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The Lyndon—Demushkin method and crystalline lifts
of G,-valued Galois representations

Zhongyipan Lin

We develop obstruction theory for lifting characteristic- p local Galois representations valued in reductive
groups of type By, C;, D; or G,. An application of the Emerton—Gee stack then reduces the existence of
crystalline lifts to a purely combinatorial problem when p is not too small.

As a toy example, we show for all local fields K /Q),,, with p > 3, all representations p : Gx — Gz([_F »)
admit a crystalline lift p : Gx — G2 (Z »), where G is the exceptional Chevalley group of type G».

1. Introduction

Let K/Q, be a p-adic field. Let G be a connected reductive group over Vi p-Letp:Gg — G(F,,) be a
Galois representation.

We will study whether there exist crystalline lifts of 5 to G(Z »). This question has been raised in
various contexts, such as irreducible geometric Galois representations [Fakhruddin et al. 2018], the Serre
weight conjecture [Gee et al. 2018] and ramification theory [Caruso and Liu 2011].

The pursuit of constructing characteristic-0 lifts of Galois representations (at least in higher dimensions)
is, however, resistant to elementary techniques. Bockle [2003] was able to lift mod @ representations to a
mod 2 representation for G = GLy. Muller [2013] constructed crystalline lifts of mod & representations
valued in G = GL3, and Emerton and Gee [2023] worked the GL y-case for all N. Our earlier work [Lin
2022] answers this question for semisimple representations valued in general reductive groups G.

The method of [Emerton and Gee 2023] is purely local, and is based on an analysis of Galois
cohomology. The image group p(G ) is either an irreducible subgroup of G([l_:p) or factors through a
proper maximal parabolic P of G. In the former case, our previous work [Lin 2022] shows p always admits
a crystalline lift. In this paper, we focus on the latter case. Let P = L x Up be the Levi decomposition. Let
FiGr L P(F,) — L(F,) be the Levi factor of 5. Then /5 defines a 1-cocycle [¢] € H (G g, Up(F,)).
What we will actually do is to construct a liftr : Gx — L(ZP) of 7 and alift [c]e H (G, Up (Zp)) of [c].

In the GLy-case, all maximal proper parabolics have abelian unipotent radical, so it suffices to consider
abelian cohomology. When G is not GLy, parabolic subgroups with abelian unipotent radical are rare.
For example, when G is the exceptional group G, all parabolics have nonabelian unipotent radical.

MSC2020: 11F80.
Keywords: Galois representations, exceptional group.
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416 Zhongyipan Lin

Fortunately, for groups of type A, B, C, D or G,, the relevant nonabelian Galois cohomology can be
replaced by abelian Galois cohomology equipped with a cup product structure and the strategy considered
in [Emerton and Gee 2023] can be adapted to work. In this paper, we focus on the G;-case, and prove
the following theorem:

Theorem A (Theorem 7.1.3). Assume p > 3. Every mod w Galois representation valued in the exceptional
group G,
p:Gg — Ga(Fp),

admits a crystalline lift p°: Gx — Gz(Z,,).

Moreover, if p factors through a maximal parabolic P = L x U and the Levi factorr; : G g — L(Fp) of p
admits a Hodge—Tate regular and crystalline liftry : Gx — L(Z p) such that the adjoint representation
Gk - L(Zp) — GL(Lie(U(Zp))) has Hodge—Tate weights slightly less than 0 (Definition 3.0.4),
then p° can be chosen such that it factors through the maximal parabolic P and its Levi factor r . lies on

the same irreducible component of the spectrum of the crystalline lifting ring that ry does.

1.1. Overview of the method and comparison with [Lin 2023a]. To establish the existence of crystalline
lifts, we proceed in four steps:

Step 1. Construct explicit cochain complexes equipped with a natural cup product structure that compute
abelian Galois cohomology.

Step 2. Show that the cup product considered in Step 1 is nontrivial in certain special cases.
Step 3. Compute the dimension of certain substacks of the reduced Emerton—Gee stack.

Step 4. Invoke the machinery of [Emerton and Gee 2023] to produce crystalline lifts.

After the first draft of this paper was written, we have a more conceptual understanding of some
constructions made in this paper; see the introduction section of [Lin 2023a]. For example, Sections 2
and 4 of this paper are conceptualized under the notion of Heisenberg equations. In [loc. cit.], we also
establish the existence of de Rham lifts for many classical groups and in particular the existence of
crystalline lifts for unramified unitary groups.

However, from the technical perspective, [loc. cit.] parallels this paper, instead of upgrades this paper.
In [loc. cit.], we use Herr complexes as the explicit cochain complex computing Galois cohomology.
Herr complexes are infinite-dimensional cochain complexes and are often not amenable to computation
by hand. We can truncate Herr complexes to a finite-dimensional cochain complex but the truncation
can’t be made explicit in general. The upside of Herr complexes is better functoriality and in the case of
classical groups, we can usually reduce the problems to the GL,-case, which is well-understood.

In this paper, we use Lyndon’s cochain complexes instead. Everything in this paper is totally explicit
and is computable by hand or by a computer algebra system. The downside of this approach is that
the complexity of computation grows exponentially, and quickly becomes out of hand for large-ranked
classical groups.
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We don’t know how to deal with Herr complexes for exceptional groups because of their implicit
nature, and the approach in this paper is still the only one we are aware of. In this paper, we establish the
existence of crystalline lifts for the exceptional group G, which illustrates the usefulness of Lyndon’s
cochain complexes. Because of its explicit nature, our approach can potentially be extended to deal with
more general exceptional groups, after upgrading the cup product structure to more complicated higher
Massey product structures.

1.2. Obstruction theory for crystalline lifting. In this paper, we consider the case where Up admits a
quotient U such that

o the adjoint group U := U/Z(U) is abelian;
« the center Z(U) is isomorphic to G,; and
« there is a bijection of obstructions H*(Gg, Up(F,)) = H*(Gg, U(F))).

We call U a Heisenberg quotient of Up. When G is of type B;, C;, D; or G, it is always possible to
choose a parabolic P whose unipotent radical admits a Heisenberg quotient (see Section 1.1).

Let Spec R be an irreducible component of a crystalline lifting ring Spec R;rys’A (Section 5.0.2) of r.
Let 7'V : Gx — L(R) be the universal family. The Levi factor group acts on U via conjugation
¢ : L — Aut(U). Write ¢ : L — GL(U*) and ¢* : L — GL(Z(U)) for the graded pieces of ¢.

The theorem we prove is:

Theorem B (Theorem 5.2.1). Let [¢] € H' (Gk, U(F)) be a characteristic-p cocycle, where U is a

Heisenberg quotient of Up.
Assume

(1) H*(Gg, ¢ (r"™VY) is sufficiently generically regular (Definition 5.1.1) and set-theoretically sup-
ported on the special fiber of Spec R;

2 p#2

(3) there exists a finite Galois extension K'/K of prime-to-p degree such that ¢(r)|g,, is Lyndon—
Demushkin (Definition 2.0.2); and

(4) there exists a Z p-point of Spec R which is mildly regular (Definition 3.0.1) when restricted to G g-.

Then there exists a 7 p-point of Spec R which gives rise to a Galois representation r° : Gx — L(Z »)
such that if we endow U Z p) with the G g-action Gk s L(Z ») N Aut(U (Z »)), the cocycle [c] has a
characteristic-0 lift [c] € H'(Gkg, U(Zp)).

Remark. Assumption (3) is automatically satisfied if p is sufficiently large, and (4) is automatically
satisfied if p is sufficiently large and the labeled Hodge-Tate weights ¢2(1) are slightly less than 0
(Definition 3.0.4).

Example 1.2.1 (G = GL3). Let p : Gg — GL3 (ﬂ_:p) be a completely reducible Galois representation.
There are two ways of encoding the data of p as a 1-cocycle in Galois cohomology.
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(D Use the fact p factors through a maximal parabolic

* k% * % 0 10 %
P=|**x%|=[%**x0|x|01=x|=LxA,
00 % 00 % 001

where A = G?z is a rank-2 abelian group. Let 7 : G SN P(Fp) — L(Fp) be the Levi factor of p. The
information of p is encoded in a 1-cocycle [c] € H "Gk, o) = H (G, A(Fp)). We first construct a
liftr°: Gg — GLZ(ZP) of 7. Then we construct a lift [c] € H! (G, A(Zp)) of [c].

(IT) Use the fact p factors through a Borel (minimal parabolic)

* % % * 00 1 % %
B=|10%x%x|=[0%x0|x|[01x%|=TxH,
00 % 00 % 001

where the Levi group T is a maximal torus, and the unipotent radical H is the Heisenberg group. Let
r:Gg — T(Fp) be the Levi factor of p. To reconstruct p from r, we only need the information of
a l-cocycle [c] € H "Gk, H (I]_:p)). We first construct a lift of 7, and then construct a lift of c. Now
HY Gk, H (ﬁp)) is nonabelian Galois cohomology.

We make use of the graded structure of Lie H when we construct a lift of [c]. We have a short
exact sequence

10 % 1 %
1-(010|—->H—=|(01=x]|—>1
001 001

We will first construct a lift modulo Z(H), and then extend the lift modulo Z(H) to a cocycle on the
whole unipotent radical H.
Theorem B applies in this situation, so we have a new proof for the group GL3.

1.2.2. We have a short exact sequence of groups 0 — Z(U) — U — U — 0. Since Z(U) is a central,
normal subgroup, we have a long exact sequence of pointed sets

H'(Gg. Z(U)) » H'(Gk.U) — H'(Gg. U™) > H*(Gk. Z(U)).
Note that § is a quadratic form, and there is an associated bilinear form
U: H'(Gk, U) x H'(Gk, U*) - H*(Gk, Z(U))

defined by x Uy = (§(x +y) —6(x) —8(»))/2.

The technical heart of this paper is an analysis of U on the cochain/cocycle level. So we need a
finite cochain complex computing Galois cohomology which interacts nicely with the bilinear form U.
Thanks to the theory of Demushkin groups, there is an explicitly defined cochain complex (the so-called
Lyndon-Demushkin complex) which computes H*(Gg’, U ady and H*(Gg, Z(U)) after a finite Galois
extension K’/ K. When [K”: K] is prime to p, we can fully understand cup products on the cochain/cocycle
level via Lyndon—Demushkin complexes endowed with G g /G g’-action.
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We have the following nice obstruction theory:

Theorem C (Corollary 4.3.4). Let p # 2 be a prime integer. Let L be a reductive group over Og and fix
an algebraic group homomorphism L — Aut(U). Letr : Gg — L(Og) be a Galois representation.
If there exists a finite Galois extension K' /K of prime-to-p degree such that r|g,, is Lyndon—Demushkin

and mildly regular, then there is a short exact sequence of pointed sets
H' Gk, U@Zy) > H' Gk, U(Fy) = HA(G, U(Z,)),
where § has a factorization H'(Gg, U(I]_:p)) AN H'(Gk, Uad(l]_:p)) — H*(Gg, Uad(Z,,)).

1.3. Organization. In Section 2, we review the results of Lyndon and Demushkin and establish some
notation. Sections 3 and 4 form the technical heart of this paper. Sections 5 and 6 are mild generalizations
of results from [Emerton and Gee 2023]. The proofs are almost unchanged and we often just sketch the
ideas of the proof and invite the readers to look at the proofs of [Emerton and Gee 2023].

We prove the main theorem in Section 7.

2. Lyndon-Demushkin theory

Assume p # 2. Let K/Q, be a finite extension containing the p-th root of unity. The maximal pro-p
quotient of the absolute Galois group G g has a very nice description. The following well-known theorem
can be found, for example, in [Serre 2002, Section I1.5.6].

Theorem 2.0.1. Let Gk (p) be the maximal pro-p quotient of Gg. Then Gk (p) is the pro-p completion
of the one-relator group
(X0, + + s Xng1 | X3 (X0, X)) (X2, X3) + -+ (X, Xnge1))s

where n = [K : Q,], and q = p*® is the largest power of p such that K contains the q-th roots of unity.

Here (x,y) = xyx 1y~L

Definition 2.0.2. A continuous profinite G g-module A is said to be Lyndon—Demushkin if the image of

Gk — Aut(A) is a pro-p group.

2.1. Comparing cohomology of Demushkin groups and Galois cohomology. Let I'%*¢ be the discrete
group with one relator

<'x07 cees Xn, xl’l-‘r] |xg(x07 xl)(XZv x3) Tt (xl’l’ x}’l-‘rl))

Let K/Q), be a p-adic field containing the group of p-th root of unity. Let A be a Lyndon-Demushkin
G g-module. Write H '(Fdisc, A) for the usual group cohomology, and write H*(G g, A) for the continuous
profinite cohomology.

Note that there is a functorial map

H*'(Gg, A) — H*(I'%¢ A) (2-1)

induced from the forgetful functor Modeoni (G (p)) — Mod(I"45¢).
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Lemma 2.1.1. Let [, be the G g-module with trivial G g-action. Then (2-1) induces isomorphisms:

(1) H'(Gk, F,) = HY(I'%C F ).
(2) H*(Gk, F,) = H>(T'%< T ).
Proof. (1) We have
H'(Gk.Fp) =Homeon(Gk . Fp) = Homeon (G (). F ),
H (M5 F ) = Hom(T'%C, F ).
Note that Homeon (G k (p), F) = Hom(I'%¢, ) because G (p) is the pro-p completion of T4,

(2) We have a commutative diagram

H'(Gg,F,) x H (G, F,) —>— H*(Gg, F))

| | l

Hl(l'wdisc’ [Fp) % Hl(l-‘disc’ [Fp) Y I_]Z(Iﬂdisc7 [Fp)

Note that the first row is a nondegenerate pairing, and H*(Gg, F,) = [, by local Tate duality. By
Lyndon’s theorem or Corollary 2.2.2, we have H>(I'%is¢ [ ») =[F,. So it remains to show the cup product
of the second row is nontrivial. Let [¢], [¢2] € H (4, F,). [c1]U[c2] = 0 if and only if there exists a
group homomorphism

1 Cc1 *
réc— 1 ¢
1

for some . Indeed, if ¢; U ¢, = dz for some z € C'(Idise, ), then

) 1 Ccl1 2
Fdlsc —> 1 (6
1

is a group homomorphism by unravelling the definition of cup products; here C!(T'%s¢, F p) is the usual
cochain group defining group cohomology. Define ¢; : T'95¢ — [ p» by sending x; to 1 and other generators

to 0,7 =0, 1. Then it is clear [c1] U [c2] # O. O

Corollary 2.1.2. Let A be a finite T ,-vector space endowed with Lyndon—Demushkin G g -action. Then
there is a canonical isomorphism H*(Gg, A) = He(Idise A).

Proof. Let Gk (p) be the maximal pro-p quotient of Gg. Then A is a Gk (p)-module. Since Gk (p) is a
pro-p group, A must contain the trivial representation [F,. In particular, there is a short exact sequence

0>F,>A—>A -0
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which induces the long exact sequence

H°Gg, A"y —— H'(Gk,F,) —— H'(Gk, A) —— H'(Gg, A') —— H*(Gg,F))

| | | | |

HO(Fdisc’ A/) Hl(rdisc’ [Fp) Hl(l-*disc, A) Hl(l-‘disc’ A/) HZ(Fdisc’ “:p)

We apply induction on the length of A. By the five lemma, we have H! (G, A) = H' (%5, A).
We also have the long exact sequence

H'(Gg, A') —— H*(Gg,Fp) —— H*(Gg, A) —— H*(Gk, A) —— H(Gg, F))

| | l | |

Hl(l—wdisc, A/) HQ(Fdisc, [Fp) Hz(FdiSC,A) H2(Fdisc, A/) H3(1—1disc, [Fp)

By Lyndon’s theorem, H?3 (Fdi“, [F,) =0. By local Tate duality, H3(Gg, [F,) =0. Again by the five lemma,
we have H>(Gg, A) = H>(I'%¢| A). Finally, both cohomology groups are supported on degrees [0, 2]. [J

By induction on the order of A, (2-1) is an isomorphism for any finite p-power torsion group A.

Corollary 2.1.3. Let A be a finite Z ,-module endowed with the Lyndon—Demushkin G g -action. Then
there is a canonical isomorphism H*(Gg, A) = H*([disc | A).

Proof. We have a short exact sequence for each k£ > 0,

0— lim' H* " '(Gk, A/p'A) - H*(Gk, A) - lim H*(Gk, A/p'A) — 0,
i i

see, for example [Stacks, Tag OBKN]; here Lgn} is the derived inverse limit. The first term is O due to the
finiteness of the cohomology of torsion G g-modules. So H*(Gg, A) = lim, H*(Gk, A/p'A), and the
corollary is reduced to the p-power torsion case.

We can do the same thing for the discrete cohomology. Since any finite Z,-module is p-adically
complete, the Lyndon—-Demushkin complex (see Section 2.3.7) computing H*(I'¥¢| A) is the inverse
limit of the Lyndon-Demushkin complex mod p'. So H*(I'¥s¢, A) = lim, H krdise A/ ph. O

The lemma above tells us that, for our purposes, the cohomology groups of Gk (p) can be computed
via the discrete model. So we can make use of the fine machineries of combinatorial group theory.

2.2. Discrete group cohomology of Demushkin groups. The main reference of this subsection is [Lyndon
1950].

Derivations. A derivation of a group G is a left G-module M, together with a map D : G — M such that
D(uv) = Du+uDv.

Say F is a free group with generators xi,...x,,. Denote by d FJ the module of universal derivations.
Then d FJ is the free Z[ F']-module with basis {dx; |i =1, ..., m}.


https://stacks.math.columbia.edu/tag/0BKN
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Let u € F. We can write du € d FJ as a linear combination of the basis elements:
ou
du = —dx;,
u Z ax; Xi
Where e Z[ F]. The computation rules for - can be found in the first line of page 654 of [Lyndon 1950].

Theorem 2.2.1 [Lyndon 1950, Theorem 11.1]. Let G = (x1, ..., xu|R) be a one-relator group where
R = Q1 forno q > 1. Let K be any left G-module. Then

dR R
H*(G,K)=K/ ax Ban K

and H'(G, K) =0 foralln > 2.
Corollary 2.2.2. We have H*(I'¢, F,) =F .
Proof. We have

OR _ _

= 1dxg+- - xd Cxd x

8)60

IR .,

q—1_—1

—=x, Xx; (xg—1),

ax 0 1 (0 )

R o a0y = 1)

— =xga (x0, Xx1)x; (x3—1),

3xo 0 X0y A1)Ao 3

R _ xg (o, xDx5 x5 o — 1),

8)63

IR q -1

—— = x5 (x0, X1) * + + (X2k—2, X2k—1) Xy (X241 — 1),

X0k

IR 4 11

= X (%0, X1) + + + (X2k—2, X2k—1) Xy Xy g (X2k — 1),

X241

Since
Fp

HZ(FdiSC’ [Fp) — ,
(OR/0x0, ..., OR/Xp11)

it suffices to show

B_R[F —- = R F.=0.

dxo © xn1 ”
Since [, is a trivial G x-module, it is clear that

B_R[F —- .= oR F.=0.

dxy 7 i1 ©

Wealsohave —1+1+ -+ 1=¢g=0mod p. O
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Proposition 2.2.3. Let A be a Gg-module whose underlying abelian group is a finitely generated
Z ,-module such that the image of Gk in Aut(A) is a pro-p group. Then

) ~ R R
H*(Gg, A=A/ —..... A,
dxo 0xn41

where R = x{ (xo, x1)(x2, x3) - - (Xp, Xpp1)-

Proof. Combine Corollary 2.1.3 and Lyndon’s theorem. (|

2.3. Lyndon-Demushkin complex.

2.3.1. Abelian coefficient case. Let A be a G g-module whose underlying abelian group is a finitely
generated Z,-module such that the image of Gk in Aut(A) is a pro-p group.

Then there is an explicit co-chain complex computing the Galois cohomology H*(Gk, A).

Define Cj(A) = [CED(A) i) CﬁD(A) i CﬁD (A)] as the following cochain complex supported

{ 1 —xo } { IR /dx ]T
1 —Xxp41 OR/0xp+1

A AEB("JFZ) > A

on degrees [0,2]:

Then, by [Lyndon 1950, Theorem 11.1],
H*(C;p(A) = H*(Gg, A).

The idea of a Lyndon—Demushkin complex is simple. A 1-cochain c € CﬁD (A) is simply a set-theoretical
function
c:{x0,..., Xpt1} = A.
We can extend c to be a function on the free group
ci{x0,..., Xpt1) > A

by setting c(gh) :=c(g) + g - c(h) for any g, & in the free group with n+2 generators. Let

R = x{ (x0, x1)(x2, x3) - - - (X, Xn1)

be the single relation defining the Demushkin group. The differential operator d? : C}(A) — C2,(A) is
nothing but the evaluation of the extended map c at the relation R, that is, d 2(¢) = c(R). So a 1-cochain ¢
is a 1-cocycle if and only if its evaluation at R is O.

2.3.2. Nilpotent coefficients. Let E/Q, be a finite extension with ring of integers Of, residue field F,
and uniformizer w.
Let U be a unipotent (smooth connected) linear algebraic group over Spec O, admitting an upper
central series
1=UyCcU;---CcUy=U.
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Assume there exists an embedding ¢ : U < GLy C Maty«y such that (¢(x) — 1)¥1 =0 for all x € U.
Write log = log_,, for the truncated logarithmic function 1+ x - x — X224+ (= D*Fxk ke
Assume p > k. There is an isomorphism of schemes U = Lie U sending g +— log g, defined through
the commutative diagram
U——— GLy

llog llog

Lie U —— Matyxy

We assume k£ = 2 from now on because it suffices for our applications.

Fix a Galois action G ¢ — Aut(U)(Og) such that the image group is a pro- p subgroup of Aut(U)(OFg).

Let A be an Og-algebra. Recall that a nonabelian crossed homomorphism valued in U (A) is a map
c:Gg — U(A) such that

c(gh) = c(g)(g-c(h))
forall g, h € Gg. Set c :=1log(c) : Gk — Lie U(A). By the Baker—Campbell-Hausdorff formula,
c(gh) = c(g) +g - c(h) + 3[c(g), g - c(h)]. (2-2)
Our definition of the Lyndon—-Demushkin cochain complex is motivated by (2-2).

Definition 2.3.3. Let A be an Og-algebra. The Lyndon—Demushkin complex with unipotent coefficients
is defined to be the following cochain complex C; (U (A)) supported in degrees [0,2]:

Lie U(A) 5 (Lie U(4)®" 2 L, Lie U(A),
where d! is defined by

d'(v) = (—v+xi-v+3[-v, xi O1)iZo. st

We need some preparations before we define d? An element ¢ = (g, ..., 0pp1) € CIID(U (A)) can be
regarded as a function on the free group with (n+2) generators
c:{x0,...,Xp+1) — LieU(A)

by setting c(x;) = «; for each i and extending it to the whole free group by

c(gh) :=c(g) +g-c(h) + 3[c(g), g - c(h)]
We define d? as
d*(c) := c(R) = c(x{ (x0, x1)(x2, X3) - =+ (X, Xn1))-

Remark 2.3.4. (1) When U is an abelian group, we recover the definition in the previous section for
the cohomology of the abelian U (A).

(2) The main reason we define C} (U (A)) this way is because we want to compare it with C} , (Lie U (A)).
Note that C},(Lie U(A)) and C} (U (A)) have the same underlying group, but their differential d*
is different.
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(3) Note that d2(c) = 0 if and only if ¢ defines a crossed homomorphism ¢ : Gx — Lie U(A) in the
sense of (2-2). See the proof of Proposition 2.3.6.

(4) The differential maps are generally nonlinear.
Definition 2.3.5. We define Zi |, := (d'*')~'(0), and B , :=d'(C|p') fori =0, 1, 2.
Proposition 2.3.6. We have
H(Gg, U(A) = Z{p(U(4)
and a surjection of pointed sets
Zip(U(4) — H' (G, U(A)).

Proof. H(Gg,U(A))is by definition the G g-fixed point subset of U (A), while ZED(U(A)) is the subset
of U(A) whose elements are fixed by the x,..., x,+1: if u € U(A) is fixed by x;, then utxj-u)=1
and taking truncated log of both sides we get d'(log u) = 0.

H'(Gg,U(A)) is by definition the set of equivalence classes of crossed homomorphisms, and
ZiD(U (A)) is the set of crossed homomorphisms. U

Lie U has a lower central series filtration. Let Z(U) be the center of U. Write U for U /Z(U).
Since U is unipotent of class 2, Lie U is isomorphic to its graded Lie algebra Lie U = gr*(Lie U). We will
fix a grading Lie U = Z(U) @ U™ of the Lie algebra Lie U once for all. In particular, we fix a projection
pr:LieU — Z(U).

2.3.7. Cup products. Let ¢ € Cl(U*(A)). Let ¢ € Cl(U(A)) be the (unique) lift of ¢ such that
pr(¢(xp)) = - - - = pr(c(x,41)) = 0. Define

Q(c) := pr(d*(&)) = pr(é(R)) € CLp(Z(U)(A)).
Lemma. Q(-) is a quadratic form, that is, (x, y) — Q(x +y) — Q(x) — Q(y) is a bilinear form.

Proof. In Definition 2.3.3, we defined it so that ¢(gh) :=¢(g) +g-c(h) + %[E(g), g -c(h)]. So after fully

expanding the expression, ¢(R) =), aic(xi)+zi<j[,3ic(xi), vic(x;)], where o;, Bi, vj € (x0, ..., Xnt1).
It follows that

0(c) =pr(2 aic(x;) + Y _[Bic(x), m-c(x,-)]) =Y prBic(x), yicx D),

i<j i<j
which is clearly a quadratic form. g

We define
Cip(U™(A) x Clp (UM (A)) = Cy(Z(U)(A), xUy:=1Qx+y) - 0x) — 0k,
which is a symmetric bilinear form.

Remark. Alternatively, we can choose an arbitrary lift ¢ of ¢. Now pr(d?(¢)) is an inhomogeneous
polynomial of degree two. We recover Q by taking the homogeneous part of degree two.
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Lemma 2.3.8. Under the identification C| (U (A)) = C} ,(U¥(A)) ® C!1(Z(U)(A)), we have
Zip(U(A) = {(x,y) € C]p(U™(A) ® C/ n(Z(U)(A)) | d>x =0, x Ux +d*y =0}.

Proof. This is obvious from the definition of d> and Q. The projection of d*(x, y) to CfD(U ad(A))
is dx; and the projection of d2(x, y) to CZ5(Z(U)(A)) is x Ux +d>y. O

Write H ,(U%(A)) for
Zip(U*(A)/B{p(U*(A))
and write H/ ,(Z(U)(A)) for
Zin(Z(WU)(A)/B{p(ZU)(A)).

Lemma 2.3.9. The pairing U on the cochain level induces a symmetric pairing on the cohomology level
H{p (U™ (A) x Hp(U(4)) = HE(Z(U)(A)).
Proof. 1t suffices to show, for all x € ZﬁD(U ady(Ayand y € BﬁD(U ady(A), that

Q(x +y) — Q(x) € BE(Z(U)(A)).

Letx € CﬁD(U (A)) be the unique extension of x such that pr x = 0. The cochain X represents a group
homomorphism p; : (xg, ..., x,4+1) = U(A) % (x0, ..., X,+1|R) such that pz(R) =1 mod Z(U)(A).
More explicitly, we define pz(x;) = (exp(X(x;)), x;) where exp is the truncated exponential map (the
inverse to the truncated log map). Since y is a coboundary, there exists n € U(A) such that npzn~! is
represented by a cocycle (x + y, f) extending x + y (we are exploiting the abelian coefficients here). We
have npz(R)n'pz(R) ' =1 e U(A) x (xg, ..., Xn+1|R) since pz(R) lies in the center of U(A). Since

Q(x+y)—d*(f)=np;(R)n~" and Q(x) = pz(R), we have Q(x+y)—Q(x) =d” f € B{,(Z(U)(A)). O
Recall Z (U (A)) and Z| ;(Lie U(A)) are both subsets of C},(U(A)).
Lemma 2.3.10. If Z(U)(F) =F, then
ZI5(U(F) C Z{p(Lie U(F)),

that is, the nonabelian cocycles with U (F)-coefficients are automatically abelian cocycles with (Lie U (F))-
coefficients.

Proof. We have noted in Remark 2.3.4(2) that CﬁD(U (F)) and CﬁD (Lie U (F)) have the same underlying
space. By Lemma 2.3.8, an element of ZiD(U(H:)) is a pair (x, y) such that d’>x=0and xUx +d?y=0.
By our assumption, C2,(Z(U)(F)) = H*(Gk, Z(U)(F)) (Corollary 2.2.2) and thus B2, (Z(U)(F)) =0
and d*> = 0. So d?y = 0 automatically, and (x, y) defines an element of ZﬂD (Lie U (F)). Il
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3. An analysis of cup products

Let E be a p-adic field with ring of integers O, residue field [ and uniformizer w .
Let U be a smooth connected unipotent group of class 2 over Spec O, with center Z(U) = G,.
Write U for U/Z(U). Assume U = G®* is a vector group.

Definition 3.0.1. Let K’ be a p-adic field. A Lyndon—Demushkin action G g — Aut(U)(Ok) is said to
be mildly regular if the following are satisfied:
(MR1) H(Gg', UM(E)) =0.
(MR2) The bilinear pairing
Ur : Clp(U™(B) x Cip(U™(F) — Cip(Z(U)(B)

is nondegenerate.
Remark 3.0.2. In practice U is the unipotent radical of a parabolic subgroup of a reductive group
and (MR?2) is equivalent to “p being not too small”. We worked out the G;-case in Appendix A, and
showed that if p > 5, (MR2) always holds. The same proof but with more complicated notation should
work for general reductive groups.

In general, (MR2) can be checked by computer algebra systems because it is a finite field vector space
question for a finite number of small p’s. We include an algorithm (written in SageMath) in Appendix B.

The following proposition is a summary of Appendix A:

Proposition 3.0.3. If U is the unipotent radical of the short root parabolic of G, or the quotient of the
unipotent radical of the long root parabolic of G, by its center, then (MR?2) is true when p > 5.

Definition 3.0.4. Given a tuple of labeled Hodge—Tate weights (see [Emerton and Gee 2023, Subsec-
tion 1.12] for the definition) A, we say A is slightly less than 0 if for each o : K’ < @ p» Ao consists of
nonpositive integers, and for at least one o, A, consists of negative integers. (The cyclotomic character
has Hodge—Tate weight —1.)

Proposition 3.0.5. Assume p > 5. If U is the unipotent radical of the short root parabolic of G, or the
quotient of the unipotent radical of the long root parabolic of G, by its center, then G g+ — Aut(U)(Og)
is mildly regular if U (E) is Hodge—Tate of labeled Hodge—Tate weights slightly less than 0.

Proof. If H*(Gg/, UM(E)) # 0, then for all embeddings o : K < @, 0 € A,. The proposition now
follows from Proposition 3.0.3 and Appendix A. 0
3.1. Cup products mod w.

Lemma 3.1.1. The image of ZﬂD(Uad((’)E)) — CﬂD(Uad(I]:)) has codimension at most dimg U (E).
Proof. Say dimy C},(U*(F)) = rankop, Cl,(U*(OF)) = N. Since Z!,(U*(OF)) is the kernel of
C} (UM (Op)) — CEp(U*(Op)), and rankp, CZp(U*(OF)) = dimg U*4(E), we have

ranko, Z{ n(U*(Op)) = N — dimg U(E).
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Since CﬁD (UM(Op)) is torsion-free, ledD (UM (Op)) is saturated in C]lD(U ad(@p)), and is thus a direct sum-
mand. In particular, the image of ZiD(U Ad(@p)) in CﬁD(U ad(F)) has dimension > N—dimgz U(E). O

Lemma 3.1.2. If
U : CLp(U™(F) x Cip(U*(F) — CEp(Z(U)(F)
is nondegenerate, then the kernel of
U : Zip(U™(Op)) /@ x Zip(U*(Op)) /@ — Cip(Z(U)(F))
has dimension at most dimg U(E).
Remark. Note that Z! ,(U*4(F)) # Z! ,(U*(OF)) /@ in general.
The kernel of a bilinear pairing is also called the annihilator.

Proof. For ease of notation, write C for CﬁD(U ad(Fy), and write Z for the image of ZﬁD(U 2d(Og)) in C.
Note that Z = ZﬁD(U d(Or)) /@ by the proof of the above lemma.

Let K C Z be the kernel of Ur. Since the cup product on C is nondegenerate, there exists a subspace
F C C of dimension equal to that of K, such that the restriction of the cup product to (F + K) is also
nondegenerate. Since F NZ =0, dim C > dim(F + Z) = dim Z + dim F = dim Z 4 dim K. The lemma
now follows from the previous lemma. O

We also record the following lemma whose proof is similar.
Lemma 3.1.3. (1) The image of ZﬁD(Uad([F)) — CﬁD(Uad(IF)) has codimension at most dimg U2 (E).

Q) If
U : Clp(U™(F)) x Clp (U (F)) — CEp(Z(U)(F))

is nondegenerate, then the kernel of
Ur : Zip(U™(B) x Z{p(U*(F)) = Cip(Z(U)(F)
has dimension at most dimg U*4(E).

3.2. General cup products in group cohomology. In this subsection, we give a reinterpretation of
Section 2.3.7, which is convenient for theoretic applications.

Let V be a unipotent algebraic group of class 2 over Of. Let I' be an abstract group, together with
a homomorphism 6 : I' — Aut(V)(Og). By the Lie correspondence, Aut(Lie V) = Aut(V), and thus 6
induces a Og-linear I'-action on Lie V which respects Lie brackets.

We fix a grading Lie V = V|, @& V, such that [V, V1] C V,, and [V, V2] =0. We will write V for V(Og)
for simplicity.
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Let f:I" — V be a crossed homomorphism. By definition, for any g1, g2 €', f(g182)= f(g1)g1f(g2).
Write ¢ =c 4¢3 for log( f), where ¢ values in V| and ¢ values in V,. By the Baker—Campbell-Hausdorff
formula, we have

c(gh) = c(g) +gc(h) +1[c(g), gc(M)]/2

= (c1(g) + gc1 (M) + (c2(8) + gea(h) +[c1(g), ger(h)]/2 (3-1)

Lemma 3.2.1. Leta, b € H' (T, Vi) be two crossed homomorphisms. The 2-cochain B(a, b) : (g, h) —
la(g), gb(h)] is a 2-cocycle.

Proof. By definition, we have

d*(B(a,b))(g1, 2, 83)
= g1la(g2), £2b(g3)]1—[d'a(g1, £2), g182b(g3)1+a(g1), g1d'b(g2, g3)1+[a(g1), g1b(g2)]

=gila(g2), g2b(g3)1 —la(g1) +g1a(g2), g1820(g3)1+[a(g1), g1b(g2) +g182b(g3)1+[a(g1), g1b(g2)]

For crossed homomorphisms a € H'(T, V), define Q(a) := B(a,a). By comparing (3-1) and
Section 2.3.7, it is not hard to see the Q(—) defined in this subsection coincides with that of Section 2.3.7
for 1-cocycles when I' is the discrete Demushkin group.

Since aUb := (Q(a+b, a+b)— Q(a)— Q(b))/2= (B(a, b)+ B(b, a))/2, we have aUb € H*(T, V,).
Again the cup product defined in this subsection coincides with that of Section 2.3.7 when the settings
overlap.

Lemma 3.2.2. Let I'' C T be a normal subgroup of finite index. Write A for T'/T". The cup product
U: H\(I, V) x H(I"", V|) = H*(I"", V») is A-equivariant.

Proof Leta,b € H'(T'', V), and let o € I'. We have by definition o - a(g) = oa(c~'go), and
o-B(a,b)(g,h) =0B(a,b) (6‘1g0, o~ 'ho) (see [Serre 2002, Section 1.5.8]). We immediately have
o-B(a,b)=B(o-a,o-b). Il

Example 3.2.3 (the completely split case). In this paragraph we analyze the special case where the G g
action on U (F) = Lie U*(F) is trivial and H*(G g+, Z(U)(F)) = Z(U)(F) = F. It will be used in the
proof of Theorem 3.3.1.

Since the center of Lie U is one-dimensional, the Lie bracket

Lie U™(F) x Lie U™F) =2 zw)(F)

is a nondegenerate, alternating pairing. Choose a basis {eq, ..., e, e/l, R e,’c} of Lie U*(F) such that

le;, €1 =1ei, e;1=0and [e;, €] = —[e;, e;]=4; ;. Since by assumption the G g/-action on U¥(F) is

J
trivial, the cup product

U: H (Ggr, UM(F) x H (Gg, UM(F)) — H*(Gk', Z(U)(F))
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is isomorphic to the (exterior) direct sum of cup products
Ui H' (G, Fe; @ Fe}) x H' (G, Fe; @ Fe)) — H' (G, F).
Write A for the usual cup product H'(Gg/, F) x H'(Gg', F) — H?*(Gg, F) which appears in local Tate
duality. By definition, for a, b € H Y"(Gg, F) we have
Q(ae; +be}) = B(ae; + be!, ae; + be)
= ((g, h) > la(g)e; + b(g)e;, a(h)e; + b(h)e!])
= ((g, h) — (a(g)b(h) —b(g)a(h)))
=aAb—DbAa
=2anb
and thus, for aj, by, a», b € H' (Gg/, F),
B(aje; +be;, are; + bre}) =2(ay Aby+ax Aby).
Since A is a nondegenerate pairing, B is also a nondegenerate pairing.

3.3. Nontriviality of cup products.

Theorem 3.3.1. Let K'/K be a finite Galois extension of p-adic fields of prime-to-p degree. Let
r:Gg — Aut(U)(Og) be a continuous group homomorphism.
If r|G,, is Lyndon—-Demushkin and mildly regular, then either

(i) H*(Gk, Z(U)(F)) =0, or
(ii) the symmetric bilinear pairing
H'(Gk, U™(0p) ®F x H' (G, U*(Op) ® F > H* (G, Z(U)(Op) ®F
is nontrivial.
Remark. Notice that
H'y(U*(0p) = H' (Gg, U™(Og)) and  H'(Ggr, U (Op)* = H' (G, U™ (Op)).

The symmetric pairing in the theorem is the restriction to H'(G g/, U*(OF)) of the symmetric pairing
defined in Lemma 2.3.9.

Proof. Assume H>(G g, Z(U)(F)) # 0. Consider the diagram
HY(Gg, U™ (0p)) x H (Gg, U (OF)) —— H*(Gg, Z(U)(Ok))

E

H' (G, U(Op)) x H' (G, U (OF)) —— H*(Gk, Z(U)(OF))

T T

Z{p(U*(Ok)) x Z{ (U (OF)) ———— C*(Z(U)(Ok))
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By Lemma 3.1.2, the kernel of
H'(Gg, U™ (Op)) /o x H (Gk:, U (OF)) /o — H*(G k', Z(U)(F))

has F-dimension at most dimg U?4(E). Write A for Gk /Ggr, which acts on H' (Gg', U(OF)) with
fixed-point subspace H'(Gg, U*(OF)).
By an averaging argument (explained below), the kernel of

H'(Gk, U(Op))/w x H (G, U (Op)) /o — H*(Gk, Z(U)(F))
is contained in the kernel of
H' (Gg, U™ (Op)) /o x H (Gk', U(Ok))/w — H* (G, Z(U)(F))

and thus has F-dimension at most dimz U2(E). (Let[c]€ H' (G, Uad((’)E))/zzr and suppose [c]U[d] =0
for all [d] € H'(Gk, U(Op))/w. Let ['] € H (G, U (OF))/w. Then Y ,o(clU[]) =
[clUY_, cAlc'1 = 0. Since H*(Gg, Z(U)(F)) # 0, we have H*(Gk, Z(U)(F)) = H*X(Gx', Z(U)(F))
and thus ), o ([c]U[c']) =#Ao ([c]U[c']).)

We remark that as a finitely generated module over a DVR, H WGk, UM(Op)) is the direct sum of its
torsion-free part and its torsion part; and H'(Gg, U*(E)) = H' (Gk, U*(OF))torsion-free @0, E.

By the local Euler characteristic,

dimg H'(Gg, UM(E)) = dimg H*(Gg, U*N(E)) +dimg H(Gg, U™(E)) +dimg U*Y(E)[K : Q)]
> dimg H*(Gg, UM(E)) +dimg U*Y(E).

We will now consider two possibilities: H>(G g, U(F)) # 0 and H*(Gg, U*(F)) =0.
Case H*(G g, U*(F)) #0. Since H*(Gg, UM(F)) #0, H*(Gg, UM (OF)) is nontrivial. So either we
have dimg H*(Gg, UM(E)) > 0, or H*(Gk, U*(OF)) has nontrivial torsion. If H*(G g, U*(OF)) has
nontrivial torsion, then again by the local Euler characteristic (mod @ version), H' (Gg, U ad(Or)) also
has nontrivial torsion. In either case, dimy H' (G g, U*(OF)) Jo > dimg U ad(E) + 1. So the kernel of
the cup product is a proper subspace of H'(Gg, Uad((’)E))/w.

Case H*(Gg, U*(F)) = 0. By Nakayama’s lemma, H>(Gg, U*(OF)) = 0. By [Emerton and Gee
2023], there exists a perfect Og-complex [C? — C! — C?] concentrated in degrees [0, 2] which computes
H*(Gg, U*(OF)). By the universal coefficient theorem, there exists a short exact sequence

0— HY(C)®F - H'(C*®F) — Tor{* (H*(C"), F) — 0.

So H' (G, U¥(0Op)) ®0, F = H'(Gg, U¥(F)). We assume (i) and (ii) are false, and try to get a
contradiction. The kernel of

H' (G, U(Op) ®F x H' (G, U (OR)) ® F > H*(G. Z(U)(Op)) ®F
has dimension &' := dimf H'(G g, U*(F)). By the local Euler characteristic,

h' = dimg U(E)[K : Q,]+dimg H(Gg, U (F)). (3-2)
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By Lemma 3.1.3, the kernel kz of
Zip (U () x Z{ (U (F)) > H*(G g, Z(U)(F))
has dimension at most dimg U2 (E). Since the cup product is trivial on H' (G, U ad(FY), we have
dimk; > dim H' (G g, U (F)) 4 dim B} 5 (U*(F)) = h' 4+ dim B} , (U (F)). (3-3)

Combining (3-2) and (3-3), we have

dimg U(E) > dimg kz > dimg U*Y(E)[K : Q,] +dimg H*(Gg, U™(F)) + dim B} ,(U*(F))
So we conclude that

1=[K:Q,], 0=H"Gg,UF), 0=B U ).

In particular, we have H*(G g+, U (F)) = U*([F), and the kernel of the cup product on H'(G g/, U*(F))
has dimension exactly dimg U ad(F). However, by Example 3.2.3, the cup product on H WG, UMN(F))
is nondegenerate by local Tate duality. O

Theorem 3.3.1 is used in the following scenario.

Lemma 3.3.2. Let L be a split reductive group over F. Letr : Gk — L(F) be a Galois representation
valued in L. Let r* be the semisimplification of r. Write G k' for the kernel of r. Then the degree [K': K]
divides (g — 1)"#W, where

e 1 is the rank of L,
e g is a power of p, and
o #W is the cardinality of the Weyl group of L.

Proof. By [Lin 2022], r* is tamely ramified and factors through the normalizer of a maximal torus of L
(after possibly extending the base field). O

In particular, if L = G, and p > 3, the kernel of r* defines a Galois extension K’/K of prime-to-p
degree, and r|g,, is Lyndon—-Demushkin since it has trivial semisimplification.

4. Nonabelian obstruction theory via the Lyndon-Demushkin cocycle group with external Galois
action

Let K/Q), be a p-adic field. Let E/Q), be a finite extension with ring of integers Og, residue field F,
and uniformizer w.
Let L be a split reductive group over Og. Fix a Galois representation
r°:Gg — L(Op)
throughout this section.
Let U be a unipotent group over O whose adjoint group is abelian. Let Z(U) be the center of U. The
adjoint group U is defined to be U/Z(U).
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Fix a group scheme homomorphism ¢ : L — Aut(U) throughout this section. In particular, there
is a Galois action ¢ (r°) : Gg LN L(Og) LGN Aut(U)(Og). We will talk about nonabelian Galois
cohomology H*(G g, U(Of)) and H*(G, U (F)) using this Galois action throughout this section.

Let K'/K be a prime-to-p, finite Galois extension of K containing the group of p-th root of unity,
such that r°(Gg+) C L(Og) is a pro-p group. Write A for Gal(K'/K). SetI' := Gk, and H := Gg-.

4.1. Nonabelian inflation-restriction.

Nonabelian Galois cohomology. We recall a few facts about the nonabelian version of Galois cohomology.

Let
0—-A—-B—->C—0

be a short exact sequence of groups with continuous I"-action. If A — B is central, that is, A is contained in
the center of B, then we have a long exact sequence of pointed sets (see [Serre 2002, Proposition 43, 5.7])
1> A" = BT = T = H'Y(I', A) = H'(T, B) - H'(I, C) 2> HX(T, A).

Let H C T be a closed normal subgroup. Then there is an exact sequence (see [Serre 2002, 5.8])

11— H'(T/H, A"y - H'(I", A) - H'(H, A)"/". (4-1)
If A is an abelian group, then the sequence above can be upgraded to the inflation-restriction exact sequence:

1—- HYT/H, A"y > HY(T", A) > H'(H, A)'/" - H*(T", A™).

Theorem 4.1.1 [Koch 2002, Theorem 3.15]. Let I" be a profinite group, H a normal subgroup of finite
index, and A an (abelian) G-module whose elements have finite order coprime to (I' : H). Then

H"(T/H, Af)y=0
for all n > 1, and the restriction
H™(I', A) —> H"(H, A)'H
is an isomorphism.
Let R be either Of or F. For ease of notation, write U for U (R) in this paragraph. The fact above
implies the following diagram commutes, with exact columns:

H'(T, Z(U)) — H'(H, Z(U))*

H'(I, U)——— H'(H,U)*

o] o

~

HI(F, Uad) — HI(H, Uad)A

81 )
H*(T, Z(U))~—— H*(H, Z(U))

The injectivity of the second line follows from (4-1).
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Proposition 4.1.2. The restriction map of nonabelian 1-cocycles

HY\(I',U) - H'(H,U)"
is a bijection.
Proof. This follows from diagram chasing: Let [c] € H!(H, U)*. Since 8, (res™ ! (az[c])) = 82(c2[c]) =0,
there exists [b] € H' (T, U) such that «; (res([b])) = aa([c]). Since ozz_l(ocz([c])) isa H'(H, Z(U))~-
torsor, we can twist [b] to make res([p]) = [c]. O

4.1.3. Representation-theoretic interpretation of nonabelian 1-cocycles. Let 3 be a group which is a
semidirect product £ x l. Let ge : I8 — £ be the quotient map. Fix a section £ — 3 of g¢, which allows
us to identify (set-theoretically) B with 4l x £, and write gy : 3 — Ll be the projection map. For g € 13,
write g = gyge such that gg € U x {1} and g; € {1} x £. Let T : I" — £ be a group homomorphism. Let
7:I"— P be alifting of 7. Set c :=qy ot : " — 4. Then
c(gh) = qu(t(g)T(h)) = qu(t(®ut(g)eT(Myut(h)g)

= qu(t(ut(®)eT(Mut(9)g ' T(gh)e) = c(g)(T(g)ec(M)T(9)g")

=:¢c(g)(t(g)e-c(h))
is a (nonabelian) crossed homomorphism. Two liftings 7; and 1, are equivalent if there exists an element
n € U such that 7y = npn~". So HY (T, ) classifies liftings T of 7 up to equivalence.

4.1.4. Lifting characteristic-p cocycles via inflation-restriction. Let [¢] € H' (", U (F)) be a characteristic-
p cocycle. Assume the restriction [¢|y] € H Y(H, U(F)) has a characteristic-0 lift [c,] € H'(H, U(OF)).
We want to build a lift [c] € H' (T, U(Og)) of [¢] using [cp].
Note that when U is an abelian group, this can be easily achieved by taking the average
1
[e]:= 2> g lenl.
geA
Here we identify H'(I", U(Of)) with a subset of H'(H, U(OF)) via Proposition 4.1.2.

Such a trick does not work anymore when U is nonabelian. Nonetheless, we have the following:

Lemma4.1.5. [fthere exists [c]e H' (H,U(OF)) and [d]e H' (T, U*(OF)) such that a»([ci]) =res([d])
and [c,) mod @ = [¢|y], then there exists [c] € H' (T, U(Og)) which is a lifting of [¢].

H'(T, Z(U)(OF))—5+ H'(H, Z(U)(OF))

H'(T, U(Op))——— H'(H,U(Op)) 3 [c]
[d] e H'(T, U*(OF)) —— H'(H, U*(OF))
81 82

H*(T, Z(U)(Og))~—— H*(H, Z(U)(OF))
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Proof. Since
81([d]) = é2(a2([ch]) =0,

we have [d] = a;([¢]) for some [¢'] € H(T', U(OF)). Since res([¢’]) and [c;] € H'(H, U(OF)) have
the same image in H L(H, UM(OF)) (via ay), it makes sense to talk about the difference res([c¢']) — [c] €
H'(H, Z(U)(OF))." Consider the diagram

H\(T', Z(U)(OF)) — H'(T, Z(U)(F)) —— H*(T, Z(U)(OF))

res res

H'(H, Z(U)(Og)) — H'(H, ZWU)(F)) —— H*(H, Z(U)(OF))

Let [¢'] € H' (T, Z(U)(F)) be the reduction mod @ of [¢’]. Since res([¢]) — [¢5] has a lift,
5(res([¢'] — [¢4]) =0 € H*(H, Z(U)(F)
by the exactness of the second row of the diagram above. Therefore
8([c"] = [e]) = 8(res([¢'] — [€])) = 8(res([¢'] — [ex])) =0
and [¢'] —[¢] € HY(T', Z(U)(F)) has a characteristic-0 lift [x], and [c] := [¢/] — [x] is a lift of [¢]. OJ
The purpose of the whole Section 4 is to prove Theorem 4.3.2, which extends the above lemma.

4.2. External Galois action on the Lyndon-Demushkin cocycle group. The earlier subsection shows

there is an identification
H'(T,U(Op)) = H'(H,U(Op))*.

The goal of this subsection is to upgrade this identification to the cochain level.
Since the Galois action

¢ ()G, : Ggr — U(Ok)
is Lyndon—Demushkin, we have a Lyndon-Demushkin complex C} (U (O)) computing H*(H, U(Og)).
Recall from Section 2.3.2 that a 1-cochain ¢ € CﬁD(U (OF)) is the same as a function

c:{x0,...,Xpa1) > (LieU)(OF)
such that
c(gh) = c(g) + g - c(h) + 3[e(8), g - c(M)]
for all g, h; or, equivalently, a function
c:{xg, ..., xpt1) = U(Og)
such that
c(gh) =c(g)(g-c(h))
for all g, h.

Iyl (H,U(OEg))isa Hl(H, Z(U)(OE))-principle homogeneous space.
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A cochain ¢ : (xg, ..., x,4+1) = U(Og) lies in ZiD(U(OE)) if and only if it factors through the
(discrete) Demushkin group (xo, ..., X,+1|R) (see the proof of Proposition 2.3.6).

Let c € ZﬁD((/)E), regarded as a function (xg, ..., X,+1|R) — U(Og). Since U(Og) is a pro-p
group, the crossed homomorphism necessarily factors through the pro-p completion, that is, we have a
commutative diagram

(X0s .+ » Xpp1|R) —— U(OF)
‘ :
s
—_— p
Gk (p) == (x0, -+ -, Xnt+1|R)
Since we have identified the pro-p quotient of G g/ with the pro-p completion of (xg, ..., x,+1|R),

we can define, for each g € G, an automorphism «, of ZﬁD(U (Og)) via

ag(c) == (h> g-c(g 'm(h)g)).

So we defined an action of Gg on ZﬂD(U(OE)).
For ease of notation, write g - ¢ for a,(c). Note that (g - ¢)(h) = (ag(c))(h) is different from g - c(h).
We apologize for the confusing notation.

Remark 4.2.1. We don’t know whether or not we can define a G g-action on the whole cochain group
CﬂD(U (OE)). It seems to involve some subtle combinatorial group theory.

Digression. It is curious to know if the cup product
U: Zip(U™(Op)) x Zip(U*(OF)) — Cip(Z(U(O)))

is compatible with the G g-action.
This answer would be affirmative if, for example, for each g € G, the conjugation by g,

¢, : G — Gy,
can be lifted to an automorphism of free pro-p groups on (n-+2)-generators,

Gg 1 (X0s - oo Xng1) = (X0, -y X))

This is closely related to the so-called Dehn—Nielsen theorem. Classically, Dehn—Nielsen is saying all
automorphism of the fundamental group of the genus g closed surface M, are induced by a homeo-
morphism. The algebraic version of Dehn—Nielsen can be formulated as, under the usual presentation
of F ={ay, b1, ...,ag,bg) — (a1, by, ...,ag, bgllar, b1]---[ag, begl) = m1(My), all automorphism of
m1(M,) are induced from an automorphism of the free group F.

Conjecture (pro-p Dehn—Nielsen). All automorphisms of the pro-p completion of (xg, ..., x,+1|R) are
induced by an automorphism of the pro-p completion of (xo, ..., Xp+1)-
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4.3. Constructing nonabelian cocycles. Recall that H'(H, U*)® = H'(Gg, U), where H = G
and K'/K is a normal extension of prime-to-p degree. Define

(ZiD)A ={xe€ ZﬁD | image of x in H' is contained in (HI)A}

={xeZplg x—xeBforall g e Gg).

Since ZﬁD(U“*d((’)E))A is a submodule of a finite flat Og-module, it is finite Og-flat.

We keep all notation from the previous subsections.

Assume Z(U)(Of) = O from now on. We fix some notation. The quotient U — U/Z(U) = v
induces maps ad : Z} ,(U(Og)) — Z} (UM (OF)).

Lemma 4.3.1. Assume that p # 2 and that the cup product
U: H' (Gk, U (0g)) ®F x H' (Gg, U(Or)) ® F — H*(Gk, Z(U)(F)) (4-2)

is nontrivial.
Let (c, f) € ZﬁD(U([F)) (using Lemma 2.3.8). Assume ¢ € ZﬁD(Uad([F))A. If ¢ admits a characteristic-0
lift ¢ € Z] (U (Ok), then (C, f) admits a lift (c, f) € Z},(U(Z,)) such that c € Z} , (U(Z,))>.

Proof. Pick an arbitrary lift f € CﬁD(Z (U)(OF)) of f Choose a system of representatives {g;} C Gk
of A. By replacing ¢’ by the A-average ﬁ > gi - ¢’ + some coboundary (which is also a lift of [¢]), we
assume ¢’ € ZiD(Uad(Zp))A.

Let X e Z; be a scalar.

Since the symmetric bilinear pairing (4-2) is nontrivial, there exists y € ZﬂD(U ad(@p))2 such that
yUy # 0 mod w. Consider

( + AU +ry) +d*(f) = U +d*(f) +20/ Uy + A2y Uy € C*H(Z(U)(OF)) = O,

which is a degree two polynomial in A whose Newton polygon has vertices (0, +), (1, 4 or 0), (2, 0) and
thus has at least one solution A with positive p-adic valuation; here “+” means a positive number. Set
(¢, )= (c"+ 2oy, f).

We have (c, f) € Z] ;(U(Z,)) by Lemma 2.3.8 and ¢ € Z} ,(U(Z,))~. O

Theorem 4.3.2. Assume that p # 2 and that the cup product
U:H' (G, U(0p) ®F x H'(Gk, U(Or)) ® F — H*(Gk, Z(U)(F))

is nontrivial.
Let [(c, f)] eH' (Gg,U(F)) bea characteristic-p cocycle. If [¢|G,.]1€ H' (G, UM(F)) admits a char-
acteristic-0 lift in H' (G g, U(Z ,)), then [ (€, f)] admits a characteristic-0lift [(c, f)1€e H' (Gk,U(Z,)).

Proof. We choose a cocycle (c, f ) € ZﬂD(U (F)) which defines the cohomology class [(c, f )]. Clearly
¢ € Zl (U™ (F))2. Say [d] € H (Gk/, U™(Z))) is a lift of [¢], which is defined by d € Z] ,(U*(Z),)).
Write d for the image of d in ZﬂD(U ad (Ep)). By changing d by a coboundary, we can assume d = ¢.
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Lemma 4.3.1 produces (c, f) € ZﬂD(U(Zp)) such that ¢ € ZiD(Uad(Zp))A. Now the theorem follows
from Lemma 4.1.5. O

Theorem 4.3.2 is saying that when U is a unipotent group of class 2 with one-dimensional center, there
exists a short exact sequence of pointed sets

H' (G, U(Z,)) — H'(Gk,U(F,)) = H*(Gk, U(Z,))

under technical assumptions.
Combining Theorems 4.3.2 and 3.3.1, we have very nice obstruction theory for lifting mod @
cohomology classes in the mildly regular case.

Theorem 4.3.3. Assume p #2 and Z(U)(Of) = Og. Letr : Gg — L(Og) be a fixed continuous group
homomorphism and equip U(Zp) with the G g-action G g —> L(Z,) — Aut(U(Zp)). Let K'/K be a
finite Galois extension of prime-to-p degree such that r|c ,, is Lyndon—-Demushkin and mildly regular.

There is a short exact sequence of pointed sets
H'(Gk,UZ,) = H' Gk, UFy) > HX(Gg, UZ,)),
where § has a factorization H (Gg, U(F,)) — H'(Gg, U¥(F,)) — H* (G, UM¥(Z))).

Proof. Write A for Gk /G . By the moreover part of Theorem 3.3.1, there are two cases to consider.

Case I: the cup product (4-2), H'(Gg, U(Z,))@Fx H (G g, U (Z,))®F — H*(G g, Z(U)(Z,))QF,
is nontrivial. This is a corollary of Theorem 4.3.2.

Case II: H*(Gg, Z(U)(F)) =0. The short exact sequence 0— Z(U)(Op)— Z(U)(Og)— Z(U)(F)—0
induces a long exact sequence H*(Gg, Z(U)(OF)) — H*(Gk, Z(U)(F)) — 0. By Nakayama’s lemma,
H*(Gk, Z(U)(OF)) =0, and thus H*(Gg, Z(U)(Z,)) = 0 by flat base change.

Let [(¢, f)] € H' (G, U(Fp)) be a cohomology class defined by (¢, f) € ZﬁD(U(ﬁp)).

Sets: H'(Gg, U(ED)) — H*(Gg, Uad(z,,)) to be the composite

HI(GK, U(U_:p)) [(c. Nl=[c]

HY(Gk, UMF,) — H*(Gg, UZ,)).

If §([(c, f_)]) = 0, then there exists a lift ¢ € ZﬁD(Uad(Zp)) of ¢. By replacing ¢ by the A-average
of ¢, we assume ¢ € ZﬂD(Uad(Zp))A. Since H%(Gg, Z(U)(Zp)) =0, [c Uc] = 0 and thus there exists
g € C},(Z(U)(Z,))™ such that cUc = —d?(g). Write g for the image of g in C},(Z(U)(F,)). We have
g§—feZ,(ZW)F,))2 Since H*(Gk, Z(U)(Z,)) = 0, there exists a lift h € Z} ,(Z(U)(Z,))* of
f —&. Itis clear that [(c, g + h)] € H'(Gk, U(Z))) is a lift of [(¢, f)]. O

Corollary 4.3.4. Assume p # 2 and Z(U)(Og) = Og. Letr : Gx — L(Og) be a continuous group
homomorphism.
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If there exists a finite Galois extension K' /K of prime-to-p degree such that r|g,, is Lyndon—Demushkin

and mildly regular, then there is a short exact sequence of pointed sets
H' Gk, U(Z,) > H'(Gk, U(Fy) > HA(Gx, U(Z,)

where 8 has a factorization H' (G, U(I]_:p)) —~> HY(Gg, Uad(l]_:p)) — H*(Gg, Uad(Z,,)).

Proof. This is an immediate consequence of Theorem 4.3.3. O

5. The machinery for lifting nonabelian cocycles

Let K/Q, be a p-adic field. Let E/Q, be the coefficient field with ring of integers Of, residue field
and uniformizer @ .

5.0.1. Emerton—Gee stacks. Let H be a connected reductive group over K which splits over a tame
extension Ky /K. Denote by “H the Langlands dual group H x Gal(Ky/H) where H is the split
connected reductive group over Z whose root datum is dual to that of H. The reduced Emerton—Gee
stack Xy req 18 @ reduced algebraic stack defined over [, (see [Lin 2023b, Theorem 1]).

Moreover, it is proved in many cases that Xx 1y oq 1S equidimensional of dimension [K : Q] dim H /Bg,
where B is a Borel of H (see [Lin 2023b]).

5.0.2. Potentially semistable lifting rings. Write L := “H for simplicity. Let 7 : Gx — L(F) be a
mod @ Langlands parameter, that is, a continuous group homomorphism such that the composite
Gx—"'H (Fp) — Gal(K gy /K) is the canonical quotient map. Let A be a Hodge type and let t be a inertial
Galois type (see [Lin 2023c] for the definitions). The potentially semistable deformation ring R;:\’T’O of r
of p-adic Hodge type A is constructed in [Bellovin and Gee 2019, Theorem 3.3.8]. It is an O-flat quotient
of the universal lifting ring, and is equidimensional of dimension (1 + dim H+[K:Q pldim H /Bg)
when A is a regular Hodge type.

