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Super-Hölder vectors and the field of norms
Laurent Berger and Sandra Rozensztajn

Let E be a field of characteristic p. In a previous paper of ours, we defined and studied super-Hölder
vectors in certain E-linear representations of Zp. In the present paper, we define and study super-Hölder
vectors in certain E-linear representations of a general p-adic Lie group. We then consider certain p-adic
Lie extensions K∞/K of a p-adic field K , and compute the super-Hölder vectors in the tilt of K∞. We
show that these super-Hölder vectors are the perfection of the field of norms of K∞/K . By specializing
to the case of a Lubin–Tate extension, we are able to recover E((Y )) inside the Y -adic completion of its
perfection, seen as a valued E-vector space endowed with the action of O×K given by the endomorphisms
of the corresponding Lubin–Tate group.
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Introduction

Let E be a field of characteristic p, for example a finite field. In our paper [Berger and Rozensztajn
2022], we defined and studied super-Hölder vectors in certain E-linear representations of the p-adic Lie
group Zp. These vectors are a characteristic p analogue of locally analytic vectors. They allowed us to
recover E((X)) inside the X -adic completion of its perfection, seen as a valued E-vector space endowed
with the action of Z×p given by a · f (X)= f ((1+ X)a − 1).

In the present paper, we define and study super-Hölder vectors in certain E-linear representations of a
general p-adic Lie group. We then consider certain p-adic Lie extensions K∞/K of a p-adic field K ,
and compute the super-Hölder vectors in the tilt of K∞. We show that these super-Hölder vectors are the
perfection of the field of norms of K∞/K . By specializing to the case of a Lubin–Tate extension, we are
able to recover E((Y )) inside the Y -adic completion of its perfection, seen as a valued E-vector space
endowed with the action of O×K given by the endomorphisms of the corresponding Lubin–Tate group.
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We now give more details about the contents of our paper. Let 0 be a p-adic Lie group. It is known that
0 always has a uniform open pro-p subgroup G. Let G be such a subgroup, and let Gi =G pi

for i ⩾ 0. Let
M be an E-vector space, endowed with a valuation valM such that valM(xm)= valM(m) if x ∈ E×. We
assume that M is separated and complete for the valM -adic topology. We say that a function f : G→ M
is super-Hölder if there exist constants e > 0 and λ,µ ∈ R such that valM( f (g)− f (h))⩾ pλ · pei

+µ

whenever gh−1
∈ Gi , for all g, h ∈ G and i ⩾ 0. If M is now endowed with an action of G by isometries,

and m ∈ M , we say that m is a super-Hölder vector if the orbit map g 7→ g ·m is a super-Hölder function
G→ M . We let MG-e-sh,λ denote the space of super-Hölder vectors for given constants e and λ as in
the definition above. The space of vectors of M that are super-Hölder for a given e is independent of
the choice of the uniform subgroup G, and denoted by Me-sh. When G = Zp and e = 1, we recover the
definitions of [Berger and Rozensztajn 2022]. If 0 is a p-adic Lie group and e = 1, we get an analogue
of locally Qp-analytic vectors. If K is a finite extension of Qp, 0 is the Galois group of a Lubin–Tate
extension of K , and e = [K :Qp], we seem to get an analogue of locally K -analytic vectors.

From now on, assume that p ̸= 2. Let K be a p-adic field and let K∞/K be an almost totally ramified
p-adic Lie extension, with Galois group 0 of dimension d ⩾ 1. The tilt of K∞ is the fraction field ẼK∞

of lim
←−−x 7→x p OK∞/p. It is a perfect complete valued field of characteristic p, endowed with an action of

0 by isometries. The field ẼK∞ naturally contains the field of norms X K (K∞) of the extension K∞/K ,
and it is known that ẼK∞ is the completion of the perfection of X K (K∞). We have the following result
(Theorem 2.2.3).

Theorem A. We have Ẽd-sh
K∞ =

⋃
n⩾0 ϕ

−n(X K (K∞)).

Assume now that K is a finite extension of Qp, with residue field k, and let LT be a Lubin–Tate
formal group attached to K . Let K∞ be the extension of K generated by the torsion points of LT, so that
Gal(K∞/K ) is isomorphic to O×K . The field of norms X K (K∞) is isomorphic to k((Y )), and O×K acts on
this field by the endomorphisms of the Lubin–Tate group: a · f (Y )= f ([a](Y )). Let d = [K :Qp]. The
following (Theorem 3.2.1) is a more precise version of Theorem A in this situation.

Theorem B. If j ⩾ 1, then Ẽ
1+p jOK -d-sh,d j
K∞ = k((Y )).

If K =Qp and K∞/K is the cyclotomic extension, Theorem B was proved in [Berger and Rozensztajn
2022]. A crucial ingredient of the proof of this theorem was Colmez’ analogue of Tate traces for ẼK∞ . If
the Lubin–Tate group is of height ⩾ 2, there are no such traces (we state and prove a precise version of
this assertion in Section 3.2). Instead of Tate traces, we use a theorem of Ax and a precise characterization
of the field of norms X K (K∞) inside ẼK∞ in order to prove Theorem A.

As an application of Theorem B, we compute the perfectoid commutant of Aut(LT). If b∈O×K and n∈Z,
then u(Y )= [b](Y qn

) is an element of Ẽ+K∞ that satisfies the functional equation u ◦ [g](Y )= [g] ◦ u(Y )
for all g ∈O×K . Conversely, we prove the following (Theorem 3.3.1).

Theorem C. If u ∈ Ẽ+K∞ is such that valY (u) > 0 and u ◦ [g] = [g] ◦u for all g ∈O×K , there exists b ∈O×K
and n ∈ Z such that u(Y )= [b](Y qn

).
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In the last section, we give a characterization of super-Hölder functions on a uniform pro-p group in
terms of their Mahler expansions (Theorem 4.3.4). In order to do so, we prove some results of independent
interest on the space of continuous functions on Od

K with values in a valued E-vector space M as above.
At the end of [Berger and Rozensztajn 2022], we suggested an application of super-Hölder vectors for

the action of Zp to the p-adic local Langlands correspondence for GL2(Qp). We hope that this general
theory of super-Hölder vectors, especially in the Lubin–Tate case, will have applications to the p-adic
local Langlands correspondence for other fields than Qp.

1. Super-Hölder functions and vectors

In this section, we define super-Hölder vectors inside a valued E-vector space M endowed with an action
of a p-adic Lie group 0. The definition is very similar to the one that we gave for 0 = Zp in [Berger and
Rozensztajn 2022]. The main new technical tool is the existence of uniform open subgroups of 0. These
uniform subgroups look very much like Zd

p in a sense that we make precise.

1.1. Uniform pro- p groups. Uniform pro-p groups are defined at the beginning of Section 4 of [Dixon
et al. 1991]. We do not recall the definition, nor the notion of rank of a uniform pro-p group, but
rather point out the following properties of uniform pro-p groups. A coordinate (below) is simply a
homeomorphism.

Proposition 1.1.1. If G is a uniform pro-p group of rank d, then:

(1) Gi = {g pi
, g ∈ G} is an open normal (and uniform) subgroup of G for i ⩾ 0.

(2) We have [Gi : Gi+1] = pd for i ⩾ 0.

(3) There is a coordinate c : G→ Zd
p such that c(Gi )= (pi Zp)

d for i ⩾ 0.

(4) If g, h ∈ G, then gh−1
∈ Gi if and only if c(g)− c(h) ∈ (pi Zp)

d .

Proof. Properties (1)–(4) are proved in Section 4 of [Dixon et al. 1991]. Alternatively, a uniform
pro-p group G has a natural integer valued p-valuation ω such that (G, ω) is saturated [Klopsch 2005,
Remark 2.1]. Properties (1)–(4) are then proved in Section 26 of [Schneider 2011]. □

For example, the pro-p group Zd
p is uniform for all d ⩾ 1.

Lemma 1.1.2. If G is a uniform pro-p group, and H is a uniform open subgroup of G, there exists j ⩾ 0
such that Gi+ j ⊂ Hi for all i ⩾ 0.

Proof. This follows from the fact that {Gi }i⩾0 forms a basis of neighborhoods of the identity in G. □

A p-adic Lie group is a p-adic manifold that has a compatible group structure. For example, GLn(Zp)

and its closed subgroups are p-adic Lie groups. We refer to [Schneider 2011] for a comprehensive
treatment of the theory. Every uniform pro-p group is a p-adic Lie group. Conversely, we have the
following.
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Proposition 1.1.3. Every p-adic Lie group 0 has a uniform open subgroup G, and the rank of G is the
dimension of 0.

