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Self-correlations of Hurwitz class numbers
Alexander Walker

The asymptotic study of class numbers of binary quadratic forms is a foundational problem in arith-
metic statistics. Here, we investigate finer statistics of class numbers by studying their self-correlations
under additive shifts. Specifically, we produce uniform asymptotics for the shifted convolution sum
> u<x Hm)H(n +{) for fixed £ € Z, in which H(n) denotes the Hurwitz class number.

1. Introduction

The study of class numbers of binary quadratic forms has a rich history, dating back to Lagrange and
Gauss. In Disquisitiones arithmeticae, Gauss made several conjectures about the distribution of class
numbers, including the famous statement that the class number /s(—D) of binary quadratic forms of
discriminant — D should diverge to infinity as D — oco. Gauss’ conjecture was established by Heilbronn
[12], with effective lower bounds first obtained through the combined work of Goldfeld [7] and Gross
and Zagier [11].

Moment estimates for class numbers have been studied by many authors, often using Dirichlet’s class
number to reduce the problem to estimates for families of quadratic Dirichlet L-functions at the special
point 1. For example, Wolke [34] proved that

3 h=m)® = (@)X 4 0y (X1 HE74) (L-1)
n=X
for fixed @ > 0, where };(—n) denotes the number of classes of primitive binary quadratic forms of
discriminant —n. Later work of Granville and Soundararajan [10] implies that the main term in (1-1)
holds with some uniform error for any o < log X
In comparison, shifted convolution estimates for class numbers are far less understood. Recent work
of Kumaraswamy [23] considers

b
D(X.0):= Y h(=n)h(-n—10),
n<X
in which Zb denotes restriction to n such that both —n and —n — £ are fundamental discriminants, with
neither congruent to 1 mod 8. Kumaraswamy applies the circle method to prove that

D(X.0) = ¢, X3 (X +0)% + Oc (X373 (X + )2 +507¢)
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for £ > 1 and all € > 0, uniformly in £ (cf. [23, Theorem 1.1]). For fixed £, this gives a power-saving of
O(X1/69=¢€) in the error term.

Unfortunately, the peculiar restriction to 7,7 + £ % 1 mod 8 in [23] is essential, as this work uses the
identity

ra(n) = 12(1 - (%n))h(—n), (1-2)

(cf. [3, Proposition 5.3.10]) to relate the class number to the Kronecker symbol and r3 (1), the number of
representations of # as a sum of 3 squares, which holds when —# is a fundamental discriminant. Since
(3*) =1 for n = +1 mod 8, the identity (1-2) gives no information about 4(—n) on the residue class
—n =1 mod 8.

This article presents an alternative method for studying correlations of class numbers, via the spectral
theory of automorphic forms. In this setting, it is convenient to consider a version of the class number
h(—n) called the Hurwitz class number H (n), in which the classes containing a multiple of x% + y2 or
x2 —xy + y? are weighted by % and %, respectively. By convention, we set H(0) = —%. Hurwitz class

numbers feature, for one example, in Eichler—Selberg “class number relation” formulas, such as

Z H(4n—m2) :201(n)+2min(d, 3), (1-3)

mezZ d|n

which appear in the work of Kronecker and Hurwitz. Here, oy, (n) = ) din 4’
More recently, Zagier [36] showed that Hurwitz class numbers arise as the coefficients of a mock
modular form. Specifically, Zagier proved that

nT(—%.47ny)

1
8nﬁ+z 47

n=>1

H(z):=)_ H(ne(nz) + e(—n?z) (1-4)

n=0

defines a harmonic Maass form of weight % on I'g(4). Here, z = x + iy,

e(z) — eZninz’
and T"(B, y) denotes the incomplete gamma function. In particular, one may study Hurwitz class numbers
using automorphic forms.

In this article, we leverage the analytic theory of harmonic Maass forms and mock modular forms to
study the shifted convolution Dirichlet series

D)= 3 H)H @+

= (n—{—ﬁ)s"'% (1-5)

where £ > 1 is a fixed integer. We prove that Dy (s) admits meromorphic continuation to s € C and use
this information to study the self-correlations of Hurwitz class numbers under additive shifts. Our main
theorem is the following result.
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Theorem 1.1. Let oy, (m) = ) dim dY denote the sum-of-divisors function, with the convention that
oy(m) =0form & Z. Fix L > 1 and let £, denote the odd part of £. Then, for all € > 0, we have

2 2

252;(3)( (%) (%) +0—2(50)) + OE(X%+€ + XH_EE)

> HmHMn+10) =

n<X

For £ < X2/3 this result achieves a uniform error of size O(X3/31€). For larger £, the error term
depends on ¢ but remains nontrivial when £ < X 17€.

Since Hurwitz class numbers agree with the ordinary class numbers /1(—n) for n not of the form 3m?
or 4m?, the rough upper bound H(n) <« ni/2+0() (cf Lemma 7.2) implies the following result as an
immediate corollary.

Corollary 1.2. With notation as above, we have

2 2

252@(3)( (%) 0—2(%) +0_2(150)) + OE(X§+6 + X1+€£1+5)_

> h(=n—L)h(—n) =

n<X

The error bounds in Theorem 1.1 are of course not sharp. We conjecture that Theorem 1.1 should hold
with a secondary main term and an error of size O ((X£)!1€); specifically, that

2yv2
S HODHO+ 1) = 552 s (20 (§) =0 ($) + 0-a(6)
n<X 3
=2 01 (§) = 01(§) + 011 () + 0c(XO! ). (16

To support this conjecture, we show (cf. Remark 10.1) that (1-6) holds when the cutoff » < X is replaced
by a certain class of truncations with smoothing.

Paper methodology and outline

To produce shifted convolution estimates that treat all congruence classes equally, we abandon (1-2) in
favor of the generating function #H(z) from (1-4). In particular, we treat shifted convolutions involving
weak harmonic Maass forms instead of ordinary modular forms. We also depart from [23] in that we treat
shifted convolutions using the spectral theory of automorphic forms, as opposed to the circle method.

Following some background material on harmonic weak Maass forms and mock modular forms
in Section 2, we relate the Dirichlet series Dy(s) defined in (1-5) to the Petersson inner product
(y3/2|H|?, P¢(-.5)), in which Py(z, s) is a particular Poincaré series.

We obtain a meromorphic continuation for Dy (s) by first producing a meromorphic continuation
of (y3/2|H|?, Py(-,5)). This task is complicated by the fact that F(z) := y3/2|#(z)|? is not square-
integrable. To address this, we show in Section 4 that F(z) may be written in the form V(z) + £(z), in
which V € L? and £ is an explicit function involving Eisenstein series and the Jacobi theta function.
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The meromorphic continuations of (£, Py(-,5)) and (V, P¢(-,5)) are then computed in Sections 5
and 6, respectively. While (£, Py(-,5)) can be understood directly, the meromorphic continuation of
(V, Pg(-,5)) is accomplished through spectral expansion of the Poincaré series.

The methods described up to this point apply more generally. To illustrate this, the major results of
Sections 3-6 are presented with # replaced by a generic weak harmonic Maass form “of polynomial
growth” (cf. Section 2B). Our first significant specialization to #(z) occurs in Section 6, where we
leverage the fact that the contribution from the nonholomorphic part of #(z) is unusually simple (cf.
Remark 6.4) to more easily classify the poles and residues of Dy (s) in the right half-plane Re s > %

Our main application, Theorem 1.1, also requires uniform bounds for the growth of Dy (s) in vertical
strips. In Section 7, we address various elementary terms to reduce this problem to growth estimates for
(V. Pe(-.39)).

The spectral expansion of Py(z,s) gives a decomposition (V, Py(-,5)) = Zgisc(s) + Zcont(s) corre-
sponding to contributions from the discrete and continuous spectra of the hyperbolic Laplacian. While
Y cont is readily handled, the problem of bounding ¥ gisc () with respect to |Im s| is particularly complicated
and represents the central difficulty of this work.

Ultimately, our bounds for X4 rely on decay estimates for triple inner products of the form
V32112 i), in which p;(z) runs through an orthonormal basis for Hecke-Maass cusp forms on
['o(4). Similar inner products, of the form (yX¢; ¢, 11 i) (with ¢, ¢ automorphic forms of weight k)
have been studied in numerous works, and we mention a few:

a. ¢y, P weight k € Z holomorphic cusp forms on I'g(N), by [8];
b. ¢1, ¢, weight 0 Eisenstein series on ['g(1), by [33];

o

. ¢1¢, replaced by any polynomial in Maass cusp forms, by [28];

[oN

. ¢1, ¢ weight 0 Maass cusp forms on I'g(1), by [19; 20];

[¢)

. ¢1, ¢, weight k € %Z modular forms on I'g(V), by [22].

Of these prior works, (a) and (b) use the Rankin—Selberg method directly, (c) and (e) use the automorphic
kernel, and (d) uses a modified Rankin—Selberg method that introduces an auxiliary Eisenstein series for
the express purpose of unfolding.

Our treatment of (y3/2|H|2, j) appears in Section 8. More generally, this section produces bounds
for triple inner products of the form (y¥| |2, u i), where f is a harmonic Maass form of polynomial
growth of weight k € % + Z. In particular, we prove the following result:

Theorem 1.3. Let [ be a harmonic Maass form of polynomial growth of weight k € % + Z and level N.
Let u be an L?-normalized Hecke—Maass cusp form of weight 0 on To(N ), with spectral type t € R. For
all e > 0, we have

GELS 1P ) < we (P57 + 1P ez 1



Self-correlations of Hurwitz class numbers 2437

We remark that the space of harmonic Maass forms of polynomial growth includes M (I'g(V)), the
space of modular forms. In this setting, Theorem 1.3 can be used to improve the spectral dependence in
certain results of [22]. (In particular, see [22, Proposition 14].)

Our proof of Theorem 1.3 draws heavy inspiration from [19; 20], though our work is more complicated
in several respects, such as the change from I'g(1) to I'g(N ), the change in Whittaker functions (from
K-Bessel functions to incomplete gamma functions), the generalization to half-integral weight, and the
introduction of terms related to the fact that f need not be cuspidal. We also depart from Jutila by
considering individual inner products instead of spectral large sieve inequalities. We suspect that a spectral
large sieve inequality would not improve Theorem 1.1.

In Section 9, we apply these triple product estimates to complete our quantification of the growth
of Dy(s). At this point, our main result follows from a version of Perron’s formula with truncation, as
presented in Section 10.

2. Harmonic weak Maass forms and mock modular forms

The theory of harmonic Maass forms was introduced by Bruinier and Funke in the context of geometric
theta lifts [2]. This section reviews the basic definitions of harmonic Maass forms and mock modular
forms. A good reference for background material is [1, §4].

A weak Maass form of weight k& on a congruence subgroup I' C SL;(Z) is a smooth function f :h— C
which transforms like a modular form of weight &, is an eigenfunction of the weight k Laplacian

92 92 d ad
A=y —+— kyl —+i— |,
k 4 (8x2+8y2)+l y(ax—Hay)
and has at most linear exponential growth at cusps.
If Ag f =0, then f is called a harmonic (weak) Maass form of manageable growth. Let H, ,L (I") denote

the space of weight k£ harmonic Maass forms of manageable growth on I". If I' = I'g(N) or T'{ (N), then
any f(x+iy)e H}((F) admits a Fourier expansion at oo of the form

f@ =Y ctmemz)+c )y + > "M -k dxny)e(—nz) (2-1)
n>nt nzn—

n#0

(cf. [1, Lemma 4.3]), where I'(B, y) := fyoo 1B=1e~" dt is the incomplete gamma function. In the case
k =1, the term ¢~ (0) y'* is replaced with ¢~ (0) log y. The first sum in the Fourier expansion (2-1) of
f(2) is called the holomorphic part, and the rest of the right-hand side of (2-1) is the nonholomorphic
part. Any function which arises as the holomorphic part of a harmonic Maass form of manageable growth
is called a mock modular form.

