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Ranks of abelian varieties in cyclotomic twist families
Ari Shnidman and Ariel Weiss

Let A be an abelian variety over a number field ¥, and suppose that Z[{,] embeds in End z A, for some root
of unity ¢, of order n = 3”. Assuming that the Galois action on the finite group A[1 — ¢,] is sufficiently
reducible, we bound the average rank of the Mordell-Weil groups A, (F), as Ay varies through the family
of wy,-twists of A. Combining this result with the recently proved uniform Mordell-Lang conjecture, we
prove near-uniform bounds for the number of rational points in twist families of bicyclic trigonal curves
y3 = f(x?), as well as in twist families of theta divisors of cyclic trigonal curves y* = f(x). Our main tech-
nical result is the determination of the average size of a 3-isogeny Selmer group in a family of o, -twists.

1. Introduction

Let A be an abelian variety over a number field F and let Gy = Gal(F/F). Any G p-stable subgroup
H C Autg A gives rise to a twist family of abelian varieties Az over F, indexed by the elements & of the
Galois cohomology set H'(G r, H). The base change of A to F is isomorphic to A 7» but with G p-action
twisted by &. Our goal is to study the distributions of the ranks of the Mordell-Weil groups Ag(F) in
such twist families, and to give some applications.

Every abelian variety A has the automorphism —1, and since H Y(Gp, {£1}) =~ F*/F*?, we obtain the
quadratic twist family of A. The average rank of Ag(F) in quadratic twist families has been extensively
studied in the case of elliptic curves [Brumer 1992; Heath-Brown 1994; Katz and Sarnak 1999; Smith 2017;
Bhargava et al. 2019], with [Bhargava et al. 2019] addressing many cases in higher dimension as well.

In this paper, we consider the case H = 2,, the group of 2n-th roots of unity, where n = 3" for
some m > 1. More precisely, we assume that there is a G p-equivariant ring embedding Z[¢] < Endz A,
where ¢ = ¢, € F is a root of unity of order n. We say that such an A has ¢-multiplication. For example,
the Jacobian J of a curve of the form y3 = xf (x3m*l) has ¢-multiplication induced from the order n
automorphism (x, y) — (£3x, ).

Since w2, = (—¢) C Autg A, there is a twist A, for each d € FX/FX2" ~ HYGF, no,). In the example
above, Jy is the d-th quadratic twist of the Jacobian of y* = xf (%x-”m_]). In Section 5B, we recall a
height function 4 : F*/F*?* — R with the property that the sets Sy := {d € F*/F** : h(d) < X} are
finite. When F = Q, the height 4 (d) is the absolute value of the smallest integer representing d. The
average rank of A;(F) is then, by definition,

avg, 1tk Ay(F) = lim avg rk A (F).
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In general, it is not known whether this limit exists or even if the limsup is finite. In the latter case, we
say that the average rank of A4(F) is bounded.

1A. Mordell-Weil ranks. If A has ¢-multiplication, the endomorphism 1 —¢ € Endz A descends to an
isogeny 7 : A — A’ over F (see Section 2). The kernel A[x] is a G g-stable subgroup of the 3-torsion
group A[3], and hence is a finite-dimensional F3-vector space. We show that the average rank of A, (F)
is bounded, assuming that the G p-action on A[x] is sufficiently reducible.

Theorem 1.1. Let A be an abelian variety with {3»-multiplication over F.
(1) If Alx] is a direct sum of characters, then avg,; rk A4(F) is bounded.
(i) If A[n] has a full flag, then avg, 1k A4(F), over squarefree d € F* | F*?", is bounded.

Here, we say that A[x] has a full flag if there are G p-modules 0 = Hy C H| C - -- C Hy = A[m] such
that dimg, H;41/H; = 1. We say thatd € F*/F*™ is squarefree if v(d) =0 or 1 (mod 2n), for all finite
places v of F. Theorem 1.1 is a simultaneous generalization of [Bhargava et al. 2019, Theorem 2.2] and
[Bhargava et al. 2020, Theorem 5] to a larger class of twist families of abelian varieties.

If J is the Jacobian of y3 = xf (x3m7l ), then the representation theoretic conditions on J [ ] translate
into conditions on the Galois group Gal(f) of the splitting field of f(x) over F. More generally, we
deduce the following result from Theorem 1.1:

Corollary 1.2. Let f(x) € F[x] be separable and nonconstant, and let J be the Jacobian of either
YW= f@oryd =xf.
() If Gal(f) ~ (Z/22)*, for some k > 0, then avg, tk J;(F) is bounded.

(i) If Gal(f) is an extension of (Z /2Z)¥ by a 3-group, then avg, tk J;(F), over squarefree d € F* | F**",
is bounded.

Our proof of Theorem 1.1 gives an explicit upper bound on the average rank, however, the bound
depends on subtle arithmetic properties of A. The following crude upper bound has the virtue that it
applies to a large class of abelian varieties and depends only mildly on A.

Theorem 1.3. Suppose that A[x] has a full flag and that A admits a {,-stable principal polarization.
Let S be the set of places of F dividing 3400, where {4 is the conductor of A. Then the average rank
of Ay(F), for squarefree d € F*/F*?" is at most dim A - (#S 4 37%5).

For most A, this bound is significantly weaker than what our method actually gives. An interesting
case is when A has complex multiplication (CM), i.e., dim A = 3"=1 in which case dimy, A[z] =1
and the reducibility hypotheses are automatically satisfied. When the complex multiplication is defined
over F, we obtain especially strong results:

Theorem 1.4. Suppose that dim A = 3", so that A has complex multiplication by Z[{3n)]. Assume more-
over that {3m € F, so that the complex multiplication is defined over F. Then the average Z[{3m]-module
rank of Ay (F) is at most %, and at least 50% of twists Ay have rank 0.
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In the CM case, we expect that 100% of twists Ay have rank 0, in which case our result is halfway
towards the analogue of Goldfeld’s conjecture in this context.

Such A arise as factors of the Jacobians of the curves y3m = x(1 — x)?, which have good reduction
away from 3. Even when the CM is not defined over F, we obtain average rank bounds that depend only
on dim A. Over Q, for example, the average rank of A;(Q) is at most 19—9 dim A by Theorem 1.3, a bound
which can be improved to % dim A with a more refined analysis.

1B. Rational points on curves. Theorem 1.1 has concrete consequences for the arithmetic of curves C/F
of genus g > 2. It was nearly 40 years ago that Faltings proved that C(F) is a finite set, but very recently,
there has been significant progress towards a uniform upper bound on #C (F'). Building on work of
Dimitrov, Gao, and Habegger [Dimitrov et al. 2021], Kiihne [2021] has shown that

1+rk Jac(F)
#C(F) < cj ,

where ¢, is a constant depending only g. Building on this work, Gao, Ge, and Kiihne [Gao et al. 2021]
proved the more general uniform Mordell-Lang conjecture for closed subvarieties of abelian varieties.
These results reduce the question of uniform bounds for rational points on a large class of varieties to a
question about ranks of abelian varieties.

By combining these results with Theorem 1.1, we show that “near-uniformity” holds for twists of
bicyclic trigonal curves:

Theorem 1.5. Let f(x) € F[x] be separable, of degree at least two, and with all of its roots nonzero
elements of F. Consider the bicyclic trigonal curve C : y3 = f(x?), and let Cq : dy> = f(dx?) be the
corresponding sextic twist family. Then for every € > 0, there is a constant N, such that the lower density
of classes d € F* | F*° for which

#Cd(F) = Ns

is at least 1 — ¢.

To prove Theorem 1.5, we apply Theorem 1.1 not to the Jacobian of C, but to the Prym variety for the
double cover C — C’, where C’ : y3 = f(x); see Section 9. We remark that the constant N, depends
only on ¢, deg(f), and #S (using the notation of Theorem 1.3).

Unlike the curves in Theorem 1.5, a general cyclic trigonal curve C : y3 = f(x) has no sextic twists,
so it may seem that Theorem 1.1 says nothing about rational points on the twists of C itself. However, for
these curves, we can consider sextic twists of a theta divisor ® C J = Jac(C). Recall that ® is birational
to the symmetric power C¢~1 so its rational points parametrize low-degree points on C. We can choose
O so that it is preserved by the wo,-action (see Section 9), which allows us to consider the twist @4 C Jg,
foreach d € F*.

Theorem 1.6. Let f(x) € F[x] be separable and suppose that Gal(f) >~ (Z/ 27)k for some k > 0. Let
C :y? = f(x), and suppose that Jac(C) is geometrically simple. Let ® C Jac(C) be a symmetric theta
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divisor. Then for every € > 0, there is a constant N, such that the lower density of classes d € F* | F*®
for which
#04(F) < N,

is at least 1 — ¢.

This result again follows from Theorem 1.1 and [Gao et al. 2021], and N, depends only on ¢, deg(f),
and #S. Since the results of [Gao et al. 2021] are ineffective, we cannot say anything explicit about the
constant NV, in general. However, one can prove explicit results in this direction by instead combining our
work with the Chabauty method. We illustrate this by way of an example.

Theorem 1.7. Consider the sextic twist family Cy : y> = (x*> — d) (x> — 4d) of genus-3 curves. For at
least % of squarefree d € Z such that d =2 or 11 (mod 36), we have #C,;(Q) < 5.

The curve C; admits a double cover p : C; — E,; to the elliptic curve E; : yi=(x—d)(x —4d).
Moreover, C; embeds in the abelian surface P; = Jac(C;)/p* PicO(Ed). By making the rank bound in
Theorem 1.1 explicit, we show that rk P;(Q) <1 for at least % of twists d. Then we invoke, and generalize
slightly, Stoll’s uniform Chabauty result for twist families [2006].

The same method works for sextic twist families of the form C, 4 : y3 =2 —d)(x* —ad). To
prove the existence of twists with rk P, 4(Q) < 1, we must check that a certain local 3-adic root number
takes the value —1 for some twist d. We can verify this condition in Magma for seemingly any given
curve C, 4, but it would be nice to have a proof for all or most values of a.! It would also be interesting
to prove explicit results for symmetric squares of trigonal plane quartics, as in Theorem 1.6, by using
[Caro and Pasten 2023].

1C. 3-isogeny Selmer groups. Having discussed some applications of Theorem 1.1, let us discuss its
proof. Theorem 1.1 follows from a more precise result about Selmer groups. Let A/F be an abelian
variety with ¢-multiplication and admitting a 3-isogeny ¢ : A — B. If A[¢] C A[r], or equivalently, if ¢
is ¢-linear, then each twist A, is endowed with its own 3-isogeny ¢, : Ay — B,. For each d, we consider
the ¢4-Selmer group Sely, (A4), which sits in the exact sequence

0— By(F)/¢aAa(F) — Selg,(Aq) — LI(Ag)[¢a] = 0.

The main technical result of this paper is the exact computation of avg, # Sely, (Ay).
To state the precise result, we recall the global Selmer ratio c(¢¢) = [ [, cv(¢a), where for each place v

of F, we define
#coker(Ay(Fy) — By(Fy))

) = e (Aa(Fy) = Ba(Fy)

For v 1300, we have ¢, (¢g) = ¢, (Bg)/cy(Ag), where ¢, (A) is the Tamagawa number of A over F,. Thus,
up to some subtle factors at places v above 3 and oo, the number c(¢y) is the ratio of the global Tamagawa

n [Shnidman and Weiss 2023, Theorem 1.4], we prove that a positive proportion of P, 4 have rank at most 1 in the case
that a is a square, using a different argument which sidesteps the root number question.
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numbers c(By)/c(Ag). In particular, we have c,(¢y) € 37, and ¢, (¢4) = 1 for all but finitely many v
(having fixed d).

We say A[¢] is almost everywhere locally a direct summand of A[x] if, for almost all places v of F,
the G f,-module A[¢] is a direct summand of A[x].

Theorem 1.8. Assume that Al¢] is almost everywhere locally a direct summand of Alr]. Then
avg, #Sely, (Ag) = 1+avg, c(Pq), where both averages are finite and taken over d € F*/F>?" ordered
by height.

This result is a simultaneous generalization of [Bhargava et al. 2019, Theorem 2.1] and [Bhargava et al.
2020, Theorem 1]. Interestingly, the condition of being everywhere locally a direct summand, which
is automatically satisfied for the families considered in [Bhargava et al. 2019; 2020], seems to be an
obstruction to computing the average size of # Sely, (A,) in the entire family of twists, at least using our
methods. In any case, if we only consider squarefree twists, then this obstruction goes away:

Theorem 1.9. Let ¢ : A — B be a ¢-linear 3-isogeny. Then the average size of # Sely, (Ay) over squarefree
d € F*/F** is finite and equal to 1 + avg, c(¢q).