5.1. A geometric argument of Emerton—Gee.

Definition 5.1.1. Let F be a coherent sheaf over a scheme X = Spec R. We say F is sufficiently generically
regular (SGR) if for each s > 1, the locus

X :={x € Spec R | dimk (x) ®g F > s}

has codimension > s 4 1 in Spec R.

Theorem 5.1.2. Let X = Spec R with R a complete reduced, Z ,-flat local ring that is equidimensional of
dimension (1 +dim L 4+ dim X}, 1eq). Let r'Y . G g — L(R) be a family of L-parameters on X. Assume
X[1/p]l # 3. Let F : L — GL(V) be an algebraic representation where V is a vector space scheme
over Opg.

Assume H*(G g, F(r"™)) is SGR over X and is supported on X®z,Fp. Givenany|[c]e H'(Gg, F(P),
there exists a Z,-point of X giving rise to a Galois representation r° : Gk — L(Z,), such that the
1-cocycle [c] admits a lift [c] € HY(Gg, F(r°)).
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Remark 5.1.3. Since H>(G g, —) (abelian coefficients) is the highest degree cohomology (H' (G g, —) =0
fori > 2), H*(G g, —) commutes with base change. Thus we may view H 2(Gg, F(r'™v)) as a coherent
sheaf over X.

The proof is almost identical to that of [Emerton and Gee 2023, Theorem 6.3.2].

We would like to explain the main ideas behind the proof, and why we need the sufficiently generically
regular condition.

We have a complex of finitely generated projective modules over R concentrated on degree [0, 2]

c' - ' 4 2

which computes the Galois cohomology H*(G g, F (r"V)). Let Z' :=ker(d) and B? :=Im(d). A mod &
cocycle [¢] is represented by an element ¢ in the kernel of C' /e — C?/w. We fix an arbitrary lift ¢ € C!
of ¢. We can do a formal blowup Spec R— Spec R, so that the pullback of B? on Spec Ra locally free
sheaf. To make the exposition short, we simply assume B? is locally free over Spec R, but we should not
think of Spec R as a local ring anymore, because after formal blow-up, there are more closed points in
the special fiber. Now we have a sequence of locally free sheaves of modules

c'=> B 2

The key here is we want to regard this as a sequence of vector bundles instead of sheaves of modules.
Write ¥ (F) for Spec(Sym FV), the vector bundle associated to the coherent sheaf F. So we have a
sequence of scheme morphisms

d

A
vich L (B2 — v (C?)

Sl

Spec R

The element ¢ of C' defines a section s : Spec R — ¥V (C 1) such that the section d o's : Spec R — ¥ (C 2)
intersects with the identity section ey (¢2) : Spec R — 7(C 2).

It turns out ¢ € ker(C! /oo — C?/w) admits a lift in Z', as long as the section f os intersects with the
identity section e g2y of ¥ (B?). The intersection (d o s) N ey (c?) should occur above a codimension 1
locus of Spec R. If the support of H> = C?/B? is small (that is, has big codimension), then the intersection
should happen at some point x € Spec R outside of the support of H2, and we are done.

We include a formal proof here, as suggested by a referee.

Proof. We follow the notation of [Emerton and Gee 2023, Theorem 6.3.2] closely. The Herr complex C*
(supported in degrees [0, 2]) computes H*(G g, F (r*™™vY). Since B2 equals to C? over the generic fiber U =
X[1/pl], by [Stacks, Tag 0815], there exists a U-admissible blowup r : X — X such that 7*B? is locally
free. Let C* be the pullback complex 7*(C*). The corresponding 2-coboundaries B% = 7*B? (since it is
the highest degree coboundary). Thus the 1-cocycles Z'is locally free and [CO— Z'isa good complex.


https://stacks.math.columbia.edu/tag/0815
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Lifting the class [c] to an element of k ® C I (where « is the residue field of R) and then to an element ¢
of C. ¢ can be thought of as a homomorphism R — C' whose image under the coboundary lies in m zx C2.
The composite b : R < C' — B2 pulls back to a section b : Oy — B2 By [Emerton and Gee 2023,
Lemma 6.2.7] and the SGR property, b has nonempty zero locus, which contain a point x lying over the
closed point x € X. The section ¢ pulls back to a section ¢ : Oy — C!, whose valued at the point x lies in
the fiber of Z'. In other words, the fiber of & at X defines a 1-cocycle in the complex « (X) ® [CO— Z'],
giving rise to a class e € H' k(X ® [EO — 21]) lifting the original class [c]. )

Since X is Z p-flat, there exists a morphism f:SpecZ p— X lifting ¥. The composite f : Spec Z » I,
X — X lifts the closed point x € X, and determines an L-parameter r° : Gx — L(Z p). Since H 2(5 °)
is the kernel of the homomorphism of locally free sheaves B% <> C? and is torsion, by [Emerton and
Gee 2023, Lemma 6.2.1] there is an effective Cartier divisor D contained in the special fiber of X with
the property that for any morphism to X that meets D properly, the higher derived pullbacks of H 2(6 °)
under this morphism vanish. Since f meets the special fiber of X properly and thus meets D properly,
L; f*H*(C*) =0 for i > 0. Thus

HY Gk, F(r°) = H'(f*C*) = f*H'(C") = H'(f*[C° — Z")).

(See the last two paragraphs of the proof [Emerton and Gee 2023, Theorem 6.3.2] for explanations).
Choose a class e € H!(f *CY > Z1)) lifting e, which corresponds to a 1-cocycle c¢ lifting e by the
identifications above. U

5.2. A nonabelian lifting theorem.

Theorem 5.2.1. Let U be a unipotent linear algebraic group of class 2 whose center is isomorphic
to G,. Write Z(U) for the center of U and U for U/Z(U). Fix an algebraic group homomorphism
¢ : L — Aut(U) with graded pieces ¢* : L — GL(U*) and ¢* : L — GL(Z(U)).
Fix a mod w representation v : Gx — L(F). Let [¢] € H (G, U(F)) be a characteristic-p cocycle.
Let Spec R be an irreducible component of a crystalline lifting ring of r. Assume

(1) H*(Gg, ™ (r"Y)) is SGR and is supported on the special fiber of Spec R;

2 p#2
(3) there exists a finite Galois extension K'/K of prime-to-p degree such that ¢ (v)|g,, is Lyndon—

Demushkin; and
(4) there exists a Z p-point of Spec R which is mildly regular when restricted to Gg'. (In particular,
Spec R[1/p] #0.)

Then there exists a 7 p-point of Spec R which gives rise to a Galois representation r° : Gg — L(Z »)
such that if we endow U(Z,,) with the G g-action Gx —> L(Zp) 2, Aut(U)(Z,,), the cocycle [c] has a
characteristic-0 lift [c] € H (Gg, U(Z,)).

Proof. Take F = ¢ in Theorem 5.1.2. The theorem follows from Corollary 4.3.4. Il
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We explain how the above theorem will be used. Let G be a connected reductive group over Of. Let
0 : Gg — G(F) be a mod @ representation. Assume p factors through a parabolic P C G, with Levi
decomposition P = L x U. Denote by ¢ : L — Aut(U) the conjugation action. We assume U is unipotent
of class 2, so U is an abelian group. Write 7 for the Levi factor of 5.

P(Fp)
-
Gx —— L(F,)

Then p defines a cohomology class [¢] € H' (G, ¢ (7)), and the theorem above can be used to lift [¢].

5.3. An unobstructed lifting theorem. The following result will be used in the proof of the main theorem.

Proposition 5.3.1. Let V be a unipotent linear algebraic group such that V(Z p) 1s equipped with a
continuous G g-action. Let [¢] € H' (G, V(I]_:p)) be a characteristic-p cocycle. Let Z (V') be the center
of V, and write V4 for V/Z (V). The quotient V.— V™ induces amap ad: H' (Gg, V) — H (G g, V).
Assume H*(Gg, Z(V)(F,)) = 0.

If ad([]) admits a lift in H' (Gg, V3(Z,)), then [¢] admits a lift in H (G, V(Z))).

Proof. By [Serre 2002, Proposition 43], since Z(V) is a central normal subgroup of V, there exists a long
exact sequence of pointed sets

H'(Gg, V(Z,) —% H' (G, V¥(Z,) — = HGg. Z(V)(Z,))

l | |

H'(Gk, V(F,)) —% HY(Gy, VA(F,)) —— HX(Gk. Z(V)(F,))

By Nakayama’s lemma, we have H*(Gk, Z(V)(Zp)) =0. In particular, there exists [¢'] € H'(Gg, V(Zp))
such that ad([¢]) = ad([¢']) mod @ . Write [¢'] for [¢'] mod w. Say [¢] = [¢'] + [f] for some [ f] €
HY(Gk, Z(V)(F,)) (recall that H'(Gg, V) isa H' (Gg, Z(V))-torsor). Since H (G, Z(V)(Z,)) =0,
there exists a lift [ ] of f The cocycle [c] := [¢'] + [ f] is a lift of [c]. Ol

6. Codimension estimates of loci cut out by H?>

Assume p > 3. Let K/Q),, be a finite extension. Let E/Q, be a finite extension with ring of integers Of,
uniformizer @, and residue field [F.

6.1. The Emerton—Gee stack. We follow the notation of [Emerton and Gee 2023]. For each d > 0,
Emerton and Gee [2023] constructed the moduli stack A; = Xk 4 of projective étale (¢, I'x )-modules of
rank d, which is a finite-type algebraic stack over F.

We prove a mild generalization of [Emerton and Gee 2023, Proposition 5.4.4(1)].
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Let T be a reduced finite-type Fp—scherne. Let f: T — (Xa,red)@p X (/’\,’d’red)@p be a morphism. There
is a morphism

n: (Xa,red)u?p X (Xd,red)u?p - (Xad,red)ﬁp

sending a pair of (¢, I')-modules M, N to their hom module Homy (M, N), by the moduli interpretation.
The morphism 7n(f) corresponds to a family py of rank ad Galois representations over 7. We assume
H?*(Gg, Pn(r)) 1s of constant rank for all 1 € T(Fp). By [Emerton and Gee 2023, Lemma 5.4.1], the
coherent sheaf H>(Gg, pr) is locally free of rank r as an Og-module.

By [Emerton and Gee 2023, Theorem 5.1.22], we can choose a complex of finite rank locally free

Og-modules
C) — C; — C3

computing H*(Gg, pr). Since H 2(Gk, pr)is a locally free sheaf, the truncated complex
Cg — ZlT

is again a complex of locally free Or-modules. The vector bundle ¥ (ZlT) = Spec(Sym(ZlT)V) associated
to the locally free sheaf Z} parametrizes all extensions

0— pyory >?—>F, >0, teT(F,)
of the trivial G g -representation R, by p,). There are two projection morphisms
Or1: (Xa,red)Fp X (Xd,red)ﬁp — (Xa,red)ﬁp and ()2: (Xa,red)ﬁp X (Xd,red)ﬁp — (Xd,red)ﬁp-

For each t € T([_Fp), f®1 € (Xyred) (H_:p) corresponds to a rank-a Galois representation o, and f(¢)2 €
(Xd,red)(Fp) corresponds to a rank-d Galois representation p;,. We have p, ;) = Homg, (01, 01,). So we
can also regard ¥ (Z;) is a scheme parametrizing all extensions

0— py, >?— pp,— 0, teT(F)
and we have a morphism sending extension classes to equivalence classes of G g-representations,
1
8- W(ZT) - (Xa+d,red)ﬁp-

Lemma 6.1.1. Let e denote the dimension of the scheme-theoretic image of T in (Xa,red)@p X (Xd,red)ﬁp.
Then the scheme-theoretic image of V. =¥ (ZlT) in (Xaer,red)R has dimension at most

e+r+adlK :Q,].

Proof. Without loss of generality, we assume T (and hence V) is irreducible. The proof is a routine
calculation using stacks. We follow the proof of [Emerton and Gee 2023, Proposition 5.4.4] closely.
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Letv e V(Fp). Write ¢ for the composite Spec ﬁp —5 V — T. Write f(t) for the composite f ot
Write g(v) for the composite g o v. Define

Troy:=T X SpecF,
fs(Xa,red)[Ep X (Xd.red)ﬁp S (@)
Vo) :=V X SpecF,,

g, (Xa.red)ﬁp X (Xcl,red)ﬁp ,8(v)

V(,)y()Z=V() X Spec[l_:.
f s s (Xa,red)[fpX(Xd,red)ﬁpvf(t) P

Note that Vi) gw) = Trw) X1 Vgw)-
By [Stacks, Tag 0DS4], it suffices to show, for v lying in some dense open subset of V,

dim V() gy = dim V — (e +r +ad[K : Q,]).

Let ps(;), denote the Galois representation corresponding to f(¢); : Spec [_Fp — (Xa,red)ﬁ. Let p ¢,
denote the Galois representation corresponding to f(¢), : Spec Fp — (Xd’red)ﬁp. Say Gy, :=Aut(pr(p),),
and G, := Aut(py(),). The morphism f (¢) factors through a monomorphism

[SpecF,/ Gyl x [SpecF,/ Gl = (Xarea)f, X (Xared)y,
which induces a monomorphism

(ISpecF,/G,,1 x [SpecF,/ Gy, 1) X Vew) = Vo)

(Xa,red)ﬁp X(-Xd,red)ﬁp

So it suffices to show
dim Vi) ey =dimV — (e+r +ad[K : Q,]) +dim G, +dim G,, (6-1)

for v lying in a dense open of V.
There exists an étale cover S of (T'f(1))rea such that the pullback family pg is a trivial family with fiber p;.
Let CJ — Z| denote the pullback family of C%. — Z}. to S. CJ — Z} is also the pullback family of
the fiber C? — Z/ to S. Write W for the affine scheme associated to H' (G, :570(;)] ® Pf@1),)- By the
isomorphism

H' Gk, 5}y, ® Pra) ZEXtG (Brays Pra,)
there is a morphism W — (Xa—i-d,red)[}?p- Denote by w the image of v in w. We have
S X7 Vey =8 X7V Xw Wy).
Let V' be the kernel of S x7 V — S XE, W, which is a trivial vector bundle over S. We have

dim Vf(,)’g(v) =dim § x T Vg(v)
=rank V' + dim S + dim Wi,y
=rank Zp —dim H'(G k. (), ® Pr(ry,) + dim S + dim W)


https://stacks.math.columbia.edu/tag/0DS4
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Note that dimV —dim T = rank Z 1T, and, by the local Euler characteristic,
HO(GK, ,5;(,)1 2 laf(t)z) - HI(GK» 15}/'(1‘)1 029 ,5f(t)2) +r= —ad[K . @p]-

We can replace T by a dense open of T where e =dim 7T —dim 7Ty = dim 7 — dim S. Combining all
these equalities, (6-1) becomes

dim Whw) = dim HO(GK, ,5}/([)1 ® ﬁf(,)z) +dim G, +dim G,
which follows from the fact that
HY(Gk. 5}y, ® Brun) % (G x Gr) C Aut(py,)

and dim W,y > dim Aut(p,,). O

We recall some terminology from [Emerton and Gee 2023]. Denote by ury : G,, — X the family
of unramified characters of Gg. Let T be a reduced finite-type F-scheme. Let T — X be a morphism,
corresponding to a family pr of G g-representations over 7. We can construct the family of unramified
twisting pr Xur, over T x G,,. pr is said to be twistable if whenever p, = py Qur, forz,1’ € T(I]_:p) and
ace E;, we have a = 1. pr is said to be essentially twistable if for each t € T(Fp), the set of a # 1 for
which p; = py ® ury, is finite.

We say pr is untwistable if p is not essentially twistable.

From now on, write X = (Xz,red)ﬁp for the moduli stack parametrizing (¢, I')-modules of rank 2.

Let ¥"™ be the universal family of (¢, I')-modules over X.

6.1.2. Remarks on the word use “locus”. Let (P) be a property that can be written as
(P) = (P1) — (P2)

where both (P1) and (P2) are closed conditions.

If X be a moduli stack of finite type over Fp, the locus of objects satisfying property (Pi) is by
definition the scheme-theoretic of a finite-type morphism Y — X such that all objects of X (ﬁp) satisfying
property (Pi) are in the image of Y(R), i=1,2.

The locus of objects satisfying property (P) is by definition the locus of objects satisfying (P1) — locus
of objects satisfying (P2).

6.2. Loci cut out by H*(G g, sym® [ det®). Write H for H> (G, sym>(F'"") /det(F*"")?). Let x € X' (F,)
with corresponding Galois representation ry : Gx — GLZ(I]_:[,).

We are interested in H2(G g, sym® / det?) because it is a composition factor of the unipotent radical of
the short root parabolic of the exceptional group G», regarded as a representation of the corresponding
Levi factor.

Lemma 6.2.1. Ifr, is irreducible, then

3 -
1y = dimg H2<GK, M) <2.

det(r, )2
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Proof. An irreducible mod @ representation is of the shape Indg’; x for some character x of the degree 2
2
unramified extension K, of K. A direct computation shows

sym’ (7)) = Ind(j°) @ Ind(x det 7).

Ind(x3) 5 Ind(x det7y)
H*( Gy, —2—= d H*(Gg, —2—*
( K detiz) ™ K et (7,2

have dimension at most 1. This is because the induction of a character can’t be a direct sum of two

Both

isomorphic characters (when p # 2), by Shapiro’s lemma and local Tate duality. g
Corollary 6.2.2. H? is SGR when restricted to the irreducible locus.

Proof. Up to unramified twist, there are only finitely many irreducible representations. By Lemma 6.2.1,
we have h)% < 2 when ry, is irreducible.

We first consider the sublocus where hi = 2. This sublocus consists of finitely many irreducible
G g -representations. Thus the sublocus in question is the scheme-theoretic union of the scheme-theoretic
images of finitely many morphisms Spec Fp — X corresponding to the finitely many irreducibles. The
automorphism group of such an irreducible representation is G, and the morphisms Spec Fp — X factor
through [Spec I]_:p/ G,,] = X. The sublocus has dimension at most —1.

Then we consider the locus where 42 < 1. This sublocus consists of the unramified twists of finitely
many irreducible G g-representations. Thus the sublocus in question is the scheme-theoretic union of the
scheme-theoretic images of finitely many morphisms G,, — [G,,/G,,] — X corresponding to the finitely
many irreducibles, and has dimension at most dim[G,, /G, ] = 0.

In either case, the dimension of the locus is at most [K : Q,] — hi. Ol

Lemma 6.2.3. Ifr, is a nontrivial extension of two characters, then

3 -
. sym” (ry)

h?:=dim H*( Gg, ——>5 | <1

oo ( . det(fxﬂ)‘

and when the equality holds, the quotient character of ry is a character whose third power is Fp(l).

Proof. This is where we make use of the assumption p > 3. Say ry ~ [i‘ ;2] We claim

c * *

XiX2 2X1x2¢

XX 3x¢
1

sym® (7)) ~

’

which has a unique G g-invariant quotient line. Let {e1, e} be a basis of the representation space of 7,
such that e is an invariant line. Then {e?, e%ez, eleg, eg} is a basis of the representation space of sym3 (ry).
By duality, we only need to show sym?>(7,) has a unique invariant line. Clearly {ef} defines an invariant
line. Assume there is another invariant line span(v). We quotient sym3 (rx) by span(e?). The quotient
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representation has a unique invariant line generated by the image of e12e2 (we postpone the explanation to
the next paragraph). So v € span(ef, e%ez). But then we must have v € span(e?), since [c] is a nontrivial
extension class.

The quotient representation sym?(7,)/ span(e?) has a G g-invariant line spanned by the image of e%ez.
Say span(u) is another invariant line of sym®(7,)/ span(e}). We have u € span(e?es, e1€3) = X132 ® F.
Thus u € span(e%ez) since ¢ is a nontrivial extension. Il

Corollary 6.2.4. H? is SGR when restricted to the locus where 7, is a nontrivial extension of two
characters.

Proof. Say 7, is the extension of 8 by &. By Lemma 6.2.3, we have 42 < 1 when 7, is a nontrivial extension
of characters. So the locus where r, is a nontrivial extension of characters consists of four subloci:

(i) h2 =1 and Ext*(8, a) = 0;

(i) h2 =1 and Ext?(8, &) #0;
(iii) 2 =0 and Ext*(8, a) = 0; and
(iv) h% =0 and Ext?(8, a) # 0.

LetT C (Xl,red)@p X (Xl,red)u?p be the locus of the pair («, 8), o, B € Xl,red(Fp); say dim7T = e, and
dim Ext? (B, @) =r. By Lemma 6.1.1, each sublocus has dimension at most

e+r+[K:Q,l

In sublocus (i), B has only finitely many choices once « is chosen, so e = —1, r = 0; in sublocus (ii),
both 8 and o have only finitely many choices, so e = —2, r = 1; in sublocus (iii), both 8 and «
can vary in a dense open of (Xl,red)[?p, SO e = 2dim(X1,red)@p =0, r = 0; in sublocus (iv), when «
is chosen, B has only finitely many choices, so e = —1, r = 1. We can verify that in each case
e+r+[K:Qp <dimX —h2=[K:Q,]—hi O

Lemma 6.2.5. Ifr, is a direct sum of distinct characters, then
126, YD) o
det(7,)?
Proof. Say ry ~ [)_“ )_(2]. We have

3 -
SYym (Fx) o _ _ o -l - =2
det(F)Z =X1Xo DXy DOX; DPxex; -

If x1 # X2, then the multiset {x; x, 2, Xy t X ' x n 25>} contains at most 2 isomorphic characters. [J

Corollary 6.2.6. H? is SGR when restricted to the locus where ry is a direct sum of distinct characters.

Proof. By Lemma 6.2.5, we have 72 <2 when ¥ = o @ f is a direct sum of distinct characters.



448 Zhongyipan Lin

In the sublocus where h)zc = 2, we must have +o = +8 = F(—1). The sublocus is the scheme-
theoretic union of the scheme-theoretic image of finitely many Spec ﬁp x Spec [l_:p — X and has dimension
0—-2=-2.

In the locus where h2 = 1, we have one of the following:

® a=K-=-D, G B=F-=D),
(i) a=p%(=1), (@(v) B=a*(—1).
In each of these cases, the locus has dimension dim G,, — dim Aut(r,) =1 —2 = —1.

In the locus where 42 = 0, both o and g lives in an untwistable family, and the locus has dimension
2dimG,, —dim Aut(ry,) =2 -2 =0. O

Lemma 6.2.7. Ifr, is a direct sum of isomorphic characters, then

3 -
w2 (G YN g
det(r )2 ) —

Proof. This is trivial because the underlying Fp-vector space is four-dimensional. (|
Corollary 6.2.8. H? is SGR when restricted to the locus where 7, is a direct sum of isomorphic characters.
Proof. The automorphism group is four-dimensional. So the locus in the moduli stack has dimension
dim G,, —dim Aut(ry) =1 -4 = —3. O
Theorem 6.2.9. The locus of ry in X for which
H2<GK’ sym3_<fx)> =,
det(ry)?
is of dimension at most [K : Qp] —r.
Proof. This theorem follows immediately from Lemmas 6.2.1, 6.2.3, 6.2.5, 6.2.7, and their corollaries. [

Fix a mod @ representation r : Gk — GL,(F). Let A be a Hodge type. Let R be an irreducible
component of the crystalline lifting ring R;ryS’A’OE . Assume Spec R[1/p] # @. Let r"™V be the universal
family of Galois representations on R.

Since H?(G g, sym>(r*™") /det(r""")?) is a coherent sheaf, by the semicontinuity theorem, the locus
X :={x € SpecR | dimk(x) g H 2>gs}is locally closed, and has a reduced induced scheme structure.

Theorem 6.2.10. Let R be an irreducible component of the crystalline lifting ring of regular labeled
Hodge-Tate weights. If H*(G g, sym> (r*") /det(r""V)?) is @ -torsion, the locus

3 (,.univ
. 2 sym” (r*™V)
{X € SpCCR | dlmK()C) Qr H (GK, W) > S}
has codimension > s + 1 in Spec R for s > 1.

Proof. The proof is identical to that of [Emerton and Gee 2023, Theorem 6.1.1] if we use Theorem 6.2.9
instead of [Emerton and Gee 2023, Theorem 5.5.12]. O
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7. The existence of crystalline lifts for the exceptional group G,

7.1. Parabolics of G,. Let G, be the Chevalley group over Of of type G,.
Let E/Q, be a finite extension with ring of integers Of, residue field [ and uniformizer o .
We remind the reader of the root system of G:

L 2p+3a

p Pt B+2a B+3a

5m/6 N
4

A

~

7.1.1. The short root parabolic. Let P C G be the short root parabolic, which admits a Levi decomposi-
tion P = L x U. The Levi factor L is a copy of GL, and the unipotent radical U is a unipotent group of
class 2. Write U for U/ Z(U).

Fix an isomorphism std : L = GL,. We have

e Z(U) = G,; and
. Uad o~ 6@4
has
Write Lie U = Z(U) @ U*. The Levi factor acts on U by conjugation. We have an isomorphism of

L. U N— — y td e ;'1

where det : L — G, is the determinant character, and std : L =, GL; is the fixed isomorphism. The
above short exact sequence can be upgraded to a short exact sequence of groups with L-actions
0— é - U — é sym3(std) — 0.

For lack of reference, we explain how to get (7-1). By inspecting the root system for G, we find
that the roots whose root group is contained in U lie in a single line. Therefore U is an irreducible
L-module, and is thus isomorphic to sym?(std) up to an algebraic character; then computation shows the
character is 1/ det? (also see the SageMath code on my homepage).

7.1.2. The long root parabolic. Let Q C G, be the long root parabolic, which admits a Levi decomposition

Q =L'xV where L' =GL; and V is a unipotent group of class 3. Fix an isomorphism std : L' —> GL,.

Write det for the composition L’ sd, GL, det, GL,.


https://sharkoko.space/
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Write U’ for V/Z (V). Then U’ is a unipotent group of class 2 whose center is isomorphic to G,. The
conjugation action of L’ on U’ is given by U’/ Z(U’) = std, and Z(U’) = det, as L’-modules.

Theorem 7.1.3. Assume p > 3. Let K /Q,, be a p-adic field. Let p : Gx — Gz(Fp) be a mod w Galois
representation. Then p admits a crystalline lift p° : Gg — Gz(zp) of p.

Moreover, if p factors through a maximal parabolic and the Levi factor r :=r; of p admits a Hodge—Tate
regular and crystalline lift r| such that the adjoint representation ¢™°(r\) has Hodge—Tate weights slightly
less than 0, then p° can be chosen such that it factors through the same maximal parabolic and its Levi

factor rpe lies on the same irreducible component of the spectrum of the crystalline lifting ring that r does.

Proof. If p is irreducible, then p admits a crystalline lift by [Lin 2022].

The exceptional group G, has two maximal parabolic subgroups: the short root parabolic, and the long
root parabolic.

If p is reducible, then it factors through either parabolic subgroups.

7.1.4. The short root parabolic case. Let P C G, be the short root parabolic. Recall that P has a Levi
decomposition P = L x U. Fix an isomorphism L = GL;.

By Lemma 3.3.2, there exists a finite Galois extension K'/K, of prime-to-p degree such that 7| is
Lyndon-Demushkin.

Write Z(U) for center of U, and write U for U /Z(U). Write ¢ : L — Aut(U) for the conjugation
action, with graded pieces ¢ : L — GL(U?) and ¢° : L — GL(Z(U)). Write ¢ for ¢ @ ¢~.

Lemma 7.1.5. Assume p > 2. There exists a Hodge—Tate regular crystalline lifting r° : Gg — L(Zp) of
the Levi factor r, such that the adjoint representation oY) Gy —— L(Z ») — GL(Lie U Z »)) has
labeled Hodge—Tate weights slightly less than Q.

Proof. 1t is well known Hodge-Tate regular crystalline lifts of 7 exists since L = GL,. We have

¢Lie(r0) —

1 3
sym”(r°) @
det ro? Y

So by replacing r° by a Tate twist, we can ensure ¢°(r°) has labeled Hodge—Tate weights slightly less
than 0. U

detro’

Let Spec R be an irreducible component (with nonempty generic fiber) of a crystalline lifting ring R;rys"\
of regular labeled Hodge—Tate weights A such that the labeled Hodge—Tate weights ¢™¢(1) are slightly
less than 0. By the lemma above, such a Spec R exists.

Let r™V : Gx — L(R) be the universal Galois representation.

The mod @ Galois representation r defines a Galois action ¢ (7) : Gg — Aut(U (B)) on U (Fp). By
Section 4.1.3, the datum of p : Gy — GZ(F,,) is encoded in a nonabelian cocycle [c] € H'(Gkg, U([_Fp)).

The strategy for lifting p is as follows. We choose a suitable Z p-point x of Spec R which defines a lift
rv:Gg — L(Z,) of 7, and endow U (Z,,) with the Galois action ¢ (r,) : Gx —> L(Z,) — Aut(U(Z),)).
There is a map of pointed set H!(Gg, U(Zp)) — H'(Gg, U([l_:p)). If the cohomology class [¢] admits a
lift [c] € H' (G, U(Zp)), then p admits a lift p : Gg — GZ(Z,,) whose datum is encoded in [c¢]. Such
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a lift p is crystalline by the main result of [Lin 2019], since ¢"°(r°) has labeled Hodge—Tate weights
slightly less than 0.
By Theorem 5.2.1, to lift the nonabelian 1-cocycle [c], it suffices to verify the following:

(1) H*(Gg,sym3(@r'iv)/ det?(r""")) is SGR and supported on the special fiber of Spec R.

2 p#2

(3) There exists a finite Galois extension K'/K of prime-to-p degree such that ¢ (7)|g,, is Lyndon—
Demushkin.

(4) There exists a Z p-point of Spec R which is mildly regular when restricted to Gg-.

Item (1) is verified by Theorem 6.2.10. Note that since the Hodge type of Spec R is chosen so that
sym3 (ry)/ det(r,)? has labeled Hodge—Tate weights slightly less than 0, H 2(Gg, sym3 (ry)/ det(ry)?) is
torsion for any characteristic-0 point x of Spec R. Item (3) follows from Lemma 3.3.2, and (4) follows
from Proposition 3.0.5.

7.1.6. The long root parabolic case. Let Q C G be the long root parabolic. Q has a Levi decomposition
Q = L' x V. Fix an isomorphism std : L’ =, GL,. Write det for the composition L’ sy GL, et GL;.

Let {1} = Vy C V| C V, C V3 =V be the upper central series of V. Then the conjugation action of L’

on each graded piece is given by

° V3/V2 = det® Std,
o Vp/ V) Edet;
o Vi =std.

Suppose p factors through the long root parabolic Q, but not the short root parabolic P. Then the
Levi factor . _ _
7Gx 2> QF,) — L'(F))
is necessarily an irreducible representation. If we endow each graded piece of V([l_:p) with the Galois
action Gx —> L(Z,) — GL(V;41(F,)/ Vi(F,)), then we have, by local Tate duality,

H*(Gk, V3(F,)/ Va(F,)) = H*(Gg, F @ det7) =0,
H*(Gg, Vi(Fp) = H*(Gg,7) =0.

So the only cohomological obstruction occurs in the second graded piece.

The datum of /5 is encoded in a nonabelian cocycle [¢] € H! (G, V(Fp)). Just as is done in the short
root parabolic case, it suffices to lift the cocycle [¢]. By Proposition 5.3.1, since the only cohomological
obstruction lies in the second graded piece, it suffices to lift ad([c]) € H WGk, (V) Vl)(ﬁp)).

Write U’ for V/V;. Recall that U’ is a unipotent group of class 2 with rank-1 center, and we can
directly appeal to Theorem 5.2.1. We repeat the procedure worked out in the short root case 7.1.4.

Let r° be a lift of 7 such that r° is Hodge-Tate regular and crystalline and the Hodge—Tate weights
of r° are strictly less than 0.
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Let Spec R be the irreducible component of the crystalline lifting ring of r containing r°. Write
rUY . G g — GL,(R) for the universal family.

Write Z(U’) for the center of U’, and write U ® for U’/Z(U"). Write ¢*® for the conjugate action
L' — Aut(U'?) and write ¢* for the conjugate action L' — Aut(Z(U")).

Note that ¢ad(runiV) — runiv and ¢z (runiV) = det runiv‘

We have the following checklist:
(1) H*(Gg, det(r""™)r"™) is SGR.

@ p#2.
(3) There exists a finite Galois extension K'/K of prime-to-p degree such that ¢ ()|, is Lyndon—
Demushkin.

(4) There exists a Z p-point of Spec R which is mildly regular when restricted to Gg-.

By the assumption H 2(Gg, det(r*™vyrunivy = 0. (3) follows from Lemma 3.3.2, and (4) follows from
Proposition 3.0.5. U

Appendix A: Nondegeneracy of mod w cup product for G,

Let F be a finite field of characteristic p > 3. Write G, for the Chevalley group over F of type G».

Let P be the short root parabolic of G,. Let P = L x U be the Levi decomposition. Let 7 : Gx — L(F)
be a Galois representation which is Lyndon-Demushkin. Since L = GL,, r is the extension of two
trivial characters. Denote by ¢ : L — Aut(U) the conjugation action. Gk acts on U via the conjugate
action Gg LN L2, Aut(U).

We set up a computational framework to prove various claims. Let {xo, ..., x,, x,+1} be the Demushkin
generators.

Let {e1, e} be a basis of the representation space of r such that r° is upper-triangular with respect to
this basis. Without loss of generality, assume e; = [(1)], e = [?] Say fori =0,...,n+1, r(x;) = [1 ll']

The set {e?, 6%62, el e%, eg} is a basis of the representation space sym3 (7), which is identified with U24(F).

The root system of G, can be found in Section 7.1. In the diagram, « is the short root, and g is the
short root. Each root x generates a root group U, C U. The short root parabolic P has seven root groups:
the five root groups

{Ug, Upta> Upt2a, Up13ar Uzgy3al

lying above the x-axis generates the unipotent radical U, the two root groups {U,, U_,} lying on the
x-axis are the root groups of the Levi factor group L. Say under the identification std : L = GL,, the
matrices [8 3] are identified with the root group U,. Now we have identifications

span e? ~Ug, span e%ez ~Ugta, span eleg ~Ugtoo, Span eg ~ Upgt3a-
For ease of notation, write Eq := e?, E| = e%ez, E, = eleg, E;:= e%. A basis of

Clp(U™(OF)) = {(x0, - - -, Xnt1) = Up(OF) ® Up o (O) @ U120 (OF) ® Up 434(Or)}
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is given by
xyEo, x{Eo, ..., x:HEo,
B xoE1, x{Ey, ..., x:HEl,
xgE2, X{E2, ..., x5 Ea, ’
XE;E3, x{E3, ..., x:_HEg
where xE; is the cochain ¢ : (xg, ..., x,41) such that c(x;) = §;x E;, where §;; is the Kronecker delta.

For any c € CﬁD(U ad) "we can write down the %-coordinates [c]z = (¢y)pez Of C.
Lemma A.0.1. The cup products on cochains

U : Clp(U™(F) x Clp (U (F)) — CEp(Z(U)(F))

is nondegenerate.

Ideas. We compute the cup products v U w for v, w € . The matrix [Ur] 5 is anti-lower-triangular, (that
is, of the shape

* OO O
* % OO

* ¥ ¥ O
* ¥ ¥ ¥

whose antidiagonal blocks are constant invertible matrices), and thus nondegenerate.
To help the reader better understand what’s going on, we attached SageMath code in Appendix B.

Proof. Recall the relator of the Lyndon—-Demushkin group is

R = xg (XO, xl)(x27 x3) e (xm xn+l)‘

Since we are working mod @, we have for any p > 5, any g € Gk, ¢(r(g))? = id mod @w (See
Appendix B for the verification). In particular, the relator R reduces to

(x0, X1) « .. (Xn, Xn41)
when we compute mod @w. (When p =5, things are still good, and can be confirmed by running the
SageMath code in Appendix B.)
We regard cochains in CﬁD(U ad(F)) as a (U (F))-valued function on the free group with generators

{X(), ey xn+1},
Now we let ¢ be the “universal” mod @ 1-cochain. That is, we let

A0,00 A1,05 -+-s Ant1,05
A0 Ts ALl oees Antllls
A02, A2y oees Angl2,
A03s A3y oees Ant13

be indeterminants, and set
c:=Y hijx Ej € Clp(U(F) @ Z[hi 1.
The cup product
cUc=Q(c) € Clp(ZW)(F) ® Z[hi j1= Z(U)(F) @ Z[; ;1 = F[A; 5]
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will be a quadratic form in variables {A; ;}, and the matrix of this quadratic form is nothing but the
matrix [Up]g. Recall that c Uc = Q(c) is defined to be the projection of ¢(R) onto the center of the Lie
algebra Lie U, where ¢ € CﬁD(U (F)) is the unique extension of ¢ to a U ([F)-valued cochain as is explained
in Section 2.

Write [UF]# as a block matrix
B Bta pt2e p+3a
B My | My | M3 | My
B+ | Moy | Moy | Moy | Moy
B+20 | M3y | Mzp | M33 | M3y
B+3a \ My | Map | Ms3z | Muy

[Urlz =

where each M;; is an (n +2) x (n + 2) matrix. We say the blocks M4, M33, M34, M4s, M43, Myy are
strictly below the antidiagonal, and we call M4y, M3, M»3 and M4 the antidiagonal blocks:

B Bta pH2a B3 B Bta  B+2a B+3a
B B My
B+a 1zen B+a M3
B+2a M3z | M3y B+2a M3,
B+3a My | My3 | My B3 \ My
strictly below antidiagonal antidiagonal blocks

Sublemma. Let g =g1g5...8. Write ¢; for p(r(g1,...,8gi—1)). We have
&g) =) ¢ic(g)+5 Y [4ié(g). d;(g))].
i<j
Proof. This is an immediate consequence of the Baker—Campbell-Hausdorff formula. O
Note that ¢ (¥ ((x;, x;))) =1id, so
¢(R) = &(x (x0, x1) (X2, X3) - -+ (Xn, Xp41))
= Z c((eak, xX2441)) + % 2[5((3%', x2j+1))s C((x2x, X2k41))]-

j<k
We have

E((raks X2u41)) = — (x5 (@ (ranr1) — Do) + ¢ (e x5 ) (@ (xan) — DEaurt) + Zi = Yi + Zi,

where Z is a sum of Lie brackets (see below), and lies in the center of the Lie U. Note that [Y;, Y]
only contributes to the part of [Ur]4 which lies strictly below the antidiagonal, because (¢ (xp;) — 1) and
(¢ (x2k+1) — 1) moved the appearance of the indeterminant A; ; from the root group Up j4 to the root

group U/3+(j+1)a.
So it remains to analyze ) Z;. We have

27k = [—¢ (x5 )E(xak), = (x5 X3 ECeas )1 = (e DEGran), +6b (x5 x5, DE(xae)]
= (x5 e (2, +6b (o 3 02008 (i )14+ [— (03 i DEGrarn), 6 (x5 x5, DE (2]
F[— Cryg x5 DE2ss 1)+ (x5 X3 1 %20 E (X2 1)]

o (x5 x5 DECear), 46 (e x5 X2 (e 1)]
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Write

2Z; = [—C(xak), —C(xak1)]+ [—C(x2k), E(xar)] + [—C(x2k), E(xap41)] 4+ [—E(x2k41), E(x2k0)]
+ [—c(x2k41), ook )]+ [€(x2k), €(x2k41)].

Z, is obtained by replacing all Galois action in Z; by the trivial action. Z; — Z; only contributes to the
part of [Ur] with lies strictly below the antidiagonal for a similar reason (a “shifting” effect). It is easy
to see that

Zp = [E(x2k), E(x2k1)] = Ehok 0rak+1,3 £ Adk1,0A2%,3 & 3hok, 1 A2k+1,2 £ 3A2k41,222, 1.

As a consequence of these computations, we see that each of the antidiagonal blocks of [U]4 are
constant matrices:

i [1/2 _1/2] )
[,
My =My = 12 ,
B [1/2 71/2] a
i [3/2 _3/2] ]
(3, "]
M3 =My = 2
i L1721
So [UF]# 1s an invertible matrix. O

The long root parabolic case is much simpler.

Appendix B: Sagemath code

Proposition B.0.1. Let V C B be the unipotent radical of the Borel of G». Let g € V(Z p)- If p>3,
then g =1id mod w.

Proof. Let P D B be the short root parabolic. Let P = L x U be the Levi decomposition. Let 7 : P — L
be the quotient. Say 7 (g) = [(1) i] Fix a projection P — U. Also fix a projection U — Z(U). Say the
projection of g onto U/Z(U) =A*via P - U — U/Z(U) is (ug, u1, u2, u3). Say the projection of g
onto Z(U) ZA! via P - U — Z(U) is ua.

For simplicity, we write g = (/; uo, u1, Uz, us; us). We have, for any integer ¢,

gh= (ql; quo, —%q(q — Duol +qu, —%q(q —1)(2g — Duol® +q(q — Durl + qua,
— 14%(q — D*uol® + 3q(q — 1)Q2q — Durl* + 3q(q — Dual +qus, qua;
350 — D9 + DG = 23l = 5(q = Da(g + Dt +uoul ).
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This can be computed by hand, and can be verified by a computer algebra system. The proposition follows
from the above computation immediately. g

The SageMath source code for computing is on the website sharkoko.space.
If we compute cup_product_mod_p(5,4,4) in SageMath notebook, we’ll get an anti-lower-triangular
matrix in the sense of Lemma A.0.1.
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Fermat's last theorem over Q(+/2, +/3)

Maleeha Khawaja and Frazer Jarvis

Dedicated to Iffat (Zaman) Khawaja
January 1936 — January 2022

In this paper, we begin the study of the Fermat equation x" + y" = 7" over real biquadratic fields. In
particular, we prove that there are no nontrivial solutions to the Fermat equation over Q2,v/3) forn=>4.

1. Introduction

Since the groundbreaking work of Wiles [1995] on the resolution of the Fermat equation over Q, the
Fermat equation has been studied extensively over various number fields. Let K be a number field and let
n > 3 be an integer. The Fermat equation over K with exponent 7 is the equation

n

x"+y"'=7", x,y,zekK. (1)

We say a solution (a, b, ¢) to (1) over K is trivial if abc = 0 and nontrivial otherwise.

Wiles’” method of resolving (1) over @ became known as the modular approach. Thereafter, Jarvis
and Meekin [2004] extended this method to prove that there are no nontrivial solutions to (1) over
@(«/5) for n > 4. This was followed by work of Freitas and Siksek [2015a; 2015b] who established a
framework on how to resolve (1) (and more general Diophantine equations) over totally real number fields.
Furthermore, Freitas and Siksek [2015b] proved that there are no nontrivial solutions to (1) over @(\/3)
for n > 4, where 3 <d <23, d #5, 17 is a squarefree integer. When approaching real quadratic fields
with a larger discriminant, they encountered the obstacle of demonstrating the irreducibility of certain
Galois representations and eliminating the number of Hilbert newforms that arose as a result of level
lowering. Michaud-Jacobs [2022] worked around these obstacles by studying quadratic points on certain
modular curves and working directly with Hecke operators. He proved, for most squarefree d in the range
26 < d < 97, that there are no nontrivial solutions to (1) over Q(+/d) for n > 4. Kraus [2019] provided a
partial resolution of (1) over various totally real number fields of degrees < 8. By a partial resolution we
mean for all prime exponents n = p > Bk, where Bk is a constant depending only on K. For example
if K is a real cubic field with discriminant 148, 404 or 564, or if K is the cyclic quartic field Q(¢16)™
then By = 5. It is a natural problem then to study (1) over real biquadratic fields. Freitas and Siksek
[2015a] initiated the study of looking at (1) “asymptotically”. As in [Freitas and Siksek 2015a], we say the
MSC2020: 11D41, 14G05, 14H52.
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asymptotic Fermat’s last theorem holds over K if there is a constant Bx such that there are no nontrivial
solutions to (1) over K for primes p > Bg. Freitas, Kraus and Siksek [Freitas et al. 2020] studied the
solutions to certain S-unit equations to prove that the asymptotic Fermat’s last theorem holds for several
infinite families of number fields —including some real biquadratic fields. In this paper, we will prove
the following result and discuss some obstacles that arise over more general real biquadratic fields.

Theorem 1.1. Let K = @(ﬁ, \/3). There are no nontrivial solutions to (1) over K forn > 4.

We give a brief outline of the paper. In Section 2, we apply and give a brief overview of the modular
approach found in [Freitas and Siksek 2015a; 2015b]. In Section 3, we determine the conductor of
the Frey curve using techniques outlined in [Freitas and Siksek 2015b], as well as Tate’s algorithm
[Silverman 1994, pp. 364-368]. In Section 4, we prove that pf , is irreducible for p > 13. For p =13
and 17, we prove this by studying the explicit modular parametrisation. For p > 19, we use work of
Derickx, Kamienny, Stein and Stoll [Derickx et al. 2023] and David [2011] to get a contradiction if pg,
is reducible. In Section 6, we rule out solutions for certain small integer exponents. To treat n = 9 and
n =6, we study the hyperelliptic curves obtained from the Fermat curve of degree n. We also extend work
of Mordell [1968] to determine all quartic points on the Fermat quartic lying in a quadratic extension
of @(+/2). In Section 7, we give a brief overview of some obstacles that arise when extending our method
to more general real biquadratic fields. All supporting computations were performed in Magma; the
scripts are available within the GitHub repository https://github.com/MaleehaKhawaja/Fermat.

2. The modular approach

Let K be a totally real field (until otherwise specified) and let Ok denote its ring of integers. Let p > 5
be a prime. Suppose (a, b, c) is a nontrivial solution to (1) over K with exponent p. The traditional Frey

curve associated to (a, b, ¢) is given by
2 =x(x —aP)(x +bP).
Our Frey curve will be a quadratic twist of this elliptic curve by a well-chosen unit ¢ € O% . We write
E=E pce y? =x(x —eaP)(x +ebP). 2

The reason for allowing twists by units is to reduce the number of possibilities for the conductor of the
Frey curve. Write AV, for the conductor of the Frey curve E above. We denote by pg , the mod p Galois
representation associated to E.

The following theorem of Freitas and Siksek is formulated from the combination of the works of
Fujiwara [2006], Jarvis [1999a; 1999b], and Rajaei [2001].

Theorem 2.1 [Freitas and Siksek 2015a, Theorem 7]. Let K be a totally real field. Let p > 5 be a prime.
Suppose Q(¢p)" € K. Let E be an elliptic curve over K with conductor N'. Suppose E is modular and
PE,p is irreducible. Denote by Aq the discriminant for a local minimal model of E at a prime ideal q
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of K. Let
M, = 1_[ g, Npi=—.
qllN, plvg(Aq)

Suppose the following conditions are satisfied for all prime ideals q | p:
(1) E is semistable at q.

(i) p|vg(Ay).

(iii) The ramification index satisfies e(q/p) < p — 1.

Then, pg,p ~ Py, » Where | is a Hilbert eigenform of parallel weight 2 that is new at level N\, and @ is a
prime ideal of Qj that lies above p.

We apply Theorem 2.1 to the Frey curve (2) in order to contradict the existence of the putative solution
(a, b, c).

Several advances have been made in the direction of establishing the modularity of elliptic curves over
totally real number fields. For example, the modularity of elliptic curves over real quadratic fields [Freitas
et al. 2015] and totally real cubic fields [Derickx et al. 2020] has been established. Moreover, thanks to
the following result of Box, we now know elliptic curves over most totally real quartic fields are modular.

Theorem 2.2 [Box 2022, Theorem 1.1]. Let K be a totally real quartic field not containing /5. Every
elliptic curve over K is modular.

We turn to the question of how to show that conditions (i) and (ii) of Theorem 2.1 are satisfied.
Let H =CI(K)/CI(K )2, where CI(K) denotes the class group of K. We can assume, without loss of
generality, that any nontrivial solution (a, b, ¢) to (1) is integral. By Lemma 3.3 of [Freitas and Siksek
2015b], a, b, c are coprime away from a small set of primes, i.e., gcd(a, b, c) =m- 72 for some m € H
and odd prime ideal T = m. The following result addresses conditions (i) and (ii) above.

Lemma 2.3 [Freitas and Siksek 2015b, Lemma 3.3]. Let K be a totally real field. Let S denote the set of
primes of K above 2. Let q be a prime ideal of K such that q ¢ SU{m}. Then E is semistable at q and

Pl Uq(Aq)-
We remark that our Frey curve is a quadratic twist of the usual Frey curve by a unit and thus the set of
primes dividing the conductor remains unchanged away from 2.

The Jacobian of the Fermat curve of degree 5, 7 or 11 has finitely many rational points. Since the
divisor obtained from the formal sum of a point and its Galois conjugates gives a rational divisor, this
allows the study of points on these Fermat curves over fields of low degree. Klassen and Tzermias [1997]
have classified all points on the Fermat quintic defined over number fields of degree at most 6. Building
on this work, Kraus [2018] has provided an algebraic description of the quartic points on the Fermat
quintic. Tzermias [1998] has determined all points on the Fermat septic defined over number fields of
degree at most 5. Gross and Rohrlich [1978] have determined all points on (1) with exponent p = 11
over fields of degree at most 5. We can thus suppose that n =4, 6,9, or n = p > 13 is a prime.
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Throughout, unless otherwise specified, let K = Q(v/2, v/3) and let Ok denote its ring of integers. Let
p > 13 be a prime. Suppose there is a nontrivial solution (a, b, ¢) to (1) over K with exponent p. Let E
be the Frey curve (2) associated to this solution. By Theorem 2.2, E is modular. We note that K has
class number 1 and thus m =1 Og. Suppose q | p is a prime ideal of K. By Lemma 2.3, assumptions (i)
and (ii) of Theorem 2.1 are satisfied for g. In particular, E is semistable away from 2. Thus, in order to
prove Theorem 1.1, it remains to

(1) determine the reduction type of E at 3, where *J3 is the unique prime above 2,
(2) prove that pg, ) is irreducible for p > 13,
(3) eliminate the Hilbert newforms arising as a result of level lowering (Theorem 2.1),

(4) rule out solutions to (1) for n =4, 6 and 9.

3. Computing the lowered level
Write A, for the conductor of the Frey curve E above. We note that 20k = B* and Ok /8 = F». Thus B
divides exactly one of a, b, c, since gcd(a, b, c) = 1. Without loss of generality, we suppose *J3 | b.

Lemma 3.1. Suppose that either p > 17, or p = 13 and ordsz(b) > 2. There is some ¢ € Oy such that
one of the following holds:
(i) Either E has multiplicative reduction at 33, or

(i) E has additive potentially multiplicative reduction at*B and ordp(N;) = 4.

Proof. Write c4, c¢, A and j for the usual invariants attached to the model (2). A straightforward

computation shows that
cy =816 (c*? —a’h?), A=¢e%-16-(abc)*, j=ci/A.
We recall that *B | b. Write ¢ = ordyz(b). Then,
ordyp(j) = 3ordyp(cs) — ordyp(A) =32 —2pt. 3)

Under the assumptions of the lemma, we have ordy(j) < 0; thus we have potentially multiplicative
reduction at *J3 (irrespective of the choice of ¢).
The rest of the lemma is a consequence of [Freitas and Siksek 2015b, Lemma 4.4]. We give some of
the details. Let
b = p2orda@+1 9.
Consider the natural map
P : Ok — (Og/b)*/((Ok /0)*)*.

By an explicit computation in Magma, we find that the image of ® has index 2 in the codomain, and
that Ay = 1 and A, = —1 4 2 are elements of Ok which represent the cokernel, where y = V2 + /3.
Let n; = ordp(A(L;/K)), where L; = K (4/A;) and A(L;/K) is the relative discriminant ideal for the
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extension L; /K. We find that n; = 0 and n, = 2. By the aforementioned lemma, there is a unit € € O}
such that ordy (V) = 1 or 4. O

In Lemma 3.1, we determined the conductor of the Frey curve E for all primes p > 17 and a suitable
choice of ¢ € O%. In particular, we prove that E either has multiplicative reduction or additive potentially
multiplicative reduction at *B. This proof fails for p = 13 in the case that ordy(b) = 1, and we treat this
case separately in the rest of the section.

Lemma 3.2. Suppose p =13 and ord(b) = 1. Then there is a unit ¢ € Oy and a € Ok such that
PO | (b3 — ea' — a?),
where P ta.
Proof. Let
6:0% - U/U?,

where U = (Ok /B%)*. We checked that 6 is surjective using a straightforward computation in Magma.
Let B =5b'3—a'3. Note that B{ B. As 6 is surjective, there is some y € OF% such that 6(y) = BU?. Thus
B = ya? (mod P°) for some . € Ox \P. Lete =y~ e O%. Then ef = a? (mod 3%), which proves
the lemma. O

Let ¢ € Ok be as in Lemma 3.2. We begin by working with the Frey curve
E13,g:yzzx(x—8a13)(x+8bl3). 4)
We recall that, by Lemma 2.3, E3 . is semistable away from 3. Thus, in order to determine the conductor
of E13, it remains to determine the reduction type of E;3 . at 3.

Lemma 3.3. Suppose ordy(b) = 1. The Frey curve E13 ¢ has additive potentially good reduction at °B.
Moreover, ordy(N) = 5, where N is the conductor of E3.

Proof. Let o € Ok be as in Lemma 3.2. Recall that K has class number 1, and therefore every ideal is
principal. Let = be a generator for 3. For example, we can take

=9 -9
- " ,

where 1 = /2 + +/3. We make the substitutions

xr—>n6x, yr—)an(’x—l—ngy.
This yields the model
, 2« 3 (b3 —gal® —a?) 2 e2q13p13
W:y +;xy:x+ pur; X< — 0 X,

which is integral by Lemma 3.2 and has discriminant

A(Eze)  16£%a%6b?0c%6
736 736 :

AW) =
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Note that ordgz (A(W)) = 6. Thus W is minimal at *B. We use Tate’s algorithm [Silverman 1994, pp. 364—

368] to compute the valuation of the conductor for W. Let a1, ..., a¢ be the usual a-invariants for W
given in the above model, and let b,, ..., bg be the corresponding b-invariants
4o2 262413p13 e4426p26
h=—¢, bi=—"—p—, be=0, bg=——p—.
T T T

In particular, 3 | a3, a4, by and B2 | ag, and ordy(bg) = 2. Thus, by Step 4 of Tate’s algorithm, the
reduction type for W at ‘3 is III, and the valuation of the conductor at 3 is

ordyy(N) = ordg (A(W)) — 1 =5. O

4. Proving irreducibility of o ,

We prove that pf , is irreducible for p > 13. In particular, we show that a possible consequence of pg
being reducible is that E has a K-rational point of order p. In this instance, by [Derickx et al. 2023,
Theorem 1.2], we obtain a contradiction if p > 19. We thus treat the primes p = 13 and 17 separately.

Since the Frey curve E has full 2-torsion over K, it is sufficient to show that there are no noncuspidal
K -rational points on one of the modular curves Xo(p), Xo(2p) or Xo(4p). We find it convenient to
work with the modular curves X¢(26) and X((34). In particular, we show that X¢(26)(K) = X((26)(Q)
and X((34)(K) = Xo(34)(Q). All points in X¢(26)(Q) and X((34)(Q) are cuspidal, thus proving the
irreducibility of pg , for p =13 and 17.

4.1. p =13. Using the explicit modular parametrisation, we prove that if P € X((26)(K) then either
P € X0(26)(Q(+v/3)) or C(Q(V/?3)) is nonempty, where C is a genus 2 hyperelliptic curve. In the first case,
by [Bruin and Najman 2015], P € Xo(26)(Q). In the second case, we show that C (@(\/3)) is empty.

Lemma 4.1. pg 13 is irreducible.
Proof. We prove that X¢(26)(K) = X(26)(Q). We work with the model
X0(26) : y* = x® —8x° +8x* —18x3 +8x* —8x + 1 (5)
given in Magma. Let
E :y*+xy+y=x’—x*—3x43.

Then E’ is the elliptic curve with Cremona label 26b1. Suppose P = (a, b) € X¢(26)(K). Note that if
a =1 then b> = —16, i.e., P ¢ X((26)(K). Suppose from now on that a # 1. Using Magma, we find the
explicit parametrisation

2 - pa—
T X0(26) — E/, (Cl, b) s <_ (a+ 1) 2b+2a(a 1))

(a—12" (a—1)3
Let L = Q(+/3). We checked using Magma that E'(K) = E’(L). It immediately follows that

2
(a—l—l) <L
a—1




Fermat's last theorem over Q(+/2, /3) 463

Let
0c:K—> K, o(2)=-vV2, o(/3)=+3.

a+1 a+1 a+1 a+1
o = or o =— .
a—1 a—1 a—1 a—1

Thus there are two cases to consider:
1 (a+1/(@—1) €elL.
) (a+1)/(@—1)e~2-L.

Case (1). In this case a € L, and it immediately follows from the parametrisation of & that b € L. Observe
that X((26) has infinitely many quadratic points of the form (r, \/ f(r)), where r € Q. Such points are
called nonexceptional and all other quadratic points are called exceptional.

Then

Case (1.1). If a € L \ Q then P is an exceptional quadratic point on X((26). Bruin and Najman [2015,
Table 3] have given an explicit description of all quadratic points on X(26). They find that all exceptional
quadratic points are defined over Q(+/d) for d = —1, =3, —11 and —23.

Case (1.2). If a € Q then b* € Q. Then P is a nonexceptional quadratic point on X¢(26) defined over L.
Moreover, P corresponds to a rational point on the quadratic twist of X((26) over Q(+/3). We denote this
quadratic twist by X3. We checked using Magma that X3 has no points defined over Q3. Thus X3(Q) is

empty.
Case (2). In this case we have (a+1)/(a—1) € V2-L,ie.,
1
at =+2a forsomew € L. (6)
a —_—

Note the identity

at+1\y' | @+1’-@-1 _ 4a _4a@-1) -
a—1 B (a—1)2 S (@—D?2 @-13"
From the parametrisation of 7w and (7), we see that
b
———€L.
(a—1)3

Note the identity
6 _8a° +8a* — 184> + 8a% — 8a + 1 1\° N 1\
16a a’ +3a a’ +38a a—+ 4 a-+ 3 a—+ 410 a—+ +13. (8
(a—1)° a—1 a—1 a—1

By combining (5) and (8), we obtain

4b  \? a+1\° a+1\* a+1)\?
" ) =—4 — 1 13.
((a—1>3> <a—1) 3<a—1> * 0(a—1) B

After making the substitutions 8 =4b/(a — 1) and (6), we obtain

B% = —32a° — 120* + 200 + 13.



464 Maleeha Khawaja and Frazer Jarvis

Thus («, B) is a L-rational point on the curve
C:y*=—-32x%—12x* +20x% + 13.

Write Oy, for the ring of integers of L. Then 130, = p1p,. We checked using Magma that there are no
points on C defined over the completion of L at p;. Thus C(L) is empty. U

4.2. p =17. Using the explicit modular parametrisation, we show that if P € X((34)(K) then either
P € X (34)(Q(+/2)) or C(Q(+/2)) is nonempty, where C is the quadratic twist of Xo(34) over @(+/3). In
the first case, by [Ozman and Siksek 2019], P € X¢(34)(Q). In the second case, we show that C (Q(V2))
is empty.

Lemma 4.2. pg 17 is irreducible.

Proof. We prove that X¢(34)(K) = X¢(34)(Q). We work with the model
Xo(34) :x* =y + X34+ 3xy? =242 +x+1=0 )
given in Magma. Making the change of variables x > x, y > y? yields the curve
C:x* =y +x343xy—2x2+x+1=0.
Since C’ has genus 1, we can transform it to an elliptic curve:

C'— E', (x,9) Qx*=2x+y), 4x(x* —2x +)), (10)
where
E iy’ +xy+2y=x>—4x

is the elliptic curve with Cremona label 34a1. We deduce the explicit modular parametrisation
7:Xo(34) > E',  (x,y) > 2(x%=2x+y?), 4x(x* = 2x + y?)).
Let L = Q(~+/2). Using Magma we find that E'(K) = E'(L). Suppose P = (a, b) € X¢(34)(K). Since
2(a2 —2a +b2), 4a(a2 —2a +b2) eL,
it follows that either a> — 2a +b*> = 0 or a € L. Suppose the former is true, i.e.,

b* =2a —d’. (11)
We substitute (11) into (9) to find that
28 +a+1=0

and a ¢ K. Thus a € L, and hence b* € L. Either b € L or b = /3 for some f € L. If b € L then
P € Xo(34)(L). Ozman and Siksek [2019] have determined the quadratic points on X((34), and they
found that there are no real quadratic points on X¢(34). Thus P € Xo(34)(Q).

Suppose b = +/38 for some 8 € L. Thus (a, B) is an L-rational point on the curve

C:x* =9y + 3 +9xy? —2x2 4+ x+1=0,
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where C is the quadratic twist of X¢(34) over @(\/g). Note that 3 is inert in L. We checked using Magma
that there are no points on C defined over the completion of L at 30;. Thus C(L) is empty. 0

43. p>19. Welet E=E, ., where ¢ € Ok is chosen so that one of the two possibilities in Lemma 3.1

- 0 *
pE,pN 0 9/ ’

where 0 and 0’ are characters Gx — [F’I‘). Recall that x, = det(pg, ) = 06’, where x, denotes the mod p

hold. Suppose pg, is reducible. Then

cyclotomic character. We let Ny and Ny denote the conductors of 6 and 6’, respectively. We shall require
the following result of Freitas and Siksek.

Lemma 4.3 [Freitas and Siksek 2015b, Lemma 6.3]. Let E be an elliptic curve defined over a number
field K with conductor N'. Let p > 5 be a prime, and let q1 p be a prime. Let 6 and 6’ be as above. If
PE,p s reducible then

0 if E has good or multiplicative reduction at q,

dq(Np) = ordq(Ny) =
ordy(Ns) = ordy(Ne) {%ordq(N)EZ if E has additive reduction at q.