Proof. See Interlude A of [Dixon et al. 1991, pages 97–98]. □

Proposition 1.1.4. Let G be a pro-p group of finite rank, and N a closed normal subgroup of G. There
exists an open subgroup G ′ of G such that G ′, G ′ ∩ N and G ′/G ′ ∩ N are all uniform.

Proof. This is stated and proved on page 64 of [Dixon et al. 1991] (their H is our G ′). □

1.2. Super-Hölder functions and vectors. Let M be an E-vector space, endowed with a valuation valM

such that valM(xm)= valM(m) if x ∈ E×. We assume that M is separated and complete for the valM -adic
topology. Throughout this section, G denotes a uniform pro-p group.

Definition 1.2.1. We say that f : G→ M is super-Hölder if there exist constants λ,µ ∈ R and e > 0
such that valM( f (g)− f (h))⩾ pλ · pei

+µ whenever gh−1
∈ Gi , for all g, h ∈ G and i ⩾ 0.

Remark 1.2.2. If G = Zp and e = 1, we recover the functions defined in [Berger and Rozensztajn 2022,
Section 1.1]; see also Remark 1.12 of [loc. cit.].

In the above definition, e will usually be equal to either 1 or dim(G).

We let Hλ,µ
e (G,M) denote the space of functions such that valM( f (g) − f (h)) ⩾ pλ · pei

+ µ

whenever gh−1
∈ Gi , for all g, h ∈ G and i ⩾ 0, and Hλ

e (G,M)=
⋃
µ∈R Hλ,µ

e (G,M) and He(G,M)=⋃
λ∈R Hλ

e (G,M).
If M, N are two valued E-vector spaces, and f : M → N is an E-linear map, we say that f is

Hölder-continuous if there exists c > 0, d ∈ R such that valN ( f (x))⩾ c · valM(x)+ d for all x ∈ M .

Proposition 1.2.3. If π : M → N is a Hölder-continuous linear map, we get a map He(G,M) →
He(G, N ).

Proof. Take c, d ∈R of Hölder continuity for π , f ∈Hλ,µ
e (G,M), and g, h ∈G with gh−1

∈Gi . We have
valN (π( f (g))−π( f (h)))⩾ c ·valM( f (g)− f (h))+d ⩾ cpλ · pei

+(µ+d), so that π ◦ f ∈Hλ′,µ′

e (G, N )
with pλ

′

= cpλ, and µ′ = µ+ d . □

Proposition 1.2.4. If α : G→ H is a group homomorphism, we get a map α∗ :He(H,M)→He(G,M).

Proof. By definition of the subgroups Gi and Hi , we have α(Gi )⊂ Hi for all i . Take f ∈Hλ,µ
e (H,M),

and g, h ∈ G with gh−1
∈ Gi . We have valM( f (α(g))− f (α(h))) ⩾ pλ · pei

+µ as α(g)α(h)−1
∈ Hi ,

so that α∗( f )= f ◦α ∈Hλ,µ
e (G,M). □

Proposition 1.2.5. Suppose that M is a ring, and that valM(mm′)⩾valM(m)+valM(m′) for all m,m′∈M.
If c ∈ R, let Mc = MvalM⩾c:

(1) If f ∈Hλ,µ
e (G,Mc) and g ∈Hλ,ν

e (G,Md), and ξ =min(µ+ d, ν+ c), then f g ∈Hλ,ξ
e (G,Mc+d).

(2) If λ,µ ∈ R, then Hλ,µ
e (G,M0) is a subring of C0(G,M).

(3) If λ ∈ R, then Hλ
e (G,M) is a subring of C0(G,M).
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Proof. Items (2) and (3) follow from item (1), which we now prove. If x, y ∈ G, then

( f g)(x)− ( f g)(y)= ( f (x)− f (y))g(x)+ (g(x)− g(y)) f (y),

which implies the claim. □

We now assume that M is endowed with an E-linear action by isometries of G. If m ∈ M , let
orbm : G→ M denote the function defined by orbm(g)= g ·m.

Definition 1.2.6. Let MG-e-sh,λ,µ be those m ∈ M such that orbm ∈H
λ,µ
e (G,M), and let MG-e-sh,λ and

MG-e-sh be the corresponding sub-E-vector spaces of M .

Remark 1.2.7. We assume that G acts by isometries on M , but not that G acts continuously on M , namely
that G×M→ M is continuous. However, let Mcont denote the set of m ∈ M such that orbm : G→ M is
continuous. It is easy to see that Mcont is a closed sub-E-vector space of M , and that G×Mcont

→ Mcont

is continuous; compare with Section 3 of [Emerton 2017]. We then have M sh
⊂ Mcont.

Lemma 1.2.8. If m ∈ M , then m ∈ MG-e-sh,λ,µ if and only if for all i ⩾ 0, we have valM(g ·m −m) ⩾
pλ · pei

+µ for all g ∈ Gi .

Proof. If m ∈ M , then m ∈ MG-e-sh,λ,µ if and only if the function orbm is in Hλ,µ
e (G,M), that is, for all

g, h with gh−1
∈ Gi , we have valM(g ·m − h ·m) ⩾ pλ · pei

+µ. As G acts by isometries, we have
valM(g ·m− h ·m)= valM(h−1g ·m−m). The result follows, as h−1g = h−1

· gh−1
· h ∈ Gi . □

Lemma 1.2.9. The space MG-e-sh,λ,µ is a closed sub-E-vector space of M.

Lemma 1.2.10. If i0 ⩾ 0, and m ∈ M is such that valM(g ·m −m) ⩾ pλ · pei
+µ for all g ∈ Gi with

i ⩾ i0, then m ∈ MG-e-sh,λ.

Proof. Take i < i0, and let Ri be a set of representatives of Gi0\Gi . This is a finite set, so there
exists µi ∈ R such that valM(r · m − m) ⩾ pλ · pei

+ µi for all r ∈ Ri . If g ∈ Gi , it can be written
as g = hr for some h ∈ Gi0 and r ∈ Ri . We then have g · m − m = hr · m − h · m + h · m − m, so
that valM(g ·m −m) ⩾ min(valM(r ·m −m), valM(h ·m −m)) (recall that G acts by isometries), so
valM(g ·m−m)⩾ min(pλ · pei

+µi , pλ · pei0 +µ)⩾ pλ · pei
+min(µ,µi ) as i0 > i . If µ′ is the min of

µ and the µi for 0 ⩽ i < i0, then m ∈ MG-e-sh,λ,µ′ . □

Recall that if k ⩾ 0, then Gk is also a uniform pro-p group.

Lemma 1.2.11. If k ⩾ 0 then MG-e-sh,λ
= MGk -e-sh,λ+k .

Proof. Note that (Gk)i = Gi+k . The inclusion MG-e-sh,λ
⊂ MGk -e-sh,λ+k is obvious, and the reverse

inclusion follows from Lemma 1.2.10. □

Proposition 1.2.12. The space M H -e-sh does not depend on the choice of a uniform open subgroup H ⊂G.

Proof. Let H and H ′ be uniform open subgroups of G. The group H ∩ H ′ contains an open uniform
subgroup by Proposition 1.1.3, so to prove the proposition, we can further assume that H ′ ⊂ H . We
then have H ′i ⊂ Hi for all i , so that if m ∈ M H -e-sh,λ,µ, then m ∈ M H ′-e-sh,λ,µ. This implies that
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M H -e-sh,λ
⊂ M H ′-e-sh,λ. Conversely, by Lemma 1.1.2, there exists j such that H j ⊂ H ′. The previous

reasoning implies that M H ′-e-sh,λ
⊂ M H j -e-sh,λ. Lemma 1.2.11 now implies that M H j -e-sh,λ

= M H -e-sh,λ− j .
These inclusions imply the proposition. □

Definition 1.2.13. If 0 is a p-adic Lie group that acts by isometries on M , we let Me-sh
= MG-e-sh where

G is any uniform open subgroup of 0.

Remark 1.2.14. If e ⩽ f , then M f -sh
⊂ Me-sh.

Recall that G is a uniform pro-p group. If a closed normal subgroup N of G acts trivially on M , then
G/N acts on M .

Proposition 1.2.15. If a closed normal subgroup N of G acts trivially on M , then MG-e-sh
= MG/N -e-sh.