The quantity avg; c(¢4) is governed by local arithmetic data which can be made explicit in certain cases.
For example, in Theorem 1.4 we have c(;r;) = c¢(¢4) = 1 for all d. However, in general, computing the
exact value of avg, c(¢,) is hard. Nonetheless, one can give an explicit upper bound on avg, # Selg, (Aq)
depending only on F', dim A, and the number of primes dividing the conductor of A (Proposition 5.5).

In Section 6 we show how to deduce Theorem 1.1 from Theorems 1.8 and 1.9. In the remainder of the
introduction, we discuss the proofs of the latter two results.

1D. Methods. We prove Theorems 1.8 and 1.9 using geometry-of-numbers methods. As in the previous
works [Bhargava et al. 2019; 2020] of the first author and his collaborators, we first identify the elements of
Sely, (Ag) with SL, (F)-orbits of binary cubic forms of discriminant 4. We then wish to use lattice-point
counting techniques, which have been extended to global fields in [Bhargava et al. 2015], to count the num-
ber of such orbits of bounded discriminant. However, it is not at all clear (and indeed, it is not always true)
that the SL, (F)-orbits corresponding to Selmer elements are infegral, i.e., that they contain cubic forms
whose coefficients are algebraic integers. This integrality is of course essential for lattice-point counting.
For the quadratic twist families considered in [Bhargava et al. 2019], integrality follows quickly once
it is realized that the local Selmer conditions are very mild outside the finitely many primes dividing
the conductor of A. One needs only to “clear denominators” at those finitely many primes, and then
the Selmer orbits become integral. For the families considered in this paper, the question of integrality
is more subtle. The first interesting case is the family of sextic twists E : y> = x> 4+ d considered in
[Bhargava et al. 2020], which is the unique twist family of elliptic curves with 3-power ¢-multiplication.
In that special family, the authors give an explicit bijection between Selmer elements and binary cubic
forms. Integrality is then proven using a direct connection with Bhargava’s higher composition laws.
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In the more general setup of this paper, we cannot rely on such an explicit parametrization, nor do we
expect one to exist. Instead, our method is more abstract and involves two independent steps. First, we
give a complete analysis of the infegral arithmetic invariant theory for the representation Sym?® Z2 of SL,,
in the sense that we identify precisely which SL, (F,)-orbits of binary cubic forms, over a local field F;,
have integral representatives. We show that once the valuation of the discriminant v(d) is at least 3, all
orbits have integral representatives, and we determine what happens for v(d) < 2 as well. Our strategy is
to translate the question into one about cubic rings, whose local structure we understand well. Second,
we study the Selmer groups Sely, (A4) from a purely cohomological point of view, in the spirit of Mazur
and Rubin [2007]; see also [Klagsbrun et al. 2013]. Upon comparing the results, we find that for all but
finitely many primes v, the Selmer orbits of discriminant d are v-integral, except possibly when v(d) = 2.
In particular, the Selmer orbits are integral when d is squarefree. When v(d) = 2, we find that the local
direct summand condition on A[¢] C A[r] exactly matches up with the local integrality condition.

1E. Future directions. In many situations, the integral orbits of a reductive group G acting on a rep-
resentation V have been shown to parametrize Selmer elements in a certain explicit family of abelian
varieties [Bhargava and Shankar 2015a; 2015b; Bhargava and Ho 2016; Bhargava and Gross 2014; Thorne
2013; Laga 2023]. The results of this paper show that there is a tremendous amount of flexibility in these
constructions, in the sense that (G, V') can be used to parametrize Selmer elements in very different looking
families over the same space of invariants V /G (which is A! in our case). Our analysis of the integral
arithmetic invariant theory of (SL,, Sym?® Z?) can be adapted to some of these other representations
(G, V), so it would be interesting to understand the following (vaguely formulated) question. For which
families ¢ : A — B of isogenies of abelian varieties over S = V /G can the elements of Sely, (Ay), for
s € S(F), be parametrized by orbits of G(F) on V(F)?

1F. Outline. We begin in Section 2 with basics on abelian varieties with {-multiplication. Sections 3—6
are the technical heart of the paper. In Section 3, we give a complete analysis of the integral arithmetic
theory for the representation Sym?® Z2 of SL,. In Section 4, we give a parallel, but independent analysis of
the Selmer groups Sely, (A,) of the twists ¢4 of a general ¢-linear 3-isogeny. In Section 5, we combine
these two sections and prove Theorems 1.8 and 1.9. In Section 6, we apply the results of Section 5 to
prove Theorems 1.1 and 1.3.

The remainder of the paper is devoted to applications of our main results. In Section 7, we study the
average ranks of the Jacobians of the curves y> = x f (x3m71) and y3" = f(x) and prove Corollary 1.2. In
Section 8, we give explicit results for abelian varieties with CM and prove Theorem 1.4. In Section 9,
we study rational points in twist families of curves as in Section 1B, and prove Theorems 1.5 and 1.6.
Finally, in Section 10, we study twist families of genus-3 curves and prove Theorem 1.7.

2. Abelian varieties with ¢-multiplication

Let F be a field of characteristic 0. Fix an odd prime p, an integer n = p™, and a primitive n-th root of
unity ¢ = ¢,. In this section, ¢ denotes Euler’s totient function.
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Definition 2.1. An abelian variety with ¢-multiplication is a pair (A, t4), where A is an abelian variety
over F and t4 : Z[¢] — Endz A is a G p-equivariant injective ring homomorphism.

We usually suppress any mention of ¢4 and view Z[¢] as a subring of Endz A. In this section, we
collect some basic facts and constructions relating to abelian varieties with ¢-multiplication.

2A. The isogeny m. If A is an abelian variety with ¢-multiplication, then since 1 — ¢ divides p in Z[{],
the map 1 — ¢ € Endz A is an isogeny whose degree is a power of p.

Lemma 2.2. The kernel of 1 — ¢ is G g-stable, and hence is an F-subgroup of Alp). In particular, there
is an abelian variety AV over F, such that the endomorphism 1 — ¢ of A over F descends to an isogeny
7:A— AW oyer F.

Proof. If P € Ag[l —¢]and o € GF, then ;“_I = ¢! for some i € (Z/nZ)* and
(P7)= (" (P)” =('P)” =P,

which shows that P? € Ag[1 — ¢]. Hence, Ag[1 — ¢] descends to an F-subgroup H of A. Thus, we
obtain a an isogeny 7 : A — A/H =: AWD over F.
The equality of ideals (1 —¢)*™ = (p) in Z[¢] shows that Az[1 —¢] C Az[p]. O

If ¢ € F,then AV = A/A[1 —¢]~ A, and 7 : A — A can be identified with the endomorphism
1—¢. If¢ ¢ F,then AV = A/A[r] is a twist of A which we now identify:

Lemma 2.3. AW is the twist of A corresponding to the cocycle o — % e H'(F, Z[¢1%).

Proof. Over F(¢), the map n : A/A[l — ¢] — A given by X — (1 — ¢)x defines an isomorphism.
Hence, A"V is the twist corresponding to the cocycle o > n°n~!. 0

The abelian variety A" also has ¢-multiplication. Iterating Lemma 2.2, for each integer s, we obtain an
abelian variety A®) = A/A[(1—-¢)*]. Asin Lemma 2.3, A% is isomorphic to the twist of A corresponding
to the cocycle

1-¢7)
o> —
1-2)¢
We define 7° to be the corresponding isogeny A = A©® — A®),

e H'(F, Z[c1%).

Note that A®") ~ A and that 79" : A — A is multiplication by pu, for some unit u € Aut A. In par-
ticular, when writing A® we can always consider s modulo ¢(n) = p’"‘1 (p—1), and we have inclusions

Alr] C A[7?] C --- C A[n*™~ 1 c A[n?™] = A[p].

In general, the Galois action on A®) is related to the Galois action on A in a convoluted way. However,
on a subset of the torsion of A, the action is especially simple.

Lemma 2.4. Let s = p" for some 0 <r <m,and leti € Z. Then, as G p-modules,
AW ]~ A1 ® X))

where x, is the mod p cyclotomic character.
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Proof. By Lemma 2.3, the abelian variety AU is the twist of A corresponding to the cocycle

(1 _ Co)is | N
—— ——eH (F,7 .
> a0 (F,Z[£17)
Equivalently, there is an isomorphism ¢ : A — A over F(¢) such that for all o € G and P € A(F),
we have a oyis
—1\o -
Py)=—P
(@) 0@(P) a0
Hence, if P € A[n*] and o € G p, then in AY[7°], we have
(1 _ Ca)is
P) =—>""¢(P%).
(@(P)) a0 é(P?)

Suppose that o : ¢ +> ¢/ for some j € (Z/nZ)*. Then, since (1 — {pr)¢(P") =(1- g“)”rqﬁ(P") =0,
we have

%d)(m = (e 424+ 0D (P
="+ 47U g (P)
=Jj'¢(P7).
Since, by definition, j (mod p) = x, (o), we see that (¢ (P))° = Xp(a)iq&(P“), as claimed. Il

2B. ¢-linear isogenies. We keep the notation n = p and ¢ = ¢,.

Definition 2.5. Let (A, t4) and (B, tp) be abelian varieties over F' with ¢-multiplication, andlet¢: A — B
be an isogeny. We say that ¢ is ¢-linear if ip(a) op = p ot4(x) for all ¢ € Z[¢].

Lemma 2.6. If ¢ : A — B is a {-linear p-isogeny, then A[¢]| C Alr]. Conversely, if H C Alr] is a
G g-stable subgroup of order p, then the quotient B := A/ H inherits a ¢ -multiplication from A, and the
canonical p-isogeny ¢ : A — B is ¢-linear.

Proof. Since ¢ is ¢-linear, if P € A[¢], then so is ¢ P. Hence, the action of ¢ is given by a homomorphism
n = ppn — Autp A[¢p] > (Z/pZ)™, which must of course be trivial. Thus, ¢ acts as the identity on A[¢],
so Al¢] C Al —¢] = Alr].

For the converse, since 14 (¢) fixes H, we have ker(¢) =ker(¢ot4(¢)), so that ¢pot 4 (¢) factors through ¢.
That is, there exists an automorphism ¢p : B — B such that ¢ o0 14({) = {p o ¢p. This automorphism ¢p
has order n and has the same minimal polynomial as t4(¢). Thus, the map ¢ : Z[{] — Endz B given by
¢ +— ¢p is a ¢-multiplication on B, and the p-isogeny ¢ is ¢-linear by construction. 0

2C. Twists. If (A, 1) has ¢,-multiplication, then ¢4 induces an inclusion Z[{,]* C Autg A of Gp-
modules. For each d € F*, let A; be the twist of A corresponding to the image of d under

F* — F*/F** ~ H'(F, ua,) — H'(F, Autz A).

Then Ay is an abelian variety over F that becomes isomorphic to A over F(d!/ 2ny Moreover, A, also
has ¢&,-multiplication.
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Remark 2.7. If Autz A = u,,, then distinct 2n-th power classes d give nonisomorphic A;. However,
if Autz A O oy, then the map H YW(F, nay) — H'\(F, Autz A) need not be injective, and hence the
twists Ay need not be distinct.

Now let ¢ : A — B be a ¢-linear p-isogeny over F. By Lemma 2.6, the automorphisms ¢ € Autz A
preserve the subgroup A[¢], giving an inclusion of G p-modules o, — Autz(¢), where Autz(¢) is the
subgroup of Autz A stabilizing A[¢]. Ford € F*, let ¢4 : A; — By be the twist of ¢ corresponding to
the image of d under

F* — F*/F*® ~ HY(F, uy,) — H'(F, Autz(¢)).

Then ¢, is a ¢-linear p-isogeny over F. Similarly, we may twist the isogeny 7 : A — A() to obtain

g Ag —> Afll), and this is the canonical isogeny “z” associated to A; (and its {-multiplication).

