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We introduce a new language to describe the geometry of affine Deligne–Lusztig varieties in affine flag
varieties. This second part of a two-paper series uses this new language, i.e., the double Bruhat graph,
to describe certain structure constants of the Iwahori–Hecke algebra. As an application, we describe
nonemptiness and dimension of affine Deligne–Lusztig varieties for most elements of the affine Weyl
group and arbitrary σ -conjugacy classes.

1. Introduction

In a seminal paper, Deligne and Lusztig [1976] introduced a class of varieties, which they use to describe
many representations of finite groups of Lie type. An analogous construction yields the so-called affine
Deligne–Lusztig varieties, which play an important role, e.g., in the reduction of Shimura varieties
[Rapoport 2005; He 2018]. Continuing the treatment of [Schremmer 2025], we study affine Deligne–
Lusztig varieties in affine flag varieties.

Let G be a reductive group defined over a local field F, whose completion of the maximal unramified
extension we denote by F̆. Denote the Frobenius of F̆/F by σ and pick a σ -stable Iwahori subgroup
I ⊆ G(F̆). The affine Deligne–Lusztig variety Xx(b) associated to two elements x, b ∈ G(F̆) is the
reduced ind-subscheme of the affine flag variety G(F̆)/I with geometric points

Xx(b)= {g ∈ G(F̆)/I | g−1bσ(g) ∈ I x I }.

Observe that the isomorphism type of Xx(b) only depends on the σ -conjugacy class

[b] = {g−1bσ(g) | g ∈ G(F̆)}

and the Iwahori double coset I x I ⊆ G(F̆). These Iwahori double cosets are naturally parametrized by
the extended affine Weyl group W̃ of G, and we get

G(F̆)=
⊔

x∈W̃
I ẋ I.

MSC2020: 11G25, 20C08, 20G25.
Keywords: affine Weyl group, Iwahori-Hecke algebra, double Bruhat graph, class polynomial, structure constant, affine

Deligne-Lusztig variety, Shimura variety, Langlands program.

© 2025 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2025.19-10
https://doi.org/10.2140/ant.2025.19.2015
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


2016 Felix Schremmer

Many geometric properties of the double cosets I ẋ I for various x ∈ W̃ can be understood via the
corresponding Iwahori–Hecke algebra H = H(W̃ ). This algebra and its representation theory received
tremendous interest since the discovery of the Satake isomorphism [1963]. There are a few different and
mostly equivalent constructions of this algebra in use. For now, we summarize that this is an algebra over
a suitable base field or ring with a basis given by formal variables Tx for x ∈ W̃. The element Tx ∈ H
can be thought of as the representation-theoretic analogue of the Iwahori double coset I x I ⊆ G(F̆). For
example, if x, y ∈ W̃, we can write

I x I · I y I =
⋃
z

I z I,

where the union is taken over all z ∈ W̃ such that the Tz-coefficient of Tx Ty ∈ H is nonzero. For a general
overview over the structure theory of Iwahori–Hecke algebras and its applications to the geometry of the
affine flag variety, we refer to [He 2016].

The set of σ -conjugacy classes B(G)= {[b] | b ∈ G(F̆)} is the second main object of interest in the
definition of affine Deligne–Lusztig varieties. It is a celebrated result of Kottwitz [1985; 1997] that
each σ -conjugacy class [b] is uniquely determined by two invariants, known as its Newton point and its
Kottwitz point. From [He 2014, Theorem 3.7], we get a parametrization of B(G) using the extended
affine Weyl group W̃. For each x ∈ W̃, consider its σ -conjugacy class in W̃, denoted by

O = {y−1xσ(y) | y ∈ W̃ }.

Two elements that are σ -conjugate in W̃ will also be σ -conjugate in G(F̆), but the converse does not
hold true in general. We obtain a surjective but not injective map

{σ -conjugacy classes O ⊆ W̃ } → B(G),

sending O to [ẋ] ∈ B(G) for any x ∈ O.
The analogous construction in the Iwahori–Hecke algebra is the formation of a σ -twisted cocenter, i.e.,

the quotient of H by the submodule [H,H]σ generated by

[h, h′
]σ = hh′

− h′σ(h), h, h′
∈ H.

An important result of He and Nie [2014, Theorem C] gives a full description of this cocenter. For each
σ -conjugacy class O ⊆ W̃ and any two elements of minimal length x1, x2 ∈O, they prove that the images
of Tx1 and Tx2 in the cocenter of H agree. Denoting the common image by TO, they prove moreover that
these TO form a basis of the cocenter, parametrized by all σ -conjugacy classes O ⊆ W̃.

With these preferred bases {Tx} of H and {TO} of the quotient, we obtain structure constants expressing
the image of each Tx in the cocenter as a linear combination of the TO’s. These are known as class
polynomials, so we write

Tx ≡
∑

O⊆W̃
σ -conj. class

fx,OTO (mod [H,H]σ ).

These representation-theoretic structure constants are often hard to determine. However, they are very
useful for studying affine Deligne–Lusztig varieties, especially the following main three questions:
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(Q1) When is Xx(b) empty? Equivalently, when is the Newton stratum empty?

(Q2) If Xx(b) ̸= ∅, what is its dimension?

(Q3) How many top-dimensional irreducible components, up to the action of the σ -centralizer of b, does
Xx(b) have?

It is an important result of He that these main questions can be fully answered in terms of the class
polynomials; see [He 2014, Theorem 6.1; 2016, Theorem 2.19]. The class polynomials can moreover be
used to count rational points of Newton strata; see [He et al. 2024, Proposition 3.7].

In the previous article [Schremmer 2025], we showed that the same main questions can also be answered,
in some cases, using the combinatorial notion of a double Bruhat graph. This is an explicitly described finite
graph, introduced in [Naito and Watanabe 2017, Section 5.1] in order to describe periodic R-polynomials.
Following a result of Görtz, Haines, Kottwitz and Reumann [Görtz et al. 2006, Section 6] comparing
affine Deligne–Lusztig varieties with certain intersections in the affine flag variety, we showed that the
double Bruhat graph appears naturally as a way to encode certain subvarieties of the affine flag variety.

Write x = wtµ ∈ W̃, v ∈ W, and assume that a regularity condition of the form

∀α ∈8+, ⟨v−1µ, α⟩ ≫ ⟨µdom
− ν(b), 2ρ⟩

is satisfied. Assume moreover that the group G is split over F. Then [Schremmer 2025, Corollary 5.9]
shows that the questions of nonemptiness, dimension and top-dimensional irreducible components are
determined by the set of paths from v to wv in the double Bruhat graph that are increasing with respect
to some fixed reflection order ≺ and of weight µdom

− ν(b). Our first main result states that this set of
paths determines the full class polynomial, and that the assumption of a split group can be removed.

Theorem 1.1 (see Theorem 4.10). Assume that the group G is quasisplit. Let x = wεµ ∈ W̃, v ∈ W and
O ⊆ W̃ such that a regularity condition of the form

∀α ∈8+, ⟨v−1µ, α⟩ ≫ ⟨µdom
− ν(O), 2ρ⟩

is satisfied. Then the class polynomial fx,O can be expressed in terms of paths in the double Bruhat graph
from v to σ(wv) that are increasing with respect to some fixed reflection order. For a suitable parametriza-
tion of the Iwahori–Hecke algebra as an algebra over the polynomial ring Z[Q] (Definition 4.1), the class
polynomial is explicitly given by

fx,O =
∑

p
Qℓ(p),

where the sum is taken over all paths p in the double Bruhat graph from v to σ(wv) that are increasing
with respect to some fixed reflection order and such that ν(O) is the σ -average of v−1µ− wt(p).

The assumption of a quasisplit group can be removed following [Görtz et al. 2015, Section 2], though
it requires more cumbersome notation to write down statements in full generality; see [Schremmer 2022,
Section 4.2].
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We will prove Theorem 1.1 as a consequence of the following more fundamental result, computing the
structure constants of the multiplication of our standard basis vectors in H.

Theorem 1.2 (see Theorem 4.2). Let x = wxε
µx, z = wzε

µz ∈ W̃, and vz ∈ W satisfying a regularity
condition of the form

∀α ∈8+, ⟨v−1
z µz, α⟩ ≫ ℓ(x).

Define polynomials ϕx,z,y via
Tx Tz =

∑
y∈W̃

ϕx,z,yTy ∈ H(W̃ ).

Pick an element y = wyε
µy ∈ W̃ and vx ∈ W such that a regularity condition of the form

∀α ∈8+, ⟨v−1
x µx , α⟩ ≫ ℓ(x)+ ℓ(z)− ℓ(y)

is satisfied. Then we can describe the structure constant ϕx,z,y in terms of paths in the double Bruhat
graph. Explicitly, we have ϕx,z,y = 0 unless wy = (wxvx)

−1vy . In this case, we have

ϕx,z,y =
∑

p
Qℓ(p),

where the sum is taken over all paths in the double Bruhat graph from vx to wzvz that are increasing with
respect to some reflection order and of weight

wt(p)= v−1
x µx + v−1

z µz − (wzvz)
−1µy .

Theorem 4.2 below actually proves a stronger statement, requiring only a weaker regularity condition
of the form

∀α ∈8+, ⟨v−1µx , α⟩ ≫ ℓ(x)− ℓ(y−1z).

The resulting description of ϕx,z,y is more involved, however, replacing the single path p by pairs of
bounded paths in the double Bruhat graph. Theorem 1.2 as stated here is sufficient to derive Theorem 1.1.

So under some very strong regularity conditions, the double Bruhat graph may also be used to understand
multiplications of Iwahori double cosets I x I · I z I in G(F̆). Theorems 1.1 and 1.2 give insight in the
generic behaviour of class polynomials and products in the Iwahori–Hecke algebra, solving infinitely
many previously intractable questions using a finite combinatorial object. From a practical point of view,
this allows us to quickly derive many crucial properties of the weight multisets of the double Bruhat graph
by referring to known properties of the Iwahori–Hecke algebra or affine Deligne–Lusztig varieties. Using
some of the most powerful tools available to describe affine Deligne–Lusztig varieties and comparing
them to the double Bruhat graph, we obtain the following result.

Theorem 1.3 (see Theorem 5.4). Let x = wεµ ∈ W̃ and v ∈ W, satisfying the regularity condition

∀α ∈8+, ⟨v−1µ, α⟩ ≥ 2 rk(G)+ 14,

where rk(G) is the rank of a maximal torus in the group G.
Pick an arbitrary σ -conjugacy class [b] ∈ B(G). Let P be the set of all paths p in the double Bruhat

graph from v to σ(wv) that are increasing with respect to some fixed reflection order such that the
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λ-invariant of [b] (see [Hamacher and Viehmann 2018, Section 2]) satisfies

λ(b)= v−1µ− wt(p).

Then P ̸= ∅ if and only if Xx(b) ̸= ∅. If p is a path of maximal length in P, then

dim Xx(b)=
1
2

(
ℓ(x)+ ℓ(p)− ⟨ν(b), 2ρ⟩ − def(b)

)
.

We give a similar description in terms of the dominant Newton points of [b] rather than the λ-invariant.

Theorem 1.3 gives full answers to the questions (Q1) and (Q2) for arbitrary [b] ∈ B(G) as long as the
element x ∈ W̃ satisfies a somewhat mild regularity condition (being linear in the rank of G).

The proofs given in this article are mostly combinatorial in nature, and largely independent of its
predecessor article [Schremmer 2025]. We will rely only on some basic facts on the double Bruhat graph
established in [Schremmer 2025, Section 4]. The best known ways to compute the structure constants of
Theorem 1.2 and the class polynomials fx,O are given by certain recursive relations involving simple
affine reflections in the extended affine Weyl group. Similarly, the Deligne–Lusztig reduction method
[1976] of Görtz and He [2010, Section 2.5] provides such a recursive method to describe many geometric
properties of affine Deligne–Lusztig varieties, in particular the ones studied in this paper series. On the
double Bruhat side, these are mirrored by the construction of certain bijections between paths due to Naito
and Watanabe [2017, Section 3.3]. We recall these bijections and derive the corresponding properties of
the weight multisets in Section 3. We study the consequences for the Iwahori–Hecke algebra in Section 4,
and the resulting properties of affine Deligne–Lusztig varieties in Section 5.

