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On the equivalence between

the effective adjunction conjectures
of Prokhorov—Shokurov and of Li

Jingjun Han, Jihao Liu and Qingyuan Xue

Prokhorov and Shokurov introduced the effective adjunction conjecture, also known as the effective
basepoint-freeness conjecture, which asserts that the moduli component of an lc-trivial fibration is
effectively basepoint-free. Li proposed a variation of this conjecture, known as the I'-effective adjunction
conjecture, and demonstrated that a weaker version of his conjecture follows from the original Prokhorov—
Shokurov conjecture.

In this paper, we prove the equivalence between Prokhorov—Shokurov’s and Li’s effective adjunction
conjectures. The key to our proof is establishing uniform rational polytopes for canonical bundle formulas.
This relies on recent advancements in the minimal model program theory of algebraically integrable
foliations, primarily developed by Ambro—Cascini—Shokurov—Spicer and Chen—-Han-Liu—Xie.

1. Introduction

We work over the field of complex numbers C.
Prokhorov and Shokurov famously proposed the effective basepoint-freeness conjecture concerning
the moduli part of lc-trivial fibrations.

Conjecture 1.1 [Prokhorov and Shokurov 2009, Conjecture 7.13]. Let d be a positive integer and
'y C [0, 1] a finite set of rational numbers. Then there exists a positive integer I depending only on d and
g satisfying the following conditions. Assume that

(1) f:(X, B) — Zisan lc-trivial fibration such that dim X —dim Z = d, and
(2) the coefficients of the horizontal/Z part of B belong to I'y.
Then IM is basepoint-free, where M is the moduli part of f : (X, B) — Z.

Conjecture 1.1 is known for its complexity and has only been proven for the case d = 1, as detailed in
[Prokhorov and Shokurov 2009, Theorem 8.1]. The noneffective version of this conjecture for d = 2 was
recently proven in [Ascher et al. 2023, Theorem 1.4]. However, for d > 3, Conjecture 1.1 remains largely
unresolved.
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The importance of Conjecture 1.1 lies in its close relationship with moduli theory. Specifically, since the
moduli parts of lc-trivial fibrations characterize the moduli space of the general fiber of the family X — Z,
Conjecture 1.1 is crucial for the study of the moduli of varieties, especially log Calabi—Yau varieties; see,
for example, [Ascher et al. 2023].

Recent developments in moduli theory suggest that, instead of considering only pairs with standard
or rational coefficients, it is more natural to include pairs with arbitrary coefficients in [0, 1] or (%, 1];
cf. [Kollar 2023, 6.26-6.28]. In particular, pairs with irrational coefficients need to be considered. Since
Conjecture 1.1 only considers lc-trivial fibrations with rational horizontal coefficients, it is natural to inquire
whether a generalization of Conjecture 1.1 for lc-trivial fibrations with irrational coefficients is feasible.
Fortunately, Z. Li has proposed such a variation in [Li 2024, Conjecture 3.5(1)], adopting the notation of
I"-basepoint-freeness. In this paper, we propose a stronger version of [Li 2024, Conjecture 3.5(1)].

Definition 1.2 [Li 2024, Definition 3.4]. Let I’ C (0, 1] be a set. A b-divisor D on a normal projective
variety X is called I"-basepoint-free if there exist ay, ..., ax € I' and basepoint-free b-divisors Dy, ..., Dy
such that Zle ai=1and D = Zle a;D;.

Conjecture 1.3 [Li 2024, Conjecture 3.5(1)]. Let d be a positive integer and I' C [0, 1] a DCC set of
real numbers. Then there exist a positive integer 1, a finite set I'g C (0, 1] depending only on d, and T'
satisfying the following conditions. Assume that

(1) f:(X, B) — Zisan lc-trivial fibration such that dim X —dim Z = d, and
(2) the coefficients of the horizontal/Z part of B belong to I.
Then IM is T'y-basepoint-free, where M is the moduli part of f : (X, B) —> Z.

It is evident that Conjecture 1.3 implies Conjecture 1.1. This raises the intriguing question of whether
the two conjectures are, in fact, equivalent. Supporting this possibility, Z. Li introduced a less stringent
form of Conjecture 1.3 in [Li 2024, Conjecture 3.5(2)] and proved that Conjecture 1.1 implies this weaker
version. However, it remains unproven whether [Li 2024, Conjecture 3.5(2)] implies Conjecture 1.1.
Additionally, [Li 2024, Conjecture 3.5(2)] is notably more complex than Conjecture 1.3.

In our paper, we demonstrate that Prokhorov—Shokurov’s Conjecture 1.1 and Li’s Conjecture 1.3 are,
in fact, equivalent.

Theorem 1.4. For any positive integer d, Conjecture 1.1 in relative dimension d (i.e., dim X —dim Z = d)
and Conjecture 1.3 in relative dimension d are equivalent.

As an immediate corollary, we prove Conjecture 1.3 when d = 1:
Corollary 1.5. Conjecture 1.3 holds when d = 1.

Idea of the proof. The idea behind the proof of Theorem 1.4 is to establish uniform rational polytopes
for canonical bundle formulas (see Theorem 3.4 below). Roughly speaking, given an lc-trivial fibration
f (X, B) — Z with moduli part M, we aim to establish a uniform decomposition (X, B) =Y a; (X, B;),
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where ) a; = 1, the horizontal/Z coefficients of B; are rational, and each f : (X, B;) — Z is an lc-
trivial fibration with moduli part M;, so that M = ) a; M;. By “uniform”, we mean that the a; and the
horizontal/Z coefficients of B; depend only on dim X — dim Z and the horizontal/Z coefficients of B.

Establishing such a uniform decomposition is a natural idea. In fact, it is straightforward to establish
such a uniform decomposition without the condition “M = ) a; M;” using [Han et al. 2024, Theorem
5.6]. Similar results can be found in [Li 2024] as well. However, proving M = ) a; M; is a difficult task.
The existence of such a decomposition with M =) a; M; is already nontrivial even when uniformity is
not required [Jiao et al. 2022, Theorem 2.23]. This is because the coefficient of the discriminant part of
the canonical bundle formula f : (X, B) — Z and f : (X, B;) — Z are of the forms 1 —Ict,, (X, B; f*D)
and 1 —Ict,, (X, B;; f*D), respectively, yet we only have

Iety, (X, B: f*D) > Y a;lety, (X, B;: f*D)

in general. The uniform decomposition shows that not only the inequality becomes equality but also the
equality holds for any X, Z, and any divisor D over Z simultaneously (as M is a b-divisor).