Proof. By Proposition 1.1.4, G has an open subgroup G ′ such that G ′ and G ′/N ′ are uniform (where
N ′ = G ′ ∩ N ). By Proposition 1.2.12, we have MG-e-sh

= MG ′-e-sh and MG/N -e-sh
= MG ′/N ′-e-sh. Let

π : G ′ → G ′/N ′ denote the projection. We have π(G ′i ) = (G
′/N ′)i for all i . Hence if m ∈ M , then

valM(g ·m −m) ⩾ pλ · pei
+µ for all g ∈ G ′i if and only if valM(π(g) ·m −m) ⩾ pλ · pei

+µ for all
π(g) ∈ (G ′/N ′)i . □

Proposition 1.2.16. Suppose that M is a ring, and that g(mm′) = g(m)g(m′) and valM(mm′) ⩾
valM(m)+ valM(m′) for all m,m′ ∈ M and g ∈ G:

(1) If v ∈ R and m,m′ ∈ MG-e-sh,λ,µ
∩MvalM⩾v, then m ·m′ ∈ MG-e-sh,λ,µ+v.

(2) If m ∈ MG-e-sh,λ,µ
∩M×, then 1/m ∈ MG-e-sh,λ,µ−2 valM (m).

Proof. Item (1) follows from Proposition 1.2.5 and Lemma 1.2.8. Item (2) follows from

g
(

1
m

)
−

1
m
=

m− g(m)
g(m)m

. □

2. The field of norms

Let K be a p-adic field, and let K∞ be an algebraic Galois extension of K , whose Galois group G
is a p-adic Lie group of dimension ⩾ 1. We assume that K∞/K is almost totally ramified, namely
that the inertia subgroup of G is open in G. Let d = dim(G) and let ℓ = pd . Let Ẽ+K∞ denote the ring
lim
←−−x 7→xℓ OK∞/p. This is a perfect domain of characteristic p, which has a natural action of G. The map
(y j ) j⩾0 7→ (ydi )i⩾0 gives an isomorphism between lim

←−−x 7→x p OK∞/p and Ẽ+K∞ , so that Ẽ+K∞ is the ring of
integers of the tilt of K̂∞; see Section 3 of [Scholze 2012].

If x = (xi )i⩾0, and x̂i is a lift of xi to OK∞ , then ℓi valp(x̂i ) is independent of i ⩾ 0 such that xi ̸= 0.
We define a valuation on Ẽ+K∞ by valE(x)= limi→+∞ ℓ

i valp(x̂i ).
The aim of this section is to compute (̃E+K∞)

d-sh. Given Definition 1.2.13, we assume from now on
(replacing K by a finite subextension if necessary) that G is uniform and that K∞/K is totally ramified.
Let k denote the common residue field of K and K∞.
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2.1. The field of norms. Let E(K∞) denote the set of finite extensions E of K such that E ⊂ K∞.
Let X K (K∞) denote the set of sequences (xE)E∈E(K∞) such that xE ∈ E for all E ∈ E(K∞), and
NF/E(xF )= xE whenever E ⊂ F with E, F ∈ E(K∞).

If n ⩾ 0, let Kn = K Gn
∞ so that [Kn+1 : Kn] = ℓ, {Kn}n⩾0 is a cofinal subset of E(K∞), and X K (K∞)=

lim
←−−NKn/Kn−1

Kn . If x = (xn)n⩾0 ∈ X K (K∞), let valE(x)= valp(x0).

Theorem 2.1.1. Let K and K∞ be as above:

(1) If x, y ∈ X K (K∞), then {NKn+ j/Kn (xn+ j + yn+ j )} j⩾0 converges for all n ⩾ 0.

(2) If we set (x + y)n = lim j→+∞NKn+ j/Kn (xn+ j + yn+ j ), then x + y ∈ X K (K∞), and the set X K (K∞)
with this addition law, and componentwise multiplication, is a field of characteristic p.

(3) The function valE is a valuation on X K (K∞), for which it is complete.

(4) If ϖ = (ϖn)n⩾0 is a norm compatible sequence of uniformizers of OKn , the valued field X K (K∞) is
isomorphic to k((ϖ)) (with val(ϖ)= valp(ϖ0)).

Proof. By a result of Sen [1972], K∞/K is strictly APF in the terminology of Section 1.2 of [Wintenberger
1983]; see 1.2.2 of [loc. cit.]. The theorem is then proved in Section 2 of [loc. cit.]. □

Let X+K (K∞)= lim
←−−NKn/Kn−1

OKn be the ring of integers of the valued field X K (K∞).
If c > 0, let I c

n = {x ∈ OKn such that valp(x) ⩾ c}. If m, n ⩾ 0, the map OKn/I c
n → OKm+n/I c

m+n is
well-defined and injective.

Proposition 2.1.2. There exists c(K∞/K )⩽ 1 such that if 0< c ⩽ c(K∞/K ), then

valp(NKn+k/Kn (x)/x [Kn+k :Kn]− 1)⩾ c

for all n, k ⩾ 0 and x ∈OKn+k .

Proof. See [Wintenberger 1983] as well as Section 4 of [Cais and Davis 2015]. The result follows from
the fact (see 1.2.2 of [Wintenberger 1983]) that the extension K∞/K is strictly APF. One can then apply
1.2.1, 4.2.2 and 1.2.3 of [Wintenberger 1983]. □

Using Proposition 2.1.2, we get a map ι : X+K (K∞)→ lim
←−−x 7→xℓ OK∞/I c

∞
given by

(xn)n⩾0 ∈ lim
←−−

NKn/Kn−1

OKn 7→ (x̄n)n⩾0.

Let lim
←−−x 7→xℓ OKn/I c

n denote the set of (xn)n⩾0 ∈ lim
←−−x 7→xℓ OK∞/I c

∞
such that xn ∈OKn/I c

n for all n ⩾ 0.

Proposition 2.1.3. Let 0< c ⩽ c(K∞/K ) be as in Proposition 2.1.2:

(1) The natural map Ẽ+K∞→ lim
←−−x 7→xℓ OK∞/I c

∞
is a bijection.

(2) The map ι : X+K (K∞)→ lim
←−−x 7→xℓ OK∞/I c

∞
= Ẽ+K∞ is injective and isometric.

(3) The image of ι is lim
←−−x 7→xℓ OKn/I c

n .
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Proof. See [Wintenberger 1983] and Section 4 of [Cais and Davis 2015]. We give a few more details for
the convenience of the reader. Item (1) is classical; see for instance Proposition 4.2 of [Cais and Davis
2015]. The map ι is obviously injective and isometric. For (3), choose x = (xn)n⩾0 ∈ lim

←−−x 7→xℓ OKn/I c
n ,

and choose a lift x̂n ∈OKn of xn . One proves that {NKn+ j/Kn (x̂n+ j )} j⩾0 converges to some yn ∈OKn , and
that (yn)n⩾0 ∈ X+K (K∞) is a lift of (xn)n⩾0. See Section 4 of [loc. cit.] for details, for instance the proof
of Lemma 4.1. □

Proposition 2.1.3 allows us to see X+K (K∞), and hence ϕ−n(X+K (K∞)) for all n ⩾ 0, as a subring
of Ẽ+K∞ .

Proposition 2.1.4. The ring
⋃

n⩾0 ϕ
−n(X+K (K∞)) is dense in Ẽ+K∞ .

Proof. See Section 4.3 of [Wintenberger 1983]. □

2.2. Decompleting the tilt. We now compute (̃E+K∞)
d-sh. Since Proposition 2.2.1 below is vacuous if

p = 2, we assume in this section that p ̸= 2.

Proposition 2.2.1. If 0< c ⩽ 1−1/(p−1), and x ∈OK∞ is such that valp(g(x)− x)⩾ 1 for all g ∈ Gn ,
then the image of x in OK∞/I c

∞
belongs to OKn/I c

n .

Proof. If valp(g(x)− x) ⩾ 1 for all g ∈ Gal(K alg/Kn), then by Theorem 1.7 of [Le Borgne 2010] (an
optimal version of a theorem of Ax), there exists y ∈ Kn such that valp(x − y) ⩾ 1− 1/(p− 1). This
implies the proposition. □

Proposition 2.2.2. If c = pγ is as above, then X+K (K∞)⊂ (̃E
+

K∞)
G-d-sh,γ,0.

Proof. Take x = (xn)n⩾0 ∈ lim
←−−x 7→xℓ OKn/I c

n . If g ∈ Gi , then g(xn)= xn for n ⩽ i , so that valE(gx− x)⩾
pdi pγ . □

Theorem 2.2.3. We have:

(1) (̃E+K∞)
G-d-sh,0,0

⊂ X+K (K∞).