In Section 6, we finish this series of two papers by listing a number of further-reaching conjectures,
predicting a relationship between the geometry of affine Deligne–Lusztig varieties and paths in the double
Bruhat graph in various cases. These conjectures are natural generalizations of our results, and withstand
an extensive computer search for counterexamples.

Recall that our main goal is to find and prove a description of the geometry of affine Deligne–Lusztig
varieties in the affine flag variety that is as concise and precise as the known analogous statements for the
affine Grassmannian (as summarized in [Schremmer 2025, Theorem 1.1]). Our conjectures and partial
results towards proving them suggest that the language of the double Bruhat graph is very useful for this
task, and might even be the crucial missing piece towards a full description.

We would like to remark that once a conjecture is found that describes the geometry of Xx(b) for
arbitrary x, b in terms of the double Bruhat graph, a proof of such a conjecture might simply consist of a
straightforward comparison of the Deligne–Lusztig reduction method [1976] due to Görtz and He [2010]
with the analogous recursive relations of the double Bruhat graph that are discussed in this article.

2. Notation

We fix a nonarchimedean local field F whose completion of the maximal unramified extension will be
denoted by F̆. We write OF and OF̆ for the respective rings of integers. Let ε ∈ F be a uniformizer. The
Galois group 0 = Gal(F̆/F) is generated by the Frobenius σ .
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In the context of Shimura varieties, one would choose F to be a finite extension of the p-adic numbers.
When studying moduli spaces of shutkas, F would be the field of Laurent series over a finite field.

In any case, we fix a reductive group G over F. Via [Görtz et al. 2015, Section 2], we may reduce
questions regarding affine Deligne–Lusztig varieties of G to the case of a quasisplit group. In order to
minimize the notational burden, we assume that the group G is quasisplit throughout this paper.

We construct its associated affine root system and affine Weyl group following [Haines and Rapoport
2008; Tits 1979].

Fix a maximal F̆-split torus TF̆ ⊆ G F̆ and write T for its centralizer in G F̆ , so T is a maximal torus
of G F̆ . Write A = A(G F̆ , TF̆ ) for the apartment of the Bruhat–Tits building of G F̆ associated with TF̆ .
We pick a σ -invariant alcove a in A. Its stabilizer is a σ -invariant Iwahori subgroup I ⊂ G(F̆).

Denote the normalizer of T in G by NG(T ). Then the quotient

W̃ = NG(T )(F̆)/(T (F̆)∩ I )

is called the extended affine Weyl group, and W = NG(T )(F̆)/T (F̆) is the ( finite) Weyl group. The Weyl
group W is naturally a quotient of W̃. We denote the Frobenius action on W and W̃ by σ as well.

The affine roots as constructed in [Tits 1979, Section 1.6] are denoted by 8af. Each of these roots
a ∈8af defines an affine function a : A → R. The vector part of this function is denoted by cl(a) ∈ V ∗,
where V = X∗(S)⊗ R = X∗(T )00 ⊗ R. Here, 00 = Gal(F/F̆) is the absolute Galois group of F̆, i.e., the
inertia group of 0 = Gal(F/F). The set of ( finite) roots is1 8 := cl(8af).

Each affine root in 8af divides the standard apartment into two half-spaces, one being the positive
and one the negative side. Those affine roots where our fixed alcove a is on the positive side are called
positive affine roots. If moreover the alcove a is adjacent to the root hyperplane, it is called a simple affine
root. We denote the sets of simple, resp. positive, affine roots by 1af ⊆8+

af ⊆8af.
Writing Waf for the extended affine Weyl group of G, we get a natural σ -equivariant short exact

sequence (see [Haines and Rapoport 2008, Lemma 14])

1 → Waf → W̃ → π1(G)00 → 1.

Here, π1(G) := X∗(T )/Z8∨ denotes the Borovoi fundamental group.
For each x ∈ W̃, we denote by ℓ(x) ∈ Z≥0 the length of a shortest alcove path from a to xa. The

elements of length zero are denoted by �. The above short exact sequence yields an isomorphism of �
with π1(G)00 , realizing W̃ as semidirect product W̃ =�⋉ Waf.

Each affine root a ∈8af defines an affine reflection ra on A. The group generated by these reflections
is naturally isomorphic to Waf (see [Haines and Rapoport 2008]), so by abuse of notation, we also write
ra ∈ Waf for the corresponding element. We define Saf := {ra | a ∈1af}, called the set of simple affine
reflections. The pair (Waf, Saf) is a Coxeter group with length function ℓ as defined above.

1This is different from the root system that [Tits 1979] and [Haines and Rapoport 2008] denote by 8; it coincides with the
root system called 6 in [Haines and Rapoport 2008].
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We pick a special vertex x ∈ A that is adjacent to a. Since we assumed G to be quasisplit, we may and
do choose x to be σ -invariant. We identify A with V via x 7→ 0. This allows us to take the decomposition
8af =8× Z, where a = (α, k) corresponds to the function

V → R, v 7→ α(v)+ k.

From [Haines and Rapoport 2008, Proposition 13], we moreover get decompositions W̃ = W ⋉ X∗(T )00

and Waf = W ⋉Z8∨. Using this decomposition, we write elements x ∈ W̃ as x = wεµ, with w ∈ W and
µ ∈ X∗(T )00 . For a = (α, k) ∈8af, we have ra = sαεkα∨

∈ Waf, where sα ∈ W is the reflection associated
with α. The natural action of W̃ on 8af can be expressed as

(wεµ)(α, k)= (wα, k − ⟨µ, α⟩).

We define the dominant chamber C ⊆ V to be the Weyl chamber containing our fixed alcove a. This
gives a Borel subgroup B ⊆ G, and corresponding sets of positive/negative/simple roots 8+,8−,1⊆8.

By abuse of notation, we denote by 8+ also the indicator function of the set of positive roots, i.e.,

∀α ∈8, 8+(α)=

{
1, α ∈8+,

0, α ∈8−.

The sets of positive and negative affine roots can be expressed as

8+

af = (8+
× Z≥0)⊔ (8

−
× Z≥1)= {(α, k) ∈8af | k ≥8+(−α)},

8−

af = −8+

af =8af \8
+

af = {(α, k) ∈8af | k <8+(−α)}.

One checks that 8+

af are precisely the affine roots that are sums of simple affine roots.
Decompose 8 as a direct sum of irreducible root systems, 8=81 ⊔ · · · ⊔8c. Each irreducible factor

contains a uniquely determined highest root θi ∈8+

i . Now the set of simple affine roots is

1af = {(α, 0) | α ∈1} ∪ {(−θi , 1) | i = 1, . . . , c} ⊂8+

af.

We call an element µ ∈ X∗(T )00 ⊗ Q dominant if ⟨µ, α⟩ ≥ 0 for all α ∈ 8+. Similarly, we call it
C-regular for a real number C if

|⟨µ, α⟩| ≥ C

for each α ∈8+. If µ ∈ X∗(T )00 is dominant, then the Newton point of εµ ∈ W̃ is given by the σ -average
of µ, defined as

avgσ (µ)=
1
N

N∑
i=1
σ i (µ),

where N > 0 is any integer such that the action of σ N on X∗(T )00 is trivial.
An element x =wεµ ∈ W̃ is called C-regular if µ is. We write LP(x)⊆ W for the set of length positive

elements as introduced in [Schremmer 2022, Section 2.2]. If x is 2-regular, then LP(x) consists only of
one element, namely the uniquely determined v ∈ W such that v−1µ is dominant.

For elements µ,µ′ in X∗(T )00 ⊗ Q (resp. X∗(T )00 or X∗(T )0), we write µ ≤ µ′ if the difference
µ′

−µ is a Q≥0-linear combination of positive coroots.
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3. Double Bruhat graph

We recall the definition of the double Bruhat graph following [Naito and Watanabe 2017, Section 5.1]. It
turns out that the paths we studied in order to understand affine Deligne–Lusztig varieties are a certain
subset of the paths studied by Naito–Watanabe in order to study Kazhdan–Lusztig theory, or more
precisely periodic R-polynomials.

Definition 3.1. Let ≺ be a total order on 8+, and let moreover v,w ∈ W.

(a) The double Bruhat graph DBG(W ) is a finite directed graph. Its set of vertices is W. For each w ∈ W
and α ∈8+, there is an edge w α

−→ wsα.

(b) A nonlabelled path p̄ in DBG(W ) is a sequence of adjacent edges

p̄ : v = u1
α1

−→ u2
α2

−→ · · ·
αℓ

−→ uℓ+1 = w.

We call p̄ a nonlabelled path from v to w of length ℓ( p̄)= ℓ. We say p̄ is increasing with respect to ≺ if
α1 ≺ · · · ≺ αℓ. In this case, we moreover say that p̄ is bounded by n ∈ Z if αℓ = βi for some i ≤ n.

(c) A labelled path or path p in DBG(W ) consists of an unlabelled path

p̄ : v = u1
α1

−→ u2
α2

−→ · · ·
αℓ

−→ uℓ+1 = w

together with integers m1, . . . ,mℓ ∈ Z subject to the condition

mi ≥8+(−uiαi )=

{
0, ℓ(ui+1) > ℓ(ui ),

1, ℓ(ui+1) < ℓ(ui ).

We write p as

p : v = u1
(α1,m1)
−−−→ u2

(α2,m2)
−−−→ · · ·

(αℓ,mℓ)
−−−→ uℓ+1 = w.

The weight of p is

wt(p)= m1α
∨

1 + · · · + mℓα
∨

ℓ ∈ Z8∨.

The length of p is ℓ(p)= ℓ( p̄)= ℓ. We say that p is increasing with respect to ≺ if p̄ is. In this case, we
say that p is bounded by n ∈ Z if p̄ is.

(d) The set of all paths from v to w that are increasing with respect to ≺ and bounded by n ∈ Z is denoted
by paths≺

⪯n(v ⇒ w). We also write

paths≺(v ⇒ w)= paths≺

⪯#8+(v ⇒ w).

(e) The order ≺ is called a reflection order if, for all roots α, β ∈8+ with α+β ∈8+, we have

α ≺ α+β ≺ β or β ≺ α+β ≺ α.

We will frequently use the immediate properties of these paths as developed in [Schremmer 2025,
Section 4]. For this section, our main result describes how these paths behave with respect to certain
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simple affine reflections. Fix a reflection order

8+
= {β1 ≺ · · · ≺ β#8+}

and write
π≻n = sβn+1 · · · sβ#8+

∈ W

as in [Schremmer 2025, Definition 4.10].

Theorem 3.2. Let u, v ∈ W and n ∈ {0, . . . , #8+
}. Pick a simple affine root a = (α, k) ∈1af such that

(vπ≻n)
−1α ∈8−.

(a) If u−1α ∈8−, then there exists an explicitly described bijection of paths

ψ : paths≺

⪯n(sαu ⇒ sαv)→ paths≺

⪯n(u ⇒ v)

satisfying for each p ∈ paths≺

⪯n(sαu ⇒ sαv) the conditions

ℓ(ψ(p))= ℓ(p), wt(ψ(p))= wt(p)+ k(v−1α∨
− u−1α∨).

(b) If u−1α ∈8+, then there exists an explicitly described bijection of paths

ϕ : paths≺

⪯n(sαu ⇒ sαv)⊔ paths≺

⪯n(sαu ⇒ v)→ paths≺

⪯n(u ⇒ v)

satisfying for each p ∈ paths≺

⪯n(sαu ⇒ sαv) and p′
∈ paths≺

⪯n(sαu ⇒ v) the conditions

ℓ(ϕ(p))= ℓ(p), wt(ϕ(p))= wt(p)+ k(v−1α∨
− u−1α∨),

ℓ(ϕ(p′))= ℓ(p′)+ 1, wt(ϕ(p′))= wt(p′)− ku−1α∨.