Fourier expansions of analogous shape exist for each cusp of I'. To describe this precisely, we assume
henceforth that k € %Z and I’ C I'y(4) and restrict to Maass forms with the theta multiplier system vg.
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That is, where 6(z) := ), e(n?z) denotes the Jacobi theta function, we assume that

k
rva = (22) s

for all y = (¢54) e I'. This may also be written f(yz) = vg(y)**(cz + d)* f(z), in which vy is
defined by Ug((‘cl g)) = e;l(%), where €¢; = 1 ford = 1 mod 4 and ¢; = i for d = 3 mod 4. For
y =(25) € GL(2,R) with det y > 0, we define the weight k slash operator by

—2k
M@= (G5 s,

Finally, for each cusp a of T, let I'y = (%1¢,) C I" denote the stabilizer of a. Let o, denote a scaling

matrix for a, i.e., a matrix in GL(2, R) for which 7, = 04(} ! )o;!. Define the cusp parameter x, € [0, 1)

1
01/%
so that e(xq) = vg(t4). If %, = 0, the cusp a is called singular; otherwise, a is called nonsingular.
Given all this notation, f(z) admits a Fourier expansion at each cusp a of I', given by
Ja@) = flo,() = Y e (e((n + x0)z)
n>nt
+e 0y 7F+ Y g MDA -k 4w (n— xa)p)e(—(n—xa)z).  (2-2)

n=zn—

n#xg

where ¢, (0) yl_k appears only when », = 0. When k = 1 and », = 0, we replace this term by
¢, (0)log y. Since we work most commonly with the Fourier expansion at a = co, we retain the shorthand
£ . .t

ct(n):=cx(n).

2A. The shadow operator &;.. This section follows [1, §5.1]. Recall the Maass lowering operator Ly
defined by Ly = —iyz(% +i %) We define as well the shadow operator & = yk_lek. By [1, Theorem
5.10], &, maps H}C(FO (N)) surjectively to le—k (To(N)), the space of weakly holomorphic modular
forms of weight 2 — k. This map is given by

E(f(2)=1-K)c () —@m)' ™ > " c=n'Fe(nz).

n=n—

n#0

(2-3)

The form & f is called the shadow of f.

2B. Harmonic Maass forms of polynomial growth. Generically, the coefficient series {ccfE (n)} grow
superpolynomially as n — oco. In the remainder of this article, we restrict to the special case in which the
coefficients are polynomially bounded in 7. This is equivalent to the property that f(z) have no poles at
cusps, or that nE £ %, > 0in (2-1) for all a.

Let H]E (F'o(N)) denote the subspace of H;c (T'o(N)) consisting of forms with at most polynomial
growth at cusps. We remark that the space H, 15 features prominently in [31], where it serves as a natural
setting to study L-functions attached to mock modular forms. Note that H,g is a subspace of the space of
(not necessarily cuspidal) Maass wave forms of weight k.
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The shadow operator maps & : H ,ﬁ (To(N))— My_;(To(N)). In particular, & annihilates H ]E (To(N))
for k > 2. In other words, H,g = M, for k > 2, so the space H,it is most interesting for k < 2.

Though exact growth rates for the coefficients c;t (n) are not known, adequate on-average bounds
are known from the Rankin—Selberg method as applied to Maass forms (including noncuspidal Maass
forms) in [26]. Specializing to the case of harmonic Maass forms and translating notation, we present the
following result.

Lemma 2.1 (cf. [26, Theorem 5.2]). Fix f(z) € HE(FO(N)) with k € %Z and k # 1. If f has Fourier
expansion (2-2), then

3 leEm)? {CﬁX + 07 (X ¥ log X) if £ is cuspidal,

- 244|k—1]|
n=x (”l Zt}fu)k_l Cf:l;:aXl-i-lk—ll + Of(Xl'Hk—l' 5+8k—1]| 1‘ log X) else’

fOV some constants C‘;:a.
9

3. Shifted convolutions via inner products

In this section, we show that shifted convolution Dirichlet series of the form (1-5) can be recognized in
terms of Petersson inner products. To begin, we treat a generic form f(z) € H, ,E (To(N)) with Fourier
expansion (2-1). We define the £-th Poincaré series Py(z, s) of weight 0 on T'y(N) by

Py(z,s) = Z Im(yz)’e(Lyz).

Y€loo\Lo(N)

For s with Re s sufficiently large, the Rankin—Selberg unfolding method gives

oo rl —__dxd
GHIR P = [ e xzy

d
- ¥ / Sy, p)elng, ye yy

ny=ny+4

(-

in which c(n, y) denotes the n-th Fourier coefficient of f(z) at the cusp a = oco. In other words, c¢(n, y) =
ct(n)e 2™ forn > 1, ¢(0, y) = ¢t (0) + ¢~ (0)y' %, and ¢ (n, y) = ¢~ (—n)T(1 —k, —4mny)e 271>
forn < —1.

The contribution of 7,1, > 0 to the inner product is a standard shifted convolution Dirichlet series:

If )= 3 ct)et(n) [ skt =2 a0y 4 _ Ts+k=1) Z cHna+0)ct(n)

s+k—1 s+k—1
St y @m0

Since f € H, #, the Dirichlet series in the line above converges absolutely in some right half-plane. More
precisely, Lemma 2.1 gives convergence in Res > 1 + |k— 1|, extending to Re s > 1 in the cuspidal case.
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The net contributions from (n1,n,) = (£, 0) and (0, —¢) total
1 (9 (s):=

et (@) e (0)I(s) c+(z)c+(0)r(s+k—1)+c—(0)c——(@r(s—k+1) ¢t (0)e=(0)T(s)
(4 L) (4 l)sth—1 (4 0)ss (Am0)sth=1(s+k—1)

The function / Zo (s) is meromorphic in s € C and analytic in Re s > |k—1|. Note that / Zo (s) vanishes when
[ is cuspidal.
There is another finite collection of “cross terms” when n; > 0 and n, < 0, which contributes

-1

Y d
I)(s):= Z c+(€—m)c_(m)/ ys+k_le_4”(e_m)yF(1—k,47rmy)—y
me1 0 Y
_ T N~ Fmmem) L (ss+k—1|, €
Cos+k—1 = (Arm)sthed I sk m)’

in which we’ve evaluated the integral via [9, 6.455(1)]. The function //(s) is analytic in the right
half-plane Re s > max(0, 1 — k) and has an obvious meromorphic continuation to s € C.
Lastly, we record the contribution of 1, n, < 0, which can be written

o0

_ “(me~(m+4L .
I, (s):= Z%Gk(&n,n—i—@, with
n=1 (3-2)

© d
Gr(s,n,n+40):= / VI (1 =k, ny)T(1—k, (n + Z)y)e”y—y.
0 Y

The two asymptotic expressions (8, y) = T'(8) — y#/B + O,g(yﬂﬂ) as y —> 0 and I'(B,y) =
e Y P11 + Oﬂ(y_l)) as y — oo imply that Gy (s, n,n + £) converges absolutely when Re s > |k—1].
In this region, G (s, 1,1 + £) < Gy (Re s, n,n) Kgres n~Re57k+1 by change of variable. Thus 1, (s)
converges to an analytic function in Re s > 1+ |k —1|, extending to the domain Re s > 1 in the cuspidal case.

We conclude that the unfolding procedure is valid in Re s > 1 + |k— 1|, and that in this region we have
the decomposition

RIS P 9) = I (s) + 1(s) + 1) (s) + I (s). (3-3)

3A. Application to H(z). The formulas in this section simplify considerably for the specific form
H e Hf / ,(Lo(4)) defined in (1-4). Recall from (1-5) the definition of the shifted convolution Dirichlet
series HHn 4 0)
n n—+
Dy(s) =) —— ",

= (0t G

which converges absolutely in Re s > % By (1-4), the coefficients ¢~ (n) of H may be written in terms of
r1(n), the number of representations of # as the square of an integer. Simplifying the various terms at
right in (3-3) produces the formula



Self-correlations of Hurwitz class numbers 2441

: . T(s+d) HOT(s) HOT(s+1)
2|H|2, Py(-.5)) = ——2/D _ 2
()/ |H| K( S)) (4n)s+% Z(S) + 87‘[(47T€)S 12(471’[)54_%
n@Ol(s—3)  rn@®re)

12872 (4 l)~2s  192m(4ml)s (s + 1)

N I'(s) ! H(K—m)rl(m)2 (s s+
s+ % o’ 167 (4wrm)s +3 5
minip
e A o3
m%—m%z@ (7‘()

mi,my=>1

2

2 —
3/2(F0(N)) for which M;/,(I'o(N)) is
one-dimensional, since in that case &3/, f* is necessarily a twisted theta function by [30, Theorem A].

Thus, in departure from the general case, we conclude that 7, (s) is analytic in Res > %

Secondly, we remark that the contribution of 7, KX (s) bears some resemblance to one side of the Eichler—

The contribution of 7, (s) in the fourth line of (3-5) is a finite sum, since m m2 = £ has finitely

many solutions. This phenomenon generalizes to any [ €

Selberg class number relation (cf. (1-3)). More specifically,

ey _ 1 2

m2<{

Res

'(s) et H{—m)r(m) (s s+
s=0s+% 21

167 (47w m) s+3

m=1

which is essentially one of the sums described in [1, §10.3]. It would be interesting to know if the methods
in this paper could be used to produce new class number relations.

4. Automorphic regularization

To produce a meromorphic continuation for the Dirichlet series Dy (s), we first show that the inner product
( yk |#|2, Py(-,5)) has a meromorphic continuation to a larger domain. This latter continuation involves
the spectral decomposition of Py(z, s) with respect to the hyperbolic Laplacian and is complicated by
the fact that y3/2|H(z)|? & L2(To(4)\h). To rectify this, we modify y3/2|7(z)|? by subtracting a linear
combination of automorphic forms chosen to neutralize growth at the cusps of I'g(V).

We define the weight 0 Eisenstein series attached to cusp a of I'g(N) by

Eq(z,5) = Z Im(o; 'yz).

y€La\To(N)
These Eisenstein series have Fourier expansion at the cusp b of the form

E.(0pz, w)
w F(w_l)
= 8[a=p]Y TIPS i 1 T (w) Pavo(w)y'~ F( )

Zwabn(wnmw 2K, 4 Qrlny)e(nx), (@1)
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in which 8|, denotes the Kronecker delta, K, () is the K-Bessel function, and the coefficients @up, (w)
are described in [4], for example.

As in the previous section, we first consider a general f(z) € H,E (TCo(N)), with k € %Z k #1),
specializing to f = H when convenient. Let F(z) := yk|f|au (2)]? = Im(042)¥| f(042)|2. If 24 # 0,
then F,(z) decays exponentially as y — oo by the Fourier expansion (2-2), and no regularization is
required. Otherwise, when », = 0, (2-2) implies that

Fo(z) = pKled (0) + e (0)y %2+ 0(p~™) (4-2)

as y — oo for all M > 0. It therefore suffices to regularize growth of sizes y*, y!, and 2~ at the
singular cusps.

