have rank 0, in which case our result is halfway
towards the analogue of Goldfeld’s conjecture in this context.

Such A arise as factors of the Jacobians of the curves y3m = x(1 — x)?, which have good reduction
away from 3. Even when the CM is not defined over F, we obtain average rank bounds that depend only
on dim A. Over Q, for example, the average rank of A;(Q) is at most 19—9 dim A by Theorem 1.3, a bound
which can be improved to % dim A with a more refined analysis.

1B. Rational points on curves. Theorem 1.1 has concrete consequences for the arithmetic of curves C/F
of genus g > 2. It was nearly 40 years ago that Faltings proved that C(F) is a finite set, but very recently,
there has been significant progress towards a uniform upper bound on #C (F'). Building on work of
Dimitrov, Gao, and Habegger [Dimitrov et al. 2021], Kiihne [2021] has shown that

1+rk Jac(F)
#C(F) < cj ,

where ¢, is a constant depending only g. Building on this work, Gao, Ge, and Kiihne [Gao et al. 2021]
proved the more general uniform Mordell-Lang conjecture for closed subvarieties of abelian varieties.
These results reduce the question of uniform bounds for rational points on a large class of varieties to a
question about ranks of abelian varieties.

By combining these results with Theorem 1.1, we show that “near-uniformity” holds for twists of
bicyclic trigonal curves:

Theorem 1.5. Let f(x) € F[x] be separable, of degree at least two, and with all of its roots nonzero
elements of F. Consider the bicyclic trigonal curve C : y3 = f(x?), and let Cq : dy> = f(dx?) be the
corresponding sextic twist family. Then for every € > 0, there is a constant N, such that the lower density
of classes d € F* | F*° for which

#Cd(F) = Ns

is at least 1 — ¢.

To prove Theorem 1.5, we apply Theorem 1.1 not to the Jacobian of C, but to the Prym variety for the
double cover C — C’, where C’ : y3 = f(x); see Section 9. We remark that the constant N, depends
only on ¢, deg(f), and #S (using the notation of Theorem 1.3).

Unlike the curves in Theorem 1.5, a general cyclic trigonal curve C : y3 = f(x) has no sextic twists,
so it may seem that Theorem 1.1 says nothing about rational points on the twists of C itself. However, for
these curves, we can consider sextic twists of a theta divisor ® C J = Jac(C). Recall that ® is birational
to the symmetric power C¢~1 so its rational points parametrize low-degree points on C. We can choose
O so that it is preserved by the wo,-action (see Section 9), which allows us to consider the twist @4 C Jg,
foreach d € F*.

Theorem 1.6. Let f(x) € F[x] be separable and suppose that Gal(f) >~ (Z/ 27)k for some k > 0. Let
C :y? = f(x), and suppose that Jac(C) is geometrically simple. Let ® C Jac(C) be a symmetric theta
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divisor. Then for every € > 0, there is a constant N, such that the lower density of classes d € F* | F*®
for which
#04(F) < N,

is at least 1 — ¢.

This result again follows from Theorem 1.1 and [Gao et al. 2021], and N, depends only on ¢, deg(f),
and #S. Since the results of [Gao et al. 2021] are ineffective, we cannot say anything explicit about the
constant NV, in general. However, one can prove explicit results in this direction by instead combining our
work with the Chabauty method. We illustrate this by way of an example.

Theorem 1.7. Consider the sextic twist family Cy : y> = (x*> — d) (x> — 4d) of genus-3 curves. For at
least % of squarefree d € Z such that d =2 or 11 (mod 36), we have #C,;(Q) < 5.

The curve C; admits a double cover p : C; — E,; to the elliptic curve E; : yi=(x—d)(x —4d).
Moreover, C; embeds in the abelian surface P; = Jac(C;)/p* PicO(Ed). By making the rank bound in
Theorem 1.1 explicit, we show that rk P;(Q) <1 for at least % of twists d. Then we invoke, and generalize
slightly, Stoll’s uniform Chabauty result for twist families [2006].

The same method works for sextic twist families of the form C, 4 : y3 =2 —d)(x* —ad). To
prove the existence of twists with rk P, 4(Q) < 1, we must check that a certain local 3-adic root number
takes the value —1 for some twist d. We can verify this condition in Magma for seemingly any given
curve C, 4, but it would be nice to have a proof for all or most values of a.! It would also be interesting
to prove explicit results for symmetric squares of trigonal plane quartics, as in Theorem 1.6, by using
[Caro and Pasten 2023].

1C. 3-isogeny Selmer groups. Having discussed some applications of Theorem 1.1, let us discuss its
proof. Theorem 1.1 follows from a more precise result about Selmer groups. Let A/F be an abelian
variety with ¢-multiplication and admitting a 3-isogeny ¢ : A — B. If A[¢] C A[r], or equivalently, if ¢
is ¢-linear, then each twist A, is endowed with its own 3-isogeny ¢, : Ay — B,. For each d, we consider
the ¢4-Selmer group Sely, (A4), which sits in the exact sequence

0— By(F)/¢aAa(F) — Selg,(Aq) — LI(Ag)[¢a] = 0.

The main technical result of this paper is the exact computation of avg, # Sely, (Ay).
To state the precise result, we recall the global Selmer ratio c(¢¢) = [ [, cv(¢a), where for each place v

of F, we define
#coker(Ay(Fy) — By(Fy))

) = e (Aa(Fy) = Ba(Fy)

For v 1300, we have ¢, (¢g) = ¢, (Bg)/cy(Ag), where ¢, (A) is the Tamagawa number of A over F,. Thus,
up to some subtle factors at places v above 3 and oo, the number c(¢y) is the ratio of the global Tamagawa

n [Shnidman and Weiss 2023, Theorem 1.4], we prove that a positive proportion of P, 4 have rank at most 1 in the case
that a is a square, using a different argument which sidesteps the root number question.
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numbers c(By)/c(Ag). In particular, we have c,(¢y) € 37, and ¢, (¢4) = 1 for all but finitely many v
(having fixed d).

We say A[¢] is almost everywhere locally a direct summand of A[x] if, for almost all places v of F,
the G f,-module A[¢] is a direct summand of A[x].

Theorem 1.8. Assume that Al¢] is almost everywhere locally a direct summand of Alr]. Then
avg, #Sely, (Ag) = 1+avg, c(Pq), where both averages are finite and taken over d € F*/F>?" ordered
by height.

This result is a simultaneous generalization of [Bhargava et al. 2019, Theorem 2.1] and [Bhargava et al.
2020, Theorem 1]. Interestingly, the condition of being everywhere locally a direct summand, which
is automatically satisfied for the families considered in [Bhargava et al. 2019; 2020], seems to be an
obstruction to computing the average size of # Sely, (A,) in the entire family of twists, at least using our
methods. In any case, if we only consider squarefree twists, then this obstruction goes away:

Theorem 1.9. Let ¢ : A — B be a ¢-linear 3-isogeny. Then the average size of # Sely, (Ay) over squarefree
d € F*/F** is finite and equal to 1 + avg, c(¢q).

The quantity avg; c(¢4) is governed by local arithmetic data which can be made explicit in certain cases.
For example, in Theorem 1.4 we have c(;r;) = c¢(¢4) = 1 for all d. However, in general, computing the
exact value of avg, c(¢,) is hard. Nonetheless, one can give an explicit upper bound on avg, # Selg, (Aq)
depending only on F', dim A, and the number of primes dividing the conductor of A (Proposition 5.5).

In Section 6 we show how to deduce Theorem 1.1 from Theorems 1.8 and 1.9. In the remainder of the
introduction, we discuss the proofs of the latter two results.

1D. Methods. We prove Theorems 1.8 and 1.9 using geometry-of-numbers methods. As in the previous
works [Bhargava et al. 2019; 2020] of the first author and his collaborators, we first identify the elements of
Sely, (Ag) with SL, (F)-orbits of binary cubic forms of discriminant 4. We then wish to use lattice-point
counting techniques, which have been extended to global fields in [Bhargava et al. 2015], to count the num-
ber of such orbits of bounded discriminant. However, it is not at all clear (and indeed, it is not always true)
that the SL, (F)-orbits corresponding to Selmer elements are infegral, i.e., that they contain cubic forms
whose coefficients are algebraic integers. This integrality is of course essential for lattice-point counting.
For the quadratic twist families considered in [Bhargava et al. 2019], integrality follows quickly once
it is realized that the local Selmer conditions are very mild outside the finitely many primes dividing
the conductor of A. One needs only to “clear denominators” at those finitely many primes, and then
the Selmer orbits become integral. For the families considered in this paper, the question of integrality
is more subtle. The first interesting case is the family of sextic twists E : y> = x> 4+ d considered in
[Bhargava et al. 2020], which is the unique twist family of elliptic curves with 3-power ¢-multiplication.
In that special family, the authors give an explicit bijection between Selmer elements and binary cubic
forms. Integrality is then proven using a direct connection with Bhargava’s higher composition laws.
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In the more general setup of this paper, we cannot rely on such an explicit parametrization, nor do we
expect one to exist. Instead, our method is more abstract and involves two independent steps. First, we
give a complete analysis of the infegral arithmetic invariant theory for the representation Sym?® Z2 of SL,,
in the sense that we identify precisely which SL, (F,)-orbits of binary cubic forms, over a local field F;,
have integral representatives. We show that once the valuation of the discriminant v(d) is at least 3, all
orbits have integral representatives, and we determine what happens for v(d) < 2 as well. Our strategy is
to translate the question into one about cubic rings, whose local structure we understand well. Second,
we study the Selmer groups Sely, (A4) from a purely cohomological point of view, in the spirit of Mazur
and Rubin [2007]; see also [Klagsbrun et al. 2013]. Upon comparing the results, we find that for all but
finitely many primes v, the Selmer orbits of discriminant d are v-integral, except possibly when v(d) = 2.
In particular, the Selmer orbits are integral when d is squarefree. When v(d) = 2, we find that the local
direct summand condition on A[¢] C A[r] exactly matches up with the local integrality condition.

1E. Future directions. In many situations, the integral orbits of a reductive group G acting on a rep-
resentation V have been shown to parametrize Selmer elements in a certain explicit family of abelian
varieties [Bhargava and Shankar 2015a; 2015b; Bhargava and Ho 2016; Bhargava and Gross 2014; Thorne
2013; Laga 2023]. The results of this paper show that there is a tremendous amount of flexibility in these
constructions, in the sense that (G, V') can be used to parametrize Selmer elements in very different looking
families over the same space of invariants V /G (which is A! in our case). Our analysis of the integral
arithmetic invariant theory of (SL,, Sym?® Z?) can be adapted to some of these other representations
(G, V), so it would be interesting to understand the following (vaguely formulated) question. For which
families ¢ : A — B of isogenies of abelian varieties over S = V /G can the elements of Sely, (Ay), for
s € S(F), be parametrized by orbits of G(F) on V(F)?

1F. Outline. We begin in Section 2 with basics on abelian varieties with {-multiplication. Sections 3—6
are the technical heart of the paper. In Section 3, we give a complete analysis of the integral arithmetic
theory for the representation Sym?® Z2 of SL,. In Section 4, we give a parallel, but independent analysis of
the Selmer groups Sely, (A,) of the twists ¢4 of a general ¢-linear 3-isogeny. In Section 5, we combine
these two sections and prove Theorems 1.8 and 1.9. In Section 6, we apply the results of Section 5 to
prove Theorems 1.1 and 1.3.

The remainder of the paper is devoted to applications of our main results. In Section 7, we study the
average ranks of the Jacobians of the curves y> = x f (x3m71) and y3" = f(x) and prove Corollary 1.2. In
Section 8, we give explicit results for abelian varieties with CM and prove Theorem 1.4. In Section 9,
we study rational points in twist families of curves as in Section 1B, and prove Theorems 1.5 and 1.6.
Finally, in Section 10, we study twist families of genus-3 curves and prove Theorem 1.7.

2. Abelian varieties with ¢-multiplication

Let F be a field of characteristic 0. Fix an odd prime p, an integer n = p™, and a primitive n-th root of
unity ¢ = ¢,. In this section, ¢ denotes Euler’s totient function.
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Definition 2.1. An abelian variety with ¢-multiplication is a pair (A, t4), where A is an abelian variety
over F and t4 : Z[¢] — Endz A is a G p-equivariant injective ring homomorphism.

We usually suppress any mention of ¢4 and view Z[¢] as a subring of Endz A. In this section, we
collect some basic facts and constructions relating to abelian varieties with ¢-multiplication.

2A. The isogeny m. If A is an abelian variety with ¢-multiplication, then since 1 — ¢ divides p in Z[{],
the map 1 — ¢ € Endz A is an isogeny whose degree is a power of p.

Lemma 2.2. The kernel of 1 — ¢ is G g-stable, and hence is an F-subgroup of Alp). In particular, there
is an abelian variety AV over F, such that the endomorphism 1 — ¢ of A over F descends to an isogeny
7:A— AW oyer F.

Proof. If P € Ag[l —¢]and o € GF, then ;“_I = ¢! for some i € (Z/nZ)* and
(P7)= (" (P)” =('P)” =P,

which shows that P? € Ag[1 — ¢]. Hence, Ag[1 — ¢] descends to an F-subgroup H of A. Thus, we
obtain a an isogeny 7 : A — A/H =: AWD over F.
The equality of ideals (1 —¢)*™ = (p) in Z[¢] shows that Az[1 —¢] C Az[p]. O

If ¢ € F,then AV = A/A[1 —¢]~ A, and 7 : A — A can be identified with the endomorphism
1—¢. If¢ ¢ F,then AV = A/A[r] is a twist of A which we now identify:

Lemma 2.3. AW is the twist of A corresponding to the cocycle o — % e H'(F, Z[¢1%).

Proof. Over F(¢), the map n : A/A[l — ¢] — A given by X — (1 — ¢)x defines an isomorphism.
Hence, A"V is the twist corresponding to the cocycle o > n°n~!. 0

The abelian variety A" also has ¢-multiplication. Iterating Lemma 2.2, for each integer s, we obtain an
abelian variety A®) = A/A[(1—-¢)*]. Asin Lemma 2.3, A% is isomorphic to the twist of A corresponding
to the cocycle

1-¢7)
o> —
1-2)¢
We define 7° to be the corresponding isogeny A = A©® — A®),

e H'(F, Z[c1%).

Note that A®") ~ A and that 79" : A — A is multiplication by pu, for some unit u € Aut A. In par-
ticular, when writing A® we can always consider s modulo ¢(n) = p’"‘1 (p—1), and we have inclusions

Alr] C A[7?] C --- C A[n*™~ 1 c A[n?™] = A[p].

In general, the Galois action on A®) is related to the Galois action on A in a convoluted way. However,
on a subset of the torsion of A, the action is especially simple.

Lemma 2.4. Let s = p" for some 0 <r <m,and leti € Z. Then, as G p-modules,
AW ]~ A1 ® X))

where x, is the mod p cyclotomic character.
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Proof. By Lemma 2.3, the abelian variety AU is the twist of A corresponding to the cocycle

(1 _ Co)is | N
—— ——eH (F,7 .
> a0 (F,Z[£17)
Equivalently, there is an isomorphism ¢ : A — A over F(¢) such that for all o € G and P € A(F),
we have a oyis
—1\o -
Py)=—P
(@) 0@(P) a0
Hence, if P € A[n*] and o € G p, then in AY[7°], we have
(1 _ Ca)is
P) =—>""¢(P%).
(@(P)) a0 é(P?)

Suppose that o : ¢ +> ¢/ for some j € (Z/nZ)*. Then, since (1 — {pr)¢(P") =(1- g“)”rqﬁ(P") =0,
we have

%d)(m = (e 424+ 0D (P
="+ 47U g (P)
=Jj'¢(P7).
Since, by definition, j (mod p) = x, (o), we see that (¢ (P))° = Xp(a)iq&(P“), as claimed. Il

2B. ¢-linear isogenies. We keep the notation n = p and ¢ = ¢,.

Definition 2.5. Let (A, t4) and (B, tp) be abelian varieties over F' with ¢-multiplication, andlet¢: A — B
be an isogeny. We say that ¢ is ¢-linear if ip(a) op = p ot4(x) for all ¢ € Z[¢].

Lemma 2.6. If ¢ : A — B is a {-linear p-isogeny, then A[¢]| C Alr]. Conversely, if H C Alr] is a
G g-stable subgroup of order p, then the quotient B := A/ H inherits a ¢ -multiplication from A, and the
canonical p-isogeny ¢ : A — B is ¢-linear.

Proof. Since ¢ is ¢-linear, if P € A[¢], then so is ¢ P. Hence, the action of ¢ is given by a homomorphism
n = ppn — Autp A[¢p] > (Z/pZ)™, which must of course be trivial. Thus, ¢ acts as the identity on A[¢],
so Al¢] C Al —¢] = Alr].

For the converse, since 14 (¢) fixes H, we have ker(¢) =ker(¢ot4(¢)), so that ¢pot 4 (¢) factors through ¢.
That is, there exists an automorphism ¢p : B — B such that ¢ o0 14({) = {p o ¢p. This automorphism ¢p
has order n and has the same minimal polynomial as t4(¢). Thus, the map ¢ : Z[{] — Endz B given by
¢ +— ¢p is a ¢-multiplication on B, and the p-isogeny ¢ is ¢-linear by construction. 0

2C. Twists. If (A, 1) has ¢,-multiplication, then ¢4 induces an inclusion Z[{,]* C Autg A of Gp-
modules. For each d € F*, let A; be the twist of A corresponding to the image of d under

F* — F*/F** ~ H'(F, ua,) — H'(F, Autz A).

Then Ay is an abelian variety over F that becomes isomorphic to A over F(d!/ 2ny Moreover, A, also
has ¢&,-multiplication.
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Remark 2.7. If Autz A = u,,, then distinct 2n-th power classes d give nonisomorphic A;. However,
if Autz A O oy, then the map H YW(F, nay) — H'\(F, Autz A) need not be injective, and hence the
twists Ay need not be distinct.

Now let ¢ : A — B be a ¢-linear p-isogeny over F. By Lemma 2.6, the automorphisms ¢ € Autz A
preserve the subgroup A[¢], giving an inclusion of G p-modules o, — Autz(¢), where Autz(¢) is the
subgroup of Autz A stabilizing A[¢]. Ford € F*, let ¢4 : A; — By be the twist of ¢ corresponding to
the image of d under

F* — F*/F*® ~ HY(F, uy,) — H'(F, Autz(¢)).

Then ¢, is a ¢-linear p-isogeny over F. Similarly, we may twist the isogeny 7 : A — A() to obtain

g Ag —> Afll), and this is the canonical isogeny “z” associated to A; (and its {-multiplication).

Remark 2.8. By Lemma 2.3, the abelian variety A" is the twist of A corresponding to the cocycle
E:0 11__§ in H'(F, Z[¢,]*). When n = 3, we have Z[(2,]* = e, and since 51%37 € g, the

¢
cocycle £ is in the same cohomology class as —27 € F*/F>®. It follows that AV’ = A_,;, which is

the quadratic twist of A by the mod 3 cyclotomic character. More generally, we have AG#(™) = A e
where p* = (—1)?~D/2p is such that Q(/p*) C Q(¢p). However, for general s and n, the twist A®)
need not be isomorphic to Ay, for any d € F*/F*",

3. Integral orbits of binary cubic forms

In this section, we classify the integral SL,(F)-orbits on the space of binary cubic forms over a local
field F. We first recall some facts from [Bhargava et al. 2020, §2] and [Bhargava 2004, Theorem 13].

Let V = Sym?® Z?2 be the space of binary cubic forms. The group SL; acts on V, and the ring of
invariant functions is generated by the usual polynomial discriminant Disc : V — Z. Let F be any
field of characteristic not 2 or 3, and for any d # 0 in F, define V(F)y :={f € V(F) : Disc(f) = d}.
There is a unique reducible SL;,(F)-orbit of cubic forms f € V (F),. The stabilizer of such an f is a
commutative F-group scheme C,; of order 3. The Galois action on C;(F) is by the quadratic character
xa : Gal(F(v/d)/F) — {£1}.

Proposition 3.1. The group H'(F, Cy) is in bijection with the SL,(F)-orbits on V (F)q.

Now let F be a local field of residue characteristic neither 2 nor 3, with surjective discrete valuation
v: F* — Z, ring of integers O, maximal ideal m and residue field F of cardinality ¢.

We wish to determine which SL,(F)-orbits in V (F), have representatives in V (OF),4. We call these
orbits the integral orbits, and we let HiLt(Cd) be the subset of H'(F, C,) that they correspond to under
the bijection of Proposition 3.1. Of course, a necessary condition for there to be any integral orbits at all
is that d € O. We see that even though the abstract group H'!(F, C;) depends only on the square-class
of d, the notion of integrality depends on the actual value of d, and in particular its valuation.
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We recall some facts about cubic rings over F and over Of [Bhargava et al. 2013]. The action of SL;
on V extends to the following action of GL;: if y = (? Z), then

1
- -Hx,y) = detv flax +cy, bx +dy).
ety

If R is a principal ideal domain, then a cubic ring over R is an R-algebra S that is free of rank 3 as an
R-module. The discriminant of S is a well-defined element of R*/R*2.

Proposition 3.2 (Levi, Delone—Faddeev, Gan—Gross—Savin). For any principal ideal domain R, there is
a discriminant preserving bijection between GL,(R)-orbits on V (R) and isomorphism classes of cubic

rings over R. Moreover, this bijection is functorial in R.

Proof. Building on [Levi 1914; Delone and Faddeev 1940; Gan et al. 2002], it is shown in [Bhargava
et al. 2013] that the bijection sends a cubic R-ring S to any binary cubic form representing the cubic map
S/R — /\%(S/R), s > s A 52, which is functorial in R. O

If y e GLy(F) and f € V(F), then Disc(y ) = det(y)? Disc( f). It follows that isomorphism classes of
cubic F-algebras L of discriminant d are in bijection with GL;(F)+-orbits on V (F)y. Here, GLy(F)+;
is the subgroup of GL;(F) consisting of elements with determinant 1. Since SL,(F) has index 2 in
GL(F)+1, the GLy(F)41-orbits break up into at most two SL, (F)-orbits. It is a fun exercise to show that
there are exactly two orbits if and only if L is a field; the orbits are represented by f(x, y) and f(y, x).

Remark 3.3. The trivial class in H'(F, C;) corresponds to the unique orbit of reducible forms of
discriminant d. Hence, o € H'(F, Cy) is nontrivial if and only if the corresponding cubic algebra L is a
field (if and only if L is generated over F by a root of f(x, 1)). The trivial class corresponds to F x E ,
where E; = F[x]/ (x% — d) is the quadratic F-algebra of discriminant d. Note that the trivial class is
represented by %x3 + xy?, which is integral as long as d is.

From the functoriality in Proposition 3.2 applied to the base change O < F, we deduce:
Proposition 3.4. Let « € H'(F, Cy), and let L be the corresponding cubic F-algebra. Then « is integral
if and only if there is an Op-order S C O, with v(Disc S) = v(d).

Proof. The “only if” direction is clear. For the “if”” direction, observe that any Op-order S C Op, has
discriminant congruent to d modulo F %2 Soif v(Disc S)=v(d), then we see that Disc(S) is congruent to
d modulo O;z. Thus we may choose bases so that S corresponds to a binary cubic form with coefficients
in OF of exact discriminant d. O

The following two facts about cubic orders will be useful [Bhargava et al. 2013, Propositions 15-16].

Proposition 3.5. Let L be an étale cubic F-algebra. Suppose f(x,y) corresponds to the maximal
order O, under the bijection of Proposition 3.2. Then the factorization type of f(x, y) over the residue
field F is the factorization type of the maximal ideal m of OF in the ring Op.

Proposition 3.6. Let f(x, y) € V(OF)q correspond to a cubic ring S over Op. Then the sub-Op-rings
S" C S of index q correspond bijectively with the zeros of f (mod m) in P! (F).
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d e F*? —3d € F*?

dim H'(F, Cy) =2

eF
& dim HL (F, Cp) =1
gr | AMH(F.Co=1 | dimH'(F.C)=1
’ dimHL (F,C)=1 | dimHL(F,Cy)=0

Table 1. Dimensions of H!(F, C4) and H/ (F, Cy).

We also need the following result, which requires char F # 3, and which describes the subgroup
Hu]n(F, Cy) C H'(F, Cy) of unramified classes.

Proposition 3.7. Suppose 0 # « € H'(F, Cy) corresponds to the cubic extension L/F. Then a €
Huln(F, Cy) if and only if L is unramified.

Proof. Let f1 € V(F) be the corresponding binary cubic form. If L is unramified, then since f; becomes
reducible over L, the restriction of o to H'(L, C,) is trivial. Thus, « is an unramified class. If L is
ramified, then f; remains irreducible over every unramified extension of F, and hence « is ramified. [

Lemma 3.8. Assume the residue characteristic of F is not 3. Then:
(i) dim H'(F, Cy) =dim H(F, Cy) +dim H*(F, C_3y).
(i) dim H! (F, C;) = dim H(F, C,).

When d has even valuation, these dimensions are computed in Table 1.

Proof. First note that Cy; is Cartier dual to C_3; >~ C4; ® u3. Since the residue characteristic is not 3,
the Euler—Poincaré characteristic formula [Milne 1986, 1.2.8] immediately gives (i). Let Ir C GF
be the inertia group and let g be the Frobenius element of Gg/Ir. Then the groups Huln(F ,Cq) =~
H(Ir,Cy)/(g—DH(IF, Cy) and H(Ir, Cy)[g — 1]1= H°(F, C,;) have the same cardinality, which
proves (ii). The table is computed using the fact that dim H°(F, C4) = 1 if and only if d € F*? and the
dimension is 0 otherwise. O

The main result of this section is the following classification of the integral orbits in V (F),.

Theorem 3.9. Let Of be the ring of integers of a local field F with char Op /m > 3, and let d € O be

nonzero.
() Ifv(d) =0, then H. (F, Cq) = H} (F, Cy).
(b) Ifv(d) is odd, then H. (F, Cq) = H'(F, Cy) =0.
(c) If v(d) = 2, then the only nonintegral classes are the nontrivial unramified classes.

(d) Ifv(d) > 2, then all classes are integral.
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Proof. (a) This case follows from Propositions 3.4 and 3.7.

(b) We have H'(F, C;) =0 by Lemma 3.8 (since H O(F, C;) = 0 whenever d has odd valuation). By
Remark 3.3, the trivial class is integral.

(c) The ramified classes o correspond to totally ramified cubic extensions L/F. For such L we have
v(Disc Op) = v(d), and hence these « are integral by Proposition 3.4. If H L(F, C;) has a nontrivial
unramified class «, then it corresponds to the unique unramified cubic extension L/F, which has unit
discriminant. By Proposition 3.4, « is integral if and only if Oy, has an order of index ¢g. By Proposition 3.5,
the binary form corresponding to O, has no root over F. So by Proposition 3.6, O, has no order of
index g. Hence the nontrivial unramified classes are indeed nonintegral.

d) If e € HY(F, Cy) corresponds to a ramified cubic extension L/F, then Op has discriminant of
valuation 2. By Propositions 3.5 and 3.6, O, has a unique order S of index ¢, and hence v(Disc S) =4.
Note that if Sy is a cubic Op-ring, then S(/) = Op +mJ$y is a subring of S of index q2 and Disc(S(/)) =
q4 Disc(Sp). Thus, by considering the orders Of + m¥O; and O +m*S, we can find an order S’ C Oy,
with v(Disc S") = 2k, for any k > 1.

Next let « € H'(F, C4) be a nontrivial unramified class corresponding to the unramified cubic
extension L/F. Then v(Disc(Or + mOp)) = 4. By Proposition 3.6, there are ¢ + 1 suborders S’ C
Or +mO; of index ¢, so that v(Disc §’) = 6. As before, we deduce that there exists an order S” C O
with v(Disc S”) = 2k, for any k > 2. O

4. Local Selmer conditions for ¢-linear isogenies

Let F be a finite extension of @, with surjective discrete valuation v, ring of integers O, uniformizer
@, and residue field F. Let m > 1, n = 3™, and let { = ¢, be a primitive n-th root of unity. Let A, B be
abelian varieties over F that admit ¢-multiplication.

Let ¢ : A — B be a ¢-linear 3-isogeny over F, as defined in Section 2B. For each d € F*, we consider
the 3-isogeny ¢, : Ay — By, as in Section 2C. We will assume in this section that A[¢](F) #~ 0, that is,
that A[¢] is generated by a rational point. This can always be achieved by replacing ¢ with an appropriate
twist, so there is no loss in generality. We also assume that 0 < v(d) < 2n, again with no loss in generality.

The group H Y(F, Agl¢4]) is a finite-dimensional F3-vector space. In fact, if x; : Gp — [F3X is the
quadratic character cutting out F(+/d), then Ay[¢q] =~ A[$] ® xq is isomorphic to Cy from Section 3.
Thus, H'(F, Ag(¢q]) =~ H'(F, C,). The exact sequence

0—>Ad[¢d]—>Ad—>Bd—>0
induces a Kummer map

34 : Ba(F) — H'(F, Aglpa)).

We call its image im(d;) C H'(F, Aq[¢4]) the subgroup of soluble classes. The goal of this section is to
prove the following theorem describing the soluble classes and to compute the local Selmer ratios of ¢;.
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Theorem 4.1. Assume that charF # 3, that A has good reduction, and that Al¢|(F) % 0. Suppose that
0<v(d) <2n.

(@) If v(d) =0, then im(3,) = HL (F, Agl¢al).
(b) If v(d) is odd, or more generally, ifF(«/g)/F is ramified, then im(d,) = H'(F, Agl¢q]) = 0.
(©) If v(d) > 0 is even and d ¢ F*?, then H) (F, Aglpa]) = 0.

n
(d) If v(d) > 0 is even and d € F*?, then write d = w*Du with u € (’); and let s = gcd(3™, v(d)).
Then im(d;) N Htfn(F, Agloal) =0 if and only if A,l@] is a direct summand of A, [7*].

We retain these assumptions on A and F for the remainder of this section.

4A. Nonsquare and unramified twists. We first prove parts (a)—(c).

Proof of Theorem 4.1(a)—(c). For (a), assume at first that char F > 3. Then F(d!/ 21y is unramified over F,
since v(d) = 0 and (char [, 2n) = 1. Since A, is isomorphic to A over F(d 1721y "it has good reduction
over an unramified extension, and hence has good reduction already over F. Since A4 has good reduction
and char [  deg(¢)4), the image of the Kummer map 9, is exactly the unramified classes [Cesnavitius
2016, Proposition 2.7(d)]. The proof just given works even when char F = 2, as long as F(v/d)/F is
unramified. When this extension is ramified, the result follows from (b). Part (b) itself follows from
Theorem 3.9(b). The case char F = 2 was not dealt with there, but the proof is identical.

For (c), we have Huln(F, Agldql) = Huln(F, C4) =0 by Lemma 3.8, since HY(F, C;) = 0 whenever
d¢ F*2. O

4B. Twists of positive valuation. The proof of Theorem 4.1(d) will take more work. Indeed, we will
compute more generally the size of im(d,) for all d (including d ¢ F*?) such that v(d) is even and
positive. Let s = ged(v(d), 3™), and write d = @ " @y for u € O} Recall the map 7° : A — A defined
in Section 2, and let ¥* : B — A®) be the isogeny such that ¥* o ¢ = 7°.

4B1. Extension classes. For each t € F*, let k] be the extension class corresponding to the short exact
sequence

0— Al — Alr’1-2> By 0. (4-1)

Thus «; = 0 if and only if A;[¢;] is a direct summand of A,[]] as a G p-module. Similarly, let £ be the
class of the extension

0— B[yl — B,n'] L A¥ g™ 0. (4-2)
Thus, ] = 0 if and only if B;[v;’] is a direct summand of B;[r]].
Remark 4.2. By Lemma 2.4, the cocycle «; is equal to the class of the extension

0— BTV, 1= BV 51— Adg] — 0.
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de F*? —3d e F*? d,—3d ¢ F*?
GeF dim H'(F, A4l¢q]) =2 dim H'(F, Aql¢4]) =0
: dim HL (F, Ag[¢a]) = 1 dim H} (F, Aq[¢a]) =0
G r | dm HY(F, Aglga]) = 1 dim H'(F, Aql¢a]) = 1 dim H'(F, Aql¢q]) =0
dim H),(F, Aglga) =1 | dim HL(F, Aglga) =0 | dim HL(F, Agl¢al) =0

Table 2. Dimensions of H'(F, Ayl¢4]) and H. (F, Aalpal).

Here, we have oy, ' =7° : B,(_S) — B;. By duality, &; is the class of the extension
0— Bil¢] — Bil#]1— A1 0.
Thus 7 = 0 if and only if E, [(/31] is a direct summand of §, [7], which explains the notation.
Let |«;| and |<;| denote the orders of the classes «; and «;) in their respective Ext-groups.

4B2. The image of 3;. The following theorem relates the size of im 9, to |«;}| and |«;}| and will finish the
proof of Theorem 4.1(d).

Theorem 4.3. Assume that v(d) is even and positive, and write d = o' Dy withu € (’);5.

| . k| ifd e F*2,
0 #im 3y N HY (F, Aglpa)) = ydel
1 otherwise.
im s 3y _3de P2,
(i) #(. T(F A ) =1
imd; N HL (F, Aglgal) 1 otherwise.

In particular, if d € F*2, then im 9; N Huln(F, Agloa]) =0 if and only if A,l¢,] is a direct summand of
Aylm]
The proof of Theorem 4.3 requires several preliminary results.
Lemma 4.4. The dimensions of H'(F, Agl¢a]) and HY. (F, A4l¢a]) are as in Table 2.
Proof. Since H'(F, Ayl¢q]) =~ H'(F, Cy) and H} (F, Aglpal) =~ H) (F, C4), the dimensions in Table 2

are identical to those in Table 1. The bottom right cell is only relevant when char F = 2, and follows from
Lemma 3.8(i). 0

Lemma 4.5. Ift € F*% | then Ai[n}] = Aln®] and B[} ] >~ B[n*] as G p-modules.

Proof. By the definition of A;, there is an isomorphism ¢ : A — A; over F (¢1/?") such that if P € A[r*]
and o € G, then in A,[7]], we have

O_(tl/2n)

@(P) = =5 (P).

1/2n
If t € F*%, then Uftl/z,, ) € (¢*). Since ¢* acts as the identity on A[7°®], we see that A,[7]] =~ A[7*].

The proof that B;[n]] > B[n*] is identical. O
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Remark 4.6. In particular, if s = 1, the condition in Theorem 4.1(d) is simply that A[¢] is a direct
summand of A[m], which is independent of u.
Corollary 4.7. (i) There is an isomorphism between
0— Aylpul = Aulmy] — Buly,]— 0

and

0— Adldal = Aalrs] 25> Bylyi] — 0

as short exact sequences of G p-modules.
(ii) There is an isomorphism between
0— Bu[v] = B[] 2 AD[$] — 0

and ,
0— Byly5] — Balws] 25 AV 6] 0

as short exact sequences of G p-modules.

Proof. The first claim follows from Lemma 4.5 together with the observation that the isomorphism
Aulm; ] — Aylm)] restricts to an isomorphism A, [¢,] — Agl[¢4]. The second claim follows similarly. []

Lemma 4.8. Suppose that v(d) = 2a - 3" is even and positive, and let k be an unramified extension of F.
For X € {A, B}, we have X 4[31(k) = X[ 1(k).

Proof. Let Fy, be the maximal unramified extension of F, let L = Fun(«/g), and let M = L(d'/") =
Fun(d'/?"). Since k C L, it suffices to show that X4[3]1(L) = X4[7] 1(L).

The extension M /L is tamely ramified of order 3"~", and we can choose a generator T of Gal(M /L)
so that t(dl/zn)/d1/2" =¢¥. Since X has good reduction, we have X[3] C X (L). Since X and X, are
isomorphic over L(d'/"), it follows that X4[3] C X (M).

Now, if ¢ : X; — X is an isomorphism over M and P € X;(M), then by definition,

¢(P) =v(d'?")/d"*"$(PT) =¥ (PT).
Hence, if P € X4[3](L), then ¢ (P) € X[3] C X[3](L),so ¢p(P) = {3r¢(P). It follows that
0=(1-¢NpP)=1-0"¢(P)=7"¢(P) = (] P),

where the second equality uses the fact that P is a 3-torsion point. It follows that P e Xd[nsr], SO
Xalmy (L) = X4[3)(L). O

From (4-1), we obtain a long exact sequence
Ay s 8(
0= Aalgal(F) > Adlz1(F) 25 Baly1(F) 2 H'(F, Adlga)).

Similarly, from (4-2), there is a long exact sequence

0— Ba[y31(F) — Balm31(F) L AD[691(F) 2 H'(F, By[y3)). (4-3)
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Clearly im §; C im d4, and d; induces an injective map
Bd[né](F) im ad
s = 3 .
Baly,1(F) iméy

Proposition 4.9. We have
imd8; =imd; N H (F, Aglpal).

Proof. Consider the Kummer exact sequence
9
0= Adlgal(F) > Aq(F) 25 By(F) = H'(F, Adlga)).

Since char F # 3, we have B;(F)/¢psAq(F) = By[3°1(F)/paAq[3°°1(F), so d; depends only on the
exact sequence

0— Adlgal(F) = Ad3®1(F) 2 By3®N(F) 2> H'(F, AqlgaD).
By Lemma 4.8, this exact sequence is the same as
0— Adlgal(F) — Al 1(F) 25 Balxj)(F) > H'(F, Adlpa)).
By Corollary 4.7, the long exact sequence
0 — Aglgal(F) = Aqlmy1(F) SN Ba[ya1(F) 2 H'Y(F, Adl$a))
is isomorphic to the long exact sequence
0 — Au[¢u)(F) — Aulm)(F) 25 B,IY1(F) 2 H'(F, Aulgu)).

Since A, has good reduction, the image of §, is contained in Huln(F , Auldu]) [éesnaviéius 2016, Propo-
sition 2.7(d)]. Thus the image of §, is contained in both Huln(F , Agldaq]) and im 9.

Conversely, if y € By[m;1(F) \ Ba[y;1(F), then 9,4(y) is the cocycle o — x? — x, where ¢4(x) = y.
But x € A4[3]\ Aylmr;], so by Lemma 4.8, x cannot be defined over an unramified extension of F. It
follows that 3, (y) ¢ HL (F, Ayl¢a4]). Hence im 8y Dimdy N HL (F, Ayldal). O

We next relate the sizes of the images of §; and Sd to the sizes of || and |« |.
Lemma 4.10. Ifd € F*2, then #im 84 = |«?|. Similarly, if —=3d € F*2, then #im§, = |&|.

Proof. By duality, we have A, [¢,] ~ §u [q@u] ® x3. Thus, the two claims of the lemma are in fact equivalent
to each other; see Remark 4.2. We prove the second one. Since —3d € F %2 we have A,(f)[ L(f)] =[F3asa
G p-module. Moreover, by definition we have §4(1) = k. By Corollary 4.7, || = |&;|. It follows that
k5| = #im 8. O

Proof of Theorem 4.3. If d € F*?, then part (i) follows immediately from Proposition 4.9 and Lemma 4.10.
If d ¢ F*2, then H! (F, Ayl¢a]) = 0 by Table 2.
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de FX? | —3de F* | d, —3d ¢ F**
Il
HBeEF | 1
lic;| 3
F u —~ 1
3¢ 3 B

Table 3. Values of c(¢,) over local fields F, when v(d) is even and positive.

By Lemma 4.8 and Proposition 4.9,
im 3d
imdy N H Y\ (F, Adlgal)

is isomorphic to the image of the injective map
By 1(F) im o,
ﬁ .
Byly1(F)  iméy

induced by d;. From (4-3), we have
#< BM;](F)) _#AD (9 1(F)

Byly1(F) #imd,
If —3d € F*?, this is |K3—| by Lemma 4.10. If —3d ¢ F>*2, then H'(F, Ayl¢q]) = HL (F, Aalpa]) by
Table 2, so the result follows from Proposition 4.9. O

4C. Local Selmer ratios. For applications, we record the local Selmer ratios
#coker(Ay(F) — By(F)) _ #im(dy)

#ker(Ay(F) — Ba(F)) — #Aqlgal(F)’
which have implicitly been computed in the previous subsection.

Theorem 4.11. Assume that charF #£ 3, that A has good reduction, and that A[¢)(F) = Z/3Z. Then
c(¢q) = 1 unless v(d) is even and positive. If v(d) is even and positive, write d = w* Py with u € (9;,

c(pa) =

and let s = gcd(3™, v(d)). Let k and kK, be the classes defined in the previous section, and write |k;)|
and |k}| for their orders. Then c(¢gq) is as in Table 3.

Proof. If neither d nor —3d is a square in F, then #A,4[¢s](F) = 1, and by Table 2, #im(d;) = 1, so

c(¢g) = 1 as claimed. Henceforth, we assume that either d or —3d is a square in F. When v(d) =0,
then A, has good reduction, so by [Shnidman 2021, Proposition 3.1]

c(¢q) = c(Ba)/c(Ag) =1,

where c(Ay) and C(By) are the Tamagawa numbers of A; and B;. When v(d) is odd, then im(d;) =0
(Theorem 4.1) and A4[¢p41(F) = 0, so again c(¢4) = 1. So it remains to compute c(¢;) when v(d) is
even and positive. This is done by combining the formula for #im d; in Theorem 4.3 with the fact that
#A4lpq1(F) =3 if d is a square and 1 otherwise. The result of this computation is Table 3. O
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5. Selmer groups and integrality

We return to the global setting of the introduction, so that F is a number field and n = 3" for some m > 1.
Recall that ¢ € F is a primitive n-th root of unity. Let ¢ : A — B be a ¢-linear 3-isogeny over F. Recall
from Section 2 that there is a twist A of A, and an isogeny 7 : A — A, which becomes isomorphic
to the endomorphism 1 — ¢ over F(¢).

For any F-algebra K, define B(K) = K*/K**". The notation is meant to suggest that B is the
classifying stack Buy,. For d € B(F), let ¢4 : Ag — By be a twist of ¢ corresponding to

de F*/F*® ~H(F, pa,) — H'(F, Autz(¢)),

as in Section 2C. The Selmer group Sely,(A,) is the subgroup of H I(F, Aglea]) consisting of classes
whose restriction lies in the image of the Kummer map

v Ba(Fy)/ba(Aa(Fy) — H'(Fy, Aaldal)

for all places v of F. Sometimes we use the notation Sel(¢,) instead of the more clunky Sely,(Ay).

The goal of this section is to compute the average size of Sely,(Ay) as d varies. The idea is to view
Selmer elements as SL,(F)-orbits of binary cubic forms and then apply geometry-of-numbers counting
techniques. To carry this out, we must show that the orbits corresponding to Selmer elements have
representatives with bounded denominator. In fact, we will show that this boundedness only holds if A[¢]
is almost everywhere locally a direct summand of A[x].

5A. Integrality of Selmer elements. We assume for simplicity that A[¢] >~ Z/37 as group schemes.
This is not really a constraint, since there is always a quadratic twist of A with this property. This
assumption implies that A [¢4] >~ C4, where Cy is the order 3 group scheme cut out by the quadratic
field of discriminant d, from Section 3.

Recall the space V of binary cubic forms from Section 3. Recall also the set V (F), of cubic forms of
discriminant d, whose SL,(F)-orbits are in bijection with H'(F, Cq) ~ H'(F, Ay[¢4]). Similarly, for
each place v of F, there is a bijection between SL, (F})-orbits on the set V (F,)s and HY\(F,, Aqlda)).
Let V(Fv)f;’l denote the subset of V (F,)y corresponding to classes o € H'(F,, Ag[¢4]) in the image
of d4.,. Similarly, let V (F )ffl denote the subset of V (F), corresponding to classes in Selg, (Ag). Define

VR = U V) and V)= U VR,
0#£deOr deO,(2n)

where O, is the ring of integers in F,, and O,(2n) = {d € O, : v(d) < 2n}. Similarly, define

V(F)%! U V(F)¥' and V(F)O U VE,

sq.free — sq.free —
0#£deOF sq.free de0,(2)

where O,(2) ={d € O, : v(d) < 2} and the union on the left runs over elements d € O that are squarefree.
Of course, these sets depend on the initial choices of A and ¢.
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In order to count the SL,(F)-orbits on V(F)*! and V (F ):gl.free of bounded discriminant, we wish
to prove that these orbits have representatives in V (OF), or at least representatives with denominators
that are uniformly bounded. Since SL; has class number 1, this is ultimately a local question, and it is
enough to prove that for almost all v, each SL, (F,)-orbit in V(F,)*! and V ( Fv):?ﬁfree has a representative

in V(Oy,). For V(F )fo.free, this integrality holds without any conditions. However, for V (F el we are
forced to assume that A[¢] is almost everywhere locally a direct summand of A[x], as defined in the
introduction.

The following integrality result is crucial for the proofs of Theorems 5.2 and 5.3 below.
Theorem 5.1. Let v {1 600 be a place of F at which A has good reduction.

(i) Every element of V (F,)®°. s SL,(Fy)-equivalent to an element of V (Oy).

sq.free

(i) If Al¢] is a direct summand of A[r] as a G r,-module, then every element of V(F,)* is SLy(F,)-

equivalent to an element of V (O,).

Proof. For each d € O,, we must show that each class of H!(F,, Aq[¢4]) ~ H'(F,, Cy) that lies in the
image of 9, , corresponds to an integral orbit of discriminant d. This follows from a comparison of
Theorem 3.9 with Theorem 4.1 and Remark 4.6. g

5B. Average size of the Selmer group. There is a natural height function on B(F') defined as follows.
Let M be the set of archimedean places of F. If d € B(F) with lift dy € F*, then define the ideal
I ={a € F:a*dy € Or). The height of d is then

h(d)=Nm(@D)> [T Idolo-

vEMy

This is independent of the lift dy, by the product formula. If F = Q, then h(d) = |dy|, where dj is
the unique 2n-th power free integer representing d. For any X > 0, there are finitely many d € B(F)
with h(d) < X.

In order to state a robust version of Theorems 1.8 and 1.9, we recall from [Bhargava et al. 2020] the
notion of functions on F that are defined by local conditions. Let Foo =[], ¢ m,, Fv- We say a function
¥ F — [0, 1] is defined by local congruence conditions if there exist local functions v, : F;, — [0, 1] for
every finite place v of F, and a function ¥« : F»c — [0, 1], such that the following two conditions hold:

(1) For all w € F, the product Yo, (w) HU¢MOQ Y, (w) converges to ¥ (w).
(2) For each finite place v, and for v = 0o, the function i, is nonzero on some open set and locally

constant outside some closed subset of F), of measure 0.

A subset of F is said to be defined by local congruence conditions if its characteristic function is defined
by local congruence conditions.
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Let X be a fundamental domain for the action of F* on F defined by « - B = *" 8. We may take X
so that it is defined by local congruence conditions. For any X > 0, let Fx denote the set of d € F* such
that 4(d) < X. Then Xy N FY is finite and we think of the abelian varieties A; as elements of X, so that
the set of all Ay, with d € B(F) and h(d) < X, is naturally in bijection with the finite set o N Fyx.

A family of twists {Ag} defined by local congruence conditions is then a subset ¥ C X defined by
local congruence conditions. In that case, the characteristic function yy of X factors as

AT = XZ,00 l—[ XZ,-
vEM o

For each finite place v of F, let X, be the subset of F,, whose characteristic function is xx,, and let X,
be the subset of F, whose characteristic function is xs oo-

We say that X is large if X, contains the set O,(2) := {d € O, : v(d) < 2} for all but finitely
many finite places v, and if ¥, is a nonempty union of cosets in B(F,). By construction, we have
Y00 = Oy(2n) D O, (2) for all finite v, so X is itself large.

If f is a positive function on B(F) and ¥ C X, we write £(X) = X N Fx and define

' 1
avgy f(d) = Xlgnoo #X(X) d;:X) T

Our formula for avgy, Selg,(Ay) is most neatly formulated in terms of the global Selmer ratios c(¢4)
defined in the introduction, and first defined in [Bhargava et al. 2020].