Remark 2.8. By Lemma 2.3, the abelian variety A" is the twist of A corresponding to the cocycle
E:0 11__§ in H'(F, Z[¢,]*). When n = 3, we have Z[(2,]* = e, and since 51%37 € g, the

¢
cocycle £ is in the same cohomology class as —27 € F*/F>®. It follows that AV’ = A_,;, which is

the quadratic twist of A by the mod 3 cyclotomic character. More generally, we have AG#(™) = A e
where p* = (—1)?~D/2p is such that Q(/p*) C Q(¢p). However, for general s and n, the twist A®)
need not be isomorphic to Ay, for any d € F*/F*",

3. Integral orbits of binary cubic forms

In this section, we classify the integral SL,(F)-orbits on the space of binary cubic forms over a local
field F. We first recall some facts from [Bhargava et al. 2020, §2] and [Bhargava 2004, Theorem 13].

Let V = Sym?® Z?2 be the space of binary cubic forms. The group SL; acts on V, and the ring of
invariant functions is generated by the usual polynomial discriminant Disc : V — Z. Let F be any
field of characteristic not 2 or 3, and for any d # 0 in F, define V(F)y :={f € V(F) : Disc(f) = d}.
There is a unique reducible SL;,(F)-orbit of cubic forms f € V (F),. The stabilizer of such an f is a
commutative F-group scheme C,; of order 3. The Galois action on C;(F) is by the quadratic character
xa : Gal(F(v/d)/F) — {£1}.

Proposition 3.1. The group H'(F, Cy) is in bijection with the SL,(F)-orbits on V (F)q.

Now let F be a local field of residue characteristic neither 2 nor 3, with surjective discrete valuation
v: F* — Z, ring of integers O, maximal ideal m and residue field F of cardinality ¢.

We wish to determine which SL,(F)-orbits in V (F), have representatives in V (OF),4. We call these
orbits the integral orbits, and we let HiLt(Cd) be the subset of H'(F, C,) that they correspond to under
the bijection of Proposition 3.1. Of course, a necessary condition for there to be any integral orbits at all
is that d € O. We see that even though the abstract group H'!(F, C;) depends only on the square-class
of d, the notion of integrality depends on the actual value of d, and in particular its valuation.
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We recall some facts about cubic rings over F and over Of [Bhargava et al. 2013]. The action of SL;
on V extends to the following action of GL;: if y = (? Z), then

1
- -Hx,y) = detv flax +cy, bx +dy).
ety

If R is a principal ideal domain, then a cubic ring over R is an R-algebra S that is free of rank 3 as an
R-module. The discriminant of S is a well-defined element of R*/R*2.

Proposition 3.2 (Levi, Delone—Faddeev, Gan—Gross—Savin). For any principal ideal domain R, there is
a discriminant preserving bijection between GL,(R)-orbits on V (R) and isomorphism classes of cubic

rings over R. Moreover, this bijection is functorial in R.

Proof. Building on [Levi 1914; Delone and Faddeev 1940; Gan et al. 2002], it is shown in [Bhargava
et al. 2013] that the bijection sends a cubic R-ring S to any binary cubic form representing the cubic map
S/R — /\%(S/R), s > s A 52, which is functorial in R. O

If y e GLy(F) and f € V(F), then Disc(y ) = det(y)? Disc( f). It follows that isomorphism classes of
cubic F-algebras L of discriminant d are in bijection with GL;(F)+-orbits on V (F)y. Here, GLy(F)+;
is the subgroup of GL;(F) consisting of elements with determinant 1. Since SL,(F) has index 2 in
GL(F)+1, the GLy(F)41-orbits break up into at most two SL, (F)-orbits. It is a fun exercise to show that
there are exactly two orbits if and only if L is a field; the orbits are represented by f(x, y) and f(y, x).

Remark 3.3. The trivial class in H'(F, C;) corresponds to the unique orbit of reducible forms of
discriminant d. Hence, o € H'(F, Cy) is nontrivial if and only if the corresponding cubic algebra L is a
field (if and only if L is generated over F by a root of f(x, 1)). The trivial class corresponds to F x E ,
where E; = F[x]/ (x% — d) is the quadratic F-algebra of discriminant d. Note that the trivial class is
represented by %x3 + xy?, which is integral as long as d is.

From the functoriality in Proposition 3.2 applied to the base change O < F, we deduce:
Proposition 3.4. Let « € H'(F, Cy), and let L be the corresponding cubic F-algebra. Then « is integral
if and only if there is an Op-order S C O, with v(Disc S) = v(d).

Proof. The “only if” direction is clear. For the “if”” direction, observe that any Op-order S C Op, has
discriminant congruent to d modulo F %2 Soif v(Disc S)=v(d), then we see that Disc(S) is congruent to
d modulo O;z. Thus we may choose bases so that S corresponds to a binary cubic form with coefficients
in OF of exact discriminant d. O

The following two facts about cubic orders will be useful [Bhargava et al. 2013, Propositions 15-16].

Proposition 3.5. Let L be an étale cubic F-algebra. Suppose f(x,y) corresponds to the maximal
order O, under the bijection of Proposition 3.2. Then the factorization type of f(x, y) over the residue
field F is the factorization type of the maximal ideal m of OF in the ring Op.

Proposition 3.6. Let f(x, y) € V(OF)q correspond to a cubic ring S over Op. Then the sub-Op-rings
S" C S of index q correspond bijectively with the zeros of f (mod m) in P! (F).
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d e F*? —3d € F*?

dim H'(F, Cy) =2

eF
& dim HL (F, Cp) =1
gr | AMH(F.Co=1 | dimH'(F.C)=1
’ dimHL (F,C)=1 | dimHL(F,Cy)=0

Table 1. Dimensions of H!(F, C4) and H/ (F, Cy).

We also need the following result, which requires char F # 3, and which describes the subgroup
Hu]n(F, Cy) C H'(F, Cy) of unramified classes.

Proposition 3.7. Suppose 0 # « € H'(F, Cy) corresponds to the cubic extension L/F. Then a €
Huln(F, Cy) if and only if L is unramified.

Proof. Let f1 € V(F) be the corresponding binary cubic form. If L is unramified, then since f; becomes
reducible over L, the restriction of o to H'(L, C,) is trivial. Thus, « is an unramified class. If L is
ramified, then f; remains irreducible over every unramified extension of F, and hence « is ramified. [

Lemma 3.8. Assume the residue characteristic of F is not 3. Then:
(i) dim H'(F, Cy) =dim H(F, Cy) +dim H*(F, C_3y).
(i) dim H! (F, C;) = dim H(F, C,).

When d has even valuation, these dimensions are computed in Table 1.

Proof. First note that Cy; is Cartier dual to C_3; >~ C4; ® u3. Since the residue characteristic is not 3,
the Euler—Poincaré characteristic formula [Milne 1986, 1.2.8] immediately gives (i). Let Ir C GF
be the inertia group and let g be the Frobenius element of Gg/Ir. Then the groups Huln(F ,Cq) =~
H(Ir,Cy)/(g—DH(IF, Cy) and H(Ir, Cy)[g — 1]1= H°(F, C,;) have the same cardinality, which
proves (ii). The table is computed using the fact that dim H°(F, C4) = 1 if and only if d € F*? and the
dimension is 0 otherwise. O

The main result of this section is the following classification of the integral orbits in V (F),.

Theorem 3.9. Let Of be the ring of integers of a local field F with char Op /m > 3, and let d € O be

nonzero.
() Ifv(d) =0, then H. (F, Cq) = H} (F, Cy).
(b) Ifv(d) is odd, then H. (F, Cq) = H'(F, Cy) =0.
(c) If v(d) = 2, then the only nonintegral classes are the nontrivial unramified classes.

(d) Ifv(d) > 2, then all classes are integral.



50 Ari Shnidman and Ariel Weiss

Proof. (a) This case follows from Propositions 3.4 and 3.7.

(b) We have H'(F, C;) =0 by Lemma 3.8 (since H O(F, C;) = 0 whenever d has odd valuation). By
Remark 3.3, the trivial class is integral.

(c) The ramified classes o correspond to totally ramified cubic extensions L/F. For such L we have
v(Disc Op) = v(d), and hence these « are integral by Proposition 3.4. If H L(F, C;) has a nontrivial
unramified class «, then it corresponds to the unique unramified cubic extension L/F, which has unit
discriminant. By Proposition 3.4, « is integral if and only if Oy, has an order of index ¢g. By Proposition 3.5,
the binary form corresponding to O, has no root over F. So by Proposition 3.6, O, has no order of
index g. Hence the nontrivial unramified classes are indeed nonintegral.

d) If e € HY(F, Cy) corresponds to a ramified cubic extension L/F, then Op has discriminant of
valuation 2. By Propositions 3.5 and 3.6, O, has a unique order S of index ¢, and hence v(Disc S) =4.
Note that if Sy is a cubic Op-ring, then S(/) = Op +mJ$y is a subring of S of index q2 and Disc(S(/)) =
q4 Disc(Sp). Thus, by considering the orders Of + m¥O; and O +m*S, we can find an order S’ C Oy,
with v(Disc S") = 2k, for any k > 1.

Next let « € H'(F, C4) be a nontrivial unramified class corresponding to the unramified cubic
extension L/F. Then v(Disc(Or + mOp)) = 4. By Proposition 3.6, there are ¢ + 1 suborders S’ C
Or +mO; of index ¢, so that v(Disc §’) = 6. As before, we deduce that there exists an order S” C O
with v(Disc S”) = 2k, for any k > 2. O

4. Local Selmer conditions for ¢-linear isogenies

Let F be a finite extension of @, with surjective discrete valuation v, ring of integers O, uniformizer
@, and residue field F. Let m > 1, n = 3™, and let { = ¢, be a primitive n-th root of unity. Let A, B be
abelian varieties over F that admit ¢-multiplication.

Let ¢ : A — B be a ¢-linear 3-isogeny over F, as defined in Section 2B. For each d € F*, we consider
the 3-isogeny ¢, : Ay — By, as in Section 2C. We will assume in this section that A[¢](F) #~ 0, that is,
that A[¢] is generated by a rational point. This can always be achieved by replacing ¢ with an appropriate
twist, so there is no loss in generality. We also assume that 0 < v(d) < 2n, again with no loss in generality.

The group H Y(F, Agl¢4]) is a finite-dimensional F3-vector space. In fact, if x; : Gp — [F3X is the
quadratic character cutting out F(+/d), then Ay[¢q] =~ A[$] ® xq is isomorphic to Cy from Section 3.
Thus, H'(F, Ag(¢q]) =~ H'(F, C,). The exact sequence

0—>Ad[¢d]—>Ad—>Bd—>0
induces a Kummer map

34 : Ba(F) — H'(F, Aglpa)).

We call its image im(d;) C H'(F, Aq[¢4]) the subgroup of soluble classes. The goal of this section is to
prove the following theorem describing the soluble classes and to compute the local Selmer ratios of ¢;.
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Theorem 4.1. Assume that charF # 3, that A has good reduction, and that Al¢|(F) % 0. Suppose that
0<v(d) <2n.

(@) If v(d) =0, then im(3,) = HL (F, Agl¢al).
(b) If v(d) is odd, or more generally, ifF(«/g)/F is ramified, then im(d,) = H'(F, Agl¢q]) = 0.
(©) If v(d) > 0 is even and d ¢ F*?, then H) (F, Aglpa]) = 0.

n
(d) If v(d) > 0 is even and d € F*?, then write d = w*Du with u € (’); and let s = gcd(3™, v(d)).
Then im(d;) N Htfn(F, Agloal) =0 if and only if A,l@] is a direct summand of A, [7*].

We retain these assumptions on A and F for the remainder of this section.

4A. Nonsquare and unramified twists. We first prove parts (a)—(c).

Proof of Theorem 4.1(a)—(c). For (a), assume at first that char F > 3. Then F(d!/ 21y is unramified over F,
since v(d) = 0 and (char [, 2n) = 1. Since A, is isomorphic to A over F(d 1721y "it has good reduction
over an unramified extension, and hence has good reduction already over F. Since A4 has good reduction
and char [  deg(¢)4), the image of the Kummer map 9, is exactly the unramified classes [Cesnavitius
2016, Proposition 2.7(d)]. The proof just given works even when char F = 2, as long as F(v/d)/F is
unramified. When this extension is ramified, the result follows from (b). Part (b) itself follows from
Theorem 3.9(b). The case char F = 2 was not dealt with there, but the proof is identical.

For (c), we have Huln(F, Agldql) = Huln(F, C4) =0 by Lemma 3.8, since HY(F, C;) = 0 whenever
d¢ F*2. O

4B. Twists of positive valuation. The proof of Theorem 4.1(d) will take more work. Indeed, we will
compute more generally the size of im(d,) for all d (including d ¢ F*?) such that v(d) is even and
positive. Let s = ged(v(d), 3™), and write d = @ " @y for u € O} Recall the map 7° : A — A defined
in Section 2, and let ¥* : B — A®) be the isogeny such that ¥* o ¢ = 7°.

