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Self-correlations of Hurwitz class numbers
Alexander Walker

The asymptotic study of class numbers of binary quadratic forms is a foundational problem in arith-
metic statistics. Here, we investigate finer statistics of class numbers by studying their self-correlations
under additive shifts. Specifically, we produce uniform asymptotics for the shifted convolution sumP

n<X H.n/H.nC `/ for fixed ` 2 Z, in which H.n/ denotes the Hurwitz class number.

1. Introduction

The study of class numbers of binary quadratic forms has a rich history, dating back to Lagrange and
Gauss. In Disquisitiones arithmeticae, Gauss made several conjectures about the distribution of class
numbers, including the famous statement that the class number h.�D/ of binary quadratic forms of
discriminant �D should diverge to infinity as D!1. Gauss’ conjecture was established by Heilbronn
[12], with effective lower bounds first obtained through the combined work of Goldfeld [7] and Gross
and Zagier [11].

Moment estimates for class numbers have been studied by many authors, often using Dirichlet’s class
number to reduce the problem to estimates for families of quadratic Dirichlet L-functions at the special
point 1. For example, Wolke [34] proved thatX

n�X

Qh.�n/˛ D c.˛/X 1C˛
2 CO˛

�
X 1C˛

2
� 1

4

�
(1-1)

for fixed ˛ > 0, where Qh.�n/ denotes the number of classes of primitive binary quadratic forms of
discriminant �n. Later work of Granville and Soundararajan [10] implies that the main term in (1-1)
holds with some uniform error for any ˛� log X .

In comparison, shifted convolution estimates for class numbers are far less understood. Recent work
of Kumaraswamy [23] considers

D.X; `/ WD
X
n�X

[
h.�n/h.�n� `/;

in which
P[ denotes restriction to n such that both �n and �n� ` are fundamental discriminants, with

neither congruent to 1 mod 8. Kumaraswamy applies the circle method to prove that

D.X; `/D c`X
3
2 .X C `/

1
2 CO�

�
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3
2
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1
2
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60
C�
�

MSC2020: primary 11E41; secondary 11F72, 11M99.
Keywords: Hurwitz class number, shifted convolution, harmonic Maass form, mock modular form.

© 2025 The Author, under license to MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons
Attribution License 4.0 (CC BY). Open Access made possible by subscribing institutions via Subscribe to Open.

http://msp.org
http://msp.org/ant/
https://doi.org/10.2140/ant.2025.19-12
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/


2434 Alexander Walker

for `� 1 and all � > 0, uniformly in ` (cf. [23, Theorem 1.1]). For fixed `, this gives a power-saving of
O.X 1=60��/ in the error term.

Unfortunately, the peculiar restriction to n; nC ` 6� 1 mod 8 in [23] is essential, as this work uses the
identity

r3.n/D 12
�
1�

�
�n

2

��
h.�n/; (1-2)

(cf. [3, Proposition 5.3.10]) to relate the class number to the Kronecker symbol and r3.n/, the number of
representations of n as a sum of 3 squares, which holds when �n is a fundamental discriminant. Since�
�n
2

�
D 1 for n�˙1 mod 8, the identity (1-2) gives no information about h.�n/ on the residue class

�n� 1 mod 8.
This article presents an alternative method for studying correlations of class numbers, via the spectral

theory of automorphic forms. In this setting, it is convenient to consider a version of the class number
h.�n/ called the Hurwitz class number H.n/, in which the classes containing a multiple of x2Cy2 or
x2�xyCy2 are weighted by 1

2
and 1

3
, respectively. By convention, we set H.0/D� 1

12
. Hurwitz class

numbers feature, for one example, in Eichler–Selberg “class number relation” formulas, such asX
m2Z

H.4n�m2/D 2�1.n/C
X
d jn

min
�
d;

n

d

�
; (1-3)

which appear in the work of Kronecker and Hurwitz. Here, ��.n/D
P

d jn d� .
More recently, Zagier [36] showed that Hurwitz class numbers arise as the coefficients of a mock

modular form. Specifically, Zagier proved that

H.z/ WD
X
n�0

H.n/e.nz/C
1

8�
p

y
C

X
n�1

n�
�
�

1
2
; 4�n2y

�
4
p
�

e.�n2z/ (1-4)

defines a harmonic Maass form of weight 3
2

on �0.4/. Here, z D xC iy,

e.z/D e2�inz;

and �.ˇ;y/ denotes the incomplete gamma function. In particular, one may study Hurwitz class numbers
using automorphic forms.

In this article, we leverage the analytic theory of harmonic Maass forms and mock modular forms to
study the shifted convolution Dirichlet series

D`.s/ WD
X
n�1

H.n/H.nC `/

.nC `/sC
1
2

; (1-5)

where `� 1 is a fixed integer. We prove that D`.s/ admits meromorphic continuation to s 2 C and use
this information to study the self-correlations of Hurwitz class numbers under additive shifts. Our main
theorem is the following result.
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Theorem 1.1. Let ��.m/ D
P

d jm d� denote the sum-of-divisors function, with the convention that
��.m/D 0 for m 62 Z. Fix `� 1 and let `o denote the odd part of `. Then, for all � > 0, we have

X
n�X

H.n/H.nC `/D
�2X 2

252 �.3/

�
2��2

�
`
4

�
� ��2

�
`
2

�
C ��2.`o/

�
CO�

�
X

5
3
C�
CX 1C�`

�
:

For `�X 2=3, this result achieves a uniform error of size O�.X
5=3C�/. For larger `, the error term

depends on ` but remains nontrivial when `�X 1��.
Since Hurwitz class numbers agree with the ordinary class numbers h.�n/ for n not of the form 3m2

or 4m2, the rough upper bound H.n/� n1=2Co.1/ (cf. Lemma 7.2) implies the following result as an
immediate corollary.

Corollary 1.2. With notation as above, we have

X
n�X

h.�n� `/h.�n/D
�2X 2

252 �.3/

�
2��2

�
`
4

�
� ��2

�
`
2

�
C ��2.`o/

�
CO�

�
X

5
3
C�
CX 1C�`1C�

�
:

The error bounds in Theorem 1.1 are of course not sharp. We conjecture that Theorem 1.1 should hold
with a secondary main term and an error of size O�..X`/

1C�/; specifically, that

X
n�X

H.n/H.nC `/D
�2X 2

252 �.3/

�
2��2

�
`
4

�
� ��2

�
`
2

�
C ��2.`o/

�
�

2X
3
2

9�

�
2��1

�
`
4

�
� ��1

�
`
2

�
C ��1.`o/

�
CO�

�
.X`/1C�

�
: (1-6)

To support this conjecture, we show (cf. Remark 10.1) that (1-6) holds when the cutoff n�X is replaced
by a certain class of truncations with smoothing.

Paper methodology and outline

To produce shifted convolution estimates that treat all congruence classes equally, we abandon (1-2) in
favor of the generating function H.z/ from (1-4). In particular, we treat shifted convolutions involving
weak harmonic Maass forms instead of ordinary modular forms. We also depart from [23] in that we treat
shifted convolutions using the spectral theory of automorphic forms, as opposed to the circle method.

Following some background material on harmonic weak Maass forms and mock modular forms
in Section 2, we relate the Dirichlet series D`.s/ defined in (1-5) to the Petersson inner product
hy3=2jHj2;P`. � ; Ns/i, in which P`.z; s/ is a particular Poincaré series.

We obtain a meromorphic continuation for D`.s/ by first producing a meromorphic continuation
of hy3=2jHj2;P`. � ; Ns/i. This task is complicated by the fact that F.z/ WD y3=2jH.z/j2 is not square-
integrable. To address this, we show in Section 4 that F.z/ may be written in the form V.z/C E.z/, in
which V 2L2 and E is an explicit function involving Eisenstein series and the Jacobi theta function.
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The meromorphic continuations of hE ;P`. � ; Ns/i and hV;P`. � ; Ns/i are then computed in Sections 5
and 6, respectively. While hE ;P`. � ; Ns/i can be understood directly, the meromorphic continuation of
hV;P`. � ; Ns/i is accomplished through spectral expansion of the Poincaré series.

The methods described up to this point apply more generally. To illustrate this, the major results of
Sections 3–6 are presented with H replaced by a generic weak harmonic Maass form “of polynomial
growth” (cf. Section 2B). Our first significant specialization to H.z/ occurs in Section 6, where we
leverage the fact that the contribution from the nonholomorphic part of H.z/ is unusually simple (cf.
Remark 6.4) to more easily classify the poles and residues of D`.s/ in the right half-plane Re s > 1

2
.

Our main application, Theorem 1.1, also requires uniform bounds for the growth of D`.s/ in vertical
strips. In Section 7, we address various elementary terms to reduce this problem to growth estimates for
hV;P`. � ; Ns/i.

The spectral expansion of P`.z; s/ gives a decomposition hV;P`. � ; Ns/i D†disc.s/C†cont.s/ corre-
sponding to contributions from the discrete and continuous spectra of the hyperbolic Laplacian. While
†cont is readily handled, the problem of bounding†disc.s/with respect to jIm sj is particularly complicated
and represents the central difficulty of this work.

Ultimately, our bounds for †disc rely on decay estimates for triple inner products of the form
hy3=2jHj2; �j i, in which �j .z/ runs through an orthonormal basis for Hecke–Maass cusp forms on
�0.4/. Similar inner products, of the form hyk�1�2; �j i (with �1; �2 automorphic forms of weight k)
have been studied in numerous works, and we mention a few:

a. �1; �2 weight k 2 Z holomorphic cusp forms on �0.N /, by [8];

b. �1; �2 weight 0 Eisenstein series on �0.1/, by [33];

c. �1�2 replaced by any polynomial in Maass cusp forms, by [28];

d. �1; �2 weight 0 Maass cusp forms on �0.1/, by [19; 20];

e. �1; �2 weight k 2 1
2

Z modular forms on �0.N /, by [22].

Of these prior works, (a) and (b) use the Rankin–Selberg method directly, (c) and (e) use the automorphic
kernel, and (d) uses a modified Rankin–Selberg method that introduces an auxiliary Eisenstein series for
the express purpose of unfolding.

Our treatment of hy3=2jHj2; �j i appears in Section 8. More generally, this section produces bounds
for triple inner products of the form hyk jf j2; �j i, where f is a harmonic Maass form of polynomial
growth of weight k 2 1

2
CZ. In particular, we prove the following result:

Theorem 1.3. Let f be a harmonic Maass form of polynomial growth of weight k 2 1
2
CZ and level N .

Let � be an L2-normalized Hecke–Maass cusp form of weight 0 on �0.N /, with spectral type t 2 R. For
all � > 0, we have

hyk
jf j2; �i �N;�

�
jt j2k�1

Cjt j3�2k
�
jt j�e�

�
2
jt j:
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We remark that the space of harmonic Maass forms of polynomial growth includes Mk.�0.N //, the
space of modular forms. In this setting, Theorem 1.3 can be used to improve the spectral dependence in
certain results of [22]. (In particular, see [22, Proposition 14].)

Our proof of Theorem 1.3 draws heavy inspiration from [19; 20], though our work is more complicated
in several respects, such as the change from �0.1/ to �0.N /, the change in Whittaker functions (from
K-Bessel functions to incomplete gamma functions), the generalization to half-integral weight, and the
introduction of terms related to the fact that f need not be cuspidal. We also depart from Jutila by
considering individual inner products instead of spectral large sieve inequalities. We suspect that a spectral
large sieve inequality would not improve Theorem 1.1.

In Section 9, we apply these triple product estimates to complete our quantification of the growth
of D`.s/. At this point, our main result follows from a version of Perron’s formula with truncation, as
presented in Section 10.

2. Harmonic weak Maass forms and mock modular forms

The theory of harmonic Maass forms was introduced by Bruinier and Funke in the context of geometric
theta lifts [2]. This section reviews the basic definitions of harmonic Maass forms and mock modular
forms. A good reference for background material is [1, §4].

A weak Maass form of weight k on a congruence subgroup � �SL2.Z/ is a smooth function f W h!C

which transforms like a modular form of weight k, is an eigenfunction of the weight k Laplacian

�k WD �y2

�
@2

@x2
C
@2

@y2

�
C iky

�
@

@x
C i

@

@y

�
;

and has at most linear exponential growth at cusps.
If �kf D 0, then f is called a harmonic (weak) Maass form of manageable growth. Let H !

k
.�/ denote

the space of weight k harmonic Maass forms of manageable growth on � . If � D �0.N / or �1.N /, then
any f .xC iy/ 2H !

k
.�/ admits a Fourier expansion at1 of the form

f .z/D
X

n�nC

cC.n/e.nz/C c�.0/y1�k
C

X
n�n�

n¤0

c�.n/�.1� k; 4�ny/e.�nz/ (2-1)

(cf. [1, Lemma 4.3]), where �.ˇ;y/ WD
R1

y tˇ�1e�t dt is the incomplete gamma function. In the case
k D 1, the term c�.0/y1�k is replaced with c�.0/ log y. The first sum in the Fourier expansion (2-1) of
f .z/ is called the holomorphic part, and the rest of the right-hand side of (2-1) is the nonholomorphic
part. Any function which arises as the holomorphic part of a harmonic Maass form of manageable growth
is called a mock modular form.