The key new ingredient we need for the proof of the existence of the uniform decomposition is the
minimal model program theory for algebraically integrable foliations, which has been established very
recently [Ambro et al. 2021; Chen et al. 2023].

More precisely, let F be the foliation induced by f : X — Z and B" the horizontal/Z part of B. The
key observation is that if f is equidimensional and (X, F, B") is Ic satisfying Property (x) (see [Ambro
et al. 2021, Definitions 2.13 and 3.5]), then K r + B is exactly the moduli part of f : (X, B) —> Z
[Ambro et al. 2021, Proposition 3.6]. Therefore, if we can decompose (X, F, B") into foliated triples
with Property (x) uniformly, then it automatically induces a decomposition of M. Such a decomposition
is possible (see Theorem 3.2) if we replace “Property (x)” with the condition “weak ACSS” (see [Chen
et al. 2023, Definition 7.2.3]), thanks to the existence of uniform rational lc polytopes for foliations
[Liu et al. 2024a, Theorem 1.8; 2024b, Theorem 1.3; Das et al. 2023, Theorem 1.5; Chen et al. 2023,
Theorem 2.4.7]. The rest of the proof involves a series of changes of models that preserve the moduli
part of the canonical bundle formula, relying on the fact that for lc-trivial fibrations which are crepant
over the generic point of the base, the moduli parts of the canonical bundle formulas are the same (see
Lemma 2.14).

2. Preliminaries

Notations and definitions. We adopt the standard notations and definitions from [Kolldr and Mori 1998;
Birkar et al. 2010] and use them freely. For foliations and generalized foliated quadruples, we follow
[Chen et al. 2023], which generally aligns with the notations and definitions from [Cascini and Spicer
2020; 2021; Ambro et al. 2021], but there may be minor differences. For b-divisors and generalized
pairs, we follow the notations and definitions from [Birkar and Zhang 2016; Han and Li 2022; Hacon
and Liu 2023]. For the canonical bundle formula, we adhere to [Chen et al. 2023], which is generally
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consistent with the classical definitions. For the reader’s convenience, we provide the following notations
and definitions that are either not commonly used in the literature or have minor differences from the
classical definitions:

Definition 2.1. Let m be a positive integer and v € R™. The rational envelope of v is the minimal rational

2o

affine subspace of R which contains v. For example, if m =2 and v = ( 7), then the rational

2

envelope of vis (x; +x,=1) C RWQ.

For any set of nonnegative real numbers I', we define

([

For any real number ¢ and R-divisor D = ) d; D;, where D; are the irreducible components of D, we
define D= .= Zdiit d;D; and D> := detd,-D,-.

vi eF}U{O})m[o, 11, D(T):= {m—mﬂ )meNJr,y eF+}.

Definition 2.2 (Ic-trivial fibration [Chen et al. 2023, Definition 11.3.1]). Let (X, B) be a subpair and
f : X — Z acontraction. We say that f : (X, B) — Z is an lc-trivial fibration if

(1) (X, B) is sub-Ic over the generic point of Z,
(2) Kx + B ~p 70, and
(3) there exists a birational morphism % : ¥ — X with Ky + By = h*(Kx + B) such that —B?O is

R-Cartier and
ke (Y/Z,—B5%) =0.

We remark that the classical definition of an lc-trivial fibration replaces condition (3) with
(3) rank f,Ox([A*(X, B)]) =1

[Kawamata 1998; Ambro 2004; Kollar 2007; Fujino and Gongyo 2014]. It is worth mentioning that, in
this paper, we only consider lc-trivial fibrations f : (X, B) — Z such that B > 0 over the generic point
of Z. In this case, both (3) and (3’) automatically hold, so there will be no confusion in the notation.

Definition 2.3 (discriminant and moduli parts [Ambro et al. 2021, Definition 2.3]). Let (X, B) be a

subpair and f : X — Z a contraction such that (X, B) is generically sub-lc/Z. In the following, we

fix a choice of Ky and a choice of K, and suppose that for any birational morphisms g : X — X and

gz: 7Z— Z, K% and K 5 are chosen as the Weil divisors such that g, K5 = Kx and (g2)«K; = K7.
For any prime divisor D on Z, we define

bp(X, B; f):=1—sup{t | (X, B+tf*D) is sub-Ic over the generic point of D}.

Although f*D may not be well-defined everywhere, it is at least defined near the generic point of D,
which suffices for our purposes. We then define the discriminant part of f : (X, B) — Z as

By = > bp(X, B; f)D.

D is a prime divisor on Z
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Next, we define the trace moduli part of f. By Definition-Theorem 2.6, there exists an equidimensional
contraction f’: X" — Z’ associated with birational morphisms 4’ : X" — X and h', : Z' — Z such that
Z' is smooth and f oh’ =h', o f'. Write Kx' + B' := h"*(Kx + B), and let Bz be the discriminant part
of f': (X', By — Z'. Define

My =Ky + B — f/*(KZ/ + By).
We then define the trace moduli part of f : (X, B) — Z as
MX = h;Mx/.

It is easy to check that Mx does not depend on the choice of f.

By construction, there exist b-divisors B on Z and M on X satisfying the following. For any
contraction f” : X” — Z” associated with birational morphisms 72" : X" — X and h”, : Z" — Z such
that f oh” =h" o f”, Bz is the discriminant part of f”: (X", B”) — Z”, and M is the trace moduli
part of " : (X", B") — Z", where Kx» + B" := h"*(Kx + B). We call B the discriminant b-divisor of
f (X, B) — Z and M the moduli part of f : (X, B) — Z. By construction, B is uniquely determined,
and M is uniquely determined for any fixed choices of Kx and K.