Lemma 4.4. Let p > 19. Then pg,, is irreducible.

Proof. Suppose pg, p is reducible. Since p is unramified in K and E has good or multiplicative reduction
at p | p, we have that, for any p | p, precisely one of 6, 6’ is ramified at p; see [Kraus 1996, Lemma 1].
First suppose that either of 6, 8’ is unramified at all p | p (and thus the other is ramified at all p | p).
We note that replacing E by a p-isogenous elliptic curve, if necessary, allows us to swap 6 and 6’. Thus
we may suppose that 6 is unramified at all the primes above p, and hence 0 is unramified away from ‘3.
We shall use Lemma 4.3 to determine Ny. Suppose we are in case (i) of Lemma 3.1 and E has
multiplicative reduction at . Then, by Lemma 4.3, we have ordy(Ny) = ordsp(NVy) = 0. Suppose now
that we are in case (ii) of Lemma 3.1 and E has additive reduction at 3. Then, by Lemma 4.3, we have

ordp(Np) = ord,(Ny) = %ordsp(/\/g) =2.

Hence either Ay =1 or ‘Bz. Let 0oy, ..., 004 denote the four real places of K. Then 0 is a character for
the ray class group of the modulus co; - - - 004 in the first case, and of the modulus ‘132 - 00] - -+ 004 IN
the second case. Using Magma we find that this ray class group is Z/27 in either case. Thus the order
of 6 divides 2, and 0 is either trivial or a quadratic character. In the first case, when 6 is trivial, E has a
K -rational point of order p. In the second case, let E’ be the quadratic twist of E by 6. Then

_ NGZ*_I*
PEP N0 00') T \0 x,)

Thus E’ has a K-rational point of order p. In both cases, we obtain an elliptic curve with a point of
order p defined over K (a quartic field). By [Derickx et al. 2023, Theorem 1.2], p < 17. We obtain a
contradiction since p > 19.
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Fix po a prime ideal of Og above p. Let G = Gal(K/Q). Then G acts transitively on the primes p | p.

Let S be the set of t € G such that 9 is ramified at t(pg). We know from above that S is a proper subset

of G,ie., S #  and S # G. For a prime ideal q of Ok, we write /; for an inertia subgroup of Gk

corresponding to q. Thus 6,, =1 for all

q¢ {PIU{r(po) : T € §}.

By Lemma 3.1, E has potentially multiplicative reduction at 3. By the theory of the Tate curve [David

2011, Proposition 1.2], 62|, = 1. Let ¢ = 6%. Then ¢|;, =1 for all

| 15
q¢{t(po):7 €S}
Recall that 6’ is unramified at q € {z(po) : T € S}. Since 66’ = x,, we conclude that

ol — Xyl q€f{t(po):TeS),
la 1 otherwise.

Let u € O%. We define the twisted norm of u attached to S to be

Nsw) = [ [(x@))*.

Tes

By the proof of [David 2011, Proposition 2.6], the existence of ¢ satisfying (12) ensures that

pol Ms() —1).
Let u= 2+ \/§, and let

ui=p, ur=i(—pP+9u+2), uz=1@w—pu*-9u+5);
this is a basis for Oy /{£1}. Then p | Bg, where

3
Bg = Norm(Z(‘ﬁs(u,-) —1)- OK).

i=1

(12)

We used Magma to compute By for all nonempty proper subsets S of G = Gal(K /Q). In all cases we

found that if p | Bs then p =2 or 3. Thus we obtain a contradiction.

5. Eliminating Hilbert newforms

Let
B if we are in case (i) of Lemma 3.1,

N = Y,B“ if we are in case (ii) of Lemma 3.1,
PB5 if p=13 and ordy(b) = 1.

Applying level lowering (i.e., Theorem 2.1), we obtain

PE.p ™~ Pips

g
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where § is a Hilbert newform of parallel weight 2 and level N, and p is some prime above p in Qy, the
Hecke eigenvalue field of f. Using Magma we find that there are no newforms with parallel weight 2 and
level B3 or level 13°, obtaining a contradiction in these cases.

We thus suppose we are in case (ii) of Lemma 3.1. For the level 3%, we find that there are two
newforms f; and f, and for both the corresponding Hecke eigenvalue field is Q. Let E£1/K and E,/K be
the following elliptic curves:

Ey:y? +(u Day =2 + 5 (=1 = =30+ 5% + 5 (=1 = 5Sp)x + 3 (0’ +7u® = 9u = 3),
Ex:y? + 50+ 12 43+ 3)y =2 + 5 (=1 = D + 1x + 3(=31° = 1752 =+ 1),

where 11 = +/2++/3. These elliptic curves have conductors 3* and were found using the Magma command
EllipticCurveSearch. These are nonisogenous, as aq(E1) = 6 and aq(E>) = —6, where 30k = q°. By the
work of Box [2022], E; and E, are modular and thus correspond to the two Hilbert newforms f; and f,
of parallel weight 2 and level B*. Thus o » ™~ PE;,p» Where i =1 or 2. To obtain a contradiction, we
shall use a standard image of inertia argument; see [Freitas and Siksek 2015a, Lemma 3.5].

Let j be the j-invariant of the Frey curve E. By (3) we have ordy(j) < 0 and p{ ordy(j). Thus,
p | #pE, p(Ip) [Silverman 1994, Proposition 6.1, Chapter 5]. However, we find that £ and E; have
Jj-invariants

j1=0 and j,=—853632u> + 76826881 + 2417472,

respectively. As ordy(j;) > 0, we have that E; and E> have potentially good reduction at *33. It follows
that #og, ,(Ip) | 24 from [Kraus 1990, Introduction]. As pg , ~ pg,, , fori =1 or 2, we obtain p | 24
giving a contradiction.

6. Small integer exponents

We have thus far shown that there are no solutions to (1) over K for primes p > 5. In order to complete
the proof of Theorem 1.1, it remains to rule out solutions to (1) for n =4, 6, 9. We note in passing that
there are nontrivial solutions to the Fermat cubic over @(\/E); see [Jarvis and Meekin 2004, p. 184].

6.1. n=9. We are very grateful to Samir Siksek for the lengthy discussions and ideas that resulted in
this proof. We first convert the problem of finding K -points on the Fermat curve of degree 9 to finding
the Q(+/3)-points on a certain hyperelliptic curve C. We then study the Jacobian of C to show that
C (@(«/5)) = {00}, where oo denotes the point at infinity on C.

Theorem 6.1. There are no nontrivial solutions to (1) over K forn =9.
We find it convenient to let
Fy :x9+y9+z9=0.

That is, Fo is the Fermat curve of degree 9. We recall that 20k = 3* and that K has class number 1.
We will prove that Fo(K) ={(1:—-1:0),(1:0:—1),(0:1:—1)}, i.e, Fo(K) consists only of trivial



468 Maleeha Khawaja and Frazer Jarvis

solutions. Suppose (« : 8 :y) € Fy(K) is a nontrivial solution. We may suppose that o, 8, y € Ok and
that they are coprime. We recall that Ok /B8 = F, and

Fo(F2) ={(1:1:0),(1:0:1), (0:1:1)}.
Hence, by permuting «, 8, y appropriately, we may suppose (¢ : 8:y)=(1:1:0) (mod*). Thus

Bly, Ptap. (13)

Observe
y1B—(@® = B2 = (@ + 8% — (@’ - B°)? =4(aB)’.

After making the substitutions

aoff o — ;69

u=—7, =

) (14)

we see that Q1 = (u, v) € C{(K), where

Ci:y*=—4x"+1.
Let
E :y2=4x3+1.
This is an elliptic curve. Let

m:Ci— Ei,  (x,y) > (=x7, ).
The elliptic curve E| has minimal Weierstrass model
E{:Z%+z=x,

which is obtained from E/ by the substitution y = 2z 4 1. This has Cremona label 27a3. In particular, E}
has good reduction away from 3. Let R = m(Q)) = (—u3,v) € E{(K). Then R, corresponds to the
point

S1 = (—u?, S — 1) € E{(K).

Let o : K — K be the automorphism satisfying
c(V2)=-v2, o(v3)=43.

We note that the fixed field of o is L = Q(+/3). Thus S; + S{ € E{(L). We checked using Magma that E
has rank O over L, and indeed
E\(L)={0, (0,0), (0,-1)}=27/37. (15)

Thus S; + S7 is one of these three points. However, ordy (1) < 0 by (13) and (14). It follows that

S1 = O (mod P).
Hence
ST =07 =0 (mod P7).
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However, B is a totally ramified prime, so 37 =*B. Thus $7 = O (mod ‘B), and
S1+ 87 = O (mod P).

By (15) and the injectivity of torsion upon reduction modulo primes of good reduction (see [Katz 1981,
Appendix]), we conclude that

S1+ 87 =0.
Hence
R+ R] =0.
Hence
(—u®)° = —u®, 7 = —v.
As the only cube root of 1 in K is 1, we have u® = u and so u € L. Moreover, vEP=—4u’+1€L and

v =—v,50V = w/\/i, where w € L. Hence (1, w) € C(L), where
C:y?=2(—4x"+1).
Lemma 6.2. C(L) = {o0}.

Since u = af/y?, Theorem 6.1 follows from Lemma 6.2. We now prove Lemma 6.2 by studying J (Q),
where J is the Jacobian of C.

Proof. Let
E: y2 =x3+ 2,

which is the elliptic curve with Cremona label 1728a1l. Let
7:C—>E, (x,y) (=2x3,y). (16)
Using Magma we find that E has zero torsion and rank 1 over @ and that, in fact,
EQ@Q=27-(—-1,1).

We write Pic’(E) for the group of rational degree 0 divisors on E/Q modulo linear equivalence and
Pic’(C) for the group of rational degree 0 divisors on C/Q modulo linear equivalence. We recall the
standard isomorphism [Silverman 2009, Proposition I11.3.4]

E(Q)=Pic®(E), P> [P —o0], (17)
where [ D] denotes the linear equivalence class of a divisor D. Thus
Pic(E)=27-Q, Q=[(-1,1)—oc].

We also recall the standard isomorphism J(Q) = PicO(C), and we will represent elements of the
Mordell-Weil group J (@) as elements of Pic®(C). Using Magma we find that J has good reduction away
from the primes 2 and 3. Moreover, a straightforward calculation in Magma returns

J(Fs) =Z/67 x 7/126Z,  J(F13) = Z/429977.
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As these two groups have coprime orders, we conclude that J has trivial torsion over Q. Moreover, using
Magma, we find that J has 2-Selmer rank 1 over Q, so J has rank at most 1 over Q. The morphism
in (16) has degree 3 and induces homomorphisms (see [Silverman 2009, Section I1.3])

7. : Pic’(C) — Pic’(E), [Z aiPi:| — [Z ain(P,-):|
7* : Pic’(E) — Pic®(C), [ijQj:|l—>|:ij > en(P)'P:|,

Pex~1(Q))

and

where e, (P) denotes the ramification degree of w at P.
Let
P=7"(Q) =[(1/v2. 1)+ (@/V2. 1) + (@*/¥2. 1) — 300] € Pic’(C) = J (@),

where w is a primitive cube root of 1. The point P has infinite order on J(Q2). Thus J has rank exactly 1
over @ and no torsion. Therefore J(Q) = Z - P’ for some P’ € J(Q) = Pic’(C). Hence

P=kP,
where k is a nonzero integer. Applying . to both sides, we obtain
kr (P') = m.(P) = 30Q.

However, 7, (P) € Pic’(E) = ZQ, so
(P =1¢€-Q

for some £ € Z. Hence k¢ =3, so k = £1 or £3. Using Magma we checked that the image of P under
the composition
J(Q) = J(Fs) = J(Fs5)/3J(Fs)

is nonzero. Thus k # £3, so k = £1; hence
J(@) =Pic’(C)=7-P.

Suppose P € C(L). Let 7 : L — L be the nontrivial automorphism. Then [P + P — 200] € PicO(C ).
Thus
[P+ P —200]l=n-P=n-7%(Q)=7"(n-Q)

for some integer n. We claim that n = 0. Suppose otherwise; then n - Q € Pic?(E) \ {0} and by the
isomorphism in (17) we have n- @ = [Q — oo], where Q € E(Q) \ {O}. Write Q = (a, b) € E(Q) with
a, b € Q. Then

[P+ P" —200] =7 ([(a, b) — o0]) = [D — 300],

where
D=P+P,+P, Pj=(-0'""a/2,b), j=12.3.
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Hence
D~D', D' =P+ P"+o0,

where ~ denotes linear equivalence on C. Write | D| for the complete linear system of effective divisors
of C linearly equivalent to D. Let r(D) = dim|D|. Note that D’ € |D| and D’ # D; therefore r(D) > 1.
By Riemann—Roch [Arbarello et al. 1985, p. 13],

r(D) —i(D) = deg(D) — g = —1,

where i (D) > 0 is the so-called index of speciality of D and g =4 is the genus of C. It follows thati (D) >0
and therefore that D is a special divisor. By Clifford’s theorem [Hartshorne 1977, Theorem IV.5.4],

r(D) < 1 deg(D) = 3.

Hence (D) = 1. Thus the complete linear system |D] is a g%. As C is hyperelliptic, by [Arbarello et al.
1985, p. 13], |D| = g; + p, where p is a fixed base point of the linear system. In particular, every divisor
in | D] is the sum of p and two points interchanged by the hyperelliptic involution. We apply this to D
itself. Thus two of the points P;, P,, P; are interchanged by the hyperelliptic involution. However,
they all have the same y-coordinate b, so b = 0. But (a, b) € E(Q), so a € Q and a’ = -2, giving a
contradiction. Hence n = 0, and so

P+ P* ~20c0.

Thus P and PT are interchanged by the hyperelliptic involution. We recall that we want to show that
P = oo. Suppose otherwise. Then we can write P = (c, d), where ¢, d € L and ¢ = ¢, d* = —d. Thus
ceQandd=e/+/3 with e € Q. Thus P’ = (c, e) € C'(Q), where

C':y? =6(—4x" +1).
Let J’ be the Jacobian of C" and
E':y?=6(4x>+1).
Using Magma, we find that E'(Q) = Z - (3, 3). Let Q' = [(3, 3) — 0o] € Pic’(E"), so Pic"(E") = Z - Q.
Let
7 :C' > E, (x,y)— (=x3,y).

Using Magma, we find that J’ has trivial torsion and 2-Selmer rank 1, and, following the same steps as
before, we show that J'(Q) = Pic®(C) = Z - P’, where P’ = (1/)*(Q). Now [P’ — o¢] equals nP’, where
n is an integer, and must be nonzero as P’ # oco. Let (f, g) =n-(3,3) € E'(Q) \ {O}. As before, we
find that

P'+200~ P[+Pj+P;, P,=(-o'""Jf. 9.

Continuing as before, it follows that g =0, so f3 = —%, contradicting f € (0. We can thus conclude that

if P € C(L) then P = oco. This completes the proof of Lemma 6.2 and therefore Theorem 6.1. O
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6.2. n =6. We show that a K-point on the Fermat curve of degree 6 induces a K-point P on a certain
hyperelliptic curve C. Let E be the elliptic curve obtained by taking the quotient of C by a certain
automorphism of C. We find that E(K) = E(Q) = Z and use this to show that P is defined over a
quadratic subfield of K. This leads to the search of (D-rational points on the twists of C over the quadratic
subfields of K.

Theorem 6.3. There are no nontrivial solutions to (1) over K forn = 6.

Proof. We find it convenient to let

Fo:x0+y°=2°

That is, Fg is the Fermat curve of degree 6. We will prove that
Fo(K)={(0:—-1:1),(=1:0:1),0:1:1), (1:0:1)},

i.e., Fg(K) consists only of trivial solutions. Suppose (« : B : y) € Fs(K) is a nontrivial solution. We
can assume without loss of generality that @, 8, y are integral and coprime. Similar to the proof of
Theorem 6.1, observe

y2— (@ = % = (@® + )% — (a® — B%)* = 4(apB)°.

Let
B 066 _ ,36

Then P = (a, b) € C(K), where

Let
E: y2 =x3—4.
This is the elliptic curve with Cremona label 432b1. Let

1
7:C—E, (x,y)|—>< l), 0, +1) > 0.

x2 X3
We checked using Magma that E has rank 1 over K (and Q@) and that
E(K)=EQ) =2

Since 7 (P) € E(Q), it follows that > € @ and hence 5% € Q. If ¢ = 0 then it’s clear that (¢ : 8 :y) is a
trivial solution. Observe that a and b are necessarily defined over the same quadratic subfield of K since

b e Q.
a
Either a € @ and hence b € Q, or

ford € {2,3,6), a,b Q.
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Ifa, b € Qthen P € C(Q). The Jacobian of C has rank 1 over Q. Using the Chabauty implementation in
Magma, we find that
C(Q)={O, £D},

and it immediately follows that (« : B : ) is a trivial solution. Thus, (a’, b’'d) € C4(Q) where
Cy:y*=—4x"+d°

where d € {2, 3, 6}. Suppose d =3 or 6. We checked using Magma that there are no points on C,; defined
over Q,. Thus C3(Q) = Ce(Q) = @. It remains to determine C,(Q). We will work with the model

Cy:y?>=—x42. (18)

We note that the curve C; has genus 2 and the rank of the Jacobian of C;, over Q is 2. Thus, we are unable
to determine C,(Q) using Chabauty. Instead, we used the elliptic curve Chabauty method of [Bruin 2003]
to do so as we now demonstrate.
Let § = +/2, and note that 6 is a root of the hyperelliptic polynomial for C, given in (18). Let L = Q(6).
Consider the map
9 CoQ) = L*/(LY)?, (x,y) = (x=0)- (LD

The method of two-cover descent, due to Bruin and Stoll [2009], uses sieving information to determine a
small finite set containing the image of ¢. This is implemented in Magma, and applying it we find that

P(C2(@) S {1 +0)- (LM%, (1-6)-(LH?).
Thus, for a rational point (x, y) € C2(Q), we have
x—0=(1+0)p (19)
with B € L*. Now let F = Q(+/2), and note that x2 — v/2 = Normyz,/r(x — 6). Observe that

Normz/r(14£6) = (1—6)(146) =1—+/2.

Taking norms in (19) gives

X2=2=1-V2uw? w= Normg,r(B) € F*.

Note the factorisation
2
Cr:y?=—x042=—(x2=V2)*+V2x2+ 2.

Thus, for (x, y) € C>(Q), we have

RN e S N i
=2 (1= w?

Lete=—1/(1—-+2)=1 4242 € F*and = y/w € F*. Then, for (x, y) € C»(Q), we have

2
V2P 42 =€ (20)
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Let

X=ex? and Y =¢e%xz. 2D

Then (X, Y) € E»(F), where E»/ F is the elliptic curve
Ey: V2= X +ed2X2+ EV2X,
Using Magma, we found that the Mordell-Weil group is given by
Ex(F) = (Z)22)-(0,0) ®Z- (1 + V2 + 2, 5+ 432 +32).

We are interested in points (X, Y) € E»(F) which satisfy (21), where (x, y) € C2(Q). In particular,
to determine C,(Q), it is enough to find all points Q = (X, Y) € E,(F) such that f(Q) € Q, where
f(X,Y) = X/e. The elliptic curve Chabauty method of [Bruin 2003] is one that can sometimes be used
to provably determine all F-points Q on an elliptic curve E defined over a number field F such that
f(Q) € Q for a given nonconstant function f € F(FE), provided the degree [F : Q@] exceeds the rank
of E over F. In our situation, the degree is [F : Q] = 3 and the rank of E over F is 1. We applied the
implementation of the elliptic curve Chabauty method available in Magma to our E;/F and f. This
succeeded in showing that the only (X, Y) € E»(F) with X/e € Q are

(X.¥)=(0,0), (1+V24V2.5+4¥2+332), (1+V2+32,—=5-432-332).
Thus X =0 or €, and hence if (x, y) € C2(Q) then x = 0 or 1. It immediately follows that
Cr(Q) = {(£1, £}
Thus, (a’,b') € {(£1, £1)} and if P = (a, b) € C(K) then P € {(£1/+/2, £1/+/2)}. Recall that

O[6—,36

b ;
/0

where (o : B :y) € Fg(K). It immediately follows that %(b + 1) is a square in K. For each b, we check
using Magma that %(b + 1) is not a square in K. We have reached a contradiction. (|

6.3. n =4. Quadratic points on the Fermat quartic have been studied by Aigner [1934], Faddeev [1960]
and Mordell [1968]. Mordell starts with the knowledge that there are no nontrivial points on the Fermat
quartic over (2 and studies points over all quadratic fields. We generalise his method, observing that we
can also classify points over quadratic extensions of certain quadratic fields. More precisely, if L is any
field for which there are no points on the Fermat quartic, and if the two elliptic curves with Cremona
labels 32a1l and 64a1l have rank O over L, then we give a procedure to write down all the points on the
Fermat quartic over quadratic extensions of L.

In an earlier version of this paper, we conjectured that there are no points on the Fermat quartic over
any real biquadratic field. We thank Pedro José Cazorla Garcia for pointing out to us that the point
(+/3, 2, +/5) lies on the Fermat quartic over Q(+/3, v/5).
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After the completion of this work, we were made aware that Ishitsuka, Ito and Ohshita [Ishitsuka et al.
2020, Theorem 7.3] have previously determined all points on the Fermat quartic lying in a quadratic
extension of ((¢g). We thank the authors for making us aware of this. Since @(\/5) is contained in Q(¢g),
this is indeed stronger than the statement of Theorem 6.4. We note that the authors of [Ishitsuka et al.
2020] study the Jacobian of the Fermat quartic over @(¢g) and that the proof of Theorem 6.4, extending
work of Mordell [1968], makes use of a different strategy.

Theorem 6.4. The points on the Fermat quartic lying in quadratic extensions of Q(~/2) lie in one of

QW2, i), W2, V=T), Q(V2) or Q(/2i).

Proof. Let L = Q(+/2), and let K be a quadratic extension of L. We will determine all points on the
Fermat quartic F; : x* 4+ y* = 1 in K, using the same strategy as Mordell (where, of course, Mordell
works with a quadratic extension K of L = Q). Let t = (1 — x2)/y?, so that x> 4+ty?> = 1. This gives a
parametrisation

, 11—t

T
We point out that if x, y € K then x?, y> € K and therefore so is .
Suppose first that ¢ € L. Then x2, y? € L. In order for x and y to lie in the same quadratic extension K
of L, either x € L, y € L or x/y € L. This means that one of
1—1¢2 2t 2t
—, — Or —
1+2° 14172 1 —1?
is a square in L. Equivalently, (1 — 2)(1+12), 2t(1+1*) or 2t (1—1?) isa square in L. These correspond
to L-rational points of one of the curves

W=010=-10+1>), u?>=21(14+1>), u>=2t(1-1%).

Both of the first two possibilities are isomorphic to E; : y> = x3 + 4x (the elliptic curve with Cremona
label 32a1) via the maps

—) and (1, u) —~ (2t,2u),

respectively, and the third to E; : y? = x3 — 4x (the elliptic curve with Cremona label 64a1) via the map
(t, u) — (—2t, 2u). We checked, using Magma, that £ and E, have rank 0 over L. We first consider E
and find

E((L) = E,(Q) ={0, (0,0), (2, £4)}.

We find that these points correspond on the first curve to t = +1 and ¢ = 0, and on the second to t = 0,
t =1 and t = oco. These values of ¢ correspond to

(2, yH =1{(1,0), (=1,0), (0, 1), (0, —1)},
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corresponding to points on Fy defined over Q@ or Q(i). Similarly,
E>(L) =1{0, (0,0), (£2,0)}U{2+2v2, £(4+4+v2), 2 —2v2, £(4—4V2)},

and the rational points correspond to t = £1 and t = 0, and the point at infinity to ¢t = oo, as before. The
points in E(L) \ E(Q) correspond to # = —1 & +/2, and these give

el ) (=)
) y ﬁ’ \/E 1) \/55 \/E 1)
corresponding to points on Fy4 defined over @(\4/5) or @(\4/51' ).

We now suppose ¢ € K, t ¢ L. We write F(t) = t*> + Bt + y for the minimal polynomial of ¢ over L,
soB,yeL. Welet A= (1+t>)xyand B = (1+1?)y, so that

A*=2t(1—1%, B*=2t(1+17).
Since A%, B?> € K and K = L(t), we can write
A=A+ut, B=N+ut, ru N, u elL.
Comparing the two expressions for A yields
A4 ut)? =21(1 —12).

In particular, the equation
A+pz)?—2z2(1—2% =0

has a root z = t. As the equation is defined over L, we see the left-hand side is divisible by the minimal
polynomial F(z), and, as this is a cubic, we have

(4 pn2)?—2z(1-2) = F@)(p +02), (M1)

a factorisation over L (so p, o € L). Then z = —p/o is a solution to the left-hand side of (M1) defined
over L. In particular, we have a solution with z € L to

Y2=2z(1-2%) =23 +2z,

where Y = A+uz € L. Thus we get an L-point on the elliptic curve Y2 = —2X>+2X, which is isomorphic
to the elliptic curve E,, and the points in E5(L) correspond to z = +1, z=0and z = —1 % V2. In
exactly the same way, looking at B2, we will get a solution over L to

W+ 12?2 =2z0+22) = F@2)(p +0'z), (M2)

and therefore a solution over L to Y2 = 2z(1 + z2), which is isomorphic to Ey. The points in E>(L)
correspond to z =0 and z = 1.

We will now consider all these cases, as in Mordell. We write (z;, z») for the situation where (M1)
is solved by z; and (M2) is solved by z,. We remark that these calculations are quite involved, and we
therefore omit some details.
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Case 1. (—1, 1) This is Mordell’s case (VI). If z; = —1 is a root of the left-hand side of (M1) then
A+ =0 and, since —1 must then be a root of the right-hand side of (M1), it follows that p + o0 = 0.
Similarly, if z; = 1 is a root of the left-hand side of (M2) then A"+ i’ =2, p’ 4+ 0’ =0. Equation (M1) is

A (142) —22(1 —2) = pF(z)

(after dividing by 1 — z). We can rewrite the left-hand side of (M2) as (2 — ' + u/ )2 —27-273 =
0’ (1 —z)F(z). Thus, after dividing by 1 — z, we get

M2):2(2> +2+2) =4’ + 1?(1 —2) = p'F(2).
Both (M1) and (M2) have the same coefficient of z2, so p = p/. Comparing constant terms and z terms:
B=2-u)? W -2=2-pu2
so either (A, ©') = (0, 2) or (A, ') = (£2, 0). In the first case, (M1) becomes —2z(1 —z) = p - F(z), but
this contradicts the irreducibility of F(z). In the second case,
M1D): pF(z2) =4(142)—2z(1—2) =2(z" +2+2),

s0 F(z) =22 +z+2. Thus, t = (=1 £ y/=7) and K = L(V=7).

Case 2. (—1,0) This is Mordell’s case (III). In order for z = —1 to be a root of the left-hand side of (M1),
we need (A — u)> = 0. So A — u = 0. Similarly, for z = 0 to be a root of the left-hand side of (M2),
we need A’ = 0. Then for the left-hand side of (M1) to have —1 as a root, the same will be true of the
right-hand side, so p — o = 0. Equation (M1) is then divisible by (1 + z), and dividing through, we get

M) :A2(1+2) —2z(1—2) = p- F(2).
We rewrite this as
M1): 222+ (A2 =2)z+ 12 =p - F(2).

In order for z = 0 to be a root of the left-hand side of (M2), it must be that A’ = 0, and thus
M2): =222+ /'*2—2=0"F(2).

The right-hand sides of (M1) and (M2) differ by a constant, and upon comparing the z> coefficients on
the left-hand sides, we see that they differ by a factor of —1. Then comparing the constant term, we get
22 =2. Thus A = u = £+/2. The coefficient of z in the first equation is A2 — 2, and the coefficient of z
in the second is ', so ' =0. Then ¥ = A’ + p't = 0. But Y? = 2¢(1 + ¢?), so this means that = 0,
contradicting ¢ ¢ L, or (1 + #2) in which case t =i and K = L(i).

For the remaining pairs (z1, z2), in each case, after performing a similar analysis, we reach a contradic-
tion to the fact A, i, A, 4’ € L, and thus no solutions are found in these cases. O

This completes the proof of Theorem 1.1.
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7. More general real biquadratic fields

We give examples of obstacles that arise in generalising the proof of Theorem 1.1 to more general real
biquadratic fields. As in the proof of Theorem 1.1, we apply level lowering (Theorem 2.1) to the Frey
curve (2) for p > 17 and Ej3 for p = 13.

7.1. K = Q(«+/2, +/5). In order to apply level lowering (Theorem 2.1), one needs to demonstrate the
modularity of the Frey curve over K. It has not yet been proven that elliptic curves over totally real quartic
fields containing +/5 are modular; see [Box 2022, Section 7.1] for a discussion concerning this problem.
We remark however that establishing the modularity of the Frey curve over this particular field K may be
possible through the use of [Freitas et al. 2015, Theorem 7].

7.2. K =Q(+/2, +/7). Write O for the ring of integers of K. A straightforward computation in Magma
returns that K has class number 1 and 20g = B*. A straightforward generalisation of Lemmas 3.1,
3.2 and 3.3 returns that the lowered level is ', where r = 1, 5, 8 or 16. In particular, the dimension
of Hilbert newforms of parallel weight 2 and level 3!¢ is 40960, making the elimination step currently
computationally infeasible in this case.

7.3. K = Q(W2, +/11). Write Ok for the ring of integers of K. A straightforward computation in
Magma returns that K has class number 1 and 20k = 3*. By a direct generalisation of the techniques
outlined in Section 4, it is straightforward to see that pg , is irreducible for p > 13.

A straightforward generalisation of Lemmas 3.1, 3.2 and 3.3 returns that the lowered level is B, where
t=1,4o0r5. As is true for Q(+/2, v/3), there are no Hilbert newforms of parallel weight 2 and level 13
over K. There are 44 Hilbert newforms of parallel weight 2 and level 3* and 76 Hilbert newforms of
parallel weight 2 and level 3> over K. In order to get a contradiction, we make use of the standard
method of eliminating newforms given by the following lemma.

Lemma 7.1 [Freitas and Siksek 2015b, Lemma 7.1]. Let K be a totally real field, and let p > 5 be a
prime. Let E be an elliptic curve over K of conductor N, and let § be a newform of parallel weight 2 and
level Np. Let t be a positive integer satisfying t | #E (K )ors. Let q1t N, be a prime ideal of Ok, and let

Aqg={a e Z:]a| <2y/Norm(q), Norm(q) + 1 —a =0 (mod 1)}.

If pE,p ~ Pf, then w divides the principal ideal

Bj 4 = Norm(q)((Norm(q) + 1)* — ag (D) [ ] (@ — aq(H) - Og;.
acAq
We briefly explain how to apply Lemma 7.1. Namely let

Bi=)_ By,
qeT

where T is a small set of primes q{tN),. Let C; = Normg,/q(Bj). Then Lemma 7.1 asserts that p | Cj.
We wrote a short program to implement Lemma 7.1 in Magma with AV, = B+ or P, withr =4 and T
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equal to the set of prime ideals q # 33 of K with norm less than 90. From this implementation, we found
that if pg , ~ =, Where E is our Frey curve and f is a newform of level N, then p =2 or 3.

We remark that the proofs of Theorems 6.1 and 6.3 do not readily generalise to K. In combination
with the remarks made in Section 2, this leads to the following result.

Theorem 7.2. Let K = @(\/5, ' 11). There are no nontrivial solutions to (1) over K for all primes n > 5.
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Moments in the Chebotarev density theorem:
general class functions

Régis de la Breteche, Daniel Fiorilli and Florent Jouve

A la mémoire de Joél Bellaiche

We find lower bounds on higher moments of the error term in the Chebotarev density theorem. Inspired
by the work of Bellaiche, we consider general class functions and prove bounds which depend on norms
associated to these functions. Our bounds also involve the ramification and Galois theoretical information
of the underlying extension L/K. Under a natural condition on class functions (which appeared in
earlier work), we obtain that those moments are at least Gaussian. The key tools in our approach are the
application of positivity in the explicit formula followed by combinatorics on zeros of Artin L-functions
(which generalize previous work), as well as precise bounds on Artin conductors.

1. Introduction

The study of the error term in the Chebotarev density theorem has a long history and is critical in many
applications. If L/K is a Galois extension of number fields, G = Gal(L/K) and C C G is a conjugacy
class, then this theorem states that as x — oo

c
re(xi L/K) = ) l~uLi(x),
o |G|
<Ok
Np=<x
pp=C

where Li(x) := fzx du/logu, and the sum extends to maximal ideals p of the ring of integers Ok of K
with associated Frobenius (resp. norm) denoted ¢, (resp. N'p); see, e.g., [Martinet 1977, Section 4] for
the general definition of the Frobenius substitution. Equivalently, if 1: G — R is a real-valued class
function, then

mx L/K 1) = Y t(pp) ~ F(1) Li(x),

p<Ok
Np=<x

where 7(1) = (1/|G|) > e t(g). Note that if 1¢ denotes the indicator function of a given conjugacy
class C of G, then w(x; L/K,1¢) = mc(x; L/K). As for the error term, which was first bounded
effectively by Lagarias and Odlyzko [1977], Bellaiche [2016] has shown under GRH and Artin’s conjecture
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(denoted by AC throughout the paper; see Section 4 for recollections on Artin L-functions), that in the
case K = @ and for x > 3,

m(x; L/K, 1) —1(1) Li(x) < A11(1)v/x log(xM|G]),

where M is the product of all primes ramified in L and A 1(¢) := Zx clr(G) X (D|£(x)|, with Irr(G) being
the set of irreducible characters of G and

1) =t x)6 = é > x(@1(e).
geCG
As an example, if 1 = 1¢ for some conjugacy class C C G, then 7(x) = (|C|/|G|)X(_C).

Bellaiche’s bound has been generalized and improved in the recent work [Fiorilli and Jouve 2024].
Moreover, [loc. cit.] studies the generic behavior of the error term, in particular its limiting distribution
as x — oo. Using probabilistic tools, a sufficient condition is obtained for this error term to be Gaussian
[loc. cit., Proposition 5.8]. This generalizes previous work on primes in arithmetic progressions [Hooley
1977; Rubinstein and Sarnak 1994; Fiorilli and Martin 2013]. For example, Hooley has shown that for
(a, g) =1, the error term

1
E(x;ig.a):= ). Alm)- o > A

n<x
n=a mod ¢

n<x

is such that for any fixed r € N,

. @ 1 X (E(x;q,a)) dx
lim lim — = Uy,
q—0 X—oo (logq)/?*log X J, x"/2 X

where

ro=

2n—1)-Q2n—-3)---1 ifr =2n,
{0 otherwise
is the r-th moment of the Gaussian. Hooley’s theorem is conditional on GRH, as well as the assumption
that the multiset of nonnegative nontrivial zeros of Dirichlet L-functions modulo g is linearly independent
over the rationals.

The results which we just described (including a number of results in [Fiorilli and Jouve 2024])
apply to limiting distributions as x — oo, and thus do not give information on the behavior of the error
term uniformly when ¢ varies with x. In fact, to obtain such explicit information one would need to
significantly strengthen the linear independence hypothesis, that is one would need to assume that integer
linear combinations of L-function zeros are bounded away from zero as a function of g (in the spirit of
[Montgomery and Vaughan 2007, Section 15.3]).

In [de la Breteche and Fiorilli 2023], a lower bound is established on higher moments of primes in
progressions in a certain range of ¢ in terms of x, assuming only GRH. More precisely, the results of
[loc. cit.] manage to circumvent the linear independence assumption by considering a weighted version
of E(x; g, 1) and applying positivity in the explicit formula.
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The goal of the present paper is to generalize these results in the context of the Chebotarev den-
sity theorem, that is to obtain lower bounds on moments of a weighted version of the error term
m(x; L/K, t) —f(1) Li(x) in certain ranges of x depending on the class function ¢ and on invariants of
the extension L/K such as the size of its Galois group and of the root discriminant of L. We stress that
our results do not assume any form of linear independence of the L-function zeros involved.

Before we state our results, we need a few definitions. We let § > 0 and S; C £'(R) be the set of all
nontrivial differentiable even 1 : R — R such that, for all r € R,

(), n'(1) < e~ /24
and moreover for all £ € R, we have that!
0 <) < (€] + 1) (log(&] +2))7>°. "

Here, the Fourier transform is defined by
1) i= [ ) du
R

Finally for any 7 € £!(R) we define
a(h) == / h(t)dt.
R

In this notation, one of the goals of the paper [de la Breteche and Fiorilli 2023] is to give lower bounds

on moments of the error term

AW Gogm/n) — —— A L og(n/x) )
n>1 a2 1 " @) ‘= 12 1008 n/)).
n=1 mod g (n,q)=1

which is a weighted version of ¥ (x; ¢, 1) — (1/¢(q))¥ (x, x0,4) Where xo 4 is the principal character
modulo g.

In this paper we consider L/K a Galois extension of number fields of group G = Gal(L/K) and we
fix a real-valued class function #: G — R.2 Our goal will be to understand the moments of

Uy L/K, 1=y 1) g(—m/ﬂ)na gNVP" /), 3)

p<1(91(

m>1

which is a direct generalization of (2) (where, disregarding ramified primes, K = Q, L = Q(¢,) and
t =1 moag — 1/¢(q)). First, we notice that with this smooth weight, the Chebotarev density theorem

IThe upper bound on 7(£) is a quite mild condition given the differentiability of n; going through the proof of the Riemann—
Lebesgue lemma we see for instance that a stronger bound holds as soon as 1’ is monotonous. (A stronger bound holds if
n is twice differentiable.) As for the positivity condition, we can take for example n = 1 * 1 for some smooth and rapidly
decaying 7.

ZWe will require later the condition > 0. In particular, the results of our paper also apply to class functions of the form
Re(t), where t: G — C is a class function of nonnegative real part such that f > 0.
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reads
Yy (x; LYK, 1) ~F(Dx 2L, (3),
where

L (u) :=/I;<e“xn(x)dx

(note that £, (u) = £,/ (—u)). Secondly, it follows from an analysis as in [Fiorilli and Jouve 2024] (see,
e.g., [loc. cit., Theorem 2.1]) that under GRH, the remainder term v, (x; L/K, 1) — f(l)xl/zﬁn(%) has
average value equal to 7(0)z(L/K, t), where we define

2L/K, )= Y i(x)ordsmijp L(s, L/K, x).
x €lrr(G)
With this in mind, we define U to be the set of even nontrivial integrable functions ®: R — R such
that @, @ > (), and we consider for U >0, ® €U, n € Zs1, and n € S the central moment

M,(U,L/K;t,n,®) ::% Tk ¥, " L/K, H—i(1)e"? L, D50z /k,0) du.
Ufo @ Jo v 2

“4)
We will see that under GRH and AC, this integral converges.

Our main result is a lower bound on the even moments A712m (U; L/K; t,n, ®), which is conditional on
GRH as well as AC. More precisely, if AC holds for a Galois extension L/F where K/ F is a subextension,
then we obtain a bound which depends on F. For simplicity one can assume that F' = Q; in general, we
expect to obtain the best possible (and in many families asymptotically optimal) bound with this choice.
Our bounds will depend on the root discriminant

rd, = d,/""%, (5)

where dj is the absolute value of the discriminant of L/Q. Our estimates will also involve various norms
relative to the Galois groups G and G of the extensions L/K and L/ F respectively. For a finite group
G and for a class function ¢ : G — C, these norms are defined as follows:

ra =Y x(WECON (k= 0). 6)

x €lrr(9)

Our main results (Theorems 1.1 and 1.4) show that the moments A712m(U ,L/K;t,n, ®) are asymp-
totically greater than or equal those of a Gaussian of expected variance. The implied variance will be
expressed in terms of zeros of Artin L-functions of a Galois number field extension L/F. More precisely,
denoting 1T := Indg+ t, this variance takes the shape

W(L/F, thimy = Y 1 GOPbo(x: 7). (7)
x €lrr(GT)

3Note that those conditions imply that 6(0) > 0.
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1
ﬁ 'OX_E
27

where p, is running over the nontrivial zeros of L(s, L/F, x).

Theorem 1.1. Let L/K/F be a tower of number fields such that L # Q, L/F is Galois, and assume
GRH and AC for the extension L/ F.* Define G :== Gal(L/K), Gt := Gal(L/F), letn € S5, ® € U, and
assume that t: G — R is a nonzero class function such that t* := Indg+ t, the class function on G

and where x € Irr(Gal(L/F)),
2

bo(x; %) =)

px ER

induced by t, satisfies e Rso.> For m € N, we have the lower bound
My, (U, L/K; 1,7, ®)
> pomV(L/F, 7 )" (14 Oy (m*m\ wa(L/F, 175 1)) + 0(

(k[ F - @IAq,1 (¢ ) log(rdy )™
T )

where k, > 0 is a constant which depends only on n and
erlrr(c+)|f+(x)|4bo()(; 7%)
A N 2°
(X et n T OO Pbo(x: 12))

In other words, the moments 1\712m(U, L/K;t,n, ®) are at least Gaussian of variance v(L/F, t; n).

w4(L/F, ttin) = (10)

Our next main result is an estimation of this variance as well as an upper bound on the error term
wy(L/F, 1 ).

Remark 1.2. A version of the quantity w4(L/F, t*; n) has already appeared in the probabilistic study
of the error term in Chebotarev [Fiorilli and Jouve 2024, Section 5.2]. In particular, the condition
w4(L/F, t%; n) =0(1) was necessary in order to obtain the central limit theorem [loc. cit., Proposition 5.8].
However, there exists class functions for which this condition does not hold: taking for instance t = 1, we
obtain a weighted version of the error term in the prime number theorem which under standard hypotheses
is not Gaussian; this goes back to Wintner [1941]. Another instance of non-Gaussian moments is explored
in [de la Breteche et al. 2023].

In order to state our bounds on the variance v(L/F, t"; 1), we define the following quantity attached
to a nontrivial class function #: G — R:®
xX@IEGO1? X @GO
S, := max |erlrr(G) : 2| — max |erlrr(G) ‘ <1.
1#4€G ) cirr(cy X (DI 1#£a€G A1,2(1)

(In

Remark 1.3. The quantity S, is, in a sense, a measure of the size of the support of 7. For many groups,
we expect S, to be much smaller than 1 as soon as 7 has a “large” support in Irr(G) (see the example
following Theorem 1.4 as well as Section 2).

4Note that AC for the extension L /F implies AC for the extension L/K.

5See the beginning of Section 4 for recollections on induction. Notice that the condition i+ > 0is weaker than 7 > 0. Indeed,

by Frobenius reciprocity, we have that () = #(x | ), and moreover the character x| is a sum of irreducible characters of G.
5Note that if G = {1}, then we define S; := 0.
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Here and throughout we denote by log; the k-fold iterated logarithm.
Theorem 1.4. With the same notations and assumptions as in Theorem 1.1, we have the following:

o Assume that the weight function n is such that inf{|z — 7’| : z # 2/, 1(2) = 1(z') = 0} > 0.7 Then, we

have the bounds .
V(L/F, 50 =<y Y TGO log(AGO)+2),
x €lrr(GT)

> etmch T OO log(A(x) +2)
A~ 2 .
(3 etmian T GOIP og(AGX) +2))
Here, A(x) is the Artin conductor which is defined in (18).

wa(L/F, 17, 1) <y

o Assume that S;+ < 1 —«;,(log,(rd, +2))~! where ky > 0 is a large enough constant which depends only

on n. Then we have the more explicit bounds

1—Su—0 ( 1 )< v(L/F,t%;n)
Y _
t "\log,(rd, +2) ) = a(IAP)[F : Qllog(rd ) 2(tF)
1
<1+S o, ——— ), 12
as well as8
Aia(t™) 1 2 )
L/F, tT: n)[F:Q]1 d ——(1-85+-0,| ———— 1 dr)”.
w4 (L/ MLF : Q]log(rd.) <5 MZ(IJF)Z( i ”<1og2(rdL +2))) K (logy rdr)

Remark 1.5. To see why the assumptions made in Theorem 1.4 are important, consider the case where

K =Qandt =t =1, in which S,+ = 1. Then we have that
log p
Vs L/K, ) —=x'2L,(5) = ) S og(p" /) = x 2Ly (3).

P
m>1

and the moments of the limiting distribution of this function are much smaller than those of a Gaussian
(in fact the limiting distribution has compact and uniformly bounded support, which does not depend on
the extension L/K). This does not contradict Theorem 1.1, since in this case w4 (L/F,t™, 1) > 1 (hence
we cannot extract any information from (9)).
Remark 1.6. The norms A; ;(f) := Zx €I (G) x (DTG0 * play a fundamental role in the analysis of
the error term in the Chebotarev density theorem. Bellaiche [2016] coined the term “Littlewood norm”
for A1,1(¢), which he thoroughly studied with applications to the sup norm of the error term in Chebotarev.
The norm A; »(¢) and its applications to the mean square of the error term in Chebotarev were studied in
[Fiorilli and Jouve 2024].

"More generally, it is sufficient to assume that there exists an interval [T, To] where 71 > k and T, — T7 > /c(logz(Tl))_1
on which 7 does not vanish, where « > 0 is a large enough absolute constant.

8Note that the second bound here shows that wy4(L/F, t1; n) is small as soon as the root discriminant is large. However, this
bound is far from optimal, and we expect the quotient A 1,4(t+) /Al’z(t+)2 to also be small in many cases.
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Remark 1.7. One can generalize the bound (12). If & C Irr(G™) is a set of irreducible characters, then
one can drop the terms where x ¢ E in the definition (7) of v(L/F, t™; ). Doing so, and assuming that

= X @GO
S+(E) := max |ZX€“ = 2| <
1#aeG 3y o= x (DGO
where «, > 0 is a large enough constant which depends only on 1, we deduce the bound

v(L/F,t;n) S S(E)— 0 ( 1 )
= =1 =5+ (=) — |,
a([f?)[F : Qllog(rdr)A 2(tT; E) ' "\ log, (rdf, +2)

1 — ke, (log, (rd; +2)) 7,

where A1 ,(t1; B) := Y
(see Section 2.5).

x(D|7(x)|*. This generalized bound will be useful in the case GT = S,

XEE

The following example illustrates the relevance of introducing the quantities S; and S;+ in the statement
of Theorem 1.4.

Example. Fix an abelian extension L/K of number fields and let G = Gal(L/K). Let ¢ be real-valued
with nonnegative Fourier coefficients of constant modulus (e.g., = 1,4, for any g € G), then, since by
orthogonality ) yelr(G) X (a) =0forevery a € G\ {1}, we have S; =0. In particular (12) combined with (9)
generalizes the situation considered in [de la Breteche and Fiorilli 2021, page 7] where ¢ = 1} 044 and
G >~ (Z/qZ)* is the Galois group of the cyclotomic extension Q(¢,)/Q. For further examples, including
nonabelian extensions, see Section 2.

Remark 1.8. In Theorem 1.1, one might wonder whether it is possible to bound the more familiar
moments

1 . ]
M, (U, L/K; 1,7, ®) :=mfo O () (y(e"s L/K, 1) = F(1)e"2L,(3))" du,
0

rather than M,,(U, L/K;t,n, ®). This is indeed the case since in Theorem 1.1,
mp kg = 00)z2(L/K, 1) =7(0)z(L/F,17)
(this follows from [Fiorilli and Jouve 2024, Lemma 3.15]), which by our assumptions is nonnegative.

Then, we have that

2m
2m\ ~ s ~
Mon(U. L/K 1, ®) = 32 (7 )y LK oY), 2 W (U, LK 1,0, @),
j=0
Of course, if we can show that my k., , > 0, then the last bound can be improved. As a result, we obtain
the following corollary.

Corollary 1.9. Under the assumptions of Theorem 1.1, the bound (9) holds with My,,(U, L/K; t, n, ®)
in place ofﬁgm(U, L/K;t, n, ®).
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We end this section by noting that Theorems 1.1 and 1.4 imply Q2-results on the classical (unweighted)

prime ideal counting functions

Y LK, 1))=Y 1(gy) log(Np). (13)

p<Ok
m>1

Corollary 1.10. Let L/K be a Galois extension of number fields for which GRH holds. Let F be any
subfield of K (i.e., F C K C L) which is such that L/ F is Galois and satisfies AC. Define G := Gal(L/K),
Gt :=Gal(L/F), and assume that t : G — R is a nonzero class function such that t+ := Indg+ t satisfies
+e Rxo. Assume that S;+ <1 — k(log,(rdy, +2))" where k > 0 is a large enough absolute constant.

Then there exists a sequence of values x = x ;.1 /k ; tending to infinity such that

1 1/2
) 7 1215 . L2
Y (x; L/K, 1) —t(D)x| > x/2([F : @]log(rdz) A1 2(t7)) <1 Si 0<10g2(rdL +2)>> , (14)

where the implied constant is absolute. More precisely, there exists a large enough absolute constant

k" > 0 such that for any large enough U > 0 (in absolute terms), there exists x > 1 such that (14) holds
withlogx € [U, U - B r.k.:] where

Br.r..s =xTF : QA1 (1) log(rdy, +2) logy (rd, +2) /A1 2(1™).

Corollary 1.11. Ler L/K with L # Q be a Galois extension of number fields for which GRH holds,
and define G := Gal(L/K). Then for any large enough U > 0, there exists x > 1 for which logx €
(U, k'U -log(dr + 2)] and such that

W (x: L/K, |G[L,) — x| > x'/*(logd) '/ (15)
Here, ' is a large enough absolute constant (in absolute terms).

The paper is organized as follows. In Section 2 we state applications of our main results to specific
families of Galois extensions of number fields. The proofs of these statements are postponed to Section 6.
Next, Sections 3 and 4 are dedicated to recollections and preparatory results concerning Artin conductors,
and zeros of Artin L-functions, respectively. We prove our main results as well as Corollaries 1.10
and 1.11 in Section 5.

2. Explicit families of Galois extensions and class functions

In this section we study explicit infinite families of extensions for which Theorems 1.1 and 1.4 apply.
The proofs of these results are contained in Section 6.

2.1. Abelian extensions: moments for prime ideals in ray classes. A natural way to generalize the
questions addressed in [Hooley 1977; de la Breteche and Fiorilli 2021; 2023] is to consider moments for
the distribution of prime ideals in abelian number field extensions. Indeed, class field theory provides one
with the exact transposition to any relative abelian extension of number fields of the classical approach to
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the study of primes in arithmetic progressions. Let m be a nonzero ideal of the ring of integers Ok of a
number field K, denote by v, the valuation on K with respect to a nonzero prime ideal p of Ok, and
consider

Iin(K) = {fractional ideals a of K: vy(a) =0if p|m},

Pn(K)" ={yOk: y € K, y totally positive and y = 1 mod m}.
The (strict) ray class group attached to K and m is defined as the quotient Cly, (K) := 11, (K) /P (K)™T. The

quotient group Cly, (K) is abelian and finite of order denoted % g n, (the strict ray class number attached to
K and m). In the case K = () and m = mZ for a positive integer m, we have

Cln(K) = Gal(Q(¢)/Q) = (Z/mZ) ™.

Class field theory asserts that, in general, there exists an (abelian) extension L. /K such that G =
Gal(Ly/K) >~ Clz(K). In this setting, for any (class) function ¢: Cl,,(K) — C, the prime counting
function we are interested in takes the form

log(N
Yy (s K, m, 1) o= p; t([p]’")%n(bg(ﬂ/pm/ﬂ),
m>1

where [p] denotes the class of the prime ideal p in Cly, (K). Note that v, (x; K, m, 1) = ¥, (x; Ln/K, 1),
and thus this is a particular case of the setting in Theorem 1.1. The Chebotarev density theorem for L,/ K
and r = hg w1, the (normalized) indicator function of a class [a] € Cl;(K), can be seen as a “prime
number theorem in the ray class field of K corresponding to m”. In this setting, applying Theorem 1.1
gives the following result.

Proposition 2.1. For m a nonzero ideal of the ring of integers Ok of a number field K, let Ly /K be the
corresponding ray class field extension, for which we assume that GRH holds. One has for the trivial
class [¢] € Clw(K), anym > 1, any n € Ss and any ® e U,

Mon(U, L/ K hig g, 1, @) = s (@ (117 1og dr, )™ (14 01a,,, 00 (1),
provided (logdy )" /U — 0, where the implied constant in o( - ) depends on m.

By analogy with the case of primes in arithmetic progressions (see [de la Breteche and Fiorilli 2023,
Theorem 1.3]), we expect that the dependency on the discriminant of L, can be made explicit in terms of
the norm of m. This is indeed the case, as shown in [Cohen et al. 1998, Theorem 3.3(2)].

2.2. Dihedral extensions. A natural next step after analyzing the abelian case (see Remark 1.3) is to
consider groups having an abelian subgroup of small index. Such is the case of dihedral groups. Let
us start by recalling classical facts (see, e.g., [Serre 1977, Section 5.3]): for an odd integer n > 3, the
dihedral group of order 2x is defined as follows,

D,={(o,t: 0" =1= l,rorzo_l).
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The nontrivial conjugacy classes of D,, are
{ol,o7}(1<j<in-1), and {ro*:0<k<n-1}.

Proposition 2.2. One has the following table of values of S, for various choices of central functions

t: D, — R:
n{ =3 >3 >5
4 |Dnlle 1{(7,(7*1} 2le+1{0,0*1}
1 1-2/n )
S 151 ad=1/n) =3

The first column of the table is used to prove the following result.
Proposition 2.3. Forn > 3 odd, let L/Q be a D,-extension of number fields for which GRH holds. One
has for any m > 1, any n € Ss and any ® € U,
Mo (U, L/Q; |DylLe, 0, @) = pom (@ (171%)(2 = 1) logdL )™ (14 014, -0 (1)),

provided (logdy)™ /U — 0, where the implied constant in o(-) depends on n.

2.3. Radical extensions. We consider the following Galois extension studied in [Fiorilli and Jouve 2024,
Section 9.2]. Let a, p be distinct prime numbers such that p # 2 and a?~! # 1 mod p? and let K, p be
the splitting field (inside C) of X? —a € Q[X]. The Galois group G := Gal(K,, ,/Q) is isomorphic to
the group of affine transformations of A[IFP. A convenient way to describe G is the following:

G:{((C) Cf):ce[F;,de[Fp}. (16)

One has |G| = p(p — 1) and G admits a real irreducible character ¥ of degree p — 1 (see Section 6.3).

Proposition 2.4. Let G be as in (16). One has the following table of values for S; for various choices of
central functions t: G — R:

t |G|1, s
s 1 1
"| p(1-2/p+2/p?) p-1

We deduce the following result on the moments attached to the class functions considered in the table
of Proposition 2.4.

Proposition 2.5. Let a, p be distinct prime numbers such that p # 2 and a?~' # 1 mod p>. Let Kap/Q
be the Galois extension of group G defined by (16). Assuming that GRH holds for K, ,, one has for any
m=>1,anyn e Ssandany ® €U,
Mo (U, Ko,p/Q; 1G[Le, 0, ) = pa (@ (%) p* log p)" (14 0p o0 (1),
Mow(U, Ka,p/D: 9,0, ®) > pom(@(171*) plog p)" (1 +0p—oe (1)),

provided (plog p)" = 0,00 (U).
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Note that in this particular example of Galois extension K, ,/Q the Artin conductors of the elements
of Irr(G) can be explicitly computed (see [Fiorilli and Jouve 2024, Section 9.2] and [Viviani 2004]),
therefore the last estimates of Theorem 1.4 can also be applied (yielding a weaker bound). Specific
features of moments in the Chebotarev density theorem for Galois extensions of type generalizing the
case of K, ,/Q are studied in detail in [de la Bretcche et al. 2023].

2.4. Moments for irreducible characters. As already mentioned in Remark 1.3, choosing ¢ such that
f(x) = 0 for many irreducible characters x of G could lead to a value of S, that is close to 1, however
in a longer sum we can hope to have more cancellations (following, e.g., the philosophy of [Iwaniec
and Kowalski 2004, Chapter 12], cancellations in character sums are believed to occur only when the
sums are taken over a sufficiently large index set). However, in some cases where ¢ is nontrivial but has a
Fourier support of minimal size (e.g., when ¢ is a nontrivial irreducible character of G, as in the case of
t = ¥ in Section 2.3), one can still have S; < 1 so that our main estimates in Theorem 1.1 and 1.4 apply.
The following statement gives a setup where one can take ¢ to be very close to an irreducible character
and still apply our main results. This result covers the situation lying at the opposite of the generalization
of the bound (12) discussed in Remark 1.7, where one discriminates the irreducible characters appearing
in the Fourier support of the class function ¢ according to the size of their degree.

Proposition 2.6. Let L/K /F be a tower of number fields such that L # Q, L/ F is Galois, and assume
GRH and AC for the extension L/ F. Define G := Gal(L/K) and G := Gal(L/F). Lett: G — R be a
class function such thatt™ = %( X + X) for some irreducible representation p of G* of character x. Let
n € Ssand ® €U. Then S+ < 1 if and only if p is faithful and the center Z(GT) of G has odd order.’

In particular, if this last condition holds and if rdy is large enough in terms of 1 — S;+, then (12) applies.

Finite groups admitting faithful irreducible characters are classified by a result of Gaschiitz; see, e.g.,
[Huppert 1998, Theorem 42.7]. Finally note that even if p is not faithful or 2 | |Z(G™)| then we may
apply the first case in Theorem 1.4.

2.5. S,-extensions. Perhaps what can be seen as the “generic” situation is when L/Q is Galois of group
S, the symmetric group on n letters. One can obtain explicit lower bounds for v(L/F, t*; n) by following
the approach in [Fiorilli and Jouve 2024, Section 7], which involves Roichman’s bound [1996]. For a
large set of class functions ¢, one can show that S; remains bounded away from 1 (where the distance
to 1 is precisely evaluated as a function of n in [loc. cit.]). For instance this applies to the difference of
normalized indicator functions

tc,,c; = (IG|/ICiD1¢, = (IG1/IC2D1e,  (resp. tc = (IG|/IC)1c)

as soon as Cy, C; are distinct conjugacy classes of S, one of which has size at most (resp. C is a
conjugacy class of S, of size at most) n!!~“+e)/(logn) sing these ideas, we obtain the following result.

9Recall that a representation p: G — GL(V) is said to be faithful if p is an injective group morphism.
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Proposition 2.7. Let n be large enough and assume that L /K is a Galois extension of number fields
for which L/Q is Galois of group S, and satisfies AC and GRH. Let Cy, Cy be conjugacy classes of
Gal(L/K) for which min(ICfLI, |C;r|) < pll=@+a)/Clogm \where ¢ > 0 is fixed. Then for all fixed m > 1

we have the bound

MZm(U, L/K7 tC],sz na qD)

log(n!/ min(|C{[, ICS])  [K : Q]log(rd;)n!>/?
log n! min(|CY, [C )2 p(n)!/2

provided ([K : @]log(rd,) min(|C |, |Cy D3 p(n)/n*)"/?/U — 0, where ¢, > 0 depends only on 1.

The same bound holds for the class function tc, = (|G|/|C1])1¢,, with the convention that in this case,

min(|C{"], ICF]) = |C] .

2M2m(cn ) (I' 4+ 014, > 00(1)),

Note that the factor log(n!/ min(|C}|, |C5]))/logn! 3> 1 as soon as min(|C{[, [C;]) < n!'~? for
some 6 > 0.

3. Artin conductors

Let us first recall a few facts on Artin conductors. Consider a finite Galois extension of number fields
L/K with Galois group G. For p a prime ideal of Og and *13 a prime ideal of Oy lying above p, the
higher ramification groups form a sequence (G;(*B/p));>o of subgroups of G (called filtration of the
inertia group I1(3/p)) defined as follows:

Gi(B/p):={c €G:Vze€Op, (6z—2z) P}

Each G;(13/p) only depends on p up to conjugation and Go(B/p) = I(P/p) (when conjugation is
unimportant we will simply denote this group 7 (p)). For clarity let us fix prime ideals p and 3 as above
and write G; for G;(*3/p). Given a representation p: G — GL(V) on a complex vector space V, the
subgroups G; act on V through p and we denote by V¢ C V the subspace of G;-invariant vectors. Let
x be the character of p and

o0

Gi| .. .
n(x,p) ::chodlm v, (17)
i=0

which was shown by Artin to be an integer. The Artin conductor of x is the ideal of Ok
FL/K, ) =] p"*?.
p

Note that the set indexing the above product is finite since only finitely many prime ideals p of Ok ramify
in L/K. We set

A(x) = d¢ N jaGL/K 1)), (18)
where dx is the absolute value of the absolute discriminant of the number field K and Nk /0 1s the relative

ideal norm with respect to K /Q (we will use the slight abuse of notation that identifies the value taken by
this relative norm map with the positive generator of the corresponding ideal).
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We recall the following pointwise bounds on the Artin conductor.

Lemma 3.1 [Fiorilli and Jouve 2024, Lemma 4.1]. Let L/K be a finite Galois extension. For any
nontrivial irreducible character x of G = Gal(L/K), one has the bounds

max(1, 3[K : @])x (1) <log A(x) < 2x(D[K : Q]log(rd.),
where the root discriminant rdy, is defined by (5). The upper bound is unconditional. The lower bound is
unconditional if K /Q is nontrivial and holds assuming AC for the Artin L-function L(s, L]Q, x).'°
We will also use the following average bounds, which generalize [Fiorilli and Jouve 2024, Lemma 4.2].