Theorem 5.2. Let X be a large family of twists Ay. For each k € Z, let Ty C X be the subset of d € ¥
such that c(¢g) = 3. Assume either that A[$] is almost everywhere locally a direct summand of A[m] or
that ¥, = O, (2) for all but finitely many v. If Ty, is nonempty, then

avg# Sely, (Ag) = 1 + 3%,

deTy

When they are nonempty, the sets 7} are countable disjoint unions of large sets. Using the uniformity

estimate [Bhargava et al. 2015, Theorem 17] and copying the argument from [Bhargava et al. 2020,
pp- 319-320], we deduce Theorem 5.2 from the following result. To state it, we define for any d =
(dv)vem,, € B(Fx),

Coo(@a) = [] co(@a,)-

VEMy

We also let X, denote the image of X in the finite group B(F).

Theorem 5.3. Let X be a large family of twists Ay. Assume either that A[@] is almost everywhere locally
a direct summand of A[r] or that X, = Oy (2) for all but finitely many v. Then

/ _ Coo(@) oo (d) / co(Ga) iy (d)
d dex,

€Y

[ pe@ g @

€20

avgs #Sely, (Ag) =1+

where [y is any Haar measure on O, and L is the uniform measure on B(Fyo).
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Proof. Assume at first that A[¢](F) >~ Z/3Z, as in Section SA. Then the left-hand side is equal to the limit
as X — oo of the average number of SL,(F')-orbits of discriminant d in V (F sl for d in the finite set
¥ N Fx. Given our key result Theorem 5.1, Theorem 5.3 now follows exactly as in the proof of [Bhargava
et al. 2020, Theorem 11], and we refer the reader there for the details. Note that two proofs were given in
that paper, one in the case F = @ and one for general number fields F. The proof over general fields F
relies on the geometry-of-numbers machinery developed in the preprint [Bhargava et al. > 2025], which
has still not appeared. One can alternatively make use of the techniques in [Bhargava et al. 2015], again
using Theorem 5.1 as a key input, to deduce the formula for general F. Note that in [Bhargava et al. 2015],
the authors count cubic extensions of F' with prescribed local conditions (ordered by discriminant), exactly
by counting integral SL,(F)-orbits of binary cubic forms with prescribed local conditions.

The proof in the general case where A[¢](F) # Z/3Z is exactly the same except we identify elements
of Sely,(Ay) with orbits of binary cubic forms of discriminant dk, where k € OF is chosen so that
F(vk) = F(A[¢)), as is done in [Bhargava et al. 2019, §4]. O

Taking ¥ = ¥y in Theorem 5.3, we deduce Theorem 1.8, and taking ¥ = {d : d € O,(2) Vv}, we
deduce Theorem 1.9.

5C. Explicit Selmer rank bounds. The following consequence of Theorem 5.2 will be helpful in giving
explicit average rank bounds.

Proposition 5.4. Let ¢ : A — B, X, and Ty, be as in Theorem 5.2. Then:

(i) Foreachd € F*, we have R
#Sel(¢a) #Bylpal(F)
#Sel(¢y) #Aaldal(F)

(i) If Ty is nonempty, then it has positive density and

c(¢q) =

avg dimg, Sel($s) ® Sel(dq) < k| + 3741,
dETk

(iii) For a proportion of at least 1 — ﬁ of d € Ty, we have dimg, Sel(¢q) B Sel((fﬁd) = |k|.
Proof. Since ¢ and 43 determine dual local conditions in their respective Selmer groups [Cesnavicius 2017,
B.1], the Greenberg—Wiles formula [Neukirch et al. 2000, 8.7.9] applies and gives (i). The argument for

(ii) is then exactly the same as [Bhargava et al. 2020, Theorem 50].
For (iii), we may assume k > 0, by switching ¢ and qAS if necessary. By (i), we have

dim Sel(¢y) +dim Sel(¢,) = k if and only if dim Sel(¢y) =0,

at least for the 100% of d such that #§d [<13d](F ) = #A4ldq]1(F) = 1. By Theorem 5.2, the average
size of Sel(qu) for d € Ty is 1 + 37%. Hence, if s¢ is the liminf of the natural density of d € T} with
#Sel(¢y) = 1, then

so43(1 —s9) < 1437,

1
and hence s > 1 — 33 -
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Proposition 5.5. Let ¢ : A — B and Ty be as in Theorem 5.2, with X the set of squarefree twists. Let S
be the set of places of F dividing 3f 500, where {4 is the conductor of A. Then T;, = @ if |k| > #S. As a
consequence, we have avgy, dimg, Sel(¢y) ® Sel(qu) <#S 4375,

Proof. If v13 is a prime of good reduction, then by Theorem 4.11 and the assumption that d is squarefree,
¢y (¢g) = 1. On the other hand, directly from the definition, we see that ¢, (¢4) > % for any v. Hence,

c@n=[] oz J] 3=3
v|3fa00 v[3 faco

For almost all d € X, we have A;[¢q](F) =0 = §d [¢A>d](F ), in which case Proposition 5.4(i) gives

#Sel(@a) #Sel(@a) _
#Sel(da) #Sel(¢y)

c(pa)c(pa) =

By the above, we also have c(qAbd) > 3~*5 and hence c(og) < 3#S. Since 375 < c(pg) < 35 we have
Ty = @ if |k| > #S. The second claim now follows from Proposition 5.4(ii). O

6. The average rank is bounded in cyclotomic twist families

In this section, we apply Theorems 1.8 and 1.9 to prove Theorems 1.1 and 1.3, i.e., to bound the average
Mordell-Weil rank of A, (F).

Proof of Theorem 1.1(ii). Since A[r] admits a full flag, by Lemma 2.4, so does A“)[r] for each
i=1,...,2-3"1 _1. Hence, for each i, there is a sequence of ¢-linear 3-isogenies

. , @) , . (@) . .
A(l) = B(()l) ¢_]> Bfl) [ Blglzl &) B]EI) — A(l+1)‘

By Theorem 1.9, for each i, j, the average rank of Sel(qﬁ;le), for squarefree d € F*/F *2n is bounded.
Recall [Bhargava et al. 2019, Lemma 9.1], that if ¥; : A — A, and ¥, : Ay — A3 are isogenies of
abelian varieties, then there is an exact sequence

Sel./,l (Al) —> Sel./,zowl (Al) —> Se1¢,2 (Az) (6—1)

Hence, for each d, we have

Aq(F)
3A4(F)
23m11 k

< > ) dimg, Sel(@!)

i=0  j=1

rk Ay (F) < dimg, < dimp, Selz(Aq)

2.3m—1 —1 %

< D0 D #Selgl).

i=0 j=I
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Here, the second inequality follows inductively from (6-1), and the third inequality follows from the
trivial inequality k < 3* for all k € Z. Taking the average over d, the result follows from Theorem 1.9. [

In the remainder of this section, we prove Theorem 1.1(i). The proof just given does not apply: by
assumption, B(()i)[q)fi)] is a direct summand of A¥[x], however, there is no reason that Bj(.ill [qﬁ;.i)] should
be a direct summand of BJ(.I;)I [7r]. Hence, we cannot directly apply Theorem 1.8 to get the result. Instead,
we exploit the fact that we can take the isogenies d)}” in any order, together with the following dual
version of Theorem 1.8:

Corollary 6.1. Let B, C be abelian varieties over F with ¢-multiplication and a ¢-linear 3-isogeny
¢ : B — C defined over F. Suppose that C [(]3] is almost everywhere locally a direct summand of C [].
Then the average size of the Selmer group Sel(¢y) is bounded.

Proof. Let q3 : C — B be the dual isogeny, which is itself a ¢-linear 3-isogeny, with respect to the
natural ¢-multiplication structure on C and B. Let B = B,, as in Section 5. For each d € B(F),

Proposition 5.4(i) gives
#Sel(¢pa) #Bd[¢d](F)c

#Sel(dg)  #Caldal(F)

The classes d for which By[¢y](F) = Z/37Z or E*d [qASd](F) = //3Z, form a union of at most two square-
classes in B(F), so we can ignore these values of d when trying to bound the average size of Sel(¢;). In

(@a)-

any case, up to a harmless factor of 3, the formula reads

#el(gu) _
#Sel(bg) c($a).

By Theorem 1.8 applied to ¢, the average size of # Sel(¢y) is bounded. In fact, if we restrict to the set
T = Tx (qAS) C B(F) where c(qAbd) = 3%, then the average size is equal to 1+ 3k by Theorem 5.2. Since
c(pq) =1/ c(qA&d), the average size of Sel(¢,) is equal to 374+ 1, and in particular converges, at least on
this set Tj.

To see that the average size of # Sel(¢,) converges (to the expected number) on all of B(F), we can argue
as in [Bhargava et al. 2020, §6.4], using the uniformity estimate [Bhargava et al. 2013, Proposition 29] to
give a tail bound for those binary cubic forms with large square part in their discriminant. The uniformity
estimate applies to elements of # Sel(¢gq) since, under the hypotheses of the corollary, they are represented
by integral binary cubic forms. However, we need to bound the average size of c(¢y)# Sel(qsd) and not
# Sel(qu), so we also need to control the size of c(¢y). By Table 3, we have c(¢4) = O(3™), where m is
the number of primes v of F' with v(d) even and positive. Moreover, each element of Sel(qu) corresponds
to a binary cubic form whose discriminant has norm divisible by g2, for all such v. Since

3m 1_[ qv—Z > 3qv_12 > %—12’
v(d)=2

the same argument as in [loc. cit.] goes through. We refer there for the details. O
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Lemma 6.2. Let F be any field and suppose there is a commutative diagram of isogenies of abelian
varieties over F,

A B

l‘/’Z l‘ﬁz

Y1

B, —— C

such that ¢, maps Al¢1] isomorphically onto By[r1]. Then v, induces an injection
BiF) . C(F)
$1(A(F))  Y(Ba(F))

In particular, there is an embedding Sely, (A) — Sely, (Bo).

Proof. Taking cohomology, we obtain the following commutative diagram, with exact rows:

0 —— A[iI(F) —— A(F) —— By(F) —2— H'(F, Al$])

. [« ]

0 —— By[ynl(F) —— Bo(F) —2s C(F) —2— H'(F, Baly1])

¢

Consider the composite of maps
C(F)
Y1 (B (F))
We show that the kernel is exactly ¢ (A(F)) and, therefore, that there is an injection
. Bi(F) C(F)
(% — ,
$1(A(F))  Yi(Ba(F))
from which the result follows. If x € A(F), then v (¢1(x)) = Y¥1(¢2(x)) = 0. Conversely, if y € B{(F)
and ¥ (y) = 1 (z) for some z € B(F), then

B(F) - Cc(F) >

$2(81(y)) = 1 (Y2(y)) = 01 (1(z)) = 0.

Since ¢, is an isomorphism on cohomology, it follows that §;(y) = 0 and, hence, that y is in the
image of ¢;. U

Recall that A[x] decomposes as a direct sum of characters, so that A[x)(F) = (P, ..., Pt), and
Gal(F /F) stabilizes each of the subgroups (P;). Thus, 7 factors as a product of ¢-linear 3-isogenies:

A =B = » A =B,

¢1\) %

b
Bi=A/P) —2 . L B = AJ(P . P)

Moreover, each of the maps ¢; : B;_; — B; can be twisted to a map ¢; 4 : Bi_1.4 = Bi.4.
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Corollary 6.3. Foreachi =1, ..., k, the average size of Sely, ,(B;i_1.4), for d € B(F), is bounded.

Proof. The assumption that A[r] decomposes as a sum of characters means that we can take the P;’s in
any order. Hence, for each i, d, there is a commutative diagram

bid
Bl 1,d —> Bld

[

Ly 4D
Bli 1,d A

where
/ . Aa
By 4= ] ]
(P1,...,Pi_1, Piy1..., Py)
and ker(y; o) = ker(¢; q) = (P;).
By Lemma 2.4, since A[r] is completely reducible, so is A[7] and hence so is A[7]. Thus

A(l)[lﬁ- 4] 1s a direct summand of A(l)[n]. It follows from Corollary 6.1 that the average size of
Sely, , (Bk 1. 4) 1s bounded. By Lemma 6.2, we have embeddings Sely, ,(B;_1,4) < Sel¢i’d(B,/€_l’d) for
each d € B(F), so the average size of Sely, ,(B;_1,4) is bounded as well. Il

Proof of Theorem 1.1(i). By Lemma 2.4, since A[] is completely reducible, so is A@[rr] for all i. Hence,
we can factor AY) — AUHD 4

A = g 9 BY ... BD 9 BY = AG+D,

By Corollary 6.3, for each i, j, the average rank of Sel(qﬁ;le) is bounded. The result now follows exactly
as in the proof of Theorem 1.1(ii). O

Proof of Theorem 1.3. The hypotheses imply that the Rosati involution associated to the polarization
restricts to complex conjugation on the subring Z[¢]. Thus, after identifying A ~ Aand A_s >~ A_z,
we can factor multiplication by —3 on A, as the composition

A3m 1

= A 3y 24— Ay,

3m—1

T 3/11—1
Ag Z— AT

where the middle equality is Remark 2.8. As in the proof of Theorem 1.1(ii), we can factor Jran asa
product of dim A 3-isogenies ¢; 4. By duality, ﬁjm_] factors as the product of the dual isogenies ) jd-
Thus, for each d, we have

Ay(F
rk Ay (F) < dimg, A ((F)) < dimp, Selz(Aqg)
dim A
< ) dimg, Sel(¢;.4) @ Sel(¢;.a)
j=1

and hence, by Proposition 5.5,

avg, 1k Ay(F) < dim A - (#S +37%5). O
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7. The average rank in twist families of trigonal Jacobians

Next we use Theorem 1.1 to prove Corollary 1.2. In this section, F is a number field and ¢ € F is a
primitive 3"-th of unity, for some m > 1. Let n = 3™, as always.

7A. Trigonal Jacobians. Let f(x) € F[x] be a monic separable polynomial such that f(0) #~ 0, and
let C be the smooth projective curve with affine model

C:y’ :xf(x3m_]).

If m > 1, then C has a unique rational point oo at infinity, and has genus g = 3"~ ! deg(f). In fact, we
will assume m > 1, since the case m = 1 will be subsumed by the results of Section 7B.

Let J = Jac(C) be the Jacobian of C, a g-dimensional principally polarized abelian variety over F.
The automorphism (x, y) — (¢3x, ¢y) induces an automorphism of J 7 of order 3", which we again
call ¢, and which endows J with ¢,-multiplication. As in Section 2, the endomorphism 1 — ¢ € Endz(J)
descends to an isogeny 7 : J — J) over F.

Lemma 7.1. Let G be an extension of (Z/27)* by a 3-group H. Then every irreducible representation
p: G — GLy(F3) is one-dimensional. Consequently, any G-representation V over F3 admits a full flag.

Proof. Since H <1 G is normal and p is semisimple, p|y is also semisimple. Now, any nontrivial
representation V over F3 of a 3-group contains a nonzero fixed vector [Serre 1977, Proposition 26].
Thus, by semisimplicity and induction on dim V, we see that p|y is trivial. Thus, p factors through a
representation of (Z/ 27)*. For any g € (Z/ 27)%, p(g) € GLy(F3) has order at most 2, so its minimal
polynomial, either X + 1 or X2 — 1, has distinct F3-rational roots. Hence, p(g) is diagonalizable, and
since (Z/27)* is abelian, the operators p(g) are simultaneously diagonalizable. In other words, p is a
direct sum of characters. Since p is irreducible, it follows that p is one-dimensional. O

3m—

We first prove Corollary 1.2 for Jacobians of the curves C : y> = xf(x 1). In Theorem 7.4, we will

address the curves C : y>" = f(x).

Proof of Corollary 1.2. By assumption Gal( f) is an extension of (Z/27Z)* by a 3-group H. By Theorem 1.1,
it is enough to show that the Galois representation J[x] has a full flag, and splits as a direct sum of
characters if H = 1.

Lemma 7.2. J [713”771] = J[1 — &3] is a maximal isotropic F3-subspace of J|3] of dimension g.

Proof. Degree considerations show that dim J[1 — 3] = g, so we need only show that J[1 — ¢3] is

isotropic with respect to the Weil pairing J[3] x J[3] — w3. Now, the Rosati involution § sends the ideal

(1 — &) = (/—3) to itself (by Lemma 10.4 below), and («¢ P, Q) = (P, afQ) forall o € End(J7) and

P,Q0eJ[3]. If P, Q € J[(~/—3)], we may write Q = +/—3(R), for some R € J[3]. We then compute
(P, Q)=(P,v=3(R)) =(=v—=3(P),R) =1,

showing that J[1 — ¢3] = J[+/—3] is isotropic. O
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It follows that dimg, J[7] = deg(f). Explicitly, if « is a root of f and ,837"71 = «, then the divisor
B, 0+ (B, 0)+ (2,0 +--+ (7 6,00 =3" o0

is fixed by ¢, and J[r] is generated by the above divisor classes. Moreover, if K is the splitting field
of f over F, then each of these divisors defines an element of J(K).

The action of G on J[r] induces a homomorphism p : G — GLy(F3), where N = deg( f), whose
kernel is exactly G . The image is therefore isomorphic to Gal(K/F'), which is an extension of (Z/ 27)k
by a 3-group H. Hence, by Lemma 7.1, J[x] admits a full flag. If, moreover, H = 1, then J[x] is
completely reducible, as explained in the proof of Lemma 7.1. 0

7B. Iterated triple covers and Pryms. For our second class of Jacobians, let f(x) € F[x] be a monic
separable polynomial of degree N > 1. Let C be the smooth projective curve with affine model y3" = f (x).
The degree n = 3" map C — P!, sending (x, y) > x, has Galois group /i, at least over F. If 3{ N,
then the fiber above infinity is a unique F-rational point and C has genus g = %(N -D@3"-1).1f3|N,
then the fiber above infinity may have more than one point and they may not be F-rational.

Let J = Jac(C) be the Jacobian. The order 3" automorphism (x, y) — (x, {y) of C induces an
automorphism ¢ on J. When m = 1, this endows J with ¢3-multiplication, and we are in a trigonal
situation similar to Section 7A. However, if m > 2, the automorphism ¢ € Autz(J) does not give rise to
a ¢,-multiplication on J, as we have defined it in this paper.

Example 7.3. Consider the curve C : y° = x> — 1 of genus 4. This admits a degree three map to the
elliptic curve E : y? = x? — 1, and the Jacobian J = Jac(C) is isogenous to A x E, for some abelian
3-fold A C J. The order 9 automorphism ¢ induces an order 9 automorphism on A and an order 3
automorphism on E. It thereby endows A with {o9-multiplication and E with ¢3-multiplication, but it does
not give a {o-multiplication on J. Indeed, the minimal polynomial for ¢ € Endz J is ®9(x)P3(x) and
not ®g(x) = x4+ x3 4+ 1.

While J does not admit ¢,-multiplication, it is nonetheless isogenous to a product of abelian varieties
Py x P, x --- x P, where each P; has ¢3-multiplication (see Lemma 7.5). In any case, we have
2, C Autg J, and we may speak of the twists Jy, foreachd € F*/F 2

Theorem 7.4. Assume that Gal(f) is an extension of (Z/2Z)* by a 3-group H. Then the average rank of
the twists J; for squarefree d € F* | F*>" is bounded. If H = 1, then the average rank of the twists J,
forall d € F*/F*?" is bounded.

Proof. Let C’: y3m*1 = f(x), and let J' be its Jacobian. Note that when m = 1, we have C’ ~ P!
and J'=0. The map ¢ : C — C’ sending (x, y) — (x, y*) induces a surjection ¢, : J — J’, and we let P
be the identity component of the kernel, i.e., P is the (generalized) Prym variety for the cover ¢g. Since ¢
is a ramified triple cover, the map ¢* : J' — J is injective. We may identify ¢* = g, and it follows that
the kernel of ¢, is already connected, and hence equal to P.

Lemma 7.5. P admits {3»-multiplication.
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Proof. It is enough to show that the minimal polynomial for {3», as an endomorphism of P, is ®zn(x) =
X234 %3 4 1. For this, it is enough to show that the characteristic polynomial of {3, acting on the
homology lattice H,(P¢, Z) is ®3»(x)¥~!. By [Arul 2021, Lemma 3.16], the characteristic polynomial
of &3m acting on H{(Cc, Z) ~ Hi(Jg, Z) is (1 +x +x24 -4+ x3""HN=1 The claim now follows, by
induction on m. U

Let: P — P be the isogeny over F descending 1 — ¢ over F(¢), as usual. Note that P[] C P[3]
since P has ¢{3»-multiplication, whereas J[1 — ¢] is not in general contained in J[3].

Lemma 7.6. The representation G — Auty, P[r] factors through Gal(f).

Proof. If ay, ..., ay are the roots of f(x), then the divisor classes (¢;, 0) — («;, 0) generate the group
J[1 — ¢] [Schaefer 2018, §3] and so the G g-action on P[x] C J[1 — ¢] factors through Gal( f). O

Now we finish the proof of Theorem 7.4. By Lemmas 7.1 and 7.6, the Galois module P[x] has a
full flag, and is completely reducible if H = 1. Thus Theorem 1.1 says that the average rank of P, for
squarefree d € F*/F*>3" is bounded (and without the squarefree condition if H = 1). Up to isogeny,
we have J; >~ P; x J), where J) is the twist of J' (which has 11, 3n—1 twists) by the image of d under
F*/F*?3" — F*/F>*23""" By induction, the average rank of J/, for d € F*/F**%" is bounded. (We
view the family J) over By.3», instead of the more natural B, 3.1, but the same proof works for this
slightly “redundant” family as well.) Thus the average rank of J; is bounded. O

Remark 7.7. Combining the two families considered in this section, we obtain similar results for the
curves Cy j : y3k = xf(x3j). The Jacobian Jac(Cy ;) is isogenous to ]_[k

r=1

P, ;, where each P, ; =
Prym(C, ; — C,_1,;) is a generalized Prym variety with ¢3-+;-multiplication.

8. CM abelian varieties

Next, we prove Theorem 1.4. Let ¢ = ¢3» be a primitive 3" -th root of unity. We recall our definition of
complex multiplication:

Definition 8.1. An abelian variety A over a number field F has complex multiplication by Z[¢] if A has
dimension 3"~! and a G p-equivariant ring embedding Z[¢] <> End P A

Proof of Theorem 1.4. Set g = 3"~! = dim A. The assumption Q(¢) C F ensures that A ~ A(D by
Lemma 2.3. Hence, we can view the 3-isogeny 7 : A — A() as an endomorphism of A, and we have
728 = 3u for some automorphism u of A. By the multiplicativity of the global Selmer ratio [Shnidman
2021, Corollary 3.5], we have

c()* = () = c([3lu) = c((3)). (8-1)

We claim that ¢([3]) = 1. If v is an infinite prime, then since F D Q(¢), we have F, >~ C and ¢, ([3]) =
#A[3](C)~" =372 If v {3 is a finite prime then ¢, ([3]) = ¢,(A4)/cy(Ag) = 1. Finally, [, 3 ¢, (I13]) =
38[F:Q1 by [Shnidman 2021, Proposition 3.1]. Let [F : @] = 2N. Then F has N complex places, so
c([3]) =328V . 382N — |, as claimed. By (8-1), we also have c(ry) = 1 forall d € F*/F*%,
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It follows from Theorem 5.2 that the average size of Sel;,(A4) is 1 + 1 = 2. Since 2r < 3" —1 for all
integers r, we have for all d:

rkzj) Aa(F) < dimg, Sel,, (Ag) < %(3“% A _ 1) = %(# Sel,, (Ag) —1).

Thus, the average Z[¢]-rank of A (F) is at most % The second part of the theorem follows from
Proposition 5.4(ii). O

Over general number fields F, it is no longer true that c(y) = 1 for all 4, even for abelian varieties
with complex multiplication. Moreover, one must consider more than one 3-isogeny to bound the average
rank of A;(F), in general. However, one can still prove upper bounds which are significantly stronger
than Theorem 1.3. For example, for CM abelian varieties A of dimension g = 3”~! over Q with ¢3n-
multiplication, we can show that the average rank of A;(F) is at most % g. Over the totally real field
Q(&3m 4 ¢3m), we can also prove that an explicit positive proportion of twists have rk A;(F) = 0. We
omit these proofs, since they are somewhat technical and could probably be optimized further. Finally,
we remark that the only other result in the literature in this direction that we are aware of is [Diaconu and
Tian 2005], which proves that an infinite but density zero set of twists of the degree p Fermat Jacobian
over Q(¢, + ¢ ) have rank 0.

9. Rational points on hyperbolic varieties

Proof of Theorem 1.5. 1t is not enough to simply invoke Theorem 1.1 and [Kiihne 2021, Theorem 4],
since Jac(C,), is not the d-th sextic twist of J = Jac(C) in our sense. Indeed, the twists C; come
from the involution 7 (x, y) = (—x, y), which does not induce —1 on Jac(C). Instead, we consider the
Prym variety P = ker(Jac(C) — Jac(C/t)), and its dual P. Note that ¢ preserves P, and t restricts
to —1 on P. Thus, Theorem 1.1 applies to the twist family P,, for d € F*/F*%, and it follows that
avg, rk f’d(F) =avg, rk P;(F) is bounded.

The inclusion P; < Jac(Cy) induces a surjection g : Jac(Cy) — 1/5[1. Suppose that C;(F) is nonempty
and that zg € C4(F). Then composing with the Abel-Jacobi map C; < Jac(Cy), using zg as base point,
we obtain amap j: Cy — P;. We prove that j is injective on points, except possibly at the fixed points
of 7 (the points where x = 0 and the point(s) at infinity). If j(w) = j(z), then w — z is the pullback of a
divisor on C4/t. Thus t(w —z) = w —z, and so t(w) +z = w + 7(z). But if D is a divisor of degree 2
on a nonhyperelliptic curve C, then by Riemann—Roch, we have h°(D) =2+ 1 — g+ h%(K — D) =
3—g+g—2=1. Thus, we must have t(w) +z = w+ t(z). If 7(w) = 7(2), then w = z, as desired.
The only other possibility is that T (w) = w and t(z) = z. This proves the claimed injectivity.

Thus, to prove Theorem 1.5, we may replace C; with the image of j, which is a closed irreducible
curve in I?d. By [Gao et al. 2021, Theorem 1.1], there is a constant ¢ such that #C;(F) < etk ﬁf’(F),
for all d. But since avg, rk f’d(F ) is bounded, this implies that for all ¢ > 0, there exists N, such that
C,4(F) < N, for at least 1 — ¢ of twists d. O
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In order to set up the proof (and statement) of Theorem 1.6, we need to give a precise description of theta
divisors for the curves C with affine model y®> = f(x). Recall that for any smooth projective curve C/F
of genus g > 2, the symmetric power C ¢~V parametrizes effective divisors D on C of degree g — 1.
Given k € Div(C) of degree g — 1, there is a morphism C¢~" — Jac(C) sending D > D — k. Its image
is the theta divisor, denoted ® = ©®,. The divisor itself depends on «, though its class in the Néron—Severi
group of Jac(C) does not. If 2« is canonical, then ® is preserved by the involution —1 on Jac(C), by
Riemann—Roch. Such a k exists over F, but need not exist over F, in general. If in addition there exists
n C Autz(C) which fixes «, then for eachd € F*/F x21 " we may consider the twist ®; of ®, which is
a divisor in Jac(C),.

In our case, let f : C — P! be the degree three map (x, y) — x. The ramification divisor has the
form 2D, and satisfies K¢ = f*Kp1 +2D. Hence x = D — f*0 is a half-canonical divisor (over F)
which is fixed by the w3-action. We therefore obtain sextic twists ®,; C Jac(C),, foreachd € F*/F 6
as in the statement of Theorem 1.6.

Proof of Theorem 1.6. This now follows from Theorem 1.1 and [Gao et al. 2021, Theorem 1.1]. O

10. Abelian surfaces with ¢3-multiplication

For our final application, we study a family of abelian surfaces with ¢z-multiplication, arising as Prym
varieties. We prove results on the Mordell-Weil groups in sextic twist families of such surfaces, and give
applications to explicit uniform bounds on rational points in sextic twist families of bielliptic trigonal
curves of genus 3 (Theorem 1.7). For some recent results on rank statistics in larger families of Prym
surfaces, see [Laga 2023].

Let F be a number field and let f(x) = x>+ax+be F[x]bea quadratic polynomial with nonzero
discriminant and b # 0. Then y3 = f(x?) = x* 4+ ax? 4 b is an affine model of a smooth projective
plane quartic curve C. Note the double cover 7 : (x, y) — (x2, y) to the elliptic curve E : y3 = f(x).
We refer to these genus-3 curves as bielliptic Picard curves; see [Laga and Shnidman 2023]. As in
Section 9, we consider the Prym variety P = Prym¢ p, i.e., the kernel of the map J = Jac(C) — E
induced by Albanese functoriality. The Prym P need not be principally polarized over Q, but it admits a
polarization A : P — P whose kernel is order 4 [Mumford 1974]. The ¢3-multiplication on J induces
¢3-multiplication on P, and hence we may speak of the sextic twists Py. In fact, Py is itself the Prym
variety of Cy : y3 = x* 4+ adx? + bd?, which covers the elliptic curve E; : y3 = x% 4+ adx + bd>.

Lemma 10.1. Let v : P — P_y7 denote the descent of 1 — ¢ to F. Then P[n](F) ~ (Z/37)? is spanned
by (s,0) — (—s,0) and (¢, 0) — (—t, 0), where +s, £t are the four roots off(xz).

In order to apply our result to P, we assume that f(x) has linear factors over F, so that P[]
decomposes as a direct sum of two 1-dimensional Galois modules, corresponding to the quadratic
characters G — I]:; cut out by the fields F(s) and F(¢). Then Theorem 1.1 says that the average rank
of P;(F) is bounded, and it is interesting to ask whether there is some positive proportion of d with
rk P;(Q) < 1, so that we may apply the Chabauty method. We do not quite prove that such a positive
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proportion of d exists for general Pryms of this type, but we can prove it in seemingly any given example
with the help of explicit computations. We demonstrate the idea by proving the following result stated in
the introduction:

Theorem 1.7. Consider the sextic twist family Cy : y> = (x*> — d) (x> — 4d) of genus-3 curves. For at
least % of squarefree d € Z such that d =2 or 11 (mod 36), we have #C4;(Q) < 5.

We will use the following variant of Chabauty’s method:

Theorem 10.2 (Stoll). Let C be a smooth projective curve of genus g > 2 over a number field F, and let H
be a G g-stable subgroup of Autz C. Embed C — Jac(C) using any positive degree H-invariant divisor
as basepoint. Suppose there is a quotient B of Jac(C) such that the composition ¢ : C < Jac(C) — B is
an embedding, and suppose there exists H — Autg B, compatible with the H-action on C, via 1. Then
for all but finitely many H-twists C¢ with 1k B¢ (F) < dim B, we have

#Ce(F) < fo(tk Be(F) + g — dim B) +#C{™ (F) +#C{™"" % (F) \ CI™ (F).

Here, fc is the explicit function defined in [Stoll 2006, §3] and C?iv is the subscheme of points fixed
by some nontrivial automorphism in H, and C gw’non‘tors is the subscheme of trivial points which map to

nontorsion points of B.

Proof. This is a straightforward generalization of [Stoll 2006, Theorem 5.1], which is the special case
where B =Jac(C). (We have stated an ineffective version of the result, which is sufficient for our purposes.
This is what allows us to use the function f¢ as opposed to Stoll’s fc¢.) The proof is the same, except
that instead of the nondegenerate pairing

Q(C/F)xJac(C)(F) @ Q— F

used in [Stoll 2006, §6], we use the nondegenerate pairing Q2(C/F)? x B(F)®Q — F, where Q(C/F)8
is the image of * : Q(B/F) — Q(C/F). O

We deduce Theorem 1.7 from Theorem 10.2 and the following theorem, whose proof will occupy the
remainder of this section:

Theorem 10.3. Let C : y3 = (x®> — 1)(x> —4), and let P be the corresponding Prym variety. Let ¥ be the
set of squarefree d € 7 such that d =2 or 11 (mod 36).> Then the average rank of Py, ford € X, is at
most % ~ 2.33. Moreover, for at least % ofd € ¥, we havetk Py < 1.

Proof of Theorem 1.7. The curve C embeds in B = P=1J /m*E, the dual of the Prym P; see
[Barth 1987, 1.12]. We apply Theorem 10.2 to the cyclic group H of order six generated by (x, y) >
(—x, ¢3y). We embed C in its Jacobian using the point oo =[0: 1:0]. Consulting [Stoll 2006, Lemma 3.1],
we have fc(r) <4 when C is a plane quartic and » < 2. We have Cgiv(@) ={oco} forall d € Z, so the
second term in Theorem 10.2 is 1. The third term is O since all eight of the trivial points on C map to torsion
points of B. Indeed, the points with y = 0 map to 3-torsion points on Jac(Cy), and if P = (0, yp) € Cy,

25 is the set of d such that d, —3d ¢ @;2U@§<2A
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then 2P — 200 € m*Ey4; hence P is sent to a 2-torsion point on B = J;/n* E,;. Altogether we get a bound
of C¢(F) <5 in Stoll’s theorem, which combined with Theorem 10.3 proves Theorem 1.7. O

10A. Bielliptic Picard curves. Before proving Theorem 10.3, we prove some preliminary lemmas.

Lemma 10.4. Let (J, A) be the Jacobian of a curve C with a nontrivial automorphism ¢ inducing ¢ -
multiplication on J. Then the Rosati involution o — A~'ax on End(J) restricts to complex conjugation

on Z[¢] C End(J).
Proof. Let Dy be a degree g — 1 divisor fixed by ¢. Consider the theta divisor
® ={D — Dqy:deg(D) =g —1, D effective} C J

and set L= 0;(0). Wehave A = ¢, : J — J. Since O is fixed by ¢, we have ¢*£ >~ £ and hence
Yr=Qrrp = fgol;g“. Rearranging, we see that the Rosati involution sends ¢ to ¢ ™! =¢. O

Remark 10.5. The proof shows, more generally, that if « is an automorphism of a curve C, and o* is the
induced automorphism of Jac(C), then the Rosati involution sends «* to its inverse.

Now let C : y3 = x* 4+ ax? + b be a bielliptic Picard curve defined over Q. Let P be the Prym surface
for the covering C — E where E : y*> = x> 4 ax + b. Since P has ¢3-multiplication, the endomorphism
[<3]: P — P factors as [—3] = w_p7 o, where w : P — P_j7 is the canonical (3, 3)-isogeny coming
from Lemma 2.2 (see also Remark 2.8). Let 7 : P; — P—_»74 be the sextic twist family of (3, 3)-isogenies,
and let 77, : ﬁ_zm — P:l denote the dual isogeny.

Lemma 10.6. Sel(ﬂ_27d) ~ Se](ﬁd)

Proof. Let Cy: y3 =x*+adx®>+bd? let Eg: y> = x> +adx + bd?, and let J; = Jac(C,).> The abelian
variety Py is, by definition, ker(J; — E;), where the map J; — E; is induced by the double cover
Cqy — E,4. Let Aj denote the principal polarization of J;, and let {; be the automorphism of J; induced
by the map (x, y) — (x, &3y) on Cy. By Lemma 10.4 we have a commutative diagram

Ad

m

3Note that this is not the same as the d-th sextic twist coming from the ¢-multiplication on J. The latter is isomorphic to the
d-th quadratic twist of the Jacobian of dy3 =f (x2), and is in general not a Jacobian.
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It follows that {‘1 = )L;] fkd in End(P;), and hence
(1=¢"Noky=hso(1-0)
over F. Over F we must therefore have 77_274 0 Ay = A_274 o 774, and since A4 is prime-to-3, we deduce
Sel(ry) >~ Sel(w_274). O
Since [—3] = w_37 o 7, it follows that
tk(Py) < dimg, Sel3(Py) < dimg, (Sel(y) @ Sel(w_274)) = dimg, Sel(rry) + dimg, Sel(7y).
The following result relates the parity of dimg, Sel3(P,) to the global Selmer ration c(stg).

Proposition 10.7. Let d € Q* be such that P_y;4[mw_2741(Q) = 0, and write c(7wy) = 3™. Then we have
the congruence dimg, Sel;(P;) =m (mod 2).

Proof. By the Greenberg—Wiles formula, we have # Sel(r,) /# Sel(74) = c(ry) = 3™. Since [—3] =
T4 0 T_7p74, We have an exact sequence

HI(P-_274)[7w—274] N
mq(IL(Py)[3])

Exactness on the left is because P_j74[m_274]1(Q) = 0. By Lemma 10.6, there is an isomorphism

0 — Sel(mry) — Selz(Py) — Sel(w_274) —

Sel(w_»74) > Sel(74), so we see that

m = dimg, Sel3(Py) + dimg, Hi(diﬁ(d;i’;[‘;];d I (mod 2). (10-1)

Let
(+,+) : HI(P_y7q) x TI(P_274) — Q/Z

be the Cassels—Tate pairing. Using the polarization A_»74 : P_374 — ﬁ_zw, define
(-, )t TI(P_274) x MI(P_274) — Q/Z

by (x, y)» = (x, A_274(¥)). As in [Shnidman 2021, Theorems 4.3, 4.4], if x € II(P_774)[—-274], then y is
in the image of 7y : III(P;) — WI(P_p74) if and only if (x, A_274(y)), =0 for all y € I(P—_274)[7T—274]-
Thus, the Cassels—Tate pairing (-, - ), restricts to a nondegenerate paring on the finite group
HI(P-274)[7—274]
m(W(P)I3])

Moreover, since both P; and P_j7,4 are prime-to-3 polarized, this pairing is antisymmetric, and therefore

alternating. The nondegeneracy implies that it has even Fz-rank. Combining with (10-1), we deduce the
desired congruence modulo 2. 0

The following general lemma will be used to compute local Selmer ratios below.

Lemma 10.8. Let @ : A — B be an isogeny of abelian varieties over a nonarchimedean characteristic 0
local field F. Then c¢(a)ce(@) = #(Op/ deg(a) OF).
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Proof. By [Cesnavicius 2017, B.1], the groups B(F)/aA(F) and A(F)/&g(F) are orthogonal comple-
ments under Tate—Shatz local duality

H'(F, Ala]) x H'(F, Bl&]) = Q/Z.

Thus
. #B(F)/aA(F) #A(F)/aB(F) #H'(F, Ala])
co@er@) = TEAT) FAU)/QBE) ) 4O/ dea(@)O).
#A(F)la] #B(F)[a] #A(F)la] - #B(F)[o]
where the final equality follows from the Euler—Poincaré characteristic formula. O

10B. The example. Now specialize to the context of Theorem 10.3 and the specific curves Cy : y° =
(x? — d)(x* — 4d).
The isogeny 7 : P — P_j7 factors as

rLBYp .

where B = P/{(1,0) — (—1, 0)). Since (1,0) — (—1,0) € P[], we obtain twists ¢ : P; — By and
Yq: By — P_p74 by Lemma 2.6.

Let us compute the local Selmer ratios for ¢, and 4, for all d € ¥ (where X is as in Theorem 10.3).
For any d € Q*, we have cqo(Pq) = coo(¥a), since the kernels of ¢ and i are both Z/3Z. Note that P
has good reduction at all p > 3, since C does. Thus, for d € X and for all p { 600, by Theorem 4.11, we
have ¢, (¢q) =1=c,(Yy). If p=2, then since d =2, 3 (mod 4), neither d nor —3d is a square in Q», so
by Table 2, c2(¢4) = 1 = c2(¥4) as well. To compute the ratios c3(¢4) and c3(¥4), we use Lemma 10.8.
By multiplicativity, we have

c3(pa)c3(Wa)cz(p—27a)c3(W—274) = c3([3]) =9.

Since d, —27d ¢ @2, all four of these local Selmer ratios are integers, and the same is true for the dual
isogenies. Thus, by Lemma 10.8, each ratio must be either 1 or 3. Hence, of the four Selmer ratios
c3(@q), c3(Wa), c3(p—274), c3(¥_274), exactly two are 3 and the other two are 1.

Lemma 10.9. Ifd € X, then c3(¢q) # c3(Yg).

Proof. By Proposition 10.7, the parity of dimg, Sel3(Py) is odd if and only if ¢(y) = c(dq)c(¥y) is an
odd power of 3. Hence, by our local computations at all other primes p # 3 given above, the parity of
dimg, Selz(Py) is odd if and only if c3(¢g) # c3(¥4). Since Jac(Cy) is prime-to-3-isogenous to Py X Ey,
we have Sels(Jy) = Sels(Py) @ Sels(Ey). Also, letting K = Q(¢3) and X € {Jy, Py, E4}, we have

dim Sel3(X) = dim Sel; (X) 4 dim Sel;_,,(X_»7) = dim Sel; (Xx) (mod 2),

where 7 is the map induced by 1 — ¢ on divisors, and X is the base change to K. It follows that
c(@q) # c(Yy) if and only if dim Sel, (J4 k) — dim Sel, (E4 k) is odd. The latter two w-Selmer groups
can be computed in Magma [Bosma et al. 1997] for any choice of d, using the command PhiSelmerGroup.
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In fact, it is enough to take d = 2, since the isomorphism class of A; over Q3 depends only on the image
of d in Q7 / @;6, and all elements of ¥ map to the sixth-power class of d = 2.* For d = 2, we find that
dim Sel; (Jg k) —dim Sel; (Es k) = 1. g

To recap, for d € X, we have c(¢g) = c3(¢dg)co(Pg) and c(Vg) = c3(Vg)co0(Vq), and we know
Coo(Pa) = coo(W4) (which is equal to 1 or 1/3, depending on the sign of d) and {c3(¢4), c3(¥q)} C {1, 3}.
Combining this with Lemma 10.9, we conclude that exactly one of c(¢4) and c(¥/4) is 1 and the other is 3+

Proof of Theorem 10.3. For all d, we have
rk P4(Q) < rk(Sel(rr4) @ Sel(#4)) < rk(Sel(¢a) @ Sel(¢a)) + rk(Sel(¥ra) @ rk Sel(V2)).

For d € X, we have seen that exactly one of c(¢4) and c(¥4) is 1 and the other is 3*!. Thus, the average
rank of P;(Q) for d € ¥ is at most (1 + g—‘) = 5, by Proposition 5.4. This proves the first claim of
Theorem 10.3.

Next we show that dimg, Sel;(P;) = 1 for at least % of d € ¥. Without loss of generality we may
assume that c(¢4) = 1 and c(y4) = 3*!. By Proposition 5.4(iii), for at least 5 of d € X, we have
Sel(¢py) =0= Sel(dA)d), and for at least % of d € Z, we have dimg, Sel(y4) ® Sel(lﬁd) = 1. Thus, for at
least%—%:%ofde 3., we have

dimg, Sels(P;) < dim Sel(¢g) + dim Sel(¢y) + dim Sel(4) + dim Sel(4) < 1.
This implies that rk P;(Q) < 1 for at least § of d € . O

10C. More general curves. It is plausible that for every Prym P associated to some curve C, p : y° =
(x2 — a)(x%? — b), our method shows that rk P; < 1 for a positive proportion of d. This holds if one can
check a certain 3-adic condition on the numbers c3(¢4) and c3(¥4), exactly as in the proof of Lemma 10.9.
This condition is satisfied in all examples we checked, but we do not have a proof in general. Since the
local Selmer ratios c3(¢, p.4) and c3(¥, 5.4) are locally constant as functions on @g = {(a, b, d)}, we
can at least say that this condition holds for a large class of bielliptic Picard curves C, , with a and b
satisfying certain congruence conditions modulo a power of 3.

In [Shnidman and Weiss 2023], we prove that a positive proportion of P; have rank at most 1, in the
case where a /b is a square, using an extra argument which avoids the local 3-adic computation. In general,
we have the following result, whose proof is an easier version of the argument given above, so we omit it.

Theorem 10.10. Fixa € Q\ {0, £1}. For d € Q*/Q*, let P, 4 be the Prym surface for the genus-3
curve y3 = (x> —d) (x> — ad). Then 1k P, 4(Q) < 2 for a positive proportion of d.

4To check this, use the fact that Z§<6 =14973.
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Picard rank jumps for K3 surfaces with bad reduction
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Let X be a K3 surface over a number field. We prove that X has infinitely many specializations where
its Picard rank jumps, hence extending our previous work with Shankar, Shankar and Tang to the case
where X has bad reduction. We prove a similar result for generically ordinary nonisotrivial families
of K3 surfaces over curves over F,, which extends previous work of Maulik, Shankar and Tang. As a
consequence, we give a new proof of the ordinary Hecke orbit conjecture for orthogonal and unitary
Shimura varieties.
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1. Introduction

Let X be a K3 surface over a number field K. Let 2" — . be a smooth projective model, where
& < Spec(Ok) is an open subset of the spectrum of the ring of integers Ok . For every place 3 of Ok
with finite residual field k(]3), we have an injective specialization map

PiC(XI?) —> PIC(%{W),

and both groups have finite rank, the Picard rank, denoted p (X g) and p(e%kw) respectively.

Inspired by the classical density result of Noether-Lefschetz loci for weight-2 polarized variations
of Hodge structures, see [Voisin 2002; Oguiso 2003], Charles [2014] asked what can be said about the
arithmetic Noether—Lefschetz locus

NL={P e 7| p(Xg) < p(Zig)}
In a prior work [Shankar et al. 2022, Theorem 1.1], we proved that the set NL is infinite under the
additional assumption that X has potentially everywhere good reduction, i.e., up to taking a finite extension
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of K, we assumed that . = Spec(Ok ). The first main result of this paper is the following unconditional
result.

Theorem 1.1. Let X be a K3 surface over a number field K. Then the set NL is infinite.

This theorem is a particular instance of Theorem 4.1 which is formulated for GSpin Shimura varieties
and which has many other applications. As a consequence, Theorems 1.4, 1.6, and Corollary 1.7 in
[Shankar et al. 2022] hold with no assumptions on the reduction type. In particular, we have the following
theorem.

Theorem 1.2. Let K be a number field and A an abelian surface over K. Then there exist infinitely many
places where A has good reduction, and the reduction is geometrically nonsimple.

1A. Picard rank jumps over function fields. Let p > 5 be a prime number. Let 2" — .¥ be a family of
K3 surfaces over a curve .% over F p- Let n be the generic point of .. For every s € ¥ (F p), we have
similarly an inequality of Picard ranks

p(Z5) < p(Zy),

and one can introduce similarly the Noether—Lefschetz locus as the subset of . where the above inequality
is strict:

NL = {s € Z(F,) | p(27) < p(Z))}-

Maulik, Shankar and Tang [Maulik et al. 2022a, Theorem 1.1] proved that if . is proper and the family
Z — & is generically ordinary and not isotrivial then the set NL is infinite. Our second main theorem
in this paper is to remove the properness assumption in their result.

Theorem 1.3. Let 2 — % be a generically ordinary nonisotrivial family of K3 surfaces over a smooth
curve ./ over Fp with p > 5. Suppose that the discriminant of the generic geometric Picard lattice is
prime to p. Then the locus NL is infinite.

The theorem is also a particular instance of Theorem 4.8 for GSpin Shimura varieties, which has
several other applications and also has an analogue for unitary Shimura varieties, see Theorem 6.1. In
particular, we have the following theorem which extends [Maulik et al. 2022b, Theorem 1(1)] to the
quasiprojective case.

Theorem 1.4. Let A be a nonisotrivial ordinary abelian surface over the function field of a curve over F p

Then A has infinitely many smooth and nonsimple specializations.

Both Theorem 1.1 and Theorem 1.3 are motivated by the density of Hodge loci in polarized variations
of Hodge structure of weight 2 of K3 type; see for example [Voisin 2002; Oguiso 2003; Tayou 2020].
Recent density results for general polarized variations of Hodge structures of level less than 2 as in [Tayou
and Tholozan 2023; Baldi et al. 2024] suggest that density of Hodge loci in arithmetic and function field
settings are natural problems to investigate, and we hope to address these questions in future work.
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1B. Hecke orbit conjecture. As an application of Theorem 1.3, we give a new proof of the Hecke
orbit conjecture for orthogonal and certain unitary Shimura varieties. We refer to [Maulik et al. 2022a,
Section 1.2] for the context and prior results on this conjecture.

Theorem 1.5. Let Mg, be the reduction at p > 5 of the integral model of a Shimura variety of either:

(1) Orthogonal type associated to a lattice of signature (b, 2) having discriminant prime to p.

(2) Unitary type associated to an imaginary quadratic field K split at p and to a Hermitian lattice over
Ok of signature (n, 1) with discriminant prime to p.

Then the prime-to-p Hecke orbit of an ordinary point is Zariski dense in M.

