Algebra &

]
jf Number
DN Theory

JJ f Volume 19
J j_| | 2025
ol JJL No. 11
: " .

S I | -
T

Sym-Noetherianity for powers of GL-varieties

Christopher H. Chiu, Alessandro Danelon,
Jan Draisma, Rob H. Eggermont and Azhar Farooq

. L i%nll JJ a, "0 " g% @V
J JJ J JJ JJ JJJJ JJJ JJJJ JJJj jj
o BT T ] B TR LMY
| JJ JJ JJ J_UJ JJJ o 4u7 4 JJJ
JJJ _|J J_lJ llh].'i JJ | J_IJ i ui ] .
1 . i JJ | % 2] JJJ T o
L8 g wtw oop o 0ol gt g o How



ALGEBRA AND NUMBER THEORY 19:11 (2025)
https://doi.org/10.2140/ant.2025.19.2091

Sym-Noetherianity for powers of GL-varieties

Christopher H. Chiu, Alessandro Danelon,
Jan Draisma, Rob H. Eggermont and Azhar Farooq

Much recent literature concerns finiteness properties of infinite-dimensional algebraic varieties equipped
with an action of the infinite symmetric group, or of the infinite general linear group. In this paper, we
study a common generalisation in which the product of both groups acts on infinite-dimensional spaces,
and we show that these spaces are topologically Noetherian with respect to this action.

1. Introduction

1.1. Sym-Noetherianity and GL-Noetherianity. It has been well-established since the 1980s that if Z is
finite-dimensional variety, then the topological space ZN, equipped with the inverse-limit topology of the
Zariski topologies, has the property that if

X12X22X32---

is a descending chain of closed subvarieties, each stable under the infinite symmetric group Sym =
(U, Sym([n]) permuting the copies of Z, then X, = X, for all n > 0. We say that ZN is Sym-
Noetherian; see [Cohen 1967; 1987; Aschenbrenner and Hillar 2007; Hillar and Sullivant 2012] for the
relevant literature.

On the other hand, the third author proved that if Z is a GL-variety: a (typically infinite-dimensional)
affine variety equipped with a suitable action of the infinite general linear group GL=|_J,, GL, — see below
for precise definitions —then Z is topologically GL-Noetherian. See [Draisma 2019] for Noetherianity,
and see [Bik et al. 2023a; 2023b] for the structure theory of GL-varieties.

1.2. Our result: Sym x GL-Noetherianity. Given a GL-variety Z, the group Sym x GL acts naturally
on Z", and our main goal in this paper is to prove the following theorem.
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Theorem 1.1 (main theorem). Let Z be a GL-variety over a field of characteristic zero. Then ZN is
topologically Sym x GL-Noetherian. In other words, every descending chain

X\ 2X:2--

of Sym x GL-stable closed subvarieties of Z" stabilises eventually. Equivalently, any Sym x GL-stable
closed subvariety of ZN is defined by finitely many Sym x GL-orbits of polynomial equations.

Below we give two examples of Sym x GL-varieties; these illustrate that even when Z is a rather
simple GL-variety, Z\ will have many Sym x GL-stable closed subvarieties.

Example 1.2. Consider the space of N x N-matrices where Sym permutes the rows, and GL acts
simultaneously on all rows. We can think about this space as Z", where Z is the space AN with the
obvious GL-action. We write x; ; (i, j € N) for the coordinates on this space. Let X be a Sym x GL-stable
proper closed subvariety of this space. Let f be a nonzero polynomial vanishing identically on X involving
only the x;; with 1 <i, j <n, chosen such that »n is minimal among all defining equations of X. We claim
that X is contained in the variety of matrices with rank at most n — 1. Indeed, suppose that a matrix A
in X has rank at least n. Then by basic linear algebra the Sym x GL-orbit of A projects dominantly in the
affine space A"*" corresponding to the upper left n x n-block. This implies that f is the zero polynomial;
a contradiction.

Also, by the minimality of 7, there must exist a matrix in X whose rank is n — 1. However, it is not easy
to completely classify the Sym x GL-stable closed subvarieties of ZN containing a matrix of rank n — 1 and
no matrices of rank n. For instance, fix any matroid M of rank n — 1 on the ground set [m] :={1, ..., m}
and let R € A"*"=D pe the variety defined by the determinants of the (n — 1) x (n — 1)-submatrices
whose rows correspond to nonbases of M. Regard R as a subvariety of AN*N by extending with zeros
and set X := (Sym x GL)R. This Sym x GL-stable subvariety of AN*N is the common zero set of two
classes of polynomials: all monomials containing variables from at least m + 1 distinct rows, and the
Sym-orbits of all products of the form

[1 detx[7(Iz), Jx 1),
meSym([m])
where each I, C [m]is an (n—1)-element set that is not a basis of M, each J is an arbitrary (n—1)-element
subset of N, and x[7 (1), J] stands for the matrix of variables x;; withi € w (/) and j € J5.

Now suppose that M, M’ are loopless matroids on ground sets [m], [m'], both realisable over the
algebraic closure of the ground field. We then claim that X, = X, holds (if and) only if M, M’ are
isomorphic. Indeed, if Xy = X, then let p € A"*=D < ANXN realise M, so that p € Xy = Xypr.
This means that p satisfies all equations for X, . Since M is loopless, all rows of p are nonzero, and the
monomial equations for X, imply that m’ > m. The converse follows by taking a realisation of M’. That
the determinantal equations for X 5, vanish on p imply that, after a permutation, all nonbases of M’ are also
nonbases of M. Again, the converse holds by taking a realisation of M’. Hence M and M’ are isomorphic.

We conclude that the considerable combinatorial complexity of the class of realisable matroids is
contained in the classification problem for Sym x GL-subvarieties of Z".



Sym-Noetherianity for powers of GL-varieties 2093

Remark 1.3. Already the classification of Sym-stable closed subvarieties of (A')Y is nontrivial [Nagpal
and Snowden 2020], so it is not so surprising that also the classification of Sym x GL-stable closed
subvarieties of Z" in Example 1.2 is difficult.

Example 1.4. Let Z be the space of symmetric N x N matrices, acted upon by GL via (g, A) — gAg’.
It is not hard to classify the GL-stable closed subvarieties of Z: they are the empty set and the varieties
of matrices whose rank is bounded by some k € {0, ..., co}.

Now let X be a Sym x GL-stable proper closed subvariety of Z", and let # be minimal such that there
exists a nonzero polynomial that vanishes on X and involves only coordinates on the first n copies of Z.
Then it follows from [Eggermont 2015, Proposition 3.3] that X is contained in the variety X, , of N-tuples
in which every n-tuple has a nontrivial linear combination whose rank is at most some integer r. However,
completely classifying all Sym x GL-stable closed subvarieties of X, , seems completely out of reach.

1.3. A generalisation: Sym* x GL-Noetherianity. We prove the main theorem by establishing first the
following more general result.

Theorem 1.5. Let Zy, ..., Zy be GL-varieties over a field of characteristic zero. Then the variety
ZlN X o X Z,’(\J is Sym* x GL-Noetherian.

Here there is one copy of GL that acts diagonally, and there are k copies of Sym that act on separate
copies of N. We believe it is impossible to prove the main theorem without considering multiple copies
of Sym. Indeed, covering a proper closed Sym x GL-stable subvariety of ZN requires partitioning N into
finitely many parts such that the points in Z labelled by the indices in one same part behave in a similar
fashion. The following example illustrates this point.

Example 1.6. Let Z be the space of N x N-matrices over a field of characteristic zero, equipped with the
GL-action given by (g, A) — gAg’. Let X be the closed Sym x GL-stable subvariety of Z" consisting
of all infinite matrix tuples (A, A», ...) such that each A; is either symmetric or skew-symmetric. It is
easy to see that X is defined by the Sym x GL-orbit of the equation (x112 +x121) (X112 — X121), Where x; jx
is the (j, k)-entry of the i-th matrix. We will see that the Sym x GL-Noetherianity of X follows from
the Sym2 x GL-Noetherianity of the “smaller” variety ZlN X ZZN, where Z; C Z is the GL-subvariety
of symmetric matrices, and Z, € Z is the GL-subvariety of skew-symmetric matrices. Here the term
“smaller” refers to the fact that both Z| and Z, are quotients of Z. The exact meaning of smaller varieties
is given in Section 2.7.2.

1.4. Relation to existing literature. The main theorem generalises the results mentioned in Section 1.1:
taking for Z a finite-dimensional affine variety with trivial GL-action, one recovers the Sym-Noetherianity
of ZN: and on the other hand, if Z is a GL-variety, then considering chains X; 2 X, 2 --- in which
each X; is of the form ZlN with Z; C Z a GL-subvariety, one recovers the GL-Noetherianity of Z.

The proof of the main theorem will reflect these two special cases. We will use the proof method from
[Draisma 2019] for the GL-Noetherianity of Z, and similarly, we will use methods for Sym-varieties from
[Draisma et al. 2022]. In fact, we do not explicitly use Higman’s lemma in our proofs as is classically
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done [Aschenbrenner and Hillar 2007; Hillar and Sullivant 2012; Draisma 2014], and in passing we give
a new proof of the Sym-Noetherianity of Z" for a finite-dimensional variety Z. However, our proof
only yields a set-theoretic Noetherianity result, while in the pure Sym-setting (much) stronger results are
known: increasing chains of Sym-stable ideals in the coordinate ring of Z" with Z a finite-dimensional
variety stabilise [Cohen 1967; 1987; Aschenbrenner and Hillar 2007; Hillar and Sullivant 2012], and
even finitely generated modules over such rings with a compatible Sym-action are Noetherian [Nagel and
Romer 2019]. In the pure GL-setting, however, such stronger Noetherianity results are known only for
very few classes of GL-varieties: over a field of characteristic zero ring-theoretic Noetherianity holds for
a direct sum of copies of the first symmetric power S' [Sam and Snowden 2016; 2019], for the second
symmetric power S2 for /\2 [Nagpal et al. 2016], for S '@ §2 and for S' @ /\2 [Sam and Snowden 2022].

