Algebra &

Number
Theory

]
: Volume 19
7 | 2025
JJfJ No. 11

_]J J-] i

. gda 49

=l J_IJ J

JJJJ JJJ _j_JJ JJJ

JJJJ el g J s J-I jJ.

on certain subvarieties of toric varieties

Points of bounded height

Marta Pieropan and Damaris Schindler

4 1%ull = g W% ® "l
iz i
TR ] B e BT
J_I J-J -.JJJ _I-IJ J-l _IJ_IJ J_Ij
R R TR
gy gu'w g . 0 oel g™ g _ H ow’



ALGEBRA AND NUMBER THEORY 19:11 (2025)
https://doi.org/10.2140/ant.2025.19.2281

Points of bounded height
on certain subvarieties of toric varieties

Marta Pieropan and Damaris Schindler

We combine the split torsor method and the hyperbola method for toric varieties to count rational points
and Campana points of bounded height on certain subvarieties of toric varieties.
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1. Introduction

We combine the split torsor method and the hyperbola method for toric varieties to count rational
points and Campana points of bounded height on certain subvarieties of smooth split proper toric
varieties. This line of research has been initiated by Blomer and Briidern [2018] in the setting of diagonal
hypersurfaces in products of projective spaces. Other results in this direction include hypersurfaces and
complete intersections in products of projective spaces [Schindler 2016], improvements for bihomogeneous
hypersurfaces for degree (2, 2) and (1, 2) [Browning and Hu 2019; Hu 2020], as well as generalizations
to hypersurfaces in certain toric varieties [Mignot 2015; 2016; 2018].

The versions of the hyperbola method used in all of these articles are rather close to the original [Blomer
and Briidern 2018] for products of projective spaces. In our recent work [Pieropan and Schindler 2024], we
established a very general form of the hyperbola method for split toric varieties, in which the height condi-
tion can also globally be given by the maximum of several monomials. The goal of this article is to show
applications of our new hyperbola method. We develop a refined framework for the split torsor method on
split smooth proper toric varieties and show that counting results for subvarieties of projective spaces can be
carried over to toric varieties by a direct application of the hyperbola method [Pieropan and Schindler 20247].
With this we can prove new cases of Manin’s conjecture [Batyrev and Manin 1990; Franke et al. 1989] on
the number of rational points of bounded height on Fano varieties for certain subvarieties in toric varieties.
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The split torsor method provides a parametrization of rational points on Fano varieties via Cox rings
[Derenthal and Pieropan 2020; Salberger 1998]. The Cox ring of a smooth proper toric variety X is a
polynomial ring endowed with a grading by the Picard group of the toric variety [Cox 1995]. Subvarieties of
toric varieties are intersections of hypersurfaces, which are defined by Pic(X)-homogeneous polynomials
in the Cox ring of X. The subvarieties considered in this paper are defined by homogeneous elements in
the Cox ring of the toric variety such that each polynomial involves only variables of the same degree.
With the split torsor method parametrization, the height is given by the maximum of a set of monomials
and this is the correct shape to apply our generalized version of the hyperbola method [Pieropan and
Schindler 2024]. The hyperbola method reduces the counting problem to counting functions over boxes of
different shapes. An advantage of our method is that it is already adapted to the shape of height functions
appearing. Also, compared to earlier versions of the hyperbola method, we do not need estimates for
lower-dimensional boxes, and with this our proofs are relatively short.

We now illustrate our approach on a number of examples. In a similar fashion, it is possible to
apply counting results such as [Birch 1962; Browning and Heath-Brown 2017; Heath-Brown 1996;
Rydin Myerson 2018; 2019], and many others, to subvarieties of toric varieties defined by elements of
the Cox ring each involving only variables of the same degree.

1.1. Results. Let X be a smooth split complete toric Q-variety with open torus 7. Let Dy, ..., D, €
Pic(X) be the pairwise distinct classes of the torus-invariant prime divisors on X. Fori € {1, ..., s}, let
n; =dimg H(X, D;). Let H; be the height associated to a semiample torus-invariant divisor L on X as
discussed in Section 2.2.

Our first result concerns subvarieties of toric varieties defined by linear forms.

Theorem 1.1. Let V C X be a complete intersection of hypersurfaces H;; with 1 <i <s, 1 <[ <.
Assume that [H; ] = D; in Pic(X) fori € {1,...,s} such that t; # 0. Assume that VN T # & and
t; <n;—2 foralli €{1,...,s}. Assume that L = —(KX +> 0 Z;’:l [H,;l]) is ample. For B > 0, let
Ny (B) be the number of Q-rational points on V NT of Hy-height at most B. Then

Ny(B) = ¢B(log B)’~! + 0(B(log B)’*(log log B)*),

where b =1k Pic(V') and c is a positive constant, which is defined by (3-7) withk =b — 1, Cy q given by
@4-1),and w; =n; —t; fori € {l,...,s}.

We use this result as a toy example to show how to combine the hyperbola method with the universal
torsor method in the context of rather general smooth split toric varieties. We now move on to results
which require a deeper understanding of the underlying Diophantine problems via methods from Fourier
analysis.

We start with a result that concerns subvarieties of toric varieties defined by bihomogeneous polynomials.
It is obtained by combining the framework developed in this paper with the hyperbola method [Pieropan
and Schindler 2024] and preliminary counting results in boxes of different side lengths [Schindler 2016].
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Theorem 1.2. Let V C X be a smooth complete intersection of hypersurfaces Hy, ..., H; of the same
degree e1 D) + e; Dy in Pic(X). Assume that V NT # &, that n; —te; > 2 fori € {1,2}, and that
ny +ny > dim Vi + dim V5 + 3 - 2€17%¢ 513, where V¥,V € AN are affine varieties defined in
Section 5. Assume that L = —([Kx]+[H) + - - -+ H,]) is ample. Then there is an open subset W C X
such that the number Ny w (B) of Q-rational points on VW NT of Hy-height at most B satisfies

Ny.w(B) = cB(log B)’~! + O(B(log B)’*(loglog B)*)

for B > 0, where b =1k Pic(V) and c is defined in (3-7) withk =b—1, Cp 4 given by (5-1), w; =n; —te;
forie{l,2},and w; =n; fori €{3,...,s}. The constant c is positive if V(Q,) # @ for all places v of Q.

Theorems 1.1 and 1.2 are compatible with Manin’s conjecture [Franke et al. 1989], as L|y = —Ky by
adjunction. The proofs in Sections 4 and 5 yield an asymptotic formula even if we drop the ampleness
assumption on L.

Theorem 1.2 as well as work of Mignot [2016; 2018] include the case of certain hypersurfaces
in products of projective spaces. However, in comparison to Mignot’s work, we do not require the
condition that the effective cone of the toric variety is simplicial. An example of a split toric variety with
nonsimplicial effective cone — where our theorem applies —is the blow-up at a torus-invariant point of
P x P"2 x Y, where n; and n, are sufficiently large and Y is a split del Pezzo surface of degree 6.

Our last result concerns sets of Campana points in the sense of [Pieropan et al. 2021] for subvarieties
defined by diagonal equations. We introduce the following integral models. Let 2" be the Z-toric scheme
defined by the fan of X. Fori e {1,...,s},let Z; 1, ..., % ,, be the torus-invariant prime divisors on .2
of class D;.