Remark 2.4 (base moduli part). The moduli part M defined in Definition 2.3 follows the same notation
as in [Ambro et al. 2021], which is defined on X rather than on the base Z.
For any lc-trivial fibration f : (X, B) — Z, the canonical bundle formula indicates that

Kx+B~g f*(Kz+ Bz + M%),

where B is the discriminant part and M? is a b-divisor. Such M is also called the “moduli part” of
f 1 (X, B) — Z in many references. To avoid any confusion, we call such M? the base moduli part
of f:(X,B)—~ Z.

It is clear that M ~g f*M? as b-divisors. Moreover, for lc-trivial fibrations, the effective basepoint-
freeness and the effective I'-basepoint-freeness of the moduli part are equivalent to those of the base
moduli part.

Remark 2.5. We can similarly define lc-trivial fibrations, discriminant parts, and base moduli parts for
foliations. We refer the reader to [Chen et al. 2023, Definition 11.3.1, Definition-Lemma 11.5.1] for
details. We do not need them in the rest of the paper.

Definition-Theorem 2.6 [Ambro et al. 2021, Theorem 2.2; Liu et al. 2023, Definition-Theorem 6.5].
Let X be a normal quasiprojective variety, X — U a projective morphism, X — Z a contraction, and
B an R-divisor on X. Then there exist a toroidal pair (X', £x/)/ U, a log smooth pair (Z’, £z/), and a

commutative diagram ,
X — X

|

7 —=7Z
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satisfying the following:

(1) h and hz are projective birational morphisms.

2) f: (X', Zx) — (Z', ) is a toroidal contraction.
(3) Supp(/; ' B) USupp Exc(h) is contained in Supp Xy
(4) X’ has at most toric quotient singularities.

(5) f'is equidimensional.

(6) X’ is Q-factorial Kklt.

We call any such f': (X', Zx) — (Z', £7) (associated with i and hz) which satisfies (1-6) an
equidimensional model of f : (X, B) —> Z.

Definition 2.7 (foliated log smooth [Ambro et al. 2021, §3.2; Das et al. 2023, Definition 2.17]). Let
(X, F, B) be a foliated triple such that F is algebraically integrable. We say that (X, F, B) is foliated
log smooth if there exists a contraction f : X — Z satisfying the following.

(1) X has at most quotient toric singularities.
(2) F isinduced by f.

(3) (X, Xx) is toroidal for some reduced divisor Xy such that Supp B C X x. In particular, (X, Supp B)
is toroidal, and X is Q-factorial klt.

(4) There exists a log smooth pair (Z, Xz) such that
fi(X,Ex) > (Z,%22)
is an equidimensional toroidal contraction.

Definition 2.8 (weak ACSS [Das et al. 2023, Definitions 4.1-4.3]). Let (X, F, B) be a foliated triple, G
a reduced divisor on X, and f : X — Z a contraction. We say that (X, F, B; G)/Z is weak ACSS if the
following conditions hold:

(1) (X, F, B)islc.
(2) (Z, f(G)) is log smooth and G = f~1(f(G)).
(3) f is equidimensional and F is induced by f.

(4) For any closed point z € Z and any reduced divisor ¥ > f(G) on Z such that (Z, X) is log smooth
near z,

(X, B+ G+ f(2 - f(G))
is Ic over a neighborhood of z.

We say that (X, F, B) is weak ACSS if (X, F, B; G)/Z is weak ACSS for some reduced divisor G on X
and some contraction f : X — Z.
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Results on foliations with weak ACSS singularities.

Lemma 2.9 [Chen et al. 2023, Lemma 7.3.3]. Let (X, F, B) be a foliated triple such that F is al-
gebraically integrable. Suppose that (X, F, B) is foliated log smooth, associated with a contraction
f:(X,Zx) = (Z,X7) (as in Definition 2.7(3)). Let G be the vertical/Z part of £x and B" the
horizontal/ Z part of B. Then (X, F, Supp B"; G)/Z is weak ACSS.

Proposition 2.10 (cf. [Ambro et al. 2021, Proposition 3.6; Chen et al. 2023, Proposition 7.3.6]). Let
(X, F, B) be a foliated triple, f : X — Z a contraction, and G a reduced divisor on X such that
(X, F, B; G)/Z is weak ACSS. Let M be the moduli part of f : (X, B+ G) — Z. Then:

(1) Kr+ B~ My.
(2) Kr+B~zKx+B+G.
Moreover, we can choose K r depending only on the choices of Kx and Kz such that Kr + B = M.

Proof. This follows from [Ambro et al. 2021, Proposition 3.6] or [Chen et al. 2023, Proposition 7.3.6].
Note that if we choose K = Kx,7 — R as in the proof of [Chen et al. 2023, Proposition 7.3.6], then we
actually obtain the equality K + B = M. (]

Proposition 2.11. Let (X, F, B)/Z be a foliated triple and G a reduced divisor on X such that Z is
Q-factorial, (X, F, B; G)/Z is weak ACSS, and

ke(X/Z,Kr+B)=k,X/Z,Kr~+B)=0.

Then we may run a (K r+ B)-MMP/Z with scaling of an ample/ Z divisor, which terminates with a model
(X', F', B")/Z such that Kz + B" ~r 7z 0, where F' and B’ are the pushforwards of F and B on X',
respectively. Moreover, (X', F', B'; G')/ Z is weak ACSS, where G' is the pushforward of G on X'.

Proof. The main part of the proposition follows from [Chen et al. 2023, Proposition 11.2.1]. The

“moreover” part follows from [Chen et al. 2023, Lemma 9.1.4]. O
Theorem 2.12 [Das et al. 2023, Theorem 1.5; Chen et al. 2023, Theorem 2.4.7]. Let r be a positive
integer, v?, e, v,% positive real numbers, and vy 1= (v?, R v,%). Then there exists an open set U > vy

of the rational envelope of vy depending only on r and vy satisfying the following statement:
Let (X , F, Z';’:l v? B J-) be an Ic foliated triple such that F is an algebraically integrable foliation of
rank r and Bj > 0 are distinct Weil divisors. Then (X, F, Z:-":l vaj) is lc for any (vy, ..., vy) € U.

Theorem 2.13 (cf. [Chen et al. 2023, Theorem 11.1.5]). Let (X, F, B) be an Ic foliated triple, f : X — Z
a contraction, and G a reduced divisor on X such that (X, F, B; G)/Z is weak ACSS. Let M be the
moduli part of f : (X, B+ G) — Z. Then M descends to X.

