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On the boundedness of canonical models
Junpeng Jiao

It is conjectured that the canonical models of varieties (not of general type) are bounded when the Iitaka
volume is fixed. We confirm this conjecture when a general fiber of the corresponding Iitaka fibration is
in a fixed bounded family of polarized log Calabi—Yau pairs.

1. Introduction

Throughout this paper, we work over the complex number field C.

By analogy with the definition of volumes of divisors, the litaka volume of a QQ-divisor is defined as
follows: Let X be a normal projective variety and D be a Q-Cartier divisor. When the litaka dimension
k(D) of D is nonnegative, the litaka volume of D is defined to be

k(D) h°(X, Ox(ImD]))

Ivol(D) := lim sup D)
m

m—0o0
For the definition of the Iitaka dimension, see [Lazarsfeld 2004, Definition 2.1.3].

For a pair (X, A), if the Iitaka dimension of the log canonical divisor Kx + A is nonnegative, it

is conjectured that a general fiber of the litaka fibration of Kx + A is birationally equivalent to a log
Calabi—Yau pair, according to the abundance conjecture. The main theorem states that, when a general
fiber of Kx + A belongs to a fixed bounded family with bounded polarization, the litaka volume of the
log canonical divisor lies in a set satisfying the descending chain condition (DCC). Furthermore, if the
Iitaka volume is fixed, then the canonical model is in a bounded family.

Theorem 1.1. Fix € a log bounded class of polarized log Calabi-Yau pairs, T C [0, 11N Q a DCC set of
rational numbers, n a positive integer and v a positive rational number. Suppose (X, A) is a projective kit
pair of dimension n, L is a divisor on X, and f : X — Z is a contraction which is birationally equivalent
to the litaka fibration of Kx + A.

If a general fiber (Xg, Ag, Lg) of f isin ¢ and coeff(A) C Z, then

(1) Ivol(Kx + A) is in a DCC set, and
(2) if Ivol(K x + A) = v is a constant, then

Proj @ HY(X, Ox(mKx + |mA)))

m=0
is in a bounded family.
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Theorem 1.1 is a special case of the following conjecture.

Conjecture 1.2. Let n be a positive integer, v a nonnegative rational number, and Z C [0, 1]NQ a DCC
set of rational numbers. Let D(n, v, Z) be the set of varieties Z such that

* (X, A) is a projective klt pair of dimension #,

o coeff(A) C Z,

e Ivol(Kx 4+ A) = v is a constant, and

e f: X --» Z is the litaka fibration associated with Kx + A, where

o
Z =Proj (P H(X. Ox (m(Kx + A))).
m=0
Then D(n, v, Z) is in a bounded family.

An interesting application of Theorem 1.1 is when X — Z is a Fano-type fibration whose general
fibers are e-Ic. In this case, a general fiber of f is bounded according to the Birkar-BAB theorem, see
[Birkar 2021b], and — K x will induce a natural polarization on a general fiber. We have the following
corollary.

Corollary 1.3. Let n be a positive integer, v a positive rational number and T C [0, 11N Q a DCC set of
rational numbers. Suppose (X, A) is a projective klt pair of dimension n and f : X — Z is a contraction
such that

e coeff(A) C 7,
e Kx+A~qz0,and
o A is big over Z.
Then
e Ivol(Kx + A) is in a DCC set, and

o if Ivol(Kx + A) = v is a constant, then

Proj @ HY(X, Ox(mKx + |mA)))

m=0
is in a bounded family.

According to [Birkar et al. 2010], the canonical ring R(X, Kx+A) :=P_, HY(X, Ox(m(Kx+A)))
is finitely generated, which implies that Z = Proj @sf:o HO(X, Ox(m(Kx + A))) is well-defined and
v = Ivol(Kx + A) is a positive rational number. The validity of Conjecture 1.2 has been established
in different scenarios: when Ky + A is big, it was proved in [Hacon et al. 2014]; for the case where a
general fiber of f is e-lc Fano-type, it was demonstrated in [Li 2024]; and when f is an elliptic curve,
[Filipazzi 2024] shows that X is actually bounded in codimension one. Notably, around the same time
this paper was completed, [Birkar 2021a] provided a proof of Conjecture 1.2 for the situation where a
general fiber of f belongs to a bounded family.
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It is shown in [Hacon et al. 2013] that the boundedness of varieties of general type is connected with
the DCC of volumes of the log canonical divisors. We think that the following conjecture is closely
related to Conjecture 1.2.

Conjecture 1.4. Let n € N, and consider a DCC set Z C [0, 1]N Q. Then the set of litaka volumes
{Ivol(Kx + A) | X is projective, (X, A) is klt, dim X = n and coeff(A) C 7}
is a DCC set.

The main idea is to prove the DCC of litaka volumes and the boundedness of the canonical models
when the locus of singular fibers of the Iitaka fibrations is “bounded”. We show that, in this case, we can
choose a uniform base such that the moduli part (see Theorem 2.11) descends.

To be precise, we are interested in the following set of pairs and the corresponding litaka fibrations.

Definition 1.5. Fix a DCC set Z C [0, 1]N @ and positive integers n, r, [. Let D(n, Z, [, r) be the set of
pairs (X, A) satisfying the following conditions:

e (X, A) is a projective kit pair of dimension 7.

e coeff(A) C 7.

e f: X — Z is the canonical model of (X, A).

A general fiber (X,, Ag) of f has a good minimal model.

e Let (Z', Bz + M) be the generalized pair defined in Theorem 2.12; then [ M is nef and Cartier.

o There is a Q-Cartier integral divisor D and a Q-divisor F' € |Kx + A|g,z such that (X, Supp(A—F))

is log smooth over Z \ D and
Ivol(Kx + A+ f*D) <rIvol(Kx + A).

Theorem 1.6. Fix a DCC set T C [0, 11N Q and positive integers n, r, 1. Then the set

{Ivol(Kx + A) | (X, A) e D(n, Z,1,r)}
satisfies the DCC.

As an application, we prove the following boundedness result.

Theorem 1.7. Fix a DCC set T C [0, 11N Q, positive integers n, r, | and a positive rational number v.
Then the set
{ProjR(X,Kx +A) | (X,A)eDn,Z,1,r), Ivol(Kx + A) =v}

is bounded.

The idea is to prove that we can choose an snc model (see Definition 2.10) of (X, A — F) — Z to
be in a bounded family: this is why we need the last condition in Definition 1.5. We believe that the
existence of D and the integer » naturally comes from a suitable moduli space of a general fiber of f.
Theorem 1.1 is an application of Theorems 1.6 and 1.7 based on this idea.
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2. Preliminaries

Notation and conventions. Let T C (D be a subset. We say Z satisfies the DCC if there is no strictly
decreasing subsequence in Z. For a birational morphism f : ¥ — X and a divisor B on X, f,!(B)
denotes the strict transform of B on Y, and Exc(f) denotes the sum of the reduced exceptional divisors
of f. For a (D-divisor D, a map defined by the linear system | D| means a map defined by || D]|. Given
two Q-Cartier Q-divisors A and B, A ~g B means that there is an integer m > 0 such that m(A — B) ~ 0.
For a Q-divisor D, we write D = D>¢ — D as the difference of its positive and negative parts.

A subpair (X, A) consists of a normal variety X and a Q-divisor A on X such that Kx 4+ A is Q-Cartier.
We call (X, A) a pair if, in addition, A is effective. If g : ¥ — X is a birational morphism and E is a
divisor on Y, the discrepancy a(E, X, A) is —coeffg (Ay), where Ky + Ay := g*(Kx + A). A subpair
(X, A) is called sub-klt (resp. sub-Ic) if, for every birational morphism Y — X as above, a(E, X, A) > —1
(resp. > —1) for every divisor E on Y. A pair (X, A) is called klt (resp. Ic) if (X, A) is sub-klt (resp.
sub-lc) and (X, A) is a pair.

Let (X, A) and (Y, Ay) be two subpairs, and let & : Y — X be a birational morphism. We say that
(Y, Ay) — (X, A) is a crepant birational morphism if Ky + Ay ~g h*(Kx + A) and h, Ay = A. Two
pairs (X;, A;), i =1, 2, are crepant birationally equivalent if there is a subpair (¥, Ay) and two crepant
birational morphisms (Y, Ay) — (X;, A;), i =1, 2.

A generalized pair (X, A + My) consists of a normal variety X equipped with a projective morphism
X — U, a birational morphism f : X" — X where X is normal, a @-boundary A, and a @-Cartier divisor
My on X' such that Ky + A + My is Q-Cartier, My is nef over U, and My = f,Mx:. Let A’ be the
Q-divisor such that

Kx +A +Myx = f*(Kx + A+ My).

We call (X, A + My) a generalized kIt (resp. Ic) pair if (X', A’) is sub-klt (resp. sub-Ic). When U is a
point we drop it by saying X is projective.

A contraction is a projective morphism f : X — Z with f,Ox = Ogz; hence it is surjective with
connected fibers. A fibration means a contraction X — Z such that dimX > dim Z. Let X — Z be a
fibration and R a Q-divisor on X. We write R = R, 4+ Rj;, where R, is the vertical part and R, is the
horizontal part.

For a scheme X, a stratification of X is a disjoint union | [; X; of finitely many locally closed subschemes
X; < X such that the morphism [ [; X; — X is both a monomorphism and surjective.

The language of the b-divisor was introduced by Shokurov.

Definition 2.1. Let X be a projective scheme. We say a formal sum B = > a,v, a, € Q, where the sum
ranges over all divisorial valuations of X, is a b-divisor if the set

Fx ={v]a, # 0 and the center v on X is a divisor}

is finite. The trace By of B is the sum ) a, B,, where the sum now ranges over the elements of Fy.
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Notice that, by definition, a generalized pair (X, A + Mx) defines a b-divisor M.

Definition 2.2. For a kit pair (X, A) with a projective morphism p : X — U, by [Birkar et al. 2010], the
canonical ring

R(X/U,Kx + A) := @D n.Ox(m(Kx + A))

m=>0

is a finitely generated Oy -algebra. We define the canonical model of (X, A) over U to be
Proj R(X/U, Kx + A).
When U is a point we drop it by saying X is projective.
Next, we state some results that we will use in what follows.

Theorem 2.3 [Hacon et al. 2013, Theorem 2.12]. Let f : X — U be a surjective projective morphism
and (X, A) a dlt pair such that

e for a very general point u € U, the fiber (X, A,) has a good minimal model, and

e the ring R(X/U, Kx + A) is finitely generated.
Then (X, A) has a good minimal model over U.

Theorem 2.4 [Birkar and Zhang 2016, Theorem 1.3]. Let d and [ be two positive integers and T C [0, 1]
a DCC set of real numbers. Then there is a positive number mqy depending only on d, | and T satisfying
the following. Assume that

e (Z, B) is a projective Ic pair of dimension d,
e coeff(B) € Z,

e IM is a nef Cartier divisor, and

e K7+ B+ M is big,

then the linear system |m(Kz + B + M)| defines a birational map for every positive integer m such that

mg | m.

Theorem 2.5 [Birkar and Zhang 2016, Theorem 8.1]. Let Z be a DCC set of nonnegative real numbers
and d a natural number. Then there is a real number e € (0, 1) depending only on T and d such that, if

e (Z, B) is projective Ic of dimension d,

M=) w;jM;, where M are nef Cartier divisors,
o the coefficients of B and the ; are in I, and

e Kz 4+ B+ M is a big divisor,

then Kz +eB +eM is a big divisor.
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Theorem 2.6 [Filipazzi 2018, Theorem 1.10]. Let Z C [0, 11NQ be a DCC set, (W, D) a log smooth pair
with D reduced, and M a fixed Q-Cartier Q-divisor on W. Suppose D is the set of all projective simple
normal crossing pairs (Z, B) such that coeff(B) C Z, there exists a birational morphism [ : Z — W and
f«B < D. Then, the set

{vol(Kz+ B+ f*M) | (Z, B) € D}
satisfies the DCC.

Theorem 2.7 [Filipazzi 2018, Theorem 1.12]. Let (£, Supp(B)) — T be a projective log smooth morphism
and {x;}i>1 C T a set of closed points. Denote by (Z;, B;) the pair given by the fiber product (Z, B) X1 Xx;.

Assume that

e 0 < B <red(B), and

o there is a Q-divisor M on Z such that M; = M|z, is nef for every i.
Then, we have vol(K z, + B; + M;) = vol(Kz, + B; + M) for every i, j € N.

Definition 2.8. Let X and Z be normal quasiprojective varieties and f : X — Z a contraction. Let R be
a Q-divisor on X such that Kx + R is Q-Cartier. We call (X, R) — Z an lc-trivial fibration if

e (X, R) is sub-klt over the generic point of Z,
e Kx+R ~Q,Z 0, and
. hO(X,,, Ox,([R<01)) =1, where X, is the generic fiber of f.

Definition 2.9 [Kollar 2007, Definition 8.3.6]. Let f : X — Z be a projective morphism between normal
projective varieties, R be a (Q-divisor on X and B be a divisor on Z. We say that f : X — Z and the
divisors R and B satisfy the standard normal crossing assumption if the following hold:

e X and Z are smooth.
e Supp(R) + Supp(f*B) and B are snc divisors.
e (X, Supp(R)) is log smooth over Z \ B.

In practice, the assumptions on X and the divisors R and B are completely harmless. By contrast, it
takes some work to reduce the problems on Z to problems on the following “nice” birational model of Z.
Definition 2.10. An snc model of f: (X, R) — Z is a birational model Z’ — Z such that there is a reduced
divisor D" on Z’, a Q-divisor B on Z, and a crepant birational morphism ¢ : (X', R’) — (X, R+ f*B),
such that the morphism X’ — Z" and R’, D’ satisfy the standard normal crossing assumption.

The following is a general version of the canonical bundle formula given in [Kollar 2007].

Theorem 2.11 (the canonical bundle formula). Let X, Z be normal projective varieties and f : (X, R) —> Z

an lc-trivial fibration with generic fiber X,,. Suppose B is a reduced divisor on Z such that f has slc
fibers in codimension 1 over Z \ B; that is, if D is a prime divisor not contained in B, then

e no component of R, dominates D, and

e (X, R+ f*D) is sub-Ic over the generic point of D.
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Then one can write
Kx+R~q f*(Kz+ Bz +M3),
where the following hold:

(@) Mz = M(X/Z, R) is the moduli part. It is a b-divisor depending only on the crepant birational
equivalence class of (X;, R|x,) and Z such that the following hold:

o There is a birational morphism Z' — Z such that My is the pushforward of Mz :=M(X'/Z', R')
and Mz» = M(X"/Z", R") = n*My for any birational morphism Z" — Z', where X' is the
normalization of the main component of X xz Z' and (X', R’) — (X, R) is a crepant birational
morphism. In this case, we say M descends on Z'.

o If X = Z and R, B satisfy the standard normal crossing assumption, see Definition 2.9, then M
descends on Z.