For k > 1, the Eisenstein series Eq(z, k) counteracts growth of size y¥ at a, while for k < 1 we
utilize E,(z,2 — k) to address yz_k. Unfortunately, this technique fails to regularize growth of size
y!, since Eq(z,w) has a pole at w = 1. In this case, we instead subtract a multiple of the constant
term in the Laurent expansion of Eq(z, w) at w = 1, which we denote Eq(z, 1), and which satisfies
Ea(abz, 1) = 8[q=p)y — 7 log y Resy=1 @apo(w) + Cap + O(e—2™7) for some constant ¢q,. Thus, for
example,

Vr(@)i=F() = Y leg (0 Ea(z.2—k) =2 Y Re(c; (0)¢; (0) Eq(z. 1) (4-3)
a:xg=0 axg=0
satisfies V(0q4z) = O(y* +1logy)as y — oo whenk < 1. If k < %, it follows that Vr € L2(To(N)\b).
The case k > % may be treated analogously.
The situation is more complicated in weights k = % and k = % as here we must regularize terms of

size /2. The obvious choice for regularizing y1/2 s to subtract a multiple of E, (z, %), but this term
equals 0 since the completed Eisenstein series {*(2w) Eq(z, w) is analytic at w = % Likewise, it is not

possible to regularize with a linear combination of terms of the form lim, 1 {*QRw)Eq4(z, w), as these
grow as yl/2 log y near a.
In weight k = %, the growth of size y1/2 comes from the nonholomorphic part (cf. (4-2)). In particular,

1/2

we can regularize all cusp growth of size y '/~ simultaneously by subtracting an appropriate multiple of

y1/2|E3/2f|2. Specifically, we define

Vi) = FE@) = Y e O Ea(z.3) =2 Y Reley (0)¢z (0) Ealz, ) —4y21E3 f()P. (4-4)
axg=0 axg=0
Then V¢ (04z) = O(log y) at each cusp by (2-3), so Vr € L2(To(N)\b).

In weight k = %, we may likewise attempt to regularize by subtracting a function of the form y'/2|g(z)|?2,
where g € M ,5(Ig(N)). However, there is no guarantee that a modular form with compatible cusp
growth need exist. If /' € H f /2(1"0 (N)) is chosen, we may test for the existence of a compatible g using
the basis for M /,(I'o(NV)) described in [30, Theorem A]. Since we do not require k = % for our principal
application, we leave the question of the existence of a compatible g as an interesting open problem.
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4A. Automorphic regularization of #(z). In practical terms, the problem of regularizing #(z) reduces
to the problem of computing the constant Fourier coefficients c;t (0) at each singular cusp a of T'y(4). In
this section, we determine these coefficients, as summarized in the following proposition.

Proposition 4.1. Let H € H. 3/ 2(F0 (4)) denote Zagier’s nonholomorphic Eisenstein series from (1-4). The

cusp a = % is nonsingular for vg; for the other cusps, H(z) has a Fourier expansion of the form (2-2), in

which

O =5 @O=  GO=0  GO=—r
Consequently, the function
Vi) 1= VA HE) R — = Fao (2, 3) = e Bo (2, 3) o ooz, D+ o Bz, 1)~ —— p3[6(2) 2
144 27576 27 487 967 6472

lies in L?(T'o(4)\h).

Proof. To verify that a = l is nonsingular, we first note that I'; /, is generated by ¢/, = (:‘11 ;) Since
vg(t1/2) =i, we have xy/, = % #0.

As for the singular cusps, we clearly have ¢ (0) = —% and ¢, (0) = % from the Fourier expan-
sion (1-4). To understand the behavior of H(z) near a = 0, we follow [13] and relate #H(z) to certain
Eisenstein series of weight 3. Specifically, we introduce the Eisenstein series

(2) en
2,s(z) = ZZ (mz +n)3/2\mz +n|2s’

as well as a second Eisenstein series F3/; 4(2) := 2_3/2|Z|_2SE3/2 s(=1/4z). Though E3,, ¢ converges
only for Res > 7, [13, Theorem 2] implies that E3/, s and F3/; s have meromorphic continuation to
s € C and that

Fs(2) = —gg (1 =) E32,5(2) =i F33,5(2))

satisfies Fo(z) = H(z).

To investigate #(z) near the cusp 0, we compute a partial Fourier expansion of Fj|s,(z), where
0o = (2 _01 ) The functional equation 8(—1/4z) = (—2iz)'/260(z) implies that the weight k = % slash
operator satisfies

Filog(2) = (-2i2) 2 Fy(—35)
= — e (22 (1 =232 By o(2) i () 421 Bz (2))
— 15t 217 F32,4(2) + 75 (1 —1)2|*2% E3 5 4 (2).
Thus H|s,(z) has a Fourier expansion which may be read from the Fourier coefficients of E3/; ¢(z2)

and F3/; 0(z). Since we require only the constant Fourier coefficient of H|4,, it suffices to consider the
constant Fourier coefficients of E3/; ¢ and F3/; .
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By [13, p.93-94], the constant Fourier coefficient of E3/; ((z) equals

J 2
(5. ) Z €m 2 jm) (i ) — 2o(s. 7) Z €m2@(m 3

3 S

m odd m2s+ m odd (m )2s+2
@(m) (s +1) 1-27%"1
= (s, o(s, )
0(s. ) ngd 4542 y)§(4 _|_2) ] —2—4s—2

in which ¢(m) denotes the totient function and o (s, ) is defined by

2(1+i)VasT(2s+3) 1o
I'(2s+2) ‘

3 _
ao(s,y)=/ w3 w2 dw =
Imw=y

By taking the limit as s — 0, we conclude that the constant Fourier coefficient of E3/; ¢(z) equals
—Q+2i)/7w-y~ V2,
Similarly, formulas on [13, p.94] show that F3,, ¢ has constant Fourier coefficient

5 am(B)e(d)

(m/2)23+1

22513 4 (1+1)at(s. ) Z

m even

The sum Zj mod 2m (%)e(j/f%) vanishes for m even unless m = 2n2, in which case it equals \/E(p(an).
Thus the constant Fourier coefficient equals

o(2n?) ¢(2n)
220 (1 Dag(s, ) Y T =2 (L Dao(s. ) Y
n>1 n=1
4s +1) 1 —2—4s—1
— 925+3; 1 : ’ 04s+2 é‘( 1— .
l+( +l)0l0(s y) ;(4S+2) 1_2—4S—2

By taking the limit as s — 0, we conclude that the constant Fourier coefficient of F3/, o(z) equals
8i — 8i /(7 y'/?). 1t follows that the constant Fourier coefficient of Hls,(z) equals

—i (o 8 +1 —2-2i\ 1 1
192 Ty ayl/2 ) 24 8m/y

hence ¢, () = 4 and ¢, (0) = . d

5. Inner products involving regularization terms

As before, we fix k € %Z and f(z) € H,g (To(N)) and define F(z) = y*| f(2)|?. In Section 4, we showed
that F(z) differed from an L? function Vr(z) by a sum involving Eisenstein series and theta functions,
at least when k ¢ {%, 1}. In this section, we relate (Vr, Py(-,5)) to (F, P¢(-,5)) by accounting for the
contribution of these regularization terms.
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To compute the inner products of the form (Eq(-,w), P¢(-,5)), we recall the Fourier expansion of
E,(z, w) from (4-1). We unfold the inner product using the Poincaré series as in (3-1) to produce

1
2nw+§

Ew_%%ooe(w)r(s +w—DHI'(s—w)

S , (5-1
(4ml)S~2 I'(s)T (w)

(Ea(- w), Pe(-.5)) =
provided that Re s > % + |Rew — %| to begin. We write @goon (W) = @qn(w) for brevity and remark that
formulas for these coefficients appear in [4].

The functions ¢q, (w) have meromorphic continuation in w. For n # 0, they are analytic at w = 1. By
considering the Laurent expansion of each side of (5-1) at w = 1, we obtain

E 1
(Eq(-, 1), Pe(-,5)) = T Par (1)

= WF(S — 1),

in which Ea(z, 1) is the constant term of the Laurent expansion of F,(z,w) at w = 1 (as defined
immediately before (4-3)).

Lastly, we consider inner products of the form (y% lg(2)|%, P¢(-,5)), in which g € M /,(To(N)).
Suppose that g(z) = ) b(n)e(nz). Then

(y21g(), Py(-,5)) =

L(s—3) 3 b(n+0)b(n)
@r)2 iy (407

By [30, Theorem A], M /,(I'g(V)) is spanned by theta functions of the form ) x:(n)e(n?tz), with t
square-free and satisfying 4 cond(;)?¢ | N, where cond(x) denotes the conductor of x, x;(n) = (%) if
t=1mod4, and x;(n) = (%) otherwise. We note that cond(y;) =t if t = 1 mod 4 and 4¢ otherwise.
In particular, {b(n)} is supported on integers of the form n%¢, where n € Z and 4¢* | N. Thus

T(s—3 b(n?t;)b(nt
DHe@R Py = LETD) 5y biba)
(@r)*72 SN o 2 (n?t)*"2
19,6514 nyti=n5t+L 1
t; square-free

If M;,(I'g(N)) is one-dimensional (for example, if % is cube-free), then #; = ¢, = 1. In this case,

the inner sum n% = n% + £ has finitely many solutions. Otherwise, the sum may be infinite (depending
on {). Since the solution set (n1,n;) of n%tl = n%lz + ¢ is exponentially sparse in any case, the sum

1

above always converges for Re s > % Thus ( y% lg(2)|2, P¢(-,5)) is analytic in Re s > 5 no matter the

dimension of M/, (I'o(NV)).

Remark 5.1. In fact, ( y% |g(2)|?, P¢(-,5)) has a meromorphic continuation to all s € C. To see this,
note that the series above is essentially supported on positive integers x satisfying the generalized Pell
equation #;x2 —t, y> = £. When solutions exist, they lie in finitely many classes of linear recurrences.
Splitting ( y% |g(2)|, P¢(-,5)) along this subdivision, and splitting further to ignore the effect of the
characters y, and x,, it suffices to continue series of the form ), -, 4,°, where {4,,} satisfies a
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degree two linear recurrence. Fortunately, such results are known; see for example [29], which treats a

much more general case.

At this point, it is straightforward to relate the inner products (F, Py(-,5)) and (Vr, Pg(-,5)). We

record our results in the following proposition.

Proposition 5.2. Let f € H{(To(N)) and set F(z) = y¥| f(2)|% Fork = 3,

- . VAL (s +3)T(s - 3) + (02 3
F7P ) = V aP i a 0 a 2
(F. Pe(-.8) = (Vr. Pe(-.9) + (4n£)s—%l“(s) > e OPeac(3)

a:xq=0

2n (s — +
(4ml)s—1 xz_o Re(c7 (0) ¢ (0))par(1)
4F s — =

agr(n3n)ags (130) fz)
'y %

s—1 s—1
(4 ) 3318 nit=ndtr+e (n t)

ti square free

in which Vy is defined as in (4-4) and agr (n) denotes the n-th Fourier coefficient of &35 f(z). For k < %

in %Z, we have instead

2l (s +1—-Kk)T(s+k—2) Z 1= (0) oo (2 — k)
(4n£)s—%(nz)k—%r(s)r(2—k) o :

ZLCZD ™ Re(e 0)er () g (1),

(4me)s—1 o

(F?Pe(’E)) = (Vf,P[(,§)>+

in which Vy is defined as in (4-3).
As a corollary, we specify the contribution of correction terms in the regularization Vy (z) of H(z).

