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An asymptotic orthogonality relation for GL(n, R)
Dorian Goldfeld, Eric Stade and Michael Woodbury

Orthogonality is a fundamental theme in representation theory and Fourier analysis. An orthogonality
relation for characters of finite abelian groups (now recognized as an orthogonality relation on GL(1)) was
used by Dirichlet to prove infinitely many primes in arithmetic progressions. Asymptotic orthogonality
relations for GL(n), with n < 3, and applications to number theory, have been considered by various
researchers over the last 45 years. Recently, the authors of the present work have derived an explicit
asymptotic orthogonality relation, with a power savings error term, for GL(4, R). Here we extend those
results to GL(n, R), n > 2.

For n <5, our results are contingent on the Ramanujan conjecture at the infinite place, but otherwise
are unconditional. In particular, the case n = 5 represents a new result. The key new ingredient for
the proof of the case n = 5 is the theorem of Kim and Shahidi that functorial products of cusp forms
on GL(2) x GL(3) are automorphic on GL(6). For n > 5 (assuming again the Ramanujan conjecture
holds at the infinite place), our results are conditional on two conjectures, both of which have been
verified in various special cases. The first of these conjectures regards lower bounds for Rankin—Selberg
L-functions, and the second concerns recurrence relations for Mellin transforms of GL(n, R) Whittaker
functions.

Central to our proof is an application of the Kuznetsov trace formula, and a detailed analysis, utilizing
a number of novel techniques, of the various entities — Hecke—Maass cusp forms, Langlands Eisenstein
series, spherical principal series Whittaker functions and their Mellin transforms, and so on — that arise
in this application.
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1. Introduction

1.1. Brief description of the main result of this paper. Let n > 1 be a rational integer, s € C, and
Ag =R x A¢ denote the ring of adeles over Q, where A ; denotes the finite adeles. The family of unitary
cuspidal automorphic representations 7w of GL(n, Ag) and their standard L-functions

L(s.7) = Loo(s, 1) - [ [ Lp(s. )
p

were first introduced by Godement and Jacquet [1972] and have played a major role in modern number
theory. In the special case of n = 1 the Euler products [ | » Lp(s, ) are just Dirichlet L-functions.

In this paper we focus on the unitary cuspidal automorphic representations of GL(n, Ag) with trivial
central character which are globally unramified. For n > 2, these can be studied classically in terms of
Hecke—Maass cusp forms on

SL(n, Z)\ GL(n, R)/(O(n, R) - R),
where
h" :=GL(n, R)/(O(n, R) - R™)

is a generalization of the classical upper half-plane. In fact h? := {(g )1‘) | y>0,xe IR{} is isomorphic to
the classical upper half-plane.

For n > 2, Hecke—Maass cusp forms are smooth functions ¢ : h” — C which are automorphic for
SL(n, Z) with moderate growth and which are joint eigenfunctions of the full ring of invariant differential
operators on GL(n, R) and are also joint eigenfunctions of the Hecke operators. Such globally unramified
Hecke—Maass forms can be classified in terms of Langlands parameters which (assuming the cusp form
is tempered) are n pure imaginary numbers (o1, @2, ..., ®,) € (i - R)" that sum to zero. Further, the
Hecke—Maass cusp forms ¢ with Langlands parameters (¢, ..., «,) can be ordered in terms of their
Laplace eigenvalues A (¢) given by

Aa(@) =5 —n) — J@f + a3+ +ap),

as proved by Stephen Miller [2002].
Let ¢ be a Hecke—Maass cusp form for SL(n, Z) for n > 2 and set

(. ¢) = f $(9)P@) ds

SL(n,2)\b"
to denote the Petersson norm of ¢. The Hecke—Maass cusp forms form a Hilbert space over C with

respect to the Petersson inner product.

Definition 1.1.1 (L-function of a Hecke—Maass cusp form). Let ¢ be a Hecke—Maass cusp form for
SL(n, Z). Then for s € C with Re(s) sufficiently large we define the L-function L(s, ¢) := Z,fil MRS,
where A(k) is the k-th Hecke eigenvalue of ¢.
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Definition 1.1.2 (asymptotic orthogonality relation for GL(n, R)). Let {¢;};—12,... (with associated
Langlands parameters a) = (ozgj ), aéj ), el a,(lj )
forms for SL(n, Z) with L-function given by L(s, ¢;) := Z,fozl Aj(k)k—*. Fix positive integers £, m.

Then, for T — oo, we have
X OAm b @D)/L) 1401 ifE=m.
T—o0 2 hr(@WD)/L; o(1) if e #£m,

where L; = L(1, Ad¢;) and hy(«Y) is a smooth function of the variables o), T (for T > 0), with
support on the Laplace eigenvalues A (¢;), where 0 < Ap(¢;) K T.

)) denote an orthogonal basis of Hecke—Maass cusp

Remark 1.1.3 (power savings error term). The asymptotic orthogonality relation has a power savings
error term if o(1) can be replaced with O(T~?) for some fixed 6 > 0. The error terms o(1), O(T ) will
generally depend on L, M. This type of asymptotic orthogonality relation was first conjectured by Fan
Zhou [2014].

Remark 1.1.4 (normalization of Hecke—Maass cusp forms). The approach we take in proving asymptotic
orthogonality relations for GL(n, R) is the Kuznetsov trace formula presented in Section 4, where
Aj (E))Tm) /{¢j,@;) (which are independent of the way the ¢; are normalized) appears naturally on the
spectral side of the trace formula leading to an asymptotic orthogonality relation of the form

[ it ki (OR mhr @ D)9, ¢5) {1+0(1) if £ = m,
Tooo Y ihr@D)/ (g5 lo)  ife#Em.

If we normalize ¢; so that its first Fourier coefficient is equal to 1 then it is shown in Proposition 4.1.4 that

(0. 05) =cal(1,Ad) [] TGEU+e =) (ca #0).

1<i#k<n

(1.1.5)

This allows us (with a modification of the test function /7) to replace the inner product (¢;, ¢;) appearing
in (1.1.5) with the adjoint L-function £; as in Definition 1.1.2. The main reason for doing this is that
there are much better techniques developed for bounding special values of L-functions, as opposed to
bounding inner products of cusp forms. So having E;l in the asymptotic orthogonality relation instead
of (¢, ¢ j)_l will allow us to obtain better error terms in applications.

Orthogonality relations as in Definition 1.1.2 have a long history going back to Dirichlet (for the case
of GL(1)) who introduced the orthogonality relation for Dirichlet characters to prove infinitely many
primes in arithmetic progressions. Bruggeman [1978] was the first to obtain an asymptotic orthogonality
relation for GL(2), which he presented in the form

i i Aj(O)h;(m) - dm2e*a@D/T {1 if €=m,
1m = .
T—00 = Tcosh(n Aa (@) _%) 0 ifel#m,

where {¢;}—12,... goes over an orthogonal basis of Hecke—Maass cusp forms for SL(2, Z). This is not
quite in the form of Definition 1.1.2 but it can be put into that form with some work. Other versions of
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GL(2)-type orthogonality relations with important applications were obtained by Sarnak [1987], and, for
holomorphic Hecke modular forms, by Conrey, Duke and Farmer [Conrey et al. 1997] and J. P. Serre [1997].

The first asymptotic orthogonality relations for GL(3) with power savings error term were proved
independently by Blomer [2013] and Goldfeld and Kontorovich [2013]. Goldfeld, Stade and Woodbury
[Goldfeld et al. 2021b] were the first to obtain a power savings asymptotic orthogonality relation, as in
Definition 1.1.2 for GL(4).

A major breakthrough was obtained by Matz and Templier [2021] who unconditionally proved an
asymptotic orthogonality relation for SL(n, Z), as in (1.1.5), for a wide class of test functions for all n > 2
(with power savings) but without the harmonic weights given by the inverse of the adjoint L-function at 1.
Their results were further strengthened in [Finis and Matz 2021]. The principal tool used to prove the
asymptotic orthogonality relation in [Matz and Templier 2021] was the Arthur—Selberg trace formula,
whereas our approach is the natural generalization of the earlier results [Blomer 2013; Goldfeld and
Kontorovich 2013; Goldfeld et al. 2021b], which were based on the Kuznetsov trace formula.

Blomer [2021] presented a very nice exposition comparing the Arthur—Selberg and Kuznetsov trace
formulae, which we now briefly summarize for the application to asymptotic orthogonality relations.

» The first key difference between these trace formulae is that the spectral side of the Kuznetsov trace
formula has harmonic weights L;l, while the Arthur—Selberg trace formula does not have these harmonic
weights. For GL(n) with n > 3 it is not currently known how to remove these weights (see [Buttcane and
Zhou 2020] for how to remove the weights on GL(3)). Blomer [2021] remarked that “ for applications to
L-functions involving period formulae it is often desirable to have an additional factor 1/L(1, Ad ¢) in the

>

cuspidal spectrum, but in other situations one may prefer a summation formula without an extra L-value.’

» The second major difference between these trace formulae is that the spectral side of the Kuznetsov trace
formula does not contain residual spectrum, while the Arthur—Selberg trace formula does. As pointed
out by a referee, the bulk of the work in [Matz and Templier 2021] consists in bounding the unipotent
contribution on the geometric side of the Arthur trace formula so that it stays in line with the error term
coming from the residual Eisenstein contribution on the spectral side given by Lapid and Miiller [2009].
These residual Eisenstein series do not appear in the Kuznetsov trace formula, which leads to a very
strong conjectural error term in Theorem 1.5.1. In fact, the largest error term on the spectral side of the
Kuznetsov trace formula arises from the tempered Eisenstein series coming from the maximal parabolic
having (n — 1, 1) Levi block decomposition. For explicit comparisons between our main theorem and
the results of [Matz and Templier 2021], see Remark 1.5.4.

o There are certain applications of our results using the Kuznetsov trace formula approach that go beyond
the results in [Matz and Templier 2021; Finis and Matz 2021]. Recall that A ;(p) denotes the p-th Hecke
eigenvalue of the Maass form ¢ ;. Fan’s thesis concerns the so-called vertical Sato—Tate problem, which
is a conjecture about the distribution of A ;(p), where p is fixed and j varies. This problem was studied
by Bruggeman [1978] and Sarnak [1987] (for Maass forms), and Serre [1997] and Conrey, Duke and
Farmer [Conrey et al. 1997] (for holomorphic forms), who showed by fixing p and varying j that A ;(p)



An asymptotic orthogonality relation for GL(n, R) 2189

is an equidistributed sequence with respect to the Plancherel measure which depends on p. Strikingly,
as observed by Fan Zhou [2014], if we give each Hecke eigenvalue A ;(p) the weight ﬁ;l, then the
distribution involves the Sato—Tate measure which is independent of p. Jana [2021] generalized the results
of Zhou, but he only obtained an asymptotic formula without a power savings error term. A problem for
the future would be to combine Jana’s approach with the methods of this paper. Jana also obtains bounds
toward Sarnak’s density hypothesis using this strategy that are stronger than anything known using the
Arthur—Selberg trace formula.

The main aim of this paper is to explicitly work out an asymptotic orthogonality relation for SL(n, Z)
via the Kuznetsov trace formula for a special choice of test function h(T'% whose form is that of a Gaussian
times a fixed polynomial. We do not address applications in this paper and leave that to future research. See
[Blomer 2021] for various applications of the Arthur—Selberg and Kuznetsov trace formulae and how they
compare. We also point out that the Kuznetsov trace formula was generalized by Jacquet and Lai [1985]
who developed the relative trace formula which has had a wide following with new types of applications.

See Theorem 1.5.1 for the statement of our main theorem. The proof we give assumes the Ramanujan
conjecture at oo but it is possible to prove a weaker result by dropping this assumption. Otherwise the
proof is unconditional for n < 5. In particular, the case n = 5 represents a complete, new result. For
n > 5, our result is conditional on two conjectures.

1.2. Ishii-Stade conjecture. The Ishii—Stade conjecture (see Section 8.2) concerns the normalized
Mellin transform Wn,a(s) of the GL(n, R) Whittaker function W, o (y) defined in Definition 2.3.3. Here,
5 =(51,52 .., 5n—1) €C" L and & = (o1, 2, . . ., ) = C" ! satisfies Y/, o = 0.

Suppose integers m and &, with 1 <m <n — 1 and § > 0, are given. The Ishii—Stade conjecture
expresses Wn,a(s) as a finite linear combination, with coefficients that are rational functions of the s;’s
and «’s, of shifted Mellin transforms

Wia(s + 2,

where X € (Zzo)"_l and the m-th coordinate of X is > é. In other words, for such § and m, the conjecture
expresses the Mellin transform Wn,a(s) in terms of shifts of this Mellin transform by at least § units to
the right in the variable s, .

Much as recurrence relations of the form

) =[s+8—D(+8—=2)---(s+ Ds]"'T(s+6)

for Euler’s Gamma function imply concrete results concerning analytic continuation, poles, and residues
of that function, so will the Ishii—Stade conjecture allow us to obtain explicit information about the
behavior of Wn,a (s) beyond its original, a priori domain of definition. This explicit information will
be crucial to the analysis of our test function 47, and consequently, to our derivation of an asymptotic
orthogonality relation as in Definition 1.1.2.

We have been able to prove the Ishii—Stade conjecture for GL(n, R) with 2 <n < 5. See Section 8.2
below.
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1.3. Lower bound conjecture for Rankin—Selberg L-functions. Fix n > 2. Letn =n;+---+n, be
a partition of n with n; € Z.o (i =1, ...,r). The second conjecture we require for the proof of the
asymptotic orthogonality relation for GL(n, R) is a conjecture on the lower bound for Rankin—Selberg
L-functions L(s, ¢; x ¢r’) on the line Re(s) = 1, where ¢y, ¢y (for 1 <k < k' < r) are Hecke—Maass
cusp forms for SL(ng, Z), SL(ny, Z), respectively. For a Hecke—Maass cusp form ¢ with Langlands
parameters (o, ..., a,), let

c(@) =0+ o DA+ laz]) - - - (1 + |an ) (1.3.1)
denote the analytic conductor of ¢ as defined by Iwaniec and Sarnak [2000].

Conjecture 1.3.2 (lower bounds for Rankin—Selberg L-functions). Let ¢ > 0 be fixed. Then we have the
lower bound

IL(L+it, ¢ X g)| e (c(p) - (@) (It +2)7°.

Remark 1.3.3. Conjecture 1.3.2 follows from Langlands’ conjecture that ¢ x ¢ is automorphic for
SL(ny-ny, Z). This can be proved via the method of de 1a Valée Poussin as in [Sarnak 2004]. Interestingly,
Sarnak’s approach can be extended to prove Conjecture 1.3.2 if ¢y is the dual of ¢ (see [Goldfeld and Li
2018; Humphries and Brumley 2019]). Stronger bounds can also be obtained if one assumes the Lindelof
or Riemann hypothesis for Rankin—Selberg L-functions.

If n, = n; = 2, it was proved by Ramakrishnan [2000] that ¢x X ¢y is automorphic for SL(4, Z), thus
proving the lower bound conjecture for n < 4. Further, for n; =2 and n; = 3, it was proved by Kim and
Shahidi [2002] that ¢y x ¢ is automorphic for SL(6, Z), thus proving the lower bound conjecture for n <35.

1.4. Constructing the test functions. Fix an integer n > 2. We now construct two complex-valued test
functions on the space of Langlands parameters

{a=(ar,...,0) €C" o)+ -+, =0}

that will be used in our proof of the orthogonality relation for GL(n, R).
We begin by introducing an auxiliary polynomial that is used in constructing the test functions.

Definition 1.4.1 (the polynomial ]—'I(e") (@)). Let ReZ.pandleta = (1, ..., o,) be a Langlands parameter.
Then we define

n—2 g
]-";en)(ot) :=1_[ 1_[ <1+Zak—2(xg> .

j=1K.L<(1.2,..n) kek el
#K=#L=]j
Note that if @ € (iR)", then F 1(")(04) is the square root of a polynomial in « of degree 2D (n), where

n721 n\ //n 1/2n nn—1) _,_,
o= E 3004w s

j=1
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By abuse of notation, we refer to ]-"1(3") as a polynomial, although this is not strictly the case unless R is
even. For o with bounded real and imaginary parts, say |Re(ct;)| < R and [Im(a;)| < T'+¢, we have

with an implicit constant depending on n, ¢, R.

Definition 1.4.4 (the test functions p’}’ﬁe(a) and h(") (a)). Let R € Z.y and T — +o00. Then for a
Langlands parameter o = (q, . . ., &), we define

" 1+2R+4a; —«
Pfle) = et 1Y i (2) T F( . k)’
I<j#k=<n

|pT R(a)lz
1oy aron T 0 —a)/2)

We observe that, by Stirling’s formula for the Gamma function and by (1.4.2) and (1.4.3), we have

h(Tn)R( )=
B (e)] < TR -2 (14.5)

whenever |[Re(;)| is bounded and [Im(«x;)| < T'%¢ for 1 < j < n. The implied constant in (1.4.5)
depends on #, ¢, and R.

Remark 1.4.6 (positivity of h(T"R) Writing o = (a1, a2, ..., a,) with o; =it; and ¢; € R for each
j=1,2,...,n, the function h(T)R(a) is positive. This is the case because F(1+’”)F(1_2i”) = |F(1J5i”)|2
for u € R.

Remark 1.4.7 (Whittaker transform of the test function). The symbol # in the test function p’}”’: means

this function is the Whittaker transform of p . See Section 8.

1.5. The main theorem.

Theorem 1.5.1. Fixn > 2. Let {¢;}j=12,... denote an orthogonal basis of Hecke—Maass cusp forms for
SL(n, Z) (assumed to be tempered at 00) with associated Langlands parameter

eV =@ e .. d) e R

and L-function L(s, ¢;) =Y poy & (k)k ™.
Fix positive integers £, m. Then assuming the Ishii—Stade conjecture (Conjecture 8.2.3) and the lower
bound conjecture for Rankin—Selberg L-functions (Conjecture 1.3.2), we prove that for T — oo

B (o) n—1 y
Zx 0 xj(m) 5 —= TR( ) e TR o, o ((em)" 2 T RACD=2) ey

Jj=1 J i=1

where 8 ,, is the Kronecker symbol, L; = L(1, Ad ¢;),and ¢y, ..., ¢,—1 > 0 are absolute constants which
depend at most on R and n.

Because Conjectures 1.3.2 and 8.2.3 are known to be true for 2 < n <5 (see Remark 1.3.3 and
Section 8.2), the above result is unconditional for such n.
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Remark 1.5.2. Qiao Zhang [2023] recently proved the lower bound
IL(L4it, X )| > (e(e) - c(p) 0w (o] 42) 72 (=1 Gnetmn—e (1.5.3)

with 6y = ny +np + €. This improves on the bound of Brumley [2006; 2013, Appendix], who obtained
nearly the same result but with the term ngny /2 replaced by ngng . Assuming (1.5.3) we can replace the
error term in Theorem 1.5.1 with

2n (n—2) 8
O mtom (TR D=2V 11142552 (=5

So if one could prove (1.5.3) with 6 r» < 8/n? this would give a power savings error term in our main theo-
rem and would remove the assumption of the lower bound conjecture (Conjecture 1.3.2). In fact, the proof
establishes a black box by which improvements to bounds on Rankin—Selberg L-functions result in better
power savings error terms for the continuous spectrum contribution to the asymptotic orthogonality relation.

Remark 1.5.4. A variant of Theorem 1.5.1 is obtained unconditionally in [Matz and Templier 2021; Finis
and Matz 2021], without the arithmetic weights C;l and with different test functions, which are indicator
functions of a/) € T, where € is a Weyl group invariant bounded open subset of i - a*, where a is the Lie
algebra of the subgroup of diagonal matrices with positive entries. Additionally, the results of [Matz and
Templier 2021; Finis and Matz 2021] do not give the polynomial weights of size TR(C)=2)=n(r=1)/2
coming from h(T"’)R (@) (see (1.4.5)).

The error term obtained in [Finis and Matz 2021], in the present setting of SL(n, Z), is < T=D+2)/2-1
as T — oo. Here, (n—1)(n+2)/2 is the dimension of the generalized upper half-plane h", and the error term
obtained by Finis and Matz has exponent equal to that dimension minus 1. By comparison, if one removes
the polynomial weights 7R(C)=2")=n=1/2 from the error term in Theorem 1.5.1 above, then one obtains
an error term that is < T""~1D/2+¢ Algo note that our main term is of a stronger form than that of [Matz
and Templier 2021; Finis and Matz 2021], in that ours gives a sum of n — 1 different high-order asymptotics.

More recently, Jana [2021] obtained a proof of the asymptotic orthogonality relation defined in
Definition 1.1.2, using the Kuznetsov trace formula and not the Selberg trace formula, with applications
to the equidistribution of Satake parameters with respect to the Sato—Tate measure, second-moment
estimates of central values of L-functions as strong as Lindelof on average, and distribution of low-lying
zeros of automorphic L-functions in the analytic conductor aspect. The paper of Jana does not contain

a power savings error term.

Remark 1.5.5. It is possible to remove the assumption of Ramanujan at the infinite place with more
work, which results in a weaker power savings error term in Theorem 1.5.1. For a Maass form ¢ with
Langlands parameter «, note that the test function &7 g(«) is positive. This is true because, even if « is a
Langlands parameter of an element in the complementary spectrum, —¢ is a permutation of &. A weaker
version of Theorem 1.5.1 can be proved if one assumes that almost all (except for a set of zero density)
are tempered. Such results have been obtained in [Matz and Templier 2021; Finis and Matz 2021].
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Proof of Theorem 1.5.1. Computing the inner product of certain Poincaré series in two ways (see the
outline in Section 1.6 below), we obtain a Kuznetsov trace formula relating the so-called geometric and
spectral sides. The geometric side consists of a main term M and a Kloosterman contribution K. The
spectral side also consists of two components: a cuspidal (i.e., discrete) contribution C and an Eisenstein
(i.e., continuous) contribution &.

