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On reduced arc spaces of toric varieties

llya Dumanski, Evgeny Feigin, levgen Makedonskyi and Igor Makhlin

An arc space of an affine cone over a projective toric variety is known to be nonreduced in general.
It was demonstrated recently that the reduced scheme structure of arc spaces is very meaningful from
algebro-geometric, representation-theoretic and combinatorial points of view. In this paper we develop
a general machinery for the description of the reduced arc spaces of affine cones over toric varieties. We
apply our techniques to a number of classical cases and explore some connections with representation
theory of current algebras.
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Introduction

Let V be the affine cone over a normal projective toric variety. In this paper we study the arc space
over V. Roughly speaking, the arc space consists of K[¢]-points of V [Nash 1995; Ein and Mustata
2009; Frenkel 2007; Mustatd 2007], where K is the base field. If V is embedded into an affine space with
coordinates X1, ..., X, then each variable X; produces a sequences of variables X l.(j ) with generating
series X;(s) = > >0 X ;j )sJ. The relations cutting out V inside the affine space are replaced with an
infinite number of relations appearing as coefficients of powers of s. For example, the relation X| X3 — X %
defining the degree two Veronese curve gives X;(s)X3(s) — X%(s) and one is interested in the ideal,
generated by the s-coefficients of this relation. We denote the arc space by J°°(V). Arc spaces have
attracted a lot of attention (see, e.g., [Anderson and Stapledon 2013; Arakawa and Moreau 2021; Bourqui
and Sebag 2019b; de Fernex and Docampo 2020; Gorsky 2013; Ishii 2007]) due to the beauty of the
theory and various connections with singularity theory, theory of motivic integration, differential algebra,
representation theory, vertex algebras and other mathematical subjects. The particular case of arc spaces
MSC2020: 05E14, 14E18.
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of toric varieties was also studied by several authors. For instance, in [Ishii and Kolldr 2003] the Nash
problem is positively solved for toric varieties; in [Ishii 2004] the orbits of the J°°((k*)™)-action are
studied; in [Bourqui and Sebag 2019a] the finite formal model for toric singularities is constructed; for
other results see also [Reguera 2023; Mourtada 2011].

One interesting feature of arc spaces is that J°° (V) may be nonreduced even if V is. The simplest
example relevant to our studies is the cone over the degree three Veronese curve. It is defined inside A* by
three quadratic equations on variables X, X1, X2, X3, so the arc space J°°(V) is defined by three series
of relations. However, in order to get the reduced scheme structure of J°°(V) one has to add another
series of quadratic relations.

Studying the reduced scheme J2;(V) is an important problem, related to singularity theory [Mustaga
2001], differential algebra [Boulier et al. 1995], representation theory [Feigin and Makedonskyi 2020;
Dumanski and Feigin 2023], invariant theory [Linshaw and Song 2024], vertex algebras [Feigin and
Makedonskyi 2019], and other areas. Our main motivation for the study of the reduced schemes comes
from geometric representation theory due to the connection with the theory of semi-infinite flag varieties
(see [Dumanski and Feigin 2023; Dumanski et al. 2021; Feigin and Makedonskyi 2020; Makedonskyi
2022]). In particular, in [Feigin and Makedonskyi 2020; Makedonskyi 2022; Dumanski and Feigin 2023]
the complete list of relations is found for the arc space of certain varieties (proving, in particular, that the
radical is differentially finitely generated). Let us also mention several other results. In [Boulier et al. 1995]
an algorithmic approach to the problem of finding the radical of a differential ideal is developed; in [Sebag
2011; Kpognon and Sebag 2017] the question of reducedness of the arc space of a plane curve is investi-
gated; in [Feigin and Makedonskyi 2019] a vertex algebra structure on a reduced arc-ring for flag varieties
is introduced; see also [Bourqui and Haiech 2021; Moran Cafién and Sebag 2020; 2022] for other results.

Let V = Spec(R). We denote by J°°(R) the ring of functions on J>°(V) and by J23(R) the ring of
functions on J24(V). The goal of this paper is two-fold. First, we develop a technique for the study of
reduced arc rings for toric varieties in terms of certain spaces of symmetric polynomials. Second, we
apply our construction to the description of J 23 (R) for several classical examples. Let us describe our
results in more detail.

We note that since V is an affine cone over a projective variety, there are two natural gradings on
J2q(R): the z-grading defined by attaching degree 1 to each variable X l.(j ) and the g-grading attaching
degree j to X t(' ). These gradings define a graded character of the arc rings, which are series in z and q.
Note that this graded character of the rings J°°(R) and J23(R) is of great importance in singularity
theory and combinatorics; see [Ait El Manssour and Pogudin 2024; Bai et al. 2020; Mourtada 2014;
2023; Bruschek et al. 2013]. The two main problems we address in this paper are as follows:

o Describe J23(R) in terms of generators and relations.

o Find the graded character of J23(R).

These problems are resolved for affine cones over certain (not necessarily toric) projective varieties
in [Feigin and Makedonskyi 2020; Makedonskyi 2022; Sottile and Sturmfels 2001]. For instance, for
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Veronese embeddings of the projective line the z-homogeneous components of the reduced arc rings are
isomorphic to the dual global Demazure modules (see [Dumanski and Feigin 2023]). More generally, in
favorable situations the following nice properties hold:

 The ideal of relations is generated in degree two by explicitly given relations.

e For each L > 0 the g-character (the Hilbert series with respect to the grading by g-degree) of the
z-degree L homogeneous component of the arc ring admits the factorization xr (q)/(q)r for certain
polynomial x (q).

(Here (¢)1 = (1—¢q) - -- (1—g%).) We note that the factor 1/(g) is the g-character of space of symmetric
functions in L variables. In a favorable situation the character has the above form because

« the L-th z-homogeneous component of the arc ring admits a free action of the ring of symmetric
polynomials in L variables.

For a normal lattice polytope P C R" we denote by X (P) the corresponding projective toric variety
equipped with a projective embedding (see Section 1.1 for definitions and constructions). The variety X (P)
is the projective spectrum of the toric ring R(P). The ring R(P) is known to be generated inside a poly-
nomial ring in zy, ..., z, and w by the elements Y31, ..., Yan, where Y are the exponents in z variables
of the integer points &' of P multiplied by an extra variable w. One also has a presentation of R(P) as
the quotient of the polynomial ring in variables X1, ..., Xgn corresponding to the elements Y.

Similarly to the finite picture, the reduced arc ring J23(R(P)) we are interested in is generated by the
coefficients of the currents Y (s). Thus, the reduced arc ring has two realizations: as a subring of the
)

L. . ; . . L. . )
polynomial ring in variables z,”’, w") and as a quotient ring of the polynomial ring in variables X5

We introduce a family of subspaces A7 C J23(R(P)) labeled by tuples 7 = (r1, ..., 1) of nonnegative
.

integers. The space Ay is realized inside the polynomial ring in variables z;”’; it is spanned as a vector

space by elements of the form
G GUry) ) ()
ST Ak TR ATRERED i
for all j; € N. Since the ring J23(R(P)) is spanned by such elements, it can be presented as the sum of
subspaces Az. This sum is clearly not direct. In order to control the ring J2q(R(P)) we introduce an

order < on the set of m-tuples 7 and describe the subquotients
3 Af,/ 3 4y (0-1)
<7 <P

in terms of certain symmetric polynomials. More precisely, let A;(¢) = k[ti(j )]i:I...l. me =1, ri be the

.....

ring of partially symmetric polynomials; see (2-2) and discussions after it for the precise definition. We

( 3 An / Y A,/>* C A D)

<7 <7

construct embeddings

(here we mean the restricted dual with respect to the natural grading; see Section 2). In Section 2 (see
Proposition 2.8) we prove:
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Theorem 0.1. There is a homogeneous element K € Aj(t) such that

(Z A;,/ Y A,/>* C KA: ).

<7 I <F
In Section 3 (see Corollary 3.7 and Lemma 3.17) we prove:

Theorem 0.2. There is a homogeneous element I € Az (t) such that

( 3 A;// 3 A,/>* ST A (2).

<P I <F
We also prove the following corollary:

Corollary 0.3. If K =T, then for all L > 0 the degree L z-homogeneous component of the reduced arc

ring admits a free action of the algebra of symmetric polynomials in L variables.

The proofs are constructive, i.e., we compute elements K and I'. In the rest of the paper we provide
several examples when K = I'', and we call such polytopes and corresponding varieties favorable. In
particular, starting from a one-dimensional case (with P being a segment and X (P) isomorphic to a
projective line) we develop an inductive procedure providing a family of favorable polytopes. Namely,
for a convex function ¢ : P — Rs( with (@) =¢ €7, set {max = max{¢;}. Denote by P?¢ the polytope
in R**! obtained as the convex hull of P x Cmax and all @' X (Emax — &i)-

We prove the following theorem (see Theorem 4.20 for a precise statement).

Theorem 0.4. Let P be a d-dimensional lattice polytope such that X (P) is favorable. Then X (P?) is
also favorable provided certain conditions are satisfied.

As a corollary we derive the following:

Corollary 0.5. The toric varieties X (P) are favorable for P being a simplex, a parallelepiped, or a
Hirzebruch trapezoid. In all these cases the radical of the ideal of the corresponding arc scheme is finitely

generated as a differential ideal.

In the Appendix we also develop a completely different technique to study the case when P is the
product of simplices. This technique uses the representation theory of current algebras and the geometry
of the semi-infinite flag variety.

The paper is organized as follows. In Section 1 we collect the main definitions and basic properties of
the main objects of study: toric varieties, arc schemes, arc rings, supersymmetric polynomials. In Section 2
we develop a general machinery for the description of arc rings in terms of certain subspaces of symmetric
polynomials. The approach is applied to the case of toric varieties in Section 3. In Section 4 we present
an inductive procedure for constructing a large family of favorable toric arc spaces. The construction
is applied in Section 5 where we work out explicitly several classical examples. Finally, in the Appendix
we provide a representation theoretic description of the arc rings of the Veronese—Segre embeddings.
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1. Preliminaries and generalities

We work over an algebraically closed field k of characteristic zero. For variables zy, .. ., z,; and vector
a=~ ay,...,a,) €Z™ we use the multi-index notation

am

=g
1.1. Toric varieties. The basic properties of toric varieties recalled here can be found in [Cox et al. 2011].

Definition 1.1. A toric variety V is an algebraic variety V containing the algebraic torus (K*)* as an open
dense subset such that the natural action of the torus on itself can be extended to an action on the variety.

Definition 1.2. An ideal in a polynomial ring is called toric if it is prime and generated by binomials. A
ring is toric if it is the quotient of a polynomial ring by a toric ideal.

Proposition 1.3. Affine toric varieties are precisely those varieties which have the form Spec R for a

toric ring R.
For a rational cone o C R™ its set of integer points o N Z™ forms a semigroup.

Proposition 1.4. Normal affine toric varieties are precisely those varieties which have the form
Spec(k[o NZ™])
for some m and rational cone o C R™ of dimension m.

A convex polytope P C R™ is said to be normal if for any integer k > O every integer point in its
dilation k P can be expressed as the sum of £ (not necessarily distinct) integer points in P. In other words,
this means that the set kP N Z" is the k-fold Minkowski sum of P NZ™ with itself.

Consider a normal convex polytope P C R™. Define a polyhedral cone C(P) C R"*! to be generated
by vectors (a, 1) € R"*!, a € P. The semigroup of this cone C(P) NZ™*! consists of pairs (b, k), where b
is an integer point in k£ P. By normality this semigroup is generated by the points (a, 1), a € P NZ". The
ring R(P) :=K[C(P) N Z"*!] is naturally graded, the k-th graded component is equal to the linear span
of 2wk, ae kP NZ".

Definition 1.5. The projective toric variety of P is Proj(R(P)).
We denote the generators z%w of the ring R(P) by Yz, a € P NZ™.

Example 1.6. Let P C R2 be the convex hull of points (0, 0), (1, 0), (1, 1), i.e., a unimodular simplex.
Then R(P) C K[z1, z2, w] is generated by monomials w; zjw; z;zow. Clearly this algebra is freely
generated by these monomials, so it is isomorphic to the polynomial ring in 3 variables. All of them have
degree 1, so the corresponding variety is isomorphic to a projective plane.

1.2. Arc spaces. In this subsection we recall the basic properties of arc spaces; see [Chambert-Loir et al.
2018; Ein and Mustata 2009; Nash 1995].
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Definition 1.7. Let V be a variety over K. The arc (or jet-co) space J*°(V) is a scheme for which there
exists a natural isomorphism of functors from CAlg, (commutative algebras) to Set

Hom(Spec(—), J*°(V)) ~ Hom(Spec(—[s1), V).
Note that if V = Spec(R), this definition is equivalent to the existence of a natural isomorphism
Hom(K[J*°(V)], —) >~ Hom(R, —[s]). (1-1)

We immediately observe that J°°(V) is unique if it exists, since K[J°°(V)] represents the functor
Hom(R, —[s]). Accordingly, the natural isomorphisms in Definition 1.7 and in (1-1) must also be unique.
Throughout the paper we mostly deal with affine varieties (actually, with affine cones of projective
varieties). The existence of J°°(V) is deduced from the following explicit construction.

Definition 1.8. For a finitely generated k-algebra R choose generators and relations:

R>K[Xy, ..., Xnl/{/iX1, ..., Xm)s ooy o (X1, o ony X))

Consider the polynomial ring k[{Xl.(j)}], wherei=1,...,mand j =0,1,.... The arc ring J°(R) is
the quotient of K[{X fj )}] by the ideal generated by all s-coefficients in series

Je(X1(s), ... X (5)), (1-2)
where k =1, ..., ¢ and X;(s) := Z?io Xl.(j)sj.
Proposition 1.9. For an affine variety V = Spec(R) the scheme

J°(V) = Spec J®(R)
satisfies Definition 1.7. In particular, J°°(R) does not depend on the chosen presentation of R.

In the notation of Definition 1.8 let ¥; € R be the image of X; and denote by Yl.(j beJ *°(R) the image
of X l.(J ) Consider a k-algebra A and a homomorphism ¢ : R — A[[s] with

(Y=Y a’sl. (1-3)
j=0

Then we have a homomorphism ¢’ : J*®(R) — A with L’(Yl.(j )) = al.(j ) We obtain a morphism from
Hom(J*°(R), A) to Hom(R, A[[s]]) given by ¢ > ¢, together these morphisms provide the functorial
isomorphism from Definition 1.7. We see that J*° is a functor from the category of finitely generated
commutative algebras to the category CAlgy. In geometric terms we can view J° as a functor from the
category of varieties to the category of schemes which satisfies Spec 0J*° =~ J°° o Spec.