Theorem 1.3. Let V C X be an intersection of hypersurfaces Hy, ..., H; such that H; is defined by
a homogeneous diagonal polynomial in the Cox ring of X of degree e; D; in Pic(X) and with none
of the coefficients equal to zero. Let V be the closure of V in 2. Fori € {1,...,s}, fix integers
2<miy <+ <mjn. Let D=3 :_, Z'}izl(l—l/mi,j).%,j. Assume that VOT # @, thatny, ..., n;>2,
and, fori € {1, ...,s}, that Z;”:l 1/m; ; > 3, and that

ni—1 1 ;i !
>1 ifei=1 and — S ife>2,
; eim; j(eim; j+1) l ; 2s0(eimi,j) l

where so(e;m; ;) is defined in Lemma 6.1. Let L = —(Kx + Pm|x + H\ +-- -+ H,;) be ample. For B > 0,
let Ny (B) be the number of Z-Campana points on (¥, Zm|v) that lie in T and have H| -height at most B.
Then

Ny (B) = ¢B(log B)’~! + 0(B(log B)’"%(log log B)*),
where b = 1k Pic(V) and c is defined in (3-7) with k = b — 1, Cpy 4 given by (6-11), and wy, ..., w;
given by (6-10).

The order of growth in Theorem 1.3 is compatible with the Manin-type conjecture for Campana points
[Pieropan et al. 2021], as L|y is the log anticanonical divisor of the pair (V, Z,|yv) by adjunction.
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We now give a number of examples where Theorems 1.2 and 1.3 can be applied. Due to the range of
application of the circle method, we require the Cox ring of the toric variety to have a large number of
variables of the same degree. This holds for toric varieties with several torus-invariant prime divisors of
the same degree and for products of such toric varieties. Here are some concrete examples:

 The projective space P" has Cox rings with n + 1 variables of the same degree.

» The blow-up of the projective space P" at [ < n + 1 torus-invariant points has Cox rings with n +1 —1
variables of the same degree.

o The blow-up of a product of toric varieties each with several torus-invariant prime divisors of the same
degree. Indeed, if X and Y are smooth split toric varieties such that the Cox ring of X has ny variables
of the same degree dy, the Cox ring of Y has ny variables of the same degree dy, and P € X x Y is a
point where mx < ny variables of degree dx vanish and my < ny variables of degree dy vanish, then the
Cox ring of the blow-up of X x Y at P has my variables of the same degree dx — e and my variables of
the same degree dy — e, where e is the class of the exceptional divisor.

The structure of this article is as follows. In Section 2 we reformulate the height function and the
multiplicative function u for Mobius inversion according to the principle of grouping variables of the same
degree. In Section 3 we combine the new framework with the hyperbola method developed in [Pieropan
and Schindler 2024] to obtain a general counting tool for points of bounded height on subvarieties of
toric varieties. Theorems 1.1, 1.2, and 1.3 are proven in Sections 4, 5, and 6, respectively.

2. Toric varieties setting

Here we introduce the geometric setup and notation for the whole paper. We refer the reader to [Salberger
1998, §8] for a concise introduction to toric varieties and their toric models over Z, and to [Cox et al.
2011] for an extensive treatment of toric varieties.

Let X be the fan of a complete smooth split toric variety X over a number field . We denote by
{Dy, ..., Ds} CPic(X) the set of degrees of prime torus-invariant divisors of X. Foreachi €{l, ..., s}, we
denote by D; 1, ..., D; p, the torus-invariant divisors of degree D; and by p; 1, ..., pi n, the corresponding
raysof X. Let Z:={(i, j) € NZ:l<i<s, 1< Jj <n;}. Let L« be the set of maximal cones of X. For
each maximal cone o of X, let J, :={(i, j) € Z: p;j C o}, letT, =71\ J,, and let I, be the set of
indicesi € {1, ..., s} such that {(i, 1), ..., (i, n;))}NZ, # @.

Let 2" be the toric scheme defined by X over the ring of integers Ok of K, and, for each (i, j) € Z, let
2;,; be the closure of D; ; in 2.

Let R be the polynomial ring over O with variables x; ; for (i, j) € Z and endowed with the Pic(X)-
grading induced by assigning degree D; to the variable x; ; for all (i, j) € Z. For every torus-invariant
divisor D =37i_; 3> a; ;D; j on X and every vector x = (X; ), j)ez € CZ, we write

s n;
D .__ ai, j
x =[] 17

i=1j=1
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By [Salberger 1998, §8], 2" has a unique universal torsor 7 : % — 27, and ¥ C A??IK is the open subset
whose complement is defined by x 2 = 0 for all maximal cones o of X, where D, := 2 ez, Di,j for
all 0 € Zax.

Let r be the rank of Pic(X). Let C be a set of ideals of Oy that form a system of representatives for
the class group of K. As in [Pieropan and Schindler 2024, §6.1], we fix a basis of Pic(X), and, for every
divisor D on X and every tuple c=(cy, ..., ¢,) €C", we write cPl.= ]_[f:l cf.”', where [D]=(by, ..., b,)

with respect to the fixed basis of Pic(X). Then, as in [Pieropan 2016, §2],
X(K) =2 (0x) = |_| 7@ (0x)),

ceCr

where ¢ : ¢ — % is the twist of 7 defined in [Frei and Pieropan 2016, Theorem 2.7]. The fibers of
7|0y are all isomorphic to (O)", and Z“(O) O% is the subset of points x € @(i,j)ez c[Piil that

Z x Do) — o (2-1)

0 € Xmax
Let N be the lattice of cocharacters of X. Then £ € N ®7 R. For every (i, j) € Z, let v; ; be the unique
generator of p; j N N. For every torus-invariant Q-divisor D =Y ;_, Z;": 1 @i, jD; j of X and for every

satisfy

0 € Ymax, let u, p € Homz(N, Q) be the character determined by u, p(v; ;) = a; ; for all (i, j) € Ty,
and define D(o) :=D —>;_, Z;”:l us,p(vi j)D; j. Then D and D(o) are linearly equivalent.

2.1. Torus-invariant divisors. We collect properties of toric varieties and their torus-invariant divisors.
Lemma 2.1. (i) Let 0 € Xphax.
(a) Fori € Iy, there is a unique index ji - € {1, ..., n;} such that (i, jic) € Ly. So #lo =#I, =r.
(b) Fori € l,, we have (i, j') € Ty forall j’ €{1,...,ni} ~{jio}
(c) Fori ef{l,...,s}~ I, we have {(i, 1), ..., (i,n;)} € Js.
Let D be a torus-invariant Q-divisor on X. For o € Xnax, Write

N n;
D(e)=) > aijeDi,.

_ i=1 j=1
Foriefl,... s} leta;, = Z?’:l Ui jo-

(i) Let 0 € Tpax. Then D(0) = oy @ioDiji,-

(iii) Let 0,0’ € Tpax. If there are i € I, and j € {1, ..., n;} such that J, N Ty = JT» ~{(i, j)}, then
Iy =1, anday = o foralli’ €{l1,...,s}.

(iv) Let o € Xyax and, foreveryi € I, let j; € {1, ..., n;}. Then there exists a unique o' € Yoy such
that 1,0 = Iy, (i, ji) €Ly fori € ly, and aj o = oo fori € {l,...,s}.

(V) The relation o ~ o’ if and only if 1, = I, defines an equivalence relation on X,y, and the equivalence

class of o has cardinality Hiel,, n;.

(vi) Let J C I be minimal with respect to inclusion and such that J NI, # & for all 0 € Xax. Let
ie{l,...,s}suchthat {(i,1),...,({,n)}NT £3. Then {(i, 1),...,{,n;)} Z J.
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Proof. Part (i) follows from the fact that [D; ;] = D; for all j € {1, ..., n;} and that the set {D; :i € I}
is a basis of Pic(X) by [Cox et al. 2011, Theorem 4.2.8] as X is smooth and proper.

