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Super-Holder vectors and the field of norms

Laurent Berger and Sandra Rozensztajn

Let E be a field of characteristic p. In a previous paper of ours, we defined and studied super-Holder
vectors in certain E-linear representations of Z,,. In the present paper, we define and study super-Holder
vectors in certain E-linear representations of a general p-adic Lie group. We then consider certain p-adic
Lie extensions K.,/K of a p-adic field K, and compute the super-Holder vectors in the tilt of K,. We
show that these super-Holder vectors are the perfection of the field of norms of K,/ K. By specializing
to the case of a Lubin—Tate extension, we are able to recover E((Y)) inside the Y-adic completion of its
perfection, seen as a valued E-vector space endowed with the action of Oy given by the endomorphisms
of the corresponding Lubin—Tate group.
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Introduction

Let E be a field of characteristic p, for example a finite field. In our paper [Berger and Rozensztajn
2022], we defined and studied super-Holder vectors in certain E-linear representations of the p-adic Lie
group Z,. These vectors are a characteristic p analogue of locally analytic vectors. They allowed us to
recover E((X)) inside the X-adic completion of its perfection, seen as a valued E-vector space endowed
with the action of Z; given by a - f(X) = f((1+X)* —1).

In the present paper, we define and study super-Holder vectors in certain E-linear representations of a
general p-adic Lie group. We then consider certain p-adic Lie extensions K,/K of a p-adic field K,
and compute the super-Holder vectors in the tilt of Ko,. We show that these super-Holder vectors are the
perfection of the field of norms of K,/K. By specializing to the case of a Lubin—Tate extension, we are
able to recover E((Y)) inside the Y-adic completion of its perfection, seen as a valued E-vector space
endowed with the action of O given by the endomorphisms of the corresponding Lubin-Tate group.
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We now give more details about the contents of our paper. Let I be a p-adic Lie group. It is known that
" always has a uniform open pro-p subgroup G. Let G be such a subgroup, and let G; = G”' fori>0. Let
M be an E-vector space, endowed with a valuation valy, such that valy, (xm) = valy (m) if x € E*. We
assume that M is separated and complete for the vals-adic topology. We say that a function f : G - M
is super-Holder if there exist constants e > 0 and A, i € R such that valy, (f(g) — f(h)) = p*- p“ +u
whenever gh_1 € Gj,forall g,h e G andi > 0. If M is now endowed with an action of G by isometries,
and m € M, we say that m is a super-Holder vector if the orbit map g — g - m is a super-Holder function
G — M. We let MS0* denote the space of super-Holder vectors for given constants e and A as in
the definition above. The space of vectors of M that are super-Holder for a given e is independent of
the choice of the uniform subgroup G, and denoted by M¢*". When G = Z p and e = 1, we recover the
definitions of [Berger and Rozensztajn 2022]. If I is a p-adic Lie group and e = 1, we get an analogue
of locally Q-analytic vectors. If K is a finite extension of @, I" is the Galois group of a Lubin-Tate
extension of K, and e = [K : Q,], we seem to get an analogue of locally K -analytic vectors.

From now on, assume that p # 2. Let K be a p-adic field and let K,/K be an almost totally ramified
p-adic Lie extension, with Galois group I' of dimension d > 1. The tilt of K is the fraction field EKO@
oflim ., Ok /p. Itis a perfect complete valued field of characteristic p, endowed with an action of
" by isometries. The field EKOC naturally contains the field of norms X g (K~) of the extension K /K,
and it is known that ’[EKOQ is the completion of the perfection of X (K,). We have the following result
(Theorem 2.2.3).

Theorem A. We have ’[Ef,’(':'oh =Us09 "Xk (Koo)).

Assume now that K is a finite extension of Q,, with residue field k, and let LT be a Lubin-Tate
formal group attached to K. Let K, be the extension of K generated by the torsion points of LT, so that
Gal(K«/K) is isomorphic to Og. The field of norms X g (K) is isomorphic to k((Y)), and O acts on
this field by the endomorphisms of the Lubin-Tate group: a - f(Y) = f([a](Y)). Letd =[K : Q,]. The
following (Theorem 3.2.1) is a more precise version of Theorem A in this situation.

Theorem B. If j > 1, then T 7'M — k((vy).

If K =0Q), and K,/K is the cyclotomic extension, Theorem B was proved in [Berger and Rozensztajn
2022]. A crucial ingredient of the proof of this theorem was Colmez’ analogue of Tate traces for EKOO- If
the Lubin—Tate group is of height > 2, there are no such traces (we state and prove a precise version of
this assertion in Section 3.2). Instead of Tate traces, we use a theorem of Ax and a precise characterization
of the field of norms X g (K ) inside EKO@ in order to prove Theorem A.

As an application of Theorem B, we compute the perfectoid commutant of Aut(LT). If b€ Og andn € Z,
then u(Y) = [b](Y?") is an element of E;OC that satisfies the functional equation u o [g](Y) = [g] o u(Y)
for all g € Og. Conversely, we prove the following (Theorem 3.3.1).

Theorem C. Ifu € E}m is such that valy (u) > 0 and u o [g] = [glou for all g € O, there exists b € O
and n € Z such that u(Y) = [b](Y?").
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In the last section, we give a characterization of super-Ho6lder functions on a uniform pro-p group in
terms of their Mahler expansions (Theorem 4.3.4). In order to do so, we prove some results of independent
interest on the space of continuous functions on (’)‘}( with values in a valued E-vector space M as above.

At the end of [Berger and Rozensztajn 2022], we suggested an application of super-Holder vectors for
the action of Z,, to the p-adic local Langlands correspondence for GL,(Q,). We hope that this general
theory of super-Holder vectors, especially in the Lubin—Tate case, will have applications to the p-adic
local Langlands correspondence for other fields than Q,,.

1. Super-Hoélder functions and vectors

In this section, we define super-Holder vectors inside a valued E-vector space M endowed with an action
of a p-adic Lie group I". The definition is very similar to the one that we gave for I' = Z,, in [Berger and
Rozensztajn 2022]. The main new technical tool is the existence of uniform open subgroups of I'. These
uniform subgroups look very much like Z?) in a sense that we make precise.