Proof. This follows from [Chen et al. 2023, Theorem 11.1.5 and Lemma 5.3.2]. O

Lemma 2.14. Let (X, B) and (X', B") be two subpairs. Let f : (X, B) — Z and ' : (X', B') - Z' be

two lc-trivial fibrations over U such that f and f' are birationally equivalent (i.e., there exist birational
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mapsh:X' --+»X and hz : Z' --» Z such that f oh=hzo f'), and (X, B) and (X', B') are crepant over
the generic point of Z. Let M and M? be the moduli part and the base moduli part of f : (X, B) — Z,
respectively, and let M’ and M'? be the moduli part and the base moduli part of f': (X', B') — Z',
respectively. Then M = M’ for any compatible choices of Kx and K 7, and M% ~p M’ “

Proof. The proof follows along the same lines as the proof of [Chen et al. 2023, Lemma 11.4.3].

Possibly passing to a common base and resolving the indeterminacy of /4 : X’ --+ X, we may assume
that f = f/, X = X', and Z = Z'. Replacing f : X — Z with an equidimensional model, we may
assume that f is equidimensional and Z is smooth. Now Kx + B = Kx + B’ over the generic point
of Z, so B— B’ is vertical/Z. Since Kx + B ~r.z 0 and Kx + B’ ~g 7 0, we have B — B’ ~p 7 0, so
B — B’ = f*P for some R-divisor P on Z (cf. [Chen et al. 2024, Lemma 2.5]).

Let Bz and B/, be the discriminant parts of f : (X, B) = Z and f : (X, B') - Z, respectively. By
the definition of the discriminant part, Bz = B’Z + P. Therefore,

Mx=Kx+B—f"(Kz+Bz)=Kx+B— f"(Kz+B;+P)=Kx+B — f"(Kz+ By) = My.

Since we may pass to an arbitrarily high model, we have M = M’. By the definition of the base moduli
part, we have M? ~p M'Z, O

Lemma 2.15 (cf. [Han et al. 2021, Lemma 3.8; 2022, Lemma 2.18]). Let ay, ..., ar € (0, 1] be real
numbers such that Zle a; = 1. Let (X, By), ..., (X, Br) be subpairs and D > 0 be an R-Cartier

R-divisor on X. Then k

k
Zai lct(X, B;: D) < lct<X, Za,- B;: D).
i=l1

i=1
Proof. We may assume that Ict(X, B;; D) > —oo for any i. For any 1 <i <k, let b; := Ict(X, B;; D)
and s := Zle a;b;. Since (X, B; 4+ b; D) is Ic for any i and

k k
Za,-B,- +sD = Za,-(B,- +biD),

i=1 i=1

it follows that (X, Zf;l a;B; + sD) is Ic. Thus, the lemma follows. |

3. Uniform rational polytopes for canonical bundle formulas

In this section, we establish the existence of uniform rational polytopes for canonical bundle formulas. We
present two versions of this uniform decomposition theorem (Theorems 3.3 and 3.4), whose statements and
initial proofs are similar but diverge subsequently. The arguments in Theorem 3.3 are more straightforward
and clear from the perspective of uniform decomposition theorems. However, we will apply Theorem 3.4
to prove Theorem 1.4.

Lemma 3.1. Let X and X' be two normal quasiprojective varieties that are birational to each other. Let
D=3",vD; be an R-Cartier R-divisor on X and D' =Y """, v? D} an R-Cartier R-divisor on X' such

1
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that D and D’ are crepant (i.e., there are projective birational morphisms p: W — X and g : W — X’
such that p*D = q*D"), where D; and D; are Q-divisors. Then for any vector v = (vy, ..., Uy) in the
rational envelope of vy := (v?, v inR™, D(w) =YY" v;D; and D' (v) := Y 1" | v, D! are crepant.
Proof. We may write D= _, r;D; and D' =Y _¢_, r; D}, where D; and D/ are Q-divisors and r1, ..., rc
are linearly independent over Q. By [Han et al. 2024, Lemma 5.3], D; and 131’. are ()-Cartier for each i.

Let p: W — X and ¢ : W — X’ be a common resolution. Then

c C
Y rip*Di=p*D=¢"D'=) riq*D,
i=1 i=1

C
> ri(p*Di —q* D) =0.

i=1

SO

Thus, p*D; = q*ls; for each i. In particular, for any u = (uy, ..., u.) € R, D(u) := i u; D; and
D'(u) := Yoic uiﬁg are crepant. Since for any vector v in the rational envelope of vy, there exists a

unique vector u € R¢ such that D(#) = D(v) and D’(u) = D’(v), the lemma follows. O
Theorem 3.2 (uniform weak ACSS rational polytope). Let r be a positive integer and v?, ooy 00 real
numbers. Then there exists an open subset U > v of the rational envelope of vy := (v?, cees v,%) in R™

depending only on r and v satisfying the following.
Let (X, F, B) be an Ic foliated triple, f : X — Z a contraction, and G a reduced divisor on X such
that rank F =r and (X, F, B; G)/Z is weak ACSS. Assume that

e B= Z;"zl U?Bi, where B; > 0 are Weil divisors, and
e B(v):=) " viB; foranyv= (vy,..., vy) € R™.
Then (X, F, B(v); G)/Z is weak ACSS for any v € U.

Proof. We verify all the conditions of Definition 2.8 for (X, F, B(v); G)/Z. Condition (1) follows from
Theorem 2.12. Conditions (2) and (3) are obvious. Therefore, we only need to check condition (4). Note
that this does not directly follow from [Han et al. 2024, Theorem 5.6] because dim X is not fixed.

We only need to show that there exists an open subset U > vy of the rational envelope of vy such that
for any closed point z € Z and any log smooth pair (Z, ¥) such that ¥ > f(G), we have that

(X, B)+ G+ f* (X - f(G)))

is Ic over a neighborhood of z for any v € U. Possibly adding components to X, we may assume that z is
an Ic center of (Z, X). Let G, := G+ f*(X — f(G)). Then G, = FU®), (X, B(vy) + G,) islcovera
neighborhood of z, and (X, B(vg) + G;)/Z satisfies Property (x) [Ambro et al. 2021, Definition 2.13]
over a neighborhood of z.