The density of Hecke orbits in characteristic zero is a consequence of the work of Clozel and Ullmo
[2005], see also [Eskin and Oh 2006] for a dynamical approach using Ratner theory. Chai [1995] first
proved the Hecke orbit conjecture for the ordinary locus of the moduli space of principally polarized
abelian varieties. For orthogonal and some unitary Shimura varieties, a first proof of the Hecke orbit
conjecture in the ordinary case has been obtained by Maulik, Shankar and Tang [2022a] and our approach
is inspired from theirs. Very recently, Pol Van Hoften [2024] proved this conjecture for the ordinary locus
of Shimura varieties of abelian type under certain conditions on the reflex field and using completely
different methods.

1C. Strategy of the proof. Theorem 1.1 and Theorem 1.3 are proved using a strategy initiated by Chai
and Oort [2006] and Charles [2018] for the product of two modular curves and subsequently used in
[Maulik et al. 2022b; Shankar and Tang 2020] for Hilbert modular surfaces over number fields and Siegel
threefolds over F p»- Here we follow the set-up in [Shankar et al. 2022] and [Maulik et al. 2022a] to which
we refer for more details. For Theorem 1.1, we first translate it into an intersection-theory-type statement
between a curve and a sequence of divisors in the integral model of a toroidal compactification of a
Shimura variety of GSpin type. For this matter, we use the Arakelov intersection theory with prelog
forms developed in [Bruinier et al. 2007]. We follow a similar approach for Theorem 1.3, using the usual
intersection theory on the reduction modulo p of the aforementioned compactification of the integral
model of a GSpin Shimura variety. The new ingredients which were missing in both [Shankar et al. 2022]
and [Maulik et al. 2022a] are the local estimates on multiplicities of intersection with special divisors at
points of bad reduction and the estimates of extra terms coming from the boundary divisors in the global
intersection numbers coming from the work of [Bruinier and Zemel 2022]; see also [Engel et al. 2023] for
a recent approach. These are the main contributions of this paper. To obtain the first estimates, we use an
explicit description of the special divisors in the formal completions along toroidal boundary components.
This allows us to define in each case a decreasing sequence of positive definite lattices (L,, Q) which
computes the local intersection number. We give an estimate on the growth of the successive minima of
these lattices, then a geometry-of-numbers-type argument allows us to derive the desired estimates. To
obtain the bounds on the extra terms in the global intersection number, we use the explicit expressions
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from [Bruinier and Zemel 2022] and [Bruinier 2002] combined with an equidistribution result from [Duke
1988; Eskin and Oh 2006].

1D. Organization of the paper. The key input of this paper is the description of the special divisors
in terms of local coordinates of integral models of toroidal compactifications of Shimura varieties of
GSpin type. In Section 2, we explain these constructions following [Howard and Madapusi Pera 2020]
and [Madapusi Pera 2016], and the section culminates with a description of the special divisors in
formal completions along locally closed boundary divisors. In Section 3, we recall briefly Arakelov
arithmetic intersection theory with prelog forms following [Bruinier et al. 2007], and we assemble
different ingredients from the literature [Bruinier and Zemel 2022; Howard and Madapusi Pera 2020;
Borcherds 1999] to state the modularity of the generating series of special divisors in the integral models
of toroidal compactifications of Shimura varieties of GSpin type. In Section 4, we state the archimedean
and finite place estimates needed to prove our main theorems, and then we prove the archimedean
estimates. Section 5 is devoted to estimating contributions from bad reduction places. Finally, we prove
the application to Hecke orbit conjecture in Section 6.

2. GSpin Shimura varieties: integral models and their compactifications

This section summarizes the construction of the GSpin Shimura variety, its toroidal compactifications
and their integral models following [Bruinier and Zemel 2022; Howard and Madapusi Pera 2020;
Madapusi Pera 2019; Andreatta et al. 2018], see also [Kisin 2010; Madapusi Pera 2016; Pink 1989] for
earlier work. The ultimate goal is to describe the special divisors in formal completions along the toroidal
boundary strata. The familiar reader may wish to skip directly to Section 2D for these results.

2A. The GSpin Shimura variety. Let (L, Q) be an even quadratic lattice of signature (b, 2) with b > 1
and with associated even bilinear form

(H):LxL—>Z

such that Q(x) = (x.x)/2 € Zforall x € L.
Let G = GSpin(Lg) be the algebraic group over Q of spinor similitudes defined as in [Madapusi Pera
2016, Section 1.2]. The group G(R) acts on the Hermitian symmetric space

D=:{zeP(L¢g) | (z.2) =0, (z.2) <0}.

The pair (G, D) is the GSpin Shimura datum. Its reflex field is Q by [Madapusi Pera 2016, Section 3.1].
For K C G(Ay) a compact open subgroup, the GSpin Shimura variety

M(C)=G@\D x G(Ap)/K

is the set of complex points of a Deligne-Mumford stack M defined over (. In what follows, we
choose the compact open group K C G(Ay) as in [Andreatta et al. 2018, Equation (4.1.2)]. Its image in
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SO(Lg)(Ay) stabilizes L QZC LA ¢ and is equal to the subgroup that acts trivially on the quotient
LV/L = LV /L, where the dual lattice L" is defined as

LY={xelLg|VYyelL,(x.y)eZ)}.

The Shimura variety M carries a line bundle of weight-1 modular forms that we denote by Lg and we
refer to [Andreatta et al. 2018, Section 4.1] for a definition. The Shimura datum (G, D) is of Hodge type
by [Andreatta et al. 2017, Section 2.2]: there exists a Shimura datum of Siegel type (G52, DS¢) and a
compact open subgroup K*¢ C G*¢(A y) such that we have an embedding of Shimura varieties over Q

M < M8,

This is the Kuga—Satake embedding. The pull-back of the universal abelian scheme on M3 yields the
Kuga—Satake abelian scheme A — M.

2B. Toroidal compactifications over C. In this section, we describe the toroidal compactifications of M
as well as the structure of the boundary components following [Bruinier and Zemel 2022] and [Howard
and Madapusi Pera 2020]. See also [Ash et al. 1975] for the general theory of toroidal compactifications
over C.

Recall from [Howard and Madapusi Pera 2020, Section 2.2] that an admissible parabolic subgroup
P C G is either a maximal proper parabolic subgroup of G or G itself.! A cusp label representative
® = (P, D°, h) is a triple constituted from an admissible parabolic subgroup P, a connected component
D° C D and an element h € G(Ay).

Attached to a cusp label representative ® = (P, D°, h), there exists a mixed Shimura variety that we
now describe. Let Ug be the unipotent radical of P and let Wg be the center of Ug.> Let Qo be the
normal subgroup of P defined as in [Pink 1989, Sectoin 4.7], see also [Howard and Madapusi Pera 2020,
2.2]. Define as in [loc. cit.] Dy = Qo (R)We(C)D° and let Ko = hKh™'N Qo (Ay). We define then the
mixed Shimura variety

Mo (C) = Qo (@)\Do x Qo (Af)/Ko. (2B.1)

By [Pink 1989, Proposition 12.1], M®(C) has a canonical model M? also defined over Q. Let Qo =
Qo/ W and Dy = We(C)\Do. Let K ¢ be the image of K ¢ under the quotient map Q¢ (A ) — Qo (Ap).
Then from the data (Qcp, Do, K o) we define similarly to (2B.1) a mixed Shimura variety M ¢ and we
have a canonical morphism

Mo — M. (2B.2)

This map has a torsor structure that we now describe. Let '¢ = K¢ N W (Q). It is a Z-lattice in We (Q).
By [Howard and Madapusi Pera 2020, Proposition 2.3.1], the map (2B.2) is canonically a torsor under
the torus Ty, whose cocharacter group is I'g.

Tgad i simple in our case.
2We follow the notation of [Madapusi Pera 2019] which differs from other references.
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The mixed Shimura variety M ¢ has itself a fibration structure over a pure Shimura variety constructed
as follows; see [Madapusi Pera 2019, 2.1.7] for more details.

Let Gﬁ, = Q_cp /Ug be the Levi quotient of Q¢, Vo = Ug/ We the unipotent radical of Q¢ and let
Dg = Vo(R)\Dg. Then the pair (Gh, Dg)) is a pure Shimura datum with reflex field equal to Q. Let
Kff) C G’}D (Ay) be the image of K¢. Then the quotient

MA(C) = GL @\ (D x G (Af)) /K

is the set of complex points of a Shimura variety which admits a canonical model Mff> defined over @
and we have a canonical map
Mg — ML, (2B.3)

By [Madapusi Pera 2019, 2.1.12], there exists a natural abelian scheme Ag (®) — Mg, such that the map
(2B.3) is a torsor under Ag (D).

In what follows, we will describe the above data for the GSpin Shimura variety introduced in Section 2A
following [Howard and Madapusi Pera 2020, Section 4] and [Bruinier and Zemel 2022, Section 3]. Let &
be a cusp label representative. The admissible parabolic subgroup P is the stabilizer of a totally isotropic
subspace Ig of Lg of dimension at most 2. The dimension-0 case corresponds to P = G. If P is the
stabilizer of a primitive isotropic line Ig C Lg, then the cusp label representative is said to be of type III.
If P is the stabilizer of a primitive isotropic plane Jg C Lg, then ® is said to be of type III. We will
follow the notation of [Bruinier and Zemel 2022] and denote by Y, resp. &, a cusp label representative of
type 11, resp. of type IIL

Given two cusp label representatives ®| and ®,, there is a notion of a K-morphism @ 92k, [O2)
given by y € G(Q) and ¢» € Q4,(Ay) which we don’t define here and refer to [Madapusi Pera 2019,
2.1.14] for the definition, see also [Howard and Madapusi Pera 2020, Definition 2.4.1].

Let @ be a cusp label representative. By the general theory of toroidal compactifications, see [Pink
1989, 4.15] or [Ash et al. 1975, Chapter II, Section 1.1] for the definitions, there exists a canonical open
nondegenerate self-adjoint convex cone Cy C W¢(R) homogeneous under P(R) and which allows to
realize D° as a tube domain inside an affine space, see [Madapusi Pera 2019, 2.1.5]. We define the
extended cone C} as in [Madapusi Pera 2019, 2.1.22]: for any map &’ 2NN ®, the conjugation by y ~!
induces an embedding

int(y ") : Wer(R) = Wo(R)
and we define then
Ch= U int(Cq).
>
This cone lies between Cq¢ and its topological closure in Wg (R) but in general, it is neither open nor
closed. See also [Pink 1989, Definition-Proposition 4.22] for more details.

Recall from [Howard and Madapusi Pera 2020, Definition 2.4.3] that a rational polyhedral cone

decomposition (rpcd for short) of Cj is a collection X = {0} of rational polyhedral cones 0 C Wg (R)
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satisfying natural compatibility conditions (we don’t recall these conditions here and invite the reader to
consult the reference above for more information). The rpcd X ¢ is said to be smooth if it is smooth in
the sense of [Pink 1989, Section 5.2] with respect to the lattice ['g. It is complete if

Cy= U o.

0E€EXy

2B1. Boundary components of type Il. Let Y be a cusp label representative of type II. Then P is the
stabilizer of a primitive isotropic plane Jg C Lg and let J = JoNh.L, where h € G(Ay) acts on L via
the map G(Ar) — SO(Lg)(Ay). Then by [Howard and Madapusi Pera 2020, page 31], the group W is
identified with /\2 Jo; hence it is one-dimensional. The lattice 'y C Wr is also of rank 1. The open
convex cone Cr is given by a half line R™\{0} and the extended cone is Cy ={0jUCr.

Let M+ and M~ be the mixed Shimura varieties associated to Y. Then My — M~ is a torsor under
the one-dimensional torus Ty with cocharacter group I'y. The group G}wlr is equal to SL; and D’{ is equal
to the Poincaré upper half-plane. The Shimura variety M%’r is a modular curve and the abelian scheme
A~ is equal to the Kuga—Sato variety D ® E where £ — M@ is the universal elliptic curve over M%’f and
D is the positive definite plane J-/J; see [Bruinier and Zemel 2022, Corollary 3.17] and [Zemel 2020,
Proposition 4.3] for details and proofs. Notice that our choice for the compact open subgroup K gives
exactly the stable orthogonal group used in [Bruinier and Zemel 2022] and [Zemel 2020].

The only possible cone decomposition of C% in this situation is X = {{0}, CyU{0}} and this determines
a partial compactification My < M~y x which is a fibration by AJ; over M. Finally, there is only one
boundary divisor denoted by By associated to the ray C.

2B2. Boundary components of type Ill. Let E be a cusp label representative of type III. Then P is the
stabilizer of a primitive isotropic line I C Lg and let I = IgNh.L. Set K; = I*-/1. Then by [Howard
and Madapusi Pera 2020, Equation (4.4.2)], we have Ug = Wz and we have an isomorphism of vector
spaces

Kio®Ig~Wgz(Q).

The lattice (K, Q) is a Lorentzian lattice of signature (b — 1, 1). Under the above isomorphism, and
assuming we have chosen a primitive generator of I, the open convex cone Cz C Wg(R), see [Howard
and Madapusi Pera 2020, Section 2.4] is identified with a connected component of the light cone

{x e Kir, O(x) <0}.

The spaces M é and M g are equal and are Shimura varieties of dimension zero that we can describe as
follows. Let (G,,, Ho) be the Shimura data given by

Ho = {2me: — —1},

on which R* acts naturally through the quotient R* /R}. There is a morphism of mixed Shimura data
(Qg, Dg) — (G, Ho) given by a canonical character vg : Qg — G, defined as in [Howard and Mada-
pusi Pera 2020, Equation (4.4.1)] and a map Dg — Hg given as in [loc. cit., Equation (4.6.3)]. Then the
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Shimura variety Shy;xz)(Gn, Ho) is zero-dimensional and the canonical map Mg — Sh,_ (k) (G, Ho)
is a torsor under the torus 7Tz = Spec(@[qa]aeré) with cocharacter group I'z = K; by [Bruinier and
Zemel 2022, Proposition 3.7].

The intermediate cone Cj, can be described explicitly as follows, see also [Bruinier and Zemel 2022,
page 23]: for any type-II boundary component Y with corresponding isotropic plane J containing /, the
quotient J/I has a generator wg y lying on the boundary of the Cg. Hence

CE = CE UURC()E,T-
T

The rays Rwg v will be referred to as the external rays and the rays in Cg are the inner rays.

2B3. Toroidal compactifications. Recall from [Howard and Madapusi Pera 2020, Definition 2.4.4] that a
K -admissible rational polyhedral cone decomposition for (G, D) is a collection ¥ = {¥Xz, X} such that
Yz and X~ are rped for any cusp label representative E and Y respectively satisfying the compatibility
conditions of [loc. cit., Definitions 2.4.3, 2.4.4]. It is said smooth (resp. complete) if every ¢ is smooth
(resp. complete).

A toroidal stratum representative is a pair (®, o) where @ is a cusp label representative and o C Cy, is
a rational polyhedral cone whose interior is contained in Cg. There is similarly a notion of K-morphism
between stratum representatives, see [loc. cit., Definition 2.4.6] and the set of K-isomorphism classes of
toroidal stratum representatives will be denoted Startx (G, D, X). We say that X is finite if

|Startg (G, D, ¥)| < 0o.

Let ¥ be a finite K-admissible complete cone decomposition. The main result of [Pink 1989, Sec-
tion 12], see also [Madapusi Pera 2019, Theorem 2.1.27], ensures that there exists a proper toroidal
compactification

M — M*

in the category of Deligne—-Mumford stacks over Q such that M ¥ is proper over Q and has a stratification
M* = | | B®° (2B.4)
(®,0)€Startg (G, D, %)
by locally closed subspaces indexed by the finite set of strata Startx (G, D, X). The stratum indexed by
(®, o) lies in the closure of the stratum index by (®’, o) if and only if there is a K-morphism of strata
representatives (®, o) — (@', 0’). Then the closure of the stratum qu;’“ is given by

B%.o — U BY o
(@,0)—(D.0)

Moreover, by [Howard and Madapusi Pera 2020, Theorem 3.4.1] following the work of Harris and
Zucker [2001], the line bundle of weight-1 modular forms £ extends to a line bundle on M* which we
still denote £ by abuse of notation.
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Let (®, o) be a toroidal stratum representative. Then (P, o) determines a partial compactification
of the mixed Shimura variety Mg < Mg (o) with boundary component index by o denoted by Z® (o).
Pink proved that there is a canonical isomorphism [Pink 1989, Corollary 7.17, Theorem 12.4], see also
[Madapusi Pera 2019, Theorem 2.1.27], of Deligne-Mumford stacks

Ag (D, 0)\Z%(0) ~ B®7,

where Ag (P, o) is the finite group defined in [Madapusi Pera 2019, 2.1.19]. The latter induces an
isomorphism of formal Deligne-Mumford stacks

Ag (P, 0)\Mo(0) =~ M=, (2B.5)

where Mo (0) is the completion of Mg (o) along the locally closed subspace Z® (o) and M? is the formal
completion of M* along the locally closed stratum B®°.

Our goal in the next two sections is to make the above isomorphisms explicit for type-II and type-III
boundary strata.

2B4. Formal completion along type-I1I boundary strata. Let Y be a cusp label representative of type II.
By the discussion in Section 2B1, there is a unique choice of a one-dimensional ray o and hence a unique
choice of boundary stratum representative (Y, o) which corresponds to a locally closed divisor BT,

The morphism My — My is then a torsor under a one-dimensional torus Ty with cocharacter group
'y ~7,ie., Ty ~Spec(Q[q, g~ '1). The partial compactification T (o) is then isomorphic to Spec(Q[g])
and the partial toroidal compactification of M~ is given as a twisted torus embedding over M~ with fiber
Spec(Q[g]). Hence we have the following description of MT (0)

= Spf(QIX —~ DQE

2B5. Formal completion along type-111 boundary strata. Let (E, o) be a toroidal stratum representative
of type III such that o is a one-dimensional inner ray. The corresponding boundary component is denoted
by B®° and is a locally closed divisor. Write o = Rw, where @ € Cg N K is an integral primitive
generator that satisfies (w.w) < 0.

The morphism Mg — Sh,_(x.)(G. Ho) is a torsor under the torus

Tz = Spec(Q[galyery)-
The partial compactification Tz (o) is equal to
Tz(0) = Spec(Qlga ]l (¢.0)>0.aery)

and the ideal defining the boundary divisor is given by I, = (¢4, (@, ®) > 0). It is generated by ¢, for
any o’ € I' for which (0, ") = 1. We fix such o'.
The formal completion along the boundary divisor is then given by

T=(0) = Spec(Qlqa., @ € T3 N 1lgw 1),
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and the map Mz(0) — Shyg(kg)(Gnm, Ho) is a twisted torus embedding with fibers f: (o). We will
trivialize this fibration following an approach similar to [Howard and Madapusi Pera 2020, page 34].

First choose an auxiliary isotropic line I, C Lg such that (/.1,) # 0. Then by [Howard and Mada-
pusi Pera 2020, Equation (4.6.6)] and the discussion that follows, this determines a section

(Gm, Ho) = (Qz, Dg).

The section s determines a Levi decomposition Qg = G,, X Ug. Let Ko C G, (A r) be a compact open
subgroup small enough such that the image under the section s is contained in Kz and let

Kz o= Kox (Ug(AyNKg)) C Kg.

Then by reasoning similarly to [Howard and Madapusi Pera 2020, Proposition 4.6.2], we have the

following.

Proposition 2.1. We have an isomorphism of formal algebraic spaces

|| Te)ec = Mk.,0)c,
ac@X)\A% /Ko
and the map
Mg ,(0),c > Mk (0)c

is a formally étale map of formal Deligne—Mumford stacks given by the quotient by Kz/Kgo. In

particular, if K is neat, then the above map is a formally étale surjection of algebraic spaces.

Proof. The same proof as in [Howard and Madapusi Pera 2020, Proposition 4.6.2] works with no change
in our setting. U

2C. Integral models. We recall in this section the construction of integral models of GSpin Shimura
varieties and their compactifications following [Howard and Madapusi Pera 2020; Andreatta et al. 2018;
Madapusi Pera 2019]. We assume henceforth that the lattice (L, Q) is a maximal lattice, i.e., there is no
strict superlattice in Lg containing L over which Q is Z-valued.

By [Andreatta et al. 2018, Section 4.4], there exists a flat and normal integral model M — Spec(Z)
which is a Deligne—Mumford stack of finite type over Z. It enjoys the following properties:

(1) If the lattice (L, Q) is almost self dual at a prime p then the restriction of the integral model to
Spec(Zp)) is smooth.?

(2) If p is odd and p? does not divide the discriminant of (L, Q), the restriction of M to Spec(Zp)) is
regular.

(3) If n > 6, the reduction mod p is geometrically normal.

(4) The line bundle of modular forms of weight 1 extends to a line bundle on M that we denote by L.

3See [Howard and Madapusi Pera 2020, Definition 6.1.1].
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Furthermore, given a K-admissible polyhedral complete cone decomposition, M admits by [Mada-
pusi Pera 2019, Theorem 4.1.5] a toroidal compactification M* proper over Spec(Z) and which extends
the compactification M* previously defined over Q. Moreover, it has a stratification

M* = | | B* (2C.1)
(®,0)€Startg (G, D, %)

which extends the stratification in (2B.4) and such every stratum is flat over Z. The unique open stratum
is M and its complement is a Cartier divisor. Moreover, for any cusp label representative (P, o), the
tower of maps

Me(o) — My — M2
has an integral model

Mo (0) > Mg — M,

which satisfies the following: the abelian scheme A has an extension Ag¢ — Mﬁ’) such that the map
Mgy — MA is a torsor under Ag and the map Mg (o) — M is a twisted torus embedding with structure
group the torsor 7z extending Tz. Finally, the boundary component Z4 (o) has a flat extension Z¢ (o)
such that we have an isomorphism of completions:

Ag(®,0)\ Mo (o) = S (2C.2)

extending the isomorphism in (2B.5). See [Madapusi Pera 2019, Theorem 4.1.5] and [Howard and
Madapusi Pera 2020, Section 8.1] for more details.

Fix a prime p. The goal of the next two subsections is to describe the formal completions of M* along
the boundary divisors of these compactifications explicitly over Z(,) in the type-II and the type-III case.

2C1. Type Il. Let (Y, o) be a toroidal stratum representative of type II where o is the unique one-
dimensional ray.

Let 7Ty = Spec(Zp)lq, g~ '1) with partial compactification Ty (o) = Spec(Zplq]). By (2C.1) and
[Madapusi Pera 2019, Theorem 4.1.5(2—4)], the morphism M~y — M-~ is a torsor under 7+ and the
morphism M~y — ./\/l’é is a torsor under D ® £, where £ — M}é is the universal elliptic curve. Moreover,
the partial toroidal compactification of Mg is given as a twisted torus embedding over M~ with fibers
isomorphic to Ty (o). In particular, the formal completion of M~ along the boundary component is
describe by the following diagram:

Moy (o) O Jye 228 pqh, (2C.3)

where Ty (o) = Spt(Z ) [g]).

2C2. Type Ill. Let (E, o) be a toroidal stratum representative of type III such that o is one-dimensional
and generated by a primitive integral element w € Cg with (w.w) = —2N. Let Tg = Spec(Zp)[qalaery)
and recall that we have a Tz torsor structure

Mg — Shy;(x5) (G, Ho).
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The cone o determines a partial compactification 7z (o) = Spec(Z (p)[gal(¢,w)>0,xery) and also a partial
compactification Mg — Mg (o) which is a twisted torus embedding with fibers 7z (o).

The boundary divisor in 7z (o) is defined by the ideal I, = (gq, (@, @) > 0). If " € T'{ is as before an
element such that (o'.w) = 1, then I, = (q.y). The formal completion of Tz (o) along I, is then given by

Te = SPEZ (p)[qar @ € T N0  1gu ).
Recall that we have a morphism of Shimura data
(Qz. Dg) == (G, Ho),

and let s be the section of vg defined in Section 2B5. Let Ko C A? be a compact open subgroup such
that s (Kg) C Kz. We can furthermore assume that K factors as

Ko=17}.K{.
Let F be the abelian extension of Q determined by the reciprocity morphism in global class field theory:
rec: QZ\A % /Ko = Gal(F/Q).

Fix a prime 3 C OF above p and let R be the localization of OF at 3. Then using similar arguments as
in [Howard and Madapusi Pera 2020, Proposition 8.2.3], we have the following proposition.

Proposition 2.2. There is an isomorphism

|_| Tz(0) /g — Mzgo(0)/R
@zo\A;/KO

of formal Deligne—Mumford stacks over R whose base change to C agrees with Proposition 2.1. Moreover,
the map
Mz,0(0)/R — Mz(o)/R

is an étale map of Deligne—Mumford stacks given as the quotient by Kg/Kz o.

The proof follows from the description given over C Proposition 2.1, the flatness of both sides over Z )
and the fact the normalization of Spec(Z,)) in Shg, (G, Ho) is isomorphic to | |, €QX,\A%/Ko Spec(R),
see [Howard and Madapusi Pera 2020, Proposition 8.2.3] for a proof and more details. '

2D. Special divisors. We continue to assume in this section that the lattice (L, Q) is maximal and let X
be a smooth K -admissible cone decomposition.

For every B € LY /L, m € Q(B) + Z such that m > 0, one can define a special divisor Z(8, m) — M
following [Andreatta et al. 2018, Definition 4.5.6]. We recall briefly the definition and refer to [loc. cit.]
for more details.

The Shimura variety M carries the family of Kuga—Satake abelian varieties .A — M. For any scheme
S — M, a group of special quasiendomorphisms Vg (Ag) is defined in [Andreatta et al. 2018, Section 4.5].
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Then the functor sending a scheme S to

Z(B, m)(S) = {x € Vg(As) | Q(x) =m}

is representable by a Deligne-Mumford stack which is étale locally an effective Cartier divisor on M.
We will rather consider its image in M by a procedure described in [Howard and Madapusi Pera 2020]
after Proposition 6.5.2. By abuse of notation, we also denote by Z(8, m) its closure in MZ, which is
again a Cartier divisor.

In what follows, we will give an explicit description of Z(8, m) in the formal completions of M*
along its boundary components. Since for our purposes we only need 8 = 0 and m coprime to p, we will
only describe what happens in this situation and we abbreviate for short Z(8, m) = Z(m). We assume
that m > 1 is coprime to p for the rest of this section.

By [Andreatta et al. 2018, page 434], Z(m)(C) has a complex uniformization as follows: for any
g€ G(Ay),let L, = g.fﬂ Lg and consider the sub-Hermitian domain of D

D°(A) ={x €D | (x,1) =0},

where A € L, Q(A) =m. Then Z(m)(C) is equal to the union of D°(1) for g € G(Ay) and A € Ly with
o) =m.

For any A € L, with Q(A) =m, let G, be the fixator of A, L, the orthogonal lattice to A in Lg, and let
D, C D be the orthogonal to L. Notice that D, does not depend on g but only on A € L¢. Notice that
since m is coprime to p, the lattice L, is also maximal at p. Then (G,, D,) is again a Shimura datum of
GSpin associated to the lattice (L;, Q) which is of signature (b — 1, 2) and has reflex field equal to Q. If
we choose K C G, (Ay) a compact open subgroup as in [Andreatta et al. 2018, Equation (4.1.2)], then
K; C KNG (Ay) and we obtain a morphism of complex Shimura varieties

M, (C) — M(C).

By the description [loc. cit., Equation (2.4)], the union over g € G(Ay), A € L, with Q(A) = m of the
images of M, (C) is equal to Z(m)(C).

Now since (G,, D;) is again a Shimura variety of GSpin type associated to a lattice maximal at p,
the discussion in the previous sections applies verbatim to the Shimura variety M, and yields similar
description for the compactification and the integral model over Z . In particular, we have a map between
integral models M; — M over Z,) which factors through Z(m) by [Howard and Madapusi Pera 2020,
page 82].

M — Z(m) —> M

and the union over of images of such maps for g € G(Ay) and A € L, with Q(X) =m is equal to Z (m).*
Let (®, o) be a toroidal stratum representative for M. From the description of the parabolic subgroups
of GSpin(b, 2), we have the following lemma.

4This union is in fact finite.
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Lemma 2.3. The group P N G, is an admissible parabolic subgroup of G, if and only if A € Ié.

Notice also that if A ¢ I, then the image of D in M= (C) will not intersect the boundary components
parametrized by ®, as its projection to the Baily—Borel compactification will not do so. Hence they will
not appear in the formal completions of M* along these boundary components.

We can write ® = (P, D°, h) and let A € L, with Q(1) = m such that A € Ié. Lemma 2.3 shows
that (P, o) can also be seen as a toroidal stratum representative with respect to (G, D,) by considering
P N G,; see [Madapusi Pera 2016, Section 2.1.28] for more details. Let M, v be the integral model over
Zp) of the mixed Shimura variety associated to ®. We get then a morphism of mixed Shimura varieties

Mo > Mo,
as well as a morphism of partial compactifications respecting the strata
M e(0) = Mo (o).

By [Madapusi Pera 2019, Proposition 2.1.29], the morphism induced at the level of formal completions
along the boundary strata given by o is compatible with the toroidal compactifications of M; and M. In
particular, we get a commutative diagram

M, 0(0) ———— Mo(0)

| l

Zm) ———— ks

where the right vertical map is an étale cover of Deligne-Mumford stacks, the left vertical map is an étale
cover of an open and closed subset by [Howard and Madapusi Pera 2020, page 82]. Finally, the union
over g € G(Ay), A € L, with Q(A) = m of the images of the left map covers the whole Z (m).

2D1. Special divisors along type-1I boundary components. Let (Y, o) be a toroidal stratum representative
of type 1L

Let A € L with Q(A) =m such that A € I% and m is coprime to p. We have a morphism of formal
completions of the partial compactifications of mixed Shimura varieties

M. x(0) = My (o).

Let x € BT"’(FI,) - MT(G)([I_:,,) and let O g, (0),x be the local ring at x. Let x be the image of x in
/WT(F,,) and let z the image in M’%(ﬁp). If follows from (2C.3) that the formal completion @) Moy (0),x 18
isomorphic to

Omro)s = ZpIX1® Oy, ;-

Moreover, the pull-back of the torsor M~y — M}{r to Spf(@ M, .) 1s trivial, as it is trivial by reduction to
F » and we can lift formally any section. Hence

-~
~

Ot = Obge -
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For A € D, consider the map over M}{r
D& LY o 2D.1)
Its kernel is flat over M}wlr Let I, C X be the ideal defining it. Then IAA — (/’)\D®g,; is flat over 6/\4’{(@'

Proposition 2.4. The formal completion Z(m) along x is the union over A € D with Q(A) = m of the
vanishing loci inside 6M"{(U),x of the ideals Z,[[ X]| ® f,\.

Proof. Let A € L such that A € J* and Q(1) = m. Then we have a description of the mixed Shimura
variety M~ similar to (2C.3), namely, it has a fibration structure which fits into the following diagram:

Tr(0) D,®E

My (o) ————— My v MQ,T
./\//\IT(O') Ty (o) ./\_/lrr D®E M’%

One can check that D; = A, where A is the image of A in D = J+/J. Moreover, the right vertical map
in the above diagram is an étale cover and the vertical middle map is equivariant with respect to the
inclusion

M R®E—> DRE,

and the left vertical map has image given by an open and closed subset of Z(m).
Letz € M’Z ¥ (F p) be a point mapping to z, then 9] M 0o M- Hence the above diagram becomes
’ A7 ,Z
at the level of completed local rings

SPR(Z X1 ® 0319 7) ——— Spf(Oz1 9 ) ———— Spf@M’i )

| | |

SPE(Z,IX1 ® Opge i) ——— Spf(Opge.5) —— Spf(Oupt )

where the vertical map is contained in the kernel of the map (2D.1). By considering all the A € J* that
map to a given class A € D, we get that the image is exactly the kernel of the map (2D.1) and hence the
image of left vertical map is defined by the ideal Z,[[X]| R 1 2, see [Zemel 2020, Equation (26)] for a
description over C. Finally, since Z(m) is equal to the union of such images, the conclusion follows. [

2D2. Special divisors along type-1Il boundary components. Let (E, o) be a stratum representative of
type IIL. Let K; = I/I be the Lorentzian lattice as introduced in Section 2B2 and we continue to assume
that o is a one-dimensional inner ray. Let w € K; N Cg be a generator of o with (w.w) = —2N, N > 1.
Let ' € K, be an element such that (w.0') = 1.

Let A € L with Q(A) = m and such that A € I*. The projection A € K; defines a divisor in the torus
Te = Spec(Z(p)[q*]uery) given by the equation qX =1.
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In the partial compactification Tz < Tz (o), the equation of this divisor becomes qX —1=0if h.w) >0

A

or g~ — 1 = 0 otherwise. Notice also that this divisor intersects the toric boundary divisor defined by o

if and only if (w.1) = 0. We will hence restrict ourselves to this latter situation and we denote by
Te(r,0) = Tz(o)
the divisor defined by A. By construction, it only depends on the class of A in K.

Proposition 2.5. Let Z(m) be the formal completion of Z(m) along the boundary component of M&
index by (E, o). Then the following diagram is commutative and compatible with Proposition 2.1.

Uae@jo\A;/KO UxeK,Q(x):m,(x.w)zo Te0(%, O')/C I Uae@zo\A;/Ko Tz,0(0)

| l

Zm) M

The vertical maps are étale coverings of formal Deligne-Mumford stacks and the union over A € I+

covers g(m).

Proof. Let A € LN I+ with Q(A) =m and such that projection A € I*/1 is orthogonal to w. Then we have
similarly a description of the mixed Shimura variety M, g associated to the Shimura datum (G, D, ) as
a torus fibration and such that the following diagram is commutative:

~ Tz.0(h.0)
My g(0) ——— S(Gpn, Ho)/r

l Tz.00) J

Mz(0) ———— S(Gpm, Ho) /R

The left vertical map is equivariant with respect to the inclusion Tz(h, 0) < Tz(o) and its image only
depends on A € I/I. Since the formal completion Z(m) is the union over A € L of the images of the
left vertical maps, we get the desired result. 0

3. Arithmetic intersection theory and modularity

We recall in this section the Arakelov arithmetic intersection theory on M* following [Bruinier et al.
2007], the modularity results of the special divisors from [Howard and Madapusi Pera 2020; Borcherds
1999] and its extension to complex toroidal compactification by [Bruinier and Zemel 2022]. Then we
derive a further extension to the integral model of the toroidal compactifications of GSpin Shimura
varieties.

3A. Modularity of special divisors. Let (L, Q) be a maximal quadratic lattice with signature (b, 3) and
assume that b > 3.
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Let K C G(Ay) be the compact open subgroup from Section 2A and let ¥ be a K-admissible smooth
polyhedral cone decomposition. Denote by MZ the toroidal compactification of the integral model of
the GSpin Shimura variety constructed in Section 2C. Let (f—ll (M?Z*, Dypre)q be the first Chow group of
prelog forms as defined in [Bruinier et al. 2007, Definition 1.15].

Let YT be a cusp label representative of type II. Then there is a unique one-dimensional ray in the
cone decomposition associated to Y and we denote by abuse of notation BY the closure of the boundary
divisor associated to Y.

Consider now (E, o) a toroidal stratum representative of type Il such that o is a one-dimensional
inner ray in the cone decomposition . Then we denote by B%-? the closed boundary divisor in M*
associated to (E, o).

Let € LY/L and m € Q(B) + Z with m > 0. For every toroidal stratum representative Y and (E, o),
let wy (B, m) and pg (B, m) be the real numbers defined by (4E.1) and (4F.1), see also [Bruinier and
Zemel 2022]. Consider then the following divisor on M*:

2B, m)=Z(B,m)+ Y pr(u,m)-BY + Y pzo(w, m)- B, (BA.1)

T (8,0)
where the two last sums are over toroidal stratum representatives of type II and type III respectively. Then
by [Bruinier and Zemel 2022], the Cartier divisor Z'°"(8, m) can be endowed with a Green function ®g ,

such that the resulting pair
—tor

Z7(B,m) = (2 (B, m), Ppm)
is an element of the first Chow group of prelog forms CH' (ME, Dypre)- Form =0 and B =0, we define
Z (0, 0) to be any arithmetic divisor whose is class is the dual of the hermitian line bundle L= (L, - Mper)
endowed with the Petersson metric ||z]|? = [z, Z].

Consider then the following generating series

o= Y > ZY(B.m)g"es € CILY/LIlg" P 1 ® CH (M*, Dy,
BeLY /L meQ(B)+Z
where (eg)gerv/L 18 a basis of the C-vector space C[LY /L], Dy is the discriminant of L, and ¢ = emT
where 7 € H is in the upper-half plane.
Let
pr : Mp,(Z) — Autc(C[LY /L))

be the Weil representation associated to the quadratic lattice (L, Q), where Mp, (R) is the metaplectic
double cover if Mp,(R). For k € %Z, let Mody (pr) denote the vector space of vector valued modular
forms of weight k£ with respect to pr. We then have the following theorem.

Theorem 3.1. The generating series @ is the Fourier development of a vector-valued modular forms of
weight 1+ %’ and representation pr, i.e.,

1
@7, € Mody42(p1) ® CH (M, Dpre)aa-
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Proof. Let F e M 1' b /2(/O_L) be a weakly holomorphic modular form of weight 1 — g with respect to the
complex conjugate Weil representation of p;, such that F' has integral principal part, and let ¥ be the
associated Borcherds product. Then by [Bruinier and Zemel 2022, Theorem 5.5], the divisor in MZ*(C)
of W(F)c is equal to

YooY ep(=mE (B, m)(C).

BeLV/L meQ(B)+Z

Since Borcherds products are defined rationally by [Howard and Madapusi Pera 2020, Theorem A],
we only need to check that the divisor of the Borcherds products has the expected form over Z and this
will be automatic if all the special divisors and the boundary divisors are flat. By [Madapusi Pera 2019,
Theorem 4.1.5], the boundary divisors are flat and by [Howard and Madapusi Pera 2020, Proposition 7.2.2],
the special divisors are flat over Z[%] and over Z if b > 4. For b = 3, one can use the algebraic version
of the Borcherds embedding trick as in [Howard and Madapusi Pera 2020, Section 9.2] to prove that
no further components appear at 2 and hence the divisor of the Borcherds product has the correct form.
Hence we conclude by the criterion in [Bruinier and Zemel 2022, Proposition 5.4]. O

4. The main estimates and proof of the main theorems

We state in this section the local and global estimates that will allow us to prove Theorem 1.1 and
Theorem 1.3. Then we will prove the global estimates and we postpone the proof of local estimates to the
next section.

4A. Number field setting. Let X be K3 surface over a number field K. Given an embedding 7 : K — C,
let (L, Q) be a maximal lattice containing the transcendental lattice of X (C). It is an even lattice of
signature (b, 2) whose genus is independent from t. We can assume furthermore that b > 3, as the case
b < 2 has already been treated, see [Charles 2018; Shankar and Tang 2020].

Let M be the integral model of the GSpin Shimura variety associated to the lattice (L, Q) and, given
an admissible polyhedral cone decomposition X, let M* be its toroidal compactifications as in Section 2.
By [Madapusi Pera 2015], the K3 surface has an associated Kuga—Satake abelian variety which we can
also assume to be defined over the number field K, up to taking a finite extension. Hence it defines a
K -point of M*. By the extension property of the integral model, there exists N > 1 such that, up to
taking a finite extension of K, we have a flat morphism over Z:

Spec(Ok[5]) = M,
and by properness, this map extends to
p:Y =Spec(Og) — ME.

By construction, the image of this map is not contained in any special divisor. A prime over N is said to
be a prime of bad reduction and otherwise of good reduction.
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As in [Shankar et al. 2022, Theorem 2.4], we will rather prove the following more general version,
which is easily seen to imply Theorem 1.1.

Theorem 4.1. Let Y € M*(Og) with smooth reduction outside N. Let D € 7~ be a fixed integer
represented by (L, Q) and coprime to N. Assume that Yk € M (K) is not contained in any special divisor
Z(m)(K). Then there are infinitely many places *8 of K of good reduction such that Vg lies in the image
of Z(Dm?) — M for some m € Z~ coprime to N.

Let p: Y — M?¥ be as in the previous theorem. We first begin by the following proposition.

Proposition 4.2. There exists a refinement of the cone decomposition X, such that the map p : Y — M*
satisfies the following property: for any prime *B of bad reduction, the image of the closed point {3} under

p is contained in a stratum which is a locally closed divisor of M*.

Proof. Let sz € Y be the closed point 33 of ). By (2C.1), the image of sy lies in a stratum indexed either
by either a type-II boundary component T or a type-IIl (E, o) toroidal stratum representative. In the
type-II case, the boundary is already a divisor and there is nothing to prove. In the type-III case, let r be
the dimension of the cone o. Then we get a morphism

Spf(W (F,)) — M™, (4A.1)

where 1™ is the formal completion along the boundary component defined by (&, o). By a similar
analysis to Section 2C2, we have an étale cover of formal Deligne-Mumford stacks

'/7\-5 (O' ) — ./\’;lE .
Hence the map (4A.1) lifts to a morphism

Spf(W (F ) — Tz (o), (4A.2)
where
Te(0) = Spf(Z,[g® | (. 0) = 01®z, Z,[[q" | (@, &) > OI).

Hence this corresponds to a map
Z,lg% | (@, C) > 01 ®Z,[g" | (o, C) =0] > W (F)).

The linear form on I'Y given by sending an element « to the p-adic valuation of the image of ¢*
under the above map is represented by an element w € I'g which satisfies (w.«) > 0 whenever («.0) > 0;
hence w is in 0. The cocharacter defined by w is in fact tangent to the map given in (4A.2). Let o’ in o
be the ray defined by w and let X’ be the new cone decomposition obtained by refining ¥ and which
contains o’ as a one-dimensional ray. Then M>" is a blow-up of M> and by the preceding discussion,
the point sy belongs to the boundary divisor parametrized by (E, o’). Since there are only finitely many
primes of bad reduction, then by repeating this procedure finitely many times, we get the desired cone
decomposition. O
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We will work from now on with the toroidal compactification given by the above proposition. For
m > 1 an integer, let Z(m) be the closed special divisor Z(0, m) — ME and Z tor(m) the arithmetic
divisor associated to Z'"(m) by (3A.1). The pullback via the period map p : ) — M?* allows us to
define the height / zor ) () of Y with respect to the arithmetic divisor Z (m) as its image under the
composition

—~ 1 —~ 1 deo ~
CH' (M*, Dye)o = CH (V. Dpreda <5 R, 2 (m) > hzor, ().

By choice of the lattice (L, Q), the arithmetic curve ) intersects properly the divisors Z(m), B=“ and
BY for every T and (E, w). Hence we have

hzor V) = ZC ©,, (V) + %(y.zt"f(m))m log|Ox /%I, (4A.3)
T:K—

where for 7 : K < C, we use J* to denote the point in M (C) induced by

Spec(C) —— Spec(Og) =Y — M=,
We have
V.2 m)p = V. Zm)g+ Y pnrm) VB + Y pzo(m) - (V.B5)y. (4A.4)
T (8,0)

Let us denote by (’)yXM2 z(m),v the étale local ring of Y x r¢ Z(m) at v. Then

Y Zmyg= Y length(Oyx s zm ), (4A.5)
veYx pmZ(m)(Fyp)

where [y denotes the residue field of ‘3.
Let

V.2(m) =Y _(V.Z(m))y log|Ok /Bl
B

The first new contribution of this paper is to prove the following estimate which results from Borcherds
modularity and ad hoc bounds on the multiplicities py (m) and pg ., (m).

Proposition 4.3. As m — o0, we have

V.Zm)+ Y DY) =0m"/2).

:K—C

As a corollary, we get the following bound, which is referred to as the diophantine bound in [Shankar
et al. 2022, Equation (5.2)].

Corollary 4.4. For any finite place 3, we have the following bound.:

YV.Z(m))p = 0m"*logm), @, (V") = O(m"’*logm).
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For our next estimate, we recall the notion of asymptotic density from [Shankar et al. 2022]: for a
subset S C Z.., the logarithmic asymptotic density of S is defined to be

, log|Sx|
im sup ,
Xooo logX

where Sy :={a e S| X <a <2X}.
Recall from Theorems 5.7 and 6.1 in [loc. cit.] that we have the following estimate:

Proposition 4.5. There exists a subset Spaqa C Z~ of zero logarithmic asymptotic density such that

Y. Pu(VY) = c(m)log(m) +o(m"* log(m)),
:K—C

where —c(m) =< m®'? and is defined in [loc. cit., Section 3.3].

For a prime ‘P of good reduction, i.e., where the intersection of ) and Z(m) above ‘B is supported
in M, we have the following estimate which follows easily from [loc. cit., Theorem 7.1].

Proposition 4.6. Let P be a finite place of good reduction. Let D € Z> coprime to N. For X € Z~, let
Sp.x denote the set

{mez.o|x=m<2x,2 ezn@9?% m N)=1}.

Then we have
> W.Zm)p =o(X"D1og X).
mESD,X
Finally, for a prime 33 of bad reduction, we prove the following proposition which is the second new

contribution of this paper.

Proposition 4.7. Let ‘B a finite place of bad reduction. Let D € Z1 coprime to N. For X € Z~, let Sp x

be the set defined in the previous proposition. Then we have

> V.2Zm)p =X log X).
meSp. x
4B. Function field setting. We assume in this section that the lattice (L, Q) is self-dual at p. Then the
Shimura variety M has smooth reduction at p and we denote its reduction by Mg,. Given an admissible
cone decomposition X, we denote by M%p the reduction of the toroidal compactification M*. We first
give a new formulation of Theorem 1.3, see Theorem 4.8, then we will give the main estimates that will
allow us to prove the latter.

Let X — .7 be a generically ordinary nonisotrivial family of K3 surfaces over a smooth curve .
over F p»- The quadratic lattice (L, Q) in this case corresponds to a maximal quadratic lattice orthogonal
to the generic geometric Picard group in the K3 lattice. Hence (L, Q) has discriminant coprime to p by
assumption and we get a period map by [Madapusi Pera 2015, section 4]

p:S = Mg,



98 Salim Tayou

which is a finite map and the image of the generic point is in the ordinary locus. The locus in . where
the Picard rank jumps corresponds then exactly to the union over m > 1 of the intersections . N Z(m)g,,.
Hence Theorem 1.3 follows from the following theorem.

Theorem 4.8. Let . — Mg, be a finite map with generically ordinary image and not contained in any
special divisor. Then there exists infinitely many closed points in . in the union of Z(m)g,, for integers m

coprime with p.
Let . be a smooth curve as in the theorem above. By properness, we can extend the map
. Py
p:. — ./\/l[Fp,
where .7 is the smooth compactification of .#. We have the following proposition whose proof is similar
to Proposition 4.2 and hence we omit it.

Proposition 4.9. There exists a refinement of the cone decomposition T such that the image of .5 in M@p

intersects the boundary only in strata corresponding to locally closed divisors.

Let ¥ be a polyhedral cone decomposition which satisfies the conditions of the previous proposition.
By abuse of notation, if D C M%p is a Cartier divisor, we write

(D.7)=degz p*D.
We have then the following global estimate.

Proposition 4.10. As m — oo, we have
(Z(m)g,7) = le(m)|(.Lr,) +o(m""?).
For any integer m, we have the decomposition

(Z(m)g, . 7) =Y mp(Z(m)g,, 7),
Pef,

where m p(Z(m)f,,.#) is the multiplicity of intersection at P. Our next goal is to estimate in average

»
these local multiplicities and we start by the good reduction case already treated in [Maulik et al. 2022a,
Proposition 7.11, Theorem 7.18].

Let S be as in [loc. cit., Section 7.1], i.e., a set of integers of positive density such that every m € S is
coprime to p and is representable by the quadratic lattice (L, Q).

For P € (¥ N M)(F,), we define as in [loc. cit., Definition 7.6]

hp

p—1

gp(m) = le(m)],

where £, is the order of vanishing of the Hasse invariant at P, see [loc. cit.] The following proposition is
the combination of Proposition 7.11 and Theorem 7.18 from [loc. cit.].
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Proposition 4.11. Let P € #(F,). Then:
(1) If P is not supersingular then
> mp(Zm)g,.7) = 0(X"*log X).
mESx
(2) There exists an absolute constant 0 < a < 1 such that for any supersingular point P we have
Y mp(Zm)e, ) =a Y gp(m)+ OXPTV/?),
meSy meSy

Our new contribution in this setting is the following theorem which gives an estimate on intersection
multiplicities at points where S intersects the boundary of M?.

