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Index of coregularity zero log Calabi—Yau pairs

Stefano Filipazzi, Mirko Mauri and Joaquin Moraga

We study the index of log Calabi—Yau pairs (X, B) of coregularity 0. We show that 2A(Kx + B) ~ 0,
where X is the Weil index of (X, B). This is in contrast to the case of kit Calabi—Yau varieties, where
the index can grow doubly exponentially with the dimension. Our sharp bound on the index extends to
the context of generalized log Calabi—Yau pairs, semi-log canonical pairs, and isolated log canonical
singularities of coregularity 0. As a consequence, we show that the index of a variety appearing in
the Gross—Siebert program or in the Kontsevich—Soibelman program is at most 2. Finally, we discuss
applications to Calabi—Yau varieties endowed with a finite group action, including holomorphic symplectic
varieties endowed with a purely nonsymplectic automorphism.
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1. Introduction

A log Calabi-Yau pair of coregularity 0 is a pair (X, B) consisting of a proper normal variety X and an

effective Q-divisor B ~g —Kx such that (X, B) is log canonical and whose dual complex DMR(X, B)

(see Definition 2.2) has maximal dimension dim DMR(X, B) = dim X — 1. For instance, a complete

normal toric variety with its toric boundary is an example of a log Calabi—Yau pair of coregularity O.
In this article, we study the index of log Calabi—Yau pairs of coregularity 0.
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1.1. Index conjecture. From the point of view of the minimal model program (MMP), Calabi—Yau
varieties are fundamental building blocks of algebraic varieties. Their canonical line bundle is numerically
trivial, i.e., its restriction to any curve has degree 0. By the abundance conjecture, which is known in this
special case [Gongyo 2013], the canonical divisor of a Calabi—Yau variety is Q-linearly trivial, i.e., it
is a torsion element of the Picard group. The smallest positive integer m for which mKx ~ 0 is known
as the (Cartier) index of the Calabi—Yau variety. For instance, m = 1 if dim X = 1, and m divides 12 if
dim X =2 and X is smooth; see [Beauville 1996, Corollary VIIL.7].

Inspired by the MMP, it is natural to study the same question for pairs (X, B) with mild singularities.
Here, mild singularities mean either klt or log canonical. When we consider mildly singular varieties or
pairs, the situation gets more interesting. In this case, the index will also depend on the coefficient set
of B. For instance, if we consider 2-dimensional klt Calabi—Yau pairs (X, B) with standard coefficients,
the largest possible index of Kx 4+ B is 66; see [Ishii 2000, Proposition 4.9] for the bound and [Kondo
1992, Main Theorem and Section 3] for its sharpness. It is conjectured that, once we fix the dimension
and coefficient set, there are only finitely many possible indices for the divisor Ky + B. This conjecture
is known as the index conjecture in birational geometry. It is known up to dimension 3 due to the
work of Jiang [2021] and Xu [2020]. In [Esser et al. 2022], the authors construct a sequence of klt
Calabi—Yau varieties X; for which the index grows doubly exponentially with the dimension d. These
Calabi—Yau varieties, regarded as log Calabi—Yau pairs with empty boundary, have coregularity equal to
their dimension. In contrast, our results show that, if the coregularity is minimal (i.e., equal to 0), the
index does not depend on the dimension but only on the coefficients set.

1.2. Main theorem. We focus on log Calabi—Yau pairs (X, B) of coregularity 0; see Definition 2.4. These
pairs arise naturally in mirror symmetry, and they are often referred to as pairs of maximal intersection;
see [Kollar and Xu 2016]. Indeed, the condition that the dual complex has maximal dimension means
that, up to a dlt modification, the maximal number of irreducible components of B=! intersecting at some
point is the maximal possible, namely dim X. These pairs also appear in relation to maximally unipotent
degenerations of Calabi—Yau varieties; see Section 7 and also [Kolldr and Xu 2016; Nicaise and Xu 2016;
Nicaise et al. 2019]. In this setting, we prove that the index of Kx + B is independent of the dimension
and only depends on the coefficient set of B, and it is actually 1 or 2 if B is reduced.

Theorem 1. Let (X, B, M) be a projective generalized log Calabi—Yau pair of coregularity O and Weil
index . Then, we have that ' (Kx + B + Mx) ~ 0, where A’ =1lcm(A, 2).

We recall the notion of generalized log Calabi—Yau pair in Section 2; see Definition 3.4 for the Weil
index of a generalized pair. Note that in order to have the linear equivalence D ~ 0, the divisor D must be
Weil. Hence, multiplying Kx + B + Mx by A is necessary to compute its Cartier index. In Example 9.1,
we show that taking the least common multiple of A and 2 is needed in general. The following special
case of our main result is a key step in the proof of Theorem 1.

Proposition 2. Let (X, B) be a proper log Calabi—Yau pair of coregularity 0 with B = B='. Then, we
have that 2(Kx + B) ~ 0.
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In many circumstances, it is important to deal with pairs with coefficients greater than % For instance,
in moduli theory, this implies the flatness of the boundary divisors; see [Kollar 2023, Theorem 2.82].
In the context of log Calabi—Yau pairs of coregularity 0 and large boundary, we obtain the following
corollary.

Corollary 3. Let (X, B) be a projective log Calabi—Yau pair of coregularity 0. Assume that all the
coefficients of B are greater than or equal to % Then, the divisor 2B is reduced and 2(Kx + B) ~ 0. In
particular, if the coefficients of B are strictly greater than %, then B is integral and 2(Kx + B) ~ 0.

1.3. Orientability of dual complexes. The dual complex D(B) of a dlt pair (X, B) is a simplicial object
encoding the combinatorial information about multiple intersections of irreducible components of B; see
Definition 2.1. It has been clear since [Kollar and Xu 2016, Section 17] that the index of (X, B) is a
measure of the orientability of D(B). What Corollary 4 says is that the index of (X, B) does not contain
any information but the orientability of D(B).

Corollary 4. Let (X, B) be a proper dit log Calabi-Yau pair of coregularity O and dimension n + 1 with

B = B='. Then, there exists an isomorphism of singular and coherent cohomology groups
H"(D(B), K) = H(X, Ox(Kx + B)),
and the following facts hold:
(1) Kx + B ~0ifand only if D(B) is an orientable closed pseudomanifold.

(i) If D(B) is not an orientable closed pseudomanifold, there exists a quasiétale double cover
(i, E) — (X, B) such that D(E) is an orientable closed pseudomanifold and D(B) =~ D(E)/(Z/ZZ).

We refer the reader to Definitions 5.1 and 5.3 for the orientability of pseudomanifolds. In the previous
corollary, quasiétale means étale in codimension 1. Note that the quotient map D(B) — D(B) in
Corollary 4 is not necessarily a topological covering space. In fact, closed pseudomanifolds admit no
orientable topological covering spaces in general, and branched orientation covers are the best we can
expect; see Example 9.7 and [Matthews 2016, Section 5.2].

1.4. Mirror symmetry. Mirror symmetry predicts a relation between pairs of Calabi—Yau varieties. The
goal is to develop a general mechanism to produce mirror pairs and describe how this duality exchanges
geometric structures through the two sides of the mirror. Various approaches have been developed to
achieve this purpose, e.g., the SYZ conjecture [Strominger et al. 2001], the Gross—Siebert program
[Gross 2013], and the Kontsevich—Soibelman program [Kontsevich and Soibelman 2006]. In all these
programs, one tries to degenerate the Calabi—Yau variety to a simple normal crossing Calabi—Yau variety
of coregularity 0, also known as large complex limit or maximal degeneration. Here, we show that the
Calabi—Yau varieties X that appear in a maximal degeneration have index at most 2, namely 2Ky ~ 0.!

Here, a Calabi—Yau variety that appears in a maximal degeneration satisfies Kx ~gq 0, while some authors require Ky ~ 0.
Our theorems show that Kx ~ 0 or 2K x ~ 0 are automatic.
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Theorem 5. Let w : X — C be a minimal family of Calabi—Yau varieties of coregularity O over ¢y € C.
Let U be the maximal open subset over which the family is locally stable. Then, for every ¢ € U, we have
that 2K x, ~ 0.

See Definition 7.1 for the notion of a minimal family of Calabi—Yau varieties of coregularity 0 over a
point, and Definition 7.3 for the notion of local stability of a family. Theorem 5 is a special case of a
more general statement regarding Calabi—Yau pairs; see Theorem 7.6.

Corollary 6. Let w : X — C be a minimal family of Calabi—Yau varieties of coregularity 0 over cy € C of
relative dimension n. Suppose that the pair (X, X,) is dit. Then we have

H"(D(Xy), 1) = HO(X,, Ox, (Ki)). (1-1)
In particular, if Kx, 7 0, then D(X,) is not orientable.

We can improve the estimate on the index in Theorem 5 by imposing additional hypotheses on the
special fiber, which are natural, especially from the point of view of the Gross—Siebert program.

Theorem 7. Let w : X — C be a minimal family of Calabi—Yau varieties of coregularity 0 over cq € C.

Assume that

o the fiber X, is reduced and toric simple normal crossing, i.e., a union of smooth toric varieties

intersecting along toric strata; and

o the dual complex D(X,,) is simply connected.

Let U be the maximal open subset over which the family is locally stable. Then, for every ¢ € U, we have
that K . ~ 0.

1.5. Index of semi-log canonical pairs. In order to establish the applications to mirror symmetry in
Section 1.4, we will need to prove a version of Theorem 1 for semi-log canonical pairs; see [Kollar
2013, Section 5] for a definition of these pairs. The key idea is to produce a section on a suitable normal
modification of the pair which is invariant under certain birational transformations. These sections are
called admissible; see Definition 6.1. We obtain the following Theorem 8 regarding the existence of
admissible sections on log Calabi—Yau pairs of coregularity 0. To this end, given a pair (X, B), we denote
by Bir(X, B) the group of crepant birational automorphisms of (X, B); see also [Hacon and Xu 2016,
Definition 1.1].

Theorem 8. Let (X, B) be a projective log Calabi—Yau pair of coregularity 0 and Weil index A. Set
A =lem(x, 2). Then, there is a nontrivial section s € H(X, Ox(\'(Kx + B))) such that g*s = s for
every g € Bir(X, B).