Fourier expansions of analogous shape exist for each cusp of � . To describe this precisely, we assume
henceforth that k 2 1

2
Z and � � �0.4/ and restrict to Maass forms with the theta multiplier system �� .



2438 Alexander Walker

That is, where �.z/ WD
P

n2Z e.n2z/ denotes the Jacobi theta function, we assume that

f .
 z/D
�
�.
 z/

�.z/

�2k
f .z/

for all 
 D
�

a b
c d

�
2 � . This may also be written f .
 z/ D �� .
 /

2k.cz C d/kf .z/, in which �� is
defined by ��

��
a b
c d

��
WD ��1

d

�
c
d

�
, where �d D 1 for d � 1 mod 4 and �d D i for d � 3 mod 4. For


 D
�

a b
c d

�
2 GL.2;R/ with det 
 > 0, we define the weight k slash operator by

f j
 .z/ WD
�
�.
 z/

�.z/

��2k
f .
 z/:

Finally, for each cusp a of � , let �a D h˙tai � � denote the stabilizer of a. Let �a denote a scaling
matrix for a, i.e., a matrix in GL.2;R/ for which ta D �a

�
1 1
0 1

�
��1
a . Define the cusp parameter ~a 2 Œ0; 1/

so that e.~a/D �� .ta/. If ~a D 0, the cusp a is called singular; otherwise, a is called nonsingular.
Given all this notation, f .z/ admits a Fourier expansion at each cusp a of � , given by

fa.z/ WD f j�a.z/D
X

n�nC

cCa .n/e..nC ~a/z/

C c�a .0/y
1�k
C

X
n�n�

n¤~a

c�a .n/�.1� k; 4�.n� ~a/y/e.�.n� ~a/z/; (2-2)

where c�a .0/y
1�k appears only when ~a D 0. When k D 1 and ~a D 0, we replace this term by

c�a .0/ log y. Since we work most commonly with the Fourier expansion at aD1, we retain the shorthand
c˙.n/ WD c˙1.n/.

2A. The shadow operator �k. This section follows [1, §5.1]. Recall the Maass lowering operator Lk

defined by Lk D�iy2
�
@
@x
C i @

@y

�
. We define as well the shadow operator �k D yk�2Lk . By [1, Theorem

5.10], �k maps H !
k
.�0.N // surjectively to M !

2�k
.�0.N //, the space of weakly holomorphic modular

forms of weight 2� k. This map is given by

�k.f .z//D .1� k/c�.0/� .4�/1�k
X
n�n�

n¤0

c�.n/n1�ke.nz/:
(2-3)

The form �kf is called the shadow of f .

2B. Harmonic Maass forms of polynomial growth. Generically, the coefficient series fc˙a .n/g grow
superpolynomially as n!1. In the remainder of this article, we restrict to the special case in which the
coefficients are polynomially bounded in n. This is equivalent to the property that f .z/ have no poles at
cusps, or that n˙˙ ~a � 0 in (2-1) for all a.

Let H
]

k
.�0.N // denote the subspace of H !

k
.�0.N // consisting of forms with at most polynomial

growth at cusps. We remark that the space H
]

k
features prominently in [31], where it serves as a natural

setting to study L-functions attached to mock modular forms. Note that H
]

k
is a subspace of the space of

(not necessarily cuspidal) Maass wave forms of weight k.



Self-correlations of Hurwitz class numbers 2439

The shadow operator maps �k WH
]

k
.�0.N //!M2�k.�0.N //. In particular, �k annihilates H

]

k
.�0.N //

for k > 2. In other words, H
]

k
DMk for k > 2, so the space H

]

k
is most interesting for k � 2.

Though exact growth rates for the coefficients c˙a .n/ are not known, adequate on-average bounds
are known from the Rankin–Selberg method as applied to Maass forms (including noncuspidal Maass
forms) in [26]. Specializing to the case of harmonic Maass forms and translating notation, we present the
following result.

Lemma 2.1 (cf. [26, Theorem 5.2]). Fix f .z/ 2H
]

k
.�0.N // with k 2 1

2
Z and k ¤ 1. If f has Fourier

expansion (2-2), then

X
n�X

jc˙a .n/j
2

.n˙ ~a/k�1
D

(
c˙
f;a

X COf
�
X

3
5 log X

�
if f is cuspidal;

c˙
f;a

X 1Cjk�1jCOf
�
X 1Cjk�1j� 2C4jk�1j

5C8jk�1j log X
�

else;

for some constants c˙
f;a

.

3. Shifted convolutions via inner products

In this section, we show that shifted convolution Dirichlet series of the form (1-5) can be recognized in
terms of Petersson inner products. To begin, we treat a generic form f .z/ 2H

]

k
.�0.N // with Fourier

expansion (2-1). We define the `-th Poincaré series P`.z; s/ of weight 0 on �0.N / by

P`.z; s/ WD
X


2�1n�0.N /

Im.
 z/se.`
 z/:

For s with Re s sufficiently large, the Rankin–Selberg unfolding method gives

hyk
jf j2;P`. � ; Ns/i D

Z 1
0

Z 1

0

ysCk
jf .z/j2e.`z/

dx dy

y2

D

X
n1Dn2C`

Z 1
0

ysCk�1c.n1;y/c.n2;y/e
�2�hy dy

y
;

(3-1)

in which c.n;y/ denotes the n-th Fourier coefficient of f .z/ at the cusp aD1. In other words, c.n;y/D

cC.n/e�2�ny for n� 1, c.0;y/D cC.0/C c�.0/y1�k , and c.n;y/D c�.�n/�.1�k;�4�ny/e�2�ny

for n� �1.
The contribution of n1; n2 > 0 to the inner product is a standard shifted convolution Dirichlet series:

IC
`
.s/ WD

X
n1Dn2C`

cC.n1/cC.n2/

Z 1
0

ysCk�1e�2�.n1Cn2C`/y
dy

y
D
�.sCk�1/

.4�/sCk�1

1X
n2D1

cC.n2C`/cC.n2/

.n2C`/sCk�1
:

Since f 2H
]

k
, the Dirichlet series in the line above converges absolutely in some right half-plane. More

precisely, Lemma 2.1 gives convergence in Re s > 1Cjk�1j, extending to Re s > 1 in the cuspidal case.
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The net contributions from .n1; n2/D .`; 0/ and .0;�`/ total

I0
` .s/ WD

cC.`/c�.0/�.s/

.4�`/s
C

cC.`/cC.0/�.sCk�1/

.4�`/sCk�1
C

c�.0/c�.`/�.s�kC1/

.4�`/ss
C

cC.0/c�.`/�.s/

.4�`/sCk�1.sCk�1/
:

The function I0
`
.s/ is meromorphic in s 2C and analytic in Re s > jk�1j. Note that I0

`
.s/ vanishes when

f is cuspidal.
There is another finite collection of “cross terms” when n1 > 0 and n2 < 0, which contributes

I�` .s/ WD

`�1X
mD1

cC.`�m/c�.m/

Z 1
0

ysCk�1e�4�.`�m/y�.1� k; 4�my/
dy

y

D
�.s/

sC k � 1

`�1X
mD1

cC.`�m/c�.m/

.4�m/sCk�1 2F1

�
s; sC k � 1

sC k

ˇ̌̌̌
1�

`

m

�
;

in which we’ve evaluated the integral via [9, 6.455(1)]. The function I�
`
.s/ is analytic in the right

half-plane Re s >max.0; 1� k/ and has an obvious meromorphic continuation to s 2 C.
Lastly, we record the contribution of n1; n2 < 0, which can be written

I�` .s/ WD

1X
nD1

c�.n/c�.nC `/

.4�/sCk�1
Gk.s; n; nC `/; with

Gk.s; n; nC `/ WD

Z 1
0

ysCk�1�.1� k; ny/�.1� k; .nC `/y/eny dy

y
:

(3-2)

The two asymptotic expressions �.ˇ;y/ D �.ˇ/ � yˇ=ˇ C Oˇ.y
ˇC1/ as y ! 0 and �.ˇ;y/ D

e�yyˇ�1.1COˇ.y
�1// as y!1 imply that Gk.s; n; nC `/ converges absolutely when Re s > jk�1j.

In this region, Gk.s; n; nC `/� Gk.Re s; n; n/�Re s n�Re s�kC1 by change of variable. Thus I�
`
.s/

converges to an analytic function in Re s>1Cjk�1j, extending to the domain Re s>1 in the cuspidal case.
We conclude that the unfolding procedure is valid in Re s > 1Cjk�1j, and that in this region we have

the decomposition

hyk
jf j2;P`. � ; Ns/i D IC

`
.s/C I0

` .s/C I�` .s/C I�` .s/: (3-3)

3A. Application to H.z/. The formulas in this section simplify considerably for the specific form
H 2H

]

3=2
.�0.4// defined in (1-4). Recall from (1-5) the definition of the shifted convolution Dirichlet

series

D`.s/ WD
X
n�1

H.n/H.nC `/

.nC `/sC
1
2

; (3-4)

which converges absolutely in Re s > 3
2

. By (1-4), the coefficients c�.n/ of H may be written in terms of
r1.n/, the number of representations of n as the square of an integer. Simplifying the various terms at
right in (3-3) produces the formula
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hy
3
2 jHj2;P`. � ; Ns/i D

�
�
sC 1

2

�
.4�/sC

1
2

D`.s/C
H.`/�.s/

8�.4�`/s
�

H.`/�
�
sC 1

2

�
12.4�`/sC

1
2

C
r1.`/�

�
s� 1

2

�
128�2.4�`/s�

1
2 s
�

r1.`/�.s/

192�.4�`/s
�
sC 1

2

�
C
�.s/

sC 1
2

`�1X
mD1

H.`�m/r1.m/

16�.4�m/s
2F1

�
s; sC 1

2

sC 3
2

ˇ̌̌̌
1�

`

m

�
C

X
m2

1
�m2

2
D`

m1;m2�1

m1m2

4.4�/sC
3
2

G 3
2
.s;m2

2;m
2
1/: (3-5)

The contribution of I�
`
.s/ in the fourth line of (3-5) is a finite sum, since m2

1
�m2

2
D ` has finitely

many solutions. This phenomenon generalizes to any f 2 H
]

3=2
.�0.N // for which M1=2.�0.N // is

one-dimensional, since in that case �3=2f is necessarily a twisted theta function by [30, Theorem A].
Thus, in departure from the general case, we conclude that I�

`
.s/ is analytic in Re s > 1

2
.

Secondly, we remark that the contribution of I�
`
.s/ bears some resemblance to one side of the Eichler–

Selberg class number relation (cf. (1-3)). More specifically,

Res
sD0

�.s/

sC 1
2

`�1X
mD1

H.`�m/r1.m/

16�.4�m/s
2F1

�
s; sC 1

2

sC 3
2

ˇ̌̌̌
1�

`

m

�
D

1

4�

X
m2<`

H.`�m2/;

which is essentially one of the sums described in [1, §10.3]. It would be interesting to know if the methods
in this paper could be used to produce new class number relations.

4. Automorphic regularization

To produce a meromorphic continuation for the Dirichlet series D`.s/, we first show that the inner product
hyk jHj2;P`. � ; Ns/i has a meromorphic continuation to a larger domain. This latter continuation involves
the spectral decomposition of P`.z; s/ with respect to the hyperbolic Laplacian and is complicated by
the fact that y3=2jH.z/j2 62L2.�0.4/nh/. To rectify this, we modify y3=2jH.z/j2 by subtracting a linear
combination of automorphic forms chosen to neutralize growth at the cusps of �0.N /.

We define the weight 0 Eisenstein series attached to cusp a of �0.N / by

Ea.z; s/D
X


2�an�0.N /

Im.��1
a 
 z/s:

These Eisenstein series have Fourier expansion at the cusp b of the form

Ea.�bz; w/

D ıŒaDb�y
w
C�

1
2
�
�
w� 1

2

�
�.w/

'ab0.w/y
1�w
C

2�wy
1
2

�.w/

X
n¤0

'abn.w/jnj
w� 1

2 Kw� 1
2
.2�jnjy/e.nx/; (4-1)
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in which ıŒ�� denotes the Kronecker delta, K�.y/ is the K-Bessel function, and the coefficients 'abn.w/

are described in [4], for example.
As in the previous section, we first consider a general f .z/ 2 H

]

k
.�0.N //, with k 2 1

2
Z (k ¤ 1),

specializing to f D H when convenient. Let Fa.z/ WD yk jf j�a.z/j
2 D Im.�az/k jf .�az/j2. If ~a ¤ 0,

then Fa.z/ decays exponentially as y !1 by the Fourier expansion (2-2), and no regularization is
required. Otherwise, when ~a D 0, (2-2) implies that

Fa.z/D yk
jcCa .0/C c�a .0/y

1�k
j
2
CO.y�M / (4-2)

as y !1 for all M > 0. It therefore suffices to regularize growth of sizes yk , y1, and y2�k at the
singular cusps.

For k > 1, the Eisenstein series Ea.z; k/ counteracts growth of size yk at a, while for k < 1 we
utilize Ea.z; 2� k/ to address y2�k . Unfortunately, this technique fails to regularize growth of size
y1, since Ea.z; w/ has a pole at w D 1. In this case, we instead subtract a multiple of the constant
term in the Laurent expansion of Ea.z; w/ at w D 1, which we denote zEa.z; 1/, and which satisfies
zEa.�bz; 1/ D ıŒaDb�y � � log y ReswD1 'ab0.w/C Qcab CO.e�2�y/ for some constant Qcab. Thus, for

example,

Vf .z/ WD F.z/�
X

aW~aD0

jc�a .0/j
2Ea.z; 2� k/� 2

X
aW~aD0

Re.cCa .0/c�a .0// zEa.z; 1/ (4-3)

satisfies Vf .�az/DO.yk C log y/ as y!1 when k < 1. If k < 1
2

, it follows that Vf 2L2.�0.N /nh/.
The case k > 3

2
may be treated analogously.