(b) By is the unique Q-divisor supported on B for which there is a codimension > 2 closed subset
W C Z such that the following hold:
o (X\ fT' (W), R+ f*(B—By)) is lc.
e Every irreducible component of B is dominated by an Ic center of (X, R+ f*(B — Bz)).
(c) Ifthe morphism X — Z and the divisors R and B satisfy the standard normal crossing assumption, see

Definition 2.9, then Byz is also the unique smallest Q-divisor such that R, + f*(B — Bz) <red(f*B).

Proof. Items (a) and (b) follow from [Kollar 2007, Theorem 8.5.1].

For (c): when Rj, > 0, item (c) is [Kollar 2007, Theorem 8.3.7]. We use the idea in this result to
tackle the general case. If the morphism X — Z and the divisors R and B satisfy the standard normal
crossing assumption, then (Z, Supp(B)) is log smooth. We replace R with R+ f*(B — Bz) and Bz with
Bz + (B — Bz) = B; then

« there is a codimension > 2 closed subset W C Z such that (X \ f~'(W), R) is sub-Ic, and

« every irreducible component of B is dominated by an Ic center of (X, R).

It is easy to see that, to prove (c), we only need to prove that W can be chosen to be the empty set, which
is equal to saying that (X, R) is Ic.

Suppose (X, R) is not Ic, and consider the diagram

(X', R) =25 (X, R)
/| |
Z/ T) Z

where 7 is birational, 7y is crepant birational, f': X’ — Z’ is equidimensional and 7y extracts a non-Ic
place of (X, R), which is denoted by E. Thus we have that coeffz(R’) > 1. Applying (a) and (b) for the
lc-trivial fibration f’: (X', R") — Z’, we have

Kx +R ~q f*(Kz + B +My).



2126 Junpeng Jiao

By assumption, X — Z and the divisors R and B satisfy the standard normal crossing assumption. Then
M descendson Z, n*Mz =Mz and K7+ B’ ~g n*(Kz + B). Because (Z, B) is Ic, (Z’, B’) is sub-lc.

Let B be a reduced divisor on Z' such that /' has slc fibers in codimension 1 over Z’\ B. By (b), B’ is
the unique Q-divisor for which there is a codimension > 2 closed subset W' C Z’ such that

o (X'\ 71 (W'), R'+ f"*(B — B")) is sub-Ic, and
« every irreducible component of B’ is dominated by an Ic center of (X', R' + f’ *(B — B)).

Because f’ is equidimensional, coeffz (R’ + f/*(E — B") <1 and coeffg (R") > 1, we then have that
coeffE(f’*(E — B’)) < 0. Since B is reduced and E is vertical, we have coeff /gy (B’) > 1, which
contradicts the fact that (Z’, B') is sub-Ic. d

The next theorem says that the canonical bundle formula works on the litaka fibration of a klt pair.

Theorem 2.12. Let (X, A) be an n-dimensional projective klt pair, let f : X — Z be a contraction such
that k(Xy, Kx, + Alx,) = 0, where X, is the generic fiber of f, and let g : W — Z be a birational
morphism. Then there is a commutative diagram

such that the following hold:

(1) h and hy are birational, h factors through g, and [’ is equidimensional.
(2) Z'is smooth and X' has only quotient singularities.

(3) There are a kit pair Ky + A', an effective Q-divisor F' on X', and (Z', By + Mz/) a generalized kit
pair such that
e M descends on Z',
o Kyt + AN ~q f*(Kz+ Bz +Mz)+ F',
o flOx(mF")= Oy foranym >0,
o hx . Oxm(Ky +A)) = Ox(m(Kx + A)) forallm >0,
e (X,A), (X', NYand (Z', Bz + M) have the same canonical models, and
e Ivol(Kx + A) =Ivol(Ky + A") = vol(Kz + Bz + My)).

(4) If coeff(A) is in a DCC set and a general fiber (X,, Ag) of f has a good minimal model, then
coeff(By) and coeff(By) are in a DCC set, where By := h,By.

Proof. Fix R with R, < 0 such that f is an lc-trivial fibration for the subpair (X, A + R). Notice that such
an R exists by the assumption « (X, Kx, + Alx,) = 0, and the choice of R) is unique. Let M be the
moduli b-divisor of this lc-trivial fibration. By the weak semi-stable reduction theorem by Abramovich
and Karu [2000], we can construct X’ and Z’ satisfying (1) and (2) such that M descends on Z'.
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For (3), because (X, A) is klt, we can choose a sufficiently large integer k such that if we define
A= (hx);1 A+ (1—1/k)E, where E is the reduced exceptional divisor, then Kx' + A’ > h%(Kx +A).
Also by the semistable reduction, X’ has a toroidal structure (X’ \ Supp(A’)) C X', and we have that
(X', A) is klt. It is easy to see that

(hx)«Ox (m(Kx + A")) Z Ox(m(Kx + A))

for all m > 0; hence (X, Kx + A) =« (X', Ky + A').

If (X, Kx + A) <0, choose a >> 0 such that a(Kx' + A’) is Cartier. Because « (X, Kx,+Alx,) =0,
we may also assume that 1%(X’ , Ox; (a(Kx; —|—A’|X;7))) =1. Since Z’ is smooth and f is equidimensional,
by [Hartshorne 1980, Corollary 1.7], f,Ox (a(Kx +A’)) is a reflexive sheaf of rank 1. Moreover, since Z’
is smooth, f,Ox/(a(Kx + A’)) is a line bundle on Z’; denote it by Oz (D). Choose a general sufficiently
ample divisor A" on Z’ such that Oz (A’ + D) is big. Let A := (1/a)A’; then f[Ox/(a(Kx' + A+ f'*A))
is a big line bundle and x (X', Kx + A"+ f*A) = dim Z’ > 0. Because A’ is general, (X', A"+ f"*A)
is klt. It is easy to see that, to prove (3), we may replace (X', A") with (X', A"+ f"*A) and assume
k(X,Kx+A)>0.

Suppose k (X, Kx + A) > 0 and choose a >> 0 such that HO(X', Ox/(a(Kx + A"))) > 0; then we can
choose L € |a(Kyx + A")|. Define

G :=max{N | N is an effective Q-divisor such that L > f*N}

and
D= lG and F’ ::l(L—f/*G).
a a

Then we have Kx' + A’ ~q f*D + F'. It is easy to see that h°(X’, (’)x;(mF/|X;7)) =1 forallm>0.
Because f’ is equidimensional, f/Ox/(mF’) is a reflexive sheaf of rank 1 for every m > 0. Moreover,
since Z’ is smooth, f,Ox (mF') is an invertible sheaf for every m > 0. Since Supp(F’) does not contain
the whole fiber over any codimension 1 point on Z’, it is easy to see that f,Ox/(mF") = Oy for all m > 0.

Let X; be the generic fiber of f’; then (Kx + A’)|X;} ~Q F’|X;]. Because f,Ox/(mF') = Oz, we have
HO (X', (’)X/n([(A’ —F<oD))=1and f": (X', A" = F') — Z’ is an lc-trivial fibration. By the canonical
bundle formula, there is a generalized pair (Z’, Bzs + M) such that

Ky +A'—F ~q f*(Kz + Bz + My).
Also because f,Ox'(mF’) = Oy, there is an integer / > 0 such that
HY(X', Ox/(ml(Kx + A))) = HY(Z', Oz (ml(Kz + Bz + M2)))

for all m > 0. Then (X, A), (X', A") and (Z’, Bz» + M) all have the same canonical models, and
Ivol(Kx + A) =Ivol(Ky + A") = vol(Kz + Bz + Mz).

For (4), if coeff(A) is in a DCC set, by the construction of A’, coeff(A’) is also in a DCC set. Because
(X', A') is a kit pair, by the main theorem of [Birkar et al. 2010], R(X'/Z, Kx' + A’) is finitely generated.
Because a general fiber (X, Ag) has a good minimal model and Kx + A —h*(Kx + A) is effective and
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exceptional over X, we have that a general fiber (X/, A;,) of (X', A") — Z' has a good minimal model.
By Theorem 2.3, (X', A’) has a good minimal model over Z’; we denote it by hy : (X', A’) --» (Y, Ay).
By 2), Kx'+ A" ~q,z F' and f/Ox (mF’) = Oy for all m > 0; therefore Z’ is the canonical model of
(X', A’) over Z'. By the definition of good minimal models, we have Ky + Ay ~g.z 0 and (hy).F' =0.

Since coeff(A’) is in a DCC set and Ay is the pushforward of A’, coeff(Ay) is also in a DCC set.
Let B’ be the unique smallest reduced divisor on Z’ such that f’ has slc fibers in codimension 1 over
Z'\ B’. By Theorem 2.11, there is a codimension > 2 closed subset W C Z’ such that By is the smallest
Q-divisor supported on B’ such that (X' \ f'~1(W), A’ — F' + f*(B’ — By)) is sub-Ic.

Because Ky' + A" — F' ~q.72 0, Ky + Ay ~q.7z 0, and (hy)«(A" — F’) =0, we have that By is also
the smallest Q-divisor supported on B’ such that (¥ \ f,?l(W), Ay +hy, f*(B' — Bz)) is Ic. Because
coeff(Ay) is in a DCC set, by [Hacon et al. 2014, Theorem 1.1], coeff(Bz/) is in a DCC set. [

Remark 2.13. Suppose (X, A) is a projective kit pair and f : X --» Z is the canonical model of
(X, A). Let g : Y — X be a resolution of the indeterminacy of f. Choose a sufficiently large integer k
such that if we define Ay := g 'A + (1 — 1/k)E, where E is the reduced exceptional divisor, then
Ky + Ay > g*(Kx + A).

Because Ky + Ay — g*(Kx + A) is effective and exceptional over X, Z is also the canonical model
of (¥, Ay) and «(Yy, Ky, + Ayly,) = 0. By Theorem 2.12, the contraction ¥ — Z defines a moduli
b-divisor M and a generalized pair (Z', B’ + M) with a birational morphism Z’ — Z, Z is also the
canonical model of (Z’, Bz + Mz/), and Ivol(Kx + A) =Ivol(Ky + Ay) = vol(Kz + Bz + Mz).

Furthermore, if coeff(A) is in a DCC set, then coeff(Ay) is also in a DCC set. If a general fiber
(Xg, Ag) of f has a good minimal model, then a general fiber (Y, Ay,) of fy has a good minimal model,
and therefore coeff(B’) is in a DCC set by Theorem 2.12.

3. DCC of Iitaka volumes

Lemma 3.1. Fix a positive integer C and a finite set T C [0, 11N Q. Suppose Z — T is a family of
projective smooth varieties, where T is of finite type. Let A be a relative very ample divisor on Z over T.
Let S be a set of generalized pairs such that, for every (Z, Bz + Mz) € S, there is a closed pointt € T
such that

e there is a birational morphism ¢ : Z — Z,;, and
* Mz ~q D1— D, for two effective Q-divisors Dy with coeff(Dy) C Z and deg 4 (Dy) <C, k=1, 2.
Then there is a smooth projective morphism Z' — T’', where T' is of finite type, and finitely many

Q-divisors My, on Z' over T' such that, for any (Z, Bz + Mz) € S, there is a closed point t' € T' and an
isomorphism r : Z; — 2|, such that ..Mz ~g M|z .

Proof. Since the coefficients of Dy, k = 1,2, are in a finite set Z, there is a positive number & such
that coeff(Dy) > 8, which implies (1/6) Dy > [ Dy, k =1, 2. Because deg 4 (Dy) < C, we have that
deg 4, (Supp(Dy)) < C/8. By boundedness of the Chow variety, see [Kollar 1996, §1.3], there is a
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morphism Z" — T’ and a divisor D on Z’ such that, for every closed point ¢ € T, there is a closed point
t" € T" and an isomorphism v : Z, — Z such that Supp(¥xDy) C D]z, k=1,2.

Let R be a component of D, let S — T' be the normalization of the Sté:in factorization of R — T’ such
that S — T’ is finite and S is normal, and consider the diagram

Z// Z/

||

S ——T

Because S — T’ is finite, S is irreducible and Z” — § is flat, we have that Z” is a quasiprojective variety.
Z" is normal by [EGA IV3 1966, 5.12.7]. Replacing Z’' — T’ by Z” — § finitely many times, we may
assume that the fibers of R — T’ are irreducible for every component R of D.

Since, for every component R of D, the coefficients of R in D; and D, are in a finite set, there are
only finitely many possibilities for Dy, D, and D; — D,. Then there are only finitely many Q-divisors
M on Z’ over T’ such that ¥, Mz ~q M|z for some k. O

The next theorem says that if we bound the litaka volume of (X, A) e D(n, Z, 1, r), then we can choose
the snc model of X — Proj R(X, Kx + A) to be in a bounded family depending only on n, Z, [ and r.

Theorem 3.2. Fix a DCC set T C [0, 11N Q, positive integers n, L, r, v > 0, and a positive number § > 0.
Define D'(n, Z,1, r, v, ) to be the set of n-dimensional projective pairs (X, A) such that

e (X,A)eD(n,1,l,r),

e Ivol(Kx + A) <wv, and

o if Z is the canonical model of (X, A), then there is an effective ample Q-divisor H on Z with
coeff(H) > & such that

Ivol(Kx + A+ f*H) <rIvol(Kyx + A).

Then there is a family of projective log smooth pairs (Z,P) — T, where T is a scheme of finite type,
and finitely many Q-divisors My, k € A, on Z, where A is a finite index set, such that, for every
(X,A)eD'n,Z,1,r,v,38), there is a closed point t € T such that the following hold:

o Z, is birationally equivalent to the canonical model of (X, A),

o If M is the moduli b-divisor corresponding to (X, A) --+ Z defined in Remark 2.13, then M z, ~q
M|z, for some k € A,

e There is a birational morphism X' — X and a Q-divisor F’ on X' such that the morphism X' — Z,
and N — F’, P; satisfy the standard normal crossing assumption, where A’ is the strict transform
of A plus the exceptional divisor and F' € |Kx' + A'|qz,. In particular, M descends on Z;.

o If (Z', By + My) is the generalized pair defined in Remark 2.13 such that there is a birational
morphism ¢; : Z' — Z,;, then B :== ¢, Bz < P,.
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Proof. We replace Z by ZU {1 —1/k, k € N}; note that Z is still a DCC set.

