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We prove the Pappas–Rapoport conjecture on the existence of canonical integral models of Shimura
varieties with parahoric level structure in the case where the Shimura variety is defined by a torus. As an
important ingredient, we show, using the Bhatt–Scholze theory of prismatic F-crystals, that there is a
fully faithful functor from G-valued crystalline representations of Gal(K/K ) to G-shtukas over Spd(OK ),
where G is a parahoric group scheme over Zp and OK is the ring of integers in a p-adic field K .
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1. Introduction

In a recent breakthrough, Pappas and Rapoport [2024] have given conditions which uniquely characterize
integral models of Shimura varieties when the level subgroup at p is parahoric. The aim of this work
is to show that integral models satisfying these conditions exist for Shimura varieties of toral type, i.e.,
those defined by a torus.

Before we go into detail, let us give some background on the study of integral models of Shimura
varieties. When the level subgroup at p of a Shimura variety is hyperspecial, it is expected that integral
models with smooth reduction at p exist; see [Langlands 1976], for example. In that case, Milne [1992]
observed that the collection of smooth integral models as the level away from p varies can be uniquely
characterized by an extension property, similar in nature to the Néron mapping property. Milne’s conjecture
was later refined by Moonen [1998], who corrected the class of test schemes to be used in the extension
property. For Shimura varieties of abelian type, smooth integral models satisfying the extension property
have been constructed by Kisin [2010]; see also work of Vasiu [1999].
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For many applications, one is primarily interested in the mod p points of a given integral model of
a Shimura variety, and it is from this interest that the necessity of a unique characterization of integral
models arises. Indeed, different integral models may, a priori, give rise to different reductions modulo p.
In order to avoid complications of this nature, one must start with a well chosen (or canonical) system of
integral models.

When the level at p is more general than hyperspecial, however, the integral models can no longer
always be expected to be smooth. Indeed, the singularities should be controlled by the associated local
models, and these are known to be smooth only when the level structure is hyperspecial, and in certain
exceptional cases, see [He et al. 2020]. This type of pathology even occurs in some simple cases, such as
the case of GL2 with Iwahori level structure, see, e.g., [Rapoport 2005, Section 1]. Without smoothness,
a characterization of integral models is not straightforward.

Pappas and Rapoport’s [2024] key observation is that Scholze’s theory of p-adic shtukas over perfectoid
spaces [Scholze and Weinstein 2020] can be extended to arbitrary Zp-schemes. When the level at p is
parahoric, the problem of characterizing integral models can be solved by requiring the existence of a
shtuka which lives over the integral model and satisfies certain properties. In the case of Hodge type
Shimura data, Pappas and Rapoport construct integral models which admit such a shtuka.

To be more precise, let (G, X) be a Shimura datum. Associated to every neat compact open subgroup
K ⊂ G(A f ) is the Shimura variety ShK(G, X), which admits a canonical model over a number field E.
Fix a parahoric subgroup Kp ⊂ G(Qp) with associated Zp-group scheme G. For the remainder of the
introduction, we will consider only subgroups K⊂ G(A f ) which can be written K= KpK

p for some neat
Kp
⊂ G(A

p
f ). Fix a place v above p, and let E be the completion of E at v. We let k denote an algebraic

closure of the residue field of E .
To simplify notation, throughout the introduction we assume the Q-split rank and the R-split rank of

G are equal; we work more generally in the body of the text. Using the work of Liu and Zhu [2017],
Pappas and Rapoport show that there exists a G-shtuka PK,E over (ShK(G, X)E)

♢ defined by the pro-étale
G(Zp)-cover

ShK′pK
p(G, X)E → ShKpKp(G, X)E (1-1)

as K′p varies over compact open subgroups of Kp. In this case, a G-shtuka P over (ShK(G, X)E)
♢ is a

functorial rule which assigns to each untilt S♯ of S and map f : S♯→ ShK(G, X)ad
E a G-shtuka (PS, φPS )

over S with one leg at S♯ in the sense of [Scholze and Weinstein 2020].
A collection of integral models (SKpKp)Kp as Kp varies over neat compact open subgroups of G(Ap

f )

is canonical in the sense of Pappas and Rapoport if:

(a) For every discrete valuation ring R of mixed characteristic (0, p),

(lim
←−−
Kp

ShK(G, X)E)(R[1/p])= (lim
←−−
Kp

SK)(R).

(b) PK,E extends to a shtuka PK over SK for every K.
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(c) For every point x ∈SK(k), there exists an isomorphism

2x : M̂int
G,bx ,µ/x0

∼
−→ (ŜK/x)

♢, (1-2)

where Mint
G,bx ,µ

denotes the corresponding integral local Shimura variety, such that PK pulls back
along 2x to the universal shtuka on M̂int

G,bx ,µ/x0
given by its definition as a moduli space of shtukas.

See Section 4.3 for a detailed explanation of these conditions and of the notation above. Pappas and
Rapoport show that a system of normal and flat integral models with finite étale transition maps satisfying
these conditions is uniquely determined, following a similar argument in Pappas’s earlier work [2023].

Our focus in this paper is on the toral case, so suppose G = T is a torus, let T = TQp , and let
Kp = T (Zp) be the unique parahoric subgroup of T (Qp) with corresponding Zp-model T . In this case,
the corresponding Shimura varieties are zero dimensional, that is,

ShK(T, X)E =
∐

Spec(Ei ), (1-3)

where each Ei is a finite extension of the local reflex field E . Then ShK(T, X)E has an obvious integral
model over OE ,

SK =

∐
Spec(OEi ),

where OEi is the ring of integers in Ei . The following is Theorem 4.10 below.

Theorem A. The collection of integral models (SK)Kp defined above is canonical in the sense of Pappas
and Rapoport.

Surprisingly, although the Shimura varieties and their integral models are quite simple, the proof of
Theorem A is not trivial. The key point is that p-adic shtukas over the v-sheaves associated to Zp-schemes
are complicated objects, and to define such an object requires some machinery.

In the case of Shimura varieties of Hodge-type, the machinery is provided by the close connection
between Shimura varieties of Hodge type and the Siegel moduli space, see [Pappas and Rapoport 2024]. In
particular, the shtuka can roughly be constructed out of the Tate module of the pull-back of the universal
abelian scheme over the Siegel space. In the toral case, we do not have access to any such moduli
description, and instead, the machinery we need is provided by the following theorem (Theorem 3.13
below), which is the key technical result of this work.

Theorem B. Let K be a complete discretely valued extension of Qp with ring of integers OK , and let G
be a parahoric group scheme over Zp. Then there is a fully faithful functor

(G-valued crystalline representations of Gal(K/K ))→ (G-shtukas over Spd(OK )).

Before we explain what goes into the proof of Theorem B, let us explain how it can be used to construct
the required shtuka. To construct a shtuka over (SK)

♢, it is enough to do so over Spd(OEi ) for each i . But
in our case, the T -valued representation of 0Ei obtained by from the pro-étale T (Zp)-local system (1-1)
is crystalline, by class field theory and the definition of the canonical model (1-3) over E , so Theorem B
provides us with such a shtuka.
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Theorem B itself has its roots in the Bhatt–Scholze theory of prismatic F-crystals [Bhatt and Scholze
2023]. The main theorem of [loc. cit.] states that, for K as in Theorem B, there is an equivalence of
categories (

prismatic F-crystals
over Spf(OK )∆

)
∼
−→

(
Zp-lattices in crystalline

representations of Gal(K/K )

)
. (1-4)

One can obtain a shtuka over Spd(OK ) from a prismatic F-crystal over Spf(OK )∆; this process is outlined
in [Pappas and Rapoport 2024, Section 4.4]. Our main innovations in this direction are twofold. First
of all, we show that the resulting functor from prismatic F-crystals to shtukas is fully faithful, which
provides a link between the two theories which may be interesting beyond the scope of this paper, see
Theorem 3.4 and Corollary 3.7. Second, we provide the group theoretic analog stated in Theorem B, see
Proposition 3.10 and Theorem 3.13.

We note that the existence of the isomorphisms (1-2) follows immediately from the theory in [Pappas
and Rapoport 2022], so the difficult part is showing that the shtukas pull back in the desired manner.
For this we exploit the functoriality in the Shimura datum to reduce to the case of the Lubin–Tate tower,
where the result essentially follows from the theory of Lubin–Tate formal groups, see Section 4.4.

In fact, our construction establishes the existence of a “prismatic realization functor” in the toral case
(using the terminology of [Imai et al. 2023]). This establishes the conjecture prismatic refinement of the
universal G-shtuka as described in [Pappas and Rapoport 2024, Section 4.4]. We remark that, subsequent
to the appearance of a first draft of this work, a prismatic realization functor was constructed in [Imai
et al. 2023] for all abelian-type Shimura varieties with hyperspecial level structure. This is used to prove
the Pappas–Rapoport conjecture in those cases.

Finally, let us briefly mention that while there is some overlap between the toral-type and Hodge-type
cases, the two situations are quite different in general. In the cases of Shimura varieties which are of both
Hodge and toral type, it follows a posteriori from Theorem A that the integral models described here
agree with those defined in [Kisin and Pappas 2018; Kisin and Zhou 2021; Pappas and Rapoport 2024],
since all of these models are canonical in the sense of Pappas and Rapoport.

1.1. Notation and conventions.

• If X is a scheme over A, and B is an A-algebra, we abbreviate X ×Spec(A) Spec(B) by X ⊗A B.

• If F is a p-adic local field, denote by Fun the maximal unramified extension of F inside of a fixed
algebraic closure F , and we denote by F̆ the completion of Fun.

• If (R, R+) is a Huber pair with R+ = R◦, we often write Spa(R) instead of Spa(R, R+).

• For any field K with fixed separable closure K , we write 0K for the absolute Galois group Gal(K/K ).

• If X is a scheme or adic space, we denote by Vect(X) the category of vector bundles on X . If
X = Spec(A) is an affine scheme we write Vect(A) instead of Vect(Spec(A)).

• For a perfect field k in characteristic p, we denote by Perfk the category of perfectoid spaces over k.
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2. Preliminaries

2.1. Recollections on shtukas. We begin by establishing notation from the theory of perfectoid spaces
and v-sheaves. We refer the reader to [Scholze and Weinstein 2020] and [Scholze 2017] for comprehensive
background. Fix a perfect field k of characteristic p.

In what follows we will work with schemes, formal schemes, and adic spaces defined over Zp and Qp.
We remark that all of the constructions below work when Zp is replaced by a complete discrete valuation
ring with perfect residue field, and we will use these constructions freely in the text below. The main
examples of interest will be the ring of integers in a finite extension of Qp or Q̆p.

We first recall the functor from [Scholze and Weinstein 2020, Section 18] associating a v-sheaf to
any adic space over Spa(Zp). If X is an adic space over Spa(Zp), X♢ is the set-valued functor on Perfk

given by

X♢(S)= {(S♯, f )}/isom.

for any S in Perfk , where S♯ is an untilt of S and f is a morphism of adic spaces f : S♯→ X . By [Scholze
and Weinstein 2020, Lemma 18.1.1], the functor X♢ defines a v-sheaf on Perfk . If X = Spa(A, A+) for
a Huber pair (A, A+), we write Spd(A, A+) for X♢, and when A+ = A◦, we write Spd(A) instead of
Spd(A, A+). If X is a formal scheme over Spf(Zp) which is locally formally of finite type, then we have
a corresponding adic space Xad defined over Spa(Zp), and we use the shorthand X♢ to mean (Xad)♢.

If X is now a scheme over Spec(Zp), we can associate to X a v-sheaf using two different methods.
For this we follow [Anschütz et al. 2022, Section 2.2]. First assume X = Spec(A) is affine. Consider the
following v-sheaves:

• Let X ⋄ be the v-sheaf over Spd(Zp) defined by assigning to S= Spa(R, R+) the set of isomorphism
classes of pairs (S♯, f ), where S♯ = Spa(R♯, R♯+) is an untilt of S over Zp and f : A→ R♯+ is a
ring homomorphism.

• Let X ♢ be the v-sheaf over Spd(Zp) defined by assigning to S=Spa(R, R+) the set of isomorphism
classes of pairs (S♯, f ) where S♯ = Spa(R♯, R♯+) is an untilt of S over Zp and f : A→ R♯ is a ring
homomorphism.

We remark that in [Pappas and Rapoport 2024], the notation (−)♦ is used in place of the small diamond
symbol (−)⋄. Both (−)♢ and (−)⋄ glue to define functors from schemes over Spec(Zp) to v-sheaves over
Spd(Zp). These functors are referred to as the “small diamond” and “big diamond” functors, respectively.
For any scheme X over Spec(Zp) there is a natural transformation

jX :X ⋄
→X ♢. (2-1)

The morphism jX is a monomorphism of X is separated over Zp, an open immersion if X is separated
and of finite type over Zp, and an isomorphism if X is proper over Zp. There are analogous constructions
for schemes over Qp, which we use freely in the text below.
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When X is separated and of finite type over Zp, we have alternative derivations for each of the two
diamond functors by passing first to one of two adic spaces over Spa(Zp) associated to X , see [Anschütz
et al. 2022, Remark 2.11]:

• Let X̂ denote the p-adic completion of X , which is a formal scheme over Spf(Zp). Then there is a
natural isomorphism

X ⋄ ∼
−→ X̂

♢
.

• Let X ad denote the fiber product X ×Spec(Zp) Spa(Zp) in the sense of [Huber 1994, Proposition 3.8].
Then there is a natural isomorphism

X ♢ ∼
−→ (X ad)♢.

For the benefit of the reader, let us spell out the construction X ad more explicitly. If

X = Spec(Zp[x1, . . . , xn]/( f1, . . . , fk)),

then

X ad
= lim
−−→

r
Spa(Zp⟨pr x1, . . . , pr xn⟩/( f1, . . . , fk)).

This is in contrast to X̂
ad, which is given by

X̂
ad
= Spa(Zp⟨x1, . . . , xn⟩/( f1, . . . , fk)).

