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Affine Deligne—Lusztig varieties via
the double Bruhat graph, I:
Semi-infinite orbits

Felix Schremmer

We introduce a new language to describe the geometry of affine Deligne—Lusztig varieties in affine flag
varieties. This first part of a two-paper series develops the definition and fundamental properties of the
double Bruhat graph by studying semi-infinite orbits. This double Bruhat graph was originally introduced
by Naito and Watanabe to study periodic R-polynomials. We use it to describe the geometry of many
affine Deligne—Lusztig varieties, overcoming a previously ubiquitous regularity condition.

1. Introduction

Shimura varieties play a central role in the Langlands program. By giving the Shimura variety an
interpretation as a moduli space (e.g., of certain abelian varieties), one obtains an integral model whose
generic fibre recovers the original Shimura variety [Rapoport 2005; Kisin and Pappas 2018; Pappas 2023].
The special fibre of such an integral model is then known as the mod p reduction of the Shimura variety.
In the case of a parahoric level structure, the geometry of each special fibre is closely related to the
geometry of corresponding affine Deligne—Lusztig varieties. Similar affine Deligne—Lusztig varieties
occur in the special fibres of moduli spaces of local G-shtukas [Viehmann 2018].

We consider a reductive group G defined over a local field F, whose completion of the maximal
unramified extension we denote by F. Given a parahoric subgroup K C G(F), we associate the affine
Deligne-Lusztig variety XX (b) to any two elements x and b in G(F) [Rapoport 2005, Definition 4.1]. It
is defined as a locally closed subvariety of the partial flag variety associated with K. It has the structure
of a finite-dimensional scheme or perfect scheme over the residue field k of F, whose geometric points
are given by

X.(b) = XX (b) = (g € G(F)/K | g 'bo(g) € KxK} C G(F)/K.

Here, o denotes the Frobenius of F /F. One notes that the affine Deligne—Lusztig variety depends, up to
isomorphism, only on the double coset KxK C G(F) and the o-conjugacy class

[b] ={g'bo(g) | g € G(F)).

MSC2020: 11G25, 20G25.
Keywords: affine Weyl group, affine Deligne—Lusztig variety, double Bruhat graph, semi-infinite orbit, Shimura variety,
Langlands program.

© 2025 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2025.19-10
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

1974 Felix Schremmer

The intersection of these two sets Kx K N [b] is known as Newton stratum and its geometry is closely
related to that of the affine Deligne—Lusztig variety. The most important questions, in increasing order of
difficulty, are the following:

(Q1) When is X, (b) empty? Equivalently, when is the Newton stratum empty?
(Q2) If X, (b) # &, what is its dimension?
(Q3) How many irreducible components of any given dimension does X, (b) have?

The final question is especially interesting when the given dimension is equal to dim X, (b), i.e., if one
asks for the top-dimensional irreducible components. The number of such irreducible components will in
general be infinite. However, the o -centralizer of b,

Jpy(F)={g € G(F) | g 'ba(g) = b},

acts by left multiplication on X, (b). There are only finitely many orbits of irreducible components up to
the Jp,(F)-action, which is how (Q3) should be understood. Equivalently, one may ask for the number of
top-dimensional irreducible components of the Newton stratum.

The first step towards answering these three questions is to give suitable parametrizations for the double
cosets

K\G(F)/K ={KxK | x € G(F)}
and o -conjugacy classes
B(G)={[b]| b e G(F)}.

We will assume that the group G is split and choose a split maximal torus 7. For this introduction, this
merely provides a slightly more convenient notation. More importantly, this restriction is essential for the
remainder of the article due to the dependence on the earlier work [Gortz et al. 2006] with this assumption.

We first consider the case of a hyperspecial subgroup K. If G is already defined over the ring of
integers O of F, then K = G(O #) would be a typical example of this. For hyperspecial K, the double
cosets K\ G (F) /K are parametrized by the dominant elements of the cocharacter lattice X..(T). Explicitly,
evaluation at a uniformizer assigns to each cocharacter u € X, (T) a representative (i € T(ﬁ ), and then
each double coset Kx K contains the representative of precisely one dominant cocharacter . We also
write KK for K K. Then the Cartan decomposition is given by

G(F)= || Kuk.

neX.(T)
dominant

If K = I is an Iwahori subgroup, the double cosets 7 \ G ( F) /1 are parametrized by the extended affine
Weyl group W. This group can be defined as Ng(T)(F) /T (O) and it is isomorphic to the semidirect
product of the Weyl group W = N(;(T)(F )/ T(IE' ) of G with the cocharacter lattice X, (7). Here, we
write Ng(T) for the normalizer of T inside G. Choosing for each x € W a representative x € Ng (T Y(F),
the double coset /x1 = Ix[ is independent of this choice. We obtain the Iwahori—Bruhat decomposition

G(F)y= || IxI.

xeWw
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For general parahoric levels, one may parametrize K \ G(F) /K by suitable double cosets in W, but
we will not consider this case.

The o-conjugacy class of an element b € G(F) is uniquely determined by two invariants; this is a
celebrated result of Kottwitz [1985; 1997]. These invariants are known as the (dominant) Newton point
v(b) € X,(T) ® Q and the Kottwitz point x (b) € 71(G). Here, 71(G) = X,(T)/Z®" is the Borovoi
fundamental group and Z®" is the coroot lattice. Following [He 2014, Theorem 3.7], one may also
parametrize the set B(G) using o -conjugacy classes in w.

Since the Kottwitz point « : G(F) = m1(G) parametrizes the connected components of the partial flag
variety, we get that k (x) = «(b) is a necessary condition for X, (b) # &. Once this condition is imposed,
we may focus on comparing the above parametrization for x with the Newton point v(b).

In the case of hyperspecial level, our three initial questions have been mostly solved after concentrated
effort by many researchers. For the split case under consideration, we can summarize the results as
follows (while still providing references for the general case).

Theorem 1.1. Assume that K is hyperspecial. Let [b] € B(G) and . € X, (T) be a dominant coweight.

(a) The affine Deligne—Lusztig variety X, (b) is nonempty if and only if the Mazur inequality is satisfied,
that is, k (b) = k() and v(b) < u in the dominance order of X.(T) ® Q. This was conjectured by
Kontwitz and Rapoport, and proved in [Rapoport and Richartz 1996; Gashi 2010; He 2014].

(b) If X,.(b) # O, it is equidimensional of dimension
dim X, (b) = 3 ({1t — (D), 2p) — def(D)).

Here, def(b) denotes the defect of b, which is defined as tkr(G) — rkp(Jp); see [Chai 2000; Kottwitz
2006]. This was conjectured by Rapoport, and proved in [Gortz et al. 2006; Viehmann 2006; Hamacher
2015; Takaya 2025].

(¢) The Jyp(F)-orbits of irreducible components of X, (b) are in bijection with a certain basis of the
weight space M, (A(b)) of the irreducible quotient M,, of the highest-weight Verma module V,,. Here,
M(b) € X, (T) is the largest cocharacter satisfying A(b) < v(b) and k (A(b)) = k (b). This was conjectured
by Chen and Zhu, and proved in [Zhou and Zhu 2020; Nie 2022].

We see that once « (i) = k (b) is required, the difference u — v(b), resp. u — A(b), determines most
properties of X, (b), using, e.g., the fact that the dimension of the weight space M, (A (b)) can be approx-
imated using the dimension of V, (A(b)), which is Kostant’s partition function applied to the difference
@ — A(b). Under certain regularity conditions, the dimensions of the two weight spaces will be equal.

Let us now summarize the most important results known in the case of Iwahori level structure. Assume
that K = I is an Iwahori subgroup. Pick an element x € W = W x X.(T) and write it as x = wt*, where
w e W and pu € X, (T). The element ¢ € F is the uniformizer, so the representative of ¢# in G is given by
the image of ¢ under the cocharacter ©. We set

B(G)x ={[b] € B(G) | IxI N[b] # &} = {[b] € B(G) | Xx(b) # &}.
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It should not be surprising that B(G), contains a unique minimal and a unique maximal element, and
both have been explicitly described [Viehmann 2014; 2021; Schremmer 2022].

For any [b] € B(G),, we know that dim X, (b) < d,(b) [He 2016, Theorem 2.30], where d, (b) is the
virtual dimension defined in [He 2014, Section 10]. It is defined as

dy(b) = 5 (£(x) +£((x)) — (v(D), 2p) — def(D)).

The definition of n(x) € W is somewhat technical, so we will not recall it here. A striking feature of the
virtual dimension is that it is a simple sum of four terms, the first two only depending on x € W and the latter
two only depending on [b] € B(G). The virtual dimension behaves best when the element x satisfies a cer-
tain regularity condition known as being in a shrunken Weyl chamber; see [Schremmer 2022, Example 2.8].

Theorem 1.2. Let x € W denote the largest element in B(G), by [b,] and the smallest one by [m].
(a) Suppose that dim X, (b,) = d,(by). Then

B(G)x = {[b] € B(G) | [m,] < [b] =< [Dx]}.

For each [b] € B(G)y, the variety X, (b) is equidimensional of dimension dim X, (b) = d, (b) [Milievié
and Viehmann 2020, Theorem 1.1]. The elements x satisfying this condition have been classified; see
[Schremmer 2022, Theorem 1.2].

(b) Suppose that x lies in a shrunken Weyl chamber. Then dim X, (m,) = d,(m,) [Viehmann 2021,
Theorem 1.1(2)]. For each [m,] < [b] € B(G) with v(b,) — v(b) sufficiently large, we have X (b) # O
and dim X, (b) = d, (b) [He 2021, Theorem 1.1].

While in a quantitative sense ‘“most” elements of W lie in a shrunken Weyl chamber, the examples
coming from Shimura varieties typically do not. In fact, the difference between virtual dimension and
dimension for basic [b] can be quite large for these examples.

It should not be a surprise that there are many examples where dimension and virtual dimension
differ. For nonshrunken elements, the notion of virtual dimension behaves poorly. For example, it is
not compatible with certain natural automorphisms of the reductive group G that preserve the Iwahori
subgroup / (and hence induce isomorphisms of affine Deligne—Lusztig varieties). Even for shrunken
elements, we expect to have dim X, (b) = d, (b) only for “small” elements [b] € B(G),.

The case (a) in Theorem 1.2 is known as the cordial case. While (Q1) and (Q2) have “ideal” answers
in this case, these descriptions are too good to be true in general. It is known that the set B(G), will in
general contain gaps and that affine Deligne—Lusztig varieties may fail to be equidimensional. If x is
cordial, the answer to (Q3) does not seem to be known in general.

We may summarize that (Q1) and (Q2) are well understood if [b] € B(G) is small relative to x and
x is in a shrunken Weyl chamber, or if x enjoys some exceptionally good properties.

Moreover, all three questions are perfectly understood in the case that [b] = [b,] is the largest
o-conjugacy class in B(G),, also known as the generic o -conjugacy class of /x /. We have dim X, (b,) =
L(x) — (v(by), 2p) [He 2016, Theorem 2.23]. Up to the J,(F)-action, there is only one irreducible
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component in X, (b,) [Milicevi¢ and Viehmann 2020, Lemma 3.2]. In order to describe [b,] in terms
of x, one may (and arguably should) use the quantum Bruhat graph [Mili¢evi¢ 2021; Schremmer 2022].

The goal of this paper and its sequel is to introduce a new concept, which generalizes the virtual
dimension in the case of Theorem 1.2(b) and also generalizes the known theory for the generic o -conjugacy
class. We give answers to all three above questions in many cases that were previously intractable.

In this article, we follow one of the oldest approaches towards affine Deligne—Lusztig varieties in the
affine flag variety, namely the one developed by Gortz, Haines, Kottwitz and Reuman [Gortz et al. 2006,
Section 6]. They consider the case of a split group G, an equal characteristic field F and an integral
o-conjugacy class [b] € B(G); the element x € W is allowed to be arbitrary. They compare the geometric
properties of X, (b) (especially questions (Q1)—(Q3)) to similar geometric properties of intersections, in
the affine flag variety, of /x/ with certain semi-infinite orbits.