Lemma 3.2. Let L /K be a Galois extension of number fields, and let G = Gal(L/K). Let {cy }yeur(G) be

a family of nonnegative real numbers. Then we have the bounds

cy log A(x)
(1—-3S(c) x(Dey < X <(1+S5(@)) x(Dey,
xe%;o‘) ' XE§G) [K: Q]log(rd.) xe%;G) '

where S(c) := S; (recall (11)) for the choice t = Zx ctre(G) Cx * X-
Proof. Denoting by xe, the character of the regular representation of G, we have the equality

3 e (’Téfn(xreg,p) (x,p>> Ten |Z Y x@ey.

x €lrr(G) i>0 1#a€G; xelr(G)
Summing over the prime ideals p of Ok, we deduce that

¢y log A(x) B
2 (K : Q] log(rd,) 2 x(ey

x €lr(G) x €lrr(G)

<S8 D xMleyl,

x €lrr(G)

from which the claimed bounds follow. O
We will also use the following bound.

Lemma 3.3. Let L/K be a Galois extension of number fields, and let G = Gal(L/K). For all x € Irr(G),

we have og(A(r) +2) oa(rd, 42)
oglAalx og(rdy

K :Qlx(1) ————.

log, ((A(x) +2)3/x(DIK:Ql) «l Ix¢ )10g2(rdL +2)

Proof. This follows form the fact that the function -/ log - is eventually increasing, combined with the

upper bound in Lemma 3.1. 0

4. Sums over zeros of Artin L-functions

The goal of this section is to express the function ¥, (x; L/K, t) defined by (3) in terms of a sum over zeros
of Artin L-functions, which will allow us to give a lower bound on the moments Mzm(U ,L/K;t,n, ®)
through an application of positivity. This lower bound will be expressed as a convergent sum over zeros,
which we will evaluate explicitly.

10y actually also holds for the trivial character in this case.



494 Régis de la Breteche, Daniel Fiorilli and Florent Jouve

First we recall a few facts about Artin L-functions. If x is the character of an irreducible representation
p: G=Gal(L/K) — GL(V), the corresponding Artin L-function is defined for Re(s) > 1 by the Euler
product

L(s,L/K, x) = 1_[ Lp(s, ), (Lp(s, ) = detd —Np~°p(@p)ly), p <Ok prime),

p<Og
p prime

where V' is the subspace of V which is invariant under the inertia group I, (see Section 3). AC states
that L(s, L/K, x) can be extended to an entire function (except when y is the trivial character, in which
case there is a simple pole at s = 1). Following [Artin 1931], we recall the definition of the archimedean
part L(s, x~o) of the completed L-function associated to the irreducible character x. Let v be an infinite
place of K (that is, v is a real embedding or a pair of conjugate complex embeddings). Let w be a place
of L over v. For the couple (w, v), the analogue of the decomposition group is a subgroup G/, of G
which is trivial if v and w are both real or both complex, and which is the group of order two generated
by complex conjugation otherwise. If we denote

Ma@) =71 (3),  Tel) =Tl + 1),

then the Euler factor at v is
[g(s)dim v Cr(s + 1)°°dimvcw/v if v is real,
Polx, 5) = {F@(S)X(l) if v is complex.
The Archimedean part of the completed L-function associated to x is then defined by the formula (recall
the definition (18) of the Artin conductor A(yx))
L(s, Xoo) = AGO* [ [ o(x. 9. (19)
v

We are ready to prove the following explicit formula for the function

log(N
Vy(xs L/K, x) = Z x (@, %n(logw}ﬂmm)-
P<1(3{<

Lemma 4.1. Let L/K be a Galois extension of number fields, denote G = Gal(L/K), and let x € Irr(G).
Under AC for L(s, L/K, ), for any n € Ss and x > 1 we have the formula

1
_1.(Px—3 _
Yy L/K, x) = 2122, (1)8 =y — Y 2 i’(ﬁ) + 0,07 o400+ 2.
Px

where p, runs through the nontrivial zeros of L(s, L/ K, x).

Proof. Let
Y (8) = L(s, xo0) A(x) /2.

Since we assume AC, we can use [Iwaniec and Kowalski 2004, Theorem 5.11] for the test function

¢:n+—> n(og(n/x))/ n'/2. Note that our assumptions are weaker than those in [loc. cit., Theorem 5.11],
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however going through the proof one sees that our hypotheses are sufficient for [loc. cit., (5.44)] to apply;
see, e.g., [Montgomery and Vaughan 2007, Theorem 12.13] and [de la Breteche and Fiorilli 2023]. Let us
recall what is the relevant von Manglodt function A, in this case (it should satisfy [Iwaniec and Kowalski
2004, (5.25)]):

Ay(ph=>_ > log(p)x(gy) (pprime,reN).

fe=t plp
f/p)=f

Indeed, by [Martinet 1977, page 11],

LG L/K, ) - Zx(wp)log/\/p Y Y X (@) log(p') ZZA 02}
S = L P L=l plp p p =1
p prime Fo/p=1

Then, the first term on the left-hand side of [Iwaniec and Kowalski 2004, (5.44)] is given by
n(log(n/x)) log(p!) x (wp)n(log(p™ /x))
AW =2 > ) ;

nl/2 pm/2
n=>1 pt fl=m plp

fo/p=f

. Z Z Z log(Np)X(wﬁ)n(log(/\/lﬂe/x))

pom f=m  plp Npt/2
fo/p=f
log(N'p) X (¢, )n(log(NpZ/X))
= Z Z Z Npt/2

p,£ m=0 mod ¢ plp
fp/p)=m/t

Reindexing the sums, we obtain

n(log(n/x)) log(NVp) x (¢5)n(log(Np*/x))
IIOULCUIES 3D SID S e
p.l m

n>1 '>1  plp

fp/p)y=m’
1og(Np) x (9 n(log(Npt/x))
| /\/pt’/Z

log(Vp) x (5 n(log(N'pt/x))
J:/'pg/z _WW(X’L/K’X)

Il
=[]

p.L

h-3
=

&~

P,
A similar calculation shows that the second term on the left-hand side of [Iwaniec and Kowalski 2004,
(5.44)] is exactly v, x L /K, ). This translates into the formula

Y (s LIK, x) + (x5 L/K, X)
= n(log(x)) log A(x) + 8x—xOx” 2L,(3)
+it) y)’((%—it)>A . (px -) 2
L L)yl d Px=3 0 2y, (20
+2ﬂ/ < 1 +it) +yx(%—it) T )" dr = ;x N "2ni + Oy, 20)

where the error term accounts for possible trivial zeros of L(s, L/K, x) ats = 0.
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To handle the contribution of the integral of y-factors we use (19) as well as [Montgomery and
Vaughan 2007, Lemma 12.14] that applies to our case with the choice J(u) = n(2w (v —logx)). Up to
the multiplicative constant x (1) the contribution of any infinite place v of K is bounded by an analogous
integral where the y-factor appearing is the Euler I function. We can then combine [Montgomery
and Vaughan 2007, Theorem 12.13 and Lemma 12.14] and [de la Breteéche and Fiorilli 2023, proof of
Lemma 2.2] (note that we are using the assumption that n is differentiable here). To conclude, we use the
upper bound [K : Q]x (1) <« log(A(x)) from Lemma 3.1. O

In Section 5, we will apply Lemma 4.1 to approximate MH(U ,L/K;t,n, @) (recall (4)). A positivity
argument will then be applied to this approximation producing convergent sums over zeros of the form

_1 _1
b(x: h) = Zh(%) b =Y h(%) 1)
Px px¢R

where p, runs through the nontrivial zeros of L(s, L/K, x). Note that these sums take into account the
multiplicities of zeros, by convention. As for the involved test function, we will work with 7s, the set of
nontrivial measurable functions 4#: R — R having the following properties. We require that £ > £h(§)
is integrable, and that, for all £ € R, we have the bounds

0<h® < (+[E) " (og+|5) >,
Moreover, for all # € R, we have that!!
B, i () < e~ (1/2+3/2)]

Note that if 7 € S is nontrivial, then 4, := 7/* € T5. We may extend h to the domain {s eC: [TIm(s)| < 4%}
by writing

h(s) = / eS8 (&) dE. (22)
R

Lemma 4.2. Let L/K be a Galois extension of number fields of group G, and let x € Irr(G). Assume AC
for the extension L /K. Then for any h € Ts, we have the pointwise estimates

b(x; h) =h(0)log A(x) 4+ On(x (DK : QJ),
b(x; h) <plog(A(x) +2).

(23)

Proof. To estimate the sum b(x; k) defined in (21), we set x = 1 and n = h in the explicit formula (20),
resulting in the identity

R © ryr(3+it) v (3 —it) t
b(x: h) = L,(2)8,—,, +7(0)log A L/ (VX(2 X2 )h(—)d
O ) = £33 + ROog A+ 37 | v Grin) v i=in) \ax )¢
— V(I L/K, x) —¥;(1; L/K, X) + Op(1). (24

HThe integrability of & — &£h(&) implies that h is differentiable; see [Kolmogorov and Fomin 1989, page 430].
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We have already seen in the proof of Lemma 4.1 that the contribution of the gamma factors is < x (1).
Moreover, we have the bound

N !
Vi L/K. ) < x () Y N%fw/ﬂ?m <xHY ) ‘}g(ffg/; Y 1< (DK Q1. (25)

p<Ok p f>1 p<Ok
m=>1 plp
Fw/p=r

The first claimed bound follows. As for the second, it is a consequence of Odlyzko type bounds; see, e.g.,
[Pizarro-Madariaga 2011, Theorem 3.2]. O

The next step will be to obtain an average bound on by (x; 72). Precisely if #: G — C is a class function
and n € S;s (recall the definition involving condition (1)) for some fixed § > 0, then we analyze in the
following lemma the variance defined in (7).

Lemma 4.3. Assume AC and GRH for the Galois extension of number fields L /K, and let n € Ss. Then
we have the estimate

v(L/K. ) =a(i®) Y FOOPlog AX) + E(L/K. 1)+ 0y(IK : QA1 2()),  (26)
x €lrr(G)

where'?

log(rd, +2) (max |f(x)|2)log(dL+2>} @

E(L/K,t;n) <, min} [K : QA 2(¢ ,
(LK. 1:m) <y {[ ] 1’2()log2(rdL +2) \yem©) x(1) )logy(d +2)

Moreover, we have the bounds

a2 (1-8 -0 ! _ V(L/K.1)
N2 t "\log,(rd; +2) /) ~ [K : Q]log(rdy)

< a(lﬁlz)/\l,z(t)<1 + S+ On(

1
— ). 2
log, (rdy, +2) )) (28)

Proof. First observe that by (23), we have the estimate
D GO AP = i) Y 16O log AGO) + 0y([K : QI 2(1)).
x€lrr(G) x €lrr(G)
Then, we remove the contribution of real zeros as follows:

D FGOPGGG AP —bo(x. 1817) <y Y GO ordg—y 2 L(s, L/K. X)

xelr(G) x €lr(G)

? log(A(x) +2)
< ), feoP . .
/(x(DIK:Q])

x€li(G) log, (A(x) +2)>/x

12Note that only the first term of this minimum will be used in this paper — the second is present for future reference.
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by [Iwaniec and Kowalski 2004, Proposition 5.21]. The first bound on E(L/K, t; n) then follows directly
from Lemma 3.3. As for the second, we have that

" 2
Y ORGP = bolx, 117) <<,]( max_ LX)

x €lrr(G) xelr(G) x (1)

) ords—1,2 &1 (s)

( If(X)I2> log(d +2)
<, | max ,
xelm(@G) x(1) /log,(dr +2)
thanks to the decomposition ¢z, (s) =] | Y el(G) L(s, L/K, x)* and [Iwaniec and Kowalski 2004, Propo-
sition 5.34]. Finally, (28) follows from combining (26) with the bounds in Lemma 3.2. Il

In view of (28), one may wonder if we can still produce a lower bound if S; is close to 1. In the next
two lemmas we show that in this case we can still estimate bg()x, &) in terms of log A(x). The idea here
is that if 7 does not vanish on an interval containing sufficiently many imaginary parts of L-function
zeros then we can deduce the required estimate. For x € Irr(Gal(L/K)) we will denote

N(T, x)={p: 0<Re(p) <1,|Im(p)| =T, L(p,L/K, x)=0} (T =0).

Lemma 4.4. Assume AC and GRH for the Galois extension of number fields L/ K. Let G = Gal(L/K)
and y € Irr(G). Forall T > 0 and all 0 < & < 1 one has
N(T +e, x)—N(T, x)

310 Alx) T + g \X(DIK:Q] Lo log((A(x) +2)(4T + 1)x(DIK:QIy
7 08\ AUO\ 52 log, (A(x) +2)3 KT (4T + 1))

+[K : @]X(1)>'
In particular, if ¢ > k(log, (T + 3) ! and

(29)

(1= 8)~" <k elogy(rds +2)<1 n Mﬂ),

log(rd;, +2)
where k > 0 is a large enough absolute constant, then we have the bound

f A T x(DIK:Q]
> It(x)lz(N(T+8,x)—N(T,x))2% > It(X)Izlog(A(X)( +8) )

x €lrr(G) x €lrr(G) 2me

In case rd, < 1, then the assumption & >> k (log, (T + 3) " Lis sufficient (i.e., (29) is not required).

Note that the condition & > « (log, (T + 3)~! implies that € or T is large enough, which ensures that
N(T +¢,x)—N(T, x) #0.
Proof. Recalling the definition (19) of L(s, x~), we combine Theorem 5 and (4.1) of [Carneiro et al.
2015] to obtain

L/
N(T—i—s,x)—N(T,X):l/ Re —(l-l—it,xoo) ,dt
T T<|gl<T+e L\2

< log((A(x)+2)(4T+1)x(DIK-Ql)
log, ((A(x)+2)3/ (x(DIK:QD (4T +1))

To evaluate the main term we use the computations [Iwaniec and Kowalski 2004, (5.35) and (5.36)]

>+0([K:@]x(1))- (30)

in the context of [Carneiro et al. 2015, (4.1)]. Precisely the factors of L(s, xo0) have the following
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contribution in the range [T, T + ¢] of imaginary parts of critical zeros:

£ A(x) [K :Q]x (1) T+e¢ T
;10g<n[1(:@]x(1))+ - ((T—l—e)logT—TlogE—s)—i-O([K :Qlx (1))

A K:Qlx( T+
= (nng;ﬁi(u) +1 n]X( )elog(f) +O(IK : @l (1)),

T

which leads to the first estimate. In order to prove the second part of the statement, note that

Z |f( )|2 IOg((A(X)+2)(4T_|_1)x(1)[[(:@])
g lOgZ((A(X)-|-2)3/()((1)l1<:@1)(4T_H))

x €lrr(G)

po2 log(A(x)+2) _ U
<<X§(G)|t<x)| o (AC0 12 /(X(l)[,{:@]))Jr[K.@]XegG)X(l)lt(X)l

log(4T+1)
log, ((A(x)+2)3/ x(MIK:QDY~

Moreover, Lemma 3.2 implies the bound (recall (11))
> FGOPlog AG) = (1= 8 log(rd )2 2()[K : Q.
x €lrr(G)

The stated lower bound then follows from (30) and from Lemmas 3.3 and 3.1. Indeed the main term
is greater than twice the error term under the stated assumption. Finally note that if 2 <rd; « 1, then
Lemma 3.1 implies that log(A(x)+2) =< [K : Q] x (1) which is sufficient to obtain the stated lower bound.
The only case not covered by this condition, which corresponds to L = K = @, can be trivially handled
separately. 0

Building on Lemma 4.4, we can now deduce an estimate on by (, %) (recall (8)) in terms of log A(x)
under a support condition on 7.

Lemma 4.5. Assume AC and GRH for the Galois extension of number fields L/ K. Let G = Gal(L/K)
andlet e, T > 0 be such that T > k and ¢ > k(log, (T + 3))_1, where k > 0 is absolute and large enough.
Assuming that §j does not vanish on [T, T + €],'3 then we have

V(L/K )=y Y GO log(AGN)+2). (31)
x €lrr(G)

Proof. By definition, we have the lower bound

bo(x; 1%) = (N(T +¢&,x) = N(T, x)) min |7]> >, log(A(x) +2),
|glelT,T+e]

by Lemma 4.4 and our hypotheses on ¢ and 7', which imply that the main term in this lemma dominates
the error term. As a result,
VL/K ) 3>y Y [FGOPlog(A(xX) +2).
x €lrr(G)
The upper bound follows directly from (23). O

3Recall that in (29) the constant ¥ > 0 is absolute. Note moreover that if 7 does not vanish, the condition on 7) is always
fulfilled with ¢ = co.
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5. Proof of Theorems 1.1 and 1.4: induction and positivity

In this section our main goal is to prove Theorems 1.1 and 1.4. This will be carried out through an
application of positivity in the explicit formula obtained in Lemma 4.1 (positivity will circumvent the
need for the LI hypothesis). Notice however that doing so directly with the Fourier decomposition (recall
the definition (3))
Yy L/K =Y 100, (x: L/K, x)
x €lrr(G)

would yield bounds which we believe not to be optimal (unless K = (@). To obtain conjecturally
optimal bounds, we will first apply the inductive property of Artin L-functions. This is the purpose
of Lemma 5.1. The following step, Lemma 5.2, will consist of approximating the moment we study
MH(U, L/K;t,n, ®) by the quantity 5,,(U, L/K;t,n, ®) which involves zeros of Artin L-functions.
A lower bound for D, (U, L /K; t,n, ®) will be produced in Lemma 5.7 by combining two preparatory
results: a combinatorial inequality which we believe is of intrinsic interest (Lemma 5.3) and a statement
which is more representation theoretic in nature and deals with L-function zeros relevant to the moment
M,(U,L/K:t, 5, ®) (Lemma 5.6).

We recall that L/K is a Galois extension of number fields of Galois group G, and t: G — C is a class
function. If F is a subfield of K such that L/F is Galois of group G*, then we form the class function
on G* induced by ¢ in the following way:

tf=mdg (1: Gt —>C, f(g= > 1@ 'ga)geG").
aGeGT/G:
a"'gaeG
The property of invariance of Artin L-functions under induction (see [Artin 1931, (18)]) can be stated, in
our situation, as the equality L(s, L/K,t) = L(s, L/F, t"): itis crucial to our analysis and implies in
particular Lemma 5.1 below.
Through this section, one should keep in mind that if we assume AC for L/Q), then we expect in most
cases to obtain the best bounds by selecting F' = Q. On the other extreme, one may always take F = K
and obtain nontrivial bounds.

Lemma 5.1. Let L/K /F be a tower of number fields for which L/ F is Galois, let G = Gal(L/K) and
Gt =Gal(L/F). For n € Ss and for any class function t : G — C, we have the identity

Yy L/K, 1) = Yy (x; L/F, 1), (32)
As a consequence, for any ® € U we have the identity
M, (U, L/K; 1,0, ®) = MU, L/F; 1%, n, ®). (33)

Proof. The equality (32) is stated and proved in [Fiorilli and Jouve 2024, Proposition 3.11]. As for (33), itis
a consequence of (32) combined with [loc. cit., Lemma 3.15], which asserts that z(L /K, t) = z(L/Q, t™)
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(the limiting expectation involved in (4)), and the equality t?f(l) = £(1), which is a straightforward
application of Frobenius reciprocity. g

We now approximate the moment Mn(U ,L/K;t,n, ®) by a sum over zeros of Artin L-functions. If
L/F is a Galois extension of group G, then we define for every integer n > 1
D,(U,L/F;t,1, ®)
(=D)" T ~(U S NaZT
= e > [Tian) 2 o wa++v)) [TA(5) G4
0 Xlseees X,,EIIT(GJr) le Yxpoee Yxn #0 /:1

where y,,, ..., ¥y, run over the imaginary parts of the nontrivial zeros of the Artin L-functions
L(S, L/F? Xl)a ] L(S, L/F7 Xﬂ)

Lemma 5.2. Let L/K/F be a tower of number fields in which L/ F is a Galois extension satisfying AC
and GRH. Let t: Gal(L/K) — C be a class function and let t* := Indg:}géj?) t. Then forn € S5, ® e U,

and n € Z>1 we have the estimate

- - . + n
Mn(U, L/K; tn, (D) — Dn(U, L/F; l’+, 1, (D) + 0((Kn[F : @])xl,l(t )log(rdL +2)) )’

U

where k,, > 0 is a constant which depends only on 1.
Proof. Let Gt = Gal(L/F), and recall that by Lemma 5.1, one has
M, (U, L/K; 1,1, ®) = M, (U, L/F; 1+, n, ).
Combining the Fourier decomposition
Yy L/F. ) = > TGOV, € L/F. x)
X €lrr(GT)

and Lemma 4.1 results in the estimate (recall that Frobenius reciprocity implies t/jr(l) =1(1))
Yy L/F, 1)
=i, (3) - Y FoY e"yx”ﬁ(zy—;> +0, (e‘”/z > 10l 10g(A(X)+2)>- (35)
x€elr(G+) Vx x€lr(G+)
By Lemma 3.1, the error term is <, e “2[F: Q)] log(rdz )11 (). The claimed estimate follows from
substituting this expression in the definition (4) and applying the bound

Z el Vxih <;/_X) < log(A(x) +2),
b4
Yx
which is a direct consequence of the Riemann-von Mangoldt formula; see, e.g., [Iwaniec and Kowalski

2004, Theorem 5.8]. O

Our goal will be to apply positivity on the right-hand side of (34). The idea here is that by our conditions
on @, 1+ and 7, the quantity D, (U, L/F;tt, n, ®) is a sum of positive terms. The rapid decay of )
should imply that only the terms where y,, + - - - 4+ y,, is very small contribute substantially to the inner
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sum in (34). However, if the zeros enjoy on average the diophantine properties of “random” real numbers,
then we expect this to be the case only when the p,, come in conjugate pairs, that is for each j there
exists 7 () such that y,, = —y,, ;- Moreover, we also believe that this should force x; = Xz(;). Those
two facts follow from an effective version of the linear independence hypothesis for Artin L-functions;
see [Fiorilli and Jouve 2024, Introduction] for the precise statement. The positivity condition will allow
us to circumvent this hypothesis.

Let us first establish the following combinatorial result.

Lemma 5.3. Let ' C R. be a countable multiset, and let a = {a, }, cru—r be a sequence of complex
numbers such that a_,, = a, and moreover Zy crlay |> < 0o, where by convention sums over y €I take

multiplicities into account. Define

¢
Sy (a) := Z l_[ Ay, ;.
j=1

Yireeos VeED Y5 yy€=T
VyeR#{jiy=yi=#jyj=—v}

Then, Syi(a) € R, and moreover for every positive integer £, we have the inequality

—1
Se(a) > 0! (Zmyﬂ) max{ D lay P —erece — Mt 0}, (36)

yell yell
where M = sup{|a,|: y € '}.
Remark 5.4. For £ = 1, note that £! £(¢ — 1)M?e!/t = 0. In fact, in this case we have
Sa(@) =) mylay* = la, I,
yel yel

where m,, is the multiplicity of y in I'. Indeed, by definition m_, =m.,,.
Proof of Lemma 5.3. By Remark 5.4, we may assume that £ > 2. For any integer r > 1 and any r-tuple
n=(ny,...,n,) €N, which is a partition of £ in the sense that n; < n;; for all i, and Zi n; =4, we
denote by s the number of indices i > 1 such that n; = ny, and inductively by s; the number of indices i
such that n; =n sj1+1- Note that if k is the “number of distinct parts” in the partition (ny, ..., n,) of £,
in particular s = #{i : n; = n,}, then one has s; +--- 4+ s, =r. We set

L 1

cmy=c(ny,...,n,) = (Vll, ﬂr)ﬂ

where we recall the definition of the multinomial coefficient

( 14 ) £!
ny,...,ny _n]!...nr!'

In particular ¢(1, ..., 1) = 1 since in this case k =1 and sy =r = £.
For every y € T', let m,, be the multiplicity of y in I. On one hand we have the following expansion
(here we use the notation Y to denote a sum “without multiplicity™)

4 b4 r
(Zlay|2)=(z*my|ay|2>= > e Z* [ [my)1ay, 1. (37)

yer yer ny+--tn, =L Vi€l j=1
ny=ny=--=<ny Vi#j,)/i;ﬁ]/j
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Here, we have used the fact that for a given (ny, ..., n,) € N" such that ny + - - - +n, = £, the number of
permutations of the n; such that ny <np <--- <n, is exactly si!---s!.
On the other hand we have

oo Y [[myay Y Hm"/ .

Sx(a) =
ny+eetn, =L Vi, yr€l j=1 Ve Vg €F
n <ny<---<n, ViZE]Yi#Yj Vi#{j<tyj=—yi}=n;
r
E * 2n; on;
Z ()(m,...,nr) 1 v lay,] %)

ni+-+n,=¢ Vi, Vr €N j=1
ny<ny<--<n, ViZE]Yi#Yi

which is a real number. The additional factor (n] e nr) comes from the number of the sets #{j < £ :
yj’. = —¥;} = n,. Since the multiplicities m, are positive integers, the contribution of n =(1,...,1) to
the right-hand side of (38) admits the lower bound

14
Ly ]‘[m 2200 57 T mylay, (39)

Vi Ve €l j=1 Y1y Vo€l j=1
ViFE ], Vi#Yj ViFE ] Vi#EY)

Using (37) we see that the lower bound in (39) equals

4
E!(Zlay|2> — ¢! Z c(n) Z ]_[m’;fmyjz"f,

yell ni+-+n,=~£ Vi€l j=1
nyp<ny<---<n, Vi;ﬁj,}/i;ﬁ)/,’
nyQ> ’

and therefore we deduce from (38) and (39) that

l r r
w=e(Zet) B £ flaior ()
j=1

yel ni+-+n,=¢ Yi,...yr€l j=1
ni<ny<---<n;, Vi;éj,]/i#)/j
¢ n,>2
2 ’
ze!<§ ay| > — 0185, (a), (40)

yel

where we denote

Sy@:= Y cm) Y ]_[ mylay, [,

ni+-+n,=¢ ViseVr €D
np<ny=<--<n, Vi£],vi#Yj
=

n;
r J ]
]_[j=1 my; <ny!--n,!

Here we emphasize the extra condition ]_[;:1 m;l,/’ <n!---n,! appearing in the index set of the inner
sum. This is explained by the fact that r-tuples n such that ]_[;: 1 m?/]’ > ny!---n,! contribute a positive
term to the second summand in (40).

To obtain an upper bound for S}, (a), we write

-
Sy (@) = c(n) ’ m)ylay, |
2¢ Vi %y :
2<n,<t (n1,..., ny—1): 7/‘1,--.-7%61“ J:1
ny+- +n,<1<€ ny ViF ] ViFEYj
< - n;
np=na=--=np 1—[']_:1 myj <ny!l--n,!
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Note that (37) can then be used for the partition (ny, ..., n,_1) of £ —n, since we have

L 1 V4
c(n):c(nl,...,n,):(n] " )—Sl' 1 fc(nl,...,n,_1)<n )
LA ] r ERN\ R r
We deduce that

—n, "
Sp(@y< > (fr)<2|ay|2> (Z m’y”laylz”’). (41)

2<n,<t yel yell
m?j </{!

Next we use the condition /" < £!in the index set of the innermost sum of (41) as well as the inequality

() = ¢=0(, )

Sp@=er Yy (,f,)(z'“y'zynr(z'“y'zm)

to compute

2<n,<{ yell yell
¢—2 o
— 2 - 2 2(n,—2) 2
<eee—nHM Z(nr_Z)(Zw) M (Zlayl)
2<n,<{ yell yell
-1
§£!Z(€—1)M2<M2+Z|ay|2) :
yell

where we have used the upper bound |a, | < M 2”’_2|ay |> and the binomial formula for the last step.
Plugging this into (40) we deduce that

£—1

4
200 > <Z|ay|2> —e!z(E—l)MZ(M2+Z|aylz) : “2)

yel yel

To conclude, note that if Zy crlay | < £(¢ — 1)¢! M? then we have obtained a trivial lower bound
since Sy¢(a) > 0 by (38). However if )~ lay|* > £(€ — 1)€! M? then we have

5 s —1 5 —1 1 —1 ) —1 ”
(M + lay| ) 5(Z|ay|> (Hﬁ(ﬁ—l)) §(Z|ay|> e/ (43)

yel yel yell

and therefore (42) yields in both cases the asserted lower bound

S2e(a) !
0 Z<Z|ay|2> max{ Y la,|* = £1£(¢ — HM%e'* 01 O

yel yell

Next we state and prove Lemma 5.6 below, which is an application of Lemma 5.3. It makes use of
the classification of irreducible characters x of G according to their Frobenius—Schur indicator €;(x).
In view of its importance, we first recall the definition and properties of this invariant. If x denotes the
character of a representation p of G, the number

_1 2
Q00 = 1z > x(@d

geG
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is called the Frobenius—Schur indicator of x. If x is irreducible, then €;(x) € {—1, 0, 1} (see [Huppert
1998, Theorem 8.7]), and each of these three possible values has a precise meaning in terms of the
R-rationality of x and p, as we now recall; see, e.g., [Huppert 1998, Theorem 13.1] for a proof.

Theorem 5.5 (Frobenius, Schur). Let G be a finite group, and let x € Irr(G) be the character of an

irreducible complex representation p: G — GL(V):

(1) If e2(x) =0, then x # X, x is not the character of an R[G]-module, and there does not exist a
G-invariant, C-bilinear form # 0 on V. We say that p is a unitary representation.

(2) If e2(x) = 1, then x = X is the character of some R[G]-module, and there exists a G-invariant,
C-bilinear form which is symmetric and nonsingular, unique up to factors in C. We say that p is an

orthogonal representation.

(3) If e2(x) = —1, then x = X is not the character of any R[G]-module, and there exists a G-invariant,
C-bilinear form which is skew-symmetric and nonsingular, unique up to factors in C. We say that p

is a symplectic (or quaternionic) representation.

In the sequel, we will say that a character is unitary (resp. orthogonal, symplectic) if it is the character
of a unitary (resp. orthogonal, symplectic) representation.

Lemma 5.6. Let L/F be a Galois extension of number fields for which AC and GRH hold. Define
Gt :=Gal(L/F),andlett*: GT — R be a class function. For £ € N, let n € S5, ¥ € Irr(GT), and let
X1s s X2t €{W, V). Ifw is unitary then we have the estimate

v NN
> ]‘[ ( Xk) > max{€1bo(¥; |7’ — 0,22 — Dbo(y: [H)H). 0}, (44)
Yo Vx>0 =
Vxe+| """ Yx20 <0
VyeR,
#k <203k (W, U}, vy =y S =HK <20 0 (V. ¥ L vy ==V )

where the vy, run through the multiset of imaginary parts of the zeros of L(s, L/ F, y)L(s, L/ F, V) (with
multiplicity).

If \r is either orthogonal or symplectic then we have

J4
> I—Iﬁ<2)/_;)n(2)/k)>max{ 27 bo(y; 111 = 0,2 et =Dbo (v 7)), 0},

#Hhk<liy=y}= #{k<€ Ye=—v}

where the yi, ..., ve, V|, ..., ¥, run through the imaginary parts of the zeros of L(s, L/F, ) (with
multiplicity).

Proof. We will split the proof into two cases, depending on whether 1 is real-valued (orthogonal or
symplectic) or not (unitary). Because of the symmetry properties of zeros of L(s, L/F, ), this will lead
to two distinct combinatorial approaches.
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Let us start with the case where 1 is unitary. In this case ¥ and v are distinct irreducible characters
of G. One of the difficulties comes from the fact that some y may satisfy L(% +iy,L/F, w) =
L(3+iy, L/F,¥) =0. We have

#lhk <20y €Y V) vy =y =#k <20: x € (Y, ¥}, vy = =V}

We define the multisets

) :={y>0:L(3+iy,L/F,¢)=L(}—iy,L/F,v) =0}
and
Do) :=={y >0: L(3+iy,L/F,¥)=0, L(%—iy,L/F,v)#0},

so that T () NT2(¥) = @, Ta(¥) NT2(¥) = @, and Ty () UL (y) (respectively Ty () U T2 (1))
is a multiset whose elements are the positive imaginary parts of the nontrivial zeros of L(s, L/F, {)
(respectively L(s, L/F, 1)). In the multiset I'; (), we define the multiplicity associated to y as the sum
of the multiplicity of % +iy for L(s, L/F, {) and the multiplicity of % —iy for L(s, L/F, ). Note that
') =T (). Now, among the y,, in the sum on the left-hand side of (44), there are 2r elements in
I'1 () where 0 <r < £. Thus we can write

Vxes1o-Vxoe
VyeR,

#2000 (Y, Yy =v )=
#Hk<2C:xxely ¥}y =—v}

SO, 2 WEN £ ) e

r=0 Vi meﬂ(rw) Yaq»on Yoy EC2(YIUT2() k=1
Viperoes Voo € T10) Vitrs1seVanpar €= (C2@UM2 (@)
VyeR, VyeR,
Ak<2rvn =vi= #U=2L=2r 4=y =7 =

#h<20=2r: 0=V ,yy, =—v}
Here, we use the convention that when r = 0, the first sum is equal to 1 whereas when r = £, the second
sum is equal to 1.

Reindexing the innermost sum in (45), we see that
20—2r

N
) [T(%)=su2@,
VX]v---syxg,VEI‘Z(‘//)Ur2(I/7) k=1
Yooy i1 Varp_ar €= (C2(Y)UT2 (1))
VyeR,

Mk<2U=2r =V vy, =)=
#k<20—2r =V, yy, =—V}

where Sy;_»,(a) is defined in Lemma 5.3, with the choices

M=LW)ULh), a, := ﬁ(%)
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By Lemma 5.3, it is
> max{ (€ — )by (¥; |71 — 0y((€ — )L —r)(€ —r — Dba(yr; [71H) 1), 0},
where b, (1; |1|?) is the contribution of y € T2 () U T2 (¥) in bo(v; |1]?) so that

bo(¥; 111%) + bo(¥r; 1013 = bi(yr; 171 + b2 (¥ [7]),
2
s
i(3)

1Ay AV 1812y
by k=2 ) n(h) c bl =2 Y]
In the same fashion, we may estimate the first bracketed sum on the right-hand side of (45) using

with
2

veli(¥) y€L2(¥)UT2 (%)

Lemma 5.3, with the choices
~f Y
=T, ay:= 71<E>

By the same argument, the first sum is
> max{r! by (5 [71*)" = 0, (rr(r = Db (¥ 171771, 0).

Summing over r yields the claimed estimate.
If ¢ is either orthogonal or symplectic, then it is real-valued and thus the combinatorics are simpler in
this case. Indeed, the claimed bound follows at once from Lemma 5.3 with the choices

I:={y>0:L(5+iy,L/F.y)=0}, aV::ﬁ(%). -

Lemma 5.7. Let L/F be a Galois extension of number fields for which AC and GRH hold. Define
Gt :=Gal(L/F), and let t*: G* — R be a class function. Assume that i+ € R=q and let n € S5, ® € U.
For m € N, we have the lower bound

Dow(U, L/F; 1%, 0, ®) > pomv(L/F, t55 )™ (14 0, (m*m! wa(L/F, 15 1)),

where we recall (7) and
ZX elrr(GT) |t+(X) |4b0(Xa ﬁZ)
A ~ 2 *
(X et OO Pbo(x; 12))

Proof. Firstly, in (34), we may replace Irr(G) by C; := supp(t’jr ) C Irr(G™). For simplicity, let us write

wa(L/F, 175 n) =

(46)

(since t is real-valued)

Cl = {wlv wz’ D) er’ wrl—i-l» wrl—}-l’ er-i-z, D) Wrﬁ-rza er-i-rz}»

where v, ... ¥, arereal and V¥, 11, ..., ¥y +r, are complex. Note that C; depends only on G and ¢, and
r1 +2ry = |C;|. Given a vector x = (X1, ... Xom) € (C)?™, define

Ej()={l<k<2m: ey, ¥;}} (1<j<ri+nr),

€;(x) :==1E;(x)|. Note that Y"1 £;(x) = 2m.
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Secondly, by positivity of £+ and 1, we may obtain a lower bound on Do (U,L/F;t*,n, ®) by restrict-
ing the sum over characters to those x = (x1, ..., x2m) that are elements of (C)?" and Wi s Vow)

for which for any j <r; +r, and y € R we have

ke E;Q0: xx € W) Uik v = v =k € E;QO: xx € {Wj, ¥j), v = =73

Finally, we may further impose that k; (x) := %Z i (x) €N, and we may restrict the sum over characters to

the subset C; 2, of vectors of characters x = (x1, ..., X2m) € C,z’" which satisty [{£ <2m : x¢ =V ;}| =
€ <2m:y, = w_j}l, forevery rj +1 < j <r;+r,. We will also use the fact that for any j <r;+r; and
forall (x1, ..., xak;) and (yy,, - - -, yXij) appearing in the index set of the double sum (34), we have that
#Hee Ej(0Y= Y #l: xe e (W, i v =vi+ Y #l: xe€ (¥, Ui v = v}
)/GR>0 V€R<o
=2 > #: e Wy Ui vy = v)-
y€R-o

As a result, one deduces the following lower bound:

2m
~ 1 A
Dow(U, L/F: 17,0, ®) = — > l_[t+(x,-))
2 [, @ ,
X=(X1s0-0s X2m)€Cr2m ~ j=1
Vjkj(x)eN 5
(U m R ij
x > O =y ++vu) [T 52 )-
2 : 27
Vi oo Voo 70 Jj=1

HKEE; ()X elW Vi) vy =y )=
#HkeE;QO:xely ¥t vy =—v}

At this point, we notice that the conditions in the inner sum automatically imply that y,, +---+y,, =0,

resulting in the bound

2m m
Doy (U, L/F5 1", n, @) > > (l—[f+(Xj)> > N
X=(X1:--0s X2m)€Cr2m ~ j=1 Vx1oesYiom 70 Jj=1
Vj.kj(x)eN Vj<ri+r,VyeR,
#keE; QO xnelVj ¥}y =v)=
#heE; QO xnelVj. ¥}y =—v}

Next we stratify the first sum according to the values assumed by k;(x). Given a vector k =

(ks ... kpy4ry) € N2 guch that ky + - - - + k4., = m, we need to evaluate the sum
2m 2m y
D) := T (x; Al 22 ).
(k) ) (1_[ (x,)) 2. Hn(h
X=X1,-s X2m)€Cr2m =1 Y1 Viom 70 j=l1
ik (O=k; Vj<ri+r,VyeR,

#HKeE; (X)xelV; Vit vy =vi=
#HkeE; (Ol it v =—v}

Now, note that since ™ and 71 are real-valued, we have that

OO G =0T G0 = FHOO).
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Hence, after reindexing we obtain the identity

ri+r

2k;
D) = (2k1, . .2.’?12kr1+r2> 1_[1 ((f+(¢j))2kj 2 2l "()2%))
i

(X150 X2k ) EC 2 Vxl,---aVXij#O k=1

Ve<2kj,xe€{¥j, ¥y} VyeR,
#Hhk<2kj:yy, =v}=
#k<2k;:yy, =—v}
Let us now evaluate the inner sum

) ~ Vi
AOEIEDS > IIa(2)
(15 X2k )EC 2k, Vypooees Yook, #0 k=1
VZSZIC/,XKG{I//_/,XE} V]/ER,
#{k;ij: Yie ="V}
Reindexing, we obtain the identity
ki

2%; T AWEZ
Uj(kj)—<kj) > Hn(g 5 )
kj =
#k<k;yp=y )=tk <k<2k;:y{=—y}
where the y; and the ny are running over the positive (respectively negative) imaginary parts of the zeros
of L(s,L/K,v¥;)L(s, L/K, w_j). Applying Lemma 5.6, we deduce that for j > r1+1 (i.e., ¥; is unitary),
_ .ok kilki(k; —1)
oj(k;) = 2% o bo (W |71 max{l — on(%), 0},

| bo(W5; 112)
since

2k; A
( kij )kj! = 2k1/1“2’<j'
Now, if v/; is either orthogonal or symplectic (i.e., j < r1), then we may fix the sign of the imaginary
parts y,,; and deduce that

2k ; N4
=() 2 Ti%)
J Ve Vi; >0, yk’j <0 k=1

VyeR,
#{kfk/]/k:y}:#{kj <k§2kj2}/k/=—}/}

We invoke Lemma 5.6 once more and deduce the bound
N kilkj(k; —1)
oj(kj) = pak; bo(W s A1) maX{l -0 (L) 0}.
T ! ’ "\ bo(yj; 1)
Putting everything together, we deduce the overall bound
2

D et } :

Dzm(UaL/Fat 777’<D)Z <2k1,
kl’---vkrl+r2€
ke 1y =m

T ok s 2% vk TT ke!ky(ke—1)
< [T @ naed* @™ boe 1) [ maxg 1-0,( === ).0¢. (47)
=t i bo(Ye; I117)

r
" Ay 2ke A2k
,zkrﬁ,z)zlzllwzm W) bo(Wre: A1)
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Let us first evaluate the main term in this expression. By the identity

ri+r
2m

m
(2k1,...,2k,1+,2) 1_[1 Hak; = (kl,...,krl+r2>“2m

and the multinomial theorem, the main term is equal to

ri+ry
Mzm(zt+(lﬁe)2bo(w AR +2 ) W) bo(e; 1A >> = pamv(L/F, 155",

=1 L=ry
which is equal to the claimed main term.
As for the error terms in (47), recall first that they vanish whenever &k, € {0, 1} (see Remark 5.4). Next
we handle the contribution of indices k; > 2 to the error terms. Using the identity

ri+ry ri4ry
[] max{l—x.0=1->"x; (x,>0),
(=1 j=1

we see that we need to multiply the main term in (47) by

ri+r ri+r
ke!ke(ke—l)) } ( kj!kj<kj—1)>
140 —————1,0t>14+0 — "],
Hmax{ (bom; BV 2 bW ;; 17)

(=1 j=1
ijZ
We obtain an error term which is
ri+ra 1 m
Shom Y > ki =D(, ")
= bo(¥j, [11°) Kooy 4ry €N Ly eees Rryp4ry
kit otkpy 1y =m
kj=2 ri+r
x]"[(ﬁ(wf"fbo(w AR TT @« @™ boe: 7).
l=r1+1

Finally, notice that
kj(k; — 1)(k1’

and hence the error term above is

ri+r2 ri+ra m—2
< m2m!M2m< D W) s |ﬁ|2>) (Z#(W)%(w AR+2 Y T (W) bo(Wes 1] ))

m m—2

— )
.,krlm) mon =D k=20 ke

j=1 L=r;
ri+r
L tamV(L/F, 75 )" 2m?m! ( D) o |ﬁ|2)>. 0
j=1
Proof of Theorem 1.1. The claimed bound (9) follows from combining Lemmas 5.2 and 5.7. O

Proof of Theorem 1.4. The first part follows from Lemmas 4.2 and 4.5. More precisely, the bound
DGO A <y Y IFGO log(AG) +2)
x €lrr(GT) x €lrr(GT)

follows directly from Lemma 4.2.
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Next (12) follows from Lemma 4.3. We will also apply this lemma to prove the last claimed bound on
w4(L/F, t*; n). Note that by Lemmas 3.2 and 4.2 we have the upper bound

DGO bo(x: #7) <y At HIF : @ log(rdy, +2).
x€lrr(GT1)

Lemma 4.3 then implies that

wa(L/F, 175 ) < 1 ) (1 =S — 0(;»2'
T[F : Qllog(rdy +2) Ayo(2T)? log, (rd;, +2)

Moreover, we have the trivial bound
+ +
Aar™) - A2,4(tT) <1
()2 T At T
The result follows. O

Finally, we prove Corollaries 1.10 and 1.11.

Proof of Corollary 1.10. We will argue by contradiction. Assume otherwise that for all large enough x,

[ L/K. 0 = i(Dx] < ex'PCT
where

A
C =[F:Q]l d) A1 =8+ — —— ),
FLi+ =1 1log(rdz) A1 2( )( 1+ log, (rd, +2)>

A > 0 is an absolute and large enough constant and &(x) monotonically tends to zero as x tends to oo.
Let n = no * ng, where 7g is a nontrivial smooth even function supported in [—1, 1]. We then have that

for large enough x,

o * nd N
it /K0 =i0x 2, () = [ I a1k, 0 =iy

el _lna )
:_/2 1 (log(y/x) y3/§n(og(y/x))(¢(y;L/K’ NP

2 1/2
K e(e x)CF’Lﬁ.

Now, for any large enough 0 < U; < U,, this implies the bound

Uy
f (Wn(e"s L/K. 1) = #(1)e"L, (1)) du < e(e™2e")2(Uy — U)Cr. 1.1+
Uj
Moreover, (32) implies that

Y(es L/K 1) = Yry( L/F. 1 )= > 00" L/F, ).

x €lir(GT)
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We may apply Lemma 4.1 in which we can bound the second term on the right-hand side trivially (under
GRH), resulting in the overall bound (recall that ()= t?r(l))

Yy L/K, 1) — 1D L,(H) < Y 17T G0llog(A(x) +2) < At HIF - Q] log(rd, +2).
x €lrr(GT)

This then implies that

U
/ (Wy(e"s L/K. 1) — 11", (1)) du < Uy G 1 ((5)IF = Q1 log(rd, +2))°.
0
As a result, picking any even integrable function ® supported in [—1, 1], we deduce that

U U, —-U
MUz, LK, t, 7, ®) < Flm,l(r*)[F : Q]log(rd;))? + s(e*ze’fl)z%cnw.
2 2

Picking for instance Uy = U 12, this will eventually contradict the lower bound in Corollary 1.9 (combined

with Theorem 1.4). Indeed, the bound S;+ <1—x(log,(rd, +2))~ ! implies that rd; is large enough (since

k itself is large enough), which in turns implies that wq(L/F, t™, n) is small enough by Theorem 1.4.
We now show that there exists a value e”! < x < eV2 such that

] ~ 1/2,~1/2
W (x: L/K, 1) —i()x| > x'2C7 L

where U; = U and U = B F k.:U. Assume otherwise that for all ¢ > 0 and for all extensions L/K and
class functions ¢, there exists arbitrarily large values of U (depending on ¢, L /K and t) for which for all

x € [eY, e,

W (x; L/K,t) —f(1)x] < le/zcjlv/,i,ﬁ'

One can deduce following the lines above that
U
Ma(e U, L/K. 1%, 5. @) < 2 (i (D)IF : Qllog(rdp))? +¢Cr 1. r+.
2

Once more, this will contradict Corollary 1.9 if
Uz > ko[ F : @]log(rdy, +2) logy (rdg +2)h,1(t1)? /2127,
Ut = k1Ush12(t) /(LF : @111 (1) log(rd,, +2) log, (rd;, +2)),
where 7 > 0 is large enough and k| > 0 is small enough (both in absolute terms). U

Proof of Corollary 1.11. The proof goes along the lines of that of Corollary 1.10. By Lemma 5.1 applied
to the tower L/L/K and Lemma 5.2 applied to the trivial tower L/L/L,

M,(U,L/K;|G|1,,n, ®) = M,(U, L/L; 1,, 7, ®)

= Du(U. L/L: 1., @) + 0<(K"[K - Qllogrdy +2>>">.

U
Moreover, by Lemma 5.7,

Do (U, L/L; 14,1, ®) = pomv(L/L, 1o; 1) (1 + O, (m*m! wa(L/L, 1,; n))),
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where

V(L/L, Lein) = bo(x0: 77, wa(L/L,1e;m) = ———.
bo(x0; 17)

Now, Lemma 4.2 implies that

b(x; 1%) = h(0) logd, + 0,([L : Q]) = h(0) logdL<1 + 0( (48)

1
log(rd; +2) ))’

resulting in the overall bound
Mo (U, L/K; |GI1e, 1, @)

A m m m?m! (icy log(d, +2))>"
> pom(h(0)logdy) (1 + Oy (log(rdL +2) + log(dr +2) )) * 0< u >

The rest of the proof is similar. U

6. Application to specific extensions and class functions: proofs

This section is dedicated to the proofs of our results for specific Galois extensions, which were stated
in Section 2. The statements and their proofs make use of the terminology coming from the classical
representation theory of finite groups and we refer the reader, e.g., to [Huppert 1998] or [Serre 1977] for
recollections on the necessary background.

6.1. Moments for prime ideals in ray class groups. We prove Proposition 2.1.

Proof of Proposition 2.1. We apply Theorem 1.1 for K = F, and L = L. In particular we have
G = G ~ Cly(K). For the choice t = hk wm1jq), where [a] is any fixed class in Cl;,(K'), one computes
the norms (6) for all positive integers i, j:

Aij(t) = hg m,

since #(x) = x ([a]) for every irreducible character (all of which have degree 1) of Cl,(K). For the same
reason, one has S; = 0 (recall (11)), and if [a] = [e], then 7()) is positive (and constant, equal to 1) for
every character y. Therefore applying Theorem 1.4 yields the upper bound

w4(Ln/K, t; 1) K

logdy,
As for the variance, Theorem 1.4 gives
v(Lw/K,t;n) 1
a(|fP)logdy,, | logy(rdr, +2)°

Putting this together, Theorem 1.1 gives that for fixed m € N,
Mo (U, LK 1,0, ®) = pomv(Lun/ K, 15 1) (14 01, —00(1))
= pom(@(i1%) log dp,)" (14 01y, o0 (1)),
provided ((logdr )" /U) — 0 as dr,, — oo. g
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6.2. D,-examples. In this section, we prove Propositions 2.2 and 2.3. With notation as in these statements,
we recall that among the %(n + 3) isomorphism classes of irreducible representations of D,, exactly two
have degree 1: the trivial representation and the lift of the nontrivial character of D,, /(o) which is defined by

voh)y=1, v(o"=-1.

The remaining %(n — 1) irreducible representations of D, have degree 2; the associated characters are
given by
xn(0?) =2cosQrhj/n), xn(xa*)=0, (hell,.... mn—-D}).

Proof of Proposition 2.2. First note the following useful fact: for any integer j such that n{;j we have

(n—=1)/2 n—1/2

. 2rhj  sin(wj/2 —mj/(2n)) wj  wj 1
j = = —_— — —_———
1?:1 xn(o!) = hEZI cos — = = ey cos( 5 + 2n> =—5 (49)

2
(1) If one considers ¢t = | D, |1,, the indicator function of the neutral element of D,,, then #(x) = x (1) for
any x € Irr(D,) and thus one computes for any a € D,

(n—1)/2
Y x@IEGOP=1+y@+4 Y .
x€lrr(Dy) h=1

If a = e, this sum equals A; 2(t) =24 4(n — 1) =4n — 2. If a is in the conjugacy class of 7, then this
sum vanishes, and finally if a = o/, then the sum equals —2 by (49). Therefore S, = 1/(2n — 1).

(2) Consider the class function t = 1y, ,-1; (for which f(x) = x(o)/n for any x € Irr(D,)). One has for

any a € Dy,
(n—=1)/2 2
A 1+y(@ 4 21h
Y x@iEP=—"—=+= > xu@/|cos=—).
X€lr(D,) n L n
If a is conjugate to 7 then this quantity vanishes. Also, for any j’ € {1, cees %(n - 1)}, one has
(n—1)/2 ., )
A 2 8 2h 2mh
S xeHEOP= 24— Y cos 2 <cos )
n* n n n
x€lir(Dy) h=1

By linearizing the product on the right-hand side, we see that the maximal value of the left-hand side is
attained at j' = 2. Using (49) we can compute

(1=1)/2 2
2 4 4h Amh n—2
2N14 2 _ .
Y x@Hi0r= S+ Y <c057+(cos " >>_ -2

x €lrr(Dy,) h=1

Moreover one has

(n—1)/2
N 2 4 4h 2(n—1)
ha= Y xMIFOP=—+— <1+cos ): .

n n
x €lrr(Dy,) h=1
We conclude that S, = (1 —2/n)/2(1 — 1/n)).
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(3) Finally consider t = 21, + 1y, ,-1;. Unlike 1(, ,-1,, this class function has nonnegative Fourier
coefficients. Indeed one has

2
() =1ty = z, t(xn) = %(1 + cos @> = i(cos ﬂ) (1 <h< %(n — 1)).

n n n n

Therefore one has for any a € D,,

(n—1)/2 4
N 4(1 16 4rh
> xtalicop ="V 0 Xh(a)(cos%).

x €lrr(Dy) h=1

Using (49), one finds that this sum equals (2/n)(3 —4/n) if a = e. If a is in the conjugacy class of 7, the
sum vanishes. If @ = o/ and assuming n > 5, applying standard trigonometric identities as well as (49),
we see that this sum is equal to

2 32017 1 —1 10 1 —1
;4'?{2(_5 'ljsé74 modn+nT '1j574 modn) +Z<_§'1j§é4 Inodn+nT '1jE4 modn)
1 1 -1 1 1 -1
+E(_§'1j¢—8 modn+nT'1jz—8 modn) +E(_§'lj$8 modn+nT‘1j28 modn)}-

Clearly, this quantity is maximized when j = =4 mod n, in which case it is equal to (2/n)(2 — 4/n).
Overall one concludes that S; < (2—4/n)/(3—4/n) < % O

Proof of Proposition 2.3. Set t = |D,|1.. One has

ha@= Y xW*=IDy =2 ra@®= ) x(1)’=2+3;0320-1))=28n-7).
x €lrr(Dy) x €lrr(Dy)

We apply Theorem 1.4 for K = F =Q and L/Q a D,-extension. Therefore G = G and t ™ =¢. Moreover
AC holds for L since it is a supersolvable extension of Q. Therefore applying Theorem 1.4 we deduce

wa(L/Q, 15 1) K ——.
nlogrdy

As for the variance, Theorem 1.4 gives

L t; 1 1
AV( /Q, 15 1) _il < Lo '
a(|n?)(4n —2)logrd, 2n —1 log, (rdy, +2)

Putting this together, Theorem 1.1 gives that for fixed m € N,
Mo (U, L/Q; £, 7, ®) = ponv(L/K, t; )" (14 01, 00(1))
. 1 m
> pan (@i (2= ) logdL) (140, oo(1),

as soon as ((logdp)"/U) — 0 as dp — oo. O
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6.3. Example of a radical extension. In this section we prove Propositions 2.4 and 2.5.
Notation is as in Section 2.3. The nontrivial conjugacy classes of G are

1 * *
U::{(O 1):*;&0}, TC::{<(C) 1>*6[F,,} (c £ 1).

One has |U| = p —1 and |T;| = p for every ¢ € [, \ {0, 1}. As for the characters of G, exactly p — 1 of
them have degree 1: these are the lifts of Dirichlet characters x modulo p

vy {((C) Cll) : ce[F;,de[Fp} — (Z/p7)* 2> C*, Wx((é ‘f)) = % (0).

Finally G has a unique irreducible character ¢+ of degree > 1. The character table of G summarizes the

information:

(d} U T.,c#1

WX 1 1 x(c)
v | p—1 —1 0

Proof of Proposition 2.4. Take t = |G|1,, so that #(x) = x (1) for all x € Irr(G). Then for any a € G, we
have
D x@EG= Y xlan)+ @ —D* .
x €lrr(G) x mod p
(Here a; ; denotes the coefficients in position (1, 1) of the matrix a € G.) This sum vanishes at a € T, for
any c. The value of the sum ata € U is —p(p — 1) and finally, at a = 1, the sumis (p — 1) + (p — 1)3.

Therefore !

- p(1=2/p+2/p»)’
Take ¢ = ¥ which is real-valued with # nonnegative. Then
Y x@PGOP=v@ (aeq).

x€lr(G)
Therefore Sy =1/(p —1). |

Si

Proof of Proposition 2.5. One has

Gy = Y x(?=pp—1), 2@ =v90)=p-1.
x €lrr(G)

Moreover in the course of the proof of Proposition 2.4, we have shown that
M2(G) = (p =D+ (p=DH, ha@)=p-1.
Finally one computes

Ma(Gll)= Y x(’=@-DU+(p-DY, ra@ =01 =p—1.
x€lrr(G)
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Let ¢ be either |G|1, or . We apply Theorem 1.4 for K = F = Q, and L = K, ,. Therefore GT =G
and 1T = r. Moreover AC holds for K, , since it is a supersolvable extension of Q. Finally one has
dp =|disc(K,,,/Q)| = pPz*Za(P*I)Z; see [Komatsu 1976, end of the proof of the Theorem] and [Westlund
1910, Section 3.I]. Therefore

logdy = p?log p(14+0p—0s(1)), logrdy = (1+0,-00(1)) log p.

For every n € S, the last bound of Theorem 1.4 gives

U)4(Ka,p/@, ) KL (1 +0p—>oo(1))~

plogrdy - plogp
As for the variance, Theorem 1.4 gives
K. ,/Q,t;
UA(za,p/ n) —I‘ES;-FO( )
a(|n]*)A12(¢) logrd, log,(p +2)

Next we use the value of S; computed in Proposition 2.4: S; = 0, »(1). Plugging these bounds into (9),

we conclude the proof. g

6.4. Real parts of characters as class functions. In this section we prove Proposition 2.6. We will need
the following group theoretic preparatory result.

Lemma 6.1. Let G be a finite group and let p: G — GL(V') be an irreducible finite dimensional complex
representation of G. Let x be the character of p and let a € G. We denote by [a] the class of a in G/ ker p.
Then we have the following equivalences:

(1) |x(@)| = xQ) if and only if [a] lies in the center Z(G/ ker p) of G/ ker p.
2) |x(a)+ XTa)l =2x (1) if and only if [a] is an element of order 1 or 2 in Z(G/ Ker p).

Proof. (1) First assume |x (a)| = x(1). Since x (a) is a sum of x (1) roots of unity and by the triangle
inequality, we obtain that p(a) has a unique root of unity as eigenvalue. Being diagonalizable (since the
separable polynomial X IGI 1 vanishes at p(a)) we deduce that p(a) is a scalar matrix, thus commutes
with every element of End(V'). Since p induces a faithful representation of G/ ker p with representation
space V, we conclude that the class of a in G/ ker p lies in its center. Conversely, assume [a] commutes
with every element of G/ker p. Then p(a) commutes with every element of End(V). Since p is
irreducible, Schur’s lemma implies that p(a) is a scalar matrix and thus |x (a)| = x(1).

(2) Since |x (a)| < x (1), the equality |x (a) + XTa)| =2x (1) is equivalent to x (a) = £y (1). By (1), this
condition on a implies that [a] lies in the center of G/ ker p with p(a) a scalar matrix of trace +x (1). In
other words p(a) = £1d, i.e., p(a®) = 1d. Since p induces a faithful representation of G/ ker p this is
in turn equivalent to [a] having order at most 2 in Z(G*/ker p). The converse holds since if [a] is an
element of order at most 2 in Z(G/ ker p), then p(a) = £ Id and therefore x (a) = £x (1). O

Proof of Proposition 2.6. Since t+ = (x + X /2), then t:“(w) = % if ¥ € {x, x}, and ﬁ'(l/f) = 0 for
every other irreducible character of GT. We deduce that S;+ = max,.1|x(a) + x(a)|/(2x(1)). By
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Lemma 6.1(2), we deduce that S;+ =1 if and only if Z(G/ ker p) has an element of order 1 or 2. This is
in turn equivalent to ker p = {e} and |Z(G™)| odd. O

We see that the particular case where @ = F = K and G+ = Gal(L/Q) admits a faithful irreducible
character x and where Z(G™) has odd order is precisely that of Section 2.3.
6.5. S,-extensions. In the section, we prove Proposition 2.7.

Proof of Proposition 2.7. We begin by noting that following [Fiorilli and Jouve 2024, Proof of Lemma 7.4],
one can show that Roichman’s bound [1996] combined with the hook-length formula imply that for any
x € Ir(Sy),

b
x () (max(q, log(kn!/x(l))—l-Zn/e)) ’ 50)

max —— <
id#res, x(1) logn!

where 0 < g <1, k> 1 and b > 0 are absolute constants. For simplicity, let us denote t = t¢, ¢,. We will

apply the bound (50) on characters for which x (1) > [|t[l2(4p(n)'/?||¢]l;)~". Note that

=2 e 2 =2
2= k) 1= M
IC1l Gl

We may now apply Theorem 1.4, in the generalized form given in Remark 1.7. Setting

Bucy.c = (x € Ire(Sy) : x (1) > [Itll8p(m) /5™,

it follows that for all large enough n,

log(kn!'/2 min(|C,|, |C2|)'/?) + 2n/e))”

St (En;cy,00) < (maX<q, log 11

< max( ;. (1— log(n!/ min(|Cy], |C2])) N 24 0peo (1))
2logn! elogn

log(n!/ min(|Cy1, |C2l))
2logn!

<1-6,

’

where 0 < 01 < 1 and 6, > 0 are absolute. We now claim that A1 2 (¢, &) > A 2(¢). To see this, we argue
as in [Fiorilli and Jouve 2024, Proposition 4.7]. We have the bound

M2, Ir(G)\ B) < &AO 5() = ﬂ
o ~ 8p(m)l/2 8p(n)1/2’

by Parseval’s identity in the form Xp2(¢) = ||t||§. Moreover, [Fiorilli and Jouve 2024, (111)] implies that

3
Izl

Ap(t) > ,
2V2p(m) V2|t

and as a result we deduce that 5
zll5
p(m)1/%

We can now apply Theorem 1.1 to deduce the claimed bound. For the case ¢t = ¢, , the proof is identical. [J

)"I,Z(t; En;Cl,Cz) >



Moments in the Chebotarev density theorem: general class functions 519

Acknowledgements

The work of Jouve was partly funded by the ANR through project FLAIR (ANR-17-CE40-0012). The
authors would like to thank Villa La Stella in Florence for their hospitality and excellent working conditions
during a stay in March 2022 where substantial parts of this work were accomplished. Finally we would
like to thank the referee for the careful reading of our manuscript and for providing numerous helpful
suggestions.