Example 1.10. Consider R = k[X()(), X01, X](), Xl]]/(XOOXll — X10X01>. Then the ring JOO(R) is
defined by relations which are s-coefficients of

Xoo($)X11(s) — X10(s) Xo1(5).
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In other words, the ideal of relations is generated by the expressions
k k
(i) yr (k—i) (i) yr (k—i)
ZXOOXH _ZXOIXIO :
=0 =0

Proposition 1.9 provides a canonical bijection from Hom(J*°(R), J*°(R)) to Hom(R, J*°(R)[s]).
Let ¢ be the image of the identity under this bijection. For every r € R we obtain elements /) € J%(R)

by setting ~
t(r)y= Z rDsl =r(s).
j=0
Explicitly, if R is generated by Yy, ..., Y, and polynomial p is such that r = p(Yy,..., Y,), then
r(s) = p(Y1(s), ..., Yn(s)). In particular, r — r(s) is injective.

Let ¢ : R — S be a homomorphism of finitely generated k-algebras. The homomorphism

J® (@) : JZ(R) — J=(S)

1S g1ven by JOO((p)(r(/>) — gp(r)(j) (1_4)

Itis clear that the functor J°° preserves surjections. However, this functor need not preserve injections, such
examples will be discussed in this paper. More precisely, we will consider situations where R is embedded
into a polynomial ring S but J°(R) has a nontrivial nilradical which, in particular, implies that J*°(R)
cannot be a subring of J*°(S) (which is itself a polynomial ring). See, for example, Lemma 1.31.

The fact that the arc space of a reduced ring can be nonreduced is, in a sense, the only obstacle to
preserving injections (at least if the rings are nice enough). We have a functor J2; from CAlgy to itself
which takes R to its reduced arc ring, i.e., J°°(R) modulo its nilradical. We will now show that J23
preserves injections.

Theorem 1.11. Suppose ¢ : X — Y is a dominant morphism of varieties. Then the corresponding
morphism of arc spaces J°(¢) : J*(X) — J=(Y) is dominant.

Proof. We note that the restriction of ¢ to the smooth locus X™¢ gives a dominant map X" — Y. To
prove the theorem it suffices to show that J*°(X™¢) — J°°(Y) is dominant. Hence, we may (and will)
assume that X is smooth.

By the Chevalley constructibility theorem, the dominance is equivalent to the fact that ¢ (X) contains
a dense open subset of Y, denote it by U. Then the restriction of ¢ to ¢~ (U) can be decomposed as
o~ '(U) L U B v with surjective ¢; and open embedding ¢,. Using that ¢~ (U) C X is smooth, we
can apply the “generic smoothness on the target” theorem [Vakil 2017, Theorem 25.3.3] to ¢, and obtain
that there is an open dense V C U such that ¢; is smooth on ¢1_1 (V). Restricting to qﬁl_l(V), we have

oML VvLULy,

where ¢ is surjective smooth and ¥, ¢, are open embeddings.
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Passing to arcs, we get that J°°(¢) is surjective [Ein and Mustata 2009, Remark 2.10] and J*°(y/),
J°(¢,) are open embeddings [Ein and Mustatd 2009, Lemma 2.3]. Note also that by Kolchin’s theorem
[Ein and Mustata 2009, Theorem 3.3] J*°(U), J*°(Y) are irreducible and hence the open embeddings
J® ), J®(¢2) are dominant. Therefore, the composition is dominant and the theorem is proven. [

In this paper we study the ring J2(R) for a toric ring R embedded into a polynomial algebra. The fol-
lowing corollary implies that the reduced arc ring J 25 (R) can be described using arc map of the embedding.

Corollary 1.12. Suppose f : R < L is an injective map of integral finitely generated K-algebras. Then

the corresponding map J24(R) — J24(L) is also injective.

Proof. The corresponding map f*: Spec L — Spec R is dominant. Applying Theorem 1.11 we obtain that
J®(f)* : Spec J*®(L) — Spec J*(R) is dominant. But that is equivalent to the fact that ker(J°°(f)) is
contained in the nilradical of J°°(R) and we are done. [l

The next proposition shows how the arc space of a closure is related to the closure of the arc space.

Proposition 1.13. Let ¢ : X — Y be a morphism of varieties. Then

J®(im ¢) =im(J>®(¢)),
where both sides are endowed with the reduced scheme structure.

Proof. Note that for any morphism of schemes A — B there exists unique decomposition A — C — B such
that the first arrow is dominant and the second is a closed embedding. We prove that both decompositions

JZ @) =

JX(X) —= im(J®(P)) — J>(Y) (1-5)
and 1) o
JX(X) —= J®(im¢) — J®(Y) (1-6)

satisfy this property. This will imply the proposition.

Decomposition (1-5) satisfies the desired properties just by definition (the first map is dominant and
the second is a closed embedding).

In order to obtain the same for (1-6) we first consider the decomposition X — im ¢ — Y of the map ¢,
this decomposition has the desired properties. Applying the functor J° we obtain that in decomposi-
tion (1-6) the first arrow is dominant due to Theorem 1.11 and the second is a closed embedding. [l

Corollary 1.14. Let X be a variety with an action of an algebraic group G. This induces the action of
J®(G) = Gt]l on J°(X). Then for any point x € X — J°(X) and orbits G.x C X, G[[t].x C J>®(X)
one has J®(G .x) = G[[t].x, where both sides are endowed with the reduced scheme structure.

Proof. Use Proposition 1.13 for the map G — X defined by g — g.x. ]

The corollary above implies that the arc ring J 25 (R) of an affine toric variety, which we mainly study in
this paper, is isomorphic to the coordinate ring of the cone over the closure of the orbit of the toric arc group.



On reduced arc spaces of toric varieties 321

To end this section we provide an example of how one may find relations in a ring J23(R). We first
prove two general (and well-known) lemmas concerning an arbitrary commutative K-algebra A. The
lemmas can be seen to be equivalent but it is convenient for us to use them both.

Lemma 1.15. Consider elements a; € A,i = 0,1, .... Assume that the series a(s) = Z?io a;s' is

nilpotent. Then all the coefficients a; are nilpotent.

Proof. Clearly ag is nilpotent. Assume that a;, i < j are nilpotent. Then

j—1
a(s) — Z a;s
i=0

is nilpotent and thus its leading term a jsj is nilpotent. This completes the proof by induction. U
Lemma 1.16. Let d be a K-linear derivation of the algebra A. If a € A is nilpotent, then d(a) is nilpotent.

Proof. Suppose a" = 0, then d"(a") = 0. Expanding d" (a") via the Leibniz rule we obtain n!d(a)" 4+ ab
for some b € A. Hence d(a)" = —ab/n! is nilpotent and so is d(a). O
Example 1.17 [Bourqui and Sebag 2019b]. Here and further we write a = b for elements a, b of a
ring to denote that a — b is nilpotent. Consider the ring R generated by Y| and Y, satisfying the single
relation Y;Y, = 0. Then the ring J*°(R) is generated by Y l(j ), Yz(j ) satisfying the relations

Y (s)Y2(s) = 0.
We show by induction that for n > 0 the series

3" Y5 (s)
as”

Yi(s) (1-7)

is nilpotent in J°°(R)[[s]. Indeed, assume that

is nilpotent. Using Lemma 1.16 we have

"Ya(s) _ 3Yi(s) 3" 'Ya(s)

Y =
1(5) as" s 9sn—1
Multiplying both sides by the left-hand side part we obtain
Y (s)\’ 3"Ya(s) Y1 (s) 3"~ Ya(s)
Yi(s) =-Y1(s) 1 -
as” as” as as”

By the induction hypothesis the right-hand side is nilpotent; hence so is (1-7). In fact, one may check
that the coefficients of the series (1-7) span the same linear space as the elements Y ](i)Yz(j ' forall i, j > 0.
Thus the quotient of J°°(R) modulo its nilradical is spanned by the images of all Yl(i‘) Y l(iM ) and
Yz(j ... Yz(j ) Using this and the results of Section 2.3 one can show that the nilradical is generated by
coefficients of series (1-7).
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1.3. Derivations of arc rings. In this subsection we define two Lie algebra actions on an arbitrary arc
ring, these actions will be instrumental to our construction.

Consider any commutative K-algebra ® and an odd formal variable t (i.e., 2 =0). Let x : O[t] - ©
be the natural projection, i.e., ¥(®t) = 0. In the following lemma and throughout the text we only
consider K-derivations.

Lemma 1.18. The derivations of © are in one-to-one correspondence with the homomorphisms § : © —
Ol[t] for which x o5 = 1. A derivation d corresponds to the homomorphism 1+ td.

Proof. For any derivation d € Der ® one evidently has
xo(l+7td)=1.
Suppose that we have a homomorphism § : ® — O[t] such that » o § = 1. Then we have
s=141d
for a linear map d. For any x, y € O,
xy+tdxy)=(0+1d)(xy) =+ td)(x)(1+1d)(y) =xy +t(xd(y) +d(x)y).
Hence d is a derivation. U

Fix a finitely generated k-algebra R for the rest of this section. Consider a continuous derivation
d € DerK[[s]], we can extend d to a derivation of J*(R)[[s]] = J*°(R) ®KI[s]. Here continuity is with
respect to the standard topology on K[[s] and ® denotes the completed tensor product with respect to this
topology; see, for instance, [Stacks]. Lemma 1.18 applied to ® = J°°(R)[[s]] and the obtained derivation
provide maps
JER)s] — JZR) szl — JZ(R)s,

and hence the maps
Hom(R, J°°(R)[[s]) = Hom(R, J(R)[s1[t]) = Hom(R, J*°(R)[s]),
with composition equal to identity. Applying isomorphism (1-1) we have maps ¢ and 7
Hom(J®(R), J®(R)) & Hom(J®(R), J®(R)[t]) > Hom(J>®(R), J®(R)) (1-8)

with composition equal to identity.

Proposition 1.19. The image of the identity under ¢ has the form 1+ tp(d) for some p(d) € Der J*°(R).
The map —p defines a Lie algebra action of Der® K[[s] (continuous derivations) on J>°(R).

Proof. By construction, the map 7 is obtained by applying the functor Hom(J°°(R), —) to the projection
x: JP(R)[t] = J®(R), i.e., it is the composition with » on the left. In particular, if § = ¢(idj~(g)),
then id o (g) = #6. By Lemma 1.18, we indeed have § = 1 4 7p(d) for some p(d) € Der J*°(R).
Let us show that
—p : Der K[s] — Der J*°(R)
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is a Lie algebra homomorphism. The derivation d is given by a (Z>g X Z>¢)-matrix B such that
dis’)y =) "B ;s
i=0
for any j >0, i.e., d maps a series with coefficients (co, c1, . ..) to the series with coefficients B(cy, cy, . . .)T.
From the definitions we see that for any r € R and i > 0 we then have

(p(idJDC(R))(r(i)) = r(i) +7 Z Bi,jr(j).

j=0
In other words, p(d) maps a linear combination of the r) with coefficients (cp, c1, .. .) to their linear
combination with coefficients (cg, c1, ...)B. This shows that p is an antthomomorphism, i.e, —p is
indeed a homomorphism. O

We will use the shorthand notation d X = —p(d)(X) for d € Der® K[[s]] and X € J°°(R). Recall that
the Lie algebra Der K[[s] is spanned by the derivations dy = s**! aa_s with k > —1. These derivations act
on J*®(R) as follows (here and further r® = 0 for anyr € Rand i <0).

Proposition 1.20. Foranyr € R, i > 0and k > —1 we have
de(r'y = (i —k)ri=". (1-9)

Proof. Setting d = d; within the proof of the previous proposition we see that the matrix B is given
by B; j = j wheni — j =k and B; ; = 0 otherwise. In particular, the proof then implies that

de(r@) =3 "B i = (i —kyrh. 0
j>0
From (1-4) and Proposition 1.20 we see that J* respects the action of Der® K[s]. In other words, J*°

as a functor from CAlgﬂn to the category of commutative Der® K[[s]|-differential algebras.
We next describe another Lie algebra action on J°°(R). Fix a presentation

RZk[Xl,...,Xm]/(fl(Xl,...,Xm),...,f((Xl,...,Xm))

and let ¥; € R be the image of X;.

Definition 1.21. For a derivation ? € Der R and k > 0 we consider 3% € Der J>°(R) defined on

generators by ‘ ,
o) =0y Uh.

Lemma 1.22. The derivations 0% are well-defined and independent of the presentation.

Proof. Choose polynomials py, ..., p, in K[X1, ..., X,;] such that p;(Y1,...,Y,) = 0Y; for all Y;.
We have a unique derivation 0 of K[X1,..., Xl given by 0X; = pi. We also consider the deriva-
tion 3® of K[{X"}] such that 3% (X"’) is the coefficient of s7* in p;(X1(s), ..., Xu(s)) or 0if j <k.
Furthermore, we extend 3% to a derivation of K[{X'"’}][s] by applying it coefficientwise. Note that

30 (X () =" pi(X1(5), - .., X (5)). (1-10)
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Now, for any p € K[ X1, ..., X,,] its image 2(p) projects to 0(p(Y1, ..., Ym)) € R. Hence ? preserves
the ideal of relations in R, i.e., for all f,, we have polynomials a, such that

¢
6(fo) = Zaqfq-

=1

From (1-10) we then obtain !
¢
CRACAORINS MODETSIFAC IO RIS AHIACAO RIS AC))
g=1

This means that 9% € Der K[{X l.(j )}] preserves the defining ideal of J°°(R) generated by all coefficients
of the series f,(X1(s), ..., X,u(s)). By projecting onto J°°(R) we obtain a derivation which maps Yl.(f )
to the coefficient of s/ in pi(Y1(s), ..., Yy,(s)). The latter coefficient is precisely 3(Y;)V =k and the
obtained derivation satisfies the definition of 9.

To show that 9 is independent of the presentation extend 9 to a derivation of J*°(R)[[s] co-
efficientwise. We have the embedding ¢ of R into J*°(R)[[s] with ¢(r) = r(s). Now we note that

sfo) =@y,
i.e., the maps sk~! and o® agree on the ((Y;), and hence on all of ¢(R). In other words,

® Dy = ()P (1-11)
for any r € R and j > 0 which is independent of the presentation. (I

Lemma 1.23. The current Lie algebra (Der R)[s] = Der R ®x K[s] acts by derivations on J*(R) by ds*
acting as o,

Proof. For any two derivations 01, 0, € Der(D) and k1, k; > 0 we need to prove
k k
I, 002] = [o1, 0,141 4.
However, from (1-11) we indeed have, for any r € R,
k k ; e ‘
01", 2710 7) = ([01, 221(r) VR = [0y, 0K (),
Since the /) generate J>°(R), the two derivations agree on all of J*®(R). O

Let T : a — b be a morphism of Lie algebras. Then there exists the morphism

Z[s]: a[s] = b[s], as*— f(a)sk.

Lemma 1.24. Let R, L be associative algebras, gg, g1 be Lie algebras acting on them by derivations.
Let t, T be two morphisms Tt : R — L, T : gr — gL such that t is equivariant with respect to 7, i.e., for
anyd € gg, r € R,

T(d(r)) =T(d)(z(r)).
Then J°°(t) is equivariant with respect to T[s].