(2) (̃E+K∞)
d-sh
=

⋃
n⩾0 ϕ

−n(X+K (K∞)) and Ẽd-sh
K∞ =

⋃
n⩾0 ϕ

−n(X K (K∞)).

Proof. Take c ⩽ min(c(K∞/K ), 1− 1/(p − 1)). Take x = (xn)n⩾0 ∈ lim
←−−x 7→xℓ OK∞/p. If n ⩾ 0 and

x ∈ (̃E+K∞)
G-d-sh,0,0, then valE(g(x)− x) ⩾ pdn if g ∈ Gn . This implies that valp(g(xn)− xn) ⩾ 1 if

g ∈ Gn . By Proposition 2.2.1, the image of xn in OK∞/I c
∞

belongs to OKn/I c
n . Hence the image of x

in lim
←−−x 7→xℓ OK∞/I c

∞
belongs to lim

←−−x 7→xℓ OKn/I c
n . By Proposition 2.1.3, x belongs to X+K (K∞). This

proves (1).
Since valE(ϕ(x))= p · valE(x), item (2) follows from (1) and Propositions 2.2.2 and 1.2.16. □

Remark 2.2.4. We have Ẽd-sh
K∞ ⊂ Ẽ1-sh

K∞ . The field Ẽ1-sh
K∞ contains the field of norms X K (L∞) of any

p-adic Lie extension L∞/K contained in K∞. Indeed, ẼL∞ ⊂ ẼK∞ and if e = dim Gal(L∞/K ), then
X K (L∞)⊂ Ẽe-sh

L∞ ⊂ Ẽ1-sh
K∞ (see Proposition 1.2.15).

Can one give a description of Ẽ1-sh
K∞ , for example along the lines of Section 5 of [Berger 2016]?
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3. The Lubin–Tate case

We now specialize the constructions of the previous section to the case when K∞ is generated over K by
the torsion points of a Lubin–Tate formal group.

3.1. Lubin–Tate formal groups. Let K be a finite extension of Qp of degree d , with ring of integers OK ,
inertia index f , ramification index e, and residue field k. Let q = p f

=Card(k) and let π be a uniformizer
of OK . Let LT be the Lubin–Tate formal OK -module attached to π ; see [Lubin and Tate 1965]. We
choose a coordinate Y on LT. For each a ∈ OK we get a power series [a](Y ) ∈ OK [[Y ]], that we now
see as an element of k[[Y ]]. In particular, [π ](Y ) = Y q . Let S(T,U ) ∈ k[[T,U ]] denote the reduction
mod π of the power series giving the addition law in LT in that coordinate. Recall that S(T, 0)= T and
S(0,U )=U .

Lemma 3.1.1. If a, b ∈OK and i ⩾ 0, then valY ([a+ pi b](Y )− [a](Y ))⩾ pdi .
Furthermore, [1+π i

](Y )= Y + Y q i
+O(Y q i

+1).

Proof. We have [π ](Y ) = Y q , so valY ([π ](Y )) ⩾ p f . Writing p = uπ e for a unit u, we see that
valY ([pi b](Y ))⩾ pdi if b ∈ OK . If a, b ∈ OK and i ⩾ 0, then [a+ bpi

](Y )= S([a](Y ), [bpi
](Y )). We

have S(T,U )= T +U +T U · R(T,U ), so that [a+bpi
](Y )−[a](Y )= S([a](Y ), [bpi

](Y ))−[a](Y ) ∈
[bpi
](Y ) · k[[Y ]]. This implies the first result.

The second claim follows likewise from the fact that [1+π i
](Y )= S(Y, [π i

](Y ))= Y +[π i
](Y )+Y ·

[π i
](Y ) · R(Y, [π i

](Y )). □

Let E = k((Y )). Let En = k((Y 1/qn
)) and let E∞ =

⋃
n⩾0 En . These fields are endowed with the

Y -adic valuation valY , and we let E+⋆ denote the ring of integers of E⋆. The group O×K acts on En by
a · f (Y 1/qn

)= f ([a](Y 1/qn
)).

Lemma 3.1.2. If j ⩾ 1 ( j ⩾ 2 if p = 2), then 1+ p jOK is uniform, and (1+ p jOK )i = 1+ pi+ jOK .

Proof. The map 1+ p jOK →OK , given by x 7→ p− j
· logp(x − 1), is an isomorphism of pro-p groups

taking 1+ pi+ jOK to piOK . □

Recall that d = [K :Qp], that f = [k : Fp], and that q = p f .

Proposition 3.1.3. We have E+n = (E
+
n )

1+p jOK -d-sh,d j− f n,0.

Proof. If b ∈OK and i, j ⩾ 0, then by Lemma 3.1.1, we have

valY ([1+ pi+ j b](Y 1/qn
)− Y 1/qn

)⩾ 1/qn
· pd(i+ j)

= pd j− f n
· pdi .

Lemma 3.1.2 then implies that Y 1/qn
∈(E+n )

1+p jOK -d-sh,d j− f n,0. The lemma follows from Proposition 1.2.16
and Lemma 1.2.9. □

Corollary 3.1.4. We have E= E1+p jOK -d-sh,d j .

Proof. This follows from Proposition 3.1.3 with n = 0, and Proposition 1.2.16. □

Proposition 3.1.5. If ε > 0, then k[[Y ]]1+p jOK -d-sh,d j+ε
⊂ k[[Y p

]].
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Proof. Take f (Y ) ∈ k[[Y ]]. There is a power series h(T,U ) ∈ k[[T,U ]] such that

f (T +U )= f (T )+U · f ′(T )+U 2
· h(T,U ).

If m ⩾ 0, Lemma 3.1.1 implies that [1+πm
](Y )= Y + Y qm

+O(Y qm
+1). Therefore,

f ([1+πm
](Y ))= f (Y )+ (Y qm

+O(Y qm
+1)) · f ′(Y )+O(Y 2qm

).

If f (Y ) /∈ k[[Y p
]], then f ′(Y ) ̸= 0. Let µ= valY ( f ′(Y )). The above computations imply that valY ( f ([1+

π ei+ej
](Y ))− f (Y ))= pd j

· pdi
+µ for i ≫ 0.

This implies the claim, since π eOK = pOK . □

Corollary 3.1.6. We have E
1+p jOK -d-sh,d j− f n
∞ = En .

Proof. We prove that, more generally,

E1+p jOK -d-sh,d j−ℓ
∞

= k((Y 1/pℓ)).

Take f (Y 1/pm
) ∈ (E+

∞
)1+p jOK -d-sh,d j−ℓ where f (Y ) ∈ k[[Y ]]. Since valY (h p)= p · valY (h) for all h ∈ Ẽ+,

we have f pm
(Y )∈ (E+

∞
)1+p jOK -d-sh,d j−ℓ+m , where f pm

(Y )∈ E[[Y ]] is f pm
(Y )= f (Y 1/pm

)pm
. If m ⩾ℓ+1,

then Proposition 3.1.5 implies that f pm
(Y )∈ E[[Y p

]], so that f (Y )= g(Y p), and f (Y 1/pm
)= g(Y 1/pm−1

).
This implies the claim. □

3.2. Decompletion of Ẽ. Since we use the results of Section 2.2, we once more assume that p ̸= 2. Let Ẽ

denote the Y -adic completion of E∞.

Theorem 3.2.1. We have Ẽ1+p jOK -d-sh,d j
= E, and Ẽd-sh

= E∞.

Proof. Let K∞ = K (LT[π∞]) denote the extension of K generated by the torsion points of LT, and
let 0 = Gal(K∞/K ). The Lubin–Tate character χπ gives rise to an isomorphism χπ : 0→ O×K . For
n ⩾ 1, let Kn = K (LT[πn

]). If (πn)n⩾1 is a compatible sequence of primitive πn-torsion points of LT,
then πn is a uniformizer of OKn , ϖ = (πn)n⩾0 belongs to lim

←−−NKn/Kn−1
OKn , and X K (K∞) = k((ϖ)) by

Theorem 2.1.1. If g ∈ 0, then g(ϖ)= [χπ (g)](ϖ), so that if we identify 0 and O×K , then X K (K∞)= E

with its action of O×K . Proposition 2.1.4 implies that Ẽ= ẼK∞ as valued fields with an action of (an open
subgroup of) O×K . We can therefore apply Theorem 2.2.3, and get (̃E+)d-sh

= E+
∞

. This implies the second
statement. The first one then follows from Corollary 3.1.6. □

Remark 3.2.2. In the above proof, note that K 1+pnOK
∞ = Kne, so that the numbering is not the same as in

Section 2.1.