Part (ii) follows from part (i) and the fact that, by construction, «; ; , = 0 whenever (i, j) € J5.

For part (iii) we observe that if o # o’ then J, = (J, N To)U{(i, j)} and T = (T N To) UL, Jio)},
where j; , is the index defined in part (i). Thus i € I, N I,/, and, for every index i’ € {1, ..., s} with
i’ #1i, we have

Jo G 1), ..., (@ ni))y =T G D, ..., (ni)} S T N T
Recall that
[D@)]=) aicD; and [D@)]= ) aiqDi.

iel, iE[U/
Now the result follows as [D(0)] = [D(o’)] in Pic(X) and {D; :i € 1} is a basis of Pic(X).
For part (iv), we write I, = {iy, ..., i,}. We construct by induction o1, ..., o, such that, for each

lef{l,...,r},
@1, jiy)s - Gy Jiy) €Zoy, 1oy =1, and o4 =a;, forallie{l,...,s}.

If (i, ji,) € Zs, let 0y = o. Otherwise, (i1, ji,) € J» and by [Salberger 1998, Lemma 8.9] there is
01 € Xmax such that 75, N I, = J» ~ {(1, ji,)}. Since i; € I, by part (iii) we have I,, = I, and
Qo =0 foralli € {l,...,s}. Assume that we have constructed o;_; for given ! <r. If (i}, j;,) € I, ,,
let 07 = 0;_1. Otherwise, (ij, ji,) € J5,_, and by [Salberger 1998, Lemma 8.9] there is 07 € Xax such that
T NTo_, = T, N1, i)} Since iy € I, ,, by part (ili) we have I, =15, |, = I, and o o, =i 6, |, =i 5
foralli e {1,...,s}. Since (i1, ji,), ..., (=1, ji_) € Zo,_, and To, = (T, NTo) UL (1, Jiy,6,,) ) Where
Jir.or_, 1s the index defined in part (i), we conclude that (i1, ji,), ..., (i1, ji,) € Zs,. Take 0’ = o,. The
uniqueness of o’ follows from part (i), as o’ is completely determined by Z,-.

Part (v) is a direct consequence of part (iv).

For part (vi), let j € {1,...,n;} such that (i, j) € J. By minimality of 7, there exists o0 € Xnax
such that 7 NZ, = {(i, j)}. If n; > 1, let j/ € {1,...,n;} < {j}. By [Salberger 1998, Lemma 8.9]
there is 0’ € Xax such that 7, N J, = Jo N {(i, j)}. Hence Z,» = (Z, ~ {(i, j)}) U{(, j)}. Since
JN(Zs ~{@, )H)}) =@ and J NI, # &, we conclude that (i, j') € J. O

2.2, Heights. Let L be a semiample torus-invariant Q-divisor on X. Let Hy be the height on X defined
by L as in [Pieropan and Schindler 2024, §6.3]. For 0 € X, write

S n; n;
L(O’) = E E ai,j,a Di,j and Ujo = E Oli,j,(r
j=1

i=1 j=1
foralli € {1,...,s}. Let Qi be the set of places of K.

Lemma 2.2. For every v € Qi and every x € % (K), we have

N

sup "), = sup [ sup il

0 €Xmax 0 € Znax i=1 1<j=<n;
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Proof. Fix v € Qi and x € % (K). By Lemma 2.1 (ii), we have

L
sup [x"), = sup 1_[|x, jio| e

0 E€Xmax aEZmaxlel

For every i € {1,...,s}, let j; € {1,...,n;} such that |x; |, = SUP| < j<p, |xi, jlv. Let o € Ypax. By
Lemma 2.1 (iv) there is 0’ € Zax such that I,y = I, (i, j;) € Z, foralli € I,, and «; ,» = o for all
ief{l,...,s}. Then

L o,
(0)| l_llxzjl|vw 1_[ sup |x11|v —1_[ sup |xi,j|v“7~ |

il iel, 1=/=ni i=1 1=j=ni

Thus

H;(x)= 1_[ sup 1_[ sup |xl]|,, for all x € 7 (K).

veQi 0 €Xmax i=1 1<j<n;

2.3. Coprimality conditions. We now rewrite the coprimality condition (2-1) in terms of the notation
introduced in this paper.

Lemma 2.3. Forall x € @(i,j)ez c[Pijl,

Z xPo e Pe] — Z l_[(xi,l,...,xi,ni)c_Df.

0 € Lmax OE€EXmax €L,

Proof. For 0 € X, let

Xg:{l_[xl',jiIjiG{l,...,n,’}ViE{l,...,s}}.

iel,

The inclusion C is clear as x?° € X, and ¢~ [Pl = ]_[ielg ¢ Di for all 0 € T For the converse
inclusion, fix 0 € X, and x € X,,. Forevery i € I;, let j; € {1, ..., n;} such that x = ]_[iela x; ;- By
Lemma 2.1 (iv) there is ¢’ € T« such that I,y = I, and (i, j;) € Z,» fori € I,. Then xPo = x. O

2.4. Mobius function. Let T be the set of nonzero ideals of Oy. Let x : Zi* — {0, 1} be the characteristic

function of the subset
{beIKS: > Hbi:(’)K}. (2-2)

0€Xmax i€ls

For every 0 € Z’, let xp : Zii> — {0, 1} be the characteristic function of the subset
(beZi’:b; CO;Viell,...,s}}.

As in [Peyre 1995, Lemme 8.5.1], there exists a unique multiplicative function u : Zy* — Z such that
X = Z n (@) xo-
Vel

Note that if X = Pg, the function w defined above coincides with the classical Mobius function.
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Remark 2.4. Let p € 7 be a prime ideal. The function u is defined recursively by the formula
wu(b) = x(b) =Y pcp m(d) for every b € Zi* and satisfies the following properties:

® u@)=x@) =1

(i1) If ¢; = 2 for some i € {1,...,s}, then u(p*,...,p%) = 0, as in that case x (p*',...,p%) =
x (1, ..., p%) for e;=e;—land e, =¢ forall ] #i.

(>iii) By induction one shows that wu(p°!, ..., p%) =0 whenever (e, ..., e5) # 0 and there is 0 € X«
such that e;, =0 forall i € I,, as x (p°', ..., p%») =1 if and only if there is 0 € X such that e; = 0 for
alli e I,.

(iv) Let

f::min{#J:Jg{l,...,s},Jﬂlg;é@‘v’aezmax}.