Proof. This follows from (1-11) and the definition of equivariance. U
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1.4. Supersymmetric polynomials. In this subsection we discuss the properties of supersymmetric
polynomials. Take two groups of variables p(, ... p® M . . 4©.

Definition 1.25. A polynomial f € k[p™",..., p®, ¢qD, ... ¢@1%*C symmetric in the p) and
the ¢/ is supersymmetric if f| 7 ¢z 1s independent of Z. We denote the ring of such polynomials
by Qb,c-

Proposition 1.26. There exists the map Yy o : Q2p.c = Qp—1,c—1:

Ube: [ flpwisz,g00 2.

The kernel of Yrp, . is the ideal

[T @7 =akp®. . p®@.q®, g @15,

Proof. For a polynomial f € Q. the image vy, (f) is symmetric in p™", ..., p®=Dand gV, ..., gD,
We have
wb,c(f)|p(1’*1>|—>Z’,q(C*1)}—>Z’ = f|p(”)n—>Z,q(‘)|—>Z,p(”*'>|—>Z’,q(C*1)}—>Z/-

Therefore it is independent of Z". Hence ¥ (f) € Qp—1.c—1-
Assume now f € ker(y, ). Since f is divisible by (p® —¢'©) and symmetric in pV, ... p® and

The proof of the following proposition can be found in [Macdonald 1995, Section 1.3.23].

Proposition 1.27. The ring Q) has two sets of generators,

b c
pk(p(l)’ L p(b); q(l)’ L q(c)) — Z(p(i))k _ Z(q(i))k and hk(p(]), o p(b); q(l), o q(C)),
i=1 i=1

where

M,a-1p®) & .
i=1 _th(p(l),...,p(b);q(l),...,q(c))Tk

[Tie 1 =Tg®D) prs

for a formal variable T. In particular \p, . is surjective.

1.5. Associated graded algebras and initial ideals. Consider the polynomial ring K[ X1, ..., X,,]. Let <
be a monomial order on monomials in X, ..., X,, i.e., a total order on monomials such that if a < b
then for any monomial ¢: ac < bc. In other words, < is a total semigroup order on N” (see [Miller and
Sturmfels 2005]).
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The ring K[ X1, ..., X,,] is naturally N"-graded. All graded components are one-dimensional and are
spanned by monomials:

KIX1, .. X =K] ] X7

The ring J, = J*(K[X1, ..., X,]) is the polynomial ring in variables Xl.(j) with 1 <i <nand j > 0.
This ring has an induced N"-grading where graded component J,[#] has the basis

{ [T &) Zb{:ri,izl,...,n}.
j=0

1<i<n,j=0,1,...
J, has two filtrations by the ordered semigroup (N, <). The first has components

Inl<F 1= I® KXy, ..., X,DIF],

while the second has components

I[=Fl =@ I°KIXy, ..., X, DIF].

<7

Both filtrations are multiplicative: for any 7, ¥, € N" we have
Jul<rildhl<r2l Cul<ri+r2] and J,[=2r)du[=2r2] Cdu[=2 7 +72].

LetZ C J,, be an ideal. Denote R = J,,/Z and let 7 be the natural projection 7 : J,, — R. The filtrations
on J, induce filtrations on R by R[< 7] = n(J,[< 7]) and R[< 7] = 7 (J,[<X 7]). These filtrations are
again multiplicative and we have the associated N"-graded algebra

gr R =P RI=71/RI<F].

reN”?

Next, for any nonzero element g € J,, consider its decomposition

g=Y glFl. glFle€dulFl.
reNn

Let 7’ be the largest 7 with respect to < such that g[7] is nonzero. Then g[7'] is denoted by in< g and is
called the initial part of g. The initial ideal of Z with respect to < is the linear span of {in g|g € Z}. This
space is denoted by in Z, one easily checks that it is an ideal in J,. By construction, the ideal inL 7 is
homogeneous with respect to the N"-grading. Therefore, the ring J,,/(in< Z) is naturally N"-graded.

Next, let us observe that J, has a further N-grading grad given by grad X l(’ ) = j. Together with the
grading considered above this turns J,, into a N"*!-graded ring. We now assume that 7 is homogeneous
with respect to grad. This gives us an induced N-grading grad on R. Note that every subspace J,[< 7]
and J,[=< r] is also grad-homogeneous, and hence so is every R[< r] and R[< r]. As a result we
obtain an induced grading grad on gr_ R which makes the latter N"*!-graded. Furthermore, since Z is
grad-homogeneous, so is any initial ideal. Consequently, in_ Z and J,/ inL T are N"*!-graded.



On reduced arc spaces of toric varieties 327

Proposition 1.28. The rings gr_R and J,,/ in. T are isomorphic as N'*'-graded algebras.

Proof. We may consider the associated graded algebra gr_J,, note that it is naturally identified with J,,.
Since the filtrations on R are defined as projections of the filtrations on J,, we obtain a surjective
homomorphism 7’ : gr_J, — gr_ R preserving the N"*!-grading. In terms of this identification, p € J,[F]
lies in ker 7’ if and only if p — g € J,[< 7] for some ¢ € Z. In other words: p € kern’ if and only if
p =in. g for some g € Z. This proves the proposition. U

Remark 1.29. This proposition is a special case of the well-known and rather general phenomenon of
isomorphisms between associated graded rings and quotients by initial ideals. See, for instance, [Kaveh
and Manon 2019, Lemma 3.4] or [Makhlin 2022, Propositions 1.1 and 8.1] for statements of this form for
finitely generated commutative and associative algebras.

Choose a grad-homogeneous generating set { f1, ..., f¢} of Z. We denote by J the ideal generated
by the polynomials in_ f;. This ideal is N"*!-homogeneous and is contained in in_ Z. This provides a
surjection J,,/J — J,,/ in< T of N"*+!_graded algebras. In view of Proposition 1.28, we have the following.

Corollary 1.30. There exists a surjective homomorphism of N"+1-graded algebras from J,/.J to gr <R.

1.6. Unit cubes. For an integer £ > 2 let RI‘! be the space of real-valued functions on the set of subsets
of [£]. Consider the unit cube C;, C Rl its vertices are the indicator functions 1; with I C [£]. R(Cp) is
generated by elements Y; which satisfy

YiYy =Yy Y. (1-12)

Consider the arc ring J*°(R(C)). It is generated by variables Y I(j ), j >0, satisfying the relations
Yi($)Y;(s) = Yins(s)Yrus(s) =0. (1-13)
Lemma 1.31. The coefficients of the following series are nilpotent in J*°(R(Cy)) forany 0 <k <{—2:

Y2001 (s)

ok (1-14)

Wee= Y (=D"Yiup(s)
1C[2,4]
Proof. We prove this lemma by induction on £ by showing that the series Wy j is nilpotent in J*° (R (C¢))[[s]l,
the lemma then follows by Lemma 1.15. In the case £ =2 we only have k =0 and W, ; vanishes by (1-13).
For the induction step we first consider the case k < £ —2. We break up W, ; into two sums and show
that each summand can be interpreted as a similar relation for £ — 1. First consider the sum

Y. e—17\s (5)
dsk '

> DY)

JC[2,4—1]

(1-15)

Every I C [£] corresponds to a vertex v’ of C; such that vi] is 1if i € I and O otherwise. The subscripts
appearing in (1-15) are those subsets which either contain both 1 and £ or neither of them. The correspond-
ing vertices are the vertices of an (£—1)-dimensional parallelepiped D. Note that R(D) is embedded
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into R(Cy) as the subalgebra generated by the ¥; with v/ € D. Consequently, we can view J*>°(R(D)) as
the subalgebra in J°°(R(C,)) generated by the corresponding Y ,(j ),

Now, D can be identified with C;_; by projecting along the £-th coordinate. This projection is unimod-
ular (it identifies the lattice span(D) NZ¢ with Z¢~1); therefore it induces isomorphisms R(D) >~ R(C¢—1)
and J®°(R(D)) =~ J*°(R(C¢-1)). The image of (1-15) under the latter isomorphism is —W,_; ; which is
nilpotent by the induction hypothesis.

The summands in Wy ; not found in (1-15) are those featuring subscripts which contain exactly one
of 1 and £. The corresponding vertices again form the vertex set of an ({—1)-dimensional parallelepiped
and the same argument shows that the remaining sum is also nilpotent.

Now we consider k = £ — 2. First, for integers n € [2, £], m > 0 and p € [0, m] consider the expression

~ Y 10te—n+1y(5) 3" PYo—nt2,01\1 (5)
Womp= ). (DIt oy T € IXREDs .
IC[€—n+2,¢]

In particular, Wg,m,o = Wiy form <€—2.

Let n be either £ — 1 or £. By, respectively, either the induction hypothesis applied to the Boolean
lattice of subsets in [2, £] or the above case k < £ — 2, we have Wn,m,o =0 for m < £ — 3 (recall that
a = b means that a — b is nilpotent). Then, by Lemma 1.16,

0 ~ ~

awn,m,o = Wn,m+1,0 + Wn,m+1,l =0

for m < £ — 3. We deduce that W,,,m,l = 0 for m < ¢ — 3. Iterating this process we obtain that all
Wn,m,p = 0 when m < ¢ — 3. Hence, by writing the derivative of Wn’g_g’p =0 for any p € [0, £ —3] we

~

obtain W,, t—2,p = =Wy -2 ps1. Together these £ — 2 equivalences provide
Wie20=(~D"Wye 202 forn=e—1,¢ (1-16)

Now choose J C [2, £]. Multiplying W, ,_> by Y, (s) and using the relations (1-13) we have

3 Y2001 (5) 8525 1 (5)
Y;(s) Z (—l)l”YIU{l}(S)%=Y]U{1}(s) Z Fl)mYI@)?’_JZ\.

1C(2,4] IC(2.€]

In view of (1-16) for n = £ — 1, we have

)RS ACK 8%”2\’“) Wm0+ (D2 Wsi a2 =0.  (1-17)
1cl2,0]

We see that Y (s) Wy ¢—» =0 for any Y, (s) with J C [2, £]. By applying (1-16) for n = £ we also have
Y, (S)W[,g_z,g_z = (0. However, it is evident from the relations (1-13) that J°°(R(C;))[[s] admits an invo-
lution exchanging Y I(j ) and Y[(EJ])\ ;- Applying this involution to Y, (S)W@’(_Q,(_Q we obtain Y/ (s)We ¢—2,
where 1 € J/, and we see that this product is also nilpotent. As a result, all Y;(s)W;¢—» = 0 and,
since We%z-z is a sum of multiples of various Y;(s) W, ¢_>, we have W, ,_» =0. U
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Remark 1.32. Consider » < ¢ and an affine embedding C, — C, mapping vertices to vertices. This
induces amap f : J*(R(C;)) = J*(R(Cy)) and any f(W, ) will lie in the nilradical of J*°(R(Cy)). It
can be shown that all elements of this form generate the nilradical, more specifically, a minimal set of
such relations is obtained in Section 5.1.

2. Symmetric polynomials and dual spaces of graded components

2.1. Arcs over the polynomial ring. In this subsection we use the notation from Section 1.5 and discuss
the arc ring J,, of a polynomial ring. Note that, similarly to J,, any arc ring J°°(R) has a grading grad
given by grad r¥) = d for any r € R. If B is any grad-homogeneous subspace, quotient or subquotient of
an arc ring, we will denote by B?) its component spanned by b with grad b = d. In particular, if all B
are finite-dimensional (for example, when B = J,[a], a € N*) we will understand the dual space B* to
be the graded dual with respect to grad.

Choose a € N" and consider a; + - - - + a,, formal variables

(D (ay) 1 n
S) s s ;5)7---’%(1&)-

Let ¢; € N be the vector with its i-th coordinate equal to 1 and all other coordinates 0. We have
Xi(s”) € dule1 ® KIs1,

where we view any J,[a] as a topological vector space with a neighborhood base at O consisting of the

spaces P d>N Julal® for N > 0. Consider the expression

Ua(X1, oo X) = X150 - X ) - X)) - X ()

e, [a]®k[s(1) ...,sgal),..., ,(l]),...,s,(l“")]. 2-1)
We have
N ()
Ua(X1, .., Xn) = > [T oD% I x™.
(k.jllfisn,lgjgai)eN“l+“‘+”" lfign,lfjgai 1§i§n,1§j§ai
. . k! .
Collecting all terms with the same [[;_;_, 1< ;<4 X l( ") we obtain
Ua(X1, ..., Xyp)
&) CIIONY,
- )3 (I« X T eo)).
(kjllflfn,lfjfa )EN“1+ dan with  1<i<n1<j<a; (01,4,00) €S X+ x B, 1<i<n,1<j<a;

k'§k2§ fk for every i

( D

Therefore the coefficients at [],_;, |<; j<q; X; '~ form a linear basis of the ring
)64, X %G,
Aal{si Nzizni<jza) = KIs 10 2T (2-2)
of partially symmetric functions. Here the factor &,, permutes the variables sl(l), .. (“1) and so on. We

will shorten the above notation to Az(s), where we denote s = {sl.(j )}15,- <n1<j<a;- In partlcular, we have

Us(X1, ..., X, € d,[al® Aa(s). (2-3)
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Consider a linear functional & € J,[a]* and let 1 be the identity isomorphism on A;(s). We have the
map £ ® 1 : J,[a] ® Az(s) — Az(s) and denote
fi = E®DUa(X1, ..., X»)) € Aals). (2-4)
Set 0% = P ;e Inlal*. We immediately obtain:

Lemma 2.1. The map yz : & — f¢ is a linear isomorphism from J,[a]* to Az (s). The map y = @ﬁeNn Va

is an isomorphism from J* to @ - _n Az (8).
14 n aeN

For vectors @, b € N" we have a natural map

A Agyp®) = Aa(s) @ Ag(si” Nisizn 1ra<jshiva) = Aals) ® Aj(s) 2-5)
because any polynomial symmetric in sl.(l), s sl.(“") , sl.(a" o, sl.(“" ) is symmetric separately in
si(l), ey sl.(”" ) and sl.(a"H), s sl-(a" 1) We choose a concrete isomorphism on the right in (2-5) by

identifying the variable s "7 in A;({s"}1<i<n.11ai<j<bi+a;) With the variable s in Aj(s). Then (2-5)
provides a comultiplication map A on the space @, . Aa(s). This comultiplication is obviously
coassociative.

Proposition 2.2. The comultiplication map A is dual to the multiplication in the ring J,, with respect to y.

Proof. Consider the comultiplication A= (y '®y Ay on J%. We need to show that for any X, Y € J,
and £ € J» we have £(XY) = Z(S)(X ® Y). By linearity it suffices to consider the case when X and Y
are monomials and £(Z) = 1 for some monomial Z while & vanishes on all other monomials. We are to
check that Z(S X ®Y)equals 1if XY = Z and 0 otherwise. This follows directly from the definitions
of y and A. [l

In the following corollary and below we often identify J,[a]* with Az(s) via y;.