Step 1: We prove that Z is birationally bounded.

Suppose k (X, Kx + A) =d <n; thendim Z =d. Let Z' — Z be a projective birational morphism and
(Z', By + M) be the generalized kit pair defined in Remark 2.13, and denote the morphism Z' — Z
by h. By Theorem 2.12 (4), coeff(Bz) is in a DCC set Z' depending only on Z, d, n. By assumption,
IMy is nef and Cartier. We may assume that {1 —1/k, k e N} C 7'.

By Theorem 2.4, there is an integer r’ such that |r'(Kz + Bz + Mz)| defines a birational map
¢:7Z --+»W.Leth': Z" — Z’ be a birational morphism such that ¢ extends to a morphism ¢’ : Z” — W.
Because (Z’, By + M) is generalized klt, we can choose an integer k >> 0 such that if we define

BZ” = h;_lBZ’ + (1 - %)E’

where E is the reduced h’-exceptional divisor, then K77+ Bz» +Mz» —h'™* (K z+ Bz + M7) is effective
and exceptional over Z’. Then we replace (Z’, Bz + Mz/) by (Z”, Bz» + Mz»); we may assume that
|r'(Kz + Bz + Myz)| defines a birational morphism ¢ : Z' — W. Note that we keep coeff(Bz) C 7,
Z is still the canonical model of (Z’, Bz' + Mz/) and vol(Kz + Bz + Mz) = Ivol(Kx + A) < v.
Because |r' (K7 + Bz + M )| defines a birational morphism ¢ : Z' — W, there is a very ample divisor
A on W such that r'(Kz + Bz + Mz/) ~ ¢*A + Fi, where Fy is a ¢-exceptional Q-divisor. Because

AY <vol(r'(Kz + Bz + Mz)) = ' Ivol(Kx + A) < r"C,

by boundedness of the Chow variety, see [Kollar 1996, §1.3], W is in a bounded family. Then there
exists a projective morphism W — T over a scheme T of finite type and a relative very ample divisor A’
depending only on n, Z, [, v, such that there is a closed point € T and an isomorphism y : W — W,
such that x*A; = A. Because r’ is fixed and the coefficients of Bz are in a DCC set Z', it is easy to see
that the coefficients of F| are also in a DCC set 7.

Passing to a stratification of T and a log resolution of the generic fiber of W — T, we may assume that
there is a birational morphism & : YW — W', and W — T is a smooth morphism. Let A be a very ample
divisor on W over T. Then there is an integer r” such that r”"&* A" — A is big over T. After increasing r’,
replacing Z’ by a birational model and (W, A) by (W}, A,), we may assume W is smooth and there is a
very ample divisor A on W such that

AY <vol(r'(Kz + By + My)).

Step 2: We construct a birational map Z’ --» Z', two morphisms ' : Z' — Z, ¢': Z' — W and an ample
Q-divisor L' on Z'.
Let m be the Cartier index of H, and define

L= %(q&*A FF)+Qd+ D¢ A+ 2d + mh*H
~o0Kz+Bz+Mz+Q2d+1)p*A+ Q2d+ 1)mh*H. (3-1)



On the boundedness of canonical models 2131

Because H is an effective ample Q-divisor on Z, by [Birkar et al. 2010], the canonical model of
Kz +Bz+Myz+ Q2d+1)¢p*A+ (2d + 1)mh* H exists; denote itby h' : Z/ --» Z'. Then

W.(Kz + Bz + My + Qd+1)¢*A+ 2d + ) )mh*H) ~g h.L'

is ample, and we write L' := h/,L’. Because ¢*A and mh* H are nef Cartier divisors, by [Birkar and Zhang
2016, Lemma 4.4], both ¢* A and h* H are h'-trivial, so there are two birational morphisms ¢': Z' — W
and h': Z' — Z as in the following diagram:

Z/
h ]/X
| 4’1 !
ze "z P 3y

Because L' is ample and effective and W is smooth, by the negativity lemma, L' = ¢!*¢!*L! — Fy, where
Fy is effective and has the same support as Exc(¢'). Then we have

Supp(¢*'¢',L') DExc(¢') and Z'\Supp(L') 2 W \ Supp(¢',L").

Step 3: We use the two birational morphisms Z' — Z, Z' — W and ampleness of L' to show that if there
is a Q-Cartier integral divisor D and a Q-divisor F € |Kx + Alg/z on X such that (X, Supp(A — F)) is
log smooth over Z \ D, then (X, Supp(A — F)) is log smooth over W \ Supp(¢.L' + ¢ h"* D).

Consider the diagram

X5 X

fl lf’

Z+—— 7'
h.
where X' is the normalization of the main component of X Xz Z '. Because Supp(h’*D) =p"! (Supp(D))
and X — Z is smooth over Z \ Supp(D), we have that X' — Z' is smooth over Z'\ Supp(h"* D). Because
Z' is normal, f!_1 z' \ Supp(h!*D)) is normal and

f71Z \ Supp(h** D)) = f~1(Z \ Supp(D)) X 2\supp(py Z' \ Supp(h** D).

Define Ky + A — F' = g*(Kx + A — F), where A" and F" are two effective Q-divisors with
no common component. Suppose A" = A"+ A, and F' = F" + F,, where A, and F, are f'-
vertical and not supported on f'~!(Supp(h** D)), and the prime components of A" and F " are either
f'-horizontal or supported on f'~!(Supp(h'*D)). Because f' is smooth over Z'\ Supp(h"* D), we have
that Ay p-1(z1\supp(r*py) and Fyl p1-1(z1\supp(nt+ py) are the pullback of two divisors on Z'\ Supp(h* D).
It is easy to see that there is a Q-divisor R' on X' such that Supp(R') C f'~'(Supp(h*D)) and
A, —F,—R' ~q, s 0. Let A' and F' be two effective Q-divisors without common component such
that A'— F' = A" — F" + R'; then Ky: + A' = F' ~g 1 0.

If P is a component of Supp(A' — F'), then it is either supported on f'~!(h*D) or is f'-horizontal.
Then Supp(A' — F') does not contain any irreducible component of the fiber over any prime divisor on Z'
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that is not contained in Supp(h** D), and we have
Supp(A' — F')| (21 supp(atpy) = SUpp(A — F) Xz (Z'\ Supp(h™* D).

Because (X, A) C D(n, Z, [, r), by definition of D(n, Z, [, r), we know that (X, Supp(A — F)) is log
smooth over Z \ D, and hence f': (X', Supp(A! —FY) — Z'is log smooth over A Supp(h’*D).
Recall that Z'\ Supp(L') 2 W \ Supp(¢',.L"). Then

Z'\ Supp(h**D) 2 Z'\ {Supp(L' +h"* D)} 2 W \ {Supp(¢',L' + ¢',h'* D)}

and X' — W is isomorphic to X'— Z' over W\{Supp(gS!*L!—i—qb’*h’*D)}. Then (X', Supp(A!—F!)) —W
is log smooth over W \ {Supp(¢' L' + ¢' .h"*D)}.

Step 4: We prove that (W, Supp(¢', L' + ¢+ Bz + ¢',h** D)) is log bounded.

Because Supp(¢', L' + By + ¢' ,h"* D) = Supp(¢.(¢p*A + F| + By +h*(D + H))), we only need to
prove that (W, Supp(¢.(¢p*A+ F1 + Bz +h*(D+ H)))) is log bounded. Recall that W is bounded by A
by construction; we only need to work on the boundary.

Recall that the coefficients of F| and Bz are in a DCC set and coeff(H) > § by assumption. Then
there is a positive number 8’ < 1 such that (F; + Bz/)/8' > red(F; + Bz/). By assumption, A and D are
two effective integral divisors, so we only need to prove that there exists a constant v’ > 0 such that

A g, (red(¢p*A+ F1 + By +h*D)+h*H) < V.
By the projection formula, this is equivalent to proving
(@*A)' . (red(¢*A+ Fi + Bz + h*D) + h*H) < v'.

Let G =2((2d + 1) + 1)¢*A. By [Hacon et al. 2013, Lemma 3.2], we have
G4 (red(¢* A + Fi + By + h* D)) <2 Vol(KZ/ + %BZ/ ForA+ %Fl FR*D 4 G). (3-2)
Recall that the coefficients of By are in a DCC set Z’ and the Cartier index of the b-divisor M is [,
according to the assumption that (X, A) C D(n, Z, [, r). By Theorem 2.5, there is a positive number
e < 1 depending only on Z’ and [ such that Kz +eBz + M is big. Because My is pseudo-effective and
1 1

1 y 1 vy ¢
KZ’+§BZ’+ 51_8 (Kz+eBz +Mz)+ My ~q ‘Sl_e(Kz/+Bz’+Mz'),

for any divisor E, we have that

1
- — €
Vol(E + Ky + %BZ,) < Vol(E + 5Kz + Bz + MZ/)>.
— e

Because ¢*A and F are effective, it is easy to see that

¢*A+§F1+G < (1+2((2d+1)+1)+$) (@*A+F)~a (1+2((2d+1)+1)+§)r’(Kz/+Bzf+Mz/).
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Then we have

VOI(KZ/ + %Bz/ +¢*A+ %Fl +h*D + G)

1
- — €
SV01<81 — (KZ’+BZ’+MZ/)+¢*A+$F1 +h*D+G)

1

y ¢ / / r % (3-3)
<vol (22 47 +27'(@d+ D+ D)+ 5 ) (Kz+ Bz + Mz) +h°D

<v"vol(Kz + By + My +h*D),
where

1 d

y—e !
Vo= (E— 27 (Qd+ D+ D+ 5 )

l1—e 1)

Recall that, by construction, H(X, m(Kx + A+ f*D)) = H(Z', m(Kz + Bz + Mz + h* D)) for
all m > 0 sufficiently divisible. Then we have

vol(Kz + Bz +Mz +h*D) =Ivol(Kx + A+ f*D) <rIvol(Kx + A) <rC,
where the second inequality is from the definition of D(n, Z, [, r). Then we have
G (red(¢*A + Fi + Bz + h*D)) < 2%rC"v.
Because ¢*A and h*H are nef, we have that
(@* AV H < (" A+ H) <r'"vol(Kz + By + My + H)
<r“Ivol(Kx + A+ f*H) < r"rcC. (3-4)

Let v/ :=2¢C"v/2QRd+1)+1)?+r"4rC. Then (¢*A)¢~'.(red(¢* A+ F; + By +h*D)+h*H) <v'. By
boundedness of the Chow varieties, see [Kollar 1996, §1.3], (W, Supp(¢«(¢*A+F1+ Bz +h*D+h*H)))
is log bounded, and therefore (W, Supp(¢.(¢p*A + F1 4+ h*D))) is log bounded.

Step 5: We take a log resolution of (W, ¢, (¢*A + Fy + h* D)) to get a log bounded family (£, P) - T,
then show the moduli part M descends on Z; by using the standard normal crossing assumptions.

By the definition of log boundedness, there is a flat morphism (Z, P) — T such that, for a closed
point ¢ € T, we have (W, ¢, (¢* A+ Fi +h*D)) = (Z;, P;). Because f': (X', Supp(A' — F')) — W is
log smooth over W \ Supp(¢',L' +¢'.h** D) and Supp(¢', L' + ¢',h"* D) = Supp(¢«(¢p* A+ F| +h*D)),
there is a rational contraction f; : X' --» Z; such that (X', Supp(A! —FY)is log smooth over Z; \ P;.

After passing to a stratification of 7 and log resolution of the generic fiber of Z — T, we can
assume (Z;, P;) is log smooth for every closed point t € T. We choose a birational model Z’ of Z as in
Theorem 2.12 such that ¢ : Z' — Z; is still a birational morphism.

We replace X by a higher birational model which resolves the indeterminacy of X' --» Z;, replace A by
its strict transform plus the exceptional divisor, and choose F € [Kx+A|g, z,. Because (X " Supp(A’ —FY)
is log smooth over Z; \ P;, we may assume that the morphism X — Z; and divisors A — F, P, satisfy
the standard normal crossing assumptions. Hence the corresponding moduli b-divisor descends on Z;.
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Because (X, A) — Z has the same generic fiber (X, Ap) as f: (X, A) = Z, and « (X, Kx, +Ay) =0,
the moduli b-divisor M of (X, A) — Z descends on Z;. Also because ¢ : Z' — Z; is a birational
morphism, we have Mz = ¢*Mz,.

Step 6: We show that the boundary part is (QD-linearly equivalent to the difference of two Q-divisors on Z;
both with bounded degrees. Therefore, the boundary part is bounded up to Q-linear equivalence.