In general, there is a morphism

X̂
ad
→X ad (2-2)

which is an open embedding when X is separated and is an isomorphism if X → Spec(Zp) is proper,
see [Huber 1994, Remark 4.6(iv)]. We can also obtain the natural transformation (2-1) by applying the
(−)♢-functor for adic spaces to (2-2).

When X is separated and of finite type over Zp, by applying base change along Spd(Zp)→ Spd(Qp)

to (2-1), we obtain an open immersion

X ⋄
×Spd(Zp) Spd(Qp) ↪→ (X )♢×Spd(Zp) Spd(Qp)= (X ×Spec(Zp) Spec(Qp))

♢,

with the last equality following from the compatibility of the functor (−)♢ with products. Following
[Pappas and Rapoport 2024, Definition 2.1.9], we can then define X ♢/ to be the coproduct

X ♢/
:=X ⋄

⊔(X ⋄×Spd(Zp )Spd(Qp)) (X ×Spec(Zp) Spec(Qp))
♢ (2-3)

as a v-sheaf on Spd(Zp). We remark that there is a natural map

X ♢/
→X ♢ (2-4)

factoring X ⋄
→X ♢, which also becomes an isomorphism when X → Spec(Zp) is proper.
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If S is a perfectoid space over k, we write S ·× Spa(Zp) for the analytic adic space defined in [Scholze
and Weinstein 2020, Proposition 11.2.1]. By the proof of [loc. cit.], S ·× Spa(Zp) is sousperfectoid, i.e.,
it is covered by rational open subsets Spa(R, R+) where R is sousperfectoid in the sense of [Scholze
and Weinstein 2020, Definition 6.3.1]. When S = Spa(R, R+) is affinoid, S ·× Spa(Zp) is given by
S ·× Spa(Zp)= Spa(W (R+))\{[ϖ ] = 0}, where ϖ is a fixed pseudouniformizer in R+ and [ϖ ] denotes
the canonical lift (ϖ, 0, 0, . . . ) ∈W (R+). Define furthermore

Y(R, R+)= Spa(W (R+))\{[ϖ ] = 0, p = 0},

which is also sousperfectoid [Kedlaya 2020, Proposition 3.6]. For any S = Spa(R, R+) in Perfk , we have
the function

κ : |S ·× Spa(Zp)| → [0,∞)

such that κ(x)= (log|[ϖ ](x̃)|)/(log|p(x̃)|), where x̃ denotes the maximal generalization of

x ∈ |S ·× Spa(Zp)|,

see [Fargues and Scholze 2021, Proposition II.1.16]. For any interval I = [a, b] ⊂ [0,∞), where a and
b are rational numbers, denote by YI (S) the open subset of S ·× Spa(Zp) corresponding to the interior
of κ−1(I ). The Frobenius homomorphism W (R+)→W (R+) induces morphisms

Y[r,∞)(S)→ Y[pr,∞)(S),

which will be denoted FrobS or, occasionally, φ.
Let S = Spa(R, R+) is in Perfk , and let S♯ = Spa(R♯, R♯+) be an untilt over S. Associated with S♯

are the de Rham period rings B+dR(R
♯) and BdR(R♯). Explicitly, if ξ is a generator of the surjective

homomorphism θ :W (R+)→ R♯+ coming from the choice of S♯, then B+dR(R
♯) is the ξ -adic completion

of W (R+)[1/p] and BdR(R♯) = B+dR(R
♯)[1/ξ ]. We note for future reference that B+dR(R

♯) is then the
completion Ô

S
·
×Zp,S♯

of S ·× Zp along the closed Cartier divisor of S ·× Zp corresponding to the untilt S♯

of S.
Now let G be a reductive group scheme over Qp, and suppose G is a parahoric Zp-model for G in the

sense of [Bruhat and Tits 1984]. Let us briefly review the definitions of G-shtukas, first over perfectoid
spaces, and then over the v-sheaf associated to a locally Noetherian adic space over Spa(Zp). Let us
note that all notions in this section have an obvious vector bundle analog, which we use freely in the text
below. We refer the reader [Scholze and Weinstein 2020] and [Pappas and Rapoport 2024] for details.

Let S = Spa(R, R+) be affinoid perfectoid space over k, and let S♯ = Spa(R♯, R♯+) be an untilt of S
over Zp. A G-shtuka over S with one leg at S♯ is a pair (P, φP), where P is a G-torsor over S ·× Spa(Zp),
and φP is a G-torsor isomorphism

φP : Frob∗S(P)
∣∣
S
·
×Spa(Zp)\S♯

∼
−→P

∣∣
S
·
×Spa(Zp)\S♯

,
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which is meromorphic along the closed Cartier divisor S♯ ⊂ S ·× Spa(Zp) in the sense of [Scholze and
Weinstein 2020, Definition 5.3.5].

If µ :Gm,Qp
→ GQp

is a G(Qp)-conjugacy class of cocharacters with field of definition E , then we
say a G-shtuka (P, φP) over S with one leg at S♯ is bounded by µ if the relative position of Frob∗(P)

and P at S♯ with respect to φP is bounded by the v-sheaf local model Mv
G,µ; see [Pappas and Rapoport

2024, Section 2.3.4] for a detailed explanation of this condition.
We will denote the pair (P, φP) simply by P when it is clear that we are speaking of the G-shtuka

and not just the G-torsor. Since untilts S♯ of S correspond to morphisms S→ Spd(Zp), we occasionally
refer to a G-shtuka with one leg at S♯ as a G-shtuka over S/ Spd(Zp), if the morphism S→ Spd(Zp)

is understood. By [Scholze and Weinstein 2020, Proposition 19.5.3], the notion of a G-shtuka can be
defined over a (not necessarily affinoid) perfectoid space S equipped with a morphism to Spd(Zp), and
G-shtukas over S/ Spd(Zp) form a stack for the v-topology.

Let R be an integral perfectoid ring in the sense of [Scholze and Weinstein 2020, Definition 17.5.1],
and let ξ be a generator of ker(θ : W (R♭)→ R). A G-Breuil–Kisin–Fargues-module over R is a pair
(P, φP) consisting of a G-torsor P over Spec(W (R♭)) together with an isomorphism

φP : φ
∗P[1/ξ ] ∼−→P[1/ξ ].

Hereafter we will refer to these as G-BKF-modules. Following [Pappas and Rapoport 2024], if
S = Spa(R, R+) is perfectoid with untilt S♯ = Spa(R♯, R♯+), then we define a G-BKF-module over S
with one leg at S♯ to be a G-BKF-module over R♯+. We note that R♯+ is integral perfectoid in this case,
see [loc. cit, Remark 2.2.3(i)].

If S = Spa(R, R+) is perfectoid with untilt S♯ = Spa(R♯, R♯+), pulling back along the morphism
Y[0,∞)(S)→ Spec(W (R+)) of locally ringed spaces determines a functor

(G-BKF-modules over S with one leg at S♯)→ (G-shtukas over S with one leg at S♯).

We say a G-BKF-module over S with one leg at S♯ is bounded by µ if the corresponding G-shtuka is
bounded by µ.

Let F be a v-sheaf over Spd(Zp). We close this section by defining shtukas over F , following [Pappas
and Rapoport 2024, Section 2.3]. Consider the slice category PerfZp /F consisting of perfectoid spaces
S over Spd(Zp) together with a map S→ F over Spd(Zp). Then there is a category ShtG fibered over
PerfZp /F whose fiber over S → F is the category of G-shtukas over S with one leg at the untilt S♯

corresponding to S→ Spd(Zp). A G-shtuka over F/Spd(Zp) is defined to be a Cartesian section of
ShtG→ PerfZp /F (in the sense of [Stacks 2005–, Tag 07IV]).

In other words, a G-shtuka over F/Spd(Zp) is a compatible collection of functors

F(S)→ (G-shtukas over S), (S♯, f ) 7→ (PS, φPS ), (2-5)

for every S in Perfk such that (P, φPS ) has one leg at S♯. Here we view F(S) as a category whose only
morphisms are the identity morphisms. To make the compatibility condition explicit, suppose P is a
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collection of functors as in (2-5). Let a : T → S be a morphism in Perfk , and let (S♯, f ) be an untilt
of S over Spa(OĔ). By the tilting equivalence, S♯ determines an untilt (T ♯, g) of T and a morphism
a♯ : T ♯

→ S♯. Then P associates to (S♯, f ) a G-shtuka (PS, φPS ) over S with one leg at S♯ and to
(T ♯, g) a G-shtuka (PT , φPT ) over T with one leg at T ♯. The collection of functors P is compatible if,
for every T and S as above, there is a natural isomorphism a∗(PS, φPS )

∼
−→ (PT , φPT ) of G-shtukas

over T with one leg at T ♯. Moreover, this collection of isomorphisms should satisfy the obvious cocycle
condition.

We denote by ShtG(F/Spd(Zp)) the category of G-shtukas over F/Spd(Zp), and by ShtG,µ(F/Spd(Zp))

the full subcategory of those bounded by µ, that is those collections P such that (P, φP) is bounded
by µ for every S ∈ Perfk . If the map F → Spd(Zp) is clear from context, we write simply ShtG(F).
Moreover, we have the analogous category of vector bundle shtukas over F/Spd(Zp), which we denote
by Sht(F/Spd(Zp)), or once again simply Sht(F) if F→ Spd(Zp) is understood. Henceforth, we will
usually refer to vector bundle shtukas simply as “shtukas”.

We close this section with a lemma which helps us determine when a G-shtuka is bounded by a
minuscule cocharacter µ. For any small v-sheaf F , let |F | denote the underlying topological space
of F as in [Scholze 2017, Proposition 12.7]. If F is defined over Spd(Zp) then, following [Pappas and
Rapoport 2024, Section 3.4], we say F is topologically flat if the topological space of its generic fiber
Fη := F ×Spd(Zp) Spd(Qp) is dense in |F |.

Lemma 2.1. Let µ :Gm,E → G E be a minuscule cocharacter defined over E. Let F be a small v-sheaf
over Spd(OE), and let P be a G-shtuka on F . If F is topologically flat, then P is bounded by µ if and
only if its restriction to Fη is bounded by µ.

Proof. Let Pη denote the pullback of P along Spd(E)→ Spd(OE). Then Pη is certainly bounded by µ
if P is, so it remains to show the converse. We will do this by proving that “boundedness by µ” is a
closed condition.

Let Perfk /Spd(Zp) denote the category of perfectoid spaces over k equipped with a morphism
to Spd(Zp) (i.e., equipped with an untilt), and let GrG denote the Beilinson–Drinfeld Grassmannian
over Spd(Zp). If S = Spa(R, R+) is in Perfk /Spd(Zp), then GrG(S) parametrizes G torsors over
Spec(B+dR(R

♯)) along with a trivialization over Spec(BdR(R♯)) [Scholze and Weinstein 2020, Propo-
sition 20.3.2].

We define the integral local Hecke stack HkG to be the stack on Perfk /Spd(Zp) which assigns to a
perfectoid space S in Perfk /Spd(Zp) the groupoid of tuples (E1, E2, α), where E1 and E2 are G-torsors
on Spec(B+dR(R

♯)), and α is an isomorphism

α : E1[1/ξ ] ∼−→ E2[1/ξ ].

It follows from [Scholze and Weinstein 2020, Proposition 20.3.2] that HkG(S) is the quotient L+G\GrG
for the étale topology, where L+G is the group functor (R, R+) 7→ G(B+dR(R

♯)) on Perfk /Spd(Zp).
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Recall the v-sheaf local model Mv
G,µ [Scholze and Weinstein 2020, Section 21.4], which is the closure

for the v-topology of the diamond associated to the affine Schubert cell GrG,µ inside of GrG . Analogously,
we denote by HkG,µ the (left) quotient of Mv

G,µ by L+G. Since Mv
G,µ→ GrG is a closed immersion and

GrG→ HkG is a v-cover, it follows from [Scholze 2017, Proposition 10.11(i)] that HkG,µ→ HkG is a
closed immersion as well.

Associated to P we have a morphism F→HkG of v-sheaves over Spd(Zp). Indeed, given a morphism
S = Spa(R, R+)→F over Spd(Zp), we obtain a G-shtuka PS over S with one leg at S♯. We then obtain
two G-torsors on Spec(B+dR(R

♯)) by pulling back both PS and Frob∗S PS along Spec(B+dR(S
♯))→ S ·×Zp.

Since the composition Spec(BdR(S♯))→ Spec(B+dR(S
♯))→ S ·× Zp factors through S ·× Zp \ S♯, the two

G-torsors are additionally equipped with an isomorphism between their restrictions to Spec(BdR(R♯)),
and hence we obtain an object in HkG .

Define Fµ = HkG,µ×HkGF . Since HkG,µ→ HkG is a closed immersion, the same is true of Fµ→ F .
Moreover, Fµ(S) describes maps S→ F for which the corresponding shtuka PS is bounded by µ. By
assumption Fη ⊂ Fµ, so |Fµ| = |F | by topological flatness of F . Moreover, Fµ→ F is quasicompact,
since it is a closed immersion; see, e.g., [Scholze 2017, Remark 18.2]. Hence by [loc. cit., Lemma 12.11],
Fµ→ F is a surjective morphism of v-stacks, and is therefore an isomorphism. It follows that P is
bounded by µ on all of F . □

2.2. Shtukas and local systems. In this section we discuss the connection between shtukas and pro-étale
Zp-local systems as in [Pappas and Rapoport 2024, Section 2]. Let S be a perfectoid space, and let
Sproét denote the pro-étale topology for S as in [Scholze and Weinstein 2020, Definition 8.2.6]. If H is a
topological group, denote by H the sheaf for the pro-étale topology on Perfk defined by

H(S)= C0(|S|, H), (2-6)

where |S| is the topological space underlying S and C0(|S|, H) denotes the set of continuous functions
|S| → H . In particular, for any finite free Zp-module M , we have an associated pro-étale sheaf M
on Perfk . A pro-étale Zp-local system on S is a sheaf L of Zp-modules on Sproét such that L is locally
isomorphic to M for some finite free Zp-module M .