The left-hand side of the theorem is precisely C. The first set of terms on the right-hand side comes
from the asymptotic formula for M given in Proposition 5.0.1. The power of T in the error term comes
from the bound for & given in Theorem 7.1.1 (which also gives a factor of (£m)!/2=1/®*+D) A bound
for K, which is a (finite) sum of terms Z,,, with the same power of 7 but with the given power of ¢m
follows as a consequence of Proposition 6.0.1. O

1.6. Outline of the key ideas in the proofs. Fix n > 2. The GL(n, R) orthogonality relation appears
directly in the spectral side of the Kuznetsov trace formula for GL(n, R), which we now discuss. The
Kuznetsov trace formula is obtained by computing the inner product of two Poincaré series on SL(n, Z)\h"
in two different ways. The Poincaré series are constructed in a similar manner to Borel Eisenstein series
by taking all U, (Z)\ SL(n, Z) translates of a certain test function which we choose to be the p(Trf )R test
function in Definition 1.4.4 multiplied by a character and a power function (see Definition 2.3.7).

The first way of computing the inner product of two Poincaré series is to replace one of the Poincaré
series with its spectral expansion into cusp forms and Eisenstein series and then unravel the other Poincaré
series with the Rankin—Selberg method. This gives the spectral contribution which has two parts: the
cuspidal contribution and the Eisenstein contribution. The second way of computing the inner product
is to replace one of the Poincaré series with its Fourier Whittaker expansion and then unravel the other
Poincaré series with the Rankin—Selberg method. This is called the geometric contribution to the trace
formula, which also consists of two parts: a main term, and the so-called Kloosterman contribution. The
precise results of these computations are given in Theorems 4.1.1 and 4.2.1, respectively.

Bounding the Eisenstein contribution. The key component of the Eisenstein contribution to the
Kuznetsov trace formula is the inner product of an Eisenstein series and the Poincaré series PY
given in Definition 2.3.7. By unraveling the Poincaré series in the inner product (see Proposition 4.1.2)
we essentially obtain the M-th Fourier coefficient of the Eisenstein series multiplied by the Whittaker
transform of p% )R. The explicit formula for the M -th Fourier coefficient of the most general Langlands
Eisenstein series given in Proposition 4.1.5 allows us to effectively bound all the terms in the integrals
appearing in the Eisenstein contribution except for the product of adjoint L-functions

-
[1L:. Adgp 2 (1.6.1)
k=1
ni#l1

appearing in that proposition. When considering the Eisenstein contribution to the Kuznetsov trace

formula for GL(n, R), all the adjoint L-functions in the above product are for cusp forms ¢; of lower
rank n; < n. Now in the special case that £ = m = 1, our main theorem, Theorem 1.5.1, for GL(n, R)
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gives a sharp bound for the sum of reciprocals of all adjoint L-functions of lower rank. This allows us to
inductively prove a power savings bound for the product (1.6.1).

Asymptotic formula for the geometric contribution. We prove that the geometric contribution is a sum
of expressions Z,, over elements w in the Weyl group of SL(n, Z). The Z,, are complicated multiple sums
of multiple integrals weighted by Kloosterman sums (see (4.2.2)). If wy is the trivial element of the Weyl
group then we obtain an asymptotic formula for Z,,, (see Proposition 5.0.1), while for all other Weyl
group elements Z,,,, with i > 1, we obtain error terms with strong bounds for |Z,, | (see Proposition 6.0.1)
which are bounded by the final error term on the right side of our main theorem.

The key terms in (4.2.2), the formula for Z,,, are the Kloosterman sums and two appearances of the test
function p(T'f )R: one that is twisted by the Weyl group element w and one that is not. For the Kloosterman
sums, we rely on bounds given by [Dabrowski and Reeder 1998]. The task of giving strong bounds for
pgff )R(y) occupies Sections 8, 9 and 10. We deal with the combinatorics of the twisted pgf )R—function, and
we combine the bounds for it, the other p(T"’ )R—function and the Kloosterman sums in Section 6.

The function p% )R is the inverse Whittaker transform of the test function p’}’j; given in Definition 1.4.4
above. Thanks to a formula of [Goldfeld and Kontorovich 2012], we can realize this as an integral of the
product of p'T"f;, the Whittaker function W, (see Definition 2.3.3), and certain additional gamma factors.
We then write the Whittaker function as the inverse Mellin transform of its Mellin transform: Wn,a (s).

This leads to the formula (valid for any ¢ > 0)

a%+a%+---+a% r ( 1+2R+aj —Ok )
(n) _ = e (1)) 4
prr(Y) = o1 e T Fpia) 1_[ =
1<j#k<n (=57)

Re(e;)=0  Re(atn—1)=0

n—1 J—j) .
/ / (Hij (nyj)_zsj)Wn’a(s)dstt.

Re(s)=¢  Re(s,_)=e J=!

To estimate the growth of p(T'f )R (y) uniformly in y and T as T — 400, we shift the line of integration in
the s-integrals to Re(s) = —a, witha = (a1, ...,a,—1), where a; > O fori =1,...,n— 1. We remark
that this is precisely where the Ishii—Stade conjecture is required. It is well known that

Waa(s) =T(s + )T (s —a),

and hence understanding the values of Wz’a(s) for Re(s) < 0 is straightforward by applying the functional
equation for the Gamma function or, equivalently, using an integral representation of the Gamma function
valid for Re(s) < 0. A similar strategy can be used when n = 3. However, for n > 4, the analogous method
seems intractable because the Mellin transform is not just a ratio of Gamma functions, but an integral of
such. To overcome this difficulty, we apply the Ishii—Stade conjecture to describe the values of Wn,a(s)
in terms of sums of the Mellin transform of shifts of the s-variables. See also Remark 8.2.11 below.
The Cauchy residue formula allows us to express p(Trf )R as a sum of the shifted s-integral (termed the
shifted p(T'f )R term and denoted by p(T’f )R(y; —a)) and many residue terms. The description of the shifted
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p% )R and residue terms is given in Section 8.3. In order to bound p(T'f )R (y; —a) it is convenient to introduce
the function Zr g(—a) := p(T’f)R(l; —a).

The next step is to use a result of Ishii and Stade (see Theorem 8.1.5) which allows us to write the Mellin
transform V’(V/n,a(s) as an integral transformation of Wn_], p(2) against certain additional gamma factors. It
is important to note that 8 = (81, ..., Bn—1) € C"! can be expressed in terms of o = («y, ..., «,). By
carefully teasing apart the portion of o which determines 8 and that which doesn’t, we are able to separate
out the gamma factors that don’t depend on 8 and bound I;'%(—a) by the product of a power of T and
I(Trfgl) (—b) for a certain b = (b1, ..., b,—1) € R"~2 This gives an inductive procedure, therefore, for
bounding the shifted p% )R term.

In Section 10.2 we set notation for describing the (r—1)-fold shifted residue terms. This requires
generalizing a result of Stade (see Theorem 10.1.1) on the first set of residues of VT/n,a(s) (i.e., those
that occur at Re(s;) = 0) to, first, higher-order residues (i.e., taking the residue with respect to multiple
values s;), and second, to residues which occur along the lines Re(s;) = —k for k € Z>(. This result,
together with a teasing out of the variables similar to that described above, allows us to bound an

(r—1)-fold residue term as the product of certain powers of 7" and the variables yy, ..., y,_ times

’
1_[1;-123(—(1(1))’ Wheren:nl+...+nr'
j=1

Applying the bounds on I;n}; that we inductively established for bounding the shifted p(T’f )R term, and

keeping careful track of all of the exponents and terms a/), we eventually show that the bound for the
shifted main term is in fact valid for every residue term as well.

Remark 1.6.2. In comparison to the results of [Goldfeld and Kontorovich 2013; Goldfeld et al. 2021b],
we are using a slightly different normalization of the Gamma functions and the auxiliary polynomial ]-'g’)
in the definition of the test functions p'}’ﬁe and h(T'f)R (see Definition 1.4.4). Adjusting for this difference the
results obtained here when applied to n = 3 and n = 4 recover the previously proven asymptotic formulae.

2. Preliminaries

2.1. Notational conventions.

Definition 2.1.1 (hat notation for summation). Suppose that m € Z and x = (xy, ..., x,,) € C™. For any
0 <k < m, define

Xpi=x14 -+ xk.
Note that empty sums are assumed to be zero.

Definition 2.1.2 (integration notation). Let n > 2. We will often be working with n- and (n—1)-tuples

of real or complex numbers. We will denote such tuples without a subscript and use subscripts to refer

to the components. For example, we set y = (y1,..., Ya—1) € [Ri';_ol, s =(s1,...,5.—1) € C"" ! and
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o= (o, ...,a,) € C" such that
ar+---+a, =0.
In such cases, we denote integration over all such variables x = (xy, ..., x;) subject to condition(s)
C=(,...,C) via
/F(x)dx :=/---fF(x1,...,xk)dxldxz--- dxg.
C C Cr
For example, given 8 = (B, ..., Ba—1) € C"~! with ,BAn,l =0, we denote integration over all such 8 with

Re(Bj) =bj foreach j=1,...,n—2 via

/ F(B)dp .= / / F(B1,....Bn2)dB1dBy--- dBy—2.

Br1=0 Re(B1)=b1 Re(fy—2)=by2
Re(f)=b

We extend this notation liberally to integrals over s, z and o and apply it also to integrals over the
imaginary parts in the sequel.

Definition 2.1.3 (polynomial notation). Our analysis will often require us to bound certain polynomials
in a trivial way. Namely, for complex variables x;, with j = 1,2,...,k, if |x;| < T't¢ for each j
and P(xy, X2, ..., x¢) is a polynomial, then | P(x1, x2, ..., x;)| < T¢T9€P So, the relevant information
about P is its degree. This being the case, we will use the notation Py(x) (with x = (x1, ..., x;)) to
represent an unspecified polynomial of degree less than or equal to d in the variable(s) x. Note that this
notation agrees with the commonly employed practice (also used throughout these notes) of using ¢ to
represent an unspecified positive real number whose precise value is not specified and may differ from
one usage to another.

Definition 2.1.4 (vector or matrix notation depending on context). Given a vectora=(ay,...,a,—1) €R"~ !
we shall define the diagonal matrix

t(a) :=diag(ayar - - - ap—1,a1a - - -ap—2, ..., ap, 1).
2.2, Structure of GL(n). Suppose n is a positive integer. Let U, (R) € GL(n, R) denote the set of upper
triangular unipotent matrices.

Definition 2.2.1 (character of U,(R)). Let M = (my, ..., m,_;) € Z"~'. For an element x € U, (R) of
the form

I x10 x13 -+~ X1,
I xp3 --- X2,
X = : , (2.2.2)
1 Xn—1,n

1

we define the character

Yy (X) :=myxi2+moxo3+- -+ my_1Xp—1,n- (2.2.3)
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Definition 2.2.4 (generalized upper half-plane). We denote the set of (real) orthogonal matrices O(n, R) C
GL(n, R), and we set

h" := GL(n, R)/(O(n, R) - R™).

Every element (via the Iwasawa decomposition of GL(n) [Goldfeld 2015]) of h” has a coset representative
of the form g = xy, with x as above and

YViY2: - Yn-1
YViY2: - Yn-2
y= .. , (2.2.5)

1
1

where y; > 0 for each 1 <i <n — 1. The group GL(n, R) acts as a group of transformations on §” by left
multiplication.

Definition 2.2.6 (Weyl group and relevant elements). Let W,, = S, denote the Weyl group of GL(n, R).
We consider it as the subgroup of GL(n, R) consisting of permutation matrices, i.e., matrices that have
exactly one 1 in each row/column and all zeros otherwise. An element w € W, is called relevant if

W = Wny,ny,...n,) = J
I,

where I,,, is the identity matrix of size n; X n; and n =n; + - - - +n, is a composition (a way of writing n
as a sum of positive integers; see Section 8.3). The long element of W), is Wiong := w(1,1,....1)-

Definition 2.2.7 (other subgroups of GL(n, R)). We define
Upi=(w""U,R) - w) NU,[R),
Tyi=(w U2 - w)NU,(Z) =SL(n, Z)N T,

where 'U, denotes the transpose of U,,, i.e., the set of lower triangular unipotent matrices.

2.3. Basic functions on the generalized upper half-plane h".

Definition 2.3.1 (power function). Let @ = (¢, ..., ay) € C", with &, =0. Let p = (p1, ..., pn), Where
pi = ”TH —ifori=1,2,...,n. We define a power function on xy € h" by
n n—1 . )
Ixy, o) =[[df " =T Ty, (2.3.2)

i=1 i=1
where d; =[] jen—i Vi is the j-th diagonal entry of the matrix g = xy as above.

Definition 2.3.3 (Jacquet’s Whittaker function). Let g € GL(n, R) withn >2. Leta = (a1, oy, ..., a,) €C”,
with &, = 0. We define the completed Whittaker function WO(i :GL(n,R)/(O(n, R) - R*) — C by the
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integral
14a;—oy
r—— S—
W@ = [] ﬁ f I (Wiongug, &) Y1141 (u) du,

1<j<k<n Us(R)

which converges absolutely if Re(o; — ;1) > 0 for 1 <i <n — 1 (see [Goldfeld et al. 2021a]), and has
meromorphic continuation to all « € C" satisfying @, = 0.

Remark 2.3.4. With the additional gamma factors included in this definition (which can be considered as
a “completed” Whittaker function) there are n! functional equations, which is equivalent to the fact that
the Whittaker function is invariant under all permutations of oy, oo, ..., ®,. Moreover, even though the
integral (without the normalizing factor) often vanishes identically as a function of «, this normalization
never does.

If g is a diagonal matrix in GL(#n, R) then the value of Wfa (g) is independent of sign, so we drop
the £. We also drop the =+ if the sign is +1.

Definition 2.3.5 (Whittaker transform and its inverse). Assume n > 2. Let o« = (a1, a2, ..., o) € C?
with &, =0. Set y := (y1, ¥2, ... V,—1) and #(y) as in Definition 2.1.4. Let f : [R{’jr_l — C be an integrable
function. Then we define the Whittaker transform ¥ : H" — C (where H" := {a € C" | &, = 0}) by

n—1

) = / f f(y)W(t(y))]_[ k(n T (2.3.6)

yl—O Yn— 1=0

provided the above integral converges absolutely and uniformly on compact subsets of [R{’_fl. The inverse
Whittaker transform [Goldfeld and Kontorovich 2012, Theorem 1.6] is

Fly) = 1 fH)W_a(t(y) o
-t Hlsk#Sn F(ak;w)

b=

Re(a)=0

provided the above integral converges absolutely and uniformly on compact subsets of (iR)".

Definition 2.3.7 (normalized Poincaré series). Let M = (my, mo, ..., my—1) € Z"~" with m; # 0 for
eachi=1,...,n—1. As with y, we may think of M as a matrix. Let g € h". Then we define
k(n
P (g, a) = Y. Umre) pr(Myg) - 1(yg, ), (23.8)

Y €Un(D\SL(n,2)
where ¢, is the (nonzero) constant given in Proposition 4.1.4. We extend the definition of ¥y, and p(”)
to all of " by setting Y (xy) := ¥y (x) and p{g (xy) := Py g (¥).
Remark 2.3.9. This definition, up to the normalizing factor /¢, [[;_, 1 i("_k)/ 2, of the Poincaré series
agrees with that used in [Goldfeld et al. 2021b] with the minor caveat that pr g takes on a slightly different
normalization in terms of the polynomial }'I(e”) and in the gamma factors appearing in Definition 1.4.4.
The normalizing factor is inserted so that in the Kuznetsov trace formula the cuspidal term is precisely
the orthogonality relation in Theorem 1.5.1.



An asymptotic orthogonality relation for GL(n, R) 2199

2.4. Fourier expansion of the Poincaré series.

Definition 2.4.1 (twisted character). Let

v
V, =3v= 2.. Vi, ..., €{El}, v, =1

Un

Let M = (my, ..., m,_1) € Z"!, and consider y; the additive character (see (2.2.3)) of U,(R). Then
for v € V,,, we define the twisted character ¥}, : U,(R) — C by ¥},(g) := ¥y (v'gv).

Definition 2.4.2 (Kloosterman sum). Fix L = (¢1,...,€,_1), M =(m1,...,mu_1) €Z" . Let 1, ¥y
be characters of U, (R). Let w € W,,, where W, is the Weyl group of GL(n). Let

I/Cn_]
Cn—l/cn—Z

C2/C]
C1
with ¢; € Z-¢. Then the Kloosterman sum is defined as
Sw(WL, Y, €) = > YL (B) Y (Ba),
y:Un(Z)\rﬁGw/Fw

y=Bicwhz
with notation as in Definition 11.2.2 of [Goldfeld 2015]. The Kloosterman sum S, (¥, ¥', ¢) is well-

defined (i.e., independent of the choice of Bruhat decomposition for y) if and only if it satisfies the
compatibility condition Y (cwuw™") = ¢/ (u). It is defined to be zero otherwise. (See [Friedberg 1987].)

Proposition 2.4.3 (M-th Fourier coefficient of the Poincaré series PL). Let L = (¢, ..., ¢,_1) and
M= (my,...,m,_1)€Z" " satisfy ]_[;’;11 ¢; =0 and ]—[l’.‘;]l m; #0. If Re(ay — oy 1) is sufficiently large
foreachk=1,...,n—1, then

o0 o0
R S (va wvvc)'] (g; a’ ’([/L’ ’wv’c)
P (ug. o) - Y (m) d*u = E : § : E: Z - M,l T ax—a +:VI ’
Un(@)\Uyn (R) weWoveVuai=1  cm=l G [[21( * ¢ )

where

Igaviio= [ [ v pfkteous) g, 0 TG d'u
U @D\Uw([®R) 7, (®R)
Up(R) = (0™ Uy(R) - w) NURR), Uyp(R) = (w''Up(R) - w) NU,(R),

and 'm denotes the transpose of a matrix m.

Proof. See Theorem 11.5.4 of [Goldfeld 2015]. O
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3. Spectral decomposition of £*(SL(n, Z)\h")

3.1. Hecke-Maass cusp forms for SL(n, 7).

Definition 3.1.1 (Langlands parameters). Letn >2. A vector o =(«jq, ..., ;) € C" is termed a Langlands
parameter if &, = 0.

Definition 3.1.2 (Hecke—Maass cusp forms). Fix n > 2. A Hecke—Maass cusp form with Langlands
parameter o € C" for SL(n, Z) is a smooth function ¢ : h"* — C which satisfies ¢ (yg) = ¢(g) forall y €
SL(n, Z), g € b". In addition ¢ is square integrable, is an eigenfunction of the algebra of Hecke operators
on h”, and is an eigenfunction of the algebra of GL(n, R) invariant differential operators on h”, with the
same eigenvalues under this action as the power function / (x, o). The Laplace eigenvalue of ¢ is given by
n®—n _ a%+a%+---+a5

24 2
See Section 6 in [Miller 2002]. The Hecke—Maass cusp form ¢ is said to be tempered at oo if the
Langlands parameters «q, ..., o, are all pure imaginary.

Proposition 3.1.3 (Fourier expansion of Hecke—Maass cusp forms). Assume n > 2. Let ¢ : h" — C be a
Hecke—Maass cusp form for SL(n, Z) with Langlands parameters a € C". Then for g € ", we have the
Fourier—Whittaker expansion

S S Ay (M) sen(m,— 0
o= Y Yy y e (1))

YU 1(DNSLy 1 (@) mi=1  my =1 my 120 | Li=1 Ik

where M = (m1,ma, ..., my,_1), t(M) is the toric matrix in Definition 2.1.4 and Ay(M) is the M-th

Fourier coefficient of ¢.
Proof. See Section 9.1 of [Goldfeld 2015]. Il

Definition 3.1.4 (L-function associated to a Hecke—Maass form ¢). Let s € C with Re(s) sufficiently
large. Then the L-function associated to a Hecke—Maass cusp form ¢ is defined as

o0

Lodm Y Ag(m, 1,.... 1)

mS

m=1
and has holomorphic continuation to all s € C and satisfies a functional equation s — 1 —s. If ¢ is a
simultaneous eigenfunction of all the Hecke operators then L (s, ¢) has the Euler product

Ap, 1. 1) AL p,1,....1) AQ,1,p,....1)
L(S, ¢) = H(l - p’ + pZS o p3s
P —1
LA, ..., Lp) (=D
1
+ (=D PIT Pz .

3.2. Langlands Eisenstein series for SL(n, 7).

Definition 3.2.1 (parabolic subgroup). For n > 2 and 1 < r < n, consider a partition of n given by
n=ny+---+n, with positive integers ny, ..., n,. We define the standard parabolic subgroup
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GL(ny)  * -0 %

0 GL(ny) --- *

P :Pnl,nz ..... ny — : : 2 .. :
0 0 --- GL(n,)

Letting I, denote the r x r identity matrix, the subgroup

I”l k  ee. %
N |
0 0 --- I,
is the unipotent radical of P. The subgroup
GL(n) 0 e 0
VS | IR
0 0 - GL(n,)

is the standard choice of Levi subgroup of P.

Definition 3.2.2 (Hecke—Maass form & associated to a parabolic P). Let n > 2. Consider a partition n =
ni+---+n,,withl <r <n.Let P: =Py, n,..n, CGL(n,R). Fori=1,2,...,r,let¢; : GL(n;, R) - C
be either the constant function 1 (if n; = 1) or a Hecke—Maass cusp form for SL(n;, Z) (if n; > 1). The
form ® :=¢; ® - - - ® ¢, is defined on GL(n, R) = P(R) (where K = O(n, R)) by the formula

®(nmk) :=[[¢i(mi) (neN” . meM” kek)
i=1

where m € M? has the form

m 0 - 0
0 my --- 0
m = . .. .
0 0 --- m,

with m; € GL(n;, R). In fact, this construction works equally well if some or all of the ¢; are Eisenstein

series.