1.1. Uniform pro-p groups. Uniform pro-p groups are defined at the beginning of Section 4 of [Dixon
et al. 1991]. We do not recall the definition, nor the notion of rank of a uniform pro-p group, but
rather point out the following properties of uniform pro-p groups. A coordinate (below) is simply a
homeomorphism.

Proposition 1.1.1. If G is a uniform pro-p group of rank d, then:
1) G; = {gpi, g € G} is an open normal (and uniform) subgroup of G fori = Q.
(2) We have [G; : Giy1] = p? fori > 0.
(3) There is a coordinate ¢ : G — Zf, such that c(G;) = (pin)d fori = 0.
(4) If g, h € G, then gh™! € G; if and only if c(g) — c(h) € (p'Z,)".
Proof. Properties (1)—(4) are proved in Section 4 of [Dixon et al. 1991]. Alternatively, a uniform

pro-p group G has a natural integer valued p-valuation w such that (G, w) is saturated [Klopsch 2005,
Remark 2.1]. Properties (1)-(4) are then proved in Section 26 of [Schneider 2011]. O

For example, the pro-p group Z‘; is uniform for all d > 1.

Lemma 1.1.2. If G is a uniform pro-p group, and H is a uniform open subgroup of G, there exists j > 0
such that G, ; C H; foralli > 0.

Proof. This follows from the fact that {G;};>o forms a basis of neighborhoods of the identity in G. [J

A p-adic Lie group is a p-adic manifold that has a compatible group structure. For example, GL,,(Z,)
and its closed subgroups are p-adic Lie groups. We refer to [Schneider 2011] for a comprehensive
treatment of the theory. Every uniform pro-p group is a p-adic Lie group. Conversely, we have the
following.
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Proposition 1.1.3. Every p-adic Lie group T" has a uniform open subgroup G, and the rank of G is the

dimension of T.
Proof. See Interlude A of [Dixon et al. 1991, pages 97-98]. O

Proposition 1.1.4. Let G be a pro-p group of finite rank, and N a closed normal subgroup of G. There
exists an open subgroup G’ of G such that G', G' VN and G’/ G' N\ N are all uniform.

Proof. This is stated and proved on page 64 of [Dixon et al. 1991] (their H is our G’). O

1.2. Super-Holder functions and vectors. Let M be an E-vector space, endowed with a valuation valy,
such that valy, (xm) = valy;(m) if x € E*. We assume that M is separated and complete for the val,,-adic
topology. Throughout this section, G denotes a uniform pro-p group.

Definition 1.2.1. We say that f : G — M is super-Holder if there exist constants A, u € R and ¢ > 0
such that valy, (f(g) — f(h)) = p* - p® + u whenever gh~! € G;, forall g, h € G and i > 0.

Remark 1.2.2. If G = Z, and e = 1, we recover the functions defined in [Berger and Rozensztajn 2022,
Section 1.1]; see also Remark 1.12 of [loc. cit.].
In the above definition, e will usually be equal to either 1 or dim(G).

We let Ho"(G, M) denote the space of functions such that valy (f(g) — f(h)) = p* - p¥ +
whenever gh~!' € G;, forall g, h € G and i >0, and H}(G, M) = ,cg He"(G, M) and H,(G, M) =

User He(G. M).
If M, N are two valued E-vector spaces, and f : M — N is an E-linear map, we say that f is
Holder-continuous if there exists ¢ > 0, d € R such that valy (f(x)) > ¢ - valy(x) +d for all x € M.

Proposition 1.2.3. If 7 : M — N is a Holder-continuous linear map, we get a map H.(G, M) —
H.(G, N).

Proof. Take c, d € R of Holder continuity for 7, f € HQ’M(G, M), and g, h € G with gh_1 € G;. We have
valy (T (f(8)) =7 (f(h))) > c-valy (f(§) — f () +d > cp*- p® +(u+d), so that w o f € He ™ (G, N)
with p* = cp*, and 1’ = pu +d. O
Proposition 1.2.4. If ¢ : G — H is a group homomorphism, we get a map a* : H.(H, M) — H.(G, M).
Proof. By definition of the subgroups G; and H;, we have a(G;) C H; for all i. Take f € Hé’M(H, M),
and g, h € G with gh~! € G;. We have valy (f(a(g)) — f(a(h))) = p*- p* + 1 as a(g)a(h)~' € H;,
so that *(f) = f oa € HYM(G, M). O

Proposition 1.2.5. Suppose that M is a ring, and that valyy (mm”) > valy (m)+valy (m') forallm, m' € M.
IfceR,let M, = MYau>e,

(1) If f € He™ (G, M) and g € H>V(G, My), and &€ = min(u +d, v +c), then fg € Ho (G, Moya).
) If A, n € R, then H;\’“(G, My) is a subring of C°(G, M).
(3) If » € R, then HX(G, M) is a subring of C°(G, M).
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Proof. Items (2) and (3) follow from item (1), which we now prove. If x, y € G, then

() = () = (f(x) = fF()gx) + (g(x) =gy f (),

which implies the claim. U

We now assume that M is endowed with an E-linear action by isometries of G. If m € M, let
orb,, : G — M denote the function defined by orb,,(g) = g - m.

Definition 1.2.6. Let MG-¢sh# be those m € M such that orb,, € Ho'™ (G, M), and let MG h-* and
MG-¢h be the corresponding sub- E-vector spaces of M.

Remark 1.2.7. We assume that G acts by isometries on M, but not that G acts continuously on M, namely
that G x M — M is continuous. However, let M°™ denote the set of m € M such that orb,, : G — M is
continuous. It is easy to see that M°" is a closed sub- E-vector space of M, and that G x M — pgeont
is continuous; compare with Section 3 of [Emerton 2017]. We then have M sh — pgeont,

Lemma 1.2.8. If m € M, then m € MO N% 1 if and only if for all i > 0, we have valy (g -m —m) >
p* - p¥ 4+ forall g € G;.
Proof. If m € M, then m € MC-¢"* 1 if and only if the function orb,, is in H?’“(G, M), that is, for all

g, h with gh~! € G;, we have valy(g-m —h-m) > p* - p° 4+ . As G acts by isometries, we have
valy (g -m —h-m) = valy(h~'g-m —m). The result follows, as h " 'g=h~'.gh™! . h e G,. O

Lemma 1.2.9. The space MC¢S02 1 s g closed sub-E-vector space of M.