Corollary 2.3. (a) Consider an ideal I C J,. Then the subspace in @ .y Aa(s) which annihilates I is

a subcoalgebra.

(b) Consider a subalgebra S C J,,. Then the subspace in @ ;.. Aa(s) which annihilates S is a coideal.

2.2. Action of the current Lie algebra on dual components. Since the polynomial algebra R =
kK[Xy, ..., X,]is N"-graded, it is acted upon by an n-dimensional abelian Lie algebra b = (hy, ..., h,).
For r € R[a] we have h;(p) = a; p. The Lie algebra h acts by derivations and, applying Definition 1.21,
we obtain derivations hgk) on J, given by

& vy _ s (=0
hi1 (Xi2 )—3“,12)(1-2 .

By Lemma 1.23 we have an action of h[s] on J, with hjs* acting as hgk). This h[s]-action is faithful;
hence h;s* — h;k) provides an embedding h[s] < Der J,, and allows us to identify h;s* with hl@k). This
action also preserves the N”-grading, i.e.,

bls1nlal) C Jnlal.
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We may extend the action of h[s] to J,[[s] (coefficientwise) and J, ® Az(s) (by acting on the first
factor). In particular, we have

By Xiy(5) = 81,128 X (5) (2-6)
a; .
Lemma 2.4. WO Ua(Xs o X)) = Ua(Xas o Xa) (570
Proof. This follows from (2-6) by the Leibniz rule. ]

Proposition 2.5. The action of h[s] on Az(s) dual (with respect to yz) to the h[s]-action on J,[a] is
given by

WO ==Y 6
=1

forany f € Ai(s).
Proof. Choose f € A;(s) and let £ = ygl( f). Then for the dual h[s]-action we have

RO =P EBDWUaXy, ..., X)) =—ERDRP (Ua(X, ..., Xn))

=—E®DWalX1..... X)) Y (s == (s f. @27
j=1 j=1

This completes the proof. ([l
The action (1-9) of the Lie algebra Der¢ K[[s]] also preserves graded components of the arc ring J,,.

Proposition 2.6. The action of Der® K[[s1 on As(s) dual to the action on J,[a] is given by
_ (k190
di(f) = ( Y G ” (]))f
I<i<n,1<j<a;
Proof. We have
d
dk(X (S(]))) _ (S(J))k-H (]) ( (J))
as

Therefore, by the Leibniz rule,

9
dk(Ua(Xl,...,X,,))z( > ((f))k“8 ())Uu(Xl,...,Xn).

1<i<n,1<j<a;

Il LL Sy

The proof is now completed similarly to the previous proposition. O

2.3. Arcs and quadratic monomial ideals. Consider a set of pairs

nz{(alaﬂl)s“'a(apsﬁp)}’ ai’ﬂie[n]v o <:3i

and the monomial ideal M, = (Xy,Xg,)i=1,...p in K[X1, ..., X,]. The goal of this subsection is to

.....

describe the space dual to the ring J*°(K[X}, ..., X,]/M}) in terms of symmetric functions.
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We have the surjection p : J, — J*®(K[X1, ..., X,]1/ M) with kernel generated by coefficients of

the series
Xo; (5)Xp (s), (a4, B;) €. (2-3)

This kernel is N"*-homogeneous; hence, the ring J*° (K[ X1, ..., X,]/M;) is N"-graded and p restricts
to N"”-homogeneous surjections p[a] from J,[a] to J®(K[X1, ..., X,]1/Mj)[al. Therefore, the (graded)
dual of the homogeneous component J*° (K[ X1, ..., X,,]/My)[a] can be naturally viewed as a subspace
in J,[a]*.

The kernel of p is h[s] invariant. Therefore, the map p is a homomorphism of h[s]-modules and thus the
dual of the homogeneous component J* (K[ X1, ..., X,,]/Mj)[a] has a structure of a h[s]-submodule.

Proposition 2.7. The subspace
Ya(J = (KIXy, ..oy Xal/ M)lal®) C Aa(s)

is the principal ideal generated by

[T 6&=s). (2-9)
(a.p)en
I<i<aq,1<j<ag

This principal ideal is a cyclic h[s]-module generated by (2-9) that is isomorphic to Az(s).

Proof. In view of (2-8), the kernel of p[a] is the linear span of coefficients of the series
U&—ea—eﬁ(xla~~-vXn)Xa(t)X,B(l)=U&(X1»---axn)|v(aa) (ag) (2'10)
Sq >t Aﬂ =t

for (o, B) € m, where ¢, is the a-th basis vector in N”. For & € J,[a]* we have

ERDWaX1, ., X)) oy @ )=ERDUXL, s X)) . ap
Sor r—)t,sﬁ >t Sor r—)t,sﬁ

=t

=1a®)l ., 9.,

Thus, & (ker p[a]) = 0 if and only if y;(§)| @, = 0. By symmetry, y;(§) must then be divisible
Sa ,8
by (2-9). The last claim follows from (2-7). This completes the proof. U

We also need the following generalization of this proposition. For each pair of indices (¢, 8),
1 <a < B < n choose a number k(a, B) € N. Denote the collection of these numbers by k. Consider the
ideal Z; generated by the coefficients of

O X, (s)
os¥

<X0,I.(s) >, l<a<B<n, 0=k <k(a,B). (2-11)

We denote by p the natural surjection J, —J, /Z; and let p[a]: J,[a] — (J,/Z;)[a] be its N"-homogeneous
components. As before 7 is h[s]-invariant. Therefore, p[a] is a map of h[s]-modules. As in the previous
case we identify (J,/Z;)[a]* with a principal ideal in A (s).
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Proposition 2.8. The subspace yz((J,/Zp)[al*) C Aa(s) is the principal ideal generated by

1—[ (sg) —séj))k(“’ﬁ). (2-12)

1<a<f<n
1<i<ay,1<j<ag

This principal ideal is a cyclic h[s]-module generated by (2-12) that is isomorphic to Az(s).
Proof. By definition, ker p[a] is the linear span of coefficients of the series

I Xp(t)  FUs(X1, ..., Xn)
o (@55 ¥

U(ifeafels (Xl, cees Xn)on(t) @p) s (2'13)

slaed sy sg’ >t

where 0 < k’ < k. We have, for any & € J,[a]*,

~ <a’<’Ua(X1,...,X,,)

KeWz(Xq, ..., X,
81 b _ MEWaxy )
(@55

s&aa)HZ,s;nﬁ)Ht> (as’(;lﬂ))k,
_Mya®)

- (aﬁ) k'

(@55

(ag)
sé,a"‘)}—n:,slg‘g —

@g
s&a“)Ht,sﬁﬁ >t

Thus, &(ker p[a]) = 0 if and only if for any « < B and 0 <k’ < k(«, B) we have
0" ya(®)
CR3

(ag)
séa“)Ht,sﬂ Bt

By symmetry, such y;(§) are precisely those divisible by (séf) — séj ))k(“"ﬂ) foranya < 8, 1 <i <ay and

1 < j < ag. The last claim is straightforward. ]

Remark 2.9. Consider a finite set S C N" and the ideal Iy C K[ X1, ..., X, ] generated by monomials X E,
b € S. Then the subspace Yz (J*K[X1, ..., X,1/Is)[al*) C Az(s) is the ideal

{f suchthat f| oy o0 =0 forall b € S}.
s st

b
----- Sn 7---sSr(l n)Ht

This generalizes Propositions 2.7 and 2.8, the proof being similar. We note that in this general case the
dual space is still an ideal in A;(s) which, however, need not be principal.

3. Arc rings of toric rings

3.1. Graded components of toric rings. Consider a normal lattice polytope P C R and the corre-
sponding toric ring R(P). Note that R(P) is invariant under shifts of P so we do not lose generality by
assuming that P lies in the positive orthant.
We have an embedding
n:R(P)— K[z1,..., 2, w]

with n(Yy) = z%w for @ € P NZ". We study the corresponding map of arc rings

J®M) : J®R(P)— J®Klz1, ..., 20, w]).
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By definition, applying J(17) coefficientwise we have J*°(1)(Yz(s)) = z(s)%w(s). Let {a!, ..., a"} be
the set of integer points in P. We have a surjection

7 :K[Xg1, ..., Xgn] = R(P),
where 7(X5i) = Y. We also have the map
nOTZk[Xgl,...,X&m]—) k[Z],...,Zn,'LU]

and, for a vector 7 = (r;) € N™,
not(X7) = z2im @)y Xl i

Thus, n o T maps monomials in the Xz to monomials in the z; and w. Fora e N*, L € N we define

m m
3" ri@ =a and ZrizL}.
i=1 i=1

Then no t(X") = z%w’ if and only if 7 € R(a, L).
The map J*°(7) : J,, = J°R(P) is surjective, since Jw(t)(Xé],)) = Yo,g,-j) (more generally, J* is

easily seen to preserve epimorphisms). Therefore, we have

R, L) = {fe N

JEXMUTRP) = T= o)) CI¥ Kzt -y z0, wD)
and we have a surjective map
Vv Jeg(R(P)) = I ZR(P)) = J= (Mo t)(In). (3-1)

By Corollary 1.12, v is an isomorphism.

For the rest of this section we fix a monomial order < on K[ X1, ..., Xgn] as well as the corresponding
order on N"™. As discussed in Section 1.5, we have two (N, <)-filtrations with components J,,[< 7]
and J,,[< 7]. Since both J23(R(P)) and J*(n o 1)(J,,) are surjective images of J,, they admit induced
(N™ ) <)-filtrations which are seen to be identified by the isomorphism v. Since v respects the grading grad,
we obtain:

Lemma 3.1. Forany d € N and v € N™ the map v induces an isomorphism of vector spaces

gr JRR(P)FD >~ gr J®m o) (Jn)[F1.

red

3.2. Dual of the inclusion map. Retaining notation from the previous subsection consider 7 € R(a, L) CN"™
for some @ € N" and L € N. Consider the subspace A; C J*(K[z1, ..., z4, w]) spanned by elements of
the form

m m .
-1 il -m -m (’)
N(Ya) U0 (V)9 o (Yan) U1 (V) i) = J“(n)(]‘[ [Ty )
i=1k=1

for all j; € N. This subspace coincides with J*(n o 7)(J,,[F]).
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In this subsection we study the dual map to the inclusion
@i : A = J¥(Klz1, ..., 20, wDa, L], (3-2)
where on the right we have a component of the natural N"*!-grading.

D with1<i<mand1<j<r:

We consider the following series in variables ¢
Vi i= (Y () - na) (@) - (Yam) (t8D) - n(Yam) (1)
=@ w ") Ew ) WD) - w) ). (3-3)
From the definitions we have:

Proposition 3.2. The space A; is spanned by the coefficients of Vi as of a series in the ti(j ),

By Lemma 2.1 we obtain a linear isomorphism
Var : JPKzt, - 2oy wDId, LT — Aa($) @ AL((sy}j=1,...0)-

We will denote the right-hand side above by Az 1.(s).

Recall thata =", r ;0 and L =", r;. Consider the homomorphism of polynomial algebras

90;/ : k[Si(J), S,(Uj )] l<i<n —> k[ti(j)]lfifm

1<j<a; 1<j<ri
1<j’<L
given by
1V ifjell,a)]and j' =1,
1! if j el — Do) +1,ra}1and j' =1,

oY sy =YY =11 ifjelnal +1,ral +a?and j/ =r +1, (3-4)

t, if j [rlail + (ry — 1)011.2 +1, rIOti1 + rzozlz] and j' =ry +r,
In other words, for a given 1 <i < n we divide the tuple si(l), R sl.(ai) into L groups of consecutive
elements so that the first r; groups contain ozl.l elements, the next r, groups contain aiz elements, etc.
Then ¢.” maps the elements in the first 7| groups to, respectively, tl(l), ey tl(r‘), the elements in the next r»
groups to, respectively, tél), R tz(m and so on. As for the variables sf,} ), R sl(UL), the first »; of them
are mapped to, respectively, tl(l), R tl(r'), the next r, are mapped to, respectively, tz(l), R tz(”), etc.

Remark 3.3. The map ¢, can be described in the following way. The ring A 1 (s) is generated by

power sums

a; L

1 i j /

pk(si( o si(a = Z(si(]))k and pk(s,(vl), cee sfuL)) = Z(Sl(;)/))k-
j=1 j=1
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‘We have

m

o (s (“)))—Za pe(e ) and @ (et sEN =D P,
j=1 j=1

In particular, ¢; Y(Ag.1(s)) is generated as a ring by the elements Z;" L pk(t(l) ... (r’ ),i=1,.
and Y7y preiV, (7).

Example 3.4. Let P be the convex hull of {(0,0), (1,2), (2,1)} and let &y = (0,0), ap = (1, 1),
a3 =2,1), ag=(1,2). Consider r = (1, 1,1, 1) € R((4,4),4). Then <pr is given by

R N N R N N N U NN

and we have

oY (s, 525D 5By = p ey + prei) 4+ pe @) + pr ),

1 2 3 4 (1 1 1
oY (pr(stV, s{ ), sf ) s\ = o) + 2 (1) + ),

2 3 4 1
o7 (pr(sy”, 557 557,55 = Py ) + pr(as) +2pe (1),
Lemma 3.5. The image (pfv (Az,1(8)) is contained in the subring A5 (t).

Proof. The ring A, 1 (s) decomposes into a product of its subspaces as

Aar(®) =Dy (5Yjmta) -+ Doy (5ot a VALY 21 L)

The image under ¢ of a polynomial in A, ({sU )y j=1,...a;) is evidently symmetric in t tlf") for

.....

each £. The same holds for any polynomial in the image of A L({s(J )} j=1,..,.) and the lemma follows. []

Recall the inclusion map ¢; defined in (3-2). We denote by
0r Izt ..., 2, wa, LT — A
the (graded) dual map for this inclusion.

Theorem 3.6. The annihilator of Ay in J*(K[zi, ..., z,, w)la, L1* is the subspace ker(¢. ya ). In
other words, there exists a linear isomorphism

er 1 A7 = @7 (Aa.L(s))
such that g7} = ¢ va 1.

Proof. The two claims are equivalent because the annihilator of Ar is ker ¢, i.e., both state that ¢
and %v va.1, have the same kernel.
Recall the expression Uz(z1, .. ., z,) defined in (2-1) and consider

U=Uzz1, ..., 2w owsH) e Kzt - .., 2o, wDId, L1® Az 1 (s).