By property (iii), if u(p°', ..., p®) # 0, then there are at least f indices i withe; =1. Let J C {1, ..., s}
be smallest with respect to inclusion and such that J NI, # @ for all o € . Let J' = J ~ {j} for some
jeJ. lete;=1forieJande; =0fori ¢ J. Lete, =e; fori # j ande;. =0. Then x (p¢', ..., p*)=0
and x (p°1, ..., p%) = 1 by minimality of J. Thus u(p®', ..., p%) = —1 # 0. Hence

f:min{Zei ety ... es) £ 0, w(p, ..., p%) 7&0}. (2-3)
i=1
For B =(Bi,....Bs) eRL, le

fgi= min{Z,Biei ser, ..., eg) Z0, n(pe, ..., p%) 7+—0}.

i=1

Lemma 2.5. (i) The series

Z wn(o)

Bi

DEIS 1—[1 ]m(a )
converges absolutely if fg > 1.
(i) If fg>land B, ..., Bs € Z-o, then

©()

l_[l lsjt(D )ﬁl

0eTy

Proof. For part (i) we follow the proof of [Salberger 1998, Lemma 11.15] and [Pieropan 2016, Proposi-
tion 4]. For p € Zk a prime ideal, let

g Biei
(€1.mmre5) €L [Ti=) DMp)Pie
As in the two results cited,
i | ()]
lim _r Sm).
b—00 Z H; | m(ai)ﬂi l:[
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By Remark 2.4 (ii), the sum S(p) is finite. By definition of fg, if u(p', ..., p*) #0and (ey, ..., e5) #0,
then fg <) ;_, Bie;. Thus

1 1
S =1 : ,
® =1+ Gy Q(ﬂt(p))

where Q : R>g — R is a monotone increasing function. Since u(p®, ..., p*) is independent of the
choice of p, the function Q is independent of the choice of p. Thus

1 1
;‘ﬁ(p)fﬁQQﬁ(p)) feaiem 2 ff*

nez =0

In part (ii) the series is absolutely convergent by part (i); hence it suffices to show that each factor
of its Euler product ]_[p Sy 1s positive. For a prime ideal p € Z, let O, be the ring of integers of the
completion [, of [ at the valuation v, defined by p. Endow [, with the Haar measure normalized such
that O, has volume 1. Then fpjop dy = ‘ﬁ(p)‘j for all j > 0 by [Chambert-Loir et al. 2018, §1.1.13] and
[Neukirch 1999, Proposition 11.4.3]. We denote by x the characteristic function of (2-2), where ideals
of Ok are replaced by ideals of O,. By Remark 2.4 (ii),

S, = Z w(pe, ..., p%) l_[m(p)—e,ﬂi — Z w®, .., p®) l_[ 1_[/ dyi,

ec{0,1)s i=1 ec{0,1)s i=1j=1

:/OZ,Llﬂi X((YLI,...,yl,ﬂl),...,(ys,l,...,ysﬂr))l_[l_[ dy;.;
p

, i=1j=1
/ 1_[ l_[ < 1 >Z?=1 Bi
= , Vi > 0,
©)T= i oA N(p)
as x is a nonnegative function with x (O, ..., Op) = 1. [l

Definition 2.6. A function A : Z{ ; — R is compatible with Mo6bius inversion on X if there exist
Bi. ..., Bs € RL, such that A(d) < [T;_, dl._ﬂi with fig, ..p) > 1.

Remark 2.7. (i) The inequality fg > 1 holds whenever B, ..., B; > 1.
(i) If By =---=pBy=1,then fg = fby (2-3).
(iii) Case B, =ny, ..., By =ny: As in [Salberger 1998, Lemma 11.15(d)], let f be the smallest positive

integer such that there are f rays of the fan X that are not contained in a maximal cone. Then f > 2, as
X is proper. Moreover,
f=min{#7:J CZ, TNL, # D Vo € Enax},

and Remark 2.4 combined with Lemma 2.1 (vi) gives

f:min{Zni:JQ{l,...,s},JﬂIU#QVermax,#J:f}
iel

:min{Zniei c(er, ... es) £ 0w, ..., p%) ;éo}.
i=1



2290 Marta Pieropan and Damaris Schindler

3. Subvarieties

Here we want to count rational points or Campana points of bounded height in subvarieties of toric
varieties.

From now on KK = Q. Let X be a complete smooth split toric variety as in Section 2. Assume that
rk Pic(X) > 2, that is, X is not a projective space. Let L be a semiample toric invariant Q-divisor on X
that satisfies [Pieropan and Schindler 2024, Assumption 6.3]. The latter holds, for example, if L is ample.
Throughout this section, we will abbreviate [Pieropan and Schindler 2024] as [PS24].

Let g1, ..., & € R be Pic(X)-homogeneous elements. Let V C X be the schematic intersection of the
t hypersurfaces defined by gy, ..., g;. Let T € X be the torus. Without loss of generality, we can assume
that V N T # &. Otherwise, V is contained in a complete smooth split toric subvariety X’ of X, and we
can replace X by X'. Fix m; j € Z- for each (i, j) € Z. Let m = (m; ), j ez and

s om
Tn= Z(l - %)%J.
i=1 j=1 td

Let ¥ be the Zariski closure of V in 2". We define the intersection multiplicity n,(Z;|y, x) of a point
x : Spec O — ¥ with Z;|, at a place v of K to be the colength of the ideal of the fiber product of
Spec Ok Xy Z;|y after base change to the completion of Oy at v. This definition coincides with the one
in [Pieropan et al. 2021, §3] whenever ¥ is regular. Let (¥, 2|y )(Z) be the set of Campana Z-points
on the Campana orbifold (¥, Z,,|») as in [Pieropan et al. 2021, Definition 3.4].

Let Ny (B) be the number of points in (¥, I |y»)(Z) N T (Q) of height H; at most B. If m; ; =1 for
all (i, j) € Z, then Ny (B) is the set of Q-rational points on V N T of height H; at most B.

Forie{l,...,s}andx e #(Z), let y; = SUP| < j<n, |x;, j|. For o € Ypax, write

Ky n; n;
L(U):ZZO"'J"’D"J and o, =Zai,j7g foralli e {1,...,s}.
j=1

i=1 j=1
Then, by [PS24, Proposition 6.10] and Lemma 2.2,

S
Hy(x)= sup []x"".

o€ 2:ma\x i=1
By construction,

(Y, Dl WD) = (2, Dm)( L) NV (Q).

We use the torsor parametrization of (2", Z,,)(Z) from [PS24, §6.4]. For B > 0 and d € (Z-()*, let
A(B, d) be the set of points x = (x; j)1<i<s,1<j<n; € (Z#))I such that

H(x) < B, (3-1)
di|x;j forallie{l,...,s}andforall j€{l,..., n;}, 3-2)
x; jism; j-full foralli € {1,...,s}andforall j €{l,...,n;}, (3-3)

gr=---=g=0. (3-4)
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We observe that A(B, d) is a finite set by [PS24, Lemma 6.11]. Then

1
Ny(B)=5 ) mdHAB.d) (3-5)
de(Z-0)
by Lemma 2.3 and the definition of x in Section 2.4.
Write
#A(B. d) = > fare oy,
Vi Ys €250
[T}, yfie <B Vo €T max

where

fd(yl,...,ys):#{x6(2750)1:(3—2), (3-3), (3-4), y; = sup |x,-,,-|vl'e{1,...,s}}.

1<j<n;
Let
Fd(Bl""’BS): Z fd(yl""’ys)'

1<y;<Bj,1<i<s
Lemma 3.1. Assume that

N
_ w; wi
Fa(Bi, ..., By) _CM,dHBi +0(CE,1 ITIIEVB HB ) (3-6)
=
with Cy g, Cgd, @1, ..., @5, € > 0 such that Cp g and Cg 4 are compatzble with Mobius inversion

on X as functions of the variables d.

Let a be the maximal value of y_:_, w;u; on the polytope P C R defined by

Y aigui <1 forallo € Snax, u; =0 foralli €{l,....s).
i=1
Let F be the face of P where y_:_, wiu; = a. Let k be the dimension of F.