Corollary 5.3. Let £, denote the odd-part of £. In Res > %, we have

RRLAACES ) (s=3) 20-2(3) —0-2(3) +0-2(Lo)

(y3[H]%, Pe(-,5)) = (i, Py(-.5)) +

(47 0) 3T (s) 4032¢(3)

F(s—1) 20-4(5)—0-1(5)+0-1)  T(s—3) Jiio2s

(4wl 288 ¢(2) * 325+ dXM:(d +7)
d55m0d2

Proof. Since £3/2H(z) = — 147 6 Te= 7(2) by (2-3) and the Fourier expansion (1-4), we have

agnn) =~ ().
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Propositions 4.1 and 5.2 then give

(3 IHI2 Py(-,5) = (Vi Po(-,5)) +

IRLANCES: ) (s— )(1
Ant)s~ 2F(s)

Is-1)
T (@Al

)
); ri(m+4)r (n). (52)

b7 (dstest (D sggue(D) 4 44y (n+0)°~
n=0

To simplify further, we give explicit descriptions of the Fourier coefficients ¢, (w). Conveniently, the
formulas we require appear in [15, §3.3]:

01(2)2w() () = 22—4w01 2w( ) 71— 4w01_2w(%)
wi@u) P (@ (2w) |

Poe(w) = (5-3)
in which ¢® (s) = (1 —27%)¢(s), 052) denotes the sum-of-divisors function with its 2-factor removed,
and we adopt the convention that o, (m) = 0 for m ¢ Z. By Euler products, o;, )(K) =0y (£,), where £g
is the odd part of £.

Finally, we note that the series in (5-2) may be written as a divisor sum:

{ _
Zrl(n+ )rlgn): Z |n2|1—2s:22s—1 Z |d1+d2|1—2s:22s Z (d+§)1 25’
2

s—1
n=0 (n +£) ny,ny€Z dy,d>€Z dll
n%—n%:e didr=1 dEg mod 2
d1=d> mod 2
which completes the proof. O

6. Spectral expansion and rightmost poles

As before, fix f € H£ (TCo(N)) with k & {%, 1} and define F(z) = y¥| f(z)|2. In this section, we show
that the inner product (F, P;(-,5)) admits meromorphic continuation to s € C. By Proposition 5.2,
it suffices to consider the inner products (Vr, P¢(-,5)) instead, as the regularization terms contribute
explicit terms which are meromorphic in C, either by inspection or as a consequence of Remark 5.1.
Selberg’s spectral theorem (cf. [18, Theorem 15.5]) gives the following spectral expansion of Py(z, s):

VN [ . .

Py(z.8) =D (Py(-.8). i) (2) + Y E/w(Pe(-,s), Eo(- 3 +it))Ea(z. L +it)de,  (6-1)
J a a

in which a varies through the cusps of I'o(N), Vy = 5 - N ]_[p| y (1 4+ 1/p) denotes the volume of

T'o(N)\b, and {j;} is an orthonormal Hecke eigenbasis for the space of weight 0 Maass cusp forms on

I'o(N). These Maass forms have Fourier expansions at all cusps, which we write in the form

1a(2) = 1oy (2) = 12 3 pjalm)Kigy 2r[n|y)e(nx). 62)
n#0

We next record two useful lemmas regarding the growth of the coefficients pjq(m) on average. The
first of them concerns the average growth of p;4 (/) with respect to m and is taken from [17].
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Lemma 6.1 [17, (8.7)]. Let pj be an L?-normalized Maass cusp form on To(N ) with Fourier expansion
at a of the form (6-2). Then
> 1pialm)* <n (M + g e,
m=<M

Our second lemma is a spectral average generalizing [24, Theorem 6].

Lemma 6.2. Let {ij} denote an orthonormal basis of Maass cusp forms for I'o(N), with Fourier
expansions given by (6-2). For £ > 0 and any € > 0,

(¢ 2 X2
2 %_N_"‘ONe(XlogX-i-Xﬁ_i_gﬁe)
J

It |<X
Proof. For level N = 1, this result is [24, Theorem 6]. More generally, we adapt [24, §6], replacing
the level 1 trace formula with one on I'g(V), as found in [4, Lemma 4.7], for example. To carry out
this generalization, we require the Kloosterman sum estimate Seooo(£, £, ¢) < (£, ¢)/2¢1/2d(c) from
[4, Lemma 2.6] as well as the Eisenstein series coefficient estimate

d(t)
15(1 +2i1)|

To see (6-3), one may represent E4(z,s) in terms of Eisenstein series attached to characters via [35,

%e(% + it) <N Lpn,edl)logt, (6-3)

Theorem 6.1] and apply the Fourier coefficient formulas in [35, Proposition 4.1], then apply [32, (3.11.10)].
d

Continuing on, substitution of (6-1) into (Vr, Py(-,5)) produces
(Ve Pe(-.9) =Y iy Pe(-. ) (Vr i (2)
J Vv o
+- X Z/ (Eo(-, 3 +it), Pe(-.5)) (Vs Ea(z, 3 +it))dt, (6-4)

which we call the spectral expansion of (Vr, Pg(-,5)). We will refer to the terms at right in (6-4) as the
discrete spectrum and continuous spectrum, respectively. To make this more explicit, we apply (5-1) and
the formula

piOVT D(s =5 —it)0(s— 3 +1it)

(4mb)s~2 L'(s) ’

{1j, Pe(-.5)) =

which follows from [9, 6.621(3)]. We conclude that (V¢, P¢(-,5)) admits a spectral decomposition of
the form Xgisc (5) + Xcont(s), in which

Eels) = m L O e )

VN ¢at (3 +i)D(s =3 +it)T(s =3 —it)
cont(s) - Z/ (47_[5).?—7(7.[@) ”F(S)F( +lt) (

Vi Eo(-. 3 +i1))dt.
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This spectral expansion is initially defined for Res > 1 + |k—1|, provided all expressions converge.
Fortunately, convergence is not an issue:

Lemma 6.3. The functions Xgisc(s) and Zcont(s) converge for all s € C away from their poles.

Proof. In the discrete spectrum X i (i), this follows from Lemma 6.2, Stirling’s approximation (providing
decay of size e~ for fixed s), and the trivial estimate (Ve i) < ||Vf||1/2 ks <y 1. Here,
we’ve used that ||| = 1 (by definition of ;) and that V € L?(Ty(N)\b) by our work in Section 4.
(This estimate is very weak, and will be improved in Section 8.)

In the continuous spectrum, convergence follows from Stirling’s approximation, weak upper bounds for
(Vf, ) a( ° % +i t)) derived from the Rankin—Selberg method and Phragmén—Lindeldf convexity principle,
and (6-3). O

Thus Xg4isc(s) defines a meromorphic function on the entire complex plane, with potential poles at
s = % =+it; —m for integer m > 0 and any spectral type 7;. It is analytic in the right half-plane Re s > %—i— 0,
where ® < 7/64 denotes partial progress towards the Ramanujan—Petersson conjecture [21].

The continuous spectrum X¢on(s) also has meromorphic continuation to all s, though the precise
continuation to Re s > —M involves both X oy (s) and O(M') residue terms extracted through contour
shifts of the integral in ¥ .,. For a discussion of the continuation process in a similar case, we refer the
reader to [14, §4] or [15, §3.3.2]. The continuous spectrum is clearly analytic in Re s > %

Thus (Vr, P¢(-,5)), originally defined for Re s > 1 +|k— 1|, extends meromorphically to a function on
the entire complex plane. Since it is analytic in Re s > % + ©, any pole of (F, Py(-,5)) inRes > % +®

occurs as a pole of the explicit regularization factors presented in Proposition 5.2.

Remark 6.4. In Section 3, we gave the general decomposition
(F, Pe(-,5) = I () + 1) (s) + I;(s) + 17 (5).

The two terms [ 59 (s) and 7(s) are finite sums and inherit meromorphic continuation to s € C from
the continuations of Gy and the , F-hypergeometric function. Thus the continuation of (F, Py(-,5))
implies a continuation for /, €+ (s) + 1, (s). It is possible, albeit challenging, to establish the meromorphic
continuations of / Z’ (s) and I, (s) as separate entities. Here, the idea is to first continue /, (s) by relating
it to the Dirichlet series

i agr(n)agg(n + f)

(n + g)s—w—knw—H ’

n=1

which admits meromorphic continuation through relation to the triple inner product (y2~%|& f|2, Py(-,5)).
Establishing this continuation is not so difficult when Re w < —1, but in practice we require Re w as
large as —k (to evaluate a particular contour integral representation), and this creates major complications
in weights k& < 1.

Fortunately, these problems disappear altogether for /= H, as the series I, (s) defines a finite sum
in this case (cf. Section 3A). To simplify the exposition in this work, we narrow our typical focus
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from f € H /g (To(N)) to f = H. Still, the construction of the meromorphic continuations of [ ei (s)
and estimates for shifted convolutions of generic mock modular forms of polynomial growth are of
independent interest and will appear in future work.

6A. Classifying the rightmost poles of Dy (s). As an application of our work thus far, we classify the
rightmost poles of the shifted convolution Dirichlet series Dy (s) from (3-4). We prove the following

theorem.

Theorem 6.5. The Dirichlet series Dy(s) is analytic in the right half-plane Res > % and extends
meromorphically to all s € C. If £ = 2 mod 4, then Dy(s) = 0 identically. Otherwise, Dy(s) has two
simple poles in the right half-plane Re s > % ats = % and s = 1, with residues

2
R=e§ De (S) = 126 é-(3) (20—_2(%) - (%) + U_z(ﬁo))
Res Dy() =~ (20-1 () 01 (§) + 01 (60).

The function Dy(s) is otherwise analytic in Re s > 3.
Proof. Equation (3-5) relates Dy (s) to (»3/2|#|2, P¢(-,5)) and Corollary 5.3 relates (y3/2|H|%, P(-,5))
to (Vy, Pe(-,5)). When combined, this produces

7i0(s—3) 202(5)—0a(§) +02(le)  w3ITs—1) 20-4(5)—o-i($) +o1(k)

Dy(s) =

o3 252¢(3) 61T (s + 1) 36002)
@r) 2V, P(-.5)  HOT(s) H(t)
I'(s+1) 4/mlT(s+3) 12052

ry(€) L_n (0T (s)
2005 3s(s— 1) 96Tl (s +3)
-1

RG] ZH(E—m)rl(m)zF (s S—I-

F(S+%) m=1 8ﬁms +2
3 Z m1m2G3/2(s,m§,m%) 22574 Z 1 25 6-5)
1 1 :
e 16T (s + 1) m(s—3) 0
my,my=1 dE§ mod

Recall that (Vy, Py(-,5)) is analytic in Re s > % + ©. By Huxley’s resolution of the Selberg eigenvalue
conjecture in low level [16], the inner product is in fact analytic in Re s > % Thus, by previous comments,
all but the first two terms at right above are analytic in Re s > % Computation of residues completes the
proof. O

Since Dy (s) has nonnegative coefficients, the Wiener—Ikehara theorem (see [25, Corollary 8.8], for

example) immediately produces the following:
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Corollary 6.6. For fixed £, as X — oo we have

72X?

ST HMHM+0) ~ s (202(5) —0-2(5) + 0-2(L0)).

n<X
7. Bounding Dy (s) in vertical strips

To quantify the rate of convergence in Corollary 6.6, we require additional information about the mero-
morphic properties of Dy(s). Specifically, we require uniform estimates for the growth of Dy (s) with
respect to |Im s| in vertical strips outside the domain of absolute convergence.