Remark 3.2.3. We can define Lubin–Tate 0-modules over E as in Section 3.2 of [Berger and Rozensztajn
2022]. The results proved in that section carry over to the Lubin–Tate setting without difficulty.

In Theorem 2.9 of [Berger and Rozensztajn 2022], we proved Theorem 3.2.1 above in the cyclotomic
case, using Tate traces. There are no such Tate traces in the Lubin–Tate case if K ̸=Qp. We now explain
why this is so. More precisely, we prove that there is no 0-equivariant k-linear projector Ẽ→ E if K ̸=Qp.
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Choose a coordinate T on LT such that logLT(T ) =
∑

n⩾0 T qn
/πn , so that log′LT(T ) ≡ 1 mod π . Let

∂ = 1/ log′LT(T ) · d/dT be the invariant derivative on LT. Let ϕq = ϕ
f where q = p f .

Lemma 3.2.4. We have dγ (Y )/dY ≡ χπ (γ ) in E for all γ ∈ 0.

Proof. Since log′LT ≡ 1 mod π , we have ∂ = d/dY in E. Applying ∂ ◦ γ = χπ (γ )γ ◦ ∂ to Y , we get the
claim. □

Lemma 3.2.5. If γ ∈ 0 is nontorsion, then Eγ=1
= k.

Proposition 3.2.6. If K ̸=Qp, there is no 0-equivariant map R : E→ E such that R(ϕq( f ))= f for all
f ∈ E.

Proof. Suppose that such a map exists, and take γ ∈ 0 nontorsion and such that χπ (γ ) ≡ 1 mod π .
We first show that if f ∈ E is such that (1− γ ) f ∈ ϕq(E), then f ∈ ϕq(E). Write f = f0+ ϕq(R( f ))
where f0 = f − ϕq(R( f )), so that R( f0) = 0 and (1− γ ) f0 = ϕq(g) ∈ ϕq(E). Applying R, we get
0= (1−γ )R( f0)= g. Hence g = 0 so that (1−γ ) f0 = 0. Since Eγ=1

= k by Lemma 3.2.5, this implies
f0 ∈ k, so that f ∈ ϕq(E).

However, Lemma 3.2.4 and the fact that χπ (γ )≡ 1 mod π imply that γ (Y )= Y + fγ (Y p) for some
fγ ∈ E, so that γ (Y q/p) = Y q/p

+ ϕq(gγ ). Hence (1− γ )(Y q/p) ∈ ϕq(E) even though Y q/p does not
belong to ϕq(E). Therefore, no such map R can exist. □

Corollary 3.2.7. If K ̸=Qp, there is no 0-equivariant k-linear projector ϕ−1
q (E)→ E. A fortiori, there is

no 0-equivariant k-linear projector Ẽ→ E.

Proof. Given such a projector 5, we could define R as in Proposition 3.2.6 by R =5 ◦ϕ−1
q . □

3.3. The perfectoid commutant of Aut(LT). In Section 3.1 of [Berger and Rozensztajn 2022], we
computed the perfectoid commutant of Aut(Gm). We now use Theorem 3.2.1 to do the same for Aut(LT).
We still assume that p ̸= 2.

Theorem 3.3.1. If u ∈ Ẽ+ is such that valY (u) > 0 and u ◦[g] = [g]◦u for all g ∈O×K , there exists b ∈O×K
and n ∈ Z such that u(Y )= [b](Y qn

).

Recall that a power series f (Y ) ∈ k[[Y ]] is separable if f ′(Y ) ̸= 0. If f (Y ) ∈ Y · k[[Y ]], we say that f
is invertible if f ′(0) ∈ k×, which is equivalent to f being invertible for composition (denoted by ◦). We
say that w(Y ) ∈ Y · k[[Y ]] is nontorsion if w◦n(Y ) ̸= Y for all n ⩾ 1. If w(Y )=

∑
i⩾0wi Y i

∈ k[[Y ]] and
m ∈ Z, let w(m)(Y )=

∑
i⩾0w

pm

i Y i . Note that (w ◦ v)(m) = w(m) ◦ v(m).

Proposition 3.3.2. Let w(Y ) ∈ Y + Y 2
· k[[Y ]] be a nontorsion series, and let f (Y ) ∈ Y · k[[Y ]] be a

separable power series. If w(m) ◦ f = f ◦w for some m ∈ Z, then f is invertible.

Proof. This is a slight generalization of [Lubin 1994, Lemma 6.2]. Write

f (Y )= fnY n
+O(Y n+1),

f ′(Y )= g j Y j
+O(Y j+1),

w(Y )= Y +wr Y r
+O(Y r+1),
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with fn, g j , wr ̸= 0. Since w is nontorsion, we can replace w by w◦pℓ for ℓ≫ 0 and assume that r ⩾ j+1.
We have

w(m) ◦ f = f (Y )+w(m)r f (Y )r +O(Y n(r+1))= f (Y )+w(m)r f r
n Y nr

+O(Y nr+1).

If j = 0, then n = 1 and we are done, so assume that j ⩾ 1. We have

f ◦w = f (Y +wr Y r
+O(Y r+1))

= f (Y )+wr Y r f ′(Y )+O(Y 2r )

= f (Y )+wr g j Y r+ j
+O(Y r+ j+1).

This implies that nr = r + j , hence (n−1)r = j , which is impossible if r > j unless n = 1. Hence n = 1
and f is invertible. □

Lemma 3.3.3. If u ∈ Ẽ+ is such that valX (u) > 0 and u ◦ [g] = [g] ◦ u for all g ∈O×K , then u ∈ (̃E+)d-sh.

Proof. The group O×K acts on Ẽ+ by g · u = u ◦ [g]. By lemmas 3.1.1 and 3.1.2, the function g 7→ [g] ◦ u
is in Hλ

d(1+ pOK , Ẽ+), where pλ = valY (u). □

Proof of Theorem 3.3.1. Take u ∈ Ẽ such that valY (u) > 0 and u ◦ [g] = [g] ◦ u for all g ∈ O×K . By
Lemma 3.3.3 and Theorem 3.2.1, there is an m ∈ Z such that f (Y )= u(Y )pm

belongs to Y · k[[Y ]] and
is separable. Take g ∈ 1+πOK such that g is nontorsion, and let w(Y )= [g](Y ) so that u ◦w = w ◦ u.
We have f ◦ w = w(m) ◦ f . By Proposition 3.3.2, f is invertible. In addition, f ◦ w = w(m) ◦ f if
w(Y )= [g](Y ) for all g ∈O×K . Hence f0 · ḡ = ḡ pm

· f0, so that a pm
= a for all a = ḡ ∈ k. This implies

that Fq ⊂ Fp|m| , so that m = f n for some n ∈ Z. Hence w(m) = w, and f ◦ [g] = [g] ◦ f for all g ∈O×K .
Theorem 6 of [Lubin and Sarkis 2007] implies that f ∈ Aut(LT). Hence there exists b ∈O×K such that
u(Y )= [b](Y qn

). □

4. Mahler expansions and super-Hölder functions

In Section 1.3 of [Berger and Rozensztajn 2022], we proved an analogue of Mahler’s theorem for
continuous functions Zp → M , and then gave a characterization of super-Hölder functions in terms
of their Mahler expansions. We now indicate how these results generalize to functions G→ M for a
uniform pro-p group G. Given the definition of super-Hölder functions and the existence of a coordinate
c : G→ Zd

p as in Proposition 1.1.1, it is enough to study functions Zd
p→ M . We generalize the setting a

little bit, and study functions Od
K → M where K is a finite extension of Qp. Let K be such a field, fix a

uniformizer π of OK and let k be the residue field of K . Let q = Card(k).

4.1. Good bases and wavelets. Let X = Od
K , which we endow with the valuation valX (x1, . . . , xd) =

mini valπ (xi ). For n ⩾ 0, let Xn = π
n X = {x ∈ X, valX (x)⩾ n}.

We endow X with the valX -adic topology. For any set Y , we denote by LC(X, Y ) the set of locally
constant functions X → Y . For n ⩾ 0 we denote by LCn(X, Y ) the subset of elements of LC(X, Y )
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that factor through X/Xn . Let I =
⋃

n⩾0 In be a set of indices, where In ⊂ In+1 for all n ⩾ 0, and
Card(In)= Card(X/Xn)= qnd . Let E be a field of characteristic p.