The proof of this theorem can essentially be found in Section 3.3 of [Naito and Watanabe 2017],
which is a rather involved and technical construction. One may obtain a weaker version of Theorem 3.2
by comparing the action of simple affine reflections on semi-infinite orbits with [Schremmer 2025,
Theorem 4.6]. While such a weaker result would be sufficient for our geometric applications, we do need
the full strength of Theorem 3.2 for our conclusions on the Iwahori–Hecke algebra. Moreover, we would
like to explain the connection between our paper and [Naito and Watanabe 2017]. Let us hence recall
some of the notation used by Naito and Watanabe:

Definition 3.3. (a) By ≤∞/2, we denote the semi-infinite order on W̃ as introduced in [Lusztig 1980]. It
is generated by inequalities of the form

wεµ <∞/2 r(α,k)wεµ,

where (α, k) ∈8+

af, w ∈ W and µ ∈ X∗(T )00 satisfy w−1α ∈8+.

(b) For w, y ∈ W̃, we denote by P≺
r (y, w) the set of paths in W̃ of the form

5 : y = y1
(β1,m1)
−−−→ y2

(β2,m2)
−−−→ · · ·

(βℓ,mℓ)
−−−→ yℓ+1 = w

such that the following two conditions are both satisfied:
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• For each i = 1, . . . , ℓ, we have yi+1 >∞/2 yi . Writing yi = wiε
µi , we have

yi+1 = wi sβi ε
µi +miβ

∨

i .

• The roots βi are all positive and satisfy β1 ≺ · · · ≺ βℓ.

We denote the number of edges in 5 by ℓ(5) := ℓ.

These paths P≺
r ( · , · ) occur with exactly the same name in [Naito and Watanabe 2017] and are called

translation-free paths. They also consider a larger set of paths, where so-called translation edges are
allowed, which is however less relevant for our applications.

From the definition of the semi-infinite order, we easily obtain the following relation between the paths
in W̃ and the paths in the double Bruhat graph. This can be seen as a variant of [Naito and Watanabe
2017, Proposition 5.2.1].

Lemma 3.4. Let y = w1ε
µ1, w = w2ε

µ2 ∈ W̃. Then the map

9 : P≺

r (y, w)→ {p ∈ paths≺(w1 ⇒ w2) | wt(p)= µ2 −µ1},(
5 : y = y0

(β1,m1)
−−−→ y1

(β2,m2)
−−−→ · · ·

(βℓ,mℓ)
−−−→ yℓ+1 = w

)
7→

(
8(5) : w1 = cl(y0)

(β1,m1)
−−−→ cl(y1)

(β2,m2)
−−−→ · · ·

(βℓ,mℓ)
−−−→ cl(yℓ+1)

)
,

is bijective and length-preserving (i.e., ℓ(9(5))= ℓ(5)). □

The main results of [Naito and Watanabe 2017, Section 3.3] can be summarized as follows.

Theorem 3.5. Let y, w∈ W̃ and pick a simple affine reflection s ∈ Saf such that y<∞/2 sy and sw<∞/2w.

(a) [Naito and Watanabe 2017, Proposition 3.3.2]: There is an explicitly described bijection

ψ : P≺

r (y, sw)→ P≺

r (sy, w).

The map ψ preserves the lengths of paths. Its inverse map ψ ′
= ψ−1 is also explicitly described.

(b) [Naito and Watanabe 2017, Proposition 3.3.1]: There is an explicitly described bijection

ϕ : P≺

r (sy, sw)⊔ P≺

r (sy, w)→ P≺

r (y, w).

For 5 ∈ P≺
r (sy, sw), we have ℓ(ϕ(5))= ℓ(5). For 5 ∈ P≺

r (sy, w), we have ℓ(ϕ(5))= ℓ(5)+ 1. Its
inverse map ϕ′

= ϕ−1 is also explicitly described. □

In view of Lemma 3.4, we immediately get the special case of Theorem 3.2 for the sets paths≺(u ⇒ v),
i.e., if n =#8+. By inspecting the proof and the explicit constructions involved in the proof of Theorem 3.5,
we will obtain the full statement of Theorem 3.2. In order to facilitate this task, we introduce a technique
that we call “path padding”.

Definition 3.6. Let u, v ∈ W and 0 ≤ n ≤ #8+. Fix positive integers mi for i = 1, . . . , #8+. Then we
define the padding map

pad(mi )
: paths≺

⪯n(u ⇒ v)→ paths≺(u ⇒ vπ≻n),
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sending a path p ∈ paths≺

⪯n(u ⇒ v) to the composite path

pad(mi )
(p) : u

p
⇒ v

(βn+1,mn+1)
−−−−−−→ vsβn+1

(βn+2,mn+2)
−−−−−−→ · · ·

(β#8+ ,m#8+ )
−−−−−−→ vsβn+1 · · · sβ#8+

= vπ≻n.

Lemma 3.7. Let u, v ∈ W and 0 ≤ n ≤ #8+. Pick a simple affine root a = (α, k) ∈ 1af such that
(vπ≻n)

−1α ∈8−.

(a) Suppose that u−1α ∈8−. For each collection of integers (mi ≥ 4)1≤i≤#8+ , there is a unique map

ψ̃ : paths≺

⪯n(sαu ⇒ sαv)→ paths≺

⪯n(u ⇒ v)

and a collection of integers (m′

i ≥ mi − 3)1≤i≤#8+ such that the following diagram commutes:

paths≺

⪯n(sαu ⇒ sαv) paths≺(sαu ⇒ sαvπ≻n)
⊔

µ∈Z8∨

P≺
r (rau, ravπ≻nε

µ)

paths≺

⪯n(u ⇒ v) paths≺(u ⇒ vπ≻n)
⊔

µ∈Z8∨

P≺
r (u, vπ≻nε

µ)

ψ̃

pad(mi ) 9−1

∼

ψ∼

pad(m′
i ) 9−1

∼

The map ψ on the right comes from Theorem 3.5(a). The map ψ̃ has an explicit description independent of
the integers (mi ). Moreover, ψ̃ satisfies the weight and length constraints as required in Theorem 3.2(a).

Similarly, there exist integers (m′′

i ≥ mi − 3)i and a uniquely determined and explicitly described
map ψ̃ ′ making the following diagram commute:

paths≺

⪯n(u ⇒ v) paths≺(u ⇒ vπ≻n)
⊔

µ∈Z8∨

P≺
r (u, vπ≻nε

µ)

paths≺

⪯n(sαu ⇒ sαv) paths≺(sαu ⇒ sαvπ≻n)
⊔

µ∈Z8∨

P≺
r (rau, ravπ≻nε

µ)

ψ̃ ′

pad(mi ) 9−1

∼

ψ ′∼

pad(m′′
i ) 9−1

∼

(b) Suppose that u−1α∈8+. For each collection of integers (mi ≥4)1≤i≤#8+ , the explicitly described maps

ϕ1 :
⊔

µ∈Z8∨

P≺
r (rau, ravπ≻nε

µ)→
⊔

µ∈Z8∨

P≺
r (u, vπ≻nε

µ),

ϕ2 :
⊔

µ∈Z8∨

P≺
r (rau, vπ≻nε

µ)→
⊔

µ∈Z8∨

P≺
r (u, vπ≻nε

µ),

ϕ′
:

⊔
µ∈Z8∨

P≺
r (u, vπ≻nε

µ)→
⊔

µ∈Z8∨

P≺
r (rau, ravπ≻nε

µ)⊔ P≺
r (rau, vπ≻nε

µ)

from Theorem 3.5(b) can be lifted, up to padding and 9−1 as in (a), to uniquely determined maps

ϕ̃1 : paths≺

⪯n(sαu ⇒ sαv)→ paths≺

⪯n(u ⇒ v),

ϕ̃2 : paths≺

⪯n(sαu ⇒ v)→ paths≺

⪯n(u ⇒ v),

ϕ̃′
: paths≺

⪯n(u ⇒ v)→ paths≺

⪯n(sαu ⇒ sαv)⊔ paths≺

⪯n(sαu ⇒ sαv).

All three maps are explicitly described in a way that is independent of the integers (mi ). The maps ϕ1

and ϕ2 moreover satisfy the desired length and weight compatibility relations from Theorem 3.2(b).
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Proof. We only explain how to obtain the map ψ̃ from the map ψ , as the other cases are analogous. So
pick any path p ∈ paths≺

⪯n(sαu ⇒ sαv). Write it as

p : sαu = w1
(γ1,n1)
−−−→ w2

(γ2,n2)
−−−→ · · ·

(γℓ(p),nℓ(p))
−−−−−−→ wℓ(p)+1 = sαv.

Then

pad(mi )
(p) : sαu = w1

(γ1,n1)
−−−→ · · ·

(γℓ(p),nℓ(p))
−−−−−−→ sαwℓ(p)+1 = sαv

(βn+1,mn+1)
−−−−−−→ · · ·

(β#8+ ,m#8+ )
−−−−−−→ sαvπ≻n.

Define γℓ(p)+i = βn+i and nℓ(p)+i = mℓ(p)+i for i = 1, . . . , #8+
− ℓ(p). Then we can write

pad(mi )
(p) : sαu = w1

(γ1,n1)
−−−→ · · ·

(γℓ′ ,nℓ′ )
−−−−→ wℓ′+1 = vπ≻n

such that ℓ′ = ℓ(p)+ (#8+
− n). Writing µ := wt(pad(mi )

(p))+ k((vπ≻n)
−1α∨

− u−1α∨), we may
express the path 5 :=9−1(pad(mi )

(p)) ∈ P≺
r (rau, ravπ≻βnε

µ) as

5 :rau =w1ε
−kw−1

1 α∨ (γ1,n1)
−−−→w2ε

n1γ
∨

1 −kw−1
1 α∨ (γ2,k2)

−−−→· · ·
(γℓ′ ,nℓ′ )

−−−−→wℓ′+1ε
wt(pad(mi )

(p))−kw−1
1 α∨

=ravπ≻nε
µ.

We now apply the map ψ as defined in [Naito and Watanabe 2017, Section 3.3]. For this, we need to
determine the set

Dra (5)= {d ∈ {1, . . . , ℓ′} | (α, k)= (w−1
d γd , nd)}.

Since mi ≥ 4 for all i , we get

Dra (5)=
{
d | d ∈ {1, . . . , ℓ(p)} and (α, k)= (w−1

d γd , nd)
}

⊆ [1, ℓ(p)].

In particular, the set Dra (5) depends only on p and not the integers (mi ).
Naito–Watanabe construct the path ψ(5) as follows: Write Dra (5) = {d1 < · · · < dm}, which we

allow to be the empty set.
For each index q ∈ {1, . . . ,m}, we define rq ∈ {dq + 2, . . . , dq+1} (where dm+1 = ℓ′ + 1) to be the

smallest index such that

w−1
rq
α ∈8+ and γrq−1 ≺ w−1

rq
α ≺ γrq .

The existence of such an index rq is proved in [Naito and Watanabe 2017, Lemma 2.3.2]. For i =

1, . . . , #8+
− n, note that there is no positive root β satisfying γi ≺ β ≺ γi+1 (resp. γℓ′ ≺ β if i =

#8+
− n ≥ 1). Hence r1, . . . , rm ≤ n and they only depend on the path p, not the integers (mi ).