The situation is more complicated in weights k D 1
2

and k D 3
2

, as here we must regularize terms of
size y1=2. The obvious choice for regularizing y1=2 is to subtract a multiple of Ea

�
z; 1

2

�
, but this term

equals 0 since the completed Eisenstein series ��.2w/Ea.z; w/ is analytic at w D 1
2

. Likewise, it is not
possible to regularize with a linear combination of terms of the form limw! 1

2
��.2w/Ea.z; w/, as these

grow as y1=2 log y near a.
In weight k D 3

2
, the growth of size y1=2 comes from the nonholomorphic part (cf. (4-2)). In particular,

we can regularize all cusp growth of size y1=2 simultaneously by subtracting an appropriate multiple of
y1=2j�3=2f j

2. Specifically, we define

Vf .z/ WD F.z/�
X

aW~aD0

jcCa .0/j
2Ea

�
z; 3

2

�
� 2

X
aW~aD0

Re.cCa .0/c�a .0// zEa.z; 1/� 4y
1
2 j� 3

2
f .z/j2: (4-4)

Then Vf .�az/DO.log y/ at each cusp by (2-3), so Vf 2L2.�0.N /nh/.
In weight kD 1

2
, we may likewise attempt to regularize by subtracting a function of the form y1=2jg.z/j2,

where g 2M1=2.�0.N //. However, there is no guarantee that a modular form with compatible cusp
growth need exist. If f 2H

]

1=2
.�0.N // is chosen, we may test for the existence of a compatible g using

the basis for M1=2.�0.N // described in [30, Theorem A]. Since we do not require kD 1
2

for our principal
application, we leave the question of the existence of a compatible g as an interesting open problem.
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4A. Automorphic regularization of H.z/. In practical terms, the problem of regularizing H.z/ reduces
to the problem of computing the constant Fourier coefficients c˙a .0/ at each singular cusp a of �0.4/. In
this section, we determine these coefficients, as summarized in the following proposition.

Proposition 4.1. Let H 2H
]

3=2
.�0.4// denote Zagier’s nonholomorphic Eisenstein series from (1-4). The

cusp aD 1
2

is nonsingular for �� ; for the other cusps, H.z/ has a Fourier expansion of the form (2-2), in
which

cC1.0/D�
1

12
; c�1.0/D

1

8�
; cC

0
.0/D

1

24
; c�0 .0/D�

1

8�
:

Consequently, the function

VH.z/ WDy
3
2 jH.z/j2�

1

144
E1

�
z; 3

2

�
�

1

576
E0

�
z; 3

2

�
C

1

48�
zE1.z; 1/C

1

96�
zE0.z; 1/�

1

64�2
y

1
2 j�.z/j2

lies in L2.�0.4/nh/.

Proof. To verify that aD 1
2

is nonsingular, we first note that �1=2 is generated by t1=2 D
�
�1 1
�4 3

�
. Since

�� .t1=2/D i , we have ~1=2 D
1
4
¤ 0.

As for the singular cusps, we clearly have cC1.0/ D �
1

12
and c�1.0/ D

1
8�

from the Fourier expan-
sion (1-4). To understand the behavior of H.z/ near a D 0, we follow [13] and relate H.z/ to certain
Eisenstein series of weight 3

2
. Specifically, we introduce the Eisenstein series

E 3
2
;s.z/ WD

XX
m>0;n2Z
.m;2n/D1

�
n
m

�
�m

.mzC n/3=2jmzC nj2s
;

as well as a second Eisenstein series F3=2;s.z/ WD z�3=2jzj�2sE3=2;s.�1=4z/. Though E3=2;s converges
only for Re s > 1

4
, [13, Theorem 2] implies that E3=2;s and F3=2;s have meromorphic continuation to

s 2 C and that

Fs.z/ WD �
1

96

�
.1� i/E3=2;s.z/� iF3=2;s.z/

�
satisfies F0.z/DH.z/.

To investigate H.z/ near the cusp 0, we compute a partial Fourier expansion of Fsj�0
.z/, where

�0 D
�

0 �1
4 0

�
. The functional equation �.�1=4z/D .�2iz/1=2�.z/ implies that the weight k D 3

2
slash

operator satisfies

Fsj�0
.z/D .�2iz/�

3
2Fs

�
�

1
4z

�
D�

1
96
.�2iz/�

3
2

�
.1� i/z

3
2 jzj2sF3=2;s.z/� i

�
�

1
4z

�� 3
2 j4zj2sE3=2;s.z/

�
D�

1
192

i jzj2sF3=2;s.z/C
1

48
.1� i/jzj2s24sE3=2;s.z/:

Thus Hj�0
.z/ has a Fourier expansion which may be read from the Fourier coefficients of E3=2;0.z/

and F3=2;0.z/. Since we require only the constant Fourier coefficient of Hj�0
, it suffices to consider the

constant Fourier coefficients of E3=2;s and F3=2;s .
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By [13, p.93-94], the constant Fourier coefficient of E3=2;s.z/ equals

˛0.s;y/
X

m odd

�m

P
j.m/

� j
m

�
m2sC 3

2

D ˛0.s;y/
X

m odd

�m2'.m2/

.m2/2sC 3
2

D ˛0.s;y/
X

m odd

'.m/

m4sC2
D ˛0.s;y/

�.4sC 1/

�.4sC 2/
�
1� 2�4s�1

1� 2�4s�2
;

in which '.m/ denotes the totient function and ˛0.s;y/ is defined by

˛0.s;y/D

Z
ImwDy

w�
3
2 jwj�2sdw D�

2.1C i/
p
�s�

�
2sC 1

2

�
�.2sC 2/

y�
1
2
�2s:

By taking the limit as s ! 0, we conclude that the constant Fourier coefficient of E3=2;0.z/ equals
�.2C 2i/=� �y�1=2.

Similarly, formulas on [13, p.94] show that F3=2;s has constant Fourier coefficient

22sC3i C .1C i/˛0.s;y/
X

m even

m�1=2
P

j.2m/

�
m
j

�
e
�j

8

�
.m=2/2sC1

:

The sum
P

j mod 2m

�
m
j

�
e.j=8/ vanishes for m even unless mD 2n2, in which case it equals

p
2'.2n2/.

Thus the constant Fourier coefficient equals

22sC3i C .1C i/˛0.s;y/
X
n�1

'.2n2/

n4sC3
D 22sC3i C .1C i/˛0.s;y/

X
n�1

'.2n/

n4sC2

D 22sC3i C .1C i/˛0.s;y/2
4sC2 �.4sC 1/

�.4sC 2/

�
1�

1� 2�4s�1

1� 2�4s�2

�
:

By taking the limit as s ! 0, we conclude that the constant Fourier coefficient of F3=2;0.z/ equals
8i � 8i=.�y1=2/. It follows that the constant Fourier coefficient of Hj�0

.z/ equals

�i

192

�
8i �

8i

�
p

y

�
C

1� i

48

�
�2� 2i

�y1=2

�
D

1

24
�

1

8�
p

y
;

hence cC
0
.0/D 1

24
and c�

0
.0/D� 1

8�
. �

5. Inner products involving regularization terms

As before, we fix k 2 1
2

Z and f .z/2H
]

k
.�0.N // and define F.z/D yk jf .z/j2. In Section 4, we showed

that F.z/ differed from an L2 function Vf .z/ by a sum involving Eisenstein series and theta functions,
at least when k 62

˚
1
2
; 1
	
. In this section, we relate hVf ;P`. � ; Ns/i to hF;P`. � ; Ns/i by accounting for the

contribution of these regularization terms.
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To compute the inner products of the form hEa. � ; w/;P`. � ; Ns/i, we recall the Fourier expansion of
Ea.z; w/ from (4-1). We unfold the inner product using the Poincaré series as in (3-1) to produce

hEa. � ; w/;P`. � ; Ns/i D
2�wC

1
2

.4�`/s�
1
2

`w�
1
2'a1`.w/

�.sCw� 1/�.s�w/

�.s/�.w/
; (5-1)

provided that Re s > 1
2
CjRew� 1

2
j to begin. We write 'a1n.w/D 'an.w/ for brevity and remark that

formulas for these coefficients appear in [4].
The functions 'an.w/ have meromorphic continuation in w. For n¤ 0, they are analytic at w D 1. By

considering the Laurent expansion of each side of (5-1) at w D 1, we obtain

h zEa. � ; 1/;P`. � ; Ns/i D
�'a`.1/

.4�`/s�1
�.s� 1/;

in which zEa.z; 1/ is the constant term of the Laurent expansion of Ea.z; w/ at w D 1 (as defined
immediately before (4-3)).

Lastly, we consider inner products of the form hy
1
2 jg.z/j2;P`. � ; Ns/i, in which g 2M1=2.�0.N //.

Suppose that g.z/D
P

b.n/e.nz/. Then

hy
1
2 jg.z/j2;P`. � ; Ns/i D

�
�
s� 1

2

�
.4�/s�

1
2

X
n�0

b.nC `/b.n/

.nC `/s�
1
2

:

By [30, Theorem A], M1=2.�0.N // is spanned by theta functions of the form
P
�t .n/e.n

2tz/, with t

square-free and satisfying 4 cond.�t /
2t jN , where cond.�/ denotes the conductor of �, �t .n/D

�
t
n

�
if

t � 1 mod 4, and �t .n/D
�

4t
n

�
otherwise. We note that cond.�t /D t if t � 1 mod 4 and 4t otherwise.

In particular, fb.n/g is supported on integers of the form n2t , where n 2 Z and 4t3 jN . Thus

hy
1
2 jg.z/j2;P`. � ; Ns/i D

�
�
s� 1

2

�
.4�/s�

1
2

X
t3
1
;t3

2
jN

4
ti square-free

X
n2

1
t1Dn2

2
t2C`

b.n2
1
t1/b.n

2
2
t2/

.n2
1
t1/

s� 1
2

:

If M1=2.�0.N // is one-dimensional (for example, if N
4

is cube-free), then t1 D t2 D 1. In this case,
the inner sum n2

1
D n2

2
C ` has finitely many solutions. Otherwise, the sum may be infinite (depending

on `). Since the solution set .n1; n2/ of n2
1
t1 D n2

2
t2C ` is exponentially sparse in any case, the sum

above always converges for Re s > 1
2

. Thus hy
1
2 jg.z/j2;P`. � ; Ns/i is analytic in Re s > 1

2
no matter the

dimension of M1=2.�0.N //.

Remark 5.1. In fact, hy
1
2 jg.z/j2;P`. � ; Ns/i has a meromorphic continuation to all s 2 C. To see this,

note that the series above is essentially supported on positive integers x satisfying the generalized Pell
equation t1x2� t2y2 D `. When solutions exist, they lie in finitely many classes of linear recurrences.
Splitting hy

1
2 jg.z/j2;P`. � ; Ns/i along this subdivision, and splitting further to ignore the effect of the

characters �t1
and �t2

, it suffices to continue series of the form
P

m�1 A�s
m , where fAmg satisfies a
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degree two linear recurrence. Fortunately, such results are known; see for example [29], which treats a
much more general case.

At this point, it is straightforward to relate the inner products hF;P`. � ; Ns/i and hVf ;P`. � ; Ns/i. We
record our results in the following proposition.

Proposition 5.2. Let f 2H
]

k
.�0.N // and set F.z/D yk jf .z/j2. For k D 3

2
,

hF;P`. � ; Ns/i D hVf ;P`. � ; Ns/iC
p
��

�
sC 1

2

�
�
�
s� 3

2

�
.4�`/s�

3
2�.s/

X
aW~aD0

jcCa .0/j
2'a`

�
3
2

�
C

2��.s� 1/

.4�`/s�1

X
aW~aD0

Re
�
cCa .0/c

�
a .0/

�
'a`.1/

C
4�
�
s� 1

2

�
.4�/s�

1
2

X
t3
1
;t3

2
jN

4
ti square-free

X
n2

1
t1Dn2

2
t2C`

a�f .n
2
1
t1/a�f .n

2
2
t2/

.n2
1
t1/

s� 1
2

;

in which Vf is defined as in (4-4) and a�f .n/ denotes the n-th Fourier coefficient of �3=2f .z/. For k < 1
2

in 1
2

Z, we have instead

hF;P`. � ; Ns/i D hVf ;P`. � ; Ns/iC
2��.sC 1� k/�.sC k � 2/

.4�`/s�
1
2 .�`/k�

3
2�.s/�.2� k/

X
aW~aD0

jc�a .0/j
2'a`.2� k/

C
2��.s� 1/

.4�`/s�1

X
aW~aD0

Re
�
cCa .0/c

�
a .0/

�
'a`.1/;

in which Vf is defined as in (4-3).

As a corollary, we specify the contribution of correction terms in the regularization VH.z/ of H.z/.

