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Smooth numbers are orthogonal to nilsequences

Lilian Matthiesen and Mengdi Wang

The aim of this paper is to study distributional properties of integers without large or small prime factors.
Define an integer to be [y’, y]-smooth if all of its prime factors belong to the interval [y’, y]. We identify
suitable weights gj,s () for the characteristic function of [y’, y]-smooth numbers that allow us to
establish strong asymptotic results on their distribution in short arithmetic progressions. Building on these
equidistribution properties, we show that (a W-tricked version of ) the function g, y1(n) — 1 is orthogonal
to nilsequences. Our results apply in the almost optimal range (log N)X < y < N of the smoothness
parameter y, where K > 2 is sufficiently large, and to any y’ < min(,/y, (log N)).

As a first application, we establish for any y > N'/v® N asymptotic results on the frequency with
which an arbitrary finite complexity system of shifted linear forms vr;(n) +a; € Z[ny, ..., ns], 1 < j <r,
simultaneously takes [y’, y]-smooth values as the n; vary over integers below N.
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1. Introduction

Let y > 0 be a real number. A positive integer 7 is called y-smooth if its largest prime factor is at most y.
The y-smooth numbers below N form a subset of the integers below N which is, in general, sparse but
enjoys good equidistribution properties in arithmetic progressions and short intervals. These distributional
properties turn y-smooth numbers into an important technical tool for many arithmetic questions. As an
example for one of the striking applications of smooth numbers within analytic number theory, we mention
[Vaughan 1989], which introduced smooth numbers in combination with a new iterative method to the
MSC2020: primary 11N37; secondary 11B30, 11D04, 11L15, 11N25.
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study of bounds in Waring’s problem. Wooley [1992] extended these methods and achieved substantial
improvements on Waring’s problem by working with smooth numbers. We refer to Granville’s survey
[2008] (see in particular Section 6) for a more comprehensive overview of applications of smooth numbers
within number theory.

In the present paper, we prove new results on the equidistribution of smooth numbers in short intervals
and arithmetic progressions. Our principal aim is to prove higher uniformity of y-smooth numbers in a
sense that will be made precise below and for y ranging over an almost optimal range. In addition, we
prove that provided y is not too small, the set of y-smooth numbers is sufficiently well distributed to
guarantee the existence of nontrivial solutions to arbitrary finite complexity systems of linear equations.

In order to state our main results precisely, we first introduce a subset of the y-smooth numbers as well
as a weighted version of its characteristic function that are both central to the rest of this paper. Given
any real numbers 0 < y' < y, we may consider the set of y-smooth numbers that are free from prime
factors smaller than y’. We call such numbers [y’, y]-smooth and denote their set by

S, yD={meN:pln=pely,yl}
Given any x > 0, the subset of [y’, y]-smooth numbers < x and its cardinality are denoted by
SCe, Y, yD =S, yDNILx] and  W(x, [y, y]) = [SCx, [, yDI.
Our notation extends the following standard notation for y-smooth numbers:
S :=S8(LyD, S, y):=8x,[L,y]), and W(x,y)=W(x,[I,y].

With this notation, we define the weighted characteristic function

n
am, y)W(n, [y, y)

of [y’, y]-smooth numbers, where o (7, y) denotes the saddle point! associated to S(n, y). If 1 <A < W

8iy,y1(n) = Lsqy,yp(n) (neN)

are coprime integers, we further define a W-tricked version of gi,/ , by setting

[(yWy?)( )= %g[y N(Wm+A) (meN).

In the definitions of the functions g, ) and g[(y’yf]‘) , the normalisations are chosen such that their average
values are roughly 1.

Following these preparations, we are now ready to state the main result of this paper. The notation
around nilsequences will be recalled in Section 8. Throughout this paper we write log; x to denote the
k-fold iterated logarithm of x.

Theorem 1.1 (higher uniformity). Let N be a large positive parameter and let K' > 1, K > 2K’ and d >0
be integers. Let %10g3 N <y < (log N)X "and suppose that (log N)X < y < N for some sufficiently

I'We recall the definition in Section 3.
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small n € (0, 1) depending on the value of d. Let (G/ ', G,) be a filtered nilmanifold of complexity Qg
and degree d. Finally, let w(N) = % logs N, W = ]_[p<w(N) p and define §(N) = exp(—,/logs N).
If K is sufficiently large depending on the degree d of G., then the estimate

'W Z &y y) (M) = DF (I | KLa (14| FlLip)8(N) Qo + Tog w(N) (1-1
n<(N—-A)/W

holds uniformly for all 1 < A < W with gcd(A, W) = 1, all polynomial sequences g € poly(Z, G,) and

all 1-bounded Lipschitz functions F : G/ T — C.

Remark 1.2. Since gcd(A, W) = 1, we may, when working with Wn + A € S([y’, y]), restrict without
loss of generality to the case y’ > w(N). In applications where y is not too small, the contribution from
S(y)\ S([w(N), y]) can often be taken care of separately, leading to a result for S(y) in the end.

Theorem 1.1 constitutes the first of two parts necessary in order to establish asymptotic results on the
number of [y’, y]-smooth solutions to finite complexity systems of linear forms using the nilpotent circle
method. We emphasise that the setting of smooth numbers studied in the present paper is significantly
more difficult than those settings considered in previous applications such as, e.g., [Green and Tao 2010],
[Matthiesen 2018; 2020] or [Matthiesen 2012], which concern primes, a large class of multiplicative
functions, and numbers representable by binary quadratic forms, respectively. The reason for this increase
in difficulty lies partly in the sparsity of the set of y-smooth numbers and partly in the unavailability of
sieve methods to study this set.

The parameter w(N) is determined by the distribution of y-smooth numbers in arithmetic progressions
and chosen in such a way that the subset of y-smooth numbers in any fixed reduced residue class
modulo W(N) =] p<w(n) P 1s sufficiently well-distributed in arithmetic progressions. At the end of
Section 2, we will discuss in more detail the need for applying such a “W-trick” when studying y-smooth
numbers. In addition to the W-trick, the value y’ may be used to further influence how well the resulting
set of [y, y]-smooth numbers is distributed in progressions. Increasing the parameter y’ beyond the
value of w(N) leads to better error terms for larger moduli in the distribution of [y’, y]-smooth numbers
in progressions. The proof of Theorem 1.1 relies on information on the distribution of [y’, y]-smooth
numbers in short intervals and in arithmetic progressions, which we establish in Sections 4 and 5.

From a technical perspective, our focus in Theorem 1.1 has been to establish a result in which the
lower bound on the range of the smoothness parameter y is as small as possible in terms of N, while
the W-trick (i.e., the value of W) is still independent of y. This allows one to combine this result in
applications with inductive or recursive arguments in the y-parameter. We remark that when focussing on
larger values of y, the function w(N) in the statement can be chosen larger and consequently the bounds
in this result improve.

As a first application, we estimate, for large values of y, the frequency with which an arbitrary finite
complexity system of shifted linear forms v;(n) +a; € Z[ny, ..., ns], 1 < j <r, simultaneously takes
[y, y]-smooth values as the n; vary over integers below N.
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Theorem 1.3 (linear equations in smooth numbers). Let r, s > 2 be integers and let N > 2 be a parameter.

We consider the following setup:

() Let Y1, ..., : Z° — 7 be linear forms that are pairwise linearly independent over Q, and let
ai,...,ar € [—N, N]INZ be integers. Let L denote the maximum of the absolute values of the coefficients
of Y, ..., Y.

(i1) Let R C[—1, 1)° be a fixed convex set of positive s-dimensional volume vol K > 0, and suppose that

the dilated copy
NAR={NkeR’ :ke R}

satisfies Y j(NK)+a; C[1, N] forall 1 < j <r.
(iii) Let % logs N <y’ < (log N)K/for some fixed K' > 1. Let n € (0, 1) be sufficiently small in terms of
r and s and suppose that y < N'.
If y < N is sufficiently large to ensure that W (N, y) > N /logg N, then
r
> T Tewm@im +ap) =vol(®N® [ Bp+ ors.. (N,

neZ*NNK j=lI p<y’

1 d p
Bo=— > T] — 1 Wiwta20 mod p)-
P ue@ipry j=1

as N — oo and where

We note as an aside that, as shown in [Green and Tao 2010, Section 4], this result implies an asymptotic
count of the number of solutions in [y’, y]-smooth numbers to systems of linear equations satisfying the non-
degeneracy condition stated in [loc. cit., Theorem 1.8]. Theorem 1.3 is the first instance of a result of its kind
for smooth numbers that applies in sparse situations where W (N, y) = o(N). We mainly include this result
for illustration and remark that we have not tried to optimise the lower bound on W (N, y)/N.? Theorem 1.3
follows by combining Theorem 1.1 with a “trivial” majorising function. Once suitable majorising functions
are available on the full range of y on which Theorem 1.1 applies, a version of Theorem 1.3 will follow
on that range of y, making Theorem 1.3 redundant. For this reason, we chose not to optimise the bounds.

The following unweighted version of Theorem 1.3 is an easy consequence of an asymptotic lower
bound on the weight factor that appears in the definition of gj, yj(n).

Corollary 1.4. With the notation and under the assumptions of Theorem 1.3 the following holds. If
y < N is sufficiently large to ensure that W (N, y) > N/logg N and % log; N <y" < (log N)X' for some
fixed K' > 1, then the number ./ (N, R) of n € Z° N N R for which the given system of linear polynomials

(Yj(n) +aj)i<j<, takes simultaneous [y', y1-smooth values satisfies

AN B = Y [ Lsayn @) +a;) > vol(®NTWN, [y, yD" [ [ 8,
neZsNNK j=1 P

for all sufficiently large N.

2As this application only involves fairly large values in y, the bounds in Theorem 1.3 could be improved by establishing
better bounds in Theorem 1.1 for large values of y.
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Previous work and discussion. Before turning towards Theorem 1.1, we shall first discuss previous work
in the direction of Theorem 1.3, partly because this work illustrates for which range of the smoothness
parameter y one can hope to prove such a result.

In the dense case where y > N¢ for any ¢ > 0, Theorem 1.3 has been proved by Lachand [2017] with
S([y’, y]) replaced by S(y) and with W =1, A = 0. The special case of Lachand’s result where s = 2 and
a; =---=a, =0 also follows from work of Balog, Blomer, Dartyge and Tenenbaum [Balog et al. 2012].
The latter paper studies smooth values of binary forms and can be applied to F(n1, n2) =[];_, ¥i(n1, n2).
In a similar spirit, Fouvry [2010] investigated smooth values of absolutely irreducible polynomials
F(X)eZ[Xy, ..., X,] withn > 2 and deg F > 3 and showed that

> Igpa-n(Fm) > N”
neZ"N[—N,N]
for all § < ‘3—‘ and all N > No(F), which also corresponds to the dense setting.

Concerning the sparse setting, i.e., smaller values of y, it follows from [Lagarias and Soundararajan

2011; 2012] that the lower threshold on y for which our counting function satisfies

N(N,R) —> o0, as N — oo,

is y > (log N)* for some « > 1. More precisely, Lagarias and Soundararajan studied primitive solutions to
the equation A+ B = C in smooth numbers. Using our notation they proved in [Lagarias and Soundararajan
2012, Theorem 1.5] that GRH implies

W (N, y)?
E L5y (n1) sy (n2) sy (n1 +n2) > — (1-2)
O<ni+ny<N
ged(ny,nz)=1

for any y > (log N)* and x > 8. On the other hand, they showed in [loc. cit., Theorem 1.1] that the
abc conjecture implies that the left-hand side above is bounded independent of N if y = (log N)* and
k < 1. In view of this latter result, and with applications in the spirit of Theorem 1.3 in mind, the
range of y in which we prove Theorem 1.1 is optimal up to the size of the exponent K. Indeed, the
left-hand side above is a special case of the expression .4#'(N, K) studied in Corollary 1.4 when ignoring
the parameter y’. When combined with a simple majorising function, Theorem 1.3 and Corollary 1.4
follow from Theorem 1.1, the Green—Tao—Ziegler inverse theorem [Green et al. 2012] for the U k_norms 3
and the generalised von Neumann theorem [Green and Tao 2010]. The existence of a suitable majorising
function for g[, ) on a larger range of y would imply an analogue of Theorem 1.3 on the intersection of
that range and the range on which Theorem 1.1 holds. Such an analogue can only hold provided that
y > (log N)X for some sufficiently large K.

3To be precise, we require the quantitative version of the inverse theorem due to Manners [2018] in order to deduce explicit
bounds from a very simple majorising function. A majorising function of the correct average order on a larger range of y would al-
low us to use the original qualitative inverse theorem [Green et al. 2012] instead. Since the first version of our paper appeared on the
arXiv, a very substantial improvement to [Manners 2018] has been obtained by Leng, Sah and Sawhney [Leng et al. 2024]. We note

that, in view of the bounds we obtain in Theorem 1.1, the range of y to which Theorem 1.3 and Corollary 1.4 apply would, without
further optimisation, not significantly improve by exchanging in our proof the application of [Manners 2018] for [Leng et al. 2024].
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Unconditional versions of the result (1-2) of [Lagarias and Soundararajan 2012, Theorem 1.5], but with
more restrictive ranges for y, have been established by a number of authors. Harper [2016, Corollary 1]
significantly improved those ranges and showed, almost matching the conditional range, that if K > 1 is
sufficiently large then the asymptotic formula

W(N, y)? 1 1
Yo Lso()Lsg)(2)Lsy(ny +n2) = QQ + 0(%‘”))

O<ni+n,<N 2N 1Og Y

holds for all y > (log N)X, where u = (log N)/log y.

Concerning smooth solutions to Diophantine equations in many variables, there is a vast literature on
Waring’s problem in smooth numbers. Building on [Harper 2016] mentioned before, Drappeau and Shao
[2016] studied Waring’s problem in y-smooth numbers for y > (log N)X and K > 1 sufficiently large,
which is the currently largest possible range of y. We refer to that paper for references to previous work
on this question.

Turning towards Theorem 1.1, the closest previous result is due to Lachand [2017] who proved, starting
out from a Mobius inversion formula for 15y, that

VN, y)
> <ls<y> - T) F(gmTD) = o((1 + | FllLip) ¥ (N, y))
n<N

for any & > 0 and uniformly for x > y > exp((log N)/(loglog N)'~¢). We shall explain at the end of
Section 2 why, when restricting to large values of y, neither a W-trick nor the restriction to integers with
prime factors in the interval [y’, y] is necessary.

As exponential phases e(@n*) for 6 € R, k € N, form a special case of the nilsequences F(g(n)I")
in Theorem 1.1, previous work on this question includes all work on exponential sum (and Weyl sum)
estimates over smooth numbers. The latter is a well-studied subject. Our proof indeed builds on some of
this previous work, in particular on that of [Harper 2016; Drappeau and Shao 2016; Wooley 1995].

2. Outline of the proof and overview of the paper

The proof of Theorem 1.1 occupies most of this paper. After recalling some of the background on smooth
numbers in Section 3, we investigate in Section 4 the distribution of [y’, y]-smooth numbers in short
intervals and the results we prove here may be of independent interest. The results of this section motivate
the definition of the weighted function g, (n) as well as an auxiliary weighted function Ay ,(n), and
we prove that these functions are equidistributed in short intervals. After extending in Section 5.1 work of
Harper on the distribution of y-smooth numbers in progressions, we deduce in Section 5.2 that a W -tricked
version of gj,,(n) is equidistributed in short arithmetic progressions. The work in Sections 4 and 5
(i.e., the fact that g,/ ,1(n) is equidistributed in short arithmetic progressions) prepares the ground for the
proof of the noncorrelation estimate (1-1). It allows us in Section 8 to reduce the task of proving (1-1) to
the case in which the polynomial sequence g is “equidistributed”. Using a Montgomery—Vaughan-type
decomposition, this task is further reduced in Section 9.2 to a Type II sum estimate. More precisely, we
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reduce our task to bounding bilinear sums of the (slightly simplified) form

2. Y. LsyanMAGmF(gmm)T).
mely’,y] N/m<n<(N+Ny)/m
Swapping the order of summation reduces this problem to that of bounding the correlation of the
(W-tricked) von Mangoldt functions with equidistributed nilsequences, provided we can show an impli-
cation of the form

(g(m)') < is equidistributed = (g(mn)I'),<n/y 18 equidistributed for most n € S(N, [y, yD.

A precise version of this implication will be established in Section 8.2. The proof of this implication
builds on the material from Sections 5, 6 and 7. More precisely, it relies on a strong recurrence result for
polynomial sequences over [y, y]-numbers that is proved in Section 7. The recurrence result in turn relies
on Weyl sum estimates for [y’, y]-smooth numbers that we establish in Section 6 by extending [Drappeau
and Shao 2016]. As the Weyl sum estimates by themselves are in fact too weak for our purposes, we
need to combine them with a bootstrapping argument, which requires good bounds on the distribution of
smooth numbers in short arithmetic progressions (as established in Section 5) as input. The final section
contains the proof of Theorem 1.3.

The most difficult part of this work is to ensure that y can be chosen as small as (log N)X in our
main result. To achieve this, we need to run the bootstrapping argument in Section 7 in four different
stages of iterations, using the full scale of results proved in Sections 4 and 5, and we have to choose our
parameters in Sections 8 and 9 very carefully. Similarly, working with y as small as (log N)X requires us
to use a Montgomery—Vaughan-type reduction to a Type II sum estimate in Section 9 instead of working
with the intrinsic decomposition that was used, e.g., in [Harper 2016, Section 3] to establish minor arc
estimates for exponential sums over smooth numbers. (The intrinsic decomposition appears in the proofs
of Lemmas 6.2 and 6.4.) Harper’s approach, which in principle generalises to the nilsequences setting,
involves an application of the Cauchy—Schwarz inequality and reduces the minor arc estimate to bounds
on degree-1 Weyl sums an n €(n@) for irrational 6. The losses of the Cauchy—Schwarz application
in this approach can be compensated for by the strong bounds available for degree-1 Weyl sums for
irrational 8. When working with an irrational (=equidistributed) nilsequence n — F(g(n)I") instead of
n — e(fn) for irrational 6, the savings on the corresponding sum ), <n F(g(n)I") are usually much
weaker, and in our case too weak in order to compensate for the loss of the Cauchy—Schwarz application
when y = (log N)X,

Smooth numbers and the “W-trick”. A result of the form of Theorem 1.1 requires as a necessary

A)

condition that the function it involves, here g[(y N is equidistributed in arithmetic progressions to small

moduli. The reason for this is that additive characters n — e(an/q), where a, g € N and e(x) = e2mix,

form a special case of the nilsequences n — F'(g(n)I") that appear in the statement. The function g[(}vf/ ’yf]‘)

is
a weighted version of the characteristic function of [y’, y]-smooth numbers, restricted to a reduced residue

class A modulo W. Both the use of a W-trick, i.e., the restriction to integers of the formn = Wm + A, as
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well as the restriction to the subset of y-smooth numbers that are coprime to P(y’) :=[],_,, p are a means

<y
to ensure equidistribution in progressions. The weight is introduced in order to guarantge }equidistribution
in short intervals and progressions.

We proceed to explain why the W-trick is used. Combining work of Soundararajan [2008] and Harper
[2012b] on the distribution of smooth numbers in progressions with work of de la Bretéche and Tenenbaum

[2005] one may deduce that

1 \I] , 1
CETRCE D R RD IRTRCEE Sy |

n<x ¢(q) n<x rlq
n=a (mod q) ged(n,g)=1

_ p*a(x,y)

1—p-!

for (log)c)2 <y<x,2<g< yz, and (a,q) =1, as logx/logg — oc.

When a(x, y) is sufficiently close to 1, which happens when y is sufficiently close to x, the final
product over prime divisors p | g will be approximately 1 and the above asymptotic implies that S(y) is
equidistributed in all residue classes (reduced and nonreduced) modulo g for all small values of g. The
necessary condition for the validity of Theorem 1.1 is met in this situation and no W-trick is required.

Once a(x, y) is no longer close to 1, the product over prime factors p | g in the asymptotic formula
above genuinely depends on ¢g. In this case, S(y) is seen to be equidistributed in the reduced residue
classes modulo a fixed integer g. However, the density of S(y) within a reduced class will differ from that
in a nonreduced class modulo ¢, the latter being obtained by dividing out the common factor and applying
the asymptotic formula with g replaced by a suitable divisor of g. To remove this discrepancy between
reduced and nonreduced residue classes, one may use a W-trick with a slowly growing function w(N).
Fixing a reduced residue A (mod W), one is then interested in the count of y-smooth integers of the form
n = W(gm+ a) + A, which satisfies

o —alxny)

W(x, 1 —p~*&y 1
Y(x,y, Wg, Wa+A) ~ ( y)<1_[ p ) 1_[ —r

w 1— -1 o1
T \piw p P la.ptw

p

If W = P(w(N)) is the product of all primes p < w(N), then all prime factors p’ that appear in the final
product satisfy p’ > w(N), i.e., are large. If g is not too large, this allows one to show that the final
product is asymptotically equal to 1, with an error term that depends on w(N). This ensures, within any
fixed reduced residue class A (mod W), that the necessary condition for the validity of Theorem 1.1 holds.

3. Smooth numbers

In this section we collect general properties of smooth numbers that we will frequently make use of
within this paper. Recall the definitions of the sets S(y), S([y, ¥]), S(y, x) and S([y’, y], x) from the
introduction. The relative quantity
log x
u:=
logy

(3-D

frequently appears when describing properties of S(x, y) and S(x, [y, ¥]).
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3.1. The summatory function of 1s(,). Let

Wi, y) =180, =Y Ls) ()

n<x
denote the number of y-smooth numbers below x. As a function of x, W(x, y) may be viewed as the
summatory function of the characteristic function 1g(,) of y-smooth numbers. The latter function is
completely multiplicative and the associated Dirichlet series is given by

ts,yy= Y T =]]a=p™™" i) >0).
nes(y) Py
Rankin’s trick shows that W(x, y) < x?¢(o, y) for all ¢ > 0. The (unique) saddle point of the function
o — x?¢(o, y) that appears here is usually denoted by «(x, y) and we have a(x, y) € (0, 1). Hildebrand
[1986a, Lemma 4] (see also [Hildebrand and Tenenbaum 1986, Lemma 2]) showed that

log(u1 1 1
w(x,y) = 1 — oglulogut+ 1) (logx < y < x). (3-2)
logy logy

This saddle point can be used in order to asymptotically describe W (x, y). More precisely, Hildebrand

and Tenenbaum [1986, Theorems 1, 2] proved that, uniformly for y/log x — oo,

x“¢(a, y) (1 0( LR )) (3-3)
a/2m logxlogy logu+1) logy/)’

where @ = a(x, y) > 0 and u = (logx)/log y. In applications, it is frequently necessary to understand

Y(x,y) =

the relation between W (cx, y) and W (x, y) as ¢ > 0 varies. In this direction, Theorem 3 of [Hildebrand
and Tenenbaum 1986] shows that

W(cx, y) = W(x, y)cre) (1 +0 (l + logy», (3-4)
u

u

uniformly forx >y >2and 1 <c < y.
The following related lemma is a consequence of (3-2).

Lemma 3.1. Suppose that x > 2 is sufficiently large and that logx <y < x. Then

Cl(CX, y) —a(x, y) <K 1/10gy
uniformly for all c € [1, 2].

Proof. We write cx = x + x’ and expand out the expression that (3-2) provides for a(x + x’, y) when
taking into account the definition (3-1) of #. The lemma follows provided we can show that log, (x +x’) =
log, x + O(1) and log;(x + x) =logz x + O(1). Both of these estimates may be deduced by repeated
application of the identity log(z 4+ t') = log ¢ + log(1 +¢'/¢) combined with the observation that for ¢ > 2
(in particular, for large 7) the inequality 7 > ¢’ is preserved in the sense that T > T’ if T :=logt and
T’ :=1log(1++¢'/t). Finally, the bound log(1 +¢'/t) < 1 provides the shape of the error term. O

3.2. The truncated Euler product. On the positive real line, the Dirichlet series ¢ (o, y) can be estimated
and we will frequently use the following lemma which is [Montgomery and Vaughan 2007, Lemma 7.5].
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Lemma 3.2. Suppose that y > 2. If max{2/logy,1 —4/logy} <o <1, then
[Ja-p)" <logy.

Py
If2/logy <o <1—4/logy, then

1—0o

o —oN—1 _ 1 M 1 —0
[Ta-» _l—oeXp((l—o)logy{HO((l—o)logy)+0(y )D

Py

3.3. The summatory function of 15y, y)). De la Breteche and Tenenbaum [2005] analysed the quantities

Wi (x/d, y)

W,(x,y)= > 1 and IERY)

nesS(x,y)
(n,m)=1

and established asymptotic estimates for these expressions under certain assumptions on m and d. Observe
that

"IIP(y’)(-xa y) = \IJ(-xa [ylv )’])
for P(y)=1]] p<y P- We shall require versions of two of the results from [de la Breteche and Tenenbaum

2005] that are restricted to the case m = P(y’) but come with sufficiently good explicit error terms. To
state these results, define for any given integer m € N the restricted Euler product

gn)=[J0-p™) e0. (3-5)
plm
The following lemma is a consequence of [de la Breteche and Tenenbaum 2005, Théoreme 2.1].

Lemma 3.3. Let K’ > 0 and K > max(2K’, 1) be constants, let x > 2 and y' < (log x)X" Then

, log, x 1
Wix, [y, yD =gp(y/)(a(x,y))\P(x,y)(1+0(1 + ))
ogx logy

uniformly for all (log x)X <y < x.

Proof. This result follows from [de la Breteche and Tenenbaum 2005, Théoréme 2.1 and Corollaire 2.2]. We

need to verify that the error term is of the shape claimed in the statement above. Letm = P(y') =] | p<y D-
Since y’ < yl/2 and 7 (y') < yl/z/(log y), we are either in the situation C; or C; of [loc. cit., Corollaire 2.2].

Observe that in our case u# := min(u, y/logy) = u =logx/log y and
Wi = Wp(yy =10g pr(y) < logy < loglogx.
Hence, 9, < (loglogx)/logy (K 1).
If Cy holds, then the error term in the expression for Wp(,/)(x, y) is bounded by

D, log(u +2 log, x)>
m 1og( )<<(gz)‘

E*:=E* (x,
(X ) <L logx

If condition C5 holds, then y!/108+2) « o (P(y")) < y' < (logx)X" and, hence,

log y < (log, x) log(u +2) < (log, x).
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This shows that log(u + 2) =< log, x and

2
E*« ﬁmx (log, 0* ! 5
log(u+2) — (logy)?log(u+2) logy
as required. U

By restricting [de la Breteche and Tenenbaum 2005, Théoreme 2.4] to the situation of the present
paper, we obtain:

Lemma 3.4. (i) Ify' < (logx)X for some constant K' > 0, then we have
Wpy(x/d, y) Ld “Wp(x,y)

uniformly for all max(y'?, (logx)?) <y <x, 1 <d <x/y.

(i) If, moreover, 1 < d < exp((log x)'73), the following more precise statement holds. We have

- logs x
Wp d,y)=d *Wpn(x, 1+0
pPy)(x/d,y) Py (x )’)( + (logzx))

uniformly for all max(y’z, (logx)z) <y<xand1<d< exp((logx)l/3), where y' < (logx)K/ and
K’ > 0 as before.

Proof. Part (i) is a direct application of [de la Breteche and Tenenbaum 2005, Théoreme 2.4(i)] combined
with Lemma 3.3, when taking into account that § = 0 according to the remark following (2.8) of that
paper, since y > log® x.

Concerning part (ii), Lemma 3.3 implies that the asymptotic formula given in the statement is equivalent
to

B log, x
Wp(x/d, y) =d "‘gmy»(a(x,y))“’(x’y)(” 0(1 . ))
08y, X

The statement thus follows from [de la Breteche and Tenenbaum 2005, Théore¢me 2.4(ii)] provided we can
show that under our assumptions the error term in that result is in fact of the above-stated shape. In the
notation of [loc. cit., Théoréme 2.4(ii)] we therefore need to show that 4, = o(1) and (1 — 2/ (2u?))"* =

1+ 0(1) as x — 00, where o(1) needs to be made explicit in both cases. In the former case, we have

1 1+ E log, (2 1 logd logd E
hm=—+tM+E;(x,y)<< 8, (2y) g g —-m.
Uy u log y log,x logx logy u
where we used that u, = u + (log y)/log(u +2) > (log y)/log,(2y) (cf. [de la Breteche and Tenenbaum

2005, (2.18)]) and that E}; (x, y) < 1/(log, x) by the previous proof. For the term (14 E,,)/u, we obtain

O (ulog(u+2))""
" 1+ 9y logu+2)

Note that ¥, = (10g pu(m))/logy = (logy")/logy < % for y > y’?. Further, u log(u +2) > 1. Hence,

E,, < O log!? (u +2)
u ul/2(1 + 9, log(u +2))
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If log y > (log, x), then

logd E,, logdlog'?(u+2) (logd)(log, x)'/? logd
logy u  logyul/?(logy x)?> ~ (logx)!'/2(log y)!/2logy x ~ (logx)!/2(log, x)2

If log y < (log, x)* and since log, x < log y, we have

E, O log!/? (u +2) O (log, x)/2(log y)!/2
— <1 1/2 ! 1
u " P49, log+2)  (log) (14 ol loglu +2))

(log, x)>  logd (log,x)>  (logd)log, x

t
o2 S logy Gog 02 < log )12

It remains to analyse (1 — tz/(2u2))b”. Since

t logd

u logx

12\ 12 1
1—— = —C—\)=14+0
(1-50) =ew(-c%)=1+0(i55)

for some constant C > 0. The final step above follows since

=o(D),

we have

> (logd)? 1

u (logy)logx ~logy
by our assumption on d. O

4. Smooth numbers in short intervals

Our aim in this section is to show that a suitably weighted version of the function 1g([y/ ) is equidistributed
in short intervals. More precisely, we will consider intervals contained in [x, 2x] that are of length at
least x/(log x)¢. The error terms in Lemmas 3.3 and 3.4 are too weak in order to allow one to work with
intervals as short as x/(log x)¢. Better error terms are, however, available when considering the quantity

Vpon(x/d,y)  Wx/d, [y, yD) . Wpyy(x/d, y)
= instead of ————=—
Wpn(x, y) W(x, [y, yD) W(x,y)

In the first subsection below we prove asymptotic formulas for the former quotient. In the second

subsection we introduce a suitable smooth weight for 15, ,}) and prove that the correspondingly weighted
[y, y]-smooth numbers are equidistributed in short intervals of the above form.

4.1. The local behaviour of ¥ (x, [y’, y]). In order to analyse the distribution of S([y’, y]) in short
intervals, we need to compare W (x, [y/, y]) to W(x(1+ 1/z), [y, y]). In the notation of Lemma 3.4 this
means that our d is very close to 1. Recall that u = (log x)/log y. We split our analysis below into two
cases according to whether u is large or small.
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Lemma 4.1 (local behaviour of Wp(, for large u). Let x > 2 be a parameter, let K' > 0 and K >
max(2K’, 2) be constants and suppose that y' < (logx)K/ and (logx)K <y< exp((logx)1/3). Let
o = a(x, y) denote the saddle point associated to S(x, y). Then

1 041
W, Y, yD = L+ 27 D™ (U + 27 hx, [V, y]) | < Wi, 1Y, y])( Viogy + Al ))

zlog!%x  log” x
SJorall z > 1.
Proof. We will follow the strategy via Perron’s formula employed in [Hildebrand and Tenenbaum 1986,
Lemma 8; de la Breteche and Tenenbaum 2005, Section 4.2], and start by bounding Euler factors from

the relevant Dirichlet series. Suppose that s = @ + it and (logx)~'/* < v < (logy)~!. Then* for any
y' < p <y, we have

[1—p~ 2(1 — cos(t log p)) -172 1 — cos(t log p) (tlog p)2
— =1+ —> < exp —C <expl—c—————),
[1—p~s| p*(1—p~) pe(1—p™) P

where we took advantage of the fact that 1 — p~* =<1 for all p < y since @ > 5. Hence,

[1—p~" 7? ) 72 ,
1_[ 11— p—| < exp —czy—a Z (logp)” ) <exp —Czy—a Z (log p)

Y'Ep<y Y'Sp<y Y/2<p<y
<exp(—c3t?y! ™ log y) < exp(—04t2u log(u + 1) log y)
< exp(—cu2 log x). “4-1)

By invoking bounds of the above Euler factors in different regimes of 7, de la Breteche and Tenenbaum
[2005, (4.50)] deduced from Perron’s formula that

a+i/logy ds
U(x, [y, yD) = —/ Cm(s, Y)X* — + O (x“Gu(a, y)R), (4-2)
2mi a—i/logy S
where
s5U
R= eXp<(l o )2) +exp(—(logy)*?), m=P@u) =[] p.
p<y
and

s, =[] a=p™7"

p<y,pfm

The approximation (4-2) applies in our situation since u > (log x)3?% > (log y)3/ 2 and 7(y)=w(P(R)) <
(logx)X" < /¥, which ensures that the conditions [de la Bretéche and Tenenbaum 2003, (4.40)] are
satisfied. Under our assumption that log x < y < exp((log x)!'/3), we have

R < exp(—cs(log x)l/z) + exp(—(loglog x)4/3) <4 (log x)_A.

4See the proof of [Hildebrand and Tenenbaum 1986, Lemma 8] for more details.
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The bound (4-1) allows us to further truncate the integral in (4-2). More precisely,

azxi/logy
ds
/ Em (s, y)x* —
o K

x® 1/logy
< Cm (e, Y)—/ exp(—c472 logx) dt
+i/(logx)!/3 1

@ J1/(ogx)1/3

< Sml@ X"
alogy
< \lj(_x’ [y/, y]) E‘/Xp(—cé(]()gx)—lﬂ)’

exp(—ca(logx)~'/3)

which implies that
1 l)l+i/(10gX)l/3 ds (\IJ(X, [y/, y]))
v (x, [V, :—./ s, V)x° — 4+ 04| ————=). 4-3
D=z [ e B 0n =g (43)

The latter approximation then yields

W, Y, yD— A+ 27 D™ W +27h, [, y])

| [oti/logn)!” oy ds W(x, [y, yD)
(s (1= (14271 £ o, =228
Em(s, Wx* (1= (14+z27H*%) p A log o)A

- 27l Ol—i/(lng)l/S
1/(logx)'/3 W(x, [y
59D
L mla, )’)Xa/ —A)
—1/(logx)!/3 (log x)

a  pl1/(logx)'/3 W ’
<< é-m((x»)’)x / |T|df+0A< (x5[y’y])>

|1—(1+z—‘>”|%+oA<

Z 1/(log x)1/3 (log x)4
Em (e, y)x© N Y(x, [y, y])
z(log x)?/3 (log x)4
V1o
Wi, [V, D[ 22 4 04 (ogx) ™),
z(logx)V/
as claimed. |

The previous lemma applies to y < exp((log x)'/?). Below, we establish an analogous result in the
complementary range where exp((log x)'/4) < y < x. In this case, | —a(x’, y) is very small as x’ ranges
over [x, 2x], and the error terms in Lemma 3.3 are also very good. This allows us to reduce the problem of
asymptotically evaluating W (x (1 +z7, [y, y]) to that of bounding W (x (1 +2z71, y) —W(x, y). Bounds
on the latter difference have been established by [Hildebrand 1986b, Theorem 3] in the case where

u = (logx)/log y is small, which applies to our current situation.’

Lemma 4.2 (local behaviour of Wp(, for small u). Let x > 2 be a parameter, suppose that y' < (log x)K'
for some fixed K’ > 0 and that exp((logx)'/*) <y < x, and let « = «a(x, y) denote the saddle point
associated to S(x, y). Then

(log, x)?

W+, [, yD = U+ 27 )W, [, yD| < Wi, [V, v]) oz y

(4-4)

holds uniformly for 1 < z < y>/12.

SHildebrand’s theorem has been extended by several authors and we refer to the survey paper [Granville 2008, Section 4.1]
for a discussion of these extensions and references.
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Proof. Under the assumptions on y it follows from (3-2) that the saddle point «(x, y) is very close to 1.
More precisely, writing u’ = (log x’)/ log y, we have

1 1 "+1 1 1 ! 1
a(,y)=1— og(u'log(u’+ 1)) ) qaofloex _ o tloex @5)
log y log y log y (log x)1/4

uniformly for all x € [x, 2x] and y > exp((log x)'/#). This implies, in particular, that

1
(I+27H)% = (1427 (1 4271 Oomr/loen _ (g +z1)<1 + 0( o8 ))
zlogy

for @ = a(x, y). Substituting this formula into (4-4) and rearranging the resulting expression reduces our
task to that of establishing

/ 2
W+, [y, y]) — W [y, y]) = W(x, [y, yD (l n O(z(logzx) ))
Z logy

By Lemma 3.3, the difference on the left-hand side satisfies
W(x(I+27D. [\ y]) =W Y D)

— —1 / 10g2x 1
=gpoyn @)V (x(1+z27),y) —gpon(@W(x,y)+ O(VY(x, [y, yD 10gx+logy , (4-6)

where o, = a(x (1 + 77, y) is the saddle point associated to S(x(1 + z~h, y). In order to simplify the
main term above, we seek to relate gp(,)(a;) to gp(,)(a). Following [de la Breteche and Tenenbaum
2005, Section 3.6], define y,,(s) :=log g, (s) and let y,, (s) denote the derivative with respect to s. Since
o, < a, we then have

gpry) (o) %
log(M> :,/ Vp»(©@) do < (@ —az) sup  yp(y(0)
o

gP(y’)(a) a,<o<a

and shall estimate the latter two factors in turn. Since 1 < 14z~ < 2 for z > 1, it follows from (4-5) that

log, x
o — 0y <K 11—/4
og X

Concerning the second factor, we have
log p A(n) -0 A(n)
/ _ / /
AR SR S D S L
p<y n<y’ n<y’

since log y’ < log, x and 1 — o0 <, log~!/4+¢ x by (4-5). Hence

, y 1 2 1 2
ol 1252 o (252 o 252)
gr(y) (@) gpr(y)(a) log!/* x log'/* x
Substituting this expression into (4-6), we obtain

V(1 +z7H, [y, yD — Wi, Y, yD

1 2
=gron@ W+, y) =W, )+ O(W(x, [y, yp o) )

logy
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where we used Lemma 3.3 and (3-3) to simplify the error term. To the right-hand side, we may now
apply Theorems 1 and 3 of [Hildebrand 1986b], which assert that

|\ 1 1
\D(X(l-i-z_]),y)—\y(x’y) _ ();, )’){1+ 08(%)}

holds uniformly for exp((log, x)3/3*%) < y < x and 1 < z < y¥/'2 Thus, under our assumptions on z and y,

(1 +z7H, [y, yD = W, Y, yD

2
_ gm)(oz)llf(x,y){1 +0(log(u+1))}+0<\p(% . y]) (log, x) )
z logy logy

Another application of Lemma 3.3 to the right-hand side yields the desired result. ([

4.2. Equidistribution of weighted [y’, y]-smooth numbers in short intervals. The correction factors in
Lemmas 4.1 and 4.2 suggest to consider the smoothly weighted version

n> ' Y gy (n)

of the characteristic function of [y’, y]-smooth numbers. This choice of weight allows us to deduce from
these lemmas that the new weighted function is equidistributed in all short intervals of length at least
x(log x)™¢, a property that is required in Section 7 and, indirectly, in Section 8. For simplicity, we further
normalise our weighted function to mean value 1 in the following lemma.

Lemma 4.3 (equidistribution in short intervals). Let N > 2 be a parameter and define the weighted and
normalised function

o -«

W(N, [y, yD

hiy y1(n) == Lsqy,yp(n) (N <n<2N), (4-7)

where a = a(N, y). Let y' < (log N)X' for some fixed K' > 0, let K = max(2, 2K"), and suppose that
(log N)X < y < N. Then

Y iy N{1+0(log3N)}+0<—N
yy1i) = N1 T o
No<n<Ny+N; 10g2 N log / N

uniformly for all N < No < No+ N1 < 2N such that N1 > N exp(—(log N4 /4.

Proof. By partial summation,

Z nl_“z(No—i-Nl)l_a\Ij(NO‘f‘Nl,[ylv yD

Non oV, —NIU(NoL Iy yD - (1 — )

No+N g (¢, [y, y1)
No e

dr. (4-8)

We seek to bound the right-hand side with the help of Lemmas 4.1 and 4.2. To start with, suppose that
y < exp((logN)”“). For N < Ny <t < Ng+ N; < 2N, we have t = N(1 4+ 1/z), where z > 1 and
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(t/N)~® =< 1. Hence,

Vlogy

/ _ o / —A
v, [y, yD) = @/N)"W(N, [y,y])<1+0<—Z(IOgN)1/6+0A((10gN) )))

= (I/N)W\IJ(N’ [y/’ y])(l _|_ 0((10g N)—1/24))
for y < exp((log N)'/*) by Lemma 4.1. Thus,

N¢ No+Ni N
R =(Nog+Ny)—No— (1 — 1dt+0| ————
(N, [y, yD eS(X[:, ) = o D= No= (=) No ((logN)1/24)

n AN
N0<n§%V0)-)i-N1 Ni+ 0 N
= =~ |
1 (log N)1/24

which establishes the lemma when y < exp((log N)/%).

Suppose next that exp((log N)!'/4) < y < N. In view of the restriction on the size of z in Lemma 4.2,
we cannot apply this lemma in the current situation with x = N (which would correspond to the choice in
the first part of the proof), but need to choose x = N instead. For this purpose, let o’ = a(Ny, y) denote
the saddle point associated to S(Ny, ¥) and note that

o —a| = a(No, y) — (N, y)| < (log ») " < (log N)™1/*
by Lemma 3.1 and the lower bound on y.
For N < Ny <t < No+ N; with N exp(—(log N)'/4/4) < N; < N, we have
t =No(1+1/z), where 1 <z < exp((log N)'/*/4) = o(y*/'?),

and (1/Ny)~® =< 1. Hence, Lemma 4.2 applies and yields
, (log, N)?
(@, [y, yD) = (t/No)* W(No. [y, y])<1 + O(g127 : 4-9)
log’* N
Each of the three terms arising in the partial summation expression (4-8) involves a weighted count of the
form W(z, [y, y])/t% With this and (4-9) in mind, observe that

(t/No)¥t™ = (t/No)* "*Ny* = Ny *(14+1/2)* % = Ny*(1 + O (Jo — &']))
= N;*(1+ O0(log N)™'/%),

since
1+1/z |a|
a1/ =1< [ e ar < <
1
for 0 < |a| < 1, which we applied with a = o’ — o < (log N)~!/4,
Hence, it follows from (4-8) and (4-9) that
NY No+N N N)2
0 Z =No+Ny))—No—(1—a) 1dt+0 _(0g2 )
W (No, [y, yD N (log N)!/4
Nnes(<[1y\;’y]}v !
o<n<No+N; (N )N Lo N(10g2 N)Z
= , —_—
VTP log iy
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The lemma then follows since

(No/N)™*W(No, [y, yD _ N 0(log3 N>
W(N, [y, yD log, N

by Lemma 3.3 and part (ii) of Lemma 3.4. ([l

Working with functions Ay ) : [N, 2N] — R whose support is restricted to a dyadic interval is too
restrictive for the purposes of our main theorem. The following lemma provides an intrinsically defined
function gj,,,) : N — R that approximates any function /[, ,) on the interval [N, 2N | where the latter
function is defined.

Lemma 4.4. Define

8ly,y1(n) = (neN), (4-10)

Tg(y
a(n, )W, [y, y) "
and suppose that N <n < 2N and that hy y) is defined on [N, 2N]. Then
logy N
8Ly () = hiy 5 (1) (1 +0 (@))»
provided that N is sufficiently large.

Proof. This follows immediately from Lemmas 3.1 and 3.4(ii). (Il

5. Major arc analysis: smooth numbers in arithmetic progressions and a W-trick

Extending previous work of Soundararajan [2008], Harper [2012b] proved that for y < x, ¢ > 0,
2< g <y"e ¢ and (a,q) =1,

1
. yig.a)= Y Lspn) ~ PYPRCAEY

n<x
n=a (mod q)

as log x/ log g — oo provided that y is sufficiently large in terms of €. This shows that, for y € (log x, x],
the y-smooth numbers up to x are equidistributed within the reduced residue classes to a given modulus ¢
provided x is sufficiently large. Our aim in this section is to construct a subset of the y-smooth numbers
with the property that its elements are equidistributed in the reduced residue classes of any modulus
q < (log x)“. More precisely, we will show that, after applying a W-trick, the [y’, y]-smooth numbers
for any y’ < (log N)X . K’ > 0, have this property. In addition, we will construct a suitable weight for
this subset which allows us to retain equidistribution when we restrict any of the above progressions to a
shorter interval of suitable length. These equidistribution properties will be required in order to reduce
in Section 8 the task of establishing a noncorrelation estimate with nilsequences to the case where the
nilsequence is highly equidistributed.

5.1. Smooth numbers in arithmetic progressions. In this subsection we extend [Harper 2012b, Theorem 1]
and show that numbers without small and large prime factors are equidistributed in progressions. More
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precisely, defining
i [yoylig )= Y Lsqyyn®),

n<x
n=a (mod q)
we show the following:

Theorem 5.1. Let K', K” > 0 and K > max(2K’, 2) be constants, let x > 2 be a parameter and let

1<y < (logx)X and (logx)¥ <y <x.If g < Qog0)X. plg = p <y and (a.q) =1, then

W(x, [y, yD
#(q)

provided that K and K /K" are sufficiently large.

W(x,[y, ] q,a) = (14 0(log™ ' x)),

Remark. The theorem generalises to the case where ¢ < (logx)X " but plg % p <. In this case,
W (x, [y, y]) needs to be replaced by W, (x, [y, y]).

As we require explicit error terms, we do not follow the proof strategy from [Harper 2012b], but
instead start by establishing a version of the Perron-type bound given in [Harper 2012a, Proposition 1]
that applies to

W(x, [y, y] x) = Z X (M) Lg(y .-

n<x
Proposition 5.2. There exist a small absolute constant o € (0, 1) and a large absolute constant C > 1
such that the following is true. Let K' > 0 and K > max(2K’, 2) be constants, let 1 <y’ < (log )X and
(log x)X < y < x, and suppose that x is large. Suppose that x is a nonprincipal Dirichlet character with

conductor r < x@, and to modulus q < x, such that L(s, x) = )_, x (n)n™* has no zeros in the region
Nis)>1—e, [J)<H,

where C/logy <& < min(«/2, 1/(2K")) and yo.9s log2 x < H < min(x€, y5/6). Suppose, moreover, that
at least one of the following holds:

(i) y = (Hr)C.
(i1) € = 40loglog(gyH)/log y.

Then we have the bound

W(x, x; [, yD) < Wx, [y, yD)(Qogx) ™' +/log x log y(H~'/* + x %% log H)).

1/4

Remark 5.3. The (log x)~1/3 term in the bound can be omitted when y < exp(log' /™ x), i.e., when the

proof involves an application of Lemma 4.1 and avoids Lemma 4.2.

The proof of Proposition 5.2 presented below follows the proof of Harper’s original result [2012a,
Proposition 1] very closely. It involves an application of Perron’s formula to relate W (x, [y/, y]; x) to its
Dirichlet L-function, defined as

Lo xoh= Y 222 [T a-xmp" ois=0),

neS(y,yl) Y'<pLy
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which is followed by a contour shift in the resulting contour integral. The following lemma will be used
in order to estimate the integrals on the new contour.

Lemma 5.4. Suppose that o = «(x, y) is the saddle point associated to S(x,y). Then under the

assumptions of the proposition, we have

(¢ —0)logx

llog L(o +it, x; [y, y]) —log L(ex +it, x; [y, yD| < >

foralla —0.8e <o <aand|t| < H/2.
Before proving this lemma, we complete the proof of the proposition.

Proof of Proposition 5.2 assuming Lemma 5.4. The truncated version of Perron’s formula as given in
[Montgomery and Vaughan 2007, Theorems 5.2 and 5.3] yields

1 a+iH/2 xS
W, [y, yl; x) = —/ L(s, x; [y, YD ds
o

2mwi _iH)2
o 3 xo) 3 xotmingl, ——— (5-1)
H n¢ X0 "Hlx—nl|})’
neS({y,yl) x/2<n<2x
neS(y,y1
where o = a(x, y). Since x/(H|x —n|) < H~'/? whenever |x —n| > xH~'/?, we have

{ x } {1 if |x —n| <xH™/2,
min, 1 <

" Hlx —n| H'2 if|x —n| > xH V2.
Thus, the second error term in (5-1) is bounded above by

_ x*
> HPpm+ Y 1<yl xo 1Y)

v _ —1/2 _ _
e R, WO+ H T2 Y,y =W —xH V2, y))].

Since the first error term in (5-1) is smaller than the first term in the preceding line, it suffices to estimate
the two terms in the bound above in order to bound the error in (5-1).
Concerning the first term, Lemma 3.3, combined with formulas (3-3) and (3-5), shows that

XL xo: [V, yD < x> << xe(ey) [JA=p7®)
nes(y’yD p<y

L W(x, [y, y]y/logxlogy. (5-2)

1/4

Concerning the second term, applying Lemma 4.1 if y < exp(log!/* x) and Lemma 4.2 if exp(log'/* x) <

y < x shows that

Wx(1+H Y, [y, yD) —Wx(1— H 2, [y, y])
< (M+H 2~ A= H Y+ HV2 4 (logx) ™ P)W(x, [y, ¥
< (H Y2 4 (log )Py W (x, [y, yD),
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provided that H < y*/® so that z = H'/?> < y3/12 in the application of Lemma 4.2, and where we used an
integral to bound the difference. This shows that

1 a+iH/2 ) 5
Wix, [y, yl )= i / L(s,x;[y,y]); ds
o

—iH/2
+O0(V(x, [y, yD{dogx)~ "> + H~'/2/logxlog y}). (5-3)

Since L(s, x; [, y]) is defined and has no singularities in fs > 0, shifting the line of integration to
Ns = a — 0.8¢ shows that the integral above is equal to

H)2 086+t « iH (OkiH/2
Lo —0.8¢ +it, x; [y, y] —_dl‘:i:f L(O':i:—, Y, ]) — do,
/H/Z ( XY y>0(—0.88+ll @—0.8¢ 2 ALY o’:l:%

where the final expression indicates the sum over the two horizontal pieces. Multiplying each of their
integrands by a trivial factor of the form L(a £iH /2, x; [y, yI)T'~! and applying Lemma 5.4, each of
the horizontal integrals is seen to be bounded by

L(et, xo0; [, ¥ L0240 G0« x*L(a, xo; Y, yD)
H a—0.8¢ H '

A similar argument shows that the vertical integral is bounded by

H/2 gy 1
L(a, xo; [y, y]yx* 0804 / L x*La, xo; [y, yDx 0% (— +log H)
—Hp O + |¢] o

&« Vlogxlog yW(x, [y, yDx %% log H,
where we applied (5-2). Putting everything together,

W, x: YD < Wi, [y, yD(Qogo) ™7 +/log x log y (H™'/2 +x7%% log H)),
as required. It remains to prove the lemma. O
Proof of Lemma 5.4. Reinterpreting the given difference as an integral shows that it is bounded above by

L'(o'+it, ;; [, yD|
=(x—o0) sup

An)x(n)
L(o'+it, x; [y, y]) s<o'<a 2 '

o no’-i—it
neS(y’,y

(0 —0) sup
o<o'<a

We may replace the summation condition in the final sum by n € [y’, y] when bounding the contribution
from proper prime powers p* € [y/, y] with p <y’ and p* > y with p < y separately. Bounding this
contribution from proper prime powers trivially, the expression above is seen to be

log p x (n) log p
L(x—o) <su/p< Z — i | T )Z p2a—08e)
IRTSUy<p<y po P
A(n)x (n) Amyx(my| ylme=0le
<<(“—‘7>( sup o |t o il —o T3/
a—0.8¢<0’'<a n<y a—0.8¢<o’'<a n<y’
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as 2(ax — 0.8¢) 2> o + 0.4¢ if ¢ < /2. In the case that condition (i) of Proposition 5.2 holds, that is

y = (Hr)S, it follows from [Harper 2012a, Lemma 1] that

A(n)x (n)

na’+ir

1—a—0.1¢

y 0.9 1
< +log(rH) +1log"" g + —
1l—« £

sup
a—0.8¢<o’'<a

n<y

since logz(qu )/H <« y~9% whenever y?% log2 x < H. Otherwise, condition (ii) of Proposition 5.2
holds by assumption, and we have log?(gyH) < y?¢/40 = y0-05¢ Thys it follows from [Harper 2012a,
Lemma 2] that the previous estimate holds in this case as well.

Concerning the sum over n < y’, we shall show that, for all sufficiently large x,

A(n)x (n)

n0’+it

log x
sup .
4

a—0.8e<o’'<a

n<y’
To see this, note that if 1 —1/logy’ < ¢’ < 1, then

A(n)x (n) A(n)
Z P < Z T < logy <« K'log, x = o(log x).

n<y

n<y’
If « —0.8¢ <o’ < 1—1/logy’, then partial summation and the prime number theorem imply that

1—o0’
f_ o < Y logy <y T4y 08 log y < y179 2 (log x) 4 log v,

Z A(n)x (n)

nn’+it

n<y’
where we also used that ¢ < 1/(2K’) and y’ < y'/2. On recalling the estimate (3-2), that is,
oy log(u log(u + 1)) + O(1)

- log y ’
and noting that log(u 4 1) < log, x, the above is seen to be bounded by

1—

K'(log x)*/1%(log, x)*/2
(log y)!72

&« (ulog(u+1)?(logx)**log y' « = o(log x),

as required.
Collecting everything together, we conclude that

llog L(o +it, x; [y, y]) —log L(a +it, x: [y, y])|
< (a— G)((y_o'lg + i) log x 4+ log(r H) 4+ 1og®° ¢ + %)

Since ¢ > C/logy, g <x and r, H < x9 we obtain

llog L(o +it, x: [y, y]) —log L(a +it, x: [y, y])|
< (o — 0)((670.10 +47 ' 420+ C Y logx +10g™® x).

The claimed bound thus follows provided C > 1 is sufficiently large, 0 < o < 1 sufficiently small and x
is sufficiently large. U
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Proof of Theorem 5.1. Since (a, q) = 1, character orthogonality implies that

Vool =—— Y i@ Y x®

() x (mod q) nesx,[y’ y])
= W v o) + D X@Wix, Iy, vl x).
¢(q) ¢>( )X (ot )
XF X0

If plg = p <y, then

VO, v xo = Y Lsqyanm) =W, 1Y) yD.
n<x, (n,g)=1
To complete the proof, it thus suffices to show that

W(x, [y, vl x) < Wix, [y, y]) log™/3

uniformly for all nonprincipal characters x (mod g).
The classical zero-free region (cf. [Montgomery and Vaughan 2007, Theorem 11.3]) implies that there

is an absolute constant 0 < x < 1 such that [ | L(o +it, x) has at most one, necessarily simple, zero

XFX0
in the region

{s:o0>1—«/log(gH), |t| < H}.

If such an exceptional zero exists, let xsiegel denote the corresponding character. We consider the cases
X F XSiegel and x = XSiegel separately.

Suppose first that x # xsiegel and let r < g < (log x)X” denote the conductor of x. We claim that the
conditions of Proposition 5.2 are satisfied if we choose

©/(2C) 2/3

H = min{y ,exp(log?? x), y°/6,x} and e =«/log(qH).

Suppose that x is sufficiently large to ensure that exp(log?/? x) < x© and suppose that C > 1 > «. If

K > 2CK" /K (or, in other words, if K /K" is sufficiently large), then
g < (logx)X" < (log x)K/2O) < /2O,

We thus have ¢ H < y*/€ and, hence, e =« / log(q H) > C/ log y. The upper bound & <min(a/2, 1/(2K"))
holds as soon as x, and hence H, is sufficiently large. Concerning the conditions on H, suppose first that
H = exp(log®/? 173
as soon as x is sufficiently large. Next, suppose that H # exp(log®/? x). In this case, min(y*/ 2, y3/6) <
exp(logz/3 x)and ¢ < 1/logy > 1/log2/3x. From ¢ = 1/logy we obtain y*% « 1, and thus H >
y0'98 log2 x holds provided that the exponent K in y > (log X)X satisfies min(5K /6, Kk /(2C)) > 2 and
provided that x is sufficiently large. With the below application of Proposition 5.2 in mind, observe that
the lower bound & > 1/log®/?

x). In this case, & < log=2/3 x and y*% « exp(log!/? x). Hence, H > y*%¢ log? x holds

x, which holds in either of the above two cases, implies that

x 70 «exp(—clog!Px) (¢ >0).

Finally, observe that condition (i) of Proposition 5.2 is satisfied since r H < g H < y*/€ < y"/€ in view
of k < 1.
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This shows that Proposition 5.2 applies to all x (mod g), x # Xsiegel and yields

W(x, [, vl x) < Wi, [y, yD(dogx) ' + log x log y(H™/* + x %% log H))
<L W(x, [y, yDogx)~'°.

To see that the latter bound holds, we shall show that the second and third terms in the bound above make
a negligible contribution. Indeed, the third term is bounded as follows:

v/ log x log yx 04 log H <« +/logxlogy exp(—c logl/3 x)(logy + logz/3 X)

1/3

< exp(—c'log'’” x),

2/3

where ¢, ¢/ > 0 are positive constants. Further, if H = exp(log”/~ x), then the second term is bounded by

logx log y H™Y/? « exp(—(log x)*3 /2 + log, x),

2/3

which is negligible. If H # exp(log?/> x), then log y < log?? x and & =< 1/(log y), and the second term

satisfies

logxlogy H™ > « \/logxlogy

- 12
y o0 < (logy) / < (logx)~"/3,
log x log x
which is also negligible. This concludes the case of unexceptional characters.
We now consider the contribution of the potential exceptional character x = xsiegel. Following [Harper
2012a, Section 3.3], we split the analysis into two cases according to the size of y. Suppose first that
y2 <y  x/oglog0)? Applying the truncated Perron formula (5-3) with H = y¥/5, we obtain

1 a+iy3/%/2 ds
Wx, [y, y]; x) = —/ L(s, x; [y, yDx* -
o

2wi J. s
iy>/0/2
+O0(W(x, [y, yD{dogx)'° +y=/2/logx logy}). (5-4)

As in [Harper 2012a], we proceed by bounding the integrand in absolute value from above. The argument
used in Section 3.3 of that work is partly based on ideas from [Soundararajan 2008]. In our case, only
small modifications are required. To start with, we have

-1 -1

La+it, x; [, yD | 1—[ 1—x(pp " < 1_[ 1+Zl_m(X(p)p_n)
. - — - = k
L xo: y'oy) | 2 u | t=xotpp= | = 2R b
rtq
-9 it - -
<exp{_ Z (x(ap)p )}gexp{— Z (xfxp)p )},
Y'<p<y u y2<p<y i
rtq rta

since y'2 < y. The next step is to show that in the final expression the argument of the exponential
function satisfies

1—%Ryx(p)p™ u
Z onp P > 2 ’
Y2 p<y p log“(u+1)
rtq
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provided that |#] < y/2 and y < x!/Uoglog )’ The proof of this bound proceeds by splitting the range of
tinto |t| < 1/(2logy) and 1/(2logy) < [t] < y/2. On the latter range, the proof of the second part of
[Soundararajan 2008, Lemma 5.2] is employed. In that proof, all sums over primes can be restricted to
the range y'/2 < p <y, p{q. On the former range, Harper’s argument [2012a, p. 17] applies directly.
For sake of completeness, we summarise this argument here. Since p < y and r < 1/(2log y), we have
[t log p| < % and, by analysing the cases x (p) =1 and x (p) = —1 for the quadratic character x = xsiegel
separately, one obtains

it

1—-NRx(p)p~ I—x(p)
y lmwrn, oy L
y2<p<y.ptq

1 log p Xékiegel(p) log p
(xSl

~ logy p P
y2<p<y.pty y12<p<y. plg

y2<p<y.ptq

where X;‘iegel is the primitive character that induces xsiege1. Harper’s argument is based on a combination

of partial summation and the asymptotic evaluation of ) _ A (n)x (n) together with the observation that

n<x
a Siegel zero has a negative contribution in that asymptotic evaluation. The error terms in the asymptotic
evaluation in [Montgomery and Vaughan 2007, Theorem 11.16 and Exercise 11.3.1.2] are small when
g < (log x)X". Thanks to the minus sign in the final expression above, the contribution from the Siegel
zero to this expression is positive and can therefore be ignored when seeking a lower bound. See [Harper
2012a, Section 3.3] for the remaining details.