By definition we have (1 ® eH)U) =
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Consider a functional & € J*(K[z1, ..., z4, w][a, L]*. We are to show that £(A7) = 0 if and only
if ¢ va,1.(§) = 0. Note that we may view V; as an element of

J®Klz1, ..., zn, wDla, L1® As ()
and that, in view of Proposition 3.2, £(A;) = 0 if and only if (§ ® 1)(V;) = 0. However,
ERDVH=ERNURe)U) =R )ER D) =¢; (vaL)). O

Recall that the monomial order < induces a filtration on and an associated graded for J*° (1 o t)(J,,).
We can write the filtration components as

JZmor)I)=x7]= ZAF

' =<r

and similarly for J*°(n o t)(J,,)[< 7]. This lets us write the components of the associated graded as

gr<Joo(77°'f)(\J]m)[f]=Ar/(Arm Z Ar’).
<7, eR(@,L)
We can now apply Theorem 3.6 to identify the (graded) dual space gr_J>(n o 7)(J,)[7]* with an
image of ¢’

Corollary 3.7. We have an isomorphism of grad-graded spaces

gr<J°°(nor)(Jm)[f]*:¢rv< N ker(<prv/)),

r'<r,r'eR(a,L)

where ker denotes the kernel in Az 1 (S).

3.3. Current algebra action and A-freeness. In this subsection we denote R = R(P). Recall that each
ring S € {R, J(R), J2q(R)} possesses an N"*+!_grading with components S[a, L]. The ring R admits
a natural action of a one-dimensional Lie algebra b = ki given by hr = Lr for r € R[a, L]. In view
of Lemma 1.23 we obtain an h[s]-action on J°°(R) given by hs*(ry = (hr)U=h, By Lemma 1.16
we have an induced h[s]-action on J23(R). Clearly, the components J23(R)[a, L] are preserved by the
action of h[s].

Next, consider the algebra K[z1, ..., z,, w], it also admits an h-action given by h(M) = LM for
M=z, ...z, wk. By Lemma 1.23 we obtain an action of h[s] on J*K[z1, ..., z,, w]. Now recall the
isomorphism (3-1),

V:JZ(R) = J®(Mmot)m).

red

Since the right-hand side above is a subspace in J*K][z1, ..., z,, w], we will view v as an embedding
into the latter. It is then seen from the definitions that v is a homomorphism of h[s]-algebras with respect
to the h[s]-action on J23(R) defined in the previous paragraph.

red

Lemma 3.8. Every subspace Az C v(JZ4(R)) is preserved by the b[s]-action.
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Proof. For any @ we have hs*((z% w)) = (z% w)U=%. Hence, applying hs* coefficientwise we have
hs®((z% w) (1)) = t*(z¥ w)(t). Therefore,

hsk (V7)) = (

1

m ri
(r,.@)k) V;. (3-5)
=1 {=1

Proposition 3.2 now provides the claim. O
Letus fix L e Nand a € N".

Corollary 3.9. Foranyr € R(a, L) we have an bls]-action on the subquotient

Y A / YA
F/<F,F'€R(@,L) F/<F,7'€R(a,L)

Recall that for every L the space J2;(R)[a, L] is graded by grad and the homogeneous components
are finite-dimensional. We denote by J23(R)[a, L]* the graded dual space. We denote by A; C U (h[s])
the subalgebra generated by hs, ..., hst. We will be interested in situations when the action of Ay
on J2q(R)[a, L]* is free for all @ and L.

Remark 3.10. An analogous freeness property holds for the homogeneous coordinate ring of the Pliicker
embedding and it has important representation theoretic meaning (see [Fourier and Littelmann 2007,
Feigin and Makedonskyi 2020; Kato 2018]). This property also holds for the Veronese curve (see
[Dumanski and Feigin 2023]). It is interesting to investigate the graded rank of these free modules. For
example, in the case of the Pliicker embedding they are equal to Macdonald polynomials for t = 0;
see [Ion 2003; Naoi 2012].

For v € R(a, L) we define the following h[s]-action on the algebra A;(¥):

hst(f) = ( > Xj(ri(k’)e) f. (3-6)

i=1 k=1

Proposition 3.11. The space (pfv (A, 1.(s)) is invariant under the action (3-6). The action on this subspace

is dual to the action of h[s] on A with respect to the isomorphism e (Theorem 3.6).

Proof. To prove the first claim note that the first factor in the right-hand side of (3-6) lies in gofv (Az.L(s))
by Remark 3.3. The second claim follows from (3-5). [l

Lemma 3.12. Assume that the natural action of Ay is free on (pfv( ﬂ;/d’;,eR(é’L) ker(wfv,)) for every
7 € R(a, L). Then it is free on the space J*°(not)(J)[a, L]

Proof. One sees that the isomorphism in Corollary 3.7 is one of h[s]-modules; thus J*(not)(J,;)[a, L1*
has a filtration with free subquotients. However, free modules are projective; hence J*°(not)(J,,)[a, L]*
is isomorphic to the direct sum of its subquotients. ]

We will need the following general fact about symmetric polynomials.
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Lemma 3.13. Letn =n| +---+n,. The ring K[xy, ..., xn]G"l XX G is free of q-rank ( over its

n
nlmna)q
subring K[x1, ..., x,]1%".

Proof. We are going to prove that it is a direct summand of a free module. Consider the tower of
ring extensions,
Klxi, ..., x, 09" CK[xq, ..., x, 180 %C c Klxq, ..., x,].

Note that the rightmost ring in this tower is isomorphic to
a
® KLXn, 4o otmy 1o« v s Xnytortn; ]
i=1
and hence is free of g-rank [n;],!- - [n4],! over the second ring in this tower, which is isomorphic to
a
® k[x"1+-~~+ni—1+1’ SR xn1+~~+m]6ni
i=1

(here we use the classical fact that a polynomial ring is free over its subring of symmetric polynomials).

Therefore, K[x, . .., x,]%1 %% is a direct summand in K[x1, ..., x,] as a K[x, . .., x, ]S > *Gna_
module, and, in particular, as a K[xq, ..., x,]%7-module. Hence, K[xj, ..., xn]G"I X X6nq i g projective
module over K[x1, ..., x,]® which by the Quillen—Suslin theorem implies freeness.

Since the ranks of free modules in a tower of extensions multiply, the g-rank of our extension can be
expressed as a quotient of ranks

[n],! _( n ) 0
nilg! - [naly! \mi---na/y

Denote by I the kernel of the projection J,, — J23(R(P)). By Proposition 1.28 the quotient J,, / in /
is isomorphic to gr_J 2 (R(P)).

Theorem 3.14. Assume that in. I is generated by relations of the form (2-11). Then

gr (Jea(R(P))a, L1~ JG(R(P))la, L]

red
as a Ar- module and the dual of this module is free.

Proof. Consider 7 € R(a, L). By Proposition 2.8 the space gr_ (J23(R(P)))[7]* is a free module over
Aj(t). By (3-6) the algebra 4; can be embedded into Aj(#) as the subalgebra of polynomials symmetric
in all tl.(k). Therefore, applying Lemma 3.13, we deduce that gr_(J2q(R(P)))[F]* is free over Ay.

Lemma 3.12 now shows that gr_ (J23(R(P)))[a, L]* is free. [l

3.4. Technical lemma. Consider integers m > 1 and ¢1,..., ¢, > 0 together with a vector a =

D with 1 <i<m,1<j<a;and s¥ with 1 < j <a.

(ai, ..., anm,a) e N1 We also consider variables u,

We work with the ring

Az(u,s) = k[ugl), el ugal), coull , uﬁg’"), s §@7a % xGap xGa

m s
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i
R(&) = {f rij =dai, Z r,-,jj:a}.
j=0 I<i<m,0<j<g;
For each r € R(a) we have the ring
. (D (}’, ) '1
A7 (t) = k[tl.’j ey l]’ ]1<l<m 0/<j§;,'

We now define a map 7 : Az(u,s) — Ar(t). As for (pfv above we define ¥ as a map between rings
of all polynomials and then restrict to subrings of symmetric polynomials, the fact that the image lies
in Az(t) is checked similarly to Lemma 3.5. Consider a variable u ®) and note that we have a unique
Jo € [0, ¢;] for which ZJO L rij <k< Z 0 \ i,j- Denote £ = k — ZJ | Ii,j» then we set 1/fr(u(k)) =9,

i, jo
Now consider a variable s(k). We have a unique iy € [1, m] for which

E Jrij <k = E Jrij-
1<i<ip—1,0=<j=<¢ 1<i<ip, 0<j<¢;

Denote the first sum above by S. We also have a unique jyp € [0, ¢;,] for which

Jo—1
S+er,0,<k<S+Z]r,Oj
j=l1 j=l1
Finally, denote
1
E—’V Zjolfrloj—‘
Jo ’

note that £ € [1, 75, j,]. We set Y7(s®) = tl((f)jo

Note that v establishes a bijection between all variables of the form u(

and all variables of the form t( )

for every i. Meanwhile, the number of variables of the form s which are mapped into a given t( ¥

equal to j.

Remark 3.15. The map 1/ appears naturally in the following context. Consider lattice polytopes P C R"
and Q C R"*! such that the following holds. Let &', ..., @™ be the integer points of P. Then the integer
points of Q are precisely the points j;. ji= a' x jwithl <i <m,0<j<¢. In particular, the projection
of Q along the (n41)-st coordinate is P. The resulting embedding Q < P x R gives rise to the map

KLX; ]]l<t<m,0<j<§, — K[X; ]1<t<m ®Kl[z] (3-7)

taking X; ; to X iz/. We may now successively apply J> to this map, restrict to the component of
grading r on the left and the component of grading a on the right and then dualize both sides. We obtain
amap V5 : Ag(u, s) > Ar(t), this is precisely the map defined above.

Consider a total order < on pairs (i, j), | <i <m, 0 < j <¢; with the property (i, j) < (i, j) if j < j'
One has an induced lexicographic order on vectors 7; ; such that 7 < 7’ if and only if the <-minimal (7, j)

for which r; ; # r satlsﬁes rij < r T
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Definition 3.16. For (i, j) < (i, j') let x((i, j), (i’, j')) be the number of £ such that (i, j) < (i’, £)
and £ < j'.

In other words, let epi, be the minimal number e such that (i, j) < (i, €). Then x((i, j), (i, j)) =
J' — emin. The key claim of this subsection is as follows.

Z Z/ PR «f s/
Lemma 3.17. w,( N ker(wr/)) > [ @ -5y A ).
F-r @ )=a"j",
1<e<ri;,
ng’Srv/ i

r,]

This lemma will be proved by induction reducing the case of vectors a and 7 to smaller vectors defined
as follows. Choose 1 < i < m with ¢ > 0. For max(a; —a, 0) < { < a; we define the truncation operator

i/= 1
tey(a)=(ar,...,a;_y,a: — L, a; o Gm,a—a; + 1) € N7

i+1°

The vector 7 is transformed by the map tc’ with

P rij o ifi i
tCl (r)i’j — { 1] o #75
T j+1 ifi = i,

where ] <i<mand 1< j <¢ fori # i while 1 < J <& — 1 otherwise. Note that we have
' (F) € Ratel. (@)).

We now show that v factors through v
We define the map

tef (7)*
i.oA N (1) )16,
Xo: Aa(u,s) — Atciz@(u, s) ®k[t;’0, e, tf,o]
by
G=0 . ) .
u- if j > ¢, $0) { u- if j <a:—¢,

) (0) T )
u.’’ —u; ifi #£i, u’ = i e !

’ ’ 7 i d it <, sU=a+0 if j > g: — £,
i,

Let sh; be the index shift operator,
shy(hi) =t ifi#i, shi )=t
Then we have the identity
¥ = ((shy o Y ) ®id) o X;';)O. (3-8)

For clarity let us point out the following. As mentioned, the maps v,, x; and sh, are defined as
maps between polynomial rings and then restricted to symmetric polynomials. It should be noted that
identity (3-8) does not hold for these maps between polynomial rings (only for the restrictions) because
the left-hand side and the right-hand side may not coincide on some s (but always coincide up to the
action of the corresponding symmetric group).
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Remark 3.18. Identity (3-8) can be interpreted in terms of Remark 3.15 as follows. The map (3-7)

decomposes as

K[X; ]]1<l<m 0<j<¢g — K[X; ]1<l<m ®K[z] ®k[X~ ] - k[Xi]lfiSm ® Klz].

=i=zm,V=j/=

Here the left arrow maps X; ; with i %1 to X;z/, maps X with j > 1 to X;.z-"_1 and preserves X; . The
right arrow preserves z and X; with i # i while mapping X; to X;z and X; , to X;. We again apply J,
restrict to components of gradings T, tc’T (c'z) @ r; o and a and then dualize. One may check that on the
right we will obtain the map X, and on the left we will obtain (sh; o ¥, ; (f)) ® id (the latter can be seen
by further decomposing the left arrow)

For £ < a; we have
ker x} D ker Xé+1-
Moreover, we have x§ =To Xé NP where
. . (D +1)16 41 . (a;— (1) (016,
TG @) ®KIG L T —»Aw1@0a9®kw7 ]®kU s I 1

Z-H)) (a—a; +€+1)) =0
l

r(t~ (s

(Z+1)

and t sends any variable (on the left) different from t: and s@~%+¢+D to the same variable on the right.

Lemma 3.19. Xéﬂ(kerxé) > l_[ sV — J))(A
j=1a—a;+e+1,

1 £+1
(a)(u, 5) ® k[t;'(())’ [~( + )]6441).

]/=1 ..... £+1
Proof. One has
1 (a) 1 (ag;—£-1) 1 0+1
Ko (Pl ) = pely T el D),
@)y — 0) (a;—£=1) M (a—a;+E+1)
X@Jrl(pk(s e ) = pk(u ol o )+ pr(st’, ..., 8 i ).

Therefore, the image of Xé 41 contains the differences

pk(t(l) , L(Z‘H)) Di (s(l) o ,s(“_“?+€+l))
which generate the ring €41 4—q;+¢+1 of supersymmetric polynomials in variables t(l) t~(£+1) and
s, s@=a+4D (Proposition 1.27). We deduce that the image of Xe 41 contains the ring
S =Qui1,a—a;+t+1 ® Ngy—e—1(U;) @ ® Ag; (8i).
i

The right-hand side in the statement of our lemma is equal to ker T N S due to Proposition 1.26. However,

)(éﬂ(kerxé):imxzﬂﬂkerrDSﬂkert. 0
Proof of Lemma 3.17. Let (17, 0) be the smallest pair (i, j) in the order <. By definition we have

F>=F = rpg>ri

S, (= io=
7o OF (r;o= o and tc' (¥) > tc' (7)),

where tc;(f) and tcf(f/ ) are also compared lexicographically.
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Using Lemma 3.19 and identity (3-8) we have

! ; © _ OA (1) 1706
X%( N ker(tﬂr/)> >[I 6“5 )Ag @@ @K T,
f’:r;‘0>rl~,’o =1,..., 0.0

We proceed by induction on Y/, . By the induction hypothesis we have

~ ~ (O _ ) (@)
lptcf(r)< M kel’(wtcf(rﬂ))D [T @)= 0866 o,
@ (7)1l () )=,
l<t=tc' ()i,

1§£/§tci (r)i’,j/
Let 7’ < 7 be such that r;_’ o = "7,0- Consider the set F consisting of all

1 (r79)
/e Atc§~ @9 ® k[tf(,())’ ot

A 1,0
, ®id) f = 0. Then, byl,(()3-8),
Y (ker(ye) = ((sh; 0 Y )) ®id) 0 . (Kex(¥),
and hence we get (note that sh: is bijective)
Y (ker(Y)) = ((shy 0 Y1 1) ® id) (Ker (Y -y @ id) N (im ] )
S (ot ®id)  [] 6O —d)E

S,.
"i0

]
such that (v

tc! (r

due to Lemma 3.19. Taking the intersection one gets

lﬂr( ﬂ kel’(wr/)) D ((Sh; o wtcf(F)) ®1id) 1_[ (S(Z) — t;(,z(;)) ﬂ F;.