References

[Artin 1931] E. Artin, “Zur Theorie der L-reihen mit allgemeinen Gruppencharakteren”, Abh. Math. Sem. Univ. Hamburg 8:1
(1931), 292-306. MR Zbl

[Bellaiche 2016] J. Bellaiche, “Théoreme de Chebotarev et complexité de Littlewood”, Ann. Sci. Ecole Norm. Sup. (4) 49:3
(2016), 579-632. MR Zbl

[de 1a Breteche and Fiorilli 2021] R. de la Breteche and D. Fiorilli, “On a conjecture of Montgomery and Soundararajan”, Math.
Ann. 381:1-2 (2021), 575-591. MR Zbl

[de la Breteche and Fiorilli 2023] R. de la Breteche and D. Fiorilli, “Moments of moments of primes in arithmetic progressions”,
Proc. Lond. Math. Soc. (3) 127:1 (2023), 165-220. MR Zbl

[de la Breteche et al. 2023] R. de la Breteche, D. Fiorilli, and F. Jouve, “Moments in the Chebotarev density theorem: non-
Gaussian families”, preprint, 2023. arXiv 2301.12826

[Carneiro et al. 2015] E. Carneiro, V. Chandee, and M. B. Milinovich, “A note on the zeros of zeta and L-functions”, Math. Z.
281:1-2 (2015), 315-332. MR Zbl

[Cohen et al. 1998] H. Cohen, F. Diaz y Diaz, and M. Olivier, “Computing ray class groups, conductors and discriminants”,
Math. Comp. 67:222 (1998), 773-795. MR Zbl

[Fiorilli and Jouve 2024] D. Fiorilli and F. Jouve, “Distribution of Frobenius elements in families of Galois extensions”, J. Inst.
Math. Jussieu 23:3 (2024), 1169—-1258. MR Zbl

[Fiorilli and Martin 2013] D. Fiorilli and G. Martin, “Inequities in the Shanks—Rényi prime number race: an asymptotic formula
for the densities”, J. Reine Angew. Math. 676 (2013), 121-212. MR Zbl

[Hooley 1977] C. Hooley, “On the Barban—Davenport—Halberstam theorem, VII”, J. Lond. Math. Soc. (2) 16:1 (1977), 1-8.
MR Zbl

[Huppert 1998] B. Huppert, Character theory of finite groups, de Gruyter Expo. Math. 25, de Gruyter, Berlin, 1998. MR Zbl

[Iwaniec and Kowalski 2004] H. Iwaniec and E. Kowalski, Analytic number theory, Amer. Math. Soc. Collog. Publ. 53, Amer.
Math. Soc., Providence, RI, 2004. MR Zbl

[Kolmogorov and Fomin 1989] A. N. Kolmogorov and S. V. Fomin, EnemenTs! Teopruu GyHKIUM U (yHKIMOHATIHOTO
aHaJu3a, 6th ed., “Nauka”, Moscow, 1989. MR Zbl

[Komatsu 1976] K. Komatsu, “An integral basis of the algebraic number field Q(v/1a, +/t1)”, J. Reine Angew. Math. 288 (1976),
152-153. MR Zbl

[Lagarias and Odlyzko 1977] J. C. Lagarias and A. M. Odlyzko, “Effective versions of the Chebotarev density theorem”, pp.
409464 in Algebraic number fields: L-functions and Galois properties (Durham, 1975), edited by A. Frohlich, Academic
Press, London, 1977. MR Zbl

[Martinet 1977] J. Martinet, “Character theory and Artin L-functions”, pp. 1-87 in Algebraic number fields: L-functions and
Galois properties (Durham, 1975), edited by A. Frohlich, Academic Press, London, 1977. MR Zbl

[Montgomery and Vaughan 2007] H. L. Montgomery and R. C. Vaughan, Multiplicative number theory, I: Classical theory,
Cambridge Stud. Adv. Math. 97, Cambridge Univ. Press, 2007. MR Zbl

[Pizarro-Madariaga 2011] A. Pizarro-Madariaga, “Lower bounds for the Artin conductor”, Math. Comp. 80:273 (2011), 539-561.
MR Zbl


https://doi.org/10.1007/BF02941010
http://msp.org/idx/mr/3069563
http://msp.org/idx/zbl/56.0173.02
https://doi.org/10.24033/asens.2291
http://msp.org/idx/mr/3503827
http://msp.org/idx/zbl/1347.11079
https://doi.org/10.1007/s00208-021-02179-6
http://msp.org/idx/mr/4322621
http://msp.org/idx/zbl/1487.11084
https://doi.org/10.1112/plms.12542
http://msp.org/idx/mr/4611407
http://msp.org/idx/zbl/1530.11072
http://msp.org/idx/arx/2301.12826
https://doi.org/10.1007/s00209-015-1485-9
http://msp.org/idx/mr/3384872
http://msp.org/idx/zbl/1332.11078
https://doi.org/10.1090/S0025-5718-98-00912-0
http://msp.org/idx/mr/1443117
http://msp.org/idx/zbl/0929.11064
https://doi.org/10.1017/S1474748023000154
http://msp.org/idx/mr/4742716
http://msp.org/idx/zbl/07851597
https://doi.org/10.1515/crelle.2012.004
https://doi.org/10.1515/crelle.2012.004
http://msp.org/idx/mr/3028758
http://msp.org/idx/zbl/1276.11150
https://doi.org/10.1112/jlms/s2-16.1.1
http://msp.org/idx/mr/506080
http://msp.org/idx/zbl/0377.10023
https://doi.org/10.1515/9783110809237
http://msp.org/idx/mr/1645304
http://msp.org/idx/zbl/0932.20007
https://doi.org/10.1090/coll/053
http://msp.org/idx/mr/2061214
http://msp.org/idx/zbl/1059.11001
http://msp.org/idx/mr/90k:46001
http://msp.org/idx/zbl/0672.46001
https://doi.org/10.1515/crll.1976.288.152
http://msp.org/idx/mr/422201
http://msp.org/idx/zbl/0335.12016
http://msp.org/idx/mr/447191
http://msp.org/idx/zbl/0362.12011
http://msp.org/idx/mr/447187
http://msp.org/idx/zbl/0359.12015
https://doi.org/10.1017/CBO9780511618314
http://msp.org/idx/mr/2378655
http://msp.org/idx/zbl/1142.11001
https://doi.org/10.1090/S0025-5718-2010-02403-2
http://msp.org/idx/mr/2728993
http://msp.org/idx/zbl/1231.11146

520 Régis de la Bretéche, Daniel Fiorilli and Florent Jouve

[Roichman 1996] Y. Roichman, “Upper bound on the characters of the symmetric groups”, Invent. Math. 125:3 (1996), 451-485.
MR Zbl

[Rubinstein and Sarnak 1994] M. Rubinstein and P. Sarnak, “Chebyshev’s bias”, Exp. Math. 3:3 (1994), 173-197. MR Zbl
[Serre 1977] 1.-P. Serre, Linear representations of finite groups, Grad. Texts in Math. 42, Springer, 1977. MR Zbl

[Viviani 2004] F. Viviani, “Ramification groups and Artin conductors of radical extensions of Q”, J. Théor. Nombres Bordeaux
16:3 (2004), 779-816. MR Zbl

[Westlund 1910] J. Westlund, “On the fundamental number of the algebraic number-field k( &/m)”, Trans. Amer. Math. Soc.
11:4 (1910), 388-392. MR Zbl

[Wintner 1941] A. Wintner, “On the distribution function of the remainder term of the prime number theorem”, Amer. J. Math.
63 (1941), 233-248. MR Zbl

Communicated by Philippe Michel
Received 2023-02-06 Revised 2023-12-19 Accepted 2024-05-23

regis.de-la-breteche@imj-prg.fr Institut de Mathématiques de Jussieu-Paris Rive Gauche,
Université Paris Cité, Sorbonne Université, CNRS UMR 7586, Paris, France

daniel fiorilli@universite-paris-saclay.fr Institut de mathématiques d’Orsay, Université Paris Saclay, Orsay, France

florent.jouve@math.u-bordeaux.fr Université de Bordeaux, CNRS UMR 5251, Bordeaux INP, Talence, France

mathematical sciences publishers :.msp


https://doi.org/10.1007/s002220050083
http://msp.org/idx/mr/1400314
http://msp.org/idx/zbl/0854.20015
https://doi.org/10.1080/10586458.1994.10504289
http://msp.org/idx/mr/1329368
http://msp.org/idx/zbl/0823.11050
https://doi.org/10.1007/978-1-4684-9458-7
http://msp.org/idx/mr/450380
http://msp.org/idx/zbl/0355.20006
https://doi.org/10.5802/jtnb.470
http://msp.org/idx/mr/2144967
http://msp.org/idx/zbl/1075.11073
https://doi.org/10.2307/1988640
http://msp.org/idx/mr/1500870
http://msp.org/idx/zbl/41.0245.02
https://doi.org/10.2307/2371519
http://msp.org/idx/mr/4255
http://msp.org/idx/zbl/0025.10701
mailto:regis.de-la-breteche@imj-prg.fr
mailto:daniel.fiorilli@universite-paris-saclay.fr
mailto:florent.jouve@math.u-bordeaux.fr
http://msp.org

ALGEBRA AND NUMBER THEORY 19:3 (2025)
https://doi.org/10.2140/ant.2025.19.521

Abelian varieties over finite fields
and their groups of rational points

Stefano Marseglia and Caleb Springer

Over a finite field F,, abelian varieties with commutative endomorphism rings can be described by
using modules over orders in étale algebras. By exploiting this connection, we produce four theorems
regarding groups of rational points and self-duality, along with explicit examples. First, when End(A)
is locally Gorenstein, we show that the group structure of A([F,) is determined by End(A). In fact, the
same conclusion is attained if End(A) has local Cohen—Macaulay type at most 2, under the additional
assumption that A is ordinary or g is prime, although the conclusion is not true in general. Second, the
description in the Gorenstein case is used to characterize cyclic isogeny classes in terms of conductor
ideals. Third, going in the opposite direction, we characterize squarefree isogeny classes of abelian
varieties with N rational points in which every abelian group of order N is realized as a group of rational
points. Finally, we study when an abelian variety A over F, and its dual A" satisfy or fail to satisfy
several interrelated properties, namely A = A", A(F,) = AY(F,), and End(A) =End(A"). In the process,
we exhibit a sufficient condition for A 22 A" involving the local Cohen—Macaulay type of End(A). In
particular, such an abelian variety A is not a Jacobian, or even principally polarizable.

1. Introduction

The groups of rational points of abelian varieties defined over a finite field [, have recently received a
considerable amount of attention. For example, [Howe and Kedlaya 2021] showed that every positive
integer occurs as the order of the group of rational points of an abelian variety over F,. Van Bommel,
Costa, Li, Poonen and Smith [van Bommel et al. 2021] proved, among other results, a version of this
statement over arbitrary finite fields [, although only sufficiently large orders are realizable if g > 7.

These statement are, in fact, results about isogeny classes. Indeed, two abelian varieties A and B
are isogenous over [, if and only if #A(F,n) = #B(F,») for all n > 1, or equivalently if h4(x) = hp(x),
where h 4, hp € Z[x] are the characteristic polynomials of the Frobenius endomorphisms of A and B,
respectively; see [Tate 1966, Theorem 1 (c)]. Moreover, one has #A(F;) = ha(1).

The results mentioned above concerning cardinalities were upgraded to statements about finite abelian
groups in [Marseglia and Springer 2023]: for each g in {2, 3, 4, 5}, we showed that every finite abelian
group is isomorphic to the group of rational points of some abelian variety over [,. This upgrade, however,
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does not work on the level of isogeny classes. Indeed, the group structure of A([F,) is not uniquely
determined by its isogeny class. This phenomenon is observed even for elliptic curves. In this paper, we
seek to understand and describe this extra level of structure.

Notation and conventions. Before presenting our main results, we set some notation and conventions.
Throughout the paper, all isogenies and morphisms between abelian varieties over [, are defined over
the base field [,. In particular, given an abelian variety A over [, with characteristic polynomial &, we
denote its ([F,-rational) endomorphism ring by End(A) and its ([,-)isogeny class by .#,. We say that A
and .#, are squarefree if h is a squarefree polynomial. An equivalent definition of squarefree is given by
requiring the endomorphism algebra End(A) ®z Q to be commutative; see [Tate 1966, Theorem 2 (c)].
See also [Marseglia and Springer 2023, Lemma 2.3] for a comparison with other notions of squarefree.
Given a squarefree isogeny class ., over [, set K = Q[x]/(h) and let 7 be the class of x in K.
We will denote by Ok the maximal order of K. For every A in the isogeny class, as in [Waterhouse
1969, §3.1], we fix an isomorphism End(A) ® 7 @ = K which sends the Frobenius endomorphism of A
to w. From now on, we will identify End(A) with its image inside K, which is an order. Under this
identification, the Rosati involution of A acts as the complex conjugation x — x in K. Note that 7 = ¢ /.
In particular, if End(A) = § C K then End(AY) = S, where A" denotes the dual abelian variety of A.

1.1. Groups of rational points and endomorphism rings. As noted above, given an abelian variety A
over a finite field F,, the sequence (#A(F4»)),> of point counts is an isogeny invariant, but the group
structure of A([F,) is not. One well-known refinement of the isogeny classification is given by classifying
the abelian varieties in a given isogeny class according to their endomorphism rings, which are orders in
the endomorphism algebra. When E is an elliptic curve over [, the group structure of E([F;») is uniquely
determined for all n > 1 by the endomorphism ring End(E); see [Lenstra 1996, Theorem 1].

In Main Theorem 1, we exhibit a similar result for abelian varieties of arbitrary dimension under certain
hypotheses on the endomorphism ring which are automatically satisfied in the case of elliptic curves. In
particular, we use the notion of the (Cohen—Macaulay) type of an order S at a prime p. This type, denoted
typep(S ), is defined as the minimal number of generators of (S’ )p=3S "Qg Sp, where S, is the localization
of § at p and S’ is the trace dual ideal of S. The order S is Gorenstein at p if type, (S) = 1. We say that §
is Gorenstein if it is so at every prime. See Section 2 for definitions and details. Recall that an abelian

dim A

variety A over [, is called ordinary if the coefficient of x in the characteristic polynomial A (x) of A

is coprime to g.
Main Theorem 1. Let A be an abelian variety in a squarefree isogeny class %, over [,. Write S=End(A)

and fixn > 1.

(a) If S is Gorenstein at all prime ideals containing (1 — ™), then

S

AR = s

are isomorphic as S-modules.
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(b) Assume I, is ordinary (Ord) or g = p is prime (CS). If type,(S) < 2 for every prime p of S above

(1 —n™), then
S

A = —(1 Ny

are isomorphic as Z-modules.

In contrast, in Example 6.7, we show that it is possible to have A(F,) 2 B([F,) for isogenous abelian
varieties A and B over [, even if End(A) = End(B). This example, like all the others in this paper, has
been computed with the help of Magma [Bosma et al. 1997].

Part (a), appearing in the text as Corollary 3.3, is proven by generalizing the methods of [Lenstra 1996;
Springer 2021]. Specifically, we view the group of rational points A([F,) of an abelian variety A over [,
as a module over the endomorphism ring End(A) and use the Gorenstein property to describe the module,
as desired.

For Part (b), we use the additional assumptions to consider the abelian variety A itself to “be” a module
over End(A), as we now explain. Deligne [1969] constructed an equivalence between the category of
ordinary abelian varieties over a finite field [, and the category of free Z-modules with a “Frobenius”-like
endomorphism. Centeleghe and Stix [2015] extended Deligne’s result, using a different functor, to the
category of abelian varieties over a prime field [, whose characteristic polynomial does not have real roots.

Given a squarefree isogeny class .7, over [, we write Ord for the condition that .#, is ordinary, and CS
for the condition that ¢ = p is prime. Note that, if .#, is squarefree, then the characteristic polynomial £
does not have real roots. If we restrict the functor of Deligne (resp. Centeleghe—Stix) to a particular
squarefree isogeny class ., satisfying Ord (resp. CS), then the modules in the image of the functor
are precisely the fractional Z[r, 77]-ideals in the endomorphism algebra K = Q[x]/(k). See Section 6
below or [Marseglia 2021] for a detailed account. In particular, this lends itself to another route for
describing groups of rational points in terms of orders and fractional ideals in the endomorphism algebra;
see Theorem 6.2. This description allows us to deduce Main Theorem 1 (b), written as Proposition 6.5.

Beyond Main Theorem 1, the techniques and perspectives introduced in this section continue to be
used extensively throughout the paper. In Section 2, we recall the necessary background and prove some
foundational results regarding orders in étale algebras, which we then use in the remainder of the paper.

1.2. Cyclicity. In Section 4, we study isogeny classes which are cyclic, meaning that every abelian
variety in the isogeny class has a cyclic group of points. A criterion for cyclicity which only involves the
characteristic polynomial was given in [Giangreco-Maidana 2019, Theorem 2.2]. Although this criterion
applies a priori to all isogeny classes, we prove in Theorem 4.3 that an isogeny class over [, is cyclic
if and only if it contains a variety of the form Ag x A, where Ay is squarefree and A; has only one
rational point. Moreover, A; must be O-dimensional if ¢ > 5 by the Weil bounds.

We provide a new criterion for cyclicity, written below as Theorem 4.5.

Main Theorem 2. Consider a squarefree isogeny class .9, of abelian varieties over F,. Let w be the
class of x in the endomorphism algebra K = Q[x]/(h). The isogeny class .%), is cyclic if and only if
(1 —m)Z[n, 7] is coprime to the conductor | = (Z|r, 7] : Ok).
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Rather than relating the property of cyclicity to the coefficients of the characteristic polynomial as in
[Giangreco-Maidana 2019], Main Theorem 2 relates cyclicity to the algebraic properties of orders in the en-
domorphism algebra. In particular, it shows that the property of cyclicity is equivalent to the local maximal-
ity of the order Z[m, ] generated by Frobenius and Verschiebung at all primes over (1 — ). A key ingre-
dient in our proof is Main Theorem 1 (a), applied to abelian varieties A with maximal endomorphism ring.

1.3. Richness and noncyclic groups. In contrast to cyclic isogeny classes, we inspect the opposite
extreme in Section 5. We say that a squarefree isogeny class .#, is rich if every abelian group of
order i(1) occurs as the group of rational points of some abelian variety in .%,. In previous work by the
authors, it was shown that, for each N > 1, there are infinitely many rich squarefree isogeny classes .7,
over [, with N = h(1); see [Marseglia and Springer 2023, Theorem 5.3]. These isogeny classes are
built from Kedlaya’s infinite sets of simple isogeny classes of abelian varieties over [, with prescribed
numbers of points; see [Kedlaya 2024, Theorem 1.1]. We must use a different technique to find rich
isogeny classes in general because there are at most finitely many simple abelian varieties over [, with a
prescribed number of points N when g > 2 [Kadets 2021].

We present a criterion for richness in Main Theorem 3 which is easy to compute using only the
characteristic polynomial. An expanded statement is proved as Theorem 5.7, and we compare the
conditions of cyclicity and richness for abelian varieties of small dimension over small finite fields in
Example 5.9.

Main Theorem 3. Consider a squarefree isogeny class .9, of abelian varieties over [, of dimension g.
Let K = Q[x]/(h) be the endomorphism algebra, and let 7w be the class of x. Write

N=h()= ]_[ ¢

j=1
for the number of rational points on each abelian variety in .%,. The following are equivalent:
(a) S, is rich, that is, every abelian group of order N arises as A(F,) for some A € 7).

(b) Forall 1 <i <2g,we have A
h (1)

R A Ry 2
1.

To obtain this theorem, we first prove Lemma 5.4, generalizing [Giangreco-Maidana 2019, Lemma 2.1]
which was originally used to study cyclicity. We then deduce Main Theorem 3 by applying [Rybakov
2010, Theorem 1.1]. As a consequence, we also prove that a squarefree isogeny class is rich if and only
if its simple factors are rich; see Corollary 5.8.

We conclude Section 5 by proving the existence of certain abelian varieties whose groups of rational
points are noncyclic. In particular, we show in Corollary 5.11 that a squarefree isogeny class .#, over [,
is noncyclic if ¢ is odd and /(1) is divisible by 4. Finally, we prove the existence of ordinary abelian
varieties over [F4 with certain prescribed noncyclic groups of rational points in Theorem 5.13, thereby
improving [Marseglia and Springer 2023, Theorem 3.3].
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1.4. Duality. In Section 7, we turn our attention to the dual AY of an abelian variety A. At the June 2019
AMS Mathematical Research Communities meeting Explicit Methods in Arithmetic Geometry in Char-
acteristic p, Bjorn Poonen suggested the problem of finding an abelian variety A defined over a finite
field F, such that A(F,) 22 AY(F,). In Example 7.2, we find such a variety by using Main Theorem 1 (a).
In this example, we observe that A is geometrically simple and End(A) is a Gorenstein order satisfying
End(A) # End(AY). In Example 7.3, we show that squarefree examples are not rare. We remark that a
nonsimple squarefree example was produced in [Rybakov 2014, Example 4.2] using a different method.
Section 7 concludes with a further investigation of the relationships between these properties, along
with the properties of being a Jacobian, principally polarizable, or self-dual. More precisely, when A is
squarefree, consider the following well-known implications, which are recalled below in Theorem 7.4:

A(F) = AY(Fy)
A = Jac(C) == A has a principal polarization —= A = A"

End(A) = End(AY)

Examples 7.5, 7.6 and 7.8, which are likely unsurprising to experts, illustrate that none of the reverse
implications are true. Additionally, Example 7.9 exhibits an abelian variety A over F3 such that A(F3) =
AY (F3), but End(A) # End(A"Y); hence there is no downward implication on the right side of the diagram.
In each case, there are many suitable examples. On the other hand, it is unknown whether there are
examples where A(F,) 2 AY(F,) and End(A) = End(A"). Observe that, under the hypotheses of either
part of Main Theorem 1, End(A) = End(A") implies that A(F,) = A (F,); see also Proposition 7.1.

Main Theorem 4 provides a sufficient condition for A 22 AY which only depends on the properties of
the orders in the endomorphism algebra. It is a key ingredient for producing Example 7.8 and may be of
independent interest. It is proved in the text as Proposition 7.7.

Main Theorem 4. Let A be an abelian variety in a squarefree isogeny class %, over [y, let S be an order
in K = Q[x]/(h) such that S = S, and let p be a prime of S satisfying

p=p and type,(S)=2.

Assume that A is ordinary (Ord) or that q is prime (CS). If S € End(A) and S, = End(A)y, then A % A".

In particular, such an A is not principally polarizable and cannot be a Jacobian.

1.5. Related literature. We conclude the introduction by mentioning some additional related results.
There are several papers on the classification of the groups of rational points of elliptic curves; see for
example [Riick 1987; Tsfasman 1985; Tsfasman et al. 2007; Voloch 1988]. The cases of abelian surfaces
and threefolds were studied in [David et al. 2014; Kotelnikova 2019; Rybakov 2015; 2012; Xing 1994;
1996]. Additional results about cyclic isogeny classes can be found in [Berardini and Giangreco-Maidana
2022; Giangreco-Maidana 2020].
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2. Fractional ideals in orders

In this section we recall definitions and properties of orders and their fractional ideals. These concepts
are well known in the context of number fields, but we will work in a more general setting. Additional
details and proofs can be found in [Marseglia 2024, Section 2].

Let Z be a Dedekind domain with field of fractions Q. In practice, for the purpose of this paper, it will
be enough to consider Z =Z and Z = Z,,. Let K be a finite étale algebra over Q, that is, a finite product
of finite separable extensions of Q. A Z-lattice L in K is a finitely generated free sub-Z-module of K
such that L ® 7 Q = K. Given two lattices L and L, in K, we define the colon as

(Li1:Ly)={xeK:xLyZ L}.

A Z-order S in K is a subring of K which is also a Z-lattice. Observe that K is the total ring of
quotients of any Z-order S in K. When no confusion can arise, we will drop the base ring Z from the
terminology and simply write lattice and order. When S € S’ are orders in K, the colon (S : §’) is called
the conductor of S in §'.

A fractional S-ideal I is a finitely generated S-submodule of K which is also a lattice. Given a
lattice L in K, we define its multiplicator ring as (L : L). Observe that (L : L) is an order in K, and
hence L is a fractional (L : L)-ideal.

Given two lattices I and J in K (resp. fractional S-ideals) then the sum I + J, the intersection / N J,
the product /J, and the colon (/ : J) are lattices in K (resp. fractional S-ideals).

Let S be an order in K. A prime of § is a maximal ideal of S. We denote by S, the localization of §
at p, and by :S:p the completion of S at p. For an S-module M, we put M, = M ®g S, and A,/ip =M ®s §p.
Observe that /S\p is a /Z\p—order, where p is the contraction of p in Z. Also, if [ is a fractional S-ideal,
then 7,; is a fractional §p-ideal. We will say that [ is principal at p if I, is a principal Sy-module, or,
equivalently, i;, is a principal fractional ’S\p—ideal. A fractional S-ideal [ is called invertible if I(S: 1) =S,
or equivalently if it is principal at p for every prime p of S. See for example [Marseglia 2024, Lemmas 2.12
and 2.17]. Given orders S C S’ in K, we can consider S’ as a fractional S-ideal. Lemma 2.1 below tells
us when S’ is principal at a prime p of S.

Lemma 2.1. Let S C S’ be orders. Given a prime p of S, the following statements are equivalent:
(@) (§:8)Cp.
(b) S’y is not a principal Sy-module.
(c) Sp #5'y.
Proof. We first prove that S’y is a principal Sp-module if and only if S, = S’,. One implication is trivial.
For the other, assume that §’, = «S,. Hence a € §’ : , which shows that
1 / /!

To conclude, observe that S, C S’y if and only if (S : §'y) C Sp, which occurs if and only if (S: S") Cp. O
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Later in the paper we will study groups of rational points of abelian varieties over finite fields by
describing them in terms of quotients of fractional ideals. In turn, we describe such quotients locally.

Lemma 2.2. Let J C I be fractional ideals over an order S. Then we have an isomorphism of S-modules
1 I
7=D(7),
p
where the direct sum is over the finitely many primes for which I, # Jy.

Proof. The quotient I/J is a finitely generated torsion Z-module; see for example [Cohen 2000, Sec-
tion 1.7]. Hence I/J is an Artinian and Noetherian S-module, so the result follows from [Eisenbud 1995,
Theorem 2.13 (b)]. O

Proposition 2.3. Let S C S’ be orders. If r € S is not a zero-divisor and r S is not coprime to the conductor
f=(S:8), then the quotient M = S'/r S’ is not a cyclic S-module.

Proof. By assumption there exists a maximal ideal p of S such that

rS+fCp,
which implies
rS' +§Cps.

Since p is above the conductor f, by Lemma 2.1, we have that ', is not a principal Sp-module, or
equivalently the S/p-vector space S’/pS’ has dimension strictly bigger than 1. Observe that

M _S/rS _ S

Hence the S,-module M, is not cyclic. By Lemma 2.2, we conclude that M is not a cyclic S-module. [

The isomorphism class of a quotient of fractional ideals can be deduced from local information at
finitely many primes, as explained in the following lemma.

Lemma 2.4. Let I and J be fractional ideals over an order S, and let v € S be a nonzero divisor. Let .
be the set of primes of S containing r. Assume that we have an Sy-linear isomorphism @y : I, = J,, for

every p € .. Then there is an S-linear isomorphism

I . J
14

e
rl rJ
such that f @ Sp = ¢, @ (S/rS) for every prime p € 7.

Proof. Set M =1/rI and N = J/rJ. By assumption, we have isomorphisms

S ~
for each p € .. We now claim that, given a prime p of S, we have M, O if and only if r e p. If r ¢ p

then (S/rS), =0, and hence M, = (I ®s (5/rS)) =0 as well. Conversely, if r € p then v/ C pI, and
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hence we obtain a surjective map My, — I/pl, which shows that M, # 0, completing the proof of the
claim. The same is true for the S-module N.

M= M, and N=EPN,.

pes pes

1ﬁ=@<pp®<%). O

pes

By Lemma 2.2, we have

We conclude by setting

The étale algebra K comes equipped with a trace map
TI'K /0 - K — Q

that associates to every element x € K the trace of the matrix representing the multiplication-by-x map
with respect to any Q-basis of K. The existence of such a nondegenerate trace implies that the integral
closure Ok of Z in K is an order, called the maximal order, since every other order is contained in Ok.
Recall that Ok is characterized by the fact that every localization is a principal ideal ring.

The following proposition refines Lemma 2.4, in the sense that we only need local information above
the conductor to understand the isomorphism class.

Proposition 2.5. Let S be an order in K, and let r be a nonzero divisor of K. Assume that rS is coprime
to the conductor f = (S : Ok). Then, for every fractional S-ideal I, we have an S-linear isomorphism

I S

rl = rS
Proof. Because rS is coprime to the conductor, by Lemma 2.1 we have S, = Ok, for any prime p
containing r. This implies that I, = S, for every such prime p. We conclude by Lemma 2.4. g

Given a lattice L in K, we define its trace dual as
L'={x e K :Trg,o(xL) C Z}.

In the following lemma, we record some well-known properties of trace duals.
Lemma 2.6. Let L, Ly, and L, be lattices, and let S be an order in K. Then

(@ (L) =L,

(b) (Ly:Ly)=(L|Ly),

(©) (Ly:Ly)=(L5: LY,

(d (L:L)y=Sifandonly if LL' = §".
Proof. See for example [Voight 2021, Section 15.6]. g

Let S be an order, p be a prime of S, and p its contraction in Z. Denote by @ p the fraction field of Zp
and by I/(\p the total ring of quotients of 3;. The trace Trg /o naturally induces a trace Tr R,/0, It follows
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that taking trace duals commutes with completion. So, given a fractional S-ideal 7, the notation f;g is not
ambiguous.

Lemma 2.7. Let S be an order and p be a prime of S. For fractional S-ideals I and J, we have I, = J,,
as Sy-modules if and only if (I"), = (J').

Proof. By [Eisenbud 1995, Exercise 7.5, p. 203], it is enough to prove the equivalent statement with
completlon instead of localization. Assume that Ip = Jp, that is, Ip = onp for some o € K <. Then
Ig =« 1Jp’. Hence Ig = Jp’ , as required. We used here that completions and trace duals commute, as
noted above. The converse direction follows from Lemma 2.6 (a). O

Recall that Lemma 2.4 provides an S-linear isomorphism of quotients of fractional ideals, under certain
local conditions. However, when comparing a fractional ideal and its dual, we can obtain a Z-linear
isomorphism between quotients, regardless of the local behavior.

Lemma 2.8. Let S be an order with fractional ideals I and J, and let r € S be a nonzero divisor. Then
we have a Z-linear isomorphism

LI

rl — rlt’
Proof. This is a special case of [Marseglia 2024, Lemma 2.4 (iv)], which is an application of Matlis
duality; see for example [Ooishi 1976, Theorem 1.7]. U

We now recall some properties of orders that were studied in [Marseglia 2024, Section 3]. The Cohen—
Macaulay type of an order S at a prime p, denoted by type, (S), is the minimal number of generators
of (8"), as an S,-module. This definition is equivalent to the usual one; see [Marseglia 2024, Section 3].
We say that an order S is Gorenstein at a prime p if its Cohen—Macaulay type, (S) is equal to 1, that is,
if (S"), is a principal Sp-module. We say that S is Gorenstein if it is so at every prime. This definition
of Gorenstein is equivalent to the ones typically used in the literature. For example, a ring with finite
(Krull) dimension is called Gorenstein if it has finite injective dimension. See [Bass 1963, Section 1]
for another equivalent definition, and see [Bass 1963, Theorem 6.3] and [Buchmann and Lenstra 1994,
Proposition 2.7] for the proof of the equivalence with the one used in this paper. In fact, using the latter
reference, one can deduce the following lemma. We give a complete proof for convenience.

Proposition 2.9. Let S be an order and p be prime of S. Then S is Gorenstein at p if and only if every
fractional S-ideal I with (I : 1), = S, is principal at p.

Proof. Observe that S is Gorenstein at p if and only if TS’\{J = 053’; for some « € I/{\px. Assume now that §
is Gorenstein at p. Pick a fractional S-ideal I with (I 1 )p =Sp. By taking the completion we get that
(I 1), = Sp By Lemma 2.6 (d), we obtain I,g Sf = ozS,g Hence, Ip is invertible. Because invertible
fractional Sp -ideals are principal, we get that 1, is a pr1nc1pal Sp-module, as required. For the converse, it
is enough to observe that S' has multiplicator ring S. O

Similarly to the Gorenstein case, locally, we have a classification of fractional ideals with multiplicator
ring of type 2.
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Proposition 2.10 [Marseglia 2024, Theorem 6.2]. Let S be an order and p a prime of S such that
typep(S) = 2. Then, for every fractional S-ideal I such that (I : I), = S, either I, = S, or I,, = (S"),..

We exploit the classifications of Propositions 2.9 and 2.10 to understand quotients of fractional ideals,
as we show in the next proposition. We invite the reader to compare the statement with Proposition 2.5,
where the isomorphism is S-linear, while here we only get a Z-linear isomorphism.

Proposition 2.11. Let r € S be a nonzero divisor. If type,(S) <2 for all primes p of S containing r then,
for any fractional S-ideal I with (I : I), = Sy, we have a Z-linear isomorphism

I S

rl — rS’
Proof. Fix p containing r. If S is Gorenstein at p then I, = S, by Proposition 2.9. If type, (S) = 2 then
I, = 8, or I, = (8"), by Proposition 2.10. Set M = I/rl and N = §/rS. If I, = S, then we have an
induced Sp-linear isomorphism

M, = N,.

If I, = (§"), then first we observe that 7,: = :S‘\{J So we have an induced §p—linear isomorphism

s
M, =L
rSh

which combined with Lemma 2.8 gives a 2p-linear isomorphism
My, = Ny.
Since M, and N, are finitely generated Z,-modules, we obtain a Z,-linear isomorphism

by [Eisenbud 1995, Exercise 7.5, p. 203].

By Lemma 2.2, we have
M=PM, and N=PN,.
p p

where the direct sums run over the primes p containing r, since My, = N, = 0 for all other primes. We
conclude that M = N as Z-modules. U

As previously anticipated, we will apply the results contained in this section to orders in commutative
endomorphism algebras of abelian varieties over finite fields. Such algebras have an automorphism that
corresponds to the Rosati involution and acts as complex conjugation. Putting together previously stated
results with this extra structure, we obtain the following proposition, which will be used to prove that
certain abelian varieties are not self-dual in Proposition 7.7.

Proposition 2.12. Assume that K has an involution x — X which fixes Q pointwise. Let S be an order
in K satisfying S = S. Let p be a prime of S such that type,(S) =2. Then p =p if and only if all fractional
S-ideals I with (I : I), = Sy satisfy I, % (I_’)p.
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Proof. Assume that p = p. By Proposition 2.10, we have that I, = S, or I, = (S'),. Assume the former.
By Lemma 2.7, we obtain

(I_t)p = (I_t)ﬁ = (gt)ﬁ = (St)p-
Similarly, if I, = (S"), then

Iy =U")5=5;

Sp-

In both cases, if I, = I )p then S’ is principal at p, that is, S is Gorenstein at p, which is a contradiction.

Now assume that p # p. Let d € K* such that 4S” € § and m > 0 such that p" S5 € (dS");. Consider
the fractional S-ideal / defined as

I=dS" +p".
For every [ # p, we have
L=dS)+Si=8
and
I; = (dSt)ﬁ +p" b= (dSt)ﬁ.

It follows by Lemma 2.7 that (I"), = S, = S, which gives us I, = (I"),. Moreover, we see that (1 : ) =S
by checking the equality locally at every prime. O

Remark 2.13. Note that in the proof of Proposition 2.12 we showed that if p # p then there exists a
fractional ideal I such that I, = I’ )p with multiplicator ring S = (I : I) globally not only locally at p.

3. Groups of rational points and Gorenstein orders

Our goal is to understand groups of rational points A([F,) for abelian varieties A defined over [,. To
accomplish this goal in practice, it is productive to view A([F,) as not merely a group, but as a module
over its endomorphism ring Endy, (A). Although requesting a description of the additional structure may
appear to make the problem harder a priori, the module structure can be exploited and cleanly described
in many cases, which allows one to deduce the group structure immediately.

Given a separable endomorphism s: A — A of an abelian variety A over [, we denote by A[s] the

[,-points of the kernel of s.

Proposition 3.1. If A is a squarefree abelian variety over F, and s is a separable endomorphism of A,
then #A[s] = deg(s) = Nk q(s), where K = End(A) ®7 Q.

Proof. Write A ~ B x --- x B, as the product of simple pairwise nonisogenous varieties. Then

-
K =End(A) @7 Q= 1‘[ K;
i=1
is the product of the number fields K; = End(B;) ®z Q. Without loss of generality, by [Waterhouse
1969, Theorem 3.13], we can choose each B; so that End(B;) is the maximal order Ok, in K;. Since
End(A) C ]_[lr: | Ok;, we can write s = (s1, ..., s,) for s; € Ok,. It is therefore enough to consider the
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case where A = By x --- x B,. When A is simple, i.e., when r = 1, the statement follows from [Milne
1986, Proposition 12.12]. Therefore, by definition,

Nija(s) =] [ Nk, o(si) = [ [ deg(si) = deg(s).
i=1 i=1

where the final equality follows from the fact that deg(s) =#A[s] and deg(s;) =#B;[s;] by separability. [J

Theorem 3.2 and Corollary 3.3 below were proven in the case where A is an elliptic curve in [Lenstra
1996] and generalized to the case of simple abelian varieties in [Springer 2021]. To obtain the same result
for squarefree varieties, we follow the proof method used in the simple case.

Theorem 3.2. Let A be a squarefree abelian variety over [, and let s be a separable endomorphism
of A. If End(A) is Gorenstein at the primes containing s, then

. End(A)
Als]E —————
s -End(A)

is an isomorphism of End(A)-modules.

Proof. Write S =End(A), So=S/Ss, and M = A[s]. By the universal property of quotients, if r A[s] =0,
then r =ts for some ¢ € S. This implies that M is a faithful Sp-module.

Moreover, because S is Gorenstein at every prime ideal containing s and s is a nonzero-divisor, we
deduce that Sy is a finite Gorenstein ring by [Matsumura 1986, Example 18.1]. Therefore, M contains a
free Sp-submodule N of rank 1 by [Springer 2021, Lemma 2.3]. By Proposition 3.1, and the fact that the
modules are finite, we have

#M =degs = Nk ,a(s) =#(5/Ss) =#Sp.
We deduce that M = N = §/Ss, as desired. 0

Corollary 3.3. Let A be a squarefree abelian variety over T, and let w be the Frobenius endomorphism
of A. If n > 1 and End(A) is Gorenstein at the prime ideals containing 1 — n"*, then there is an

isomorphism of End(A)-modules

End(A)
(1—m")End(A)"

A ) =

In particular, B(Fy») = A(Fyn) are isomorphic groups for all abelian varieties B which are isogenous
to A with End(B) = End(A).

Proof. We may apply Theorem 3.2 because A(F;n) = A[l —m"] and 1 — 7" is a separable isogeny. [

However, note that these results are not true in general when we remove the assumption that End(A) is
Gorenstein; see Example 6.7.
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4. Cyclic isogeny classes

In this section, we study isogeny classes containing only abelian varieties with cyclic groups of rational
points.

Definition 4.1. We say that an isogeny class is cyclic if every variety A in the isogeny class has a cyclic
group A([F,) of rational [ -points.

Any isogeny class of abelian varieties with a single point is trivially cyclic. In Section 4.1, we show
that, except for such trivial factors, every cyclic isogeny class is squarefree. Then, in Section 4.2, we
provide a characterization of precisely which squarefree isogeny classes are cyclic in terms of conductor
ideals.

4.1. Reducing to the squarefree case. In this subsection, we consider abelian varieties whose endo-
morphism algebras are not necessarily commutative. In general, if B is an abelian variety over [, then
End(B) is an order in the endomorphism algebra K = End(B) ®z Q, that is a subring which is a finitely
generated free module over Z and whose Q-span is the whole algebra K. Observe that this notion of
order specializes to the one introduced in Section 2 in the commutative case.

Proposition 4.2. If B is a simple abelian variety over [, such that B(F,) is a nontrivial cyclic group and
End(B) is a maximal order in End(B) ®z Q, then End(B) is commutative, that is, B is squarefree.

Proof. Let L be the center of the endomorphism algebra End(B) ®z Q. Because B is simple, L = Q(r),
where 7 is a root in L of the polynomial 4 g(x); see [Waterhouse and Milne 1971, Theorem 8]. The
center of End(B) is ¢ by the maximality of End(B). By [Springer 2021, Theorem 1.3 (b)], there is an
isomorphism of &7 -modules

By = (—2- '
Fo) = ((1—71)@1) ’

where d = 2dim(B)/[L : Q]. In particular, because the group of points is nontrivial and cyclic by
hypothesis, we must have d = 1, which is equivalent to ¢; = End(B) by [Waterhouse and Milne 1971,
Theorem 8]. Il

Theorem 4.3. If A is an abelian variety over [, whose isogeny class is cyclic, then A ~ Ay X Ay for
abelian varieties Ay and Ay over [y, possibly of dimension 0, such that A is squarefree and #A(F,) = 1.
If g = 5, then A itself is squarefree.

Proof. Decompose the isogeny class A ~ B{' x --- x B¢ into distinct simple factors. By [Waterhouse
1969, Theorem 3.13], we may assume that each End(B;) is a maximal order in its endomorphism algebra.
After possibly reordering, let | be such that #B;(F,) =1 forall 1 < j <ry and #B;(F,) > 1 for all

r1 < j <r. Define
Ar= [] B/ and ag= [] B}

1<j<n ri<j<r



534 Stefano Marseglia and Caleb Springer

It suffices to show A is squarefree. In this case, e; = 1 for all r| < j < r because the isogeny class is
cyclic, and Proposition 4.2 shows that

End(Aq) = [] End(B))
ri<j<r
is commutative, that is, Ay is squarefree. The theorem then follows because the Weil bound states
that #B(F,) > (\/q — I)Zdim(B) for any abelian variety B over [,; see [Weil 1948]. Thus #B(F,) =1
implies g < 4. O

Remark 4.4. There are infinitely many simple abelian varieties over [, with a single rational point by
[Madan and Pal 1977]; see also [Kedlaya 2024]. However, there is only one simple isogeny class over
each of I3 and F4 with a single rational point; see [Kadets 2021, Theorem 3.2] and isogeny classes 1.3.ad
and 1.4.ae [LMFDB 2022].

4.2. The cyclicity of squarefree abelian varieties. We will use the same notation as in the previous
sections. Let .7, be a squarefree isogeny class of abelian varieties over [,. Put K = Q[x]/(h) = Q[x]
and R =Z[n, 7].

Theorem 4.5. The isogeny class 9 is cyclic if and only if (1 —m)R is coprime to the conductor
f=(R:0k);thatis, 1 —m)R+§=R.

This theorem is a straightforward combination of Proposition 4.7 and Corollary 4.9. We remark that
the following is a simple application of Theorem 4.5.

Corollary 4.6. If h(1) is a squarefree integer, where h(t) is the characteristic polynomial of w, then
(1 —m)R is coprime with f= (R : Ok).

Proof. Because h(1) is squarefree, any finite abelian group of order /(1) is cyclic. Thus, the isogeny class
is cyclic, and we conclude via Theorem 4.5. O

The next proposition proves one direction in Theorem 4.5.

Proposition 4.7. If (1 — )R is coprime to the conductor § = (R : Uk), then, for every A in .#,, we have

an R-linear isomorphism
R

AR E = Sp

In particular, the isogeny class 7, is cyclic.

Proof. Let A be an abelian variety in .%,. Put S = End(A), and note that R € S. Hence (1 —m)S is
coprime to the conductor (S : k) of S in Ok. For every prime p of S containing (1 — ), we have
Sp = Ok p by Lemma 2.1. Therefore S is Gorenstein at p for every p containing (1 — ). By Theorem 3.2,

we have that
S

AFDE =5


http://www.lmfdb.org/Variety/Abelian/Fq/1/3/ad
http://www.lmfdb.org/Variety/Abelian/Fq/1/4/ae
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Since S is a fractional R-ideal, Proposition 2.5 gives us an R-linear isomorphism S/(1—-7)S=R/(1—m)R.
We conclude by observing that

R "y Z(x, y] . Z

(I—mR ~ (h(),x—1,y—q) _ (h(1))’
which is immediate from the method of the proof of [Marseglia and Springer 2023, Proposition 2.7]. [J

We now prove a strong converse to Proposition 4.7.

Proposition 4.8. Let A be a squarefree abelian variety over [, with Gorenstein endomorphism ring
S = End(A) and Frobenius endomorphism 7. If (1 —m)R is not coprime to the conductor f = (R : S),
then A(Fyn) is a noncyclic R-module for all n > 1. In particular, every abelian variety in the isogeny

class with endomorphism ring S has a noncyclic group of points.

Proof. We have A(F;») = §/(1 —n")S as S-modules by Corollary 3.3. Observe that (1 —7")R is not
coprime to f because (1 —7")=(1—-m)(1+7 +--- + "1 implies

RO(I—m)R+f2 (1 —n")R+f foralln>1.
Therefore, A([F;») is a noncyclic R-module by Proposition 2.3. 0

Corollary 4.9. If (1 — )R is not coprime to the conductor § = (R : Ok), then A(F4) is a noncyclic
R-module for alln > 1 for every A in 9, with maximal endomorphism ring. In particular, the isogeny

class &y, is noncyclic.

Proof. Observe that Ok is the endomorphism ring of an abelian variety in ., by [Waterhouse 1969,
Theorem 3.13]. Now, apply Proposition 4.8 with S = 0k, which is Gorenstein. 0

5. Noncyclic groups of rational points

In Section 4, we gave a characterization of isogeny classes in which every abelian variety has a cyclic
group of points. In this section, we go in the opposite direction. In Theorem 5.7, we characterize isogeny
classes .#, in which every abelian group of order .(1) occurs as the group of rational points, and we call
such isogeny classes rich; see Definition 5.3.

There are two main tools which we require to study rich isogeny classes. The first is Lemma 5.4. It
generalizes [Giangreco-Maidana 2019, Lemma 2.1] which was originally used to study cyclic isogeny
classes. We also use a theorem of Rybakov, recalled below as Theorem 5.6, which provides a criterion for
the existence of abelian varieties in a given squarefree isogeny class with a prescribed group of rational
points.

To conclude the section, we use Rybakov’s theorem again to prove in Proposition 5.10 the existence
of ordinary abelian varieties over I, whose £-primary part has two generators whenever ¢ = 1 mod £.
This allows us to deduce an improved version of [Marseglia and Springer 2023, Theorem 3.3], which we
present below as Theorem 5.13.
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5.1. Lemmas about characteristic polynomials. We provide some basic lemmas concerning minimal
polynomials which we will apply to the polynomial % for a squarefree isogeny class .#,. For an element «
in an étale algebra K over Q, we write h, (x) and m (x) for the characteristic and minimal polynomials,
respectively, of the Q-linear map on K defined by multiplication by «. Note that if K = ]_[3.:1 K; for
number fields K1, ..., K; and « = (1, ..., a;), then we have h,(x) = ]_[’j:] he (x). Observe that « is
in the maximal order &k of K if and only if m, (x) has integer coefficients.

For a squarefree isogeny class .7, the previous notation applied to the étale algebra K = Q[x]/(h)
leads to h(x) = hy; (x) =m;(x), where m € K corresponds to the Frobenius endomorphism on any abelian
variety in ..

Lemma 5.1. Let K be an étale algebra, let o € K™, and let b, c € Q, with b # 0. Define r = deg hy. Then

Biare) =" - ho (5 = )

and

hl/a(x)=%(ro)-ha(§).

In other words, we recognize hy,q(x) as the reverse of the polynomial hy (x)/ hy (0).

Proof. First, we prove the statements when K = Q(«) is a number field. Both

b -m <£_£) and Lm (l)
“\b " b me(0) " \x
are monic, with coefficients in Q, of degree r, and are 0 when evaluated at ba + ¢ and 1/«, respectively.
They are irreducible since we have isomorphisms Q(«) = Q(ba +¢) = Q1 /).

In general, we write K = ]_[tj:l K; for number fields Ky, ..., K;, and a = (a1, ..., a;). Setting
di =[K; : Q(«;)], we observe that h,(x) = ]_[3-:1 My, (x)% . The claims follow from the previous case:

t t

. d; deg mq, x  c\% X C

hpae(x) = l_[] mbaj-‘rc(x)d] = l_Ilb J (e Ma; TMy; (E - E) =Db"- ha(Z - Z)»
= J=

dj deg Ma; r

hije(x) = ﬁ M jo; ()4 = ﬁ xmaW 'm“.f(%)dj - %(0) 'h“(}c)' -

Jj=1 Jj=1

We apply the previous lemma to obtain a formula for the coefficients of the minimal polynomials of
two related algebraic numbers.

Lemma 5.2. Let « be an element of an étale algebra K over Q satisfying 1 —a € K>, and let d € Q.
The coefficients of haja—a)(X) =Y i a;x" are given by the formula

B (_1)r+idr—ih((¥’—i)(1)
N (r—i)! hy(1)

where hg ) (x) is the i-th derivative of the polynomial hy(x).

a; )
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Proof. We will use Lemma 5.1 several times. Let 8 = (1 —«)/d. We have

r

haj o () = () = (1), M
hg(0) X
hp(0) = (3) hn_a(dv), @
Mo @) = (=1 ho (1= x), 3)
Using (2) with (3), we get

hp©) = (5) e = (=17 (1) o), )

Combining (4) and (2) with (1), we obtain

_ =) d

haji-a)(x) = ) hlfa(;)- &)

Define h_q(x) =x" +by_1x" '+ -+ bix + by and set b, = 1. By (3), foreveryi=1,...,r, we get
b= 0 =00 0| = i, (©)
1! x=0 !

Combining (5) and (6), we obtain

ha)(1-a)(x) = i;?l)) ((%) +b,71(jl—c)r_1 T +b1(§) +bo) = ;O ;;?1)) (%)Hbm

_ (_x)r g rfi‘ 1 i) B r (—1)r+idr_ih((xr_i)(1) l
_i:O he (1) <x) (r—1i)! « (1)_; =Dl ha(l)

5.2. Rich isogeny classes. In Section 4, we studied cyclic isogeny classes. Now we study the opposite
extreme.

Definition 5.3. We call an isogeny class .#, rich if every abelian group of order /(1) occurs as the group
of rational points for some abelian variety in ..

The following lemma detects the annihilator of the group of rational points in terms of the existence
of certain endomorphisms. It generalizes [Giangreco-Maidana 2019, Lemma 2.1], which was originally
presented for the sake of studying cyclic isogeny classes. We use our generalization to study rich isogeny
classes instead.

Lemma 5.4. Let A be an abelian variety over [, with N rational points. Denote by 1 the Frobenius of A.
Let d be a divisor of N. Then the following are equivalent:

(a) dA(F,) =0.
(b) A(F,) S ker([d](F,).

(¢) There exists ¢ € Endr, (A) such that [d] = ¢ o (1 — ). Moreover, such a ¢ lives in the center of
Endg, (A).
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Proof. The first two statements are clearly equivalent. To show that the second and the third are equivalent,
we first observe that A(F,) =ker(1 — n)(ﬂ_:q). In particular, it is clear that the third statement implies the
second. Now, assume that the second statement holds; that is, ker(1 — n)(Fq) - ker([d])(Fq). Then by
the separability of 1 — 7, we have also ker(1 — 7)) C ker([d]). Consider the commutative diagram

A
/%
4 A

ker(1—m)
1-m ll
A

where the middle arrow is the canonical projection, ¢ is the isomorphism induced by 1 — 7, and ¢ is the
(unique) map induced by the inclusion ker(1 — ) C ker([d]) via the universal property of the quotient.
Put ¢ = @ o1~!. Therefore

po(l—m)=1[d].
Since both 1 — 7 and [d] are in the center and defined over [, the same holds for ¢, as required. O

Given two isogenous abelian varieties A and B over [, we will identify the endomorphism algebras
End(A) ®7 Q@ = End(B) ®z Q with an isomorphism which maps the Frobenius endomorphism of A to
the Frobenius endomorphism of B. We denote this element by .

Proposition 5.5. Let A be an abelian variety over F, whose group of rational points A(F,) is annihilated
by an integer d. For every maximal order O in the endomorphism algebra End(A) ®z Q, there is an
abelian variety B which is isogenous to A such that End(B) = O. Furthermore, B(F,) is also annihilated
by d for all B with endomorphism ring End(B) = 0.

Proof. The existence statement is [Waterhouse 1969, Theorem 13]. Because d kills A(F,), we see that
d/(1 —m) is an endomorphism of A which lies in the center of its endomorphism algebra by Lemma 5.4.
Because B has maximal endomorphism ring, End(B) contains the maximal order of the center of its
endomorphism algebra. In particular, d /(1 —r) is an element of End(B), which implies that d kills B([F,)
by another application of Lemma 5.4. U

We emphasize the fact that Lemma 5.4 and Proposition 5.5 apply to any abelian variety defined over a
finite field. In the rest of the section, we restrict our attention to the squarefree case.

For a positive integer N, we write rad(/N) for its radical; that is, if N = ]_[‘;-:1 Zje.j , then we define
rad(N) = ]_[j.:1 £;. We say that N is the exponent of an abelian group G if N is the smallest positive
integer which annihilates G. The minimal possible exponent for a finite abelian group of order N
is rad(N), which is achieved by the “least cyclic” group of order N. This notion is made precise by the
following definition.

Let g > 1 be an integer, and let £ be prime. Consider a group H with £-primary part Hy = ]_[ig: (284 7)),

where 0 < ¢; < -+ < ez,. The £-Hodge polygon of H is the polygon with vertices (i, Z?gz_]’ ¢);
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see [Rybakov 2010, Definition 1.1] for details and examples. We will use this notion when H is the group
of rational points of an abelian variety A, in which case g = dim(A). Note that the group (Z/£Z)/ has
the highest £-Hodge polygon among abelian groups of order £/, while (Z/£/Z) has the lowest.

Given a polynomial 4 (x) = lzi | a;x' € Z[x] with ag # 0, the £-Newton polygon of h is the boundary
of the lower convex hull of the points (i, ord,(a;)) for O <i < 2g. The following theorem of Rybakov
describes the groups of rational points occurring in squarefree isogeny classes by comparing Hodge

polygons and Newton polygons.

Theorem 5.6 [Rybakov 2010, Theorem 1.1]. Given a squarefree isogeny class .#;, of abelian varieties
over [y, a finite abelian group G of order h(1) occurs as the group of rational points of some abelian
variety A in 9, if and only if the £-Hodge polygon of G lies on or below the £-Newton polygon of h(1 —t)
for all primes £.

We exploit this theorem to characterize which squarefree isogeny classes are rich.

Theorem 5.7. Consider a squarefree isogeny class .7, of abelian varieties over T, of dimension g. Let

K = Q[x]/(h) be the endomorphism algebra, and let w be the class of x. Write N = h(1) = ]_[‘;-:1 Z;fj

for the number of rational points on each abelian variety in .%,. The following are equivalent:

(a) 9, is rich; that is, every abelian group of order N arises as A(F,) for some A € .7},

(b) There is an abelian variety A € %, whose group of rational points has exponent rad(N); that is,

A([Fq)zli[(gj%)ej.
j=1

(¢) The coefficients of the characteristic polynomial heaq(ny/(1-x)(X) are integers.

(d) Foralll <i <2g,we have
RO (1)
i!

Tl e

If one of the equivalent conditions holds, then A(F,) has exponent rad(N) for every A in %, with maximal

endomorphism ring.

Proof. Trivially, (a) implies (b). The reverse direction is a consequence of Theorem 5.6 because, among
abelian groups of order N, the group of exponent rad(N) has the highest £-Hodge polygon for every
prime £. If A(F,) has exponent rad(N) for some A € ., then rad(N)/(1 — ) is an element of End(A)
by Lemma 5.4. In particular, rad(N)/(1 — ) is an integral element, so its minimal polynomial has
integer coefficients. Since K = Q[x], the characteristic and minimal polynomials /vy /(1—7)(X) =
Mrad(N)/(1—r)(x) coincide. It follows that (b) implies (c).

Conversely, assume that the minimal polynomial of rad(N)/(1 — &) has integer coefficients. Then
rad(N)/(1 — ) is contained in the maximal order &k of the endomorphism algebra K = Q[x]/(k). By
[Waterhouse 1969, Theorem 3.13], there is always at least one abelian variety A € .#, whose endomorphism



540 Stefano Marseglia and Caleb Springer

ring End(A) is the maximal order 0 in K =End(A) ®7 Q = Q(rr). Therefore, by Lemma 5.4, A(F,) is
killed by rad(V), so (c) implies (b).

Recall that h(x) = h;(x). Applying Lemma 5.2 with d = rad(N), we see that the polynomial
hrad(Ny/(1—)(x) is in Z[x] if and only if

hOM radN) _ OMm
it N

fori =1,...,2g. Hence parts (c) and (d) are also equivalent.

i—ey i—es
1 . Es e/

The final claim about varieties with maximal endomorphism ring follows after combining Proposition 5.5
and part (b). Il

As an application of Theorem 5.7, we show the following.
Corollary 5.8. A squarefree isogeny class is rich if and only if its simple factors are rich.

Proof. Consider a squarefree isogeny class .7, over [, whose abelian varieties have N rational points.
Let A be an abelian variety in .#, with maximal endomorphism ring. By Theorem 5.7, the isogeny
class .#, is rich if and only if the exponent of A([F,) is a squarefree integer, namely rad(N).

Because End(A) is maximal, End(A) = ]—[;.:1 Ok;, where K;j =Q[x]/(h;) according to the factorization
h =hy ---h, into irreducible polynomials. Moreover, A = Ay x - -- x A,, where each A; is simple and
has maximal endomorphism ring End(A;) = Ok;. Observe that the exponent of A(F,) = ]_[;.:] Aj(F,)is
the least common multiple of the exponents of A;(F,) for 1 < j <r. Therefore, the exponent of A([F,) is
a squarefree integer if and only if the exponent of A;(F,) is a squarefree integer forall 1 < j <r. [

It is now straightforward to determine when a squarefree isogeny class is rich because Theorem 5.7 (d)
provides a criterion which only involves computing the derivatives of the characteristic polynomial.
Although Theorem 4.5 provides a criterion for cyclicity in terms of conductor ideals, it is faster to
use [Giangreco-Maidana 2019, Theorem 2.2], which only requires computing one derivative of the
characteristic polynomial. We exhibit some statistics over small finite fields in the following example.

Example 5.9. Let .#%(g, g) be the set of squarefree isogeny classes of dimension g over [,, and let
Z(g, q) and €(g, q) be the subsets containing the rich and cyclic isogeny classes, respectively. In Table 1,
we collect statistics concerning the cardinalities of these sets for small values of g and g.

An isogeny class is simultaneously rich and cyclic precisely when the properties are trivially satisfied,
namely when the number of rational points N = rad(N) is squarefree. As a result, the intersection
Z(g,q)NE (g, q) can be considered the set of trivial examples. Asymptotically, the proportion of integers
which are squarefree is 6/72 ~ 60%.

5.3. Groups with two generators. To conclude this section, we consider the existence of abelian varieties
whose groups of rational points are not cyclic, but are, locally, the product of only two cyclic factors. As
an application, we improve [Marseglia and Springer 2023, Theorem 3.3] in the case of ordinary abelian
varieties over [F4.
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F R\C C\R# RANE I\ (#UPF)
K only rich  only cyclic both neither
1 0% 20.0% 80.0% 0%
2 3.45% 17.2% 75.9% 3.45%
F 3 8.66% 18.4% 66.0% 7.02%
4 10.5% 19.8% 61.0% 8.67%
5 10.7% 20.5% 58.6% 10.2%
6 10.0% 21.3% 58.5% 10.2%
1 14.3% 0% 85.8% 0%
2 23.6% 5.45% 67.2% 3.64%
F; 3 21.6% 8.38% 60.9% 9.17%
4 19.4% 9.31% 59.8% 11.5%
5 18.1% 9.83% 60.0% 12.1%
1 0% 28.6% 71.4% 0%
F, 2 11.9% 16.4% 61.2% 10.5%
3 13.1% 14.8% 60.1% 12.0%
4 12.9% 15.8% 60.3% 11.0%
1 11.1% 11.1% 66.6% 11.1%
F 2 16.8% 9.25% 61.4% 12.6%
3 17.0% 10.4% 59.5% 13.1%
4 16.7% 10.4% 60.0% 12.9%

Table 1. For 2 < g <5, we count the number of cyclic and rich squarefree isogeny classes of
small dimension g over [F, by applying [Giangreco-Maidana 2019, Theorem 2.2] and Theorem 5.7
to data in [LMFDB 2022]. See also [Dupuy et al. 2021].