Let Xy, ..., Xdim z be the irreducible components of ¥ which contain z and let V be an irreducible

component of f~!(z). Then V is an irreducible component of ﬂfhjz f~Y(=)). In particular, there exist

prime divisors G; C f~'(%;) such that V is a component of ﬂ;h:n}Z G;. Since each G; is a component



2270 Jingjun Han, Jihao Liu and Qingyuan Xue

of G, each G; is an Ic place of (X, B(vp) + G.). Thus any component of ()/_, G; is an Ic center of
(X, B(vg) + G;) for any 1 < n < dim Z [Ambro 2011, Theorem 1.1]. In particular, V is an Ic center
of (X, B(vg) + G;), and there exists a sequence of Ic centers

V= Viimz € Vdimz—1 & --- S V1:=G;

such that each V,, is an irreducible component of ﬂ?:l G;. We let v, : W,, — V,, be the normalization of
V, and let 7, : V,, — V,_ be the natural inclusions. Then there exist morphisms ¢, : W,, — W,,_; such
that 7, ov, = v,_1 0o, for any n > 2. Since f is equidimensional, dim V,, = dim W,, = dim X — n for
any n.

For any v that is contained in the rational polytope of vy and any 0 <n < dim Z, we define an R-divisor
B, (v) on W, in the following way:

e Wy:= X and By(v) := B(v) + G,.

 Suppose that we have already constructed B, (v) for some n < dim Z — 1 such that the image of W,,
in W, is an Ic center of (W,,, B, (vy)) for any m > n, and v — B, (v) is a Q-affine function from the
rational envelope of vy to Weilg(W,,). Since the image of W, 1| in W, is of codimension 1, we may
define

Kw,., + Buy1(vo) := (Kw, + By (v0))|w,,

by usual adjunction. Since v is contained in the rational envelope of vy, by [Han et al. 2024,
Lemma 5.3], Kw, + B, (v) is R-Cartier for any v that is contained in the rational envelope of vy.
Thus there exist uniquely defined R-divisors B+ (v) such that

Kw,. ., + Bur1(v) = (Kw, + B, (v)|w,.,-

» By [Kolldr 2013, Theorem 4.9(3)], the image of W,,, in W, is an Ic center of (W, 11, B,+1(vp)) for
any m > n + 1. Moreover, since adjunction D — Dy, is a Q-affine function from Divg(W,) to
Divg(W,,4+1), v = B,4+1(v) is a Q-affine function from the rational envelope of vy to Weilg(W,,41).
Thus we may repeat this process.

We let W := Wgimz and Bw (v) := Bgimz(v). Let h : Y — W be a Q-factorial dIt modification of
(W, Bw(vg)) and By (v) := h;lBW(v) + E for any v, where E is the reduced h-exceptional divisor. Then

Ky + By (vo) := h*(Kw + Bw (v0)).
By [Han et al. 2024, Lemma 5.4], for any v that is contained in the rational envelope of vy, we have
Ky + By (v) = h*(Kw + By (v)).

Let 'y :={0, 1, v?, - v,%}. Then by our construction, the coefficients of By (vg) belong to I' := D(I'y).
Since Y is Q-factorial, by the ACC for Ic thresholds [Hacon et al. 2014, Theorem 1.1], there exists a real
number 7 < 1 depending only on r and vy such that (Y, B, (v) := By (v9)~" + Supp By’ (vp)) is lc.



On the equivalence between the effective adjunction conjectures of Prokhorov—Shokurov and of Li 2271

For any v that is contained in the rational envelope of vy, we define By, (v) to be the unique R-divisor
such that for any prime divisor D on Y,

multp By (v) if D is a component of By (vg)=',
multp By (v) := {1 if D is a component of By (vy)~’,

0 otherwise.
By our construction, v — By (v) is a Q-affine function from the rational envelope of vy to Weilg(Y).
Since dim Y = r and the coefficients of B}, (vy) belong to a finite set depend only on r and v, by [Han
et al. 2024, Theorem 5.6], there exists an open set U > v of the rational envelope of vy depending only
on r and vy such that (Y, By (v)) is Ic for any v € U. Possibly shrinking U, we may assume that the
coefficients of By (v) are <1 forany v € U.

By our construction, By, (v) > By(v) > 0 for any v € U, so (Y, By(v)) is Ic for any v € U. Hence
(W, By (v)) = (W4im z, Bdim z(v)) is Ic for any v € U. Suppose that (W,,, B, (v)) is Ic for some n > 1.
Then by inversion of adjunction [Kawakita 2007, Theorem; Hacon 2014, Theorem 1], we have that
(W, —1, B,—1(v)) is Ic near the image of W,, in W,,_; for any v € U. Hence, possibly shrinking to a
neighborhood of the image of W, in W,,_;, we may assume that (W,_;, B,,—1(v)) is Ic for any v € U.
Thus we may repeat this process and deduce that, possibly shrinking X to a neighborhood of V, we
have that (Wy, By(v)) = (X, B(v) + G;) is Ic for any v € U. Since V can be any irreducible component
of £~ 1(z), (X, B(v)+ G,) is Ic near f~!(z) for any v € U. Condition (4) follows and we are done. [J

It remains interesting to ask whether there exists a uniform ACSS rational polytope, although we do
not do this in our paper.

Theorem 3.3 (uniform rational polytope for canonical bundle formula, I). Let d be a positive integer

and v(l), e v,% real numbers. Then there exists an open subset U > vy of the rational envelope of
vy :i= (v?, cee, v,?l) in R™, depending only on d and vy, such that the following conditions hold. Assume that

e f:(X, B) > Zisan lc-trivial fibration with dim X =d,
e (X, B)islc,
e B= Z;":l U?Bl‘, where B; > 0 are Weil divisors,
e B(v):=> " v;B; foranyv = (vy,...,v,) € R", and
e Bz and M are the discriminant part and the moduli part of f : (X, B) — Z, respectively.
Then:
(1) Foranyv e U, (X, B(v)) islcand [ : (X, B(v)) — Z is an lc-trivial fibration.