Theorem 8 may be regarded as an effective version of the boundedness of B-representations; see
[Hacon and Xu 2016, Theorem 1.2] or [Fujino and Gongyo 2014, Theorem 3.15]. As a consequence, we
show the following corollary.
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Corollary 9. Let (X, B) be a projective semi-log canonical Calabi—Yau pair of coregularity O and Weil
index . Then, we have that \'(Kx + B) ~ 0, where ./ = lcm(A, 2).

Corollary 9 is an immediate consequence of Theorems 1 and 8. Our techniques do not apply to the
case of generalized semi-log canonical pairs; see Remark 1.2.

1.6. Index of log canonical singularities. By adjunction, the exceptional divisor of a dIt modification of
an isolated log canonical singularity is a projective semi-log canonical log Calabi—Yau pair. Therefore,
Corollary 9 provides a bound on the index of log canonical singularities.

Corollary 10. Let (X, B; x) be the germ of a log canonical pair of coregularity 0 and Weil index .
Suppose that the pair (X, B) is dlt away from x. Then, we have that ) (K x + B) ~ 0, where )" =lcm(A, 2).

If the pair (X, B; x) has only standard coefficients, one can drop the assumption that the log canonical
germ (X, B; x) is dIt away from x, as shown by Fujino in [2001, Theorem 4.18]. In particular, Corollary 10
and [Fujino 2001, Theorem 4.18] specialize to Corollary 11, which was first proved by Ishii [2000,
Theorem 4.5]. Note that the Hodge theoretic assumption in [loc. cit.] coincides with our condition of
coregularity 0; see [Kollar and Xu 2016, Claim 32.3].

Corollary 11. The index of an isolated log canonical singularity (X; x) of coregularity 0 is either 1 or 2.

The only possible log canonical surface singularities of coregularity 0 and index 2 are double quotients
of cusp singularities; see, e.g., [Ishii 2014, Section 7.8]. Examples in dimension 3 appear in [Kollar 2013,
Propositions 3.54 and 3.59] provided that the 2-manifold F in [loc. cit.] is chosen to be nonorientable.

1.7. Calabi-Yau and holomorphic symplectic varieties with group actions. We apply Theorem 5 to
study degenerations of quotients of Calabi—Yau varieties, and in particular of holomorphic symplectic
varieties.

Theorem 12. Let X be a projective log canonical variety with Kx ~ 0 and let G be a finite group acting
on X freely in codimension 1. Assume that the quotient X/ G is a fiber of a minimal family of Calabi—Yau
pairs of coregularity 0. Then, the order of the character p : G — GL(H(X, Ox(KYx))) is at most 2.

One may drop the assumption that G acts freely in codimension 1 and replace X with a log Calabi—Yau
pair with standard coefficients. For expository reasons, we postpone it to Theorem 8.1. In particu-
lar, the result imposes strong constraints on degenerations of holomorphic symplectic varieties with a
nonsymplectic automorphism. See Section 8 for definitions.

Corollary 13. Let 7* : X* — C* be projective family of type III of holomorphic symplectic varieties of
dimension 2n with a finite order automorphism g : X* — X* acting purely nonsymplectically on the fibers
X for any ¢ € C*. Then the order of g divides 2n.

Remark 1.1. The case of K3 surfaces is proved in [Alexeev et al. 2024, Corollary 3.16] or [Matsumoto
2023] via Hodge theory. The arguments of [Alexeev et al. 2024, Section 3] extend verbatim to the case of
higher dimensional primitive symplectic varieties, see Definition 8.2. This means that if the fibers X* in
Corollary 13 are primitive symplectic, the order of g is exactly 2.
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1.8. Strategy of the proof of Theorem 1. We distinguish two cases: either B<'4 My is numerically trivial,
or not. In the first case, we can actually assume that B='=Band M =0, as explained in Section 3.3, and
so Theorem 1 reduces to Proposition 2. In Sections 5.1 and 5.2 we provide a (self-contained) topological
proof of Proposition 2. We explain the relation between the index of a log Calabi—Yau pair and the
orientability of its dual complex. In brief, we show that the cohomology group H’(X, Ox(Kx + B))
can be endowed with an integral structure given by the top cohomology of the dual complex D(B). The
factor 2 in the index then serves to control the orientation of D(B).

Following a suggestion of Kolldr, we also present a second proof of Proposition 2 in Section 5.3. In
this case, the presence of the factor 2 reflects the fact that Poincaré residue maps are defined only up to
a sign and the fact that the rational canonical form dx/x on P! has residues 1 and —1 at its poles. See
Remark 5.8 for a comparison between the two approaches.

If instead B<! + Mx s 0, we adopt an inductive strategy from birational geometry. First, by the
work of Filipazzi and Svaldi, we may assume that B=! fully supports a big divisor; see [Filipazzi and
Svaldi 2023]. Then, we can run a (Kx + B=')-MMP which terminates with a Mori fiber space ¥ — Z.
Let By be the push-forward of B on Y. Since (Y, By, M) and (X, B, M) are crepant equivalent, they
have the same index; see Corollary 3.3. Thus, it suffices to control the index of (Y, By, M). The
divisor B=! fully supports a big divisor, so some component S of By=' is ample over the base. Since
(Y, By) is dIt, such component § is normal. We can perform adjunction to S and obtain a generalized
log Calabi—Yau pair structure (S, Bg, V). A careful analysis of the coefficients of Bg and N shows
that A'(Ks + Bs + Ns) is Weil, where " = Icm(4, 2); see Section 3.2. By adjunction, (S, Bs, N) is a
generalized log Calabi—Yau pair. By induction on the dimension, we conclude that A’ (K g+ Bs+ Ng) ~ 0.
Then, using the positivity of S and a relative version of Kawamata—Viehweg vanishing over Z, we
conclude that ' (Kx + B + M) ~ 0; see Section 4.

Remark 1.2. We avoid the use of nonnormal generalized pairs. In order to control the index of nonnormal
pairs, it is often necessary to use gluing theory. For recent advances in this direction, see for instance [Hu
2021; Liu and Xie 2023].

2. Notation

We work over a field IK of characteristic 0. We refer to [Kollar and Mori 1998] for the standard terminology
in birational geometry. For the language of generalized pairs and b-divisors, we refer to [Filipazzi and
Svaldi 2023]. Recall that a generalized log Calabi—Yau pair is a projective generalized log canonical pair
(X, B, M) such that Kx + B+ Mx ~g 0.

Our varieties are connected and quasiprojective unless otherwise stated. Given a normal variety X and
an open subset U C X, we say that U is big if codimyx (X \ U) > 2.

In this work, all divisors have coefficients in @. Unless otherwise stated, a divisor means a Weil
Q-divisor. Given two proper birational normal varieties X and X’ and a Q-Cartier divisor D on X with
D ~q 0, the crepant trace D’ of D is defined as follows: we take a common resolution X” with morphisms
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p:X"— Xandg: X" — X Then, we set D' :=q,p*D. If (X, B, M) is a generalized log Calabi—Yau
pair, its trace (X', B’, M) on X' is defined in the same fashion, where we put D = Ky + B + M.

Definition 2.1 (dual complex). Let (X, B) be a dlt pair with B=!' = > "..; Bi. The dual complex of (X, B),
denoted by D(B), is the regular A-complex whose vertices are in correspondence with the irreducible

iel

components of B=! and whose k-faces correspond to connected components of B, N ---N B,

Definition 2.2. Let (X, B, M) be a generalized log Calabi—Yau pair (not necessarily dit). Then
DMR(X, B, M) is the PL-homeomorphism type of the dual complex of a generalized dIt modification
(X', B',M) of (X, B,M), i.e.,

DMR(X, B, M) ~p. D(B').

Remark 2.3. The notation DMR stands for “Dual complex of a Minimal divisorial log terminal partial
Resolution”. The definition is independent of the choice of the dIt modification by [de Fernex et al. 2017,
Proposition 11], up to PL-homeomorphism. In Berkovich geometry, the cone over DMR (X, B) is also
called the (essential) skeleton of (X, B); see, e.g., [Mauri et al. 2022, Section 3].

Definition 2.4 (coregularity). Let ¢ be a natural number. A generalized log canonical pair (X, B, M) has
coregularity ¢ if some (any) generalized dlt modification (X', B’, M) of (X, B, M) has a generalized log
canonical center of dimension ¢, and ¢ is minimal among the dimensions of the generalized log canonical
centers of (X', B’, M). Equivalently, (X, B, M) has coregularity c if the dual complex DMR(X, B, M)
has dimension dim X — ¢ — 1.

We refer to [Figueroa et al. 2022; Moraga 2024] for more details about the notion of coregularity.

3. Preliminaries

In this section, we collect some preliminaries about Cartier indices, Weil indices of generalized pairs,
and numerically trivial moduli parts. We prove some related technical statements that will be used in the
proof of the main theorem.

3.1. Cartier index of a numerically trivial divisor. In this section, we prove some statements regarding
the Cartier index of a numerically trivial divisor.

Lemma 3.1. Let D ~g 0 be a numerically trivial integral Q-Cartier divisor on a normal proper variety X.
If H'(X, Ox (D)) # 0, then D is Cartier and D ~ 0.

Proof. Let s € I'(X, Ox(D)) be a nonzero section. Let U be any smooth big open subset of X. In
particular, D is Cartier along U. Since D ~g 0 and X is integral, s is a nowhere vanishing section on U,
inducing a trivialization of Ox (D) along U. Since Ox (D) is a reflexive sheaf and U is a big open subset,
s is a nowhere vanishing section trivializing Ox (D). Thus, D is a linearly trivial Cartier divisor. U

The following lemma shows that the Cartier index of a Q-trivial Q-Cartier divisor is independent of
the birational model. In particular, in order to control the index of a log Calabi—Yau pair, we are allowed
to take dlt modifications and run minimal model programs.
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Lemma 3.2. Let X be a proper normal variety, and let D be a Q-Cartier divisor with D ~gq 0. Also, let
X' be a proper normal variety that is birational to X, and let D' be the crepant trace of D on X'. Then,
for any integer m, mD ~ 0 if and only if mD’ ~ Q.