4B1. Extension classes. For each t € F*, let k] be the extension class corresponding to the short exact
sequence

0— Al — Alr’1-2> By 0. (4-1)

Thus «; = 0 if and only if A;[¢;] is a direct summand of A,[]] as a G p-module. Similarly, let £ be the
class of the extension

0— B[yl — B,n'] L A¥ g™ 0. (4-2)
Thus, ] = 0 if and only if B;[v;’] is a direct summand of B;[r]].
Remark 4.2. By Lemma 2.4, the cocycle «; is equal to the class of the extension

0— BTV, 1= BV 51— Adg] — 0.
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de F*? —3d e F*? d,—3d ¢ F*?
GeF dim H'(F, A4l¢q]) =2 dim H'(F, Aql¢4]) =0
: dim HL (F, Ag[¢a]) = 1 dim H} (F, Aq[¢a]) =0
G r | dm HY(F, Aglga]) = 1 dim H'(F, Aql¢a]) = 1 dim H'(F, Aql¢q]) =0
dim H),(F, Aglga) =1 | dim HL(F, Aglga) =0 | dim HL(F, Agl¢al) =0

Table 2. Dimensions of H'(F, Ayl¢4]) and H. (F, Aalpal).

Here, we have oy, ' =7° : B,(_S) — B;. By duality, &; is the class of the extension
0— Bil¢] — Bil#]1— A1 0.
Thus 7 = 0 if and only if E, [(/31] is a direct summand of §, [7], which explains the notation.
Let |«;| and |<;| denote the orders of the classes «; and «;) in their respective Ext-groups.

4B2. The image of 3;. The following theorem relates the size of im 9, to |«;}| and |«;}| and will finish the
proof of Theorem 4.1(d).

Theorem 4.3. Assume that v(d) is even and positive, and write d = o' Dy withu € (’);5.

| . k| ifd e F*2,
0 #im 3y N HY (F, Aglpa)) = ydel
1 otherwise.
im s 3y _3de P2,
(i) #(. T(F A ) =1
imd; N HL (F, Aglgal) 1 otherwise.

In particular, if d € F*2, then im 9; N Huln(F, Agloa]) =0 if and only if A,l¢,] is a direct summand of
Aylm]
The proof of Theorem 4.3 requires several preliminary results.
Lemma 4.4. The dimensions of H'(F, Agl¢a]) and HY. (F, A4l¢a]) are as in Table 2.
Proof. Since H'(F, Ayl¢q]) =~ H'(F, Cy) and H} (F, Aglpal) =~ H) (F, C4), the dimensions in Table 2

are identical to those in Table 1. The bottom right cell is only relevant when char F = 2, and follows from
Lemma 3.8(i). 0

Lemma 4.5. Ift € F*% | then Ai[n}] = Aln®] and B[} ] >~ B[n*] as G p-modules.

Proof. By the definition of A;, there is an isomorphism ¢ : A — A; over F (¢1/?") such that if P € A[r*]
and o € G, then in A,[7]], we have

O_(tl/2n)

@(P) = =5 (P).

1/2n
If t € F*%, then Uftl/z,, ) € (¢*). Since ¢* acts as the identity on A[7°®], we see that A,[7]] =~ A[7*].

The proof that B;[n]] > B[n*] is identical. O
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Remark 4.6. In particular, if s = 1, the condition in Theorem 4.1(d) is simply that A[¢] is a direct
summand of A[m], which is independent of u.
Corollary 4.7. (i) There is an isomorphism between
0— Aylpul = Aulmy] — Buly,]— 0

and

0— Adldal = Aalrs] 25> Bylyi] — 0

as short exact sequences of G p-modules.
(ii) There is an isomorphism between
0— Bu[v] = B[] 2 AD[$] — 0

and ,
0— Byly5] — Balws] 25 AV 6] 0

as short exact sequences of G p-modules.

Proof. The first claim follows from Lemma 4.5 together with the observation that the isomorphism
Aulm; ] — Aylm)] restricts to an isomorphism A, [¢,] — Agl[¢4]. The second claim follows similarly. []

Lemma 4.8. Suppose that v(d) = 2a - 3" is even and positive, and let k be an unramified extension of F.
For X € {A, B}, we have X 4[31(k) = X[ 1(k).

Proof. Let Fy, be the maximal unramified extension of F, let L = Fun(«/g), and let M = L(d'/") =
Fun(d'/?"). Since k C L, it suffices to show that X4[3]1(L) = X4[7] 1(L).

The extension M /L is tamely ramified of order 3"~", and we can choose a generator T of Gal(M /L)
so that t(dl/zn)/d1/2" =¢¥. Since X has good reduction, we have X[3] C X (L). Since X and X, are
isomorphic over L(d'/"), it follows that X4[3] C X (M).

Now, if ¢ : X; — X is an isomorphism over M and P € X;(M), then by definition,

¢(P) =v(d'?")/d"*"$(PT) =¥ (PT).
Hence, if P € X4[3](L), then ¢ (P) € X[3] C X[3](L),so ¢p(P) = {3r¢(P). It follows that
0=(1-¢NpP)=1-0"¢(P)=7"¢(P) = (] P),

where the second equality uses the fact that P is a 3-torsion point. It follows that P e Xd[nsr], SO
Xalmy (L) = X4[3)(L). O

From (4-1), we obtain a long exact sequence
Ay s 8(
0= Aalgal(F) > Adlz1(F) 25 Baly1(F) 2 H'(F, Adlga)).

Similarly, from (4-2), there is a long exact sequence

0— Ba[y31(F) — Balm31(F) L AD[691(F) 2 H'(F, By[y3)). (4-3)
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Clearly im §; C im d4, and d; induces an injective map
Bd[né](F) im ad
s = 3 .
Baly,1(F) iméy

Proposition 4.9. We have
imd8; =imd; N H (F, Aglpal).

Proof. Consider the Kummer exact sequence
9
0= Adlgal(F) > Aq(F) 25 By(F) = H'(F, Adlga)).

Since char F # 3, we have B;(F)/¢psAq(F) = By[3°1(F)/paAq[3°°1(F), so d; depends only on the
exact sequence

0— Adlgal(F) = Ad3®1(F) 2 By3®N(F) 2> H'(F, AqlgaD).
By Lemma 4.8, this exact sequence is the same as
0— Adlgal(F) — Al 1(F) 25 Balxj)(F) > H'(F, Adlpa)).
By Corollary 4.7, the long exact sequence
0 — Aglgal(F) = Aqlmy1(F) SN Ba[ya1(F) 2 H'Y(F, Adl$a))
is isomorphic to the long exact sequence
0 — Au[¢u)(F) — Aulm)(F) 25 B,IY1(F) 2 H'(F, Aulgu)).

Since A, has good reduction, the image of §, is contained in Huln(F , Auldu]) [éesnaviéius 2016, Propo-
sition 2.7(d)]. Thus the image of §, is contained in both Huln(F , Agldaq]) and im 9.

Conversely, if y € By[m;1(F) \ Ba[y;1(F), then 9,4(y) is the cocycle o — x? — x, where ¢4(x) = y.
But x € A4[3]\ Aylmr;], so by Lemma 4.8, x cannot be defined over an unramified extension of F. It
follows that 3, (y) ¢ HL (F, Ayl¢a4]). Hence im 8y Dimdy N HL (F, Ayldal). O

We next relate the sizes of the images of §; and Sd to the sizes of || and |« |.
Lemma 4.10. Ifd € F*2, then #im 84 = |«?|. Similarly, if —=3d € F*2, then #im§, = |&|.

Proof. By duality, we have A, [¢,] ~ §u [q@u] ® x3. Thus, the two claims of the lemma are in fact equivalent
to each other; see Remark 4.2. We prove the second one. Since —3d € F %2 we have A,(f)[ L(f)] =[F3asa
G p-module. Moreover, by definition we have §4(1) = k. By Corollary 4.7, || = |&;|. It follows that
k5| = #im 8. O

Proof of Theorem 4.3. If d € F*?, then part (i) follows immediately from Proposition 4.9 and Lemma 4.10.
If d ¢ F*2, then H! (F, Ayl¢a]) = 0 by Table 2.
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de FX? | —3de F* | d, —3d ¢ F**
Il
HBeEF | 1
lic;| 3
F u —~ 1
3¢ 3 B

Table 3. Values of c(¢,) over local fields F, when v(d) is even and positive.

By Lemma 4.8 and Proposition 4.9,
im 3d
imdy N H Y\ (F, Adlgal)

is isomorphic to the image of the injective map
By 1(F) im o,
ﬁ .
Byly1(F)  iméy

induced by d;. From (4-3), we have
#< BM;](F)) _#AD (9 1(F)

Byly1(F) #imd,
If —3d € F*?, this is |K3—| by Lemma 4.10. If —3d ¢ F>*2, then H'(F, Ayl¢q]) = HL (F, Aalpa]) by
Table 2, so the result follows from Proposition 4.9. O

4C. Local Selmer ratios. For applications, we record the local Selmer ratios
#coker(Ay(F) — By(F)) _ #im(dy)

#ker(Ay(F) — Ba(F)) — #Aqlgal(F)’
which have implicitly been computed in the previous subsection.

Theorem 4.11. Assume that charF #£ 3, that A has good reduction, and that A[¢)(F) = Z/3Z. Then
c(¢q) = 1 unless v(d) is even and positive. If v(d) is even and positive, write d = w* Py with u € (9;,

c(pa) =

and let s = gcd(3™, v(d)). Let k and kK, be the classes defined in the previous section, and write |k;)|
and |k}| for their orders. Then c(¢gq) is as in Table 3.

Proof. If neither d nor —3d is a square in F, then #A,4[¢s](F) = 1, and by Table 2, #im(d;) = 1, so

c(¢g) = 1 as claimed. Henceforth, we assume that either d or —3d is a square in F. When v(d) =0,
then A, has good reduction, so by [Shnidman 2021, Proposition 3.1]

c(¢q) = c(Ba)/c(Ag) =1,

where c(Ay) and C(By) are the Tamagawa numbers of A; and B;. When v(d) is odd, then im(d;) =0
(Theorem 4.1) and A4[¢p41(F) = 0, so again c(¢4) = 1. So it remains to compute c(¢;) when v(d) is
even and positive. This is done by combining the formula for #im d; in Theorem 4.3 with the fact that
#A4lpq1(F) =3 if d is a square and 1 otherwise. The result of this computation is Table 3. O



56 Ari Shnidman and Ariel Weiss

5. Selmer groups and integrality

We return to the global setting of the introduction, so that F is a number field and n = 3" for some m > 1.
Recall that ¢ € F is a primitive n-th root of unity. Let ¢ : A — B be a ¢-linear 3-isogeny over F. Recall
from Section 2 that there is a twist A of A, and an isogeny 7 : A — A, which becomes isomorphic
to the endomorphism 1 — ¢ over F(¢).

For any F-algebra K, define B(K) = K*/K**". The notation is meant to suggest that B is the
classifying stack Buy,. For d € B(F), let ¢4 : Ag — By be a twist of ¢ corresponding to

de F*/F*® ~H(F, pa,) — H'(F, Autz(¢)),

as in Section 2C. The Selmer group Sely,(A,) is the subgroup of H I(F, Aglea]) consisting of classes
whose restriction lies in the image of the Kummer map

v Ba(Fy)/ba(Aa(Fy) — H'(Fy, Aaldal)

for all places v of F. Sometimes we use the notation Sel(¢,) instead of the more clunky Sely,(Ay).

The goal of this section is to compute the average size of Sely,(Ay) as d varies. The idea is to view
Selmer elements as SL,(F)-orbits of binary cubic forms and then apply geometry-of-numbers counting
techniques. To carry this out, we must show that the orbits corresponding to Selmer elements have
representatives with bounded denominator. In fact, we will show that this boundedness only holds if A[¢]
is almost everywhere locally a direct summand of A[x].

5A. Integrality of Selmer elements. We assume for simplicity that A[¢] >~ Z/37 as group schemes.
This is not really a constraint, since there is always a quadratic twist of A with this property. This
assumption implies that A [¢4] >~ C4, where Cy is the order 3 group scheme cut out by the quadratic
field of discriminant d, from Section 3.

