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Given a Lie superalgebra g and a maximal quasitoral subalgebra h, we consider properties of restrictions
of g-modules to h. This is a natural generalization of the study of characters in the case when h is an
even maximal torus. We study the case of g = qn with h a Cartan subalgebra, and prove several special
properties of the restriction in this case, including an explicit realization of the h-supercharacter ring.
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1. Introduction

1.1. Maximal toral subalgebras and restriction. Let g be a Lie superalgebra, not necessarily finite-
dimensional. Assume that g contains a subalgebra h such that

(1) t := h0 has diagonalizable adjoint action on g with finite-dimensional weight spaces; and,

(2) h = gt, where gt denotes the centralizer of t in g;

We will call subalgebras with the above properties maximal quasitoral. Maximal quasitoral subalgebras
play an analogous role to maximal toral subalgebras of Lie algebras. In the purely even setting, the
restriction of a representation to a maximal toral subalgebra is exactly the data of its character. The
character of a representation is a powerful invariant, and provides (nice) formulas for characters of
irreducible representations is a central problem in representation theory.

For many Lie superalgebras of interest, maximal quasitoral subalgebras are even, i.e., h = t (e.g., for
glm|n, ospm|2n, pn, . . . . See [16] for the definition of these Lie superalgebras). In this case the restriction
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of an irreducible highest weight representation to t completely determines it. But when h ̸= t, as in
the case of the queer Lie superalgebra qn , this longer holds, as for certain simple modules L one has
Resgt L ∼= Resgt 5L and so the restriction map of Grothendieck groups K (g)→ K (t) is not injective.

On the other hand the restriction to h is fine enough to make such distinctions. Choose a Borel
subalgebra b of g containing h (from a triangular decomposition as explained in Section 2.1), and let C be
the full subcategory of g-modules such that each module in C is of finite length, has a diagonal action
of t, and is locally finite over b (these conditions can be slightly weakened; see Corollary 5.2). Write
Ms(h) for the category of h-modules with diagonal t action and finite-dimensional weight spaces. Then
the restriction functor Resgh induces an injective map K (C)→ K (Ms(h)), see Corollary 5.2.

It is therefore of interest to understand the h-character of irreducible g-modules. A difficulty that arises
is that the Grothendieck ring of finite-dimensional h-modules does not have a simple manifestation as in the
case of t-modules. Nevertheless a description can be given, and its structure is interesting in its own right.

1.2. K−(g) and K+(g). Let K (g) denote the Grothendieck group of finite-dimensional g-modules, and
write Mgr for the natural image of a finite-dimensional module M in K (g). This ring admits two natural
quotients: K+(g), which is obtained by identifying Mgr = (5M)gr, and K−(g), obtained by identifying
Mgr = −(5M)gr. There is a natural embedding of K (g) into K+(g)× K−(g), and this embedding
becomes an isomorphism over Q; thus a proper understanding of K+(g) and K−(g) suffices for the
understanding of K (g) (see Section 5 for a precise relationship between K (g) and K+(g)× K−(g)).

The ring K+(g) behaves like a character ring, and in fact embeds into K+(t) under the restriction
map; thus the information it carries is less interesting from our standpoint. On the other hand, K−(g),
the reduced Grothendieck ring, has a nontrivial, even exotic structure as a ring, and will be our main
object of study. The restriction map K−(g)→ K−(t) is sometimes very far from being an embedding;
for instance if g = qn the image of any nontrivial finite-dimensional irreducible module is zero by [3].
Thus is it necessary to study instead K−(g)→ K−(h).

A further advantage of using K−(g) is that the Duflo–Serganova functor, while not being exact, always
induces a morphism dsx : K−(g)→ K−(gx) for appropriate x ∈ g1. It has been known for some time
(see [13]) that for Kac–Moody superalgebras, the map induced by dsx on supercharacters is given by
restriction to tx , the Cartan subalgebra of gx . This is a reflection of a more general property of dsx ,
discussed in Section 8, which shows that dsx can always be thought of as a restriction map to gx . Therefore
in our setting the induced map dsx : K−(h)→ K−(hx) is also given by restriction of modules from h to
hx , where hx is a maximal quasitoral subalgebra of gx .

1.3. Results for g = qn. Let g = qn; for two weights λ,µ, write λ∼ µ if L(λ) and L(µ) lie in the same
block of F in(qn). Then for a g-module M , write schh M for the natural image of M in K−(F in h).

Theorem 1.1. schh L(λ)=

∑
µ∼λ

schh L(λ)µ (1)
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Equivalently, if µ ̸∼ λ then [L(λ) : C(µ)] = [L(λ) :5C(µ)], where C(µ) is an irreducible h-module
of weight µ.

See Theorem 9.2 for a proof of this statement, and a stronger result. In Section 6 we present a version
of the above result which holds for a more general Lie superalgebra, but only for particular blocks, those
which are the closest to being typical.

1.3.1. Supercharacter isomorphism. Let C denote the subcategory of h-modules with weights which
appear in some finite-dimensional representation of gln = (qn)0. The Weyl group W = Sn has a natural
action on K−(C) in this case, and we may consider the invariant subalgebra. We prove that K−(C)W has
a basis given by {aλ}λ∈P+(g), where P+(g) are the dominant weights for g = qn , and

aλ =

∑
w∈W/StabW (λ)

[C(λ)w],

where (−)w denotes the twisting functor.
It is clear that the supercharacter map induces an embedding schh : K−(g)→ K−(C)W ; such a result

holds for any quasireductive Lie superalgebra (see Section 7). For g = qn we have (see Corollary 9.5):

Theorem 1.2. The map schh : K−(g)Q → K−(C)WQ is an isomorphism of rings.

Here the subscript Q means that we extend scalars to Q. To obtain an isomorphism we only need to
invert 2, in fact. This is a consequence of the work in Section 9.

Remark 1.1. The ring K−(g) has a natural basis given by irreducible modules, and an important question
is to understand the relation between this basis and the basis {aλ}.

1.3.2. Realization of K−(F(qn)int). Using the above isomorphism, we are able to provide another realiza-
tion of K−(F(g)int), where F(g)int denotes the category of finite-dimensional qn-modules with integral
weights. To simplify the explanation for the introduction, we will explain this realization over C.

Let V := CZ\{0} denote the complex vector space with basis {vi }i∈Z\{0}. Then write

A =
∧

V :=

⊕
n∈N

∧nV .

This is a superalgebra, and we write A0 =
⊕

n∈N

∧2nV for the even part. Let Jk ⊆ A be the ideal generated
by

∧k+1V . For the following, see Theorem 9.3.

Theorem 1.3. We have an explicit isomorphism of algebras

K−(F(qn)int)⊗Z C → (A/Jn)0.

where, up to a scalar, aλ is mapped to vλ := v j1∧ · · · ∧ v jk , where j1, . . . , jk are the nonzero coordinates
of λ.
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1.3.3. Relation to the Duflo–Serganova functor. For qn , the maps dsx depend only on the rank of x ,
which is a nonnegative half-integer s ∈

1
2 N. Thus we write dsx = dss , where s = rank(x), and this gives

a map dss : K−(F(qn))→ K−(F(qn−2s)). We have the following simple formula for dss in terms of the
basis {aλ}, using the previously noted fact that dsx is given by restriction:

dss(aµ)=

{
0 if zeroµ < 2s
aµ′ if zeroµ≥ 2s

where zeroµ is the number of zero coordinates that µ has, and µ′
∈ P+(gx) is such that µ′ and µ have the

same nonzero coordinates. In [11], we compute dss on the basis {[L(λ)]}λ∈P+(g) of irreducible modules;
remarkably it admits a similarly simple expression:

dss([L(λ)])=

{
0 if zero λ < 2s,
[L(λ′)] if zero λ≥ 2s.

1.4. List of notation.

symbol §

M(h) 3.1
C(λ) 3.2
Kλ 3.1.1
Fλ 3.1.1

symbol §

L(λ) 4.1
K (C) 5.1
K+(C) 5.1
K−(C) 5.1

symbol §

Mgr, Mgr,± 5.1
I0, I1 3.2
tG 5.6
schh 5.2

symbol §

4 9.2
Core 9.2
F(g) 7.1
P+(g) 7

symbol §

P(g) 7
P(g)′ 7.1
smult 9.5
dss 9.5

2. Preliminaries: maximal quasitoral subalgebras and Clifford algebras

We work over the field over of complex numbers, C, and denote by N the set of nonnegative integers. For
a super vector space V we write V = V0 ⊕ V1 for its parity decomposition. Then 5V will denote the
parity-shifted super vector space obtained from V . Let δV := δ denote the endomorphism of V given by
δ(v)= (−1)p(v)v.

We work with Lie superalgebras which are not necessarily finite-dimensional. For a Lie superalgebra g

we denote by F in(g) the category of finite-dimensional g-modules.

2.1. Maximal (quasi)toral subalgebras.

2.1.1. Definition. Let g be Lie superalgebra. We say that a finite-dimensional subalgebra t ⊆ g0 is a
maximal toral subalgebra if it is commutative, acts diagonally on g under the adjoint representation, and
we have gt

0
= t. In this case we set h := gt, and we refer to h as a maximal quasitoral subalgebra of g.

Observe that h0 = t.
Denote by 1(g) :=1⊆ t∗ the nonzero eigenvalues of t in Ad g, and write Q = Z1. We will assume

throughout that
all eigenspaces gν (ν ∈1∪ {0}) are finite-dimensional. (*)

In particular we assume that h is finite-dimensional. We have

g = h⊕
⊕
α∈1

gα.
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2.1.2. Triangular decomposition. We choose a group homomorphism γ : Z1→ R such that γ (α) ̸= 0 for
all α ∈1. Such a homomorphism exists because h ∼= R as a Q-vector space. We introduce the triangular
decomposition 1(g)=1+(g)

∐
1−(g), with

1±(g) := {α ∈1(g) | ±γ (α) > 0},

and define a partial order on t∗ by

λ≥ ν if ν− λ ∈ N1−.

We set n±
:= ⊕α∈1±gα and call a subalgebra of the form b := h⊕ n+ a Borel subalgebra. We further

assume throughout that

U(n−)ν is finite-dimensional for all ν ∈ Q. (**)

Remark 2.1. Several notions of triangular decompositions for Lie superalgebras have appeared in the
literature. In [18] and [20] for example, a notion of positive roots arose from the choice of a generic
hyperplane in h∗. Our approach generalizes these approaches and admits a more flexible definition. One
can construct finite-dimensional Lie superalgebras for which our definition gives rise to more triangular
decompositions as compared to [18] and [20]; for example, consider g with g0 one-dimensional acting by
real, Q-linearly independent characters on g1.

On the other hand, for simple, finite-dimensional Lie superalgebras our notion of triangular decompo-
sition agrees with that of [20].

2.1.3. Examples.

– If g is a Kac–Moody superalgebra, then, by [21] any maximal toral subalgebra t satisfying (∗) is
Cartan subalgebra of g0; one has h = t.

– If g is a quasireductive Lie superalgebra (dim g<∞, g0 is reductive and g1 is a semisimple g-module),
then a maximal toral (resp. quasitoral) subalgebra t is a Cartan subalgebra of g0 (resp. g). In both
this example and the former, t and h are unique up to a conjugation by inner automorphism, see [21].

– If we fix an invariant form on a quasireductive Lie superalgebra g (which can be the zero form), we
can construct the affinization ĝ with t̂ = t+ CK + Cd and ĥ = h+ CK + Cd.

– The cases when t ̸= h include the queer Lie superalgebras and their affinizations.

2.2. Clifford algebras. For a vector space V with a symmetric (not necessarily nondegenerate) bilinear
form F , let Cℓ(V, F) denote the corresponding Clifford algebra. This is a superalgebra where the elements
of V are declared to be odd. Write K ⊆ V for the kernel of F , so that F induces a nondegenerate form
on V/K , which we also write as F . We have an isomorphism of superalgebras

Cℓ(V, F)∼= Cℓ(V/K , F)⊗
∧

•K .

The superalgebra Cℓ(V, F) is semisimple if and only if F is nondegenerate.
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2.2.1. Suppose F is nondegenerate, and write m for the dimension of V . We have

Cℓ(V, F)∼= Q(2n+1) if m = 2n + 1, Cℓ(V, F)∼= End(C2n−1
|2n−1

) if m = 2n.

Here Q(r) is the queer superalgebra, i.e., the associative subalgebra of End(Cr
|Cr ) consisting of the

matrices of the form
( A

B
B
A

)
.

It follows that Cℓ(V, F) is a simple superalgebra and admits a unique, parity invariant, irreducible
module when m is odd, while if m is even there are two irreducible modules that differ by parity.
Moreover, all (Z2-graded) Cℓ(V, F)-modules are completely reducible. For m ̸= 0, if E is an irreducible
representation of Cℓ(V, F) one has

dim E0 = dim E1 = 2⌊
m−1

2 ⌋.

2.2.2. For a nonnegative integer m, we write Cℓ(m) for the Clifford algebra Cℓ(Cm, F), where F is the
standard nondegenerate symmetric bilinear form on Cm . Clearly Cℓ(V, F)∼= Cℓ(m) if dim V = m and F
is nondegenerate.

