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Irregular Hodge filtration
of hypergeometric differential equations

Yichen Qin and Daxin Xu

Fedorov and Sabbah–Yu calculated the (irregular) Hodge numbers of hypergeometric connections. In
this paper, we study the irregular Hodge filtrations on hypergeometric connections defined by rational
parameters and provide a new proof of the aforementioned results. Our approach is based on a geometric
interpretation of hypergeometric connections, which enables us to show that certain hypergeometric sums
are everywhere ordinary on |Gm,Fp |; i.e., “Frobenius Newton polygon equals the irregular Hodge polygon”.

1. Introduction

Our primary focus is to investigate the Hodge theoretic properties of confluent hypergeometric differential
equations. These differential equations have irregular singularities and are equipped with irregular Hodge
filtrations, which are defined in [Sabbah 2018]. The irregular Hodge theory, initiated by Deligne [2007a;
2007b], extends the classical Hodge theory and has been developed in a series of works; see [Sabbah
2010; Kontsevich and Soibelman 2011; Yu 2014; Esnault et al. 2017; Sabbah and Yu 2015; Sabbah 2018].

Let n ≥ m be two nonnegative integers, λ a real number, and α = (α1, . . . , αn) and β = (β1, . . . , βm)

two nondecreasing sequences of real numbers in [0, 1). Let S be the scheme Gm\{1} (resp. Gm) if n = m
(resp. n > m) with coordinate z. The hypergeometric equation is the linear differential equation defined
by the differential operator

Hypλ(α;β) := λ

n∏
i=1

(z∂z −αi )− z
m∏

j=1

(z∂z −β j ). (1.0.0.1)

The hypergeometric connection Hypλ(α;β) is the associated connection on the complex algebraic
variety SC; see (2.1.1.1). We say that the pair (α, β) is nonresonant if αi ̸= β j for any i and j . In this
case, the hypergeometric connection Hypλ(α;β) is irreducible and rigid, as seen by combining the works
[Beukers and Heckman 1989] and [Katz 1990].

When n = m, hypergeometric connections have regular singularities at 0, 1, and ∞. Simpson [1990,
Corollary 8.1] demonstrated that rigid irreducible connections on curves with regular singularities whose
eigenvalues of monodromy actions at singularities have norm 1 underlie complex variations of Hodge
structure. In this case, Fedorov [2018] computed the Hodge numbers associated with the Hodge filtrations
of irreducible hypergeometric connections, and Martin [2021] gave an alternative proof.
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When n > m, hypergeometric connections are called confluent, indicating the merging of singularities,
and have a regular singularity at 0 and an irregular singularity at ∞. Sabbah [2018, Theorem 0.7] showed
that a rigid irreducible connection on P1 with real formal exponents at each singular point admits a
variation of irregular Hodge structure away from singularities. For confluent hypergeometric connections,
Sabbah and Yu [2019] computed the corresponding irregular Hodge numbers. In addition, Castaño
Domínguez and Sevenheck [2021, Theorem 4.7] and Castaño Domínguez, Reichelt and Sevenheck
[Castaño Domínguez et al. 2019, Theorem 5.8] explicitly calculated the irregular Hodge filtration for
m = 0 or 1, respectively.

This article focuses on cases where λ, α, and β are rational numbers. We explicitly construct the
irregular Hodge filtration F •

irr on hypergeometric connections in Theorem 3.3.1 and provide a uniform
method for reproving the results of Fedorov and Sabbah–Yu.

Theorem 1.0.1 (3.3.1). Suppose (α, β) is nonresonant. We define a map θ : {1, . . . , n} → R by

θ(k)= (n − m)αk + #{i | βi < αk} + (n − k)−
n∑

i=1

αi +

m∑
j=1

β j . (1.0.1.1)

Then, up to an R-shift,1 the jumps of the irregular Hodge filtration on Hypλ(α, β) occur at θ(k) and, for
any p ∈ R, we have

rk grp
Firr

Hypλ(α;β)= #θ−1(p).

1.1. Application to Frobenius slopes of hypergeometric sums. Our method has an arithmetic application
to the Frobenius slopes of hypergeometric sums: the arithmetic incarnation of hypergeometric functions
[Katz 1990].

Let K be a p-adic field with residue field Fp containing an element π satisfying π p−1
= −p. Such an

element π corresponds to an additive character ψ : Fp → K × by Dwork’s theory [1974]. Suppose that
(α, β) is nonresonant and that

αi =
ai

p − 1
, β j =

b j

p − 1
∈

Z

p − 1
.

Miyatani [2020] showed that there exists a unique Frobenius structure ϕ (up to a scalar) on the analytifica-
tion of the hypergeometric connection Hyp(−1)m+np/πn−m (α;β) on SK , which underlies an overconvergent
F-isocrystal on the special fiber of S (called the hypergeometric F-isocrystal). The Frobenius trace of ϕ
at an Fq -point a of S is given by the hypergeometric sum Hyp(α;β)(a), defined by∑

xi ,y j ∈F×
q

x1···xn=ay1···ym

ψ

(
Tr

( n∑
i=1

xi −

m∑
j=1

y j

))
·

n∏
i=1

ωai (Nm(xi ))

m∏
j=1

ω−b j (Nm(y j )),

where ω : F×
p → K × denotes the Teichmüller lift, Tr = TrFq/Fp , and Nm = NmFq/Fp .

1Our Hodge numbers θ(k) are normalized according to the geometric interpretation in Proposition 2.4.1, which is different
from those of Fedorov and Sabbah–Yu by a shift.
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Frobenius eigenvalues of ϕ at a are Weil numbers and have complex absolute valuations q(n+m−1)/2

via an isomorphism K ≃ C. When (α, β) is resonant, the above hypergeometric sum can also be written
as a sum of n Weil numbers. It is expected that the p-adic valuations of these Frobenius eigenvalues
(called Frobenius slopes) are related to the (irregular) Hodge filtration. Our geometric construction of
hypergeometric connections allows us to show the following result.

Theorem 1.1.1 (4.0.2). Suppose n > m and that αi and β j lie in 1
p−1 Z ∩ [0, 1). For every p-power q and

a ∈ Gm(Fq), the multiset of Frobenius eigenvalues of Hyp(α;β)(a) (normalized by ordq ) coincides with
the multiset of irregular Hodge numbers {θ(1), . . . , θ(n)} defined in (1.0.1.1).

Following [Mazur 1972], we encode the information of the p-adic valuations of Frobenius eigenvalues
and (irregular) Hodge numbers into the Newton polygon and the (irregular) Hodge polygon, respectively,
as defined in Definition 4.0.1.

For crystalline cohomology groups of a smooth proper variety over k, Mazur and Ogus showed that the
associated (Frobenius) Newton polygon lies above the Hodge polygon defined by Hodge numbers [Mazur
1972; Berthelot and Ogus 1978]. For F-isocrystals associated with exponential sums, “Newton above
Hodge” type results were studied by Dwork’s school. For example, Dwork [1974], Sperber [1977], and
Wan [1993] proved that Kloosterman sums (hypergeometric sums of type (n, 0) with α = (0, . . . , 0)) are
everywhere ordinary on |Gm,Fp |; i.e., two polygons coincide for every closed point a ∈ |Gm |. We use a
“Newton above Hodge” result of Adolphson and Sperber [1989; 1993] and identify their (combinatorial)
Hodge polygon for the above hypergeometric sums with the irregular Hodge polygon of hypergeometric
connections. Finally, we deduce “Newton equals Hodge” by a criterion for ordinariness due to Wan [1993].

Remark 1.1.2. (i) One may also consider the Frobenius Newton polygon of hypergeometric sums defined
by multiplicative characters of orders dividing ps

−1 for a positive integer s. In this case, Adolphson and
Sperber showed that the associated Frobenius Newton polygon lies above their (combinatorial) Hodge
polygon, which can be viewed as an average of irregular Hodge polygons. However, the associated
hypergeometric sums may not be ordinary in the case s > 1. There is an example of hypergeometric
sums (of type (n,m)= (2, 0)) for which the Frobenius Newton polygon lies strictly above Adolphson
and Sperber’s Hodge polygon [1987] for every a ∈ |Gm,Fp |.

(ii) The ordinariness of hypergeometric sums also fails in the nonconfluent case (i.e., n = m). For p = 31
and the hypergeometric sum defined by α = (0, 0, 0, 0), β =

( 1
5 ,

2
5 ,

3
5 ,

4
5

)
at a = 4 or 17, its Newton

polygon
(
with slope

( 5
2 ,

5
2 ,

9
2 ,

9
2

))
[Drinfeld and Kedlaya 2017, Appendix A.5]2 strictly lies above the

irregular Hodge polygon (with slope (2, 3, 4, 5)).

1.2. Strategy of proof. The proof of Theorem 1.0.1 can be reduced to calculating the irregular Hodge
filtration on each fiber of Hypλ(α, β). We adopt an approach similar to those used in [Fresán et al. 2022;
Sabbah and Yu 2023; Qin 2024], where the authors calculated the Hodge numbers of motives attached to
Kloosterman and Airy moments. The key ingredient of this argument is an (exponentially) geometric

2In [loc. cit.], the Frobenius slopes are normalized and are different from our convention by a shift of 2.
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interpretation of hypergeometric connections in Corollary 2.3.3. More precisely, there exists a smooth
quasiprojective variety X with a regular function g : X ×S → A1 such that the hypergeometric connections
are subquotients of the DS-module HN pr+(OX×S, d + dg), where N = dim X and pr is the projection
pr : X × S → S. Our construction is motivated by Katz’s hypergeometric sums and the function-sheaf
dictionary. A related construction can be found in [Kamgarpour and Yi 2021].

Through this geometric interpretation, each fiber Hypλ(α, β)a at a closed point a of S is identified with a
subquotient of the twisted de Rham cohomology of the pair (X, ga := g|pr−1

z (a)), i.e., the hypercohomology
of the twisted de Rham complex (�•

X , d+dga). Then, we reduce to calculate the irregular Hodge filtration
on the twisted de Rham cohomology of the pair (X, ga) (up to a shift).

The irregular Hodge filtration on the twisted de Rham cohomology of the pairs (X, ga) has been studied
in [Yu 2014]. In the context of our case, we can select X = Gn+m−1

m and ga as a Laurent polynomial
with good properties; see Corollary 2.3.3. Under these assumptions, Yu showed that the irregular Hodge
filtration on Hn+m−1

dR (X, ga) can be calculated by the Newton polyhedron filtration on the Newton polytope
1(ga) (3.1.1.1). This identification enables us to prove, via a combinatorial approach, a fiberwise version
of Theorem 1.0.1 as follows.

Theorem 1.2.1 (3.3.3). Up to an R-shift, the jumps of the irregular Hodge filtration F •

irr on the fiber
Hyp(α;β)a occur at θ(k) from (1.0.1.1) for 1 ≤ k ≤ n. Moreover, we have

dim grp
Firr

Hyp(α;β)a = #θ−1(p) for any p ∈ R.

In addition, our geometric construction allows us to answer a question of Katz [1990, 6.3.8] on the
comparison between modified hypergeometric D-modules and hypergeometric connections in the resonant
case (see Proposition 2.4.7) when the parameters are rational.

1.3. Organization of this article. We present a geometric interpretation of hypergeometric connections
in Section 2. Section 3 is devoted to the proofs of Theorems 1.2.1 and 1.0.1. In Section 4, we study
hypergeometric sums defined by multiplicative characters of orders dividing p−1 and prove that they are
ordinary (Theorem 1.1.1).

2. Hypergeometric connections

In this section, we give an (exponentially) geometric interpretation of the hypergeometric connections in
Proposition 2.3.1, Corollary 2.3.3, and Proposition 2.4.1. We work with varieties over C in Sections 2
and 3.

2.1. Review of hypergeometric connections following [Katz 1990].

2.1.1. Hypergeometric connections. Let n ≥m ≥0 be two integers, α= (α1, . . . , αn) and β= (β1, . . . , β j )

two sequences of nondecreasing rational numbers (and we don’t require that they lie in [0, 1) as in the
introduction), and λ ∈ Q. Let DS be the sheaf of differential operators on the scheme S, which is Gm\{1}
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(resp. Gm) if n = m (resp. n > m) with coordinate z. Then, the hypergeometric connection Hypλ(α;β)

on S is defined by the differential operator in (1.0.0.1) as

DS/Hypλ(α;β). (2.1.1.1)

By [Katz 1990, (3.1)], one has for γ ∈ Q that

Hypλ(α;β)⊗
(
O, d + γ

dz
z

)
≃ Hypλ(α+ γ ;β + γ ), (2.1.1.2)

where α+ γ (resp. β + γ ) is the sequence consisting of αi + γ (resp. β j + γ ). Furthermore, one has for
µ ∈ Q× that

[x 7→ µ · x]
+Hypλ(α;β)≃ Hypλ/µ(α;β). (2.1.1.3)

Thanks to the above relations, we can often assume that λ= 1 and α1 = 0. For simplicity, we denote by
Hyp(α;β) the connection Hyp1(α;β).

When the pair (α, β) is nonresonant, i.e., αi − β j ̸∈ Z for any i and j , Katz [1990, Proposition 3.2]
showed that Hyp(α;β) is irreducible and only depends on α mod Z and β mod Z. In this case, we may
assume that α and β are two nondecreasing sequences of rational numbers in [0, 1).

2.1.2. Modified hypergeometric D-modules. Given a morphism g between smooth varieties, for a bounded
complex of holonomic algebraic D-modules, following [Fresán et al. 2022, Appendix A.1], we denote by
g+, g+, and g† the derived pullback functor, the pushforward functor, and the pushforward with compact
support functor, respectively. The k-th cohomology of a complex K is denoted by Hk(K ).

Let mult : Gm × Gm → Gm be the product map. The convolution functors ⋆∗ and ⋆! on Gm are defined,
for two objects M and N of Db(DGm ), by

M ⋆∗ N := mult+(M ⊠ N ) and M ⋆! N := mult†(M ⊠ N ),

respectively. These convolution functors are associative and commutative. Moreover, the duality functor D

interchanges ⋆! and ⋆∗.

Definition 2.1.3. Let α and β be two sequences of rational numbers. For ? ∈ {!, ∗}, the convolution

Hyp(α1;∅) ⋆? · · · ⋆? Hyp(αn;∅) ⋆? Hyp(∅;β1) ⋆? · · · ⋆? Hyp(∅;βm)

is a holonomic DGm -module [Katz 1990, (6.3.6)]. We denote it by Hyp(?;α;β) and call it a modified
hypergeometric D-module.