Proof. Let X” be a common resolution of X and X', and let p : X” — X and ¢ : X" — X' be the
corresponding morphisms. Let D” be the crepant trace of D on X”. By the symmetry of the problem, it
suffices to show the following: if m D ~ 0 holds, then so does m D’ ~ 0. Fix such m. By the projection
formula, the linear equivalence is preserved by pull-back, and we have mD” ~ 0. Then, the linear
equivalence is preserved by the push-forward g, as ¢ is a birational morphism of normal varieties. Indeed,
we may find a big open subset U’ C X’ over which ¢ is an isomorphism. Then, as m D" ~ 0, we have
mD’ ~ 0 along U’. Finally, by the S, property, m D’ ~ 0 holds true on the whole X'. O

We have the following immediate corollary.

Corollary 3.3. Let (X', B', M) be a proper generalized log Calabi—Yau pair that is crepant birational to
the proper generalized log Calabi—Yau pair (X, B, M). Then, for any integer m, m(Kx + B'+ Mx) ~ 0
ifand only if m(Kx + B+ Mx) ~ 0.

3.2. Weil index of a generalized pair. In this subsection, we study the Weil index of coregularity 0 log
Calabi—Yau pairs under adjunction.

Definition 3.4 (Weil index of a generalized pair). Let (X, B, M) be a generalized log canonical pair. Let
A C Q be the smallest set of positive rational numbers such that

¢ the coefficients of B are contained in A; and

e we can write My = Zj AjM;, where X" — X is a model where M descends, A; € A, and each M
is nef Cartier.

Then, the Weil index of the generalized pair (X, B, M) is the smallest positive integer for which AA C N.

Example 3.5. The Weil index of the log canonical pair (X, B =) _,(pi/qi)B:), whose coefficients p;/g;
are irreducible fractions is the least common multiple of the denominators g;.

We show that the Weil index of a log pair of coregularity O is stable under adjunction. To this end, we
will introduce some notation and recall a statement from [Figueroa et al. 2022].

Notation 3.6. Let A be a finite subset of [0, 1], and r be a nonnegative rational number. We define the set

1 K omi
Dy (r) := {1 - + mor £ 2 iy Miki

A€ AU{0,1},m,m; € Z~o, and k € Zzo} N[o, 11,
m

where we mean the empty sum when k = 0. If r =0, then we set Dy := DA (0). If A =Z[1/A]1N[0, 1]
for some positive integer A, then we denote the set D (r) simply by D, (r).

Lemma 3.7. Let A C [0, 1] be a finite set and r be a nonnegative rational number. Then, we have
(i) Dp, = Dp U{1}; and
(i) Dp,(r) = Da(r)U{l}.
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Proof. The first identity is proved in [McKernan and Prokhorov 2004, Lemma 4.4], and the second follows
verbatim from the proof of [loc. cit., Lemma 4.4]. O

Lemma 3.8 follows from [Figueroa et al. 2022, Lemma 3.2 and Remark 3.3].

Lemma 3.8. Let (X, B, M) be a projective generalized log Calabi—Yau pair of coregularity 0. Let X be a
positive integer, A C Z[%] N[0, 1] be a finite set, and r € A. Assume that A\M is b-Cartier, the coefficients
of B belong to A, and r < 1 is a coefficient of B. Then, there exists a generalized log Calabi—Yau pair
(P!, Bpi1, L) satisfying the following conditions:

o The Weil index of Lp:1 divides .

e The coefficients of Bpi belong to D .

e There is ¢ € P! such that coeff, (Bp1) = 1 holds.

e There is p € P!, with p # q, for which coeff,(Bp1) € Da(r) N[0, 1) holds.
In particular, if M = 0, then we can choose L = 0 as well.

Now, we turn to prove the statement about the Weil index under adjunction.

Lemma 3.9. Ler (X, B, M) be a generalized log canonical pair of Weil index . Let )/ := lem(A, 2).
Let S be a prime component of B='. Assume that S is projective. Let S* — S be its normalization. Let
(SY, Bsv, N) be the generalized pair obtained by generalized adjunction. Assume that (S, Bsv, N) is
generalized log Calabi—Yau of coregularity 0. Then, the Weil index of the generalized pair (S*, Bsv, N)
divides ).

In particular, if (X, B, M) is a generalized log Calabi—Yau pair of Weil index )\ and coregularity 0,
then the Weil index of (S¥, Bsv, N) divides ).

Proof. Up to passing to a dIt modification, we can assume that (X, B, M) is generalized dlt and that
S = §". Indeed, the Weil index of a generalized log canonical pair coincides with the Weil index of
any crepant dlt modification, and any dlt modification of (X, B, M) restricts to a dIt modification of
(S, Bs, N). Notice that we may assume that the dIt modification is projective over the original model,
thus the projectivity of S is preserved. Also, the statement is clear for what concerns N, since it is the
restriction of the b-divisor M. Thus, in the rest of the proof, we will focus on the boundary divisor Bg.
By adjunction, the coefficients of Bg belong to D, U {1}; see [Birkar 2019, proof of Lemma 3.3] where p
and R in [loc. cit.] stand for A and Z[1/A] N[0, 1], respectively. Now, let P be a prime divisor on S. We
can write

coeffp(Bg) = L0
A0

where the fraction is irreducible. For the purpose of the proof, we may assume that py < Ag. We show
that Ao divides A". If X is smooth at P, then the statement is clear. Thus, we have that coeff p (Diffs(0)) =
1 — 1/m for some integer m > 2, see [Kollar 2013, Section 4.1]. Then, we have that

1

coeffp(Bs) > coeffp (Diffs(0)) = 1 — % =3
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If po/Ao = %, then Ao = 2 divides A. From now on, we assume that py/Ag > % We apply Lemma 3.8 to
the generalized pair (S, Bs, N) with r = pg/Ag. By generalized divisorial adjunction, the coefficients
of Bg form a finite subset of D, and AN is b-Cartier. Then, we can find a generalized pair structure
(P!, Bp1, L) and two distinguished points p, g € P! satisfying the following conditions:

o The Weil index of Lp: divides A.
 The divisor Bp: has coefficient 1 at g.
o We have coeff),(Bp1) € Dp, (po/Ao). By Lemma 3.7(ii), coeft), (Bp1) € D;.(po/Ao) and we can write

1 A k D /A
COCffp(BU;Dl):l__+m0p0/ O+Zl=lmlpl/ :

where m;, m, € Z., k € Z>¢, and p; are nonnegative integers with 0 < p; < A.

» Forevery s € P!\ {p, ), we have coeff (Bpi) € Dp,. By Lemma 3.7(i), coeff (Bpi) € D; and we
can write k
1 . ml. i )\‘
Coeffs(BPl) =1-—+ 2:1—1—p/’
ux nyg
where m;, m,, k € Z., and p; are nonnegative integers with 0 < p; < A.

Note that mo = 1 holds. Otherwise coeff,(Bp1) > 1 would follow, which contradicts the fact that
(P!, Bp1, L) is generalized log canonical. If mg, > 2 for some so € P!\ {p, ¢}, then we would have

deg(Bp1) > coeff, (Bp1) + coeff, (Bp1 ) + coeffy, (P') > 1+ % + % =2,

leading to a contradiction. Thus, we have that m; = 1 for every s € P' \ {p, g}. Taking the degree of

Kp1 + Bp1 + Mp:1, we obtain a relation of the form

k L .
1+P0/A0+Zi=1 mipi/k+2”1pj
m m A

1 —

=1,
j=1
, s .
where each p; and each p ; are positive integers. Hence, we may write

k ¢
pokal = (k — Zmipi - Zmnjp;-)k—].
i=1 j=1
We conclude that A divides A, and so A divides A" as well. This finishes the proof. O
3.3. Numerically trivial moduli part. In this subsection, we show two lemmas regarding generalized

pairs with numerically trivial moduli part.

Lemma 3.10. Let (X, B, M) be a projective generalized log Calabi—Yau pair. Assume one of the following

two conditions:
* (X, B, M) has coregularity 0.
o X is rationally connected and of kit-type.
Let ¢ be the b-Cartier index of M. If Mx is Q-Cartier with Mx = 0, then cM ~ 0 as b-divisor.
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Proof. Let m : X’ — X be a projective resolution of singularities of X where M descends. By the
negativity lemma [Kollar and Mori 1998, Lemma 3.39], we have My = n*Myx = 0. Let ¢ be the Weil
index of M. Since X’ is smooth, then cMx- is Cartier. By [Filipazzi and Svaldi 2023, Theorem 4.2]
and [Hacon and McKernan 2007] (note that just [Hacon and McKernan 2007] suffices for case (ii)), X’
is rationally connected, so H'(X’, Ox/) = 0 and Pic(X’) = NS(X’). This implies that cMy is a torsion
Cartier divisor, i.e., c My ~g 0. Since a rationally connected variety has no nontrivial étale covers (see,
e.g., [Debarre 2001, Corollary 4.18(b)]), the étale cover associated with c My ~g 0 must be trivial, which
means that cMx ~ 0. |

We have the following immediate corollary.

Corollary 3.11. Let (X, B, M) be a projective generalized log Calabi—Yau pair of coregularity 0. Assume
that M is Q-Cartier with Mx = 0. Let A be a positive integer such that AM is b-Cartier. Then, Theorem 1
holds for (X, B, M) and X if and only if so does for the pair (X, B) and A.

Proof. By Lemma 3.10, we have AM ~ 0 as b-divisor. Then, the claim follows, as the statement of
Theorem 1 concerns linear equivalence up to multiplication by ' = lcm(2, 2). O

3.4. Coregularity and finite quotients. In this subsection, we show that the coregularity is preserved by
finite maps.

Proposition 3.12. Let (X, Ax) and (Y, Ay) be two log canonical pairs with a generically finite surjective
morphism f: (X, Ax)— (Y, Ay). Assume that Kx+Ax = f*(Ky+Ay). Then, we have coreg(X, Ax) =
coreg(Y, Ay).

Proof. Throughout the proof, given a log canonical pair (W, I"), we denote by dmLCC(W, I") the
minimum among the dimensions of the log canonical centers of (W, I"). Note that

dmLCC(W, T") < coreg(W, I'), (3-1)

and the equality holds if (W, T") is dlt. In particular, if (W, T") and (W', T"") are crepant birational dlt
pairs, then
coreg(W, I') = dmLCC(W, T') = dmLCC(W’, I'’) = coreg(W', I') (3-2)

by [de Fernex et al. 2017, Proposition 11].