F<r —ps £ —a- - P <i.rl =r!
FI<F.rE =T L=1,....a—a;+rj,, FI<For =T

Therefore, using (3-9) we obtain

%(ﬂkﬁr(lﬂr’))D((Shgowtcz(,))@)id) [T “-d)h N F
F'<F {=1,....a—a;+r; . ’ f’<?,r;’0:rlﬁ

.0

Definition 3.16 implies

3 . : © _ () _ O _ @)\x((, ). 3G,0))
(Shl o wtci(f)) ® 1d( 1_[ (S - t;,O )) = 1_[ l_[ ([17] —_ Z’Z’O )}‘ L,J),u .

Z:l,...,as—a;—i-rlv’o, (i,j)>(;,0) Z/:l,...,rl-.j,
14

’ .
=1,..., o =1,..., i o

By induction hypothesis we have

((sh;.owtc;(,))@)id)( N F,,)

= = /
r'<r,r: =r:
Y000

O _ @) e, A M 70016,
> ] [T «)-a) A @@ ) BKI ot (10,

1,0
i) j)=(0,0) £=Litijs
=1,..., rir a1

343

(3-9)
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4. Inductive construction

4.1. Veronese curve. In this subsection we study the arc schemes corresponding to the segments [0, ¢]
(recall that a one-dimensional polytope is affine equivalent to a segment). By definition, the Veronese ring
R([0, ¢]) is generated by Yy, =z%w, a =0, ..., ¢. The ring J 23 (R([0, ¢1)) of reduced arcs over R([0, ¢])
was studied in [Dumanski and Feigin 2023]. Here we study this ring by methods developed above.
Namely, we use the results from Section 1.6 on the structure of the reduced arc schemes of the cubes
and Lemma 3.17.
Recall the notation Y; for the generators of the arc rings of cubes.
For any 0 < o < 8 < ¢ we define the linear map of polytopes
B—a
0,177 > [0.¢].  (dr.....dp-o) > a+ Y _d;.
i=1

This map defines a homomorphism of corresponding toric rings R([0, 1])#~% — R([0, ¢]):
Lo, 2 Y1 = Yoyqn).

Lemma 4.1. Forintegers 0 <a < B8 <¢ and 0 <k’ < B — o — 2 the coefficients of the following series
are zero in the ring J23(R([0, ¢1)):

B—a—1 x
B—a—1\ 0" Yoqii(s)
Wopw= 2 U7 ) =5 =Y.
i=0
Proof. Consider the map J*(tq,8) : J*(R([O, 1187*)) — J*°(R([0, ¢1)). Recall the elements Wg_a i €
J*®(R([0, 11#~*)). By Lemma 1.31 the coefficients of Wg_q i are nilpotent. However,

I (ta,p) Wp_a k') = W&,ﬂ,k'-
Thus the coefficients of Wj_, . are nilpotent. Hence they are equal to 0 in J23(R([0, ¢1)). O

Definition 4.2. The ring J23(R([0, ¢])) is the quotient of K[ X l.(j )]051'5;, j=0 modulo the ideal generated
by coefficients of the series
p—a—1

K .
Y (P ey, @-1)

i sk
i=0
forall0<a<B <0<k <B—a-2.

Clearly, there is a surjective homomorphism m — J29(R([0,¢])).

Consider the following (weight-restricted lexicographic) order on the semigroup N¢*1: we say that
(uo, ..., uz) is less than (vo, ..., ve) fug+---+u; <vo+---+veorug+---+u =vo+---+ v
and there exists an i such that u; < v; and u; = v; for j <i. We have an induced order < on the graded
components of J*(K[Xo, ..., X,]). The next lemma is obvious.
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Lemma 4.3. The initial part of (4-1) is equal to
o Xo (5)
ask'
We define the ring Jm) to be a quotient of k[Xl.(j )]izo,_,,;, j>0 by the ideal generated by
coefficients of (4-2). These relations are homogeneous with respect to the grading <. Thus the ring

e e
J23(R([0, ¢])) has a natural N¢+1_grading and we denote the 7-th graded component by J2g(R(0, ¢I)[F].
Proposition 2.8 applied to this graded component gives us the following.

X4(s). (4-2)

Proposition 4.4. We have the following isomorphism of grad-graded spaces:

— . : N G, X xS,
(JS(R(0, CDIFD* = ] GRE Lanay N T WA

0<a<B=<¢1<i<ry,1<j<rg

=61 S e, L 2/

Taking into account the grading grad we extend the N¢T!-grading above to the N¢*2-grading.
Corollary 1.30 implies:

Lemma 4.5. There is the following surjective map of Nét2-graded rings:

TSR0, 21) — gr IS (R(10, 1))

We take a vector r = (ro, ..., ;) and denote
¢ ¢
Z iri =a, Zr,- =L
i=0 i=0

Recall the notation 7 € R(a, L). We consider the rings of symmetric functions A, 1 (s) and Az(). We
have the map ¢5 : A7 — J°(K[z1, w])[a, L] for 7 € R(a, L) and the map (pfv :Ag 1 (s) > A7(t) defined
by the following formulas (see (3-4)):

st tél); oy s t(gm); st sl(l) — tl(l); ey stotro) sl(”) — tl(r‘);
sz(;;ro+rl+l)’ SYI-H), SYH_Z) — lél); ""sgo+rl+r2)’ SYH_ZQ_I), s{r1+2r2) — tz(rz);
sgo+r1+r2+l)’ s§r1+2r2+1)’ s(i’1+2F2+2), S§V1+2r2+3) — t3(1) L (4-3)
One has

¢
1 i
oy (e sEN =S ),
i=0

¢
1 . 1 i
(p;/(pk(sf ),--.,S{a))): E lpk(tl( )’...’[i(r))‘
i=0

Lemma 3.17 with m = 1 implies:
Proposition 4.6. Foranyr € R(a, L),
w,V( N ker(wﬁ)) > I1 1" =1 A 0). (4-4)

r"eR(a,L),r’ <r O0<a<B=<i,1<i<ry,1<j<rg
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Thus we reobtain the following theorem from [Dumanski and Feigin 2023].

A
Theorem 4.7. For any r grad-graded vector spaces gr_J2q(R([0, ¢)[F] and (J29(R([0, ¢1)))[F] are

T
naturally isomorphic. One has the isomorphism of graded rings

ed (R0, ¢1)) 2= JZ(R(0, £ D).
Corollary 4.8. The action of Ay is free on J23(R([0, ¢1))[L]*

Proof. This follows from Theorem 3.14. [l

4.2. Two-dimensional case. Let f : [0, n] = Rxo be a convex function such that for any integer i € [0, n]:
¢i := f(i) € N. In this subsection we consider the case of the two-dimensional polygon obtained as the
convex hull of the segment [0, n] x {0} and all points (i, f(i)), i € [0, n]. In other words, we consider
a positive integer 1 and let o, ..., ¢, be a tuple of nonnegative integers such that {o — {1 < ¢ — ¢ <
- -+ < {y—1— &y Then the integer points of the corresponding convex lattice polygon are (i, j), 0 <i <n,
0<j=d.

Example 4.9. The case

gz{g‘(a)zoz/b %fae[O,b], 0<b<n
C(a)=1 if o € [b, ],

corresponds to Hirzebruch surface.
Example 4.10. The case ¢ (@) = «, o € [0, n] corresponds to Veronese embedding of 224

It will be convenient for us to reflect this polygon across the horizontal line j = ¢nax/2, where
Imax = max{¢; | =0, ..., n}. The integer points of the reflected polytope P are (i, j) with0 <i <p
and Cmax — & < J < Imax. An example of such a reflected polygon P is seen in the Figure 1.

Consider two distinct integer points & = («y, o), B = (B1, B2) € P. We assume that o; < 81 and
if ¢y = By, then oy < B>. We will now define a certain polygonal curve with integer vertices connecting these
two points. Denote the vertices of this curve by (ig, jo), - - ., (ix+1, jkt+1)- We require the following to hold:

* (io, jo) = & and (ik+1, jk+1) = B.
o The sequence iy, ..., ix4+; is weakly increasing.

e The sequence jy, ..., jr+1 is weakly monotonic, it increases (weakly) if oy < B, and decreases
(weakly) if ap > Bs.

e Forevery 1 </{ <k+4 1 we either have iy —i;—; =1 ori; =ip,—; and |j, — je—1| = 1.

» The curve is concave in the sense that a segment connecting two points of the curve cannot contain
points lying below the curve.

o All (i, _]() e P.
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Figure 1. Concave polygonal curves with integer vertices in P.

This provides a concave polygonal curve with integer vertices in P which is directed either towards
the top-right or the bottom-right. However, these conditions still leave plenty of degrees of freedom,
the curve we choose can be described as follows (modulo one exceptional case which will be discussed
below). The curve contains as many vertices as possible on the horizontal line i = min(wy, B,) (i.e., that
which contains the lower endpoint) and as many vertices as possible on the vertical line which contains
the higher endpoint (i.e., either j = o or j = B depending on max(«», B3)). All intermediate vertices
(if any) are chosen as vertices of P. In other words, for 1 <¢ <k + 1 let e, = (i¢, je) — (i¢—1, je—1) be
the vector corresponding to the ¢-th segment, explicit formulas for these vectors can be given as follows.

Suppose oy < B, i.e., the curve is directed towards the top-right (Figure 1, first and second image).
Choose the maximal u < 8 for which («;, u) € P.

ep=--=ey—o =(1,0),

Cu—ar+1 = (1, Smax — Cu1 —2),

Cu—aj+2 = (1, Suv2 = Sur1)s ooy ep—ay = (L, 8p—1 — 8p)),
B —a+1 =" = €kl = 0, D.

Now suppose a > B, and choose the minimal u > «; for which (u, 8,) € P. First suppose that u = «;
(so that (a1, B2) € P, see Figure 1, third image), this is the exceptional case mentioned above, note
vector ey, _pg,. Here we set

€l :"'=eot2—/32—1 =(O’_1)’ eaz—,ﬂzz(l’_l)’ eaz—ﬂz-‘r] = = €k =(170)
Finally, suppose (a1, 82) ¢ P (Figure 1, fourth image). We proceed similarly to the case of oy < B5:
er=...= ea2_(§max_§a1) = (0’ _1)’
ea2_(§max_§a|)+1 = (1’ ;0[1 - {0(14—1)’ ey eO(Z_({maX_;a])JF”_l_al = (1’ fu—2 - gu—l)’
ea2_(§max_§a1)+u_0[1 = (1’ é‘max - é-l/t—l - ﬂZ)v

ea27(4m3x7§a1)+u*al+1 ==kt = (1’ 0)
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We will use the notation k(&, B) = k(B, &) = k and e, (&, B) = e;. Note the following two properties
of these vectors, both immediate from concavity and monotonicity:
« For any subset I C {1, ..., k@, B)+ 1} onehas@+3;., ¢;(@,p) € P.
o o+ Zl;f{B)H ej(a, B) = B and there is no proper nonempty I C {1, ..., k(«, B) + 1} such that
o+ Zjel ej(a, B) € {@. B}.
We will also write x(«, ) for the number of vertical segments, i.e., we set
B2 —ar if oy < B and (B1, 2) € P,
B2 — (Cmax — ¢p,) ifax < B and (B1,a2) ¢ P,
ar—fr—1 ifay > B and (ay, B2) € P,
a2 — ($max — é‘al) if ax > B> and (a1, B2) ¢ P.

Proposition 4.11. The coefficients of the following series are zero in the ring J23(R(P)):

x(a, p) =k(a, ) +1— (1 —a1) = (4-5)

/ \Ilak/YaJrZ,’e/ej(&,E)(S) / o
W&,B,k/ = Z (=D ésk’ YE—ZjeI €j(&,/§)(S), kK'=0,.... k@, B)—1. (4-6)

Proof. We define the map [0, 1jk@p+1 _, p.

(x1,..., xk(&,5)+1) — o+ xe(a, ,B_) 4+ +xk(&’3)+lek(a’/§)+l(&, ,3_).

This map of polytopes defines the map of rings 7 : R(By 5, 5)4.1) = R(P). Applying the corresponding
arc map to Wy 5 5,4 o (1-14) we have
I W@ pr1.6) = Wé’m,-
Thus the element Wé Ax is nilpotent. This completes the proof. (I
We define a lexicographic order on points & € P:

&</§ if oy < By or ap = B and o < By.

We define the following monomial order on the monomials in the variables X, @ € P. Let X" :=[[;.p X"
We define r; := Zj rajy, L(r) == zepra If

(L(f)ar()arla""rn) > (L(f/)vr/()arllv"-’r/n)
in the standard lexicographic order, then X = X" For 7 = (rg)acp, 7 = (rl)@ep such that
(L(F),ro, 71, .. ry) = (L), o r'y, .o r'y)

the order < is lexicographic: we consider the minimal « with respect < for which rg # 7 and set
X < X" ifrg < re.
As before, we have an induced order on the graded parts of the ring J°°(K[X,]) and a filtration on the

ring J°(R(P)). Let Wé B, k,(X ) be defined as the right-hand side of (4-6) with Y, replaced by X,.
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Lemma 4.12. The initial part in, W (X) is equal to

_ ﬂ .
O Xz (s)
Proof. We need to prove that X5 s~ @ 5 X5_y o @p < XaXg. This is clear from the definition of
je ’ G ’
the order. u

Corollary 4.13. The dual of the graded component gr_JSSR(P)[r] has a natural homogeneous h[s]-

<*“red
equivariant embedding into the space

[T Il @-HePso.
&</§€P 15i§ra,1515r/§
The rest of this section is dedicated to the proof of the following theorem.