Suppose now X is a locally Noetherian adic space over Zp, and write Xproét for the pro-étale site of X
as in [Bhatt et al. 2018, Section 5.1]. We have also a notion of pro-étale Zp-local system on X . Denote by
Zp the inverse limit lim

←−−
Z/ pnZ as sheaves on Xproét. Then a pro-étale Zp-local system on X is a sheaf L of

Zp-modules on Xproét such L is locally isomorphic to Zp⊗M for some finitely generated Zp-module M .
By [Scholze 2013, Proposition 8.2], this is equivalent to the standard notion of a lisse Zp-sheaf on the
étale site Xét of X . We will denote by LocZp(X) the resulting category of pro-étale Zp-local systems
on X .

Remark 2.2. Using [Kedlaya and Liu 2015, Definition 9.1.4] we may extend the definition of the pro-étale
site for locally Noetherian adic spaces given in [Bhatt et al. 2018, Section 5.1] to arbitrary preadic spaces
(in the terminology of [Kedlaya and Liu 2015]), and in particular to perfectoid spaces. If S is a perfectoid
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space, the resulting pro-étale site differs from the site Sproét defined in [Scholze and Weinstein 2020],
but the two categories of Zp-local systems defined using the different sites are equivalent. Indeed, this
follows from the fact that descent data for finite étale morphisms over S are effective in both pro-étale
topologies. In particular, given a locally Noetherian adic space X over Zp, a pro-étale Zp-local system L

on X , and a morphism S→ X from a perfectoid space S to X , we may pull back L to a Zp-local system
on S in the sense described above.

Following [Pappas and Rapoport 2024], we define a pro-étale Zp-local system on X♢ as a compatible
system of functors

X♢(S)→ LocZp(S), (S♯, f ) 7→ LS,

for every S in Perfk . We denote the resulting category of pro-étale Zp-local systems on X♢ by LocZp(X
♢).

Let L be a pro-étale Zp-local system on X , and let S be a perfectoid space in Perfk with untilt S♯. Then
any morphism of adic spaces S♯→ X allows us to define a pro-étale Zp-local system on S by first pulling
back L to S♯ (see Remark 2.2) and then applying the tilting equivalence. This defines a functor

LocZp(X)→ LocZp(X
♢). (2-7)

Lemma 2.3. If X is an analytic adic space over Zp, the functor (2-7) is an equivalence of categories.

Proof. We use pro-étale descent to construct a quasiinverse functor. Let L be a pro-étale Zp-local system
over X♢. By [Scholze 2017, Lemma 15.3], there is a perfectoid space X̃ which provides a pro-étale cover
ψ : X̃ → X . Then (X̃ , ψ) defines a point in X♢(X̃ ♭), so L determines a pro-étale Zp-local system LX̃ ♭

over X̃ ♭, and by the tilting equivalence we obtain a pro-étale Zp-local system LX̃ on X̃ .
The fiber product X̃ ♭

×X♢ X̃ ♭ is representable by a perfectoid space over X♢. Denote by p1 and p2 the
two projection morphisms X̃ ♭

×X♢ X̃ ♭
→ X̃ ♭. Since ψ ◦ p1 = ψ ◦ p2, the transition isomorphisms for

L induce an isomorphism α♭ : p∗1(LX̃ ♭)
∼
−→ p∗2(LX̃ ♭). Applying the tilting equivalence again, we obtain

an isomorphism α : p∗1(LX̃ )
∼
−→ p∗2(LX̃ ) of pro-étale Zp-local systems on X̃ ×X X̃ , which is a pro-étale

descent datum by the cocycle condition for L. Hence we obtain a pro-étale local system LX on X via
descent. We leave it to the reader to check that this construction defines a quasiinverse to (2-7). □

Remark 2.4. One could alternatively define Zp-local systems on X♢ using the étale or quasipro-étale
site of X♢ in the sense of [Scholze 2017, Definition 14.1]. We choose the definition given above for
consistency with [Pappas and Rapoport 2024] and because it is most easily seen to be compatible with the
constructions we make below. In the end, the resulting category of Zp-local systems on X♢ is independent
of this choice. This can be seen by combining Lemma 2.3 with [Scholze 2017, Lemma 15.6] and [Mann
and Werner 2023, Proposition 3.7].

Remark 2.5. If K is a complete discretely valued extension of Qp, and X = Spa(K ,OK ), then X̃ can be
chosen as Spa(C,OC) for a complete algebraic closure C of K . In that case, LocZp(X)= RepZp

(0K ),
and, under the equivalence (2-7), evaluation on Spa(C,OC) corresponds to the forgetful functor
RepZp

(0K )→ Vect(Zp).
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Let G is a smooth affine group scheme over Zp, and let G(Zp) be the pro-étale sheaf on Perfk associated
to G(Zp) (see (2-6). Denote by TorsG(Zp)(S) the category of pro-étale G(Zp)-torsors on S as in [Scholze
and Weinstein 2020, Section 9.3].

A pro-étale G(Zp)-torsor on X♢ is a compatible system of functors

X♢(S)→ TorsG(Zp)(S), (S♯, f ) 7→ PS,

for every S in Perfk . The category LocZp(X
♢) inherits exact and tensor structures from the categories

LocZp(S) as S varies in Perfk , hence we have a Tannakian interpretation of pro-étale G(Zp)-torsors as
well. Let P be a pro-étale G(Zp)-torsor over X♢, and let ρ : G→ GL(3) be an algebraic representation
of G on a finite Zp-module 3. For every (S♯, f ) ∈ X♢(S), we obtain a pro-étale Zp-local system

Lρ := PS ×
G(Zp)3S

on S. In other words, Lρ is the quotient of PS ×3S by the G(Zp)-action g · (p, λ)= (pg−1, gλ).
Let RepZp

(G) denote the category of algebraic representations ρ : G→GL(3) of G on finite projective
Zp-modules 3. Thus, from a pro-étale G(Zp)-torsor P we obtain an exact Zp-linear tensor functor

ωP : RepZp
(G)→ LocZp(X

♢), (3, ρ) 7→ Lρ . (2-8)

Lemma 2.6. The assignment P 7→ ωP determines an equivalence of categories between TorsG(Zp)(X
♢)

and the category of exact Zp-linear tensor functors RepZp
(G)→ LocZp(X

♢).

Proof. By functoriality of the construction, it is enough to show that if S is in Perfk , then the cate-
gory of pro-étale G(Zp)-torsors on S♢ is equivalent to the category of exact Zp-linear tensor functors
RepZp

(G)→ LocZp(S
♢). For such an S, we have LocZp(S

♢)= LocZp(S), and the result follows from the
proof of [Scholze and Weinstein 2020, Proposition 22.6.1]. Let us explain.

Denote by ω0 the exact Zp-linear tensor functor RepZp
(G) → LocZp(S) given by (3, ρ) 7→ 3S .

If ω is another exact Zp-linear tensor functor ω : RepZp
(G) → LocZp(S), define a pro-étale sheaf

Pω = Isom⊗(ω0, ω) classifying tensor isomorphisms between ω0 and ω. That is, the points of Pω in
T → S are given by isomorphisms of tensor functors ω0,T → ωT , where the subscript (−)T indicates
that we compose the given tensor functor with pullback LocZp(S) → LocZp(T ). Similarly, define
Aut⊗(ω0)= Isom⊗(ω0, ω0).

The natural action of G(Zp) on ω0 determines morphism of pro-étale sheaves G(Zp)→ Aut⊗(ω0),
which can be seen to be an isomorphism by reducing to the case where S is strictly totally disconnected
and applying ordinary Tannakian duality. Thus we obtain an action of G(Zp) on Pω by precomposition.
The arguments of [Scholze and Weinstein 2020, Proposition 22.6.1] imply that ω is pro-étale locally
isomorphic to ω0, and therefore that Pω is a pro-étale G(Zp)-torsor. We conclude by noting that P 7→ ωP

and ω 7→ Pω determine mutually quasiinverse functors. □

In the remainder of this section we explain how to assign a Zp-local system to a shtuka over a v-sheaf,
following [Pappas and Rapoport 2024, Section 2.4] and [Scholze and Weinstein 2020, Chapter 22]. Let
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S = Spa(R, R+) be an affinoid perfectoid space over k with an untilt S♯ = Spa(R♯, R♯+) over OĔ , and
suppose S♯ has the property that the corresponding morphism S→ Spd(OE) factors through Spd(E).
Consider the integral Robba ring, as in [Kedlaya and Liu 2015, Definition 4.2.2] and [Scholze and
Weinstein 2020, Section 22.3],

R̃int
S := lim

−−→
r>0

H 0(Y[0,r ](S),OY[0,r ](S)). (2-9)

This ring carries a natural Frobenius morphism, which is compatible with that of S ·× Zp.
Now let (V , φV ) be a (vector bundle) shtuka over S with one leg at S♯. For any r > 0 with the property

that Y[0,r ](S)⊂ S ·× Zp \ S♯, we obtain by restriction of (V , φV ) a φ−1-module on Y[0,r ](S). Note that
such an r is guaranteed to exist because we have taken the untilt S♯ to live over E . Passing to the limit,
we obtain a φ-module

lim
−−→
r>0

H 0(Y[0,r ](S),V )

over R̃int
S . By [Kedlaya and Liu 2015, Theorems 8.5.3 and 9.3.7], such an object is equivalent to a Zp-local

system on S. This construction defines a functor

(shtukas over S with one leg at S♯)→ LocZp(S). (2-10)

Let us return to the notation of the previous section, so G is a reductive group scheme over Qp and G is
a parahoric Zp-model for G. Let (P, φP) be a shtuka over S with one leg at S♯. Applying the Tannakian
formalism to (2-10), we obtain a functor

(G-shtukas on S with one leg at S♯)→ TorsG(Zp)(S). (2-11)

Since these constructions are functorial in S, they extend to functors for shtukas over v-sheaves
associated to adic spaces.

2.3. Crystalline representations and prismatic F-crystals. Let K be a complete discretely valued exten-
sion of Qp with ring of integers OK and perfect residue field k. Fix an algebraic closure K of K , and let
0K = Gal(K/K ) be the absolute Galois group of K . Denote by C the completion of K , and by OC its
ring of integers.

Let RepZp
(0K ) denote the category of finite free Zp-modules 3 equipped with a continuous action

of 0K , and let Repcrys
Zp
(0K ) denote the full subcategory of RepZp

(0K ) consisting of those representations
such that 3[1/p] is crystalline. In this section we describe a method for obtaining a vector bundle shtuka
over Spd(OK ) from a representation in Repcrys

Zp
(0K ). This method relies on the description of Repcrys

Zp
(0K )

as the category of prismatic F-crystals on Spf(OK )∆ given in [Bhatt and Scholze 2023]. For background
on prisms and prismatic F-crystals we refer the reader to [Bhatt and Scholze 2022; 2023].

Let X be a p-adic formal scheme. The absolute prismatic site of X , denoted X∆, is the site whose
underlying category consists of the opposite category of the category of pairs ((A, I ), x), where (A, I ) is
a bounded prism and x : Spf(A/I )→ X is a map of formal schemes, and whose topology is given by the
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flat topology on prisms. Here we say a morphism of prisms (A, I )→ (B, I B) is (faithfully) flat if the
ring homomorphism A→ B is (p, I )-completely (faithfully) flat, that is, B/(p, I )B is (faithfully) flat
over A/(p, I ), and TorA

i (A/(p, I ), B)= 0 for all i > 0.

Remark 2.7. If (A, I )→ (B, I B) is a (faithfully) flat morphism of prisms, the induced maps

A/(p, I )n→ B/(p, I )n B

are (faithfully) flat for every n. Indeed, flatness follows from [Stacks 2005–, Tag 051C], and then faithful
flatness follows by induction since the maps A/(p, I )n→ A/(p, I )n−1 are nilpotent thickenings.

If ((A, I ), x) is an object in the underlying category of X∆, we will sometimes say that (A, I ) is a
prism over X . The site X∆ is naturally equipped with a structure sheaf O∆ : ((A, I ), x) 7→ A and an ideal
sheaf I∆ : ((A, I ), x) 7→ I .

Following [Bhatt and Scholze 2023], we write Vectϕ(X∆,O∆) for the category of prismatic F-crystals
on X∆. This is the category of pairs (E, ϕE) consisting of a vector bundle E on the ringed site (X∆,O∆)

along with an isomorphism ϕE : ϕ
∗E[1/I∆]

∼
−→ E[1/I∆]. By [Bhatt and Scholze 2023, Proposition 2.7],

a prismatic F-crystal (E, ϕE) is given concretely by the following data: For every for every object
x̃ = ((A, I ), x) in X∆, (E, ϕE) determines a pair (EA, ϕEA) consisting of a vector bundle EA on Spec(A)
along with an isomorphism

ϕEA : ϕ
∗

A(EA)
∣∣
Spec(A[1/I ])

∼
−→ EA

∣∣
Spec(A[1/I ]).

These come equipped with transition isomorphisms

θ f : EA⊗A B ∼
−→ EB,

which are compatible with Frobenius, for every morphism f : ((A, I ), x)→ ((B, J ), y) in X∆. Moreover
the collection {θ f } satisfies the obvious cocycle condition.

As in [Bhatt and Scholze 2023], we write O∆[1/I∆] for the sheaf of rings (A, I ) 7→ A[1/I ], and we
define O∆[1/I∆]

∧
p to be

O∆[1/I∆]
∧

p := lim
←−−

n
O∆[1/I∆]/pnO∆[1/I∆].

Let Vect(X∆,O∆[1/I∆]
∧
p)
ϕ=1 denote the category of Laurent F-crystals on X∆. This is the category

of pairs (E, ϕE) consisting of a vector bundle E on the ringed site (X∆,O∆[1/I∆]
∧
p) along with an

isomorphism ϕE : ϕ
∗E ∼
−→ E . These admit a similar concrete description as in the case of prismatic

F-crystals. Let Xη be the adic space generic fiber of X (with respect to Zp), and let LocZp(X♢
η ) be

the category of Zp-local systems on X♢
η . By Artin–Schreier theory (see [Bhatt and Scholze 2023,

Corollary 3.8]), there is a natural equivalence of categories

Vect(X∆,O∆[1/I∆]
∧

p)
ϕ=1 ∼
−→ LocZp(Xη) (2-12)

for any bounded p-adic formal scheme X .
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Suppose now X = Spf(OK ). Then the right-hand side of (2-12) identifies with RepZp
(0K ), and the

functor (2-12) is given by
E 7→ E(W (O♭

C), ker(θ))ϕ=1, (2-13)

where C is the p-adic completion of K , and the 0K -action on the right-hand side is induced by functoriality
and the prismatic crystal property.