2.2.3. Let A1, A2 be associative superalgebras and Vi be Ai -modules; we define the outer tensor product
V1 ⊠ V2 as the space V1 ⊗ V2 endowed by the A1 ⊗ A2-action

(a1, a2)(v1 ⊗ v2) := (−1)p(a2)p(v1)a1v1 ⊗ a2v2.

One has Cℓ(m)⊗Cℓ(n)∼= Cℓ(m +n); if V1 (resp., V2) are simple modules over Cℓ(m1) (resp., Cℓ(m2)),
then V1⊠V2 is a simple if either m1 or m2 is even, and if m1 and m2 are both odd then V1 ⊗V2 = L ⊕5L ,
where L is simple over Cℓ(n1 + m1).

2.3. Realization of the irreducible representation of Cℓ(2n). Consider C2n with standard basis e1, . . . , en ,
f1, . . . , fn , equipped with the symmetric nondegenerate form (−,−) satisfying:

(ei , f j )= δi j , (ei , e j )= ( fi , f j )= 0.

Consider the polynomial superalgebra L = C[ξ1, . . . , ξn] with odd generators ξ1, . . . , ξn . Then we may
realize L as an irreducible representation of Cℓ(2n) via ei 7→ ξi and f j 7→ ∂ξ j , i.e., ei acts by multiplication
by ξi and f j acts by the derivation sending ξi 7→ δi j . In this way we have defined a surjective morphism
Cℓ(2n)→ End(L) (in fact it is an isomorphism). Every irreducible representation of Cℓ(2n) is isomorphic
to L or 5L .

2.3.1. Continuing with the setup from Section 2.3, if we choose W a maximal isotropic subspace of
C2n , then

∧
•W acts on L , and under this action L is isomorphic to the exterior algebra of W under left

multiplication. Thus given two arbitrary irreducible representations of Cℓ(V ), they are isomorphic if and
only if the parities of the one-dimensional W -invariant subspaces of each are the same.
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2.4. The case Cℓ(2n + 1). Next we look at C2n+1 with nondegenerate symmetric form (−,−) and
basis e1, . . . , en , f1, . . . , fn , g. Here the inner product relations for the ei ’s and fi ’s are the same as in
Section 2.3, along with

(g, ei )= (g, f j )= 0, (g, g)= 2.

Consider the exterior algebra L = C[ξ1, . . . , ξn+1]. Then we may realize L as the unique irreducible
representation of Cℓ(2n + 1) by ei 7→ ξi , f j 7→ ∂ξ j , and g 7→ ξn+1 + ∂ξn+1 .

2.5. The operator T. Choose an orthonormal basis H1, . . . , Hm of Cm , and let T = H1 · · · Hm ∈ Cℓ(m).
This operator is an eigenvector of O(m) with weight given by the determinant. Thus it is well-defined up
to an orientation on V .

Let V be an irreducible representation of Cℓ(m). If m is odd, then 5V ∼= V , and EndC(V ) =

Cℓ(m) ⊕ Cℓ(m)δV (here we consider all endomorphisms), where δV (v) = (−1)p(v)v. In this case,
T = φδV , where φ is an odd Cℓ(m)-equivariant automorphism of V . If m is even, then V ̸∼=5(V ) and
Cℓ(m)= End(V ). In this case, T = (−1)nδV ∈ End(V ), where dim V = 2n.

3. Representation theory of quasitoral Lie superalgebras

3.1. h-modules. Take h as in Section 2.1: h is a finite-dimensional Lie superalgebra with

[t, h] = 0,

where t= h0. We call Lie superalgebras of this form quasitoral. For a semisimple t-module N , and ν ∈ t∗,
write Nν for the ν-weight space in N .

Denote by M(h) the full subcategory of h-modules N with diagonal action of t and finite-dimensional
weight spaces Nν . We set F(h) to be the full subcategory of M(h) consisting of those modules which
are finite-dimensional. The simple modules in M(h) and F(h) coincide. In this section we study the
questions of restriction, tensor product, and extensions of simple modules in M(h).

We denote by σ the antiautomorphism of U(h) induced by the antipode −Id |h (recall that antiautomor-
phism means σ(ab)= (−1)p(a)p(b)σ(b)σ (a)). This map induces the standard duality ∗ on F(h).

3.1.1. View U(h) as a Clifford algebra over the polynomial algebra S(t); the corresponding symmetric
bilinear form is given on h1 by the formula F(H, H ′)= [H, H ′

] (see Appendix in [9] for details).
For each λ ∈ t∗, the evaluation of F at λ gives a symmetric form Fλ : (H, H ′) 7→ λ([H, H ′

]). We
denote by rk Fλ the rank of this form. For each λ ∈ t∗ we consider the Clifford algebra

Cℓ(λ) := Cℓ(h1, Fλ)= U(h)/U(h)I (λ),

where I (λ) stands for the kernel of the algebra homomorphism S(t)→ C induced by λ. We will write
Kλ ⊆ h1 for the kernel of Fλ. Then we have an isomorphism of superalgebras

Cℓ(λ)∼= Cℓ(rank Fλ)⊗
∧

Kλ. (2)
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Denote by φλ : U(h) → Cℓ(λ) the canonical epimorphism, and pλ : Cℓ(λ) → Cℓ(λ)/(Kλ) for the
projection. Let ϕ : h→ h be an automorphism of Lie superalgebras, and write also ϕ for the corresponding
automorphism of U(h). Then for every λ, ϕ induces isomorphisms of algebras

ϕλ : Cℓ(λ)→ Cℓ(ϕ−1(λ)), ϕλ : Cℓ(λ)/Kλ → Cℓ(ϕ−1(λ))/(Kϕ−1(λ)).

We have the commutative diagram

U(h)

φλ

��

ϕ
// U(h)

φ
ϕ−1(λ)
��

Cℓ(λ)
ϕλ

//

pλ
��

Cℓ(ϕ−1(λ))

p
ϕ−1(λ)
��

Cℓ(λ)/(Kλ)
ϕλ

// Cℓ(ϕ−1(λ))/(Kϕ−1(λ))

(3)

For the anti-involution σ we also have the same diagram as above, where the induced maps σλ, σλ are
anti-algebra isomorphisms.

Lemma 3.1. (1) A Cℓ(λ)-module N is semisimple if and only if Annh1
N = Kλ.

(2) If N is an indecomposable Cℓ(λ)-module of length 2, then [N : C(λ)] = [N :5(C(λ))].

Proof. These follow from formula (2). □

3.1.2. Examples.

– If h is quasitoral such that h1 is commutative, then F is the zero form.

– For g = qn and h a maximal quasitoral subalgebra, one has dim h = (n|n) and h ∼= q1 × · · · × q1.
Thus in this case the form F is diagonal, and rk Fλ is the number of nonzero entries of λ under the
decomposition t ∼= (q1)0 × · · · × (q1)0.

– For g = sqn and h a maximal quasitoral subalgebra, one has dim h = (n|n − 1). In this case F is not
diagonal.

3.2. Irreducible h-modules. The irreducible h-modules all arise from irreducible modules over Cℓ(λ)
for some λ ∈ t∗. We denote by C(λ) a simple Cℓ(λ)-module and also view it as an h-module. For λ= 0
we fix the grading by taking C0 = C; for all other values of λ we fix a grading in an arbitrary way until
further notice. By the above,

dim C(λ)= 2nλ, where nλ :=

⌊
rank Fλ+1

2

⌋
,

{u ∈ h1 | uC(λ)= 0} = Kλ.
(4)

Set

Ii = {λ ∈ t∗ : rank Fλ ≡ i mod 2} for i = 0, 1. (5)
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Then C(λ) ∼= 5C(λ) if and only if λ ∈ I1; we will often use the notation 5(rank Fλ)/2C(λ), where
5(rank Fλ)/2C(λ) ∼= C(λ) ∼= 5C(λ) whenever rank Fλ is odd, and if rank Fλ is even it has the obvious
meaning.

3.3. Blocks of M(h) and F(h). The blocks of both M(h) and F(h) are parametrized up to parity shift
by λ ∈ t∗, as follows: If corank Fλ > 0, then there is one block of both M(h) and F(h) on which t acts
by the character λ; in both cases this block is equivalent to the category of finite-dimensional modules
over

∧
Kλ. If corank Fλ = 0 then for both categories there is one (resp., two) block(s) of h on which t

acts by λ when λ ∈ I1 (resp., λ ∈ I0), and the block(s) is (are) semisimple.

3.3.1. Remark. One can think of corank Fλ as the “atypicality” of its corresponding block. In particular
corank Fλ = 0 if and only if the block is semisimple and thus its objects are projective in M(h), and in
general the block corresponding to λ is equivalent to modules over a Grassmann algebra on corank(Fλ)-
many variables.

3.4. The operator Th. Let H1, . . . , Hn be a basis of h1, and define

Th = {H1, {· · · {Hn, 1} · · · } ∈ U(h)

where {x, y} = xy + (−1)x y yx denotes the super anticommutator in U(h). It is known that up to a scalar,
Th does not depend on the choice of a basis; see [8]. This operator anticommutes with h1, so the image
of a submodule under Th remains a submodule.

3.4.1. Action of Th on simples. The action of Th on simple h-modules is deduced from Section 2.5, and
is as follows. If corank Fλ > 0, then Th acts by 0. If corank Fλ = 0, then Th acts by an automorphism,
although not h-equivariantly. If n is odd, then Th is a nonzero multiple of δφ, where φ is an h-equivariant
odd automorphism. If n is even, Th is a nonzero multiple of δ.

In particular when n is even, T acts on C(λ) by an operator of the form

a(λ) Id(C(λ))0 ⊕(−a(λ)) Id(C(λ))1,

for a scalar a(λ). Thus T distinguishes between C(λ) and its parity shift for projective irreducible
modules.

3.4.2. Action of Th on all of M(h). Let corank Fλ > 0. Then the injective hull of C(λ) is given by the
Cℓ(λ)-module I (C(λ))= C(λ)⊗

∧
•Kλ. We claim that

(1) Th annihilates the radical of I (C(λ));

(2) Im Th = C(λ)= socle I (C(λ)).

In other words, Th acts by taking the head of this module to its socle. It follows that we understand
completely the action of Th on every module in M(h).

To prove our claim, choose a basis f1, . . . , fr of Kλ and extend it to a basis e1, . . . , es, f1, . . . , fr of
h1 so that Fλ(ei , e j )= δi j . Then the image of Th in Cℓ(h), up to scalar, is given by e1 · · · es f1 · · · fr . By
considering the action of this operator, the statement is clear.
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3.4.3. Remark. It is possible to uniformly choose the parity of irreducible h-modules as follows. We
consider a linear order on C given by c2 > c1 if the real part of c2 − c1 is positive or the real part is zero
and the imaginary part is positive. We fix any function

t : t∗ → {c ∈ C | c > 0}.

Retain the notation from Section 3.1.1. For each λ we choose Tλ ∈ U(h) in such a way that

T λ = pλ ◦φλ(Tλ) ∈ Cℓ(λ)/Kλ

is an anticentral element satisfying T 2
λ = t (λ)2 (the element T λ is unique up to sign).

If λ ∈ I0, then Tλ is even and it acts on C(λ) by a nonzero superconstant ±t (λ) and we fix a grading
on C(λ) by taking

(C(λ))0 := {v ∈ C(λ) | Tλv = t (λ)v}.

3.4.4. Dualities in F(h). Fix λ ∈ t∗. The category F(h) has the duality ∗ induced by σ , and another
contragredient involution (−)# : F(h)→ F(h) induced by the antiautomorphism σ ′(a) = a for a ∈ h0

and σ ′(a)=
√

−1a for a ∈ h1. Note that σ ′ induces an anti-involution on Cℓ(λ).
The element T λ can be written as the product H ′

1 . . . H ′

k , where H ′

1, . . . , H ′

k is a lift of a basis of
Cℓ(λ)/Kλ satisfying [H ′

i , H ′

j ] = 0 for i ̸= j . Therefore T λ = (−1)(rank Fλ)/2σ ′(T λ) for λ ∈ I0; this gives
the following useful formula

C(λ)# ∼=5(rank Fλ)/2C(λ); (6)

which was first established in [7], Lemma 7.
Since σλ : Cℓ(λ)/Kλ → Cℓ(−λ)/K−λ is an anti-isomorphism we have σλ(T λ)

t (λ)
= (−1)i T −λ

t (−λ)
for some

i ∈ {0, 1}, and correspondingly C(λ)∗ ∼=5i C(−λ).

3.5. Restriction to quasitoral subalgebra. Given a quasitoral subalgebra h′
⊆ h, we have t′ = h′

0
⊆ h0 = t.

Thus we have a natural restriction t∗ → (t′)∗, and therefore we consider weights λ∈ t∗ as defining weights
in (t′)∗ naturally. We write F ′

λ for the bilinear form induced on h′

1
by a given weight λ ∈ t∗, which is

exactly the restriction of Fλ to h′

1
.

Let Cℓ′(λ) be the subalgebra of Cℓ(λ) which is generated by h′

1
; clearly, Cℓ′(λ)= Cℓ(h′

1
, F ′

λ). Denote
by E ′(λ) a simple Cℓ′(λ)-module.

Proposition 3.1. Write V ′
= h′

1
and V = h1.

(i) C(λ) is simple over Cℓ′(λ) if and only if
⌊ rank Fλ+1

2

⌋
=

⌊ rank F ′

λ+1
2

⌋
.