Corollary 5.3. Let `o denote the odd-part of `. In Re s > 3
2

, we have

hy
3
2 jHj2;P`. � ; Ns/i D hVH;P`. � ; Ns/iC

p
��

�
sC 1

2

�
�
�
s� 3

2

�
.4�`/s�

3
2�.s/

�
2��2

�
`
4

�
� ��2

�
`
2

�
C ��2.`o/

4032�.3/

�
�.s� 1/

.4�`/s�1
�
2��1

�
`
4

�
� ��1

�
`
2

�
C ��1.`o/

288 �.2/
C
�
�
s� 1

2

�
32�sC 3

2

X
d j`

d� `
d

mod 2

�
d C `

d

�1�2s
:

Proof. Since �3=2H.z/D� 1
16�

�.z/ by (2-3) and the Fourier expansion (1-4), we have

a�H.n/D�
1

16�
r1.n/:
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Propositions 4.1 and 5.2 then give

hy
3
2 jHj2;P`. � ; Ns/i D hVH;P`. � ; Ns/iC

p
� �

�
sC1

2

�
�
�
s�3

2

�
.4�`/s�

3
2�.s/

�
1

144
'1`

�
3
2

�
C

1
576
'0`

�
3
2

��
�
�.s� 1/

.4�`/s�1

�
1

48
'1`.1/C

1
96
'0`.1/

�
C
�
�
s� 1

2

�
4.4�/sC

3
2

X
n�0

r1.nC`/r1.n/

.nC`/s�
1
2

: (5-2)

To simplify further, we give explicit descriptions of the Fourier coefficients 'a`.w/. Conveniently, the
formulas we require appear in [15, §3.3]:

'0`.w/D
�
.2/
1�2w

.`/

4w�.2/.2w/
; '1`.w/D

22�4w�1�2w

�
`
4

�
� 21�4w�1�2w

�
`
2

�
�.2/.2w/

; (5-3)

in which �.2/.s/D .1� 2�s/�.s/, � .2/� denotes the sum-of-divisors function with its 2-factor removed,
and we adopt the convention that ��.m/D 0 for m 62 Z. By Euler products, � .2/� .`/D ��.`o/, where `0

is the odd part of `.
Finally, we note that the series in (5-2) may be written as a divisor sum:X

n�0

r1.nC `/r1.n/

.nC `/s�
1
2

D

X
n1;n22Z

n2
2
�n2

1
D`

jn2j
1�2s

D 22s�1
X

d1;d22Z
d1d2D`

d1�d2 mod 2

jd1C d2j
1�2s

D 22s
X
d j`

d� `
d

mod 2

�
d C `

d

�1�2s
;

which completes the proof. �

6. Spectral expansion and rightmost poles

As before, fix f 2H
]

k
.�0.N // with k 62

˚
1
2
; 1
	

and define F.z/D yk jf .z/j2. In this section, we show
that the inner product hF;P`. � ; Ns/i admits meromorphic continuation to s 2 C. By Proposition 5.2,
it suffices to consider the inner products hVf ;P`. � ; Ns/i instead, as the regularization terms contribute
explicit terms which are meromorphic in C, either by inspection or as a consequence of Remark 5.1.

Selberg’s spectral theorem (cf. [18, Theorem 15.5]) gives the following spectral expansion of P`.z; s/:

P`.z; s/D
X

j

hP`. � ; s/; �j i�j .z/C
X
a

VN

4�

Z 1
�1

˝
P`. � ; s/;Ea

�
� ; 1

2
C i t

�˛
Ea

�
z; 1

2
C i t

�
dt; (6-1)

in which a varies through the cusps of �0.N /, VN D
�
3
�N

Q
pjN .1C 1=p/ denotes the volume of

�0.N /nh, and f�j g is an orthonormal Hecke eigenbasis for the space of weight 0 Maass cusp forms on
�0.N /. These Maass forms have Fourier expansions at all cusps, which we write in the form

�ja.z/ WD �j j�a.z/D y
1
2

X
n¤0

�ja.n/Kitj .2�jnjy/e.nx/: (6-2)

We next record two useful lemmas regarding the growth of the coefficients �ja.m/ on average. The
first of them concerns the average growth of �ja.m/ with respect to m and is taken from [17].
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Lemma 6.1 [17, (8.7)]. Let �j be an L2-normalized Maass cusp form on �0.N / with Fourier expansion
at a of the form (6-2). Then X

m�M

j�ja.m/j
2
�N .M Cjtj j/e

�jtj j:

Our second lemma is a spectral average generalizing [24, Theorem 6].

Lemma 6.2. Let f�j g denote an orthonormal basis of Maass cusp forms for �0.N /, with Fourier
expansions given by (6-2). For ` > 0 and any � > 0,X

jtj j�X

j�j .`/j
2

cosh� tj
D

X 2

�2
CON;�.X log X CX`�C `

1
2
C�/:

Proof. For level N D 1, this result is [24, Theorem 6]. More generally, we adapt [24, §6], replacing
the level 1 trace formula with one on �0.N /, as found in [4, Lemma 4.7], for example. To carry out
this generalization, we require the Kloosterman sum estimate S11.`; `; c/� .`; c/1=2c1=2d.c/ from
[4, Lemma 2.6] as well as the Eisenstein series coefficient estimate

'a`
�

1
2
C i t

�
�N

d.`/

j�.1C 2i t/j
�N;� d.`/ log t; (6-3)

To see (6-3), one may represent Ea.z; s/ in terms of Eisenstein series attached to characters via [35,
Theorem 6.1] and apply the Fourier coefficient formulas in [35, Proposition 4.1], then apply [32, (3.11.10)].

�

Continuing on, substitution of (6-1) into hVf ;Ph. � ; Ns/i produces

hVf ;P`. � ; Ns/i D
X

j

h�j ;P`. � ; Ns/ihVf ; �j .z/i

C
VN

4�

X
a

Z 1
�1

˝
Ea

�
� ; 1

2
C i t

�
;P`. � ; Ns/

˛ ˝
Vf ;Ea

�
z; 1

2
C i t

�˛
dt; (6-4)

which we call the spectral expansion of hVf ;P`. � ; Ns/i. We will refer to the terms at right in (6-4) as the
discrete spectrum and continuous spectrum, respectively. To make this more explicit, we apply (5-1) and
the formula

h�j ;P`. � ; Ns/i D
�j .`/

p
�

.4�`/s�
1
2

�
�
s� 1

2
� i tj

�
�
�
s� 1

2
C i tj

�
�.s/

;

which follows from [9, 6.621(3)]. We conclude that hVf ;P`. � ; Ns/i admits a spectral decomposition of
the form †disc.s/C†cont.s/, in which

†disc.s/ WD

p
�

.4�`/s�
1
2�.s/

X
j

�j .`/�
�
s� 1

2
C i tj

�
�
�
s� 1

2
� i tj

�
hVf ; �j i;

†cont.s/ WD
VN

2

X
a

Z 1
�1

'a`
�

1
2
C i t

�
�
�
s� 1

2
C i t

�
�
�
s� 1

2
� i t

�
.4�`/s�

1
2 .�`/�it�.s/�

�
1
2
C i t

� ˝
Vf ;Ea

�
� ; 1

2
C i t

�˛
dt:
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This spectral expansion is initially defined for Re s > 1Cjk�1j, provided all expressions converge.
Fortunately, convergence is not an issue:

Lemma 6.3. The functions †disc.s/ and †cont.s/ converge for all s 2 C away from their poles.

Proof. In the discrete spectrum†disc.s/, this follows from Lemma 6.2, Stirling’s approximation (providing
decay of size e��jtj j for fixed s), and the trivial estimate jhVf ; �j ij � kVf k1=2 � k�jk

1=2�f 1. Here,
we’ve used that k�jk D 1 (by definition of �j ) and that Vf 2L2.�0.N /nh/ by our work in Section 4.
(This estimate is very weak, and will be improved in Section 8.)

In the continuous spectrum, convergence follows from Stirling’s approximation, weak upper bounds for˝
Vf ;Ea

�
� ; 1

2
C i t

�˛
derived from the Rankin–Selberg method and Phragmén–Lindelöf convexity principle,

and (6-3). �

Thus †disc.s/ defines a meromorphic function on the entire complex plane, with potential poles at
sD 1

2
˙i tj�m for integer m�0 and any spectral type tj . It is analytic in the right half-plane Re s> 1

2
C‚,

where ‚� 7=64 denotes partial progress towards the Ramanujan–Petersson conjecture [21].
The continuous spectrum †cont.s/ also has meromorphic continuation to all s, though the precise

continuation to Re s > �M involves both †cont.s/ and O.M / residue terms extracted through contour
shifts of the integral in †cont. For a discussion of the continuation process in a similar case, we refer the
reader to [14, §4] or [15, §3.3.2]. The continuous spectrum is clearly analytic in Re s > 1

2
.

Thus hVf ;P`. � ; Ns/i, originally defined for Re s> 1Cjk�1j, extends meromorphically to a function on
the entire complex plane. Since it is analytic in Re s > 1

2
C‚, any pole of hF;P`. � ; Ns/i in Re s > 1

2
C‚

occurs as a pole of the explicit regularization factors presented in Proposition 5.2.

Remark 6.4. In Section 3, we gave the general decomposition

hF;P`. � ; Ns/i D IC
`
.s/C I0

` .s/C I�` .s/C I�` .s/:

The two terms I0
`
.s/ and I�

`
.s/ are finite sums and inherit meromorphic continuation to s 2 C from

the continuations of Gk and the 2F1-hypergeometric function. Thus the continuation of hF;P`. � ; Ns/i
implies a continuation for IC

`
.s/C I�

`
.s/. It is possible, albeit challenging, to establish the meromorphic

continuations of IC
`
.s/ and I�

`
.s/ as separate entities. Here, the idea is to first continue I�

`
.s/ by relating

it to the Dirichlet series
1X

nD1

a�f .n/a�f .nC `/

.nC `/s�w�knwC1
;

which admits meromorphic continuation through relation to the triple inner product hy2�k j�kf j
2;P`. � ; Ns/i.

Establishing this continuation is not so difficult when Rew < �1, but in practice we require Rew as
large as �k (to evaluate a particular contour integral representation), and this creates major complications
in weights k < 1.

Fortunately, these problems disappear altogether for f DH, as the series I�
`
.s/ defines a finite sum

in this case (cf. Section 3A). To simplify the exposition in this work, we narrow our typical focus
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from f 2 H
]

k
.�0.N // to f D H. Still, the construction of the meromorphic continuations of I˙

`
.s/

and estimates for shifted convolutions of generic mock modular forms of polynomial growth are of
independent interest and will appear in future work.

6A. Classifying the rightmost poles of D`.s/. As an application of our work thus far, we classify the
rightmost poles of the shifted convolution Dirichlet series D`.s/ from (3-4). We prove the following
theorem.

Theorem 6.5. The Dirichlet series D`.s/ is analytic in the right half-plane Re s > 3
2

and extends
meromorphically to all s 2 C. If ` � 2 mod 4, then D`.s/ D 0 identically. Otherwise, D`.s/ has two
simple poles in the right half-plane Re s > 1

2
, at s D 3

2
and s D 1, with residues

Res
sD 3

2

D`.s/D
�2

126 �.3/

�
2��2

�
`
4

�
� ��2

�
`
2

�
C ��2.`o/

�
;

Res
sD1

D`.s/D�
1

3�

�
2��1

�
`
4

�
� ��1

�
`
2

�
C ��1.`o/

�
:

The function D`.s/ is otherwise analytic in Re s > 1
2

.

Proof. Equation (3-5) relates D`.s/ to hy3=2jHj2;P`. � ; Ns/i and Corollary 5.3 relates hy3=2jHj2;P`. � ; Ns/i
to hVH;P`. � ; Ns/i. When combined, this produces

D`.s/D
�

5
2�
�
s� 3

2

�
`s� 3

2�.s/
�
2��2

�
`
4

�
� ��2

�
`
2

�
C ��2.`o/

252 �.3/
�

�
3
2�.s� 1/

`s�1�
�
sC 1

2

� � 2��1

�
`
4

�
� ��1

�
`
2

�
C ��1.`o/

36 �.2/

C
.4�/sC

1
2 hVH;P`. � ; Ns/i

�
�
sC 1

2

� �
H.`/�.s/

4
p
�`s�

�
sC 1

2

� C H.`/

12`sC 1
2

�
r1.`/

32�`s� 1
2 s
�
s� 1

2

� C r1.`/�.s/

96
p
�`s�

�
sC 3

2

�
�

�.s/

�
�
sC 3

2

� `�1X
mD1

H.`�m/r1.m/

8
p
�ms 2F1

�
s; sC 1

2

sC 3
2

ˇ̌̌̌
1�

`

m

�

�

X
m2

1
�m2

2
D`

m1;m2�1

m1m2G3=2.s;m
2
2
;m2

1
/

16��
�
sC 1

2

� C
22s�4

�
�
s� 1

2

� X
d j`

d� `
d

mod 2

�
d C `

d

�1�2s
: (6-5)

Recall that hVH;P`. � ; Ns/i is analytic in Re s > 1
2
C‚. By Huxley’s resolution of the Selberg eigenvalue

conjecture in low level [16], the inner product is in fact analytic in Re s > 1
2

. Thus, by previous comments,
all but the first two terms at right above are analytic in Re s > 1

2
. Computation of residues completes the

proof. �

Since D`.s/ has nonnegative coefficients, the Wiener–Ikehara theorem (see [25, Corollary 8.8], for
example) immediately produces the following:
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Corollary 6.6. For fixed `, as X !1 we haveX
n�X

H.n/H.nC `/�
�2X 2

252 �.3/

�
2��2

�
`
4

�
� ��2

�
`
2

�
C ��2.`o/

�
:

7. Bounding D`.s/ in vertical strips

To quantify the rate of convergence in Corollary 6.6, we require additional information about the mero-
morphic properties of D`.s/. Specifically, we require uniform estimates for the growth of D`.s/ with
respect to jIm sj in vertical strips outside the domain of absolute convergence.

