Algebra &
Number
Theory

Volume 19

2025

No. 12

=l o J

JJJJ JJJ _j_JJ JJJ
| il
5 J 5 J o o J_I
Combing a hedgehog over a field
Alexey Ananyevskiy and Marc Levine
w | mm wu
JJJJ JJJJ JJJ 14 il i E JJ
-IJ ] _| | JJ = JJ JJ L] JJ
| il | m J_I
-|J | i} . .IJJJ -l.l - JJ JJJ | '.
| il | d L |
loe v, ol Tl e D)
e N A
all & =
ge cu'w p _ 0 el g™ “p _ B



ALGEBRA AND NUMBER THEORY 19:12 (2025)
https://doi.org/10.2140/ant.2025.19.2409

Combing a hedgehog over a field

Alexey Ananyevskiy and Marc Levine

We investigate the question of the existence of a nonvanishing section of the tangent bundle on a smooth
affine quadric hypersurface Q¢ over a given perfect field k. If Q¢ admits a k-rational point, we give a
number of necessary and sufficient conditions for such existence. We apply these conditions in a number
of examples, including the case of the algebraic n-sphere over k, S; C AZH, defined by the equation

n+l 2
i X =1

1. Introduction

It is an elementary but nonetheless beautiful result found in nearly all introductory courses in differential
topology that, for all n > 1, the tangent bundle 7> does not admit a nonvanishing section. One proof
uses the Gauss—Bonnet theorem to show that Euler class of T2 is nonzero by computing its degree
as the Euler characteristic of S2", namely 2, while the existence of a nonvanishing section would force
the Euler class to vanish. For the odd-dimensional case, the Euler characteristic vanishes, and hence
the Euler class vanishes as well; one can also easily write down explicitly a nonvanishing section
of Tgont1.

Writing the n-sphere S” as the hypersurface in R"*! defined by the equation Z;’;rll xl.2 =1, one can
ask the corresponding question in the algebro-geometric setting: let k be a field of characteristic # 2 and
let §; € AZH be the hypersurface defined by the equation Zﬁ 11 xl.z = 1. Does the tangent bundle Ty
admit a nonvanishing section? (To avoid any possible misunderstanding, for £ — X a vector bundle on a
k-variety X, a section s : X — E is said to be nonvanishing if the scheme-theoretic intersection of s(X)
with the zero-section of E is the empty scheme. Equivalently, letting k denote the algebraic closure of k,
the set of k points x of X with s(x) = 0 is empty.)

This question for Sép was originally raised by Umberto Zannier (see Remark 1.7 below for his original
formulation). He showed that Séﬂ admits a nonvanishing vector field for odd p and he asked if there is a
nonvanishing vector field on the 2-sphere over (2, motivating our interest in the question of the existence
of nonvanishing vector fields on S} for arbitrary n and k.

We give an essentially complete answer to this question; if & is perfect, this is in fact a special case of

the more general Theorem 1.4 about smooth affine quadric hypersurfaces.
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Theorem 1.1 (see Theorem 4.1 (1), (3) and Remark 1.10). Let k be a field of characteristic # 2.
(1) If nis odd, then Tsp admits a nonvanishing section.

(2) If n > O is even, then Tsy admits a nonvanishing section if and only if —1 is in the subgroup of k™
generated by the nonzero values of the function Z?:ll xl.2 on k"t

As the condition in (2) is not very explicit, we reformulate this as follows.

Corollary 1.2 (Corollary 4.3). Let k be a field of characteristic # 2. For n > 0 even, Ts» admits a

nonvanishing section if and only if the equation
2n+1

> 7=
i=1
has a solution with the x; € k.

Examples 1.3. Let S be as above.

(1) Suppose that chark = p > 2. Then Ts» has a nonvanishing section for all n > 0.
(2) Suppose k contains a p-adic field Q@,. Then Tg» has a nonvanishing section for all n > 0.

(3) Suppose that k is a number field, and take n > 0 to be even. Then Ty has a nonvanishing section if
and only if £ has no real embeddings.

To see this we apply Corollary 1.2. For (1), since [, C k, it suffices to take k = [,,. Since every
element x € F is a sum of two squares [Lam 2005, Proposition I1.3.4], the condition of Corollary 1.2 is
satisfied for all n > 1. See also Remark 1.10 for an explicit nonvanishing section.

For (2), we reduce as above to the case k = Q,,. If p is odd, then by Hensel’s lemma, each solution to
leffl xi2 = —1in [, lifts to a solution in Z,, so the criterion is satisfied. For p =2, the class of a unit u
in Z, modulo squares is given by the image of u in (Z/8)*, so it suffices to write 7 as the sum of <5
squares in Z; and it turns out that four squares are enough: 7 =1+ 1+ 1+ 4. For those more intrinsically
minded, one has the general result that every nondegenerate quadratic form ¢ in at least five variables
over a local field has a nontrivial zero [Lam 2005, Theorem VI.2.12], which we apply to ¢ = Z?:l xl.z.

For (3), it is clear that the equation leffl xi2 = —1 has no solution in k" *! if k admits a real embedding.
Conversely, we may use the Hasse—Minkowski principle for quadratic forms (see, e.g., [Lam 2005, Hasse—
Minkowski principle VI.3.1]) to see that Z?:l xi2 = —1 has a solution in & if k is a purely imaginary
number field. Indeed, it suffices to show that Z?: 1 xl.2 = —1 has a solution in k, for every place v of k.
This is clear if v is an infinite place, as k, = C by assumption. If v is a finite place, then k, D Q,, for

some prime p, and we have just seen that Z?: 1 xl.2 = —1 has a solution in Q,, for every prime p.

One can also ask about a general smooth affine quadric Q¢ C AZH, with k a field of characteristic # 2.
Since every quadratic form over k can be diagonalized, we may assume that Q° is defined by an equation
of the form ¢ = 1, where g = Z?:ll a,-xl.2 € k[x1, ..., xp41], with [ [, @; # 0. Here one has a result of
essentially the same form as for S/, with the extra condition that, for even n, Q°(k) should be nonempty,

that is, ¢ = 1 has a solution in k.
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Let D(g) be the set of nonzero values of ¢ on k"*!, let D(¢)?> ={a-b|a,b e D(q)} C k*, and let
[D(q)], [D(q)2] be the subgroups of k* generated by D(q), D(g)?, respectively.

Theorem 1.4 (Theorem 4.1 (1), (3)). Let k be a perfect field of characteristic # 2, let ¢ = 27:11 a,-xi2
withay, ..., a,+1 € k™ and let Q° C AZH be the affine quadric hypersurface g = 1.

(1) If nis odd, then Tgo has a nonvanishing section.
(2) Suppose Q°(k) # . If n > 0is even, then Tgo has a nonvanishing section if and only if —1 € [D(q)].

If Q°(k) = @ and n is even, we only have a necessary condition for the existence of a nonvanishing
section of Tgo.

Theorem 1.5 (Theorem 4.1 (2)). Let k, g and Q° be as above. If n is even and Tgo has a nonvanishing
section, then — ;’;rll a; € [D(g)?].

Since a; € D(q) for each i, the above condition is the same as asking for —a; to be in [D(q)z] for
some i. Note that Q°(k) # @ if and only if 1 € D(gq), so if Q°(k) # &, we have [D(¢)*] =[D(g)], and
—1 €[D(g)] if and only if — [T"* a; € [D(g)].