Given a Borel B =T U, we get another decomposition of G(F), resp. the affine flag variety:

G(F)= L] Uyl
yew
The individual pieces U(L)ylI are called semi-infinite orbits. Each Borel containing our fixed torus T
gives rise to a different decomposition. In our notation, we will fix B and then consider the semi-infinite
orbit decompositions associated with the conjugates u Bu~! =*B for various u € W.
In order to understand X, (b) following [Gortz et al. 2006, Theorem 6.3.1], we have to understand the
intersections

IxIN"U(F)yI Cc G(L)/I (1.3)

for variousu € W and y € wn [b]. One may ask questions (Q1)—(Q3) analogously for these intersections.
Unfortunately, not many answers to these questions have been given in the previous literature, leaving basic
geometric properties of (1.3) largely open. There is a decomposition of (1.3) into subvarieties parametrized
by folded alcove walks [Parkinson et al. 2009, Theorem 7.1], which has been used to study affine Deligne—
Lusztig varieties [Milicevié et al. 2019], but these results have often been difficult to apply in practice.

One may always find an element v € W such that /x/ C *U(L)x1, and we will use this semi-infinite
orbit to approximate /x . Doing so (in the proof of Theorem 5.2 below), we can compare the intersection
(1.3) to the intersection

CUF) Ny (F)xI N“U(F)yl (1.4)

for v e W such that IxI C'U (ﬁ )x 1. We write wg € W for the longest element, so that “**° B is the Borel
subgroup opposite to “B. As an application of our findings, we will later see in Proposition 4.14 that
(1.4) can equivalently be expressed as the intersection of three semi-infinite orbits, since

CUF)N"U(F)xI = CUF)xI) N U (F)xI).

The first part of this paper studies intersections of the form (1.4). This is a question of independent
interest, whose answer we want to later apply to affine Deligne—Lusztig varieties. A different motivation to
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study intersections as in (1.4) is the following: One may naturally ask about the intersections of arbitrary
semi-infinite orbits
“U(F)xINYU(F)yl C G(F)/I. (1.5)

Observe that the group “U (F“ AN (I:" ) acts by left multiplication on (1.5), and the orbits of this action
will be infinite-dimensional (unless u = vwg). However, each such orbit will contain a point of (1.4), so
we may see (1.4) as a finite-dimensional space of representatives of (1.5). Moreover, the intersection (1.5)
is empty if and only if the intersection (1.4) is empty.

We study the intersection (1.4) for arbitrary x, y, u, v in Section 3. By comparing the valuation of root
subgroups with the extended affine Weyl group, we get a decomposition of (1.4) into finitely many locally
closed subvarieties, each of them irreducible and finite-dimensional.

It turns out that there is very convenient combinatorial tool to parametrize the subvarieties of this
decomposition and to describe their dimensions. This is the double Bruhat graph, a combinatorial object
introduced in [Naito and Watanabe 2017, Section 5.1] in order to study periodic R-polynomials. The
double Bruhat graph is a finite graph associated with the finite Weyl group W, and it generalizes the
aforementioned quantum Bruhat graph. We compare the double Bruhat graph with some foundational
literature on the quantum Bruhat graph in Section 4.

Thus, our first main result expresses the intersections of semi-infinite orbits using the double Bruhat
graph.

Theorem 1.6 (see Theorem 4.6). Let x,y € W and u, v € W. Denote by wy € W the longest element.
Then the intersection
“U(F)xIN MU F)NYU(F)yl C G(F)/I

has finite dimension (or is empty). We provide a decomposition into finitely many locally closed subsets
of the affine flag variety, parametrized by certain paths in the double Bruhat graph. Each subset is
irreducible, smooth and we calculate its dimension explicitly.

Finally, in Section 5, we apply these results on semi-infinite orbits to questions on affine Deligne—Lusztig
varieties. We review the theory of [Gortz et al. 2006] and study the approximation of /x/ by semi-infinite
orbits. We introduce a new regularity condition on elements x € W that we call superparabolic. While
this is a fairly restricting assumption, it covers in a quantitative sense “most” elements in the extended
affine Weyl group.

Theorem 1.7 (see Theorem 5.7). Let x € W and choose an integral element [b] € B(G). We give a
necessary condition for X, (b) # & and an upper bound d for its dimension, both in terms of the double
Bruhat graph. This improves previously known estimates such as Mazur’s inequality or He’s virtual
dimension. We also give an upper bound for the number of Jp(F)-orbits of d-dimensional irreducible
components of X.(b).

dom

If x = wt" is superparabolic, and pu*°™ — v(b) is small relative to the superparabolicity condition

imposed, then the above “necessary condition” for X, (b) # @ becomes sufficient, and the above upper
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bound for the dimension is sharp, i.e., dim X, (b) = d. If moreover the Newton point of [b] is regular,
then the above upper bound for the number of irreducible components is sharp.

If x is in a shrunken Weyl chamber, the superparabolicity condition is simply a superregularity condition
like the ones typically studied in the literature, e.g., [Milievi¢ 2021; Mili¢evi¢ and Viehmann 2020; He
and Yu 2021]. While some affine Deligne—Lusztig varieties associated with superregular elements x have
been described in the past, this was only possible in the cases where [b] € B(G) is either the largest
element [b,] € B(G), or relatively small in B(G), (in the sense of Theorem 1.2(b)). Our result “fills the
gap”, describing the geometry of X, (b) when [b] is relatively large with respect to x.

Moreover, there are plenty of superparabolic elements which do not lie in any shrunken Weyl chamber.
In fact, in a quantitative sense, “most” elements which do not lie in shrunken Weyl chambers are
superparabolic. These cases have rarely been studied in the past, and the geometry of X, (b) has only
been understood in very specific situations (such as x being cordial or [b] = [b,]). Theorem 1.7 fully
answers our main questions for superparabolic x € W and many [b] € B(G).

Theorem 1.7 crucially assumes that F is of equal characteristic, the group G is split and the element [/]
is integral. The assumption on F can easily be removed from the theorem by using formal arguments
comparing the equal characteristic case with the mixed characteristic case; see [He 2014, Section 6.1].
It is reasonable to expect that the assumption of G being split can be lifted if one finds an appropriate
generalization of [Gortz et al. 2006] to nonsplit groups. It is unfortunately unclear how to lift the
assumption of [b] being integral for the method of this paper to work. The generalization of [Gortz et al.
2006] to nonintegral o -conjugacy classes [b] is given in [Gortz et al. 2010], but the connection between
the latter paper and the double Bruhat graph remains unclear. In the second part of this two-paper series,
we will consider a different approach towards the geometry of X, (b). This approach comes without
any assumptions on G, F, [b], but requires superregular elements x € W instead of the more permissible
notion of superparabolic elements considered here.

By introducing the double Bruhat graph, we can capture the delicate interplay between x € W and
[b] € B(G), which is not accounted for, e.g., by the notion of virtual dimension. Using this new language,
we give new insights on the geometry of affine Deligne—Lusztig varieties, filling a conceptual vacuum of
what dim X (b) “should be” when it cannot be virtual dimension. In this paper and its sequel, we hope to
give a glimpse of what a generalization of Theorem 1.1 to the Iwahori level might look like.

2. Notation

Let [, be a finite field and F' = [, ((¢)) the field of formal Laurent series. We denote the usual 7-adic
valuation by v;. Then O = [, [[¢]] is its ring of integers. Choose an algebraic closure k = E] and denote
by L = F= k((t)) the completion of the maximal unramified extension of F. We write Oy = k[[¢]] for its
ring of integers. Denote the Frobenius of L/F by o, i.e.,

0<Z aiti> = Z(ai)"ti.
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We consider a split reductive group G defined over Or. We fix a split maximal torus and a Borel
T C B C G both defined over Of. As our Iwahori subgroup /, we choose the preimage of B(k) under
the projection G(Or) — G (k).

Denote the (co)character lattices of T by X™*(T'), resp. X.(T), and the (co)root systems by ® C X*(T),
resp. ® C X, (T). The positive roots defined by B are denoted by ®*. We let W = Ng(T)/T be the
Weyl group of W and W= Ng(T)(L)/ T (Oy) the extended affine Weyl group. Under the isomorphism
W= WK X.(T), we write elements x € W as x = wtH forw € W, ne X« (T). A representative of e"* € w
is given by evaluating the cocharacter . at the inverse of the uniformizer t € L, i.e., by u(t~') € Ng(T)(L).

Denote by U the unipotent radical of B, so that B = UT. For each o € , we denote the corresponding
root subgroup by U, C G. These come with an isomorphism to U, = G, the 1-dimensional additive
group over F, from the construction of the Bruhat-Tits building.

The set of affine roots is ®,; = & x Z. For each affine root a = («, n), we define the affine root
subgroup U, C Uy (L) to be the set of elements of the form U, (rt") with r € k. The natural action of W
on @, is given by

(wt*)(a, n) = (wa, n — {u, a)).

We denote the positive affine roots by CI>;}; these are those a € @, with U, C I. By abuse of notation,

we denote the indicator function of positive roots by ®* as well. Then
1, aed,
0, aecdt.

Denote the set of simple roots by A € ®T and the set of simple affine roots by A, C @;. The latter are

a:(oz,n)eCD; <~ nzd>+(—oz):={

given by the roots of the form (¢, 0) for o € A as well as (—6, 1) whenever 6 is the highest root of an
irreducible component of A.

For x = wt* € W, we denote by LP(x) € W the set of length positive elements as introduced by [Schrem-
mer 2022, Section 2.2]. We remark that LP(x) is always nonempty, and it collapses to one single element if
and only if x satisfies a mild regularity condition known as a shrunken Weyl chamber [Gortz et al. 2010, Def-
inition 7.2.1]. This is equivalent to x lying in the lowest two-sided Kazhdan—Lusztig cell. If LP(x) = {v},

then the element 7(x) occurring in the definition of virtual dimension above is given by v~'wv.

3. Semi-infinite orbits

For any u € W, the affine flag variety can be decomposed into semi-infinite orbits

G(L)/I = || *U(L)xI.
xeW
Each element of the finite Weyl group W yields a different decomposition of G(L)/1, so one may naturally

ask how these decompositions are related. Given u, v € W and x, y € W, we would like to understand
“UL)xIN"U(L)yl Cc G(L)/I.

Up to multiplying both sides by x~! on the left and relabelling, it suffices to study intersections
WU L)yINPUL)I c G(L)/I.
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Here, we write wo € W for the longest element of the Weyl group such that “**° B(L) is the Borel subgroup
opposite to “B(L).

Let us enumerate the positive roots as ®* = {By, ..., Bso+}. Then every element g € "U (L) can be
written in the form g = Uyg, (g1) - - - Uyg, .+ (8#0+), With g1, ..., gue+ € L. For each such element g, there

~

exists a uniquely determined y € W with gl € ““°U (L)yl, and we wish to compute that element y in
terms of the g; € L.

In order to facilitate this computation, we make two simplifications. First, let us restrict the enumeration
of positive roots ®* = {By, ..., Breo+} such that

{Bedt | wwy) 'vpedt)={Bi,.... B

for some n € {0, ..., #dT}. Then

Uyp, (81) - - - Upg, (gn) € “U(L)

by choice of the labelling of the positive roots. Hence we may replace g by

g/ = UUﬂrH—I (gn+1) e U'U/s#q>+ (g#q>+)7
using that g/ € “oU(L)yl if and only if g'1 € “"°U (L)yl.
For now, we expressed g’ € YU (L) N*U (L) using an arbitrary enumeration of the roots

(Bed |u"vBe® )= (B, ....Pro+).

Our second simplification is to use not just any such enumeration, but rather a specific one with extra

structure, namely a reflection order.

Lemma 3.1 [Dyer 1993, Proposition 2.13; Papi 1994]. Let < be a total order on ®*. Then the following

are equivalent:

(a) Foralla, B € @ witha + B € T, we have

a<a+pB=<p or B<aoa+B=<a.

(b) There exists a uniquely determined reduced word for the longest element wy = s, * - * Sa,,, With
corresponding simple roots ay, .. ., dsp+ € A such that
o) < 8oy (@2) <+ < Syt Sy (Ca+). O

A total order satisfying these equivalent conditions is called a reflection order. The following important
facts on reflection orders will be used frequently.