Lemma 1.2.10. Ifio > 0, and m € M is such that valy (g - m —m) > p* - p¢ 4+ u for all g € G; with
i > iy, thenm € MY-esh-,

Proof. Take i < ip, and let R; be a set of representatives of G;,\G;. This is a finite set, so there
exists ; € R such that valy,(r - m —m) > p* - pei + w; for all r € R;. If g € Gy, it can be written
as g = hr for some h € G;, and r € R;. Wethenhave g-m —m =hr -m—h-m+h-m —m, so
that valy/ (g - m — m) > min(valy (r - m — m), valy (h - m — m)) (recall that G acts by isometries), so
valy(g-m—m) > min(p’\ -pd + ui, pA . peio +u) = pA . pei +min(u, ;) as ig > i. If y is the min of
w and the w; for 0 <i < ig, thenm € MG-eshap Il

Recall that if k£ > 0, then Gy is also a uniform pro-p group.
Lemma 1.2.11. Ifk > 0 then MC-¢sh* = ppOr-e-shatk,

Proof. Note that (Gy); = Gi1,. The inclusion M Gesshid = pgGresh itk i obvious, and the reverse

inclusion follows from Lemma 1.2.10. O
Proposition 1.2.12. The space M- does not depend on the choice of a uniform open subgroup H C G.

Proof. Let H and H' be uniform open subgroups of G. The group H N H' contains an open uniform
subgroup by Proposition 1.1.3, so to prove the proposition, we can further assume that H' C H. We
then have H/ C H; for all i, so that if m € M4 then m € MH-¢sh*~_ This implies that
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MH-eshh o ppH-esh. - Conversely, by Lemma 1.1.2, there exists j such that H; C H'. The previous
reasoning implies that M #-¢-sh-A < prHi-eshA T emma 1.2.11 now implies that MH s — ppH-esshia—j,

These inclusions imply the proposition. (|

Definition 1.2.13. If I is a p-adic Lie group that acts by isometries on M, we let Mt = MG-¢-" where
G is any uniform open subgroup of I'.

Remark 1.2.14. If e < f, then M/ c Mesh,

Recall that G is a uniform pro-p group. If a closed normal subgroup N of G acts trivially on M, then
G/N actson M.

Proposition 1.2.15. If a closed normal subgroup N of G acts trivially on M, then MY-¢h = pfG/N-e-sh,

Proof By Proposition 1.1.4, G has an open subgroup G’ such that G’ and G’/N’ are uniform (where

= G' N N). By Proposition 1.2.12, we have MCGesh = pgG-esh gnd pgG/N-esh — pgG'/N"-e=sh | o
7w : G’ - G'/N’ denote the projection. We have 7(G)) = (G'/N’); for all i. Hence if m € M, then
valy (g -m —m) > p*- p + p for all g € G} if and only if valy ((g) -m —m) > p*- p¥ + p for all
n(g) € (G'/N');. U

Proposition 1.2.16. Suppose that M is a ring, and that g(mm’) = g(m)g(m’) and valy (mm’) >
valys (m) + valy (m’) forallm,m’ e M and g € G:

() IfveRandm, m' € MO-Shhrn pMyau=v thep m . m' € MO-¢-shrntv,

(2) Ifm e MG—e—sh,)»,u ) MX, then l/m e MG—e—sh,)\,u.—ZvalM(m).

Proof. Item (1) follows from Proposition 1.2.5 and Lemma 1.2.8. Item (2) follows from

(L) Lomm .

m m gm)m
2. The field of norms

Let K be a p-adic field, and let K, be an algebraic Galois extension of K, whose Galois group G
is a p-adic Lie group of dimension > 1. We assume that K,/K is almost totally ramified, namely
that the inertia subgroup of G is open in G. Let d = dim(G) and let £ = p?. Let [EJIQDC denote the ring
lim . Ok, /p. This is a perfect domain of characteristic p, which has a natural action of G. The map
(¥j)j=0 = (Yai)i=0 glves an isomorphism between hm vsrr Ok /p and E+Oo, so that E}w is the ring of
integers of the tilt of Koo, see Section 3 of [Scholze 2012].

If x = (x;)i>0, and %; is a lift of x; to Ok__, then ¢’ val,(%;) is independent of i > 0 such that x; # 0.
We define a valuation on E}OO by valg(x) = lim; 400 £ val p(Xi).

The aim of this section is to compute (E}&)d*h. Given Definition 1.2.13, we assume from now on
(replacing K by a finite subextension if necessary) that G is uniform and that K,/K is totally ramified.

Let k denote the common residue field of K and K
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2.1. The field of norms. Let £(K,) denote the set of finite extensions E of K such that £ C K
Let Xk (K«) denote the set of sequences (xg)feecg(k,,) such that xg € E for all £ € £(K«), and
NF/E(XF) =xg whenever E C F with E, F € £(K).

Ifn>0,let K, = Koo so that [K,4+1: Kyl =4, {Kn}n>0 1s a cofinal subset of £(K ), and X g (Koo) =
LIEINK i« Kn. If x = (xp)n>0 € XK(KOO), let valg(x) = val, (xo).

Theorem 2.1.1. Let K and Ko, be as above:

(1) Ifx,y € Xk (Koo), then {Nk,_;/k, (Xntj + Yn+j)}j=0 converges for all n = 0.

(2) Ifweset (x +y), =1lim;_, 1 Nk, /K, (Xn4j + Yntj)s thenx +y € Xg(Kwo), and the set X g (K )
with this addition law, and componentwise multiplication, is a field of characteristic p.

(3) The function valg is a valuation on X g (K ), for which it is complete.

4) If o = (Wy)nx0 is a norm compatible sequence of uniformizers of Ok, , the valued field X g (K o) is
isomorphic to k((w)) (with val(zw) = val ,(wy)).