By Theorem 2.5, there is a rational number e < 1 depending only on Z, d, and [ such that both
Kz 4+ Bz +Mz and Kz + Bz +eMyz are big divisors. By Theorem 2.4, there is an integer 7 depending
only on Z, d, [ and e such that both |m7(Kz + Bz +Mz/)| and |m7 (K z+ Bz +eMz/)| define birational
maps for all integers m > 1. By assumption, /M z, is Cartier, so we may choose 7 = r’l for some integer
r’ > 0 such that both Mz and FeMy are Cartier divisors and both |F(Kz + |FBz |/F + Mz/)| and
|F(Kz 4 |FBz'|/F +eMyz)| define birational maps. Let

[FBz |

- rBy
r(KZ/+ ;1 +MZ/) L ZJ

Di e r (Kz/ +—+ eMz/)
F

, Dje

be general members. Define two effective Q-divisors

Kz +FBz)/F+ My

Kzf+ LFBZ/_]/F—FeMZ/
Q .
1—e

D) ~
e 1—e

/
Dz'\'

It is easy to see that the coefficients of D} and D) are in a discrete set that depends only on r, 7, e, 7.
Let D = ¢*Di and D, = ¢*Dé. It is easy to see the degrees of D; and D, with respect to A in W are
bounded. Because the coefficients of D and D, are in a finite set and Mz = D; — D;, by Lemma 3.1,
up to replacing the family, there are finitely many divisors My, k € A, on Z such that Mz, = M|z, for
some k € A. 0

Theorem 3.3. Suppose (Z,P) — T is a family of projective log smooth pairs, where T is of finite type,
and let M be a Q-Cartier Q-divisor on Z. Fix an integer | > 0 and a DCC set T C [0, 11N Q. For a
closed pointt € T, let S(Z, Z, P, M, T, t) denote the set of generalized pairs (Z', By + Myz/) such that

e (Z', Supp(Bz)) is log smooth,

coeff(Bz) € Z,
e there is a birational morphism ¢ : Z' — Z;,
* ¢.Bz < 7P|z,
o M descends on Z;, and
* Mz =¢*(Mlz).
LetS(Z,Z, P, M, T):=,cr S(Z, 2, P, M, T,t). Then the set

{vol(Kz'+ Bz +Mz) | (Z', Bz + Mz) € S(Z, Z, P, M, T)}
satisfies the DCC.
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Proof. Let T' C T be the subset such that M|z, is nef for every 7 € T'. Fix a closed point 0 € 7’. For any
closed pointt € T’ and (Z', Bz + Myz) € S(Z, Z, P, M, T, t), because (Z;, P;) is log smooth, by the
proof of [Filipazzi 2018, Theorem 1.10], we may assume that ¢ : Z’ — Z, only blows up strata of P;.
On the other hand, by the proof of Lemma 3.1, after replacing 7' by an étale cover, we may assume
every stratum of (Z, P) has irreducible fibers over T. Therefore, we may find a sequence of blowups
g: 2’ — Z such that Z' = Z]. Tt is easy to see that there is a unique divisor 3 supported on the strict
transform of P and the exceptional locus of g such that Bz = Bz/|z/. Let Y = Z be the fiber over 0 of
Z' — T and By := Bzz. By Theorem 2.7, we have that

vol(Kz + Bz +¢*M|z,) = vol(Ky + By + (" M) z).
Then the set
{(vol(Kz'+ Bz +Mz) | (Z', By + Mz) € S(Z, 2, P, M, T, t)}

is independent of t € T. Now apply Theorem 2.6. O

Proof of Theorem 1.6. Fix an arbitrary constant v > 0, let
Dn,Z,1,r,v):={(X,A)eDn, LI, r),Ivol(Kx + A) <v}.

We only need to prove {Ivol(Kx + A) | (X, A) €e D(n, Z,1,r,v")} is a DCC set.

Fix (X, A) €e D(n,Z,1,r,v"). Because Z is the canonical model of Kx 4+ A, by Theorem 2.12, there
is a generalized pair (Z’, Bzs + Mz/) and a birational morphism & : Z' — Z such that Z is the canonical
model of Kz + Bz + Mz. Let Bz be the pushforward of B/; then Kz + Bz + M  is ample.

By Theorem 2.4, there is an integer r’ > 0 which only depends on Z and [ such that |r'(Kz+Bz+Mz')|
defines a birational map. Choose a general member H' € |r'(Kz + Bz + Mz/)|, and let H := h, H'.
Then H is ample and the coefficients of H are bounded below by a positive number §’. By definition of
the canonical model, h*H < H’, by Theorem 2.12 (3),

HY(X, Ox(ml(Kx + A))) = HY(Z', Oz(ml(Kz + Bz + Mz))),
and we have that

Ivol(Kx + A+ f*H) < (1 +r)¢ Ivol(Kx + A). (3-5)

Then (X, A) and H satisfy the conditions in Theorem 3.2.
Let (£, P) — T be the bounded family, let M, k € A, be the Q-divisors defined in Theorem 3.2,
and let D’ be the set of generalized kit pairs (W, By, + My) such that

o (W', Supp(Byw)) is log smooth,

o there is a morphism ¢ : W' — Z, for a closed point ¢ € T,
o My = ¢*(My|z,) for some k € A, and

o coeff(By) is in a fixed DCC set and ¢, (Bw') < P.
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Since Z is the canonical model of (X, A), we have Ivol(Kx + A) = vol(Kz + Bz + Mz). Let
(Z', Bz + M) be a generalized pair as in Theorem 2.12 such that there is a birational morphism
Yy : Z' — Z, for aclosed point ¢ € T. By Theorem 2.12 (3), vol(Kz+ Bz + M) = vol(K 77+ Bz + M),
and, by Theorem 3.2, ;. Bz <P, and Mz = ¢ M. Then (Z', Bz + Mz ) € D' and

{Ivol(Kx +A) | (X, A) e D(n, Z,1,r,v )} C{vol(Kz+Bz +Mz) | (Z', By +Mz) € D'}.

Because A is a finite set, by Theorem 3.3, the set {vol(Kz + Bz +Mz) | (Z', Bzs+ Mz/) € D'} satisfies
the DCC, and hence {Ivol(Kx + A) | (X, A) e D(n, Z, L, r, v™)} satisfies the DCC. O

4. Boundedness of canonical models

In this section, we follow the method of [Hacon et al. 2018, Chapter 7].
Definition 4.1. Let (Z, B) be a pair. Define a b-divisor Mg by assigning to any divisorial valuation

Mg (u) = multr(B) if the center of w is a divisor I" on Z, -1
B = 1 otherwise.

Theorem 4.2. Let v be a positive rational number, and let T C [0, 1] be a DCC set of positive rational
numbers. Suppose (2, P) — T is a family of projective log smooth pairs, where T is of finite type, and
M is a Q-Cartier Q-divisoron Z. Let S(v, Z, Z, P, M, T) be the set of generalized pairs (Z', Bz +My')
such that

e (Z', Bz + My) is generalized klt,

vol(Kz + Bz +Myz) = v,

e coeff(Bz) C Z,

e there is a closed point t € T and a birational morphism ¢ : Z' — Z;,

* ¢* BZ, S Pl‘v

o M descends on Z;, and

s Mz =¢*(M|z).

Let (Z, Bz + M) be the canonical model of (Z', Bz + Myz/). Then Z is in a bounded family depending
onlyonv, Z, (Z,P) > T and M.

Proof. 1t suffices to show that, for any generalized pair (Z', Bz +Mz)C S(v, Z, Z, P, M, T), there is an
integer N > 0 such that if (Z, Bz + M) is the canonical model of (Z’, Bz/+M ), then N(Kz+Bz+My)
is Cartier and very ample.

Suppose this is not the case: let {(Zlf, %,I, + MZ;), i>1}cSWw, 7, Z,P, M, T) be a sequence and
(Z;, B%,- + M 2_) the corresponding canonical model such that i! (K2, + Bél_ +M éi) is not very ample for
every i > 1. Let {#; € T, i > 1} be the corresponding sequence of closed points, and let ¢; : Z! — Z;, be
the corresponding morphisms. By the construction, we have ¢,-*B;{ <P, and M %{ = ¢ (M| z,). After
replacing T by a closed subset, we assume that {t; € T,i > 1} is dense in 7.
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Step 1: We prove that there exists a birational morphism g : Z' — Z such that

« g is obtained by blowing up the corresponding strata of Mp, and
« vol(Kz + ®'|z +g*M]|z )= forevery i > 1, where &' is the Q-divisor supported on Mp =
such that &' |z; =Mpi, z .

Applying [Filipazzi 2018, Proposition 5.1] to (Z;,, P;, + M|z, ), we obtain a model 2, — 2, and the
morphism g: (2, P := Mp z)— Z obtained by blowing up the corresponding strata of Mp. We define
=M BYy.2; . Passing to a subsequence, we may also assume that, for any irreducible component P of
the support of P’, the coefficients of ®,, along P, are nondecreasing. Let ®' be the Q-divisor supported
on P’ such that &' | z, = ®y,. Then the coefficients of &' are nondecreasing.
We claim that, forlany i > 1, we have

VOI(KZt/i + th,- +g*./\/l|2t/l) = .

To prove this, we may fix i. Applying the above cited result to (Z;,, P, + M|z, ), we obtain a model
2 — 2| and the corresponding morphism g’ : (2", P" := Mp z) — 2’ obtained by blowing up the
corresponding strata of Mp. By the above cited result again, we have

vol(K z» + W, +g"g" M|z) =,
where W, := Mpi, z». If W is the divisor supported on Supp(Mp: z+) such that W|z» = W, then

v =vol(Kz + W, +g"g"M|z)
=vol(Kzy + Wz +8"g"M|z)
=vol(Kz +®'|z +g"Miz)
=vol(Kz + @, +g"M|z), (4-2)
where the second and the fourth equalities follow from Theorem 2.7 and the third one follows from
[Filipazzi 2018, Proposition 5.1].

Step 2: We show that, after replacing T by an open subset, Z’ by a resolution and {z;,i > 1} by a
subsequence, there exist effective Q-divisors A and £ on Z’ such that

o Ais ample over T,

o &=+ — D,

o Kz +® +g*M~g A+ &', and

o (Z', Supp(®' + &) is log smooth over T

for every i > 1.
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Because g* M|z is nef for every i e Nand {f; € T,i > 1} is dense in T, we have that g* M|z is nef
for a very general point ¢ € 7. Note that K z t P! z + g*M]| z is big. Suppose
vol(Kz + @' |2, +&" Mlz) =v>0.

Then by [Filipazzi 2018, Theorem 1.12], we have vol(K z + ol z+8"M|z) = for a very general point
t € T. Since sections on the very general fiber agree with sections on the generic fiber by semicontinuity of
cohomology groups, K z'4+®! 4 g* M is big over the generic point of T, and we have that K z/+®' +g* M
is big over T'.

Let A be a general relatively ample Q-divisor on Z’ and £! be an effective Q-divisor on 2’ such that

Kz +®'+g"M~g A+EL
Define £ := &' + &' — ®!; then £ is effective and Kz + &' + g*M ~g A+ &',

After taking a log resolution of the generic fiber and replacing 7' by an open subset, we may assume
that there is a fiberwise log resolution i : Z* — Z’ of P’ + £ over T. By the negativity lemma, there
exists a Q-divisor F on Z* which is supported on the exceptional divisor over Z such that A* :=h*A—F
is relatively ample over 7. Let ®* := Mg, z-. Because (Z', ®) is lc, if we write

Kz + CDI* +h*g*/\/l ~0 A* +51*’
then £'* is effective and supported on the Supp(h; ') plus the h-exceptional divisors. Therefore,
(Z*, Supp(£')) is log smooth over T. Notice that ®' — ®! is effective and supported on P’. Define
E* =% 4+ h1(®' — ®); then

KZ* +<Di* +h*g*/\/l ~0 .A* +51*
and (2*, Supp(£'*)) is log smooth over 7.

Then we replace Z’, o', g, Aand & by Z*, ®* hog, A* and £, respectively. Suppose
k=min{i |t; €T, i > 1}.

Then we pass to a subsequence of {t;, i € N} and replace t;, ®! and £' by 1, ®* and &F, respectively.
Step 3: In this step we construct a Q-divisor ® on 2’ such that

o« & <!,

. (2, &Dlg;_) is kIt for every i > 1,

* vol(Kz; + ci>|z;l +g"M|z) =v, and

e (Zy, B%l + M%l) is the canonical model of (Zt’l, (i"Z{l _|_g*j\/l|g;1 ).

Since (Z, B%l +M %1) is generalized klt, we slightly decrease the coefficients of components of ®!
corresponding to the exceptional divisor of Z; --» Z; to define a Q-divisor ® such that

« D<o,

. (2], lz) sk,
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. vol(Kz + ci>|2;1 +g"M|z)=v, and
e (Z1, B%l + M%l) is the canonical model of (Zt’l, Ci’|z,’1 _|_g*j\/l|g;1 ).

Note we have & <®! <d%<.... Because (Z/, Supp(®’ + £%)) is log smooth over 7 and (Z,’l, dA>|Z;1)
is klt, we have that (Z,’i, <i>| z/) is Klt for every i.

Step 4: We show that there exist a sufficiently small positive number € € (0, 1) and a birational contraction
Y Z' --» W over T such that

e VU is the relative canonical model of (Z’ , FCD + mCD + g*/\/l) and

* ¥, 1 Z; --» W, is the canonical model of (Z, ( (mdﬂ + mCD + g*./\/l)|z,_) for every i > 1.

Because @, = MB,/ 2 for any common resolution Y of Z| and Z’ we have Mo, y > MBl, v
Also because vol(KZ/ —|— B + Ml,) = VOl(Kgf + dD,l + g*/\/llz/ ), by [F111pazz1 2018, Lemma 5. 2]
(Z',B o+ Ml,) has the same canomcal model as (Z; > P+ g*/\/llg/ ), which is (Z1, B1 + M ) In
partlcular there is a birational contraction Z| --+ Z;.

Since (Z] d>|zr ) is kIt and (Z/, Supp(CD’ + A+ &) is log smooth over T, we can choose € < 1
such that (Z] D z + €&l z ) is klt for every i > 1 and g* M + €A is ample over T. We then have that
(2, <D|z’ + eS |z’ + (g*/\/l + eA)er ) is generalized kit with nef part (g* M + E.A)|Z/ for every i > 1.
Because

Kz +®lz +e€llz + (g M+ed)z ~a Kz +Slz +8" Mlz +e(Kzy +0'z +5"Miz)

and Z; is both the canonical model of (Z] ®|Z/ +g*./\/l|z/ ) and (Z; , d! |z’ +g*/\/l|g/ ), we have that
Z, is also the canonical model of (Z] d>|g/ —I—eé’ Ig/ + (g*/\/l +€A)|Z ).

Because g* M + €A is ample over T we can choose a general effectlve Q-divisor H ~g g*M+eA
and replace T by an open neighborhood of #; such that (Z] CDI z +e&l 2 +H| z ) is kit for every i > 1
and (Z’, Supp(CD + €& +H)) is log smooth over T'. Tt is easy to see that Z 118 also the canonical model
of (2], q>|2;1 +eg! |z +Hlz)-

Because 7‘[|z;1 is ample and (Z; , Ci>|2[/1 +e&! |Z£1 +H|Z{1) isklt, (2], &)|Z{1 +eg! |Z[,l +H|Zr’1) has a good
minimal model, according to [Birkar et al. 2010, Theorem 1.2] and [Kolldr and Mori 1998, Theorem 3.3].
Because (Z’, Supp(é + €& +H)) is log smooth over T, by [Hacon et al. 2018, Corollary 1.4], suppose
W 1 Z' --» W is the relative canonical model of (Z’, ® 4+ €£! + #) over T. Then, fiber by fiber,
Yy, © 21 --» Wj, gives the canonical model for (Z/, P z + €&l z + H| z ) for all i > 1. In particular,
W, is the canonical model of (Z] , ‘b|z’ +e&! |z’ —|—7—L|Z/ ), and it is 1somorph1c to Zj.