The restrictions of the above two modified hypergeometric D-modules to S are generally not isomorphic
to the hypergeometric connections. When (α, β) is nonresonant, the natural map

Hyp(!;α;β)→ Hyp(∗;α;β) (2.1.3.1)

is an isomorphism, as seen by using an argument similar to those in [Katz 1990, Theorem 8.4.2 (5)] and
[Miyatani 2020, Proposition 3.3.3]. In this case, both modified hypergeometric DGm -modules, restricted
to S, are isomorphic to the hypergeometric connection Hyp(α;β) by [Katz 1990, (5.3.1)].
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2.2. The Newton polytope of a Laurent polynomial. We study the Newton polytope of a Laurent
polynomial appearing in the geometric interpretation of hypergeometric connections in Proposition 2.4.1.

Definition 2.2.1. Let N be a positive integer and

g(z1, . . . , zN )=

∑
τ∈ZN

c(τ )zτ

be a Laurent polynomial in variables z1, . . . , zN , with zτ =
∏N

i=1 zτi
i for τ = (τ1, . . . , τN ).

(1) The support of g is the subset Supp(g)= {τ | c(τ ) ̸= 0} of ZN .

(2) The Newton polytope 1(g) is the convex hull of the set Supp(g)∪ {0} in RN .

(3) The Laurent polynomial g is called nondegenerate with respect to 1(g) (or simply nondegenerate) if,
for each face σ ⊂ 1(g) not passing through 0, the Laurent polynomial gσ :=

∑
τ∈σ∩ZN c(τ )zτ has no

critical point in (C×)N .

Let n ≥ m ≥ 0 and d ≥ 1 be three integers, f : Gn+m
m → A1 the Laurent polynomial

f : (x2, . . . , xn, y1, . . . , ym, z) 7→

n∑
i=2

xd
i −

m∑
j=1

yd
j + z ·

∏m
j=1 yd

j∏n
i=2 xd

i
, (2.2.1.1)

and prz : Gn+m
m → Gm the projection onto the z-coordinate. For a ∈ C×, we set fa = f |pr−1

z (a).
We denote by {ui , v j }2≤i≤n,1≤ j≤m the coordinates in Rn+m−1, and identify a monomial

∏
i xai

i ·
∏

j yb j
j

with a lattice point (ai , b j ) ∈ Zn+m−1
⊂ Rn+m−1.

Lemma 2.2.2. Assume that n > m = 0 and a ∈ C×.

(1) The Laurent polynomial fa is convenient; i.e., the origin is in the interior of 1( fa).

(2) The Newton polytope 1( fa) is defined by

hn+1 :=

n∑
i=2

ui ≤ d and hi0 :=

n∑
i=2

ui − (n − m)ui0 ≤ d, 2 ≤ i0 ≤ n. (2.2.2.1)

(3) The Laurent polynomial fa is nondegenerate with respect to 1( fa).

Proof. (1) Let Pi for 2 ≤ i ≤ n and R be the points in Zn−1 corresponding to xd
i and 1/

∏n
i=2 xd

i ,
respectively. Observe that 0 is an interior point of the Newton polytope, as 0 =

(∑n
i=2 Pi + R

)
/n.

(2) A face σ ⊂1( fa) of dimension n−2 must pass through n−1 points among {Pi , R}. So either R ̸∈ σ

or there exists a Pi0 ̸∈ σ . In the first case, the face lies on the hyperplane defined by the equation hn+1 = d .
In the latter case, the face lies on the hyperplane defined by the equations hi0 = d .

(3) Let σ be a face which does not pass through 0. Since the support of fa has n points, it must pass
through at most n−1 points in Supp( fa). Let I ⊂ {2, . . . , n} be a subset of the indices. Then fa,σ is
either

fa,σ =

∑
i∈I

xd
i or fa,σ =

∑
i∈I

xd
i +

a∏n
i=2 xd

i
for |I | ≤ n − 2.

We can check that they are smooth on Gn−1
m . Therefore fa is nondegenerate. □
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Lemma 2.2.3. Assume that n > m ̸= 0 and a ∈ C×.

(1) The cone R≥0 ·1( fa) is defined by

ui + v j ≥ 0, v j ≥ 0

for i = 2, . . . , n and j = 1, . . . ,m,

(2) The Newton polytope 1( fa) is defined by

ui + v j ≥ 0, v j ≥ 0, hn+1 :=

∑
ui +

∑
v j ≤ d

and
hi0 :=

∑
i

ui +

∑
j

v j − (n − m)ui0 ≤ d, 2 ≤ i0 ≤ n. (2.2.3.1)

(3) The Laurent polynomial fa is nondegenerate with respect to 1( fa).

Proof. Let Pi and Q j be the points in Zn+m−1 corresponding to monomials xd
i and yd

j for 2 ≤ i ≤ n and
1 ≤ j ≤ m, respectively, and R the lattice point corresponding to

m∏
j=1

yd
j

/ n∏
i=2

xd
i .

In this case, the origin 0 is not an interior point of the Newton polytope. So 1( fa) has (n+m+1)-many
vertices. To determine a face of dimension n+m−2, we need to choose (n+m−1)-many points among
{Pi , Q j , R}.

(1) For the first part, it suffices to determine faces σ ⊂1( fa) with dimensions n+m−2 containing 0.

• If σ does not pass through R, it contains (n+m−2) distinct points in {Pi , Q j }. In this case, σ misses
one point Q j0 and lies on the hyperplane v j0 = 0. Otherwise, σ misses one point Pi0 . Hence the
hyperplane is given by the equation ui0 = 0. Therefore, R and Pi0 lie on the two sides of the
hyperplane, respectively, which is absurd.

• If σ passes through R, it contains (n+m−3) distinct points in {Pi , Q j }. In this case, σ has to miss
one Pi0 and one Q j0 and lies on the hyperplane ui0 + v j0 = 0. Otherwise, σ misses two Pi0, Pi ′

0
or

Q j0, Q j ′

0
. So σ lies on the hyperplane ui0 − ui ′

0
= 0 or v j0 − v j ′

0
= 0. However, the points Pi0, Pi ′

0
or

Q j0, Q j ′

0
lie on different sides of the hyperplane ui0 − ui ′

0
= 0 or v j0 − v j ′

0
= 0, which contradicts the

definition of σ .

(2) For the second part, it suffices to determine faces of dimension n+m−2 that do not pass through the
origin.

• If R ̸∈ σ , then σ contains all points Pi and Q j . In this case, σ lies on the hyperplane
∑

ui +
∑
v j = d .

• If R ∈ σ , then σ contains n+m−2 points among {Pi , Q j }. In this case, σ misses one Pi0 and lies on
the hyperplane hi0 = d . Otherwise, it misses one Q j0 and lies on the hyperplane

n∑
i=2

ui +

m∑
j=1

v j + (n − m)v j0 = d.
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However, the points 0 and Q j0 are on different sides of the hyperplane.

P3

Q1

P2

R

O

(3) Let σ be a face which does not pass through 0. Since the support of fa has n+m points, it must pass
through at most n+m−1 points in Supp( fa). Let I ⊂ {2, . . . , n} and J ⊂ {1, . . . ,m} be two subsets of
the indices. Then fa,σ is either

fa,σ =

∑
i∈I

xd
i −

∑
j∈J

yd
j or fa,σ =

∑
i∈I

xd
i −

∑
j∈J

yd
j + a ·

∏m
j=1 yd

j∏m
i=2 xd

i
for |I | + |J | ≤ n + m − 2.

To see that the partial Laurent polynomials fa,σ are all smooth on (Gm)
n+m−1, it suffices to show that

the system of equations

{ fa,σ = ∂xi fa,σ = ∂y j fa,σ = 0 | 2 ≤ i ≤ n, 1 ≤ j ≤ m}

has no solutions in (Gm)
n+m−1. In fact, in the first case above, taking any i0 ∈ I or j0 ∈ J , we have the

equation 0 = ∂xi0
fa,σ = dxd−1

i0
or 0 = ∂y j0

fa,σ = d jd−1
j0 , which is impossible if d = 1. If d ≥ 2, then xi0

or y j0 is forced to be 0. In the second case, for any i0 ̸∈ I or j0 ̸∈ J , we have

0 = ∂xi0
fa,σ = −

d
xi0

· a ·

∏m
j=1 yd

j∏n
i=2 xd

i
or 0 = ∂y j fa,σ =

d
y j0

· a ·

∏m
j=1 yd

j∏n
i=2 xd

i
,

which again forces some y j = 0.
Consequently, all the fa,σ have no critical points in Gn+m−1

m , and therefore fa is nondegenerate. □

Lemma 2.2.4. Assume that n = m and a ∈ C×.

(1) The cone R≥0 ·1( fa) is defined by

ui + v j ≥ 0, v j ≥ 0

for i = 2, . . . , n and j = 1, . . . ,m.

(2) The Newton polytope 1( fa) is defined by

ui + v j ≥ 0, v j ≥ 0, and hn+1 :=

∑
ui +

∑
v j ≤ d. (2.2.4.1)

(3) The Laurent polynomial fa is nondegenerate with respect to 1( fa) if a ̸= 1.
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Proof. We use the same notation as in Lemma 2.2.3. The proof of the first assertion is the same as that in
Lemma 2.2.3. The second assertion follows from the observation that the points {Pi , Q j , R} all lie on the
hyperplane ∑

ui +

∑
v j − d = 0.

Let σ be the face passing through {Pi , Q j , R}. If a face τ of 1( fa) does not contain 0, it is a face
of σ . Similar to the proof of Lemma 2.2.3, one can check that, if τ is a proper face of σ , there is no
solution for the system of equations

{ fa,τ = ∂xi fa,τ = ∂y j fa,τ = 0 | 2 ≤ i ≤ n, 1 ≤ j ≤ m}.

If τ = σ , the system of equations

{ fa = ∂xi fa = ∂y j fa = 0 | 2 ≤ i ≤ n, 1 ≤ j ≤ m}

has solutions in Gn+m−1
m if and only if a = 1 (in such cases xi = y j = c ∈ R are solutions). So fa is

nondegenerate with respect to 1( fa) if a ̸= 1. □

Remark 2.2.5. The volume of 1( fa) is dn+m−1n/(n + m − 1)!. In fact, the Newton polytope can be
decomposed into n-copies (n+m−1)-simplexes, and each of them has volume dn+m−1/(n + m − 1)!.

2.3. Geometric interpretations. We present some geometric interpretations of hypergeometric connec-
tions here. Let d be a common denominator of αi and β j , and set ai = d · αi and b j = d · β j . To αi

(resp. β j ), we associate the character χi : µd → C× (resp. ρ j ) which sends ζd to ζ ai
d (resp. ζ b j

d ). Set

χ × ρ = χ1 × · · · ×χn × ρ−1
1 × · · · × ρ−1

m ,

χ̃ × ρ = χ2 × · · · ×χn × ρ−1
1 × · · · × ρ−1

m

(2.3.0.1)

as products of these characters.
Now we introduce two diagrams as follows:

• Let Gn+m
m be the torus with coordinates xi and y j for 1 ≤ i ≤ n and 1 ≤ j ≤ m. We consider the diagram

Gn+m
m

A1
t Gm

σ ϖ (2.3.0.2)

where

σ(xi , y j )=

n∑
i=1

xd
i −

m∑
j=1

yd
j and ϖ(xi , y j )=

n∏
i=1

xd
i

/ m∏
j=1

yd
j .

Let the group µn+m
d act on Gn+m

m by multiplication and on A1
t and Gm trivially. Then, it can be verified

that σ and ϖ are µn+m
d -equivariant.
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• Let Gn+m
m be the torus with coordinates z, xi , and y j for 2 ≤ i ≤ n and 1 ≤ j ≤ m, and S be Gm,z

(resp. Gm,z\{1}) if n ̸= m (resp. n = m). We consider the diagram

Gn+m
m U := S × Gn+m−1

m

A1
t Gm,z S

f prz prz (2.3.0.3)

where prz is the projection to the z-coordinate and f is the Laurent polynomial

n∑
i=2

xd
i −

m∑
j=1

yd
j + z ·

∏m
j=1 yd

j∏n
i=2 xd

i

defined in (2.2.1.1). Let the group G = µn+m−1
d act on Gn+m

m (resp. S × Gn+m−1
m ) by multiplication

on the coordinates xi and y j and trivially on z, and on A1
t , Gm,z , and S trivially. Then f and prz are

µn+m−1
d -equivariant.

Let E t
= (O, d + dt) be the exponential D-module on A1

t . For a regular function h : X → A1
t , we

denote by Eh
:= h+E t the connection (OX , d + dh) on X .

Proposition 2.3.1. Let α and β be as above. The complexesϖ?Eσ are µn+m
d -equivariant and concentrated

in degree 0 for ? ∈ {†,+}. Moreover, we have isomorphisms of DGm -modules

Hyp(∗;α;β)≃ (ϖ+Eσ )(µ
n+m
d ,χ×ρ),

Hyp(!;α;β)≃ (ϖ†Eσ )(µ
n+m
d ,χ×ρ),

where the exponent (µn+m
d , χ×ρ) means taking the (χ×ρ)-isotypic component with respect to the action

of µn+m
d .

Proof. The case of Hyp(!;α;β) can be deduced from the case of Hyp(∗;α;β) by applying the duality
functor. So, we only prove the latter case. Recall that the action ofµn+m

d on A1
t is trivial in diagram (2.3.0.2).

So the DA1
t
-module E t is µn+m

d -equivariant. Since σ andϖ are both µn+m
d -equivariant morphisms, ϕ+ and

σ+ preserve µn+m
d -equivariant objects. Hence the complex

ϕ+Eσ = ϕ+σ
+E t

is µn+m
d -equivariant.