(ii) C(λ) is semisimple over Cℓ′(λ) if and only if Ker F ′

λ = V ′
∩ Ker Fλ.

(iii) If rank Fλ ̸= rank F ′

λ, then [C(λ) : E ′

λ] = [C(λ) :5E ′

λ].

Proof. Case (i) follows from (4) and case (ii) follows from part (ii) of Lemma 3.1.
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For (iii) assume that rank Fλ ̸= rank F ′

λ. Substituting h by h/Ker Fλ we may assume that Ker Fλ =

0 ̸= Ker F ′

λ. Then h1 admits a basis H ′

1, . . . , H ′
m such that V ′ is spanned by H1, . . . , H ′

p and the matrix
of Fλ takes the form 

Idp−s 0 0 0
0 0 Ids 0
0 Ids 0 0
0 0 0 Idk


with k+s+ p = m, k, s ≥ 0 and k+s> 0 (since V ′

̸= V ). Note that Ker F ′

λ is spanned by Hp+1, . . . , H ′
p+s

and so E ′

λ is a simple Cℓ(p − s)-module. If k ̸= 0, then the action of H ′

k to C(λ) is an odd involutive
Cℓ′(λ)-homomorphism, so ResCℓ′(λ) C(λ) is 5-invariant. Consider the remaining case k = 0. Then
s ̸= 0 and Cℓ(λ) = Cℓ(p − s)⊗ Cℓ(2s). Using 2.2.3 we get C(λ) ∼= E ′

λ ⊠ E ′′, where E ′′ is a simple
Cℓ(2s)-module. By the above, dim E ′′

0
= dim E ′′

1
. Hence ResCℓ(p−s) C(λ) is 5-invariant, that is

[C(λ) : E ′

λ] = [C(λ) :5E ′

λ]

as required. This establishes (iii). □

3.6. Tensor product of irreducible h-modules. Let λ,µ ∈ t∗. We compute C(λ)⊗ C(µ). Observe that
C(λ)⊗ C(µ) is naturally a module over Cℓ(h1/Kλ ∩ Kµ, Fλ+µ) and Kλ ∩ Kµ ⊆ Kλ+µ. Set

Kλ,µ := Kλ+µ/(Kλ ∩ Kµ).

We have an isomorphism of superalgebras

Cℓ(h1/Kλ ∩ Kµ, Fλ+µ)∼= Cℓ(h1/Kλ+µ, Fλ+µ)⊗
∧

Kλ,µ.

Lemma 3.2. C(λ)⊗ C(µ) is projective over Cℓ(h1/(Kλ ∩ Kµ), Fλ+µ).

Proof. It suffices to show that
∧

Kλ,µ acts freely. Let v ∈ Kλ,µ. Then without loss of generality v /∈ Kλ,
so the subalgebra generated by v acts projectively on C(λ), and thus also on the tensor product. The
statement now follows from facts about the representation theory of exterior algebras (see [1]). □

3.6.1. Notice that the unique (up to parity) indecomposable projective module P over
∧

Kλ,µ is the
free module of rank 1. Thus we have shown that C(λ) ⊗ C(µ) is a sum of modules of the form
(5)C(λ+µ)⊗

∧
Kλ,µ.

If the rank of either Fλ or Fµ is odd, or the rank of Fλ+µ is odd, then the tensor product C(λ+µ)⊗ P
is parity invariant, so the explicit decomposition of C(λ)⊗ C(µ) is the appropriate number of copies of
C(λ+µ)⊗ P and its parity shift, according to a dimension count.

3.6.2. Thus let us suppose that rank Fλ, rank Fµ, and rank Fλ+µ are all even and we have rank Fν = 2nν
for ν = λ,µ, λ+µ.

By Section 2.3, we may realize C(λ) as k[ξ1, . . . , ξn] and C(µ) as k[η1, . . . , ηm], so that

C(λ)⊗ C(µ)= k[ξ1, . . . , ξn, η1, . . . , ηm].
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Now choose a maximal isotropic subspace U for Fλ+µ in h1. Then the parity decomposition of C(λ)⊗C(µ)
is described by the U -invariants on this space. Let u ∈ U . Then because u2 acts trivially on this module,
its action on the tensor product is given by (using Section 2.3)

u 7→

n∑
i=1

ai X i +

m∑
j=1

b j Y j ,

where ai , b j ∈ C, and X i ∈ {ξi , ∂ξi } and Y j ∈ {η j , ∂η j }. Further, because [U,U ] acts trivially, we can
choose X1, . . . , Xn and Y1, . . . , Ym uniformly so that every element of U acts in the way described for
u, with potentially different coefficients ai and b j . Now, suppose that X i = ξi for some i . Define an
odd, linear automorphism si of k[ξ1, . . . , ξn] as follows. For J = {i1, . . . , i|J |} ⊆ {1, . . . , n} \ {i}, write
ξJ = ξi1 · · · ξi| j | , and then set

si (ξJ )= ξiξJ , si (ξiξJ )= ξJ .

Then under this automorphism, multiplication by ξi becomes ∂ξi and vice versa, while for i ̸= j , ∂ξ j and
multiplication by ξ j become negative themselves. Using this automorphism, we may instead assume
that X i = ∂ξi , and in this way we may assume that X i = ∂ξi for all i , and Y j = ∂η j for all j . Thus
U acts by a subspace of constant coefficient vector fields on k[ξ1, . . . , ξn, η1, . . . , ηm]. Write Z ⊆

⟨ξ1, . . . , ξn, η1, . . . , ηm⟩ for the invariants of U in this subspace. Then

(C(λ)⊗ C(µ))U =
∧

• Z .

Thus we have shown the following, still with nλ :=
⌊rank Fλ+1

2

⌋
:

Theorem 3.1. If nλ+µ + dim Kλ,µ = nλ + nµ, then up to parity C(λ)⊗ C(µ) ∼= C(λ+ µ)⊗
∧

Kλ,µ.
Otherwise

C(λ)⊗ C(µ)= (C(λ+µ)⊗
∧

Kλ,µ)⊗ C2a
|2a
.

where a = (nλ + nµ − nλ+µ)/2 − dim Kλ,µ.

Corollary 3.1. The module C(λ)⊗ C(µ) is 5-invariant except for the case when Kλ, Kµ, Kλ+µ have
even codimensions in h1 and

h1 = Kλ + Kµ + Kλ+µ.

Proof. Note that 5(C(λ)) = C(λ)⊗5(C) ∼= C(λ) implies 5(C(λ)⊗ C(µ)) ∼= C(λ)⊗ C(µ). On the
other hand, if codim Ker Fλ+µ is odd, then any g1/Kλ+µ-module is 5-invariant. Therefore C(λ)⊗ C(µ)
is 5-invariant if at least one of the numbers codim Kλ, codim Kµ, codim Kλ+µ is odd. Now assume that
these numbers are even. Note that Kλ ∩ Kµ = Kλ+µ ∩ Kµ = Kλ ∩ Kλ+µ. and set

mλ,µ := dim(Kλ ∩ Kµ), rλ := dim Kλ/(Kλ ∩ Kµ), rµ := dim Kµ/(Kλ ∩ Kµ).

Assume that C(λ)⊗ C(µ) is not 5-invariant. By Theorem 3.1 in this case

nλ+µ + dim Kλ,µ = nλ + nµ.
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One has
nλ =

⌊
codim Kλ+1

2

⌋
=

codim Kλ

2
=

dim h1−rλ−mλ,µ

2

with similar formulae for nµ and nλ+µ =
n−dim Kλ,µ−mλ,µ

2
. This gives

dim Kλ,µ + mλ,µ + rλ + rµ = dim h1,

as required. □

4. The irreducible modules L(λ) of g

We now return to the setting of Section 2.1, so that g denotes a Lie superalgebra containing a finite-
dimensional quasitoral subalgebra h. Choose a triangular decomposition g= n−

⊕h⊕n as in Section 2.1.2.

4.1. Highest weight modules. We call a g-module N a module of highest weight λ if Nλ ̸= 0 and Nν ̸= 0
implies ν ≤ λ.

View C(λ) as a b-module with the zero action of n and set

M(λ) := Indgb C(λ);

the module M(λ) has a unique simple quotient, which we denote by L(λ). Each simple module of highest
weight λ is isomorphic to L(λ) if rank Fλ is odd (i.e., if λ ∈ I1); if rank Fλ is even (i.e., if λ ∈ I0), each
simple module of highest weight λ is isomorphic to either L(λ) or to 5L(λ), and these modules are not
isomorphic.

Note that t acts diagonally on M(λ) and all weight spaces M(λ)ν are finite-dimensional (since we
assume all weight spaces U(n−)ν are finite-dimensional); in particular, Resgh M(λ) lies in M(h).

4.2. Duality. In many cases the antiautomorphism (−)# introduced in Section 3.4.4 can be extended
to an antiautomorphism of g which satisfies (a#)# = (−1)p(a)a. Using this antiautomorphism we can
introduce a contragredient duality on g-modules N satisfying Resgh N ∈ M(h), in such a way that
Resgh N #

= (Resgh N )#. The map N −→∼ (N #)# is given by v 7→ (−1)p(v)v. By (6), L(λ)# ∼= L(λ)∼=5L(λ)
for λ ∈ I1 and

L(λ)# ∼=5(rank Fλ)/2L(λ) for λ ∈ I0. (7)

The antiautomorphism (−)# exists for Kac–Moody superalgebras. For gl(m|n) the antiautomorphism
(−)# can be given by the formula a#

:= at for a ∈ g0 and a#
:=

√
−1at for a ∈ g1 (where at stands

for the transposed matrix); this antiautomorphism on gl(n|n) induces (−)# for the queer superalgebras
qn, sqn, pqn, psqn .

4.2.1. Remark. The duality (−)# can be defined using a “naive antiautomorphism”, i.e., an invertible map
σ ′

: g → g satisfying σ ′([a, b])= [σ ′(b), σ ′(a)] via the formula g. f (v) := f (σ (g)v) for g ∈ g, f ∈ N ∗

and v ∈ N . This was done in [9] and [7].
Consider the map θ ′

: g→ g given by θ ′(g)= (
√

−1)m g, where m = 0 for g ∈ g0 and m = 1 for g ∈ g1.
If σ ′ is a “naive antiautomorphism”, then σ ′θ ′ is an antiautomorphism.
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5. Grothendieck rings and (super)character morphisms

Let C be a full subcategory of the category of g-modules. In this paper we always assume that all
modules in C are of finite length and that C is a dense subcategory, i.e., for every short exact sequence
0 → M ′

→ M → M ′′
→ 0 the module M lies in C if and only if M ′,M ′′ lie in C. In addition, we usually

assume that 5C = C.
If B is a super ring, we set BQ := B ⊗Z Q.

5.1. Grothendieck groups. We denote by K (C) the Grothendieck group of C, which is the free abelian
group generated by Ngr for each module N in C, modulo the relation that [N ] = [N ′

] + [N ′′
] whenever

0 → N ′
→ N → N ′′

→ 0 is a short exact sequence in C. When 5C = C, we define the structure of a
Z[ξ ]/(ξ 2

− 1)-module on K (C) by setting ξNgr :=5(N )gr for N ∈ C. Set K±(C) := K (C)/(ξ ∓ 1).
We call the group K−(C) := K (C)/(ξ + 1) the reduced Grothendieck group. We denote by Ngr,± the

image of Ngr in K±(C); later we will use [N ] for Ngr,−.
Note that K (C) is an abelian group, so K±(C) are also abelian groups.

5.1.1. We denote by Irr(C) the set of isomorphism classes of irreducible modules in C modulo 5 and
write

Irr(C)= Irr(C)0
∐

Irr(C)1,

where L ∈ Irr(C)0 if 5(L) ̸∼= L and L ∈ Irr(C)1 if 5(L)∼= L .
By our assumptions on C, K (C) a free Z-module with a basis

{Lgr, ξLgr | L ∈ Irr(C)0}
∐

{Lgr | L ∈ Irr(C)1}.

5.1.2. The group K+(C) is a free Z-module with a basis {Lgr,+|L ∈ Irr(C)}.

5.1.3. The reduced Grothendieck group. One has

K−(C)= K−(C)free ⊕ K−(C)2-tor, (8)

where K−(C)free is a free Z-module with a basis {Lgr,− | L ∈ Irr(C)0} and K−(C)2-tor is a free Z/2Z-module
with a basis {Lgr,− | L ∈ Irr(C)1}.

Proposition 5.1. (1) The natural map ψ : K (C)→ K−(C)× K+(C) is an embedding.

(2) The image of ψ is the subgroup consisting of the pairs( ∑
L∈Irr(C)

mL Lgr,+,
∑

L∈Irr(C)

nL Lgr,−

)
,

where mL , nL ∈ Z with mL ≡ nL mod 2 for all L and nL ∈ {0, 1} for L ∈ Irr(C)1.

(3) The map ψ induces an isomorphism

K (C)Q −→∼ K−(C)Q × K+(C)Q.
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Proof. For (i) take a ∈ K (C)(ξ − 1)∩ K (C)(ξ + 1). Then a = a+(ξ − 1)= a−(ξ + 1) for a± ∈ K (C).
Using ξ 2

= 1 we obtain

2a+(1 − ξ)= a+(ξ − 1)2 = a−(ξ
2
− 1)= 0.