(i) If F is not contained in a coordinate hyperplane of R®, then
Ny (B) = ¢B%(log B)* + O(B“(log B)*~! (loglog B)*),
where k is the dimension of F and

c=(—1-K)lep2” > wd)Ca. (3-7)
deZ?
Here, cp = limg_, o 815 meas,_; (Hs N P), where Hs C R® is the hyperplane defined by Zle wil; =
a — 6 and meas;_ is the (s—1)-dimensional measure on Hg given by Hlsigs’i#;(w,- du;) for any choice
ofie{l,...,sh
@i1) If L is ample, then

a_mf{te[R t[L [Zwl ,}iseﬁfective}

and k41 is the codimension of the minimal face of the effective cone of X containing a[L] — [Zle w; D; ]

(iii) If [L]=Y_i_, wiD; is ample, then the face F is not contained in a coordinate hyperplane, a = 1,
and k = rk Pic(X) — 1.
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Proof. (1) Let t; = wju; forall i € {1, ..., s}. By the assumptions on L, the polytope P is bounded and
nondegenerate by [PS24, Remark 6.2]. Applying [PS24, Theorem 1.1] to #A(B, d) gives

Ny(B) = c¢B%(log B)* + 0 (B“(log B)*~!(loglog B)* Z u(d)cE,d>.
de(Z-0)*

The sums ) de(z.o) 10 the leading constant ¢ and in the error term converge absolutely by Lemma 2.5 as
Cy.q and Cg 4 are compatible with Mobius inversion on X.

(i) Let
R < R — R’

be the sequence of injective linear maps dual to

d: @ D,JZ—»@DZ—»Plc(X)

@, )eT
Here,
S S n;
R < RI, Zuiei = ZZuieiJ,
i=1 i=1 j=1
where {eq, ..., es} denotes the dual basis to {D, ..., Dy} and {e; ; : (i, j) € I} denotes the dual basis to

{Dj;:(,j)el}. Let P be the polytope defined by

Z o jouij <1 forallo € Tyax, u;; >0 forall (i, j) €T.
(i,j)eT
Then P NR* = P and
w,

Z —lu,/) Z(Z wl/n,)u,

(isj)EI i i=1
By [PS24, Lemma 6.7], the face F of P where the maximal value of the function

w_l

—u, J (3-8)

ez M

is attained is contained in P N R’ and hence also in P. Then a is the maximal value of the function (3-8)
on P. The dual linear programming problem is given by minimizing )" ex,., o on the polytope given
by
wj o
> dijohe = — forall (i, j) €L, A =0 forall 0 € Dpa.
n

0 € Xmax !

The arguments that can be found in [PS24, §6.5.1] show that a is the smallest real number such that
alL1-Y"i_, Z'}’:l (w;/n;)D; is effective. As in [PS24, Proposition 6.13], the smallest face of Eff(X)
that contains a[L] — Zf: | @; D; is dual to the cone generated by F in R", and the latter is defined by
adi_ aigti—y iy wiu; =0forany o € Sy such that F € {3, &; j su;,j = 1}. Thus the minimal
face of Eff(X) containing a[L] — [Zle w; Di] has codimension k + 1.
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(iii) We argue as in the proof of [PS24, Lemma 6.7 (ii)]. Let H C R® be the inclusion dual to the surjection
D;_; RD; — Pic(X)®zR. Then ) ;_, ajou; =Y ;_, wiu; forallu € H and all 0 € Epax. Thus PN H
is the set of elements u of H such that ui,...,ug >0and Zle wiu; < 1. Since F C H by [PS24,
Lemma 6.7 ()], we have F = HnN {Zle win; = 1}. As in the proof of [PS24, Lemma 6.7 (i1)], we
conclude that F is not contained in a coordinate hyperplane of R®. (Il

4. Rational points on linear complete intersections

Proof of Theorem 1.1. For 1 <i <sand 1 <[ <t;, let g;; € R be a linear polynomial defining H; ;. Then

ni
8l = Zci,j,zxi,j, le{l,....t;},
Jj=1

with ¢; j; € Z, and the g; 1, ..., g, are linearly independent for all i € {1, ..., s}. Let m; ; = 1 for all
(i, j) € Z. Then

N
Fy(B.....By)=]]Fi.a(B)

i=1

where, fori € {1,...,5}, de€Z-g,and B > 0,
Fra(B)=#{ (i1, xin) € @)™ 5 sup i i < Bodxi V€L, om), gy =+ =gy =0},
1<j<n;
Forie{l,..., s}, let W; CR" be the linear space defined by g; 1 =- - -=g; ;, =0, and let A; C W; be the

restriction of the standard lattice 7" C R™ to W;. Then, by [Bombieri and Gubler 2006, Lemma 11.10.15],
forevery T > 1,

#ZN[=T, TT" N W) =#A; N T (=1, 11" N W)
meas,, —, ([—1, 11" N'W;)

0 Tn,‘—t,'—l ,
det A; +0( )

— Tl

where meas,,, _, is the (n; —t;)-dimensional measure induced by the Lebesgue measure on R". Let

measy; — ([_1 ’ 1]"1‘ N Wl)
ci = .
' det A;
Then applying this estimate with 7 = B/d gives
Fi.a(B) = ci(B/d)"™" + O((B/d)" ")

whenever d < B. If d > B, then F; ;(B) =0 and the same estimate holds. Hence, for § > 0,

S N
i~ 1 . -5
Fa(By,....B)=Cua[[ B+ O(CE,,, (]_[ B ”) (lrglgv B;) )
i=1 i=1 -
where
S S

Ci —(ni—t:
CM’d:HW’ CE’d:l_[dl (n; tz)+5. (4_1)

i=1"1 i=1
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We show that, for § > 0 sufficiently small, the assumptions of Lemma 3.1 are satisfied. Since n; —¢; > 2
foralli e {1, ..., s} such that#; #0, if f,,—s, .. n,—1) <2, by Remark 2.4 (iv), there is i€ {1,...,s}
such that 7; =0, = I for all 0 € Tax, and n; = 1. Then Pi 1 is not contained in any maximal cone of 3,
contradicting the fact that X is proper. Thus f(,;,—....n,—z,) = 2. By definition and by Remark 2.4 (ii),

Son—t1=6....n—t,—8) = fni—t1....ng—t,) — SO.

Since V is a smooth complete intersection of smooth divisors, by adjunction [Corti 1992, Proposi-
tion 16.4], we have Ky = Kx +> i, Z?:l[Hi.l]- Since

s K N I
Y (i —1)Di =—[Kx] =Y t:D;=—[Kx]1= ) [Hul,
i=1 i=1

i=1 I=1
Lemma 3.1 gives

Ny (B) = c¢B(log B)’~' + 0(B(log B)>*(loglog B)*),

where b = rk Pic(X) and c is defined in (3-7) with k =b — 1, Cys 4 given by (4-1), and @w; = n; —t; for
i €{l,...,s}. The restriction Pic(X) — Pic(V) is an isomorphism as t;, <n; —2 foralli € {1, ..., s}.
The leading constant c is positive by Lemma 2.5 (ii). U

5. Bihomogeneous hypersurfaces

Proof of Theorem 1.2. In the setting of Theorem 1.2, the hypersurfaces Hy, ..., H, are defined by
bihomogeneous polynomials g1, ..., g; of degree (ey, ez) in the two sets of variables {x; ; : 1 < j <ny}
and {x; j: 1 < j <np}. Letm; ; =1 forall (i, j) € Z.

We will apply [Schindler 2016, Theorem 4.4] with

R=t, Fi=g, Z=[-L1" P =B/d, d=e.