Proposition 4.12. Let P € ./ (F p) a point mapping to the boundary of M%p. Then we have the following
estimate:

> mp(Zm),.7) = 0(X"* log X).

meSy
4C. Proof of the main theorems. Assuming the estimates in the previous section we now indicate how
to prove Theorem 1.1 and Theorem 1.3.

Proof of Theorem 1.1. 1t is enough to prove Theorem 4.1 in a similar way to [Shankar et al. 2022,
Section 8]. For convenience of the reader, we will sketch the proof. Assume for the sake of contradiction
that there are only finitely many primes of good reduction such that ) intersects a special divisor of
the form Z(Dm?) where Dm? is coprime with N and is represented by (L, Q). By Proposition 4.3 and
Proposition 4.5, there exists a subset Spaqg C Z~ of logarithmic asymptotic density zero such that

(V.Z(m)) = —c(m) log(m) + o(m®/? log(m)) =< m"/* log(m).

Let S%Of;(d = {m € Sp x,m ¢ Sbad, (m, N) = 1}, then one can easily check that |S§,03?| = X'/2 and

c(m) > X"?log X form € S%Of;?. Hence we get

> .Zm) < xV log X, (4C.1)

good
mesy 'y

On the other hand, by Propositions 4.5 and 4.7, we get by summing over the finitely many places where

either ) intersects a Z(Dm?) or which are of bad reduction

Y .2m) =XV log X),
meS‘ﬁO;

which contradicts (4C.1). U

Proof Theorem 1.3. The proof is similar: assume that there are only finitely many points in the union
(UrmmAp:1 Z(@m) N Y) (I]_:p) and let S be a set as in Section 4B. Then by Proposition 4.10, we have

S @, ) = Y lem)|(F.Lx,) +o(XP2H),

meSx meSy
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On the other hand, by Propositions 4.11 and 4.12 we have
Y @Emy, A=) 3 mp(Z(m,.7)

meSy meSY pe(Y L Zmn7) ()

m,mAp=

=a Y |gp(m)|+ 00XV,

meSy
<a Y lem)|(F.Ls,) + OXPTH?),
meSy
where the last equality results from the fact that the Hasse invariant is a section of L‘?f ~! These two
estimates contradict each other, hence the result. U

4D. Global estimate. We prove in this section simultaneously Propositions 4.3 and 4.10.
By Theorem 3.1, the generating series

YooYz, g e

BeLY /L meQ(B)+Z

Yo D> (@B m,. PN e

BELY/LmeQ(B)+Z
are elements of Mod;4,/2(p1). Classical estimates on the growth of coefficients of modular forms imply
that (see [Tayou 2020, Example 2.3] for more details)

and

b/2
hzor, (V) = O(m"/?)
and
(Zm)Er.7) = le(m)|(7 Lg,) +o(m"/?).
By (4A.3) and (4A.4), we can write

YZm)+ Y 2u(D)

T:K—>C

= h gy V) = O o m)(V.BY )y loglOk /P — Y .o (m) - (V.55 )y log|Ox /| (4D.1)
T o)

o

and similarly, we can write
(Z.Z(m)5,) = (2 (m)e,-7) = Y ur(m) (BT = pzo(m) - (F.B57). (D2
T E,0

Hence we only have to bound the growth of the multiplicities jy (m) and ug ., (m).> This is given by
the following lemma.
Proposition 4.13. As m — 00, we have the following estimates:

(1) For any type-II cusp label representative Y, we have

b/2—1+e

py(m) Lem

Swis the unique integral generator of o.
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(2) For any type-III toroidal stratum representative (8, o) such that o is a ray, we have

Wa.o(m) L mE=D/2Te

This proposition will be proved in the following two sections.

4E. Estimates on type-1I multiplicities. The goal of this section is to prove the type-II estimate in
Proposition 4.13. First we recall some notation associated to isotropic planes introduced in [Bruinier and
Zemel 2022, Section 3.2].

Let Y = (P, D°, h) be a cusp label representative corresponding to a boundary component of type 11
Recall from Section 2B1 that P is the stabilizer of an isotropic plane Jg and J = Jg NA.L is a primitive
isotropic plane of 4.L N Lg.

To simplify the notation, assume that #.L N Lg = L, the reader may otherwise replace L by L; =
h.L N Lg in what follows. Define then

Jpv=JrNLY, JFr=J+nL, J&=J'nLY, and D=Jj/J.
The lattice D is positive definite lattice of rank b — 2. Its dual lattice can be described as
DY = J5 /.
and the discriminant lattice is given by
Ap=DY/D=Jk /(Ui + I =LY /(L+Jv),
where LY is the subgroup of LY
L+Jx ={ueL"|3ve L suchthat (u, 1) = (v, ) VA € J}.
Let ®p denote the vector-valued Theta function associated to D defined by

Op(m)= Y q%Pegip e ClADIIg" "1
BeDV

It is an element of M}, />_1(pp), which is the space of vector-valued modular forms of weight ’% — 1 with
respect to the Weil representation pp associated to the positive definite lattice (D, Q). We can also write

Op(m)= Y > c(D,B,mq" e,

BeDY/D m>0

where for 8 € DY/D, m € Q(B8) +Z, m > 0, we have
c(D,B,m)={A € B+ D, Q1) =m}|.
Following Bruinier and Zemel’s notation [2022, Section 4.4], define

15 @)@ = Y q%PPeg= Y D (D, B,m)q"es € Myp i(pL),

BeJk /g BeLY/L meQ(B)+L
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where c(D, B,m) =01if B ¢ Ji5/J*+ or m ¢ Q(B) + Z, and otherwise c(D, B, m) = c(D, B, m) where
B is the image of B under the reduction map J LLV — DY/D.
In particular, we have

q% 15 @p) = > Y me(D,B.mq" e,
BeLV/L meQ(B)+L
which is a quasimodular form in the sense of [Imamoglu et al. 2014, Definition 1].
Then by [Bruinier and Zemel 2022, Definition 4.18, Proposition 4.21 4.15], we can define
prm) = CT(<q% 1 @), F,;:>L), (E.1)
where F, is the holomorphic part of the harmonic mass form F, ¢ from [Bruinier and Zemel 2022,

Proposition 4.2]. A direct computation shows then (see also the second formula in [Bruinier 2002,
Theorem 2.14])

uy(m) = mc(D, 0, m).

b—-2
Classical estimates on coefficients of modular forms, see for example [Sarnak 1990, Proposition 1.5.5],
show that
(D, B, m)| Ke mP277F¢ (4E.2)
for all € > 0. Hence we get that

|r (m)| e mb/2=1+e,

which proves the first part of Proposition 4.13.

4F. Estimates on type-I11I multiplicities. In this section, we prove the estimates on the type-III multiplic-
ities in Proposition 4.13.

Let (E, o) be a toroidal stratum representative of type III such that o is a ray. Keeping the notation
from Section 2B2, let Ig be the isotropic line of Lg whose stabilizer is the parabolic subgroup attached
to & and let I = Ig N h.L. To simplify notation, we assume that #.L = L, the reader may notice that this
is harmless, up to replacing L by A.L in what follows.

The line [ is an isotropic line of L and the lattice K; = 1 - /I is Lorentzian. Let Cr be the cone of
negative elements of the Lorentzian space K; g and let C = Cr N K. As is explained in Section 2B2, the

ray o is generated by an element w € K; N C which is primitive and such that O (w) = —N. Following
[Bruinier and Zemel 2022, Definition 4.18], we define
N
Uzg.olm) = P ( ) (4E.1)
¢ 8v2r "\VN
Letv= iN By [Bruinier 2002, Proposition 2.11 and Theorem 2.14], we have
_ b—1 b.
21‘(}’71)(471m)b/2 F(*7 L1473 (Q(TUL)))

B (1) = O (v, 1+2) = ; |
3 b-1)/2
I+2 rekrooyem  ATIQ0wL) D
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where F(a, b, c; 7) is the usual Gauss hypergeometric function given by

(@ (b)n "
(©n nl’

o]

Flab,e;)=Y

n=0

and (a), =I'(a+n)/I'(a). Recall that the above series has 1 as a radius of convergence and converges

absolutely in the unit circle |z|] = 1 if R(c —a — b) > 0. In our situation, the latter quantity is equal

tol+b/2—-1—-0b-1)/2= % > 0. Hence the series F((b —1)/2,1,1+b/2; z) is globally bounded

over the unit disc. For A € K such that Q(A) = m, we have m = Q(A,) + Q(A,1) and Q(A,) <0, hence
0<m < Q(A,1). Hence we get

1 1
K
ORIV o < my, ) woone
JmreK;,00)=1 v N=1 Q(\L)e[N, N+1[
ﬁAEKI
om=1

By Proposition 4.14 below, we have

L€ Krr, QW) =1, V/mr e K, QA1) € [N, N+ 1[}] & mP/>71HeNb/2=2,
Hence

Nb/2-2 .
10K (v)| < mD/2+e Z S < (b2t Z

N=1 N>1

< m®=D/2re

which proves the second part of Proposition 4.13.
Proposition 4.14. Let m > 1 be an integer and X > 0 a positive real number. Then
(€ K1p. Q) = 1, V/md € K1, Q(4y) € [N, N + 1[}| e m"27HEND272,
Proof. Recall that (K, Q) is a quadratic lattice of signature (b — 1, 1) and we have a canonical measure

Uoo On the quadric K := {x € K; g | Q(x) = 1} defined as follows: for W an open subset of Kp, let

Leb({x e W, |Q(x) — 1] < €})

2e ’
Here Leb is the Lebesgue measure on Kr for which the lattice K is of covolume 1. One can then prove
that (see for example the proof of [Shankar et al. 2022, Corollary 4.12]):

Hoo(W N K}) = lim
€—>

Hoo({f € K1, Q(Ap0) € [X, X +1[}) K xb/2-2

On the other hand, by the equidistribution of integral points in quadrics, see [Eskin and Oh 2006; Duke
1988],% we have

{r €Ki, Vmre K, Q(hh) € [N, N + 1[}] e m" 27 u(in € K1, Q1) € [X, X +1[}),
which yields the desired result. O]

0r the circle method.
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5. Bounding the contribution from bad reduction places

In this section we prove Propositions 4.7 and 4.12. Let M¥ be as before the toroidal compactification of
the GSpin Shimura variety associated to a quadratic lattice (L, Q) and a K-admissible polyhedral cone
decomposition X. The lattice (L, Q) is assumed to be maximal in the number field case and moreover

self-dual at p in the function field case.

5A. Bad reduction in the number field setting. In this section, we prove Proposition 4.7. We assume
hence that the lattice (L, Q) is maximal and that the polyhedral cone decomposition X is chosen in such
way that Proposition 4.2 is satisfied.

By the choice of the cone decomposition X, the intersection points of )V and M?¥ lie either in a
boundary divisor of type II or a boundary divisor of type III associated to a toroidal stratum representative
(8, o) of type III where o is a ray.

Let *B be a prime of bad reduction, i.e., where ) intersects the boundary of M¥. Let Ky be the
completion at ‘33 of the number field K and vy its normalized valuation. Let kg be the residue field of B3
and /qu an algebraic closure.

SA1. Type-II degeneration. Assume in this section that the boundary point lies in Bg ~where T is a cusp
label representative of type II.
Let J be the primitive isotropic plane associated to Y and let D = J Ll /J; see Section 4E for notation.
Recall from (2B.5) and (2C.3) that the completion of M= along the boundary divisor BY fits into the

following commutative diagram:
M
M

where the map 7 is an étale map of formal Deligne-Mumford stacks.

—

T M=

Spf(Z,1XT)  — DRE
d My M

The formal completion of )’ along ¥ induces a map

Spf(Oky) = ME,

which lifts by étaleness of 7 to a map
Spf(Oky) — M.

Denoting by x the image of the closed point sy, then we get a map of local rings
L\ @MT’X — OK‘B'

Let m > 1 be an integer coprime to N. By Proposition 2.4, the formal completion of the divisor Z(m)
is described as the union over A € D with Q(X) = m, of the vanishing set of the ideals Z,[X]] ® I 2 IE 1o
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is a generator of L., then the multiplicity of intersection of the branch parametrized by A at *J3 is equal to

v(d) = vp (W (/).
Hence the multiplicity of intersection of ) and Z(m) at 3 is given by
1
YV Zmp=- ) v,
reD,Q(W)=m

where d is the degree of 7 at p(sy).
For an integer n, define the set
L,={AeD]|v(X)>n}, (5A.1)

and notice that (L) is a decreasing chain of sets. It follows then
YVZmyp=s Y. v =Y |AeLy| QM) =m}l. (5A.2)
reD,Q(W)=m nx=1

The proposition below should be compared to what happens in the good reduction case in [Shankar
et al. 2022, Section 7]. For a definition of the successive minima used, we refer to [Eskin and Katznelson
1995, Definition 2.2].

Proposition 5.1. The sequence (L, Q), is a decreasing sequence of positive definite lattices which all
have the same rank r < b — 2. Moreover, the following holds:

(1) ﬂn Ln = {O}
(2) Foreveryn > 1, pL, € L,41.

3) For1 <r <b—2,let u;(L,) be the i-th successive minima of L, and let a;(L,) = ngksi wi(Ly).
Then we have
ai(Ly) 3¢ n'/ 0.

Proof. Let A, A € L,. From (2D.1), we see that ker(p;) Nker(p;,) and thus

Lo C L+ L.
It follows that
v(A+A") >min{v(X), v(1)} > n.

We conclude that L, € D is a subgroup and (L,, Q) is obviously positive definite. Moreover, since the
curve ) is not contained in any special divisor, (1) follows immediately.
For (2), let A € L,, with v(A) > n > 1. Then I p». 18 the ideal defining the kernel of the composition

D ®/8\—> /5\—> /5\
over Spf(f’)\Mh,Z).

"Recall that Z(m) is Cartier.
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Since the multiplication by p map is ramified at 0 with ramification degree equal to p, we conclude that
v(pr) z pv(A) Zn+1.

This also proves that the lattices L, have the same rank.
For (3), let n > 1 and let wg be a vector in L, such that Q (wg) = 1 (L,)>. By choosing my = (L,)?,
the height bound Corollary 4.4 implies

n < (V.Z(mo))p Ke mPO2,
Hence 1¢1(L,) 3> n'/®+9_ Since a;(n) > w1 (n), this concludes the proof. O

Proposition 5.2. Let D € 7. For X € Z-, let Sp x denote the set
{m €Z.01X =m<2X, 2 eZN @2 (m, N)= 1}.

Then we have

3 @.Zm)g = o(X TV 2 l0g X).

mES/_).X

Proof. We have
Yo @Emyp< Y Y el QW =ml=) Y HreL,| Q0)=m}l.
mESD,X mESD,X n>1 n>1 mESD,X

By [Eskin and Katznelson 1995, Lemma 2.4], we have the following estimate which only depends on the
rank r of the lattices L, and hence not on n

Y e Lyl Q) =m)] <<Z

mESDX _0 ‘](Ln)
On the other hand, if A € L, with Q(A) =m € Sp x, then p; (L,)* <m < X; hence n « X®19/2 and

O (X(b+e)/2)

Y EZmp< Y. Y. el Q) =m]

mESD,X mESDx n>1
ro x0teor2 j/
<<Z Z n]/(b-i—e)
n>1

< Z XAl b+)6+0/2 _ g (xb+e/2),
=0
Hence the result. g

5A2. Type-Ill degeneration. Let (E, o) be a toroidal stratum representative of type III such that ¢ is a
ray. We use notation from Section 2B2.
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By our choice of X, the curve ) touches the boundary of M ¥ at a locally closed boundary divisor B=7.
Let M= be the formal completion of MZ along BZ-? and hence we get a map

Y M. (5A3)
By Section 2BS5, the following maps of formal Deligne-Mumford stacks are finite étale:
|_| ?E/R%ME,(;—)/Q\E.
Q%,\AT /Ko
Hence map (5A.3) lifts to map
Y = SpfZplga | @ € TE N gD

This corresponds to a morphism

Zp) 190 Mgalaery. @.m=0 = Oky- (5A.4)

Let L € K; =TI'g with Q(X) = m. By Section 2D2 the branch of the special divisor Z(m) parametrized
by A intersects the boundary only if (A.@w) = 0. In the latter case, by Proposition 2.5, its equation is given
by ¢* — 1 and the multiplicity of intersection of ) with the branch given by A is the p-adic valuation of
the element g* — 1 under the map (5A.4).

Let x € BEO(F p») be the image of ‘3. Then by the previous discussion, we conclude that

Z(m))g =+ v,y(g* — 1),
V-Zm)y = - AeK,m;Qm:m plg"—1)
where d is the degree of the map (5A.3) at x.
Forn > 1, let
Ly={reKNor|v,(g"—1)>n)}.

Then we can rewrite the multiplicity intersection at 3 as

1
YV-Z(m)g =~ glu €Ly | Q) =m}.
Proposition 5.3. The lattices (L, Q) are positive definite lattices of rank r < b — 1 independent from n
and they satisfy the following properties:

(1 M), L. = {0}
(2) Foreveryn > 1, pL, € L,41.
(3) For1 <r <b—1, let u;(L,) be the i-th successive minima and let a; (L,) = 1—115k5i wi(Ly). Then

we have
ai(Ly) > n'/ 0+,

Proof. The proof is similar to the proof of Proposition 5.1. Let A, A’ € K Nw*. By writing

qk+k/_1:qk(qk/_l)+qk_l’
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we get that L, is a lattice and it is obviously positive definite as K; is Lorentzian and w is a negative
normed vector.
Let 7 be a uniformizer of Oky and let A € L,,. Then q’\ =14 m".u for some u € Ok, Hence

g 1=t = 1= (P )il =7

i>1
Hence (2). The rest of the proof is similar to Proposition 5.1. O

As a consequence, we get the following proposition, whose proof is identical to that of Proposition 5.2
and we omit it.

Proposition 5.4. Let D € 7> be coprime to N. For X € Z~, let Sp x denote the set
{m €Z.0|X =m<2X, " €ZN (@) (m, N) = 1}.

Then we have

3 WZm)p = o(XPH 1og X).

mGSD,X

5B. Function field setting. In this section, we prove Proposition 4.11. We assume here that the lattice
(L, Q) is self-dual at p and we let Mg, be the mod p GSpin Shimura variety associated to (L, Q). Let
% be a polyhedral cone decomposition which satisfies Proposition 4.9.

Let .¥ — M%p be a finite map as before and let P € ./ (Fp) be a point mapping to the boundary
of M%p. Let denote k = [ p- The point P lies either in a boundary stratum of type II or type III. We treat
each case separately.

SB1. Type-1I degeneration. Assume that the image of P is in ng (k) where T is a cusp label representative
of type II.

Let . ~ Spf(k[[¢])) be the formal completion of . along s. Then by reasoning similarly to Section SA1,
specifically using the reduction mod p of (2C.3), we get for every A € D with Q(A) =m > 1, m coprime
to N a map

@, : Optyy,, — kIt

Let v(A) denote the ¢-adic valuation of the generator fj of I, ,. Then similarly to the number field
case, we have:

Lemma 5.5. The multiplicity of intersection of ¥ and Z (m)g, at P satisfies

mp(7, Z(m)g,) < Y _ L eL,| Q) =m}].

n>1

Now we are ready to prove Proposition 4.12.
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Proposition 5.6. The sequence of lattices (L, Q) satisfy the same properties as in Proposition 5.1 and
letting S be as in Section 4B, we have the following estimate for X > O:

Y mp(F, Z(m)g,) = 0 (XTI

MGSX

Proof. The same proof as in Proposition 5.1 shows that the lattices (L,, Q) enjoy the same properties of
the aforementioned proposition. For the second part, we have

Y mp(Z ZmE,) < Y D A eLy | Q) =ml]

meSy meSx n>1
O(X(h+e)/2)
< > lreL,| QM) <m}|
n=1
0(X§>/z) royin
<
e KLY
r KON xin b+
<L X e = OXUTD). =
=0 n=1

5B2. Type-l1il degeneration. Assume now that there exists a toroidal stratum representative (Z, o) such
that o is a ray and such that P lies in B[FEP’U (k). Using a similar approach to Section 5SA2 by taking
reduction mod p, we get a map

klgo | @ € Tz N 1lgw ] — K11,

sending g,y to an element of the ideal (¢). Let v denote the ¢-adic valuation on k[[¢]]. Then, for m coprime
to N, the multiplicity of intersection of .# and Z(m)f , at P satisfies

mp(Z, Zme,) < > (gt =D).
reKNwt, Q(\)=m

If we define the sequence lattices L, as
Ly={re KNw"|v(g"—1)=n},
then
mp(F, Z(m)g,) < Y A€ Ly, Q) = m}].

n>1

Now the rest of the proof is similar to Section SA2. This proves Proposition 4.12 in the remaining
type-1II case.

6. Applications

In this section, we present a proof of Theorem 1.5. This approach is inspired from [Maulik et al. 2022a].
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6A. Hecke orbit conjecture.

6A1. The orthogonal case. Since GSpin Shimura varieties are finite covers of orthogonal ones, it is
enough to prove the result for GSpin Shimura varieties.

Let Mg, be the reduction mod p > 5 of a GSpin-type Shimura variety with hyperspecial level at p
associated to a lattice (L, Q), which is assumed to be self-dual at p and of signature (b, 2). We will
prove Theorem 1.5 by induction on b, which is also the dimension of Mg, .

The case b = 1 is immediate: the prime-to-p Hecke orbit of x is infinite, hence Zariski dense.

Assume now that n > 2 and the result of Theorem 1.5 holds for all ordinary points in GSpin Shimura
varieties of dimension less than b — 1 with hyperspecial level at p. Let x be an ordinary point in M (F »)
and let T, be the Zariski closure of its prime-to-p Hecke orbit. Then 7 has positive dimension and
intersects the ordinary locus nontrivially. Hence we can find a smooth quasiprojective curve . and a
finite map

y—)./\/l[Fp

whose image is contained in T and which is contained in the ordinary locus. Moreover, we can assume
that this image is not contained in any special divisor. Indeed, the same argument used for proper curves
in [Maulik et al. 2022a, Lemma 8.11] works in our setting with no change. By Theorem 1.3, the curve .
intersects infinitely many divisors Z(m)g, with (m, p) = 1. The special divisors Z(m)g, are themselves
the union of GSpin Shimura varieties of dimension b — 1 with hyperspecial level at p since m is coprime
top.Letye.? (F »HNZ (m)(F p) for some irreducible component Z’(m) of Z(m). Then y is ordinary
and the prime-to-p Hecke orbit of y in Z'(m)g, is Zariski dense by the induction hypothesis. Since
this orbit is a suborbit of the Hecke orbit in M[Fp, we conclude that Z’ (m)[pp C Ty. Furthermore, it is
straightforward to check that the collection of the divisors Z’(m)[pp must be infinite by Theorem 1.3.
Hence we conclude that 7, = Mg, which is the desired result.

6A2. The unitary case. We prove in this section the Hecke orbit conjecture in the unitary case using the
reduction to the orthogonal case already used in [Maulik et al. 2022a, Remark 8.12] and in [Shankar et al.
2022, Section 9.3].

Let Mg, be the mod p points of the canonical model of a unitary Shimura variety associated to an
imaginary quadratic field k, a unitary group of signature (r, 1) with hyperspecial level at p as described
in [Bruinier et al. 2020, Section 2.1] such that p is split in k. Consider the family of special divisors
Zgrqa(m) as described in [loc. cit., Section 2.5] which are themselves unitary Shimura varieties associated
to unitary groups of signature (r — 1, 1) and hyperspecial at p when p does not divide m. Then using
a similar argument to [Shankar et al. 2022, Section 9.3] and further explained in [Maulik et al. 2022a,
Remark 8.12], we have the following theorem which is a consequence of Theorem 1.3.

Theorem 6.1. Assume that p > 5 and let ¥ — Mg, be a finite map from a smooth quasiprojective curve
< over F p and with generically ordinary image. Then the union over m prime to p of the intersections
N Zgrqa(m) is infinite.
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Now the Hecke orbit conjecture in the unitary case is an easy consequence of the above theorem and
the induction method explained in the previous paragraph.
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Curves with few bad primes
over cyclotomic Z,-extensions

Samir Siksek and Robin Visser

Let K be a number field, and S a finite set of nonarchimedean places of K, and write O for the group
of S-units of K. A famous theorem of Siegel asserts that the S-unit equation ¢ +§ = 1, with ¢, § € O,
has only finitely many solutions. A famous theorem of Shafarevich asserts that there are only finitely
many isomorphism classes of elliptic curves over K with good reduction outside S. Now instead of a
number field, let K = (¢ which denotes the Z,-cyclotomic extension of Q). We show that the S-unit
equation ¢ + 6 = 1, with ¢, § € O*, has infinitely many solutions for £ € {2, 3, 5, 7}, where S consists
only of the totally ramified prime above £. Moreover, for every prime ¢, we construct infinitely many
elliptic or hyperelliptic curves defined over K with good reduction away from 2 and £. For certain primes
£ we show that the Jacobians of these curves in fact belong to infinitely many distinct isogeny classes.

1. Introduction

Let ¢ be a rational prime and r a positive integer. Write (), , for the unique degree ¢" totally real
subfield of | J77; @(u,), where u,, denotes the set of £"-th roots of 1. We let Qoo ¢ = |, @, ¢; this is
the Z,-cyclotomic extension of Q, and Q, , is called the r-th layer of (0o ;. Now let K be a number
field, and write Koo ¢ = K - Q¢ and K,y = K - Q4. To ease notation we shall sometimes write Ko
for Ko ¢. We write On (or Ou ¢) for the integers in Ko (i.€., the integral closure of Z in K,), and
write O, (or O, ) for the integers of K, ;. Clearly O ¢ = |, Oy,¢. The motivation for the present paper
is a series of conjectures and theorems that suggest that the arithmetic of curves (respectively abelian
varieties) over K, is similar to the arithmetic of curves (respectively abelian varieties) over K. One of
these is the following conjecture of Mazur [1972], which in essence says that the Mordell-Weil theorem
continues to hold over K.

Conjecture (Mazur). Let A/K be an abelian variety. Then A(K o) is finitely generated.

Another is a conjecture of Parshin and Zarhin [1989, page 91] which is the analogue of Faltings’
theorem (Mordell conjecture) over K.

Conjecture (Parshin and Zarhin). Let X /K~ be a curve of genus > 2. Then X (K ) is finite.
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A third is the following theorem of Zarhin [2010, Corollary 4.2], which asserts that the Tate homomor-
phism conjecture (also a theorem of Faltings [1983] over number fields) continues to hold over K .

Theorem (Zarhin). Let A, B be abelian varieties defined over K «, ¢, and denote their respective £-adic
Tate modules by T;(A), T;(B). Then the natural embedding

Homg (A, B)® Zy — HomGal(@/Koo) (Te(A), Ty(B))
is a bijection.

Mazur’s conjecture is now known to hold for certain elliptic curves. For example, if E is an elliptic
curve defined over Q then E(Qy) is finitely generated thanks to theorems of Kato, Ribet and Rohrlich
[Greenberg 2001, Theorem 1.5]. From this one can deduce [Greenberg 2001, Theorem 1.24] that X (Qx)
is finite for curves X /Q of genus > 2 equipped with a nonconstant morphism to an elliptic curve X — E
defined over Q2. We also note that the conjecture of Parshin and Zarhin follows easily from Mazur’s
conjecture and Faltings’ theorem. Indeed, using the Abel-Jacobi map we can deduce from Mazur’s
conjecture that X (K.,) = X (K,) for suitably large r, and we know that X (K,) is finite by Faltings’
theorem.

It is natural to wonder whether other standard conjectures and theorems concerning the arithmetic of
curves and abelian varieties over number fields continue to hold over K,. The purpose of this paper is to
give counterexamples to potential generalizations of certain theorems of Siegel and Shafarevich to K.
A theorem of Siegel (e.g., [Abramovich 2009, Theorem 0.2.8]) asserts that (P! — {0, 1, oo})(Ok s) is
finite for any number field K and any finite set of primes S; modern proofs can be found in [Kim 2005;
Lawrence and Venkatesh 2020; Poonen 2021]. We show that the corresponding statement over Qg ¢ is
false, at least for £ =2, 3, 5, 7. We denote by v, the totally ramified prime of (0 ¢ above £ (the precise
meaning of primes in infinite extensions of @ is clarified in Section 2).

Theorem 1. Let ¢ =2,3,5 0or 7. Let

Sz{{w} ift=2,5,7, (1)

o] if ¢ =3.
Let Og denote the S-integers of Qo ¢. Then (P! —{0, 1, 0o})(Oy) is infinite.

Remarks. « There have been several recent papers showing that P! — {0, 1, oo} and other punctured
curves have no or few integral points over various infinite families of number fields e.g., [Freitas et al.
2020; 2021a; 2021b; 2022; Triantafillou 2021]. In particular, it is shown in [Freitas et al. 2020] that
(P! — {0, 1, 00})(Os) = @ for £ # 3. The obstruction given in [loc. cit.] for £ # 3 is local in nature.
In essence, Theorem 1 complements this result, showing that we can obtain infinitely many integral or
S-integral points in the absence of the local obstruction. The proof of Theorem 1 is constructive.

o Theorem 1 strongly suggests that the conjecture of Parshin and Zarhin does not admit a straightforward
generalization to the broader context of integral points on hyperbolic curves. We also remark that there
is a critical difference over K., between complete curves X of genus > 2 and P! — {0, 1, oo}. For the
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former, the group of K.-points of the Jacobian is expected to be finitely generated by Mazur’s conjecture.
For the latter, the analogue of the Jacobian is the generalized Jacobian which is G, x G,,, and its group
of Koo-points is (G, x G)(Koo) = OF x OF, which is infinitely generated.

Variants of the proof of Theorem 1 give the following.
Theorem 2. Let £ =2,3 or 5. Let S = {v,} and write Os for the S-integers of Qs ¢. Let

{1,2,3,4,5,6,7,8,10,12,24} if £=2,3,
(1,2, 4) if £ =5.

Then (P! — {0, k, 00})(Oy) is infinite.

Let &g denote a primitive £”-th root of 1, and write €2, = Q(&¢~), and Qj’g = Q& + QZ]). Let
o0 o0
Qor=Jme. @, ,=lJo!,
n=1 n=1

We note the inclusions Q40 ¢ D Q:;o ¢ D Qoo.¢. Nagell [1969, page 181] points out that 1+ & is a unit for
£ odd, and that therefore the equation € + § = 1 has the solution € = —¢g, § = 1 4 ¢ in units belonging
to Q,.¢. It follows straightforwardly from this (see the beginning of Section 3) that P! — {0, 1, 0o} has

infinitely many integral points defined over 2, ¢. Many of our constructions of S-integral points on

+

w.¢» Where the statements are in fact

P! —{0, 1, oo} apply in greater generality to the fields Q2. ¢ and
much cleaner. For example, we prove the following theorem.

Theorem 3. Let £ be an odd prime. Then (P' — {0, 1, 00})(O(Q, ,)) is infinite.

Here O(Q:O’ ;) denotes the integers of Q;“o ¢

Shafarevich’s conjecture asserts that for a number field K, a dimension n, a degree d, and a finite set of
places S, there are only finitely many isomorphism classes of polarized abelian varieties defined over K
of dimension n with degree-d polarization and with good reduction away from S. This conjecture was
proved by Shafarevich for elliptic curves (i.e., » = 1) and by Faltings [1983] in complete generality. If
we replace K by (0 ¢ then the Shafarevich conjecture no longer holds. For example, consider

E,:eY>=X>—X,

where ¢ € OF. This elliptic curve has good reduction away from the primes above 2. Moreover, E,,
E; are isomorphic over Q, if and only if £/8 is a square in OX. As 0% /(OX)? is infinite, we deduce
that there are infinitely many isomorphism classes of elliptic curves over (D, with good reduction away
from the primes above 2. It is however natural to wonder if a sufficiently weakened version of the
Shafarevich conjecture continues to hold over Q. Indeed, the curves E, in the above construction form
a single @-isomorphism class. This it is natural to ask if, for suitable ¢ and finite set of primes S, does
the set of elliptic curves over Qo with good reduction outside S form infinitely many Q-isomorphism
classes?
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Theorem 4. Let £ =2, 3, 5, or 7. Let S be given by (1) and let ' = S U {v,} where v, is the unique
prime of Qoo ¢ above 2. Then, there are infinitely many Q-isomorphism classes of elliptic curves defined
over Quo ¢ with good reduction away from S’ and with full 2-torsion in Qu ¢. Moreover, these elliptic

curves form infinitely many distinct Qoo ¢-isogeny classes.

Remarks. « By [Freitas et al. 2020, Lemma 2.1], a rational prime p # £ is inert in Q¢ if and only if
p'~1 £ 1 (mod £2). Tt follows from this that 2 is inert in Quo ¢ for £ =3, 5, 7 and 11.

» Faltings’ proof [1983] of the Mordell conjecture can be considered to have three major steps. In the
first step, Faltings proves the Tate homomorphism conjecture. In the second step, Faltings derives the
Shafarevich conjecture from the Tate homomorphism conjecture, and in the final step Faltings uses the
“Parshin trick” to deduce the Mordell conjecture from the Shafarevich conjecture. Although Zarhin has
extended the Tate homomorphism conjecture to K »,, Theorem 4 suggests that there is no plausible strategy
for proving the conjecture of Parshin and Zarhin by mimicking Faltings’ proof of the Mordell conjecture.

It is natural to wonder if the isogeny classes appearing in the proof of Theorem 4 are finite or infinite.

Rather reassuringly they turn out to be finite.

Theorem 5. Let E be an elliptic curve over Qwo ¢ without potential complex multiplication. Then the

Qoo ¢-isogeny class of E is finite.

The original version of Shafarevich’s conjecture [1963] (also proved by Faltings [1983, Korollar 1])
states that for a given number field K, a genus g and a finite set of places S, there are only finitely many
isomorphism classes of genus-g curves C/K with good reduction away from S. Again this statement
becomes false if we replace K by (Do ¢ for any prime £.

Theorem 6. Let g > 2 and let £ =3, 5,7, 11 or 13. There are infinitely many Q-isomorphism classes of
genus-g hyperelliptic curves over Q¢ with good reduction away from {v;, v}.

Theorem 7. Let £ > 11 be an odd prime and let g = I_%J. There are infinitely many Q-isomorphism
classes of genus-g hyperelliptic curves over Quo ¢ wWith good reduction away from {va, v¢}. Moreover, if

¢ e {11, 23,59,107, 167, 263, 347, 359},

then the Jacobians of these curves form infinitely many distinct Qoo ¢-isogeny classes.

The paper is structured as follows. In Section 2 we recall basic results on units and S-units of the
cyclotomic field (X(¢). In Sections 3—6 we employ identities between cyclotomic polynomials to give
constructive proofs of Theorems 1, 2 and 3. Section 7 gives a proof of Theorem 5, making use of a deep
theorem of Kato to control the Q0 ¢-points on certain modular curves. Section 8 uses the integral and
S-integral points on P! — {0, 1, oo} furnished by Theorem 1 to construct infinite families of elliptic curves
over Qqo ¢ for £ =2, 3, 5, 7, with good reduction away from {v,, v}, which are used to give a proof of
Theorem 4. Sections 9 and 10 give proofs of Theorems 6 and 7, making use of the relation, due to Kummer,
between the class number of Q (&)™, and the index of cyclotomic units in the full group of units.
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2. Units and S-units of Q(¢)

Let K be a subfield of @. We denote the integers of K (i.e., the integral closure of Z in K) by O(K).
Let p be a rational prime. By a prime of K above p we mean a map v : K — QU {oo} satisfying the
following:

* v(p) =1, v(0) =o0.

e Ulgx : KX — Q is a homomorphism.

e v(1+b) =0 whenever v(b) > 0.
Suppose K = J K,, where Ky C K| C K, C - - is a tower of number fields (i.e., finite extensions of Q),
with Ky = Q. One sees that the primes of K above p are in one-to-one correspondence with sequences
{p,} where:

e p, is a prime ideal of O(K,,).

* Put1 | PnO(Knt1).

* po = pZ.
Indeed, from v one obtains the corresponding sequence {p,} via the formula p, = {o € O(K},) : v(«) > 0}.
Given a sequence {p, }, we can recover the corresponding v by letting

v(a) = ordy, () / ordy, (p)

whenever o € K. Given a finite set of primes S of K, we define the S-integers of K to be the set
O(K, S) of all @ € K such that v(«) > O for every prime v ¢ S. We let O(K, S)* be the unit group of
O(K, S); this is precisely the set of @ € K> such that v(a) = 0 for every prime v ¢ S. If S = & then
O(K, S) = O(K) are the integers of K and O(K, S)* = O(K)* are the units of K.
Fix a rational prime ¢. For a positive integer n, let {;» denote a primitive £"-th root of 1 which is
chosen so that
é‘g[nJrl = {on.

Let €2, ¢ = Q(¢&en); this has degree ¢(£"), where ¢ is Euler totient function. Let

o0
Qoo e = U Qe
n=1

The prime ¢ is totally ramified in each €2, ¢, and we denote by A, the unique prime ideal of O(2, ¢)
above £. Thus

£-O(2,.0) =27, )

We write v, for the unique prime of Q2 ¢ above €. Fornow fixn > 1if £ Z2andn >2if £ =2. We
recall that A, = (1 — gn) - O(S2,¢). If £4s then (1 —¢;,) - O(Ry,¢) = A3 We can see this by applying the
automorphism &g — ¢, to (2).
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Lemma 8. Let s be an integer and let t = ordy(s). Suppose t < n. Then

(L= ¢5) - O(Qe) = 15
Moreover,

vl =6 = Gy

Proof. Write ¢ = ¢yn. Note that ¢* is a primitive £"'-th root of 1. Thus
(1=¢%)- O Qu—r.0) = An—s.
As ¢ is totally ramified in €2, ¢, we have
(1=¢") - O(Que) = 2y =

For the final part of the lemma,

ord;, (1—-¢°%) A B 1
ord;, (0) @) el —1)

v(1-12°) =

Cyclotomic units and S-units. Write V,, for the subgroup of O(2,,, {vs})* generated by

{j:é'[n, 1 _;an 01 Sk <£n}
and let
C,=V,NnO,)*.

The group C,, is called [Washington 1997, Chapter 8] the group of cyclotomic units in 2,,. We will often
find it more convenient to work with the group V.

Lemma 9. The abelian group V,, /{£em) is free with basis
{1—¢h 1<k <0")2, 04k} (3)

Proof. The torsion subgroup of V,, is the torsion subgroup of 2 which is (+¢¢). Thus V, /(£gm) is
torsion free. By definition of V,,, the group V), /(%) is generated by 1 — an with £"tk. Write k = £"d
with £1d; thus r < n. Suppose r > 1. Then,
I—gh=1-¢n"
-1 -1

= [Ta—-gic) uing 1-X" =[]0 -¢x)
i=0 i=0
-1

=[Ja-¢ .

i=0

It follows that V;, /(=) is generated by 1 — ¢f, with £1k. If €"/2 < k < €" and €{k then

1—¢h=—ck—¢c5™). (4)
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Thus (3) certainly generates V,,/(£¢,'). Note that (3) has cardinality ¢(¢£")/2 where ¢ is the Euler totient
function. It therefore suffices to show that V, has rank ¢(£")/2. A well-known theorem [Washington
1997, Theorem 8.3] states that C,, has finite index in O(£2,,)* and thus, by Dirichlet’s unit theorem, C, has
rank —1 4+ ¢(£")/2. We note that C, is the kernel of the surjective homomorphism V,, — Z, sending p
to ord,, (). Thus V,, has rank ¢ (€"*)/2 completing the proof. (|

Lemma 10. Letn >2if{ £2andn >3 if £ =2. Then V,,_1 C V,,. Moreover,

[T (-cir® e (Egm, Vo)
I<k<t"/2
etk
if and only if ¢y, = ¢, whenever k = m (mod .

Proof. The group V,_; is generated, modulo roots of unity, by 1 — Q‘Lffl_l with £1d. By the proof of

Lemma 9,
-1
ipn—1
I—gh=1—gi =[Ja - .
i=0
The lemma follows from Lemma 9. O

Given a € Z;, it makes sense to reduce a modulo ¢" and therefore it makes sense to write ¢;,. We
write {a}, for the unique integer satisfying

0<{a}, <?"/2, {a},==+a (mod").
Lemma 11. Letay,...,a, € Zyandcy, ..., c, € Z. Suppose:

(i) ¢1 #0.
(i) a1 £ 0 (mod ¢).
(iii) a) # +as, £as, ..., £a, (mod £").

Write
en= ] A—gi4. (5)

I<i<r
Then, ¢, ¢ (£, V1) for all sufficiently large n.

Proof. If a; =0 (mod ¢) then (1 — ;ea,.j ) € V,—1. We may therefore suppose a; # 0 (mod £) for all j.
Write
8= [ a—gi™e.
I<i<r

In view of the identity (4) it will be sufficient to show that §,, ¢ (¢, V,—1) for n sufficiently large. Also,
in view of Lemma 10, it is sufficient to show for sufficiently large n that {a,}, # {a;}, (mod ¢") for all
2 < j < n. This is equivalent to a; # *a; for 2 < j < n which is hypothesis (iii). This completes the
proof. O
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The following corollary easily follows from Lemma 11.
Corollary 12. Leta,,...,a, € Zyandcy, ..., c, € Z. Suppose:
(1) ¢1 =1 (mod 2).
(i1) a1 # 0 (mod £).
(iii)) a; # Fas, £as, ..., £a, (mod£").
Let ¢, be as in (5). Then, e, ¢ (£, V1, Vnz)for all sufficiently large n.

Units and S-units from cyclotomic polynomials. For m > 1, let ®,,(X) € Z[X] be the m-th cyclotomic
polynomial defined by
o, (X)= [] xX-¢).

1<i<m
(i,m)=1
These satisfy the identity [Washington 1997, Chapter 2]
X" —1=]]®aX). (6)
dlm
It follows from the Md&bius inversion formula that
®,(X) = [ (X4 = rem/a, ()
dlm
where © denotes the Mobius function.

Lemma 13. Let ¢ be a prime and n > 1. Let m > 1, and suppose £" {m:

(@) Dy(Len) € Vo SO, S)*, where S = {vug}.

(b) If m #£ " for allu > 0, then ®,,(¢n) € C, € O(R2p.0) .
Moreover,
L/@=te-1), =0,
1/, l<r<n-—1.
Proof. Let t = ord,(m) < n. Observe that ®,,(X) | (X" —1). Hence ®,,(e) - O(S2y,,¢) divides (1 —¢)1) -
O(Qp,¢). By Lemma 8 we have (1 —¢/1) - O(S2,,0) = )\flt, giving (a).
For (b), write m = €'k where k > 1. Then ®,,(X) divides the polynomial (X" —1)/(X* —1). Therefore
cI>m (Q”) . O(Qn,g) divides

Ue(Ppr (Gen)) = {

St RO )—’\ﬁ’—1 O(Qn0)
(1—§[,i) n,t _)\flt - nt)-.

Thus ®,, (&) is a unit, giving (b).
The final part of the lemma follows from Lemma 8, and the formulae
X -1, t=0,

Pe(X) = {(x‘f’ xS, 1> 0
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Lemma 14. Letn >2if L #2 andn >3 if £ =2. Then V,,/{Xem) is free with basis
(P (Cen) 11 <m < £"/2, £4m}.

Proof. This follows from Lemma 9 thanks to identities (6) and (7). O

3. The S-unit equation over Q(&p)™*

We continue with the notation of the previous section. In particular, let K be a subfield of @ and S be a finite
set of primes of K. Let k be a nonzero rational integer. We shall make frequent use of the correspondence
between elements of (P! — {0, k, 00})(O(K, S)) and the set of solutions to the S-unit equation

e+8=k &8ecOK,S)x,

sending & € (P! — {0, k, o} (O(K, S)) to (g, 8) = (e, k — ¢).
Now, as before, let £ be a rational prime and 7 is a positive integer. If £ =2 suppose n > 2. Let { = {¢»,
and write Q: ¢ = Q(¢ +1/¢) for the index-2 totally real subfield of €2, ¢. Let

00
+ +
Qoo,E - U Qn,f'
n=1

In this section, for suitable S, we produce solutions to S-unit equations over Q; ‘-
As before, ®,, denotes the m-cyclotomic polynomial. It is convenient to record the first few @,,:

P=X—-1 &=X+1, P3=X"+X+1,
Dy=X>+1, Os=X'+X+ X+ X+1, Dg=X"—X+1,
D7 =X+ X+ X+ X+ X2+ X +1, dg=X"+1,
Po=X+X4+1, Dp=X'—-X4+X>—X+1.

We shall call a polynomial F € Z[X] supercyclotomic if it is of the form X™ f| f> - - - fx where each
fi(X) is a cyclotomic polynomial. We know, thanks to Lemma 13, that if F is supercyclotomic and ¢ is
a prime, then F({pm) € O(2,, {ve})™ for n sufficiently large. We wrote a short computer program that
lists all supercyclotomic polynomials of degree at most 20 and searches for ternary relations of the form
F — G =kH with F, G, H supercyclotomic, gcd(F, G, H) =1 and k is a positive integer. Note that any
such relation F — G = kH gives points

en = F (L) /H () € (P' — {0, k, 00})(O(Qu, {ve})),

for n sufficiently large. We found the following ternary relations between supercyclotomic polynomials:

dy(X)? — D3(X) = X, (8)
Dy (X)? — Py(X) = 2X, 9)
Dy (X)? — De(X) = 3X, (10)

D,(X)? — D (X)? =4X, (11)
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2(X)* — P1o(X) = 5X D3(X), (12)

D3 (X)P3(X) — D1 (X)>D6(X) = 6X D4(X), (13)
D7(X) — D1(X)® = TX D6(X)?, (14)

Py (X)* — @1 (X)* = 8X D4(X), (15)

Dy (X)*05(X) — D1 (X)*P1(X) = 10X D4(X)’. (16)

From the identities (6) and (7) one easily sees that F(X*) is supercyclotomic for any supercyclotomic
polynomial F and any positive integer k; thus each of the nine identities above in fact yields an infinite
family of identities. We pose the following open problems:

« Are there ternary linear relations between supercyclotomic polynomials that are outside these nine
families?
« Classify all ternary linear relations between supercyclotomic polynomials.

Lemma 15. Let ¢ : 2y — Q¢ denote complex conjugation. Let n > 1 and let £ = &y be an £ -th root of 1.
Let m > 1 and suppose €"tm. Then

D (0)° {¢—¢<m>, m>2,
Pp(¢)  |=¢7' m=1.
Proof. Note that £€ =¢~!. So
Q10 ¢ C2(0)° _ ¢TI
®1(2) ¢—1 ®1(2) ¢+1

Let m > 3. The polynomial ®,, is monic of degree ¢(m), and its roots are the primitive m-th roots of 1

=—¢ =c L

which come in distinct pairs 5, n~!. Thus the trailing coefficient is 1. It follows that X*" &, (X~ 1) is
monic and has the same roots as ®,,, therefore

@, (X) = XM, (X7).
Hence
P _ PnCD _
®,,(8) @, (8)
Lemma 16. Let £ be a prime. Let F € Z[X] be a product of powers of cyclotomic polynomials. Suppose
that the exponents of ©1(X) and ©,(X) in the factorization of F are both even. Then F has even degree

O

and, for suitably large n, we have
(T ORE(E) € 0@y . 9,

n,t>

where £ = Lo and S = {v,}.

Proof. We note that ®,, has degree ¢ (m) which is even for m > 3. It follows from this that F' has even
degree. From Lemma 13 we have ¢ ~9¢")/2F(¢) € O(Q,,.4, S)* for suitably large n. To prove the lemma
we need to show that ¢ ~9€F)/2 F(¢) is fixed by complex conjugation. Let G be either ®2, or CD%, or ®,,
with m > 3. We claim that ¢ ~9€(@)/2G(¢) is fixed by complex conjugation. Since F is a product of
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such G, the lemma follows from our claim. The claim is trivially true for G = CI>% and G = d>%, and
follows immediately from Lemma 15 for G = ®,, with m > 3. g

Lemma 17. Let S = {v,}. Let
ke{l,2,3,4,5,6,7,8,10}.

Then (P! — {0, k, co))(O(QT,, 8)) is infinite.