Proof. By aresult of Sen [1972], K~ /K is strictly APF in the terminology of Section 1.2 of [Wintenberger

1983]; see 1.2.2 of [loc. cit.]. The theorem is then proved in Section 2 of [loc. cit.]. ]
Let X;Q(KOO) = l(glNK ko OKn be the ring of integers of the valued field X g (K).

Ifc>0letl; ={x e (’)K such that val,(x) > c}. If m,n > 0, the map Ok, /I, — Ok,,.. /1,
well-defined and injective.

m+n

Proposition 2.1.2. There exists c(Koo/K) < 1 such that if 0 < ¢ < c¢(K/K), then
val, (N, ., /K, (x)/xErknd 1y > ¢

foralln,k > 0and x € Ok

n+k*

Proof. See [Wintenberger 1983] as well as Section 4 of [Cais and Davis 2015]. The result follows from
the fact (see 1.2.2 of [Wintenberger 1983]) that the extension K,/ K is strictly APF. One can then apply
1.2.1,4.2.2 and 1.2.3 of [Wintenberger 1983]. O

Using Proposition 2.1.2, we get amap ¢ : X} x (Koo) = lim . Ok_ /I3, given by

(xn)n20 S Lln OK,, = ()En)n>0-
Nk, /K,

Letlim . Ok,/I; denote the set of (x,),>0 € lim,, . Ok_ /I, such that x, € Ok, /I for all n > 0.
Proposition 2.1.3. Let 0 < ¢ < ¢(Koo/K) be as in Proposition 2.1.2:

(1) The natural map [E+ —lim . Ok /IS is a bijection.

(2) The map ¢ : XJr (Kso) — l(ganxg Ok, /1 = E}w is injective and isometric.

(3) The image of vislim ., Ok, /1.

x>
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Proof. See [Wintenberger 1983] and Section 4 of [Cais and Davis 2015]. We give a few more details for
the convenience of the reader. Item (1) is classical; see for instance Proposition 4.2 of [Cais and Davis
2015]. The map ¢ is obviously injective and isometric. For (3), choose x = (x,)n>0 € im, . Ok, /I;

and choose a lift x, € Ok, of x,. One proves that {Ng, wi/Kn (Xna j)}j=0 converges to some y, € Ok, and

n’

that (y,)n>0 € X Z(K o) 1s a lift of (x,),>0. See Section 4 of [loc. cit.] for details, for instance the proof
of Lemma 4.1. O

Proposition 2.1.3 allows us to see Xt x (Kx), and hence ¢™" (X (Kso)) for all n > 0, as a subring
ofEI .

Proposition 2.1.4. The ring U@O " (X; (Kx)) is dense in EJIEm
Proof. See Section 4.3 of [Wintenberger 1983]. O

2.2. Decompleting the tilt. We now compute (E}oo)“h. Since Proposition 2.2.1 below is vacuous if
p = 2, we assume in this section that p # 2.

Proposition 2.2.1. If0 <c <1—1/(p—1),and x € Ok, is such that val ,(g(x) —x) > 1 for all g € G,
then the image of x in Ok_ /15, belongs to Ok, /1.

Proof. If val,(g(x) —x) > 1 forall g € Gal(Kalg/K,,), then by Theorem 1.7 of [Le Borgne 2010] (an
optimal version of a theorem of Ax), there exists y € K,, such that val,(x —y) > 1—1/(p —1). This
implies the proposition. O

Proposition 2.2.2. If ¢ = pY is as above, then X 3 (K«) C ([EJr )G-d-sh.y.0

Proof Take x = (xp)nz0 €lim . , Ok, /I;. If g € G;, then g(x,) = x,, for n < i, so that valg(gx —x) >

—XH—=>X

plipY. O
Theorem 2.2.3. We have:

(1) (Ef )T 00 c XE(Ko0).

@) Ef )N = U, 20 0" (XF(Koo)) and BN = U120 07" (X (Koo))-

Proof. Take ¢ < min(c(Kw/K), 1 —1/(p —1)). Take x = (xy)n>0 € im Ok /p. If n > 0 and

<—XH>
x € (Ex )00 then valg(g(x) — x) > p® if ¢ € G,. This implies that val,(g(x,) — x,) > 1 if
g € G,. By Proposition 2.2.1, the image of x, in Og_ /I belongs to Ok, /I;. Hence the image of x
inlim . Ok,/I belongs to lim . Ok,/I;. By Proposition 2.1.3, x belongs to X}(Koo). This

proves (1).
Since valg(¢(x)) = p - valg(x), item (2) follows from (1) and Propositions 2.2.2 and 1.2.16. Il

Remark 2.2.4. We have ﬁE"}(':Oh C fEd}(i‘ The field fEd}(:? contains the field of norms Xg (L) of any
p-adic Lie extension Ls,/K contained in K. Indeed, ELO@ C EK& and if e = dim Gal(L~,/K), then
Xk (Ls) C Ee‘“h E]'Sh (see Proposition 1.2.15).

Can one give a descrlptlon of [E1 sh for example along the lines of Section 5 of [Berger 2016]?
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3. The Lubin-Tate case

We now specialize the constructions of the previous section to the case when K is generated over K by
the torsion points of a Lubin—Tate formal group.

3.1. Lubin-Tate formal groups. Let K be a finite extension of Q, of degree d, with ring of integers Ok,
inertia index f, ramification index e, and residue field k. Let ¢ = p/ = Card(k) and let v be a uniformizer
of Ok. Let LT be the Lubin-Tate formal Og-module attached to 7; see [Lubin and Tate 1965]. We
choose a coordinate Y on LT. For each a € Og we get a power series [a](Y) € Ok [Y], that we now
see as an element of k[[Y]. In particular, [7](Y) = Y9. Let S(T, U) € k[T, U] denote the reduction
mod 7 of the power series giving the addition law in LT in that coordinate. Recall that S(7',0) = 7" and
SO, U)=U.
Lemma 3.1.1. Ifa,b e Ok andi > 0, then valy ([a + p'b](Y) —[al(Y)) > pdi.