Here is a version of Examples 1.3 for general g.
Corollary 1.6 (Corollaries 4.5, 4.7, and 4.9). Let k, g and Q° be as in Theorem 1.4.
(1) Let k = F,m with p > 2. Then Tgo has a nonvanishing section for all n > 0.

(2) Suppose k is a non-Archimedean local field of characteristic zero, the perfection of a local field of
characteristic p > 2, or the perfection of a function field of a curve over a finite field of characteristic p > 2.
Then for n odd, or n > 4 even, Tgo has a nonvanishing section. If n = 2, then Tge has a nonvanishing
section if Q°(k) # @.

(3) Suppose k is a number field, Q°(k) # @ and n > 0 is even. Then Tgo has a nonvanishing section if
and only if the equation ¢ = 0 has a nontrivial solution in k, for every real place v of k. Equivalently, for

each real embedding o : k — R, o (a;) <0 for some i. Tgo also has a nonvanishing section if n is odd.

(4) Let k be a perfect field of cohomological dimension < 2. Suppose that n is odd, or that n > 0 is even
and Q°(k) # &. Then Tgo has a nonvanishing section.

Remark 1.7 (unimodular rows and unimodular matrices). Let g = Z;’;’ll aixi2 € k[xy, ..., x,41] be a

quadratic form, defining Q¢ C AZH as V(g — 1), and let R be the coordinate ring
R:=k[x1,...,x4411/(g = D).
We are assuming that ¢ is nondegenerate, that is, [ [, a; # 0, and that n > 1.
Let V(g) denote the gradient
V(g) :=(q/dx1,...,0q/0Xxy+1)
and let

V(q) == (@1x1, ..., Gny1Xn11),
s0 2V(q) = V(q).



2412 Alexey Ananyevskiy and Marc Levine

We first assume that 2 is invertible in k, so we can rewrite the tangent-normal sequence for Q° C AZH
using @(q), as

0— Too — O 225 0g0 -0, (1.8)

where @(q)t € M, +1x1(R) is the transpose of @(q). Since Q¢ is affine, we can rephrase everything in
terms of R-modules, giving the exact sequence

@ t
0—>TQ0—>R"+1ﬂ>R—>O,

with €. the R-module of global sections of T.. Since

@1 X)) - V() = 1,
we may split the surjection by (x1, ..., x,11) : R — R"T!, exhibiting T o as a stably free R-module, and
showing that (xy, ..., X,+1) is a unimodular row, i.e., (x1, ..., X,41)R is the unit ideal.

It is straightforward to see that the stably free R-module T o is free if and only if there is a matrix
M € GL, 41 (R) with the first row (x1, ..., Xx,+1); by dividing the last row of M by det M, we may in
fact take M to have det M =1, so T o is a free R-module if and only if there is a unimodular matrix M
over R with the first row (x1, ..., Xp+1)-

More generally, we may take k to be an arbitrary commutative ring (even with 2 not a unit), and let
(@ij)1<i,j<n+1 € GL,41(k) be an invertible symmetric matrix. Let

n+1

g = Z ajjxixj, R:=klx1,...,x,111/(¢—1), Q7 :=SpecR,
ij=1

6(q) = (Zaljxj, Zazjxj, R Zan+1jxj>.
- J J J
\vJ t

Then the map R"*! &R is surjective, and we may define a stably free R-module T 0/, by the exact

sequence

Vi(g)
0— Toop — R 22 R0, (1.9)
Since (x1, ..., Xp4+1) - @(q) =1€R, (x1,...,Xy41) is a unimodular row over R, and the R-module
T oeyk is free if and only if there is a matrix M € SL,,1(R) with first row (x1, ..., x,41). Furthermore,

if 2 € k*, then Q7 is smooth over k, and T . is the R-module of global sections of the relative tangent
bundle Tgo/x — Q° of Q° over Speck.

Note that, for n =2 and 2 € k%, the existence of a unimodular matrix over R with the first row (x1, x2, x3)
is equivalent to the existence of a nonvanishing section of Tgo/«. Indeed, T/, admits a nonvanishing
section if and only if we can write Tpo/x = R @ P, with P a rank one projective R-module, which yields
the isomorphism A% oo /k = P. The exact sequence (1.9) gives an isomorphism A Too /k =R, s0
P =R and thus T o/ = R?. This gives the existence of M € SL3(R) with first row (x1, x2, X3).

The original form of Zannier’s question was in the following terms: taking ¢ :=x>+y?+2z2 € k[x, y, z],
for which fields & is the unimodular row (x, y, z) over R the first row in a unimodular matrix over R? He
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showed this was the case for k = Q,, p odd, and asked about k = @Q,. Note that one can just as well ask
the question for k an arbitrary commutative ring and general ¢ as above; our results only give a criterion
for a positive answer to this question if k is a perfect field with 2 invertible and n = 2. Noting our positive
answer for k = (Q,, Zannier asked in a recent private communication about the case k = Z,.

Remark 1.10 (explicit sections). (1) If n is odd or if the quadratic form ¢ := Z?:ll a,-xl.2

is isotropic over
k (i.e., ¢ = 0 has a nontrivial solution in k), one can write down explicit nonvanishing sections of Tgo.

For n odd, the tangent-normal sequence for Q° C AZH,

0— Tgo— O Ogp, — 0,

says a section s of Tgo is given by an (n+1)-tuple of regular functions (sy, s2, ..., s,41) with

n+1

E a;x;s; = 0.

i=1
One can take

s = (axXp, —a1X1, ..., pt1Xn41, —AnXp),
which is clearly nonvanishing.
This is a special case of the following general result. Let A be a commutative ring, let (ay, ..., ay,)
be a unimodular row in A%" (i.e., aj, ..., am generate the unit ideal in A), and let M be the stably free
A-module defined by the exactness of the sequence

azm )[

O—>M—>A2m(al;>A—>O.

Then M admits the free rank one summand defined by

(—az,ai,...,—am,a2m—-1)

0> A M C AP,

Now take n even and suppose ¢ is isotropic. Then after a k-linear change of coordinates and change of

notation, we may assume that
n+1

q =2x1x2+ Za,-xiz
i=3
(see, e.g., [Lam 2005, Theorem 1.3.4]). In this case, the tangent-normal sequence for Q° C AZH is

1 (2x2,2x1,2a3x3,...,2G0 11 X0 41)'
0

0— Tgr — O Og, — 0.
Letting
s = (0, azx3, —x1, asxs, —a4Xa, ..., Apy1Xn41, —AnXy)
gives a section of Tp. with s = 0 given by Q° N (x1 = x3 = - - - = x,41 = 0), which is clearly empty.

In particular, let k£ be a field of characteristic p > 2. In a finite field, —1 is a sum of two squares [Lam
2005, Proposition I1.3.4], whence the quadratic form x12 + x% 4+ 4 xﬁ 41 1s isotropic over k provided
that n > 2. Hence the tangent bundle Ty to the algebraic n-sphere over k admits a nonvanishing section
for every n > 1.
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(2) Our main results for even n and g anisotropic only give criteria for the existence of a nonvanishing
section, without giving an explicit formula. In the case that Zannier had asked about originally, Séz, Peter
Miiller (private communication, Universitdt Wiirzburg, June 27, 2024), noting our existence result and
following a suggestion of Zannier, found an explicit trivialization of Tsé . We quote from his private
communication:

Indeed, some sophisticated computations eventually gave an explicit example over (2, (in fact
even over Q(+/—17)), ...