Definition 4.1.1. A family {hi }i∈I is a good basis of LC(X, E) if it is a basis of the E-vector space
LC(X, E) such that for all n ⩾ 0, {hi }i∈In is a basis of LCn(X, E).

Let M be (as usual) an E-vector space with a valuation valM , such that valM(ax)= valM(x) for all
a ∈ E× and x ∈ M . We assume that M is separated and complete for the valM -adic topology.

Proposition 4.1.2. Every f ∈ LCn(X,M) can be written uniquely as
∑

i∈In
hi ·mi for some elements

mi ∈ M. Moreover, infx∈X valM( f (x))= infi∈In valM(mi ).

Proof. Let {δx}x∈X/Xn be the basis of LCn(X, E) defined as follows: δx is the characteristic function of
x + Xn . Then f ∈ LCn(X,M) is equal to

∑
x∈X/Xn

δx · f (x).
As {hi }i∈In is also a basis of LCn(X, E), we can write δx =

∑
i∈In

ai,x hi for some elements ai,x ∈ E . We
now have f =

∑
i∈In

hi ·mi where mi =
∑

x∈X/Xn
ai,x f (x). This formula implies that infi∈In valM(mi )⩾

infx∈X valM( f (x)).
On the other hand we can also write hi =

∑
x∈X/Xn

bx,iδx for some elements bx,i ∈ E , so that
f (x)=

∑
i∈In

bx,i mi . This implies that infi∈In valM(mi )⩽ infx∈X valM( f (x)). □

We now give an example of a particularly nice good basis of LC(X, E), the basis of wavelets; see
Section I.3 of [Colmez 2010] and Section 2.1 of [de Shalit 2016]. Let T be a set of representatives of
X/X1 in X , chosen so that the representative of 0 is 0. For each n ⩾ 0, let Rn be the set of representatives
of X/Xn defined as follows: R0 = {0}, and for n ⩾ 1, Rn =

{∑n−1
i=0 π

i xi , xi ∈ T for all i
}
. We have

R1= T , and Rn ⊂Rn+1 for all n. Let R=
⋃

n⩾0 Rn . If r ∈R let ℓ(r) be the smallest n such that r ∈Rn .
For r ∈R, let χr be the characteristic function of the closed disc r + Xℓ(r) = {x ∈ X, valX (x− r)⩾ ℓ(r)}.

Proposition 4.1.3. The set {χr }r∈R is a good basis of LC(X, E).

Proof. We prove that for all n ⩾ 0, the set {χr }r∈Rn is a basis of LCn(X, E). Consider the basis {δr }r∈Rn

of LCn(X, E), where δr is the characteristic function of r + Xn . We have

χr =
∑

r ′∈Rn−ℓ(r)

δr+πℓ(r)r ′ .

This implies that if we write Rn = (Rn \Rn−1) ⊔ · · · ⊔ (R1 \R0) ⊔R0 and we express the family
{χr }r∈Rn in terms of the basis {δr }r∈Rn , we get a unipotent matrix. This shows that {χr }r∈Rn is also a
basis of LCn(X, E). □

4.2. Expansions of continuous functions. We show that every continuous function X → M has a
convergent expansion along a good basis of X , and prove some continuity estimates in terms of the
coefficients of the expansion. If {mi }i∈I is a family of M , we say that mi→ 0 if infi /∈In valM(mi )→+∞

as n→+∞.
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Theorem 4.2.1. Let {hi }i∈I be a good basis of LC(X, E).
If {mi }i∈I is a family of M such that mi → 0, the function f : X → M given by f =

∑
i∈I hi ·mi

belongs to C0(X,M), and infx∈X valM( f (x))= infi∈I valM(mi ).
Conversely, if f ∈ C0(X,M), there exists a unique family {mi ( f )}i∈I of elements of M such that

mi ( f )→ 0 and such that f =
∑

i∈I hi ·mi ( f ).

Proof. Let {mi }i∈I be a family of M such that mi→ 0. If fn =
∑

i∈In
hi ·mi , then fn ∈C0(X,M), and f

is the uniform limit of the fn . We have infX valM( fn(x))= infi∈In valM(mi ) by Proposition 4.1.2. Since
mi→0, we have infi∈I valM(mi )= infi∈In valM(mi ) for n≫0. Hence infX valM( fn(x))= infi∈I valM(mi )

for n≫0. Since infx∈X valM( f (x))=limn infx valM( fn(x)), we have infx∈X valM( f (x))=infi∈I valM(mi ).
We now prove the converse. Let Mn={m∈M, valM(m)⩾n}, let πn :M→M/Mn be the projection, and

for each n, fix a lift ψn :M/Mn→M . Take f ∈C0(X,M), and let fn =ψn ◦πn ◦ f . As f and fn coincide
modulo Mn , f is the uniform limit of the fn . On the other hand, πn ◦ f is locally constant, and therefore
so is fn . As X is compact, there exists some k(n)⩾ 0 such that fn ∈ LCk(n)(X,M). By Proposition 4.1.2,
we can write fn =

∑
i∈I hi ·mi,n , where mi,n = 0 if i /∈ Ik(n). We have valM(mi,n−mi,n′)⩾ min(n, n′) by

construction, so that for each i , the sequence {mi,n}n converges to some mi ∈ M . Moreover, if i /∈ Ik(n),
then valM(mi )⩾ n, so that mi → 0. The continuous function

∑
i∈I hi ·mi is the uniform limit of the fn ,

so that finally f =
∑

i∈I hi ·mi . □

Proposition 4.2.2. Take f ∈C0(X,M) and t ∈ Z⩾0. If {hi }i∈I is a good basis of LC(X, E), and we write
f =

∑
i hi ·mi with mi → 0, then infi ̸∈It valM(mi ) depends only on f and not on the choice of the good

basis.

Proof. Fix two good bases {hi }i∈I and {h′i }i∈I of LC(X, E). There exists a family {λi, j }(i, j)∈I×I of
elements of E such that hi =

∑
j λi, j h′j for all i . Moreover, if i ∈ Ic then λi, j = 0 for all j ̸∈ Ic. Now

write f =
∑

i∈I hi ·mi ( f )=
∑

i∈I h′i ·m
′

i ( f ). We also have

f =
∑

i

(∑
j

λi, j h′j

)
·mi ( f )=

∑
j

h′j ·
(∑

i

λi, j mi ( f )
)
,

so that m′j ( f )=
∑

i λi, j mi ( f ). If j ̸∈ It , then m′j ( f )=
∑

i ̸∈It
λi, j mi ( f ), as λi, j = 0 if i ∈ It and j ̸∈ It .

This implies that inf j ̸∈It valM(m′j ( f ))⩾ infi ̸∈It valM(mi ( f )).
By symmetry, we get that inf j ̸∈It valM(m′j ( f ))= infi ̸∈It valM(mi ( f )). □

Theorem 4.2.3. Take f ∈ C0(X,M) and t ∈ Z⩾0.
If {hi }i∈I is a good basis of LC(X, E), and we write f =

∑
i hi ·mi with mi → 0, then

inf
i ̸∈It

valM(mi )= inf
x,y∈X

valX (x−y)⩾t

valM( f (x)− f (y)).

Proof. Let Ct( f )= infx,y∈X,valX (x−y)⩾t valM( f (x)− f (y)) and Bt( f )= infi ̸∈It valM(mi ).
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If x ∈ X and z ∈ X t , then f (x+ z)− f (x)=
∑

i∈I (hi (x+ z)−hi (z)) ·mi ( f ). As hi ∈ LCt(X, E) for
i ∈ It , the above equality gives us

f (x + z)− f (x)=
∑
i ̸∈It

(hi (x + z)− hi (z)) ·mi ( f ).

This implies that Ct( f )⩾ Bt( f ).
We now prove the converse inequality. By Proposition 4.2.2, Bt( f ) is independent of the choice

of a good basis, and we choose the wavelet basis of Proposition 4.1.3. Write f =
∑

r∈R χr ·mr ( f ),
so that we want to show that valM(mr ( f )) ⩾ Ct( f ) for all r /∈ Rt . If x ∈ X , define gx : X → M by
gx(z)= f (x +π t z)− f (x), and write gx =

∑
r∈R χr ·mr (gx). For each r ∈R, we can write uniquely

r = rt +π
t s with rt ∈Rt , where s = 0 if r ∈Rt , and s ̸= 0 ∈Rℓ(r)−t if r /∈Rt . For x ∈Rt and r /∈Rt ,

the map z 7→ χr (x +π t z)−χr (x) is the zero function if rt ̸= x , and is χs if rt = x . This implies that if
x ∈Rt , then

gx(z)=
∑
r∈R

(χr (x +π t z)−χr (x)) ·mr ( f )

=

∑
r /∈Rt

(χr (x +π t z)−χr (x)) ·mr ( f )

=

∑
s /∈R0

χs(z) ·mx+π t s( f ).