Proposition 5.10. Let € be a prime and 1 < s1 < sp. If ¢ = 1 mod ¢*!' is a prime power, then every
squarefree isogeny class %, over [, with ordg(h(1)) = s1 + 57 contains an abelian variety A such that the

L-primary part of the group of rational points is

ARy e =(Z2/0"7) x (Z/£77).
Proof. The group (Z/¢°'Z) x (Z/€°*Z) has £-Hodge polygon defined by the points (0, 51 +s2), (1, s1),
and (2, 0). Therefore, using the notation (1 —x) = Zii 0 bjxj , it is enough show that ordy(bg) > s1 + 52

and ordy(b1) > s1 by Theorem 5.6. The first holds by hypothesis because by = i (1).
By the g-symmetry of i(x), we write

g—1
hx) = (Z azg—; (x2g—j + qg—jxj)) + agxg.
j=1
Because ¢ = 1 mod ¢°!, we deduce that

26— j+jg* =g +q* ) mod ¢ forall0<<g—1.
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Combined with the fact that the polynomial (1 — x)/ has linear coefficient — j for any j > 0, we observe

g—1 g—1

—b; = (Z arg-j(2g —j+ qu_])) +gag = (Z gasg— (1 +qg_’)> + gag = gh(1) mod £°'.
j=1 j=1

Thus, ord,(b;) > s1 because ordy(h(1)) = s1 + 52, and we are done. O

Corollary 5.11. Let g be an odd prime power. If .7 is a squarefree cyclic isogeny class over [y, then its

point count is not divisible by 4.

Proof. If the point count is divisible by 4, then we apply Proposition 5.10 with £ =2 and s; =1 to find a
noncyclic variety. g

Corollary 5.12. For every s > 1, the group 7/37 x Z/3°Z arises as the group of rational points of a

squarefree ordinary abelian variety over [4.

Proof. Apply Proposition 5.10 with £ =3, ¢ =4, s; =1, and s, = 5. The existence of ordinary isogeny
classes with the desired number of points follows from Theorem 1.13 and Remark 1.16 in [van Bommel
et al. 2021]. O

For every N > 1, there is an abelian variety A over F4 with A(F4) = (Z/NZ), and A can be taken to
be ordinary if and only if N # 3. In particular, by taking products, this shows that every finite abelian
group arises as the group of rational points of an abelian variety over F4 which is not necessarily ordinary;
see [Marseglia and Springer 2023, Theorem 3.3]. Corollary 5.12 extends that result by proving that the
abelian variety can be taken to be ordinary in additional noncyclic cases. We record the improved theorem
here.

Theorem 5.13. Every finite abelian group G arises as the group of rational points G = A(F,) for an
abelian variety A over Fy4. Moreover, A can be taken to be ordinary, except possibly if G = (Z/37)" for
an odd integer n.

Proof. 1t is already established by [Marseglia and Springer 2023, Theorem 3.3] that every finite abelian
group occurs as the group of rational points of an abelian variety over [F,4, and that the abelian variety can
be taken to be ordinary except possibly when G takes the form (Z/32)" x [] j=1Z/ 3/7)", where nj is
odd. Now consider one of the exceptional groups G where additionally ny > 1 for some s > 1. There are
ordinary abelian varieties A; and A, over [F4 whose groups of rational points are

A(Fa) = (2/32) x (Z/3")
and

A = @3 x @3 oy < [ @3y
J#{Ls}

by Corollary 5.12 and [Marseglia and Springer 2023, Theorem 3.3], respectively. Therefore, G =
(A1 x Ay)(Fy), as desired. O
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6. Groups of rational points and categorical equivalences

In this section, we first present Theorem 6.2, which describes groups of rational points by deploying
a categorical equivalence between abelian varieties in certain squarefree isogeny classes and fractional
ideals in étale algebras. In such an isogeny class, we deduce in Proposition 6.5 that every abelian variety A
with endomorphism ring End(A) = S has the same group of rational points if S satisfies a certain local
condition. In Remark 6.6, we compare this result to Corollary 3.3.

Throughout this section we use the usual notation. We denote by .7, a squarefree isogeny class over [F,.
We set K = Q[x]/(h) and R = Z[r, 7], where 7 is the class of x in K.

Definition 6.1. We say that .#, satisfies

e Ord if .#, is ordinary,
e CS if g is prime.

Theorem 6.2. If .7, satisfies Ord (resp. CS) then there exists a covariant (resp. contravariant) equiva-
lence between ., and the category of fractional R-ideals (with R-linear morphisms). Denote by % the
functor inducing the equivalence. Let A be an abelian variety in .9y, with dual variety AY. Put #(A) =1,
where 1 is a fractional R-ideal.

(a) We have Z(AV) = I' and End(AY) = End(A).
(b) There is a Z-linear isomorphism

~ 1
A = G571
foralln > 1.

(c) There are Z-linear isomorphisms

I’ It I I

~ ~

A—amlt  (A—amlt (=791 (-]

AY(Fpr) =
foralln > 1.

Proof. The existence of the equivalence is given by [Deligne 1969] in the Ord case, and by [Centeleghe
and Stix 2015] in the CS case. Part (a) is [Marseglia 2021, Theorem 5.2] in the Ord case, and [Bergstrom
et al. 2023, Corollary 3.26] in the CS case. Part (b), for n = 1, is [Marseglia 2021, Corollary 4.7] for
both cases, but the proof is identical for n > 1. In the Ord case, the key ingredients are [Howe 1995,
Lemma 4.13 and Proposition 4.14], while the proof in the CS case uses a local argument.

For Part (c), observe that the first Z-linear isomorphism is the combination of Parts (a) and (b), while
the second and fourth are the application of complex conjugation. For the third isomorphism, we use
Lemma 2.8 to deduce

I (=m0

= = = — . O
A==t I a—-=mI
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Remark 6.3. We emphasize that the hypotheses for Theorem 6.2 only impose conditions on the isogeny
class over the base field [,. Observe that the property of being squarefree is not stable under base
extension, and the functor we invoke in the CS case requires the base field to be prime. Nevertheless, we
describe A([F4n) for all n > 1 because A(F4n) =ker(1 —x") is the kernel of an isogeny defined over the
base field .

Remark 6.4. For n = 1, the Z-linear isomorphisms in Theorem 6.2 are trivially R-linear. Indeed, for
part (b), since R is generated over Z by w and T = gq/m, and I/(1 — m)I is annihilated by (1 — ),
R-linearity trivially follows from Z-linearity. The same applies for part (c).

Now we show that, in the Ord and CS cases, the group of rational points is uniquely determined by the
endomorphism ring under certain conditions.

Proposition 6.5. Let A be an abelian variety in a squarefree isogeny class %, over [, satisfying Ord
or CS. Write S = End(A). For eachn > 1, if type,(S) <2 for every prime p of S above (1 —n"), then
the group of TFyn-rational points of A is uniquely determined by S. Specifically,

~ S
ACe) =
are isomorphic as Z-modules.
Proof. The statement follows from Proposition 2.11 with Theorem 6.2. 0

Remark 6.6. As noted in Section 2, an order S is Gorenstein at a prime p if and only if type, (S) = 1.
Hence Proposition 6.5 is a generalization of Corollary 3.3. As a trade-off, the isomorphism is Z-linear
rather than S-linear, and we need further hypotheses on the isogeny class.

In Proposition 6.5, it is important that the local type of the endomorphism ring is at most 2 at primes
above 1 — ", Indeed, in Example 6.7, we produce abelian varieties with the same endomorphism ring of
(local) type 3 but nonisomorphic groups of points.

Example 6.7. The polynomial
h=x*4+6x2+25=(x>=2x+35 x> +2x+5)

defines an isogeny class .#, of ordinary abelian surfaces over 5, which has LMFDB label 2.5.a_g.
Consider the order S = Z+ 20k . This is the unique overorder of R with [0k : S]=[S : R] = 8. Moreover,
S is the unique overorder of R with a prime p with type, (S) = 3. This prime is p = 20k, which is also
the conductor of S in Ok.

Using Theorem 6.2 and algorithms from [Marseglia 2020], we compute that there are 5 isomorphism
classes of abelian varieties with endomorphism ring S, represented by fractional ideals S, I, I, J, and S'.
One has J = J'. Let Ag, Ay, Ay, Ay, and Ag be the corresponding abelian varieties, respectively; see
Theorem 6.2. We have

z z z z

Z
As(Fs) 2 A (F5)Z2A/(F5) =2 — X — X — d A/(F)Z=Z2A1(F5) = — x —.
s(Fs) st(Fs) 7 (Fs) 7 <27 %z ™ 1(Fs) 1 (Fs) 17 X 37


http://www.lmfdb.org/Variety/Abelian/Fq/2/5/a_g
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7. The dual abelian variety

In this section, we study the relationship between an abelian variety and its dual. We use the categorical
equivalences presented in Theorem 6.2 which builds a bridge between abelian varieties and fractional ideals.
In the first part, we will prove that we have an isomorphism A([F,) = A" (F,) under certain conditions
on the endomorphism ring End(A) and the fractional ideal associated to A. Clearly, A(F,) = AV([F,,)
whenever A is the Jacobian of a curve or, more generally, a principally polarizable abelian variety. In fact,
the implication only uses that A is a self-dual abelian variety, that is, A = AV.

In the second part of the section, we investigate when an abelian variety fails to be self-dual. In
particular, we prove that A is not self-dual if its endomorphism ring End(A) satisfies a certain local
condition. To conclude, we provide a sequence of examples comparing various properties implying and
implied by self-duality.

In this section, we use the same notation as Section 6. Specifically, we denote by .#, a squarefree
isogeny class over [,. We set K = Q[x]/(h) and R = Z[x, 7], where 7 is the class of x in K.

7.1. The group of points of the dual abelian variety. In Proposition 7.1, building on results proven
previously, we give a list of conditions that guarantee the existence of an isomorphism A([F,») = A" (Fgn).
In Example 7.2, we exhibit a geometrically simple ordinary abelian variety A with A(F,) 2 A" (F,). In
Example 7.3, we show that squarefree ordinary examples over [, always exist in small dimensions for small
finite fields ;. In [Rybakov 2014, Example 4.2], a nonsimple abelian surface A with A([F,) 2 AV(I]:q) is
produced using a different method.

Proposition 7.1. Let A be in .9, and put S = End(A). Fix n > 1. If one of the following assumptions
holds, then A(Fgn) = AY (Fgn):

(a) S=SandS is Gorenstein at p for every prime p of S above (1 — ™).

(b) .7, satisfies Ord or CS, S =S, and type, (S) <2 for every prime p of S above (1 —n™).

(c) A satisfies Ord or CS, and one of the following holds, where F(A) = I:

e For every prime p of R above (1 —n"), we have an R-linear isomorphism I, = (I_)p.
e For every prime p of R above (1 —n""), we have an R-linear isomorphism I, = (I_’)p.

Proof. Part (a) follows from Corollary 3.3 because End(AY) = § = S. Part (b) follows similarly from
Proposition 6.5. By Theorem 6.2, we have Z-linear isomorphisms

R R g R
(1—7")R (1—-z"R ~ "~ “Ra==mHrR
Combined with Lemma 2.4, this proves Part (c). Il

A(F) =1 Qg and AY(Fp) =1 ®g

Example 7.2. Consider the isogeny class ., of ordinary abelian surfaces over F4 determined by the
polynomial & = x* 4 2x3 + x2 4 8x + 16. According to [LMFDB 2022], this isogeny class, which has
label 2.4.c_b, is geometrically simple and contains a Jacobian. Let Ok be the maximal order of K. We
have 20k = p*p2, where p is a prime of &x. Consider the order S = R + p. It turns out that R has three


http://www.lmfdb.org/Variety/Abelian/Fq/2/4/c_b

546 Stefano Marseglia and Caleb Springer

overorders, namely, S, S, and O, and all of these orders are Gorenstein. Using Theorem 6.2, there is an
abelian variety A with End(A) = S; hence End(AY) = S. Using Corollary 3.3, one computes that A([F4)
and A" (F4) are not isomorphic. Indeed, they are
Z Z Z
— and — x —.
287 27 147

Example 7.3. Consider the following set of pairs of positive integers (g, g):

{(2,9) :2 < g <128 is a prime power} U {(3, g) : 2 < g <9 is a prime power}
U{@3,16), (3,25)}1U{4,q):q € {2, 3,4}} U{(5, 2)}.

For each pair (g, g) in the set above, there is a squarefree ordinary abelian variety A of dimension g
over [, satisfying
A(F,) 2 AY(Fy).
7.2. Self-duality. Recall the following well-known theorem.
Theorem 7.4. If A is an abelian variety over [, then each statement below implies the next:
(a) A is a Jacobian variety.
(b) A is a principally polarizable abelian variety.
(c) A= AY is self-dual.
(d) A(F,) = AY(F,) are isomorphic groups.
When A is squarefree, the following item (d') is also implied by self-duality (c):
(d) End(A) = End(A) is stable under complex conjugation.

We already observed in Example 7.2 that properties (d) and (d") do not always hold. Now we show
that there are counterexamples to all of the reverse implications in Theorem 7.4. For (b) #- (a), see
Example 7.5, and for (c) # (b), see Example 7.6. In Example 7.8, we show that (d) and (d") combined
do not imply (c). Moreover, in Example 7.9, we show that (d) = (d’), which is another exhibition that

(d") # (c). Note that we have the implication (d") = (d) under certain hypotheses; see Proposition 7.1.
The following example is well known, but we record it for completeness.

Example 7.5 (principally polarizable but not Jacobian). It is easy to find principally polarizable varieties
which are not Jacobians. For example, there are currently 30,079 geometrically simple ordinary isogeny
classes in the LMFDB which contain a principally polarizable abelian variety but no Jacobian varieties
[LMFDB 2022].

Example 7.6 (self-dual but not principally polarizable). If .#, is a simple ordinary isogeny class, then
the class number of the field K = Q[x]/(h) is equal to the number of abelian varieties in .#, whose
endomorphism ring is maximal; see [Waterhouse 1969, Theorem 6.2]. In particular, if K has class
number 1, then any abelian variety A in .#, whose endomorphism ring is End(A) = & must be self-dual.
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It is easy to find isogeny classes satisfying this property which do not contain any principally polarizable
abelian varieties by using [Howe 1995, Theorem 1.3], for example. See the LMFDB isogeny class
2.2.ab_ab for a concrete ordinary example, or 4.2.ad_c_f an for one which is also geometrically simple.

One way to find examples of abelian varieties which are not self-dual is to first use the categorical
equivalence in Theorem 6.2 to compute all isomorphism classes, and then use Theorem 6.2 (a) to determine
which classes are self-dual. Alternatively, one may use the following proposition which only requires
inspecting the local properties of orders in the endomorphism algebra. The latter technique easily finds
Example 7.8.

Proposition 7.7. Let A be any abelian variety in .9, satisfying Ord or CS, let S be an order in K such that
S =S, and let p be a prime of S such that type,(S) =2 and p = p. If S CEnd(A) and S, = End(A)j,

then A is not self-dual. In particular, such an A is not principally polarizable and cannot be a Jacobian.
Proof. This follows from Proposition 2.12 and Theorem 6.2 (a). Il

Example 7.8 (same endomorphism ring but not self-dual). We go back to the isogeny class .#, from
Example 6.7. One computes that R has a unique minimal overorder T and [T : R] = 2. Such an order
is then necessarily stable under complex conjugation; that is, 7 = T. Also, T has a unique prime q
above 2 which also then satisfies q = q. This prime is the unique noninvertible prime of 7', and we have
typeq(T) = 2. Recall that abelian varieties in .#j, with endomorphism ring T exist by Theorem 6.2. By
Proposition 6.5, every abelian variety with endomorphism ring 7 has group of rational points isomorphic
to T/(1 —)T. On the other hand, by Proposition 7.7, we see that A 22 A" for every abelian variety A
with endomorphism ring 7.

We observe that the non-self-dual abelian variety A found in Example 7.8 also satisfies A(Fs) = AV (Fs),
thereby exhibiting (d) # (c) in Theorem 7.4. This is also exhibited in the following example, which
additionally proves (d) # (d’) in the same theorem.

Example 7.9 (isomorphic groups but different endomorphism ring). Consider the ordinary isogeny
class .#, of abelian surfaces defined over [F3; determined by the polynomial

h=x*—x3+4x>=3x+9= (x> =2x+3)(x* +x +3).

The order R = Z[x, @] has index [0k : R] = 9 in the maximal order 0k of K. Since A(1) = 10 is
coprime with the conductor (R : Ok ), we deduce that ., is cyclic by Theorem 4.5. Moreover, since 10 is
a squarefree integer, we get that .#, is also trivially rich; see Theorem 5.7.

We observe that R has exactly two primes above the singular rational prime 3. These two primes are
complex conjugates to each other, and we denote them by p and p. There are only two orders between R
and O, both with index 3. These can be realized as the multiplicator rings S = (p : p) and S = (p : p). By
Theorem 6.2, we conclude that there is an abelian variety A in .#, such that End(A) = S and End(AY) = S
are not equal, but A(F3) = AV (F3) = 7Z/107Z.


http://www.lmfdb.org/Variety/Abelian/Fq/2/2/ab_ab
http://www.lmfdb.org/Variety/Abelian/Fq/4/2/ad_c_f_an
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Algebraic cycles and functorial lifts from G, to PGSpg

Antonio Cauchi, Francesco Lemma and Joaquin Rodrigues Jacinto

We study instances of Beilinson—Tate conjectures for automorphic representations of PGSps whose spin
L-function has a pole at s = 1. We construct algebraic cycles of codimension 3 in the Siegel-Shimura
variety of dimension 6 and we relate its regulator to the residue at s = 1 of the L-function of certain
cuspidal forms of PGSpg. Using the exceptional theta correspondence between the split group of type G,
and PGSp, and assuming the nonvanishing of a certain archimedean integral, this allows us to confirm a
conjecture of Gross and Savin on rank-7 motives of type G».
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1. Introduction

We establish a connection between algebraic cycles in Siegel sixfolds and the residue at s = 1 of spin
L-functions of automorphic representations of GSpg, as predicted by conjectures of Beilinson and Tate.
Moreover, we exploit an exceptional theta correspondence between the split group of type G, and PGSpg
to answer a question of Gross and Savin.
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1.1. Motivation. Let 7w = ®m s be a cohomological cuspidal automorphic representation of PGSpg(A),
let M (7 r) denote the spin Chow motive with coefficients in a number field L conjecturally attached to
and let L(s, M (7 ¢)(3)) be its Hasse—Weil L-function. Let

ry Hy (M) (@) @ N(M (7 f)(3) — Hiy(M(mp)(4))

denote Beilinson—Deligne regulator. Here H)\A(M (7 )(4)) denotes the first motivic cohomology group
of M(ms)(4), the group N (M (7 )(3)) denotes algebraic cycles in M (7 7)(3) up to homological equiva-
lence and H}{(M (7 £)(4)) denotes the first absolute Hodge cohomology group of M (1) (4).

Conjecture 1.1 (Beilinson-Tate). (1) The map ry induces an isomorphism
(Hp (M (75)(4) © N(M () (3))) ®a R — Hyy (M (7 5)(4)).

(2) ords=L(s, M(r5)(3)) = dimy, H ) (M (7 5)(4)).
(3) —ordy—1L(s, M(7y)(3)) = dimy N(M (7 s)(3)).

4) det(Imry) = L*(1, M(7f)(3))D(M (7 r)(4)), where D(M (7t s)(4)) denotes the Deligne L-structure
of det(H,, (M (rr;)(4)).

In [Burgos Gil et al. 2024], we studied the contribution of the motivic cohomology to this conjecture.
This corresponds to the case where L(s, M (7 ¢)(3)) does not have a pole at s = 1. In this article, we
focus on the contribution of algebraic cycles, which corresponds to the case where L(s, M (7 )(3)) has a
simple pole at s = 1.

The £-adic étale realization M (7 r) of M (7 7) is expected to be a GLg (@g)—Valued Galois representation
factoring through the spin representation Spin : Spin, (Q) — GLg(Qp). If L(s, M (7 £)(3)) has a pole
at s = 1, Conjecture 1.1(3) implies the existence of an invariant vector in this eight-dimensional Galois
representation. As the stabilizer in Spin, (Q¢) of a generic vector in the spin representation is the
exceptional group G,(@Qy), by Langlands reciprocity principle, 7 should be a functorial lift from a
group G of type G». In fact, we have Spin, 6 = Std @ 1, where Std denotes the standard representation
of G, and 1 denotes the trivial representation. Then, if o is a cuspidal automorphic representation of G (A)
lifting to 7r, Gross and Savin [1998] conjectured that the motive M (7 y) decomposes as the direct sum
of the rank-7 motive M (o) attached to o and the rank-1 trivial motive generated by the class given in
Conjecture 1.1. Moreover, inspired by local calculations, they conjectured that this class should arise
from a Hilbert modular threefold.

1.2. Main results. Let F denote a real étale quadratic Q-algebra, i.e., F is either a quadratic extension
of @ or @ x Q. Associated to the totally real étale cubic algebra E = Q x F of Q there is a Hilbert
modular threefold Shy /Q, with underlying reductive group H = {g € Resg/oGLs g | det(g) € G, }.
The group H embeds naturally into G = GSpy and one has a closed embedding ¢ : Shg < Shg of
codimension 3 in the Shimura variety attached to G, which is the Siegel variety of dimension 6. Let V*
be the irreducible algebraic representation of G of highest weight A = (X1, A2, A3, ¢) (see Section 2 for
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notation on algebraic representations). The representation V* contains the trivial H-representation if
and only if ¢ = 0 and | = A 4+ A3. When this holds *V* contains Ay — A3 + 1 copies of the trivial
representation of H, which we index by the values A, > u > A3. Then, for any such u, the cycle Shy
of Sh¢ induces a class

2 W e HS (Shg, ¥3,(3)),

where 7}, is the Chow local system associated to V* and H$,(Shg, #7,(3)) is the motivic cohomology
group of Shg with coefficients in ¥/ /\A/t (3). We denote by Z%:%] € H,Z[(Shg, ”I/ﬁ(4)) (resp. Z%:g] €
Hg (Shg, “//g (3))) the image of Zgﬂ in absolute Hodge cohomology, (resp. Betti cohomology) (see
Definition 3.11 for the precise definition of ZE:Z]). Let m be a cuspidal automorphic representation of
PGSp(A) whose archimedean component belongs to the discrete series L-packet of V* and has Hodge
type (3, 3). For a cusp form W = W, ® W in the space of 7, whose archimedean component W, is a
highest weight vector in the minimal K-type of 7, we have a vector valued harmonic differential form

wy whose cohomology class [wy] is an element of H(?R’C(Sha, ”I/d’}a). Poincaré duality induces maps

(-, [ww])p : H3(Shg, ¥4 (3)) — C,
(-, [ww])s : Hy (Shg, #;(4)) — C.

The pairings (Zg’g], [wy]) g and (Zg’éfl], [ww])3 are computed in terms of the residue of a certain adelic

integral of Rankin—Selberg type considered in [Pollack and Shah 2018]. Therein it is shown that, if =
supports certain Fourier coefficients associated to F, then the local factors at unramified places v of this
integral represent the degree 8 local spin L-function L(s, m,, Spin) of m,. The following result gives
evidence for Conjecture 1.1 for the motive associated to 7.

Theorem 1.2 (Theorem 5.11). Let 1 = oo @ 7y be a cuspidal automorphic representation of PGSpg(A)
such that 7o, is a discrete series of Hodge type (3, 3) in the discrete series L-packet of V*. Then

(2 [owl) s = (2] (0w = C - Resg—y (Ts(®, WM 5)L5(s, 7, Spin)),

where C is an explicit nonzero constant independent of w, S is a sufficiently large set of places containing
the ramified and archimedean places, WM = A1 .U for some weight lowering operator A+
defined in Proposition 4.8, ® is a Schwartz—Bruhat function and Tg(®, WM | 5) is the integral defined
in Theorem 5.8.

Remark 1.3. We point out that, according to [Gan and Gurevich 2009, Proposition 12.1] there exist a
Schwartz—Bruhat function ® and a vector ¥ € 7 such that Zg(®, ¥, 1) is nonzero. However we do not
know if this holds for W, in the minimal K-type of 7. Moreover, one can show that there exists a cusp
form W € 7, which coincides with W at the archimedean place and away from S, such that

Ts(®, UM 5y = T (oo, WEH ).
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Although we have not been able to calculate it, we expect that for a natural choice of @, the archimedean
integral Zoo (P oo, \II&’“ ], s) is the Gamma factor of the spin motive attached to & by the rule of Serre,
and hence holomorphic and nonzero at s = 1.

As a corollary of this theorem, one can deduce, under the additional assumption that 7 is the Steinberg
representation at a finite place, a weak version of Conjecture 1.1(1) (Corollary 5.15) and Conjecture 1.1(3)
(Corollary 5.14).

When Res,—; L5 (s, 7, Spin) is nonzero then (see [Gan and Savin 2020, Theorem 1.1]) 7 is a weak
functorial lift of a cuspidal automorphic representation o of an exceptional group of type G,. Moreover
(see Proposition 8.1), we have

Res,— L5(s, 7, Spin) = L5(1, o, Std)Res;—1 5 (s).

Hence, up to controlling the value of the archimedean integral at s = 1, Theorem 1.2 above gives a
cohomological formula for the critical value L3(1, o, Std).

Our second main result concerns the program of Gross and Savin on rank-7 motives of Galois
type G,. The first step towards the conjecture of Gross and Savin was made in [Kret and Shin 2023],
where the authors constructed GSpin-valued Galois representations associated to cohomological cuspidal
automorphic forms of symplectic groups. Moreover, based on the calculations of [Gross and Savin 1998],
Kret and Shin [2023, Theorem 11.1] verified that, for suitable automorphic representations of PGSp¢(A)
in the image of the exceptional theta correspondence from the compact form G§ of type G, the image
of their Galois representation lies actually in G,(Q;). More precisely, let p, be the Spin, (Qy)-valued
Galois representation attached to r. Assuming that 7 is a nontrivial small theta lift of o, we have

Spino p; =Stdo p, B 1, (D)

where Std o p,; is the standard Galois representation attached to o and 1 denotes the one-dimensional
trivial representation.

Remark 1.4. Technically speaking, only the dual pair (G5, PGSpg) is considered in [Gross and Savin
1998], but their conjecture also applies to the dual pair (G2, PGSpg). Using the results of [Kret and Shin
2023] and the study of the exceptional theta correspondence for (G2, PGSpg) (see Theorem 1.8 below),
we construct (Theorem 8.3), under some assumptions, Galois representations associated to cohomological
cuspidal automorphic representations o of G,(A), which sit in a decomposition as that of (1).

Theorem 1.5 (Theorem 8.6). Let o be an irreducible cuspidal automorphic representation of G5(A)
or G2(A) such that the big theta lift © (o) to PGSpg(A) has an irreducible subquotient m = ®; Ty,
which is a cuspidal automorphic representation such that 7, is cohomological for V as above and
is the Steinberg representation for some prime number p. Assume that the integral Ts(®, W1 1) is
nonzero for some ® and W'**! as above. Then, the trivial representation 1 in (1) is generated by the étale

realization of Zgﬂ
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Remark 1.6. Note that the archimedean part 7, of 7 is not necessarily of Hodge type (3, 3). However,
it is one of the main results of [Kret and Shin 2023] that the L-packet of 7 is stable at infinity. In

particular, there exists a cuspidal automorphic representation 7733

= 73:3 ® s whose archimedean part
is cohomological and of Hodge type (3, 3) and whose nonarchimedean part is equivalent to 7 ¢. In the
integral appearing in the statement of Theorem 1.2, the archimedean part of the cusp form W!*#l is a

suitable vector in the minimal K -type of 73:3.

Remark 1.7. In Proposition 8.4 we give a list of cases where o is known to have a small theta lift 7 =
®; 7, of o to PGSpg(A) which is a cuspidal automorphic representation such that 77, is cohomological
for V as above and 7, is the Steinberg representation for some prime number p, as in the previous theorem.

We conclude this introduction explaining a result which provides cases where Theorem 1.5 can
be applied and which has its own interest. Indeed, note that a necessary condition for the integral
Ts(®, W*H1 1) to be nonzero, is that 7= supports a rank-2 Fourier coefficient associated to F. By a result
of Gan [2005, Theorem 3.1], every cuspidal automorphic representation o of G,(A) supports a Fourier
coefficient associated to an étale cubic algebra E.

Theorem 1.8 (Theorem 7.2, Proposition 7.13). Let o be a cuspidal automorphic representation of G, (A).

Assume that

e o is not globally generic;
0, is generic at some finite place p.

Then the big theta lift ® (o) is cuspidal. Moreover ® (o) supports a rank-2 Fourier coefficient associated
to F (and is in particular nonzero) if and only if o supports a Fourier coefficient associated to Q x F.

1.3. Overview of the proofs. The main difficulty for calculating the pairing of Theorem 1.2 between
the motivic class and the cohomology class [wy] resides on the fact that the first class is constructed
from the decomposition into irreducible components of the restriction of V to the subgroup H, while
the test vector is constructed from its restriction to the maximal compact subgroup U(3) of G(R). One
needs to carefully study the relationship between these two different decompositions (Theorem 4.2). As a
consequence we get a formula for the pairing in terms of a period integral (Propositions 4.8 and 4.10).
These adelic integrals are in turn related to the residue of the partial spin L-function of m by means
of the work of Pollack and Shah (Proposition 5.10), which allows to conclude the proof. Theorem 1.5
follows basically from Theorem 1.2 and 1.8. The proof of Theorem 1.8 goes as follows. We first prove
(Theorem 7.2 and Corollary 7.3) that o lifts to a cuspidal representation using the tower of exceptional
correspondences for G, studied in [Ginzburg et al. 1997b], which reduces the problem to the vanishing of
certain automorphic period integrals. Finally, we establish (Proposition 7.13) a correspondence between
Fourier coefficients of ¢ and its theta lift, which in particular implies the nonvanishing of the latter.

1.4. Structure of the manuscript. In Section 2 we fix notation, conventions, and basic results that will
be useful in the body of the article. In particular, we prove that, under some mild assumptions, the
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localization at a maximal ideal of the Hecke algebra of the cohomology of the Siegel sixfold is cuspidal
and concentrated in the middle degree. We also introduce Absolute Hodge cohomology and compute the
dimension of its 7 s-isotypical component. In Section 3 we explain the construction of the motivic class
Z}é{“ I and its realizations. In Section 4 we construct the harmonic differential form wy associated to a
suitable cuspidal form W in the space of 7 and we prove our first main result concerning the calculation of
the pairing between the motivic class and the cohomology class [wy]. In Section 5, we use the results of
Pollack and Shah to relate the pairing to the residue of the spin L-function. Sections 6 and 7 are devoted
to the study of the exceptional theta correspondence between G, and PGSp, and contain the proof of
Theorem 1.8. Finally, in Section 8 we relate the pairing to a critical value of the standard L-function of
G»,. We also deduce from the work of Kret and Shin the existence of Galois representations attached to
certain cuspidal representations of G, and we conclude with a proof of Theorem 1.5.

2. Preliminaries

2.1. Algebraic groups and algebraic representations. Let ¢/ denote an antisymmetric nondegenerate
bilinear form on a finite-dimensional (D-vector space V. The symplectic group GSp(V, ¥) is the Q-group
scheme defined by

GSp(V, ¥) ={g e GL(V) | Vv, w € V, ¥ (gv, gw) =v(Q)¥ (v, w), v(g) € Gn}.

Then v : GSp(V, ¥) — G, is a character. Let I, denote the identity matrix of size n. When V is the
0 I,
—1, 0
GSp(@?", J) and we let Sp,, denote kerv. In this paper, we are mainly interested in the case n = 3.

Q-vector space @ endowed with the bilinear form whose matrix is J = ( ), we let GSp,,, denote

Hence we will denote by G the group GSpg and by G the group Spg. Let T C G denote the maximal
diagonal torus and B C G denote the standard Borel. We have

. —1 -1 -1
T = {diag(ay, az, a3, a; v, a, v,a3 v), a1, 0,03,V € Gyl

We associate to any 4-tuple (L, A2, A3, C) € 7% such that ¢ = A 4+ A2+ A3 (mod 2) the algebraic character
A(M1, A2, A3, ¢) of T defined by

A(r1, A2, A3, ©) @ diag(ay, oo, a3, al_lv, az_lv, a3_1v) — af‘oz;zayv%(cf’\‘%r“).
This defines an isomorphism between the group of 4-tuples

(A1, A2, A3,¢) € Z* suchthat ¢ =A;+Ar~+ A3 (mod2)

and the group of algebraic characters of T. Let p; = A(1, —1,0,0) and p, = A(0, 1, —1, 0) denote the
short simple roots and let p3 = 1(0, 0, 2, 0) denote the long simple root. The set of roots of T in G is
R =RtUR™, where

RY ={p1, p2, p1 + P2, P2+ 3, P1 + P2+ p3, P1 + 202+ p3, 201 + 202+ p3, 202 + p3, P3}

is the set of positive roots with respect to B and R~ = —R™*. A weight A = A(A1, A2, A3, ¢) is dominant
for B if A; > Ay > A3z > 0. For any such A, there exists a unique (up to isomorphism) irreducible
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algebraic representation V* of G of highest weight A and every irreducible algebraic representation of G
is obtained in this way (up to isomorphism). Similarly, irreducible algebraic representations of GSp,
are classified by their highest weight which is a character of the shape A(A1, Ay, c) with A} > A, >0
and 1| + Xy = ¢ (mod 2) (see for example [Lemma 2017, §2.3] for more details). We will also use the
classification of irreducible algebraic representations of the groups Go = Sp and Sp,. To this end let us
recall that the diagonal maximal torus Ty = T N Gy of Gy is

. -1 -1 -1
T0={dlag(al’052,‘x3»a1 7a2 aa3 )’a19a2’a3eGm}

and that its group of algebraic characters is isomorphic to 73 via (A1, A2, A3) = A(A1, A2, A3), where

T -1 -1 -1 M oha A
A(A1, A, A3) sdiag(ay, ap, a3, 0, 0y 0y 0) oy ogtas? 2

A weight A =X (X1, X2, A3) is dominant with respect to the standard Borel By=B N Gyif A > Xy >X13>0
and for any such A there exists a unique (up to isomorphism) irreducible algebraic representation V* of G
of highest weight A and every irreducible algebraic representation of G is obtained in this way (up to
isomorphism). Similarly, irreducible algebraic representations of Sp, are classified by characters A(A1, A2)
with A1 > A,, with obvious notation.

2.2. Compact Lie groups and representations. Let U(n) = {g € GL,(C) |' gg = I,,} denote the unitary
group and let K, C Go(R) be the subgroup defined as

Keo={(_47)| AA'+ BB =1, AB = BA').

We have an isomorphism « : U(3) >~ K, defined by A+iB — (_2 ﬁ

subgroup of Go(R). Let Too C Koo denote {k (diag(z1, z2, 23)), 21, 22, 23 € U(1)}. Then T is Cartan sub-
group of K. Its group of algebraic characters is isomorphic to 73 via (A1, A2, A3) > A (A1, A2, A3), Where

). In fact K, is a maximal compact

N (1, Ao, A3) <k (diag(z1, 22, 23)) B> 27125225

An algebraic character is dominant if A; > A, > A3. For any dominant integral weight A/, there exists a
unique (up to isomorphism) irreducible representation 7y of K in a finite-dimensional C-vector space
and every irreducible representation of K, is obtained in this way (up to isomorphism). In what follows,
we will simply denote the irreducible representation of highest weight A'(A1, A2, A3) by (3, .2,,14)- Let
us explain the connection between the weights A of T defined by (2) in the previous section and the

weights A" defined above. Let J € G((C) denote the matrix J = J%(,Ii lII:

). Then we have
J ke (diag(z1, 22, 23))J = diag(z1, 22, 23)
and so, for any (Aq, A2, A3) € 73, we have
20, ha A Tk (21, 22, 23) ) = 2 (A, A, A3) (diag(z1, 22, 23)).

In brief, the character A'(A1, A2, A3) of T is conjugated to the restriction of A(Aq, A2, A3) to U(1)> C
C*x C* x C* =Ty(C).
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2.3. Lie algebras. Let gp (resp. £) denote the Lie algebra of G(R) (resp. K« ) and let go.c (resp. €c)
denote its complexification. Then

go={(22) e Ms(R) | B=B',C=C", A=-D'},
t= {(,éﬁ) EMé(R)|A=—At,B=Bt}.

The Lie algebra ¢ is the 1-eigenspace for the Cartan involution 6(X) = —X’. The (—1)-eigenspace is

p={(4 %) e Ms(R)| A= A", B=B'}. Letting

P = {(:I:I?A {iﬁ) € Mg(C)| A= A"},

we have pc = pg @ pc and one has the Cartan decomposition

go.c =tc D pL Dpg.

For 1 < j <3, let D; € M3(C) be the matrix with entry 1 at position (j, j) and O elsewhere. Define

T; = (_([)), %f). Then the Lie algebra h of Too ish =R - Ty ®R - T>» @ R - T3. This is a compact Cartan
J

subalgebra of go. Let (e1, e2, e3) denote the basis of b, dual to (—iTy, —iT>, —iT3). A system of positive

roots for (go,c, hc) is then given by
{e1 £ eo, e1 Le3, e2 £ e3, 2e1, 2e, 2e3}.

The simple roots are e; — ey, ex —e3 and 2e3. We note that pg is spanned by the root spaces corresponding
to the positive roots of type 2e; and e; + ;. We denote by A = {£2e;, :(e; = ¢)} the set of all roots,
Ac = {£(ej —e;)} the set of compact roots and A, = A — A, the noncompact roots. Finally, we denote
by AT, AT and A7, the set of positive, positive compact and positive noncompact roots, respectively.

2.4. Weyl groups. Recall that the Weyl group of Gy is given by 2, = {£1}* x &3. The reflection o;
in the hyperplane orthogonal to 2e; simply reverses the sign of e; while leaving the other e, fixed. The
reflection o in the hyperplane orthogonal to e; — e, exchanges e; and e, and leaves the remaining ey
fixed. The Weyl group Wk of Ko, = U (3) is isomorphic to &3 and, via the embedding into G, identifies
with the subgroup of Wg, generated by the 0. With the identification Wg, = N (Tp)/ Z (1)), an explicit

description of WWg, and Wk is given as follows. The matrices corresponding to the reflections o
Sik 0
(J) —Sjk
elsewhere. The matrices corresponding to the reflection o; in the hyperplane orthogonal to 2e; are of the
0 U;
~U; 0
entries of the diagonal. This gives an explicit description of the elements of 20x_ and their length:

are ( ) where S is the matrix with entry 1 at places (¢, £), £ # j, k, (k, j) and (j, k) and zeroes

form ( ), where U; denotes the diagonal matrix with —1 at the place (j, j) and ones at the other

e.
W, = {1,012, 013, 023, 012013, 012023} 95 40.1,1, 1,2, 2},

2.5. Discrete series. We recall standard facts on discrete series for Go(R) = Spg(R) and for PGSpg(R).
For any nonsingular weight A define

AT(A) ={a e Al{a, A) >0}, AF(A)=AT(A)NA,,
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where (, ) is the standard scalar product on R3. Let A = (A1, A2, A3) be a weight of T, such that
AM>Ar>A3>0andlet p= % ZaeA‘*’ a=(3,2,1). As |Wg,/Wk_ | =8, by [Knapp 1986, Theorem 9.20],
the set of equivalence classes of irreducible discrete series representations of Go(R) with Harish-Chandra
parameter A 4 p contains 8 elements. More precisely, choose representatives {wy, ..., wg} of We,/ Wk,
of increasing length and such that for any 1 <i < 8. Then the weight w; (A 4+ p) is dominant for K
The representatives, defined by their action on p, are w;(3,2,1) = (3,2, 1), w2(3,2,1) = (3,2, —1),
w3(3,2,1)=(@3,1, —2), ws4(3,2, 1) =(2,1, —3), ws(3,2,1)=(@3, -1, -2), we(3,2,1) =2, —1, =3),
wy(3,2,1)=(1, =2, =3), ws(3,2,1)=(—1, =2, —3). Then, for any 1 <i <8, there exists an irreducible
discrete series n Where A =w;(A+p), of Harish-Chandra parameter A and containing with multiplicity 1
the minimal K.-type with highest weight A + 8¢, — 26k, , where g, (resp. 5k ) is the half-sum of
roots (resp. of compact roots) which are positive with respect to the Weyl chamber in which A lies, i.e.,
28G, == ZaeM(A) o (resp. 28k, := ZQGM(A) o). Moreover, fori # j, A=w;(A+p), A=w;j(A+p),
the representations 72} and 2 are not equivalent and any discrete series of Gy is obtained in this way.
Let V* be the irreducible algebraic representation of G of highest weight A = (A1, A2, A3) (for Tp).

Definition 2.1. The discrete series L-packet P(V*) associated to A is the set of isomorphism classes of
discrete series of Go(R) whose Harish-Chandra parameter is of the form A = w; (A 4 p) as i varies.

By [Borel and Wallach 1980, Theorem I1.5.3], for each 2} € P(V*), the space
Homg (A°go.c/tc ® V*, 72)

has dimension 1. This is a consequence of the fact (see the proof of [Borel and Wallach 1980, Theo-
rem 11.5.3]) that the minimal K »-type of 72 appears uniquely in /\6907@ /tc ® V* Using the Cartan
decomposition, we get
Ngo.c/tc = EB N'pé ®@c Nipg.
p+q=6
Hence, there exists a unique pair (p, g) such that Homg,_ (/\p Pe ® /\qu VM r ) is nonzero and
hence of dimension 1. We call such a pair (p, g) the Hodge type of 72

Lemma 2.2. There exist two elements 7'[3 3

 and 73 1 in P(V*) of Hodge type (3, 3). They are character-
ized by having Harish-Chandra parameters (A +2, A3+ 1, —A1 —3) and (A + 3, A3 — 1, =X —2)

and minimal Koo-types T(,42,05+2, -1 —4) And T(n,+4,—r3—2,—x,—2) Fespectively.

Proof. The discrete series 713’31 and 723 1 correspond to the Weyl representatives w4 and ws. Since
war = (A, A3, —A1) and wsA = (A1, —A3, —A2), the Harish-Chandra parameters of 71’003] and 772031

are as desired. When A = wq(A + p) (resp. A = ws(A + p)), observe that é¢, is equal to (2, 1, —3)
(resp 3, -1, —2)) while §x_ = (1, 0, —1) in both cases. Hence, using the formula above, the minimal
co-types of 71 1 and 7 31 are T(a,+2,23+2,—1—4) and T, 44, —1;—2,—1,—2) respectively.
Recall that, after [Vogan and Zuckerman 1984, Proposition 6.19], the Hodge type of a discrete series
representation of Harish-Chandra parameter A is (p, g), where p (resp. ¢) is the number of positive
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noncompact roots in A*(A) (resp. A~ (A)). Using this, one easily checks that the Hodge type of 7725?1
and 727 is (3, 3). O

The picture for PGSp(R) is similar, but the set of its Harish-Chandra parameters changes slightly.
This is due to the fact that, since its maximal compact subgroup has two connected components, the
set of parameters has to be considered up to the action of 20k_ and of wg, as the latter, which is the
antidiagonal matrix with all entries —1, now belongs to the connected component away from the identity
of the maximal compact subgroup. Concretely, any parameter © = (1, (2, 13) has to be identified with
wgp = (—p3, —p2, —p1). A =(x1, A2, A3) issuchthat Ay > 1, >213>0and ) _, 1; =0 (mod 2), then the
irreducible algebraic G-representation V*? of highest weight A(A1, A2, A3, 0) defines a representation of
PGSpg. The corresponding discrete series L-packet P(V*) for PGSpy(R) has thus four elements. Any
element 7o, € P(V*9) of Harish-Chandra parameter u, viewed as a G (R)-representation, decomposes
when restricted to Go(R) as the direct sum of two discrete series in P(V*) of Harish-Chandra parameters [
and wgu. As a consequence, for any such 7, the space

H*(g. K61 710 ® V*0) = Homg,, (A°ge/Lie(Ko)e. 700 ® VD),

where g = Lie(G), gc is its complexification and K¢ = R} K, is two-dimensional. The discussion
above implies the following.

Lemma 2.3. Let 1 = (A1, A2, A3) be a dominant weight for G such that ) ; A; = 0 (mod 2). Then
there exists a unique discrete series 77353 e P(V®0) of PGSpe(R), with Harish-Chandra parameter

(A +2, 23+ 1, —A1 — 3), such that

3,3 _ 33 —3,3
[ele] IGO(R) - T[OO,I 697-[00,1'

We will refer to 773:* as the discrete series of PGSpg(R) in P(V*9) of Hodge type (3, 3).

2.6. Shimura varieties. Let F denote a real étale quadratic @-algebra, i.e., F is either a totally real
quadratic extension of @ or @ x Q. Denote by GL; /Q the subgroup scheme of Resr g GL;, F sitting
in the Cartesian diagram

GL;F(—> RCSF/@ GLZ,F

T

G,—— Resrjo G, F
For instance, when F' = Q x (), we have
GL; r = {(g1, 82) € GLa x GL; | det(g) = det(g2)}-
Let H denote the group

H =GL, XGL; ;= {(g1, §2) € GLz x GL; | det(g1) = det(g2)}. 3)
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We embed H into G as follows. Let us consider the Q@ x F-module
V:i=Qe @ Fey ®Qf1 ®Ff,

where V| := Qe; @ Qf) and V;, := Fep, @ Ff, are respectively the standard representations of GL,
and GL; .. We equip V with the @ x F-valued alternating form ' : V x V. — @ x F, such that
¥'(e1, f1) = (1,0), ¥'(e2, f2) = (0, 3) and V; is orthogonal to V,. The group H acts naturally on V
and preserves ¥ up to a scalar. We can regard V as a six-dimensional Q-vector space with Q-valued
symplectic form v := trqxr),q o ¥'. Explicitly, we have

¥ (aei +aey, bfi + Bf2) = ab+ strpjo(ap).

This identification defines an embedding H — GSp(V, ¥). We now identify GSp(V, ¥) with G by
choosing a suitable (D-basis of V. Recall that the set of real quadratic (D-algebras is parametrized by
De @io/(@io)z, via D — F = Q ® Q+/D. Using the decomposition F = Q @& Q+/D, we consider the
Q-basis of V given by

{er.e2, €3, f1, o, f3} = {e1. e2, V' Dea, fi, fo, ﬁfz}-

In this basis, v is represented by the matrix J = (_OI

n

[6'); thus we obtain an isomorphism GSp(V, ¥) ~ G
and the embedding
t:H—G.

Note that the group
H':=GL, K GSp, :={(g1, g2) € GLo x GSp, | det(g1) = v(g2)}

is also naturally embedded in G and ¢ factors through H'.
Recall from [Burgos Gil et al. 2024, §2.2] that there is a three-dimensional Shimura variety Shgy
associated to the H (R)-conjugacy class of

hiS—Hg, x+iye ((52) (52 (57),

where § = Resc/r G ¢ is the Deligne torus. The associated Shimura datum has reflex field is Q and the
Shimura variety Shy can be described as follows. If V C H(Ay) is a fiber product (over the similitude
characters) V| x A V, of sufficiently small subgroups, we have

Shg (V) = Shar, (V1) xg,, Shars . (V2),

where x¢,, denotes the fiber product over the zero-dimensional Shimura variety of level W = det(V;) =
det(V3). The connected components are given by

70(Shg (V)(C)) =77/ W.

Hence, Shy can be thought as the fiber product of a modular curve and a Hilbert-Blumenthal modular
surface. We also recall that the complex points of Shg (V) are given by

Shy(V)(C) = H(@\HA)/ZpR)Kp oV,
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where Z g denotes the center of H and Ky ~, € H (R) is the maximal compact defined as the product
U(l) x U(l) x U(l).

The embedding ¢ : H — G induces a Shimura datum for G whose reflex field is (0. For any
sufficiently small compact open subgroup U of G(A ), denote by Shg (U) the associated Shimura variety
of dimension 6. We also write ¢ : Shyg (U N H) < Shg(U) the closed embedding of codimension 3
induced by the group homomorphism ¢ : H — G.

Remark 2.4. If £/Q is a totally real cubic field extension of () then one can analogously define
H = {g € Resg /o GL; g | det(g) € G} and there is a natural embedding ¢ : H — G (see [Piatetski-
Shapiro and Rallis 1987, §1] for details) inducing closed embeddings ¢ : Shg (U N H) < Shg(U) for
sufficiently small open compact U. All our results up to Section 5 will hold for any real étale cubic
algebra E over Q. Our main interest in the case E = Q) x F for F a real étale quadratic algebra over Q is
motivated by the integral representation of the spin L-function of G of [Pollack and Shah 2018].

2.7. Cohomology of Siegel sixfolds. Let w be a cuspidal automorphic representation of G (A) having
nonzero fixed vectors by a neat compact open group U € G(Ay). We assume that 7 has trivial central
character and hence we regard it as a cuspidal automorphic representation of PGSpg(A). Our purpose is
to establish that, under mild assumptions, suitable localizations at v of cuspidal, L2 inner Betti and Betti
cohomologies coincide and are concentrated in the middle degree. The assumptions are the following:

(DS) The archimedean component 7 is a discrete series representation of PGSpg(R).
(St) At a finite place p the component 7, is the Steinberg representation of PGSpg(Q,).

Let us fix for the rest of this section A = (A1, A2, A3) € Z3 satisfying Ay > A, > A3 >0and ) X, =
0 (mod 2). We will denote by V, without mentioning A anymore, the irreducible algebraic representation
of G of highest weight (A, 0). As V has trivial central character, it will be considered as an irreducible
representation of PGSpg. Then 74, belongs to the discrete series L-packet P(V). As a consequence,

H(g, Kg; oo ® V) = Hompg, (A°gc/Lie(K6)c; oo ® V) # 0,

where Kg =R} Koo.
There are natural inclusions of spaces of C-valued functions

Casp(G@\G(A)) € CF(G@\G(A)) € CR(GA\G(A)) S CF(G@\GA)),

where these spaces denote, respectively, the space of cuspidal square-integrable functions, rapidly de-
creasing functions, square-integrable functions and smooth functions, and

ocenter (G \G(A)) € CF (G\G(A)),

c/center

where the first space is the space of compactly supported modulo the center functions (for the precise
definition of these spaces, we refer to [Borel 1981]). Tensoring by V the inclusions above and applying
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the (g, K¢)-cohomology functor, we obtain the natural maps

H(,(Shg (U), Vo) — Hy(Shg(U), Ve) — H(,) (Shg(U), Ve) — H*(Shg(U), Ve)

T

H:(Shg (U), Ve)

where Vg is the C-local system associated to V. Let H(Shg (U), V) denote the image of H?(Shg (U), V)
in H*(Shg(U), Vc). Let N denote the positive integer defined as the product of prime numbers £ such
that 77, is ramified. The fact that ., is cohomological implies that there exists a number field L whose
ring of integers O, contains the eigenvalues of the spherical Hecke algebra ™" away from N and with
coefficients in Z acting on ) N T GO et ’pr N
with coefficients in L, let 6, HSph N

Considering the localization at m, of the above cohomology groups, we have the following result.

denote the spherical Hecke algebra away from N
— L denote the Hecke character of 7 and let m, := ker(6,).

Proposition 2.5. Let 7 satisfy the hypotheses (DS) and (St) above. Then
HZyp (She (U), Vo)m, = H)(Shg(U), Ve)m, = Hy'(Shg(U), Ve)m, = H*(Shg(U), Ve)m, -
Proof. By [Borel 1981, Theorem 5.3 & Corollary 5.5], the compositions of the horizontal maps

(Shg(U), Ve) = H;(Shg(U), Vo),

cusp

for x € {rd, (2), @}, are injections. By [Borel 1981, Theorem 5.2], one has an isomorphism
H:(Shg(U), Ve) = Hy(Shg(U), Vo).
Hence, if the equality Cllbp(ShG(U ), Vo)m, = H, 2)(Shg(U ), V¢ )m, holds, we have

H,p(Sha(U), Vo)m, = Hp)(Shg(U), Ve)m, = H'(Shg(U), Ve)m, -

We show the former equality as follows. By [Borel 1980, §4],
Hp, (Sha(U), Vo) = €P of ® H*(g. Kg: 000 ® V)", (4)

0CL§
where o runs over the set of isomorphism classes of automorphic representations appearing in the discrete
spectrum L3 of L?(Z(A)G(@)\G(A)). Similarly,

Hyp(She (U), Vo) = €D of ® H'(g, K6 000 ® V)™,

GCL2

where o runs over the set of isomorphism classes of automorphic representations in the cuspidal spectrum

L3 C L. From (4), we can write

Hy (She(U), VoIm, = D  of @ H*(g, Kgi 000 ® V)™,

0=0c®0f
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where o € L? is such that GEG(Z‘) o~ ﬂf (20 £ 0 at all £4N. Notice that the latter implies that afpv >~ }V ,

where for any automorphic representation 7 we have denoted r}v = Q¢ynTe- By [Kret and Shin 2023,
Lemma 8.1(2)], the Steinberg condition implies that the representation m; is tempered and unitary at
each £{N (as 7 has trivial central character). Thus, if o contributes nontrivially to the above sum, its
local component at a finite place £ N is tempered. This implies that o is necessarily cuspidal and thus
appears in Hc'usp(Shg, Ve)m, with multiplicity mo(o) = m(o). This last statement follows from the fact
that any noncuspidal automorphic representation appearing in LLZI is obtained as a residue of an Eisenstein
series and in particular it is nontempered at every place (see [Labesse 1999, Proposition 4.5.4]). We are
left to show that
Hpy) (Shg(U), Ve)m, = H*(ShG(U), Vo), -

Recall that Franke’s decreasing filtration on the space of automorphic forms for G(A) (see [Waldspurger
1997, §4.7]) yields a spectral sequence E f) 1 = HPT4(Shg(U), Ve), where

Ef= @ P (ndpy) opn? @ HIFTOm, Ky om @ WO,
(w,P)eB(p) 0=0cQ0f
Lw)<p+q

where, for all p € Z-¢, B(p) denotes a certain subset depending on p of elements (w, P) (see [Wald-
spurger 1997, §4.8]), with w € 2 and P = M - Up a standard parabolic subgroup of G, W¥*+r)—p
denotes the irreducible algebraic representation of M of highest weight w(A + p) — p, and o runs
over the set of isomorphism classes of automorphic representations appearing in the discrete spectrum
of L2(Zp(A)M(Q)\M (A)). By the proof of [Kret and Shin 2023, Lemma 8.1(1)], we have that E{q
are zero unless when (w, P) = (1, G), in which case there exists a unique pg € Z>¢, for which
pra {Héi" (ShG(U), Ve)m, if p = po,

Lz 0 otherwise.

Thus, the spectral sequence for the localization degenerates at the first page and gives
HI (ShG(U), Vohm, = EP = HP(ShG (U), Vo), 0
Proposition 2.6. Let 7w satisfy the hypotheses (DS) and (St) above. Then
H*(Shg(U), Vo), = H(Sh(U), Ve)m, # 0.

Proof. Suppose that 7 contributes to H {(Shg(U), Ve )m, - As we noted in the proof of Proposition 2.5, this
implies that, for every £{N, 7, >~ 7, is tempered and unitary (see [Kret and Shin 2023, Lemma 8.1(2)]).
Let us fix £1N; the action of the Frobenius correspondence on intersection cohomology Frob, on
IH'(Shg(U), Ve)[ts] and thus on H(Shg(U), Ve)lty] is pure of weight i, i.e., its eigenvalues all have
absolute value ¢/ (see [Morel 2010, Remark 7.2.5]). On the other hand, by the congruence relation
conjectured in [Blasius and Rogawski 1994, §6] and verified in [Wedhorn 2000], Froby is a root of the
Hecke polynomial
Hy(T) = det(T — £>spin(Frg x §)),
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which is a polynomial in 7" whose coefficients are elements in the coordinate ring of the set of Fr,-
conjugacy classes of semisimple elements of G (C) = GSpin, (C), for Fry a Frobenius element in the Weil
group of (Qy. By the untwisted Satake isomorphism, we can see Hy(7T') as a polynomial with coefficients
in the spherical Hecke algebra H(G(Qy)//G(Z,), Q) (see [Wedhorn 2000, (2.2.1) & Corollary (2.8)])
and thus we can denote by Hy(T'; t;) the specialization of Hy(T) to 1y, i.e.,

Hy(T; 1) = det(T — £3spin(¢, (Fry))),

where ¢, is the unramified Langlands parameter of t,. The congruence relation gives that H,(Froby; 7,)=0
on IH*(Shg(U), Ve)[tr], which implies that the eigenvalues of Frob, on IH*(Shg(U), Ve)[ty] are a
subset of the ones of €3spin(¢w (Froby)). As 1, is tempered, all the eigenvalues of spin(¢., (Fr;)) have
absolute value equal to 1 (see [Gross 1998, §6]). Hence the eigenvalues of Z‘gspin(qbr,Z (Frg)), and thus of
Froby, have all absolute value equal to 2. In particular, H {(Shg(U), Vo)[t r11s zero unless i = 6. Finally,
notice that H°(Shg(U), Ve)m, # 0 as the assumption (DS) implies H(Shg(U), Vo)lrp] #0. Il

Remark 2.7. The proof of Proposition 2.6 is similar to that of [Kret and Shin 2023, Proposition 8.2],
where the proof is carried out with a trace formula argument.

2.8. Hodge theory. We keep the same notation as Section 2.7. In particular, 7 = 7, ® 77 is a cusp-
idal automorphic representation of G with trivial central character which satisfies (DS) and (St), with
oo € P(V) for some irreducible algebraic representation V of G as above.

Let V denote the Q-local system on Sh¢ (U) attached to V. We can take the 7 s-isotypic component
Hg’*[nf] of Hf(Shg(U), Vc), where x € {&,!} and where V¢ denotes V ®g C. Propositions 2.5
and 2.6 imply

Hylr )= Hy 7] = Hj 7] #0. (5)
By [Blasius and Rogawski 1994, (2.3.1)] (see also [Shin and Templier 2014, Proposition 2.15]), if L
is a sufficiently large number field, Hg [ ¢] appears as a subquotient of H!(’(Shg(U ), VL), where V;,
denotes V ®q L. In particular, we have a projection

pr,, : H(Shg(U), Vi)m, (n) — H[71(n).
Since H!6(Shg(U ), V1) is a pure L-Hodge structure of weight 6, we have
HYlmsl=n7(L)® Mg(ry),

with 71]5] (L) a realization of rr}] over L and Mp(my) a pure L-Hodge structure of weight 6. Thus we

have a decomposition
Mp(rp)®@C= @ H(xy).
p+q=>6
Lemma 2.8. Under the hypotheses (DS) and (St),
dime H? (1) = {1 l.fp #3,
2 ifp=3.

In particular, dim;, Mp(my) = 8.
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Proof. Thanks to (5), we have that

Hg[ﬂf] ®C= Hgyz[n'f] ®C= ng,cusp[nf] ®C;
hence

Hila 1@ C =7 &P H* (g, Koi 0 ® V)",
O
where 0 runs over the elements of the discrete series L-packet P (V) of PGSpg(R) and m (o) denotes
the multiplicity of o = 0 ® 7. Notice that H (g, Kg; 000 ® V) equals

Homg (A°go/t, ok ® V) ®@Homg_ (N°go/t, 5L @ V), (6)

where we have denoted o Go® = aolo Do éo According to [Borel and Wallach 1980, Theorem I1.5.3(b)],
each space in the decomposition above is one-dimensional. Moreover there exists a unique pair of
integers (rq,, Ss,,) satisfying r,_ + S5, = 6 such that (6) equals

Homg, (N7 pt® N™pg, ok ® V) @ Homg (N7pL @ No<pg, ol @ V).

As we remarked in Section 2.5, the set P(V) has four elements and is in bijection with the set of
Hodge types up to conjugation. Since the Hodge structure in Hg’
deduce that

[ r] is induced by this splitting, we

cusp

m(o) ifrs, #3,

dime H'me o (7 1) =
fme (Ts) {2m(0) if ro. = 3.

By [Kret and Shin 2023, Theorem 12.1], the multiplicity of o is either O or 1, while thanks to [Kret
and Shin 2023, Corollaries 8.4 & 12.4] the dimension of Mp(7 ) equals 8. Hence m(o) = 1 for all
0so € P(V), which concludes the proof. Ol

2.9. Absolute Hodge cohomology. Let us first recall some definitions from [Beilinson 1986]. A mixed
R-Hodge structure consists of a finite-dimensional R-vector space Mk equipped with an increasing finite
filtration W, called the weight filtration and a decreasing finite filtration F* on M¢ = Mg ®g C called the
Hodge filtration, such that each pair (Gr,vlv M, (Gr,‘iv Mg, F*)) is a pure R-Hodge structure of weight n
[Deligne 1971, Définition 2.1.10]. The category of mixed R-Hodge structures is an abelian category
[Deligne 1971, Théoreme (2.3.5)] and we denote it by MHSR.

Definition 2.9. A real mixed R-Hodge structure is given by a mixed R-Hodge structure such that Mp is
equipped with an involution FZ, stabilizing the weight filtration and whose C-antilinear complexification
l?o = FZ ®c, where ¢ denotes the complex conjugation, defines an involution on M stabilizing the
Hodge filtration.

We will refer to FZ% as the real Frobenius and to F% as the de Rham involution. We denote by MHSE‘J
the abelian category of real mixed Hodge R-structures. For any pair of objects M, N € D(MHSE'RE), one
has R Homyst (M, N) = R Homyms, (M, ), since taking invariants by FZ, is an exact functor.
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Definition 2.10. If M = (Mg, F}) € C (MHS&S) is a complex of real mixed R-Hodge structure, its
absolute Hodge cohomology is defined as

RT3 (M) = R Hommus;, (R(0), Mp).
Its real absolute Hodge cohomology is defined as
RT3/m(M) := R Homyyyy: (R(0), M) = RT3 (Mg)"™.