Assume that (n,m)= (1, 0). Then σ : Gm,x1 → A1 is the map x1 7→ xd
1 and ϖ : Gm,x1 → Gm,z is the

d-th power map. So by the identity

ϖ+OGm =

d−1⊕
i=0

(
OGm , d +

i
d

dz
z

)
and the projection formula, we have

(ϖ+Eσ )= E z
⊗ (ϖ+OGm )=

d−1⊕
i=0

E z
⊗

(
OGm , d +

i
d

dz
z

)
,
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which is concentrated in degree 0. Taking the isotypic component, we have

(ϖ+Eσ )(µ
n+m
d ,χ×ρ)

= (ϖ+E xd
1 )(µd ,χ1) = E z

⊗ (ϖ+OGm )
(µd ,χ1)

=

(
OGm , d + dz +α1

dz
z

)
= Hyp(∗;α1;∅)

in the case where (n,m)= (1, 0). The proof of the case where (n,m)= (0, 1) is similar. In general, we
use induction on n+m. The proof follows from the following lemma. □

Lemma 2.3.2. Let α, α′, β and β ′ be four sequences of rational numbers with common denominator d ,
whose lengths are n, n′, m and m′, respectively. We denote by χi , χ ′

i , ρ j , and ρ ′

j characters of µd

corresponding to αi , α′

i , β j , and β ′

j , respectively. Let σ and ϖ (resp. σ ′ and ϖ ′) be the maps for (n,m)
(resp. (n′,m′)) in the diagram (2.3.0.2).

Suppose that (ϖ+Eσ ) and (ϖ ′
+
Eσ ′

) are concentrated in degree 0, and there are isomorphisms of
D-modules

Hyp(∗;α;β)≃ (ϖ+Eσ )(µ
n+m
d ,χ×ρ),

Hyp(∗;α′
;β ′)≃ (ϖ+Eσ

′

)(µ
n+m
d ,χ ′

×ρ′).

Then ((ϖ ·ϖ ′)+Eσ⊞σ
′

) is also concentrated in degree 0, and we have an isomorphism of D-modules

Hyp(∗;α, α′
;β, β ′)≃ ((ϖ ·ϖ ′)+Eσ⊞σ )(µ

n+n′
+m+m′

d ,χ×χ ′
×ρ×ρ′),

where ϖ ·ϖ ′
= mult ◦(ϖ ×ϖ ′), pr and pr′ are the projections from Gn+n′

+m+m′

m to Gn+m
m and Gn′

+m′

m ,
respectively, and σ ⊞ σ ′

= σ ◦ pr + σ ′
◦ pr′ is the Thom–Sebastiani sum.

Proof. The proof of this lemma is essentially that of [Katz 1990, Lemma 5.4.3]. Notice that the exterior
product Eσ ⊠ Eσ ′

is Eσ⊞σ ′

. Then

(ϖ+Eσ ) ⋆∗ (ϖ ′

+
Eσ

′

)= mult+((ϖ+Eσ )⊠ (ϖ ′

+
Eσ

′

))= mult+(ϖ ×ϖ ′)+(Eσ ⊠ Eσ
′

)= (ϖ ·ϖ ′)+Eσ⊞σ
′

.

By the Künneth formula [Hotta et al. 2008, Proposition 1.5.28 (i) and Proposition 1.5.30], we conclude
that (ϖ ·ϖ ′)+Eσ⊞σ

′

is again concentrated in degree 0.
Viewing µn+m

d -equivariant and µn′
+m′

d -equivariant objects as µn+m+n′
+m′

d -equivariant via the identifica-
tions

µn+m
d ≃ µn+m

d × 1 and µn′
+m′

d ≃ 1 ×µn′
+m′

d ,

we can verify that both ⊠ and mult are µn+m+n′
+m′

d -equivariant. Hence the convolution product ⋆∗ is
also µn+m+n′

+m′

d -equivariant. Therefore, we conclude the lemma by taking the corresponding isotypic
components of the above formula. □

Corollary 2.3.3. Let α and β be as above and α1 = 0. The complexes of DGm -modules prz?E f are
µn+m−1

d -equivariant and concentrated in degree 0 for ? ∈ {†,+}. Moreover, we have

Hyp(∗;α;β)≃ (H0prz+E
f )(G,χ̃×ρ),

Hyp(!;α;β)≃ (H0prz†E
f )(G,χ̃×ρ).
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Proof. Similar to Proposition 2.3.1, we only consider the case of Hyp(∗;α;β). By the construction
of the diagram in (2.3.0.3), the morphisms prz and f are µn+m−1

d -equivariant. Hence the complex of
DGm -modules prz+E f

= prz+ f +E t is µn+m−1
d -equivariant.

By assumption, we set α1 = 0, which implies that the character χ1 is trivial. By Proposition 2.3.1, we
have

(ϖ+Eσ )(µ
n+m
d ,χ×ρ)

=

((
x1 ·

n∏
i=2

xd
i

/ m∏
j=1

yd
j

)
+

E x1+
∑m

i=2 xd
i −

∑
j yd

j

)(1×G,1×χ̃×ρ)

= (prz+E
f )(G,χ̃×ρ), (2.3.3.1)

where we performed a change of variable z = x1 ·
∏n

i=2 xd
i /

∏m
j=1 yd

j to get rid of the variable x1 in the
last isomorphism. Because (ϖ+Eσ ) is concentrated in degree 0 and isomorphic to Hyp(∗;α;β), so is
(prz+E f )(G,χ̃×ρ). □

Corollary 2.3.4. Assume that (α, β) is nonresonant and α1 = 0. Then, the natural map

(H0prz†E
f )(G,χ̃×ρ)

→ (H0prz+E
f )(G,χ̃×ρ)

is an isomorphism of DGm -modules. In particular, for a closed point3 a of S, the forget-support map

Hn+m−1
dR,c (Gn+m−1

m , fa)
(G,χ̃×ρ)

→ Hn+m−1
dR (Gn+m−1

m , fa)
(G,χ̃×ρ)

is an isomorphism.

Proof. Using induction on the size of α and β, one can verify that the diagram

Hyp(!;α;β) Hyp(∗;α;β)

(H0ϖ†Eσ )(µ
n+m
d ,χ×ρ) (H0ϖ+Eσ )(µ

n+m
d ,χ×ρ)

(H0prz†E f )(G,χ̃×ρ) (H0prz+E f )(G,χ̃×ρ)

≃

≃ ≃

≃ ≃

is commutative, where the horizontal morphisms are the canonical forget-support morphisms with the
top one being (2.1.3.1), the two upper vertical morphisms are those from Proposition 2.3.1, and the two
lower vertical morphisms are (2.3.3.1). So, we deduce the isomorphism

(H0prz†E
f )(G,χ̃×ρ)

→ (H0prz+E
f )(G,χ̃×ρ).

At last, we take the noncharacteristic inverse image along a : Spec(C)→ Gm and the base change theorem
[Hotta et al. 2008, Theorem 1.7.3 & Proposition 1.5.28] to conclude the isomorphism of twisted de Rham
cohomology groups. □

3The modified hypergeometric DGm -modules Hyp(?, α;β) are smooth on S, on which the hypergeometric connections
Hyp(α;β) are defined.
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Remark 2.3.5. When (α, β) is nonresonant and α1 = 0, we deduce from Corollary 2.3.3 the isomorphism

[z 7→ (−1)n−mz]+Hyp(α;β)≃ (H0prz+E
− f )(G,χ̃×ρ)

by performing a change of variable by sending xi and y j to −xi and −y j , respectively, in the diagram
(2.3.0.3). According to (2.1.1.3), the first term in the above is Hyp(−1)n−m (α;β). In particular, the results
in Corollary 2.3.4 remain valid if we replace f with − f .

2.4. Explicit cyclic vectors for hypergeometric connections. We present explicit cyclic vectors for
Hyp(α;β) in terms of sections of some subquotients of some relative de Rham cohomologies equipped
with their Gauss–Manin connections. This point of view will be used in the computation of Hodge
filtrations in Section 3.

Recall that d is an integer such that ai = dαi and b j = dβ j are integers for all i and j , and we take
notation from (2.3.0.3). When (α, β) is nonresonant and α1 = 0, there exists an isomorphism between the
hypergeometric connection Hyp(α;β) and (H0prz†E f )(G,χ̃×ρ)

|S by (2.1.3.1) and Corollary 2.3.3. From
now on, we will identify the latter with the relative de Rham cohomology Hn+m−1

dR (U/S, f )(G,χ̃×ρ) on S
equipped with the Gauss–Manin connection, where U = S × Gn+m−1

m .

Proposition 2.4.1. Suppose that α1 = 0 and (α, β) is nonresonant. The relative de Rham cohomology
Hn+m−1

dR (U/S, f )(G,χ̃×ρ) admits a cyclic vector, defined by the cohomology class of the differential form

ω =

n∏
i=2

xai
i ·

m∏
j=1

y−b j
j

dx2

x2
· · ·

dxn

xn

dy1

y1
· · ·

dym

ym
. (2.4.1.1)

Remark 2.4.2. Under the above assumption, the isomorphism class of Hyp(α;β) depends only on the
congruence classes of α and β modulo Z. Then, any differential form

n∏
i=2

xui
i ·

m∏
j=1

y−v j
j

dx2

x2
· · ·

dxn

xn

dy1

y1
· · ·

dym

ym
,

satisfying ui ≡ ai , v j ≡ b j modulo d , is a cyclic vector of Hn+m−1
dR (U/S, f )(G,χ̃×ρ).

Proof. The morphism prz : U = S × Gn+m−1
m → S in (2.3.0.3) is smooth. It follows that the relative de

Rham cohomologies Hi
dR(U/S, f ) are equipped with the Gauss–Manin connections D := ∇z∂z , given by

∇z∂zω = z∂zω+ z∂z( f )ω (2.4.2.1)

for 0 ≤ i ≤ n + m − 1. By Lemmas 2.2.2, 2.2.3, and 2.2.4, the Laurent polynomial fa := f |pr−1
z (a) is

nondegenerate for each closed point a of S. By [Adolphson and Sperber 1997, Theorems 1.4 and 4.1],
the cohomology group Hi

dR(U/S, fa) vanishes if i ̸= n + m − 1.
Now we consider the (G, χ̃ × ρ)-isotypic component of the connection Hn+m−1

dR (U/S, f ). It remains
to prove that the cohomology class defined by the differential form ω (2.4.1.1) is a cyclic vector for
Hn+m−1

dR (U/S, f )(G,χ̃×ρ).
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Lemma 2.4.3. Let t2, . . . , tn and s1, . . . , sm be integers, and set

ω̃ :=

n∏
i=2

x ti
i ·

m∏
j=1

ys j
j

dx2

x2
· · ·

dxn

xn

dy1

y1
· · ·

dym

ym

as a class in Hn+m−1
dR (U/S, f ). For each u and v such that 2 ≤ u ≤ n and 1 ≤ v ≤ m, respectively, we

have (
D −

tu
d

)
ω̃ = xd

u · ω̃ and
(

D +
sv
d

)
ω̃ = yd

v · ω̃.

Proof. We prove the identity (D − t2/d)ω̃ = xd
2 · ω̃, and the proof for the rest is identical. By (2.4.2.1),

we have

Dω̃ = z ·

∏m
j=1 yd

j∏n
i=2 xd

i
ω̃.

Since U and S are affine, the image of any (n+m−2)-form under the relative differential

∇U/S :�n+m−2
U/S →�n+m−1

U/S

in Hn+m−1
dR (U/S, f ) is zero. Then, we have

0 = ∇U/S

( n∏
i=2

x ti
i ·

m∏
j=1

ys j
j

dx3

x3
· · ·

dxn

xn

dy1

y1
· · ·

dym

ym

)
= t2 · ω̃+ x2 · ∂x2 f · ω̃

= t2 · ω̃+ x2 ·

(
dxd−1

2 − dx−1
2 · z ·

∏m
j=1 yd

j∏n
i=2 xd

i

)
ω̃ = d

(
xd

2 −

(
D −

t2
d

))
ω̃.

This is exactly what we want to prove. □

We show that ω (2.4.1.1) satisfies the hypergeometric differential equation Hyp(α;β). By Lemma 2.4.3,
we have

n∏
i=2

(D −αi )ω =

n∏
i=2

xd
i ·ω and

m∏
j=1

(D −β j )ω =

m∏
j=1

yd
j ·ω.

Then, we deduce from (2.4.2.1) that
n∏

i=1

(D −αi )ω = D
( n∏

i=2

xd
i ·ω

)
= z

m∏
j=1

yd
j ·ω = z

m∏
j=1

(D −β j )ω.

Lemma 2.4.4. The cohomology class of ω in Hn+m−1
dR (U/S, f )(G,χ̃×ρ) is nonzero.

Proof. The lemma is obviously true if n = 1 and m = 0. In general, assume that ω = 0. Each point
(A, B) ∈ (ai ,−b j )+ d · Zn+m−1 corresponds to a differential form

n∏
i=2

x Ai
i ·

m∏
j=1

yB j
j

dx2

x2
· · ·

dxn

xn

dy1

y1
· · ·

dym

ym
. (2.4.4.1)
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Notice that we can also take the isotypic components on the level of complexes of differential forms, and
the relative differential ∇U/S respects the corresponding isotopic components. Thus, the differential form
in (2.4.4.1) defines a cohomology class in Hn+m−1

dR (U/S, f )(G,χ̃×ρ). On the other hand, any cohomology
class has a representative that is a linear combination of such differential forms.

Since Hn+m−1
dR (U/S, f )(G,χ̃×ρ) is nonzero, we can select a differential form ω(0) that defines a nonzero

cohomology class. Given that ω(0) is a linear combination of differential forms of the form in (2.4.4.1), at
least one of such forms defines a nonzero cohomology class. We may assume, without loss of generality,
that ω(0) itself is of the form in (2.4.4.1). Using Lemma 2.4.3, we obtain a sequence of differential forms
{ω(i)}N

i=0 corresponding to points (A(i), B(i)) such that ω(i+1)
= (D −γi )ω

(i) for some rational number γi ,
and

(A(N ), B(N )) ∈ (ai ,−b j )+ d · Nn+m−1.