Therefore if x ∈Rt , then m0(gx)= 0 and ms(gx)=mx+π t s( f ) if s ̸= 0. We have infs∈R valM(ms(gx))=

infz∈X valM(gx(z))⩾Ct( f ), so that valM(ms(gx))⩾Ct( f ) for all x ∈ X and s ∈R. This implies that for
all x ∈Rt and s ̸= 0, valM(mx+π t s( f ))⩾Ct( f ). Hence for all r /∈Rt , we have valM(mr ( f ))⩾Ct( f ). □

4.3. Mahler bases. We now construct some other examples of good bases. For n ⩾ 0, let Intn(OK ) denote
the set of polynomials f (T ) ∈ K [T ] such that deg(P)⩽ n and f (OK )⊂OK . Recall (see for instance
Section 1.2 of [de Shalit 2016]) that a Mahler basis for OK is a sequence {hn}n⩾0 with hn(T ) ∈ K [T ]
of degree n, and such that {h0, . . . , hn} is a basis of the free OK -module Intn(OK ) for all n ⩾ 0. For
example, if K =Qp, we can take hn(T )=

(T
n

)
. Let {hn}n⩾0 be a Mahler basis for OK . Each hn defines a

function OK →OK and hence OK → k. Let I = Z⩾0 and let In = {0, . . . , qn
− 1} for n ⩾ 0.

Proposition 4.3.1. If {hn}n⩾0 is a Mahler basis for OK , then {hi }i∈I is a good basis of LC(OK , k).

Proof. By Theorem 1.2 of [de Shalit 2016], {h0, . . . , hqm−1} is a basis of the k-vector space LCm(OK , k)
for all m ⩾ 0. This implies the claim. □

We now specialize to K = Qp. Write N for Z⩾0 and n for an element (n1, . . . , nd) ∈ Nd . For each
n ∈ Nd , we denote by hn the function Zd

p→ E given by (x1, . . . , xd) 7→
(x1

n1

)
· · ·

(xd
nd

)
. For m ∈ Z⩾0, let

Im = {n ∈ Nd such that max(n1, . . . , nd)⩽ pm
− 1}.

Proposition 4.3.2. The functions {hn}n∈Nd form a good basis of LC(Zd
p, Fp).

Proof. The claim follows from Proposition 4.3.1 for K =Qp, and Lemma 4.3.3 below. □
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Lemma 4.3.3. If X and X ′ are as in Section 4.1, and {hi }i∈I and {h′j } j∈J are good bases of LC(X, E)
and LC(X ′, E), then {hi ⊗ h′j }(i, j)∈I×J is a good basis of LC(X × X ′, E), with (I × J )n = In × Jn .

Let G be a uniform pro-p group, and let c : G → Zd
p be a coordinate as in Proposition 1.1.1. The

theorem below follows from Proposition 4.3.2 and Theorems 4.2.1 and 4.2.3.

Theorem 4.3.4. If {mn}n∈Nd is a sequence of M such that mn→ 0, the function f : G→ M given by
f (g)=

∑
n∈Nd

(c1(g)
n1

)
· · ·

(cd (g)
nd

)
mn belongs to C0(G,M). We have infg∈G valM( f (g))=infn∈Nd valM(mn).

Conversely, if f ∈ C0(G,M), there exists a unique sequence {mn( f )}n∈Nd such that mn( f )→ 0 and
such that f (g)=

∑
n∈Nd

(c1(g)
n1

)
· · ·

(cd (g)
nd

)
mn( f ).

We have f ∈Hλ,µ
e (G,M) if and only if for all i ⩾ 0, we have valM(mn( f ))⩾ pλ · pei

+µ whenever
max(n1, . . . , nd)⩾ pi .

Remark 4.3.5. The first two assertions in the above theorem also follow from Theorem 1.2.4 in Section III
of [Lazard 1965] (we thank Konstantin Ardakov for pointing this out).

We finish by considering the case G =OK for K a finite extension of Qp, and working with a Mahler
basis for OK . Let K be a finite extension of Qp as before. Assume that E is an extension of k. Let
{hn}n⩾0 be a Mahler basis for OK . If f ∈ C0(OK ,M), write f =

∑
n⩾0 hnmn( f ) with mn( f )→ 0. Let

e denote the ramification index of K .

Proposition 4.3.6. If f =
∑

n⩾0 hnmn( f ) as above, then f ∈Hλ,µ
t (OK ,M) if and only if valM(mn( f ))⩾

pλ · pti
+µ whenever n ⩾ pdi .

Proof. This follows from Theorem 4.2.3, since valp(x − y)⩾ i if and only if valπ (x − y)⩾ ei , and since
qe
= pd . □

In this situation we can also define a slightly different version of super-Hölder functions. We say that a
function f :OK → M is in Hλ,µ

K ,t (OK ,M) if valM( f (x)− f (y))⩾ pλ · pti
+µ whenever valπ (x− y)⩾ i .

We then have

Hλ+t (e−1),µ
te (OK ,M)⊂Hλ,µ

K ,t (OK ,M)⊂Hλ,µ
te (OK ,M).

In particular, HK ,t(OK ,M)=Hte(OK ,M). If K/Qp is unramified then Hλ,µ
K ,t (OK ,M)=Hλ,µ

t (OK ,M).
Moreover we have the following criterion:

Proposition 4.3.7. If f =
∑

n⩾0 hnmn( f ) as above, then f ∈Hλ,µ
K ,t (OK ,M) if and only if valM(mn( f ))⩾

pλ · pti
+µ whenever n ⩾ q i .

Example 4.3.8. For all n ⩾ 0, there exists cn(T ) ∈ Intn(OK ) such that [a](Y ) =
∑

n⩾0 cn(a)Y n . This
implies that valY (mn(a 7→ [a](Y )))⩾ n, so that the function a 7→ [a](Y ) is in H0,0

d (OK , E[[Y ]]), and in
H0,0

K , f (OK , E[[Y ]]) where q = p f .



Super-Hölder vectors and the field of norms 211

References

[Berger 2016] L. Berger, “Multivariable (ϕ, 0)-modules and locally analytic vectors”, Duke Math. J. 165:18 (2016), 3567–3595.
MR Zbl

[Berger and Rozensztajn 2022] L. Berger and S. Rozensztajn, “Decompletion of cyclotomic perfectoid fields in positive
characteristic”, Ann. H. Lebesgue 5 (2022), 1261–1276. MR Zbl

[Cais and Davis 2015] B. Cais and C. Davis, “Canonical Cohen rings for norm fields”, Int. Math. Res. Not. 2015:14 (2015),
5473–5517. MR Zbl

[Colmez 2010] P. Colmez, “Fonctions d’une variable p-adique”, pp. 13–59 in Représentations p-adiques de groupes p-adiques,
II: Représentations de GL2(Qp) et (ϕ, 0)-modules, edited by L. Berger et al., Astérisque 330, Soc. Math. France, Paris, 2010.
MR Zbl

[Dixon et al. 1991] J. D. Dixon, M. P. F. du Sautoy, A. Mann, and D. Segal, Analytic pro-p groups, Lond. Math. Soc. Lect. Note
Ser. 157, Cambridge Univ. Press, 1991. MR Zbl

[Emerton 2017] M. Emerton, Locally analytic vectors in representations of locally p-adic analytic groups, Mem. Amer. Math.
Soc. 1175, Amer. Math. Soc., Providence, RI, 2017. MR Zbl

[Klopsch 2005] B. Klopsch, “On the Lie theory of p-adic analytic groups”, Math. Z. 249:4 (2005), 713–730. MR Zbl

[Lazard 1965] M. Lazard, “Groupes analytiques p-adiques”, Inst. Hautes Études Sci. Publ. Math. 26 (1965), 389–603. MR Zbl

[Le Borgne 2010] J. Le Borgne, “Optimisation du théorème d’Ax–Sen–Tate et application à un calcul de cohomologie galoisienne
p-adique”, Ann. Inst. Fourier (Grenoble) 60:3 (2010), 1105–1123. MR Zbl