Since K+(C) is a free Z-module this gives a+(ξ − 1)= 0, so a = 0. This establishes (i).
Assertion (ii) follows from the fact that the subgroup generated by the pairs ψ(Lgr)= (Lgr,+, Lgr,−)

and ψ(5Lgr)= (Lgr,+,−Lgr,−) for all L ∈ Irr(C) coincides with the subgroup described in (ii).
Finally, (iii) follows from (ii). □

5.1.4. Grothendieck rings. If C is closed under ⊗, then K (C),K±(C) are commutative rings with unity
and ψ in Proposition 5.1 is a ring homomorphism. In this case K−(C)2-tor is an ideal in K−(C).

If C is rigid, K (C) is equipped by an involution ∗ and K±(C) and K−(C)free,K−(C)2-tor are ∗-invariant.

5.2. The map chh,ξ . Let g′ be a subalgebra of g and let C′ be a category of g′ modules such that restriction
induces a functor Resgg′ : C → C′. For a suitable category C′ for g′-modules, this functor induces a map
resg′ : K (C)→ K (C′) which is very useful if K (C′) is simple enough. Below we consider this map for
the cases when g′

= t is a maximal toral subalgebra and for g′
= gt = h, a maximal quasitoral subalgebra.

As we will see below, resh is an embedding if C is “nice enough”; in this case rest induces an embedding
K+(C)→ K+(M(t)) and this map is given by the usual (nongraded) characters.

5.2.1. Let h be quasitoral, and let R̃(h) be the Z[ξ ]-module consisting of the sums∑
ν∈I0

(mν + kνξ)[C(ν)] +
∑
ν∈I1

mν[C(ν)], mν, kν ∈ Z,

with the ξ -action given by

ξ
( ∑
ν∈I0

(mν + kνξ)[C(ν)] +
∑
ν∈I1

mν[C(ν)]
)

=
∑
ν∈I0

(mνξ + kν)[C(ν)] +
∑
ν∈I1

mν[C(ν)]. (9)

For N ∈ M(h) we introduce

chh,ξ (N ) :=
∑
ν∈I0

(mν + kνξ)[C(ν)] +
∑
ν∈I1

mν[C(ν)] ∈ R̃(h)

where mν := [Nν : C(ν)] and kν := [Nν :5(C(ν))].
This defines a linear map chh,ξ : K (M(h))→ R̃(h), which we refer to as the graded h-character of N .

We denote by sch N the image of chh,ξ in R̃(h)/R̃(h)(ξ + 1). Then

schh(N ) :=
∑
ν∈I0

(mν − kν)[C(ν)] +
∑
ν∈I1

m′

ν[C(ν)]

where m′
ν = 0 if mν is even and m′

ν = 1 if mν is odd.

Lemma 5.1. The maps [N ] → chh,ξ N and [N ] → schh N define isomorphisms K (M(h))→ R̃(h) and
K−(M(h))→ R̃(h)/R̃(h)(ξ + 1), respectively. These maps are compatible with (−)#.
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5.2.2. Note: Because of this lemma, we will subsequently do away with the notation R̃(h) and instead
directly identify K (M(h)) (and K−(M(h))) with the corresponding spaces R̃(h) (and R̃(h)/R̃(h)(1+ξ))
as presented above.

Proof of Lemma 5.1. We show that chh,ξ is an isomorphism, with the result for schh following easily.
Clearly chh,ξ is surjective, so it suffices to prove injectivity. First we observe that for N in M(h), we
have the following equality in the Grothendieck ring K (M(h)):

[N ] =

[ ⊕
ν∈I0

(
C(ν)⊕mν ⊕5C(ν)⊕kν

)
⊕

⊕
ν∈I1

C(ν)mν

]
.

This simply follows from the fact that N has finite Loewy length, since this is true for the algebras Cℓ(λ).
It is not difficult to see that a basis of K (M(h)) is given by elements of the form[ ⊕

ν∈I0

(
C(ν)⊕mν ⊕5C(ν)⊕kν

)
⊕

⊕
ν∈I1

C(ν)mν

]
,

where mν, kν ∈ N. From this the isomorphism easily follows. Compatibility with (−)# is obvious. □

Corollary 5.1. (1) One has chh,ξ 5N = ξ chh,ξ N , schh5N = − schh N.

(2) For λ ∈ I1 one has schh L(λ)=
∑
µ∈I1

mµ[C(µ)].

(3) If g admits (−)# as in Section 4.2, then the coefficient of [C(ν)] in schh L(λ) is zero if rank Fλ, rank Fν
are even and rank Fν ̸≡ rank Fλ mod 4.

Proof. The assertions follow from (5) and (7). □

The next corollary is a direct generalization of [25], Proposition 4.2.

Corollary 5.2. Let C be a full subcategory of g-modules with the following properties: each module in C
is of finite length and is locally finite over b, and the restriction to h lies in M(h). Then the map Resgh
induces injective maps chh,ξ : K (C) ↪→ K (M(h)) and schh : K−(C) ↪→ K−(M(h)).

Proof. Let us check the injectivity of the first map chh,ξ : K (C)→ K (M(h)). Any simple module in C
is L(λ) or 5(L(λ)) for some λ ∈ t∗. Since every module in C has finite length, K (C) is a free Z-module
spanned by [L(λ)], ξ [L(λ)] for λ ∈ I0 and [L(λ)] for λ ∈ I1. Assume that

chh,ξ
( s∑

i=1
(mi + kiξ)[L(λi )]

)
= 0,

where ki = 0 for λi ∈ I1 and γ (λ1) is maximal among γ (λi ) for i = 1, . . . , s. Then for i = 2, . . . , s one
has L(λi )λ1 = 0, so the coefficient of [C(λ1)] in cht([L(λi )] is zero. Hence (m1 + k1ξ)[L(λ1)] = 0. This
gives m1 = k1 = 0 and implies the injectivity of chh,ξ . The injectivity of schh easily follows. □
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5.3. Example. The category of finite-dimensional g-modules F in(g) is a rigid tensor category with the
duality N 7→ N ∗ given by the antiautomorphism −Idg. Note that the Grothendieck ring K (F in(g)) is a
commutative ring with a basis {[L]}, where L runs through isomorphism classes of finite-dimensional
simple modules. Corollary 5.2 gives an embedding chh,ξ : K (F in(g)) ↪→ K (F in(h))) ([M] 7→ chh,ξ M)
which is a ring homomorphism. By abuse of notation we will also denote the image of this homomorphism
by K (F in(g)).

The duality induces an involution on K (F in(g)), which we also denote by ∗. One has ξ∗
= ξ . The

homomorphism chh,ξ : K (F in(g)) ↪→ K (F in(h)) is compatible with ∗, so K (F in(g)) is a ∗-stable
subring of K (F in(h)).

5.3.1. Remark. Let g be a Kac–Moody superalgebra (so t = h) and let 3int ⊂ h∗ be a lattice containing
1(g) such that the parity p :1→ Z2 = {0, 1} can be extended to p :3int → Z2. Assume, in addition,
that for the category C, each N ∈ C has Nν = 0 if ν ̸∈3int.

Then C = C+ ⊕5(C+), where N ∈ C lies in C+ if and only if Nν ⊂ Np(ν). We have that

K (C)= K (C+)× Z[ξ ]/(ξ 2
− 1).

and thus one can recover K (C) from K (C+); however we note that C+ is not 5-invariant.
Further, we have in this case that K−(C)∼= K+(C)∼= K (C+). If C is a tensor category, then C+ is also

a tensor category (but 5(C+) is not). In [25], Sergeev and Veselov described the ring K (C+) for the
finite-dimensional Kac–Moody superalgebras.

5.4. The ring K (h). Let h be quasitoral. We write K (h) := K (F in(h)). The map [N ] 7→ chh,ξ N
introduced in Section 5.2 gives an isomorphism of K (h) and the free Z-module spanned by [C(ν)],
ξ [C(ν)] for i ∈ I0 and [C(ν)] for i ∈ I1. We view K (h) as a commutative algebra endowed with the
involutions (−)∗ and (−)#. One has C(λ) ∈ Irr(C)i if and only if λ ∈ Ii .

One has [E0] = 1, [5(E0)] = ξ and

[C(λ)]∗ ∈ {[C(−λ)], ξ [C(−λ)]}, [C(λ)]#
= ξ (rank Fλ)/2[C(λ)], for λ ∈ I0

ξ [C(λ)] = [C(λ)], [C(λ)]∗ = [C(−λ)], [C(λ)]#
= [C(λ)], for λ ∈ I1.

(10)

5.4.1. The multiplication in K+(h) is given by

C(λ)gr,+C(ν)gr,+ =
dim C(λ) dim C(ν)

dim C(λ+ ν)
C(λ+ ν)gr,+.

Let Z[eν, ν ∈ t∗] be the group ring of t∗. For N ∈ M(h) we set

cht N :=

∑
ν∈t∗

dim Nνeν .

The map N 7→ cht N induces an embedding K+(h) ↪→ Z[eν, ν ∈ t∗]. The image is the subring of elements∑
ν mνeν where mν is divisible by dim C(ν), and we have an isomorphism K+(h)Q −→∼ Q[eν, ν ∈ t∗].
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5.5. Spoiled superalgebras. We call a Z-superalgebra A = A0 ⊕ A1 spoiled if 2A1 = A2
1
= 0. Given a

superalgebra B, we make it into a spoiled superalgebra Bspoil by setting, as a ring,

Bspoil
=

(
B ⊗Z Z[ε]/(ε2, 2ε)

)
0 .

Here ε is an element of degree 1. The Z2-grading on Bspoil is declared to be Bspoil
0

= B0 and Bspoil
1

= B1ε.
We observe that

Bspoil
Q

:= (B0)Q.

5.5.1. The algebra K−(h). From now on we will write [M] in place of Mgr,−. Using Corollary 3.1 we
obtain that in K−(h) we have the following multiplication law:

[C(ν)][C(λ)] =

{
±[C(λ+ ν)] if rank Fλ + rank Fν = rank Fλ+νand rank Fλ · rank Fν ≡ 0 mod 2,
0 otherwise.

As a result, K−(h) is Z-graded algebra

K−(h)=

∞⊕
i=0

K−(h)i (11)

where K−(h)i is spanned by [C(ν)] with rank Fν = i . We consider the corresponding Z2-grading

K−(h)0 :=

∞⊕
i=0

K−(h)2i , K−(h)1 :=

∞⊕
i=0

K−(h)2i+1.

One has K−(h)1 · K−(h)1 = 0 and 2K−(h)1 = 0, so that K−(h) is a spoiled algebra. The following
corollary is clear.

Corollary 5.3. (1) The algebra K−(h) is a spoiled superalgebra with

K−(h)0 =

∞⊕
i=0

K−(h)2i = K−(h)free, K−(h)1 =

∞⊕
i=0

K−(h)2i+1 = K−(h)2-tor.

(2) The algebra K (h) is isomorphic to a subalgebra of Z[eν, ν ∈ t∗] × K−(h) consisting of( ∑
ν∈t∗

m+

ν dim C(ν)eν,
∑
ν∈I0

m−

ν [C(ν)] + ε
∑
ν∈I1

m−

ν [C(ν)]
)

where m±
ν ∈ Z are equal to zero except for finitely many values of ν, m+

ν ≡ m−
ν modulo 2 and

m−
ν ∈ {0, 1} for ν ∈ I1.

(3) The algebra K (h)Q is isomorphic to Q[eν, ν ∈ t∗] × K−(h)Q.

5.5.2. For the rest of this section we set K (g) := K (F in(g)), where g is as in Section 4. Let ψ±(g) :

K (g) → K±(g) be the canonical epimorphisms. By Proposition 5.1, ψ+ × ψ− gives an embedding
K (g) ↪→ K+(g)× K−(g).

We will use the following construction: for any subsets A± ⊂ K±(h) we introduce

A+ ×
K (h)

A− := {a ∈ K (h) | ψ±(a) ∈ A±}.

Note that A+ ×
K (h)

A− is a subring of K (h) if A± are rings.
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Lemma 5.2. Let A be a Z[ξ ]-submodule of K (h) with the following property: if a ∈ K (h) and 2a ∈ A,
then a ∈ A. Then

A = ψ+(A) ×
K (h)

ψ−(A).

Proof. Take a ∈ K (h) such that ψ±(a)∈ψ±(A). Then A contains a −c(1−ξ) for some c ∈ K (h). Since
A is a Z[ξ ]-submodule, A contains (1 + ξ)(a − c(1 − ξ))= (1 + ξ)a. Similarly, A contains (1 − ξ)a, so
2a ∈ A. Then the assumption gives a ∈ A as required. □

Corollary 5.4. K (g)= K+(g) ×
K (h)

K−(g).

Proof. Recall by Corollary 5.2 that K (g) is a Z[ξ ]-subring of K (h). Take a ∈ K (h) with 2a ∈ K (g).
Write

2a =

∑
λ∈P+(g)

mλ chh,ξ L(λ)=

∑
ν

2m′

ν[C(ν)]

where mλ,m′
ν ∈ Z[ξ ], and P+(g) is the set of dominant weights of g. Let λ be maximal such that mλ ̸= 0.