We introduce the shorthand notation

xh := whε
n1γ

∨

1 +···+nh−1γ
∨

h−1−kw−1
1 α∨

such that 5 is of the form x1 → · · · → xℓ′+1. Then ψ(5) is defined as the composition of 5′

0, . . . ,5
′
m ,

given by

5′

0 : u = rax1
(γ1,n′

1)
−−−→ rax2

(γ2,n′

2)
−−−→ · · ·

(γd1−1,n′

d1−1)
−−−−−−→ raxd1,

5′

q : raxdq = xdq+1
(γdq +1,ndq +1)
−−−−−−→ · · ·

(γrq −1,nrq −1)
−−−−−−→ xrq

(w−1
rq α,k)

−−−−→ raxrq

(γrq ,n
′
rq )

−−−−→ · · ·
(γdq+1−1,n′

dq+1−1)
−−−−−−−−→ raxdq+1,
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where we write
n′

i := ni + k⟨α∨, wiγi ⟩, i = 1, . . . , ℓ′.

Since r1, . . . , rm ≤ n, we may write ψ(5)=9−1(pad(m′

i )
(p′)), with

m′

i = mi − k⟨α∨, vsβn+1 · · · sβi−1(βi )⟩, i > n.

The path p′ is the composition of the paths p′

0, . . . , p′
m defined as

p′

0 : u = sαw1
(γ1,n′

1)
−−−→ ·· ·

(γd1−1,n′

d1−1)
−−−−−−→ sαwd1−1,

p′

q : sαwdq =wdq+1
(γdq +1,ndq +1)

−−−−−−−→ ·· ·
(γrq −1,nrq −1)
−−−−−−→wrq

(w−1
rq α,k)

−−−→ sαwrq

(γrq ,n
′

r ′
q
)

−−−−→ ·· ·

(γdq+1−1,n′

dq+1−1)

−−−−−−−−−→ sαwdq+1 .

We see that p′ as defined above is explicitly described only in terms of p and independently of the (mi ).
To summarize, we chose integers (m′

i ) only depending on (mi ), u, v, n,≺, a with the following property:
for each path p ∈ paths≺

⪯n(sαu ⇒ sαv), we may write

ψ(9−1 pad(mi )
(p))=9−1(pad(m′

i )
(p′)) for some path p′

∈ paths≺

⪯n(u ⇒ v).

It follows that the function ψ̃ as claimed exists. It is uniquely determined since 9−1 and pad(m′

i )
are

injective. Moreover, we saw that p′
:= ψ̃(p) can be explicitly described depending only on p and not the

integers (mi ).
The function ψ̃ preserves lengths of paths by construction. Using the explicit description, it is possible

to verify that it also satisfies the weight constraint stated in Theorem 3.2(a). The interested reader is invited
to verify that the constructions of ψ ′, ϕ1, ϕ2, ϕ

′ of Naito and Watanabe carry through in similar ways. □

With the main lemma proved, we can conclude Theorem 3.2 immediately. Indeed, it remains to show
that the functions ψ̃ and ϕ̃ := (ϕ̃1, ϕ̃2) from Lemma 3.7 are bijective. Since ψ is bijective with ψ ′ being
its inverse, it follows from the categorical definition and a bit of diagram chasing that ψ̃ is bijective with
ψ̃ ′ its inverse. Similarly, one concludes that ϕ̃ is bijective with ϕ̃′ its inverse. The main result of this
section is proved.

Remark 3.8. (a) Theorem 3.2 can be conveniently restated using the language of weight multisets from
[Schremmer 2025, Definition 4.10]. For u, v ∈ W and 0 ≤ n ≤ #8+, we write wts(u ⇒ v 99K vπ≻n) for
the multiset

{(wt(p), ℓ(p)) | p ∈ paths≺

⪯n(u ⇒ v)}m .

We proved that this yields a well-defined multiset wts(u ⇒ v 99K v′) for all u, v, v′
∈ W.

If a = (α, k) ∈1af is a simple affine root with (v′)−1α ∈8− and u−1α ∈8−, then

wts(u ⇒ v 99K v′)= {(ω+ k(v−1α∨
− u−1α∨), e) | (ω, e) ∈ wts(sαu ⇒ sαv 99K sαv′)}m .

If (v′)−1α ∈8− and u−1α ∈8+, then wts(u ⇒ v 99K v′) is the additive union of the two multisets

{(ω+ k(v−1α∨
− u−1α∨), e) | (ω, e) ∈ wts(sαu ⇒ sαv 99K sαv′)}m

∪{(ω− ku−1α∨, e) | (ω, e) ∈ wts(sαu ⇒ v 99K v′)}m .
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(b) The double Bruhat graph can be seen as a generalization of the quantum Bruhat graph; see [Schremmer
2025, Proposition 4.13]. It is very helpful to compare results about the double Bruhat graph with the
much better developed theory of the quantum Bruhat graph.

Under this point of view, one obtains a version of Theorem 3.2 for the quantum Bruhat graph. This
is a well-known recursive description of weights in the quantum Bruhat graph; see [Lenart et al. 2015,
Lemma 7.7].

(c) The remainder of this paper will mostly study consequences of recursive relations from Theorem 3.2.
By studying the proof of Theorem 4.2 below, one may see that the weight multiset is already uniquely
determined by these recursive relations together with a few additional facts to fix a recursive start. This
can be seen as an alternative proof that the weight multiset is independent of the chosen reflection order;
see [Schremmer 2025, Corollary 4.9].

4. Iwahori–Hecke algebra

Let us briefly motivate the definition of the Iwahori–Hecke algebra associated with an affine Weyl group.
Under suitable assumptions on our group and our fields, the Hecke algebra H(G, I ) is classically

defined to be the complex vector space of all compactly supported functions f : G(F)→ C satisfying
f (i1gi2) = f (g) for all g ∈ G(F), i1, i2 ∈ I ∩ G(F). It becomes an algebra where multiplication is
defined via convolution of functions. In this form, it occurs in the classical formulation of the Satake
isomorphism [1963].

It is proved by Iwahori and Matsumoto [1965, Section 3] for split G that H(G, I ) has a basis given by
{Sx | x ∈ W̃ } over C where the multiplication is uniquely determined by the conditions

Sx Sy = Sxy, x, y ∈ W̃ and ℓ(xy)= ℓ(x)+ ℓ(y),

Sra Sx = q Sra x + (q − 1)Sx , x ∈ W̃, a ∈1af and ℓ(rax) < ℓ(x).

Here, q := #(OF/mOF ) is the cardinality of the residue field of F. The basis element Sx corresponds to
the indicator function of the coset I x I ⊆ G(F̆).

With the convenient change of variables Tx := q−ℓ(x)/2Sx ∈H(G, I ), the above relations get the equally
popular form

Tx Ty = Txy, x, y ∈ W̃ and ℓ(xy)= ℓ(x)+ ℓ(y),

Tra Tx = Tra x + (q1/2
− q−1/2)Tx , x ∈ W̃, a ∈1af and ℓ(rax) < ℓ(x).

Since the number q is independent of the choice of affine root system, we define the Iwahori–Hecke
algebra of W̃ as follows.

Definition 4.1. The Iwahori–Hecke algebra H(W̃ ) of W̃ is the algebra over Z[Q] defined by the generators

Tx , x ∈ W̃
and the relations

Tx Ty = Txy, x, y ∈ W̃ and ℓ(xy)= ℓ(x)+ ℓ(y),

Tra Tx = Tra x + QTx , x ∈ W̃, a ∈1af and ℓ(rax) < ℓ(x).
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One easily sees that H(W̃ ) is a free Z[Q]-module with basis {Tx | x ∈ W̃ }, and that each Tx is invertible,
because

Tra (Tra − Q)= 1, a ∈1af.

All results presented in this article can be immediately generalized to most other conventions for the
Iwahori–Hecke algebra, e.g., by substituting Q = q1/2

− q−1/2.

4.1. Products via the double Bruhat graph. We are interested in the question of how to express arbitrary
products of the form Tx Ty with x, y ∈ W̃ in terms of this basis. This is related to understanding the
structure of the subset I x I · I y I ⊆ G(F̆). While it might be too much to ask for a general formula, we
can understand these products (and thus the Iwahori–Hecke algebra) better by relating it to the double
Bruhat graph. Our main result of this section is the following:

Theorem 4.2. Let C1 > 0 be a constant and define C2 := (8#8+
+ 4)C1.

Let x = wxε
µx, z = wzε

µz ∈ W̃ such that x is C2-regular and z is 2ℓ(x)-regular. Define polynomials
ϕx,z,yz ∈ Z[Q] via

Tx Tz =
∑

y∈W̃
ϕx,z,yzTyz ∈ H(W̃ ).

Pick an element y = wyε
µy ∈ W̃ such that ℓ(x)− ℓ(y) < C1. Let

LP(x)= {vx}, LP(y)= {vy}, LP(z)= {vz}

and define the multiset

M :=
{
ℓ1 + ℓ2 | (ω1, ℓ1) ∈ wts(vx ⇒ vy 99K wzvz), (ω2, ℓ2) ∈ wts(wxvxw0 ⇒ wyvyw0 99K wywzvz)

such that v−1
y µy = v−1

x µx −ω1 +w0ω2
}

m .

Here, w0 ∈ W denotes the longest element. Then

ϕx,z,yz =
∑

e∈M
Qe.

Remark 4.3. (a) In principle, we have the following recursive relations to calculate Tx Tz as long
as all occurring elements are in shrunken Weyl chambers, e.g., 2-regular: Pick a simple affine root
a = (α, k) ∈1af. If xra < x (i.e., v−1

x α ∈8+), then

Tx Tz = Txra Tra Tz =

{
Txra Tra z, raz > z (i.e., (wzvz)

−1α ∈8+),

Txra Tra z + QTxra Tz, raz < z (i.e., (wzvz)
−1α ∈8−).

This kind of recursive relation is analogous to the recursive behaviour of the multiset wts(vx ⇒ vy 99K

wzvz); see Theorem 3.2.
Similarly, if rax < x (i.e., (wxvx)

−1α ∈8−), we get

Tx Tz = Tra Tra x Tz =
∑

y∈W̃
ϕra x,z,yzTra Tyz

=
∑

y∈W̃
ϕra x,z,yz ·

{
Tra yz, ra yz > yz (i.e., (wywzvz)

−1α ∈8+),

Tra yz + QTyz, ra yz < yz (i.e., (wywzvz)
−1α ∈8−).
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This kind of recursive relation is analogous to the recursive behaviour of the multiset wts(wxvxw0 ⇒

wyvyw0 99K wywzvz); see Theorem 3.2.
For the proof of Theorem 4.2, we have to apply these recursive relations iteratively while keeping track

of the length and regularity conditions to ensure everything happens inside the shrunken Weyl chambers.

(b) Let us compare Theorem 4.2 to the quantum Bruhat graph. In view of [Schremmer 2025, Proposi-
tion 4.13], it follows that ϕx,z,yz = 0 unless

v−1
y µy ≤ v−1

x µx − wtQB(W )(vx ⇒ vy)− wtQB(W )(wyvy ⇒ wxvx).

By [Schremmer 2024, Theorem 4.2], this latter inequality is equivalent to the Bruhat order condition
y ≤ x , which is (by the definition of the Iwahori–Hecke algebra) always a necessary condition for ϕx,z,yz

to be nonzero.

(c) If the condition ℓ(x)− ℓ(y) < C1 gets strengthened to ℓ(x)+ ℓ(z)− ℓ(yz) < C1, it follows that the
product yz must be length-additive, so vy = wzvz [Schremmer 2022, Lemma 2.13]. One of the simple
facts on the double Bruhat graph [Schremmer 2025, Lemma 4.11] yields

wts(wxvxw0 ⇒ wyvyw0 99K wywzvz)=

{
∅, wyvy ̸= wxvx ,

{(0, 0)}m, wyvy = wxvx .

So the multiset M as defined in Theorem 4.2 is empty unless wyvy = wxvx , in which case it will be
equal to

M = {ℓ | (ω, ℓ) ∈ wts(vx ⇒ vy) such that v−1
y µy = v−1

x µx −ω}m .

This recovers Theorem 1.2.
The unique smallest element of wts(vx ⇒ vy) from [Schremmer 2025, Proposition 4.13] corresponds to

the uniquely determined largest element in W̃ having nonzero coefficient in Tx Tz . This element is known
as the Demazure product of x and z in W̃. We recover the formula for the Demazure product of x and z in
terms of the quantum Bruhat graph from [He and Nie 2024, Proposition 3.3] in the situation of Theorem 4.2.