00,¢°

Proof. The proof makes use of identities (8)—(16). Each identity has the form P — Q = kX R, where
P, O, and R are supercyclotomic polynomials. Let n be sufficiently large so that s« is not a root of

P QR, and write
P () = 0(@&Ge)

Lo R(Ge) " R(Cen)
From the identity P — Q = kX R we see that ¢, + 8, = k. We note the following features of the triples
(P, @, R) common to all the identities (8)—(16):

n =

 In every case, P, Q, R are products of powers of cyclotomic polynomials where the exponents of
&, and ®, are both even.

o Write d = deg(P). Then deg(Q) = d and deg(R) = d — 2. Indeed as supercyclotomic polynomials
are monic, the relation P — Q = kX R forces P and Q to have the same degree as soon as k > 2.

We may rewrite ¢, as

—d/2 —d/2

_ Qn P(Q") s _Qn Q({K")
TR T G T R
By Lemma 16, we have ¢,, §, € (’)(Qn o
on P! — {0, k, oo}. To complete the proof we need to show that we obtain infinitely many distinct points

S)* for n suitably large, and therefore ¢, is an O(Q;’, S)-point

as we vary n. We will do this for k£ = 10. The other cases are similar. Note that
d>z(§en)4d>5(§zn) (=221 —=20)
Lon®aCe)® L (1= Le)S(1— )3

To show that we obtain infinitely many distinct g, it is enough to show that ¢, ¢ V,,_; for n sufficiently

n

large. This follows by an easy application of Lemma 10; to illustrate this let £ =5 and suppose &, € V,,_1.
Note that 1 — ;55,1 € V,_1. It follows that

(1—=2s) A =22)" (= ¢8) 73 € (Lo, V1),

Now in the product on the left the exponent of 1 — ¢5» is —5 whereas the exponent of 1 — {5],l+ 7 s 0,
contradicting Lemma 10. The proof is similar for £ =2, and for £ #£ 2, 5. It follows that we have infinitely
many O(Q2F ,, S)-points on P! — {0, 10, co}. O

00,¢°

Proof of Theorem 2 for £ = 2 and 3. For £ = 2, 3, we have Q;,z = Qo ¢. Indeed, if £ = 2 then
Q2 = Q:Jrz,z and if £ = 3 then Q,3 = QLLS' Therefore Theorem 2 with £ = 2 and 3 follows
immediately from Lemma 17 for k € {1,2,3,4,5,6,7, 8, 10}.
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Also, if £ =2, then the infinitely many solutions ¢ +§ = 6 yield infinitely many solutions for 2e 425 =12
and 4¢ 448 = 24. And if € = 3, then the infinitely many solutions ¢ + § = 4 yield infinitely many
solutions 3¢ + 36 = 12, and similarly the infinitely many solutions € +§ = 8 yield infinitely many solutions
3¢ + 38 = 24. This proves Theorem 2 for £ =2, 3 and k € {12, 24}. Il

Proof of Theorem 1 for £ = 2. Theorem 1 for £ =2 is simply a special case of Theorem 2. O

4. The unit equation over Q (&)™

For roots of unity «, 8, we let

a4+ a? Dg ()
E(, p) = o g1y ’
(@™ ta= p)ap+a )  Pi(ap)Pa(a/p)
2, g2
Fla. )= B~+B P3(B)

@B~ ' +a 1) @p+a !B T u@B)Pa(B/a)’
We easily check that

E(a, B)+ F(a, ) = 1. 17)
Lemma 18. Suppose £ is odd and n > 1. Let { = {pm. Let i, j be integers satisfying i, j, i + j,
i—j#0 (mod£"). Then E(5', ¢7), F(¢', ¢/) € O} ), and satisfy the unit equation
e+d=1, £8€0(Q, )" (18)

Moreover,
Kordg(i-i-j) + Eordg(i—j)

o=l —1)

(E@' ¢ —F(¢h)) = (19)

Proof. Tt is clear that E(¢/, ¢/), F(¢', ¢/) are fixed by complex conjugation ¢ — ¢~! and so belong
to @ ,. By Lemma 13, E(¢', ¢/) and F(¢', ¢/) are units. It remains to check (19). We observe

(¢ =gy — ¢y (2D 1)) — 1)
(I I iy Dy (i) D)

The denominator is a unit by Lemma 13. Now (19) follows from Lemma 8. Il

EC¢, ¢ —F(' o)) =

Proof of Theorem 3. We deduce this from Lemma 18. Let us take for example i =2 and j = 1. Letn > 2
and let

en=ER, Cor), 80 =F(Ch, ).

By Lemma 18, ¢,, 8, € O(QY, ,)* and satisfy ¢, + 8, = 1. Thus &, € (P! — {0, 1, co)(O(Q, ).
Moreover,
2/(" e —1)), €>3,

U[(Zgn_l):Ug(gl’l_Bn) = {2/31’1—1’ €=3’

by (19). Thus &, # &, whenever n # m. Hence (P! —{0, 1, 00})(O(QZ, ,)) is infinite. 0O
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Remark. Theorem 3 applies only for £ odd; for £ =2 it is easy to show that the statement is false. Indeed,
let n, be the prime ideal of O(QIZ) above 2. Then O(QZZ)/nn = [F,, and a solution to £ + 8 = 1 with &,
Se (’)(Qj’z)X reduced modulo 7, gives 1 +1 =1 (mod 2) which is impossible.

Proof of Theorem 1 for £ = 3. We recall that Q3 = Q;ﬁ. Therefore Theorem 1 for £ = 3 follows

immediately from Theorem 3. (]

S. The S-unit equation over Qx5
The purpose of the is section is to prove Theorems 1 and 2 for £ = 5. These in fact follow immediately
from the following lemma.
Lemma 19. Let vs be the unique prime of Q5 above 5, and write S = {vs}. Then:
(i) (P'—1{0,k, o) (O(Qco5, S)) is infinite for k = 1, 4.
(i) (P! —{0,2, co))(O(Quo.5)) is infinite.

Proof. Let a € Z< be the element satisfying
a’=—1, a=2 (mod5);

such an element exists and is unique by Hensel’s lemma. Let 0 : 2,5 = Q20,5 be the field automorphism
satisfying
o (Esn) = L5

for n > 1. Note that o is an automorphism of order 4, and fixes a subfield of Q24 5 of index 4. This
subfield is precisely Qo 5.
Let
F = (x1x22 + X3xf)(x12x4 + x2x32),
G = (x{x2 + x3x2) (x15 + x3x3),
H = (x1 — x3)(x2 — x4) (x1X2 — x3x4) (X1 X4 — X2X3).

Observe F, G, H are invariant under the 4-cycle (x1, x;, x3, x4). One can check that F — G = H. Let
n > 2 and write ¢ = &sn. Let

_F@et o) o G et e )
TTHG " ) T THG e e )
From the identity F — G = H we have ¢, 4+, = 1. We shall show that ¢,, §,, € O(Qx 5, S)*.
Since o cyclically permutes ¢, ¢4, ¢!, ¢ 7@ we conclude that £(¢,¢%, ¢!, ¢7%) € Qo5 for f = F,
G, H. Thus ¢, 8, € Q5. Moreover,

3.2 2 2 2 2
F = xox3x5 - ®o(x1x5 /x3x5) P2 (x7X4/X2%5),
2.3 2 2 2,.2
G = x5x3x4 - Po(x7x2/x5x4) P2 (x1X; /X5%3),

H = xpx3x7 - @1 (x1/x3) - @1(x2/x4) - @1 (x1x2/x3%4) - 1 (x1%4/%2%3).
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Hence
. Py (¢ Dy (1)
D) D1(C2) D (22 Dy (£272)
_ (1 o §4+8a)(1 _ ;8—4a)
(=)A= 21 = 2R (1= 272 (1= g2 (1= g4-20)
and

B _;2aq>2(§4+2a)q)2(§-2—4a)
T D) P (LX) D ($ 22D (§2724)

_4-211(1 _ ;8—5—4(1)(1 _ c4—8a)
T (=)= (1= PR (1= 22 (1= ¢+ (1 = 274
We checked, using the fact that a = 7 (mod 25), that the exponents of ¢ in the above expressions for
&, and &, all have 5-adic valuation O or 1. It follows from this that ¢, §,, € V,, C O(R,,, S)* for n > 2.
Hence ¢, 6, € Qoo 5 N O(R2y, 8)* = O(Qx 5, S)* for n > 2. To complete the proof of the lemma for
k =1 itis enough to show that ¢, # ¢, for n > m, and for this it is enough to show that ¢, ¢ (s, V,,—1)

for n > 2. Since a = 7 (mod 25) we see that

n

44+8a=10, 8—4a=5, 2+4+4a=5 4—2a=15 (mod?25).

Thus the factors
1— §.4+8a 1= ;8—4& 1— ;2-‘,-4(1 1— §4—2a

all belong to V,,_;. Hence it is enough to show that
(1=¢HA =)A= P9 =272 (20)

does not belong to (£¢s», V,,—1). However, the exponents 2, 2a, 2 + 2a, 2 — 2a are respectively 2,4, 1, 3
modulo 5, and hence certainly distinct modulo 5"~!. It follows from Lemma 10 that the product (20)
does not belong to (3¢ss, V,,_1) completing the proof for k = 1.

The proof for k = 2 is similar, and is based on the identity F — G =2H, where

F = (x] 42123 +33) (03 + x0%4 +x7) = X335 - @3(x1/x3) - P3(x2/7x4),
G = (] —x103 +X3) (¥ — x2xa + x5) = x3x7 - Do (x1/x3) - P (x2/x4),
H = (x1x4 + X2x3) (x1X2 + x3%4) = x2x3%4 - Do (x1X4/%2X3) - D2 (x1X2/X3X4),
and likewise the proof for k = 4 is based on the identity F — G =4H, where
F = (x1+x3)°(x2 +x4)° = x3x5 - ©o(x1/x3)>D2(x2/x4)°,
G = (x1 —x3)*(x2 — x4)” = x50 - D1 (x1/x3)° D1 (x2/x4)°,
H = (x1x2 4 x3X4) (X104 + X2X3) = x2x3x4 - Do (X1x2/x324) P2 (x1x4/X23). O

Remark. It is appropriate to remark on how the identities in the above proof were found. Write

U, (X,Y)=Y*Md, (X/Y)
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for the homogenization of the m-th cyclotomic polynomial. Now consider

f(x1, x2, x3, x4) = ¥ (u, v),

where u, v are monomials in variables x1, x, x3, x4. Let £ be a prime. We see that evaluating any such f
at (¢, ¢P, ¢7, ¢%) gives an element of V,, (provided that it does not vanish). We considered products of
such f of total degree up to 20 and picked out ones that are invariant under the 4-cycle (x1, x2, x3, x4),
and searched for ternary relations between them. This yielded the identities used in the above proof.

Proof of Theorems 1 and 2 for £ = 5. Theorems 1 and 2 for £ = 5 follow immediately from Lemma 19. [

6. The S-unit equation over Q7

Lemma 20. Let vy be the unique prime of Q7 above 7, and write S = {v7}. Then
(P! —{0. 1, 00)(O(@x.7. 5))
is infinite.
Proof. In view of the proof of Lemma 19, it would be natural to seek polynomials F, G, H in variables
X1, ..., Xe satisfying the following properties:
e F£G=H.
e F, G, H are invariant under the 6-cycle (xy, x3, ..., Xg).

» Each is a product of polynomials

f(-xl’ xz’ IR XG) = \Ijm(u’ v)’
with u, v monomials in xq, ..., Xg.

Unfortunately, an extensive search has failed to produce any such triple of polynomials. We therefore
need to proceed a little differently.
Let a € Z7 be the element satisfying

a*+a+1=0, a=2 (mod7);

such an element exists and is unique by Hensel’s lemma. Let o, ¢ : Q24,7 = Q20,7 be the field automor-
phisms satisfying
o(Gm) =&, cGm) =&
for n > 1. Then Q7 is the field fixed by the subgroup of Gal(2.,7/Q) generated by o and ¢. We work
with polynomials in variables x1, x», x3. Let
F = (xlxg +x33)(x2x32 +x?)(x3x12 +x§),
G = (x1 — x2)(x2 — x3) (x3 — x1) (12 — x3) (X233 — X7) (x3x1 — x3),

H = (x{xa +x3)(x3x3 + x7) (x3x1 + x3).
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These satisfy the identity ' — G = H. Moreover, they are invariant under the 3-cycle (x1, x2, x3) and all
the factors are of the form W,,, (1, v) where m =1 or 2, and where u, v are suitable monomials in x;, x2, x3.
Evaluating any of F, G, H at (¢, ¢4, {“2) yields an S-unit belonging to 9207) Now we let

X1%243 X1 X243 XX X3
Observe that the rational functions F’, G’, H' satisfy F’ — G’ = H' and are moreover invariant under the
3-cycle (x1, x2, x3). Moreover, F', G', H' evaluated at (¢, ¢%, ¢*) yield S-units belonging to 9257) We
need to check that these in fact belong to Q,_; 7 = fo’d and so we need to check that these expressions

are invariant under c. This follows immediately on observing that F’, G’, H' may be rewritten as

x1x2 x3 xez X3 x3x2 x3
’_ 2 3 3 1 1 2
F= 3 + 2 3 + 2 3 + 2 )
X3 X1X5 X3 X2X3 X5 X3X]
2 2 2
G/_ X1 X2 X2 X3 X3 X1 X1X2 X3 X2X3 X1 X3X1 Xy
X2 X1 X3 X2 X1 X3 x32 X1X2 xlz X2X3 x% X3X1 ’
2 3 2 3 2 3
H/ _ X1 X2 n X3 X5X3 n X7 X3X1 n X5
- 3 2 3 2 3 3 '
X3 X1X2 X1 X5 X3 X5 X3X1

Thus F’, G’, H' evaluated at (¢, ¢¢, §”2) yield elements of O(Qq 7, S)*. We write
_F@etet) o Gt )
TTHG e T T H G ey
Then ¢,, 6, belong to O(Qw 7, S)™ and satisty €, + 3, = 1. In fact it is straightforward to check that
&y & (X, V,—1), from which it follows that &, # &, for n > m. The details are similar to those of the

proof of Lemma 19 and we omit them. U

7. Isogeny classes of elliptic curves over Q¢

The purpose of this section is to prove Theorem 5. Since isogenous elliptic curves share the same set of
bad primes, the corresponding theorem over number fields is an immediate consequence of Shafarevich’s
theorem. However, as we intend to show in the following section, Shafarevich’s theorem does not
generalize to elliptic curves over Q ¢. We shall instead rely on a theorem of Kato to control (s ¢-points
on certain modular Jacobians.

Our first lemma shows that there are only finitely many primes that can divide the degree of a cyclic
isogeny of E.

Lemma 21. Let € be a prime and let E [Q o ¢ be an elliptic curve without potential complex multiplication.
Then there is a constant B, depending on E, such that for primes p > B, the elliptic curve E has no
p-isogenies defined over Qg 4.

Proof. Let n be the least positive integer such that £ admits a model defined over Q, ,. By a famous
theorem of Serre [1972], there is a constant B, depending on E, such that for p > B the mod p
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representation
pE.p: Gal(@/Q, () — GLa(F))

is surjective. We may suppose that B > 5. Thus, for p > B, the Galois group Gal(Q,, ¢((E[p])/Q,.¢) is
isomorphic to GL;([F,,) which is nonsolvable. We will show that E has no p-isogeny defined over Qo ¢.
Suppose otherwise. Then such an isogeny is in fact defined over Q,, ¢ for some m > n. It follows that the
extension Q,, ¢(E[p])/Qp,¢ has Galois group isomorphic to a subgroup of a Borel subgroup of GL,(F ),
with is solvable. As the extension Q,, ¢/Q, ¢ is cyclic, we conclude that Q,, ((E[p])/Q, ¢ is solvable.
However, this contains the nonsolvable subextension Q, ((E[p])/Qj ¢, giving a contradiction. O

We shall make use of the following theorem of Kato [2004, Theorem 14.4] building on work of
Rohrlich [1984].

Theorem 22 (Kato). Let ¢ be a prime. Let A be an abelian variety defined over Q and admitting a
surjective map J1(N) — A for some N > 1. Then A(Qu ¢) is finitely generated.

Lemma 23. Let p, £ be primes. Let E be an elliptic curve defined over Quo ¢ Without potential complex
multiplication. Then, for m sufficiently large, E has no p™-isogenies defined over Qo ¢.

Proof. Let r be the least positive integer such that the modular curve X = X((p") has genus at least 2, and
write J = Jo(p") for the corresponding modular Jacobian. It follows from Kato’s theorem that J (Qqo ¢) is
finitely generated, and therefore that J(Qe ¢) = J(Q, ¢) for some n > 1. Consider the Abel-Jacobi map

X—J, PrH|[P—0]

where co € X (Q) denotes the infinity cusp. It follows from this embedding that X (Qx¢) = X (Q, ¢).
By Faltings’ theorem, this set is finite.

Let k = #X (Qo,¢) and let s = kr. To prove the lemma we in fact show that £ has no cyclic isogenies
of degree p* defined over Q ¢. Suppose otherwise, and let ¥ : E — E’ be a cyclic isogeny of degree p*
defined over Q (. Then, we may factor ¥ into a sequence of cyclic isogenies defined over Qo ¢

E=E Y B Y gy . 2 g —F,

where ; is of degree p”. Note that E; and E; are nonisomorphic over Q for i # j; indeed they
are related by a cyclic isogeny and E does not have potential complex multiplication. Thus the elliptic
curves Ey, Eq, ..., Ex support distinct Qo ¢-points on X = Xo(p"). This contradicts the fact that
#X (Qoo,¢) = k. O

Remark. A famous theorem of Serre [1968, Section 2.1] asserts that the p-adic Tate module of a non-CM
elliptic curve defined over a number field is irreducible. It is in fact possible to deduce Lemma 23 from
Serre’s theorem for £ # p, but we have been unable to do this for £ = p.

Proof of Theorem 5. Let E’ belong to the Qn, ¢-isogeny class of E. Let ¢ : E — E’ be an isogeny defined
over (o ¢. This has kernel of the form Z/a x Z/ab where a, b are positive integers, and so it can be
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factored into a composition
E— E/E[a)=E — E/,

where the final morphism is cyclic of degree b. Thus to prove the proposition, it is enough to show that
E has finitely many cyclic isogenies defined over Q ¢. The degree of any such isogeny is divisible by
primes p < B where B is as in Lemma 21. Also, for any p < B, we know the exponent of p in the degree
of a cyclic isogeny E — E’ is bounded by Lemma 23. Thus there are finitely many cyclic isogenies of E
defined over (o ¢. O

8. From S-unit equations to elliptic curves

The aim of this section is to prove Theorem 4. We start by recalling a few facts about Legendre elliptic
curves; see Proposition III.1.7 of [Silverman 1986] and its proof. Let K be a field of characteristic # 2
and let A € (P' — {0, 1, 00})(K). Associated to A is the Legendre elliptic curve

E Y =X(X—-1(X—2).
This model respectively has discriminant and j-invariant

L6402 -+ 1)

A =160%(1 =12,
( ) A2(1 — )2

21

Moreover, for A, 1 € (P! — {0, 1, 00})(K), the Legendre elliptic curves E; and E . are isomorphic over
K (or over K) if and only if

LT S ’)\—1}‘
A 1—2" =17 4

ue{/\,

Now let K be a number field and S a finite set of nonarchimedean places. We let S’ be the set of
nonarchimedean places which are either in S or above 2. We let A € (P! —1{0, 1, o) (O(K, S)). Then A,
1—AeO(K, S)*. It follows from the expression for the discriminant that £, has good reduction away
from S’

Proof of Theorem 4. Let £ =2,3,5 or 7. Let S be given by (1) and let S’ = S U {v,} as in the statement
of Theorem 4. In proving Theorem 1 we constructed, for each positive integer n, elements ¢,, §, =1 —¢,,
belonging Qo ¢ NV, € O(Quo ¢, S)*, and moreover verified, for n > 2, that &, ¢ (g, Vy—1). We let

E,: Y =X(X—1)(X —&,).

Then E, is defined over Qo ¢ and has good reduction away from S’. We claim, for n > m, that E,, and
E,, are not isomorphic, even over Q. To see this, suppose E, and E,, are isomorphic. Then &, equals one
+1 gl

of e,.", 6., (—&m8m)TL. This gives a contradiction as all of these belong to (¢, V,—1). This proves
the claim.
It remains to show that the E, form infinitely many isogeny classes over Qo (. However, this

immediately follows from Theorem 5 and the following lemma. O
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Lemma 24. For n sufficiently large, E, does not have potential complex multiplication.

Proof. Suppose E, has potential complex multiplication by an order R in an imaginary quadratic field K.
Write j = j(E,). We claim that Q(j)/Q is a cyclic Galois extension of order £" for some n. Note that
Q(j) is a subextension of Q¢ of finite degree, and is thus contained in Q,, ; for some m. Hence Q(j) is
the fixed field of some subgroup H (say) of G = Gal(Q,, ¢/Q). As G is cyclic, the group H is a normal
subgroup, and therefore Q(j)/Q is a Galois extension. Moreover, Gal(Q(j)/Q) = G/H which is cyclic
of order £" for some n, proving our claim.

By standard CM theory [Shimura 1971, Theorem 5.7], we know that Gal(K (j)/K) = Pic(R) and
[Q()): @] =[K(j) : K]. Since in our case Q(j)/Q is Galois, Gal(Q(j)/Q) = Gal(K (j)/K) = Pic(R).
However, Q(j) C Qu ¢ is totally real. It follows [Shimura 1971, page 124] that Pic(R) is an elementary
abelian 2-group. However Q(j)/Q is cyclic of order £". Thus, j e Qif £ #2,and j € Qi = Q(W2)
if £ = 2. However, from the expression for j in (21) we know that [Q(e,) : Q(j)] < 6. Thus &, belongs
to a subfield of Wy ¢ of degree at most 12. The lemma follows since, by Siegel’s theorem, the S-unit
equation has only finitely many solutions in any number field. O

9. Hyperelliptic curves over Q¢ with few bad primes

Let £ be an odd prime. Let g > 2 be an integer satisfying

g=({—-3)/4or —1 (mod (£ —1)/2) if£=3 (mod4), (22)
g=—1 (mod (£ —1)/4) if £=1 (mod4).
Then there is a positive integer k such that
L. -1 _ 2¢+1lor2g+2 %f£z3(mod4), 23)
2 2g+2 if =1 (mod4).
Let n > 2 be a positive integer satisfying
o > k. (24)

In this section we construct a hyperelliptic D, curve of genus g defined over (2,  with good reduction
away from the primes above 2, £.
Write

Zy={ e Qe =108 £1ifi <n)
for the set of primitive £"-th roots of 1. Write
Zr=@+cicez)ca,
We note that any element of Z generates Q:{ ¢

Lemma 25. #zF =11 -1).
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Proof. We note that #2,, = (") = £"~1(¢ — 1). Suppose «, B € Z,. Then

@+ta H—B+p H=a (1-af)-(1—ap™). (25)
Thus o + ' =B+ B! if and only if « = B or & = f~!. The lemma follows. 0O

Write
Gn=Gal(Qy ,/Qu-10), H,=Gal(Q,/Q ).

We note that these are both cyclic subgroups of Gal(Q;: /@) having orders
#G, =L —-1)/2, #H,=U{.
Lemma 26. Fix ¢ € Z,. Let
pp= gD D <<y, (26)

Thenni, ..., ne € Z,5 form a single orbit under the action of H,, but have pairwise disjoint orbits under
the action of G,.

Proof. Let k € Gal(2,¢/Q) be given by «(¢) = ;HZ"—]. We note that « has order ¢ and fixes €2,_1 .
We denote the restriction of x to Q;L ¢, by 7; this is a cyclic generator of H,. Note that

m=tv ¢+, 1<i<t

Let o1, 00 € G,. Let 1 <i < j < £ and suppose o1(n;) = 02(n;). Thus alri_l(nl) = ot/ (),

1—j —1_ _i—1 + 1—j —1
sot /o, o1’ fixes ni. As n; generates €2, ,, we have 7"/ o,

in Gal(QI ./ Q). However, Gal(Q;: /@) is abelian, so

o177 =1 is the identity element

v =070y € G, N H, = {1}.
Since 1 <i < j <{ and t has order £ we have i = j. O

The Galois group G, acts faithfully on ZF. This action has £"~! orbits. Assumption (24) ensures that
the number of orbits is at least k. If k > ¢, then we extend the list ny,...,n¢ € Z5 tony, ...,k € Z},
so that the n; continue to have disjoint orbits under the action of G,; if £ = 3 the choice of 14 will be
important later, and we choose 74 = ¢% 4 ¢ 2. Consider the curve

k
DY =] []Tx=n. 27)

j=loeG,

Lemma 27. The curve D, is hyperelliptic of genus g, is defined over Q,,_1 ¢, and has good reduction

away from the primes above 2 and £.

Proof. Our assumption on the orbits ensures that the polynomial on the right hand-side of (27) is separable.
By (23), the degree of the polynomial is either 2g+1 or 2g+2. Thus D, is a hyperelliptic curve of genus g.
A priori, D, is defined over Q;r - However, the roots of the hyperelliptic polynomial are permuted by
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the action of G,, = Gal(QI +/@n—1,¢) and so the polynomial belongs to Q,_1 ¢([X]. Hence D, is defined

over Q,_1¢.

Let uy, ..., ug be the roots of the hyperelliptic polynomial. Then the discriminant of hyperelliptic
polynomial is
[] @i-up*
l<i<j<d

However, u;, u; are distinct elements of Z,". Thus there are o, f € Z, with « # S, B~ such that
ui=a+a ', u;=p+p~". From the identity (25),

wi—uj=a'(1—ap™ (1 —ap).
Since o and B! are nontrivial £-power roots of 1, we see that u; — u j 1s a {vg}-unit, and hence the
discriminant of the hyperelliptic polynomial of D,, is a {v,}-unit. 0

Given four pairwise distinct elements z;, z2, 23, z4 of a field K, we shall employ the notation
(z1, 22; 23, 24) to denote the cross ratio
(21 —23)(22 — 24)
(21 —24) (22 — 23)

(z1,22; 23, 24) =

We extend the cross ratio to four distinct elements 71, z2, 23, z4 of P!(K) in the usual way. We let GL,(K)
act on P!(K) via fractional linear transformations

(Z)_az—l-b _f(a b
4 ez +d’ V= cd)’

It is well-known and easy to check that these fractional linear transformations leave the cross ratio
unchanged:

(¥ (z1), ¥ (22); ¥ (23), ¥ (24)) = (21, 225 23, 24)-

Lemma 28. Let K be an algebraically closed field of characteristic 0. Let

d d
D:Y? :]_[(X—a,-), D: Yzzl_[(X—bi)
i=1 i=1
be genus-g curves defined over K where the polynomials on the right are separable. If D, D' are
isomorphic then there is some permutation [ € Sy such that for all quadruples of pairwise distinct indices
1<rs,t,u<d

(ar, as; ar, ay) = (bu(r)v bu(s); bﬂ([)v b,u(u))-

Proof. We shall make use of the following standard description (e.g., [Baker et al. 2005, Proposition 6.11])
of isomorphisms of hyperelliptic curves: every isomorphism 7 : D — D’ is of the form

aX+b eY )

X,Y) = ,
7(X, ¥) (cX+d (X +d)st]
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for some

ab — —
= L,(K K*.
Y (C d)GG 2(K), ec
Observe that 7 (a;, 0) has Y-coordinate O; thus

{)/(al), ey J/(ad)} = {b], o ’bd}-

Hence there is a permutation u € Sy such that y (a;) = b,(;). The lemma follows from the invariance of
the cross ratio under the action of GL,(K). Il

Lemma 29. Let £ > 11 be prime. Then there is some a € 7 of order £ — 1 such that
14+a%#£0, £(1—d?), £(a+a’), £(a—a’), £(1+a’), £(1—a?), £(a+a?), £(a—a®) (mod £). (28)

Proof. Making use of the fact that a polynomial of degree n has at most n roots, we see that the number
of a € F, that do not satisfy (28) is (very crudely) bounded by 37. An element a € Z; of order £ — 1 is the
unique Hensel lift of an element a € [, of order £ — 1. There are precisely ¢ (¢ — 1) elements of order
¢—11in F}. A theorem of Shapiro [1943, page 23], asserts that ¢(n) > n'°e2/10¢3 for n > 30. We note
thatif £ > 317 then (£ — 1) > 316'°82/10¢3 ~ 37 8 and so the lemma holds for £ > 317. For the range
11 < £ <317 we checked the lemma by brute force computer enumeration. g

Lemma 30. Let n > m be sufficiently large. Then D, and D,, are nonisomorphic, even over Q.

Proof. Note that all roots of the hyperelliptic polynomial for D, in (27) belong to ZF. It follows
from (25) that the cross ratio of any four of them belongs to V,,. Suppose D, and D,, are isomorphic.
Let uy, usy, us, us be any distinct roots of the hyperelliptic polynomial for D, given in (27). Then, by
Lemma 28,

(w1, uz; uz, ug) € Vi € V1.

We shall obtain a contradiction through a careful choice of the four roots uy, ..., us.

We first suppose that k >2 and £ > 5. Let ¢ = ¢ and b= 1+£""!. Then, by Lemma 26, n; =¢ +¢ !
and 1y = {b + g“_b. Leta e ZZ have order £ — 1. Let « € Gal(£2,.¢/Q,—1,¢) be given by «(¢) = ¢*.
Then « is a cyclic generator for Gal(£2, ¢/Q,—_1.¢). We shall denote the restriction of « to Q:{ ¢, by u.
Then u is a cyclic generator for G, = Gal(Q:; ¢/@Qn—1,¢) having order (£ —1)/2. We shall take

w=m=C+¢, wm=p)=C" 47 us=m =004t wg=pp) =P

We compute the cross ratio with the help of identity (25), finding

(1 — ) (1 — ¢ 1=b) (1 — gataby(] — ga—ab)

(1— §1+ab)(1 _ {““b)(l _ §a+b)(1 _ é-a—b)‘

As b =1 (mod¥), and clearly a # £1 (mod ¢), it is easy to check that 1 4 b is the only one out of the
eight exponents of ¢ above that is £2 (mod ¢). Therefore by Lemma 11, the cross ratio is not an element

(U1, uz; uz, ug) =

of (£&em, V,—1) for n sufficiently large, giving a contradiction for the case k > 2 and £ > 5.
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Next we suppose that k = 1. It follows from (23) that £ > 11. We choose a € Z; as in Lemma 29, and,
as above, take u to be the corresponding generator of G, of order (£ —1)/2 > 5. We take

w=p =0 e 1<i<4

observe that these are four roots of the hyperelliptic polynomial of D,, given in (27). The assumption that
£ > 11 ensures that a has order > 10 and so u, uy, u3, us are indeed pairwise distinct. We compute the
cross ratio with the help of identity (25), finding

(=" A =g =) =1 - o)
(1= g (1 = =) (1 = g+ (1 — go=)

Using Lemma 10 and our choice of a given by Lemma 29 we conclude that this cross ratio does not

(w1, uz; uz, ug) =

belong to (£¢en, V,,—1) for n sufficiently large. This gives a contradiction for the case k = 1.

Finally, we consider £ = 3. It follows from (23) that k > 5. Recall our choices of 1y, 12, 13 in
Lemma 26, and our choice of n4 = ¢+ ¢ 2 in the particular case £ = 3. We choose the four roots u; = 1;
fori =1,...,4, and obtain

(1 _ €-2+2><3"7])(1 _ é-—2><3”71)(1 _ §3+3”71)(1 _ §—1+3"71)
A=¢HA = Ha=¢Ha—¢=)

As before, with the help of Lemma 11, we easily verify that the cross ratio is not an element of (¢, V,,_1)

(U1, uz; usz, usg) =

for n sufficiently large. This completes the proof. g

Proof of Theorem 6. 1f £ =3 or 5 then (22) does not impose any restriction on the genus. Therefore we
obtain, as above, for every genus g > 2, infinitely many Q-isomorphism classes of genus-g hyperelliptic
curves, defined over Q4 ¢, with good reduction away from {v2, v,}.

It remains to deal with £ =7, 11 and 13. Here, (22) imposes the restriction

lor2mod3 ife=7,
g=32ordmod5 iff€=11,
2 mod 3 if £ =13.

We very briefly sketch how to remove the restriction. Instead of D,, defined as in (27), we consider the
more general

k
DY =nX)-[] [T x =D
j=1o0eG,
where

e /1 is a monic divisor of X (X — 1)(X +1);
e k and h are chosen to obtain the desired genus;

e 1j € Z;} are chosen as before.
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These D, are clearly defined over @,,_; ¢. To check that they have good reduction away from S’ = {v,, vy},
we need to verify that the difference of any two distinct roots u, v of the hyperelliptic polynomial belongs
to O(2,, $')*. The proof of Lemma 27 shows this if u, v € Z;. For the remaining possible differences
it is enough to note that

a+a”! :a_1<D4(a), at+a 41 :a_1d>3(a), at+a =1 :a_lcl>6(a),

which are all units by Lemma 13. We omit the remaining details. U

10. Isogeny classes of hyperelliptic curves over Q¢

A beautiful theorem of Kummer asserts that the index of the cyclotomic units C, in the full unit
group O(R2,,¢)* equals the class number A, of Q:{ ¢~ In this section, with the help of Kummer’s
theorem, we prove for certain primes £ the existence of infinitely many isogeny classes of hyperelliptic
Jacobians over Q4 ¢ with good reduction away from £. We first prove a few elementary lemmas.

Lemma 31. Let K be a field of characteristic not 2, and let L = K (Joy, ..., /&), where o; € K*.
Then for any x € K such that \/x € L, we have

| er 2
x_al ...o[r'q

for some integers e; € Z and g € K.

Proof. Let M be a field of characteristic not 2, and let d € M be a nonsquare. Let x € M and suppose
VX € M(¥/d). Then \/x = y + z+/d for some y, z € M. Squaring, we deduce that yz = 0. Thus x = y>
or x =dz°.

We now prove the lemma by induction on ». The above establishes the case r = 1. Let r > 2, and let
x € K satisfy \/x € L. Letting M = K (/ar, ..., Joa,_1) we see that x € M and \/x € M(/a,). Thus,
by the above, \/x € M or J/Xa, € M. In other words,

Vx-ate M=K\ ar, ..., /1)

for some e € {0, 1}. By the inductive hypothesis, there are ey, ..., e,—; € Z and g € K such that
x-af =af'---all gt
The proof is complete on taking e, = —e. U

Lemma 32. Let £ be an odd prime. Let ¢ € Qo ¢ satisfy q> € V,,. If the class number ht of Q:{ ¢ Is odd,
then g € V,,.

Proof. Let g € Q¢ satisfy qz € V, C Q0. As the extension Q24 ¢/€2,,¢ is pro-£, we conclude
that g € 2, .. However, V,, € O(Q2,.¢, {v¢})™, where, as usual, vy denotes the prime above £. Thus
q € O(2.¢, {ve})™. We claim that

[O(Qn,e, {ve)) = Val = hyy .
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The lemma follows immediately from the claim. To prove the claim, consider the commutative diagram
with exact rows
1 > Cp >V
K

I — O(Q2,.0)¢ — O Que, {uve) — Z —— 1

N
=
~
N
~
—_

where « (o) = ord(j—¢) (). By the snake lemma,
OS2, {veD) ™/ Vi = O(Qun,0) ™/ Cyr.
Write C," =C, N Q;f ;- The aforementioned theorem of Kummer asserts that
[O(R2,0) : Cal =[O} ) : CT1=h:

see, for example, [Washington 1997, Exercise 8.5] for the first equality, and [loc. cit., Theorem 8.2] for
the second. This proves the claim. O

Lemma 33. Let K be a field of characteristic # 2. Let f € K[X] be a monic separable polynomial of
odd degree d > 5. Write f = ]_[le(X —a;) with a; € K. Let C/K be a hyperelliptic curve given by
Y? = f(X) with Jacobian J. Then

KU2D =K(ai,...,aq0), K4 =KURDE o —aj}li<ij<d)-

Proof. Write oo for the point at infinity on the given model for C. The expression given for K (J[2])
is well-known; it may be seen by observing (see, for example [Schaefer 1995]) that the classes of the
classes of degree 0 divisors [(¢;, 0) —oo] withi =1, ..., d generate J[2].

Yelton [2015, Theorem 1.2.2] gives a high-powered proof of the given expression for K (J[4]). For
the convenience of the reader we give a more elementary argument. Let L = K (J[2]). The theory of
2-descent on hyperelliptic Jacobians furnishes, for any field M 2 L, an injective homomorphism [Schaefer

1995; Stoll 2001]
d

J(M)/20 (M) — [ ] M*/(M*)?
i=1

known as the X — ®-map. This in particular sends the 2-torsion point [(«;, 0) — oc] to
((Oli =), ..., (0 — i), l_[(Oli —oj), (o —it1), .., (o —Otd))-
J#
The field K (J[4]) is the smallest extension of M of L such that all the images of the 2-torsion generators
[(a;, 0) — o0] are trivial in ]_[?':1 M*/(M *)2. This is plainly the extension

M = L({\/o; —atj}h1<i j=d)- .
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Lemma 34. Let p be a prime for which 2 is a primitive root (i.e., 2 is a generator for I]:;,< ). Let G be a
cyclic group of order p, and let V be an 2| G]-module with dimg, (V) = p — 1. Suppose that the action
of G on' V. —{0} is free. Then V is irreducible.

Proof. Let W be a ;[ G]-submodule of V, and write d = dimg, (W). Since the action of G on V — {0}
is free, the set W — {0} consists of G-orbits, all having size p. However, #(W — {0}) = 24 — 1, and
so p| 24 —1). By assumption, 2 is a primitive root modulo p, therefore (p — 1) |d. Since W is an
[F,-subspace of V, which has dimension p — 1, we see that W =0or W = V. 4

Lemma 35. Let £ =2p + 1, where £ and p are odd primes. Suppose 2 is a primitive root modulo p. Let
g=U—-3)/4 Letn>2andlet D,/Q,_1 ¢ be the hyperelliptic curve defined in Section 9. Let A/Qoo ¢
be an abelian variety and let ¢ : J(D,) — A be an isogeny defined over Qo ¢. Then ¢ = 2" Ppoaqa where
@Podd : J (Dy) = A is an isogeny of odd degree.

We remark if £ and p are primes with £ =2p + 1 then p is called a Sophie Germain prime, and ¢ is
called as safe prime.

Proof of Lemma 35. Note that, in the notation of Section 9, k = 1, and the hyperelliptic polynomial for D,
has odd degree 2g+1 = (£—1)/2 = p, and consists of a single orbit under action of G,, = Gal(2;" /Q,,_; ¢):

D,:y*= l_[ (X —n7), m=ZCem+n
oeG,
In particular, the hyperelliptic polynomial is irreducible over Q ¢. It follows from this (e.g., [Stoll 2001,
Lemma 4.3]) that J(Qc.¢)[2] = 0, where J denotes J (D) for convenience. We note, by Lemma 33,
that Qe ¢ (J[2]) = Qoo ¢ (n1) = Q;’Z. We consider the action of G, := Gal(Q:O’Z/@oo,g) on J[2]. The
group G is cyclic of order (£ — 1)/2 = p. Any element fixed by this action belongs to J (Qu ¢)[2] = 0.
Thus G acts freely on V — {0}, where V := J[2].

Now let ¢ : / — A be an isogeny defined over Q ¢. Then W :=ker(¢) N J[2] is a subgroup of V
stable under the action of G, and therefore an F,[G 5 ]-submodule of the F,[G s, ]-module V. Observe
that dimy, (V) = 2¢g = p — 1. By hypothesis, 2 is a primitive root modulo p. We apply Lemma 34 to
deduce that W =0 or W = V. Therefore, either ¢ already has odd degree, or J[2] C ker(¢). In the latter
case, observe that ¢ = 2¢’ where ¢’ : J — A is an isogeny defined over Qo ¢ of degree deg(¢)/2%.
As ¢ has finite degree, by repeating the argument we eventually arrive at ¢ = 2" poqq. 0

Lemma 36. Let £ =2p + 1, where £ and p are odd primes. Suppose 2 is a primitive root modulo p.
Suppose that the class number h of Q;:e is odd for alln. Let g = (£ —3)/4. Forn > 2 let D, /Q,_1 ¢ be
the genus-g hyperelliptic curve defined in Section 9. Let n > m be sufficiently large. Then there are no
isogenies J(Dy) — J(Dy,) defined over Qs ¢.

The assumption that ;" is odd for all n may seem at first sight very restrictive. However, it is conjectured
[Buhler et al. 2004] that h;f+ | = kit for all but finitely many pairs (¢, n). Moreover, Washington [1978]
has shown that ord, (h,) remains bounded as n — o0, for any fixed prime p.
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Proof of Lemma 36. Write J, for J(D,). Suppose there is an isogeny ¢ : J, — J,,, defined over Qu ¢.
By Lemma 35 we may suppose that ¢ has odd degree, and so ker(¢) N J,[4] = 0. Thus ¢ restricted
to J,[4] induces an isomorphism of Gal(@/ Qoo,¢)-modules J,[4] = J,,[4]. In particular, Q¢ (J,[4]) =
Qoo,¢(Jn[4]). As in the proof of Lemma 35 we have Qu ¢(J5[2]) = Qoo ¢ (I [2]) = Q;’e. Thus, by
Lemma 33, the equality Qoo ¢(J,[4]) = Qoo ¢ (J1n[4]) may be rewritten as

Q:o,g({\/ Vi — Onjhi<i j<e—1)/2) = Q;’g({ Umyi — O, jh<i,j<(e=1)/2)

where ¥, ; := Mi_l (Cer + {ZTI) where p, is a cyclic generator of G,. This, in particular, implies that

Vo2 —Un1 € Q;,g({\/ Vi — Om,j<i,j<—1)/2)-

We apply Lemma 31 to obtain
Oa—twi=% ||  Oni=On)-q
l<i<j<(-1)/2

for some integers e¢; ; € Z and g € Q;LM. By Lemma 32, we have g € V,. The generator i, of G, is
given by w, (e + g'g;l) =+ ¢ wherea € ZZ has order (£ — 1). Note

Do — Ot = Lo+ — Con —Cnt = Cp (1= A — ¢ h.
Thus,
(1= A =o€ (£gem, Vi, V.

However, (a+ 1) # +(a — 1) (mod £). Now Corollary 12 gives a contradiction. Il

Proof of Theorem 7. Let £ > 11. Let

_le=3|_J(€—=3)/4, £=3 (mod4),
- LTJ - {(e —5)/4, £=1 (mod4).
Thus g satisfies (22). Let D, be as in Section 9. By Lemma 27, the hyperelliptic curve D, /Q,_; ; has
genus g, and good reduction away from {v;, vs}. Moreover, by Lemma 30, we have D, and D,, are
nonisomorphic, even over @, for n > m sufficiently large.
Now suppose

(i) £ =2p+ 1 where p is also an odd prime;
(i1) 2 as a primitive root modulo p.

It then follows from Lemma 36 that J(D,,) and J(D,,) are nonisogenous over W, ¢ provided h;lIr is odd
for all n, where h;[ denotes the class number of Q;f - Write hy, for the class number of €2, ;. It is known
thanks to the work of Estes [1989] that 4 is odd for all primes £ satisfying (i) and (ii); a simplified proof
of this result is given Stevenhagen [1994, Corollary 2.3]. Moreover, Ichimura and Nakajima [2012] show,
for primes £ < 509, that the ratio &,/ h; is odd for all n. The primes 11 < £ < 509 satisfying both (i)
and (ii) are 11, 23, 59, 107, 167, 263, 347, 359. Thus for these primes £, is odd for all n. As i | h, (see
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for example [Washington 1997, Theorem 4.10]), we know for these primes that 4, is odd for all n. This
completes the proof. g

Remarks. « A key step in our proof of Theorem 7 is showing that J(D,,)[2] is irreducible as an F;[G ]-
module whenever £ = 2p 4 1 where p is a prime having 2 as a primitive root. It can be shown for all
other ¢ that the F,[G o ]-module J(D,)[2] is in fact reducible.

o Another key step is the argument in the proof of Lemma 36 showing that for n > m sufficiently large,
the Jacobians J (D) and J(D,,) are not related via odd degree isogenies defined over Qo ¢. This step
can be made to work, with very minor modifications to the argument, for all £ > 11, and all choices of
genus g given in (22).
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Vanishing results for the coherent cohomology
of automorphic vector bundles over the Siegel variety
in positive characteristic
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We prove vanishing results for the coherent cohomology of the good reduction modulo p of the Siegel
modular variety with coefficients in some automorphic bundles. We show that for an automorphic bundle
with highest weight A near the walls of the antidominant Weyl chamber, there is an integer e > 0 such
that the cohomology is concentrated in degrees [0, e]. The accessible weights with our method are
not necessarily regular and not necessarily p-small. Since our method is technical, we also provide an
algorithm written in SageMath that computes explicitly the vanishing results.
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1. Introduction

1.1. History and motivation. The cohomology of automorphic vector bundles on Shimura varieties has
played important roles in the study of arithmetic properties of automorphic representations as explained
in [Harris 1985]. Let p be a prime number and N > 3 be an integer such that ptN. Consider the
Siegel modular variety Sh of level N and genus g > 1 over [,. It is defined as the fine moduli space of
abelian schemes of dimension g over [, with a principal polarization and a basis of their N-torsion. This
scheme is smooth and not proper over F, but we can consider a smooth toroidal compactification Sh'**" as
defined in [Faltings and Chai 1990]. This article is concerned with the coherent cohomology of Sh'".
We consider automorphic vector bundles that are defined as the contracted product of the Hodge vector
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bundle €2 with an algebraic representation of GL¢. Over a field of characteristic p > 0, there are two
important indecomposable (but not necessarily irreducible) algebraic representations of highest weight A:
the standard module A (}) and the costandard module V(1).! Note that these two algebraic representations
are isomorphic and irreducible when the weight A is p-small for GLg.2 We use the same notation to
denote the corresponding automorphic vector bundles on the Siegel modular variety. To better understand
the coherent cohomology of Sh'", it is convenient to know that all but certain cohomological degrees
must be zero. Lan and Suh [2012; 2013] prove many vanishing results for the coherent cohomology of
PEL Shimura varieties. Let W denote the Weyl group of Sp,, and / denote the type of the parabolic
subgroup P C Sp,, that stabilizes the Hodge filtration on the Siegel upper half-plane H,. In the Siegel
case, Lan and Suh were able to access automorphic bundles A(A)" in all Weyl chambers as long as the
weight A can be written

h=w-p+k, (1)

where w is an element of the minimal left coset representatives ' W of type I, u is a sufficiently regular
weight [Lan and Suh 2012, Definition 7.18] which is p-small for Sp,, and such that |@|r,+ < p [Lan
and Suh 2012, 7.22] and k is a positive parallel weight.> They use results from [Polo and Tilouine
2002] on dual Bernstein—Gelfand—Gelfand complexes and a geometric plethysm that imposes many
restrictions on the size of the weight compared to p. We note that for such a weight A, we have
A(L)Y = V(—wor) = A(—woA). As there is only a finite number of p-small characters for szg, their
method accesses only a finite number of weights up to positive parallel weights.

1.2. Main results. Let D..q denote the boundary of the toroidal compactification and let Vstb () denote
the subcanonical extension V (A)(— Dyeq) of the costandard automorphic vector bundle of highest weight A.
Our main result is a general recipe to produce new vanishing results from old ones. Namely, we define a
nondecreasing function gy, . on the power set of characters

8lpe : P(X*) — P(X™)

that depends on a subset /o C I where [ is the type of the parabolic subgroup of Sp,, that stabilizes the
Hodge filtration and an integer 0 < e < d — 1 where d = g(g + 1)/2 is the dimension of Sh'". Note that
the definition of gy, . is technical and not very helpful because it is a byproduct of our method which
relies on the partial degeneration of multiple spectral sequences. We describe these spectral sequences
and give the exact definition of gy, . in the overview of the strategy.

Theorem (Theorem 6.16). Assume that p > g>. Let C be a set of characters X for which the cohomology
H(Sh', VS'())) is concentrated in degrees [0, e + 1]. Then, the image of C by the function gy, . is a set
of characters A for which the cohomology H' (Sh'", V"°(1)) is concentrated in degrees [0, e].

IIn the context of a highest weight category (see [Riche 2016, 3.7] for a general introduction to this notion), one is also
concerned with the simple module L(}) and the tilting module 7 (}).