Lemma 3.2. Let < be a reflection order and write ®* = {B) < - - - < Bua+}.
(a) For1 <a <b <#®" and u € W, the subsets
Uuﬁa (L)Uuﬂaﬂ (L)--- Uuﬁb (L) and Uuﬂb+1 (L)--- Uuﬂ#®+ (L)U—uﬂl (L)U—u,Bz (L)--- U—uﬂaq (L)

are subgroups of G(L).
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(b) Forn=0, ..., #d" and u = sg, | e SBr €W, we have

(Be® [u™' e} = (Bu1. ... Pro+).
Any u € W arises in this way for some reflection order < and some indexn € {0, ..., #dT}.
Proof. (a) If o, B € {Ba, . .., By}, then any positive linear combination of «, B that lies in ®* will also

lie in this set. The fact that the first subset of G (L) is a subgroup thus follows from the known theory of
root subgroups [Springer 1998, Proposition 8.2.3].

Let us study the second subset. If both «, 8 lie in {Bp+1, ..., Bup+}, Or both lie in {—By, ..., —B4—1},
so will their sum (if it is in ®). So suppose that & € {Bp+1, ..., Peo+} and B € {—By, ..., —Pa—1} satisfy
oa+ped.

If « + B € ®F, then o = (a + B) + (—P) is expressed as the sum of two positive roots, which cannot
both be < «. Hence o + B > «; thus o + B € {Bp+1, - - ., Bua+} as well.

Ifa+ B e d, then —f =a — (@ + B) is expressed as the sum of two positive roots, which cannot
both be > —p. Hence —(«¢ 4+ B) < —B,soa+ B € {—P1, ..., —Ba—1}. The claim follows as above.

(b) Let wo = $q, - - - Sq,,. be the reduced word such that ; = sq, - - - 5o, () fori =1,...,#d*. Then

qu:SﬁiHl ...sﬂ#®+ ...S5#®+ ...sﬂl :Sﬁn'”sﬁl :Sozl ...san_

Hence
BedT |u'ped ) ={Becd|(uwy) 'Becd’}

=o"\{f e @ | (uwp)"'pe )
= o7 \ {ai, S(xl(a2)a ceey Sy 'san,l(an)}
= q)—‘r\{ﬁla vﬁn} - {IB}’H-I’ "'vﬁ#¢+}'

This shows the first claim. Now for any given u € W, we can find some reduced word uwg = Sq, - - * Sa, -
Continue it to the right to a reduced word for wg to obtain the desired reflection order. (I

So when studying intersections as above, i.e.,
woyLyyIntuLyNntUL)I c G(L)/1, (3.3)

we may write
“UL)N"U(L) = Uyp, (L) -+~ Uyp, (L)

for a suitable reflection order 8 < - - - < Buep+. With this notation, the fundamental method to evaluate
intersections as in (3.3) is given by the following lemma.

Lemma 3.4. Let < be a reflection order and write ®* = {B1 < --- < Bup+}. Let x € W ue W and

1 < n <#®™. Consider an element of the form

g="Uup (g1) - Uup,(gn) €"U(L).

Letm =vr(gy) € Z, b= (uf,, m) € Oy and u' = usg,.
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(@) If x7'b e ®F, then
gxl = Uuﬂ1 (g1)- - Uuﬂnfl(gn—l)XI/I e G(L)/I.
b)) Ifx'be ®_;, then there are polynomials f, ..., f,—1 with
ﬁ € Z[Xi-i-lv D) Xn—la Y]v
allowing us to write
gxl e U_yp, (L) - U_yp, . (L)Uyup, (81) - - Uup,_, (gn—1)rpx1/1 C G(L)/I,
where
=g+ fi(gitts - 81,8, ) €L.

The polynomial f; is a sum of monomials

oX XY

satisfying the conditions ¢ € Z and
eiv1Biv1+- - ten—1Bu—1— fBn = Bi-

It depends only on the datum of G, B, T, <, but not on g nor x. We have

Uup, (81)Uup, (8n-DU—up, (87" € U—up, (8 YWU—upys (L) -+ U_up,, . (L)Uup, (81) -~ Uup,, (8n—1)-

Proof. The statement in (a) is immediately verified, since x_l(u,Bn, vr(gn)) € CD;} is equivalent to
! Uyp,(gn) € I. So let us prove (b).
Using the fact x ' (—b) € (D;rf, we get
Uug, (8)XT = Uup, (8)U—up, (=g X1
Following the usual combinatorics of root subgroups, e.g., [Springer 1998, Lemma 8.1.4] or [Parkinson
et al. 2009, equation (7.6)], we rewrite this as
o = U—up, (8 DU—up, (=8 Wup, (82)U—up, (=8, Ix1
= U_up, (87 D) (—uP)” (=g, In_up,x1
=U_up, (g, rpxl.
Here, the cocharacter (—uf,)" is understood as function L — 7' (L) and n_,g, € Ng(T)(L) is a repre-
sentative of the reflection s_, 5, € W.
It remains to evaluate

& =Uup, (1) - Uup,_ (8n-D)U_up, (g7 € " U(L),

where we write u’ = usg, - --sp,., € W. By [Springer 1998, Proposition 8.2.3], we may write
Ui, (8n-1DU—up, (8, ") = U_p, (821)[1_[. Ug.; (Ci,jgn*igifl)] Uip,_i (8n—1),
l’.]

where the product is taken over all indices i, j € Z>1 with B; ; := —iuB, + juB,—1 € ®. The product can
be evaluated in any fixed order, up to changing the structure constants ¢; ;. By the construction of the
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Bruhat-Tits building, the structure constants are in Z; see [Bruhat and Tits 1972, Example 6.1.3(b)] or
[Springer 1998, Chapter 9].
We want to iterate this procedure. We claim for all 1 < j < n that we can write

Uap;(87)++ Unpy @n-1DU—up, (83 = Uoiip, (&) - U—sp,y. (84 U (81) -+ Ung, . (8,7) ()

subject to the conditions

() —

gn _gn’

0 _ . Dy, ~1y for i <i

8 g+ fi"(&iv1s-s 8n-1,8, ) forj=<i<n,

(J) f(J)(ng,---,gn—l,gn_l) forl <i<jorn<i<#d",

Here, the polynomials fl.(] ) are required to have the analogous properties as claimed in the lemma, i.e.,
the monomial (pX;’:f e X on- Y / may only occur f; W
€j+1ﬁj+l+"‘+en—l,8n—l_fIBn:{lBi, l ="
—Bi, 1>n.

This long claim is trivially verified for j = n. In an inductive step, assume it has been proved
for some 1 < j < n. We multiply the right-hand side of (x) by Uug, ,(g;—1) and apply [Springer
1998, Proposition 8.2.3] to sort the resulting product into our usual order. By Lemma 3. 2 the result
indeed lies in U_,,(L) - - - U_yp,, (L)Uyp, (L) - - - Uyp,_, (L), so this defines the elements g Ve L for
i=1,... #ot

It is straightforward to see (but cumbersome to write down in full detail) that our required conditions

-1 )

for the g; are true precisely because they are true for the g;*". This finishes the induction. Specializing

to j = 1 proves the lemma. (Il
We want to iterate this lemma. Doing so, we obtain the following result.

Proposition 3.5. Let & ={f) <--- < Bya+} andu € W. Pick gl €"U(L)I/I. For eachn=0, ..., #d™,
consider the Borel subgroup of G associated with the element usg, ., - - - sp,. . € W and the corresponding
decomposition of the affine flag variety into semi-infinite orbits. This allows us to define xg, . .., Xsp+ =

1 € W 10 be the uniquely determined elements such that

gl € (Pt bt U(L))x 1)1, n=0,..., #dT.

Define
{ny < <nyyi={nef{l,... . #0T} | x, # xp1}.

Choose a representative of gl in *U (L) and write

gl =Uup (g1) - Uup,, (Guot)L, g1,..., 840+ € L.

Then, forn =0, ..., #®T, we have the following:
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(1) We may write

gl €U_yp,., (L) U_yp, (L)Uus (8\") -+ Up, (87 xa 1

for elements gi"), ces g,(,") € L, which are determined uniquely through polynomial identities

i+1 #OT
g —ei =" e ) M ezixy]

+1
i+1 o i1 Xgorls

subject to the following condition: The polynomial fl-(") depends only on the datum of G, B, T, u, < and

the indices in {ny, ...,nnYN{n+1,... #®1). Itis a sum of monomials
e; Cum+
gDXi_:ll---X#f;;, (p,€i+1,...,8#q>+EZ,

subject to the conditions B; = ej+1Bi+1+ - - + eso+ Pro+ and
Vheli+1,...,#0T), e,<0 = hefn+1,... . #0T)N{ny, ..., 0y}
(2) Suppose thatn > 1. If g,(f) =0,thenn ¢ {ny,...,ny}and x,—1 = x, Otherwise, define
by = (B, vi.(8y")) € Pur.

Ifxn_l(bn) € CID;}, thenn ¢ {ny,...,ny}and x,—1 = x,.

Ifxn_l(bn) € O, thenn € {ny,...,ny} and x,—1 = rpx,.
(3) The values of vy, (g,(,zh)) eZforhef{l,..., N}dependonlyon gl € G(L)/I, and not on the chosen
representative Uyg, (1) - - - Uy, (8#0+) € G(L).

Proof. By Lemma 3.2, we get

SBust " Syer @7 ={—Busts ..o —Brot, Bis .. Bl
So indeed
Wit ot U(L) = U_yg,, (L) -+~ U_yp,y, (L)Uyp, (L) - - Uyg, (L),

as claimed indirectly in (a).

We explain how to find the elements gi(") via induction on #®* — n, proving (b) along the way. For the
inductive start, note that we have to choose f.(#q’+) = 0, so that gl.(#q)+) =gi.

For the inductive step, suppose now that we have constructed the elements gY'), ce g,&") for some

nell,..., #d*1}. Define b, as in (b). If (x,)"'b, € CID;:, we may apply Lemma 3.4(a) to

gl €Uy (L) U_yp,.. (L)Uup, (81") -+ Uup, (8810 1.

By the choice of x,_, we get x,,—; = x,. We set gl.("_l)

=gl.(") fori=1,...,n—1.
If (x,)"'b, € D, we may apply Lemma 3.4(b) to see

af
gl € U_yp, (L) -+ U_ypyy . (L)Uug, 8\ - - Uug, B Drpxal.

By choice of x,_, we get x,_ =rpx,. In particular n € {ny, ..., ny}. The elements gf"> are polynomials

in the g as in Lemma 3.4(b). We set gl.("_l) = g}”).
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Observe that in any case, the value of g(” D gl(") is a polynomial with integer coefficients in

() ),
g 8 (g !

#®1 — i, one can now see that 8

subject to the conditions of Lemma 3.4(b). Using a simple induction on
() — gi has the desired shape as claimed in (a), by composition of these
polynomials. This finishes the proof of (a).

Ifn e{ny,...,ny}, the value of b, is uniquely determined by x,x +1, which in turn is determined by

gl € G(L)/I alone. Hence (c) follows. O

Corollary 3.6. In the setting of Proposition 3.5, we have gl = I if and only if U, (g,) € I for
n=1,...,#oT,

Proof. If each Uyg, (g,) lies in I, then so does their product; hence g/ = 1.

If conversely g/ = I, then all x,, € W must be equal to 1. Now part (b) of Proposition 3.5 shows that
each g, must be zero or satisfy x, YuB,, vi(gn)) € CID;}. Since x,, = 1, the latter condition is equivalent
to Uyg, (8n) € I. O

Definition 3.7. Let <, xq, u, g/ be as in Proposition 3.5. We define the semi-infinite type of g1 to be the
set
type(gD) = ((m vi (g [h=1,....N}CZ x Z.

Any subset of Z x Z of the above form is called an admissible type for (xg, u, <).