Furthermore, [1 + 71 ](Y) =Y + Y7 +0O(Y4 +1).
Proof. We have [7](Y) = Y4, so valy([7](Y)) > p/. Writing p = un® for a unit u, we see that
valy ([p'b]1(Y)) > p? if be Ok. Ifa, b € Og and i > 0, then [a + bp'|(Y) = S([al(Y), [bp'1(Y)). We
have S(T,U)=T +U+TU -R(T, U), so that [a+bp'1(Y) — [a]l(Y) = S([a](Y), [bp'1(Y)) —[a](Y) €
[bp'1(Y) - k[[Y]. This implies the first result.

The second claim follows likewise from the fact that [1 +7/1(Y) = S(Y, [z/1(Y)) =Y + [z 1Y)+ Y -
[7'1(Y) - R(Y, [7'1(Y)). O

Let E = k((Y)). Let E, = k((¥'/?")) and let Exc = |J,>( Es. These fields are endowed with the
Y-adic valuation valy, and we let E denote the ring of integers of E,. The group O acts on E, by

a- f(YVy = f(lal(Y4")).
Lemma 3.1.2. If j > 1 (j > 2if p =2), then 1 + p/ Ok is uniform, and (14 p/ Og); = 1+ p'*/ Ok.

Proof. The map 1+ p/ Og — O, given by x > p~/ -log,(x — 1), is an isomorphism of pro-p groups
taking 1 4+ p't/ Ok to p'Og. O

Recall that d = [K : Q,], that f = [k : F,], and that ¢ = p/.
Proposition 3.1.3. We have EF = ()1 +p’ Ok-d-sh.dj=fn.0
Proof. If b € Ok and i, j > 0, then by Lemma 3.1.1, we have

valy ([1+ p™ /b1y V4 — YY) > 17" - p?0H) = pi=Im. pdt,

Lemma 3.1.2 then implies that Y /7" ¢ (ED 1+p!Ok-d-sh.dj=fn.0 The Jemma follows from Proposition 1.2.16
and Lemma 1.2.9. 0
Corollary 3.1.4. We have [ = E!+P'Ox-d-sh.dj,
Proof. This follows from Proposition 3.1.3 with n = 0, and Proposition 1.2.16. (|
Proposition 3.1.5. [f¢ > 0, then k[Y]'*P Ox-d-shdj+e — kyP].
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Proof. Take f(Y) € k[[Y]. There is a power series A(T, U) € k[T, U] such that
f(T+U)=f(T)+U-f(T)+U?* W(T,U).

If m > 0, Lemma 3.1.1 implies that [1 +7"](Y) =Y + Y?" +O(Y4"*!). Therefore,

m

FUAL+7™Y) = fX)+ @ +0x" ™). f(¥) +0(r*").

If f(Y)&k[YP], then f'(Y)#0. Let u = valy (f'(Y)). The above computations imply that valy ( f([1+
mAtTIY)) — f(¥)) = p¥ - p¥ 4 for i > 0.
This implies the claim, since 7°Og = pOk. O

Corollary 3.1.6. We have Eod? JOx-d-shdj—fn _ E,.
Proof. We prove that, more generally,
[El—l—p/OK—d—sh,dj—Z — k((yl/p(/))
o~ .

m

Take f(Y'/P") € (L)1 7' Ox-dshdi~C where f(Y) € k[Y]. Since valy (h?) = p - valy (k) for all h € ET,
we have fP" (Y) € (EL) 7 Ox-dshdj=tm where fP"(Y) € E[Y]is fP"(Y) = f(YV/P")P" Ifm>L+1,
m—1

then Proposition 3.1.5 implies that 7" (Y) € E[Y?]), so that f(Y)=g(Y?),and f(Y/?") =gy /P"™),
This implies the claim. O

3.2. Decompletion of E. Since we use the results of Section 2.2, we once more assume that p = 2. Let E
denote the Y-adic completion of E.

Theorem 3.2.1. We have E!+7/Ox-d-shdj — E qnd Fd-sh = E.

Proof. Let Ko, = K(LT[7°°]) denote the extension of K generated by the torsion points of LT, and
let I' = Gal(K/K). The Lubin-Tate character y, gives rise to an isomorphism x, : I' - Og. For
n21,let K, = K(LT[="]). If (;r,),>1 is a compatible sequence of primitive 7"-torsion points of LT,
then 7, is a uniformizer of Ok,, @ = (7,),>0 belongs to LiLnNKn/Kn_l Ok,, and Xk (Ko ) = k((z)) by
Theorem 2.1.1. If g € T, then g(@) = [x:(g)]1(z), so that if we identify I" and Oy, then X (K) =
with its action of O. Proposition 2.1.4 implies that E= EK@O as valued fields with an action of (an open
subgroup of) O . We can therefore apply Theorem 2.2.3, and get (E*)d‘Sh = EZ. This implies the second
statement. The first one then follows from Corollary 3.1.6. U

Remark 3.2.2. In the above proof, note that Kolo+p Ok _ g ne»> O that the numbering is not the same as in
Section 2.1.

Remark 3.2.3. We can define Lubin—Tate I'-modules over E as in Section 3.2 of [Berger and Rozensztajn
2022]. The results proved in that section carry over to the Lubin—Tate setting without difficulty.

In Theorem 2.9 of [Berger and Rozensztajn 2022], we proved Theorem 3.2.1 above in the cyclotomic
case, using Tate traces. There are no such Tate traces in the Lubin-Tate case if K # Q,. We now explain
why this is so. More precisely, we prove that there is no I"-equivariant k-linear projector E—>EifkK #Q,.
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Choose a coordinate 7 on LT such that log;+(T) =}, -, T9" /", so that logj+(T) = 1 mod 7. Let
d =1/log1(T)-d/dT be the invariant derivative on LT. Let ¢, = ¢! where g = p/.

Lemma 3.2.4. We have dy (Y)/dY = x,(y) inEforally €T.

Proof. Since logjr =1 mod 7, we have d =d/dY in E. Applying doy = x,(y)y od to Y, we get the
claim. O

Lemma 3.2.5. If y €T is nontorsion, then EV=' = k.