Then mλ = 2m′

λ, so we may subtract 2L(λ)gr, and conclude by induction. □

5.6. Equivariant setting. Suppose that G is a finite group which acts on a quasitoral superalgebra h by
automorphisms. Our main example of this setup is when we consider quasireductive Lie superalgebras in
Section 7.1, and G is the Weyl group.

The group G then acts naturally on K (h) by twisting, i.e., g · Vgr = V g
gr for an h-module V . This

descends to a natural action of G on K−(h). Suppose that ν ∈ t∗ and g ∈ G such that gν = ν. Then we
have either g · C(ν)gr = C(ν)gr or g · C(ν)gr = ξC(ν)gr. It follows that on the reduced Grothendieck ring
we have g · [C(ν)] = ±[C(ν)]. Thus StabG[C(ν)] ⊆ StabG ν. Define

t∗G = {ν ∈ t∗ : StabG[C(ν)] = StabG ν}.

We observe that t∗G is a nonempty, G-stable cone in t∗. It need not be open or closed, and it may consist
only of 0. It is clear that I1 ⊆ t∗G .

Let ν ∈ t∗. We introduce the grading on C(ν) in the way described in Section 3.4.3. Since T ν is
proportional to a product of a basis elements in h1/Kλ, one has

g(T ν)= det(g|h1/Kν
)T ν for each g ∈ StabW ν. (12)

Since g is acting by an orthogonal transformation on h1/Kν we have det(g|h1/Kν
)= ±1. Therefore for

ν ∈ I0 and g ∈ StabG ν we have

g[C(ν)] = det(g|h1/Kν
)[C(ν)].

Corollary 5.5. (1) We have t∗G ∩ I0 = {ν ∈ I0 : det(g|h1/Kν
)= 1 for all g ∈ StabG ν}.

(2) For ν ∈ t∗G , the element

aν :=

∑
g∈G/StabG ν

g[C(ν)]



2388 Maria Gorelik, Vera Serganova and Alexander Sherman

is nonzero and well-defined.

(3) The algebra K−(h)
G is naturally a spoiled superalgebra; the even part has a Z-basis given by aν

for a choice of coset representatives ν ∈ t∗G ∩ I0/G. The odd part has a Z2-basis given by aν for a
choice of coset representatives ν ∈ I1/G.

6. h-supercharacters of some highest weight g-modules

We continue to write [N ] for the image a module N in the corresponding reduced Grothendieck group.
Fix a triangular decomposition g= n−

⊕h⊕n+ coming from γ : t∗ → R as in Section 4, and consider
the corresponding category O with respect to b= h⊕n+. To be precise, O consists of all finitely generated
g-modules which are weight modules and n-locally finite. We take M(λ) as in Section 4.1. For weights
λ,µ ∈ t∗ we write λ ∼0 µ if L(λ) is a composition factor of M(µ); then we let ∼ be the equivalence
relation on t∗ generated by ∼0.

The goal of this section is to prove Theorem 6.1, which in some sense is the best version of Theorem 1.1
that holds in great generality. The idea is to enforce assumptions that guarantee that all Verma modules
with highest weights lying in a fixed equivalence class of interest have an especially nice h-supercharacter.

6.1. Notation. Let a′
⊆ a be Lie superalgebras, L ′ a simple a′-module, and N an a-module such that

Resaa′ N has a finite length. Set

smult(N : L ′) :=

{
[Resaa′ N : L ′

] − [Resaa′ N :5L ′
] if L ′

̸∼=5L ′

[Resaa′ N : L ′
] mod 2 if L ′ ∼=5L ′.

(13)

If Resgh N ∈ M(h) we set

�(N ) := {µ ∈ t∗|Nµ ̸= 0}, s�(N ) := {µ ∈ t∗| smult(Nµ : C(µ)) ̸= 0}. (14)

Then
schh N =

∑
ν∈s�(N )

smult(Nν : C(ν))[C(ν)].

6.2. On schh M(λ). For ν ∈ Q− we have an isomorphism of h-modules:

M(λ)λ+ν ∼= U(n−)ν ⊗ C(λ).

By Theorem 3.1 , schh(C(ν)⊗ C(λ)) ̸= 0 implies dim C(ν) · dim C(λ)= dim C(λ+ ν). Therefore

s�(M(λ))⊂
{
ν ∈ t∗ | dim C(ν) · dim C(λ)= dim C(λ+ ν)

}
. (15)

Corollary 6.1. Assume that Fν ̸= 0 for ν ∈ Q−
\{0}. If corank Fλ≤ 1 and dim h1 is even, or corank Fλ= 0,

then
schh M(λ)= schh C(λ).

Proof. If corank Fλ = 0, or corank Fλ = 1 and dim h1 is even, then dim C(λ)≥ dim C(λ+ ν) for any ν,
so the formula follows from (15). □
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6.3. schh L(λ) when corank Fλ ≤ 1. We make the following assumptions on our triangular decomposi-
tion:

(A1) Setting Q−
= N1−, we have that γ (Q−)⊆ R− is discrete.

(A2) One has Fν ̸= 0 for each ν ∈ Q−
\ {0}.

(A3) For λ ∈ t∗ such that corank Fλ ≤ 1, we have that M(λ) has finite length as a g-module. (One can
weaken this to assume that it admits a local composition series in the sense of [4].)

Theorem 6.1. Let 3⊂ t∗ be an equivalence class of ∼ such that

(A4) corank Fλ ≤ 1 for each λ ∈3 if dim h1 is even, and otherwise corank Fλ = 0 for each λ ∈3.

Then for each λ ∈3 one has
schh L(λ)=

∑
µ∈3

mµ schh C(µ) (16)

for some mµ ∈ Z.

Proof. Assume that the assertion does not hold. Take (µ,µ′) such that γ (µ′
−µ) is maximal with the

properties
µ ∈3, µ′

̸∈3, schh L(µ)µ′ ̸= 0

(the existence of such a pair follows from (A1)).
By (A3), in the Grothendieck ring of g we may write

[L(µ)] = [M(µ)] −

∑
ν∈Q−

\{0}

µ+ν∈3

aµν[L(µ+ ν)]

where aµν ∈ N. We may map the above formula to the Grothendieck ring of h-modules via restriction,
and thus learn that

schh L(µ)µ′ = schh M(µ)µ′ −

∑
ν∈Q−

\{0}

µ+ν∈3

schh L(µ+ ν)µ′ .

By (15), schh M(µ)µ′ = 0 and the maximality of γ (µ′
− µ) implies schh L(µ + ν)µ′ = 0. Hence

schh L(µ)µ′ = 0, a contradiction. □

We will see in Section 9 that Theorem 6.1 holds for any irreducible highest weight representation of
qn , without restrictions on corank Fλ.

7. On K−(g) in the case when g is quasireductive

In this section we assume g is quasireductive, i.e., g is finite-dimensional, g0 is reductive, and g1 is a
semisimple g0-module (see [22], [18], and [15] for examples and a partial classification of such algebras).
The maximal toral subalgebras t in g0 are the Cartan subalgebras in g0, and the maximal quasitoral
subalgebras h in g are the Cartan subalgebras in g; all such subalgebras are conjugate to one another
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by inner automorphisms because the same is true on the even part (see [14]). We fix such t and h. Let
P(g)⊂ t∗ be the set of weights appearing in finite-dimensional g-modules, which is the same as the set
of weights appearing in finite-dimensional g0-modules. We fix a positive system of roots on g, and thus
also on g0. We denote by P+(g) the set of dominant weights, i.e.,

P+(g) := {λ ∈ t∗ | dim L(λ) <∞}.

We have
P(g)= P+(g)+ Z1= P+(g0)+ Z10.

Write C for the subcategory of F(h) consisting of modules with weights lying in P(g).

7.1. On schh(F(g)). Define F(g) to be the full subcategory of F in(g) consisting of modules which are
semisimple over g0.

The Weyl group W of g0 acts naturally on h, and thus we are in the setup of Section 5.6; we refer to
that section for the definition of t∗W . We see that W preserves the subcategory C. We set

P(g)′ = t∗W ∩ P(g), P+(g0)
′
= t∗W ∩ P+(g0).

Recall that
P(g)′ ∩ I0 :=

{
λ ∈ P(g)∩ I0 | ∀w ∈ StabW λ, det(w|h1/Ker Fλ)= 1

}
.

From the theory of reductive Lie algebras, in this case we have a natural bijection P+(g0)
′
→ P(g)′/W .

Recall that for ν ∈ t∗W we set
aν =

∑
w∈W/StabW ν

w[C(ν)].

Theorem 7.1. (i) The algebra K−(C)W is naturally a spoiled superalgebra; its even part has Z-basis
given by aν for ν ∈ P+(g0)

′
∩ I0 and its odd part has a Z2-basis aν for ν ∈

(
P+(g0)∩ I1

)
.

(ii) schh defines an embedding K−(g) ↪→ K−(C)W .

(iii) For λ ∈ P+(g)∩ I0 one has
schh L(λ)=

∑
ν

kνaν

where kν ∈ Z with kλ = 1.

(iv) If λ ∈ P+(g)∩ I1, then
schh L(λ)=

∑
ν∈I1

kνaν .

with kλ = 1.

(v) P+(g)⊂ P+(g0)
′.

Proof. Part (i) follows from Corollary 5.5. For part (ii) let L := L(λ) be a simple finite-dimensional
g-module. Clearly all its weights lie in P(g). Because W can be realized from inner automorphisms of g,
it is clear that the schh L(λ) must be W -invariant, proving (ii).

Part (iii) uses (7), and part (iv) uses that L(λ)∼=5L(λ). Finally part (v) then follows from (iii). □
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7.1.1. Remark. The algebra K−(g) is not naturally spoiled with respect to the embedding into K−(h).
For example if g= q2 ×q1, then consider the module S2V (1)

std ⊠V (2)
std , where V (1)

std , V (2)
std denote the standard

modules of q2, q1 respectively. Then this module is of the form L ⊕5L for some simple q2 × q1-module
L . One may check that schh L is not a homogeneous element of K−(h), with respect to its spoiled grading
(see Section 5.5.1).

Corollary 7.1. Let λ ∈ P+(g)∩ I0 and w0 ∈ W be such that w0λ= −λ and L(λ)∗ has highest weight λ.
Then we have

L(λ)∗ ∼=5i L(λ), where (−1)i = det(w0|h1/Ker Fλ).

Proof. Recall that φλ : U(h)→ Cℓ(λ), pλ : Cℓ(λ)→ Cℓ(λ)/Kλ stand for the canonical epimorphisms. By
Section 3.4.4 we have T λ = H ′

2k . . . H ′

1, where H ′

1, . . . , H ′

2k is a basis of pλφλ(h1)⊂ Cℓ(λ)/Kλ satisfying
[H ′

i , H ′

j ] = 0 for i ̸= j . Set

T −λ = Tw0λ = w0(H ′

2k) . . . w0(H ′

1).

From this definition we have C(−λ)= C(λ)w0 . We have σ−λ(H ′

i )= −H ′

i , and thus

σ−λ(T −λ)= (−1)k(2k−1)w0(H ′

1) . . . w0(H ′

k)= (−1)k(2k−1) det(w0|h1/Kλ
)H ′

1 . . . H ′

2k = (−1)i T λ.

It follows that C(λ)∗ =5i C(−λ). Therefore

(L(λ)∗)λ = (L(λ)−λ)∗ = (5i C(λ)∗)∗ =5i C(λ).

and we obtain L(λ)∗ ∼=5i L(λ) as required. □

8. The DS-functor and the reduced Grothendieck group

In Sections 8.1 and 8.2, g is any Lie superalgebra. We fix x ∈ g1 with [x, x] = c ∈ g0 such that ad c is
semisimple (such elements x are called homological).

8.1. DS-functors: construction and basic properties. The DS-functors were introduced in [5]; we use a
slight generalization (see [6] for a more in-depth treatment). For a g-module M and u ∈ g we set

Mu
:= KerM u.

Let M be a g-module on which c acts semisimply. Write DSx M = Mx := M x/(Im x ∩ M x). Then gx

and gx are Lie superalgebras, where x acts via the adjoint action.
Observe that M x , x Mc are gx -invariant and [x, gc

]M x
⊂ x Mc, so DSx(M) is a gx -module and gx -

module. This gives the functor DSx : M 7→ DSx(M) from the category of g-modules with semisimple
action of c to the category of gx -modules.

There are canonical isomorphisms DSx(5(N ))∼=5(DSx(N )) and

DSx(M)⊗ DSx(N )∼= DSx(M ⊗ N ).
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8.2. The map dsx . Let a be any subalgebra of g. Write ax for the kernel of ad x on a, and similarly
for ac. We view

ax := ax/([gc, x] ∩ ac)

as a subalgebra of gx .
Let C(g) be a full subcategory of the category of g-modules with semisimple action of c and C(a) (resp.,

C(gx), C(ax)) be a full subcategory of the category of a-modules (resp., gx , ax ) such that the restriction
functors

Resga : C(g)→ C(a), Resggx : C(g)→ C(gx), Resaax : C(a)→ C(ax).

are well-defined and that for each N ∈ C(g) the gx -modules N x and x N c lie in C(gx) (note that N x and
x N c are submodules of Resggx (N )).

We denote by C(gx) (resp., by C(ax)) the full category of gx -modules N satisfying Resgx
gx (N ) ∈ C(gx)

(resp., Resax
ax (N ) ∈ C(ax)).