It suffices to produce growth estimates for each component of the decomposition of D`.s/ given in (6-5).
In this section, we produce uniform estimates for every term besides .4�/sC

1
2 hVH;P`. � ; Ns/i=�

�
sC 1

2

�
,

which requires more involved techniques.

Proposition 7.1. Fix s with Re s > 0. Away from poles of D`.s/, we have

D`.s/�� `
�Re sC�

C `
3
2
�Re sC�

jsj�
3
2 C

ˇ̌̌̌
hVH;P`. � ; Ns/i

�
�
sC 1

2

� ˇ̌̌̌
for all � > 0.

The proof requires a few lemmas, starting with a simple upper bound for the Hurwitz class number.

Lemma 7.2. We have H.`/�� `
1
2
C� for all � > 0.

Proof. The moment estimate (1-1) implies Qh.�`/�� `
1
2
C� for all � > 0. Since h.�`/D

P
d2j`
Qh.�`=d2/,

we have h.�`/�
P

d�1.`=d
2/

1
2
C�
� `

1
2
C�. The same bound holds for H.`/D h.�`/CO.1/. �

We also require uniform estimates for the 2F1-hypergeometric function and the function G3=2, which
are provided by the following two lemmas.

Lemma 7.3. For 1�m� `� 1 and Re s > 0, we have

2F1

�
s; sC 1

2

sC 3
2

ˇ̌̌̌
1�

`

m

�
�

�m

`

�Re s
:

Proof. Following [9, 9.131(1)] and the Euler integral [9, 9.111],

2F1

�
s; sC 1

2

sC 3
2

ˇ̌̌̌
1�

`

m

�
D

�
`

m

�1�s

2F1

�
3
2
; 1

sC 3
2

ˇ̌̌̌
1�

`

m

�

D

�
`

m

�1�s�
sC 1

2

� Z 1

0

.1� t/s�
1
2 dt�

1�
�
1� `

m

�
t
�3=2 (7-1)

in the region Re s > �1
2

. In this form, we recognize that the hypergeometric function at right in (7-1)
is bounded by 2F1

�
3
2
; 1; 3

2

ˇ̌
1� `

m

�
when Re s > 0. To conclude, note that 2F1

�
3
2
; 1; 3

2

ˇ̌
1� `

m

�
D

m
`

by
[9, (9.121)]. �
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Lemma 7.4. Fix � > 0. In the region Re s > 0, the function G3=2.s; n; nC `/ defined in (3-2) satisfies

G 3
2
.s; n; nC `/�

jsjRe s�2C�

.nC `/Re s
e�

�
2
jIm sj

�
jsj

1
2

p
nC `

C
1
p

n

�
:

Proof. We begin with the contour integral representation [5, (8.6.12)]

�.1� k;y/ey
D�

y�k

�.k/
�
�

2� i

Z
C

�.wC k/y�w

sin.�w/
dw; (7-2)

where C is a contour separating the poles of �.wCk/ from those at wD 0; 1; : : : arising from 1=sin.�w/.
Here we require k 62 �N. For k > 0, we may take C as a vertical line with Rew D��. We apply (7-2)
and the Mellin transform [5, (8.14.4)] to Gk.s; n; nC `/ to write

Gk D�
�n�k

�.k/

1

2� i

Z
.��/

�.wC k/

sin.�w/nw

�Z 1
0

ys�1�w�.1� k; .nC `/y/
dy

y

�
dw

D�
�

�.k/

1

2� i

Z
.��/

�.wC k/�.s�w� k/ csc.�w/
nkCw.nC `/s�w�1.s�w� 1/

dw; (7-3)

provided Re s >max.1; k/ to begin. Shifting the contour of integration to RewD�max.1; k/�� passes
finitely many poles from csc.�w/ and gives a meromorphic continuation of Gk to Re s > 0 when k > 0.

We now specialize to k D 3
2

. The contour shift in (7-3) to Rew D �3
2
� � passes a single pole at

w D�1, with residue
2�
�
s� 1

2

�
p

n.nC `/ss
�

1
p

n.nC `/Re s
jsjRe s�2e�

�
2
jIm sj:

Stirling shows that the integrand decays exponentially in jImwj, for any s. We may therefore truncate
the integral to jImwj � 1

2
jIm sj. In this range, the estimates js � w � kj � jsj and e�

�
2
jIm.s�w/j

�

e
�
2
jImwj��

2
jIm sj allow us to extract the s-dependence of the integrand. Hence the shifted integral (7-3) is

O..nC `/�Re s� 1
2 jsjRe s� 3

2
C�e�

�
2
jIm sj/, which completes the proof. �

Proof of Proposition 7.1. Lemma 7.2 and the divisor estimates ��2.`/� 1 and ��1.`/� `� imply that
the terms at right in the first three lines of (6-5) (excluding the term containing hVH;P`. � ; Ns/i) are

ORe s;�

�
`

3
2
�Re s
jsj�

3
2 C `

1
2
�Re sC�

jsj�
1
2 C `�Re sC�

�
: (7-4)

By factoring this upper bound in the form `�Re sC�jsj�
3
2 .`

3
2 C `

1
2 jsjC jsj

3
2 /, we observe that the second

summand is always dominated by the first or third term, and may be ignored.
It remains to estimate the three terms in the last two lines of (6-5). We first consider the divisor

sum. In the right half-plane Re s > 1
2

, we bound jd C `=d j1�2 Re s � `
1
2
�Re s , so the divisor sum is

O.`
1
2
�Re sC�

jsj�1/, which is nondominant. Otherwise, if Re s< 1
2

, we bound jdC`=d j1�2 Re s�`1�2 Re s ,
so the full divisor sum is O.`1�2 Re sC�jsj�1/. This term is dominated by the second term of (7-4) when
Re s > 0.
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We next consider the contribution of the hypergeometric term in (6-5). By Lemma 7.3, Stirling’s
formula, and then Lemma 7.2, this term is

�Re s `
�Re s
jsj�

3
2

`�1X
mD1

H.`�m/r1.m/�Re s;� `
1�Re sC�

jsj�
3
2

in the region Re s > 0. Note that this term is dominated by the first error term in (7-4).
Finally, we consider the term in (6-5) involving G3=2.s;m

2
2
;m2

1
/. By Lemma 7.4, this term is

ORe s

�
jsj�2C�

X
m2

1
�m2

2
D`

m1m2

m2 Re s
1

�
jsj

1
2

m1

C
1

m2

��
(7-5)

in the region Re s > 0. The contribution of 1=m2 in the parenthetical is

�Re s jsj
�2C�

X
m2

1
�m2

2
D`

1

m2 Re s�1
1

�Re s jsj
�2C�`�

�
`

1
2
�Re s

C `1�2 Re s
�
;

in which we’ve used that
p
` �m1 � ` and that the sum has at most d.`/ terms. Since m1 �m2, the

contribution of the other term in the parenthetical of (7-5) is at most jsj1=2 times larger. Both upper
bounds are majorized by the contribution of the divisor sum in (6-5). �

8. Noncuspidal spectral inner products

To bound hVH;P`. � ; Ns/i in vertical strips, we apply the spectral expansion hVH;P`. � ; Ns/i D†disc.s/C

†cont.s/ computed in Section 6. In the discrete spectrum, Stirling’s approximation, dyadic subdivision,
Cauchy–Schwarz, and Lemma 6.2 reduce our task to bounding the inner products hVH; �j i. Since Maass
cusp forms are orthogonal to Eisenstein series and to norm-squares of theta functions (cf. [27, Remark
2]), this is equivalent to bounding the unregularized inner products hy3=2jHj2; �j i.

While good estimates for inner products of the form hyk jf j2; �j i are known when f is a holomorphic
cusp form or Maass cusp form (at least on average), the noncuspidal nature of H meters the applicability
of prior results. Fortunately, it is possible to modify work of Jutila [19; 20] in the Maass cusp form case
to address the case of harmonic Maass forms. Working in a somewhat general setting, we prove the
following theorem.

Theorem 8.1. Fix f 2H
]

k
.�0.N // with k 2 1

2
CZ. Let �j .z/ be an L2-normalized Hecke–Maass cusp

form of weight 0 on �0.N /, with spectral type tj 2 R. For all � > 0, we have

hyk
jf j2; �j i �

�
jtj j

2k�1C�
Cjtj j

3�2kC�
�
e�

�
2
jtj j:

Our proof of this follows the general method of [19; 20]. Very roughly, this plan involves two steps:

a. We relate hyk jf j2; �j i, which is an integral over �0.N /nh, to an “unfolded” integral over �1nh,
by introducing an Eisenstein series as an unfolding object. This technique was developed in [19, §2]
for f a level 1 holomorphic or Maass cusp form, and we adapt it to the case of f 2H

]

k
.�0.N //.
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b. The unfolded integral can be understood as an integral transform of a sum involving Fourier coeffi-
cients of f and �j at various cusps. We truncate the sums and integrals and apply estimates for the
Fourier coefficients of f and �j to bound the truncations.

We remark that [20] also applies the spectral large sieve, to produce a fairly sharp upper bound for the
spectral average

P
jtj j�T jhy

k jf j2; �j ij
2e�jtj j (when f is a Maass cusp form). To simplify parts of our

argument when f is noncuspidal, we do not apply the spectral large sieve and instead produce bounds for
individual hyk jf j2; �j i. It would be interesting to determine if our growth estimates for D`.s/ could be
improved by replacing Theorem 8.1 with an appropriate spectral average.

Though not the main focus of this work, we remark that Theorem 8.1 has applications to modular
forms of half-integral weight, since Mk.�0.N //�H

]

k
.�0.N //. For convenient reference, we present

this as a corollary.

Corollary 8.2. Fix k 2 1
2
CZ and f 2Mk.�0.N //. Let �j .z/ be an L2-normalized Hecke–Maass cusp

form of weight 0 on �0.N /, with spectral type tj 2 R. For all � > 0, we have

hyk
jf j2; �j i �

�
jtj j

2k�1C�
Cjtj j

1C�
�
e�

�
2
jtj j:

We remark that Corollary 8.2 improves certain technical results in [22]. In particular, we improve the
tj -dependence of [22, Proposition 14] in any case that our result applies.

8A. Jutila’s extension of the Rankin–Selberg method. The material in this section adapts [19, §2] from
SL.2;Z/ to �0.N /. Let �.z/ be an L2 function on �0.N /nh satisfying �.z/DO.y�ı/ for some ı > 0 as
y!1 and let E1.z; s/ denote the weight 0 Eisenstein series at the cusp1 of �0.N /. Since E1.z; s/

has a simple pole at s D 1 with residue 3
�
� Œ�0.N / W SL.2;Z/��1 D V �1

N
, we haveZ Z

�0.N /nh
�.z/

dx dy

y2
D VN

Z Z
�0.N /nh

�.z/ lim
s!1C

.s� 1/E1.z; s/
dx dy

y2
:

We now interchange the limit and integral, which can be justified by expanding E1.z; s/ in a (rapidly
converging) Fourier series and noting that the pole at s D 1 appears only within the constant phase. The
growth estimate �.z/ D O.y�ı/ gives convergence in this surviving term and justifies the exchange.
Then, since Re s > 1, the method of unfolding providesZ Z

�0.N /nh
�.z/

dx dy

y2
D VN lim

s!1C
.s� 1/R.�; s/; with

R.�; s/ WD

Z 1
0

Z 1

0

�.z/ys�1 dx dy

y
;

(8-1)

in which R.�; s/ is the typical Rankin–Selberg transform of �.
We define R�.�; s/D ��.2s/R.�; s/ and R�

0
.�; s/D s.s� 1/R�.�; s/, so that (8-1) equals

�

6
VN Res

sD1
R�.�; s/D

�

6
VN R�0.�; 1/:
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Note that R�
0
.�; s/ is entire, in part because � 2L2. By the residue theorem,

R�0.�; 1/D
1

2� i

Z
O

g.s/
R�

0
.�; s/

s� 1
ds;

in which O is a contour encircling sD1 once counterclockwise and g.s/ is a rapidly decaying holomorphic
function satisfying g.1/D 1. We bend O into a rectangle connecting a˙ iT and 1� a˙ iT , then let
T !1 and use decay in g to render the horizontal components of O negligible. It follows that

R�0.�; 1/D
1

2� i

Z
.a/

g.s/
R�

0
.�; s/

s� 1
ds�

1

2� i

Z
.1�a/

g.s/
R�

0
.�; s/

s� 1
ds

D
1

2� i

Z
.a/

�
g.s/

s� 1
R�0.�; s/C

g.1� s/

s
R�0.�; 1� s/

�
ds:

(8-2)

We now apply the functional equation of the Eisenstein series on �0.N / to relate R�.�; 1� s/ to a
sum of Rankin–Selberg transforms at the other cusps of �0.N /. This takes the form

R�.�; 1� s/D
X
a


a.s/R
�.�a; s/; (8-3)

in which 
a.s/ is an entry of the scattering matrix for �0.N / and �a D �j�a under the weight 0 slash
operator. Exact formulas for 
a may be obtained by combining [35, Theorem 6.1] and [35, Proposition 4.2].
We have 
a.s/DO.1/ in fixed vertical strips away from poles. By applying (8-3) to (8-2), we conclude
that

R�0.�; 1/D
1

2� i

Z
.a/

�
g.s/R�

0
.�; s/

s� 1
C

g.1� s/

s

X
a


a.s/R
�
0.�a; s/

�
ds:

In our application, we take �.z/ D �j .z/ D yk jf .z/j2�j .z/, where �j is a Maass cusp form on
�0.N / with k�jk D 1. We conclude that

hF; �j i D
VN

12i

X
a

Z
.a/

�
ıŒaD1�sg.s/C .s� 1/g.1� s/
a.s/

�
��.2s/R.�ja; s/ ds; (8-4)

which generalizes [19, (2.10)]. This expression lets us determine hF; �j i while only sampling R.�ja; s/

on the line Re s D a� 1. We also note that the pole of ��.2s/ at s D 1
2

is canceled by R.�ja; s/; hence
the only poles of the integrand in Re s > 0 are those of R.�ja; s/.