Partitions of N into finitely many subsets also feature in the classification of symmetric subvarieties of
infinite affine space (A!')™ [Nagpal and Snowden 2020], and while our proofs do not logically depend on
this classification, that paper did serve as an inspiration.

1.5. Organisation of this paper. This paper is organised as follows. In Sections 2.1 and 2.2 we introduce
polynomial functors and affine varieties over the categories Vee, FI°P x Vec and (FI°P)f x Vec. This
language happens to be more convenient than a purely infinite-dimensional approach, as shown in
Remark 2.9. In Section 2.3 we introduce the category PM with morphisms between (FI°P)* x Vec-
varieties, in which, for the reasons explained in Example 1.6 and above it, k varies. In Section 2.4 we
describe (FI°P)* x Vec-varieties of product type. The simplest ones among these are of the form

k
Z:(V;Si, ..., S0~ [] Zi()%,

i=1
which are the ones of interest in our Theorems 1.1 and 1.5. Reformulations of our main theorem and its
generalisation Theorem 1.5 in this language are in Remark 2.19.
Our proofs rely on induction on the “complexity” of product-type (FI°?)* x Vec-varieties. The several
well-founded orders used in this induction are the topic of Section 2.7, which builds on FI-techniques
developed in Sections 2.5 and 2.6. We introduce orders on

(1) polynomial functors (Section 2.7.1),

(2) Vec-varieties with a specified closed embedding in B x Q where B is a finite-dimensional algebraic
variety and Q is a suitable polynomial functor (Section 2.7.2),

(3) (FI°P)K x Vec-varieties of product type in the category PM (Section 2.7.3),

(4) closed subvarieties of (FI°P)F x Vec-varieties of product type (Section 2.7.4).
Then in Section 3 we formulate and prove the parameterisation theorem, Theorem 3.1, the core technical
result of this paper. The statement roughly says that if X is a proper closed (FI°P)* x Vec-subvariety of

a variety Z of product type, then X is covered by finitely many morphisms in PM from (FI°P)’ x Vec-
varieties of product form that are smaller than Z in the sense of Section 2.7.3. We prove this theorem by
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induction on closed subvarieties mentioned in (4). The description of these smaller (FI°?)! x Vec-varieties
of product type relies on Proposition 3.3. This proposition allows to partition points according to their
common behaviour with respect to a specific defining equation, similarly to what happens in [Draisma
2019]. Indeed, our Lemma 3.8 is proven as an iteration of the argument for the embedding theorem in
[Bik et al. 2023b], which in turn uses a technique developed in [Draisma 2019]. Essential for applying
Proposition 3.3 is the operation of shifting over a tuple of finite sets, described in Section 2.6. In the final
Section 4 we use all the above to prove that all (FI°P) x Vec-varieties of product type are Noetherian via
an induction on their order of Section 2.7.3. Theorem 1.5 and the main theorem follow as corollaries.

1.6. Notation and conventions.

» For a nonnegative integer k, we set [k] := {1, ..., k}; so in particular [0] = &.
o Let § be a finite set. We denote by |S| the cardinality of S.

» Throughout this paper, we work over a field K of characteristic zero.

o Sym denotes the infinite symmetric group. It is defined as the direct limit over Sym(n), the symmetric
group on the set [n], with the obvious inclusion maps.

» GL denotes the infinite general linear group. It is defined as the direct limit of GL,,, the general linear
group on K", with inclusion maps GL,, — GL,+; given by

- (§)

o The category of schemes over K is denoted by Schg. A product X x Y of two schemes will always
mean a product in this category.

o A variety X here is a reduced affine scheme of finite type over K. By K[X] we denote its coordinate
ring, so X = Spec K[X]. If Y is a subvariety of X, then we write Z(Y) € K[X] for the (radical) ideal of
functions on X vanishing on Y.

o If f € K[X] then we write X[1/f]:= Spec(K[X]y).
o Let ¢ : X — Y be a morphism of varieties. We denote by ¢* : K[Y] — K[X] the induced morphism
on coordinate rings.

« By a point x of a variety X we always mean a closed point of X, i.e., an element of X (K).

2. The categories of (FI°P)¥ x Vec-varieties

2.1. Vec-varieties. Let K be a field of characteristic zero, and let Vec be the category of finite-dimensional
vector spaces over K with K-linear morphisms. We will be working with Vec-varieties, a functorial
finite-dimensional counterpart of GL-varieties. Below, we quickly recap the theory of polynomial functors:
definitions, relevant properties; and we define the notion of Vec-variety. See Remark 2.6 for the connection
with GL-varieties.
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Definition 2.1. A polynomial functor is a functor P : Vec — Vec such that for each U, V € Vec the map
P : Homyec (U, V) — Homyec(P(U), P(V)) is polynomial, and such that the degree of this polynomial
map is upper-bounded independently of U, V. The minimal such bound is called the degree of P.

We will also regard a polynomial functor P as a functor Vec — Schg by composing with the embedding
Vec — Schg given by V = Spec(Symg (V*)), the spectrum of the symmetric algebra on the dual space V*
of V. Every polynomial functor P equals Py@® - - - @ P, where d is the degree of P and P; is defined as

Pi(V):={ve P(V)|VreK:P(idy)v=rv}.

Considering P as a functor Vec — Schg we have P(V) = Py(V) x --- x P4(V). We note that Py is
a constant polynomial functor, which assigns a fixed vector space P(0) € Vec to all V € Vec and the
identity map to each linear map. We call P pure if Py = {0}.

Let X, Y : Vec — Schyi be functors. A closed immersion - X — Y is a natural transformation such
that ¢(V) : X(V) — Y (V) is a closed immersion for all V € Vec. In particular, X is then a subfunctor of Y.

Definition 2.2. An affine Vec-scheme is a functor X : Vec — Schg that admits a closed immersion
X — P with P : Vec — Schi a polynomial functor. A Vec-variety is an affine Vec-scheme X such
that X (V) is reduced for all V € Vec. The category of affine Vec-schemes is the full subcategory of the
functor category Schzec whose objects are affine Vec-schemes.

Spelled out explicitly, a Vec-variety X can be described by the data of a polynomial functor P
and a subvariety X (V) C P(V) for each V € Vec such that, for each ¢ € Homye.(U, V), the linear
map P(p) maps X (U) into X (V). A morphism of Vec-varieties T : X — Y consists of a morphism
of varieties (V) : X(V) — Y (V) for each V € Vec such that, for each ¢ € Homyec(U, V), we have
(V) o X(p) =Y(p) ot (U).

Remark 2.3. The subcategory of Vec-varieties is closed under taking closed immersions and finite prod-
ucts. To see the latter, note that the product of X, Y : Vec — Schg in Schxec isgivenby Vi X (V)x Y (V);
and furthermore, given closed immersions X < P and Y < (@, the assignment

X(V)yxY(V)— P(V)x Q(V)
defines a closed immersion of the product X x Y into the polynomial functor P & Q.

Lemma 2.4. The category of affine Vec-schemes admits fibre products.

Proof. First note that for morphisms of affine Vec-schemes X — Y and Z — Y the fibre product X xy Z
of X and Z over Y exists in the functor category Schzec and is given by

(X Xy Z)(V) = X(V) Xy () Z(V).

Moreover, since Y (V) is affine (or more generally since Y (V) is separated; see [Stacks, Tag 01KR]) the
natural morphism X (V) Xy ) Z(V) — X (V) x Z(V) is a closed immersion. The statement then follows
by Remark 2.3. ]


https://stacks.math.columbia.edu/tag/01KR
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The main result of [Draisma 2019] says that Vec-varieties are topologically Noetherian.

Theorem 2.5 [Draisma 2019, Theorem 1]. Let X be a Vec-variety. Then every descending chain of

Vec-subvarieties
X=X02X12X22--

stabilises, that is, there exists N > 0 such that for eachn > N we have X,, = Xy 11.

Remark 2.6. If X is a Vec-variety, then X, :=lim., X (K") is a GL-variety in the sense of [Bik et al.
2023b]. This yields an equivalence of categories between Vec-varieties and GL-varieties. Most of our
reasoning will be in the former terminology, but could be rephrased in the latter.

2.2. (FI°P)k x Vec-varieties. Let FI be the category of finite sets with injections.

Definition 2.7. Let k € Z>9. An (FI°P)* x Vec-variety is a covariant functor X from (FI°P)f to the
category of Vec-varieties.

Explicitly, an (FI°P)* x Vec-variety is given by the following data: for any k-tuple (Si, ..., Sx) we have
a Vec-variety X (S, ..., Sk), and for any k-tuple of injective maps ¢t = (¢ : Sy — T4, ..., i : Sy — Ti),
we have a corresponding morphism X (¢) : X (T1, ..., Tx) = X (S1, ..., Si) of Vec-varieties and the usual
requirements that X (7 o) = X (1) o X(7) and X (idg,, ..., 1ds,) =1idx(s,,....s0)-

Again, there are natural notions of morphism and closed immersion of (FI°P)* x Vec-varieties, and we
call an (FI°P)* x Vec-variety Noetherian if every descending chain of closed (FI°P)* x Vec-subvarieties
stabilises.

Remark 2.8. In particular, any contravariant functor from F1I to finite-dimensional affine varieties, i.e.,
an FI°P-variety, is trivially an FI°? x Vec-variety. In this generality, FI°P-varieties are certainly not
Noetherian; see [Hillar and Sullivant 2012, Example 3.8].