It suffices to produce growth estimates for each component of the decomposition of Dy (s) given in (6-5).
In this section, we produce uniform estimates for every term besides (47)" +3 (Va, Pe(-,5))/ F(s + %),
which requires more involved techniques.

Proposition 7.1. Fix s with Re s > 0. Away from poles of Dy(s), we have

Vi, Po(- .5
Dy(s) e LTRESTE gaReste|g =3 ’M‘
L(s+2)
forall e > 0.
The proof requires a few lemmas, starting with a simple upper bound for the Hurwitz class number.

Lemma 7.2. We have H({) <¢ £27€ for all € > 0.

Proof. The moment estimate (1-1) implies /1(—€) < £2+€ for all € > 0. Since h(—€) = ZdZIK h(—t/d?),
we have h(—{) < ZQ,ZI(K/a’Z)%*'e < ¢2%¢. The same bound holds for H{)=h(-0)+01). O

We also require uniform estimates for the , F';-hypergeometric function and the function G3/,, which
are provided by the following two lemmas.

Lemma 7.3. For 1 <m <{—1andRes > 0, we have

s.s+5| L m\Res
F(M ) < ()

s+ %
Proof. Following [9, 9.131(1)] and the Euler integral [9, 9.111],
3 1)
s+ 3 m
1
e 1—s 1 1 (1—0)"2dt
=(-) (s+3) /0 (7-1)

st LY ey (B
2Fl( ! m)_(m> ZFI(S—}—%
(1- (1= %))

in the region Re s > —%. In this form, we recognize that the hypergeometric function at right in (7-1)
is bounded by , F; (%, 1, % 11— %) when Re s > 0. To conclude, note that 2F1(%, 1, % |1- %) =" by
[9, (9.121)]. O
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Lemma 7.4. Fix € > 0. In the region Re s > 0, the function G35 (s, n,n + {) defined in (3-2) satisfies

Gi(s,n,n+4) K |S|Res_2+ee_%“ms| |S|% + :
A (n + O)Res Jitl i)

Proof. We begin with the contour integral representation [5, (8.6.12)]

k

) y_ YR m [ Tw+ky™ 7-2
F(1—k,y)e” = T'(k) 27rif sin(rw) w o

where C is a contour separating the poles of I'(w + k) from those at w =0, 1, . .. arising from 1 /sin(7rw).
Here we require & ¢ —N. For k > 0, we may take C as a vertical line with Re w = —e. We apply (7-2)
and the Mellin transform [5, (8.14.4)] to Gy (s, n, n + £) to write

—k [e%)
Go=-T o | Lw+k) (/ ys—l—wr(l—k,<n+e)y)d7y)dw

L'(k) 2mi J—e) sin(mw)n®
T 1 F'w+kI'(s—w-— k)csc(zrw)
= w’ (7_3)
F(k) 270 J—e) nkTW(n+ )70 (s —w—1)
provided Re s > max(1, k) to begin. Shifting the contour of integration to Re w = —max(1, k) — € passes
finitely many poles from csc(ww) and gives a meromorphic continuation of Gy to Re s > 0 when k > 0.
We now specialize to k = % The contour shift in (7-3) to Rew = —% — € passes a single pole at
w = —1, with residue
1
2T (s — 3) 1 |s|Res—2=F lims].

<
Jnm+40)Ss T /n(n+ L)Res
Stirling shows that the integrand decays exponentially in |Im w|, for any s. We may therefore truncate
the integral to [Imw| < %|Ims|. In this range, the estimates |s —w — k| =< |s| and e~ zImG—w)|
ez mwl=Fms| 4110w us to extract the s-dependence of the integrand. Hence the shifted integral (7-3) is
O((n+ E)‘Res_% |s|R“_%+€e_%|Ims|), which completes the proof. O

Proof of Proposition 7.1. Lemma 7.2 and the divisor estimates 6_,(£) < 1 and 0_; (£) < £€ imply that
the terms at right in the first three lines of (6-5) (excluding the term containing (Vy, Py (-, 5))) are

OReS,E(E%_Res|S|_% +£%—R6S+E|S|—% +£—Res+é). (7_4)

By factoring this upper bound in the form £~ Res+e€ |s|_% (E% 02 |s| + |s|%), we observe that the second
summand is always dominated by the first or third term, and may be ignored.

It remains to estimate the three terms in the last two lines of (6-5). We first consider the divisor
3. we bound |d + Z/dll_ZR” & £27Res 5o the divisor sum is
o 3-Res+e |s|~1), which is nondominant. Otherwise, if Re s < ,webound |d+£/d|!72Res  g12Res
so the full divisor sum is O(£!72Res+€|5|=1) This term is dommated by the second term of (7-4) When
Res > 0.

sum. In the right half-plane Re s >
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We next consider the contribution of the hypergeometric term in (6-5). By Lemma 7.3, Stirling’s
formula, and then Lemma 7.2, this term is
{—1
<LRes K_Res|s|_% Z I—I(K _m)rl (Wl) <<Res,e El_Res+€|S|_%
m=1
in the region Re s > 0. Note that this term is dominated by the first error term in (7-4).
Finally, we consider the term in (6-5) involving G35 (s, m%, m%) By Lemma 7.4, this term is

1
—24 mymy |S|i 1
ORes(lsl DD ( . (7-5)

2_ 2 1
mi—m5={

in the region Re s > 0. The contribution of 1/m, in the parenthetical is

_ 1 B 1 B
KRes |8|72T€ Z W«Res Is| 2+Ege(g2 Res o1 2Res)’

22 1
mi—m5={

in which we’ve used that ~/£ < m; < £ and that the sum has at most d(£) terms. Since m; > mj, the

1/2

contribution of the other term in the parenthetical of (7-5) is at most |s|'/~ times larger. Both upper

bounds are majorized by the contribution of the divisor sum in (6-5). O

8. Noncuspidal spectral inner products

To bound (Vy, P¢(-,5)) in vertical strips, we apply the spectral expansion (Vy, Py(-,5)) = Zaisc () +
Ycont(s) computed in Section 6. In the discrete spectrum, Stirling’s approximation, dyadic subdivision,
Cauchy—Schwarz, and Lemma 6.2 reduce our task to bounding the inner products (V3 u;). Since Maass
cusp forms are orthogonal to Eisenstein series and to norm-squares of theta functions (cf. [27, Remark
2]), this is equivalent to bounding the unregularized inner products (y3/2|H|2, i)

While good estimates for inner products of the form (y¥| |2, u i) are known when /" is a holomorphic
cusp form or Maass cusp form (at least on average), the noncuspidal nature of H meters the applicability
of prior results. Fortunately, it is possible to modify work of Jutila [19; 20] in the Maass cusp form case
to address the case of harmonic Maass forms. Working in a somewhat general setting, we prove the
following theorem.

Theorem 8.1. Fix f € H,g(l"o(N)) with k € % +Z. Let juj(z) be an L*-normalized Hecke—-Maass cusp
form of weight 0 on I'g(N ), with spectral type t; € R. For all € > 0, we have
(yk|f|2, M]) < (|t] |2k—1+€ + |tj |3_2k+€)€_7|tj|.
Our proof of this follows the general method of [19; 20]. Very roughly, this plan involves two steps:

a. We relate (y¥| f|%. i), which is an integral over I'o(/V)\b, to an “unfolded” integral over I'oo\b,
by introducing an Eisenstein series as an unfolding object. This technique was developed in [19, §2]
for f alevel 1 holomorphic or Maass cusp form, and we adapt it to the case of f € H, ,E(FO (N)).
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b. The unfolded integral can be understood as an integral transform of a sum involving Fourier coeffi-
cients of f and j; at various cusps. We truncate the sums and integrals and apply estimates for the
Fourier coefficients of /" and p; to bound the truncations.

We remark that [20] also applies the spectral large sieve, to produce a fairly sharp upper bound for the

spectral average Z\tj|~T (VK] £12, i)
argument when £ is noncuspidal, we do not apply the spectral large sieve and instead produce bounds for

|2e7I51 (when f is a Maass cusp form). To simplify parts of our
individual (y*| f|2, u i) It would be interesting to determine if our growth estimates for Dy (s) could be
improved by replacing Theorem 8.1 with an appropriate spectral average.

Though not the main focus of this work, we remark that Theorem 8.1 has applications to modular
forms of half-integral weight, since My (I'g(N)) C H E(Fo (N)). For convenient reference, we present
this as a corollary.

Corollary 8.2. Fix k € % +Zand f € My(To(N)). Let 1j(z) be an L?-normalized Hecke-Maass cusp
form of weight 0 on I'o(N'), with spectral type t; € R. For all € > 0, we have

OF 12 ) < (1412715 4 g1 €)= B 0]

We remark that Corollary 8.2 improves certain technical results in [22]. In particular, we improve the
tj-dependence of [22, Proposition 14] in any case that our result applies.

8A. Jutila’s extension of the Rankin—Selberg method. The material in this section adapts [19, §2] from
SL(2,Z) to Ty(N). Let ¢(z) be an L? function on I'y(N)\b satisfying ¢ (z) = O(y_‘s) for some § > 0 as
y — o0 and let Exo(z, s) denote the weight 0 Eisenstein series at the cusp oo of I'g(N). Since Eoo(z, 5)
has a simple pole at s = 1 with residue = -[[o(N) : SL(2,2)]"! = Vy ! we have

E

dx d ) dx d
J[ @S F = [ 66 tim - DEw S5
To(N)\b y To(N)\b s—>1+ y

We now interchange the limit and integral, which can be justified by expanding E~(z, s) in a (rapidly

converging) Fourier series and noting that the pole at s = 1 appears only within the constant phase. The
growth estimate ¢(z) = O( %) gives convergence in this surviving term and justifies the exchange.
Then, since Re s > 1, the method of unfolding provides

dxd
// $() "% =Vy lim (s— DR(@.s). with
To(N)\b y s—>1+

oo prl d d
R(p.s):= /0 /0 sy S

in which R(¢, s) is the typical Rankin—Selberg transform of ¢.
We define R*(¢,s) = {*(2s)R(¢,s) and R(,5) = s(s — 1) R*(¢, 5), so that (8-1) equals

(8-1)

T Vy Res R*(¢.5) = —Vy RE(¢. 1),
6 s=1 6
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Note that R§(¢, s) is entire, in part because ¢ € L?. By the residue theorem,

* _ 1 Rg(qﬁ,s)
Ry, =5 [ 0=,

in which O is a contour encircling s = 1 once counterclockwise and g (s) is a rapidly decaying holomorphic
function satisfying g(1) = 1. We bend O into a rectangle connecting a +i7 and 1 —a +iT, then let
T — oo and use decay in g to render the horizontal components of O negligible. It follows that

Ry , 1 /(1 | ()R*(¢1S)

" 1
R0(¢,1)—E/(a)g(s) s—1 2ri s — 52)
= 27i @\s—1

We now apply the functional equation of the Eisenstein series on I'g(N) to relate R*(¢, 1 —s) to a
sum of Rankin-Selberg transforms at the other cusps of I'g(/N). This takes the form

R¥*(¢.1=5) =D val$)R*(¢ha. ). 8-3)

in which y,4(s) is an entry of the scattering matrix for I'g(N) and ¢, = ¢|,, under the weight 0 slash
operator. Exact formulas for y, may be obtained by combining [35, Theorem 6.1] and [35, Proposition 4.2].
We have y,(s) = O(1) in fixed vertical strips away from poles. By applying (8-3) to (8-2), we conclude

that
R —
R0 = 3 [ (SR ED 50 Ry ) ) .