Here is Miiller’s example. Let R = Qs[x, y, z]/ (x2 4 y* + 72 — 1), the coordinate ring of Séz. The
polynomial T2 — T + 2 has two roots in Z,, exactly one of which, which we denote by w, is a unit in Z,.
In particular, 2 — w is also a unit in Z,. Miiller gives his example in the form of a 3 x 3 matrix over R
with determinant 2 — w and first row (x, y, z). The explicit matrix is

X y Z
—y+z+1 (I-w)x+y+(1+w)z+ew —x—y+2z+(1-w)
wy+R2—-w)z (1-2w)x+(14+w)y+3z+1 —-2x4+Q—-w)z—w
Let A; be the dot product of (x, y, z) with the i-th row. Noting that (x, y, z) - (x, ¥, z) = 1 in R, this gives
the following two independent nonvanishing sections of Tsé :
2

six,y, ) =(—y+z+1l,(I-o)x+y+(+wzt+ow, —x—y+2z+ 1 —-w)—22-(x,y, 2),
2,9, 2)=(@y+R—-—w)z, 1 —20)x+(1+w)y+3z+1, 2x+2—w)z—w) — A3 - (x,y, 2).

Miiller notes that this also works over Q(+/—7), where we take w to be either of the two roots of 72 —T +2
in Q(v/=7).

In addition, Miiller’s example gives a positive answer to Zannier’s question over Z; instead of @, just
divide the last row by the determinant 2 — w € Z5'.

Remark 1.11 (some nonexamples). Suppose 7 is even. We have already seen in Remark 1.10 that Tgo
has a nonvanishing section if g is isotropic over k. On the other hand, g being isotropic over k implies that
Q¢ has a k-rational point [Lam 2005, Theorem 1.3.4(3)], so if Q°(k) = &, then ¢ is anisotropic over k
and we do not have any explicit method for finding a (possible) nonvanishing section of Tg.. Moreover,
Theorem 1.5 is our only result that considers the case n even and Q°(k) = &, and it only gives us a
necessary condition for Tge. to have a nonvanishing section. Here is a series of examples that are not
covered by any of our results.

Take k = @), with p > 2. Let u € Z; be a nonsquare modulo p, and let g = uxf + px22 — upx%. It
follows from [Lam 2005, Theorem VI.2.2] that g — xé is anisotropic over Q,; hence Q°(Q,) = @ and
also g is anisotropic over Q,. Moreover —(u - p - (—up)) =1 in @;/@Xz, so —(u - p - (—up)) is in
[D(g)?]; hence the necessary condition in Theorem 1.5 is satisfied. We do not know whether Tyo has a

nonvanishing section in any of these cases.

n+1

One final nonexample. Take k =R, g =) /7, —xl.z, with n even, and let R be the coordinate ring

of Q° Then we have Q°(R) = &. By a theorem of Ojanguren, Parimala and Sridharan [Ojanguren et al.
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1986, Theorem 3.2], there is an M € SL,,(R) with
(-xlv"'7xn+1)=(1305-"a0)M

in other words, (x1, ..., X,41) is the first row of the unimodular matrix M. Thus the R-module T g0 is
free, so Tpo is a trivial vector bundle over Q°, and hence admits a nonvanishing section. Our results only
yield the necessary condition

~(=D)""'=1¢€|D(@),

which (fortunately!) is true in this case.

The main idea behind the proofs of our results is quite close to the case of the real spheres. We
have already disposed of the case of odd » in Remark 1.10. For n > 0 even, we replace the Euler class
ewp(Tsn) € H"(S", Z) with the Euler class e(Tgo) in the Chow-Witt group ﬁ{n(Q(’). For a smooth
k-variety X and a rank-r vector bundle £ on X, one has an Euler class e(E) in the (twisted) Chow—
Witt group CH" (X, det™'(E)). In our case, the tangent-normal sequence for Too gives a canonical
isomorphism det Tgo = O o, which induces an isomorphism Gf{n(QO, det™! Too) = (?fl"(Q") with the
untwisted version of the Chow—Witt group, giving us our Euler class e(Tp0) € CTI”(Q%. A fundamental
result of Morel [2012, Section 8.2] says that for a smooth affine k-scheme X of dimension n over a
perfect field k and a rank n vector bundle E over X, E admits a nonvanishing section if and only if the
Euler class e(E) vanishes (in this form, the result also relies on work of Asok and Fasel [2016] and Asok,
Hoyois and Wendt [Asok et al. 2017]; see Theorem 2.2 for the discussion).

Since Q¢ is not proper over k, we do not have a nice analog of the Gauss—Bonnet theorem for Q, so
we pass to its projective closure Q € P"*!, defined by the equation Z?:ll aixi2 = xé, and let 0 C Q be
the hyperplane section defined by xo = 0.

Let GW (k) denote the Grothendieck—Witt ring of (virtual) regular quadratic forms over k. For
p : X — Speck a smooth projective variety, we have the pushforward map

p« : CHo(X) — CHo(Spec k) = GW (k),

which we denote by degsyy - CTJO (X) = GW(k); we call this the quadratic degree map. X has a quadratic
Euler characteristic x (X/k) € GW (k) and we have a quadratic Gauss—Bonnet theorem [Déglise et al. 2021,
Theorem 4.6.1; Levine and Raksit 2020, Theorem 5.3]: letting Tx be the tangent bundle of X, we have

deggw (e(Tx)) = x (X/k),

so we are all set up to argue as in differential topology.

Getting back to our quadrics, let us first assume that Q° has a k-rational point. We show in Section 2
that e(Tp0) = 0 if and only if x(Q/k) is in the subgroup degGW((ﬁIO(QOO)) C GW(k), and we have an
explicit expression for x (Q/k):

X/l =2 217[a,->+ -1,

where (a, b) is the quadratic form ax?+by?, and m - (a, b) is the quadratic form Z;":l axi2 + byl.z.
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Putting this together, we see that Tp. admits a nonvanishing section if and only if (2, 211 a,->+ 3(1, =1)
is in degGW(éf{o(Q“)) C GW (k). We conclude Section 2 by using this criterion to handle the cases
discussed in Examples 1.3 (1), (2) above.

The next step is to use the theory of quadratic forms to rephrase the condition

n ~
(2. 2] Tar) + 51 1) € deggy (CHO(Q™)) € GW(K)

in terms of the subgroups [D(g)] and [D(g)?]. This is done in Section 3, relying on properties of
Scharlau’s transfer, Knebusch’s norm principle and basic facts about Pfister forms and Pfister neighbors.
We apply these tools in Section 4 to give our main results, which yield criteria that are much easier to
apply than the one derived in Section 2. We conclude by using this to compute the remaining examples
described above; the case in which Q° does not have a k-rational point is trickier to handle, and we are
only able to arrive at the necessary condition stated in Theorem 1.5.