For m = g, a, gx , ax , gx , ax we denote the reduced Grothendieck group K−(C(m)) by R(m), for ease
of notation.

8.2.1. Take M ∈C(g) and set N :=Resggx M . The action of x gives a gx -homomorphism θN : N c
→5(N c).

One has
θNθ5(N ) = 0, Im θ5(N ) =5(Im θN )

and DSx(M)= Ker θN/ Im θ5(N ) as gx -modules. Using the exact sequences

0 → Im θ5(N ) → Ker θN → DSx(M)→ 0, 0 → Ker θN → N c
→ Im θN → 0

we obtain [Resggx Mc
] = [DSx(M)] in R(gx). However if Mr is the r ̸= 0 eigenspace of c on M ,

x : Mr → Mr will define an gx -equivariant isomorphism of Mr , and thus we have [Resggx Mr ] = 0.
It follows that [Resggx M] = [Resggx Mc

] = [DSx(M)]. Since DSx(M) is a gx -module this gives the
commutative diagram

R(g)

dsx ##

// R(gx)

R(gx)

OO

(17)

where dsx : R(g)→ R(gx) is given by dsx([M]) := [DSx(M)], and the two other arrows are induced by
the restriction functors Resggx , Resgx

gx respectively.

8.2.2. Remark. If C(g), C(gx) are closed under ⊗, then dsx is a ring homomorphism.

8.2.3. Example. Suppose that g is quasireductive. Recall that F(g) a rigid tensor category with the
duality N 7→ N ∗ given by the antiautomorphism −Id; since DSx is a tensor functor, it preserves ∗-duality,
so

dsx : K−(g) → K−(gx)

is a ring homomorphism compatible with ∗.
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8.3. dsx and restriction. We present results which explain the relationship between dsx and the restriction
functor.

Lemma 8.1. Suppose that we have a splitting gx ⊆ gx so that gx
= gx ⋉ [x, gc

]. Then for M in C(g) we
have

dsx [M] = [Resggx
M].

Proof. This follows immediately by applying the restriction R(gx)→ R(gx) to our equality [DSx M] =

[Resggx M]. □

Lemma 8.2. Let y ∈ g1 with [y, y] = d where ad d acts semisimply on g and d, c + d act semisimply on
all modules in C(g). Suppose further that [x, y] = 0, and that we have splittings

gy
⊆ gy ⋉ [y, gd

], gx+y
= gx+y ⋉ [x + y, gc+d

],

Furthermore suppose that under these splittings, x ∈ gy and

(gy)
x
= gx+y ⋉ [x, gc

y].

Then we have

dsx+y = dsx ◦ dsy : R(g)→ R(gx+y)

Proof. This follows immediately from Lemma 8.1 and the corresponding statement for restriction. □

Proposition 8.1. We have the following commutative diagram

R(g)

dsx
��

// R(ax)

R(gx) // R(ax)

resax
ax

OO

where the horizontal arrows are induced by the corresponding restriction functors and resax
ax is induced by

the morphism ax
→ ax .

Proof. The restriction functors give the commutative diagram

C(gx) // C(ax)

C(gx) //

OO

C(ax)

OO

which, in combination with (17) gives the diagram

R(g)

dsx ##

// R(gx) // R(ax)

R(gx)

OO

// R(ax)

OO
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where all arrows except dsx are induced by the restriction functors. By (17), the above diagram is
commutative, and we obtain our result. □

8.3.1. Example: F(g) for g quasireductive. Let E be a simple ax -module. By Proposition 8.1 a finite-
dimensional g-module N we have

smult(DSx(N ); E)= smult(Resgax N ; E).

For example, let g be a classical Lie superalgebra in the sense of [16] and a := t be a Cartan subalgebra of
g0. The map R(g)→ R(t) is given [N ] 7→ sch N . If tx is a Cartan subalgebra of (gx)0, then the composed
map R(g) → R(tx) is given by [N ] 7→ sch DSx(N ). If we fix an embedding tx → tx , we obtain the
Hoyt–Reif formula [13]

sch DSx(N )= (sch N )|tx .

8.4. A special case. Consider the case when g, a = h are as in Section 2.1. Denote by F x the restriction
of the form F to hx and set

Ix := {λ ∈ t∗ | λ([x, gc
] ∩ t)= 0}.

By assumption, given λ ∈ Ix we have that λ|tx lies in the subspace (tx)∗. For λ ∈ Ix we denote this
element by λx ∈ (tx)

∗.
Note that for ν ∈ Ix satisfying rank F x

ν|tx = rank Fν the module Reshhx
C(ν) is simple, so Reshhx

C(ν)∼=
5i C(νx) for some i .

Corollary 8.1. Take N ∈ F(g). If schh(N )=
∑

ν mµ[C(µ)], then

schhx

(
DSx(N ))

)
=

∑
µ∈Ix :rank F x

µ=rank Fµ

mµ(−1)iµ [C(µx)].

where Reshhx
C(ν)∼=5iµC(µx).

Proof. Recall that schh gives an embedding of K−(g) to K−(h). Applying Proposition 8.1 to F(g) we
obtain for R(m) := K−(m) the commutative diagram

R(g)

dsx
��

schhx
// R(hx)

R(gx)
schhx

// R(hx)

reshx
hx

OO

where resh
x

hx
: Rhx → Rhx is induced by the map hx

→ hx . In light of Proposition 3.1(v) we have
schhx (C(µ))= 0 except for the case rank F x

µ = rank Fµ. □

8.4.1. Example. If, in addition, (gx)
ax

0
= ax , then, by Corollary 5.2, schax gives an embedding of the

reduced Grothendieck ring of gx to K−(hx).
For g= gl(m|n), osp(m|n), pn, qn, sqn and the exceptional Lie superalgebras, for each x we can choose

a suitable h such that (gx)
tx
0

= tx ; see [5; 23; 10].
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9. The reduced Grothendieck ring for F(qn)

In this section we describe the reduced Grothendieck ring for F(qn), the category of finite-dimensional
qn-modules with semisimple action of (qn)0. In addition we will explicitly describe the homomorphisms
dss : K−(qn)→ K−(qn−2s) induced by the DS functor, to be defined. Wherever it is not stated, we set
g := qn . We will mainly concentrate on the category F(qn)int which is the full subcategory of finite-
dimensional qn-modules with integral weights, and then reduce the corresponding results for F(qn) to
F(qn)int.

9.1. Structure of qn. Recall that qn is the subalgebra of gl(n|n) consisting of the matrices with the block
form

TA,B :=

(
A B
B A

)
9.1.1. One has g0 = gln . The group GLn acts on g by the inner automorphisms; all triangular decomposi-
tions of qn are GLn-conjugated. We denote by t the Cartan subalgebra of gln spanned by the elements
hi = TEi i ,0 for i = 1, . . . , n, where Ei j denotes the (i, j) elementary matrix. Let {εi }

n
i=1 ⊂ t∗ be the

basis dual to {hi }
n
i=1. The algebra h := qtn is a Cartan subalgebra of qn; one has h0 = t. The elements

Hi := T0,Ei i form a basis of h1; one has [Hi , H j ] = 2δi j hi .

9.1.2. We write λ ∈ t∗ as λ=
∑n

i=1 λiεi and denote by Nonzero(λ) the set of nonzero elements in the
multiset {λi }

n
i=1 and by zero λ the number of zeros in the multiset {λi }

n
i=1. Recall that rank Fλ is equal to

the cardinality of Nonzero(λ) (= n − zero λ).
We call a weight λ ∈ t∗ integral (resp., half-integral) if λi ∈ Z (resp., λi −

1
2 ∈ Z) for all i . We call

a weight λ typical if λi + λ j ̸= 0 for all i, j and atypical otherwise; in particular if λ is typical then
zero(λ)= 0.

We fix the usual triangular decomposition: g = n−
⊕ h⊕ n, where 1+

= {εi − ε j }1≤i< j≤n .

9.2. The monoid 4 and cores. We denote by 4 the set of finite multisets {ai }
s
i=1 with ai ∈ C \ {0} and

ai + a j ̸= 0 for all 1 ≤ i, j ≤ s.
We assign to each finite multiset A := {ai }

s
i=1 with ai ∈ C the multiset Core(A) ∈ 4, obtained by

throwing out all zeros and the maximal number of elements ai , a j with i ̸= j and ai +a j = 0; for example,

Core({1, 1,−1,−1} = ∅ and Core({1, 1, 0, 0, 0,−1})= {1}.

We view 4 as a commutative monoid with respect to the operation

A ⋄ B := Core(A ∪ B)

(∅ is the identity element in 4).
For λ ∈ t∗ we set

Core(λ) := Core({λi }
n
i=1)= Core(Nonzero(λ)),
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and denote by χλ the central character of L(λ). From [24] it follows that χλ = χν if and only if
Core(λ)= Core(ν). Observe that λ ∈ I0 if and only if the cardinality of Core(λ) is even.

9.2.1. The relation ∼. Recall that we write λ∼ ν if L(λ), L(ν) lie in the same block in the BGG category
O. By the above,

λ∼ ν H⇒ Core(λ)= Core(ν).

It is known that the above implication becomes an equivalence if both λ, ν are integral or half-integral; in
fact it follows from the following fact:

λi + λ j = 0 H⇒ λ− εi + ε j ∼ λ (18)

(this easily follows from the formula for Shapovalov determinants established in [9, Theorem 11.1]: from
this formula it follows that for i < j the module M(λ) has a primitive vector of weight λ− εi + ε j if λ is
a “generic weight” satisfying λi +λ j = 0; the usual density arguments (see [2],[17]) imply that M(λ) has
a primitive vector of weight λ− εi + ε j if λ is any weight satisfying λi + λ j = 0).

9.2.2. Dominant weights. Recall that P+(g) denotes the set of dominant weights, i.e.,

P+(g) := {λ ∈ t∗ | dim L(λ) <∞}.

By [19], λ ∈ P+(g) if and only if λi − λi+1 ∈ N and λi = λi+1 implies λi = 0. This implies the
following properties:

(1) P+(g)∩ I0 = P+(g0)
′
∩ I0; in particular

P+(g)= {λ ∈ P+(g0) : det(w|h1/Kλ
)= 1 for all w ∈ StabW λ}.

(2) if λ ∈ P+(g) is atypical, then λ is either integral or half-integral;

(3) the set Nonzero(λ) uniquely determines a dominant weight for a fixed n.

9.2.3. Grading on C(ν). For ν ∈ t∗, we set

Tν := Hi1 . . . Hik

where Nonzero(ν)= {νi1 ≥ νi2 ≥ . . .≥ νik }, and if νi j = νi j+1 then we require that i j ≥ i j+1. This formula
determines Tν uniquely; for ν ∈ P(g)′ note that we have Twν = wTν for each w ∈ W .

Since T 2
ν = (−1)k(k−1)/2hi1 . . . hik the function t : t∗ → {c ∈ C | c > 0} is given by

t (λ)2 = (−1)k(k−1)/2
∏

i :λi ̸=0

λi , where k := rank Fλ;

for λ ∈ I0 we obtain t (λ)2 = (−1)(rank Fλ)/2
∏

i :λi ̸=0 λi .
As explained in Section 3.4.3, this function t together with a highest weight λ determines uniquely

irreducible modules L(λ) for each λ ∈ P+(qn).
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9.2.4. Remark. If ν∼ 0, then t (ν)∈ R+. It follows that if λ∈ t∗, ν∼ 0, and [C(λ)][C(ν)] = ±[C(λ+ν)],
then t (λ)t (ν)= t (λ+ ν).

9.2.5. Note that λ = −w0λ if and only if Core(λ) = ∅; in this case Corollary 7.1 gives L(λ)∗ ∼=

5(rank Fλ)/2L(λ).

9.2.6. Example. For α = εi − ε j one has Tα = H j Hi . Since for e ∈ gα ∩g0 one has (ad H j )(ad Hi )e = e,
we obtain gα ∼= Cα. Moreover, SkC(α)= C(kα) for α ∈1.

9.3. Embedding into exterior algebra. Let hZ be the Lie subalgebra of h over Z generated by H1, . . . , Hn ,
and let U(hZ) be the integral enveloping algebra of hZ. Consider the canonical epimorphism φ0 :U(hZ)→

S(hZ

1
), where S(hZ

1
) is the exterior ring generated by ξi := φ0(Hi ). Note that S(hZ

1
) is a Z-graded

supercommutative ring, free over Z with basis ξi1, . . . , ξi j with 1 ≤ i1 < i2 < . . . < i j ≤ n.
Let CR be the subcategory of F(h) consisting of weights λ such that λi ∈ R for all i . In particular,

tλ/|tλ| ∈ {1,
√

−1}.

9.3.1. We view the ring B := Z[eν : ν ∈ t∗]⊗Z S(hZ

1
) as a Z-graded supercommutative ring by defining

the degree of Z[eν : ν ∈ t∗] to be zero. We construct the ring Bspoil as in Section 5.5.

Proposition 9.1. The map [C(λ)] 7→ εi t (λ)
|t (λ)|

· eλφ0(Tλ) for λ ∈ Ii gives a ring monomorphism

K−(CR) ↪→ Bspoil
⊗Z Z[

√
−1]

which is compatible with the action of W . One has

φ0(Tλ)= ξi1 . . . ξik ,

where Nonzero(λ)= {λi1 ≤ . . .≤ λik }.