Lemma 3.8. Let & = {B] < - - - < Buo+} be a reflection order and u € W. Choose an arbitrary subset
(ni<---<ny} C{1,...,#0"} and values v, € Z forh =1, ..., N. Define by, := UPBn;,» Vi) € Pyt

(1) The set {(n1,v1), ..., (ny, vn)} defines an admissible type for (rp, - - - rpy, u, <) if and only if
Thy = rbh+](bl’l) € CD;C
forh=1,..., N.
(2) There is a locally closed and reduced k-sub-ind-scheme
T = Tu,<,(11,01), 00 (nx08)
of the affine flag variety whose k-valued points are given by precisely those elements
8l €Uyp (L) -+~ Uyp,,. (L)I/T CG(L)/I

which satisfy type(gl) = {(n1, v1), ..., (ny, vn)}.

Proof. (a) The given condition for the b, is certainly necessary by Proposition 3.5. Conversely, if this
condition is satisfied, one may iteratively choose values for g; in Proposition 3.5 to construct an element
gl € G(L)/I of the desired type.

(b) The definition of type(g/) in terms of L-valuations allows us to write g/ € T (k) in terms of vanishing
or nonvanishing of certain polynomials over k. Hence we get a well-defined reduced subscheme with
these geometric points. U
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We call T, <. (n;.v)).....(nx.vy) @ Lype variety. These type varieties are analogues of the Gelfand—Goresky—
MacPherson—Serganova strata in the affine Grassmannian; see [Kamnitzer 2010]. We need the following
numerical datum to describe their dimensions. This can be seen as finite a replacement for the infinite
dimension of “U (L)x1.

Definition 3.9. Let x = wr* € W, u € W and « € P.
(a) We define the length functional, following [Schremmer 2022, Definition 2.5], as
0(x, ) = (un, @) + T () — DT (wa).

(b) We define
Cu(x) = 3 e(x7 Y ua) = (—u"twp, 2p) — £(u) + L(w ).

acdt

The claimed identity can easily be seen along the lines of [loc. cit., Corollary 2.11]. This result
moreover proves that ¢, (x) < £(x), with equality holding if and only if u € LP(x~!). From [loc. cit.,
Lemma 2.9], we see

£, (x) =dim((I N"U(L)x1/T) —dim((I """ U (L))x1/I).

Proposition 3.10. Let t = {(ny, vy), ..., (ny,vy)} be an admissible type for (x,u, <). Then T =
T, <,(n1,01),....nn,vy) 18 a finite-dimensional irreducible smooth affine scheme over k. We have

dim 7 = (N — £,(x)).

Proof. First consider the case N =0. Then evidently 7 is just a point over k, givenby 7 (k) ={I} CG(L)/1.
Suppose now N > 1. We prove the claim via induction on ny (with the inductive start being the
case ny undefined, i.e., N =0 above). For m € Z, we define the truncation map tr<,,, : L — L as

trim<z aiti> = Z a,-ti.

ieZ i<m
Denote its image by L <,,, which is easily equipped with the structure of an k-ind-scheme. We define the
map of k-ind-schemes

J1:T = Le—o+wp),  Uup(81) - Unp,y i (Gao+) I € T (k) > tr<_g+wp;)(81)-
In order to check that this is well-defined, suppose that
Uup,(81) - Uup,yr (o) I = Uyp, (81) -+ - Unp,, 4 (g8a+) 1 € T (k)
for some g,, g, € L. Then
[Uup1 (81) - Unpygs (880)] ™ [Uupy (1) - - Uup,g (80)] € "U(L) N 1.

By Corollary 3.6 and the reflection order property, we conclude U,g, (g1 —g1) € I. Hence tr<_o+(,8,)(g1) =
tr<_ag+up,)(&1). This shows well-definedness of the map f.
Define the reflection order <’=<#1 as in [Bjorner and Brenti 2005, Proposition 5.2.3], so

g (B2) <" sp, (B3) <" -+ <58, (Bya+) <’ Bi.
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Define moreover the type
' ={n;—1,v)|iefl,...,N}yand n; > 1}.

Write 7' = 7;% .<,- Then the inductive assumption applies to 7. For all Uy, (g1) - - - Uig,ys (gao+)1 €
T (k), one easily checks Uy,p,(g2) - - - Uup,, . (g40) I € T' (k).

Observe that U,g, (L) normalizes U,p,(L)---U,p,,, (L). By the definition of the variety 7", we
see that (Uy,g, (L) N I1)T'(k) = T'(k). Hence we obtain a well-defined map of k-ind-schemes f5 :
T x (Uyp,(L)NT) — T sending gI € T (k) and Uy, (h) € I to

Uup, (h— fi(gD)gl € T' (k).
Define
x/:w/tﬂ’: X, I’l1>1,
rpx, np=1,
such that ¢’ is admissible for (x’, usg,, <"). Thus 7'(k) C “/1"°U(L)x'I, allowing us to write elements
g'l € T'(k) in the form
g/I = U—uﬁz(gi) T U—u,B#@Jr (g;&q:ﬁ_])Uuﬂl (gy;qﬁ)xll-

Here, we have
Uip (8hor) €51 = () w1, vi(ghes)) € DL
= vp(gher) = (W' up) + T (W) up) =m +1€Z.
Thus we obtain a well-defined morphism of k-ind-schemes ¢, : 7" — L, sending g'I € T'(k) as

represented above to tr<,, (g#;w) (check well-definedness using Corollary 3.6 as above).
Let S C L be the k-sub-ind-scheme defined by the following condition for z € L:

vi(z)>=m+1 ifn;>1,

e Sk :
cesl = {vL<z)=v1 ity =1.

We would like to define the map of k-ind-schemes ¢, : 7/ x § — T sending g'I € T'(k) and z € S(k) to

@2(8'1,2) =Uyp, (z—1(g'1))g'I.
Let us check that ¢, is well-defined, i.e., takes values in 7 as claimed. Fori =2, ..., #®™, we have
et U(L)ga(8'1, 2) =" et U (L)'
__ (usp)Ssg (8" Ssp, Byt )5B1 U(L)g'I.
Moreover, computing

92(8'1,2) € Uyp, (L) -+ - U—yp,y (L) Uy, (2)X'1,

we can apply Lemma 3.4 to get ¢»(g'1, z) € “oU(L)xI by the condition z € S(k). Comparing the
definitions of t and 7/, we get ¢,(g'l, z) € T (k).
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For a sufficiently large integer M >> 0, one checks that we have an isomorphism of k-ind-schemes
T x (Uup, (L) NI) = T x (SN L<py)
sending g € T (k) and Uyg, (h) € Uy, (L<y) NI to fo(gl, h) € T'(k) and

—h+@1(f281, 1) + f1(g]) € S()NL<y.

Its inverse is the map sending g’/ € T'(k) and z € S(k) N L<p to 2(g'1, z) € T (k) and

Uup (=2 + fi(92(8'], 2)) + ¢1(8'D) € Uup, (L<p) N 1.

By the inductive assumption, 7 is a finite-dimensional irreducible smooth affine scheme over k. The
same conditions hold true for S N L < (which is either an affine space over k or the product of a pointed
affine line with an affine space). Hence the same conditions all hold true for 7 x (U,g, (L<p) N 1). It
follows that they must also hold true for 7 itself. Moreover, we have
dim 7' —dim 7 = dim(U,g, (L<p) N 1) —dim(S N L <)
_[m4+1—=dF(—upy) ifn>1,
N {vl—d>+(—uﬂ1) ifn; =1.

By induction, we know 2dim 7' = N’ — Lusy, x),withN=Nifn;>land NN=N—-1ifn; =1 We
show 2dim7 = N — £, (x), using a case distinction depending on whether n; > 1 or not.
First consider the case n; = 1. From [Schremmer 2022, Lemma 2.12] or direct calculation, we get

Eusﬁl (x/) = gus,gl (I"blx) = euslgl (rbl) + 4y (x).
We calculate
Cusy, (o) = Lusy, (supy ") = (—v1BY, 2p) — L(usp,) +Lw).
Since B is simple, the above expression simplifies to

coo= =20 — 1 20T (—upy).
We conclude
dim T =dim 7" — vy + DF (—upy) = 3(N' = Lus, (x) —vi + ¥ (—upy)
= 3 (N = €u (@) + 201 =207 (—upp) —vi + T (~upy) = 5(N — £, (x)).
Let us now consider the case n; > 1. Then we calculate

ugy, )= Y L usga) = Y LG ua)

acdt aEsg, o+
=0, (x) — (L uB) + (7 —upr) = €,(x) —20(x ", upy).
We compute

e upy) = T upy) = (—wp, uBr) + S wp) — T (wup) =m+ @ upy).
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The claimed dimension formula for 7 follows just as above:
dim7 =dim7 —m — ®F(up) = %(N — Lusy, (X)) —m — ®F (up))
= 2N — () + 207 upr)) —m — @ py) = LN — €, (x)).
This finishes the induction and the proof. U

Lemma 3.11. Let (ny, v1), ..., (ny, vy) be an admissible type for (v, u, <). Define y=x1, ..., Xpp++1 =
leWasin Proposition 3.5, i.e.,

xm n¢{n17""nN}7
Xn—1 =
Yy Xn, N =np{ng,...,ny}.
Define integers my, ..., msep+ € Z as follows: If n =ny, € {ny, ..., ny}, we put m,, = vy,. Otherwise, we

let m,, € Z be the smallest value such that
xn_l(u,Bn, my) € (D:f-

Let M > 0. There is a reduced and finite-dimensional k-subscheme TM - L‘g} whose k-valued points
are

Tuk)={(g1, ..., gror) € LA such that vi (ga+ F D (gis1, .., grot)) =my Vn € {1, #07),

v (@t " (g1, go)) =my, V€ {ny, ... ny}}.

If M > m; foralli, then
- #OT
dmTy = > (M —m,+1).
n=1
We get a surjective map

(815 - 8a+t) > Uyp (81) - - Uyp,, . (8#0+)x1.

Proof. For each point (g, ..., gsze+) in the desired set for T, w (k), the t-valuations of the individual
coordinates gy, ..., gup+ can be bounded from below in terms of the datum {(n{, vy), ..., (ny, vy)}, by
the defining properties of the polynomials f(*. So indeed this set can be identified with the k-valued
points of a finite-dimensional k-scheme, which we denote by Twu.

The dimension of TM is can be determined as follows. For gu¢+, the conditions simply state gugp+ €
L) and v (ggep+) = mye+ Or = mye+. In any case, the allowed values for ggep+ form an irreducible
(M — mye+ + 1)-dimensional scheme over k.

We may continue like this. For any given g,11, ..., gso+ € L, the space of allowed values for g, has
the form

gn € L<y suchthat vp(g, —c)>m, or =my,,

where c is a constant independent of g,. We find a unique ¢ € L, such that v (¢ —c¢) > m,+ 1. Now the
allowed g, are precisely the elements of the form g, = —¢ + g,, where g, € L <) has ¢-valuation > m,,
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or =m,. So as long as m,, < M, we see that the space of allowed g, is irreducible of dimension M —m; +1.
The dimension formula follows.
Well-definedness and surjectivity of f are immediate from Proposition 3.5. U

We note the following useful facts.
Lemma 3.12. Letx € W and u € W.
(a) Let z = w,t": € W such that, for all a € ®,
(w,, uo) < =20(x).
Then £,(x) = £(zx) — £(2).

(b) If a = (o, m) € Dy satisfies ulaoedtandxla e D¢, then £, (rax) < £,(x).

(c) Suppose that y =x1, ..., Xspt+1 =1€ W and mi, ..., Mygep+ are as in Lemma 3.11. Then
#ot
> (@ (—upy) —my) = 2(Luw, (y) + N).
n=1

Proof. (1) This follows easily from the theory of length functionals from [Schremmer 2022]. Write
x = wt* and observe LP(z™') = LP(x~'z7!) = {w,u}. Then

(zx)=Lx"'z7h = 3 e 27 woux)

acdt

= Y (7 ua)+ 07 woux) = £,(x) +£(2),

aedt
where we used [loc. cit., Corollary 2.10 and Lemma 2.12].
(2) Let z be as in (a). Then u~'a € ®T is equivalent to ¢(z, ) < 0, so za € ®;. This shows
L(zrax) < £(zx). We conclude by (a).