In order to apply the cited result, we need to restrict the points to an open set. Let U € A" be the
open set therein. Since the complement of U is the zero set of homogeneous polynomials by [Schindler
2016, Theorems 4.1 and 4.2], the set W :=w({x € Y : (x1,1, ..., X1,n;» X2,1, - . - » X2.n,) € U}) is an open
subset of X. Then

New(B) =2 3 n@#a"(B,d),

de(Z-0)*
with
AY(B,d) = ) Ja O 39)
Visees Vs€Z50
[Ti2; ¥8:0 <B Yo € Sinax
and

de(yl’ ceey )’s) :#{x € (Z#O)I : (xl,l’ LRI ,x1’n1,x2’1, LRI ,x2,n2) € U(@)$ (3_2)7 (3_3)’ (3_4)7
yi= sup |x;;|Vie(l, ...,s}}.

1<j<n;
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Let
FdW(B177BY): Z fdw(yl:y)’c)
lfyiSBi,lfiSS
Then
N
Fi' (B, ..., By)=F} 4, (Bi, B) [ | Fias (Bo),
i=3
where

ﬁdedZ(Bl, B») 2#{()(171, e X1y X201 e, X2 py) € (Z#O)ﬂﬁ-nz NUW@Q) :
sup |yijl < Bi/d;Vie{l,2). g1 = =g =o},

1<j<n;

and, ford € Z.gand B > 0,

Fra(B) =#{ (i1 %) € @)™ sup xijl < B dlxi; Ve (l,...ni}}.

1<j<n;
If d < B;, then
Fi4(B) =2"(B/d)" + O((B/d)" ™)

with 0 <6 < 1. If d > B, then F; 4(B) =0, and the same estimate holds.
To compute Fd‘fl,dz(Bl, B»), write x; ; =d;y; j forall (i, j) € Z. Then

delv,dz(Bl’ B») =#{(y1,1, s Yl Y2uls oo Vo) € (Zz0)" TN U(Q)
sup |yijl<Bi/diVie{l,2}, g1=---=g =0},
1<j=<n;

as the complement of U is the zero set of homogeneous polynomials by [Schindler 2016, Theorems 4.1
and 4.2]. Let V* C AT be the locus where the matrix (0g1/0x;, j)1<i<t,1<j<n; does not have full rank.
If ny +ny > dim V" 4+ dim V; 43 - 2¢1%¢2¢ 0513, then, by [Schindler 2016, Theorem 4.4], there is § > 0
such that

2
F} (B, By =C H(B Jdi)" T+ 0((mm Bi/d;)”" H(B,-/di)"f—’ff)

i=1 i=1
2
— C H(Bl /d,')m_tei _|_ 0 ((1_[ di_(ni_tei)+5> ln B l_[ nz_ter)
i=1 i=1 i=1
with C € R>p and C > 0 whenever V has nonsingular Q,-points for all places v of Q. Thus

S
FdW(Bl,.. By) =CpaB]'™ teanz tezl_[B"’—i—O(CEd(mm B) (SB?‘_IE‘B;Z_I”HB;“),

<i<s

i=3 i=3
where

s K
CM,d _ Cdl—(nl—tel)dz—(nz—tez) Hdi—n,-’ CE,d _ dl—(nl—tel)-‘rédZ—(nz—tez)-‘rB Hdi—n,--i-(?. (5-1)
i=3 i=3
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Recall that n; —te; > 2 for i € {1, 2}. For § > 0O sufficiently small, if

fn| —te;—8,ny—tea—8,n3—34,...,ng—38 =< 1’

then by Remark 2.4 (iv) there is i€ {3, ..., s} such that i€ I for all o € Yax and n; = 1. Then the ray
p;.1 1s contained in no maximal cone of X, contradicting the fact that X is proper.

Since V is a smooth complete intersection, the adjunction formula [Corti 1992, Proposition 16.4] gives
Ky=Kxy+H +---+H, Let w; =n; —te; fori € {1,2} and w; =n; fori € {3, ..., s}. Since

s
Y @iDi=—[Kxl—t(e1Di+eD2)
i=1

= —[Kx]—[Hi+---+ Hl,

Lemma 3.1 applied to FJV(BI, ..., By) and Ny w(B) gives
Ny.w(B) = c¢B(log B)’~' + 0(B“(log B)’%(loglog B)*)

for B > 0, where b = rk Pic(X) and c is defined in (3-7) with k = b — 1, Cy 4 given by (5-1). Moreover,
the restriction Pic(X) — Pic(V) is an isomorphism, as t <min{n, n} —2. By Lemma 2.5 (ii), the leading
constant c is positive if V(Q,) # & for all places v of Q as C is positive under the same conditions by
[Schindler 2016, Theorems 4.3 and 4.4]. O

6. Campana points on certain diagonal complete intersections

Proof of Theorem 1.3. In the setting of Theorem 1.3, the hypersurfaces Hy, ..., H, are defined by
homogeneous diagonal polynomials gi, ..., g, € R with deg g; = ¢; D; in Pic(X) for alli € {1, ..., t}.
Then

ni

J— Cx G
8 = E Ci jXi,j

j=1
with Ci,j € Z#), and

N
Fa(Bi, ..., B) =[] Fr.a,(B),
i=1

where, fori <t¢,

Fia(B) =#] (it xin) € @po)"
d|xi . xi;ismifull Vje{l,....n;}, sup |x,»,j|5B,g,-=o}
1<j=<n;
and, fori > t,

Fia(B) = #{(xi1, . xin) € @p)"
sup |x,‘,j| < B, de,-J, Xi,j is mi,j—full Vje {1, ,l’l,}} (6-1)

1<j<n;

For i <t, we estimate F; 4(B) via the following lemma.
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Lemma 6.1. Letn,e,my,...,my € Z-g. Letcy, ..., cy € Z4o. Let d be a square-free positive integer.
Assume thatn >2and?2 <m| <--- <m,.

(1) If e =1, assume that
2) If e > 2, assume that

where
so(m) = min{2" ", tm(m — 1)+ [V2m +2]}, m e Z.
For B > 0, let
Fd(B)=#{(x1,...,xn)G(Z#))”:dlxj,xj ismfull Vje{l,...,n}, sup |x;|<B, chx _o}
1<j<n
Jj=1
Then there is n > 0 such that
Fy(B)=ceqB" + 0@ '"7"B"™"),

where I" = Z?:l 1/m; — e and c, q is defined in (6-5) and satisfies 0 < ¢, 4 K d=—1-n,

Proof. Forevery j €{l,...,n}and x; € Z thatis m j-full, there exist unique u;, vj 1, ..., Vjimj—1 €L
such that

mj—1

el = u} ]_[ oI i) =1, ged(, vj) =1 forallr s’ e{l,...omj— 1}, r#r

For every choice of u; and v;, as above, if d | x; with d € Z.( squarefree, then there exist unique

Sjsljds s ljim—1€ Z - such that
mj—1
d=s; [] tjir. #*G6)=p’t;)=1 forallre{l,....,m;—1)
r=1

ged(s;, vj,) = ged(s;, tj,) = ged(t) . tj,») =1 forallr, r/e{l,...,mj—l}, r#r'

Sjll/tj, tj,rlvj,r forallre{l,...,mj—l}.
Write uj =sju; and v;, =t;,v;, forall r € {1,...,m;_;}. Write
S:(Sl,...,Sn), t—(t] r)]f]fn,lfrfmj—l
For j € {1,...,n}, write
mj—1 mjfl mj—1
. ) . mj+r o ~mj+r
or=s It o=y TL w= 107
r=1 r=1
Z/ ]( j—