Lo, vinU and positive real numbers ay, ..., ay such that Zf;l a =1, we

k k k k
BZ<Za,-v") - Za,-BZ(v") and M(Zaivi) = ZaiM(vi),
i=1 i=1 i=1 i=1

where Bz (v) and M (v) are the discriminant part and the moduli part of f : (X, B(v)) — Z.

(2) For any vectors v

have
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Proof. Step 1. In this step, we consider an equidimensional model of f : (X, B) — Z. We then run an
MMP to achieve an auxiliary model X" and construct an lc-trivial fibration f”: (X", B""(v)+G") — Z'.

Let f': (X', £x) — (Z', £z) be an equidimensional model of f : (X, B) — Z associated with
h:X — Xand hy :Z — Z. Let B := h;'B + Supp Exc(h) with horizontal/Z’ part B'", and
B'(v):= h;' B(v)+Supp Exc(h) with horizontal / Z’ part B (v) for any v € R™. Let G’ be the vertical/Z’
part of Xx'. Denote Kx' + B’ := h*(Kx + B) and Kx' + B'(v) := h*(Kx + B(v)) for any v € R™.

Let F' be the foliation induced by f’. Then (X', 7, B'") is foliated log smooth. By Lemma 2.9,
(X', F, B, G')/Z' is weak ACSS. Choose Kz as in Proposition 2.10. Then Kx — K is vertical/Z’
by Proposition 2.10. Therefore,

ko(X')Z', K +B") =koe(X'/Z' ., K+ B)=ko (X'/Z', K+ B') =k (X'/Z', Kx' + B) =0
and
K (X'/Z , Kr+B")=x(X'/Z',Kr +B)=1,(X'/Z',Kx + B)=1,(X'/Z', Kx' + B) = 0.

By Proposition 2.11, we may run a (K + B'")-MMP/Z’ with scaling of an ample/Z’ divisor, which
terminates with a model (X", F”, E”h)/Z’ of (X', F, E’h)/Z’ such that K 7 + B"" ~r.z 0. Denote
by f”: X" — Z' the induced morphism. For any v € R™, let B""(v) and G” be the strict transforms of
E”’(v) and G" on X", respectively. By Proposition 2.11, (X", F”, B G")/Z' is weak ACSS.

By Theorem 2.12, there exists an open subset U > vy of the rational envelope of vy, depending
only on d and v, such that both (X", F”, B""(v)) and (X, B(v)) are Ic for any v € U. By [Han et al.
2024, Lemma 5.3], Kx + B(v) ~r.z 0, so f : (X, B(v)) — Z is an lc-trivial fibration for any v € U.
Then f' : (X', B'(v)) — Z’ is an lc-trivial fibration with moduli part M (v) for any v € U. Since
X", F", B G")/Z’ is weak ACSS by Theorem 3.2, possibly shrinking U, we may assume that
(X", F', B""(v); G")/Z' is weak ACSS for any v € U. By Proposition 2.10 and [Han et al. 2024,

Lemma 5.3], ~ _
Kx'+B"" () +G" ~pz Kz + B""(v) ~p 2 0

forany v e U, so f": (X", B""(v) + G") — Z'is an lc-trivial fibration.

Step 2. In this step, we show that we may let M (v) be the moduli part of " : (X", B""(v)+G") — Z'
and conclude the proof of the theorem.

Let p: W — X' and g : W — X” be a common resolution of ¢ : X’ --» X”. By construction,
p*(Kx + B < p*(Kx + B'") and q*(Kzr+ By < P (KF + B'" = p*(Kx + B'") overa nonempty
open subset Z'° of Z’'. Moreover, we can write p*(Ky + B') — ¢* (K7 + By = Egs — Ej, such
that E4 > 0 is supported on p‘l(Exc(qb)) and Ej, > 0 is supported on p‘l(Exc(h)) over Z'°. Since
p*(Kx' + B') —q*(Kz» + B"") ~p.z 0, by the negativity lemma, E4 = Ej;, = 0.

Thus, we deduce that K 7+ B"" and K x'+ B’ are crepant over the generic point of Z’. By Lemma 3.1,
Kz + B""(v) and Kx + B'(v) are crepant over the generic point of Z’ for any v € U. Therefore,
Kx»+ B""(v) + G” and Ky + B'(v) are crepant over the generic point of Z' for any v € U. We let
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M (v) be the moduli part of f”: (X", B"h"(v)+G") — Z.. By Theorem 2.13, M (v) descends to X" for
any v € U. By Lemma 2.14, M (v) is also the moduli part of f’: (X’, B'(v)) — Z’ for any v € U. Hence
M (v) is also the moduli part of f : (X, B(v)) > Z forany v € U.

By Proposition 2.10, Mx» = Kz + B"" and M (v)x» = Kz + B"" (v) for any v € U. Therefore, for

. .. k
any vectors vl ..., v*in U and positive real numbers ay, . . ., a; such that Zi:l a; = 1, we have

M(iaiv’)
i=1
Since (X", 7, B""(v); G")/Z" is weak ACSS for any v € U, by Theorem 2.13, M (v) descends to X”
for any v € U. Thus ' .
M(Zaiv‘) =Y aM®).
i=l i=1

Let MZ(v) be the base moduli part of f : (X, B(v)) — Z for any v € U. Then for any v € U, M*(v)
descends to Z" and

k k

k
— Kz + B <Z aivi) =Y ai(Kp + B"" (') = > aM©).
i=1

X" i=1 i=1

M%)z ~gr M(v)xr.