Via base change O∆→O∆[1/I∆]
∧
p , we obtain a functor

T : Vectϕ(Spf(OK )∆,O∆)→ Vect(Spf(OK )∆,O∆[1/I∆]
∧

p)
ϕ=1 ∼
−→ RepZp

(0K ),

called the étale realization functor. By [Bhatt and Scholze 2023, Proposition 5.3], if (E, ϕE) is a prismatic
F-crystal on Spf(OK )∆, then T (E)[1/p] is a crystalline 0K -representation. The following is the main
theorem of [loc. cit.].

Theorem 2.8 (Bhatt and Scholze). The étale realization functor

T : Vectϕ(Spf(OK )∆,O∆)→ Repcrys
Zp
(0K )

is an equivalence of tensor categories.

Proof. That T is an equivalence is [loc. cit., Theorem 5.6]. Moreover, that T is compatible with tensor
products follows from its definition and the description (2-13) of the equivalence (2-12). We conclude
using the fact that a tensor functor which is an equivalence of categories is necessarily an equivalence of
tensor categories [Saavedra Rivano 1972, I, 4.4]. □

We denote the quasiinverse tensor functor for T by

U : Repcrys
Zp
(0K )

∼
−→ Vectϕ(Spf(OK )∆,O∆). (2-14)

3. Prismatic F-crystals and shtukas

3.1. From prismatic F-crystals to shtukas. In this section we describe a process for obtaining shtukas
from prismatic F-crystals, with the goal of defining a G-shtuka over Spd(OK ) from a G-valued crystalline
representation of 0K .

Let X be a formal scheme which is finite type over Zp. Following some ideas from [Pappas and
Rapoport 2024, Section 4.4], we can associate to any prismatic F-crystal (E, ϕE) over X∆ a shtuka
(V , φV ) over X♢. For simplicity, suppose X = Spf(A) is affine. Let S = Spa(R, R+) be an affinoid
perfectoid space over k, and let (S♯, x) ∈ X♢(S) with S♯ = Spa(R♯, R♯+). Then x determines a ring
homomorphism A→ R♯+, and therefore a map of formal schemes Spf(R♯+)→ Spf(A), which we denote
also by x . Since the map θ : W (R+)→ R♯+ is surjective, and the pair (W (R+), ker(θ)) is a bounded
prism, we obtain an object

x̃ = ((W (R+), ker(θ)), x : Spf(R♯+)→ Spf(A))

in X∆.
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Evaluating (E, ϕE) on x̃ , we obtain a BKF-module (EW (R+), ϕEW (R+)
) on S with one leg at S♯. By

pulling this back along the morphism of locally ringed spaces

Y[0,∞)(S)→ Spa(W (R+))→ Spec(W (R+)),

this BKF-module induces a shtuka (VS, φVS ) over S with one leg at S♯. The compatibility isomorphisms
coming from the prismatic F-crystal induce isomorphisms of the corresponding shtukas, hence the
assignment

(S♯, x) ∈ X♢(S) 7→ (VS, φVS ) (3-1)

determines a shtuka (V , φV ) over X♢/Spd(Zp).

Definition 3.1. The shtuka (V , φV ) over X♢/Spd(Zp) defined by (3-1) is the shtuka associated to the
prismatic F-crystal (E, ϕE).

Let us return to the notation of the previous section: Let K denote a complete discretely valued extension
of Qp with perfect residue field k, and let OK be its ring of integers. Let C denote the completion of K .

We have a functor

Sht(Spd(K ))→ Vect(Spf(OK )∆,O∆[1/I∆]
∧

p)
ϕ=1 (3-2)

which factorizes the base change

Vectϕ(Spf(OK )∆,O∆)→ Vect(Spf(OK )∆,O∆[1/I∆]
∧

p)
ϕ=1

along O∆→ O∆[1/I∆]
∧
p . To construct this functor, first note that by [Scholze 2017, Example 11.12],

there is a natural isomorphism

Spd(C)×Spd(K ) Spd(C) ∼−→ Spd(C0(0K ,C),C0(0K ,OC)).

For brevity, let C̃ = C0(0K ,C) and C̃+ = C0(0K ,OC). Let p1, p2 : C♭
→ C̃♭ be the two morphisms

which induce the projections Spd(C)×Spd(K )Spd(C)→ Spd(C). Then Vect((Spf(OK )∆,O∆[1/I∆]
∧
p)
ϕ=1

can be interpreted as the category of W (C♭)-modules N equipped with a Frobenius ϕN : ϕ
∗N ∼
−→ N and

an isomorphism

βN : N ⊗W (C♭),p1 W (C̃♭) ∼−→ N ⊗W (C♭),p2 W (C̃♭), (3-3)

which is compatible with the Frobenius on both sides. For this description see, for example, [Wu 2021,
Proof of Theorem 5.6].

Now let V be a shtuka over Spd(K ). The evaluation of V on Spa(C,OC) can be pulled back along
Spa(W (C♭))→ Spa(C♭,O♭

C)
·
×Zp to obtain a ϕ-module N over W (C♭). Furthermore, since V is defined

over Spd(K ), it is equipped with a descent datum αV : p∗1VSpa(C♭)
∼
−→ p∗2VSpa(C♭) over Spd(C̃, C̃+). By

pulling back this descent datum along W (C̃♭)→ Spa(C̃♭, C̃♭+)
·
× Zp, we obtain an isomorphism βN as

in (3-3).
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Lemma 3.2. The composition of functors

Sht(Spd(K )) (2-10)
−−→ LocZp(Spd(K )) (2-7)

−−→ LocZp(Spa(K )) (3-4)

is naturally isomorphic to the composition

Sht(Spd(K )) (3-2)
−−→ Vect(Spf(OK )∆,O∆[1/I∆]

∧

p)
ϕ=1 (2-12)
−−→ LocZp(Spa(K )). (3-5)

Proof. Let V be a shtuka on Spd(K ). Denote by L and L′ the Zp-local systems defined by (3-4) and (3-5),
respectively. By pro-étale descent, it is enough to show that L and L′ are isomorphic over Spa(C),
compatibly with their descent data from Spa(C̃, C̃+).

Following the notation above the statement of the lemma, let N denote the ϕ-W (C♭)-module obtained
from pulling back the evaluation of V on Spa(C,OC) to W (C♭). Then both LSpa(C) and L′Spa(C) are given
by the finite free Zp-module Nϕ=1. Indeed, that LSpa(C) is obtained in this way follows from the fact that
the functor from φ-modules over the integral Robba ring R̃int to Zp-local systems factors through the
base extension functor R̃int

→ W (C♭), see [Kedlaya and Liu 2015, Theorem 8.5.3] and [Scholze and
Weinstein 2020, Theorem 12.3.4]. That L′Spa(C) is obtained this way follows from the definitions of (3-2)
and (2-12), see (2-13).

It remains to check that the pro-étale descent data are the same. First recall the isomorphism βN as
in (3-3), which defines the Laurent F-crystal associated to V . This is an isomorphism in the category
Vect(W (C̃♭))ϕ=1. By Artin–Schreier theory (see, e.g., [Kedlaya and Liu 2015, Proposition 3.2.7]) and
tilting, Vect(W (C̃♭))ϕ=1 is equivalent to LocZp(Spa(C̃)), and the descent datum for L′ is obtained by
passing βN through this equivalence.

On the other hand, the descent datum for L is obtained by applying the functor Sht(Spd(C̃)) →
LocZp(Spd(C̃)) from (2-10) to the descent datum of shtukas αV associated to V . Explicitly, we first
obtain from αV an isomorphism of φ-modules over R̃int

C̃♭
, which induces an isomorphism of Zp-local

systems on Spa(C̃) by [Kedlaya and Liu 2015, Theorem 8.5.3] and tilting. But once again the equivalence
in [loc. cit., Theorem 8.5.3] factors through base change along R̃int

C̃♭
→W (C̃♭), and the isomorphism of

φ-modules over W (C♭) obtained from αV in this way is equal to βN . Hence the descent datum for L is
obtained from βN as well, and the result follows. □

Consider now the composition of functors

Repcrys
Zp
(0K )→ Sht(Spd(OK ))→ Sht(Spd(K ))→ LocZp(Spd(K )) ∼−→ RepZp

(0K ). (3-6)

Here the first arrow is obtained by composing U (see (2-14)) with the functor from Definition 3.1, the
second arrow is restriction, the third arrow is induced by (2-10), and the fourth arrow is the equivalence
from Lemma 2.3.

Lemma 3.3. The composition (3-6) is naturally isomorphic to the inclusion

Repcrys
Zp
(0K ) ↪→ RepZp

(0K ).
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Proof. By Lemma 3.2, (3-6) can be rewritten as

Repcrys
Zp
(0K )→ Sht(Spd(K ))→ Vect(Spf(OK )∆,O∆[1/I∆]

∧

p)
ϕ=1 ∼
−→ RepZp

(0K ). (3-7)

In turn, the composition

Vectϕ(Spf(OK )∆,O∆)→ Sht(Spd(K ))→ Vect(Spf(OK )∆,O∆[1/I∆]
∧

p)
ϕ=1 (3-8)

is isomorphic to base change along O∆→ O∆[1/I∆]
∧
p . But this base change composed with the final

arrow in (3-8) defines T , so (3-6) is given by T ◦U , which is naturally isomorphic to the identity. □

Theorem 3.4. The functor

Repcrys
Zp
(0K )→ Sht(Spd(OK )), (3-9)

defined by composing the equivalence from Theorem 2.8 with the functor from Definition 3.1, is fully
faithful.

Proof. Fix a uniformizer π of OK , and let (π1/pn
)n be a compatible system of pn-th roots of π inside K .

Write K∞ for the perfectoid field given by the p-adic completion of
⋃

n K (π1/pn
). Consider the functor

Repcrys
Zp
(0K )→ Sht(Spd(OK ))→ Sht(Spa(K ♭

∞
,O♭

K∞))→ RepZp
(0K∞)

given by postcomposing (3-9) with evaluation on K∞ and the functor (2-10). By Lemma 3.3, this
composition is isomorphic to the restriction functor Repcrys

Zp
(0K )→ RepZp

(0K∞), so the composition is
fully faithful by [Kisin 2006, Corollary 2.1.14]. Hence it remains only to show the functor

Sht(Spd(OK ))→ RepZp
(0K∞) (3-10)

is faithful. In turn, it is enough to show the composition of (3-10) with the forgetful functor RepZp
(0K∞)→

Vect(Zp) is faithful. But this composition factors as

Sht(Spd(OK ))→ Sht(Spd(OC))→ Sht(Spa(C♭,O♭
C))→ Vect(Zp), (3-11)

where C is the completion of the algebraic closure K of K . The first arrow in (3-11) is faithful since
Spd(OC)→ Spd(OK ) is a v-cover (see [Scholze and Weinstein 2020, Lemma 18.1.2]), the second is
faithful by [Pappas and Rapoport 2024, Theorem 2.7.6], and the third is faithful by Fargues’s theorem
[Scholze and Weinstein 2020, Theorem 14.1.1]. □

Remark 3.5. The idea of the proof of Theorem 3.4 follows the ideas of [Pappas and Rapoport 2024,
Proposition 2.2.17, arXiv v2]. Note, however, that the construction given in Example 2.2.16 of [loc. cit.]
does not work as written, and the proposition was removed from subsequent versions.

Remark 3.6. It is not hard to see that the functor (3-9) is faithful, since U is fully faithful and the functor
from Definition 3.1 is essentially given by restriction to perfectoid objects. The difficulty lies in proving
it is full. Indeed, a priori one needs descent data to recover the morphism of prismatic F-crystals from
the morphism of shtukas, but OC⊗̂OK OC is only quasiregular semiperfectoid, not perfectoid.

https://arxiv.org/pdf/2106.08270v2.pdf
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Corollary 3.7. The functor

Vectϕ((Spd(OK ))∆,O∆)→ Sht(Spd(OK ))

from Definition 3.1 is fully faithful. □

3.2. G(Z p)-valued crystalline representations and G-shtukas. In this section we define a Tannakian
variant of the construction from the previous section. Let K and OK be as in the previous section, and
assume moreover that the residue field k of K is either finite or algebraically closed. Let G be a smooth
group scheme over Zp with connected fibers and generic fiber G = G⊗Zp Qp.

Definition 3.8. A G-valued crystalline representation of 0K is an exact Zp-linear tensor functor

α : RepZp
(G)→ Repcrys

Zp
(0K ).

We denote the category of G-valued crystalline representations of 0K by G-Repcrys
Zp
(0K ).

Remark 3.9. Let α be a G-valued crystalline representation of 0K . Then, by Lemma 2.6, the composition

RepZp
(G) α
−→ Repcrys

Zp
(0K ) ↪→ RepZp

(0K )
∼
−→ LocZp(Spd K )

is pro-étale locally trivial. It follows from this and Remark 2.5 that the composition of α with the forgetful
functor Repcrys

Zp
(0K )→ Vect(Zp) yields the forgetful functor RepZp

(G)→ Vect(Zp).

The following is the main result in this section. Let D× = Spec(W (k))[[u]] \ {(p, u)}. In the following
proposition we will assume that all G-torsors over D× are trivial. This is the case when G is parahoric by
Anschütz’s theorem, [Anschütz 2022, Corollary 1.2].

Proposition 3.10. Suppose G is a smooth group scheme over Zp with connected fibers and with the
property that every G-torsor over D× is trivial. Then for every G-valued crystalline representation α
of 0K , the functor

U ◦α : RepZp
(G)→ Vectϕ(Spf(OK )∆,O∆)

is an exact Zp-linear tensor functor.