Returning to (5-4), the above bounds and an application of (5-2) yield

- -2 \p(-x7[ /a ])
Wx, [, v] 00 < L@, xo; [y, yDe™ 008 " x@ log y + T/ysxy

LW, [y, ) (yiog x(log y)*/2e=c3uogi™ L 1og=1/5 1)

Since u = (log x)/log y > loglog® x when y < exp((log x)/loglog? x), the first term in the bound is
O4(¥(x, [y, yD(logx)~4) and we thus have

W(x, [y, y]; x) < (logx) "W (x, [y, y])

if X = Xsieget and y < x!/(loglogx)”

It remains to analyse the range x'/(°¢ logx)? < y < x of y. In this case too, we follow the overall
strategy used in [Harper 2012a] but need to make a number of technical changes arising from our slightly
different situation. Observe that

YooY ko= Y, xm= Y xm< )

nes(x,[y,yl) nes(x,y) d<x
(n, P(y))=1 d|P(y")

> xm

neS(x/d,y)

9’

where we applied Mobius inversion in order to remove the coprimality condition. Our next aim is to show
that, at the expense of an acceptable error term, the sum over d can be further truncated in such a way that
log(x/d) < 1log x uniformly for all values of d that remain in the sum. Recall that ¢ (x, y) > 1—1/K +o0(1)



1906 Lilian Matthiesen and Mengdi Wang

and that W (x, y") < x!~ VK4 Let K* > K be sufficiently large so that a(x, y)(1—1/K*) > 1—1/K".
Then the m = 1 case of [de la Breteche and Tenenbaum 2005, Theorem 2.4(i)], which applies uniformly
for 1 < d < x, implies that

D Wx/d, y) L Wx, y)xm TN 1540 @)

xlfl/K*gdgx XI_I/K*SdSX

dlp()/) * /
< \IJ(x, y)x—(l—l/K )otxl—l/K +o(1) < \IJ(X, y)x—L‘4 (5_5)
for some positive constant ¢4 > 0. Assuming for the moment that this bound is sufficiently good, it

Yool Y xm

d<x\"V/K* 'neS(x/d,y)
d|P(y)

remains to analyse the expression

’

where log(x/d) =< log x. Fouvry and Tenenbaum [1996, Lemme 2.1] (see also their Lemme 2.2 and its
deduction) studied bounds on character sums such as the inner sum above in a larger range for y than the
one under current consideration. In view of the truncation of the sum over d and the bound ¢ < (log x)K "
on the modulus of x, [loc. cit., Lemme 2.1(i)] applies uniformly to the above character sum for each d.
By invoking [de la Breteche and Tenenbaum 2005, Theorem 2.4(i)] in the case m = 1, we obtain

Z Z x(n)| K Z d_“\lf(x,y)exp(—c\/logy)

d<x'~VK*'neS(x/d,y) d<x!-V/K*
d| Py d| PO
< exp(—cy/log y)W(x, y) [T —p™)7". (5-6)

p<y
It remains to express the bounds (5-6) and (5-5) in terms of W (x, [y/, y]). By Lemma 3.3 and the first
part of Lemma 3.2, we have
W, y) LV [y oD [Ja-p
Py
Since log y’ < log, x and 1 — a < (log, x)*>¢/log x for x1/(oglogx)* y < x, it follows from the first
part of Lemma 3.2 (or direct computation) that [ | pgy/(l — p 9~ «logy". Hence, it follows from (5-6)
and (5-5) that
W(x, [y, y]: x) <a (logx) ™AW (x, [y, y])

if X = Xsiegel and x 1/(loglog x)* <y < x. Taking A = % completes the proof. ([l

5.2. W-trick and equidistribution of weighted smooth numbers in short APs. The choice of our weight
factor n'~® ensures that the weighted version /[y (1) of 1g(y,y) is equidistributed in short intervals
and, by invoking Theorem 5.1, also in short progressions n = a (mod g), provided the residue class a is
coprime to the modulus g of the progression and ¢ < y’. Establishing noncorrelation with nilsequences
later requires equidistribution in almost all residue classes a (mod ¢g). Given any Q e Nand 1 < A < Q,
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gcd(Q, A) = 1, we consider the following renormalised restrictions:

e o) = E i (@m+ A n~ (N = 4)/Q) (57
EyQ;?< )= ¢(QQ)gL» n(@m+A) (meN). (5-8)

Letw(N)= % logs N, let W=W(N)= ]_[pgw(,\,) p and observe for later use that w(N)=(logz N') /2+0(1)
for any N’ € (N/log N, N]. We will mainly be interested in the case where

e Q=W(N),or
e 0= WforsomeW (logN)K suchthatW(N)|Wandp|W:>p w(N)

in (5-7) and (5-8).
The following lemma is an immediate consequence of Theorem 5.1 and Lemma 4.3.

Lemma 5.5 (equidistribution in short progression). Let K', K" > 0 and K > max(2K’, 2) be constants
and let N > 2 be a parameter. Suppose that y' < (log N K, and that (log N)X < y < N. Then, provided
that K and K /K" are sufficiently large, the following estimate holds uniformly for all Ny, N1 such that

N < Ng < Nyp+ N; <2N

and Ny > N exp(—(log!/* N)/4), forall g < (log N)X" such that p|q = p <y’ and all a (mod q) such
that gcd(a, q) = 1:

Z Nl Nl 10g3N N N

By y(m) — +
No<m<No+N; ¢(C]) ¢(q) 10g2 N ¢(Q) 10g1/24 N logl/S

m=a (mod q)

Proof. Recall the definition (4-7) of hpy yj(n). On omitting the weight factor N*/(aW (N, [y, y1)) for
the moment, partial summation yields

Z nl_alnza (mod q)lS([y/vy]) (n)
No<n<No+N;

No+Niw 1,1y, y1: g, @)
= (No+N)'"“W(No+N1, [y, ¥1; ¢, @)—(No) " * W (No, [y, y1; ¢, @) —(1—a) SALDARLLILEY

No r*

Theorem 5.1 implies

\II !/
w(t, [y, y];q,a)z%(Hrmlog_”5 N)) (5-9)

whenever N <t < 2N and provided that K is sufficiently large. Inserting this expansion into the previous
expression and recalling the partial summation application (4-8), we see that the contribution from the
main term in (5-9) can be reinterpreted as a sum over n! =1, ), that is not restricted to a progression.

More precisely,

@) Y. 1 lizq (moaqy sy ()

N'=“W(N, [y,
No<n<No+Ny = E nl_als([y/’y])(n)-i-O( (1/5 Ly y])) (5-10)
N log'’°> N
0<n<No+N;
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The shape of the error term above follows by several applications of Lemmas 3.4(i) and 3.3. On reinserting
the weights into (5-10) and invoking Lemma 4.3, we obtain

1 N
S I MO R G

Nosm<No+N; No<n<No+N;
m=a (mod q)
=511+ (e )+ Ggogms) +0iogew)
0 log, N ¢(q)(log N)!/24 log'/> N
provided that Ny > N exp(—(log N)/4/4). O

By analysing the asymptotic order of the weight factor in Ay ), we may deduce from the previous
result an upper bound on the unweighted count of [y’, y]-smooth numbers in short intervals. This bound
will be integral in the application of an bootstrapping argument in Section 7.

Corollary 5.6 ([y’, y]-smooth numbers in short intervals). Let K/, K” > 0 and K > max(2K’, 2) be
constants and let N > 2 be a parameter. Suppose that 1 <y’ < (log N)X" and that (log N)X <y < N.
Let P C [N, 2N] be any progression of length |P| > N exp(—(log'/* N)/4) and common difference
g < (log N)X" such that p|g = p <y

Then the following assertions hold provided that K and K /K" are sufficiently large.

(1) Suppose that |P| > L := N /(log N)t for some constant £ > 0. Then

V2N, [y, y]) - | P

ISCN, [y, yDN Pl <K A N

k)

where A =logs N + (log N)E124,

(2) If, instead, |P| =2 L := Nexp(—Cw@ (N)) and g < N/L < exp(Cw (N)) = o(log N) for some
@ (N) =o0(log, N), then
VN, [y, y])-| P

ISCN,[Y,yDNP| KA N ,

where A =logw (N).

Proof. Note thatif n € [N, 2N]is an element of S([y', 1), then hpy yj(n) 0 and N7 <n'=* < 2N)! 72,

so that
N¢ n'=« N

UN. Y.y o« W(N, [y.y])

‘We shall show that in either of the two cases in the statement

hiy y(n) = (n € [N,2N1N Sy, y])). (5-11)

q
1 «A,
R

which then leaves us with the task of deducing from Lemma 5.5 that
D " hiyy(n) K A|P).
neP

In order to bound ¢ /¢(q), consider the decomposition g = g1¢q2, where g; is composed of primes
p < @ and g; is composed of primes p > . Then
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[Ta-rH"' «logw.

Pla

Concerning the product over prime divisors of ¢, we obtain
[[ a-rH'« eXp( > p )<<1+0<%> (5-12)
rlg.p>w rlg.p>w wisw

where we used the bound w(g;) < (logg)/logw. Thus,

loggq
—<<logw+—<<log q,
¢(q) :

where we chose @ log @ =logg. In case (2), we use this bound directly and obtain g /¢ (¢) Klogw (N)=A.

In case (1), we have g/¢ (q) K log, g Klogz N < A.
Turning towards the application of Lemma 5.5, note that for | P| = N; /q the bound in that lemma satisfies

Ny logys N N N q logy N
> 1/24 1/5 < |P| =
S@ o N | p@)log N log P N $(q) log
If |[P| > N(log N)~¢, we obtain

v T (V/IPD(og N)~ ”24)

Ni logz N N q log
(@) logy, N p(q)log/** N +1og‘/5N <! |(c/)( ) log )<< 1A
provided A > (log N y=1/24 which holds under the assumptions of (1).
If, instead, log(N /| P|) < @w (N) = o(log, N), then
Ny logs N N logy N
. 1O§ZN sioriod ™y H iy <! |<¢fq)1 IR (1)) = o(|P)).
which concludes the proof. ([l

In addition to the above result, we shall need an analogous bound that is valid on much shorter intervals
but may in return have a larger value of A. For y-smooth numbers, such a result appears as “Smooth
Numbers Result 3” in [Harper 2016]; see also [Drappeau and Shao 2016, Lemma 3.3] for a slight extension.
The lemma below will be used in Section 6, where we extend some of the results of [Drappeau and Shao
2016], as well as in Section 7, where it will find application in those situations where the progressions are
too short for the previous corollary to be used.

Lemma 5.7. Let K’ > 0, K > max(2K’,2), x > 2, 1 <y < (logx)X" and (logx)¥ < y < x. Suppose
that P C [x, 2x] is an arithmetic progression. Then, provzded that x is sufficiently large, we have

#nePineSly,yD} < (x/|p|)1—aw loo x

Proof. Let X > x denote the smallest element of P. This lemma is a generalisation of [Harper 2016,
Smooth Numbers Result 3], which bounds
Y. Ly

X<n<X+Z
n=a (mod q)
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under the assumptions that ¢ > 1 and gy < Z < X, i.e., concerns progressions of length |P| > y. The
proof of [Harper 2016, Smooth Numbers Result 3] carries over directly to the situation where S(y) is
replaced by S([y, y]), with one small exception: The application of [de la Bretéche and Tenenbaum 2005,
Théoreme 2.4(i)] with m = 1 needs to be replaced by an application of Lemma 3.4(i), which is [loc. cit.,
Théoreme 2.4(i)] with m = P(y’). While in the former case, the bound holds uniformly for 1 <d < x, it
is only available for 1 < d < x/y in our case.

Replacing the assumption that gy < Z by gy? < 2Z ensures that d < X/ in all applications of [loc. cit.,

Théoréme 2.4(i)]. More precisely, we have
X
i AP
Z2i+1

< | =

for all admissible values of j in Harper’s proof.

It remains to consider the case where | P| < y?/2, which corresponds to the case |P| < y addressed in
(the proof of) [Drappeau and Shao 2016, Lemma 3.3]. By bounding the left-hand side in our statement
trivially by | P|, and observing that | P|~!+% > y(=1+®)/2 it suffices to show that

Jo! W(x, [y, y])
X

logx > 1.

Note that y*~! = (ulog(u + 1) + O(1))~! in view of (3-2) and observe that

W (x, [y, <py( =P
ya_] (x [(_3; y]) logx >> ya_] Hy <P<y logx >> ya—] 1_[ (1 _ p—()l)—]

b J91ogxlogy V<p<y

by Lemma 3.3 and (3-3). We split the analysis of the product over primes into two cases according to the

—ay—1

size of y. When exp(log x/log, x) < y < x, noting that o < 1, we have

[M,,1=p~H7" logy log x
[T« (=p=H~1 7 14logy ™ (log, x)*

[T a-ro'>
Y'Spy
Hence,
logy log x log x

logx log(u+ 1) (logy x)> ~ (log, x)3 logs x

yozfl 1—[ (1 _pfa)fl >

Y'<py

> 1.

When y'2 < y < exp(log x/ log, x), we have u >log, x and @ < 1 — (logy x)/ log y+ O(1/log y). Hence,
the second conclusion of Lemma 3.2 shows that

yr [T a-p oty T a-p!

Y'<py JYSPLY
=2 (14 0(1)) = 2y1=*72(1 + 0(1
>y~ exp y (I +o(l)) =2y (I+o(1))
(1—a)logy
Y1+ o(1) — (log y'=*)?
- > 1,
log y!~@

> exp(

where we used that y' = = u log u, where u — oo as x — oo, implies that y=®/2 = o(y!~9), U
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6. Weyl sums for numbers without small and large prime factors

(W,A)
h[y’, ¥l
bounds on Weyl sums where the summation variable is restricted to integers in S([y’, y]). Drappeau and

As technical input in the proof of the orthogonality of ( (n) — 1) to nilsequences, we shall require
Shao [2016, Section 5] established bounds on Weyl sums for smooth numbers S(x, y) by extending the
methods from Harper’s minor arc analysis [2016]. Our aim in this section is to obtain analogous bounds for
Weyl sums over S(x, [y/, y]), that is, for Weyl sums over numbers free from small and large prime factors.

Following the notation in [Drappeau and Shao 2016], define for any given parameters O, x > 0 and
coprime integers 0 < a < g < Q the major arcs

M(g,a; Q,x)={0 €[0,1):|q0 —a| < Ox~*}
and

me, 0= ) Mg a0 x). (6-1)
0<a<g<Q
(a.q)=1

Given any positive integer k, define the following smooth Weyl sum of degree k:

E(x, [y, y10) = Y e(nb).
neSx, [,y

The main objective of this section is to establish the theorem below.
Theorem 6.1 (Weyl sums, x"-smooth case). Let k > 0 be a fixed positive integer and suppose that
n € (0,1/(4k)]. Let K > 2K’ > 2 and suppose that y' < (logx)K/ < (logx)X <y < x" and that K is
sufficiently large. Let @ = a(x, y) denote the saddle point associated to S(x, y), and let 0 € T :=R/Z be
a frequency. Then:
(1) If x is sufficiently large and 6 & M(x'/12, x), we have

Ec(x, [y, y];0) < x'°
for some c =c(k, €) > 0.

(2) If x is sufficiently large, 0 € M(x'/2, x) and if 0 < a < g < x*! are coprime integers such that
g0 —al| < qil, then

Ex(x, [y, y1;:0) < 27179 log x) W (x, [y, y1)
for some c=c(k,e) >0and 2 =gq +xk||q9||.

We prove the two parts of this lemma in turn. The former case, in which 6 is “highly irrational”, will
be handled by extending results of [Wooley 1995]. For this purpose, we first establish an auxiliary lemma
generalising [loc. cit., Lemma 2.3], which in turn builds on an argument of [Vaughan 1989].

Lemma 6.2. Suppose that 0 € T is a frequency andr € N. If 1 <y’ <y < M < x, then we have

k k. k
e(n"9) < y(logx) max su e(uw v +up)|+ M,
> ylogx) max 3 supl ) f

neSx1y,yl) veB(M,p,y) PET ues/m 1y p))
(n,r)=1 (v,r)=1 (u,r)=1

where B(M, p,y)={M <v<Mp:p|lv,veS(p,yD}
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Proof. We start by decomposing the elements n € S(x, [y/, y]) in a similar fashion as in [Vaughan 1989,
Lemma 10.1]. By considering the prime factorisation n = plf‘ e pfs, where the prime factors are ordered
in decreasing order y > p; > --- > pg > Y/, it is immediate that, for every given M € [y, x) and every
n € S(x, [y, y]) with n > M, there is a unique triple (u, v, p) such that n = uv and such that v is the
smallest initial factor in the factorisation above that exceeds M. More precisely,

() y<p<yandp|v,
(2) u e Sx/v, [y, pD,
(3) M <v<MpandveS(p, .

Using this factorisation, the exponential sum can be decomposed as

Z e(nkQ): Z Z Z e(ukvk9)+0(M),

neS(x,[y,y]) Y'<pSy veB(M,p,y) ueS(x/v,[y, p))
(n,r)=1 (v,r)=1 (u,r)=1

where the error term O (M) bounds the contribution from all n € S(x, [y’, y]) with n < M. As in [Vaughan
1989, (10.9)], we can use the orthogonality principle to remove the dependence on v in the restriction
ue Sx/v, [y, pl). Since v > M, the inner sum above is equal to

A( > e(ukvk9+u,3)>( > e(—m,B)) dp

ueS(x/M,[y', p]) m<x /v
(u,r)=1
< sup e(u*v* o +uﬂ)' / min{x /v, ||8]I""} dB
Pelluese/m iy p) T
(u,r)=1
< log x sup Z e(ukva—i-u,B)‘.
Pelluese/m iy py
(u,r)=1
The lemma follows by combining this bound with the previous expression. O

The following lemma is a generalisation of the Weyl sum estimate for y-smooth numbers given by
[Wooley 1995], and it relies on the observation that the conclusion of [loc. cit., Lemma 3.1] continues to
hold when we restrict the y-smooth numbers to [y, y]-smooth numbers.

Lemma 6.3 (Weyl sum, 6 is highly irrational). Let k € N be a fixed positive integer and suppose that
o€ (O, %) and n € (0, 0/(4k)]. Then there exists ¢ = c(k, o) > O such that the following statement is true.
Let 1<y <y<x"and 9 € (0, 1). Then, if 0 ¢ M(x°, x), we have

Er(x, [y, y]; 0) < x'.

Proof. We seek to apply a modified version of [Wooley 1995, Lemma 3.1] in a similar way as at the start
of the proof of [loc. cit., Theorem 4.2]. Wooley’s lemma produces bounds on

f@;x,y):=E(x,[1,y];0)
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in terms of M and ¢, where M = x* > y is a parameter such that A € (%, 1) and ¢ is any natural number
such that ||g0]|| = |g0 — a| < ¢~! for some a € Z with (a,q) = 1. As we shall explain below, one
can deduce from the proof of the lemma that the same bounds hold for Ei(x, [y, y]; 6) in place of
f@;x,y) = Ex(x,[1, y]; 0), i.e., for the exponential sum relevant to us. In order for those bounds to
be useful, additional assumptions on M and ¢ are necessary, and our first aim is to show that, under the
assumption of our lemma, we can choose M and ¢ in such a way that

M>y, q<200M)*, |g0—al<OM)*/2 and gq> (x/M)-. (6-2)

These conditions correspond to those in place at the start of the proof of [Wooley 1995, Theorem 4.2].
When combined® with the upper bound produced by [loc. cit., Lemma 3.1] it follows that

Ei(x, [y, yl; 0) < x'cko) (6-3)

once we prove that the lemma can be extended to the case of [y’, y]-smooth numbers.
Concerning the conditions (6-2), let 0 < 0* < ¢/2. Then o* + 2kn < 0 < 1. By the Dirichlet

2
k—o*

approximation theorem, there is a positive integer g < x and some a € Z with (a, g) = 1 such that

lgoll = 1q6 —al <x° T <x77*,
Since 6 & M(x7, x), this implies that g > x°. Let M be defined by the equation

= = 2(y M),

Then, since o* 4 2n < %, we have
y <x' < Xm0 k=np=1/k < :2—1/kx1—a*/ky—1 < xlmotIk

as soon as x is sufficiently large. Hence, y < M. If we write M = x*, then the above line of inequalities
also shows that A € (%, 1) since 0¥/ k+1n < % Observe further that o* + kn < o implies that

g >x% >2x% K > (x/MHF

as soon as x is sufficiently large. Hence, all conditions from (6-2) are satisfied and (6-3) therefore follows
under the assumptions of our lemma.

It remains to show that [Wooley 1995, Lemma 3.1] can be extended to the case of exponential sums over
[v', y]-smooth numbers. The proof strategy is to follow the original argument, applied to the exponential
sum Ej(x, [y, y]; 0) instead of Ej(x, [1, y]; 0), and explain how all dependencies on y’ that appear in
any of the bounds on the way can be removed, so as to eventually arrive at an intermediate bound that
agrees with the corresponding bound in the original proof. Following the original proof through to the
end shows then that the upper bound that [loc. cit., Lemma 3.1] provides for f(0; x, y) = Ex(x, [1, y]; 6)
is also an upper bound for E;(x, [y’, y]; 6).

6See the proof of [loc. cit., Theorem 4.2] for details.
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Turning to the details, let M = x* for any A € (%, 1) and let ¢ € N be such that |¢g8 —a| < g~ for
some a € Z with (a, g) = 1. The r =1 case of Lemma 6.2 (which replaces [Wooley 1995, Lemma 2.3])
produces a prime y’ < p < y and some frequency y € T such that

Z e(ukka—i—uy) + M.
ueS(x/M,[y’,pl)

Ec(x. [y, y1:0) < (logx)y Y
veS(My,y)

Note carefully that the sum over v only involves y-smooth numbers. Following the argumentation of the
start of the proof of [loc. cit., Lemma 3.1] (which involves expressing the absolute value of the inner sum
as ¢(v, 0) ZueS(x/M,[y’,p]) e(uFvko + uy) for some £(v, 8) € C of unit modulus, reinterpreting certain
exponential sums, as well as two applications of Holder’s inequality) shows that, for all positive integers
t,weN,

(x

veS(My,y)

Z yekv*0 +uy)
ueS(x/M.[y',p])

2tw 2w—2
) < (My)““‘”(ch) (Zn?)Jw(e),

Cc c

where J,, (@) is as in [loc. cit., (3.4)] and where n. denotes the number of solutions to the equation
ull‘ +--- —Htf =c withu; € S(x/M, [y, p]). Since p < y, we have S(x/M, [y, p]) C S(x/M, y), which
implies that )" n? is trivially bounded above by [3|Y, s IM.y) e(uk0) \2[ df. Using the trivial bound
Y .ne K (x/M)" for the remaining sum over ¢ completes our task of removing all dependencies on y’

from the upper bound on the given exponential sum Ej(x, [/, y]; ). To summarise, we obtain

( > > ewbo)

veS(My,y) ueS(x/M,y)

2t
Z e(ukvk9+uy) do,

2tw
) << (My)zw(tfl)(x/M)t(waz) Ju) (9) /
ueS(x/ M1y’ p)) E

corresponding to the bound in [loc. cit., (3.5)]. O

The following final lemma of this section is an easy generalisation of [Drappeau and Shao 2016,
Proposition 5.7], which itself generalises the k = 1 case established in [Harper 2016, Theorem 1].

Lemma 6.4 (Weyl sum, 0 is irrational). Suppose that 0 = a/q + & for some g € N, a € Z and é € R
such that (a,q) = 1 and |8| < 1/(2q). Further,let x >2, 1 <y’ < (logx)K/for some K' > 1 and let
y? <y < x. Write 2 = g + x¥||q0)||, and assume that 4y> 23 < x. Then there exists some constant
¢ = c(k) > 0 such that

Ei(x, [y, y]: 0) <« 27209 (1og x)>W (x, [, y]).

Proof. The proof of [Drappeau and Shao 2016, Proposition 5.7] carries over almost directly when replacing
any application of [loc. cit., Lemma 3.2] by one of Lemma 3.4(i) combined with Lemma 3.3. In doing
so, we however have to ensure that the stronger condition that 1 < d < x/y of Lemma 3.4(i) is satisfied.
For this reason we make the stronger assumption that 4y3 2% < x instead of 4y>.23 < x. As only fairly
straightforward changes are required, we explain below how to deduce our lemma from the proof of
[Drappeau and Shao 2016, Proposition 5.7], instead of repeating the entire proof.
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Extracting, as before, the greatest common divisor of n € S(x, [y, y]) and ¢*°, we obtain

Ex(e, 1Y, 31:0) = ) L@ Y sy (men*d*o).

d|g® n<x/d
d<x (n,g)=1

We claim that the contribution from those terms with d > 2!/2 and those terms with n < x /.2 is negligible,
in the sense that

W(x, [y, yD
Ex(x, [y, y:0)= Y dsquap@ Y e(nkdk9)+0€(w : (6-4)
dlq> x/2<n<x/d
d<2'? neS([y’yl)

(n,q)=1
We start with the contribution from max(x/y, 2'/?) < d < x. In this case x/d < y < x'/3. Note that
g < 2 < x' has w(q) < logx prime factors. Hence, the contribution to Ex(x, [y, y]; 6) is bounded by

Z y <x1/3‘lf(x, lng) <x1/3+0(1)

d|q*
x/y<d<x

by Erd6s’s bound stated in [Montgomery and Vaughan 2007, Section 7.1.1, Exercise 12]. Since o > %
and 2 < x!/3, it follows that

x1/3+0(1) < Q_a/2\lj(x’ [y/, y])
If 2/ < d < x/y, then Lemma 3.4(i) applies and we obtain
D W/d [y, yDsqy .y (d)

d|q>
22 <d<x/y

LY@ YY) D d gy @)
Ql/z<d§x/y
d|q®
4197 p>|y’
_ynlog 2 rlq
LV (x, [y, y)2 ? exp(O <y/ a/Z%)) & W, [y, y])2 e,
ogy

1
E.
To remove the contribution from 7 < x/.2 we may now assume that d < 2'/2, This contribution is

since o >

trivially bounded above by

Do Isquynn) SW (/2731 3D < 2970 (x; 1Y, v,

d<2'/2 n<x/2
(n,d)=1

where we used Lemma 3.4(i) together with the bound 2!/2 < x /y which follows from the assumption
that 4y> 23 < x. This shows that (6-4) holds.

Following [Drappeau and Shao 2016], set L = 4y2 and decompose any element of [x/2, x/d] N
S([y', y]) as the unique product mn for which m € [L, yL] and P*(m) < P~ (n), which is possible since
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y < Ly < x/2 by the assumption that 4y> 23 < x. Decomposing the range of m dyadically and extracting
the largest prime factor of m implies that

Y(x, [y, yD
Er(x, [y, y]:0) <logx sup @@(M)Jr%’

L<M<yL Q«q

where
son= Y Y% > eltpmna)

d|g®  y'<p<y meS((y,pl) nesS(p,y)

d<2'? M/p<m<min{2M,yL}/p (pmn,q)=1
deS([y'y]) x/(pm2)<n<x/(pmd)

The dependence of the summation condition of the inner sum on m can be removed with the help of the
same trick as in the proof of Lemma 6.2, which leads to

&(M) < (logx) sup Z Z Z ‘ Z e((pmnd)kH + Bn)|.
BEOD  gig>  y<p<y meS(y', pl): neS((p,y))
d<2'\? M/p<m<min{2M,yL}/p (pmn,q)=1
deS([y.,y)) x/2M2)<n<x/(Md)

An application of Cauchy—-Schwarz, combined with the bound

Yoo Yy dt <o exp<0(1) Zp—*?) <« 27 2°0 «, 9°,

dlg® dlg® plg
d<31/2 d<£1/2
deS([y,yD deS([y.y])

which follows from w(d) < (log 2)/log y’, we obtain
E(M) K (logx)2°M'2.71(M)' 2,

where .1 (M) is defined as in [Drappeau and Shao 2016, display just below (5.3)] except that the sum
over primes runs over y’ < p < y:

2
A=)y Y ) Y ellpmnd)‘o+pn)| .
d|g® y'<p<y M/p<m<2M/p neS((p,yl
d<2 (pmn,q)=1
x/2M2)<n<x/(Md)

Here we relaxed the summation conditions on d (to match the corresponding sum in [loc. cit.]) and,
following [Harper 2016; Drappeau and Shao 2016], on m, which allows one to later use a standard
exponential sum estimate where the summation variable runs over a full interval. Expanding out the
square, swapping the order of summation, applying the triangle inequality and relaxing some of the
summation conditions in the outer sum leads to

AM) <Y > ' Y. el(pmd) ok —nb))|.

dlg™® y'<p<y  nymeS(y,y) M/p<m<2M/p
d<2 (n1n2,q)=1
x/(2M 2)<n <ny<x/(Md)
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Note carefully that instead of relaxing the condition n1, ny € S([p, y]) to ny, ny € S(y), as in [Drappeau
and Shao 2016], we replaced it by n1, no € S([y’, y1). We now follow the analysis of .7} (M) from [loc. cit.],
with the only change that in the definitions of .;, j € {2, ..., 5}, the variables n; and n, continue to be
restricted to S([y’, y]). Instead of bounding the quantity .%5 (M r’',d; ny, b; T) with the help of [loc. cit.,
Lemma 3.3], we use Lemma 5.7, which produces the analogous bound with W (x/(Md), y) replaced by
W(x/(Md), [y, y]). In the definition of .#3, we include the restriction to n; € S([y’, y]). Adapting the
analysis of .73 requires the lower bound

\I—‘(X/(Md),y)x(Md) (logxlogy) 1/2 l_[ (1 7(1’)71

Y<pLy

o » X o’'+o(1) x \
log x 1 !
>><M> (logxlogy)~ >><Md) >><Md>

where o’ = a(x/(Md), y), which follows from Lemma 3.3, the asymptotic expansion (3-3) as well as the
bound o’ = a(x/(Md), y) > a(x, y) = « implied by the lower bound M < L =4y2 > log x and the
estimate (3-2).

The remaining analysis in the proof of [loc. cit., Proposition 5.7] involves two applications of [loc. cit.,
Lemma 3.2], which may be replaced by applications of Lemma 3.4(i) combined with Lemma 3.3 since
ford < 2 and M < yL we have

Md < yL2 <4y*2* <x/(y2) <x/y,

thanks to our stronger assumption that 4y3 .23 < x. This ensures that d < x/(yM) in the first application
and that M < x/y in the second application, i.e., that the conditions of Lemma 3.4(i) are satisfied. Our
lemma thus follows from the proof of [loc. cit., Proposition 5.7]. U

|~

Proof of Theorem 6.1. The first part of the result follows directly from Lemma 6.3 applied with o =

o N

1
Concerning the second part, suppose that § € M(x!/12, x) and recall that by definition (6-1) there exists
positive integer g < x%1 such that lgf| < xl/12 —k For any such value of ¢, we have 2 =¢q + ||¢0 |xk <
2x1/12 and 4y3 23 < x since y < x" and 5 < 7. It then follows from Lemma 6.4 that

O

Ei(x, [y, y]: 0) <« 27209 (1og x)>W (x, [, y]).

7. Strongly recurrent polynomial sequences over smooth numbers

Our aim in this section is to show that if a sequence {|| Bk} ne S(x.[y,y]) 18 strongly recurrent, then B is
very close to a rational with small denominator g. More precisely:

Theorem 7.1. Let N > 2 be a parameter, let 0 € R, and let k > 1 be a fixed integer. Let K’ > 0,
K > max(2,2K’), 1 <y < (log N)K,, and suppose that (log NX < y < N7 for some small constant
n=n(k) € (,1). Let § : Rog = Rsq be a function of N that satisfies

logs N K SN~ < log, N
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for all sufficiently large N. Finally suppose that 0 < & < 8/2 and that ¢ < §(N)~ %D (log N)~C' for some
fixed constant C| > 1. Then the following assertion holds provided that K and C; are sufficiently large
depending on k.

If the bound ||n*0|| < & holds for at least ¥ (N, [y, y]) elements n € S(N, [y', y]), then there exists a
positive integer 0 < g < 8~ such that

lgol < 8=/ Nk,

The corresponding problem for strongly recurrent unrestricted polynomial sequences {|| n* [l}n<x has
been treated in [Green and Tao 2012a, Section 3] where the polynomial case was reduced to the linear
case via an application of bounds in Waring’s problem. While a suitable Waring-type result was proved
in [Drappeau and Shao 2016, Theorem 2.4] for the set S(x, y), no such result is currently available for
the sparse subset S(x, [y, y]), although we expect such an analogue to hold.

For this reason, our approach proceeds instead via first reducing the problem via Fourier analysis to
bounds on Weyl sums over S(x, [y’, y]), which can then be combined with the results of Section 6. The
Fourier analysis reduction is standard (see [Green and Tao 2012b, Proposition 3.1 and Lemma 3.2]). The
bounds on the relevant Weyl sums obtained in Section 6 by themselves are, however, not strong enough
in order to deduce the theorem above; they only provide part (1) of Lemma 7.4 below. In particular,
those bounds on ||gf|| are not strong enough in order to later analyse the correlation of g, ,)(n) with
nilsequences for very small values of y, that is, when log y < loglog x. To work around this problem, we
will employ a bootstrapping argument in order to improve the bounds on ||¢g6||. This argument is based on
the combination of the following lemma due to [Drappeau and Shao 2016, Lemma 3.7] (which is a higher-
dimensional version of the bootstrapping argument used in the proof of [Green and Tao 2012b, Lemma 3.2])
and the bounds we obtained in Section 5.2 on equidistribution of S([y’, y]) in short progressions.

Lemma 7.2 [Drappeau and Shao 2016, bootstrapping lemma]. Let k > 0 be a fixed integer and let
¢’,8€(0,1). Let 1 <L < x be parameters and let </ C [x, 2x] be a nonempty subset with the property that

||| P]

17 NP <A

for some A > 1 and for any arithmetic progression P C [x, 2x] of length at least L and common difference
g = 1. Suppose that, for some 9 € R with |9 < &'/(Lx*Y), there are at least §| </ | elements m € of
satisfying ||m*9 | < &’ Then either ' > 8/ A or

9 < AST e /xk.

Remark 7.3. The original statement of [ Drappeau and Shao 2016, Lemma 3.7] does not restrict the progres-
sions P to have common difference ¢ = 1. An inspection of the proof reveals, however, that the correspond-
ing assumption is only required for progressions with common difference g = 1, i.e., for discrete intervals.

Theorem 7.1 is an immediate consequence of the following lemma, which will help us structure our
proof.



Smooth numbers are orthogonal to nilsequences 1919

Lemma 7.4. Let 0 € R, k > 1 a fixed integer, and let K' > 0 and K > max(2K’, 2) be constants. Let
1 <y < (log x)K/ and suppose that (log x)X < y < x" for some small constant n € (0, 1). Let § = §(x)
be such that §(x)~8 «p x for all B > 0 and suppose that 0 < & < 8/2. Suppose that there are at least
SW(x, [y, y]) elements n € S(x, [y, y]) for which ||n*0|| < &. Then:

(1) There is some integer 0 < g < §~°WY and a constant ¢ > 0 depending on k such that
lg61l < 870 (log x) !¢ /x*

provided K is sufficiently large in terms of c.
(2) If, furthermore, §(x) > (log, x) Vande <8(x)~9M (log x) "€ for some fixed constant C1 >5+20/c,
then the integer 0 < g < 8~°W from part (1) satisfies

lg1) < &8 7M (log 1)1 /",

provided that K is sufficiently large in terms of c.

(3) Under the assumptions of part (2) the integer 0 < g < 8~ %W from part (1) satisfies the bound
g6l < g8~ logy x)/x*,

provided that K is sufficiently large in terms of c.

(4) If, in addition to all previous assumptions, §~' >>1ogs x, then the integer 0 < g < 8~°W from part (1)
is such that
g6l < 8%/t

provided that K is sufficiently large in terms of c.

Proof of Lemma 7.4. Suppose that I C [0, 1] is an interval of length |/| = ¢, and that there are at least
SW(x, [y, y]) elements n € S(x, [y, y]) such that n*9 (mod Z) e I. By approximating the characteristic
function of the interval / by a suitable smooth Lipschitz function F, we obtain

Y. F@'6 (mod2)| > 8'W(x. [y, y]) (7-1)
neS,[y,yD

for some §" € [§/2, §]. We may assume that F is supported on a set of measure §. Hence, on rescaling F
and redefining 8 in the bound above as §' = § € for some C > 1, we may assume that || F'|| i = 1, which
implies that, for every k € Z,

|F )l = /R/Z F(0)e(—0k) df < || Flloo < [ FllLip = 1. (7-2)

Following the proof of [Green and Tao 2012b, Lemma 3.1], our next step is to approximate F by a
function whose Fourier transform is finitely supported, with a support defined in terms of 8. For this
purpose, consider the Fejér kernel K (0) = x o * x0(6), where xo(0) = (8'/16)1(6) is the normalised
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characteristic function of the short interval Q = [—8'/16, §'/16]. Since fR 1z K =1 and by (7-2), the
convolution F; = F x K satisfies

/ A
||F—F1||oo<% and |Fi(k)|<1 forallkeZ.
The rapid decay of the Fourier coefficients of K allows one to approximate F| by a finite truncation of its

Fourier series as follows. If

RO)= Y Fi(@e@d), then |FK-Fillo<y
0<lgl<s—3

When applying both of these approximations to (7-1) and then swapping the order of summation, it
follows from the triangle inequality that

8’ , A
SV oh< Y 1R
0<|gl<s—3

> e(anm‘ < )

nesS(x,[y,yD 0<|g|<83

Z e(anQ)‘.

nesS(x,[y,yD

By the pigeonhole principle there therefore is some integer 0 < |¢| < 8’3 such that

8 (x, [y, y]) <

Z e(qn"G)’ = |Ex(x, [y, y1; g0)I. (7-3)
nes.[y,yD

Following the above reduction via Fourier analysis, we are now in the position to invoke the bounds
on Weyl sums over smooth numbers from Section 6. To start with, the first part of Theorem 6.1 shows
that if g6 (mod Z) does not belong to M(x!/12, x), then the right-hand side of (7-3) is bounded by

Ex(x, [y, y]; q0) < x' ¢ <« x¥x' 7 « x W (x, [y, y)),

where ¢’ := ¢ — (1 — &) and where the lower bound W (x, [y, y]) > x**t°() follows from (3-3) and
Lemma 3.2. Observe that ¢/ > 0 provided that K is sufficiently large in terms of ¢ since 1 —a(x, y) <
1/K +o(1) by (3-2). Hence, 8§t <« x—¢ and, thus, x < §’ —4/e — §—4¢/ "/, contradicting our assumptions
on &, which implies § ~#¢/ ¢ «p x'/B forall B > 0.

It follows that g6 (mod Z) € M(x'/12, x). In this case, the second part of Theorem 6.1, applied with 6 re-
placed by g6 (and applied in the special case where, in the statement of Theorem 6.1, ¢ =a = 1), shows that

o elgn*o) < (1+x¥lgo 1)~ (log x) W (x, [y, y]).
neS(x,[y,yl)

Suppose that K is sufficiently large to ensure that ¢ — 2(1 — «) > c¢/2. Then it follows from the Fourier
analysis bound (7-3) that
1+ xMg01l < 875/ (log )1,
and hence
lgf1l < 875/ (log )" x~,

which proves part (1). For later use in the proofs of all remaining parts, we record the following
consequence of part (1) and our assumptions.
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Recurrence condition. Let 0 < ¢ < 8?1 denote the integer produced by part (1). Then we have
In*qo1 < gqlln*6] < ¢ (7-4)
for some &’ < ge < §~2W¢ and for at least W (x, [y, y]) elements n of S(x, [y, y]).

To establish part (2), observe that in view of Lemma 5.7, the conditions of Lemma 7.2 are satisfied for the
set o7 = S(2x, [y, y]) and any lower bound L > 1 with a correction factor of the form A = (x/L)!~* log x.
Moreover, we have

lgf1 < 875/ (logx)' x~* =&’ /(Lx*)
if we set L = ¢’83¢/¢(log x)~1%¢x and with &’ as in (7-4). In this case,
e’ A < &' (log x) (/887 (log x) 1Y)~ « (ge)*s OV (log x) 1 T5/¢
< (log ) 71879 W (log 1) /¢ = 0(8(x))
provided that C is sufficiently large depending on c. Here, we used that o > % if K > 2. To find a simple
bound for A, note that
x/L < (8q8%/“(log x) ') ! « (log x)€167°W (log x) 'Y « (log x)*“1/2,
provided that C is sufficiently large (e.g., C; = 5+ 20/c), which implies that
A = (x/L)"*logx <« (log x)!T3C11=0/2 « (1og x)3C1/4+! < (log x)C!.

Thus, in view of the recurrence condition above, the conclusion of part (2) follows from Lemma 7.2,
applied with the given value of &’ and ¥ := g6, provided that C is sufficiently large in terms of c.
To prove part (3), we use the information from part (2), i.e., that the positive integer ¢ <« §~ 21
produced by part (1) satisfies
g0l < &8~ M (log x)1 /x*. (7-5)

We shall now apply the short intervals case of Corollary 5.6(1). This result and the recurrence condition
imply that the conditions of the bootstrapping lemma are satisfied for the set «# = S(x, [y’, y]), the lower
bound L = x/(log x)¢ and
A =logz x + (log x)t-1/24
for any constant £ > 0. Observe that, since ¢ < §~?1 (logx)~¢" and §(x)~! < log, x, a bound of the
form ¢ < C; implies
g'8(x)"7VA < 8(x)7%V (logy x + (log x)*~/*) (log 1)~
< (logx)~C1°M 4 (log x) "1+ — (5 (x)).
This ensures that the bootstrapping lemma produces bounds on ||g8|| in all applications below.

Let 0 < j < 24C| be an integer, and suppose inductively that

Igoll < &8~ 1M (log x)€1 77724 /xk,
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the case j = 0 being (7-5). Let £ := C; — j/24, and L = x/(logx)". Then the bootstrapping lemma,
applied with ¢’ replaced by 6~ %¢1 (") implies that

g0l < e8~ 01D (log x)C1=(+D/24 )k

if j +1 < 24C,. Recalling the shape of A, we pick up a (log; x)-factor when j + 1 > 24C; and thus
¢ —1/24 <0, and obtain
lg61 < e85~ %1V (logz x) /x*
as claimed.
It remains to establish part (4). In view of part (3), we have

g0l < &8~ (logs x) /x*

and there are 8W(x, [y, y]) elements n € S(x, [y, y]) for which ||n*g6| < &' by (7-4). We shall now
appeal to Corollary 5.6(2) in order to remove the (log; x)-factor from the bound. For this purpose
let @ (x) = logy x and recall the recurrence condition. Then Corollary 5.6(2) shows that the condi-
tions of Lemma 7.2 are satisfied for the set & = S(x, [y/, y]), the lower bound L = x/log; x and
A =logw (x) < logs x < 8§~L. By the assumptions on § and @ (x) it follows easily that

Ae'§70a ) « 570 W (log x)~C1 = 0(8).
Hence, Lemma 7.2 applied with ¢’ replaced by £8~%1() finally leads to the bound
g0l < es= 0D /xt, O

8. Noncorrelation with nilsequences: a reduction and general lemmas

The aim of this section is to first establish an initial reduction of the noncorrelation estimate stated in
Theorem 1.1 to the case where the nilsequence is equidistributed. In preparation for the proof of the reduced
version we then show that most sequences in certain sparse families of subsequences of an equidistributed
polynomial sequence are equidistributed. We start by recalling some notation around nilsequences.

Definition 8.1 (filtered nilmanifold). Let d, mg > O be integers and let M > 0. We define a filtered
nilmanifold G/ T of degree d, dimension mg and complexity at most M to be an s-step nilmanifold G/ T,
for some 1 < s <d, of dimension m¢ in the sense of [Green and Tao 2012b, Definition 1.1] such that G is
equipped with a filtration G, of degree d > s in the sense of that definition and such that the Lie algebra g =
log G is equipped with an M -rational Malcev basis adapted to G, in the sense of [loc. cit., Definition 2.1].

A Malcev basis 2 gives rise to a metric d3- on G/ I" (see [loc. cit., Definition 2.2]). With respect to
this metric, Lipschitz functions can be defined. More precisely, if F : G/I" — C, we define (see [loc. cit.,
Definition 1.2]) the Lipschitz norm

|F(x) — F(y)|
IFllLp = IFlloo+ sup ———"—
x.yeG/T,xzy da(x,y)

and call F' a Lipschitz function if || F'||Lj < oo.
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Definition 8.2 (polynomial sequence and nilsequence). Given a nilpotent Lie group G and a filtration
G.:G=Gyp=G12G,2:--2Gy 2 Gg41 ={idg},

the set poly(Z, G,) of polynomial sequences is defined as the set of all maps g : Z — G such that,
if dp,g(n) == gn + h)g(n)_l, the j-th discrete derivative dp; ..., g takes values in G for all j €
{1,....,d+1}andall hy...h; € Z. If g e poly(Z, G,) and F : G/I" — C is a Lipschitz function, then
the sequence Z — F(g(-)I") is called a nilsequence.

With this notation in place, we restate the main result of our paper, which shows that n +— ( g[) ] A (n)—1)

is orthogonal to nilsequences.

Theorem 8.3 (noncorrelation with nilsequences) Let N be a large positive parameter and let K' > 1,
K > 2K’ and d > 0 be integers. Let % 5 logs N <y' < (log N)X' and suppose that (log N)X < yg <y < N"
for some sufficiently small n € (0, 1) depending the value of d. Let (G/T', G,) be a filtered nilmanifold
of complexity Q¢ and degree d. Finally, let w(N) = %10g3 N +o(1), W = P(w(N)) and define

3(N) =exp(—,/log, N).

If K is sufficiently large depending on the degree d of G., then the estimate

w S W - DFmD)| <ac (1 +1Fu BN+ ——— (1)
N Iyl ‘ P log w(N)
n<(N—A)/W

holds uniformly for all W= Wq, where q < (log yo)€ satisfies p | g = p < w(N) and C > 1 is a fixed
constant, for all 1 < A < W with gcd(A, W) =1, all polynomial sequences g € poly(Z, G,) and all
1-bounded Lipschitz functions F : G/ T — C.

By decomposing the summation range 1 <n < (N — A) / W into dyadic intervals n ~ (N — A)/ W for

"€ (N/log N, N] and the initial segment 1 < n < N/(W log N), and approximating gj,y] by Ay y
on each dyadic interval, it follows from Lemma 4.4 that the task of proving Theorem 8.3 may be reduced
to proving that the estimate

114 7 1
~ 2 g —DFEMD)| <ac A+ FllLipd(V) Qo+ ogway &2
n~(N—A)/W
holds under the assumptions of Theorem 8.3 and for the function h[ Y ] ) that is defined on the interval
n~(N—A)/W.

8.1. Reduction to noncorrelation with equidistributed nilsequences. Observe that the bound in the
statement of Theorem 8.3 holds trivially unless

Qo <8(N)™'.

This information can be used in combination with Green and Tao’s factorisation theorem for polynomial
sequences (which states that every polynomial sequence is the product of a slowly varying sequence, a
highly equidistributed sequence and a periodic polynomial sequence) together with our results on the
distribution of n + hy, y in short arithmetic progressions in order to reduce the statement to one in which
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the sequence g can be assumed to be equidistributed. Before stating the reduced version and proving the
reduction, we recall the relevant definitions around equidistribution as well as the factorisation theorem.

Definition 8.4 (§-equidistributed and totally §-equidistributed sequence [Green and Tao 2012b, Defini-
tion 1.2]). Let G/ T" be a nilmanifold.

(1) Given a length N > 0 and an error tolerance § > 0, a finite sequence (g(n)I"),¢[n] is said to be
8-equidistributed if we have

Enervy F(g(m)T) —f

F‘<3”F”Lip
G/T

for all Lipschitz functions F : G/T" — C.

(2) A finite sequence (g(n)I'),¢[nq is said to be fotally 5-equidistributed if we have

Ever F(g(n)I) —/ F‘ <Ol FllLip

G/T
for all Lipschitz functions F : G/ ' — C and all arithmetic progressions P C [N] of length at least § N.

Definition 8.5 (rational sequence [Green and Tao 2012b, Definition 1.17]). Let G/ T" be a nilmanifold
and let O > 0 be a parameter. We say that y € G is Q-rational if y" € I for some integerr, 0 <r < Q. A
Q-rational point is any point in G/ I of the form yI" for some Q-rational group element y. A sequence
(y (n))nez is Q-rational if every element y (n)I" in the sequence is a Q-rational point.

Definition 8.6 (smooth sequences [Green and Tao 2012b, Definition 1.18]). Let G/ " be a nilmanifold
with a Malcev basis 2. Let (¢(n)),cz be a sequence in G, and let M, N > 1. We say that (¢(n)),cz is
(M, N)-smooth if we have d(e(n),idg) < M and d(e(n),e(n — 1)) < M/N for all n € [N], where idg
denotes the identity element of G.

The following proposition is Green and Tao’s factorisation theorem [2012b, Theorem 1.19] for poly-
nomial sequences, which asserts that any polynomial sequence can be decomposed into a product of a
smooth, a highly equidistributed and a rational polynomial sequence.

Proposition 8.7 (Green—Tao factorisation theorem [2012b]; see also [Tao and Terdvidinen 2023]). Let
m,d > 1, and let My, N > 1 and A > 0 be real numbers. Suppose that G/ is an m-dimensional
nilmanifold together with a filtration G, of degree d. Suppose that X is an My-rational Malcev basis
adapted to G, and that g € poly(Z, G,). Then there is an integer M with My < M < MOO A’m‘d(l), a rational
subgroup G' C G, a Malcev basis 2" for G'/ T in which each element is an M -rational combination of
the elements of Z°, and a decomposition g = g’y into polynomial sequences ¢, g', v € poly(Z, G.,) with
the following properties:

(1) e:Z— Gis (M, N)-smooth.

(2) g':7Z — G’ takes values in G', and the finite sequence (g'(n)T"),e(n) is totally 1/ M*-equidistributed
in G'/ T, using the metric d on G’/ T,

(3) vy :Z — G is M-rational, and (y (n)T"), ez is periodic with period at most M.
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With the above notation in place, we may now state the equidistributed version of Theorem 8.3 and

deduce this theorem from it.

Proposition 8.8 (orthogonality to equidistributed nilsequences). Let N be a large positive parameter, let
K'>1,K > 2K’ and d > 0 be integers. Let % logy N <y’ < (log N)X' and suppose that (log N)X < yg <
vy < N7 for some n € (0, 1) that is sufficiently small depending on d. Let w(N) = % logs N, W = P(w(N))
and 8§(N) = exp(—Co,/logy N)) with Cy € [1, (log N)'/*].

Let G/T be a nilmanifold together with a filtration G, of degree d, and suppose that Z is a
8(N)~'-rational Malcev basis adapted to G.. Let g € poly(Z, G.) be any polynomial sequence such that
the finite sequence (g(n)I"),<on/w is totally 8 (N)Eo-equidistributed for some Eq > 1. Let F : G/T' — C
be any 1-bounded Lipschitz function such that f G/T F=0.

If 1<q < (log yO)C is (W(N)—1)-smooth, where | < C K 1,if 0<a<qgand0 < A < W are integers
such that (W, A) = 1 (and thus (Wa+ A, Wq) = 1), and if 0 < Ny < N, then we have

Wq
‘7 Yo hiy@m+a)FmT)| Kadim G iy £y S(N)™ (8-3)
N<WZ1n€1§N+N1

for any given E1 > 1, provided that E is sufficiently large with respect to d, dim G and E, provided that
K is sufficiently large depending on the degree d of G,, and provided that N is sufficiently large in terms
of dim G, d and E.

Proposition 8.8 implies Theorem 8.3. We shall prove that Proposition 8.8 implies (8-2), from which
Theorem 8.3 follows. We may assume that Qg < §(N )y~ as (8-2) is trivially true otherwise. Let
B > 1 be a parameter. Then, by Proposition 8.7, applied with N replaced by 2N /W there exists
O 0OK QOB am6.d() and a factorisation of the polynomial sequences g as eg’y that satisfies properties
(1)—(3) of that proposition. In particular, the polynomial sequence y : Z — G gives rise to a q -periodic
function y (- )I": Z— G/ T for some period 1 < g < Q, and the sequence e:Z — G is (Q, 2N/ W) smooth.
The sequence g’ : Z — G’ takes values in a Q-rational subgroup G’ of G, it is a polynomial sequence with
respect to the filtration G, := G, N G’ and the finite sequence (g'(M)T"), <,y it 0~ B-equidistributed in
G’/ T, where I'" = I' N G’ and where equidistribution is defined with respect to the metric d- arising
from a Malcev basis 2" adapted to G.. The existence of the Malcev basis 2" is guaranteed by [Green and
Tao 2012b, Lemma A.10], which also allows us to assume that each of its basis elements is a Q-rational
combination of basis elements from 2".

In order to reduce the noncorrelation estimate to the case where the polynomial sequence is highly
equidistributed, we seek to decompose the summation range of » in (8-2) into (short) subprogressions on
which y and e are almost constant. Splitting the interval (N / W,2N / W1 into arithmetic progressions
with common difference ¢, we obtain

S G Pw-DFemD =Y Y Gl e~ DFEms myD),

n~N/W 0<a<q n~N/W
n=a (mod q)

where y, € G is such that y(n)I" = y,I" whenever n =a (mod g).
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Since F is a Lipschitz function and since d »- is right-invariant (see [Green and Tao 2012b, Appendix A]),

we deduce that, for any ng, n € Z,
|F(e(no)g' (n)yal) — F(e(n)g' () yaD)| < || FllLip d (€(0) 8" (1) Va, £(n)g (1) V)
= || FllLip d2 ((ng), e(n)).

It then follows from the assumption ¢ is (Q, 2N/ W)-smooth that

Qlno —n|
dg(e(ng),e(n)) < ——=——
2 (e(ng), e(n)) N/W
whenever n, ng < 2N/ W, and therefore
|F(e(n0)g (n)yaT) — F(e(n)g'(n)yvaT)| < Fy;, log ™' Q (8-4)

if, in addition, |ng —n| K N/ (I/T/Q log Q). With this in mind, we refine the partition of our summation
range and consider a subpartition
(N/W.2N/W1=| P,
J

where each P; is a “short” progression of common difference g, as before, but with diameter bounded by
O(N/ (QW log Q)). The bound on the diameter ensures that ¢ is almost constant on each P;. Note that
the total number of short progressions P; is O (g Q log Q). By fixing an element ¢; € £(P;) in the image
of P; under ¢ for each progression P;, we obtain

3 T @m) — 1) FgmD)

. y]
nNN/VT/

=53 @D ) — DF (g8 (D)
Jj nep;
W N
+0{sgp su[glF(ejg/(an)—F(e(n)g/(n)yar)|< > h{ﬁﬁﬁknwﬁ)}. (8-5)
j nEP; n~N/W

By construction or, more precisely, by Lemma 5.5, we have

D iy o) < N/W.
nNN/VT/

Bounding the error in (8-5) with the help of this bound and (8-4), we obtain

W, A W, A

> (Y =DF@EmD) =YD () () = DF (g8 (n)yal) + 0(W1—>'
N /W j nep; ogQ
J

Observe that in the argument of F, apart from two constant factors, only the sequence g’ occurs,
which has the property that (g'(n)T"), <,y /i 1s 0O~ B-equidistributed. We aim to use this equidistribution
property in combination with Proposition 8.8 in order to bound the correlations on the right-hand side
above. For this purpose, we shall now first show that the sequence n — ¢;g’(n)y, can be reinterpreted as

a polynomial sequence n — g*(n) that is equidistributed on some filtered nilmanifold H/A. At the same
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time, we show that F(g;g'(n)y,I') = f(g* (n)A) for a Lipschitz function F: H/A — C. As a second
step, we carry out a reduction that allows us to assume that || H/A F =0. And, thirdly and finally, we will
apply Proposition 8.8 and complete the proof. We denote these steps (1)—(3) below.

(1) Define g*(n) := y, !¢’ (n)y,. For an application of Proposition 8.8, it is necessary to verify that g* is
a polynomial sequence and that it inherits the equidistribution properties of g’. These questions have been
addressed by Green and Tao [2012a, Section 2] and we follow their argument here. Let H = ya_l Gy,
and define H, =y, '(G').y,. Let A =T N H and define F= ﬁa,j H/A — R via

ﬁ(xA) = F(gjyaxT).

Then g* € poly(Z, H,), we have ﬁ(g*(n)A) = F(ejg'(n)y,I'), and the correlation that we seek to bound
takes the form
Z(h(WA)( —~DF(g*(m)A 8-6
vyl M) —DF (g (n)A). (8-6)
nep;
The “Claim” from the end of [Green and Tao 2012a, Section 2] guarantees the existence of a Malcev
basis % for H/A adapted to H, such that each basis element ¥; is a Q?(D-rational combination of basis
elements X; from 2°. Thus, there is C’ = O(1) such that % is QC/—rational. Furthermore, the “Claim”
implies that there is ¢’ > 0, depending only on dim G and on the degree d of G,, such that whenever B is
sufficiently large the sequence

(g*(n)A)ngzN/vT/ (8-7)

is totally Q< B+0M _equidistributed in H/A, equipped with the metric dy induced by #. Taking B
sufficiently large, we may assume that the sequence (8-7) is totally M —<'B/ 2_equidistributed. Finally,
the “Claim” also provides the bound ||1? lLip < 0C"||F lLip for some C” = O(1). This shows that all
conditions of Proposition 8.8 are satisfied except for || HIA F=0.

(2) Let M(F )=/, HyT F denote the mean value of F and observe that /L(F ) < 1 since F is 1-bounded.
Thean/FF 0if F:=F—wu(F): H/T — C and

S G ) - F g ma) = 3 GV m) - ) F(g*mA) + o(

oo -n))

nep; nep; nep;
~ _ P|
= SO 0T ) — 1) Fg*mya) + 0 —
n;< a1 @ = DF(E" @A) +0( s
J

by Lemma 5.5. We may thus assume that fH/F F=0.
(3) By the previous two steps it remains to bound
S G ) - EtmA),
Jj nep;

where we may assume that f H)T F = 0 and that (g* (MA),<on /W is Q¢ 'B/f2 -equidistributed. Since P;
has common difference g < Q, the bound on the diameter of P; implies that | P;| > N /(g QW log Q).
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Note further that Q < QF >V « §(N)=C for some C = O 4.4imc(1) since Qo < 8(N)~". We may
suppose that N is sufficiently large for C < (log N)'/# to hold. Define 8'(N) = §(N)~C.

We may thus apply Proposition 8.8 with Wq replaced by Wc} = W(qq), with § replaced by &', with
Eq=c'B/2, g=g* G/T =H/A, 2 =%, and with N; > N/(Qlog Q) > N§'(N)F/? (assuming
that £ > 2, which we may) to deduce that

W ~ ~ N
3OS TR @)~ DE@Em)A) <a Y1+ [ FllLip)s (V) =
j ner ] WC]
" gON lo
i (14 0 | Flups () L2202 E
N
<a (1+ || FllLip) QM8 (V) F1 i

N
Lg (1+ ||F||Lip)5(N)QOWs

provided that B, and hence E1, is sufficiently large to imply the final bound. This completes the proof of
the deduction of (8-2) and, hence, Theorem 8.3. O

8.2. Sparse families of linear subsequences of equidistributed nilsequences. In Section 9.2 we will
relate our task of bounding the one-parameter correlation (8-3) to that of bounding a bilinear sum. This
reduction naturally leads to the problem of understanding equidistribution properties in families of linear
subsequences of polynomial sequences that arise as follows. Let (g(n)I"),<x be a polynomial sequence

and consider the family of sequences

{n = (gmm)T)n<n/mbmesqy,ypim.2n)

where the parameter m € [M, 2M) is further restricted to the sparse set S([y’, y]), yielding a sparse family
of subsequences. Our aim in this subsection is to show that if (g(n)I"),<u is 6-equidistributed for a suitable
choice of 8, then almost all sequences in this family are §!/€-equidistributed. Equidistribution properties
in unrestricted families of linear subsequences have been studied by the first author in [Matthiesen
2018, Section 7]. In this section we show that, thanks to the sparse recurrence result from Section 7,
the unrestricted result [loc. cit., Proposition 7.4] can indeed be extended to the sparse situation where
m € S([y, y]). Part of this section follows [loc. cit., Section 7] very closely.

The proof of Proposition 8.11 below uses the notion of a horizontal character [Green and Tao 2012b,
Definition 1.5] on a nilmanifold G/ I', which is defined to be a continuous additive homomorphism
n : G — R/Z which annihilates I'. The set of horizontal characters may be equipped with a height
function || as defined in [loc. cit., Definition 2.6]. This specific height function is called the modulus
of 1. All that is relevant to us in the present paper is that there are at most Q! horizontal characters
n:G — R/Z of modulus |n| < Q.

If n: G — R/Z is a horizontal character and g € poly(Z, G,), where G, is a filtration of degree d,
then no g:Z — R/Z is a polynomial of degree at most d. For an arbitrary polynomial P : Z — R/Z of
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degree at most d, we may define two sets of coefficients, «g, ..., g and By, ..., Bg, in R/Z via
Py =aotai(])+- o)) =pant + -+ pin+ fo
The smoothness norm [Green and Tao 2012b, Definition 1.5] of P with respect to N is then defined to be

IPllc=ny = sup NYlle;llwyz

and we have Isj<d

IPllc>v <a sup N7||Bjllriz and  sup N7llgB;llmsz < IIPllcin
I<j<d I<j<d
for some positive integer g <4 1 by [loc. cit., Lemma 3.2].
Smoothness norms and horizontal characters allow one to characterise §-equidistributed polynomial
sequences in the following sense:

Lemma 8.9 [Green and Tao 2012b, Theorem 2.9]. Let mg and d be nonnegative integers, let 0 < § < % and
let N > 1. Suppose that G/ " is an mg-dimensional nilmanifold together with a filtration G, of degree d
and that % is a 8~ '-rational Malcev basis adapted to G,. Suppose g € poly(Z, G.). If (g(n)T") < is not

8-equidistributed, then there exists a nontrivial horizontal character n with 0 < || < 8~ %mc 1) such that

7 ogllcwny < 8 Cdma )

where Cy is a sufficiently large constant depending only on d.

In order to pass between the notions of equidistribution and total equidistribution for polynomial
sequences, we shall use the following lemma, which is [Matthiesen 2018, Lemma 7.2].

Lemma 8.10. Ler N and A be positive integers and let § : N — [0, 1] be a function that satisfies § (x) ™" <;
x forall t > 0. Suppose that G has a §(N)~'-rational Malcev basis adapted to the filtration G.. Then there
is 1 < B <4.dimg 1 such that the following holds provided N is sufficiently large. If g € poly(Z, G,) is a
polynomial sequence such that (g(n)I"), <y is 5(N)A-equidistributedf0r some A > B, then (g(n)"),<n
is totally 8§ (N)A/B-equidistributed.

With these preparations in place, we now turn towards the main result of this section.

Proposition 8.11 (equidistribution in sparse families of linear subsequences). Let N be a large positive
parameter, let d > 0, and let K' > 0 and K > max(2K’, 2). Suppose that 1 < y’ < (log MK and
(log NX < y < N, where u = u(d) € (0, 1) is sufficiently small depending on d. Let 6 : R~g — R~
be a function of N that satisfies logs N < §(N)~! and §(N)~8 «p log, N for all B > 0. Suppose
that (G/ T, G.) is a nilmanifold together with a filtration G, of degree d and a §(N)~'-rational Malcev
basis adapted to it. Let g € poly(Z, G,) be a polynomial sequence and suppose that the finite sequence
(g(m)D) < is totally §(N)E' -equidistributed in G/ T for some E1 > 1. Then there is some ¢ € (0, 1)
depending on d and dim G such that the following assertion holds for all integers

M e [N'2 N/yY? (8-8)

provided that K is sufficiently large depending on d, and that c1E| > 1.
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Given any sequence (Apy)meN Of integers satisfying |A,,| < m, write g,,(n) := g(mn+ A,,) and let By
denote the set of integers m € [M,2M) N S([y’, y1) for which

(gm (n)r)néN/m
fails to be totally §(N)“E1 -equidistributed. Then
#Bu < WM, [y, yDS(N)E,

Proof. Let M be a fixed integer in the range (8-8) and let ¢; > O to be determined in the course of
the proof. Suppose that E; > 1/c;. It follows from Lemma 8.10 that for every m € %), the sequence
(gm (M) <N /m fails to be §(N)1£18 equidistributed on G/ T for some 1 < B <.dim¢ 1. By Lemma 8.9,
there is a nontrivial horizontal character 1,, : G — R/Z of magnitude |1,,| < §(N)~%¢dm6©ED gych that

[7m © gm ll copn/an) <K S(N) ™ Caima (i Er), (8-9)
For each nontrivial horizontal character n : G — R/Z we define the set
My =1{m € By N =n}.
Note that this set is empty unless || < §(N)~eam6€1ED Quppose that
#Zy > WM, [y, yDS(N) .