Recall the space V of binary cubic forms from Section 3. Recall also the set V (F), of cubic forms of
discriminant d, whose SL,(F)-orbits are in bijection with H'(F, Cq) ~ H'(F, Ay[¢4]). Similarly, for
each place v of F, there is a bijection between SL, (F})-orbits on the set V (F,)s and HY\(F,, Aqlda)).
Let V(Fv)f;’l denote the subset of V (F,)y corresponding to classes o € H'(F,, Ag[¢4]) in the image
of d4.,. Similarly, let V (F )ffl denote the subset of V (F), corresponding to classes in Selg, (Ag). Define

VR = U V) and V)= U VR,
0#£deOr deO,(2n)

where O, is the ring of integers in F,, and O,(2n) = {d € O, : v(d) < 2n}. Similarly, define

V(F)%! U V(F)¥' and V(F)O U VE,

sq.free — sq.free —
0#£deOF sq.free de0,(2)

where O,(2) ={d € O, : v(d) < 2} and the union on the left runs over elements d € O that are squarefree.
Of course, these sets depend on the initial choices of A and ¢.
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In order to count the SL,(F)-orbits on V(F)*! and V (F ):gl.free of bounded discriminant, we wish
to prove that these orbits have representatives in V (OF), or at least representatives with denominators
that are uniformly bounded. Since SL; has class number 1, this is ultimately a local question, and it is
enough to prove that for almost all v, each SL, (F,)-orbit in V(F,)*! and V ( Fv):?ﬁfree has a representative

in V(Oy,). For V(F )fo.free, this integrality holds without any conditions. However, for V (F el we are
forced to assume that A[¢] is almost everywhere locally a direct summand of A[x], as defined in the
introduction.

The following integrality result is crucial for the proofs of Theorems 5.2 and 5.3 below.
Theorem 5.1. Let v {1 600 be a place of F at which A has good reduction.

(i) Every element of V (F,)®°. s SL,(Fy)-equivalent to an element of V (Oy).

sq.free

(i) If Al¢] is a direct summand of A[r] as a G r,-module, then every element of V(F,)* is SLy(F,)-

equivalent to an element of V (O,).

Proof. For each d € O,, we must show that each class of H!(F,, Aq[¢4]) ~ H'(F,, Cy) that lies in the
image of 9, , corresponds to an integral orbit of discriminant d. This follows from a comparison of
Theorem 3.9 with Theorem 4.1 and Remark 4.6. g

5B. Average size of the Selmer group. There is a natural height function on B(F') defined as follows.
Let M be the set of archimedean places of F. If d € B(F) with lift dy € F*, then define the ideal
I ={a € F:a*dy € Or). The height of d is then

h(d)=Nm(@D)> [T Idolo-

vEMy

This is independent of the lift dy, by the product formula. If F = Q, then h(d) = |dy|, where dj is
the unique 2n-th power free integer representing d. For any X > 0, there are finitely many d € B(F)
with h(d) < X.

In order to state a robust version of Theorems 1.8 and 1.9, we recall from [Bhargava et al. 2020] the
notion of functions on F that are defined by local conditions. Let Foo =[], ¢ m,, Fv- We say a function
¥ F — [0, 1] is defined by local congruence conditions if there exist local functions v, : F;, — [0, 1] for
every finite place v of F, and a function ¥« : F»c — [0, 1], such that the following two conditions hold:

(1) For all w € F, the product Yo, (w) HU¢MOQ Y, (w) converges to ¥ (w).
(2) For each finite place v, and for v = 0o, the function i, is nonzero on some open set and locally

constant outside some closed subset of F), of measure 0.

A subset of F is said to be defined by local congruence conditions if its characteristic function is defined
by local congruence conditions.
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Let X be a fundamental domain for the action of F* on F defined by « - B = *" 8. We may take X
so that it is defined by local congruence conditions. For any X > 0, let Fx denote the set of d € F* such
that 4(d) < X. Then Xy N FY is finite and we think of the abelian varieties A; as elements of X, so that
the set of all Ay, with d € B(F) and h(d) < X, is naturally in bijection with the finite set o N Fyx.

A family of twists {Ag} defined by local congruence conditions is then a subset ¥ C X defined by
local congruence conditions. In that case, the characteristic function yy of X factors as

AT = XZ,00 l—[ XZ,-
vEM o

For each finite place v of F, let X, be the subset of F,, whose characteristic function is xx,, and let X,
be the subset of F, whose characteristic function is xs oo-

We say that X is large if X, contains the set O,(2) := {d € O, : v(d) < 2} for all but finitely
many finite places v, and if ¥, is a nonempty union of cosets in B(F,). By construction, we have
Y00 = Oy(2n) D O, (2) for all finite v, so X is itself large.

If f is a positive function on B(F) and ¥ C X, we write £(X) = X N Fx and define

' 1
avgy f(d) = Xlgnoo #X(X) d;:X) T

Our formula for avgy, Selg,(Ay) is most neatly formulated in terms of the global Selmer ratios c(¢4)
defined in the introduction, and first defined in [Bhargava et al. 2020].

Theorem 5.2. Let X be a large family of twists Ay. For each k € Z, let Ty C X be the subset of d € ¥
such that c(¢g) = 3. Assume either that A[$] is almost everywhere locally a direct summand of A[m] or
that ¥, = O, (2) for all but finitely many v. If Ty, is nonempty, then

avg# Sely, (Ag) = 1 + 3%,

deTy

When they are nonempty, the sets 7} are countable disjoint unions of large sets. Using the uniformity

estimate [Bhargava et al. 2015, Theorem 17] and copying the argument from [Bhargava et al. 2020,
pp- 319-320], we deduce Theorem 5.2 from the following result. To state it, we define for any d =
(dv)vem,, € B(Fx),

Coo(@a) = [] co(@a,)-

VEMy

We also let X, denote the image of X in the finite group B(F).

Theorem 5.3. Let X be a large family of twists Ay. Assume either that A[@] is almost everywhere locally
a direct summand of A[r] or that X, = Oy (2) for all but finitely many v. Then

/ _ Coo(@) oo (d) / co(Ga) iy (d)
d dex,

€Y

[ pe@ g @

€20

avgs #Sely, (Ag) =1+

where [y is any Haar measure on O, and L is the uniform measure on B(Fyo).
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Proof. Assume at first that A[¢](F) >~ Z/3Z, as in Section SA. Then the left-hand side is equal to the limit
as X — oo of the average number of SL,(F')-orbits of discriminant d in V (F sl for d in the finite set
¥ N Fx. Given our key result Theorem 5.1, Theorem 5.3 now follows exactly as in the proof of [Bhargava
et al. 2020, Theorem 11], and we refer the reader there for the details. Note that two proofs were given in
that paper, one in the case F = @ and one for general number fields F. The proof over general fields F
relies on the geometry-of-numbers machinery developed in the preprint [Bhargava et al. > 2025], which
has still not appeared. One can alternatively make use of the techniques in [Bhargava et al. 2015], again
using Theorem 5.1 as a key input, to deduce the formula for general F. Note that in [Bhargava et al. 2015],
the authors count cubic extensions of F' with prescribed local conditions (ordered by discriminant), exactly
by counting integral SL,(F)-orbits of binary cubic forms with prescribed local conditions.

The proof in the general case where A[¢](F) # Z/3Z is exactly the same except we identify elements
of Sely,(Ay) with orbits of binary cubic forms of discriminant dk, where k € OF is chosen so that
F(vk) = F(A[¢)), as is done in [Bhargava et al. 2019, §4]. O

Taking ¥ = ¥y in Theorem 5.3, we deduce Theorem 1.8, and taking ¥ = {d : d € O,(2) Vv}, we
deduce Theorem 1.9.

5C. Explicit Selmer rank bounds. The following consequence of Theorem 5.2 will be helpful in giving
explicit average rank bounds.

Proposition 5.4. Let ¢ : A — B, X, and Ty, be as in Theorem 5.2. Then:

(i) Foreachd € F*, we have R
#Sel(¢a) #Bylpal(F)
#Sel(¢y) #Aaldal(F)

(i) If Ty is nonempty, then it has positive density and

c(¢q) =

avg dimg, Sel($s) ® Sel(dq) < k| + 3741,
dETk

(iii) For a proportion of at least 1 — ﬁ of d € Ty, we have dimg, Sel(¢q) B Sel((fﬁd) = |k|.
Proof. Since ¢ and 43 determine dual local conditions in their respective Selmer groups [Cesnavicius 2017,
B.1], the Greenberg—Wiles formula [Neukirch et al. 2000, 8.7.9] applies and gives (i). The argument for

(ii) is then exactly the same as [Bhargava et al. 2020, Theorem 50].
For (iii), we may assume k > 0, by switching ¢ and qAS if necessary. By (i), we have

dim Sel(¢y) +dim Sel(¢,) = k if and only if dim Sel(¢y) =0,

at least for the 100% of d such that #§d [<13d](F ) = #A4ldq]1(F) = 1. By Theorem 5.2, the average
size of Sel(qu) for d € Ty is 1 + 37%. Hence, if s¢ is the liminf of the natural density of d € T} with
#Sel(¢y) = 1, then

so43(1 —s9) < 1437,

1
and hence s > 1 — 33 -
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Proposition 5.5. Let ¢ : A — B and Ty be as in Theorem 5.2, with X the set of squarefree twists. Let S
be the set of places of F dividing 3f 500, where {4 is the conductor of A. Then T;, = @ if |k| > #S. As a
consequence, we have avgy, dimg, Sel(¢y) ® Sel(qu) <#S 4375,

Proof. If v13 is a prime of good reduction, then by Theorem 4.11 and the assumption that d is squarefree,
¢y (¢g) = 1. On the other hand, directly from the definition, we see that ¢, (¢4) > % for any v. Hence,

c@n=[] oz J] 3=3
v|3fa00 v[3 faco

For almost all d € X, we have A;[¢q](F) =0 = §d [¢A>d](F ), in which case Proposition 5.4(i) gives

#Sel(@a) #Sel(@a) _
#Sel(da) #Sel(¢y)

c(pa)c(pa) =

By the above, we also have c(qAbd) > 3~*5 and hence c(og) < 3#S. Since 375 < c(pg) < 35 we have
Ty = @ if |k| > #S. The second claim now follows from Proposition 5.4(ii). O

6. The average rank is bounded in cyclotomic twist families

In this section, we apply Theorems 1.8 and 1.9 to prove Theorems 1.1 and 1.3, i.e., to bound the average
Mordell-Weil rank of A, (F).

Proof of Theorem 1.1(ii). Since A[r] admits a full flag, by Lemma 2.4, so does A“)[r] for each
i=1,...,2-3"1 _1. Hence, for each i, there is a sequence of ¢-linear 3-isogenies

. , @) , . (@) . .
A(l) = B(()l) ¢_]> Bfl) [ Blglzl &) B]EI) — A(l+1)‘

By Theorem 1.9, for each i, j, the average rank of Sel(qﬁ;le), for squarefree d € F*/F *2n is bounded.
Recall [Bhargava et al. 2019, Lemma 9.1], that if ¥; : A — A, and ¥, : Ay — A3 are isogenies of
abelian varieties, then there is an exact sequence

Sel./,l (Al) —> Sel./,zowl (Al) —> Se1¢,2 (Az) (6—1)

Hence, for each d, we have

Aq(F)
3A4(F)
23m11 k

< > ) dimg, Sel(@!)

i=0  j=1

rk Ay (F) < dimg, < dimp, Selz(Aq)

2.3m—1 —1 %

< D0 D #Selgl).

i=0 j=I
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Here, the second inequality follows inductively from (6-1), and the third inequality follows from the
trivial inequality k < 3* for all k € Z. Taking the average over d, the result follows from Theorem 1.9. [

In the remainder of this section, we prove Theorem 1.1(i). The proof just given does not apply: by
assumption, B(()i)[q)fi)] is a direct summand of A¥[x], however, there is no reason that Bj(.ill [qﬁ;.i)] should
be a direct summand of BJ(.I;)I [7r]. Hence, we cannot directly apply Theorem 1.8 to get the result. Instead,
we exploit the fact that we can take the isogenies d)}” in any order, together with the following dual
version of Theorem 1.8:

Corollary 6.1. Let B, C be abelian varieties over F with ¢-multiplication and a ¢-linear 3-isogeny
¢ : B — C defined over F. Suppose that C [(]3] is almost everywhere locally a direct summand of C [].
Then the average size of the Selmer group Sel(¢y) is bounded.