Definition 4.4. (a) For x ∈ W̃ and w ∈ W, we define the multiset Y (x, w) as follows: the underlying set
|Y (x, w)| is a subset of W̃ × Z, and the multiplicity of the pair (y, e) ∈ W̃ × Z in Y (x, w) is defined via

Tx Twε2ρ∨ℓ(x) =
∑

(y,e)∈Y (x,w)
QeTywε2ρ∨ℓ(x) .

(b) We define the usual product group structure on W̃ × Z, i.e.,

(y1, e1) · (y2, e2) := (y1 y2, e1 + e2)

for y1, y2 ∈ W̃ and e1, e2 ∈ Z. If M is a multiset with |M | ⊆ W̃ × Z, we write M · (y, e) for the multiset
obtained by the right action of (y, e) ∈ W̃ × Z.

Lemma 4.5. Let x, z ∈ W̃ such that z is 2ℓ(x)-regular.

(a) Write z = wzε
µz and LP(z)= {vz}. Then

Tx Tz =
∑

(y,e)∈Y (x,wzvz)

QeTyz.
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(b) Let a = (α, k) ∈1af with xra < x and w ∈ W. If w−1α ∈8+, we have

Y (x, w)= Y (xra, sαw) · (ra, 0).

If w−1α ∈8−, we express Y (x, w) as the additive union of multisets

Y (x, w)=
(
Y (xra, sαw) · (ra, 0)

)
∪

(
Y (xra, w) · (1, 1)

)
.

(c) For y = wyε
µy ∈ W̃ and e ∈ Z, the multiplicity of (y, e) ∈ Y (x, w) agrees with the multiplicity of

(y−1, e) in Y (x−1, cl(y)w), where cl(y) ∈ W is the classical part of y ∈ W ⋉ X∗(T )00 .

Proof. (a) The regularity condition allows us to write z as the length-additive product

z = z1 · z2, z1 = wzvzε
2ρ∨ℓ(x), z2 = v−1

z εµz−vz2ρ∨ℓ(x).

Then we get
Tx Tz = Tx Tz1 Tz2 =

∑
(y,e)∈Y (x,wzvz)

Tyz1 Tz2 .

By the regularity of z1, it follows that LP(yz1)= LP(z1)= {1} for each y ≤ x in the Bruhat order. Thus
Tyz1 Tz2 = Tyz1z2 = Tyz for each (y, e) ∈ Y (x, wzvz).

(b) Let z = wεµ with µ superregular and dominant, as in (a). Use the fact

Tx Tz = Txra Tra Tz

and evaluate Tra Tz depending on whether w−1α is positive or negative.

(c) We consider the symmetrizing form of H(W̃ ) given by

τ : H(W̃ )→ Z[Q],
∑

x∈W̃
ax Tx 7→ a1.

One checks that τ(Tx Tx−1) = 1 and τ(Tx Ty) = 0 for x, y ∈ W̃ with xy ̸= 1; see [Bonnafé 2017,
Section 4.1D]. It follows from this that τ(hh′) = τ(h′h) for all h, h′

∈ H(W̃ ), and that τ(Tx−1h) is the
Tx -coefficient of h for x ∈ W̃.

Moreover, note that Tx 7→ Tx−1 defines an antiautomorphism of the Z[Q]-algebra H(W̃ ), and that τ is
invariant under this map.

Fix y ∈ W̃ and assume that both z and yz are 2ℓ(x)-regular. We calculate∑
e∈Z

(multiplicity of (y, e) in Y (x, wzvz))Qe
= (coefficient of Tyz in Tx Tz)

= τ(T(yz)−1 Tx Tz)

= τ(Tz−1 Tx−1 Tyz)

= (coefficient of Tz in T −1
x Tyz)

=
∑
e∈Z

(multiplicity of (y−1, e) in Y (x−1, wywzvz))Qe.

Comparing coefficients of Qe in Z[Q], the claim follows. □
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Remark 4.6. The connection to our previous article [Schremmer 2025] is given as follows: For x, z as in
Lemma 4.5, the regularity condition on z basically ensures that z I z−1 behaves like wzvz U (L), so we can
approximate I z I by the semi-infinite orbit I z vz U (L)= I wzvz U (L)z. Then I x I · I z I is very close to

I x I ·
wzvz U (L)z =

⋃
(y,e)∈Y (x,wzvz)

I y wzvz U (L)z ⊆ G(F̆).

Now observe for any y ∈ W̃ that

I x I ∩ I y wzvz U (L) ̸= ∅ ⇐⇒ y ∈ I x I ·
wzvz U (L).

So the multiset Y (x, w) is the representation-theoretic correspondent of the main object of interest in
[Schremmer 2025, Theorem 5.2].

Lemma 4.7. Let x = wxε
µx ∈ W̃ and pick elements u1, u2 ∈ W, as well as vx ∈ LP(x).

(a) The multiset wts(vx ⇒ u1 99K u2) is equal to the additive union of multisets⋃
(wyε

µy ,e)∈Y (x,u2)

{
(v−1

x µx − u−1
1 µy +ω, e + ℓ) | (ω, ℓ) ∈ wts(wxvx ⇒ wyu1 99K wyu2)

}
m .

(b) The multiset wts(wxvxw0 ⇒ u2w0 99K u1) is equal to the additive union of multisets⋃
u3∈W

(wyε
µy ,e)∈Y (x,u3)

s.t. wyu3=u1

{
(w0u−1

2 wyµy −w0v
−1
x µx +ω, e + ℓ) | (ω, ℓ) ∈ wts(vxw0 ⇒ w−1

y u2w0 99K u3)
}

m .

Proof. (a) Induction on ℓ(x). In the case ℓ(x)= 0, we get Y (x, u2)= {(x, 0)}m . From [Schremmer 2025,
Lemma 4.7(c)], we indeed get that wts(vx ⇒ u1 99K u2) is equal to

{(v−1
x µx − u−1

1 µx +ω, ℓ) | (ω, ℓ) ∈ wts(wxvx ⇒ wx u1 99K wx u2)}m .

Now in the inductive step, pick a simple affine root a = (α, k) with xra < x . This means v−1
x α ∈8+ and

vx ′ := sαvx ∈ LP(x ′), where

x ′
:= wx ′εµx ′

:= xra = wx sαεsα(µx )+kα∨

.

Let us first consider the case u−1
2 α ∈8+. Then Y (x, u2)= Y (x ′, sαu2) · (ra, 0) by Lemma 4.5(b). We get⋃

(wyε
µy ,e)∈Y (x,u2)

{
(v−1

x µx − u−1
1 µy +ω, e + ℓ) | (ω, ℓ) ∈ wts(wxvx ⇒ wyu1 99K wyu2)

}
m

=
⋃

(wy′ε
µy′
,e)∈Y (x ′,sαu2)

{
(v−1

x ′ µ
′
x + kv−1

x α∨
− (sαu1)

−1µy′ − ku−1
1 α∨

+ω, e + ℓ) |

(ω, ℓ) ∈ wts(wx ′vx ′ ⇒ wy′(sαu1) 99K wy′(sαu2))
}

m .

By the inductive assumption, this is equal to

{(ω+ k(v−1
x α∨

− u−1
1 α∨), ℓ) | (ω, ℓ) ∈ wts(sαvx ⇒ sαu1 99K sαu2)}m .

By Theorem 3.2(a), this is equal to wts(vx ⇒ u1 99K u2), using the assumption u−1
2 α ∈8+ again.
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In the converse case where u−1
2 α ∈8−, we argue entirely similarly. Use Lemma 4.5 to write

Y (x, u2)=
(
Y (x ′, sαu2) · (ra, 0)

)
∪

(
Y (x ′, u2) · (1, 1)

)
.

Considering Theorem 3.2(b), the inductive claim follows.

(b) One may argue similarly to (a), tracing through somewhat more complicated expressions to reduce
to Theorem 3.2 again. Instead, we show that (a) and (b) are equivalent. Recall that wxvxw0 ∈ LP(x−1)

[Schremmer 2022, Lemma 2.12]. By (a), we see that wts(wxvxw0 ⇒ u2w0 99K u1) is equal to⋃
(wyε

µy ,e)∈Y (x−1,u1)

{
((wxvxw0)

−1(−wxµx)− (u2w0)
−1µy +ω, e + ℓ) |

(ω, ℓ) ∈ wts(vxw0 ⇒ wyu2w0 99K wyu1)
}
.

In view of Lemma 4.5(c), we recover the claim in (b). □

Lemma 4.8. Let C1, e ≥ 0 be two nonnegative integers. Define C2 := (8e + 4)C1.
Let x, y ∈ W̃ such that x is C2-regular and ℓ(x)− ℓ(y) < C1. Let u ∈ W. Write

x = wxε
µx , y = wyε

µy ,

LP(x)= {vx}, LP(y)= {vy}.

Define the multiset

M :=
{
ℓ1 + ℓ2 | (ω1, ℓ1) ∈ wts(vx ⇒ vy 99K u), (ω2, ℓ2) ∈ wts(wxvxw0 ⇒ wyvyw0 99K wyu)

such that v−1
y µy = v−1

x µx −ω1 +w0ω2
}

m .

Then the multiplicity of (y, e) in Y (x, u) agrees with the multiplicity of e in M.

Proof. Induction on e. Consider the inductive start e = 0. If 0 ∈ M , then ℓ1 = ℓ2 = 0 and vx = vy by
definition of M . Hence x = y, and indeed 0 ∈ M has multiplicity 1. Similarly, (y, 0) also has multiplicity 1
in Y (x, u).

If 0 /∈ M , we see x ̸= y and indeed (y, 0) /∈ Y (x, u) for x ̸= y. This settles the inductive start.
In the inductive step, let us write x as a length-additive product x = x1x2x3, where

x1 = ε4C1wxvxρ
∨

, x2 = wxε
µx−8C1vxρ

∨

, x3 = ε4C1vxρ
∨

.

Note that the inductive assumptions are satisfied for C1, e − 1, x2 and any element y′
∈ W̃ such that

ℓ(x2)− ℓ(y′) < C1.
The length-additivity of x = x1x2x3 implies

Y (x, u)=
{
(y1 y2 y3, e1 + e2 + e3) | (y3, e3) ∈ Y (x3, u),

(y2, e2) ∈ Y (x2, cl(y3)u), (y1, e1) ∈ Y (x1, cl(y2) cl(y3)u)
}

m .

Pick elements

(y3, e3) ∈ Y (x3, u), (y2, e2) ∈ Y (x2, cl(y3)u), (y1, e1) ∈ Y (x1, cl(y2) cl(y3)u)

such that ℓ(y1 y2 y3) > ℓ(x)− C1 and e1 + e2 + e3 = e.
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In this case, we certainly get ℓ(yi ) > ℓ(xi )− C1 for i = 1, 2, 3. Since x1, x2, x3 are 4C1-regular by
construction, it follows that each yi is 2C1-regular by yi ≤ xi and ℓ(yi ) > ℓ(xi )− C1 (studying how
regularity behaves in a sequence of Bruhat covers from yi to xi ). We claim that

ℓ(y1 y2 y3)= ℓ(y1)+ ℓ(y2)+ ℓ(y3).