Theorem 4.14. The coefficients of the series W’ (X ) with distinct &, B € P and k' € [0, k(@, B) — 1]

generate the ideal of relations in J33(R(P)). Imtlal parts in, W/

BBk (X) generate the corresponding

initial ideal.
Proof. As before we study the dual map for the inclusion ¢5 : A7 — J*®(K[z1, z2, w])[a, L], where
a=7Y zcprad, L=L(r). Recall the notation 7 € R(a, L). The image of the map ¢, : Ay, 4,1 (5) = A5 (2),

(@ (=D+1D) <a (G=D+a}) (@ (G—D+D <a2(1 1)+a2) s ()

5 yeees Sy y S) B g A j=1,...,rz;
S(ralall+af(j—1)+1) s(ralaHaf(j—l)-i-af) s(ra1a§+a§(j—1)+1)
) ey S N
rpog+e3(j=D+e3)  (rgi+j) .
s, % 7 2 sw® téjz), J=1 . rg;

is isomorphic to the dual space of A7. The dual space to ) <7 A7/ > 77 Ar is isomorphic to the
space @Y ((Npera.L).7 < ker(@y). Our goal is to compute this space.
We consider the set of variables u(J ) i= 0,...,n,j=1,...,r;. Consider the map

r’l) ®1d : Aal,L(s) ® Aaz (SZ) = Aal,az,L(s) - A(r() ..... rn,az) (u, S2)

.....

(see Section 4.1):

sl(vj)l—>u(()j), j=1,...,r0;
sl(‘/),s5f°+j)|—>u§r°+j), j=1,...,r;
s{rH—Zj—l)’ §r1+2j) (ro+ri+j) |y u(1r0+r1+j)’ =1, sg) . sg).
We have an order on vectors pr,(7) := (ro, ..., r;) as in the previous section. By definition,

o if 7' <7, then pry (i) < pr,(¥);

o the map ¢ is right divisible by <pgr2(r—).
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More precisely we define the map Vs Ny, U5 82) = N7 (2),
)

() (Cmax—8)(G—D+1) ((Cmax—&i)J) . .
u;”’, s, s Sy A AT e VIR (N S
(isemax—¢; ) (i gg—¢; Cmax— ) +Emax— &+ D (—D+1)
ui , S2 3o ey
(rl'vlmax—{j ({max_{i)‘i‘({max_gi‘i‘l)j) (]) . .
S2 i, (Cmax—¢i+1)° J= l’ e ri’gmﬂx_{i—i_l’ o

Then _
¢y =i o (P ®id).

Thus we have

Por, () ® id( ﬂ ker go,v,>

r<r
Z Z/ ._._1 ~
> ] [T @ =ulY " Agyryan @ 52) 0 N ker(/7)
I<i<j<n 1<t<r;, 15U <r; 7' <r,pry (r")=(ro,....7y)
0 _ () j—i—1 7
ST T o= (N wendio)
I<i<j=<n 1<t<r, 1<U<r; 7' <r,pr, (r')=(rg,..., )

Therefore

o) ( N km;,) > Ih( [T @ —uj-“)””)xh(mm ..... s (1, $2)).

r'<r 0<a<b<n,
l<t<ri,1<l'<r;

Consider now the set of 7" < 7 such that pr,(#’) = p, where p = pr, (7). One has
wX( () ker w,f/) > Jfr( [[ wd- u;”)b—““)«/?r( N ker(wifrf)). (4-7)
F<F.pry(F)=p 0<a<b=<n, <r,prp (F)=p
ISiSf’a, lfjfrb

Let us study the two factors in (4-7) separately. For the first factor one has

7 M) _ , (Dyb—a—1Y _ 0 _ @)\pr1—a;—1

x/fr( [ @@—uy )— I1 [T @ =gt

0<a<b<n, a@,BeP,aj<p 1=t=rg, 1=t<rg
I<i<rq,1<j<n

Now let us compute the second factor. We define the map

glj : A(ﬁ’aZ) (u’ s2) - A(ﬁsa272?:0 ri({max*{i)) (u’ s2)’

(Z/ Or’(gmax_fl 1)+— 1)(§max_§1)+l) (Zi’_:]() "i’({max_fi’)+e(§max_§i)) ) )
s e ey 52 , l/ii = i
Z_qu 7i (Cmax— {l 1
4 i=0
sy > sz( €= ri(Gmax — 80)-
i=0

Then _
Vi =Yai) 0 &p
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where d(r) =d(r);j, i =0,...,n, j=0,...,&, d(r)ij =i jtem—g and Yy 18 defined in the
following way (it differs from the 4 defined in Section 3.4 only by a change of the subscripts):

0)) )]

ui = Z’l (Cmax—¢i)’ '] = 1’ T ri,{max_gi;
(ri.(max—(-+J) (]) () i :
u; ' Pl i) = Lo Tttt 1
(ri,[max*[[ +"i,Zmax*erl‘|‘Jh) (ri.é'max*fi 1+2J D (Fi,emax— Sit +1+2)) )] | — s
Mi ’ S2 ’ S2 = ia({max*(z’"‘z)’ '] - 1’ B ri’gmﬂx_é‘i+2’ T

The map g; is surjective. Thus

1pr( N ker(&ﬂ)) = %tm( N ker(lﬁd(r/)))-

<P, pry (F)=p FI>F,pry (F)=p
Note that the order on vectors 7 gives the lexicographic order on vectors d(r) with respect to the
following order on coordinates: (i, j) < (i’, j') if and only if j + (Zmax — &) < j' + (Cmax — &) OF
J+ Cmax — &) = '+ (Cmax — ¢i7) and i < i’ So using Lemma 3.17 we have

1ﬁd(r)( ﬂ ker(lﬂd(r/))) D l_[ l_[ (fg) — l‘g))%(&’g)[\;(t)

FI<F,pry (F)=p a<plstsra,1=l=rg

(see (4-5)). Multiplying the two factors of (4-7) we obtain

o ( A ker(w%)) =3 I B B R R E O AP N O}

r'=<r a<f1=t=rz 1=lzrg

Therefore, due to Corollary 4.13 these spaces are equal. Thus in, W (X) generate the defining

*ﬁk’

ideal of gr_J>5(R(P)). This completes the proof of the theorem. O

< red

Corollary 4.15. The action of Ay is free on J23(R(P))[L

4.3. Higher-dimensional case. In this subsection we study a family of polytopes such that the (dual of
the) reduced arc rings of the corresponding toric varieties admit a free action of the polynomial algebras.

Consider a convex lattice polytope P C R". Let @', ..., &" be the tuple of integer points of P, < be a
monomial order on K[ X1, ..., Xgn], y(&i, &j) = y(&i, &-i) with 1 <i, j < m be a collection of non-
negative integers. Assume that for any i # j there exists a set of vectors ey (@', @/), .. ., €y @ ,a)+1 @', al)

with the following properties:
ca + 7O @ al) =al,
e Forany J C{l,...,y@, a/))+1}: @ + >, ,e@ a’) € P.
o For any nonempty proper subset J C {1, ...,y (@', a’/) + 1},
XeiXgi < Xgiyy,  e@.ahXai-Y,., e@.a)-
o ep(@, @) =—e @, al).

We call (P, <, y, {e¢}) a cube generating data.
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We define the linear maps of polytopes 1z 5 : [0, 1r@ah+t _, p,

y@,al)+1 y@.a)+l
n( 2. xzez)z&’+ Y we@. @), (4-8)

=1 =1
where {e,} is the basis vectors of R?@-&)+1 ( < x, < 1. The corresponding map of rings
R([0, 1] @#+1) — R(P)
will also be denoted by 714 ;.
For any k < y(a', @/) — 1,
I g @) Wy @ aiy+1,x)
is nilpotent. Therefore the coefficients of the series

k . L.
d Xaj—zzzaum ee(a,al) (s)
dsk

X 1
Wi gk (X) := > DX a0y, e an (8
I1c{2,....y (@ ,a/)+1}

belong to the defining ideal of J2;(R(P)) for k < y (@', @’) — 1. By construction we have

. 0" Xas (s)

in. Wi gi 1 (X) = Xgi (S)T- 4-9)
Recall that in view of Proposition 1.28 the coefficients of (4-9) belong to the defining ideal of the
associated graded ring gr_J>9(R(P)). Suppose that, moreover, they generate this ideal. In this case we
call the data (P, <, y, {e¢}) a strict cube generating data.

Proposition 4.16. Consider a strict cube generating data (P, <, y(&i ,al), {eq@', @’)}). Then for any
0 € N™ we have the following isomorphism of grad-graded spaces:
ger, rZC(Ji(R(P))[Ia]* ~ l_[ l_[ (ti(f) _ tj(_f ))V(&”&J)Ap,(t)‘

i<j 1<t=p;
1<t'<p;

Proof. This follows from Proposition 2.8. (I
Corollary 4.17. For L € N the action of Ay is free on J23(R(P))[L]".
Proof. This follows from Theorem 3.14. U

Consider a convex function ¢ : P — Rxo with ¢ (@) =¢; €7, set {max =max{¢;}. Denote by P¢ the poly-
tope in R"*! obtained as the convex hull of P x {max and all &' X ({max — ¢;). In what follows we construct
a cube generating data for P¢ starting from a cube generating data for P satisfying the following condition.
For any a', @’ e P such that i < ¢j, there exist nonnegative integers fi @, al),..., fy(&i7&j)+1(ai, al)
such that

y@ ,al)+1

© Gt Do fe@, aly =g
e forany J C{l,...,y@, a)+1}: &+ Yy, i@, a)) <C(@+ Y, ec(@, al)).
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Example 4.18. Consider the cube generating data (P, <, y, {e¢}). Assume that for any &', @/ the ¢-th
coordinate of every e, (@', @’) is either nonnegative or nonpositive. Then any convex function of the
form ¢ (@) = ¢(ay), i.e., depending only on the £-th coordinate admits such a set of integers f), @, al).
Indeed, without loss of generality we may assume that ¢ (&') > ¢(&/). We may consider an enumeration
of vectors e, (&', &) such that the absolute value of the £-th coordinate is weakly increasing. Let x be
the smallest number such that ;(&i + Z;Zl ep (@, &j)) < ¢(a'). We put
0 if 1 <gqg<ux,
fo@,al)= c(@ +3 o ep@, @) —c@) if g =x,
(@ +Y_ep@.ah)—¢(@+ Y ep@.a)) ifx<qg<y@.a)+1.

Note that the numbers f, (&', &’ are all either nonnegative or nonpositive.

For r = (ri a)) @i .ayep: We define pr, 1 (r) = (pr,(r))g, i =1, ..., m by the formula
Cmax
P e = ) raia
a=Cmax—Ci

For (&', a), (@/, b) € P NZ"! we let
@,a) < (@ ,b) ifa<bora=bandi<j. (4-10)

We define an order <¢ on monomials in K[ X @.a)ls (@', a) € P NZ"*" in the following way. For r,
r e NP2 ith pr, | (F) < . (F) we set 7 <€ 7 and X7 <¢ X7 If pr,., | (F) = pr,,,, (7'), then <¢
compares r to ' and X’ to X" lexicographically with respect to the order (4-10).

Suppose that @', a) < @’,b). We set

y (@, a), @, b)) =y@,a)+x(@,a), @, b)),

where
b_(é‘max_;/') if{max_é‘j >a,
x((@',a), @, b)) = b—a if max — ¢ <aandi < j, (4-11)
b—a—1 if {max —¢j <aandi > j.

We construct the vectors e, (&', a), (&, b)) in the following way.
Suppose that {yax — ¢ > a. Let y be the number such that

y—1 y
Y f@.a) <a—(Gmn—) <Y ful@, @),
=1 =1
Then
ee(@',a), (@, b))
(ec(@', @), 0) ife=1,...,y—1,
_ @, @), f,@ @) = Gmax =) if L=,
(ee(@, @l), fo(@',al)), ife=y+1,...,y@, a)+1,

©, 1), if¢=y@,a)+2,...,y(@,a), @, b)) +1.
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If a > ¢{max — ¢ and i < j, then

» . (ee(@,a’),0) ife=1,...,y@, a’)+1,
e((@', a), (@, b)) = . o P
0, 1) if¢=y@,a’)+2,...,y@",a’)+b—a+1.
If a > ¢{max — ¢j and i > j, then
(ee@,a’)),0) ife=1,....y@, al),
ee((&l7 a)v (&]s b)) = (ey(&i,&j)-l,-lv 1) lfg - V(&l’ &J) + 17
0, 1) if¢e=y@,a’)+2,...,y@,a’)y+b—a.
For a > b we put e (@', a), (@, b)) =—e((@’, b), (@, a)). The following lemma follows directly from
the definitions.

Lemma 4.19. (P¢, <%, y, {e})) satisfy the conditions for cube generating data.

We consider the maps
@ ay. @b - 10, 177D EF pe

corresponding to this data. By construction and Proposition 2.7 we have

— 14 4
(e Jeg RPN =[] [T @2, -1L,)7 @@, (4-12)
(&i’a)<(&j’b) ISZSr(&i,a)’
154/57'(&]"17)

We now show that this inclusion is, in fact, an equality.

Theorem 4.20. Assume that (P, <, y, {e;}) is a strict cube generating data. Then (P, <%, y, {e.}) isa

strict cube generating data.

Proof. In this proof we compute the space (gr_ red(R(Pf))[r])* in the same way as in the proof of
Theorem 4.14. As before we study the dual map for the inclusion

SDF : Af — Joo(k[zlv ZZa LR ] ZVZ-‘r]’ w])[(a_a al’l+1)’ L]a

where

@)= D Taan@ o), L= D raa.

(@, any1)€EP? (@, 0tn41)EPT

The image of the map ¢, : A q,,,),L(s) = A#(t),

(@ (j—=D+D) (05 (=D+ap) (Cmax—C1) (= 1)+1)
Sl g eeey 1 ,...,Sn+1 .
(({mdx {l)]) (]) (]) . .
St Sw G e ey T F L @ )
i mae e @+l G=DHD) gy Cmax— G+ s —1+1) )
Sl g ooy Sn_H bl

Sw = t(&lqé‘max—{i)’ ] - r(&l~§max_§1) + 1’ cro r(&l~§max_§1) +r(al»§max_§1_1)’
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is isomorphic to the dual space of A;. Here for every integer point (&, a,+1) € P* and 1 <i <
n+ 1 the map ¢; takes r(gq,,)o; variables of the form s; to variables of the form 7 - L,y it also
takes r(ga,,,) Of the s}, to the ¢, , . The dual space to A7 /(A7 N (D, , Ar)) is 1somorphlc to the
space ¢, (ﬂ,/ _, ker(¢ )). Our goal is to compute this space.

Denote p := pr, (). We consider the set of variables ul(j) = u(f) ieP,j=1,...,p;. Con-

sider the map gov ®1id: A@ay.),L(8) = A ap) (@, Spt1), Le., sr(l’ll — sff}rl

(@) ()

and it is equal to ¢ on
S170 S, sw) (but with ¢ replaced by u).