Since there are only M ©" horizontal characters of modulus bounded by M, it follows from the pigeonhole
principle that there is some n of modulus |n| < 8 (N )_Odvd‘mG(clE V) such that

#, > VQOM, [y, yDS(N)EC

for some C <y gimg 1. Suppose

nog(n) =B’ +---+ in+ po.

Then
nogm(n)=nogmn+Ay) =aln 4+ +a"n+al",
where .
af =m Y (L) AB 0<j<d). (8-10)
i=j

The bound (8-9) on the smoothness norm asserts that
N/ (m) — 04 di W E
sup — |la™ || <« 8(N) d.dimG (c1E1)
1ojoq MT "
which by downwards induction combined with (8-10) implies
N/ ,
sup _.”,Bjmj | < S(N)_Od,dimG(Cl Ey)

1<j<a M/
Hence,

for every m € .#,,.
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In view of the lower bound on #.#,, we seek to apply Theorem 7.1 with k = j < d and with
the cut-off parameter N in the theorem replaced by M. Observe that all assumptions in Theorem 7.1
about the relation between the parameters N, y, y’, as well as those on the function § and the size
of ¢ are sufficiently flexible to allow for N to be replaced by any M with log M =< log N. Note that
N/M > y'2 > (log N)X/2 > (log M)X/2, which allows us to choose

&= 5(N)—0d,dimc;(01El)(M/N)j < 5(N)—0d,dimc(01E1)y—j/2 < 5(N)—0d,dimc;(01E1)(log 1‘/1)—]‘1(/2

and C| = jK /2 in the application of Theorem 7.1. Our assumptions on §(N) imply that & < §*/2 for any
8* of the form 8§ (N )CIE‘C with C <, d4imc 1 as soon as N is sufficiently large. Hence, it follows from
Theorem 7.1 that there exists an integer 1 < q; < 6(N )_O‘f““‘“G("‘E 1) such that

lg;B;ll < B(N)_Od,dimG(ClEl)(M/N)_jM_j — S(N)_Od,dimG(Cl E)N—J
Thus,
a; ~
Bi=_thi (8-11)
J

where «; |g;, ged(aj, kj) =1 and

0< B}. < S(N)—Od.dimG(CIEI)N_J.'
Hence,

||K]ﬁj” < (S(N)fod.dimG(ClEl)N*j‘ (8-12)

Let « =lcm(ky, ..., kz) and set § = kn. We proceed in a similar fashion as in [Green and Tao 2012a,
Section 3]: The above implies that

77 0 g()lryz < §(N)~Ceamc@EVy /N (n < N),

which is small provided # is not too large. Indeed, if N’ = §(N)“'#1€" N for some sufficiently large
constant C” > 1 depending only on d and dim G, and if n € {1, ..., N'}, then

170 g llg/z < 15-

Let x : R/Z — [—1, 1] be a function of bounded Lipschitz norm that equals 1 on [—11—0, 11—0] and satisfies
fR/z x (t) dr = 0. Then, by setting F := x o7, we obtain a Lipschitz function F : G/T" — [—1, 1] that
satisfies f G/T F=0and || FlLip < (N )_Odvdi”‘G(C‘E D, By choosing c; sufficiently small depending on d
and dim G we may ensure that

I FllLip < 8(N) 5
and, moreover, that
N' > 8(N)EIN.
This choice of N’, F and ¢ implies that, for all sufficiently large values of N, we have
1
«ﬁ ZIF@mWﬂ=1>Mwammp
1<n<N’

which contradicts our assumption that (g(n)I"),<x is totally §(N YE1_equidistributed. U
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9. Noncorrelation with equidistributed nilsequences

In this section we prove Proposition 8 8, that is to say we show that the function m — 15y, y)) (Wm+A")

and its weighted version m h" gm + a) are orthogonal to highly equidistributed nilsequences for

Ly’ y] (
w(N)-smooth values of ¢ and 0 < a < g.

Both of these functions are W-tricked versions of sparse multiplicative functions. Building on a
Montgomery—Vaughan-type decomposition, which allows one to replace twisted sums of multiplicative
functions by bilinear expressions, it was proved in [Matthiesen 2018] that W-tricked and centralised
versions of “dense” multiplicative functions are orthogonal to nilsequences. We shall show that this

approach can be extended to the sparse setting we are looking at here in order to establish Proposition 8.8.

9.1. Removing the weight. We will prove Proposition 8.8 by a sequence of reductions. Recall that

W) ¢< ) O(W) N (Wm +A)! ¢
iy (M) = == hy (Wm +4) = =5 aW(N, [y, yD)

where gcd(A, W) = 1. Our first step is to remove the weight and reduce the correlation estimate for

hgv;]\) (gm + a) to one that only involves the characteristic function 1y ) (Wm + A"), where W = Wq

and A’ = Wa + A.

Lsqy,yp(Wm + A),

Lemma 9.1 (removing the weight). Let W= Wq and A’ = Wa + A and define for any x € N the quantity

T(x):= Y Lsqyyn(Wm+A)F(gm)T).
N/W<m<x
Then the conclusion (8-3) of Proposition 8.8 holds provided that
W(N, [y, ¥
T (x) K dim G, | Fluy Er S(N)! oW -1
forallx e (N/W,2N/W].

Proof. To start with, recall that

e =@ ] d-pH ' =<@Wg)!
plg.p>w(N)
by (5-12) and note that

N“(Wm—i—A/)l_“ 1

oaN
for N/ W<m< (N +Ny)/ W. With this in mind, partial summation shows that
W ¢ (W) -
AT > Ay ) (Wm + A")F (g(m)T")

N/W<m<(N+Ny)/W

1 We (W) 3 N*(Wm+ A"~

- sy, (Wm + A)F r
YN, [y, y) W N sy.y)(Wm +A)F(g(m)I')

N/W<m<(N+Ny)/W
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IT((N + N1)/W)lp(W)

YN, [y, yD - -
d(W) Z |T(m)|‘(W(m+1)+A/>l“_(Wm—i—A/)l“
W(N, [y, yD o N N

N/W<m<(N+N1)/W

< ¢W) HT<NJ:N1)‘+ 3 |T(m)|(1 —a)

Wm+A
/ (N/t)* dt

|

/ (17 ’
\I’(N’ [y 5 y]) w N/W<m<(N+N1)/W alN W(m+1)+A
W N+N 1%
“Fab ])”T< W 1)‘+W )3 'T(m)'}
LY N/W<m<(N+Np)/W
L4, dim G, | F|Lip. E1 S(N)F1,
provided that the stated bounds on 7 (x) hold. (|

9.2. Montgomery—Vaughan-type reduction to a Type II estimate. Our proof strategy for establishing
(9-1) is to employ a Montgomery—Vaughan-type decomposition which replaces the given one-parameter
correlation by a bilinear sum and eventually allows us to reduce (9-1) to a noncorrelation estimate of the
von Mangoldt function with nilsequences. Since the parameter y can be very small and since the correlation
involving the von Mangoldt function will have length y¢ in the end, this approach requires a careful choice
of the cut-off parameter w (V) in the W-trick and the parameter §(N) that controls the level of equidistri-
bution in the nilsequence to ensure that uniform noncorrelation estimates for the von Mangoldt function,
valid over the whole range produced by the Montgomery—Vaughan decomposition, can be deduced.

Proposition 9.2 (reduction to a bilinear correlation). The bound (9-1) holds for all x € (N/ W, 2N/ VT/]
provided that for any sequence (Ap)nen With |An| < n, for any sequence (A))nen of integers 0 < A} < w
coprime to W and for any sufficiently large Eg > 1, we have

1 ~ VN, [y, yD)

— 3 > Lsqyyy(MA(Wm+A))F(g(mn+A,)D)| < B(N)E‘W

0g 1<n<N+N; Wm+ALely,y] !
N<n(Wm+A)<N+N;

forall Ny € (0, N] and all g € poly(Z, G,) such that (g(n)I"),<n is totally §(N)Eo-equidistributed. The
implied constant is allowed to depend on d, dim G, || F||Lip and Ej.

Proposition 9.2 will be deduced from the following simple lemma, which is inspired by a bound from
[Montgomery and Vaughan 1977], but does not involve a second moment.

Lemma 9.3. Suppose that f : N — C, let N be a positive parameter and let ¥ (N) C [N/2, N]NN

denote a set. Then

1 1
> fm <oy > Fl+ ooy

ne.(N) nes(N)

) f(nm)A(m)‘.

nme.¥(N)



1934 Lilian Matthiesen and Mengdi Wang

Proof. This is an immediate consequence of the bound
Y log(N/m)f(m)<log2 > [f(m)l. O
N/2<n<N N/2<n<N

Note that we have

~ n—A
T)= Y  lsqyyy(Wm+A)FgmID) = Y 1S(b,/,y])(n)F(g( = )1“)
N/W<m<x N<n§xl;17N
n=A" (mod W)

Writing N; := xW —N € (0, N] and applying Lemma 9.3 to this expression yields

—A W(N,[y,y]; W, A’
Z IS([y’,y])(mn)A(m)F(g(nmﬁ«/ )F)‘—FO( N, [, 7] )>. (9-2)

log N
N<mn<N+1\L1
mn=A" (mod W)

1
T P
)< log N

If A} € {0, W — 1} is such that nA, = A" (mod W), we may expand the congruence condition on m and
replace m by Wm + A/,. With this choice of A/ we have
n(Wm+Al)—A'
114
for some integer A, with |A,| < n. Hence the first term in the bound on 7 (x) may be rewritten as

=nm—+ A,

1 7 / 17 /
M (x) = oz > > Lsqy,yp M(Wm+ A))A(Wm + A)F (g(nm + A,)D)|.

ISnKN+N1 N/n<Wm+AL <(N+Ny)/n

The error term in (9-2) is negligible in view of Theorem 5.1, Lemma 3.3 and (3-3), provided that
log*1 N <g, §(N yE1 which holds for the choice of §(N) for Proposition 8.8. Thus (9-1) holds provided
we can show that, under the assumptions of Proposition 8.8, the bound
VN, 1Y, yD)
(W)
holds for all Ny € (0, N]. To complete the proof of Proposition 9.2, it remains to show that we can
replace the function A(m)1g(y,yp)(m) by A(m)1;,, ,)(m) in the condition (9-3). This is the content of
the following lemma.

M (X) L | Flly SN (9-3)

Lemma 9.4 (removing large prime powers). We have

: YN, [, yD)
Z Ls(py,yp (nm)A(m) g §(N)P? ———=—=.

IOgN N<nm<N+N; ¢(W)

nm=A" (mod W)

Q(m)=2, m>y

Proof. Theorem 5.1 and Lemma 3.4(i) show that the left-hand side above is bounded by

1 N ~
<= > max w(—k, . vl W, A“)
IOgN < (A", W)=1 p
Py k>zmax(2,(logy)/log p)
logy W(N, [V, lo 2
o 108y ( [z )’])Z Z 40 gy y ,
logN  ¢(W) log N log y

Py k>max(2,(logy)/log p)
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where the error term trivially bounds the contribution of those choices of p* for which N/y < p* <
(N + Ny)/y/, i.e., to which Lemma 3.4(i) does not apply. This error term is acceptable since y < N for
some sufficiently small > 0. The sum over primes in the main term satisfies

yl/2—a
Z Z p —ak < Z y @y Z p—2a +(y1/2) —2a+1
<y k>max(2.(log )/ log p) py1l2 f<p<y logy
log log N
<y ulogu <, (lo NP s
for all B > 0, since o > 1 and 8(N) = exp(—Co,/log, N). a

9.3. Explicit bounds for the correlation between A and nilsequences. In view of the inner sum in
the bilinear expression in Proposition 9.2, we may reduce the problem of establishing that bound to a
noncorrelation estimate for the von Mangoldt function with equidistributed nilsequences. For this purpose,
we require explicit bounds for correlations of length & of the W-tricked von Mangoldt function with
nilsequences. A specific requirement on these bounds is that they work with the same W-trick (determined
by w(N) and independent of &) and are uniform over a large range of &. Taking into account that y can
be as small as (log N)X, we shall prove a result that is applicable to £ € [log N, N] if w(N) is suitably
chosen (see Remarks 9.6(ii) below).

Theorem 9.5. Let Ny > 2 be a large constant and N > Ny a parameter. Let xo, w, §, k : Ny, = R-o
be functions that are defined for all sufficiently large integers and satisfy the relations k(N) > 1
1 <wN) < %logz xo(N) and k (N)?*w(N)~ VN «p 8(N)B for all N > Ng and all B > 1. Suppose
that w(N) — oo as N — o0.

Suppose that G/ T is a filtered nilmanifold of dimension dim G < x (N) and complexity at most §(N) ™!,
let d > 0 denote its degree, and let g € poly(Z, G.). Let 1 < q < (log xo(N))E, 1 < E « 1, be an integer,
let W = P(w(N)) and write W = Wq. If 0 < A < W is an integer such that (W, A" =1, then

W W) -~
Ty (¢<V~V ) A A 1>F(g(n>r><<d,3 (1+ I FllLip)5(N)®
n<&/W

forall &£ € [xo(N), N1, all B > 1, and for all Lipschitz functions F : G/ T — C.

Remarks 9.6. (i) Note that &/ W= g1+ by the definition of W and the conditions on w(N), §(N)
and ¢g. More precisely, we have & > xo(N), W = Wq, W =exp(w(N) +o(l)) = (logxo(N))1/2+0(1),
and g < (log xo(N))9W.

(i1)) The choices xo(N) := log N, w(N) := % logs N, k(N) = (logs N)¢ with 1 < C = O0(1) and
8(N) =exp(—Co,/log, N) with 1 < Cy < (log, N)/* and N > Ny for sufficiently large Ny are permissible
in the theorem above.

(iii) Observe that the parameter choices in (ii) are consistent with the assumptions of Proposition 8.11 as
well as the assumptions of Theorem 7.1.
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Proof. This proof is a small modification of the proof of [Matthiesen 2018, Lemma 9.5] given in the appen-
dix to that paper. The starting point of that proof is the following decomposition of the von Mangoldt func-
tion as A = A+ A” Let idr(x) = x denote the identity function and let x”+ x* = idg be a smooth decom-
position with the property that supp(x*) C (=1, 1) and supp(x”) C R\ [—%, %] Then, for any y € (0, 1),

$(W) _oW W) ((b( )Aﬁ(W +A)—)
W w w

where, see [Green and Tao 2010, (12.2)],

d
AF(n) = —logsVZw)x( o

14
d|n S

) (t] = 1= x*(@t) =0)

is a truncated divisor sum, where

logd
A(n) = —10gEVZM(d)x( o8

Y
dln g

) (I11<3=x"1)=0)

is an average of u(d) running over large divisors of n.
It follows as in [Green and Tao 2010, Section 12] and [Matthiesen 2018, Appendix A] from the
orthogonality of the Mdbius function with nilsequences that

P (W)

3 G/r.p (log&)™ 8 (B>0).

n<g/W
Here, it is important that W < (log xo(N))°® < (log €)M,
Concerning the contribution from A%, define A*: N — R,
A (n) = alld )Aﬁ(w +A)—1.
W
Since 2" is §(N)~!-rational, [Matthiesen 2018, Lemmas A.2 and A.3] imply that the following bound
holds with m = 2¢ dim G and for every & > 0
174 _
— > MF@EmMD) < e(l+IFlluip) + 1Al yarige iy m /)™ 8(N) =™

n<E/W mzm”)‘j”U“'*][S/W]

Le(1+|1FllLip) + (28 (N) O ym

9-4)

We shall show below that ||Aﬁ||Ud+1[§/W] <4 w(N)_l/de. Choosing ¢ = §(N)? and recalling the
assumption that x (N)>w(N)~ /M) «p §(N)? and that m = 2¢ dim G < 29k (N), it follows that the
above is bounded by

&a.8 1+ [ FllLip)8(N)? +8(N) QBN g (1+ | F||Lip)S(N)®,

as required.
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The uniformity norm [|[A%|| a1 [¢/W)> can, as in [Matthiesen 2018, Appendix A], be estimated using
[Green and Tao 2010, Theorem D.3] since w(N) < % log, xo(N) is sufficiently small (see the “important
convention” in [loc. cit., Section 5]). In our case, the system of forms takes the shape

Wyu(n,h)=(Wn+o-h)+A) (n,h) e Z x 2",

weRB’

where % C {0, 1}¥*! is any nonempty subset. The corresponding set Py -, of exceptional primes consists
of those primes dividing W= Wgq,ie., | Py, =m(w(N)) Klog, &/logw(N). We further have

) _ 1 @ _ (W )L%|
[T # +0"( (N)) wd - [] 6 (¢(W) ’

PEPw 4 PEPy

Provided the constant y is chosen sufficiently small, it follows from [Green and Tao 2010, Theorem D.3]
applied with K, = {(n, h):0 <n+w-h < z for all ® € {0, 1}9*'}, where z = &/ W, that

d+1 vol(K;)

¥ G =g~ 2o D7 TT B+ 0a((10ge”) ™2 exp(0a(120.51)
#<{0,1}d+! PEPu g,
vol(K,;) 1 log, & log, & 1
<L Zd+2 w(N)-i—exp( 20 + 0 logw(N) <d w(N)’

As it provides a different approach which could prove useful for future generalisations, we include a
second, alternative, proof for the special case of Theorem 9.5 in which ¢ = 1. This proof is based on one
of the main results of [Tao and Terdvéinen 2023]. For this proof to work, w(n) needs to be redefined as
w(n) = ¢'logy N for some sufficiently small constant ¢’ > 0.

Alternative proof for special case of Theorem 9.5. Assume for simplicity the choice of parameters from
Remarks 9.6(ii) except for w(N) = % logz N, which we replace by w(n) = ¢’ logz N for some small ¢’ > 0.
Further, let ¢ = 1 so that W = W and A’ =

Define Aw 4 = Wlo(WYA(W - +A) — 1. By the proof of [loc. cit., Corollary 1.5] (see the end of
Section 8 in that paper), we have

2w, allurpe—a)y w) K (log, §)™° (9-5)

provided that the constant ¢’ > 0 in the definition of w(N) is sufficiently small to ensure that the estimate
[loc. cit., (8.19)] holds with W = P(w(N)) and N = xo(N).

Proceeding as in the proof of Theorem 9.5 above, we use [Matthiesen 2018, Lemmas A.2 and A.3]
which show that the following bound holds with m = 2¢ dim G and for every & > 0:

K . 2m —0(m)
Z Aw A F(gm)T) K e(1+ 1 FllLip) + 1Aw,allya+ije—ay wi(m/e)™8(N) .

5 n<@E—-A)/W
Choosing & = §(N)? and recalling that log, £ > log, xo(N) >> log; N, the above is seen to be bounded by

Kk(N)*(log, §)~°
§(N)Oa(Br(N))

<a (L4 FllLip)8(N)? + a (L4 | FlLip)8(N)?,
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where the constants ¢ and the final implied constant depend on the exponent in the bound (9-5) from [Tao
and Terdvainen 2023, Section 8] as well as on the degree d of the filtration. 4

9.4. Conclusion of the proof of Proposition 8.8. In view of the reductions carried out in the previous
subsections it remains to show that the condition of Proposition 9.2 is in fact valid in order to complete
the proof of the equidistributed noncorrelation estimate stated in Proposition 8.8. Hence, the proof of
Proposition 8.8 is complete once we have established the following lemma.

Lemma 9.7. Let E| > 1. Under the assumptions of Proposition 8.8 and with the notation W= Waq,we
have

1

W(N, [y, yD)
log N W

(W)

> Y IsanMAWm+ A F(g(mn+ A)D)| < 8N
n<N  Wm+A,e
[y',min(y, N /n)]

for all sequences (A,)nen, (A))nen Of integers such that |A,| < n and ged(A),, W) = 1, and for all
g € poly(Z, G,) such that the finite sequence (g(n)I"), <y is totally 8(N)E°-equidistributed for some
sufficiently large Eo > 1. The implied constant may depend on the degree d of G,, dim G, ||F||Lip and E;.

Proof. Splitting the summation range of the outer sum into three intervals and abbreviating

G(m, n) = Lsy. ) (M) A(Wm + AL)F(g(mn + A,)D),

we obtain
> X Gmw= Y Y Gww
n<N Wm-i—A/ne[y’,min(y,N/n)] n<8*E1N/y y’<Wm+A;,<y

+ > > G(m,n)

S2EIN Jy<n<N/y*3 y'<Wm+A! <min(N/n,y)

+ Z Z Z G(m,n), (9-6)

0<k<K N/y23<n<N/(y'2%) Wm+A, e[y’ 2%, min(y'25+1, N /n)]

where K = [log(y*3/y’)/log2] and in particular y'2K =< y%/3,

The decomposition above has been chosen in such a way that the contributions from the initial and final
segment are negligible while in the middle segment the summation range of the inner sum is guaranteed to
be sufficiently long and min(y, N /n) is not too small compared to N /n. More precisely, by Lemma 3.4(i),
the final term is trivially bounded above by

y'2 ( N ) W(N, [y, y]) ity YN YYD ke
Z ~ / Syl < g Z(y2) L ———=0"2")
ook W) \y2k oW) Lk B (W)

2(1—a)/3 lIJ(N’ [Z/’ y]) < (log N)2/3 \IJ(N, [z/’ y])
d(W) ¢ (W)

which is acceptable in view of the (log N)~! factor in the statement.

<Ly
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Similarly, the first term is trivially bounded above by
y VN, Y, yD
¢ (W) ¢ (W)

since o > %, which is also acceptable.

VN, Y, yD
¢ (W)

& (log N)§(N)E! ,

N
\D(S(N)zE];’ [y/’ y]) << S(N)ZEl(xylfa

It remains to analyse the middle range and we start by observing that the summation range of the
inner sum over Wm + A/ is always sufficiently long, that is, of length > §(N)Em; if m; denotes
the upper endpoint of the range. In fact, m; = min(y, N/n) > y*? > y'/2 > y/, which shows that
|min(y, N/n) — y'| ~ min(y, N/n) and moreover y’ = o(8(N)® min(y, N/n)/¢(W)) for any B =< 1.

In order to apply Proposition 8.11 on the equidistribution of linear subsequences of an equidistributed
nilsequence, we dyadically decompose the sum over n in the middle range of (9-6) into O(log N)
intervals (M, 2M ], where 6(N VEN/y<M <N/ y%/3, and one potentially shorter interval. Note that
N2 < Ny=2 < N§(N)*£1y=! < M, assuming that n < J (so that y < N'/#) and that N is sufficiently
large. For each M; as above consider the sum

> Lsqyyn ) > A(Wm + A )F(g(mn+ A,)T). (9-7)
n~M; Wm+A! €[y, min(y,N/n)]
n<N/y3

Let E; > 1 be a parameter to be chosen later. Then, by Proposition 8.11, all but 0(8(N)E2\I!(Mj, [, D)
of the finite sequences
(8n(M) D)</, 1€ (Mj, 2M;1N0 Sy, y]),

where g,(m) := g(mn + A,), are totally §(N)%2-equidistributed in G/T" provided that the parameter
Ey > 1 from our assumptions is sufficiently large. We bound the contribution to (9-7) from all exceptional
values of n € (M;,2M ;1N S([y, y]) trivially by

min(y, N/M;)

pw)

For all other values of n € (M;,2M;] € S([y, y]), we seek to apply Theorem 9.5 with the choice of
parameters given in Remarks 9.6(ii). The lower bound M; > §(N )2E1N /y implies that y > 82F1N /M ;=
5E2/2N/n foralln € (M, 2M ;] provided that E> > 4E/. Thus min(N /n, y) > (SEZ/ZN/n and the sequence

OS(NYE2w (M, [y, y1))

(gn (m)F)mgmin(N/n,y)
is totally §E2/ 2—equidistributed in G/ TI" whenever n is nonexceptional, and & = min(y, N /n) satisfies § €
[log N, N]. Finally, the upper bound on y’ implies that, forany B < 1, y'=0(8(N)® min(y, N/M;)/é(q)).
For nonexceptional n as above, it thus follows from Theorem 9.5, applied with B = E, /4, that
114 ~

__o) 3 A(Wm + A')F(g(mn + Ap)T)
min(y, N/M;) _

Wm+A) e[y’ min(y,N/n)]

= Z F(g(mn-i-An)F)-l-Od,El,anup(c?(N)EM) <<d,E1,\|F|\Up5(N)E2/4,

Wm+A! €[y, min(y,N/n)]

where we used that p < w(N) for every p | q.
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Taking the contributions from both exceptional and nonexceptional n € (M;,2M;] € S([y’, y]) into
account, the expression (9-7) is thus bounded by

(M, 1Y yD
¢ (W)
Summing over all j, the contribution of the middle segment to (9-6) is therefore bounded above by
- VM, [y, D)
Ld,E1, | FllLip (5(N)Ez/4 + 5(N)E1) Z min(y, N/Mj);(—ﬁ}y)y
B(N)" '
(W) Z Z Lsy.yp (m) min(y, N/n). (9-8)

j n~M;

LB Flluy GNP+ 8(N)E) min(y, N/M))

Ld,ELFllup — T

We shall now make use of the fact that the inner sum in the middle range is guaranteed to be sufficiently
long in order to deduce that we make an §(N)Z!-saving on average on each inner sum provided E and,
hence, E, are sufficiently large. Reversing the steps in the Montgomery—Vaughan-type decomposition
will then complete the proof.

Turning towards the details, recall that for any n ~ M; the interval [y’, min(y, N/n)] has length
|min(y, N/n) —y’| ~ min(y, N/n), so that

min(y, N/n) < [min(y, N/m)—y'| < > A@m) (n~M,),
y'Sm<min(y,N/n)

by the prime number theorem. By combining this estimate with the bound (9-8), the contribution of the
middle segment to (9-6) is seen to be bounded above by

S(N)Er :
~ Z Z 15([y/,y])(n) mln(y, N/I’L)
oW) S 5
5(N) 1
7 DY Ly > A(m)Ls(yy) (m)
¢( ) j n~M; y'<m<min(y,N /n)
S(N)Er
< 2 07) Z Z A(m)Lgy,y)) (mn)
S(N)?EIN/y<n<2N/y2/3 y'<Sm<min(y,N/n)
S(N)Er W(N, [y, y]
< > Ty () logn < (log N)S(N)F =222,
oW $(W)

provided that Ej is sufficiently large (to ensure that £, > 4E/), and where the implied constant may
depend on d, dim G, E; and || F||Ljp. The lemma follows when taking into account the (log N )~ -factor
in the statement. O

10. The proof of Theorem 1.3

We will use the transferred generalised von Neumann theorem [Green and Tao 2010, Proposition 7.1]
combined with a simple majorising function in order deduce Theorem 1.3 from Theorem 1.1. There are
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two choices of majorants for Ay ) readily available in the case where y > N¢ for any fixed € € (0, 1).

These can still be used for somewhat smaller values of y. We state both majorant constructions below.

10.1. GPY-type sieve majorant. Consider the following GPY-type sieve majorant for numbers free from

logd \\
A,y () =logy’(2 M(d)x< o )) :

/
o logy

prime factors p < y”:

where x : R — R>¢ is a smooth function with support in [—1, 1] which takes the value x (x) =1 for all

logd \\?
Ay (n) =log y’(Z wid)x <1§ggy)) ,

d|n
d<y’

which implies that A, ,/(n) =logy’ for all integers n that are free from prime factors p < y’. Since

S [—%, %] In particular,

a=1-0((clog N)"'log, N) for y = N¢, Lemma 3.2 shows that ¢ («, y) =< log y < log N and gr(y) X
(log y")~!. Thus, by (3-3) and Lemma 3.3, we have

(N/n)*n Nlog N
W(N, [y, NeD)  Ngpgyy (@) (e, N¥)

h[y/,Ns](n) < < log y/.
This shows that

h[y/,Ng](n) < Ax,y/(n) (N<n <2N)

Hence, A ,/(n) satisfies the majorisation property (1) from above. It follows from [Green and Tao 2010,
Theorem D.3] that the W-tricked version of A, ,/(n) satisfies the linear forms condition as stated in
[loc. cit., Definition 6.2]. We omit the proof here as it is essentially contained in [loc. cit., Appendix D]
and only mention that it relies on the fact that A, , carries the structure of a truncate divisor sum.

10.2. The normalised characteristic function 15y, n}). An alternative majorant function in the dense

setting is given by the function
/

_ PO
v(n) = PO Lsqyonp(n) (n <2N).

Since
Ls(y,2ny) (n) = 1(n, p(yry)=1(n)
for n < 2N, this function corresponds to the Cramér model for the von Mangoldt function that was studied

in [Tao and Terdvidinen 2023]: we have

v(n) = ACramér,y’(”) = Ly/),l(n,P(y/))=l(n)
d(P ("))
for all n < 2N.

Lemma 10.1. Let ¢ € (0, 1). Then we have

h[y/,y] (n) K ACramér,y’(n)
uniformly for all y > N¥, alln € (N, 2N] and all sufficiently large N.
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Proof. Since 1, p(yy)=1 = Ls(y,2n) (1) for n < 2N, it remains to note that
n(N/n)* N log N ,_ _PO)
T —~ <Llogy x ——=——,
VN, [y, N°]) — Ngpyy(@)¢(a, N¥) ¢(P(Y))
whenn ~ N and y > N°. (Il
Let 2 < w(N) <y = (log N)X, W = P(w(N)), 0 < A < W and (A, W) = 1. Then, by [Tao and
Terdvdinen 2023, Corollary 5.3], we have

»(W)
‘T W-4+A)—1

iy () <

<Lk w(N)™¢ (10-1)
o2

for some constant ¢ > 0. We observe that, using A, /(n) as a majorant for v, it follows from this uniformity

norm estimate and the generalised von Neumann theorem [Green and Tao 2010, Proposition 7.1] that the
W -tricked version of v satisfies the linear forms condition from [Green and Tao 2008, Definition 6.2].

10.3. Proof of Theorem 1.3. Let yo <y < N7, where n € (0, 1) is sufficiently small depending on d and
yo will be determined in the course of the proof, and let w(N) <y’ < (log N)X " for some fixed K’ > 1. The
transferred version of the quantitative inverse theorem for U k_norms of [Manners 2018] proved in [Tao and
Terdvidinen 2023, Theorem 8.3] allows us to deduce explicit U k_norm estimates from Theorem 1.3, which
we will later combine with the transferred generalised von Neumann theorem [Green and Tao 2010, Propo-
sition 7.1]. More precisely, Theorem 1.1 implies that if W (N, [y, y]) P(y")/(N¢(P(¥"))) = (log, N)~'/2,
then
‘K Yoo iy - 1>F<g(n)r)‘ < (14 || Fllip) (logy N) ™!
NIW=ns2NIw L IFl,  N¢(POY)

‘/10g4 W(N, [y, yDP ()

for all filtered nilmanifolds of dimension O ((logs N YOy and complexity Qg that is bounded by

Qo < exp(3+/log, N),

and all nilsequences attached to it. Observe that

(logy N)™!/% = o(exp(— exp(C1/6%)))
and

expexp(C;/8%?) = o(exp(%,/10g4 N))
for all constants Cy, Co > 1if§ =1/ log; N. Note further that the function from Section 10.2 may be
used as a trivial majorising function for the following rescaled version of g[(}w,/ ’y/]“ (n), which essentially
corresponds to 1y, y1)(n). We have

PQO) YW, Y,y g
p(PGY) N b

() Lvn) (< (N—-A)/W).

By (10-1), we have
v = Ulgsrv—aywy <« (logz N) ¢ < 8%
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for all B > 1. Hence the transferred quantitative U K inverse theorem of [Manners 2018], as stated in [Tao
and Teravidinen 2023, Theorem 8.3], implies that uniformly for all 0 < A < W with (W, A) =1 we have

|| ’ SNG(P(Y)
Siysn — Hlokqov-aywy < U(N, [y, yDP(y)

which is small compared to the mean value 1 of g[y, ’y] provided that

Y(N, [, yDP()/(Np(P(y))) = o(log; N).

In order to apply the generalised von Neumann theorem [Green and Tao 2010, Proposition 7.1] in our
situation, observe that the o(1) error term in [loc. cit., Proposition 7.1’] corresponds to the error term in
the (D, D, D)-linear forms condition for v. It follows from [Tao and Terdviinen 2023, Proposition 5.2]
that any function of the form

w
v(n)—— oV v (Wn + A)),
w
i=l1
with 0 < A; < W, ged(A;, W) =1 for all 1 <i <¢, satisfies the (D, D, D)-linear forms condition from

[Green and Tao 2010, Definition 6.2] for any given D = O, 1 (1) with an error term of the form
w(N) = (logz N)™“.

Applying [loc. cit., Proposition 7.1] with

P(Y) W, [y, yD g
p(PeY) N

fi(n) = (n)

and with v as above, we obtain

S [LewmWosm+ap= (-2 ) [Mls Ny
81y'.y] J J d(W) W sl By

neZ*N(NK)/W j=1

provided that

. W(N, [y, yDPOHY !
||g[y y] lurqv—ay wy = No(P())

for k = O, (1), as well as

w(N)~¢ = (linear forms condition error term) = o ((

VN, [y, yDPO) )r)
No(P(y") '
These conditions are certainly satisfied if
VN, [y, yDPO)
N (P(y")

> (logg N) ™.

Since

VD ODPG) Wy pp L= p D W) o

No(P(y -~ N 1—p-t =
d(PR)) <y p N
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by Lemma 3.3, it follows that NN, y) > (logg N)~!. Let yo be such that

W (N, yo) _
— = (logg )"
and write ug = (log N)/log yo. Then
log N
O8N _ up < u80+0(”°) =logg N
log yo

and, if y > yyp, then

log(uo log(ug +2)) . (logg N)?

1 —a(N,
2N, y) < log yo log N

Hence, the first part of Lemma 3.2 applies to gp(,)(@(N, y)) and yields

I $(PO)
logy’ ~—  P()

gryn(a(N,y)) <

for y >y and y’ = (log N)X'. Thus

VN, Y, yDPO) _ YN, y)
No(P(y) N

> (logg N) ™!

for y > yo. From

exp(uz) > uu°+”("°) logg N

which holds for sufficiently large N, we deduce that yy < N!/v/102 N,
Suppose now that yg < y < N'. Then we obtain

Z Hg[y’,y](Wj(")-i-aj)

neZ*NNRK j=1
- Z > ]_[g[y Wi (Wn+A)+a))

= Z Z l_[g[yhyl(W‘ﬁj(")+¢j(A)+aj)

A€{0,...W—1} neZsN(NR—A)/W j=I

W\ [N®vol R N\ r
= s, j— 1 ) 4=
(¢(W)> { WS + 05,10 <<W) )}AG{OZ 1_[ ged(W, v (A)+aj)=1

..... w—1)° j=1

= {N° vol R+ 05w (N*)} 1_[ By,
p<w(N)

—p 1
> l_[ Vi @)+a; £0 (mod p)-

ue(Z/p2)* j= 1P

where

P

Theorem 1.3 now follows on recalling7 from [Green and Tao 2010, Lemma 1.3] that the condition that the
forms ; be pairwise linearly independent over Q implies 8, = 1+ Oy, 1.( p~?) for all primes p > w(N).

7Observe that our local factors are identical to those defined in [Green and Tao 2010, (1.6)]
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Stacked pseudo-convergent sequences
and polynomial Dedekind domains

Giulio Peruginelli

To the memory of my mother

Let p € Z be a prime, Q,, a fixed algebraic closure of the field of p-adic numbers and Z,, the absolute
integral closure of the ring of p-adic integers. Given a residually algebraic torsion extension W of Z,)
to Q(X), by Kaplansky’s characterization of immediate extensions of valued fields, there exists a
pseudo-convergent sequence of transcendental type E = {s, },en C QTP such that

W=2Zupe=1{¢pcQX)|o(s,) e Z_p for all sufficiently large n € N}.

We show here that we may assume that E is stacked, in the sense that, for each n € N, the residue
field (resp. the value group) of Z_p N Q) (s,) is contained in the residue field (resp. the value group) of
Z_p N Q,(sy+1); this property of E allows us to describe the residue field and value group of W. In
particular, if W is a DVR, then there exists « in the completion C,, of CTP, « transcendental over Q,
suchthat W =Z )« = {¢ € Q(X) | ¢ (@) € O,}, where O, is the unique local ring of C,; « belongs
to QT,, if and only if the residue field extension W/M D Z/pZ is finite. As an application, we provide a
full characterization of the Dedekind domains between Z[ X ] and Q[ X].

Introduction

The problem of characterizing the set of the extensions of a valuation domain V with quotient field
K to the field of rational functions K (X) has a long and rich tradition (for example, see [Alexandru
and Popescu 1988; Alexandru et al. 1988; 1990a; 1990b; Kaplansky 1942; Matignon and Ohm 1988;
Peruginelli 2017; Peruginelli and Spirito 2020; 2021]). One recent direction of research is to describe
these extensions by means of pseudo-monotone sequences of K [Peruginelli and Spirito 2021] in the
original spirit of Ostrowski [1935a; 1935b], who introduced the well-known notion of pseudo-convergent
sequence, later expanded by Kaplansky [1942] to study immediate extensions of valued fields.

Here, given a prime p € Z and the DVR Z,,y of Q, we are interested in describing residually algebraic
torsion extensions of Z,) to Q(X), that is, valuation domains W of Q(X) lying above Z,) such that the
residue field extension W/M D Z/pZ is algebraic and the value group I'y, of the associated valuation w
to W is contained in the divisible hull of the value group of Z,) (i.e., the rationals). These valuation
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domains arise naturally as overrings of rings of integer-valued polynomials and Dedekind domains
between Z[X] and Q[X] [Eakin and Heinzer 1973; Peruginelli 2023] and also in the description of
closed subfields of C, [Iovitd and Zaharescu 1995], the completion of an algebraic closure (DTP of the
field of p-adic numbers Q,,. In the case when W is a DVR and the residue field extension is finite, by
[Peruginelli 2017, Theorem 2.5 & Proposition 2.2], there exists an element « in (ij transcendental
over Q, such that W =Z,) o = {¢p € Q(X) | () € Z_p}, where Z_p is the absolute integral closure of 7,
(i.e., the integral closure of Z,, in QTP; note that Z_p is the valuation domain of the unique extension of v,
to G;Tp). In general, given a residually algebraic torsion extension W of Z,) to Q(X), there exists a
pseudo-convergent sequence E = {s,},en in QTP such that

W=Zpe=1{pecQX)|d(s,) e Z_p for all sufficiently large n € N}

(Proposition 2.24). One of the main results of this paper is to show that we may assume that E is
stacked (in a sense we make clear in Section 2; see Theorem 2.5). In particular, if W is a DVR of Q(X)
extending Z(,) such that the extension of the residue fields is infinite algebraic, then there exists « in
C,\Q, suchthat W =Z,) o = {¢ € Q(X) | ¢ () € O}, where O,, is the completion of Z,, (equivalently,
O, is the valuation domain of the unique extension of v, to C,; see Corollary 2.28). Necessarily, the
(transcendental) extension Q,(«)/Q),, has finite ramification.

It is worth recalling that in [Alexandru et al. 1990a, §5.1, & Theorem 5.1] a residually algebraic
torsion extension W of Z(, to Q(X) is realized as the limit of a sequence of residually transcendental
extensions W, of Z,) to Q(X) (i.e., the residue field extension of W, over Z(,) is transcendental);
moreover, for each n € N, W, is defined by a minimal pair (s,, §,) (as explained in [Alexandru et al.
1990a, p. 282]; for the definition of minimal pair see Section 1.2). Here, W is realized as the valuation
domain Z ) g, where, for eachn € N, (s,, 8, = v, (5,41 — 5,)) is @ minimal pair.

The motivations behind these results are based on [Alexandru et al. 1998], in which the authors study
closed subfields of C,, and show that any transcendental element of C,, is the limit of a particular kind of
Cauchy sequence in QTP called distinguished [Alexandru et al. 1998, Proposition 2.2], which allows them
to associate to such an element a set of invariants [Alexandru et al. 1998, Remark 2.4]. The notion of
a stacked sequence that we introduce in this paper is a generalization of the notion of a distinguished
sequence and falls into the well-known class of pseudo-convergent sequences. It allows us to describe
the whole class of residually algebraic torsion extensions of Z,) to Q(X), which strictly comprise the
valuation domains Z ), arising from elements o € C,, \G;Tp.

As an application of the above results, we are able to complete the classification of the family of
Dedekind domains R between Z[ X ]| and Q[ X] started in [Peruginelli 2023]. In that paper we described the
Dedekind domains of this family whose residue fields of prime characteristic are finite fields [Peruginelli
2023, Theorem 2.17]; the description is obtained by means of the notion of rings of integer-valued
polynomials over algebras. We also showed that, given a group G which is the direct sum of a countable
family of finitely generated abelian groups, there exists a Dedekind domain R with finite residue fields of
prime characteristic, Z[X] C R € Q[X], with class group G [Peruginelli 2023, Theorem 3.1].
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The paper is organized as follows. In Section 1 we recall the relevant notions we need in our paper: First,
we review the definition of a pseudo-convergent sequence of a valued field K and the valuation domain
of K (X) associated to such a sequence in the spirit of Ostrowski [1935a; 1935b], as developed recently
in [Peruginelli and Spirito 2020; 2021]. Then, we recall the notion of a distinguished pair introduced
in [Popescu and Zaharescu 1995], which later was used in [Alexandru et al. 1998] to describe closed
subfields of C, in terms of a specific kind of pseudo-convergent Cauchy sequence called distinguished.

In Section 2, we introduce the notion of a stacked sequence E = {s,},en in (I;Tp which turns out to be
a pseudo-convergent sequence of transcendental type such that, for each n € N, the value group (resp. the
residue field) of Z_p NQ),(s,) is contained in the value group (resp. the residue field) of Z_p NQ,(spt1).
By Theorem 2.5, every residually algebraic extension W of Z,, to @,(X) can be realized by means of a
stacked sequence E C QT,,, that is,

W=2Z,g={pcQyX)]|d(s,) € Z_p for all sufficiently large n € N}.

Moreover, the above specific property of stacked sequences is crucial for the description of the residue field
and value group of W as the union of the ascending chain of residue fields and value groups of Z_p NQ,(sn),
respectively (Proposition 2.7). We mentioned above that the elements o € C,, \ CT,, such that the extension
Qp(a)/Q),, has finite ramification give raise to DVRs of Q(X); we characterize such elements as the limits
of sequences contained in the maximal unramified extension of a finite extension of @, (Proposition 2.20).
We close this section by pointing out an incorrect statement in [lovitd and Zaharescu 1995], namely, that
the completion of @ ,(X) with respect to a residually algebraic torsion extension W of Z,, is a subfield
of C,; this is not true in general and it depends on whether the above sequence E is Cauchy or not. In
Section 2.3, we use the result of Section 2.1 about residually algebraic torsion extensions of Z,, to Q,(X)
to characterize the analogous extensions of Z,) to Q(X) (Proposition 2.24). In Theorem 2.26, we show
that, for any prescribed algebraic extension k of [, and value group I', Z C I" € @, there exists a € C,
transcendental over Q, such that Z )  has residue field k and value group I'.

Finally, in Section 3 we provide the aforementioned classification of the Dedekind domains between
Z[X] and Q[X] by means of the notion of the ring of integer-valued polynomials over an algebra: given
such a domain R, we show that, for each prime p € Z, there exists a finite set £, C C,, of transcendental
elements over Q such that R = {f € Q[X] | f(E,) € O, Vp € P} (Theorem 3.4).

1. Preliminaries

We refer to [Bourbaki 1985a; Engler and Prestel 2005; Ribenboim 1968; Zariski and Samuel 1960]
for generalities about valuation theory. A valuation domain W of the field of rational functions K (X)
is an extension of a valuation domain V of K if W N K = V. We denote by w a valuation associated
to W, by I', the value group of w and by k,, the residue field of W. We recall that an extension W of V
to K (X) is called residually algebraic if the residue field extension is algebraic, and it is called torsion
if 'y, is contained in the divisible hull of the value group I', of V; see [Alexandru et al. 1990a]. Given a
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valuation domain W with quotient field F', a subfield K of F and the valuation domain V = W N K, we
say that W is an immediate extension of V (or simply immediate over V) if the value groups (resp. the
residue fields) of V and W are the same. Given a field K with a valuation domain V, we denote by K
(resp. V) the completion of K (resp. V) with respect to V-adic topology.

1.1. Pseudo-convergent sequences. The following basic material about pseudo-convergent sequences
can be found for example in [Kaplansky 1942; Peruginelli and Spirito 2020; 2021].
Given a valued field (K, v), a sequence E = {s,},en C K 1is said to be pseudo-convergent if, for all

n <m < k, we have

v(s, — Sm) < V(S — Sk).

In particular, for all n and m > n, we have v(s,, —s,,,) =v (s, —S,+1). Foreachn eN, we set 8, =v(s, —s,+1)-
The strictly increasing sequence {3,},en Of the value group ', of v is called the gauge of E. The
sequence E is a classical Cauchy sequence in K if and only if the gauge of E is cofinal in I',. In this
case, E converges to a unique limit o € K. In general, if £ = {s,},en C K is a pseudo-convergent
sequence, we say that an element « € K is a pseudo-limit of E if v(s, —«) is a strictly increasing sequence.
Equivalently, v(s, — ) = 8, for each n € N. The set of pseudo-limits L in K of a pseudo-convergent
sequence E is equal to Lg = o + Br(E) [Kaplansky 1942, Lemma 3], where

Br(E)={x e K |v(x) > §,,Vn e N}

is a fractional ideal, called the breadth ideal of E. Clearly, E is a Cauchy sequence if and only if
Br(E) = {0}.

As in [Kaplansky 1942, Definitions, p. 306], a pseudo-convergent sequence E = {s,},en C K is of
transcendental type if, for all f € K[X], v(f(s,)) is eventually constant. Otherwise, E is said to be of
algebraic type if v(f(s,)) is eventually strictly increasing for some f € K[X]. The sequence E is of
algebraic type if and only if, for some extension u of v to the algebraic closure K of K, there exists
o € K which is a pseudo-limit of E with respect to u. If F is a subfield of K, then we say that E
is of transcendental type over F if, for all f € F[X], v(f(s,)) is eventually constant. Almost all the
pseudo-convergent sequences considered in this paper in order to describe residually algebraic torsion
extensions to the field of rational functions are of transcendental type.

Given a pseudo-convergent sequence E = {s,},en C K, the following is a valuation domain of K (X)
extending V associated to E [Peruginelli and Spirito 2020, Theorem 3.8]:

Ve={¢p € K(X) | ¢(s,) € V for all sufficiently large n € N}.

Moreover, by the same theorem, X is a pseudo-limit of E with respect to the valuation vg associated
to Vg, so, in particular, vg (X —s,) = 8, for every n € N. Also, if E is of transcendental type, then, for
all f € K[X], we have vg(f) = v(f (s,)) for all n sufficiently large; see [Kaplansky 1942, Theorem 2]
or [Peruginelli and Spirito 2020, Theorem 4.9, (a)].
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In the case that E is a Cauchy sequence converging to a € K, we have
Ve=Voa={¢cKX) | eV}

see [Peruginelli and Spirito 2020, Remark 3.10].

Given two pseudo-convergent sequences E = {s,}nen, E' = {5, }nen C K, we say that E and E’ are
equivalent if Br(E) = Br(E’) and, for each k € N, there exist io, jo € N such that v(s; — s}) > V(Sg+1—Sk)
for each i > ip and j > joy; see [Peruginelli and Spirito 2020, §5]. By Proposition 5.3 in that work,
E and E’ are equivalent if and only if Vi = V.

1.2. Distinguished pairs. We suppose in this section that (K, v) is a complete valued field, where v is a
rank-1 discrete valuation (so, in particular, (K, v) is Henselian). Let K be a fixed algebraic closure, and
let v denote the unique extension of v to K. Letalso I'; = I', ® Q be the divisible hull of I',. Given an
element a € K, let O,, k, and I', be the valuation domain of the restriction of v to K (@), the residue
field of O, and the value group of O,, respectively.

As in [Khanduja and Saha 1999], given a € K \ K, we set

Sk (a) =supf{v(a—c)|ce K,[K(c):K]<[K(a): K]},
wk (a) = sup{v(a —a’) | a’ # a runs over the K -conjugates of a}.

The following is the well-known Krasner’s lemma. Essentially, given a separable element a € K, if
another element b € K is closer to a than to any of its other conjugates, then K (a) is a subfield of K (b).

Lemma 1.1 (Krasner). If a € K*P and b € K are such that v(a — b) > wk (a), then K (a) C K ().

In particular, for every a € K*¢P, we have 8k (a) < wk (a). Moreover, it follows also that 8¢ (@) is a
maximum, since v is supposed to be discrete. This is known (see, for example, [Popescu and Zaharescu
1995, p. 105]), but for the sake of the reader we give a short proof.

Lemma 1.2. In the above setting,
dg(a) =max{v(a—c)|ce K,[K(c):K]<[K(a): K1}.

Proof. By Krasner’s lemma, for each of the relevant ¢ we have v(a —c) < wg (a). Note that the ramification
index of K (a, c¢) over K is (strictly) bounded by [K (a) : K 1>. In particular, since the value v(a — ¢)
belongs to I',_, it follows that there exists N € N, independent from each of the above c, such that
Nv(a —c) e I'y = Z. Hence the set

{v@—c)|ceK,[K():K]<[K(@a):K])

(which is a subset of I';) is bounded from above and its elements have bounded torsion. It follows that
this set has a maximum, which is equal to éx (a) by its very definition. (I

Similar to Krasner’s lemma, we have the following fundamental principle (see [Khanduja and Saha
1999, Theorem 1.1]), first discovered in [Popescu and Zaharescu 1995].
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Theorem 1.3. Suppose that a, b € K are such that v(a — b) > 8 (b). Then:

(1) I'p ST,

(i) kp < kq.
(iii) [K(p): K]|[K(a):K].

Next, we recall the definition of a distinguished pair introduced in [Popescu and Zaharescu 1995, p. 105].

Definition 1.4. A pair of elements (b, a) € K? is said to be distinguished if the following hold:

(1) [K®): K] <[K(a):K].

(i) For all ¢ € K such that [K(c) : K] < [K (a) : K], we have v(a —¢) < v(a — b).
(iii) For all ¢ € K such that [K(c) : K] < [K(b) : K], we have v(a —¢) < v(a — b).

Part of the definition of a distinguished pair is related to the notion of a minimal pair, which we now
recall (see, for example, [Alexandru et al. 1988; 1990a; 1990b]).

Definition 1.5. Let (a, §) € K x I';. We say that (a, 8) is a minimal pair if, for every ¢ € K such that
[K(c): K] <[K(a): K], wehave v(a —c) < 6.

In other words, (a, §) is a minimal pair if, for every b € B(a, §) = {x € K | v(a — x) > 8}, we have
[K(): K]>[K(a): K] (ie., a is a “center” of the ball B(a, §) of minimal degree). By Lemma 1.2,
(a, 6) is a minimal pair if and only if § > §x (a). In particular, if § > wg (a), then (a, §) is a minimal pair.

Remarks 1.6. Let (b, a) be a distinguished pair.

(1) Note that conditions (i) and (ii) above imply that v(a—b) = (a). In fact, by (i) and (ii), it immediately
follows that the inequality “<” holds. Conversely, by (ii) we also have that v(a —b) > v(a —¢) for all ¢
such that [K(¢) : K] < [K (a) : K]; that is, v(a — b) > Sk (a).

(2) Note that (iii) is equivalent to the following:
(iii’) For all ¢ € K such that [K(¢) : K] < [K (b) : K], we have v(b —c¢) < v(a — b).

This precisely says that (b, v(a — b)) is a minimal pair with respect to K. In fact, if (iii) holds and ¢ € K
issuch that [K(¢) : K] <[K (D) : K], thenv(b—c)=v(b—a+a—c)=v(a—c) <v(a—>b). Similarly,
(iii") implies (iii). Note also that (iii") is equivalent to

v(a —b) > dx(b).

In particular, by the above theorem, I'y C 'y, kp Sk, and [K (D) : K] | [K (a) : K].
(3) Finally, note also that 6k (b) < dk (a).
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2. Stacked pseudo-convergent sequences of Q,,

Let P C Z be the set of prime numbers, and let p € P be a fixed prime. We let Z ) be the localization of Z at
the prime ideal pZ, Z, the ring of p-adic integers and Q,, its field of fractions, the field of p-adic numbers.
If v, denotes the usual p-adic valuation, then Z,, (resp. Q) is the completion of Z (resp. Q) with respect
to the p-adic valuation. We denote by @, a fixed algebraic closure of Q, and still denote the unique
extension of v, to (ij by v,. Note that CI;TP is a rank-1 nondiscrete valued field with valuation domain
denoted by Z_p, the integral closure of Z, in (DTP We will use the well-known fact that Q, has only finitely
many extensions of a given degree; see, for example, [Narkiewicz 2004, Corollary 2, Chapter V, p. 202].

Finally, we let C,, be the completion of (I;Tp with respect to the p-adic valuation, and we denote by O,
the completion of Z_p; v, still denotes the unique extension of v, to C,. For o € QTP \ Q,, we write the
abbreviations dg, () = § () and wq, () = w(@). For o« € C),, we denote by e, (resp. fe) the ramification
index (resp. the residue field degree) of Q, () over Q. Clearly, if o € GT,,, then ¢, - f, < 00; we show
that the converse holds in Remark 2.15. Note that each element of C,, \ @ is transcendental over Q,; we
call such elements simply transcendental. For a transcendental element o € C,, even if ¢, - f, = 00, we
will show in Theorem 2.21 that either one of ¢, or f, can be finite.

2.1. Residually algebraic torsion extensions of Z,. In this section we describe residually algebraic
torsion extensions of Z, to Q,(X) by means of a suitable class of pseudo-convergent sequences of
transcendental type contained in QTW called a stacked sequence, which we now introduce. This definition
is a generalization of [Alexandru et al. 1998, p. 135].!

Definition 2.1. Let E = {s,},>0 C QT,, be a sequence with sy € Q,. For every n > 0, we consider the
following properties:

(i) [Qp(sn) : @pl < [Qp(sur1) : Dyl.
(ii) For every ¢ € QTP such that [Q,(c) : Q,] < [Q,(s441) : Qp], we have v(s,41 —¢) < V(Spq1 — 8n).
(iii) For every ¢ € QTP such that [Q,(c) : Q,] < [Q,(s,) : Q,], we have v(s, — ) < V(Sy41 — 5n).
We say that E is unbounded if (i) holds for every n, stacked if (i) and (iii) hold for every n, and strongly

stacked if (i), (i), (iii) hold for every n. Equivalently, E is stacked if (i) holds and (s;, §, = v(sSy+1 — S»))
is a minimal pair for every n > 0, and E is strongly stacked if (s;, s,+1) is distinguished for every n > 0.

Remark 2.2. Let E = {s,},en C QT,, be a stacked sequence. Note that the sequence {v(s,+1—5,) =8 }nenN
is strictly increasing since [Q,(s,—1) : @,] < [Q,(s,) : Q,] and (s, §,) is a minimal pair. In the original
definition of a distinguished sequence E in [Alexandru et al. 1998], the sequence {3, },en is unbounded;
thus, in this case E is a Cauchy sequence. In our setting we are not imposing that restriction; we show in
Lemma 2.3 below that a stacked sequence is a pseudo-convergent sequence of transcendental type of {Tp.
Wof a distinguished sequence was introduced in [Alexandru et al. 1998]. We cannot borrow that term here for
our sequences for the following reason: by Lemma 2.3, a stacked sequence is pseudo-convergent, and distinguished pseudo-

convergent sequences have already been defined by P. Ribenboim [1958, p. 474] to denote pseudo-convergent sequences of a
valued field whose breadth ideal is a nonmaximal prime ideal.
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The motivation for the terminology of these kind of sequences is due to the following fact. For
each n € N, we abbreviate I', = I'y, and k, = k;, (i.e., the value group and the residue field of the
valuation domain Oy, of @Q,(s,), respectively). By Remarks 1.6, v(s,+1 — s,) > 8(s,). Hence, by
Theorem 1.3, we have I', € I',4; and k, C k,41. For each n € N, we set e, = e(Q,(s,)|Q,) and
fo= f(Qp(s,)|Q)p), the ramification index and the residue field degree of Oy, over Z,, respectively; we
remark that [Q,(s,) : Q,] = e, f, = d, for each n € N, and since {d, },en is unbounded by assumption,
either {e; },en is unbounded or { f,, },en is unbounded. Since e, |e,+ for each n € N, {e,},en is bounded
if and only if e, = e for all n € N sufficiently large. Similarly for {f;},en-

By Remarks 1.6, condition (ii) is equivalent to 6, = v(s, — S,+1) = 8(s,+1) (note that in general the
inequality 8§, < §(s,+1) holds). In other words, among all the elements ¢ € (I;Tp such that

[@p(sn) : @p] = [@p(c) : @p] < [@p(sn-i-l) : qJp]’
s, is one of those which is closest to s;,4.

Let E = {t,}nen C CTP be a pseudo-convergent sequence. If {[Q,(#,) : Q,] | n € N} is bounded, then
E is contained in a finite extension K of Q,, and hence E is Cauchy and therefore converges to an
element o € K. In particular, if E is of transcendental type, then the set {[Q(z,) : @,]},en is necessarily
unbounded. Stacked sequences are of this kind, as the next lemma shows.

Lemma 2.3. Let E C CETP be a stacked sequence. Then E is a pseudo-convergent sequence of transcen-
dental type.

Proof. Let E = {s,}neN, and set 8, = v(s,4+1 —s,) for each n € N. We have already observed in Remark 2.2
that {3, },en 1 a strictly increasing sequence. Moreover, for every m > n, we have v(s, —sy,) > v(s, —S,—1).
In particular, v(s,—1 — s;) = v(sp—1 — s,) for every m > n. Let now n <m < k. Then

V(Sn — 8Sm) = V(Sn — Spt1) < V(Sm — Smt1) = V(Sm — Sk),

which shows that E is a pseudo-convergent sequence.
We prove now that E is of transcendental type. Let o € GZTP Then there exists n € N such that

[Qp(@) : Qp] < [Qp(sy) : Q1.

Since (s, §,) is a minimal pair, v(s, — ) < §,, S0, in particular, & cannot be a pseudo-limit of E. This
shows that E has no pseudo-limits in (ITP, and thus E is of transcendental type. ]

Let E = {s,}nen C (I;Tp be a stacked sequence. In particular, by Lemma 2.3, the sequence
{60 = v(Sn+1 — Sn) bnen

is the gauge of the pseudo-convergent sequence E. Moreover, by the same lemma, if E is Cauchy, then E
converges to a transcendental element o € C,,.

The next proposition shows that any residually algebraic torsion extension of Z, to Q,(X) is obtained
by means of a pseudo-convergent sequence of transcendental type of GZTP. We recall that if E C (DTP isa
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pseudo-convergent sequence of transcendental type, then Z, .,
is an immediate extension of Z_p and conversely every immediate extension of Z_p to Gjp (X) can be realized

the associated valuation domain of G;Tp(X ),

in this way; see, for example, [Kaplansky 1942; Peruginelli and Spirito 2021]. If Z,, g = Z_p gN Q,(X),
then Z, g is a residually algebraic torsion extension of Z, to Q,(X).

Proposition 2.4. Let W be a residually algebraic torsion extension of Z, to Q,(X). Then there exists a
pseudo-convergent sequence E C QT,, of transcendental type such that

W=2Z,g={pecQ,X)|¢(s,) e Z_p for all sufficiently large n € N}.

Proof. Let W be an extension of W to @,(X ). Then W is an immediate extension of Z_p to QTP(X ) (and,
in particular, is a residually algebraic torsion extension of Z_p). By [Kaplansky 1942, Theorems 1 and 2]
or [Peruginelli and Spirito 2021, Theorem 6.2 (a)], there exists a pseudo-convergent sequence E C QTP of
transcendental type such that W = Z_p g+ The claim follows by contracting down to @, (X). O

Clearly, not every pseudo-convergent sequence of transcendental type in CET,, is stacked. However,
the next theorem is the converse of Lemma 2.3: it shows that any pseudo-convergent sequence of
transcendental type is equivalent to a strongly stacked sequence. In particular, every stacked sequence is
equivalent to a strongly stacked sequence. Moreover, given a valuation domain Z, g of Q,(X) associated
to a pseudo-convergent sequence E C QTP of transcendental type, without loss of generality, we may also
assume that E is strongly stacked.

By [Alexandru et al. 1998, Proposition 2.2], every transcendental element ¢ € C,, is the limit of a
strongly stacked sequence E of QTP. The next theorem is the analog of that result for residually algebraic
extensions W of Z,, to Q,(X): for such a valuation W, there exists a strongly stacked sequence E C QT,,
such that W = Z,, g; it is not difficult to show that, for a transcendental element ¢ € C,,, the valuation
domain

Lpr={p€Qp(X)| ) € Op}
is a residually algebraic torsion extension of Z,,.

Theorem 2.5. Let E C (I;Tp be a pseudo-convergent sequence of transcendental type. Then there exists
a strongly stacked sequence E' C CTP which is equivalent to E. In particular, given a residually
algebraic torsion extension W of Z, to Q,(X), there exists a strongly stacked sequence E' C (ij
suchthat W =7, .

Proof. Let E = {t,},eN, and let vg be a valuation associated to Z_PE C QTP(X).
First, we consider the following subset of I';,, € Q:

Me(X,Qp) ={vp(X —s)|s € Q).

If Mg (X, Q,) is not bounded, then there exists a sequence {s,},en C @), such that vg (X — s,,) tends
to co. Necessarily, the sequence {s,},en is Cauchy and so converges to an element s of Q,. Now, for
every n, ve(X —s,) = vg(X —s,) = v(t,, —s,) for all m sufficiently large since E is of transcendental
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type (see Section 1.1). Hence E would be a Cauchy sequence equivalent to {s, },en and E would converge
to s, too, which is not possible. Let then o = sup Mg (X, Q,) € R. We claim that §) € Mg (X, Q,); that
is, 8o is a maximum. Suppose otherwise: there exists a sequence {r¢}ren C Q) such that vg (X —ry) 7 do.
Then {ry}ren C Q, would be a pseudo-convergent sequence which is not Cauchy, which is not possible,
since @, is a complete valued field. Hence there exists so € @, such that v (X — s9) = do.

For n > 0, we now choose s,, € G;Tp so that (s,—1, s,) is distinguished. Let B, be the subset of the «
in QTP satisfying the following properties:

(i) [Qp(@) : @p] > [Qp(s51) : Q1.