(3) We show forall g € {1, ..., #d" + 1} that

#ot

23 (P (—uBy) —my) =Ly, (xg) +#{n € {ny,....nn} | n > q},
n=q

where ug = usg, - -sg,,, €W.

For g = 1, this is the desired statement. We do induction on #®* 4+ 1 — g. In the case ¢ = #d™ + 1,
both sides of the equation are easily seen to vanish.

In the inductive step, let us write x, = wy 7. Then

—1 —1
mg = <_wa/‘qa M,Bq) + (I>+(wq M,Bq) = CI>+(—M,3q) —mg = E(xq > _u,Bq)-
Note that
uq = Suﬁquq+1 = uq+1ssﬁ#®+u.sﬁq“(ﬁq),

with sg, . -+~ sg,,,(B4) being a simple root by Lemma 3.1. We conclude that

g ®F = (ufy} U (g 419%) \ {—upy).
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Consider the case g + 1 ¢ {ny, ..., ny}. Then x;, = x441, and
€y (xg) = Luy, (xg) +€(x,  uBy) — £(x, ' —upBy)
= iy (g) + 2600, uBy).

Hence
#o+ | #o+
2 3 (DT (—upy) —mn) =200x; " —ufy) +2 3 (@F(—upy) —my)
n=q n=qg+1
in:d.zg(xq_l’ —uBy) + Lu, o (g+1) +#{n € {ny, ... ,ny} In>q+1}
=Ly, (xg) +#n e {ny,....,ny}n>gq}
Consider now the case ¢ = n, — 1 for some i € {1, ..., N}. Then x; =rp, Xg+1 = rwp,.v)Xq+1- By

[Schremmer 2022, Lemma 2.12], we calculate
guq (xq) = euq (r(uﬁq,v;,)quq-‘rl) = Euq (r(u,Bq,vh)) + Esuﬁq ug (xq-‘rl)
= Cu, (Sup,1"™P0) + L, ., (g 1)

Here, ,
Cuy (Sup, 100y = v (—uy  sup,uB) . 2p) — £(ug) + Llug 1)
= vy uB), 2p) — Lug) + Llug (uy ' upy))
=2(®" (—upBy) —vi) — 1,
since u;luﬁq = —5p,o+ ' " Sp,.1 (Bg) s the negative of a simple root.
We conclude
#oT #OT
2 3 (@ (—uBy) —my) =2(DF (—upy) —vi) +2 Y (DT (—upy) —my)
n=q n=q+1
= 2T (—uBy) — i) + Ly, (xgs1) FH#n € (ny, .. nn} 0> g+ 1)
=y, (g) + L, (Sup, 1P + 1+ #{n e {ny, ... ny} | n>q +1)
=Ly, (xg) +#ne{n,....,ny} n>q}
This finishes the induction and the proof. (I

We reformulate this proposition to describe arbitrary intersections of semi-infinite orbits.

Theorem 3.13. Let u,v € W and x = w,t", y € W. Pick a reflection order ®* = {B1 < -+ < Bao+)
and an indexn € {0, ..., #®} such that

1.
u v= slgn-H U Sﬂ#q>+ .

Then we get a decomposition into locally closed subsets
(“U@y N U@)xI) N U L)y = xT: € G(L)/1,
T

where T runs through all T = {(ny, v1), ..., (ny, vy)} which are admissible types for (xfly, w;lu, <)

and satisfy the additional constraint N = 0 or ny < n. Each piece xT; = x%;' cGWL)/lisa

u,<,7
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locally closed subset of the affine flag variety, and an irreducible smooth affine k-scheme of dimension
dimxTe = 5(£,(x) — £u(y) +#1).
Proof. For all B € ®*, we have

Ugp(L)C'UL) <= v 'uped™® = BElBL. Bl

em. 5.
Hence
“UL)NYU(L) =Uyg (L) - - - Uy, (L),

x MUY N U)X =Upyryg (L) - Uy (L),
By Proposition 3.5, we obtain a decomposition of the corresponding subset of the affine flag variety
Uyotg, (L) - Uyor,6 (LT CG(L)/1

into types {(n1, v1), ..., (nn, vy)} with ny < n. Denote by 7 =T, -1, _ _ the subset associated with

such a type 7 as in Lemma 3.8. We have
T cxloyLyyl ="y L)x 'yl

if and only if 7 is admissible for (x 'y, wy Y4, <). It remains to compute the dimension of 7 using
Proposition 3.10 and [Schremmer 2022, Lemma 2.12]:

2dim7T=N—£ .1 (x"'y)

wy U

=N —£,1,67) = £,(3) = N +£,(x) = (). O

Remark 3.14. (a) It seems reasonable to expect that each type variety 7T, < . should be a product of
affine lines and pointed affine lines over k, but the proof of such a statement would probably require
undue analysis of the polynomials f* or some major progress towards Zariski’s cancellation problem.
We don’t need such a precise description.

1

(b) Given u, v, there are in general several possible reflection orders satisfying v™"u = sg, ., - - sg,,. for

n = £(wov~'u). While the geometry of the intersection
(“U@)N UW@)XI) N (U (L) yI)

does not depend on the choice of reflection order, the decomposition into subsets indexed by types tends
to do that; i.e., different reflection orders yield different subsets. It is not clear how these are related,
aside from the simple observation that subsets of maximal dimension parametrize irreducible components
of maximal dimension. We will prove that the number of such subsets x7; of any given dimension is
independent of the chosen reflection order.

(c) For each given (x, u, <), there exist only finitely many admissible types. This is straightforward
to prove directly, and will immediately follow from a later result (see Lemma 4.4). So Theorem 3.13
provides a decomposition into finitely many locally closed pieces.



1994 Felix Schremmer

Example 3.15. Consider the group G = GL3. Let T be the torus of diagonal matrices and B be the upper
triangular matrices. Let u = v = wyp and

00 ¢!
x=wot’” =|01 0
t0 0

We denote our simple roots by A = {«, B} corresponding to the diagonal matrices & = diag(¢, t~!, 0) and
,3 = (0,1, t_l). We choose the reflection order « < o + B8 < B. Then the admissible types for (x, u, <)
are given by the cardinality-1 type {(—a — 8, —1)} as well as the cardinality-3 types
{(_ﬂ7 0)7 (_Ol - ﬂv _1)7 (_a7 0)}’ {(_Olv _1)’ (_a - :8’ 0)’ (_ﬂ7 _1)}
We see that the intersection
woyuLYINUL)xI c G(L)/I
has dimension

1B =Ly () =3(3=(=p".,2p) + L(wo)) = 13 +4+3) =5,

and the number of 5-dimensional irreducible components is two.

4. Double Bruhat graph

There is a more convenient and natural way to encode the datum of an admissible type (n1,v;), ..., (ny,VN).
This construction is due to [Naito and Watanabe 2017, Section 5.1], used originally to describe periodic
R-polynomials of affine Weyl groups.

Definition 4.1. Let ®™ = {8; < - - - < Bag+} be a reflection order and v, w € W.

(a) The double Bruhat graph DBG(W) is a finite directed graph. Its set of vertices is W. For each w e W
and o € @7, there is an edge w ——> wsq.

(b) A unlabelled path p in DBG(W) is a sequence of adjacent edges
prv=u -5 uy 2 I u = w.

We call p an unlabelled path from v to w of length £(p) = £. We say p is increasing with respect to < if
oy < --- <ay. We say that p is bounded by n € Z if each occurring root «; has the form «; = B for j <n.

(c) A labelled path or path p in DBG(W) consists of an unlabelled path
- o o oy
pPiv=U] —> Uy —> - —> U =W

together with integers m1, ..., my € Z subject to the condition

m; > ®F (—uj0;) = {0’ Cuitr) > £(u),
I Cuit1) < €(u;).

We write p as
(or1,m1) s (@a,ma)  (ag,mye)

pv=u Upy1 = W.
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The weight of p is

wt(p) =mio) +---+mya) € 2.
The length of p is £(p) = £(p) = £. We say that p is increasing with respect to < if p is. We say that
p is bounded by n € Z if p is.

(d) The set of all paths from v to w that are increasing with respect to < and bounded by # € Z is denoted
by pathsZ, (v = w). We also write

paths™(v = w) = paths§#©+ v=w)
for the set of all increasing paths from v to w.

Example 4.2. This is the double Bruhat graph of type A,, where we denote the simple roots by A =
{a1, a2} and the corresponding simple reflections by S = {s1, s2}. For each root @ € ®* = {ay, o, a1 + a3}
and each w € W, there is an edge w — ws, with label o and the converse edge ws, — w with the same
label, making each edge appear doubled (which explains the graph’s name):

5152

A1
o

5251

A1
o]

The two reflection orders are given by

a1 <o) +ay <y,

oy <o) +ay <ag.

Remark 4.3. One could similarly study paths in the double Bruhat graph bounded from below by a
root B,,, or even paths such that oy, ..., agp) € {Bn, ..., Bn) for fixed indices m, n € Z. However, this
extra generality would not yield any new information:

Ifwo=sq, - - Syt is the reduced expression corresponding to our reflection order and 0 <m <n <#®™,
we could consider a different reflection order <" coming from the reduced word

WO = Sayy1 " * " Soygt S—woar ** " S—woay -
: + r ! Ql
If we write @7 = {8] <"--- <" B}, then
/ .
Bi =Sa; " Sa, Bi_y, P=m+1,...,n.

This would give a one-to-one correspondence of paths which are increasing for < and where all roots lie
between m and n and paths which are increasing for <" and bounded by n — m.
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The comparison between types and paths is given as follows.

Lemma 4.4. Let @ = {B] < - -- < Bua+ )} be a reflection order, x = wt" € W and u € W. Let moreover
nef0,..., #dT).

Let A be the set of all admissible types {(ny, v1), ..., (nn, vN)} for (x, u, <) satisfying the condition
ny <---<ny <n. Define

P:={pe paths;(w_lu =u) | wt(p) = u_lw,u}.

Then we get a bijective map A => P sending a type T = {(n1, v1), ..., (ny, vy)} of cardinality N to the

length-N path
1, G Gaymy)

piw
in P, where (B, m}) :=rpy - -1, (bp) € CID;Ff and by, = (upP,,, vp) € Qor forh =1, ..., N.

Remark 4.5. We remark that if 4 ¢ Z®" in the above lemma, then one trivially gets P = & by the
definition of the double Bruhat graph. Moreover, it is clear that such an x cannot be a product of affine
reflections; hence trivially A = @ by the definition of admissible types. The statement is more interesting
when p € Z®V, that is, when x lies in the nonextended affine Weyl group.

Proof of Lemma 4.4. For now, we fix arbitrary integers 1 <n; <--- <ny <nand vy, ..., vy € Z. Define

the set
T={(n,v1),...,(an,vn)} CZx 2.

For h e {1, ..., N}, define by := (ufy,, vi) € Par and
by, = (B, m}) :==rp, -+ - 1, (bp) € Pyt

Finally, we write down something that may or may not be a path in DBG(W) as
(5n1ym/1) o (ﬂnN,m;v) "

pusg, -Sg,
We want to show that 7 € A if and only if p € P, since the desired bijection is immediate from this.
The key observation is that, for 4 € {1, ..., N},
Foy = oy (bn) €Dy > rpy -, (by) € Of
= B,ed}
= (usp, g, B m)) € Py
<~ m}, > <I>+(us5nN e SB, (Bn,))-
Thus 7 is an admissible type for some (X, u, <) if and only if p is a well-defined path in the double
Bruhat graph. In this case, it is clear that p is increasing with respect to < and bounded by 7.

We calculate

4 /7 \V YN
My Sgr-Sg (,BN) +"'+m1(ﬂ])
rb|"'rb1v:rb}\,"'rh’l:sﬁ}\,"'sﬁ][ 1 N—-1 .