Proof. Let α be a G-valued crystalline representation of 0K , and suppose (A, I ) is a prism over Spf(OK ).
Define ωαA to be the composition of functors

ωαA : RepZp
(G) α
−→ Repcrys

Zp
(0K )

U
−→ Vectϕ(Spf(OK )∆,O∆)→ Vect(A), (3-12)

where the final arrow is given by the composition of evaluation on ((A, I ),Spf(A/I )→ Spf(OK )) and
the forgetful functor Vectϕ(A)→ Vect(A). It is enough to prove that ωαA is an exact Zp-linear tensor
functor for every prism (A, I ) over Spf(OK ).

By Theorem 2.8, to show that ωαA is a tensor functor, we need only show that evaluation

Vect(Spf(OK )∆,O∆)→ Vect(A)
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is a tensor functor. In general, if E1 and E2 are two prismatic crystals, then their tensor product E1⊗O∆ E2

is the sheaf associated to the presheaf (B, J ) 7→ E1(B)⊗B E2(B). But this is already a sheaf for the
faithfully flat topology on prisms by the crystal properties of E1 and E2 combined with the sheaf property
of O∆ and the flatness of Ei (B).

It remains to show that ωαA is exact. We first show this for the Breuil–Kisin prism. Let S=W (k)[[u]].
By choosing a uniformizer π ∈OK we obtain a surjection θK :S→OK by sending u to π , and the kernel
of this map is generated by an Eisenstein polynomial E(u). The ring S becomes a δ-ring in the sense of
[Bhatt and Scholze 2022] when we extend the Witt vector Frobenius to S by u 7→ u p, and (S, (E(u)))
defines a bounded prism (called the Breuil–Kisin prism in [Bhatt and Scholze 2023]). Moreover, the
surjection θK endows (S, (E(u))) with the structure of prism over Spf(OK ). We claim the tensor functor
ωαS : RepZp

(G)→ Vect(S) is exact.
By [Bhatt and Scholze 2023, Remark 7.11], the functor

Repcrys
Zp
(0K )→ Vectϕ(Spf(OK )∆,O∆)→ Vectϕ(S)

is naturally isomorphic to the functor M defined by Kisin [2010, Theorem 1.2.1]. Since all G-torsors on
D× are trivial, the composition

RepZp
(G) α
−→ Repcrys

Zp
(0K )

M
−→ Vectϕ(S)→ Vect(S),

which is isomorphic to ωαS, is exact by [Kisin et al. 2021, Lemma 4.4.5] (note that the proof in [loc. cit.]
is in the case where k is finite, but the same argument goes through when k is algebraically closed).
Therefore ωαS is exact.

Now let (A, I ) be an arbitrary bounded prism over Spf(OK ). By [Bhatt and Scholze 2023, Exam-
ple 2.6(1)], there exists a faithfully flat map of prisms (A, I ) → (B, I B) for which there is a map
(S, (E(u)))→ (B, I B) in Spf(OK )∆. By the crystal property, the functor ωαB is naturally isomorphic to
the functor

RepZp
(G)→ Vect(B), (3, ρ) 7→ ωαS(3)⊗S B,

and therefore ωαB is exact as well. Moreover, the crystal property applied again implies that ωαB is naturally
isomorphic to the functor (3, ρ) 7→ ωαA(3)⊗A B, and therefore we can conclude that ωαA is exact by
adically flat descent; see, e.g., [Fujiwara and Kato 2018, Proposition 6.1.11, Chapter I]. □

For any tensor functorsω :RepZp
(G)→Vect(A), denote byω⊗A B the functor given by postcomposition

with the base change Vect(A)→Vect(B). If ω1 and ω2 are two tensor functors RepZp
(G)→Vect(A), let

Isom⊗(ω1, ω2) be the fpqc sheaf on Spec(A) which assigns to any A-algebra B the set of isomorphisms
of tensor functors ω1⊗A B ∼

−→ ω1⊗A B. Write Aut⊗(ω) for Isom⊗(ω, ω).
For any Zp-algebra A, define the standard fiber functor by

1A : RepZp
(G)→ Vect(A), (3, ρ) 7→3⊗Zp A.
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By the reconstruction theorem in Tannakian duality (see [Wedhorn 2004, Theorem 5.17] for the statement
in this situation), the canonical morphism G→Aut⊗(1Zp) is an isomorphism of fpqc sheaves. As a result,
Isom⊗(1A, ω) carries a natural right GA-action for any tensor functor ω :RepZp

(G)→Vect(A). It follows
from the Tannakian formalism [Scholze and Weinstein 2020, Theorem 19.5.1] and Proposition 3.10 that
when ω = ωαA is defined as in (3-12), Isom⊗(1, ωαA) is a G-torsor over Spec(A), which we denote by Pα

A.
The Frobenius morphisms for (α ◦U )(3, ρ) as (3, ρ) varies piece together to define an isomorphism

of G-torsors
φPα

A
: ϕ∗A(P

α
A)

∣∣
Spec(A)\V (I )

∼
−→Pα

A

∣∣
Spec(A)\V (I ).

over Spec(A) \ V (I ). In particular, if S = Spa(R, R+) is an affinoid perfectoid space over k, with untilt
S♯=Spa(R♯, R♯+) admitting a homomorphism OK→ R♯+, this construction determines a G-BKF-module
(Pα

W (R+), φPα

W (R+)
) over S with one leg at S♯. Pulling back along

S ·× Zp→ Spa(W (R+))→ Spec(W (R+)),

we obtain a G-shtuka over S with one leg at S♯, which we denote by (Pα
S , φPα

S
). It follows that the

assignment
(S♯, f ) ∈ (Spd(OK ))(S) 7→ (Pα

S , φPα
S
) (3-13)

defines a shtuka over Spd(OK ).

Definition 3.11. Let α be a G-valued crystalline representation of 0K . The shtuka (Pα, φPα ) over
Spd(OK ) given by the assignment (3-13) is the G-shtuka associated α.

The assignment α 7→ (Pα, φPα ) satisfies the following obvious functorialities.

Lemma 3.12. Let G be a parahoric group scheme over Zp, and let α be a G-valued crystalline represen-
tation of 0K :

(a) Suppose ρ : G→ G′ is a morphism of parahoric group schemes over Zp. Then

Pρ∗(α) ∼=Pα
×

G G′,

where ρ∗(α) is the G′-valued representation of G′ induced via ρ by α.

(b) Let K ′ be an extension of K inside of K , and let α′ be the restriction of α to 0K ′ . Then

Pα
∣∣
Spd(OK ′ )

∼=Pα′ .

Proof. The proof is straightforward and left to the reader. □

We close this section with the group theoretic analog of Theorem 3.4.

Theorem 3.13. The functor
G- Repcrys

Zp
(0K )→ ShtG(Spd(OK ))

from Definition 3.11 is fully faithful.

Proof. This follows from Theorem 3.4 and the Tannakian formalism. □
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3.3. The generic fiber. In the remainder of this section we show that the construction in Definition 3.11
is compatible with those of [Pappas and Rapoport 2024] over the generic fiber. To be more specific,
suppose

α : RepZp
(G)→ Repcrys

Zp
(0K )

is a G-valued crystalline representation of 0K . Then to α we can attach two G-shtukas over Spd(K ). We
have, on the one hand, the G-shtuka (Pα, φPα ) obtained by pulling back the G-shtuka from Definition 3.11
along Spd(K )→ Spd(OK ). On the other hand, the representation α(3, ρ)⊗Zp Qp is crystalline for
every (3, ρ), and therefore also de Rham. Hence we can attach to α a G-shtuka (Pα

dR, φPα
dR
) over Spd(K )

using [Pappas and Rapoport 2024, Definition 2.6.6].

Lemma 3.14. The restriction of the G-shtuka (Pα, φPα ) along Spd(K )→ Spd(OK ) is given by

(Pα
dR, φPα

dR
).

Proof. By [Pappas and Rapoport 2024, Proposition 2.5.1], it’s enough to show that the two G-shtukas
determine the same pair (P, D), where P is a pro-étale G(Zp)-torsor on Spd(K ) and D is a G(Zp)-
equivariant morphism of v-sheaves D : P→ GrG,Spd(K ) over Spd(K ). Here, GrG,Spd(K ) denotes the
Beilinson–Drinfeld Grassmannian over Spd(K ), see [Scholze and Weinstein 2020, Definition 20.2.1].

Let us first address the pro-étale G(Zp)-torsors. By Lemma 2.6, it’s enough to show the two determine
the same tensor functor RepZp

(G)→LocZp(Spd(K )). We claim that for both Pα and Pα
dR, this functor is

given by assigning to (3, ρ) ∈RepZp
(G) and (S♯, f ) ∈ Spd(K )(S) the local system obtained by applying

the tilting equivalence to the pullback of α(3, ρ) along f : S♯→ Spa(K ). For Pα
dR this follows from

[Pappas and Rapoport 2024, Definition 2.6.6].
Let Pα denote the pro-étale G(Zp)-torsor corresponding to Pα . By the definition of (2-11), for every

(S♯, f ) ∈ Spd(K )(S), the tensor functor corresponding to PαS factors as

RepZp
(G)→ (shtukas over S with one leg at S♯) (2-10)

−−→ LocZp(S),

where here the first arrow assigns to (3, ρ) the vector bundle shtuka V α
ρ over S with one leg at S♯ obtained

by pushing forward Pα
S along ρ. By definition of Pα, the shtuka V α

S,ρ is the pullback to Spd(K ) of
the shtuka associated to the prismatic F-crystal U (α(3, ρ)). Hence it follows from Lemma 3.3 that the
Zp-local system on S corresponding to V α

S,ρ is obtained by tilting the pullback of α(3, ρ) to S♯ along f ,
as desired.

It remains to show that the two morphisms D : P→ GrG,Spd(K ) agree. Let C be the completion of K .
Since Spd(C)→ Spd(K ) is a pro-étale cover, it’s enough to show the two morphisms agree after base
change to Spd(C). Moreover, we can reduce to the case G=GLn by the Tannakian formalism. In this case
pairs (P, D) correspond to pairs (T0, 4), where T0 is a finite free Zp-module and 4 is a B+dR(C)-lattice
in T0⊗Zp BdR(C).

Suppose T is a crystalline representation of 0K on a finite free Zp-module with corresponding
shtukas (V , φV ) coming from Definition 3.1 and (VdR, φVdR) coming from [Pappas and Rapoport 2024,
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Definition 2.6.4]. By the first part of the proof, we know both (V , φV ) and (VdR, φVdR) correspond to
the finite free Zp-module underlying T . Moreover, the corresponding B+dR(C)-lattice 4 is given by
DdR(T [1/p])⊗K B+dR(C) in both cases. Indeed, for (VdR, φVdR) this follows from [loc. cit., Proposi-
tion 2.6.3]. On the other hand, let (M, ϕM) denote the BKF-module coming from the evaluation of U (T )
on (W (O♭

C), ker(θ)). Then since (V , φV ) is the shtuka associated to U (T ) as in Definition 3.1, it follows
from the proof of [Bhatt and Scholze 2023, Theorem 5.2] that the B+dR(C)-lattice associated to (V , φV ) is
φ∗M ⊗W (O♭

C )
B+dR(C). But by [loc. cit., Remark 5.4], this agrees with DdR(T [1/p])⊗K B+dR(C). □

Suppose α is a G-valued crystalline representation of 0K . For any representation (V, ρ) of the generic
fiber G of G, the representation α(V, ρ)⊗Zp Qp of 0K is crystalline, therefore Hodge–Tate. The functor
assigning to any (V, ρ) the grading on DHT(V ) defines a graded fiber functor on RepQp

(G K ) in the
sense of [Ziegler 2015, Definition 3.1], and therefore it follows from the Tannakian formalism (see, e.g.,
[Ziegler 2015, Construction 3.4]) that the grading on DHT(V ) as V varies is determined by a cocharacter
µ of G K , called the Hodge–Tate cocharacter for α.

Lemma 3.15. Let α be a G-valued crystalline representation of 0K with Hodge–Tate cocharacter µ. Then
the shtuka (Pα, φPα ) over Spd(OK ) is bounded by µ.

Proof. The G-shtuka Pα
dR is bounded byµ by [Pappas and Rapoport 2024, Definition 2.6.6], so Lemma 3.14

implies that Pα
Spd(K ) is bounded by µ. Since Spd(OK ) is topologically flat by [Anschütz et al. 2022,

Lemma 2.17], the result follows from Lemma 2.1. □

4. Shimura varieties of toral type

4.1. Shimura varieties and crystalline representations. In this section we recall some definitions and
notation from the theory of (global) Shimura varieties. Let (G, X) be a Shimura datum, meaning that G is
a connected reductive group over Q, and X is a G(R)-conjugacy class of homomorphisms

h : S= ResC/R Gm→ GR

satisfying the axioms (SV1)-(SV3) in [Milne 2005, Defnition 5.5]. Associated to any h ∈ X is a cocharacter
µh of GC, whose conjugacy class is defined over a number field E, called the reflex field of (G, X). Denote
by {µ} the G(Q)-conjugacy class of any µh for h ∈ X . We will also refer to any choice of an element of
{µ} as µ.

Let A f denote the finite adeles over Q and A
p
f denote the finite adeles away from p. For any compact

open subgroup K ⊂ G(A
p
f ), we can attach to (G, X) and K the Shimura variety ShK(G, X), which is a

quasiprojective variety over C whose C-points are given by

ShK(G, X)(C)= G(Q)\X ×G(A f )/K.

There exists a canonical model for ShK(G, X) over the reflex field E, which we will denote by ShK(G, X)E.
Let Z denote the center of G, and let Z◦ be the identity component of Z. We write Zac denote the

anticuspidal part of Z◦ in the sense of [Kisin et al. 2021, Definition 1.5.4]. Then Z◦/Zac is cuspidal in
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the sense of [Kisin et al. 2021], i.e., has equal Q-split rank and R-split rank. Denote by Gc the quotient
G/Zac, and for any subgroup H⊂ G(A f ), denote by Hc the image of H under G→ Gc.