Proof. Let q3 : C — B be the dual isogeny, which is itself a ¢-linear 3-isogeny, with respect to the
natural ¢-multiplication structure on C and B. Let B = B,, as in Section 5. For each d € B(F),

Proposition 5.4(i) gives
#Sel(¢pa) #Bd[¢d](F)c

#Sel(dg)  #Caldal(F)

The classes d for which By[¢y](F) = Z/37Z or E*d [qASd](F) = //3Z, form a union of at most two square-
classes in B(F), so we can ignore these values of d when trying to bound the average size of Sel(¢;). In

(@a)-

any case, up to a harmless factor of 3, the formula reads

#el(gu) _
#Sel(bg) c($a).

By Theorem 1.8 applied to ¢, the average size of # Sel(¢y) is bounded. In fact, if we restrict to the set
T = Tx (qAS) C B(F) where c(qAbd) = 3%, then the average size is equal to 1+ 3k by Theorem 5.2. Since
c(pq) =1/ c(qA&d), the average size of Sel(¢,) is equal to 374+ 1, and in particular converges, at least on
this set Tj.

To see that the average size of # Sel(¢,) converges (to the expected number) on all of B(F), we can argue
as in [Bhargava et al. 2020, §6.4], using the uniformity estimate [Bhargava et al. 2013, Proposition 29] to
give a tail bound for those binary cubic forms with large square part in their discriminant. The uniformity
estimate applies to elements of # Sel(¢gq) since, under the hypotheses of the corollary, they are represented
by integral binary cubic forms. However, we need to bound the average size of c(¢y)# Sel(qsd) and not
# Sel(qu), so we also need to control the size of c(¢y). By Table 3, we have c(¢4) = O(3™), where m is
the number of primes v of F' with v(d) even and positive. Moreover, each element of Sel(qu) corresponds
to a binary cubic form whose discriminant has norm divisible by g2, for all such v. Since

3m 1_[ qv—Z > 3qv_12 > %—12’
v(d)=2

the same argument as in [loc. cit.] goes through. We refer there for the details. O
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Lemma 6.2. Let F be any field and suppose there is a commutative diagram of isogenies of abelian
varieties over F,

A B

l‘/’Z l‘ﬁz

Y1

B, —— C

such that ¢, maps Al¢1] isomorphically onto By[r1]. Then v, induces an injection
BiF) . C(F)
$1(A(F))  Y(Ba(F))

In particular, there is an embedding Sely, (A) — Sely, (Bo).

Proof. Taking cohomology, we obtain the following commutative diagram, with exact rows:

0 —— A[iI(F) —— A(F) —— By(F) —2— H'(F, Al$])

. [« ]

0 —— By[ynl(F) —— Bo(F) —2s C(F) —2— H'(F, Baly1])

¢

Consider the composite of maps
C(F)
Y1 (B (F))
We show that the kernel is exactly ¢ (A(F)) and, therefore, that there is an injection
. Bi(F) C(F)
(% — ,
$1(A(F))  Yi(Ba(F))
from which the result follows. If x € A(F), then v (¢1(x)) = Y¥1(¢2(x)) = 0. Conversely, if y € B{(F)
and ¥ (y) = 1 (z) for some z € B(F), then

B(F) - Cc(F) >

$2(81(y)) = 1 (Y2(y)) = 01 (1(z)) = 0.

Since ¢, is an isomorphism on cohomology, it follows that §;(y) = 0 and, hence, that y is in the
image of ¢;. U

Recall that A[x] decomposes as a direct sum of characters, so that A[x)(F) = (P, ..., Pt), and
Gal(F /F) stabilizes each of the subgroups (P;). Thus, 7 factors as a product of ¢-linear 3-isogenies:

A =B = » A =B,

¢1\) %

b
Bi=A/P) —2 . L B = AJ(P . P)

Moreover, each of the maps ¢; : B;_; — B; can be twisted to a map ¢; 4 : Bi_1.4 = Bi.4.
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Corollary 6.3. Foreachi =1, ..., k, the average size of Sely, ,(B;i_1.4), for d € B(F), is bounded.

Proof. The assumption that A[r] decomposes as a sum of characters means that we can take the P;’s in
any order. Hence, for each i, d, there is a commutative diagram

bid
Bl 1,d —> Bld

[

Ly 4D
Bli 1,d A

where
/ . Aa
By 4= ] ]
(P1,...,Pi_1, Piy1..., Py)
and ker(y; o) = ker(¢; q) = (P;).
By Lemma 2.4, since A[r] is completely reducible, so is A[7] and hence so is A[7]. Thus

A(l)[lﬁ- 4] 1s a direct summand of A(l)[n]. It follows from Corollary 6.1 that the average size of
Sely, , (Bk 1. 4) 1s bounded. By Lemma 6.2, we have embeddings Sely, ,(B;_1,4) < Sel¢i’d(B,/€_l’d) for
each d € B(F), so the average size of Sely, ,(B;_1,4) is bounded as well. Il

Proof of Theorem 1.1(i). By Lemma 2.4, since A[] is completely reducible, so is A@[rr] for all i. Hence,
we can factor AY) — AUHD 4

A = g 9 BY ... BD 9 BY = AG+D,

By Corollary 6.3, for each i, j, the average rank of Sel(qﬁ;le) is bounded. The result now follows exactly
as in the proof of Theorem 1.1(ii). O

Proof of Theorem 1.3. The hypotheses imply that the Rosati involution associated to the polarization
restricts to complex conjugation on the subring Z[¢]. Thus, after identifying A ~ Aand A_s >~ A_z,
we can factor multiplication by —3 on A, as the composition

A3m 1

= A 3y 24— Ay,

3m—1

T 3/11—1
Ag Z— AT

where the middle equality is Remark 2.8. As in the proof of Theorem 1.1(ii), we can factor Jran asa
product of dim A 3-isogenies ¢; 4. By duality, ﬁjm_] factors as the product of the dual isogenies ) jd-
Thus, for each d, we have

Ay(F
rk Ay (F) < dimg, A ((F)) < dimp, Selz(Aqg)
dim A
< ) dimg, Sel(¢;.4) @ Sel(¢;.a)
j=1

and hence, by Proposition 5.5,

avg, 1k Ay(F) < dim A - (#S +37%5). O
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7. The average rank in twist families of trigonal Jacobians

Next we use Theorem 1.1 to prove Corollary 1.2. In this section, F is a number field and ¢ € F is a
primitive 3"-th of unity, for some m > 1. Let n = 3™, as always.

7A. Trigonal Jacobians. Let f(x) € F[x] be a monic separable polynomial such that f(0) #~ 0, and
let C be the smooth projective curve with affine model

C:y’ :xf(x3m_]).

If m > 1, then C has a unique rational point oo at infinity, and has genus g = 3"~ ! deg(f). In fact, we
will assume m > 1, since the case m = 1 will be subsumed by the results of Section 7B.

Let J = Jac(C) be the Jacobian of C, a g-dimensional principally polarized abelian variety over F.
The automorphism (x, y) — (¢3x, ¢y) induces an automorphism of J 7 of order 3", which we again
call ¢, and which endows J with ¢,-multiplication. As in Section 2, the endomorphism 1 — ¢ € Endz(J)
descends to an isogeny 7 : J — J) over F.

Lemma 7.1. Let G be an extension of (Z/27)* by a 3-group H. Then every irreducible representation
p: G — GLy(F3) is one-dimensional. Consequently, any G-representation V over F3 admits a full flag.

Proof. Since H <1 G is normal and p is semisimple, p|y is also semisimple. Now, any nontrivial
representation V over F3 of a 3-group contains a nonzero fixed vector [Serre 1977, Proposition 26].
Thus, by semisimplicity and induction on dim V, we see that p|y is trivial. Thus, p factors through a
representation of (Z/ 27)*. For any g € (Z/ 27)%, p(g) € GLy(F3) has order at most 2, so its minimal
polynomial, either X + 1 or X2 — 1, has distinct F3-rational roots. Hence, p(g) is diagonalizable, and
since (Z/27)* is abelian, the operators p(g) are simultaneously diagonalizable. In other words, p is a
direct sum of characters. Since p is irreducible, it follows that p is one-dimensional. O

3m—

We first prove Corollary 1.2 for Jacobians of the curves C : y> = xf(x 1). In Theorem 7.4, we will

address the curves C : y>" = f(x).

Proof of Corollary 1.2. By assumption Gal( f) is an extension of (Z/27Z)* by a 3-group H. By Theorem 1.1,
it is enough to show that the Galois representation J[x] has a full flag, and splits as a direct sum of
characters if H = 1.

Lemma 7.2. J [713”771] = J[1 — &3] is a maximal isotropic F3-subspace of J|3] of dimension g.

Proof. Degree considerations show that dim J[1 — 3] = g, so we need only show that J[1 — ¢3] is

isotropic with respect to the Weil pairing J[3] x J[3] — w3. Now, the Rosati involution § sends the ideal

(1 — &) = (/—3) to itself (by Lemma 10.4 below), and («¢ P, Q) = (P, afQ) forall o € End(J7) and

P,Q0eJ[3]. If P, Q € J[(~/—3)], we may write Q = +/—3(R), for some R € J[3]. We then compute
(P, Q)=(P,v=3(R)) =(=v—=3(P),R) =1,

showing that J[1 — ¢3] = J[+/—3] is isotropic. O
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It follows that dimg, J[7] = deg(f). Explicitly, if « is a root of f and ,837"71 = «, then the divisor
B, 0+ (B, 0)+ (2,0 +--+ (7 6,00 =3" o0

is fixed by ¢, and J[r] is generated by the above divisor classes. Moreover, if K is the splitting field
of f over F, then each of these divisors defines an element of J(K).

The action of G on J[r] induces a homomorphism p : G — GLy(F3), where N = deg( f), whose
kernel is exactly G . The image is therefore isomorphic to Gal(K/F'), which is an extension of (Z/ 27)k
by a 3-group H. Hence, by Lemma 7.1, J[x] admits a full flag. If, moreover, H = 1, then J[x] is
completely reducible, as explained in the proof of Lemma 7.1. 0

7B. Iterated triple covers and Pryms. For our second class of Jacobians, let f(x) € F[x] be a monic
separable polynomial of degree N > 1. Let C be the smooth projective curve with affine model y3" = f (x).
The degree n = 3" map C — P!, sending (x, y) > x, has Galois group /i, at least over F. If 3{ N,
then the fiber above infinity is a unique F-rational point and C has genus g = %(N -D@3"-1).1f3|N,
then the fiber above infinity may have more than one point and they may not be F-rational.

Let J = Jac(C) be the Jacobian. The order 3" automorphism (x, y) — (x, {y) of C induces an
automorphism ¢ on J. When m = 1, this endows J with ¢3-multiplication, and we are in a trigonal
situation similar to Section 7A. However, if m > 2, the automorphism ¢ € Autz(J) does not give rise to
a ¢,-multiplication on J, as we have defined it in this paper.

Example 7.3. Consider the curve C : y° = x> — 1 of genus 4. This admits a degree three map to the
elliptic curve E : y? = x? — 1, and the Jacobian J = Jac(C) is isogenous to A x E, for some abelian
3-fold A C J. The order 9 automorphism ¢ induces an order 9 automorphism on A and an order 3
automorphism on E. It thereby endows A with {o9-multiplication and E with ¢3-multiplication, but it does
not give a {o-multiplication on J. Indeed, the minimal polynomial for ¢ € Endz J is ®9(x)P3(x) and
not ®g(x) = x4+ x3 4+ 1.

While J does not admit ¢,-multiplication, it is nonetheless isogenous to a product of abelian varieties
Py x P, x --- x P, where each P; has ¢3-multiplication (see Lemma 7.5). In any case, we have
2, C Autg J, and we may speak of the twists Jy, foreachd € F*/F 2

Theorem 7.4. Assume that Gal(f) is an extension of (Z/2Z)* by a 3-group H. Then the average rank of
the twists J; for squarefree d € F* | F*>" is bounded. If H = 1, then the average rank of the twists J,
forall d € F*/F*?" is bounded.

Proof. Let C’: y3m*1 = f(x), and let J' be its Jacobian. Note that when m = 1, we have C’ ~ P!
and J'=0. The map ¢ : C — C’ sending (x, y) — (x, y*) induces a surjection ¢, : J — J’, and we let P
be the identity component of the kernel, i.e., P is the (generalized) Prym variety for the cover ¢g. Since ¢
is a ramified triple cover, the map ¢* : J' — J is injective. We may identify ¢* = g, and it follows that
the kernel of ¢, is already connected, and hence equal to P.