In the case

Su/snl T suﬁnN # w,
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we see that  cannot be admissible for (x, u, <) and p does not start in w~'u. So assume from now on that

Suﬂnl e s”,BnN =w.
Then we can simplify
/‘/.”,/ /V_'__“_,’_/ WV
ETEY wtmNYﬁl sﬁN—l(ﬂN) ml(ﬂl) )
We compute for 2 =1, ..., N that

—1 -1
mpSg; - sg (B =my(sg - sp ) (sgy o sg) By =mpw ™ sg s B =muwT upy.

We conclude

-1
Tp oy = wt? uwt(p).

Hence t is admissible for (x, u, <) if and only if wt(p) = ulwp. O

We can state the double Bruhat version of Theorem 3.13 as follows. It can be seen as an analogue of
[Parkinson et al. 2009, Theorem 7.1]. Their result studies slightly different intersections in the affine flag
variety and uses folded alcove walks rather than paths in the double Bruhat graph.

Theorem 4.6. Letu,ve W and x =w,t", y=w,t" € W. Picka reflection order ®* ={B1 <+ - - < Buap+}
and an index n € {0, ..., #®T} such that

-1 _
u v= s5n+l e s/s#q>+ .

Then we get a decomposition into locally closed subsets

(“U@)yn*u@HxI)nE™u L)yl = |x7,,
P
where p runs through all paths p € pathsgn(w;lu = w_ 'u) such that
UWt(p) = wyly — Wy fly.
Each variety xT, € G(L)/I is an irreducible smooth affine k-scheme of dimension
dim(x7,) = dim T, = 5 (£, (x) — £, (y) + £(p)). O

The aim of this section is to develop the basic properties of the double Bruhat graph. For the remainder
of this section, fix a reflection order ®* = {B; < - - - < Byo+}. We first introduce a couple of immediate
properties about paths in paths< (- = -). Part (a) of the following lemma is an adaption of the duality
antiautomorphism from [Lenart et al. 2015, Proposition 4.3].

Lemma4.7. Letu,ve W andn € Z.
(a) Denote by > the reflection order obtained by reversing <. Then we have a bijection

pathsZ, (u = v) — pathsZ, (wov = wou),

(wl (@r,ny) o (ag,ne)

(@g,me)  (@1,n1)

wet1) > (wowesi wow ),

that preserves both the weight and the length of each path.
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(b) Let <’ be the reflection order defined by
a<'B = —woa < —wpp.
Then we have a bijection

pathsZ, (u = v) — pathsgfn(wouwo = wovwy),

(woa,ni)  (—woae,ne)

(wl (ar,m), (oe,ne)

we+1) = (wowlwo wowz+1w0),

that preserves the lengths of paths. It sends path of weight w to a path of weight —wow.
(c) Let x € Q2 be of length zero in W and write it as x = wt". Then we have a bijection

pathsZ, (u = v) — pathsZ, (wu = wv),

(wl (arni), (oe,ne) (@i —(pwwiar)) - (ae,ne—{p, weae))

wwe+1),

we+1) = (ww1

that preserves the lengths of paths. It sends a path of weight w to a path of weight w +v "'y —u=' 1.
Proof. This proof is a straightforward verification. O

It is rather natural and very fruitful to compare the definition of the double Bruhat graph with the
similar concept of the quantum Bruhat graph. The quantum Bruhat graph can be defined as a subgraph of

the double Bruhat graph, containing all those paths

(ar,my)  («e,me)

p.u Ue+1

satisfying the additional constraint that for each n € {1, ..., m,} either
o l(Uupy1) =€L(uy)+1and m, =0 or
o L(upt1) =L(uy)+1— (), 2p) and m, = 1.

The quantum Bruhat graph was introduced by Brenti, Fomin and Postnikov [Brenti et al. 1999] in order
to study certain solutions to the Yang—Baxter equations related to the quantum Chevalley—Monk formula.
It has since occurred frequently in literature on quantum cohomology of flag varieties, e.g., in [Postnikov
2005]. Due to its relationship to the affine Bruhat order discovered by Lam and Shimozono [2010], it
since has played a major role in the study of affine Bruhat order and affine Deligne—Lusztig varieties,
e.g., in [Milic¢evi¢ 2021; Mili¢evi¢ and Viehmann 2020; He and Yu 2021; Schremmer 2024].

The initial article [Brenti et al. 1999] is of special interest to us, since we may identify its main
result as a crucial statement on the double Bruhat graph. The authors derive the fundamental properties
of the quantum Bruhat graph as an application of their main result, which we may recognize as the
aforementioned embedding of the quantum Bruhat graph into the double Bruhat graph.

Let us recall the main result of [loc. cit.] in the authors’ language. They construct a family of solutions to
the Yang—Baxter equations for the finite Weyl group W as follows: Choose a field K of characteristic zero,
and multiplicative functions E|, E, : ®T — K, i.e., functions satisfying

Ei(a+pB)=E;(@)E;(B) whenevera, B,a+p e dt.
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We have to assume that there is no root @ € ®* such that Ej(a) = E>(a) = 0. Choose moreover
constants k, € K depending only on the length of @ € ®*. Define for each « € ®™ the following K -linear
endomorphism of the group algebra K[W]:

R KW KWL s [V o
Here, we define the scalars

Ko Ev(a) Ko En(at)
TE@-Bw@ “TE@-b@ "

Then the linear functions {R,}yco+ satisfy the Yang—Baxter equations. We do not wish to recall how

Da

these equations are defined, referring the reader to the original article [Brenti et al. 1999] for the details.
We do want to note, however, the following consequence of the Yang—Baxter equations, which is proved
completely analogously to [loc. cit., Proposition 2.5]:

Proposition 4.8. Let @t = {B] < --- < Bao+} = {y1 <" - -+ <" yao+]} be two reflection orders on ®+ and
0 <n <#d7 such that
Sgr 8By = Syt Sy,
Then
Rp -~ Rp, =Ry, -+ R,

n

as endomorphisms on K[W]. O

How is this related to the double Bruhat graph? We can make the following choices, which are
essentially universal:!
Write A = {ay, ..., asa} and let K be the field of formal Laurent series over @ in 2 + #A formal
variables, denoted by
K = Q(kg, k7, €1, ..., e¥)).

To an element of the root lattice A = cjay + - - - + cxaaua, We associate the element
eh = (Y1) .. (D) e K.

Define E|(«) = 1 and E;(a) = e* € K for all @ € ®*. We put k, = k if « is short and «, = «; if o is
long. Then we observe
K e@*(—w’l(x)a
o io
Ry(w)=w+ ————s,w=w+ 3 kgl Csqw.
l—e >0t (—wla)

"or w™1s, in the double Bruhat graph associated to the

1

This basically describes all paths from w™! to w™

\%
dual root system, with the restriction that the only occurring edge may be w~! = w~ls,. Composition
I'We may focus on irreducible root systems, where only one of the two functions E;, E is allowed to vanish on the highest
root. If this is without loss of generality E, replacing (E1, E5) by (1, E»/E1) yields the same solutions R,. Now a universal
solution would be given by choosing E(«) = €% and k¢ € {«;, k;} for the subring R contained in our choice of K generated by
these values and the inverses 1/(E(«) — 1). However, R is not a field, and we would like to expand the geometric series.
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of the linear operators R, along a reflection order recovers precisely our notion of paths in the double
Bruhat graph which are increasing with respect to that reflection order.

Corollary 4.9. Let ®T = {1 < --- < Bao+) = {y1 < -+ < yua+} be two reflection orders on ®* and
0 <n < #®7 such that

Sﬂl ”'Sﬂn :SVI ”‘Syn'

Letu,ve W, ue€Z® and s, £ € Z>y.

Let p- be the number of paths p € pathsZ, (u = v) such that wt(p) = pu, €(p) = £s + £; and the
number of short (resp. long) roots occurring as labels in p is equal to £ (resp. £;). Define p similarly.
Then pL = p.

Proof. Construct the operators R as above for the dual root system @V, and consider the Q-coefficient
of Kf ’/{f Tetv~! in the expansion of
\Y v oo —1
Rﬂn\/"'Rﬂlvu EK[W].

By construction, this number is equal to p-. By Proposition 4.8, it is also equal to p. (I

It is convenient to use the language of multisets when keeping track of the lengths and weights of
paths. Recall that a multiset is a modification of the concept of a set, where elements are allowed to be
contained multiple times in a multiset.

Formally, we may define a multiset M as a tuple (|M|, m) where |M| is any set and m : |M| —
Z>1 U {400} is a function (to be thought of as counting how often an element occurs in M). We write
X € M meaning x € |M|, and say that x has multiplicity m(x) in M. If x ¢ M, we say that x has multiplicity
zero in M.

If f is a map from |M| to some abelian group (e.g., the real numbers), we write

> f)= 2 m@x)f),
xeM xe|M|
meaning that elements are summed with multiplicity (depending on the function and the abelian group,
such a sum may or may not be well-defined). The cardinality of M can then be defined as
#M = ) 1e€Z59U{oo}.
xeM

If M, M’ are two multisets, we define their additive union M U M’ by declaring that x has multiplicity
mi+my in M UM’, where m| € Z> U {+00} is the multiplicity of x in M and m, the multiplicity of x
in M.

When explicitly writing down multisets via a list of elements (the number of occurrences expressing
the multiplicity), we use the notation { - },,, to distinguish from the usual set notation { - }.

Definition 4.10. Let @™ = {B; < - - - < Buo+} be a reflection order and n € {0, ..., #dT}.

(a) We write

Ton = S/S)Hrl e sﬂ#q>+ ew.
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(b) If u, v e W, we define
wts(u = v --» vT.,)
to be the multiset
{(wt(p), £(p)) | p € pathsZ, (u = v)}n,

i.e., the multiplicity of (w, e) € wts(u = v --» v, ) is equal to the number of paths in pathsZ, (u = v)
of weight w and length e.
We use the shorthand notation
wts(u = v) ;= wts(u = v --» v).

The reflection order does not occur any more in the wts(- - - )-notation, due to Corollary 4.9 (and
the usual observation wy = sg, - - “Sp,or)- From Lemma 3.2, we see that {(r,.,) = #dT — n and that,
for each u € W, one may find a suitable reflection order < with u = 7, #¢+_¢(,). Hence the notation
wts(u = v --+ w) is well-defined for all u, v, w € W.

We note the following immediate properties.

Lemma 4.11. Let u, v,v' € W. Then the multiset wts(u = v --+ V") is nonempty if and only if the
following inequality on the Bruhat order of W is satisfied:

In this case, we have
max{e | (w, e) € wis(u = v --» v)} = L™ ') — (v~ V).

Proof. Let us pick a reflection order ®* = {8] < - - - < Byo+} With v/ = v, ,. Write the corresponding
reduced word as wo = Sq; * - * So s -
The multiset in question is nonempty if there is a sequence 1 <i; < --- < i, <n of indices such that

v:usﬁil...sﬂie R—1 Usal"'san:”sm"'sail"‘Sai(,"‘san
-1 . A ~
R—1 u vsal...san_sal...sail...sa[_g...san.
Using the subword criterion for Bruhat order, the existence of such indices iy, ..., i, is equivalent to the

Bruhat order inequality

—1
U VSq " Sa, = Saj " Say,>

and the maximal number e is equal to the difference in lengths of the two sides. Now we compute

Sal e San = S,Bn-H e S,B#<1>+Sal T Sa#<p+ = TT~pWo-
Hence the above Bruhat order condition becomes u~'v'wy < v~'v'wg. The claim follows using the
Bruhat order antiautomorphism induced by multiplication by wy. ]

Remark 4.12. We can use these multisets to summarize Theorem 4.6 as follows: The number of pieces 7,
of dimension d occurring in
(“UW@yN*U@LNxI)N " UL)yI)
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is equal to the multiplicity of the tuple

(™ wypty — " Wi, 2d — 0, () + €,()
in the multiset

wts(w?lu = w_ lu - w; ).

We finish this section by comparing the double Bruhat graph more directly to the quantum Bruhat
graph.

Proposition 4.13. Let u, v € W. Denote by d(u = v) the distance of a shortest path in the quantum
Bruhat graph from u to v, and by wt(u = v) the weight of such a path. Let (v, e) € wts(u = v).