However, we will be largely concerned with (FI°P)* x Vec-varieties defined as follows. Let Z1, ..., Zx
be Vec-varieties, define

X(S1, .., S =20 x - x Zt (1)

and for ¢t = (tq, ..., t6) : (S1, ..., Sp) = (11, ..., Ty) define X (¢) as the product of the natural projections

ZTi — 75 associated to ¢;. We will prove that (FI°P)K x Vec-varieties of this form are, indeed, Noetherian.

Note that we may also regard a (FI°P)f x Vec-variety as a functor (FI°?)* x Vec — Schy. For
fixed k, the (FI°P)* x Vec-varieties thus form a category by considering it as the full subcategory in the
corresponding functor category.

Remark 2.9. If X is an (FI°P)* x Vec-variety, then the group Sym* x GL acts on the inverse limit

lim  X([m]. ..., [mD(K").

This gives a functor from (FI°P)¥ x Vec-varieties to (infinite-dimensional) schemes equipped with a
Sym* x GL-action. Unlike in Remark 2.6, this is not quite an equivalence of categories (even under
reasonable restrictions on the Symk x GL-action). For example, X ([n1], ..., [1¢]) could be empty for
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large n; and a fixed nontrivial GL-variety for smaller n;. We will consider an explicit example of this
type later in Example 2.35. In that case, the inverse limit is empty but the (FI°?)* x Vec-variety is not
trivial. Our theorems will be formulated in the richer category of (FI°P)* x Vec-varieties.

2.3. Partition morphisms and the category PM. Suppose we are given a point p in some X (S, ..., Sp)(V),
where X is as in (1). Then the components of p labelled by one of the finite sets S; may exhibit different
behaviours, which prompts us to further partition S; into subsets labelling components where the behaviour
is similar. See Example 1.6 for an instance of this phenomenon. In that case, p will be in the image of
some partition morphism; for Example 1.6 this is further explained in Example 2.15. Partition morphisms
are defined below, after another motivating example.

Example 2.10. We revisit a step in the classification of Sym-invariant subvarieties of infinite affine
space from [Nagpal and Snowden 2020]. We do so in the FI-framework, where this corresponds to
closed FI°P-subvarieties of the FI°P-variety X (S) := (A")S = AS, where, for an injection 7 : § — T,
the map X (r) is the corresponding projection AT — AS. Let Z be a proper closed FI°P-subvariety
of X. By (the FI-analogue of) [Nagpal and Snowden 2020, Proposition 2.6], the number of distinct
coordinates of points in Z(S) is bounded by some natural number /, independently of S. This means
that for every S € FI, Z(S) is contained in the union over all partitions of § into subsets 71, ..., T;
of the morphism ¢ (71, ..., T}) : Al — X (S) that maps (p1, ..., py) to the tuple (g;)ics wWith g; = p;
for the unique j € [/] with i € S;. The morphisms ¢(T1, ..., T;) for varying (T, ..., T}) € FI' form
a partition morphism into X from the constant (FI°P)/-variety Y : (T, ..., T}) — A/ an object that is
arguably simpler than X. In the definition that follows, we generalise this notion to the setting where X is
an arbitrary (FI°P)¥ x Vec-variety.

Definition 2.11. Let X be an (FI°P)* x Vec-variety and let ¥ be an (FI°P)! x Vec-variety. A partition
morphism Y — X consists of

(1) amap & : [I] — [k]; and
(2) for each [-tuple of finite sets (71, ..., 7;) a morphism

o(Ti . T YT > X( L Thees L T)
jex= (D) jer~Ll(k)

of Vec-varieties in such a manner that for any /-tuple t = (¢;); € Homgy(S;, Tj)l the following diagram
of Vec-variety morphisms commutes:

Y(Tl,...,TZ)MX< Ll Ti..., L] T,)
jer=1(1) jer=1(k)
Y(@,...,u) X( LI e L tj)
jex=L) jer =Lk
Y(Sl’ 7SI)WX< I_l Sjs ) I_l SJ)
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Remark 2.12. Note that if we take k =/ and 7 = idj, then a partition morphism is just a morphism of
(FI°P)* x Vec-varieties.

There is a natural way to compose partition morphisms: if (i, ) is a partition morphism ¥ — X as
above and (p, V) is a partition morphism Z — Y, where Z is an (FI°P)™ x Vec-variety, then (i, ¢)o(p, V)
is the partition morphism given by the data 7 o p : [m] — [k] and the morphisms

¢< Ll R, L Rn)ow(Rl,...,Rm):Z(Rl,...,Rm)—>X< L] Ru,.... | Rn>.
nep~1(1) nep~ () ne(mwop)~1(1) ne(mwop)~l(k)

A tedious but straightforward computation shows that partition morphisms turn the class of (FI°?)* x Vec-
varieties, with varying k, into a category. We call this category PM.

Definition 2.13. Let X be an (FI°P)* x Vec-variety, let Y be an (FI°P)! x Vec-variety, and let (77, ) : ¥ — X
be a partition morphism. Let S, ..., Sy € FI and V € Vec. The (set-theoretic) image of (m, ¢) in
X(S1, ..., S)(V) is defined as the set of all points of the form (X (¢1, ..., ) (V)oo(T1, ..., T))(V))(q),
where Ti, ..., T; are finite sets, ¢ is a point in Y (77, ..., 7;)(V), and each ¢; is a bijection from S;
to |_|j€n,1(i) T;. The partition morphism (7, @) is called surjective if its image in X (Sy, ..., Sp)(V)
equals X (S1, ..., Sx)(V) for all choices of Sy, ..., S and V.

Remark 2.14. In the previous definition, each bijection ¢; induces a partition of the set ;. Furthermore,
if a partition morphism (7, ¢) is surjective and for every i the Vec-variety

X(,...,9,{x},9,...,9),

where {x} is a singleton in the i-th position, is nonempty, then the map & is automatically surjective,
so that 7 induces a partition of [/] into k labelled, nonempty parts. This is our reason for calling the
morphisms in PM partition morphisms.

The following example rephrases Example 1.6 in the current terminology.

Example 2.15. Let Z be the Vec-variety that maps V to V ® V, and let Z;, Z, be the closed Vec-
subvarieties consisting of symmetric and skew-symmetric tensors, respectively. Consider the FI°P x Vec-
variety defined by S > Z5, and for every finite set S let X (S) be the closed Vec-subvariety given by the
points x = (x5)ses € Z(V)S such that each component x; is either symmetric or skew-symmetric. Note
that X is a closed FI°P x Vec-subvariety. Let ¥ be the (FI°P)? x Vec-variety defined by

Y(S1, $2) = Z)' x Z32.

We now construct a partition morphism ¢ : ¥ — X as follows. The map 7 : [2] — [1] is the only possible
map, and for every V € Vec and (S|, $») € FI??, the map

@(S1, S)(V) 1 Y(S1, S)(V) = Z1 (V)5 x Zo(V)S — X(S1uS) (V)

is defined by
((xsl)sleSla (xsz)S2€S2) g (xs)seSluSZ-
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Note that the partition morphism ¢ is surjective. In particular, we say that X is covered by Y, and, as we
have already hinted in Example 1.6, Y is in some sense smaller than the assignment S — Z5. The fact
that we can do this in general is the content of the parameterisation theorem (Theorem 3.1).

The following lemma is immediate.

Lemma 2.16. Let X be an (FI°P) x Vec-variety, let X be a closed (FI°P)* x Vec-subvariety of X, and let
(7, @) be a partition morphism from an (FI°P)! x Vec-variety Y to X. Then Y' := (1, ¢) =" (X") defined by
Y(T1, ..., T) = (Ti,..., T,)*‘(X’( Ll Ti.... L] Tj))

jer=t(1) jer=(k)
is a closed (FI°P)! x Vec-subvariety of Y, and the data of 7 together with the restrictions of the morphisms

o(Ty, ..., T)) gives a partition morphism from Y' to X. Moreover, if (7, ¢) is surjective, then so is its

restrictionto Y’ — X'
The following easy proposition is crucial in our approach to the main theorem.

Proposition 2.17. If (7, ¢) is a surjective partition morphism from Y to X, and Y is a Noetherian
(FI°P)! x Vec-variety, then X is a Noetherian (FI°P)* x Vec-variety.

Proof. Let X1 2 X, D - - - be adescending chain of closed (FI°P)* x Vec-subvarieties. By Lemma 2.16, the
preimages Y; := (7, ¢) "' (X;) are closed (FI°P)! x Vec-subvarieties of Y. Hence the chain Y; D ¥, D - --
stabilises by assumption. The surjectivity of (i, ¢) implies the surjectivity of its restriction to ¥; — X;.
This implies that X; is uniquely determined by Y;, and hence the chain X| D X, O - - - stabilises at the
same point. O

2.4. Product type. We now introduce the (FI°P)* x Vec varieties of product type. Essentially, these
are the varieties from Remark 2.8, but for our proofs we will need a finer control over these products.
Therefore, we will work over a general base Vec-variety Y, and keep track of the “constant parts” B; of
the Vec-varieties whose products we consider.

Definition 2.18. Let Y be a Vec-variety and k,ny,...,ny € Z>o. For each i € [k], let B; be a Vec-
subvariety of ¥ x A", and Q; be a pure polynomial functor. By construction each Vec-variety B; x Q;
has a morphism to Y induced by the projection ¥ x A% — Y. We define the (FI°P)* x Vec-variety
Z=1Y; B xQi,..., By x Q] via

Z(S1,...,8)=(B1 x Q1) Xy - Xy (B1 x Q1) Xy(B2 x 03) Xy -+ Xy (B x Qg),

cardinality-of-S; times

where for every index i € [k] the fibre product over Y of B; x Q; with itself is taken |S;| times, and
these copies are labelled by the elements of S;; and where the morphism Z (71, ..., Ty) = Z(S1, ..., Sk)
corresponding to ¢ : § — T is the projection as in Remark 2.8. We also write the above product in a more
compact notation as P P
(B1 x Q1)y Xy -+ Xy (Br X Qp)y.