2mi s—1

In our application, we take ¢(z) = ¢;(z) = yE f(2)|? 1 j(2), where p; is a Maass cusp form on
I'o(N) with ||j]| = 1. We conclude that

(F. ) 1212 f (Blamocsg () + (= g1 = 9)7a())5* 25 R@jar ) s, (3-4)

which generalizes [19, (2.10)]. This expression lets us determine (F, j;) while only sampling R(¢j, S)
on the line Re s = @ > 1. We also note that the pole of {*(2s) at s = % is canceled by R(¢;q.s); hence
the only poles of the integrand in Re s > 0 are those of R(¢jq, ).

Remark 8.3. Following [19, (2.8)], we take g(s) = exp(l —cos £ ) for some large B > 0. This choice
implies |g(s)| K exp(—iexp(ﬂm s|/ B)) in the vertical strip |[Re s — 1| < wB/3. In particular, the contour
integral (8-4) converges if R(¢;q, s) grows at most exponentially in |Im s|. This will be established in
Remark 8.10.

To bound the Rankin—Selberg transform

oo pl _ dxd
Rpjos) = [ [ 3R aE 5
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we represent f, and pj, as Fourier series, as described in (2-2) and (6-2), then execute the x-integral.
This expresses R(¢jq,s) as a triple sum over integers (77, n2, n3) subject to the relation ny —ny = nj.
As in Section 3, we group these terms based on the signs of n; and n,, so that

R(gja. 5) = 15(5) + 17(5) + 17(5) + [ (5),

denoting the subsums in which (71, ;) are both positive, are both negative, have mixed sign, or contain a
zero, respectively. By changing variables to introduce m := |ny —n,| = |n3| and grouping similar terms,
we write

)= Y 2Re(cf(n+myct 0pja(m) ¢} (m.n + xa. ).

m,n+x,>0

L) = > 2Re(cg (n)cg (n+m)pja(m)) @f (m,n—xa.s).

m,n=>1

[oe) m—1
L)y=Y_ Y 2Re(c] ey (m—npja(m)) ¢f (m,n+ xq.5),

m=1n=1—[x,]

in which the functions (p;r, @i and (pf are defined by

+ * s+k—1 —2m(2n+m) dy
@ (m,n,s) = y ze Y Kiy; (27””)/)7, (8-5)
0
- oo s+k—L1 2m@2@nd+m)y dy
@; (m,n,s) = ¥ Ze (1 —k,4xny)l(1 =k, 4 (n+m)y) Ky, (2nmy)7, (8-6)
0
X * s+k—1 2m(m—2n)y dy
@; (m,n,s):= [ 'y Ze I'(1—k, 4w (m—n)y)Kiy (2ﬂmy)7- (8-7)
0

Here we have assumed without loss of generality that pjq(—m) = pjq(m) for Maass cusp forms of weight
0. Lastly, for singular cusps, we define

I,(s) = Y 2Re(cf (m) i (0)pja(m))g;f (m, 0, 5)

m>0

+ Z 2Re(cj(m)ca_(O),oja(m))%?L(m,O,S—k +1)

m>0

+ ) 2Re(cg (m)ef (0)pjalm))e} (m, 0, 5)

m>0

+ Z 2Re(ca_(m)c;(O)pja(m))(p;((m, 0,s—k+1). (8-8)

m>0

For nonsingular cusps, we set 1 jpa (s) = 0, as the corresponding summands vanish or otherwise incorporate
: +
into [ f L (s).
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Remark 8.4. These decompositions mirror [19; 20], except that we separate ].Jg from 1 ia and introduce
1 Jpa to account for noncuspidality. In fact, (,0;r exactly matches an unnamed function from [19, p. 449]. Our

functions ¢ and gof can be viewed as variants of the functions (pj+ and s from [20, (3.4)], respectively.

8B. Representations and estimates for (o;.", go;.‘, and (oJT. We now record some useful information about

the functions goj+, gof, and Q- We first consider goj+, leveraging earlier work of Jutila.

Lemma 8.5 [19, §3]. Define » = A(m,n) := /1 —m?/(2n+m)? and set p := s + k — 5. The function
goj+ (m,n, s) defined in (8-5) is analytic in Re p > 0 and may be written in either of the forms

JEmiT(p+it)T(p—ity)
(47)P(2n +m)PFLT (p + 3)

+ _ —p—itj Tt 2\ -
o (m.n.s) = (14 1) szl(p,erzz,,zp(lH), (89)

2—1—2p7.[—p 1—A L;j A—1
+ . . .
F(m,n,s)= T(—itj))T(p+itj)2Fi(p.1— ,1+-_)
¢/ (m.n,s) nn ZE ((1 )\) (—itj))'(p+itj)a 1(p p zl]‘ o

it;
1-A\" 72 . . -
+(—1H) F(ltj)r(p_ltj)ZFl(p,1—]7,1—111‘7)). (8-10)

Proof. These identities are implicit in [19, (3.16)—(3.21)]. O

In the special case n = 0, we have A = 0 and (8-9) implies that

VET(p+it)hT(p—it;)
(471m)PF(p + %)

which can also be seen directly via [9, 6.621(3)]. For n # 0, we don’t expect simplification but can still

<pj+(m, 0,5) = (8-11)

produce upper bounds. For example, in the text surrounding [20, (4.5)], Jutila applies (8-9) to produce

IC(p+it;))L(p—itj)l
(2n+m)ReP(1 4 L)ReP|T(p)|

valid for Re p > 0. An upper bound derived from the representation (8-10) is presented in the following

¢ (m.n.s) <gep log(2n +m), (8-12)

lemma.

Lemma 8.6 (cf. [20, p.452]). Fixtj € Rand € > 0. Suppose that A # 0. For any s in a fixed vertical strip

away from poles,
t:|Rep—1 1+ g|2 1+|Re p|+e e%llmsl
oFmns) <e ()| 1A —. (8-13)
’ (n(n+m)) 2" M et
Proof. For p ¢ Z and nonpositive z € C, consider the integral representation
r'(1+i¢)r ra- I'—
2B (p 1= p. 1+iy z)=/ (i) LU =prwlCw) w4, (8-14)
F(p)r(—-pI'(d+it;+w)

in which the contour B separates the poles of I'(p + w)I'(1 — p + w) from those of I'(—w) [5, (15.6.6)].
We suppose that Re p > 0 and shift the contour B to the line Re w = Re p 4 €. This shift passes poles
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and extracts residues at w =0, 1,..., |[Re p + €], totaling

LReP+€J (p) ( RBP+E
v

p)v U

— 1+
1;) v!(l—i—ltj)v

9

‘ (1+1p*)z

in which (), := I'(v + @)/ I' (@) denotes the Pochhammer symbol. The same upper bound holds for
the shifted integral, by Stirling’s approximation. We apply this estimate for z = }Lz;)f <« A71, then apply
Stirling’s approximation to the other factors of (8-10) to complete the case Re p > 0. The case Re p <0

then follows using the invariance of (8-14) under p <> 1 — p. O
We conclude our discussion of (pj+ by presenting a uniform upper bound for the size of its residues.

Lemma 8.7. Fix t; € R. For each integer r > 0, we have

1 .
Res  ¢f (m.n.s) <, (n+m)|t|72e~ 311,
s=1—kxitj—r

Proof. Stirling’s approximation and (8-10) give

(n(m + n))?
. Res (p;r(m,n,s) <L W
s=5—k+itj—r |Zj| ezl

A—1

A
The transformation , Fy(a,b,c,z) = (1 —z) %, Fy(a,c—b, c, ﬁ) (cf. [9, 9.131(1)]) relates the hyper-
geometric function above to the finite sum

k+1)—f’f+r itj—r,— - N = (_r)“(l—)‘)v
Atl F
(zx 20 1—iz, 1+A <4 Z (I—itj)yv! \+2/ 7

which is O, (A™"), uniformly in #;. The claim now follows from the estimate A2 < n/(n+m), and the

-, 1+r—ltj,

computation for s = % —k —it; —r is identical. O

To understand (pf and @; > We express them as contour integral transforms of (p;_. The following

lemma consolidates relevant information about ¢ J?<.

Lemma 8.8. The function gof (m,n,s) defined in (8-7) admits meromorphic continuation to s € C, with
poles at s = —% *itj—rands = %—k Litj—r,forr € Z>p. Ift; € R and Re s > 0 away from poles,

we have

@7 (m,n,s)

. . Res—1 k
1 ls—itj|-|s+it;|\"°° _1 m|s| e —7|tj |+ Z|Ims|
< [s|72| 1+ . . e
(m—n)k /m mls| (m—n)|s—it;j|-|s+itj]

A —omlp a3
+8Res<tpg(m+n+ls|+1t]) e 2l |+ 5 ims| - (g_15)

for all € > 0 and for some A > 0 depending only on k.
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Proof. The integral representation (7-2) implies that

x - 1 I'(w+k) (/Oo s—i-w —27my dy)
i s by Kl . 2 — d
¢j (m.n.s) = F(k) 2mi /C (4 (m —n))W+k sin(rw) d ¢ y Grmy) v v

w,

-1 F(w+k)(p+(m 0,s —k—w)
T T'(k) 27i /C (47 (m —n)) 0+ sin(rw)

where C is a contour separating the poles of I'(w+k) from those at w =0, 1,.. ., arising from 1/sin(zw).
To begin, we require Re s > % + max{Re w : w € C}. To consider general s, we shift the contour C left,
passing poles from I'(w + k) and 1/sin(rw) and extracting residues involving (pj+ (m, 0, s) at shifted
arguments. By (8-11), these residues contribute poles at the poles of I' (S +k— % +i tj) and I’ (S + % +i tj).

To produce growth estimates, we then shift C rightwards, to the contour Re w = |k| + €. This extracts
a sum of residues equal to

Jel— 4

S (=DIT(g+ k)
2;) T (k) (4 (m —n))k+a

o (m. 0.5 —k —q)

LIk|+e—Res+1] al(w+k)pi (m, 0,5 —k —w)
© L T, ke

T w= s—Litj+r (47T(m_n))w+k sin(ﬂw)F(k)'

Stirling’s approximation and Lemma 8.7 show that the exponential decay in the residues in the second line
is e~ 3 mstit; =31t o o=27lt; 1+ Ims| \while the worst polynomial growth is O((m 41+ |s|+ It 1))
for some A > 0 depending linearly on |k| and Re s. Since Res € (O, k| + %) when these terms appear,
we may take the constant 4 to depend on k alone.

Exponential decay in |Im w| within the integrand bounds the shifted contour integral to at most a
constant multiple of the integrand near |k | + €. Stirling’s approximation and (8-11) then complete the
proof of (8-15). O

The corresponding properties of @; may be obtained in a similar (though more complicated) way and
are summarized in the following lemma.