(1) We have w > wt(u = v).
(2) We have
e <{w,2p)+L(v) —(u).
If the equality holds, then ® = wt(u = v) and e = d(u = v).
(3) The multiplicity of
(wWt(u = v),d(u = v))
in the multiset wts(u = v) is equal to 1.

Proof. Pick a reflection order <, and a path p € paths™(u = v) of weight @ and length e. Write it as

(army) - (2e,me)

piu=u Uetr] = V.

(a) Using the triangle inequality for the quantum Bruhat graph [Postnikov 2005, Lemma 1], we get
wt(u = v) < wt(ug = u2) +- - -+ wt(ue = teq1).
At each step, apply [Schremmer 2022, Lemma 4.7] to get

s <O (—uma)ay + -+ T (—upa)a)

<may +---+me) =w.
(b) For each edge u; Low,mi) Ui+, we estimate
(mia/, 2p) =mi(o, 2p) = ®F (—uja) (o), 2p).

If u;¢; is a positive root, we evaluate - - - =0 > €(u;) — €(u;+1) + 1. If u;0; is a negative root, we apply
[Brenti et al. 1999, Lemma 4.3] to see (otiv, 2p) > L(u;) —L(u;+1) + 1. In any case, we get

(mia, 2p) > €(u;) — L(uit1) + 1,

with equality holding if and only if there is an edge u; — ;. in the quantum Bruhat graph of weight m;c,’.
Iterating this over all edges of the path p, we get the desired inequality.
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If equality holds, we get a path in the quantum Bruhat graph
pliul— = u,
of length e and weight w. Moreover, p’ is increasing with respect to our reflection order. By [Brenti et al.
1999, Theorem 6.4], p’ must be a shortest path, so e = d(u = v) and v = wt(u = v).

(c) In view of the proof of (b), we have to see that there exists a unique shortest path in the quantum
Bruhat graph which is increasing for <. This statement is found again in [loc. cit., Theorem 6.4]. (I

As an application of our findings so far, we are able to prove the following identity.

Proposition 4.14. Let x € W and u € W. Then
“UL)xD) N CUWL)xT) = “UL) N U(L))xI.

Proof. The group H :="U(L)N"U (L) acts on both sides of this equation by left multiplication. Moreover,
each H-orbit in “U (L) contains an element of “U (L) NV U (L). We see that each H-orbit of

“UWL)xHNCUL)xI)
contains an element of the intersection
Y ="UW@L)yn™u@L)xInCUL)xI).
We claim that ¥ = x1. Indeed, Y /I € G(L)/I is decomposed into pieces according to the multiset
wts(w;lv = w;lv -3 wx_]u).

By Lemma 4.11, we see that this multiset only contains tuples of the form (w, 0), i.e., all elements in
there correspond to length-zero paths from w_'v to w'v in the double Bruhat graph. Since there is
exactly one such path, we conclude that Y/ is irreducible of dimension zero, that is, a point. So the
inclusion x/ C Y is an equality.

We summarize that

UL NCUL)xT) = HY = HxI = (“U(L)N U (L))x1. O

5. Affine Deligne-Lusztig varieties

In this section, we study affine Deligne—Lusztig varieties in the affine flag variety. So the parahoric
subgroup is I and the variety X, (b) is parametrized by x € W and [b] € B(G). In addition to the restriction
on split groups over a local field of equal characteristic, we also fix a o-conjugacy class [b] € B(G)
whose Newton point v(b) € X, (T) ® Q is integral, i.e., contained in X,(T). Then b = t'® e W is our
canonical representative of [b] € B(G). Our three main questions regarding the geometry of X, (b) are
answered by Gortz, Haines, Kottwitz and Reuman in terms of intersections of semi-infinite orbits with
affine Schubert cells. Due to different choices of Iwahori subgroups, we have a few signs different from
the original source. We define the dimension of the empty variety to be —oc.
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Theorem 5.1 [Gortz et al. 2006, Theorem 6.3.1]. Let x, z € W. Then
dim(X, (b)) NU(L)z™'1/1) = dim(Ix1/I N CU(L))zbz ' 1/1).

The number of (Jp(F)NU (L))-orbits of top-dimensional irreducible components in X ,(b) N U(L)z™! 1/1

is equal to the number of top-dimensional irreducible components in
IxI/INCU(L)zbz " 1/1. O

The statement on irreducible components is missing in the cited source, but follows since the proof
method allows us to compare admissible subsets in X, (b) N U (L)z7'1 /1 with admissible subsets in the
other intersection. A generalization of Theorem 5.1 to nonintegral [b] can be found in [Gortz et al. 2010,
Theorem 11.3.1], but it is unclear how our methods can be applied to that generalized statement, or how a
connection to the double Bruhat graph would be given in general.

If we write z = ut*:, then

CU(L)zbz ' T ="U @)1

Our main result describing the intersection of that set with /x/ is the following.
Theorem 5.2. Let x = w, ", y = w,t'y € W. Let vy € LP(x) and u € W. Pick a reflection order < and

an index n €0, ..., #d1) such that ., = u='wyvywo. Then

(IxI/DHNUL)yl/) = || T,cCGWL)/I,
peP
where

P={pe pathsgn(wy_lu = w;lu) | wt(p) = u_lwyudy —u  we )
and each '7',; C G(L)/I is a locally closed k-subscheme of finite dimension
dim %p = %(ﬁ(x) —£,(y) +£(p)) — codim(T, N (x~'IxD) C Tp).
Here, T, C G(L)/I is the variety from Theorem 4.6. If T, Nx~'Ix1 is dense in Tp, then ’7,, is irreducible.
Proof. We may write IxI/I =1(x)xI/I = I(x), where I (x) is the finite-dimensional k-group
I(x) = 1;[ Ua,

with the product taken over all positive affine roots a € CD;Ff such that x~la € &, Ifa=(a,m)is
such a root, recall that the root subgroup U, is defined as the subvariety U, = {Uy (ht™) | h € k}. The
length positivity of v, implies (w, vy wo) ' € ®t. Thus we can rewrite the condition v, € LP(x) as
I(x) C Wv=W (L), or
IxI =Ny (L)xl.
Observe that we have an isomorphism of k-ind-schemes
(UL NTU(L)) x (MU L) NHPU (L)) — UL,

(5.3)
(81, &1) — g182-
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Such an isomorphism may, e.g., be obtained by decomposing U (L) into a suitable product of root
subgroups U, (L) as discussed in the beginning of Section 3.

Using (5.3), we can write each element g € I (x) uniquely in the form g = g, g», with g; € I (x)N*"U (L)
and g € I(x) N*U(L). Then gxI € "WoU (L)yl holds if and only if goxI € ““oU(L)yl. Hence the
decomposition (5.3) yields an isomorphism

(IxIN"™™U(L)yD/I =T x)xI N UL)yD)/I
= (@) N U@)xI/I) x (I x)N“U@L))xIN""UL)yl)/I.  (5.4)

The first variety (I (x) N*"U (L))xI/1 = 1(x)N"*"oU (L) is just an affine space over kK whose dimension
is given by the number of positive affine roots a = (a, m) with x~'a € @, and (uwo)~'a € ®*. By
[Schremmer 2022, Lemma 2.9], we can express this quantity as

Sp:= Y max(0, £(x !, ua)).

aed—
Let us moreover define

Sy:= Y min(0, £(x ', ua)).

aed—

Then —S; — S, is simply the sum over all £(x !, —ua) for @ € ®*, which we denoted by £, (x). Conversely,
S1 — S is the sum over all [£(x ™!, ua)|, which equals £(x) by [loc. cit., Corollary 2.10, Lemma 2.6]. We
conclude

dim I (x) N"U(L) = Sy = $(£(x) — £, (x)).
It remains to study the second factor in (5.4). Following Theorem 4.6, we may take the decomposition

[wxvwaU(L) ) LIU(L)]XI = U)C7;),
p

with the union taken over all paths p € pathsZ, (u' = w; 'u) and all u’ € W. Using Theorem 4.6, we
conclude that x7, N“*“°U(L)ylI is empty if p ¢ P and equal to x7, if p € P. Hence the second factor in
(5.4) can be decomposed as

(N gLy N U@)xI N UL)yI) /1= || T, NIxI/I).
peP

‘We have
dim(x7, N IxI/I) = dim T, — codim(7, ﬂx_llxl/l CTp).

So the piece T p corresponding to I (x) N“*U (L) and x7, N IxI under (5.4) has dimension
3(£00) = () + 3 (€ (x) = £, () +£(p)) — codim(T, Nx~ ' [x1/T S T).

Cancelling the common term £, (x), we get the claimed formula. If 7, N x~'xI is dense in Ty, then
Tp N x~'IxI is irreducible itself. Thus 7 p» 1s isomorphic to the direct product of the affine space
I(x) """y (L) and the irreducible variety 7, N x~'Ix1, and hence is irreducible itself. U



2006 Felix Schremmer

We are especially interested in those situations where all p € P satisty the property 7, C x~'IxI. This
is not guaranteed at all, as one may choose p and x independently to obtain examples where the inclusion
is far from being satisfied. Nonetheless, we can develop some regularity conditions imposed on (x, y)
that guarantee this inclusion.

Lemma 5.5. Let @ = {B) < - - - < Bua~+} be a reflection order, u,v € W and p € paths=(u = v). Pick
gl € T, and write it as
gl =Uyp (g1) - Ui, (8ho+)1 € T)p.

Then, form =1, ..., #®%, we have

vr(gm) = =3(p", Bu)(Wt(p), p),
where p is the half-sum of positive roots and p" the half-sum of positive coroots.

Proof. Write our path as

. (a1,m1) (@e(p)sMep))
pu=uj L L ug(p)H:v.

Denote the type corresponding to p under Lemma 4.4 by © = {(n1, v1), ..., (ng(p), vep))}. This means
a; = B, and

(SOlg(p) e s(){,url (ai)7 mi) = r(a[(p),l)((p)) e r(aiﬂ,v,-“)(ai» vi) € (Daf-

We also write o := s, - - - S, (@) € D.
Let £ be the rational polynomials used in the definition of 7, = 7. < ., i.e., the polynomials from
Proposition 3.5. We use them to define the values (gi(m))lf,-imi#w via the identities

g,.(m) =8+ fi(m)(gt{—kl’ oo 8ot )s

g =8um,

Letme(l,...,#®%}and let h = h(m) € {0, ..., £(p)} be maximal such that ayy < fB,, for all i’ < h.
Then the condition g € 7, implies, by definition, that g, =0 or

/ +
r(u()lg(p),W(p)) e r(uah+1,vh+1)(u,8r11a VL (gm)) € q)af'
Observe that we can write
AN /
r(”“((l’)avl(p)) U r(uah+lavl1+l)(u18m7 vr (gm)) - r(ua]/l+17m/1+l) e r(uaé(p)aml(p))(uﬂmv vy, (gm))

(p)

= (VBm. vr(g,) + > ciuaj, m;)
i=h+1

for elements ¢; € {0, £1, +2, £3} describing the pairings between the occurring roots. Thus

, Up) Up) y
vL(gm) Z =3 ; iz -3 /Z 1mi<0t,~ »p) = =3{wt(p), p).
1=h+ i=h+

We claim for allm € {1,...,#®"} andi € {1, ..., n} that

v (g™ —g)) = =3(p", Bi) (Wi(p), p).
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Induction on m —i: For m =i, we have gl.(m) = g/ by definition, so there is nothing to prove.
So let now i < m and suppose the claim has been proved for all pairs of smaller difference.
If By ¢ {aq, ..., ag(p)}, then applying Lemma 3.4 (which is how the polynomials £ were constructed)
; (m) _ _(m=1) . .. .
yields g, = g; , so we are done by induction immediately.

So suppose now that B, € {a1, ..., ayp)}. Applying Lemma 3.4, we see that g,.(m_l) has the form

1 )
gl(m ) = g,(m) + Z CeH_] ..... em (gi(;ni)eHrl e (g’(?;"’l))ém’

with the sum taken over all possible integers e; 1, ..., eu—1 > 0, e, < 0 such that

Bi = eit1Bix1+ -+ emPm

and structure constants c.,,, .., €Z. By the inductive assumption and the above estimate on v; (g.), we see

.....

m

v[(g D1 - (g )11 = =3(Wt(p), p) (0", €ir1Bisc1 + -+ €1, Bu—1).