Definition 3.2.3 (character of a parabolic subgroup). Let n > 2. Fix a partitionn =ny+ny+---+n,

with associated parabolic subgroup P := Py, n,.....n,. Define
1 N
: 5(n—ny), j=1
pr(N =12 . (3.2.4)
sm—nj))—ni—--—njy, j=2.
Let s = (sq, 52, ..., s,) € C" satisfy er: 1 nisi = 0. Consider the function (see Definition 2.3.1)
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on GL(n, R), where

n terms
1—n; 3—n ni—1
a = sl_pp(1)+T’sl_pp(l)+ 2 ’---,Sl_pp(l)+ 2 ’
ny terms
1—1’12 3—n2 I’l2—1
52_,07:(2)+ 2 ,SZ—PP(2)+ 2 ,---,52—,07:(2)+ 2 3 ey
n, terms
1—n, 3—n, n,—1
Sr_pp(r)+ 2 9sr_p73(r)+ 2 ""7sr_p73(r)+ 2 )

The conditions er: 1 nis;i =0 and er: 1 i pp (i) = 0 guarantee that a’s entries sum to zero. When g € P,
with diagonal block entries m; € GL(n;, R), one has

)
1815, = [ Jidet(m:)|*,
i=1

so that | - |7, restricts to a character of P which is trivial on N P,

Definition 3.2.5 (Langlands Eisenstein series twisted by Hecke—Maass forms of lower rank). Let I' =

SL(n, Z), with n > 2. Consider a parabolic subgroup P =P, ., of GL(#n, R) and functions ¢ and |- |§)

.....

as given in Definitions 3.2.2 and 3.2.3, respectively. Let

-
s =(s1,82,...,8)€C", where Zn,-s,- =0.
i=1
The Langlands Eisenstein series determined by this data is defined by
s+
Epo(g.s):= Y @) -lvel ~ (3.2.6)
ye(PNDAD

as an absolutely convergent sum for Re(s;) sufficiently large, and extends to all s € C" by meromorphic
continuation.

Fork=1,2,...,r, let «® := (k.15 - - -, Ok,n, ) denote the Langlands parameters of ¢;. We adopt
the convention that if ny =1 then o 1 = 0. Then the Langlands parameters of Ep ¢(g, s) (denoted by

ap 4 (s)) are

n terms np terms n, terms

(a1,1+s1,...,a1,n1—|—s1, a1 +s2, .. 00 82, ... ,ar’l—l—sr,...,aryn,—{—sr). 3.2.7)

Definition 3.2.8 (the M-th Fourier coefficient of Ep ¢). Lets = (s1, 52, ..., s,) € C', where Zle n;s; =0.
Consider Ep ¢(*,s) with associated Langlands parameters o, ., (s) as defined in (3.2.7). Let M =

(my,my,...,my_1) € Z’i‘ol. Then the M-th term in the Fourier—Whittaker expansion of Ep ¢ is
— Agp (M, s)
Ep o(ug,s)Yu(m)du = n—?(b—k(n—k)ﬁ We, () (M8),
[Teci my

Un(D\Un(R)
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3.3. Langlands spectral decomposition for SL(n, 7).

Definition 3.3.1 (Petersson inner product). Let n > 2. For F, G € £*(SL(n, Z)\h") we define the
Petersson inner product to be

(F.G):= / F()G(g) ds.

SL(n,Z)\h"
For g = xy € b”, with
1 xi2 x13 -+~ Xin Yiy2 e Yoot
I x3 --- X2, Y1y Yn-2
1 Xn—1,n Y1
1 1

the measure dg is given by dx dy, with

d J =
1_[ Xij» y= 1_[ PR+
I<i<j<n k=1

The Langlands spectral decomposition for SL(n, Z) states that
L2 (SL(n, Z)\h") = (cuspidal spectrum) @ (residual spectrum) & (continuous spectrum).

We shall be applying the Langlands spectral decomposition to Poincaré series which are orthogonal to the
residual spectrum.

Theorem 3.3.2 (Langlands spectral decomposition for SL(n, Z)). Let ¢y, ¢2, ¢3, . .. denote an orthogonal
basis of Hecke—Maass forms for SL(n, Z). Assume that F, G € L2(SL(n, Z)\W'") are orthogonal to the
residual spectrum. Then for g € GL(n, R) we have

o0

F(g)= Z 2}”(2 ZZ / (F. Ep.o(x.5)Ep.o(g . 5)ds,

= nysy4--+n,5,=0

Re(s)=0
F )
(F. Gy =3 0 0.6) Lo 2.0 +E Y [ (R EratErot.s). G ds
Jj=1 7 j nysi+---+n,s,=0
Re(s)=0

where the sum over P ranges over parabolics associated to partitions n = Y _, ng, while the sum
over @ (see Definition 3.2.2) ranges over an orthonormal basis of Hecke—Maass forms associated to P.

Furthermore, cp is a fixed nonzero constant.

Proof. For proofs see [Arthur 1979; Langlands 1976; Mceglin and Waldspurger 1995]. U

4. Kuznetsov trace formula

The Kuznetsov trace formula is derived by computing the inner product of two Poincaré series in two
different Ways More precisely, let L = (1, ...,4pm—1), M = (my,...,mu—_1) € 7", with ]_[?:_11 m; #0
and [, e # 0, and consider the Petersson inner product (P%, PM).
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In particular since PX, PY e L2(SL(n, 2)\bh") (see [Friedberg 1987]), the inner product can be
computed with the spectral expansion of the Poincaré series. The geometric approach utilizes the Fourier
Whittaker expansion of the Poincaré series which involve Kloosterman sums.

The trace formula takes the form

C+E& = M+K. (4.0.1)
;\f_/ ——

spectral side  geometric side

Here C is the cuspidal contribution and £ is the Eisenstein contribution. See Theorem 4.1.1 for their
precise definitions. The geometric side consists of terms corresponding to elements of the Weyl group.
The identity element gives the main term M, and the Kloosterman contribution K is the sum of the
remaining terms. See Theorem 4.2.1 for their precise definitions. The Kloosterman term K and the
Eisenstein contribution £ will be small with the special choice of the test function pr g, and they constitute
the error term in the main theorem.

4.1. Spectral side of the Kuznetsov trace formula. The first way to compute the inner product of the
Poincaré series uses the spectral decomposition of the Poincaré series.

Recall also the definition of the adjoint L-function: L(s, Ad¢) := L(s, ¢ x $)/¢(s), where L(s, ¢ X ¢)
is the Rankin—Selberg convolution L-function as in Section 12.1 of [Goldfeld 2015].

Theorem 4.1.1 (spectral decomposition for the inner product of Poincaré series). Fixn > 2 and L =
(U1, ly1)y M= (my,...,my_1) € 2"\ Then for ag:= (=25 + j — 1)j:1 _, we have

(PL(x, ap), PM (%, a0)) = C+ €.

With the notation of the spectral decomposition theorem (Theorem 3.3.2) the cuspidal contribution to
the Kuznetsov trace formula is

i Dy (Mg, (L) - | Py ()
= LALAdG) T2yt T+ =) /2)

and the Eisenstein contribution to the Kuznetsov trace formula is

S—ZZcP / Abpo(L.8) Apy (M, 8) | P} (@ g ()P ds

nysy+-- +nm 0
Re(s;)=0

for constants cp > 0.

Proof. The proof follows from the Langlands spectral decomposition theorem (Theorem 3.3.2) with the
choices F = PX and G = PM. We have

o L
et piy =y f’dj Z” +ZZcP / (F, Ep.o(+.9))(Ep.o(+.5). G)ds
j=1 J» J

nisi4-- +nr3r 0
Re(s;)=
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We then insert the inner products given in Proposition 4.1.2 below. Doing so, we see that the cuspidal
spectrum is

i (PL. i) (gi. PM) G Ag (M)A, (L)
(bis di) ¢ - (@i, Hi)

From Proposition 4.1.4, we see that

PR @),

i=1 i=1

¢ (@, @) - Ap(M)Ag(L)
L1, Ad®) [Ti<;x<n F(Haﬁ-iak)

The cuspidal part is now immediate. The contributions from the Eisenstein series are computed in like

Ap(M)As(L) =Agp(1)[*2g(M)ry(L) =

manner using Proposition 4.1.5. (|

Proposition 4.1.2 (the inner product of PM with an Eisenstein series or Hecke-Maass form). Let M =
(my, moa, ..., my_1). Consider the Eisenstein series Ep ¢ (*, s), with associated Langlands parameters

a, . (5). Let ¢ denote a Hecke—Maass cusp form for SL(n, Z) with Langlands parameter a and M-th
Fourier coefficient Ag(M). Then for ap := (—— +j— 1) _

(@, PM(x, a0)) =

1
NG
1
(Ep.o(x,5), PY(x,00)) = —=App o (M, 5) - piiy(cy ,(5)),

S

where the inner products on the left are defined by analytic continuation and ¢, is the nonzero constant

(depending only on n) from Proposition 4.1.4.

Proof. We outline the case of the Hecke—Maass forms. The series definition of the Poincaré series
converges absolutely for sufficiently large Re(e; — o ;) (1 <i <n —1). It follows that for such &’ we
may unravel the Poincaré series P¥ (x, «’) in the inner product (¢, PM) with the Rankin—Selberg method.
The inner product picks out the M-th Fourier coefficient of ¢ multiplied by a certain Whittaker transform
of p(") (My)-I(y,a’). This Whittaker transform has analytic continuation in &’ to a region including .
For sufficiently large Re(a; — e, ;), we have from (2.3.8) that

n—1

A (M) o dyy
(@, PM(x,0)) = O / / PYRMY)I(y, o) Wo(MY) [ | - (4.1.3)
\/GH k( k) T,R l!:ll yl];( k)+1

Note that 7 (y, ag) = 1. The integral in (4.1.3) converges (as a function of «’) to a region which includes «y.

=0 y,—1=0

It follows that the analytic continuation in &’ to «g of the inner product satisfies

(@, PM (%, a0)) = —= - Ap(M) - pp(@0).

1
NG
The proof for Ep ¢ is the same. U

For n > 2, consider a Hecke—Maass cusp form ¢ for SL(n, Z) with Fourier Whittaker expansion given
by Proposition 3.1.3. Assume ¢ is a Hecke eigenform. Let Ag(1) := Ay (1,1, ..., 1) denote the first
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Fourier—Whittaker coefficient of ¢. Then we have

Ap(M) = Ayp(1) - 1p(M),
where A4 (M) is the Hecke eigenvalue (see Section 9.3 in [Goldfeld 2015]), and A4(1) = 1.

Proposition 4.1.4 (first Fourier—Whittaker coefficient of a Hecke—Maass cusp form). Assume n > 2. Let
¢ be a Hecke—Maass cusp form for SL(n, Z) with Langlands parameters « = (aq, . .., o). Then the first
coefficient Ay (1) is given by

- (9, )
L1, Ad®) [Ti<;zx<n F(Haé_ak)

|Ag(D)? =

where ¢, # 0 is a constant depending on n only.

Proof. See [Goldfeld et al. 2021a]. Ol

Proposition 4.1.5 (the M-th Fourier coefficient of Ep ¢). Lets=(sy, $2,...,5,) €C’, where Z;: 1 nisi =0.
Consider Ep ¢ (*, s) with associated Langlands parameters a, , (s) as defined in (3.2.7). Assume that each
Hecke—Maass form ¢y (with 1 <k <r) occurring in ® has Langlands parameters a® .= (k15 - Okomy)
with the convention that if ny = 1 then ay,1 = 0. We also assume that each ¢ is normalized to have
Petersson norm (¢, ¢r) = 1.
Let L*(1+s; —s¢, ¢j X ¢¢) denote the completed Rankin—Selberg L-function ifn; # 1 # ny; otherwise
define
L*(1+s;—s¢,¢;) ifng=1landn; #1,
L*(1+s;—s0,¢0; x¢pp) = § L*(1 +sj—s8¢,P0) ifnj=1landng #1,
(1 +s5 —s¢) ifnj=ng=1,

where £*(w) = n*w/zF(w/Z)g(w) is the completed Riemann ¢ -function. Also define

1 R .
L*(1,Ad¢) =L(1, Adgp [ F(M)
L 2
I<i#j<ny
with the convention that L*(1, Ad1) = 1.
Let M =(my,mp,...,m,_1) € Z’;_Ol. Per our convention (Definition 2.1.4), we may think of M as a

vector or a diagonal matrix. Then the M-th term in the Fourier—Whittaker expansion of Ep ¢ is

AEP,<1> (M’ S)
EP,@(Mg, S) WM(I’H) du = m W(YPW(P(S)(Mg),
Un(D)\Un(R) k=1

where Ag, (M, s) = Ag, ((1,...,1),5) - App (M, 5),

Mepa((m 1. 1) )= Y Ap(c) Ay (cr) el e (4.1.6)

Cl,...,Cn€Z>()
C1C2-Cp=m
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is the (m, 1, ..., 1)-th (or more informally the m-th) Hecke eigenvalue of Ep ¢, and

Appo((L .. 1)) =do [[ L*(LAdg ™ [] L +sj—s0.j x 90~

k=1 I<j<t=r
np#l1
for some constant dy # 0 depending only on n.
Proof. See [Goldfeld et al. 2024]. O

4.2. Geometric side of the Kuznetsov trace formula. In this section, we obtain explicit descriptions of the
terms M and K appearing on the geometric side of the Kuznetsov trace formula. In order to do this, we
introduce Kloosterman sums for SL(n, Z), which appear in the Fourier expansion of the Poincaré series.
In the inner product (PL, PM) we replace P with its Fourier expansion and unravel PM following the
Rankin—Selberg method.

Theorem 4.2.1 (geometric side of the trace formula). Fix L=({y, ..., €,—1) and M=(my,...,m,_1) ez
(¢, is a nonzero constant; see Proposition 4.1.4). It follows that for o := (—% +j— 1),':1

(PE(x, ), PM (%, 00)) = M+ K.

sl

For wq the trivial element in the Weyl group W,, we define

M:=1, and K:zZIw,

weWw,
wF#w]

ad = Su(, Y. o)
2P )IED> LM‘w/ [

vt g o TIz mid) =0 Uy@\Uu®) 7,(R)

dyy---dyn—
1 (wuy) Yy () pyp(Lewuy) pylp(My) d*u W (42.2)
=1 Yk
Proof. We compute the inner product
lim (P*(x, @), PM (x, @))
oa— o
= lim / Pl(g,a) - PM(g, a)dg
a—>ao
SL(n.2)\b"
1 : L 2
T alggo P(g,a) Yym(g) pr r(Mg) I(g,a)dg
\/G [Ti= lmk U, (2)\h?
L (e L )
:JG(H m, )0}520 / P (uy, a)- wM(m)du)p rRMy) I(y,a)dy.
k=1 yeR1 Up@\Un(R)
y>0
Note that, as o — «p, the function 7 (g, ) — 1 (for any g € h") and [],_ } ,‘:" 1t It follows

from this and Proposition 2.4.3 above that
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n—1
¢ | [Omicti) 072 algg (PEGe, ), PM (%, )
k=1
oo
. Sw(r, Yy, ©)
=ali>l'130 Z Z Z n—1 ’(" i) n—1 og—agy1+1
weW, veV, ;=1 1= 16 [z omil) 7 [Tz o

/ / / / W1 (wuy) §5, G0 pP (Lewuy) p&(My)

=0 yu1=0 Up@\Uuw(R) T, (R) o dyn—1
I (wuy, ) (y, o) d*u n_l k(n_nk)+1
=& S (va,x/f;g,c) k=t
=2 22l o
weWw, veV,, =1 o= 16 | Lz (i)
dyy---dyn—
/ / f f Vi (wuy) lPM(M)P (LCWMY)P (MY) dum
=0 yui1=0 Uy@\Us® 7, (R) k=1 Vi
=2 T
weWw,
as claimed. O
5. Asymptotic formula for the main term
Proposition 5.0.1 (main term in the trace formula). Let L= (€1, ..., €u_1), M =(my, ..., mp_1) €Z""!

satisfy [1/Z, Ly, # 0 and ]_[l | m; # 0. There exist fixed constants ¢y, ..., ¢,—1 > 0 (depending only on R
and n) such that the main term M in the Kuznetsov trace formula (4.0.1) is given by

n—1
M= 8L,M X <<Z ¢ - TR(2~D(I1)+n(n—l))+I’l—i> + O(TR(ZD(H)-Q-I’!(n—l))))’
i=1
where

_2n—1

D(n)zl(Zn)_n(n—l)

2\ n 2
and &y, p is the Kronecker symbol (i.e., 6, y =0if L # Mand 51 1 = 1).
Proof. It follows from the definition M = Z,,,, making the change of variables y — M ~'y and noting
that Uy, (Z) = U, (Z) and Uy, (R) = U, (R), that
o0 oo
1 — ~dyn—
= VL) Yy (m)d u ) pr.r(LM™ 'y pr, R(y)w
n IRy

y1=0 - =0 U,l<Z>\U ®) =1

dyn—1
=08L,m 0 / / P RO - 1 l(nn,)H—fSLM 0,(p1,R, PT,R)
M=0  yui1=0 =i
5 > |PT R(Ot)|2
=31,M " On "
o Thejma TET)
Re(o)=0

n,# n,#
=38L,MOp <pT,R’ pT,R>’
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where the representation in terms of the norm of p’%’je follows from the Plancherel formula in Corollary 1.9
of [Goldfeld and Kontorovich 2012] and 9, is a nonzero constant depending only on n. Hence the main
term for GL(n) is thus

et T FD () iz ot 2 D (=)

H15j;ek5n F(aj;ak)

do.

M =45p y0, - /

a,=0
Re(a;)=0

Let o; =it; with 7; € R. It then follows from Stirling’s asymptotic formula that

. 2
1T
M~ 8L 10y - / e<—f?—"'—f3>/T2(f,(;”(—2 )) [T a+iy—uh*Rar.

2,=0 1<j<k<n

If we now make the change of variables 7; — 7;T for each j = 1,...,n, and we use the fact that

the degree of }'1(") is D(n) (see Definition 1.4.1) it follows that, if L = M, as T — 0o we have M ~

(T R-CDm+n(=1)+n—1 where

. 2
c:an./e—f?—---—f3<f§")<%>> [l a+ly—uh*®dr,

2,=0 1<j<k<n

and otherwise, the main term is zero. This gives the i = 1 term in the statement of the proposition. The

method of proof can be extended by using additional terms in Stirling’s asymptotic expansion for the
Gamma function to obtain the additional terms. U

Remark 5.0.2. Note that this doesn’t agree with [Goldfeld et al. 2021b] in the case of n = 4 because we
have used a different normalization. Namely, the linear factors of ]-',(en) agree with those defined previously,
but we take a different power of each. Also, the gamma factors which appear in p’}”#; have a different R:
namely, what was 2 + R in each gamma factor previously has been replaced by 2R + 1 here.

6. Bounding the geometric side

The goal of this section is to use the bound given in Theorem 10.0.1 to prove the following, i.e., to
bound K, the geometric side of the Kuznetsov trace formula.

Proposition 6.0.1. Let 7., be as above. Let M = (my, ..., my_1),L=&,...,ly_1) € (Z-0)""\. Let
pE % +7Z. Let D(n) = %(2") — @ — 2" as in (1.4.2). Then for R sufficiently large and any & > 0,

n
we have
n—1

|Iw| <Le,R TS+R(2D(n)+n("_1))+%—|_%J —pn—>(w) | l_[(ﬂimi)zp'f‘"z:l >

i=1

where if W = Wy, ,...n,) Withr > 2,

.....

d(w) :=d(ny,...,n,) =

| —

r—1
Z(nk + 1) (n — )i
k=1



2210 Dorian Goldfeld, Eric Stade and Michael Woodbury

Remark 6.0.2. Assuming the lower bound conjecture for Rankin—Selberg L-functions, the resulting
bound for the Eisenstein series contribution to the Kuznetsov trace formula (see Theorem 7.1.1) is of the
magnitude T to the power R(2D(n) +n(n — 1)) 4+ ¢. Therefore, given Proposition 6.0.1 and Lemma A.13
(which says that ®(w) > &(1,n—1) = @), in order for the bound from the geometric side of the
trace formula to be less than the Eisenstein series contribution, it suffices that

n—Dn+4) \‘n—lJ nn—1)
_ —pn—

2 2
o |

Since we require that p € % + Z, we find that it suffices to take p = % universally, meaning that the

<0,
) =

which simplifies to give

if n 1s odd,

if n 1s even.

W W
3 [
=5 |w

exponent of each term £;m; can be taken to be ”2113 In particular, for the case of n =4, we see that this
exponent is 22, which is an improvement on the bound of 3 obtained in [Goldfeld et al. 2021b].

As remarked above, the main result that we will need is Theorem 10.0.1 or, more specifically,

Remark 10.0.5, which states that for any 0 < ¢ < 5, and for a = (ay, a2, . . ., a,—1) satistying |a;| + ¢ <
aj <[aj]l—¢eforeach j=1,...,n —1,wehave
PRI € 873 (y) - [ly|P - 7ot R (D005 =0y Ba), (6.0.3)

(The terms 8§~ /2(y), || y[|> are defined in Section 6.1 below. The function B is defined in Theorem 9.0.2.)

This bound for p(") (y) is obtained via an integral representation denoted by p(”) (v; b) (see (8.1.4))
over variables s = (s1, ..., s,) valid for any b = (b1, ..., b,) withb; > 0 foreach j =1,...,n—1. The
integral is taken over the lines Re(s;) = b;. Essentially, the bound is then obtained by moving the lines
of integration to Re(s;) = —a; for some a = (ay, ..., ay,) € (Rog)" L

The strategy for proving Proposition 6.0.1 will be to, first, introduce notation to rewrite Z,, in a
simplified form. We do this in Section 6.1. Then, in Section 6.2 we give bounds for Z,, obtained by
applying (6.0.3) to |pr r(Lcwuy)| (with a parameter a = (ay, ..., a,—1)) and to |pr r(My)| (with a
parameter b = (by, ..., b,_1)) for general a, b € (Rog)*!. In particular, we establish (6.2.2), bounding
|Z,,] in terms of the product of three independent quantities K (¢, w; a), X (u, w; a) and Y (y, w; a, b).
In Section 6.3, we will show that K (¢, w; a) will converge provided that a satisfies certain conditions
(independent of w), and that for this choice of a, X (u, w; a) also converges. We then determine b
(dependent on w and a) for which Y (y, w; a, b) is also convergent. Finally, in Section 6.4, we complete
the proof of Proposition 6.0.1 by simplifying the expression for the given choices of a and b.