Lemma 8.9. The function @ (m,n,s) defined in (8-6) admits meromorphic continuation to s € C, with
poles at s =k—%—miilj and s = %—k—miilj,form €Z>o. Iftj e Rand Res > 3|k| + 1, then

for all € > 0 we have

@; (m,n,s) (8-16)

log(m +n s—itj|ls+it] \ResTR! n+m)ls|? kirey
J J 1+ e w|tj |+ % [Ims|
(n(m +n))kT2 \2n+m)(1+A)|s] nls —itj|?|s +it;|? '
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Proof. Using (7-2), we write (pj_ (m,n,s) as a double contour integral,

s = / [ T(wy 4+ k)T (ws + k)
@y I3 = C(k)22ri)? Je, Jo, (dmn)wi1tk (4 (n 4+ m))w2tk sin(rw ) sin(rw,)

% k—L—wi—ws —27(2ntm) dy
X / ySTRT 2T wim w2 A (an myKi,j(2nmy)7 dw, dwy
0

2 I'(w;q —|—k)F(w2+k)(p]7"(m,n,s—2k—w1—wz) dw, dwq
© (2mi)? /;‘1 /;2 C(k)2(@mn)W1tk bz (n 4+ m))w2tk sin(rw,) sin(rw,)

where C1 and C, are instances of the contour C described in Lemma 8.8 and Re s > k + % +2max{Re w:
w € C} to begin. As in Lemma 8.8, shifting the contours left produces residues which determine the
poles of ¢; - To produce growth estimates, we shift C; and C; to the lines Re w; = Rew, = |k| + €,
extracting a series of single contour integrals and a double sum of residues from 1/sin(wq) sin(ww,)

equal to
k-3

2

q1,92=0

(—1)11+921(q, +k)[‘(q2+k)(pj+(m n,s—2k —q; — qz)

8-17
F(k)2(4nn)k+ql (4 (m + n))k+q2 ( )

Exponential decay in vertical strips implies that the contour integrals are bounded by their values near the
near axis, whereby the bound (8-12) and Stirling’s approximation gives (8-16). O

Remark 8.10. The upper bounds for <pj+, (pf, and @i given in (8-12), (8-15), and (8-16) imply that
R(¢jq, s) satisfies a bound of the form

R(¢ja,5) < (Is| + |t ) e 2101z Ims], (8-18)

for sufficiently large Re s and some A > 0. Indeed, such a bound holds for each of / (s), ; T(), I ; R
and I 0 .(5), by dyadic subdivision of their defining sums, polynomial growth bounds on ci(n) and a
bound for pjq(n) such as Lemma 6.1.

Note that (8-18) implies that the contour integral (8-4) for (F, ;) converges for Re s sufficiently
large. More specifically, it implies that (F, ;) < |¢; |4e= =161 for some A > 0. These coarse estimates
also show that the integral in (8-4) may be truncated to |[Ims| = clog(1 + |¢j]) for some ¢ > 0 while

introducing negligible error. We assume this henceforth.

We conclude this section with an upper bound for @ obtained via (8-13). We assume A > |; |717¢. We
also assume that |s| < log|¢;|, which holds without loss of generality by Remark 8.10. The bound (8-13)
implies that the contribution of the residues (8-17) is

lk|—4% -
R _k_é_;,_ 2 a1—492
0( |2 esl 2 GI le—ﬂ\th-%lImSl Z (m+”) 2 |lj|—q1—q2).
2 R« +L_,
(n(m+n))27°"274 g "

Since A < /n//n+m, the estimate A > |¢;|7!7€ implies that |¢;|>T2¢ > mTJr" Thus, up to |¢|€
factors, the (¢1, ¢2)-sum is dominated by the ¢; = ¢, = 0 term. Our estimate for the ¢; = g, = 0 term
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likewise acts as a bound for the shifted double contour and any of the single contour integrals associated
to residues from 1/sin(ww;) or 1/sin(wrw,).

The contribution of the residues from the poles of (pj+ (m,n,s —2k —w1 —w,) (as either single contour
integrals or residues from single contour integrals) is O((m +n4|s|+ ¢ )Ae—2mlt) |+37”|Ims|) for some
A >0, by Lemma 8.7 and Stirling’s approximation. (At this level of precision it suffices to consider only
the exponential factor in Stirling’s approximation.) Thus
@; (m,n,s)

|tj |Res—k—%+e
<

_ T _ . 3
e I RIS s kot 1 (e[| [ ) AT IS (g 19)
(n(m+n))zRest273 2

8C. Sum truncation. For some (m,n), the functions goj+, (pj?‘, and @; may be made arbitrarily small
by taking Res very large. For example, (8-15) implies that (,0].X (m, n,s) decays with respect to |¢j]
as Res — oo provided m < |¢; |2+8 for any fixed § > 0. In other words, we may truncate [ j?;(s) to
m < |t |2+4 in our estimate for (F, u i), with a negligible error. Likewise, (8-12) and (8-15) imply that
ija(s) may be truncated to m < |¢j]2F9.

We claim that / jt; (s) and [ ﬂl(s) may be truncated to n(m +n) < |t; |2+9 at the cost of negligible error.

To prove this, we follow [19, (3.25)] and subdivide cases based on whether A < |¢; |_1.

a. If A < |tj|~" and n(m 4+ n) > |t;|*>T3, then A2 < |t;|72, so that 2n 4+ m)2 > n(n + m)|t;|?
after simplifying. The lower bound 7(m + n) > |t;|>*? implies that 2 + m > |¢;|>+%/2, hence
n+m> |t |2+‘S/ 2. In this case, (8-12) and (8-16) produce arbitrary polynomial improvements in
|#j| as Res — oo.

b. If > |¢;|~! and n(m +n) > |1; |2+3 we instead argue using the upper bounds (8-13) and (8-19).

Let J jt and J ia denote the truncations of 7 jt and / ja O n(m+n) < |t |2+5. Likewise, define J j’;

0 : X 0 .|12+6
and Jja as the truncations of Ija and Ija to m < [t;|“7°.

8D. Estimation of the truncated sums. To complete our estimation of the inner product (F, u;), we
bound the sums J jt (s), J J:l(s), J ﬁ(s), and J ]pa(s) on the line Re s = §, where § is the same constant
used to define the truncation conditions. We assume that [Ims| = O(log |¢;|), by Remark 8.10.

We first consider J jt (s), which we truncated to n(m + n) < |t; |2+5. We subdivide into dyadic
intervals, with m ~ M and n ~ L. On each dyadic subsum, we estimate (pj+ (m,n + x4, s) using (8-13),
which outperforms (8-12) in these regimes. Since L(L + M) < |¢; 1248 and A% < n/(n + m), we have
A > |t |~1=3. This observation, and the free assumption s = O(log |7 ]), shows that (8-13) bounds a
given dyadic sum by

|3 +0@® o=l 1+ 3 lms e (n + m)cg () pja(m)]
> ! .
mr (L(L+M))2~3

n~L

(8-20)
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In the sum within (8-20), we apply Cauchy—Schwarz, Lemma 2.1, and Lemma 6.1 to compute

S ol Y le o+ mypjatm) < 3 |c:(n)|( ) |c+(q>|2) (Z pralm)] )

n~L m~M n~L q~M+L m~M

1 1 7
& L%(L(L+M)k+|k—1|)2 (M + |tj|)267|tj|. (8-21)

Thus the (L, M)-dependence in (8-20) is L2 M 2 (L(L+ M))sT2*=1 or L3 (L(L + M))a+3lk=11,
In the first case, the dominant dyadic interval takes M ~ [¢; |2 and L ~ 1, while in the second case we

dominate by the M ~ 1 and L ~ |¢;| subintervals (up to |¢; |9 factors). Either way, we conclude that

J]t(s) < |t] |k+\k—l|+0(5)e—%|t]’|+%|Ims|. (8-22)

Our treatment of J . (8) is essentially the same. We again subdivide into dyadic intervals, with m ~ M
and n ~ L, then apply (8-19). The contribution from (m + n + |s| + |tj|)A =21+ 5 s within
¢; (m,n,s) is clearly 0(|Zj|A/e_2” 141y for some A’ > 0, which will be exponentially nondominant.
Otherwise, (8-19) bounds a given dyadic interval by

|3 HO@ gl Fimsl 5 [ (1) (1))

o (L(L+M))5—h
n=L

which matches the J +(s) case except that we’ve multiplied by |¢;|™ —2k and replaced ¢ with ¢;. By

Lemma 2.1, the change ¢;" + ¢, does not worsen our estimate. We conclude that
J];l(s) < |[] ||k— 1 |—k+0(8)e—%|tj |+%|Ims| ) (8-23)

We next consider J ]?;(s). By applying (8-15) and disregarding the nondominant contribution of

m A4 n+ |s| + |t ) Ae 276 1+ Fms| o find that
j

2406) it |42 1 jam)] "= e (m)eg (m—n)|
J;;(S) & |tj|_ + ()e_ﬂ'|tj|+7|ms‘ Z Z a a

—1/2 k
m m-—n—x
m<|t; |2+8 n=1—[5,] ( a)

’

under the standing assumptions on s. To estimate the sums, we map n +— m — n in the n-sum, restrict m
to a dyadic interval m ~ M, swap the order of summation, and apply Cauchy—Schwarz and Lemma 2.1:

+ . % %
3 |p]a_<lr72>|2|c (E:_Z);k RIPSEDS '%n;"”(z |p,-a<m>|2) (Z lci(m)lz)
m~M n=2M m~M m~M

« MRS G g pdenl 3 1 (] (n)|
n<2M

The remaining n-sum has size O(M 3= gk+glk=1] log M) by dyadic subdivision, Cauchy—Schwarz, and
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Lemma 2.1. The largest overall contribution to J j?; appears when M ~ |¢; |2+5, which gives the estimate

|Zj|2k—1+0(8) if k>1,

J5(s) < e~ E Il EIm { (8-24)

;372400 if k< 1.

Finally, we consider J Jpa (s), which we treat according to the four-part decomposition of / Jpa (s) in (8-8).
Applying (8-12) and (8-15) and ignoring the contribution of (m+n+|s| 4 |t;])1e =274 [+ Ims (8-15)
(since it is nondominant) produces
‘]joa(s) < e—]'r|tj [+ % [Ims| |t] | 0(6)

x ¥ (ICJ(M)Pja(M)I+ICJ(M)pja(M)| L+ |cg (m)pja(m)] . |Cu_(m)/)ja(m)|).

1 1 1 1
mk=3 122k m2 mk=2 ;]2 m7 |tj|2k

m<|t;|2+38
For each term in the parenthetical, we subdivide dyadically on m, then apply Cauchy—Schwarz, Lemma 2.1,
and Lemma 6.1. In each term, the largest dyadic contribution has m ~ |t; |2+3. The first two terms
contribute 0(|zj|k+|k—1|+0(5)e%|’f|), while the last two are O(|lj||k_1|_k+0(5)e%|’f|). We conclude

that
|t |PE71+0@)if k> 1,

J0(s) < em zllrFlmsl Ly 1+06) if k=1, (8-25)
|tj|1 =2 +0@) if k < 0.
By combining the upper bounds derived in this section, we complete our estimation of (F, u;) and
prove Theorem 8.1:
Proof of Theorem 8.1. We estimate (8-4), truncating the contour to |Ims| < ¢ log(1 + |#;|) with negligible
error by Remark 8.10. We write R(¢jq.5) = Ij";(s) + Ij:l(s) + I].X (s) + ija(s), truncating each term in

a
the decomposition as described in Section 8C. Within the truncated contour, we shift to Res = § (with

negligible error) and apply (8-22), (8-23), (8-24), and (8-25) to produce
(F, Mj) < Ze—%ltj|(|lj|2k—l+0(5) + |lj|3_2k+0(8))
a
x /( ) |8la=o001 58 () + (s = D (1 —9)ya(9)] - [£*2s) e ™! ds,
The integral is O, 5(1), and the proof follows by taking & near 0. d

9. Bounding Dy (s) in vertical strips, part I1

In Section 7, we proved Proposition 7.1, which reduced the problem of bounding Dy (s) to the problem
of bounding (Vy, Py(-,5)). In this section, we estimate the latter to prove the following theorem.