We say that Z is an (FI°P)* x Vec-variety of product type (over Y).
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Note that Z(S1, ..., Sx) is naturally a closed Vec-subvariety of

k

Y x [TA" x 0%,

i=1
where the product is over K. Moreover, if k = 0, then by definition Z =Y.
When we talk of (FI°P)* x Vec-varieties of product type, we will always specify each B; together with
its closed embedding in ¥ x A" ; the reason being that, in the proof of the main theorem, we aim to argue
by induction on both Y and n;.

Remark 2.19. The settings of Theorems 1.1 and 1.5 can be rephrased in our current terminology as
follows. Consider Vec-varieties Zy, ..., Zx. Then for every i € [k] there exist n; € Z>, a closed
subvariety A; € A", and a pure polynomial functor Q; such that Z; C A; x Q;. Define Y to be a point,
and B; :=7Y x A;. Then the variety Z IN X oo X Z,L\J of Theorem 1.5 is a subvariety of the product-type
(FI°P)* x Vec-variety

[Y; By x Q1, ..., B x Qkl,

with k = 1 being the special case addressed in Theorem 1.1.

Remark 2.20. In [Draisma et al. 2022], for FI°P-varieties (no dependence on Vec), the notion of product
type is more restrictive. Essentially, there the last three authors considered a single finite-dimensional
affine variety Z with a morphism to a finite-dimensional, irreducible, affine variety Y, with the additional
requirement that K[Z] is a free K[Y]-module. This then ensures that each irreducible component of
7% maps dominantly to Y. In [Draisma et al. 2022] this is used to count the orbits of Sym(S) on these
irreducible components.

The following example describes the partition morphisms between product-type varieties. It is particu-
larly relevant as this is the shape of the partition morphisms we will be dealing with in our proof of the
parameterisation theorem (Theorem 3.1).

Example 2.21. Let Z' :=[Y'; By x Q),..., B/ x Q;] and Z := [Y; By x Q1, ..., By x Q] be an
(FI°P)! x Vec-variety and an (FI°P)* x Vec-variety of product type over Y’ and Y, respectively. We want
to construct a partition morphism (7, ¢) : Z’ — Z. Consider the following data:

e Let m : [/] — [k] be any map.

e Leta: Y’ — Y be a morphism of Vec-varieties.

e Foreach je[/]let B;: B;. X Q/j — By (j) X Qr(;) be a morphism of Vec-varieties such that the following
diagram commutes:

’B.
B x 0, —— By (j) X Qx(j)

T

Y ———— Y
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For each (T, ..., T}) € FI' we define the morphism of Vec-varieties
oTi, .. Ty Z (T = 2( U T U )
jer=l(1) jer~L(k)

as follows. Let S; :=|_| T;. Then for any V € Vec the element

jer=1@)
(B2 4 Drer))jem € (B x QDY) xyr - xy7 (B] x Q) ph(V)

is mapped to the element

(B (VB y. @ Dier) jen—10)iclk) € (Br x Q1Y (V) xy - xy (Bi x Qu)y (V).

By construction, the pair (7, ¢) is a partition morphism Z’" — Z. Conversely, every partition morphism
Z' — Z is of this form. Indeed, from a general partition morphism Z’ — Z, « is recovered by taking
all T; empty and B; is recovered by taking 7 a singleton and all 7 with j’ # j empty. That (2) commutes
then follows by applying the commuting diagram from the definition of a partition morphism to the
morphism (&, ..., &, ..., @) — (&, ..., {x},..., @) in FL.

2.5. The leading monomial ideal. The following definition gives a size measure for a closed subvariety
BCY x A"

Definition 2.22. Let Y be a Vec-variety, n € Z>o and B a closed Vec-subvariety of ¥ x A". For V € Vec
consider the ideal Z(B(V)) of K[Y(V)]l[x1, ..., x,] defining B(V). We fix the lexicographic order
on monomials in xy, ..., x,, and denote by LM(B) the set of those monomials that appear as leading
monomials of monic polynomials in Z(B(V)), i.e., those with leading coefficient 1 € K[Y (V)].

Indeed, LM (B) is well-defined:
Lemma 2.23. The set LM(B) does not depend on the choice of V.

Proof. Let V € Vec and consider the linear maps ¢t : 0 — Vandr : V — 0. If f € Z(B(V)) is monic
with leading monomial x¥, then applying Y (1)* to all coefficients of f yields a polynomial in Z(B(0))
which is monic with leading monomial x“. This shows that the leading monomials of monic polynomials
in Z(B(V)) remain leading monomials of monic elements in Z(B(0)). One obtains the converse inclusion
by applying Y (7). O

The following lemma monitors the size of LM of the constant parts after a base change in product-type

varieties. It is used in Proposition 2.28.

Lemma 2.24. Let Y’ — Y be a morphism of Vec-varieties, let B be a closed Vec-subvariety of Y x A",
and define B' :=Y' xy B CY' x A". Then LM(B’) 2 LM(B).

Proof. Pulling back a monic equation for B(V) along Y'(V) x A" — Y (V) x A" yields a monic equation
for B’(V') with the same leading monomial. U
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2.6. Shifting over tuples of finite sets. Shifting over a finite set is a standard technique in the theory of
FI-modules [Church et al. 2015], and was also used by the last three authors in [Draisma et al. 2022] to
turn certain FI°P-varieties into products. The third author used the operation of shifting over a vector
space in [Draisma 2019] to prove what became “the embedding theorem” for GL-varieties in [Bik et al.
2023b, Theorems 4.1, 4.2]. Here we describe this operation in the context of (FI°P)* x Vec-varieties.

Definition 2.25. Let X be an (FI°P)¥ x Vec-variety and let S = (S|, ..., St) € FI*. Then the shift Shy X
of X over S is the (FI°P)* x Vec-variety defined by

(Shs X)(T1, ..., T) :=X(S1uTy, ..., Sk uTy)
and, for injections ¢; : T; — T/,
(Shs X)(t1, ..., w) == X (dg, Ly, ..., idg, Litg).
Remark 2.26. Consider a tuple S = (Sy, ..., Sx) in (FI°P)f and define the covariant functor

Shs : (FI?)* x Vec — (FI°?)* x Vec

by assigning to each tuple (771, ..., Ty) the tuple (S; U Ty, ..., Sx U T}) and assigning to each morphism
vy, ) (T, .o, T) = (T4, ..., T)) the morphism ¢ Uidg. In particular Shg X is the composition
X o Shg.

Remark 2.27. Let V € Vec. While Shg X(T4, ..., Ti)(V) and X(S; U Ty, ..., Sy UT;)(V) coincide as

sets, the action induced by functoriality of the k copies of the symmetric group on them is different.
Indeed, the groups Sym(77) X --- x Sym(7}) and Sym(S; U T7) x - - - x Sym(S; U Ty) act, respectively,
on the former and on the latter.

The following proposition describes the shift operation on product-type varieties.

Proposition 2.28. The shift Shy Z over S = (Si, ..., Si) of an (FI°P)k x Vec-variety
Z:=[Y;B1xQ1,..., B x Okl
of product type is itself isomorphic to a variety of product type:

Shg ZZ[Y'; By x Q1, ..., B, x O]

with
Y := (B x QI)IS,’ Xy Xy (B X Qk)‘;" and B!:=Y xy B;.

Furthermore, each B is naturally a Vec-subvariety of Y' x A", and we have LM(B]) 2 LM(B;).

Proof. Straightforward. The last statement follows from Lemma 2.24. (I

2.7. Well-founded orders. In this paper a preorder < on a class is a reflexive and transitive relation. We
also write B > A for A < B. Furthermore, write A < B or B > A to mean that A < B but not B < A.
The preorder is well-founded if it admits no infinite strictly decreasing chains A; > Ay > - - -.



2104  Christopher H. Chiu, Alessandro Danelon, Jan Draisma, Rob H. Eggermont and Azhar Farooq

In this section we first recall a well-founded preorder on polynomial functors. Building on it, we define
well-founded preorders

« on varieties appearing in the definition of (FI°P)f x Vec-varieties of product type,

« on product-type varieties, and

« on closed subvarieties of a fixed product-type variety.
2.7.1. Order on polynomial functors.

Definition 2.29. For polynomial functors P, Q, we write P < Q if P = Q or else, for the largest e
with P, £ Q,., P, is a quotient of Q,.

This is a well-founded partial order on polynomial functors; see [Draisma 2019, Lemma 12].

2.7.2. Order on Vec-varieties of type B x Q. Consider Vec-varieties Y, Y’, integers n, n’, pure polynomial
functors Q, @', and Vec-subvarieties B C Y x A", B' C Y’ x A". We say that B’ x Q' < B x Q if

(1) Q' < Q in the order of Definition 2.29; or
2) O'=Q, n’ =nand LM(B") 2 LM(B).
This is a preorder on Vec-varieties of this type.

Remark 2.30. We remark that < is defined on Vec-varieties with a specified product decomposition
B x Q where B is a Vec-variety with a specified closed embedding into a specified product Y x A" of a
Vec-variety Y and some n. It is not a preorder on Vec-varieties without further data.

Lemma 2.31. The preorder on Vec-varieties defined as above is well-founded.
Proof. Suppose we have an infinite strictly decreasing chain
leQ1>Bsz2>---

with B; C Y; x A", Then we have O > Q; > - - -. By the well-foundedness of > on polynomial functors,
there exists a j > 1 such that both Q; and n; are constant for i > j. But then

LM(B;) C LM(Biy1) & -,
which contradicts Dickson’s lemma. O

2.7.3. Order on product-type varieties. Consider an (FI°P) x Vec-variety Z:=[Y; Bix Q1, ..., Bix O],
and an (FI°P)! x Vec-variety Z' :=[Y’; B{ x Q}, ..., B/ x Q;]. We say that Z' < Z if there exists a map
7 : [I] — [k] with the following properties:

(D) B; X Q/] =< Bn(j) X Qﬂ(j) holds for all je€ [1].