Since the coregularity is preserved by crepant birational morphisms, we may replace (X, Ay) with the
pair induced on the Stein factorization of X — Y. In particular, we may assume that f is finite.

Let (Y, Ay/) be a dlt modification of (Y, Ay), and let X’ denote the normalization of the main
component of X xy Y/, and let 7 : X’ — X be the induced morphism. Define Kx' + Ay = n*(Kx + Ax).
Then, by [Kolldr and Mori 1998, Proposition 5.20], (X', Ax/) is a pair. Since the coregularity is preserved
by crepant birational morphisms, we may replace (X, Ax) and (Y, Ay) with (X', Ax/) and (Y’, Ay’),
respectively. So, in the following, we may assume that (¥, Ay) is dlt.

Now, let ()~( , A ) denote a dlt modification of (X, Ax), and let (17 , Ay) denote the pair induced on
the Stein factorization of X — Y.
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Since ()N( ,Ag) = (X, Ay) and (17 , Ay) — (Y, Ay) are crepant birational and by [Kolldr and Mori
1998, Proposition 5.20], we have the inequalities

dmLCC(Y, Ay) = dmLCC(X, Ax) < dmLCC(X, Az) = dmLCC(Y, A;).
By (3-1) and (3-2), since (Y, A) is dlt and crepant to (I?, Ay), we have
dmLCC(Y, Ay) > dmLCC(Y, Ay).
Putting together the two chains of inequalities, we conclude that
coreg(Y, Ay) =dmLCC(Y, Ay) =dmLCC(X, Ax) = dmLCC(f(, A ) = coreg(X, Ax). ]

If f:(X, Ax)— (Y, Ay) is a finite Galois morphism, the following stronger version of Proposition 3.12
holds. See Definition 2.2 for the definition of DMR(X, Ay).

Proposition 3.13. Let f: (X, Ax) — (Y, Ay) be a finite Galois morphism of log canonical pairs (X, Ax)
and (Y, Ay) with Galois group G. Assume that Kx + Ax = f*(Ky + Ay). Then, the group G acts by
PL-homeomorphisms on the dual complex D(X, Ax), and there exists a PL-homeomorphism

DMR(Y, Ay) ~p, DMR(X, Ax)/G.
In particular, we have coreg(X, Ax) = coreg(Y, Ay).

Proof. The same argument of [Mauri et al. 2022, Theorem F] continues to work if we replace the
assumption in [loc. cit.], namely that f is not ramified in codimension 1, with the current crepant
assumption Ky + Ax = f*(Ky + Ay). O

4. Fractional and moduli divisors

In this section, we prove an inductive statement for the main theorem when the fractional or moduli parts
are nontrivial.

Proposition 4.1. Let (X, B, M) be a projective generalized log Calabi—Yau pair of coregularity 0 and
Weil index ). Suppose that B<' + My # 0 and that Theorem 1 holds in dimension less than dim X. Then
M(Kx + B+ Myx) ~0, where M =1cm(, 2).

Proof. We proceed by induction on the dimension. The base case is dim X = 1; by the assumption
B<'4+M = 0, it follows that X = P!. Then, the claim follows immediately. Thus, in the rest of the proof,
we will address the inductive step, and we will assume that Theorem 1 is known in lower dimension.

By Corollary 3.3, we may replace (X, B, M) in its crepant birational class, as long as we control the
Weil index of the new pair. We can apply [Filipazzi and Svaldi 2023, Corollary 4.4] and assume the
following conditions:



Index of coregularity zero log Calabi-Yau pairs 395

(1) The generalized pair (X, B, M) is Q-factorial and generalized dlIt.

(2) There is a fibration X — W such that every generalized log canonical center of (X, B, M) domi-
nates W.

(3) The divisor B=! fully supports a divisor that is big and semiample over W.

As (X, B, M) has coregularity O and is generalized dlt, it has a generalized log canonical center of
dimension 0. By (2) above, we conclude that W is a point. Hence B=' fully supports a big divisor. Notice
that, by the properties of the birational transformations in [Filipazzi and Svaldi 2023, Theorem 4.2] and
dIt modifications needed to apply [loc. cit., Corollary 4.4], all the new divisors extracted in the process
appear in B with coefficient 1. Thus, the Weil index A remains unchanged by this reduction. Similarly,
the property B=<! 4+ Mx # 0 is preserved.

Now, we run a (K x + B=")-MMP with scaling, which terminates with a Mori fiber space g: Y — Z, as
B<'4+ My #0. Let (Y, By, M) be the induced generalized log Calabi—Yau pair, which is not necessarily
generalized dlt. We observe that the pair (Y, B?l) is dlt, and B?l # 0 dominates Z since B?l supports a
big divisor. Furthermore, the Weil index X of (Y, By, M) divides the Weil index A of (X, B, M), since
we may have contracted some components of B<!.

Let S be an irreducible component of B)fl dominating Z. Notice that S is normal, since (Y, B)fl) is
dlt. The generalized pair (S, Bs, IV) obtained by generalized adjunction

Ks+ Bs+ Ns ~q (Ky + By + My)|s (4-1)

is log Calabi—Yau, and its Weil index divides A’ =lcm(A, 2) by Lemma 3.9. By induction on the dimension,
we obtain

)\./(KS + Bg+ Ng) ~ 0.

The coefficients of Bs and Ny control the coefficients of Diffg(0), as we explain in what follows. By
[Kollar 2013, Section 3.35], at the codimension 2 points of X contained in §, X has cyclic singularities.
Then, given a prime divisor P in S, an étale local neighborhood of a general point p € P is isomorphic to

(peX,B,M))~0¢€ (AZ =, y), x=0)+c(y =0))/(Z/mZ) x AdimX=2

where S = (x =0) and S’ = (y = 0). Since the class group of Z := A2/(Z/mZ) is generated by §’, there
exists an integer u such that locally
M(Kx+ B+ Myx)~puS'. (4-2)

By adjunction, S’|s ~ (1/m){0}. Since the denominators of the coefficients of Bg and Ny divide A/,
A (Ks + Bs + Ng) is a Weil divisor on the smooth germ S of p, and it is Q-linearly trivial by (4-1).
Therefore, 1’ (Ks + Bs + Ns) is actually a trivial Cartier divisor at p, and A’ (Kx + B+ Mx)|s ~ 0. Since
we write

0~ X (Kx+ B+ Mg~ uS'|s ~ ,%{0},
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we conclude that m divides p. In particular, we have that ©S’ is a Cartier divisor, as m is the order of the
class group of X at {0}. By the linear equivalence (4-2), we conclude that the divisor A'(Kx + B + M) is
Cartier in codimension 2.

Then, by [Birkar 2019, Section 2.41 and Lemma 2.42], we have the following short exact sequence

0 — Oy(X(Ky + By + My) — S) = Oy (M (Ky + By + My)) — Os(3'(Ks+ Bs+ Ns)) — 0. (4-3)
Since A'(Ky + By + My) — S ~q ¢ —S, the divisor —S is g-ample, and dim Z < dim Y, we have
2:0y(V(Ky + B+ My)—S) =0.
Similarly, we write
M (Ky+ By +My) — S ~q4 —S ~a.4 Ky + (By — S+ My).

Note that Y is klt and By — S+ My = B;l + My + (BI?l — §) is g-ample, since g is a Mori fiber space
and the divisor B;l + My is g-ample. Thus, by the relative version of Kawamata—Viehweg vanishing,

we have
R'g.0y(W(Ky + By + My) — S) = 0.

Therefore, by pushing forward (4-3) via g, we obtain
8«0y (M (Ky + By + My)) =~ g.05() (K5 + Bs + Ns)).
Now, taking global sections, we have
HO(Y, Oy (V' (Ky + B+ My))) = H'(S, Os(X'(Ks + Bs + N5))) = H*(S, O5) #0.  (4-4)
By Lemma 3.1, (4-4) implies that A'(Ky + By + My) ~ 0. Therefore, by Corollary 3.3, we conclude that
M(Kx + Bx +Mx) ~0. O
5. Index of log Calabi-Yau pairs and orientability of dual complexes

In this section, we prove the main theorem of this article.
5.1. Orientability of dual complexes. In this subsection, we recall the concept of pseudomanifold and
dual complex, and we prove some facts about their orientability for log Calabi—Yau pairs.

Definition 5.1 (pseudomanifold). A topological space T is called a n-dimensional pseudomanifold with
boundary if it admits a triangulation 7 satisfying the following conditions:

(1) (pure dimension) 7' = |7 is the union of all n-simplices.
(2) (nonbranching) Every (n—1)-simplex is a face of precisely one or two n-simplices.
(3) (strong connectedness) For every pair of n-simplices o and o’ in T, there is a sequence of n-simplices

/
o =00,01,...,0] =0

such that the intersection o; No;4 is a (n—1)-simplex for all i.
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The boundary of T, denoted by 97, is the union of all the (n—1)-simplices that are faces of only one
n-simplex. We say that T is a closed pseudomanifold if 0T = @.

Lemma 5.2. Let T be a n-dimensional pseudomanifold with boundary, then H"(T,Z7) = Z or 0. If
oT # @, then H*(T, 7Z) =0.

Proof. See [Hatcher 2002, Section 3.3, page 238]. (I

Definition 5.3 (orientable pseudomanifold). A n-dimensional closed pseudomanifold T is orientable if
H(T,7)=17.

Lemma 5.4. The dual complex D(B) of a dit log Calabi—Yau pair (X, B) is a pseudomanifold with
boundary.

Proof. See [Nicaise and Xu 2016, Theorem 4.1.4).2 O

Proposition 5.5 (orientability of dual complexes). Let (X, B) be a projective dlt log Calabi—Yau pair of
coregularity O with B = B='. Then, the dual complex D(B) is an orientable closed pseudomanifold if and
onlyif Kx + B ~ 0.

Proof. Set n +1 = dim X. The short exact sequence
0— Ox(—B)—> Ox > 0 —0
induces the long exact sequence in cohomology
H"(X,Ox) — H"(B, 0p) — H""\(X, Ox(—B)) ~ H(X, Ox(Kx + B)) — H""(X, Ox).

Since (X, B) has coregularity 0, X is rationally connected by [Kollar and Xu 2016, Section 18], so we
have
H"(X, 0x) = H"*'(X, Ox) =0.