By the definition of the canomcal model Ky + w*(cb +e&' + 1) is ample over 7. We recall that
Kz +®+e8'+H~g Kz + P+ g*M+e(Kz + D' 4 g*M). Then

Ky + Y (® + e +H) ~q (1 +e)(KW+¢*< ol + %@ +g°M))
and Ky + . (5 @' + 1—+€<I> + g*M) is ample over T. Thus Kyy, + ¥ (
is ample for every i > 1.

1-€+e¢'1 + ﬁ&) +g*/\/l)|w,l.
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Because Z' --» Wis Kz + & + €& + ‘H-nonpositive and

Kzt b+ee +H~a (1+6)(Kz+ 10! +%®+g*/\/1>

T Wis Kz + 150 + 1 1+€ ® + g* M-nonpositive. Also because
T b))

Kw,i+w*(1+€q> + b +em

is ample, ¥, : Z; --» WV, is the canonical model of

1
z ( ol 4y gt )
( fre® Tipe®tsM
Step 5: We show that , is also the canonical model of (Z{i , O z +8" Mgz ) forevery i,k > 1 and

finish the proof of the theorem.
Notice that, by Theorem 2.7,

Wy f

2)

1

v=vol(Kz + q>k|z;k +g" Mlz;) = vol(Kz; + <1>’<|Z;l +8"Mlz)
for all k£ > 1. By the construction of ®, we have
P<o'<?<P’<
and Vol(KZt/1 + &Dlz;l + g*/\/llg;l) = v; hence

€ gty L * ) _
V01<KZ‘1 +(1+eq> + 1+6q>>)z,’1 T Mz ) =v.

Because (Z/, Supp(fiJ + @) is log smooth over T, by [Filipazzi 2018, Theorem 1.12], we have
1 1

(k2 + (752 + @), +emiz,) =vol(Kz, + (T 0!+ d)|, emiz) -
vollRz, +{(1e® T 13 ®)ly to Mz ) =vollKa e ® T e ®)|, T Miz ) =v

for every i > 1.
It follows from [Filipazzi 2018, Lemma 5.2] that v, : Zt’i --+ W, is also the canonical model of
(21, <I>k|3t/_ +g* M|z ) for every k > 1,
‘,, o+ L d)
Vi@l = Y (@' + o
and there is an isomorphism «; : Z; — W, . Let N > 0 be an integer such that

N(KW oy, (f?CD + %CD) + w*g*/\/l)

, 9
z

is very ample over 7. Then

1 =
N( Wi —H//*(l—i-e + 1+€<D)

z - mg*MlWﬁ)

is very ample for every i > 1. Since
1

€
(ot La)
lpt’*(l—l—e + 1+e€

_ i _ . pi
, —wt,-*q) |Z,”, _al*BZl»y
-4

we have that N(Kz, + BZ_ +M éi) is very ample for every i > 1, which is the required contradiction. []
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Proof of Theorem 1.7. Define D(n, Z, 1, r, v) to be the set
{((X,A)|(X,A)eD(n,Z,1,r)and Ivol(Kx + A) = v}.

Suppose (Z, Bz + M) is the canonical model of (X, A) e D(n, Z,1, r, v). Let (Z', Bz/+ M /) be the gen-
eralized pair defined in Theorem 2.12 (3). Then (Z, Bz + M) is the canonical model of (Z', Bz + Mz)).

By Theorem 3.2, there is a log bounded log smooth family of projective varieties (£, P) — T and
finitely many Q-divisors My, k € A, on Z such that there is a closed point # € T and a birational morphism
¢:Z' — Z; such that ¢, Bz <P,. Then we have (Z', Bz +Mz) € Uycp S, I, Z, P, My, T). Because
A is a finite set, Z is in a bounded family according to Theorem 4.2. O

5. Weak boundedness

The definition of weak boundedness is introduced in [Kovacs and Lieblich 2010].

Definition 5.1. A (g, m)-curve is an irreducible smooth curve C° whose smooth compactification C has
genus g and which satisfies the requirement that C \ C° consists of m closed points.

Definition 5.2. Let W be a proper scheme with a line bundle A/, and let U be an open subset of a proper
variety. We say a morphism & : U — W is weakly bounded with respect to N if there exists a function
by : Zio — Z such that, for every pair (g, m) of nonnegative integers, for every (g, m)-curve C° C C,
and for every morphism C° — U, one has deg N < by(g, m), where &c : C — W is the induced
morphism. The function by will be called a weak bound, and we will say that £ is weakly bounded
by bus.

We say a quasiprojective variety U is weakly bounded if there exists a compactification i : U <— W
such that i : U < W is weakly bounded with respect to an ample line bundle A on W. The following
lemma says that if a projective variety U is weakly bounded with respect to an embedding U < W, then
it is also weakly bounded with respect to any other compactification U < W’ and any ample line bundle
on W’ (possibly by a different weak bound).

Lemma 5.3. Let U be a weakly bounded quasiprojective variety with a compactification i : U — W
such that i : U < W is weakly bounded with respect to an ample line bundle N on W. Then, for any
compactification i’ : U < W' and any ample line bundle N" on W', i’ : U < W' is weakly bounded with
respect to N'.

Proof. Let g : W’ — W and h : W’ — W’ be a common resolution of W and W’. Let A” be an ample
Cartier divisor on W”, A a Cartier divisor on W such that Ow (A) = N/, and A’ a Cartier divisor on W’
such that Oy (A") = N".

Suppose C° C C is a (g, m)-curve for a pair of nonnegative integers (g, m) and C° — U is a morphism
that extends to a morphism & : C — W. By definition, there exists a function by : Zio — Z such that
deg €N < by (g, m). .

Because A is ample, g*A is big, and there exist an effective divisor F on W” and [, n € N such that
lg*A~nA"+ F". Write Supp(F") = J;;, W/, where the W/ are reduced divisors.
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Suppose C° — U extends to a morphism £” : C — W”. Then & := g 0 &”. We claim that there exists a
positive number ¢ depending only on U < W” and A” such that deg §”*A” < cb(g, m), which means
i"” : U — W" is weakly bounded.

We argue by induction on the dimension of U. If dim(U) = 1, then W” is the normalization of W,
g*A and F” are ample, and

degg"* A" = degg" (Lgra— 1r7) < Laegra < Loye, m).

Thus we may assume the claim is true in dimension one less.
Suppose dim(U) > 1. We have the following two cases.

(1) If£"(C) ¢ Supp(F"), then
deg&E™(nA") =deg™(Ig*A — F) <deg&™ (Ig*A) =deg&*(IA) <lbyx(g, m).

Let ¢ :=[/n; then we have
deg&™ A" < cobp(g, m).

(2) If £"(C) C Supp(F"), let W/” be the irreducible component of Supp(F) that contains £”(C). Define
W; = g(Wi/ "y and U; :== U N'W;. Itis easy to see that U; < W; is naturally weakly bounded with respect to
Alw, by bar(g, m). Also because dim(U;) < dim(U) and we assume the claim is true in lower dimensions,
there exists ¢; > 0 such that

deg "™ A" < cibn(g, m).

Because Supp(F) = |J; ;< W/ has only finitely many components, let ¢ = max{c;, 0 <i < k}. Then
in both cases we have
deg £ A" < cbpr(g, m)

and i”: U — W” is weakly bounded with respect to Ox~(A”).

Next we use the weak boundedness of i’ : U < W” to show that i’ : U < W’ is weakly bounded.
Because A” is ample, there exist d, r € N such that dA” ~rg™ A"+ H”, where H" is an ample Cartier
divisor. Let &' := g’ 0&” : C — W’. We have

deg&™(rA") =deg&" (rg” A’y < deg&"(rg"A’+ H") =deg&"*(dA") <dcbn (g, m).

Thus
dc

degs/*A/ =< Tb/\/(gv m)s

and i’ : U < W’ is weakly bounded with respect to Ox/(A’). O

Lemma 5.4. Let T be a quasiprojective variety. Then we can decompose T into finitely many locally
closed subsets, T =\ T;, such that each T; is weakly bounded.

Proof. By the definition of weakly bounded, if a variety U is weakly bounded, then any open subset
U° C U is also weakly bounded. Therefore, we may replace T with a stratification and assume that 7 is
smooth and projective; we only need to show that T has a weakly bounded open subset.
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Fix an integer n > 2, and let A be a general very ample divisor on 7. such that Kp ;7 + A is also
very ample. Then Supp(A) is smooth and dominates 7" and, by the generic smoothness theorem, there is
a normal open subset 77 C T such that Supp(Ar,) is smooth over 71, where A7, := Al7,.

Since K[p»;/T + A is ample and A is smooth, by the adjunction formula, K4, = (K[pz'}/T + A)|a is
very ample, and we have that A7, — T is a family of canonically polarized smooth varieties. We may
assume that 7 is irreducible and every fiber of A7, — 77 has Hilbert polynomial 4 (m) = x (wi’").

Write M, for the (Deligne-Mumford) stack of canonically polarized smooth varieties with Hilbert
polynomial 4 and M|, for its coarse moduli space. It is easy to see that g maps Ar, to T} € M} (T). Let
Y : Ty — M) be the induced moduli map.

By [Kovacs and Patakfalvi 2017, Corollary 6.20], there is a diagram

A A Ay
T'+—T'—— T

with Cartesian squares such that

o T” — Ty is finite surjective, and

e A’ — T’ is a family of canonically polarized smooth varieties for which the induced moduli map
V' T" — M is finite.

Since the diagram is Cartesian,

KA///T// = g*KA//T/ = h*KATl/T] .

Because £ is finite and K A, /Ty is ample, K 4»/7» is ample and T” — T’ is quasifinite. It is easy to see
that both
T" — T’ﬂ) My and T"—T % M,

give the moduli map v : T” — My induced by A” — T"”; thus we have that ¢ : T; — M is quasifinite.

By [Kovdcs and Lieblich 2010, Lemma 6.2], the stack M} is weakly bounded with respect to M), and
A € Pic(M),) by a function b(g, d), where M}, is a compactification of M} and A is an ample line bundle
according to [Kovacs and Patakfalvi 2017]. Let fl be a compactification of 77 such that ¢ : Ty — M}
extends to a morphism f"l — M,. Let T} be the Stein factorization of f"l — M, and denote the finite
morphism by ¥ : T\ — M,,.

Suppose C° € C is a (g, d)-curve. Let C° — T be a morphism, and let § : C — T be its closure.
Then € o0& : C — Mj, is the closure of C° — T} YoM - By the definition of weakly boundedness,

deg(Y“0&)* A <b(g,d),

and hence T; is weakly bounded with respect to T} and ¥*A. Because v is a finite morphism, ¥*1 is
ample, and hence T} is weakly bounded. O
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Theorem 5.5 [Kovécs and Lieblich 2010, Proposition 2.14]. Let T be a quasicompact quasiseparated
reduced C-scheme, and let U — T be a smooth morphism. Given a projective T -variety and a polarization
over T, (M, Onq(1)), an open subvariety M° — M over T , and a weak bound b, there exists a T -scheme
of finite type Wj’w and a morphism © : Wj’wo X U — M° such that, for every geometric pointt € T and
for every morphism & : Uy — M7 C M, that is weakly bounded by b, there exists a point p € Wﬁ/l? such
that & = ®|{p}><1/{,-

In particular, if M° is weakly bounded and M is the compactification, by definition, every morphism
& Uy — M7 C M, is weakly bounded by a weak bound b; hence § = ® |y, for a closed point p € Wﬁ/[?.

6. Hilbert scheme and the moduli part

6.1. Parameter space. A class of polarized log Calabi—Yau pairs is a set % consisting of triples (X, A, H)
such that

e (X, A) is a pair,

e H is an effective ample divisor,

e Kx+ A ~g0, and

e (X, A+e€H) is Ic for a positive number € < 1.

A family of polarized log Calabi—Yau pairs over a normal base scheme S consists of a flat, proper
morphism f : X — §, a Q-divisor A on X and a Q-Cartier divisor H such that Kx,s + A is Q-Cartier
and all fibers (X, Ay, H,) are polarized log Calabi—Yau pairs. We denote it by (X, A, H) — S.

Given a class of polarized log Calabi—Yau pairs %, we define .Z % (S) to be the set of families of polar-
ized log Calabi—Yau pairs over S, (X, A, H) — §, such that Kx + A is Q-Cartier and (X;, As, Hy) € €
for every closed point s € S.

Suppose ¢ is a class of n-dimensional polarized log Calabi—Yau pairs. We say ¥ is bounded if the
following two equivalent conditions hold:

» There exists a positive number C and a positive integer d such that, for every (Y, D, H) € ¢, dH is
very ample without higher cohomology, (dH)" < C, and (dH y=1 red(D) < C.

 There is a flat projective morphism Z — § over a scheme of finite type, two divisors P, £ on Z
which are flat over §, and a positive integer d such that, for every (¥, D, H) € €, there is a closed
point s € § and an isomorphism ¢ : (Y, dH) — (Z;, L) such that ¢, D < Ps.

If the first condition holds, then there is a (nonunique) natural choice of the scheme S in the second
condition. By boundedness of the Chow variety, see [Kollar 1996, §1.3], we may assume that ¥ has a
fixed Hilbert polynomial H (¢) with respect to d H. Let P be the projective space of dimension H(1)—1
with a fixed coordinate system. By the proof of [Kovacs and Patakfalvi 2017, Proposition 6.11], because
normality is an open condition, we may choose ' to be the locally closed subset of the Hilbert scheme
of P which parametrizes all irreducible normal subvarieties of [P with Hilbert polynomial H (¢), and we
let .7 : X3y — H’' be the universal family.
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Let A be a finite set, and let p;(¢), i € A, be |A| polynomials such that deg p; () = deg H(¢) — 1 for
every i. Let
H; :=Hilb,, (1) (Xy /H)

be the locally closed subset of the relative Hilbert scheme which parametrizes closed pure dimensional
subschemes D; C X3y such that D; — H’ is a flat family of varieties with Hilbert polynomial p; (r). Let
D; — H; be its universal family. For simplicity of notation, we define H :=H; x4y - - - X3 H|a| and

(XH, DH) = (XH/ Xy H, ZD,‘ X, H)

Remark 6.1. Let ¥ be a bounded class of polarized log Calabi—Yau pairs. With the same notation as
above, let (X, A) be a klt pair and L be a divisor on X, and suppose a general fiber of a contraction
f:(X,A,L)— Zisin %, that is, there is an open subset U C Z such that, for every closed point u € U,
(Xu, Alx,, Llx,) €¢.