(2) For all j whose m-fibre 7! (7(j)) has cardinality at least 2 we have B} X Q/j < Br(j) X Qx(j)-

(3) If 7 is a bijection, then either at least one of the inequalities in (1) is strict, or else Y’ is a closed
Vec-subvariety of Y.
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Lemma 2.32. Suppose Z' < Z is witnessed by 7 : [[] — [k] and suppose that at least one of the
following holds:

el £k, or
e at least one of the inequalities in (1) is strict.
Then we have Z' < Z.

Proof. Assume, on the contrary, that o : [k] — [/] witnesses Z < Z'. Construct a directed graph I" with
vertex set [/] LI [k] and an arrow from each j € [/] to 7w (j) and an arrow from each i € [k] to o (i). Like
any digraph in which each vertex has out-degree 1, I' is a union of disjoint directed cycles (here of
even length) plus a number of trees rooted at vertices in those cycles and directed towards those roots.
Moreover, those cycles have the same number of vertices in [/] as in [k].

The assumptions imply that at least one of the vertices of I' does not lie on a directed cycle. Without
loss of generality, there exists an i € [k] not in any cycle such that j := o (i) lies on a cycle. Let n be half
the length of that cycle, so that (c7)"(j) = j. Then we have

Bj x Q X Br(jy X Qu(j) X+ 2 Bromy-1(j) X Cromy=1(j) < Blomy(jy X Qiony(jy = Bj X Q)
where the strict inequality holds because o~ 1(j) has at least two elements: i and 7 (o7)"~1(}). By

transitivity of the preorder from Section 2.7.2, we find B} X Q’j < B} X Q’j, which however contradicts
the reflexivity of that preorder. ]

Lemma 2.33. The relation < is a well-founded preorder on varieties in PM of product type.

Proof. For reflexivity we may take 7 equal to the identity. For transitivity, if 7 : [[] — [k] witnesses
7' < Z and o : [k] — [m] witnesses Z < Z”, then t := 0 o7 witnesses Z’' < Z” —here we note that if
|7~ 1(z(j))| > 1 for some j € [1], then either |7 ' ((j))| > 1 orelse |o (o (7w (j)))| > 1; in both cases
/ / 1 1
we find that B; x Q) < B ;) * Qr(j).
For well-foundedness, suppose that we had a sequence Z; > Z, > Z3 > -- -, where

Zi=1Yi;Bi1 xQit,..., Bij; X Qi k1,

and where m; : [ki+1] — [k;] is a witness to Z; > Z;;1. We note that k; > O for all i. Otherwise
O=ki=kiy1=---andthenZ; =Y; > Z;y1 =Y;+1 > --- implies that ¥; D Y;;| 2 - - -, which contradicts
the Noetherianity of the Vec-variety Y;; see Theorem 2.5.

From the chain, we construct an infinite rooted forest with vertex set [k;] U [k2] LI - - - as follows: [k]
is the set of roots, and we attach each j € [k;11] via an edge with 7;(j); the latter is called the parent of
the former. We further label each vertex j € [k;] with the product B; ; x Q; ;.

We claim that 7r; is an injection for all i >> 0, i.e., that there are only finitely many vertices with more
than one child. Indeed, if not, then by Konig’s lemma the forest would have an infinite path starting at a
root in [k{] and passing through infinitely many vertices with at least two children. By construction, the
labels B x Q decrease weakly along such a path and strictly whenever going from a vertex to one of its
more than one children, a contradiction to Lemma 2.31.
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For even larger i, the k; are constant, say equal to k, and hence the 7r; are bijections. After reordering,
we may assume that the 7; all equal the identity on [k]. Moreover, for all such i we still have B; ; x Q; ; >
Biy1,jxQiy1,j>--- forall j €[k], and all these chains stabilise. When they do, wehave Y; 2 Y; 1 2 ---,

which is a strictly decreasing chain of Vec-varieties— but this again contradicts the Noetherianity of
Vec-varieties. ]

2.7.4. Order on closed subvarieties of product-type varieties in PM. Consider the (FI°P)* x Vec-variety
Z=1[Y:B;x Qi,...,Br x O] and let X be a closed (FI°P) x Vec-subvariety of Z; X is not required
to be of product type. We define

k
Sx:= min {Z |Si|:X(Sl,...,Sk);éZ(Sl,...,Sk)}
(S1,....S)eFIF Ui

Let X and X’ be closed (FI°P)* x Vec-subvarieties of Z. Then we say X' < X if 8x» < 8x. Thisis a
well-founded preorder on the (FI°P)* x Vec-subvarieties of Z.

Remark 2.34. If f is a nonzero equation for X (Sj, ..., Sx)(V) with ) _; |S;| =8x, then f may still “come

from smaller sets”. More specifically, there might exist a k-tuple (S}, ..., S;) with [S/| <|S;| for all i € [k]
and with strict inequality for at least one i, an FIk—morphisrn =01, .o, tg): (S;, R S,’() = (S1, ..., 8),
and an element f' € K[Z(S], ..., S;)(V)] such that ZW)(V)*(f') = f. This is related to Remark 2.9.

The following example demonstrates this phenomenon.

Example 2.35. Consider the FI°P x Vec-variety Z := [Spec(K); A!]. The coordinate ring K[Z(S)] is
isomorphic to the polynomial ring over K in |S| variables. Let n € Z.( and define the proper closed

variety X of Z by
Z(S) for|S| <n,

o otherwise.

X(S):= {

Then 8y is equal to n and computed by the element 1 € K[Z([n])], which is the image of 1 € K[Z ()]
under the natural map K[Z(@)] — K[Z([n])].

3. Covering (FI°P)* x Vec-varieties by smaller ones

3.1. The parameterisation theorem. The goal of this section is to prove the following core result, which
says that any proper closed subvariety of an (FI°P)* x Vec-variety of product type is covered by finitely
many smaller such varieties.

Theorem 3.1 (parameterisation theorem). Consider an (FI°P)X x Vec-variety Z of product type and let
X C Z be a proper closed (FI°®)* x Vec-subvariety. Then there exist a finite number of quadruples
consisting of

e anl eZxp;

o an (FI°P)! x Vec-variety Z' of product type with Z' < Z,;

o ak-tuple S =(Si, ..., S € FI*; and

e a partition morphism (7w, ¢) : Z' — Shyg Z;
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such that for any Ty, ..., T} € FI, any V € Vec, and any p € X(Ty, ..., Ti)(V) there exist. one
of these finitely many quadruples; finite sets Uy, ..., Uy; and bijections o; : T; — S; U U;; such
that p lies in the image under Z(oy, ..., o01)(V) of the image of (m, ¢) in Shs(Z)(Uy, ..., Up)(V) =
Z(Sl uUy,..., Sk [ Uk)(V).

Remark 3.2. Recall Definition 2.13 of the image of a partition morphism. Explicitly, the conclusion

above means that there exist finite sets Uy, ..., U; and, for each i € [k], a bijection ¢; : U; — | |14 Uj

and a point g € Z'(Uj, ..., U/)(V) such that

(Z(o1, ..., 00 (V) o (Shs Z)(t1, ..., ) (V) 0 @(Uy, ..., UD(V))(q) = p.

jen—

Informally, we will say that all points in X are hiz by finitely many partition morphisms from varieties Z’
in PM of product type with Z’ < Z.

3.2. A key proposition. The proof of Theorem 3.1 uses a key proposition that we establish first. The
reader may prefer to read only the statement of this proposition and postpone its proof until after reading
the proof of Theorem 3.1 in Section 3.5.

Proposition 3.3. Let Y be a Vec-variety; n € Z>o; B a closed Vec-subvariety of Y x A"; Q a pure
polynomial functor; and X a proper closed Vec-subvariety of B x Q C Y x A" x Q. Then there exist

« a proper closed Vec-subvariety Yo of Y
o a Vec-variety Y’ together with a morphisma : Y — Y,
o kelZso;
and, foreachl=0,...,k,
 an integer n; € Zy;
e a closed Vec-subvariety B C Y’ x A,
e a pure polynomial functor Qy;
e and a morphism B; : By x Q; — B x Q,
such that the following properties hold:

(1) Foreachl =0, ..., k, we have that By x Q; < B x Q in the preorder from Section 2.7.2, and the

following diagram commutes: 5
B[ X Q1 —l> B x Q

|

Y ————Y

(2) Letm € Z>q, let V € Vec, and let py, ..., pm € X(V) S Y (V) x A" x Q(V) be points whose images
in Y (V) are all equal to the same point y € Y (V) \ Yo(V). Then there exist indices l; € {0, ..., k}
for j € [m] and points p;. € By;(V) x Qy;(V) whose images in Y'(V) are all equal to the same
point y' and such that ,Blj(V)(p;.) = pjforall j € [m].
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Remark 3.4. The condition 8, (V)( p;.) = pj, together with the commuting diagram in (1), implies
a(y) =y.

Remark 3.5. The labelling by [ € {0, ..., k} rather than by / € [k] is chosen because in the proof of
Proposition 3.3 the data for / = 0 are chosen in a slightly different manner than those for [ > 0. However,
in the statement of that proposition, all / play equivalent roles.

To apply Proposition 3.3 in the proof of Theorem 3.1 we will do a shift over an appropriate k-tuple
of finite sets. After this shift, we deal with the points of X lying over Yy by induction, while we cover
those in the complement by a partition morphism constructed with the morphisms « and B;’s, and whose
domain is a product-type variety strictly smaller than Z. Before proving Proposition 3.3 in Section 3.4,
we demonstrate its statement in two special cases.