(i) vE(X —o) > V(X —sp—1).
(iii) The positive integer [Q, () : Q,] — [Q,(s,—1) : Q] is minimal.
Note that since N is well-ordered, condition (iii) can be satisfied (that is, among the o € (I;Tp satisfying (i)
and (ii), we can find one which also satisfies (iii)). Since vg (X —s,—1) = v(t,, —s,—1) for all m sufficiently
large, for all such m we also have vg (X —s,-1) < vg(X —t,,). Moreover, without loss of generality, we

may also assume that [Q,(#,,) : Q,] > [Q,(s,—1) : Q] since {[Q, () : Qpl}men is unbounded. This
shows that the set B, is nonempty. Let

MEg(X, By) = {Ve(X —a) |« € By},

which is a subset of Q. Let §, = sup Mg (X, B,). Since each element of B, has the same degree over Q,,,
it follows that B, is contained in a finite extension K of @Q,. In particular, it follows as above that
Mg (X, B,) is bounded above. Let §, = sup Mg (X, B,) € R. Next, we show that Mg (X, B,) contains
its upper bound (which is, in particular, a rational number). Suppose otherwise: then there exists a
sequence {a }xen C By such that vg (X —ay) ' 8,. In particular, {oy }xeny Would be a pseudo-convergent
sequence of a finite extension of QQ, which is not Cauchy, which is impossible. Let s, € B, be such that
ve(X —s,) =6,. Note that

vp(sn —Sp—1) =V — X+ X —5,-1) = V(X —8,-1) =6p_1.

We now show that (s,—1, s,) is distinguished. Clearly, [Q,(s,—1) : Q,] < [Q,(sn) : Q,].

Letc e (I;Tp be such that [Q,(c) : Q,] < [Q,(s,) : Q,].

If [Q,(c) : Qp] > [Qp(s,—1) : Qp], then, by the minimality of the degree of s,, we have

VE(X —¢) S V(X —sp-1) = 8,1,
SO
Vp(sp —¢) = V(s — X+ X —¢) =vp(X —¢) <81 = p(sp — Sp—1)-

Suppose now that [Q,(c) : Q,] =[Q,(s,—1) : Qp].

If ve(X —¢) < V(X —s5,-2), then 1 (X —¢) < 8,—1.

If vg(X —¢) > vg(X —s,_2), then c € B,,_1, so

VE(X —¢) <81 =VE(X —sp-1).
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In either case,
Vp(sn —¢) = V(s — X+ X —¢) =0p(X —¢) <8p—1 = p(sn — Sn—1)-
Note that, in particular, for n = 1, we have that (sg, s1) is distinguished since condition (iii) of Definition 2.1
is empty, since sp € Q.
Suppose now that n > 2, and assume by induction that (s,_;, s,—1) is distinguished. Let ¢ € (ij be
such that [Q,(c) : Q,] < [Q,(s,—1) : Qp]. Since (s,—2, s,—1) is distinguished, we have
Vp(Sp—1—¢) S Vp(Sp—1—8n—2) =82 < 8u_1.
Hence
Vp(Sn —€) = Vp(Sp —Sp—1 +Sn—1—C) = Vp(Sp—1 — ) < Vp(Sp — Sp—1).

We now show that E’ = {s,,},,en is equivalent to E = {f,, },en. Let {A,}nen and {8, },en be the gauges
of E and E’, respectively. We need to show that, for each k € N, there exists n € N such that A; < §,,.
Since E’ is unbounded, there exists n € N such that [Q, (%) : Q,] < [Q,(s,) : Q,]. Since (s,, 8,) is a
minimal pair, we have v, (s, — &) < §,, so that

M =VE(X —tx) = VE(X — $n + 50 — k) < VE(X — 54) = 3y (2.6)
Conversely, let n € N. We need to show that there exists k € N such that §,, < A;. For all m sufficiently
large, we have
VE(X —50) = vp(tm — Sn) = Vel — X + X — 5p),
and since n is fixed and vg(¢,, — X) = A, is strictly increasing, it follows that
VE(ty — X) = Ay > (X —s3)
for all such m.

Hence Br(E) = Br(E’).

Finally, we need to show that, if k € N, then there exist ng, mo € N such that, for each n > ng and
m > mg, we have v, (t, —s,) > Ax. Let ng be the smallest integer such that [Q,(#;) : @, ] < [Q,(sp,) : Q1.
As in (2.6) above, Ay < vE(X —s,,) = 8, Let now m > k and n > ng. Then,

v(ty, —sp) =Vt — X+ X —s,) > A
since
VE(ty — X) =Ap > A and  VE(X —s,) > V(X —8,,) = 8py > Ak

Hence E and E’ are equivalent.

By [Peruginelli and Spirito 2021, Proposition 5.3], Z_p g =4 pp» 80, in particular, Z, p =7, gr. The
final claim follows by Proposition 2.4. (I

The following proposition describes the value group and the residue field of a residually algebraic
torsion extension W of Z, to Q,(X). By Theorem 2.5, W is equal to Z, g for some strongly stacked
sequence E C @. We keep the notation of Remark 2.2.

Proposition 2.7. Let E = {s,},en C QTP be a stacked sequence and W = 7, g. Then we have

Urnzrw, Ukn:kw.

neN neN
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Proof. Let w = vg be the valuation associated to Z,, g and vg the valuation associated to Z_p B

Since E is of transcendental type, for each f € Q,[X], we have vg(f) =v(f(s,)) for all n sufficiently
large (see Section 1.1). It follows that, for each ¢ € Q,(X) with ¢ = f/g, for some f, g € Q,[X], we
have that vg(¢p) = ve(f) —ve(g) is in T, for all n sufficiently large. Hence I, € |, T'». Conversely,
letn e Nand f € Q,[X] be of degree smaller than [Q,,(s,) : Q,]. Then, each root ¢;; of f(X) in QT,, has
degree smaller than [Q,(s,) : Q] and so, since (s,, §,) is a minimal pair, we have

Vp(Sp — ;) < 6y, (2.8)
which implies that
VE(X —a;) =0p(X =8, + 85, —a;) = vp(s, — ), (2.9
and so
vE(f(X) =Y 0e(X —ar) =Y vplsn — ;) =v,(f(50)), (2.10)

which shows that I, CT",. Note that vg (X —;) = v(s,, —«;) foreach m >n, and so ve (f (X)) =v(f (s;))
for each m > n.

Let now n € Nand ¢ = ]Tn) € k, for some f(s,) € O,;, where f € Q,[X] has degree strictly smaller
than [Q,(s,) : Q,]. In particular, ¢ # 0. As in (2.10), v (f (X)) = v(f(s,)) =0 for each m > n. Let «;
be a root of f(X) in @,. Then, by (2.9), (X — ;) = v, (s, — ;) = v,(d;) for some d; € Q,,. Then

_ (X —a;)/d; _ (X —sn
”E<<sn —an/d; 1) - ”E<sn —ai> =% ol m ) >0,

where the last inequality holds by (2.8). Therefore, (X —«;)/d; and (s, —«;)/d; coincide over the residue

field of W. In particular,

fX) l—[ (X — o) :1—[ (X —o;)/d

fn) G —an) ($n — ) /d;”

and since each factor of the last product has residue 1 in W, it follows that f(X) and f(s,) coincide over
the residue field of W (which contains both f(X) and f(s,)). Since f € Z, g = W, this shows that k,, is
contained in the residue field k,, of W.

Conversely, let ¢ = f/g € W C Q,(X) for some f, g € Q,[X]. Let o; and B; be the roots in G;Tp of f
and g, respectively. There exists n € N such that [Q,(«;) : Q,] < [Q,(s,) : Q,] and [Q,(B;) : Q,] <
[Q,(sy) : Qp] for all i and j. Hence, as in (2.9), we have

(2.11)

i i

V(X —a;) = vp(sn —a;), Vvp(X— ﬂj) =v(s, — ,3/) for all i, j,
which again, as in (2.10), shows that
VE((X)) = v(P(sn)).

Moreover, this last equation holds if we replace s, by s, for all m > n. If vg (¢ (X)) =0, then, as in (2.11),
one can show that ¢ (X) and ¢ (s,,) coincide over the residue field of W, so that k,, C k. [l
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The following corollary gives a further characterization of the residue field and the value group of
a residually algebraic torsion extension W of Z,: either the residue field of W is an infinite algebraic
extension of [, or the value group I',, is nondiscrete.

Corollary 2.12. Let W be a residually algebraic torsion extension of Z, to Q,(X), and lete = e(W |Z,)
and f = f(W|Z),) be the ramification index and the residue field degree, respectively. Then e - f = oQ.

Proof. By Theorem 2.5, there exists a stacked sequence E = {s;,},en C G;Tp such that W =7, . By
Proposition 2.7, T",, =J,, 'y and k,, =, k». Remark 2.2 shows that either the sequence {e, =[I", : Z]}nen
or { fu = [kn : F1}nen 1s unbounded; therefore, either e = e(W[Z),) or f = f(W|Z)) is infinite. O

The following proposition is analogous to [Alexandru et al. 1998, Proposition 2.3]. It shows that the
sequence of ramification indexes, residue field degrees and gauges attached to a residually algebraic
torsion extension W of Z, do not depend on the strongly stacked sequence E C (II, suchthat W =2, g
(Theorem 2.5).

Proposition 2.13. Let W C Q,(X) be a residually algebraic torsion extension of Z,. Let E = {s, }neN,
E' ={t,}nen C QTP be strongly stacked sequences with gauges {8, }nen, {8, }nen, respectively, such that
W=12,r=12Zp,k. Then, for eachn € N, we have

(1) [@p(sn) : @p] = [@p(tn) : @p] and 6, = 8;1,
(11) eXn = etn and fS‘n = .]Cfn‘

Proof. Without loss of generality, we may assume that in QT,,(X ) we have Z_p g = 2pg; we will let
W= Z_p = Z_p g and denote by w a valuation associated to w.

(i) We have sg, to € Q. There exists n € N, n > 1, such that
w(X —sp—1) Sw(X —1o) <w(X —sn),
otherwise ¢y would be a pseudo-limit of E, which is not possible. In particular,
Vp(sp — o) =w(s, — X+ X —1t0) =w(X —10) > w(X —s,-1) =p-1.
If n > 1, we have [Q,(f) : Q,] < [Q,(s,—1) : Q,], so by (iii) of Definition 2.1 we have that
Uy (S —10) = Vp(Sn—1 —f0) < Vp(Sp — Sp—1) = Sp—1,

which is impossible. Hence n =1, so v, (s1 — 1)) = w(X —f9) > w(X — s9). Reversing the roles of s¢
and to, we get the other inequality, so w(X — so) = w(X —tg) = o = §,.
Let n € N, and suppose that, for each m < n, we have [Q,(sp) : Q,]1 =[Q,(1,) : Q,] and §,, = 5,
Since [Q,(s,) : Q,] =[Q, (1) : Qpl < [Qp(ta41) - Qp], by (ii) of Definition 2.1 we have

Vp (b1 — Sn) < Vp(tys1 — ty) = 8, = 8.
Now,

vp(tn+1 —5p) = vp(tn+1 — Iy + 1ty —5p) =y
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since vy (t, —sp) =w(ty — X +X —s,) =8, = 8. This implies that Vp (1 — Sp) = 8y, and 80 (s, ty41)
is distinguished. Moreover, we have

Vp(tns1 — Sn+1) = Wtnt1 — X+ X —sp1) > 8 = 8;1 = Vp(tns1 — Sn)-

Now, if [Q,(sp41) : Qp] < [Qp(ta41) : Qp], then, since (sy, t,41) is distinguished, we would have
Vp(Snt1 — tnt1) < Up(tas1 — Sp), which is impossible. Hence [Q,(s,41) : Q] > [Q,(ty41) : Q,]. The
other inequality is proved in a symmetrical way, so [Q,(s,41) : Q,]1 =[Q, (1) : Qp 1.

Suppose now that w(X —s,+1) < w(X —#,41). Then

vp(sn+2 —lyr1) = W2 — X+ X —t41) > w(X —5,41) = Up(sn-‘rZ — Snt1)s

which is not possible since (s,+1, Sy+2) is distinguished. Hence w(X — s,41) > w(X — t,41). The other
inequality is proved similarly, so 8,41 =4, ; as claimed.

(ii) For eachn € N, let I', and I'), and k, and &, be the value groups and residue fields, respectively, of
Q,(sy) and Q) (1,). Lete, =e;,, €, =e¢;,, fo=fs,, fo=Fi-

Clearly, eg = ¢, and fy = f{ since s, tp € Q.

Letn > 1. If f € Q,[X] has degree strictly smaller than [Q,(s,,) : Q,] =[Q,(t,) : Q,], then by (2.10)
we have w( f (X)) =v,(f(s,)) and also w(f (X)) =v,(f (1)), so v,(f(s,)) =v,(f(t,)). This proves
that ', =T, and so e, = ¢),.

Suppose now that f € Q,[X] of degree strictly smaller than [Q,(s,) : Q,] =[Q(#,) : Q] is such that
v, (f(sn)) =v,(f(#,)) = 0. In particular, w(f (X)) =0 by (2.10). By (2.11) and the analogous equation
where s, is replaced by 1, we get that f(s,) and f(¢,) have the same residue as f(X), so, in particular,
k, = k),. Therefore, f, = f,. O

2.2. Residually algebraic extensions of 7, which are DVRs. In this section we characterize DVRs of
Q,(X) extending Z, such that the residue field extension is algebraic, necessarily of infinite degree by
Corollary 2.12; this fact has already been noted in a different way in [Peruginelli 2017, p. 4217]. We will
see in Section 2.3 that there is no such restriction on the residue field degree for DVRs of Q2(X) which
are residually algebraic extensions of Z,) (see Corollary 2.28).

Given o € C,, we denote by O, ., the unique valuation domain of Q,(c) lying over Z,, (i.e., O, o =
0,NQ,(x)). We also set

Lpa=1{p€Qp(X)|d() € Opl,

which is a valuation domain of @, (X) and coincides with the previous definition if « € Q.
Proposition 2.14. Let o € C,, be a transcendental element. Then there exists a Cauchy stacked sequence
E C (ij converging to a. Moreover, the valued fields (Q,(X), Z, o) and (Q,(a), O, o) are isomorphic.
In particular, the ramification index e(Z, | Zp) is equal to ey, the residue field degree f(Z, |Zp) is
equal to f, and ey - fo = 0.

Note that the last condition implies that either e, or f, is infinite. It can happen that exactly one of
these two quantities is finite (see Theorem 2.21).
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Proof. The proof of the first claim follows also by [Alexandru et al. 1998, Proposition 2.2], but we give
here a different proof based on the previous results.

By Theorem 2.5, there exists a stacked sequence E C GTP such that Z, , = Z,, g. Since the valua-
tion domains Z_p B Z_p o C @;(X ) contract down to Q,(X) to the same valuation domain, there exists
o € Gal(Q,/Q,) such that o/(Z,,,) = Z,p,,,, = Z, ;- By [Peruginelli and Spirito 2021, Proposition 5.3],
E is then a Cauchy sequence converging to o («). Since Z,, o = Z 5(«)» Without loss of generality, we
may assume that E converges to «.

Since « is transcendental over Q,, the evaluation homomorphismev, : Q, (X) — Q, (), ¢ (X) > ¢ (@),
is an isomorphism. Itis easy to see thatevy(Z, o) =0, . Hence Z, , and O, , have the same ramification
indexes and residue field degrees over Z,,.

Finally, the last claim follows by Corollary 2.12. U

Remark 2.15. By Proposition 2.14, we may conclude that, in general,
for o € C,, we have e, - f, < oo if and only if o € QTI,

The next lemma may be well known, but lacking a reference we give a short proof.

Lemma 2.16. Let p € Z be a prime, K| and K finite extensions of Q, and L = K| K, the compositum.
Let ey be the ramification index of Ky over Q, and e the ramification index of L over K>. Then e < ey.

Proof. If K| is a tame extension of Q,, then the ramification index of L over Q,, is equal to
lem{e(K11Q)), e(K2|Q)p)}

(see, for example, [Chabert and Halberstadt 2018]), so e divides e; and the claim is true.

We give a self-contained proof which works in general. Let L’ be the normal closure of L over Q, and
I the inertia group of the maximal ideal M, of Oy over Z,. Let G; be the Galois group Gal(L'| K;) for
i = 1,2 and G the Galois group Gal(L'|L). Since L = K| K5, we have G = G| N G,. The inertia group
of My, over Mg, is equal to I N Gy, and the inertia group of M/ over My, is equal to I N G. We have

e(L'|Ky) #(INGy) e(L'|Q)) #1
‘TeL)  #InG) T elNK) #ING)

Note that I NG = (I NG1) N (I N Gy). Therefore, the claim follows by the following general fact for
finite groups: given a finite group G with two subgroups H; and H,, we have

#H, #G
—————=[H HNH]<_—=[G: H],
#(Hl N Hz) #Hl
which follows immediately since the map /o H; N Hy +— ho H; from the set {h,(H N H>) | ho € Hp} of
left cosets of Hy N H; in H, to the set {gH, | g € G} of left cosets of H; in G is injective. O

The following result is analogous to [Peruginelli 2017, Theorem 2.5].

Theorem 2.17. Let W be a DVR of Q,(X) which is a residually algebraic extension of Z,. Then there

exists a transcendental element a € C,, such that W =7, .
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Proof. Note that, by Corollary 2.12, the residue field of W is an infinite algebraic extension of [ .

By Theorem 2.5, there exists a stacked sequence E = {s;, },en C (I;Tp such that W =7, ¢. By assumption,
the ramification index e(W|Z,) = e is finite. By Remark 2.2 and Proposition 2.7, there exists ng € N
such that Iy, =TI', =T, for each n > ny. Equivalently, e, = e,, = e for each n > ny. Let n > ny. Note
that 8, = v (sp+1 — sn) € Loy, , where K, = Q,(sy, $4+1). Note that the ramification index of @, (s;)
over Q, is equal to e for i =n, n+ 1. By Lemma 2.16, the ramification index of K, over Q) is bounded
by 2 Ifd = ]_[f; i, then dd, € Z for each n > ng. This shows that the gauge {5, },en of E has bounded
denominator, so 8, ' 0o, and thus E is Cauchy and converges to a (unique) element o of C,, \ @, since
E is of transcendental type by Lemma 2.3. In particular, W = Z,, ,. O

Remark 2.18. We say an element o € C,, has bounded ramification if the extension Q () 2 Q, has finite
ramification. We denote by Cl[’,r the set of all elements of C,, of bounded ramification; clearly, @, C Ct;f.
A transcendental element o € C,, has bounded ramification if and only if the set of ramification indexes
{en}nen attached to a stacked sequence E C CT[, converging to « is bounded; in fact, by Theorem 2.17,
the integer e such that e = ¢, for all n sufficiently large is equal to e(Q, (a) Q).

We remark that not all the transcendental elements @ € C,, have bounded ramification. For example,
according to [Iovitd and Zaharescu 1995], there exist generic transcendental elements ¢ € C,, for C,,; that
is, the completion of @, (¢) is equal to C,. In particular, the value group of the unique valuation of O, ;
is equal to Q, so the corresponding ramification index is co. Hence, by Proposition 2.7, Z, ; has value
group equal to Q and therefore the set of ramification indexes {e, },cn is unbounded.

We show in Theorem 2.21 that given any algebraic extension k of [, and group I" such that ZC T" C Q,
there exists a transcendental element « € C, such that Z,, ,, has residue field k and value group I', provided
that either [k : [, ] is infinite or I" is not discrete (this condition being necessary by Corollary 2.12).

Lemma 2.19. Let [ be an infinite algebraic extension of Q, such that e(l|Q),) is finite. Then [l is contained
in the maximal unramified extension K™ of a finite extension K of Q,,.

Proof. For each n € N, let @f,,") be the compositum of all the extensions of Q,, of degree bounded by n.
Clearly, QTP = U en @g’) and @E,") C ng-i—l) for each n € N. Since Q,, has only finitely many extensions
of bounded degree, @f,,") = Q,(t,) for some 1, € (I;Tp Now, for eachn e N, we let Q,(t,) NI = Q,(s,,) for
some s, € [. Clearly, I =, e Qp(sn) and Q,(s,) C Q,(sp41) foreachn e N. Since I'y, €T, ST
for each n € N and I} is discrete by assumption, there exists ng € N such that I'y, = I‘Sno for each n > ny.

Therefore, if K = Q) (sy,), then s, € K" for each n > ng, so that / € K"". O

Sn+1

The next proposition shows that a transcendental element ¢ of C,, with bounded ramification arise as
the limit of sequences contained in the maximal unramified extension K" of a finite extension K of Q.
We don’t know whether there exists a stacked sequence in K" which converges to 7.

Proposition 2.20. Lett € Ctl’,r. Then t is the limit of a sequence contained in the maximal unramified

extension of a finite extension of Q,,.
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Proof. By [lovitd and Zaharescu 1995, Theorem 1], the completion of @ N (ij is equal to @.
In particular, there exists a Cauchy sequence E = {s,},en C @ N (ij converging to . Now, since
Q,) C 6,;(7) and @ N @ C m are immediate extensions, it follows that m N (I;Tp has value
group I'; and residue field k,. By Lemma 2.19, @ N (I;Tp is contained in the maximal unramified
extension of a finite extension of Q,. The statement follows. O

The following result is not new; see for example [Lampert 1986, Lemma 2]. The present proof is
different because it employs the notion of stacked sequence.

Theorem 2.21. Let k be an algebraic extension of [, and T" a totally ordered group with Z C T C Q
such that either [k : ] or [T : Z] is infinite (the last condition is equivalent to T" being not discrete). Then
there exists a transcendental element o € C, such that ky =k and 'y =T. In particular, Z , o, has residue

field k and value group T.

Note that, by Corollary 2.12, the last claim shows that [k : F,]-[I" : Z] = 00 is necessary.
Proof. Since [F_p is countable, we may suppose that k =, .y kn, Where k,, is a finite extension of [,
k, € k41 and ko = [F,. Similarly, I' =
Let f =[k:[F,]and e =[I" : Z]; then, either e or f is infinite. Without loss of generality, we may assume
that, for each n, [k, : ki l[Ther i Tnl > 1.

For each n € N, there exists a local field K, = Q) (s,) with residue field &, and value group I',. By

nen ns Where I, is a discrete group, I, € M4 and I'g = Z.

induction, we may also assume that K,, C K,41. Let {A,},en C Q be a strictly increasing sequence in (D
which is unbounded and Aoy < 8o = v(s; — $0).
We define now a sequence E = {t,,},en C (LTP such that, for eachn € N, n > 1, we have

(1) Qp(tn) = Qp(sn)’
(i) (tp—1,0,—1 = vp(t, —t,—1)) is a minimal pair,
(iii) 8,—1 > Ap—1-

In particular, E is a stacked sequence by conditions (i) and (ii) and Cauchy by condition (iii) and the
assumption on {A,},en.

We set tg =50 € Q,, t1 =51 € Q, and 69 = v, (1 — o). Note that (¢, §) is a minimal pair. We proceed
by induction on n. We assume that, for all m < n, we have chosen ¢, € @, such that conditions (i), (ii)
and (iii) above are satisfied.

We now show how to choose #,. We choose a, € Q,, a, # 0, such that

Up(an) > max{w(t,—1) — vp(sn), Apn—1— vp(sn)}-
We then set

ty =aus, +1t,—1.

Note that Q,(t,) € Q,(s,) since by induction Q,(t,—1) = Q,(s,—1) and the last field is contained in
Q,(sn). Now, since 8,1 = v, (t, —t,—1) > @ (t,—1), it follows by Krasner’s lemma that Q, (t,—1) S Q,(t,).
This containment and the fact that s, = (, — f,—1)/a, show that s, is in Q,(t,), so that Q,(t,) = Q,(s,).
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Moreover, note also that 6,1 > A,—1. Hence E = {t,},en is a stacked sequence which is Cauchy, so E
converges to a transcendental element « of C,. By Proposition 2.7, Z,, g = Z, o has residue field k and
value group I', as desired. By Proposition 2.14, Z,, , is isomorphic to O, 4, so it follows that I', =T’
and k, = k. O

Remark 2.22. We remark that, without condition (iii) above in the proof of Theorem 2.21, in general we
may only conclude that there exists a stacked sequence E C (ij (which may not be Cauchy) such that
the valuation domain Z, g has residue field k and value group I'. If instead I is discrete by assumption,
condition (iii) is not necessary: in fact, there exists ng € N such that I', =I',, =T for all n > ny; that is,
K, = Q,(s,) is an unramified extension of K,, for all n > ng. Hence E C |,y K is Cauchy, and so
Ly g=12pq, Wwhere a € (Etl’f is the transcendental limit of E.

We close this section showing that the statement of [lovitd and Zaharescu 1995, Proposition 1] is wrong,
namely, in general the completion of Q,(X) with respect to a residually algebraic torsion extension W
of Z, may not be a subfield of C,. The mistake is due to the fact that if W = Z,, ¢ for some pseudo-
convergent sequence E C (LT[, of transcendental type, then X is a pseudo-limit of E with respect to w and
may not be a limit (that is, £ may not be Cauchy).

Proposition 2.23. Let W be a residually algebraic torsion extension of Z,, to Q,(X). Then the completion

Q,(X) with respect to W is (isomorphic to) a subfield of C, if and only if there exists a transcendental
element a in Cp, such that W =7, ,.

Proof. By Theorem 2.5, there exists a pseudo-convergent sequence E = {s,},en C QTD of transcendental
type such that W =7, g.

Suppose that m ) € C,. In particular, X € C,, so there exists a Cauchy sequence F' = {t, },en C QT,,
which tends to X. Since Q,(X) C @(X ) is an algebraic extension and C,, is algebraically closed, then
also the completion of (ITP(X ) with respect to W = Z_p g 1s contained in C,. Without loss of generality, we
may suppose that the restriction of v, to G;TP(X ) is equal to w. In particular, w(X —1,) =v,(X —1,) /" 00.
Since E is of transcendental type, for each n, there exists m such that w(X —t,) < w(X —s,,) for each
m > my. This shows that the gauge of E tends to infinity, and thus E is Cauchy; in particular, E converges
to a transcendental element « € C,,. Therefore, W =27, ,.

Conversely, let W = Z,, ,, for some transcendental element « € C,,. Then, by Proposition 2.14, the
completion @ ) with respect to Z,, o is isomorphic to the completion of Q,(«) and therefore can be
identified to a subfield of C,. ]

In particular, if W = Z,, ¢ for some stacked non-Cauchy sequence E C @,, then @ )£ Cp.

2.3. Residually algebraic torsion extensions of Z(,. We now characterize residually algebraic torsion
extensions of Z(,) to Q(X). We remark that such a valuation domain may have an extension to Q,(X)
which is a residually algebraic extension of Z, but is not torsion. For example, let o € QTI, be transcendental
over Q. Then Z,) is torsion but Z,, is not (the one dimensional valuation overring of Z, , is
Qp[X](p,(x))> Where py(X) is the minimal polynomial of o over Q).
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Given a € C, we consider the following valuation domain of Q(X):

Lip)a ={¢ € QX) [ ¢(a) € O},

which is just the contraction to Q(X) of Z, , considered in Section 2.1. Similarly, if E = {s,},en C CTP
is a pseudo-convergent sequence of transcendental type, then we set

Lipy,e={p € QX) | p(sn) € Z_p for all sufficiently large n € N},

which is equal to Z,, g N Q(X).

The next proposition is analogous to Proposition 2.4 and characterizes residually algebraic torsion
extensions of Z(,) to Q(X) in terms of pseudo-convergent sequences of (ij which are of transcendental
type over Q; clearly, every pseudo-convergent sequence of transcendental type of QT,, belongs to this
class. As a particular case, we find again part of the result of [Peruginelli 2017, Theorem 2.5].

Proposition 2.24. Let p € P, and let W be a residually algebraic torsion extension of Z,) to Q(X). Then
there exists a pseudo-convergent sequence E C (I;Tp of transcendental type over Q such that W = Z,) .
More precisely, let e and f be the ramification index and residue field degree of W over Z ), respectively.
Let QT(Y) be the completion of Q(X) with respect to the W -adic topology. Then the following conditions

are equivalent:

(1 G;D/(?) is a finite extension of Q.

(2) X is algebraic over Q.

B) W =12« for somea € QTP transcendental over Q.

4) ef < oo.
If any one of these conditions holds, then the sequence E above is Cauchy and converges to o (and E is
therefore of algebraic type over Q). Moreover, we have I'y, =Ty and k,, = kq.

If ef = oo, then E C QT,, is of transcendental type over Q, and Z,) g C Z, g is an immediate
extension.

Proof. Note that, since W is a torsion extension of Z,), the p-adic completion Q,, of Q is contained in
@; see for example the arguments given in the proof of [Alexandru et al. 1988, Corollary 2.6].

If Gj(\X) is a finite extension of Q,,, then clearly X is algebraic over Q,, so (1) implies (2). If X is
algebraic over Q,, we may identify X with some a € (I;Tp; Q (@) is a finite extension of @, and is hence
complete. So, (Lf()?) = Q,(«). As in the proof of [Peruginelli 2017, Theorem 2.5] it follows easily that
W = Zp),o. Therefore, (2) implies (3).

If W =12, for some a € ([Tp transcendental over @, then, by [Peruginelli 2017, Proposition 2.2],
ef < 00,50 (3) implies (4). Finally, (4) implies (1) by [Peruginelli 2017, Lemma 2.4] because e( W |Z,)=e
and f(W|Z,) = £

Note that if E C Q, is a pseudo-convergent sequence such that Z(,) g = Z(),«, then by Lemma 2.27
below we have Z, g = Z,, 4, so by [Peruginelli and Spirito 2021, Proposition 5.3] we have that E is
Cauchy and converges to «.
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The claims about the value group and residue field of Z(,) o follow by [Peruginelli 2017, Proposi-
tion 2.2].

If ef = oo, then X is transcendental over Q,, by the previous part of the proof; in particular, the field
of rational functions Q,(X) is contained in the completion CILT(Y) EW=Wna »(X), then Wis a
residually algebraic torsion extension of Z, to @, (X), so by Theorem 2.5 there exists a stacked sequence
EC (ij such that W = Z p.£ (by Lemma 2.3, E is a pseudo-convergent sequence of transcendental type,
necessarily unbounded). Restricting down to Q(X), we get W = Z() g. Finally, since W C W is an
immediate extension, it follows that Z,) g C Z, g is an immediate extension, too. Hence the value group
and residue field of Z,) g are the same as those of Z, g, respectively (see Proposition 2.7). O

The following statement is the analog of Proposition 2.23 for residually algebraic torsion extensions
of Z(p) to Q(X).

Corollary 2.25. Let W be a residually algebraic torsion extension of Z,) to Q(X). Then the completion
Q(X) with respect to W is (isomorphic to) a subfield of C,, if and only if there exists o € C, transcendental
over Q, such that W = Z p) «.

Proof. According to Proposition 2.24, when passing to the completion, either X is algebraic over Q,, or X
is transcendental over @, and consequently either @ C GTP CC,orQ,(X)C @, respectively. In
the first case, W =7, for some a € CT,, C C, transcendental over Q. In the second case, (I;T_p(? )= @,
where the completion of @, (X) is considered with respect to the valuation domain W=wna p(X).
In particular, by Proposition 2.23, in this case we get that QT(Y) C C, if and only if there exists a
transcendental element o € C,, such that W =Z,) 4. O

In particular, if W =Z, g for some stacked non-Cauchy sequence E C @ then @ is not contained
inC,.

The following result is the analog of Theorem 2.21 for building residually algebraic torsion extensions W
of Z(p)y to Q(X) with prescribed residue field k and value group I'. Note that, contrary to that theorem,
we are no longer assuming that [k : [, ]-[I" : Z] = oc.

Theorem 2.26. Let k be an algebraic extension of T, and I' a totally ordered group such that Z C T" C Q.
Then there exists o € C,, transcendental over Q, such that Z p) o has residue field k and value group T.

Proof. Lete=[I": Z] and f = [k : F,]. If ef < oo, then it is well known that there exists a € (ij
transcendental over Q such that O, ,, has residue field k£ and value group I'. Hence, by [Peruginelli 2017,
Proposition 2.2], Z,) « is the desired extension of Z,).

If ef = oo, then, by Theorem 2.21, there exists a transcendental element o € C,, such that Z, , has
residue field k and value group I'. Clearly, Z,, , NQ(X) = Z )« is a residually algebraic torsion extension
of Z(p) to Q(X). Moreover, by Proposition 2.14, 7, , = Z,, ¢ for some stacked Cauchy sequence E C Gjp
which converges to «. In particular, Z,) « = Zp),g. By the last part of Proposition 2.24, Z ) g C Z,
is an immediate extension, so Z(,) o has residue field k and value group T'. |
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Now we are able to describe the DVRs of )(X) which are residually algebraic extensions of Z,) for
some p € P. We recall thatevery o € Gg, = Gal(CTp /Q,) extends uniquely to a continuous automorphism
of Cp; see [Alexandru et al. 1998, §3]. Given «, 8 € C,, we say that o and § are conjugate (over Q) if
there exists 0 € Gg, = Gal(@ /Q,) such that o (o) = B; the orbit of an element « € C,, is finite if and
only if @ € Q,; see [Alexandru et al. 1998, Remark 3.2].

We prove first the following lemma.

Lemma 2.27. Let p € P and W be a valuation domain of Q,(X) such that W NQ(X) = Zp),o for some
ac€Cp Then W =12, ,.

Proof. Let n > 0 be an integer such that p" - o = a9 € O,. The field isomorphism X — X/p" maps
Z(py,a t0 Z(p),ay and Zp, o 10 Z,, o, respectively. Hence, in order to prove the statement, without loss of
generality, we may assume that o € O,.

Let w be a valuation associated to W. We note first that, since X € Z ) 4, it follows that w(X) > 0.
Let f e WNQ,[X], say f(X) = Z?:o a; X'. Then, for g(X) = Zf’l:() a; X' € Q[X], we have

w(f—g = Orgiigd{vp(ai —a;)+iw(X)}.

Therefore, if we choose a; € Q sufficiently v,-adically close to o; for each i =0, ...,d, we have
w(f —g) > 0. In particular, g € W N Q(X) = Z(,),o. The polynomial h = f — g is in Z,[X]; therefore
fa) =h(a) +g(a) € Op, so that f € Z, . Therefore WNQ,[X] € Z,,NQ,[X]. Similarly, one
can easily show that the other containment holds, so WNQ,[X] = Z, , N Q,[X]. In the same way,
My NQ,[X]=M,,NQ,[X], where My and M, , are the maximal ideals of W and Z,, ,, respectively.

Let now ¢ € Z,, 4; since Z,[X] C Q,[X]1N Z, o, we may suppose that = f/g, where f, g €
Qp[X1NZpq. Clearly, g(a) # O; then, there exists n € N, n > 1, and ¢ € Q, ¢ # 0, such that
v,(c) +v,(g(@)") = 0. We consider then the rational function ¥" = cf"/cg" = fi/g1, which still is
in Z, . Note that fj € Z,,NQ,[X] =WNAQ,[X] and g; € Z’I‘w NQ,[X] = W*NQ,[X] since
Vp.a(f1) = vp.o(g1) =0 (the * denotes the set of units of the valuation domains). In particular,

w(f1) =0=w(g1),

which proves that " € W. Since W is integrally closed, it follows that y» € W. Hence Z, , € W. The
equality follows because both rings are extensions of Z, to Q,(X), and in the case that « is algebraic
over Q,, the one-dimensional valuation overring of Z, ,, is nonunitary (i.e., @,[X],), where g € Q,[X]
is the minimal polynomial of ). ]

Corollary 2.28. Let W be a DVR of Q(X) which is a residually algebraic extension of Zp) for some
p € P. Then there exists a € (Dl;r, transcendental over Q, such that W = Zp) . The element o belongs
to Q, if and only if the residue field extension Z/pZ C W /M is finite.

Moreover, fora, B € Cp, we have Z ) o = Z(p).p if and only if there exists o € Gq, such that o (&) = B.

Proof. Let f =[W/M :Z/pZ]. If f < oo, then the claim follows by [Peruginelli 2017, Theorem 2.5] and
corresponds to the first case of Proposition 2.24: W = Z, , for some o € (II, which is transcendental
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over Q. If f = oo, then we are in the last case of Proposition 2.24, so W = Z ;) g for some pseudo-
convergent sequence in (I;Tp of transcendental type. As in the proof of Proposition 2.24, we denote by W
the completion of W since the ramification index e(W |Z ;) is finite, W=wno p(X) is a residually
algebraic torsion extension of Z, to Q,(X) which is a DVR, so by Theorem 2.17, W=7 p.a fOr some
ae C';r\QTp. Hence W = WNQ(X) =Z,) .« Note that  is transcendental over @, and hence also over Q.

We prove now the final claim. Suppose there exists o € Gq, such that o (@) = B. If ¢ € Z(p) 4, then
¢ (o) is defined and belongs to O ,. In particular, o (¢ () =¢ (o (a)) =¢(B) € Z,,. Hence Z ()0 S Z(p),p»
and the other containment is proved in a symmetrical way.

Conversely, suppose that Z ) o = Zp),p. By Lemma 2.27, it follows that 7, , = Z,, g. Note that the
last two valuation domains are the contraction to @ ,(X) of the valuation domains

Zp, ={¢€Qp(X) |dp(@) €0y} and Z,,=1{p€Q,(X)|¢(@) €O}

of @, p(X), respectively. By [Bourbaki 1985b, Chapter VI, §8, 6., Corollary 1], there exists a Q,(X)-
automorphism o of @ (X) such that G(Z o) = pﬁ It is easy to check that G(Z o) = Zpa(a) In
particular, Zl’rr(oz) = Zpﬂ. If o(a) —B #0,letc € Z, be such that v,(c) > v,(0 () — B). Leta € @ be
such that v,(a — o (a)) > v,(c). Then the polynomial (X —a)/c is in Zpa(a) and not in Zpﬁ, which is a
contradiction. O

Note that, for a DVR W as in the statement of Corollary 2.28, there exists « € O, C C,, of bounded
ramification such that W = 7, ,, if and only if X € W. This last condition occurs for example if W is
an overring of Z[X].

3. Polynomial Dedekind domains

In order to describe the family of Dedekind domains lying between Z[X] and Q[X], we briefly recall the
notion of integer-valued polynomials on algebras; see [Chabert and Peruginelli 2016; Peruginelli and
Werner 2017], for example. Let D be an integral domain with quotient field K and A a torsion-free D
algebra. We embed K and A into the extended K-algebra B = A ®p K, and this allows us to evaluate
polynomials over K at elements of A. If f € K[X] and a € A are such that f(a) € A, then we say that f
is integer-valued at a. In general, given a subset S of A, we denote by

Intg (S, A) ={f € K[X]]| f(s) € A, Vs € S}

the ring of integer-valued polynomials over S. We omit the subscript K if A = D.

In our setting, let

Given o = () € HpE[F" C, and f € Q[X], we have f(a) = (f(a})), which is an element of Hpe[P C,.
If E=]],cp Episasubsetof [[,C,, then

Intg(E, O) ={f € Q[X]| f(«) € O,Va € E};
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that is, a polynomial f is in Intg(E, O) if f(a,) € O, for each «), € E, and p € P. By an argument
similar to [Chabert and Peruginelli 2016, Remark 6.3], there is no loss in generality to suppose that a
subset of [ ] ,cp Cp is of the form []

We remark that we have the following representation for the ring Intg(E, O) as an intersection of

pep Ep when dealing with such rings of integer-valued polynomials.

valuation overrings (see [Peruginelli 2023, (2.2)], for example):

Intg(E,0)= (") () Zpa,N () QXlg), 3.1)
pePa,ckE), gepir
where P'™ denotes the set of irreducible polynomials in @[X]. By [Peruginelli 2017, Proposition 2.2], the
valuation domain Z ;) 4 » of Q(X) has rank 1 if and only if «,, is transcendental over Q and has rank 2
otherwise (in the last case, note that necessarily a € Q).
A totally similar argument to [Peruginelli 2023, Lemma 2.5] shows that, for p € P, we have

@\ p2)~'(Intg(E, 0)) =Intg(E,, 0,) = {f € QIX]| f(E,) CO,}.
We also need to recall the following definition introduced in [Peruginelli 2023].

Definition 3.2. We say that a subset £ of O is polynomially factorizable if, for each g € Z[X] and
a = (a,) € E, there existn,d € Z, n,d > 1, such that g(«)" /d is a unit of O; that is, v,(g(a,)"/d) =0
for all p € P.

The next theorem characterizes which rings of integer-valued polynomials Intg(E, O) are Dedekind
domains. Given p € P’ and a subset E, of C),, we say that £, has finitely many Gq, = Gal(QTp /Q))-orbits
if £, contains finitely many equivalence classes under the relation of conjugacy over Q, (we stress that
E, may not necessarily contain a full Gg,-orbit). By Corollary 2.28, this condition holds if and only if
the set {Z(p).«, | ®p € E)} is finite. Furthermore, if £, < Q,, then the number of Gg ,-orbits is finite if
and only if E, is a finite set.

Theorem 3.3. Let E = HpeP E,C ]_[p C,. Then Intg(E, O) is a Dedekind domain if and only if,, for
each prime p, E, is a subset of CE’} of transcendental elements over Q with finitely many Gq ,-orbits and
E is polynomially factorizable.

Moreover, if the above conditions hold, then the class group of Intg(E, O) is isomorphic to the direct
sum of the class groups Intq(E,, Q,), p € P, and, if E, = {«ay, ..., a,}, where the a; are pairwise
nonconjugate over Q,,, then Cl(Intg(E, O,)) =Z/eZ ® 7", where e is the greatest common divisor
of the ramifications indexes of o; over Q.

In particular, assuming that E, is formed by pairwise nonconjugate elements over Q,, for each p € P,
Intq(E, O) is a PID if and only if E is polynomially factorizable and, for each p € P, E, contains at
most one element a, € O, N Cg’f such that o, is transcendental over Q and unramified over Q.

Proof. Let R =Intg(E, O).
Suppose that the above conditions on E are satisfied. By (3.1), R is equal to an intersection of DVRs.
Moreover, R has finite character; that is, for every nonzero f € R, f belongs to finitely many maximal
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ideals of the family of DVRs appearing in (3.1): in fact, if f(X) = g(X)/n for some g € Z[X] and
neZ, n+#0,then f is divisible only by finitely many ¢ € P™; since E is polynomially factorizable, by
[Peruginelli 2023, Lemma 2.12], the set {p € P | 3, € E,, v,,(g(app)) > 0} is finite, so that f belongs to
finitely many maximal ideals of the family Z () o, @) € E, p € P. Hence R is a Krull domain.

Suppose that R is not a Dedekind domain. By [Heitmann 1974, Proposition 2.2], there exists a maximal
ideal M C R of height strictly greater than one. If M NZ = (0), then, since Z[X] C R C Q[X], it follows
that Rz\j0y = Q[X] and 2 < htM = ht(Mz\j0)) < dim(Q[X]) = 1, a contradiction. Hence M NZ = pZ
for some p € P. If we now localize at p, we have that (Z\ pZ)~'R = R, =Intg(E,, O)), which is a
Dedekind domain by [Eakin and Heinzer 1973, Theorem]. So (Z\ pZ)_lM C R, cannot have dimension
strictly greater than one, a contradiction.

Conversely, suppose that R is a Dedekind domain. In particular, for each p € P,

(Z\ pZ)"'R = R, =Intg(E,, Q)

is a Dedekind domain, so {Z,).«, | ap € E)} is a finite set of DVRs (because p is contained in only
finitely many maximal ideals of these valuation overrings) which implies that E, is a subset of C‘;,r of
transcendental elements over Q and E, has finitely many Gq,-orbits. Since every polynomial of R is
contained in only finitely many maximal ideals, it follows easily that E is polynomially factorizable.
Finally, suppose that R is a Dedekind domain. As in [Peruginelli 2023, Lemma 2.14], we have
CI(R) = @pe[@ CI(R,), where R, = Intq(E,, O,) for p € P. The claim about the class group of R,
follows by [Peruginelli 2023, Proposition 2.10] or by [Eakin and Heinzer 1973, Theorem], since, for each
p € P, we are assuming that £, = {a, ..., a,} is formed by pairwise nonconjugate elements over Q,,.
The claim about when Intg(E, Q) is a PID is now straightforward. [l

Let 7 = [1,ep Zp. In [Peruginelli 2023, Theorem 2.17], we show that if R is a Dedekind domain
between Z[X ] and @[X ] such that the res1due fields of prime characteristic are finite fields, then
= Intg (£, Z) for some E = ]_[ E, C Z such that E is polynomially factorizable and, for each

p € P, E, is a finite subset of Z of transcendental elements over ). Now, we are able to complete the
classification of the Dedekind domains R, Z[X] C R C Q[X], without any restriction on the residue fields.

Theorem 3.4. Let R be a Dedekind domain such that Z[|X] C R C Q[X]. Then R is equal to Intg(E, O)
for some polynomially factorizable subset E =1 | pep Ep C O such that, for each prime p, E, C O, ﬂC';f

is a finite set of transcendental elements over Q.

Proof. Note first that, by [Peruginelli 2018, Theorem 3.14], no valuation overring of W of R can be a
residually transcendental extension of W NQ since, for such a valuation domain W, the domain W N Q[ X]
is not Priifer. Hence, for each prime ideal P C R such that PNZ = pZ, p € P, Rp is a DVR of Q(X)
which is a residually algebraic extension of Z(,). By Corollary 2.28, there exists « € O, N C';,r such that
R, =7Zp)«- Let E, be the subset of Ctl’f formed by all such «,. Note that, since p is contained in only
finitely many maximal ideals P of R, it follows that E, is a finite set; moreover, each element of £, is
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transcendental over Q since Rp is a DVR. It now follows that

R=() () RrnQIX]=()Ing(E, Op) =Inig(E, O).

peP PCR peP

The rest of the statement follows by Theorem 3.3. O

Finally, the next corollary describes the PIDs among the family of Dedekind domains between Z[ X ]
and Q[X].

Corollary 3.5. Let R be a PID such that Z[X] C R C Q[X]. Then R is equal to Intg(E, O) for some
E = ]—[p cp Ep C O such that, for each prime p, E, contains at most one element o), € O, N C';r such that

a, is transcendental over Q and unramified over Q) and E = {o = (a)} is polynomially factorizable.

Proof. By Theorem 3.4, the ring R is equal to Intg(E, O) for some polynomially factorizable subset
E = ]_[pEﬂ:D E, C O such that, for each prime p, E, C O, N Cgr is a set of transcendental elements
over Q with finitely many Gg,-orbits. Since by hypothesis the class group of R is trivial, it follows by
Theorem 3.3 that, for each p € P, E, contains at most one element, which is transcendental over Q and
unramified over Q,,. O

Remark 3.6. As we mentioned in the Introduction, given a group G which is the direct sum of a countable
family of finitely generated abelian groups, there exists a Dedekind domain R between Z[X] and Q[ X]
with class group G [Peruginelli 2023, Theorem 3.1]. The domain R of that construction is equal to

Intg(E, O) for some polynomially factorizable subset E =[] p E,, where E, is a finite subset of Q,

eP
of transcendental elements over Q. In particular, R has ﬁn?te residue fields of prime characteristic
[Peruginelli 2023, Theorem 2.17]; the reason is that the valuation overrings Z () «, of R in (3.1) have
finite residue fields precisely because o, is chosen in CTP for each p € P (Proposition 2.24).

Now, by means of Theorem 2.26, with the same method used in [Peruginelli 2023, Theorem 3.1],
we can build a Dedekind domain R, Z[X] C R € Q[X], with prescribed class group G as above and
prescribed residue fields of prime characteristic, which can be finite or infinite algebraic extensions of the
prime field [, according to whether the above elements «), € E, C Ct’f transcendental over Q are either

algebraic or transcendental over Q,,.
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Affine Deligne—Lusztig varieties via
the double Bruhat graph, I:
Semi-infinite orbits

Felix Schremmer

We introduce a new language to describe the geometry of affine Deligne—Lusztig varieties in affine flag
varieties. This first part of a two-paper series develops the definition and fundamental properties of the
double Bruhat graph by studying semi-infinite orbits. This double Bruhat graph was originally introduced
by Naito and Watanabe to study periodic R-polynomials. We use it to describe the geometry of many
affine Deligne—Lusztig varieties, overcoming a previously ubiquitous regularity condition.

1. Introduction

Shimura varieties play a central role in the Langlands program. By giving the Shimura variety an
interpretation as a moduli space (e.g., of certain abelian varieties), one obtains an integral model whose
generic fibre recovers the original Shimura variety [Rapoport 2005; Kisin and Pappas 2018; Pappas 2023].
The special fibre of such an integral model is then known as the mod p reduction of the Shimura variety.
In the case of a parahoric level structure, the geometry of each special fibre is closely related to the
geometry of corresponding affine Deligne—Lusztig varieties. Similar affine Deligne—Lusztig varieties
occur in the special fibres of moduli spaces of local G-shtukas [Viehmann 2018].

We consider a reductive group G defined over a local field F, whose completion of the maximal
unramified extension we denote by F. Given a parahoric subgroup K C G(F), we associate the affine
Deligne-Lusztig variety XX (b) to any two elements x and b in G(F) [Rapoport 2005, Definition 4.1]. It
is defined as a locally closed subvariety of the partial flag variety associated with K. It has the structure
of a finite-dimensional scheme or perfect scheme over the residue field k of F, whose geometric points
are given by

X.(b) = XX (b) = (g € G(F)/K | g 'bo(g) € KxK} C G(F)/K.

Here, o denotes the Frobenius of F /F. One notes that the affine Deligne—Lusztig variety depends, up to
isomorphism, only on the double coset KxK C G(F) and the o-conjugacy class

[b] ={g'bo(g) | g € G(F)).

MSC2020: 11G25, 20G25.
Keywords: affine Weyl group, affine Deligne—Lusztig variety, double Bruhat graph, semi-infinite orbit, Shimura variety,
Langlands program.
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The intersection of these two sets Kx K N [b] is known as Newton stratum and its geometry is closely
related to that of the affine Deligne—Lusztig variety. The most important questions, in increasing order of
difficulty, are the following:

(Q1) When is X, (b) empty? Equivalently, when is the Newton stratum empty?
(Q2) If X, (b) # &, what is its dimension?
(Q3) How many irreducible components of any given dimension does X, (b) have?

The final question is especially interesting when the given dimension is equal to dim X, (b), i.e., if one
asks for the top-dimensional irreducible components. The number of such irreducible components will in
general be infinite. However, the o -centralizer of b,

Jpy(F)={g € G(F) | g 'ba(g) = b},

acts by left multiplication on X, (b). There are only finitely many orbits of irreducible components up to
the Jp,(F)-action, which is how (Q3) should be understood. Equivalently, one may ask for the number of
top-dimensional irreducible components of the Newton stratum.

The first step towards answering these three questions is to give suitable parametrizations for the double
cosets

K\G(F)/K ={KxK | x € G(F)}
and o -conjugacy classes
B(G)={[b]| b e G(F)}.

We will assume that the group G is split and choose a split maximal torus 7. For this introduction, this
merely provides a slightly more convenient notation. More importantly, this restriction is essential for the
remainder of the article due to the dependence on the earlier work [Gortz et al. 2006] with this assumption.

We first consider the case of a hyperspecial subgroup K. If G is already defined over the ring of
integers O of F, then K = G(O #) would be a typical example of this. For hyperspecial K, the double
cosets K\ G (F) /K are parametrized by the dominant elements of the cocharacter lattice X..(T). Explicitly,
evaluation at a uniformizer assigns to each cocharacter u € X, (T) a representative (i € T(ﬁ ), and then
each double coset Kx K contains the representative of precisely one dominant cocharacter . We also
write KK for K K. Then the Cartan decomposition is given by

G(F)= || Kuk.

neX.(T)
dominant

If K = I is an Iwahori subgroup, the double cosets 7 \ G ( F) /1 are parametrized by the extended affine
Weyl group W. This group can be defined as Ng(T)(F) /T (O) and it is isomorphic to the semidirect
product of the Weyl group W = N(;(T)(F )/ T(IE' ) of G with the cocharacter lattice X, (7). Here, we
write Ng(T) for the normalizer of T inside G. Choosing for each x € W a representative x € Ng (T Y(F),
the double coset /x1 = Ix[ is independent of this choice. We obtain the Iwahori—Bruhat decomposition

G(F)y= || IxI.

xeWw



Affine Deligne—Lusztig varieties via the double Bruhat graph, | 1975

For general parahoric levels, one may parametrize K \ G(F) /K by suitable double cosets in W, but
we will not consider this case.

The o-conjugacy class of an element b € G(F) is uniquely determined by two invariants; this is a
celebrated result of Kottwitz [1985; 1997]. These invariants are known as the (dominant) Newton point
v(b) € X,(T) ® Q and the Kottwitz point x (b) € 71(G). Here, 71(G) = X,(T)/Z®" is the Borovoi
fundamental group and Z®" is the coroot lattice. Following [He 2014, Theorem 3.7], one may also
parametrize the set B(G) using o -conjugacy classes in w.

Since the Kottwitz point « : G(F) = m1(G) parametrizes the connected components of the partial flag
variety, we get that k (x) = «(b) is a necessary condition for X, (b) # &. Once this condition is imposed,
we may focus on comparing the above parametrization for x with the Newton point v(b).

In the case of hyperspecial level, our three initial questions have been mostly solved after concentrated
effort by many researchers. For the split case under consideration, we can summarize the results as
follows (while still providing references for the general case).

Theorem 1.1. Assume that K is hyperspecial. Let [b] € B(G) and . € X, (T) be a dominant coweight.

(a) The affine Deligne—Lusztig variety X, (b) is nonempty if and only if the Mazur inequality is satisfied,
that is, k (b) = k() and v(b) < u in the dominance order of X.(T) ® Q. This was conjectured by
Kontwitz and Rapoport, and proved in [Rapoport and Richartz 1996; Gashi 2010; He 2014].

(b) If X,.(b) # O, it is equidimensional of dimension
dim X, (b) = 3 ({1t — (D), 2p) — def(D)).

Here, def(b) denotes the defect of b, which is defined as tkr(G) — rkp(Jp); see [Chai 2000; Kottwitz
2006]. This was conjectured by Rapoport, and proved in [Gortz et al. 2006; Viehmann 2006; Hamacher
2015; Takaya 2025].

(¢) The Jyp(F)-orbits of irreducible components of X, (b) are in bijection with a certain basis of the
weight space M, (A(b)) of the irreducible quotient M,, of the highest-weight Verma module V,,. Here,
M(b) € X, (T) is the largest cocharacter satisfying A(b) < v(b) and k (A(b)) = k (b). This was conjectured
by Chen and Zhu, and proved in [Zhou and Zhu 2020; Nie 2022].

We see that once « (i) = k (b) is required, the difference u — v(b), resp. u — A(b), determines most
properties of X, (b), using, e.g., the fact that the dimension of the weight space M, (A (b)) can be approx-
imated using the dimension of V, (A(b)), which is Kostant’s partition function applied to the difference
@ — A(b). Under certain regularity conditions, the dimensions of the two weight spaces will be equal.

Let us now summarize the most important results known in the case of Iwahori level structure. Assume
that K = I is an Iwahori subgroup. Pick an element x € W = W x X.(T) and write it as x = wt*, where
w e W and pu € X, (T). The element ¢ € F is the uniformizer, so the representative of ¢# in G is given by
the image of ¢ under the cocharacter ©. We set

B(G)x ={[b] € B(G) | IxI N[b] # &} = {[b] € B(G) | Xx(b) # &}.
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It should not be surprising that B(G), contains a unique minimal and a unique maximal element, and
both have been explicitly described [Viehmann 2014; 2021; Schremmer 2022].

For any [b] € B(G),, we know that dim X, (b) < d,(b) [He 2016, Theorem 2.30], where d, (b) is the
virtual dimension defined in [He 2014, Section 10]. It is defined as

dy(b) = 5 (£(x) +£((x)) — (v(D), 2p) — def(D)).

The definition of n(x) € W is somewhat technical, so we will not recall it here. A striking feature of the
virtual dimension is that it is a simple sum of four terms, the first two only depending on x € W and the latter
two only depending on [b] € B(G). The virtual dimension behaves best when the element x satisfies a cer-
tain regularity condition known as being in a shrunken Weyl chamber; see [Schremmer 2022, Example 2.8].

Theorem 1.2. Let x € W denote the largest element in B(G), by [b,] and the smallest one by [m].
(a) Suppose that dim X, (b,) = d,(by). Then

B(G)x = {[b] € B(G) | [m,] < [b] =< [Dx]}.

For each [b] € B(G)y, the variety X, (b) is equidimensional of dimension dim X, (b) = d, (b) [Milievié
and Viehmann 2020, Theorem 1.1]. The elements x satisfying this condition have been classified; see
[Schremmer 2022, Theorem 1.2].

(b) Suppose that x lies in a shrunken Weyl chamber. Then dim X, (m,) = d,(m,) [Viehmann 2021,
Theorem 1.1(2)]. For each [m,] < [b] € B(G) with v(b,) — v(b) sufficiently large, we have X (b) # O
and dim X, (b) = d, (b) [He 2021, Theorem 1.1].

While in a quantitative sense ‘“most” elements of W lie in a shrunken Weyl chamber, the examples
coming from Shimura varieties typically do not. In fact, the difference between virtual dimension and
dimension for basic [b] can be quite large for these examples.

It should not be a surprise that there are many examples where dimension and virtual dimension
differ. For nonshrunken elements, the notion of virtual dimension behaves poorly. For example, it is
not compatible with certain natural automorphisms of the reductive group G that preserve the Iwahori
subgroup / (and hence induce isomorphisms of affine Deligne—Lusztig varieties). Even for shrunken
elements, we expect to have dim X, (b) = d, (b) only for “small” elements [b] € B(G),.

The case (a) in Theorem 1.2 is known as the cordial case. While (Q1) and (Q2) have “ideal” answers
in this case, these descriptions are too good to be true in general. It is known that the set B(G), will in
general contain gaps and that affine Deligne—Lusztig varieties may fail to be equidimensional. If x is
cordial, the answer to (Q3) does not seem to be known in general.

We may summarize that (Q1) and (Q2) are well understood if [b] € B(G) is small relative to x and
x is in a shrunken Weyl chamber, or if x enjoys some exceptionally good properties.

Moreover, all three questions are perfectly understood in the case that [b] = [b,] is the largest
o-conjugacy class in B(G),, also known as the generic o -conjugacy class of /x /. We have dim X, (b,) =
L(x) — (v(by), 2p) [He 2016, Theorem 2.23]. Up to the J,(F)-action, there is only one irreducible
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component in X, (b,) [Milicevi¢ and Viehmann 2020, Lemma 3.2]. In order to describe [b,] in terms
of x, one may (and arguably should) use the quantum Bruhat graph [Mili¢evi¢ 2021; Schremmer 2022].

The goal of this paper and its sequel is to introduce a new concept, which generalizes the virtual
dimension in the case of Theorem 1.2(b) and also generalizes the known theory for the generic o -conjugacy
class. We give answers to all three above questions in many cases that were previously intractable.

In this article, we follow one of the oldest approaches towards affine Deligne—Lusztig varieties in the
affine flag variety, namely the one developed by Gortz, Haines, Kottwitz and Reuman [Gortz et al. 2006,
Section 6]. They consider the case of a split group G, an equal characteristic field F and an integral
o-conjugacy class [b] € B(G); the element x € W is allowed to be arbitrary. They compare the geometric
properties of X, (b) (especially questions (Q1)—(Q3)) to similar geometric properties of intersections, in
the affine flag variety, of /x/ with certain semi-infinite orbits.

Given a Borel B =T U, we get another decomposition of G(F), resp. the affine flag variety:

G(F)= L] Uyl
yew
The individual pieces U(L)ylI are called semi-infinite orbits. Each Borel containing our fixed torus T
gives rise to a different decomposition. In our notation, we will fix B and then consider the semi-infinite
orbit decompositions associated with the conjugates u Bu~! =*B for various u € W.
In order to understand X, (b) following [Gortz et al. 2006, Theorem 6.3.1], we have to understand the
intersections

IxIN"U(F)yI Cc G(L)/I (1.3)

for variousu € W and y € wn [b]. One may ask questions (Q1)—(Q3) analogously for these intersections.
Unfortunately, not many answers to these questions have been given in the previous literature, leaving basic
geometric properties of (1.3) largely open. There is a decomposition of (1.3) into subvarieties parametrized
by folded alcove walks [Parkinson et al. 2009, Theorem 7.1], which has been used to study affine Deligne—
Lusztig varieties [Milicevié et al. 2019], but these results have often been difficult to apply in practice.

One may always find an element v € W such that /x/ C *U(L)x1, and we will use this semi-infinite
orbit to approximate /x . Doing so (in the proof of Theorem 5.2 below), we can compare the intersection
(1.3) to the intersection

CUF) Ny (F)xI N“U(F)yl (1.4)

for v e W such that IxI C'U (ﬁ )x 1. We write wg € W for the longest element, so that “**° B is the Borel
subgroup opposite to “B. As an application of our findings, we will later see in Proposition 4.14 that
(1.4) can equivalently be expressed as the intersection of three semi-infinite orbits, since

CUF)N"U(F)xI = CUF)xI) N U (F)xI).

The first part of this paper studies intersections of the form (1.4). This is a question of independent
interest, whose answer we want to later apply to affine Deligne—Lusztig varieties. A different motivation to
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study intersections as in (1.4) is the following: One may naturally ask about the intersections of arbitrary
semi-infinite orbits
“U(F)xINYU(F)yl C G(F)/I. (1.5)

Observe that the group “U (F“ AN (I:" ) acts by left multiplication on (1.5), and the orbits of this action
will be infinite-dimensional (unless u = vwg). However, each such orbit will contain a point of (1.4), so
we may see (1.4) as a finite-dimensional space of representatives of (1.5). Moreover, the intersection (1.5)
is empty if and only if the intersection (1.4) is empty.

We study the intersection (1.4) for arbitrary x, y, u, v in Section 3. By comparing the valuation of root
subgroups with the extended affine Weyl group, we get a decomposition of (1.4) into finitely many locally
closed subvarieties, each of them irreducible and finite-dimensional.

It turns out that there is very convenient combinatorial tool to parametrize the subvarieties of this
decomposition and to describe their dimensions. This is the double Bruhat graph, a combinatorial object
introduced in [Naito and Watanabe 2017, Section 5.1] in order to study periodic R-polynomials. The
double Bruhat graph is a finite graph associated with the finite Weyl group W, and it generalizes the
aforementioned quantum Bruhat graph. We compare the double Bruhat graph with some foundational
literature on the quantum Bruhat graph in Section 4.

Thus, our first main result expresses the intersections of semi-infinite orbits using the double Bruhat
graph.

Theorem 1.6 (see Theorem 4.6). Let x,y € W and u, v € W. Denote by wy € W the longest element.
Then the intersection
“U(F)xIN MU F)NYU(F)yl C G(F)/I

has finite dimension (or is empty). We provide a decomposition into finitely many locally closed subsets
of the affine flag variety, parametrized by certain paths in the double Bruhat graph. Each subset is
irreducible, smooth and we calculate its dimension explicitly.