The cohomology groups H é (Shg (U), Vr), where Vg =V ®q R, are equipped with a real Frobenius F3,
acting as the complex conjugation on (the complex points) Shg (U) and on Vg, define real mixed R-Hodge
structures. This can be deduced directly from [Deligne 1971] since the cohomology with coefficients is a
direct factor of the cohomology of a fiber product of the universal abelian variety of Shg (U), or from the
theory of mixed Hodge modules of [Saito 1990]. We let M € C (MHSE) be the complex of real mixed
R-Hodge structures given by (EB, N H };(Shg(U ), Vr)[—i], F:o) and we define the absolute real Hodge
cohomology HZt(Shg(U)/[R, Vr(4)) of Shg(U) and coefficients in Vr(4) to be HI(RFH/R(M(4))).
Then we have the short exact sequence

0 — Extyye (R(0). HE(Shg (U). Va(4)) — Hjy(She(U)/R. Va(4))
— Homyys (R(0), Hg(Shg (U), Vr(4))) — 0.

If m =7 ® 7y is as above, we denote by
Hy (M (7 p)r(4)) := (Hy(She (U)/R, Va(4)) ® L)[n /]
the 7 r-isotypical component.

Lemma 2.11. Under the hypotheses (DS) and (St), we have a canonical short exact sequence of finite
rank-free R ®q L-modules

0— F*H{[n /] — HElw1>="1(3) - H} (M (7 /)r(4)) — 0.

Moreover, we have
dimpgq, Hy (M (7 p)r(4)) = dime f .

Proof. It follows from the existence of the short exact sequence above and from Proposition 2.6 that we
have a canonical isomorphism

Hy (M (7 )(4)) ~ Extyy, o (R(0), Hg(Sha (U), Va(@))lr ).

Hence, the first statement of the lemma follows as in [Lemma 2017, Lemma 4.11]. In particular, the map
F*HS [ f1 — HE[ws17%=71(3) is defined by the composition of

F*H§m 1 — Hyplns1® C~ Hy(Shg(U), Ve)lrsl,
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of the projection to Hg (Sha(U), Vo)l ] F5=1 where FZ is the complexification F% ®c, with ¢ denoting
the complex conjugation, and of the projection

HE(Sha (), Vo)lms1™=" = Hiln ;1771 3) @ Hyln 1"~ (4) — Hglwp1"~="1(3).
Finally, by Lemma 2.8, we have that

dimpgqr F*Hgplmy]=3dim, 7 (L) =3dime 7{ .

On the other hand,

dimpg,. Hylm1"™>="'3) = 3+ hr**)dime 7,
where 4> is the dimension of the C-vector space {x € H3’3(7Tf) : FZ (x) = —x} (see [Burgos Gil et al.
2024, §3.4.2]). By the proof of Lemma 2.8, we have 2>+ = 1, which implies the result. U

3. Construction of the motivic class

3.1. Cartan product. Before starting, we briefly recall some properties of the Cartan product of irreducible
representations that will be needed (see [Sun 2017, §2.5] for more details). Let A denote either a connected
compact Lie group or a semisimple algebraic group. Fix a Cartan subgroup of A and an orientation of
the roots. Irreducible algebraic representations of A are parametrized by dominant weights. If A and o
are two dominant weights with corresponding representations V* and V', then the representation V*+°
appears in V* ® V° with multiplicity one. We denote it by V* - V7 and we call it the Cartan component
of V*® V. Clearly, the tensor product of two highest weight vectors maps to a corresponding highest
weight vector. We denote by v ® w > v - w the projection from V*® V7 to its Cartan component V* - V°.

Lemma 3.1 [Sun 2017, Lemma 2.12]. Every nonzero pure tensor in V* @ V° projects nontrivially to the

Cartan component.

3.2. Branching laws. In what follows, we fix a totally real field F' over which H splits. Since H is split
over F, its finite-dimensional irreducible representations are determined by the highest weight theory and
we can thus use the branching laws for algebraic representations from G to H established in [Cauchi and
Rodrigues Jacinto 2020].

Lemma 3.2. The G-representation V* over F of highest weight .. = (A1, A3, A3, ¢) contains the trivial
H-representation if and only if c = 0 and »1 = Ay + Az. When this holds the trivial representation of H
appears in (VA)\H with multiplicity .y — Az + 1.

Proof. From [Cauchi and Rodrigues Jacinto 2020, Lemma 2.10], the sum of all irreducible sub-H-
representations of V* isomorphic (up to a twist) to Sym*%? for some k > 0 is given by

Al—A2+A3 |
@ r- Sym(k’o’o) ® detz2 (M0

k=|A1—A2—23]
k=|A| (mod 2)
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for r = Ay — A3 + 1. From this we deduce that V* contains the trivial H-representation with multiplicity
r=Ay—Az+1lifand onlyif Ay — Ay — A3 =0. =

It will be useful to construct explicitly generators of the trivial H-representations inside V* given
by the branching laws. We achieve this by constructing some vectors in the representations V (1:1:0:0)
and V@119 and then by taking their Cartan product. From now on, all the representations are defined
over F. Moreover, since the branching laws are determined by the restriction to the derived subgroups, in
the following we work with the groups

Hy :=SL, x SL, x SL, — Hé :=SL, x Sp4 — Gog = Spé.

Recall that we associate to any A = (A1, Ap) € 72 such that A; > A, > 0, the irreducible Sp,-representation
with highest weight A. Applying the branching laws [Cauchi and Rodrigues Jacinto 2020, Proposition 2.8],
we get the following decompositions of representations of H:

VL0 — (gymO KV ©0) g (Sym? KV D) @ (Sym! KV 1),
VELD = Sym’®V!D) @ (Sym’ KV ) @ (Sym' KV T?) @ (Sym' KV ED) @ (Sym? ®V D).

By Lemma 3.2, V1.9 contains two copies of the trivial Hy-representation, each of which lies re-
spectively in Sym® V@0 and Sym® XV -V while V®!-D contains a unique trivial Hy-representation
appearing in Sym’ XV 1-D_ Using these facts, we can explicitly define generators of these three trivial
representations of Hj.

Let V be the standard representation of G with its symplectic basis (e1, e>, e3, f1, f2, f3) given in
Section 2.6. According to our choice of embedding Hé — Gy, (e1, f1) (resp. {(ez, e3, f2, f3)) defines
a basis of the standard representation of SL, (resp. Sp,). We first recall how one can realize the
representations V(1.0 and V11D~ Ag explained in [Fulton and Harris 1991, §17.1], V1.9 is realized
inside /\2 V as the complement of the Gy-invariant subspace generated by the vector ey A fi+exA fo+e3A f3
corresponding to the symplectic form or, in other words, as the kernel of the map /\2V — V sending
v] A vy to ¥ (vy, v2). By [Fulton and Harris 1991, Theorem 17.5], the irreducible representation y (LLD
is identified with the kernel of the map ¢ : NV =V, vy Avs Avs > ij’k#i’j Y (i, v) (= 1)~ Ty

Lemma 3.3. Let F(0) denote the trivial Hy-representation. We have
vi=er A fr—e3A fz € F(0) C Sym’ Ky D ¢ y 110
wi=es A fr+e3A fz—2e A f1 € F(0) C Sym® KV ©0 ¢ y 1.0
z:=z1—2 € F(0) C Sym’ Ky D c y &L,

where
zii=er-(finexN fo— finesn f3),

22:=fi-(e1Nex A fo—ej Ne3 A f3),

and - denotes the Cartan product.
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Proof. The vector v is obtained from the highest weight vector e; A ey in V(1.0 by applying the
composition X ,1,—1) © X(0,—2,0) © X(—1,0,1)» Where X(_1.0,1), X0,-2.0), X(0,1,—1) € 5P denote the weight
vectors for A(—1, 0, 1), A(0, =2, 0), and (0, 1, —1) respectively (see [Fulton and Harris 1991, §16.1] for
the precise description). Moreover, the vector X(_j,0,1)(e1 A e2) = —e2 A e3 is of weight (0, 1, 1), which
appears only in the component Sym® XV D and X (0.1 _1), X(0.-2.0) € 5ps C 5pg s0 v still lies inside
Sym? XV (D The vector w is Hj-invariant and therefore it generates the only trivial Hjj-representation
in V119 We now explain the definition of z. Note that e; € V109 and fiAesA fo— finesA fze VLD,
Thus, by the properties of the Cartan product

V00 @ yULD _ (L0 g y@ LD y@LD ey sy

z1 is a nonzero vector in V1 by Lemma 3.1. The vector z; is fixed by {I»} x SL2, but not by
SL, x {Ib} x {I,}, however, as it is easy to verify, we have that

i=u+h-a=201—-2€FO) cVEY with h=((_,") b, b),
generates the unique trivial Hy-representation of V1.1, O
Lemma 3.4. Let A = (Ay + A3, A2, A3, 0) with Ay > A3 > 0. For each Ay > |t > A3, the vector
W=l T e F(0) € (V)
realizes a distinct copy of the trivial representation F(0) of H inside (V*)|,.
Proof. For p, q,r € N, we have

vPw? 7" e F(0)C Symo )Y PHrptr) ¢y (ptat2rptatrr),

The vectors v, w, z are H-highest weight vectors, and thus v!*+*! is too. We are left to show that each of the
vectors is different. This follows from the fact that each v/*#! lies in Sym® KV P23 —rdatis—i) g n—ra=1s

and these representations are all different as u varies. O

3.3. The motivic class. As in the section above, we fix a totally real field F such that H splits over F.
For a smooth quasiprojective scheme S over a field of characteristic zero, let CHMy (S) denote the
tensor category of relative Chow motives over S with coefficients in a number field L and denote by
M : Var/S — CHM[ (S) the contravariant functor from the category of smooth projective schemes over S
to the category of relative Chow motives over S (see [Ancona 2015, §2.1]). By [Deninger and Murre
1991, Corollary 3.2], if A/S is an abelian scheme of relative dimension g, there is a decomposition
M(A) = @lzi | h'(A) in CHM (S). Let G temporarily denote one of the groups H or G, and denote by
Rep (G) the category of finite-dimensional algebraic representations of G defined over F. Ancona [2015]
constructed an additive functor

1S :Repp(G) — CHMp(Shg (U)),

where U is a sufficiently small open compact subgroup of G (A ). We recall some of its properties.
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Proposition 3.5 [Ancona 2015, Théoreme 8.6]. The functor ,ug respects duals, tensor products and
satisfies the following properties.

(1) If V is the standard representation of G, then ,ug(V) = h'(g), where g is the universal abelian
scheme over Shg (U).

2) If v: G — Gy, is the multiplier, then ,ug(v) is the Lefschetz motive F(—1).

(3) For a G-representation V defined over F, the Betti realization of Mg(V) is the local system Vp
associated to the vector bundle

G@\(Xg x V x(G(Ay)/U)) = Shg(U)(C).

(4) For any prime v of F above £ and G-representation V, the v-adic étale realization V, of [,Lg(V) is
the étale sheaf associated to V @ F,, with U acting on the left via U < G(Ay) — G(Qy).

Definition 3.6. Let V* be the finite-dimensional irreducible algebraic representation over @ of G of
highest weight L. We denote by ”//1? the relative Chow motive associated to V* ® F.

Let U C G(Ay) be a sufficiently small compact open subgroup and let U’ = U N H(Ay). Recall that
we have a closed embedding ¢ : Shy (U’) < Shg (U) which is of codimension 3. Let V* the algebraic
representation of G (over F) of highest weight A = (A, A, A3, ¢) such that A} = Ay + A3 and ¢ = 0.
Using the branching laws of Lemma 3.2 and [Torzewski 2020, Theorem 1.2], we get the following (see
[Cauchi and Rodrigues Jacinto 2020, Proposition 2.17]).

Proposition 3.7. For any Ay > i > A3, we have a Gysin morphism

(M HY (Shr (U'), F(0) — HY(Sha (U), 77 (3)),
corresponding to the embedding of F(0) C 1*V* given by the H-trivial vector v'**! of Lemma 3.4.
Definition 3.8. We let Z}"\) € HS,(Shg(U), ¥ (3)) be the image by (£ of

Ishy () € CH'(Shy (UN)F = HY (Shg(U"), F(0)).
3.4. Realizations.
3.4.1. Etale realization. Let [ be a prime of F above £. We have an étale cycle class map
cle - HY(Sha (U), 72 (3)) — Hg (Sha (U), W (3)) — H (Sha (U)g. Vi (3)) %0,

where the last arrow is the natural map obtained from the Hochschild—Serre spectral sequence. We define
the following.

Definition 3.9. We let Z}4) := cla (2l 1)) € H (Sha (U)g, Vi(3))%.
Remark 3.10. « Notice that ZZ‘Q] equals to the image of 1 € Hé?t(Sh g (U’ )g» F1(0)) via the étale Gysin

map
M HY (Shy (U g, Fi(0) — HY(Shy (U)g, Vi) — HS(She (U)g, Vi(3)).

ét,x
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o As the representation V* is self dual, we have a Galois equivariant perfect pairing
Hg . (She(U)g, Vi (3)) x Hg(She (U)g, V(' (3)) — Fi(0).

Hence, by duality, ZEQ]

determines a map
HS, .(Shg(U)g. V{(3)) — Fi(0).
3.4.2. Betti realizations. As in the previous subsection, we define the class
zil e H§(Shg(U)(©), VE(3))
as the image of Zgﬁ via the Betti cycle class map
clp : H$((Shg (U), %(3)) — H§(Sha (U)(C), VE(3)).
Note that, as F is totally real, the image satisfies

Im(clg) C H§(Shg (U)(C), Vi(3)™=",

where FJ denotes the composition of the map induced by complex conjugation on the C-points of
Shg (U) with complex conjugation on the coefficients.

3.4.3. Absolute Hodge realizations. Let HS,(Shg(U), 77 (3))° =ker(clg) denote the subgroup of homo-
logically trivial classes and let Hf\’/[(Shc;(U ), 7/}(3))h0m denote the quotient

HY(Sha (U), ¥ (3))/H (Sha (V). 75 (3))".
Note that when Ap = A3 =0, i.e., the representation V* is the trivial representation, then
HY((Shg(U), 7 (3)) = Hyy(Shg (U), F(3)) = CH (Shg(U))
is the usual Chow group of 3-codimensional cycles modulo rational equivalence and the space
H{((ShG (U), 77 (3)hom = N> (Sha (U))

is the space of 3-codimensional cycles modulo homological equivalence, with coefficients in F. In this
section, we define a natural injective map

H{,(Shg(U), 77 (3)hom — H},(Sha(U), Vi(4)). (7)

The definition is similar to the one for smooth projective varieties (see [Schneider 1988, §5]) and we
recall it for the convenience of the reader. The cycle class map is an injection

clg : HS(Shg(U), ¥7(3))hom — Hy(Sha(U), Vr(3) =" N HY(Sha(U), VE(3))*,
where Hg(Sh(;(U ), Vé(3))0’0 denotes the subspace of

WoHS(Shg(U), VE(3)) = Gry H3(Shg (U), VE(3))
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of vectors which have Hodge type (0, 0). The composite of the inclusions

HY(Shg(U), Ve(3))~="n HS(Shg (U), VE(3))"°
> WoH% (Shg(U), Ve(3)) = WaH5:(Sha(U), Vr(3)) = WoHS% (Sha (U), Vr(4))

and of the projection

WoHS: (Sha (U), Vr(4))
— WoHS(Shg (U), Ve(4) "\ WoHS: (Sha (U), Vr(4))/ FOWoHS (Shg (U), Vr(4))

is injective. As the last space above is canonically isomorphic to
Extyyys: (R(0). Hy(Sh (U), Va(4))),
we obtain a natural injective map

H{;(Shg (V). 7 (3))hom = Extyye: (R(0), H(She (U). Va())).

Composing this map with the canonical injection

Extyys (R(0), HE(Sh (U). Va(4)) — Hjy(Sh(U), Vi)

we obtain the map (7). We denote by cly, : HY,(Shg (U), ¥(3)) — H],(Shg(U), V4(4)) the composition
of the map (7) with the projection H/?/t (Shg (U), 7/1? 3) — H/‘;’A (Shg (U), ”I/If} (3))hom-

Definition 3.11. We define
zhrl =y (2 ) € H](Sha(U), Vi(@)).

Remark 3.12. Let  be a cuspidal automorphic representation of PGSp(A) which satisfies the hypotheses
of Lemma 2.11 and let S be a finite set of places containing the ramified places of 7 and co. By the
conjectures of Beilinson and Tate and the local calculations of Gross and Savin [1998], there should exist
a cubic étale algebra E/Q such that the cycle Zg”ff,fl], with H defined by E/Q, and their Hecke translates
are expected to generate H%L(M (7 r)r(4)) when ord,—; L3(s, mr, Spin) = —1. Assuming the nonvanishing

of the archimedean integral, Corollary 5.15 confirms this expectation.

4. Construction of the differential form and pairing with the motivic class

The purpose of this section is to study the Betti and Hodge realizations of the cycle constructed
in Section 3.3 by relating their pairing with a suitable cuspidal harmonic differential form to an
automorphic period.

4.1. Test vectors. Recall that the discrete series L-packets for PGSpe(R) have four elements, each indexed
by a Hodge type (and its conjugate). Let = denote a cuspidal automorphic representation of PGSpg(A)
for which 7, is the discrete series of Hodge type (3,3) in the L-packet of V*, where A = (A1, A2, A3, 0)



574 Antonio Cauchi, Francesco Lemma and Joaquin Rodrigues Jacinto

and A1 = Ay + A3. This translates into saying that 7 is a cuspidal automorphic representation of G (A)

with trivial central character for which

HS(g, Kg: 0o @ V) #0,

33 o =33
and such that oo|Gom) = 70 @ T

spective Harish-Chandra parameters (A +2, A3+ 1, —A; —3) and (A1 + 3, —A3 — 1, —A — 2). Recall
that these discrete series contain with multiplicity one their minimal Ko.-types t(,+2.1;+2.—,—4) and

is the direct sum of the discrete series representations of re-

T(h +4,—23—2,—1,—2) Tespectively. On the other hand, as K. -representations we have

6 3 3, —
Npe 2 N'pE @ N'pg = @ T 2722,-4 D T4,-2,-2),

4
where the equality expresses the decomposition of the tensor product into irreducible K -representations.

This fact will be useful to construct an element in

HO(g, Kg; oo ® V*) = Homg (A°pe, 7100 ® V) = Homg (Apc ® V*, 70a0),

where the last equality follows from the fact that V* is self-dual. Before stating the next result, let us fix
the following data:

* A highest weight vector Wy, of the minimal K o-type 7(5,42,35+2,-1,—4) of J'ri’f 1

« A highest weight vector W, of the minimal K -type Ty +4,—h3—2,—1y—2) OF ﬁzfl.
o A highest weight vector X2 2 _4) of 722 _4).
o A highest weight vector X 4,2 —2) of 74,—2,—2).

« Ahighest weight vector v* of 7;; C V*, where 7,/ denotes the irreducible algebraic K ,.-representations
of highest weight 1’ = (A2, A3, —A1).

* A highest weight vector vt of 13, C V*, where 13, denotes the irreducible algebraic K «-representations
of highest weight A’ = (A1, =13, —A2).
Lemma 4.1. The spaces Homg_ (/\6p@ ®V*, 71;31) and Homg __ (/\6]3@ ®V*, ﬁi;l) are of dimension 1
and the elements
wy,, € Homg (A°pc ® V*, m20). og, €Homg, (Npc @ V*, 7200)
defined by
oy, (X022, -4 ® V) = Wy, oy (X@,-2,-2® V) =Ty

are generators of these spaces.
Proof. This is a consequence of [Borel and Wallach 1980, Theorem I1.5.3 b)] and its proof. O

4.2. Restrictionto H. Let . = (A, A2, A3, 0), with A; = A, + A3 and let V* be as above. Let h denote
the Lie algebra of H(R) and £y the maximal compact modulo the center Kg. Observe that via the
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embedding ¢ : H(R) — G(R), the group K g is isomorphic to T. One has a Cartan decomposition
bc =¢H.c @ pH . c, where pg ¢ is six-dimensional and is spanned by the noncompact root spaces. We fix
once and for all a generator X of the one-dimensional C-vector space /\6p HcC /\6p@ as in [Burgos Gil
et al. 2024, §5.2]. The main result of this section is the following.

Theorem 4.2. Let wy, , and O be the elements of Homg (/\61343 ® V*, JTOO) defined in Lemma 4.1.
Let X be as above and let v be any H-invariant vector in V*. Then

oy, (Xo®v) #0, wg_(Xo®v) #0.

The proof of Theorem 4.2 will be constructive and occupies the rest of this section. We start by
recalling the following result.

Lemma 4.3 [Burgos Gil et al. 2024, Lemma 5.4]. Let X be as above. Then the image of X by
Nprc— Npe — Nt @ Npe — 10.2,-a),

where the first map is induced by the embedding H — G and the second and the third maps are the

natural projections, is nonzero.

We next study the interaction between the branching laws of V* to the subgroup H of G and to
its maximal compact subgroup. More precisely, we show that the H-invariant vectors constructed in
Lemma 3.4 project nontrivially to 7, and 7;, and moreover that their projections form a basis of the
corresponding (0, 0, 0)-weight spaces for the action of T.

Lemma 4.4. Let 7y and 73, be the irreducible algebraic sub-K -representations of V* of highest weight
A = (A, A3, —A1) and X' = (A1, —A3, —A2). Then the weight (0,0, 0) appears in both T, and T3, with
multiplicity Ay — A3 + 1.

Proof. Let no(A’) denote the multiplicity of the weight (0, 0, 0) in 7;,. The Kostant multiplicity formula

reads as .
no0)= Y (=D PO +px.) — px.),

weQDKOC
where px_ = % D we AT = (1,0, —1) and the function u +— P (u) calculates the number of ways for
which the weight pu can be expressed as a linear combination
a(e; —ez) + Bler —e3) +y(e2 —e3),
with «, B, y € Z>¢ (see [Fulton and Harris 1991]). Using this formula, it is a tedious but straightforward
calculation to verify that n9(1') = A» — A3 + 1 and the same for A’ = wg’. O

According to Lemma 4.4, there are A, — A3z + 1 linearly independent vectors of weight (0, 0, 0) in ;.
We now show that these weight vectors correspond one to one to the H-invariant vectors of Lemma 3.2.

Lemma 4.5. Let v, w be the vectors of V19 and let 7 be the vector of V-V defined in Lemma 3.3.
The irreducible algebraic representation t(1 0,1y (resp. T(1,1,—2) and T2, —1,—1)) appear in the restriction
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of VL (resp. of V1D t0 K o with multiplicity 1. Moreover, we have v, w € 71,01 € VL0 and
Z2€T111,-2) P12 -1,-1) C VLD pith 7 projecting nontrivially to each factor of this decomposition.

Proof. First observe that v, w € V(19 and z € VLD are vectors of weight (0, 0, 0) both for the
split and the compact tori of Go(R). Indeed these vectors are fixed (up to a constant) by the matrix J
sending the noncompact torus Ty to the compact torus T, defined in Section 2.2. Using branching laws
from Go(R) to K, we have a decomposition of K,-representations

y(1L.1.0) T(1,1,00 D T(1,0,—1) D T(0,—1,—1)-

The weight (0, 0, 0) appears only in 7(1 0,—1) and with multiplicity 2. Since it has also multiplicity 2
in VL1L.O we deduce that {v, w} forms a basis for the (0, 0, 0)-eigenspace of 7(1,0,—1). On the other
hand, we have

y&LD =T(-1,-1,-2)PT(1,-1,-2DT(1,1,00 P T(1,1,-2) P T(1,0,-H D T2, -1,-H DT, 1,-1H) D T2, 1,H PT©O,~1,-1)-
The weight (0, 0, 0) only appears in 7(1,1,—2) ® T(1,0,—1) D T(2,—1,—1), Which implies that
ZE€T(1,1,-2) D T1,0,—1) D T2,—1,-1)-

Notice that the decomposition of the standard representation of Gy

V =1711.0,00 ® 7(0,0,—1)

of Ko-representations can be realized by picking the basis {vy, vy, v3, wi, wy, w3}, where v, := e, +if;
and w, :=ie, + f,. The set {v,}1<,<3 (resp. {w, }1<,<3) defines a basis for 7(;0,0) (resp. 7(,0,—1)). We
now write z in terms of this basis. By using the relations
er =50 — 5w, fr= 3w, — §vp,
we have that
e® fin(enfr—esn fz)—fi®erN(ea N fr—esN f3)
is equal to
%(U1®w1/\(vz/\wz—vg/\wg)—wl®v1/\(v2/\w2—v3/\w3)).
Thus,
=12 —Z2=i(v1-w1A(v2Aw2—v3Aw3)—w1-v1 /\(vg/\wz—v3/\w3)).

Notice that the vector w; A (2 A wy — v3 A w3) € VLD §g of weight (—1,0,0) for T, while
v A (1 Awy — 3 Aws) € VLD s of weight (1, 0, 0) for Tao. As

y LD — T, P TA,—1,-1) DT, 1,-1) D T(=1,-1,—-1),
and as the weight (—1, 0, 0) appears only in 7(;,—1,—1) and (1, 0, 0) only in 7(1 1,—1), we have that

wiA(VyAwy —v3Aws) € T1,-1,-1)s VI A (v Awy —v3AW3) € T(1,1,-1)-
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By the properties of the Cartan product, the vector s1 := vy -wi A (v2 Awa —v3Aw3) is nONZero in 72 —1,—1),
while s := w1 - v1 A (V2 A w2 — v3 A w3) 1S nonzero in 7(j,1,—2). This shows that the vector z € y@LD

lives in 72, —1,—1) ® 7(1,1,—2), thus finishing the proof. Il

Proposition 4.6. The set {prw(v[’\*‘”)} u (resp. {prfx,(v[’\’“])} ) forms a basis of the weight (0, 0, 0)-
eigenspace of T,y C V* (resp. T C V.

Proof. Recall that we have defined
W= it e F(0) € (V).

By Lemma 4.5, we have that v, w € 7(,0,—1) € v (LLO) o that, for any A3 < u < Xy, we have
VMR @ whth € t(‘?koz:klj and we deduce that the projection of v*27# . Wt g V(*2723.22-43.0) g
T(,—13,0,A3—1,) coincides with their Cartan product with respect to K. Moreover, each of these projections

is nonzero because of Lemma 3.1. Since the vectors
Ao— —A
VT W T € T, 05,0,05-00)

are all different as they live in different H| subrepresentations (see the proof of Lemma 3.4), we
conclude that they span the A, — A3 4+ 1-dimensional weight (0, 0, 0)-eigenspace of T(x,—5.0,2;3—1,)-
We now show that z*3 projects nontrivially to both (25, —1,.—1,) and (.5, —215)- Notice that, as the
weights (213, —A3, —A3) and (A3, A3, —2A3) are extremal in v (223.23.23) and appear uniquely, we have a

commutative diagram

(V(Z,l,l))®)~3 . V (243.43,43)
(prl,pr’l)l lprz
(T2—1.-1)®" @ (71.1,-2) B —— T@i3.—r3.—13) B T(hs.3.~243)

where the horizontal arrows are the Cartan projections and the vertical arrows are the natural projections
given by the decomposition of V*""") as K. -representations. Thanks to the commutativity of the
diagram, we know that the vector z®* e (V@ 1:1D)®%3 maps to

pry(z™) = pry ()™ +pry ()™ =577 +57°,

where s1, 5 are as in Lemma 4.5. This shows, again by Lemma 3.1, that each v!**] projects nontrivially
to both 7,/ and 73, and that each of these projections are different by Lemma 3.4. Indeed,

[uly — o=, =23 | A3 [uly — o=, i=A3 | A3
prw(v )=v -w 817, pr,x/(v )=v -w 857

By Lemma 4.4, this means that {prw(v“’“])}u (resp. {prrx,(v[’\*“])}u) defines a basis of the weight
(0, 0, 0)-eigenspace of T,/ (resp. 73,). This finishes the proof. O

We can now conclude the proof of Theorem 4.2
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Proof of Theorem 4.2. By construction, the map wy,, factors through 7,122 -4) € 72,2,-4) ® Tv.
Lemma 4.3 shows that the projection of X to 7(2 2 —4) is nonzero, while Proposition 4.6 shows that
prw(v[’\’“]) is nonzero. Since Tj4(2.2,—4) is the Cartan product of 722 —4) and 7/, we deduce from
Lemma 3.1 that the image of the pure tensor pr,,, , (Xo) ® pr,, (v™#) is nonzero. U

4.3. The pairing. Let  denote a cuspidal automorphic representation of PGSp4(A) for which 7 is the
discrete series of Hodge type (3,3) in the L-packet of V* with A = (Aa+A3, A2, 13, 0). Let U = U ® W
denote a cusp form in 7 = 7o ® wy. We assume that W, is a highest weight vector of the minimal
Koo-type Tu+2.03+2,—2—4) Of ToolGom). We let [wy_ ] € Hﬁ(g, Kg; T ® V) be the cohomology class
of the harmonic differential form wy , defined in Lemma 4.1. We also assume that W ¢ € Vy, is U-invariant.
Then we have [wy] = [0y, ® Vsl € H%(g, Kg; 7Y @ V).

Lemma 4.7. There is a Hecke-equivariant inclusion
H(g, Kg; ¥ @ V*) C Hip (Sha(U), V).
Moreover, if m,, is the Steinberg representation for some finite place w, such an inclusion is unique.

Proof. Let C(G(Q)\G(A)/ U, V*) denote the space of V*-valued C*-functions on the double quo-
tient G(Q)\G(A)/U which, together with all their right ${(gc)-derivatives, are rapidly decreasing
in the sense of [Harris 1990]. As = is cuspidal and cusp forms are rapidly decreasing, we have
HS(g, Kg; oo ® Vé‘)”’(”) ® JTch] C H%g, Kg: CT(G@\GA)/U, V*)). Thus the result follows from
the fact that, according to [Borel 1981, Theorem 5.2] (see also [Harris 1990, Theorem 1.4.1]), there exists a
canonical Hecke equivariant isomorphism Hg (Shg(U), V*) ~ HS(g, Kg: CF(G(@\G(A)/U, VY)).
Finally, if m,, is Steinberg at a finite place w, we have, as in Lemma 2.8, that m () = 1. O

4.3.1. The pairing in Betti cohomology. Poincaré duality is a perfect pairing
(.): Hy(Shg(U), Vi(3)) x Hf .(Shg(U), V}) — F(=3),

which is a morphism of mixed F-Hodge structures. Fix the choice of a measure dh on H (A) as follows.
For each finite place p, we take the Haar measure dh, on H(Q),) that assigns volume 1 to H(Z,). For
the archimedean place, we let Xg € /\6p H.c be the generator fixed at the beginning of Section 4.2. The
choice of X¢ induces an equivalence between top differential forms on Xg = H(R)/K g, and invariant
measures dhs on H(R) assigning measure one to Ky  (see [Harris 1997, p. 83] for details). We
let dhoo denote the measure associated in this way to the pullback of (Pt to X g and we then define
dh=dhe ]_[p dh,.

Proposition 4.8. We have

hy
(2 low)) = - A (k) dh,

~ @ri)} vol(U') Juzemnma

where hyr = 47 Zg(Q\Zc(Af)/(Zg(Ar) NU")| and A" € U (k) is an element for which A+ .
Voo = 0y, (Xo @ v*H]),
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Proof. By [Borel 1981, Corollary 5.5], there exists a V*-valued rapidly decreasing differential form 1 of
degree five on Shg (U) such that w. := wy + dn is compactly supported. We have
(25 0wl = lp M sn, @), [0c])
= (" Mlelp (Ashy ), [@c])

= (clg(Ishy @) ¥ ])
1

- N 3/ t[}l’u]*wca
(2mi)” Jshy W

where (&% . *V* . F(0) is the H-equivariant projection dual to the inclusion (** : F(0) — (*V*
defined by 1 > v*#l € V* where v*'# is the vector defined in Lemma 3.4. According to [Borel 1981,

§5.6], we have
/ gy = 0.
Shy (U’)

Hence, using Theorem 4.2 we have

1

(Zhy lov]) = 5o [s e
_ 1
Qi) JSshpwn
_ 1
@iy’ L(@)\H(A)/MR)KMU’
_ hy:
- @)} Jrp@ze@nm@u
_ hy:
— i)} vol(U) Ju@zemnm®)

wy (Xo ® v (h) dh

AWM (h) dh

AMH W (h) dh

A*H () dh,

where the third equality follows from Theorem 4.2 as wy_(Xo ® v**]) is nonzero and thus it is
of the form A™M . W, for some AM* e U(te), because Wy, is the highest weight vector of the
minimal Ks-type T(,42,1542,—1,—4). Moreover, the fourth equality follows from the fact that W is
fixed by the center of G, whence, using that |Zg(R)/(Zg N H)(R)| = 4, the constant iy is equal to
47 NZg(@\Zg(Ap) /(Zg(Ap) NU)|. O

Remark 4.9. In view of Proposition 4.8, we immediately notice that if & is not H-distinguished, namely

/ ¢z (h)dh =0

H(@)Zg(M\H (A)

for any cusp form ¢, in the space of 7, we have that prﬂvzgjg] =0. As we discuss later in Section 8, the
H-distinguishability is related to the property of 7 being a (functorial) lift from G, which is (conjecturally)
equivalent to the fact that the spin L-function of 7 has a pole at s = 1.
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4.3.2. The pairing in absolute Hodge cohomology. Let
(, )u: Hy(Shg(U)/R, Va(#) x Hy, (Sh(U)/R, Vr(3)) = R

be the natural pairing between absolute Hodge cohomology and compactly supported cohomology as
constructed in [Beilinson 1986, §4.2]. In order to ease notation, we will denote by H ; (i) and Hg (i) the
cohomology groups H;C(Sh(;(U), Vr(i)) and Hj(Shg(U), VE(i)), respectively. Recall from Section 2.9
that absolute Hodge cohomology and compactly supported cohomology live in exact sequences

0 — Extyys, (R(0), H3(4)) — Hj,(Shg(U), Vr(4)) — Homuns, (R(0), Hz(4)) =0, (8)

0 — Extyys, (R(0), Hp .(3)) = Hj, .(She(U), Vr(3)) — Hommms, (R(0), Hy .(3)) = 0,  (9)
which are deduced from the description of absolute Hodge cohomology as a cone of a diagram of complexes
of Hodge structures. Let [wy] € Hg’ (Shg (U), Vﬁ (3)) be the compactly supported cohomology class of the
harmonic differential form wy. This class is of Hodge type (3, 3) and hence, since Wngﬁc(3) = Hg,c(3),

it naturally lives in the space Hommpus, (R(0), Hg’c(3)) = WoHp (3)N FOHB’C(3)@. Denote by [cfo\\;]
any lift of [wy] in H{_’L,C(Shg(U ), Vr(3)) via the surjection of the exact sequence (9).

Proposition 4.10. The pairing (Zg‘:?’i}, [ow 1)y depends only on [wy] and not on the choice of lift. We
denote this value by (ZE:%], [wy ). Moreover, the pairing is given by the natural Poincaré duality
pairing. In particular, we have

hr
[A, 1] _ U [A,p]
Zaay o)y = ———7++ AV (h) dh.
H# Qi) -vol(U") Ju@zemn\m®)

Proof. We give a sketch of the proof and we refer to [Beilinson 1986] or to [Burgos Gil et al. 2007, §5.1]

for the facts used here. It follows from the description of the pairing between absolute Hodge cohomology

and compactly supported cohomology given in [Beilinson 1986, §4.2] that, since our cycle class ZE:Z]

lives in the subspace Extyys. (R(0), H§(4)) of HJ,(Shg(U), Vr(4)), the map
(25401, =)« HE, (Sha(U), Ve(3)) > R
factors through Hompygs, (R(0), Hg’c(3)) and coincides with the natural Poincaré duality pairing

Extigus, (R(0), Hj(4)) ® Homuns, (R(0), Hj (3) — Extygys, (R(0), H3(4) ® H .(3))
> Exthps, (R0), H2.(7))
155 Exthgys, (R(0), R(1) = R

This shows the first two assertions. The last formula follows from Proposition 4.8. 0

5. Integral representation and residue of the spin L-function

In this section, using the result of [Pollack and Shah 2018], we explain the precise connection between
the period integral appearing in the statement of Proposition 4.8 and the residue of the spin L-function



Algebraic cycles and functorial lifts from Gz to PGSpg 581

of 7 in the case where the cubic totally real étale algebra E over Q defining H is of the form (2 x F,
with F' a quadratic real étale algebra over Q. We start by recalling well-known analytic properties of
some Eisenstein series for GL,.

5.1. Eisenstein series for GL,. Let T, denote the maximal diagonal torus of GL, and let B, = T,U,
denote the standard Borel. We denote by 4§ the character of 7, defined by diag(t;, ) + t;/t> and
we regard § as a character of B, by extending it trivially to the unipotent radical. Let ® € S(A?) be a
Schwartz—Bruhat function. Following Jacquet, for any s € C, we attach to ® the function f¢ € Indgi“f@)és

defined by
Jo(h,s) = |det(h)|“/ (0, )h)|t|* d*t
Ax

and the Eisenstein series

Eo(h,s)= Y folrh,s).

Y E€B(@\GL2(Q)

In the statement of the following lemma, we denote by 5(0) = f a2 P(x, y)dxdy the value at 0 of the
Fourier transform of ®.

Lemma 5.1. (1) The Eisenstein series E¢(h, s) is absolutely convergent for Re(s) big enough and has a

meromorphic continuation to C.

(2) We have
|det(h)|*~' @(0)
E h, - R h’ 9
0l 5) = ) S RO )
where R(h, s) is an entire function in s for any h € GLy(A).

Proof. Statement (1) is [Jacquet 1972, Proposition 19.2]. According to [Jacquet and Shalika 1981,
Lemma (4.2)] and its proof, we have
det(h) |1 ®(0
Eoth,9) = TO2Q 4 kan, ),
s [—
where R (h, s) is holomorphic for Re(s) >0andc = (s — 1) flt\<1 |1]26=1 d*¢, the integral being over the

set {t € A*/Q* : |¢] < 1}. By Iwasawa-Tate we have ¢ = % O

5.2. Fourier coefficients. Here we discuss the definition and basic properties of some Fourier co-
efficients for cusp forms for G, which appear in the integral representation of the spin L-function
of [Pollack and Shah 2018].

5.2.1. The Siegel parabolic. We let Q = L3U;3 denote the standard Siegel parabolic subgroup of G, with
Levi L3 >~ GL3 x GL;. Explicitly,

Ly={m(g. n) = (* Mlg—l) | ¢ € GL3, u € GL},
U3={n(u)=(13 Z), u€M3|ut:u}.
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Denote Sym(3) = {« € M3 | ' = a}. To each @ € Sym(3)(Q), we associate the unitary character
Yo 1 Us(@Q\U3(A) — C* by n(u) € Us(A) — e(Tr(au)), where e : Q\A — C* is the additive character
with eq (x) 1= €2™* for x € R, and conductor 1 at the finite places. For each « € Sym(3)(Q), we define
a Fourier coefficient along Us for a cuspidal automorphic representation 7 of G(A) as follows.

Definition 5.2. Let W be a cusp form in the space of 7. Define

Yy, y, (8) = / U W)W (ug) du.

Us(@\U3(A)
We let L3(Q) acts on Sym(3)(Q) via the right action o - m(g, n) = u~'g'ag.
Lemma 5.3. Let o, 8 € Sym(3)(Q). If there exists m € L3(Q) such that B = « - m, then

Vs oy, (8) = Y.y, (Mg).
Proof. Suppose that 8 = o - m with m = m(g, n). The result follows from the equality
Yp(n(w) = e(Tr(n ™" g'agu)) = e(Tr(agup ™" g") = Yo (mn@wym™"). O

In this manuscript, we are interested in Fourier coefficients associated to the set of rank-2 elements
of Sym(3)(Q), which we denote by Sym™?(3)(Q). Let D € @* and let F denote the étale quadratic
extension Q(+/D) of Q. If D is not a square then F is a field, else F = Q x Q.

Definition 5.4. We let ¢p : Us(Q)\U3(A) — C* be the unitary character
Vp :n(u) — e(Tr(apu)) = e(uz3 — Duyy)
associated to ap = (0 ) 1) € Sym™(3)(Q).
Lemma 5.5. A set of representatives of Sym™*(3)(Q)/ ~M;(Q) IS given by
{ap: D eQ*/(@%)%).

In view of Lemmas 5.3 and 5.5, the set of Fourier coefficients associated to the Siegel parabolic and a
rank-2 symmetric matrix is parametrized by the set of étale quadratic algebras of Q.

5.2.2. Fourier coefficients of type (42). We now turn our attention to Fourier coefficients associated
to the unipotent orbit of G associated to the partition (4 2). The corresponding unipotent subgroup is
the unipotent radical subgroup of the nonmaximal standard parabolic P = Lp - Up, which arises as the
intersection of the Siegel parabolic Q with the Klingen parabolic. Notice that P has Levi L p = GL, x GL%,

a
{( ? ,1):a,ueGL1, geGLz}.
wsg

Following [Pollack and Shah 2018, §2.1], we define a unitary character which we still denote

given by

Yo Up(@\Up(A) > C*
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as follows. Every element of Up /[Up, Up] can be expressed as the product of n(v)n(u), where
1 v vy 1

1 1 u) u23

n(v) = b €eG, ii(u)= b ms s | e Us,
—vp 1 1

! 1

We will denote by N, (resp. N,) the set of the n(v)’s (resp. 71(u)’s). If n = n(v)n(u) modulo [Up, Up],
define
Vp(n) :=e(vi +usz — Duy) = e(v))Yp(n(u)).

Let 7 be a cuspidal automorphic representation of G(A). We define the following Fourier coefficients.

Definition 5.6. Let W be a cusp form in the space of 7. Define

\IJUPa‘//D(g) ::f WBl(M)‘P(Mg)du
Up(@\Up(A)

In the following proposition, we relate these Fourier coefficients to the ones for the Siegel parabolic
associated to rank-2 symmetric matrices.

Proposition 5.7. For a cusp form WV in the space of m, the following two conditions are equivalent.

(1) Yy,,y,(8) #0.
(2) There exists a € Symrk2(3)(@) with o ~ @) op such that Wy, ,(g) # 0.

Proof. Fourier expand Wy, y,(g) over N, to get

Wy g (8) = / W e@pdvt Y W08,
@A yeStaby () (@)\L(Q)
The term
[ Yy, yp(n(v)g)dv = / WBl(ﬁ(u)) Y (nin(u)g) dni dn(u)
@\A)2 Nu(@\N, () Uk (@\Uk (A)

and the inner integral vanishes because of cuspidality of W along the unipotent radical Uk of the Klingen
parabolic. Thus
\IIU3,WD (g) = Z LIJUP,WD (J/g)
Y
This relation implies the result as follows. If Wy, 4, (g) # 0, the Fourier coefficient Wy, 4, (g) does not
vanish identically. Vice versa, if Wy, y,,(g) # 0 then there is a character ' in the L(Q)-orbit of ¥ p such
that Wy, 4 (g) # 0. O

5.3. The spin L-function and its residue at s = 1. Let m denote any cuspidal automorphic representation
of G(A) with trivial central character. Let S denote a finite set of places of Q0 containing the ones where
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is ramified and the archimedean place. If Spin : Spin;(C) — GL(V3) denotes the eight-dimensional spin
representation, the partial spin L-function of 7 is defined to be

1

LS ’ , S . :: b
(s, 7, Spin) := [ | det(1 — £~ Spin(sy,))

¢S

where s, denotes the Satake parameter of the unramified local component 77,. Let H be the group (3)
associated to the étale cubic algebra @ x F, where F = Q(+/D) with either D # 1 Q%,/ (@%)? in
which case F is a real quadratic field, or D = 1 mod (Q*)? in which case F = @ x Q. For any cusp
form W e V,, Pollack and Shah [2018] gave an integral representation

(P, ¥, s5) = / Eo(hy, s)W(h)dh
Z(A)H(@\H(A)

of L5(s, , Spin). For any ® and W, the integral Z(®, W, s) is absolutely convergent for Re(s) big enough

and has a meromorphic continuation to C. According to [Gan and Gurevich 2009, Proposition 7.1], for

Re(s) big enough we have the unfolding

I(0, W, 5) = / Folht, $)Wup.y, () dh,
Upy (R)Z(A)\H (A)

where Up, is the unipotent radical of the upper triangular Borel subgroup By of H and Wy, v, is the
Fourier coefficient of Definition 5.6.

Theorem 5.8 [Pollack and Shah 2018]. For a set ¥ of places of Q, denote

I (P, ¥, s):/ fhy, @5, )Wy, y,(h) dh.
Usg@x)Z6(Qx)\H(Q5x)

Let W be a cusp form in the space of . Then, for any factorizable Schwartz—Bruhat function ® on A?

and up to enlarging S, we have

Z(d, W, s) = Zs(®, W, s)L5 (s, 7, Spin).

Moreover, there exists a cusp form U in the space of w and a factorizable Schwartz—Bruhat function ®

on A? such that -
I(P, U, 5) = oo (D, W, 5) L5 (s, 7w, Spin).

Note that if = does not support a rank-2 Fourier coefficient (for the Siegel parabolic Q) and thus, by
Proposition 5.7, a Fourier coefficient for P, the integral Z(®, W, s) is identically zero.

Corollary 5.9 [Pollack and Shah 2018]. Suppose that 7w supports a rank-2 Fourier coefficient. Then the
partial spin L-function L (s, 7, Spin) has meromorphic continuation in s, is holomorphic outside s = 1,

and has at worst a simple pole at s = 1.

As we explain in later sections, using results of Gan and Gurevich, Pollack and Shah further proved
that when L5 (s, 7, Spin) has a simple pole at s = 1, 7 lifts to the split G, under the exceptional theta
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correspondence. This observation is based on the following key relation between the residue at s = 1
of L5(s, 7, Spin) and the automorphic period we have introduced in Section 4.3.

Proposition 5.10. For any factorizable Schwartz—Bruhat function ® on A2, we have
(0)

2 . Z(A)H(@\H (A)

Proof. Thanks to Lemma 5.1, the residue at s = 1 of Z(®P, W, 5) equals
®(0)

T . Z(A)H(@\HA)

W (h) dh = Res,_ (Zs(®, W, s)L (s, 7, Spin)).

W (h)dh.

The result then follows from Theorem 5.8. O

We now state our first main result. Let 7 denote a cuspidal automorphic representation of PGSp¢(A) for
which 7., is the discrete series of Hodge type (3,3) in the L-packet of V* with A = (A, 413, A2, A3, 0). Let
Zg”g], Z%:;fl], and wy be as in Sections 3.4 and 4.3. Let W*# denote AM#1. W, where A»H e U (k)
is the operator defined in Proposition 4.8.

Theorem 5.11. We have

(2t [oul)n = (25, [we]) = C - Res,— (Zs(®, W, 5)LS (s, 7, Spin)),

where R
P (0)hy

~ 2@ni)} vol(U')’
Proof. By Propositions 4.8 and 4.10, we have that

hir
(2l [oul) = (2l [we]) = L w4 (n) dh,

Qi) vol(U) Ju@zgmnm®

where U' =UNH(Ay) and hy = 4_1|Z(;(@)\Zg(Af)/(Zg(Af) N U")|. By Proposition 5.10, we have

(2 [ow]) = C - Resy_y (Zs(®, W, 5) LS (s, 7, Spin)),

where .
P 0)hy

= 202ni)} vol(U))’
This finishes the proof. O

Let us fix a Schwartz—Bruhat function ® such that 6(0) #0.
Corollary 5.12. Suppose that 7 satisfies the following hypotheses:

o Zg(®, WM 1) £ 0 for some .

e The partial L-function L5 (s, 7, Spin) has a pole at s = 1.

Then ] -
(2 low]) = (2[5 [we])y #0.
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Proof. By [Pollack and Shah 2018, Theorem 1.3] the function L3(s, m, Spin) = 1 has at most a simple
pole. As a consequence Res;—;L5(s, 7, Spin) # 0. By Theorem 5.11, under the assumption that
Ts(®, WP, 1) # 0, this implies that (2], [wg]) # 0. O

Remark 5.13. If the automorphic representation 7 supports a rank-2 Fourier coefficient and its partial
spin L-function has a (necessarily simple) pole at s = 1, by the results of [Pollack and Shah 2018] it is
H-distinguished, namely the map Py € Hompga) (7, 1) defined by

Vi Pg(W) = / W(h)dh
Z(MH(@)\HA)
is not identically zero. Then, asking Zg(®, W*#! 1) £ 0 for some 1 is equivalent to asking that the map
obtained as the composition of Py with an H (R)-equivariant embedding 7, — 7 restricts nontrivially
to the minimal K-type of 7.

Denote by H/6V( (Shg(U), ”1/}(3))h0m the F-vector space defined in Section 3.4.3 and denote by
H/?A(Shg(U ), “V}(S))hom[rr}/] its n]Y-isotypical component. This is a finite-dimensional L-vector space,
where L is the number field introduced in Section 2.8. The Tate conjecture for the motive attached to 7
(see Conjecture 1.1(3)) predicts the equality

—ord— L(s, , Spin) = dim;, H}(Shg (U). 77 (3))homl7} 1.
Corollary 5.14. If Zs(®, W*# 1) £ 0, then
—ords—; L*(s, 7, Spin) < dim;, HY(Shg(U), ¥ (3))nom[7 1.

Proof. If LS(s, mr, Spin) does not have a pole at s = 1, there is nothing to prove. If not, Corollary 5.12
implies that the projection of Zg”g] to the n]Y—isotypical component is nonzero, showing the result. [J

The following result verifies a weaker form of Conjecture 1.1(3) for the motive M (JT)Y)(3) at the cost
of supposing that Zg(®, W*#1 1) is nonzero for some .

Corollary 5.15. Suppose that © satisfies the hypotheses of Corollary 5.12 and that (St) holds. Then
pr,,vZ%:;fl] and its Hecke translates generate H;i M (JT}/)R(4)).

Proof. If 7, is the Steinberg representation, it follows from the second statement of Lemma 2.11 and its
proof that H,{[ (M (nJY)R(4)) is a rank-1 module over the full Hecke algebra of level U. Hence the result
follows by Corollary 5.12. U

6. Exceptional theta lifts from G, to PGSp,

In this section, we discuss the exceptional theta correspondence for the dual reductive pair (G2, PGSpg)
and describe the set of Fourier coefficients associated to the Heisenberg parabolic for cuspidal automorphic
forms of G;(A). Its sole purpose is to fix notation and to recall some well-known results that will be
used later, so the knowledgeable reader might skip it.
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S1 2 S3 131 15 13 S4 17

S1 0 -1 15 S4 0 0 0 S1
2 13 0 - 0 S4 0 0 Y
s3 | = 5] 0 0 0 S4 0 53
5] 17 0 0 0 §3 =52 n 0
%) 0 171 0 —s3 0 S1 15 0
13 0 0 7 $2 =5 0 13 0
S4 S1 \Y) 53 0 0 0 S4 0
7 0 0 0 3] %) 13 0 171

Table 1. Multiplication table for the basis {sy, 52, 53, $4, 11, 12, 13, t4}.

6.1. Split G, and E;. In this section we will follow the exposition of the Appendix of [Harris et al.
2023] by Savin.

6.1.1. The group G,. Let H be the algebra of Hamilton quaternions over Q with the usual basis {1, i, j, k}.
The conjugate a of an element a = og + «o1i + a2 j + a3k € His a = ap — a1i — apj — azk. The split
octonion algebra over Q is O = H & H with multiplication

(a,b)-(c,d) = (ac+db, ad + cb).

Then O is a noncommutative, nonassociative (D-algebra. However it is alternative, which means that for
any x,yeOwehavex-(x-y)=(x-x)-yand (x-y)-y=x-(y-y) (see [Jacobson 1958]). If x = (a, b),
let X = (a, —b). Then x — X is a (D-linear involution on O satisfying X -y =y -x. The norm N: QO — Q
is the quadratic form defined by x + x - X = x - x. The trace Tr: O — Q is defined by x +— x 4+ x. For
any x, y, z € O, the properties

N(x - y) =N@)N(y),

Tr(x - y) =Tr(y - x),

Tr(x - (y-2)) =Tr((x - y) - 2)
are satisfied. For x, y € O, we write y € x* if y is orthogonal to x with respect to the bilinear form
(x,y) — Tr(x - y), which means that x - y +y-x =0.
Let! =(0,1) € O so that {1,4, j, k,1,1i,lj, k} is a basis of Q. From this, one constructs another
useful basis {sy, 52, 53, 84, t1, I2, 13, 14}, Where
s1=50+1i), s2=50+1)), s3=3k+1k), s4=3(1+D),
n=y0—l), n=3G-1j), t=3k=1k, t=301-D.
See Table 1 for the multiplication table, as given in Table 1 of the Appendix of [Harris et al. 2023].
We define

G2 :={geGLO) | g(x-y)=(gx)-(gy),Vx,y € O}.
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to be the group of automorphisms of 0. We note that G, acts transitively on nonzero elements of trace
zero and norm zero. We will denote the set of trace zero octonions by either O or V7, where the latter
notation emphasizes that this set defines the standard irreducible seven-dimensional representation of G,
and induces an embedding

G, — SO7.

6.1.2. The dual reductive pair. We consider the Albert algebra J over (O, which is the set of matrices

dzy
A=z e x|,
yx f

where d, e, f € Q and x, y, z € O. The algebra J is equipped with a cubic form, called the determinant,
which is given by
det(A) =def —dN(x) —eN(y) — fN(2) + Tr(zyx).
The group of isogenies of this form is a group of type E¢ and its orbits on J are classified by the rank.
We will need to consider the set  of rank-1 elements A € J, i.e., those A # 0 such that A> = Tr(A) - A.
This condition means that the entries of A satisfy the equalities
N@x)=ef, Ny =df, N()=de,
_ o - (10)
dx=y-z, ey=17-X, fz=x-y.

Let G denote the split adjoint group of type E7, which is constructed from J by the Koecher—Tits
construction (see Section 3 of [Kobayashi and Savin 2015]). The group G has a maximal parabolic
P = MN and its opposite P = M N, with N ~ J and such that the action under conjugation of the Levi M
on N gives an isomorphism of M and the group of similitudes of the cubic form on J

M ={g e GL(J) | det(gA) = Adet(A) for some A € G, and all A € J}.

The group G, can be realized as a subgroup of M via its action on J by the rule

dzy d gz gy
g-lzex)=|gz e gx].
yx f gy gx f

This action has fixed points J3, the Jordan algebra of symmetric 3 x 3 matrices with entries in Q. Note
that the left action of GL3 on J3 = N given by

=

g+ A=det(g) 'gAg’ (11)

extends to an action on J preserving the determinant form up to scalar, thus defining an embedding
of GL3 into M. Then GLj is the centralizer of G, in M and Q = GL3Us (which is the Siegel parabolic
of PGSpy) is the centralizer of G, in P. Similarly, the opposite Q is the centralizer of G, in P. This
gives the dual reductive pair (G2, PGSpg) in G.

6.2. Fourier coefficients for G;.

6.2.1. Root system and parabolic subgroups. Let T be a (rank-2) maximal split torus over Q in G, and
let A (resp. AT C A) be the set of roots (resp. a subset of positive roots) for G,. Let a (resp. b) denote
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the long (resp. short) simple root in A™. Then
At ={a,b,a+b,a+2b,a+3b,2a+3b)}.

We let B = TU denote the Borel subgroup of G, associated to A™. Other than B, there are two proper
standard parabolic subgroups P, and P, of G», such that P, N P, = B. They are characterized by the
following. For any o € A™, denote by x,, : G, = U the one parameter unipotent subgroup associated to .
Then, for each r € {a, b}, the Levi L, of P, is isomorphic to GL, and contains x,. We fix an isomorphism
GL, ~ L, such that (1 1) > X (u).

Let U, be the unipotent radical of P,. It is a 3-step nilpotent group of dimension 5 with filtration

U, DU DU D {1},

where U,/ U, is generated by {xp, x,4p}, U;/U, is isomorphic to the one parameter unipotent sub-
group x,.42p, and Uy is generated by {x,43p, X24435}. As representations of L,, U,/ U, is the standard
representation, while U; /U, is the determinant (see [Gan and Savin 2023, §2.4]).

We denote by H := P, the so-called Heisenberg parabolic and let L iy Uy denote its Levi decomposition.
The unipotent radical Uy is of dimension 5 and admits the filtration

with Uy /[Uy, Ug] being the four-dimensional abelian unipotent group generated by

{Xa, Xatby Xat2b> Xas3b)s
while [Ug, Ug] is isomorphic to the one parameter unipotent subgroup x2,43p.

6.2.2. An embedding of SLj3 into G,. The group G, acts transitively on the set
Fe:={xe0 | Nx)=—c}

By [Jacobson 1958, Theorem 4], the stabilizer of an element yy € I'; is isomorphic to SL3. Choose yy
such that the unipotent radical Ugy, of the upper triangular Borel of SL3 is generated by the one-parameter
subgroups

{Xas Xa+3bs X2a+3b}-
In terms of the basis chosen in Section 6.1.1, this is achieved by choosing yp = s4 — #4. In this case,
one shows (see [Rallis and Schiffmann 1989, Lemma 2]) that the stabilizer of y leaves invariant the
subspace (s, 52, s3) and is identified with SL3 = SL({s, 52, 53)).

6.2.3. The Lie algebra of G,. The multiplication map on O induces a map V7 ® V; — V7 given by
XY %(xy — yx). This map is alternating; hence it induces a G,-equivariant map N V7 — V7 which
is surjective. Then the Lie algebra g, of G, can be identified with the kernel of this map. Under this
identification, one has an explicit description of the action of g, on V7, namely

(wAx)-v={(x,v)w—{(w, v)x.
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We will also need (see [Fulton and Harris 1991, §22.2]) the decomposition
g2 = sl3 @ Stdz @ Std3, (12)

where Stdj is the standard representation of SL3 with basis {v, vz, v3} and Stdj is its dual with basis
{61, 82, 83} and where we denote by E;;, 1 <i < j <3 the standard basis vectors of s(3. The identification
between the two descriptions (see [Pollack 2021, §2.2]) of g is given by E;; =t; As;, 1 <i < j <3,
Vi= (84 —t) AS; +tir1 Atigp and §; = (s4 —t4) At; +5i41 ASivo, 1 <i <3, where indices are taken
modulo 3. Moreover, the component sl3 is the Lie algebra of the copy of SL3 embedded into G, as above.
In particular, E15, E13 and Ey3 are root vectors for the roots a, 2a + 3b and a + 3b respectively. Moreover,
the vectors vy, vp and &3 are root vectors for the roots a + b, b and a + 2b, respectively. Via (12), the Lie
algebra uy of Uy is

uygy =u3L3€|9@v1@@53. (13)

Under (12) the Lie algebra [y of the Levi Ly is generated by the Cartan subalgebra and the root

vectors vy, 8.

6.2.4. Fourier coefficients. We now describe the Fourier coefficients for G, associated to the Heisenberg
parabolic. We closely follow [Pollack 2021] and refer to it for more details. In order to describe the
Fourier coefficients associated to H, we need to study the L y-representation Vg := Uy /[Upy, Ug]. As
a GL,-representation, Vg is isomorphic to Sym3 (Stdy) ® detfl(Stdz), where Std, denotes the standard
representation of GL;. Under the identification of (13), (a representative of) an element of V5 (Q) can be
written as

Xa(A)Xarp(A2/3)Xa120(A3/3)Xa13p(Aa),  with A; € Q,

which corresponds to the binary cubic polynomial
p(x, ¥) = 1x> 4+ Aox?y + A3xy? + Aay,

where x, y form a basis of Std,. Associated to p, there is the cubic Q-algebra R with basis {1, i, j} with

multiplicative table .
ij=—ad

i’=—ac+bi—aj
j?=—bd+di—cj.
Example 6.1. (1) [Gross and Lucianovic 2009, 3.2] If p(x, y) = x2y —xy? then the associated Q-algebra
R is isomorphic to @>.
(2) [Gross and Lucianovic 2009, 3.3] If p(x, y) = x> — Dxy? (or equivalently p(x, y) = —Dx?y + y°
using the action of (9 J)) then the associated Q@-algebra R is isomorphic to @ @ Q(+v/D).

There is an action of GL,(Q) on the set of bases {1, i, j} of a given cubic algebra R, which makes the
association p(X, Y) — (R, {1, 1, j}) GL,(Q)-equivariant. Since any cubic algebra admits a basis of this
shape, we have the following.
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Proposition 6.2 [Gross and Lucianovic 2009, Proposition 2.1]. There is a bijection between the GL,(Q)-
orbits on Vi (Q) and the set of isomorphism classes of cubic Q-algebras. Moreover, each orbit has a

well-defined discriminant in Q* /(Q*)?2

Let e : Q\A — C* be the additive character introduced in Section 5.2.1. Let ( , ) denote the symplectic
pairing on Vg defined as follows. If v, v’ € V correspond to p(x, y) and p’(x, y) respectively, then

(v, V) = LA — $AoAs + FA3h) — Agl].

Any character ¢ : Uy (Q)\Ug (A) — C* factors through Vg (A); hence we consider the projection 7 of
n € Ug(A) to Vg (A), which, by (13), can be written as

it = xa (A Xagb 3 Ay Xa 425 5 M3 Xat3n (M)
If v € Vg (Q) corresponds to p(x, y), we then define v, : Uy (Q)\Ug (A) — C* by
n > e((v, 1)) = e(AA} — 32205 4 A3k, — Ash)).