Let 74(B) be the set of pairs (s, ) € 27y x 7 that satisfy

p*e) =1, d=o;, 1;<B forall je(l,...,s}
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Note that the first two conditions imply

n
()
#Ta(B) < [ [m9' < d°, (6-2)
j=1
where w(d) is the number of distinct prime divisors of d. Let Vs ;(B) be the set of

Z, mj—=1)

== 1= =

such that

W2, 0, =1, ged(sj, 0;,)=1 forall je{l,....n}, refl,....m;—1},

ged(tj 0y, tj0j)=1 forall je{l,...,n}, rnr'e{l,...;mj—1}, r#r,
Tjw; <B forall je{l,..., n}.
Let 74(00) = Up-o Ta(B) and Vs (00) = Ug-o Vst (B).
Then
Fu(B) = {Zntfe{il}" 2 (.0eTu(B) Lovev,. (B) Meey (B9 1leis odd, (6-3)
2 Z(s,t)en(B) Zﬁevx‘,(g) M. (B°) if e is even,
where ¢ = (¢1,...,Cn), €=(€1,...,6n), €= (E1C1, ..., &nCn)s ¥ = (Y1, ..., Yn) With
mj—1
=" ]_[ (G forall j e {1, ..., n)
and

1<j<n

Mec,y(Be)z#{(lzl,...,ljtn)EZ’;O; max )/] ; m;j <B Zgjcjy]~em _0}
j=1

An estimate for Mg, ,(B¢) is proven in [Browning and Yamagishi 2021, Theorem 2.7] in the case

where
n—1

1
Y s
emj(em;+1)

=1

~.

The subsequent paper [Balestrieri et al. 2024, Theorem 5.3] extends the range of applicability of [Browning
and Yamagishi 2021, Theorem 2.7] to the case where

n

1 = 1
— >3, — > 1.
em; ;%0(@’”]‘)

j=1
Let
1 : —
@ P mn(m)l+1) lfe - 1’
e — n 1 .
ijlm—l 1f822.
For
1
0<é< and € >0,

Q2n—1)+5em,(em, +1)
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the two results cited above give

J
YooY MeeyBY= Y. Y 7 “yl/fjm)BF+0(BF(F1+F2+F3>>,
/_

(s.0)€T4(B) vV ¢ (B) (s.0)€T4(B) vV (B)

Geec,y = Z Z HZexp(Zmae cjvir™i/q),

a(mod q) j=1r=1
ged(a,q)=1

oco I 1
3“:/ ]_[(/ exp(Zniksjcjéem-f)dé)dk
fooj=1 0
"o gl/m; n 1/(emp)
D VD M () )z
J

(s,6)€Ta(B) veVs(B) “j=1 =1

Fy= B Z Z qu F/e+€1_[gcd(y] q)cm

(s.0)€Ta(B) v€Vs,((B) g=1

1
— 8®e+ n “m; . _
B7PTES s emad) veve, s [ Lj=1 v, " ife=1,
1

where

F% = 1
) —ed0, n 7emil+ so(em ; .
Bme0Dere Z(s,t)en(B) Zﬁevs,,(B) Hj:l vi moen)if e > 2.
Let o
ec, Jsc M M
Zee{il}" Z(s £)eTq(c0) Zvevs £ (00) —H Ty if e is odd,
Ce,d = GeyJe . .
2" Z(s £)eTq(00) ZDEVs +(00) l—[ yl/(em,) if e is even.
For T > 0, let
ged(zf, q)\em; gcd(w @)\
fl@o= Y H( . . A=) H —r =)
(s,0)€T4(0) j=1 eV 1(00) j=1
and
ng(u} q) em
fl(q’T’sat): Z l_[(
i‘EVst(OO)\Vst(T)] 1 j

Note that, for Z;:1 1/(emj) > 1, we have
| Tee|l < 1.

2299

(6-4)

(6-5)

(6-6)

Similarly as in [Browning and Yamagishi 2021, (2.8), (2.9), (2.12)], the difference between c, 4B" and

the main term obtained by combining (6-3) and (6-4) is bounded by

BF Z Z Z 1— Z} lem 1_[)/] ('mj gcd(yj,q)em

(s,0)€T4(00) D€V 1 (00)\ V5 1 (B) g=1

d
< B Zq—r/e+e )3 H(‘gc i Q)) f2(q. B, s, 1),

(s,t)eTq(00) j=1 ]
and ¢,q < Y02, gt f1(g) f2(@)

(6-7)
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By [Browning and Yamagishi 2021, (3.10)] and the arguments used to prove [Browning and Yamagishi
2021, (3.9)], we have

frlg) € ¢° (6-8)
and " nom; ~e(mi+r) _~1/(em;)
(@) ged (] 1T gyt em
f2(q, T, s, ) K Z Z 1_[ l_[ )i
io=1 v;,,1<i<n,1<rsm;—1 i=1 r=1 Vir

1 mj+r
]_[m’ fnr >T/7; if i=ip

r=1 l,

~e(m;+r)

u? (0i,r) ged(D5 )
<K q Z Z l_[ - 5 0mi +r)/m,-

i=1 v,1<r<m;i—1 r=lI i,r
m;—1 ~m +r
[1.2 >T/7

r=1 lr

q)l/(emi)

Our next goal is to provide an upper bound for sums of the type occurring in this estimate for
f2(q5 T,s, t)

Lemma 6.2. Letm € N>y, e €N, and let A > 0 be a real parameter. Then, for every0 <e <1/(m(m+1)),

we have m— (m4r) 1
1—[ w (v,) ng(Uem " Q) /(em) & A~ m(m+|)+€qem(m+l)+6
Z (m+r)/m m.,e
veeN, 1<r<m—1 r=1 Ur
1—[:" Il Um+r>A

Proof. We first consider the sum

Sl = Z l_[ (m+r)/m

v,eN 1<r<m—1 r=1 Ur
[T o>

for A > 1. A dyadic decomposition for each of the variables v,, 1 <r <m — 1, leads to the upper bound

S1 < 3 2=

ll ..... lm,1€N
2(»1+l)11 +o+Cm=1)ly, g > A

Note that, for each k € (1/m)N, we have
#{ll, b eN: Ll k} L k2
m m
‘We deduce that

Si<m Y, kMR,

ke(1/m)N
r(k)>0

where r (k) is the number of (/1, ..., L,—1) € N"~! such that both
Ly em=l g oand 20 EDhE@nDho o 4
m m "

Observe that if (k) > 0, then there exists (1, ..., ln—1) € N"~! with

lll+...+m__1[m_1:k
m m
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and
mm+Dk=m+ DU+ +m—Dly_1)

log A

> (m+ Dl + 200 1 —I—2m—(m—1)lm R L

2 log2
ie.,

S| Kom Z km—22—k Kom.e A—im(":_*_l)-i-é.
ke(1/m)N
m(m+1)k>log A/log?2

Note that the upper bound for S; also holds for A <1 and e < 1/(m(m + 1)).
We now turn to the sum in the statement of the lemma. If v, is a square-free natural number and

d, = gcd(ve(m+r), q), then we can write

dy =dpdly - d0 pA(d ) =1 forall1 < j <e(m+r), ged(dy;.dpj)=1 forall j#

Writing v, = v/ ]_[e(m+r) dyjandd = ]_[j(m1+r) d,. ;, we find that

Sy im T @) ged ", gy tem
2= Z l_[ (m—+r)/m
v,eN,I<r<m—1 r=1 Ur
[ o r>a
m—1 1/(em)
< Z Z l_[ (d/ )(m+r)/m
dy1d?%,- 'f(e"é:fol veN, 1<sr<m—1 r=l1