Throughout the paper we employ the following notation:

k a perfect field with chark # 2

Smy the category of smooth, separated, finite-type k-schemes

Tx the tangent bundle of X € Smy

X(F) the set of rational points of X for X € Smy and a field extension F/k
GW(F) the Grothendieck—Witt ring of (virtual) regular quadratic forms over a field F
W(F) the Witt ring, the quotient of GW(F') by the hyperbolic forms

GI(F) the ideal in GW (F) generated by the even-dimensional forms

I1(F) the image in W(F) of GI(F)

F* the multiplicative group of nonzero elements of the field F

(a1, an, ..., ay) | the quadratic form a1x12 + azxg 4+ 4 anx,f

2. Recollections on Chow—Witt groups and a computational criterion

Definition 2.1. Assume & to be a perfect field. We will use the Chow—Witt groups, also known as Chow
groups of oriented cycles, that were introduced in [Barge and Morel 2000]. These groups provide refined
cohomological obstructions to the existence of nonvanishing sections of algebraic vector bundles (see,
e.g., [Asok and Fasel 2015; 2023]). We refer the reader to the expositions in [Fasel 2020; Déglise 2023;
Asok and Fasel 2016, Sections 2, 3] for the properties of these groups that we list below.

We recall from [Morel 2012, Chapter 2] the Milnor-Witt K -theory sheaves IC,IYIW, n € Z. These are
Nisnevich sheaves of abelian groups on Smy, with products LMW x xMW — ICnMJf}:1 making the graded
object KMV := P, ., KMV into a sheaf of associative, unital, graded rings on Smy. Given X € Smy and a
line bundle L on X, we have the L-twisted version XMW (L), giving a Nisnevich sheaf on Smy/ X. Letting
GW denote the Nisnevich sheaf of Grothendieck—Witt rings, there is a canonical isomorphism ICg/IW =gWw.

For a field F, and L a dimension one F-vector space, we write K };AW(L)(F ) for ICQ/'W(L)(Spec F).
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For a smooth variety X over k, a line bundle L over X and an integer n > 0, the Chow—Witt group
cy” (X, L) is defined as
CH"(X, L) = H}. .(X; KMV (L)).

We will also use the homological notation with
CH, (X, L) = CA" (X, L @ wy),
where d = dim X and wy is the canonical bundle of X. We put
CH"(X) :=CH"(X, 0x), CH,(X) :=CH,(X, Ox).
Chow-Witt groups have the following properties that we will use below.

1) CH" (X, L) is canonically identified by [Morel 2012, Theorem 5.47] with the n-th cohomology group
of the Rost—Schmid complex

P YV (Li®wrx)k(x) > P KNV (Li®wyx)(k(x) > — @ KM (Le®wyx)(k(x)).
xeX©® xex® reX@
where the sums are taken over all the points of X of the respective codimension, L, is the restriction of L
to x, w,,x is the determinant of the normal bundle for the embedding x — X and d = dim X.

(2) For a line bundle L over X there is a canonical isomorphism [Morel 2012, Remark 5.13]
CH"(X, L® (L)®) = CH" (X, L).
(3) For a morphism f : Y — X of smooth varieties over k one has a functorial pullback homomorphism
f*:CH"(X, L) — CH"(Y, f*L)

given by the pullback in the cohomology of sheaves. Further, if f is proper then one has a functorial
pushforward homomorphism [Fasel 2020, Section 2.3]

f+:CH, (Y, f*L) — CH, (X, L)

induced by the transfers on the Rost—Schmid complexes. For a closed embedding i : Z — X of smooth
varieties, with j : X \ Z — X the open embedding of the complement, the localization sequence

CH,(Z.i*L) > ¢, (x, L) 5> CH, (X \ Z, j*L)

is exact [Fasel 2020, Section 2.2].

(4) Let F/k be a field extension of finite degree. Since k is perfect, F is separable over k, so the field
trace tr,f : F — k is a nonzero k-linear functional. This gives rise to the Scharlau transfer

(trf). : GW(F) — GW(k),

an additive homomorphism, which is given on generators (a) € GW(F') by defining (tr,f )«({a)) to be the
quadratic form x +— tr,f (ax?) on the k-vector space F. The pushforward homomorphism in Chow—Witt
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groups
Ty : &IO(Spec F)— &Ig (Speck)

for the morphism 7 : Spec F' — Spec k coincides by [Fasel 2020, Example 1.23] with the Scharlau transfer

(tr,f )« under the identifications

CHy(Spec F) = K}V (F) = GW(F), CHy(Speck) = K)™V (k) = GW (k).
(5) For a rank-n vector bundle E over a smooth variety X over k one has an Euler class
e(E) = s*s.(1x) € CH" (X, (det E)"),
where s : X — E is the zero section. This class is natural with respect to pullbacks [Asok and Fasel 2016,
Proposition 3.1.1].

(6) Let E be a rank n vector bundle over a smooth affine variety X of dimension n over k. Suppose
that det E = Oy. Then e(E) = 0 if and only if E has a nonvanishing section. For n = 1 there is nothing
to prove, for n = 2 this was shown in [Barge and Morel 2000, Theorem 2.2] and for general 7 this
follows from the results of [Morel 2012, Chapter 8; Asok et al. 2017, Theorem 1; Asok and Fasel 2016,
Theorem 5.6]; see Theorem 2.2 below for the details.

Theorem 2.2 (Barge—Morel, Morel, Asok—Fasel, Asok—Hoyois—Wendt). Let k be a perfect field and E
be a rank n vector bundle over a smooth affine variety X of dimension n over k. Suppose that det E = Oy.
Then E admits a nonvanishing section if and only if e(E) = 0.

Proof. If n =1, there is nothing to prove, so assume n > 2. It follows from [Morel 2012, Theorem 8.14] that
E admits a nonvanishing section if and only if a certain obstruction-theoretic Euler class e (E) € cH" (X)
vanishes. Note that in that work it was assumed n > 4 because of the assumption r % 2 in [Morel 2012,
Theorem 8.1 (3)], which can be removed using [Asok et al. 2017, Theorem 1]. It follows from [Asok and
Fasel 2016, Theorem 5.6] that e.,(E) = 0 if and only if e(E) = 0, whence the claim. O

Remark 2.3. We expect that Theorem 2.2 generalizes to vector bundles with possibly nontrivial determi-
nant and to general fields, removing the assumptions det £ = Oy and k being perfect.

Remark 2.4. Let X be a smooth hypersurface in AZH. Since k[x1, ..., x,+1] is a UFD, the ideal of X is
principal, Ix = (F). We have the tangent-normal sequence describing the tangent bundle Ty as

0— Ty — O%F! Y oy =0,
where VF := (0F/0dxy, ..., dF/0x,41) is the usual gradient of F. Since X is affine, this sequence splits,
in particular, Ty is stably trivial and det Ty = Oy, so Theorem 2.2 is applicable to Ty.

Definition 2.5. Let X be a smooth proper variety over a perfect field & with the structure morphism
7 : X — Spec k. Then the quadratic degree map

degqy =7 : CHo(X) — CHo(Spec k) = GW (k)

is the pushforward homomorphism for the structure morphism.
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Lemma 2.6. Let Q be a smooth projective quadric over a perfect field k. Suppose that Q (k) # &. Then
the quadratic degree map
degsw : CHo(Q) — GW(k)

is an isomorphism.