Remark 8.3. Following [19, (2.8)], we take g.s/D exp
�
1� cos s�1

B

�
, for some large B > 0. This choice

implies jg.s/j� exp
�
�

1
2

exp.jIm sj=B/
�

in the vertical strip jRe s�1j ��B=3. In particular, the contour
integral (8-4) converges if R.�ja; s/ grows at most exponentially in jIm sj. This will be established in
Remark 8.10.

To bound the Rankin–Selberg transform

R.�ja; s/D

Z 1
0

Z 1

0

ysCk
jfa.z/j

2�ja.z/
dx dy

y2
;
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we represent fa and �ja as Fourier series, as described in (2-2) and (6-2), then execute the x-integral.
This expresses R.�ja; s/ as a triple sum over integers .n1; n2; n3/ subject to the relation n1� n2 D n3.
As in Section 3, we group these terms based on the signs of n1 and n2, so that

R.�ja; s/D ICja.s/C I�ja.s/C I�ja.s/C I0
ja.s/;

denoting the subsums in which .n1; n2/ are both positive, are both negative, have mixed sign, or contain a
zero, respectively. By changing variables to introduce m WD jn1� n2j D jn3j and grouping similar terms,
we write

ICja.s/D
X

m;nC~a>0

2 Re
�
cCa .nCm/cCa .n/�ja.m/

�
'Cj .m; nC ~a; s/;

I�ja.s/D
X

m;n�1

2 Re
�
c�a .n/c

�
a .nCm/�ja.m/

�
'�j .m; n� ~a; s/;

I�ja.s/D

1X
mD1

m�1X
nD1�d~ae

2 Re
�
cCa .n/c

�
a .m� n/�ja.m/

�
'�j .m; nC ~a; s/;

in which the functions 'Cj , '�j , and '�j are defined by

'Cj .m; n; s/ WD

Z 1
0

ysCk� 1
2 e�2�.2nCm/yKitj .2�my/

dy

y
; (8-5)

'�j .m; n; s/ WD

Z 1
0

ysCk� 1
2 e2�.2nCm/y�.1� k; 4�ny/�.1� k; 4�.nCm/y/Kitj .2�my/

dy

y
; (8-6)

'�j .m; n; s/ WD

Z 1
0

ysCk� 1
2 e2�.m�2n/y�.1� k; 4�.m� n/y/Kitj .2�my/

dy

y
: (8-7)

Here we have assumed without loss of generality that �ja.�m/D �ja.m/ for Maass cusp forms of weight
0. Lastly, for singular cusps, we define

I0
ja.s/D

X
m>0

2 Re
�
cCa .m/c

C
a .0/�ja.m/

�
'Cj .m; 0; s/

C

X
m>0

2 Re
�
cCa .m/c

�
a .0/�ja.m/

�
'Cj .m; 0; s� kC 1/

C

X
m>0

2 Re
�
c�a .m/c

C
a .0/�ja.m/

�
'�j .m; 0; s/

C

X
m>0

2 Re
�
c�a .m/c

�
a .0/�ja.m/

�
'�j .m; 0; s� kC 1/: (8-8)

For nonsingular cusps, we set I0
ja.s/D 0, as the corresponding summands vanish or otherwise incorporate

into ICja.s/.
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Remark 8.4. These decompositions mirror [19; 20], except that we separate ICja from I�ja and introduce
I0
ja to account for noncuspidality. In fact, 'Cj exactly matches an unnamed function from [19, p. 449]. Our

functions '�j and '�j can be viewed as variants of the functions 'Cj and '�j from [20, (3.4)], respectively.

8B. Representations and estimates for 'C
j

, '�
j

, and '�
j

. We now record some useful information about
the functions 'Cj , '�j , and '�j . We first consider 'Cj , leveraging earlier work of Jutila.

Lemma 8.5 [19, §3]. Define �D �.m; n/ WD
p

1�m2=.2nCm/2 and set p WD sC k � 1
2

. The function
'Cj .m; n; s/ defined in (8-5) is analytic in Re p > 0 and may be written in either of the forms

'Cj .m; n; s/D

p
� mitj�.pC i tj /�.p� i tj /

.4�/p.2nCm/pCitj�
�
pC 1

2

�.1C�/�p�itj
2F1

�
p;pC i tj ; 2p

ˇ̌̌
2�

1C�

�
; (8-9)

'Cj .m; n; s/D
2�1�2p��p

.n.nCm//p=2

��
1��

1C�

�i tj
2
�.�i tj /�.pC i tj /2F1

�
p; 1�p; 1C i tj

ˇ̌̌
��1

2�

�
C

�
1��

1C�

�� i tj
2
�.i tj /�.p� i tj /2F1

�
p; 1�p; 1� i tj

ˇ̌̌
��1

2�

��
: (8-10)

Proof. These identities are implicit in [19, (3.16)–(3.21)]. �

In the special case nD 0, we have �D 0 and (8-9) implies that

'Cj .m; 0; s/D

p
� �.pC i tj /�.p� i tj /

.4�m/p�
�
pC 1

2

� ; (8-11)

which can also be seen directly via [9, 6.621(3)]. For n¤ 0, we don’t expect simplification but can still
produce upper bounds. For example, in the text surrounding [20, (4.5)], Jutila applies (8-9) to produce

'Cj .m; n; s/�Re p
j�.pC i tj /�.p� i tj /j

.2nCm/Re p.1C�/Re pj�.p/j
log.2nCm/; (8-12)

valid for Re p > 0. An upper bound derived from the representation (8-10) is presented in the following
lemma.

Lemma 8.6 (cf. [20, p. 452]). Fix tj 2 R and � > 0. Suppose that �¤ 0. For any s in a fixed vertical strip
away from poles,

'Cj .m; n; s/��
jtj j

Re p�1

.n.nCm//
Re p

2

�
1C

ˇ̌̌̌
1Cjsj2

�tj

ˇ̌̌̌1CjRe pjC��
e
�
2
jIm sj

e�jtj j
: (8-13)

Proof. For p 62 Z and nonpositive z 2 C, consider the integral representation

2F1

�
p; 1�p; 1Ci tj

ˇ̌̌
z
�
D

Z
B

�.1Ci tj /�.pCw/�.1�pCw/�.�w/

�.p/�.1�p/�.1Ci tjCw/
.�z/w dw; (8-14)

in which the contour B separates the poles of �.pCw/�.1�pCw/ from those of �.�w/ [5, (15.6.6)].
We suppose that Re p > 0 and shift the contour B to the line Rew D Re pC �. This shift passes poles
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and extracts residues at w D 0; 1; : : : ; bRe pC �c, totaling

bRe pC�cX
vD0

.p/v.1�p/v

v! .1C i tj /v
zv� 1C

ˇ̌̌̌
.1Cjpj2/z

tj

ˇ̌̌̌Re pC�

;

in which .˛/v WD �.vC ˛/=�.˛/ denotes the Pochhammer symbol. The same upper bound holds for
the shifted integral, by Stirling’s approximation. We apply this estimate for z D ��1

2�
� ��1, then apply

Stirling’s approximation to the other factors of (8-10) to complete the case Re p > 0. The case Re p < 0

then follows using the invariance of (8-14) under p$ 1�p. �

We conclude our discussion of 'Cj by presenting a uniform upper bound for the size of its residues.

Lemma 8.7. Fix tj 2 R. For each integer r � 0, we have

Res
sD 1

2
�k˙itj�r

'Cj .m; n; s/�r .nCm/r jtj j
� 1

2 e�
�
2
jtj j:

Proof. Stirling’s approximation and (8-10) give

Res
sD 1

2
�kCitj�r

'Cj .m; n; s/�r
.n.mC n//

r
2

jtj j1=2e
�
2
jtj j
�

ˇ̌̌̌
2F1

�
i tj � r; 1C r � i tj ;

1� i tj

ˇ̌̌̌
��1

2�

�ˇ̌̌̌
:

The transformation 2F1.a; b; c; z/D .1� z/�a
2F1.a; c � b; c; z

z�1
/ (cf. [9, 9.131(1)]) relates the hyper-

geometric function above to the finite sum�
�C1

2�

��itjCr

2F1

�
i tj � r;�r;

1� i tj

ˇ̌̌̌
1��

1C�

�
� ��r

rX
vD0

.i tj � r/v.�r/v

.1� i tj /vv!

�
1��

1C�

�v
;

which is Or .�
�r /, uniformly in tj . The claim now follows from the estimate �2 � n=.nCm/, and the

computation for s D 1
2
� k � i tj � r is identical. �

To understand '�j and '�j , we express them as contour integral transforms of 'Cj . The following
lemma consolidates relevant information about '�j .

Lemma 8.8. The function '�j .m; n; s/ defined in (8-7) admits meromorphic continuation to s 2 C, with
poles at s D�1

2
˙ i tj � r and s D 1

2
� k˙ i tj � r , for r 2 Z�0. If tj 2 R and Re s > 0 away from poles,

we have

'�j .m; n; s/

�
1

.m�n/k
p

m

�
js�i tj j�jsCi tj j

mjsj

�Re s�1

jsj�
1
2

�
1C

�
mjsj

.m�n/js�i tj j�jsCi tj j

�jkjC��
e��jtj jC

�
2
jIm sj

C ıŒRe s< 1
2
�k�

�
mC nCjsjC jtj j

�A
e�2�jtj jC

3�
2
jIm sj (8-15)

for all � > 0 and for some A> 0 depending only on k.
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Proof. The integral representation (7-2) implies that

'�j .m; n; s/D
��

�.k/
�

1

2� i

Z
C

�.wC k/

.4�.m� n//wCk sin.�w/

�Z 1
0

ys� 1
2
�we�2�myKitj .2�my/

dy

y

�
dw

D
��

�.k/
�

1

2� i

Z
C

�.wC k/'Cj .m; 0; s� k �w/

.4�.m� n//wCk sin.�w/
dw;

where C is a contour separating the poles of �.wCk/ from those atwD0; 1; : : : , arising from 1=sin.�w/.
To begin, we require Re s > 1

2
CmaxfRew W w 2 C g. To consider general s, we shift the contour C left,

passing poles from �.wC k/ and 1=sin.�w/ and extracting residues involving 'Cj .m; 0; s/ at shifted
arguments. By (8-11), these residues contribute poles at the poles of �

�
sCk� 1

2
˙i tj

�
and �

�
sC 1

2
˙i tj

�
.

To produce growth estimates, we then shift C rightwards, to the contour Rew D jkjC �. This extracts
a sum of residues equal to

jkj� 1
2X

qD0

.�1/q�.qC k/

�.k/.4�.m� n//kCq
�'Cj .m; 0; s� k � q/

C

bjkjC��Re sC 1
2
cX

rD0

X
˙

Res
wDs� 1

2
˙itjCr

��.wC k/'Cj .m; 0; s� k �w/

.4�.m� n//wCk sin.�w/�.k/
:

Stirling’s approximation and Lemma 8.7 show that the exponential decay in the residues in the second line
is e�

3�
2
jIm s˙itj j�

�
2
jtj j� e�2�jtj jC

3�
2
jIm sj, while the worst polynomial growth is O..mCnCjsjCjtj j/

A/

for some A> 0 depending linearly on jkj and Re s. Since Re s 2
�
0; jkjC 1

2

�
when these terms appear,

we may take the constant A to depend on k alone.
Exponential decay in jImwj within the integrand bounds the shifted contour integral to at most a

constant multiple of the integrand near jkjC �. Stirling’s approximation and (8-11) then complete the
proof of (8-15). �

The corresponding properties of '�j may be obtained in a similar (though more complicated) way and
are summarized in the following lemma.