Fix a prime p, and let G = G⊗Q Qp and Gc
= Gc

⊗Q Qp. Assume K = KpK
p
⊂ G(A f ), where Kp

and Kp are compact open subgroups of G(Qp) and G(A
p
f ), respectively. We will henceforth assume Kp is

neat.
Suppose Kp is a parahoric subgroup of G(Qp). Then Kp is the connected stabilizer of a point x in

the extended Bruhat–Tits building B(G,Qp) for G over Qp. We will denote by G the corresponding
parahoric group scheme defined in [Bruhat and Tits 1984], so G is a smooth affine group scheme over
Zp which satisfies G(Zp) = Kp and GQp = G. Since G → Gc is a central extension, by [Landvogt
2000, Theorem 2.1.8] we obtain a canonical G(Qp)-equivariant map of extended Bruhat–Tits buildings
B(G,Qp)→B(Gc,Qp). Let xc denote the image of x under this map, and denote by Gc the parahoric
group scheme corresponding to xc. By [Bruhat and Tits 1984, 1.7.6], the homomorphism G → Gc

extends to a homomorphism of Zp-group schemes G→ Gc, see for comparison a related discussion in
[Kisin and Pappas 2018, 1.1.3]. On Zp-points, G(Zp)→ Gc(Zp) factors as a composition

G(Zp)= Kp ↠ Kc
p ↪→ Gc(Zp). (4-1)

Remark 4.1. A more concrete description of Gc is available in some cases. If Zac = ker(G→ Gc) is R-
smooth in the sense of [Kisin and Zhou 2021, Definition 2.4.3], then Gc is the quotient of G by the Zariski
closure Zac of Zac inside of G by [loc. cit., Proposition 2.4.14]. This happens in particular if G splits
over a tamely ramified extension, see [loc. cit., 2.4.5]; see [Kisin and Pappas 2018, Proposition 1.1.4].

In the remainder of this section, we focus on the case where G = T is a Q-torus. Then the unique
parahoric subgroup Kp of T (Qp) corresponds to the identity component T of the Néron model of T ,
and the conjugacy class X reduces to a single homomorphism h : S→ TR. For any neat compact open
subgroup K ⊂ T(A f ), we obtain a zero-dimensional Shimura variety, which is given by a finite set of
points

ShK(T, {h})=
∐
i∈I

SpecEi , (4-2)

where each Ei is a finite extension of E.
We will define below certain T c(Zp)-valued crystalline representations of Gal(E/E), which will be

used to define shtukas over an integral model for ShK(T, {h}). Since T is a torus, {µ} is a singleton set,
and therefore µ is defined over E. Denote by r(µ)alg the following homomorphism of algebraic groups
over Q:

ResE/Q Gm
ResE/Q µ
−−−−→ ResE/Q T

NmE/Q
−−−−→ T. (4-3)

Applying r(µ)alg to A-points, we obtain a homomorphism A×E → T(A) which, by functoriality, sends
E× = (ResE/Q Gm)(Q) into T(Q). Hence, r(µ)alg induces a homomorphism

E×\A×E → T(Q)\T(A).
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For each open compact subgroup K of T(A f ), the quotient T(Q)\T(A f )/K is finite, so the natural map

T(Q)\T(A)→ T(Q)\T(A f )/K

factors through

π0(T(Q)\T(A)),

and the composition

E×\A×E → T(Q)\T(A f )/K

factors through

π0(E
×
\A×E )

∼= Gal(Eab/E)

via the global Artin homomorphism, ArtE (which we normalize geometrically):

E×\A×E
ArtE
−−→ Gal(Eab/E)→ T(Q)\T(A f )/K.

We will denote the resulting factorization by r(µ)K : Gal(Eab/E)→ T(Q)\T(A f )/K.
We can now pin down the fields Ei appearing in (4-2) more precisely. Let EK be the finite extension of

E with the property that

Gal(Eab/EK)= ker(r(µ)K). (4-4)

Lemma 4.2. Each of the fields Ei is isomorphic to EK.

Proof. This follows by recalling the definition of the canonical model for ShK(T, {h}) over E. For
σ ∈ Gal(E/E) and x ∈ ShK(T, {h})(E)∼= T(Q)\T(A f )/K, one uses r(µ)K to define the reciprocity law

σ(x)= r(µ)K(σ ) · x, (4-5)

which determines a continuous action of Gal(E/E) on the finite set ShK(T, {h}), and therefore the
structure of a finite étale E-scheme on ShK(T, {h}). The isomorphisms Ei ∼= EK then follow immediately
from the definition of the action (4-5). □

Passing to the limit along open compact subsets K of T(A f ), we obtain from the collection {r(µ)K} a
map

r(µ) : Gal(Eab/E)→ T(Q)−\T(A f ),

where T(Q)− is the closure of T(Q) in T(A f ). Fix now a neat compact open subgroup K⊂ T(A f ), and
let prK be the projection T(Q)−\T(A f )→ T(Q)\T(A f )/K. The kernel of prK is T(Q)−\T(Q)−K, so by
definition r(µ) induces a map

r(µ)K : Gal(Eab/EK)→ T(Q)−\T(Q)−K,

which we also denote by r(µ)K.
Recall that Kc denotes the image in Tc(A f ) of any subgroup K of T(A f ). Note that if K is neat, then

Kc is neat as well. By cuspidality of Tc, Tc(Q) is discrete in T(A f ) by [Milne 2005, Theorem 5.26],
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and Kc
∩Tc(Q)= {1}; see also Lemma 1.5.5 and the proof of Lemma 1.5.7 in [Kisin et al. 2021]. Then

T→ Tc induces
T(Q)−\T(Q)−K→ Tc(Q)\Tc(Q)Kc ∼= Kc. (4-6)

Denote by r(µ)K,p the composition

r(µ)K,p : Gal(Eab/EK)
r(µ)K
−−−→ T(Q)−\T(Q)−K→ Kc ↪→ Tc(A f )→ T c(Qp),

where the last arrow denotes the projection. Let v denote the place above p induced by EK ↪→Q ↪→Qp,
and let EK denote the completion of EK at v. Then the composition of r(µ)K,p with the morphism of
Galois groups

0EK = Gal(Qp/EK)↠ Gal(Eab/EK)→ Gal(Eab/EK)

induces a T c(Qp)-valued representation of 0EK ,

r(µ)K,p,loc : 0EK→ T c(Qp). (4-7)

Notice that if K=T (Zp)U p for some small enough compact open subgroup U p of T(Ap
f ), then r(µ)K,p,loc

actually lands in T c(Zp), so in this case it induces a T c-valued representation of 0EK .
Suppose now ρ : T c

→ GL(W ) is an algebraic representation of T c on a finite dimensional Qp-vector
space W . By composition with ρ, r(µ)K,p,loc induces a representation of 0EK

r(µ, ρ)K,p : 0EK→ T c(Qp)→ GL(W ).

Lemma 4.3. Assume that K = KpK
p where Kp is a neat compact open subgroup of T(Ap

f ). For any
representation ρ : T c

→ GL(W ) of T c on a finite dimensional Qp-vector space W , the induced 0EK-
representation r(µ, ρ)K,p is crystalline.

Proof. This is a straightforward modification of [Kisin et al. 2021, Lemma 4.4]. Let us indicate the
main points. By a standard result in p-adic Hodge theory (see [Conrad 2011, Proposition B.4(i)] and the
subsequent remark), to show r(µ, ρ)K,p is crystalline it is enough to show that the composition

O×EK
↪→ E×K → 0ab

EK

r(µ,ρ)K,p
−−−−→ GL(W ) (4-8)

agrees with the restriction to O×EK
of an algebraic Qp-group homomorphism ResEK/Qp Gm→ GL(W ).

Let f be the homomorphism of topological groups

f : E×K
ArtEK
−−→ 0ab

EK
→ Gal(Eab/EK)→ (K∩T(Q)−)\K,

where ArtEK is the local Artin map for EK (normalized geometrically), and denote by f c the composition

f c
: E×K

f
−→ T(Q)−\T(Q)−K→ Kc ↪→ Tc(A f ).

By local-global compatibility, (4-8) agrees with the composition

O×EK
↪→ E×K

f c
−→ T c(A f )→ T c(Qp)

ρ
−→ GL(W ),

so it is enough to show that f c restricted to O×EK
is algebraic.



Canonical integral models for Shimura varieties of toral type 273

Let f1 be the homomorphism of Qp-groups

f1 : ResEK/Qp Gm
NmEK/E
−−−−→ ResE/Qp Gm ↪→ (ResE/Q Gm)⊗Q Qp

r(µ)alg
⊗QQp

−−−−−−→ T,

and let f c
1 be the composition of f1 with T → T c. Applied to Qp-points, f c

1 induces a group homomor-
phism E×K → T c(Qp) ↪→ Tc(A f ). By construction (and local-global compatibility, once more), for any
x ∈ E×K , the images of f1(x) and f (x) agree in T(Q)−\T(A f ), and therefore the images of f c

1 (x) and
f c(x) agree in Tc(Q)\Tc(A f ).

From here the arguments of [Kisin et al. 2021, Lemma 4.4] go through verbatim: If x ∈O×EK
, cuspidality

of T c forces the images of f c
1 (x) and f c(x) to agree in T c(A f ), and the result follows. □

4.2. The shtuka on the generic fiber. In this section we return to the general setup at the beginning of
Section 4.1 in order to explain how Pappas and Rapoport construct a shtuka over the generic fiber of a
given Shimura variety with parahoric level structure.

Let (G, X) be a Shimura datum with reflex field E. Let v denote a place of E corresponding to an
embedding E ↪→Q ↪→Qp, and let E denote the completion of E at v. If L is an extension of Q, denote by
C(L) the set of G(L)-conjugacy classes of cocharacters Gm,L → GL . By [Kottwitz 1984, Lemma 1.1.3],
the embedding Q→Qp induces a bijection C(Q)→ C(Qp), so the G(Q)-conjugacy class of characters
{µh} coming from (G, X) determines a unique G(Qp)-conjugacy class of cocharacters {µ} of GQp

. One
can check that the map C(Q)→ C(Qp) is equivariant for the action of Gal(Qp/Qp), and it follows that
E is the local reflex field for (G, {µ}), i.e., it is the field of definition for the conjugacy class {µ}.

For any neat compact open subgroup K⊂ G(A f ), let

ShK(G, X)E = ShK(G, X)E⊗E E .

Suppose K= KpK
p, with Kp = G(Zp) a parahoric subgroup, and Kp

⊂ G(A
p
f ) neat. For each K′p ⊂ Kp,

denote by K′ the product K′pK
p. Then the morphism

ShK′(G, X)E → ShK(G, X)E (4-9)

is a finite étale Galois cover, whose Galois group we denote by Gal(ShK′ /ShK). We also consider the
infinite level Shimura variety

ShKp(G, X)E := lim
←−−

K′p⊂Kp

ShK′pK
p(G, X)E .

Since the transition morphisms (4-9) are affine, this limit can be taken in the category of schemes, by
[Stacks 2005–, Tag 01YX]. Define

Gal(ShKp /ShK)= lim
←−−

K′p⊂Kp

Gal(ShK′ /ShK).

Then ShKp(G, X)E → ShK(G, X)E is a torsor for the profinite group Gal(ShKp /ShK) in the pro-étale
topology on the scheme ShK(G, X)E . We denote this pro-étale Gal(ShKp /ShK)-torsor by P0,K. We can

https://stacks.math.columbia.edu/tag/01YX
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make Gal(ShKp /ShK) explicit as follows. Denote by Z(Q)− the closure of Z(Q) in Z(A f ), and by Z(Q)−K
the intersection Z(Q)− ∩K. Then

Gal(ShKp /ShK)= Kp/Z(Q)
−

K,p,

where Z(Q)−K,p is the closure of the image of Z(Q)−K under the projection G(A f )→ G(Qp), see [Kisin
et al. 2021, Section 1.5.8].

Since Kp is neat, [Kisin et al. 2021, Lemma 1.5.7] implies that Z(Q)−K,p⊂Zac(Qp). Hence Kp→Gc(Qp)

factors through Kp/Z(Q)
−

K,p, and therefore Gal(ShKp /ShK) admits Kc
p as a quotient. In particular, the

composition (4-1) can be extended to

G(Zp)= Kp ↠ Gal(ShKp /ShK)↠ Kc
p ↪→ Gc(Zp). (4-10)

However, note that the second surjection is never injective if Zac is nontrivial, contrary to the claim in
[Milne 1990, Section III, Remark 6.1]. For details, see [Lan and Stroh 2018, (2)].

Let Sh(G, X)ad
E be the analytic adic space associated to Sh(G, X)E , and let Pad

0,K be the pro-étale
Gal(ShKp /ShK)-torsor on Sh(G, X)ad

E obtained from P0,K. We would like to associate to Pad
0,K a

“Gal(ShKp /ShK)-shtuka”. However, our machinery for shtukas only applies to groups which are alge-
braizable, and this is not a priori the case for Gal(ShKp /ShK). Instead, we will replace Gal(ShKp /ShK)

by the closely related group Gc(Zp), which is algebraizable. Essentially, we view Gc(Zp) as a sort of
“algebraizable hull” of Gal(ShKp /ShK). In fact, at least when G is reductive (and likely more generally),
this can be made precise; see [Imai et al. 2023, Proposition 4.8].

Using the final two maps in (4-10) we define the contracted product

PK := Pad
0,K×

Gal(ShKp /ShK) Gc(Zp), (4-11)

which is a pro-étale Gc(Zp)-torsor PK on ShK(G, X)ad
E . From every finite-dimensional Qp-representation

of Gc, we can obtain from PK a Zp-local system on Sh(G, X)ad
E , as follows. Let ρ :Gc

→GL(W ) of Gc be
a finite dimensional Qp-representation of Gc, and fix a Zp-lattice 3⊂W such that ρ(Gc(Zp))⊂ GL(3).
The contracted product

Lρ,3 := PK×
Gc(Zp)3

is a pro-étale Zp-local system on ShK(G, X)ad
E . Denote by µc the cocharacter given by the composition

of µ with G→ Gc.

Proposition 4.4. There exists a Gc-shtuka PK,E over ShK(G, X)♢E→ Spd(E) with one leg bounded by µc

which is associated to PK in the sense of [Pappas and Rapoport 2024, Section 2.5]. Furthermore, PK,E

supports prime-to-p Hecke correspondences.