Applying Lemma 2.4.3 again, we observe that ω(N ) can be expressed as a linear combination of {Dkω}k∈N,
and is thus equal to 0. Hence there exists M < N such that ω(M) has a nonzero cohomology class
and (D − γM)ω

(M)
= 0. Thus, OS · ω(M) is the hypergeometric connection Hyp(γM ;∅). Since it

is a subconnection of the irreducible connection Hn+m−1
dR (U/S, f )(G,χ̃×ρ), it must be isomorphic to

Hn+m−1
dR (U/S, f )(G,χ̃×ρ), leading to a contradiction. □

In summary, we obtain a nonzero morphism

DS/Hyp(α;β)→

n−1⊕
i=0

OS · Diω ⊂ Hn+m−1
dR (U/S, f )(G,χ̃×ρ) (2.4.4.2)

defined by sending 1 to ω. Since the left-hand side of the morphism is irreducible, it must be a sub-
connection of the irreducible connection Hn+m−1

dR (U/S, f )(G,χ̃×ρ) on the right-hand side. Since both
sides have the same rank, the above morphism is an isomorphism, implying that ω is a cyclic vector of
Hyp(α;β)≃ Hn+m−1

dR (U/S, f )(G,χ̃×ρ). □

Remark 2.4.5. If we replace E f by

(Gn+m−1
m , d − d f )= (Gn+m−1

m , d + d f )∨,

the direct sum
⊕n−1

i=0 OS · Diω is the (G, χ̃ × ρ)-isotypic component of Hn+m−1
dR (U/S,− f ), isomorphic

to the connection Hyp(−1)n−m (α;β). To see this, it suffices to notice that the corresponding identities in
Lemma 2.4.3 become (

D −
tu
d

)
ωt,s = −xd

uωt,s and
(

D +
sv
d

)
ωt,s = −yd

vωt,s

in this case. The rest of the proof relies on the above calculation and Remark 2.3.5.

2.4.6. Resonant case. When (α, β) is resonant, the modified hypergeometric D-module Hyp(∗;α;β)

depends only on the classes of α and β modulo Z. Katz [1990, 6.3.8] asked whether Hyp(∗;α;β)|S

is isomorphic to the connection Hyp((αi + ri ); (β j + s j )) (2.1.1.1) for suitable integers ri , s j ∈ Z. We
provide a positive answer to this question in the following proposition.
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Proposition 2.4.7. When (α, β) is resonant, there exists a positive integer h depending on α mod Z

and β mod Z, such that, for any integers r, s > h, the modified hypergeometric D-module Hyp(∗;α;β)|S

is isomorphic to the hypergeometric connection Hyp((α1, α2 − r, . . . , αn − r);β + s).

Proof. We may assume that α1 = 0. Let ω̃1, . . . , ω̃n be a representative of a basis of the connection
Hn+m−1

dR (U/S, f )(G,χ̃×ρ). More precisely, we can write

ω̃k =

∑
e∈Zn−1, f ∈Zm

ϵk,e, f

n∏
i=2

xai +d·ei
i

m∏
j=1

y−b j +d· f j
j

dx2

x2
· · ·

dxn

xn

dy1

y1
· · ·

dym

ym
,

where only finitely many ϵk,e, f are nonzero. We equip Zn+m−1 with the partial order defined by the
relation a ≥ b if a − b ∈ Nn+m−1. Let (e0, f0) be a maximal element in the set

{(e′, f ′) | (e′, f ′)≤ (e, f ) if ϵk,e, f ̸= 0}.

Then we take h to be the maximal value among {|(e0)|i , |( f0)| j }.
For any r, s > h, as in Proposition 2.4.1, we define a morphism of D-modules:

DS/Hyp(0, α2 − r, . . . , αn − r;β + s)→

n−1⊕
i=0

OGm · Diω ⊂ Hn+m−1
dR (U/S, f )(G,χ̃×ρ) (2.4.7.1)

by sending 1 to

ω =

n∏
i=2

xai −d·r
i ·

m∏
j=1

y−b j −d·s
j

dx2

x2
· · ·

dxn

xn

dy1

y1
· · ·

dym

ym
.

Since, for all (e, f ) with ϵk,e, f ̸= 0, we have ai + d · ei ≥ ai − d · r and b j + d · f j ≥ b j − d · s for any i
and j , we deduce that the class defined by

n∏
i=2

xai +d·ei
i

m∏
j=1

y−b j +d· f j
j

dx2

x2
· · ·

dxn

xn

dy1

y1
· · ·

dym

ym

lies in the image of (2.4.7.1) by Lemma 2.4.3. This morphism is a surjection between two connections of
rank n and is, hence, an isomorphism. □

3. Irregular Hodge filtration of hypergeometric connections

This section aims to calculate the (irregular) Hodge filtrations of hypergeometric connections (see
Theorems 3.3.1 and 3.3.3). Throughout this section, let n ≥m ≥0 be two integers, and let α= (α1, . . . , αn)

and β = (β1, . . . , β j ) be two sequences of nondecreasing rational numbers in [0, 1).

3.1. Exponential mixed Hodge structures. To explain certain duality on the irregular Hodge filtration of
hypergeometric connections, we use the language of exponential mixed Hodge structures introduced by
Kontsevich and Soibelman [2011]. We recall the basic definitions of exponential mixed Hodge structures
from [Fresán et al. 2022, Appendix].
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Let X be a smooth algebraic variety and K a number field. We denote by MHM(X, K ) the abelian
category of mixed Hodge modules on X with coefficients in K . In particular, when X = Spec(C), the
category MHM(X, K ) is equivalent to the category of mixed K -Hodge structures. Moreover, the bounded
derived categories Db(MHM(X, K )) admit the six functor formalism. For more details about mixed
Hodge modules, see [Saito 1990].

Let π : A1
→ Spec(C) be the structure morphism. The category EMHS(K ) of exponential mixed Hodge

structures with coefficients in K is defined as the full subcategory of MHM(A1, K ), whose objects N H

have vanishing cohomology on A1, i.e., those satisfying π∗N H
= 0.

There is an exact functor 5 : MHM(A1, K )→ MHM(A1, K ) defined by

N H
7→ s∗(N H ⊠ j!OH

Gm
), (3.1.0.1)

where j : Gm,C → A1 is the inclusion and s : A1
× A1

→ A1 is the summation map. The functor 5 is
a projector onto EMHS(K ); i.e., it factors through EMHS(K ) with essential image EMHS(K ). Using
this functor, the dual of an object M in EMHS(K ) is defined by 5([t 7→ −t]∗D(M)), where t is the
coordinate of A1.

For each object 5(N H) of the category EMHS(K ), there exists a weight filtration W EMHS
• on 5(N H),

defined by the weight filtration on N H: W EMHS
n 5(N H) :=5(Wn N H). We will drop the superscript for

simplicity.
The de Rham fiber functor from EMHS(K ) to VectC is defined by

5(N H) 7→ H1
dR(A

1,5(N )⊗ E t), (3.1.0.2)

where 5(N ) denotes the underlying D-module of 5(N H) and E t denotes the exponential D-module
(OA1, d + dt).

The de Rham fiber functor is faithful, and one can associate an irregular Hodge filtration F •

irr on the
de Rham fibers of objects in EMHS(K ) by [Fresán et al. 2022, Proposition A.10], constructed using a
generalization of Deligne’s filtration [Sabbah 2010, §6.b]; see also [Esnault et al. 2017, §1.6].

3.1.1. Objects of EMHS attached to regular functions. Let X be a smooth affine variety of dimension n
and K a number field. We denote by K H

X the trivial Hodge module on X with coefficients in K . For a
regular function g : X → A1 and an integer r , we consider the exponential mixed Hodge structures

Hr (X, g) :=5(Hr−ng∗K H
X ), Hr

c(X, g) :=5(Hr−ng!K H
X ).

The exponential mixed Hodge structures Hr (X, g) and Hr
c(X, g) are mixed of weights at least r and

mixed of weights at most r , respectively, by [Fresán et al. 2022, A.19].
The de Rham fiber of Hr

?(X, g) is isomorphic to Hr
dR,?(X, g) for ? ∈ {∅, c}. In this case, Esnault,

Sabbah, and Yu showed [Esnault et al. 2017, Proposition 1.7.4] that the irregular Hodge filtration on the
de Rham fiber coincides with the Yu filtration [2014] on the twisted de Rham cohomologies, where the
two filtrations are denoted by F •

Del = FDel
−• and F •

Yu = FYu
−• , respectively, in [loc. cit.].
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3.1.2. Irregular Hodge filtration and Newton monomial filtration. We briefly recall the definition of the
irregular Hodge filtration on the twisted de Rham cohomology following [Yu 2014]. Let X and g be as
above, j : X → X a smooth compactification of X , and D := X\X the boundary divisor. The pair (X , D)
is called a good compactification of the pair (X, g) if D is normal crossing and g extends to a morphism
ḡ : X → P1.

Let P be the pole divisor of g. The twisted de Rham complex (�•

X
(∗D),∇ = d + dg) admits a

decreasing filtration Fλ(∇) := F0(λ)≥⌈λ⌉, indexed by nonnegative real numbers λ, where F0(λ) is the
Yu complex

OX (⌊−λP⌋)
∇
−→�1

X (log D)(⌊(1 − λ)P⌋)→ · · · →�
p
X
(log D)(⌊(p − λ)P⌋)→ · · · .

The irregular Hodge filtration on the de Rham cohomology Hi
dR(X, g) is defined by

FλirrH
i
dR(X, g) := im(Hi (X , Fλ(∇))→ Hi

dR(X, g)), (3.1.0.3)

which is independent of the choice of the good compactification (X , D) [Yu 2014, Theorem 1.7].
When X is isomorphic to a torus Gn

m , the regular function g on X is a Laurent polynomial of the form∑
P=(p1,...,pn)

c(P)x P . We refine the normal fan of the Newton polytope 1(g) to make the associated
toric variety X tor smooth proper. Although (X tor, Dtor = X tor\X) is not a good compactification for the
pair (X, g) in general, we can still define FλNP(∇) and the Newton polyhedron filtration FλNPHi

dR(U,∇)
similarly to that in (3.1.0.3) by replacing the good compactification (X , D) with (X tor, Dtor),

When g is nondegenerate with respect to 1(g), the only nonvanishing twisted de Rham cohomology
group of the pair (X, g) is the middle cohomology group Hn

dR(X, g) by [Adolphson and Sperber 1997,
Theorem 1.4]. Moreover, we have the following theorem.

Theorem 3.1.1 [Yu 2014, Theorem 4.6]. When g is nondegenerate with respect to 1(g), the irregular
Hodge filtration F •

irr agrees with the Newton polyhedron filtration F •

NP on Hn
dR(X, g).

In particular, when g is nondegenerate, we have

Hi (X tor, FλNP(∇))= Hi (0(X tor, FλNP(∇))),

which allows us to compute the irregular Hodge filtration using the knowledge of 1(g).
Now, we present an explicit way to calculate the Newton polyhedron filtration. For a cohomology class

ω = x Q dx1

x1
∧ · · · ∧

dxn

xn

such that the lattice point Q = (q1, . . . , qn) lies in R≥01(g), we define w(Q) to be the weight of Q in the
sense of [Adolphson and Sperber 1997], i.e., the minimal positive real number w such that Q ∈ w ·1(g).
The associated cohomology class of ω lies in FλNPHn

dR(X, g) if

ω ∈ 0(X tor, �
n
X tor
(log Dtor)(⌊(n − λ)P⌋)).
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Notice that each ray ρ in the normal fan of 1(g) corresponds to an irreducible component Pρ of P .
Let vρ be a primitive vector of the ray ρ. Then, the multiplicity of ω along Pρ is given by ⟨Q, vρ⟩ [Fulton
1993, p. 61]. Taking the multiplicities of Pρ in P into account, we have

x Q dx1

x1
∧ · · · ∧

dxn

xn
∈ Fn−w(Q)

NP Hn
dR(X, g), (3.1.1.1)

as remarked in [Yu 2014, p. 126 footnote].

3.1.3. The EMHS associated with hypergeometric connections. In this subsection, we assume α1 = 0
and let χ̃ × ρ be the product of characters associated with αi and β j in (2.3.0.1).

Definition 3.1.2. Let K be the number field Q(ζ
ai
d , ζ

b j
d ) and a a closed point of S. For ? ∈ {∅, c}, we

define

E?(a;α;β) := Hn+m−1(Gn+m−1
m , fa)

(G,χ̃×ρ)

as exponential mixed Hodge structures with coefficients in K in the sense of Section 3.1.1.

By Corollary 2.3.3 and the base change theorem, the de Rham fiber of E(a;α;β) is isomorphic to the
fiber of Hypλ(α;β) at the closed point a ·λ of S for λ∈ Q×. In other words, the fiber Hypλ(α;β)aλ under-
lies the above exponential mixed Hodge structure and is equipped with an irregular Hodge filtration Firr,
which coincides with the Yu filtration on Hn+m−1

dR (Gn+m−1
m , fa)

(G,χ̃×ρ) as explained in Section 3.1.1.

Remark 3.1.3. The geometric interpretations of the hypergeometric connection are not unique, and
their associated Yu filtrations on Hyp(α;β)a coincide only up to certain shifts. For example, we can
alternatively identify Hyp(α;β)a with

Hn+m−1
dR (Gn+m−1

m , fa)
(G,χ̃×ρ)

⊗ H1
dR(Gm, x),

where the Yu filtration on the one-dimensional vector space H1
dR(Gm, x) jumps at 1. Consequently, we

deduce a new irregular Hodge filtration on Hyp(α;β)a which differs from our current one by a shift of 1.
For this reason, we made a choice of a uniform shift for irregular Hodge filtrations on fibers of Hyp(α;β)

at closed points of S, using the exponential mixed Hodge structures in Definition 3.1.2. Moreover, this
specifically chosen shift determines the shift of the function θ in (1.0.1.1).

Let t be the largest natural number such that αt = 0. We let ᾱ and β̄ be the sequences of rational
numbers defined by

ᾱi =

{
0, 1 ≤ k ≤ t,
1 −αn+t+1−k, t + 1 ≤ k ≤ n,

and β̄k = 1 −βk . (3.1.3.1)

Proposition 3.1.4. (1) The dual of the exponential mixed Hodge structure Ec(a;α;β) is isomorphic to
E((−1)n−ma; ᾱ; β̄)(n + m − 1).

(2) When (α, β) is nonresonant, the exponential mixed Hodge structures E?(a;α;β) for ? ∈ {∅, c} are
isomorphic. In particular, they are pure of weight n+m−1.
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Proof. (1) The EMHS Hn+m−1
c (Gn+m−1

m , fa) is dual to

Hn+m−1(Gn+m−1
m ,− fa)⊗ H2n+2m−2

c (Gn+m−1
m )∨,

which is also isomorphic to Hn+m−1(Gn+m−1
m , f(−1)n−ma)⊗ H2n+2m−2

c (Gn+m−1
m )∨. We deduce the first

assertion by taking their corresponding isotypic components.