Theorem 9.1. Fix € > 0 small. In the vertical strip Re s € (% + €, % + E) away from poles of Dy(s), we
have

3_
Dy(s) e L]s] - (|S|% +g%|sl2 +€|S|_%)2 Res

The proof follows the decomposition of (V3 Py(-,5)) into discrete and continuous spectra.
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9A. Growth of the discrete spectrum X gi.. For convenience, recall that the discrete spectrum equals

VT 1 1
Edisc(s):—— pi(OT (s —5 +itj))T(s— 5 —it;) (Vi 1j).
(4m 020 (s) ,Z i i
By the comments at the start of Section 8, we may replace Vy here with the unregularized form
y3/2|74(2)|2. Then, by Theorem 8.1 and Stirling,
. 1 _Res|,4—Res Z|Ims| |IOJ(£)| 2+€ ;. Res—1, . |Res—1 —m max(|¢j[,|Ims])
Sdisc(s) « L27ReS | g|27Res 3 Z 612 T¢|s + it s —itj] e i .
cosh 5

Here we have used that z; € R for Maass forms on 'y (4).
By Lemma 6.2, the mass in the 7;-sum in Xg;s(s) concentrates to within |#;| < [Ims|. Thus

|S|%—Res+e

e%ﬂmsl

i (£
Z |pj( )| |S+ZZJ|R6€—1|S lt |Res 1 (9_1)
[t;|<[Ims| 2 J

Edisc(s) < z%—Res

Lemma 6.2 implies a short-interval second moment estimate of the form
|0 (O 1+ 1
M« X1tepe 4¢3 +e‘ )
Z cosh m; N.e ©-2)
X<|tjl=X+1

By dividing the range of summation in (9-1) into subintervals of length 1 and applying Cauchy—Schwarz
and (9-2) to each subinterval, we find

1 1 1 .
Saise(8) KRese £2RESTE 2T (|5 |ReS 1) (|2 4 £3) e 21ms], (9-3)
9B. Growth of the continuous spectrum X .,nt. Recall that the continuous spectrum equals

com—VNZ/ Pat (5 +th(s—%+it)F(s—%—iz)(

(4n€)s_i (ml)~ ”I‘(s)l"( +1i t)

Vi, Ea(-. 5 +it))dt

inRes > % To bound the growth of X on(s) with respect to |Im s| in this region, we must control the
growth of both ¢, (% + it) and (V’H, Ea( . % + it)). Sufficient estimates for ¢,¢ (% + it) appear in (6-3).

To estimate (Vy, Eq( -, 3+it)), we apply the Phragmén-Lindelof convexity principle to (Vy, Eq(-,0)),
studying the latter outside the critical strip. We prove the following result.

Proposition 9.2. For all € > 0, (VH, Ea(- , % + it)) Le (1+ |t|)%+fe—%|f|_

Proof. To begin, we interpret (Vy, Eq(-, w)) via the Rankin—Selberg method. More precisely, we interpret
the inner product using Zagier’s extension of the Rankin—Selberg method to functions with polynomial
growth at cusps, as generalized to congruence subgroups by Gupta [37; 6].

Recall from (4-4) that Vy(z) differs from y3/2|#(z)|? by a linear combination of the functions
Ey(z,3), Ey(z. 1), and »'/2]6(z)|2. It follows that

Vi (0a2) = Ya(p) + O(y™™M)
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for all M > 0 as y — oo, in which ¥4 (p) is a linear combination of y~1/2 (from Ej(z, %)), log y, and
39 (both from Ep (z,1)). We define the Rankin—Selberg transform R,(Vy, w) by

dx dy

Ro(Vio w) = / / Y (V3(00) — Yal0)) Y (9-4)

We write Vy(z) as a Fourier series and execute the x-integral in (9-4), extracting the constant Fourier
coefficient. This produces

o dy
Ra(VHs U)) — / yw+% Z |C+(l’l)|2 —4m(n+x,)y ©)
0

n+x,>0 Y

o w+l — 2 1 2 Am(n—rx )ydy
) 23 ey PT (=3, 4m(n—xa)p) e a)y =

n>1 Y

1 /oo w—l 2 —4x(n+ )dy
yo2 |[ra(n)| e T XD —
i > I

- 2
64 P y

where 0|4, (z) = 3,5 ra(m)e((n + x4)z). Note that the constant Fourier coefficients of Ej (z, %) and
Ep (z, 1) cancel with corresponding terms in ¥,(y) and do not appear above. It follows that

1
I'(w+3) e > T(w-3) |ra(n)[?
@m)ts S ()Wt 4@ L (4 )

e ()] /°°yw+;r(_l Per
S (dn(n— a0t 2

Ru(VH’ w) =

Lemma 2.1 implies that the two Dirichlet series converge in Re w > % Note that the integral above
equals G3/,(w, 1, 1) as defined in (3-2), so by the comments following (3-2), the second line above
converges for Re w > %

To estimate the growth of R,(Vy, w) on the line Rew = % + €, we must quantify the growth of

G3/2(w, 1, 1) with respect to |[Im w|. This was computed in Lemma 7.4; away from poles, we have
G%(w, 1, 1) e |U)|Rew_%+€€_%|lmw|.

It follows that Rq(Vy, w) < [w|2 e~ FImwl on the Tine Rew = 3 +e.
The estimate {*(2 —2w)Ra(Vy, | —w) K Y, £*2w) Ry (Vy, w) (cf. (8-3)) can be used to produce
bounds in a left half-plane. In particular, we find R,(Vy, w) < |w|%+€e—%|lmw| on Rew = _% —e.

The Phragmén-Lindel6f convexity principle then implies
RoVi, L +it) « (14 Jt])3F€e 5N,

for real 7. To complete the proof, we note that R,(Vy, w) = (Vy, Eq(-, w)) within the critical strip
Rew € (0, 1) by [15, Proposition A.3]. (The constant ® defined therein equals 0, since ¥,(y) is a linear

combination of log y, y°, and y_l/2 for each a.) O
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By Proposition 9.2, (6-3), and Stirling’s approximation, we have

dt

- [Res—1 i |Res—1
s e s = ity 4

—o0

5 (S) < Z;—Res+ee’2t|1ms/oo (1 + |t|)%+e
cont

|S|Res—%

The mass of the integral above concentrates in |¢| < |Im s|; restricting to this range, we find that

|s 4+ it|ReS™ s —ig|ReS~ gy

g%—Res+e|s|3—Res+e [Im 5]
ECOnt(S) < /

T
€2|Ims| [Im s |

K%—Res+els|2+e

< (Is|Res 4+ 1), (9-5)

e%ﬂm S|
at least in the region Re s > % (where Yo has this one-term description).

9C. Growth of Dy(s). InRes > % the upper bound for X on(s) from (9-5) is dominated by the upper
bound for Xgisc(s) from (9-3). It follows that

Vi, Py(-.5 1_ L1
5 ?(s‘i(—w e dhmstep e d 1 o
2

in this region. By combining this estimate with Proposition 7.1 and the convexity principle, we complete

(9-6)

our proof of Theorem 9.1.

Proof of Theorem 9.1. For Re s > %, the upper bound

2 1 2 \% 2
Dy(s) < (Z &) (Z M) <Y I:e(ﬁ; <1
n>1 1 2

=1 (n +€)Res+% It (n +£)Res+%

implies that the result holds on Re s = % + ¢, for € > 0. The result also holds on the line Re s = % +e€,

by Proposition 7.1 and (9-6). The full theorem now follows by the convexity principle.

10. Applying a truncated Perron formula

To prove our main arithmetic result, Theorem 1.1, we apply a truncated Perron formula to Dy (s). Fix

€ > 0. For X nonintegral, we have

> HmH®n—1)
n<X
2+€+iT s 2te 2X
L Dg(s—%)XTds—i-O(XT + 3 |H(n)H(n—£)|mm(1,L)) (10-1)

270 Jagemit w12 T|X —n|

by [25, Corollary 5.3]. By Lemma 7.2, the error term in (10-1) is

y2+te e 2X . Y y2+te

n=X/2
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To estimate the integral in (10-1), we shift the contour from Res = 2 4 € to Res = 1 + €. By
Theorem 6.5, this extracts two residues, which total

3
%Xz ?_e§ Dy(s) + %XZ 5:618 Dy(s).
=3

Shifting the truncated contour introduces error terms from horizontal contour integrals, which by
Theorem 9.1 are bounded by

24+iT+e Xs 1T 2+€ 3o
0(/ Dy(s— —)—d ) ¢T) f (T3 + T2 +4T73) " X0
14+iT+e T Jite

/ 2 D
< (LXT)e (X7 FXT?+05XT + EXT—%).

Once the contour is shifted to Res = 1 + €, we separate the contribution of the discrete spectrum
Ydisc(s) from the rest of Dy (s). The estimates from Proposition 7.1 and (9-5) imply that the non- X 4isc
terms contribute

1+iT +e€ L
0([ (€|s|)f(|s|2+z—z ;
1

—iT+e

{ X 1+e
- ) ds) LK (UXT)S(XL+XT?).
1s|z/ sl

To bound the contribution of X g (s — %) / T'(s), we shift the contour farther left, to Re s = €. This
shift introduces an error term (from the horizontal contours), which has size

O((XT)S-(T3X +L3TX + T2 +£4T3)),
by (9-3) as well as a finite sum of residues equal to

X1+itj Xl—itj

R= (— Res Zgise(s) + =———— Res Iy (S)).
|tj|2<:T PQ+it) s=4+iy . PQ2—ity) s=1-is "

The contribution of . on the contour Res = € is O((X T)¢ - (T3 + T %)) by (9-3). Evaluating
the residues in R and bounding in absolute values gives

nex Y OV yre 5 Ol <<XT“€(Z |p,-(6)|2)2

712 cosh 7 t;
ltj|<T ltj|<T

in which we’ve applied Theorem 8.1 and Cauchy—Schwarz. Lemma 6.2 then implies that R <
X(ET)E(T? +L3T3).
Putting everything together and omitting obviously nondominant errors, we conclude that

> HmH(n-1)

n<X 2

X
= 3 X% Res Dy(s) + 3x Res Dy (s) + Oc ((EXT)€(7+X(T2+£3LT3 +£)+ET3+£3T§)).
-2
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When £ <« X2/3, these errors are minimized by setting 7' = X 173, producing a collected error of size
O(X%+e). In the range X2/3 « £ « X, we choose any T € [X/{, X%K_%], producing a collected
error of size O(X 11€¢). Using the residue formulas from Theorem 6.5, we conclude that

2 2

252;(3)( (%) (%) +O'_2(£0)) + OE(X3+E + X1+€€)

> HmH®n-1) =
n<X
Theorem 1.1 then follows by assuming £ < X and mapping X — X + £.

Remark 10.1. The error terms in Theorem 1.1 may be improved dramatically if the sharp cutoff n < X
is replaced by a smooth cutoff. To this effect, fix a smooth function w(x) with inverse Mellin transform
W(s). We have

1
ZH(n)H(n—Z)w( ) — Dg(s—%)W(s)Xsds,
e 271 J(2+¢)
provided both sides converge. If W(s) decays exponentially in |Ims|, we may shift the contour of
integration left to Res = 1 4+ € by Theorem 9.1. This extracts two residues, and the shifted contour

integral contributes O((X £)!*€) by Theorem 9.1. We conclude that

Y HmHMn—-Ow(%) =W()X? Res Dy(s)+ W (3)x3 Res Dy(s) + Oc (X 0)'F9),

n=>1 2

which offers some evidence in support of the conjecture (1-6).
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