Thus, Kx + B ~ 0 is equivalent to H" (B, Op) # 0; see also Lemma 3.1. Observe that H" (D(B), K) ~
H"(B, Op) by [Kollar and Xu 2016, Lemma 25] and its generalization to the dlt setting in [Kollar
et al. 2018, Proposition A.7]. We conclude that the orientability of D(B) (i.e., H"(D(B), K) # 0)
implies H" (B, Op) # 0, or equivalently Ky + B ~ 0. The converse follows from [Kollar and Xu 2016,
Claim 32.3]. (I

5.2. Dual complexes of log Calabi-Yau pairs in coregularity zero. In this subsection, we prove the
statements in Section 1.2 and Section 1.3 including the main theorem of the paper.

Proof of Proposition 2. Let m be the smallest integer such that m(Kx + B) ~ 0. Correspondingly, there
exists a degree m quasiétale cyclic cover

q:(X,B)— (X, B), (5-1)

2The authors of [Nicaise and Xu 2016] work in the context of degenerations of Calabi—Yau varieties, but their proof works
verbatim for log Calabi—Yau pairs.
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with K3 + B ~ 0, alias the index-1 cover of the pair (X, B). The cover induces a quotient map of regular
A-complexes
D(B) — D(B)/(Z/mZ) ~D(B);

see [Kolldr and Xu 2016, Section 17]. Set dim X =n 41 and suppose m # 1. By Proposition 5.5, we have
H'(D(B),Z)=7, but H"(D(B),Z)=0.

Note that the Galois group Z/mZ of g acts on H" (D(E), Z) = Z and exchanges the generators 1 and
—1. Otherwise, we would have

Q= H"(D(B), ®)Y/" = H*(D(B),7) ® @ =0,

where the second equality follows from [Bredon 1972, Theorem I11.2.4]. Therefore, there exists a group
homomorphism Z/mZ — 7Z/27 ~ {1, —1} that is nontrivial. In particular, m is even.

Now, let (Y, By) be the dlt pair corresponding to the quotient Z/mZ — Z /27 as in [Kollar and Xu
2016, Theorem 2(5)]. We obtain the sequence of quotient maps

m.

X, B) 25 (v, By) 25 (X, B)
D(B) 25 p(By) 2L D(B).
Taking cohomology and using [Bredon 1972, Theorem II1.2.4], we obtain
H"(D(B), Q) = Q@ «— H"(D(By), Q) = H*(D(B), @)”/5? = @ «— H"(D(B), Q) =0,

i.e., Ky + By ~ 0 by Proposition 5.5 and so m = 2. The norm of the section trivializing Ky + By descends
to a section of 2(Kx + B). O

Proof of Corollary 4. This is immediate from Proposition 5.5 and the proof of Proposition 2. O

Proof of Theorem 1. We proceed by induction on the dimension of X. The base case is dim X = 1, in
which case X = P! and the statement is clear. Thus, in the rest of the proof, we will address the inductive
step, and we will assume that Theorem 1 holds in lower dimension.

By Corollary 3.3, we may assume that (X, B, M) is generalized dlt. If B<'4+My #0, then the statement
follows from Proposition 4.1. Thus, we may assume that B<' + My = 0. Then, by Corollary 3.11, we
may assume that M = 0 as a b-divisor. But then, we have that (X, B, M) = (X, B) is a dlt pair with
B = B=!, and we conclude by Proposition 2. (I

Proof of Corollary 3. Let A be the set of coefficients of B. By assumption, we have that A C [%, 1]. We
first show that 2B is integral. Then, by Theorem 1, we obtain that 2(Kx + B) ~ 0.

Since A C [% 1], the set D, (see Notation 3.6) is contained in {0} U [% 1]. The proof is elementary:
an element of D, is of the form

1_l+Zf-‘:1m,~ki ={Zf:1m,'ki %or =0 ifm=1,

m m

where m, m;, k € Z-¢ and A; € AU{0, 1}.

5-2
ifm>1, >-2)
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Letr e [%, 1) be a coefficient of B, different from 1. By Lemmas 3.7 and 3.8, there exists a log
Calabi—Yau pair (P!, Bp1) satisfying the following conditions:

 The coefficients of Bpi belong to Dy.
e There is ¢ € P! such that coeff, (Bp1) = 1.
e There is p € P!, with p # g, for which coeff ,(Bp1) € Dp(r).
By (5-2), we know that coeff, (Bp1) > % for any x € Supp(Bp1). Then, we deduce that
2 = deg(Bp1) = coeff, (Bp1) + coeffy (Bp1) + Y coeff,(Bpi) > % + > coeffy(Bp).  (5-3)
sé{p.q} sé{p.q}

First, assume that coeffs(Bpi) > 0 for some s & {p, g}. Due to (5-2) and (5-3), there must be a single
such s, and it appears in Bp: with coefficient % so that
1 mor + Zi'{:l m;A; _ l

coeff,(Bp1) =1 — — .
r(Bp1) mp+ mp 2

The equality implies m, =k =m; =mo=1, A1 =0and r = %

Now, assume that Bp: is supported only on p and g. By (5-3), we write

1 k by
Coeffp(Bpl)zl__+m0r+Z,=1 mi;Aj _
m

p mp

1.

So we have thatm, =k =m| =mo=1,and A = % and r = % We conclude that the coefficients of B
are either % or 1. This means that 2B is an integral divisor.
Finally, if A C (% 1], ie.,r # %, the previous argument forces r = 1, i.e., B is reduced. O

5.3. Index and residues. In this subsection, we present an alternative proof of Proposition 2 that does
not use the language of dual complexes. This alternative approach was kindly suggested to us by Janos
Kollar.

Let (X, B) be a proper dlt Calabi—Yau pair of coregularity 0 and {Z;}; be the set of its O-dimensional
log canonical centers. Let r be a positive integer such that r(Ky + B) is Cartier. In particular, we have
Ox(r(Kx +B)) >~ a)g;](rB) ~ (wx (B))®". Then, the Poincaré residue maps (see [Kollar 2013, 4.18])

RS{—>Z,~ s (wx(B)® — a)?j’

induce a K-linear residue map in cohomology

R=(... Rz ---) H(X, Ox(r(Kx + B) > P H(Zi. 0ZH) ~PK.  (5-4)

The maps are defined up to sign for » odd, and they are unique for r even; see again [Kollar 2013, 4.18].

Lemma 5.6. Let (X, B) be a proper dit pair of coregularity 0, and G be a subgroup of Aut(X, B), i.e.,a
subgroup of the group of automorphisms g : X — X such that g*(B) = B. For any even integer r, the

map R" is G-equivariant with respect to the natural action induced on its domain and codomain.
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Proof. Locally around a O-dimensional log canonical center Z;, a section s of H %X, Ox(r(Kx + B))) is

al_[(dxj>®r

where a € Oy, 7, and ]_[j x; is a local equation for B at Z;. For any g € G, the function y; :=x;o0gisa

given by

local equation for an irreducible component of B passing through g~!'(Z;). We obtain

& Ry 7 () =a(Z)=aog(g ' (Z))

r Yj ,
= Fxor I(Z)*(aogl_[( Y ) ) Rtz (875): (5-5)

ie., R is G-equivariant.® U

Lemma 5.7. For any 0-dimensional log canonical centers Z| and Z, of the proper dlt Calabi—Yau
pair (X, B), we have R%HZI’* = iRS{»Zz,*' In particular, if r is even, we have R;(ﬁzl,* = RS{»ZZ,*'

Proof. Without loss of generality, we can assume that Z; and Z;, belong to the same 1-dimensional log
canonical center W ~ P!. Indeed, any two minimal log canonical centers of a log Calabi—Yau pair are
P!-linked; see [Kollar 2013, Theorem 4.40]. In our setup, this means that there exists a sequence of
0-dimensional log canonical centers Z|, ..., Z; with Z| = Z; and Z; = Z; such that Z; and Z, ,, are
contained in the same 1-dimensional log canonical center, which is necessarily isomorphic to P!. Now,
the Poincaré residue map R’y _, , factors as

(wx (B))® —=1> Ryw ==Y (ow (Z1 + Z2)®" Bz, w?r,

where i =1, 2. A generator of HO(P!, Opi (r(Kpi + Z1 + Z5))) is (dx/x)®", which has residue 1 at Z;
and (—1)" at Z,. U

Alternative proof of Proposition 2. Let q : (? , E) — (X, B) be the index-1 cover defined in (5-1). Up to a
dlt modification, we can suppose that (X, B) is dlt, and so (% , §) is too. Let {Z;}; be the O-dimensional
log canonical centers of (X, B). Since the Galois group Z/mZ of the cover ¢ is a subgroup of Aut(X, B),
the map

RP=(..., Ry, o L) HYX, 052Kz + B) > P H(Zi. 0F) ~ P K

is Z/mZ-equivariant by Lemma 5.6. The image of R? is the line spanned by the vector (1, ..., 1) e D, K
by Lemma 5.7, and it is fixed by Z/mZ, since the Galois group acts on P, I by permuting the copies
of K.

Since ()~( , E) is log Calabi—Yau, R? is injective. Therefore, we obtain that H O(JN( , O3 (r (K3 + E))) is
invariant under the action of Z/mZ. Then, a trivializing section of 2(K 5 + §) descends to a section of
2(Kx + B). In particular, this implies that m = 2. [l

3Note that if r is odd, the equality (5-5) holds in general only up to sign.
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Remark 5.8. The two proposed proofs of Proposition 2 are essentially equivalent. One should regard the
residue map (5-4) as the restriction of a global orientation of the dual complex D(E) to a local orientation
at a point of a maximal cell o in D(E)

H"(D(B),Z) — H"(D(B), D(B)\ 0,7) ~ H" (30, 7) ~ Z;
see [Hatcher 2002, Section 3.3, page 234].

6. Index of semi-log canonical Calabi-Yau pairs

In this section, we prove a version of our main theorem for semi-log canonical pairs (Corollary 9). This
is a key ingredient for the proof of Theorem 5; see Section 7. For the concept of semi-dlt and semi-log
canonical pair, we refer the readers to [Kollar 2013, Section 5]. We will use the language of admissible
and preadmissible sections.