Lemma 8.9. The function '�j .m; n; s/ defined in (8-6) admits meromorphic continuation to s 2 C, with

poles at s D k � 3
2
�m˙ i tj and s D 1

2
� k �m˙ i tj , for m 2 Z�0. If tj 2 R and Re s > 3jkjC 1, then

for all � > 0 we have

'�j .m; n; s/

�
log.mC n/

.n.mC n//kC
1
2

�
js� i tj jjsC i tj j

.2nCm/.1C�/jsj

�Re s�k�1�
1C

�
.nCm/jsj2

njs� i tj j2jsC i tj j2

�jkjC��
e��jtj jC

�
2
jIm sj:

(8-16)
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Proof. Using (7-2), we write '�j .m; n; s/ as a double contour integral,

'�j .m; n; s/D
�2

�.k/2.2� i/2

Z
C1

Z
C2

�.w1C k/�.w2C k/

.4�n/w1Ck.4�.nCm//w2Ck sin.�w1/ sin.�w2/

�

�Z 1
0

ys�k� 1
2
�w1�w2e�2�.2nCm/yKitj .2�my/

dy

y

�
dw2 dw1

D
�2

.2� i/2

Z
C1

Z
C2

�.w1C k/�.w2C k/'Cj .m; n; s� 2k �w1�w2/ dw2 dw1

�.k/2.4�n/w1Ck.4�.nCm//w2Ck sin.�w1/ sin.�w2/
;

where C1 and C2 are instances of the contour C described in Lemma 8.8 and Re s> kC 1
2
C2 maxfRew W

w 2 C g to begin. As in Lemma 8.8, shifting the contours left produces residues which determine the
poles of '�j . To produce growth estimates, we shift C1 and C2 to the lines Rew1 D Rew2 D jkj C �,
extracting a series of single contour integrals and a double sum of residues from 1=sin.�w1/ sin.�w2/

equal to
jkj� 1

2X
q1;q2D0

.�1/q1Cq2�.q1C k/�.q2C k/'Cj .m; n; s� 2k � q1� q2/

�.k/2.4�n/kCq1.4�.mC n//kCq2
: (8-17)

Exponential decay in vertical strips implies that the contour integrals are bounded by their values near the
near axis, whereby the bound (8-12) and Stirling’s approximation gives (8-16). �

Remark 8.10. The upper bounds for 'Cj , '�j , and '�j given in (8-12), (8-15), and (8-16) imply that
R.�ja; s/ satisfies a bound of the form

R.�ja; s/� .jsjC jtj j/
Ae�

�
2
jtj jC

�
2
jIm sj; (8-18)

for sufficiently large Re s and some A> 0. Indeed, such a bound holds for each of ICja.s/, I�ja.s/, I�ja.s/,
and I0

ja.s/, by dyadic subdivision of their defining sums, polynomial growth bounds on c˙a .n/, and a
bound for �ja.n/ such as Lemma 6.1.

Note that (8-18) implies that the contour integral (8-4) for hF; �j i converges for Re s sufficiently
large. More specifically, it implies that hF; �j i � jtj j

Ae�
�
2
jtj j for some A> 0. These coarse estimates

also show that the integral in (8-4) may be truncated to jIm sj D c log.1C jtj j/ for some c > 0 while
introducing negligible error. We assume this henceforth.

We conclude this section with an upper bound for '�j obtained via (8-13). We assume ��jtj j�1�� . We
also assume that jsj � log jtj j, which holds without loss of generality by Remark 8.10. The bound (8-13)
implies that the contribution of the residues (8-17) is

O

�
jtj j

Re s�k� 3
2
C�

.n.mCn//
1
2

Re sCk
2
� 1

4

e��jtj jC
�
2
jIm sj

jkj� 1
2X

q1;q2

�
mCn

n

�q1�q2
2
jtj j
�q1�q2

�
:

Since � �
p

n=
p

nCm, the estimate � � jtj j�1�� implies that jtj j2C2� �
mCn

n
. Thus, up to jtj j�

factors, the .q1; q2/-sum is dominated by the q1 D q2 D 0 term. Our estimate for the q1 D q2 D 0 term
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likewise acts as a bound for the shifted double contour and any of the single contour integrals associated
to residues from 1=sin.�w1/ or 1=sin.�w2/.

The contribution of the residues from the poles of 'Cj .m; n; s�2k�w1�w2/ (as either single contour
integrals or residues from single contour integrals) is O

�
.mCnCjsjC jtj j/

Ae�2�jtj jC
3�
2
jIm sj

�
for some

A> 0, by Lemma 8.7 and Stirling’s approximation. (At this level of precision it suffices to consider only
the exponential factor in Stirling’s approximation.) Thus

'�j .m; n; s/

�
jtj j

Re s�k� 3
2
C�

.n.mC n//
1
2

Re sCk
2
� 1

4

e��jtj jC
�
2
jIm sj
CıŒRe s<jk�1j� 1

2
�.mCnCjsjCjtj j/

Ae�2�jtj jC
3�
2
jIm sj: (8-19)

8C. Sum truncation. For some .m; n/, the functions 'Cj , '�j , and '�j may be made arbitrarily small
by taking Re s very large. For example, (8-15) implies that '�j .m; n; s/ decays with respect to jtj j
as Re s !1 provided m < jtj j

2Cı, for any fixed ı > 0. In other words, we may truncate I�ja.s/ to
m� jtj j

2Cı in our estimate for hF; �j i, with a negligible error. Likewise, (8-12) and (8-15) imply that
I0
ja.s/ may be truncated to m� jtj j

2Cı.
We claim that ICja.s/ and I�ja.s/ may be truncated to n.mCn/� jtj j

2Cı at the cost of negligible error.
To prove this, we follow [19, (3.25)] and subdivide cases based on whether �� jtj j�1.

a. If � � jtj j�1 and n.mC n/ � jtj j
2Cı, then �2 � jtj j

�2, so that .2nCm/2 � n.nCm/jtj j
2

after simplifying. The lower bound n.mC n/� jtj j
2Cı implies that 2nCm� jtj j

2Cı=2, hence
nCm� jtj j

2Cı=2. In this case, (8-12) and (8-16) produce arbitrary polynomial improvements in
jtj j as Re s!1.

b. If �� jtj j�1 and n.mC n/� jtj j
2Cı, we instead argue using the upper bounds (8-13) and (8-19).

Let JCja and J�ja denote the truncations of ICja and I�ja to n.mC n/� jtj j
2Cı. Likewise, define J�ja

and J 0
ja as the truncations of I�ja and I0

ja to m� jtj j
2Cı.

8D. Estimation of the truncated sums. To complete our estimation of the inner product hF; �j i, we
bound the sums JCja.s/, J�ja.s/, J�ja.s/, and J 0

ja.s/ on the line Re s D ı, where ı is the same constant
used to define the truncation conditions. We assume that jIm sj DO.log jtj j/, by Remark 8.10.

We first consider JCja.s/, which we truncated to n.mC n/ � jtj j
2Cı. We subdivide into dyadic

intervals, with m�M and n�L. On each dyadic subsum, we estimate 'Cj .m; nC ~a; s/ using (8-13),
which outperforms (8-12) in these regimes. Since L.LCM /� jtj j

2Cı and �2 � n=.nCm/, we have
�� jtj j

�1�ı. This observation, and the free assumption s D O.log jtj j/, shows that (8-13) bounds a
given dyadic sum by

jtj j
k� 3

2
CO.ı/e��jtj jC

�
2
jIm sj

X
m�M
n�L

jcCa .nCm/cCa .n/�ja.m/j

.L.LCM //
k
2
� 1

4

: (8-20)



2462 Alexander Walker

In the sum within (8-20), we apply Cauchy–Schwarz, Lemma 2.1, and Lemma 6.1 to compute

X
n�L

jcCa .n/j
X

m�M

jcCa .nCm/�ja.m/j �
X
n�L

jcCa .n/j

� X
q�MCL

jcCa .q/j
2

�1
2
� X

m�M

j�ja.m/j
2

�1
2

�L
1
2

�
L.LCM /kCjk�1j

�1
2
�
M Cjtj j

�1
2 e

�
2
jtj j: (8-21)

Thus the .L;M /-dependence in (8-20) is L
1
2 M

1
2 .L.LCM //

1
4
C 1

2
jk�1j or L

1
2 .L.LCM //

1
4
C 1

2
jk�1j.

In the first case, the dominant dyadic interval takes M � jtj j
2 and L� 1, while in the second case we

dominate by the M � 1 and L� jtj j subintervals (up to jtj jı factors). Either way, we conclude that

JCja.s/� jtj j
kCjk�1jCO.ı/e�

�
2
jtj jC

�
2
jIm sj: (8-22)

Our treatment of J�ja.s/ is essentially the same. We again subdivide into dyadic intervals, with m�M

and n � L, then apply (8-19). The contribution from .mC nC jsj C jtj j/
Ae�2�jtj jC

3�
2
jIm sj within

'�j .m; n; s/ is clearly O.jtj j
A0e�2�jtj j/ for some A0 > 0, which will be exponentially nondominant.

Otherwise, (8-19) bounds a given dyadic interval by

jtj j
�k� 3

2
CO.ı/e��jtj jC

�
2
jIm sj

X
m�M
n�L

jc�a .nCm/c�a .n/�ja.m/j

.L.LCM //
k
2
� 1

4

;

which matches the JCja.s/ case except that we’ve multiplied by jtj j�2k and replaced cCa with c�a . By
Lemma 2.1, the change cCa 7! c�a does not worsen our estimate. We conclude that

J�ja.s/� jtj j
jk�1j�kCO.ı/e�

�
2
jtj jC

�
2
jIm sj: (8-23)

We next consider J�ja.s/. By applying (8-15) and disregarding the nondominant contribution of

.mC nCjsjC jtj j/
Ae�2�jtj jC

3�
2
jIm sj, we find that

J�ja.s/� jtj j
�2CO.ı/e��jtj jC

�
2
jIm sj

X
m<jtj j2Cı

j�ja.m/j

m�1=2

m�1X
nD1�d~ae

jcCa .n/c
�
a .m� n/j

.m� n� ~a/k
;

under the standing assumptions on s. To estimate the sums, we map n 7!m� n in the n-sum, restrict m

to a dyadic interval m�M , swap the order of summation, and apply Cauchy–Schwarz and Lemma 2.1:

X
m�M

j�ja.m/j

m�1=2

mX
nD1

jcCa .m� n/c�a .n/j

.n� ~a/k
�M

1
2

X
n�2M

jc�a .n/j

nk

� X
m�M

j�ja.m/j
2

�1
2
� X

m�M

jcCa .m/j
2

�1
2

�M
1
2

kC 1
2
jk�1jC 1

2 .M Cjtj j/
1
2 e

�
2
jtj j

X
n�2M

jc�a .n/j

nk
:

The remaining n-sum has size O.M
1
2
� 1

2
kC 1

2
jk�1j log M / by dyadic subdivision, Cauchy–Schwarz, and
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Lemma 2.1. The largest overall contribution to J�ja appears when M � jtj j
2Cı , which gives the estimate

J�ja.s/� e�
�
2
jtj jC

�
2
jIm sj

�
jtj j

2k�1CO.ı/ if k > 1;

jtj j
3�2kCO.ı/ if k < 1:

(8-24)

Finally, we consider J 0
ja.s/, which we treat according to the four-part decomposition of I0

ja.s/ in (8-8).

Applying (8-12) and (8-15) and ignoring the contribution of .mCnCjsjCjtj j/
Ae�2�jtj jC

3�
2
jIm sj in (8-15)

(since it is nondominant) produces

J 0
ja.s/� e��jtj jC

�
2
jIm sj
jtj j

O.ı/

�

X
m�jtj j2Cı

�
jcCa .m/�ja.m/j

mk� 1
2 jtj j2�2k

C
jcCa .m/�ja.m/j

m
1
2

C
jc�a .m/�ja.m/j

mk� 1
2 jtj j2

C
jc�a .m/�ja.m/j

m
1
2 jtj j2k

�
:

For each term in the parenthetical, we subdivide dyadically on m, then apply Cauchy–Schwarz, Lemma 2.1,
and Lemma 6.1. In each term, the largest dyadic contribution has m � jtj j

2Cı. The first two terms
contribute O.jtj j

kCjk�1jCO.ı/e
�
2
jtj j/, while the last two are O.jtj j

jk�1j�kCO.ı/e
�
2
jtj j/. We conclude

that

J 0
ja.s/� e�

�
2
jtj jC

�
2
jIm sj
�

8<:
jtj j

2k�1CO.ı/ if k > 1;

jtj j
1CO.ı/ if k D 1

2
;

jtj j
1�2kCO.ı/ if k < 0:

(8-25)

By combining the upper bounds derived in this section, we complete our estimation of hF; �j i and
prove Theorem 8.1:

Proof of Theorem 8.1. We estimate (8-4), truncating the contour to jIm sj � c log.1Cjtj j/ with negligible
error by Remark 8.10. We write R.�ja; s/D ICja.s/C I�ja.s/C I�ja.s/C I0

ja.s/, truncating each term in
the decomposition as described in Section 8C. Within the truncated contour, we shift to Re s D ı (with
negligible error) and apply (8-22), (8-23), (8-24), and (8-25) to produce

hF; �j i �

X
a

e�
�
2
jtj j
�
jtj j

2k�1CO.ı/
Cjtj j

3�2kCO.ı/
�

�

Z
.ı/

ˇ̌
ıŒaD1� sg.s/C .s� 1/g.1� s/
a.s/

ˇ̌
� j��.2s/je

�
2
jIm sjds:

The integral is Oa;ı.1/, and the proof follows by taking ı near 0. �

9. Bounding D`.s/ in vertical strips, part II

In Section 7, we proved Proposition 7.1, which reduced the problem of bounding D`.s/ to the problem
of bounding hVH;P`. � ; Ns/i. In this section, we estimate the latter to prove the following theorem.