We can study the question of length-additivity of such products using [Schremmer 2022, Lemma 2.13].
This lemma expresses the condition ℓ(xy)= ℓ(x)+ ℓ(y) in terms of the length functionals ℓ(x, · ) and
ℓ(y, · ) as defined in [loc. cit., Definition 2.5]. Using the aforementioned lemma, it suffices to see that
ℓ(y1 y2)= ℓ(y1)+ ℓ(y2) and ℓ(y2 y3)= ℓ(y2)+ ℓ(y3) (using regularity). If y1 y2 is not a length-additive
product, we use [loc. cit., Lemma 2.13] to find a root α ∈ 8 with ℓ(y1, cl(y2)α) > 0 and ℓ(y2, α) < 0.
By regularity, this means ℓ(y1, cl(y2)α) > C1 and ℓ(y2, α) <−C1. Using [loc. cit., Corollary 2.10 and
Lemma 2.12], we get

ℓ(y1 y2)=
∑
β∈8

1
2 |ℓ(y1, cl(y2)β)+ ℓ(y2, β)|

≤ −C1 +
∑
β∈8

1
2(|ℓ(y1, cl(y2)β)| + |ℓ(y2, β)|)= ℓ(y1)+ ℓ(y2)− C1.

This contradicts the above assumption ℓ(y1 y2 y3) > ℓ(x)− C1 ≥ ℓ(y1)+ ℓ(y2)+ ℓ(y3)− C1. The proof
that y2 y3 is length-additive is completely analogous.

Let us consider the special case e1 = e3 = 0 separately. Then y1 = x1 and y3 = x3. The length-additivity
of the product x1 y2x3 implies that LP(y2)= {vx} and cl(y2)= wx . Using Lemma 4.7(a), we can express
{(0, 0)}m = wts(vx ⇒ vx 99K u) in the form⋃

(wyε
µy ,e′)∈Y (x2,u)

{(. . . , e′
+ ℓ) | (ω, ℓ) ∈ wts(wxvx ⇒ wyvx 99K wyu)}m .

From this and [Schremmer 2025, Lemma 4.11], it follows that Y (x2, u) contains only one element (y′, e′)

with cl(y′)= wx , and that this element must be equal to (x2, 0).
We see that, if e1 = e3 = 0, we must also have e2 = 0. This case has been settled before.
We hence assume that e1 + e3 > 0. In particular, we may apply the inductive assumption to x2, y2, e2.

Recall that the multiplicity of (y, e) in Y (x, u) is equal to the number of tuples (with multiplicity)

(y3, e3) ∈ Y (x3, u), (y2, e2) ∈ Y (x2, cl(y3)u), (y1, e1) ∈ Y (x1, cl(y2) cl(y3)u)

such that e1 + e2 + e3 = e and y = y1 y2 y3 (necessarily length-additive). Hence LP(y2)= {cl(y3)vy} and
wy = cl(y1) cl(y2) cl(y3). By induction, the multiplicity of (y, e) in Y (x, u) is also equal to the number
of tuples (with multiplicity)

(y3, e3) ∈ Y (x3, u),

(ω1, ℓ1) ∈ wts(vx ⇒ cl(y3)vy 99K cl(y3)u),

(ω2, ℓ2) ∈ wts(wxvxw0 ⇒ cl(y1)
−1wyvyw0 99K cl(y1)

−1wyu),

(y1, e1) ∈ Y (x1, cl(y1)
−1wyu),
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satisfying e = e1 + ℓ1 + ℓ2 + e3 and

y−1
1 yy−1

3 = cl(y1)
−1wy cl(y3)

−1ε(cl(y3)vy)(v
−1
x µx2−ω1+w0ω2).

The latter identity can be rewritten, if we write y3 = w3ε
µ3 and y1 = w1ε

µ1 , as

v−1
y µy = v−1

x µx2 −ω1 +w0ω2 + v−1
y µ3 + (wyvy)

−1w1µ1.

We see that we may study the contributions of (y3, e3, ω1, ℓ1) and (y1, e1, ω2, ℓ2) separately.
We may combine the above data for (y3, e3, ω1, ℓ1), noticing that we are only interested in the multiset{
(−v−1

y µ3 +ω1 + v−1
x µx3, e3 + ℓ1) | (w3ε

µ3, e3) ∈ Y (x3, u), (ω1, ℓ1) ∈ wts(vx ⇒ w3vy 99K w3u)
}

m .

By Lemma 4.7(a), the above multiset agrees with wts(vx ⇒ vy 99K u).
Similarly, we may combine the data for (y1, e1, ω2, ℓ2), noticing that we are only interested in the

multiset{
(w0(wyvy)

−1w1µ1 +ω2 −w0(wxvx)
−1µx1, e1 + ℓ2) |

u′
∈ W, (w1ε

µ1, e1) ∈ Y (x1, u′) such that w1u′
= wyu,

(ω2, ℓ2) ∈ wts(wxvxw0 ⇒ w−1
1 wyvyw0 99K w

−1
1 wyu)

}
m .

By Lemma 4.7(b), the above multiset agrees with wts(wxvxw0 ⇒ wyvyw0 99K wyu).
We summarize that the multiplicity of (y, e) in Y (x, u), i.e., the number of tuples

(y3, e3, ω1, ℓ1, ω2, ℓ2, y1, e1)

with multiplicity as above, is equal to the number of tuples

(λ1, f1) ∈ wts(vx ⇒ vy 99K u),

(λ2, f2) ∈ wts(wxvxw0 ⇒ wyvyw0 99K wyu)
satisfying e = f1 + f2 and

v−1
y µy = v−1

x µx2 − λ1 + v−1
x µx3 +w0λ2 + (wxvx)

−1µx1 .

Up to evaluating the product x = x1x2x3 ∈ W ⋉ X∗(T )00 , this finishes the induction and the proof. □

Corollary 4.9. Let x = wxε
µx, z = wzε

µz ∈ W̃. Write

Tx Tz =
∑

y∈W̃

∑
e≥0

ny,e QeTyz, ny,e ∈ Z≥0.

Pick elements vx ∈ LP(xx), vz ∈ LP(xz), e ∈ Z≥0 and y = wyε
µy ∈ W̃. Then ny,e is at most equal to the

multiplicity of the element (
v−1

x (µx −w−1
x wyµy), e

)
in the multiset

wts(vx ⇒ w−1
y wxvx 99K wzvz).
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Proof. Let us write H(W̃ )≥0 for the subset of those elements of H(W̃ ) which are nonnegative linear
combinations of elements of the form QeTx for e ∈ Z≥0 and x ∈ W̃. For dominant coweights λ1, λ2 ∈

X∗(T )00 , we obtain

Tεwx vx λ1 x Tzεvzλ2 = Tεwx vx λ1 Tx TzTεvzλ2

=
∑

y∈W̃

∑
e≥0

ny,e QeTεwx vx λ1 TyzTεvzλ2 ∈
∑

y∈W̃

∑
e≥0

ny,e QeTεwx vx λ1 yzεvzλ2 +H(W̃ )≥0.

So the quantity ny,e can only increase if we replace (x, y, z) by (εwxvxλ1 x, εwxvxλ1 y, zεwzvzλ2). Choosing
our dominant coweights λ1, λ2 appropriately regular, the claim follows from Lemma 4.8. □

Proof of Theorem 4.2. In view of Corollary 4.9 and the definition of paths in the double Bruhat graph, it
follows easily that, for all x, y, z ∈ W̃, the degree of the polynomial ϕx,y,z in Z[Q] is bounded from above
by #8+ (reproving this well-known fact). Thus the theorem follows by assuming e ≤ #8+ in Lemma 4.8
(noticing that also the multiset M cannot contain elements > #8+ using the definition of paths in the
double Bruhat graph). □

4.2. Class polynomial. Choose for each σ -conjugacy class O ⊆ W̃ a minimal-length element xO ∈ O.
Then the class polynomials associated with each x ∈ W̃ are the uniquely determined polynomials
fx,O ∈ Z[Q] satisfying

Tx ≡
∑
O

fx,OTxO (mod [H,H]σ ),

where [H,H]σ is the Z[Q]-submodule of H generated by the elements of the form

[h, h′
]σ = hh′

− h′σ(h) ∈ H.

These polynomials fx,O ∈ Z[Q] are independent of the choice of minimal-length representatives xO ∈ O,
and there is an explicit algorithm to compute them; see [He and Nie 2014]. Using this algorithm, one
easily sees the following boundedness property: Whenever ℓ(x) < ℓ(xO), we must have fx,O = 0. The
main result of this section is the following.

Theorem 4.10. Let B > 0 be any real number. There exists an explicitly described constant B ′ > 0,
depending only on B and the root system 8, such that the following holds true:

Let x = wεµ ∈ W̃ be B ′-regular and write LP(x) = {v}. For each σ -conjugacy class O ⊆ W̃ with
⟨v−1µ− ν(O), 2ρ⟩ ≤ B and κ(O)= κ(x), we have

fx,O =
∑

(ω,e)∈wts(v⇒σ(wv)) s.t.
ν(O)=avgσ (v

−1µ−ω)

Qe
∈ Z[Q].

Remark 4.11. (a) Our proof reduces Theorem 4.10 to Theorem 4.2. This yields a short and instructive
proof, but results in a very large value of B ′. One may alternatively compare the aforementioned algorithm
of He and Nie directly with Theorem 3.2 to obtain a significantly smaller value of B ′.
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(b) Explicit formulas for the full class polynomials, rather than just degree and sometimes leading
coefficients, have been very rare in the past. One exception to this is the elements with finite Coxeter part
as studied in [He et al. 2024]. In the setting of Theorem 4.10, this means that v−1σ(wv)∈ W has a reduced
expression in W where every occurring simple reflection lies in a different σ -orbit in S. Then the class
polynomial from [loc. cit., Theorem 7.1] is, translating to our notation as above, given by Qℓ(v−1σ(wv)).

Write v−1σ(wv)= sα1 · · · sαn for such a reduced expression as above, and choose a reflection order ≺

with α1 ≺ · · · ≺ αn . Then one sees that there is only one unlabelled ≺-increasing path from v to σ(wv)
in the double Bruhat graph, given by

v → vsα1 → · · · → vsα1 · · · sαn = σ(wv).

This path has length n. Since the simple coroots α1, . . . , αn lie in pairwise distinct σ -orbits, it follows
for any coroot ω ∈ Z8∨ that there is at most one choice of integers m1, . . . ,mn ∈ Z with

m1α
∨

1 + · · · + mnα
∨

n ≡ ω ∈ X∗(T )0.

With a bit of bookkeeping, one may explicitly describe wts(v ⇒ σ(wv)) as a multiset of pairs (ω, n),
each with multiplicity 1, for exactly those coweights ω which are nonnegative linear combinations of
the simple coroots α∨

1 , . . . , α
∨
n . This easy double Bruhat theoretic calculation recovers [He et al. 2024,

Theorem 7.1] in the setting of Theorem 4.10.

(c) Let J ⊆1 be the support of v−1σ(wv) in W. Let v J
∈ W J be the unique minimal-length element

in v J. Write v = v Jv1 and σ(wv)= v Jv2 so that v1, v2 ∈ WJ . Choosing a suitable reflection order, we
get a one to one correspondence between paths in the double Bruhat graph of W from v to σ(wv) and
paths in the double Bruhat graph of WJ from v1 to v2. The resulting statement on class polynomials
recovers [He and Nie 2015, Theorem C] in the setting of Theorem 4.10.

Proof of Theorem 4.10. Define C1 := B + 1, and let C2 > 0 be as in Theorem 4.2.
By choosing B ′ appropriately, we may assume that we can write x as a length-additive product

x = x1x2, x1 = wvεµ1, x2 = v−1εµ2

such that x1 is 2ℓ(x2)-regular and x2 is C2-regular. Observe that LP(x2)= {v} and LP(x1)= {1}. Then

Tx = Tx1 Tx2 ≡ Tx2σ(Tx1) (mod [H,H]σ ).

Write H≤ℓ(x)−B−1 for the Z[Q]-submodule of H generated by all elements Tz satisfying ℓ(z) < ℓ(x)− B.
Using Theorem 1.2, we may write

Tx2 Tσ(x1) ≡
∑

(ω,e)∈wts(v⇒σ(wv))

QeT
εv

−1µ−ω (mod H≤ℓ(x)−B−1).