Definition 6.1. Let (X, B) be a projective semi-dlt pair, possibly disconnected, of dimension n. Assume
that m(K x + B) is Cartier. Let (X", B") be the normalization of (X, B). Let DV C X" be the normalization
of the double locus D C X. We write (D", Bpv) for the dlt pair obtained by the adjunction of (X", B")
to D". We write X, for the connected components of X" and (X}, B}’) for the pairs obtained by
restriction of (X", B”) to X;. We define preadmissible and admissible sections in H (X, Ox(m(Kx+B)))
inductively using the following rules:

(1) A section
s € H(X, Ox(m(Kx + B))

is preadmissible if its restriction s|pv € H*(D", Op»(m(Kp» + Bp»))) is admissible. The set of
preadmissible sections is denoted by PA(X, m(Kx + B)).
(2) A section
s € H(X, Ox(m(Kx + B))
is admissible if it is preadmissible and for every crepant birational map g : (X7, B) --» (X ; B}’),
we have that g*(s|x») = s|X~;. The set of admissible sections is denoted by A(X, m(Kx + B)).

In what follows, we recall several lemmas regarding preadmissible and admissible sections. The
following lemma is clear by definition; see [Gongyo 2013, Remark 5.2].

Lemma 6.2. Let (X, B) be a projective semi-dlt pair. Let w : (X", BY) — (X, B) be its normalization.
Assume m(Kx + B) ~ 0. A section s € HY(X, Ox(m(Kx + B))) is preadmissible (resp. admissible) if
and only if t*s € HO(XY, Oxv(m(Kx» + BY))) is preadmissible (resp. admissible).

Preadmissible sections of normalizations are designed to descend to nonnormal varieties, as explained
in the following statement; see, e.g., [Fujino 2000, Lemma 4.2].
Lemma 6.3. Let (X, B) be a projective semi-log canonical pair for which m(Kx + B) is Weil. Let
(X", BY) = (X, B) be its normalization and (Y, By) a dlt modification of (X", B"). Assume m(Ky + By)
is Cartier. Then, s € PA(Y, m(Ky + By)) descends to H*(X, Ox(m(Kx + B))).
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In the context of connected dlt pairs, which are not klt, the set of admissible sections is the same as the
set of preadmissible sections; see, e.g., [Xu 2020, Proposition 3.2.15].

Lemma 6.4. Consider (X, B) a connected projective dlt pair. Assume that (X, B) is not kit. Assume that
m(Kx + B) ~ 0 where m is even. Then, we have that

PA(X,m(Kx + B)) = A(X,m(Kx + B)).

On the other hand, in the dlt setting, we can lift admissible sections from the boundary to preadmissible
sections on the whole pair; see, e.g., [Xu 2020, Lemma 3.2.14].

Lemma 6.5. Assume that (X, B) is a possibly disconnected, projective dlt pair. Assume that m(K x+B)~0
for some even integer m. Assume that

s € ABB=',m(Kx + B)|3-).

Then, there exists
t € PA(X,m(Kx + B))

such that t|g=1 = s.

Finally, the following lemma allows us to produce admissible sections on possibly disconnected dlt
pairs, once we know the existence of admissible sections on connected dlt pairs. For the proof, see [Xu
2020, Proposition 3.2.8].

Lemma 6.6. Let (X, B) be a, possibly disconnected, projective dlt log Calabi—Yau pair. Assume that for
every component (X;, B;) of (X, B), we have a nontrivial section in A(X;, m(Kx, + B;)). Then, we have
that A(X, m(Kx + B)) contains a nontrivial section.

Now, we turn to prove the main theorem of this section.

Theorem 6.7. Let (X, B) be a, possibly disconnected, projective dlt log Calabi—Yau pair whose connected
components all have coregularity 0 and Weil index A. Then, we have that A(X, M'(Kx + B)) admits a
nontrivial section, where A’ = lem(X, 2).

Proof. We proceed by induction on the dimension. The statement is trivial if dim X = 0. Assume that
the statement holds in dimension n — 1. By Theorem 1, we have that A'(Kx + B) ~ 0. Denote by B;
the (normal) irreducible components of B='. The pairs (B;, Diffp, (B — B;)), obtained by adjunction,
are projective dlt log Calabi—Yau of dimension n — 1, coregularity 0 and Weil index that divides A'; see
[Kollar 2013, Theorem 4.40] and Lemma 3.9. Their disjoint union

A:=||B B =B
i i

1

is the normalization of B='. Consider the pair

(A, Ba) :=|_|(B;. Diff, (B — B))).

1
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By induction on the dimension, there exist nontrivial sections
0 ;ﬁ Sp; € A(Bi, )\./(KBI- +D1ffBI(B — Bl)))
Then, by Lemma 6.6, there exists a section

0# sa € A(A, M (Ka + Ba)),
and by Lemma 6.3 it descends to

sg-1 € HY(B=', A/ (Kx + B)|g=1).
Since v*sg=1 = sa, and by Lemma 6.2, we actually have
sg=1 € A(B™, 1/ (Kx + B)|g=1).
Finally, by Lemmas 6.5 and 6.4, there exists an admissible section
0# sy € PA(X, X (Kx + Bx)) = A(X, \'(Kx + B)).
This finishes the induction step. ]

Remark 6.8. The coregularity of a connected semi-log canonical log Calabi—Yau pair is the coregularity of
a (or any) connected component of its normalization with the induced boundary. Note that the independence
of the connected component follows easily from [Kolldr 2013, Theorem 4.40 and Proposition 5.12].

Proof of Theorem 8. By Theorem 6.7, we have a nontrivial admissible section s € A(X, A'(Kx+ B)), where
A" =lecm(A, 2). By definition of admissible section, it follows that g*s = s for every g € Bir(X, B). O

Proof of Corollary 9. Let X — X be the normalization of X and Y — X" be a dIt modification. We write
m:Y — X and Ky + By = n*(Kx 4+ B). Hence, the pair (Y, By) is dlt log Calabi—Yau of coregularity 0
and its Weil index is . By Theorem 6.7, we conclude that A(Y, A'(Ky + By)) admits a nontrivial section.
Then, the statement follows from Lemma 6.3. ]

Proof of Corollary 10. Let (X, B; x) be a germ as in the statement. Since (X, B; x) has coregularity 0,
the point x is a log canonical center of (X, B; x). If (X, B; x) is dlt at x, then the claim is immediate, as
(X, B) has simple normal crossings at x and so A(Ky + B) ~ 0. Thus, in the rest of the proof, we may
assume that (X, B; x) is not dlt at x.

Now, let g : (Y, By := g;l(B) + E) — (X, B) be a Q-factorial dIt modification of (X, B; x) such
that g is an isomorphism over the simple normal crossing locus of (X, B), where E is the sum of the
g-exceptional divisors; see [Kollar 2013, Corollary 1.36]. Since (X, B; x) is not dlt, it follows that E is
nonempty. Furthermore, since the pair (X, B; x) is dlt away from x and g is an isomorphism at a general
point of the log canonical centers of (X, B) contained in X \ {x}, it follows that g(E) = x, and we can
also assume that £ = Supp(g*1 (x)) by [Nakamura 2021, Theorem 2.5]. In particular, we have

(Ky + By)lE ~0 " (Kx + B)|g ~a 0.
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We denote by (E, Bg) the pair induced on E by (Y, By) via adjunction. Then, (E, Bg) is a projective
semi-dlt log Calabi—Yau pair whose Weil index divides A’ by Lemma 3.9. Hence, by Corollary 9, we
have \'(Ky + By)|g ~ 0.

Now, consider the short exact sequence

0— Oy(\'(Ky + By) — E) = Oy (V' (Ky + By)) = Op (X (Ky + By)) — 0. (6-1)

Note that the pair (Y, g 'B) is dlt and g|z : Z — f(Z) is birational for every log canonical center
of (Y, g, ' B). This can be showed as follows. Assume that Z is a log canonical center of (Y, 8+ 'B) such
that g|z : Z — f(Z) is not birational, and denote by d its codimension in Y. Since g is an isomorphism
at a general point of the log canonical centers of (X, B) contained in X \ {x}, we must have g(Z) = {x}.
Since (Y, g, ' B) is dlt and Z has codimension d, Z is a connected component of the intersection of d
prime divisors in (g ! B)~!. Since it is also contained in some irreducible components of E, we get the
sought contradiction, as the pair (¥, g, Y(B)+ E) is dlt.
Since we have
—E~qXN(Ky+By)—E ~q Ky +g,'B,

the vanishing result [Kollar 2013, Corollary 10.38] gives R! 2+0y (M (Ky + By) — E) = 0. Therefore, by
pushing forward (6-1) via g, we obtain

Ox(X(Kx + B)) ~ 8,0y (X' (Ky + By)) = O — 0.

This gives a section of Oy (\'(Kx + B)) that does not vanish at x, i.e., Ox(A'(Kx + B)) ~ 0. O

7. Applications to mirror symmetry

We now study the index of Calabi—Yau varieties that appear in mirror symmetry. First, we introduce the
notion of a minimal family of Calabi—Yau varieties of coregularity 0 over a point. This notion is modeled
on the large complex limit or maximal degeneration condition; see also Remark 7.2.

Definition 7.1. Let (C, c() be a pointed smooth curve. Let 7 : X — C be a flat projective morphism with

7Oy = Oc, and B an effective divisor such that every irreducible component of Supp(53) dominates C.

Then 7 : (X, B) — C is a minimal family of log Calabi-Yau pairs if K x + B + X red ~a,c 0, where

X, .red 18 the reduced fiber over co. If B =0, we say it is a minimal family of Calabi—Yau varieties.
Further, we say that the family has coregularity 0 over ¢y € C if

o the pair (X, B+ A, red) is log canonical; and
o the restriction (X|y, Bly + X red) has coregularity 0 for any neighborhood V' C C of cy.

Remark 7.2 (maximal degeneration). Let w : X — C be a minimal family of Calabi—Yau varieties
of coregularity over cp. Let K denote the fraction field of the formal ring @C,co. If the K-variety
X := X x¢Spec K is smooth with trivial canonical bundle, Definition 7.1 recovers the notion of maximally
unipotent degeneration in [Nicaise and Xu 2016, 4.2.4(4)]; see also [Kollar et al. 2018, Sections 6.1
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and 6.2]. Our weaker definition allows mild singularities on the general fiber, and we do not prescribe the
index of the general fiber.

Definition 7.3 (locally stable family). Let C be a smooth curve. A family 7 : (X, B) — C is locally
stable if the pair (X, B+ X,) is semi-log canonical for any closed point ¢ € C.