Finally, in Section 5, we apply these results on semi-infinite orbits to questions on affine Deligne—Lusztig
varieties. We review the theory of [Gortz et al. 2006] and study the approximation of /x/ by semi-infinite
orbits. We introduce a new regularity condition on elements x € W that we call superparabolic. While
this is a fairly restricting assumption, it covers in a quantitative sense “most” elements in the extended
affine Weyl group.

Theorem 1.7 (see Theorem 5.7). Let x € W and choose an integral element [b] € B(G). We give a
necessary condition for X, (b) # & and an upper bound d for its dimension, both in terms of the double
Bruhat graph. This improves previously known estimates such as Mazur’s inequality or He’s virtual
dimension. We also give an upper bound for the number of Jp(F)-orbits of d-dimensional irreducible
components of X.(b).

dom

If x = wt" is superparabolic, and pu*°™ — v(b) is small relative to the superparabolicity condition

imposed, then the above “necessary condition” for X, (b) # @ becomes sufficient, and the above upper
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bound for the dimension is sharp, i.e., dim X, (b) = d. If moreover the Newton point of [b] is regular,
then the above upper bound for the number of irreducible components is sharp.

If x is in a shrunken Weyl chamber, the superparabolicity condition is simply a superregularity condition
like the ones typically studied in the literature, e.g., [Milievi¢ 2021; Mili¢evi¢ and Viehmann 2020; He
and Yu 2021]. While some affine Deligne—Lusztig varieties associated with superregular elements x have
been described in the past, this was only possible in the cases where [b] € B(G) is either the largest
element [b,] € B(G), or relatively small in B(G), (in the sense of Theorem 1.2(b)). Our result “fills the
gap”, describing the geometry of X, (b) when [b] is relatively large with respect to x.

Moreover, there are plenty of superparabolic elements which do not lie in any shrunken Weyl chamber.
In fact, in a quantitative sense, “most” elements which do not lie in shrunken Weyl chambers are
superparabolic. These cases have rarely been studied in the past, and the geometry of X, (b) has only
been understood in very specific situations (such as x being cordial or [b] = [b,]). Theorem 1.7 fully
answers our main questions for superparabolic x € W and many [b] € B(G).

Theorem 1.7 crucially assumes that F is of equal characteristic, the group G is split and the element [/]
is integral. The assumption on F can easily be removed from the theorem by using formal arguments
comparing the equal characteristic case with the mixed characteristic case; see [He 2014, Section 6.1].
It is reasonable to expect that the assumption of G being split can be lifted if one finds an appropriate
generalization of [Gortz et al. 2006] to nonsplit groups. It is unfortunately unclear how to lift the
assumption of [b] being integral for the method of this paper to work. The generalization of [Gortz et al.
2006] to nonintegral o -conjugacy classes [b] is given in [Gortz et al. 2010], but the connection between
the latter paper and the double Bruhat graph remains unclear. In the second part of this two-paper series,
we will consider a different approach towards the geometry of X, (b). This approach comes without
any assumptions on G, F, [b], but requires superregular elements x € W instead of the more permissible
notion of superparabolic elements considered here.

By introducing the double Bruhat graph, we can capture the delicate interplay between x € W and
[b] € B(G), which is not accounted for, e.g., by the notion of virtual dimension. Using this new language,
we give new insights on the geometry of affine Deligne—Lusztig varieties, filling a conceptual vacuum of
what dim X (b) “should be” when it cannot be virtual dimension. In this paper and its sequel, we hope to
give a glimpse of what a generalization of Theorem 1.1 to the Iwahori level might look like.

2. Notation

Let [, be a finite field and F' = [, ((¢)) the field of formal Laurent series. We denote the usual 7-adic
valuation by v;. Then O = [, [[¢]] is its ring of integers. Choose an algebraic closure k = E] and denote
by L = F= k((t)) the completion of the maximal unramified extension of F. We write Oy = k[[¢]] for its
ring of integers. Denote the Frobenius of L/F by o, i.e.,

0<Z aiti> = Z(ai)"ti.
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We consider a split reductive group G defined over Or. We fix a split maximal torus and a Borel
T C B C G both defined over Of. As our Iwahori subgroup /, we choose the preimage of B(k) under
the projection G(Or) — G (k).

Denote the (co)character lattices of T by X™*(T'), resp. X.(T), and the (co)root systems by ® C X*(T),
resp. ® C X, (T). The positive roots defined by B are denoted by ®*. We let W = Ng(T)/T be the
Weyl group of W and W= Ng(T)(L)/ T (Oy) the extended affine Weyl group. Under the isomorphism
W= WK X.(T), we write elements x € W as x = wtH forw € W, ne X« (T). A representative of e"* € w
is given by evaluating the cocharacter . at the inverse of the uniformizer t € L, i.e., by u(t~') € Ng(T)(L).

Denote by U the unipotent radical of B, so that B = UT. For each o € , we denote the corresponding
root subgroup by U, C G. These come with an isomorphism to U, = G, the 1-dimensional additive
group over F, from the construction of the Bruhat-Tits building.

The set of affine roots is ®,; = & x Z. For each affine root a = («, n), we define the affine root
subgroup U, C Uy (L) to be the set of elements of the form U, (rt") with r € k. The natural action of W
on @, is given by

(wt*)(a, n) = (wa, n — {u, a)).

We denote the positive affine roots by CI>;}; these are those a € @, with U, C I. By abuse of notation,

we denote the indicator function of positive roots by ®* as well. Then
1, aed,
0, aecdt.

Denote the set of simple roots by A € ®T and the set of simple affine roots by A, C @;. The latter are

a:(oz,n)eCD; <~ nzd>+(—oz):={

given by the roots of the form (¢, 0) for o € A as well as (—6, 1) whenever 6 is the highest root of an
irreducible component of A.

For x = wt* € W, we denote by LP(x) € W the set of length positive elements as introduced by [Schrem-
mer 2022, Section 2.2]. We remark that LP(x) is always nonempty, and it collapses to one single element if
and only if x satisfies a mild regularity condition known as a shrunken Weyl chamber [Gortz et al. 2010, Def-
inition 7.2.1]. This is equivalent to x lying in the lowest two-sided Kazhdan—Lusztig cell. If LP(x) = {v},

then the element 7(x) occurring in the definition of virtual dimension above is given by v~'wv.

3. Semi-infinite orbits

For any u € W, the affine flag variety can be decomposed into semi-infinite orbits

G(L)/I = || *U(L)xI.
xeW
Each element of the finite Weyl group W yields a different decomposition of G(L)/1, so one may naturally

ask how these decompositions are related. Given u, v € W and x, y € W, we would like to understand
“UL)xIN"U(L)yl Cc G(L)/I.

Up to multiplying both sides by x~! on the left and relabelling, it suffices to study intersections
WU L)yINPUL)I c G(L)/I.
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Here, we write wo € W for the longest element of the Weyl group such that “**° B(L) is the Borel subgroup
opposite to “B(L).

Let us enumerate the positive roots as ®* = {By, ..., Bso+}. Then every element g € "U (L) can be
written in the form g = Uyg, (g1) - - - Uyg, .+ (8#0+), With g1, ..., gue+ € L. For each such element g, there

~

exists a uniquely determined y € W with gl € ““°U (L)yl, and we wish to compute that element y in
terms of the g; € L.

In order to facilitate this computation, we make two simplifications. First, let us restrict the enumeration
of positive roots ®* = {By, ..., Breo+} such that

{Bedt | wwy) 'vpedt)={Bi,.... B

for some n € {0, ..., #dT}. Then

Uyp, (81) - - - Upg, (gn) € “U(L)

by choice of the labelling of the positive roots. Hence we may replace g by

g/ = UUﬂrH—I (gn+1) e U'U/s#q>+ (g#q>+)7
using that g/ € “oU(L)yl if and only if g'1 € “"°U (L)yl.
For now, we expressed g’ € YU (L) N*U (L) using an arbitrary enumeration of the roots

(Bed |u"vBe® )= (B, ....Pro+).

Our second simplification is to use not just any such enumeration, but rather a specific one with extra

structure, namely a reflection order.

Lemma 3.1 [Dyer 1993, Proposition 2.13; Papi 1994]. Let < be a total order on ®*. Then the following

are equivalent:

(a) Foralla, B € @ witha + B € T, we have

a<a+pB=<p or B<aoa+B=<a.

(b) There exists a uniquely determined reduced word for the longest element wy = s, * - * Sa,,, With
corresponding simple roots ay, .. ., dsp+ € A such that
o) < 8oy (@2) <+ < Syt Sy (Ca+). O

A total order satisfying these equivalent conditions is called a reflection order. The following important
facts on reflection orders will be used frequently.

Lemma 3.2. Let < be a reflection order and write ®* = {B) < - - - < Bua+}.
(a) For1 <a <b <#®" and u € W, the subsets
Uuﬁa (L)Uuﬂaﬂ (L)--- Uuﬁb (L) and Uuﬂb+1 (L)--- Uuﬂ#®+ (L)U—uﬂl (L)U—u,Bz (L)--- U—uﬂaq (L)

are subgroups of G(L).
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(b) Forn=0, ..., #d" and u = sg, | e SBr €W, we have

(Be® [u™' e} = (Bu1. ... Pro+).
Any u € W arises in this way for some reflection order < and some indexn € {0, ..., #dT}.
Proof. (a) If o, B € {Ba, . .., By}, then any positive linear combination of «, B that lies in ®* will also

lie in this set. The fact that the first subset of G (L) is a subgroup thus follows from the known theory of
root subgroups [Springer 1998, Proposition 8.2.3].

Let us study the second subset. If both «, 8 lie in {Bp+1, ..., Bup+}, Or both lie in {—By, ..., —B4—1},
so will their sum (if it is in ®). So suppose that & € {Bp+1, ..., Peo+} and B € {—By, ..., —Pa—1} satisfy
oa+ped.

If « + B € ®F, then o = (a + B) + (—P) is expressed as the sum of two positive roots, which cannot
both be < «. Hence o + B > «; thus o + B € {Bp+1, - - ., Bua+} as well.

Ifa+ B e d, then —f =a — (@ + B) is expressed as the sum of two positive roots, which cannot
both be > —p. Hence —(«¢ 4+ B) < —B,soa+ B € {—P1, ..., —Ba—1}. The claim follows as above.

(b) Let wo = $q, - - - Sq,,. be the reduced word such that ; = sq, - - - 5o, () fori =1,...,#d*. Then

qu:SﬁiHl ...sﬂ#®+ ...S5#®+ ...sﬂl :Sﬁn'”sﬁl :Sozl ...san_

Hence
BedT |u'ped ) ={Becd|(uwy) 'Becd’}

=o"\{f e @ | (uwp)"'pe )
= o7 \ {ai, S(xl(a2)a ceey Sy 'san,l(an)}
= q)—‘r\{ﬁla vﬁn} - {IB}’H-I’ "'vﬁ#¢+}'

This shows the first claim. Now for any given u € W, we can find some reduced word uwg = Sq, - - * Sa, -
Continue it to the right to a reduced word for wg to obtain the desired reflection order. (I

So when studying intersections as above, i.e.,
woyLyyIntuLyNntUL)I c G(L)/1, (3.3)

we may write
“UL)N"U(L) = Uyp, (L) -+~ Uyp, (L)

for a suitable reflection order 8 < - - - < Buep+. With this notation, the fundamental method to evaluate
intersections as in (3.3) is given by the following lemma.

Lemma 3.4. Let < be a reflection order and write ®* = {B1 < --- < Bup+}. Let x € W ue W and

1 < n <#®™. Consider an element of the form

g="Uup (g1) - Uup,(gn) €"U(L).

Letm =vr(gy) € Z, b= (uf,, m) € Oy and u' = usg,.
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(@) If x7'b e ®F, then
gxl = Uuﬂ1 (g1)- - Uuﬂnfl(gn—l)XI/I e G(L)/I.
b)) Ifx'be ®_;, then there are polynomials f, ..., f,—1 with
ﬁ € Z[Xi-i-lv D) Xn—la Y]v
allowing us to write
gxl e U_yp, (L) - U_yp, . (L)Uyup, (81) - - Uup,_, (gn—1)rpx1/1 C G(L)/I,
where
=g+ fi(gitts - 81,8, ) €L.

The polynomial f; is a sum of monomials

oX XY

satisfying the conditions ¢ € Z and
eiv1Biv1+- - ten—1Bu—1— fBn = Bi-

It depends only on the datum of G, B, T, <, but not on g nor x. We have

Uup, (81)Uup, (8n-DU—up, (87" € U—up, (8 YWU—upys (L) -+ U_up,, . (L)Uup, (81) -~ Uup,, (8n—1)-

Proof. The statement in (a) is immediately verified, since x_l(u,Bn, vr(gn)) € CD;} is equivalent to
! Uyp,(gn) € I. So let us prove (b).
Using the fact x ' (—b) € (D;rf, we get
Uug, (8)XT = Uup, (8)U—up, (=g X1
Following the usual combinatorics of root subgroups, e.g., [Springer 1998, Lemma 8.1.4] or [Parkinson
et al. 2009, equation (7.6)], we rewrite this as
o = U—up, (8 DU—up, (=8 Wup, (82)U—up, (=8, Ix1
= U_up, (87 D) (—uP)” (=g, In_up,x1
=U_up, (g, rpxl.
Here, the cocharacter (—uf,)" is understood as function L — 7' (L) and n_,g, € Ng(T)(L) is a repre-
sentative of the reflection s_, 5, € W.
It remains to evaluate

& =Uup, (1) - Uup,_ (8n-D)U_up, (g7 € " U(L),

where we write u’ = usg, - --sp,., € W. By [Springer 1998, Proposition 8.2.3], we may write
Ui, (8n-1DU—up, (8, ") = U_p, (821)[1_[. Ug.; (Ci,jgn*igifl)] Uip,_i (8n—1),
l’.]

where the product is taken over all indices i, j € Z>1 with B; ; := —iuB, + juB,—1 € ®. The product can
be evaluated in any fixed order, up to changing the structure constants ¢; ;. By the construction of the
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Bruhat-Tits building, the structure constants are in Z; see [Bruhat and Tits 1972, Example 6.1.3(b)] or
[Springer 1998, Chapter 9].
We want to iterate this procedure. We claim for all 1 < j < n that we can write

Uap;(87)++ Unpy @n-1DU—up, (83 = Uoiip, (&) - U—sp,y. (84 U (81) -+ Ung, . (8,7) ()

subject to the conditions

() —

gn _gn’

0 _ . Dy, ~1y for i <i

8 g+ fi"(&iv1s-s 8n-1,8, ) forj=<i<n,

(J) f(J)(ng,---,gn—l,gn_l) forl <i<jorn<i<#d",

Here, the polynomials fl.(] ) are required to have the analogous properties as claimed in the lemma, i.e.,
the monomial (pX;’:f e X on- Y / may only occur f; W
€j+1ﬁj+l+"‘+en—l,8n—l_fIBn:{lBi, l ="
—Bi, 1>n.

This long claim is trivially verified for j = n. In an inductive step, assume it has been proved
for some 1 < j < n. We multiply the right-hand side of (x) by Uug, ,(g;—1) and apply [Springer
1998, Proposition 8.2.3] to sort the resulting product into our usual order. By Lemma 3. 2 the result
indeed lies in U_,,(L) - - - U_yp,, (L)Uyp, (L) - - - Uyp,_, (L), so this defines the elements g Ve L for
i=1,... #ot

It is straightforward to see (but cumbersome to write down in full detail) that our required conditions

-1 )

for the g; are true precisely because they are true for the g;*". This finishes the induction. Specializing

to j = 1 proves the lemma. (Il
We want to iterate this lemma. Doing so, we obtain the following result.

Proposition 3.5. Let & ={f) <--- < Bya+} andu € W. Pick gl €"U(L)I/I. For eachn=0, ..., #d™,
consider the Borel subgroup of G associated with the element usg, ., - - - sp,. . € W and the corresponding
decomposition of the affine flag variety into semi-infinite orbits. This allows us to define xg, . .., Xsp+ =

1 € W 10 be the uniquely determined elements such that

gl € (Pt bt U(L))x 1)1, n=0,..., #dT.

Define
{ny < <nyyi={nef{l,... . #0T} | x, # xp1}.

Choose a representative of gl in *U (L) and write

gl =Uup (g1) - Uup,, (Guot)L, g1,..., 840+ € L.

Then, forn =0, ..., #®T, we have the following:



Affine Deligne—Lusztig varieties via the double Bruhat graph, | 1985

(1) We may write

gl €U_yp,., (L) U_yp, (L)Uus (8\") -+ Up, (87 xa 1

for elements gi"), ces g,(,") € L, which are determined uniquely through polynomial identities

i+1 #OT
g —ei =" e ) M ezixy]

+1
i+1 o i1 Xgorls

subject to the following condition: The polynomial fl-(") depends only on the datum of G, B, T, u, < and

the indices in {ny, ...,nnYN{n+1,... #®1). Itis a sum of monomials
e; Cum+
gDXi_:ll---X#f;;, (p,€i+1,...,8#q>+EZ,

subject to the conditions B; = ej+1Bi+1+ - - + eso+ Pro+ and
Vheli+1,...,#0T), e,<0 = hefn+1,... . #0T)N{ny, ..., 0y}
(2) Suppose thatn > 1. If g,(f) =0,thenn ¢ {ny,...,ny}and x,—1 = x, Otherwise, define
by = (B, vi.(8y")) € Pur.

Ifxn_l(bn) € CID;}, thenn ¢ {ny,...,ny}and x,—1 = x,.

Ifxn_l(bn) € O, thenn € {ny,...,ny} and x,—1 = rpx,.
(3) The values of vy, (g,(,zh)) eZforhef{l,..., N}dependonlyon gl € G(L)/I, and not on the chosen
representative Uyg, (1) - - - Uy, (8#0+) € G(L).

Proof. By Lemma 3.2, we get

SBust " Syer @7 ={—Busts ..o —Brot, Bis .. Bl
So indeed
Wit ot U(L) = U_yg,, (L) -+~ U_yp,y, (L)Uyp, (L) - - Uyg, (L),

as claimed indirectly in (a).

We explain how to find the elements gi(") via induction on #®* — n, proving (b) along the way. For the
inductive start, note that we have to choose f.(#q’+) = 0, so that gl.(#q)+) =gi.

For the inductive step, suppose now that we have constructed the elements gY'), ce g,&") for some

nell,..., #d*1}. Define b, as in (b). If (x,)"'b, € CID;:, we may apply Lemma 3.4(a) to

gl €Uy (L) U_yp,.. (L)Uup, (81") -+ Uup, (8810 1.

By the choice of x,_, we get x,,—; = x,. We set gl.("_l)

=gl.(") fori=1,...,n—1.
If (x,)"'b, € D, we may apply Lemma 3.4(b) to see

af
gl € U_yp, (L) -+ U_ypyy . (L)Uug, 8\ - - Uug, B Drpxal.

By choice of x,_, we get x,_ =rpx,. In particular n € {ny, ..., ny}. The elements gf"> are polynomials

in the g as in Lemma 3.4(b). We set gl.("_l) = g}”).



1986 Felix Schremmer
Observe that in any case, the value of g(” D gl(") is a polynomial with integer coefficients in

() ),
g 8 (g !

#®1 — i, one can now see that 8

subject to the conditions of Lemma 3.4(b). Using a simple induction on
() — gi has the desired shape as claimed in (a), by composition of these
polynomials. This finishes the proof of (a).

Ifn e{ny,...,ny}, the value of b, is uniquely determined by x,x +1, which in turn is determined by

gl € G(L)/I alone. Hence (c) follows. O

Corollary 3.6. In the setting of Proposition 3.5, we have gl = I if and only if U, (g,) € I for
n=1,...,#oT,

Proof. If each Uyg, (g,) lies in I, then so does their product; hence g/ = 1.

If conversely g/ = I, then all x,, € W must be equal to 1. Now part (b) of Proposition 3.5 shows that
each g, must be zero or satisfy x, YuB,, vi(gn)) € CID;}. Since x,, = 1, the latter condition is equivalent
to Uyg, (8n) € I. O

Definition 3.7. Let <, xq, u, g/ be as in Proposition 3.5. We define the semi-infinite type of g1 to be the
set
type(gD) = ((m vi (g [h=1,....N}CZ x Z.

Any subset of Z x Z of the above form is called an admissible type for (xg, u, <).

Lemma 3.8. Let & = {B] < - - - < Buo+} be a reflection order and u € W. Choose an arbitrary subset
(ni<---<ny} C{1,...,#0"} and values v, € Z forh =1, ..., N. Define by, := UPBn;,» Vi) € Pyt

(1) The set {(n1,v1), ..., (ny, vn)} defines an admissible type for (rp, - - - rpy, u, <) if and only if
Thy = rbh+](bl’l) € CD;C
forh=1,..., N.
(2) There is a locally closed and reduced k-sub-ind-scheme
T = Tu,<,(11,01), 00 (nx08)
of the affine flag variety whose k-valued points are given by precisely those elements
8l €Uyp (L) -+~ Uyp,,. (L)I/T CG(L)/I

which satisfy type(gl) = {(n1, v1), ..., (ny, vn)}.

Proof. (a) The given condition for the b, is certainly necessary by Proposition 3.5. Conversely, if this
condition is satisfied, one may iteratively choose values for g; in Proposition 3.5 to construct an element
gl € G(L)/I of the desired type.

(b) The definition of type(g/) in terms of L-valuations allows us to write g/ € T (k) in terms of vanishing
or nonvanishing of certain polynomials over k. Hence we get a well-defined reduced subscheme with
these geometric points. U
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We call T, <. (n;.v)).....(nx.vy) @ Lype variety. These type varieties are analogues of the Gelfand—Goresky—
MacPherson—Serganova strata in the affine Grassmannian; see [Kamnitzer 2010]. We need the following
numerical datum to describe their dimensions. This can be seen as finite a replacement for the infinite
dimension of “U (L)x1.

Definition 3.9. Let x = wr* € W, u € W and « € P.
(a) We define the length functional, following [Schremmer 2022, Definition 2.5], as
0(x, ) = (un, @) + T () — DT (wa).

(b) We define
Cu(x) = 3 e(x7 Y ua) = (—u"twp, 2p) — £(u) + L(w ).

acdt

The claimed identity can easily be seen along the lines of [loc. cit., Corollary 2.11]. This result
moreover proves that ¢, (x) < £(x), with equality holding if and only if u € LP(x~!). From [loc. cit.,
Lemma 2.9], we see

£, (x) =dim((I N"U(L)x1/T) —dim((I """ U (L))x1/I).

Proposition 3.10. Let t = {(ny, vy), ..., (ny,vy)} be an admissible type for (x,u, <). Then T =
T, <,(n1,01),....nn,vy) 18 a finite-dimensional irreducible smooth affine scheme over k. We have

dim 7 = (N — £,(x)).

Proof. First consider the case N =0. Then evidently 7 is just a point over k, givenby 7 (k) ={I} CG(L)/1.
Suppose now N > 1. We prove the claim via induction on ny (with the inductive start being the
case ny undefined, i.e., N =0 above). For m € Z, we define the truncation map tr<,,, : L — L as

trim<z aiti> = Z a,-ti.

ieZ i<m
Denote its image by L <,,, which is easily equipped with the structure of an k-ind-scheme. We define the
map of k-ind-schemes

J1:T = Le—o+wp),  Uup(81) - Unp,y i (Gao+) I € T (k) > tr<_g+wp;)(81)-
In order to check that this is well-defined, suppose that
Uup,(81) - Uup,yr (o) I = Uyp, (81) -+ - Unp,, 4 (g8a+) 1 € T (k)
for some g,, g, € L. Then
[Uup1 (81) - Unpygs (880)] ™ [Uupy (1) - - Uup,g (80)] € "U(L) N 1.

By Corollary 3.6 and the reflection order property, we conclude U,g, (g1 —g1) € I. Hence tr<_o+(,8,)(g1) =
tr<_ag+up,)(&1). This shows well-definedness of the map f.
Define the reflection order <’=<#1 as in [Bjorner and Brenti 2005, Proposition 5.2.3], so

g (B2) <" sp, (B3) <" -+ <58, (Bya+) <’ Bi.
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Define moreover the type
' ={n;—1,v)|iefl,...,N}yand n; > 1}.

Write 7' = 7;% .<,- Then the inductive assumption applies to 7. For all Uy, (g1) - - - Uig,ys (gao+)1 €
T (k), one easily checks Uy,p,(g2) - - - Uup,, . (g40) I € T' (k).

Observe that U,g, (L) normalizes U,p,(L)---U,p,,, (L). By the definition of the variety 7", we
see that (Uy,g, (L) N I1)T'(k) = T'(k). Hence we obtain a well-defined map of k-ind-schemes f5 :
T x (Uyp,(L)NT) — T sending gI € T (k) and Uy, (h) € I to

Uup, (h— fi(gD)gl € T' (k).
Define
x/:w/tﬂ’: X, I’l1>1,
rpx, np=1,
such that ¢’ is admissible for (x’, usg,, <"). Thus 7'(k) C “/1"°U(L)x'I, allowing us to write elements
g'l € T'(k) in the form
g/I = U—uﬁz(gi) T U—u,B#@Jr (g;&q:ﬁ_])Uuﬂl (gy;qﬁ)xll-

Here, we have
Uip (8hor) €51 = () w1, vi(ghes)) € DL
= vp(gher) = (W' up) + T (W) up) =m +1€Z.
Thus we obtain a well-defined morphism of k-ind-schemes ¢, : 7" — L, sending g'I € T'(k) as

represented above to tr<,, (g#;w) (check well-definedness using Corollary 3.6 as above).
Let S C L be the k-sub-ind-scheme defined by the following condition for z € L:

vi(z)>=m+1 ifn;>1,

e Sk :
cesl = {vL<z)=v1 ity =1.

We would like to define the map of k-ind-schemes ¢, : 7/ x § — T sending g'I € T'(k) and z € S(k) to

@2(8'1,2) =Uyp, (z—1(g'1))g'I.
Let us check that ¢, is well-defined, i.e., takes values in 7 as claimed. Fori =2, ..., #®™, we have
et U(L)ga(8'1, 2) =" et U (L)'
__ (usp)Ssg (8" Ssp, Byt )5B1 U(L)g'I.
Moreover, computing

92(8'1,2) € Uyp, (L) -+ - U—yp,y (L) Uy, (2)X'1,

we can apply Lemma 3.4 to get ¢»(g'1, z) € “oU(L)xI by the condition z € S(k). Comparing the
definitions of t and 7/, we get ¢,(g'l, z) € T (k).
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For a sufficiently large integer M >> 0, one checks that we have an isomorphism of k-ind-schemes
T x (Uup, (L) NI) = T x (SN L<py)
sending g € T (k) and Uyg, (h) € Uy, (L<y) NI to fo(gl, h) € T'(k) and

—h+@1(f281, 1) + f1(g]) € S()NL<y.

Its inverse is the map sending g’/ € T'(k) and z € S(k) N L<p to 2(g'1, z) € T (k) and

Uup (=2 + fi(92(8'], 2)) + ¢1(8'D) € Uup, (L<p) N 1.

By the inductive assumption, 7 is a finite-dimensional irreducible smooth affine scheme over k. The
same conditions hold true for S N L < (which is either an affine space over k or the product of a pointed
affine line with an affine space). Hence the same conditions all hold true for 7 x (U,g, (L<p) N 1). It
follows that they must also hold true for 7 itself. Moreover, we have
dim 7' —dim 7 = dim(U,g, (L<p) N 1) —dim(S N L <)
_[m4+1—=dF(—upy) ifn>1,
N {vl—d>+(—uﬂ1) ifn; =1.

By induction, we know 2dim 7' = N’ — Lusy, x),withN=Nifn;>land NN=N—-1ifn; =1 We
show 2dim7 = N — £, (x), using a case distinction depending on whether n; > 1 or not.
First consider the case n; = 1. From [Schremmer 2022, Lemma 2.12] or direct calculation, we get

Eusﬁl (x/) = gus,gl (I"blx) = euslgl (rbl) + 4y (x).
We calculate
Cusy, (o) = Lusy, (supy ") = (—v1BY, 2p) — L(usp,) +Lw).
Since B is simple, the above expression simplifies to

coo= =20 — 1 20T (—upy).
We conclude
dim T =dim 7" — vy + DF (—upy) = 3(N' = Lus, (x) —vi + ¥ (—upy)
= 3 (N = €u (@) + 201 =207 (—upp) —vi + T (~upy) = 5(N — £, (x)).
Let us now consider the case n; > 1. Then we calculate

ugy, )= Y L usga) = Y LG ua)

acdt aEsg, o+
=0, (x) — (L uB) + (7 —upr) = €,(x) —20(x ", upy).
We compute

e upy) = T upy) = (—wp, uBr) + S wp) — T (wup) =m+ @ upy).
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The claimed dimension formula for 7 follows just as above:
dim7 =dim7 —m — ®F(up) = %(N — Lusy, (X)) —m — ®F (up))
= 2N — () + 207 upr)) —m — @ py) = LN — €, (x)).
This finishes the induction and the proof. U

Lemma 3.11. Let (ny, v1), ..., (ny, vy) be an admissible type for (v, u, <). Define y=x1, ..., Xpp++1 =
leWasin Proposition 3.5, i.e.,

xm n¢{n17""nN}7
Xn—1 =
Yy Xn, N =np{ng,...,ny}.
Define integers my, ..., msep+ € Z as follows: If n =ny, € {ny, ..., ny}, we put m,, = vy,. Otherwise, we

let m,, € Z be the smallest value such that
xn_l(u,Bn, my) € (D:f-

Let M > 0. There is a reduced and finite-dimensional k-subscheme TM - L‘g} whose k-valued points
are

Tuk)={(g1, ..., gror) € LA such that vi (ga+ F D (gis1, .., grot)) =my Vn € {1, #07),

v (@t " (g1, go)) =my, V€ {ny, ... ny}}.

If M > m; foralli, then
- #OT
dmTy = > (M —m,+1).
n=1
We get a surjective map

(815 - 8a+t) > Uyp (81) - - Uyp,, . (8#0+)x1.

Proof. For each point (g, ..., gsze+) in the desired set for T, w (k), the t-valuations of the individual
coordinates gy, ..., gup+ can be bounded from below in terms of the datum {(n{, vy), ..., (ny, vy)}, by
the defining properties of the polynomials f(*. So indeed this set can be identified with the k-valued
points of a finite-dimensional k-scheme, which we denote by Twu.

The dimension of TM is can be determined as follows. For gu¢+, the conditions simply state gugp+ €
L) and v (ggep+) = mye+ Or = mye+. In any case, the allowed values for ggep+ form an irreducible
(M — mye+ + 1)-dimensional scheme over k.

We may continue like this. For any given g,11, ..., gso+ € L, the space of allowed values for g, has
the form

gn € L<y suchthat vp(g, —c)>m, or =my,,

where c is a constant independent of g,. We find a unique ¢ € L, such that v (¢ —c¢) > m,+ 1. Now the
allowed g, are precisely the elements of the form g, = —¢ + g,, where g, € L <) has ¢-valuation > m,,
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or =m,. So as long as m,, < M, we see that the space of allowed g, is irreducible of dimension M —m; +1.
The dimension formula follows.
Well-definedness and surjectivity of f are immediate from Proposition 3.5. U

We note the following useful facts.
Lemma 3.12. Letx € W and u € W.
(a) Let z = w,t": € W such that, for all a € ®,
(w,, uo) < =20(x).
Then £,(x) = £(zx) — £(2).

(b) If a = (o, m) € Dy satisfies ulaoedtandxla e D¢, then £, (rax) < £,(x).

(c) Suppose that y =x1, ..., Xspt+1 =1€ W and mi, ..., Mygep+ are as in Lemma 3.11. Then
#ot
> (@ (—upy) —my) = 2(Luw, (y) + N).
n=1

Proof. (1) This follows easily from the theory of length functionals from [Schremmer 2022]. Write
x = wt* and observe LP(z™') = LP(x~'z7!) = {w,u}. Then

(zx)=Lx"'z7h = 3 e 27 woux)

acdt

= Y (7 ua)+ 07 woux) = £,(x) +£(2),

aedt
where we used [loc. cit., Corollary 2.10 and Lemma 2.12].
(2) Let z be as in (a). Then u~'a € ®T is equivalent to ¢(z, ) < 0, so za € ®;. This shows
L(zrax) < £(zx). We conclude by (a).

(3) We show forall g € {1, ..., #d" + 1} that

#ot

23 (P (—uBy) —my) =Ly, (xg) +#{n € {ny,....nn} | n > q},
n=q

where ug = usg, - -sg,,, €W.

For g = 1, this is the desired statement. We do induction on #®* 4+ 1 — g. In the case ¢ = #d™ + 1,
both sides of the equation are easily seen to vanish.

In the inductive step, let us write x, = wy 7. Then

—1 —1
mg = <_wa/‘qa M,Bq) + (I>+(wq M,Bq) = CI>+(—M,3q) —mg = E(xq > _u,Bq)-
Note that
uq = Suﬁquq+1 = uq+1ssﬁ#®+u.sﬁq“(ﬁq),

with sg, . -+~ sg,,,(B4) being a simple root by Lemma 3.1. We conclude that

g ®F = (ufy} U (g 419%) \ {—upy).
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Consider the case g + 1 ¢ {ny, ..., ny}. Then x;, = x441, and
€y (xg) = Luy, (xg) +€(x,  uBy) — £(x, ' —upBy)
= iy (g) + 2600, uBy).

Hence
#o+ | #o+
2 3 (DT (—upy) —mn) =200x; " —ufy) +2 3 (@F(—upy) —my)
n=q n=qg+1
in:d.zg(xq_l’ —uBy) + Lu, o (g+1) +#{n € {ny, ... ,ny} In>q+1}
=Ly, (xg) +#n e {ny,....,ny}n>gq}
Consider now the case ¢ = n, — 1 for some i € {1, ..., N}. Then x; =rp, Xg+1 = rwp,.v)Xq+1- By

[Schremmer 2022, Lemma 2.12], we calculate
guq (xq) = euq (r(uﬁq,v;,)quq-‘rl) = Euq (r(u,Bq,vh)) + Esuﬁq ug (xq-‘rl)
= Cu, (Sup,1"™P0) + L, ., (g 1)

Here, ,
Cuy (Sup, 100y = v (—uy  sup,uB) . 2p) — £(ug) + Llug 1)
= vy uB), 2p) — Lug) + Llug (uy ' upy))
=2(®" (—upBy) —vi) — 1,
since u;luﬁq = —5p,o+ ' " Sp,.1 (Bg) s the negative of a simple root.
We conclude
#oT #OT
2 3 (@ (—uBy) —my) =2(DF (—upy) —vi) +2 Y (DT (—upy) —my)
n=q n=q+1
= 2T (—uBy) — i) + Ly, (xgs1) FH#n € (ny, .. nn} 0> g+ 1)
=y, (g) + L, (Sup, 1P + 1+ #{n e {ny, ... ny} | n>q +1)
=Ly, (xg) +#ne{n,....,ny} n>q}
This finishes the induction and the proof. (I

We reformulate this proposition to describe arbitrary intersections of semi-infinite orbits.

Theorem 3.13. Let u,v € W and x = w,t", y € W. Pick a reflection order ®* = {B1 < -+ < Bao+)
and an indexn € {0, ..., #®} such that

1.
u v= slgn-H U Sﬂ#q>+ .

Then we get a decomposition into locally closed subsets
(“U@y N U@)xI) N U L)y = xT: € G(L)/1,
T

where T runs through all T = {(ny, v1), ..., (ny, vy)} which are admissible types for (xfly, w;lu, <)

and satisfy the additional constraint N = 0 or ny < n. Each piece xT; = x%;' cGWL)/lisa

u,<,7
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locally closed subset of the affine flag variety, and an irreducible smooth affine k-scheme of dimension
dimxTe = 5(£,(x) — £u(y) +#1).
Proof. For all B € ®*, we have

Ugp(L)C'UL) <= v 'uped™® = BElBL. Bl

em. 5.
Hence
“UL)NYU(L) =Uyg (L) - - - Uy, (L),

x MUY N U)X =Upyryg (L) - Uy (L),
By Proposition 3.5, we obtain a decomposition of the corresponding subset of the affine flag variety
Uyotg, (L) - Uyor,6 (LT CG(L)/1

into types {(n1, v1), ..., (nn, vy)} with ny < n. Denote by 7 =T, -1, _ _ the subset associated with

such a type 7 as in Lemma 3.8. We have
T cxloyLyyl ="y L)x 'yl

if and only if 7 is admissible for (x 'y, wy Y4, <). It remains to compute the dimension of 7 using
Proposition 3.10 and [Schremmer 2022, Lemma 2.12]:

2dim7T=N—£ .1 (x"'y)

wy U

=N —£,1,67) = £,(3) = N +£,(x) = (). O

Remark 3.14. (a) It seems reasonable to expect that each type variety 7T, < . should be a product of
affine lines and pointed affine lines over k, but the proof of such a statement would probably require
undue analysis of the polynomials f* or some major progress towards Zariski’s cancellation problem.
We don’t need such a precise description.

1

(b) Given u, v, there are in general several possible reflection orders satisfying v™"u = sg, ., - - sg,,. for

n = £(wov~'u). While the geometry of the intersection
(“U@)N UW@)XI) N (U (L) yI)

does not depend on the choice of reflection order, the decomposition into subsets indexed by types tends
to do that; i.e., different reflection orders yield different subsets. It is not clear how these are related,
aside from the simple observation that subsets of maximal dimension parametrize irreducible components
of maximal dimension. We will prove that the number of such subsets x7; of any given dimension is
independent of the chosen reflection order.

(c) For each given (x, u, <), there exist only finitely many admissible types. This is straightforward
to prove directly, and will immediately follow from a later result (see Lemma 4.4). So Theorem 3.13
provides a decomposition into finitely many locally closed pieces.
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Example 3.15. Consider the group G = GL3. Let T be the torus of diagonal matrices and B be the upper
triangular matrices. Let u = v = wyp and

00 ¢!
x=wot’” =|01 0
t0 0

We denote our simple roots by A = {«, B} corresponding to the diagonal matrices & = diag(¢, t~!, 0) and
,3 = (0,1, t_l). We choose the reflection order « < o + B8 < B. Then the admissible types for (x, u, <)
are given by the cardinality-1 type {(—a — 8, —1)} as well as the cardinality-3 types
{(_ﬂ7 0)7 (_Ol - ﬂv _1)7 (_a7 0)}’ {(_Olv _1)’ (_a - :8’ 0)’ (_ﬂ7 _1)}
We see that the intersection
woyuLYINUL)xI c G(L)/I
has dimension

1B =Ly () =3(3=(=p".,2p) + L(wo)) = 13 +4+3) =5,

and the number of 5-dimensional irreducible components is two.

4. Double Bruhat graph

There is a more convenient and natural way to encode the datum of an admissible type (n1,v;), ..., (ny,VN).
This construction is due to [Naito and Watanabe 2017, Section 5.1], used originally to describe periodic
R-polynomials of affine Weyl groups.

Definition 4.1. Let ®™ = {8; < - - - < Bag+} be a reflection order and v, w € W.

(a) The double Bruhat graph DBG(W) is a finite directed graph. Its set of vertices is W. For each w e W
and o € @7, there is an edge w ——> wsq.

(b) A unlabelled path p in DBG(W) is a sequence of adjacent edges
prv=u -5 uy 2 I u = w.

We call p an unlabelled path from v to w of length £(p) = £. We say p is increasing with respect to < if
oy < --- <ay. We say that p is bounded by n € Z if each occurring root «; has the form «; = B for j <n.

(c) A labelled path or path p in DBG(W) consists of an unlabelled path
- o o oy
pPiv=U] —> Uy —> - —> U =W

together with integers m1, ..., my € Z subject to the condition

m; > ®F (—uj0;) = {0’ Cuitr) > £(u),
I Cuit1) < €(u;).

We write p as
(or1,m1) s (@a,ma)  (ag,mye)

pv=u Upy1 = W.
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The weight of p is

wt(p) =mio) +---+mya) € 2.
The length of p is £(p) = £(p) = £. We say that p is increasing with respect to < if p is. We say that
p is bounded by n € Z if p is.

(d) The set of all paths from v to w that are increasing with respect to < and bounded by # € Z is denoted
by pathsZ, (v = w). We also write

paths™(v = w) = paths§#©+ v=w)
for the set of all increasing paths from v to w.

Example 4.2. This is the double Bruhat graph of type A,, where we denote the simple roots by A =
{a1, a2} and the corresponding simple reflections by S = {s1, s2}. For each root @ € ®* = {ay, o, a1 + a3}
and each w € W, there is an edge w — ws, with label o and the converse edge ws, — w with the same
label, making each edge appear doubled (which explains the graph’s name):

5152

A1
o

5251

A1
o]

The two reflection orders are given by

a1 <o) +ay <y,

oy <o) +ay <ag.

Remark 4.3. One could similarly study paths in the double Bruhat graph bounded from below by a
root B,,, or even paths such that oy, ..., agp) € {Bn, ..., Bn) for fixed indices m, n € Z. However, this
extra generality would not yield any new information:

Ifwo=sq, - - Syt is the reduced expression corresponding to our reflection order and 0 <m <n <#®™,
we could consider a different reflection order <" coming from the reduced word

WO = Sayy1 " * " Soygt S—woar ** " S—woay -
: + r ! Ql
If we write @7 = {8] <"--- <" B}, then
/ .
Bi =Sa; " Sa, Bi_y, P=m+1,...,n.

This would give a one-to-one correspondence of paths which are increasing for < and where all roots lie
between m and n and paths which are increasing for <" and bounded by n — m.
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The comparison between types and paths is given as follows.

Lemma 4.4. Let @ = {B] < - -- < Bua+ )} be a reflection order, x = wt" € W and u € W. Let moreover
nef0,..., #dT).

Let A be the set of all admissible types {(ny, v1), ..., (nn, vN)} for (x, u, <) satisfying the condition
ny <---<ny <n. Define

P:={pe paths;(w_lu =u) | wt(p) = u_lw,u}.

Then we get a bijective map A => P sending a type T = {(n1, v1), ..., (ny, vy)} of cardinality N to the

length-N path
1, G Gaymy)

piw
in P, where (B, m}) :=rpy - -1, (bp) € CID;Ff and by, = (upP,,, vp) € Qor forh =1, ..., N.

Remark 4.5. We remark that if 4 ¢ Z®" in the above lemma, then one trivially gets P = & by the
definition of the double Bruhat graph. Moreover, it is clear that such an x cannot be a product of affine
reflections; hence trivially A = @ by the definition of admissible types. The statement is more interesting
when p € Z®V, that is, when x lies in the nonextended affine Weyl group.

Proof of Lemma 4.4. For now, we fix arbitrary integers 1 <n; <--- <ny <nand vy, ..., vy € Z. Define

the set
T={(n,v1),...,(an,vn)} CZx 2.

For h e {1, ..., N}, define by := (ufy,, vi) € Par and
by, = (B, m}) :==rp, -+ - 1, (bp) € Pyt

Finally, we write down something that may or may not be a path in DBG(W) as
(5n1ym/1) o (ﬂnN,m;v) "

pusg, -Sg,
We want to show that 7 € A if and only if p € P, since the desired bijection is immediate from this.
The key observation is that, for 4 € {1, ..., N},
Foy = oy (bn) €Dy > rpy -, (by) € Of
= B,ed}
= (usp, g, B m)) € Py
<~ m}, > <I>+(us5nN e SB, (Bn,))-
Thus 7 is an admissible type for some (X, u, <) if and only if p is a well-defined path in the double
Bruhat graph. In this case, it is clear that p is increasing with respect to < and bounded by 7.

We calculate

4 /7 \V YN
My Sgr-Sg (,BN) +"'+m1(ﬂ])
rb|"'rb1v:rb}\,"'rh’l:sﬁ}\,"'sﬁ][ 1 N—-1 .

In the case

Su/snl T suﬁnN # w,
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we see that  cannot be admissible for (x, u, <) and p does not start in w~'u. So assume from now on that

Suﬂnl e s”,BnN =w.
Then we can simplify
/‘/.”,/ /V_'__“_,’_/ WV
ETEY wtmNYﬁl sﬁN—l(ﬂN) ml(ﬂl) )
We compute for 2 =1, ..., N that

—1 -1
mpSg; - sg (B =my(sg - sp ) (sgy o sg) By =mpw ™ sg s B =muwT upy.

We conclude

-1
Tp oy = wt? uwt(p).

Hence t is admissible for (x, u, <) if and only if wt(p) = ulwp. O

We can state the double Bruhat version of Theorem 3.13 as follows. It can be seen as an analogue of
[Parkinson et al. 2009, Theorem 7.1]. Their result studies slightly different intersections in the affine flag
variety and uses folded alcove walks rather than paths in the double Bruhat graph.

Theorem 4.6. Letu,ve W and x =w,t", y=w,t" € W. Picka reflection order ®* ={B1 <+ - - < Buap+}
and an index n € {0, ..., #®T} such that

-1 _
u v= s5n+l e s/s#q>+ .

Then we get a decomposition into locally closed subsets

(“U@)yn*u@HxI)nE™u L)yl = |x7,,
P
where p runs through all paths p € pathsgn(w;lu = w_ 'u) such that
UWt(p) = wyly — Wy fly.
Each variety xT, € G(L)/I is an irreducible smooth affine k-scheme of dimension
dim(x7,) = dim T, = 5 (£, (x) — £, (y) + £(p)). O

The aim of this section is to develop the basic properties of the double Bruhat graph. For the remainder
of this section, fix a reflection order ®* = {B; < - - - < Byo+}. We first introduce a couple of immediate
properties about paths in paths< (- = -). Part (a) of the following lemma is an adaption of the duality
antiautomorphism from [Lenart et al. 2015, Proposition 4.3].

Lemma4.7. Letu,ve W andn € Z.
(a) Denote by > the reflection order obtained by reversing <. Then we have a bijection

pathsZ, (u = v) — pathsZ, (wov = wou),

(wl (@r,ny) o (ag,ne)

(@g,me)  (@1,n1)

wet1) > (wowesi wow ),

that preserves both the weight and the length of each path.
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(b) Let <’ be the reflection order defined by
a<'B = —woa < —wpp.
Then we have a bijection

pathsZ, (u = v) — pathsgfn(wouwo = wovwy),

(woa,ni)  (—woae,ne)

(wl (ar,m), (oe,ne)

we+1) = (wowlwo wowz+1w0),

that preserves the lengths of paths. It sends path of weight w to a path of weight —wow.
(c) Let x € Q2 be of length zero in W and write it as x = wt". Then we have a bijection

pathsZ, (u = v) — pathsZ, (wu = wv),

(wl (arni), (oe,ne) (@i —(pwwiar)) - (ae,ne—{p, weae))

wwe+1),

we+1) = (ww1

that preserves the lengths of paths. It sends a path of weight w to a path of weight w +v "'y —u=' 1.
Proof. This proof is a straightforward verification. O

It is rather natural and very fruitful to compare the definition of the double Bruhat graph with the
similar concept of the quantum Bruhat graph. The quantum Bruhat graph can be defined as a subgraph of

the double Bruhat graph, containing all those paths

(ar,my)  («e,me)

p.u Ue+1

satisfying the additional constraint that for each n € {1, ..., m,} either
o l(Uupy1) =€L(uy)+1and m, =0 or
o L(upt1) =L(uy)+1— (), 2p) and m, = 1.

The quantum Bruhat graph was introduced by Brenti, Fomin and Postnikov [Brenti et al. 1999] in order
to study certain solutions to the Yang—Baxter equations related to the quantum Chevalley—Monk formula.
It has since occurred frequently in literature on quantum cohomology of flag varieties, e.g., in [Postnikov
2005]. Due to its relationship to the affine Bruhat order discovered by Lam and Shimozono [2010], it
since has played a major role in the study of affine Bruhat order and affine Deligne—Lusztig varieties,
e.g., in [Milic¢evi¢ 2021; Mili¢evi¢ and Viehmann 2020; He and Yu 2021; Schremmer 2024].

The initial article [Brenti et al. 1999] is of special interest to us, since we may identify its main
result as a crucial statement on the double Bruhat graph. The authors derive the fundamental properties
of the quantum Bruhat graph as an application of their main result, which we may recognize as the
aforementioned embedding of the quantum Bruhat graph into the double Bruhat graph.

Let us recall the main result of [loc. cit.] in the authors’ language. They construct a family of solutions to
the Yang—Baxter equations for the finite Weyl group W as follows: Choose a field K of characteristic zero,
and multiplicative functions E|, E, : ®T — K, i.e., functions satisfying

Ei(a+pB)=E;(@)E;(B) whenevera, B,a+p e dt.
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We have to assume that there is no root @ € ®* such that Ej(a) = E>(a) = 0. Choose moreover
constants k, € K depending only on the length of @ € ®*. Define for each « € ®™ the following K -linear
endomorphism of the group algebra K[W]:

R KW KWL s [V o
Here, we define the scalars

Ko Ev(a) Ko En(at)
TE@-Bw@ “TE@-b@ "

Then the linear functions {R,}yco+ satisfy the Yang—Baxter equations. We do not wish to recall how

Da

these equations are defined, referring the reader to the original article [Brenti et al. 1999] for the details.
We do want to note, however, the following consequence of the Yang—Baxter equations, which is proved
completely analogously to [loc. cit., Proposition 2.5]:

Proposition 4.8. Let @t = {B] < --- < Bao+} = {y1 <" - -+ <" yao+]} be two reflection orders on ®+ and
0 <n <#d7 such that
Sgr 8By = Syt Sy,
Then
Rp -~ Rp, =Ry, -+ R,

n

as endomorphisms on K[W]. O

How is this related to the double Bruhat graph? We can make the following choices, which are
essentially universal:!
Write A = {ay, ..., asa} and let K be the field of formal Laurent series over @ in 2 + #A formal
variables, denoted by
K = Q(kg, k7, €1, ..., e¥)).

To an element of the root lattice A = cjay + - - - + cxaaua, We associate the element
eh = (Y1) .. (D) e K.

Define E|(«) = 1 and E;(a) = e* € K for all @ € ®*. We put k, = k if « is short and «, = «; if o is
long. Then we observe
K e@*(—w’l(x)a
o io
Ry(w)=w+ ————s,w=w+ 3 kgl Csqw.
l—e >0t (—wla)

"or w™1s, in the double Bruhat graph associated to the

1

This basically describes all paths from w™! to w™

\%
dual root system, with the restriction that the only occurring edge may be w~! = w~ls,. Composition
I'We may focus on irreducible root systems, where only one of the two functions E;, E is allowed to vanish on the highest
root. If this is without loss of generality E, replacing (E1, E5) by (1, E»/E1) yields the same solutions R,. Now a universal
solution would be given by choosing E(«) = €% and k¢ € {«;, k;} for the subring R contained in our choice of K generated by
these values and the inverses 1/(E(«) — 1). However, R is not a field, and we would like to expand the geometric series.
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of the linear operators R, along a reflection order recovers precisely our notion of paths in the double
Bruhat graph which are increasing with respect to that reflection order.

Corollary 4.9. Let ®T = {1 < --- < Bao+) = {y1 < -+ < yua+} be two reflection orders on ®* and
0 <n < #®7 such that

Sﬂl ”'Sﬂn :SVI ”‘Syn'

Letu,ve W, ue€Z® and s, £ € Z>y.

Let p- be the number of paths p € pathsZ, (u = v) such that wt(p) = pu, €(p) = £s + £; and the
number of short (resp. long) roots occurring as labels in p is equal to £ (resp. £;). Define p similarly.
Then pL = p.

Proof. Construct the operators R as above for the dual root system @V, and consider the Q-coefficient
of Kf ’/{f Tetv~! in the expansion of
\Y v oo —1
Rﬂn\/"'Rﬂlvu EK[W].

By construction, this number is equal to p-. By Proposition 4.8, it is also equal to p. (I

It is convenient to use the language of multisets when keeping track of the lengths and weights of
paths. Recall that a multiset is a modification of the concept of a set, where elements are allowed to be
contained multiple times in a multiset.

Formally, we may define a multiset M as a tuple (|M|, m) where |M| is any set and m : |M| —
Z>1 U {400} is a function (to be thought of as counting how often an element occurs in M). We write
X € M meaning x € |M|, and say that x has multiplicity m(x) in M. If x ¢ M, we say that x has multiplicity
zero in M.

If f is a map from |M| to some abelian group (e.g., the real numbers), we write

> f)= 2 m@x)f),
xeM xe|M|
meaning that elements are summed with multiplicity (depending on the function and the abelian group,
such a sum may or may not be well-defined). The cardinality of M can then be defined as
#M = ) 1e€Z59U{oo}.
xeM

If M, M’ are two multisets, we define their additive union M U M’ by declaring that x has multiplicity
mi+my in M UM’, where m| € Z> U {+00} is the multiplicity of x in M and m, the multiplicity of x
in M.

When explicitly writing down multisets via a list of elements (the number of occurrences expressing
the multiplicity), we use the notation { - },,, to distinguish from the usual set notation { - }.

Definition 4.10. Let @™ = {B; < - - - < Buo+} be a reflection order and n € {0, ..., #dT}.

(a) We write

Ton = S/S)Hrl e sﬂ#q>+ ew.



Affine Deligne—Lusztig varieties via the double Bruhat graph, | 2001

(b) If u, v e W, we define
wts(u = v --» vT.,)
to be the multiset
{(wt(p), £(p)) | p € pathsZ, (u = v)}n,

i.e., the multiplicity of (w, e) € wts(u = v --» v, ) is equal to the number of paths in pathsZ, (u = v)
of weight w and length e.
We use the shorthand notation
wts(u = v) ;= wts(u = v --» v).

The reflection order does not occur any more in the wts(- - - )-notation, due to Corollary 4.9 (and
the usual observation wy = sg, - - “Sp,or)- From Lemma 3.2, we see that {(r,.,) = #dT — n and that,
for each u € W, one may find a suitable reflection order < with u = 7, #¢+_¢(,). Hence the notation
wts(u = v --+ w) is well-defined for all u, v, w € W.

We note the following immediate properties.

Lemma 4.11. Let u, v,v' € W. Then the multiset wts(u = v --+ V") is nonempty if and only if the
following inequality on the Bruhat order of W is satisfied:

In this case, we have
max{e | (w, e) € wis(u = v --» v)} = L™ ') — (v~ V).

Proof. Let us pick a reflection order ®* = {8] < - - - < Byo+} With v/ = v, ,. Write the corresponding
reduced word as wo = Sq; * - * So s -
The multiset in question is nonempty if there is a sequence 1 <i; < --- < i, <n of indices such that

v:usﬁil...sﬂie R—1 Usal"'san:”sm"'sail"‘Sai(,"‘san
-1 . A ~
R—1 u vsal...san_sal...sail...sa[_g...san.
Using the subword criterion for Bruhat order, the existence of such indices iy, ..., i, is equivalent to the

Bruhat order inequality

—1
U VSq " Sa, = Saj " Say,>

and the maximal number e is equal to the difference in lengths of the two sides. Now we compute

Sal e San = S,Bn-H e S,B#<1>+Sal T Sa#<p+ = TT~pWo-
Hence the above Bruhat order condition becomes u~'v'wy < v~'v'wg. The claim follows using the
Bruhat order antiautomorphism induced by multiplication by wy. ]

Remark 4.12. We can use these multisets to summarize Theorem 4.6 as follows: The number of pieces 7,
of dimension d occurring in
(“UW@yN*U@LNxI)N " UL)yI)
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is equal to the multiplicity of the tuple

(™ wypty — " Wi, 2d — 0, () + €,()
in the multiset

wts(w?lu = w_ lu - w; ).

We finish this section by comparing the double Bruhat graph more directly to the quantum Bruhat
graph.

Proposition 4.13. Let u, v € W. Denote by d(u = v) the distance of a shortest path in the quantum
Bruhat graph from u to v, and by wt(u = v) the weight of such a path. Let (v, e) € wts(u = v).

(1) We have w > wt(u = v).
(2) We have
e <{w,2p)+L(v) —(u).
If the equality holds, then ® = wt(u = v) and e = d(u = v).
(3) The multiplicity of
(wWt(u = v),d(u = v))
in the multiset wts(u = v) is equal to 1.

Proof. Pick a reflection order <, and a path p € paths™(u = v) of weight @ and length e. Write it as

(army) - (2e,me)

piu=u Uetr] = V.

(a) Using the triangle inequality for the quantum Bruhat graph [Postnikov 2005, Lemma 1], we get
wt(u = v) < wt(ug = u2) +- - -+ wt(ue = teq1).
At each step, apply [Schremmer 2022, Lemma 4.7] to get

s <O (—uma)ay + -+ T (—upa)a)

<may +---+me) =w.
(b) For each edge u; Low,mi) Ui+, we estimate
(mia/, 2p) =mi(o, 2p) = ®F (—uja) (o), 2p).

If u;¢; is a positive root, we evaluate - - - =0 > €(u;) — €(u;+1) + 1. If u;0; is a negative root, we apply
[Brenti et al. 1999, Lemma 4.3] to see (otiv, 2p) > L(u;) —L(u;+1) + 1. In any case, we get

(mia, 2p) > €(u;) — L(uit1) + 1,

with equality holding if and only if there is an edge u; — ;. in the quantum Bruhat graph of weight m;c,’.
Iterating this over all edges of the path p, we get the desired inequality.
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If equality holds, we get a path in the quantum Bruhat graph
pliul— = u,
of length e and weight w. Moreover, p’ is increasing with respect to our reflection order. By [Brenti et al.
1999, Theorem 6.4], p’ must be a shortest path, so e = d(u = v) and v = wt(u = v).

(c) In view of the proof of (b), we have to see that there exists a unique shortest path in the quantum
Bruhat graph which is increasing for <. This statement is found again in [loc. cit., Theorem 6.4]. (I

As an application of our findings so far, we are able to prove the following identity.

Proposition 4.14. Let x € W and u € W. Then
“UL)xD) N CUWL)xT) = “UL) N U(L))xI.

Proof. The group H :="U(L)N"U (L) acts on both sides of this equation by left multiplication. Moreover,
each H-orbit in “U (L) contains an element of “U (L) NV U (L). We see that each H-orbit of

“UWL)xHNCUL)xI)
contains an element of the intersection
Y ="UW@L)yn™u@L)xInCUL)xI).
We claim that ¥ = x1. Indeed, Y /I € G(L)/I is decomposed into pieces according to the multiset
wts(w;lv = w;lv -3 wx_]u).

By Lemma 4.11, we see that this multiset only contains tuples of the form (w, 0), i.e., all elements in
there correspond to length-zero paths from w_'v to w'v in the double Bruhat graph. Since there is
exactly one such path, we conclude that Y/ is irreducible of dimension zero, that is, a point. So the
inclusion x/ C Y is an equality.

We summarize that

UL NCUL)xT) = HY = HxI = (“U(L)N U (L))x1. O

5. Affine Deligne-Lusztig varieties

In this section, we study affine Deligne—Lusztig varieties in the affine flag variety. So the parahoric
subgroup is I and the variety X, (b) is parametrized by x € W and [b] € B(G). In addition to the restriction
on split groups over a local field of equal characteristic, we also fix a o-conjugacy class [b] € B(G)
whose Newton point v(b) € X, (T) ® Q is integral, i.e., contained in X,(T). Then b = t'® e W is our
canonical representative of [b] € B(G). Our three main questions regarding the geometry of X, (b) are
answered by Gortz, Haines, Kottwitz and Reuman in terms of intersections of semi-infinite orbits with
affine Schubert cells. Due to different choices of Iwahori subgroups, we have a few signs different from
the original source. We define the dimension of the empty variety to be —oc.
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Theorem 5.1 [Gortz et al. 2006, Theorem 6.3.1]. Let x, z € W. Then
dim(X, (b)) NU(L)z™'1/1) = dim(Ix1/I N CU(L))zbz ' 1/1).

The number of (Jp(F)NU (L))-orbits of top-dimensional irreducible components in X ,(b) N U(L)z™! 1/1

is equal to the number of top-dimensional irreducible components in
IxI/INCU(L)zbz " 1/1. O

The statement on irreducible components is missing in the cited source, but follows since the proof
method allows us to compare admissible subsets in X, (b) N U (L)z7'1 /1 with admissible subsets in the
other intersection. A generalization of Theorem 5.1 to nonintegral [b] can be found in [Gortz et al. 2010,
Theorem 11.3.1], but it is unclear how our methods can be applied to that generalized statement, or how a
connection to the double Bruhat graph would be given in general.

If we write z = ut*:, then

CU(L)zbz ' T ="U @)1

Our main result describing the intersection of that set with /x/ is the following.
Theorem 5.2. Let x = w, ", y = w,t'y € W. Let vy € LP(x) and u € W. Pick a reflection order < and

an index n €0, ..., #d1) such that ., = u='wyvywo. Then

(IxI/DHNUL)yl/) = || T,cCGWL)/I,
peP
where

P={pe pathsgn(wy_lu = w;lu) | wt(p) = u_lwyudy —u  we )
and each '7',; C G(L)/I is a locally closed k-subscheme of finite dimension
dim %p = %(ﬁ(x) —£,(y) +£(p)) — codim(T, N (x~'IxD) C Tp).
Here, T, C G(L)/I is the variety from Theorem 4.6. If T, Nx~'Ix1 is dense in Tp, then ’7,, is irreducible.
Proof. We may write IxI/I =1(x)xI/I = I(x), where I (x) is the finite-dimensional k-group
I(x) = 1;[ Ua,

with the product taken over all positive affine roots a € CD;Ff such that x~la € &, Ifa=(a,m)is
such a root, recall that the root subgroup U, is defined as the subvariety U, = {Uy (ht™) | h € k}. The
length positivity of v, implies (w, vy wo) ' € ®t. Thus we can rewrite the condition v, € LP(x) as
I(x) C Wv=W (L), or
IxI =Ny (L)xl.
Observe that we have an isomorphism of k-ind-schemes
(UL NTU(L)) x (MU L) NHPU (L)) — UL,

(5.3)
(81, &1) — g182-
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Such an isomorphism may, e.g., be obtained by decomposing U (L) into a suitable product of root
subgroups U, (L) as discussed in the beginning of Section 3.