Write A =) A; as the sum of irreducible components and define A; , := A;|x,, A; := A;|x, fora
closed point u € U. Because the degree of Supp(A; ;) is bounded from above, by boundedness of the
Chow varieties, the Hilbert polynomial of A; , is in a finite set {p;(¢), i € A}; see [Kollar 1996, §1.3].

u’

Let (X4, Dy) — H be the family constructed as above. By the construction of H, every closed point
u € U corresponds to a closed point in H, and there is a morphism U — H.

Notice that A; , may not be irreducible for every u € U, and two irreducible components of A, may be
considered as two divisors or just one divisor, depending on the divisor A; on X. That means, given two
contractions (X’, A') - Z!, i =1, 2, satisfying the given conditions, even if (Xllll’ A}”) = (Xﬁz, Aiz),
u1 and uy may corresponds to different points in #.

Since dL is very ample without higher cohomology and f : X — Z is flat over U, we have that
J«Ox(dL) is locally free over U. Replacing U with an open subset, we may assume that f,Ox(dL) is in
fact free. Fixing a basis in the space of sections then gives a map U — H’, and Xy — U is isomorphic
to the pullback of the universal family X3, — H’. Similarly, each irreducible component A; of A gives a
map U — H;. Hence there is a morphism ¢ : U — H such that f : (Xy, Supp(Ay)) — U is isomorphic
to the pullback of (X3, Dy) — H by ¢.

Suppose @ = (¢, ..., o) is a vector of rational numbers and

Ay =aSupp(Ay) =Y a; Supp(A; ).

By the construction of Dy, (Xy, Ay) is isomorphic to the pullback of (X, aDy) — H by ¢. If there
is a point u € U such that (X, A,) is a log Calabi—Yau pair, then (X ), Dy y)) is a log Calabi—Yau
pair. If coeff(A) C Z is a DCC set, then, by [Hacon et al. 2014, Theorem 1.5], @Dy, is in a finite set and
there are only finitely many oDy .

Moreover, by Lemma 7.4 in the first arXiv version of [Birkar 2023], after replacing # by a stratification
of a locally closed subvariety, we may assume that 7 is smooth and (X%, ®Dy) is kit log Calabi—Yau
over H, and hence (X4, «Dy) — H is an Ic-trivial fibration.
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6.2. Moduli part. In this section, we deal with algebraic fibrations whose general fibers are log Calabi—
Yau pairs. We claim that such a contraction naturally induces an Ic-trivial fibration, and then any such
fibration has a moduli b-divisor by the canonical bundle formula.

Theorem 6.2. Let (X, A) be a projective Ic pair, and let f : (X, A) — Z be a contraction to a projective
normal Q-factorial variety. Suppose that a general fiber (X,, A,) is a log Calabi—Yau pair. Assume there
is a subpair (X', A'), a crepant birational morphism g : (X', A’) — (X, A) and a divisor D on Z such
that the morphism h := f o g : X' — Z is smooth over Z \ D and Supp(A') is simple normal crossing
over Z\ D.

Then there is a Q-divisor A" on X' such that

o« (X7, A’Xn) = (X7, A/Xn)’ where 1 is the generic point of Z,

o Supp(A’) is log smooth over Z \ D, and

e (X', A) — Z is an lc-trivial fibration.
Proof. Since (X, A,) is a log Calabi—Yau pair, we have K x, + A/n ~@ 0, and hence there exists a vertical
Q-divisor B’ such that Kx: + A’ + B’ ~¢g 0.

Suppose B’ = R + G, where Supp(R) ¢ h! (Supp(D)) and Supp(G) C h! (Supp(D)). Because R
is vertical, 2 is smooth over the generic point of 4 (Supp(R)) and Z is (Q-factorial, 2 (R) is a well-defined

Q-Cartier divisor on Z; denote it by Rz. Also because & is smooth over Z \ Supp(D), there exists a
Q-divisor Fg supported on 2~! (Supp(D)) such that R + Fr = h*R. Hence

Kx + A"+ B — (R+ Fg) ~q.1 0.

Let A":= A"+ B’ — (R + Fg); then Kx' + A" ~qg; 0 and A; = A}. Write A"= AL j — AL ,. Because
A’_, is g-exceptional, it is easy to see that (X', A") — Z is an lc-trivial fibration. Because Supp(A’) is
loé smooth over Z \ D, Supp(Fg) C h~!(D) and Supp(B’ — R) C h~'(D), we have that Supp(A’) is log
smooth over Z \ D. O

Proposition 6.3. Let f : (X, A) — Z be an lc-trivial fibration between normal projective varieties,
0 Z' — Z a surjective morphism from a projective normal variety Z' and f': (X', A') — Z' the lc-trivial

fibration induced by the normalization of the main component of the base change.

(X, A) <2 (x', N)

o,k

Z+"l 7

Let M and M’ be the moduli b-divisors of f and f'. Then the following hold:

(1) If M descends on Z and M' descends on Z', then p*Mz = M’,,.
(2) If p is finite, then p*My = M,,. In particular, M descends on Z if and only if M’ descends on Z'.
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Proof. Result (1) is [Ambro 2005, Proposition 3.1].

For (2),let g’ : W — Z’ and g : W — Z be birational morphisms such that M’ descends on W’ and M
descends on W and p : Z’ — Z lifts to a morphism pw : W' — W. Then pj, My = My, by (1). Because
p is finite and any g-exceptional divisor is only dominated by g’-exceptional divisors, the pushforward of
pyy My = My, to Z' gives p*Mz =M., O
Theorem 6.4. Let (X, A) be an Ic pair, and let f : (X, A) — Z be an lc-trivial fibration to a smooth
projective variety Z. Suppose X' — X is a log resolution of (X, A) and (X', A') is a subpair such that
g: (X', A" — (X, A) is a crepant birational morphism. Suppose D C Z is a smooth divisor on Z such
that (X', Supp(A")) is log smooth over the generic point np of D. Let Y be the normalization of the
irreducible component of f~'(D) that dominates D, and let Ay be the Q-divisor on Y such that

Ky +Ay=(Kx+ A+ f*D)ly.

Let M7 denote the moduli part of (X, A) — Z. Suppose there is a smooth divisor B on Z such that
B + D is a reduced simple normal crossing divisor and the morphism h : X' — Z and N', B satisfy
the standard normal crossing assumptions. Then (Y, Ay) — D is an lc-trivial fibration and its moduli

b-divisor N is equal to the restriction of M up to Q-linear equivalence.

Proof. By assumption, & is smooth over Z\ B, D is smooth and the singular locus of 2~ (D) is contained
in A=Y (B)Nh~1(D). After blowing up a sequence of smooth subvarieties whose centers are contained in
the singular locus of h=1(D), we may assume that (X', Supp(A’ + h*(B + D))) is log smooth. It is easy
to see that the morphism 4 : X’ — Z and A’, B also satisfy the standard normal crossing assumption.
Let E’ be the irreducible component of 2*D that dominates D, and let A’;, be the Q-divisor on E’
such that
Kp+ Ay =(Kx +A"+h*D)|g.

It is easy to see that the generic fiber of (E’, A’;,) — D is crepant birationally equivalent to the generic
fiber of (Y, Ay) — D, which means the two lc-trivial fibrations have the same moduli part. Then we only
need to prove the result for (E’, A%,) — Z.

By the canonical bundle formula, there is a divisor Bz supported on B such that

Ky +A +h*D ~g h*(Kz+ Bz + Mz + D) (6-1)
and

Kx+A+ f*D~q f*(Kz+Bz+ Mz + D). (6-2)

Because B + D is reduced and (Z, B + D) is log smooth, (Z, B + D) is an lc pair. By the canonical
bundle formula,
Ky +A +h*D+h*(B—Bz)~qgh*(Kz+ B+ D+ Mj).

Because i : X’ — Z and A’, B satisfy the standard normal crossing assumptions, the moduli part M
descends on Z and (Z, B+ D + M7 ) is generalized Ic. Thus, by [Ambro 2004, Theorem 3.1],

(X', A"+ h*D + h*(B — By))
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is sub-lc. Because Z is smooth and B— By is effective and Q-Cartier, after replacing A’ by A’+h*(B—By),
A by A+ f*(B—Bz) and Bz by Bz + (B — Bz) = B, we can assume that B = Bz and every irreducible
component of B is dominated by an irreducible component of A" which has coefficient 1, and (X, A) is
still a pair. Since Kx' + A"+ h*D = g*(Kx + A + f*D), we have that (X, A+ f*D) is lc.

Let g(E’) = E, and suppose h*D = E'+ E| and f*D = E + E|. Recall that Y is the normalization
of E. Restricting (6-1) to E’ and (6-2) to E, by the adjunction formula, there are a Q-divisor A’E, and an

effective Q-divisor Ay such that
(Kx'+ A'+h*D)|p ~q Kpr + A
~g hy(Kp+ Blp+Mz|p),
(Kx +A+ f*D)ly ~a Ky + Ay
~a f£(Kp+ Blp+ Mz|p).
It follows that A%, = A'|p + E{| g/, (E', Ap) is sub-lc, Ay is effective and K+ Ay, ~q g5 (Ky +Ay),

where gp' : E' — Y is the birational morphism induced by g|g' : E" — E. It follows that A, _ is
ger-exceptional, and hence (E’, A’;,) — D is an lc-trivial fibration.

(E/’ A/E’)(_> (X/a A/)

-

Y, Ay)—— (X, A) |

]

D——— 7

By the canonical bundle formula for (E’, A%,) — D, we have
Kg + A ~ag hly (Kp+ Bp + Np). (6-3)

To prove Np ~g Mz|p, we only need to prove that Bp = B|p.

Since the morphism X’ — Z and A’, B satisfy the standard normal crossing assumption, M descends
on Z. Similarly, because B + D is snc, (D, Supp(B|p)) is log smooth and (E’, Supp(A’;,)) is log smooth
over D\ BN D, we have that N descends on D. For the same reason, the morphism E’ — D and A’E,,
B|p satisfy the standard normal crossing assumption. By the construction of the boundary divisor, Bp is
the unique smallest Q-divisor supported on B|p such that

A/E’,v +h%/(Blp — Bp) <red(h}/(B|p)),

where A%,,U is the vertical part of A’,,. Because every irreducible component of B is dominated by an
irreducible component of A’ which has coefficient 1 and every irreducible component of B|p is dominated
by an irreducible component of A, = A'|g + E i | e7 which has coefficient 1, we have B|p = Bp and the
result follows. U



On the boundedness of canonical models 2149

Theorem 6.5. Let S be a normal projective variety and § : (Vs, Rs) — S be an lc-trivial fibration such
that the corresponding moduli b-divisor M descends on S. Suppose there exists an open subset H — S
such that (Vs, Supp(Rs)) is log smooth over H. Let Z be a projective normal variety and ¢ : Z — S be a
morphism which maps the generic point of Z into H. Assume (X, A) — Z is an lc-trivial fibration whose
generic fiber is crepant birationally equivalent to the generic fiber of (Vs, Rs) Xs Z — Z. Let M be the
moduli b-divisor of f. If M descends on Z, then we have

M7z =¢*"Ms.

Proof. Let (Vy(z), Rep(z)) — ¢(Z) be the contraction induced by the restriction of (Vs, Rs) — S on
¢(Z). Because (Vs, Supp(Rs)) is log smooth over H and the generic point of ¢ (Z) is in H, we have that
(Ys(z)» R(z)) = ¢(Z) is an Ic-trivial fibration over an open subset of ¢ (Z). We denote the corresponding
moduli b-divisor by N. Let Sz — ¢ (Z) be a birational morphism such that N descends on Sz. We have
the following two cases:

Case 1: Sz =S. Because ¢ is surjective, M descends on Z and M descends on S, by Proposition 6.3,
we have ¢* Mg ~g Mz.

Case 2: Sz is a subvariety of S of codimension > 1. Consider the diagram

b, Rp) (575, 7Aé§)

T~
l (Vs,, Rs,)

= =

T~

Vs, Rs)

| —

where
e S>Sisa log resolution of (S, S\ H),
« D is a divisor on S that dominates S,
e« (S,D+h"I(S \ H)) is log smooth, and
* Vs, Rs,) = Sz, (¥Yp,Rp) — D and (33, ﬁ) — & are induced by the pullback of (J, R) — S.

It is easy to see that O, Supp(ﬁ)) - Sis log smooth over §\ h=Y(S\H).

After replacing Z by a higher birational model and (X, A) — Z by the corresponding pullback, we
may assume that Z — Sy is surjective. Because the generic fiber of (X, A) — Z is crepant birationally
equivalent to the generic fiber of the pullback of (Vs, Rs) — S via ¢, it is also crepant birationally
equivalent to the generic fiber of the pullback of ()s,, Rs,) — Sz. Then, by Proposition 6.3, we have
Mz = ¢*Ns,.

Because the generic point of ¢ (Z) is in H, we have D ¢ Y S\ H). By Theorem 6.4, the induced
morphism (Vp, Rp) — D is an lc-trivial fibration, and the corresponding moduli divisor M is equal to
Mz|p = (h*Ms)|p. By Proposition 6.3, Mp = g*Ms,, and hence Mz = ¢*Ms, = ¢* Ms. O
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Theorem 6.6 [Ambro 2005, Theorem 3.3]. Let f : (X, A) — S be an lc-trivial fibration over a variety S
such that the geometric generic fiber Xj is a projective variety and Aj is effective. Then there exists a

diagram Co
(X, A) (X, &)

such that
(1) £ (X', AY — S is an lc-trivial fibration,
(2) t and 1 are generically finite and surjective morphisms and p is surjective,
(3) there exists a nonempty open subset U C S and an isomorphism
X, A) xsU ——— (X', Ay xg U
— U —
4) ®: 8 --+ 8" is an extension of the period map defined in [Ambro 2005, Section 2], and

(5) i :S' --» S is a rational map such that the generic fiber of f' is equal to the pullback of f via i.

Furthermore, if S is proper, then one can choose S, S' and S* to be proper. Let M and M' be the

corresponding moduli b-divisors of f and f'. Then we have
(6) M' is b-nef and big, and
(7) if M descends on S and M' descends on S', then t* Mg = ,o*Mfg,.
Although it is not written in [Ambro 2005], (4) and (5) are implied by its proof.