In the following lemma we show that, up to base change, we can suppose that the fibers of a minimal
family of log Calabi—Yau pairs are all reduced and semi-log canonical.

Lemma 7.4. Let v : (X, B) — C be a minimal family of log Calabi—Yau pairs of coregularity 0 over cy € C.
There exists a finite morphism (C’, c6) — (C, cy) and a birational transformation ) — X x¢ C’ such
that &' : (¥, D) — C' is a minimal family of log Calabi-Yau pairs of coregularity 0 over c, € C' with the
additional property that v’ : (¥, D) — C' is locally stable at c{,

Let U be the maximal open subset over which m is locally stable. Then, for every c € U, there exists
ac € C' such that (Y., Do) > (X, Be).

Remark 7.5. The divisor D in the statement of Lemma 7.4 is defined as follows. Over C"\ {c},
Dx ¢ C"\{cy} is the boundary obtained by crepant pull-back to Y x ¢ C"\ {c;,} of the pair (X, B) x ¢ C\{co}.
Then, D is the divisor obtained by taking the closure of D x ¢ C"\ {c(} in Y.

Proof. Let U be the maximal open subset of C where 7 is locally stable. Without loss of generality, we
may assume that U U {co} = C. Then, by weak semistable reduction [Abramovich and Karu 2000], there
is a finite morphism (C’, ¢;)) — (C, ¢¢) such that the fiber Ve, over ci of Y is reduced. Here, ) denotes
the main component of the normalization of X x¢ C’. By assumption, we have K y + B+ X, red ~a.c 0,
and so by base change and the ramification formula, we obtain Ky +D + Y.: ~q,c’ 0. Furthermore, by
construction, the family 7’ : (), D) — C’ is locally stable.

Now, we show that (), D+, ) has coregularity 0 over c(- Up to a dlt modification, we can suppose that
(X, D+ X, rea) is dlt. In a neighborhood of a log canonical center of dimension 0, the pair (), D’ + )Jcé)
is not necessarily dlt, but it is gdlt (see [de Fernex et al. 2017, Section 5]) and still of coregularity 0 over
c6 as we wanted; see also [Nicaise and Xu 2016, Lemma 4.1.9]. O

Theorem 7.6. Let w : (X, B) — C be a minimal family of Calabi—Yau varieties of coregularity 0
over cg € C. Assume that AB is integral, where X\ is a positive integer. Let U be the maximal open
subset over which the family is locally stable. Then, for every ¢ € U, we have that \'(Kx, + B;) ~ 0,
where A’ =lem(X, 2).

Proof. By shrinking C, we may assume that the open subset in the statement satisfies C \ {co} C U. Then,
by Lemma 7.4, we can suppose that 7 is locally stable, i.e., U = C. In particular, Ky + B is Q-Cartier.
By Corollary 9, we have A'(K X T Bc,) ~ 0. In particular, A" (K Xy T Be,) is Cartier. By [Kollar 2023,
Proposition 2.79], we have Ox (A (Kx,c + l’)’))l/»\»c0 ~ OX(Q ()»/(KXCO +B,,)). Since A, is a Cartier divisor
in X, by Nakayama’s lemma, it follows that A'(Kx + B) is Cartier in a neighborhood of X,,. By the
Calabi—Yau condition in Definition 7.1, O (+A'(Kx + B)) is a relatively semiample line bundle over
a neighborhood of ¢g. Then, by [Kolldr 2023, Corollary 2.65], ho(x., Ox.(M(Kx, +B.))) =1 for ¢
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in a neighborhood of ¢o. Henceforth, by Lemma 3.1, we conclude that (K x, + B.) ~ 0 for ¢ in a
neighborhood of cy.

Now, since 7 is a locally stable family and AB is integral, a)gé‘//]c (A'B) is a flat family of divisorial
sheaves, see [Kolldr 2023, Proposition 2.79.3 and Section 3.3]. Then, by [Kolldr 2023, Theorem 3.32],
ho(x,, Ox.(M(Kx, +B.))) > 1 for all ¢ € C. Since Kx, + B, is torsion for all ¢ € C, we have that
ho(x,, Ox. (M (Kx, +B.))) =1 forall c € C. By Lemma 3.1, this concludes the proof. U

Corollary 7.7. Let w : X — C be a locally stable minimal family of Calabi—Yau varieties of coregularity 0
over ¢y € C. Suppose that the general fiber X, is kit. If Kx, 7 0, then DMR(X, X,,) is not orientable.

Proof. Up to a small Q-factorial modification of X', we can suppose that X has only klt (D-factorial
singularities. Take a dIt modification (), Ve, red) of (X, &¢,) as constructed in [Kolldr 2013, Section 1.35].
In particular, observe that ) — X’ is an isomorphism over the open set X'\ X;,, as X has only kit QQ-factorial
singularities.

By definition of dual complex of a log Calabi—Yau pair (compare Definition 2.2), we write

DMR(X’ XCO) :PL D(yco,red)-
Since 7 : X — C has coregularity 0 over cy, there exists an isomorphism

Hn (D(yco,red) ) K) ad H" (yC(),red’ cho,red) ’

with n = dim Vg, red, see [Kollar and Xu 2016, Lemma 25] and [Kollar et al. 2018, Proposition A.7].
Recall that the fibers of & have du Bois singularities, and ) — X’ is an isomorphism over the open
set X'\ X;,. Then, [Schwede 2007, Theorem 4.3] gives the following isomorphism:

H" Vegreds Oy, ea) = H" (Xey, O, )
By [Kolldr 2023, Theorem 2.62], we also have
H" (X, Ox,) = H"(X.,Ox,).
Now, since the general fiber &, is Cohen—Macaulay, by duality we obtain
H"(X,, Ox,) ~ H(X., O, (Kx)).

Finally, we conclude
H"(DMR(X, X)) = H (X, Ox,(Kx,).

If Ky, 0, then H"(DMR(X, &), K) =0, i.e., DMR(X, &,) is not orientable. O
Proof of Corollary 6. Corollary 6 is a special case of Corollary 7.7. (Il
See Example 9.4 for an instance of Corollary 6.

Proof of Theorem 7. Up to shrinking C, we can assume that 7 is locally stable. By the same proof of
Theorem 5, it suffices to show that K Xy ™ 0, or Kx + X, ~ 0 in a neighborhood of X,.
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First, we show that the restriction of Ky 4 A, to each component A; of the central fiber is linearly
trivial. To this end, note that the Q-divisor

K a; + Diffp, (Xe) — Ai) ~a (Kx + Xe)la, ~a 0
is actually a linearly trivial Cartier divisor, since the inequality
0~q Ka, +Diffa, (Xo, — A)) = Ka, + Y Ajla, ~0
J#
implies that K a, + Diffa, (Xe, — Ai)) = Ka, + ;4 Aj, and Ka, + 3 ;,; Aj ~ 0 as for any toric pair.
Let m be the smallest positive integer for which m (K x + ;) ~ 0 holds, up to eventually shrinking C.

Take the degree m quasiétale cover ¢ : X' — X associated to m (K x + X;,) ~ 0. By [Kollar 2013, (4.2.7)],
there exists an open subset A7 C A;, with codimy, (A; \ A7) > 2, such that for any k > 0

ey oz = 0§ (kDiffs, (X, — A1) a2 ~ 0.

This implies that q_l(Al‘?) consists of m disjoint copies of A?. By the smoothness of A; and purity of
the branch locus, or by [Kolldr 2023, Lemma 2.93], the same holds for q_1 (A;). Therefore, the induced
morphism X — X, is a finite étale cover of degree m. Since every irreducible component A; of A, is
simply connected, it follows that

T (Xey) = 711 (D (X)) = {1}

by [Kolldr and Xu 2016, Lemma 26] and by the hypothesis on the simple connectedness of D(A,,). This
implies that m = 1 and finishes the proof. ([l
Remark 7.8. In Theorem 7, we require that the special fiber X, = ) A; is toric, but we could weaken it
by requiring that all the log Calabi—Yau pairs (A;, Diffa, (X;, — A;)) have index 1. By Theorem 5, the
cover g : X' — X in the proof of Theorem 7 has actually degree at most 2. Therefore, one could also
replace the assumption on the simple connectedness of the dual complex with the weaker condition that
m1(D(X,,)) has no index-2 subgroups.

8. Quotients of Calabi—Yau and holomorphic symplectic varieties
As a consequence of Theorem 5, we obtain the following bound on the index of quotients of log Calabi—Yau
varieties.
Theorem 8.1. Let
e (X, Ax) be a projective log Calabi-Yau pair with Kx + Ax ~q 0, where Ax =" .(1 — 1/m;) A,
has standard coefficients;
o G be a finite subgroup of Aut(X, Ayx), i.e., the group of automorphisms g : X — X such that
g*Ax = Ayx; and

o (Y, Ay) be the pair given by the quotient Y := X /G and the boundary Ay induced from (X, Ax) by
the Riemann—Hurwitz formula as in [Kollar 2013, (2.41.6)].
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Assume that (Y, Ay) is a fiber of a minimal family r : (Y, B) — C of Calabi—Yau pairs of coregularity 0
over cg € C such that coeft(B) = coeff(Ay). Then the index of (Y, Ay) is at most 2, or equivalently the
order of the character p : G — GL(H(X, Ox(Kx + Ax))) is at most 2.

Note that the condition coeff(/3) = coeff(Ay) is satisfied by a general fiber of the family .

Proof. Assume that (Y, Ay) admits a degeneration 7 : (), B) — C as in the statement. Up to a finite
base change ramified at cp, by Proposition 3.12, we may further assume that ), is reduced and hence
7 : (Y, B) — C is alocally stable family near cg. Then, by adjunction, (), B,) is a semi-log canonical
Calabi—Yau pair of coregularity 0.

By the Riemann—Hurwitz formula, the coefficients of Ay are standard, see [Kolldr 2013, (2.41.6)].
Then, by hypothesis, the coefficients of B are standard as well. Since standard coefficients are greater
than or equal to %, components of B that intersect along a divisor D, of ), must have coefficient %, S0
that D, appears with coefficient 1 in B,,. In particular, also B, has standard coefficients.