Therefore, ' '
MZ (Z aivi> ~R ZaiMZ(vi)
i=1 i=1
and X X k
> ai(Kz+ Bz (') +M?(v)7) ~r Kz + Bz (Zaiv’) +MZ(Za,-vf) :
i=1 i=1 i=1 z
Thus,

k k
Za,’Bz(vi) ~R BZ <Z a,-v’).
i=1

i=1

By the definition of the discriminant part and Lemma 2.15,

k k
ZaiBZ(vi) > Bz(Zaivi),
i=1 i=1
SO . .
ZaiBZ(vl) =Bz (Z aivl>,
i=l1 i=1
and we are done. O

Theorem 3.4 (uniform rational polytope for canonical bundle formula, II). Let d be a positive integer

0

and v(l), ..., vy, real numbers. Then there exists an open subset U > v of the rational envelope of

U (v?, cee, v,%) in R™, depending only on d and vy, such that the following conditions hold. Assume that
e f:(X, B) — Zisan lc-trivial fibration with dim X —dim Z = d,

e B=B"+ B", where B" and BY are the horizontal|Z part and the vertical/ Z part of B, respectively,
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e B = Z;"Zl viOBih, where Bl.h > 0 are Weil divisors,

Bh(v):= YT v;B! foranyv = (v1, ..., vn) € R™,

e BV=3", M?B[.” for some real numbers u? and Weil divisors B}, and

Bz and M are the discriminant part and the moduli part of f : (X, B) — Z, respectively.

Then there exist R-affine functions si, ..., s, : R" — R satisfying the following.
Let B (v) := Zle si(v) B! and B(v) := B"(v) + B*(v) for any v € R™. Then:

(1) Foranyv e U, f: (X, B(v)) = Z is an lc-trivial fibration.

Lo vinU and positive real numbers ay, . . ., ai such that Zle a; =1, we have

k k k k
BZ<Za,-v") =ZaiBz(vi) and M(Zaivi) =ZaiM(vi),
i=1 i=1 i=1 i=1

where Bz (v) and M (v) are the discriminant part and the moduli part of f : (X, B(v)) — Z.

(2) For any vectors v

Proof. Step 1. In this step we construct sy, ..., S,.
Let V be the rational envelope of (v?, R v?,l, u(l), R “2) C R™*" and let V,, be the image of V in R™
under the projection 7, : R " — R™ : (x1, ..., Xpan) = (X1, ..., Xp). Then V,, is the rational envelope of

v, and there exists an affine function 7 : V;;, — V such that 7, ot is the identity morphism. Now 7 naturally
extends to an affine function B : R™ — V CR™" Let 7, :R™™ — R": (x1, ..., Xmin) = Kmgts -+ Xn)
be the projection and let s := 7, o 8. Then we may write

s(v) == (s1(v), ..., s, (V)),
where s1, ..., s, : R™ — R are R-affine functions.

Step 2. This step is almost identical to Step 1 of the proof of Theorem 3.3, with minor differences. In
this step, we consider an equidimensional model of f : (X, B) — Z, run an MMP to achieve an auxiliary
model X”, and construct an lc-trivial fibration f” : (X", B""(v) +G") — Z..

Let f': (X', 2x) — (Z, £z) be an equidimensional model of f : (X, B) — Z associated with
h:X — Xand hy : Z — Z. Let B’ := h;'B + SuppExc(h) with horizontal/Z’ part B'", and
B'(v):= h;! B(v)+Supp Exc(h) with horizontal / Z’ part B (v) for any v € R™. Let G’ be the vertical/Z’
part of Xx/. Denote Kx' + B’ := h*(Kx + B) and Kx' + B'(v) := h*(Kx + B(v)) for any v € R™.

Let 7 be the foliation induced by f’. Then (X', F', B'") is foliated log smooth. By Lemma 2.9,
(X', F, B'", G')/Z' is weak ACSS. Choose Kz as in Proposition 2.10. Then Kx — K is vertical/Z’
by Proposition 2.10. Therefore,

ko(X')Z' . Kz +B") =koe(X'/Z', K+ B) =Ko (X'/Z', K+ B') =k (X'/Z', Kx' + B') =0,
and

K (X')Z' ,Kr+B" =i,(X')Z',Kr +B)=k,(X'/Z', Kx' + B') =k /(X'/Z', Kx' + B') = 0.
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By Proposition 2.11, we may run a (K + B'")-MMP/Z’ with scaling of an ample/Z’ divisor, which
terminates with a model (X", F”, E”h)/Z’ of (X', F, §’h)/Z’ such that K 7 + B"" ~r.z 0. Denote
by f”: X" — Z' the induced morphism. For any v € R, let B""(v) and G” be the strict transforms of
E/h(v) and G" on X", respectively. By Proposition 2.11, (X", F”, B G")/Z' is weak ACSS.

By Theorem 2.12, there exists an open subset U > vy of the rational envelope of vy depending only on
d and vy such that (X", F”, B"(v)) is Ic for any v € U. Since (X", F”, Bk G")/Z' is weak ACSS by
Theorem 3.2, possibly shrinking U, we may assume that (X", F”, B""(v); G")/Z’ is weak ACSS for
any v € U. By Proposition 2.10 and [Han et al. 2024, Lemma 5.3],

Kxr+B""0)+G" ~p.z Kz + B""(v) ~p 2 0

forany v € U, so f”: (X", E”h(v) + G") — Z’ is an lc-trivial fibration.

Step 3. This step is almost identical to Step 2 of the proof of Theorem 3.3 with minor differences. In this
step, we show that we may let M (v) be the moduli part of f”: (X", B""(v) + G”) — Z' and conclude
the proof of the theorem.

Let p: W — X' and g : W — X” be a common resolution of ¢ : X’ --» X”. By construction,
p*(Kx + B') < p*(Kx' + B'") and ¢* (K7 + B"") < p*(K# + B'") = p*(Kx + B'") over an open
subset Z'° of Z'. Moreover, we can write p*(Ky + B’) — ¢* (K7 + By = Ey — Ej, such that E4 >0
is supported on p‘1 (Exc(¢)) and Ej, > 0 is supported on p‘l(Exc(h)) over Z'°. Since

p*(Kx + B) —q*(Kzr + B"") ~g 2 0,

by the negativity lemma, Ey = E, =0.

Thus, K 7+ B"" and Ky + B’ are crepant over the generic point of Z'. By Lemma 3.1, Kz + B""(v)
and Kx' + B’(v) are crepant over the generic point of Z’ for any v € U. Therefore, K x» + B" h(v)y+G”
and K x- + B’(v) are crepant over the generic point of Z’ for any v € U. We let M (v) be the moduli part of
f7(x’, B"h(v) +G") — Z.. By Theorem 2.13, M (v) descends to X” for any v € U. By Lemma 2.14,
M (v) is also the moduli part of f": (X', B'(v)) — Z' for any v € U. Hence M (v) is also the moduli
part of f: (X, B(v)) > Z forany v € U.