(2) Since the de Rham fiber functor is faithful, the forget-support morphism

Ec(a;α;β)→ E(a;α;β)

is an isomorphism by Corollary 2.3.4. Hence the exponential mixed Hodge structures Ec(a;α;β) and
E(a;α;β) are isomorphic and are pure of weight n+m−1. □

3.2. A basis in relative twisted de Rham cohomology. In this subsection, we assume α1 = 0. We define
positive integers s1, . . . , sm+1 by

sr =


1, r = 0,
#{i : αi < βr }, 1 ≤ r ≤ m,
n + 1, r = m + 1,

(3.2.0.1)

and, for r and ℓ such that 0 ≤ r ≤ m and 1 ≤ ℓ≤ sr+1 − sr , we set

gr,ℓ = xa2
2 · · · xasr +ℓ−1

sr +ℓ−1 · xasr +ℓ−d
sr +ℓ

· · · xan−d
n · yd−b1

1 · · · yd−br
r · y2d−br+1

r+1 · · · y2d−bm
m .

Let

η =
dx2

x2
· · ·

dxn

xn

dy1

y1
· · ·

dym

ym

and ωr,ℓ = gr,ℓ · η be the corresponding differential forms in Hn+m−1
dR (U/S,± f )(G,χ̃×ρ), where U and S

are defined in (2.3.0.3).

Proposition 3.2.1. If (α, β) is nonresonant, then the cohomology classes defined by

ωr,ℓ, 0 ≤ r ≤ m, 1 ≤ ℓ≤ sr+1 − sr

in Hn+m−1
dR (U/S,± f )(G,χ̃×ρ) form a basis over OS .

Proof. It suffices to show that Span(ωr,ℓ)= Span(Diω | 0 ≤ i ≤ n − 1) for a cyclic vector ω.
To a Laurent monomial g =

∏n
i=2 xui

i
∏m

j=1 yv j
j in variables {xi }

n
i=2 and {y j }

m
j=1 we associate a lattice

point P(g)= (u2, . . . , un, v1, . . . , vm) ∈ Zn+m−1
⊂ Rn+m−1. If ω = g · η is the product of a monomial g

with the differential form η, we set P(ω) := P(g) for the corresponding point.
Let π1 and π2 be the projections from Rn+m−1 to Rn−1

ui
and Rm

v j
, respectively. Then, for the differential

forms ωr,ℓ, we have

π1(P(ωr,ℓ))= (a2, . . . , asr +ℓ−1, asr +ℓ − d, . . . , an − d)

and
π2(P(ωr,ℓ))= (d − b1, . . . , d − br , 2d − br+1, . . . , 2d − bm).



Irregular Hodge filtration of hypergeometric differential equations 2501

In Lemmas 2.2.2, 2.2.3, and 2.2.4, we have written down the defining inequalities of the cone R≥0 ·1( fa)

explicitly as ui + v j ≥ 0 and v j ≥ 0. For the points P(ωr,ℓ) corresponding to the values of ωr,ℓ at closed
points a of S, we can verify that they satisfy ui + v j ≥ 0 and v j ≥ 0 using the fact that ai , b j ≤ d for any
i and j , and ai ≥ b j when i ≥ s j + 1. Thus, all the points P(ωr,ℓ) lie within the cone R≥0 ·1( fa).

Let Pi and Q j be the points corresponding to monomials xd
i and yd

j , respectively, for 2 ≤ i ≤ n and
1 ≤ j ≤ m.

Lemma 3.2.2. For a point P ∈ Zn+m−1 and two integers 2 ≤ i0 ≤ n and 1 ≤ j0 ≤ m, let ω0, ω1, and ω2

be the corresponding differential forms of the points P , P + Q j0 , and P + Pi0 in Zn+m−1. If the i0-th
coordinate of P is different from the negative of the j0-th coordinate of P , then we have

Span(ω0, ω2)= Span(ω1, ω2) in Hn+m−1
dR (U/S, f )(G,χ̃×ρ).

Proof. Let P be the point (ti , s j ) ∈ Zn+m−1 and ω0 be the associated differential form. By assumption,
we have ti0 ̸= −s j0 . Therefore, we can express

ω0 =
−d

ti0 + s j0

((
D −

ti0

d

)
ω0 −

(
D +

s j0

d

)
ω0

)
.

In particular, we have

Span
(
ω0,

(
D −

ti0

d

)
ω0

)
= Span

((
D −

ti0

d

)
ω0,

(
D +

s j0

d

)
ω0

)
.

At last, notice that we have

ω1 =

(
D +

s j0

d

)
ω0 and ω2 =

(
D −

ti0

d

)
ω0

by Lemma 2.4.3 and Remark 2.4.5. □

Step 1: If s1 − s0 = 0, we skip this step and put ω(1)r,ℓ = ωr,ℓ for any r and ℓ. Otherwise, for r = 0 and
1 ≤ ℓ≤ s1 − s0, we replace the differential forms ω0,ℓ by differential forms ω(1)0,ℓ of the form g ·η for some
monomials g such that

P(ω(1)0,ℓ)= P(ω0,ℓ)− Q1.

More precisely, we keep the first n−1 coordinates of P(ω0,ℓ) unchanged and replace the last m coordinates
of P(ω0,ℓ) by that of P(ω(1)0,ℓ):

(d − b1, 2d − b2, . . . , 2d − bm).

In particular, by Lemma 2.4.3, one has

(D + 1 −β1)ω
(1)
0,ℓ = ω0,ℓ, (D + 1 −αℓ+1)ω

(1)
0,ℓ = ω

(1)
0,ℓ+1,

and

(D + 1 −αs1−s0)ω
(1)
0,s1−s0

= ωe,1,

where e is the least integer such that se > s0 = 1.
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We also put ω(1)r,ℓ = ωr,ℓ for r ≥ 1. Then, using Lemma 3.2.2 for ω0 = ω
(1)
0,s1−s0

, ω1 = ω0,s1−s0 , and
ω2 = ωe,1, we have

Span{ωr,ℓ | r, ℓ} = Span
(
. . . , ω0,s1−s0

(
= (D + 1 −β1)ω

(1)
0,s1−s0

)
, ωe,1

(
= (D + 1 −αs1−s0)ω

(1)
0,s1−s0

)
, . . .

)
= Span({ω0,1, . . . , ω0,s1−s0−1, ω

(1)
0,s1−s0

} ∪ {ω
(1)
r,ℓ | r ≥ 1, ℓ}),

where 0 ≤ r ≤ m and 1 ≤ ℓ≤ sr+1 − sr . Continuing to use Lemma 3.2.2 for ω0 = ω
(1)
0,ℓ, ω1 = ω0,ℓ, and

ω2 = ω
(1)
0,ℓ+1 for ℓ= s1 − s0 − 1 and s1 − s0 − 2, . . . , 1, we have

Span{ωr,ℓ | r, ℓ} = Span({ω0,1, . . . , ω0,s1−s0−1, ω
(1)
0,s1−s0

} ∪ {ω
(1)
r,ℓ | r ≥ 1, ℓ})

= Span({ω0,1, ω
(1)
0,2, . . . , ω

(1)
0,s1−s0

} ∪ {ω
(1)
r,ℓ | r ≥ 1, ℓ})

= Span(ω(1)r,ℓ | r, ℓ).

Step i ≥ 2: Assume that we have already obtained elements ω(i−1)
r,ℓ for i ≥ 2. If si = si−1, we skip this

step and put ω(i)r,ℓ = ω
(i−1)
r,ℓ for any r and ℓ. Otherwise, let ω(i)r,ℓ be differential forms of the form g · η for

some monomials g such that

P(ω(i)r,ℓ)=

{
P(ω(i−1)

r,ℓ )− Qi if r ≤ i − 1,

P(ω(i−1)
r,ℓ ) if i ≤ r ≤ m.

More precisely, when r ≤ i − 1, we keep the first n−1 coordinates of P(ω(i−1)
r,ℓ ) unchanged and replace

the last m coordinates of P(ω(i−1)
r,ℓ ) by that of P(ω(i)r,ℓ):

(d − b1, . . . , d − bi , 2d − bi+1, . . . , 2d − bm).

Similar to Step 1, we use Lemmas 2.4.3 and 3.2.2 (sr+1−sr )-many times to deduce

Span(ω(i)r,ℓ | r, ℓ)= Span(ω(i−1)
r,ℓ | r, ℓ)= Span(ωr,ℓ | r, ℓ),

where 0 ≤ r ≤ m and 1 ≤ ℓ≤ sr+1 − sr .

After Step m: After m steps, we get ω(m)r,ℓ such that

P(ω(m)r,ℓ )= (a2, . . . , asr +ℓ−1, asr +ℓ − d, . . . , an − d, d − b1, . . . , d − bm).

Note that there is a bijection between {(r, ℓ)}0≤r≤m,1≤ℓ≤sr+1−sr and {1, . . . , n} by sending (r, ℓ) to sr +ℓ−1.
We set ω̃sr +ℓ−1 = ω

(m)
r,ℓ via this map. Then, by Lemma 2.4.3, we have

ω̃i+1 = (D + 1 −αi+1)ω̃i for 1 ≤ i ≤ n − 1.

It follows that

Span(Di ω̃1 | 0 ≤ i ≤ n − 1)= Span(ω̃i | 1 ≤ i ≤ n)

= Span(ω(m)r,ℓ | r, ℓ)= Span(ωr,ℓ | r, ℓ).

By Proposition 2.4.1 and Remark 2.4.2, ω̃1 is a cyclic vector, from which we showed that {ωr,ℓ}r,ℓ form a
basis. This finishes the proof. □
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3.3. Calculation of the irregular Hodge filtration. Using the fact that a nonresonant hypergeometric
connection is rigid or its geometric interpretation Corollary 2.3.3, it underlies an irregular Hodge module
on P1 of weight n + m − 1 by [Sabbah 2018, Theorem 0.7 & p. 78] and, therefore, admits a unique
irregular Hodge filtration F •

irr. When n = m, this irregular Hodge module coincides with the variation of
Hodge structures on Hyp(α;β).

Recall that, for (α, β), we defined in (1.0.1.1) the numbers

θ(k)= (n − m)αk + #{i | βi < αk} + (n − k)−
n∑

i=1

αi +

m∑
j=1

β j .

Theorem 3.3.1. Assume (α, β) is nonresonant.

(1) When α1 = 0, via the isomorphism Hyp(α;β) ≃ Hn+m−1
dR (U/S, f )(G,χ̃×ρ), the irregular Hodge

filtration on Hyp(α;β) can be identified with the following filtration of subbundles:

F p
irrH

n+m−1
dR (U/S, f )(G,χ̃×ρ)

=

⊕
n+m−1−w(ωr,s)≥p

ωr,sOS.

(2) Up to an R-shift, the jumps of the irregular Hodge filtration on Hyp(α;β) occur at θ(k) and, for any
p ∈ R, we have

rk grp
Firr

Hyp(α;β)= #θ−1(p).

Remark 3.3.2. (i) By [Sabbah and Yu 2015, Remark 6.3], the irregular Hodge filtration satisfies the
Griffiths’ transversality; that is, ∇(F p

irrHyp(α;β))⊂�1
S ⊗ F p−1

irr Hyp(α;β) for all p ∈ R.

(ii) Inspired by the Griffiths’ transversality, we expect that there exists an oper structure on the hyper-
geometric connections which refines the irregular Hodge filtration. An oper structure is essential in the
geometric Langlands correspondence [Beilinson and Drinfeld 1997; Zhu 2017; Kamgarpour et al. 2023].

To prove the above theorem, we study the Hodge numbers of the irregular Hodge filtration on fibers as
explained in Section 1.2.

Theorem 3.3.3. Up to an R-shift, the jumps of the irregular Hodge filtration F •

irr on the fiber Hyp(α;β)a

occur at θ(k) for 1 ≤ k ≤ n. Moreover, we have dim grp
Firr

Hyp(α;β)a = #θ−1(p) for any p ∈ R.

3.3.1. Proof of Theorem 3.3.3. We may assume α1 =0 by (2.1.1.2). By Corollary 2.3.3 and Definition 3.1.2,
we have

F •

irrHyp(α;β)a ≃ F •

irrH
n+m−1
dR (Gn+m−1

m , fa)
(G,χ̃×ρ)

≃ F •

irrH
n+m−1
dR (Gn+m−1

m ,− f(−1)n−ma)
(G,χ̃×ρ), (3.3.3.1)

where χ̃ and ρ are products of characters corresponding to αi and β j from (2.3.0.1). So it suffices to
compute the irregular Hodge filtration on the twisted de Rham cohomologies Hn+m−1

dR (Gn+m
m ,± fa)

(G,χ̃×ρ).
Since fa is nondegenerate with respect to 1( fa), we can compute the filtration in terms of Newton
polyhedron filtration.
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Let ωr,ℓ be the basis of Hyp(α;β)a from Proposition 3.2.1. Recall that w(ωr,ℓ) is the minimal positive
real number w such that P(gr,ℓ) ∈ w ·1( fa). It follows from (3.1.1.1) that

ωr,ℓ ∈ Fn+m−1−w(ωr,ℓ)

irr Hn+m−1
dR (Gn+m−1

m ,± fa)
(G,χ̃×ρ).

We consider an auxiliary filtration G• on Hn+m−1
dR (Gn+m−1

m ,± fa)
(G,χ̃×ρ) defined by

G p
:= Span{ωr,ℓ | n + m − 1 −w(ωr,ℓ)≥ p}. (3.3.3.2)

By the following Lemmas 3.3.4, 3.3.5, and 3.3.6, the filtration F • coincides with G•, which finishes the
proof of the theorem. □

Lemma 3.3.4. We set θ(n + 1)= θ(1). For 0 ≤ r ≤ m and 1 ≤ ℓ≤ sr+1 − sr , we have

n + m − 1 −w(ωr,ℓ)= θ(sr + ℓ).

Lemma 3.3.5. For 0 ≤ p ≤ n + m − 1, we have

dim grp
G Hn+m−1

dR (Gn+m−1
m ,± fa)

(G,χ̃×ρ)
= dim grn+m−1−p

G Hn+m−1
dR (Gn+m−1

m ,∓ fa)
(G,χ̃−1

×ρ−1).

Lemma 3.3.6. The two filtrations F •

irr and G• coincide.