Example 3.6. Consider the case where Y = Spec K and n = 0; then B € Y x A" is also isomorphic to
Spec K. Let Q be an arbitrary polynomial functor. In this case, X is a proper closed Vec-subvariety of Q
and by [Bik et al. 2023b] there exist k € Z-, (finite-dimensional) varieties By, . .., By, pure polynomial
functors Qy, ..., Or < Q and morphisms f; : B; x Q; — Q such that X is the union of the images
of the B;. This is an instance of Proposition 3.3 with Yy = &, Y’ =Y, and o = idy. Note that then
B; x Q) < Q since Q; < Q, so the specific choice of embedding B; C A™ is not relevant.

Example 3.7. Consider the case where Y is constant, that is, just given by a (finite-dimensional) variety,
and Q = 0. Since X is a proper closed subvariety of B C Y x A", there exist a V € Vec and a nonzero
function f € K[B(V)] that vanishes identically on X (V).

Then f is represented by a polynomial in K[Y (V)][x1, ..., x,], also denoted by f. We may reduce f
modulo Z(B(V)) in such a manner that its leading term ¢ - x* has the property that c € K[Y (V)] is
nonzero and x* ¢ LM(B). Then we take for Y the closed subvariety of Y defined by the vanishing of ¢
and for Y’ the complement Y \ Yy, with @ : Y’ — Y being the inclusion. Furthermore, we take k = 0,
and By to be the intersection of B with Y’ x A" and with the vanishing locus of f in ¥ x A”. Then
LM(Bj) 2 LM(B) and since c is invertible on Y’ and f vanishes on By, x* € LM(By) \ LM(B). To
verify (2) of Proposition 3.3, we observe that the p; all map to the same pointin Y’ =Y \ Yo, i.e., p; lies
in the set By € B, and we can just take p;. = p; for all j.

3.3. Iterated partial derivatives. The main technical result for proving Proposition 3.3 is Lemma 3.8
below. This is essentially an iteration of the argument used to establish the embedding theorem in
[Bik et al. 2023b], which involves directional derivatives of a function defining a Vec-variety along a
direction lying in an irreducible subobject of the top-degree part of the ambient polynomial functor.

Lemma 3.8. Let B be a Vec-variety and Q a pure polynomial functor. Decompose
Q=R1®®Riv

where the R; are irreducible objects in the abelian category of polynomial functors, arranged in weakly
increasing degrees. Denote with R the functor @;_, R;, so that R<o = 0. Let X be a proper closed

Vec-subvariety of B x Q.
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Then there exist

e akelZso;

e Uy, ..., Uy € Vec with partial sums U< := @}?:0 U; fors > 0;
o indicesO0=sp <51 <---<sp <t

e foreachl € {0, ..., k} a nonzero function h; € K[B(U<;) x R<;,(U<)] (so that hy € K[B(Up)]);
and

e for each | € {1,...,k}, a nonzero coordinate x; € R, (U))* and a function r; in K[B(U<) X
1 =

(R<y,(U<1)/ Ry, (U)] such that
hi=x;-hi—1+r;

and such that, moreover, the function hy vanishes on X (U<).

Remark 3.9. It is here that we use the fact that K has characteristic zero, in at least two different ways:
the fact that an arbitrary polynomial functor is a direct sum of irreducible ones, and the fact that, by
acting with the Lie algebra of GL,, we can go from an equation to an equation of weight (1,...,1). We
think that our main theorem may be true in positive characteristic as well, but the proof would be more
technical and involve techniques from [Bik et al. 2024], where the theory of GL-varieties in positive
characteristic is developed.

Proof. Let U be a finite-dimensional vector space for which there exists a nonzero f € K[B(U) x Q(U)]
that vanishes identically on X (U). Without loss of generality, U = K" for some n. Since the vanishing
ideal of X (U) is a GL(U)-module, we may assume that f is a weight vector with respect to the standard
maximal torus in GL(U) = GL,,. Furthermore, by enlarging U if necessary (n = deg(f) suffices) we
may assume that the weight of f is (1, ..., 1) (see [Snowden 2021, Lemma 3.2]; strictly speaking, our
GL(U)-action is contragredient to the action there, and writing (—1, ..., —1) would be more consistent).

Choose s; as the maximal index in [¢] such that f involves coordinates in R, (U)*; if no such index
exists, then k is set to zero, and we may take Uy = U and hg = f € K[B(Up)] and we are done.

After acting with the symmetric group Sym([n]) if necessary, we may assume that f contains at
least one coordinate in Ry, (U)* of weight (0,...,0,1,...,1) =: (O”/, 1), where there are n’ zeroes
and ny ones, with n’ +n; =n. We set U’ := K" and Uy := K™, so that U = U’ @ Uy. Since f has weight
(1,...,1), we can decompose

f=(i§ff-yi)+r

where N > 1, the f; have weight (1”/, 0"*); the y; are elements in Ry, (U)* of weight (O”’, 1"+) and hence
lie in Ry, (Uy)*; and r does not contain elements in Ry, (Uy)*. This implies that the f; are elements of
K[B(U’) x R<5,(U")] and r is an element of K[B(U' @ Uyi) X (R<y, (U' ® Uy)/ R, (Ux))]. Furthermore,
we may assume that the f; are linearly independent over K.

Now act on f with upper triangular elements of gl(Uy). With respect to this action, the f; are
constants, the y; are replaced by higher-weight vectors in R, (Ux)*, and r remains an element of
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K[BWU'®Uy) x (R<5, (U ®Uy)/Rs, (Ux))]. We can choose a sequence of such upper triangular elements
that takes y; to a nonzero highest weight vector v in Ry, (Uy)*, and the same sequence will take each y; to
a scalar multiple of v. Since the f; are linearly independent, the term f - v in the result is not cancelled.
Hence after this action, f has been transformed to the desired shape

f=h-xx+r
with & € K[B(U’) x R, (U")], xx a nonzero highest weight vector in Ry, (Uy)* and r lies in the ring
KIBU' ®Up) x (Req, (U’ & Up)/ Ry, (U]
Now we treat the pair (U, h) in exactly the same manner as we treated the pair (U, f), dragging r along
in the process: pick s;x—; maximal such that & contains elements from Ry, ,(U’)*. By acting with the
symmetric group Sym([n']) on f we may assume that & contains an element from R;,_,(U’)* of weight
(0", 1=1), with n” + ng_; = n’. Then set U” = K" and Uy_, = K™, so that U' = U" @ Uy_,. By
acting on f with upper triangular elements of gl(Uy_1) we transform it into the shape
= x +7) x+r,

where x; has not changed, r has changed within the space K[B(U’ @ Uy) X (R<s,(U' ® Uy)/Rs, (Ur)]1,
Xk—1 is a highest weight vector in Ry, , (Ui—1)%, h lies in K[B(U") x R, ,(U")], and 7 lies in the ring

K[BWU" @ Ur_1) x (R<y_,(U" ® Ur_1)/Ry,_, (Ur—1))].
Continuing in this fashion, we eventually put f in the form

S =xp—1( - (alxrho+r1) +r2) - -) +re—1) + 1%
where hg € K[B(Up)] and Uj is the space left over from U after splitting off all the U; with i > 0. Now set

hy = x1 (-1 (- - Geaxrho +r1) +r2) -~ ) +r—1) + 1
and we are done. O

3.4. Proof of Proposition 3.3. This section contains the proof of the Proposition 3.3, and, for clarity’s
sake, we spell it out in a concrete example at the end.

Remark 3.10. We recall that, for any Vec-variety Z and any U € Vec, the shift Shy Z of Z over U
is the Vec-variety defined by (Shy Z)(V) = Z(U & V). There is a natural morphism Shy Z — Z of
Vec-varieties: for V € Vec, this morphism (Shy Z)(V) =Z(U & V) — Z(V) is just Z(rwry), where my
is the projection U @V — V.

Lemma 3.11. Let Y be a Vec-variety, n € Z>q, and B a closed Vec-subvariety of Y x A". Then for any
U € Vec, Shy B is a closed Vec-subvariety of (Shy Y) x A", and LM(B) = LM(Shy (B)).

Proof. This follows from Lemma 2.24. [l
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Remark 3.12. Let X be a Vec-variety, U € Vec and f € K[X(U)]. We define (Shy X)[1/f] to be the
Vec-variety given by V +— X (U & V)[1/f], where we identify f with its image under the natural map
K[X(U)] - K[X (U & V)]. Note that the action of the group GL on the coordinate ring of Shy; X is
the identity on the element f. In particular, for every V € Vee, (Shy X[1/f])(V) C Shy X (V) is the
distinguished open set of points not vanishing on the single f.

Proof of Proposition 3.3. Since X is a proper closed subvariety of B x Q, we apply the machinery of
Lemma 3.8. Decompose Q as R; @ - -- @ R,, where the R; are irreducible polynomial functors and
deg(Ry) < deg(Rsy1) foralls=1,...,t—1. Write R<,:=R1®---®Ry;and R.; ;== R;11®--- B R,
so that R<p = {0} and R.; = {0}.

By Lemma 3.8, we can construct a sequence of vector spaces Uy, Uy, ..., Uy with partial sums U<; :=
@ﬁ:o Ui, indices 0 =59 <51 <--- <s; <t, nonzero coordinates x; € R, (U;)* for [ € [k], nonzero functions
h; € K[B(U<;) x R<;,(U<)] for I =0, ...,k and functions r; € K[B(U<;) x (R<;,(U<)/Ry,(Up))]
for [ € [k] such that

hy=x;-hi—1+r (A)
foreach/ =1, ..., k and such that A that vanishes on X (U<y).
Now hg € K[B(Uy)] is represented by a polynomial in K[Y (Up)][x1, ..., x,], and after reducing

modulo Z(B(Uyp)), we may assume that its leading term equals c - x* where ¢ € K[Y (Up)] is nonzero
and x* ¢ LM(B).
Now set U := U<, = Uy @ - - - @ Ui. Then we construct the relevant data as follows.