Proposition 3.2.6. If K # Q,, there is no I'-equivariant map R : £ — [E such that R(¢,(f)) = f for all
fek
Proof. Suppose that such a map exists, and take y € I'" nontorsion and such that x,(y) = 1 mod &.
We first show that if f € [ is such that (1 —y) f € ¢,(E), then f € ¢,(E). Write f = fo+ ¢, (R(f))
where fy = f — ¢4 (R(f)), so that R(fp) = 0 and (1 — ) fo = ¢4(g) € ¢, (E). Applying R, we get
0= (1—y)R(fy) =g. Hence g =0 so that (1 —y) fo = 0. Since E¥=' =k by Lemma 3.2.5, this implies
fo € k, sothat f € ¢, (E).

However, Lemma 3.2.4 and the fact that x, (y) = 1 mod 7 imply that y(Y) =Y + f, (Y?) for some
fy €L, so that y(Y‘I/P) =ya/p + ¢4(gy). Hence (1 — y)(Y‘?/p) € ¢4(E) even though Y4/P does not
belong to ¢, (E). Therefore, no such map R can exist. U

Corollary 3.2.7. If K # Q, there is no I"-equivariant k-linear projector (pq_l (E) — E. A fortiori, there is
no I'-equivariant k-linear projector E—E

Proof. Given such a projector IT, we could define R as in Proposition 3.2.6 by R =ITo ¢, L O
3.3. The perfectoid commutant of Aut(LT). In Section 3.1 of [Berger and Rozensztajn 2022], we

computed the perfectoid commutant of Aut(Gy,). We now use Theorem 3.2.1 to do the same for Aut(LT).
We still assume that p # 2.

Theorem 3.3.1. Ifu € [+ is such that valy (u) > 0 and u o [gl=I[glou forall g € Of, there exists b € Oy
and n € 7 such that u(Y) = [b](Y?").

Recall that a power series f(Y) € k[[Y] is separable if f'(Y) #£0. If f(Y) € Y -k[[Y]], we say that f
is invertible if f'(0) € k>, which is equivalent to f being invertible for composition (denoted by o). We
say that w(Y) € Y - k[[Y] is nontorsion if w**(Y) # Y foralln > 1. f w(Y) = Zi20 w;Y! € k[Y] and
meZletw™(Y)=Y) . wipm Y’. Note that (w o v)™ = w™ o p™.

Proposition 3.3.2. Ler w(Y) € Y + Y2 - k[Y] be a nontorsion series, and let f(Y) € Y - k[Y] be a
separable power series. If w'™ o f = f ow for some m € Z, then f is invertible.

Proof. This is a slight generalization of [Lubin 1994, Lemma 6.2]. Write
fO) = f,Y" 0",
() =g Y/ +0’*,
w(¥)=Y +w, Y +0x" ™,



206 Laurent Berger and Sandra Rozensztajn

with f,, g;, w, #0. Since w is nontorsion, we can replace w by w°P" for ¢ >0 and assume thatr > j 4 1.
We have

w(m) of=fX)+ w;m)f(Y)r + O(Yn(r+l)) = f(Y)+ wﬁm)fnran + O(Y"r+1),

If j =0, then n = 1 and we are done, so assume that j > 1. We have

fow=f(Y +w,Y +0X" )
=f)+w Y f'¥)+0X*)
= f(Y)+w,g; Y 0Oy .

This implies that nr =r + j, hence (n — 1)r = j, which is impossible if r > j unless n = 1. Hence n = 1
and f is invertible. 0

Lemma 3.3.3. Ifu € E* is such that valx(u) > 0 and u o [g] = [g] ou for all g € O, then u € (E+)4-h,

Proof. The group Oy acts on E+ by g-u =uol[g]. By lemmas 3.1.1 and 3.1.2, the function g — [g]ou
is in #5(1+ pOg, EY), where p* = valy (u). O

Proof of Theorem 3.3.1. Take u € E such that valy (u) > 0 and u o [g] = [g] ou for all g € Og. By
Lemma 3.3.3 and Theorem 3.2.1, there is an m € Z such that f(Y) = u(y)?r" belongs to Y - k[[Y] and
is separable. Take g € 1 + 7 Ok such that g is nontorsion, and let w(Y) = [g](Y) so that u ow = w o u.
We have f ow = w" o f. By Proposition 3.3.2, f is invertible. In addition, f o w = w"™ o f if
w(Y)=[g](Y) forall g € O;;. Hence fy-g = gl”” - fo, so that a?" =aforalla = g € k. This implies
that F; C Fym, so that m = fn for some n € Z. Hence w™ = w, and f o[g] =[g]o f forall g € O%.
Theorem 6 of [Lubin and Sarkis 2007] implies that f € Aut(LT). Hence there exists b € (91>§ such that
u(Y) =[b](Y?"). O

4. Mahler expansions and super-Holder functions

In Section 1.3 of [Berger and Rozensztajn 2022], we proved an analogue of Mahler’s theorem for
continuous functions Z, — M, and then gave a characterization of super-Holder functions in terms
of their Mahler expansions. We now indicate how these results generalize to functions G — M for a
uniform pro-p group G. Given the definition of super-Holder functions and the existence of a coordinate
c:G— Zf, as in Proposition 1.1.1, it is enough to study functions Zf} — M. We generalize the setting a
little bit, and study functions O‘,l( — M where K is a finite extension of Q,. Let K be such a field, fix a
uniformizer w of Ok and let k be the residue field of K. Let g = Card(k).

4.1. Good bases and wavelets. Let X = O‘}(, which we endow with the valuation valx (xy, ..., x7) =
min; val; (x;). Forn >0, let X,, = 7" X = {x € X, valx(x) > n}.

We endow X with the valy-adic topology. For any set Y, we denote by LC(X, Y) the set of locally
constant functions X — Y. For n > 0 we denote by LC, (X, Y) the subset of elements of LC(X, Y)
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that factor through X/X,. Let I = Un>0 I, be a set of indices, where I, C I,4+; for all n > 0, and
Card(l,) = Card(X/ X,) = q"d. Let E be a field of characteristic p.

Definition 4.1.1. A family {4;};c; is a good basis of LC(X, E) if it is a basis of the E-vector space
LC(X, E) such that for all n > 0, {h;};¢y, is a basis of LC, (X, E).

Let M be (as usual) an E-vector space with a valuation valy,, such that valy, (ax) = valy, (x) for all
a € E* and x € M. We assume that M is separated and complete for the valys-adic topology.