Proof of Lemma 3.3.4. By Lemmas 2.2.2, 2.2.3, and 2.2.4, the weight w(ωr,ℓ) equals the number
maxk{hk(gr,ℓ)/d}, where the hk are defined in (2.2.2.1), (2.2.3.1), and (2.2.4.1). We can check that

w(ωr,ℓ)=
hsr +ℓ(gr,ℓ)

d
,

where we put h1 = · · · = hn = hn+1 when n = m. Now, it suffices to check that n + m − 1 −w(ωr,ℓ)

agrees with one of the jumps of the irregular Hodge numbers of Hyp(α;β)a .
If sr + ℓ= n + 1, the monomial gm,n+1−sm corresponds to the point

(a2, . . . , an, d − b1, . . . , d − bm).

Then we have

n + m − 1 −
hn+1(gm,n+1−sm )

d
= n − 1 −

n∑
i=1

αi +

m∑
j=1

β j = θ(1).

If sr + ℓ < n + 1, we have

n + m − 1 −
hsr +ℓ(gr,ℓ)

d

= n + m − 1 −

( n∑
i=1

αi − (n + 1 − sr − ℓ)−

m∑
j=1

β j + (2m − r)− (n − m)(αsr +ℓ − 1)
)

= (n − m)αsr +ℓ + r + (n − sr − ℓ)−

n∑
i=1

αi +

m∑
j=1

β j ,

which is exactly θ(sr + ℓ). □
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Proof of Lemma 3.3.5. For simplicity, we write

δ±p (α, β) := dim grp
G Hn+m−1

dR (Gn+m−1
m ,± fa)

(G,χ̃×ρ). (3.3.6.1)

Recall that, in (3.1.3.1), we let t be the biggest natural number such that αt = 0. For 1 ≤ k ≤ t , the
numbers αk and ᾱt+1−k are 0. And, for t + 1 ≤ k ≤ n, we have ᾱn−k+t+1 = 1 −αk . Then

n∑
i=1

αi +

n∑
i=1

ᾱi = n − t and
m∑

j=1

β j +

m∑
j=1

β̄ j = m.

Similar to the number θ(k), we let θ̄ (k) be the numbers

(n − m)ᾱk + #{i | β̄i < ᾱk} + (n − k)−
n∑

i=1

ᾱi +

m∑
j=1

β̄ j , 1 ≤ k ≤ n,

for the sequences ᾱ and β̄. Then, for 1 ≤ k ≤ t , we have

θ(k)+ θ̄ (t + 1 − k)=

(
n − k −

n∑
i=1

αi +

m∑
j=1

β j

)
+

(
n − (t + 1 − k)−

n∑
i=1

ᾱi +

m∑
j=1

β̄ j

)
= (2n − t − 1)− (n − t)+ m = n + m − 1.

For t + 1 ≤ k ≤ n, we have

θ(k)+ θ̄ (n − k + t + 1)

=

(
(n − m)αk + #{ j | β j < αk} + n − k −

n∑
i=1

αi +

m∑
j=1

β j

)
+

(
(n − m)ᾱn−k+t+1 + #{ j | β̄ j < ᾱn−k+t+1} + n − (n − k + t + 1)−

n∑
i=1

ᾱi +

m∑
j=1

β̄ j

)
= (n − m)+ m + (n − t − 1)− (n − t)+ m = n + m − 1.

So there exists a permutation σ ∈ Sn such that θ(k)+ θ̄ (σ (k))= n + m − 1. It follows that

δ±p (α, β)= #{k | θ(k)= p} = #{k | n + m − 1 − p = n + m − 1 − θ(k)}

= #{k | θ̄ (k)= n + m − 1 − p} = δ∓n+m−1−p(ᾱ, β̄). □

Proof of Lemma 3.3.6. For simplicity, we write

h±

p (α, β) := dim grp
Firr

Hn+m−1
dR (Gn+m−1

m ,± fa)
(G,χ̃×ρ). (3.3.6.2)

By (3.1.1.1) and the construction of the auxiliary filtration G (3.3.3.2), for every p ∈ Q, we have

G pHn+m−1
dR (Gn+m−1

m ,± fa)
(G,χ̃×ρ)

⊂ F p
irrH

n+m−1
dR (Gn+m−1

m ,± fa)
(G,χ̃×ρ), (3.3.6.3)

which implies that
∑

q≤p δ
±
q (α, β)≤

∑
q≤p h±

q (α, β).
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To prove the reverse inclusion, we consider the duality between the two filtered vector spaces

(Hn+m−1
dR (Gn+m−1

m ,± fa)
(G,χ̃×ρ), F •

irr) and (Hn+m−1
dR (Gn+m−1

m ,∓ fa)
(G,χ̃−1

×ρ−1), F •

irr),

induced by Proposition 3.1.4. In particular, we have

h±

p (α, β)= h∓

n+m−1−p(ᾱ, β̄). (3.3.6.4)

Combining Lemma 3.3.5 and equations (3.3.6.3) and (3.3.6.4), we see for any p ∈ R that

dim G pHn+m−1
dR (Gn+m−1

m ,± fa)
(G,χ̃×ρ)

=

∑
q≤p

δ±q (α, β)≤

∑
q≤p

h±

q (α, β)=

∑
q≥n+m−1−p

h∓

q (ᾱ, β̄)

≤

∑
q≥n+m−1−p

δ∓q (ᾱ, β̄)=

∑
q≤p

δ±q (α, β)

= dim G pHn+m−1
dR (Gn+m−1

m ,± fa)
(G,χ̃×ρ).

Hence both sides in (3.3.6.3) have the same dimension for every p. Then Lemma 3.3.6 follows. □

3.3.2. Proof of Theorem 3.3.1. We may assume α1 = 0 by (2.1.1.2). By [Sabbah 2018, Proposition 3.54]
and [Mochizuki 2025, Proposition 11.22], the irregular Hodge filtration on Hyp(α;β) induces those on
fibers Hyp(α;β)a at closed points of S; i.e.,

(F •

irrHyp(α;β))a = F •

irr(Hyp(α;β))a.

We have shown in Theorem 3.3.3 that the irregular Hodge filtration on the fibers Hyp(α;β)a are given in
terms of the cohomology classes ωr,s in (3.3.3.2). Hence we deduce that the irregular Hodge filtration on
Hyp(α;β) is the one in assertion (1).

From (1), we deduce that the irregular Hodge numbers rk grp
Firr

Hyp(α;β) are given by

#{(r, s) | n + m − 1 −w(ωr,s)= p}.

Recall that we have the bijection between the sets

{1, . . . , n} and {(r, ℓ) | 0 ≤ r ≤ m, 1 ≤ ℓ≤ sr+1 − sr },

where sr are numbers defined in (3.2.0.1). Using Lemma 3.3.4, we deduce assertion (2); i.e., the irregular
Hodge numbers rk grp

Firr
Hyp(α;β) coincide with the numbers #θ−1(p). □

4. Frobenius structures on hypergeometric connections and p-adic estimates

In this section, let p be a prime number and k = Fq the finite field with q = ps elements for an integer s ≥ 1.
Let K be a finite extension of Qp with residue field k containing an element π satisfying π p−1

= −p.
We fix such an element π and denote the associated additive character by ψ : Fp → K × [Berthelot 1984,
(1.3)]. The q-th power Frobenius on k admits a lift σ = id on OK .
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Let n > m be two integers,

α =

(
αi =

ai

q − 1

)n

i=1
and β =

(
β j =

b j

q − 1

)m

j=1

be two sequences of nondecreasing rational numbers in [0, 1) with denominator q − 1. Let ω : k×
→ K ×

be the Teichmüller character, and set χi = ωai and ρ j = ωb j . The hypergeometric sum associated to ψ ,
χ = (χ1, . . . , χn) and ρ = (ρ1, . . . , ρm) is defined, for a ∈ k×, by

Hyp(n,m)(χ; ρ)(a)=

∑
xi ,y j ∈k×

x1···xn=ay1···ym

ψ

(
Trk/Fp

( n∑
i=1

xi −

m∑
j=1

y j

))
·

n∏
i=1

χi (xi )

m∏
j=1

ρ−1
j (y j ). (4.0.0.1)

When (χ, ρ) is nonresonant, the above sum equals (up to a sign) the Frobenius trace of the hypergeometric
overconvergent F-isocrystal H yp(χ, ρ) at a ∈ Gm(k) [Miyatani 2020] and therefore can be written
as a sum of n Frobenius eigenvalues. Its underlying connection is the hypergeometric connection
Hyp(−1)m+np/πn−m (α;β) [Miyatani 2020, Theorem 4.1.3]. When (χ, ρ) is resonant, the above sum can
also be written as a sum of n Frobenius eigenvalues (see Section 4.2.1 for a direct proof by induction
on n).

We are interested in the p-adic valuation of Frobenius eigenvalues (normalized by ordq ) of the above
sum (called Frobenius slopes), encoded in the Frobenius Newton polygon [Mazur 1972, §2].

Recall that the irregular Hodge numbers of the hypergeometric connection Hyp(α;β) are given by the
function θ : {1, . . . , n} → Q (1.0.1.1), defined by

θ(k)= (n − m)αk + #{i | βi < αk} + (n − k)−
n∑

i=1

αi +

m∑
j=1

β j . (4.0.0.2)

Definition 4.0.1. Let δ1<· · ·<δk be the Frobenius slopes of Hyp(n,m)(χ;ρ)(a), normalized by ordq(q)=1,
(resp. irregular Hodge numbers of Hyp(α, β)) with multiplicities λ1, . . . , λk . The Newton polygon (resp.
irregular Hodge polygon) is defined as the union of segments in R2 joining points Pi and Pi+1 for
0 ≤ i ≤ k − 1, where the Pi are given by

P0 = (0, 0), Pi =

( i∑
j=1

λ j ,

i∑
j=1

λ jδ j

)
for 1 ≤ i ≤ k.

Theorem 4.0.2. Suppose n > m and the orders of χi , ρ j divide p − 1. Then, for each a ∈ Gm(k), the
Frobenius Newton polygon of Hyp(n,m)(χ; ρ)(a) coincides with the irregular Hodge polygon defined by
(4.0.0.2).

A “Newton above Hodge” type result for twisted exponential sums was obtained in [Adolphson
and Sperber 1993]. In our case, we show that the (combinatorial) Hodge polygon in [loc. cit.] for
hypergeometric sums coincides with the irregular Hodge polygon of hypergeometric connections. Then,
we apply a result of Wan [1993] to conclude “Newton equals Hodge”.
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4.1. Frobenius Newton polygon above Hodge polygon. In this subsection, we revise Adolphson and
Sperber’s definition [1993] of (combinatorial) Hodge polygons and their result on “Newton above Hodge”
for certain twisted exponential sums. Finally, we can identify their Hodge polygon with the irregular
Hodge polygon of hypergeometric connections (Proposition 4.1.7).

4.1.1. Let N be a positive integer,

χ = (χ1, . . . , χN ) : (k×)N
→ K ×

a multiplicative character, and g : GN
m → A1 a morphism defined by a Laurent polynomial

g(x1, . . . , xN )=

M∑
j=1

a j xu j ∈ k[x±

1 , . . . , x±

N ],

where {u j }
M
j=1 is a finite subset of ZN and a j ∈ k×. For m ∈ N, we consider the twisted exponential sum

Sm(χ, g)=

∑
x∈GN

m (Fqm )

χ (m)(x)ψ (m)(g(x)), (4.1.1.1)

where χ (m) = χ ◦ NmFqm /kand ψ (m) = ψ ◦ TrFqm /Fp . The associated L-function

L(χ, g; T )= exp
(∑

m≥1

Sm(χ, g)
T m

m

)
(4.1.1.2)

is a rational function in T by the Grothendieck–Lefschetz trace formula (or the Dwork trace formula).
Recall that we denote by 1 = 1(g) the convex closure in RN generated by the origin and lattices

defined by the exponents {u j } of g in Definition 2.2.1. Let C(g) be the cone over 1, i.e., the union of all
rays in RN emanating from the origin and passing through 1.

We set M(g) = C(g) ∩ ZN . Adolphson and Sperber [1989, (1.7)] considered a subring R(g) of
k[x±

1 , . . . , x±

N ] defined by monomials with exponents in M(g):

R(g)= k[x M(g)
].

We take di ∈ [0, q − 2] such that4 χi = ω−di . We set

d̄i =

{
q − 1 − di , di ̸= 0,
di , di = 0,

and

d = (d1, . . . , dN ), d̄ = {d̄1, . . . , d̄N }, Nd = (q − 1)−1d + ZN .

We define an R(g)-module Rd(g) [Adolphson and Sperber 1989, (1.12)] by

Rd(g)=

{∑
finite

bu xu
∣∣∣ u ∈ Nd ∩ C(g), bu ∈ k

}
.

4Adolphson–Sperber’s convention χi = ω−di is different from our convention in the beginning of Section 4 by a minus sign.
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There exists a (minimal) positive integer M such that, for all u ∈
( 1

q−1 Z
)N

∩C(g), the weight functionw(u),
defined as the minimal positive real number w such that u ∈w1(g), is a rational number with denominator
dividing M . Then w defines an increasing filtration on R(g) by

R(g)i/M =

{ ∑
u∈M(g)

bu xu
: w(u)≤

i
M

for all u with bu ̸= 0
}
.

We denote the associated graded module by

R(g)=

⊕
i≥0

R(g)i/M ,

R(g)i/M = R(g)i/M/R(g)(i−1)/M .

Similarly, we equip Rd(g) with a filtration compatible with that of R(g) and let Rd(g) be the associated
graded R(g)-module.

4.1.2. In the following, we assume that g is nondegenerate and that dim1(g)= N .
For 1 ≤ i ≤ N , let ḡi be the image of xi ∂/∂xi g in R(g)1, and set

I d = ḡ1 R(g)d + · · · + ḡN R(g)d,

a graded submodule of R(g)d . For each i ≥ 0, we define a finite set

Si/M
d ⊂ Nd ∩ C(g)

of exponents as follows [Adolphson and Sperber 1991, §3]: Take a k-linearly independent set of monomials
{xµ | µ ∈ Si/M

d } of weight i/M which spans a k-subspace V d,i/M complement to R(g)d,i/M ∩ I d ; i.e.,

R(g)d,i/M = V d,i/M ⊕ (R(g)d,i/M ∩ I d,i/M).

Set
Sd =

⋃
i≥0

Si/M
d ,

which we also denote by Sd(g), and let V (g) be the volume of 1(g). The quotient R(g)d/I d admits a
basis of monomials in Sd and has dimension [loc. cit., Lemma 2.8]

dim R(g)d/I d = N !V (g).