21t means that, for all o € ¢T, (A +p,aY) < p, where p is the half-sum of positive roots.

31t means of the form (k,k, ..., k) for some k > 0.
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Figurel. g =2, p=5.

Moreover, in the extreme cases e =0 and e = d — 1, our method produces new vanishing results without
any prior knowledge. These results can then be used in the other cases 0 < e < d — 1. We illustrate our
results in the special case g =2, p = 5 in Figure 1.

The accessible weights with this method are not necessarily regular and not necessarily p-small (even
up to a positive parallel weight) but they belong to the antidominant Weyl chamber.* Since the definition
of the function g, . is hard to grasp, we have implemented on SageMath an algorithm that compute the
vanishing results with our method. Our method produces vanishing results for automorphic bundles V(1)
where A is not necessarily of the form w - u + k as in (1). In particular, we have no reason to expect that
A(A) = V(L). The p-smallness restriction is replaced with a much weaker restriction coming from the
theory of G-Zip called orbitally p-closeness. We note that in the special case g =2, p = 5, the only
p-small character for Sp, is (0, 0), which means that the method of Lan and Suh is only able to access
weights of the form wp — p + k.

1.3. Overview of the strategy. The first step is to consider the flag bundle 7 : Y};’r — Sh'" over the Siegel
modular variety that parametrizes refinements of type Iy C I of the Hodge filtration of the universal
semiabelian scheme on Sh'". Let dy denote the dimension of Y}(‘)’r over [F,,. Let Py denote the parabolic
subgroup of Sp,, of type Iy. For each character A € X*(Pp), we have a line bundle £; on Y}(‘)’r such that

7Ly = V(L).

Following the result from [Brunebarbe et al.], the second step is to use a result of [Goldring and Koskivirta
2019a] about the existence of generalized Hasse invariants on the stack Sp,, -ZipFlag"! to prove that

It corresponds to the dominant Weyl chamber in the work of Lan and Suh.
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certain line bundles £; are D-ample (see Definition 5.2) on Y}Oor where D is a certain effective Cartier
divisor whose associated reduced divisor is the boundary D,.q. The third step is to use a logarithmic
version of the Kodaira—Nakano vanishing in positive characteristic due to Esnault and Viehweg to see
that under the hypothesis p > dy :=dimY tgr, we have
H (Y], Q¢ (log Drea) ® L3™) =0
Io
for all i > e and all X that admits generalized Hasse invariants. The fourth step is to filter the bundle
do—
2y (log Drea) ® L
with an increasing filtration F,,

Fi = 7* Q¢ ™ (lg Dyea) A @ (l0g Drea) ® L5,
0

and then consider the corresponding spectral sequence. It is a spectral sequence starting at the second
page E’ZJ whose limit is zero when i + j > e by the logarithmic Kodaira—Nakano vanishing considered
above. In general, it is impossible to extract information on the second page of a spectral sequence
whose limit is zero. However, if we can show that the second page degenerates (at least partially),
then we can deduce that some terms Elzj must be zero.” The aim is to determine the vanishing results
needed to ensure the partial degeneration of this spectral sequence. From the partial degeneration, we can
deduce new vanishing results. Our method is technical as it involves recursively an unknown number
of spectral sequences. Moreover, in the course of the argument, we are forced to contemplate tensor
products of automorphic bundles V(1) ® V(u). To relate the cohomology of this tensor product to the
cohomology of other automorphic bundles, we consider the spectral sequence associated to a V-filtration
(see Definition 2.6) whose existence is ensured by [Mathieu 1990] and, like before, we determine the
vanishing results needed to ensure its partial degeneration. The definition of the function gy, . on the
power set of characters is a byproduct of our method that relies on the partial degeneration of relevant
spectral sequences. More precisely, let Cample, 1, denote the set of characters such that £, is D-ample
on Y}(‘)’r, ro denote the relative dimension of 7 : Y}(‘)’r — Sh'r, (,u'j‘.) ;j denote the set of weights of the
GL,-module A* Sym?std,® spy = 3", & for any M C ¢* and pj, = 4 Zaeﬁ\(ﬁo «. For any set C of
characters, we define
8i,e(€) 1= W)+ X (PO 0 (=201 + Campie.) N () (511 =201 = 1§ 40,
e k,j,M

where the last intersection is taken over the set of k, j, M where 0 <k <e, 1 < j < ( dd_e) + k and
M C qbz — qb?(; such that |M| = ro — k with the exception of j = (d‘ie) when k£ = 0.

SIn the case e = 0, the spectral sequence is concentrated on one row which explains why we do not need any prior vanishing
results.
6Actually, to follow the convention in Definition 3.10, we need to twist these weights by WOW(,GL, and assume they are

ordered in a way that wy wo,GL, ( u’(’d) )is the highest weight.
n
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1.4. Organization of the paper. In Section 2, we recall some results of algebraic representation of
reductive groups in positive characteristic. In Section 3, we recall the definition of the Siegel modular
variety and the different automorphic vector bundles. In Section 4, we recall how the theory of G-Zip
can be used to study the EO stratification of the Siegel modular variety. In particular, we recall the main
result of [Goldring and Koskivirta 2019a] about generalized Hasse invariants. In Section 5, we prove
that line bundles of weight A on the flag bundle over the Siegel modular variety that admit generalized
Hasse invariants are D-ample. We also recall a logarithmic version of the Kodaira—Nakano vanishing
in positive characteristic due to Esnault and Viehweg. In Section 6, we present our general method for
producing new vanishing results and we give more details in the case g = 2. In Section 7, we explain
how to compute new vanishing results with an algorithm written in SageMath and we plot the results we
have obtained in some special cases with g =2 and g = 3. See github.com/ThibaultAlexandre/vanishing-
results-over-the-siegel-variety to download the algorithm.

2. Recollection on group theory

In this section, we follow mostly [Jantzen 2003] for generalities about algebraic representations of
reductive groups over a field of positive characteristic. Let k be a field of positive characteristic p > 0
and G a geometrically connected split reductive algebraic group over k. The weights of the adjoint
representation of G on its Lie algebra g define a set of roots ¢. We fix a Borel pair (B, T') defined
over k where B is a Borel subgroup and 7 C B is a maximal torus. This choice of Borel pair determines
a subset of simple roots A and positive roots ¢ . We use a nonstandard convention for the positive
roots as we declare « to be positive if the root group U_, is contained in B.” Let p denote the half-
sum of positive roots as Q-character of T. If I C A, we write ¢; (resp. ¢>,+) for the set of roots (resp.
positive roots) generated from /. We write W for the Weyl group of G, [ : W — N for its length
function and wy for its longest element. If I C A, let W; C W denote the subgroup generated by the
reflections s, where a € I and let /W C W denote the set of minimal length representatives of W;\W.
We write (-, -) : X*(T) x X«(T) — Z for the perfect pairing between the characters X*(7") of T and
the cocharacters X, (T) of T. Since the characteristic of k is assumed to be positive, G is endowed with
a relative Frobenius morphism ¢ : G — G?) where G := G x k.o k (with o : k — k the Frobenius
morphism of k) is again a reductive group over k. Unlike when the characteristic of k is 0, the category of
algebraic representations of G on finite-dimensional vector spaces is no longer semisimple. The simple
objects L(A) are still indexed by their highest weight A but not every representation can be split into a
direct sum of simple objects. This category Rep, (G) has the structure of a highest weight category; see
[Riche 2016, 3.7] for a general introduction to this notion.

Definition 2.1 [Jantzen 2003, Part I, Section 5.8]. Let A : T — G,, be a character of 7. We define a line
bundle £; on the flag variety G/B as the B-quotient of the vector bundle G x; A! — G, where B acts

1t simplifies the statement of the Proposition 3.20.


https://github.com/ThibaultAlexandre/vanishing-results-over-the-siegel-variety
https://github.com/ThibaultAlexandre/vanishing-results-over-the-siegel-variety

148 Thibault Alexandre

on G x; Al by
(g, x)b=(gb™', A(b™Nx),

and where X is naturally extended by 0 on the unipotent part of B. The global section group H%(G /B, L;)
is given the structure of a G-module through left translation. As a consequence we get an algebraic
representation of G, and we will denote it simply V(A).

Proposition 2.2 [Jantzen 2003, Part II, Section 2.6]. The G-module V () is nonzero exactly when A
is dominant. Moreover, its highest T-weight is A and we call V (L) the induced module or costandard

module of highest weight A.

Remark 2.3. A different convention can be found in the literature where we set the dominance to be
relative to B.

Definition 2.4 [Jantzen 2003, Part II, Section 2.13]. Let A € X*(T) be a character. The standard module
of highest weight A can be defined

A = V(=wod)”,
where wy is the longest element of the Weyl group W of G and Vv denotes the linear dual in Rep, (G).

As a consequence from the definitions, V(A) and A()X) must have the same characters but they are
usually not simple and not isomorphic. However L(A) is the socle of V(i) and the head of A(R); see
[Jantzen 2003, Part II, Chapter 2]). We recall Kempf’s vanishing theorem.

Proposition 2.5 [Jantzen 2003, Part II, Section 4.5]. Let A be a dominant character. For eachi > 0, we

have
H'(G/B, ;) =0.

More generally, let P be a standard parabolic of type I C A and A a I-dominant character of P (i.e.,
(A,av)y>0foralla € A\I and (1, ") =0 for all « € I. There is an associated line bundle L; on G/P
and we have

H (G/P,L;)=0
foralli > 0.

Proof. We give a sketch of the argument. The first step is to show that £, is ample over the flag variety
G /B exactly when A is strictly dominant by reducing to the case G = SL, and G/B = IP}{. Then, in
characteristic 0, we can conclude with the Kodaira—-Nakano vanishing theorem since the canonical bundle
wg,/p of G/B is antiample. Indeed, we have an isomorphism

wG/p=L_2p

and if we consider a dominant character A, the line bundle

-1 _
G p ®0gs L1 = Lap+i
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is ample since 2p + A is strictly dominant. The Kodaira—Nakano vanishing theorem applied to £,
says that
H'(G/B, 0GB ® L2p+1) =0
T
for all i > 0. In positive characteristic, we can conclude with Serre’s cohomological criterion for ampleness
and the formula in [Jantzen 2003, Part II, Section 3.19] with the Steinberg module V((p" — 1)p). O

We insist on the fact that the proof in [loc. cit., Part I, Section 5.3] of the more general Borel-Weil-Bott
theorem which gives information on the higher cohomology groups of £, when A is no longer dominant
requires to divide by binomial numbers (2) with n > p, which is impossible in characteristic p. Actually,
one can find counterexamples to the Borel-Weil-Bott theorem in positive characteristic; see [loc. cit.,
Part II, Section 15.8]. In characteristic O, it is easier to understand tensor product of highest weight
representations: we know that L(1) ® L() is a direct sum of L(A") where A" can be expressed as A +
where 1/ < u is a weight of L(w). Going back to our positive characteristic case, we would like to have

a weaker but similar kind of result for V(A)’s.
Definition 2.6. Let V be an algebraic representation of G. We say that:
(1) V admits a V-filtration if there is a finite filtration
0=V'cv'lc...cvi=v
with graded pieces
Vi vitl ~ v ()
for some dominant characters v;.
(2) V admits a A-filtration if there is a finite filtration
o=vrcvrlc...cvli=v
with graded pieces
Vi Vit~ A)
for some dominant characters v;.

Remark 2.7. In the setting of a highest weight category, tilting modules are defined as modules that
admit both a V- and a A-filtration.

The following proposition states the existence of a V-filtration for a tensor product V(1) ® V(u) and
gives some details about its graded pieces. This result is due to Donkyn [1985] when G does not contain
any components of type E7, Eg or that p # 2. His approach relies on a case by case analysis of each
Dynkin diagram and requires long and difficult calculations. A more general proof, without the technical
restrictions, was given later by Mathieu. We first need a lemma.

Lemma 2.8. Let A, i denote T-characters such that Exth (V(A), V() #0. Then, A > L.
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Proof. We have
Ext;(V(A), V(n) = H' (G, A(=wor) ® V(1))
=H'(P, A(—woA) ® @) by [Jantzen 2003, Part II, Section 4.7]

and by [loc. cit., Part II, Section 4.10 b)], there exists a weight v of A(—wg)) such that —(v + w) is a
N-linear combination of positive roots ¢*. In particular, we have —v > . Since wo(—woA) = —A is the
lowest weight of A(—wg), we deduce that A > —v > . Il

Proposition 2.9 [Mathieu 1990]. Let A, i be two dominant characters in X*(T). Then V(L) ® V(i)
admits a V-filtration (V") i>0 with graded pieces

Vi VI ~ V(4 ),

where (W;); is a collection of weights of V() with po = . In particular, the first graded piece is given
by VO/ V=V +p).

Proof. We add some details to the result of Mathieu to explain how to get a filtration with the desired
properties. The result of Mathieu assumes that G is a connected, simply connected, semisimple algebraic
group over an algebraically closed field k of characteristic p > 0 and it is not hard to reduce to this case.
By [Mathieu 1990, Theorem 1], there exists a filtration

0=V'cV*lc...cvlic...vVi=v) @ V),

where for each i the graded piece V// V! is a costandard module V(v;) for some dominant character v;.
The character class of V(L) ® V() is

ch(V() ® V(i) =) ch VO + ).

where the sum is taken over some weights (u;); of V(). As the highest weight of this module, A 4+
contributes to the sum. Note that the nonzero terms are those such that A + u; is dominant. We choose an
ordering of the (u;); such that whenever u; < v for some i, j theni > j. It implies that there exists a
permutation o on 0, 1, ..., n — 1 such that

Vi)V =V O+ o)

for all i between 0 and n—1. We remake the argument in [Jantzen 2003, Part 11, Section 4.16, Remark 4] to
explain how to reorganize the terms. If o (i) <o (i+1) forsome i, 0 <i <n—2, then A+ o (i) £ A+ o (i+1)
and the exact sequence

0= VO o) = V/ V= VO 4 o) = 0
is split because ExtIG (VA + o i+1), V(A + o)) = 0 by Lemma 2.8. It shows that

VI VT2 =VO+ foi11) ® VO + o)
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and we can replace V*! by a submodule V*! between V/*2 and V' such that Vi+!/Vit? = V(A4 e ()
and VI/Vitl = v + Mo (i+1)). We iterate this process to produce the desired filtration. O

Remark 2.10. (1) Not all the weights u’ <  of V(w) such that A + 1’ is dominant will contribute to
the filtration.

(2) Even if we will not need it, we note that the dual statement says that tensor products of standard
modules A(L) ® A() admit a A-filtration.

Corollary 2.11. Let V and W be two algebraic representations of G that admit a V-filtration. Then,
V ® W admits a V-filtration.

We recall the Donkyn criterion.

Proposition 2.12. Let V be an algebraic representation of G. The following proposition are equivalent:

(1) V admits a V-filtration.
(2) For all dominant characters ) and i > 0, Ext"(;(A()»), V)=0.
(3) For all dominant characters A, EXté(A()»), V)=0.

Proof. See [Jantzen 2003, Part II, Section 4.16]. O
Corollary 2.13. Let V and W be two algebraic representations of G. If V admits a V-filtration and W is
a direct factor of V, then W admits a V-filtration.

3. Recollection on Siegel varieties

In this section, we follow [Faltings and Chai 1990] for generalities about Siegel varieties. We denote by
Schg, the category of schemes over [, and Ay the finite adeles of Q.

Definition 3.1. Let A and A’ be abelian schemes of relative dimension g over a scheme S. A quasiisogeny
A — A’ is an equivalence class of pairs («, N) where « : A — A’ is an isogeny over S and N is a positive
integer with the relation

(a, N)~ (&', N) ifandonlyif N'a=Nd'
Definition 3.2. Let V be the Z-module Z%¢ with the standard nondegenerate symplectic pairing

Y:VxV->Z

— 0 Ig
=)

We denote by Sp,, the algebraic group over Z of 2¢g x 2¢ matrices M that preserves the symplectic

such that ¥ (x, y) = xJx where

pairing ¥, i.e., such that
"MJIM =J.
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In the following proposition, we define the Siegel modular variety of level K as a scheme over [,
when the level is small enough and p is a prime such that K, = Sp,,(Z,).

Proposition 3.3 [Faltings and Chai 1990]. Let K C Sp,,(Ay) be a subgroup that can be written as
K =K, K? for K, C Spy,(Qp) hyperspecial and K? C Sp,, (A?) compact open. Consider the fibered
category in groupoids Ag x on Schy, whose S-points are groupoids with:

e Objects: (A/S, A, V) where A/S is abelian scheme over S of relative dimension g, A : A — AY is a
Zpy-multiple of a principal polarization and for all primes | # p and all geometric points s € S, Y, is a
K;-orbit of symplectic isomorphisms from H\(A;, Qp) to V @ Qq which is invariant under 71(S, s). The
structure of symplectic Qj-vector space on the l-adic étale homology group H\(As, Q) (it is also the
rational Tate module of Ay) is the one induced by the polarization (which is an isomorphism since we
tensor by Q) and the Weil paring.

o Morphisms: A morphism (A/S, A, ¥) — (A'/S, M, ¥') is a quasiisogeny a : A — A’ over S such that
the diagram

A—"— A

bk

A\/ . A/V
aV
is commutative up to a constant in Z py and the pullback of V¥ by the quasiisogeny o is /.

If the level away from p, K P, is small enough,® then Ayg k is representable by a smooth integral quasipro-

Jjective scheme over [\,

Remark 3.4. Without the hypothesis on the smallness of K, A g is only a Deligne-Mumford stack

over [ .

Notation 3.5. We fix some notation for the rest of this section. Let G denote the algebraic group Sp,,
over [F, where g > 1. We fix a neat finite level K that can be written as K = K,K? for K, C G(Q),)
hyperspecial and K7 C G(A?) compact open. Let Sh denote the smooth quasiprojective variety A, g
over . Let u : G,, — G denote the minuscule cocharacter that stabilizes the Hodge filtration” and let
Pt := Py, P:= P_, denote the associated opposite parabolic subgroups with common Levi subgroup
L =GL, over [F,. We consider the Borel B of upper triangular matrices in G = Sp,,, so that B C P. We
write ¢ (resp. ¢>f) for the roots of L (resp. positive roots of L).

Denote by  : A — Sh the universal abelian scheme and e : Sh — A its neutral section. The universal
polarization of A gives to the algebraic de Rham cohomology H(liR of A over Sh the structure of a

Sp,,-torsor over Sh.

81t is the case in particular when K is the kernel of the reduction map Spy, (Z) — Spy,(Z/NZ) with N > 3 such that PIN.
zlg

ot maps z to ( 0

z*? I ) with our choice of symplectic pairing in Definition 3.2.
8
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Proposition 3.6. The de Rham cohomology ’H}iR is equipped with a Hodge filtration

0—Q—Hp— Q' =0,
where
§2 :e*Q}L&/Sh
and
QY =R'1,04.

We call Q2 the Hodge vector bundle, it is a locally free sheaf of rank g over Sh. Moreover, the Hodge
bundle 2 is totally isotropic for the symplectic pairing on ’H(liR which allows us to identify the Hodge

filtration with a P-torsor on Sh.

Proof. The Hodge filtration comes from the degeneration at the second page of the Hodge-de Rham
spectral sequence which is a result of Deligne and Illusie [1987] in the case of abelian schemes. The
vector bundle €2 is locally free of rank g because m : A — Sh is smooth. Actually, we also have an
isomorphism

~ 1
Indeed, as a group scheme 7 satisfies

1 1

Qa/sh= ”*e*QA/Sh
and for any proper morphism f : X — Y with geometrically connected fibers, we have
f+Ox = Oy.
From the projection formula, we deduce
The Siegel modular variety Sh is not proper but we can consider a toroidal compactification.

Definition 3.7 [Faltings and Chai 1990, Chapter 4; Lan 2012, Theorem 2.15]. Let C be the cone of
all positive semidefinite symmetric bilinear forms on X*(7') ®z R whose radicals are defined over Q.
Let ¥ = {0y}, be a smooth GL(X*(T))-admissible decomposition in polyhedral cones of C as defined
in [Faltings and Chai 1990, Chapter 4, Definition 2.2/2.3]. We assume that ¥ admits a GL(X™*(T))-
equivariant polarization function as defined in [Faltings and Chai 1990, Chapter 4, Definition 2.4]. See
[Ash et al. 1975] or [Kempf et al. 1973] for a proof of the existence of such polyhedral cone decompositions.

We consider the corresponding toroidal compactification Sh'"*

of the Siegel modular variety Sh. It is a
smooth and projective scheme over [, which satisfies the following properties:

htor, )

(1) The complementary Dyeq =S — Sh, when endowed with its reduced structure, is a Cartier divisor

with normal crossings.

(2) The universal abelian scheme f : A — Sh extends to a semiabelian scheme £ : A" — Sh'" such

that Q" := e*QLmr | Shior is a vector bundle that extends the Hodge bundle to Sh**">.
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(3) By [Faltings and Chai 1990, Chapter 4] or [Lan 2012, Theorem 2.15, (2)] the semiabelian scheme
for: AT — Sh'f can be compactified into a proper and log-smooth scheme f°" : AT — Sh'" which is
projective and smooth over [,

A f s Ator s Ator

L]

Sh —— Sh'" —— SpecF,

and we denote again Dy.q the normal crossing divisor AT — A,

(4) Following [Faltings and Chai 1990, Chapter 4] or [Lan 2012, Theorem 2.15, (3)], the log-de Rham

complex S_kar /s is the complex of log-differentials S_Z"Am S 1= AIQ %m /sher where
S_Z%tor/ Shtor = Q%tor (log Dred)/(fmr)*széhlor (log Dred)-

(5) The log-de Rham cohomology

1 . 1, 7 O°
Hlog—dR ‘=R (ftor)*Qgtor/ shtor

is a Sp,,-torsor that extends HéR on Sh.

(6) The logarithmic Hodge-de Rham spectral sequence

Ey) =R/ (ftor)*s_zixmor/sw‘" = Higg—ar = Ri(fwr)*"(‘_z./?“”/ Sh'f

degenerates at page 1. It defines a P-reduction of the Sp,,-torsor ’Hllog_ 4R ON Sh'°“¥ that extends the
Hodge filtration on Sh.

htor, >

From now on, we drop the superscript X to denote S since the coherent cohomology does not

depend on this choice.

Definition 3.8 [Faltings and Chai 1990]. We define the minimal compactification as the projective scheme

Sh™™" := Proj (@ H°(Sh®r, a)®”)),
n>0
where @ = det Q" is the Hodge line bundle.

The minimal compactification Sh™" is a normal and projective variety (independent of the choice
of X) but it is not smooth in general. Moreover, the Hodge line bundle @ descends to an ample line
bundle on Sh™". From this construction, one can see that Sh'’ is the normalization of the blow-up of

Shmin along a coherent sheaf of ideals [J of Ogmin and we write
@ : Sh'" — Sh™"
for the induced morphism. The pullback ¢*7 is of the form Ogyor(—D) where D is an effective Cartier

divisor whose associated reduced Cartier divisor is Dyeq4. In particular, we deduce that there exists 1o > 0
such that @®7(—D) is ample on Sh*" for every n > no. In general, o fails to be ample on Sh'".
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Remark 3.9. The effective Cartier divisor D depends on the choice of the GL(X*(T))-equivariant
polarization function on the decomposition in polyhedral cones X.

We are now able to define automorphic vector bundles with contracted products.

Definition 3.10. Let V be a finite-dimensional algebraic representation of L = GL,. We define the
associated vector bundle YW(V) on Sh (resp. its canonical extension to Sh'") to be the contracted product
of V with the GL,-torsor 2 (resp. 2'"). If A € X*(T) is an L-dominant character, we write simply V(1)
for the vector bundle corresponding to the induced representation H*(L /By, £;) of L. It corresponds to
the costandard representation of highest weight wowg, 1 A.

Remark 3.11. We apologize for the weird convention in Definition 3.10. The advantage of this convention
is to keep an easy formula in Proposition 3.20.

We recall the Kodaira—Spencer isomorphism.

Proposition 3.12 [Faltings and Chai 1990, Chapter 3, Section 9]. The Kodaira—Spencer map
PKS Sym2 Q- Qéhlor (log Dred)

is an isomorphism. This allows us to identify the logarithmic differentials Qéh“" (log Dyeq) with the
automorphic vector bundle W(Sym? std;) = V(0, ..., 0, —2). In particular, we have an isomorphism of
line bundles

Q% or(log Drea) = V(—2p"),

where d is the dimension of Sh*" and
L1
=l Y
acpt\o;
Recall that the Hodge filtration on Sh is canonically identified with a P-torsor that extends to the

toroidal compactification Sh'". From now on, /) denotes a subset of I and Py denotes its associated
intermediate parabolic subgroup B C Py C P.

Definition 3.13. Let S — Sh be a S-valued point of Sh and denote by A/S the corresponding abelian
scheme. The flag bundle Yj, is the scheme over Sh whose S-valued points are Py-reductions of the
P-torsor corresponding to the Hodge filtration of A.

From the definition of Y;,, we get a smooth proper morphism 7 : Y;, — Sh where each fiber is
isomorphic to the flag variety P/ Py.
Remark 3.14. In the special case Iy = I, the flag bundle Y, coincide with the Siegel modular variety Sh.
The flag bundle Y;, extends to a flag bundle Y};’r over the toroidal compactification Sh*" because we
have seen that the Hodge filtration over Sh extends to Sh*®" in Definition 3.7(7). It implies by base change

that the universal Po-torsor on Y}, extends to ¥;*". This allows us to define automorphic vector bundles
on Y;, from algebraic representations of Py.
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Definition 3.15. Let V be a finite-dimensional algebraic representation of Py. We define the associated
vector bundle £(V) on Y, (resp. its canonical extension on Y}(‘;r) as the contracted product of V with
the universal Py-torsor on Yy, (resp. Y};’r). If . € X*(Pp) is a character, we write simply £, for the
corresponding line bundle.

Remark 3.16. In the special case where Iy = &, note that we have X*(Py) = X*(T).

There is an easy relation between £, and V()) that we want to explain. We first recall the proper base
change theorem for coherent cohomology.

Proposition 3.17 (proper base change, nonreduced case). Let f : X — S be a proper morphism between
locally noetherian schemes. Let F be a coherent sheaf over X which is flat over S. Let p > 0and s € S. If
67 : (R? f. F)s ®os, k(s) — HP(Xy, Fix,) is surjective, then there is an open neighborhood U of s such
that for all s’ € U, 6’5 is an isomorphism and the following conditions are equivalent:

(1) 6f s surjective.
(2) R? f FisfreeonU.

Under these conditions, the formation of R? f.F commutes under base change. This means that for

any g : S' — S, we have g*RP f,F >~ RP fg'* F where the maps are defined in the following cartesian

*

diagram:
X £ x
I
s —f5 5
Proof. See [Hartshorne 1977, Part III, Theorem 12.11]. O

Remark 3.18. (1) We assume 9;1 to be the zero morphism.

(2) The reference in Proposition 3.17 states a coherent base change theorem only for geometric points
of S. To see how it implies the base change for any morphism S” — S, see [Conrad, Proposition 2.1].

Lemma 3.19. Let X and Y be two Artin stacks and 7w : Y — X a proper representable morphism. Let L
be a coherent sheaf over Y, flat over X, such that for all geometric points x : Spec k — X fitting in the

cartesian diagram _
Ve =Y Xx.xSpeck sy

I I

Speck —~—— X

the complex R(my), L)y, is concentrated in degree 0. Then, the complex Rm.L is also concentrated in
degree 0.
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Proof. Consider a presentation f : X — X of the Artin stack X where X is a scheme and f is a surjective
and smooth morphism. Consider the double cartesian diagram

Y, ::Yxx,xSpeclE — Y =Xxyx)Y f

I bo,ob

Spec k al > X

where x is a geometric point of X. For any i > 0, we have H'(Yy, Ly,) = 0 by hypothesis. As a
consequence, the base change morphism for the first cartesian diagram

0 Rt Ly @0y, k(x) = H (Yy, Lyy,)

is surjective. By Proposition 3.17, we deduce that 9)’;, is an isomorphism for all x” in a neighborhood of x.
We deduce that R'7,Lyy is zero for all i > 0. Since f is flat, the base change theorem for the second
cartesian diagram says that there is an isomorphism

f*oRm L — Rit,o(f) L.
Since f is faithfully flat, it implies that Rm, L is concentrated in degree 0. O

Proposition 3.20. Let A be a character of Py. Denote by i : Y, — Sh the flag bundle defined before. We
have a canonical isomorphism

. L = V(),

where we see A as a character of T to construct V(L). This isomorphism extends to the toroidal

compactifications Y}(‘)’r and Sh'",

Proof. This isomorphism is a formal consequence of the definition of automorphic vector bundles in
Definitions 3.10 and 3.15 and standard base change theorem combined with Kempf’s theorem. We have a
cartesian diagram

Yi, —— [ Po\x]

b

Sh —— | P\x]

where the horizontal arrows corresponds to the universal P-torsor on Sh and the universal Py-torsor on Y7,
and where the vertical arrow 7 between the classifying stacks is induced by the inclusion Py C P. For
every A € X*(Pp), we have a line bundle £, on the classifying stack of Py. We denote by V(1) the vector
bundle on the classifying stack of P associated to the P-module H op / Po, L;). By definition, we have
isomorphisms

Ly =V, Li=Ly VQ)=VQ)
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on | P\*]. Since ¢ is flat, we have a base change theorem in the derived category of quasicoherent sheaves
over Sh which says that the natural map

¥ o RAL, — Ry o0l*Ly

is an isomorphism. If A is /p-dominant, Kempf’s vanishing theorem from Proposition 2.5 combined with
Lemma 3.19 implies that

Rr. L) =m. L), Ra..L),=m.L,
and we get

T Ly V()\.)

For the toroidal compactifications, the proof is exactly the same. U

4. G-Zips and stratifications

Let Sh denote the Siegel modular variety over [, of genus g > 1 and neat level K C Sp,, (A ¢) such that K,
is hyperspecial. The Siegel modular variety Sh has the Ekedahl-Oort stratification (EO stratification)
which is a genuine new structure which does not exist in characteristic 0. For the modular curve defined
over [, there are two strata: the ordinary locus and the supersingular locus. The ordinary locus is an open
subscheme corresponding to ordinary elliptic curves over [, and the supersingular locus is a reduced
closed subscheme corresponding to supersingular elliptic curves over [,. Hence, the closure of the
ordinary locus is the whole modular curve. In the series of papers [Wedhorn 1999; Moonen and Wedhorn
2004; Pink et al. 2011; 2015], Moonen, Wedhorn, Pink and Ziegler define an Artin stack G-Zip" which
depends on the reductive group G over [, and a cocharacter  of G. The underlying topological space
of this stack is finite and its topology captures the closure relations of the EO stratification. Furthermore,
one can construct a morphism

¢ :Sh— G-Zip*

from the G-torsor H(llR corresponding to de Rham cohomology of the universal abelian scheme. In his
thesis, Zhang [2018] has proven that ¢ is a smooth morphism. One can recover the EO stratification on
Sh through a pullback of some substack w of G-Zip*. Recall that P is the parabolic associated to —u
defined in Notation 3.5 and I C A is its type. The EO stratification on the Shimura variety can be further
generalized on the flag bundle Y}, corresponding to a standard parabolic subgroup Py C P of type Iy C 1.
Goldring and Koskivirta [2019b] define a stack G-ZipFlag""°, a smooth morphism

¢, ¢ Y1, — G-ZipFlagh "

and one can define a stratification of the flag bundle Y}, through the pullback of a collection of some
substacks [w] of G-ZipFlag* . For the convenience of the reader, we recall how [Goldring and Koskivirta
2019a; 2019b] use the formalism of G-Zips and G-ZipFlags to define and study the stratifications on the
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Siegel modular variety Sh and its flag bundle Yj,. In particular, we recall their result on the existence of
generalized Hasse invariants.

4.1. General theory. In order to consider the stratification of the stack G-ZipFlagt® for all Iy C I, it is
convenient to use a general zip datum Z and to define a stack G-Zip® for a general reductive group G
over k, a field of positive characteristic.

Definition 4.1. A zip datum of exposant n > 1 is a tuple
Z=(G,P,L,Q.,M,¢"),

where G is a reductive group over [, ¢ : G — G is the relative Frobenius map and P, Q C G Xy, I]_:p
are parabolics over F p with Levi subgroups L C P, M C Q such that ¢" (L) = M. We write U and V for
the unipotent radical of P and Q.

Definition 4.2. A morphism of zip data of exposant n > 1
Z=(G,P,L,Q,M,¢")— Z'=(G, P, L', Q' M ¢")
is the data of a group morphism f : G — G’ such that f(Q) Cc ' for =G, P,L,Q, M, U, V.

Recall that for each g > 1, we have a minuscule cocharacter i : G,, — szg defined over [,. The
couple (Spy,., 1) (Spy, is defined over F)) is a cocharacter datum according to the following definition.

Definition 4.3. A cocharacter datum is a couple (G, n) where G is a reductive group over [, and
w: G,, — G is a cocharacter defined over F p- A morphism of cocharacter data

(G, W) — (G, 1)

is a group morphism f : G — G’ such that u = f o u’. A cocharacter data (G, ) determines a opposite
parabolic subgroup P,, P_, with common Levi subgroup L = P_, N P,,.

From a cocharacter datum (G, ) we can construct a zip datum of exposant n
Z,LL = (G9 PaLv Q? M’¢n)

by setting P = P_,,, Q = ¢"(P,), L= P_, N Py, M = ¢"(L). We explain how to define a stack G-Zip~
from a zip datum Z.

Definition 4.4. Let Z be a zip datum and S be a scheme over [,. A zip of type Z over § is a tuple
1=(1,7p,I9, V),
where 7 is a G-torsor over S, ZTp C Z is a P-reduction of 7, Zp C 7 is a Q-reduction of Z and
¥ (@) (Zp/U) - Ig/V
is an isomorphism of M-torsors over S. A morphism of zips of type Z over S

I1=Z,Ip, T, ¥) > I' =T, Ip, Iy, V')
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is a morphism of G-torsors f : Z — I’ over S such that f(¢) C ¢’ for { = Zp, Iy and such that the

following diagram commutes

(@) (Tp/U) —L— Ty V

(@) Ty Uy —Ls TV
where the vertical arrows are induced by f.
Proposition 4.5. Let Z be a zip datum and S be a scheme over [ ,. The category G-ZipZ (S) of zips of

type Z over S is a groupoid. The association S — G-Zip® (S) defines an algebraic stack over F p that we

simply denote G-Zip~.

Proof. See [Pink et al. 2015, Propositions 3.2 and 3.11]. (]
Note that the association Z — G-Zip® defines a functor from the category of zip data to the category

of algebraic stacks over F,. We simply write G-Zip" instead of G-Zip®* when the zip datum comes

from a cocharacter datum (G, i). Most of the interesting properties of G-Zip can be deduced from its
presentation as a quotient stack. From now on, we fix a zip datum of exposant n

Z=(G,P,L,Q,M,q¢").
Proposition 4.6. G-Zip? is a smooth stack of dimension 0 over F p and it is presented as a quotient stack
LEz\G,

where Ez ={(x,y) € P x Q| ¢"(x) =y}, x — X denotes the natural projection P — L, Q — M and
(x,y)e Ez actson g € G by

(x,y)g=xgy "

Proof. See [Pink et al. 2015, Propositions 3.2 and 3.11]. Il

Denote by W the Weyl group of G, I C A the type of the parabolic P, J C A the type of the parabolic
Q, W; C W the subgroup generated by the reflexions in I, /W the set of elements w that are of minimal
length in W;w, W; C W the subgroup generated by the reflexions in J and W’ the set of elements w
that are of minimal length in wW;. The element of maximal length in W (resp. W; and W) is denoted
wo (resp. wo,; and wo, 7). Denote by z the element wowy ;.

Proposition 4.7. If there exists a Borel pair (B, T) of G defined over [, then there exists an element
z € W such that the triple (B, T, z) is a W-frame for Z. It means that the following conditions are
satisfied:

(1) BCP.
() zBz ' c Q.
(3) ¢(BNL)=zBz~'nM.
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Proof. See the proof of [Pink et al. 2011, Proposition 3.7]. U

For each w € W, we choose a lift w in Ng(T'). The following proposition explains how G decomposes
in E z-orbits.

1 0

Proposition 4.8. The map w — G, := Ezwz ™! restricts to bijections between:'!
(1) 'W and the E z-orbits of G.
(2) W’ and the E z-orbits of G.

Moreover, we have the following dimension formula for all w € TW U W7
dim G, = [(w) + dim(P).
Proof. See [Pink et al. 2011, Theorems 7.5 and 11.2]. O
Corollary 4.9. The stack G-Zip® can be decomposed as
G-Zip® = | | LE2\Gu).
wel w
The stack G-Zip? has a topology which describes the closure relations between the G,.

Proposition 4.10. The underlying topological space of G-Zip® is homeomorphic to the finite topological
space ' W where the topology is given by the partial order

1 1 I

w=<w' ifand only if there is v € W; such that vwxv™ ' x~' <w’,
where x is the unique element of minimal length in W ;woW; and < is the Bruhat order.
Proof. The result follows from the isomorphism
Go= | ] 6w
w'xw, w'elw

for all w € /W which is proven in [Pink et al. 2011, Theorem 6.2]. O

We simply write [w] for the locally closed substack | Ez\G,, | of G-ZipZ. Now, we describe how to
define a more general stack G-ZipFlag®'™ which depends on the zip datum Z and an auxiliary parabolic
subgroup B C Py C P.

Definition 4.11. Let B C Py C P be a parabolic subgroup of P and § be a scheme over [,. A zip flag of
type (Z, Py) over S is a tuple
J=U,J),

where I = (Z,Zp, I, ) is a zip of type Z over S and J C Zp is a Py-reduction of the P-torsor Zp. A
morphism of zip flags of type (Z, Py) over S

J=UTD—>I=U.T)

101y the case G = Spy,, these two bijections coincide.



162 Thibault Alexandre
is a morphism of zip I — I’ of type Z over S such that the underlying morphism of G-torsor Z — 7’
restricts to a morphism of Py-torsor J — J' over S.

Proposition 4.12. Let B C Py C P be a parabolic subgroup of P and S be a scheme over [F,. The

category G-ZipFlag® ™ (S) of zip flags of type (Z, Py) over S is a groupoid. The association S —
prlag

G-ZipFlag? ™ (S) defines an algebraic stack over F p that we simply denote G-ZipFlag® ™.

From now on, we fix an auxiliary parabolic subgroup B C Py C P.

Proposition 4.13. The stack G-ZipFlag®'™ is a smooth stack of dimension dim(P/ Py) over F pand it

can be presented as the quotient stack
LEz p\G],

where Ez p,:= Ez N (Pyx G) C Py x Q acts on G by restriction of the E z-action on G. It can also be
presented as the quotient stack
LEz x P)\G x P|,

where ((x, y), po) € Ez X Py acts on (g, p) € G x P through the formula

1

((x, ), po)-(g, p) = (xgy~ ", xppy ).

Definition 4.14. The map sending a zip flag J = (I, J) of type (Z, Py) over S to the zip I of type Z
over S defines a morphism of algebraic stacks over [,

7 : G-ZipFlag®" — G-Zip® .
Proposition 4.15. The inclusion E z p, C Ez induces a morphism
|Ez,\G] — |E2\G]
which corresponds to w through the isomorphisms in Proposition 4.13.

Proposition 4.16. The morphism 7 : G-ZipFlag® ¥ — G-Zip? is proper and smooth with fibers isomor-
phic to the flag variety Py/ P.

Proof of Propositions 4.12, 4.13, 4.15 and 4.16. See [Goldring and Koskivirta 2019b, Theorem 2.1.2]. [

It is natural to hope for a stratification of G-ZipFlag® 7" that generalizes the stratification on G-Zip®
however the E z p,-orbits of G are not as easy to understand as the E z-orbits. Instead, we define a smooth
surjective map

G-ZipFlag® " — G-Zip®,
where Z is a zip datum constructed from Z and Py and then pullback the stratification of G-Zip2°.

Definition 4.17. We denote by Z the zip datum

Zy= (G, Py, Lo, Qo, My, ¢")
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where Qg is a parabolic subgroup of Q defined by

Qo=¢"(P0NL)R,(Q) C Q,
with R, (Q) the unipotent radical of Q and where Ly, My are the Levi subgroups of Py, Qo.
Proposition 4.18. We have inclusions
Ez py CEz CPyx Qo
and the induced maps
G-ZipFlagZ? L5 G-zZip? Y25 | P)\G/ Qo]
are smooth and surjective.
Proof. See [Goldring and Koskivirta 2019b, Section 3.1]. O

Definition 4.19. The fine stratification of G-ZipFlag® ' is the stratification of G-Zip®® pulled back
by 1 and the coarse stratification of G-ZipFlag?® f? is the stratification of the Bruhat stack | Po)\G/ Qo]
pulled back by Y o yry. If w € ©W U W, then we write G—ZipFlagf’P o for the corresponding fine strata.

In the special case where Py = B is the Borel subgroup, the map 1, is an isomorphism, so the coarse
and the fine stratifications of G-ZipFlag® /" coincide. Note that if we have an inclusion of auxiliary
parabolics B C Py C P, C P, then there exists natural maps making the following diagram 2-cartesian:

G-ZipFlag® " — | P)\G/ Qo]

! |

G-ZipFlag®" —— | PI\G/ Q]
However, we don’t know if a similar statement holds if we replace the Bruhat stacks with G-Zip®° and
G-Zip?'.
Corollary 4.20. The stack G-ZipFlag®'™ can be decomposed as
G-ZipFlag® " = |_| G-ZipFlagZ:t

w
welow
and for all w € "W, we have the closure relation
G-ZipFlags = | |  G-ZipFlag_™,
w'xw, w'elow
where the order on W is the one introduced in Proposition 4.10 with I replaced by I.
Corollary 4.21. Let w € "W U W% and G—ZipFlagi’P O be the corresponding fine strata. Then
G—ZipFlalgf’P0 is a smooth stack over [, of pure dimension [(w) +dim P —dim G.

Now we want to construct some sections of vector bundles on G-Zip®, G-ZipFlag® " and relate
their nonvanishing loci to the stratification we have introduced. We start by introducing vector bundles
on G-Zip~.
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Definition 4.22. Let p : L — GL(V) be a finite-dimensional algebraic representation of the Levi L.
Consider the map f : Ez — L which is the composition of the first projection Ez — P with the quotient
map P — L. The composition p o f is an algebraic representation of Ez. It induces a locally free sheaf
W(V) of rank dim[gp Von |[Ez\G]. If A € X*(T) is a I-dominant character of 7', we simply denote V (})
the locally free sheaf W(H oL /Br, L;)). Note that H oL /Br, L) is the costandard L-representation of
highest weight wowg 1 A.

More generally, we can define vector bundles on G-ZipFlag®:’.

Definition 4.23. Let p : Py — GL(V) be a finite-dimensional algebraic representation of the parabolic Py.
Consider the first projection map f : Ez p, — Pp. The composition p o f is an algebraic representation
of Ez p, and it induces a locally free sheaf £(V') of rank dime Von |Ezp\G]. If L e X*(Lo) C X*(T)
is a character of L(, we also denote by £, the line bundle £(A) where we see A as a one-dimensional
representation of Py.

We have defined vector bundles V(1) on G-Zipz and line bundles £, on G-ZipFlagz’lD  for certain
characters A € X*(T). The next proposition gives a direct relation between them.

Proposition 4.24. Recall that 7 : G-ZipFlag® ™ — G-Zip? is the proper and smooth map that forgets
the Py-torsor from a zip flag of type (Z, Py). Let A € X*(Lg) be an Iy-dominant character of Ly. We have

a canonical isomorphism
Ly = V().

Proof. Consider the cartesian diagram

G-ZipFlag® P —*— /Py
l I
G-Zip? —— |%/P]

where the horizontal maps are given by the universal Py-torsor on G-ZipFlag®®* and the universal
P-torsor on G—ZipZ . For each character A € X*(Py), we have a line bundle £, on |*/Py| and a vector
bundle V(A) on |*/P] (corresponding to the induced P-representation H ocp / Py, £;)) that satisfies

=L, V) =V
It is straightforward from the definitions that
Ly = V(A).

As the map is fibered in P/ Py by Proposition 4.16, we know by Proposition 2.5 and Lemma 3.19 that for
a Ip-dominant character A, we have

Rﬁ*ﬁk Zﬁ’*[,)“ RTL’*ﬁ}L ZJT*EA.



Vanishing results over the Siegel modular variety 165

Since ¢ is flat, we conclude as in the end of the proof of Proposition 3.20 with the base change theorem
in the derived category that says that the natural map

* o R Ly — Rmyol™*Ly
is an isomorphism. (|

On the Bruhat stack Brh = | B\G/B ], we have the Bruhat stratification
Brh= | | Brh,,

weW
where Brh,, = | B\BwB/B] and for all w € W we have the closure relation
BI‘hw - |_| Brhw/v

w' <w,wew

where < is the Bruhat order. We consider the morphism
¥ : G-ZipFlag®'® — Brh
defined as the composition of the morphism induced by the inclusion
EzpCBxzBz !
with the isomorphism
o;: | B\G/zBz™'| — | B\G/B,
Z,P()‘

that sends x to xz. We use this stack to construct some sections on G-ZipFlag

Proposition 4.25. Given two characters (A, n) € X*(T') x X*(T), the associated line bundle L, , on Brh
has the following properties:

(1) We have a canonical isomorphism * L), , = L)1 7 (zn), Where o : ﬁp — Fp is the inverse of the
Frobenius.

(2) Forall w € W, we have H(Brh,,, £; ) #0 & n=—w"'A.
(3) dimg, H'(Brhy, £; _,1;) = 1.

(4) For any nonzero s € H 0(Brh,,, L; _y-13) viewed as a rational function on Brh,,, one has

div(s) == > (A, wa")Brhyy,.
aeky,
where E,, = {a € ¢ | wsy < w and [(wsy) = [(w) — 1}. The set of wsy for a € E,, is called the set
of lower neighbors of w.

Proof. For (i), see [Goldring and Koskivirta 2019a, Lemma 3.1.1]. For (ii) to (iv), see [loc. cit.,
Theorem 2.2.1]. O

Definition 4.26. Let w € W and n > 0. We define by induction on n, the element w™ by setting
() w® =e,

2) w® =7 (w" D) ifn > 1.
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Proposition 4.27. The function
Dy, : X*(T) — X*(T),
A= A — pa(zw_l)\),

induces a Q-linear automorphism of X*(T) @z Q. If x is a character, its inverse by D,, is given by the

Q-character
rn—1

-1 o
pree D DNACURR RS
i=0

A=

where r is an integer such that (zw™")") = e and n is an integer such that x is defined over .

Proof. See [Goldring and Koskivirta 2019a, Lemma 3.1.3]. O
Having defined sections on stacks G-ZipZ, we can study their vanishing locus.

Definition 4.28. Let L. € X*(Py) be a Lo-dominant character of Py and

s € HO(G-ZipFIagf’P‘), L),

Z,Py
w

d > 1 such that s extends to G—ZipFlagf*P 9 with nonvanishing locus G—ZipFlagi’P . We define the sets

a nonzero section. We say that s is a generalized Hasse invariant for G-ZipFlag if there exists some

CHa.1p.w = {» € X*(Pp) | L, has a generalized Hasse invariant for G—ZipFlagf’P o1

and
CHa,Io = m CHa,Ig,w-
weW

Now, we give a strong result for the existence of generalized Hasse invariants on the stack G-ZipFlag®* .