[Lubin 1994] J. Lubin, “Non-Archimedean dynamical systems”, Compos. Math. 94:3 (1994), 321–346. MR Zbl

[Lubin and Sarkis 2007] J. D. Lubin and G. Y. Sarkis, “Extrinsic properties of automorphism groups of formal groups”, J.
Algebra 315:2 (2007), 874–884. MR Zbl

[Lubin and Tate 1965] J. Lubin and J. Tate, “Formal complex multiplication in local fields”, Ann. of Math. (2) 81 (1965),
380–387. MR Zbl

[Schneider 2011] P. Schneider, p-adic Lie groups, Grundl. Math. Wissen. 344, Springer, 2011. MR Zbl

[Scholze 2012] P. Scholze, “Perfectoid spaces”, Publ. Math. Inst. Hautes Études Sci. 116 (2012), 245–313. MR Zbl

[Sen 1972] S. Sen, “Ramification in p-adic Lie extensions”, Invent. Math. 17 (1972), 44–50. MR Zbl

[de Shalit 2016] E. de Shalit, “Mahler bases and elementary p-adic analysis”, J. Théor. Nombres Bordeaux 28:3 (2016), 597–620.
MR Zbl

[Wintenberger 1983] J.-P. Wintenberger, “Le corps des normes de certaines extensions infinies de corps locaux: applications”,
Ann. Sci. École Norm. Sup. (4) 16:1 (1983), 59–89. MR Zbl

Communicated by Wee Teck Gan
Received 2023-03-16 Accepted 2024-02-13

laurent.berger@ens-lyon.fr UMPA, ENS de Lyon, UMR 5669 du CNRS, Lyon, France

sandra.rozensztajn@ens-lyon.fr UMPA, ENS de Lyon, UMR 5669 du CNRS, Lyon, France

mathematical sciences publishers msp

https://doi.org/10.1215/00127094-3674441
http://msp.org/idx/mr/3577371
http://msp.org/idx/zbl/1395.11084
https://doi.org/10.5802/ahl.150
https://doi.org/10.5802/ahl.150
http://msp.org/idx/mr/4526253
http://msp.org/idx/zbl/1522.11121
https://doi.org/10.1093/imrn/rnu098
http://msp.org/idx/mr/3384447
http://msp.org/idx/zbl/1342.13028
http://www.numdam.org/item/AST_2010__330__13_0/
http://msp.org/idx/mr/2642404
http://msp.org/idx/zbl/1223.11144
http://msp.org/idx/mr/1152800
http://msp.org/idx/zbl/0744.20002
https://doi.org/10.1090/memo/1175
http://msp.org/idx/mr/3685952
http://msp.org/idx/zbl/1430.22020
https://doi.org/10.1007/s00209-004-0717-1
http://msp.org/idx/mr/2126210
http://msp.org/idx/zbl/1065.22005
http://www.numdam.org/item?id=PMIHES_1965__26__389_0
http://msp.org/idx/mr/209286
http://msp.org/idx/zbl/0139.02302
https://doi.org/10.5802/aif.2548
https://doi.org/10.5802/aif.2548
http://msp.org/idx/mr/2680825
http://msp.org/idx/zbl/1304.11130
http://www.numdam.org/item?id=CM_1994__94_3_321_0
http://msp.org/idx/mr/1310863
http://msp.org/idx/zbl/0843.58111
https://doi.org/10.1016/j.jalgebra.2007.02.013
http://msp.org/idx/mr/2351898
http://msp.org/idx/zbl/1129.14061
https://doi.org/10.2307/1970622
http://msp.org/idx/mr/172878
http://msp.org/idx/zbl/0128.26501
https://doi.org/10.1007/978-3-642-21147-8
http://msp.org/idx/mr/2810332
http://msp.org/idx/zbl/1223.22008
https://doi.org/10.1007/s10240-012-0042-x
http://msp.org/idx/mr/3090258
http://msp.org/idx/zbl/1263.14022
https://doi.org/10.1007/BF01390022
http://msp.org/idx/mr/319949
http://msp.org/idx/zbl/0242.12012
https://doi.org/10.5802/jtnb.955
http://msp.org/idx/mr/3610689
http://msp.org/idx/zbl/1409.11113
https://doi.org/10.24033/asens.1440
http://msp.org/idx/mr/719763
http://msp.org/idx/zbl/0516.12015
mailto:laurent.berger@ens-lyon.fr
mailto:sandra.rozensztajn@ens-lyon.fr
http://msp.org


Algebra & Number Theory
msp.org/ant

EDITORS

MANAGING EDITOR

Antoine Chambert-Loir
Université Paris-Diderot

France

EDITORIAL BOARD CHAIR

David Eisenbud
University of California

Berkeley, USA

BOARD OF EDITORS

Jason P. Bell University of Waterloo, Canada

Bhargav Bhatt University of Michigan, USA

Frank Calegari University of Chicago, USA

J-L. Colliot-Thélène CNRS, Université Paris-Saclay, France

Brian D. Conrad Stanford University, USA

Samit Dasgupta Duke University, USA

Hélène Esnault Freie Universität Berlin, Germany

Gavril Farkas Humboldt Universität zu Berlin, Germany

Sergey Fomin University of Michigan, USA

Edward Frenkel University of California, Berkeley, USA

Wee Teck Gan National University of Singapore

Andrew Granville Université de Montréal, Canada

Ben J. Green University of Oxford, UK

Christopher Hacon University of Utah, USA

Roger Heath-Brown Oxford University, UK

János Kollár Princeton University, USA

Michael J. Larsen Indiana University Bloomington, USA

Philippe Michel École Polytechnique Fédérale de Lausanne

Martin Olsson University of California, Berkeley, USA

Irena Peeva Cornell University, USA

Jonathan Pila University of Oxford, UK

Anand Pillay University of Notre Dame, USA

Bjorn Poonen Massachusetts Institute of Technology, USA

Victor Reiner University of Minnesota, USA

Peter Sarnak Princeton University, USA

Michael Singer North Carolina State University, USA

Vasudevan Srinivas SUNY Buffalo, USA

Shunsuke Takagi University of Tokyo, Japan

Pham Huu Tiep Rutgers University, USA

Ravi Vakil Stanford University, USA

Akshay Venkatesh Institute for Advanced Study, USA

Melanie Matchett Wood Harvard University, USA

Shou-Wu Zhang Princeton University, USA

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2025 is US $565/year for the electronic version, and $820/year (+$70, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o University
of California, Berkeley, CA 94720-3840 is published continuously online.

ANT peer review and production are managed by EditFLOW® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2025 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/


Algebra & Number Theory
Volume 19 No. 1 2025

1A modification of the linear sieve, and the count of twin primes
JARED DUKER LICHTMAN

39Ranks of abelian varieties in cyclotomic twist families
ARI SHNIDMAN and ARIEL WEISS

77Picard rank jumps for K3 surfaces with bad reduction
SALIM TAYOU

113Curves with few bad primes over cyclotomic Zℓ-extensions
SAMIR SIKSEK and ROBIN VISSER

143Vanishing results for the coherent cohomology of automorphic vector bundles over the Siegel variety in
positive characteristic

THIBAULT ALEXANDRE

195Super-Hölder vectors and the field of norms
LAURENT BERGER and SANDRA ROZENSZTAJN

A
lgebra

&
N

um
ber

Theory
2025

Vol.19,
N

o.1

http://dx.doi.org/10.2140/ant.2025.19.1
http://dx.doi.org/10.2140/ant.2025.19.39
http://dx.doi.org/10.2140/ant.2025.19.77
http://dx.doi.org/10.2140/ant.2025.19.113
http://dx.doi.org/10.2140/ant.2025.19.143
http://dx.doi.org/10.2140/ant.2025.19.143
http://dx.doi.org/10.2140/ant.2025.19.195

	Introduction
	1. Super-Hölder functions and vectors
	1.1. Uniform pro-p groups
	1.2. Super-Hölder functions and vectors

	2. The field of norms
	2.1. The field of norms
	2.2. Decompleting the tilt

	3. The Lubin–Tate case
	3.1. Lubin–Tate formal groups
	3.2. Decompletion of E"0365E
	3.3. The perfectoid commutant of Aut(LT)

	4. Mahler expansions and super-Hölder functions
	4.1. Good bases and wavelets
	4.2. Expansions of continuous functions
	4.3. Mahler bases

	References
	
	