So if O satisfies ⟨v−1µ− ν(O), 2ρ⟩ ≤ B, we see that

fx,O =
∑

(ω,e)∈wts(v⇒σ(wv))

Qe f
εv

−1µ−ω,O.
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Here, we used the above observation that fy,O = 0 if ℓ(y) < ⟨ν(O), 2ρ⟩. By regularity of v−1µ with
respect to ω, we see that v−1µ−ω is always dominant and 1-regular in the above sum. Hence

f
εv

−1µ−ω,O =

{
1 if ν(O)= avgσ (v

−1µ−ω),

0 otherwise.
The claim follows. □

5. Affine Deligne–Lusztig varieties

One crucial feature of the class polynomials fx,O is that they encode important information on the
geometry of affine Deligne–Lusztig varieties.

Theorem 5.1 [He 2016, Theorem 2.19]. Let x ∈ W̃ and [b] ∈ B(G). Define

fx,[b] :=
∑
O

Qℓ(O) fx,O ∈ Z[Q],

where the sum is taken over all σ -conjugacy classes O ⊂ W̃ whose image in B(G) is [b]. For each such
σ -conjugacy class O, we write

ℓ(O)= min{ℓ(y) | y ∈ O}.

Then Xx(b) ̸= ∅ if and only if fx,[b] ̸= 0. In this case,

dim Xx(b)=
1
2(ℓ(x)+ deg( fx,[b]))− ⟨ν(b), 2ρ⟩

and the number of Jb(F)-orbits of top-dimensional irreducible components in Xx(b) is equal to the
leading coefficient of fx,[b]. □

Combining with the explicit description of class polynomials from Theorem 4.10, we conclude the
following.

Proposition 5.2. Let B > 0 be any real number. There exists an explicitly described constant B ′ > 0,
depending only on B and the root system 8, such that the following holds true:

Let x =wεµ ∈ W̃ be B ′-regular and write LP(x)={v}. Let [b] ∈ B(G) such that ⟨v−1µ−ν(b), 2ρ⟩< B
and κ(b)= κ(x). Let E denote the multiset

E = {e | (ω, e) ∈ wts(v ⇒ σ(wv)) such that ν(b)= avgσ (v
−1µ−ω)}m .

Then Xx(b) ̸= ∅ if and only if E ̸= ∅. In this case, set e := max(E). Then

dim Xx(b)=
1
2(ℓ(x)+ e − ⟨ν(b), 2ρ⟩),

and the number of Jb(F)-orbits of top-dimensional irreducible components of Xx(b) is equal to the
multiplicity of e in E.
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Proof. Let O ⊆ W̃ be the unique σ -conjugacy class whose image in B(G) is [b] (unique by regularity).
Then ℓ(O)= ⟨ν(b), 2ρ⟩ and fx,[b] = Qℓ(O) fx,O. Expressing

fx,O =
∑
e∈E

Qe

using Theorem 4.10, the statements follow immediately using Theorem 5.1. □

For split groups, this recovers [Schremmer 2025, Corollary 5.9] up to possibly different regularity
constraints. In practice, one may use Proposition 5.2 to deduce statements on the double Bruhat graph
from the well-studied theory of affine Deligne–Lusztig varieties.

Corollary 5.3. Let u, v ∈ W and let J = supp(u−1v)⊆1 be the support of u−1v in W, and ω ∈ Z8∨.

(a) Suppose that ℓ(u−1v) is equal to dQB(W )(u ⇒ v), the length of a shortest path from u to v in the
quantum Bruhat graph. Then (ω, ℓ(u−1v)) ∈ wts(u ⇒ v) whenever ω ≥ wtQB(W )(u ⇒ v) and ω ∈ Z8∨

J .

(b) If ω ∈ Z8∨

J with ω ≥ 2ρ∨

J , which denotes the sum of positive coroots in 8∨

J , we have

(ω, ℓ(u−1v)) ∈ wts(u ⇒ v).

Proof. Assume without loss of generality that the group G is split. Reducing to the double Bruhat graph
of WJ as in Remark 4.11(d), we may and do assume that J =1.

Let B = ⟨ω, 2ρ⟩ + 1 and B ′ > 0 as in Proposition 5.2. Choose x = wεµ ∈ W̃ to be B ′-superregular
such that LP(x)= {u} and v = wu. Let [b] ∈ B(G) be the σ -conjugacy class containing εu−1µ−ω, so that
ν(b)= u−1µ−ω.

(a) By [Milićević and Viehmann 2020, Proposition 4.2], the element x is cordial. By [Milićević and
Viehmann 2020, Theorem 1.1] and [Görtz et al. 2015, Theorem B], we get Xx(b) ̸= ∅ and

dim Xx(b)=
1
2

(
ℓ(x)+ ℓ(u−1v)− ⟨ν(b), 2ρ⟩

)
.

The claim follows.

(b) Similar to (a), using [He 2021, Theorem 1.1]. This celebrated result of He shows that if ω ≥ 2ρ∨ and
supp(u−1v)=1, then Xx(b) ̸= ∅ and

dim Xx(b)=
1
2

(
ℓ(x)+ ℓ(u−1v)− ⟨ν(b), 2ρ⟩

)
.

The claim follows again. □

The reader who wishes to familiarize themselves more with the combinatorics of double Bruhat graphs
may take the challenge and prove the above corollary directly.

We now want to state the main result of this section, describing the nonemptiness pattern and dimensions
of affine Deligne–Lusztig varieties associated with sufficiently regular elements x ∈ W̃ and arbitrary
[b] ∈ B(G). We let λ(b) ∈ X∗(T )0 be the λ-invariant as introduced in [Hamacher and Viehmann 2018,
Section 2]. By conv : X∗(T )0 → X∗(T )00 ⊗ Q, we denote the convex hull map from [Schremmer 2022,
Section 3.1], so that ν(b)= conv(λ(b)).
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Our regularity condition is given as follows: Decompose the (finite) Dynkin diagram of 8 into its
connected components, so we have 8 = 81 ⊔ · · · ⊔8c. Denote by θi ∈ 8+

i the uniquely determined
highest root, and write it as linear combination of simple roots

θi =
∑
α∈1

ci,αα.

Define the regularity constant C to be

C = 1 + max
i=1,...,c

∑
α∈1

ci,α ∈ Z.

With that, we can state our main result as follows.

Theorem 5.4. Let x =wεµ ∈ W̃ be C-regular and [b] ∈ B(G) such that κ(b)= κ(x). Write LP(x)= {v}

and define E to be either of the following two sets E1 or E2:

E1 := {e | (ω, e) ∈ wts(v ⇒ σ(wv)) such that λ(b)≡ v−1µ−ω ∈ X∗(T )0},

E2 := {e | (ω, e) ∈ wts(v ⇒ σ(wv)) such that ν(b)= conv(v−1µ−ω)}.

Then Xx(b) ̸= ∅ if and only if E ̸= ∅. In this case,

dim Xx(b)=
1
2

(
ℓ(x)+ max(E)− ⟨ν(b), 2ρ⟩ − def(b)

)
.

Remark 5.5. (a) Since conv(λ(b)) = ν(b), we have E1 ⊆ E2. The inclusion may be strict, and it is a
nontrivial consequence of Theorem 5.4 that the two sets have the same maxima.

(b) If 8 is irreducible, the regularity constant C is equal to the Coxeter number of 8 and explicitly given
as follows:

Cartan type An Bn Cn Dn E6 E7 E8 F4 G2

C = n+1 2n 2n 2n−2 12 18 30 12 6

(c) Unlike in Proposition 5.2, we get no information on the number of top-dimensional irreducible
components. The main advantage of Theorem 5.4 over Proposition 5.2 comes from the different regularity
conditions, making Theorem 5.4 more applicable.

(d) The unique minimum in wts(v ⇒ σ(wv)) from [Schremmer 2025, Proposition 4.13] corresponds to
the unique maximum in B(G)x . This recovers the formula for the generic Newton point from [He and
Nie 2024, Proposition 3.1] in the setting of Theorem 5.4.

(e) If the difference between v−1µ and ν(b) becomes sufficiently large, the maximum max(E) can be
expected to be is ℓ(v−1σ(wv)) (see [Schremmer 2025, Lemma 4.11] or Corollary 5.3(b) above) and we
recover the notion of virtual dimension from [He 2014, Section 10]. In fact, one may use Corollary 5.3(b)
to recover [He 2021, Theorem 1.1] in the situation of Theorem 5.4. This line of argumentation is ultimately
cyclic, since a special case of [He 2021, Theorem 1.1] was used in the proof of Corollary 5.3(b). We
may however summarize that Corollary 5.3(b) is the double Bruhat theoretic correspondent of [He 2021,
Theorem 1.1]. Similarly, most known results on affine Deligne–Lusztig varieties correspond to theorems
on the double Bruhat graph and vice versa.
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(f) The proof method for Theorem 5.4 is similar to the proof of [He 2014, Proposition 11.5] or equivalently
the proof of [He 2021, Theorem 1.1].

Proof of Theorem 5.4. We assume without loss of generality that the group G is of adjoint type, following
[Görtz et al. 2015, Section 2]. This allows us to find a coweight µv ∈ X∗(T )00 satisfying for each simple
root α ∈1 the condition

⟨µv, α⟩ =8+(−vα)=

{
1, vα ∈8−,

0, vα ∈8+.

It follows that ⟨µv, β⟩ ≥8+(−vβ) for all β ∈8+. Define

x1 := wvεv
−1µ−µv , x2 = v−1εvµv ∈ W̃ .

By the choice of µv, we see that v−1µ − µv is dominant and (C−1)-regular. The above estimate
⟨µv, β⟩ ≥8+(−vβ) implies v ∈ LP(x2). Hence x = x1x2 is a length-additive product. We obtain

Tx = Tx1 Tx2 ≡ Tσ−1(x2)Tx1 (mod [H,H]σ ).

Define the multiset Y via
Tσ−1(x2)Tx1 =

∑
(y,e)∈Y

QeTyx1 ∈ H. (5.6)

Then each (y, e)∈Y satisfies y ≤σ−1(x2) in the Bruhat order. Writing y =wyε
µy , we getµdom

y ≤σ−1(µv)

in X∗(T )00 . We estimate

max
β∈8

|⟨µy, β⟩| = max
β∈8+

⟨µdom
y , β⟩ = max

i
⟨µdom

y , θi ⟩ ≤ max
i

⟨µv, θi ⟩ ≤ C − 1,

by the choice of C . It follows that
yx1 = wywvε

v−1µ−µv+(wv)
−1µy ,

with v−1µ−µv + (wv)−1µy being dominant. For any dominant coweight λ ∈ X∗(T )00 , we can multiply
(5.6) by Tελ to obtain

Tσ−1(x2)Tx1ελ = Tσ−1(x2)Tx1 Tελ =
∑

(y,e)∈Y
Tyx1 Tελ =

∑
(y,e)∈Y

Tyx1ελ .

In light of Lemma 4.5, we see that the multiset Y is equal to the multiset Y (σ−1(x2), wv) defined earlier.
For each (y, e) ∈ Y, write yx1 = w̃yε

µ̃y to define the sets

E1(yx1) := {e | (ω, e) ∈ wts(1 ⇒ σ(w̃y)) such that λ(b)= µ̃y −ω ∈ X∗(T )0},

E2(yx1) := {e | (ω, e) ∈ wts(1 ⇒ σ(w̃y)) such that ν(b)= conv(µ̃y −ω)}.

Define E(yx1) to be E1(yx1) or E2(yx1) depending on whether E was chosen as E1 or E2. By
Lemma 4.7(a), we may write wts(σ−1(v)⇒ wv) as the additive union of multisets

wts(σ−1(v)⇒ wv)=
⋃

(wyε
µy ,e)∈Y (σ−1(x2),wv)

{(µv − (wv)−1µy +ω, e + ℓ) | (ω, ℓ) ∈ wts(1 ⇒ wywv)}m

=
⋃

(y,e)∈Y
{(v−1µ− µ̃y +ω, e + ℓ) | (ω, ℓ) ∈ wts(1 ⇒ w̃y)}m . (5.7)
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Note that the definition of the sets E1, E2, E1(yx1), E2(yx1) does not change if we apply σ−1 to the
occurring weights ω. Hence (5.7) implies

E =
⋃

(y,e)∈Y
{e + ℓ | ℓ ∈ E(yx1)}.