Theorem 6.7. Let (X3, aDy)— H be the lc-trivial fibration defined in Remark 6.1. Then, after passing to
a stratification of H and replacing (Xy;, aDy) — H by the corresponding pullback, we have the diagram

(X3, aDy) (X,,,aDs,)
]-‘l L l}“
HE——H FH T W
where ¢
o T is finite,

o 1T Is étale,

o @ is a morphism on H,

o H* is weakly bounded and smooth,

o (X3, D) xy H=(X,,, D) xqp H, and

o (Xy, Dy) — H and (z’\,’;{!, D;_l,) — M’ have fiberwise log resolutions.
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Furthermore, there exist a smooth compactification H* — S* and a positive integer | such that if
f (X, A) — Zisan lc trivial fibration, where

o Z is smooth and projective,

o there is a rational map ¢ : Z --+ H, and

e the generic fiber of f is isomorphic to the generic fiber of the pullback of (Xy, aDy) — H by ¢,
then there exists a b-divisor M™ on birational models of Z such that

o MHx g effective,

. Mg’f ~q My for every birational map Z' — Z,

o IM"™ js b-Cartier, and

o if ® o ¢ extends to a morphism Z — S*, then Supp(ng) D Z\U, where U = (P o)~ ' H*.

Proof. Step 1: We construct the stratification of 7, define 7 and #*, define the lc-trivial fibration
Fe (X;{!, aD;{,) — ' and construct the diagram satisfying the requirements.
Because oDy is effective, by Theorem 6.6, we have the following diagram:

(X3, aDy) (X, aDs,)
fl ; l}‘!
HE T H— L3 T
e

We replace H by an open subset such that
o F has a fiberwise log resolution.
Then we replace #* by an open subset, and 7' and # by the corresponding preimages such that
e 77 1S étale,
o H* is weakly bounded and smooth, and
. (X;_[,, D;{,) — ' has a fiberwise log resolution.
Next we replace # by an open subset and A by the corresponding preimage such that
e 7 is finite,
e ® is a morphism on H,
o (X3, D) xy H=(X,,, D,,) x4 H, and
o (Xy, Dy) — H has a fiberwise log resolution.

Then we repeat this construction with the complement of #. By Noetherian induction, we have a
stratification of H satisfying the properties.
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Step 2: We construct smooth compactifications # < S, H' < &', and H* < S*, a Q-divisor M
on S, and a ()-divisor Mg‘!" on S' such that

. Mg" ~q Mg, where M is the moduli b-divisor of F,

. Mgl," ~Q MES,, where M is the moduli b-divisor of F",
e Supp(MI¥) D 7 ~1(8* \ H*), and

« 7(Supp(p* M) C Supp(MI).

Let (Vy, Ry) — (X, aDy) and (y“!rt” R!H,) — (X;L[!, aD;L[!) be crepant birational morphisms which
are fiberwise log resolutions of F and F'. After taking smooth compactifications of the bases H, #, H'
and #H*, and choosing extensions of the fibrations, we have the following diagram:

Vs, Rs) Vg Rig)

Recall that H* is weakly bounded. By Lemma 5.3, we may assume that H* — S* is weakly bounded
with respect to an ample divisor H on S&*.

Furthermore, by choosing the compactification appropriately, we may assume that the moduli part
M' of F' descends on S' and the moduli part M of F descends on S. By Theorem 6.6, we have
T"Ms = p*Mig,.

Because Mfs, is big, we can fix a section of M?ﬁ‘ € |M‘!s! |g such that Supp(M?,") O (S*\ H).
Because 7* Mg = p*MES,, we can choose Mg" such that t(Supp(p*M?,x)) C Supp(Mg").

Step 3: We show that, to construct M X satisfying the requirements, we are free to replace Z by a higher
birational model.

Let h: Z' — Z be a birational morphism such that M descends on Z’. Suppose there exists a b-divisor
M™ satisfying the requirements. Because Z is smooth, M%" is (D-Cartier. Note M%’,‘ ~g My is nef. By

the negativity lemma, M%’,‘ <f *Mg", and we have

Supp(M5Y) C f~" Supp(M3").
Then Supp(M5¥) > Z'\ h=!(U) implies that Supp(M%*) > Z \ U, so we can replace Z by a higher
birational model such that M descends on Z.

Step 4: We construct M and finish the proof.
We have the following two cases:

Case 1: The generic point of ¢(Z) is contained in Supp(MgX). We stratify S further to the disjoint
union of the irreducible components of Supp(Mg") and its complement, then replace (X, «Dy) — S by
its restriction and repeat this process. By Noetherian reduction, this will stop.
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Case 2: The generic point of ¢(Z) is not contained in Supp(Mg"). Because (Vs, Supp(Rys)) is log
smooth over #, the generic fiber of (X, A) — Z is crepant birationally equivalent to the generic fiber of
the pullback of (s, Rs) — S via ¢, and the generic point of ¢ (Z) is contained in H, by Theorem 6.5,
we have ¢* Ms ~g M. We define the b-divisor M1 by

o M :=¢* MM and
. ng = h* M5 for any birational morphism 4 : Z' — Z.

Suppose [ Mg" is Cartier and /M* is b-Cartier.
Because Supp(M?,") S N S*\HY), r(Supp(,o*Mgi,X)) C Supp(Mg"), and mop = ®ort, we have
SUPP(MEX) D t(Supp(p*Mgllx)) > &~ 1(8*\ H*), and thus

® o ¢(Z\ Supp(p* M) c H*.
Also because (/5*./\/12" ~0 ng and (® 0 @)~ (H*) = U, we have Supp(MgX) DZ\U. O

Suppose there is a family of bases &/ — T of log Calabi—Yau fibrations whose fibers are parametrized
by the Hilbert scheme defined in Remark 6.1. That is, every fiber U is the base of a log Calabi—Yau
fibration whose fibers belong to the moduli defined in Remark 6.1. Then, for a closed point ¢ € 7', we have
a moduli map ¢ : Uy — H. Let ¢* : Uy — H* be the composition of ¢ : Uy — H with & : H — H*. We
define U, := U, x 3+ H' (possibly not connected). Because H X! (X;{!, ozD;{!) = H x4 (X, aDy), there
exists a finite cover V — U, such that V x4, (X}, aD;{!) =V x4 (Xy, aDy). The next theorem says:
if there exists a morphism ® : &/ — H* such that ¢* = ®[,,,, then we can find a relative compactification

of U < Z over T, so that the moduli b-divisor of the log Calabi—Yau fibration over U/, descends on Z,.

Theorem 6.8. Consider the diagram

Vs Rig)
S—r s8¢
H! H*
ﬂl'H!

where

o S* and S' are smooth schemes,

o H* < S* and H' — S' are dense open subsets,
o |4 is étale,

. (yé,!, Supp(RES!)) is log smooth over H', and

. (y;_[;, R!H,) — H' is an lc-trivial fibration whose moduli b-divisor M' descends on S', where
Vs Ryp) = Vi Rig) x50 H
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Suppose there is a family of smooth quasiprojective (possibly not proper) varieties U — T, where T is
of finite type, and a morphism ® : U — H*. Let U := U x 3 H'. Then, after passing to a stratification
of T, there is a family of projective varieties Z — T and a Q-Cartier Q-divisor M on Z such that Z; is
a compactification of U for every closed point s € T and, for any closed pointt € T, if (X, A) - Z is
an lc-trivial fibration such that

e there is a closed point t € T together with a birational morphism Z — Z,, and

o there exist a scheme V and a finite cover V. — U, such that, for every irreducible component V; of V,
the generic fiber of (X, A) xz, V; — V; is crepant birationally equivalent to the generic fiber of

Yy Rip) Xap Vi > Vi,
then the moduli part M of (X, A) — Z descends on Z; and Mz, = M|z,

Proof. To prove the result, we may assume S* is irreducible.

After passing to a stratification of 7, we may assume that 7 is smooth and U/ — T is a smooth
morphism. Because H' — H* is étale, Y — T is smooth and U — U is étale. Let K(Zjl)/K(Z/{) be the
Galois closure of K(U)/K (U) and U — U be the Galois cover with group G. After replacing U/ by an
open subset and passing 7 to a stratification, we assume that U, — U, is an étale morphism for every
closed point ¢ € T'. Note the fiber of U—T may not be irreducible.

The composition of i — U and base change of © : I — H* via Y — U defines a morphism
o° U — H. Suppose U Z'isa compactification over T such that ®° extends to a morphism
Z' — S'. Because U is smooth, we may let Z—>Zbea G-equivariant log resolution of (2, g’\ )
which is an isomorphism over . Note ®° extends to a morphism d:Z— S After replacing T by a
finite cover, we may assume every strata of (Z,Z \ ) is irreducible over T By the generic smoothness
theorem, after passing to a stratification of 7', we may assume~ that (2’:i s (FZVS \ Z:'{S)| Zw) is log smooth
for every closed point s € T and every connected component Z; ; of Z;.

Let Z be the quotient of Z by G. Because Zisa compactification of U over T and the quotient
of U by G is U, we have that Z is a compactification of ¢/ over 7. Next, we show that Z satisfies the
requirements.

Suppose (X, A) — Z is an lc-trivial fibration that satisfies the conditions, let Z — Z; be the corre-
sponding birational morphism and V — I/, the corresponding finite cover, and denote its moduli b-divisor
by M. We replace V by V x7; U, and assume V — U, factors through V — U,. Because V — U, and
U ¢ = U, are finite covers, we can choose a compactification V < W such that the induced morphisms
W — 5, and W — Z, are finite covers.

Write

!

Vi Rig) = Vg Ryy) a0 Ui,

where the morphism L{, — H'is <I>°|u Because (y ' Supp(R 1)) is log smooth over H', we then
have that (y Supp(R )) is log smooth over Z/{t Let Z,l be any irreducible component of Z,,
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and let ZT{,J' = 27, N Z,,-. Because (334,,1', (Et \ Zjlt)lgti) is log smooth, the moduli b-divisor M of a
compactification of (3/7!_[,, R!H!) X! Z’:{t,,- — Z’:{,,i descends on ZJ according to Definition 2.9. We define
M to be the b-divisor on Z, whose restriction on Z, ; is M".

Let V; be an irreducible component of V which dominates u +.i- By assumption, the generic fiber of
(X, A) xz, V; = V; is crepant birationally equivalent to the generic fiber of (y;{!, R’H!) Xqp Vi = Vi3
hence the generic fiber of (X, A) x z, W; — W, is crepant birationally equivalent to the generic fiber of
(ybt, R!LNA) X g, Vi = Vi, where W; is the irreducible component of W corresponding to V;. Note that
the moduli b-divisor only depends on the crepant birational equivalence class of the generic fiber. By
Proposition 6.3, because the moduli b-divisor M descends on Z ¢i and z i — W, is a finite cover, the
moduli b-divisor of a compactification of (X, A) x z, V; — V; descends on W;. Also because W; — Z; is
a finite cover, M descends on Z;. By considering every irreducible component of Z,, we have that M z,
is equal to the pullback of Mz,.

Recall that ®° extends to a morphism ®: Z — S'. Because (y;{!, Supp(RfH!)) is log smooth over 7',
the generic point of Z,; maps into H' and M' descends on Z +.i for every irreducible component z fi
of Z,. Then, by Theorem 6.5, we have

Mz, = (3]z)" M.
Let M := CTD*M:S, Because Z — Z is the quotient by G and dec g*ﬂ is G-invariant,
*
|G| Zg M
geG

is equal to the pullback of a Q-Cartier Q-divisor M on Z.
Because Mz z, is equal to the pullback of Mz, and M3z z, = = M|z %,, we have that M|z z, 1s equal to the
pullback of a Q-divisor on Z,. By the construction of M, we have Mz, = M|z,. O

7. Proof of Theorem 1.1

Proof of Theorem 1.1. We use the same notation as in Remark 6.1 and Theorem 6.7.

Let C > v be any fixed number. To prove the DCC, we only need to prove that if Ivol(Kx + A) < C,
then Ivol(K x + A) is in a DCC set. By Theorem 2.12, we can construct a generalized pair (Z’, Bz +Myz')
and birational morphism Z" — Z such that

o coeff(Bz) belongs to a DCC set 7',

o the moduli b-divisor M of f descends on Z’,

e Ivol(Kxy + A) =vol(Kz + Bz + M), and

e (X, A) has the same canonical model as (Z’, By +M7z).

After replacing Z by Z’, and Bz and Mz by Bz and M, respectively, we only need to prove that
vol(Kz + Bz + M) belongs to a DCC set. To this end, we add {1 — 1/k, k € N} into Z’ and assume that
{1—1/k,keN}CT.
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By Remark 6.1, we have an lc-trivial fibration (X, aDy) — H corresponding to the class € of
polarized log Calabi—Yau pairs. Consider the diagram

(X3, aDy) (X,,,aDs,)
]-'l i ~ l]—"
O]

constructed in Theorem 6.7. Because # has only finitely many irreducible components, to prove the results,
we may assume H is irreducible. Let S* be the compactification of H*, / be the positive integer defined
in Theorem 6.7, and (Vx, Ry) — (Xy, aDy) and (y;{!, R’H,) — (X;{!, oaD;{,) be crepant birational
morphisms which are fiberwise log resolutions of F and F'.

Since a general fiber (X4, Ag, L,) is in ¢, by Remark 6.1, there is an open subset U < Z such that
(Xv. Alx,) is crepant birationally equivalent to the pullback of (3, R%) — H by a morphism U — H.
Let h : Z' — Z be a birational morphism such that U — #H & ‘H* extends to a morphism ¢ : Z' — S*.
Let k be a sufficiently large integer such that Kz + h;lBZ +(1=1/k)E+ Mz > h*(Kz+ Bz + M),
where E is the exceptional divisor of 4. Then we replace Z by Z', Bz by h 'B,+(1 -1 /k)E, and M,
by M7/, and assume that there is a morphism ¢ : Z — S*. Note that we keep the facts that coeff(Bz) is
in the DCC set 7, the moduli b-divisor M of f descends on Z, Ivol(Kx + A) =vol(Kz + Bz + M7),
and (X, A) has the same canonical model as (Z, By + M7y).

Because dim Z < dim X = n, to prove the results, we may assume dim Z = d is fixed. Let M be the
b-divisor defined in Theorem 6.7. Then

. M%" is effective and nef,
. M%ﬁ‘ ~q My for every birational map Z’ --» Z, and
o IM* is Cartier.

By Step 1 of the proof of Theorem 3.2, there is a positive integer r depending only on d, [, and Z’ such
that, after replacing Z by a birational model and B by the strict transform plus (1 — 1/k)E, where E
denotes the reduced exceptional divisor and & is a sufficiently large integer, there is a birational contraction
g:Z — W and a very ample divisor A on W such that g*A+ F' ~r(Kz + Bz + ng) for an effective
Q-divisor F’ > 0. Because

vol(A) < vol(r(Kz + Bz + M%) = rf Ivol(Kx + A) < rC,

W is in a bounded family YW — § and there is a relative very ample divisor .A on W such that A|y, ~ A,
where 0 is a closed point of S such that W = W),.