Lemma 7.5. P admits {3»-multiplication.
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Proof. It is enough to show that the minimal polynomial for {3», as an endomorphism of P, is ®zn(x) =
X234 %3 4 1. For this, it is enough to show that the characteristic polynomial of {3, acting on the
homology lattice H,(P¢, Z) is ®3»(x)¥~!. By [Arul 2021, Lemma 3.16], the characteristic polynomial
of &3m acting on H{(Cc, Z) ~ Hi(Jg, Z) is (1 +x +x24 -4+ x3""HN=1 The claim now follows, by
induction on m. U

Let: P — P be the isogeny over F descending 1 — ¢ over F(¢), as usual. Note that P[] C P[3]
since P has ¢{3»-multiplication, whereas J[1 — ¢] is not in general contained in J[3].

Lemma 7.6. The representation G — Auty, P[r] factors through Gal(f).

Proof. If ay, ..., ay are the roots of f(x), then the divisor classes (¢;, 0) — («;, 0) generate the group
J[1 — ¢] [Schaefer 2018, §3] and so the G g-action on P[x] C J[1 — ¢] factors through Gal( f). O

Now we finish the proof of Theorem 7.4. By Lemmas 7.1 and 7.6, the Galois module P[x] has a
full flag, and is completely reducible if H = 1. Thus Theorem 1.1 says that the average rank of P, for
squarefree d € F*/F*>3" is bounded (and without the squarefree condition if H = 1). Up to isogeny,
we have J; >~ P; x J), where J) is the twist of J' (which has 11, 3n—1 twists) by the image of d under
F*/F*?3" — F*/F>*23""" By induction, the average rank of J/, for d € F*/F**%" is bounded. (We
view the family J) over By.3», instead of the more natural B, 3.1, but the same proof works for this
slightly “redundant” family as well.) Thus the average rank of J; is bounded. O

Remark 7.7. Combining the two families considered in this section, we obtain similar results for the
curves Cy j : y3k = xf(x3j). The Jacobian Jac(Cy ;) is isogenous to ]_[k

r=1

P, ;, where each P, ; =
Prym(C, ; — C,_1,;) is a generalized Prym variety with ¢3-+;-multiplication.

8. CM abelian varieties

Next, we prove Theorem 1.4. Let ¢ = ¢3» be a primitive 3" -th root of unity. We recall our definition of
complex multiplication:

Definition 8.1. An abelian variety A over a number field F has complex multiplication by Z[¢] if A has
dimension 3"~! and a G p-equivariant ring embedding Z[¢] <> End P A

Proof of Theorem 1.4. Set g = 3"~! = dim A. The assumption Q(¢) C F ensures that A ~ A(D by
Lemma 2.3. Hence, we can view the 3-isogeny 7 : A — A() as an endomorphism of A, and we have
728 = 3u for some automorphism u of A. By the multiplicativity of the global Selmer ratio [Shnidman
2021, Corollary 3.5], we have

c()* = () = c([3lu) = c((3)). (8-1)

We claim that ¢([3]) = 1. If v is an infinite prime, then since F D Q(¢), we have F, >~ C and ¢, ([3]) =
#A[3](C)~" =372 If v {3 is a finite prime then ¢, ([3]) = ¢,(A4)/cy(Ag) = 1. Finally, [, 3 ¢, (I13]) =
38[F:Q1 by [Shnidman 2021, Proposition 3.1]. Let [F : @] = 2N. Then F has N complex places, so
c([3]) =328V . 382N — |, as claimed. By (8-1), we also have c(ry) = 1 forall d € F*/F*%,
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It follows from Theorem 5.2 that the average size of Sel;,(A4) is 1 + 1 = 2. Since 2r < 3" —1 for all
integers r, we have for all d:

rkzj) Aa(F) < dimg, Sel,, (Ag) < %(3“% A _ 1) = %(# Sel,, (Ag) —1).

Thus, the average Z[¢]-rank of A (F) is at most % The second part of the theorem follows from
Proposition 5.4(ii). O

Over general number fields F, it is no longer true that c(y) = 1 for all 4, even for abelian varieties
with complex multiplication. Moreover, one must consider more than one 3-isogeny to bound the average
rank of A;(F), in general. However, one can still prove upper bounds which are significantly stronger
than Theorem 1.3. For example, for CM abelian varieties A of dimension g = 3”~! over Q with ¢3n-
multiplication, we can show that the average rank of A;(F) is at most % g. Over the totally real field
Q(&3m 4 ¢3m), we can also prove that an explicit positive proportion of twists have rk A;(F) = 0. We
omit these proofs, since they are somewhat technical and could probably be optimized further. Finally,
we remark that the only other result in the literature in this direction that we are aware of is [Diaconu and
Tian 2005], which proves that an infinite but density zero set of twists of the degree p Fermat Jacobian
over Q(¢, + ¢ ) have rank 0.

9. Rational points on hyperbolic varieties

Proof of Theorem 1.5. 1t is not enough to simply invoke Theorem 1.1 and [Kiihne 2021, Theorem 4],
since Jac(C,), is not the d-th sextic twist of J = Jac(C) in our sense. Indeed, the twists C; come
from the involution 7 (x, y) = (—x, y), which does not induce —1 on Jac(C). Instead, we consider the
Prym variety P = ker(Jac(C) — Jac(C/t)), and its dual P. Note that ¢ preserves P, and t restricts
to —1 on P. Thus, Theorem 1.1 applies to the twist family P,, for d € F*/F*%, and it follows that
avg, rk f’d(F) =avg, rk P;(F) is bounded.

The inclusion P; < Jac(Cy) induces a surjection g : Jac(Cy) — 1/5[1. Suppose that C;(F) is nonempty
and that zg € C4(F). Then composing with the Abel-Jacobi map C; < Jac(Cy), using zg as base point,
we obtain amap j: Cy — P;. We prove that j is injective on points, except possibly at the fixed points
of 7 (the points where x = 0 and the point(s) at infinity). If j(w) = j(z), then w — z is the pullback of a
divisor on C4/t. Thus t(w —z) = w —z, and so t(w) +z = w + 7(z). But if D is a divisor of degree 2
on a nonhyperelliptic curve C, then by Riemann—Roch, we have h°(D) =2+ 1 — g+ h%(K — D) =
3—g+g—2=1. Thus, we must have t(w) +z = w+ t(z). If 7(w) = 7(2), then w = z, as desired.
The only other possibility is that T (w) = w and t(z) = z. This proves the claimed injectivity.

Thus, to prove Theorem 1.5, we may replace C; with the image of j, which is a closed irreducible
curve in I?d. By [Gao et al. 2021, Theorem 1.1], there is a constant ¢ such that #C;(F) < etk ﬁf’(F),
for all d. But since avg, rk f’d(F ) is bounded, this implies that for all ¢ > 0, there exists N, such that
C,4(F) < N, for at least 1 — ¢ of twists d. O
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In order to set up the proof (and statement) of Theorem 1.6, we need to give a precise description of theta
divisors for the curves C with affine model y®> = f(x). Recall that for any smooth projective curve C/F
of genus g > 2, the symmetric power C ¢~V parametrizes effective divisors D on C of degree g — 1.
Given k € Div(C) of degree g — 1, there is a morphism C¢~" — Jac(C) sending D > D — k. Its image
is the theta divisor, denoted ® = ©®,. The divisor itself depends on «, though its class in the Néron—Severi
group of Jac(C) does not. If 2« is canonical, then ® is preserved by the involution —1 on Jac(C), by
Riemann—Roch. Such a k exists over F, but need not exist over F, in general. If in addition there exists
n C Autz(C) which fixes «, then for eachd € F*/F x21 " we may consider the twist ®; of ®, which is
a divisor in Jac(C),.

In our case, let f : C — P! be the degree three map (x, y) — x. The ramification divisor has the
form 2D, and satisfies K¢ = f*Kp1 +2D. Hence x = D — f*0 is a half-canonical divisor (over F)
which is fixed by the w3-action. We therefore obtain sextic twists ®,; C Jac(C),, foreachd € F*/F 6
as in the statement of Theorem 1.6.

Proof of Theorem 1.6. This now follows from Theorem 1.1 and [Gao et al. 2021, Theorem 1.1]. O

10. Abelian surfaces with ¢3-multiplication

For our final application, we study a family of abelian surfaces with ¢z-multiplication, arising as Prym
varieties. We prove results on the Mordell-Weil groups in sextic twist families of such surfaces, and give
applications to explicit uniform bounds on rational points in sextic twist families of bielliptic trigonal
curves of genus 3 (Theorem 1.7). For some recent results on rank statistics in larger families of Prym
surfaces, see [Laga 2023].

Let F be a number field and let f(x) = x>+ax+be F[x]bea quadratic polynomial with nonzero
discriminant and b # 0. Then y3 = f(x?) = x* 4+ ax? 4 b is an affine model of a smooth projective
plane quartic curve C. Note the double cover 7 : (x, y) — (x2, y) to the elliptic curve E : y3 = f(x).
We refer to these genus-3 curves as bielliptic Picard curves; see [Laga and Shnidman 2023]. As in
Section 9, we consider the Prym variety P = Prym¢ p, i.e., the kernel of the map J = Jac(C) — E
induced by Albanese functoriality. The Prym P need not be principally polarized over Q, but it admits a
polarization A : P — P whose kernel is order 4 [Mumford 1974]. The ¢3-multiplication on J induces
¢3-multiplication on P, and hence we may speak of the sextic twists Py. In fact, Py is itself the Prym
variety of Cy : y3 = x* 4+ adx? + bd?, which covers the elliptic curve E; : y3 = x% 4+ adx + bd>.

Lemma 10.1. Let v : P — P_y7 denote the descent of 1 — ¢ to F. Then P[n](F) ~ (Z/37)? is spanned
by (s,0) — (—s,0) and (¢, 0) — (—t, 0), where +s, £t are the four roots off(xz).

In order to apply our result to P, we assume that f(x) has linear factors over F, so that P[]
decomposes as a direct sum of two 1-dimensional Galois modules, corresponding to the quadratic
characters G — I]:; cut out by the fields F(s) and F(¢). Then Theorem 1.1 says that the average rank
of P;(F) is bounded, and it is interesting to ask whether there is some positive proportion of d with
rk P;(Q) < 1, so that we may apply the Chabauty method. We do not quite prove that such a positive
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proportion of d exists for general Pryms of this type, but we can prove it in seemingly any given example
with the help of explicit computations. We demonstrate the idea by proving the following result stated in
the introduction:

Theorem 1.7. Consider the sextic twist family Cy : y> = (x*> — d) (x> — 4d) of genus-3 curves. For at
least % of squarefree d € Z such that d =2 or 11 (mod 36), we have #C4;(Q) < 5.

We will use the following variant of Chabauty’s method:

Theorem 10.2 (Stoll). Let C be a smooth projective curve of genus g > 2 over a number field F, and let H
be a G g-stable subgroup of Autz C. Embed C — Jac(C) using any positive degree H-invariant divisor
as basepoint. Suppose there is a quotient B of Jac(C) such that the composition ¢ : C < Jac(C) — B is
an embedding, and suppose there exists H — Autg B, compatible with the H-action on C, via 1. Then
for all but finitely many H-twists C¢ with 1k B¢ (F) < dim B, we have

#Ce(F) < fo(tk Be(F) + g — dim B) +#C{™ (F) +#C{™"" % (F) \ CI™ (F).

Here, fc is the explicit function defined in [Stoll 2006, §3] and C?iv is the subscheme of points fixed
by some nontrivial automorphism in H, and C gw’non‘tors is the subscheme of trivial points which map to

nontorsion points of B.

Proof. This is a straightforward generalization of [Stoll 2006, Theorem 5.1], which is the special case
where B =Jac(C). (We have stated an ineffective version of the result, which is sufficient for our purposes.
This is what allows us to use the function f¢ as opposed to Stoll’s fc¢.) The proof is the same, except
that instead of the nondegenerate pairing

Q(C/F)xJac(C)(F) @ Q— F

used in [Stoll 2006, §6], we use the nondegenerate pairing Q2(C/F)? x B(F)®Q — F, where Q(C/F)8
is the image of * : Q(B/F) — Q(C/F). O

We deduce Theorem 1.7 from Theorem 10.2 and the following theorem, whose proof will occupy the
remainder of this section:

Theorem 10.3. Let C : y3 = (x®> — 1)(x> —4), and let P be the corresponding Prym variety. Let ¥ be the
set of squarefree d € 7 such that d =2 or 11 (mod 36).> Then the average rank of Py, ford € X, is at
most % ~ 2.33. Moreover, for at least % ofd € ¥, we havetk Py < 1.