Proof. When G= Gc (i.e., Zs is trivial), we have Gal(ShKp /ShK)= G(Zp)= Gc(Zp), and in this case the
proposition reduces to [Pappas and Rapoport 2024, Proposition 4.1.2]. In general it follows similarly
once one proves that PK is a de Rham Gc(Zp)-torsor in the sense of [loc. cit., Definition 2.5.5] and that
the Hodge–Tate cocharacter for PK is given by µc.
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Fix a representation (3, ρ) of Gc. To prove Lρ,3 is de Rham, one proceeds in the same way as the proof
of [Liu and Zhu 2017, Theorem 1.2]. In particular, by [loc. cit., Theorem 3.9(iv)] and the fact that the set
of special points in each connected component of ShK(G, X) is nonempty [Milne 2005, Lemma 13.5], we
reduce to showing that if x = [h, a]K ∈ ShK(G, X) is a special point with h factoring through a maximal
torus T⊂ G, then the stalk Lρ,3,x̄ of Lρ,3 at a geometric point x̄ above x is de Rham.

Since TR stabilizes the special point x , it is R-anisotropic modulo the center of G, and therefore the
restriction to T of any representation of Gc factors through Tc. If ρ is a representation of Gc, let ρ ′

denote its restriction to Tc. As in [Liu and Zhu 2017, Lemma 4.8], we see that Lρ,3,x̄ is isomorphic
to r(µ, ρ ′)K,p. Hence the fact that Lρ,3,x̄ is de Rham follows from Lemma 4.3.

Finally, for the boundedness by µc, we first observe that the arguments of [Kisin et al. 2021, Propo-
sition 4.3.14] show that the Hodge–Tate cocharacter of r(µ, ρ ′)K,p is µc. Thus the same is true of
Lρ,3,x̄ , independent of the choice of x . Therefore by [Pappas and Rapoport 2024, Proposition 2.5.3 and
Definition 2.6.6] the Gc-shtuka PK,E is bounded by µc. □

4.3. The conjecture of Pappas and Rapoport. In this section we state the conjecture of Pappas and
Rapoport on the existence of canonical integral models for Shimura varieties. Let (G, b, µ) be a local
Shimura datum in the sense of [Scholze and Weinstein 2020, Definition 24.1.1], that is, suppose G is a
reductive Qp-group, µ is a geometric conjugacy class of minuscule cocharacters, and b is a σ -conjugacy
class of elements of G(Q̆p), which we further assume lies in the set B(G, µ−1) of neutral acceptable
elements in the sense of [Rapoport and Viehmann 2014, Definition 2.3]. We take also a parahoric integral
model G for G over Zp. We write E for the reflex field of µ, and k for an algebraic closure of the residue
field of E .

We write Mint
G,b,µ for the integral local Shimura variety associated with (G, b, µ) [Scholze and Weinstein

2020, Section 25.1]. This is the functor Mint
G,b,µ on Perfk that sends S to the set of isomorphism classes

of tuples (S♯,P, φP , ir ), where S♯ is an untilt of S over Spa(OĔ), (P, φP) is a G-shtuka over S with
one leg along S♯ bounded by µ, and ir is an isomorphism of G-torsors

ir : G
∣∣
Y[r,∞)(S)

∼
−→P

∣∣
Y[r,∞)(S)

for large enough r , under which φP is identified with φb := b×FrobS . Here an isomorphism of tuples

(S♯,P, φP , ir1)
∼
−→ ((S′)♯,P ′, φP ′, i ′r2

)

is a pair of isomorphisms (α, β), where α : S♯ ∼
−→ (S′)♯ is an isomorphism whose tilt factors as

(S♯)♭ ∼−→ S ∼
←− ((S′)♯)♭, and where β : (P, φP)

∼
−→ (P ′, φP ′) is an isomorphism of G-shtukas which

satisfies i ′r ◦ i−1
r = β for r ≥max(r1, r2).

When p ̸= 2 and (G, b, µ) is of abelian type, the main result of [Pappas and Rapoport 2022] states
that Mint

G,b,µ is representable by a formal scheme MG,b,µ which is normal and flat and formally locally of
finite type over OĔ (in fact, this holds slightly more generally, see [loc. cit.]).

The formation of integral local Shimura varieties is functorial. Indeed, let (G, b, µ)→ (G ′, b′, µ′) be
a morphism of local Shimura data, and suppose the map G→ G ′ extends to G→ G′. Then we obtain a
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morphism of integral local Shimura varieties

ρ :Mint
G,b,µ→Mint

G′,b′,µ′ ×Spd(OĔ ′ )
Spd(OĔ) (4-12)

given on points by pushing forward shtukas along G→ G′. Moreover, the morphism ρ has the following
property. Suppose Puniv and (P ′)univ are the universal shtukas over Mint

G,b,µ and Mint
G,b,µ, respectively.

Then
ρ∗(P ′)univ

=Puniv
×

G G′. (4-13)

Indeed, this follows from the definition of (4-12) and those of the respective universal objects.
Let (G, b, µ) be a local Shimura datum, and let G be a parahoric model for G over Zp. We denote

by XG(b, µ−1) the (b, µ−1)-admissible locus in the Witt vector affine Grassmannian. This is the functor
which assigns to perfect k-algebras R the set of isomorphism classes of pairs (P, α), where P is a G-torsor
over Spec(W (R)), and α is an isomorphism of G-torsors

α : GW (R)[1/p]
∼
−→ PW (R)[1/p]

over W (R)[1/p] such that φP = α ◦ φb ◦ φ
∗(α)−1 defines the structure of a meromorphic Frobenius

crystal (in the sense of [Pappas and Rapoport 2024, Definition 2.3.3]), such that the G-shtuka (P, φP)

associated to (P, φP) by [Pappas and Rapoport 2024, Theorem 2.3.5] has a leg along the divisor p = 0
and is bounded by µ. We note that XG(b, µ−1) is sometimes referred to as the affine Deligne–Lusztig
variety associated to G, b, and µ−1, but we reserve that moniker for its k-points.

The functor XG(b, µ−1) is representable by a perfect scheme which is locally perfectly of finite type
over k [Pappas and Rapoport 2024, Section 3.3]. Moreover, by [Gleason 2021, Proposition 2.30], there is
a natural isomorphism

(Mint
G,b,µ)red ∼= XG(b, µ−1), (4-14)

where (Mint
G,b,µ)red denotes the reduced locus of the v-sheaf Mint

G,b,µ in the sense of [Gleason 2024]. Let
K = G(Zp), K̆ = G(Z̆p), and let AdmK (µ−1) denote the µ−1-admissible locus in the sense of [Rapoport
2005]. Then, the isomorphism (4-14) implies, in particular, that we have the identity

Mint
G,b,µ(Spd(k))= XG(b, µ−1)(k)= {gK̆ = G(Q̆p)/K̆ | g−1bφ(g) ∈ AdmK (µ−1)}.

In other words, Mint
G,b,µ(Spd(k)) is the affine Deligne–Lusztig variety associated to G, b, and µ−1. If

b ∈ AdmK (µ−1), then Mint
G,b,µ has a canonical Spd(k)-valued base point,

x0 ∈Mint
G,b,µ(Spd(k)), (4-15)

corresponding to the trivial coset in G(Q̆p)/K̆ . From the perspective of the moduli functor, the base
point associates to S in Perfk the tuple (S,G

∣∣
Y[0,∞)

, φb, id).

By [Gleason 2024, Theorem 2], Mint
G,b,µ is a kimberlite; see [Gleason 2024] for details on this

terminology. In particular, there is a continuous specialization map

sp : |Mint
G,b,µ| → |(M

int
G,b,µ)red| = |XG(b, µ−1)|.
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The formal completion of Mint
G,b,µ along a point x ∈Mint

G,b,µ(Spd(k)) is the sub-v-sheaf M̂int
G,b,µ/x

whose
points for S in Perfk are given by

M̂int
G,b,µ/x

(S)= {y : S→Mint
G,b,µ | sp ◦y(|S|)⊂ {x}}.

Suppose ρ : (G, b, µ)→ (G ′, b′, µ′) is a morphism of local Shimura data which induces an isomorphism
ρad : Gad

∼
−→ G ′ad, and suppose moreover that ρ extends to a morphism G→ G′ of parahoric models. If

G and G′ correspond to the same point in the common building of Gad and G ′ad, then by [Pappas and
Rapoport 2022, Proposition 5.3.1], the morphism (4-12) induces an isomorphism

ρ̂ : M̂int
G,b,µ/x

∼
−→ M̂int

G′,b′,µ′/ρ(x)
×Spd(OĔ ′ )

Spd(OĔ) (4-16)

for any point x ∈Mint
G,b,µ(Spd(k)). In particular, if G = T is a torus, and G = T is the identity component

of the Néron model for T , then the structure morphism to Spd(OĔ) defines an isomorphism

M̂int
T ,b,µ/x

∼
−→ Spd(OĔ) (4-17)

for any x ∈Mint
T ,b,µ, by applying the functoriality (4-16) to the morphism from (T, b, µ) to the trivial

local Shimura datum.
Let us now return to the general global setting of Section 4.1 in order to state the conjecture of Pappas

and Rapoport [2024]. We retain the notation from the beginning of Section 4.1 as well, so (G, X) is a
global Shimura datum, µ is the corresponding geometric conjugacy class of cocharacters for G, E is the
reflex field, G=GQp is the corresponding p-adic group, E is the local reflex field, and K=KpK

p
⊂G(A f )

is the level subgroup with Kp = G(Zp) is a parahoric subgroup and Kp
⊂ G(A

p
f ) is neat. We furthermore

have the cuspidal quotient Gc, its corresponding p-adic group Gc, and the parahoric group scheme Gc.
Suppose we are given a system of normal integral models SK of ShK(G, X)E , each equipped with a Gc-

shtuka PK defined over S ♢
K → Spd(OE) which is bounded by µ, and which extends the Gc-shtuka PK,E

over ShK(G, X)♢E → Spd(E) defined in Proposition 4.4. Then for any point x ∈SK(k), we have a canon-
ically defined σ -conjugacy class [bx ] ∈ B(Gc) coming from PK. Indeed, by [Pappas and Rapoport 2024,
Example 2.4.9], the pullback x∗PK defines a Gc-torsor Px over Spec(W (k)) along with an isomorphism

φx : φ
∗(Px)[1/p] ∼−→Px [1/p],

where here φ denotes the Frobenius for W (k). Then any choice of trivialization yields an element
bx ∈ Gc(Q̆p), and changing the trivialization corresponds to applying σ -conjugation by some element
of Gc(Z̆p). Since the shtuka PK is bounded by µc, the resulting element of B(Gc) lies in B(Gc, (µc)−1).
Denote by x0 the base point of Mint

Gc,bx ,µc(Spd(k)) as in (4-15).
The following is a slightly modified version of [Pappas and Rapoport 2024, Conjecture 4.2.2].

Conjecture 4.5 (Pappas and Rapoport). Fix a parahoric subgroup Kp with corresponding Zp-group
scheme G. Then for every neat compact open subgroup Kp

⊂ G(A
p
f ), there exists a normal flat model SK

of ShK(G, X)E over OE , such that the system (SK)Kp satisfies the following properties:
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(a) For every discrete valuation ring R of characteristic (0, p) over OE ,

(lim
←−−
Kp

ShK(G, X)E)(R[1/p])= (lim
←−−
Kp

SK)(R).

If ShK(G, X)E is proper over Spec(E) then SK is proper over Spec(OE). In addition, the system SK

supports prime-to-p Hecke correspondences, i.e., for g ∈ G(Ap
f ) and K′ p with gK′ pg−1

⊂ Kp, there
are finite étale morphisms [g] :SK′→SK which extend the natural maps [g] : ShKpK′

p(G, X)E →

ShKpKp(G, X)E .

(b) The Gc-shtuka PK,E extends to a Gc-shtuka PK on (SK)
♢/.

(c) For x ∈SK(k) and bx defined as above, there is an isomorphism of v-sheaves over Spd(OE)

2x : M̂int
Gc,bx ,µc

/x0

∼
−→ (ŜK/x)

♢,

under which the pullback shtuka 2∗x(PK) coincides with the universal shtuka on Mint
Gc,bx ,µc .

In the case where G is itself cuspidal (i.e., G = Gc), this is exactly [Pappas and Rapoport 2024,
Conjecture 4.2.2], which is proved in [loc. cit.] for Shimura varieties of Hodge type, that is, those for
which there is an embedding of (G, X) into a Shimura datum for a Siegel-type Shimura datum. We note
that cuspidality is automatic in the Hodge-type case by [Kisin et al. 2021, Lemma 5.1.2], so the more
general formulation of the conjecture is unnecessary for the results of [Pappas and Rapoport 2024]. For
Shimura varieties of toral type (the case of interest below) or of abelian type, there is no reason to expect
cuspidality in general. We have formulated the more general version of the conjecture with this in mind.

Moreover, Pappas and Rapoport [2024, Theorem 4.2.4] proved that an integral model satisfying the
properties of Conjecture 4.5 is uniquely determined.

Theorem 4.6 (Pappas and Rapoport). There is at most one system of normal flat models SK of ShK(G, X)E

over OE , for K= KpK
p with variable neat Kp, which satisfies the properties in Conjecture 4.5.