In this case, the L-function L(χ, g; T )(−1)N−1
(4.1.1.2) is a polynomial of degree N !V (g) [loc. cit.,

Corollary 2.12]. The q-order of roots of this polynomial are called Frobenius slopes of the twisted
exponential sums Sm(χ, g).

Adolphson and Sperber studied the Frobenius Newton polygon defined by Frobenius slopes of this
L-function (Definition 4.0.1) and compared it with a Hodge polygon defined as below.

For an integer 0 ≤ d ≤ q −2, let d ′ be the nonnegative residue of pd modulo q −1. Recall that q = ps

for an integer s ≥ 1. For d = (d1, . . . , dN ), we set d ′
= (d ′

1, . . . , d ′

N ) and d(i) the i-th composition of
(−)′ on d for i ≥ 1. Note that d(s) = d.
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We arrange elements of Sd = {ud(1), . . . , ud(N !V (g))} by w(ud(1))≤ · · · ≤w(ud(N !V (g))), and we
repeat this ordering for Sd ′, . . . , Sd(s−1) . For an integer ℓ≥ 0, we set [loc. cit., Theorem 3.17]

W (ℓ)= card
{

j
∣∣∣ s−1∑

i=0

w(ud(i)( j))=
ℓ

M

}
.

When ℓ > s N M , we have W (ℓ)= 0.

Definition 4.1.3 (Adolphson–Sperber). The Hodge polygon HP(1(g)d) is defined by the convex polygon
in R2 with vertices (0, 0) and( m∑

ℓ=0

W (ℓ),
1

s M

m∑
ℓ=0

ℓW (ℓ)

)
, m = 0, 1, . . . , s N M.

Theorem 4.1.4 [Adolphson and Sperber 1993, Corollary 3.18]. If g is nondegenerate and dim(1(g))= N ,
the Frobenius Newton polygon of L(χ, g; T )(−1)N−1

lies above the Hodge polygon HP(1(g)d), and their
endpoints coincide.

Definition 4.1.5. We say that (g, χ) is ordinary if these two polygons coincide. When the character χ is
trivial, we simply say g is ordinary.

4.1.6. In the following, we apply the above theory to the case of hypergeometric sums at the beginning
of Section 4. We may assume that χ1 is trivial (i.e., α1 = 0). Let a be an element of k×. We take
N = n + m − 1, d = (ā2, . . . , ān, b1, . . . , bm), and g to be the nondegenerate function (2.2.1.1)

fa = a
y1 · · · ym

x2 · · · xn
+ x2 + · · · + xn − y1 − · · · − ym .

Then, we recover the hypergeometric sum (4.0.0.1) from (4.1.1.1).

Proposition 4.1.7. If (χ, ρ) is nonresonant and the orders of the characters χi and ρ j divide p − 1,
then the Hodge polygon HP(1( fa)d) coincides with the irregular Hodge polygon defined by (4.0.0.2)
associated to (

0, α2 =
a2

p−1
, . . . , αn =

an
p−1

)
,

(
β1 =

b1
p−1

, . . . , βm =
bm

p−1

)
.

Proof. Since αi and β j have denominators dividing p − 1, the numbers d(i) are equal to d for every i ≥ 1.
In particular, the multiset of slopes of HP(1( fa)d) coincides with w(Sd)= {ω(u) | u ∈ Sd}.

The cohomology classes ωr,ℓ = gr,ℓ · η in Proposition 3.2.1 form a basis of the de Rham cohomology
group Hn+m−1

dR (Ua, fa)
(G,χ̃×ρ). By the calculation of cohomology groups [loc. cit., §3, Theorem 3.14],

the functions {gr,ℓ} also form a basis of V d̄ , with d̄ = (a2, . . . , an, b̄1, . . . , b̄m). Hence

w(Sd̄)= {w(gr,ℓ) | 0 ≤ r ≤ m, 1 ≤ ℓ≤ sr+1 − sr }.

By (3.1.1.1), Lemma 3.3.4 and the duality (3.3.6.4), the set of weights w(Sd) coincides with the set of
irregular Hodge numbers (4.0.0.2). Then, the proposition follows. □

4.2. Frobenius slopes of hypergeometric sums: proof of Theorem 4.0.2. We proceed by induction on n.
Suppose the theorem holds when the rank of the hypergeometric F-isocrystal is less than n.
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4.2.1. Resonant case. We first show that we can deduce the assertion in the resonant case from the
induction hypothesis. We assume there exists i and j such that αi = β j .

We slightly modify our convention on α and β by replacing those αi , β j = 0 by 1 and then arranging
them as 0 < α1 ≤ α2 ≤ · · · ≤ αn ≤ 1 and 0 < β1 ≤ · · · ≤ βm ≤ 1. Note that this modification does not
change the multiset {θ(1), . . . , θ(n)} of irregular Hodge numbers. After twisting by a multiplicative
character, we may assume that χn = ρm = 1 are the trivial characters (i.e., αn = βm = 1). Then we have
the following identities:

Hyp(n,m)(χ;ρ)(a)=
∑

xi ,y j ∈k×

ψ

( n−1∑
i=1

xi +a
y1 · · · ym

x1 · · · xn−1
−

m∑
j=1

y j

)
·

n−1∏
i=1

χi (xi )

m−1∏
j=1

ρ−1
j (y j )

=

∑
xi ,y j ∈k×,ym∈k

ψ

( n−1∑
i=1

xi −

m−1∑
j=1

y j + ym

(
a

y1 · · · ym−1

x1 · · · xn−1
−1

))
·

n−1∏
i=1

χi (xi )

m−1∏
j=1

ρ−1
j (y j )

−

∑
xi ,y j ∈k×

ψ

( n−1∑
i=1

xi −

m−1∑
j=1

y j

)
·

n−1∏
i=1

χi (xi )

m−1∏
j=1

ρ−1
j (y j )

= q Hyp(n−1,m−1)(χ
′
;ρ ′)(a)−ψ(−1)m−1

n−1∏
i=1

G(ψ,χi )

m−1∏
j=1

G(ψ,ρ−1
j ), (4.2.1.1)

where χ ′
= (χ1, . . . , χn−1) and ρ ′

= (ρ1, . . . , ρm−1), and

G(ψ, χi )=

∑
x∈k×

ψ(x)χi (x)

denotes the Gauss sum. In particular, the above sum can be written as a sum of n Frobenius eigenvalues
by induction.

Let θ ′ be the function (4.0.0.2) defined by rational numbers α1, . . . , αn−1 and β1, . . . , βm−1. Then, we
have

θ(k)= θ ′(k)+ 1 for all 1 ≤ k ≤ n − 1

and

θ(n)=

n∑
i=1

(1 −αi )+
∑
β j<1

β j = ordq

(n−1∏
i=1

G(ψ, χi )

m−1∏
j=1

G(ψ, ρ−1
j )

)
,

where the second identity follows from Stickelberger’s theorem, saying that

ordq G(ψ, ω−k)=
k

p−1
.

Then, the theorem in the resonant case follows from the induction hypothesis and decomposition (4.2.1.1).

4.2.2. Nonresonant case. By the previous argument, we may assume that the assertion for the hyperge-
ometric sum of type (n,m) defined by a resonant pair (α, β) is already proved. It suffices to treat the
nonresonant case. We may assume χ1 = 1 is trivial.

We set f̃a(x2, . . . , xn, y1, . . . , ym)= fa(x
p−1
2 , . . . , x p−1

n , y p−1
1 , . . . , y p−1

m ). We first prove the ordinar-
iness of exponential sums associated to f̃a (Definition 4.1.5) using a theorem of Wan [1993].
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Let δ1, . . . , δm+n be all the facets of 1 = 1( f̃a) which do not contain the origin. Let f̃ δi
a be the

restriction of f̃a to δi [Wan 2004, §1.1], which is also nondegenerate [Wan 2004, §3.1]. By [Wan 2004,
Theorem 3.1], f̃a is ordinary if and only if each f̃ δi

a is ordinary.
Each Laurent polynomial f̃ δi

a is diagonal; that is, f̃ δi
a has exactly n + m − 1 nonconstant terms of

monomials and 1( f̃ δi
a ) is (n+m−1)-dimensional [Wan 2004, §2]. Indeed, if V1, . . . , Vm+n−1 denote the

vertex of δi written as column vectors, the set S(δi ) of solutions of

(V1, . . . , Vm+n−1)

 r1
...

rm+n−1

 ≡ 0 (mod 1), ri rational, 0 ≤ ri < 1,

forms an abelian group, which is isomorphic to (Z/(p − 1)Z)n+m−1. We deduce that, for each δi , f̃ δi
a is

ordinary by [Wan 2004, Corollary 2.6].
We have a decomposition of exponential sums as follows:∑

xi ,y j ∈k×

ψ( f̃a(xi , y j ))=

∑
χi ,ρ j

Hyp(n,m)(χ, ρ)(a), (4.2.2.1)

where the sum is taken over all multiplicative characters χi and ρ j with 2 ≤ i ≤ n and 1 ≤ j ≤ m of
orders dividing p − 1. We have a similar decomposition for Sd (Section 4.1.2) given by

S1( f̃a)=

⊔
d

Sd( fa),

where 1 = (0, 0, . . . , 0) and d is taken over all (n+m−1)-tuples of rational numbers with denominators
p − 1 in [0, 1).

On the left-hand side of (4.2.2.1), we have shown “Newton equals Hodge” (i.e., the ordinariness of f̃a).
Together with the “Newton above Hodge” for each hypergeometric sum (Theorem 4.1.4), we deduce that
“Newton equals Hodge” for each component of the right-hand side. Then, the assertion in the nonresonant
case follows from Proposition 4.1.7. □

In particular, our proof shows Proposition 4.1.7 in the resonant case.

Corollary 4.2.3. Proposition 4.1.7 holds without the nonresonant assumption.

Proof. In the resonant case, the Frobenius Newton polygon equals the irregular Hodge polygon by
Section 4.2.1. By the proof in Section 4.2.2, the Frobenius Newton polygon equals the (combinatorial)
Hodge polygon defined by Adolphson–Sperber. Then, the assertion follows. □

Acknowledgements

The authors thank Alberto Castaño Domínguez, Javier Fresán, Lei Fu, Shun Ohkubo, Claude Sabbah,
Christian Sevenheck, Daqing Wan, and Jeng-Daw Yu for their valuable discussions. We are also grateful
to an anonymous referee for careful reading and valuable comments.



Irregular Hodge filtration of hypergeometric differential equations 2513

Qin acknowledges the financial support from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation program (grant agreement no. 101020009) for part of this
work. Xu acknowledges financial support from the National Natural Science Foundation of China (grant
nos. 12222118 and 12288201) and the CAS Project for Young Scientists in Basic Research, grant no.
YSBR-033. Part of the work was done when Qin was staying at Morningside Center of Mathematics, and
he would like to thank Morningside Center of Mathematics for its hospitality.

References

[Adolphson and Sperber 1987] A. Adolphson and S. Sperber, “Twisted Kloosterman sums and p-adic Bessel functions, II:
Newton polygons and analytic continuation”, Amer. J. Math. 109:4 (1987), 723–764. MR

[Adolphson and Sperber 1989] A. Adolphson and S. Sperber, “Exponential sums and Newton polyhedra: cohomology and
estimates”, Ann. of Math. (2) 130:2 (1989), 367–406. MR

[Adolphson and Sperber 1991] A. Adolphson and S. Sperber, “On twisted exponential sums”, Math. Ann. 290:4 (1991), 713–726.
MR

[Adolphson and Sperber 1993] A. Adolphson and S. Sperber, “Twisted exponential sums and Newton polyhedra”, J. Reine
Angew. Math. 443 (1993), 151–177. MR

[Adolphson and Sperber 1997] A. Adolphson and S. Sperber, “On twisted de Rham cohomology”, Nagoya Math. J. 146 (1997),
55–81. MR

[Beilinson and Drinfeld 1997] A. Beilinson and V. Drinfeld, “Quantization of Hitchin’s integrable system and Hecke eigen-
sheaves”, preprint, 1997, available at https://math.uchicago.edu/~drinfeld/langlands/QuantizationHitchin.pdf.

[Berthelot 1984] P. Berthelot, “Cohomologie rigide et théorie de Dwork: le cas des sommes exponentielles”, pp. 17–49 in p-adic
cohomology, Astérisque 119-120, Soc. Math. France, Paris, 1984. MR

[Berthelot and Ogus 1978] P. Berthelot and A. Ogus, Notes on crystalline cohomology, Princeton Univ. Press, 1978. MR

[Beukers and Heckman 1989] F. Beukers and G. Heckman, “Monodromy for the hypergeometric function n Fn−1”, Invent. Math.
95:2 (1989), 325–354. MR

[Castaño Domínguez and Sevenheck 2021] A. Castaño Domínguez and C. Sevenheck, “Irregular Hodge filtration of some
confluent hypergeometric systems”, J. Inst. Math. Jussieu 20:2 (2021), 627–668. MR

[Castaño Domínguez et al. 2019] A. Castaño Domínguez, T. Reichelt, and C. Sevenheck, “Examples of hypergeometric twistor
D-modules”, Algebra Number Theory 13:6 (2019), 1415–1442. MR

[Deligne 2007a] P. Deligne, “Théorie de Hodge irrégulière (version originelle)”, pp. 109–114 in Singularités irrégulières:
correspondance et documents, Doc. Math. (Paris) 5, Soc. Math. France, Paris, 2007.

[Deligne 2007b] P. Deligne, “Théorie de Hodge irrégulière (août 2006)”, pp. 115–128 in Singularités irrégulières: correspon-
dance et documents, Doc. Math. (Paris) 5, Soc. Math. France, Paris, 2007.