6.1. Rewriting Z,,. Let T,(R) and U, (R) be the subgroups of GL, (R) consisting of diagonal matri-
ces (with positive terms) and upper triangular unipotent matrices, respectively. Recall that if r =
diag(ty, ..., t;) € T,(R) and u € U,(R), the modular character § : 7,(R) — R is defined to satisfy
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d(t~'ut) = 8(t) du. Explicitly, it is given by

n
say=[]# """
i=1

More generally, if a = (ay, ..., a,—1) € R"!, for
Y=O1 -y Y1) :=diag(yr - Yn—2Yn—1, .-+ Y1¥2, y1, 1),
with y1, ..., y,—1 > 0, we define

n—1
Iyl =TT v
k=1
One checks that in the special case of a; = @ forj=1,...,n—1,
_1
§72(y) = lIyll“. (6.1.1)
Similarly, if ‘U, (R) is the subgroup of GL, (R) consisting of lower triangular unipotent matrices and
Uy =™ "Uy(R)w) N Uy(R),

then we can consider the character 8,, on T,,(R) which satisfies d(tut~') = 8,,(t) du upon restricting the
measure on U, (R) to U, . It can be checked that

1 1
Su(y) =82 (y)- 872 (wyw™ ). (6.1.2)
Recall from Theorem 4.2.1 that for L = ({1, ..., £,_1), M = (m1, ..., m,_1) € (Z-9)" ' and
1/cn—l
Cn—l/cn—Z
Cc = s
/el
cy
where ¢; € Z-o fori =1, ...,n — 1, the Kloosterman contribution to the Kuznetsov trace formula is
given by
K=Y 1T,
weW,
WHW]

where, using the notation defined above and letting dy* denote the measure ]_[Z;ll dyi/yi,

Ty=c,' Y Y o > Su(Yr. iy 0)

veV, c1=1 cp—1=1

f 87 (LM)-8(»)-Yrr (wuy) ¥y (@) pi (Lewuy) pie(My)d*udy*.  (6.1.3)

y=1,-s¥n-1) U (@D\Uw (R) 7, (R)
YiseosYno1>0

We recall that by [Friedberg 1987], Z,, is identically zero unless w is relevant (see Definition 2.2.6).
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6.2. Bounds for T, in terms of a and b. Since p(") (g) is determined by the Iwasawa decomposition
of g, we first make the change of variables u +— y luy. Then (6.1.3) implies that

Zul < YD o Y 1Su (WL, Y O

veV, 61:1 C,,,1:1

f f f 5 (M)-8E ()80 (5)-5) | p P (Lewyu) | | pL oy (My)| d*u dy*.  (6.2.1)

y:(yl ----- yn—l) UuJ(Z)\Uw(R) ﬁ,‘)(R)
Viseeos Yn—1>0

For the purposes of our analysis, we break up the integral in the y-variables. To this end, let
lp:= (0,11, I =(l,00).
For t = (11, ..., Ta—1) € {0, 1}"!, define

ILhi=1) x---x1I .

Hence,

Y=1s+e0sYn—1)
V1sees Yn—1>0

and (6.2.1) becomes
T < D |Tw (D),

where

Zo@ =YD Y ISu (L, Yy )]

vEV C1_1 Cpn— 1—1

/ / / / / 53(M) -8} (L) - 8u(»)-5(»)

yely el i€l Uo@Uu® Tu® | p (Lewyw)| | py e (My)| d*udy™.  (6.2.2)

Our strategy is now to, for each choice of 7, replace the terms with p(T’f )R with the bound from (6.0.3)
(in the first instance using a choice of @ = (a1, ..., a,—-1) € R"*~! and in the second instance using
b= (by,..., by_1) € R* ). Then we need to find choices of a and b for which the corresponding
integrals converge and give good bounds.

Recall that if g = utk is the Iwasawa decomposition of an element g € GL, (R), then p(") ()= p(T" )R ().
With this in mind, consider the Iwasawa decomposition wu = ugtk, where ug € U, (R), t € T,(R) and
k € O(n,R). Then

Lcwyu = Lc(wyw_l)uotk = uch(wyw_l)tk (u; = (Lcwyw_l)_luo(Lcwyw_l))
is the Iwasawa form of Lcwyu; hence

Py R (Lewyw)| = | i p (Lewyw ™).
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Recall that the Iwasawa form of wu is assumed to be ugtk, meaning wu = ugtk, where ug € U, (R),
t € T,(R) and k € O (n, R). It can be shown [Jacquet 1967] that

l/gn—l
snfl/%_an
2= , (6.2.3)
&/6
&1

where & = & (wu) > 1 for any u € U,. For example, in the case n =4 and w = Wiong = W(1,1,1,1), W€

find that U ,,,, = U4(R) and, for
I x12 x13 X14
0 1 x3 x4
u= ,
0 0 1 X34
00 0 1
that

E1(Wiongtt) = 1+ x7, + x75 + x4,
& (Wiongut) = 1+ x§3 + X3, + (X12X04 — x12)? + (x12%23 — X13)% + (X13%24 — X14%23)%,
& (Wiongut) = 1+ x324 + (X23234 — X24)% + (X12X23X34 — X13X34 — X12X24 + X14)°.
In general, the values &; are always of the form 1 plus a sum of squares of functions consisting of the

entries of u.
From (6.0.3), replacing a with b, we see that | p(T’f )R (My)] is bounded by

CSM) T M- 5(y)~2 - [y - Ter AR (D) =3 By

To similarly bound | p% )R (Lcwyw™'1)|, we first remark that since

didy---dy_y
didy---dy Cio1C;
c=c =:c;d, Wwhere d[:'—z'ﬂ,
di i
1
setting co = ¢, := 1 (and ap = a, := 0 as usual), we see that

n—1

2a; n—1
_1 2 _1 Ci—1Ci+1 —142a;_1—4a;+2aq;
572(e) - [lel® = () 2]‘[(—2 = [ [ oo
¢ k=1

i=1 i
Therefore, it follows that

S(L)™2 - ||| - 8(1)"2 - [1£]|2

1-2a; 1 +4a;—2a; 1,

=1
— S (wyw™")~2
k=1Ck

PR Lewyw ™" 1) <

(4 (n=1) | p. n=)\_ -1 po
wyw= V|2 T +R(Dm)+"72) =31 Blay)
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Recall that if 7 = ¢ (u) is as in (6.2.3), if we define, fora = (ay, ..., an—1), b= (b1, ..., by_1) € R* 1,

o0 o0
. |Sw('¢‘L7 WX,[,C”
K(w;a):= Z Z T Z n—1 1-2a;_1+4a;—2a;4’

veVyei=1  cp_1=1 Hi:l ¢

X (w; a) = / / 54 1P d*u,

Un(D\U»(®) T ,(R)

and for a given choice of t = (ty, ..., 7,—1) € {0, 1yt
vewaby= [ [P ey Py
ylelrl y2€112 )’n—lelrn_l

then the bound on |Z,,(t)| given in (6.2.2) can be replaced by

1T, (7)| < TET 2+ R QD +n(ni=1)= Y7 (Bla))+B(b))
‘K (w; a)- X(w; a)-Y(z,w;a,b)-|L|*- |M|*. (6.2.4)

We remark that in simplifying/finding Y (7, w; a, b), we have used (6.1.2). The basic strategy to prove
Proposition 6.0.1 is now clear: we first find a such that both K (w; @) and X (w; a) converge; then given
this choice of a, we determine a particular value of b for which Y (t,w; a, b) converges as well; finally,
we work out the corresponding bounds on || L||*, ||M|?** and Z'};}(B(aj) + B(bj)).

6.3. Restrictions on the parameters a and b. The trivial bound (see [Dabrowski and Reeder 1998]) for
the Kloosterman sum is given by

S, 1,¢) K 82(c) =ci1ca- - Cuoi.

Hence K (w; a) is convergent whenever a is chosen such that

n—1

el = e 20 « 5727 o).
k=1
From (6.1.1), if we set a; = “'12—‘”(1+g), then ||c]|?* =817 (c) « 8~1/27%(c). More generally, K (w; a)
converges in the case
, Jn—j) .
aj.zp—i—T(l—i-e), p>0,j=1,...,n—1. (6.3.1)

That this choice of a makes K (w; a) converge is a consequence of the easily verifiable fact that
el = (erea—1) ™ - 87175 (0).

We assume henceforth that a satisfies (6.3.1).
We next consider the convergence of X (w; a). Recall that the Iwasawa form of wu is assumed to be
uoptk, meaning wu = ugtk, where ug € U,(R), t € T,(R) and k € O(n, R). Indeed, ¢ is given by (6.2.3).
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Then
. _ -1 2a j% -3 ¢ *
X(w; a) = 572 - |1t d*u < 8727 (t) d*u.
U @\U.®) T, (R) U @\U.®) T, (R)

The fact that the right-hand side converges is a consequence of [Jacquet 1967].
We now turn to the convergence of Y (7, w; a, b). Applying Lemma A.1 (which describes || wyw_1 [174),

we see that
SR 7A 2 +a;,) e
. (n—nj+j) e\ @iy ) — Q@G _y+)j) TR X .
Yz, w;a,b) =/<1_[1_[yn—ﬁ,-+lj o Yy =TT Ysisi(x wia. b).
I, i=lj=l i=1j=1
where

2y +j—2aq,_ —aq, +j+aq) AYn_p 4
Yn—ﬁ,‘-i-j(.[’w;a’b) = / yn_ﬁi_;_j ! ' ' ——

Tn—h;+j

Yn—hi+j

Hence, in order to bound Y (t, w; a, b) (and thereby show that Z,,(t) converges), we must choose

b= (by,...,by—1)suchthat,_; ,;(t, w;a,b) converges. Clearly
Bu_ij = Gh,_, — Qi+ i+ an +(_1)fn—ﬁi+f.§ G=1,....s, j=1,....n) (6.3.2)
suffices, since making this choice implies that, foreachk=1,...,n—1,

Jhye@dyly)  if =0,

Yi(t,w;a,b)= ~
8 : [y dy)y) ifn=1,

which converges (and gives the same value %) in either case.

6.4. Proof of Proposition 6.0.1. We have now shown that if w = w,,,....»,) and we choose a as in (6.3.1)

and b via (6.3.2) accordingly, the right-hand side of (6.2.4) converges, and hence gives a bound for |Z,,|.
Therefore, in order to complete the proof of Proposition 6.0.1, we need to first show that
n—1

n2
LI - M < T im0,
i=1

and second that the given choice of a and b gives the claimed bound for the power of T appearing
in (6.2.4).

To complete the first of these tasks we note that, by (6.3.1) and the fact that j(n — j) is maximized
(in j) when j = 5, we have
i(n—j n? n?+1
](—])(1+s) <p+—-U+e)<p+

2 8 8

fore < 1/n”>and 1 < j <n — 1. Similarly, using (6.3.1) and (6.3.2) we compute that, for 1 <i <s and

1<j<n,

aj=p+ 6.4.1)

by_irj=p+ 3G+ jQAi —n)+h;(n—h)) +e (6.4.2)
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for € sufficiently small. Note that the right-hand side of (6.4.2) is a concave up parabola in j, and therefore,
on the interval 1 < j <n;, can attain its maximum only at j =1 or j =n;. So, if we can show that b, _; ;1
and b,,_;, ,; both satisfy a suitable upper bound, then the same bound will hold for all 1 < j < n;.

We consider first the endpoint j = n;. Using (6.4.2) and the fact that n; —n; = n;_, we find that

1A ~
bn—ﬁ,-—i—ni =p + zni_](l’l - ni—]) +e.

Again, j(n — j) is maximized when j = 7, so we conclude that

2 2
n n-+1
by_p;4n, <P+ 3 +e<p+ 2 (6.4.3)
for ¢ sufficiently small.
Next we consider the endpoint j = 1. From (6.4.2) we find that
by—ps1=p+3(L—n+i;(n—i;)+24;1) +¢
< p+y(=1=n+ii(n—ip)+20) +e, (6.4.4)

where the last step follows because n;_; = n; —n; <n; — 1. We find using calculus that, as a function
of n;, the right-hand side of (6.4.4) is maximized when 7; = 142 o

R
1 n+2 n+2
b,,_;,,-+1§,0+§ —1—n+ > n— > +n+2)+e¢
n® n?+1
=p+—+e<p+ (6.4.5)
8 8
for & small enough. From (6.4.3) and (6.4.5) it follows, again, that
n?+1
bn—fzi-l-j S 1% + 8
forall 1 <i <sand 1 < j <n;. This and (6.4.1) yield the desired bound on ||L|%* - | M ||?".
The second task is accomplished using Lemma A.9. U

7. Bounding the Eisenstein spectrum £

Recall thatif L=(¢y,...,¢,—1), M=(my,...,m,_1) eZ" ! with ]_[?:_l1 £;m; #0, then, by Theorem 4.1.1,
the Eisenstein contribution to the Kuznetsov trace formula is given by

£=).) &
P @

where
Ep.o = cp / Agy (L) Apr a5 - [P (@) ()P ds.
nysy+-+n,s,=0
Re(s;)=0
In this section we give bounds for £ in the case that L = (¢, 1,...,1) and M = (m, 1, ..., 1), with

£, m #Q.
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7.1. The Eisenstein contribution £ to the Kuznetsov trace formula. The main result of this section is
the following.

Theorem 7.1.1 (bounding the Eisenstein contribution £). Fix n > 2 and a sufficiently large integer
R>0.LetL=(,1,....,),M=(m,1,...,1)eZ" " witht,m # 0. Then, assuming the lower bound
conjecture for Rankin—Selberg L-functions (see Conjecture 1.3.2), for T — oo we have the bound

1 1 n n
YN iepol < (m)? TR TR(CH-2)+e 0
P @

7.2. Proof of Theorem 7.1.1.

Proof. We proceed by induction on n, beginning with the case n = 2. In this case, the only parabolic
subgroup is the minimum parabolic, or Borel, subgroup B = P; 1, and the only function ® corresponding
to BB (see Definition 3.2.2) is the constant function ® = 1. The Eisenstein contribution in this case, then,
is simply the quantity &g ;.

By Theorem 4.1.1 in the case n = 2, we have

Ep1=cp f Ak, (€,5) Apy, (m. ) |7 (e, ()7 dsi,
Re s;=0
where s = (s1, —s1). Now note that, by (3.2.7), «
]-'1(3) = 1, so by Definition 1.4.4, we have

272 2R+ 1+ 2s 2R+ 1 — 25
p%ﬁe(“w,w(s)) =/t F( 4 )F< )

.1 (8) = s. Moreover, by Definition 1.4.1, we have

4

Furthermore, we see from Proposition 4.1.5 that

—1

Ap, (@) <A +2s)7 Y e < €

c1,62€250
cier=L

F(l +22s‘ )4(1 +25)

Then )
| r (2R+‘11+251 )F (2R+‘11—2sl ) |

T (H20) (1 +25p) [

E5.1] < (Em)* f e \ds|.

Re(s1)=0

We may restrict our integration to the domain | Im(s)| < 7, since st/ decays exponentially otherwise.
On this domain, we use Stirling’s bound (9.2.1) for the Gamma function, as well as the Vinogradov bound

cA+in]T <A+ @ eR).
We get

IEp.1] K (Em)* f [T+ 5128714 sy,

Re(s1)=0
Im(s1)<T

from which it follows immediately that |5 1| < T2R+¢ S0 our desired result holds in the case n = 2.
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We now proceed to the general case. For n > 2, in order to establish bounds for £p ¢, we need to
know that our main theorem is true for all k < n. The reason this is needed is because we have to bound
Rankin-Selberg L-functions L(s, ¢ X ¢y), with 2 < k, k" < n. This will require knowing the Weyl law
with harmonic weights (Theorem 7.2.3) for 2 < k, k' < n. We may assume by induction, however, that
this is indeed the case, i.e., the Weyl law with harmonic weights holds for all 2 < k < n.

Now recall that, for the parabolic P associated to a partition n =n; + - - - +n,, we have

Ep.0 = / Apyo(L.S) Apr g O 5) - | P (e o) ()P ds
nysy+--+n.s,=0
Re(s})=0

where a, . (s) is given by (see (3.2.7))

n terms ny terms n, terms

(or 1485, o +51, @1 +82, . 0y +52. oo Ul S, O, S ).

Since Y ¥ a,; =0 for all 1 <k <r we see that

roong roong

Z Z(ak’i —i—sk)2 = Z Z(O‘l%,i +s,3).

k=1 i=1 k=1 i=1
Now, for any 8 = (81, ..., Bn) € (iR)", where Bn =0, we have

n :32+:82++:33 n
pff}(ﬂ)::(l L )-FEJ(%) [1

1<i<j<n

2

4

F(2R+1+ﬁi—ﬁj)

It follows that

it XL O + 5% )fm) ( <s>)

Py (0 () = exp( M

272 2
lL[ 1—[ F(ZR—l—l—i—ak,i—ak,j)r
k=1 1<i<j <ny 4
ng#El T -
1%

T

]§k<k’§r i=1 ]:]

F<2R+1+Sk_sk’+olk,i _ak’,j)'z
1 )

By Proposition 4.1.5, the m-th coefficient of Ep ¢ is given by

.
1 _
Appo(m. 1, D) =[] L*1LAdg) 2 [ L*(A+si—s. ¢ x))""
,5;51] I<i<j=zr ) Z Mgy (C1) =+ hg, () - cil oo

1<cy,c2,...,cr€Z
c1C--Cr=m

up to a nonzero constant factor with absolute value depending only on n. To bound the divisor sum
above we will use the bound of Luo, Rudnick and Sarnak [Luo et al. 1999] for the m-th Hecke Fourier
coefficient of a GL(«) (for « > 2) Hecke—Maass cusp form ¢ given by

hp(m, 1, ..., 1)] < mz1/&+Dte,
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(A slightly stronger result has been obtained by Kim and Sarnak [Kim 2003]. However, the stated result
above is sufficient for our purposes.) We immediately obtain the following bound for the divisor sum:

Z A (c1) -+ Rg(cr) ey -y | K mi— /@ +D+e

1<cy,c2,....,cr €Z
C1Cy-Cr=m

It follows that

11 N 02
Ep.0l < (me)? " (Z“g—k
2< r

) [ %p.0) (5)
[ (s
k=1 1<i<j <ny

r 2R+ 14 g — oy
4
nysy+--+n,s,=0 Py

Re(s;)=0.Im(s ) <T
( 1_[ ﬁﬁ F(2R+1+sk—sk/+oek,,' —Olk’,j>‘4)
4

I<k<k'<r i=1 j=1

: (1‘[ IL*(1, Ad¢k>|l> : ( [T 1270 +sc—se. e x i)l 2 |ds|)

)

k:;ﬁll 1<k<k'<r
nk
1 1 r az —|— e + az
< (me)? 2 ] exp( L
k=1 T2
nk;él
2 r 2R+ 14y i—ag j\ |14
/ }-(")<°‘(7>.<1>> (s)) 1—[ 1 1—[ r(————)|
R o i\ 12
2 L(1,Ad It i —a
n1sy+--+n,s,=0 k:11| ., 2 I<i<j<ni ‘F( 2 )‘
Re(s;)=0.Im(s ) <T ni#
ng Ny 2R+1+Sk Sk’+akz*ak’ )|4
1_[ | (1 —+ Sk — S/, ¢k X ¢k’ |2 1_[ 1_[ 1+Sk—s'k/—iotk,,-—ak/J 2 |dS|
I<k<k'<r i=1 j=1 5 )|

Lemma 7.2.1. Assume |si| < T and |oy j| K T'** for 1 <k <rand 1 < j <ny. Thenfor o :=a,, , (s)
and a® as in Definition A. 16, we have

7 @y OO < (l_[ |f§{’“(a<k>>|2) TRBO

k=1
ng#l1
where B(n) =2D(n) — ZZZ:Lnk#D(nk).
Proof. This follows immediately from Lemma A.27. O

It follows from Lemma 7.2.1 that for [«®|> = af | +-- -+, , we have

(k)lz (ng) (a® IT(QR+1+ay i —on )/ DI
|€ | < ( Z)z +5TR B(n)+e¢ 11[ eXp( )’}— ( )| l_[1<z<] <ng \F((1+ak_i—ak_j);2)|2
P.® m n*
U IL(1, Adgy)
ng#1 ng Ny r (2R+1+5k*5k’+ak,i*ak’,j ) |4

1 3
/ l—[ |L (145 —sk, i X Prr) |2 1—[1_[ (1+sk—sk/+ozk,»—ak,

/ S
nisi+otns=0 1=k<k’=r =1j=1 2
Re(s;)=0,Im(s;)| KT

|ds|
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r h(’lk)(a(k))l
2 TE . R-B(n)+te |T,R
<<(m£)2 n? -T _—
1:[1 IL(1, Adgy)|
ni#l QR+ 14sp—sp 4o i—ays ; \ |4

N G |

1 ni Ny
/ 1_[ |L (145 —Sk’, i X Prr) Izr!jl_[l (‘“k—sk’;"‘k,f—“kc/)f

nysi+---+n,s,=0 I<k<k'=r
Re(v,) 0,Im(s;) [T

a®)? (k)\? 2Rt 1oy i—on )2
(nk)(a(k))—exp<| | )-FI(enk)<aT> 1—[ F( = /) .

1+Olk.,‘—()lk_j
I<i#j <ny F( 2 )

\ds|.

where

Next

ny (2R+1+Sk Sk’+ak17ak’ .