Proof. That the map is injective and W -equivariant is straightforward. We show that it is an algebra
homomorphism. First observe that

[C(ν)][C(λ)] ̸= 0 ⇐⇒ [C(ν)][C(λ)] = ±[C(λ+ ν)] ⇐⇒ φ0(TλTν) ̸= 0 ⇐⇒ TλTν = ±Tλ+ν .

Suppose that [C(ν)][C(λ)] ̸= 0. Then we write TλTν = (−1) j Tλ+ν and φ0(Tλ)φ0(Tν)= (−1) jφ0(Tλ+ν).
Fix even vectors vλ ∈ C(λ)0 and vν ∈ C(ν)0. Since Hi C(λ)= 0 if λi = 0 we have

TλTν(vλ ⊗ vν)= Tλvλ ⊗ Tνvν =
t (λ)t (ν)
|t (λ)t (ν)|

vλ ⊗ vν .

Note that vλ ⊗ vν is an even vector of 5i C(λ+ ν)∼= C(λ)⊗ C(ν). On the other hand we have

TλTν(vλ ⊗ vν)= (−1) j Tλ+ν(vλ ⊗ vν)= (−1) j+i t (λ+ ν)vλ ⊗ vν .

Thus t (λ+ν)

|t (λ+ν)|
= (−1)i+ j t (λ)t (ν)

|t (λ+ν)|
. From these equalities it is easy to check our map is a homomorphism.

Injectivity is straightforward. □
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9.3.2. Remark. If we extend scalars to C, the above map defines an embedding

K (h)C ↪→ B0 ⊗Z C.

However this kills the two-torsion part of K (h).

9.3.3. One has

φ0(TλTν) ̸= 0 ⇐⇒ TλTν = ±Tλ+ν H⇒ Core(λ+ ν)= Core(λ)⋄ Core(ν).

For example, for [C(2, 0, 0, 1)][C(0,−2,−1, 0)] = ±[C(2,−2,−1, 1)], we have

Core(λ)= {2, 1}, Core(ν)= {−2,−1}, Core(λ+ ν)= ∅.

9.3.4. Recall that K−(h) has a finite Z-grading (see (11)). By Section 9.3.3, K−(h) is also 4-graded: set
K−(h)A to be spanned by [C(λ)] with Core(λ)= A. Then

K−(h)=

⊕
A∈4

K−(h)A with K−(h)AK−(h)B ⊂ K−(h)A⋄B,

Note that K−(h)A = 0 if the cardinality of A is odd or greater than n. Further K−(h)A is W -stable.

Corollary 9.1. (1) The subring K−(h)∅ ∩ K−(h)int is spanned by [C(ν)] with ν ∼ 0. This subring is
generated by [C(kα)] for α ∈1 and k ∈ Z.

(2) If ν ∼ 0 and [C(ν)][C(λ)] ̸= 0, then [C(ν)][C(λ)] = ±[C(λ+ ν)] and λ+ ν ∼ λ.

Proof. The assertion (i) follows from Section 9.2.1. By (i) it is enough to verify (ii) for ν := k(εi −ε j ). In
this case the inequality [C(ν)][C(λ)] ̸=0 implies λi =λ j =0. By (18) for such λ one has λ+k(εi −ε j )∼λ.

□

9.3.5. Remark. All integral, nontypical blocks B of qn have that 5B = B (indeed, if B is integral
and not typical then it admits a simple module L(λ) such that zero(λ) > 0; now we conclude with
[12, Theorem 4.1]). Thus we may consider for such blocks the corresponding reduced Grothendieck
group K−(B). Then the embedding in Proposition 9.1 exists over the coefficient ring Z[

√
−1]. If we let

B0 denote the principal block of qn , then K−(B0)= K−(h)∅ ∩ K−(h)int is a ring. In this case, because
t (λ) ∈ R+ for all λ∼ 0, the map in Proposition 9.1 descends to an embedding with integral coefficients
for K−(B0).

9.4. Supercharacters of some highest weight modules.

Lemma 9.1. schh M(λ)=

∑
ν∼λ

mν[C(ν)].

Proof. We start from λ = 0; in this case schh M(0) = schh U(n−). Let α1, . . . , αN denote the negative
roots of g. We have

U(n−)ν =

⊕
∑

k jα j =ν

⊗
j

Sk jgα j . (19)
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By Section 9.2.6, Skgα ∼= C(kα). Since kα ∼ 0, the required formula follows from Corollary 9.1(i).
For arbitrary λ one has schh M(λ)= schh U(n−)⊗[C(λ)]; the result follows from Corollary 9.1(ii). □

We need some terminology for the following proposition: for roots α1 = ϵi1 − ϵ j1, α2 = ϵi2 − ϵ j2 , we
write α1 ≺ α2 if max(i1, j1) <min(i2, j2). If α = ϵi − ϵ j is any root, we call the set {i, j} its support. We
note that if we have roots α1, . . . , α j with nonoverlapping supports, and positive integers k1, . . . , k j , then
S j1gα1 ⊗ · · · ⊗ Sk jgα j is an irreducible h-module.

Proposition 9.2. We have

schh U(n−)=

∑
ν∼0

mν[C(ν)]

where each coefficient mν is either 0 or ±1.
Further if mν ̸= 0, then ν may uniquely be written as

ν = k1(α11 + · · · +α1 j1)+ · · · + kr (αr1 + · · · +αr jr ),

where all of k1, . . . , kr are distinct, the supports of all αi j are distinct, and αi1 ≺ · · · ≺ αi ji . In this case

mν[C(ν)] =

r∏
i=1

[Skigαi1] · · · [Skigαi ji
].

Proof. We use the embedding of Proposition 9.1. Let yν be the image of [(U(n−))ν] in R(t)⊗ S(h1)0

(see Proposition 9.1). Since tkα = k for α ∈1, by (19) one has

yν = eν
∑

(k1,...,kN )∑
kiαi =ν

φ0(Tkαi ).

Recall that φ0(Tεp−εq ) = ξqξp. In particular, φ0(TαTβ) = 0 if (α|β) ̸= 0 (where (−|−) stands for the
usual form on t∗). Hence

yν = eν
∑

(k1,...,kN )∈U

φ0(Tkαi ), where U := {(k1, . . . , kN ) |
∑

kiαi = ν, ki k j = 0 for (αi |α j ) ̸= 0}.

If for any (k1, . . . , kN ) ∈ U we have ki ̸= k j for all nonzero ki , k j with i ̸= j then it is clear U is a
singleton set and we are done.

Thus suppose that (k1, . . . , kn) has ki = k j ̸= 0 for some i ̸= j , and without loss of generality suppose
i = 1, j = 2. Write αi = εpi − εqi for i = 1, 2; then pi > qi and, since (α1|α2) = 0, the numbers
p1, q1, p2, q2 are pairwise distinct. If p1 > q2 and p2 > q1 then we have negative roots

α′

1 := εp1 − εq2, α
′

2 := εp2 − εq1

with α1 +α2 = α′

1 +α′

2. We may assume that α′

1 = α3 and α′

2 = α4. Since (α j |α1), (αs |α1) ̸= 0, one has
k3 = k4 = 0, so

(k1, . . . , kN )= (k1, k1, 0, 0, k5, . . . , kN ).
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Observe that (0, 0, k1, k1, k5, . . . , kN ) ∈ U . One has

φ0(Tα1 Tα2 + Tα′

1
Tα′

2
)= ξp1ξq1ξp2ξq2 + ξp1ξq2ξp2ξq1 = 0.

Therefore we can substitute U by a smaller set, where ki = k j implies that αi = εpi − εqi , α j = εp j − εq j

are such that pi > qi > p j > q j or p j > q j > pi > qi . From this the result follows. □

Corollary 9.2. One has schh M(λ)=
∑
ν∼λ

mν[C(ν)] with mν ∈ {0,±1}.

Theorem 9.1. For λ ∈ t∗ we have schh L(λ)=

∑
ν∼λ

kν[C(ν)].

Proof. With the help of Lemma 9.1, the proof works in the exact same fashion as Theorem 6.1. □

Corollary 9.3. Let L(ν) be a finite-dimensional module. Then

smult(L(λ)⊗ L(ν) : L(µ)) ̸= 0 H⇒ Core(µ)= Core(λ)⋄ Core(ν).

When smult(L(λ)⊗ L(ν) : L(µ)) ̸= 0, then either λ ∈ I0 or ν ∈ I0.

9.4.1. Remark. The Kac–Kazhdan modification of O introduced in [17] is closed under tensor product;
the modules in this category are not always of finite length, but the multiplicity is well-defined (see [4]).
In this category the above formula holds for arbitrary L(λ) and L(ν).

9.4.2. Recall that P(g) := P+(g)+ Z1 and for ν ∈ P+(g) we set

aν :=

∑
w∈W/StabW ν

w[C(µ)].

Lemma 9.2. Suppose that |Nonzero(ν)| is odd with νi = ν j ̸= 0 for some i ̸= j ; then for λ ∈ P+(qn),
[L(λ)ν : C(ν)] is even.

Proof. Assume that this does not hold. Without loss of generality we may assume i = 1, j = 2, and set
α = ϵ1 − ϵ2. Let h′ to be the subalgebra of h generated by H3, . . . , Hn , and set q2(α) to be the natural
subalgebra of qn isomorphic to q2 with weight ϵ1, ϵ2. Clearly q2(α)× h′ is a subalgebra of qn .

Then by Theorem 9.1, Core(ν)= Core(λ). We view

N :=

∑
i∈Z

L(λ)ν+iα

as a q2(α)× h′-module. We will write ν = k(ε1 + ε2)+ ν
′ where ν ′ is the corresponding t′ = h′

0
-weight.

We assume that k > 0, with the case of k < 0 being similar. By the representation theory of q2, the only
irreducible q2-modules with k(ϵ1 + ϵ2) are those of the form Lq2(α)(k + i; k − i) for some i > 0. These
are always typical, and are isomorphic to their parity shifts if and only if i = k.

Therefore, since rank Fν is odd, one has

Lq2(α)(k + i; k − i)⊠ Lh′(ν ′)=

{
Lq2(α)×h′(ν+ iα) if i ̸= k,
Lq2(α)×h′(ν+ kα)⊕5Lq2(α)×h′(ν+ kα) i = k.
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Because Lq2(α)(k + i; k − i) is typical,

dim Lq2(α)×h′(ν+ iα)ν =

{
2 dim C(ν) if i ̸= k,
dim C(ν) if i = k.

Hence, to prove that dim Nν is divisible by 2 dim C(ν) it is enough to show that mult(N ; Lq2(α)×h′(ν+kα))
is even, where mult denotes that nongraded multiplicity. By the above, for i ̸= k one has

dim Lq2(α)×h′(ν+ iα)ν+kα = 2 dim C(ν+ kα).

Hence it is enough to verify that dim Nν+kα is divisible by 2 dim C(ν+ kα) that is

mult(L(λ); C(ν+ kα))≡ 0 mod 2.

Let {νi }
n
i=1 contain i+ copies of k and i− copies of −k. Then {ν+ kα}

n
i=1 contains j+ = i+ − 2 copies

of k and j− copies of −k. Therefore i+ − i− ̸= j+ − j−, so

Core(ν+ kα) ̸= Core(ν)= Core(λ)

and thus by Theorem 9.1, mult(L(λ); C(ν+ kα)≡ 0 mod 2 as required. □

Combining Theorem 7.1, Theorem 9.1, and the results of [11], we obtain our main result:

Theorem 9.2. schh defines a morphism of spoiled superalgebras K−(g)→ K−(h)
W . Further:

(1) For λ ∈ P+(qn)∩ I0 one has

schh L(λ)=

∑
ν∈P+(g)∩I0: ν∼λ

zero λ≥zero ν
zero λ−zero ν≡0 mod 4

kνaν, kν ∈ N.

(2) For λ ∈ P+(g)∩ I1 one has

schh L(λ)=

∑
ν∈P+(g)∩I1: ν∼λ

zero λ≥zero ν

kνaν, kν ∈ {0, 1}.

In both cases kλ = 1, and schh L(λ)= aλ if λ ∈ P+(g) is typical.

Proof. The only part that remains to be justified is the inequality zero λ≥ zero ν. For this we invoke the
results of [11], where it is shown that if x = H1 ∈ (qn)1, and λ ∈ P+(qn), then dszero λ+1

x L(λ)= 0. □

Corollary 9.4. For λ ∈ P+(g) and ν /∈ W P+(g) we have 2 dim Eν divides dim L(λ)ν .

Corollary 9.5. (1) The map N 7→ schh N induces an isomorphism

K−(qn)Q −→∼ K−(C)WQ .

(2) For A ∈4, let F(qn)A be the full subcategory of F(qn) consisting of modules of central character
corresponding to A. Then schh restricts to an isomorphism K−(F(qn)A)Q → (K−(h)A)

W
Q

.