Proof. Let n = dim Q and consider the commutative square

Y—>Q

i, b

pr 2, Speck

where Q Ly —f> [P" is the resolution of the birational morphism Q --+ P" given by the projection from
a rational point on Q. Note that all maps in this square are proper. This gives a commutative diagram of
pushforward homomorphisms:

CHo(¥) —— CHy(Q)
o I~
CHy(P") 2 GW(k)
It follows from the birational invariance of &Ig [Feld 2022, Corollary 2.2.11] that f, and g, are
isomorphisms. Recall that wpr = Opn(—n — 1), whence
CH" (P, n is odd,
CAI:In(IP’”, Opn(—1)), niseven.

The homomorphism p. is an isomorphism by [Fasel 2013, Corollary 11.8]. Thus m, = degg;y is an

CHy(P") = CH"(P", O(—n — 1)) = {

isomorphism as well. U

Definition 2.7. A smooth projective scheme X over k has a quadratic Euler characteristic x (X/k) €
GW (k), arising from the categorical Euler characteristic of the dualizable object X7 X in the motivic
stable homotopy category SH(k), together with Morel’s theorem [2004, Theorem 6.4.1, Remark 6.4.2]
identifying the endomorphisms of the unit in SH(k) with GW (k) (see [Hoyois 2014, Section 1; Levine
2020, Section 2.1] for details). The motivic Gauss—Bonnet theorem [Déglise et al. 2021, Theorem 4.6.1;
Levine and Raksit 2020, Theorem 5.3] gives the identity

X (X/k) =deggy(e(Tx)) € GW (k). (2.8)
Theorem 2.9. Let Q° be the affine quadric over a perfect field k given by the equation

a1x12 —I—azxg +- 4+ a,,+1xn2+l =1,
withay, ..., a,+1 € k* and let Q% be the projective quadric given by the equation

arxi +axxy + - +an+1x,f+1 =0.
Then the following hold:
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(1) If nis odd, then the tangent bundle Too has a nonvanishing section.
(2) If n > 0 is even and the tangent bundle Tyo has a nonvanishing section, then

n+1

g (1, =)+ <2, 2-[] ai> € deggy (CH)(Q™)) S GW (k).
i=1
(3) If n > 0 is even and Q° has a rational point, then the tangent bundle Tg. has a nonvanishing section

if and only if
n+1

i=1

Proof. (1) We have settled the case of odd n in Remark 1.10.

n
2

(2), (3) Let Q be the compactification of Q° given by the equation
P g y q

2 2 2 2
x|+ apXy + - g1 X = X

in the projective space P"*! and let j : Q° — Q be the open embedding. Then Q*° = 0\ j(Q?); let
i: Q% — QO be the closed embedding. Consider the localization sequence and the quadratic degree
homomorphisms

CHo(0%) s EHy(Q) —— CH,(0)

deggw

GW (k)

We have the identifications
CHy(Q) = CH"(Q, wg) = CH"(Q, (det Tp)"),
so we consider the Euler class e(Tp) € (Eﬁ"(Q, (detTp)") as being in ﬁio(Q).
Exactness of the localization sequence yields that the Euler class e(Tpo) = e(j*Tg) = j*e(Tp) vanishes
if and only if e(Tp) € i,CHy(Q). By (2.8) and [Levine 2020, Corollary 12.2] we have

n+1
deggw(e(Tg)) = x(Q/k) == -(1,—1) +<2, 2. l_[a,->. (2.10)
i=1

n
2

Suppose that Tgo has a nonvanishing section. Then e(Tgo) = 0 and hence e(Tg) is in i*ﬁio( 0%).
Taking quadratic degrees and using formula (2.10) we obtain

n n+1 . . _ .
deggy (e(T)) = 5 (I, =1) +{2,2- l_[ai € deggw (ixCHo(Q™)) = deggw (CHo(Q™)),
i=1
proving (2) and one implication in (3).
Now suppose that Q¢ has a rational point and 5 - (1, —1) —1—(2, 2- ]_[?;rll ai) € degGW(ﬁlo(Qw)). Note
that degGW(éfio(Qoo)) = degGW(i*éT-IO(QOO)), whence Lemma 2.6 combined with (2.10) show that
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e(Typ) € i*CAro(QOO), yielding e(Tp.) = 0. Remark 2.4 provides an isomorphism det Tpo = O, whence
Theorem 2.2 implies that Tp. has a nonvanishing section, completing the proof of (3). (]

Example 2.11. Let S,g be the quadric over a field k given by the equation x> 4 y* 47> = 1.

(1) If the equation x? + y?> = —1 has a solution over k then the conic C; C [P’% given by the equation
X2+ y2 + 72 = 0 has a rational point whence degGW(Gf{o(Ck)) = GW (k) and Theorem 2.9 yields that
TS]? has a nonvanishing section. In particular [Lam 2005, Example X1.2.4(2) and (6)] yield that this holds
for k = Q,, the field of p-adic numbers and for k = [F,» a finite field, with p # 2 in both cases. By
base-change, the same follows if kK O @, or k has characteristic p, with p # 2. An explicit nonvanishing
section of TS;? in these cases may be found as in Remark 1.10.

(2) Let k = @, be the field of dyadic numbers. Then the equation x> 4 y?> = —1 has no solution over k
by, e.g., [Lam 2005, Example X1.2.4(7)] and the conic C; C [P’,% given by the equation x>+ y>+z> =0
has no rational points. However, it is clear that Cy has a rational point over @,(+/—2). Moreover, since 2
is equivalent to —14 modulo squares in ) (see, e.g., [Lam 2005, Corollary V1.2.24]), Cy has the point
(6++/—14, 10, =2 + 3+/—14) over @>(v/2). A straightforward computation shows that

@2V, (1) = 2, £1),

whence

(L =1) +(2,2) = @), (1) + @Y. (1)) € deggy (CHo(Ci)
and Theorem 2.9 (3) yields that Tszf has a nonvanishing section. Alternatively, we have

@2V, (1 4V2) = (=2, 1),

whence
(L, =1)+(2,2) = (2, =2) + (1, 1) = @2V?), (1, 1+ v/2) € deggyy (CHH(CL)).

Note that Cy does not have a (;-point, so we cannot apply Remark 1.10. We were not able to produce an
explicit nonvanishing section in this case.

Example 2.12. We can expand on the last example as follows. Let SZ” be the quadric over a field k&

2n+1

given by the equation ) ;"] x =1, n > 0, and suppose k contains a p-adic field Q,. Then TSZn has a

nonvanishing section. Indeed letting C}; 2n [P’Z" be the projective quadric defined by ZZ"H xi=0
we have just seen that (1, —1) 4 (2, 2) is in degGW(CHo(C,f)) C GW (k). But for an arbitrary quadratic

extension k(4/a) of k, we have

]

YD), (Vay) = (1, —1),

o(l,—1)isin degGw(@Io(Q)) for every smooth projective quadric Q over k, and thus we have

n- (1, —1) +(2,2) € deggy (CHo(CP)) € deggy (CH(CPM) S GW (k).
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We then apply Theorem 2.9 (3) to conclude that TSkzn has a nonvanishing section. Just as in Example 2.11 (1),
we can produce an explicit nonvanishing section if C,f” has a k-rational point. This is the case if Q, C k
with p an odd prime or if n > 2 and @, C k (for this last case, see [Lam 2005, Theorem VI1.2.12]).

Remark 2.13. Returning to the example of 522, Nanjun Yang asked if one could completely compute
éT{o(Séz). From the localization exact sequence in the proof of Theorem 2.9, we have the isomorphism

CHo(S3,) = GW(Q2)/ deggy (CHy(Cay,)).