By definition of the multiset Y, the class polynomials of fx,O for arbitrary σ -conjugacy classes O ⊂ W̃
are given by

fx,O =
∑

(y,e)∈Y
Qe fyx1,O.

By Theorem 5.1, we see that Xx(b) ̸= ∅ if and only if X yx1(b) ̸= ∅ for some (y, e) ∈ Y. In this case, the
dimension of Xx(b) is the maximum of

dim X yx1(b)+
1
2(ℓ(x)− ℓ(yx1)+ e),

where (y, e) runs through all elements of Y satisfying X yx1(b) ̸= ∅.
We see that it suffices to prove the following claim for all (y, e) ∈ Y :

X yx1(b) ̸= ∅ if and only if E(yx1) ̸= ∅ and in this case, we have

dim X yx1(b)=
1
2

(
ℓ(yx1)+ max(E(yx1))− ⟨ν(b), 2ρ⟩ − def(b)

)
.

(∗)

Writing yx1 = w̃εµ̃, we saw above that µ̃ is dominant. Applying [Milićević and Viehmann 2020,
Theorem 1.2] to the inverse of yx1, or equivalently [He 2021, Theorem 4.2] directly to yx1, we see
that the element yx1 is cordial in the sense of [Milićević and Viehmann 2020]. This gives a convenient
criterion to check X yx1(b) ̸=∅ and to calculate its dimension. We saw in Corollary 5.3(a) that the multiset
wts(1 ⇒ σ(w̃y)) must satisfy the analogous conditions. Let us recall these results.

The uniquely determined largest Newton point in B(G)yx1 = B(G)w̃εµ̃ is avgσ (µ̃); see [He 2021,
Theorem 4.2].

Let J ′
= supp(w̃) ⊆ 1 be the support of w̃ and J =

⋃
i σ

i (J ′) = suppσ (w̃) its σ -support. Let
πJ : X∗(T )00 → X∗(T )00 ⊗ Q be the corresponding function from [Chai 2000, Definition 3.2] or
equivalently [Schremmer 2022, Section 3.1]. Then πJ (µ̃) is the unique smallest Newton point occurring
in B(G)yx1 ; see [Viehmann 2021, Theorem 1.1].

The condition of cordiality [Milićević and Viehmann 2020, Theorem 1.1] implies that B(G)yx1 contains
all those [b] ∈ B(G) with the correct Kottwitz point κ(b)= κ(yx1)= κ(x) and Newton point

πJ (µ̃)≤ ν(b)≤ avgσ (µ̃).

In this case, we know moreover from [Milićević and Viehmann 2020, Theorem 1.1] that X yx1(b) is
equidimensional of dimension

dim X yx1(b)=
1
2

(
ℓ(yx1)+ ℓ(w̃)− ⟨ν(b), 2ρ⟩ − def(b)

)
.

This condition on Newton points is equivalent to avgσ (µ̃)−ν(b) being a nonnegative Q-linear combination
of simple coroots of J, or equivalently µ̃−λ(b) being a nonnegative Z-linear combination of these coroots.
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On the double Bruhat side, note that (ω, e) ∈ wts(1 ⇒ w̃) implies ω ∈ Z8∨

J ′ and e ≤ ℓ(w̃). This can
either be seen directly, similar to the proof of [Schremmer 2025, Lemma 4.11], or as in Corollary 5.3,
reducing to [Viehmann 2021, Theorem 1.1]. From Corollary 5.3, we know conversely that any ω ≥ 0
with ω ∈ Z8∨

J ′ satisfies (ω, ℓ(w̃)) ∈ wts(1 ⇒ w̃).
Comparing these explicit descriptions of dim X yx1(b) and max(E(yx1)), we conclude the claim (∗). □

6. Outlook

We saw that the weight multiset of the double Bruhat graph can be used to describe the geometry of
affine Deligne–Lusztig varieties in many cases. This includes the case of superparabolic elements x
together with sufficiently large integral [b] ∈ B(G) in split groups [Schremmer 2025, Theorem 5.7], as
well as the case of sufficiently regular elements x together with arbitrary [b] ∈ B(G) (Theorem 5.4). One
may ask how much the involved regularity constants can be improved, and whether a unified theorem
simultaneously generalizing [Schremmer 2025, Theorem 5.7] and Theorem 5.4 can be found. Towards this
end, we propose a number of conjectures that would generalize our theorems in a straightforward manner.

Let x = wεµ ∈ W̃ and [b] ∈ B(G). If Xx(b) ̸= ∅, define the integer D ∈ Z≥0 such that

dim Xx(b)=
1
2

(
ℓ(x)+ D − ⟨ν(b), 2ρ⟩ − def(b)

)
,

and denote the number of Jb(F)-orbits of top-dimensional irreducible components in Xx(b) by C ∈ Z≥1.
We would like to state the following conjectures. The first conjecture makes a full prediction of the
nonemptiness pattern and the dimension for elements x in the shrunken Weyl chamber and arbitrary
[b] ∈ B(G).

Conjecture 6.1. Suppose that x lies in a shrunken Weyl chamber, i.e., LP(x) = {v} for a uniquely
determined v ∈ W. Define E to be either of the multisets

E1 := {e | (ω, e) ∈ wts(v ⇒ σ(wv)) such that λ(b)≡ v−1µ−ω ∈ X∗(T )0}m,

E2 := {e | (ω, e) ∈ wts(v ⇒ σ(wv)) such that ν(b)= conv(v−1µ−ω)}m .

We make the following predictions.

(a) Xx(b) ̸= ∅ if and only if E ̸= ∅ and κ(x)= κ(b) ∈ π1(G)0 (the latter condition on Kottwitz points
is automatically satisfied if E = E1).

(b) If Xx(b) ̸= ∅, then max(E)= D.

(c) If Xx(b) ̸= ∅, then C is at most the multiplicity of D in E (which may be +∞ for E2).

The multiset E1 is always contained in E2, since ν(b)= conv(λ(b)). The inclusion may be strict. So
in fact we are suggesting two different dimension formulas for shrunken x , and claim that both yield the
same answer, which moreover agrees with the dimension.

For sufficiently regular x , Theorem 5.4 shows (a) and (b). Under some strong superregularity conditions,
Proposition 5.2 shows (c) with equality. While both proofs can certainly be optimized with regards to the



2044 Felix Schremmer

involved regularity constants, proving Conjecture 6.1 as stated will likely require further methods. It is
unclear how to show the conjecture, e.g., for the particular element x = w0ε

−2ρ∨

, since the proof method
for Theorem 5.4 fails.

It is easy to see that Conjecture 6.1 is compatible with many known results on affine Deligne–Lusztig va-
rieties, such as the ones recalled in the introduction of the previous article [Schremmer 2025, Theorem 1.2].
By Corollary 5.3, we see that parts (a) and (b) of Conjecture 6.1 hold true for cordial elements x . If x is
of the special form x = w0ε

µ with µ dominant, then x is in a shrunken Weyl chamber and we know that
(c) holds; see [Schremmer 2025, Remark 6.11].

Our second conjecture suggests how the double Bruhat graph can be used for elements x which are
not necessarily in shrunken Weyl chambers.

Conjecture 6.2. Suppose that [b] is integral, i.e., of defect zero. Define for each v ∈ LP(x) and u ∈ W
the multiset

E(u, v) := {e | (ω, e) ∈ wts(u ⇒ σ(wu) 99K σ(wv)) such that u−1µ−ω = λ(b) ∈ X∗(T )0}m .

Set max∅ := −∞ and define

d := max
u∈W

min
v∈LP(x)

max(E(u, v)) ∈ Z≥0 ∪ {−∞},

c :=
∑

u∈W
min

v∈LP(x)
(multiplicity of d in E(u, v)) ∈ Z≥0.

We make the following predictions:

(a) If there exists for every u ∈ W some v ∈ LP(x) with E(u, v)= ∅, i.e., if d = −∞, then Xx(b)= ∅.

(b) If Xx(b) ̸= ∅, then D ≤ d.

(c) If Xx(b) ̸= ∅ and D = d , then C ≤ c.

If the group is split, then [Schremmer 2025, Theorem 5.7] proves (a), (b) and (c). Moreover, under
some strong superparabolicity assumptions, we get the full conjecture including equality results for (b)
and sometimes (c). We expect that a similar superparabolicity statement holds true for nonsplit groups,
but it is unclear what the involved regularity constants should be, which is why we did not formulate a
precise, falsifiable conjecture.

If the element x ∈ W̃ is in a shrunken Weyl chamber with LP(x) = {v}, then the multiset E1 from
Conjecture 6.1 is equal to the multiset E(v, v) from Conjecture 6.2. If we moreover assume that
Conjecture 6.1 holds true, then we get parts (a), (b) and (c) of Conjecture 6.2.

Compatibility of Conjecture 6.2 with previously known results is a lot harder to verify. We ex-
pect that one does not have to account for all pairs (u, v) as in Conjecture 6.2 to accurately describe
nonemptiness and dimension of Xx(b), similar to [Schremmer 2025, Theorem 5.7(c)] or Conjecture 6.1.
However, we cannot make a precise prediction how such a refinement of Conjecture 6.2 should look
in general.
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Nonetheless, extensive computer searches did not yield a single counterexample to either conjecture.
Most straightforward generalizations of these conjectures, however, can be disproved quickly using such
a computer search [SageMath 2020; Sage-Combinat 2008].

Example 6.3. For both conjectures, the estimate on the number of irreducible components is only an
upper bound. Indeed, it suffices to consider elements of the form x = w0ε

µ for dominant cocharacters µ.
Then, as discussed in [Schremmer 2025, Remark 5.11], the number C is equal to the dimension of the
λ(b)-weight space of the irreducible Weyl module Mµ. The element x lies in a shrunken Weyl chamber,
and the multiplicity of d = D in E1 = E(v, v) is equal to the dimension of the λ(b)-weight space in the
Verma module Vµ. These numbers are not equal in general.

Example 6.4. One may ask whether it is possible to find for each nonshrunken x an element v ∈ LP(x)
such that the analogous statement of Conjecture 6.1 holds true. While this is certainly possible, say, for
cordial elements x , such a statement cannot be expected to hold true in general. We may choose G = GL4

and x = s3s2s1ε
µ, where the pairing of µ with the simple roots α1, α2, α3 is given by 1,−1, 1 respectively.

Then LP(x)= {s2, s2s3}. For [b] basic, we have D = 3, yet the analogous statements of Conjecture 6.1
for both possible choices of v in LP(x) would predict D = 5.

Example 6.5. Conjecture 6.2 should not be expected to hold for nonintegral [b]. Indeed, it suffices to
choose G = GL3 and x =wεµ to be of length zero such that the action of x on the affine Dynkin diagram
is nontrivial. Let [b] = [x], so that B(G)x = {[b]}. Define

E(u, v) := {e | (ω, e) ∈ wts(u ⇒ wu 99K wv) such that u−1µ−ω = λ(b) ∈ X∗(T )0}m

for u, v ∈ W = LP(x). Since w ̸= 1, we have E(u, v)= ∅ whenever v = uw0. A statement analogous to
Conjecture 6.2(a) would thus predict that Xx(b)= ∅, which is absurd.

Example 6.6. The converse of Conjecture 6.2(a) should not be expected to hold, even for [b] basic. The
construction in Conjecture 6.2 can fail to detect (J, w, δ)-alcove elements, and hence falsely predict a
nonempty basic locus. For a concrete example, one may choose G = GL3 and x to be the shrunken
element x = s2ε

ρ∨

, with ⟨ρ∨, α⟩ = 1 for all simple roots α. Then LP(x)= {1}. For u = s1s2 and [b] = [1]

basic, we have E(u, 1) ̸= ∅.
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