Using (5.3), we can write each element g € I (x) uniquely in the form g = g, g», with g; € I (x)N*"U (L)
and g € I(x) N*U(L). Then gxI € "WoU (L)yl holds if and only if goxI € ““oU(L)yl. Hence the
decomposition (5.3) yields an isomorphism

(IxIN"™™U(L)yD/I =T x)xI N UL)yD)/I
= (@) N U@)xI/I) x (I x)N“U@L))xIN""UL)yl)/I.  (5.4)

The first variety (I (x) N*"U (L))xI/1 = 1(x)N"*"oU (L) is just an affine space over kK whose dimension
is given by the number of positive affine roots a = (a, m) with x~'a € @, and (uwo)~'a € ®*. By
[Schremmer 2022, Lemma 2.9], we can express this quantity as

Sp:= Y max(0, £(x !, ua)).

aed—
Let us moreover define

Sy:= Y min(0, £(x ', ua)).

aed—

Then —S; — S, is simply the sum over all £(x !, —ua) for @ € ®*, which we denoted by £, (x). Conversely,
S1 — S is the sum over all [£(x ™!, ua)|, which equals £(x) by [loc. cit., Corollary 2.10, Lemma 2.6]. We
conclude

dim I (x) N"U(L) = Sy = $(£(x) — £, (x)).
It remains to study the second factor in (5.4). Following Theorem 4.6, we may take the decomposition

[wxvwaU(L) ) LIU(L)]XI = U)C7;),
p

with the union taken over all paths p € pathsZ, (u' = w; 'u) and all u’ € W. Using Theorem 4.6, we
conclude that x7, N“*“°U(L)ylI is empty if p ¢ P and equal to x7, if p € P. Hence the second factor in
(5.4) can be decomposed as

(N gLy N U@)xI N UL)yI) /1= || T, NIxI/I).
peP

‘We have
dim(x7, N IxI/I) = dim T, — codim(7, ﬂx_llxl/l CTp).

So the piece T p corresponding to I (x) N“*U (L) and x7, N IxI under (5.4) has dimension
3(£00) = () + 3 (€ (x) = £, () +£(p)) — codim(T, Nx~ ' [x1/T S T).

Cancelling the common term £, (x), we get the claimed formula. If 7, N x~'xI is dense in Ty, then
Tp N x~'IxI is irreducible itself. Thus 7 p» 1s isomorphic to the direct product of the affine space
I(x) """y (L) and the irreducible variety 7, N x~'Ix1, and hence is irreducible itself. U
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We are especially interested in those situations where all p € P satisty the property 7, C x~'IxI. This
is not guaranteed at all, as one may choose p and x independently to obtain examples where the inclusion
is far from being satisfied. Nonetheless, we can develop some regularity conditions imposed on (x, y)
that guarantee this inclusion.

Lemma 5.5. Let @ = {B) < - - - < Bua~+} be a reflection order, u,v € W and p € paths=(u = v). Pick
gl € T, and write it as
gl =Uyp (g1) - Ui, (8ho+)1 € T)p.

Then, form =1, ..., #®%, we have

vr(gm) = =3(p", Bu)(Wt(p), p),
where p is the half-sum of positive roots and p" the half-sum of positive coroots.

Proof. Write our path as

. (a1,m1) (@e(p)sMep))
pu=uj L L ug(p)H:v.

Denote the type corresponding to p under Lemma 4.4 by © = {(n1, v1), ..., (ng(p), vep))}. This means
a; = B, and

(SOlg(p) e s(){,url (ai)7 mi) = r(a[(p),l)((p)) e r(aiﬂ,v,-“)(ai» vi) € (Daf-

We also write o := s, - - - S, (@) € D.
Let £ be the rational polynomials used in the definition of 7, = 7. < ., i.e., the polynomials from
Proposition 3.5. We use them to define the values (gi(m))lf,-imi#w via the identities

g,.(m) =8+ fi(m)(gt{—kl’ oo 8ot )s

g =8um,

Letme(l,...,#®%}and let h = h(m) € {0, ..., £(p)} be maximal such that ayy < fB,, for all i’ < h.
Then the condition g € 7, implies, by definition, that g, =0 or

/ +
r(u()lg(p),W(p)) e r(uah+1,vh+1)(u,8r11a VL (gm)) € q)af'
Observe that we can write
AN /
r(”“((l’)avl(p)) U r(uah+lavl1+l)(u18m7 vr (gm)) - r(ua]/l+17m/1+l) e r(uaé(p)aml(p))(uﬂmv vy, (gm))

(p)

= (VBm. vr(g,) + > ciuaj, m;)
i=h+1

for elements ¢; € {0, £1, +2, £3} describing the pairings between the occurring roots. Thus

, Up) Up) y
vL(gm) Z =3 ; iz -3 /Z 1mi<0t,~ »p) = =3{wt(p), p).
1=h+ i=h+

We claim for allm € {1,...,#®"} andi € {1, ..., n} that

v (g™ —g)) = =3(p", Bi) (Wi(p), p).
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Induction on m —i: For m =i, we have gl.(m) = g/ by definition, so there is nothing to prove.
So let now i < m and suppose the claim has been proved for all pairs of smaller difference.
If By ¢ {aq, ..., ag(p)}, then applying Lemma 3.4 (which is how the polynomials £ were constructed)
; (m) _ _(m=1) . .. .
yields g, = g; , so we are done by induction immediately.

So suppose now that B, € {a1, ..., ayp)}. Applying Lemma 3.4, we see that g,.(m_l) has the form

1 )
gl(m ) = g,(m) + Z CeH_] ..... em (gi(;ni)eHrl e (g’(?;"’l))ém’

with the sum taken over all possible integers e; 1, ..., eu—1 > 0, e, < 0 such that

Bi = eit1Bix1+ -+ emPm

and structure constants c.,,, .., €Z. By the inductive assumption and the above estimate on v; (g.), we see

.....

m

v[(g D1 - (g )11 = =3(Wt(p), p) (0", €ir1Bisc1 + -+ €1, Bu—1).

An entirely similar argument to the one presented above shows moreover vz (g,,) < 3(wt(p), 2p), so that

v ((g,)") = =3en(wWt(p), p)(p", Bn)-
‘We conclude

UL[Ce,-H ..... em (g,'(_r;r_l;)ei_#] te (g,(nm))em] = —3(Wt(p), p)(pv, eiv1fi+1+ -+ emPm)

= =3(wt(p), p)(p", Bi).
Hence

(g™ — g™y > =3(pY, Bi)(Wi(p), p).
This finishes the induction.

In particular, we see

v (8m) = —=3(p", Bu) (Wt(p), p)
for all m. U

We finally define the class of elements in W where Theorem 5.2 and Lemma 5.5 describe affine
Deligne—Lusztig varieties fully.

Definition 5.6. Let x = wi* € W, J C A and C € R.. We say that x is (J, C)-superparabolic if there
exists v € W such that

(a) all @ € @ satisfy £(x, va) =0 and
(b) alla € @\ ®; and v' € vW, satisfy
(w,v'a) > C{p", ).
This is a generalization of the J-adjusted and J-superdominant elements from [Lenart et al. 2015]. If

x is (J, 2)-superparabolic and v as in the above definition, then one easily checks LP(x) = vW;. We can
interpret condition (b) above as a regularity condition of the length functional, in particular

(Va e dt\ Py, L(x,va)>1+C(pY, 2p)) = condition (b) of Definition 5.6
= (Va ECI>+\<I>J, L(x,va) > C—l).
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Theorem 5.7. Let x = wt* € W and b = t"® be an element with integral dominant Newton point
v(b) € X (T)dom Define for each v € LP(x) and u € W the multiset

E@w,v):={e| w 'u—vb),e) e wts(u = wu --» wv)},,.

Put max @ := —oo and define

e:=max min max(E(u,v)) € ZU{—o0},
ueW velP(x)

d:=3(Ex)+e—(v(b),2p)) € ZU{—o00}.
(a) Ifthere exists for every u € W some v € LP(x) with E(u, v) =9, i.e., if e=d = —00, then X, (b) = @.
b) If X, (b) # D, then dim X, (b) <d.
(c) Write C = 3(ud°™ — v(b), p) and suppose that x is (J, C)-superparabolic for some J C A. Define
the multiset E as the additive union

E= |J E@wo(J),v).
velP(x)

Then X, (b) # @ if and only if E # @. In this case, e = max(E) and dim X, (b) = d.

(d) Assume X, (b) # & and let X4 be the set of d-dimensional irreducible components of X, (b). Then
the number of Jp(F)-orbits in X, is

#(Xy/Ip(F)) < > mivlvl(multiplicity of e in E(u, v)).

ueW ve
If we are in the situation of (c) and b is regular, i.e., (v(b), a) # 0 for all « € ®, then #(X;/Jp(F)) is
equal to the multiplicity of e in E.

Proof. We use Theorem 5.1 to reduce questions on the affine Deligne—Lusztig variety to the situation of
Theorem 5.2.
So let z = ut*: € W. Then X «()NUWL)z /I is closely related to the intersection

(IxI/DHN U@L O 1)1,
Pick v € LP(x). By Theorem 5.2, the latter intersection can be decomposed into pieces (%p) pep With
P = {p € paths<, (uwo = w™ uwo) | w(p) = (uwo) ™" (uv (b)) — (uwo) ™ wpu}.

1

Here, < is a reflection order chosen such that ., = wou™ wvwy. The number of paths in P having a

given length £ € Z> is equal to the multiplicity of

(wo((b) —u""wp), £)
in the multiset

wts(uwy = w_luwo --> vwy).
By Lemma 4.7(a) and (b), this is also equal to the multiplicity of (u'wp —v(b), £) in
wts(wou = wowflu --» wov) = Wts(wflu = u--+»wv).

By definition, this is the multiplicity of £ in the multiset E(w~'u, v).
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We see that if E(w™'u, v) = @ then X, (b) NU(L)z~'I = @. Otherwise,

dim(X (b)) NU(L)z"'1/I) = maxdim 7, < 3 (€(x) + max(E(w™"u, v)) — Ly, (1*®))).
p

Observe £,,,,, (1"V?)) = (v(b), 2p). This shows (a) and (b).

In particular, we have dim T p < d for all p. If equality holds, then %p must be irreducible by
Theorem 5.2. Hence the number of d-dimensional irreducible components in X, (b)NU (L)z~'1/I is equal
to the number of pieces 7~'p satisfying dim T p = d, which is at most the multiplicity of e in E (w™u, v).
Observe that the action of T (F) C Jp(F) simply permutes the intersections X, (b) N U (L)z7'1/1 by
changing the value of .. Thus the number #(X;/J,(F)) is at most equal to

> (number of d-dimensional irreducible components in (X, (b) N U (L)u_1 D).
ueWw
We get the desired estimate in (d).

Let us now assume the regularity condition from (c). Let v; € W be chosen such that vfl W is dominant.
We have LP(x) = v W;.

If u € W satisfies w™'u ¢ LP(x) = v{ W, we find a positive root & € &+ \ ®; with vl_lw_luoz e d.
Hence

(u, —w™lua) = C =3y ' —v(b), p).
We conclude
wlup < pdo™ — Ca¥ # v(b).

Hence E(u, v) = & for all v € LP(x), proving
IxIN“UL) O = .

Let us now consider the case w—'u € LP(x). Then also v := w™'uwg(J) € LP(x). Consider the

1

pieces 7~'p as constructed above for this pair (u, v), i.e., for paths p from uwg to w™ uwg. We claim

Ty C x~'Ix1 for all occurring paths p, using Lemma 5.5: Indeed if

gl = Uw_]uwoﬂl (g1) -~ Uw—'uwoﬁn (gn)l € 7;)

and wowo(J)wo = 7, g,, then —w0<I>JJr ={Bu+1, .., Puo+}. The condition that p is bounded above by n
yields
wiluwoﬁl, e wiluwoﬁn € wilu(CD* \®y).

Since w~'u € LP(x), the superparabolicity condition implies
(, w™luwoy) < —C(p”, Bi).

By Lemma 5.5, we obtain xU,,-1,,,,5,(8:)x ' € I. This shows the claim T, € x~'/x].
By Theorem 5.2, we see that %p is irreducible of dimension

dim 7, = 1(£(x) +£(p) — (v(b), 2p)).



2010 Felix Schremmer

This completely describes nonemptiness, dimension and top-dimensional irreducible components of
X .(b)NU(L)z7'I/1. So X, (b) # @ if and only if E # @, and in this case

dim X (b) = 5 (€(x) + max(E) — (v(b), 2p)).

We saw E(u,v) = & whenever u ¢ LP(x), so e < max(E) by definition of e. Conversely, we get
max(E) < e from (b) and the above dimension calculation. Thus max(E) = e. We conclude (c).
Assume now that [b] is regular as in the final claim of (d). Then J,(F) = T (F), so the number of

Jp (F)-orbits of d-dimensional irreducible components in X, (b) is equal to

> (number of d-dimensional irreducible components in (X, (b) N U (L)yu='D)).

ueWw
Observe that each summand is equal to the number of d-dimensional pieces 7\:,, corresponding to u € W.
By the above analysis using the superparabolicity assumption, this number is equal to the multiplicity
of e in E(w™'u, w™uwo(J)) (thus zero if w™'u ¢ LP(x)). The final claim of (d) follows. O

Remark 5.8. If x is not superparabolic, we do not expect that the converse of Theorem 5.7(a) holds in
general. Even if X, (b) # &, we do not expect that equality holds in (b) or (d) in general. It is easy to
find counterexamples using a computer search.

Corollary 5.9. Let x = wt* € W and [b] € B(G). Let v € W such that v_'u is dominant. Put C =
3(v~ ' —v(b), p) and assume that
wlu,a)>C

for all simple roots . Define the multiset
E={ecZ] (v_l,u —v(b), e) € wts(v = wv)},,.
Then X, (b) # @ if and only if E # @. In this case, the dimension of X, (b) is
dim X, (b) = 3(£(x) + max(E) — (v(b), 2p)),

and the number of J, (F)-orbits of top-dimensional irreducible components is equal to the multiplicity of
max(E) in E.
Proof. The regularity condition on (x, b) implies that v(b) must be regular. In particular, [b] is integral.

Now apply the previous theorem. U

Remark 5.10. We saw in Proposition 4.13 that the set {w | (w, e) € wts(v = wv)} contains a unique
minimum, which is given by the weight of a shortest path in the quantum Bruhat graph from v to wo.
The above corollary shows under some strong regularity conditions that the set B(G), contains a unique
maximum [b,], being the element of Newton point v(b,) = v~ — wt(v = wv). It moreover follows
that this element [b, ] satisfies

d(v = wv) =£L(x) — (v(by),2p) =dim X, (by)

and that X, (b,) has, up to Jp,, (F)-action, only one top-dimensional irreducible component.
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It is a well-known result of Viehmann [2014, Section 5] that B(G), always contains a unique maximum
for arbitrary G and x. She moreover provides a combinatorial description in terms of the Bruhat order on
the extended affine Weyl group.

The description of the generic o-conjugacy class [b,] in terms of the quantum Bruhat graph is known
due to Milic¢evié [2021]. Her proof is more combinatorial in nature, following Viehmann’s description
of [b,] using the Bruhat order and a comparison of the Bruhat order with the quantum Bruhat graph due
to Lam and Shimozono [2010]. Her combinatorial methods have been refined since, so that a description
of [b,] using the quantum Bruhat graph is known for arbitrary G and x [Sadhukhan 2023; He and Nie
2024; Schremmer 2022]. Our corollary recovers Mili¢evi¢’s original result using an entirely different proof
method, which moreover reveals how to find the quantum Bruhat graph itself in the affine flag variety.

The aforementioned geometric properties of X, (b, ) are well known for arbitrary G and x, as described
in the Introduction. We can interpret Proposition 4.13, i.e., essentially [Brenti et al. 1999, Theorem 6.4],
as a combinatorial shadow of these geometric facts.

Remark 5.11. Let us compare Corollary 5.9 to the situation of affine Deligne—Lusztig varieties in the
affine Grassmannian, i.e., where the parahoric subgroup K = G(Qp) is hyperspecial. Given [b] € B(G)
and a dominant u € X, (T), we can compare the affine Deligne-Lusztig variety X, (b) C G(L)/K with
Xuwore (b) C G(L)/I following [He 2014, Theorem 10.1]. If x = wot* satisfies the regularity conditions
from Corollary 5.9, this means we should study the multiset wts(1 = wy).

Given any reflection order @ = {81 < - - - < Buap+}, there exists a unique unlabelled path of maximal
length from 1 to wy, given by

p_:lﬂ—]>sﬁlﬂ—2>---—>ﬂ#¢+ wo.

Each arrow in this path is increasing the length in W. Thus, the labelled paths p in the double Bruhat
graph with underlying unlabelled path p are precisely the paths of the form

p:l (B1.m1) sp Ba.ma)  (Byot Mye+)
. 1

wo

for integers my, ..., msep+ > 0. In the situation of Corollary 5.9, we see that X, (b) # @ if and only if
© — v(b) is a sum of positive coroots, in which case we get

dim X, (b) = £ (€(x) +#T — (v(b), 2p)).

The number of top-dimensional irreducible components of X, () is equal to the number of different ways
to express u — v(b) as a sum of positive coroots. This latter quantity is known as Kostant’s partition
Jfunction, which is also known to describe the dimension of the v(b)-weight space associated with the
Verma module V,,. Under the regularity assumption made, this is also equal to the dimension of the
v(b)-weight space of the irreducible quotient M,, by Kostant’s multiplicity formula.

In view of [He 2014, Theorem 10.1], we recover Theorem 1.1 in the setting of Corollary 5.9. While
this is a fairly restrictive setting, one may expect that statements similar to Corollary 5.9 hold true in
much higher generality.
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Affine Deligne—Lusztig varieties via
the double Bruhat graph, II:
Iwahori—Hecke algebra

Felix Schremmer

We introduce a new language to describe the geometry of affine Deligne—Lusztig varieties in affine flag
varieties. This second part of a two-paper series uses this new language, i.e., the double Bruhat graph,
to describe certain structure constants of the Iwahori—Hecke algebra. As an application, we describe
nonemptiness and dimension of affine Deligne—Lusztig varieties for most elements of the affine Weyl
group and arbitrary o -conjugacy classes.

1. Introduction

In a seminal paper, Deligne and Lusztig [1976] introduced a class of varieties, which they use to describe
many representations of finite groups of Lie type. An analogous construction yields the so-called affine
Deligne—Lusztig varieties, which play an important role, e.g., in the reduction of Shimura varieties
[Rapoport 2005; He 2018]. Continuing the treatment of [Schremmer 2025], we study affine Deligne—
Lusztig varieties in affine flag varieties.

Let G be a reductive group defined over a local field F, whose completion of the maximal unramified
extension we denote by F. Denote the Frobenius of F /F by o and pick a o-stable Iwahori subgroup
1 C G(IE’ ). The affine Deligne—Lusztig variety X, (b) associated to two elements x, b € G(I:” ) is the
reduced ind-subscheme of the affine flag variety G (F)/I with geometric points

Xe(b) ={g € G(F)/1|g 'bo(g) € Ix1}.
Observe that the isomorphism type of X, (b) only depends on the o-conjugacy class
[b1= (g~ 'bo(9) | g € G(F))
and the Iwahori double coset IxI € G(F). These Iwahori double cosets are naturally parametrized by
the extended affine Weyl group W of G, and we get

G(F)= || Ix1.
xeW
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Many geometric properties of the double cosets /x/ for various x € W can be understood via the
corresponding Iwahori—Hecke algebra H = #H(W). This algebra and its representation theory received
tremendous interest since the discovery of the Satake isomorphism [1963]. There are a few different and
mostly equivalent constructions of this algebra in use. For now, we summarize that this is an algebra over
a suitable base field or ring with a basis given by formal variables T for x € W. The element Ty €
can be thought of as the representation-theoretic analogue of the Iwahori double coset Ix1 C G(F). For
example, if x, y € VT/, we can write
IxI-Iyl =JIzl,
Z

where the union is taken over all z € W such that the T -coefficient of 7\ T, € H is nonzero. For a general
overview over the structure theory of Iwahori—-Hecke algebras and its applications to the geometry of the
affine flag variety, we refer to [He 2016].

The set of o-conjugacy classes B(G) ={[b] | b € G(ﬁ )} is the second main object of interest in the
definition of affine Deligne—Lusztig varieties. It is a celebrated result of Kottwitz [1985; 1997] that
each o-conjugacy class [b] is uniquely determined by two invariants, known as its Newton point and its
Kottwitz point. From [He 2014, Theorem 3.7], we get a parametrization of B(G) using the extended
affine Weyl group W. For each x € W, consider its o -conjugacy class in W, denoted by

O={yxo(y)|ye W}

Two elements that are o-conjugate in W will also be o-conjugate in G(F), but the converse does not
hold true in general. We obtain a surjective but not injective map

{o-conjugacy classes O C VT/} — B(G),

sending O to [x] € B(G) for any x € O.
The analogous construction in the Iwahori—-Hecke algebra is the formation of a o -twisted cocenter, i.e.,
the quotient of A by the submodule [#, H], generated by

[h, 1], =hh' —Ko(h), hh eH.

An important result of He and Nie [2014, Theorem C] gives a full description of this cocenter. For each
o-conjugacy class O C W and any two elements of minimal length x;, x; € O, they prove that the images
of Ty, and T, in the cocenter of ‘H agree. Denoting the common image by T, they prove moreover that
these T» form a basis of the cocenter, parametrized by all o -conjugacy classes O C w.

With these preferred bases {7} of H and {7} of the quotient, we obtain structure constants expressing
the image of each 7, in the cocenter as a linear combination of the 7»’s. These are known as class
polynomials, so we write

T, = Z fx,OTO (mod [H, H]s).

ocw
o-conj. class

These representation-theoretic structure constants are often hard to determine. However, they are very
useful for studying affine Deligne—Lusztig varieties, especially the following main three questions:
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(Q1) When is X, (b) empty? Equivalently, when is the Newton stratum empty?
(Q2) If X, (b) # @, what is its dimension?

(Q3) How many top-dimensional irreducible components, up to the action of the o -centralizer of b, does
X, (b) have?

It is an important result of He that these main questions can be fully answered in terms of the class
polynomials; see [He 2014, Theorem 6.1; 2016, Theorem 2.19]. The class polynomials can moreover be
used to count rational points of Newton strata; see [He et al. 2024, Proposition 3.7].

In the previous article [Schremmer 2025], we showed that the same main questions can also be answered,
in some cases, using the combinatorial notion of a double Bruhat graph. This is an explicitly described finite
graph, introduced in [Naito and Watanabe 2017, Section 5.1] in order to describe periodic R-polynomials.
Following a result of Gortz, Haines, Kottwitz and Reumann [Gortz et al. 2006, Section 6] comparing
affine Deligne—Lusztig varieties with certain intersections in the affine flag variety, we showed that the
double Bruhat graph appears naturally as a way to encode certain subvarieties of the affine flag variety.

Write x = wr* € W, v € W, and assume that a regularity condition of the form

Vae @, (v7'u, a) > (" —v(b), 2p)

is satisfied. Assume moreover that the group G is split over F. Then [Schremmer 2025, Corollary 5.9]
shows that the questions of nonemptiness, dimension and top-dimensional irreducible components are
determined by the set of paths from v to wv in the double Bruhat graph that are increasing with respect
to some fixed reflection order < and of weight ©n3°™ — (D). Our first main result states that this set of
paths determines the full class polynomial, and that the assumption of a split group can be removed.

Theorem 1.1 (see Theorem 4.10). Assume that the group G is quasisplit. Let x = we* € W, ve W and
O C W such that a regularity condition of the form

Vo e ®F, (v i, a) > (udom —v(0), 2p)

is satisfied. Then the class polynomial f, o can be expressed in terms of paths in the double Bruhat graph
from v to o (wv) that are increasing with respect to some fixed reflection order. For a suitable parametriza-
tion of the Iwahori—Hecke algebra as an algebra over the polynomial ring Z| Q] (Definition 4.1), the class
polynomial is explicitly given by

feo=Y 0",
p

where the sum is taken over all paths p in the double Bruhat graph from v to o (wv) that are increasing
with respect to some fixed reflection order and such that v(Q) is the o-average of v—' . — wt(p).

The assumption of a quasisplit group can be removed following [Gortz et al. 2015, Section 2], though
it requires more cumbersome notation to write down statements in full generality; see [Schremmer 2022,
Section 4.2].
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We will prove Theorem 1.1 as a consequence of the following more fundamental result, computing the
structure constants of the multiplication of our standard basis vectors in .

Theorem 1.2 (see Theorem 4.2). Let x = w, e, z = w et € W, and v, € W satisfying a regularity
condition of the form

Yo e dT, (vz_luz, o) > L(x).
Define polynomials ¢y - , via

T.T.= Y @u.yTy € H(W).
yeWw

Pick an element y = wyeh> € W and vy € W such that a regularity condition of the form
VYo e T, (v e, @) > 0(x) +£(2) — £(y)

is satisfied. Then we can describe the structure constant ¢, . y in terms of paths in the double Bruhat

graph. Explicitly, we have ¢y ; y = 0 unless wy = (wy ve) ! vy. In this case, we have
Px,z,y = Z Qe(p),
p

where the sum is taken over all paths in the double Bruhat graph from v, to w,v, that are increasing with

respect to some reflection order and of weight
-1 -1 -1
WHP) = v px F U, — (W) ey

Theorem 4.2 below actually proves a stronger statement, requiring only a weaker regularity condition
of the form
Vo @, (v e a) > 000 — LG 2.

The resulting description of ¢, . , is more involved, however, replacing the single path p by pairs of
bounded paths in the double Bruhat graph. Theorem 1.2 as stated here is sufficient to derive Theorem 1.1.

So under some very strong regularity conditions, the double Bruhat graph may also be used to understand
multiplications of Iwahori double cosets Ix1 - IzI in G(F). Theorems 1.1 and 1.2 give insight in the
generic behaviour of class polynomials and products in the Iwahori—Hecke algebra, solving infinitely
many previously intractable questions using a finite combinatorial object. From a practical point of view,
this allows us to quickly derive many crucial properties of the weight multisets of the double Bruhat graph
by referring to known properties of the Iwahori-Hecke algebra or affine Deligne—Lusztig varieties. Using
some of the most powerful tools available to describe affine Deligne—Lusztig varieties and comparing
them to the double Bruhat graph, we obtain the following result.

Theorem 1.3 (see Theorem 5.4). Let x = wek € W and v € W, satisfying the regularity condition
Vo e dF, (v 'u, a) > 21k(G) + 14,

where tk(G) is the rank of a maximal torus in the group G.
Pick an arbitrary o-conjugacy class [b] € B(G). Let P be the set of all paths p in the double Bruhat

graph from v to o (wv) that are increasing with respect to some fixed reflection order such that the
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A-invariant of [b] (see [Hamacher and Viehmann 2018, Section 2]) satisfies
M(b) = v = wi(p).
Then P # & if and only if X (b) # @. If p is a path of maximal length in P, then
dim X, (b) = 5 (€(x) +£(p) — (v(b), 2p) — def(b)).
We give a similar description in terms of the dominant Newton points of [b] rather than the A-invariant.

Theorem 1.3 gives full answers to the questions (Q1) and (Q2) for arbitrary [b] € B(G) as long as the
element x € W satisfies a somewhat mild regularity condition (being linear in the rank of G).

The proofs given in this article are mostly combinatorial in nature, and largely independent of its
predecessor article [Schremmer 2025]. We will rely only on some basic facts on the double Bruhat graph
established in [Schremmer 2025, Section 4]. The best known ways to compute the structure constants of
Theorem 1.2 and the class polynomials f; o are given by certain recursive relations involving simple
affine reflections in the extended affine Weyl group. Similarly, the Deligne-Lusztig reduction method
[1976] of Gortz and He [2010, Section 2.5] provides such a recursive method to describe many geometric
properties of affine Deligne—Lusztig varieties, in particular the ones studied in this paper series. On the
double Bruhat side, these are mirrored by the construction of certain bijections between paths due to Naito
and Watanabe [2017, Section 3.3]. We recall these bijections and derive the corresponding properties of
the weight multisets in Section 3. We study the consequences for the Iwahori—-Hecke algebra in Section 4,
and the resulting properties of affine Deligne—Lusztig varieties in Section 5.

In Section 6, we finish this series of two papers by listing a number of further-reaching conjectures,
predicting a relationship between the geometry of affine Deligne—Lusztig varieties and paths in the double
Bruhat graph in various cases. These conjectures are natural generalizations of our results, and withstand
an extensive computer search for counterexamples.

Recall that our main goal is to find and prove a description of the geometry of affine Deligne-Lusztig
varieties in the affine flag variety that is as concise and precise as the known analogous statements for the
affine Grassmannian (as summarized in [Schremmer 2025, Theorem 1.1]). Our conjectures and partial
results towards proving them suggest that the language of the double Bruhat graph is very useful for this
task, and might even be the crucial missing piece towards a full description.

We would like to remark that once a conjecture is found that describes the geometry of X, (b) for
arbitrary x, b in terms of the double Bruhat graph, a proof of such a conjecture might simply consist of a
straightforward comparison of the Deligne-Lusztig reduction method [1976] due to Gortz and He [2010]
with the analogous recursive relations of the double Bruhat graph that are discussed in this article.

2. Notation

We fix a nonarchimedean local field ¥ whose completion of the maximal unramified extension will be
denoted by F. We write Oy and O 7 for the respective rings of integers. Let ¢ € F be a uniformizer. The
Galois group I' = Gal(F /F) is generated by the Frobenius o
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In the context of Shimura varieties, one would choose F' to be a finite extension of the p-adic numbers.
When studying moduli spaces of shutkas, F' would be the field of Laurent series over a finite field.

In any case, we fix a reductive group G over F. Via [Gortz et al. 2015, Section 2], we may reduce
questions regarding affine Deligne—Lusztig varieties of G to the case of a quasisplit group. In order to
minimize the notational burden, we assume that the group G is quasisplit throughout this paper.

We construct its associated affine root system and affine Weyl group following [Haines and Rapoport
2008; Tits 1979].

Fix a maximal F -split torus 7z € G and write T for its centralizer in Gz, so T is a maximal torus
of G . Write A= A(G, Ty) for the apartment of the Bruhat-Tits building of G ; associated with 7':.
We pick a o-invariant alcove a in A. Its stabilizer is a o -invariant Iwahori subgroup I C G(F).

Denote the normalizer of T in G by Ng(T'). Then the quotient

W = NG(T)(F)/(T(F)NI)

is called the extended affine Weyl group, and W = Ng(T)(F )/ T(F) is the ( finite) Weyl group. The Weyl
group W is naturally a quotient of W. We denote the Frobenius action on W and W by o as well.

The affine roots as constructed in [Tits 1979, Section 1.6] are denoted by ®,s. Each of these roots
a € Oy defines an affine function a : A — R. The vector part of this function is denoted by cl(a) € V*,
where V = X,.(S) @ R = X,.(T)r, ®R. Here, I'g = Gal(F/f?) is the absolute Galois group of I:", i.e., the
inertia group of ' = Gal(F/F). The set of (finite) roots is' & := cl(Dyp).

Each affine root in &, divides the standard apartment into two half-spaces, one being the positive
and one the negative side. Those affine roots where our fixed alcove a is on the positive side are called
positive affine roots. If moreover the alcove a is adjacent to the root hyperplane, it is called a simple affine
root. We denote the sets of simple, resp. positive, affine roots by A, C QD; C Dyt

Writing Wy for the extended affine Weyl group of G, we get a natural o-equivariant short exact
sequence (see [Haines and Rapoport 2008, Lemma 14])

1 —> Wy — W—>JT1(G)FO—> 1.

Here, 71(G) := X4(T)/Z®" denotes the Borovoi fundamental group.

For each x € W, we denote by £(x) € Z>¢ the length of a shortest alcove path from a to xa. The
elements of length zero are denoted by 2. The above short exact sequence yields an isomorphism of €2
with 1 (G)r,, realizing W as semidirect product W=QKx Wt.

Each affine root a € @, defines an affine reflection r, on .A. The group generated by these reflections
is naturally isomorphic to Wy (see [Haines and Rapoport 2008]), so by abuse of notation, we also write
rq € Wy for the corresponding element. We define Sy := {r, | a € Ay}, called the set of simple affine
reflections. The pair (Wys, Syr) is a Coxeter group with length function £ as defined above.

I'This is different from the root system that [Tits 1979] and [Haines and Rapoport 2008] denote by ®; it coincides with the
root system called X in [Haines and Rapoport 2008].
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We pick a special vertex ¢ € A that is adjacent to a. Since we assumed G to be quasisplit, we may and
do choose 1 to be o-invariant. We identify .4 with V via ¢ + 0. This allows us to take the decomposition
® s = O x Z, where a = («a, k) corresponds to the function

V>R, veal)+k.

From [Haines and Rapoport 2008, Proposition 13], we moreover get decompositions W=WxX «(T)r,
and Wy = W x Z®". Using this decomposition, we write elements x € W as x = wek, with w € W and
n € Xy (T)r,. For a = (a, k) € Oy, we have r, = saak‘"v € Wy, where s, € W is the reflection associated
with «. The natural action of W on ®,r can be expressed as

(weM) (a, k) = (wa, k — {(u, a)).

We define the dominant chamber C C V to be the Weyl chamber containing our fixed alcove a. This
gives a Borel subgroup B C G, and corresponding sets of positive/negative/simple roots ®F, ®~, A C ®.
By abuse of notation, we denote by ®™ also the indicator function of the set of positive roots, i.e.,

1, aedt,

0, xed .

The sets of positive and negative affine roots can be expressed as
D= (P X Z20) U(P™ X Z51) = (@, k) € Pup | k = DT (—a)},
D= —Dfp = Dy \ O = (&0, k) € Pt | k < T (—a)}.

Yae®, & ()= {

One checks that <I>;rf are precisely the affine roots that are sums of simple affine roots.
Decompose & as a direct sum of irreducible root systems, ® = ®; LI - - - L1 .. Each irreducible factor
contains a uniquely determined highest root ; € d>l.+. Now the set of simple affine roots is

Agt={(@,0) @ € AYU{(—6;, D ]i=1,...,c} C DL

We call an element p € X.(T)r, ® Q dominant if (i, @) > 0 for all @ € ®*. Similarly, we call it
C-regular for a real number C if
{n, )| = C

for each @ € @, If u € X, (T)r, is dominant, then the Newton point of ¢* € W is given by the o -average
of u, defined as

1 i
Nigla (n),

avg, (n) =
where N > 0 is any integer such that the action of " on X,(T)r, is trivial.

An element x = we € W is called C -regular if p is. We write LP(x) € W for the set of length positive
elements as introduced in [Schremmer 2022, Section 2.2]. If x is 2-regular, then LP(x) consists only of
one element, namely the uniquely determined v € W such that v—! is dominant.

For elements p, u’ in X, (T)r, ® Q (resp. X«(T)r, or X.(T)r), we write u < " if the difference
u' — w is a Q@>p-linear combination of positive coroots.
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3. Double Bruhat graph

We recall the definition of the double Bruhat graph following [Naito and Watanabe 2017, Section 5.1]. It
turns out that the paths we studied in order to understand affine Deligne—Lusztig varieties are a certain
subset of the paths studied by Naito—Watanabe in order to study Kazhdan—Lusztig theory, or more
precisely periodic R-polynomials.

Definition 3.1. Let < be a total order on &1, and let moreover v, w € W.

(a) The double Bruhat graph DBG(W) is a finite directed graph. Its set of vertices is W. For each w € W
and « € &, there is an edge w —> ws,.

(b) A nonlabelled path p in DBG(W) is a sequence of adjacent edges
ﬁ:v:ula—l>u2a—2>---a—z>u5+1=w.

We call p a nonlabelled path from v to w of length £(p) = £. We say p is increasing with respect to < if
a1 < --- < ay. In this case, we moreover say that p is bounded by n € 7 if oy = B; for some i <n.

(c) A labelled path or path p in DBG(W) consists of an unlabelled path
- o o) oy
PiV=U] —> Uy —> - —> Upr| =W

together with integers m1, ..., my € Z subject to the condition

0, L(uit1) > €u;),

m; > ®1 (—u;a;) = {
1, E(ui+1) < E(u,-).

We write p as

(ary,my) (at2,m3) (otg,my)
uz PR

p:v=u Upr1 = W.

The weight of p is
wt(p) =mio) +---+mya) € Zd".

The length of p is £(p) = £(p) = £. We say that p is increasing with respect to < if p is. In this case, we
say that p is bounded by n € Z if p is.

(d) The set of all paths from v to w that are increasing with respect to < and bounded by n € Z is denoted
by pathsZ, (v = w). We also write

paths™ (v = w) = pathsZye+ (v = w).
(e) The order < is called a reflection order if, for all roots a, B € ®* with @ + B8 € ®T, we have
a<a+B8=<pB or B<a+B=<a.

We will frequently use the immediate properties of these paths as developed in [Schremmer 2025,
Section 4]. For this section, our main result describes how these paths behave with respect to certain
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simple affine reflections. Fix a reflection order

O ={B1 < < Bpo+}
and write

Ton = SﬁnJrl e sﬁ#q>+ ew

as in [Schremmer 2025, Definition 4.10].

Theorem 3.2. Letu,v e W andn € {0, ..., #®1}). Pick a simple affine root a = (a, k) € Ayt such that
(Vo) la e @

@) If u—'a € ®, then there exists an explicitly described bijection of paths
¥ : pathsZ, (squ = s4v) — pathsZ, (u = v)
satisfying for each p € paths;l (sqU = 4 V) the conditions
LW (p) =Lp). Wi (p) =wi(p) +k(™a" —ula¥).
() If u='a € ®F, then there exists an explicitly described bijection of paths
@ : pathsZ, (squt = s4v) UpathsZ, (squ = v) — pathsZ, (u = v)
satisfying for each p € pathsZ, (squ = s4v) and p’ € pathsZ, (squ = v) the conditions

Up(p)) = t(p), wi(p(p)) = wt(p) + k(™' —u"'a"),
Up(P) =LP)+1, wi(e(ph) = wi(p) —ku™'a".

The proof of this theorem can essentially be found in Section 3.3 of [Naito and Watanabe 2017],
which is a rather involved and technical construction. One may obtain a weaker version of Theorem 3.2
by comparing the action of simple affine reflections on semi-infinite orbits with [Schremmer 2025,
Theorem 4.6]. While such a weaker result would be sufficient for our geometric applications, we do need
the full strength of Theorem 3.2 for our conclusions on the Iwahori—-Hecke algebra. Moreover, we would
like to explain the connection between our paper and [Naito and Watanabe 2017]. Let us hence recall
some of the notation used by Naito and Watanabe:

Definition 3.3. (a) By <.2, we denote the semi-infinite order on W as introduced in [Lusztig 1980]. It
is generated by inequalities of the form

wet <00/2 r(mk)ws“,

where (@, k) € @, w € W and u € X, (T)r, satisfy w™'a € ®*.

af?

(b) Forw, y € W, we denote by P*(y, w) the set of paths in W of the form
(B1,my), (B2,m2) (Beme)
yz ..

[M:y=y Ver1 =W

such that the following two conditions are both satisfied:
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e Foreachi =1, ..., ¢, we have y; | >o02 yi. Writing y; = w; e/, we have

. .BY
Vil = wl,sﬂigﬂt‘f‘mzﬂ,' i

o The roots B; are all positive and satisfy | < --- < .
We denote the number of edges in I by £(I1) := £.

These paths P~(-, -) occur with exactly the same name in [Naito and Watanabe 2017] and are called
translation-free paths. They also consider a larger set of paths, where so-called translation edges are
allowed, which is however less relevant for our applications.

From the definition of the semi-infinite order, we easily obtain the following relation between the paths
in W and the paths in the double Bruhat graph. This can be seen as a variant of [Naito and Watanabe
2017, Proposition 5.2.1].

Lemma 3.4. Let y = wie!!, w = wret? € W. Then the map

VP (y, w) — {p € paths™ (w1 = wy) | wt(p) = 2 — p1},

(IT:y = yo B o Goma)  Gemo, )

= (@) s wy =cl(y) L cl(yy) B2 - LR, el (yy)),

is bijective and length-preserving (i.e., £(\V (IT1)) = £(IT)). [l
The main results of [Naito and Watanabe 2017, Section 3.3] can be summarized as follows.
Theorem 3.5. Lety, w e W and pick a simple affine reflection s € Sy suchthat y <oq/2 Sy and sw <eo/2 W.

(a) [Naito and Watanabe 2017, Proposition 3.3.2]: There is an explicitly described bijection
V1 PX(y.sw) = PR (sy, w).

The map 1 preserves the lengths of paths. Its inverse map W' = =" is also explicitly described.

(b) [Naito and Watanabe 2017, Proposition 3.3.1]: There is an explicitly described bijection
@: P (sy,sw)U P (sy,w) = P (y, w).

For Il € P=(sy, sw), we have £(¢(I1)) = £(I1). For IT € P~ (sy, w), we have £(¢(I1)) = £(IT) + 1. Its

1

inverse map ¢’ = ¢~ is also explicitly described. (I

In view of Lemma 3.4, we immediately get the special case of Theorem 3.2 for the sets paths™(u = v),
i.e.,if n =#®T. By inspecting the proof and the explicit constructions involved in the proof of Theorem 3.5,
we will obtain the full statement of Theorem 3.2. In order to facilitate this task, we introduce a technique
that we call “path padding”.

Definition 3.6. Let u, v € W and 0 < n < #®*. Fix positive integers m; fori =1, ..., #®*. Then we
define the padding map
pad,,, : pathsZ, (u = v) — paths™(u = v7,,),
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sending a path p € pathsZ, (u = v) to the composite path

pad,,,(p) : u Ly y rol), USB,, Bz mnsd) o Bpot Mygt)

US4y " -S,g#®+ = VTTypy.

Lemma 3.7. Let u,v € W and 0 < n < #®*. Pick a simple affine root a = (a, k) € Ay such that
(vrep) la e @

(a) Suppose that u='a € ®~. For each collection of integers (m; > 4) 1 <i<#o+, there is a unique map
E pathsZ, (sqit = s4v) —> pathsZ, (u = v)

and a collection of integers (mg > m; — 3)1<i<#o+ such that the following diagram commutes:

pad, Wyl
pathsZ, (squt = 54v) — paths™(squ = sqUT,,) —— || P~ (rau, rqvmw, )
: HeZdY
v ~lY
~ pad(m/.)

i

—1
pathsZ, (v = v) —— paths™(u = vm,,) v Ll P~ (u, v, pet)
- HELZDY
The map W on the right comes from Theorem 3.5(a). The map Vr has an explicit description independent of
the integers (m;). Moreover, Vr satisfies the weight and length constraints as required in Theorem 3.2(a).
Similarly, there exist integers (m] > m; — 3); and a uniquely determined and explicitly described

map V' making the following diagram commute:

pad(mi -1
pathsZ, (u = v) SN paths™ (u = v, ) - Ll P=(u, vrepet)
pad(m’.’)

. HELDY
Ly ~ly’
<
1

-1
pathsZ, (sgit = Sqv) — paths™(SqUt = SqUTT»y) LA Ll P=(rqu, rqum,,e*)
N weZdv

(b) Suppose that u='a € ®*. For each collection of integers (m; >4) | <j<#o+, the explicitly described maps

pr: U PR(rau,rovmenet) — || P7(u, v, ,et),

HEZDY JAVA N

o2 | PR(rau,vme 6"y — || P7(u, vm,,et),
HEZDY HEZDY

o I P, vmene?) —> | PE(rau, rqume,e?) U P2 (rqu, v, M)
HEZDY HEZDY

from Theorem 3.5(b) can be lifted, up to padding and V=" as in (a), to uniquely determined maps
@1 : pathsZ, (squ = s4v) — pathsZ, (u = v),
@2 : pathsZ, (squ = v) — pathsZ, (v = v),
@' : pathsZ, (u = v) — pathsZ, (squ = 5,v) UpathsS, (sqit = S V).

All three maps are explicitly described in a way that is independent of the integers (m;). The maps ¢
and @y moreover satisfy the desired length and weight compatibility relations from Theorem 3.2(b).
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Proof. We only explain how to obtain the map ¥ from the map v, as the other cases are analogous. So
pick any path p € pathsZ, (squ = s, v). Write it as

pisqu = wy Ly, e, i ) We(p)+1 = Sa V.
Then
pad(m,-)(p)  Sqll = W) in), e new) SaWe(py41 = SaV Butt:mas) . Bpot Mygt) S UTTo .
Define yy(p)+i = Bnti and ng(pyi = mypy4i fori =1, ..., #®1 — ¢(p). Then we can write
pad,,,(p) : sqtt = w) ey ey =,

such that ¢/ = £(p) + #DT —n). Writing p := wt(pad,,,.,(p)) + k((vmsp) 'Y —u"laY), we may
express the path I1 := i (pad,,,,(p)) € P> (rqu, rqum, g et) as

—kwi'aY (i,n) nmyY —kwi'aY k) eng) 1gwt(pacl(mi)(p))—kwl_lozv

M:r,u=w;e 5 whe Wt =r,ums M.

We now apply the map 1 as defined in [Naito and Watanabe 2017, Section 3.3]. For this, we need to
determine the set

D, (M) ={d e{l,.... '} | (@, k) = (w}" ya, na)}.
Since m; > 4 for all i, we get
D, (I ={d|defl,...,e(p)}and (&, k) = (w; 'y, na)} S 1, €(p)].

In particular, the set D,, (IT) depends only on p and not the integers (m;).

Naito—Watanabe construct the path v (IT) as follows: Write D, (IT) = {d| < --- < d,,}, which we
allow to be the empty set.

For each index g € {1, ..., m}, we define r, € {d; +2,...,dy41} (Where d,,1.1 = ¢’ + 1) to be the
smallest index such that

-1 + -1
w, o e [} and Yrg—1 < W, & <Yy,

The existence of such an index r, is proved in [Naito and Watanabe 2017, Lemma 2.3.2]. For i =
1,...,#®% —n, note that there is no positive root 8 satisfying y; < B < y;41 (resp. yp < B if i =
#®T —n >1). Hence ry, ..., r, < n and they only depend on the path p, not the integers (m;).

We introduce the shorthand notation
—1
xp, 1= wy eV Ty —kw e

such that IT is of the form x; — - -+ — xyy 1. Then v (IT) is defined as the composition of IT,, ..., IT/

m’
given by
’ . (y1.n}) (y2.1n) (va;—1:1g, 1)
y:u=rx; ——> ryx2 .o FaXd,
— ’
(Vg +1:1dg+1) - rg—tnrg-1) (qul“sk) (rgo117y) . (V"q+1—1yndq+1*1)

/. —
Hq D FaXd, = Xd, 1 .o Xr, TaXr, .. FaXd, s
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where we write

n=ni ki, wiy), i=1,...,¢.
Since ry, ..., ry <n, we may write ¢ (IT) = \D_l(pad(m/_)(p/)), with

m; =m; —k{a”, vsg,,, - -sg_,(B)), i>n.

The path p’ is the composition of the paths py, ..., p;, defined as
’ . (y1.n}) (le—l’”,dl—l)
Po-U=SqW1 SaWd,—1,
!
. (Vg +1:1dg+1) (Vrg—1:1rg 1) (wfqla,k) (y,q,nr‘,l) (qu+|—"”£1q+l—1)
Py SaWd, = W4, +1 wr, Sa Wy, SaWd, ;-

We see that p’ as defined above is explicitly described only in terms of p and independently of the (m;).
To summarize, we chose integers () only depending on (m;), u, v, n, <, a with the following property:
for each path p € pathsZ, (squ = s, v), we may write

Y(w! pad,,,(p)) = \Il_l(pad(m;)(p’)) for some path p’ € paths=, (u = v).

It follows that the function ¥ as claimed exists. It is uniquely determined since W~! and pad(m; ) are
injective. Moreover, we saw that p’ := ¥ (p) can be explicitly described depending only on p and not the
integers (m;).

The function ¥ preserves lengths of paths by construction. Using the explicit description, it is possible
to verify that it also satisfies the weight constraint stated in Theorem 3.2(a). The interested reader is invited
to verify that the constructions of ¥/, ¢1, @2, ¢’ of Naito and Watanabe carry through in similar ways. [

With the main lemma proved, we can conclude Theorem 3.2 immediately. Indeed, it remains to show
that the functions v and @ := (@1, @) from Lemma 3.7 are bijective. Since v is bijective with ¥’ being
its inverse, it follows from the categorical definition and a bit of diagram chasing that v is bijective with
¥’ its inverse. Similarly, one concludes that ¢ is bijective with ¢’ its inverse. The main result of this
section is proved.

Remark 3.8. (a) Theorem 3.2 can be conveniently restated using the language of weight multisets from
[Schremmer 2025, Definition 4.10]. For u, v € W and 0 < n < #®™*, we write wts(u = v --» v, ,,) for

the multiset
{(wt(p), €(p)) | p € pathsZ, (u = v)}n.

We proved that this yields a well-defined multiset wts(u = v --» v’) for all u, v, v’ € W.
If a = (o, k) € Ay is a simple affine root with (v/) "' € ®~ and u~'a € ®~, then

wis(u = v --»> V) = {(0+ k(e —u"'aY), e) | (w, €) € Wis(sqit = SqV —-> gV ) }m.
If (W) 'aoe ® and u'a € &, then wts(u = v --» v’) is the additive union of the two multisets

{(w+ k@ 2 —ulaY), e) | (w, €) € Wts(squt = sqU = SqV ) }m
Ul(w—ku oY, e) | (w, e) € Wts(squt = v ==+ V') } .
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(b) The double Bruhat graph can be seen as a generalization of the quantum Bruhat graph; see [Schremmer
2025, Proposition 4.13]. It is very helpful to compare results about the double Bruhat graph with the
much better developed theory of the quantum Bruhat graph.

Under this point of view, one obtains a version of Theorem 3.2 for the quantum Bruhat graph. This
is a well-known recursive description of weights in the quantum Bruhat graph; see [Lenart et al. 2015,
Lemma 7.7].

(c) The remainder of this paper will mostly study consequences of recursive relations from Theorem 3.2.
By studying the proof of Theorem 4.2 below, one may see that the weight multiset is already uniquely
determined by these recursive relations together with a few additional facts to fix a recursive start. This
can be seen as an alternative proof that the weight multiset is independent of the chosen reflection order;
see [Schremmer 2025, Corollary 4.9].

4. Iwahori-Hecke algebra

Let us briefly motivate the definition of the Iwahori—-Hecke algebra associated with an affine Weyl group.

Under suitable assumptions on our group and our fields, the Hecke algebra H(G, I) is classically
defined to be the complex vector space of all compactly supported functions f : G(F) — C satisfying
fli1gix) = f(g) for all g € G(F), i1,ip € I N G(F). It becomes an algebra where multiplication is
defined via convolution of functions. In this form, it occurs in the classical formulation of the Satake
isomorphism [1963].

It is proved by Iwahori and Matsumoto [1965, Section 3] for split G that (G, I) has a basis given by
{Sylxe W} over C where the multiplication is uniquely determined by the conditions

SxSy = Syy, X,y € W and L(xy) =L(x)+£(y),

S 8e =qSr x4+ (q—1)S,, xeW,ae Ay and £(ryx) < £(x).
Here, g :=#(OF/mo,.) is the cardinality of the residue field of F. The basis element S, corresponds to
the indicator function of the coset IxI C G(F).

With the convenient change of variables T := ¢ ~“)/2S, € #(G, I), the above relations get the equally

popular form _
I.Ty =Ty, x,y€ W and £(xy) =£(x) + £(y),

T, T =T+ ("> =g V)T, xeW,ae Ay and £(ryx) < £(x).
Since the number ¢ is independent of the choice of affine root system, we define the Iwahori—-Hecke
algebra of W as follows.

Definition 4.1. The Iwahori—-Hecke algebra H(W) of W is the algebra over Z[ Q] defined by the generators

T, erT/

and the relations N
I\ Ty =Ty, x,y€ W and £(xy) =£(x)+£(y),

T, T =T+ OT., xeW,ae Ay and £(ryx) < £(x).
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One easily sees that H(W) is a free Z[ Q]-module with basis {7} | x € W}, and that each T, is invertible,
because
T,,(T,,—0)=1, ae€Ay.

All results presented in this article can be immediately generalized to most other conventions for the

Iwahori—Hecke algebra, e.g., by substituting Q = ¢'/> —¢~/2.

4.1. Products via the double Bruhat graph. We are interested in the question of how to express arbitrary
products of the form 7,7, with x, y € W in terms of this basis. This is related to understanding the
structure of the subset IxI - Iyl C G(F). While it might be too much to ask for a general formula, we
can understand these products (and thus the Iwahori—-Hecke algebra) better by relating it to the double
Bruhat graph. Our main result of this section is the following:
Theorem 4.2. Let C| > 0 be a constant and define C» := (8#dT +4)C;.

Let x = wyets, z=w et € W such that x is Cy-regular and z is 24 (x)-regular. Define polynomials
@x,z,yz € Z[Q] via

I, T, = ZN (px,z,szyz € H(W)
yew

Pick an element y = wyety € W such that L(x) —£(y) < Cy. Let

LP(x) ={uvi}, LP(y)={vy}, LP(2)={v;}
and define the multiset

M = {21 + 4o | (w1, 1) € Wis(vy = vy ——> W), (w2, £2) € WIS(W Uy Wo = WyVyWo =+ Wy W, V;)

such that vy_l,uy = vx_l,ux —w + woa)z}m.
Here, wg € W denotes the longest element. Then

Px,z,yz = Z o°.
eeM

Remark 4.3. (a) In principle, we have the following recursive relations to calculate 7,7, as long
as all occurring elements are in shrunken Weyl chambers, e.g., 2-regular: Pick a simple affine root
a=(a,k) € Ay If xr, <x (ie., vola € @), then

Tar, Ty raz >z (ie., (wv)la € @),
Ter, Tro + 0Ty, Ty, 14z <z (ie., (wov,) " la € @7).

This kind of recursive relation is analogous to the recursive behaviour of the multiset wts(v, = v, --»

LT, =111, = {

w;v;); see Theorem 3.2.
Similarly, if r,x < x (i.e., (w,v,) "' € ®7), we get

I.T,=T,T T, = 2 Drax,z,yz T, Tyz

yeWw
=Y ¢ : {Trayz, rayz > yz (ie., (wyw,v)'a € @),
yeWw S Tpyz + QTyz, rayz <yz(ie, (wywzvz)_lot € o).
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This kind of recursive relation is analogous to the recursive behaviour of the multiset wts(w, v, wo =
Wy Vywo —-> Wyw,V;); see Theorem 3.2.

For the proof of Theorem 4.2, we have to apply these recursive relations iteratively while keeping track
of the length and regularity conditions to ensure everything happens inside the shrunken Weyl chambers.

(b) Let us compare Theorem 4.2 to the quantum Bruhat graph. In view of [Schremmer 2025, Proposi-
tion 4.13], it follows that ¢, . ,, = 0 unless

v iy < g e — wigew) (Ux = vy) — Weg(w) (Wy vy = wyDy).

By [Schremmer 2024, Theorem 4.2], this latter inequality is equivalent to the Bruhat order condition
y < x, which is (by the definition of the Iwahori—-Hecke algebra) always a necessary condition for ¢, . .
to be nonzero.

(c) If the condition £(x) — £(y) < C; gets strengthened to £(x) + £(z) — £(yz) < Cy, it follows that the
product yz must be length-additive, so v, = w,v, [Schremmer 2022, Lemma 2.13]. One of the simple
facts on the double Bruhat graph [Schremmer 2025, Lemma 4.11] yields

, WyVy F Wy Uy,
WES(Wx Uy Wo = WyVywo —=* WyW,V;) = {{(0’ Vs 10,0, = wovs.

So the multiset M as defined in Theorem 4.2 is empty unless w,vy, = w,v,, in which case it will be

equal to
M = {t| (o, £) € wis(vx = v,) such that v} 'y = v e — O}
This recovers Theorem 1.2.

The unique smallest element of wts(v, = v,) from [Schremmer 2025, Proposition 4.13] corresponds to
the uniquely determined largest element in W having nonzero coefficient in 7, 7,. This element is known
as the Demazure product of x and z in W. We recover the formula for the Demazure product of x and z in
terms of the quantum Bruhat graph from [He and Nie 2024, Proposition 3.3] in the situation of Theorem 4.2.

Definition 4.4. (a) For x € W and w € W, we define the multiset Y (x, w) as follows: the underlying set
|Y (x, w)| is a subset of W x Z, and the multiplicity of the pair (y, e) € W x Z in Y (x, w) is defined via

e
TxTwEZpW(x) = Z 0 TywSvaé(x)-
(v,e)eY (x,w)

(b) We define the usual product group structure on WxZ,ie.,
(1, e1) - (y2, €2) == (y1y2, €1 +€2)

for y1, y» € W and e1,ey e Z. If M is a multiset with |M| C W x Z, we write M - (y, e) for the multiset
obtained by the right action of (y, e) € W xZ.

Lemma4.5. Let x, 7z € W such that 7 is 2¢ (x)-regular.
(a) Write z = w, e and LP(z) = {v,}. Then

T Tz = Z QeTyZ.
(y,e)eY (x,w;v;)
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(b) Leta = (a, k) € Ays with xry < x and w € W. If w™'a € &%, we have
Y(x,w) =Y (xrg, sqw) - (rg, 0).
If w™la € =, we express Y (x, w) as the additive union of multisets
Y(x, w) = (Y(xra, sqw) - (ra, 0)) U (Y (xrq, w) - (1, 1)).

(c) Fory =w,et € W and e € 7, the multiplicity of (y, e) € Y (x, w) agrees with the multiplicity of
7N e inY(x7!, cl(y)w), where cl(y) € W is the classical part of y € W x X (T)r,.
Proof. (a) The regularity condition allows us to write z as the length-additive product

2pVe —1 iz~ 2pV¢
o (x), =] ghev2207L(x)

Z=121"32, 1 =WzVYz& 22

Then we get

LT, =T Tm Tzz = Z TyZ1 Tzz'
(y,e)eY (x,w;v;)

By the regularity of zj, it follows that LP(yz;) = LP(z;) = {1} for each y < x in the Bruhat order. Thus
Ty, T, =Ty, =T, foreach (y,e) € Y (x, w,v,).

(b) Let z = we* with u superregular and dominant, as in (a). Use the fact
L,T.=T,T,T.

and evaluate T,, T, depending on whether w ™'« is positive or negative.

(c) We consider the symmetrizing form of H(W) given by

I:H(W)—>Z[Q], ZNaxTxl—)al.
xeW

One checks that ©(7,7T,-1) = 1 and ©(7,T,) = 0 for x,y € W with xy # 1; see [Bonnafé 2017,
Section 4.1D]. It follows from this that 7 (hh') = t(h'h) for all h, i’ € H(W), and that 7(T,-1h) is the
T,-coefficient of i for x € W.

Moreover, note that 7, + T,-1 defines an antiautomorphism of the Z[ Q]-algebra H(VT/), and that 7 is
invariant under this map.

Fix y € W and assume that both z and yz are 2€(x)-regular. We calculate

> (multiplicity of (y, e) in Y (x, w,v;)) Q¢ = (coefficient of Ty, in T, T;)
<t = (T TeT2)
=t(T,-1 T, Ty,)
= (coefficient of T in Tx_1 Ty;)
= 3" (multiplicity of (y~', e) in Y (x ™', wyw,v,)) Q°.

e/

Comparing coefficients of Q¢ in Z[Q], the claim follows. U
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Remark 4.6. The connection to our previous article [Schremmer 2025] is given as follows: For x, z as in
Lemma 4.5, the regularity condition on z basically ensures that z7z~! behaves like ¥=*:U (L), so we can
approximate /z/ by the semi-infinite orbit 7z "=U (L) = I *<*:U (L)z. Then Ix1I - IzI is very close to

IxI-"UL)z= |J  Iy™*U(L)z € G(F).
(er)ey(x»wzvz)

Now observe for any y € W that
IxINIyY " U(L)#@ <= yelxI-""U(L).

So the multiset Y (x, w) is the representation-theoretic correspondent of the main object of interest in
[Schremmer 2025, Theorem 5.2].

Lemma 4.7. Let x = w, e € W and pick elements uy, uy € W, as well as v, € LP(x).

(a) The multiset wts(vy = u| --» us) is equal to the additive union of multisets

{(vx_lux — ul_luy +tw,e+?) | (w,£) € Wts(wyvx = wWyuy --> wyuz)}m.
(wyehy,e)eY (x,uz)

(b) The multiset wts(w, vy wo = Urwg --+ u1) is equal to the additive union of multisets

U {(wouz_lwyuy — wovx_],ux +w,e+10) | (w,2) € wts(vywy = w;luzwo --3 u3)}m.
uzeWw
(wyehy ,Se)eY(x,u3)
St wyu3=U|

Proof. (a) Induction on £(x). In the case £(x) =0, we get Y (x, uz) = {(x, 0)},,. From [Schremmer 2025,
Lemma 4.7(c)], we indeed get that wts(vy = 1| --+ u) is equal to

(o iy —u e+ 0, 0) | (0, £) € WES(wy vy = Wyt ——> Wylt2) ).

Now in the inductive step, pick a simple affine root a = («, k) with xr, < x. This means v’ la € * and
Uy =S Ux € LP(x”), where

Vv
x' = et = xry = wyseee TR

Let us first consider the case uz_loc € ®*. Then Y (x, up) = Y (x/, squ2) - (rq, 0) by Lemma 4.5(b). We get

U {7 e —uy iy + o, e +0) | (@, 0) € wis(wyv, = wyuy -—> wyuz)}
(wyehy ,e)eY (x,uz)
= U [ ' + kv e — (squ) ™y —kuy'aY +w, e +0) |
(wy/sﬂ»"/,e)EY(x/,suuz)

(w,€) € Wis(Wxr vy = Wy (Sqlt1) ——> wy/(sauz))}m.

By the inductive assumption, this is equal to
{+ky e —ui'a”), 0) | (w, €) € Wts(sqVy = Sqit1 ~= SqU2)}m-

By Theorem 3.2(a), this is equal to wts(vy = u --+ u2), using the assumption uz_loz € &% again.
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In the converse case where u, lo e, we argue entirely similarly. Use Lemma 4.5 to write
Y (x,u2) = (Y(xX', squ2) - (ra, 0)) U (Y (x", u2) - (1, 1)).
Considering Theorem 3.2(b), the inductive claim follows.
(b) One may argue similarly to (a), tracing through somewhat more complicated expressions to reduce
to Theorem 3.2 again. Instead, we show that (a) and (b) are equivalent. Recall that w, v, wq € LP(x~ 1
[Schremmer 2022, Lemma 2.12]. By (a), we see that wts(w, v, wo = urwp --+ uy) is equal to

U {((wyvewo) ™ (—wepty) — awo) 'y +w, e +0) |

1y -1
(wye"y,e)e¥ (x~H,u1) (w, £) € Wts(vxwo = wyUs Wy —-* wyul)}.

In view of Lemma 4.5(c), we recover the claim in (b). O

Lemma 4.8. Let Cy1, e > 0 be two nonnegative integers. Define C, := (8¢ +4)C]|.
Letx,y € W such that x is Cy-regular and €(x) — €(y) < Cy. Letu € W. Write

x = w,eM, y=w,eh,

LP(x) ={ve},  LP(y) ={vy}.
Define the multiset

M = {1+ 03| (@1, €1) € Wis(vx => vy —=> 1), (w2, £2) € WiS(WxVxWo => WyUyWo ——> Wyl)

such that v;l,uy = vx_l,ux —wi + woa)z}

m’
Then the multiplicity of (y, e) in Y (x, u) agrees with the multiplicity of e in M.