Proposition 4.1.2. Every f € LC,(X, M) can be written uniquely as Y ;.; h; - m; for some elements

iel,
m; € M. Moreover, inf,cx valy(f (x)) = inf;¢;, valy (m;).

Proof. Let {6x}rex/x, be the basis of LC, (X, E) defined as follows: §, is the characteristic function of
x+ X,,. Then f € LC,(X, M) is equal to erX/X,, Sy - f(x).
As {h;}ie1, 1s also a basis of LC,, (X, E), we can write §, = Zieln a;i xh; for some elements a; , € E. We

now have f =>"._; h;-m; where m; = erX/Xn a; x f (x). This formula implies that inf;c;, valy (m;) >

iel,
infyex valy (f (x)).
On the other hand we can also write h; = erx/xn by ;8. for some elements b, ; € E, so that
Jf(x) =i, bx.im;. This implies that infie;, valp (m;) < infrex valy (f (x)). O

We now give an example of a particularly nice good basis of LC(X, E), the basis of wavelets; see
Section 1.3 of [Colmez 2010] and Section 2.1 of [de Shalit 2016]. Let 7 be a set of representatives of
X/ X1 in X, chosen so that the representative of 0 is 0. For each n > 0, let R,, be the set of representatives
of X/ X, defined as follows: Ro = {0}, and forn > 1, R, = {Z?:_l wix;, x; € T for all i}. We have

Ri=T,and R,, C R4+ foralln. Let R = U@O Ry. If r € R let £(r) be the smallest n such that r € R,,.
For r € R, let x, be the characteristic function of the closed disc r + Xy = {x € X, valy(x —r) = £(r)}.

Proposition 4.1.3. The set {x,}rer is a good basis of LC(X, E).

Proof. We prove that for all n > 0, the set {x,},er, is a basis of LC, (X, E). Consider the basis {§,},¢<R,
of LC,, (X, E), where §, is the characteristic function of r + X,,. We have

Xr = E Oy p gty

r'€Ru—i(r)

This implies that if we write R, = (R, \ R,—1) LU ---U (R \ Ro) LU Ro and we express the family
{xr}rer, In terms of the basis {5,},er,, we get a unipotent matrix. This shows that {x,},er, 1s also a
basis of LC,, (X, E). [

4.2. Expansions of continuous functions. We show that every continuous function X — M has a
convergent expansion along a good basis of X, and prove some continuity estimates in terms of the
coefficients of the expansion. If {m;};c; is a family of M, we say that m; — 0 if inf;¢;, valy (m;) — 400
as n — +00.
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Theorem 4.2.1. Let {h;};c; be a good basis of LC(X, E).

If {m;}ier is a family of M such that m; — 0, the function f : X — M given by f =3, hi -m;
belongs to CY%(X, M), and inf,cx valy (f (x)) = inf;¢; valy (m;).

Conversely, if f € CO(X, M), there exists a unique family {m;(f)}ic; of elements of M such that
mi(f) — 0and such that f =, _; hi -m;(f).

Proof. Let {m;};c; be a family of M such that m; — 0. If f,, = Zie,n h;-m;, then f, € C%(X, M), and f
is the uniform limit of the f,,. We have infx valy/(f, (x)) = inf;<;, valy (m;) by Proposition 4.1.2. Since
m; — 0, we have inf;¢; valy (m;) =inf;¢;, valy (m;) for n >>0. Hence infx valy ( f, (x)) =inf;c; valpy (m;)
for n>>0. Since inf, c x valy, (f (x))=lim,, inf, valy; ( f, (x)), we have inf . c x valy, (f (x))=inf;c; valy (m;).

We now prove the converse. Let M,, ={m € M, valy;(m) >n}, letm,,: M — M /M, be the projection, and
for each n, fix alift v, : M/M,, — M. Take f € CY%(X, M), and let fo=Ynom,o f. As f and f, coincide
modulo M,,, f is the uniform limit of the f,,. On the other hand, m,, o f is locally constant, and therefore
sois f,. As X is compact, there exists some k(n) > 0 such that f, € LCy(,) (X, M). By Proposition 4.1.2,

we can write f, =Y .., hi -m; , where m; , =01if i ¢ I(,). We have valy (m; , —m; /) > min(n, n’) by

iel
construction, so that for each i, the sequence {m; ,}, converges to some m; € M. Moreover, if i ¢ I,
then valy (m;) > n, so that m; — 0. The continuous function )

so that finally f =)

icg hi - m; is the uniform limit of the f,,
ier hi-mi. =
Proposition 4.2.2. Take f € C°(X, M) and t € 7. If {h;}ic1 is a good basis of LC(X, E), and we write
f= Zi hi -m; with m; — 0, then inf; ¢j, valy (m;) depends only on f and not on the choice of the good
basis.

Proof. Fix two good bases {h;}ic; and {h}};c; of LC(X, E). There exists a family {A; j} jyerxs of
elements of E such that h; = Zj )L,-,jh’j for all i. Moreover, if i € I. then A; ; =0 for all j & I.. Now
write f =3, hi-mi(f) =), hi-m.(f). We also have

f= Z(Z)w,]h/]> -m;(f) = Zh/] . (Z}Li,jm,-(f)),
i J b i

so that m/j(f) =) ;Aijmi(f). If j €1, then m/j(f) = Zi¢,l Aijmi(f),asx; j=0ifi eI, and j & I,.
This implies that inf ¢, ValM(m’j(f)) = inf; g, valp (m; (f)).
By symmetry, we get that inf; ¢/, ValM(m’j(f)) = infj ¢y, valpy (m; (f)). O

Theorem 4.2.3. Take f € COX,M)andt € Z>o.
If {hi}ier is a good basis of LC(X, E), and we write f =) . h; - m; with m; — 0, then

infvalyy(m;) = inf  valy (f(x) — f(y)).
i¢l x,yeX
valy (x—y)>t

Proof. Let C;(f) = infy yex valy(x—y)=r Valy (f (x) — f(y)) and B;(f) = inf;¢;, valy (m;).
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IfxeXandze X;,then f(x+2)— f(x)= Zie,(h,-(x—i—z) —h;i(2))-m;(f). As h; e LC,(X, E) for
i € I, the above equality gives us

FaFD = F) =Y (hi(x+2) —hi(@) -mi(f).
igl
This implies that C;(f) > B;(f).