(3) The duality is given by a∗
ν = a−w0(ν)
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Proof. It is clear that schh has image lying in K−(C)WQ , and by Corollary 5.2, schh is an embedding. From
Theorem 9.2 and the fact that for each λ ∈ P+(g) the number of elements ν ∈ P+(g) satisfying ν < λ
and ν ∼ λ is finite, it follows that the image of K−(g) contains aν for each ν ∈ P+(g). Hence the image
is equal to K−(h)

W
Q

, proving surjectivity giving (i). Part (ii) is an easy consequence of (i).
For (iii) we simply apply Theorem 9.1, and for (iii) we observe that T−λ = σ(Tλ) and t (λ)= t−λ. Thus

it is easy check that C(λ)∗ ∼= C(−λ). □

9.5. The map dss. For s =
1
2 , . . . ,

n
2 , set

xs = Hn+1−2s + · · · + Hn.

Then c = x2
s is a semisimple element of g0, and we have DSxqn = qn−2s . Further we have a splitting

qc
n =qn−2s⋉[x, qc

n], where qn−2s ⊆qn is the natural embedding such that tx ⊆ t is spanned by h1, . . . , hn−2s

and 1(gx)= {εi − ε j }1≤i ̸= j≤n−2s .
We write DSs := DSxs and dss : R(qn) → R(qn−2s) for the induced homomorphism on reduced

Grothendieck rings. These splittings of gxs in gxs satisfy the hypotheses of Lemma 8.2, thus we have
dsi ◦ ds j = dsi+ j .

9.5.1. Remark. For i = 1, . . . ,
⌊ n

2

⌋
set

αi := εn−2s+1 − εn−2s+2, α∨

i := hn−2s+1 − hn−2s+2.

Let yα be a nonzero odd element in gα . For each 1 ≤ s ≤
n
2 , consider ys :=

s∑
i=1

xαi . Then clearly [ys, ys]= 0,

and one can show that dsys = ds2s as defined above.
We view t∗xs

as a subspace in t∗ via the natural embedding ιn,s : t∗xs
↪→ t∗ (given by εi 7→ εi ∈ t∗ for

i = 1, . . . , n − 2s).

Corollary 9.6. Take N ∈ F(g). For each ν ∈ t∗xs
we have

smult(DSs(N ) : C(ν))= smult(N : C(ιn,s(ν))).

Proof. Retain the notation from Section 8.4 and set µ := ιn,s(ν) ∈ t∗. Note that txs is spanned by
h1, h2, . . . , hn−2s and txs = t.

Since t∩ [xs, g
c
] is spanned by hn−s+1, . . . , hn , for µ ∈ Ix the restriction of Fµ to txs written with

respect to the above basis has the diagonal entries µ1, . . . , µn−s and zeros on the last s places. In particular,
for µ ∈ Ix one has rank F xs

µ = rank Fµ if and only if µi = 0 for i > n − s, i.e., µ ∈ t∗x . By Corollary 8.1
we obtain

smult(DSs(N ); C(ν))= (−1)iµ smult(N ; C(µ))

where Reshhxs
C(µ)∼=5iµC(ν)). The formulae

Tµ =

∏
i : µi ̸=0

Hi =

∏
i : νi ̸=0

Hi = Tν, t (µ)= t (ν)
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give Reshhxs
C(µ)∼= C(ν) as required. □

Corollary 9.7. The map dss : K−(g)→ K−(gxs ) is given by

dss(aµ)=

{
0 if zeroµ < s,
aµ′ if zeroµ≥ s,

where µ′
∈ P+(gx) is such that Nonzero(µ)= Nonzero(µ′).

Proof. Write schh N =
∑

µ∈P+(g) kµaµ and schhx DSs(N )=
∑

ν∈P+(gx )
mνaν . By Corollary 9.6 kµ = mν

if µ= ιn,s(ν). □

9.5.2. We denote by F(g)int the full subcategory of F(g) with the modules whose weights with nonzero
weight spaces lie in the lattice generated by ϵ1, . . . , ϵn .

Corollary 9.8. The kernel of dss : K−(g)→ K−(gx) is spanned by aµ with zeroµ < s and the image of
dss is equal to K−(F(gxs )int).

Corollary 9.9. For λ ∈ P+(g) and ν ∈ P+(gxs ) one has

zero λ− zero ν− s ̸≡ 0 mod 4 H⇒ smult(DSs(L(λ)) : Lgx (ν))= 0.

Proof. Combining Theorem 9.2 and Corollary 9.7 we conclude that dss(sch L(λ)) lies in the span of aν
with ν ∈ P+(gx) such that n − zero(λ)−(n −s −zero(ν))≡ 0 mod 4 that is zero λ−zero ν−s ≡ 0 mod 4.

Let ν0 be maximal (with respect to the standard partial order in t∗x ) such that

smult(DSs(L(λ)); Lgx (ν)) ̸= 0 and zero λ− zero ν− s ̸≡ 0 mod 4.

The maximality of ν0 forces zero ν ̸≡ zero ν0 if ν > ν0 and Lgx (ν) is a subquotient of DSs(Lg(λ)). By
Theorem 9.2 we obtain [Lgx (ν) :C(ν0)]=0 if ν ̸=ν0 and Lgx (ν) is a subquotient of DSs(Lg(λ)). Therefore
smult(DSs(L(λ)); Lgx (ν0)) is equal to the coefficient of aν0 in schh DSs(L(λ))= dss(schh L(λ)), which
is zero by above. □

9.6. Example: q2. Recall that the atypical dominant weights for q2 are of the form s(ε1 −ε2) for s ∈
1
2 N.

Proposition 9.3. Take g = q2 with 1+
= {α}. For λ ∈ P+(q2) one has

schh L(λ)=


aλ if λ is typical,

s∑
i=1

aiα if λ= sα, s ∈ N,

s∑
i=0

ai+ 1
2α

if λ=
(
s +

1
2

)
α, s ∈ N.

Proof. If λ is typical, the assertion follows from Theorem 6.1. Consider the case when µ ∈ P+(q2) is
atypical and µ ̸= 0. Write K (µ) for the maximal finite-dimensional quotient of Indq2

b C(µ). It is known
that schh K (µ)= aµ. Further, if µ= sα for s ∈ N, then it is known (for example see Section 7 of [9])
that we have short exact sequences

0 → V0 → K (α)→ L(α)→ 0, 0 →5L((s − 1)α)→ K (sα)→ L(sα)→ 0
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where V0 is a nontrivial extension of C and 5C. On the other hand if µ= (s +
1
2)α then for s = 0 we

have K (α/2)= L(α/2) and for s > 0 we have short exact sequences

0 →5L
((

s −
1
2

)
α
)
→ K

((
s +

1
2

)
α
)
→ L

((
s +

1
2

)
α
)
→ 0.

From these results we can obtain the desired formulas by induction. □

9.7. Realization of K−(qn). Recall that F(g)int denotes the full subcategory of F(g) consisting of the
modules with integral weights and that C denotes the full subcategory of F(h) consists of modules with
weights lying in P(g). We write Cint for the subcategory of C consisting of those modules with integral
weights.

9.7.1. By Theorem 9.2, the map sch gives embeddings

K−(g) ↪→ K−(C)W , K−(F(g)int) ↪→ K−(Cint)
W .

Further, we have identified the image of K−(g) (resp., K−(F(g)int)) with the subalgebra spanned by aν
with ν ∈ P+(g) (resp., ν ∈ P+(g)int).

One has a0 = 1; we denote by ev0 : K−(C)→ Z the counit map given by ev0(aν)= δ0,ν for ν ∈ P+(g).
One has

K−(C)= K−(Cint)
W

⊕ K−(Cnint)
W ,

where Cnint consists of modules with weights that lie in P(g) and are nonintegral. For b ∈ K−(C)W and
b′

∈ K−(Cnint)
W one has bb′

= ev0(b)b′, so K−(Cnint) is an ideal of K−(C). By Corollary 9.8, for x ̸= 0,
dsx(K−(Cnint)

W )= 0 and the image of dsx lies in K−(Cint). This reduces a study of K−(C) to a study of
K−(Cint).

9.7.2. The ring K−(F(g)int)⊗Z Z[
√

−1] can be realized in the following way.
Let V be a free Z[

√
−1]-module with a basis {vi | i ∈ Z \ {0}}. Denote by

∧
V the external ring of V .

This is a N-graded supercommutative ring; we consider (
∧

V )spoil, which has

(∧
V

)spoil
=

∞⊕
i=0

∧2i V ⊕

∞⊕
i=0

∧2i+1V ε

where, we recall, ε is a formal variable satisfying ε2
= 2ε = 0. This is an N-graded commutative and

supercommutative ring (which means that (
∧

V )spoil
i (

∧
V )spoil

j = 0 if i, j are odd).
We denote by 4int the set of finite multisets {ai }

s
i=1 with ai ∈ Z\{0} and ai +a j ̸= 0 for all 1 ≤ i, j ≤ s.

For A ∈ 4int we denote by (
∧

V )spoil
A the span of the elements vi1 ∧ vi2 ∧ . . .∧ vi p (resp., the elements

εvi1 ∧ vi2 ∧ . . .∧ vi p ) with Core({i1, . . . , i p}) = A if A has an even (resp., an odd) cardinality. Clearly,
this gives a grading (∧

V
)spoil

A

(∧
V

)spoil
B ⊆

(∧
V

)spoil
A⋄B
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and (
∧

V )spoil
∅ is the subring of (

∧
V )spoil generated by vi ∧v−i . In other words

(∧
V

)spoil is a 4int-graded
algebra. For each k we consider the ideal

Jk :=

∞∑
i=k+1

(∧
V

)spoil
i .

Recall that the map λ 7→ Nonzero(λ) gives a one-to-one correspondence between P+(g)int and the
subsets S ⊂ Z\{0} of cardinality at most n. The weights in I0 correspond to the subsets of even cardinality;
the zero weight corresponds to ∅. We define

ψ : K−(F(g)int)⊗Z Z[
√

−1] −→∼ (
∧

V )spoil/Jn

by setting, for λ ∈ Ii ∩ P+(g),

ψ(aλ) := εi t (λ)
|t (λ)|

· vλ,

where vλ := vi1 ∧ vi2 ∧ . . .∧ vik , and Nonzero(λ)= {i1 > i2 > . . . > ik}.
Combining Corollary 9.5, Proposition 9.1 and Corollary 9.7 we obtain:

Theorem 9.3. (1) The map ψ : K−(F(g)int)⊗Z Z[
√

−1] −→∼
(∧

V
)spoil

/Jn is an isomorphism of 4int-
graded spoiled super rings.

(2) In particular, for A ∈ 4int, ψ restricts to an isomorphism of vector spaces ψA : K−(F(g)A) →(∧
V

)spoil
A /Jn .

(3) The map dss : R(qn)int → R(qn−s)int corresponds to the natural quotient map(∧
V

)spoil
/Jn →

(∧
V

)spoil
/Jn−s

(one has Jn−s ⊃ Jn for s > 0).

Proof. It is clear that ψ is an isomorphism of Z-modules which preserves the 4-grading. The result on
dss is also clear from the map. Thus it remains to check that ψ respects multiplication.

Let λ,µ∈ P+(g) with λ,µ∈ I0; the case when either is in I1 is much easier. If aλaµ= 0 then the result
is clear, thus we assume that aλaµ ̸= 0. In this case, there exists unique elements λ′

∈ Wλ and µ′
∈ Wµ

such that λ′
+µ′ is dominant, and thus we have aλaµ = (−1)i aλ′+µ′ , where Eλ′ ⊗ Eµ′ =5i Eλ′+µ′ . We

may write Tλ′+µ′ = (−1) j Tλ′ Tµ′ for some j , and it is clear that this j also satisfies vλ′+µ′ = (−1) jvλvµ.
Then as in the proof of Proposition 9.1, we have Eλ′ ⊗ Eµ′ =5 j+ℓEλ′+µ′ , where

(−1)ℓ =
t (λ)t (µ)
t (λ′+µ′)

∈ {±1}.

Therefore aλaµ = (−1) j t (λ)t (µ)
t (λ′+µ′)

aλ′+µ′ . Therefore

ψ(aλaµ)= (−1) j t (λ)t (µ)
t (λ′ +µ′

(
t (λ′

+µ′)

|t (λ′ +µ′)|
vλ′+µ′

)
=

(
t (λ)
|t (λ)|

vλ

) (
t (µ)
|t (µ)|

vµ

)
where we have used that |t (λ′

+µ′)| = |t (λ)||t (µ)|. □
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For A ∈4int, we define

A :=


#{i : ai > 0}−#{i |ai < 0}

2
mod 2 for |A| even,

#{i : ai > 0}−#{i |ai < 0}−1
2

mod 2 for |A| odd.

Note that we have A ⋄ B = A + B if |A| or |B| is even.

Lemma 9.3. The grading

K−(F(g)int)0 =

⊕
A=0

K−(F(g)A), K−(F(g)int)1 =

⊕
A=1

K−(F(g)A)

defines another super ring structure on K−(F(g)int); note that it does not have the structure of a spoiled
super ring under this grading.

Proof. This follows from the fact that K−(F(g)int) is 4int-graded, and K−(F(g)A)K−(F(g)B)= 0 if |A|

and |B| are odd. □

Corollary 9.10. If |A| is even, then t (λ) ∈ R+, and thus the isomorphism ψA admits an integral structure.
In particular we have an isomorphism of graded rings:⊕

A=0

K−(F(g)A)→

⊕
A=0

(∧
V Z

)spoil
A .

Here V Z denotes the free Z-module with basis {vi : i ∈ Z \ {0}}.
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