Proof. Induction on e. Consider the inductive start e = 0. If 0 € M, then £; = ¢, = 0 and v, = v, by
definition of M. Hence x =y, and indeed 0 € M has multiplicity 1. Similarly, (y, 0) also has multiplicity 1
in Y (x, u).

If0 ¢ M, we see x # y and indeed (y, 0) ¢ Y (x, u) for x # y. This settles the inductive start.

In the inductive step, let us write x as a length-additive product x = xxx3, where
— 84C1wx vxpv’

_SCIUX,Ov — 84C1prv

X1 Xy = w, et X3

Note that the inductive assumptions are satisfied for Cj, e — 1, x, and any element y’ € W such that
£(x2) — L(y) < Ci.
The length-additivity of x = x;xox3 implies

Y(x,u) = {(y1y2y3, e1 +e2+e€3) | (y3,€3) € Y (x3, 1),
(2, €2) € Y (xa, cl(y3)u), (y1,e1) € Y (x1, cl(y2) cl(y)u)}, .

Pick elements

(y3,e3) € Y(x3,u), (y2,e2) € Y(xz,cl(y3)u), (y1,e1) € Y(xy,cl(y2)cl(yz)u)

such that £(y1y2y3) > €(x) —Cy and e; + e +e3 =e.
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In this case, we certainly get £(y;) > £(x;) — Cy fori =1, 2, 3. Since x1, x3, x3 are 4C;-regular by
construction, it follows that each y; is 2C;-regular by y; < x; and £(y;) > £(x;) — C; (studying how

regularity behaves in a sequence of Bruhat covers from y; to x;). We claim that

L(y1y2y3) = L(y1) +L£(y2) +L£(y3).

We can study the question of length-additivity of such products using [Schremmer 2022, Lemma 2.13].
This lemma expresses the condition £(xy) = €(x) + £(y) in terms of the length functionals £(x, -) and
£(y, -) as defined in [loc. cit., Definition 2.5]. Using the aforementioned lemma, it suffices to see that
L(y1y2) =4€(y1) +£(y2) and £(y2y3) = £(y2) + £(y3) (using regularity). If y;y; is not a length-additive
product, we use [loc. cit., Lemma 2.13] to find a root « € ® with £(y, cl(y2)«) > 0 and £(y2, o) < O.
By regularity, this means £(yy, cl(y>)a) > C; and €(y,, «) < —C}. Using [loc. cit., Corollary 2.10 and
Lemma 2.12], we get
iy = Y 51O, cl(32)B) +£(y2, B
Bed
<=Ci+ Y 3L, cl)B] + [€(y2, B = £(y1) +£(y2) — Ci.
ped

This contradicts the above assumption £(y;y,y3) > £(x) — C1 > £(y1) + £(y2) + £(y3) — Cy. The proof
that y,ys is length-additive is completely analogous.

Let us consider the special case e; = e3 = 0 separately. Then y; = x| and y3 = x3. The length-additivity
of the product x| y,x3 implies that LP(y>) = {v,} and cl(y,) = w,. Using Lemma 4.7(a), we can express
{(0, 0)},, = wts(vy = vy --» u) in the form

U (... +0) | (0, £) € Wts(WyVx = WyVx —=> Wylt) }.
(wyehy ,e")eY (xz,u)
From this and [Schremmer 2025, Lemma 4.11], it follows that Y (x;, u) contains only one element (y’, ¢’)
with cl(y’) = wy, and that this element must be equal to (x;, 0).

We see that, if ¢; = e3 = 0, we must also have ¢, = 0. This case has been settled before.

We hence assume that e + e3 > 0. In particular, we may apply the inductive assumption to x3, y7, 3.
Recall that the multiplicity of (y, e) in Y (x, u) is equal to the number of tuples (with multiplicity)

(y3.e3) € Y(x3,u), (y2,e2) € Y(x2,cl(y3)u), (y1,e1) € Y(xi, cl(y2) cl(y3)u)

such that e; +e> +e3 = e and y = y|y2y3 (necessarily length-additive). Hence LP(y>) = {cl(y3)v,} and
wy, = cl(y1) cl(y2) cl(y3). By induction, the multiplicity of (y, ) in Y (x, u) is also equal to the number
of tuples (with multiplicity)

(y3. €3) € Y(x3,u),

(w1, £1) € wis(vy = cl(y3)vy --» cl(y3)u),

(w2, £2) € Wts(w, vy wy = cl(yl)_lwyvywo -—> cl(yl)_lwyu),

(1, e1) € Y (x1, cl(yy) " wyu),
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satisfying e = e; + €1 + £ + e3 and
3 =l T w, el(yg) T eI oo,

The latter identity can be rewritten, if we write y3 = w33 and y; = wie!, as

—1 —1 -1 -1
Uy My =V Hy, — 01+ wowz + 0y w3+ (wyvy) T wip.

We see that we may study the contributions of (y3, e3, w1, £1) and (y1, e1, @, £2) separately.
We may combine the above data for (y3, e3, wy, £1), noticing that we are only interested in the multiset

{(—v;lm + w1+ vy iy, 3+ 00) | (w3eh, e3) € Y (x3, 1), (o1, £1) € Wts(vy = w3v, -—» wsu)} .

By Lemma 4.7(a), the above multiset agrees with wts(vy = v, --» u).

Similarly, we may combine the data for (yi, e;, w2, £2), noticing that we are only interested in the
multiset
{(wo(wyvy) ™ w1 + w2 — wowyvy) ™ iy, €1+ £2) |

u'eW, (wieh', e) € Y(xy,u') such that wiu' = wyu,
(w2, £7) € Wts(wy vy wo = wl_lwyvywo -—> wl_lwyu)}m.

By Lemma 4.7(b), the above multiset agrees with wts(w,vxwo = wyvywo -+ wyut).

We summarize that the multiplicity of (y, e) in Y (x, u), i.e., the number of tuples

(y3, €3, w1, €1, w2, €, y1, €1)
with multiplicity as above, is equal to the number of tuples

()\'ls fl) € Wts(vx = vy -2 I/l),
(A2, f2) € Wis(wy vy wo = Wyvywp = Wylt)
satisfying e = f; + f» and

U;lﬂy = vx_lﬂxz — A+ vx_llfbxg + woAz + (wxvx)_ll/«xl-

Up to evaluating the product x = x1x2x3 € W X X, (T)r,, this finishes the induction and the proof. [J

Corollary 4.9. Let x = wyets, z = w et € W. Write

T, T,= ) Y ny.0°Ty,, ny.€Zsy.
yeW =0
Pick elements v, € LP(xy), v, € LP(x;),e € Z>9 and y = wye"> € W. Then ny . is at most equal to the
multiplicity of the element
(Ux_l(,U«x - wx_lwyluy), e)
in the multiset

wts(v, = w;lwxvx =3 W,V,).
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Proof. Let us write H(W)ZO for the subset of those elements of H(W) which are nonnegative linear
combinations of elements of the form Q°T, for e € Z>p and x € W. For dominant coweights A1, Ay €
X.(T)r,, we obtain

Tew"vx)‘lengZ)Q == Tgwxvx)tl Tx TZ Tsvz)\z
= Z Z ny’e QeTswxvx)\l TyZTgUZ)Q (S Z Z I’ly,e QeTg"’-"Ux)‘lyzg"'Z)‘Z +H(W)ZO

yeW e=0 yeW e=0
So the quantity 7, . can only increase if we replace (x, y, z) by (eWxVrtix, gWxVrtiy zgW:v:22)  Choosing
our dominant coweights A1, A, appropriately regular, the claim follows from Lemma 4.8. ([l

Proof of Theorem 4.2. In view of Corollary 4.9 and the definition of paths in the double Bruhat graph, it
follows easily that, for all x, y, z € W, the degree of the polynomial ¢y , , in Z[ Q] is bounded from above
by #®* (reproving this well-known fact). Thus the theorem follows by assuming e < #® ™ in Lemma 4.8
(noticing that also the multiset M cannot contain elements > #® ™ using the definition of paths in the
double Bruhat graph). U

4.2. Class polynomial. Choose for each o-conjugacy class O C Wa minimal-length element xp € O.
Then the class polynomials associated with each x € W are the uniquely determined polynomials
fx.0 € Z[ Q] satisfying
T, = Z fx,OTxo (mod [H, Hls),
o

where [H, H], is the Z[ Q]-submodule of H generated by the elements of the form
[h, W)y =hh' —ho(h) e H.

These polynomials f; o € Z[ Q] are independent of the choice of minimal-length representatives xp € O,
and there is an explicit algorithm to compute them; see [He and Nie 2014]. Using this algorithm, one
easily sees the following boundedness property: Whenever £(x) < £(xp), we must have f, o = 0. The
main result of this section is the following.

Theorem 4.10. Let B > 0 be any real number. There exists an explicitly described constant B’ > 0,
depending only on B and the root system ®, such that the following holds true:

Let x = wel € W be B’-regular and write LP(x) = {v}. For each o-conjugacy class O C W with
(™l —v(0),2p) < B and k(O) = k(x), we have

fro= > Q° e Z[Q].
(w,e)ewts(v=>0 (wv)) s.t.
v(O):avga(v’l;wa)
Remark 4.11. (a) Our proof reduces Theorem 4.10 to Theorem 4.2. This yields a short and instructive
proof, but results in a very large value of B’. One may alternatively compare the aforementioned algorithm

of He and Nie directly with Theorem 3.2 to obtain a significantly smaller value of B’.
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(b) Explicit formulas for the full class polynomials, rather than just degree and sometimes leading
coefficients, have been very rare in the past. One exception to this is the elements with finite Coxeter part
as studied in [He et al. 2024]. In the setting of Theorem 4.10, this means that v~ 1o (wv) € W has a reduced
expression in W where every occurring simple reflection lies in a different o-orbit in S. Then the class
polynomial from [loc. cit., Theorem 7.1] is, translating to our notation as above, given by Q¢@™'owv),

Write v™'o (Wv) = s, - - - 54, for such a reduced expression as above, and choose a reflection order <
with @) < - -+ < ;. Then one sees that there is only one unlabelled <-increasing path from v to o (wv)
in the double Bruhat graph, given by

V—> USq, —> +++ —> USy, * " * Sq, = O (WV).
This path has length n. Since the simple coroots «j, .. ., o, lie in pairwise distinct o -orbits, it follows
for any coroot w € Z®" that there is at most one choice of integers m, ..., m, € Z with

miay + - +mua) =w e Xy (T)r.

With a bit of bookkeeping, one may explicitly describe wts(v = o (wv)) as a multiset of pairs (w, n),
each with multiplicity 1, for exactly those coweights w which are nonnegative linear combinations of
the simple coroots ), ..., «, . This easy double Bruhat theoretic calculation recovers [He et al. 2024,
Theorem 7.1] in the setting of Theorem 4.10.

(c) Let J € A be the support of v~'o (wv) in W. Let v/ € W/ be the unique minimal-length element
in vJ. Write v = v’ v; and o (wv) = v/ v, so that v, v, € Wj. Choosing a suitable reflection order, we
get a one to one correspondence between paths in the double Bruhat graph of W from v to o (wv) and
paths in the double Bruhat graph of W; from v; to v,. The resulting statement on class polynomials
recovers [He and Nie 2015, Theorem C] in the setting of Theorem 4.10.

Proof of Theorem 4.10. Define C| := B + 1, and let C, > 0 be as in Theorem 4.2.
By choosing B’ appropriately, we may assume that we can write x as a length-additive product

X =x1X, x;=wvet, x,=v 'l
such that x; is 2¢(x;p)-regular and x, is Cp-regular. Observe that LP(x;) = {v} and LP(x;) = {1}. Then
T, = TX| sz = sza(Txl) (mod [H, H]s).-

Write H<¢(x)—p—1 for the Z[ Q]-submodule of H generated by all elements 7T satistfying £(z) < £(x) — B.
Using Theorem 1.2, we may write

sz Ta(xl) = Z QeTsuflufw (mOd Hfé(x)—B—l)

(w,e)ewts(v=0 (wv))

So if O satisfies (v~ — v(0), 2p) < B, we see that

fx,O - Z Qefgvflp.fw’(/)'

(w,e)ewts(v=0 (wv))
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Here, we used the above observation that fy, o = 0 if £(y) < (v(O), 2p). By regularity of v~ with
respect to @, we see that v~ 4 — w is always dominant and 1-regular in the above sum. Hence

1 ifv(O) =avg, W u—w),
fsuflp.fw’o =

The claim follows. |

0 otherwise.

5. Affine Deligne-Lusztig varieties

One crucial feature of the class polynomials fy o is that they encode important information on the
geometry of affine Deligne-Lusztig varieties.

Theorem 5.1 [He 2016, Theorem 2.19]. Let x € W and [b] € B(G). Define

fem =2 09 f 0 € 7101,
O

where the sum is taken over all o -conjugacy classes O C W whose image in B(G) is [b]. For each such

o-conjugacy class O, we write

£(0) =min{t(y) | y € O}.
Then X, (b) # @ if and only if fy p) # 0. In this case,
dim X, (b) = $(£(x) + deg(fr.i5)) — (v(b), 2)

and the number of J,(F)-orbits of top-dimensional irreducible components in X.(b) is equal to the
leading coefficient of fx ). [l

Combining with the explicit description of class polynomials from Theorem 4.10, we conclude the

following.

Proposition 5.2. Let B > 0 be any real number. There exists an explicitly described constant B’ > 0,
depending only on B and the root system ®, such that the following holds true:

Let x = weh € W be B’-regular and write LP(x) = {v}. Let [b] € B(G) such that (wlu—v(b),2p)<B
and x (b) = k (x). Let E denote the multiset

E={e| (w,e) e wts(v = o (wv)) such that v(b) = avga(vflu —w)ln-
Then X (b) # @ if and only if E # &. In this case, set e := max(E). Then
dim X, (b) = 5 (£(x) + e — (v(b), 2p)),

and the number of J,(F)-orbits of top-dimensional irreducible components of X.(b) is equal to the
multiplicity of e in E.



Affine Deligne—Lusztig varieties via the double Bruhat graph, Il 2039

Proof. Let O C W be the unique o-conjugacy class whose image in B(G) is [b] (unique by regularity).
Then £(0) = (v(b), 2p) and fy(p) = QO f,.0. Expressing

f x,0 = Z Qe
ecE
using Theorem 4.10, the statements follow immediately using Theorem 5.1. Il

For split groups, this recovers [Schremmer 2025, Corollary 5.9] up to possibly different regularity
constraints. In practice, one may use Proposition 5.2 to deduce statements on the double Bruhat graph
from the well-studied theory of affine Deligne—Lusztig varieties.

Corollary 5.3. Let u, v e W and let J = supp(u~'v) C A be the support of u='v in W, and w € Zd".

(a) Suppose that L(u~'v) is equal to dopw)(u = v), the length of a shortest path from u to v in the
quantum Bruhat graph. Then (v, (")) € wts(u = v) whenever v > wigw)(u = v) and w € ZCDy.

(b) If w € Z® with w > 2p}, which denotes the sum of positive coroots in @Y, we have
(w, E(u‘lv)) € wts(u = v).

Proof. Assume without loss of generality that the group G is split. Reducing to the double Bruhat graph
of W; as in Remark 4.11(d), we may and do assume that J = A.

Let B = (w,2p)+ 1 and B’ > 0 as in Proposition 5.2. Choose x = we* € W to be B'’-superregular
such that LP(x) = {u} and v = wu. Let [b] € B(G) be the o-conjugacy class containing 8“71“_“’, so that
vib) =u"'u —o.

(a) By [Mili¢evi¢ and Viehmann 2020, Proposition 4.2], the element x is cordial. By [Mili¢evi¢ and
Viehmann 2020, Theorem 1.1] and [Gortz et al. 2015, Theorem B], we get X, (b) # & and

dim X, (b) = 3 (€(x) + €(u™'v) — (v(b), 2p)).
The claim follows.

(b) Similar to (a), using [He 2021, Theorem 1.1]. This celebrated result of He shows that if w > 2p" and
supp(uilv) = A, then X, (b) # & and

dim X, (b) = $(£(x) + £(u™"v) — (v(b), 2p)).

The claim follows again. O

The reader who wishes to familiarize themselves more with the combinatorics of double Bruhat graphs
may take the challenge and prove the above corollary directly.

We now want to state the main result of this section, describing the nonemptiness pattern and dimensions
of affine Deligne—Lusztig varieties associated with sufficiently regular elements x € W and arbitrary
[b] € B(G). We let A(b) € X.(T)r be the A-invariant as introduced in [Hamacher and Viehmann 2018,
Section 2]. By conv : X, (T)r — X.(T)r, ® Q, we denote the convex hull map from [Schremmer 2022,
Section 3.1], so that v(b) = conv(A(b)).
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Our regularity condition is given as follows: Decompose the (finite) Dynkin diagram of & into its
connected components, so we have & = ¢ LI--- 1 &.. Denote by 6; QD;F the uniquely determined
highest root, and write it as linear combination of simple roots

9i=: 2: Cial.
aeA
Define the regularity constant C to be

C=14+ max ) ciq€Z.

i=l1,..., CaeA

With that, we can state our main result as follows.

Theorem 5.4. Let x = we* € W be C-regular and [b] € B(G) such that k (b) = k (x). Write LP(x) = {v}
and define E to be either of the following two sets E| or Ej:

E;:={e]| (v, e) € wts(v = o (wv)) such that A(b) = v_lu —w e X.(T)r},
E>:={e| (w, e) € wts(v = o (wv)) such that v(b) = conv(v™ ' — w)}.
Then X, (b) # @ if and only if E # @. In this case,
dim X (b) = 5 (€(x) + max(E) — (v(b), 2p) — def(b)).
Remark 5.5. (a) Since conv(A(b)) = v(b), we have E; C E,. The inclusion may be strict, and it is a
nontrivial consequence of Theorem 5.4 that the two sets have the same maxima.

(b) If @ is irreducible, the regularity constant C is equal to the Coxeter number of ® and explicitly given
as follows:

Cartantype A, B, C, D, Es E; Es Fy G,

C= n+l 2n 2n 2n-2 12 18 30 12 6

(c) Unlike in Proposition 5.2, we get no information on the number of top-dimensional irreducible
components. The main advantage of Theorem 5.4 over Proposition 5.2 comes from the different regularity
conditions, making Theorem 5.4 more applicable.

(d) The unique minimum in wts(v = o (wv)) from [Schremmer 2025, Proposition 4.13] corresponds to
the unique maximum in B(G),. This recovers the formula for the generic Newton point from [He and
Nie 2024, Proposition 3.1] in the setting of Theorem 5.4.

(e) If the difference between v—! i and v(b) becomes sufficiently large, the maximum max(E) can be
expected to be is £(v™'o (wv)) (see [Schremmer 2025, Lemma 4.11] or Corollary 5.3(b) above) and we
recover the notion of virtual dimension from [He 2014, Section 10]. In fact, one may use Corollary 5.3(b)
to recover [He 2021, Theorem 1.1] in the situation of Theorem 5.4. This line of argumentation is ultimately
cyclic, since a special case of [He 2021, Theorem 1.1] was used in the proof of Corollary 5.3(b). We
may however summarize that Corollary 5.3(b) is the double Bruhat theoretic correspondent of [He 2021,
Theorem 1.1]. Similarly, most known results on affine Deligne—Lusztig varieties correspond to theorems
on the double Bruhat graph and vice versa.
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(f) The proof method for Theorem 5.4 is similar to the proof of [He 2014, Proposition 11.5] or equivalently
the proof of [He 2021, Theorem 1.1].

Proof of Theorem 5.4. We assume without loss of generality that the group G is of adjoint type, following
[Gortz et al. 2015, Section 2]. This allows us to find a coweight p,, € X.(T')r, satisfying for each simple

root o € A the condition
1, vaed,

0, vaedT.

It follows that (i, B) > ®T(—vp) for all B € ®*. Define

</~’LU’ a) = (D+(—U0l) = {

-1, _ ~
xpi=wve? KR, =y lgV e W,

By the choice of u,, we see that v~ ' — py is dominant and (C —1)-regular. The above estimate
(y, B) > ®T(—vpB) implies v € LP(x;). Hence x = x| x; is a length-additive product. We obtain

Ty =TTy =Ty1(x,) Ty, (mod [H, H]s).
Define the multiset Y via

Tyl = Y QT €H. (5.6)
(y,e)eY

Then each (y, e) € Y satisfies y <o ~!(x;) in the Bruhat order. Writing y = wyety, we get /L‘;Om <o ()
in X.(T)r,. We estimate

max|(iey, B)| = max (u°", B) = max(u$™™, 6;) < max(u,, 6;) < C — 1,
IBG(D ﬂ€¢+ 1 i

by the choice of C. It follows that
yx; = wywvs"*l“_“““w”)il“y,

with v — ey + (wv) ' y being dominant. For any dominant coweight A € X, (T)r,, we can multiply
(5.6) by T, to obtain

Tofl(xz)Txlgx =T071(x2)T)Cl T = Z TyxlTEA = Z Tyxlgx.
(y,e)eY (v,e)eY

In light of Lemma 4.5, we see that the multiset Y is equal to the multiset ¥ (o~ (x,), wv) defined earlier.
For each (y, e) € Y, write yx| = ﬁ)ys’ly to define the sets

Ei(yx1) :={e| (w, e) € wts(1 = o (w,)) such that A(b) = iy —w € X, (T)r},
E>(yx1) :={e | (w, e) € wts(1 = o (w,)) such that v(b) = conv(ji, — w)}.

Define E(yx;) to be E{(yx;) or E>(yx;) depending on whether E was chosen as E| or E;. By
Lemma 4.7(a), we may write wts(o ~' (v) = wv) as the additive union of multisets

wts(o_l(v) = wv) = U {(y — (wv)_luy +w,e+4) | (w,£) € wis(l = wywv)}y,
(wye"y e)eY (6~ (x2), wv)
= U (v u—iy+to,et+0)] (0 ) ewts(l = 0y)}n (5.7)

(y,e)eY
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Note that the definition of the sets E;, E», E1(yx1), E2(yx1) does not change if we apply o~ to the
occurring weights w. Hence (5.7) implies
E= | {e+€|Le€E(yx)}
(y,e)eY
By definition of the multiset Y, the class polynomials of f; o for arbitrary o-conjugacy classes O C W
are given by

fx,O: Z Qefyxl,O-

(y,e)eY

By Theorem 5.1, we see that X, (b) # @ if and only if X, (b) # & for some (y, e) € Y. In this case, the
dimension of X, (b) is the maximum of

dim Xy, (b) + S(£(x) — L(yx1) + ),

where (y, e) runs through all elements of Y satisfying X, (b) # @.
We see that it suffices to prove the following claim for all (y,e) € Y:

Xyx,(b) # < if and only if E(yx;) # & and in this case, we have

. | (%)
dim X, (b) = E(Z(yxl) 4+ max(E(yx1)) — (v(b), 2p) — def(b)).

Writing yx; = we”, we saw above that /i is dominant. Applying [Mili¢evi¢ and Viehmann 2020,
Theorem 1.2] to the inverse of yx;, or equivalently [He 2021, Theorem 4.2] directly to yx;, we see
that the element yx; is cordial in the sense of [Mili¢evi¢ and Viehmann 2020]. This gives a convenient
criterion to check X, (b) # < and to calculate its dimension. We saw in Corollary 5.3(a) that the multiset
wts(l = o (w,)) must satisfy the analogous conditions. Let us recall these results.

The uniquely determined largest Newton point in B(G),,, = B(G) . is avg, (ft); see [He 2021,
Theorem 4.2].

Let J = supp(®w) € A be the support of @ and J = |, o' (J') = supp, () its o-support. Let
wy: Xi(T)r, = X«(T)r, ® Q be the corresponding function from [Chai 2000, Definition 3.2] or
equivalently [Schremmer 2022, Section 3.1]. Then 7r;(ft) is the unique smallest Newton point occurring
in B(G),y,; see [Viehmann 2021, Theorem 1.1].

The condition of cordiality [MiliCevi¢ and Viehmann 2020, Theorem 1.1] implies that B(G)y,, contains
all those [b] € B(G) with the correct Kottwitz point « (b) = k (yx;) = k (x) and Newton point

(i) < v(b) < avg, (i1).

In this case, we know moreover from [Mili¢evi¢ and Viehmann 2020, Theorem 1.1] that X, (b) is

equidimensional of dimension
dim Xy, (b) = 5 (€(yx1) +€(D) — (v(D), 2p) — def(D)).

This condition on Newton points is equivalent to avg, ({i) —v(b) being a nonnegative (D-linear combination
of simple coroots of J, or equivalently i —X(b) being a nonnegative Z-linear combination of these coroots.
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On the double Bruhat side, note that (w, ¢) € wts(1 = w) implies w € ZPY, and e < £(w). This can
either be seen directly, similar to the proof of [Schremmer 2025, Lemma 4.11], or as in Corollary 5.3,
reducing to [Viehmann 2021, Theorem 1.1]. From Corollary 5.3, we know conversely that any @ > 0
with w € Z®Y, satisfies (w, £()) € wts(1 = ).

Comparing these explicit descriptions of dim X ,,, (b) and max(E (yx1)), we conclude the claim (x). [

6. Outlook

We saw that the weight multiset of the double Bruhat graph can be used to describe the geometry of
affine Deligne-Lusztig varieties in many cases. This includes the case of superparabolic elements x
together with sufficiently large integral [b] € B(G) in split groups [Schremmer 2025, Theorem 5.7], as
well as the case of sufficiently regular elements x together with arbitrary [b] € B(G) (Theorem 5.4). One
may ask how much the involved regularity constants can be improved, and whether a unified theorem
simultaneously generalizing [Schremmer 2025, Theorem 5.7] and Theorem 5.4 can be found. Towards this
end, we propose a number of conjectures that would generalize our theorems in a straightforward manner.
Let x = wek € W and [b] € B(G). If X,(b) # &, define the integer D € Z>( such that

dim X, (b) = $(£(x) + D — (v(b), 2p) — def(b)),

and denote the number of Jj,(F)-orbits of top-dimensional irreducible components in X, (b) by C € Z5;.
We would like to state the following conjectures. The first conjecture makes a full prediction of the
nonemptiness pattern and the dimension for elements x in the shrunken Weyl chamber and arbitrary
[b] € B(G).

Conjecture 6.1. Suppose that x lies in a shrunken Weyl chamber, i.e., LP(x) = {v} for a uniquely
determined v € W. Define E to be either of the multisets

E;:={e]| (w, e) € wts(v = o (wv)) such that A(b) = v_lu —w € X«(Drlm,
E; :={e]| (w, e) € wts(v = o (wv)) such that v(b) = conv(v_lu —w)}lm.
We make the following predictions.

(@) Xx(b) #@ ifand only if E # @ and k (x) = k(b) € 1 (G)r (the latter condition on Kottwitz points
is automatically satisfied if E = E1).

(b) If X, (b) # &, then max(E) = D.
(©) If X.(b) # 9, then C is at most the multiplicity of D in E (Which may be +00 for E3).

The multiset E; is always contained in E3, since v(b) = conv(A(b)). The inclusion may be strict. So
in fact we are suggesting two different dimension formulas for shrunken x, and claim that both yield the
same answer, which moreover agrees with the dimension.

For sufficiently regular x, Theorem 5.4 shows (a) and (b). Under some strong superregularity conditions,
Proposition 5.2 shows (c) with equality. While both proofs can certainly be optimized with regards to the
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involved regularity constants, proving Conjecture 6.1 as stated will likely require further methods. It is
unclear how to show the conjecture, e.g., for the particular element x = wge =2, since the proof method
for Theorem 5.4 fails.

It is easy to see that Conjecture 6.1 is compatible with many known results on affine Deligne—Lusztig va-
rieties, such as the ones recalled in the introduction of the previous article [Schremmer 2025, Theorem 1.2].
By Corollary 5.3, we see that parts (a) and (b) of Conjecture 6.1 hold true for cordial elements x. If x is
of the special form x = wye" with u dominant, then x is in a shrunken Weyl chamber and we know that
(c) holds; see [Schremmer 2025, Remark 6.11].

Our second conjecture suggests how the double Bruhat graph can be used for elements x which are

not necessarily in shrunken Weyl chambers.

Conjecture 6.2. Suppose that |b] is integral, i.e., of defect zero. Define for each v € LP(x) and u € W

the multiset
E(u,v):={e| (w,e) € wts(u = o(wu) --+ o (wv)) such that u_lu —w=A0b) € Xo(T)r}n.
Set max & := —oo and define
d :=max min max(E(u,v)) € Z-9U{—00},
ueW velP(x) -
c:= Y min (multiplicity of d in E(u, v)) € Z>.
uew VELP(x) -

We make the following predictions:

(a) If there exists for every u € W some v € LP(x) with E(u, v) = &, i.e., if d = —00, then X, (b) = @.
(b) If X, (b) # O, then D <d.
©) If X;(b) #9 and D =d, then C <c.

If the group is split, then [Schremmer 2025, Theorem 5.7] proves (a), (b) and (c). Moreover, under
some strong superparabolicity assumptions, we get the full conjecture including equality results for (b)
and sometimes (c). We expect that a similar superparabolicity statement holds true for nonsplit groups,
but it is unclear what the involved regularity constants should be, which is why we did not formulate a
precise, falsifiable conjecture.

If the element x € W is in a shrunken Weyl chamber with LP(x) = {v}, then the multiset £ from
Conjecture 6.1 is equal to the multiset E(v, v) from Conjecture 6.2. If we moreover assume that
Conjecture 6.1 holds true, then we get parts (a), (b) and (c) of Conjecture 6.2.

Compatibility of Conjecture 6.2 with previously known results is a lot harder to verify. We ex-
pect that one does not have to account for all pairs (u, v) as in Conjecture 6.2 to accurately describe
nonemptiness and dimension of X, (b), similar to [Schremmer 2025, Theorem 5.7(c)] or Conjecture 6.1.
However, we cannot make a precise prediction how such a refinement of Conjecture 6.2 should look

in general.
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Nonetheless, extensive computer searches did not yield a single counterexample to either conjecture.
Most straightforward generalizations of these conjectures, however, can be disproved quickly using such
a computer search [SageMath 2020; Sage-Combinat 2008].

Example 6.3. For both conjectures, the estimate on the number of irreducible components is only an
upper bound. Indeed, it suffices to consider elements of the form x = wpe" for dominant cocharacters .
Then, as discussed in [Schremmer 2025, Remark 5.11], the number C is equal to the dimension of the
A(b)-weight space of the irreducible Weyl module M. The element x lies in a shrunken Weyl chamber,
and the multiplicity of d = D in E| = E (v, v) is equal to the dimension of the A(b)-weight space in the
Verma module V),. These numbers are not equal in general.

Example 6.4. One may ask whether it is possible to find for each nonshrunken x an element v € LP(x)
such that the analogous statement of Conjecture 6.1 holds true. While this is certainly possible, say, for
cordial elements x, such a statement cannot be expected to hold true in general. We may choose G = GL4
and x = s3s051€", where the pairing of u with the simple roots «, o, a3 is given by 1, —1, 1 respectively.
Then LP(x) = {s7, s253}. For [b] basic, we have D = 3, yet the analogous statements of Conjecture 6.1
for both possible choices of v in LP(x) would predict D =5.

Example 6.5. Conjecture 6.2 should not be expected to hold for nonintegral [»]. Indeed, it suffices to
choose G = GLj3 and x = we* to be of length zero such that the action of x on the affine Dynkin diagram
is nontrivial. Let [b] = [x], so that B(G), = {[b]}. Define

E(u,v):={e| (v, e) € wts(u = wu --+ wv) such that u*IM —w=AMb) e X.(T)r}n

for u, v e W =LP(x). Since w # 1, we have E(u, v) = & whenever v = uwy. A statement analogous to
Conjecture 6.2(a) would thus predict that X, (b) = &, which is absurd.

Example 6.6. The converse of Conjecture 6.2(a) should not be expected to hold, even for [b] basic. The
construction in Conjecture 6.2 can fail to detect (J, w, §)-alcove elements, and hence falsely predict a
nonempty basic locus. For a concrete example, one may choose G = GL3 and x to be the shrunken
element x = 5,6, with (pY, a) =1 for all simple roots . Then LP(x) = {1}. For u = 515, and [b] =[1]
basic, we have E(u, 1) # @.
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Paucity of rational points
on fibrations with multiple fibres

Tim Browning, Julian Lyczak and Arne Smeets

Given a family of varieties over the projective line, we study the density of fibres that are everywhere
locally soluble in the case that components of higher multiplicity are allowed. We use log geometry to
formulate a new sparsity criterion for the existence of everywhere locally soluble fibres and formulate new
conjectures that generalise previous work of Loughran and Smeets. These conjectures involve geometric
invariants of the associated multiplicity orbifolds on the base of the fibration in the spirit of Campana. We
give evidence for the conjectures by providing an assortment of bounds using Chebotarev’s theorem and
sieve methods, with most of the evidence involving upper bounds.
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1. Introduction

Let X be a smooth, proper, geometrically irreducible variety over Q, which is equipped with a dominant
morphism 7 : X — P! with geometrically integral generic fibre. We shall refer to such fibrations as
standard. The focus of this article is on situations where multiple fibres are present. Work of Colliot-
Thélene, Skorobogatov and Swinnerton-Dyer [Colliot-Thélene et al. 1997] shows that the set X (Q) of
(Q-rational points on X is not Zariski dense when there are at least 5 geometric double fibres. Our goal is
to put this kind of result on a quantitative footing by analysing the simpler question of solubility over the
ring of adeles Ag. Let

Nioe(, H, B) =#{x e P/ (Q) N7(X(Ag)) : H(x) < B}, (1-1)
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where H is a height function on P'(Q). In general, we will need to allow the height H to be any adelic
height on a line bundle &'(d). However, most of the time we shall use an ¢'(1)-height. In this case we will

simply write Nioc(r, H, B) = Nioc(7r, B). Usually we will take the naive height H (x) = max{|xo|, |x1|}

2

if x € P1(Q) is represented by a vector x = (xg, x) € Zprim,

in which case it is easy to prove that

2
#HxeP'(Q):Hx)<B}~——B? asB— oo.

£(2)
Loughran and Smeets [2016] have shown that
2
Nioe (7, B) K W (1-2)

for a certain exponent A () > 0 that is defined in terms of the data of the fibration. (Here, as throughout
our work, all implied constants are allowed to depend on the fibration 7.) Roughly speaking, the size
of A(rr) is determined by the number of nonsplit fibres of , thereby lending credence to a philosophy
put forward by Serre [1990] and further developed by Loughran [2018]. In [Loughran and Smeets 2016,
Conjecture 1.6] it is conjectured that the upper bound (1-2) is sharp provided that the fibre of & over
every closed point of P! has an irreducible component of multiplicity 1. (In fact, [Loughran and Smeets
2016] works over arbitrary number fields k£ and concerns fibrations X — P over projective space of
arbitrary dimension, but we shall restrict to k = Q and n = 1 in our work.) Our goal is to explore what
happens to N, (;r, B) when the assumption about components of multiplicity 1 is violated.

There are relatively few examples in the number theory literature that feature standard fibrations with
multiple fibres. When the generic fibre of 7 is rationally connected, it follows from work of Graber,
Harris and Starr [Graber et al. 2003] that every fibre contains a geometrically integral component of
multiplicity 1. In particular, when dim X = 2, we must look to fibrations over P! into curves of positive
genus to find examples with multiple fibres. Let c, d, f € Q[¢] be nonzero polynomials such that f is
square-free of even degree and such that f and ¢ — d are coprime. Let  : X — P! be a smooth, proper
model of the affine variety cut out by the pair of equations

XF—ct)y=f@)y: x*—dt)= f)% (1-3)

Then it follows from [Colliot-Thélene et al. 1997, Proposition 4.1] that all the fibres of = over the zeros
of f are double fibres and that the generic fibre is a geometrically integral curve whose projective model
is isomorphic to a curve of genus 1. When deg( f) > 6, as pointed out in [Loughran and Matthiesen 2024,
Theorem 1.4], the argument of [Colliot-Thélene et al. 1997, Corollary 2.2] implies that Ny (7r, B) = O(1).
Further examples involving genus-2 fibrations over P! have been worked out in [Stoppino 2011].

In the spirit of [Campana 2005], our approach to this problem comes from relating the arithmetic of
7 : X — P! to the arithmetic of the orbifold base (P!, 3,,) for a certain Q-divisor 9y, in the sense of
Definition 4.6. For each closed point D € (P')("), we let mp > 1 denote the minimum multiplicity of the
irreducible components of 77 ! (D). We will call the fibre over D multiple if mp > 1. We emphasise that
we have not defined the multiplicity of a fibre as the greatest common divisor of the multiplicities of its
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components, as is common in some applications, but rather as the minimum. Then we may define

o= Y (1—mLD)[D]. (1-4)

De(PhH®D
With this notation, we make the following conjecture.

Conjecture 1.1. Let 7 : X — P! be a standard fibration such that the Q-divisor —(Kpi + 9;) is ample.
Then
Nige(m, B) = 0€(B2_d5g3n+£)

for any ¢ > 0.

Note that —deg(Kpi + d;) =2 —deg d;. Hence —(Kp1 4 9,) is ample if and only if deg 9, < 2. The
main feature of Conjecture 1.1 is that we expect Njoc(7r, B) to be much smaller in the presence of multiple
fibres. Our remaining results give evidence towards this, as well as a proposal about the replacement
of B? by an explicit nonpositive power of log B.

In the case that deg 9, > 2, the Mordell orbifold conjecture shows that the rational points of X can only
lie in finitely many fibres of 7. This conjecture follows from the abc-conjecture, as shown by Smeets
[2017]. Examples where the conclusion can be proven unconditionally are found in [Colliot-Théléne et al.
1997]. It remains unclear what can be said generally about the number of everywhere locally soluble
fibres in this situation. In the intermediate case deg 0, = 2, very little is known about the number of
soluble or everywhere locally soluble fibres.

1.1. Upper bounds. For each closed point D € (P1)(V| let S, be the set of geometrically irreducible
components of 7 ~! (D) of multiplicity m p, and let k (D) be the residue field. For any number field N/Q,

we write ) )
#{o € I'p,ny : o acts with a fixed point on Sp}

#I'p N

Sp.n () = , 1-5)

where I'p  is a finite group through which the action of Gal(N /N) on Sp factors. (We take 6p y(7) =0
when no such components exist.) Note that

0<épn(m) <1 (1-6)

Moreover, we shall write 6p (1) = ép «(p)(7). When 7~1(D) has components of multiplicity 1, this
agrees with the definition given in [Loughran and Smeets 2016, (1.4)]. A natural analogue of the exponent
appearing in [Loughran and Smeets 2016, Theorem 1.2] is then

A(r) = Z (1 =ép(m)), -7
De(®H®D
which agrees with the exponent appearing in (1-2) whenever 7 ~! (D) contains a multiplicity-1 component
for every D € (PH(,
The following upper bound treats the case of one multiple fibre above a degree-1 point of P! and is
consistent with Conjecture 1.1.
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Theorem 1.2. Let v : X — P! be a standard fibration with a unique multiple fibre at 0. Then
2—deg 0,

Nioc(m, B) K W,

where A(r) is given by (1-7).

It is tempting to suppose that the same estimate continues to hold when there is more than one closed
point of P! above which multiple fibres exist. However, in Theorem 7.1, we shall illustrate that a smaller
exponent than A(;r) is sometimes necessary.

Let 7w : X — P! be a standard fibration, and let D € (P')(", which we suppose is defined by an irreducible
binary form g € Q[x, y]. Assume first that g(1, 0) = 0. Then the residue field is « (D) = Q[x]/(g(x, 1)).
Moreover, for any d € N and any v € @, let h(x) = KD (x)¢ ... hP)(x)® be the factorisation of
h(x) = g(x?, v) into distinct irreducible polynomial 2)(x). We define Ng3 00 = QLx1/(h D (x)) and

1
Npaw=Np)y % x N3 . (1-8)

For typical v this forms a number field of degree deg(g) + d, but in general an étale algebra of possibly

lower degree is formed since & need not be irreducible nor separable. It still remains to deal with the case

g(1,0) = 0. But then D = oo and we apply the same construction to the polynomial g(1, vy?) € Q[y].
We may now define

SD
O = Y Y (1=5,yn (1) (1-9)
De®HM k=l o

in the notation of (1-5). Our main upper bound is as follows.

Theorem 1.3. Let 7 : X — P! be a standard fibration with multiple fibres at 0 and oo and nowhere else.

Let d = ged(mg, mo). Then
BQ—deg Or

Nioe (T, B) K (log B)minue@X/QX‘d Ou(m)

It will be convenient to put

O@r)= min O,(w). (1-10)
ve@x/@x.d

Let us first note that ® (1) > 0 by (1-6). Secondly, A(r) and ® () can be different; in Theorem 7.1 we
will see an example with ®(;7) =0 but A(;r) = 1. However, we will see that

O(m)=A@r) if ged(mgy, mso) = 1. (1-11)
The following result shows that there are only finitely many values that ®,(;r) can take.

Proposition 1.4. Let 7 : X — P! be a standard fibration, and let D € (P1)(V. Let E be the field of
definition of the elements of Sp, and let N /Q be a number field. Then §p n(7t) = 8 ynpgnoma (), where

Ero™al i the normal closure of E.
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As we have seen, our understanding of Njo. (7, B) is inexorably linked to the arithmetic of the orbifold
base (P!, 3;). The study of rational points on orbifolds is the focus of work by Pieropan, Smeets, Tanimoto
and Vdrilly-Alvarado [Pieropan et al. 2021], which offers a far-reaching conjectural asymptotic formula
for any orbifold (Y, ) with Q-ample divisor —(Ky + d). Pieropan and Schindler [2024] have verified
many cases of the conjecture when Y is a split toric variety over Q. Their work covers the orbifolds that
arise in the proof of Theorems 1.2 and 1.3 and would yield the upper bound Njo (7, B) = O (B>~%€0),
In order to achieve the desired nonpositive powers of log B, we need to incorporate extra Chebotarev-type
conditions that arise when counting locally soluble fibres.

The proofs of Theorems 1.2 and 1.3 are based on the large sieve and will be carried out in Section 6. A
crucial ingredient will be a sparsity criterion, which gives explicit control over which fibres are everywhere
locally soluble. This criterion will be proved in Section 5 using log geometry and may be of independent
interest.

The condition deg 3, < 2 restricts us to only considering fibrations over P! with at most three multiple
fibres, and the multiplicities of these fibres cannot be too large. Extending Theorem 1.3 to three multiple
fibres represents a formidable challenge. The easiest such case corresponds to the (D-divisor

0r = 5101+ 311+ 3[o0].

Conjecture 1.1 would predict that Ny (7w, B) = Oy (BY/ 2+e) for any ¢ > 0. However, the best upper bound
we have is due to [Browning and Van Valckenborgh 2012], which only yields the exponent % + .

1.2. A new conjecture. We are now ready to reveal a new conjecture for the density of locally soluble
fibres for standard fibrations in which multiple fibres are allowed. Let 77 : X — P! be a standard fibration,
and let 0 : P! — (P!, ,) be a finite étale orbifold morphism, as defined in Definition 4.2.

We assume that (P!, 3,) does not admit a finite étale orbifold morphism which factors through 6,
and 6 is a G-torsor under a finite étale group scheme G. Let 6, : C, — P! denote the twist of 6 by
any v € H!(Gal(Q/Q), G), which is a torsor under the inner twist G,, of G [Skorobogatov 2001, p. 20].
Finally, let 7, : X, — C, denote the normalisation of the pullback of 7 along 8,. We will only consider v
for which C,(Q) # @, in which case we identify C, = P!.

Conjecture 1.5. Let 7 : X — P! be a standard fibration such that the Q-divisor —(Kp1 + 05) is ample
and X (Aq) # &. Then there exists a constant c; > 0 such that

BZ—deg Ox
Nioe (7, B) ~ ¢y

(log B)minveHl (Gal@/2),6) A0Tv)’

where A(my) is given by (1-7).

Note that it follows from Proposition 1.4 that A(sr,) takes only finitely many values. In the special
case that the orbifold base is simply connected as an orbifold, which in the setting of Theorem 1.3 covers
the case gcd(mg, moo) = 1, the exponent will simply equal A(sr). Thus Conjecture 1.5 implies that

2—deg 9,

Nioc(, B) ~ an
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in this case, which is consistent with the upper bound in Theorem 1.2. In Corollary 4.9 we take G = gy
and prove that ®,(;r) = A(wr,) in (1-9). Hence the upper bound in Theorem 7.1 is also consistent with
Conjecture 1.5. In Section 7 we provide further evidence for the conjecture by establishing a range of
estimates for the variant Ny s(7, B) of N (7w, B), in which local solubility is only required away from
a finite set S of primes. In Theorem 7.2, for example, we establish a precise lower bound for N, s(7, B)
in the case that 7 : X — P! is a standard fibration for which the only nonsplit fibres lie over 0 and oo.

One further source of examples that can be used to illustrate our conjectures is the class of Halphen
surfaces. These were introduced by Halphen [1882] and correspond to standard fibrations admitting
a unique multiple fibre. In Theorems 7.3-7.8 we provide several estimates for Ny, s(7, B) that are
consistent with Conjecture 1.5 for appropriate surfaces of Halphen type. In the proof of Theorem 7.8
we are led to a concrete problem in analytic number theory that was solved by Friedlander and Iwaniec
[2010, Theorem 11.31]. Indeed, we need matching upper and lower bounds for the number of positive
integers a, b satisfying a® +b? < x, as x — oo, such that the only prime divisors of a® 4 b? are those that
split in a given cubic Galois extension K /Q. It would be useful to have a similar result for non-Galois
extensions, but this appears to be difficult.

Remark 1.6. Returning to the example (1-3), we see that the associated Q-divisor d,; has degree % deg(f).
Since f is assumed to have even degree, it follows that —(Kp1 + d;) is ample only when deg(f) = 2.
When f is a quadratic polynomial, Conjecture 1.1 implies that Niyc (7, B) = 0. (B'*%) for any ¢ > 0.
The orbifold base (P!, 8,) admits u»-covers, and it is possible to apply Conjecture 1.5 to predict an
explicit power of log B. The outcome will depend on the Galois action on the geometric components of
the fibres.

1.3. Further questions. We expect similar conjectures to hold when looking at fibrations 7 : X — Y
over other bases for which —(Ky + 95 ) is @-ample. However, when dim(Y) > 1 the sparsity criterion
we work out in Section 5 will be significantly more complicated. Moreover, care also needs to be taken
around the effect of thin subsets of ¥ (Q) on the counting problem. A counter-example to the most naive
expectation has recently been provided [Browning et al. 2023] in the case that Y is a split quadric in P3.
In a different direction, when ¥ = P!, we can extend the definition (1-1) by defining Ny (7T, B; Z) to
be the number of x € (P1(@) \ Z) N7 (X (Ag)) for which H(x) < B for any thin subset Z C P'(Q). It
is then very natural to ask whether or not we should expect a bound of the shape
Bl /mo+1/meg

where A () is given by (1-7), if we have the freedom to remove any thin set Z. Of course, as pointed out

Nige(m, B; Z) K

by the anonymous referee, it is not completely clear whether anything is left if we are able to remove
arbitrary thin sets from PL(Q).

1.4. Summary of the paper. The main sparsity criterion for locally soluble fibres is Theorem 5.5. It
is proved using log geometry in Section 5 and leads to Chebotarev-type conditions about the splitting
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behaviour of primes. In Section 2 we shall collect together some basic group-theoretic results that allow
us to interpret the output from Chebotarev’s theorem. Section 3 uses recent work of Arango-Pifieros,
Keliher and Keyes [Arango-Pifieros et al. 2022] to count pairs of power-full integers which lie in the
multiplicative span of Frobenian sets of primes. In Section 4 we shall introduce the necessary background
on orbifolds that is required to interpret the exponent of log B in Conjecture 1.5. Section 6 contains
the proof of Theorems 1.2 and 1.3 and is based on an application of the large sieve. Finally, Section 7
builds on the work in Section 3 and contains new evidence for Conjecture 1.5, including estimates for
Nioe,s(r, B) in the case of Halphen surfaces and other families admitting multiple fibres.

2. Group-theoretic results

We will need some preliminary results on the density of primes with a prescribed splitting behaviour.
Using Chebotarev’s theorem, we will be able to translate it into statements about groups and group actions.
We begin by proving some results in elementary group theory.

2.1. Group theory lemmas. Let G be a finite group, and let H C G be a subgroup. For an element g € G,
we will write Fix,(G/H) for the set of fixed points of g under the natural action of G on G/H.

Lemma 2.1. Let C C G be a conjugacy class. Then we have

#G
#Fix,(G/H) = —#(CNH).
> #Fixg(G/H) = _—#(CNH)
geC
Proof. First note that, for conjugate elements g, y € C, there is an element u € G such that u™'yu = g.
Hence

(xeG:ixlgx=yl={xeG:x) 'ylux) =y} =u"" Stab,,,

whose cardinality is #G /#C by the orbit-stabiliser theorem since C is the orbit of y under conjugation.
We now see that
Z#Fixg(G/H) =#{(g,xH) e Cx G/H : gxH = xH}

geC
=#{(g,xH) e Cx G/H :x 'gx € H}.

Hence .
Y #Fix,(G/H) = a8 €CxG xlgxe HNC}
geC 1
= 7@ x, ) eCxGxHNO) xlgx =1y}
1 #G
=—#C.-— -#(CNH),
#H #C
which proves the lemma. (I

Lemma 2.2. Let S and T be subgroups of G. Then

#SHT = #(SNT)#(ST).
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Proof. Consider the action S x T on G by (s, t)g = sgt~!. The stabiliser of e equals the image of
diagonal map SN T < § x T, and the set ST is the orbit of e;. The result now follows from the
orbit-stabiliser formula. 0

2.2. Density of primes. Let F/Q be a number field with ring of integers &'r. Define 42 ,, to be the set
of rational primes p unramified in F which are divisible by exactly m primes p; C OF of degree 1. Let

Zr = Zrm.
m>1
We define
d
56, Ky=1->"m dens(@,{,m nlJ %)
m=1 Ee&

for a finite set & of number fields and any number field K € Q with d = [K : Q). If & = {E} consists of
a single number field E C Q, we will write §(E, K) = (&, K). The main result of this section is the
following result.

Theorem 2.3. Let & be a finite set of number fields and K € Q a number field with d = [K : Q]. Define

d
56, K)=1->"m dens(gzK,m nJ 325)
m=1

Ee&
Let L € Q be a Galois extension of Q which contains both K and all E € &. Then

#{o € Gal(L/K) : o fixes a conjugate of some E € &}

§(&, K)=1—
#Gal(L/K)

The quantity §(&, K) generalises a quantity that is implicit in [Loughran and Smeets 2016, (1.4)]. Let
7 : X — P! be a standard fibration, and let D be a closed point of P! with residue field « (D). Let Ip ()
be the set of geometrically irreducible components of 7~ (D) of multiplicity 1, and let &p be the set of
number fields obtained from taking the algebraic closure of Q in the function field of each irreducible
component of 7~ (D), i.e., the minimal finite extensions of @ over which the irreducible components of
7~1(D) split into their geometrically irreducible components. Then

ép(m) =1-68(¢p, k(D))

in [Loughran and Smeets 2016, (1.4)]. Moreover, if we take Sp to be the set of geometrically irreducible
components of 77 ! (D) of minimal multiplicity m p and we let & be the set of fields of definition of the
elements of Sp, then we also have

Sp,N(m)=1—48(ép, N) (2-D
in (1-5) for any number field N /Q.

Proof of Theorem 2.3. Write G = Gal(L/Q), and let K be the fixed field of the subgroup H; of G.
Similarly, let E € & be the fixed fields of the subgroups H € 7# of G. Let 3”}( , denote the set of primes
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in Pk, that are unramified in L, and similarly for each 92 Then we have

@k m = {primes p € Z unramified in L for which # Fixgrob, (G / H1) = m}
and
@% = {primes p € Z unramified in L for which #FiXFmbp (G/H) > 1}.
Note that

Cp = {g € G : #Fixy(G/Hy) =m, Z #Fix,(G/H) > 1}
Hewxw

is closed under conjugation, since conjugate elements have the same number of fixed points. By Cheb-
otarev’s theorem, in the form presented in [Serre 2012, Theorem 3.4], for example, we therefore obtain

#C
dens<<@1<,m N U 3%) = dens(@}(,m N U 322) = #—(';"
Eec& Ee&

Let T =U,c.nen tHt~!, which we note is closed under conjugation. Since g € G has at least a
fixed point on one of the G/H if and only if g € T, we arrive at

d d
1 1 .
> mdens,(gzk,m nlJ %—) = > m#C, = e > #Fix,(G/Hy).
m=1 Ee& m=1 geT
We may now conclude from Lemma 2.1 that
#TNH

Z m dens (92’1< w0 %) ( ), (2-2)
m=1 Ee# Hi

The statement of the theorem follows on noting that H; = Gal(L/K) and
= {0 € G : o fixes a conjugate of some E € &}. (]

Note that we could not have applied the Chebotarev theorem to #(7 N H;), since T N H; is not
necessarily fixed under conjugation in G. It is however closed under conjugation in Hj.

2.3. Computation of § in specific cases. Theorem 2.3 allows us to compute the density §(&’, K) in the
common Galois closure L of both K and each E € &. The following theorem says that this can be reduced
to a computation in a Galois closure of the fields E € &.

Proposition 2.4. Let E™™ pe the normal closure of the compositum of the E € & in Q. Then
8(&, K) =8(&, E™®™I NK).

Proof. We adopt the notation from the proof of Theorem 2.3. Let A/} be the subgroups of G indexed by
a set J, which are of the form tHt ! fort € G and H € 5. For aset I C J, we write Al = ﬂie] Al
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The field E"™3 N K corresponds to the subgroup (H;, A’) C G generated by H; and A”’. (Since A’ is
normal, one can actually show that (H, A’ ) = H A7) 1t follows from Lemma 2.2 that

#(SNHy)  #(SN(H, A7)

#H, #(H,, A7)
when S is equal to A’ for any I C J. Since both sides are additive in S, the statement extends to
S=T=U jel AU} by the principle of inclusion and exclusion. ([l
Proof of Proposition 1.4. Combine Proposition 2.4 with (2-1). (Il

Our remaining results summarise some special situations in which we can use Theorem 2.3 and
Proposition 2.4 to calculate the densities §(&’, K) easily.

Lemma 2.5. If E C K for some E € &, then §(&, K) =0.

Proof. Since K, E are the fixed fields of the subgroups H;, H' C Gal(L/Q), we have E C K if and only
if H D Hy. Butthen HH C H' C T = UteG,He%th_l, whence #(T N Hy)/#H, = 1 in (2-2). O

Let us now consider some cases in which & contains a single element.
Lemma 2.6. If E/Q is Galois, then $(E, K) =1 —deg(ENK)/deg E.

Proof. Since E /Q is Galois, E is also Galois over E"™ N K = E N K. Thus we conclude §(E, K) =
S(E,ENK)=1—1/[E: ENK]. O

Lemma 2.7. If K /Q is Galois and KE = E™™ then §(E, K) =1 —deg(ENK)/deg E.

Proof. Since K E = E™™? and K /Q is Galois, we have H; N AV} = A7 for all j € J. Thus

#(TNH) #A7  degK  degk
#H,  #H, degEnomil  degKFE
in (2-2). Since K is Galois, we have [KE : K] =[E : EN K], from which the lemma follows. |

3. Pairs of integers with Frobenian conditions

We say that a set &2 of rational primes is Frobenian if there is a finite Galois extension K /() and a union
of conjugacy classes H in Gal(K /Q) such that & is equal to the set of primes p that are unramified in K
and for which the Frobenius conjugacy class of p in Gal(K/Q) lies in H. In this section we produce an
asymptotic formula for the density of coprime integers ag, a; which are both power-full and lie in the
multiplicative span of a Frobenian set of primes.

It will be convenient to introduce the notation

cs(@) = ]‘[(1-%) 3-1)
peS

for any o > 0 and any finite set of primes S. We shall prove the following result.
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Proposition 3.1. Fori € {0, 1}, let m; € N and let &; be a Frobenian set of rational primes of density 9;.
Then, for any finite set of primes S, we have
Bl/lﬂo+1/m1

#{(aop, a1) € 22 laj| < B, p¢& S=[m;|vy(a;)and (p|la; = p € Z)]} ~ Cmi,,@,-,S(IOgB)T()_al

prim

as B — oo, where

¢ —_ 1 1
Cmy, S_4m(1) dom% " CS(m_0+m_1) l_[ (1—L)
mi, %;,§S — ’
' (@)I"(91) CS(mLO)CS(mL]) pePoN 2, r?
PES
(=) 05 ")
X —_— _—— —_—
p pr s p 3 p
peFPoNS peZy PEPo
1 1\~ 1+a 1\
< [T (=) T10=5) " T10-)"
peZiNS peP pEP

There are only O (1) elements with apa; = 0 that contribute to the counting function. Let M (B) =
M(m;, &;, B, S) denote the overall contribution with apa; # 0. Hence, on accounting for signs, we have

pES=[m;lv,(a)and (pla; = p € )]
For (ap, a;) appearing in the counting function, we may clearly write
ap=bouy® and a; =bul",

where p | boby = p € S, gcd(uoul, HpES p) =1,and p |u; = p € &;. Moreover, we have gcd(bg, b)) =
gcd(ug, uy) = 1. Let 2 = 2y N 2.
We proceed by introducing the counting functions

Mi(x)=#v<x:plv=pe Fs}

fori = 0,1, where ;s = 2 \ (SN Z%). On using the Mobius function to detect the condition

gcd(ug, 1) = 1, we may now write

MBY=4 > > ulMok (B/bo) /™) Mk (B/by)™),
bo,b1eN keN
gcd(bo,by)=1 plk=>pe2s
plbob1=peS

where 25 = 2\ (SN 2). The treatment of M;(x) is handled by the following result.

Lemma 3.2. Leti € {0, 1}. Then
K,‘,S X

T'(9) (logx)!=4

cs= [] (1 — i) I1 (1 — %)_Hai I1 (1 - %)Bi. (3-2)

pE,/’}iﬂS pe”/,- pg;@,‘

M;(x) ~

as x — 0o, where
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Proof. Let i € {0, 1}. There are several approaches to estimating M; (x), but the one we shall adopt is via a
general result of [Wirsing 1967] on mean values of multiplicative arithmetic functions g : N — [0, 1]. (In
fact, this result applies to general nonnegative multiplicative arithmetic functions under further assumptions
on the behaviour of g at prime powers.) Suppose that

> g(p)logp ~tx

PSX
for some 7 > 0. Then it follows that

et L8P p?)
2 F(r)long( P2 +)

n<x

where y is Euler’s constant.

In our case we take
1 ifpln=pe P,
gn) = .
0 otherwise.
Then, since &; is a Frobenian set of primes of density 9;, it follows from the Chebotarev density theorem
that
> gp)logp= Y logp~d logx
pPsx p<x
PeZis
as x — 0o. Hence t = 0; and we obtain

M~ S (1= 1y
['(0;) logx < p

PEPis

as x — oo. It remains to study

—1 —1
I1 (1_1) - 11 (1_1)1—[(1_1) :
psX p pEXNS p p<x p
peZis pEZ;

However, on appealing to [Arango-Pifieros et al. 2022, Theorem A], we quickly arrive at the expression

-1~ (ke

PSX
pPEY;
as x — 0o, where
_ 1\!
S /(I (DN
I "ot
pEP; PEZi
It now follows that |
I1 (1 - l) ~ ki.s(log x)¥ eV
p
PSX
PEZis

in the notation of lemma. Inserting this into our previous asymptotic formula for M; (x), we finally arrive
at the statement of the lemma. [l
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We clearly have

A log kb;
(log(k™ (B/b)"/")) =19 = !~ 1og B) =~ <1 " 0( o B>>
0og

for i =0, 1. Hence, on substituting Lemma 3.2 into our previous expression for M (B), we thereby obtain

Bl/m0+1/m1 )

M(B)=4 Z Z Apo.by k(B )+O((1 B)2—%—0

bo,b1eN keN

ged(bo,by)=1 plk=peZs
plbobi=peS
with A
A (B)— Ko,5K1,S . (k)m 'm 1_ 1(k_l(B/bO)l/mO)(k_](B/bl)l/ml)
bo,b1,k - I'(09)I"(01) (lOg B)z_ao_al
K0,5K1,5 1=y 1-0) B1/mo+1/my (k) 1

TT@)N@) 0 T og By R pimlim

and where k¢ s, k1,5 are given by (3-2)

Next, on recalling the notation of (3-1), a simple calculation furnishes the identities

1 1
1 e\ + - k
Z bl/mobl/ml = c ((136 é"i)) and Z Mk(z) = 1_[ (1 - #)
bo,bieN Do 1 S\ )¢S\, keN PPN,
ged(bo,br)=1 plk=pe2s peEs
plbob1=peS

Hence it follows that the asymptotic formula in Proposition 3.1 holds with the leading constant

1 1

Ko,5K1,5 1-30 1—3, CS(m_o"_E) 1)
R L TR L DAmo | om 7 | | 1— =),
FGor@ 0 ™ es(L)es(L) 2

mo my

Cmi, 2,8 =
peEFPoNZ
PES

where kg s, k1, s are given by (3-2). This therefore completes the proof of Proposition 3.1.

4. Orbifolds and étale orbifold morphisms

Campana [2004] related the study of fibrations w : X — Y of varieties over a fixed field & to orbifolds on
the base. He studied multiplicity orbifolds, but since these are the only orbifolds in this paper we will
simply call them orbifolds. In this section we summarise the construction of the most important invariant
of orbifolds.

4.1. Orbifold pairs. Throughout this section, let k be an arbitrary field of characteristic 0.

Definition 4.1. An orbifold is a pair (B, A), where B is a normal, proper k-scheme and A is a Q-divisor
A= Z(l = —)

for positive integers m p associated to prime divisors D on B. We call m p the multiplicity of the orbifold
over D.
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Definition 4.2. Let (B, A) be an orbifold on a normal and proper k-variety B. A finite étale (orbifold)
morphism is a morphism 6 : C — B, with C normal, which is

(i) finite,
(i1) étale away from A,

(iii) has the property e(D’/D) | mp for any prime divisor D’ | D (meaning any prime divisor D’ C C
above D C B), where e(D’/D) is the ramification index.

Let us explain the use of the word étale. Consider a finite dominant morphism 6 : C — B between
integral, normal, proper k-varieties. Then we can always endow B with an orbifold structure such that 6
becomes a finite étale orbifold morphism by assigning mp = lcm{e(D’/D) : D' | D}. If B has an orbifold
divisor A under which 6 is a finite étale orbifold morphism, then we can endow C with the Q-divisor
mp

mpy e(D'/D)’

Ac = Z(l — L)[D'], where mp =
D/

This is the unique orbifold structure on C such that the orbifold morphism (C, A¢) — (B, A) is étale in
codimension 1, in the sense of [Campana 2011, Definition 2.21]. In the latter case, the Riemann—-Hurwitz

formula yields

Kc.ae. =0"Kp A,

where Kp o = Kp + A is the canonical divisor class on an orbifold (B, A). (This statement can be
proven along similar lines to the proof of Proposition 4.7 (¢).)