Proposition 4.29. Let A € X*(Py) be a Lo-dominant character, w be an element of bW and s be a

Z,Py

0, Ly). Then, the following statements are equivalent:

nonzero section of H*(G-ZipFlag

(1) s is a generalized Hasse invariant for G—ZipFlagf’P o

(2) Forall x € E, we have

rn—1
S (G YO ), wa¥)pl > 0,
i=0

where r is an integer such that (zw™")") = e and n is an integer such that X is defined over F P
Proof. See [Goldring and Koskivirta 2019a, Proposition 3.2.1]. U

Example 4.30. We give more details in the case G = Sp, and Z = Z, with u the cocharacter that
stabilizes the Hodge filtration of the Siegel datum. The Levi L is GL;. We denote by s; and s, the simple
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reflections associated to the simple roots (1, —1) and (0, 2). We represent the elements of W in the
diagram

Wo = 528515281

— T~

4
w1 = 525152 wp = 8518251

where an arrow is drawn from w to w’ if w’ < w and [(w’) =[(w) — 1. Foreach w € W and A € X*, we
denote by s; ,, the quasisection in H 0(G—ZipFIagf ‘B £,) obtained via pullback from a nonzero quasi-
section of H%(Brh,,, L —uw-1y) Where x is a Q-character such that D,,(x) = 1.1 We write A = (k1, k»)
and we compute div(s; ,,) for each w:

1 _ _
div(sy.,w,) = ﬁ((p — Dk — k) [wi] = (k2 + pkp)[w) D),

1 _ _
div(sy,w,) = ——(=ki[w2] — ka[w}]),
p—1

&WmM%:?:TG«p—Uh+uﬂ4wﬁﬁa+«p+wh—ur4wﬁﬁﬁx
div(s5.,) = ( bk )[“i-+—"k2 /]
IV(Sx,wy) = m 7 1 w3 F Ws |,

k1 ko
p—1 p+1

(ka — pki)[el,

Y S
wmmp=—( >MQ+p1N%L

div(sy, wy) =

PP+l
. 1 —
div(sy w) = m(kl —ko)[el.

We deduce that the set of characters

—1
Cl::{A.:(kl,kz)‘0>kl>p k2andk2>Pkl}
p+1

11Quasisection means a section of a certain positive tensorial power of £, .



168 Thibault Alexandre

has generalized Hasse invariants for all strata of G—ZipFlagi’B . Since the character of the Levi are
X*(L) = Z(1, 1) and the minimal length left coset representatives are

"W = {e, w3, wy, w1},
we deduce that the following set of characters
Coi={r = (k1, k1) | k1 <0}
has generalized Hasse invariant for all strata of G-Zip~.

Example 4.31. We give some details in the case G = Spg. The Levi L is GL3 and we denote by sy, s2
and s3 the simple reflections associated to the simple roots (1, —1, 0), (0, 1, —1) and (0, 0, 2). The Weyl
group W is isomorphic to S3 x (Z/2Z)3 (48 elements). The computations can be painful without a
computer, so we have implemented an algorithm in SageMath that computes the divisor of all the s,,  for
any g > 2. See github.com/ThibaultAlexandre/generalized-hasse-invariants to download the algorithm.
Take p =7, w = 515283, and A = (—1, —3, —5). We get

div(sy,2) = 2052531 + 353511+ £[s152].

Koskivirta and Goldring introduced a notion called orbitally p-closeness that guarantees a character to
have generalized Hasse invariants for all strata without having to compute all the div(s,, ). However,
this notion is not necessary for a character to have Hasse invariants.

Definition 4.32. Let X be a character of 7. For every coroot such that (A, «") # 0, we set

(A, wa”

Vy >| T
Orb(3., )_{ T ‘weWxGal([Fp/[Fp)}

and we say that A is
(1) orbitally p-close if maxyey Orb(X, a¥) < p —1,
(2) Zyp-ample if (A, «¥) > 0 forall « € I\Iy and (A, a") <O forall @ € ¢+\¢zr_
Proposition 4.33. Let A be a character of Py. If A is orbitally p-close and Zy-ample then, there exists
d > 1 such that for all w € W and all nonzero section s in
H°(G-ZipFlagZ™, £,),

the d-th power s? extends to G-ZipFlagf 2o yith nonvanishing locus G—ZipFlagi o,

Proof. See [Goldring and Koskivirta 2019a, Proposition 3.2.3]. g

4.2. G-Zip associated to the universal abelian scheme. In this subsection, we specialize our discussion
to the Siegel case. Recall that the Siegel modular variety Sh is a smooth scheme over k =T ,. We denote by
7 : Y, — Sh the Siegel flag bundle of type /o C 1. Recall that 7w extends to the toroidal compactifications
7 2 Yo — Sh''. We also have a minimal compactification Sh™" for the Shimura variety but not for the
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flag bundle. The goal of this subsection is to define the maps ¢ and ¢;,. We need some results on the
Hodge and conjugate filtrations of abelian schemes. We recall a result due to Deligne and Illusie.

Proposition 4.34. Let S be a scheme of characteristic p. Let f : A — S be an abelian scheme over S.
Consider the Hodge to de Rham spectral sequence

EY) =RIf.Q s = Hg’'(A/S).
and the conjugate spectral sequence
E" =R (1 (2y,5) = Hg (A/S).
Then
(D E;J degenerates at page 2,
2) E {i’j degenerates at page 1.
Proof. See [Deligne and Illusie 1987, Corollaire 2.4 and Remarques 2.6(iv)]. O

Definition 4.35. Let S be a scheme of characteristic p. Let f : A — § be an abelian scheme over S.
The Hodge filtration of A over S is the two-step underlying filtration on Hle(A /S) coming from the
degeneration of the Hodge to de Rham spectral sequence

0— m Q) s > Hgg(A/S) > R'm,04 — 0.

Definition 4.36. The conjugate filtration is the two-step underlying filtration on Hle(A /S) coming from
the degeneration of the conjugate spectral sequence

0— R'mH QY /5) > Hig(A/S) - mH (2 ,5) — 0.
The Hodge and the conjugate filtration are related on their graded pieces by the Cartier isomorphism
which of we recall the definition.

Definition 4.37. Let S be a scheme of characteristic p and f : A — S be a smooth morphism.'? The
Cartier morphism is a map of graded algebras

C P Qs = D H (FQy),
i i

where F : A — AP is the relative geometric Frobenius of A over S. It is enough to define it in degree 0
and 1 and then use the graded algebra structure to extend it. In degree 0, it is the map F* : O 44 — FyO4y.
In degree 1, it is a map
Q,l4<p)/5 - HI(F*QA/S)

coming from the S-derivation § : O — Hl(F*Q;‘ / ) satisfying (we use the isomorphism Oy =
O ®oy,F+ Os)

(D) 3(fs®s)=38(f ®@sPs"),

(2) 3(fg®s) = [fro(g®@s)+8"6(f ®s)

128uch as an abelian scheme A over S.
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forall f,g €Oy ands,s € Og. If f € Oy and s € Oy, we define §(f ® s) to be the cohomology class
of sfP~ldf.
Proposition 4.38 [Cartier 1957]. The Cartier morphism C~' is an isomorphism and it satisfies:

(H c'(H)=1.

Q) ClwAaw)=C" w)ACT W) forallw e Q"A(],)/S, w' € Qi;(m/s.

3) CTld(f @) =1f"""df].

The Hodge filtration and the conjugate filtration of an abelian scheme f : A — § of relative dimension g

can be seen as a P-reduction Z and a Q-reduction Z of the G = szg-torsor Hle(A /S) where P and Q

are the maximal parabolic subgroups associated to the cocharacter datum (Sp,,, w).'? With the Cartier
isomorphism, we can construct an isomorphism

V(@) Tp/U)— I/ V
of M-torsors. In other words, we can construct a zip (Hle(A /S),Zp,Ig,¥) over § of type Z =
(G,P,L,Q, M, ).
Definition 4.39. The morphism
¢ :Sh— G—ZipZ

is the classifying map of the universal zip 1 = (H(liR, ZIp,Zg, V) associated to the universal abelian scheme
f : A — Shover Sh. For all w € W, we define the locally closed subscheme Sh,, := ¢! (G—Zip‘;‘:).

Over Yy,, we have a universal Pj,-reduction J of the P-torsor Zp corresponding to the Hodge filtration.
The pair (1, J) is a zip flag of type (Z, Ip).
Definition 4.40. The morphism
¢1, 2 Y1, — G-ZipFlag®"
is the classifying map of the universal zip flag (I, J) of type (Z, Iy). For all w € hw we define the
locally closed subscheme (Yy), :=¢ A ! (G—ZipFlagf).
Proposition 4.41. The morphisms ¢ and £, are smooth and surjective.

Proof. See [Zhang 2018, Theorem 3.1.2] for the smoothness. See [Oort 2001] for the surjectivity. O

As generalizations lift along flat morphisms [Stacks 2005—, Tag 03HV], we deduce in particular that
we have the following closure relations:
(1) For all w € 'W, Sh,, = L Shy,.
w'xw, welw
(2) Forallw e ®W, V)w= LI  (Yi),-

w’#w,w’e’OW

We give a statement about the extension of these results on the toroidal compactifications.

13See the paragraph after Definition 4.3.
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Proposition 4.42. The universal zip 1 extends to a zip of type Z over the toroidal compactification Sh*"
tor

of Sh. The corresponding classifying morphism ¢'°" extends the morphism ¢:

shr £, G-Zip?
[
Sh
Proof. See [Goldring and Koskivirta 2019a, Theorem 6.2.1]. O
Corollary 4.43. The universal zip flag (I, J) extends to a zip flag of type (Z, Iy) over the toroidal

compactification Sh'" of Sh. The corresponding classifying morphism ;}(‘)’r extends the morphism {,:

tor

¢
Y}(‘)’r oy G-ZipFlag®0

=

Yy,

Proposition 4.44. The morphisms ¢'" and ;" are smooth.

Proof. See [Andreatta 2023, Theorem 1.2.]. ]

5. Positive automorphic line bundles and Kodaira vanishing

Let Sh™" be a smooth and projective toroidal compactification of the special fiber of the Siegel modular
variety as in Definition 3.7. Let Iy C I be a subset and 7 : Y}gr — Sh'" be the associated flag bundle that
parametrizes Py-reduction of the Hodge filtration over Sh'". In the last section, we have defined smooth
morphisms
é.tor - Shtor G-Zipz"
and
(Y[ — G-ZipFlag?n ™,

which allowed us to construct generalized Hasse invariants on the stratification of Sh*" and Y}(‘)’r. We
denote by Dieq the normal crossing Cartier divisors supported on the boundary of Sh'". Recall that there
exists an effective Cartier divisor D whose associated reduced divisor is Dyeq and an integer no > 0 such
that ©®7(—D) is ample on Sh'" for every n > no.'* To lighten our notation, we write D, Dyq instead
of 771D, 77! D,eq when no confusion is possible. Following the result of [Brunebarbe et al.], we use
the generalized Hasse invariants to prove that certain line bundles £, are D-ample on the flag bundle
Y}(‘)’r.15 The motivation for this notion comes from the determinant w of the Hodge bundle '°" which is
not ample on Sh*" but only D-ample. Finally, we state a Kodaira—Nakano-like vanishing theorem for
D-ample line bundles in positive characteristic from [Esnault and Viehweg 1992].

145¢e the paragraph after Definition 3.8.
15See Definition 5.2.
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5.1. Positive line bundles. We recall the main positivity notion we will need for our automorphic line
bundles. In this subsection X is a projective variety over k, a field of any characteristic.

Definition 5.1 [Lazarsfeld 2004, Chapter 1]. Let £ a line bundle over X:

(1) £ is ample if for any coherent module F over X, there is an integer ng > 1 such that for all n > ng,
the sheaf 7 ® L®" is globally generated.

(2) Equivalently, £ is ample if for any subvariety V C X, we have
el ()™ - [V] >0,

where ¢ (L) denotes the first Chern class of £ and - the intersection product in the Chow ring of X.

(3) Equivalently, £ is ample if for any subvariety V C X, there is an integer d > 1, a nonzero section s
of £‘|§’,d and a point x € V such that s(x) = 0.

(4) L is nef if for any subvariety V C X, we have ¢;(£)%™V .[V]> 0.

(5) Equivalently, £ is nef if for any subvariety V C X, there is an integer d > 1 and a nonzero section s
of C‘l%,d.

(6) L is big if there is an integer n > 1 and an ample line bundle A such that £&" ® A®~! is globally

generated.

We now define the nonstandard notion of D-ample line bundle on a pair (X, D). It is a notion that
appears in [Esnault and Viehweg 1992] without being explicitly named.

Definition 5.2. Let D be an effective Cartier divisor of X and £ a line bundle over X. We say that L is
D-ample if
Ino > 0,Yn >no, LE"(—D) is ample.
We recall some known facts about D-ample line bundles. Since we have not find a reference, we

reprove them.

Proposition 5.3. Le D be an effective Cartier divisor of X and L a line bundle over X. We have the
following implication.
Lisample = Lis D-ample.
Proof. If L is ample, then £&"(—D) = £L®" ® Ox(— D) must be ample for all n > 1 large enough. [
Proposition 5.4. Let L be a line bundle over X. The following assertions are equivalent:
(1) L is nef and big.
(2) There exists an effective Cartier divisor D on X such that L is D-ample.

Proof. Assume that there exists an effective Cartier divisor D on X such that £ is D-ample. If £ is not
nef, then there is a curve C C X such that the intersection product

ci(£)-[C]
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is negative. It implies that the intersection product

c1(LE"(=D)) - [Cl1=n (c1(£)-[C]) =D - [C]
| ——
<0
must be negative when 7 is large enough, which contradicts the D-ampleness of £. Moreover, since we
can write L& as a tensor product

LOW = L2 (=D) ® Ox(D)

of an ample line bundle with an effective line bundle, £ is big. We are left to show the implication (1) = (2).
Since L is big, there exists an integer 7o > 1 and an ample line bundle A such that L8 @ A®~! = Ox (D)
with D an effective divisor. In particular, the line bundle £®"°(— D) is ample. Since £ is nef and the
tensor product of an ample line bundle with a nef line bundle is ample, the line bundle £®"(— D) is ample
for all integer n > ng. O
Proposition 5.5. Let D be an effective Cartier divisor and L a line bundle over X. If L and L' are
D-ample line bundles on X, then L ® L' is D-ample. If L®" is D-ample for a positive integer n, then L is
D-ample.

Proof. Assume that £ and £’ are D-ample line bundles. In particular, £’ is nef by Proposition 5.4. For
n > 1 large enough, the bundle

(L® L) (=D) =L (—D)® (L)*"

is ample as the tensor product of an ample line bundle with a nef line bundle. If £®" is D-ample for
some n > 1, it implies that £®", hence L, is nef. It also means that there is an integer 1o > 1 such that
L& (— D) is ample. Thus, the bundle

L1770 £®n7}0(_D) — £®"(—D)
is ample for all n > nng. O

Proposition 5.6. Let D be an effective Cartier divisor, n > 1 an integer and L a line bundle over X. The

following assertions are equivalent:
(1) Lis D-ample.
(2) LisnD-ample.

Proof. Assume that £ is D-ample. In particular £ is nef and consider 1o > 1 such that L27(— D) is ample
for all n > ng. The bundle
LEN(—nD) = LB @(LE(—D))®"

is ample for all n > nng as a tensor product of a nef line bundle with an ample line bundle. Assume that
L is nD-ample. It implies that the bundle

(L(—D)®" = L2 (—nD)

is ample for all n large enough. O
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5.2. D-ample automorphic line bundles. 1t is now convenient to introduce a relevant subset of characters
of P().

Definition 5.7. We set
Cample, 1, = {A € X*(Po)L;, is D-ample on Y}(‘)’r}.
Proposition 5.8. The subset Cample, 1, is a saturated cone of X*(Py) by Proposition 5.5 and we call it the
D-ample cone of Y}
Definition 5.9. Let A € X*(Py) and w € °W. We call a generalized Hasse invariant for £, any section s

of L& (for some d > 1) over Y}sz that vanishes exactly on the boundary ¥ o, =Y, Any £; with

A € CHa,1,,w admits a generalized Hasse invariant obtained as a pullback by §Itgr.

We can now state and give a proof of the main result of this section.
Theorem 5.10. If A € X*(Py) is a character in Cy,, 1, then L, is D-ample on Y}(‘;r.

Proof. We start by proving that £, is nef on Y}(‘)’r for any A € Ca,j,. Let V be a subvariety of Y}(‘)’r and
consider the minimal element w of W such that V C ¥ t;(’)rw. Such an element always exists because

Ytl(())rwo = Y}(‘)’r. We consider a generalized Hasse invariant s € H 0(}_’5‘(’:1”, E%’d) (for some d > 1) and we
claim that the restriction s|y is not identically zero. If it were, we would have
v/ tor tor __ tor
vV C YI(),w 1w — I_| YIO,UJ/’

w'sw, w#w

which would contradict the minimality of w (V is irreducible). In particular, we have shown that £, is
nef. Let A be a character in Cq,, j,- Recall that g > 1 is an integer such that w®"(—D) is ample for all
n > no. Since L, is w-ample, we deduce that

L, ® (w*0®(=D))®"

is ample on Y}(‘)’r for m large enough. Since A belongs to Ch, 1, and the inequalities that define Cya, g, are
strict, we know that for all n large enough,

E?n ® n*w®*fi

has generalized Hasse invariants for all strata ¥;*" , so it is nef. Hence, we know

0, W’
ﬁk ® (n*w®n(_D))®m ® (ﬁign ® n*w®—n)®m — Ci@nm—i—l(_mD)

is ample on Y}(‘;r for n, m large enough. We consider some integer ng, mo > 1 such that ﬁf’"omﬁl (—moD)
is ample. Since £, is nef, we must have E?”(—mOD) ample for all n > nomg + 1. In particular, £, is
moD-ample, hence D-ample by Proposition 5.6. U

Remark 5.11. The theorem can be rephrased as an inclusion

CHa,Io C Cample,lo-
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Using Proposition 4.33 for the existence of generalized Hasse invariants on the stack G-ZipFlag®+-,
we get:
Theorem 5.12. Let A be a character of Py. If A is orbitally p-close and Zy-ample, then L; is D-ample

on Y.
0

5.3. A logarithmic Kodaira—Nakano vanishing theorem in positive characteristic. In this subsection,
we review the Kodaira—Nakano vanishing theorem in positive characteristic due to Deligne and Illusie
[1987] and a logarithmic version due to Esnault and Viehweg [1992]. Let X be a smooth projective
variety of dimension n over a perfect field k of characteristic p > 0. Let Dyeq be a normal crossing divisor
of X. We have an open immersion 7 : U := X — Dyeq — X.

Proposition 5.13. Recall that X is a smooth projective variety over k and let L be an ample line bundle
over X. Denote by d the dimension of X. Assume that (X, L) lifts to Wy (k) and p > d, then

Vi+j>d, H(X,Q,®L) =0.
Proof. The detailed proof can be found in [Deligne and Illusie 1987]. g

Over the flag bundle Y}g’r of the toroidal compactification of the Siegel modular variety, we have seen
that certain line bundles £, are D-ample for some effective divisor D supported on the boundary. This
motivates this refined version of the result of Deligne and Illusie due to Esnault and Viehweg.'®

Proposition 5.14. Recall that X is a smooth projective variety over k. Recall that Dyeq denotes a normal
crossing divisor on X. Let D be an effective Cartier divisor whose associated reduced divisor is Dieq and
let L be a D-ample line bundle on X. Denote by d the dimension of X. Assume that the triple (X, Dyeq, L)
lifts to Wy (k) and p > d, then

Vit+j>d, H(X,Q,00g Dwq) ® L(—Drea)) = 0.
Proof. The proof of [Esnault and Viehweg 1992, Proposition 11.5] shows that
Vi+j <min(d, p), H'(X,Q(log Dwea) ® L7 =0,
which is equivalent to
Vi+j>max(2d — p,d), H'(X, 2} (10g Drea) ® L(—Dreq)) =0

by Serre duality. We use that for all i 4+ j = n, the pairing Q’X (log Dyeq) ® Q& (log Dyeq) — €25 (10g Dreq)
mapping ¢ ®  to o A B is perfect. O

Remark 5.15. Motivated by Proposition 5.4, one might be tempted to replace the assumption D-ample
by nef and big. However, the Proposition 5.14 requires a normal crossing divisor.

16This result already appears in [Lan and Suh 2013].
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6. Vanishing for automorphic vector bundles

In this section, we prove our vanishing results announced in Section 1.2. We start with some preliminary
results concerning the spectral sequence associated to the cohomology of a filtered sheaf. Next, we
construct the function gy, . on the power set of characters and prove that it produces new vanishing results
from old ones. Finally, we give more details in the special case g =2 as it is easier than the general case.

6.1. Spectral sequence associated to a filtered sheaf. We consider a scheme morphism f : X — S and a
sheaf 7 on X endowed with an increasing filtration F, with graded pieces

VkeZ, gr,=Fi/Fk-1.
Proposition 6.1. There is a spectral sequence starting at page 2
By =R fug) = RYLD).

Proof. This result is well-known: see the appendix of [Esnault and Viehweg 1992] for example. We just
recall how the differentials of the second page are defined. For all £ € Z, there is an exact sequence

0— Fi—1/Fi—2 = Fi/Fic—2 = Fi/Fxk-1—> 0
and the differentials are the connecting morphisms
Vi >0, R fi(gr,) — R fuer,_)). O

From the study of this spectral sequence, we deduce several results.

Lemma 6.2. Let iy > 0 and assume

VkeZ, R"f.(gr,)=0.
Then,
R f.(F) =0.

Proof. We pass from a page of a spectral sequence to the next one by taking cohomology and since
Eéo_k’k = R f,(gr,) =0 for all k € Z, we have
Va>2,YkeZ, EPFK=0.
Thus,
Va>2,YkeZ, ENFk=0
and
R f.(F) =0. O

Lemma 6.3. Let io > 0 and assume that there exists n € Z such that for all k > n, gr, =0. If

RYf,(F)=0,Yk<n—1, R*"f(gr,)=0,
then
Rlof*(grn) = 0
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n+1 0 0 0 0 0

n J«(gr,) le*(grn) R2f*(grn) R3f*(grn)

T

n—1 0 fulgr,.)) R'Yf(gr,) R*fu(gr, )
T
n—2 0 0 fe@r, o) R'fu(gr, ,)
n—3 0 0 0 fi(gr,_3)
—n —n+1 —n+2 —n+3 e 1

Figure 2. E,-page of the spectral sequence.

Proof. For a visual support, see the Figure 2. From the hypothesis on the graded pieces, we know
—n+ig,n

that for all @ > 2, the differential with target E, vanishes. Since for all k < n — 1 we have
Riot! £, (gr,) = 0, then for all a > 2 the differential with source E;” """ must vanish. Thus, we get
RY f,(gr,) = E2_"+’°’" = E;P" and EZ'T" =0 as a graded piece of R f, (F). O

6.2. The general case. The goal of this subsection is to explain how to deduce new vanishing results for
the coherent cohomology from known ones. Other Shimura varieties could be considered but we have
restricted ourselves to the Siegel case for simplicity. We recall the notation. Let Sh**" be the special fiber
over [, of the Siegel modular variety of genus g > 2 and 7 : Y}(‘)’r — Sh'" the flag bundle in P /Py where
Py C Sp,, 1s a parabolic subgroup of type /o C I C A which is contained in the parabolic P C Sp,, of
type 1. We denote by D4 the normal crossing divisor supported on the boundary of Sh'". We use the
same notation D4 for the normal crossing divisor 77" Dyeg Of Y}gr when no confusion is possible. We
denote by d, dy the dimension of Sh', Y ,‘;’r and ro = dy — d the relative dimension of w. We choose a
system of positive roots in a way to obtain

I={ej—e1li=1,....,g—1}CA={e;—eip1|i=1,...,8—1}U{2e,}.

The Levi subgroup L of P C Sp,, is GL, and to each representation V' of L, we have an associated
vector bundle W(V) on Sh'®". With our conventions, the Hodge bundle € is the vector bundle of rank g
associated to the standard representation std; of L. To each character A of Py, we have an associated
line bundle £, on Y }(‘)’r Assuming that p > dj, the basic idea is to use the logarithmic Kodaira—Nakano
vanishing theorem (see Proposition 5.14) on the flag bundle Y}(‘)’r with D-ample line bundle £, . Since the
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determinant of
Q IY}(‘)” (log Drea)

is a line bundle over Y}(‘)’r, it is not hard to express it as an automorphic bundle and it provides vanishing
results for cohomology groups H' with i > 0. The accessible weights with this method are regular. To
access less regular weights, a natural idea is to use the logarithmic Kodaira—Nakano vanishing theorem for

Q’?}(‘)’r (log Drea)

with m < dy. However, this bundle is not a line bundle and doesn’t seem related to automorphic bundles (see
Remark 6.9). A solution is to filter it by automorphic vector bundles and then use the associated spectral
sequence. The following result is well-known but since we haven’t found a reference, we give a proof.

Lemma 6.4. We have an exact sequence of vector bundles

0— 7*Ql

Shtor (IOg Dred) - Q

Y‘Ur (log Dred) - QlY}(())r/ Shter — 0.

Proof. By [Deligne 1970, 11, Section 3], we have a commutative diagram

0 —g ”*Q;hmr — W*Qéhmr(log Dred) E— T[*ODred E— 0

FOT

Q) (10g Dia) —— Or-ip,, — 0
Io

where the rows are exact (use also that rr is flat for the first row). Since 7 is smooth, kera = 0 and by the
snake lemma, the sequence

0— kerb - 0— QYLO,/ shior = QLo (10g Dreq) /T * Q2L 1o (108 Dreg) — 0

Ytor Shmr
is exact. The desired exact sequence is obtained from b. g

Definition 6.5. Let ¢ > 0 be an integer. We define an increasing filtration F, of Q‘;Qme(log Dyeq) by

Fr = Q™" (10g Drea) A Qe (10g Drea).
0

with graded pieces
_ _xydo—e—k k
g =7 Qg or (108 Dred) ® QY;S, / Sher-
From the Proposition 6.1, we get an associated spectral sequence starting at page 2 for each A € X*(Pp)

E2 en Ht+k(Y1t§r’ gy ®Ly(—Dred)) = H[_H((Yt;)r, ;i;(:ore(log Dred) ® L3.(—Dred))- (2)

This spectral sequence doesn’t degenerate in general, so we need to consider weights A that ensure
partial degeneration results. This will allow us to deduce vanishing results for tensor product of the form

Qpor (10g Drea) @ V(2.
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Another difficulty arises because, in positive characteristic, algebraic representations of reductive groups
are not semisimple, so we can’t easily deduce vanishing results for automorphic bundles from vanishing

results for such tensor products. However, from Proposition 6.7, Q’;hmr (log Dyeq) admits a V-filtration if

p > d and we can use Corollary 2.11 to see that the tensor product Qghmr (log Dyeg) ® V(A) admits also

a V-filtration: this will allow us to deduce new vanishing results for automorphic bundles. Since our
method relies heavily on partial degeneration results that requires vanishing results, we can think of it as
a way to deduce new vanishing results from known ones. This is why we present them in two steps:

e Degeneration: We determine the vanishing results we need to ensure the degeneration of relevant
spectral sequences.

o Propagation: Given a set of known vanishing results, we determine the new vanishing results we
can deduce from them.

To lighten our notation, we will denote the subcanonical automorphic bundle by V*"®(}) instead of
V(1)(—Dyeq) and £ (V) instead of £(V)(—Dyeq). We introduce some notation for the weights of our
automorphic bundles.

Definition 6.6. For all n > 0, we set
(Mj)liji(z) = (wOwO’Lv.7)1§j§(Z)’
where the v;’ are the characters of the L-representation
n 2
A" Sym~ stdy .

We assume that v”,, is the highest weight.

n
)
Proposition 6.7. If p > d = g(g + 1)/2, then for any n > 1 the vector bundle 2y, . (10g Dreq) admits a
filtration

0=V V' C ..V =Q .(0g Dra).
where the graded pieces are automorphic vector bundles of the form V(,u;?) with u’; dominant.
Proof. Recall from Proposition 3.12 that the Kodaira—Spencer map induces an isomorphism
Q0 (10g Drea) = W(Sym*std,) = V(0, ..., 0, =2).

We only need to see that for any 1 <n < g(g+1)/2, the GL,-module A" Sym? std; admits a V-filtration.
The module

Sym?std;, = V(2,0,...,0)
is already a costandard module. From Proposition 2.9, the module

(Sym? std; )®"
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admits also a V-filtration. Since p > g(g+1)/2 > n, p does not divide n! and the surjection of G-modules
(Sym2 stdy)®" — A" Sym2 stdy,

admits a GL,-equivariant section s defined by the formula

1
SWIA---Avy) = P Z £(0)Ve(1) ® -+ ® Vg (n)-
oced,

As a direct factor of (Sym? std; )®", the Corollary 2.13 implies that A” Sym? std; admits a V-filtration.
0

Proposition 6.8. We have an isomorphism

Ql

v swor = £(Lie L/ Lie(Py N 1),

and for all i > 0, the vector bundle Q . is filtered by line bundles

i
Yior/ Sh©

L_s,, Wwheresy = Z o forall M C ¢Zr — ¢;E such that |M| =i.
aeM

ro ~

In particular, Qy;gr / shior =

E—Z,OIO with
1 Z
Ply = 7 x.
2
acsf\o},

Proof. Consider the cartesian diagram

Y s [ Po\x]

P
Sh —— | P\x]
where the horizontal arrows correspond to the universal P-torsor on Sh'" and the universal Py-torsor on

Y}(‘)’r and where the vertical arrow 7 between the classifying stacks is induced by the inclusion Py C P.
Coherent sheaves on the classifying stack | Py\*] are algebraic representations of Py and clearly, we have

QL =Lie(P)/ Lie(Py)",

where the action of Py on Lie(P) is induced by the restriction of the adjoint action of P. From the
isomorphism
ol =ql,
we deduce that
sz;;gr sy = L(Lie(P)/ Lie(Po)").

Since the T-weights on Lie(P)/ Lie(Py)" are the —a with « € qbZ’ — d)jg, the result follows. O
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Remark 6.9. The exact sequence

1 1 1
0— jT*QShmr (10g Dred) - Qy}gl’ (log Dred) - lelgr/ Shtor —0

doesn’t seem to split and we cannot prove the vanishing of the abelian group

EXtéQ (Qly;gr/ Shtor k) n*Qéh[or (log Dred))

Ytor
To

using known vanishing results because the vector bundle
7*QL (108 Dyed) ® Q' vior )
shtor 108 Lred yjor/ sher

is filtered by the £, with A € X*(Py) outside the antidominant Weyl chamber for which the first cohomology
is nonzero in general. Outside the case Iy = I, we don’t even know if Q}Im (log Dyeq) is automorphic.
0
In other words, we don’t know if Q}Imr (log Dyeq) is of the form £(V) for an algebraic representation V
0
of P().

6.2.1. Degeneration. Multiple subsets of X*(Py) will occur in the formulations of our degeneration
results, we gather them in the following definition.

and C2

1
¢ deg,e

Definition 6.10. Consider an integer 0 < e < d — 1. We denote co deg.e

deg? the following sets

of characters:
Cheg =11 € X*(Po) | A —2ps, € X*(Py)*},
Cieg.e ' ={1 € X*(Py) | Vi >e+1,Vj, V1 <k <e,VM C ¢; — ¢} such that
M| =ro—k, Hi (Shtor’ Vsub(M;{’—e+k A —sy)) = O},
Cgeg’e = {A eX*(Py) |Vi>e+1,Vj# (dcie)H"(Sh“’r, Vsub(pfj_e +A—-2p1)) = 0}_

Lemma 6.11. Let A € Cgeg and F be a coherent sheaf on Sh*'. For all 0 <i <ry and n > 0, we have the

following isomorphism
Hn (Y[t(())r’ T[*-F ® Qly}gr/ Shmr ® ﬁ;Ub) - Hn (Sh[orv f ® T[* (Qly;gl/ Shtor ® ﬁiUb))

Proof. Leti > 0. We know by Proposition 6.8 that the vector bundle €2 is filtered by line bundles

i

Y[I(:J»r/ Shlor

L_s,, wheresy = Z o forall M C ¢Zr — ¢;g such that |[M| =1i.
aeM

From the definition of Cgeg and the fact that the roots in qbz —qﬁ;g are Ip-dominant, we know that all A —s,; are
Ip-dominant characters. From Kempf’s vanishing theorem (see Proposition 2.5 and Lemma 3.19), we get

VM Vk>0, R'm.(L,_5,)=0

and by Lemma 6.2 we deduce

Vk > 09 Rkn*(QIY}or/ Shtor &® E)x) =0.
0
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Since 7*Ogpor (— Dyeq) = Oy]ler(—Dred), the projection formula implies
0
Vk > O, Rkn*(Qly}gr/ Shtor ® »CA(_Dred)) =0.
Using again the projection formula, it implies that the Leray spectral sequence
Ey" = H'(Sh, RE7, (1" F @ Qe o @ L) = HTH Y 7 F @ Qe o @ £31°)
is concentrated on one row and we get the desired isomorphisms. g
Proposition 6.12. Assume that p > d = g(g+1)/2. Let e > 0 and i > e be integers. For any character
0 1 2
re Cdeg n Cdeg,e N Cdeg,e’
the vanishing
H (Y}, sz‘;(;g‘faog Dreq) ® L5™) = 0
implies the vanishing

HI (S, V() 4= 2p1)) = 0.
d—e

Proof. We use Lemma 6.2 for the filtration of

*x yd—e+k ro—k sub
T QShtor (log Dred) ® Qy[tgr/ Shtor ® Eiu

obtained from the one defined in Proposition 6.8 to see that the vanishing

Vi<k<e, HM Y 7l (log Drea) ® QU0 o ® L5°) =0,

Shlor Y}(c])r / Shlor
follows from the vanishing
H TN, m* Qe+ (log Drea) ® L3,,,) =0 3)

foralll <k <eandall M C ¢ZF — ¢;g such that [M| =ry — k. Since A € Cgeg, we know by Lemma 6.11
that

HN (Y, m* Qe e (log Drea) ® £3%,) = H'' (Sh'", Q447 (log Diea) ® V*™ (1 — s1)).

We use Propositions 2.9 and 6.7 to see that the bundle

QI (log Diea) ® V™ (A — s11)

admits a filtration where the graded pieces are isomorphic to
V(G 4 k= su).

By Lemma 6.2, we deduce that the vanishing in equality (3) follows from A € Cé Since

eg,e’

H (Y, Q05 (log Dreg) ® £5*) =0

Ytor
Io
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1| HOgr, ®L5) H'(gry @L5%°) H2(gr; ®L*°)  H3(gry @L5°) 0

0 0 0 0 0 0
-1 0 0 0 0 0
—1 0 1 2 3

Figure 3. E,-page of the spectral sequence when e = 0.

by hypothesis, we can apply Lemma 6.3 to E3 4,—.,, to deduce that

H'(Sh*", Q¢ ¢ (log Dreq) ® V*"° (1 — 2py,)) = 0.

Combining again the Propositions 2.9 and 6.7, we know that

Q45 (10g Drea) ® V¥ (h — 2py,)

admits a V-filtration. Since A € C?

deg’e$ hlor
Vsub() — 2py,) to see that

Hi(Shtor, Vsub(uc(id—de) 4+A— 2010)) =0.

183

we use again Lemma 6.3 for the V-filtration of Q‘Sl_e (log Dyeq) ®

g

6.2.2. Propagation. In this section, we construct a nondecreasing function on the power set of characters

that gives new vanishing results from known ones. Our main result is Theorem 6.16.

Definition 6.13. For all k > 0, we define a subset CX _ of X* as

van
ck . ={heX*|Vi>k, H (Sh, V*** (1)) = 0}.

Remark 6.14. CF

van Always contains the nondominant characters.

Definition 6.15. We define a function gy, . : P(X*) — P(X*) by

gIO,E(C) = 'U/[(ld_de) + X*(PO)J'_ N (_2,010 +Camp]e’10) N ﬂ (SM — 2[010 _ ,U/‘(/j-_e_._k +C)
- k,j.M

for all C C X™* where the last intersection is taken over the set of k, j, M where 0 <k <e, 1 <j < ( di e) +k

and M C ¢ — ¢, such that |M| = ro — k with the exception of j = ( die) when k = 0.
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1| HO%gr, ®£5°)  H'(gr, L)  H?(gr; @L5°)  H3(gr, L) H*(gr; @L5)

T T

0 0 HO(gry ®LS™)  H'(gry ®LY™)  H2(gry ®L5™)  H(gry ®LS™)
—1 0 0 0 0 0
-1 0 1 2 3 t

Figure 4. E,-page of the spectral sequence when e = 1.

Theorem 6.16. Assume that p > dy. Let C be a subset of C¢1!. Then, we have
gl(),e(c) C C\e/an‘
In other words, if we have a set C of characters A for which the cohomology

Hi (Shtor’ Vsub ()\‘))

is concentrated in degrees [0, e 4 1], then the image of C by the function gy, . is a set of characters A for
which the cohomology H' (Sh'®", V5" (X)) is concentrated in degrees [0, e].

Proof. Since g, . is nondecreasing, it suffices to show g, .(C&I) € €4 Let A € gj,..(C4ED) be a

character and define A" := 1 +2p;, — M‘(l;f). From the definition of gy, ., we first deduce that

0 1 2
A" € Cheg N Cieg N Cieg
and
)\'/ € Cample,lo-

Since the triple (Y}gr, Dieq, L) lifts to 7/ pZZ and p > dp, we apply Proposition 5.14 to see that

H (Sh'", Q¢ (1og Dreg) ® L33°) =0

v
forall i +dy —e > dy (i.e., i > e) and we use Proposition 6.12 (as p > dy > d) to see that

HY (S, V(L) 42/ = 2p10)) = HI(SH™", V(1)) = 0

foralli > e. 0
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ki
0,0
t t t t
(=4, -4 a
A0
oaD
oaan
p-small weights for Spy ; SO BB
. 00044 1
o Concentrated in [0] 000AAD 10
00004aaQ
3 A0000440O
a Concentrated in [0, 1] teeeets
. A o0o00OAAD
o Concentrated in [0, 2] A ©00000AAD
A 000000AAD
A 00000044
A 000000440
N 000000440 +-=20
A 0o00O0OO0OOOAAD
A 00000000 AA
A 0000000AAD
A 000000004AAD
A 000000004AAD
A 000000000 AA
A 000000000 AAD
A 000000000 AAD
A 00000000004AAD
a 000000000044 +-=30
A 00000000004 AD
A 000000000 OOAAD
A 000000000 OOAAD
A 000000000000 AA
A 000000000004AAD
A 0000000000004 A0
A 00000000000004A0
A 0000000000000 AA
A 0000000000000 AAD
IS 00000000000004AD +—40
A 00000000000000AAD
A 000000000000000AA
A 000000000000004A0
A 0000000000000 0O0OAAD
ka

Figure 5. ¢ = 2, p = 5. The weights A = (k; > k) such that the cohomology is
concentrated in degree O contains in particular the positive parallel weights (k, k) below
(—4, —4). The vanishing results in the region located near the positive parallel line comes
from the degeneration with I = {(1, —1)} and the rest corresponds to the degeneration
with I = &.

Remark 6.17. The theorem is still valid if we use a subset C/

ample, Iy
definition of gy, .. In particular, by Theorem 5.12, we can use it with the subset of orbitally p-close and

of Cample, 1, instead of Cample, 7, in the

Zp-ample characters.

6.3. The Siegel threefold case. In this subsection, we give more details in the case g = 2 because we
believe it already contains some of the idea of the general method and it requires less notation. Assume
that p is a prime larger than g = 4. The Siegel threefold Sh'™" is projective variety of dimension d = 3
over [,. From the Kodaira—Spencer isomorphism, we have an identification

Qg0 (10g D) = V(0, —2).

From Proposition 6.7, we know that any exterior power of Sym? stdgr, admits a V-filtration. It directly

implies that we have
Q0 (10g Drea) = V(—1, =3),

Q3 (10g Dreg) = V (=3, =3),
and the weights of these three automorphic vector bundles are
(1))j ={(=2,0), (=1, —=1), (0, =2)},
(15 ={(=3.-1), (=2, -2), (-1, -3)},
() =1{(=3,-3)}.
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We start with the case Iy = &. The associated complete flag bundle 7 : Y*°' — Sh'" parametrizes quotient
line bundles of the rank 2 Hodge bundle Q. It is a P!-fibration and we have an identification:

1
Qytor/ Shtor — £72p = ‘C(fl,l)-

For any integer 0 < e <d — 1 =2, we have an increasing filtration on the bundle Qywr (log Dyeq) given by

F = W*Qghrfr k(log Dred) AN Ql)(/tor (10g Dred)

with graded pieces
g = 77Q & (log Diea) ® 2,  Ster-

For any character A = (k; > k»), we have an associated spectral sequence

Eyy = H' (VO n Qg (10g Drea) @R o ®LY) = HHH (Y, Q1 (log Diea) L3™)

starting at page 2. We will study this spectral sequence for each e, starting with e = 0. In this case (see
the corresponding figure), the second page of the spectral sequence is concentrated in one row as the only

graded piece is gr; = n*Qg (log Dyeq) ® Q! In particular, the spectral sequence degenerates at

hmr th / Shmr

page 2 and we get
H' (Y, 7% Q3,0 (10g Drea) ® Qe gpyor @ L1°) = H' (', Qs (10g Drea) ® L3™)
for all i > 0. Moreover, if we assume that A — 2p is dominant (which is equivalent to k| > k» + 2), we get
H' (Y, 7723, 0 (108 Drea) ® Ry gyyor ® L37) = H' (Sh', V(=3, =3) @ V" (k1 — 1, k2 + 1))
= H'(Sh'", V¥ (k; — 4, ks — 2))

for all i > 0. We assume that L, k,) is D-ample on Y™ and we use the logarithmic Kodaira—Nakano

vanishing theorem to see that
H (Y, Q3uur (10g Dreq) ® L3™) =0
for all i > 0. We summarize this discussion by saying that we have
H' (Sh*", V¥ (k) —4,ky —2)) =0
for all i > 0 and (kq, k») such that
o ki > ky+2,

® (kls kZ) S Cample,@-

Now, we consider the spectral sequence in the case e = 1 (see the corresponding figure).
Ytor/ Shlor Shtor (log Dred) The llmlt
(log Dyed) ® E“‘b) and by the logarithmic Kodaira—Nakano theorem, it vanishes for all

The graded pieces are gr; = n*QShmr (log Dyeq) ® Q! and gry = Q3
is Hl (YtOI‘ Ytr)r

i > 1 when (ky, k2) € Cample,». The critical differential is

d"t H2 (Y, 120 (108 Died) © Qi gor @ L5°) = H (', 1R (l0g Dyea) © L3),



Vanishing results over the Siegel modular variety 187

because when d!*! =0, we have E;’l = E;él and E22 1= Egél. Under the additional hypothesis k1 >k +2,
we deduce that

Hi(YtOr’ ﬂ*Qéhtor(log Dred) [ Q%/tor/ Shior X ,Ciub) — Hi (Shtor’ V(—], _3) ® VSUb(kl . 1’ k2 + 1)) =0

for all i > 1 and (ky, k2) € Cample,». Consider an integer i = 2 or 3. The tensor product of automorphic
vector bundles
V(-1,-3) @ V™ (ki — 1,ky+ 1)

is filtered by the automorphic bundles
V(i + (k= 1 ko + 1))
where j =1, 2, 3 and if we ask for the vanishing
HIHSH, V(U3 + (ki = 1, ke + 1)) =0
for j =1, 2, it will imply
H'(Sh'", V¥ (=1, =3) + (k1 — 1, ko + 1))) = H' (Sh*", V**®(k; — 2, k» — 2)) = 0.
To see that the critical differential d!-! is zero, it is sufficient to have

3y tor * 03
H3 (Y, 7*Q

aor (108 Dreq) ® L3™) = H?(Sh'", V¥ (k; — 3, k, — 3)) = 0.

We summarize this discussion by saying that we have
H(Sh", V8" (k; — 2, ky —2)) =0

for all i > 1 and (k;, k) such that

o ki >k +2,

b (kla k2) € Cample,®7

o H3(Sh', V¥ (u% + (k1 — 1, ka +1))) = 0 for j = 1,2,

o H3(Sh", Vs"(k; — 3,k —3)) =0.

Now, we consider the spectral sequence in the case e = 2. The graded pieces are

gr = n*Qéhmr (log Dreq) ® Qlylor / Sheer and gry= n*Qéhmr (10g Dyeq).
The limit is
H' (V' Qe (l0g Drea) ® £5™)

and by the logarithmic Kodaira—Nakano theorem, it vanishes for all i > 2 when (ky, k2) € Cample, . The
differential

Sh“’r Shtor
=0

d2,1 . H3(Yt0r’ jT*Ql (log Dred) (9 Q;lor/Shtor Q Eillb) — H4(Ytor’ 71*522 (10g Dred) ® E;ub)
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is already O since the Siegel threefold has dimension 3. Under the additional hypothesis k; > ky +2, we
deduce that

H' (Y, 7% Qgy1or (108 Dred) ® Qo gyor ® L37) = H'(SH, V(0, =2) @ V' (ky — 1, ko +1)) =0

for all i > 2 and (ki, k2) € Cample,». The tensor product of automorphic vector bundles
V0, -2)®@ V™ (k; — 1, ko + 1)
is filtered by the automorphic bundles
Vsub(u} + (ki — 1, ka + 1)),
where j =1, 2, 3 and since the vanishing
H (Sh, V(5 + (ki = 1, k2 + 1)) =0
for j =1, 2 is automatic, it implies the vanishing of
H(Sh'", VS*°((0, —=2) + (k1 — 1, ko + 1))) = H (Sh'®", V**®(k; — 1, ko — 1)).
We summarize this discussion by saying that we have
H'(Sh*, V" (k; — 1, kp — 1)) =0

for all i > 2 and (k;, k») such that

o k1 >ky+2,

® (kls kZ) S Cample,@-

We consider the case Ip = I = {(1, —1)}. This case corresponds to Y}gr = Sh'". In this degenerate case,
the spectral sequence is trivial and the D-ample automorphic line bundle are powers of the determinant
of the Hodge bundle : V(k, k) for all k < 0. By the logarithmic Kodaira—Nakano vanishing theorem, we
have

H'(Sh'", Q. (10g Dreq) ® V¥ (k, k)) = 0

for alli + j > 3 and k < 0. In the case j = 3, we get

H(Sh™", Vs’ (k — 3,k —3)) =0
for all i > 0. In the case j =2, we get

H' (Sh*", V***(k — 1,k —3)) =0
for all i > 1. In the case j = 1, we get

H'(Sh'", V*°(k, k —2)) =0

foralli > 2.
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Figure 6. g=2, p=11. Notice that since the orbitally p-close condition is less restrictive
with p = 11 than with p =5, we are able to access more weights. However, if we look
far enough, we notice the same phenomenon with the two regions corresponding to
I={1,-1)}and I = 2.

7. Degeneration algorithm

7.1. Presentation. From the description of the degeneration of the different spectral sequences in
the case of the Siegel threefold, it is clear that an algorithm implemented on a computer could be
useful to make the vanishing results more explicit. We present an algorithm written in SageMath
that uses our main result (Theorem 6.16) to compute new vanishing results from known ones. See
github.com/ThibaultAlexandre/vanishing-results-over-the-siegel-variety

The algorithm depends on the following parameters:

(1) The genus g > 2 (the case g =1 is obvious).

(2) A prime p such that p > g2.

(3) A set of known vanishing result Cy,, for each cohomological degree.
(4) The integer e that appears on the spectral sequence (2).

(5) A subset Iy C A for the choice of the flag bundle Y}(‘)’r over the Siegel modular variety.

In the special case where e = 0, our algorithm does not need any vanishing result for the degeneration
process as the spectral sequence (2) is concentrated on one row. In the special case where e =d — 1, the
degeneration is automatic as it is given by the vanishing of the coherent cohomology in degree i > d.
Then, these results can be used to run the algorithm with e = 1 and with differents /o C A and so on.
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Figure 7. g =2, p =31.
Our SageMath code defines a class Siegel Variety with some methods that can be used to compute
vanishing results. We create the Siegel threefold X over F.
In [1]: X = SiegelVariety(g =2, p = 7)

If the next line returns True, it means that the automorphic line bundle £, _g) is D-ample on the

complete flag variety Y over X.
In [2]: X.ample([],[-2,-8])
Out[2]: True

The next line compute vanishing results for characters A = (ky, kp) with —50 < k, < k| < 0 using the
function gy, . in the case where Iy = @ and e = 0. The results are registered in the list Cyy,. It returns
True if the algorithm has found new vanishing results.

In [3]: X.compute([], e = 0, kmin = -50, kmax = 0)
Out[3]: True

The next line runs the compute method for each Ip C I and 0 < e <d — 1. We only need to specify
the range of characters A = (ky, k) we want to consider. It returns True if the algorithm has found new
vanishing results. You may want to run this command several times until it returns False.

In [4]: X.computeAll(-50, 0)

Out[4]: True
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Figure8. g =3, p=11.