The character v, is nondegenerate if and only if v corresponds to an étale cubic algebra over Q. In this
manuscript, we are interested in étale cubic algebras of the form Q x F, with F of either the form Q(+/D)
(with @*/(@*)? > D # 1) or @ x Q (with D = 1 mod (Q*)?).

Definition 6.3. Let ¥y p : Uy (Q)\Up (A) — C* denote the character associated to @ x F. Given a
cusp form ¢ for G,(A), define

‘pUHJ//H,D(g) = / w[;,lp(n)(/)(ng) dn.
Un(@\UnA)

6.3. The theta lift from G, to PGSpg. Let I1= ®; [T, denote the restricted tensor product of the minimal
representations IT, of E7(Q,) over all places v of Q. A unitary model of the minimal representation is
given by L?(2), where recall that Q denotes the subset of rank-1 elements in J. There is a unique up to a
nonzero scalar embedding

0: 11 — A(E7(Q)\E7(A))

of IT in the space A(E7(Q)\ E7(A)) of automorphic forms of E7 (see [Ginzburg et al. 1997a; Kobayashi
and Savin 2015]). For f € IT and ¢ € A(G2(Q)\G2(A)), we define a function O (f, ¢) on PGSpg(A) by

oo = | 6(/)(&'0(g)dg’
G2(@\G2(A)
Definition 6.4. Let o be a cuspidal automorphic representation of G, (A).
(1) Define ® (o) to be the span of the functions ®( f, ¢), where f € I1 and ¢ runs through the cusp
forms in the contragredient oV of .

(2) We say that a cuspidal automorphic representation 7w of PGSpg(A) is a ®-lift of o if it appears as an
irreducible subquotient of ® (o).
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If a ®-lift of o exists, then its local constituents are compatible with the local theta correspondence
between G, and PGSpy.

Proposition 6.5. Let w be a ©-lift of 0. Then 1, is an irreducible subquotient of ® (o).
Proof. See [Harris et al. 2023, Theorem 1.7(1)]. O

After imposing certain local conditions on o, in the next section we use one of the main results of
[Ginzburg et al. 1997b] to show that ® (o) is nonzero and cuspidal, thus proving the existence of a
nontrivial ®-lift of o. Before doing so, we first recall the properties of the local theta correspondence
needed later.

6.3.1. Discrete series and a conjecture of Gross. Let T, denote a compact torus in G,(R), which is
contained in the maximal compact subgroup K¢, > (SUz x SUz)/u2 of G2(R). We abuse notation
denoting again by a, b the simple positive roots for 7, (with the short root » which we assume to be
compact) and A™ the resulting set of positive roots. Then, p = % Y wea+ @ =3a+5b. The set of positive
compact roots is given by

A} = {b,2a + 3b},

which, in the notation of [Li 1997], is {2¢2, 2¢1}. The Weyl group 2, is isomorphic to the dihedral
group Dg of 12 elements and it is generated by w, and w;, where w, denotes the reflections around the
line orthogonal to . The Weyl group QBKG2 ~(Z/ 27)? is generated by wp, and woy,43p = W WpWWHW,.

Let y be a dominant weight for G, with respect to 7,. The set of equivalence classes of irreducible
discrete series of G2(R) associated to y has cardinality equal to |¢, /g, | = 3. Choose representatives
{wy, wy, ws} of QBGZ/QIIKGZ such that w; p is dominant for K,. Then, for any 1 <i < 3, there exists
an irreducible discrete series o of Harish-Chandra parameter I' = w; (¥ + p) and minimal K,-type
I'+86,—28k;,, Where 8¢, (resp. 8k, ) is the half-sum of roots (resp. compact roots) which are positive with
respect to the Weyl chamber in which I" lies. Precisely, if we let wy =id, w; = w,, and w3 = wpw,, then

wip = p =3e1 + &,
wop =2a +5b =2¢e1 +4¢,
w3p =a-+4b =¢; + 5e.

We let D3 1, Ds 4, and D 5 denote the sets of discrete series of G2(R) whose Harish-Chandra parameter
lies in the Weyl chamber corresponding to wip, w»p, and wsp respectively. Elements of D3 | are the
quaternionic discrete series, while elements of D; 4 are the generic discrete series.

Gross has given a precise conjectural description of the entire discrete spectrum of the dual pair
(G2, PGSpg) (see [Li 1997, Conjecture 1.2]). Recall that there are four families of discrete series for
PGSps(R), indexed by the set of Hodge types up to conjugation. In particular, the discrete series of
PGSps(R) of Hodge type (4, 2) (resp. (6, 0)) are the generic (resp. holomorphic) discrete series.

Conjecture 6.6 (Gross). Let 1, be the minimal representation of E7(R). The discrete spectrum of the
restriction of Iy to the dual pair G2 (R) x PGSpg(R) is the direct sum of all tensor products 0o, ® 8 (0s),
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where 0, belongs to the discrete series of G,. If 0 has infinitesimal character y + p =re; + s& and
belongs to either D3 1, D, 4, or Dy 5, then O(o4) is the discrete series of PGSpg(R) with infinitesimal
character (r, 3(r +5), 3 (r —s)) and Hodge type (3, 3), (4,2), or (5, 1) respectively.

Partial results towards the conjecture of Gross were shown by Li for discrete series in D3 ; (see
Section 6.3.2 below) and for the generic family D, 4 by Harris, Khare and Thorne [Harris et al. 2023,
Theorems 1.5 and 1.7(ii)] using the main result of Savin’s appendix to [Harris et al. 2023] and the
nonvanishing of the global theta lift given by [Ginzburg et al. 1997b, Corollary 4.2]. Li [1997, Theorem 4.3]
also gave evidence to the predictions of Gross for a proper subset D’l’ 5 of Dy 5. We also note that the
remaining equivalence class of holomorphic discrete series of PGSpg(R) (of Hodge type (6, 0)) is realized
in an exceptional theta correspondence studied by Gross and Savin between the compact real form G5(R)
of G, and PGSp¢(R) and moreover this is the only Hodge type that appears in that correspondence (see
[Gross and Savin 1998, Theorem 3.5]).

6.3.2. Quaternionic discrete series and their theta lift. We describe the main result of [Li 1997]. We first
notice that a discrete series 05" of Harish-Chandra parameter x&; + ye; lies in the set of quaternionic
discrete series D3 ; if x, y are two nonnegative integers such that x —3 >y —1> 0 and x — y is even.
The minimal Kg,-type of o5’ € D3, is given by

Sym**1(Std,,) ® Sym*~! (Std,, ),

where Std,, (resp. Std,,) is the standard representation of the SU, corresponding to the long root g
(resp. the short root &3).

Proposition 6.7. Let I, denote the minimal representation of E7(R). We have

MeolG,@xPaspe® 2 6P 05 ®6(55).

05" €Ds

where 0(03”) € P(V*), with » = (x -3, %(x +y)—2, %(x —y)—1, 0), is the discrete series ngf of
Hodge type (3, 3) and Harish-Chandra parameter (%(x +y), %(x —-y), —x).

Proof. See [Li 1997, Theorem 1.1; Huang et al. 1996, Theorem 5.4]. Ol

The set D3| contains an important family of discrete series, which were studied by Gross and
Wallach [1994; 1996].

Definition 6.8. For every n > 2, the quaternionic discrete series o, is the element of D3 | of Harish-

Chandra parameter (2n — 1)e| 4+ &2 and minimal K¢,-type
Sym*"(Std,,) X 1.

A fundamental property of the members of this family is that they admit (unique) models with respect
to the unipotent radical of the Heisenberg parabolic and nondegenerate characters corresponding to totally
real étale cubic algebras. Recall, as in Section 6.2.4, that a nondegenerate character ¥ : Uy (R) — C*
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corresponds to a cubic algebra, whose discriminant is either positive or negative. The first type corresponds
to the GL, (R)-orbit on Vg (R) given by R3, while the second to the GL, (R)-orbit of Rx C. A representative
¥ : U (R) — C* of the totally real orbit is given by e**/, where f : Uy (R) — R is nonzero on the one
parameter unipotent subgroups x4, and x,42p and trivial on x, and x,435 (see [Gan et al. 2002, §6]). A
special case of the main result of [Wallach 2003] gives the following.

Proposition 6.9. Let i be a nondegenerate character of Vg (R). There is (at most) a one-dimensional

space of yr-equivariant linear functionals on ,,. Moreover,
dim Homy, () (04, ¥) =1,
exactly when r corresponds to a totally real cubic algebra.

6.3.3. The nonarchimedean theta correspondence. We describe the properties of the nonarchimedean
theta correspondence which will be later needed to study the global theta correspondence. Let o be
an irreducible admissible representation of G»2(Q,). The maximal o -isotypic quotient of the minimal
representation IT, of E7(Q),) can be expressed as o X © (o), with ® (o) a smooth representation of
PGSp¢(Q,) which is called the big theta lift of o

Proposition 6.10. For an irreducible admissible representation o of G2(Q),), © (o) has finite length with
unique irreducible quotient (if nonzero) 6(o). Moreover, one has the following.

(1) Let o be an unramified generic representation of G2(Q),) with Satake parameter s. Then m = 60(0) is
the unramified representation of PGSpg(Q ) whose Satake parameter is ¢ os, where ¢ : G < Spin,
is the map of L-groups.

(2) Let Stg, (resp. Stpgsp,) be the Steinberg representation of G2(Qp) (resp. PGSpg(Q))). Then
0 (StG,) = Stpasp,-

Proof. See [Gan and Savin 2023, Theorems 1.2, 15.3(v); Gross and Savin 1998, Proposition 3.1]. Il

7. Cuspidality and Fourier coefficients of the global theta lift

In this section, based on [Ginzburg et al. 1997b; Gross and Savin 1998], and the appendix of Savin in
[Harris et al. 2023], we give a criterion on the cuspidality of representations in the image of the exceptional
theta lift and on their possession of Fourier coefficients of type (4 2).

7.1. Cuspidality of the global lift. Let V denote the unipotent subgroup of SL3; (embedded into G, as in
Section 6.2.2) generated by the roots a +3b and 2a +3b. We further consider the subgroup SL, embedded
into G via the Levi of the “long root” parabolic P, and denote, for any cusp form ¢ for G>(A),

oS (g) = / f o(vmg) dv dm.
SLy(@)\SL2(A) JV(Q)\V(A)

We will now show that the above period vanishes whenever ¢ is not globally generic. We are thankful to
David Ginzburg for kindly sharing with us a proof of this fact.
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Lemma 7.1. Let 0 be a cuspidal automorphic representation of G,(A), which is not globally generic.
For any cusp form ¢ € V, and g € Gy(A), we have 2" (g) =0

Proof. Let Z denote the unipotent subgroup of G, generated by the roots a + 2b, a + 3b, and 2a + 3b.
Let ¢ € V,. If we Fourier expand the period ¢52" (g) along the one-dimensional unipotent subgroup
Xa426(r) of G, we get
o>V (9) =% () + ) 9™V (),
v
where the sum runs over nontrivial additive characters ¥ : Z(Q)\Z(A) — C* supported on the root

a+2b, 3% (g) is the period of ¢ over [SL,Z], and

oS (g) = f / o (umg)y () du dm.
SLy(@\SL2(A) J Z(@)\Z(A)

By [Ginzburg et al. 1997b, Lemma 2.1], ¢3%2%(g) =0 for all ¢ in o and g € G»(A). Hence ¢ (g) =0
if and only if ¢52%¥(g) = 0 for all nontrivial #. We now argue by contradiction. Suppose that
@S2Z¥ (g) # 0 for a certain 1. We claim that this implies that o supports Whittaker Fourier coefficients,
thus contradicting our hypothesis.

Let U, be the unipotent radical of P, introduced in Section 6.2.1. Since V is normal in U,, we can
consider the quotient Vy = U,/ V, which is isomorphic to the Heisenberg group in three variables and
it is generated by the roots b, a 4+ b, and a 4 2b. The center of V; is generated by the root a 4 2b
and is identified with the quotient Zy := Z/V. As SL, is embedded into G, via the Levi L, of P,, it
acts trivially on the quotient Zy. Therefore, D := SL, Vj is a Jacobi group in the sense of [Ikeda 1994,
Definition on p. 619]. Let

D(A) :=SLo(A) Vo(A),
with SLz (A) denoting the metaplectlc cover of SL,(A), and denote by C c><>(D(@)\D(A)) the space ¢ of
functions f on D(@)\D(A) such that f(zvh) =¥ (2) f (vh) for any z€ Zp(A), ve Vy(A), h e SLZ(A)
For any Schwartz function ® € S(A), we let 9 , € C Oo(D(@)\D(A)) be the theta function defined in

[Ikeda 1994, p. 620]. By [Ikeda 1994, Propos1t10n 1.3], if W is a closed subspace of C 1(D(<1;D)\D(A))
which is invariant under right translation of V(A), the functions of the form

vh — 9 (vh) f(uh)@ (uh) du, (14)
Vo(@)\Vo(A)

with v € Vy(A), h € m), feW, &, P, e S(A), generate a dense subspace of W. We apply this to
the space W given by the closure of the subspace generated by the right V,(A)-translations of
o7V (g) = / @ug)yr () du.
Z@\ZA)

Assume that ¢®2%-¥ is not identically zero. By considering right translates of ¢ we can assume that
@32Z:¥ (1) is nonzero. This implies that the integral

Ii(p, @1, ®2) :=/ Og;. (m) 0%V (um)Og® (um) du dm
SL2(@\SLa(A) Vo(@)\Vo(A)
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is nonzero for some choice of data (@, ®;,). Note that the integral I, (¢, @, P;) is well-defined because
the functions in (14) are not genuine for our space W. Since qu)fz (zg) = Iﬂ(z)GSq)Lz2 (g) forall z € Zp(A),
we can write 11 (¢, @1, ®,) as

/ / @ (xp (V1) Xa5(V2) X0 126 (1) Xa 436 (r2) X2a 435 (r3)m)
SLr(@)\SLa2(A) J(Q\A)S

0512, (6 (V1) Xa +5(V2) Xa 425 (r)M)Og", () dv; dr; dm.
The integral 11 (¢, @1, @) is the residue of the global zeta integral which calculates the standard L-function
for ¢ when ¢ admits Whittaker coefficients. Namely, by the Siegel-Weil formula Géble (m) is the residue
ats = % of an Eisenstein series Eiss~L2 (m, s) (depending on @) on the metaplectic cover of SL, normalized
as in [Ginzburg 1993, §2]. By [Ginzburg 1993, Theorem 4] I, (¢, ®1, ®») is the residue of

L(p, 1, Py, 5) 1=/

/ @ (xp (V1) Xq b (V2) Xap26 (1) Xa436 (r2) X2a435 (r3)m)
SLy(@)\SLa(A) J (@\A)3

. GS@L@ (xp (V1) Xa+5(v2)Xa+2b(r1)m)Eisgy, (m, s) dv; dri dm.
We can now prove our claim. Suppose that 5%V (1) # 0. Then I;(¢, ®1, ®,) is not zero for some
choice (@, ®,). This implies that, for Re(s) large enough, the integral (¢, ®, ®», s) is not zero.
By [Ginzburg 1993, Theorem 1], Ir(¢, @1, 2, s) unfolds to the Whittaker model and thus contains a
Whittaker coefficient of ¢ as an inner integration. This shows that if ¢52%-¥ (1) = 0 for some choice of
data, the Whittaker coefficient for ¢ is nontrivial and thus o is globally generic. This finishes the proof. [

Theorem 7.2. Let o be a cuspidal automorphic representation of G(A). Assume that

(1) o is not globally generic;

(2) there exists a finite place p such that o, is generic.
Then the big theta lift © (o) of o to PGSpg is cuspidal.

Proof. We show the result by using the tower of theta lifts from G, and its properties studied in [Ginzburg
et al. 1997b]. If o lifts trivially to PGSp, then there is nothing to prove, so suppose that o has a nonzero
theta lift 7 to PGSpg. Then, by [Ginzburg et al. 1997b, Theorem A] 7 is cuspidal if and only if the lifts
of o to PGSp, and PGL3 are both zero. By [Ginzburg et al. 1997b, Theorem 4.1(3)], the lift to PGSp, is
zero if and only if

oS3 (g) = f o(xg)dx = 0 and g%V (g) = / o(xg)dx =0
[SL3] [SU®2,1)]

for any g € G,(A), any ¢ € V,v. Here, SL3 embeds into G, as the stabilizer of a norm —1 vector (see
Section 6.2.2), while SU(2, 1) is realized as the stabilizer of a norm —c vector, with ¢ not a square in Q.
We argue by contradiction. Suppose that ¥ has a nontrivial SU(2, 1)-functional. This implies that, at
every finite v, o, admits one. By Frobenius reciprocity,

Homsy(,1)(e,’, €) = Homg, (c-Indg? , |/ (C), )
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and hence, since o, is irreducible, one deduces that each local component o, of o is a quotient of
CX(G2(Q,)/SU(2, 1)(Qy)). In particular, o, is identified with such a quotient. This is a contradiction as,
by hypothesis, o, is generic but, by [Gross and Savin 1998, Lemma 4.10], C2°(G2(Q,)/SU(2, 1)(Q)))
does not admit a Whittaker functional. The same argument also shows the vanishing of ¢33, We claim
finally that the theta lift of o to PGL3 also vanishes. Since o is not globally generic, Lemma 7.1 shows
that, for all ¢ € o, 32V (g) = 0. We can then apply [Ginzburg et al. 1997b, Theorem 4.1(4)] to deduce
that the theta lift of o to PGLj3 is zero and conclude the proof. (]

Corollary 7.3. Let o be a cuspidal automorphic representation of G,(A). Assume that
(1) 0 is a discrete series;
(2) there exists a finite place p such that o, is Steinberg.

Then © (o) is cuspidal.

Proof. We distinguish two cases. We first suppose that o is globally generic. Then we apply [Harris et al.
2023, Theorem 1.7(ii)] to deduce that its theta lift is cuspidal. If, instead, o is not globally generic, the
result follows from Theorem 7.2 as the Steinberg representation o, = Stg, is generic. U

7.2. Calculation of orbits. This preparatory section presents an elementary but crucial calculation needed
in the proof of Proposition 7.7.

Let e : Q\A — C* be the standard nontrivial character introduced in Section 5.2 and let A € J(Q).
We define the character ¥4 : N(@)\N(A) — C* by ¥4 (X) =e(Tr(Ao X)), where Ao X = %(AX + XA)
is the Jordan product. Recall from Section 5.2 that, for any B € J3(Q), we define a character

¥ Us(Q)\U3(A) — C*

by ¥p(n(X)) = e(Tr(BX)). In particular, we have denoted by 1{/p the character associated to

0

w(Q) :={A € Q@) | Yalv;) =¥}

Define

i.e., the set of rank-1 matrices in J(Q) inducing the same character as ap on the unipotent radical
of the Siegel parabolic. In the following, we will always see w(Q) inside N(Q). In particular, if
g € GL3(Q) € M(Q), its action on A is the dual action to (11), namely g- A = det(g)(g’) "' Ag~". Finally,

denote by A(x, y, z) the matrix
0 z vy
—-D x| el
y x 1

(@) ={A(x,y,2) : Tr(x) =Tr(z) =0,N(x) = —=D,N(z) =0,z e x*, y = =D 'zx}.

N

Lemma 7.4. We have
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Proof. Let

X=—x, y=-y, ZI=-2Z.
This together with the condition that A has rank 1 (equation (10)) give
N(x)=-D, N(y)=N(z) =0,
vz =0, zx = —Dy, Xy =2.
We claim that these conditions imply that z € x*, which means that zX +xZ = 0, or equivalently zx = —xz.
Indeed, multiplying z = xy on the left by x and using alternativity, we obtain
xz=x(xy)=(xx)y =Dy = —zx.

Finally, as N(x) = —D and Tr(x) = 0, we have x> = D and hence x~! = D~!x, which implies that

1

y=x"z=D"xz.

This shows one inclusion of the statement.
In the other direction let x, z € O be as in the right-hand side of the statement. We have to show that
y := —D~zx has norm and trace equal to zero and that xy = z. We have

N(y) =(=D)?N(z)N(x) =0 and Tr(y)=—D"'Tr(zx) = D~ Tr(zx) =0
as z € x*. Hence Tr(y) = 0. Moreover
xy=—D"'x(zx) =D 'x(x2) = D' (xx)z = z.
This shows that A € w(Q) and concludes the proof of the lemma. Il

As for any A(x, y, z) € w(Q), the octonion y = —D~!zx is determined by x and z and we will often
denote A(x, y, z) by A(x, z). Note that there is an action of G,(Q) on the set w(Q) given by the action
on the coefficients. The following proposition describing the orbits of this action will be essential.

Proposition 7.5. The group G,(Q) acts on w(Q) with a finite number of orbits. Moreover, representatives

of the orbits and their respective stabilizers are given as follows.
(1) If D is a square in Q*:
(a) Az = A(x,0), where x = (s4 — t4)v/D and Stabg, @) (A(x, 0)) = SL3, where SL3 is embedded
into G as Section 6.2.2.
(b) Ay = A(x, t3) with Stabg,(Az) = SLo,V C SL3, where SLy and V embed into SL3 as in
Section 7.1.
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(c) A1 = A(x, s3) with Stabg, (A1) = SL,V C SL3, where SL, is as in (1)(b) and V is the opposite
unipotent subgroup to V.

(d) Ao = A(x, s1 + t3) with Stabg,(Ao) = Up, where Up denotes the unipotent radical of the
upper-triangular Borel of SL3 (denoted by Usy, in Section 7.1).

(2) If D is not square in Q*:
(a) Aj = A(x,0) € w(Q), forany x #0 for which N (x) = —D, with

Stabg, @) (A(x, 0)) = SU?,

where SU3D = SUx1Y) is the unitary group for the restriction of the norm form to the three-
dimensional Q(v/D)-subspace of O° orthogonal to x.'

(b) Ag= A(x, 2), for any norm zero z in x+, with Stabg, (Ag) > Up, where Up denotes the unipotent
radical of the upper-triangular Borel of SU? .

Proof. Step 1. By [Rallis and Schiffmann 1989, Theorem 1], the group G acts transitively on the set of
trace zero elements of norm — D and hence on the sets A(x, 0). The description of the stabilizer in (1)(a)
follows from [Jacobson 1958, Theorem 4] or [Rallis and Schiffmann 1989, Lemma 2]. The description
of the stabilizer in (2)(a) follows from [Jacobson 1958, Theorem 3] or [Rallis and Schiffmann 1989,
Lemma 3]. More precisely, according to [Rallis and Schiffmann 1989, Lemma 3] the subspace x* of Q°
of elements which are orthogonal to x has the structure of a three-dimensional Q(~/D)-vector space and
the action of Stabg,(x) on x* induces an isomorphism Stabg, (x) >~ SU3D .

Step 2. We now study the remaining G,-orbits when D is a square in Q. Again, we can assume that
D = 1. Recall from Section 6.2.2 that SL3 embeds into G, as the stabilizer of s4 —#4. This identification is
explicitly given as follows (see [Rallis and Schiffmann 1989, Lemma 2]). An element of g € SL3 induces
an action on QY fixing s4 — #4 and given by the left multiplication by g on (s, 2, s3) and by (g")~!
on (t1, fp, t3). One verifies that this actions respects multiplication and hence defines an element in G5.
Assume z # 0 is such that A(x, z) € w(Q). Since z is trace zero and orthogonal to x = s4 — 74 we can
write z =21 +22 with z; = Zi o;s; and 7o = Zi Biti. Since the group SLj3 acts transitively on the nonzero
elements of (s, 52, s3) and (¢, 2, #3), then the cases where z; = 0 or z, = 0 give rise to exactly two orbits.
When z; = 0, taking zo = #3 as a generator of this orbit, the corresponding stabilizer is

which coincides with SL,V as in (1)(b). Similarly, when z, = 0, taking z; = s3 as the generator of the

* % 0
* % 0 C SL3.
* % 1

IThe unitary group SU3D is a form of SL3 which splits over @(+/D) and which is isomorphic to SU(2, 1) (resp. SL3) if
D <0 (resp. D > 0) over R.

orbit, then the stabilizer is
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This is nothing but SL,V, with SL, which again embeds in the Levi of the long root parabolic P, and V
is the opposite unipotent subgroup to V generated by the negative roots —a — 3b, —2a — 3b. Finally we
treat the case z1, zo # 0. Write

z=ays1 +azsy +azsy + ity + Bata + B3tz.
The condition N (z) = O translates then in

a1 B +axfr+a3B3 =0. (15)

We can assume that z, = #3. Then a3 = 0 by (15) and, using the action of the stabilizer of #3, we can
assume that z; = s;. It is then immediate to check that the stabilizer of A(sq4 — t4, 51 +#3) is as in (1)(d).
This concludes the proof of (1).

Step 3. We finally deal with the case where D is not a square in Q. By Witt’s theorem, the group SU?
acts transitively on the isotropic vectors of the three-dimensional @(+/D) vector space x. We thus have
two orbits for G,(Q) on w(Q), generated by A(x, 0) and A(x, z), where 7 is any nonzero vector in x*
with zero norm. We are now left with calculating the stabilizer of the latter orbit. The action of SU%
on x is given by its natural action on Q(+/D)>. More precisely, after extending scalars to Q(+/D), we
can decompose

x* ®a QWD) =Q(D)(s1, 52, 53) @ QWD) (11, 12, 13).
The projection to the first component induces an isomorphism of Q(+/D)-vector spaces
= QWD) s1, 52, 5)

(see [Rallis and Schiffmann 1989, Lemma 3]), with SU? acting naturally on the basis {sy, 53, s3}. Here,
we choose the Hermitian form (with respect to the extension Q(v/D)/Q) defining SU3D given by
NI
1 € GL;(Q(VD)).
-vD

We can then suppose that z is sent to s; and the corresponding stabilizer is given by

1 % %
0 % x| t NSUY = Up. O
0 % %

7.3. Nonvanishing of Fourier coefficients, I. Recall that we have denoted by IT = ®:} [T, the minimal
representation of the group E7. Moreover, in Section 6.3, for f € 1 and ¢ € A(G2(Q)\G2(A)), we have
defined the function ®( f, ¢) on PGSpg(A) by

Of. ¢)(g) = f 6(F)(g'9)e(g) dg (16)

G2(@\G2(A)
For any A € J(Q) and f € I, consider the Fourier coefficient

0(f)a(g) = f 6(f)(ng)wry (n)dn.

N@\NA)
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We then have the Fourier expansion (see [Harris et al. 2023, §A.3])

0@ =0( o+ > 0(al®. (17)
AeQ (@)
where Q(Q) C J(Q) is the subset of rank-1 elements.

The following lemma will be used in the proof of Proposition 7.7. Its proof is similar to that of
[Gross and Savin 1998, Lemma 4.6] but we give details for the convenience of the reader. Let Ag be
the representative of the open G-orbit on w(Q) given in Proposition 7.5. Note that there is no harm
in conjugating Ag € J(Q) by an element of the Levi GL3(Q) of the Siegel parabolic of PGSpy. Thus,
conjugating by diag(n, n, n), Ao gets multiplied by n? and so we can assume that the entries x, y, z of Ag
are in O(2).

Lemma 7.6. Let S denote a finite number of places containing 2 and oo, and let f = ®!, f,, € I1 be such
that, forv ¢ S, we have f, = fl? , Where f]? denotes the spherical vector normalized such that f]?(Ao) =1
Let Q5 = [],c5 Qu. If g € G2(A), we write g = gsg> where gs € G2(Qy) and g° € ]—[U¢S G>(Qy). Then
there exists a nonzero constant c s, such that for every g € G2(A) we have

0(f)a(8) = capfs(g5" A0) [ [ xv(su),

veS

where fg= ®U cs Jv and x, is the characteristic function of Up(Z,)\G2(Z,).

Proof. By uniqueness of local functionals [Harris et al. 2023, Theorem A.4], there exists a nonzero
scalar c4, such that, for any g € E7(A), we have 0(f)4,(g) = ca,(I1(g) f)(Aop). For g € G2(A) we have
(T1(g) f)(Ag) = f(g~"Ap), where g~ Ag is the result of the natural action of g~! on the off-diagonal
entries of Ag. Hence 6(f),(g) = cAof(g_le) =ca ], fo (gv_le) for g € G2(A). Let us prove that
for any p ¢ S, we have fp(glleo) = xp(gp). Solet g, € G2(Q,) be such that f[?(g;le) # 0 and
let x’, y', z denote the off-diagonal entries of g;le. According to [Harris et al. 2023, Theorem A.5]
the spherical vector f19 is supported in J(Z,). Hence x’,y’,z' € O(Z,). Consider O(F,) the split
octonion algebra over [F,. The projections of (x, y, z) and (x', y’, Z') to O(F,) are G»([F,)-conjugated
by the proof of Step 1 in Proposition 7.5, which is still valid over the base field [, as long as p # 2. It
follows from Hensel’s lemma that (x, y, z) and (x’, y’, z’) are G2(Z,)-conjugated. Therefore the function
gp — [(g," Ao) is supported in Up(Z,)\G2(Z,) C Up(Q,)\G2(Q)). Since f, is G(Z,)-invariant,
for g, € G2(Z,) we have f,?(gl;le) = fg(Ao) = 1. This completes the proof. O

Proposition 7.7. Let o be a cuspidal automorphic representation of Go(A) as in Theorem 7.2 and let
@ € 0" be a cuspidal form. Then the following conditions are equivalent:

(D) Of, ©)up,yp(1) #O0 for some choice of f.
(2) ¢UP(g) # 0 for some g € Ga(A).

In particular, if any of the conditions holds then ® (o) is nonzero.
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Proof. Recall first that, according to Proposition 5.7, we have O(f, ¢)uy, v, # 0 if and only if
O(f, ¢)u;.« 70 for some o € Symrk2(3)(®) with o ~7@) ap. We write

O(f, 9us.yp (D) =/ Of, )Wy () du

Us(@\U3(A)

0(f)a(ug)e(Vp' (u)dudg,

‘/GZ(@)\GZ(A) ‘/1;3(@)\U3(A) AEQ(@)

where in the second equality we used the definition (16) of ®(f, ¢) and the Fourier expansion (17)
of 6(f). Since Us € N, we have that 0 (f)a(ug) = va(u)0(f)a(g) and

/ Vay ' (w) = {VOI(U“@i))\U“/'\)) V= Yl
U3 (@\U3(A) otherwise.
Hence
O(f, P)us.yp (1) = vol(U3(@)\U3 (A)) Z 0(f)a(g)e(g)dg. (13)

GZ(@)\GZ(A) AE(U(@)

Let (A;); be the finite representatives of the orbits of the action of G,(Q) on w(Q) as given by
Proposition 7.5, and write Stab,, for the stabilizers of A; in G,. The integral on the right-hand side
of (18) becomes

2 /G > 0(f)a,(g'R)p(e)dg ="

2@NG2:A) grestab,. (@\G(@) i

| 0(f)a ()9 (9) ds.
Staba; (@\G2(A)

Observe now that, by [Harris et al. 2023, Theorem A.4], we have 0(f)4.(g) = ca, f(g~'A;) for any
g € G,. Hence, since Staby, (A) fixes the matrix A;, we deduce that the function g — 6(f)4,(g) is left
Stab 4, (A)-invariant. Making an inner integration over Staby, ((2)\Stab4, (A) in each term of the outer
sum, we deduce that the above equals

/ 0(f)a; (8)9°™™i (g) dg,
Staba; (A\G2(A)

i
where <pStabAi (g) denotes the period of ¢ over Staby, (Q)\Staby, (A). We now analyze two different
possibilities. If D is not a square in Q, then, by Proposition 7.5(2), G>(Q) acts on w(Q) with two
orbits, one closed and one open. Let Ag, A denote representatives of these two orbits with stabilizers
Staby, = Up and Staby, = SU? in G,. By the proof of Theorem 7.2, (pSUé) (g) = 0, and hence the
only surviving term is the one corresponding to the orbit represented by Agy. If D is a square in Q,
then by Proposition 7.5(1), G2(Q) acts on the set w(Q) with four orbits, three closed and one open.
Let A;, 0 <i < 3 denote representatives of those orbits, with Ay representing the open one. The
corresponding stabilizers are Up, SL3, SL,V and its conjugate SL, V. By the proof of Theorem 7.2, we
have ¢S (g) = 0. By hypothesis o (and o) is not globally generic; hence Lemma 7.1 implies that
SV (g) = (pSsz(g) = (. From this, we deduce that, for any D,

Of. )y (1) = / 0(F)a0(8)9" (2) dsg. (19)

Up(A\G2(A)
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where ¢U? (g) is the constant term of ¢ along Up. This shows that if @ ( f, ©)us,yp (1) # 0 then eUp £0
since the period appears as an inner integral of the Fourier coefficient.

We now show the converse, i.e., that if ¢U? £ 0 then, for some choice of f € IT, the Fourier coefficient
O(f, ¢)u,,yp does not vanish. Let S be as in Lemma 7.6. By enlarging S if necessary, we can assume
that the cusp form ¢ is G,(Z,)-invariant for all v ¢ S. By Lemma 7.6, the integral of (19) equals

CA() . (/ fS(g_IAQ)QDUD (g) dg) . HVOI(UD(ZU)\GZ(ZU)v dgv)
Up(@5)\G2(@Qs) vgs

It remains to show that, when @Y? #£ 0, then for a good choice of f at the places in S, the integral satisfies

/ fs(g ' Ap)pYP (g) dg #0.
Up(Qs)\G2(Qs)

It follows from [Harris et al. 2023, Theorem A.4] that fs can be any smooth compactly supported function
on Q(Qg). Let gy € G»(Qy) be such that ¢Y?(gg) # 0. We can take a nonnegative f supported in a
sufficiently small neighborhood of g to ensure the nonvanishing of the integral. This finishes the proof
of the proposition. (|

7.4. Nonvanishing of Fourier coefficients, II. The purpose of this section is to prove the following result.

Theorem 7.8. Let F denote a quadratic étale algebra and o = 05 ® 0 be a cuspidal automorphic
representation of G,(A) such that

* 0 IS a nongeneric discrete series with infinitesimal character re| + sé€y;
e there exists a finite prime p such that o, is Steinberg;
o the representation o supports Fourier coefficient associated to the cubic algebra Q) x F.

The theta lift © (o) = ®, O (0y) is a nonzero cuspidal automorphic representation of PGSpg(A). Moreover,
if m denotes any nonzero irreducible subquotient of ® (o), then

* NI IS a discrete series of infinitesimal character (r, %(r +5), %(r — s));
e 7, is Steinberg;
o the representation w supports a nontrivial Fourier coefficient of type (4 2) associated to F.

Remark 7.9. As it will follow from the proof, the condition of o being nongeneric can be replaced
by o not being locally generic, i.e., that there exists one local component of o, of o which is not generic.

Let us first fix some notation first. Recall from Section 6.1.2 that the centralizer of G, in M is GLj3

and let Lab
U=1[010
001

be the unipotent radical of its Borel subgroup of upper triangular matrices. Note that the unipotent
subgroup UpUs is the unipotent radical of the parabolic subgroup P of PGSps of Levi GL, x GL%
appearing in Section 5.2.2.
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Definition 7.10. Define the character v : Up(Q)\Up(A) — C* by sending

Vo(u) = e(a).

Note that Y1 p is the character (simply denoted by ¥p) on Up (Q)\Up (A) introduced in Section 5.2.2.

As explained in Section 7.2, we view the space 2 of rank-1 elements in J inside N so that Uy acts
on €2 via the natural right action of GLz € M on N. Then we let Uy act on the left on w and hence on the
triples (x, y, z) of off-diagonal terms by the rule

ul - (x,y,2) = (x +ay+bz, y,2). (20)

7.4.1. The relation between Up and Uy. In what follows, we relate the unipotent subgroup Uy to the
unipotent radical Uy of the Heisenberg parabolic. Such a relation will be employed in Proposition 7.13
to establish a relation between Fourier coefficients for the Heisenberg parabolic of G-cusp forms and
Fourier coefficients of type (4 2) of their theta lifts.

Before stating our result, we make the following comments on the choice of representatives of the
open orbits in Proposition 7.5. First, suppose that D = d?, with d € Q*. There is no harm in assuming
d € 7. Recall that the stabilizer in G, of the vector s4 — #4 can be identified with SL3 = SL({s1, $2, 53)).
Since the Heisenberg parabolic H = Ly - Uy is the stabilizer of the flag (s1, #3), its unipotent radical Uy
contains Up = Stabg, (Ap), where

Ag=Ad(s4—13),51 —13,d(s1 +13)) € J(Z)

is the representative of the open orbit of the action of G, on w(Q) as in Proposition 7.5. Moreover,
Uy /Up is two-dimensional and supported on the roots a + b and a + 2b. Let us now suppose that D is
not a square in @*. The vector x = s, 4+ D1, is a trace zero octonion of norm —D and orthogonal to #3.
We choose the representative of the open orbit to be

Ao =A(s2+ Dty, 51, 13) € J(2).
Lemma 7.11. There is a natural surjection p : Uy — Uy inducing an isomorphism
UH/UD —> U().

Proof. By the description of the action in (20) and the linear independence of the coordinates (x, y, z) of
the representative of the open orbit, one sees that Uy acts freely on it. Hence, the result follows from
showing that any element in Up acts on the triple (x, y, z) as an element of Uy and vice versa.

Case 1. We start with the case where D is a square in Q. The action of Uy is given by
u”'(d(ss—ta), 51— 13, d(s1 +13)) = (d(s4 — 14) + (a+ db)s1 + (db — a)ts, sy — 13, d (51 +13)). (21)

Since any element of Uy fixes s; and 73, it suffices to show that Uy acts on (s4 — #4) as an element of Uj.
We verify this by studying the action of the Lie algebra. By (13), we know that the Lie algebra of Uy is
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generated by the Lie algebra of the unipotent upper-triangular subgroup Up in SL3 and by the vectors vy
and 3. Using the explicit action of the action of the Lie algebra given in Section 6.2.3, one checks that

The above equations show that, for u; = x,,5(A1) and us = x,425(2) for some scalars A1, A, we have
up-(d(sa—1a)) =d(sa—ta+ris1), uz-(d(ss—1s)) =d(s4 —ts+ Aot3).

This gives the desired isomorphism: if u € Uy /Up is identified with the product of x5 (A1)xq425(A2),
then, from (21), we see that it gets sent to the element

1 d(v —2) F(+42)
0 1 0 e U.
0 0 1

Case 2. We now suppose that D is not a square in Q*. Similarly to Case 1, it suffices to calculate
u-(so+ D1p) for any u € Ug. As above, one checks that

Epp-(s2+Dty) =51, Exn-(s2+Dt))=Dt3, Ei3-(s2+ D) =0,
v1-(s2+ D) =13, 83-(s2+ Dtp) = —Dsy.
This implies that if u € Vg = Uy /[Ug, Ug] is equal to x, (A1) X4+ (XA2)Xa420(A3) X443 (As), then
u-(sp+ Dtr) =50+ Dtr + (A — A3D)s1 + (Ay + DAg)ts.

In particular, Up embeds into Uy as the subgroup of matrices with Ay = A3D and A = —A4D, and the
map p: Uy /Up — Uy sends u to the element

1 My —A3D A+ AsD
0 1 0 e Uy. U
0 0 1

Corollary 7.12. Under the isomorphism p : Uy /Up — Uy, we have
Yu.p="1voop,
where Y p: U (Q)\Ug (A) — C* is the character corresponding to the étale cubic algebra Q x QD).

Proof. We start with the case where D is a square in (Q*. For simplicity, we can (and do) assume that
D = 1. From Lemma 7.11, if n € Uy /Up is identified with the product of x,15(A1)xq125(A2), it is sent

1 I —2) 200 +12)
0 1 0 e Up.
0 0 1

via p to

Hence, the character ¥go p : Uy (Q@)\Uy (A) — C* sends n — e(%()q — )»2)). We now show that this
corresponds to the character ¥y p associated to Q x Q x Q as in Section 6.2.4. Recall that each character
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on Uy (@)\Upg (A) is of the form n — e({w, 1)), where 1 denotes the projection of n to Uy /[Ug, Ug]
and w € Uy (Q)/[Un (Q), Uy (Q)] corresponds to a binary cubic form

Fue,y) =ax® + 00x%y + Asxy? + A4y,
with A; € Q. Furthermore, as i1 = x4 (X)) Xa45 (A} /3)Xa125(A5/3)Xa135(A}) corresponds to f'(x,y) =
Axd 4+ A5x%y + A5xy? 4 Ay, the pairing is
(w, /1) = AAy — 3A2h5 + 3A3h, — Agd].
Then, the character ¥y o p corresponds to an element wp for which A1, A4 =0 and X,, A3 = %, namely

the binary cubic polynomial fp(x, y) = %(x2 y 4+ xy?). The latter is in the L g (Q)-orbit corresponding to
the cubic algebra @, Indeed, if we let g = (2 _2) € Ly(Q) act on fp, we get

g fp(x,y) = =3 fp2x, =2y) = g(8x’y — 8xy’) = x%y —xy’,
which corresponds to @* by Example 6.1(1).
We now suppose that D is not a square in Q*. Then, by Lemma 7.11, if
n = xg(A)Xabp(A2)Xa126(A3)Xa135(24) mod [Up, Un],

the character Yoo p : Ug(Q)\Ug (A) — C* sends n — e(A; — A3 D). This character is associated to the
binary cubic polynomial fp(x, y) = Dx2y—y?, which corresponds to @ x Q(+/D) by Example 6.1(2). [

7.4.2. Comparison of Fourier coefficients. The following proposition can be paired with Proposition 7.7
to give three equivalent ways of proving that the theta lift of an automorphic representation of G, does
not vanish.

Proposition 7.13. Let o be a cuspidal automorphic representation of Go(A) as in Theorem 7.2 and let
@ € 0" be a cuspidal form. The following conditions are equivalent:

(D) O(f, @up,yp (1) #0 for some choice of f € Il.
2) ouy.yup(8) #0 for some g € Ga(A).
In particular, if any of the conditions holds then © (o) is nonzero.

Proof. Decomposing Up = UyUs, we have

Of. ) (1) = /

/ O(f. @) YWy (W ) du du.
Uo(@\Uo(A) JU3(@)\U3(A)

As in the proof of Proposition 7.7, this equals

/ / 0(F) 4, ue)p"? ()5 () dg du.
Uo(@\Up(A) JUp(A)\G2(A)

Exchanging integrals and making an inner integration over Up (A)\Ug (A), we get

/ / ( / 9<f>A0<uu/g>z/f,;;<u>du)goUD (u'g) du dg.
U (AN\G2(A) JUp(A)\Ug (A) \J Up(@\Up(A)
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The isomorphism p : Uy /Up = Uy of Lemma 7.11 induces
Uo(@\Uo(A) = Un (Q)Up(A)\Up (A)

such that ¥y p = ¥ o p (see Corollary 7.12). Thus, we can write the integral as

/ [ ( | 0(f) a0t 207 (1) du)«pUD ('g) du dg.
U (A\G2(A) JUp(A)\Un (A) \J U (@ Up(A\Upn (A)

Exchanging integrals, we have

/ / ( / 6(f) ao(utd )" (u/g)du/) Yirlp (o) dudg
U (A\G2(A) YU (@ Up(A\Un (A) Up(A\Un (A)

= f f ( / > 9<f>A0<uyu/g)soUD(yu/g)du/)
Un\G2 () JUn @UpA)\Un (M) \Un @UpPN\Un ) |, iy 7, (@) »
: wH,D(”) dudg

-/ Z( / e(f>A0(yuu’g)<o”D(yu/g)du’)w;}D(wdudg
Un\G2(A) J U (@Q)Up(A\Upy (A) Y Ug(@UpAN\UH(A)

Changing variable u’ +— u” = yuu’ = uyu” in the inner integral, the above becomes

/ / ( / OF) ao (" )" (u—lu”g)du”) il () dudg
U (A\G2(A) JUu(Q)Up(A)\Ug (A) Up(A\UH(A) '

which, after rearranging the integrals, is equal to

O(f)ay " 0uy yy , " g) du" dg = / 0(f)ay(&)ouy,vup(8) dg.

LH(A)\Gz(A) /UD(A)\UH(A) Up(A\G2(A)

This shows that (1) implies (2). The proof of the converse is identical as the one given in Proposition 7.7. [J

Proof of Theorem 7.8. Let o be a cuspidal automorphic representation satisfying the hypotheses of the
Theorem. We first apply Corollary 7.3 to deduce that ® (o) is cuspidal. Moreover, by Proposition 7.13,
the theta lift supports a Fourier coefficient of type (42) and, in particular, it is nonzero. Let 7 be an
irreducible subquotient of ® (o). Its component at p is the Steinberg representation by the compatibility
between the global and local correspondences (Proposition 6.5) and by Proposition 6.10(2). We are now
left to prove the statement on its archimedean component. As 7 is unitary, 7o, is a unitarizable Harish-
Chandra module by [Flath 1979, Theorem 4]. Moreover, as o, is a discrete series with infinitesimal
character re; +sé&3, it follows from the discussion in [Li 1997, p. 204] and by Table 1 on [Li 1999, p. 375]
that ® (04 ) has infinitesimal character (r, %(r +5), %(r — s)), which is strongly regular in the sense of
[Salamanca-Riba 1999, Definition 1.5]. By another application of Proposition 6.5, 7 is a subquotient
of ® (o), and hence has a strongly regular infinitesimal character. As a consequence, we can apply
[Salamanca-Riba 1999, Theorem 1.8] to deduce that 7, is cohomological. By [Kret and Shin 2023,
Corollary 2.8], since ), is Steinberg and o, is cohomological, 7 is a discrete series with infinitesimal
character (r, $(r +5), 3(r —5)). 0O



608 Antonio Cauchi, Francesco Lemma and Joaquin Rodrigues Jacinto

Remark 7.14. Suppose that 0 is a discrete series in D3 ;. If ®(0x) admits a unique irreducible quotient
0(0x), then by the results of [Li 1997], (o) is a discrete series of Hodge type (3, 3). This implies that
oo = 0(0) is a discrete series of Hodge type (3, 3). Although Howe duality conjecture for the pair
(G2, PGSpg) is known at nonarchimedean places [Gan and Savin 2023], the conjecture is still open at the
archimedean place.

8. The cycle class formula and the standard motive for G,

We conclude this article with the arithmetic applications described in the introduction.

8.1. The relation between L-functions of G2 and PGSp4. The dual group of G, is G2(C), which can
be realized as the intersection SO7(C) N Spin, (C). More precisely, we have the commutative diagram

Std

G2(C)—— SO7(C)—— GL7(C)

. (22)

Spin, (C)—— SOg(C)—— GLg(C)
Spin

where Std : G2(C) — GL(V7) is the standard representation given by trace zero octonions, Spin :
Spin; (C) — GL(V3) is the eight-dimensional spin representation, while the embedding ¢ is defined
from the fact that the stabilizer in Spin,(C) of a generic vector of Vg is isomorphic to G,(C). From the
commutative diagram, one immediately sees that

Vg‘Gz =V:®1.

In particular, if 7, is an unramified smooth representation of PGSp4(Q,) with Satake parameter sy,
belonging to ¢ (G2(C)), then

L(s, g, Spin) = L(s, 7mg, Std)Ze(s),
where

1
L(s, mg, Std) :=
e ) = G T = 6 StdGsm)

denotes the Euler factor at £ of the seven-dimensional standard L-function for G,.

Let now m be a cuspidal automorphic representation of PGSp¢, which is unramified outside a finite set
of places S containing the archimedean place. As a special case of Langlands functoriality, one expects
that if L5 (s, 7r, Spin) has a simple pole at s = 1, then 7 is a functorial lift from either G, or G$, recalling
that G, denotes the form of G, which is compact at co and split at all finite places of Q). We invite
the reader to consult [Ginzburg and Jiang 2001; Gan and Gurevich 2009; Pollack and Shah 2018; Gan
and Savin 2020] for results in this direction. Moreover, the existence of a pole is usually related to the
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nonvanishing of a certain period. The following result,” summarizing and complementing known results
in this direction, gives equivalence conditions for 7 to be a weak functorial lift from G».

Proposition 8.1. Suppose that w satisfies the hypotheses (DS) and (St) of Section 2.7. Then 1 is tempered
and the following statements are equivalent:

(1) The partial L-function L5 (s, 7, Spin) has a simple pole at s = 1.
(2) For almost all £, the Satake parameter sy, € {(G2(C)).

(3) There exists a cuspidal automorphic representation o of either G, or G5 such that 7 is a weak
functorial lift of 0.

Moreover, if m supports a Fourier coefficient of rank-2 associated to the quadratic extension F these

conditions are equivalent to

(4) m is H-distinguished, with H = GL, X GL;’ > i.e., that there exists a cusp form V in 7w such that

/ W(h)dh #0.
Z(A)H(@\H(A)
If one of the first three conditions hold, the residue at s = 1 of the partial L-function L® (s, 7, Spin) is
given by
Resg—1 L5 (s, , Spin) = L5(1, o, Std) ]_[(1 —¢h.

teS
Proof. Since 7 is cohomological and it is Steinberg at a finite place, we can apply [Kret and Shin 2023,
Lemma 2.7] to deduce that 7 is essentially tempered at all places. As  has trivial central character, this
is equivalent to being tempered. The equivalence between (2) and (3) and the implication (1) = (3)
follow from [Gan and Savin 2020, Theorem 1.1]. By [Gan and Gurevich 2009, Proposition 5.2], if
is H-distinguished then its big theta lift to G, is nonzero and is contained in the space of cusp forms
on G,. By the compatibility between the local and global theta correspondence, this implies that every
local component 7, appears in the local theta correspondence. When v is a finite unramified place for 7,
[Gan and Gurevich 2009, Proposition 5.1] implies that s, € £(G2(C)). This shows (4) = (3).

We next prove that (1) = (4), for which we’ll use the hypothesis on the existence of a Fourier
coefficient of rank-2. By [Pollack and Shah 2018, Theorem 2.7] (see Theorem 5.8), given a cusp form W
in 7T, there exists a cusp form W and a Schwartz—Bruhat function ® such that

I(®, U, 5) = Too (P, U, s) L5 (s, 7, Spin).
By Proposition 5.10, taking residues at s = 1 on both sides we have
20, W (h) dh = Resy—1 (Zoo(®, W, 5)L5 (s, 7, Spin)),
2 JzmyH@\H®)

ZWe point out that Proposition 8.1 is not really needed in the following (it is cited in the proof of Theorem 8.6, but only to
show that the L-function of the lift from G, to PGSpg has a pole at s = 1), but it might be of independent interest.
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where ¢ > 0 is the constant of Lemma 5.1. We now use [Gan and Gurevich 2009, Proposition 12.1] to
deduce that there exists local data &, and W, such that 7, (P, ¥, 1) # 0. Hence, up to modifying ¥
and @ at oo, we obtain
(0) - U(h)dh = C -Res;_ L3 (s, 7, Spin),
Z(MH(@\H (A)
with C a certain nonzero constant in C. Note finally that we have the freedom to choose @ such that

() # 0. This follows from the fact that, given the two nonzero linear maps
L :SAY) > C, ® > Too(®, W, 1) and I : S(A?) — C, d > d(0), ker(l;) Uker(ly) # S(A?).
This shows that if L5 (s, 7, Spin) has a simple pole and 7 supports a Fourier coefficient of rank 2, then 7

is H-distinguished.
We finally show the implication (2) => (1). The commutative diagram (22) implies that

L5(s, , Spin) = L5(s, 7, Std)z5(s),

where LS (s, m, Std) is the partial L-function of m associated to the standard seven-dimensional repre-
sentation of Spin,. By [Labesse and Schwermer 2019, Theorem 1.1.1], the restriction to Sps(A) of &
contains a cuspidal automorphic representation 7 such that (up to possibly enlarging S)

L3(s, 7, Std) = L5(s, 7°, Std).

By [Kret and Shin 2023, Corollary 2.2 & Lemma 2.3], there exists a cuspidal automorphic representation 7 *
of GL7(A) such that
L5(s, 7", Std) = L5(s, %),

where L3(s, %) denotes the standard L-function of 7%, We claim that L5(1, 7%) % 0. By [Jacquet and
Shalika 1976, Theorem (1.3)], L(s, 7%) # 0 for any s with Re(s) = 1. If we write

LG, 7" = LGs, 7)) [ [ Lis. w7
Les

then our claim follows from the fact that each L(s, ng ) has no pole at s = 1 (see [Rudnick and Sarnak
1996, p. 317]). This implies that
L5(1, 7, Std) # 0.
Thus, L3(s, 7, Spin) has a simple pole at s = 1. This proves that (2) implies (1).
If now we assume (3), i.e., that 7 is a weak functorial lift of o, then (up to possibly enlarging §)

L5(1,0,Std) = L5(1, 7, Std) #0,
where the first equality is a consequence of the fact that the Satake parameters of o and & agree almost
everywhere. In particular

Res,—; L5(s, 7, Spin) = L5(1, o, Std) Res,—; £5(s) = L5(1, o, Std)l_[(l —h,

. . teS
showing the final claim. O
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Remark 8.2. Let 7 be as in Corollary 5.12. Assuming (St), m is a weak functorial lift of o as in
Proposition 8.1 and Theorem 5.11 reads as

(2l [oul)y = C - Zs(@, w1 1) T -7 - L5(1, 0, Std).
teS
8.2. Galois representations of G,-type. The following result for the compact form of G, is shown in [Kret
and Shin 2023, Theorem 11.1 and Corollary 11.3]. The same proof works for the split form of G, as long
as one has some information on its lift to PGSpg, and we only sketch it for the convenience of the reader.

Theorem 8.3. Let o be a cuspidal automorphic representation of G2(A) or G5(A) which lifts to a nonzero
cuspidal automorphic representation w of G(A) such that

* Moo Is cohomological,
e 7, is the Steinberg representation at some finite prime p.

Then, for each prime £ and 1:C= @g, there exists a Galois representation ps = g, Gal(@/ Q)— Gz(@()
such that:

o For every finite place v # £ where o is unramified, p, is unramified at v. Moreover, the semisimple
part of ps (Frob,) is conjugate to the Satake parameter ((ss,) in Gz(@e).

* pg, is de Rham, and it is crystalline if o is unramified at {.

e [ 0 py = Py, Where m is a theta lift of 0, and ¢ : G2(C) — Spin,(C) is the embedding appearing
in (22).

o The Zariski closure of the image of p, maps onto either the image of a principal SL, in G, or

onto G».

Proof. By [Kret and Shin 2023, Theorem A], there exists a representation o : Gal(Q /Q) — Spin, (Qy)
attached to w. By the proof of [Kret and Shin 2023, Theorem 11.1], one has that the image of p, is
contained in Gg(@g), and thus we have p, such that ¢ o p, = p, for a suitable choice of embedding
¢ 1 G2(C) — Spin,(C) fitting in the diagram (22). Hence, by [Kret and Shin 2023, Theorem A]
and Proposition 6.10(1), the representation p, : Gal(Q/Q) — G»(Qy) satisfies the desired first three
properties. Finally, by [Kret and Shin 2023, Theorem A(v)], the Zariski closure of p, must map onto
either a principal SL; in SO7 N Gy, or Gj. O

In the following proposition, we describe several cases where Theorem 8.3 applies. Before doing that,
we need to introduce some notation. Let w|, w, denote the two fundamental weights for G,, where w; is
the highest weight of the standard representation and w, of the fourteen-dimensional adjoint representation.
According to our convention on the root system for G, in Section 6.2.1, w; = a + 2b and w, = 2a + 3b.

Proposition 8.4. Let o be a cuspidal automorphic representation of G3(A) with o € {&, ¢} such that o
is a discrete series of infinitesimal character (r, s), wherer —3>s—1>0andr — s is even (ifo =c
then o is the irreducible algebraic representation of G5(R) of highest weight (s —1)w; + % (r—s —2)w2)
and o, is Steinberg at some finite place p. Suppose that one of the following conditions holds.
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(1) We have o = ¢ and there exists o € o and a quaternion subalgebra D of the nonsplit octonions O°

such that
Pac :=/ a(v)dv #0,
C@\CA)

where C is the centralizer of D in G5,

(2) We have o = @ and either o is globally generic or o is nongeneric and o supports a Fourier

coefficient of type (42) corresponding to Q x F, where F is a real quadratic étale Q-algebra.

Then there exists a nontrivial small theta lift ® of o to G(A) which is a cuspidal automorphic repre-
sentation, such that w~ is a discrete series with infinitesimal character (r, %(r + ), %(r — s)) and 1,
is Steinberg.

Proof. Let o be as in assumption (1). Since the Steinberg representation is generic, then by [Gross
and Savin 1998, Corollary 4.9] the big theta lift of o to G(A) has a nontrivial cuspidal irreducible
subquotient r, which is unramified at almost all places. The infinitesimal character of its archimedean
component is given in [Gross and Savin 1998, Theorem 3.5], and by Propositions 6.5 and 6.10 we have
that 77, is Steinberg. Under the assumption (2), if o is globally generic, the result follows from [Harris
et al. 2023, Theorem 1.7], and if 0, is not generic and o supports a Fourier coefficient as in the statement,
the result follows from Theorem 7.8. 0

By construction, the composition of the Galois representation p, (and thus p,) with the spin represen-
tation appears in Hé6t (ShG’@, V} (3)), where the latter denotes the direct limit of the cohomology at level U
in coefficients in the £-adic lisse sheaf associated to an irreducible algebraic representation V* of G, as U
varies. This direct limit is a smooth admissible @g—representation of G(Ay), endowed with an action of
Gal(Q/Q) commuting with the one of G (A 7). Let o and 7 be as in the statement of Theorem 8.3. Choose
an embedding of the rationality field L of 7 in @,. Then by Lemma 2.8, the n;—isotypic component of
Héﬁt,!(ShG’@, V} (3)) is eight-dimensional Q,-vector space, and we have

Héﬁ,!(ShG,@’ VQ(S))[TK}/] = VSpinop” ®7T}/ = VSpino{opc, ®7T}/

If the image of p, is Zariski dense in Gz(@g), we have Spino¢ o p, = Std op, @ 1, where Std op,; is the
irreducible “standard” Galois representation attached to o. If not, by Theorem 8.3, the image of p, is
Zariski dense onto a principal & : SL,(Q;) — G»(Qy). Then the branching law of [Gross 2000, (7.1)]
gives that Spin oZ o p, = Sym® op, @1, where Sym® op, is the irreducible symmetric sixth power Galois
representation attached to o. Denote by M, (s r) the Galois representation Vspinop, and let My(o ) be
either the Galois representation Vsigop, Or VSym6 ops* Then we have that M, (crf)G@ =0and M,(my)
decomposes as the direct sum

My(my) =Mi(of) D1, (23)

where 1 denotes the one-dimensional trivial representation.

Remark 8.5. In the case where p, is not Zariski dense in G,(Qy), the Satake parameter s, € §(SL2(C))
for any unramified prime p. By Langlands reciprocity principle, o should be the functorial lift of a
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cuspidal automorphic representation T of PGL,(A), while VSym6 ops should be a geometric realization of
the motive of the symmetric sixth power of .

8.3. On a question of Gross and Savin. Tate conjecture predicts the existence of a cycle which gives
rise to the trivial representation appearing in the decomposition of (23). Gross and Savin [1998], inspired
by local computations, conjectured that this cycle should come from a Hilbert modular 3-fold inside Shg.
Theorem 8.6 below supports this expectation for certain cuspidal automorphic representations o of G,
and G5.

Let o be a cuspidal automorphic representation of G5(A) with o € {&, ¢} such that o is a discrete
series of infinitesimal character (r, s) withr —3 >s —1 >0 and r — s even and o, is Steinberg at some
finite place p and let 7 be the small theta lift of o given by Proposition 8.4. Let V* denote an irreducible
algebraic representation of G of highest weight A = (r -3, %(r +s5)—2, %(r —s)—1, O). Note that V*| g
contains the trivial representation by Lemma 3.2. Let U C G(A ) denote a neat compact open subgroup
such that JT;»] # (. For any %(r +s5)—2>u=> %(r —s)—1, let

Ziphl = cla(Zi ) € HY (Shg (U)g. Vi (3))

be the étale realization of the motivic class Zgﬂ (see Definition 3.9), where H = GL, XIGL; . Fix a
vector Wy € 71}]. By composing the projection to the ny—isotypic component together with the projection
given by the vector ¥, we get

2%« = Vrpr (Zhhh) € My(op) @ D% = 1.

By (the proof of) Lemma 2.8, there exists a cuspidal automorphic representation 73> = ngo’3 ®mrof G(A)
whose archimedean component is a discrete series of Hodge type (3, 3) with the same infinitesimal
character of 7, and whose nonarchimedean part 7 ¢ is the same as the one of . Let ¥ = W, ® W be
the cusp form in the space of 733 such that W, is a highest weight vector of the minimal K -type of
”35,31 c ”0363|Sp6(R>~ For any p as above, recall that we denote W*#l = A W @ W, where AM#]
is the operator that appeared in Proposition 4.8.

Theorem 8.6. Assume that the integral Zs(®, W 1) is nonzero for some Schwartz—Bruhat function ®.

Then the class Zg; ,, generates the trivial subrepresentation 1 of My (7 r).

Proof. By the comparison theorem between étale and Betti cohomology [SGA 43 1973, Exposé XI,
Theorem 4.4(iii)], Proposition 8.1 and Corollary 5.12, we know that the projection prnvZ};:g] to
My(my)® (Tl']lc])v generates a one-dimensional subspace, which is trivial for the action of the Galois group.
As we have explained above, the image of p, is either dense in G,(Q;) or in SL,(Q;) — PGL,(Q¢) —
G»(Qy). In either case, the representation My (o) is irreducible and the trivial factor 1 in M,(ms) is

hence generated by the image of Z7 .. O
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