4
4 )| (2R—1) Zl<k<k/<r Rp-Nyr
1_[ 1_[ l—[ l+sk—sk/+ak,f—0tk/,,- LT o )

I<k<k'<r i=1 j=I 2 )|2

‘We obtain the bound

1 1
1Ep.0l < (me)F T+ TREWTEHCRD By gz min

lL[ W—a(k))' f 1—[ |ds|
o [L(L Ad gl IL(1 4 sk — sy P X i) |?

nysy+---+n,s,=0 l<k<k'=r
Re(s;)=0,[Im(s;)| KT

Next, we bound the s-integral above. It follows from Langlands’ conjecture (see Conjecture 1.3.2) that
for |Im(sy)|, [Im(sy’)| < T we have the bound

IL(L+ s = s, ¢k X gi)| 2 < T°.
This together with the bound

/ lds| <« T,

nisy+--+n,.s,=0
Re(s;)=0, [Im(s;)|<T

implies that

=2 —+& R-B()+QR—1) Y r—1) : |h(TnkIg(°‘(k))|
1Ep 0| € (me)2 w21 TRBWTER=D 2 i +r=Dte ( —) (7.2.2)
,El L1, Adgp)]
Since each ny < n (for k =1,2,...,r), we can apply our inductive procedure together with the

following theorem to bound ) 4 [Ep ol

Theorem 7.2.3 (Weyl law with harmonic weights for GL(ny) with ny < n). Suppose ny € Z with2 <nj <n.
Let {¢1, @2, ...} be an orthogonal basis of Hecke—Maass cusp forms for GL(ny) ordered by eigenvalue. If

o) are the Langlands parameters of ¢ j» then

y I

j=l1

) ()
hy'g (@ ) <, T2R(DU+"D) -1 (7.2.4)
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Proof. In [Goldfeld et al. 2021b], all that was needed to prove this statement for n = 4 was to have it be
true for ny =2 and n; = 3, which was already known. A similar induction argument works in general. [

It immediately follows from the bounds (7.2.2) and (7.2.4) that

Z 1Ep o] < (mg)%_nzlﬁ“ TRBO+CR=D) Xy ey +r=Dte | p Xisy QR(DO+%5=2) 4mi—1)
®

Recall that B(n) =2D(n) —2Y_;_, D(nx), which implies that

11 =)
E 1Ep o] < (ml)? ,72+1+€T2R'D(”)+2R(Zlgk<k’§r ngng Y gy %)JrZZ:lnk—Zlgm/g nieng —l+te

0]

Next, 3| yprey Mk -1 + Yy 4= = 202D by Lemma A.22 and Y7}, ni = n. It follows that

1 1 _
Z 1Ep.0 < (me)2~ e T PRR(DW+ME) tn=1=F g vz meny e
[

To complete the proof, we need to sum over all parabolics P. It suffices, therefore, to consider the “worst
case scenario” among the possible partitions n = n; + - - - + n, for which the expression

E 93494
1<k<k'<r

is minimized. It is easy to see that this occurs when r =2 and {n|, n,} = {n — 1, 1}, giving the bound
n — 1. It follows that

SN Ip ol < (me)? T RO e
P @

Using (1.4.2), this immediately implies the desired result. (|
Remark 7.2.5. Jana and Nelson [2019] proved the bound
i' < T”z_"’ (7.2.6)

c@j<Tn "/

where c(¢) is the analytic conductor given in (1.3.1). This is an unsmoothed version of Theorem 7.2.3.
Our result is a smoothed version, and it doesn’t seem possible to derive a bound as in (7.2.6) with a sharp
cutoff without using a different approach.

8. An integral representation of p(T"’ )R )

Recall (see 1.4.4) that

n# (@) = @ttt /T ) (& o 1H2R+o) —a
prr(a)=e i (5 l_[ ’ ‘
1< j#k <n
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Using the formula for the inverse Lebedev—Whittaker transform given in [Goldfeld and Kontorovich
2012], it follows that

@) 1 Pr(e) Woa(y)

Pr, R(Y) = 7 —a o
A oty iz T(F77)
Re(a)=0
1 ofte3+tai ) [ @ aj — O \ ——
= g / e 2r? - Fp (E) 1_[ FR( > )Wn,a())) da,
G, =0 1< j#k <n
Re(a)=0

where

The strategy in this section for giving a representation of p% )R (y) follows the same general outline
as was used to obtain the results for GL(3) and GL(4) given in [Goldfeld and Kontorovich 2013] and
[Goldfeld et al. 2021b], respectively. As in the prior works, we express the Whittaker function as the
inverse Mellin transform of its Mellin transform. (See Section 8.1.) Plugging this into the above formula

(n) . .. . _
gives an integral representation of p; »(y) in terms of an additional variable s = (sq, ..., s,—1).

8.1. Normalized Mellin transform of Whittaker function. We introduce (as in [Ishii and Stade 2007])
the following Mellin transform and its inverse.

Definition 8.1.1 (normalized Mellin transform of Whittaker function). LetneZ anda=(«y, ..., a,)€C”
such that &, = 0. Let W, ,(y) be the Whittaker function of Definition 2.3.3. The Mellin transform is
dy;
na(S) =2"" 1/ / W, za(y)l_[(r[y])zsf 1+/({' = (812)
and the inverse Mellin transform is given by
1 =l g g S
Wn,a(y): -1 / (1_[)/] 2 (Tl'y]) f) %(E)ds (8.1.3)
S=(1,08p 1) =1
Re(s)=2b

As a consequence of this definition, we have

24 4a?

n 1 oo .
p(T)R()’) = QT / e 122 '-7:1(e )(oz)( 1_[ Cr(e; —Olk)>
a,=0 1<j#k<n
Re(@=0 Jn=j

§=(51,.-8n—1) j=1
Re(s)=b

where b = (by, ..., b,—1) with each b; > 0.
We use the following theorem to make (8.1.4) explicit and to begin setting up an inductive method to
(n)
bound p; % (y) forall n > 2.
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Theorem 8.1.5 (Ishii—Stade). Let m > 2 and ¢ > 0. Fix a Langlands parameter o € C™. Let s € C"!
with Re(s) > ¢. Then

m—1 . . nd
17 - m m Win—
Wi, (s) = f (]‘[ r(s,—zj_1+%>r(sj—zj—nﬁ1)). (hil)’f;(zz) dz, (8.1.6)

j=1

2=(21,-,Zm-2)
Re(z)=¢

where 0 |
- m— 1)
"0, g may - D g
m—1 m—1

z0:=—0+

and

ﬁ=(ﬂ1,...,ﬁm_1>:=<a1+“—’" Oy )

m—1"" m—1
8.2. A shifted p(T"’ )R term and the Ishii—-Stade conjecture. Our goal is to insert (8.1.6) into (8.1.4) and
then shift the lines of integration in s to Re(s) = —a, to the left of some of the poles of Wn,a(s), which
(see Theorem 10.1.1) occur at Re(s;) = —§ forevery 1 <i <n —1and § € Z>¢. By Cauchy’s residue
formula, this allows us to describe p(T'f )R (y) in terms of a the sum of a shifted p(T'f )R term and finitely many
shifted residue terms.

Definition 8.2.1 (shifted p(T'f )R term). Let n > 2 be an integer and a = (ay, ..., an—1) € R"~! The shifted
p% )R term is given by the same formula as (8.1.4) but with b replaced by —a:

2 2
1 ety
Py (y: —a) = QT / e 'fl(%n)(a)< [1 FR(“j_ak)>
8, =0 1<j#k<n
Re(a)=0

L TP ) -
(]‘[ ¥, T (nyj)—zsf) Woo(s)dsda. (82.2)

S=(81,.0,8n—-1) J=l
Re(s)=—a

One might be tempted to insert (8.1.6) into (8.2.2), but this is invalid if n > 3, because Theorem 8.1.5
requires that Re(s;) > ¢ foreachi =1, ..., n — 1. To overcome this difficulty, we use shift equations as
given in the following conjecture. This allows us to evaluate Wn,a(s) for Re(s) < 0.

Conjecture 8.2.3 (Ishii—Stade). Letm,n e Zwith1 <m <n—1;let § € Z>. Let

I'x+n)
I'(x)
Then there exists a positive integer r and, for each i with 1 < i < r, a polynomial P;(s,«) and an

(n — 1)-tuple %; € (Z=0)""", such that

X)), = =x(x+1---(x+n-—1).

r

-1
van,a(s>=[ 1 (sm+aj1+ajz+---+a,-m>5} Y Pils,a)Waals + %), (824)

1<ji<jp<-<jm=n i=1

where the mth coordinate of each %; is at least §. Moreover, for each i, we have

deg(P;(s, @) +2I%i =5()) ).

n
m
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Proof of conjecture for 2 < n < 5. Note that the case § = 0 of the conjecture is trivial. Moreover, for a
given m and n with 1 <m <n — 1, it’s enough to prove the conjecture for § = 1. The case § > 1 then
follows by applying the case § = 1 to itself iteratively.

For § =1 and n =2 or n = 3, the conjecture follows immediately from the explicit formulae

Wau(s) =T(s + )l (s — ),
I'(si + o)l (s1 + o) (51 +a3) (52 —a) (52 — )T (52 — 3)
[(s1+52) ’

respectively, together with the functional equation I'(s + 1) = s['(s). Thecase § =1 andn =4 is a
consequence of [Stade and Trinh 2021, equations (21), (29), and (31)].

We now consider the case § = 1 and n = 5. Note that it suffices to derive the appropriate recurrence

W3a(s) =

relations for m = 1 and m = 2 (that is, for the variables s; and s,); the cases m = 3 and m = 4 then follow
from the invariance of VT’ia (s) under the involution

(51, 52, 83, 54, 01, @2, 03, A4, &05) —> (84, §3, 52, §1, —0(], —Q2, —Q3, —0l4, —0O5).

We follow an approach developed by Taku Ishii (personal correspondence). First, consider the case

m = 1: we wish to show that
5

|:1_[(51 + ai)] Ws o (5) (8.2.5)

i=1
is equal to a finite sum of terms P; (s, a)v’f/n,a(s + X;), where the first coordinate of each X; € (220)4 is
at least 1, and deg(P; (s, «)) +2|X;| = 5 for each i. To this end, let

o = (01, 02,03, 04,05) = (—S1, 51 — 52, 52 — 53, 53 — 54, 54); (8.2.6)

note that ), 0; = 0. Since 51 + o7 = 0, we have
5 5 5

[]‘[(sl +a,-)]v75,a(s> = []'[(sl +a;) =[] +a,-)]vas,a<s). (8.2.7)

i=1 i=1 i=1

But for indeterminates 7', xi, x2, X3, X4, X5, we have

5
l_[(T +x) =T’ +T*Pi(x) + T3 Pa(x) + T? P3(x) + T Ps(x) + Ps(x), (8.2.8)
i=1

where Py (x) is the elementary symmetric polynomial of degree k in x1, x7, X3, x4, x5. So by (8.2.7) above,

5
[]‘[(sl +a,-)] Ws o (5)
i=1
= [57 + 57 P1(@) + 57 Pa(@) + 57 P3(@) + 5 Pa(@) + Ps(@) ] Ws o (s)
—[57 + 51 P1(0) + 57 P2(0) + 57 P3(0) + s Pa(0) + Ps(0) | Ws o (5)
= [s1{Pa(@) — P2(0)} +5}{P3(0) — P3(0)}+51{ Pa(cr) — P (o)} +{P5(ct) — P5(0)} | Ws o (5),  (8.2.9)
since Pi(a) = P1(0) =0.
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Now let e, for 1 < k < 4, be the four-tuple with a 1 in the k-th place and zeroes elsewhere. By [Ishii
and Oda 2014, Proposition 3.6], we have
Pr(a) — Pr(0) = Zi — Cy
(as operators acting on functions in the variable s = (s1, 2, 53, 54)), where the “Capelli elements” Cy
annihilate Ws,a (s), and
Zrf(s) = f(s+e)+ f(s+e)+ f(s+e3)+ f(s+es),
Z5 f(s) = P1(03, 04, 05) f (s+e1)+ P (01, 04, 05) f (s+e2)+ P1 (01, 02, 05) f (s +e3)
+Pi(01,02,03) f(s+esq),
Z4f(s) = P2(03, 04, 05) f (s+e1)+ Pa(01, 04, 05) f (s+e2)+ P2(01, 02, 05) f (s +e3)
+P2(01,02,03) f(s+es)+ f(s+er+e3)+ f(s+er+eq)+ f(s+ertes),
Zsf(s) = P3(03, 04, 05) f(s+e1)+ P3(01, 04, 05) f (s+e2)+ P3(01, 02, 05) f (s +e3)
+P3(01,02,03) f(s+eq)+ Pi(05) f(s+e1+e3)+Pi(03) f(s+er1+es)+ Pr(o1) f(s+ex+eq).
So by (8.2.9),

5
[H(sl +a,-)] Ws o (s) = [s
S

i=1

Y7o+ sTZy 5124+ ZS]WS,a(S)

= 457 Py (03, 04, 05) + 51 P2 (03, 04, 05) + P3(03, 04, 05)]W5,a(s +ey)

+ [s7 + 51 Pi (01, 04, 05) + 51 P2 (01, 04, 05) + P3(01, 04, 05)]W5,a(s +e2)
+ [s7 + s P1(01, 02, 05) + 51 P2 (01, 02, 05) + P3(071, 02, 05)]W5,a(s +e3)
+[53 + 57 P1(01, 02, 03) + 51 Pa(01, 02, 03) + P3(01, 02, 03) | Ws o (s + es)
+[s1+ P (05)]W5,a(s +ei+e3)
+[s1+ P (03)]W5,a(s +e1+es)
+ [51+ Pi(01) | Ws o (s + €2+ ea). (8.2.10)
Recalling that the P;’s are the elementary symmetric polynomials of degree k in their arguments, we see
si +stPi(a, b, c)+s1Pya, b, c)+ Ps(a, b, c) = (si +a)(s; +b)(s; + ),

for indeterminates a, b, c. So (8.2.10) gives
5

[H(sl +ai)} Ws o (5) = (514 03) (51 + 02) (51 + 05) Ws o (s + €1)
=l + (51 +01) (51 +04) (51 + 05) Ws 4. (5 + €2)
+ (514 01)(s1 +02) (51 +05) Ws o (s +€3)
+ (51 +01) (51 +02) (51 4 03) Ws 4 (5 + e4)
+ (51 4+ 05) Wao(s +e1 +e3)
+ (51 4+ 03) Ws o (s +e1 +es)
+ (51 +01) Ws o (s +e2+es)
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= (51 + 52 —53)(s1 + 53 —54) (51 + S4)VT’5,a(S +ep)
+ (51 +52)Ws o (s +e1+e3) + (51 + 52— 53)Ws5 o (s +e1 +es),

where we have the last step by the definition (8.2.6) of the o;’s. This is our desired shift equation in s;.

The shift equation in s, is derived analogously. A fundamental difference in this derivation is that, in
place of (8.2.8), we use the following expression involving Schur polynomials s, (see [Macdonald 1979,
Section 1.3], especially Exercise 10 of that section):

T\ 10— (itpottis)
l_[ (T+xl~—|-xj)= Z (—) dusﬂ(xl,xz,...,xs).

2
I<i<j<5 =1, 425, 45)ES
Here,

S={(i,pa, ... pus) € (@00 i <5—i (1<i <S5 and py = o = - = s,

and d,, is the determinant of the matrix

2(5—1)
<<Mj+5l_j>>1§i,j§5.

The Schur polynomials are symmetric polynomials in the x;’s and are therefore expressible in terms of
the elementary symmetric polynomials in the x;’s. Techniques like those employed above, in the case
m = 1, therefore apply. We omit the details. 0

Remark 8.2.11. The above proof, in the case m = 1 (that is, for the variable s;—and therefore also for
the variable s,,_1), generalizes to the case of GL(n, R) for any n > 2. For 2 <m <n — 2, we do not yet
have a proof that works for all n > 2, though we expect that the above ideas and techniques should prove
relevant. Indeed, using the above methods, and applying Mathematica to help with the more arduous
calculations, we have been able to verify Conjecture 8.2.3 in full generality for n < 7.

We further note that, alternatively, one might continue Wn,a (s) in the s;’s by shifting or deforming the
lines of integration in (8.1.6). Unfortunately such an approach has, thus far, failed to yield suitable results.
In particular, the residues that one obtains in moving these lines of integration past poles of the integrand are
quite complicated, and do not seem to lend themselves to bounds of the type required to estimate p(T'f )R (y).
8.3. p(T"’ )R (y) is a sum of a shifted term and residues. Besides the shifted p(T'f )R—term (because we cross
poles of VT/,W (s) upon shifting the lines of integration) there are also many residue terms. The residue
terms will be parametrized by compositions of n. Recall that a composition of length r of a positive
integer n is a way of writing n =n;| 4 - - - +n, as a sum of strictly positive integers. Two sums that differ
in the order define different compositions. Compare this, on the other hand with partitions which are
compositions of n for which the order doesn’t matter.

Definition 8.3.1 (a-admissible compositions). Let a = (ay,...,a,_1) € R*~\. A composition n =
ny+---+n, is termed a-admissible if

ap >0 foralli=1,...,r—1.
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The set of a-admissible compositions of length greater than 1 is
Cq :={compositions n =ny +---+n, |2<r <n, az, >0foralli=1,...,r—1}.
Remark 8.3.2. At times we may also notate a composition n = nj + - - - +n, as an ordered list C =
(ny,...,n,).
Definition 8.3.3 ((r —1)-fold residue term). Suppose that7 >2and C €C, is givenbyn=n+- - -+n,. Let
S = (81,82, 8rm1) € (Z0)
with 0 <§; < |a;, ] foreachi =1, ..., r—1. If C has length 2, we write 6c = §. We define the (r—1)-fold

residue term

a2 tad
1 n
PR (yi —a, 8¢) == / e TR -f,(;’)(a)( I FR<aj—ak>)
6 =0 1<j#k=n
Re(a)=0
i TS ANV BRI Py
() (I )
i=1 Re(sj)=—a; JEAL-lir—1}
j¢{ﬁ1v-~~sﬁr71}
Res ( Res (++(  Res  Wya(0)::))dsda. (334)
$hy=—qa; =81 \sa, ==&, =52 Sp,_ =0, _ —r-1

Remark 8.3.5. In the shifted integral (8.3.4), if —a; > 0 for some i, there will be no residues coming
from the integral in s; because we are not shifting past any poles. For this reason, one only obtains residue
terms p% )R (y; —a, 8¢) in the case that C is a-admissible. That said, (8.3.4) makes perfect sense even if
C is not a-admissible. In this case, p(T'f)R(y; —a, §¢) is identically zero.

Proposition 8.3.6. Suppose that a = (a1, . .., an—1) € R"~\. Then there exists constants « (C) such that

PR = pRi—a) + Y k(€)Y piR(yi—a.8c).
CceC, 5C:(51,.A.,5r,1)
0<8;<laz, ]
Before giving the proof, we make some preliminary remarks and observations.

Remark 8.3.7. Notice that an element o of the symmetric group S, (i.e., the group of permutations of a
set of n elements) acts on « = («y, ..., &,) and, by extension, on & via

oA =01y F )+ 0ok

We can consider the analog to (8.3.4) obtained by replacing each instance of &, with o - &,:

a2+~-+ot2 i(n—i 2~
/ . 172/24' __7:1({!)(0{) . ( 1_[ Tr(a; —Olk)>< l_[ yi’(lz')+2(c-a,-+8;)>
&, =0 1<j#k=n i€{fl,ir_1)
Re(a)=0 LD s, ~
. 1_[ Y ) Res (  Res -+« Res W, q(s))dsda
Siy=—08jy —8i; Siy=—0&ir —3i, Sip =—0 -0y —0;

Re(s;)=—a; JEL-tr-1}
Jelin, i1}
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We make two observations:

* As C varies over all compositions of length r and o varies over all possible permutations and 8¢
varies over all (Zzo)r_l, one obtains all possible (r—1)-fold residues coming from shifting the lines of
integration in p(T'f )R (y). This is a consequence of Theorem 10.1.1 below.

e The action of S, on ordered subsets of {a1, a2, ..., a,} given by permuting the indices is trivial on
Wn,a(s), i.e., VT/n,g(a)(s) = VT/,l,a(s), and on the function

2 2

oy ety
e T2 .]:I(en)(a) ) < H Tr(a; —O!k)>-
1<j#k=n
This implies that relabeling the variables oy, aa, ... &y by a5 -1(1), @g-1(2), - - -, Uy-1(,) EVErywhere doesn’t

change the value of the integral, and recovers the original integral given in (8.3.4).

Remark 8.3.8. The constant « (C) is the size of the (generic) orbit of the action of S, on the set
A=A, ....a5 }

Hence, defining the stabilizer of A to be

Stab(A) :={oc € S, |0 -y =a, foreachm =nq,...,n_1},

we see that
#S, n!

- #Stab(A) - 1‘[:1‘ ;)

Since the exact value of « (C) is irrelevant to our application, we omit its proof below and leave it instead

k(C)

to the interested reader.

Proof of Proposition 8.3.6. Beginning with (8.1.4), we see that pgf)R(y) = p(T’f)R(y; b) for any b =
(b1, ...,by—1) with b; > 0foreachi =1,...,n— 1. In order to compare this with p?’)R(y; —a), wWe suc-
cessively shift the lines of integration in the variables sy for each k such that —a; < 0 (in descending order).
If —ay > 0 then shifting the line of integration from Re(s) = by to Re(s;) = —ay doesn’t change the value
of the integral in si. In other words, there is a residue term if and only if the composition C is admissible.

Beginning with the fact that
p%)R(y) = p%)R(y; b) forany b= (b1, ..., b,_1) for which b; > 0 for all j,

we may shift the line of integration in s,_; to Re(s,—1) = —a,—1. In doing so, provided that a,_; > 0,
we pass poles at s, = —o - @ — & for each 0 < § < |a;]. Hence, taking into account Remark 8.3.7,
and considering n = (n — 1) + 1 (denoted by (n — 1, 1)), it follows that

P () = p(; (b1, ba b3, .., —au_1))
+K((7’l N 1’ 1)) ' Z p;ily)R(y’ (bl’ bz’ ceo _an—l)’ 8(n—l,])), (839)

Sn-1.1)

where k ((n—1, 1)) is a constant (which can be verified to agree with the description given in Remark 8.3.8.)
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We now shift the line of integration in s,_, to Re(s,_2) = —a,—_». As before, provided that a,,_, > 0,
the Cauchy residue theorem and Remark 8.3.7 give

Py () = YR (b1, ... bu—3, —an—2, —an-1))

+e((1=2.2) Y PR (b1, .o bas3, —Gn—2, —an—1)., 8—2.2))

8(n—2,2)
+K((n - 1’ 1)) Z P%}e(y, (bls e bn—?)a —ap-2, _an—l)a 8(n—1,1))
8-1)
e =2,1,1) Y pyRi (b1, bu3. —an—2, —@y-1). Su—21.)  (8.3.10)

S(n-2,1,1)

for constants « (C) foreachof C=(n—1,1), (n —2,2), (n —2,1, 1) as claimed.

We next repeat this process shifting the integrals in s,,_3 for each of the terms on the right of (8.3.10),
and then again for s,_4 and so forth (skipping those s, for which a,, < 0) until all of the lines of integration
have been moved to Re(s,;,) = —a,, for every possible integral. The claimed formula is now evident. [

8.4. Example: GL(4). We now consider the special case of VT/4,a(s) where

el ~
a= (a1, a2, a3,a4) € (IR)*, a4=0.