Proof. The proof in [Pappas and Rapoport 2024, Theorem 4.2.4] addresses the case where G= Gc. The
proof in general follows by replacing the integral local Shimura variety for G with the one for Gc. □

4.4. Proof of Theorem A. In this section we prove Conjecture 4.5 for Shimura varieties defined by tori.
As in Section 4.1, let (T, {h}) be a Shimura datum defined by a torus T over Q, let Tc be its maximal
cuspidal quotient, and let E denote the reflex field. Let K= KpK

p with Kp neat, and Kp = T (Zp) for T
the identity component of the locally finite-type Néron model of T = TQp , so Kp is the unique parahoric
subgroup of T (Qp). We obtain a zero-dimensional Shimura variety

ShK(T, {h})=
∐
i∈I

SpecEi , (4-18)

where each Ei is a finite extension of E. Moreover, by Lemma 4.2, we know that each Ei is isomorphic to
the field EK defined in (4-4).
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As in Section 4.2, let v be the place of E above p corresponding to our chosen embedding E ↪→Q ↪→Qp,
and let E denote the completion of E at v. Let OE and OEi denote the rings of integers in E and Ei ,
respectively. Then

SK(T, {h}) :=
∐
i∈I

SpecOEi

provides us with an integral model for ShK(T, {h})E .
We begin by using Lemma 4.3 to extend the T c-shtuka PK,E over ShK(T, {h})♢ of Proposition 4.4 to

all of SK(T, {h})♢/. By Lemma 4.3, the T c-valued representation induced by the homomorphism

r(µ)K,p,loc : 0EK→ T c(Zp) (4-19)

is crystalline. Define PK,i to be the T c-shtuka over Spd(OEi ) associated by Definition 3.11 to the
T c-valued crystalline representation of 0Ei given by (4-19). Since Spec(OEi ) is proper over Spec(Zp),
we have

Spd(OEi )
∼
−→ (Spec(OEi ))

♢/

for every i , by [Huber 1994, Remark 4.6(iv)], see (2-4) and the discussion preceding it. By patching
together the collection {PK,i }i∈I we can define a T c-shtuka PK over all of SK(T, {h})♢/.

Proposition 4.7. The T c-shtuka PK over SK(T, {h})♢/ is bounded by µc, and it extends the T c-shtuka
PK,E over ShK(T, {h}).

Proof. It’s enough to show the proposition for each i ∈ I . Note that the Hodge–Tate cocharacter of each
r(µ, ρ)K,p is given by µc by [Kisin et al. 2021, Lemma 4.4], so the first point follows from Lemma 3.15.

The second point follows from Lemma 3.14, since for each (3, ρ), the stalk of the Zp-local system Lρ,3

from Section 4.2 at a geometric point x̄i over Spec(Ei ) is given by the representation r(µ, ρ)K,p of 0EK . □

This proves part (b) of Conjecture 4.5 for ShK(T, {h}). Next we prove part (c) of the conjecture. Let
us recall the statement. Let SK =SK(T, {h}), let x ∈SK(k), and let bx be defined as in Conjecture 4.5.
We want to show there is an isomorphism

2x : M̂int
T c,bx ,µc

/x0

∼
−→ (ŜK/x)

♢

of v-sheaves over Spd(OĔ) such that the pullback2∗x(PK) coincides with the universal shtuka on Mint
T c,bx ,µc .

Lemma 4.8. Let x ∈SK(k). Then there is a natural isomorphism

Spd(OĔ)
∼
−→ (ŜK/x)

♢.

Proof. Recall that each Ei is isomorphic to EK (see Lemma 4.2), so it is enough to show EK is an
unramified extension of E . By definition of EK, we have

Gal(Eab/EK)= ker(Gal(Eab/E) ↪→ Gal(Eab/E)
r(µ)K
−−−→ T(Q)\T(A f )/K).
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By local class field theory, if Eunr denotes the maximal unramified extension of E in Qp, then the local
Artin map restricts to an isomorphism O×E

∼
−→ Gal(Eab/Eunr). Therefore, to show EK is unramified, it

is enough to show that O×E is in the kernel of the composition

E× ↪→ E×\A×E
ArtE
−−→ Gal(Eab/E)

r(µ)K
−−−→ T(Q)\T(A f )/K. (4-20)

The composition (4-20) can be rewritten as

E× ↪→ E×\A×E
r(µ)alg(A)
−−−−→ T(Q)\T(A)

prK
−→ T(Q)\T(A f )/K (4-21)

by the definition of r(µ)K. The composition of the first two arrows of (4-21) is given by the evaluation
on Qp of the homomorphism of Qp-group schemes

ResE/Qp Gm ↪→ (ResE/Q Gm)Qp
r(µ)alg
−−→ T, (4-22)

composed with T (Qp) ↪→ T(A)→ T(Q)\T(A). The groups O×E and T (Zp) are identified with the
kernels of the Kottwitz homomorphisms for ResE/Qp Gm and T , respectively, see [Rapoport 2005]. The
functoriality of the Kottwitz homomorphism (see, e.g., [Kaletha and Prasad 2023, Lemma 11.5.1]) implies
that (4-22) sends O×E into T (Zp)⊂ K, and the result follows. □

Combining Lemma 4.8 with the isomorphism (4-17), we obtain an isomorphism

2x : M̂int
T c,bx ,µc

/x0

∼
−→ (ŜK/x)

♢. (4-23)

We remark that the isomorphism in Lemma 4.8 is, in fact, the inverse of the structure morphism for
(ŜK/x)

♢ over Spd(OĔ), so in particular 2x is a uniquely determine Spd(OĔ)-morphism. It remains to
study the pullback of PK along 2x .

Recall that Tc is the maximal cuspidal quotient of T. As in Section 4.1, the map T→ Tc extends to
T → T c, where T c is the connected Néron model of Tc

Qp
. Let K′ = T c(Zp)K

p,c, where Kp,c is the image
of Kp under T→ Tc, and let Ec denote the reflex field of the Shimura datum (Tc, {hc

}), and Ec denote
the completion of Ec at the place v′ induced by v. Let Ei be defined as in (4-18), and let Ei = E⊗E E .
Then, by the valuative criterion for properness of SK′ over OEc , the morphism

Spec(Ei ) ↪→ ShK(T, {h})E → ShK′(T
c, {hc
})⊗Ec E→SK′ ⊗OEc OE

extends to a morphism Spec(OEi )→SK′ ⊗OEc OE . Taken together for each i , we obtain a morphism of
integral models

SK→SK′ ⊗OEc OE . (4-24)

As in the case of SK, we have

SK′ =

∐
i

Spec(OEK′
),
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where EK′ is defined as in (4-4). We see that EK′ ⊂ EK, hence EK′ is a finite unramified extension of E ,
and OK′→OK is finite étale. It follows that, for any point x ∈SK(k), we have a commutative diagram

Spd(OĔ)

(ŜK/x)
♢ (ŜK′/x ′)

♢

∼ ∼

∼

(4-25)

where x ′ denotes the image of x in SK′(k), and the bottom arrow is induced by (4-24).
We claim that the pullback of PK′ along (4-24) is PK. By [Pappas and Rapoport 2024, Corollary 2.7.10],

it is enough to show that PK′,E ′ pulls back to PK,E , and by functoriality of the construction in [loc. cit.,
Definition 2.6.6], we are in turn reduced to showing that the pullback of the PK′ is PK, where PK′ and PK

are defined as in (4-11). But this is straightforward to check from the definition of PK; see, e.g., [Imai
et al. 2023, (4.3.5)].

Now, by the diagram (4-25), to show that PK pulls back to the universal shtuka along 2x , it is enough
to show the corresponding result for PK′ . Hence for the remainder of this section we assume T= Tc.

The idea for computing the pullback of PK is to use functoriality to reduce the result to Lubin–Tate
theory. Let T1 be the Qp-torus

T1 = ResEK/Qp Gm,

with Zp-model given by the Iwahori group scheme T1 = ResOEK/Zp Gm . We identify (T1)Qp
with∏

τ∈HomQp (EK,Qp)
Gm,Qp

, and we define the cocharacter µ1 :Gm→ (T1)Qp
by z 7→ (z, 1, . . . , 1), with the

first factor indexed by the chosen embedding EK ↪→Qp. Denote by f1 the homomorphism of Qp-group
schemes given by

f1 : T1 = ResEK/Qp Gm
NEK/E
−−→ ResE/Qp Gm ↪→ (ResE/Q Gm)Qp

r(µ)alg
Qp

−−−→ T,

where r(µ)alg is the morphism defined in (4-3). One can check that µ = f1 ◦ µ1, so f1 extends to a
morphism of local Shimura data (T1, b1, µ1)→ (T, bx , µ), where b1 is the unique element of B(T1, µ

−1
1 ).

Moreover, f1 extends to a morphism T1→ T by the Néron mapping property and functoriality of identity
components, so by [Pappas and Rapoport 2022, Proposition 5.3.1], the morphism of Spd(OĔ)-v-sheaves
Mint

T1,b1,µ1
→Mint

T ,bx ,µ
induces an isomorphism

f̂1 : M̂int
T1,b1,µ1/x1

∼
−→ M̂int

T ,bx ,µ/x0
,

where x1 is the base point of Mint
T1,b1,µ1

(see (4-16)). Hence we obtain a commutative diagram

M̂int
T1,b1,µ1/x1

Mint
T1,b1,µ1

Spd(OĔ)

M̂int
T ,bx ,µ/x0

Mint
T ,bx ,µ

∼

9x,1

9x

(4-26)
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where 9x,1 and 9x are the inverses of the isomorphisms coming from (4-17). We remark that the left
triangle commutes by because f̂1 is a morphism over Spd(OĔ), and because 9x,1 an 9x are the inverses
of the structure morphisms.

Denote by Puniv and Puniv
1 the universal shtukas on Mint

T ,bx ,µ
and Mint

T1,b1,µ1
, respectively, and let PK,x

denote the restriction of PK to (ŜK/x)
♢. Since 2x is an isomorphism, to show 2∗x(PK,x)∼=Puniv it is

enough to show9∗x (P
univ)∼=PK,x . By (4-13), we have f̂1

∗

(Puniv)∼=Puniv
1 ×

T1T , so by (4-26) we see that

9∗x (P
univ)∼=9

∗

x,1(P
univ
1 )×T1 T . (4-27)

Let 0EK,0 denote the inertia subgroup of 0EK , and let

LT : 0EK,0→O×EK
(4-28)

denote the Lubin–Tate character [Serre 1979, Section 2.1] Then LT induces a T1-valued crystalline
representation α0 of 0EK,0. By the arguments in [Kisin et al. 2021, Proposition 4.3.14], the restriction of
r(µ)K,p,loc (see (4-7)) to 0EK,0 is given by the composition

0EK,0
LT
−→O×EK

= T1(Zp)
f1
−→ T (Zp).

Denote by P1 the T1-shtuka associated to α0 by Definition 3.11. Then Lemma 3.12 implies that there is
a natural isomorphism

P1×
T1 T ∼
−→PK,x . (4-29)

By combining (4-27) and (4-29), we see that we are reduced to showing the following proposition.

Proposition 4.9. There is a natural isomorphism of shtukas

9∗x,1(P
univ
1 )∼=P1.

Proof. First note that the local Shimura datum (T1, b1, µ1) along with the parahoric group scheme T1

actually come from an RZ-datum of EL-type; see [Scholze and Weinstein 2020, Section 24.3]). Fix a
uniformizer π of OEK . In this case, the RZ-datum is given by the tuple D = (EK, EK,OEK,L), where L
is the lattice chain given by multiples of OEK , i.e., L= {π kOEK}k∈Z. Denote by MLT the Rapoport–Zink
formal scheme associated to D. By [loc. cit., Corollary 25.1.3], there is a natural isomorphism

(MLT)
♢ ∼
−→Mint

T1,b1,µ1
.

By [loc. cit., Proposition 18.4.1], the morphism

Spd(OĔ)
9x,1
−−→ M̂int

T1,b1,µ1/x1
→Mint

T1,b1,µ1

is induced by a unique morphism of formal schemes over Spf(OĔ)

Spf(OĔ)→MLT. (4-30)
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By [Rapoport and Zink 1996, 3.78], for any locally p-nilpotent OĔ -scheme S, MLT(S) parametrizes pairs
(X, ρ) consisting of a p-divisible group over S with an action of OE , such that the induced action of OE

on Lie X agrees with the natural one, and ρ is a quasiisogeny between the p-divisible group Xb1 associated
to b1 by Dieudonné theory and X modulo p. In particular, the morphism (4-30) determines a p-divisible
group X over Spf(OĔ) (equivalently, over Spec(OĔ), see [de Jong 1995, Lemma 2.4.4]), and the shtuka
9∗x,1(P

univ
1 ) is given by the shtuka associated to X by [Pappas and Rapoport 2024, Example 2.3.2].

By deformation theory [Drinfeld 1974, Proposition 4.2], up to isomorphism there is a unique p-divisible
group X over Spec(OĔ) as in the preceding paragraph. Hence X is given by the base change to Spf(OĔ)

of the Lubin–Tate formal group XLT over Spec(OEK). It follows that the representation of 0EK,0 given
by the Tate module of X is the restriction of the representation of 0EK given by the Tate module of XLT.
On the other hand, by [Serre 1968, A.4 Proposition 4], the latter is given by the Lubin–Tate character,
LT (see (4-28)). Therefore, to complete the proof of the proposition, it remains only to show that, for
any p-divisible group X over Spec(OĔ), the shtuka associated to X by [Pappas and Rapoport 2024,
Example 2.3.2] is the same as that associated to the crystalline representation given by the Tate module
of X by Definition 3.1.

Let M∆(X) be the prismatic Dieudonné crystal associated to X by [Anschütz and Le Bras 2023]. By
[loc. cit., Proposition 4.3.7], the shtuka associated to X by [Pappas and Rapoport 2024, Example 2.3.2] is
given by the pullback of the BKF-module over Spd(OĔ) given by restricting M∆(X) to perfect prisms as
in Section 3.1. On the other hand, by [Du et al. 2024, Proposition 3.34], the prismatic F-crystal associated
to Tp(X) is exactly M∆(X). Thus it follows from the construction in 3.1 that the shtuka over Spd(OĔ)

associated to Tp(X) coincides with the one associated to X by [Pappas and Rapoport 2024, Example 2.3.2].
This proves the claim from the previous paragraph, and completes the proof of the proposition. □

Theorem 4.10. Conjecture 4.5 holds when G= T is a torus.

Proof. For the first part of part (a), we can reduce to a single compact open subgroup K= KpK
p, in which

case the result follows by the valuative criterion for properness of OEK over OE . The rest of part (a)
follows from the construction of SK and Lemma 4.8. Part (b) follows from Proposition 4.7, and part (c)
follows from Proposition 4.9 and the remarks above it. □
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