We may identify Cq, with the Severi—Brauer variety associated to the standard quaternions Hg, over (.
By [Serre 1962, XIII, Proposition 6], the Brauer group of a local field K is isomorphic to @/Z by the map

invg : Br(K) - Q/Z,
so, for a degree-2 extension k O , Cgq, (k) # @ if and only if k splits Hg,, i.e., if and only if the
invariant invg (Hy) in Q/Z is zero. But by [Serre 1962, XIII, Proposition 7],

invg (Hy) =2 -invg, (Hg,) =2 % =0,

s0 Cq,(Q2(y/a)) # @ for every nonsquare a € Q.
Thus, (2, 2a) = tro,(/a)/a, ((1)) isindegsy ((ET—IO(C@Z)) for all nonsquares a, so the ideal 7 in GW(Q,)
generated by the forms

{2,u) |lu=3,5T71U{2,2u) |lu=1,3,5,7}

is contained in degGW(Gf{O(CQZ)). It is easy to see that [ is exactly the ideal in GI((),) of even-rank forms
in GW(Q,); since degGW(Cﬁﬁo(C@z)) is clearly contained GI(Q;), we have degGW(éT{o(C@z)) =GI(Q,)
and

CHo(S3,) =2/2

via the mod 2 rank map GW(Q,) — Z/2.

3. Scharlau’s transfer for closed points on a quadric

Definition 3.1. Let F be a field, char F' = 2. We denote by GI(F) € GW(F) the ideal consisting of the
even-dimensional (virtual) regular quadratic forms in the Grothendieck—Witt ring of F.

Definition 3.2. Let £/ F be a field extension of finite degree, char F # 2, and s : E — F be a nonzero
F-linear functional. Then the Scharlau transfer [1969]

s« : GW(E) —> GW(F)

is the additive homomorphism such that s, ({a)) is the quadratic form x +— s(ax?) on the F-vector space E.
See [Lam 2005, Chapter VII] for some of the properties of the Scharlau transfer.
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Let X be a variety over k. The transfer ideal of X is given by
GI§ = Y (s)+(GW(k(x))) S GW(K),
XEX(())

with the sum taken over all the closed points of X and {s, : k(x) — k}xex , being a chosen set of nonzero
k-linear functionals. Note that GI?( does not depend on the choices of s, [Lam 2005, Remark VII.1.6(C)].
It is easy to see that the transfer ideal admits an alternative description as

Gly = Y (sr)«(GW(F)) S GW(k),

F/k finite
X(F)£o

with the sum taken over all the (isomorphism classes) of field extensions F/k of finite degree such that

X r has a rational point and {sf : F — k}r being some chosen set of nonzero k-linear functionals.

Remark 3.3. The transfer ideal 5,(GW(F)) € GW (k) for an extension of fields F'/k of finite degree is
a classical object of study; see, e.g., [Lam 2005, Chapter VII]. This agrees with the notion introduced
above if one considers F as a zero-dimensional variety Spec F over k.

Lemma 3.4. Let X be a smooth proper variety over a perfect field k. Then
GIY = deg;y (CHo(X)).

Proof. This follows from the description of éﬁo (X) via the cohomology of the Rost—Schmid complex
and the fact that the pushforward in ﬁ‘l() for a separable field extension of finite degree coincides with
the Scharlau transfer for the field trace. U

Lemma 3.5. Let E/F be a field extension of even degree, char F # 2, and s : E — F be an F-linear
nonzero functional. Then s,(GW(E)) C 5,(GI(E)) + (1, —1) - GW(F).

Proof. Note that the claim does not depend on the choice of s (see [Lam 2005, Remark VII.1.6(C)]).
Without loss of generality we may assume that £ = F(«)/F is a simple extension. Then there is a
nonzero functional s such that s, ({(«)) = %[E : F1-(1, —1) [Lam 2005, Theorem VII.2.3]. The claim
follows, since s.(¢) = s:(¢ + (@) — [E : F]- (1, —1). O

Definition 3.6. Let ¢ be a regular quadratic form over k. Then we use the following notation:
e D(q) is the set of nonzero values of g.
e D(g)>=1{a-b|a,be D(q)} is the set of products of pairs of nonzero values of g.
e [D(¢)] and [D(g)?] are the multiplicative subgroups of k* generated by the respective sets.

Note that if 1 € D(g) then [D(q)] = [D(q)z]. Since all the sets introduced above are stable under
multiplication by squares (k*)?, we will sometimes abuse the notation and denote in the same way the
corresponding subsets of k* /(k*)>.
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Definition 3.7. For a regular quadratic form g over k of dimension n the signed discriminant §1(q) is
given by the formula

8+(g) = (=1)"""D2 det A,
where A, is a symmetric matrix representing ¢g. This gives a well-defined map
8+ :GW(k) — k™ / (k).
When restricted to the ideal GI(k), this map becomes a homomorphism.

Lemma 3.8. Let Q be a smooth projective quadric over k defined by a quadratic form q and take ¢ € GIE.
Then 8+(¢) is in [D(q)?].

Proof. We may assume Q (k) = &; otherwise ¢ is isotropic and D(g) = k*, whence there is nothing to
prove. Springer’s theorem [Lam 2005, Theorem VIIL.2.7] yields that for every closed point x € Q) the
degree [k(x) : k] is even. Hence GI‘é C GI(k), whence 64 restricted to GIE is a homomorphism. Thus it
is sufficient to check the claim for ¢ = s,(¥) with ¥ € GW (k(x)) for a closed point x € Q) and s a
chosen k-linear functional s : k(x) — k. Furthermore, by Lemma 3.5, we may assume v € GI(k(x)). By
[Scharlau 1985, Chapter II, Theorem 5.12] we have

8+ (5:(¥)) = Nigoy/k (B (¥)) € K/ (k)2

The quadric Qi) has a rational point, whence gi(y) is isotropic and D(qk)) = k(x)*; in particu-
lar, 8+ () € D(qk(x)). Then Knebusch’s norm principle [Lam 2005, Theorem VIL.5.1] implies that
Nico/k(8+(1)) € [D(g)*]: O

Remark 3.9. If g is a Pfister form then the last result was obtained in [Bhatwadekar et al. 2014,
Lemma 3.6].

Lemma 3.10. Let Q be a smooth projective quadric over k defined by a quadratic form q. Then
(a,b) € GIE if and only if —ab € [D(q)?].

Proof. Since 6+ ({a, b)) = —ab, one implication follows from Lemma 3.8. For the other implication,
first note that we may assume Q (k) = &, since otherwise GIté = GW (k) and there is nothing to prove.
Then there exists a closed point x € Qo) such that [k(x) : k] = 2 and we may choose « € k such that
k(x) = k(y/a). Then for the k-linear functional

s k(Va) =k, s(1)=0, s(va) =1,

one has s,((1)) = (1, —1), whence
(1,-1) e GIE .

Taking ¢y, ¢; € k*, we have

(I, —c1c2) = (c1)(l, —c2) + (1, —c1) = (1, —1).
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Recalling that GIE is an ideal in GW (k), it follows that

(1, —c1), (1, —c2) eGIté = (1, —cic2) eGIE. (3.11)
We claim that
c,de D(g) = (l1,—cd)E€ GIt(r2 . (3.12)

Accepting our claim for the moment, write —ab € [D(q)z] as aproduct, —ab:= ]—[i a;b;, witha;, b; € D(q).
By (3.12), we have (1, —a;b;) € GIE for each i. By (3.11), it follows that (1, -1 aibi) = (1, ab) is
in GI,. We proceed to prove (3.12).