Theorem 9.1. Fix � > 0 small. In the vertical strip Re s 2
�

1
2
C �; 3

2
C �

�
away from poles of D`.s/, we

have
D`.s/�� `

�
jsj� �

�
jsj

5
2 C `

1
4 jsj2C `jsj�

3
2

�3
2
�Re s

:

The proof follows the decomposition of hVH;P`. � ; Ns/i into discrete and continuous spectra.
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9A. Growth of the discrete spectrum †disc. For convenience, recall that the discrete spectrum equals

†disc.s/ WD

p
�

.4�`/s�
1
2�.s/

X
j

�j .`/�
�
s� 1

2
C i tj

�
�
�
s� 1

2
� i tj

�
hVH; �j i:

By the comments at the start of Section 8, we may replace VH here with the unregularized form
y3=2jH.z/j2. Then, by Theorem 8.1 and Stirling,

†disc.s/� `
1
2
�Re s
jsj

1
2
�Re se

�
2
jIm sj

X
j

j�j .`/j

cosh �
2

tj
� jtj j

2C�
jsC i tj j

Res�1
js� i tj j

Re s�1e�� max.jtj j;jIm sj/:

Here we have used that tj 2 R for Maass forms on �0.4/.
By Lemma 6.2, the mass in the tj -sum in †disc.s/ concentrates to within jtj j< jIm sj. Thus

†disc.s/� `
1
2
�Re s jsj

5
2
�Re sC�

e
�
2
jIm sj

X
jtj j<jIm sj

j�j .`/j

cosh �
2

tj
jsC i tj j

Res�1
js� i tj j

Re s�1: (9-1)

Lemma 6.2 implies a short-interval second moment estimate of the formX
X�jtj j�XC1

j�j .`/j
2

cosh� tj
�N;� X 1C�`�C `

1
2
C�: (9-2)

By dividing the range of summation in (9-1) into subintervals of length 1 and applying Cauchy–Schwarz
and (9-2) to each subinterval, we find

†disc.s/�Re s;� `
1
2
�Re sC�

jsj2C�
�
jsjRe s

C 1
��
jsj

1
2 C `

1
4

�
e�

�
2
jIm sj: (9-3)

9B. Growth of the continuous spectrum †cont. Recall that the continuous spectrum equals

†cont D
VN

2

X
a

Z 1
�1

'a`
�

1
2
C i t

�
�
�
s� 1

2
C i t

�
�
�
s� 1

2
� i t

�
.4�`/s�

1
2 .�`/�it�.s/�

�
1
2
C i t

� ˝
VH;Ea

�
� ; 1

2
C i t

�˛
dt

in Re s > 1
2

. To bound the growth of †cont.s/ with respect to jIm sj in this region, we must control the
growth of both 'a`

�
1
2
C i t

�
and

˝
VH;Ea

�
� ; 1

2
C i t

�˛
. Sufficient estimates for 'a`

�
1
2
C i t

�
appear in (6-3).

To estimate
˝
VH;Ea

�
� ; 1

2
Ci t

�˛
, we apply the Phragmén–Lindelöf convexity principle to hVH;Ea. � ; Nw/i,

studying the latter outside the critical strip. We prove the following result.

Proposition 9.2. For all � > 0,
˝
VH;Ea

�
� ; 1

2
C i t

�˛
�� .1Cjt j/

5
2
C�e�

�
2
jt j.

Proof. To begin, we interpret hVH;Ea. � ; Nw/i via the Rankin–Selberg method. More precisely, we interpret
the inner product using Zagier’s extension of the Rankin–Selberg method to functions with polynomial
growth at cusps, as generalized to congruence subgroups by Gupta [37; 6].

Recall from (4-4) that VH.z/ differs from y3=2jH.z/j2 by a linear combination of the functions
Eb

�
z; 3

2

�
, zEb.z; 1/, and y1=2j�.z/j2. It follows that

VH.�az/D  a.y/CO.y�M /
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for all M > 0 as y!1, in which  a.y/ is a linear combination of y�1=2 (from Eb.z;
3
2
/), log y, and

y0 (both from zEb.z; 1/). We define the Rankin–Selberg transform Ra.VH; w/ by

Ra.VH; w/ WD

Z 1
0

Z 1

0

yw
�
VH.�az/� a.y/

�dx dy

y2
: (9-4)

We write VH.z/ as a Fourier series and execute the x-integral in (9-4), extracting the constant Fourier
coefficient. This produces

Ra.VH; w/ WD

Z 1
0

ywC
1
2

X
nC~a>0

jcCa .n/j
2e�4�.nC~a/y

dy

y

C

Z 1
0

ywC
1
2

X
n�1

jc�a .n/j
2�
�
�

1
2
; 4�.n� ~a/y

�2
e4�.n�~a/y

dy

y

�
1

64�2

Z 1
0

yw�
1
2

X
nC~a>0

jra.n/j
2e�4�.nC~a/y

dy

y
;

where � j�a.z/D
P

n�0 ra.n/e..nC ~a/z/. Note that the constant Fourier coefficients of Eb

�
z; 3

2

�
and

zEb.z; 1/ cancel with corresponding terms in  a.y/ and do not appear above. It follows that

Ra.VH; w/D
�
�
wC 1

2

�
.4�/wC

1
2

X
n>�~a

jcCa .n/j
2

.nC ~a/
wC 1

2

�
�
�
w� 1

2

�
4.4�/wC

3
2

X
n>�~a

jra.n/j
2

.nC ~a/
w� 1

2

C

X
n�1

jc�a .n/j
2

.4�.n� ~a//
wC 1

2

Z 1
0

ywC
1
2�
�
�

1
2
;y
�2

ey dy

y
:

Lemma 2.1 implies that the two Dirichlet series converge in Rew > 3
2

. Note that the integral above
equals G3=2.w; 1; 1/ as defined in (3-2), so by the comments following (3-2), the second line above
converges for Rew > 3

2
.

To estimate the growth of Ra.VH; w/ on the line Rew D 3
2
C �, we must quantify the growth of

G3=2.w; 1; 1/ with respect to jImwj. This was computed in Lemma 7.4; away from poles, we have

G 3
2
.w; 1; 1/�� jwj

Rew� 3
2
C�e�

�
2
jImwj:

It follows that Ra.VH; w/� jwj
3
2
C�e�

�
2
jImwj on the line Rew D 3

2
C �.

The estimate ��.2� 2w/Ra.VH; 1�w/�
P

b �
�.2w/Rb.VH; w/ (cf. (8-3)) can be used to produce

bounds in a left half-plane. In particular, we find Ra.VH; w/� jwj
7
2
C�e�

�
2
jImwj on Rew D �1

2
� �.

The Phragmén–Lindelöf convexity principle then implies

Ra.VH;
1
2
C i t/� .1Cjt j/

5
2
C�e�

�
2
jt j:

for real t . To complete the proof, we note that Ra.VH; w/ D hVH;Ea. � ; Nw/i within the critical strip
Rew 2 .0; 1/ by [15, Proposition A.3]. (The constant ‚ defined therein equals 0, since  a.y/ is a linear
combination of log y, y0, and y�1=2 for each a.) �
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By Proposition 9.2, (6-3), and Stirling’s approximation, we have

†cont.s/�
`

1
2
�Re sC�e

�
2
jIm sj

jsjRe s� 1
2

Z 1
�1

jsC i t jRe s�1
js� i t jRe s�1 .1Cjt j/

5
2
C�

e� max.jIm sj;jt j/
dt:

The mass of the integral above concentrates in jt j< jIm sj; restricting to this range, we find that

†cont.s/�
`

1
2
�Re sC�

jsj3�Re sC�

e
�
2
jIm sj

Z jIm sj

�jIm sj

jsC i t jRe s�1
js� i t jRe s�1dt

�
`

1
2
�Re sC�

jsj2C�

e
�
2
jIm sj

�
jsjRe s

C 1
�
; (9-5)

at least in the region Re s > 1
2

(where †cont has this one-term description).

9C. Growth of D`.s/. In Re s > 1
2

, the upper bound for †cont.s/ from (9-5) is dominated by the upper
bound for †disc.s/ from (9-3). It follows that

hVH;P`. � ; Ns/i

�
�
sC 1

2

� �� `
1
2
�Re sC�

jsj2C�
�
jsj

1
2 C `

1
4

�
(9-6)

in this region. By combining this estimate with Proposition 7.1 and the convexity principle, we complete
our proof of Theorem 9.1.

Proof of Theorem 9.1. For Re s > 3
2

, the upper bound

D`.s/�

�X
n�1

H.n/2

.nC `/Re sC 1
2

�1
2
�X

n�1

H.nC `/2

.nC `/Re sC 1
2

�1
2

�

X
n�1

H.n/2

nRe sC 1
2

� 1

implies that the result holds on Re s D 3
2
C �, for � > 0. The result also holds on the line Re s D 1

2
C �,

by Proposition 7.1 and (9-6). The full theorem now follows by the convexity principle. �

10. Applying a truncated Perron formula

To prove our main arithmetic result, Theorem 1.1, we apply a truncated Perron formula to D`.s/. Fix
� > 0. For X nonintegral, we haveX
n�X

H.n/H.n� `/

D
1

2� i

Z 2C�CiT

2C��iT

D`

�
s� 1

2

�X s

s
dsCO

�
X 2C�

T
C

2XX
nDX=2

jH.n/H.n� `/jmin
�

1;
X

T jX�nj

��
(10-1)

by [25, Corollary 5.3]. By Lemma 7.2, the error term in (10-1) is

O

�
X 2C�

T
CX 1C�

2XX
nDX=2

min
�

1;
X

T jX�nj

��
DO

�
X 2C�

T

�
:
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To estimate the integral in (10-1), we shift the contour from Re s D 2C � to Re s D 1C �. By
Theorem 6.5, this extracts two residues, which total

1
2
X 2 Res

sD 3
2

D`.s/C
2
3
X

3
2 Res

sD1
D`.s/:

Shifting the truncated contour introduces error terms from horizontal contour integrals, which by
Theorem 9.1 are bounded by

O

�Z 2CiTC�

1CiTC�

D`

�
s� 1

2

�X s

s
ds

�
�
.`T /�

T

Z 2C�

1C�

�
T

5
2 C `

1
4 T 2
C `T �

3
2

�2��
X �d�

� .`XT /�
0
�

X 2

T
CXT

3
2 C `

1
4 XT C `XT �

5
2

�
:

Once the contour is shifted to Re s D 1C �, we separate the contribution of the discrete spectrum
†disc.s/ from the rest of D`.s/. The estimates from Proposition 7.1 and (9-5) imply that the non-†disc

terms contribute

O

�Z 1CiTC�

1�iTC�

.`jsj/�
�
jsj2C `�

1
2 C

`

jsj
3
2

�
X 1C�

jsj
ds

�
� .`XT /�

�
X`CXT 2

�
:

To bound the contribution of †disc
�
s � 1

2

�
=�.s/, we shift the contour farther left, to Re s D �. This

shift introduces an error term (from the horizontal contours), which has size

O
�
.`XT /� � .T

3
2 X C `

1
4 TX CT 2

C `
1
4 T

3
2 /
�
;

by (9-3) as well as a finite sum of residues equal to

R WD
X
jtj j<T

�
X 1Citj

�.2C i tj /
Res

sD 1
2
Citj

†disc.s/C
X 1�itj

�.2� i tj /
Res

sD 1
2
�itj

†disc.s/

�
:

The contribution of †disc on the contour Re s D � is O..`XT /� � .`T 3C `
5
4 T

5
2 // by (9-3). Evaluating

the residues in R and bounding in absolute values gives

R�X
X
jtj j<T

j�j .`/hVH; �j ij

jtj j2
�XT �

X
jtj j<T

j�j .`/j

cosh �
2

tj
�XT 1C�

� X
jtj j<T

j�j .`/j
2

cosh� tj

� 1
2

;

in which we’ve applied Theorem 8.1 and Cauchy–Schwarz. Lemma 6.2 then implies that R ��

X.`T /�.T 2C `
1
4 T

3
2 /.

Putting everything together and omitting obviously nondominant errors, we conclude thatX
n�X

H.n/H.n�`/

D
1
2
X 2 Res

sD 3
2

D`.s/C
2
3
X

3
2 Res

sD1
D`.s/CO�

�
.`XT /�

�
X 2

T
CX

�
T 2
C`

1
4 T

3
2C`

�
C`T 3

C`
5
4 T

5
2

��
:
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When `�X 2=3, these errors are minimized by setting T DX 1=3, producing a collected error of size
O.X

5
3
C�/. In the range X 2=3 � `� X , we choose any T 2 ŒX=`;X

2
5 `�

1
10 �, producing a collected

error of size O.X 1C�`/. Using the residue formulas from Theorem 6.5, we conclude thatX
n�X

H.n/H.n� `/D
�2X 2

252 �.3/

�
2��2

�
`
4

�
� ��2

�
`
2

�
C ��2.`o/

�
CO�

�
X

5
3
C�
CX 1C�`

�
:

Theorem 1.1 then follows by assuming `�X and mapping X 7!X C `.

Remark 10.1. The error terms in Theorem 1.1 may be improved dramatically if the sharp cutoff n�X

is replaced by a smooth cutoff. To this effect, fix a smooth function w.x/ with inverse Mellin transform
W .s/. We have X

n�1

H.n/H.n� `/w
�

n

X

�
D

1

2� i

Z
.2C�/

D`

�
s� 1

2

�
W .s/X sds;

provided both sides converge. If W .s/ decays exponentially in jIm sj, we may shift the contour of
integration left to Re s D 1C � by Theorem 9.1. This extracts two residues, and the shifted contour
integral contributes O..X`/1C�/ by Theorem 9.1. We conclude thatX

n�1

H.n/H.n� `/w
�

n
X

�
DW .2/X 2 Res

sD 3
2

D`.s/CW
�

3
2

�
X

3
2 Res

sD1
D`.s/CO�..X`/

1C�/;

which offers some evidence in support of the conjecture (1-6).
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