The next line returns True if we know that
H (X, V*"*(—4, —6)) =0
forall i > 1.
In [5]: X.vanishes(1,(-4,-6))
Out [56]: True
If the next line returns False, it means we don’t know if
H'(X, V" (—4, —6)) =0
for all i > 0.
In [6]: X.vanishes(0,(-4,-6))

Out[6]: False

7.2. Explicit vanishing for G = Sp,. We plot some vanishing results we have obtained for the Siegel
threefold with our algorithm. We have also added the p-small characters for Sp, with a twist by —wy to
have them in the antidominant Weyl chamber.

7.3. Explicit vanishing for G = Sps. We plot some vanishing results we have obtained in the case g =3
with our algorithm. The weights live in a three-dimensional space and we need six different labels.
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Super-Holder vectors and the field of norms

Laurent Berger and Sandra Rozensztajn

Let E be a field of characteristic p. In a previous paper of ours, we defined and studied super-Holder
vectors in certain E-linear representations of Z,,. In the present paper, we define and study super-Holder
vectors in certain E-linear representations of a general p-adic Lie group. We then consider certain p-adic
Lie extensions K.,/K of a p-adic field K, and compute the super-Holder vectors in the tilt of K,. We
show that these super-Holder vectors are the perfection of the field of norms of K,/ K. By specializing
to the case of a Lubin—Tate extension, we are able to recover E((Y)) inside the Y-adic completion of its
perfection, seen as a valued E-vector space endowed with the action of Oy given by the endomorphisms
of the corresponding Lubin—Tate group.
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Introduction

Let E be a field of characteristic p, for example a finite field. In our paper [Berger and Rozensztajn
2022], we defined and studied super-Holder vectors in certain E-linear representations of the p-adic Lie
group Z,. These vectors are a characteristic p analogue of locally analytic vectors. They allowed us to
recover E((X)) inside the X-adic completion of its perfection, seen as a valued E-vector space endowed
with the action of Z; given by a - f(X) = f((1+X)* —1).

In the present paper, we define and study super-Holder vectors in certain E-linear representations of a
general p-adic Lie group. We then consider certain p-adic Lie extensions K,/K of a p-adic field K,
and compute the super-Holder vectors in the tilt of Ko,. We show that these super-Holder vectors are the
perfection of the field of norms of K,/K. By specializing to the case of a Lubin—Tate extension, we are
able to recover E((Y)) inside the Y-adic completion of its perfection, seen as a valued E-vector space
endowed with the action of O given by the endomorphisms of the corresponding Lubin-Tate group.
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We now give more details about the contents of our paper. Let I be a p-adic Lie group. It is known that
" always has a uniform open pro-p subgroup G. Let G be such a subgroup, and let G; = G”' fori>0. Let
M be an E-vector space, endowed with a valuation valy, such that valy, (xm) = valy (m) if x € E*. We
assume that M is separated and complete for the vals-adic topology. We say that a function f : G - M
is super-Holder if there exist constants e > 0 and A, i € R such that valy, (f(g) — f(h)) = p*- p“ +u
whenever gh_1 € Gj,forall g,h e G andi > 0. If M is now endowed with an action of G by isometries,
and m € M, we say that m is a super-Holder vector if the orbit map g — g - m is a super-Holder function
G — M. We let MS0* denote the space of super-Holder vectors for given constants e and A as in
the definition above. The space of vectors of M that are super-Holder for a given e is independent of
the choice of the uniform subgroup G, and denoted by M¢*". When G = Z p and e = 1, we recover the
definitions of [Berger and Rozensztajn 2022]. If I is a p-adic Lie group and e = 1, we get an analogue
of locally Q-analytic vectors. If K is a finite extension of @, I" is the Galois group of a Lubin-Tate
extension of K, and e = [K : Q,], we seem to get an analogue of locally K -analytic vectors.

From now on, assume that p # 2. Let K be a p-adic field and let K,/K be an almost totally ramified
p-adic Lie extension, with Galois group I' of dimension d > 1. The tilt of K is the fraction field EKO@
oflim ., Ok /p. Itis a perfect complete valued field of characteristic p, endowed with an action of
" by isometries. The field EKOC naturally contains the field of norms X g (K~) of the extension K /K,
and it is known that ’[EKOQ is the completion of the perfection of X (K,). We have the following result
(Theorem 2.2.3).

Theorem A. We have ’[Ef,’(':'oh =Us09 "Xk (Koo)).

Assume now that K is a finite extension of Q,, with residue field k, and let LT be a Lubin-Tate
formal group attached to K. Let K, be the extension of K generated by the torsion points of LT, so that
Gal(K«/K) is isomorphic to Og. The field of norms X g (K) is isomorphic to k((Y)), and O acts on
this field by the endomorphisms of the Lubin-Tate group: a - f(Y) = f([a](Y)). Letd =[K : Q,]. The
following (Theorem 3.2.1) is a more precise version of Theorem A in this situation.

Theorem B. If j > 1, then T 7'M — k((vy).

If K =0Q), and K,/K is the cyclotomic extension, Theorem B was proved in [Berger and Rozensztajn
2022]. A crucial ingredient of the proof of this theorem was Colmez’ analogue of Tate traces for EKOO- If
the Lubin—Tate group is of height > 2, there are no such traces (we state and prove a precise version of
this assertion in Section 3.2). Instead of Tate traces, we use a theorem of Ax and a precise characterization
of the field of norms X g (K ) inside EKO@ in order to prove Theorem A.

As an application of Theorem B, we compute the perfectoid commutant of Aut(LT). If b€ Og andn € Z,
then u(Y) = [b](Y?") is an element of E;OC that satisfies the functional equation u o [g](Y) = [g] o u(Y)
for all g € Og. Conversely, we prove the following (Theorem 3.3.1).

Theorem C. Ifu € E}m is such that valy (u) > 0 and u o [g] = [glou for all g € O, there exists b € O
and n € Z such that u(Y) = [b](Y?").
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In the last section, we give a characterization of super-Ho6lder functions on a uniform pro-p group in
terms of their Mahler expansions (Theorem 4.3.4). In order to do so, we prove some results of independent
interest on the space of continuous functions on (’)‘}( with values in a valued E-vector space M as above.

At the end of [Berger and Rozensztajn 2022], we suggested an application of super-Holder vectors for
the action of Z,, to the p-adic local Langlands correspondence for GL,(Q,). We hope that this general
theory of super-Holder vectors, especially in the Lubin—Tate case, will have applications to the p-adic
local Langlands correspondence for other fields than Q,,.

1. Super-Hoélder functions and vectors

In this section, we define super-Holder vectors inside a valued E-vector space M endowed with an action
of a p-adic Lie group I". The definition is very similar to the one that we gave for I' = Z,, in [Berger and
Rozensztajn 2022]. The main new technical tool is the existence of uniform open subgroups of I'. These
uniform subgroups look very much like Z?) in a sense that we make precise.

1.1. Uniform pro-p groups. Uniform pro-p groups are defined at the beginning of Section 4 of [Dixon
et al. 1991]. We do not recall the definition, nor the notion of rank of a uniform pro-p group, but
rather point out the following properties of uniform pro-p groups. A coordinate (below) is simply a
homeomorphism.

Proposition 1.1.1. If G is a uniform pro-p group of rank d, then:
1) G; = {gpi, g € G} is an open normal (and uniform) subgroup of G fori = Q.
(2) We have [G; : Giy1] = p? fori > 0.
(3) There is a coordinate ¢ : G — Zf, such that c(G;) = (pin)d fori = 0.
(4) If g, h € G, then gh™! € G; if and only if c(g) — c(h) € (p'Z,)".
Proof. Properties (1)—(4) are proved in Section 4 of [Dixon et al. 1991]. Alternatively, a uniform

pro-p group G has a natural integer valued p-valuation w such that (G, w) is saturated [Klopsch 2005,
Remark 2.1]. Properties (1)-(4) are then proved in Section 26 of [Schneider 2011]. O

For example, the pro-p group Z‘; is uniform for all d > 1.

Lemma 1.1.2. If G is a uniform pro-p group, and H is a uniform open subgroup of G, there exists j > 0
such that G, ; C H; foralli > 0.

Proof. This follows from the fact that {G;};>o forms a basis of neighborhoods of the identity in G. [J

A p-adic Lie group is a p-adic manifold that has a compatible group structure. For example, GL,,(Z,)
and its closed subgroups are p-adic Lie groups. We refer to [Schneider 2011] for a comprehensive
treatment of the theory. Every uniform pro-p group is a p-adic Lie group. Conversely, we have the
following.
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Proposition 1.1.3. Every p-adic Lie group T" has a uniform open subgroup G, and the rank of G is the

dimension of T.
Proof. See Interlude A of [Dixon et al. 1991, pages 97-98]. O

Proposition 1.1.4. Let G be a pro-p group of finite rank, and N a closed normal subgroup of G. There
exists an open subgroup G’ of G such that G', G' VN and G’/ G' N\ N are all uniform.

Proof. This is stated and proved on page 64 of [Dixon et al. 1991] (their H is our G’). O

1.2. Super-Holder functions and vectors. Let M be an E-vector space, endowed with a valuation valy,
such that valy, (xm) = valy;(m) if x € E*. We assume that M is separated and complete for the val,,-adic
topology. Throughout this section, G denotes a uniform pro-p group.

Definition 1.2.1. We say that f : G — M is super-Holder if there exist constants A, u € R and ¢ > 0
such that valy, (f(g) — f(h)) = p* - p® + u whenever gh~! € G;, forall g, h € G and i > 0.

Remark 1.2.2. If G = Z, and e = 1, we recover the functions defined in [Berger and Rozensztajn 2022,
Section 1.1]; see also Remark 1.12 of [loc. cit.].
In the above definition, e will usually be equal to either 1 or dim(G).

We let Ho"(G, M) denote the space of functions such that valy (f(g) — f(h)) = p* - p¥ +
whenever gh~!' € G;, forall g, h € G and i >0, and H}(G, M) = ,cg He"(G, M) and H,(G, M) =

User He(G. M).
If M, N are two valued E-vector spaces, and f : M — N is an E-linear map, we say that f is
Holder-continuous if there exists ¢ > 0, d € R such that valy (f(x)) > ¢ - valy(x) +d for all x € M.

Proposition 1.2.3. If 7 : M — N is a Holder-continuous linear map, we get a map H.(G, M) —
H.(G, N).

Proof. Take c, d € R of Holder continuity for 7, f € HQ’M(G, M), and g, h € G with gh_1 € G;. We have
valy (T (f(8)) =7 (f(h))) > c-valy (f(§) — f () +d > cp*- p® +(u+d), so that w o f € He ™ (G, N)
with p* = cp*, and 1’ = pu +d. O
Proposition 1.2.4. If ¢ : G — H is a group homomorphism, we get a map a* : H.(H, M) — H.(G, M).
Proof. By definition of the subgroups G; and H;, we have a(G;) C H; for all i. Take f € Hé’M(H, M),
and g, h € G with gh~! € G;. We have valy (f(a(g)) — f(a(h))) = p*- p* + 1 as a(g)a(h)~' € H;,
so that *(f) = f oa € HYM(G, M). O

Proposition 1.2.5. Suppose that M is a ring, and that valyy (mm”) > valy (m)+valy (m') forallm, m' € M.
IfceR,let M, = MYau>e,

(1) If f € He™ (G, M) and g € H>V(G, My), and &€ = min(u +d, v +c), then fg € Ho (G, Moya).
) If A, n € R, then H;\’“(G, My) is a subring of C°(G, M).
(3) If » € R, then HX(G, M) is a subring of C°(G, M).
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Proof. Items (2) and (3) follow from item (1), which we now prove. If x, y € G, then

() = () = (f(x) = fF()gx) + (g(x) =gy f (),

which implies the claim. U

We now assume that M is endowed with an E-linear action by isometries of G. If m € M, let
orb,, : G — M denote the function defined by orb,,(g) = g - m.

Definition 1.2.6. Let MG-¢sh# be those m € M such that orb,, € Ho'™ (G, M), and let MG h-* and
MG-¢h be the corresponding sub- E-vector spaces of M.

Remark 1.2.7. We assume that G acts by isometries on M, but not that G acts continuously on M, namely
that G x M — M is continuous. However, let M°™ denote the set of m € M such that orb,, : G — M is
continuous. It is easy to see that M°" is a closed sub- E-vector space of M, and that G x M — pgeont
is continuous; compare with Section 3 of [Emerton 2017]. We then have M sh — pgeont,

Lemma 1.2.8. If m € M, then m € MO N% 1 if and only if for all i > 0, we have valy (g -m —m) >
p* - p¥ 4+ forall g € G;.
Proof. If m € M, then m € MC-¢"* 1 if and only if the function orb,, is in H?’“(G, M), that is, for all

g, h with gh~! € G;, we have valy(g-m —h-m) > p* - p° 4+ . As G acts by isometries, we have
valy (g -m —h-m) = valy(h~'g-m —m). The result follows, as h " 'g=h~'.gh™! . h e G,. O

Lemma 1.2.9. The space MC¢S02 1 s g closed sub-E-vector space of M.

Lemma 1.2.10. Ifio > 0, and m € M is such that valy (g - m —m) > p* - p¢ 4+ u for all g € G; with
i > iy, thenm € MY-esh-,

Proof. Take i < ip, and let R; be a set of representatives of G;,\G;. This is a finite set, so there
exists ; € R such that valy,(r - m —m) > p* - pei + w; for all r € R;. If g € Gy, it can be written
as g = hr for some h € G;, and r € R;. Wethenhave g-m —m =hr -m—h-m+h-m —m, so
that valy/ (g - m — m) > min(valy (r - m — m), valy (h - m — m)) (recall that G acts by isometries), so
valy(g-m—m) > min(p’\ -pd + ui, pA . peio +u) = pA . pei +min(u, ;) as ig > i. If y is the min of
w and the w; for 0 <i < ig, thenm € MG-eshap Il

Recall that if k£ > 0, then Gy is also a uniform pro-p group.
Lemma 1.2.11. Ifk > 0 then MC-¢sh* = ppOr-e-shatk,

Proof. Note that (Gy); = Gi1,. The inclusion M Gesshid = pgGresh itk i obvious, and the reverse

inclusion follows from Lemma 1.2.10. O
Proposition 1.2.12. The space M- does not depend on the choice of a uniform open subgroup H C G.

Proof. Let H and H' be uniform open subgroups of G. The group H N H' contains an open uniform
subgroup by Proposition 1.1.3, so to prove the proposition, we can further assume that H' C H. We
then have H/ C H; for all i, so that if m € M4 then m € MH-¢sh*~_ This implies that
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MH-eshh o ppH-esh. - Conversely, by Lemma 1.1.2, there exists j such that H; C H'. The previous
reasoning implies that M #-¢-sh-A < prHi-eshA T emma 1.2.11 now implies that MH s — ppH-esshia—j,

These inclusions imply the proposition. (|

Definition 1.2.13. If I is a p-adic Lie group that acts by isometries on M, we let Mt = MG-¢-" where
G is any uniform open subgroup of I'.

Remark 1.2.14. If e < f, then M/ c Mesh,

Recall that G is a uniform pro-p group. If a closed normal subgroup N of G acts trivially on M, then
G/N actson M.

Proposition 1.2.15. If a closed normal subgroup N of G acts trivially on M, then MY-¢h = pfG/N-e-sh,

Proof By Proposition 1.1.4, G has an open subgroup G’ such that G’ and G’/N’ are uniform (where

= G' N N). By Proposition 1.2.12, we have MCGesh = pgG-esh gnd pgG/N-esh — pgG'/N"-e=sh | o
7w : G’ - G'/N’ denote the projection. We have 7(G)) = (G'/N’); for all i. Hence if m € M, then
valy (g -m —m) > p*- p + p for all g € G} if and only if valy ((g) -m —m) > p*- p¥ + p for all
n(g) € (G'/N');. U

Proposition 1.2.16. Suppose that M is a ring, and that g(mm’) = g(m)g(m’) and valy (mm’) >
valys (m) + valy (m’) forallm,m’ e M and g € G:

() IfveRandm, m' € MO-Shhrn pMyau=v thep m . m' € MO-¢-shrntv,

(2) Ifm e MG—e—sh,)»,u ) MX, then l/m e MG—e—sh,)\,u.—ZvalM(m).

Proof. Item (1) follows from Proposition 1.2.5 and Lemma 1.2.8. Item (2) follows from

(L) Lomm .

m m gm)m
2. The field of norms

Let K be a p-adic field, and let K, be an algebraic Galois extension of K, whose Galois group G
is a p-adic Lie group of dimension > 1. We assume that K,/K is almost totally ramified, namely
that the inertia subgroup of G is open in G. Let d = dim(G) and let £ = p?. Let [EJIQDC denote the ring
lim . Ok, /p. This is a perfect domain of characteristic p, which has a natural action of G. The map
(¥j)j=0 = (Yai)i=0 glves an isomorphism between hm vsrr Ok /p and E+Oo, so that E}w is the ring of
integers of the tilt of Koo, see Section 3 of [Scholze 2012].

If x = (x;)i>0, and %; is a lift of x; to Ok__, then ¢’ val,(%;) is independent of i > 0 such that x; # 0.
We define a valuation on E}OO by valg(x) = lim; 400 £ val p(Xi).

The aim of this section is to compute (E}&)d*h. Given Definition 1.2.13, we assume from now on
(replacing K by a finite subextension if necessary) that G is uniform and that K,/K is totally ramified.

Let k denote the common residue field of K and K
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2.1. The field of norms. Let £(K,) denote the set of finite extensions E of K such that £ C K
Let Xk (K«) denote the set of sequences (xg)feecg(k,,) such that xg € E for all £ € £(K«), and
NF/E(XF) =xg whenever E C F with E, F € £(K).

Ifn>0,let K, = Koo so that [K,4+1: Kyl =4, {Kn}n>0 1s a cofinal subset of £(K ), and X g (Koo) =
LIEINK i« Kn. If x = (xp)n>0 € XK(KOO), let valg(x) = val, (xo).

Theorem 2.1.1. Let K and Ko, be as above:

(1) Ifx,y € Xk (Koo), then {Nk,_;/k, (Xntj + Yn+j)}j=0 converges for all n = 0.

(2) Ifweset (x +y), =1lim;_, 1 Nk, /K, (Xn4j + Yntj)s thenx +y € Xg(Kwo), and the set X g (K )
with this addition law, and componentwise multiplication, is a field of characteristic p.

(3) The function valg is a valuation on X g (K ), for which it is complete.

4) If o = (Wy)nx0 is a norm compatible sequence of uniformizers of Ok, , the valued field X g (K o) is
isomorphic to k((w)) (with val(zw) = val ,(wy)).

Proof. By aresult of Sen [1972], K~ /K is strictly APF in the terminology of Section 1.2 of [Wintenberger

1983]; see 1.2.2 of [loc. cit.]. The theorem is then proved in Section 2 of [loc. cit.]. ]
Let X;Q(KOO) = l(glNK ko OKn be the ring of integers of the valued field X g (K).

Ifc>0letl; ={x e (’)K such that val,(x) > c}. If m,n > 0, the map Ok, /I, — Ok,,.. /1,
well-defined and injective.

m+n

Proposition 2.1.2. There exists c(Koo/K) < 1 such that if 0 < ¢ < c¢(K/K), then
val, (N, ., /K, (x)/xErknd 1y > ¢

foralln,k > 0and x € Ok

n+k*

Proof. See [Wintenberger 1983] as well as Section 4 of [Cais and Davis 2015]. The result follows from
the fact (see 1.2.2 of [Wintenberger 1983]) that the extension K,/ K is strictly APF. One can then apply
1.2.1,4.2.2 and 1.2.3 of [Wintenberger 1983]. O

Using Proposition 2.1.2, we get amap ¢ : X} x (Koo) = lim . Ok_ /I3, given by

(xn)n20 S Lln OK,, = ()En)n>0-
Nk, /K,

Letlim . Ok,/I; denote the set of (x,),>0 € lim,, . Ok_ /I, such that x, € Ok, /I for all n > 0.
Proposition 2.1.3. Let 0 < ¢ < ¢(Koo/K) be as in Proposition 2.1.2:

(1) The natural map [E+ —lim . Ok /IS is a bijection.

(2) The map ¢ : XJr (Kso) — l(ganxg Ok, /1 = E}w is injective and isometric.

(3) The image of vislim ., Ok, /1.

x>
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Proof. See [Wintenberger 1983] and Section 4 of [Cais and Davis 2015]. We give a few more details for
the convenience of the reader. Item (1) is classical; see for instance Proposition 4.2 of [Cais and Davis
2015]. The map ¢ is obviously injective and isometric. For (3), choose x = (x,)n>0 € im, . Ok, /I;

and choose a lift x, € Ok, of x,. One proves that {Ng, wi/Kn (Xna j)}j=0 converges to some y, € Ok, and

n’

that (y,)n>0 € X Z(K o) 1s a lift of (x,),>0. See Section 4 of [loc. cit.] for details, for instance the proof
of Lemma 4.1. O

Proposition 2.1.3 allows us to see Xt x (Kx), and hence ¢™" (X (Kso)) for all n > 0, as a subring
ofEI .

Proposition 2.1.4. The ring U@O " (X; (Kx)) is dense in EJIEm
Proof. See Section 4.3 of [Wintenberger 1983]. O

2.2. Decompleting the tilt. We now compute (E}oo)“h. Since Proposition 2.2.1 below is vacuous if
p = 2, we assume in this section that p # 2.

Proposition 2.2.1. If0 <c <1—1/(p—1),and x € Ok, is such that val ,(g(x) —x) > 1 for all g € G,
then the image of x in Ok_ /15, belongs to Ok, /1.

Proof. If val,(g(x) —x) > 1 forall g € Gal(Kalg/K,,), then by Theorem 1.7 of [Le Borgne 2010] (an
optimal version of a theorem of Ax), there exists y € K,, such that val,(x —y) > 1—1/(p —1). This
implies the proposition. O

Proposition 2.2.2. If ¢ = pY is as above, then X 3 (K«) C ([EJr )G-d-sh.y.0

Proof Take x = (xp)nz0 €lim . , Ok, /I;. If g € G;, then g(x,) = x,, for n < i, so that valg(gx —x) >

—XH—=>X

plipY. O
Theorem 2.2.3. We have:

(1) (Ef )T 00 c XE(Ko0).

@) Ef )N = U, 20 0" (XF(Koo)) and BN = U120 07" (X (Koo))-

Proof. Take ¢ < min(c(Kw/K), 1 —1/(p —1)). Take x = (xy)n>0 € im Ok /p. If n > 0 and

<—XH>
x € (Ex )00 then valg(g(x) — x) > p® if ¢ € G,. This implies that val,(g(x,) — x,) > 1 if
g € G,. By Proposition 2.2.1, the image of x, in Og_ /I belongs to Ok, /I;. Hence the image of x
inlim . Ok,/I belongs to lim . Ok,/I;. By Proposition 2.1.3, x belongs to X}(Koo). This

proves (1).
Since valg(¢(x)) = p - valg(x), item (2) follows from (1) and Propositions 2.2.2 and 1.2.16. Il

Remark 2.2.4. We have ﬁE"}(':Oh C fEd}(i‘ The field fEd}(:? contains the field of norms Xg (L) of any
p-adic Lie extension Ls,/K contained in K. Indeed, ELO@ C EK& and if e = dim Gal(L~,/K), then
Xk (Ls) C Ee‘“h E]'Sh (see Proposition 1.2.15).

Can one give a descrlptlon of [E1 sh for example along the lines of Section 5 of [Berger 2016]?



Super-Holder vectors and the field of norms 203

3. The Lubin-Tate case

We now specialize the constructions of the previous section to the case when K is generated over K by
the torsion points of a Lubin—Tate formal group.

3.1. Lubin-Tate formal groups. Let K be a finite extension of Q, of degree d, with ring of integers Ok,
inertia index f, ramification index e, and residue field k. Let ¢ = p/ = Card(k) and let v be a uniformizer
of Ok. Let LT be the Lubin-Tate formal Og-module attached to 7; see [Lubin and Tate 1965]. We
choose a coordinate Y on LT. For each a € Og we get a power series [a](Y) € Ok [Y], that we now
see as an element of k[[Y]. In particular, [7](Y) = Y9. Let S(T, U) € k[T, U] denote the reduction
mod 7 of the power series giving the addition law in LT in that coordinate. Recall that S(7',0) = 7" and
SO, U)=U.
Lemma 3.1.1. Ifa,b e Ok andi > 0, then valy ([a + p'b](Y) —[al(Y)) > pdi.

Furthermore, [1 + 71 ](Y) =Y + Y7 +0O(Y4 +1).
Proof. We have [7](Y) = Y4, so valy([7](Y)) > p/. Writing p = un® for a unit u, we see that
valy ([p'b]1(Y)) > p? if be Ok. Ifa, b € Og and i > 0, then [a + bp'|(Y) = S([al(Y), [bp'1(Y)). We
have S(T,U)=T +U+TU -R(T, U), so that [a+bp'1(Y) — [a]l(Y) = S([a](Y), [bp'1(Y)) —[a](Y) €
[bp'1(Y) - k[[Y]. This implies the first result.

The second claim follows likewise from the fact that [1 +7/1(Y) = S(Y, [z/1(Y)) =Y + [z 1Y)+ Y -
[7'1(Y) - R(Y, [7'1(Y)). O

Let E = k((Y)). Let E, = k((¥'/?")) and let Exc = |J,>( Es. These fields are endowed with the
Y-adic valuation valy, and we let E denote the ring of integers of E,. The group O acts on E, by

a- f(YVy = f(lal(Y4")).
Lemma 3.1.2. If j > 1 (j > 2if p =2), then 1 + p/ Ok is uniform, and (14 p/ Og); = 1+ p'*/ Ok.

Proof. The map 1+ p/ Og — O, given by x > p~/ -log,(x — 1), is an isomorphism of pro-p groups
taking 1 4+ p't/ Ok to p'Og. O

Recall that d = [K : Q,], that f = [k : F,], and that ¢ = p/.
Proposition 3.1.3. We have EF = ()1 +p’ Ok-d-sh.dj=fn.0
Proof. If b € Ok and i, j > 0, then by Lemma 3.1.1, we have

valy ([1+ p™ /b1y V4 — YY) > 17" - p?0H) = pi=Im. pdt,

Lemma 3.1.2 then implies that Y /7" ¢ (ED 1+p!Ok-d-sh.dj=fn.0 The Jemma follows from Proposition 1.2.16
and Lemma 1.2.9. 0
Corollary 3.1.4. We have [ = E!+P'Ox-d-sh.dj,
Proof. This follows from Proposition 3.1.3 with n = 0, and Proposition 1.2.16. (|
Proposition 3.1.5. [f¢ > 0, then k[Y]'*P Ox-d-shdj+e — kyP].
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Proof. Take f(Y) € k[[Y]. There is a power series A(T, U) € k[T, U] such that
f(T+U)=f(T)+U-f(T)+U?* W(T,U).

If m > 0, Lemma 3.1.1 implies that [1 +7"](Y) =Y + Y?" +O(Y4"*!). Therefore,

m

FUAL+7™Y) = fX)+ @ +0x" ™). f(¥) +0(r*").

If f(Y)&k[YP], then f'(Y)#0. Let u = valy (f'(Y)). The above computations imply that valy ( f([1+
mAtTIY)) — f(¥)) = p¥ - p¥ 4 for i > 0.
This implies the claim, since 7°Og = pOk. O

Corollary 3.1.6. We have Eod? JOx-d-shdj—fn _ E,.
Proof. We prove that, more generally,
[El—l—p/OK—d—sh,dj—Z — k((yl/p(/))
o~ .

m

Take f(Y'/P") € (L)1 7' Ox-dshdi~C where f(Y) € k[Y]. Since valy (h?) = p - valy (k) for all h € ET,
we have fP" (Y) € (EL) 7 Ox-dshdj=tm where fP"(Y) € E[Y]is fP"(Y) = f(YV/P")P" Ifm>L+1,
m—1

then Proposition 3.1.5 implies that 7" (Y) € E[Y?]), so that f(Y)=g(Y?),and f(Y/?") =gy /P"™),
This implies the claim. O

3.2. Decompletion of E. Since we use the results of Section 2.2, we once more assume that p = 2. Let E
denote the Y-adic completion of E.

Theorem 3.2.1. We have E!+7/Ox-d-shdj — E qnd Fd-sh = E.

Proof. Let Ko, = K(LT[7°°]) denote the extension of K generated by the torsion points of LT, and
let I' = Gal(K/K). The Lubin-Tate character y, gives rise to an isomorphism x, : I' - Og. For
n21,let K, = K(LT[="]). If (;r,),>1 is a compatible sequence of primitive 7"-torsion points of LT,
then 7, is a uniformizer of Ok,, @ = (7,),>0 belongs to LiLnNKn/Kn_l Ok,, and Xk (Ko ) = k((z)) by
Theorem 2.1.1. If g € T, then g(@) = [x:(g)]1(z), so that if we identify I" and Oy, then X (K) =
with its action of O. Proposition 2.1.4 implies that E= EK@O as valued fields with an action of (an open
subgroup of) O . We can therefore apply Theorem 2.2.3, and get (E*)d‘Sh = EZ. This implies the second
statement. The first one then follows from Corollary 3.1.6. U

Remark 3.2.2. In the above proof, note that Kolo+p Ok _ g ne»> O that the numbering is not the same as in
Section 2.1.

Remark 3.2.3. We can define Lubin—Tate I'-modules over E as in Section 3.2 of [Berger and Rozensztajn
2022]. The results proved in that section carry over to the Lubin—Tate setting without difficulty.

In Theorem 2.9 of [Berger and Rozensztajn 2022], we proved Theorem 3.2.1 above in the cyclotomic
case, using Tate traces. There are no such Tate traces in the Lubin-Tate case if K # Q,. We now explain
why this is so. More precisely, we prove that there is no I"-equivariant k-linear projector E—>EifkK #Q,.
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Choose a coordinate 7 on LT such that log;+(T) =}, -, T9" /", so that logj+(T) = 1 mod 7. Let
d =1/log1(T)-d/dT be the invariant derivative on LT. Let ¢, = ¢! where g = p/.

Lemma 3.2.4. We have dy (Y)/dY = x,(y) inEforally €T.

Proof. Since logjr =1 mod 7, we have d =d/dY in E. Applying doy = x,(y)y od to Y, we get the
claim. O

Lemma 3.2.5. If y €T is nontorsion, then EV=' = k.

Proposition 3.2.6. If K # Q,, there is no I'-equivariant map R : £ — [E such that R(¢,(f)) = f for all
fek
Proof. Suppose that such a map exists, and take y € I'" nontorsion and such that x,(y) = 1 mod &.
We first show that if f € [ is such that (1 —y) f € ¢,(E), then f € ¢,(E). Write f = fo+ ¢, (R(f))
where fy = f — ¢4 (R(f)), so that R(fp) = 0 and (1 — ) fo = ¢4(g) € ¢, (E). Applying R, we get
0= (1—y)R(fy) =g. Hence g =0 so that (1 —y) fo = 0. Since E¥=' =k by Lemma 3.2.5, this implies
fo € k, sothat f € ¢, (E).

However, Lemma 3.2.4 and the fact that x, (y) = 1 mod 7 imply that y(Y) =Y + f, (Y?) for some
fy €L, so that y(Y‘I/P) =ya/p + ¢4(gy). Hence (1 — y)(Y‘?/p) € ¢4(E) even though Y4/P does not
belong to ¢, (E). Therefore, no such map R can exist. U

Corollary 3.2.7. If K # Q, there is no I"-equivariant k-linear projector (pq_l (E) — E. A fortiori, there is
no I'-equivariant k-linear projector E—E

Proof. Given such a projector IT, we could define R as in Proposition 3.2.6 by R =ITo ¢, L O
3.3. The perfectoid commutant of Aut(LT). In Section 3.1 of [Berger and Rozensztajn 2022], we

computed the perfectoid commutant of Aut(Gy,). We now use Theorem 3.2.1 to do the same for Aut(LT).
We still assume that p # 2.

Theorem 3.3.1. Ifu € [+ is such that valy (u) > 0 and u o [gl=I[glou forall g € Of, there exists b € Oy
and n € 7 such that u(Y) = [b](Y?").

Recall that a power series f(Y) € k[[Y] is separable if f'(Y) #£0. If f(Y) € Y -k[[Y]], we say that f
is invertible if f'(0) € k>, which is equivalent to f being invertible for composition (denoted by o). We
say that w(Y) € Y - k[[Y] is nontorsion if w**(Y) # Y foralln > 1. f w(Y) = Zi20 w;Y! € k[Y] and
meZletw™(Y)=Y) . wipm Y’. Note that (w o v)™ = w™ o p™.

Proposition 3.3.2. Ler w(Y) € Y + Y2 - k[Y] be a nontorsion series, and let f(Y) € Y - k[Y] be a
separable power series. If w'™ o f = f ow for some m € Z, then f is invertible.

Proof. This is a slight generalization of [Lubin 1994, Lemma 6.2]. Write
fO) = f,Y" 0",
() =g Y/ +0’*,
w(¥)=Y +w, Y +0x" ™,
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with f,, g;, w, #0. Since w is nontorsion, we can replace w by w°P" for ¢ >0 and assume thatr > j 4 1.
We have

w(m) of=fX)+ w;m)f(Y)r + O(Yn(r+l)) = f(Y)+ wﬁm)fnran + O(Y"r+1),

If j =0, then n = 1 and we are done, so assume that j > 1. We have

fow=f(Y +w,Y +0X" )
=f)+w Y f'¥)+0X*)
= f(Y)+w,g; Y 0Oy .

This implies that nr =r + j, hence (n — 1)r = j, which is impossible if r > j unless n = 1. Hence n = 1
and f is invertible. 0

Lemma 3.3.3. Ifu € E* is such that valx(u) > 0 and u o [g] = [g] ou for all g € O, then u € (E+)4-h,

Proof. The group Oy acts on E+ by g-u =uol[g]. By lemmas 3.1.1 and 3.1.2, the function g — [g]ou
is in #5(1+ pOg, EY), where p* = valy (u). O

Proof of Theorem 3.3.1. Take u € E such that valy (u) > 0 and u o [g] = [g] ou for all g € Og. By
Lemma 3.3.3 and Theorem 3.2.1, there is an m € Z such that f(Y) = u(y)?r" belongs to Y - k[[Y] and
is separable. Take g € 1 + 7 Ok such that g is nontorsion, and let w(Y) = [g](Y) so that u ow = w o u.
We have f ow = w" o f. By Proposition 3.3.2, f is invertible. In addition, f o w = w"™ o f if
w(Y)=[g](Y) forall g € O;;. Hence fy-g = gl”” - fo, so that a?" =aforalla = g € k. This implies
that F; C Fym, so that m = fn for some n € Z. Hence w™ = w, and f o[g] =[g]o f forall g € O%.
Theorem 6 of [Lubin and Sarkis 2007] implies that f € Aut(LT). Hence there exists b € (91>§ such that
u(Y) =[b](Y?"). O

4. Mahler expansions and super-Holder functions

In Section 1.3 of [Berger and Rozensztajn 2022], we proved an analogue of Mahler’s theorem for
continuous functions Z, — M, and then gave a characterization of super-Holder functions in terms
of their Mahler expansions. We now indicate how these results generalize to functions G — M for a
uniform pro-p group G. Given the definition of super-Holder functions and the existence of a coordinate
c:G— Zf, as in Proposition 1.1.1, it is enough to study functions Zf} — M. We generalize the setting a
little bit, and study functions O‘,l( — M where K is a finite extension of Q,. Let K be such a field, fix a
uniformizer w of Ok and let k be the residue field of K. Let g = Card(k).

4.1. Good bases and wavelets. Let X = O‘}(, which we endow with the valuation valx (xy, ..., x7) =
min; val; (x;). Forn >0, let X,, = 7" X = {x € X, valx(x) > n}.

We endow X with the valy-adic topology. For any set Y, we denote by LC(X, Y) the set of locally
constant functions X — Y. For n > 0 we denote by LC, (X, Y) the subset of elements of LC(X, Y)
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that factor through X/X,. Let I = Un>0 I, be a set of indices, where I, C I,4+; for all n > 0, and
Card(l,) = Card(X/ X,) = q"d. Let E be a field of characteristic p.

Definition 4.1.1. A family {4;};c; is a good basis of LC(X, E) if it is a basis of the E-vector space
LC(X, E) such that for all n > 0, {h;};¢y, is a basis of LC, (X, E).

Let M be (as usual) an E-vector space with a valuation valy,, such that valy, (ax) = valy, (x) for all
a € E* and x € M. We assume that M is separated and complete for the valys-adic topology.

Proposition 4.1.2. Every f € LC,(X, M) can be written uniquely as Y ;.; h; - m; for some elements

iel,
m; € M. Moreover, inf,cx valy(f (x)) = inf;¢;, valy (m;).

Proof. Let {6x}rex/x, be the basis of LC, (X, E) defined as follows: §, is the characteristic function of
x+ X,,. Then f € LC,(X, M) is equal to erX/X,, Sy - f(x).
As {h;}ie1, 1s also a basis of LC,, (X, E), we can write §, = Zieln a;i xh; for some elements a; , € E. We

now have f =>"._; h;-m; where m; = erX/Xn a; x f (x). This formula implies that inf;c;, valy (m;) >

iel,
infyex valy (f (x)).
On the other hand we can also write h; = erx/xn by ;8. for some elements b, ; € E, so that
Jf(x) =i, bx.im;. This implies that infie;, valp (m;) < infrex valy (f (x)). O

We now give an example of a particularly nice good basis of LC(X, E), the basis of wavelets; see
Section 1.3 of [Colmez 2010] and Section 2.1 of [de Shalit 2016]. Let 7 be a set of representatives of
X/ X1 in X, chosen so that the representative of 0 is 0. For each n > 0, let R,, be the set of representatives
of X/ X, defined as follows: Ro = {0}, and forn > 1, R, = {Z?:_l wix;, x; € T for all i}. We have

Ri=T,and R,, C R4+ foralln. Let R = U@O Ry. If r € R let £(r) be the smallest n such that r € R,,.
For r € R, let x, be the characteristic function of the closed disc r + Xy = {x € X, valy(x —r) = £(r)}.

Proposition 4.1.3. The set {x,}rer is a good basis of LC(X, E).

Proof. We prove that for all n > 0, the set {x,},er, is a basis of LC, (X, E). Consider the basis {§,},¢<R,
of LC,, (X, E), where §, is the characteristic function of r + X,,. We have

Xr = E Oy p gty

r'€Ru—i(r)

This implies that if we write R, = (R, \ R,—1) LU ---U (R \ Ro) LU Ro and we express the family
{xr}rer, In terms of the basis {5,},er,, we get a unipotent matrix. This shows that {x,},er, 1s also a
basis of LC,, (X, E). [

4.2. Expansions of continuous functions. We show that every continuous function X — M has a
convergent expansion along a good basis of X, and prove some continuity estimates in terms of the
coefficients of the expansion. If {m;};c; is a family of M, we say that m; — 0 if inf;¢;, valy (m;) — 400
as n — +00.
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Theorem 4.2.1. Let {h;};c; be a good basis of LC(X, E).

If {m;}ier is a family of M such that m; — 0, the function f : X — M given by f =3, hi -m;
belongs to CY%(X, M), and inf,cx valy (f (x)) = inf;¢; valy (m;).

Conversely, if f € CO(X, M), there exists a unique family {m;(f)}ic; of elements of M such that
mi(f) — 0and such that f =, _; hi -m;(f).

Proof. Let {m;};c; be a family of M such that m; — 0. If f,, = Zie,n h;-m;, then f, € C%(X, M), and f
is the uniform limit of the f,,. We have infx valy/(f, (x)) = inf;<;, valy (m;) by Proposition 4.1.2. Since
m; — 0, we have inf;¢; valy (m;) =inf;¢;, valy (m;) for n >>0. Hence infx valy ( f, (x)) =inf;c; valpy (m;)
for n>>0. Since inf, c x valy, (f (x))=lim,, inf, valy; ( f, (x)), we have inf . c x valy, (f (x))=inf;c; valy (m;).

We now prove the converse. Let M,, ={m € M, valy;(m) >n}, letm,,: M — M /M, be the projection, and
for each n, fix alift v, : M/M,, — M. Take f € CY%(X, M), and let fo=Ynom,o f. As f and f, coincide
modulo M,,, f is the uniform limit of the f,,. On the other hand, m,, o f is locally constant, and therefore
sois f,. As X is compact, there exists some k(n) > 0 such that f, € LCy(,) (X, M). By Proposition 4.1.2,

we can write f, =Y .., hi -m; , where m; , =01if i ¢ I(,). We have valy (m; , —m; /) > min(n, n’) by

iel
construction, so that for each i, the sequence {m; ,}, converges to some m; € M. Moreover, if i ¢ I,
then valy (m;) > n, so that m; — 0. The continuous function )

so that finally f =)

icg hi - m; is the uniform limit of the f,,
ier hi-mi. =
Proposition 4.2.2. Take f € C°(X, M) and t € 7. If {h;}ic1 is a good basis of LC(X, E), and we write
f= Zi hi -m; with m; — 0, then inf; ¢j, valy (m;) depends only on f and not on the choice of the good
basis.

Proof. Fix two good bases {h;}ic; and {h}};c; of LC(X, E). There exists a family {A; j} jyerxs of
elements of E such that h; = Zj )L,-,jh’j for all i. Moreover, if i € I. then A; ; =0 for all j & I.. Now
write f =3, hi-mi(f) =), hi-m.(f). We also have

f= Z(Z)w,]h/]> -m;(f) = Zh/] . (Z}Li,jm,-(f)),
i J b i

so that m/j(f) =) ;Aijmi(f). If j €1, then m/j(f) = Zi¢,l Aijmi(f),asx; j=0ifi eI, and j & I,.
This implies that inf ¢, ValM(m’j(f)) = inf; g, valp (m; (f)).
By symmetry, we get that inf; ¢/, ValM(m’j(f)) = infj ¢y, valpy (m; (f)). O

Theorem 4.2.3. Take f € COX,M)andt € Z>o.
If {hi}ier is a good basis of LC(X, E), and we write f =) . h; - m; with m; — 0, then

infvalyy(m;) = inf  valy (f(x) — f(y)).
i¢l x,yeX
valy (x—y)>t

Proof. Let C;(f) = infy yex valy(x—y)=r Valy (f (x) — f(y)) and B;(f) = inf;¢;, valy (m;).
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IfxeXandze X;,then f(x+2)— f(x)= Zie,(h,-(x—i—z) —h;i(2))-m;(f). As h; e LC,(X, E) for
i € I, the above equality gives us

FaFD = F) =Y (hi(x+2) —hi(@) -mi(f).
igl
This implies that C;(f) > B;(f).

We now prove the converse inequality. By Proposition 4.2.2, B,(f) is independent of the choice
of a good basis, and we choose the wavelet basis of Proposition 4.1.3. Write f =) 5 xr - m.(f),
so that we want to show that valy (m,(f)) = C,(f) for all r ¢ R;. If x € X, define g, : X — M by
8x(2) = f(x+m'z) — f(x), and write g, = Y . .x X -m,(gx). For each r € R, we can write uniquely
r=r +n's withr, € R;, where s =0 if r € Ry, and s #0 € Ry()—; if r ¢ R;. Forx € R, and r ¢ R,
the map z > x,(x +7'z) — x-(x) is the zero function if r; # x, and is yx;, if r, = x. This implies that if
x € R;, then

(D) =Y Ot (x +7'2) = %, () -y (f)

rer

=3 (72 = (@) -m ()
ré¢R;

= Z XS(Z) ’mx+nls(f)~
s¢Ro

Therefore if x € R, then mo(g,) =0 and m;(gy) = my47:s(f) if s 7% 0. We have infscr valy (ms(gy)) =
inf,cx valy (g (2)) = C;(f), so that valy (m(gy)) = C,(f) for all x € X and s € R. This implies that for
all x e Ry and s # 0, valys (myy:5(f)) = C:(f). Hence for all r ¢ R, we have valy;(m,(f)) = C,(f). U

4.3. Mahler bases. We now construct some other examples of good bases. For n > 0, let Int,, (O ) denote
the set of polynomials f(7T) € K[T] such that deg(P) < n and f(Og) C Og. Recall (see for instance
Section 1.2 of [de Shalit 2016]) that a Mahler basis for Ok is a sequence {h,},>0 with h,(T) € K[T]
of degree n, and such that {h, ..., h,} is a basis of the free Og-module Int,(Ok) for all n > 0. For
example, if K = Q,,, we can take h,(T) = (5) Let {h,},>0 be a Mahler basis for Ok . Each &, defines a
function Og — Ok and hence Ox — k. Let I =Z>pand let I, ={0,...,q" — 1} forn > 0.

Proposition 4.3.1. If {h,},>0 is a Mahler basis for Ok, then {h;}ic; is a good basis of LC(Ok, k).
Proof. By Theorem 1.2 of [de Shalit 20161, {ho, ..., hyn_1} is a basis of the k-vector space LC,, (O, k)

for all m > 0. This implies the claim. |

We now specialize to K = Q,,. Write N for Z> and n for an element (n1, ...,ng) € N¢. For each
n € N?, we denote by h,, the function Zi — E given by (x1,...,xg) — (2) e (;‘i) For m € 7, let
I, = {n € N such that max(n1, ..., ng) < p™ —1}.

Proposition 4.3.2. The functions {h,},cne form a good basis of LC(Z%, F P

Proof. The claim follows from Proposition 4.3.1 for K = @Q,, and Lemma 4.3.3 below. O
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Lemma 4.3.3. If X and X' are as in Section 4.1, and {h;};c; and {h/j}jej are good bases of LC(X, E)
and LC(X', E), then {h; ®/’l/j}(i’j)€[><‘] is a good basis of LC(X x X', E), with (I x J),, = I, X J,.

Let G be a uniform pro-p group, and let ¢ : G — Zf, be a coordinate as in Proposition 1.1.1. The
theorem below follows from Proposition 4.3.2 and Theorems 4.2.1 and 4.2.3.

Theorem 4.3.4. If {my},cne is a sequence of M such that m, — 0, the function f : G — M given by
F@=> ,end (C'n(]g)) e (C‘il(l‘[g))m,, belongs to C°(G, M). We have infye valy (f(g)) =inf, e valy (mp).

Conversely, if f € CO(G, M), there exists a unique sequence {my (f)}nene such that m, () — 0 and
such that £(g) =Y uena (4F) -+ (4 )ma(f). .

We have f € ’Hﬁ’“(G, M) if and only if for all i > 0, we have valy (mu(f)) > p* - p® + n whenever
max(ny,...,ng) = pi.

Remark 4.3.5. The first two assertions in the above theorem also follow from Theorem 1.2.4 in Section III
of [Lazard 1965] (we thank Konstantin Ardakov for pointing this out).

We finish by considering the case G = Ok for K a finite extension of @, and working with a Mahler
basis for Og. Let K be a finite extension of Q, as before. Assume that E is an extension of k. Let
{hn}n>0 be a Mahler basis for Ok. If f € CY Ok, M), write f = Z@o h,m, (f) with m,(f) — 0. Let
e denote the ramification index of K.

Proposition 4.3.6. If f = Zn>0 h,m,(f) as above, then f € H?"“(OK, M) if and only if valyy(m,,(f)) >
p* - p'" + w whenever n > p%.

Proof. This follows from Theorem 4.2.3, since val,(x — y) > i if and only if val, (x — y) > ei, and since
q°=p’. O

In this situation we can also define a slightly different version of super-Holder functions. We say that a
function f : Ogx — M isin 7—[?(’7’;((’)1(, M) if valy (f (x) — f(y)) = p*- p' 4+ u whenever val, (x —y) >i.
We then have

My TR0k, M) C HZ Ok, M) C H Ok, M),

In particular, Hx (O, M) = H,e(Og, M). If K /Q,, is unramified then H " (Ox, M) = H,"* (O, M).
Moreover we have the following criterion:

Proposition 4.3.7. If f =",,- ham,(f) as above, then f € H" (Ox, M) if and only if valy (m,,(f)) >
p’\ 'P” + u whenever n > qi,

Example 4.3.8. For all n > 0, there exists ¢, (T) € Int,(Ok) such that [a](Y) = }_, - ca(a@)Y". This
implies that valy (m, (a = [al(¥))) > n, so that the function a — [a](¥) is in }4°(Ok. EY D). and in
H(I)é?f(OK’ E[[Y]]) Where q= pf
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