(1) Define Yy as the closed Vec-subvariety of Y defined by the vanishing of ¢, so that
Yo(V) :={y € Y(V) | Vg € Homvec(V, Up) : c(Y (¢)y) = O}.

(2) Set Y’ := (Shy Y)[1/c] with & : Y’ — Y the restriction to Y’ of the natural morphism Shy ¥ — Y.

(3) Let By be the closed Vec-subvariety of (Shy B)[1/c] defined by the vanishing of the single equation 4.
Note that By is a closed Vee-subvariety of Y’ x A" with ng :=n. Define Qo:= Q and By: Box Q9 — Bx Q
as the identity on Q and equal to the restriction to By of the natural morphism Shy B — B on By. Note
that LM(By) 2 LM(B) by virtue of Lemma 3.11, and since ko € Z(By(Uy)) has leading term ¢ - x* and ¢
is invertible on Y’, we have x* € LM(By) \ LM(B). Thus By x Qg < B x Q.

(4) Forl e [k], set
Ql = ((ShU Rfsz)/(Risz(U) @ Rs;)) SY R>sl-

Here we recall that, for any pure polynomial functor R, the top-degree part of Shy; R is naturally isomorphic
to that of R, and its constant part is isomorphic to R(U) (see [Draisma 2019, Lemma 14] for the first
statement; the second is proved in a similar fashion). So, since we ordered the irreducible factors Rj
by ascending degrees, Rj, is naturally a subobject of the top-degree part of Shy R<,; and the constant
polynomial functor R, (U) is the constant part of Shyy R<,,. Both are modded out, and we have Q; < Q.
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(5) Forl € [k], we define B; as
B := (Shy B)[1/c] x R<;,(U) x Al C Y’/ x A" x R, (U) x Al = Y’ x A",

where n; :=n +dim(R<, (U)) + 1. Note that the factor R<,(U) is precisely the constant term modded
out in the definition of Q;; the role of the factor A! will become clear below.

(6) To construct B; : By x Q; — B x Q we proceed as follows. Let X; be the closed Vec-subvariety
of B x Ry, defined by the vanishing of /;. Then (A) shows that, on the distinguished open subvariety
(Shy_,_, X))[1/ h;—1], the coordinate x; can be expressed as a function on Shy_,_, B x ((Shy_,_, R<y)/Ry,)
evaluated at U;. Since Rj, is irreducible, each coordinate on it can be thus expressed; this is a crucial
point in the proof of [Draisma 2019, Lemma 25]. This implies that the projection

ShUgl—l B x ShUgl—l Rgs; — (ShUsl—l B) X (ShUgl—l Rs.vl)/Rsl

restricts to a closed immersion of (Shy_,_, X;)[1/h;—1] into the open subvariety of the right-hand side
where h;_1 is nonzero. This statement remains true when we replace U<;_; everywhere by the larger

space U. After also inverting ¢, we find a closed immersion
(Shy X)[1/hi—11[1/c] = (Shy B)[1/c] x (Shy R<y)/Ry, x Al

where the map to the last factor is given by 1/h;_;. By [Bik 2020, Proposition 1.3.22] the inverse
morphism from the image of this closed immersion lifts to a morphism of ambient Vec-varieties

L2 By x (Shy Ry)/(R<y (U) ® Ry) = (Shy B)[1/¢] x (Shy R<y))/Ry, x Al — Shy (B x R<y)

that hits all the points in (Shy X;)[1/A;—1]1[1/c]. Finally, we define g; := ,Bl’ X idRN-, where ,8,’ is the
composition of ¢ and the natural morphism Shy (B x R<;,) = B X R<y,.

Property (1) in the proposition holds by construction. We now verify property (2). Thus let V € Vec,
m € Zsp, and let py,..., pyn € X(V) CY(V) x A" x Q(V). Assume that the images of p1,..., pm
in Y (V) are all equal to y, and that y ¢ Yo(V). By definition of Y, this means that there exists a
¢ € Homvec(V, U) such that c(Y (¢)(y)) # O.

On the other hand, we have h; (X ()(p;)) = 0 for all j and all ¥ : V — U, because h; vanishes
identically on X. For j € [k] define

lj:==min{l | V¢ € Homyec(V, U) : hy(X (¥)(p;)) = 0}.

Put differently, /; is the smallest index / such that the projection of p; in B x R<, lies in X; € B X Ry,.
Note that, if /; > 0, then there exists a linear map ¥ : V — U such that h;,_1 (X (¥)(p;)) # 0.

Since Homyec(V, U) is irreducible, there exists a linear map ¢ : V — U such that first, c(Y (¢)(y)) #O0;
and second, hlj_l(X(w)(pj)) # 0 for all j with/; > 0.

We now define the p;. as follows. First, we decompose p; =(pj 1, pj2), where p; 1 € B(V) x R§s,j V)
and pj € R~y (V). Similarly, we decompose the point p; = (P’ 1. P ,) to be constructed.
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(1) Set p}a := pj for all j. Recall that we had defined s¢ := 0, so that this implies that if /; = 0, then
the component P},z of p;. in Q equals the component p;, of p; in Q.

(2) If [; =0, then p; | € B(V), and p;’l € By(V) € (Shy B)[1/c](V) is defined as B(p ®idy)(p;.1).
Note that P},l does indeed lie in By(V); this follows from the fact /; = 0, so that 2o(B(¥)(p;,1)) = 0 for
all ¢ : V — Uy, and hence also for all ¢ that decompose as V' o (p @ idy).

Furthermore, note that Sy(V)( p;) = pj; this follows from the equality 7y o (¢ @idy) =idy. Also,
the image of p; in Y’ (V) equals Y (¢ ®idy)(y) =: y"

(3) If I:=1; > 0, then p; 1 € B(V) x R<;,(V) with 5, > 1, and p}’l is constructed as follows. First apply
(B X R<y;)(¢®idy) to p; 1 and then forget the component in Ry, (V). The morphism ,BI/ was constructed
in such a manner that ,BI/(V)(p;.’l) = p;,1 and therefore ,BI(V)(p;.) = p;. Note that also the image of p;.
in Y'(V) equals y'. O

Example 3.13. Write Y for the polynomial functor V. — V @ V and write K|[x;, y; | i € [n]] for the
coordinate ring of ¥ (K™). Consider the Vec-subvariety B of ¥ x A! defined by y; — ¢ - x;, where ¢ is the
coordinate of Al. Then LM(B) = @ and B(V) is the set of triples (v, Av, A) with v € V and A € K. Set
Q(V) := S?V, and choose coordinates z; j,1 < jon Q(K") by writing an arbitrary element of Q(K") as

Zi,’el-z + Z 2zl~jeiej.

1 I<i<j<n

n
=

Note that Q is an irreducible polynomial functor, so, in the notation of Proposition 3.3, we have R=R; = Q.

Define the Vec-subvariety
XCBxQcCcYxA'xQ

by
X(V)={(w,w,A,q)]| (v,w, ) € B(V) and w2, q are linearly dependent}.

An equation for X (K?) is the determinant
f =22y — zuyiy2 = t2(z212x] — zuxi1x2) € K[B(Up) x Q(Up)]

with Uy := K2 Define U, := (e3, eq4) = K2 sothat Uy® U, = K~ Acting on f equation with the (upper
triangular) elements E; 3 and E, 4 of the Lie algebra gl(Uy @ U;) gives the equation

) 2,2 2
hy = z34(x717) + (2214X1X3 — 2213X1X4 — 211X3X4)1

that, by construction, vanishes on X (Uy @ Uj). Note that z34 € Q(U1)*, ho := x12t2 € K[B(Up)] (and we
let ¢ be the leading coefficient: ¢ := x%), and the rest belongs to K[B(Uy® U;) x QU@ Uy)/QUy)].
By acting with permutations (3, i) and (4, j) with i < j on & we find that, where /¢ is nonzero, on X

we have 1
2
Zij = e (z1jx1x; — 2z1;x1Xj — 211X X )" 3)
0

A similar expression can be found for z;;, with the same denominator 4.



2114  Christopher H. Chiu, Alessandro Danelon, Jan Draisma, Rob H. Eggermont and Azhar Farooq

In this case, Yy from the proposition is the Vec-subvariety of ¥ defined by ¢ = xlz. This consists of all
pairs (0, w) € V @ V. The preimage in X consists of all quadruples (0, 0, A, g) with g arbitrary.

Set U :=Uy@®U;, Y':=Shy Y[1/c], and let By be the vanishing locus of /¢ in Shy B[1/c] C ¥’ x AL,
Note that we have > € LM(By) —indeed, ¢ even vanishes identically on By. With Qg := QO we find
By x Qg < B x Q, and we define the map

Bo:Bygx Qo— BxQ

as B(my)|p, x idg(v) for every V e Vec. This covers all the points in X (V) of the form (v, 0, 0, g)
with v, g arbitrary.
Finally, consider the map

Shy (B x Q)[1/hol[1/c] — Shy (B x Q)/Q x A = (Shy B x Q(U) x A') x (Shy Q/(QU) & Q))
=: B x 0

where the coordinate on A is given by 1/hg. This is a closed immersion, because where & is nonzero,
coordinates on Q (V) with can be recovered from the coordinates on the right-hand side via (3). We use
this to construct the map

Bi:Bix Q0 =Shy(BxQ)/0xA! - Shy(B x Q) — B x Q.

The first arrow is given by the identity on the coordinates not in Q(V'), while the coordinates on Q (V)
are computed via (3). The second arrow projects into B(V) x Q(V). This map hits points in X (V') of the
form (v, Av, A, M(kv)Z) with v, A nonzero.