We now prove the converse inequality. By Proposition 4.2.2, B,(f) is independent of the choice
of a good basis, and we choose the wavelet basis of Proposition 4.1.3. Write f =) 5 xr - m.(f),
so that we want to show that valy (m,(f)) = C,(f) for all r ¢ R;. If x € X, define g, : X — M by
8x(2) = f(x+m'z) — f(x), and write g, = Y . .x X -m,(gx). For each r € R, we can write uniquely
r=r +n's withr, € R;, where s =0 if r € Ry, and s #0 € Ry()—; if r ¢ R;. Forx € R, and r ¢ R,
the map z > x,(x +7'z) — x-(x) is the zero function if r; # x, and is yx;, if r, = x. This implies that if
x € R;, then

(D) =Y Ot (x +7'2) = %, () -y (f)

rer

=3 (72 = (@) -m ()
ré¢R;

= Z XS(Z) ’mx+nls(f)~
s¢Ro

Therefore if x € R, then mo(g,) =0 and m;(gy) = my47:s(f) if s 7% 0. We have infscr valy (ms(gy)) =
inf,cx valy (g (2)) = C;(f), so that valy (m(gy)) = C,(f) for all x € X and s € R. This implies that for
all x e Ry and s # 0, valys (myy:5(f)) = C:(f). Hence for all r ¢ R, we have valy;(m,(f)) = C,(f). U

4.3. Mahler bases. We now construct some other examples of good bases. For n > 0, let Int,, (O ) denote
the set of polynomials f(7T) € K[T] such that deg(P) < n and f(Og) C Og. Recall (see for instance
Section 1.2 of [de Shalit 2016]) that a Mahler basis for Ok is a sequence {h,},>0 with h,(T) € K[T]
of degree n, and such that {h, ..., h,} is a basis of the free Og-module Int,(Ok) for all n > 0. For
example, if K = Q,,, we can take h,(T) = (5) Let {h,},>0 be a Mahler basis for Ok . Each &, defines a
function Og — Ok and hence Ox — k. Let I =Z>pand let I, ={0,...,q" — 1} forn > 0.

Proposition 4.3.1. If {h,},>0 is a Mahler basis for Ok, then {h;}ic; is a good basis of LC(Ok, k).
Proof. By Theorem 1.2 of [de Shalit 20161, {ho, ..., hyn_1} is a basis of the k-vector space LC,, (O, k)

for all m > 0. This implies the claim. |

We now specialize to K = Q,,. Write N for Z> and n for an element (n1, ...,ng) € N¢. For each
n € N?, we denote by h,, the function Zi — E given by (x1,...,xg) — (2) e (;‘i) For m € 7, let
I, = {n € N such that max(n1, ..., ng) < p™ —1}.

Proposition 4.3.2. The functions {h,},cne form a good basis of LC(Z%, F P

Proof. The claim follows from Proposition 4.3.1 for K = @Q,, and Lemma 4.3.3 below. O
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Lemma 4.3.3. If X and X' are as in Section 4.1, and {h;};c; and {h/j}jej are good bases of LC(X, E)
and LC(X', E), then {h; ®/’l/j}(i’j)€[><‘] is a good basis of LC(X x X', E), with (I x J),, = I, X J,.

Let G be a uniform pro-p group, and let ¢ : G — Zf, be a coordinate as in Proposition 1.1.1. The
theorem below follows from Proposition 4.3.2 and Theorems 4.2.1 and 4.2.3.

Theorem 4.3.4. If {my},cne is a sequence of M such that m, — 0, the function f : G — M given by
F@=> ,end (C'n(]g)) e (C‘il(l‘[g))m,, belongs to C°(G, M). We have infye valy (f(g)) =inf, e valy (mp).

Conversely, if f € CO(G, M), there exists a unique sequence {my (f)}nene such that m, () — 0 and
such that £(g) =Y uena (4F) -+ (4 )ma(f). .

We have f € ’Hﬁ’“(G, M) if and only if for all i > 0, we have valy (mu(f)) > p* - p® + n whenever
max(ny,...,ng) = pi.

Remark 4.3.5. The first two assertions in the above theorem also follow from Theorem 1.2.4 in Section III
of [Lazard 1965] (we thank Konstantin Ardakov for pointing this out).

We finish by considering the case G = Ok for K a finite extension of @, and working with a Mahler
basis for Og. Let K be a finite extension of Q, as before. Assume that E is an extension of k. Let
{hn}n>0 be a Mahler basis for Ok. If f € CY Ok, M), write f = Z@o h,m, (f) with m,(f) — 0. Let
e denote the ramification index of K.

Proposition 4.3.6. If f = Zn>0 h,m,(f) as above, then f € H?"“(OK, M) if and only if valyy(m,,(f)) >
p* - p'" + w whenever n > p%.

Proof. This follows from Theorem 4.2.3, since val,(x — y) > i if and only if val, (x — y) > ei, and since
q°=p’. O

In this situation we can also define a slightly different version of super-Holder functions. We say that a
function f : Ogx — M isin 7—[?(’7’;((’)1(, M) if valy (f (x) — f(y)) = p*- p' 4+ u whenever val, (x —y) >i.
We then have

My TR0k, M) C HZ Ok, M) C H Ok, M),

In particular, Hx (O, M) = H,e(Og, M). If K /Q,, is unramified then H " (Ox, M) = H,"* (O, M).
Moreover we have the following criterion:

Proposition 4.3.7. If f =",,- ham,(f) as above, then f € H" (Ox, M) if and only if valy (m,,(f)) >
p’\ 'P” + u whenever n > qi,

Example 4.3.8. For all n > 0, there exists ¢, (T) € Int,(Ok) such that [a](Y) = }_, - ca(a@)Y". This
implies that valy (m, (a = [al(¥))) > n, so that the function a — [a](¥) is in }4°(Ok. EY D). and in
H(I)é?f(OK’ E[[Y]]) Where q= pf
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