Fix ¢ > 0. Recall that p(T4’)R(y) = p(TAt)R(y; (g, &, £)). If we now shift the lines of integration to Re(s) = (—a)

where a = (a1, az, a3) € R?, then we get additional residue terms corresponding to each composition
4=n;+---+n, and each 8¢ € (Z>p)" as follows.
In general the composition n = n; + - - - + n, (by abuse of notation, we also think of this as a vector

(n1,...,n,) so that ay = ny + - - - + ny) corresponds to taking an (r—1)-fold residue in the variables
Siy> iy -+ Sh,_,- Here is a table of the residues corresponding to the different compositions:
composition C residues in s-variables d¢
143 s1=—o1 — 8 (1)
242 §)=—01 —ay— & (62)
341 S3=—Ol1—0[2—0[3—33 (53)
1+1+42 S]=—a1—081, S =—a] —or— &2 (81, 62)
1+2+1 s1=—a) =81, s3=—a1—ax—0a3—3 |(81,63)
24141 |so=—o1—ay—38, s3=—a; —ax—a3—83|(52,83)

In each case 0 < §; < |a;]. Not included in the table are the triple residues in s; = —&; — §; for each
i =1,2,3. These correspond to the composition4=1+1+4+ 141 and é¢ = (61, 62, 63).

8.5. The integral I;’:lz)e(_a) in terms of an explicit recursive formula for Wm,a (s). At first glance, the
following definition appears to be relevant only for the shifted p(T'f )R—term, as it is essentially equal to
pgf)R((l, ..., 1); —a), and not for the shifted residue terms. However, it will turn out to be pivotal to

bounding the residue terms as well.
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Definition 8.5.1 (the integral I;""I)e). Letm >2be anintegerand a=(ay, ..., a,_1) € R"~!. Then we define

ot2+-->+a2
1 m ~
Iy (—a) = / o T ]-‘I(en)(a)( I1 rR(aj_ak)> f (Wi ($)|ds da.  (8.5.2)
— l<j#k=m S=(S10rrrSm_1)
Re(a)=0 Re(s)=—a

As alluded to above, inserting the result of Theorem 8.1.5 into (8.2.2), we find that

-2
PRy, —a) < (1_[ vt ”’)I%’fk(—ay

j=1
Hence, giving a bound for p(") (y) requires only that we bound I(Tm,)e (—a) in the case of m = n. However,

much more is true: we will show that if C is the composition n =n +- - - +n,, then p(") (y; —a, 8¢) can
be bounded by the same product of y;’s as above times a certain power of 7" and a product of the form

r—1

[1Z77(=a")

=1
for certain values a® = (afg), . (Z) ’ ) which depend on the value of a = (ay, ..., a,—1) € R

The significance of this fact should not be understated. Without it, we would be required to treat nearly

every possible composition C (hence each possible residue term) individually. Indeed, returning to the case
of n =4, as noted in Section 8.4 above, there were seven residue terms. The only symmetries that we were
able to exploit in [Goldfeld et al. 2021b] to help were that the (1, 3) and (3, 1) residues were equivalent, and
the (1, 1, 2) and (2, 1, 1) residues were equivalent as well. This left five individual distinct cases, each of
which required several pages of work to bound. So, although the method of this paper does require dealing
with some tricky notation and combinatorics, it eliminates the need to treat each residue on its own terms.

9. Bounding I;‘IT’I)R

Recall that for « = («y, ..., ;) € C" satisfying &,, =0 and a = (a1, az, ..., dy—1) € R 1,
a%-%— +mm
Iy (—a) = / e 72 @) [ ITk(e; -l / | Win.o(5)| ds da. 9.0.1)
= I=j#k=m Re(s)=—a
Re(a)=0

Theorem 9.0.2. Let I;"fl)e(—a) be as above and set D(m) = deg(F, (m)(oz)) Then, forany 0 < ¢ < ;

T (—q) « T HR(De+ MR )T B

where
0 if c <0,
B(c)=le]+2(c—lc)) if0<lc]+e<csle]+y,
[c] if 3<lcl—3=<c<fc]l—e

The implicit constant depends on ¢, R and m.
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Theorem 8.1.5 allows us to write VT/m,a (s) in terms of an integral of the product of several Gamma
functions and the lower-rank Mellin transform Wm_l,g (z), where

ﬁ::(ﬂlw--,ﬂm—03=:<él+' L A ).

m—1"" m—1
Using this, we are able siphon off the contribution to the integrand of (9.0.1) that is independent of the
variable 8. This in turn allows us to relate I(T'Tl,)e to I(T"fR_ D and prove the result inductively.

9.1. Symmetry of integration in . Since the integrand of (9.0.1) is invariant under the action of o € S,
acting on @ = («q, . .., &), We may restrict the integration to a fundamental domain. A choice of such a
fundamental domain is

Im(ay) > Im(ap) > -+ - > Im(ayy,). 9.1.1)

Hence, (9.0.1) is equal, up to a constant, to the same integral but restricted to « satisfying (9.1.1). In the
sequel we will always assume that (9.1.1) holds.

9.2. Extended exponential zero set. Recall that Stirling’s asymptotic formula (for o € R fixed and t € R
with [t| = o0) is given by
T(o +if) ~ 21 -|t]° 2 e 311, 9.2.1)

Definition 9.2.2 (exponential and polynomial factors of a ratio of Gamma functions). We call |£|°~!/2
the polynomial factor of T' (o +it), and e~ /2l is called the exponential factor. For a ratio of Gamma
functions, the polynomial (respectively, exponential) factor is composed of the polynomial (respectively,
exponential) factors of each individual Gamma function.

Lemma 9.2.3 (extended exponential zero set). Assume that o € C" is a Langlands parameter satisfying
Im(a1) > Im(ap) > -+ - > Im(etpn)-

Then the integrand of I(T'% (as a function of s) has exponential decay outside of the set I = I} x I x
-+ X Iy, q, where . _
J J
—ZMMKMWK—ZMMHM}

Ij = {Sj
k=1 k=1

Remark 9.2.4. See [Goldfeld et al. 2021b] for the definition of the exponential zero set of an integral.
The extended exponential zero set given in Lemma 9.2.3 contains the exponential zero set for I;’T’}Q.

Proof. We first prove Lemma 9.2.3 in the case that m = 2. In the formula (9.0.1) for I;IT)R, replace
Wa.o (s1) with T'(s; + 1) (s; 4 ). Then assuming (9.1.1), the exponential factor is e@/2€6:®), where

E(s, ) = |Im(sy) +Im(eq)| + [Im(sy) + Im(an)| — 2 Im(exy).
We see, therefore, that the exponential factor £(s, ) is negative unless
Im(s;) +Im(ex;) >0 and Im(sy) +Im(an) <0 <<— —Im(xq) <Im(s;) < —Im(ap),

as claimed.
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Let us suppose that m > 3 and ¢ = (c1, ¢2, ..., ¢pu—1), Withc; >0(j=1,2,...,m—1). In order to
prove Lemma 9.2.3 using induction on m, we make use of the change of variables
Qm

i=ait+——, j=1,...,m—1.
'B] % m—1 I
Observe that

Bt +Pu1=0.

By Lemma A.19 in the case that k =m — 1,

m
af - dap =i+ B+ ——a
m—1
Then in the integrand for I;'Z)e (c) we may substitute the formula for Wm,a (s) given in Theorem 8.1.5. We

also use the fact (see Lemma A.26) that

m—1

I1 F(aj—ak)z( 1 F(ﬁj—ﬁk))-(]‘[F(am—af>r(ai—am)),

1<j#k<m 1<j#k<m—1 i=1

and, via Stirling,
m—1
1_[ T(am — )T (e — ) < ™ M),
i=1

Note that (9.1.1) implies that Im(c,,) < 0; hence,

( ) m_ % ﬂ12+~-+ﬂ)27171
ITr,nR(C)<< / e / e T2 | PDum-Dm-1)R@n, B)|

Re(‘xm):() ,ém71=0
Re(8)=0
1 W
FD gy 1_[ ITR(B; — Br)l / |Win—1,8(2)]
1<j#k<m—1 Re(z;)=b;

l<j<=m-2

(m — j)am J%m
R A Ui

—m m
-I'g _IO{m—,Bj I'r ,Bj—f‘mam dedZdOl.

m

ii |

leRe(s_,-):c'j

By the induction hypothesis, the second row of this expression has exponential decay outside of the set

J k
- Z ﬁk = Im(Z]) =- Z ﬁm—j} (925)
k=1 j=1

foreachk=1,2,...,m —2. (Recall that zo = z,,_1 =0.)
The assumption Im(cr;) > Im(c,,) and the definition of B; above imply that

{Z == (Z]a ey Zm—Q)

Im(aj—am)zlm(ﬂjJr 7 lan> >0 (j=1,2.....,m—1)
o
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n—1

Thus, the exponential factor coming from the final line in the expression above is e™/2€(:2.8.an) \where
n—j j n
o=l b o) )
J:
a,,)

n—1 .
:Z(‘Im(y +‘Im<sj—zj—%an) >—nIm(an).
n —
j=1

We know the integral defining I; z(—a) is convergent. Therefore, it must be the case that £(s, z, B, ) <0.

In order to find where £ = 0, i.e., where there is not exponential decay, we seek values

€1,1, €215+ €l,m—1, €2,m—1 € {£1}
for which
m—1 . .
Z €1 ;Im s~—z-_1+m_]ozm +e iIm|s; —z; —Lam =mIm(a,,). 9.2.6)
— JJ J J m—1 JJ J I T
]:
In order for the s-variables to cancel it is clear that for each j =1,2,...,m — 1 it need be true that

€j:=¢€1,j = —ep ;. With this assumption, (9.2.6) simplifies:

m—1
m
Z(ej Im(zj —Zj1+ o 10{,,,)) =mIm(,,).

j=1

In order for this to hold true, it is necessary that €; = 1 for all j, since otherwise, the coefficients of a,, on
each side of the inequality wouldn’t match. On the other hand, €; =1 for all j is sufficient as well since

m—1

Z Im(z;—1 —z;) =Im(z0 — Zm-1) =0
j=1

This unique solution to (9 2.6) implies, therefore, that there is exponential decay in the integrand of I;'f’l)e

above unless Im(z;_; — {am) <Im(s;) <Im(z; + mJ -t ). The inductive assumption (9.2.5) implies

J
U )_am :_Zaj,
! k=1
): zak,

i—1

m—j —
Im(zj_1 — am> > —Z(
m—1 P

. j
Im(zj—i-mj_lam) < Z(ﬂ

k=1

thus yielding the desired bounds on Im(s;).

To complete the proof, we remark that if —a < 0, in order to use the result of Theorem 8.1.5, we need
to first apply the shift equations given in Corollary 9.2.8 below. This will allow us to rewrite I; r(—a) as
a sum over terms all of which have the same basic form as that for I;'Z)e (c) with ¢ > 0. Each of these
terms has precisely the same exponential factor since this depends only on the imaginary parts of the
arguments of the Gamma functions; hence the same exponential zero set is determined in general. [
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Foreach j =1, ..., n, we define

Bi(sj. )= [] (sj+zak). (9.2.7)
Kc{l1,...,n}
#K=j
Using this, the following corollary is easily deduced. (See [Goldfeld et al. 2021b] for the case of n =4.)
Corollary 9.2.8. Letr = (ry,...,1p—1) € Zgl. There exists a sequence of shifts o0 = (01, ...,0,—-1) €
Zgl and polynomials Qg (s, @) such that

IQa,r(s,a”

W (5)] < - |Wyo(s +740)],
; [TiZ11B;(sj, )"
where
n—1 n
Qor(s.0) = Payur G0, deg(Po,r 5.0 =r;((}) =2) ~2;.
j=1

9.3. Proof of Theorem 9.0.2 in the case m = 2.

Proof. As in the proof of Lemma 9.2.3, we can replace Wz,(a,—a) (s) with I'(s + o)I" (s — @) and estimate
using Stirling’s bound. We may, moreover, restrict s to the exponential zero set — Im(«) < Im(s) < Im(«)

to see that

2

o= [ e raaraca) [ W w)dsda

a,=0 S=(81,.00s Sn—1)
Re(a)=0 Re(s)=—a
()t2
< / ¢7 - (14 2Im(@) )R+ / (14 [Im(s) — Im(a) )=~}
&, =0 Re(s)=— . —a—1
Re()=0 —Im(a)ééir)n(s)(;lm(a) (I + [Im(s) +Im(e)[)~" "2 ds da.

T

2 2
Due to the presence of the term e“ IT° we may assume moreover that Im(x) < T1*¢. Thus, we have the

bound

ISk (—a) < / (14+2]a)f+2 / (I4a—s5)"""2(1+a—s)"2dsda
Re(a)=0 Re(s)=—a
0<Im(a)<T*+! — Im(@)<Im(s) <Im(@)
< / (1 +2|a|)R+%—min{a+%,2a} da < T8+R+%—min{a+%,2a}.

Re(a)=0
0<Im(a)<Tet!

In the statement of Theorem 9.0.2, the claimed bound is I;%)IQ(—a) & TEHRH3/2=B@) \where B(a) is as
defined in Theorem 9.0.2. We have in fact proved that I}%)R(—a) & TETRT3/2-B'@) here

2¢  ife<ax<i,

1

B'(a) =max{a+ 1,24} =
(@) { 2 } a—f—% ifa> 3.
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If, a < 0, then we may shift the integral over Re(s) = —a to be as close to Re(s) = 0 as desired; indeed,
we may make the shift to the point that the error can be absorbed into the ¢-term in the power of 7.
Therefore, since B(a) < B’(a) for all a > 0, the theorem follows. Il

9.4. Proof of Theorem 9.0.2 for general m.

Proof. Let m > 3 and assume that Theorem 9.0.2 has been shown to be true for all integers 2 < k < m. It

follows from Corollary 9.2.8 with r; = [a;] that

o(l+ +O€
4. =0 1<j#k<m
Relo)=0 Paon-211 - O\ 554t o) ds d
— ] m,a :
[T} 1B (s, ]
S=(S81,.vesSm—1)
Re(s)=—a
By Theorem 8.1.5,
a%+*--+0172ﬂ |7)
d(m)—2]o| (5, &)
caes [ o ] o | st
7 ay=0 I<j#k<m Re(s):—anjzl |Bj(sj, )|
Re(a)=0 m—1
m—j o,
/ (]_[ F(Sj+faﬂ+<’j—21—l+%>)
Z:(Z| ..... Zyg 2) ]:1
Re(z)= o (7
F(sj +laj1+oj—2; — J_m1>)' AWi-1,5(2)| dzds da.

Next, we use the functional equation for the Gamma function to rewrite

m— j)a o
F(Sj+faﬂ+0j—Zj—1+ﬂ)F(Sj+faﬂ+Gj—Zj— : m)

m—1 m—1

=P20j(S,Z,a)F(Sj+raj-| —Zj_l+%>r<sj+|—aj-| —zj— JOm, >

m—1

Additionally, we use the fact that the integrand has exponential decay unless |a1], ..., |om]| < T'%¢ and
by Lemma 9.2.3, each of the variables s; are bounded in terms of «. This means that we may replace the
polynomials Py,; with the bound T ¢+29;_ Note that in doing so, the dependence on o is removed:

7"y (—a)
m—l - ot2+ +am
« 7T a1 (()-2) / e 77 F@ [ ITr@ -l
& =0 1<j#k<m
Re(a)=0
/ (m_l T (sj + a1 —zj1 + P D)0 (s + a1 — 2 — njf'"l)i)
1B, (s en)| 1]

S=(81,.00s8m—1) 2=(21,..0,Zm—2) j=l

Re(s)=—a Re(z)=b . |VT/m,1,ﬁ(z)| dzds da.
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Notice that the conclusion of Proposition 9.4.2 follows from the last several steps by simply replacing s
by s + L in the integrand (or, equivalently, replacing Re(s) = —a by Re(s) = —a 4 L in the domain of
integration), and then at the step where the functional equation of Gamma is used to remove o from the
Gamma functions, we remove L in the exact same fashion.

We deduce that

T} R(-a)

Pt
m—1 m 1 m
< TEHi5 ra;10(7)-2) . / e 1212 ,]:1(?’”)(05) | | ITr(j—ap)]|

1<j#k<m—1

&m =0
Re(a)=0

(s =21 =220 (s, -2+ | no m
/ H / 1B (s, )|/ ‘FR<n—1“‘ﬁf)FR<ﬂf‘_m_1)

=1 mzm) = Re(s))=[a;1-a;

Re()=b AWn-1.5(2)|ds; dzda.
Note that we have also made the change of variable s — s; — [a;] foreach j =1,2,...,m — 1, and we
are using the notation & := —a,,. (Using the terminology of Lemma A.19 in the case of k =m — 1, we

have & = &,;,_1.) As in the case of n = 2, due to the presence of the exponential terms, we see that the
integral has exponential decay unless |o ;| < T'+e,

Lemma 9.4.1. Let o = (ay, ..., ) and B; = aj — ﬁ be as above. In particular, they are purely

imaginary with | By, || < T4 Suppose, moreover, that « is in j-general position. Then

IT(sj—zj-1 —%)F(W _Zf+%)‘ ‘FR< " 1&_’31)”( a = 1&>
— _

1B (s, a)| 4]
ITEDD

lel keK

de

—la;]
o ) |

Re(s]-):]'aﬂ—aj

< e+ R+5+max{0.2(fa;1~ap)—1) Z 1_[ (H—

m} KC{l,...,m}
#L j #K=j
K#L

Proof. Let I; denote the integral we are seeking to bound.
The polynomial part (see Definition 9.2.2) of the Gamma functions in Z; is

n e+R+5 .
1Q;(s, 2, )| K <1 +Im<,3j - 1&)) (1+ [Im(s; — z;) )41 —Ree)=3
(14 [Im(s; — z;_p))[@1=a—Re@-0=3

and the exponential factor (when taking all Z; in unison) is negative for any s; outside of the interval /;
defined in Lemma 9.2.3. That lemma together with the presence of the other exponential terms in our
integral allow us to take trivial bounds for the polynomial part, namely that

Qj(s.z.0) < e+ R+5+max(0.2([a;1—a))~1}
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(Recall that 0 < Re(z;).) Thus we see that

—la;]
L B § O 72 3
Nt . IS, en) keJ
Re(sj)=[a;j]—a e
msjer; =
The desired result now follows easily from this and the statement of Lemma A.3. O

Combining Lemma 9.4.1 with the bound for I(T’f}? (—a) given immediately before the statement of the
lemma, and applying Lemmas A.19, A.26 and A.27 (in the case that k =n — 1 and y; = 0), we now have
the bound

— m m_ &2
o< S Te+(R+;)<m—1>+z;-"=l‘(max{o,z(ra,«w—a,»>—1}+raﬂ((,-)—2)),/ enTar7

LS{l,....m)

il Re(@)=0
M (m—1)
/ e TR PR pemn@ B - Fi VB[] Tk — B0
Bn1=0 1<j#k<m—1
Re(8)=0

ﬁ l_[ (l—i— Zaz—Zak

—la;] N
) / [Wi—1,8()|dzdB dé.
j=1 K<{l,....m} tel kek

FK_ 2=(215+,Zm—2)
K#L

To be more explicit, the polynomial Pg(m)f D(mfl)(&, B) is the portion of ]:1(?m) (o) which involves the
terms oy,.

At this point, we combine each of the terms in the final row with the corresponding term in ]-'fem)(a).
Strictly speaking, what is actually happening here is that this has the effect of reducing the power of each
factor of ]-"I(em)(a) by at most

max{[ai], ..., [an_1]}-

Since each of the corresponding exponents remains positive, the net result is to reduce the overall power
of T by

m—1

8—1—;[61]-1((’7)—1).

Using this, and accounting for the integration in & (which may be assumed to take place only for
IIm(&)| < T'*%), we now may write

7 (—a) < et (R+3) (1= D+R(D(m) =D (m—D)+1+ 377 (max(0.2([a;1~a,)~1}~Ta;1)

Pty

—— it _1 ~
/ e FVB) ] Itk - B f |Wn—1,5(2)| dz d.
fr1=0 1<j#k<m—1
Re(B)=0 Re(2)=b

Obviously, at this point we want to apply the inductive hypothesis. Since at this point we only need to
do so in the case that b; > 0 (i.e., —a; < 0) forall j =1,...,m — 2, the reduction in the powers of
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the exponents of any one of the factors of ]:1(;”) (v), as occurred above, leaves the overall power positive.
Therefore, there is no issue, and we can assert (additionally applying Lemma A.5) the bound

I(Tmz)e(—a) < Te+(R+5) m=1)+R(D(m)=D(m—1)+1+A(m—1) TR(D(m—l)—Q—W)—Z'}:f B(aj)

_ et R(Dm)+"00) 415+ Am—1) =Y} B(aj)

Taking A(m) = @ + A(m — 1) gives the claimed bound. Since A(2) = %, it follows that
AB) =3 +AQ) =5A+3), ..., Am) = 5((m+ D +m+---+3) = z0m+4H(m - 1),
as claimed. O

In the course of proving Theorem 9.0.2 we also established the following result that we record here
since it will be useful in its own right.

Proposition 9.4.2. Suppose that L = (£1, €2, ..., Lm—1) € (Z50)""'. Then

af+otod, ~
/ e or? '}—I(Qm)(a) 1_[ |FR((Xj—ak)| / |Wm,oz(s+L)|dea

. 1<j#k<m

&, =0 §=(S1,--+» Sm—1)
RC(C{)=0 Re(s):—a
2ot
Te+2IL| T Fm Tra; — W, dsd
< : e F@ [ ITr(e;—a)l | Wn.o ()| ds dar.
65m:0 lij#kfm §=(51,+-sSm—1)
Re(a)=0 Re(s)=—a

As a shorthand for this result, we write I;"fl)e(—a + L) « T2 -I;'Z)e(—a).

10. Bounding p§" ()

In this section we prove the following.

Theorem 10.0.1. Letn >2 and s € (0, }‘) Suppose that a = (a1, aa, . .., a,—1) satisfies |a;| +¢& <a; <
[aj]1—¢foreach j=1,...,n—1. Let C be the set of compositions n =ny +- - -+n, withr > 2. Then, for

Ay(C):={8c=1,....8,_) €Z7"|0<8; <az, (j=1,....,r =D},
and B(c) as defined in Theorem 9.0.2, we have

PR <K PR =)+ > Y IpF (i —a. 8c), (10.0.2)
CeCSceAy(C)
where
n—1 .
PO —a) < [[ o) 7 T2 e e (G -2) - ey (10.0.3)
j=1
and

n—1 ;
n(n—j) X n n— n n n— r—
PR —a, 80y < [y ™ 2 e+ S (D=2 -E5) #e—d Bl owtnes)n =50 (10,0.4)

j=l1

The implicit constant depends on both ¢ and n.
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Remark 10.0.5. Note that (10.0.4) is bounded by (10.0.3). Therefore, letting D (n)
as in (1.4.2), Theorem 10.0.1 implies that

4(0r) - a -

n—1 .
nn—j) n n— nn n—
P < [y, = . et R Do) - B

j=1

10.1. Explicit single residue formula. In order to bound the terms p(Trf )R (y; —a, 8¢) we need an explicit
formula for the residues of the Mellin transform of the GL(n) Whittaker function. The following result
establishes this for the case of single residues (i.e., when the composition C has length 2) as a corollary of
Conjecture 8.2.3 combined with a theorem of Stade [2001] for the “first” residues, i.e., for those residues
corresponding, in the notation of the theorem, to § = 0.