An entirely similar argument to the one presented above shows moreover vz (g,,) < 3(wt(p), 2p), so that

v ((g,)") = =3en(wWt(p), p)(p", Bn)-
‘We conclude

UL[Ce,-H ..... em (g,'(_r;r_l;)ei_#] te (g,(nm))em] = —3(Wt(p), p)(pv, eiv1fi+1+ -+ emPm)

= =3(wt(p), p)(p", Bi).
Hence

(g™ — g™y > =3(pY, Bi)(Wi(p), p).
This finishes the induction.

In particular, we see

v (8m) = —=3(p", Bu) (Wt(p), p)
for all m. U

We finally define the class of elements in W where Theorem 5.2 and Lemma 5.5 describe affine
Deligne—Lusztig varieties fully.

Definition 5.6. Let x = wi* € W, J C A and C € R.. We say that x is (J, C)-superparabolic if there
exists v € W such that

(a) all @ € @ satisfy £(x, va) =0 and
(b) alla € @\ ®; and v' € vW, satisfy
(w,v'a) > C{p", ).
This is a generalization of the J-adjusted and J-superdominant elements from [Lenart et al. 2015]. If

x is (J, 2)-superparabolic and v as in the above definition, then one easily checks LP(x) = vW;. We can
interpret condition (b) above as a regularity condition of the length functional, in particular

(Va e dt\ Py, L(x,va)>1+C(pY, 2p)) = condition (b) of Definition 5.6
= (Va ECI>+\<I>J, L(x,va) > C—l).
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Theorem 5.7. Let x = wt* € W and b = t"® be an element with integral dominant Newton point
v(b) € X (T)dom Define for each v € LP(x) and u € W the multiset

E@w,v):={e| w 'u—vb),e) e wts(u = wu --» wv)},,.

Put max @ := —oo and define

e:=max min max(E(u,v)) € ZU{—o0},
ueW velP(x)

d:=3(Ex)+e—(v(b),2p)) € ZU{—o00}.
(a) Ifthere exists for every u € W some v € LP(x) with E(u, v) =9, i.e., if e=d = —00, then X, (b) = @.
b) If X, (b) # D, then dim X, (b) <d.
(c) Write C = 3(ud°™ — v(b), p) and suppose that x is (J, C)-superparabolic for some J C A. Define
the multiset E as the additive union

E= |J E@wo(J),v).
velP(x)

Then X, (b) # @ if and only if E # @. In this case, e = max(E) and dim X, (b) = d.

(d) Assume X, (b) # & and let X4 be the set of d-dimensional irreducible components of X, (b). Then
the number of Jp(F)-orbits in X, is

#(Xy/Ip(F)) < > mivlvl(multiplicity of e in E(u, v)).

ueW ve
If we are in the situation of (c) and b is regular, i.e., (v(b), a) # 0 for all « € ®, then #(X;/Jp(F)) is
equal to the multiplicity of e in E.

Proof. We use Theorem 5.1 to reduce questions on the affine Deligne—Lusztig variety to the situation of
Theorem 5.2.
So let z = ut*: € W. Then X «()NUWL)z /I is closely related to the intersection

(IxI/DHN U@L O 1)1,
Pick v € LP(x). By Theorem 5.2, the latter intersection can be decomposed into pieces (%p) pep With
P = {p € paths<, (uwo = w™ uwo) | w(p) = (uwo) ™" (uv (b)) — (uwo) ™ wpu}.

1

Here, < is a reflection order chosen such that ., = wou™ wvwy. The number of paths in P having a

given length £ € Z> is equal to the multiplicity of

(wo((b) —u""wp), £)
in the multiset

wts(uwy = w_luwo --> vwy).
By Lemma 4.7(a) and (b), this is also equal to the multiplicity of (u'wp —v(b), £) in
wts(wou = wowflu --» wov) = Wts(wflu = u--+»wv).

By definition, this is the multiplicity of £ in the multiset E(w~'u, v).
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We see that if E(w™'u, v) = @ then X, (b) NU(L)z~'I = @. Otherwise,

dim(X (b)) NU(L)z"'1/I) = maxdim 7, < 3 (€(x) + max(E(w™"u, v)) — Ly, (1*®))).
p

Observe £,,,,, (1"V?)) = (v(b), 2p). This shows (a) and (b).

In particular, we have dim T p < d for all p. If equality holds, then %p must be irreducible by
Theorem 5.2. Hence the number of d-dimensional irreducible components in X, (b)NU (L)z~'1/I is equal
to the number of pieces 7~'p satisfying dim T p = d, which is at most the multiplicity of e in E (w™u, v).
Observe that the action of T (F) C Jp(F) simply permutes the intersections X, (b) N U (L)z7'1/1 by
changing the value of .. Thus the number #(X;/J,(F)) is at most equal to

> (number of d-dimensional irreducible components in (X, (b) N U (L)u_1 D).
ueWw
We get the desired estimate in (d).

Let us now assume the regularity condition from (c). Let v; € W be chosen such that vfl W is dominant.
We have LP(x) = v W;.

If u € W satisfies w™'u ¢ LP(x) = v{ W, we find a positive root & € &+ \ ®; with vl_lw_luoz e d.
Hence

(u, —w™lua) = C =3y ' —v(b), p).
We conclude
wlup < pdo™ — Ca¥ # v(b).

Hence E(u, v) = & for all v € LP(x), proving
IxIN“UL) O = .

Let us now consider the case w—'u € LP(x). Then also v := w™'uwg(J) € LP(x). Consider the

1

pieces 7~'p as constructed above for this pair (u, v), i.e., for paths p from uwg to w™ uwg. We claim

Ty C x~'Ix1 for all occurring paths p, using Lemma 5.5: Indeed if

gl = Uw_]uwoﬂl (g1) -~ Uw—'uwoﬁn (gn)l € 7;)

and wowo(J)wo = 7, g,, then —w0<I>JJr ={Bu+1, .., Puo+}. The condition that p is bounded above by n
yields
wiluwoﬁl, e wiluwoﬁn € wilu(CD* \®y).

Since w~'u € LP(x), the superparabolicity condition implies
(, w™luwoy) < —C(p”, Bi).

By Lemma 5.5, we obtain xU,,-1,,,,5,(8:)x ' € I. This shows the claim T, € x~'/x].
By Theorem 5.2, we see that %p is irreducible of dimension

dim 7, = 1(£(x) +£(p) — (v(b), 2p)).
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This completely describes nonemptiness, dimension and top-dimensional irreducible components of
X .(b)NU(L)z7'I/1. So X, (b) # @ if and only if E # @, and in this case

dim X (b) = 5 (€(x) + max(E) — (v(b), 2p)).

We saw E(u,v) = & whenever u ¢ LP(x), so e < max(E) by definition of e. Conversely, we get
max(E) < e from (b) and the above dimension calculation. Thus max(E) = e. We conclude (c).
Assume now that [b] is regular as in the final claim of (d). Then J,(F) = T (F), so the number of

Jp (F)-orbits of d-dimensional irreducible components in X, (b) is equal to

> (number of d-dimensional irreducible components in (X, (b) N U (L)yu='D)).

ueWw
Observe that each summand is equal to the number of d-dimensional pieces 7\:,, corresponding to u € W.
By the above analysis using the superparabolicity assumption, this number is equal to the multiplicity
of e in E(w™'u, w™uwo(J)) (thus zero if w™'u ¢ LP(x)). The final claim of (d) follows. O

Remark 5.8. If x is not superparabolic, we do not expect that the converse of Theorem 5.7(a) holds in
general. Even if X, (b) # &, we do not expect that equality holds in (b) or (d) in general. It is easy to
find counterexamples using a computer search.

Corollary 5.9. Let x = wt* € W and [b] € B(G). Let v € W such that v_'u is dominant. Put C =
3(v~ ' —v(b), p) and assume that
wlu,a)>C

for all simple roots . Define the multiset
E={ecZ] (v_l,u —v(b), e) € wts(v = wv)},,.
Then X, (b) # @ if and only if E # @. In this case, the dimension of X, (b) is
dim X, (b) = 3(£(x) + max(E) — (v(b), 2p)),

and the number of J, (F)-orbits of top-dimensional irreducible components is equal to the multiplicity of
max(E) in E.
Proof. The regularity condition on (x, b) implies that v(b) must be regular. In particular, [b] is integral.

Now apply the previous theorem. U

Remark 5.10. We saw in Proposition 4.13 that the set {w | (w, e) € wts(v = wv)} contains a unique
minimum, which is given by the weight of a shortest path in the quantum Bruhat graph from v to wo.
The above corollary shows under some strong regularity conditions that the set B(G), contains a unique
maximum [b,], being the element of Newton point v(b,) = v~ — wt(v = wv). It moreover follows
that this element [b, ] satisfies

d(v = wv) =£L(x) — (v(by),2p) =dim X, (by)

and that X, (b,) has, up to Jp,, (F)-action, only one top-dimensional irreducible component.
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It is a well-known result of Viehmann [2014, Section 5] that B(G), always contains a unique maximum
for arbitrary G and x. She moreover provides a combinatorial description in terms of the Bruhat order on
the extended affine Weyl group.

The description of the generic o-conjugacy class [b,] in terms of the quantum Bruhat graph is known
due to Milic¢evié [2021]. Her proof is more combinatorial in nature, following Viehmann’s description
of [b,] using the Bruhat order and a comparison of the Bruhat order with the quantum Bruhat graph due
to Lam and Shimozono [2010]. Her combinatorial methods have been refined since, so that a description
of [b,] using the quantum Bruhat graph is known for arbitrary G and x [Sadhukhan 2023; He and Nie
2024; Schremmer 2022]. Our corollary recovers Mili¢evi¢’s original result using an entirely different proof
method, which moreover reveals how to find the quantum Bruhat graph itself in the affine flag variety.

The aforementioned geometric properties of X, (b, ) are well known for arbitrary G and x, as described
in the Introduction. We can interpret Proposition 4.13, i.e., essentially [Brenti et al. 1999, Theorem 6.4],
as a combinatorial shadow of these geometric facts.

Remark 5.11. Let us compare Corollary 5.9 to the situation of affine Deligne—Lusztig varieties in the
affine Grassmannian, i.e., where the parahoric subgroup K = G(Qp) is hyperspecial. Given [b] € B(G)
and a dominant u € X, (T), we can compare the affine Deligne-Lusztig variety X, (b) C G(L)/K with
Xuwore (b) C G(L)/I following [He 2014, Theorem 10.1]. If x = wot* satisfies the regularity conditions
from Corollary 5.9, this means we should study the multiset wts(1 = wy).

Given any reflection order @ = {81 < - - - < Buap+}, there exists a unique unlabelled path of maximal
length from 1 to wy, given by

p_:lﬂ—]>sﬁlﬂ—2>---—>ﬂ#¢+ wo.

Each arrow in this path is increasing the length in W. Thus, the labelled paths p in the double Bruhat
graph with underlying unlabelled path p are precisely the paths of the form

p:l (B1.m1) sp Ba.ma)  (Byot Mye+)
. 1

wo

for integers my, ..., msep+ > 0. In the situation of Corollary 5.9, we see that X, (b) # @ if and only if
© — v(b) is a sum of positive coroots, in which case we get

dim X, (b) = £ (€(x) +#T — (v(b), 2p)).

The number of top-dimensional irreducible components of X, () is equal to the number of different ways
to express u — v(b) as a sum of positive coroots. This latter quantity is known as Kostant’s partition
Jfunction, which is also known to describe the dimension of the v(b)-weight space associated with the
Verma module V,,. Under the regularity assumption made, this is also equal to the dimension of the
v(b)-weight space of the irreducible quotient M,, by Kostant’s multiplicity formula.

In view of [He 2014, Theorem 10.1], we recover Theorem 1.1 in the setting of Corollary 5.9. While
this is a fairly restrictive setting, one may expect that statements similar to Corollary 5.9 hold true in
much higher generality.
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