Then, by applying Lemma 3.8 to the normalization of (), Be,), it follows that the coefficients of 3,
and hence of B3, are in {%, l}. Therefore, by Theorem 7.6, we have that 2(Ky + Ay) ~ 0. Since the
sections of Oy (2(Ky + Ay)) correspond to G-invariant sections of Ox(2(Kx + Ayx)), it follows that 0>
is the trivial character. U

We now apply Theorem 8.1 to degeneration of holomorphic symplectic varieties.
Definition 8.2. A normal proper variety X with canonical (Gorenstein) singularities is:

(1) Holomorphic symplectic if it admits a nondegenerate closed holomorphic 2-form wy € H%(X™, Q%)
on its regular locus.

(2) Primitive symplectic if it is holomorphic symplectic, H'(X, Ox) =0 and H°(X, Qg?]) is generated
by wy.

Definition 8.3. An automorphism g : X — X of a holomorphic symplectic variety X is nonsymplectic if
g wyx # wy, and it is purely nonsymplectic if (g5)*wx # wx for all powers g* # 1, e.g., a nonsymplectic
automorphism of prime order.

If g is finite of order m,* any nonsymplectic automorphism descends to a purely nonsymplectic
automorphism on the quotient X/gk, where gk is the minimal symplectic power of g.

Let (C, ¢o) denote the germ of a smooth curve at a point ¢p € C and let C*:= C\{cp}. Let 7*: X* — C*
be a projective family of holomorphic symplectic varieties.

Definition 8.4. The degeneration 7* is of type III if, up to finite base change, 7 * extends to a minimal
family m : X — C of Calabi—Yau varieties of coregularity O over cg.

See [Kollér et al. 2018, Theorem 0.11] for a discussion of the other types of degenerations and the
relation with the coregularity of the central fiber.

4Note that if X is a projective primitive symplectic, a purely nonsymplectic automorphism is automatically finite by the same
proof of [Huybrechts 2016, Corollary 3.4].



Index of coregularity zero log Calabi-Yau pairs 409

Proof of Corollary 13. Let & : X — C be an extension of 7* : X* — C*, projective over C. Up to a
birational modification, we can suppose that g : X* — X* extends to a regular morphism on g : X — X,
e.g., take the normalization of the main component of the graph of the rational map X --» ]_[T:]I X
sending x — (g(x), ..., g’”_1 (x)), where m is the order of g. The semistable reduction theorem for
Calabi—Yau varieties in [Fujino 2011] works in the equivariant setting too: it suffices to take g-equivariant
log resolutions [Kollar 2007, Proposition 3.9.1] and to replace the ordinary MMP with a g-equivariant
analog. Therefore, we can suppose that 7 : X — C is a minimal family of Calabi—Yau varieties endowed
with an automorphism g : X — X" acting fiberwise and such that the pair (X, X, = X red) is dlt. In
particular, g*(Kx + X)) ~a Kx + X, ~a,c 0.

Consider the pair (), Ay) given by the quotient ) := &X' /g and the boundary Ay induced from (X, A;,)
by the Riemann—Hurwitz formula as in [Koll4r 2013, (2.41.6)]. Let BB be the sum of the components of
Ay dominating C. By construction, we have

0~q,c Ky+Ay=Ky+B+ Yoy =Ky + B+ Ve red-

Hence, the quotient family 7y : (), Ay) — C is a minimal family of Calabi—Yau varieties. If A'* is
of type III, then the pair (X, &,,) has coregularity 0, and so the pair (), Ay) has coregularity O too by
Proposition 3.12. Let w € H(X,, QE\%}) Since g acts purely nonsymplectically on the general fiber A,
then g*w = ¢, w, where ,, is a primitive m-th root of unity, and so g*w" = ] 0" € HO(x,, Ox.(Kx.)).
The index of the general fiber ), is equal to the order of ¢;.. By Theorem 8.1, we conclude that m divides
dim X, = 2n. O

Remark 8.5. The dual complex DMR(Y, Ay) is PL-homeomorphic to the quotient D(X,,)/g by
Proposition 3.13. In particular, if g is a nonsymplectic involution and dim &, = 2 mod 4, then
DMR(Y, Ay) is not orientable, since the identity (1-1) is g-equivariant, and g acts nontrivially on
HO(X,, Ox.(Kx.).

Remark 8.6. Let F be the moduli space of (markable) primitive symplectic varieties of dimension n with
a purely nonsymplectic automorphism of order 2. A consequence of Remark 1.1 is that the Baily—Borel
compactification of the period domain of F does not contain O-cusps. We refer to [Alexeev et al. 2024,
Section 2] for an explanation of the terminology. In fact, we do not know any place in the literature where
the details of the construction of these moduli spaces are carried out for arbitrary primitive symplectic
varieties. For that, one can adapt the arguments in [loc. cit., Section 2] for K3 surfaces and [Boissiere
et al. 2016, Section 4]. This goes beyond the scope of this paper, so we omit the details here.

9. Examples
In this section, we collect some examples showing that the statement of the theorem is optimal.

Example 9.1 [Kolldr and Xu 2016, Example 60]. Set X; := P! and A := (0: 1) + (1 : 0). Let 14
denote the involution 7 : (x : y) — (y : x). Then, for every integer n > 2, we set (X,, A,) := (X, A",
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while 7,, denotes the involution t, := (7y, ..., 1) that acts diagonally as t; on each factor. We define
(Yn» Bn) = (Xna An)/(fn)-s

Lemma 9.2. Ifn > 2, (Y,, By,) is a dit log Calabi—Yau pair, and B,, is a reduced Cartier divisor.

Proof. If n > 2, the action of 7, is free in codimension 1. The morphism X, — Y, is étale in codimension 1,
so the pair (Y,,, B,) is log Calabi—Yau. The quotient X,, — Y,, is étale along A,, and B, is a reduced
Cartier divisor with only simple normal crossings, since A, is so. Hence, (Y,, B,) is a dlt pair. (I

Lemma 9.3. Ifn > 2 is odd, Ky, + B, 7 0 but 2(Ky, + B,) ~ 0.

Proof. We observe that the log canonical divisor Ky, + B, is not Cartier. Indeed, the involution 7, does
not preserve the volume form dzi/z1 Adza/zo A+~ ANdz,/z, on G, = X, \ A, where z; :=x/yisa
coordinate on the torus of the i-th copy of P! in X, = (P")". However, 2(K v, + Byr) ~ 0, since the class
group of Y, has only 2-torsion.

Alternatively, note that the dual complex D(A,) is an n-dimensional hyperoctahedron, thus it is
PL-homeomorphic to $"~!. The involution 7, induces the antipodal involution on S"~!'. Hence,
D(B,) ~ RP"~!, which is not orientable for n > 2 odd. By Proposition 5.5, it follows that K v, + By #0,
while 2(Ky, + B,) ~ 0 by descending Kx, + A, ~ 0. O

Examples of the behavior in Lemma 9.3 in even dimension n > 2 can be achieved by replacing (Y,, B,;)
by (Y,—1, Bu—1) X (X1, Ay); see also [Mauri 2020, Example 7.4]. This shows that the least common
multiple in Theorem 1 and Proposition 2 is indeed necessary. In view of Theorem 7, it is also interesting
to note that B,, is a toric simple normal crossing variety but {(B,) >~ Z/2Z and Kp_ 7 0.

Example 9.4. With the notation of Example 9.1, let [x; : y;] be homogeneous coordinates on the i-th
copy of P! in X,, = (P")". The pencil

X = !([xl :yl],...,[xn:yn],t)eXnXAI‘Hxi2+1_[yi2+tl_[xiyi:0}—>Al
i i i

is an example of a minimal family of Calabi—Yau varieties of coregularity O at = 0, locally stable in
a neighborhood of # = 0. The fiber X} is the toric boundary of X,,, so the assumptions of Theorem 7
hold for X. Therefore, the general fiber A; satisfies K, ~ 0, which is also clear since X; is a smooth
anticanonical hypersurface of X,,.

Note that X' is 7,-invariant. The quotient ) := X'/, — A! is still a minimal family of Calabi—Yau
varieties of coregularity O at + = 0, locally stable in a neighborhood of + = 0. The fiber ) is the
boundary B,. We are no longer in the assumptions of Theorem 7 as m(B,) >~ Z/2Z. In fact we have
Ky, 70, but 2Ky, ~ 0 according to Theorem 5. For instance, if » =3 and ¢ is general, ) is an Enriques
surface.

SFor n =2, the variety Y is a so-called Fano—Enriques threefold, and in characteristic 2, it is a Fano compactification of a
terminal non-Cohen—Macaulay singularity studied in [Totaro 2019, Theorem 5.1].
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Example 9.5 [Kolldr and Xu 2016, Example 61]. The cyclic group Z/mZ acts on P"~!, with m > 2,
by permuting the homogeneous coordinates [xy : ---: x,;,]. Set A :={x;----- X, = 0}. The quotient
(Y, B) := (P!, A)/(Z/mZ) is a log Calabi—Yau pair with reduced boundary and with complicated
self-intersection, and it has index 2 if m is even, and index 1 if m is odd. Indeed, a generator of
HO(P™, Opn (Kpn + A)) is given by

= Z(—l)ix,'dxw\---/\d/;i A Adxy.
i

A permutation o of the coordinates sends w to sgn(o’) - w, SO o preserves ®®2,1e.,2(Ky + B) ~ 0. This
shows that although the order of the group we quotient by (i.e., m) can be arbitrarily large, the index of
the quotient log Calabi—Yau pair (Y, B) is always at most 2.

Example 9.6. Theorem 1 does not impose any constraints on the index of X, i.e., the smallest positive
integer n such that nKx is Cartier. Take for instance the weighted projective space P(1, 1, n) with its
toric boundary. For n > 2, the Cartier index of P(1, 1, n) is n, while the index of any toric pair is 1.

Example 9.7. In general, a pseudomanifold need not have an orientable double cover which is a topological
covering space. For instance, we can consider the suspensions SS? and SRIP2, with vertices {a, b} and
{p, q}, respectively. Notice that the pseudomanifold SS? is orientable while SRP? is not. The space
SRP? is simply connected, so it does not admit any topological covering space. On the other hand, the
morphism SS? — SRP? provides an orientable double cover ramified at {p, ¢}. This is an incarnation of
a more general fact, as every pseudomanifold admits a branched orientation double cover; see [Matthews
2016, Section 5.2].
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