First suppose that dim Q = 0. Then we may assume g = xl2 — ax% and Q = Speck(y/a). A straight-
forward computation with the same functional s as above shows that

se((w1 4+ Vowa)) = (1, —(u} — aud) (V] —av3))

for w; = (u1v] +aurvy)/(u1vy + uvy) and wy = 1, which proves (3.12) in this case.

Now suppose that dim Q > 1. Let g(«) = a, g(v) = b and choose some w # 0 such that ¥, (u, w) =
Yy (v, w) =0, where V¥, is the symmetric bilinear form associated to g. Put ¢ = g(w) and let « = —a/c.
Then

q(u+Vaw) = qu) +agw) + 2oy, (u, w) = g @) +ag(w) =0.

Thus there is a closed point x € Qo) such that k(x) = k(y/—a/c). Then for the same functional s as
above one has

sy ((v/—a/cy) =1, —a/c) € GIE .

The same argument shows that (1, —b/c) is in GIE. Using (3.11), we see that (1, —ab) also belongs to
GI{, and (3.12) follows. O

Remark 3.13. Let O be a smooth projective quadric over a field k& defined by a quadratic form g. Then
the group [D(g)?] coincides with the group of norms N (k) of Q, i.e., with the multiplicative subgroup
of k* generated by the norms N, (a), witha € F* and F/k being an extension of fields of finite degree
such that QO has a rational point [Colliot-Théléne and Skorobogatov 1993, Lemma 2.2].

Definition 3.14. For ay, ay, ..., a, € k* an n-fold Pfister form {{ay, aa, . .., a,)) is the quadratic form
[T/-,(1, —a;) of dimension 2". A regular quadratic form g over k is called a Pfister neighbor if there
exists a € k* such that (a) - ¢ is a subform of an n-fold Pfister form with 2"~! < dimg. Note that the
Pfister form containing (a) - g for a Pfister neighbor ¢ is unique [Lam 2005, Proposition X.4.17].

Lemma 3.15. Let g be a Pfister neighbor over a field k with the associated Pfister form ¢ and let Q
and ® be the projective quadrics given by q = 0 and ¢ = 0 respectively. Then GIE = GI}, and

[D(9)*] = [D($)*] = D(#).
Proof. Suppose ¢ is an n-fold Pfister form and ¢ has dimension m > 2"~!. Let a € k* be such that (a) - ¢

is a subform of ¢. Since the quadrics associated to g and (a) - ¢ are the same and [D(q)z] =[D({a) -q)z],
we may assume that g is a subform of ¢. We claim that for a field extension F'/k, Q(F) # & if and only if
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®(F) # . Indeed, since g is a subform of ¢, we have Q C & C [P’,%Ll, and, moreover, Q = ®N L, where
L is some codimension-(2" —m) linear subspace of [F",%n_]. Thus if Q(F) # & then ®(F) # &. Now let
F be such that ®(F) # &. Then ¢ is isotropic, whence hyperbolic [Lam 2005, Theorem X.1.7], so ® ¢
contains a linear subspace L' C [P’ZFW_1 of dimension 2"~! — 1. Letting L C [P’%n_l be the base-extension
of L C Pin_l to F, we see that Q  contains the linear subspace L' N Ly C I]j’fpn_1 of dimension at least
2"l 1 —@2"—m)=m—2""1—1>0, whence Q(F) # @.

The transfer ideals are generated by the Scharlau transfers for the field extensions F/k of finite degree
such that Q(F) # @ (respectively, ®(F) # &), whence it follows from the above that GIZ = GItqr,. Then
the equality [D(q)z] = [D(¢)?] follows from Lemma 3.10 because [D(q)z] and [D(¢)?] coincide with
the sets of signed discriminants of the binary forms from the respective transfer ideals. Since 1 € D(¢), we
have [D(¢)?] = [D(¢)] and the last equality [D(¢)] = D(¢) follows from [Lam 2005, Theorem XI.1.1].

Alternatively, for the equality [D(g)?] = [D(¢)?] one could apply the description of these groups as
the groups of norms [Colliot-Théleéne and Skorobogatov 1993, Lemma 2.2]. (Il

4. Nonvanishing vector fields on affine quadrics via groups of values

Using the results of the previous section, we can reformulate Theorem 2.9 in a more manageable form.

Theorem 4.1. Let g = a1x12 + a2x§ +-+ a,H_lx,fH be a quadratic form over a perfect field k with
ai, ..., any1 € k>, and let Q° be the affine quadric given by the equation

alxlz + a2x§ +--- +an+1x2+1 =1.
Then the following hold:

(1) If nis odd then the tangent bundle Too has a nonvanishing section.

(2) If n > 0 is even and the tangent bundle Tgo has a nonvanishing section then
n+1

—[]a ep@?.
i=1
(3) If n > 0is even and Q°(k) # & then the tangent bundle Tgo has a nonvanishing section if and only
if—1€[D(g)].

Proof. The case of odd n follows from Theorem 2.9 (1), so we assume n > 0 is even. Let 0°° C P" be
the quadric given by ¢ = 0. By Lemma 3.4 we have

(1, =1+ (2.2 [Tai) € deggy ((Ho(@™) = g(1 —1)+ 2.2 [ar) e GIs..

1

n

2

Note one trivially has 1 € [D(g)?]. Thus, Lemma 3.10 yields (1, —1) € GI‘éoo and implies in addition that

n+1
A, -n+(2.2-[Ja)eclin = -[Jaelb@’l
i i=1

n
2
Applying Theorem 2.9(2) proves (2).
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For (3), note that Q°(k) # @ if and only if 1 € D(q), which implies that [D(g)] = [D(g)?]. Since each
a; is in D(q), we see that — ]_[,r-’;Ll1 a; € [D(g)?] if and only if —1 € [D(g)]. Thus, —1 € [D(g)] if and
only if 2(1, —1) +(2,2-[]; ;) is in deg;w (CHo(Q™)), and then Theorem 2.9 (3) implies the claim. [J
Definition 4.2. Let F be a field. The level of F, denoted by s(F), is the minimal integer n such that

—1le D(xl2 —|—x% 4+ +x3). If no such n exists then s(F) = co. The level of a field is either infinite or a
power of 2 [Lam 2005, Pfister’s Level Theorem XI1.2.2].