Proof of Theorem 1.7. The curve C embeds in B = P=1J /m*E, the dual of the Prym P; see
[Barth 1987, 1.12]. We apply Theorem 10.2 to the cyclic group H of order six generated by (x, y) >
(—x, ¢3y). We embed C in its Jacobian using the point oo =[0: 1:0]. Consulting [Stoll 2006, Lemma 3.1],
we have fc(r) <4 when C is a plane quartic and » < 2. We have Cgiv(@) ={oco} forall d € Z, so the
second term in Theorem 10.2 is 1. The third term is O since all eight of the trivial points on C map to torsion
points of B. Indeed, the points with y = 0 map to 3-torsion points on Jac(Cy), and if P = (0, yp) € Cy,

25 is the set of d such that d, —3d ¢ @;2U@§<2A
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then 2P — 200 € m*Ey4; hence P is sent to a 2-torsion point on B = J;/n* E,;. Altogether we get a bound
of C¢(F) <5 in Stoll’s theorem, which combined with Theorem 10.3 proves Theorem 1.7. O

10A. Bielliptic Picard curves. Before proving Theorem 10.3, we prove some preliminary lemmas.

Lemma 10.4. Let (J, A) be the Jacobian of a curve C with a nontrivial automorphism ¢ inducing ¢ -
multiplication on J. Then the Rosati involution o — A~'ax on End(J) restricts to complex conjugation

on Z[¢] C End(J).
Proof. Let Dy be a degree g — 1 divisor fixed by ¢. Consider the theta divisor
® ={D — Dqy:deg(D) =g —1, D effective} C J

and set L= 0;(0). Wehave A = ¢, : J — J. Since O is fixed by ¢, we have ¢*£ >~ £ and hence
Yr=Qrrp = fgol;g“. Rearranging, we see that the Rosati involution sends ¢ to ¢ ™! =¢. O

Remark 10.5. The proof shows, more generally, that if « is an automorphism of a curve C, and o* is the
induced automorphism of Jac(C), then the Rosati involution sends «* to its inverse.

Now let C : y3 = x* 4+ ax? + b be a bielliptic Picard curve defined over Q. Let P be the Prym surface
for the covering C — E where E : y*> = x> 4 ax + b. Since P has ¢3-multiplication, the endomorphism
[<3]: P — P factors as [—3] = w_p7 o, where w : P — P_j7 is the canonical (3, 3)-isogeny coming
from Lemma 2.2 (see also Remark 2.8). Let 7 : P; — P—_»74 be the sextic twist family of (3, 3)-isogenies,
and let 77, : ﬁ_zm — P:l denote the dual isogeny.

Lemma 10.6. Sel(ﬂ_27d) ~ Se](ﬁd)

Proof. Let Cy: y3 =x*+adx®>+bd? let Eg: y> = x> +adx + bd?, and let J; = Jac(C,).> The abelian
variety Py is, by definition, ker(J; — E;), where the map J; — E; is induced by the double cover
Cqy — E,4. Let Aj denote the principal polarization of J;, and let {; be the automorphism of J; induced
by the map (x, y) — (x, &3y) on Cy. By Lemma 10.4 we have a commutative diagram

Ad

m

3Note that this is not the same as the d-th sextic twist coming from the ¢-multiplication on J. The latter is isomorphic to the
d-th quadratic twist of the Jacobian of dy3 =f (x2), and is in general not a Jacobian.
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It follows that {‘1 = )L;] fkd in End(P;), and hence
(1=¢"Noky=hso(1-0)
over F. Over F we must therefore have 77_274 0 Ay = A_274 o 774, and since A4 is prime-to-3, we deduce
Sel(ry) >~ Sel(w_274). O
Since [—3] = w_37 o 7, it follows that
tk(Py) < dimg, Sel3(Py) < dimg, (Sel(y) @ Sel(w_274)) = dimg, Sel(rry) + dimg, Sel(7y).
The following result relates the parity of dimg, Sel3(P,) to the global Selmer ration c(stg).

Proposition 10.7. Let d € Q* be such that P_y;4[mw_2741(Q) = 0, and write c(7wy) = 3™. Then we have
the congruence dimg, Sel;(P;) =m (mod 2).

Proof. By the Greenberg—Wiles formula, we have # Sel(r,) /# Sel(74) = c(ry) = 3™. Since [—3] =
T4 0 T_7p74, We have an exact sequence

HI(P-_274)[7w—274] N
mq(IL(Py)[3])

Exactness on the left is because P_j74[m_274]1(Q) = 0. By Lemma 10.6, there is an isomorphism

0 — Sel(mry) — Selz(Py) — Sel(w_274) —

Sel(w_»74) > Sel(74), so we see that

m = dimg, Sel3(Py) + dimg, Hi(diﬁ(d;i’;[‘;];d I (mod 2). (10-1)

Let
(+,+) : HI(P_y7q) x TI(P_274) — Q/Z

be the Cassels—Tate pairing. Using the polarization A_»74 : P_374 — ﬁ_zw, define
(-, )t TI(P_274) x MI(P_274) — Q/Z

by (x, y)» = (x, A_274(¥)). As in [Shnidman 2021, Theorems 4.3, 4.4], if x € II(P_774)[—-274], then y is
in the image of 7y : III(P;) — WI(P_p74) if and only if (x, A_274(y)), =0 for all y € I(P—_274)[7T—274]-
Thus, the Cassels—Tate pairing (-, - ), restricts to a nondegenerate paring on the finite group
HI(P-274)[7—274]
m(W(P)I3])

Moreover, since both P; and P_j7,4 are prime-to-3 polarized, this pairing is antisymmetric, and therefore

alternating. The nondegeneracy implies that it has even Fz-rank. Combining with (10-1), we deduce the
desired congruence modulo 2. 0

The following general lemma will be used to compute local Selmer ratios below.

Lemma 10.8. Let @ : A — B be an isogeny of abelian varieties over a nonarchimedean characteristic 0
local field F. Then c¢(a)ce(@) = #(Op/ deg(a) OF).
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Proof. By [Cesnavicius 2017, B.1], the groups B(F)/aA(F) and A(F)/&g(F) are orthogonal comple-
ments under Tate—Shatz local duality

H'(F, Ala]) x H'(F, Bl&]) = Q/Z.

Thus
. #B(F)/aA(F) #A(F)/aB(F) #H'(F, Ala])
co@er@) = TEAT) FAU)/QBE) ) 4O/ dea(@)O).
#A(F)la] #B(F)[a] #A(F)la] - #B(F)[o]
where the final equality follows from the Euler—Poincaré characteristic formula. O

10B. The example. Now specialize to the context of Theorem 10.3 and the specific curves Cy : y° =
(x? — d)(x* — 4d).
The isogeny 7 : P — P_j7 factors as

rLBYp .

where B = P/{(1,0) — (—1, 0)). Since (1,0) — (—1,0) € P[], we obtain twists ¢ : P; — By and
Yq: By — P_p74 by Lemma 2.6.

Let us compute the local Selmer ratios for ¢, and 4, for all d € ¥ (where X is as in Theorem 10.3).
For any d € Q*, we have cqo(Pq) = coo(¥a), since the kernels of ¢ and i are both Z/3Z. Note that P
has good reduction at all p > 3, since C does. Thus, for d € X and for all p { 600, by Theorem 4.11, we
have ¢, (¢q) =1=c,(Yy). If p=2, then since d =2, 3 (mod 4), neither d nor —3d is a square in Q», so
by Table 2, c2(¢4) = 1 = c2(¥4) as well. To compute the ratios c3(¢4) and c3(¥4), we use Lemma 10.8.
By multiplicativity, we have

c3(pa)c3(Wa)cz(p—27a)c3(W—274) = c3([3]) =9.

Since d, —27d ¢ @2, all four of these local Selmer ratios are integers, and the same is true for the dual
isogenies. Thus, by Lemma 10.8, each ratio must be either 1 or 3. Hence, of the four Selmer ratios
c3(@q), c3(Wa), c3(p—274), c3(¥_274), exactly two are 3 and the other two are 1.

Lemma 10.9. Ifd € X, then c3(¢q) # c3(Yg).

Proof. By Proposition 10.7, the parity of dimg, Sel3(Py) is odd if and only if ¢(y) = c(dq)c(¥y) is an
odd power of 3. Hence, by our local computations at all other primes p # 3 given above, the parity of
dimg, Selz(Py) is odd if and only if c3(¢g) # c3(¥4). Since Jac(Cy) is prime-to-3-isogenous to Py X Ey,
we have Sels(Jy) = Sels(Py) @ Sels(Ey). Also, letting K = Q(¢3) and X € {Jy, Py, E4}, we have

dim Sel3(X) = dim Sel; (X) 4 dim Sel;_,,(X_»7) = dim Sel; (Xx) (mod 2),

where 7 is the map induced by 1 — ¢ on divisors, and X is the base change to K. It follows that
c(@q) # c(Yy) if and only if dim Sel, (J4 k) — dim Sel, (E4 k) is odd. The latter two w-Selmer groups
can be computed in Magma [Bosma et al. 1997] for any choice of d, using the command PhiSelmerGroup.
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In fact, it is enough to take d = 2, since the isomorphism class of A; over Q3 depends only on the image
of d in Q7 / @;6, and all elements of ¥ map to the sixth-power class of d = 2.* For d = 2, we find that
dim Sel; (Jg k) —dim Sel; (Es k) = 1. g

To recap, for d € X, we have c(¢g) = c3(¢dg)co(Pg) and c(Vg) = c3(Vg)co0(Vq), and we know
Coo(Pa) = coo(W4) (which is equal to 1 or 1/3, depending on the sign of d) and {c3(¢4), c3(¥q)} C {1, 3}.
Combining this with Lemma 10.9, we conclude that exactly one of c(¢4) and c(¥/4) is 1 and the other is 3+

Proof of Theorem 10.3. For all d, we have
rk P4(Q) < rk(Sel(rr4) @ Sel(#4)) < rk(Sel(¢a) @ Sel(¢a)) + rk(Sel(¥ra) @ rk Sel(V2)).

For d € X, we have seen that exactly one of c(¢4) and c(¥4) is 1 and the other is 3*!. Thus, the average
rank of P;(Q) for d € ¥ is at most (1 + g—‘) = 5, by Proposition 5.4. This proves the first claim of
Theorem 10.3.

Next we show that dimg, Sel;(P;) = 1 for at least % of d € ¥. Without loss of generality we may
assume that c(¢4) = 1 and c(y4) = 3*!. By Proposition 5.4(iii), for at least 5 of d € X, we have
Sel(¢py) =0= Sel(dA)d), and for at least % of d € Z, we have dimg, Sel(y4) ® Sel(lﬁd) = 1. Thus, for at
least%—%:%ofde 3., we have

dimg, Sels(P;) < dim Sel(¢g) + dim Sel(¢y) + dim Sel(4) + dim Sel(4) < 1.
This implies that rk P;(Q) < 1 for at least § of d € . O

10C. More general curves. It is plausible that for every Prym P associated to some curve C, p : y° =
(x2 — a)(x%? — b), our method shows that rk P; < 1 for a positive proportion of d. This holds if one can
check a certain 3-adic condition on the numbers c3(¢4) and c3(¥4), exactly as in the proof of Lemma 10.9.
This condition is satisfied in all examples we checked, but we do not have a proof in general. Since the
local Selmer ratios c3(¢, p.4) and c3(¥, 5.4) are locally constant as functions on @g = {(a, b, d)}, we
can at least say that this condition holds for a large class of bielliptic Picard curves C, , with a and b
satisfying certain congruence conditions modulo a power of 3.

In [Shnidman and Weiss 2023], we prove that a positive proportion of P; have rank at most 1, in the
case where a /b is a square, using an extra argument which avoids the local 3-adic computation. In general,
we have the following result, whose proof is an easier version of the argument given above, so we omit it.

Theorem 10.10. Fixa € Q\ {0, £1}. For d € Q*/Q*, let P, 4 be the Prym surface for the genus-3
curve y3 = (x> —d) (x> — ad). Then 1k P, 4(Q) < 2 for a positive proportion of d.

4To check this, use the fact that Z§<6 =14973.
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