Proposition 4.3. Let C1, C; — C be morphisms of normal k-varieties. Let V = C| x¢ C; be the
normalisation of the product C; x ¢ C:

Vv

\
C1 ch2 C1

C—C

Let Dy C 'V be a prime divisor lying above prime divisors D; C C; and D C C. Then
(Dv/Dp) = —>
e(Dy/D1) = ————,
ged(eq, e2)

where e; = e(D; /D) fori =1, 2.
Proof. Replacing the prime divisors with their generic points we can compute the normalisation étale

locally over D. Hence we assume k is algebraically closed and consider the normalisation of the
tensor product of the two homomorphisms o; : k[[t] — k[[#;]] given by ¢ + ;. The tensor product is
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R = k[, tz]]/(t1 — t2 ?) generated by the images of the 7;. Let us define d = gcd(ey, e2), and let ¢ € k
be a primitive d-th root of unity. We can write R as the product

R= Hk[[n,rzﬂ/a”/d ¢,

All factors are principal ideal domains, since polynomials X¢ — AY? with A € k* and ged(a, b) = 1 are
irreducible over an algebraically closed field. We will compute the integral closure of each component
separately. Let us write aje; +azep =d foro; € Z. Then T = tf‘ tg is integral in each factor since
T = 1y (¢ 762/ and T/ = 1 (52 /1074)*1 . Tt follows that

ki, 61/ = &' — kT
is the integral closure. Finally, to compute e(Dy /D;), we look at the image of #; under the map

kD — k071,

which has valuation e, /d. [

Remark 4.4. Campana [2011, Definition 11.1] defines the orbifold fundamental group (X |A) for a
complex orbifold (X|A) and relates it to covers unramified away from A. Likewise, we can define the
(algebraic) orbifold fundamental group and relate it to the structure of all finite étale orbifold morphisms
over a fixed base (B, A) of dimension 1. (Note that we could do this in arbitrary dimension if we allow
finite étale morphisms to be defined away from a codimension-2 locus.) Consider the category FEtp a)
of all finite étale orbifold morphisms to (B, A), where the morphisms are given by B-morphisms. Given
a point x € B(k) \ supp(A), we have the fibre functor

F: FEt(B’A) — Sets

given by C +— Cj, and one can show that (FEt g a), F) is a Galois category. The only nontrivial part
is to show that FEt g ) has products, but this follows from Proposition 4.3. In particular, this implies
that, for any two finite étale covers of (C, d), there is another cover mapping to both. We define the
(algebraic) orbifold fundamental group nfrb(B, A) to be the automorphism group of the fibre functor F.
Many relations between the topological and algebraic fundamental group can be directly translated to
fundamental groups of orbifolds. For example, if £ € C then

(B, A) = 71 (B(O)[A).

Campana [2011, Sections 11 and 12] studied the complex orbifold fundamental group and provided
several results and conjectures about their structure.

For our application we will need the following definition.

Definition 4.5. Let G/k be a finite étale group and (B, A) an orbifold. Let 6 : C — B be a finite étale
orbifold morphism endowed with a G-action on C, which is compatible with 6. We say that 6 is a
G-torsor (of orbifolds) if the restriction of 6 away from the support of A is a G-torsor.



2064 Tim Browning, Julian Lyczak and Arne Smeets

Since we are dealing with curves, it makes sense to talk about torsors. The natural morphism G x C —
C x g C is not necessarily an isomorphism over B, but it is so over B \ A by definition. Since G x C is
a smooth curve over k, this morphism factors through the normalisation G x C — C x5 C — C x5 C.
Now G x C — C x g C is a morphism between normal curves, which is an isomorphism on a dense open
subset. Note that this agrees with the observation that C x g3 C — C is unramified by Proposition 4.3;
C x 3 C is just a union of copies of C.

4.2. Orbifold base of a fibration. As we saw in Section 1, we can associate a natural orbifold to any
fibration. In this section we discuss this further before passing to our reasoning behind Conjecture 1.5.

Definition 4.6. Consider a fibration 7 : X — Y, which we assume is a morphism between integral,
normal, proper k-schemes such that the generic fibre is geometrically irreducible. For a prime divisor
D C 'Y with generic point np, we define m p as the minimum multiplicity of the components of X, as a
divisor on X. The orbifold base of « is (Y, 0, ), where

9, = Z(l — m—1D>[D].
D

Possibly up to thin sets, we expect the geometry of the base orbifold (Y, d,) to govern the arithmetic
properties of the fibration. We henceforth focus our attention on standard fibrations 77 : X — P! defined
over QQ, with the aim of interpreting the growth of the counting function N (7, B) that was defined
in (1-1). Occasionally we will write Ny (7, B) for the same counting function but excluding the finitely
many points in the orbifold divisors 9.

Let us begin by discussing the conjectured power of B in Conjecture 1.5, which is equal to

2 —degd; = —deg(Kp1 5_), 4-1)
where Kp1 3 = Kpi+0;. The following result relates the geometry of 7 to the geometry of a normalisation
of the fibre product of = with a finite cover.

Proposition 4.7. Let = : X — P! be a standard fibration, and let
0:P' - P!

be a (possibly ramified) finite cover of degree d. We define mg : X9 — P! to be the normalisation of the
fibre product of 6 and . Then we have the following properties.

(a) 7o : X9 — P is a standard fibration.

(b) The orbifold multiplicities m p: for my satisfy
mp

mpr 2 ——-——-
e(P'/P)

for any prime divisor P’ of P!, where P = 0(P’). We have equality precisely when condition (iii) in
Definition 4.2 is satisfied at P’.
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(c) We have
deg(Kp1 5, ) > d deg(Kpi 5,),

with equality precisely when 0 is a finite étale orbifold morphism.

Proof. (a) This is clear from the definition.

(b) Consider a component Z’ of the fibre of 7y over a prime divisor P’ of P!. Suppose that Z’ lies over
Z C X and P’ lies over P. Let mp/(Z’) and m p(Z) denote the multiplicities of these components in their
respective fibres. We wish to apply Proposition 4.3 with C; — C being the morphism 6 : P! — P! and
C, — C being the morphism 7 : X — P'. Then V — C; is the morphism my : Xy — P!. It follows that

e(Z/P)
ged(e(Z/P), e(P'/P))’

e(Z//P/) =

Hence, since the ramification indices over a codimension-1 point are precisely the multiplicities of the
different components of the fibre, we obtain

mp(Z)

(ZN = .
M Z) = (), (P P))

Since mp(Z) > mp and gcd(mp(Z), e(P’'/P)) < e(P’/P), we conclude
mp(Z') > mp/e(P'/P)

for all components Z’ in the fibre over P’.

Clearly, if mp: = mp/e(P’/P), we have e(P’/P) | mp. Now suppose that e(P’/P) |mp. To prove
the statement we must show that there is a component Z" over P’ with mp(Z') =mp/e(P’/P). By the
definition of m p, there exists a component Z over P with mp =mp(Z). Now let Z’ be any component
over P’ which lies over P. Then

mp(Z) mp mp

mp(Z') = ___ = _____BF
ged(mp(Z), e(P'/P))  ged(mp,e(P'/P))  e(P'/P)

This concludes the proof of part (b).
(c) We will prove the result for orbifolds equipped with a degree-d morphism (C’, 3") — (C, 9) for

general smooth curves C and C’, in order to distinguish between the two copies of P'. The statement is
invariant under base change, so we can assume we are working over an algebraically closed field k = k.
We begin by noting that
deg K¢y =2g(C) —2 (1 . L)
gKcy=28(C) =2+ PEXC;” o~
and

_ n_ _
deg Koy =28(C) =2+ (1 mP,).
Prec'®
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The Riemann—-Hurwitz formula yields

2¢(C") —2=d(2g(C) —2) + Z (e(P'/P)—1),
Prec®
where P =0 (P’). Hence

1
deg Koy =dg(C) =2+ ) (e(P'/P)= -5,
PreCc')
It now follows that

degKcr g —ddeg Ky = Z (e(P /P)——) d Z (1__)

PreC'® pec
, d 1
- S [(Zerrm-a)+ (-2 0]
mp mps
PeCc® P'|P P’|P

Using }_p/ p e(P'/P) =d, we see that the first terms all vanish and so

e(P'/P) 1
deg K¢y —ddegKcy = Z Z(m—_m_ )
P P’

Pec® P'|P

This is clearly nonnegative by (b), and we have equality if and only if condition (iii) of Definition 4.2 is
satisfied at all P’. O

In the setting of this result, it follows that the points in Nioc (77, B) that are counted by Nioc (79, Hy, B)
are expected to contribute at most to the same order of B, where Hy is the pullback height along 6. Indeed,
in Conjecture 1.1, we have

Nioc (79, Hg, B) = 08((3l/d)deg(—K[p].a”e)—Fe)

for any & > 0, where we use B!/ since Hy is an ¢(d)-height on P!. Hence, in the light of Proposition 4.7 (c),
we should expect no higher-order contribution from N (77, Hy, B) to Nioc (7w, B). Moreover, we should
obtain the same exponent of B when 0 is a finite étale orbifold morphism.

We are now ready to address the possible power of log B. Let 7 : X — P! be a standard fibration, and
suppose that 6 : P! — P! is a G-torsor of orbifolds under a finite étale group scheme G of degree d, as
presented in Definition 4.5. We write 8, : C, — P! for the twists of 6 by v e Hl(Gal(@/ @), G). Finally,
we shall write , : X, — C, for the normalisation of the pullback of & along 6,, which is a torsor under
the inner twists G, of G [Skorobogatov 2001, p. 20]. We usually restrict to the v for which C,(Q) # @
and identify C, = P!. For our applications, G will be abelian and we will have G, = G.

We are now ready to compare the counting function N° (;r, B) with the counting functions

loc

N]c())c(nvv Hv, B)

for various v € H'(Gal(Q/Q), G), where H, is the pullback height along 6,. (Note that this is an
0 (d)-height on the domain C, = P! of 6, when C,(Q) # @.)
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Proposition 4.8. In the setting above we have the following:

(a) A point x € P1(Q) is counted by Ny .(w, B) if and only if there exists v € Hl(Gal(@/@), G) and
y € Cy(Q) such that 0,(y) = x and such that y is counted by Ny, (7,, Hy, B).

(b) We have

o 1 o
NIOC(T[’ B) = Z MNIOC(HU’ Hv, B)
veH' (Gal(@/Q),G)  ©

(c) Let6, (D)= Ulgig sp El()i) be a decomposition into irreducible components, and write Nv(i) = K(Eéi))
for their function fields. Then

A(my) = Z Z(l—SD’Ng?v(ﬂ)),

De(PHD i=1
where SD’Ng?U is given by (1-5).

(d) The expression A(ry) only assumes finitely many values.

Proof. (a) Let U C P! be the image of the étale locus of 6. The restrictions 6, : U, — U are G,-torsors,
and so we have a partition

v@= || 6@,

veH! (Gal(Q/Q),G)

Furthermore, the fibre of , over y € U, (Q) is isomorphic to the fibre of = over x = 6,(y). Hence one of
these fibres is locally soluble precisely when the other is. Finally, since 6 : P! — P! has degree d, the
pullback of the ¢'(1)-height pulls back to an £'(d)-height.

(b) This follows from the partition in (a) and the fact that each fibre has #G, (Q) points.
(c) This directly follows from the definition of §p n and m,.

(d) This follows from Proposition 1.4. O

In the setting of Theorem 1.3, we consider p1g-covers parametrised by @* /Q*-¢. The following result
therefore follows from part (c) of Proposition 4.8.

Corollary 4.9. We have A(mr,) = O, () in (1-9).

In principle there might be infinitely many twists m, for which A(sm,) differs from the expected
exponent A(rr) defined in (1-7). The following example illustrates an instance where the points counted
by the covers for which A(m,) = A() can form a nontrivial cothin set in P!(Q).

Example 4.10. Consider the fibration 7 : X — P! with three double fibres over 0, —1 and oo, together
with precisely one other nonsplit fibre over 1 which has multiplicity 1 and is split by a quadratic extension
K /Q. Let C, be the conic

lelz + vzxz2 = xg
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in P2 defined by v = (vy, v2) € @*/Q*? x @*/Q**2. We apply the partition in part (b) of Proposition 4.8
with the full family of twists

. 1 . . 2. 2
Oy :Cy— P, [x0:x1:x2] = [vixg : vaxy]

This is the finest partition in the sense of Remark 4.4 since we have n{’rb([lj)l, 0r) =2/27 x Z/27Z and any
6, is geometrically a universal orbifold cover. Consider the fibres 671 (1) as v varies, which on algebras
are biquadratic étale Q-algebras [[, N 1(’3) Infinitely many of these contain the splitting field K of the
fibre, and for such v we have

1—51,@ <l=1 —51’N{av)(71) < Z(l _SI,NI([) (71)),
i WU

where « is such that K € N l(“v) However, each of these infinitely many (Z/2Z x Z/27)-covers factors
through only two Z/27Z-covers. Hence the set of points counted through the v for which

1= # ) (1=8, yo (M)

is a thin set. In the case of a nontrivial Galois action on the components of the multiple fibres, we will
need to deal with them in a similar manner to conclude that the points counted in the covers 6, for
A(my,) # A(r) form a thin set.

5. A sparsity criterion

In this section we derive a sparsity condition for the fibres of a morphism f : X — Y to have a Q,-point
under geometric conditions on X, Y and f. After fixing a model f : 2" — % over Zg away from finitely
many primes S, and after possibly enlarging S for p ¢ S and 7 € % (F,), we will give an exact criterion
for which lifts ¢ € #/(Z,)) of t we can lift an F,-point on the F,-scheme 27 to a Z,-point on 2;.

The exact criterion, Theorem 5.5, is based on a version of Hensel’s lemma which takes into account
the intersection multiplicities of a component of a fibre of f with the point in 2;(Z,), and the lifting
is done in such a way that these required relations are preserved at each step. In order to include this
information naturally, we use a logarithmic structure. For a basic introduction to log geometry with a
view towards arithmetic applications, the reader is referred to [Loughran et al. 2020, §5].

5.1. Logarithmic lifting in families. Let k be a number field. Let X and Y be smooth, proper varieties
over k, and let D and E be strict normal crossing divisors on X and Y, respectively, where f -Y(E)yC D.
Assume that the induced morphism f : (X, D) — (Y, E) is a toroidal morphism, i.e., a toroidal morphism
between toroidal embeddings, or equivalently, a log smooth morphism of (Zariski) log regular schemes.
Fix Q € Y (k). We want to understand when f “1(Q)is everywhere locally soluble.

Let S be a finite set of places including all places of bad reduction for f. This means that we have a
good model f_: (2, 2)— (¥, &) for f over Oy s with the property that f‘l (&) € 2 such that (2, 2)
and (%, &) are still log regular, and such that £ is still log smooth with respect to the divisorial log
structures induced by & and &.
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Let v ¢ S be a finite place of k. Let 2, € %' (&,) be the unique lift of Q € Y (k) to an &,-point. We will
give necessary and sufficient conditions for the existence of an &,-point &, on 2 such that f (%), = 2,
for v > 0.

If 2, £ &, then the &),-point 2, can be seen as a morphism

2,: (Spec ) — (7, &)

of log schemes, where (Spec ¢,) is the scheme Spec &, equipped with the divisorial log structure induced
by the closed point. This morphism induces a morphism of associated Kato fans

F(2,) : SpecN = F((Spec 0,)") — F(#, &).

In other words, we get an N-valued point F(2,) € F(#/, &)(N).
If 2, is the image of &, € Z°(0),), then clearly F(2,) cannot lie anywhere in F' (%, &)(N); it needs
to be an element of the potentially smaller set

image(F (2, 2)(N) = F(#, &)(N)).

This means that if F(2,) does not lie in the image of F (2", 2)(N), then surely 2, cannot lift to an
Oy-point on Z". This is a sparsity criterion in the sense of [Loughran and Smeets 2016, §2] but still a
rather naive one, since it does not take important arithmetic information into account.

Definition 5.1. Let 2, be an p-point on .2". With the notation above, we define F (2, 9)([\1)% as the
subset of F (2", 2)(N) with the property that 2, lies in the logarithmic stratum associated to the image
of the closed point N. ¢ of Spec N.

Proposition 5.2. With notation as above, let 2, be an F p-point on X, , and assume that F(2,) does
not lie in

image(F (2", 2)(N)5 — F(#,&)(N)).
Then 2, € Z,(F,) does not lift to 2, € X5,(0,).

Proof. Assume that 2, lifts; i.e., 2, = f(2,) for some 2, € 2 (0,) with 2, = 2, mod v (which
is the image of SpecF, under &2,). Therefore the image of F(22,) € F(Z, 2)(N) under the map
F(Z,2)(N) - F(#, &)(N) comes from F (2, '@)(N)%’ as desired. O

Remark 5.3. In fact, the above sparsity condition can often be phrased in a more classical way. Let
7 : X — P! be a standard fibration, and suppose we have a projective model 7 : 2" — [I:Dgs with 2~
smooth over Os. Let h € Os[x, y] be an irreducible binary form; in practice we will only need to consider
the finitely many % for which the fibre of 7 over V (i) € P! is nonsplit. After possibly enlarging S, we
may argue as follows. Suppose that we have a point 2, in the fibre 22», over a point 2, € P!(&,) for
v ¢ S. Let 2; be the geometrically irreducible components of 2y ;) which contain 2, € 2" 7, Then we
may conclude that v(h(2,)) lies in the positive linear span of the multiplicities m; of Z;. Indeed, in the
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local ring of 2,, we have the factorisation 7*h =[], h;". Hence
v(h(2y)) = v(T*h(2y)) = Y miv(hi(2,)).

Moreover, since we are only considering the components containing 2,, we clearly have v(h;(2,)) > 0
for each i. In this way one can use Proposition 5.2 to give a sparsity criterion for general fibrations that
generalises [Loughran and Smeets 2016, Theorem 2.8] after excluding a subscheme of codimension at
least 2 on the base.

We are considering the log smooth setting since then we can provide a converse result to Proposition 5.2

using the logarithmic Hensel lemma [Loughran et al. 2020, Proposition 5.13].
Proposition 5.4. If 2, is an F-point on X, , the following are equivalent:

(a) 2, lifts to an O,-point on Z. 2,5

(b) F(2y) € image(F(2, 2)(N)z, — F(#,&)(N)).
Proof. Since we have already shown that (a) implies (b), it remains to prove the reverse implication. This
is an application of [Loughran et al. 2020, Proposition 5.13]. Indeed, let s* = Spec F,, with the standard
log structure of rank 1, and S™ = Spec @,. Let j : sT — ST be the canonical closed immersion.

By assumption there is an element p, € F(2", 2)(N)z which maps to F(2,) € F(#, &)(N), and
there is an [,-point u : Spec [, — X on the associated stratum of (2", 2). We can uniquely make u into
a morphism of log schemes st > (2, 2) such that F(u) = po under the identification F(N) = F s,
similar to the proof of Proposition 6.1 in [Loughran et al. 2020].

Since F(f) maps F(u) to F(Z,), we have a commutative diagram

st —— (2, 2)

i| |7

s
S 2, (#, &)

Now [Loughran et al. 2020, Proposition 5.13] provides a lift ST — (2", 2) of 2,. The morphism of
schemes which underlies this lift is the &, -point &2, we are looking for. ]

5.2. Sparsity criteria. Using Proposition 5.4, we can give precise conditions for locally solubility. We
allow ourselves to work over a general number field k/Q and so define a standard fibration to be a
dominant morphism 77 : X — P! with geometrically integral generic fibre such that X is a smooth, proper,
geometrically irreducible k-variety.

Let E be the reduced divisor of P! of the nonsplit fibres of 7. Let D be the reduced divisor underlying
7~ 1(E). By embedded resolutions of singularities, there exists a birational morphism X’ — X such that
the pullback D’ of D has strict normal crossings. Since X \ D = X'\ D’ over P!, we see that Nj,.(r/, B)
differs by a constant from Njo (7, B), where 7" : X’ — X — Y is the composition. Thus, for the purposes
of upper and lower bounds, we can assume without loss of generality that the reduced subschemes of the
nonsplit fibres of 7 have strict normal crossings.
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Theorem 5.5. Let X — P! be a standard fibration whose nonsplit fibres in their reduced subscheme
structure are sncd. There exists a finite set of primes S and a model %" — Plﬁs such that the following
holds for v ¢ S. Fix a point 2 € P'(0) for which the fibre X is split. Then any [,-point Py e XZo(Fy)
lifts to a point &, € X 9(0),) precisely if, for every closed point V (h) € PHD | we have that v(h(2))
lies in the positive linear span of the multiplicities m; of the components of 2 ) that contain 2,

From now on, when we have fixed a place v ¢ S, we will assume that a closed point V (h) € (P1)( is
given by an 0, -primitive irreducible form & € &)[x, y].

Note that the last condition in Theorem 5.5 is trivially satisfied for all closed points V (&) for which
v(h(2)) = 0 and also for those for which Xy, is split. By restricting S further, we can assume that
there is at most one nonsplit fibre Xy ;) for which we have to check this condition.

Proof of Theorem 5.5. By the definition of D on X and E on P!, we see that (X, D) — ([P’l, E)islog
smooth. For a suitable finite set of primes §, this extends to &’s-schemes and divisors such that ¥ € .2~
and & C [P’lﬁs still have strict normal crossings and (2", Z) — (P! &) is also log smooth. We will check
that this model satisfies the condition.

Consider #, € 25(F,), and let V(h) C IP},,S be the unique nonsplit fibre containing 2, = 7 (%,).
Suppose that we can write v(h(2)) = ) _; a;m;, with a; > 0 integers and m; the multiplicities of the r
components of X, ;) which contain 2,. Around 2, and 2, the Kato fans have affine charts N” and N.
Under this identification, we have F(2,) = v(h(2)) e N, and F(Z", 2)(N) — F(I]:D}ﬁs, &)(N) is given
by (u;) — Y_m;u;. Hence the result follows from Proposition 5.4. O

Remark 5.6. In [Loughran and Smeets 2016, §2] the following was proven: if v(h(2)) =1, then 2 is
a regular scheme. This implies that any [, -point on 2’ which lies on the intersection of at least two
components of the reduction £, does not lift to a Q,-point on Z. This last statement directly follows
from our criterion above since then the valuation v(2(2)) = 1 cannot possibly lie in the positive linear
span of two positive integers.

The above conditions make it easy to check if an F,-point lifts. However, one cannot deduce the
existence of [F,-points purely from valuations and multiplicities, as explained by Loughran and Matthiesen
[2024, Lemma 6.2]. In general, this only allows us to give necessary conditions for local solubility.

Corollary 5.7. Let X — P! be a standard fibration, and let Q € P' (k). There exists a finite set of places S
such that, for each v ¢ S with X g (k) # 9, the following condition is satisfied: for every closed point
D =V (h) € (PHD, we have either v(h(Q)) > mp, or v(h(Q)) = mp and v belongs to

Tp ={v ¢ S : Frob, fixes an element of Sp}.

(Recall that Sp is the set of geometric components of X p of minimum multiplicity mp.)

In the special case that the nonsplit fibres all lie above k-rational points in P!, we can (after possibly
extending the set S again) make this even more precise, as follows.
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Corollary 5.8. Let X — P! be a standard fibration, and let Q € P (k). Assume that the nonsplit fibres
of X — P! all lie above k-rational points. Then X o(ky) # @ precisely if, for every V(h) € PHD | the
fibre Xy ) has a stratum fixed by Frob, which lies on the intersection of components of multiplicity m;
such that v(h(Q)) lies in the positive linear span of the m;.

Proof. We will start with S and 2" — [I:Df]")s as above. By the results above we have that P, € Xo(k,)
reduces to an F,-point on 2. Since this [,-points lifts we get the result.

For the inverse implication we will need to enlarge S, as follows. Firstly we do so to assume that all
fibres of 2"\ ¥ — P}ﬁs \ & are geometrically integral. Consider an [F,-point on [P’lefs \& forv ¢ S. Its
fibre in 2" lies in the open stratum 2"\ & and contains a smooth [F,-point by Lang—Weil. Now let W be
a geometric component of a nonopen stratum of (X, D), which is defined over k’/k. The closure # of
W will have geometrically irreducible fibres over all but finitely many places of k’. Hence after enlarging
S we see that # has an [F,/-point for all v’ | v for v € S. Since there are only finitely many strata and each
has again finitely many geometric components, we can enlarge S to make this true for all possible W.

Suppose now that Frob, fixes a geometric component W of a stratum which has k’/k as its field of
definition. Consider the multiplicities m; of the components that contain W. Since Frob, fixes W, we
conclude that there is a place v’ | v of k' of residue degree 1. For this v’, we see that W contains an
F, = F,-point. We can lift this point under the conditions in Theorem 5.5. ]

6. Multiple fibres via the large sieve

We place ourselves in the setting of Theorems 1.2 and 1.3. Let w : X — P! be a standard fibration with

orbifold divisor
1

b= (1- )01+ (1 - ) oo,
mo Moo
in the notation of (1-4) for mg, m, € N. Note that 2—deg 0, =1/mo+1/m. We define d = gcd(mg, m).
We shall apply the theory from Section 4 to the family of p4-torsors
{1

’

0, : P' — [P’], [x0:x1] — [voxg TULX

which are parametrised by v = v; /vy € Q*/Q*¢ = H' (Gal(Q/Q), juy). Let , : X, — P! be the
normalisation of the pullback of 7 along 6,,.

The main result of this section is the following, which pertains to the density of locally soluble fibres
on the standard fibration 7, : X, — P! relative to the pullback height H, along #,. We denote by
rad(n) =[] pin P the square-free radical of any n € N.

Proposition 6.1. Let ¢ > 0, and let v = v /vy € Q% /Q*4. Then

Nioe (1, Hy, B) K¢ Cv’gBl/mo-H/moo’

where
[vovy |

s = rad(vg)|vo| /™0 rad(vy) vy |1/ ™M

(6-1)

Cy
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Furthermore, if |vgvy| < B, then
Bl/m0+l/moo

Nige(my, Hy, B) K¢ CU’SW’

where ©, (1) is given by (1-9).

We shall begin the proof of this result in Section 6.2. Our argument is based on the large sieve, which
is recalled in Section 6.1. Taking the result on faith for the moment, we proceed to show how it can be
used to establish Theorems 1.2 and 1.3.

Remark 6.2. Proposition 6.1 is consistent with Conjecture 1.5 for a fixed choice of v € Q@* /Q*-?. Indeed,
we have H,(x) = H(x)¢, where H(x) is an O (1)-height on P!. It follows that

4 Bd/m()-i-d/moo

Nioc(7y, B) = Nioc (v, H, B) = Nioc (v, Hy, BY) <Ky W-
The orbifold base of 7, is (X, dx,), with

= (1- mio)[O] +(1- %)[oo]

by part (b) of Proposition 4.7. It follows from (4-1) and part (c) of Proposition 4.7 that

4 4 4 degKyy, =2 —degdy,.

mo Meo

Moreover, ©,() = A(m,) by part (c) of Proposition 4.8.

Proof of Theorem 1.2. In this case there is only one multiple fibre above 0, and so my =1 and d = 1.

Thus H! (Gal(@ /@), rgq) is the trivial group, and it follows directly from Proposition 6.1 that
Bl/mo+1
Nioe (7, B) K W

We have already seen that 1/mg + 1 =2 — deg d,. Moreover, we saw that ® () = A(r) in (1-11). O

Proof of Theorem 1.3. We appeal to the decomposition in part (b) of Proposition 4.8. This gives

Nie(m, BYK > Nie(my, Hy, B).
v=U1/U0€@X/@X’d
For any § > 0, we clearly have

2. L i WP i [T(1+ i e
rad(n)n® rad(n)n® pltké/2
n>x n=1 p k=1

Lsx 2

Let ¢ > 0. In the light of the latter bound, it follows from the first part of Proposition 6.1 that there
exists 8(¢) > 0 such that the terms with |vov;| > B make an overall contribution O, (B!/"o+1/mec=d(e))
to Nioc (7, B). For the terms with |vgv;| < B?, we apply the second part of Proposition 6.1.
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This easily leads to the conclusion that
Bl/m()+1/moc Bl/m()—i-l/moc
C b
"% (log B)©v(™ < (log B)©(

Nioc(m, B) <5 Bl/mot1/mec—d(e) + Z

[vovy [<B®
where © (i) is given by (1-10). The statement of the theorem follows, since we have already remarked

that 1/mo+ 1/me =2 —degdy. ([l

6.1. The large sieve. We begin by stating the version of the large sieve that we shall use in this paper.

Lemma 6.3. Let m € N, let By, By > 1 and let Q@ C 7?. For each prime p, assume that there exists
@(p) € [0, 1) such that the reduction modulo p™ of Q has cardinality at most (1 — &(p)) p>". Then

(Bo+ 0*")(Bi + 0*")
L(Q)

LQ) =) (g )H _(p)

q<Q rlq

#{xeSZ:Ix,-|<Bl~ fori:0,1}<<

for any Q > 1, where

Proof. When m = 1, this is a straightforward rephrasing of the multidimensional large sieve worked out
in [Kowalski 2008, Theorem 4.1]. The extension to m > 1 is routine and will not be explained here. [J

6.2. Preliminary steps. Recall that d = gcd(mg, m~ ). Henceforth, we usually write v = (vg, v1) € Zﬁnm
for the point v = v; /vy € @*/Q*“. We may clearly proceed under the assumption that vy and v; are
both free of d-th powers.

Let S be a large enough finite set of primes, as required for the arguments in Section 5 to go through.
Suppose that Eq, ..., E, € (PHD are the closed points distinct from 0 and oo, where 7, is not smooth.
For each 1 < j < r, assume that E; = V (h;) for a square-free binary form h; € Zg[xo, x;]. We may
further assume that h; is irreducible over Q and coprime to the monomial xx1, and that the coefficients
of h; are relatively coprime.

We proceed by defining the sets

={p ¢ S : Frob, fixes an element of Sy},
Too ={p ¢ S : Frob, fixes an element of S},
Uj={p ¢ S : Frob,, fixes an element of Sg;}

for 1 < j <r. The fibre X,y of the fibration 7, : X, — P! has a Q,,-point precisely if X, (y) does, and thus
we can apply the sparsity conditions in Corollary 5.7. This yields the upper bound Njoc (77, B) < My(B),
where M, (B) is defined to be the number of y = (yg, y1) € 72 such that gcd(vgyg, v1y1) = 1 and
max({|voy§ |, lviy{|} < B, with
[vy(x0) =mg and p € Tp] or v, (xo) > mo,
PE€S= {[v,(x1) =ms and p € To] 01 v, (X1) > Moo,
plhj(x)=peUj,
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where (xg, x1) = (voy(‘)’ , vlyfl). We write vy = a0w6 and yg = bgzp, where w610 is coprime to all the
primes in S and p |aghg = p € S. Let p ¢ S. Then vp(w(’)zg) = my if and only if v,(w;) = 0 and
v,(20) = mo/d, since w(’) is free of d-th powers. Similarly, if vp(wézg) > my, then either v,(z0) > mo/d,
or v,(z0) =mo/d and p | w6. This suggests that we may write

mo/d mo/d
vo = aowo, Yo =bhosy "ty " uog

’

where
e plaghp = p € S;
e plsowoug = p €S;
* 50 and f( are square-free;

e plwo= plso;

plto= p e Tp; and
e ug is (mo/d + 1)-full.

Similarly, we have a factorisation

’

d d
v =ajwi, ylzblsqn“’/ t{n“/ u

where
. p|a1b1:>peS;
e plsiwiu; = p ¢S;

51 and ¢#; are square-free;

plwy = plsi;

plti = p e Ty; and
e uy is (Mo /d + 1)-full.

There are O, (|vgv1|®) choices for a;, s;, w; € Z for i =0, 1 by the standard estimate for the divisor

function. We fix a choice of by, by, ug, 11 and write
Ag = aobgs(')"ougwo and A= alb‘lis;"”u’fwl. (6-2)

Note that we have gcd(Ag, A1) = 1. Moreover, let

B 1/mg B 1/moo
RO: T b Rl = T 9
| Aol |A1]

gi(t) =h,;(AtM™, Ajt"™) for1<j<r. (6-3)

and
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The binary form g; (o, #1) is square-free and coprime to the monomial #o#; since & (fo, t1) satisfies these
properties. For a (possibly infinite) set 7' of primes, let

1 ifpln=>peT,

0 otherwise.

17(n) = {

In what follows, we will also write T¢ to denote the complement of T in the full set of primes.
Then, with all this notation in mind, we have

MyB)< > > Y > L(Ro.Ry).

vo=apwo V1 =ajwj bo,b1 ug,u1€Z
plbob1=peS
where
-
LRy, RY= Y o)y (i) lr, () [ [ 15, (0, 1) (6-4)

(t(),l‘l)EZ2 j=1

[to] <Ro, 11 |<R;
and where

1 if pllg;(®) = p € Uj,

1, (to. 1)) =
Ui (f0. 11) {O otherwise.

The trivial bound for L(Ry, R;) is
Bl/mo+1/ma Bl/mo+1/ma

Ao 7m0 Ay |7 Tsol [ool 1701 [ [or| /7 [bouol 470 by ey |4/

L(Ro, R)) €

by (6-2). Clearly
|s;| > rad(v;) fori=0,1 (6-5)

for a suitable implied constant depending only on S. Note that

Yo Ibol™ <

lbo|>J
plbo=peS

Jd/m()

for any J > 1. Similarly,

1
—d/mg -
> ol S @ momrady”

luol>J
ug is (mg/d+1)-full

Let ¢ > 0. In what follows it will be convenient to recall the notation (6-1) for ¢, . in the statement
of Proposition 6.1. It now follows that the overall contribution to M, (B) from parameters by, ug in the
range min(|by|, |ug|) > B® or parameters by, u; in the range min(|b|, |u1|) > B? is clearly

e Cy €Bl/m0+1/moo—8/(m%m§o)

since we have seen that there are O, (|vgv;|?) choices for a;, s;, w; € Z associated to a particular choice
of v. Thus we deduce that

MyB)Y<e > > Y. 3" L(Ro, Ry) +cy Bt/ mee/tnims) —(6.6)

vo=apwo vi=aowi |bo|,|b1|<B® |uol,|ui|<BE
plbobi=peS
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6.3. Application of the large sieve. We shall now apply Lemma 6.3 to estimate (6-4), which we shall
apply with m = 2. Let Q C 72 be the set of vectors ¢ € N? such that 17,(to)17, (1) = 1 and for which
p € U; whenever there exists an index j such that p| g;(¢). For any prime p ¢ S, let

Ao(p) ={t € (Z/p*Z)*: p 1o and p ¢ Ty}

and

Aso(p)={t €(Z/p°Z)*: p| 1) and p ¢ Too}.
Similarly, let

Bi(p)={t € (Z/p*2)*: plig;(t) and p ¢ U;}
for 1 < j <r. Then #Q mod p?> < (1 — @(p)) p*, where
#(Ao(p) UAs(p)UBi(p)U---UB,(p))

p* '

In particular, we have w(p) € [0, 1). The following result is concerned with estimating this quantity.

w(p) =

Lemma 6.4. Let p € S, and let d = gcd(mg, m). Then

| 17¢ " 1ye(p)v;(p; v) d(p, AgA
(p) = TO(P)+ Tm(p)+z Us 2/ +0(g0 (Pszo 1)>’
P P P P

j=1
where

vi(p:v) =#{t € F> : hj(votf, vitf) =0}.

Proof. Recall that gcd(Ag, A1) = 1, that g; (1, t1) is defined in (6-3), and that g; (7, f1) is square-free
and coprime to the monomial #p#;. If p| AgA|, we take the trivial upper bound

#(Ao(P) U Aco(p) UBI(p)U---UB.(p)) = O(p°),

whence w(p) = O(1/p), which is satisfactory.
Suppose henceforth that ptAgA;. We proceed by noting that the intersection of any two sets in the
union Ag(p) U As(p) U B1(p)U---U B,(p) contains O(p?) elements of (Z/p>Z)?. Thus

r

_ 1r¢(p)  17¢(p) #B;(p) < 1 )
= ) +0o(=)
“n== p p* p?

j=l1
Turning to #B;(p) for j € {1,...,r}, we writtu =x + py forx, y € I]:?U. Thus
#t e @/p’D): p*lgjy= Y #yecF,:y.Vg;(x)=—g;x)/p}.

xe[Ff7
gj(x)=0

On enlarging S, we can assume that Vg;(x) # 0 for any x in the sum. Thus each of the O(p) values

of x produces O(p) choices of y, giving

#t € Z/p*D)*: p*lg;() = O(p?).
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Hence

#Bj(p) = 1ue(p)p*#{t € F 1 g;(6) = 0} + O (p?).
Putting this together, we have shown that

17¢(p)  17c " Aye(p)r(p; Ao, Ay) 1
1e(p n TO;(P)_i_ f Jp2 +0<_2)’

w(p) =
j=1
where

Aj(p: Ao, A) =#{t € F3 1 hj(Aoty, Ayt]"™) = 0}
for 1 < j < r. In order to complete the proof of the lemma, it will suffice to prove that
Aj(p; Ao, A1) =v;(p;v) + 0(1) (6-7)

for 1 < j < r, in the notation of the lemma.
To see this, let e be the least common multiple of my and m., so that e = mgme./d. We pick a
generator o € [ of F7, /(7). Then it is easily confirmed that

(@d/moy = (FE)T/(F5)™  and  (@/™>) = (F3)! /(F5)"=

on noting that (P;,)’"0 and ([Fj;,)moo are subgroups of (P;)d . (Indeed, to check the first equality, for
example, it suffices to confirm that ¢/ has order mg/d in I]:}';.) The group (I]:;)d / (I]:;)’"O has order
No = ged(mg, p— 1) and, likewise, ([F"[‘,)d/([F"[;)’"OO has order No, = gcd(m o, p — 1). It follows from this
that any nonzero d-th power in [, can be represented as ugedk/mo for some k € Z/NyZ, and such a
representation is unique up to multiplication of u by one of the m-th roots of unity in [, of which there
are Ny.

Similarly, we can represent any nonzero d-th power in [, as uqedt/m for some £ € Z/NooZ in
exactly Ny, ways.

We will use this to partition the counting function v; and remember to divide by NoN, when collecting
the parts. Define

hj(p; Ao, Ak, €) =#{t € B hj(Agty “a™/™M0, A" a M=) = 0}

for any k € Z/NoZ and £ € Z/NoZ. Let B = a~¢4k/mo=edt/me On multiplying through by g9, and
recalling that /; is homogeneous, we obtain

Aj(p: Ao, Ars k. £) =#{t € 2 hj(Agty ™/ ™ B, At/ B) = 0}

=#{t € F7 : hj(Agty e/, A" a~e%/"0) =0},
But ed/ms, = mg and ed /my = m~. Hence a simple change of variables yields

Aj(p; Ao, A1 k, €) = A;(p; Ao, A1; 0, 0). (6-8)
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Let v;’f(p; Ao, Ay) denote the contribution to v;(p; Ag, Ay) from 7oty # 0, and also similarly for
Ajf(p; Ag, Ay k, £). Then we may write
vi(p; Ao, Ay) = v*(p; Ag, A+ O(1)

YooY KA Ak O+0(0)

Z/NoZ LeZ/NooZ

by (6-8). Noting that )J; (p; Ag, A1;0,0) =4 (p; Ag, A1) + O(1), we have therefore shown that

Aj(p; Ag, A1) = v;(p; Ao, Ap) + O(1).

NONoo re

At this point we recall the factorisation (6-2) together with the fact that v; = a@;s;w; for i =0, 1. Hence,
since pfApAj, a simple change of variables shows that

v;(ps Ao, Ap) = #{t € 2 hj(vo(bosg ™ 10)?, vi(b1s]'™""11)%) = 0} = v; (p; ),
from which the claim (6-7) follows. O

We will need to study the average size of w(p) as p varies. We break this into the following results.

Lemma 6.5. We have

> L (1= 80.000)) loglogx + O(1)
PSX p

p¢To
and

Y = (1= b0m) loglogx + 0(1)
psx

. . PET
in the notation of (1-5).

Proof. This is a straightforward consequence of the Chebotarev density theorem in the form presented in
[Serre 2012, Theorem 3.4], for example. O

Our next result concerns the average behaviour of the function v;(p; v) in Lemma 6.4, as we average
over primes p ¢ U;. This is more difficult and requires the use of notation introduced at the start of
Section 2.2, which we recall here. For a number field F/Q, let ZF denote the set of primes p € Z that
are unramified in F and for which there exists a prime ideal p | por of residue degree 1. For any positive
integer m < [F : (O], we write &f ,, for the subset of p € £ for which there are precisely m prime
ideals above p of residue degree 1.

For each j € {1, ..., r}, define the étale algebra

NE; d.w vy = Qlx]/(r; (X)),
where r;(x) =h; (x4, v /vg). As in (1-8), this has a factorisation into number fields
NEj,d,U]/'U() =ND 5 ... x N(S)’

where N® = Ng (k) , for 1 <k <s, where the dependency of s on j is suppressed for legibility.



2080 Tim Browning, Julian Lyczak and Arne Smeets

Lemma 6.6. Foreach j € {1, ...,r}, we have

Z Vj(Pz; v) _ Z(l —8p nw () loglog x + O(1 + w(vovy))

pP<x p k=1

peU;

in the notation of (1-5), where w(n) denotes the number of distinct prime factors of n € Z.

Proof. We have

 SEGLIE SRGUINS SSL)

PSX p PSX p PSX p
P&U; peU;j P&U;
ptuovy Pluovy

Since ged(vg, v1) = 1, the second term is seen to be

1
< Y~ K ou).
p
PSX
Plvovi
Next, we see that

Z vi(p;v) _ Z #{tel]:p:hj(td,vl/vo)zo}

5 + 0(1).
PSX p PSX p
peU; P&U;
Pivovi ptvov

Write r;(t) = h; (t v1/vp), and let r; (1) = r(l)(t) (s)(t) be its factorisation into irreducible factors
over Q. Then N (k) is the number field Q[z]/ (r(k)) for 1 <k <s. We have

#rel,: r(k)(t)— 0}

s e g5 + o).

PSX r? k=1 p<x
peU; 14:2%;
piuovy pivovy

To begin with, it follows from the prime ideal theorem that

#tel,:r =0
> p = loglogx 4+ O (1 4+ w(vovy)).

p<x
Next, we note that p € U; if and only if Frob, fixes a component of Sg,. Let .7; denote the set of
fields of definition of the elements of Sg;. Then, for any p ¢ S, the condition p € U, is equivalent to
the condition p € Pz, : =U FeZ Pr. Likewise, for any positive integer m < [N ®) - Q], we will have
#rel,: r;k) (t) =0} =m if and only if p € Zyw ,,. Hence

s (N®:Q]
> —v](p, v _ Z(loglogx— Z m > %) + O (1 +w(vovy)).

PSX p PSX
pgU; pez@N(k),mﬂfﬂgj

The remaining sum over primes is susceptible to a further application of the Chebotarev density theorem.
Once coupled with Theorem 2.3 and (2-1), this leads to the statement of the lemma. U
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We may combine the previous two results to produce a lower bound for the quantity L(Q) in Lemma 6.3,
with the choice of w(p) from Lemma 6.4.

Lemma 6.7. For any ¢ > 0, we have the lower bound

(log 0)®v™
L(Q) >, ———
© o |AgA ¢

where ©, (1) is given by (1-9).
Proof. Since 1 — w(p) < 1, we have
L) =) @) [[em.
q9<Q rlg
There are many results in the literature concerning mean values of nonnegative arithmetic functions.
However, we can get by with the relatively crude lower bound found in [Friedlander and Iwaniec 2010,

Theorem A.3], which is based on an application of Rankin’s trick. Let y : N — R3¢ be a multiplicative
arithmetic function that is supported on square-free integers and which satisfies

> v(p)logp <alog(x/y)+b (6-9)
y<p<x

for any x > y > 2 for appropriate constants a, b > 0. Then it follows from [Friedlander and Iwaniec 2010,
Theorem A.3] that

Yy > []a+yp. (6-10)

n<x p<x
where the implied constant is allowed to depend on a and b. We seek to apply this with
y(n)=p>m) [ [op).
pln

It is clear from Lemma 6.4 that w(p) = O(1/p). Hence

lo
Z y(p)logp <1+ Z ﬂ<<1+1og(x/y)

Y<pSX y<psx
uniformly in vg and v;. Hence (6-9) holds for a, b = O(1), and it follows from (6-10) that
L) [ +ap)
p<@

for an absolute implied constant. On appealing once more to Lemma 6.4, we find that

.
_ 1 1 v;(p; v)
10g<]_[(1+w(p))) =Y >+ > ;+Z Y 4 01+ w(AgA)).
p<0 <o’ p<o? e P
p¢To PET p¢U;

These sums are estimated using Lemmas 6.5 and 6.6, leading to the conclusion that

log( [Ta +ca(p))) = O(x, vi/vo) loglog Q + O (1 + w(AgA)),
p<Q
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where

O, v1/v0) =2~ 80.0(m) =bxc.0(m) + ) Y (1 =8, yw (7))

J—] 1 Ej,d,ul/vo

in the notation of (1-5). Clearly (:5(71, v1/v9) = O, (), the latter being defined in (1-9). Hence the
statement of the lemma follows on exponentiating and using the fact that w(n) < log |n|/loglog |n| for
any nonzero n € Z. (I

6.4. Completion of the proof of Proposition 6.1. We begin by focussing on the estimation of the quantity
L(Rp, R;) that was defined in (6-4). In view of (6-2), we see that

A() = Uo(bos(r)no/duo)d and A1 =V (blsinoo/du])d.

Recall that s; | v; for i =0, 1. Taking Q = B¢, we note that

Rmo _ B > B > B17(1+3m0)s > Q4m0’

0o = = =
[Aol = |vo(soboup)™|

provided that & < 1/(1+7my). Similarly, we can assume that Ry > Q* if ¢ > 0 is chosen to be sufficiently
small. Hence, with these choices, we have
Bl/mi+1/mo

| Ag|V/mo Ay |/mee”

(Ro+ OY (R + 01 < RoR <

We may now apply Lemma 6.7 in Lemma 6.3 to deduce that

Bl/m()—i-l/mC>O |A0A1|8
[Aol/m0] A 17~ (log B)®+)

L(Ro, Ry) <,

Substituting into (6-6), recalling (6-5) and summing over by, by, ug, uj, the statement of Proposition 6.1
easily follows.

7. Examples: lower bounds and asymptotics

Let 7 : X — P! be a standard fibration. It is clear from the constructions in Section 5 that we are only
able to interpret local solubility conditions outside a finite set of places of S which depends on . This
set S should contain a set of places for which Corollary 5.8 holds, and such a set can be determined
explicitly. With more work one might be able to incorporate local solubility at places in S, but this should
not change the order of growth, which is the main interest in this paper. Accordingly, for any finite set S
of primes, we introduce the counting function

Nioe,s(, B) = #{x € PL(Q) N7 (X (AJ)) : H(x) < B},

where H is the usual height function on P!'(Q) and Aép is the set of adeles away from S. We clearly
have Nioc s(, B) 2 Nioc (1, B), and we expect these two counting functions to have the same order of
magnitude.
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We shall prove several results about Halphen surfaces. Let m > 1 be an integer. A Halphen pencil is a
geometrically irreducible pencil of plane curves of degree 3m with multiplicity m at nine base points
Pi, ..., Py. We let X be the Halphen surface of order m obtained by blowing up [P? at these nine points,
as introduced in [Halphen 1882]. We shall assume that Py, ..., Py are globally defined over (D, so that X
is a smooth, proper, geometrically integral surface defined over Q. In fact, X is a rational elliptic surface
and we obtain a standard morphism 7 : X — P! such that there exists a unique fibre of multiplicity 7. In
particular, 7 does not admit a section.

7.1. Lower bounds. In this section we establish an array of lower bounds for Njo s(, B). The following
result demonstrates that Conjecture 1.5 would be false with the exponent A(;r) and that it is indeed
sometimes necessary to take a smaller exponent.

Theorem 7.1. Let w : X — P! be a standard fibration. Assume it only has nonsplit fibres above 0,
1 and oo, comprising geometrically irreducible double fibres over O and oo, and a nonsplit fibre of
multiplicity 1 above 1 that is split by a quadratic extension. Then there is a finite set of places S such that

B < Nige,s(m, B) < B.

Proof. Suppose that F = Q(+/d) is the quadratic extension that splits the fibre above 1 for square-free
d € Z. Then it is clear that

0<O()= min (1-=68 @) <1=38 r(r)=0.
K /@ quadratic ’ ’

Hence the upper bound is a direct consequence of Theorem 1.3.
For the lower bound, we compose the exact counting problem using Corollary 5.8. Thus there exists a
finite set of places S, containing the prime divisors of 2d, such that

, |b] < B, S 2 d2 b)],
Niee s (7, B):l#{(a,b)ezzrim: lal, |b] p¢S=I[2|vp(a)and 2|v,(b)] }
2 P [p¢Sand pla—bl= pe Pr

The lower bound is provided by taking pairs (a, b) of the form (12, dv?). U

In this result we have 2 — deg 9, = 1, so that the exponent of B matches the predicted exponent of B
in Conjectures 1.1 and 1.5. We also have

80,0(m) =8x,0(m) =1 and & o(r) =73,

so that A(r) = % However, we saw in the proof that ® (;7) = 0. Thus Theorem 7.1 is in agreement with
Conjecture 1.5.

Let us describe what is going on geometrically. Consider the finite étale orbifold j1,-cover 8, : P! — P!
given by (x : y) — (x2 : vy?) and the pullback fibrations 7, : X, — P! obtained from normalisation of the
pullback of 7 along 6,. By Proposition 4.7, we see that the two double fibres of 7 pull back to components
of multiplicity 1 on m,. Also, all fibres which do not lie over 1 in the composition X, n, pl &y pl are
split. We proceed by studying the fibres over 1.
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First we study the fibre of 1 in 6,. For v € @*/Q**2, we have 6~ (1) = Spec A, where A is the
degree-2 étale algebra Q(4/v) if v ¢ @< and Q x Q for v € @**2. This gives

0 ifv=d,
Am)= Y (=dpm)={s+3=1 ifv=1,
b'|b % otherwise,

where the sum ranges over all points D’ lying above D = 1 € (P')(1). In the first case, the fibre over 1
(which is split by F') pulls back to an F-point and becomes split. In the second case, the fibre pulls back
to two (Q-points. In the last case, the fibre is irreducible and its residue field is linearly disjoint from the
splitting field, and we obtain A(w,) = A(r), in general.

Theorem 7.1 indicates that the main contribution to the point count comes from the single cover ;.
If we were to exclude the thin set of points coming from this cover, we are left with infinitely many
covers 1, with A(mr,) = A(mr) for v # 1. Proposition 4.7 (b) implies that the covers have no multiple

fibres, since it gives
mp 2

= wcd(mp. e(P//P) ~ ged2.2)

for each P’ |0, co. Hence, in the light of the original Loughran—Smeets conjecture [2016, Conjecture 1.6],

np/

we expect the remaining covers to contribute order B/,/log B to the counting function, apart from the
cover corresponding to 1, which should contribute order B/ log B.

Our second lower bound deals with the case of precisely two nonsplit fibres and is consistent with
Conjecture 1.5 since degd; =2 — 1/mg— 1/meo.
Theorem 7.2. Let 7 : X — P! be a standard fibration for which the only nonsplit fibres lie over 0 and oo.
Then there is a finite set of places S such that
Bl/mo—i-l/moo
(log B)A(™ *

Proof. We begin by using Corollary 5.8 to give explicit conditions for local solubility away from S after

NIoc,S(n7 B) >

passing to an sncd model X’ — P!. This leads to the conclusion that Nige,s (7, B) is equal to the number
of x = (xo : x1) € P1(Q) with H(x) < B such that, for each i € {0, 1} and every p & S, Frob,, fixes a
collection of intersecting components Z; of X ;J,- such that v, (x;) € (m(Z;))n, where D; = V (x;). The
following is clearly a sufficient condition for the fibre over x to have a @ ,-point: for all 7, the Frobenius
Frob,, fixes a component of Z of minimal multiplicity in X /Di and m(Z) | v, (x;). The density 9; of rational
primes p for which Frob,, fixes an element of Sp, is equal to 8 p, (m) = p, «(p;) (7r) in the notation of (1-5).
Hence the statement of the theorem now follows from Proposition 3.1 and (1-7). [l

7.2. Halphen surfaces with one nonsplit fibre. Generically, a Halphen surface has no other nonsplit
fibres apart from the multiple one. Even in these cases the counting problem still depends on the Galois
action on the components of the multiple fibres and how these components intersect. We record some
results which illustrate this phenomenon; it will be convenient to keep in mind the notation (3-1).
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We begin with the following result, which agrees with Conjecture 1.5 since degd, =1—1/m and
A(m)=0.

Theorem 7.3. Let X — P! be a Halphen surface with a single nonsplit fibre over 0, that is the fibre of
multiplicity m. Suppose that this fibre has a geometric component fixed by Gal(Q/Q). Then there exists a
finite set S such that

Nioe.s(7t, B) ~ ¢z s B T1/™,

where

2eg(1+ L -1
cﬂ,s—Ml‘[(Hl) ,

@es(z) s P
Proof. By Corollary 5.8, we see that there is a finite set of places S such that

Nioe,s(m, B) = #{(a, b) € Z%;, : lal, |l < B, p ¢ S = m|v,(a)}.

prim °

We may apply Proposition 3.1 with mg = m and m; = 1, and with &y = & equal to the full set of
rational primes. In particular 3y = d; = 1, and it follows that Njo s(7, B) ~ ¢ sB'T!/™ as B — oo,

2cs(14 L
Cr,§ = —c:(sl()c:(;i;; 1_[(1 — #) g(l . %)2

pgs

where

in the notation of (3-1). The statement easily follows on simplifying the expression for the constant. []

The following two results agree with Conjecture 1.5 since in both cases we have degd, =1—1/m and
A(m) = % Moreover, in these two examples, we have multiple fibres which do not have a geometrically
integral component. This demonstrates the need to define (1-5) in terms of Sp for each divisor D, which
allows us to work with the Galois action on the components of a fibre of minimum multiplicity.

Theorem 7.4. Let X — P! be a Halphen surface with a single nonsplit fibre over 0, that is the fibre of
multiplicity m. Suppose that this fibre consists of three conjugate lines split by a cubic Galois extension
K /Q that do not all meet in a point. Then there exists a finite set S such that

Bl-‘rl/m

Nloc,S(Tfa B) ~ Cﬂ,SWa

where

2m2/3cs(1)1/3cs(1+%) 1 1\1/3 1\1/3

Cr.s = ST H(HE)(l_E) ]_[(1—;) .
(3)c5(m) peEPk PEPk
pes PES

Proof. Suppose that the three conjugate lines are split by the cubic Galois extension K /Q. By Corollary 5.8,
we see that there is a finite set of places S such that Ny, s(r, B) is equal to

I#{(a,b) € Z%;,, tlal, |b| < B, [p ¢ S and p |a]l = [m|v,(a) and p € Pk]},

prim
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where Yk is the set of rational primes p that are unramified in K and split completely. We may apply
Proposition 3.1 with mg = m and m; = 1, and with £y = P and & equal to the full set of rational
primes. In particular, 9y = % and d; = 1. It follows that

Bl+1/m
Nioc,s(, B) ~ Cn,SW,

where

2m?3 es(1+ 1 1 1\=2/3 1)'/3

s =2 W) - L) T (-5 T2 [T -4
F(ﬁ) CS(E) pePx peEPKNS p peEPy p pePx p
PES

The statement of the proposition follows on simplifying this expression. U

The next result agrees with Conjecture 1.5 since
1 2
deg 0, ZI_E and A(n)zg.

Theorem 7.5. Let X — P! be a Halphen surface with a single nonsplit fibre over 0, that is the fibre of
multiplicity m. Suppose that this fibre consists of three conjugate lines split by a cubic Galois extension
K /Q) that do meet in a point. Then there exists a finite set S such that

Bl+l/m Bl+l/m
——= <N w, B _—
(IOg B)2/3 < loc,S( ) < (IOg B)2/3

Proof. The upper bound follows from Theorem 1.2. The lower bound was proven in Theorem 7.2. [J

Theorem 7.5 illustrates the need for the nonsplit fibres to be sncd; the counting problem for this setting
will be

[p¢ Sand pla]l= [(Bm|v,(a)) or (m|v,(a)and p € Fk)].

The condition 3m | v,(a) comes from a Galois fixed component of multiplicity 3m on the multiple fibre
of the sncd-model of X. However, no such component exists on the multiple fibre of X itself.

7.3. Halphen surfaces with two nonsplit fibres. In practice, it can be difficult to construct Halphen
surfaces with more than one nonsplit fibre. We present two such examples, both of which verify
Conjecture 1.5.

Theorem 7.6. There exists a Halphen surface X — P! of degree 2 with two nonsplit fibres: the multiple
fibre is geometrically irreducible and has multiplicity 2, and the other is an sncd divisor of Kodaira
classification I split by a cubic Galois extension K /Q. Moreover, there exists a finite set of places S, and
an explicit constant ¢, s > 0 such that

pl+1/2

Nioc,s(w, B) ~ Cn,SW-
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Proof. Let us first fix the cyclic cubic number field K /Q. Now choose two sets of three conjugate points
P;, Q; € P2(K), indexed by i € Z/3Z. We let R; be the intersecting point of the lines P;,|P; > and
Qi+10Q;+2. For generic choices of P; and Q;, the R; are well-defined and there is a unique smooth cubic
through the nine points P;, Q; and R;.

We will consider X = Blp, g, r, P?. The two nonsplit fibres of X come from the double cubic passing
through these nine points, and the sextic curve which is geometrically the union of the six lines P;4 P;42
and Q;+1Q;i+2. Under blowup the first curve turns into a geometrically integral fibre of multiplicity 2,
and the other into six lines meeting in a cycle. The three lines P, P», P, P; and P; P; are permuted by
Gal(K /Q) and no longer meet on X. For a generic choice of P; and Q;, there will be no other nonsplit
fibres.

Let us assume the multiple fibre lies above 0 and the other nonsplit fibre over co. The fibres of X — P!
are all sncd, so we can directly compose the counting problem to find that

Nioe,s(, B) = 3#{(a. b) € Zy :lal. bl < B, p ¢ S=>2|v,(a). [p ¢ Sand p|b] = p € Zx}.
Such a counting problem is dealt with by Proposition 3.1. U

Theorem 7.7. There exists a Halphen surface X — P! of degree 3 with two nonsplit fibres: the multiple
fibre is geometrically irreducible and has multiplicity 3, and the other is a non-sncd divisor of Kodaira
classification 15 split by a cubic Galois extension K /Q. Moreover, there exists a finite set of places S such

that
Bl+1/3 Bl+1/3

— = <N 7, B —_—.
(log B2 &L Nige,s(, B) K (log B2
We will return to this surface in Section 7.4 to create another interesting example. There we will
assume that the multiple fibre lies over 0 and the remaining nonsplit fibre lies over oco.

Proof of Theorem 7.7. Let E /Q be an elliptic curve with E(Q)ys = Z/97. Let K/Q be a cyclic cubic
number field K /Q such that rank E(Q) < rank E(K). We will fix

(i) a generator o € Gal(K /Q),

(ii) a generator A € E(Q)ors,
(iii) B € E(K)\ E(Q) such that B +0(B)+0%(B) = O € E(Q), and any
(iv) C € E(K)\ E(Q).

With this notation in mind, consider the nine points

Pi=o'(0),
0; =0 (=2C+ B+ A),
R; =o' (C —3A).

For general choices, we find that Blp, o, &, P? is a Halphen surface of degree 3. In particular, there is
a smooth cubic through the nine points, which becomes the geometrically irreducible triple fibre on X.
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Moreover, we have
Z(Pi+Qi+Ri)_Pj+Rj:Os
i
so that there is a cubic curve which passes through all nine points except P; and has a singularity at R;.
The union of these three curves becomes the nonsplit /3-fibre split by K.
For the lower bound we may apply Theorem 7.2, and the upper bound follows from Theorem 1.2. [J

7.4. A nonsplit fibre over a point of higher degree. Our final result concerns a surface of Halphen type
with a fibration over P! that has one multiple fibre and a nonsplit fibre over a degree-2 point. Our local
solubility criteria do not apply to this case in general, but we are nonetheless able to deduce explicit
criteria.

Consider the Halphen surface 7 : X — P! from Theorem 7.7 with m = 3, with a multiple fibre over 0
and a nonsplit fibre over oo split by a Galois cubic extension K /Q. Let 7’ : X’ — P! be the normalisation
of the pullback of 7 along the morphism 6 : P! — P! given by [u : v] > [1? : u> 4+ v*]. We claim that the
surface X’ has a unique multiple fibre over u = 0, whose multiplicity is 3, and that the only other nonsplit
fibre lies over the degree-2 point u? 4+ v? = 0 and is split by K. To see this we note that the fibres of the
pullback of X are precisely the fibres of X', and normalisation only changes the fibres over 0 and oo.
The multiplicities of the new fibres can then be computed using Proposition 4.3. Note that d,,» = %[O] and
A()y=1=8,2(7") = % We shall now prove the following result, which is easily seen to agree with
the prediction in Conjecture 1.5.

Theorem 7.8. For the surface ' : X' — P! as above, there exists a finite set S such that

B4/3 ) B4/3
———— &N B K ———.
Tog B)73 L Nige,s(', B) K (log B)

Proof. The upper bound follows directly from Theorem 1.2. To prove the lower bound, we note that,
for all but finitely many points x € P!(Q), the fibre of X’ — P! is isomorphic to the fibre of X — P!
over A(x) € P!(@). Hence we can apply the criterion in Corollary 5.8 to determine local solubility for X.
Noting that v, (u?) is divisible by 3 precisely if this is true for v, (), we find that Nic s(7’, B) is

1

) ng S 3 )
E#{(M,U)GZZ . lul, vl pES=3vpu)

- +0q).
prim [p¢Sandp|u2+v2]:>p€@K} M

On restricting to positive coprime « and v and demanding that u is a cube, we arrive at the lower bound

Nioe,s(r, B) = sM(B) + O(1),
where
M(B) =#{(u,v) € Zpy, : 0<u’, v < B, plu®+v> = p e Py},

Note that u3, v < B whenever u® + v? < B2. Hence

M(B) > #{(u,v) € Z2y: ged(u, v) = 1, u® +v* < B?, plu®+v> = p e Zx}.
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The right-hand side is exactly the quantity estimated via the B-sieve in [Friedlander and Iwaniec 2010,
Theorem 11.31], with the outcome that

Bz 2/3
0> (i)

The statement of the theorem now follows. |
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