Theorem 10.1.1. Let VT/m,a (s) be the Mellin transform of the Whittaker function on GL(n, R) with purely

imaginary parameters o = («y, . .., &) in general position. Let o € S, act on o via
o= (Ola(l)s Ug(2)s v aa(n))-
The poles of Wn,a (s) occur, foreach1 <m <n—1, at

Sm €{—0-Qn—238|0 €8y, 8 €Z>p)}.

The residue at s,, = —Q,,, — 8 is equal to a sum over shifts L = ({1, {2, ..., £,_1) of terms of the form
-1, m n
I1 ((Zal)—&m—é) (]_[ I1 F(aj—ai—3)>
Kc{1,2,...,n} ick 8 Ni=l j=m+1
#KN{1,2,...,m})#£m—1 - N
#K=m : P((;Z),2)§,2|L| (s, ) Wm,ﬂ(s/ +L) Whom.y (s"+L"),
where ) .
n—m—
s = (s,- + i&m) 8= (sm+j + —’am> , (10.1.2)
m 1<j<m n—m l<j<n—-m

with L' = £y, ...,€yp_1) and L" = (€41, ..., £,_1) being the portion of L corresponding to s’ and s”
respectively. It is the case that £,,_| = £,,+1 = 0. Note that we take as definition that Wl :=1. The same

formula holds for the residue at s, = —0 - &,, — 8 by replacing each instance of o j with o (j).

Remark 10.1.3. Another way of writing the above expression for the residue would be to take the product
overall K C{1,...,n} with #K =m and replace I'(o; — o;; — ) with I'(a; — o;). The two versions are
equivalent because if K \ {1,...,m}={j}, then {1,...,m}\ K = {k} and

-1
(<Za,~) — G, —3) T(a; —ay) =T(a; —oax —9).
ieK 8

Sketch of proof. In the case that § = 0, this result (for L = (0, ...,0) e C"1) agrees with [Stade 2001,
Theorem 3.1]. If § > 0, we need to first apply Conjecture 8.2.3 to rewrite the expression for VT/,,,O,(S)
around s,, = —a,, — 6 as a sum over shifts L = ({1, ..., ¢,_1) € (Zzo)”_1 (with ¢,, > § for each L) of
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terms Wn’a(s + L). Of all of these terms, the only ones for which there is a pole at s, = —&,,, — § are
those for which £,, = §, in which case we can use the above-referenced theorem of Stade to write down
the residue. Doing so, we obtain the alternative expression referenced in Remark 10.1.3. U

10.2. Explicit higher residue formulae. In order to generalize Theorem 10.1.1, we first establish notation
related to the (r—1)-fold residue of Wn’a (s) at

Sp, = —Qp, — 8z, €=1,...,r—1
To this end, let sV := ( (/) (J ) ), where W _ s, By abuse of notation, we write
Jet sV = (577, .. 4 s = Si;_+k- By ,
(D (D) (1 @ @ 2 (k) (k) (k)
s._(sl B RTINS s SR M TIRPIINE T SN I)E(D” r
=5 =:5@ =:5®)
which agrees with the original s = (s1, ..., s,—1) but removes s;,, ..., s4._,.
Similarly, if ¢« = («y, ..., «,), we define
¢ {4 {4 {4 N N
C(() (O{() ...,Olé ))e(]:ne’ () —Ol,” 1+j = e(aﬁz_aﬁ[—l)’
and
If a € R"~! then by Re(s) = —a we mean that Re(s;) = —a; for each j # iy, ..., A,—1.

With this notation in place, we can now state a generalization of Theorem 10.1.1.

Corollary 10.2.1. Letn=n{+---+n, (r >2), and set ny := Zf’:l njas above. Foreacht=1,...,r—1,
let bO = b\", b, ... b ) with

ng—

b(g) =a;, i(&ﬁz —@&;, ) foreachl<j<ny—1.
ng
Let §; € Z>o for j = 1,...,r — 1. There exist positive shifts L = (LW, ..., LMY with L® =
(L(E), .. L(e) ) E (Z>o)’ such that the iterated residue of Wn «(s) at
Sp,_, = —0p,_, =8¢ —1,...,8, =—& — 01

is equal to a sum over all such shifts of

r—1 —1
Pals, a)(l_[ a0 (59 +b® +L“>)) I1 ] ((Z ai) — &y, — 8 j>
j=1  KC(1,2,...,4j41) i€k 8j
#(KN{1, n]});én]—l
#K =n;
ng Ny

(m) _ (k) | N N 1 . N
1_[ 1_[1_[ < " +n (oz;z,,,—oz,am_])—a(aﬁk—aﬁk_])_(sm),

I<k<m=<ri=l j=1 "
where

Proof. This follows easily by induction with the base case being Theorem 10.1.1. O
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Remark 10.2.2. Although it is possible to rewrite each of the terms (Zl cK a,') — &, — 8¢ appearing in
the statement of Corollary 10.2.1 in terms of the variables &/ and &/’ for various j and m, the exact

description is unnecessary for our purposes.

10.3. Proof of Theorem 10.0.1. As a first step, note that Proposition 8.3.6 implies that (10.0.2) follows
from (10.0.3) and (10.0.4).
As shown in Section 8.5, the shifted p(T’f )R—term satisfies
" o= g,
PR, —a)] < (H v’ ”J)Iéfie(—a).
j=1
Combined with the bound from Theorem 9.0.2, this gives (10.0.3).
To complete the proof, we need to show that (10.0.4) holds. We do this in Section 10.5. Although this
proof is valid for any r > 2, as a warmup, we first prove the special case r = 2 (i.e., the case of single
residues) in Section 10.4. U

10.4. Bounds for single residue terms. In this section! we bound p% )R (y; —a, 8¢) in the case that
C = (m,n —m). Since C is a composition of length 2, we may take (see Definition 8.3.3) ¢ = € Z>o.

Proof of (10.0.4) when r = 2. Using Lemmas A.19, A.26 and A.28, we can rewrite

oc12+---+ot%

e 77 F(a) 1_[ Tr(a; — o)
I<j#k=n

in terms of B, y and «,. Thus, together with Theorem 10.1.1, we see that Definition 8.3.3 in the case of a
single residue term (i.e., r = 2) satisfies the bound

pr}",)R(y; —a, éc)

52 2 2

m(n—m) | A n %mn 181 Iyl
———4a,+s 5=

< / Y 2 HO gmmm 72 / e / el

Re(é)=0 ,én1=0 )7n—m:0
Re(B)=0 Re(y)=0
: (f,(;")(ﬁ) - J] ree:- ﬁ,~>> (f;"mw) - [I reei- m)
I<i#j<m I<i#j<n—m
ﬁﬁr Bi — ‘—l—&f’ ._ﬂ,_&p ._ﬂ._ﬂ_g
i=1 j1 R\Pi=Yi m(n —m) R\Yi ' m(n —m) Vi ! m(n —m)
./(’12—/) —s;
l—[ Yj PRD ()~ Dm)—D(n—m))~8(() ~m(n—m)—1) (5, &)
TEMRe (s j)=—a,;
j#m

Py -2)5-21) 8> @) - Wan g (8" + LYWo (s + L") ds dy dB déy,.

INote that this section will be superseded by Section 10.5, which will prove the bound for any admissible C with length(C) > 2.
This section treats the case length(C) = 2.
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In order to have the correct power of y,,, we need to shift the line of integration in &, to Re(&,,) = a,, — 3.
Note that by Lemma A.14, no poles are crossed in doing so, and by Lemma A.15, taking 8 = B; — y; and
7 = ndy, /(m(n —m)), we may replace the third-to-last line by

Pm(n—m)R—n(a,,, —8)—m(n—m)s (s, U, B,v).

Let |8]%:= [312 4.+ ,3,%1, and define |y|? similarly. Replacing the integral over &,, by 7¢*! and factoring

out the powers of y;, we see that

n—1
J

m%(y; —a,80)| < (1‘[ y _'("z_"”“f) e+ (()=2)8+R(D )= Dm)=D(n—m) =8 ((;,) ~m(n—m)—1)

J
j=1

1812 Iy 2
. T—2|L\-‘rm(n—m)R—n(am—5)—m(n—m)8+1 . f eTTﬂ f eTyT/z

lém:O );n—m:()
Re(B8)=0 Re(y)=0
-(f,?%ﬁ)- ] Fk(ﬁi—ﬁ») (f,(;’m(y)- I1 ka—yj))
1<i,j<k 1<i,j<n—k

|Win.p(s" + L) - [ W, (8" + L") ds dy dB.

RC(S j):—aj
I<j<n—1
J#m
Note that by Proposition 9.4.2 we may remove the dependence on the shift L. Hence

Jn=j)

n—1
(Hy - +aj)‘Ts-‘,—R(D(n)—D(m)—D(n—m)—‘rm(n—m))—i-S(n—1)

(n)

lpr r(y; —a,éc)l K f

j=1
B +-Bi yEdety
. T nam+1 / e T2 / e T2
ﬂAWZO )}”—mZO
Re(8)=0 Re(y)=0
- (F;’”)(ﬂ) - J] rei- ﬂ») <f,<;’—”’>(y> - [T Teti— y,~>>
I=<i#j=<k I<i#j<n—k
/ |Wm,ﬁ(s/)|'|Wn—m,y(5//)|d5dyd,3-
Re(sj)=—a;
1<j<n-—1
J#Em
By (10.1.2),
J oA n—m-—j .
=8 — a(am —8) and 7 =spi;— T(am —9).

Thus the integrals in B and y above are essentially the product of I;'T’I)e(—a/ ) and I;’f;m)(—a/ ). The only
issue is that because, as seen in the fact that the variables s’ and s” are shifted, we have

Cg

_ " __ n—m-—yj
aj—aj P=

(ay —6) and a; Ay j — ———(am —95).
n—m
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Therefore, we can rewrite the previous formula as

n—1 . .
1= .
PR (v —a, )] < (1_[ v +a’>  TE+RDE)=D(m)=D(r=m) +m(a=m))
j=1 X T(S(n—l)—nam-‘rl . I;”:’l;(_a/) i I;l’fl—em)(_a//)

By Theorem 9.0.2, we have

n—-1 . .
J(n—Jj) ;
s —a.s0 < (o, 744 pesseom-in-pin-msmv-m

j=1
. 8(=D—nan+1 T£+C(m)+R~(D(m)+@)fzy’;ll B(d))

e+ Cn=—m)+R-(D(n—m)+ 0G0 37070 B(af)
9

Recall that C(k) = W&. Hence, using the elementary identity

C(m) +C(n—m)=C(n) — @ —1
together with Lemma A.6,

n—1 .
J(n—=Jj) . m(m— n—m)(n—m—
Py R (v —a. 80)| < (l_[ vj +aj)'T”R(DW*’"(”"")Jr )
) T8(n—1)+C(n)—M—nam—Z'}:]] B(aj)+"32 (am—8+1)+B(an)

j=1

n—1 . .
< (l—[ y'_’("{’“raj) EFCE+R(D+0) — 31 Ba))
J
j=1 TS G+ 1) =T —n (8 —ay) +B(am) 5

This gives the desired bound provided that the exponent of the final 7 is negative. Using the facts that
—M is maximized when m =1 orm =n — 1 and B(a,,) < a,, + %, we see that the final exponent is

sy L _mmm) e (10.4.1)
2am 2 2 = 2am , 4.

as claimed. O

10.5. Bounds for (r—1)-fold residues. We consider a composition C of n of length r > 2 given by
n=n;+---+n,. Wemay also write C = (ny, ..., n,). Let iy = Zf’:l nj as usual.
As a final piece of notation, let 8 = (81, ..., B,) be defined via

,3,' = (3{;1‘. — &;l‘._l.
Note that Y '_, f; = 0 and more generally, defining ,ém =>" B, Gy = ﬁi. Since (assuming that
&, = 0) the Jacobians of the changes of variables

(¢)) @

N N N .
ar (', ap,a ,aﬁz,...,aﬁH,a( ))

and
(&ﬁla ""&ﬁrfl)'_) (ﬁla ""ﬁr—l)

are trivial, we see that (for 8; +---+ 3, =0)

do =dBdaV da® . da®. (10.5.1)
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Proof of (10.0.4) when r > 2. Note that

b;e) =a;, , + L(&;,e —&;, ) =Pe1+ L,Bg foreach1 <j <n,—1.
ng ng

Recall that by Definition 8.3.3,

2 2
oy +tay
PR (v —a. 8¢) ¢=/ e " 'fl(?n)(a)< [ FR(aj_ak)>

« 1<j#k<n

-1 . .
r Aj (n Aj )+Oln 'Hs l_[ /(nz—j) —sj
(11 Vi Y

i=1 i, i

Re(sj)=—a; Jé{nn,...n 1}
JEAL i1}

Res ( Res ( .- ( Res Wn,a(s)) e )) dsda.

Sy =0y —081 \Sj, =—0h, —02 Si,_

1 =%, =81

Using Remark A.29 and Corollary 10.2.1, we can bound | p(") (y; —a, d¢c)| by a sum over certain
shifts L each of the form

B Bye (LA ) ) 2
f e(ﬂ+"'+# ﬂ( Vs, +ﬁ’+8 / e 122 )
j

X 1
B.=0 J A (/) -0
Re(A)=0 Re(a(f)) 0

Jjn—j)

“Pa,—21L1 (o) ( 1_[ : S‘)'sz(S,Ol)

Re(s)=—a J#10iir1}
ne np

Dl e M-) [T ro(e(o o520

I<k<m<ri=l1 j=1 ee{£l}
'l_[(fé"%(“)( [[ rre) -« ))) mae)(s<@+b“>+L“>>)dsda“)da@)---da<”dﬂ,
=1 I<j#k<ng

where

a=3((5)-2)
=1
=R (D(n) 53 D(m)) E i[se((ﬁgj) —nesiiie — 1)}
=1

=1
are the degrees coming from Remark A.29 and Corollary 10.2.1 respectively and 5 is as in Corollary 10.2.1.
Note that, in addition to using the change of variables (10.5.1), we have used Lemmas A.18 and A.20 to

break up e2/7* and rewrite the product of I'(ar; — a) in terms of @, ..., & and .
The next step is to shift the lines of integration in the variables 8; for j =1, ..., r —1 (or, equivalently,
ﬁj for j =1,...,r — 1) such that the real part of the exponent of each term y;, is M +aj. In

particular, this implies that we must shift the line of integration of ,3 ; to
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Re(B)) = a; —8j <= Re(B;)= Re(B; — Bj_1) = (an, —8;) — (aq,_, —8;-1). (10.5.2)

Provided that R is sufficiently large, Lemma A.14 implies that this shift can be made without passing any
poles. Moreover, Lemma A.15 implies that

ng Ny
l_[ HHF al,(k)_a(m)_i_ﬂ_ﬁ_m_(gm l_[ Te(e ai(k)_a(_m)_i_&_,g_m
: . / ng Ny J ny A
I<k<m=ri=1 j=1 ee{£l}
g Np

= l_[ 1_[1_[(1 + ‘Im(ozi(k) —ozﬁ-m)—i-&— ﬁ—m)

n n
l<k<m<ri=1 j=1 ke Tm

Bk __ Bm
k

R—Re (T_ﬁ)_‘sm
) (10.5.3)

Note that the presence of the term e(i/n1+-+67/m)2/T% implies that there is exponential decay for
Im(B;)| > T'*¢. As we will see momentarily, besides the polynomial terms Pa, (@), Py, (s, ) and
(10.5.3), we just get a product of Z;rfjg (—c) for some (to be determined) values —c®). The upshot is
that all of these polynomials can be bounded by T to the degree of the polynomial plus €. Hence, we can
bound the expression above by

n—1

Jn=J)

e+r—1+d—2|L| 7t
r (I %)

j=1
d w2
11 /em F0 (o0
a0 ©_ O\ 0 (e ¢ 0

ROy / [] Tr@}’—e ))|W,W@>(s< J+bO+LO)| ds® da )), (10.5.4)

Re(s©)=—q® l<js#k=<n,

where d = d; + d» + dsz, with d; and d, as above and

r r—1
dy=R-Y nofg— Y (00 +ni1) (@i, — 8 + Seny1i)
=1 k=1

is the bound coming from the terms described in (10.5.3), simplified using Lemma A.21. Combining
everything, we find that d equals

r—I1

> nknm> =3 (8 + O+ i) (@, — 80).

R- (D(n) —> D@+
=1 1<k<m=<r k=1

Recall that the bound on p(Trf )R (y; —a, 8c) is a sum of expressions of the form given in (10.5.4) for

various shifts L. However, using Proposition 9.4.2, we can remove the dependence on the shifts. Hence,
(n)

|pr.r(y: —a,éc)l
e+d+r—1 (ﬁ KD tay
T T Yi )
J
j=1
r N
‘l_[ e T2/2 ‘fR 14 (a( ))
= g [T e =)W, g0 O+6O)ds@da®). (1055)
Re(a®)=0 R\ k ne,a® . D.

Re(s®)=—a® 1=j#ksne
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Thus, setting ¢(© = a® —Re(b'?), where

pO =0, b0y, b =i+ L,
j ng

we find that

-
|p(n) (y; —a, 8¢)| K (l_[ v +a; ) Lpetr=l+d HI;[,)R(_C“))-

=1

Let C(m) := w We now apply Theorem 9.0.2 to each I(T”Q to obtain

P (s —a. 8¢)] < T =P EiL (R(DG0+242) 10015 ). 1‘[ yj(n By,

Now we generalize the proof of Lemma A.6, keeping in mind that a < B(a) < a + % to simplify the

expression
rong—1 r ne—1
3D BLCEED b B (OB SCIEFANTA)
=1 j=1 (=1 j=1
n—1 r—1 r
= (Zw) - (Z Clﬁk> Z[(ng —1)Re(Be—1) + Re(ﬂ@)}
j=1 k=1 =1
n—1 r—1 r
>3 (Bl — 1) =Y as — Y [ — DRe(Be— 15)]
Jj=1 k=1 =1
_1 n—1 r—1 r
=_”2 +§:Bmﬂ_§:mn—§:ww—UQi—%M[—Apoﬂ
j=1 k=1 =1

1 r
> ai =5 D L = D(Ar+ A
k=1 =1
Next, we write the sum over £ as

Y M= DA+ A )] =) (e — DA+ Y (g — 1A
=1 =1

(=1

r r—1
=Y (e — DA+ (nep1 — DA

=1 =0 1
= (n1— DAo+ (n, — DA, + Y (ne +nep1 —2)Ag
r—1 =1
=+ ni1 — 2) (@i, — &)
k=1

We plug this back in to get

r ng—1 n—1

EDIDIIGREL=S ZB(ae)+Zank+ Z(nk+nk+1 2)(aq, — 8,

=1 j=1
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from which it follows that the exponent of 7" in the bound for | p(”) (y; —a, 8¢)| above is

r ne—1
e+r—1 +d+Z((R<D(ng) + @) +C(ng)) Z B(c") )

=1

n—1
=s+d/+R(D(n)+@> +C(n) —ZB(aj),

j=1
where
d=r—14+d" +"=14 2 Z(nk+nk+1 2)(az, — &) — <n>+ZC(ne>+Zank
=1 k=1
1
a4+ Z(nk + i —2) (@i, — ) + Zank ~5 D M
k=1 I<k<m<r
and
r r—1
d"=d—R- (D(n) =) D+ nknm) == 2B+ (uc+ i) @i, —8).
=1 l<k<m<r k=1
Hence,
n—1 r—1
d'=—— = (S Ouc+nen) @i, —80)
k=1 = r—1 |
5 D Otk = 2) (@, =80+ Y Jan =5 Y mnm
k=1 k=1 1<k<m<r
n—1 r—1 r—1
= = D i) @i — 8 + 5 Z(nk )@ =00 = 5 D it
k=1 k 1 1<k<m§r
| _
= 5(n — 1= +mg)az =8 — Y nknm).
k=1 l1<k<m=<r
Note that if » =2 and ny = m and §; = §, then this expression becomes
n—1 n( 5) m(n —m)
— — a — — —’
2 2- " 2

which agrees with (10.4.1).

Therefore, to complete the proof, we need only show thatn — 1 — Zl<k<m<r ngny < 0. Indeed,

r—1 r
n—1- Z nknm—n—l—z Z nknm—n—l—an(n—nk)<n—1—n1(n—n1) <0,
l<k<m<r k=1 m=k+1 k=1
(with the final inequality being equality if and only if n;y =1 or ny =n — 1), as desired. 0

Remark 10.5.6. A critical step in the proof of (10.0.4) (either in the case of single residues, as is proved in
Section 10.4 or higher-order residues, as in Section 10.5) is to shift the lines of integration in the variables
Q,y, or ,@ ;. A feature of this work that is quite different from the case of GL(4) as proved in [Goldfeld et al.
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2021b], is that no poles are crossed when making these shifts. This represents a major simplification.
Recall from the discussion of Section 8.4 that in the case of n = 4 there are two fundamentally different
types of single residues, two different types of double residues and a triple residue. As it turned out, when
making the additional shift for each of the single and double residues, one ends up with five additional
residue terms. Taken all together, it was necessary to complete the analysis of writing down explicitly
what the residues are in terms of Gamma functions, finding the exponential zero set, applying Stirling’s
formula and then obtaining a bound for ten(!) separate residues integrals. All of this was in addition to

performing these steps for the shifted pgff )R—term.

Appendix: Auxiliary results

In an effort to avoid obstructing the flow of the argument in the main body of this paper, we will include
here the many technical results that are used throughout. We remind the reader that the notational
conventions that are used throughout the paper and this appendix are given in Definition 2.1.1.