By deﬁmtlon,

e if 7' <7, then pr, (") < pr, 1 (7);

« the map ¢; is right divisible by ¢

More precisely, we define the map v : A G oane) W, Spy1) — N5 (E),

(]) ((é'max_;i)(j_l)‘i‘l) ((gmax_fi)j) (]) ; . .
ui ) sl’l+1 5 ey sn+1 = t(&i,({maxffi))’ J = 1’ ° rl,{max*fz"
(ri,{maqu +j) (”i,[maxfg',- (Cmax—8i)+max—&+ DG —D+1D)
ui s Sn+1 PO
(ri,gmax—ci (Cmax —&i)+(Cmax—&i+1) j) @))] =1 ) .
n+l @ Gt 1)) S T TGt 1

Here for every (&;, a,11) € P° we have I'(@:,ay.,) variables of the form u; and o, variables of the
form s;_ , being mapped to variables of the form @i o) Then ¢ = Vo (gog ®1id).

By the definition of strict cube generating data and Proposition 1.28, the right-hand sides of (4-9)
generate the ring gr_JZ23(R(P)). A component of the latter ring is considered in Corollary 3.7 and
Proposition 2.8 provides

v ®id(ﬂker<<ﬂ§®id)): I1 [T @@ —ul @@, 5.

p'<p I<i<j<m 1=<€=Zp;,1<t'<pj

Consequently,

: ¢ Oy @@
«)X@ld( N kewﬁ)D [T I =) Mm@ s,

pry1 (F)=<p I<i<j<m1<t<p; 1<t’=<p;
Therefore,
¢X®id(ﬂker¢x)
r'<r
0 (4’) a ,al 7
> |1 [T @ —u )" Npan@ s [ ker(¥)
I<i<j<m 1<t<p;,1<t'<p; FI<EF,pr,  (F)=p

5 1—[ 1_[ (u(ﬁ) ugf;))y(aiﬂj)( ﬂ ker(xﬁﬁ) .

I<i<j<m 1=<€=<p;, 1<l =<p; F'<EF,pr,  (F=p
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Hence
~ ¢ A —i =i ~ ~
sorv( N keer) > wr( [T TII e —ug)h® ’“”)wr( N ker(w,,)) (4-13)
r'<¢r I<i<j<m 1=€=p;, F'<8F,pr, . (F)=p
1<t'<p;

Let us study the two factors above separately. By definition of y; we have

7 . @ _ Wy@,al) ) _ () @) y@,al)
‘/fr< l_[ 1 1_[ (uai Maj) >— 1_[ l_[ (t(&,"ai t(&f,ot;fﬂ)) .

P tH»l)
I<i<j<m 1<l<p;,

—i i =j cl<l<r_; i |,
1<t'<p; @0 41), @y )EP @)

where i <j 1<t/<r :

&) ol
(a/,an+1)

Define the map

gﬁ : A(ﬁsaiz+l)(u’ sn+1) - A(ﬁyanJrl_ZaigP Pi(gmax_gi)) (u’ sn+l)’

(Zz7:11 pi/(é'max_;-i/)"r([_])({max_gi)"'l) (Zilel 124 (é’max_{i’)""[({max_;[)) ([) s ([)
n+1 ,...,Sn+1 . I/ll- I/ll- .
¢ K_Zli”:o Pi (Cmax—&i)
sfl—‘:l g SIS-‘,-] )a E Z Z /Oi(;max - é‘l)
Ol,'EP

Here {max — ¢; variables of the form s, are mapped to every variable of the form u; while the remaining

+
| are mapped to (distinct) s ;. We have

Sn+
Vi = Ya) © gp»

where d(r) = (d(F) @i a)» 1 =0,....,m, a=0,...,8, d(r) @ o) =@ attme—z) a0 Va() is defined

in the following way (it differs from the ;¢ defined in Section 3.4 only by a change of the subscripts):

0)) (0))

u&i = t(aisfmax_gi)’ J - 1’ B r&i'({maxizi);
(r(&i,[max*fi)—i—j) ) ) :
al * Pn+1 t(ais{max_§i+1)’ ‘] = 1’ Tt r(&[sé‘maxfci‘l’l)’

@i tmax—tn T @ tmax—g;+1) T
i L)

(r(ai,lmax—fﬁ—])-i_zj_l) (r(ai,lmax—fi‘*'])—i_zj) t(j) . 1 . .
St »Snpl @ tm—gi 42 I T @ G 42)

Here distinct variables of the form uy. are mapped to distinct variables of the form Lar.a) and a — (Cmax — &i)
variables of the form s; | are mapped to each variable 7¢; ). The map g, is surjective. Thus

xh( N ker(xﬁr/)):wm( N ker(m/))).
FI<F, P (F)=P FI<F.pr, 4 (F)=p

Note that the order <* on vectors 7 defines an order on the vectors d (7). This order is lexicographic with
respect to the following order on coordinates: (&', a) <4 (@/, b) if and only if a+(Emax—Ci) < b+ (Cmax—¢ i)
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or a + ({max — &i) = b+ ({max — ¢;) and i < j. Thus using Lemma 3.17 we have

V) ( N ker(W(r/)))

7' <r,pr,  (F)=p

) @) (@ ol )o@ o)) A
e —t . n+1 n+1 A t
> 1_[ ) 1_[ ( @) (&j’an/+l)) o
(&is“;+1)<(&js“i+l) lszsr@i'“;ﬂ)’
ep? 1<t'<r_. ;
@ Otn-%—l)
(see (4-11)). We obtain
s , © W) Y (@ ). @ ) ) A
vr (Dker((pr,)) > o 1—[ o 1_[ (t(&i’“;iwﬂ t(&j’aI{‘Fl)) " A
ri<r @,ay, <@y, lfzir(&i""fqﬂ)’
epP? I<t'<r . ;
(a'/’a)H»l)
Therefore the map (4-12) is bijective. -

5. Examples

5.1. Parallelepiped. Consider the polytope Py, . 4, = (x1,...,x,) eR", 0<x; <d;, dy,...,d, e N.

Choose d,+1 € N, and define ¢ (&) = dy+1, & € Py,,...4,- Then we have

_ pt
Pa,,...dydiiy = Py, a,-

By induction we can construct a strict cube generating data for this polytope (in this example f; (&, ) =0

for all &, ,5 , ). In particular, the action of A7, on the L-th graded component of J23(R(Py,.... 4,))" is free.

.....

Let us compute the graded dimension of this component.

We define an order on Py, . 4, NZ" by setting @ <, ,3_ if for the largest k such that oy # B; we have

.....

oy < Br. Note that this order corresponds to the order (4-10), i.e., <n+1=<,%. Let us compute y (&, B)

.....

{i =dj+1, we have

= i1 — if
?f((&,cliﬂ),(ﬂ,ﬁiﬂ))={—'B+l i+l ;f

_ (5-1)
Biv1 —aiy1—1

<i 5
<i a.

= RI

Therefore for &, B € Py,....4, We have

y@ B)=Y B —ail—S5,
i=1

where S is the number of i for which the largest j < i with o; # B; satisfies (o; — B;)(aj — B;) < 0 (or
no such j exists). We note that if all d; = 1, then we recover Remark 1.32.
Note that the graded dimension of Aj(s) is equal to
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Using Proposition 2.8 we can now write the graded dimension of J23R(Py,....q4,)[L] as
ra
> aer dn rad 1 rarzy (@,B)

BB R | O | By y L

12 aery, . g Ta=L aEPy....dy £=1 a<PePuy....dn
Here variables vy, .. ., v, correspond to the n-dimensional torus action on R(Py, ... 4,) (and, subsequently,
on J2GR(Py,.....q,)) while g corresponds to the grading grad.
5.2. Simplex. Consider the polytope

Pn,d:{(xl,---,xn)eRn ld>x,>--->x1 >0}

for d € N. Consider ¢((x1,...,x,)) =d — x,. Then Pn;’d is equal to the polytope P,414. Thus by

induction we can construct a strict cube generating data for all the polytopes P, 4 using the construction
from Example 4.18. In particular, the action of .A; on the L-th graded component of J23(R(P, 4))* is free.

We define an order on P, 4 NZ" by setting & < E if for the largest k such that oy # B¢ we have
o) < Bi. Note that this order corresponds to the order (4-10), i.e., <,41=<*. Let us compute y (@, ,8_)
for @, B € P, 4. First, by (4-11) for 1 <i <n—1and (&, ;1) <i+1 (B, Bi+1) € Pi.q we have

Bi+1— Bi if B > oy,

(@, ait1), (B, Bix)) =1 Bix1i—aiz1  iffi<aipiand@ < ,3: (5-2)
Bi+1 —aiy1—1 if B <@y and @ > B.
Now, for&,,ge P,gandi=1,...,n—1 we define
B Bi+1— Bi if Bi > a1,
%@, B)=1 PBix1—aiy1  if B <aiyrand (ar,...,0) < (B1,..., B, (5-3)
Biv1—oaipr—1 if B <y and (aq, ..., 0) > (B, ..., Bi),
and
_ a2 Jler =gl =1 ifa; # By
*0(@, B) = { 0 otherwise.
Then by induction we have
n—1
y@p)=Yy x@p).
i=0

Note that R( P, 4) is naturally embedded into R( P, 1) as a sum of homogeneous components and R (P, 1)
is a polynomial algebra in n+1 variables which is acted upon by sl,, (k). Consider the restriction of
this action to R(P, 4). By Lemmas 1.23 and 1.16 we have an action of 5[, 1(K)[s] on J2qR(P, 4) and

for any L € N the graded component J2SR(Q)[L] is preserved by this action. Due to [Dumanski and
Feigin 2023] we have that J

dimension of J2SR(Q)[L] is equal to

red
R 11 P (R 54

7|Z&EP’L(1 F&=L &epn,d =1 ,BGPnd

red

S R(Q)[L]is isomorphic to the global Demazure module Dy 1, . The graded

red

where the v; correspond to coordinates in a maximal torus of sl (k).
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Appendix: Veronese-Segre embeddings

In this appendix we deal with a special kind of toric projective embeddings. We use an approach,
completely different to the one in the main body of the paper, to study their (reduced) coordinate rings
and compute their characters. This approach is based on the representation theory of the current algebras.
It would be interesting to investigate the combinatorial identities, obtained by comparing the formulae for
the graded characters of the form (5-4) with the ones of the form (A-3), (A-4).

For a semisimple Lie algebra g we denote by Vf and Dg’ ;, the irreducible g-module of highest weight A
and the g[¢] affine Demazure module of level d and highest weight dX (see [Fourier and Littelmann 2007,
Chari and Venkatesh 2015] for details on affine Demazure modules).

Let g1, ..., gn be simple Lie algebras. To the algebra g; @ - - - @ g,, one can associate the affine Kac—
Moody Lie algebra g; @ - - - @ g,,,. Consider the m-tuple (Aq, ... A,), where A; is an affine integrable
g;-weight. Then L(A1) ® - - - ® L(A,,) naturally is an irreducible g @ - - - ® g,,-module, where L(A;) is
an irreducible integrable g;-module.

Let D?JIEBW%,S{(M ) © L(A)®---® L(A,;) be an affine Demazure module, where dy, . . ., d; are

..........

positive integers and A; is a dominant weight of a simple Lie algebra g;. It is clear that

91D Dgm ~ g1 9m
D(d1,...,dm),()\.l,...,)\,m) - Ddlv)tl ® T ® de:)\m'

In this appendix we deal with the arc space of the following composition of Veronese and Segre
embeddings:

P(K™) x - x P(K™) — P(STK™) x - - - x P(SPk™)
< PUSTKT) @ - - - ® (S9kmY). (A1)

The image of this map is a projective toric variety, corresponding to the product of simplices.

Consider the semisimple group SL,,, x - - -xSL,,  andits flag variety B=(SL,, /B,,) x- - -x(SL,,, /By,).
We consider each space K, appearing in (A-1) as the first fundamental s[,,-module, so K" =~ Vj{n,-
and S%K" ~ V;{_ [;’)il. Therefore the image of the map (A-1) is isomorphic to the image of the map

[ n
B PV, ®---@V,m).

In order to study the arc space of this image, one should replace the flag variety B by the semi-infinite
flag variety 9 of the semisimple group SL,,, x - - - x SL,, (see [Finkelberg and Mirkovi¢ 1999; Braverman
and Finkelberg 2014; Kato 2018]) and study the homogeneous coordinate ring of the map

sl

Q- PV, ®---® V" )[t]).

101 m®1

Using Corollary 1.14 as well as [Dumanski and Feigin 2023, Proposition 4.1] applied to the algebra

sl,, @ - - - P sly, and its weight (djwy, ..., dyw1) we can describe the coordinate ring as

i 5Inl€B~~®5lnm Oy %
F - @(D(dl ----- dm)v(a)l ----- wl)[t] )
£>0
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5[,,1

(we use that Vd i ~D,
denote by W©*¢ the Cartan component U(a).w®" C Wt We are going to compute the character of the

o;)- Here for a Lie algebra a and its cyclic module W with a cyclic vector w we

£-th homogeneous component I'y C T.
[, @---@sl, . . ..
The modules of the form I'y = D?dll? dia)s ( ;”1 wl)[t]Qe were studied in [Dumanski and Feigin 2023;
Dumanski et al. 2021]. In particular, it was shown that I'y; admits an action of the algebra .4,, which in

this case is isomorphic to the algebra of symmetric polynomials in £ variables. It was also shown that the

fiber of I'y with respect to this algebra at a generic point ¢ = (cy, ..., ¢¢) is isomorphic to
¢
sl @ ®@sly,
Fe®a, ke = Q) Did gy ton.on (€ (A-2)

i=1
where K, is the quotient of .4, by the maximal ideal, corresponding to ¢. It was also proved that to show
that 'y is free over A, it is sufficient to obtain the surjection

sl,, - Psl,
1 m
Le®a Ko =Dy’ ) ot

where the latter has the same dimension as the right-hand side of (A-2). But this was shown for restriction
to any sl,, in [Dumanski and Feigin 2023, Proposition 3.2]. The surjectivity of the whole map follows.
Therefore we proved the following:

Lemma A.1. Module Ty is free over the algebra of symmetric polynomials in £ variables Ay. The fiber
at O with respect to this algebra is isomorphic to

5[n1 @ Psly,

D(dl seeeslm), (w1, bwy)

Thus, we obtain the desired:

Corollary A.2. The character of the £-th homogeneous component of the arc space of the projective
embedding (A-1) is equal to

5[n @ Psly, 5[,,[.
chA,chD 1 = (q)zl_[c i o (A-3)

The last factor in this expression was found in [Feigin et al. 2004, Theorem 2.11]. Namely, in the

notation of [Feigin et al. 2004],

sly; Sly;

sl
Dy vy = Van % % Vg = Vi, di),

14

where
ni=m;,....,n), di=(,...,d),
—— ~——
¢ ¢
and * denotes the fusion product. Now [Feigin et al. 2004, Formula (2.52)] gives that
b w . Wp—1 Q
chDZ Loy = Z R ghnin 'S (@), (A-4)
reZ"i
[A|=d;¢
where A = (Aq, ..., Ap,), €“ stay for the sl,,-weights and S’A, « 1s the g-supernomial coefficient, defined

in [Schilling 2002, Formula (2.1)].
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