3.5. Proof of Theorem 3.1. The (FI°P)* x Vec-variety Z is of product type; hence by Definition 2.18 it
can be written as
Z=[Y;Bi xQ1,..., B x Q]

for some Vec-subvarieties B; of Y x A" and pure polynomial functors Q;. Furthermore, X is a proper
closed (FI°P)* x Vec-subvariety of Z.

We prove, by induction on the quantity 8y, that all points in X can be hit by partition morphisms from
finitely many (FI°P)F x Vec-varieties Z’ of product type with Z’' < Z. So in the proof we may assume
that this is true for all proper closed (FI°P) x Vec-subvarieties X’ C Z with 8x/ < 8.

Let (Si,...,S;) € FIF be such that D 18il = 8x and X (S, ..., S) # Z(S1,..., S). If all §;
are empty, then set Y’ := X (@, ..., &), a proper closed Vec-subvariety of Y, Bl./ =Y xy B;, and
Z:=[Y'; B x Q1, ..., B, x Q]. The partition morphism (idjx], ¢) with ¢(7T1, ..., T;) the inclusion
[1;(B] x o)l — [1;(B: x 0:)" has X in its image, and we have Z’' < Z because the Q; remain the
same, LM(B/) © LM(B;) by Lemma 2.24, and Y is a proper closed Vec-subvariety of Y. In this case, no
shift of Z is necessary.

Next assume that not all S; are empty. First we argue that the points of X (71, ..., Tx), where, for
some i, |T;| is strictly smaller than |S;|, are hit by partition morphisms from finitely many Z’ < Z. We
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give the argument for i = k. Define the k-tuple S to be shifted over as S := (2, ..., D, Ty) € FI, and
define the (FI°P)*~! x Vec- variety Z’ of product type

Z' =B x Q)" By x Q1. Br_y X Qki]

with Bl./ = (B x Q) ¥ xy B;. Consider the partition morphism (77, ) : Z' — Shg Z, where 7 : [k—1] — [k]
is the inclusion and ¢(T7, ..., Tr—) is the natural isomorphism of Vec-varieties

Z'(Ty, ..., Tr—1) = (Shs Z) (T, ..., Tx—1, @) = Z(T1, ..., Ty—1, Tp).

Note that 7 witnesses Z’ < Z since the Q; with i <k — 1 remain the same and LM(B}) 2 LM(B;) by
Lemma 2.24. Furthermore, since k — 1 < k, we have Z' < Z by Lemma 2.32. All points in X where the
last index set has cardinality |7%| are hit by this partition morphism. Since there are only finitely many
values of | 7| that are strictly smaller than |S;|, we are done.

So it remains to hit points in X (71, ..., T) where |T;| > |S;| for all i. In this phase we will apply
Proposition 3.3.

As by assumption not all §; are empty, after a permutation of [k] we may assume that Sy # &. Let *
be an element of S; and define §k := 8¢ \ {*}. Consider the Vec-varieties

Z(Sy..... S = (B x Q1)y' Xy -+ Xy (B x Q0)y* xy (Be x Q)™
Yi=Z(S1, .. Siet. S0 = (By x QD5 xy -+ xy (B x Q).
Set E{ =Y Xy Br C Y x A" and note that X (S1, ..., Sx) is a proper closed Vec-subvariety of E{ X Q.

We may therefore apply Proposition 3.3 to ?, ni, E;; Qi and X (Sy, ..., Sp).
First consider the proper closed Vec-subvariety Yy of Y promised by Proposition 3.3, and let X’

be the largest closed (FI°P)* x Vec-subvariety of Z that intersects Z(Si, ..., Si—_1, §;<) in Yy. Then
X'(Sy, ..., §k) £7Z(S1,..., S’;c), and thus §x» <8x —1 < §x. Hence, by the induction hypothesis, all points
in X'(Ty, ..., T) can be hit by finitely many partition morphisms from varieties Z’' < Z of product type.

Next we consider the remaining pieces of data from Proposition 3.3. First, we have the Vec-variety Y’
with a morphism « : Y’ — Y. Further, we have an integer s € Z>p and for eachi =0, ...,s we
have integers n;_;; Veivarieties B CY' x A"+ ; pure polynomial functors Q) ;s and morphisms
Bi+i : Bl/<+i X Q;<+i — By x Qy satisfying the conditions (1) and (2).

Define B, :=Y' xy B; fori =1, ...,k —1 and the (FI°P)K+5 x Vec-variety

Z'=[Y';B X Q1,...,Br_ X Qk—1, By X Q) ..., Bryy x Q)1

Now the map 7 : [k+s] — [k] that is the identity on [k — 1] and maps [k +s]\ [k — 1] to {k} witnesses that
7' < Z; here we use that B,’CH X Q;<+j < B x Qg for j €{0, ..., s} by the conclusion of Proposition 3.3,
and also Lemma 2.24 to show that Blf x Q; < B; x Q; fori € [k—1]. In fact, we have Z’' < Z by Lemma 2.32.

Now the base variety Y’ of Z’ comes with a morphism « to the base variety Y of Shg Z; we have
morphisms B; : B x Q; — B; x Q; fori =1, ..., k—1 (the natural map B! — B; times the identity

on Q;) and the morphisms B ; : By ; X Q; i~ B x QO defined earlier. By Example 2.21, these data

/
k+j



2116  Christopher H. Chiu, Alessandro Danelon, Jan Draisma, Rob H. Eggermont and Azhar Farooq

yield a partition morphism (7, ¢) : Z' — Shg Z. We have to show that this partition morphism hits all
points in X that are not in X',

First we show, for a V € Vec, that a point p € Shg X(fl, R YN"k)(V) whose projection to ?(V) is not
in Yp(V) lies in the image of (p(ﬁ, R YN"k)(V). To this end, we write

P = ((Pit)eT)ielkl
with
pit €Shs X(@,...,0,{t},d,...,2)(V) = ?(V) xyw) Bi(V) x Q;(V) C ?(V) x A" x 0;(V),

where the singleton {¢} is in the i-th position. We write p; , = (¥, a;;, bi,;) with y € Y (V), a;; € A,
and b; ; € Q; (V).

By definition of a fibre product, the p; , all have the same projection ¥ in Y(V) \ Yo(V), and hence we
can apply (2) of Proposition 3.3 to the points py ; with ¢ € Ty.. This yields integers [, € {0, ..., s} and
points p,’m € B,’CM(V) X QLH,(V) for t € T, whose images in Y'(V) are all equal, say to y’ € Y'(V), and
which satisfy By, (V)(p; ;) = p.. for all z. This implies that a(y’) = .

Define -

T/, = {teTill = j),
j=0,...,5, and set T/ := T fori=1,....,k—1. In Z'(T],...,T,,,) we define the point g =
((qi,0)rer))iclk+s) as follows. We set g;, to be (' ais, biy)fori=1,...,k—1landt €T/, and g;; = p,’(’t
fori=k,...,k+sandt €T/ Then

(T}, ..., T, )(@q) =p,
as desired.

Now, more generally, consider a point p in X (T, ..., Ty)(V)\ X'(T1, ..., T)(V), where the cardi-
nalities satisfy |7;| > |S;|. Then there exists an FIk—morphism t=01, .oy ty):S— (Tq, ..., Ti) such
that X (¢1)(p) ¢ Yo(V). Define i := T; \ Im(¢;) and extend ¢ to an isomorphism ¢¢ : S U (ﬂ, - ﬂ) —
(Ty, ..., Ty) by defining ¢; on 7~“, to be the inclusion. Consider X (¢°)(p) € X(SU (ﬁ, ceey ﬂ))(V). This
is also a point in Shg X(f], e, fk)(V) whose projection to ?(V) does not lie in Y(V). We can therefore
find a point g as described above showing that X (¢)(p) is in the image of (7, ¢) : Z' — Shg Z; by
Definition 2.13, then so is p. O

4. Proof of the main theorem

The most general version of our Noetherianity result is the following.
Theorem 4.1. Any (FI°P)* x Vec-variety of product type is Noetherian.

Proof. We proceed by induction along the well-founded order on objects of product type in PM from
Section 2.7.3.

Let Z be an (FIP)* x Vec-variety of product type and let X; 2 X, D --- be a descending chain
of closed (FI°P)* x Vec-subvarieties. Then either all X; are equal to Z, or there exists an io such that
X := X;, is a proper closed (FI°P)f x Vec-subvariety of Z. In the latter case, by Theorem 3.1, there exist
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a finite number of objects Zi, ..., Zy in PM of product type, along with k-tuples Sy, ..., Sy € FI* and
partition morphisms (7, ¢;) : Z; — Shg; Z such that every point of X is hit by one of these. By the
induction hypothesis, all Z;s are Noetherian. For each j, by Lemma 2.16, the preimage in Z; of the chain
(Shsj Xi)i=i, 1s a chain of closed subvarieties, which therefore stabilises. As soon as these N chains have
all stabilised, then so has the chain (X;); — here we have used a version of Proposition 2.17. |

To deduce from this Theorems 1.1 and 1.5, we consider GL-varieties Zy, ..., Z; as well as the product
Z = ZlN X ooe X Z,L\‘. Recall Remark 2.9.

Proof of Theorem 1.5. We need to prove that any descending chain Z D X; D ... of Sym* x GL-stable
closed subvarieties of Z stabilises.

To each Z; is associated a Vec-variety, which by abuse of notation we also denote Z;; see Remark 2.6.
Furthermore, Z; is a closed subvariety of B; x Q; for some finite-dimensional variety B; and some pure
polynomial functor Q;, and hence Z is a closed subvariety of

(Bi x QD" x -+ x (Be x Qo).
Now each X; defines a closed (FI°P)* x Vec-subvariety X ; of

where Y is a point. By Theorem 4.1, the X; stabilise. As soon as they do, so do the X;. U
Proof of the main theorem. Apply Theorem 1.5 with k = 1. O
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