Lemma A.1. Suppose that w = W, n,,...n,) fOr some composition n =ny + - - - +ny with r > 2. Then, if

Y =1, Yu_l), it follows that wyw™!

n—1 -1
(yn—;l|+1’ yn—ﬁ1+2,~~-7yn71, ( 1_[ )’k> LI}

is equal to

ny — 1 terms k=n—nj
n—ni_n—1 1 n—i;_1—1 -1
( 1_[ yk) ’ynfflri»l’ ynfﬁri»z’ ---,}’nfﬁ,-,l—l, ( l_[ )’k) PRI
k=n—#; n; — 1 terms k=n—fit1
n_ﬁx72_l —1
( 1_[ yk) 9yl’l—fl1+17 yn—ﬁl+27'~»)’nl>-

k=1

. ny — 1 terms
In particular,

r n;
—1yax : Gy T+~ iy
lwoyw™ 1% =] [ v, 23, '
i=1j=1

.....

This notation implies that y = diag(x,—1, x,—2, ..., X1, 1). Now, let us think of the matrix y as a block
diagonal of the form y = diag(A, As, ..., A;), where

Ai = diag(xnfﬁi,1717 'xl’l*ﬁl‘,lfz’ R ] xnfﬁl‘,lfnl‘) € GL(”!’ R)
Thus,
y =wyw ! =diag(A,, A,_1, ..., A)) = x,_,, diag(B,, B,_1, ..., B).

Letl <i<rand0<j<n; —1 and set
z L xn—flﬁ-j
Aitj = T -
' Xn—n

Then (¥}, y5, ..., y,_,), the Imasawa y-variables of y’ satisfy y/ = z;/z;_1. For j # 0, therefore, we see
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n—n;+j
y! i A § U R Yooi
Aii+j T T T T i L e U A
'xn*ni'i’,]*l =1 I y(
and, for j =0,
n—i; ni+nii1—1 -1
R e PR | Ve 1
Vi = . - R P - l_[ Yn—hjp1+k >
xn—n;+1—l xi’l—i’l,‘—}—l’l,‘—] Z=1' Ye k=1
from which the statement of the lemma follows directly. O
Definition A.2. We say that o« = («y, ..., ®,) € C" is in j-general position if the set
{}:% Jgupnﬁm#Jzﬂ
keJ

consists of (;’) distinct elements. We say that « is in general position if it is in j-general position for each
j=1,...,n—1.

Lemma A.3. Suppose that there exists € > 0 such that for each j =1, ...,n — 1, the real part of s
is bounded by at least € from any integer. Assume that o is in j-general position, Re(«;) = 0 for each
i=1,...,n—1,andr; € Z>¢. Assume that

Im(ay) = Im(az) = - - - = Im(ery),

and let I} = [—Im(a; +---+aj), —Im(a, +- - +ou—jy )] If rj > 2, then

l_[ Sj+ZOlk jdsj<< Z (1+ Zag—Zak
LC

—r

3

If rj = 1 there is an extra power of ¢ in the exponent (in which case the implicit constant will depend

. JS{,.n) keJ c{l,..,n} K<S{1,...,n) el kek
Re(s))=0; " %11 #L=j = #K=j
Il’l’l(Sj)E[j K#L

on¢), and if rj =0, the integral is bounded by

J J
(1 + Zak - Zan+1—i)~
k=1 =1
Remark A.4. The implicit <—constant depends on o, but in applications this will always be bounded.

Proof. The bound in the case of r; = 0 is obvious, so we may assume henceforth that r; > 1. Consider

the set
.Aj = {Zak

keJ

Jg{L“”nL#sz}

For a fixed choice « in j-general position, let A; be the element of A; that has the greatest imaginary
part, A, the next greatest imaginary part and so on. Hence —Im(A;) < —Im(Ap) <--- < — Im(A(n_)).
J
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Write s; =0 +it;. Note that /; =[—Im(A), — Im(A ())]- Upon applying Lemma A.3 from [Goldfeld
J
et al. 2021b], one obtains the bound

/ 1_[ s‘,~+Zak
1 JEl

c{l,...,n} keJ
#I=j

j ()1
dsj < (1+1Im(A) —Im(Aey))* [ ] (1 +Im(Ax — A1) ™.
k=1

—r

This is one of the possible summands on the right-hand side of the statement of the lemma. Hence,
regardless of the specific ordering which may arise for the given choice of «, the claim follows. g

Lemma A.5. Leta € R. Then

—[a] if a € ([al—3,[al],
—la) —2(a—la)) ifac(la).la)+3]

Proof. First, let us assume that a € (|'a'| — %, |'a'|]. Then [a] —a < %; hence

max{0, 2(fa] —a) — 1} —[a] < {

max{0, 2([a] —a) — 1} — [a] = —[a].
On the other hand, assuming that a € (|a], |a] + 5], we see that

max{0,2([a]l —a)—1}—[al=[a]l —2a—1=|a] —2a = —|a] —2(a — |a]),

as claimed. O
Lemma A.6. Suppose that ay, ..., a, € R.. Let
0 if a <0,
B(a):={lal+2@a—la)) if0<lal+e<a<l|al+31,
[a] if <lal—3<a<[al—e.

Then, for any §,, € Z>o with 0 < ay, — 6,

m—1 n—m—1

J n—m-—j
Z B(aj - n_1(am _(Sm)) + Z B(am-i-j - ﬁ(am _8m))
/=l J=l n—1
-2
> (Z B(a») — 55 (an = 8n + 1) — Blan).
j=1
Proof. We consider first the case of r — % <aj<rforsomere€Zandall j=1,2,...,n~— 1. For any
a € R, note that
a<B@<a+l; (A7)
hence
m—1 J m—1 m—1 m—1 1 m—1
2 B(a,- —Z(am—am) > (;aj) — (=) = (; B(a,-)—z) == (an = )

m—1
— (ZB(aj)) —mz_l(am—am+1).
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Figure 1. Comparing graph of B(x) (thick black) to B4(x) (dotted red) and B;3(x) (dotted blue) bounds.

Combining this with the other terms (which are easily shown to satisfy the analogous bound), the desired
result is immediate. O

Remark A.8. The function B(x) appears prominently in Theorem 10.0.1 and is critical in bounding the
geometric side of the Kuznetsov trace formula. Its graph is shown in Figure 1 in comparison to two other
functions B4 and Bj.

In the case of GL(4), the function B, appears [Goldfeld et al. 2021b] (see Theorem 4.0.1) as a bound
for the pr g function. Indeed, making necessary adjustments due to a different choice of normalization
factors (see Remark 1.6.2), the result of [loc. cit.] is that

3
|p¥")R(1; _a)l < T€+27R+12_Zi:1 B4(a,~)‘

Theorem 10.0.1 establishes the same result but with B, replaced by B. Although the improvement is
slight, we remark that it is essential in Lemma A.6 and evidently allows the inductive method of the
present paper to lead to the same asymptotic orthogonality relation as was established directly in [loc. cit.].

With a bit of work, one can show that the function B3, also graphed in Figure 1, appeared in [Goldfeld
and Kontorovich 2013] as a bound for

(P15 —a)|  THHORET =0 o),

Although this looks to be an improvement on our result here, the method of [Goldfeld and Kontorovich
2013] contained an error which the present method (and the method of [Goldfeld et al. 2021b]) corrects.

Lemma A.9. Let & > 0. Then for any p € % + 7 there exists 0 < &' < % sufficiently small such that, setting
§= 28//112, ifa=(ay,...,a,_1), where

i
aj = ,o—I-J(—ZJ)(l +4),
and, for w = W), bla, w)=b=(by,...,b,—1), where
)
bn—ii+j 7= Gy — @ay g F a4 £ 5
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(meaning that a and b satisfy (6.3.1) and (6.3.2), respectively), then, letting B be the function defined in
Theorem 9.0.2,

n—1
n—1

> (B(aj)+ B(b;)) = LTJ +np+ (1, n) e,
j=1
where

r—1

O, ...ony) =) (e +ngen)

k=1

Proof. We first note that although the bound B(x) > x holds for any x € R, forany ¢ > 0, B(x) > x+ % —&

provided that x is sufficiently close to a half integer. Lemma A.11 (as justified in Remark A.12) asserts

(n — Ag)ng
2

that if n is odd then n — 1 elements from the set of all the possible values of a; and by are indeed within
¢ of a half integer, and if n is even then n — 2 of values have this property. Hence,

n—1 n—1 n—1
D (Bl + BB = | —— [+ ) (@+b)—e. (A.10)
k=1 k=1

Since b,_j, 4 = ap, | — ap, 4j+as L % we see that

ni
D buiiprj + @i+ ~ niaq, , +ai,).
j=1
Therefore, summing over i, we see (making use of the fact that ag = a, = 0) that
n—1 r r—1
D et a) =) nilay_, +aq) =Y (i +nis)a;,
k=1 i=1 i=1

r—1 r—1

(n —ng)ig (n — ng)ig
=D Ao+ ——— +€ )~ p@n—ni—n) + Y+ )
2 2
k=1 k=1
=:®(ny,...,n;)
Combining this with (A.10), the desired result is now immediate. Il
Lemma A.11. Let C = (ny, ..., n,) be a composition of n with r > 2. Suppose that p € %+Z. Set ap:=0,
a, :=0and foreach 1 <k <n—1we have ay ::p+@andf0reach 1<i<randl<j<n;welet
bl',j =, — Ay j T A,
Then

2n—ny—n, — 1 if nisodd,

r—1

n_ m nr il

2 1+L2J+L2J+Z;[2] if n is even.
1=

Remark A.12. Note that the quantity given in Lemma A.11 in the case of n odd is 2n —ny —n,—1>n—1

#lk|ax & 2y +#{(, j) | bij ¢ L} =

for any composition C (with equality precisely when r = 2). If n is even then
r—1 r—1
n ni ny n; n ni ny n;
——1 — — — |24+ =—4+=-2 —=n-2.
2 +{2J+L2J+§{2—‘—2+2+2 +;2 "

Equality in this case occurs precisely when n; and n, are both odd and all other n; are even.
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Proof. For notational purposes, set
An):=#{l <k<n-—1|a; ¢ 7},
B(C):=#{(,j), 1<i<r, 1<j<n;|b;¢Z}.

We first consider the case of n odd, for which k(" k)

€ Z for all integers k. Therefore, A(n) =n — 1.
As for B(C), note that b; ; is equal to p plus an 1nteger as long as i # 1, r. Otherwise, by ;, b, ; € Z.
Hence B(C) =n—n| —n,.

k(n k)

In the case of n even, € Z exactly when k is even. Hence A(n) = 5 — 1. To the end of finding

B(C), we introduce the notatlon
Bi(C):=#{l1<j=nilbi¢Z}

for which it is clear that B(C) = Zle B;(C).
The cardinality of B;(C) depends, obviously, on the integrality of b; ;. To determine this, we first

assume that i = 1. Then
Jn—j) n ni(n—np)
2 2 '
Therefore (since n is even), b; ; € Z if and only if j =n; (mod 2). This implies that

bl’jZ—

m=lif n, is odd,

B1(C) ::: 2

5 if ny is even,

or more concisely, #B|(C) = |_”7'J The determination of B, (C) is similar: #B,(C) = |_"7’J
For 1 <i < r, we see that

ni—i(n—ni—)  (Aic1 + ) —nizi — ) 4 (Nj—1 +n;)(n —nj—1 —n;)

bi’j=,0+

2 2 2
A S i1+ ) —ni—1—Jj) +ni(n—ni)
2 2
E%_i_(fli—1+j)(”12—fli—1—j)+ni(n2—ni) (mod 2).

We see again that the integrality of b; ; depends on the parity of n;. If n; is odd,

i1+ j)(n—nj—1 —
2

Bi(C)Z#{lfjfni ¢Z}

and if n; is even,

B,-(C):#{lfjfn,- (nil+])(n_nil_J)€Z}.

2

One can check, arguing case by case as above, that in any event, the answer is B; (C) = (%] O

Lemma A.13. Suppose that (ny, ...,n,) € C". The function
r—1

Q(ny,....m) = (ni+nisr)

k=1

(mi+--- ) +---+n)
2
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is invariant under permutations, i.e., for any o € S;, we have ®(ny,...,n,) = @y, ..., e@)). In
particular, if P =n|+- - - +n, is a partition of n then ®(P) := ®(ny, ..., n,) is well-defined. Moreover,
among all partitions P of n (withr > 2),
—1
OP)>Ddn—1,1)=d(,n—1)= %

Proof. Suppose thatn =ny+---+n, =m| +---+m,, where
nj if j £k, k+1,

mJ-: Mi+1 ifj=k,
ni if j=k+1.
Then one can show by an elementary (albeit tedious) computation that ®(ny, ..., n,) = ®(my, ..., m,).

In other words, & is invariant under any transposition T € S,, hence invariant under all of S,.
Suppose thatn =n;+---+n,. lfny = n}( +”;</ for some 1 <k <r, then one shows via a straightforward

computation that

! L,

D1y ey Mgy My MY Mgt 1y -y 1) — P (01, .o y) = %
Ifn=ny+---+n, with r > 2, it then follows, setting ng := min{ny, ny, ..., n,}, that
oy, ...,n) > d(ng,n—ng) = w
Among all 1 <ng < 5, the right-hand side is minimized when ng = 1. O

Recall that
L(3(; +R+2))

r =
r(2) re ,

as defined at the beginning of Section 8.

Lemma A.14. If § € Z and B € iR are fixed, then the function T'r(B + 2)['g(—B —2)['(—B —2z—38) is
holomorphic for all z with |Re(z)| < R.

Proof. The fact that |z| < R implies that I'g(£z) is holomorphic is immediate, so the only question is
what happens at the (simple) poles of I'(—f — z — §). But these occur at z = —f + k for some integer k
which corresponds to zeros of I'gr(8 +2) or ['g(—8 — 2). O

Lemma A.15. For § € Z fixed and z, B € C and |Re(z + B) + 8| < R, we have the bound
Tr(B+)TR(=B =T (=B —2—8) < (1 + [Im(B +2)) P92,

Proof. This follows immediately from the Stirling bound |I" (o + it)| ~ /27 |t| 2 €™ I1V/2. O
Definition A.16. Let @ = («y, ..., ,) € C" be Langlands parameters satisfying &, = 0. Let n =
ny 4+ ---+n, be a partition of n with ny,...,n, € Z,. Then for each £ = 1, ..., r we define «¥ :=
(oz(e) .. a,”)) e C", where

1
{4 - “ 14 042
o\ =,y — G R N e Z(a( 2.
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Remark A.17. Note that Z i1 a@) 0 for each £. In particular n, = 1 implies oz( ) =0.
Lemma A.18. We have |a|*> =) ", al.z = ZZ=1(|(X(Z)|2 + nl—l(&;”Z — &;1571)2).

Proof. Computing directly, and using the fact that Z - a“) =0, we find that

RSN ICRIE B3 i s ~n.)

=1 j=1 ‘= lj 1
1
¢ AP N N R
= Z Z((a( )2 + (- @, — b, )+ — @, —%_.f)
=1 j=I1 1y
L. N
= Z(m“)F + — (@, — amf),
=1 e
as claimed. O
Lemma A.19. Suppose thatn>2 and ay, ay, . . ., ay, € C satisfies a1+az+- o, =0. Set o =Z';:1 o

for fixed k € {1,2,...,n}, and define B; == aj — ,iozk, Vi =kt kozk Then

n k n—k
2 2 2 n A2
D= B+ i TG

i=1 i=1 i=1

Proof. This is easily deduced as a special case of Lemma A.18 in the case that r =2, ny =k, np =n —k,
B=a® and y =a®. UJ

Lemma A.20. We continue the notation of Lemma A.18. Then

,
{4 ¢
1_[ FR(ai—(xj):l_[< 1_[ FR(ai()_a; )))
I<i#j<n =1 “1<i,j<ng

Nk Nm

1T T rofe(o o4 = e —.0))

I<k<m=ri=l j=1ee{xl}

Proof. Note that if kK # m, then forany 1 <i <mngpand 1 < j <n,,,

g _gm Lo WA
Oy +i = Xy +j = & j + n_k(ank _ank—l) - n_(anm - O‘nm—1):
m

and forany 1 <i # j <n, we have o, ,1; — a3, 4; = oz(z) (.Z). This immediately implies the desired

formula. O

Lemma A.21. Suppose that (B, ..., B,) satisfies ,3, = 0. Suppose that n = n; + --- + n, and set
ng = 21;21 nj. Then 321 ot ey 2oiny 2o 1my (Bk/nk — B /1im) = Z;;i (nj+njp)p;.
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Proof. We calculate

ng Ny r m—1 ng r m—1
DI CELEED 3 3 3 (HETAED B »UL RS
1<k<m=<r i=1 j=1 m 2 k=1 i=1 m=2 k=1

= Z(nmﬁm—l _ﬁm—lﬁm) = Z(nmﬁm—l - ﬁm—l(,ém - ,ém—l))
m=2 m=2

r r
=Y A+ Am1)Bn1 = Am-1Bn) =Y AmPm—1 — fim—1Bn).
m=2 m=2
This final sum telescopes to give Z l(fl]+1 ﬁj_l)/éj. Since 7ij 41 —nj—1 =nj+njiq, this implies
the claimed result. Il

The following result can be interpreted as a consequence—by counting (half) the number of gamma
factors on each side of the equality—of Lemma A.20. Alternatively, proving it independent of Lemma A.20
gives further evidence that the product decomposition is correct.

Lemma A.22. Letn=ny+ - +n, Wehave Y | o, nk-np + Yy, = = 202l

Proof. We use induction on r. If r = 1, the formula obviously holds. Let n = m + n,, where m =
ny+---+n,_1. Then, by induction,
nn—1) . m+n)im—+n,—1) . m(m—1) n mn, +(m — )n, nf

2 2 2 2 2
r—1
—1 F(n,—1
ZZ%—F Z nk.nk,_i_mnr_i_%‘
k=1 1<k<k'<r-—1
Since mn, = nn, +non, +---+n,_1n,, it is evident that the desired formula holds. Il

Lemma A.23. Supposen =ny+---+n,. Then

" ne(ng—1 R nin—1
nz+z<%_nenﬁ>:¥,
=1

Proof. If r = 1 the result is obviously true. Suppose that the result holds for r = k. Write n =
n1+"'+nk+nk+l :ﬁk+nk+l Then

—1 —1 —1

ne(ng—1 R n n —1
—nz—ng ("HZ(% WW)‘F%—’%HH)

=1
e (g + 1 -1
—n?— 2+ nk(”k2+ ) nk+1(n;+1 ) —_—
o (g +1 n—ng)(n—ng—1 .
24 k(M )+( i) ( k )—(n—nk),
2 2
which can easily be shown now to simplify to #, as claimed. O
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Remark A.24. Note that Lemmas A.22 and A.23 are equivalent provided that

.
n>— anﬁg = Z NEngr. (A.25)
=1

1<k<k'<r

This can be verified by expanding the left-hand side as follows:

r r

n’ =Y = (i n)ihe— Y neie =Y (ne(n—hg) —neie) =y ne(n —ny).
e=1 e=1 =1 e=1
That this final expression is equal to right-hand side of (A.25) is clear.
Lemma A.26. Let oy, a, ..., a, € C satisfy o1 +ay +---+a, =0. Set qy := lezl aj, and let B;
(I1<i<k)andy; (1 < j<n—k)beasin the previous lemma. We have

1_[ FR(Oti—Olj)=( l_[ FR(ﬂi—ﬂj))( l_[ FR(Vi—Vj)>

I<i#j<n I<izj<k 1<i#j<n—k
n

k n—k
n n

. r i — Vi + i | T i — Pi — o ).

1:”:[1 R<ﬂ Vi k(n—k)ak> R<y" g k(n—k)“">

Proof. This is easily deduced as a special case of Lemma A.20 whenr =2, n1 =k, np=n—=k, = a
and y = a®. O

We recall the definition of the polynomial given in Definition 1.4.1:

n—2 R
2
o= T (+Ta-Ya«).
j=1 K,L<(1,2,...,n) keK Lel
#K=#L=]j

Also, we remind the reader of the polynomial notation P given in Definition 2.1.3.

Lemma A.27. Letn =n,+---+n,, a, and «'© be as in Definition A.16. Set D(n) = deg(]-'l(") (). Then

Fil@)=Par(@) [[ 7R @), whered =d(ni.....n,) =D(m) =Y _ D(ny).
ngz:?éll '1[;&11

Proof. This follows from the fact thatif 7, J C {1, 2, ..., ny} with # = #J then
0) 0)
() (54)- (S ) ()
iel jelJ iel jelJ
Therefore, each ]-'I(Q"‘)(a“)) constitutes a unique factor of ]-"1(3") (a) foreach=1,...,r. O

Lemma A.28. Suppose that § € Z>y and R > 6. Then

~1
- ] ((Z a,.> — G — 5) K FIB) - FE () - Pa@),
} ieK 8

K<{1,2,....n
#(KN{1,2,....m})#m—1
#K=m

where d = R(D(n) — D(m) — D(n —m)) —§((") —m(n —m) —1).

n
m
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Proof. Let M :={1,2,...,m}. Then
#K C 12, [#K =m, #(KOM) £0, 1) = (1) =m(n—m) — 1.

From the definition of F (")(oz) given in Definition 1.4.1, we see that for each such K there are factors
R/2
(14—20{1‘—20{]') (I—Zai—l—Zaj)
iekK jeM ieK jeM

of F4(@)/[FY" (B)F4™™ ()] for which

R/2

R-§

; .
(ZieK o; _ZjeM aj _5)5 icK jeM !

This bound holds because the degree of the Pochhammer symbol in the denominator is §, and by

assumption, the degree of the numerator is R > §. Combining all such terms with the remaining factors
of fl(en)(a)/[fl(em)(ﬂ)f}en_m)(y)] gives a polynomial of degree d. O

Remark A.29. Letn=n|+ny+---+n, andn, = Zle n;. The result of Lemma A.28 clearly generalizes
to the case of taking multiple residues at s;, = —a;, — 8¢ foreach £ =1, ..., r — 1 (in reverse order). In
this case, taking the product on the left-hand side over all of the terms we obtain

—1 r
PR @ l_[ I ((Z ai> - 5@) < Pale) [ F& @),
iek 8¢

= KC{1,2,....0041} =1
#(Kﬂ{l ..... ng})#n[ 1
#K=n,

where
1

d=R- (D(n)—ZD(W)) N [Z«ﬁgl)_wﬂﬁg—l)].
=
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