After passing to a stratification of S, we may assume VW — S has a fiberwise log resolution W' Lw-s.
Because A is relatively very ample, we can stratify S further, so that there exists a sufficiently large
integer r’, a relative very ample divisor A" on W’ and an effective divisor £ ~ r'%4* A — A’ such that £y,
is effective for every closed point s € S. Then we replace W by W, A by A'lyy, F' by r'F' + &y,
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Z by a birational model, and By by the strict transform plus (1 — 1/k) E, where E denotes the reduced
exceptional divisor and k is a sufficiently large integer. We have

e A is very ample,

e W is smooth, and

e g*A+F ~r(Kz+ Bz + ng) for an effective Q-divisor F’ > 0.
We define F := F'+r((2d + 1)l — )M 5. Then F is effective, Supp(M %) C Supp(F), and g*A + F ~
r(Kz+ Bz + Qd + 1)IMY).

Next, we construct a birational open subset of Z which maps into #* via ¢ and belongs to a bounded
family of quasiprojective varieties. This is similar to Step 2 of the proof of Theorem 3.2.

Recall that H* — S* is weakly bounded with respect to an ample Cartier divisor A on S*. Let
Z --» Z, be the canonical model of Ky + Bz + (2d + l)lMgX 4+ 2d + 1)¢*A + 2d + 1)g*A. By
[Birkar and Zhang 2016, Lemma 4.4], Z --» Z. is ng—, g*A- and ¢* A-trivial. Then there are two
morphisms g’ : Z, — W and ¢ : Z, — S*. Let Bz, and F, be the pushforward of Bz and F on Z.. Then
Kz .+ Bz + (2d + l)lMgf + Q2d+ 1)¢™*A + (2d + 1)g"™* A is ample: note lMgf‘ is nef, effective and
Cartier. Because Kz, + Bz, + (2d + l)lMgf ~q (g*A+ F.)/r, we have

L(g At B+ d + 13" A +(2d + g A

is ample. We denote it by A’; clearly A’ is effective.

Because coeff(Bz) is in a DCC set Z' and r (K7 + Bz + (2d + 1)lM§") ~ g*A+ F, with
{r(Kz+ Bz + (2d + DIM}")} = {rBz} = {F},

coeff(F) isinaDCC set Z’=7"(Z', d, r). In particular, there is a positive number § such that coeff(F) > §.
The proof of the following claim is deferred until after the main proof.

Claim: (W, Supp(g.(A’+ Bz,))), which is equal to (W, Supp(A+ g, (¢"* A+ F.+ Bz.))), is log bounded.
Because A’ is ample and effective and W is smooth, we have that g’ (Supp(A”)) is pure of codimension 1
Ik 7

and g’ (Supp(A”)) = Supp(g,A’). By the negativity lemma, A’ = g g’ A’— E’, where E’ is an effective ex-
ceptional Q-divisor such that Supp(E") =Exc(g’). Because A’ >0, we have that Exc(g’) C Supp(g™*g.A”)
and
W\ Supp(g,A) = Z. \ Supp(g"g.A").
By Theorem 6.7, ¢(Z\Supp(M§X)) C H*. Since Supp(ng) C Supp(F) and ¢(Z\Supp(M§X)) CH*,

we have Supp(Mg’C‘) C Supp(F,) C Supp(A’) and ¢'(Z. \ Supp(Mg’c‘)) C H*. Let
Uc:=Z. \ Supp(g™g,A’) = W\ Supp(g,A).
It is easy to see that U, C Z. \ Supp(Mg’:) and ¢'(U,) C H*.
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Because (W, Supp(g, (A’ + Bz.))) is log bounded, there is a family of varieties &/ — T over a scheme
of finite type T and a closed point ¢ € T such that

U =W\ g, (A" + Bz,) CU..

Because 7* is weakly bounded, by applying Theorem 5.5 with M := #{* x T, there exists a finite type
scheme # and a morphism # x U — H* x T over T such that, if we let ® : # x U — H* be the
composition of #' x U — H* x T with the projection #* x T — H*, then ¢'|y, = O|(,)x 1, for a closed
point p € #'. Wereplace U > T by # xU — ¥ xT.

Let V := U x4 H; then V — U is a finite cover. By Theorem 6.6 and the fact that (X, Alx,) is
crepant birationally equivalent to the pullback of (Vs, Rs) = S via U — H — S, for every irreducible
component V; of V, the generic fiber of (X, A) xz V; — V; is crepant birationally equivalent to the
generic fiber of (y;{!, R!H!) x4 Vi = V;. Then, up to passing to a stratification of 7', by Theorem 6.8,
there is a compactification &/ < Z/T and a Q-Cartier Q-divisor M on Z such that the moduli b-divisor
M of (X, A) descends on Z; and Mz, = M|z,.

Let P := Z\ U; then P, = Supp(g, (A’ + Bz.)). After passing to a log resolution of the generic fiber
and passing to a stratification of 7', we may assume that (Z, P) — T is a projective log smooth morphism.
We also replace M by its pullback. Note: we still have that M descends on Z, and Mz, = M|z,.

Let h:Z'— Z be alog resolution of (Z, Bz) such that the isomorphism U, = U, extends to a morphism
7' — Z;. We replace Z with Z’ and Bz with its strict transform plus (1 — 1/k)E, where E denotes the
reduced exceptional divisor and k is a sufficiently large integer. Note that we keep vol(Kz + Bz + M)
and the canonical model of (Z, Bz + M7), and we still have coeff(Bz) C T'.

Since Supp(g«Bz) = Supp(g.Bz.) and Supp(g, (A’ + Bz,)) C P,, the pushforward of Bz on Z; is
contained in P;. Also because M descends on Z;, we have that M descends on Z’; hence (Z', Bz +Myz)
is a generalized Klt pair and coeff(Bz/) C 7’ is a DCC set. Then, by Theorems 3.3 and 4.2, conclusions
(1) and (i1) follow. Il

Proof of claim. We use the same notation as in the proof of Theorem 1.1.

Because W is bounded by the construction, A and A are integral divisors, coeff(Bz,) is in a DCC set,
coeff(F,) is bounded from below, and A is very ample on W, by boundedness of the Chow variety, we
only need to prove that the intersection numbers

AT g ¢ A, ATl ¢/B; and A%l glF,
are bounded from above.

First we show that there is a constant C such that

vol(Kz + Bz + (2d + 1)IM%) < C.

By Theorem 2.5, there is a rational number e € (0, 1) such that K7+ Bz +eM7 is big. By the log-concavity
of the volume function, we have that

vol(Kz + Bz + M) > 39 vol(Kz + Bz +eM%) 4+ (1 = 0)? vol(Kz + Bz + (2d + DIME),  (7-1)
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where
Q2d+ 1l —1

T dti—e

By assumption, vol(Kz + Bz + ng) < C, and hence vol(K7z 4+ Bz + (2d + l)lng) <C/( - 2.
Second we prove that A?~!.g/¢™* A is bounded from above, which is equivalent to proving that
A1 g.¢* A is bounded from above. The idea is to show that A9~!.g.¢*A is equal to the degree of a
divisor on a (g, m)-curve, with g + m bounded, then apply weak boundedness.
Let Ay,...,Ag—1 € |g*A| be d — 1 general members of the linear system. Because g* A is base point
free, the elements of {Supp(4;),i = 1,...,d — 1} are smooth divisors and intersect along a smooth
curve C. By the adjunction formula,

(g* A" (K7 4+ Bz 4+ Qd 4+ DIMY> + (d — 1)g* A) = deg(K¢ + Bz|c + 2d + 1)IM¥| ).

Consider the diagram
Z +——
\
/ | /
4
— 27

where Z, is the canonical model of Ky + Bz + (2d + 1)lM§x 4+ (2d+1)g*A and Z is a resolution of
indeterminacies of Z --+ Z,. By [Birkar and Zhang 2016, Lemma 4.4], Z --+ Z; is g*A-trivial, so there
is a birational morphism g; : Z; — W. By the projection formula,

(g*A) ' (Kz + Bz 4+ Qd + DIM> + (2d + 1)g* A)
= (h*g* )™ .(h* (K7 + Bz + 2d + 1)IMY + (2d 4 1)g* A))
= (gT AL (hyh* (K7 + Bz + (2d + DIMY 4 2d + 1)g* A))
= (g1 A" (K7, + Bz, + 2d + DIME + (2d + 1)g} A),
where Bz, is the pushforward of Bz. Since Z; is the canonical model of
Kz + Bz +Qd+ DIMY + (2d + 1)g*A,
Kz + Bz, + (2d + 1)IM®* + (2d + 1)g* A is ample. By the binomial theorem, we have
1 1 Z 81 p y
(Kz, + Bz, +Qd+ DIMS + (2d + 1)gf A + g} A)*

=> (‘.’)(gTA)d*f.(Kz, + Bz, + (2d + DIMY + (2d + 1) g} A).

i
0<i<d
Because g{A and Kz, + Bz, + (2d + l)lMrlx + (2d + 1)g7 A are both nef, we have

(gAY (K7, + Bz, + (2d + DIME + (2d + 1)g; A) > 0
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for every 0 <i <d. Then
(8F A (K7, + Bz, + 2d + DIMY + (2d + 1)g} A)
d
< (1) @A Kz, + By, + Qd+ DIME + 2d + DgiA)
<(Kz, + Bz, + Qd + DIMJ* + (2d + 1)gi A+ g A)?
=vol(Kz, + Bz, + (2d + DIM5* + (2d +2)g} A).
Since Z --+ Z; is g* A-trivial and Z; is also the canonical model of KZ+BZ+(2d+1)lM§X+(2d+2)g*A,
we have
vol(Kz, + Bz, + (2d + DIMY* + (2d +2)g} A) = vol(Kz + Bz + (2d + )IMY* + (2d +2)g* A)
<vol(Kz+ Bz + Q2d + 1)IMY + (2d +2)(g* A+ F))
= vol((1 4 (2d +2)r)(Kz + Bz + (2d + 1)I M)
14+ @d+2)r\*
- < +(2d + )r> c..
r
Then we have
deg(K¢ + Bzlc + Qd + 1)IMY¥|c) = (g* A (K7 4+ Bz + 2d + DIMY 4+ (d — 1)g*A)
< (g AT (K7 + Bz 4 2d + DIME + 2d + 1)g*A)
1+ @Qd +2)r\?
S( + (2d + )r) Ci. (7-2)
r
By the construction of M%", we have that Z \ Supp(Mg") maps into H*, so C \ Supp(M%"lc) maps
into H*. Suppose C° :=C\ Supp(nglc) is a (g, m)-curve. Then m < degc(lnglc) and
2g — 2+ (2d + Dm < deg(Kc + Bzlc + 2d + DIM5*|c)

is bounded. Because H* is weakly bounded with respect to A and C° is a (g, m)-curve with 2g+(Q2d+1)m
bounded, we have that (g*A)4~!.¢* A = C.¢* A =deg(¢* A|c) is bounded and, by the projection formula,
A4 g .p* A is bounded.

Third we show that A4~!. g, Bz. is bounded from above, which is equivalent to proving that Ad-1, g+Bz
is bounded from above. Because coeff(Bz) C 7" isina DCC set, IM g" is nef and Cartier and Kz+Bz+M»
is big, by [Birkar and Zhang 2016, Theorem 8.1], there exists ¢ depending only on d and Z’ such that
Kz +eBz + My is big. Thus we have

_ 1 _ 1 N
Al g By < m(g*A)d '((1—e)Bz+Kz+eBz+Mjz) = E(g*A)" "(Kz+ Bz +Mp).
Since ng and g* are effective, we have
(AT (K7 4+ Bz +Mz) < (A (K7 + Bz + (2d + DIMY 4 2d + 1)g* A).

We then apply the last inequality of (7-2).
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Finally we prove that A?~!.g/ F. is bounded from above, which is equivalent to proving that AY~!.g, F
is bounded from above. Because Kz + Bz + (2d + I)ZMSX ~q (g*A+ F)/r, we have

A g F = (g* AL F < (g* A r(Kz 4+ Bz 4+ Qd + DIMY),
which is also bounded by (7-2). |

Proof of Corollary 1.3. After replacing X with a Q-factorization and A with its strict transform, we may
assume X is Q-factorial. Let § be a sufficiently small positive rational number such that (X, (14+§)A) is klt.
Since Kx + (1 4+8)A ~q,z 8A is big over Z, by [Birkar et al. 2010], there exists the relative canonical
model X --» X’ of Kx + (1 +38)A over Z, and hence Kx' + (1 +8)A’ is ample over Z, where A’ is the
pushforward of A. For a general fiber (X7, A}) of f: X" — Z, we have that Kx, +(1+ 8) A is ample.
Because X --» X’ is a birational contraction and Ky + A ~q,z 0, we have Ky + A’ ~g 7 0, which
implies Ky, + A} ~g 0. Thus

1
—Kx, ~0 A ~a 5 (Kx, + (1 +8)4))

is ample. Note K x + A is crepant birationally equivalent to K x+A’. Then Ivol(K x +A) =Ivol(Kx +A”)
and (X, A) and (X', A’) have the same canonical model. We replace (X, A) with (X', A).

Because coeff(A) is in a DCC set Z, by [Hacon et al. 2014, Theorem 1.5], there exists a finite subset
7' C T such that coeff(A,) C Z'. Furthermore, there is a positive rational number € € (0, 1) depending
only on Z’ such that (X,, A,) is e-Ic. By the Birkar-BAB theorem [Birkar 2021b, Theorem 1.1], X, is
in a bounded family only depending on € and dim X,. Because dim X, < dim X = n, by boundedness,
there exist positive integers / and C depending only on € and n such that —/Kx, is very ample without
higher cohomology and vol(—/Kx,) = (—[Kx, )™ ¥« < C.

Since coeff(A,) is in a finite set 7', there exists 8’ > 0 such that coeff(A,) > §’. Because Ag ~g —Ky,,

we have
red(A ) (—1K )1 < (=Ko ) (1K x )N < o (1K )X < £
Because —/ K, is very ample without higher cohomology,
(1K) ™% <€ and  red(Ag).(—1Kx )N < 2
we have that (X, Ay, —IKy,) is in a log bounded class of polarized log Calabi—Yau pairs. We define
L := —I[Kx, then apply Theorem 1.1. O
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