By Proposition 2.10, Mx» = Kz + B"" and M (v)x» = K7 + B""(v) for any v € U. Therefore, for

any vectors vl ..., v*in U and positive real numbers ay, .. ., a; such that Zle a; =1, we have
k k k k
M(Z aivl) = K]:// + B//h <Z a,-v’) = Zdi(K]:// —+ B//h(vl)) = ZdiM(vl).
i=1 X" i=1 i=1 i=1

Since (X", ", B (v); G")/Z" is weak ACSS for any v € U, by Theorem 2.13, M (v) descends to X"
for any v € U. Thus

k k
M(Z aivi) = Za,M(v").
i=1 i=1
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Let M7 (v) be the base moduli part of f : (X, B(v)) — Z for any v € U. Then for any v € U, M?(v)

descends to Z’ and
fM* ()7 ~p M(v)xr.

Therefore, ‘ ‘
M? (Z a,-vf> ~g Y aiM’ (@)
i=1 i=1
and ‘ . .
S (K7 + Bz (o) + M7 (v') ) ~ Kz + Bz( aiv’) +MZ(Z““”) :
i=1 i=1 i=1 Z
Thus,

k k
ZaiBZ(vi) ~r Bz (Z aivi>.
i=1 i=l

By the definition of the discriminant part and Lemma 2.15,

k k
ZaiBz(vi) > Bz(Zaivi),
i=1 i=1

SO } }
ZaiBZ(vl) =Bz (Z flivl>,
i=1 i=1

and we are done. O

Remark 3.5. The arguments used in Theorems 3.3 and 3.4 also apply to lc-trivial fibrations of generalized
pairs, as all results from [Chen et al. 2023] remain applicable. Due to the technical nature of the arguments,
we omit detailed statements and proofs here.

Remark 3.6. It is also possible to establish uniform rational polytopes for canonical bundle formulas
for lc-trivial fibrations with DCC coefficients, similar to [Li 2024, Theorem 4.1; Chen et al. 2024,
Theorem 1.9; 2025, Theorem 1.1]. The proof follows almost identically to those of Theorems 3.3 and 3.4.
Again, due to the technical nature of the arguments, we omit detailed statements and proofs here.

Since the moduli part is determined by the horizontal part of B, the following direct consequence of
Theorem 1.4 might be useful. Indeed, Corollary 3.7 could also be applied to prove Theorem 1.4 by either
[Li 2024, Proposition 3.3] or [Birkar 2021, Lemma 3.5].

Corollary 3.7. Let d be a positive integer and v(l), R v,% real numbers. Then there exists an open subset
U > vg of the rational envelope of vy := (v(l), e v%) in R™, depending only on d and vy, such that the
following conditions hold. Assume that

e f: (X, B) — Zisan lc-trivial fibration with dim X —dim Z =d,
e B= Z;"zl v?B,-, where B; > 0 are Weil horizontal/Z divisors,
e B(v):=> " viB; foranyv = (vy,...,v,) € R", and

e Bz and M are the discriminant part and the moduli part of f : (X, B) — Z, respectively.
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Then:

(1) Foranyv e U, f : (X, B(v)) — Z is an lc-trivial fibration.

1

(2) For any vectorsv', ..., v* in U and positive real numbers ay, . . ., ay such that Zle a; =1, we have

k k k k
BZ<Zaivi>:ZaiBZ(vi) and M< aiv’):ZaiM(vf),
i=1 1

i=1 i= i=1
where Bz(v) and M (v) are the discriminant part and the moduli part of f : (X, B(v)) — Z.
Proof. This is a special case of Theorem 3.4 as there is no vertical/Z part of B. (I

When B is a sum of horizontal/Z divisors, Corollary 3.7 is stronger than Theorem 3.3, as Corollary 3.7
requires that dim X — dim Z = d while Theorem 3.3 requires that dim X = d.

4. Proof of the main theorem

Proof of Theorem 1.4. 1t is evident that Conjecture 1.3 in relative dimension d implies Conjecture 1.1
in relative dimension d. Therefore, we only need to show that Conjecture 1.1 in relative dimension d
implies Conjecture 1.3 in relative dimension d.

Under the notations and assumptions of Conjecture 1.3, suppose that Conjecture 1.1 holds in relative
dimension d. By [Hacon et al. 2014, Theorem 1.5], we may assume that I" is a finite set {v(l), R v?n} for
some nonnegative integer m. Let B” be the horizontal/Z part of B, and write B" = Yo vl‘.) Bl.h, where
v? e I' for each i and Bl.h > 0 are Weil divisors. Let B (v) := Z;"Zl v; Bl.h forany v:= (v, ..., v,) € R",
and vy := (v(l), el v%). Let Bz and M be the discriminant part and the moduli part of f : (X, B) — Z,
respectively.

Let U > vp be an open subset of the rational envelope of vy as in Theorem 3.4 which depends only on d
and v, and we let sy, ..., s,, B"(v), B'(v), B(v) be as in Theorem 3.4 for anyveU. Letk:=dimU +1
and v!, ..., v € U NQ" be vectors depending only on d and vy such that vy is contained in the interior
of the convex hull of v', ..., v*. Then there exist unique real numbers ay, ..., a; € (0, 1] such that
Zle a; =1 and Zle a;v' = vy. By Theorem 3.4,

o B"(v") is the horizontal/Z part of B(v') for each i,

e f:(X, B(v')) — Z is an lc-trivial fibration for each i, and

« B; =Y a;B;(v') and M = Y"*_ a;M(v'), where Bz(v') and M (v') are the discriminant part

and the moduli part of f : (X, B(v')) — Z, respectively.

By Conjecture 1.1 in relative dimension d, there exists a positive integer / depending only on d and I'
such that IM (v') is basepoint-free. Therefore, IM is {ay, ..., ar}-basepoint-free. Let I'g :={ay, ..., ar},
and Conjecture 1.3 in relative dimension d follows. Il

Proof of Corollary 1.5. This now follows from Theorem 1.4 and [Prokhorov and Shokurov 2009,
Theorem 8.1]. U
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