Corollary 4.3. Let S}, n > 1, be the affine quadric over a field k given by the equation
X bxy e ag, =1
Then the tangent bundle Ts» has a nonvanishing section if and only if one of the following holds:

(1) nisodd.
(2) n > 0iseven and s(k) <2n+1.
Proof. First assume that char k > 2. Then Remark 1.10 yields that the tangent bundle 75y has a nonvanishing
section for every n > 1. At the same time —1 is a square or a sum of two squares in a finite field, whence
in k, thus s(k) is 1 or 2 and, in particular, s(k) < 2n + 1 for n > 1. This yields the claim in the positive
characteristic.
Assume char k = 0, in particular, k is perfect. By Theorem 4.1 we need to show that for even n one has

—le[Dxi+xs+--- +x,f+1)]
if and only if s(k) <2n+ 1. Let m be such that 2m=1 4+ 1 <2™ Then xlz +x% +-- +x2+1 is a Pfister
neighbor with the associated Pfister form xlz + x22 +--+ xzzm. Lemma 3.15 yields
[DOF+x3+- - +x2, )] = D] +x3 4+ -+ x3.).
Thus —1¢€ [D(x12+x%+- : -—i—x,fﬂ)] if and only if s (k) <2™. The claim follows since s (k) is a power of 2. [

Example 4.4. Let S,f be the quadric over a field k given by the equation x% 4+ y> 4+ z> = 1. If k = R then
Ts,f has no nonvanishing sections since by a classical result of Poincaré the real vector bundle TSf. (R) has
no nonvanishing continuous sections in the Euclidean topology [tom Dieck 2008, Theorem 6.5.5]. More
generally, Corollary 4.3 yields that TS% has no nonvanishing sections if and only if s(k) > 8 (including the
case of 5 (k) = 00). In particular, TS;? has a nonvanishing section for the following fields (cf. Example 2.11):
(1) k a quadratically closed field,

(2) k afield of characteristic p > 2,

(3) k a non-Archimedean local field,

(4) k a purely imaginary number field.

See [Lam 2005, Example XI.2.4] for the relevant computations of s (k).
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Corollary 4.5. Let k be a perfect field of characteristic # 2 such that every Pfister form of dimension 8 is
hyperbolic, i.e., that I (k) =0,' and let Q° be the affine quadric over k given by the equation

2 2 2
aixy +axxy +- -+ anp1x,, =1,

with a; € k*. Suppose that n is odd, or that n > 0 is even and Q°(k) # &. Then the tangent bundle Tgo

has a nonvanishing section.

Proof. By Theorem 4.1 it is sufficient to show that for an even n > 0 one has —1 € [D({ay, az, . . ., an+1))].
We claim that already

—1e[D({ar, az, as)*1 S [D(ar, az, ..., ape1)’1 = [D(ar, a2, . dye1)]-
Indeed, note that the quadratic form (a;, a», a3) is a Pfister neighbor since
(ar) - (a1, az, a3) = (1, a1az, aia3)
is a subform of the 2-fold Pfister form ((—aja>, —ajaz)) = (1, ayaz, aas3, aaz). Then Lemma 3.15 yields
[D({a1, a2, a3))*]1 = D((1, a1a2, a1a3, aza3)). (4.6)

Now, the form (1, ajas, a1as, aas, 1) is again a Pfister neighbor with the associated 3-fold Pfister
form ((—ajay, —ajasz, —1)). The latter form is hyperbolic by the assumption, whence its subform
(1, aray, aras, aras, 1) is isotropic by the same dimension count argument as in the proof of Lemma 3.15.
It follows that the equation

x12 + alazxg + a1a3x§ + a2a3x£ + x52 =0
has a solution over k. This means that
—1 € D((1, a1az, a1a3, azasz)),
yielding by (4.6) that —1 € [D({ay, a2, az))?] and thereby the claim. O

Corollary 4.7. Let k be a number field and let Q° be the affine quadric over k given by the equation

2 2 2
arxy+axx; +--- +an+1xn+1 =1,

with a; € k™. Suppose Q°(k) # O.

(1) If nis odd, then Tgo has a nonvanishing section.

(2) If n > 0 is even, then Tgo has a nonvanishing section if and only if, for each real embedding

o:k— R, o(a;) <0 for somei.

1t follows from the Milnor conjecture [Voevodsky 2003, Corollary 7.5; Orlov et al. 2007, Theorem 4.1; Rondigs and @stver
2016, Theorem 1.1] that I (k)3 =0 is equivalent to k£ being of 2-cohomological dimension at most 2.
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Proof. The case of odd n follows from Theorem 4.1 (1).

For even n > 0, put g = a]xl2 +a2x§ +---+ an+1x3+1. Let o : Kk — R be an embedding such that
o(a;) > 0 for all i and let gr be g extended to R using this embedding. Then [D(gr)] € R, whence
—1 € [D(q)]. Thus Theorem 4.1 (3) yields one direction of the desired implication.

For the other direction it suffices to show that if n > 0 is even and for every embedding o : k — R one
has o (a;) < 0 for some i then —1 € [D(q)]. Note that the assumption that Q°(k) # & implies that, for
each real embedding o of k, there is a j with o (a;) > 0.

First assume n > 4. Let v be a place of k and consider the quadratic form g +x;.,, = a1x{ +axx3 +
R an+1x,21 gt xﬁ 4o over ky. If v is a finite place, then g + x,f 4 18 isotropic since every quadratic
form of dimension > 5 is isotropic over a local field [Lam 2005, Theorem VI1.2.12]. If v is an infinite
place then the assumption o (a;) < 0 for some i implies that g + xi 4 18 isotropic. Then [Lam 2005,
Hasse—Minkowski Principle VI.3.1] implies that g + x,f 42 18 isotropic over k, whence —1 € D(q).

Now assume n = 2. The form (a;, a;, a3) = a1x12 +arx*+azx? is a Pfister neighbor with the associated
Pfister form (1, aja», ajas, araz) and Lemma 3.15 yields

[D({a1, a2, a3))*] = D({1, ajaz, a1as, azas)). (4.8)

Let v be a place of k and consider the form ¢’ = (1, ayaz, a1as, axas, 1) over k,,. As above, if v is a finite
place then the form ¢’ is isotropic by [Lam 2005, Theorem VI1.2.12]. If v is a complex place then ¢’ is
clearly isotropic. If v is a real place with the real embedding o, : k — R then as Q°(k) # @, we have
Q(ky) # ; hence there is a j such that o (a;) > 0. Combined with our assumption that o, (a;) <0 for some
i, we see that at least one of o,(ajaz), o, (a1a3) and o, (aza3) is negative, whence ¢’ is isotropic over k.
Then [Lam 2005, Hasse—-Minkowski Principle VI.3.1] implies that ¢’ is isotropic over k meaning that
—1 e D((1, aiay, a1as, axaz)). By (4.8), we thus have —1 € [D({ay, a2, az))?] and the claim follows. [J

Corollary 4.9. Let k be a field of one of the following types:
(1) a finite field T ,n, p > 2,
(2) a non-Archimedean local field of characteristic zero,
(3) the perfection of a local field of characteristic p > 2,
(4) the perfection of the function field of a curve over a finite field.

Let Q° be the affine quadric over k given by the equation
q:= a1x12 +a2x22 +--- +an+1x,%+1 =1,

with a; € k*. Suppose that n > 0, and if n =2 and k is of type (2, 3, 4), suppose in addition that Q° has a
k-rational point. Then Tge has a nonvanishing section.

Proof. In all the above cases, k is a perfect field of cohomological dimension < 2, and the result follows
from Corollary 4.5, once we know that Q¢ (k) # @ if n > 2 is even. For k of type (1) every regular quadratic
form in at least three variables is isotropic [Lam 2005, Proposition 1.3.4] and for k of type (2, 3, 4), every
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regular quadratic form in at least five variables is isotropic [Lam 2005, Theorem VI1.2.12, Corollary VI.3.5];
applying this to g — xé shows that Q°(k) # @ in all cases to be considered. (Il
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