11§r <m—1 H’rnzll (dv))" > A

m—1 drl/(em)
< > lj[1 (WT/’”) > 1_[ W )<m+r>/m

2 (m+r) r 1
dr1d?, d:e’211:—r)| v.eN,1<r<m—1 r=
1§r<m 1 ]_[r: (dv)y"™>A

By using the upper bound for S;, we find that, for € > 0 sufficiently small,

— — 1
1/(6”") 1 Te m—1 , 4 m(m+1)
T mnt1D) m-r
S2 <<€’m E l_[ /(m+r)/m A m(m+1) l_[ (di”)
e g =
1<r<m-—1

m—1
_ 1 L _ m+r
Len AT YT TT@ (@)™

2 e(m+r)
d” ldr, dr e(m+r) |
1<r<m-—1

1 m+r
<<€mA_7m(m+l)+g Z 1_[dem e(m+r)(m+1)

2 e(m+r)
dr’ldr,Zmdr,e(m+r) |q

1<r<m-—1

m—1
|
1 —L__ 1 m=1
Lem A mmen T€ E | | d""Y Lem A_m(m+1)+€q emmD T 0

drlq r=1
1<r<m-1
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Lemma 6.2 shows that we can bound f>(q, T, s, t) by

n 1
“mmnte _mi=l
fZ(C], T, s, t) << Z(%) t( ’-H) qem;(m[Jrl)—"_e.
i=1

In the following we write
. m; — 1
~emi(mi+1)
Then (6-7) is bounded by

S5 _BFZZ Terbie Y l—l(gcd(r q)>cm (?) TATEINS

i=1 g=1 (s,0)€Ta(00) j=1
1 n e 1
! L gcd(z¢, g)\am;
r T A 7€ —TI'/e+Aj+€__miimi+1) j J
< B ZB ROTER 3 Zq £ 1—[( 5 '
i=1 (5,0)€T3(c0) g=1 il j
As we will encounter similar expressions in our further analysis, we introduce, for £, D > 0 and d

squarefree, the sum
00 n e L
ng(‘[-,q) emj
. JE —T/e+D
TCRSTEND DD Rl i (e i
(s,0)€Ta(o0) g=1 j=1 J

We write g = q1¢» with ged(q;, d) = 1 and such that all prime divisors of g, divide d. We then obtain

E = —I'/e+D+e . —I'/e+D+e . ng(Tf, ) i
S4(D, E) < d Z qu Z 5 H(T) :
(s,6)€Ta(00) q1=1 =1 j=1 1
rlgx=pld

If we assume —I"/e + D < —1, then the sum over ¢q; is absolutely convergent. For a given vector

(s,t) € T4(c0) and a prime p, we write t; , for the power of p which exactly divides ;. We find that

S¢(D, E) K Z dE H(Z plCT/etDto 1—[<g0d(fj D )>em )
J

(s,8)€T4(c0) pld 14

We now split the summation over / into the term / = 0, where we use the inequality 7; , > p™/, and we

bound the rest by a geometric sum for / > 1 using gcd(t Py h< 7 p'

S4(D, E) <p Z dfte H(p—" 4 pT/etDrey

(s.0)€Ta(c0) pld
<<D d€ l_[(pEfn +p7F/E+D+E+€).
rld

If -I'/e+ D+ E < —1, then we deduce that

Sy(D,E) <pd ™" (6-9)

for some n > 0.
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Applying (6-9) to S3 with
2m,- —1
D=A; and E=——,
mi(m; + 1)
we obtain S3 <« BI ~"d~1=" for some n > 0. Hence
Fy(B) =ceqB" + OBV (d™'""B "+ F| + F, + F3)).

We use the bound in (6-8) and apply (6-9) with D = E =0to get co.q K d 77,
It remains to estimate the error terms Fj, F>, and F3. We rewrite F as

Fi = B€5(2(n*1)+5) Xn: B_”’Ll Z Z l_[ yj_ “’l‘.i .

=1 (5.0)€Ta(B) 5eVy(B) 1<j<n
J#

As in [Browning and Yamagishi 2021, §3] and [Balestrieri et al. 2024, §6], we have

n
s 2n—1)45) Z ~ g
Fl < B n(mp+1) n ‘[] J
(s,)€Ta(B) j=1

Y e L 52— 1)45
«d J=1m T B_mn(mn+1)+e Q=1+ ),

where the last estimate follows from

n 1 n mj
2 [lu77= 3 [lo™”

(s,0)€Ta(B) j=1 (s,H)€Ta(B) j=1
-y —_yn M
Sd Z/:] ”1j+1#7:l(B)<<d Z_;:l mj+l+€

by (6-2). Combining the arguments for F3 in [Browning and Yamagishi 2021, §3] and in [Balestrieri
et al. 2024, §6] and the estimate above, we have

Fy « B30+ Z ﬁ Tj—ﬁ <«d Py %JreB_engre_
(s.)€Ta(B) j=1
Since Z;f:l(mj/(mj +1)) > %n > 1 is satisfied for n > 2, we have F|, F3 < d~'""B~" for a suitable
n > 0. Since
(e8]
F, =B~ q"""** fi(q) f2(9).
q=1

the estimate (6-8) combined with (6-9) for D =1 and E = 0 yields F, « d=1""B=¢ ag I'/e>2. O

By Lemma 6.1 and [Pieropan and Schindler 2024, Lemma 5.6],

S
Fa(By,....B) =] [(cuiB + 0" BT ™)),

i=1
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where
YL L ifi<t,
w; = s l../ . (6-10)
th—l e lfl >f,
- L]
vi<—1fori <t v = —%ni if i > t, cpy i is the constant c,, 4 defined in (6-5) if i < ¢, and also

ey =2" (]_[';’ | Cm; ;. ) where ¢, ; 4; 1s the constant defined in [Pieropan and Schindler 2024, (5.11)].
Thus

N
Fd(Bl,...,Bs)=CM,d]_[Bf"'+0(CEd min B;) HB”")

. 1<i<s
i=l1

where
S

Cua=][]ecmi. (6-11)
i=1

Lemma 6.1 and [Pieropan and Schindler 2024, (5.14), (5.15)] give

s
Cma,Cra < l_[di_ﬂ"
i=1

with B; > 1 whenever n; > 2, and ; > 5 — ¢ otherwise. For ¢ > 0 sufficiently small, ; —|— B;j > 1 for
every i, j €{l,...,s}. Thus, by Remark 2.4 (iv), if fp,,...p, <1, then there exists an index i i€ {1,...,s}
such that i € I, for all 0 € Tnax and n; = 1. Then the ray i 1 is contained in no maximal cone of X,
contradicting the fact that X is proper.

Since ¢; j #Oforallie{l, ..., t}, je{l,...,n;}, the adjunction formula [Corti 1992, Proposition 16.4]

gives Ky = (Kx + Hy +---+ H;)|y. Since

Zwl D= K- Y3 (1- D, +Zel

i=1 j=1
= —(Kx +[Dmlx]+[Hi +-- -+ Ht]),
Lemma 3.1 gives
Ny (B) = ¢B(log B)’~! + 0(B(log B)’"%(log log B)*),

where b = rk Pic(X) and c is defined in (3-7) with k = b — 1, Cys 4 given by (6-11), and @y, ..., @;
given by (6-10). Moreover, the restriction Pic(X) — Pic(V) is an isomorphism as n; >3 for 1 <i <¢. [
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