[Drinfeld and Kedlaya 2017] V. Drinfeld and K. S. Kedlaya, “Slopes of indecomposable F-isocrystals”, Pure Appl. Math. Q.
13:1 (2017), 131–192. MR

[Dwork 1974] B. Dwork, “Bessel functions as p-adic functions of the argument”, Duke Math. J. 41 (1974), 711–738. MR

[Esnault et al. 2017] H. Esnault, C. Sabbah, and J.-D. Yu, “E1-degeneration of the irregular Hodge filtration”, J. Reine Angew.
Math. 729 (2017), 171–227. MR

[Fedorov 2018] R. Fedorov, “Variations of Hodge structures for hypergeometric differential operators and parabolic Higgs
bundles”, Int. Math. Res. Not. 2018:18 (2018), 5583–5608. MR

[Fresán et al. 2022] J. Fresán, C. Sabbah, and J.-D. Yu, “Hodge theory of Kloosterman connections”, Duke Math. J. 171:8
(2022), 1649–1747. MR

[Fulton 1993] W. Fulton, Introduction to toric varieties, Ann. of Math. Stud. 131, Princeton Univ. Press, 1993. MR

https://doi.org/10.2307/2374611
https://doi.org/10.2307/2374611
http://msp.org/idx/mr/900037
https://doi.org/10.2307/1971424
https://doi.org/10.2307/1971424
http://msp.org/idx/mr/1014928
https://doi.org/10.1007/BF01459269
http://msp.org/idx/mr/1119948
https://doi.org/10.1515/crll.1993.443.151
http://msp.org/idx/mr/1241131
https://doi.org/10.1017/S0027763000006218
http://msp.org/idx/mr/1460954
https://math.uchicago.edu/~drinfeld/langlands/QuantizationHitchin.pdf
https://math.uchicago.edu/~drinfeld/langlands/QuantizationHitchin.pdf
http://www.numdam.org/item/AST_1984__119-120__17_0
http://msp.org/idx/mr/773087
https://www.jstor.org/stable/j.ctt130hk6f
http://msp.org/idx/mr/491705
https://doi.org/10.1007/BF01393900
http://msp.org/idx/mr/974906
https://doi.org/10.1017/S1474748019000288
https://doi.org/10.1017/S1474748019000288
http://msp.org/idx/mr/4223435
https://doi.org/10.2140/ant.2019.13.1415
https://doi.org/10.2140/ant.2019.13.1415
http://msp.org/idx/mr/3994570
https://doi.org/10.4310/PAMQ.2017.v13.n1.a5
http://msp.org/idx/mr/3858017
http://projecteuclid.org/euclid.dmj/1077310734
http://msp.org/idx/mr/387281
https://doi.org/10.1515/crelle-2014-0118
http://msp.org/idx/mr/3680374
https://doi.org/10.1093/imrn/rnx044
https://doi.org/10.1093/imrn/rnx044
http://msp.org/idx/mr/3862114
https://doi.org/10.1215/00127094-2021-0036
http://msp.org/idx/mr/4432013
https://doi.org/10.1515/9781400882526
http://msp.org/idx/mr/1234037


2514 Yichen Qin and Daxin Xu

[Hotta et al. 2008] R. Hotta, K. Takeuchi, and T. Tanisaki, D-modules, perverse sheaves, and representation theory, Progr. Math.
236, Birkhäuser, Boston, MA, 2008. MR

[Kamgarpour and Yi 2021] M. Kamgarpour and L. Yi, “Geometric Langlands for hypergeometric sheaves”, Trans. Amer. Math.
Soc. 374:12 (2021), 8435–8481. MR

[Kamgarpour et al. 2023] M. Kamgarpour, D. Xu, and L. Yi, “Hypergeometric sheaves for classical groups via geometric
Langlands”, Trans. Amer. Math. Soc. 376:5 (2023), 3585–3640. MR

[Katz 1990] N. M. Katz, Exponential sums and differential equations, Ann. of Math. Stud. 124, Princeton Univ. Press, 1990.
MR

[Kontsevich and Soibelman 2011] M. Kontsevich and Y. Soibelman, “Cohomological Hall algebra, exponential Hodge structures
and motivic Donaldson–Thomas invariants”, Commun. Number Theory Phys. 5:2 (2011), 231–352. MR

[Martin 2021] N. Martin, “Middle multiplicative convolution and hypergeometric equations”, J. Singul. 23 (2021), 194–204.
MR

[Mazur 1972] B. Mazur, “Frobenius and the Hodge filtration”, Bull. Amer. Math. Soc. 78 (1972), 653–667. MR

[Miyatani 2020] K. Miyatani, “p-adic generalized hypergeometric equations from the viewpoint of arithmetic D-modules”,
Amer. J. Math. 142:4 (2020), 1017–1050. MR

[Mochizuki 2025] T. Mochizuki, “Rescalability of integrable mixed twistor D-modules”, pp. 13–207 in Perspectives on four
decades of algebraic geometry, II, edited by A. Albano et al., Progr. Math. 352, Springer, 2025.

[Qin 2024] Y. Qin, “Hodge numbers of motives attached to Kloosterman and Airy moments”, J. Reine Angew. Math. 808 (2024),
143–192. MR

[Sabbah 2010] C. Sabbah, “Fourier–Laplace transform of a variation of polarized complex Hodge structure, II”, pp. 289–347 in
New developments in algebraic geometry, integrable systems and mirror symmetry (Kyoto, 2008), edited by M.-H. Saito et al.,
Adv. Stud. Pure Math. 59, Math. Soc. Japan, Tokyo, 2010. MR

[Sabbah 2018] C. Sabbah, Irregular Hodge theory, Mém. Soc. Math. Fr. (N.S.) 156, Soc. Math. France, Paris, 2018. MR

[Sabbah and Yu 2015] C. Sabbah and J.-D. Yu, “On the irregular Hodge filtration of exponentially twisted mixed Hodge
modules”, Forum Math. Sigma 3 (2015), e9. MR

[Sabbah and Yu 2019] C. Sabbah and J.-D. Yu, “Irregular Hodge numbers of confluent hypergeometric differential equations”,
Épijournal Géom. Algébrique 3 (2019), art. id. 7. MR

[Sabbah and Yu 2023] C. Sabbah and J.-D. Yu, “Hodge properties of Airy moments”, Tunis. J. Math. 5:2 (2023), 215–271. MR

[Saito 1990] M. Saito, “Mixed Hodge modules”, Publ. Res. Inst. Math. Sci. 26:2 (1990), 221–333. MR

[Simpson 1990] C. T. Simpson, “Harmonic bundles on noncompact curves”, J. Amer. Math. Soc. 3:3 (1990), 713–770. MR

[Sperber 1977] S. Sperber, “p-adic hypergeometric functions and their cohomology”, Duke Math. J. 44:3 (1977), 535–589. MR

[Wan 1993] D. Q. Wan, “Newton polygons of zeta functions and L functions”, Ann. of Math. (2) 137:2 (1993), 249–293. MR

[Wan 2004] D. Wan, “Variation of p-adic Newton polygons for L-functions of exponential sums”, Asian J. Math. 8:3 (2004),
427–471. MR

[Yu 2014] J.-D. Yu, “Irregular Hodge filtration on twisted de Rham cohomology”, Manuscripta Math. 144:1-2 (2014), 99–133.
MR

[Zhu 2017] X. Zhu, “Frenkel–Gross’ irregular connection and Heinloth–Ngô–Yun’s are the same”, Selecta Math. (N.S.) 23:1
(2017), 245–274. MR

Communicated by Hélène Esnault
Received 2024-05-10 Revised 2024-10-14 Accepted 2024-12-05

yichenqin@fudan.edu.cn School of Mathematical Sciences, Fudan University, Shanghai, China

daxin.xu@amss.ac.cn Morningside Center of Mathematics and State Key Laboratory of
Mathematical Sciences, Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, Beijing, China

mathematical sciences publishers msp

https://doi.org/10.1007/978-0-8176-4523-6
http://msp.org/idx/mr/2357361
https://doi.org/10.1090/tran/8509
http://msp.org/idx/mr/4337918
https://doi.org/10.1090/tran/8848
https://doi.org/10.1090/tran/8848
http://msp.org/idx/mr/4577342
https://doi.org/10.1515/9781400882434
http://msp.org/idx/mr/1081536
https://doi.org/10.4310/CNTP.2011.v5.n2.a1
https://doi.org/10.4310/CNTP.2011.v5.n2.a1
http://msp.org/idx/mr/2851153
https://doi.org/10.5427/jsing.2021.23k
http://msp.org/idx/mr/4317675
https://doi.org/10.1090/S0002-9904-1972-12976-8
http://msp.org/idx/mr/330169
https://doi.org/10.1353/ajm.2020.0030
http://msp.org/idx/mr/4124114
https://doi.org/10.1007/978-3-031-66234-8_2
https://doi.org/10.1515/crelle-2023-0097
http://msp.org/idx/mr/4708119
https://doi.org/10.2969/aspm/05910289
http://msp.org/idx/mr/2683213
https://doi.org/10.24033/msmf.464
http://msp.org/idx/mr/3858663
https://doi.org/10.1017/fms.2015.8
https://doi.org/10.1017/fms.2015.8
http://msp.org/idx/mr/3376737
https://doi.org/10.46298/epiga.2019.volume3.5032
http://msp.org/idx/mr/3978394
https://doi.org/10.2140/tunis.2023.5.215
http://msp.org/idx/mr/4596735
https://doi.org/10.2977/prims/1195171082
http://msp.org/idx/mr/1047415
https://doi.org/10.2307/1990935
http://msp.org/idx/mr/1040197
http://projecteuclid.org/euclid.dmj/1077312386
http://msp.org/idx/mr/476750
https://doi.org/10.2307/2946539
http://msp.org/idx/mr/1207208
https://doi.org/10.4310/ajm.2004.v8.n3.a4
http://msp.org/idx/mr/2129244
https://doi.org/10.1007/s00229-013-0642-x
http://msp.org/idx/mr/3193771
https://doi.org/10.1007/s00029-016-0238-x
http://msp.org/idx/mr/3595893
mailto:yichenqin@fudan.edu.cn
mailto:daxin.xu@amss.ac.cn
http://msp.org


Algebra & Number Theory
msp.org/ant

EDITORS

MANAGING EDITOR

Antoine Chambert-Loir
Université Paris-Diderot

France

EDITORIAL BOARD CHAIR

David Eisenbud
University of California

Berkeley, USA

BOARD OF EDITORS

Jason P. Bell University of Waterloo, Canada

Bhargav Bhatt University of Michigan, USA

Frank Calegari University of Chicago, USA

J-L. Colliot-Thélène CNRS, Université Paris-Saclay, France

Brian D. Conrad Stanford University, USA

Samit Dasgupta Duke University, USA

Hélène Esnault Freie Universität Berlin, Germany

Gavril Farkas Humboldt Universität zu Berlin, Germany

Sergey Fomin University of Michigan, USA

Edward Frenkel University of California, Berkeley, USA

Wee Teck Gan National University of Singapore

Andrew Granville Université de Montréal, Canada

Ben J. Green University of Oxford, UK

Christopher Hacon University of Utah, USA

Roger Heath-Brown Oxford University, UK

János Kollár Princeton University, USA

Michael J. Larsen Indiana University Bloomington, USA

Philippe Michel École Polytechnique Fédérale de Lausanne

Martin Olsson University of California, Berkeley, USA

Irena Peeva Cornell University, USA

Jonathan Pila University of Oxford, UK

Anand Pillay University of Notre Dame, USA

Bjorn Poonen Massachusetts Institute of Technology, USA

Victor Reiner University of Minnesota, USA

Peter Sarnak Princeton University, USA

Michael Singer North Carolina State University, USA

Vasudevan Srinivas SUNY Buffalo, USA

Shunsuke Takagi University of Tokyo, Japan

Pham Huu Tiep Rutgers University, USA

Ravi Vakil Stanford University, USA

Akshay Venkatesh Institute for Advanced Study, USA

Melanie Matchett Wood Harvard University, USA

Shou-Wu Zhang Princeton University, USA

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/ant for submission instructions.

The subscription price for 2025 is US $565/year for the electronic version, and $820/year (+$70, if shipping outside the US) for print and electronic.
Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Algebra & Number Theory (ISSN 1944-7833 electronic, 1937-0652 printed) at Mathematical Sciences Publishers, 2000 Allston Way # 59, Berkeley,
CA 94701-4004, is published continuously online.

ANT peer review and production are managed by EditFLOW® from MSP.

PUBLISHED BY

mathematical sciences publishers
nonprofit scientific publishing

http://msp.org/
© 2025 Mathematical Sciences Publishers

http://dx.doi.org/10.2140/ant
mailto:production@msp.org
http://dx.doi.org/10.2140/ant
http://msp.org/
http://msp.org/


Algebra & Number Theory
Volume 19 No. 12 2025

2307Perfectoid towers and their tilts: with an application to the étale cohomology groups of local log-regular rings
SHINNOSUKE ISHIRO, KEI NAKAZATO and KAZUMA SHIMOMOTO

2359Reduction modulo p of Noether’s problem
EMILIANO AMBROSI and DOMENICO VALLONI

2369On the Grothendieck ring of a quasireductive Lie superalgebra
MARIA GORELIK, VERA SERGANOVA and ALEXANDER SHERMAN

2409Combing a hedgehog over a field
ALEXEY ANANYEVSKIY and MARC LEVINE

2433Self-correlations of Hurwitz class numbers
ALEXANDER WALKER

2471On two definitions of wave-front sets for p-adic groups
CHENG-CHIANG TSAI

2481Irregular Hodge filtration of hypergeometric differential equations
YICHEN QIN and DAXIN XU

A
lgebra

&
N

um
ber

Theory
2025

vol19
no

12


	1. Introduction
	1.1. Application to Frobenius slopes of hypergeometric sums
	1.2. Strategy of proof
	1.3. Organization of this article

	2. Hypergeometric connections
	2.1. Review of hypergeometric connections following [Katz 1990]
	2.2. The Newton polytope of a Laurent polynomial
	2.3. Geometric interpretations
	2.4. Explicit cyclic vectors for hypergeometric connections

	3. Irregular Hodge filtration of hypergeometric connections
	3.1. Exponential mixed Hodge structures
	3.1.1. Objects of EMHS attached to regular functions
	3.1.2. Irregular Hodge filtration and Newton monomial filtration
	3.1.3. The EMHS associated with hypergeometric connections

	3.2. A basis in relative twisted de Rham cohomology
	3.3. Calculation of the irregular Hodge filtration
	3.3.1. Proof of Theorem 3.3.3
	3.3.2. Proof of Theorem 3.3.1


	4. Frobenius structures on hypergeometric connections and p-adic estimates
	4.1. Frobenius Newton polygon above Hodge polygon
	4.2. Frobenius slopes of hypergeometric sums: proof of Theorem 4.0.2

	Acknowledgements
	References
	
	

